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Abstract 

 

 

Using statistical physics principles to solve problems in biology is one of the most 

promising directions due to the complexity and non-equilibrium fluctuations in biological 

systems. In this work, we try to describe the dynamics at both cellular and molecular 

levels. Microtubule dynamics and dynamic disorder of enzyme proteins are two of the 

examples we investigated. The dynamics of microtubules and the mechanical properties 

of these polymers are essential for many key cellular processes. However, critical 

discrepancies between experimental observations and existing models need to be 

resolved before further progress towards a complete model can be made. We carried 

out computational studies to compare the mechanical properties of two alternative 

models, one corresponding to the existing, conventional model, and the other 

considering an additional type of tubulin lateral interaction described in a cryo-EM 

structure of a proposed trapped intermediate in the microtubule assembly process. Our 

work indicates that a class of sheet structures is transiently trapped as an intermediate 

during the assembly process in physiological conditions. In the second part of the work, 

we analyzed enzyme slow conformational changes in the context of regulatory networks. 

A single enzymatic reaction with slow conformational changes can serve as a basic 

functional motif with properties normally discussed with larger networks in the field of 

systems biology. The work on slow enzyme dynamics fills the missing gap between 

studies on intramolecular and network dynamics. We also showed that enzyme 

fluctuations could be amplified into fluctuations in phosphorylation networks. This can 

be used as a novel biochemical “reporter” for measuring single enzyme conformational 

fluctuation rates. 
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Chapter 1 

Introduction and Literature review 

a. Introduction 

Biological systems are complex. The interactions at different levels, genetic, 

molecular and cellular and even intercellular are all complicated. At each level, there 

could be thousands of interactions. Even worse, there are fluctuations (noises, in other 

words) involved literally everywhere. To extract information from complex systems, we 

need powerful tools to perform the work. In fact, statistical physics was born to solve the 

problems in complex systems with equilibrium or non-equilibrium fluctuations. Although 

statistical physics was originally used to solve physical problems, it would be of great 

significance if one could formulate biological problems so that existing techniques and 

methods from statistical physics could be used. In fact, there are more and more 

research efforts along this direction. Using statistical physics principles to solve 

problems in biology is one of the most promising directions due to the complexity and 

non-equilibrium fluctuations in biological systems. We utilized some of the principles 

and techniques to address two problems in biological field: microtubule dynamics and 

fluctuations of single molecules. 

b. Microtubule (MT) dynamics 

Microtubules are one of the three major cytoskeleton components in eukaryotic 

cells [1-3]. They are hollow cylinders consisting of about 13 parallel protofilaments (PF) 
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formed by the head-to-tail assembly of  -tubulin heterodimers (Figure 1.1a). The 

outer and inner diameter of microtubules are about 25 nm and 15nm, respectively, 

whereas the length can vary from tens of nanometers to tens or even hundreds of 

micrometers, frequently spanning the whole cell. Microtubules are one of the major 

parts to build the framework of cells. They play important roles in many eukaryotic 

cellular processes, including intracellular transport, cell motility, mitosis and meiosis. 

Microtubule dynamic instability is known to be a key property for microtubule function. 

The regulation of microtubule  dynamics  has  been  shown  to  be  both  of  great 

biological  significance  during  cell  division,  and  of  outstanding pharmaceutical value 

in tumor therapy. Various proteins interact with MTs for their precise cell regulation and 

function. In brief, microtubules act as mechanical support for cells and as both the stage 

and players in many important cellular processes. 

 

Figure 1.1 Basic facts about Microtubules. (a) Atomic crystal structure of the tubulin dimer 

(Adapted from [5]). (b) Schematic illustration of the MT with tubulin dimer direct-addition model. 

The sheet structure is explained as an incomplete portion of an MT (the right end in the figure). 

This explanation has been adopted in general biology textbooks and in many existing model 

studies [2, 6]. (c) Cryo-EM image of a growing MT shows a long helical sheet structure. 

(Adapted from [7]). (d) The sheet-intermediate model (reproduced from [8]). No detailed 
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theoretical analysis exists for this model. (e) Cryo-EM based doublet structure shows a PF 

interacting with two other PFs simultaneously (circled tubulins) resembling the two types of 

lateral bonds found in the ribbon structure. (Reproduced from [9]). 

Many common diseases are found to be strongly related to the malfunctioning of 

MT assembly. Huntington's disease (HD) is an autosomal dominant inherited neuro-

degenerative disease presenting progressive involuntary movements and cognitive 

changes. Its gene product has been shown to interact with polymerized MT [10].  

Depolymerization of MTs by toxins such as rotenone disrupts vesicular transport and is 

found to be related to neurodegenerative diseases such as Parkinson‟s and Alzheimer‟s 

disease [11-14]. Down syndrome, one kind of severe genetic disease, is known to be 

caused by chromosome missegregation which may be due to mitotic spindle MT defects 

or defects in MT-chromosome binding. MTs and their associated proteins are often 

serve as therapy targets [15]. For instance, Taxol® is one famous drug targeting MTs.  It 

disrupts cancer cell division by interfering with microtubule disassembly. MT-stablizing 

drugs are also used in Alzheimer‟s disease treatment [16, 17]. 

In the past decades, there has been extensive study in this field, but the nano-

mechanical properties and assembly mechanism of MTs are still not fully understood 

and some parts of them are highly controversial. The most simplistic textbook model for 

MT assembly is described as  -tubulin hetero-dimers added one by one onto the 

growing end of a MT (Figure 1.1) ) [18, 19]. However, experimental evidence indicates 

that the MT forms open sheet structure at the plus end of MT during the assembly. In 

fact, the sheet structure during MT assembly is actually not newly found. As early as the 

1970s, Erickson reported the presence of an intermediate sheet structure in MT 
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assembly process [20]. Other researchers confirmed this observation later [21-23]. In 

1995, Chretien and coworkers observed that fast growth of existing MTs occurs via the 

elongation of an outwardly curved sheet-like structure at the growing end of the MT [24]. 

The conventional explanation of the sheet-like structure is that it is an incomplete 

portion of the MT lattice at growing stage (Figure 1.1b) [25-27]. However, systematic 

model studies of VanBuren et al. reach different conclusions (see below) [26]. They 

argue that the sheet-like structure is due to the unfinished disassembly process and 

MTs at the growing stage most likely have blunt end.  

Bending resistance is another important property of MTs for many of their 

functions. MTs form the mitotic spindle during mitosis process in cell. Many unicellular 

eukaryotic organisms and also many cells of higher eukaryotes (such as sperm cells or 

lung epithelial cells) possess cilia or flagella, specialized MT-based structures, to propel 

themselves or to pump fluid. MTs also form the core of neuronal axons. The MTs are 

bent in the conditions mentioned above. The responses of the MT mechanical 

properties have been investigated extensively in recently years [28-49]. However, the 

non-linear responses of the MT bending or buckling are not fully understood. Moreover, 

the linear mechanical properties of MT under various conditions (different binding 

proteins, different assembly conditions, etc.) are still under debate. For instance, the 

fine values of the Young‟s modulus of pure MTs and Taxol treated MTs are still under 

investigation. Different labs have reached different conclusions on which type of MTs 

have higher Young‟s modulus [28, 42-46]. Even for the same type of MTs, a difference 

of as much as two orders of magnitude was found in different experiments (see Table 

1.1 part of the measured results). 
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Table 1.1 Flexural Rigidity Measurements 

Microtubules Methods Flexural Rigidity 

(x 10
-24

 Nm
2
) 

Temperature 

(
0
C) 

References 

Pure MT Buckling force 

Hydrodynamic flow 

Hydrodynamic flow 

Relaxation (RELAX) 

Relaxation 

(WIGGLE) 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

7.9 

8.5 

35.8 

3.7 

4.7 

26.0 

4.6 

26.5* 

18.5 

13.7-27.0* 

33 

37 

37 

22-25 

22-25 

37 

37 

37 

 

23 

[43] 

[44] 

[29] 

[45] 

[45] 

[46] 

[44] 

[29] 

[47] 

[33] 

Paclitaxel-

stabilized MT 

Buckling force 

Buckling force 

Relaxation (RELAX) 

Relaxation 

(WIGGLE) 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Electric force 

2.0 

2.0-22 

1.0 

1.9 

21.5 

32.0 

2.4 

 

 

33 

37 

22-25 

22-25 

25 

37 

37 

37 

37 

[43] 

[28] 

[45] 

[45] 

[45] 

[46] 

[44] 

[48] 

[49] 

*These values of EI were derived from measured persistence length pl  with B pEI k T l  . 

One breakthrough in the field happened in 2005, when Wang and Nogales 

reconstructed the structure of a curved sheet of nonhydrolyzable GTP-tubulin stabilized 
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by low temperature and a high concentration of magnesium (henceforth called the 

ribbon structure, Figure 1.1)[8, 35]. This ribbon structure was able to directly convert 

into MTs when the temperature was raised. The authors observed two types of lateral 

interactions between two tubulins from two neighboring PFs in this structure:  one type 

was indistinguishable from those in MTs, which we call the tube bond, and the other 

was a new type, which we call the sheet bond [50, 51]. Here we call a noncovalent 

contact as a bond to follow the convention in the field [52]. Actually structures at lower 

resolution showing alternative lateral bonds have been obtained before [53]. Wang and 

Nogales proposed that the ribbon structure was related to the sheet structure observed 

during MT assembly under normal conditions. This proposal received some skepticism 

and was not given sufficient attention since the structure was obtained under conditions 

that were far from physiological: low temperature (4-15oC instead of 37˚C), 

nonhydrolyzable GTP, and remarkably high Mg2+ concentration (8-30 mM instead of ~2 

mM). However, another series of experiments in the field of MT mechanical properties 

provides strong evidence that the sheet bond exists under normal physiological 

conditions [54, 55]. The non-linear response of MTs to atomic force microscope tip 

pressure suggests the existence of second lateral interaction. 

MT assembly dynamics involve the interplay between intra- and inter-molecular 

properties and is affected by many cellular factors. Also, the nature of the system 

prevents direct experimental studies. For example, mutagenesis studies can‟t be easily 

performed. Most of the information about the system that we have now is derived 

indirectly. Therefore, mathematical modeling plays a crucial role in this field [25, 27, 56-

66]. For example, Molodtsov et al. and VanBuren et al. constructed detailed models 
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describing the chemical-mechanical coupling and resultant structural and dynamical 

properties of MTs [26, 67].  

In summary, studying the MT assembly/disassembly process and how MT-

associated proteins affect the dynamics of this process is of fundamental importance to 

understanding the related disease mechanisms and for developing corresponding 

treatments. Based on the experimental evidence of lateral sheet bond, it is necessary 

and important to build a mathematical model to include this novel type of tubulin 

interaction - sheet bond - which has not been systematically studied. This research has 

the potential to not only modify our current knowledge of this important cellular process, 

but may also lead to new directions for drug development [50].  

c. Dynamic disorder 

Michaelis-Menten and Non-Michaelis-Menten kinetics: Rate processes are 

ubiquitous in chemical, physical, and biological processes. Michaelis-Menten kinetics 

has been a more than century-long central topic in chemical physics. If asked what is 

the most important mathematical equation he/she knows, a biochemist most likely 

suggests the Michaelis-Menten equation. For a typical enzymatic reaction

  
S    E

k
1

k
1

    ES
k

2  E  P , one has (after certain mathematical approximations) 

 

  

d[P]

dt


k
2
[E]

t
[S]

(k
1
 k

2
) / k

1
 [S]

. (1) 

A key idea here is that each step is characterized by a rate constant.  

Most of enzymatic reactions are assumed to follow the hyperbolic Michaelis-Menten 
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kinetics. However, violations of the hyperbolic relation have also long been known. A 

large amount of experimental and theoretical investigations have been devoted to 

understand the non-Michaelis-Menten (NMM) kinetics (we only refer to two reviews [68, 

69]). It has long been suggested that the NMM kinetics has cellular regulatory functions 

[69].  Carl Frieden in fact had introduced the concept of hysteretic enzyme as early as 

1970, and since then a sizable literature exists on the enzyme behavior.  He also 

noticed that most of the hysteretic enzymes are regulatory proteins. However, true roles 

of hysteretic enzymes in cellular regulations are elusive, and yet to be defined and 

explored (with some exceptions on hysteretic enzyme induced oscillations [70, 71]). We 

suggest that they can be fully appreciated only being placed at the broader context of 

regulatory networks. 

One of the reasons of the current state of affair, we suggest, is due to a lack of 

experimental data and theoretical understanding in the "intermediate regime" between 

single-molecule investigations of individual enzymes (relatively simple) and cellular 

dynamics (too complex).  This realization led us to first focus on the behavior of small 

cellular network of proteins and enzymes with slow dynamic disorder.  In pursuing this 

line of inquiry, we re-discovered another key behavior of slow conformational dynamic 

disorder: the mnemonic behavior championed by the French scientist J. Richard and his 

colleagues [72, 73].  The mnemonic and hysteretic concepts, though both 

consequences of slow conformational disorder, are distinctly different: one emphasizes 

the steady-state and one emphasizes the transient kinetics leading to steady state.  To 

further elucidate and compare these issues is a necessary theoretical step toward a true, 

comprehensive understanding of the consequence of dynamics disorder in cellular 
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regulatory dynamics. 

To understand these observations, it is proposed that proteins may convert 

slowly between different conformers with different enzymatic activity (see the discussion 

on dynamic disorder below). Recently, the slow inter-conversion of different conformers 

has been observed directly through single-molecule enzymology techniques (see the 

discussion below)[74-76]. 

We want to emphasize that the concept “hysteresis” has a different meaning in 

the usual context of network dynamics [77]. A hysteretic enzyme may not be involved in 

a dynamic hysteresis loop, and a dynamic hysteresis loop may not involve any 

hysteretic enzymes. 

Dynamic disorder: A related phenomenon called dynamic disorder has also been 

discussed extensively in the physical chemistry and biophysics communities. What is 

“dynamic disorder”?  A molecule fluctuates constantly at finite temperature. Reaction 

coordinate (RC) is an important concept in chemical rate theories [78].  The RC is a 

special coordinate in the configurational space (expanded by the spatial coordinates of 

all the atoms in the system), which leads the system from the reactant configuration to 

the product configuration. A fundamental assumption in most rate theories (such as the 

transition state theory) states that the dynamics along the RC are much slower than 

fluctuations along all other coordinates. Consequently for any given RC position, one 

may assume that other degrees of freedom approach approximately equilibrium, the so-

called adiabatic approximation. Deviation from this assumption is treated as secondary 

correction [79]. Chemical rate theories based on this assumption are remarkably 

successful on explaining the dynamics involving small molecules. The dynamics of a 



10 
 

system can be well characterized by a rate constant. However, it is more complicated 

for macromolecules like proteins, RNAs, and DNAs. Macromolecules have a large 

number of atoms and possible conformations. The conformational fluctuation time 

scales of macromolecules span from tens of femtoseconds to hundreds of seconds [80]. 

Consequently, conformational fluctuations can be comparable or even slower than the 

process involving chemical bond breaking and formation. The adiabatic approximation 

seriously breaks down in this case. If one focuses on the dynamics of processes 

involving chemical reactions, the familiar concept of “rate constant” no longer holds. 

Dynamic disorders refer to the phenomena that the „rate constant‟ of a process is 

actually a random function of time, and is affected by some slow protein conformational 

motions [81, 82]. Since the pioneering work of Frauenfelder and coworkers on ligand 

binding to myoglobin [83], extensive experimental and theoretical studies have been 

performed on this subject (see for example ref. [82] for further references). Recently, 

existence of dynamic disorders has been demonstrated directly through single molecule 

enzymology measurements [74, 76, 84]. For example, Xie and coworkers showed that 

the turnover time distribution of one β-galactosidase molecule spans several orders of 

magnitude (10-3 s to 10 s). It is also shown that under certain conditions dynamic 

disorder results in non-Michaelis-Menten kinetics [85]. Single molecule measures on 

several enzymes suggest that the existence of dynamic disorder in biomolecules is a 

rule rather than exception [86]. An important question to ask is what is the biological 

consequence of the existence of dynamic disorder. 

Combining several reactions together, one can form reaction networks with 

emerging dynamic behaviors such as switches, oscillators, etc, and ultimately the life 
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form [87, 88]. With the idea of systems biology becoming popular, a modeler may deal 

with hundreds to thousands ordinary differential rate equations describing various 

biological processes. The hope is that by knowing the network connectivity and 

associated rate constants (which requires daunting experimental efforts), one can 

reveal the secret of life and even perform manipulations.     

However, one seldom asks a basic question: is it legitimate to use the usual rate 

equation formalism to model biological networks? If not, there is a danger of basing our 

studies on a wrong or poorly-justified assumption, and the results may be misleading.  

Many in vivo processes involve small numbers of substrate molecules. When the 

number is in the range of hundreds or even smaller, stochastic effect becomes 

important. Chemical reactions take place stochastically rather than deterministically. 

Then one should track the discrete numbers of individual species explicitly in the rate 

equation formalism. Many studies have shown that one might make erroneous 

conclusions without considering the stochastic effect [89, 90]. Noise propagation 

through a network is currently an important research topic [90-98]. One usually 

assumes that the stochastic effect mainly arises from a small number of identical 

molecules, and rate constants are still assumed to be well defined.  

With the existence of dynamic disorder, the activity of a single enzyme is a 

varying quantity. This adds another noise source with unique (multi-time scale, non-

white noise) properties. For bulk concentrations, fluctuations due to dynamic disorder 

are suppressed by averaging over a large number of molecules. However, existence of 

NMM kinetics can still manifest itself in a network. If there are only a small number of 

protein molecules, as in many in vivo processes, with MM or NMM kinetics, dynamic 
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disorder will affect the network dynamics. It matters if the reaction time scale associated 

with a specific molecule at a given time is 10-3 s or 10 s. The conventionally considered 

stochastic effect is mainly due to small numbers of identical molecules.  Here a new 

source of stochastic effect arises from small numbers of molecules with the same 

chemical structure but different conformations. Dynamic disorder induced stochastic 

effect has some unique properties, which require special theoretical treatment, and may 

result in novel dynamic behaviors (see the preliminary results below). First, direct 

fluctuation of the rate constants over several orders of magnitude may have dramatic 

effects on the network dynamics. Second, the associated time scales have broad range 

(see above). The Gaussian white noise approximation is widely used in stochastic 

modeling of network dynamics with the assumption that some processes are much 

faster than others. Existence of broad time scale distribution makes the situation more 

complicated. Furthermore, a biological system may actively utilize this new source of 

noise. Noises from different sources may not necessarily add up. Instead they may 

cancel each other and result in smaller overall fluctuations [90, 95]. We expect that the 

existence of dynamic disorder not only further complicates the situation, but may also 

provide additional degrees of freedom for regulation since the rates can be continuously 

tuned. Especially we expect that existence of dynamic disorder may require dramatic 

modification on our understanding of signal transduction networks. Many of these 

processes involve small numbers of molecules, have short time scales (within minutes), 

and have high sensitivity and specificity (responding to specific molecules only).  

A biological network usually functions in a noisy ever-changing environment. 

Therefore, the network should be: 1) robust ─ functioning normally despite environment 
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noises; 2) adaptive ─ the tendency to function optimally by adjusting to the environment; 

3) sensitive ─ sharp response to the regulating signals. It is not-fully understood as to 

how a biological network can achieve these requirements. Previous research 

emphasizes that the dynamic properties of a network are closely related to its topology. 

In this work we will systematically examine the largely overlooked coupling between 

molecular level dynamic properties and network level dynamics. 
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a. Abstract 

The microtubule assembly process has been extensively studied, but the underlying 

molecular mechanism remains poorly understood. The structure of an artificially 

generated sheet polymer that alternates two types of lateral contacts and that directly 

converts into microtubules, has been proposed to correspond to the intermediate sheet 

structure observed during microtubule assembly. We have studied the self-assembly 

process of GMPCPP tubulins into sheet and microtubule structures using 

thermodynamic analysis and stochastic simulations. With the novel assumptions that 

tubulins can laterally interact in two different forms, and allosterically affect neighboring 

lateral interactions, we can explain existing experimental observations. At low 

temperature, the allosteric effect results in the observed sheet structure with alternating 

lateral interactions as the thermodynamically most stable form. At normal microtubule 

assembly temperature, our work indicates that a class of sheet structures resembling 

those observed at low temperature is transiently trapped as an intermediate during the 

assembly process. This work may shed light on the tubulin molecular interactions, and 

the role of sheet formation during microtubule assembly.   
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b. Introduction 

Microtubules are one of the three major cytoskeleton components in eukaryotic 

cells [1,2]. They are hollow cylinders consisting of about 13 parallel protofilaments (PF) 

formed by the head-to-tail assembly of  -tubulin heterodimers. Microtubules play 

important roles in many eukaryotic cellular processes, including intracellular transport, 

cell motility, mitosis and meiosis. Microtubule dynamic instability, the phenomenon by 

which a microtubule switches stochastically between assembly and disassembly phases, 

is known to be a key property for microtubule function. The regulation of microtubule 

dynamics has been shown to be both of great biological significance during cell division, 

and of outstanding pharmaceutical value in tumor therapy. For example, Taxol©, the 

most widely used anticancer agent, targets tubulin and alters microtubule dynamics 

resulting in mitotic arrest. Therefore, studying the microtubule assembly/disassembly 

processes is of great relevance for both biological and pharmaceutical purposes.  

 

Figure 2.1. Structural model of the microtubule self-assembly pathway. (a) Simplified 

representation of a sheet intermediate and its conversion into a microtubule based on cryo-EM 

observation of sheets at the end of fast growing microtubules [7] and the structure of the low-

temperature stabilized ribbons by Wang and Nogales [9]. (b) Schematic illustration of the idea 

that the ribbon structure is thermodynamically more stable than the microtubule structure at low 
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temperature (left), but less stable at the physiological temperature where microtubule assembly 

takes place(right). We proposed that tubulin sheet structures are kinetically trapped 

intermediates. 

 

To explain the process and mechanism of microtubule assembly, various models 

have been proposed by both experimentalists and theorists [3,4,5,6,7]. In the most 

simplistic textbook model, during the microtubule assembly process  -tubulin 

heterodimers add one by one onto the growing end of a microtubule. Most of the 

existing theoretical work is based on this model [4]. However, a number of experimental 

observations challenge this view. In 1970s Erickson reported an intermediate sheet 

structure during microtubule assembly (see also Fig. 2.1a) [6]. He proposed that 

tubulins first form a two-dimensional open sheet, which in turn closes into tubes (see Fig. 

2.1a). Several other groups observed that fast growth of existing microtubules occurs 

via the elongation of a gently curved sheet-like structure at the growing end both in vitro 

and in vivo [6,7,8]. Using cryo-electron microscopy, Wang and Nogales reconstructed 

the structure of a curved sheet assembly of GMPCPP-tubulin stabilized by low 

temperature and high concentration of magnesium [7,8,9]. The use of GMPCPP avoids 

the complexity due to GTP hydrolysis. This assembly could then directly convert into 

microtubules by raising the temperature. The authors proposed that it corresponds 

structurally to the sheet at growing microtubule ends observed by Chrétien and others 

[7,9]. In this structure tubulin molecules form slightly curved PFs, in the same head-to-

tail manner as those in microtubules. However the PFs are paired, with lateral 

interactions within one pair being indistinguishable from those in microtubules, but with 
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distinct contacts between pairs [5]. Importantly, relative longitudinal displacements 

between neighboring PFs (―stagger‖) are the same as in microtubules, indicating that no 

longitudinal sliding is needed during the sheet-microtubule transition, in agreement with 

the direct conversion from one to the other. In the remaining of the paper we call this 

polymer form ―ribbon‖, and reserve the term ―sheet‖ for the observed structure at the 

end of a growing microtubule. In this work we suggest that the sheet may contain a 

class of tubulin structures that include the ribbon, all of which contain alternative lateral 

bonds different from those observed in microtubules. It is important to mention that in 

the literature the expression ―sheet structure‖ has been used to refer to a protruding end 

of an incomplete microtubule [4], with no structural difference in the individual dimers or 

their interactions with respect to that in the microtubule itself, unlike the two-dimensional 

sheet of Chrétien and coworkers or the stable ribbon assembly of Wang and Nogales. 

Wang and Nogales obtained the sheet structure by stabilizing it at low 

temperatures. An increase in temperature results in the direct conversion of these 

structures into microtubules. On decreasing the temperature a GMPCPP microtubule 

converts into the ribbon structure through peeling (Wang and Nogales, unpublished 

result; also in [10]). This observation implies that the sheet is thermodynamically more 

stable than the MT at low temperature, but is less stable at higher temperature (Fig. 

2.1b). The conversion resembles a phase transition, which explains the observed sharp 

temperature dependence [11]. However, the sheet structure is short-lived in conditions 

under which MTs are formed, suggesting it as a kinetic intermediate [6,7].  
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The structural observations of Wang and Nogales raised several questions. How can a 

ribbon structure with alternating lateral interactions be formed during the assembly of 

tubulins? What is the relation between the ribbon structure and the sheet structures 

observed at the growing end of a microtubule at physiological conditions? What is the 

mechanism of the sheet-to-microtubule transition? If the sheet structure is indeed an 

intermediate in microtubule assembly in vivo, is there any biological function for it?  

Due to the lack of detailed, atomic formation for the sheet, the ribbon, or the 

microtubule, as well as detailed kinetic studies, in this work we take an inversed 

problem approach. First we find out a set of minimal requirements for the system 

properties to reproduce the experimental observations, specifically the structures of 

Wang and Nogales. Then we assume that similar properties are applicable to the 

assembly process at physiological conditions as well, examine the consequent 

dynamics, and make testable predictions.   

c. Methods 

1. The model  

We assume the  -tubulin heterodimer to be the microtubule building block, and 

neglect direct association/ disassociation of larger filaments, whose contributions are 

expected to be very small [2]. This assumption is adopted in most existing models. In 

this work we focus on the GMPCPP tubulins, therefore will not include GTP hydrolysis 

in the model. We consider three types of reactions (Fig. 2.2a &b):  
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1) A dimer can longitudinally add or dissociate from the ends of a PF (Fig. 2.2a, process 

1). The reaction rates for plus and minus ends are different by a constant ratio   [12,13]. 

This ensures that the equilibrium constants are the same for the reactions at both ends, 

as required by thermodynamics. For convenience in this work we call the noncovalent 

(longitudinal or lateral) interaction between two tubulins a ―bond‖.   

 

Figure 2.2. Schematic illustration of the basic concepts in the proposed model of tubulin 

self-assembly. (a) Three types of reactions are being modeled: longitudinal (1) and lateral (2) 

association/disassociation, and (b) the switch between the tube and sheet types of bond (3). 

Blue lines correspond to the tube bond and red lines to the sheet bond. The EM-based  

structures at the top of (b) show the difference between two lateral bond types [9]. (c) A typical 

ribbon structure with alternating lateral bonds. (d) A typical hybrid structure with the two types of 

lateral bonds randomly distributed. (e) An end-on view of several possible 5-PF structures. 
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2) A dimer can laterally associate with or dissociate from a PF from either side (Fig. 

2.2a, process 2). The ribbon structure of Wang and Nogales (Fig. 2.2b) reveals that two 

neighboring PFs can form two types of lateral bonds [6,7,9]. We call one the tube bond 

as it closely resembles that present in closed, cylindrical microtubules. The other one 

we called the sheet bond, corresponding to that newly observed by Wang and Nogales 

between PF pairs.  

As suggested by our cryo-EM analysis [9], the main sequence regions involved in 

lateral interactions between PFs in microtubules are the M-loop (Residues 274-286: 

PVISAEKAYHEQL in  -tubulin; PLTSRGSQQYRAL in  -tubulin) and the N-loop 

(Residues 52-61: FFSETGAGKH in  -tubulin; YYNEAAGNKY in  -tubulin) [14,15], 

whereas the lateral sheet bond interactions between two PFs involve site 1 (Residues 

336-342 (H10-S9 loop): KTKRTIQ in  -tubulin; QNKNSSY in  -tubulin) and site 2 

(Residues 158-164 (H4-S5 loop): SVDYGKK in  -tubulin; REEYPDR in  -tubulin) (Fig. 

2.S1a). We identified these stretches of residues based on our low-resolution (18Å) 

cryo-EM reconstructions, and thus as a coarse approximation to the actual physical 

interface. Interestingly, the residues involved in the sheet bond are more conserved 

than those in the tube bond (see Fig. 2.S1b) [16]. It is important to mention that two 

types of lateral bonds are present in nature in the stable structure of the microtubule 

doublet, where some PFs need to interact laterally with two neighboring ones 

simultaneously [17]. The recent doublet structure by Sui and Downing shows a non-MT 

lateral interaction between PFs B10 and A5 (in their notation) [18]. The doublet and the 

ribbon structures show that the non-MT interactions in both structures are obtained by 
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rotating one PF relative to another laterally (Fig. 2.S1c). The doublet structure shows 

even larger rotation angle than the sheet bond, possibly further distorted by other 

binding proteins in this structure [18]. We also noticed that the various structures 

obtained by Burton and Himes at slightly basic pHs are easily explained by the 

existence of alternative types of lateral bonds, but molecular details of their structures 

are lacking [19]. Physically, the existence of two types of lateral bonds means that the 

potential of mean force between two neighboring tubulin dimers along the lateral 

rotational angle assumes a double-well shape. This situation is similar to the lateral 

interactions along the longitudinal direction, where calculations of electrostatic 

interactions by Sept et al. show a double-well shaped potential, corresponding to the A- 

and B-typed microtubules [20]. 

 

Figure 2.3. Course inspection of the electron density map of the ribbon structure. It 

reveals a clearly larger buried interface for the tube bond than for the sheet bond.  
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One additional, reasonable assumption is that the formation of the sheet bond is 

dynamically faster than that of the tube bond. When two protein molecules (or 

complexes) encounter each other to form a larger complex, it is unlikely that all the 

mutual interactions between the two surfaces form all at once. Mostly likely the two 

protein surfaces form some partial contacts, then gradually adjust to a favorable 

matching conformation for their mutual interaction, and during the process some 

residues may need to reorganize slightly. The cryo-EM reconstruction of the low-

temperature stabilized ribbons revealed a larger contact surface for the tube bond than 

for the sheet bond (see Fig. 2.3). While a larger contact surface may lead to stronger 

interaction, it may be slower to form. Consequently, a tube bond might be slower to form 

than a sheet bond does. However, all these discussions are only suggestive, and further 

experimental studies are needed. As discussed later, a faster sheet bond formation rate 

is not a necessary assumption in our model, but it increases the percentage of transient 

ribbon structures, and facilitates formation of the sheet structures. 

We further propose that the two types of lateral bonds can interconvert (Fig. 2.2b, 

process 3). Furthermore, two neighboring lateral bonds can mutually affect each other’s 

stability and the inter-conversion rates. This assumption is necessary to reproduce the 

observed low temperature sheet structure. Physically, it is likely that two consecutive 

lateral bonds affect each other via allosteric changes in the intervening tubulin molecule. 

Allosteric effects on the tubulin monomers/dimers have already been proposed to play 

an important role during the microtubule assembly process, although details are unclear 
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[5,9,21]. For simplicity, in our modeling studies we assume the mutual interaction 

energy between two sheet bonds
  
G

ShSh
 0 , and other types of interactions

  
G

ShTu
~ G

TuTu
~ 0 , with Sh and Tu referring to the sheet and tube bond, respectively. 

We will discuss alternative choices later. Below we will show that with these choices 

one can reproduce the observed low temperature ribbon structure. For a lateral bond 

conversion reaction, a tubulin dimer needs to rotate about 60 degrees around the 

longitudinal axis of the neighboring PF [9]. In our simulations of the assembly kinetics 

and thermodynamic analysis, we do not consider the case in which tubulins within one 

PF form different types of lateral bonds with their lateral neighbors. Such defects (that 

tubulins within one PF form different types of lateral bonds with their neighbors) would 

disrupt the longitudinal and lateral interaction network within the structure, thus be 

energetically unfavorable, and exist only transiently. This resembles a large class of 

Ising-type models. For example, protein folding kinetics can often be described by two 

states without referring to the intermediate transition step. Consequently, our simulation 

assumes that the tubulin molecules within a PF would rotate collectively and 

cooperatively. As a consequence, the longer the PF, the harder the rotation is. Also, 

when a tubulin dimer adds to a PF longitudinally in our kinetic model, it engages in the 

same lateral bond as the rest of the precedent subunits in the same PF. This 

approximation greatly simplifies the simulation. 

Wang et al. observed the temperature-driven ribbon-microtubule conversion 

using the GTP analogue GMPCPP [9,11]. Therefore GTP hydrolysis is not a 

requirement for ribbon/sheet conversion into a microtubule, and thus we did not 
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consider the GTP hydrolysis reaction in this study. We enforce the detailed balance 

condition by relating the rate constants to the corresponding standard free energy 

change (  G0 ). For example, the on rate constant 
  
k

( )
 and off rate constant 

  
k

( )
 for a 

tubulin addition reaction, is given by [22] 

 

  

k
()

k
()

 exp(
G0

k
B
T

),  (1) 

where 
 
k

B
 is Boltzmann’s constant,  T is the absolute temperature. Following Erickson 

and others [2,23,24], we divide the standard free energy  G0  into two terms, an entropic 

energy 
 
G

Entropy
accounting for the subunit translational and rotational entropic loss due 

to bond formation—not the overall entropy contribution, and the remaining free energy 

change
 
G

i
.  The separation allows proper inclusion of 

 
G

Entropy
 while multiple bonds 

form simultaneously. For instance, the longitudinal binding/dissociation reaction from 

the plus (upper) end in Fig. 2.2a gives  

 
  
G0  G

long

0  G
Sh

0  G
Tu

0  2G
Entropy

,  (2) 

where 
  
G

long

0
 is standard free energy for longitudinal association, 

  
G

Sh

0 the standard free 

energy change of forming a sheet bond, 
  
G

Tu

0 the standard free energy change of 

forming a tube bond, and the term 
  
2G

Entropy
 compensates for overcounting of the 

entropic free energy loss. Detailed description of the rate constant and entropic term 

calculations can be found in the Supporting Text S1 A and B.  
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2. Simulation details 

The assembly process was stochastically simulated with the Gillespie algorithm 

[25]. At each step, we recorded all the species in the system and their numbers. A 

reaction was randomly selected from a list of all the possible reactions of all the species 

in the system. We only simulated the early stage of the microtubule assembly process 

starting from tubulin dimers. All the simulation parameters were provided in Table 1 and 

figure captions. There are four energy terms in the model. In our simulations, the 

binding energy for the longitudinal bond GLong , and that of the tube lateral bond GTu , 

were assigned values -19 kBT and -15.5 kBT, respectively, close to what used in the 

literature after taking into account the entropy term Gentropy [2,20,26] (see Supporting 

Text S1 B). Currently there is no direct experimental information to determine the values 

of the other two terms, the sheet-type lateral bond energy GSh, and the allosteric 

energy term GShSh. Instead in this work we will examine how the assembly dynamics is 

affected by changing the values of these terms. Future experimental results may 

suggest possible parameter value ranges by comparing with our simulations. All the 

results reported here were averaged over 60 independent simulations.  

In most calculations we used constant free tubulin dimer concentrations. That is, 

we started the simulations with tubulin dimers only and kept free tubulin dimer 

concentration at a fixed value throughout the simulations.  Experimentally the total 

tubulin concentration is fixed. However, here we only examine the very early assembly 

stage where the percentage of tubulins forming assembly clusters is negligible, so the 

free tubulin concentration is approximately the same as the total tubulin concentration. 
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Using a constant free tubulin concentration provided us the advantage to increase the 

simulation efficiency with a limited computational resource. It also allowed us to 

examine the effect of free tubulin concentrations on the assembly process more easily.  

Exceptions are Fig. 2.4f, where the total number of tubulin dimers was kept constant, 

and the results were averaged over 2000 independent simulations. In this case we kept 

the system in a small size so we could run simulations for a prolonged time until the 

system reached equilibrium.   
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Figure 2.4. Effect of variable 
 
G

Sh
 G

Tu
(with fixed values of 

  
G

Tu
 15.5 k

B
T  and

  
G

ShSh
 6 k

B
T ) on the assembly process. (a)-(e) plot the simulation results with constant free 

dimer concentration and (f) plots the results with constant total dimers. (a) Percentage of ribbon 

structures v.s. time for different values of 
 
G

Sh
 G

Tu
 (

  
2, 1, 0,  1,  2 k

B
T as labeled in the 

figure with corresponding circled numbers). (b) Probability of finding neighboring tube-sheet (T-
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S) structures as a function of time (
 
G

Sh
 G

Tu   
 2, 1, 0,  1,  2 k

B
T as labeled in the figure 

with circled number). (c) Percentage of T-S structures v.s. time for structures with 3 PFs (solid 

line) and structures with 4 or more PFs (dashed line). (d) Average PF lengths of assembly 

structures v.s. time with number of PF =1, 2, 3, 4, 5, and 6, respectively (for
  
G

Sh
 G

Tu
1 k

B
T

). (e) Occurrence of different size clusters v.s. time with numbers of PF = 1, 2, 3, 4, 5 and 6, 

respectively (
  
G

Sh
 G

Tu
1 k

B
T for all). (f) Percentage of T-S structures v.s. time for variable 

 
G

Sh
 G

Tu
 (

  
2, 1, 0,  1,  2 k

B
T , as labeled in the figure with corresponding circled numbers) 

with a constant number of total tubulin dimers of 100. 

 

At each sampling step, we took a snapshot of the tubulin assembly clusters. 

Different clusters have different shape, length and width. To characterize the structural 

properties of each cluster, we examined the following joint probabilities (or percentages): 

1) P(Tu-Tu)-- both of the two neighboring lateral bonds lying between three neighboring 

PFs being tube type; 2) P(Tu-Sh)—one tube type, and one sheet type; 3) P(Sh-Sh)-- 

both being sheet type, with P(Tu-Tu) + P(Tu-Sh) + P(Sh-Sh) = 1. We call the local 

structure formed by three tubulin dimers in lateral contact as a Tu-Tu, Tu-Sh, or Sh-Sh 

3-mer structure. The percentage of Tu-Sh structures in the system is calculated as the 

ratio between the total number of Tu-Sh structures and the total number of 3-dimer 

structures in all clusters with three or more PFs. A cluster is defined as a ribbon cluster 

only if P(Tu-Sh) = 1 (Fig. 2.2c). Therefore a higher value of P(Tu-Sh) means that the 

cluster is closer to a ribbon structure. A ribbon cluster must have 3 or more PFs by 

definition. The percentage of ribbon structures in the system is calculated as the ratio 
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between the total number of Tu-Sh structures in the ribbon clusters and the total 

number of 3-dimer structures in all clusters with three or more PFs. To calculate the 

population of clusters with certain number (N) of PFs, we simply count the total numbers 

of those N-PF clusters at certain steps. The average PF length of an N-PF cluster is 

calculated as the total number of dimers in the cluster divided by N. 

Currently there is no quantitative experimental data available on the assembly 

rates at the initial stage we studied here. Therefore all the results are reported with a 

relative time unit, which can be easily scaled to the experimental rates once available. 

d. Results  

1. Effect on tubulin assembly of a difference in binding energy between sheet- 

and tube- lateral bonds  

Fig. 2.4 gives the dependence of the assembly process on the value of the GSh 

 GTu  (binding energy difference between the sheet- and tube-type lateral bonds), with 

fixed values of GTu = 15.5 kBT and GSh = 6 kBT. The percentage of Sh-Sh structures 

is negligible for all simulations (data not shown). The percentage of ribbon structures 

and that of Tu-Sh structure decreases on increasing GSh (see Fig. 2.4a & b). For GSh 

 GTu  < 0 (the sheet bond stronger than the tube bond, simulating the low-temperature 

condition) the percentage of ribbon structures stays at a high plateau (top curves in Fig. 

2.4a). For GSh  GTu  > 0 (the tube bond is stronger than the sheet bond, simulating 

the high-temperature condition) the percentage of ribbon structures starts with a relative 

high value, then decreases with time. This observation indicates that initially formed 
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sheet bonds transform into tube bonds at a later time. Fig. 2.4c supports this idea by 

showing that (for GSh  GTu  = 1 kBT ) the percentage of Tu-Sh structures in 3-PF 

clusters is higher than that of later formed larger clusters. Fig. 2.4d gives (also for GSh 

 GTu = 1 kBT ) the average PF lengths (as number of dimers) for different cluster sizes. 

Small clusters with one or two PFs quickly reach steady-state with average longitudinal 

length of about 4 tubulin dimers. Experimentally, a large amount of small single- and 

double-PF clusters with length 4-5 tubulin dimers are observed at the initial stage of the 

assembly process [11]. The longitudinal length of larger clusters increases continuously 

within the simulation time. From a thermodynamic point of view the explanation for this 

result is that  the lateral bonds within larger clusters stabilize the clusters, but the single 

and double-PF clusters lack sufficient lateral bonds and cannot grow long [2]. We 

performed a simulation with the lateral bond addition turned off so only one PF 

structures can be formed. The observed average single PF structure length quickly 

reaches a plateau at a slightly larger value (about 10 dimers, data not shown). From a 

kinetic point of view, the smaller clusters may disappear also by growing in width and 

thus transforming into larger clusters before growing long. Similarly shown in Fig. 2.4e, 

the populations of single- and double-PF clusters reach a plateau, while the numbers of 

larger clusters increase continuously within the time of simulation.  

In Fig. 2.4b we examined how the percentage of Tu-Sh structures evolves with 

time. The results show that all the curves reach a plateau. It is unclear whether the 

system reaches equilibrium or a dynamic steady-state. The latter would mean that 

newly formed sheet bonds compensate the loss of the Tu -Sh structure population due 
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to ShTu conversion, so the percentage of Tu -Sh structures remains unchanged. If 

this is the case, the apparent percentage of Sh  Tu conversion should be less than 

the real value. Therefore, we performed additional simulations with constant total 

number of tubulin dimers. This time, we used a smaller size system (100 dimers), which 

allowed us to perform sufficiently long simulations for the system to reach true 

thermodynamic equilibrium. Fig. 2.4f shows the evolution of the percentage of Tu-Sh 

structures with different values of GSh − GTu. In the case of
  
G

Sh
 G

Tu
 0 , thus when 

the tube bond is thermodynamically more stable, the Tu-Sh structures start at relatively 

high percentage, then convert after the first few thousand steps. This result is due to the 

faster formation of sheet bonds versus tube bonds, with the former being transiently 

trapped as the PFs grow longer. The sheet bonds eventually convert to the 

thermodynamically more stable tube bonds and the system reaches equilibrium. 

Compared to Fig. 2.4b, we did observe larger percentage of Sh  Tu transition in Fig. 

2.4f, indicating that the curve plateaus in Fig. 2.4b are due to a dynamic steady-state. In 

the case of
  
G

Sh
 G

Tu
 0 , where a sheet bond is more stable than a tube bond, in 

addition to the effect of the positive GSS, the Tu -Sh structures are more stable 

thermodynamically (the top lines of Fig. 2.4f).  

2. Effect on tubulin assembly of mutual allosteric interaction between two 

adjacent sheet bonds  

If formation of a new lateral bond is not affected by the existing PFs (GShSh  = 0), 

one would expect randomly distributed lateral bond types between PFs. The allosteric 

term GShSh is necessary for reproducing the dominating ribbon structures 
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experimentally observed at low temperature (
  
G

Sh
 G

Tu
 0 ). Fig. 2.5 shows that, for

  
G

Sh
 G

Tu
 1.5 k

B
T , the percentage of ribbon structures and that of T-S structures is 

sensitive to the value of GShSh. As GShSh increases from 0 to 6 kBT, the percentage of 

ribbon structure increases from 20% to around 90% (Fig. 2.5a). The percentage  

 

Figure 2.5. Effect of variable 
 
G

ShSh
 on the assembly structures for fixed 

  
G

Sh
 17 k

B
T  

and 
  
G

Tu
 15.5 k

B
T  (

  
G

Sh
 G

Tu
 1.5 k

B
T  0 ). (a) Percentage of ribbon structures as a 

function of time (
 
G

ShSh
= 0, 2, 4 and 6 as indicated by circled numbers). (b) Trimer-structure 

distribution v.s. simulation step for
  
G

ShSh
 0 . The three possible trimer structures, T-T (tube-
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tube), T-S (tube-sheet) and S-S (sheet-sheet), are indicated in the figure. (c) Trimer structure 

distribution v.s. simulation step with
  
G

ShSh
 2 k

B
T . (d) Trimer-structure distribution v.s. 

simulation step with
  
G

ShSh
 6 k

B
T . 

 

drops slightly as time evolves. This is because some newly formed small ribbon 

structures grows to hybrid forms upon adding more PFs. Fig. 2.5b-d show the 3-mer 

structure distribution. For
  
G

ShSh
 0 , Fig. 2.5b shows that the S-S structure is dominating, 

reflecting the fact that the sheet bond is stronger than the tube bond. While there are 

still about 20% Tu-Sh structures, the Tu-Tu structures are negligible. On increasing 

GShSh to 2 kBT (Fig. 2.5c), the free energy difference between a sheet and a tube bond 

(-1.5 kBT) cannot compensate the unfavorable term GShSh, and more Tu-Sh structures 

than the Sh-Sh structures are formed. As we further increase 
 
G

ShSh
 to 

  
6 k

B
T  (Fig. 2.5d), 

T-S structures become dominating, while the other two structures are negligible. In the 

case where
  
G

Sh
 G

Tu
 0 , a positive value of GShSh maintains its effect on producing 

higher percentage of newly formed Tu-Sh arrangement, with the ribbon structures 

dominating the population, but these gradually transform into the more stable 

microtubule structures (see Fig. 2.S2). 

3. The effect of free tubulin concentration on the assembly process 

The free tubulin concentration is another factor affecting the assembly kinetics. 

Fig. 2.6a and b examine the effect of free tubulin concentration on the assembly 

process in the case where GSh−GTu  > 0 (high temperature scenario in which tubulin 
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polymerizes into microtubules). On increasing the free tubulin dimer concentration from 

5, to 25, to 125 µM, both the ribbon and T-S structures increase. At higher dimer 

concentration the population of the ribbon structure forms starts at a high percentage, 

then drops quickly to the similar level as that at lower dimer concentrations. A possible 

explanation for this phenomenon is that some of the ribbon structures transform into 

larger hybrid structures upon PF addition. This is supported by the persistence of the 

high percentage of Tu-Sh structures at high tubulin concentration (Fig. 2.6b). The 

steady-state average length of  
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Figure 2.6. Effects of tubulin dimer concentrations on the assembly process (for

  
G

SS
 6 k

B
T , 

  
G

Sh
 14 k

B
T , 

  
G

Tu
 15.5 k

B
T , i.e.,

  
G

Sh
 G

Tu
1.5 k

B
T ) (dimer 

concentration c = 125, 25, 5 M , as labeled in the figure with corresponding circled numbers). 

(a) Percentage of ribbon structures as a function of time. (b) Probability of finding neighboring T-

S structures as a function of time. (c) Average PF lengths of structures with 1 PF (dashed lines 

with grey circled numbers indicating concentrations) and 5 PFs (solid lines with open circled 

numbers indicating concentrations) v.s. time. (d) Occurrence of clusters with 5 PFs v.s. time for 

different tubulin concentration as labeled. 

 

the single-PF clusters increases as the tubulin concentration goes up (Fig. 2.6c, curves 

marked with grey circles), reflecting the fact that increasing the tubulin concentration 

favors bond formation both thermodynamically and kinetically. The lateral bond 

formation is apparently favored by high dimer concentrations due to a higher assembly 

rate, so the multi-PF clusters grow even faster at higher dimer concentration (Fig. 2.6c, 

curves marked with open circles). The population of larger clusters (5-PF in the case 

shown) also increases faster at higher dimer concentrations (Fig. 2.6d). Overall, our 

simulations suggest that the sheet intermediates are more likely to be observed at high 

free tubulin concentrations. This agrees well with the experimental result that larger and 

more abundant sheet structures are observed during the initial, exponential phase of 

tubulin of polymerization when free tubulin concentrations are high (>100 µM) [7,27]. 

Physically, increasing the free dimer concentration increases the cluster growth rates, 

which effectively allows less time for the internal ShTu transition, and thus increases 

the percentage of ribbon and Tu-Sh structure, as shown in Fig. 2.6a & b. 
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e. Discussion 

Erickson and Pantaloni performed thermodynamic analysis on the initial stages 

of polymer assembly [24],  with the assumption that only one type of lateral bond exists. 

In their model, the sheet is not structurally different from the microtubule structure. In 

the present study, and while incorporating recent structural information, we are trying to 

simulate the very early stages of tubulin polymerization at both low and high 

(physiological) temperature, making a minimal number of assumptions that will 

reproduce existing experimental observations. The main conclusions from this exercise 

follow. 

Thermodynamic analysis: Let’s consider a structure with 2m PFs of length n dimers. 

At low temperatures (less than 15 ˚C), the sheet bond is more stable than the tube bond 

(
  
G

Sh
 G

Tu
 0 ). Therefore, the thermodynamically most stable structure tends to form 

as many sheet bonds as possible. However, the term 
 
G

ShSh
 disfavors a sheet structure 

with all sheet bonds. One can show that, instead, the most stable structure is the one 

with alternating lateral bonds, provided
 
G

ShSh
 G

Sh
 G

Tu
. The free energy difference 

between the structure with neighboring sheet bonds and the one with alternating lateral 

bonds is
  
n(2m1)(G

ShSh
 G

Tu
 G

Sh
) . The difference between a sheet bond-only 

structure and an unclosed tube bond-only structure is
  
n(2m1)(G

Sh
 G

Tu
) . When n 

and/or m are large, a small difference in the bond energy leads to a large difference in 

the Boltzmann weight. The structure with alternating lateral bonds is thus the 

dominating form. Above a certain temperature, the tube bond becomes more stable 
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than the sheet bond (
  
G

Sh
 G

Tu
 0 ), and the microtubule becomes the most stable 

polymer form. These thermodynamic considerations explain the results in Fig. 2.4 and 

Fig. 2.5. There are several possible origins on the temperature dependence of

 
G

Sh
 G

Tu
. We discussed them in Supporting Text S1 C. 

For the allosteric effect represented by the term 
 
G

ShSh
, we suggest two possible 

mechanisms. First lateral interactions have been proposed to straighten a tubulin dimer 

(this is referred to as the lattice effect) [9,28,29]. Consequently, the lateral interaction 

surface is in general coupled to straightening, and the allosteric effect proposed here 

and the lattice effect are closely related and coupled. This effect may exist even if each 

tubulin monomer is treated as a rigid body. While this is the mechanism we favor, a 

second alternative scenario is that, as tubulin molecules are flexible, lateral interactions 

on one side could affect the lateral surface on the other side of the protein.  

A sheet structure is a common morphology for biological molecule self-assembly 

[30,31,32]. Tubulin assembly shares some common features. For example, the ribbon 

structures are helical, and the tubulins are arranged in a microtubule in a helical manner 

[9]. Therefore, due to asymmetric off-axis interactions between tubulins these structures 

are chiral [32]. The general theory discussed by Aggeli et al. may be applied to a more 

detailed analysis of the tubulin assembly model.  

How is the sheet bond kinetically trapped during the assembly process? At 

physiological temperatures, where 
  
G

Sh
 G

Tu
 0 , the microtubule is 

thermodynamically at the most stable polymer form. However, Fig. 2.5 shows that a 
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large population of structures with the sheet bonds can still be observed transiently at 

the initial assembly stage. The steady state population of ribbons will depend on the 

actual value of 
 
G

Sh
 G

Tu
. Fig. 2.7a schematically illustrates some possible reaction 

pathways that would lead to a kinetic trap (Fig. 2.7b). During the early stages of 

microtubule assembly (which we modeled here), short clusters of a few PFs are 

assembled. When a dimer adds on to a cluster laterally, it forms a sheet bond with a 

higher probability (12) than a tube bond (13). Thermodynamically the sheet bond 

has the tendency to convert into a tube bond, since the tube bond has lower free energy 

(23, Fig. 2.7b, left panel). However, before the slow lateral bond type conversion 

takes place, another dimer may add on longitudinally at the end of a PF with a higher 

rate (24). Lengthening of the PF further increases the difficulty of lateral bond 

conversion by increasing the conversion barrier height (45, Fig. 2.7b, right panel). 

Consequently, the lateral sheet bonds are transiently trapped.  
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Figure 2.7. Schematic illustration of how two PFs could form sheet bonds fast and then 

be kinetically trapped. (a) Illustrative pathways of the assembly process showing a kinetic trap. 

(b) Schematic illustration that formation of additional sheet bonds increases the transition barrier 

to the thermodynamically more stable tube bonds. 

 

The main idea in our proposed mechanism is that there are three major classes 

of competing processes with different characteristic time scales: longitudinal elongation, 

lateral association to form a tube- or sheet- type bond, and ShTu conversion. Only the 

first two processes depend on the tubulin concentrations. As long as the first two 

processes (especially longitudinal elongation) are much faster than the conversion rate, 

kinetically trapped structures containing the sheet bonds are observable. In our 

simulations we used a lateral association rate for the sheet bond larger than that for the 
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tube bond. From a structural point of view, the GTP-tubulin in solution might have a 

conformation favoring the formation of lateral sheet bond over that of the tube bond. 

The oligomerized tubulin may undergo an induced-fit conformational change during the 

conversion from the sheet bond to the tube bond, forming more stable lateral 

interactions. Keeping all other parameters unchanged (e.g., GShSh) but using the same 

value of the lateral association rates for the two lateral bond types, our simulations (data 

not shown) show that the ribbon and other hybrid structures are still observed, but 

constitute a smaller fraction of the total population. It is important to emphasize that our 

conclusions are quite insensitive to the model parameters used in this work.  

Our model also predicts the existence of some hybrid structures between the 

sheet and the MT forms, where the lateral bond pattern is not so regular (e.g, some of 

the structures in Fig. 2.2d and 2e). The cryo-EM images of Chretien et al. revealed a 

distribution of the sheet bending angles [7] , which may correspond to different sheet 

structures with different ratios of sheet versus tube bonds. It is tempting to speculate 

that at the tip of the growing structure Sh-Tu alternating bonds predominate (see Fig. 

2.4), but as the structure gets closer to the growing microtubule, more and more sheet 

bonds have converted to tube bonds, until eventually all lateral contacts are tube 

contacts (an alternative explanation is that at any given point along the length of the 

sheet, all lateral bonds are the same, but that they change in synchrony along the 

length, asymptotically reaching that of the tube bond when the structure finally closes 

into a tube). The process of conversion was not covered in the present study, where we 

focused on the very early stage of the assembly process. In this case the formed 

structures all have small sizes and therefore the conversion process itself is very fast. 
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Instead, it is the initiation of the conversion that is rate-limiting. To mathematically model 

the conversion process and the sheet curvatures explicitly at the growing tip of a 

preformed microtubule, one needs to include more details of the mechano-chemical 

properties of the system. This is an ongoing effort in our labs.  

In our model we choose
  
G

ShTu
~ G

TuTu
~ 0 , and

  
G

ShSh
 0 . These are roughly 

based on steric constraints imposed by the competing strains of two distinct curvatures-

- the longitudinal curvature along the length of a protofilament, and the curvature of the 

lateral interactions that give rise to a close structure for the microtubule. Our model also 

assumes that the value of 
 
G

Sh
 G

Tu
vary with temperature (Fig. 2.S3a). It is important 

to point out that this scheme (Scheme 1) is not the only one that can reproduce the 

observed low and high temperature structures (ribbons and microtubules, respectively, 

at steady state). For example, an alternative scheme (Scheme 2) could be that 

  
G

Sh
 G

Tu
 0  (so the tube bond is always stronger than the sheet bond), 

  
G

ShTu
~ G

ShSh
~ 0 (which are unnecessary but for simplicity), but 

  
G

TuTu
 0 , which 

decreases with temperature (Fig. 2.S3b). Also see Supporting Text S1 C, which  

provides some theoretical analysis with a reaction path Hamiltonian [33] on a possible 

origin for a hypothetical temperature dependence of
 
G

TuTu
. Our stochastic simulations 

confirm that this scheme can reproduce the low temperature ribbon structures and the 

high temperature transient sheet structures (see Fig. 2.S4 and Supporting Text S1 C for 

details). Compared to Scheme 1, which is the focus of this work, and where the Sh-Sh 

structure is negligible (with
  
G

ShSh
 0 ), Scheme 2 suggests that a larger percentage of 
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Sh-Sh structures should be observable if one chooses
  
G

ShSh
~ 0 . A specific way to 

distinguish the two schemes would be to examine the population difference of 2-PF 

clusters with sheet bond and tube bond. Fig. 2.S5 shows that, in Scheme 1, the sheet-

type 2-PF clusters are dominant at low temperature and the tube-type 2-PF clusters 

become more at high temperature; in Scheme 2, the tube-type 2-PF clusters are always 

dominant at both high and low temperature. Experimentally determining the 2-PF cluster 

structures at both low and high temperatures would allow us to estimate the value of

 
G

ShSh
. This will also help on evaluating the two schemes discussed here and the 

proposal by Chrétien as well. However, no matter which scheme is correct, our main 

conclusion remains: the existence of the sheet tubulin structures is due to 

thermodynamics at low temperatures, but kinetics at higher (physiological) temperatures.  

Fygenson et al. carried out variability-based alignment of - and - tubulin 

sequences [16]. More conserved residues usually have functional importance. In Fig. 

2.S1 we reproduced their result, and indicated the above-mentioned residues involved 

in lateral interactions. It is clear that those residues (especially several charged ones) 

involved in the sheet bond formation are generally more conserved than those for the 

tube bond. In addition, there are a smaller number of residues involved in the interface 

of the former, which can be visualized in a simple fashion by examination of the ribbon 

electron density map showing a smaller contact surface for the sheet bond than for the 

tube bond (see Fig. 2.3). These observations may explain why the sheet bond would be 

faster to form than the tube bond. The former involves less residues but strong 

electrostatic interactions, which can guide the approaching tubulins to interact. On the 
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other hand, to form a tube bond more residues need to align (and reorganize) properly 

with each other, which may result in a high barrier for the reaction. Is it possible that 

tubulin evolved a sheet tube, two-step processes to increase the tubulin lateral 

assembly rate: a free tubulin dimer would first be captured by the fast-forming sheet 

bond, and this would serve as a primer to guide the complex to form the more stable but 

slower-to-form tube bond. In a direct tube-bond formation mechanism, the interaction 

between the loosely formed contact pairs may be too weak to hold the newly added 

tubulin dimer for sufficiently long time before necessary conformational reorganization 

takes place to form the stable tube bond, which would result in very low lateral 

association rate. 

How biologically relevant is the proposed sheet bond? The ribbon structure obtained 

by Wang and Nogales shows two types of lateral bonds. In our model, we assume that 

the same types of lateral bonds exist during the assembly process of both GMPCPP and 

GTP tubulins at physiological conditions. One may argue that the observed ribbon 

structure is not physiological, as it is obtained at low temperature and high magnesium 

ion concentrations. High magnesium ions are typically used for the stabilization of all 

forms of tubulin assembly, and are hypothesized to shield the acidic C-terminal tails of 

tubulin (E-hooks), perhaps in a manner similar to that proposed for classical MAPS. 

These MAPs are highly basic, poorly structured, and generally have also a stabilizing 

effect on different tubulin assembly forms (e.g. they stabilized both microtubules, and 

tubulin rings).  Cold temperature, on the other hand, is known to have a destabilizing 

effect on microtubules (interestingly, the addition of certain +TIPS –proteins that in the 

cell bind to the growing end of microtubules– to microtubules in vitro renders the 
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polymers cold-stable, just like the anticancer drug taxol does (K. Patel, R. Heald, and E. 

Nogales, unpublished results). The formation of the ribbon structure, in the presence of 

GMPCCP, at low temperatures, was therefore a surprise. A working hypothesis to 

explain the assembly of the ribbons, in conditions where GTP tubulin would not be able 

to assemble into microtubules, is that temperature slows down tubulin interactions, with 

less of an effect on the rate of hydrolysis once a tubulin-tubulin contact has formed. Thus, 

under low temperature conditions little assembly occurs, and when it does hydrolysis 

quickly follows, before tubulin has a chance to make a microtubule closure and store the 

energy as lattice strain. When the hydrolysis step is eliminated, the slow polymerization 

of GTP tubulin (GMPCPP) can continue without the conformational change, and the 

destabilization effect that hydrolysis brings on tubulin. Under this simple assumption, we 

propose that the ribbon assembly conditions shed information on the process of 

microtubule assembly taking place before microtubule closure. This idea is supported by 

the structure of the ribbon itself, which shows alternating lateral contacts between 

protofilaments, that otherwise preserve the precise stagger between protofilaments seen 

in the microtubule. This suggests that the ribbons would be able to convert directly into 

microtubules, as it was experimentally confirmed [9]. Concerning the rotation of the 

lateral sheet bond, it is important to mention that this type of arrangement, or at least one 

involving alternative lateral contacts without longitudinal displacements between 

protofilaments, could have been deduced directly from the extended sheets observed by 

Chretien and colleagues growing at the end of microtubules, unless extreme 

deformability is otherwise hypothesize for the tubulin subunit, which is beyond reason.  
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An alternative model for the experimentally observed sheet structures at the end of 

growning microtubules is that they involved tubulin interactions are not different from 

those observed in a MT. A sheet structure is simply an incomplete protruding MT 

structure. However, the stochastic modeling results of VanBuren show that with this 

model it is very unlikely to form long incomplete structures at a MT growing end. The 

structures are energetically unfavorable, and are precursors for disassembly rather than 

assembly [4]. They didn’t examine dependence of the sheet length on the tubulin 

concentrations. One would expect weak or inverse dependence, since low tubulin 

concentrations would favor disassembly. This is contrary to the observation that the 

sheet structures are observed under growth conditions, and become longer (up to 

several hundred nanometers) upon increasing tubulin concentrations [7]. 

In conclusion, although there is yet no direct evidence of the presence of the 

sheet-type lateral bond described here under physiological conditions (the transient 

character preventing structural characterization, but see discussions on the doublet 

below), there is very compelling evidence that alternative lateral interactions do exist in 

a transient intermediate, the sheets at the end of fast growing microtubules. All our 

analyses indicate that the ribbon structure is the best candidate in existence to describe 

such intermediates. A somehow similar, and stable structure has been observed in the 

doublet form, which demonstrates that the alternative lateral bonds do exist in vivo. As 

discussed below, the unusual high conservation of the residues proposed to participate 

the sheet bond formation strongly suggest the functional importance of these residues. 

We put forward the proposal that existence of (at least) two types of lateral bond 
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naturally explains the sheet and microtubule forms observed in vitro, and the 

interconversion between them.  

The situation in vivo is more complex, where various microtubule-associated-

proteins (MAPs) may modify the microtubule assembly/disassembly process. While 

more in vivo studies are necessary to address the functional relevance of the sheet 

structure observed in vitro, it will also be very informative to study the microtubule 

assembly process in the presence of purified microtubule-binding proteins. It is 

important to notice that all structural studies of microtubules with binding partners have 

been carried out by adding the partners to preassembled (usually taxol-stabilized) 

microtubules. The effect on the assembly process of +TIPs, for example, should come a 

lot closer to reproduce what goes on inside the cells, than the analyses carried out to 

date with purified tubulin alone. 

We also suggest that the existence of alternative lateral bond types may have 

functional importance. Nogales and Wang proposed that the ribbon structure (and the 

sheet structure in general) could provide a novel surface for microtubule-binding 

proteins that could recognize surfaces unique to the sheet bond to track microtubule 

growing ends [5]. It has also been proposed that the sheet structure could constitute a 

structural cap at the end of growing microtubules [7] of essential importance in dynamic 

instability (notice that both functions would most likely be linked). Additionally, if the MT 

lateral bond is indeed stronger than the sheet lateral bonds, free energy would be 

stored in the lateral bonds of the sheet structure, released upon closure, which could 
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result in mechanical force generation. We provided a more detailed discussion of this 

idea in the Supporting Text S1.  

The nature of lateral interactions also affects the microtubule mechanical 

properties. Even if only one type of tubulin lateral interactions exists under normal 

conditions, microtubules in a cell are constantly under mechanical stress due to protein 

motors and other microtubule associated proteins [34]. There is a certain probability that 

some of the lateral bonds within a microtubule may convert to another type of 

interactions under extreme conditions (e.g. buckling under large mechanical force), as 

implied by recent atomic force microscope studies [35,36]. The new type of lateral bond 

provides a way of releasing local mechanical stress without breaking the MT. We expect 

that the mechanical property of a MT with and without this new type of lateral interaction 

would be dramatically different, and can be tested experimentally. It remains to be 

examined if these conditions are biologically relevant.  

What could be the function of the sheet intermediate? In addition to the artificially 

generated ribbon structure of Wang and Nogales, cryo-EM studies have more directly 

shown the presence of sheet intermediates during microtubule growth, both in vitro [6,7] 

and in vivo [8]. Theoretically, the sheet structures and the conversion into microtubules 

could play several important functional roles. Nogales and Wang proposed that the 

ribbon structure (and the sheet structure in general) could provide a novel surface for 

microtubule-binding proteins that could recognize surfaces unique to the sheet bond to 

track microtubule growing ends [5]. It has also been proposed that the sheet structure 
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could constitute a structural cap at the end of growing microtubules [7] of essential 

importance in dynamic instability (notice that both functions would most likely be linked) .  

The sheet bond involves fewer residues but strong electrostatic interactions, 

which can guide the approaching tubulins to interact. On the other hand, to form a tube 

bond more residues need to align (and reorganize) properly with each other, which may 

result in a high barrier for the reaction. Is it possible that tubulin evolved a sheet  tube, 

two-step processes to increase the tubulin lateral assembly rate: a free tubulin dimer 

would first be captured by the fast-forming sheet bond, and this would give the formed 

cluster longer time to adjust to the more stable but slower-to-form tube bond. In a direct 

tube-bond formation mechanism, the interaction between the loosely formed contact 

pairs may be too weak to hold the newly added tubulin dimer for sufficiently long time 

before necessary conformational reorganization takes place to form the stable tube 

bond, which would result in very low lateral association rate.  

We would like to propose here that there could be also a mechanical function for 

a preformed sheet that eventually closes into microtubule structure. Terrell Hill first 

proposed that assembly and disassembly of cytoskeletal filaments could generate 

mechanical force [37]. Subsequent theoretical studies and experimental measurements 

confirmed this idea [38,39,40,41]. Oster and coworkers proposed a ratchet mechanism 

and its variations to explain how elongating polymers like microtubules can generate 

force and push an object forward (see Fig. 2.8a) [42,43]. Thermal motions of the object 

and the polymer can produce space between them sufficiently large for a building unit (a 

tubulin dimer in this case) to add to the polymer’s end. Addition of the new unit prevents 
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the object from moving back. Therefore, the random thermal motion of the object is 

ratcheted into directional motion at the expense of free energy released from unit 

addition. Most published work uses the ratchet model to explain force measurements 

during microtubule assembly [39,44]. With the sheet intermediate, the ratchet effect can 

generate force at the growing tip or at the zipping front, depending on the location of the 

load. Interestingly, it could also provide another active force generating mechanism in 

addition to the passive ratchet model. If the MT lateral bond is indeed stronger than the 

sheet lateral bonds, free energy would be stored in the lateral bonds of the sheet 

structure. Transformation to the MT structure is a cooperative process. When many 

lateral bonds transform together, they would release free energy much larger than that 

stored in a single lateral bond, thus enable them to push against larger loads. (Fig. 2.8b) 

In this way the energy accumulation step (tubulin bond formation) and the work-

performing step (tube closure) are temporally and spatially separated. A similar 

mechanism of performing mechanical work using prestored energy has been proposed 

for the extension of the Limulus polyphemus sperm actin bundle [45] . Which 

mechanism dominates would depend on where the contact point between the MT and 

the load is and on the free energy difference between two types of lateral bonds. 
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Figure 2.8. Schematic illustration of force generation models. (a) the ratchet model based 

on the dimer direct-addition model and (b) the possible force generation mechanisms for the 

new model. 

 

f. Conclusion 

In this study, using the single assumption that there are nearest-neighbor 

interactions between two consecutive PFs, together with existing structural information, 

we were able to generate a simple model to explain a large number of observations 

concerning the mechanism of microtubule assembly. We suggest that the sheet 

structure observed during microtubule growth may be a kinetically trapped intermediate, 

and that it is related to the ribbon structure stabilized at low temperature. Our model 

predicts that the sheet structures are more likely to be observed at high free tubulin 

concentrations. Structural studies of 2-PF clusters during the assembly process could 

provide information to discriminate among several possible mechanistic schemes.  

Our current analysis has focused only on the initial stage of in vitro microtubule 

assembly. A future study should provide a more detailed description of the assembly 

process, especially the interface between the sheet bonds and the tube bonds along the 

longitudinal direction within the growing end of a microtubule. Our current treatment that 

all the lateral bonds within a pair of PFs are identical is clearly only an approximation. In 

this work we focused on the assembly dynamics of GMPCPP tubulins. We didn’t include 

GTP hydrolysis dynamics and the resulting tubulin dimer conformational changes. We 

assume that the structural information extracted from the GMPCPP sheet structure can 
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be extrapolated to the normal assembly process. While supported by several other 

independent experimental evidences, this assumption requires further scrutiny. 

Especially we propose that at physiological conditions tubulins can form alternative 

lateral bond type other than that observed in microtubules, as evidenced in the doublet 

structure. If being confirmed, it would greatly modify our understanding on the 

mechanical properties of microtubules, and possible mechanisms of interactions 

between microtubules and microtubule association proteins (MAP) [2,34,46].  

Our current model is essentially a two-dimensional model. The current simple 

model already provides many new insights on the very initial stage of the assembly 

process with only small cluster structures formed. Both the sheet and the MT forms are 

actually three-dimensional manifolds. More structural details are needed to fully account 

for the helical shape of the sheet and the microtubule structure. In the future a three-

dimensional mechano-chemistry model parallel to what have been developed for the 

direct dimer-addition model would be needed [3,4].  
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Table 2.1. Parameters used in the simulation. 

Parameters Values References 

Longitudinal bond 

strength extracting part of 

the entropy term ∆Glong

 

19 Bk T  [4,26]* 

Sheet bond strength 

extracting part of the 

entropy term ∆GSh 
 

Scheme 1: 13.5 ~ 17.5 Bk T  , Scheme 

2: 13 Bk T  

varying parameter 

Tube bond strength ∆GTu 
 

Scheme 1: −15.5 kBT, Scheme 2: −16.5 

kBT 
 

[4,26]* 

Energy barrier ∆GlactST 
 

9.5  Bk T  estimated 

Entropy loss for two dimer 

assemble ∆GEntropy(12) 
 

5.5 Bk T † [2,4] 

Mutual interaction energy 

for sheet-sheet bonds 

∆GShSh 
 

Scheme 1:
 
0 ~ 6 Bk T , Scheme 2: 0 kBT varying parameter 

Mutual interaction energy 

for tube-tube bonds 

∆GTuTu 
 

Scheme 1: 0 kBT, Scheme 2:
 
0 ~ 6 Bk T  varying parameter 

Rate constant for 

longitudinal assemble at 

6 -12 10  Ms  [4,26,47,48,49,50] 
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plus end klong 
 

Rate constant for 

longitudinal assemble at 

minus end knLong 
 

Longk   [12,13] 

Assemble ratio between 

minus and plus ends δ 

1/ 3  [12,13] 

Rate constant for lateral 

assemble with tube bond 

kTu 
 

3 -15 10  M s   [4] 

Rate constant for lateral 

assemble with sheet bond 

kSh 
 

5 -11 10  M s   estimated 

Rate constant for 

conversion between sheet 

and tube bonds kST0 
 

4 -15 10  Ms  estimated 

Tubulin concentration c 25 M unless specified otherwise [9] 

* Derived quantities, See Supporting Text S1 B for explanation.  

†
The entropy term for processes other than 12 is discussed in Supporting Text S1 B. 

 

i. Supplemental Information 
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Supporting Text S1 

A. Rate constants in the model: As discussed in the main text, three types of basic 

reactions are considered in our model (Fig. 2.2a). The following formula give the 

corresponding reaction rates satisfying detailed balance: 

1) Longitudinal On/Off: The reaction rate constants for dimer addtion/dissociation from 

the plus end of a protofilament are given by 

1 1 2N N

L Lk k    

  1 1 exp ( 1) /N N N N

L L long lat Entropy Bk k G i G G N N k T   

         

where Lk  is the disassociating rate, related to the associating rate Lk  by the effective 

binding free energy. We assume that the association rate is independent of the 

protofilament length. longG is the longitudinal bond binding energy, latG is the binding 

energy for a lateral bond, which can be either tube bond or sheet bond. The 

corresponding values are TuG  and SuG . The number i refers to the number of lateral 

bonds formed during the association process, which ranges from 0 to 2. EntropyG  

accounts for lose of translational and rotational entropy during the association process, 

which is defined as positive. ( 1)EntropyG N N   represents the entropic portion of the 

energy corresponding to adding one dimer onto the cluster with N dimers. For small N, 

( 1)EntropyG N N   also depends on the cluster shape. Its calculation is discussed 

below. The term Bk is the Boltzmann constant, and T  is the temperature in Kelvin. The 
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minus end longitudinal reactions are the same as plus end reactions, except for a 

constant factor  ~ 0.3 [1] 

2) Lateral On/Off: The rate constants for one dimer lateral association or disassociation 

from the cluster are  

 

 

exp / (1 2) / ,

exp / (1 2) / ,

Tu T Tu B Entropy B

Sh S Sh B Entropy B

k k G k T G k T

k k G k T G k T





   

   
 

Where subscript Tu stands for tube binding, and Sh stands for sheet binding. Lateral 

association rates kTu and kSh are determined by comparing existing model parameters 

and proposed mechanism. k-Tu and k-Sh are disassociation rates. Free energies are 

defined in the same way as for the longitudinal reaction. 

3) Switch of lateral bonds: The conversion rate constants between sheet bond and tube 

bond are given by 

  0 exp / ,n

Tu Sh Tu TuTu Bk k n G G G k T 

      . 

  0 exp /n

Sh Tu Sh ShSh Bk k n G G G k T 

       

where the activation energy, ,Tu ShG G G    , is the energy barrier between two bond 

types, 0k is a constant, ShShG and TuTuG  are the allosteric terms in Scheme 1 and 

Shceme 2 (see supporting text C and also in main text), respectively. The parameters   

and   can assume values 0, 1, or 2, depending on the lateral bond types of neighbor 
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filament pairs. For instance, 0  if both neighbor filament pairs have tube bonds. The 

switching rates decrease quickly with increasing number of lateral bonds.  

B. Calculation of the entropic contribution: Erickson discussed the necessity of 

treating different free energy contributions, especially the translational and rotational 

entropy, separately [2]. He discussed the situation adding one tubulin dimer to a large 

growing microtubule. In our case the system starts with dimers, and form larger and 

larger clusters. Therefore, we will need to generalize the procedure of Erickson, as 

discussed below. 

The entropic term appears in both longitudinal and lateral reactions. In our model, we 

consider only the rotational and translational entropic energy. To estimate Entropy, we 

consider the partition function of rotational and translational motion of a cluster with N 

dimers, 

;t r

N N NQ q q  

where N is the total number of dimers in the cluster. The subscript t  stands for 

translation and r  for rotation. The entropy can then be written as 

1 1 1log

log

B B

N B N B N

S k Q k T Q
T

S k Q k T Q
T


 




 



 

where 1S  and 1Q  are the entropy and the partition function for one dimer, respectively. 

We approximate a dimer as a rectangular cuboid with dimensions heighth d w  . A cluster 
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has a structure (approximately) of a cuboid of dimensions H D W  , with
h heightH n h  , 

D d , and wW n w  . 
hn  is the average number of dimers along the longitudinal 

direction. wn is the number of filaments. 

Therefore, the partition function can be written as: 
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where V is the volume,  and h is the Planck’s constant. The principal moments of inertia 

for a cuboid structure are 
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Combining all the equations above, we have 

,1 1 1 1( 1) ( ) ( , ) (1 2)Entropy N N N N w h EntropyG N N T S T S S S F n n G                

where F(nw, nh) is in general a function of N=nwnh (derived from the partition functions 

given above) that represents the entropic energy ratio of adding one dimer to the cluster 

with N dimers versus adding one dimer to another dimer. Erickson pointed out that 
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calculating ( 1)EntropyG N N    directly from the corresponding partition function result in 

overestimation [2,3]. Instead the above relation allows us to link ( 1)EntropyG N N    to 

(1 2)EntropyG  . The value of (1 2)EntropyG   is obtained by requiring that when N is 

large, ( 1)EntropyG N N   tends to a constant value of ~10 Bk T , as suggested by 

Erickson and by Howard [2,3]. The value of the overall binding free energies (~ – 9 Bk T  

for longitudinal, and ~ – 5.5 Bk T  for lateral tube binding interactions) are close to what 

used in other model studies [4]. 

We want to point out that the detailed treatment of the binding energy, especially the 

entropic term, is not essential for the conclusion made in the main text. However, it 

makes the model more consistent, since the dependence of entropic change on the 

cluster size can affect the rates by orders of magnitude [3]. 

C. Physical origins of the temperature dependence of the free energy terms:  

1) For Scheme 1, we focus on the temperature dependence of
  
(G

Sh
 G

Tu
) . Physically 

the potential near a stable protein conformation can be approximated as a set of 

harmonic potentials, 

 2

0

1

2
i i

i

V V x    

where { } are spring constants. The harmonic approximation makes the following 

analysis easy, but is unnecessary for reaching our final conclusion. The corresponding 
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classical partition function (we neglect quantum effects which don’t change the result 

qualitatively here) is 
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The free energy is 
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and the free energy difference    0 0Sh Tu S M Sh TuG G V V T       , where   and 

( )   are positive. Therefore it is possible that ( )Sh TuG G  changes sign on increasing 

temperature, as shown schematically in Fig. 2.S3a. 

The sign change of ( )Sh TuG G  upon increasing temperature implies the entropy 

change ( 0)Sh TuS S   . Another possible source of entropy change is through liberation 

of water molecules initially bound to protein surfaces. When two protein surfaces 

interact, some water molecules initially constrained to the surfaces are released to the 

solution. This can be a huge contribution to entropy increase. Our cryo-EM images 

reveal more extensive contact surface for the tube bond than for the sheet bond (see 

Fig. 2.3). Therefore one might expect more water molecules released upon the tube 

bond formation than the sheet bond formation, which contributes the relation
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( 0)Sh TuS S   . Structures at higher resolution will aid in evaluating this hypothesis. 

With current information, we cannot provide further quantitative analysis.  

2) In Scheme 2 we assume that some conformational change (the allosteric effect) 

accompanies formation of two neighboring lateral bonds. Let’s denote the reaction 

coordinate linking the initial and final conformations s. The potential part of the reaction 

path Hamiltonian [5] along s can be written in the classical form 

 2

0

1
( ) ( ) ( )

2
i i

i

V s V s s x    

The classical partition function for the potential of mean force is given by 
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Therefore the free energy change due to the allosteric effect induced conformational 

change 0 0( ) ( ) (ln ln )b B bG G s G s k T Q Q       is in the form

 0 0 0 0( ) ( ) ( ) ( )b bG V s V s s s T      . The term  is defined similarly to what in part 1, 

except here   is dependent on conformational coordinate s. If
0bs s  , the allosteric 

effect TuTuG  decreases as temperature increase (see Fig. 2.S3b). For simplicity we 

assume that only the allosteric interaction between two consecutive lateral tube bonds 

is appreciable, although the model can be easily generalized. The simulation results 

based on this scheme are shown in Fig. 2.S4. The figure shows the percentage of 

ribbon structures at different values of TuTuG . As discussed above, the different values 
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of TuTuG  correspond to different temperatures. The figure shows that smaller TuTuG  

values (higher temperature) give lower percentage of ribbon structures than larger 

TuTuG  values do. For 6TuTu BG k T  , the clusters contain over 90% ribbon structures, 

compared to the 10% for 0TuTu BG k T  . The results indicate that Scheme 2 is a good 

alternative explanation to the existing experimental data. To discriminate between 

Schemes 1 and 2, more data, especially the structures with 2 PFs, would be needed. 

We want to point out that entropy is the primary driving force for many biological 

processes, e.g., hydrophobic interactions. It is physically reasonable that the entropy 

term leads ( Sh TuG G  ) to change its sign upon temperature change, especially if ShG  

and TuG  are very close, as what we used in this work. Experimentally we found that at 

physiological magnesium concentration, GMPCPP tubulins form normal microtubule 

structure at 37oC, but only short single PF structures at lower temperature. These 

observations are consistent with our assumption that entropy has large contribution to 

the lateral bond energies. Increasing the temperature stablizes both types of the lateral 

bonds, which, esp. the sheet bond, can be further stabilized by increasing the 

magnesium concentration.  Alternatively, one may suggest a kinetic explanation for the 

lacking of larger structures at lower temperature: the lateral bond formation rates are too 

slow. However, no larger structure is observed at longer time (in hours). This 

observation doesn’t support the kinetic explanation.      
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Figure 2.S1. Structural basis for the two types of lateral bonds. (a) Structure of the  -

tubulin dimer with residues involved in lateral interactions indicated. Blue: residues engaged in 

lateral tube bonds (274-286, 52-61). Red: residues engaged in lateral sheet bond (336-342, 

158-164) (these residues have been identified by docking the high-resolution tubulin structure 

into the 18 Å reconstruction of the ribbon [6], and therefore are correct within the constraints of 

the limited resolution). Pink and yellow: possible surface residues (108-130, 209-225, 300-311) 

along the tube-sheet conversion pathway. (b) Variability-based sequence alignment of    and 

   tubulin performed by Fygenson et al. [7]. The blue and red boxes indicate the residues 

involved in the tube and sheet bond formation given in (a), respectively. The figure is adapted 

from Fig. 2.2 of Fygenson et al. [7] with permission. (c) Comparison of the non-MT lateral 

interactions observed in the microtubule doublet of axonemes (top) [8] (PDB file provided by Sui 

and Downing) and the ribbon structures (bottom) [6].   
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Figure 2.S2. Effect of variable ShShG  on the assembled structures with 14.5 Sh BG k T    

and 15.5 Tu BG k T    ( 1 0Sh Tu BG G k T    ). The figure shows the percentage of ribbon 

structures as a function of the time for ShShG = 0, 1, 2 and 3 Bk T , as indicated.  

 

 

 

Figure 2.S3. Schematic Illustration of the physical origins of the temperature dependence 

of the free energy terms. (a) ShG and TuG  have different temperature dependence and their 
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difference changes sign over T. (b) The dependence of TuTuG  on the conformational coordinate 

describing the necessary collective conformational change upon forming two neighboring lateral 

tube bonds varies with temperature. 

 

 

Figure 2.S4. Effects of variable TuTuG  on the assembly structures using the Scheme 2 

described in Fig. 2.S3b. (0, 2, 4, and 6 Bk T
,
 as indicated by corresponding circled numbers). 

Different TuTuG  correspond to different temperatures as showed in Fig. 2.S3b and supporting 

text C. 13 Sh BG k T   and 16.5 Tu BG k T    were used for all simulations. Other parameters 
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are the same as in the Scheme 1 described in detail in the main text. The final results are 

averaged over 60 independent simulations. (a) Percentage of ribbon structure v.s. simulation 

step. (b) Percentage of T-S structure. (c) Average PF length for clusters of different size (1 to 6 

PFs as indicated by circled numbers), with 2 TuTu BG k T  . (d) Cluster population for clusters of 

different size (1 to 6 PFs as indicated by circled numbers), with 2 TuTu BG k T  . 

` 

 

Figure 2.S5. Population ratio of tube-cluster versus sheet-cluster for 2-PF structures as a 

function of time. Solid and dashed lines with triangles correspond, respectively, to Scheme 1 (

0ShShG  , ~ 0TuTuG , 1.5 Sh Tu BG G k T   , 6 ShSh BG k T  ) and to Scheme 2 ( 0TuTuG  , 

~ 0ShShG , 3.5 Sh Tu BG G k T   , 2 TuTu BG k T  ), both at high temperature . The lines 

without triangles are for Scheme 1 (solid line, 1.5 Sh Tu BG G k T    . 6 ShSh BG k T  ) and 

Scheme 2 (dashed line, 3.5 Sh Tu BG G k T   6 TuTu BG k T  ) at low temperature.  
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a. Abstract 

The dynamic assembly and disassembly of microtubules and the mechanical 

properties of these polymers are essential for many key cellular processes. 

Mathematical and computational modeling, especially coupled mechano-chemical 

modeling, has contributed significantly to our understanding of microtubule dynamics. 

However, critical discrepancies exist between experimental observations and modeling 

results that need to be resolved before further progress towards a complete model can 

be made. Open sheet structures ranging in size from several hundred nanometers to 

one micron long have often been observed at the growing ends of microtubules in in 

vitro studies. Existing modeling studies predict these sheet structures to be short and 

rare intermediates of microtubule disassembly rather than important components of the 

assembly process. Atomic force microscopy (AFM) studies also reveal interesting step-

like gaps of the force-indentation curve that cannot yet be explained by existing 

theoretical models.  We carried out computational studies to compare the mechanical 

properties of two alternative models, one corresponding to the existing, conventional 

model, with the other considering an additional type of tubulin lateral interaction 

described in a cryo-EM structure of a proposed trapped intermediate in the microtubule 

assembly process. Our analysis shows that only the second model can reproduce the 

AFM results over a broad parameter range. We suggest additional studies using AFM 

tips with different sizes can further distinguish the validity of the two models. 
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b. Introduction 

Microtubules (MTs) are long hollow cylindrical polymers consisting of about 13 

parallel protofilaments (PF) formed by the head-to-tail assembly of -tubulin 

heterodimers. The outer and inner diameters of MTs are about 25 nm and 15nm, 

respectively, whereas the length can vary from tens of nanometers to tens or even 

hundreds of micrometers, frequently spanning the whole cell. MTs serve as one of the 

three major cytoskeletal components in eukaryotic cells, acting as mechanical support 

for cells and as both the stage and a player in many eukaryotic cellular processes, 

including intracellular transport, cell motility, mitosis and meiosis [1-3]. MT dynamic 

instability is known to be a key property for MT function. Various proteins interact with 

MTs for their precise cell regulation and function [4, 5]. The regulation of MT dynamics 

has been shown to be both of great biological significance during cell division, and of 

outstanding pharmaceutical value. Many popular diseases are found to be strongly 

related to the malfunctioning of MT assembly. Huntington's disease (HD) is an 

autosomal dominant inherited neuro-degenerative disease presenting progressive 

involuntary movements and cognitive changes. Its gene product has been shown to 

interact with polymerized MTs [6].  Depolymerization of MTs by toxins such as rotenone 

disrupts vesicular transport and is found to be related to neurodegenerative diseases 

such as Parkinson’s and Alzheimer’s disease [7-10]. Down syndrome, one kind of 

severe genetic disease, is known to be caused by chromosome missegregation which 

may be due to mitotic spindle MT defects or defects in MT-chromosome binding. 

Therefore, MTs and their associated proteins are often serve as therapy targets [11]. 
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For instance, Taxol® is one broadly used anticancer drug targeting MTs.  It disrupts the 

fastly dividing cancer cells by altering MT dynamics. MT-stablizing drugs are also used 

in Alzheimer’s disease treatment [12, 13]. Bending resistance and local deformation are 

also essential for many MT functions. MTs form the mitotic spindle that engages, aligns 

and segregates chromosomes during cell division. Many unicellular eukaryotic 

organisms and also many cells of higher eukaryotes (such as sperm cells or lung 

epithelial cells) possess cilia or flagella, specialized MT-base structures, to propel 

themselves or to pump fluid. MTs also form the core of neuronal axons. There have 

been extensive studies investigating the responses of MTs to mechanical stress [14-35]. 

The non-linear response of MTs bending, especially buckling, is not fully understood. 

Moreover, the linear mechanical properties of MTs under various conditions (different 

binding proteins, different assembly conditions, etc.) are still under debate. For instance, 

different labs have reached different conclusions on whether a pure MT or Taxol treated 

MT has higher Young’s modulus [14, 28-32]. Even for the same type of MTs, variation 

from different experiments is as much as 2 orders of magnitude (see Table 3.S1 which 

summarizes some published results).  

Understanding the nano-mechanical properties and assembly/disassembly dynamics of 

MTs is a fundamental problem and an active research topic in molecular cell biology 

and in material science [28, 36-49]. Currently, the canonical model assumes that MT 

assembly is a simple process in which individual -tubulin hetero-dimers add one by 

one onto the growing end of a MT [50, 51]. Mathematical modeling with this model 

( which we will refer to as L1) has had significant success on explaining a number of 

experimental observations. However, there are a number of experimental indications 
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that alternative, non-microtubular interactions exist during the microtubule 

polymerization process in the form of an assembly intermediate. They come from the 

visualization by EM of open sheet structures at the growing end of microtubules [52] 

[53-55] [56], and from the cryo-EM structure of a tubulin polymer that has been 

proposed to mimic such growth sheets, to which we refer to as ―ribbon‖, that was 

obtained in the presence of GMPCPP and high magnesium, at low temperatures [21, 57] 

[58]. This ribbon structure, which converts directly into MTs upon raising the 

temperature, is formed by two types of alternating lateral interactions between PFs:  one 

type of interaction is indistinguishable from that in MTs, which we call the tube bond (we 

refer to a noncovalent contact as a bond in order to follow the convention in the field 

[59]), and the other is a new type of interaction, which we call the sheet bond [58, 60]. 

Because the ribbon structure was obtained under distinct conditions from those 

normally used for the in vitro assembly of microtubules, most significantly at low 

temperatures, there has been some skepticism about whether the observed new lateral 

contact is an artifact without physiological significance.  However, as we have 

previously noticed, there is an in vivo precedent of alternative lateral interactions 

between microtubules [58, 61]: the doublet MT arrangement present in axonemes . In a 

doublet one particular PF interacts with two PFs simultaneously, with one interaction 

resembling the tube bond and the other structurally resembling the sheet bond [58, 61]. 

Interestingly, we also noticed that bioinformatics studies indicate that the residues 

proposed to participate in the sheet bonds are evolutionarily more conserved than those 

forming the tube bonds[58, 62], a fact that suggests that these residues are functionally 

essential. 
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We have previously formulated a computational model (which we will refer to as 

L2) that considers the two types of lateral interactions during early tubulin assembly 

states [58]. We believe that recent experimental studies further suggest that a 

systematic analysis on this alternative bond type is timely and needed. There are still 

unresolved contradictions between experimental observations and computational 

modeling results based on the L1 model. Following the observation that the fast growth 

of MTs occurs via the elongation of an outwardly curved sheet-like structure, Chretien 

and coworkers performed theoretical studies on the sheet structure using a continuum 

elastic model and assuming only one type of lateral bond [41, 56]. These studies 

explained the sheet structures with different curvatures as incomplete MTs with different 

number of PFs. However, one should treat the conclusions from this continuum model 

studies with some caution. In particular, that work did not address how and whether the 

a priori assumed sheet structure can form within in the first place the canonical L1 

model. Systematic stochastic modeling studies by VanBuren et al. show that, based on 

the L1 model, long incomplete structures at an MT growing end are very unlikely to form. 

Such structures appeared both energetically and kinetically unfavorable and are 

precursors for disassembly rather than assembly [48]. These authors did not examine 

dependence of sheet length on tubulin concentration. One would expect in their model 

weak or inverse dependence, since low tubulin concentrations favor disassembly and, 

thus, sheet formation according to VanBuren et al. [48]. This is in contradiction to the 

observation that the sheet structures are observed under growth conditions and become 

longer upon increasing tubulin concentrations [56].    
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We propose that the existence of the sheet bond affects MT assembly dynamics 

and its regulation mechanism. A large number of proteins regulate MT assembly and 

disassembly dynamics in vivo through interaction with tubulin, most especially at the 

plus end of a growing MT [4, 5]. The sheet bond would provide an alternative binding 

surface for those proteins to discriminate between the body and the tip of a microtubule 

[60].  

Finally, the existence of the sheet bond would have a significant effect on the 

mechanical properties of MTs. Although the body of the MT should not contain sheet 

bonds under normal conditions, mechanical stress may transform some of the lateral 

bonds to sheet bonds locally as it distorts MTs. MTs in vivo are constantly under large 

mechanical tension [17, 25, 63]. Without breaking the MT, the mechanism of converting 

lateral bonds to sheet bonds may release some of the mechanical stress. Consequently, 

sheet bonds could serve as temporary alternative interaction between protofilaments 

that maintain some stability in the distorted MT. The above hypothesis is consistent with 

recent structural studies of Sui and Downing[64], and the AFM studies of Schaap and 

coworkers [65, 66]. Schaap et al. pushed onto a MT using an AFM tip and measured 

the indentation distance as a function of the force applied. They observed backward 

steps (sudden drops in the force needed to induce further indentation) and suggested 

that the tube-to-sheet transition was one possible explanation for this observation. 

Interestingly, the process was reversible. Upon removing the AFM tip, the original MT 

structure was recovered.  

Our objective was to determine if a sheet bond is required to explain the 

mechanical data by analyzing models with one or two types of lateral bonds against 



90 
 

experimental data. Given the uncertainty of some key parameters, our strategy here has 

been to first develop a mathematical framework capable of describing both types of 

models, and then examine their predictions within the physically relevant parameter 

space. We have focused on the mechanical studies of Schaap et al, and will report 

analysis concerning MT assembly dynamics in a future study.  

c. Methods 

The model: The size of the system that we are trying to study together with the lack of 

high resolution structural information make molecular dynamics simulations at the 

atomistic level impractical and unreliable. Instead we have used a coarse-grained 

modeling framework that treats an assembly of and  tubulins as rigid bodies 

connected by elastic springs. For better comparison with previous studies, we choose 

the mathematical structure of our models to resemble the work of VanBuren et al. on 

the canonical L1 model (48) as much as possible (See Figure 3.1). VanBuren et al. 

modeled tubulin dimers as connected vectors. We expand the representation in two 

major aspects. First, we treat each monomer as a rigid body, and allow both intra- and 

inter-dimer bending motion, to be consistent with experimental observations. Second, 

each dimer has spatially distributed lateral interaction sites, similar to the model of 

Molodtsov et al.(67), but with extra binding sites corresponding to the sheet bonds for 

the L2 model. There are more degrees of freedom than those existing models, which 

are necessary to fully describe the heterogeneous tubulin lateral interactions. Figure 

3.1a-c illustrate the basic modes of three-dimensional motion related to both longitudinal 

and lateral tubulin-tubulin interactions, and the composite sheet-tube bond conversion 

central to the L2 model.  
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Figure 3.1d & e summarize the mathematical details of the L1 and L2 models. For each 

PF, with the assumption that neighboring tubulins are head-to-tail connected, the 

degrees of freedom for each monomer is reduced to four, with (L, θ, φ, ψ) defining the 

relative position and orientation of a monomer relative to the previous one on the same 

PF. Exception is the first α-tubulin in each PF, which requires three additional 

coordinates to define the starting spatial position of the PF relative to the laboratory 

frame. To facilitate the description, we also define several auxiliary variables using the 

four basic coordinates. Following VanBuren et al., we define   as the angle between 

the preferred and the actual orientation of the vector representing a monomer. Each 

monomer has an internal coordinate frame, with the x-axis along the connection 

between the center of mass (COM) and the middle of the two lateral interaction sites on 

one site, the z axis along the connection between the COM of the  tubulin and the 

longitudinal interaction site of the two intra-dimer tubulins, and the y axis perpendicular 

to the x-z plane. Then we define 
s  and 

r  to describe the lateral shift and rotation 

relative to the COM (see Figure 3.1e and Figure 3.S1). 

With the above mathematical representation, we introduce individual free energy terms 

to define the longitudinal and lateral interactions between monomers. Longitudinally 

there are stretching (changing of L relative to its equilibrium value), bending (changing 

of  and ), and torsion terms (changing of ) (Figure 3.1a & c). Laterally there are 

stretching (changing of d), shifting (changing of 
s ), and rotation terms (changing of 

r ) 

(Figure 3.1b & e, Figure 3.S1). Each energy term is represented by a truncated 

harmonic potential in the form  within a cutoff xc , and zero otherwise 
  
E 

1

2
k(x x

e
)2 E

0
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(Figure 3.1f). For simplicity we neglect possible cross terms. The sheet and tube bonds 

have different equilibrium values of d, 
s , and 

r , respectively. Two monomers can 

switch between the sheet and tube bonds (see Figure 3.1c&g ), with a double-well 

shaped composite potential along the switching coordinate (as a combination of 
s  and 

r , see Figure 3.1i). To obtain the L1 model, one simply sets the sheet bond related 

spring constants and E0 to be zero, resulting in a single-well shaped potential (Figure 

3.1h&i). Figure 3.1i shows two such potentials corresponding to a stiff and a sloppy tube 

bond, respectively. The total energy (potential of mean force to be more precise) of the 

structure is then summed over all the potential function terms.  

Numerical methods: All model parameters are listed in Table 1, unless otherwise 

mentioned. Some of the parameters are estimated from available experimental data, 

and inherited from the model of VanBuren et al. For parameters lacking experimental 

data, we vary the values over physically feasible ranges and analyze the model 

behavior. We obtain the stable conformations by minimizing the total energy of the 

structure using the Quasi-Newton method and the simplex approach (68). The local 

minimization algorithms allow us to obtain metastable structures. To simulate AFM 

experiments, we first constructed a stable MT form, and then exerted a sphere shaped 

AFM tip to the MT wall. At each step, the AFM tip moves a small step (0.2 nm in our 

simulations) down to the MT wall, and then the stable conformation is obtained by 

minimizing the total energy including the hard-sphere interactions between tubulin 

monomers (modeled as spheres with diameter 4 nm) and the AFM tip. We calculated 

the force exerted by the tip by equating the MT lattice energy change to the work (force 

 displacement step) done by the tip.  
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Further details of the model can be found in the online supplemental information. 

d. Results 

The L2 but not L1 model can reproduce the AFM studies on MT wall deformability 

by force 

 Figure 3.2a schematically describes the AFM experiments of Schaap et al. [27, 65, 66]. 

The AFM tip pushes onto the  surface of a Taxol stabilized MT that has been 

immobilized on a glass slide. The experiment measures the force-indentation (F-I) curve, 

that is, the force exerted on the MT wall versus the indentation that the AFM tip causes 

on the MT wall. A typical experimental curve is reproduced in Figure 3.2b. The curve can 

be divided into 5 regions: region 0 corresponds to an indentation < 0 while the AFM tip 

has not yet touched the MT wall; region 1 corresponds to indentations from 0 to the 

value indicated by the red dashed line shown in Figure 3.2b, where the mechanical 

response is linear, and the slope of reflects the effective spring constant 

of the MT wall; often there is a step-like ―gap‖ ~0.6 nm wide that follows region 1, and 

which we label region 2; in region 3, the mechanical response is again quasi-linear;  

finally, in region 4 the response is non-linear, implying that the MT can no longer hold its 

integral structure.  

We performed computer simulations using the L1 and L2 models and mimicking the 

experimental conditions closely. Figure 3.2c-d and an online supporting movie (Mov 1 of 

the supplementary material) show that the L2 model can reproduce the gap (region 2 in 

the curve). As the AFM tip compresses the MT, the tubulin dimers around the contact 

region are under mechanical stress (step 1 in Figure 3.2c-d), and give the first linear 

 0.07417% N/m



94 
 

response region of the F-I curve. The stress eventually builds up, until the convertion of 

some sheet bonds into tube bonds releases some of the stress, and results in the gap 

(step 2). Further compression leads to a quasi-linear response again. Our model 

predicts that during the process additional sheet-to-tube bond conversion may take 

place, which results in new gaps (step 3).  

We can consider these results of the simulation in the context of the double-well shaped 

potential between two neighboring tubulin dimers shown in Figure 3.1f. For the tubulins 

in direct contact with the AFM tip and their near neighbors, the F-I experiment 

corresponds to first pushing uphill within the tube potential well (labeled 1 in the upper 

panel of Figure 3.1f), which contributes to region 2 of the F-I curve, then crossing the 

barrier and falling to the sheet bond well (labeled 2 in the figure), which results in the 

gap, and pushing uphill again within the sheet bond well (labeled 3 in the figure), which 

contributes to region 3 of the curve (together with major contributions from other tube 

bonds). Eventually some tubulins break their lateral bonds completely (labeled 4 in the 

figure), leading to messy nonlinear responses (step 4). For those tubulins opposite to 

the tubulin-AFM tip contact site,  the F-I experiment corresponds to first pushing uphill 

within the tube potential well along the 1’ direction, and breaking the bond eventually 

(labeled 4’ in the figure).  

Given the uncertainties of model parameters, we performed sensitivity analysis for 

those parameters lacking precise experimental constraints. The upper panel of Figure 

3.3a gives the dependence of the linear response slope of the F-I curve, k, on various 

parameters. The biggest changes of k of ± 25% occur when the two tube bond related 

parameters kst or krt vary from half to 2 fold of the base values. The torsional energy and 
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sheet bond related spring constants have negligible effects on k. The results indicate 

that most of the contribution to the linear response comes from the tube bonds, which 

are the majority in the structure. On the other hand, the lower panel of Figure 3.3a shows 

that the gap position depends strongly on the tube shear constant kst as well as on the 

sheet bond parameters kss and krs.  We believe these results reflect the fact that in the 

L2 model the gap is due to tube-to-sheet bond conversion, and involves large relative 

lateral rotations between neighboring tubulins. The two-parameter analyses in Figure 

3.3b-d further show that these parameters affect the MT mechanical properties 

cooperatively. Accurate experimental measurements may help constraining these 

parameters. Figure 3.3d shows the region of kst and krt consistent with the observed gap 

position and the linear response slope.  

Figure 3.4 shows comparison of the L1 and L2 models with varying AFM tip size. 

Consistent with the above results, the L2 model reproduces the gap of the F-I curve 

under a broad range of experimental conditions. Interestingly, the L1 model also gives 

recognizable gap under certain conditions (see Figure 3.4b&c). However, in this case 

only a short and barely recognizable quasi-linear region follows the gap before the 

structure-less nonlinear region. According to the L1 model, at the gap the PF pressed 

by the AFM tip breaks some lateral bonds with neighboring PFs without breaking any 

longitudinal bond (Figure 3.4d). This is a mechanism suggested by Schaap et al to 

explain the gap in their experimental curves. The process corresponds to pushing the 

single-well shaped potentials in the lower panel of Figure 3.1f up first (labeled 1 and 1’ in 

the figure), then breaking the bonds (labeled 2 and 2’ in the figure). However, this 

unzipping mechanism usually initializes breaking of additional lateral bonds, and the F-I 
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curve quickly enters the nonlinear region after a very short quasi-linear region. Figure 

3.4e&f  show that one can further distinguish the two models through measuring the F-I 

curves using AFM tips with different sizes. With the tip size increasing from 10 to 30 nm, 

the L1 model predicts that the gap position increases from ~ 4 nm to > 6 nm, while the 

L2 model predicts roughly unchanged gap position. With large sized tips (30-60 nm), the 

L2, but not the L1 model predicts noticeable gap width. Figure 3.4g shows that both 

models predict a nearly linear dependence of on the AFM tip size. 

 

Suggested experiments to further constrain model parameters 

 As shown in Figure 3.3, accurate measurement of mechanical properties can be used to 

define MT model parameters. We present additional modeling studies using the L2 

model that could be explored experimentally in the future. Figure 3.5a shows the energy 

state for a typical long MT with the AFM tip pressing on the middle of the MT wall. The 

non-zero energy changes on the MT wall are about ± 40 nm in distance from the tip 

center point at an indentation of 7.4 nm (which is just before the MT breaks). This 

indicates that the deformation of the MT can only propagate about 40 nm along one 

direction. This conclusion can also be drawn from Figure 3.5b. The F-I curves 

overlapped in the linear region for MT lengths > 80 nm, for both small and large AFM 

tips. More detailed analysis (Figure 3.5c) shows that the shorter the MT, the less 

resistance the response to the pressing AFM tip. For different AFM tip radius, the critical 

lengths at which boundary effects vanish are all around 80 nm. The AFM tip radius 

changes the response strength of the MT wall (Figure 3.5c&d). The larger the AFM tip, 
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the higher the effective spring constant . This effect is due to larger tips having a 

larger contact surface on MT wall and thus leading to more tubulin monomers being 

involved. Note that the change of  (~0.04-0.09 N/m, Figure 3.5d) is small despite large 

R variation (2-60 nm). This result is consistent with experimental observations [66]. 

Figure 3.5e shows that the gap position  increases with the tip radius, but decreases 

with the MT length, and it plateaus at around 50 nm. Again, since a larger tip has a 

larger contact surface on MT wall, the force is resisted by more tubulin monomers. 

Therefore, the monomers tend to have smaller deformations per unit of indentation 

distance because of smaller force exerted on them. This effectively delays the transition 

from tube bond to sheet bond and therefore the gap positions . Similarly, a shorter MT 

is less resistance, and its lateral bond transition takes longer.  

Another set of simulations that could be tested experimentally is to change the position 

of the AFM tip by moving the tips across the MT (from protofilament to protofilament) 

(Fig. 3.S3) or along the MT longitudinal direction (along a single protofilament, Fig. 

3.S3). MTs are polymers of α- and β-tubulin dimers polymerized head to tail into 

protofilaments, thirteen of which associate laterally making the cylinder. Therefore, the 

MT wall is not smooth but bumpy, both along the longitudinal (z) and lateral directions 

(x). We find that the ―bumps‖ along the protofilaments do not make observable 

difference on both linear and quasi-linear responses, but the ones formed between 

protofilaments do have effects on both kinds of mechanical responses. The online 

supporting text provides detailed discussions. 

The L2 model predicts metastable hybrid sheet structures with different 

curvatures during microtubule assembly 
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Figure 3.6a-d show several examples of structures obtained by minimizing the free 

energy of the L2 model. There are two structures available experimentally at medium 

resolution (12-8 Å): the ribbon polymer  and the MT. We constrain the parameters of our 

L2 model by requiring it to reproduce the two structures. The ribbon structure shown in 

Figure 3.6a contains the correct alternative sheet and tube bonds between 

protofilaments. The sheet bond tends to bend out of plane, and the tube bond tends to 

bend into the plane, and the bending is not perpendicular to the PF axis. The overall 

structure is thus helical in nature (ribbon-like). The bending angle between monomers 

along each protofilament is ~3.5 degrees, consistent with the experimental value of of 

degrees [57]. The MT structure shown in Figure 3.6d is energetically the most 

stable structure. The F2 model also gives a number of additional structures (as that 

shown in Figure 3.6b), which we call ―hybrid‖ because they are neither pure MT structure 

nor pure ribbon structure but a combination of some sheet bonds and some tube bonds. 

Such structures correspond to local minima of the free energy function. Increasing the 

content of tube bonds has a straightening effect in the structure. Therefore the presence 

of hybrid polymers could in principle explain the observed sheet intermediates during 

assembly, with the variable curvatures reflecting the amount of initial sheet bonds 

already converted to the tube bonds. To support this proposal, Figure 3.6c shows a 

polymer with one end closed into a tube, and another end still having the open structure 

with remnant sheet bonds. The results shown in Figure 3.6 indicate that the L2 model is 

consistent with the available structural information from cryo-EM of growing MTs. This is 

an initial and necessary test prior to further comparison with the previously described L1 

model. 

 3.2 0.5
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e. Discussions and Conclusions 

To resolve still remaining issues concerning the dynamics of MT , and apparent 

discrepancies between experimental and model observations, we have performed 

coarse-grained modeling studies on the mechanical properties of two classes of 

competing models that assume either one or two types of lateral bonds between 

neighboring tubulins. The previously reported L1 model [48, 67] can explain a significant 

body of experimental observations. The L2 model analyzed in this work is an extension 

of the L1 model. Therefore it not only inherits most of the properties of the L1 model, but 

also can further reproduce additional experimental results not explainable by the latter. 

Schaap et al. used AFM tip to press a microtubule laying on a glass slip. They 

measured the microtubule indentation as a function of the force exterted, and observed 

a gap in the F-I curve. The L2 model gives the observed gap over a broad range of 

parameter space and experimental conditions. In this model the gap arises from the 

tube-to-sheet bond conversion of a small number of tubulins being pushed by the AFM 

tip. The model also predicts that early assembled tubulin clusters can assume not only 

the MT and the ribbon polymer structure obtained by Wang and Nogales (REF), but a 

number of hybrid structures with various contents of the two types of lateral bonds. The 

latter may correspond to the sheet structures with variable curvatures and lengths 

observed by Chretien et al. [56]. On the other hand, the L1 model reproduces the gap 

only under a narrow range of experimental conditions. Furthermore, large structure 

ruptures usually follow the gap, in contradiction with the observed quasi-linear response 

region of the F-I curve following the gap. We made several additional experimentally 
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testable predictions on the MT mechanical properties. Our analysis indicates that one 

could further distinguish between the two models by measuring the F-I curves using 

different AFM tip sizes. The AFM experiment is closely related to the nonequilibrium 

single molecule pulling experiments widely used to study macromolecule properties 

{Liphardt, 2001 #965}. With more quantitative data, one can reconstruct the free energy 

profile and extract the exact value of free energy difference between the two types of 

lateral bonds using some reconstruction technique [69].  

We want to emphasize that it is important to evaluate competing models against 

multiple but not single experiments. For an acceptable model, one should reproduce 

multiple experiments with a single set of parameters. For example, in a doublet 

structure present in axonemes at least one protofilament must interact with two other 

protofilaments simultaneously [61]. We suggest the doublet structure as an evidence for 

the existence of two types of lateral bonds in vivo. One might alternatively suggest that 

lateral tubulin interactions are flexible, as illustrated by the flat single-well potential in 

Figure 3.1f.  Consequently, even with the L1 model one PF might accommodate two 

interacting PFs. However, the elastic mechanical property of a MT, as quantified in the 

AFM experiments as the slope of the linear response region, sets the limit to how 

flexible the interactions within a single potential well can be. The estimated flexibility 

makes the above mentioned alternative explanation to the doublet structure unfavorable.  

It is worth pointing out that, theoretically, the gap of the F-I curve may be also due to 

taxol dissociation induced by the AFM tip. We did not analyze this possibility here. One 

may evaluate this proposal by measuring the F-I curves with GMPCPP MTs. 
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In summary, while the existing experimental evidence is not conclusive, and thus 

some direct evidence is still necessary, our computational studies suggests that further 

analysis of the proposed L2 model is warranted. In this work we focused on the effect of 

the proposed new type of lateral bond on microtubule mechanical properties, and made 

several experimentally testable predictions. Many plus end tracking proteins 

preferentially bind to the growing plus end of a MT. For example, evidence shows that 

the EB1 protein can regulate the closure behavior from sheet to tube during the MT 

assembly process [70]. An alternative type of lateral interactions between protofilaments  

in growing MT ends would offer a landing pad for microtubule-interacting proteins 

distinct  from the canonical lateral interactions in the body of the microtubules, which 

could be used for the distinct localization of these factors and as a powerful regulatory 

tool of microtubule dynamics. By understanding the properties of sheet bond, one can 

start a new direction of MT related drug design.  
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parameter Physical interpretation Value Estimation 

method and 

reference 

 
Spring constant for longitudinal stretching 1.32  [48] [14, 15, 19, 

29-35] [65, 66] 

 
Spring const. long. Bending  [48, 71] 

 
Spring const. long. Torsion  Model based 

 
Spring const. lateral stretching 0.8  [48] [14, 15, 19, 

29-35] [65, 66] 

 Spring const. lateral shearing for tube bond  [28] [72, 73] 

 Spring const. lat. shearing for sheet bond  Model based 

 Spring const. lat. rotation for tube bond  Model based 

 
Spring const. lateral rotation for sheet bond  Model based 

 
Standard free energy change for longitudinal 

interaction (immobilizing free energy not 

counted) 

 [45, 59] 

 
Standard free energy change for lateral 

interaction  

Tube bond: -5 kBT [45, 58, 59] 

longk GPa nm

bendk
2

B34 k T/dimer  rad

torsionk 2

B10 k T/dimer  rad

latk GPa nm

stk
B116 k T/dimer

ssk
B10 k T/dimer

rtk
2

B50 k T/dimer  rad

rsk 2

B10 k T/dimer  rad

o

longG
B20 k T

o

latG
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Sheet bond: -3 kBT 

*. All parameters are base values and the details on how to get the values can be found in 

online supporting information. The different values used in the model estimations are specified 

in the main text. 

Table 3.1 model parameters 
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Figure 3.1 Schematic representation of the L1 and L2 models. (a) Basic modes of motion 

related to longitudinal interactions: inter-dimer stretching, intra- and inter-dimer bending, and 

inter-dimer torsional motion. (b) Basic modes of motions related to lateral interactions: 

stretching, translational shift, and torsion. (c) Conversion between two types of lateral bonds 

resulted from combinations of the lateral modes. (d) Four coordinates ( ) describe the 

relative position and orientation between two neighboring monomers. Each monomer is treated 

as a rigid body and they are connected head to tail along the longitudinal direction. All energy 

terms are expressed as functions of these four coordinates. (e) The relative coordinates 

( ,  ,  )s rd  , which describe the relative position and orientation between two lateral neighboring 

, , , r   
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monomers, represent the distance and the translational angle between the centers of mass of 

two monomers, and the reorientation of the monomer internal coordinate system, respectively. 

These values are derived from the four coordinates in (b).  (f) Schematic illustration of the 

truncated harmonic potential form used, with xe stands for the equilibrium value in the 

corresponding dimension, and xc the critical value where the interaction becomes zero. (g-h) 

Schematic comparison between the L2 and L1 models. The former generalizes the latter by 

adding one more type of lateral interaction (sheet bond in red) besides the traditional tube bond 

(in blue). (i) Schematic llustration of the composite double-well (for the L2 model) and single well 

(for the L1 model) potentials along the lateral bond conversion coordinate. The blue and green 

curves for the L1 model correspond to stiff and soft tube bonds, respectively. 

 

 

Figure 3.2 - Simulated results for an AFM tip pushing against the microtubule wall using 

the L2 model. (a) Schematic illustration of the experimental setup with the tip size 

corresponding to  25 nm. (b) Experimental force-indentation curve (black line) adapted from [66] 

and the simulated results (puple circles). The black line is averaged over twenty-four indentation 

curves from five different experiments. The red dashed lines indicate the gap region between 

two linear segments and well before the non-linear response. (c) Sections of the simulated MT 
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conformations under the press of the AFM tip shown at different indentation positions (as 

numbered in (d)). Upper panel shows local energy plots.  Lower panel shows bond type plots: 

tube bond is gray, sheet bond is red, and blue indicates the break of the lateral bond between 

adjacent tubulins. (d) Simulated F-I curve with a  ~120 nm MT and a tip with radius = 25 nm 

consistent with the experiment. The red dashed lines indicate a gap similar to that shown in (b) 

Fitting the first linear region gives a slope ~0.07 N/m, as compared to the experimental slope of 

~ 0.074 17% N/m. All mechanical and energetic values involved are listed in Table 3.1 unless 

otherwise indicated.    

 

 

Figure 3.3 - Sensitivity analysis and estimation of the L2 model parameters. (a) 

Dependence of the slope of the linear force-indentation curve region ( ), and the gap starting 

position ( ) on various model parameters , while keeping all others at their base values listed in 

Table 3.1. For each parameter, the graphs shows relative changes in from  those for  to 

values of  (red bars) and  (green bars). (b) Two-dimensional contour plot of 

dependence on  (in units of kBT/dimer) and  (in units of kBT/dimer/rad2), with all other 
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parameters at base values. (c) Two-dimensional contour plot of  dependence on  (in units 

of kBT/dimer) and  (in units of kBT/dimer/rad2). (d) Two-dimensional contour plot of   

dependence on  and . The blank area indicates  nm,  nm or no recognizable 

gap. The region enclosed by dashed lines  gives  N/m, and the region enclosed 

by the solid line gives  N/m. 

 

 

Figure 3.4 - Comparison between the L1 (black triangle) and L2 (red diamond) models. (a-

c) The F-I curve with AFM tip Radius = 10, 20 and 30 nm, respectively. (d) The unzipping 

mechanism for the L1 model to generate the gap. The lateral bonds between blue colored 

tubulins are broken. (e-f) The gap positionand width as a function of the AFM tip radius R. 

Yellow region: R = 0 ~ 10 nm; gray region: R = 10 ~ 30 nm; blue region: R = 30~60 nm. Missing 

points correspond to no recognizable gap. (g) Calculated slope of the linear region of the F-I 
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curve  versus the AFM tip Radius. All simulations are performed with MT Length = ~ 120 nm, 

and parameters listed in Table 3.1 unless otherwise stated. 

 

 

Figure 3.5 Effects of MT length on mechanical properties in the linear region. (a) One 

conformation of a 200 nm MT with energy plot under AFM tip pressed at indentation distance of 

7.4 nm. Both the MT physical deformation and the energy changes indicate that the effects of 

AFM tip can only be seen between z = 60 ~ 140 nm, which is about 80 nm region of MT. (b) The 

F-I curve with Tip Radius = 15 nm (upper panel) and 45 nm (lower panel), and MT length ~24 

(circle), 40 (square), 80 (diamond) and 160 (triangle) nm, respectively.  (c) Calculated  versus 

MT length with AFM tip radius R = 15, 20, 25, 35, and 45 nm. (d) Calculated  versus tip radius 

R with MT length = ~ 40, 80, 120, and 160 nm. (e) The gap starting position  versus MT length 

at AFM Tip radius R = 15, 20, 25, 35, and 45 nm. 
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Figure 3.6 - Typical tubulin polymer structures obtained through local free energy 

minimization of the L2 model. In this figure, a tubulin colored in red indicates that it is forming 

a sheet bond with its left neighboring tubulin. (a) Ribbon structure with the two types of lateral 

bonds alternating between neighboring PFs. (b-c) Hybrid structures with less regular distribution 

of the lateral bonds. (d) Canonical MT structure.  

 

 

h. Supplemental Text 

Supplemental Methods 

As discussed in the main text, we use a coarse-grained modeling framework that 

treats   and   tubulin monomers as rigid bodies (rods) connected by elastic springs. 

Moreover, we assume that the monomers are chained together along longitudinal 

direction in each protofilament. This assumption is consistent with the model of 

VanBuren et al. However, in our case a monomer is represented more than just a vector 

as in the work of VanBuren et al, but can rotate along the long axis of the rod to account 
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for heterogeneous lateral interactions between tubulins. To describe the behavior of the 

microtubules, we first need to define the spatial position and orientation of each 

monomer. In general a rigid body has 6 degrees of freedom to specify its position and 

orientation. However, the connected rod model restrains the number of degrees of 

freedom. For convenience of mathematical formulation of the model, we use two sets of 

coordinate frame. Each tubulin monomer is treated as a three-dimensional rigid body, 

and thus has an intrinsic coordinate frame. Therefore one can specify the spatial and 

orientational coordinates of a monomer by comparing its intrinsic coordinate frame with 

the laboratory fixed frame, or with the intrinsic frame of the previous monomer on the 

same protofilament. Below explains the procedure in detail.   

For the j-th protofilament, one first needs 3 coordinates (x0, j, y0, j, z0, j) in the 

laboratory frame to specify the spatial coordinate of the minus end of the first -tubulin 

relative to the laboratory frame. Then the spatial coordinate of the plus end of the -

tubulin is given by (x1, j, y1, j, z1, j). One also needs another coordinate  1, j

L to describe the 

rotation along the long rod axis relative to the laboratory frame. Alternatively, one can 

use the relative coordinates (L1, j, θ1, j, φ1, j, ψ1, j), where L1,j is the modulus of the vector 

r1,j =(x1,j − x0,j, y1,j − y0,j, z1,j − z0,j), and (θ1,j, φ1,j, ψ1,j) are a set of angles defined in Figure 

3.1d of the main text to determine the orientation of the monomer respect to the 

previous monomer— -

tubulin, starts its minus end at (x1, j, y1, j, z1, j), and can be similarly described by a set of 

relative coordinates (L2, j, θ2, j, φ2, j, ψ2, j). The remaining monomers can be described in 

a similar way. The transformation between the coordinates in the laboratory frame, 

  
(x

i , j
,  y

i, j
,  z

i, j
,  

i, j

L ) , and  the relative coordinates (Li,j, θi,j, φi,j, ψi,j)  is given by 
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and for the inverse transformation, 
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where 
  
L22  (x

i, j
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i1, j
)2  ( y

i, j
 y

i1, j
)2 . The energy terms are functions of the relative 

coordinates between monomers.  Following VanBuren et al. (1), an auxiliary coordinate 

Φ is also introduced to describe deviation of the bending angle between the (i-1)-th and 

i-th monomers within the j-th protofilament from the preferred value, 
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where the terms l, m, and n are the direction cosines given by  
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Once defining the position of the monomers through longitudinal interactions, one can 

then derive the quantities which describe the lateral interaction.  Two quantities describe  

the lateral relations between 2 monomer (i’, j-1) and (i, j),: the distance between two 

monomers dij, the shift angle between two monomers 
s , and the rotational angle 

r

(see Figure 3.1e in the main text). The term d is defined as 



119 
 

 

   

d
i, j
 r

i, j
r

i ', j1

      ((xc

i, j
 xc

i ', j1
)2  (yc

i, j
 yc

i ', j1
)2  (zc

i, j
 zc

i ', j1
)2)1/2.

 (5) 
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2
 and the others have the similar definitions. The shift and 

rotational angles 
s  and 

r are defined also from the global coordinates.  
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where the definitions of llat, mlat, and nlat are similar to those in (4) except that Lij is 

replaced by dij. The details can be understood from Figure 3.1 in the main text and 

Figure 3.S5. These relative coordinates can be used to define the energy terms.  

Energy terms and parameter estimations: 

From the Young’s Modulus measurements of MT and the second moment of 

inertia, one can derive the values of
 longk

 
and latk  (1). The Yong’s Modulus can be 

determined based on the rigidity EI . Table S1 summarizes some of the experimental 

results (2-11). The measured rigidity of MT has a very wide range, so as for Young’s 

Modulus. Binding of microtubule associated proteins may contribute to the diversity. In 

our studies we use data from (12, 13) which are measured under similar experimental 

conditions we are simulating. Furthermore, we find that most of the spring constants are 

sluggish to the problems we are addressing (see Figure 3.3). Specifically, the Young’s 

Modulus E can be derived from 
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Choosing an effective thickness of MT wall dt =1.54 nm (12), one has 
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E 
EI

I


1 ~ 2.51024 Nm2

3.757 1033m4

3 ~ 91024 Nm2

3.757 1033m4














0.266 ~ 0.665109  N/m2     Taxol MT

0.799 ~ 2.396109  N/m2     Pure MT






 (9) 

In this work the Young’s Modulus is chosen to be 0.665GPa (for Taxol MT) to be 

consistent with most of the experiments especially AFM experiments (12, 13).  

The spring constant related to a given Young’s Modulus can then be derived from 

 
0

.
EA

k
L

  (10) 

where A is the cross section area perpendicular to the direction of force, 0L  is the 

original length along the direction of force. In our case, they are cross section of 

longitudinal/lateral interaction and length/width of monomer, respectively. The size of 

monomer is 5.15 nm x 4 nm x 1.54 nm (12). Therefore, one can determine the values of 

longk  and latk , 
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0.665 GPa (4nm 1.54nm)
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5.15nm
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    (11) 
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4
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    (12) 

or, in the unit of kBT (at T = 300 K). 
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The bending spring constant can be determined by this way: the energy stored in the 

bending dimer is 2.5~3 kBT (1, 14). One can then use  

 21

2
bend bendE    (15) 

to determine the bending constant. The maximum bending angle is ~220 (0.384 rad)(15). 

One then has 

 B B

2 2

2.5 k T/dimer 2 k T
34

(0.384 rad) dimer  rad
bendk


 


 (16) 

The shear modulus is estimated to be 48 MPa from (16) (MD) and 1.4+/-0.4MPa from 

(17, 18) (AFM Exp), while other works give an even larger range of suggestion of shear 

modulus from 1Kpa to 100Mpa. The shift energy has the form 
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Therefore 

 ift _ 3sh tubek LphG  (18) 

where G is the shear modulus (we use 10 MPa in our simulation), L is the length of a 

monomer (4 nm), p is the effective width between lateral monomers (5.15 nm), h is the 

effective thickness of the MT wall (1.54 nm). The value of _shift tubek  of tube bond is 

 
_ 3 4 5.15 1.54 0.01

            115.75
dimer

shift Tube

B

k nm nm nm GPa

k T

    


 (19) 

For G being 1MPa - 50Mpa, the corresponding kshift_tube is 11 ~ 580 kBT/dimer. 

No experimental data exists to estimate the value of 
 
k

shift
 for the sheet bond, so we 

examined the effect of changing the value within the range kshift_sheet = 10 ~ 100 

kBT/dimer (see Figure3 In the main text). For simplicity, we assume the shear properties 

for each monomer are symmetric through longitudinal and lateral direction. 

Experimental information of the torsion energy for longitudinal interactions and 

rotational energy for lateral interactions is also absent. These energy terms are closely 

related because rotation of a monomer changes torsion of the PF directly. We also 

examined values of these terms within a range (see Figure3 in the main text). Based on 

the data fitting of both AFM experiments and structure information from (19), one set of 

value of the spring constants for these two energy terms are 
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Bilinear gap analysis: 

The ―gap‖ from force-indentation (F-I) curves can be characterized with two 

quantities: the kink position   and the gap width dgap. The gap separates the quasilinear 

response into two regions before crashing the microtubule. Figure 3.S2 schematically 

shows the method to calculate these two quantities. The kink position is defined as the 

first positions where the stepping behavior happens. The gap width is defined as the 

width when the second linear region starts to catch up the height of the first linear 

region.  

The F-I curve is generated from simulations as follows. At each step the AFM 

cantilever position changes from (zAFM – zAFM) to zAFM. Correspondingly the 

microtubule wall changes its position from (zMT – zMT) to zMT. The definition of zAFM and 

zMT are defined as the change of position of cantilever and MT wall, respectively. More 

details can be found from Figure 3.S6. Notice that the AFM cantilever is elastic (with 

spring constant of 0.03N/m as in (12)), so in general zAFM ≠ zMT. Therefore, the AFM 

cantilever deformation is given by zS=zAFM – zMT. During each step of AFM tip movement 

the minimal work done by the AFM is given by the potential energy changes U at the 

MT wall positions zMT and the energy stored in the cantilever deformation (which is 

treated as a linear spring with spring constant ks=0.03 N/m). Then one has 



124 
 

 
  
W  F(z

AFM
) dz

AFM0

z
AFM

 
1

2
k

s
z

s

2  (U
z

MT

U
z

MT
0

)  (22) 

Note that we have  zS = zAFM – zMT, at equilibrium status, we may have F = kSzS = 
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. In the discretize form, we have  
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Where zSi-1 is the cantilever deformation at last step (index i indicates the current step). 

Note that 
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0Sz  . The force observed is just 
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However, if 
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 , due to the constrain of cantilever 

movement at each step 
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     , the equilibrium status will not be hold 

and we have 
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Here we assume the change of MT wall deformation is limited and the AFM tip are 

always touched with MT wall. Eq. (25) gives the methods to calculate the force at MT 

wall deformation of zMT when the process is not equilibrium. In fact, in the case of 

0Sz  , Eq. (25) and (24) are identical. The F-I curves can be ploted based on Eq. (25) 

and (24). 
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Supplemental Results: 

The effects of moving AFM tip crossing and along the MT PF: 

Besides changing the size of AFM tip radius and the MT length, another set of 

simulations can be tested directly by experiments is to change the position of AFM tip 

by moving the tip crossing the MT (Fig. 3.S1 and Fig. 3.S3a) or along the MT 

longitudinal direction (Fig. 3.6e). Microtubules are polymers of α- and β-tubulin dimers. 

They polymerize end to end in protofilaments and then bundle into hollow cylindrical 

filaments. Therefore, the wall of microtubules is not smooth as ―wall‖. There are in fact 

―bumps‖ along both longitudinal direction (z) and lateral direction (x). We find that the 

―bumps‖ along the protofilaments don’t make observable difference on both linear and 

quasi-linear responses, but the ones formed between protofilaments do have effects on 

both kinds of mechanical responses. 

Fig. 3.S3b plots the linear response of MT wall to the AFM tip while the tip starts 

from different x direction (Fig. 3.S3a) and then pushes the wall along negative y 

direction. Starting from the position x = 0 nm, the spring constant   slightly decreases 

as the x varies away from zero point. But the decreasing trend stops temporarily at x 

3.5 nm and then decrease again at similar rate as the one between x=0~3.5 nm. The 

decreasing trend stops again at about 4.5 nm position and the slope increases about 

0.005 N/m and reaches maximum at 5.5 nm position. After that, the line drops quickly 

down to 0.01 N/m level. In these simulations, we use AFM tip radius R=15 nm. If we 

take a closer look of the MT structure (Fig. 3.S1), we found that the contact point of 
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AFM tip on MT wall is at the center of PF number 1 (see Fig. 3.S1) for x=0. When the tip 

moves away, the tip center was shifted away from PF 1. This decreases the effective 

spring constant a little bit, which is as observed in Fig. 3.S3b for x=0~3.5 nm.  For x~3.5 

nm, the tip contacts PF 2 and moves away from PF 1. That’s why the   increases at 

that point. The decreasing of   after that is due to the similar reason as for x between 0 

to 3.5 nm. The last increasing before x=5.5 nm is due to the multi-contacting points 

between tip and PF1, PF2 and even part of PF3 (please note that the tip Radius R=15 

nm). That gives a big jump of linear response on tip pressure. For x>5.5 nm, since the 

tip moves away from the whole MT, the    eventually decreases to zero if the tip have 

no contact with the MT wall. 

The value of   (Fig. 3.S3c), on the other hand, increases from 3.5 to 5 nm when 

x changes from 0 to 3.8 nm and then stays at 5 nm level for about 4 nm shift. This step 

scale is at the same level of the monomer size (~4 nm in diameter). The system has this 

kind of response pattern because there are ―bumps‖ between PFs on MT wall, which 

have 4 nm step scale on the wall. This changes the kink timing due to the force exerting 

pattern changes when the tip moves from center to the edge of the wall by crossing the 

―bumps‖ periodically. 

 Fig. 3.S3d-f plot the similar responses for AFM tip at different starting positions 

along longitudinal direction (z). The linear response is expectable to be stable before 

the boundary effects kick in and then to drops to zero as the tip moves to the upper 

edge of the MT and loses contact to the MT wall eventually (Fig. 3.S3e). The kink 

positions plot has correlated response. When the spring constant decreases, the kink 

position increases correspondingly. The soft end of the MT wall spread the force to 
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more monomers and effectively delays the events of bond transitions, which is 

represented by a kink in force-indentation curve.   

The L1 Model fails to predict the gap behavior consistently: 

To investigate the possibilities of generating gap behavior using L1 model, we 

performed large amount of simulations with L1 model. The results suggest that the L1 

model fails to predict the gap behavior consistently under various conditions and 

different adjustable parameters. 

As shown in the main text, L1 model fails to give continuous gap behavior when 

changing the AFM tip radius. The results can differentiate L1 and L2 model  efficiently 

by proposing the experiments. In this section, we further examine the behavior of L1 

model to validate our conclusion. 

The estimated lateral binding free energy is -3.2~-5.7 kBT (19). To complete 

investigate the model, we perform the simulation at different lateral binding free energy. 

The results show (Fig. 3.S4) that the L1 model can’t predict the consistent results of gap 

behavior under various reasonable lateral free energy values -3 kBT~-5.5kBT (19). The 

gap happens either at very late stages or never happens. This observation further 

confirms the L1 model is not able to explain the quasi-linear behavior in a self-

consistent way while the experimental observations are highly repeatable (12). 
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Figure 3.S1. The end on view of part of the MT wall before the AFM tip reaches the wall. 

The AFM tip is pressed down along the negative y direction. When the starting position of AFM 

tip moves from x=0 toward negative x direction, the monomer number 1, 2 and 3 contacts the 

AFM tip sequentially.  

 

Figure 3.S2. The schematical illustration of calculating the “gap” from force-indentation 

curve. The gap width dgap and kink position   are indicated in the figure. 
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Figure 3.S3 Effects of AFM tip positions shifting along both x (lateral direction) and z 

(longitudinal direction). (a-c) Shift of AFM tip along Lateral direction (x). (a) Selected MT 

configurations for tip center at the middle of the MT (z~=half of MT length) and x= -7, 0, and 11 

nm. (b) Spring constant   (Slope of linear region of Force v.s. Indentation curve) v.s. shift 

distance along x direction of AFM tip (
xd ). Inset: the zoomed in plot for   at 5.5 3xd      

nm. (c)  ( The recorded first kink position on Force v.s. Indentation curve) v.s. 
xd . (d-f) Shift 

along MT PF (z direction). (d) Several MT conformations at indentation = 7 nm for Tip Position 

change from central = 0, 40, and 80 nm. (e) ) Spring constant   (Slope of linear region of Force 

v.s. Indentation curve) v.s. shift distance along z direction of AFM tip from the middle of the MT 

(
zd ). (f)  ( The recorded first kink position on Force v.s. Indentation curve) v.s. 

zd .     
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Figure 3.S4 Force V.S. Indentation curves for L1 model (tube only model) at various 
LatG  

based on the literature estimated values (-3.2~-5.7 kBT (19)).  The plots show the curves for (a) 

-3 kBT; (b) -3.5 kBT; (c) -4 kBT; (d) -4.5 kBT; (e) -5 kBT; (f) -5.5 kBT. The results gives either no 

observable gap behavior or the gap at high indentation value (>5 nm) and the second linear 

region is relatively short. 

 

Figure 3.S5 the schematic demonstration of lateral shift and lateral rotation during the 

bond the transition. 
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Figure 3.S6 The illustration of couple system of cantilever and MT wall. The cantilever is 

treated as linear spring and the MT wall is non-linear spring. zS is defined as the deformation of 

cantilever spring, zAFM is the upper position of cantilever, zMT is the upper position of MT wall. 

The lower position of MT wall are immobilized on the glass. The left panel represents the relax 

status of the system and the right panel represents the status with force exerted on it. 
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Table 3.S1 Flexural Rigidity Measurements 

Microtubules Methods Flexural Rigidity (x 

10
-24

 Nm
2
) 

Temperature 

(
0
C) 

References 

Pure MT Buckling force 

Hydrodynamic flow 

Hydrodynamic flow 

Relaxation (RELAX) 

Relaxation (WIGGLE) 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

7.9 

8.5 

35.8 

3.7 

4.7 

26.0 

4.6 

26.5* 

18.5 

13.7-27.0* 

33 

37 

37 

22-25 

22-25 

37 

37 

37 

 

23 

(5) 

(11) 

(7) 

(3) 

(3) 

(8) 

(11) 

(7) 

(2) 

(4) 

Paclitaxel-stabilized 

MT 

Buckling force 

Buckling force 

Relaxation (RELAX) 

Relaxation (WIGGLE) 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Thermal fluctuation 

Electric force 

2.0 

2.0-22 

1.0 

1.9 

21.5 

32.0 

2.4 

 

 

33 

37 

22-25 

22-25 

25 

37 

37 

37 

37 

(5) 

(6) 

(3) 

(3) 

(3) 

(8) 

(11) 

(9) 

(10) 

*These values of EI were derived from measured persistence length pl  with B pEI k T l  . 
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a. Abstract 

The microtubule (MT) assembly and disassembly dynamics are essential to eukaryotic 

cells. Cell divisions and cell movements are highly dependent on proper behavior of MT 

dynamics. Thus, it is fundamental to fully understand microtubule assembly dynamics. 

Based on our previous work, a second bond involved in the lateral interactions between 

adjacent tubulin subunits, the sheet bond, plays important roles in both MT dynamics 

and mechanics. The sheet bond exists under physiological conditions and could be 

used to regulate the dynamics of MTs. In this work, we integrate the available 

information from both experimental and modeling work, and build a comprehensive 

model to describe the MT assembly dynamics. We show that the sheet end structures 

are hybrid structures containing different portions of sheet and tube bonds. The sheet 

width and length depends on the free tubulin concentration. The modeling predictions 

are consistent with experimental observations. 
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b. Introduction 

MTs are long polymers made of hetero-tubulin proteins. They serve as one of the 

three major cytoskeletal components in eukaryotic cells. They play important roles in 

intracellular transportation, mechanical support of cell structure, cell proliferation, etc. 

MT malfunction may cause many diseases such as neurodegenerative diseases and 

several kinds of cancers. However, the structures, the mechanical properties, and 

assembly mechanisms of MTs are not fully understood yet. Some of them are highly 

controversial. One of the reasons could be that the experimental methods needed to 

understand the properties mentioned above are difficult to process. Therefore, 

mathematical modeling plays a critical role in this field, providing key hypotheses and 

enhancing the understanding of the mechanical behavior and assembly process of MTs. 

Recently, Wang and Nogales observed a new type of tubulin lateral interaction 

(conventionally called a noncovalent bond in the field) in MTs. They found this 

interaction can exist stably in low temperature conditions. One natural question is 

whether this new lateral bond type plays a key role during the assembly process under 

physiological conditions, and whether it changes the linear and non-linear mechanical 

responses of the MTs. If so, another question is whether it can reconcile discrepancies 

between experimental results and existing model predictions which are based on one 

type of lateral interaction.   

 Based on experimental evidence and preliminary studies, it is reasonable to 

hypothesize that tubulins can form this new lateral bond type even under physiological 
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conditions. This bond type can affect the mechanical properties of MTs under 

mechanical stress. This bond can also help to form sheet structure as intermediates 

during the assembly process. The sheet intermediates could have important functions 

when MTs participated in cellular process. Therefore, it is necessary to include this new 

lateral interaction into a mathematical model that can simulate assembly processes of 

MTs under various conditions. In this work, we build such a model, which can 

consistently explain the available experimental observations and make predictions that 

could be important in biological system. 

c. Methods 

  The model frame work is essentially the same as in Chapter 3 with some extra 

features to deal with the assembly dynamics. We use a coarse-grained modeling 

framework that treats an assembly of   and   tubulins as rigid bodies connected by 

elastic springs. The details can be found from Fig 3.1. The mechanical parameters are 

determined by both our previous modeling work and the experimental data. The 

parameters for dynamics are all adapted from previous work [1-3] and Chapter 3. The 

entropy of immobilization of a dimer is included in 
*

longG , the effective standard free 

energy for longitudinal bond. This is done in the same fashion as in [1].  

  The simulation always starts from an initial structure with different number of 

tubulins. There are two types of simulations: 1. Assuming the length of MT is long 

enough and our simulations only focus on the growing tip. 2. Assuming the 

polymerization is at very early stage. The assembly starts from free tubulins. Our 

simulations investigate the early growing behavior. 
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  In each simulation, the Gillespie algorithm [4] is used to choose the reaction 

events and time elapsed during that reaction. After that, we perform the energy 

minimization on the structure as in Chapter 3. After the minimization, the cluster 

reaches its local minimum, and then another Gillespie step is performed until the 

predetermined maximum simulation step reaches.  

d. Results 

High tubulin concentration promotes the formation of sheet structure at growing 

end. Fig. 4.1 shows several typical structures of MT growing ends at different tubulin 

concentrations. For low tubulin concentration (5 μM ),   the simulated results show that 

blunt ends are observed in most case. Some of them have short extensions with 1 or 2 

protofilaments. In very rare case, the very short sheet ends (which are in fact portion of 

incomplete tubes) are observed. As the tubulin concentration becomes higher and 

higher (up to 100 μM ), sheet structures are observed more frequently and the sheet 

length increases (Fig. 4.1b-c). The sheet end structures are composed with portion of 

sheet bonds and tube bonds. The shapes are closer to tube with more tube bonds in the 

structure. We also observed that the split sheet structures are possible (Fig. 4.1 b-c). 

Two sheet ends are extended from the tube end and when the MT grows, these two 

sheets tend to merge together and form a complete tube. These observations are 

consistent with experimental observations [5-9]. The energy analysis shows that the 

sheet end structures are quite stable, although they are less stable than formed tubes 

(Fig. 4.1d-f). The simulations show that the sheet structures are intermediates during 

the MT assembly process. For the assembly of MT at high concentration of free tubulin, 
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Figure 4.1 The typical simulated cluster structure of growing MT and corresponding 

energy status at different tubulin concentrations. (a-c) The cluster structure snapshot for the 

growing MT at free tubulin concentration of 5, 40 and 80 μM , respectively. (d-f) the 

corresponding energy plot for the cases in Fig. 4.1a-c.  

the sheet structures are observed at the growing end. The simulations show that the 

sheet structures keep close to tubes while the new sheet ends are growing at the end. 

Although at lower free tubulin concentration, the observable sheet ends are rare, it does 

not mean the sheet bonds have no functional roles at low tubulin concentrations. The 

sheet-tube transition is faster than tubulin addition at lower concentration, which 

shortens the sheet end effectively. Fig. 4.2 gives the percentage of different events at 

various tubulin concentrations. There are more and more tubulin addition events as the 

tubulin concentration increases. This decreases the portion of sheet-tube transition 

events. It is called kinetic trap mechanism as discussed in [2]. Also, Fig. 4.3 shows that 

the MT growing velocity is increasing with tubulin concentration. 

Early stages of MT assembly produce both small flat sheets and incomplete tubes. 

The simulations for very early stages of MT assembly also reveal that the sheet 

structure tends to form before it converts to tube structure. As shown in Fig. 4.4, there 

are small pieces of flat sheet structure observed at higher tubulin concentrations and 

more half tubes at lower concentrations. This is also consistent with experimental 

observations [10].  

The model without sheet bond fails to predict sheet structure consistently. To 

further validate the 2-bond model, we performed the simulations within the framework of 

the 1-bond model under the same conditions (concentration, etc.).  The results show 
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Figure 4.2 The percentage of events versus the tubulin concentration. Red circled line: the 

percentage of MT assembly events. Black diamond line: the percentage of bond transition 

events (sheet tube/ tubesheet).  

 

Figure 4.3 The growing length per unit time v.s. the tubulin concentration.  

X 

10
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that the model without sheet bond cannot reproduce the sheet end structure regardless 

of tubulin concentration (Fig. 4.5). In fact, it is hard to tell the difference of the plus end 

structure at different concentration levels. This result, from another side, confirms that 

the sheet structure at the growing end of MT is an assembly intermediate and the 

conversion from sheet end structure to closed tube structure involves the sheet-tube 

bond transition.   

e. Discussions and Conclusions 

Whether tubulins can form the sheet bond under physiological conditions remains an 

unaddressed (or largely overlooked) fundamental question so far. We try to address this  

 

 

Figure 4.4 The simulated cluster structure of growing MT at very early stage for different 

tubulin concentrations. (a)-(c) the structure with free tubulin concentration of 5, 25 and 50 

μM , respectively. 
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Figure 4.5 The simulated results for tube-only model. All other conditions and 

parameters are the same as in Fig. 4.1. (a-c) the structure with free tubulin concentration of 5, 

40 and 80 μM , respectively. (d-f) the corresponding energy status of the cluster. 
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problem for the first time via modeling efforts. This is the first effort in the field to build a 

comprehensive model to identify the sheet bond and analyze the mechanical (Chapter 3) 

and dynamical properties (Chapter 4) of MTs including this sheet bond.  

 One may argue that the new bond found by Wang and Nogales might not be 

relevant under physiological conditions and it would be of no interest to study the new 

lateral bond. However, this argument is not solid because of the following reasons.  

 First, existing experimental results are insufficient to rule out the physiological 

relevance of Wang and Nogales’ structure containing sheet lateral bonds. Obtaining the 

structure under non-physiological conditions does not necessarily lead to the conclusion 

that the new type of lateral interaction is physiologically irrelevant.  

 Second, we have noticed that this new type of interaction closely resembles what 

is observed in the in vivo doublet MT structures [2, 11]. It provides strong evidence that 

this sheet bond exists under physiological conditions. The axoneme “forms the core of 

eukaryotic flagella and cilia and is one of the largest macromolecular machines” [11]. 

The doublet MT arrangement present in axonemes can be viewed as two fused MTs. In 

the newly obtained doublet structure of Sui and Downing, one PF interacts with two PFs 

simultaneously. One interaction resembles the tube bond and the other structurally 

resembles the sheet bond [2, 11]. It is, thus, justified to say that tubulins can form the 

sheet bond in vivo. We also noticed that comparative bioinformatics studies reveal that 

the residues participating in the sheet bonds are evolutionarily more conserved than 

those forming the tube bonds [2, 12]. This trend is not likely to be accidental but 

suggests that these residues are functionally essential. 
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Third, there are still unresolved contradictions between experimental 

observations and computational modeling results based on the conventional (MT only) 

model. Chrétien et al. observed sheet structures at the growing end of a MT as long as 

a micron [13] (Figure 2). They performed extensive theoretical studies on the sheet 

structure with a continuum elastic model, assuming only one type of lateral bond [13, 

14]. However, one should treat the conclusions from the continuum model studies with 

caution. The work does not address how and whether the a priori assumed sheet 

structure can form within the conventional model in the first place. Systematic stochastic 

modeling studies by VanBuren et al. show that, based on the conventional L1 model 

(only one bond type considered in lateral interaction), it is very unlikely to form long 

incomplete structures at an MT growing end. The structures are energetically 

unfavorable and are precursors for disassembly rather than assembly [15]. The authors 

did not examine dependence of sheet length on tubulin concentration. One would 

expect weak or inverse dependence, since low tubulin concentrations favor disassembly 

and, thus, sheet formation according to VanBuren et al. [15]. This is in contradiction to 

the observation that the sheet structures are observed under growth conditions and 

become longer upon increasing tubulin concentrations [13]. The conventional L1 model 

also has difficulty explaining the long and helical shape revealed by low-resolution cryo-

EM images. 

Based on the experimental evidence and our modeling work, we believe that this 

new type of tubulin-tubulin bond (sheet bond) has to be explicitly considered to analyze 

both the mechanical and dynamical behavior of MTs. This new type of lateral interaction 

may play important functional roles that are different from those of the normal lateral 
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interaction (called a tube bond). Sheet bonds, together with the tube bonds, lead to the 

sheet structure, which is thought to be a kinetically trapped intermediate during MT 

assembly and contribute to the mechanical properties of MTs. 
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a. Abstract 

Extensive studies from different fields reveal that many macromolecules, especially 

enzymes show slow transitions among different conformations. The phenomenon is 

named as dynamic disorder, heterogeneity, hysteretic and mnemonic enzymes in 

different fields, and is directly demonstrated by single molecule enzymology and NMR 

studies. We analyzed enzyme slow conformational changes in the context of regulatory 

networks. A single enzymatic reaction with slow conformational changes can be noise 

buffer filtering upstream fluctuations, shows resonance and adaptation, and thus serves 

as a basic functional motif with properties normally discussed with larger networks in the 

field of systems biology. We further analyzed examples including enzymes functioning 

against pH fluctuations, metabolic state change of Artemia embryos, kinetic insulation of 

fluctuations in metabolic networks, and possible synthetic networks with various 

properties. The work fills the missing gap between studies on intramolecular and 

network dynamics, and suggests that the conformational dynamics of some enzymes 

may be evolutionally selected, and should be taken into considerations in network 

dynamics studies.  
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b. Introduction 

Molecules in a cell interact with each other to form an interconnected complex network 

regulating every aspect of the cell dynamics. It becomes an active research area on 

understanding the design principles of biological regulatory networks. Several structural 

motifs have been proposed to possess certain dynamic properties and corresponding 

physiological functions [1-5]. For example, it has been widely discussed on how a 

network functions robustly despite all the stochastic processes in a biological system. In 

almost every existing study, the focus is on network topology. Intramolecular dynamics 

are assumed to be fast compared to dynamics involving intermolecular interactions, and 

unnecessary for considerations. That is, molecules are treated as mere structure-less 

vortices or edges within a network, e.g. the one shown in Figure 5.1. 

However, numerous experimental evidences challenge this view. Dynamic disorder, or 

dynamic heterogeneity, has been discussed extensively in the physical chemistry and 

biophysics communities. It refers to the phenomena that the „rate constant‟ of a process 

is actually a random function of time, and is affected by some slow protein 

conformational motion. Since the pioneering work of Frauenfelder and coworkers on 

ligand binding to myoglobin [6], extensive experimental and theoretical studies have 

been performed on this subject (see for example ref. [7] for further references). Recently, 

single molecule enzymology and NMR measurements demonstrated directly that the 

catalytic activity of several enzymes at single molecule level is slowly fluctuating [8-14]. 

These studies suggest that the existence of dynamic disorder in macromolecules is a 

rule rather than the exception [15]. Consistently, biochemistry studies reveal that a large 

number of enzymes involve conformational changes comparable or even slower than 
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the actual chemical bond forming and breaking processes, and show non-Michaelis-

Menten kinetics. Hysteretic enzymes refer to “those enzymes which respond slowly (in 

terms of some kinetic characteristic) to a rapid change in ligand, either substrate or 

modifier, concentration” [16].  Mnemonic behavior refers to the following model for 

enzymes with memory [17, 18]: an enzyme molecule has (at least) two conformers with 

different stability and catalytic activity; conformer 1 is more stable without the substrate, 

but substrate binding changes the relative stability, and at the end of an enzymatic cycle 

a product release generates free conformer 2 more likely, which converts to conformer 

1 given sufficient waiting time before new substrate binding; increasing substrate 

concentration decreases the waiting time for substrate binding, and thus more enzymes 

are locked in conformer 2. The catalytic activity of a mnemonic enzyme varies with 

substrate concentration. The phenomena discussed in these different fields all originate 

from the fact that proteins are not rigid bodies, but are ever-fluctuating entities with 

broad time scale distribution from picoseconds to hours. The slow end of the time scale 

is comparable to many network level processes. Therefore it is natural to ask the 

possible consequences of molecular level fluctuations on network dynamics. 

Furthermore, is the intramolecular dynamic property of a macromolecule a 

consequence of natural selection? Frieden noticed that “it is of interest that the majority 

of enzymes exhibiting this type of (hysteretic) behavior can be classed as regulatory 

enzymes” [19].  

Figure 5.1 schematically shows that enzymatic reactions within a network may have 

complex dynamics involving enzyme conformational changes. This work is to fill the 

missing gap between decades of accumulations of molecular level experimental data 
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and observations, and analysis in the context of network dynamics. We focus on 

examining the basic dynamic properties and functional roles of those enzymes with 

profound slow conformational changes in network dynamics. Therefore, we adopt 

minimal models representing the enzymes and networks, and leave enzyme models, 

which are more sophisticated and complex but also may be distractive, for future 

studies [20].  

c. Results 

Enzyme with slow conformational changes can serve as noise filter and 

adaptation motif: We first analyzed the representative enzymatic reaction shown in 

Figure 5.1. We set the rate constants for those reactions represented by dashed lines to 

be zero for simplicity, and choose other rate constants subject to detailed balance 

requirements. Figure 5.2a shows that this simple motif with slow conformational change 

filters high frequency stochastic fluctuations of the substrate concentration [S]. The 

power spectra in Figure 5.2b further shows that, assuming the input substrate 

concentration subject to white-noise like fluctuations, with the chosen parameters the 

motif filters both high and low frequencies. For further analysis, we examined the 

system response to monochromatic sinuous [S] fluctuations. While this analysis is 

normally used for linear systems, our usage is justified noticing that nonlinear 

contribution to the responses is negligible for the system we examine. As shown in 

Figure 5.2c, an enzyme with slow conformational changes has a finite response time, 

thus variation of the product concentration P can follow the low but not high frequency 

substrate fluctuations. Figure 5.2d shows that Pm, the maximum change of product 

concentration under sinuous variation of [S] increases with the conformational change 
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rate between ES and E‟S, e. In these calculates the rate for the reverse reaction 

between ES and E‟S e changes proportionally to keep e /e constant. It has higher 

dependence on e at lower frequency. Consequently, as shown in Figure 5.2d, at a fixed 

e value Pm can be either a monotonic decreasing function of the [S] varying frequency 

, or has a maximum at certain resonant frequency, similar to what observed in Figure 

5.2b.  

Figure 5.2e-h show another property of the motif. Upon a sudden and sustained increase 

of [S], the product concentration [P] relaxes to a new steady state, which may be higher 

than, close to, or counter-intuitively lower than the original steady state. We examine the 

system dynamics upon varying the three rate constants shown in Figure 5.1, e, e and 

k1, while keeping other parameters fixed. The detailed balance requirement constrains 

the three parameters further that e/(e k1) must be kept constant. With certain 

parameters, [P] increases temporally then decreases from a maximum value. The ability 

of the system to respond to a change then relax to a preset value is essentially 

adaptation.  Adaptation is an important dynamic property observed in many biological 

systems. Numerous studies have been focused on identifying network structures giving 

rise to adaptation [1, 4, 21]. Notice here that the adaptation can be achieved by a single 

enzymatic reaction. Following standard measures on adaptation, Figure 5.2g and h show 

how sensitivity (defined as the difference between the peak response and initial value) 

and precision (defined as the difference between the final and initial values) vary with 

enzyme conformational change rate. Adaptation requires slow conformational change. 

When conformational change is no longer rate-limiting, P simply increases with S as 
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one expects intuitively. Physically one can understand the dynamic property of the 

system as follows. Notice that in the network of  Figure 5.1a, a complete enzymatic 

cycle can either go through E’  EES  or E’E’S ES. The two pathways compete 

for the limited source of enzyme molecules.  At low [S], there is sufficient time for a 

newly released enzyme in the form E‟ from a complex E‟P to convert to E before binding 

to a substrate molecule, thus takes the first pathway. Upon increasing [S], however, 

more reactions may take the second pathway. In the case that E’S ES is the rate-

limiting step, the effective turn-over rate drops since many enzyme molecules are 

trapped in the E‟S state. Figure 5.2h confirm this picture. With a fixed value of e, 

increasing e, and so k1, lead to more trapped E‟S and thus lower [P].    

We also examined the network in Figure 5.2b, which can similarly filter substrate and 

modulate fluctuations. Below we use several examples to examine the functional roles 

of slowly-changing enzymes as molecular noise filters, and possible building blocks of 

larger networks with certain dynamic properties. 

Filtering and buffering upstream or environmental fluctuation: The catalytic activity 

of each enzyme is pH-sensitive, and drops dramatically when the environmental pH 

value deviates away from its optimal pH value. For example, a change as small as 0.05 

pH unit can substantially inhibit the enzyme activity of phosphoructokinase, an important 

enzyme in the glycolysis cycle [22, 23]. However, despite tight regulations, intracellular 

pH inevitably fluctuates transiently [24, 25], which may be detrimental. The negative 

feedback mechanism frequently appeared in cellular regulation networks is not practical 

here given the large number of enzymes involved. Instead Nature may have designed a 
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much simpler solution using slow conformational changes. Numerous enzymes show 

hysteretic response to pH fluctuations. One example is nitrate reductase, which 

catalyzes the reduction of nitrate to nitrite, a rate-limiting (thus a regulatory) step in the 

nitrate assimilation process in higher plants and algae [26-29]. Another example is 

alkaline phospatase (AP) which is also physiologically important. Phospatases are a 

large class of enzymes responsible for removing phosphate groups from other 

molecules. They counteract kinases, which add phosphate groups to molecules, and 

play important roles in cell regulation. AP gets its name because its optimum pH >7. In 

human being, AP is present in every tissue throughout the body. Experiments show that 

upon changing environmental pH values, AP activity adapts hysteretically to the change 

as slow as two hours [30].  We generalize the classical diprotonic model for enzyme pH 

dependence, as shown in Figure 5.3a. Each enzyme molecule has two protonable sites, 

with only the monoprotonated form catalytically active. Each molecule stochastically 

interconverts between two conformations with different proton affinity. The model 

correctly gives the pH dependence of enzyme catalytic activity (see Figure 5.3b). Subject 

to transient pH changes, Figure 5.3c & d show that slower conformational 

interconversion rate leads to slower enzyme response, which provides response time 

for the intracellular pH regulation toolkits before resulting in detrimental effects.  

Recently, intramolecular dynamics of the Mycobacterium tuberculosis protein tyrosine 

phosphatase PtpB [12], and the Von Willebrand factor-binding protein for blood 

coagulation [31] have been experimentally characterized. Slow conformational changes 

may likely play similar buffering roles in these systems.      
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 Reconciling ultrasensitivity and robustness: Cells often need to change their 

phenotypes and subphenotypes upon environmental change. Figure 5.4a shows one 

example. Changing the intracellular pH value of brine shrimp Artemia embryos 

from >7.9 to 6.3 (e.g. due to deprivation of oxygen) leads the cell to switch from a 

metabolically active state to a dormant state with very low metabolic activities. The 

embryo can survive in this dormant state for several years and switch back to normal 

state upon changing intracellular pH value back to basic values. Figure 5.4b shows two 

basic dynamic behaviors with dramatic system property changes frequently found in 

regulatory networks [32]. The upper panel shows a sigmoidal shaped response curve, 

which allows the system to response to pH value change sensitively. However, the 

system may switch back and forth undesirably between the two high and low enzyme 

activity states upon fluctuations of pH near point c. The lower panel shows a bistable 

response. That is, the system may have two steady states with a controlling parameter, 

e.g. pH, at a given value between a and b in the lower panel of Figure 5.4b.  Bistability 

allows a system to resist small amplitude fluctuations with the capacity increases upon 

increasing the value (b-a), and avoids frequent dramatic changes of the cell state. For 

example, the system initially staying at the lower branch remains until pH value >b. 

However, larger capacity to resist fluctuations also means a larger value of (b - a) and 

less sensitive response to pH value changes. Therefore robustness to transient 

fluctuations, and sensitivity to (sustained) changes of the controlling parameters are two 

seemingly opposite requirements to the regulatory network. 

For Artemia embryos, Hand and Carpenter found that this transition is mediated by the 

hysteretic enzyme trehalase [33]. As illustrated in Figure 5.4a, the disaccharide trehalose 
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is a main energy source used by the embryo, which is converted to glucose by the 

enzyme trehalase. The end-product, ATP, can inhibit this conversion reaction. 

Trehalase can form a polymerized complex with doubled mass and reduced enzyme 

activity.  Remarkably, at basic conditions the monomer form is more stable, and the 

dimer-to-monomer transition takes place in less than 10 mins. Conversely, at pH = 6.3, 

it takes more than an hour for the monomer-to-dimer transition to finish.   Our modeling 

studies show that with the available experimentally measured parameter values, the 

system can give rise to sigmoidal response curve to the pH value (upper panel of Figure 

5.4b), but not bistability with the network shown in Figure 5.4a. For transient fluctuations 

around the transition point c for a sigmoidal response (Figure 5.4c), the hysteretic 

enzymes cannot response quickly before the large fluctuations die off (see the solid line 

of Figure 5.4d). Consequently, an Artemia embryo in the dormant state can respond to 

pH changes sensitively and converts to the active state. Once in the active state, the 

embryo is robust against transient fluctuations without switching back to the dormant 

state. On the other hand, Figure 5.4e shows a hypothetical system with bistable 

response. With certain rare large amplitude fluctuation, the system response may jump 

from one branch to another one, and be trapped for a prolonged period before another 

rare large amplitude fluctuation brings it back. 

Insulating local network fluctuations: Biological networks are highly interconnected. 

It is analogous to a spider‟s web. When one stripe is pulled, will it disturb the whole 

network? Clearly it would be generally detrimental to the proper function of a biological 

network. For metabolic networks, some metabolic intermediates are highly toxic. Large 

concentration fluctuations of these species are undesirable to cells. There are many 
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ways to restrain their damage to cells. One possibility is to carefully insulate their 

dynamics from fluctuations of other parts of the network. Most hysteretic enzymes 

identified in the early days are regulatory enzymes in metabolic networks. Frieden 

summarized some typical network motifs with hysteretic enzymes abstracted from 

realistic networks such as E Coli Threonine synthesis pathway. We analyzed two of 

them shown in Figure 5.5. For both networks, the end-product inhibition mechanism can 

remove fluctuations of F at the expense of inducing fluctuations of F‟ in another parallel 

pathway sharing common ancestor metabolites. Hysteretic enzymes reduce the 

coupling between these two pathways. The results show that slower enzyme 

conformational change leads to smaller F‟ response. The two networks shown in Figure 

5.5 respond to F fluctuations differently. In the first network (upper), longer F fluctuations 

lead to larger and more sustained F‟ fluctuations, thus F‟ responses to the duration of F‟ 

fluctuations. In the second network (lower), F‟ responses to the rate of F change. Faster 

F change results in larger F‟ response. Figure 5.S1 provides additional results 

supporting the above observations. The observed differential and integral response 

behaviors are essentially the same as those of the more complicated kinetic insulation 

networks of Behar et al. [2].   

Building blocks for larger networks: As already illustrated by some of the above 

examples, incorporating hysteretic enzymes into larger network structures can lead to 

desirable dynamic properties. Figure 5.6a & b show two additional examples. As 

demonstrated in Figure 5.6c & d, a cascade of hysteretic enzyme catalyzed reactions 

shows sharper filtering and resonance spectra on increasing the cascade length. 
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Coupling a hysteretic catalyzed reaction with another reaction with sigmoidal shaped 

response also lead to sharper resonance spectrum, as shown in Figure 5.6e.  

e. Discussions 

In this work, we demonstrate that intramolecular conformational fluctuations can couple 

to cellular network dynamics, and have important physiological functions. Specifically 

we show that enzymes can use slow intramolecular conformational changes to buffer 

transient system fluctuations, functionally replacing some more complex network motifs 

involving several molecule species. For example, compared to the example in Figure 5.4, 

one widely-discussed network motif selectively responding to sustained signals is the 

coherent feed-forward loop motif [34]. The network dynamics discussed in Figure 5.5 

closely resembles that of Behar et al [2]. We used several examples to illustrate 

possible functions of hysteretic enzymes, and suggest that one can also use hysteretic 

enzyme catalyzed reactions to engineer networks with certain dynamic properties.  

Existing experimental information on slow conformational fluctuations focuses on 

enzymes. One expects that it may be ubiquitous for proteins and other macromolecules 

to have conformational fluctuations spanning a broad distribution of time scales. It 

requires further experimental studies to test this hypothesis. The molecular fluctuation 

dynamics, especially some regulatory proteins, is likely under selection pressure. We 

suggest that the biological consequences of the phenomenon can only be fully 

understood in the context of network dynamics. 

We leave other possible functional roles of slow intramolecular fluctuation for future 

studies. For example at low copy numbers the observed enzyme catalytic activity 

fluctuations may contribute to noises in a network. Xing also proposed possible roles of 
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conformational dynamics in allosteric regulation [20]. Fraunfelder et al. provided another 

prospective on the function of protein conformational fluctuations [35]. Their work also 

suggests possible mechanisms of protein-protein interactions through coupling between 

the dynamics of proteins, solvation shell, and the solvent. The concept of dynamic 

disorder can also be further generalized in cell network studies. Suppose that the 

dynamics of a network is described by a set of ordinary differential equations dx/dt = 

f(x,c), with x the concentrations of species involved. The set of “constants”, such as rate 

constants, total molecule concentrations, are often slowly varying quantities, due to 

conformational fluctuations as discussed in this work, stochastic synthesis and 

degradation, etc [36]. In cell biology this phenomenon of dynamic disorder is usually 

called “nongenetic heterogeneity” [37]. When the corresponding deterministic dynamics 

of a network is near a transition point, e.g., a bifurcation point, consequences of the 

transient parameter fluctuations can be further amplified and temporarily frozen [38], as 

illustrated in Figure 5.4e, which may explain the observed larger and slower time scale 

(in days or longer) stochasticity [39].  

f. Methods 

All calculations were performed through solving the corresponding rate equations in the 

form of ordinary and stochastic differential equations with Matlab. Numerical details, 

model parameters, and the Matlab codes can be found in the online Supporting 

Information.   
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Figure 5.1  Edges in biological regulatory networks representing enzymatic reactions 

may have complex dynamics for substrate-to-product transition (a) and regulation by modulating 

molecules M (b).E and E‟ refer to different conformations of the same enzyme. S, P, and M are 

substrate, product, and regulator, respectively. These two models are adapted from [16, 40]. 
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Figure 5.2 Enzyme with slow conformational change (motif a in Figure 5.1 without the 

dashed connections for simplicity) may serve as noise filter and adaptive motif. a) A 

typical trajectory of substrate and product derivation from their steady state values with 

fluctuations. b) Power spectrum of the substrate and product fluctuations. (c) Mono frequency 

analysis of fluctuation buffer with slow enzyme conformational changes. Upper panel:  

regulatory signal. Lower Panel: downstream product response. (dashed line: low frequency, 

solid line: high frequency). The enzyme conformational transaction rate 0.01  .  (d) The 

m under sinuous substrate concentration fluctuations versus 

the transition rate constant between ES and E‟ e.  The substrate oscillation frequency takes 

value  =0.02, 0.04, 0.06, 0.08, 0.1, 0.2, 0.4, 0.6, 0.8, 1 from dark to light lines. (e) The product 

oscillation amplitude versus  for the three e values shown in panel c. (f) Trajectories of product 
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response upon sudden change of substrate concentration (inserted plot) under different values 

of ee (the ratio between transition rate constants ESE‟S and E‟SES).  Enzyme fluctuation 

can generate positive (red line), adaptive (purple, blue and green lines), and negative responses 

(yellow line). (g)-(h): sensitivity and precision (defined by the inserted plot) of the response 

curves in panel h versus e  at a given value of ee. 

 

 

Figure 5.3 Slow conformational change allows enzymes to buffer pH fluctuations. Model 

parameters are chosen to resemble alkaline phosphatase. (a) A simple diprotonic model with 

conformational change. (b) The steady state percentage of the active form EH has an optimum 

pH value.  (c) Change of PEH for an enzyme with fast (solid line) and slow (dashed line) 

conformational change ϒ upon sudden and transient pH change (dot dashed line). The steady 

state PEH is normalized to 1 here. (d) pH change needed for PEH = ½  in panel c versus duration 

of the pH change. The inserted plot is PEH versus pH = pH – pHopt with sustained (solid line) and  

transient (dashed line) pH fluctuation. 
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Figure 5.4 Model study of the Brine Shrimp Embryo metabolic regulatory network. (a) 

Basic network. (b) Two typical response curves for biological systems switching between two 

distinct states. (c) pH fluctuations lead to different ATP production fluctuation patterns with a 

sigmoidal response curve (d), (solid line: slow Trehalase conformational change; dashed line: 

fast conformational change) and hypothetical bistable response curve (e). 

 

 

Figure 5.5 Dynamics of metabolic networks with end-product inhibition. Left: Different 

patterns of introduced end product F fluctuations. Middle: Two typical metabolic networks. The 

regulatory enzymes are modulated by end product F and are hysteretic. Right: Induced F‟ 

fluctuations. Curves with circles and triangles correspond to results with fast and slow enzyme 
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conformational changes, respectively. Solid and dashed curves refer to F‟ fluctuations induced 

by the corresponding F fluctuations shown in the left panel. 

 

 

Figure 5.6 Construct networks with hysteretic enzymes. (a) Cascade of enzymatic 

reactions. (b)The product of reaction 1 with hysteretic enzyme regulates reaction 2 sigmoidally. 

(c) Normalized P2 versus frequency  of [S] oscillations for the cascade with 1 (diamond), 2 

(triangle), and 3 (square) enzymatic reactions. (d) Same as c except with different parameters to 

have resonance. (e) P2 vs  for network in b.       

i. Supporting Information 

Model details and parameters 

Fig. 5.2 in the main context investigates the behaviors of motif in Fig. 5.1a. The detailed 

ordinary differential equations (ODEs) describing the motif are 
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where the parameters except the ones prescribed in Fig. 5.2 are set as 1  , 1  , 

kES_S=10,  kS_ES=10, kE‟S_S=5, kE‟P_P=20, kEP_E‟P=10, kE‟P_EP=10, kES_EP=10, kEP_ES=10, 

kout=0.5, Etotal=10.  

For the stochastic simulation (Fig. 5.2a-b), [S] can be written as 

 0

[ ]
([ ] [ ]) ( );

d S
a S S b t

dt
     (S2) 

 (t) refers to white noise drawn from a normal Gaussian distribution, and 

-t‟). For monochromatic sinuous [S] fluctuations, we have 

 
0 0

1
[ ] [ ] sin(2 ( ))

2
S S A t t    (S3) 

The value of A and   can be read directly from Fig. 5.2c-e.   

For the metabolic networks mentioned in Fig. 5.5, they are abstracted from Threonine 

(F)/Lysin (F‟) synthesis pathway. The equations to describe the network2 (Lower Panel) 

in Fig. 5.5 can be written as 
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            d[A]/dt =  - vEAA1I - vEAA1III+vIn1 

            d[A1]/dt = vEAA1I + vEAA1III  - vEA1B 

            d[B]/dt = vEA1B - vEBCI - vEBCII - vEBF‟ 

            d[C]/dt = vEBCI + vEBCII - vECD 

            d[D]/dt = vECD - vEDF 

            d[F‟]/dt = vEBF‟ - vOut2 

            d[EAA1I]/dt = -ka*[EAA1I] +kb*[EAA1III] +kfb*[EAA1I_F]-kf*[EAA1I]*[F]^4 

            d[EAA1I_[F]]/dt = -kfb*[EAA1I_F] + kf*[EAA1I]*[F]^4 

            d[EAA1III]/dt = ka*[EAA1I]-kb*[EAA1III]+kfb3*[EAA1III_F]-kf3*[EAA1III]*[F]^4 

            v[EAA1I] = k[EAA1I] * [EAA1I]t * ( [A] / (K[A]1 + [A]) ) 

            v[EAA1III] = k[EAA1III] * [EAA1III]t * [A] / (K[A]3  + [A])  

            v[EA1B] = Vm[EA1B] * [A1] / (K[A1] + [A1]) 

            v[EBCI] = k[EBCI] * [EBCI]t * [B] / ( K[B]1  + [B] ) 

            v[EBCII] = k[EBCII] * [EBCII]t * [B] / ( K[B]2 + [B] ) 

            v[ECD] = Vm[ECD] * [C] / ( K[C] + [C] ) 

            v[EDF] = Vm[EDF] * [D] / (K[D] +[D]) 

            vEBF‟ = VmE[F‟] * [B] / (K[F‟] +[B]) 

            vOut2=(kOut2) * [F‟]/(KMout2+[F‟]) 

            vIn1=kIn1 

            [EBCII]t = [EBC]t - [EBCI] – [EBCI_F] 

            [EBCI]t=[EBCI]+[EBCI_F] 

            [EBCII_Thr]= [EBC]t – [EBCI] – [EBCI_F]-[EBCII] 

            [EAA1III]t= [EAA1]t- [EAA1I]- [EAA1I_F] 
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            [ EAA1I]t= [EAA1I]+ [EAA1I_F] 

            [EAA1III_F]= [EAA1]t- [EAA1I]- [EAA1I_F]- [EAA1III] 

where kf=100; kf3=100; keb=1; ke=1; ke3=0.1; kb=ka*keb; kfb=kf*ke; kfb3=kf3*ke3; k[EAA1]I=0.6; 

k[EAA1]III=0.06; k[EBC]I=0.4; k[EBC]II=0.04; Vm[EA1B]=0.25; Vm[ECD]=0.4; Vm[EDF]=0.2; VmE[F‟]=0.4; 

K[A]1=0.3; K[A]3=0.3; K[A1]=0.2; K[B]1=0.25; K[B]2=0.25; K[C]=0.1; K[D]=0.3; K[F‟]=0.5; 

kOut1=0.4; KMout1=4; kOut2=0.6; KMout2=4; kIn1=0.1; ka (Enzyme conformation change rate) 

is changeable in the model. [F] is fluctuating as indicated in the Fig. 5.5.  

 

The ODEs of other networks mentioned in the main context can be written in similar 

fashion based on the motifs given in Figures 3-6. All simulations are performed with 

Matlab. The codes are available upon request. 
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Figure 5.S1 Detailed signal dependence of the two metabolic networks in Fig 5. (a) The 

dependence of F‟ variation on F fluctuation frequency shows high frequency filtering with 

network 1, and resonance with network 2. (b) [F’] versus F fluctuation duration at different 

enzyme conformational change rates . With network 1, [F’

to the same value upon increasing the F fluctuation duration. With network 2, [F’] is larger with 

larger  values . (c) [F’]  versus  at different F fluctuation duration. With network 1, the [F’] 

value is less sensitive to  with more sustained F fluctuations. With network 2, the [F’] value is 
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sensitive to  with both short and more sustained F fluctuations. (d) [F’] versus the increasing 

rate of F fluctuations. Network 2, but not network 1, response to the increasing rate of F 

changes. 
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a. Abstract 

  A protein undergoes conformational dynamics with multiple time scales, which results 

in fluctuating enzyme activities. Recent studies in single molecule enzymology have 

observe this “age-old” dynamic disorder phenomenon directly. However, the single 

molecule technique has its limitation. To be able to observe this molecular effect with 

real biochemical functions in situ, we propose to couple the fluctuations in enzymatic 

activity to noise propagations in small protein interaction networks such as zeroth order 

ultra-sensitive phosphorylation-dephosphorylation cycle.  We showed that enzyme 

fluctuations could indeed be amplified by orders of magnitude into fluctuations in the 

level of substrate phosphorylation | a quantity widely interested in cellular biology.  

Enzyme conformational fluctuations sufficiently slower than the catalytic reaction 

turnover rate result in a bimodal concentration distribution of the phosphorylated 

substrate.  In return, this network amplified single enzyme fluctuation can be used as a 

novel biochemical “reporter” for measuring single enzyme conformational fluctuation 

rates. 
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b. Introduction 

The dynamics of an enzyme is usually characterized by a rate constant 

describing its catalytic capacity, which is a standard practice on studying dynamics of 

enzymes and enzyme-involved networks. Recent advances in single molecule 

techniques allow examining enzyme activities at single molecule levels [1-13]. It is found 

that the rate "constant" of an enzyme is in general a broad distribution. Physically, it is 

because the enzyme conformation is under constant fluctuation at varying time scales 

[13, 14]. Single molecule techniques can measure the instant rate constants at a given 

conformation. The single molecule results are consistent with extensive early 

biochemistry and biophysics studies. Biochemists have long noticed that protein 

conformational fluctuations (which can be in the time scale from subsecond to minutes 

and even hours) can be comparable and even slower than the corresponding chemical 

reactions (usually in the range of subsecond) [15]. Slow conformational motions result in 

hysteretic response of enzymes to concentration changes of regulatory molecules, and 

cooperative dependence on substrate concentrations [15-18]. In physical chemistry, the 

term dynamic disorder is used for the phenomenon that the rate of a process may be 

stochastically time-dependent [19]. Extensive experimental and theoretical studies exist 

since the pioneering work of Frauenfelder and coworkers [20]. Allosteric enzymes can 

be viewed as another class of examples. According to the classical Monod-Wyman-

Changeux model and recent population shift model, an allosteric enzyme coexists in 

more than one conformation [21, 22]. Recent experiments also show that the 

conformational transition of an allosteric enzyme happens in micro- to millisecond time 

scale or longer [23]. Xing proposed that in general internal conformational change 
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should be considered on describing enzymatic reactions, and it may have possible 

implication on allosteric regulation mechanism [24]. Wei  et. al also suggested a similar 

formalism for describing enzymatic reactions [25]. Current single molecule enzymology 

studies focus on metabolic enzymes. It remains an important unanswered question if 

dynamic disorder is a general phenomenon for enzymes, e.g., the enzymes involved in 

signal transduction. While the technique reveals important information, the single 

molecule approach also has strict requirement on the system to achieve single molecule 

sensitivity, which limits its usage for quick and large scale scanning of enzymes. 

In this work we discuss an idea of coupling molecular enzymatic conformational 

fluctuations to the dynamics of small protein interaction networks. Specifically we will 

examine a phosphorylation/dephosphorylation cycle (PdPC) [26]. Our analysis will be 

applicable to other mathematically equivalent systems, such as GTP-associated cycle, 

or more general a system involving two enzymes/enzyme complexes with opposing 

functions on a substrate. As an example for the latter, the system can be an enzymatic 

reaction consuming ATP hydrolysis ( e.g., a protein motor) coupled to a ATP 

regeneration system--in this case ATP is the substrate. The PdPC is a basic functional 

module for a wide variety of cellular communications and control processes. The 

substrate molecules can exist in the phosphorylated and dephosphorylated form, which 

are catalyzed by kinase and phosphatase respectively at the expense of ATP hydrolysis. 

The percentage of the phophorylated substrate form depends on the ratio of kinase and 

phosphatase activities in a switch like manner called ultra-sensitivity. Through the PdPC, 

slow conformational (and thus enzymatic activity) fluctuations at the single molecule 

level can be amplified to fluctuations of substrate phosphorylation forms by several 
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orders of magnitude, and make it easier to detect. The coupling between molecular 

fluctuations and network fluctuations itself is an interesting biological problem. Recent 

studies revealed that the intrinsic/extrinsic noise, when it is introduced into the biological 

system, has significant influences on the behavior and sensitivity of the entire network 

[27-34]. Unlike the noise sources studies previously, the internal noise due to dynamic 

disorder shows broad time scale distributions. Its effect on network-level dynamics is 

not well studied [35]. We will show that a bimodal distribution of the PdPC substrate 

form can arise due to dynamic disorder, which may have profound biological 

consequences. 

c. The model 

A PdPC is shown in Figure 6.1a. X and X* are the unphosphorylated and 

phosphorylated forms of the substrate, respectively. We assume A is the phosphatase 

obeying normal Michaelis-Menten kinetics. The kinase E, on the other hand, can 

assume two conformations with different catalytic capacity. In general an enzyme can 

assume many different conformations. The two state model here can be viewed as 

coarse-graining. The set of reactions describing the system dynamics are listed below:  
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 To ensure proper detailed balance constraint, each pair of forward and backward 

reaction constants are related by the relation 0 = ln( / )B f bk T k k  , with 0  the 

standard chemical potential difference between the product(s) and the reactant(s), Bk  

the Boltzmann constant, T  the temperature. Exceptions are the three chemical reaction 

steps, which we assume couple to ATP hydrolysis, and thus extra terms related to ATP 

hydrolysis free energy ATP  are added. we assume 0 / 2 = ln( / )ATP B f bk T k k     for 

each of these reactions, so one ATP molecule is consumed after one cycle. In general 

the conformer conversion rates , , ,      are different. For simplicity in this work, we 

choose = = =      unless specified otherwise. 

Let's define the response curve of the system to be the steady-state percentage 

of X* as a function of the catalytic reactivity ratio between the kinase and the 

phosphatase ( 1 2( ) / ( )E A
t t

p k p k N k N     , where ip  is the probability for the kinase to 

be in conformer i ), and E
t

N  and A
t

N  are total numbers of kinase and phosphatase 

molecules. At bulk concentration, for both fast and slow kinase conformational change, 

the response curve shows usual sigmoidal but monotonic dependence (see Figure 6.1b) 

[26]. Here we only consider the zero-th order regime where the total substrate 

concentration is much higher than that of the enzymes. 

However, the situation is different for a system with small number of molecules. 

For simplicity let's focus on the case with one kinase molecule. Physically, suppose that 
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the average reactivity ratio 1  (not necessarily exactly at 1), but the corresponding 

1 / ( ) >1A
t

k N k    and 2 / ( ) <1A
t

k N k   . Consequently, the substrate conversion 

reactions are subject to fluctuating enzyme activities, an manifestation of the molecular 

level dynamic disorder. Because of the ultra-sensitive nature of the PdPC, small 

enzyme activity fluctuation (in the vicinity of =1 ) can be amplified into large 

fluctuations of substrate forms (in the branches of high or low numbers of X*). The 

relevant time scales in the system are the average dwelling time of the kinase at the 

new conformation K , and the average time required for the system to relax to a new 

steady-state substrate distribution once the kinase switches its conformation S . The 

former is related to the conformer conversion rates. The latter is determined by the 

enzymatic reaction dynamics as well as the number of substrate molecules. If the 

kinase conformational switch is sufficiently slow ( >>K S  ), so that on average for the 

time the kinase dwelling on each conformation, the substrate can establish the steady 

state corresponding to i , which is peaked at either high or low *X
N . Then the overall 

steady-state substrate distribution is a bimodal distribution, which is roughly a direct 

sum of these two single peaked distributions. This situation resembles the static limit of 

molecular disorders [19]. Increasing conformer switching rates tends to accumulate 

population between the two peaks, and eventually results in a single-peaked distribution 

( <K S  ). A critical value of   (or  ) exists where K S  , and one peak of the 

distribution disappears. There are two sets of ( , )K S   corresponding to the transition 

from conformer 1 to 2 , and vice versa. In principle, in the slow enzyme conform 

conversion regime where the substrate shows non-unimodal distribution ( >K S  ), one 
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can extract molecular information of the enzyme fluctuations from the greatly amplified 

substrate fluctuations. This is the basic idea of this work. 

 

d. Numerical studies 

To test the idea, we performed stochastic simulations with the Gillespie algorithm 

[36] using the parameters listed in Table 6.1 and Appendix A. Figure 6.1c shows that 

with a single slowly converting two-state kinase, the number of X* jumps between high 

and low values, and shows bimodal distribution (see Figure 6.1d). Figure 6.2 gives 

systematic studies on this phenomenon. There exist two critical values of  , 1 2,  . 

With 1 2< ( , )   , the substrate distribution has two well-separated peaks (Figure 6.2a). 

On increasing  , the two original peaks diminish gradually while the the region between 

the two peaks accumulates population to form a new peak (Figure 6.2b). The two 

original peaks disappear at 1=   and 2=   respectively, and eventually the 

distribution becomes single-peaked (Figure 6.2c-e). Figure 6.2f summarizes the above 

process using the distance between peaks. The results divide into three regions. The 

point of transition between the left and the middle regions indicates disappearance of 

the left peak (corresponding to Figure 6.2c). That between the middle and the right 

regions indicates disappearance of the right peak (corresponding to Figure 6.2d). 

Figure 6.2g shows that the critical value of   decreases with the total substrate 

number XtN . An increased number of XtN  gives a larger S , which requires a larger K  

(slower conformation conversion rate) in order to generate a multi-peaked distribution. 

Figure 6.2g also compares theoretical (see below) and simulated critical   values at 
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different values of 
X

t
N . The plot shows that the simulation results agree reasonably with 

the theoretical predictions, although the simulated critical   is slightly smaller than the 

theoretical values, which means that the peak disappears earlier on increasing 

fluctuation rate  . The discrepancy of the two could be due to stochasticity of 

enzymatic reactions, which is fully accounted for in the simulations, but neglected in the 

theoretical treatment. The broader distribution leads to an earlier disappearance of 

peaks. This argument is supported by the fact that the difference between theoretical 

and simulated critical   is getting closer when the substrate number becomes larger, 

so fluctuations due to enzymatic reactions are further suppressed. 

In the above discussions, we focus on a system with a single copy of the two-

state kinase molecule. Appendix B shows that a simulation result with multi-state model 

gives similar behaviors. Figure 6.3a shows that with multiple copies of enzymes, the 

substrate distribution of a PdPC can show similar transition from bimodal (or multi-

modal in some cases) to unimodal behaviors, but the critical values of   are smaller 

(corresponding to slower conformational change) than those for the single kinase case . 

In these calculations, we scale the system proportionally to keep all the concentrations 

constant. 

Possible biological significances of the bimodal distributions will be discussed 

below. Here we propose that additionally one can use the phenomenon to extract single 

molecule fluctuation information, especially the conformer conversion rates. 

Conventionally the information is obtained through single molecule experiments [6, 13]. 

For simplicity here we focus on the single enzyme case only. Suppose that an enzyme 
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fluctuates slowly between different conformers, and one can couple a single molecule 

enzyme with a PdPC (or a similar system) with fast enzymatic kinetics. Then the 

conformational fluctuation dynamics at the single molecule level will be amplified to the 

substrate form fluctuations by orders of magnitude. Figure 6.4 gives the result of such 

an experiment simulated by computer. The trajectory clearly shows two states. To 

estimate the time the system dwelling on each state, we define the starting and ending 

dwelling time as the first time the number of substrate molecules in the X* form reaches 

the peak value of *X
N  distribution corresponding to that state in the forward and 

backward direction of the trajectory (see Figure 6.4a). The above algorithm of finding 

the dwelling time may miss those with very short dwelling time so the substrate may not 

have enough time to reach the peak value, as seen in the trajectory. Nevertheless, the 

obtained dwelling time distributions are well fitted by exponential functions. The 

exponents give the values of   and  , in this case 30.8 10  for both of them, which 

are good estimations of the true value 310 . 

e. Theoretical analysis 

Analytical estimate of the critical points 

 Here we provide quantitative analysis of the above time scale argument. Let's 

define  

 
1 1

[ ] [ ]([ ]
= , = ,

[ ]

t t t

M M t

k E x k A X x
g h

K x K X x

 

 




  
 (1) 
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 and similar expression for the case that the kinase assumes conformer 2 except k
 is 

replaced by k  . Then the kinetics of a PdPC with one two-state kinase molecule is 

governed by a set of Liouville equations under the Langevin dynamics approximation 

[19, 37, 38],  

  1 1 1 1

1
( ) = ( ) ( )

2
t xxx g h x   


 

  1 1 1 1 2( ) ( ) ( ) ( ),x g h x x x        (2) 

  2 2 2 2

1
( ) = ( ) ( )

2
t xxx g h x   


 

  2 2 2 1 2( ) ( ) ( ) ( ),x g h x x x        (3) 

 where ( )i x  is the probability density to find the system at kinase confomer i  and the 

number of substrate form X  being x ,   is the system volume. For mathematical 

simplicity in the following derivations, we assume that for a given kinase conformation, 

the substrate dynamics can be described continuously and deterministically. This 

approximation is partially justified by the relative large number of substrates. Then one 

can drop the diffusion term containing  , and solve the above equations analytically 

(see Appendix C). The theoretical steady state solutions of 1 2( ) = ( ) ( )x x x    are also 

plotted in Figure 6.2. Since in our analysis we neglected stochasticity of enzyme 

reactions due to the finite number of substrates, the analytical solutions are bound by 

the two roots 1 2( , )x x  of the equations,  

 1 1 2 2( ) = 0, ( ) = 0.f x f x  (4) 
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 In the case of fast switching rates, the solutions vanish at the turning points 1 2( , )x x , and 

become identically zeros outside of the interval 
1 2[ , ]x x . Physically it means that the 

enzyme equilibrates quickly and the rest of the system `feels' only averaged reactivity of 

two enzyme's states. 

In the regime of slow switching rates, the steady state solutions 1( )x  and 1( )x  

have two integratable singular points at 1 2( , )x x . The solutions diverge at these points 

(although integration of i  over x  is still finite). Of course, the neglected `diffusion' term 

due to substrate fluctuations becomes important in this situation. This term smears the 

singularities at the turning points 1 2( , )x x . Kepler .et al  noticed similar behaviors in their 

simulation results. However, in order to estimate the critical values of the switching rates 

c  and c , which correspond to transition between unimodal and bimodal distribution, 

the set of equations  Eq. (2) and  Eq. (3) are sufficient. 

Even within this approximation the analytical prediction of the transition points 

agrees well with the simulation results. The conditions for disappearance of these two 

single points are,  

 1 1 2 2= ( ), = ( ).c x c xf x f x        (5) 

 Note that 1/  (or 1/  ) is the average dwelling time of an enzyme configuration K , 

and 1/ c  (or 1/ c ) is the relaxation time after the system linearly deviates from the 

single conformer steady state (at 1x  or 2x ), which are S  in the previous discussions. 

Figure 6.2f & g show good agreement between the critical points obtained by simulation 
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and by  Eq. (5) . The agreement becomes better for larger number of substrates, 

suggesting that the discrepancy between the simulated and theoretical results are due 

to neglecting substrate fluctuations in the theoretical treatment. 

Multi-enzyme systems 

 For N  independent two state kinases the probability to have k  kinases in 

conformer 1 has following binomial distribution  

 1 1( , ) = (1 ) ,k N k
k

k t p p
N

  
 

 
 (6) 

 where we defined  

 ( )

1 1 1 1( ) = ( ) ,s s i tp t p p p e      (7) 

 where 
1

ip  is initial probability to be in the state 1, and the steady state probability 
1

sp  is 

given by 1 = / ( )p    . 

Note that binomial distribution  Eq. (6) becomes normal in the case N  . 

Therefore, in this limit one can represent overall concentration of the enzymes as (cf. 

with equation S8 in [29])  

 = ( ),tE E t  (8) 

 where ( )t  is Gaussian noise with correlation function decaying exponentially fast, see  

Eq. (7) . Hence, only when the switching rates   and   are fast ( . .i e , no dynamic 

disorder) the white noise approximation used in reference [29] is expected to work well, 
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since in this case exponential decay of the correlation function can be safely replaced 

by  -function. Recently Warmflash .et al  also discussed the legitimacy of using the  -

function approximation [39]. 

Let us calculate noise-noise correlator explicitly. One gets  

 
,

( ) ( ) ( , | , ) ( , ),
n n

n t n t nn P n t n t P n t


         (9) 

 where ( , | , )P n t n t   is the conditional probability to have n  enzymes in conformer 1 at 

time t , provided that at time t  the number of enzymes in conformer 1 is  exactly n . 

The second term in the product, ( , )P n t  , is the probability to have n  enzymes in 

conformer 1 at time t  and it depends on initial conditions. However, for late times 

1> ( )t t      it can be safely replaced by the steady state distribution:  

 ( , ) ( ).sP n t n    (10) 

 As for conditional probability, we derive  

 ( , | , ) = ( , ),P n t n t n t t    (11) 

 where dependence on the number n  comes from the initial conditions in  Eq. (7) :  

 1 = 2 .i N
n

p
N


 

 
 

 (12) 

 It means that 1( )p t t  in  Eq. (7) depends implicitly on n , and hence will be defined as 

1( , )p n t t  . After some algebra we get  



191 
 

 
1 1 1( ) ( ) = ( , ) ( ) (1 ) .s n s N n

n

n
n t n t N n p n t t p p

N

 



 
       

 
  (13) 

 It is easy to check that the first term in the expression for 
1( , )p n t t  , namely 

1

sp , adds 

the contribution ( ) ( )n t n t    for a late times. Therefore, one obtains a two time 

correlation function  

 2 ( )( )( ) ( ) ( ) ( ) = ,t tn t n t n t n t e  
          (14) 

 exponentially decaying in time with correlation strength   that can be explicitly 

obtained from the  Eq. (13) . 

f. Discussion and concluding remarks 

Slow conformational fluctuations have been suggested to be general properties 

of proteins, and result in dynamic disorder. However, so far only metabolic enzymes 

have been directly examined at the single molecule level. If demonstrated, the existence 

of dynamic disorder in general may greatly modify our understanding of dynamics of 

biological networks (e.g., signal transduction networks). It provides a new source of in 

general non-white noises. In this work, we exploit the ultrasensitivity of a PdPC (or a 

similar system as discussed previously) to amplify molecular level slow conformational 

fluctuations. The method may be used experimentally for quick screening and 

qualitative/semi-quantitative estimation of molecular fluctuations in signal transduction 

networks. Here we propose a possible experimental setup. One adds one or a few 

kinases, corresponding phosphatase (with its amount adjusted so the average activity 

ratio 1 ), a relatively large amount of substrate molecules, and ATP regeneration 
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system in an isolated chamber. Experimentally one may consider the micro-fabrication 

technique produced high density small reaction chambers used previously in single 

molecule protein motor and enzyme studies [7, 40]. Containers may stochastically 

contain different number of molecules of the kinase, phosphatase, with some of them 

giving the desired 1 . Monitoring substrate fluctuations ( . .e g , through fluorescence) 

may reveal information about molecular level fluctuations. In general protein fluctuation 

is more complicated than the two-state model used here. The latter should be viewed as 

coarse-grained model. In this work for simplicity we didn't consider possible 

conformational fluctuations of the phosphatase and even the substrate (which may act 

as enzymes for other reactions). Including these possibilities make the analysis more 

difficult, but won't change the conclusion that molecular level fluctuations can couple to 

fluctuations at network levels and be amplified by the latter. 

There are several studies on systems showing stochasticity induced bimodal 

distribution without deterministic counterpart. [29, 37, 41-45] In eukaryotic transcription, 

a gene may be turned on and off through binding and dissociation of a regulating 

protein, which may result in bimodal distribution of the expressed protein level. The 

process is mathematically equivalent to the problem we discussed here. Physically the 

mechanism of generating a bimodal distribution is trivial. The system (PdPC) has a 

fluctuating parameter, the ratio of the overall enzyme activity   (not  ). When the 

parameter fluctuates sufficiently slow, the distribution is approximately a mixture of 

localized distributions corresponding to different parameter values, and thus may have 

more than one peak. This situation is fundamentally different from macroscopic bistable 

systems, which have more than one steady state for a given set of parameters, and 
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usually some feedback mechanism is involved. Possible biological significances of a 

network generating bimodal distributions without deterministic counterpart has been 

suggested in the literature [29, 41, 43]. It remains to be examined whether the 

mechanism discussed in this work is biologically relevant, or reversely evolution has 

selected signal transduction proteins showing minimal dynamic disorder [35]. As shown 

in Figure 6.2g and Figure 6.3, with fixed enzyme molecular property, a system reduces 

to unimodal distributions on increasing the system size. Therefore the mechanism of 

dynamic disorder induced bimodal distribution plays a significant role only for small 

sized systems. We want to point out that Morishita . .et al  [46] has theoretically 

suggested that signal transduction cascades have optimal performance with only 50  

copies per specie, which makes the dynamic disorder mechanism plausible. In a real 

system it is more likely that noises arising from dynamic disorder, which has broad time-

scale distribution, will couple with sources from other processes, such as enzyme 

synthesis and degradation, and may result in complex dynamic behaviors. Therefore 

physical chemistry studies of molecular level protein dynamics may provide important 

and necessary information for understanding cellular level dynamics. 

g. Appendices 

Appendix.A 

Here we show how we make connections between the equations for bulk 

analysis and the ones for stochastic simulations with molecular number. For example, if 

we have a reaction  
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k
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k
b

X E XE  

 we can write down the ODE equations for this reaction  

 0 01
1 1 1 1

[ ]
= [ ][ ] [ ].f b

d XE
k X E k XE

dt
  

 First of all, we choose 1/ fk
 as our time unit, where 

fk
 is the rate constant for the 

backward enzymatic step. Then,  

 1
1 1 1 1

[ ]
= [ ][ ] [ ].f b

d XE
k X E k XE

dt
  

 with 0

1 1= /f f fk k k , 0

1 1= /b b fk k k . If we want to deal with variables in the unit of 

molecular numbers instead of concentration, we then have  

 

1

0 1 1
1 1

0 0 0

=

XE

E XEA X
f b

A A A

N
d

N NN V N
k k

dt N V N V N V

 
  
    

 where AN  is Avogadro constant. 0V  is the volume of the system. We can further 

simplify the expression,  

 1 1
1 1

1
0

=
XE X E

f b XE

A

dN N N
k k N

dt N V
  

 In all of our simulations, we kept a constant value for the substrate concentration 

0/ ( ) =1X A
t

N N V . Then,  
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X
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dN k
N N k N

dt N
  

Appendix.B: Multi-state enzyme fluctuation 

 In general, an enzyme fluctuates continuously along conformational coordinates. 

One should consider the two-state model discussed in the main text as a coarse-

grained model. Here we will use a more complicated model to show that our main 

conclusions still hold in general case. We consider an enzyme diffuse slowly along a 

harmonic potential of coordinate x , 2( ) =G x x , where we have chose the units so 

=1 BG k T  at =1x . Motion along the conformational coordinate couples to the enzymatic 

reaction rate constants with an exponential factor 0= exp( )f fk k x  , where = 0.5  . 

One specific example is that x  is the donor-acceptor distance for an electron-transfer 

reaction. We model the diffusion as hopping among 10 discrete states. The conversion 

rate constant between enzyme conformations i  is at 210 . The backward rate constant 

is then determined by the detailed balance requirement 2 2

1= exp( ( ) / )i i i i Bx x k T    . 

Other parameters are the same as in the 2-state enzyme simulations. The reactions are 

listed below,  

 
1 1

*

1 1 1

1 1

,
k k

f f

k k
b b

X E XE X E




   

 
2 2

*

2 2 2

2 2

,
k k

f f

k k
b b

X E XE X E




   

 ...... 



196 
 

 
( 1) ( 1)

*

1 1 1

( 1) ( 1)

,
k k

m f m f

m m m
k k

m b m b

X E XE X E
  

  

  

   

 * ,
k k
mf mf

m m m
k k
mb mb

X E XE X E




   

 * * ,
k k
af f

k k
ab b

X A X A X A




   

 
2 11 2

1 2 1

1 2 2 1

...... ,
m m

m m

m m

E E E E
  

   

 



 

 

 
' '

2 11 2

1 2 1
' '

1 2 2 1

...... .
m m

m m

m m

E X E X E X E X
  

   

   



   

 

Figure 6.5 shows that the reactant X  shows a bimodal distribution if the 

enzymatic conformational fluctuation is slow. This result reiterates our suggestion that 

the ultrasensitive network amplifies small enzymatic activity fluctuations into large 

substrate number fluctuations. 

Appendix.C 

 By omitting the diffusion terms in the  Eq. (2) and  Eq. (3) one derives for steady 

state:  

  1 1 1 2( ) = ,x f x      (15) 

 1 1 2 2( ) ( ) = const.f x f x   (16) 
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 For very fast switching rates   and   we expect an unimodal distribution centered 

somewhere in between two `turning' points 
1x  and 

2x , see  Eq. (4) . Therefore, the 

steady state solution should vanish at these points and be identically zero outside an 

interval 2 1[ , ]x x . 

In order to satisfy these boundary conditions, one has to set a constant in  Eq. 

(16) to be zero. Hence, we obtain  

   1
1 1 1

2

( )
( ) = .

( )
x

f x
f x

f x
   

 
  

 
 (17) 

 The solution of the  Eq. (17) depends, of course, on particular choice of the function 

( )f x . However, it is guaranteed that there is an  unique root of the function ( )f x  in the 

corresponding physical region of variable x  [Samoilov et~al.(2005)Samoilov, Plyasunov, 

and Arkin]. Hence, the differential equation  Eq. (17) is singular only at two points 2x  

and 1x , which are the boundary points. One can find an asymptotic behavior of the 

steady state solution near these points:  

 2 1
1 2 1( ) ( ) ( ),

a a
x x x x g x    (18) 

 where ( )g x  is analytic function of x  in the interval 2 1[ , ]x x , satisfying condition 

2 1( ) = ( ) =1g x g x . The exponents 2a  and 1a  are  

 
2

2 2

= 1,
( )

a
f x


  (19) 
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1

1 1

= 1.
( )

a
f x


  (20) 

Therefore, if the conditions  Eq. (5) are satisfied, one expects unimodal 

distribution. Otherwise, there exists at least one additional peak in the distribution. In 

this case of the slow switching rates the equation  Eq. (17) predicts divergence of the 

solution at one or both boundary points 
2x  and 

1x . This is an indication that diffusion 

terms that we omitted for our estimate become relevant. The diffusion terms makes the 

overall distribution finite. 
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Figure 6.1 A PdPC with a single kinase enzyme shows bimodal distribution of the 

substrate. (a) Illustration of the PdPC. The kinase molecule has two slowly converting 

conformers with different enzyme activity. (b) The bulk response curve shows sigmoidal and 

monotonic zeroth-order ultrasensitivity. These results are obtained by solving the rate equations 

with the parameters given in Table 1. (c) A trajectory of the number of X with a single two state 

kinase. The total substrate number =100XtN , conversion rate constant between two kinase 

states = 0.001 , and other parameters are shown in Table 1. (d) The distribution of X 

corresponding to (c) shows bimodal distribution.  
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Figure 6.2 Dependence of substrate distribution of a PdPC with a single two-state kinase 

enzyme on the kinase conformer conversion rates. Total substrate molecule =100X
t

N  

unless specified otherwise. Simulation (s): lower, Theory (t): upper. For the parameters chosen, 

the theoretically predicted two critical points where the two peaks (singular points in the theory) 

disappear ( Eq. (5) ) are 1 2= 0.064, = 0.137  . (a) 1 2= = 0.001<< ,t s    . (b) = 0.055t  

close to 1 . Corresponding = 0.03s . (c) 1= 0.064 =t  . Corresponding = 0.04s . (d) 

2= 0.137 =t  . Corresponding = 0.1s . (e) 1 2= = 0.5 >> ,t s    . (f) The number of peaks 

v.s.   (red stars). The vertical lines indicate the critical   values of peak disappearance from 

simulation (blue solid line) and theoretical prediction (red dashed line). The left blue solid line 

represents the disappearing of the first peak and the right blue solid line represents the 

disappearing of the second peak, leaving the distribution a single peak distribution. (g) The 
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simulated (stars with dashed line) and theoretically predicted (solid line) dependence of the 

critical   value on the total substrate number XtN . Numbers of all other species and the 

volume are increased proportionally to keep all the concentrations constant.  

 

 

 

Figure 6.3 A PdPC with 50 two-state kinase (and phosphatase) enzymes and 1500 

substrates. Other parameters are the same as in 1-enzyme case. the   values are: dotted line 

64 10 , dash-dot line 0.0004 , dashed line 0.02 , and solid line 0.2 . 
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Figure 6.4 Dwelling time distribution of a PdPC with a single two-state kinase enzyme 

( = 0.001 ). (a) A typical trajectory with steps indicated (dark solid line). The initial and final 

times of one dwelling state are indicated as it  and 
ft , respectively. (b) The dwelling time 

distribution and exponential fitting of the upper (left panel) and lower (right panel) states. The 

fitting slopes are 
47.9 10   and 

48.1 10  , respectively. 

 



206 
 

 

Figure 6.5 Multi-State Enzyme fluctuation produced bimodal distribution. (a) Enzyme 

conformation fluctuation along a harmonic potential (blue line) and the Boltzmann distribution 

(gray bars and red line). (b) The corresponding bimodal distribution of reactant X . 
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Parameters Values 

rate constant in reduced unit 

1 fk  50 

fk
 1.6 

1 fk   50 

fk 
 0.4 

2 fk  50 

fk
 1 

  
Free energy in Bk T  

ATP  20  

1_E X  0  

1E X  5  

1_ *E X  0  

_ *A X  0  

*AX  5  

_A X  0  

2_E X  0  

2E X  5  

  * See Appendix A  

Table 6.1: Simulation parameters 
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Chapter 7 

Conclusions and Future Work 

In this work, I utilize the principles of statistical physics to understand selected biological 

process both in cellular and molecular level. The work on microtubule dynamics and 

mechanical response opens a new window to the potential novel drug design as well as 

extending the understanding of microtubule-related cellular behavior, for instance, 

cytoskeleton and mitosis. The thermodynamic and molecular mechanical analysis on 

microtubule dynamics and mechanical behavior demonstrate an effective way to couple 

the skills in statistical physics and problems in biological processes. Dynamic disorder 

analysis fills the gap between the research on macromolecular behavior and the system 

biology research on complex networks. We are able to demonstrate that the fluctuations 

in the single molecular level can have important consequences on network dynamics. 

This work opens a new path on network dynamic analysis.  

Dynamic instability is a prominent property of MT dynamics. It has long been proposed 

that a GTP cap (i.e., one or a few layers of GTP-bound tubulins at the ends) is 

necessary for MT stability. Theoretical analysis also supports this model [1, 2]. In the 

model of VanBuren et al., the “sheet” structure was determined to be just an incomplete 

portion of an MT [2]. This model predicts that a “sheet” structure destabilizes an MT.  

They predict that “the sheet-like microtubules are more likely to be an intermediate to 

catastrophe than blunt-end microtubules”.  Our hypothesis is just the opposite: the 

sheet-like structure is more likely to be an intermediate for the assembly process.   
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To study the effect of the GTP caps, Walker et al. used an ultra-violet microbeam to cut 

the ends of elongating MTs [3]. With the plus end cut off, an MT quickly shortens. With 

the minus end cut off, however, an MT resumes elongation. The plus and minus ends 

start with    lateral and    lateral bonds, respectively. Nogales et al. suggested 

that the minus end may not need a cap if the    lateral bond for the GDP-tubulin is 

weaker than the    lateral bond [4]. Molodtsov et al. argued against this proposal 

based on many experimental observations that the minus end depolymerizes faster 

than does the plus end [1]. However, their model in turn has difficulty explaining the 

experiment of Walker et al. The sheet structure introduces further asymmetry to the two 

ends since the elongation rates (and, thus, the sheet length) are different. This result 

implies that a faster depolymerization rate at the minus end does not necessarily rule 

out the proposal of Nogales et al. We will examine the dependence of MT stability on 

the sheet length and strength of lateral bonds.  

MAPs consistent play important roles in microtubule behavior. There are many proteins 

that interact with microtubules in vivo to modify microtubule mechanical/chemical 

properties and assembly/disassembly dynamics. To understand a process as complex 

as MT dynamics, one has to start with simpler and better-controlled situations. With a 

model for unmodified microtubules developed, effects of MAPs can be added onto the 

model as external perturbations. This procedure allows us to separate the effect of the 

MAPs from the intrinsic mechanical and dynamic properties of the tubulin assemblies. 

VanBuren et al. studied the effect of XMAP215 on the microtubule elongation and 

shortening dynamics [2]. They introduced the effect of XMAP215 as modifying the 
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longitudinal and lateral bond strengths. We will examine how the dynamics and 

mechanical behaviors are affected by MAPs. 

Currently, most of the sheet structures are observed in vitro (but not all, see [5]). A 

question may arise as to whether the sheet structures can be formed in vivo. A full 

investigation is clearly beyond the scope of this proposal and the capacity of modeling 

as well. But we can still partially address this question. We will examine the 

assembly/disassembly dynamics under physiological conditions (tubulin concentration, 

GTP/GDP concentrations, with and without various MAPs). Our model studies will 

predict whether one can observe the sheet structures at these conditions and how the 

size of sheet structure depends on various conditions (tubulin concentration, etc.).     

In the area of dynamic disorder, we want to point out that some early experimental 

evidence for protein fluctuating dynamics was provided by Linderstrom-Lang and his 

amide proton hydrogen-deuterium exchange method [6-8]. The method is widely used 

to study protein folding dynamics. In recent years, inspired by the resurgent interest in 

dynamic disorder, which has redefined the field of protein dynamics, protein dynamics 

has become a focused research area. 

Another related active research area explores how an enzyme evolves to acquire new 

catalytic function.  “Many enzymes evolved from pre-existing enzymes via gene 

duplication” [9]. Precursor proteins are suggested to be conformationally heterogeneous, 

which is related to the dynamic disorder phenomenon; a new enzyme evolves through 

constraining protein heterogeneity and protein dynamics [10].  

Systems biology is currently an active research field within cellular biology. It studies 
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how cells maintain their normal functions through interaction networks of biomolecules. 

The area is claimed as the “science of the 21st century”. People hope that research in 

the field may lead to fundamental understanding of important cellular processes and 

revolution of medical sciences. Researches in this field grow at an exploding rate, so I 

only provide a few representative references here [11-17]. A large focus has been on 

how the way biomolecules interact with each other (the topology of the network) couples 

to the cellular functions. All existing studies treat each biomolecular species as a node 

in the interconnected network without internal structure. However we suggest that 

biomolecules like proteins may have complex internal dynamics, and serve as functional 

motifs.  The enzyme dynamic properties under molecular level may couple to the 

dynamics at network levels. The coupling may result in emergent new dynamic 

phenomena, and play important physiological functions [18]. This was also conjectured 

by biochemists [19], but has so far remained unexplored. Our research will be an 

important step to fill this gap. 
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