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(ABSTRACT) 

 
In this dissertation, we consider two important problems pertaining to the analysis 

of transportation systems.  The first of these is an approach-dependent, time-dependent, 

label-constrained shortest path problem that arises in the context of the Route Planner 

Module of the Transportation Analysis Simulation System (TRANSIMS), which has 

been developed by the Los Alamos National Laboratory for the Federal Highway 

Administration.  This is a variant of the shortest path problem defined on a transportation 

network comprised of a set of nodes and a set of directed arcs such that each arc has an 

associated label designating a mode of transportation, and an associated travel time 

function that depends on the time of arrival at the tail node, as well as on the node via 

which this node was approached. The lattermost feature is a new concept injected into the 

time-dependent, label-constrained shortest path problem, and is used to model turn-

penalties in transportation networks. The time spent at an intersection before entering the 

next link would depend on whether we travel straight through the intersection, or make a 

right turn at it, or make a left turn at it.  Accordingly, we model this situation by 

incorporating within each link’s travel time function a dependence on the link via which 

its tail node was approached. We propose two effective algorithms to solve this problem 



by adapting two efficient existing algorithms to handle time dependency and label 

constraints: the Partitioned Shortest Path (PSP) algorithm and the Heap-Dijkstra (HP-

Dijkstra) algorithm, and present related theoretical complexity results.  In addition, we 

also explore various heuristic methods to curtail the search.  We explore an Augmented 

Ellipsoidal Region Technique (A-ERT) and a Distance-Based A-ERT, along with some 

variants to curtail the search for an optimal path between a given origin and destination to 

more promising subsets of the network.  This helps speed up computation without 

sacrificing optimality. We also incorporate an approach-dependent delay estimation 

function, and in concert with a search tree level-based technique, we derive a total 

estimated travel time and use this as a key to prioritize node selections or to sort elements 

in the heap. As soon as we reach the destination node, while it is within some p% of the 

minimum key value of the heap, we then terminate the search. We name the versions of 

PSP and HP-Dijkstra that employ this method as Early Terminated PSP (ET-PSP) and 

Early Terminated Heap-Dijkstra (ETHP-Dijkstra) algorithms.  All of these procedures are 

compared with the original Route Planner Module within TRANSIMS, which is 

implemented in the Linux operating system, using C++ along with the g++ GNU 

compiler.   

Extensive computational testing has been conducted using available data from the 

Portland, Oregon, and Blacksburg, Virginia, transportation networks to investigate the 

efficacy of the developed procedures.  In particular, we have tested twenty-five different 

combinations of network curtailment and algorithmic strategies on three test networks: 

the Blacksburg-light, the Blacksburg-full, and the BigNet network.  The results indicate 

that the Heap-Dijkstra algorithm implementations are much faster than the PSP 

 iii



algorithmic approaches for solving the underlying problem exactly.  Furthermore, among 

the curtailment schemes, the ETHP-Dijkstra with p=5%, yields the best overall results.  

This method produces solutions within 0.37-1.91% of optimality, while decreasing CPU 

effort by 56.68% at an average, as compared with applying the best available exact 

algorithm. 

The second part of this dissertation is concerned with the Classification and 

Regression Tree (CART) algorithm, and its application to the Activity Generation 

Module of TRANSIMS.  The CART algorithm has been popularly used in various 

contexts by transportation engineers and planners to correlate a set of independent 

household demographic variables with certain dependent activity or travel time variables.  

However, the algorithm lacks an automated mechanism for deriving classification trees 

based on optimizing specified objective functions and handling desired side-constraints 

that govern the structure of the tree and the statistical and demographic nature of its leaf 

nodes. Using a novel set partitioning formulation, we propose new tree development, and 

more importantly, optimal pruning strategies to accommodate the consideration of such 

objective functions and side-constraints, and establish the theoretical validity of our 

approach.  This general enhancement of the CART algorithm is then applied to the 

Activity Generator module of TRANSIMS.  Related computational results are presented 

using real data pertaining to the Portland, Oregon, and Blacksburg, Virginia, 

transportation networks to demonstrate the flexibility and effectiveness of the proposed 

approach in classifying data, as well as to examine its numerical performance.  The 

results indicate that a variety of objective functions and constraints can be readily 

accommodated to efficiently control the structural information that is captured by the 
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developed classification tree as desired by the planner or analyst, dependent on the scope 

of the application at hand. 
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C h a p t e r  1  

INTRODUCTION

1.1 Introduction 

 

TRANSIMS, the Transportation Analysis and Simulation System, is an integrated 

system of travel forecasting and simulation models that is designed to provide planners 

with accurate and comprehensive information on traffic impacts, congestion, and 

pollution.  The Los Alamos National Laboratory (LANL) initiated this effort to develop 

new transportation and air quality forecasting procedures in response to the Clean Air 

Act, the Intermodal Surface Transportation Efficiency Act, and other regulations.  It is 

part of the Travel Model Improvement Program sponsored by the U.S. Department of 

Transportation, the Environmental Protection Agency, and the Department of Energy.  

The goal of TRANSIMS is to develop technologies that can be used by 

transportation planners in any urban environment.  TRANSIMS offers transportation 

planning agencies a robust mechanism for evaluating policies, more detailed vehicle-

emission estimates, and improved analysis and visualization capabilities.  The underlying 

philosophy of TRANSIMS is that in order to study the transportation system’s 

performance effectively, one needs to simulate travel in a study area with a rather fine 

temporal and spatial resolution, based on microanalytic simulation and an activity-based 

approach for modeling the travel demand.   
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TRANSIMS starts with a survey database regarding people’s activities and the 

trips they conduct to perform these activities, and then, corresponding to the 

characteristics of each household, it builds a model for the household activity demand 

pattern.  For each transit activity, TRANSIMS optimally prescribes a route to take 

corresponding to the specified modes of transportation and time constraints.  The model 

forecasts how changes in transportation policy or infrastructure might affect these 

activities and trips.  TRANSIMS attempts to capture every important interaction between 

the travel subsystems, such as an individual’s activity plans and congestion within the 

transportation system.  For instance, when a trip takes too long, people find alternative 

routes, or change from a car to train transit, or leave at different times, or decide not to 

perform a given activity at a given location.  

The TRANSIMS framework consists mainly of six modules: 

(1) Population Synthesizer Module. This takes two types of census data: 

land-use data, and network data. Based on this, it generates synthetic 

households, and creates the identity of individual synthetic travelers.  It 

also locates each household on the network. 

(2) Activity Generator Module. This provides a 24-hour period list of 

activities for each individual synthetic household. These activities are 

based on demographic surveys and activity surveys that are collected from 

the real households.  These activities include work, shopping, school, etc.  

In addition, activity times and activity locations are determined for each 

individual.   
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(3) Route Planner Module. This develops plans for every individual 

according to the activity list generated from the Activity Generator.  Based 

on reality, people tend to choose their paths optimally with a specified 

time limit and mode preference. The Route Planner module computes 

combined route and mode trip plans to accomplish the desired activities of 

each individual, such as work, shopping, etc. This is accomplished by 

solving a defined time-dependent label-constrained shortest path problem.  

(4) Traffic Microsimulator Module.  This executes travel plans and 

computes the overall intra- and inter-modal transportation system 

dynamics.  The Microsimulator continuously updates the operational 

status, including locations, speeds, and acceleration or deceleration of all 

vehicles throughout the simulation period.  The output can provide a 

detailed, second by second history of every traveler in the system over a 

24-hour period.  Every motor vehicle in the study area is monitored in this 

manner to identify traffic congestion and emission concentrations. This 

module can predict the performance of the transportation system. 

(5) Emission Estimator Module. This module estimates the air quality, 

energy consumption, and pollution emissions.  It uses results from the 

Traffic Microsimulator to predict tailpipe and evaporative emissions for 

light- and heavy-duty vehicles.  These emissions are aggregated and are 

used to provide overall Regional Air Quality estimates. 

(6) Selector Module. This archives internal inconsistencies and selectively 

feeds back information to the appropriate foregoing modules. 
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Our focus in this dissertation will be on the Route Planner and the Activity 

Generator Modules of TRANSIMS.  In the Route Planner Module, a key problem that is 

solved for each traveler is the time-dependent label-constrained shortest path problem 

(TDLCSP).  This is an extension of the traditional shortest path problem that seeks to 

minimize the total travel time given time-dependent link delay functions. The additional 

label constraint corresponds to the mode preference of traveling from an origin (O) to a 

destination (D). For example, if some traveler prefers to walk to the car, use the car as a 

vehicle to go to the office, and finally walk from the parking lot to the office, 

TRANSIMS would use the sequence or string of modes specified by “walk-car-walk”.  

Alternatively, if a traveler prefers to drive to a transit station and then take a transit 

system such as a train to the destination, the string mode to describe this sequence would 

be “walk-car-walk-train-walk”.  This string of modes is called a label constraint.  Note 

that TRANSIMS inserts the mode “walk” at each transition step.  In this dissertation, we 

also introduce a new feature into TRANSIMS, recognizing that the time spent at an 

intersection before entering a link would depend on whether we travel straight through 

the intersection, or make a right turn at it, or make a left turn at it.  We denote this 

problem as the Approach-Dependent, Time-Dependent, Label-Constrained Shortest Path 

problem (ADTDLCSP).  Accordingly, we study how to model and analyze this situation 

by letting the travel time function for any link depend on the previous link it was 

approached from at an intersection, in addition to the time-of-day. 

The Activity Generator Module assigns an activity list to each synthetic 

household according to the match between the synthetic population’s demographic 

characteristics and that of the given household survey via a Classification and Regression 
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Tree (CART) approach. This activity list for each member of a synthetic household is 

developed over a 24-hour horizon, and contains information regarding the activity’s 

origin and destination type (e.g., home, school, workplace, etc.), its priority, starting, 

ending, and duration time preferences, a preferred travel mode, a vehicle preference (if 

appropriate), a list of possible physical locations for the activity, and a list of other 

participants (if the activity is shared).  The procedure used to generate the list of activities 

for each member of a synthetic household involves the following steps.  First, skeletal 

activity patterns are created from the survey households and the CART (Classification 

and Regression Tree) algorithm is used to build a classification tree based on the 

household demographic data.  Then, given any synthetic household, this is matched with 

a survey household through the classification tree, in order to generate activity times, 

durations, and activity locations.   

However, the user does not have control or direction on how to achieve some 

desired objectives in trip or activity generation such as the maximization of the number of 

trips produced for all households, or maximizing the average number of trips per 

household that exceed a minimum threshold.   Therefore, we will modify the CART 

algorithm, particularly in the pruning phase, so that a user can avoid extensive trial and 

error attempts in optimizing desired objectives subject to certain appropriate side-

constraints. 
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1.2 Description of Research and Organization of Dissertation 

 

Our research efforts focus on the ADTDLCSP problem and on enhancing the 

CART algorithm as introduced above.  We propose methods to solve the ADTDLCSP 

problem using a dynamic programming or Partitioned Shortest Path procedure and a 

Heap Dijkstra algorithm, and analyze their computational complexity.  In addition, we 

extend the heuristic methods studied by Sherali et al. (2003) to improve the run-time of 

our proposed algorithm.  These procedures are tested using real transportation networks 

pertaining to modeling Portland, OR, and Blacksburg, VA.  We also compare the 

performance of the proposed algorithms against the original Route Planner Module.   

To enhance the CART algorithm, we develop an optimal pruning strategy 

whereby we can optimize various objectives, or goals, subject to specified side-

constraints. We present the proposed methodology, establish its theoretical validity, and 

study its practical efficiency and computational performance using several practical 

examples based on the available survey data obtained for Portland, OR, and Blacksburg, 

VA.  The proposed methodology provides the user with an interactive tool to control the 

resulting classification tree through specified objective functions and side-constraints. 

The remainder of this dissertation is organized as follows. Chapter 2 provides a 

review of the related literature.  In Chapter 3, we present a discussion of the ADTDLCSP 

problem as a series of extensions of the traditional shortest path problem.  We develop 

effective solution methods and analyze their computational complexity. We also describe 

several improvements to the heuristic procedures discussed in Sherali et al. (2003) for 
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curtailing the search in finding good quality solutions.   Numerical experiments are 

conducted using real transportation network test instances to compare the performances 

of the different proposed algorithms and heuristics.   

In Chapter 4, we address the CART algorithmic procedure that is used in 

TRANSIMS to generate the classification trees for categorizing data. An optimal pruning 

procedure is proposed that can handle several practical objective functions and side-

constraints while developing the classification tree.  We conduct extensive computational 

tests using available real survey data pertaining to Portland, Oregon, and Blacksburg, 

Virginia.   Related computational results are presented to demonstrate the flexibility and 

effectiveness of the proposed approach in classifying data, as well as to examine its 

numerical performance.   
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C h a p t e r  2  

LITERATURE REVIEW

2.1 Motivation and Overview 

 

As discussed in Chapter 1, the Route Planner Module of TRANSIMS uses a 

special algorithm to find a path for each trip that minimizes the total travel time, given 

that the travel duration on each link is time-dependent, and that the sequence of link 

labels on these routes must conform with a specified permissible label-string constraint. 

In traditional shortest path problems, we assume a constant travel time. However, in 

TRANSIMS, we define the time delay for each link to be a function of the arrival time at 

that link. If a traveler departs home at 8.00 am to go to the office, this trip could be longer 

than that when leaving home at 7.00 am. The additional label constraint corresponds to 

the mode preference of traveling from an origin to a destination. For example, if some 

traveler prefers to walk to the car, use the car as a vehicle to go to the office, and finally 

walk from the parking lot to the office, TRANSIMS would use the sequence or string of 

modes specified by “walk-car-walk”.  This string of modes is called a label constraint.  In 

addition, the time spent at the intersection before entering a link could depend on whether 

we travel straight through the intersection, or make a right turn at it, or make a left turn at 

it.  Accordingly, we study how to model this situation by incorporating within the travel 

time function for any link a dependence on the previous link via which this was 

approached at the intersection. Additionally, due to the large number of trips that need to 
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be computed within TRANSIMS, we need to employ heuristic techniques to curtail the 

search network in order to reduce the overall computational time required.   

In TRANSIMS, the Activity Generator Module takes household demographic 

survey data and household activity survey data as its input to generate the list of activities 

for each member in the synthetic population. The household demographic survey 

contains information about the characteristics of each household member in the survey 

sample of households. This data is used for matching with the demographic 

characteristics of the synthetic households.  The activity survey is a representative sample 

of the household activities, including event-participation information for each household 

member. The Activity Generator Module assigns an activity list to each synthetic 

household according to the match between the synthetic population’s demographic 

characteristics and that of the household survey via a Classification and Regression Tree 

(CART) approach.  The CART algorithm produces a classification of household 

characteristics based on households’ travel behavior. However, the user does not have 

control or direction on how to achieve some desired objectives in trip or activity 

generation such as the maximization of the number of trips produced for all households 

or maximizing the average number of trips per household that exceed a minimum 

threshold.   Therefore, we will modify the CART algorithm, particularly in the pruning 

phase, so that the user can avoid extensive trial and error attempts in optimizing desired 

objectives subject to specified side-constraints. 
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2.2 Literature review for the Approach-Dependent, Time-Dependent, and Label-

Constrained Shortest Path Problem 

 

Mendelzon et al. (1995) prove that the labeled constrained shortest path problem 

is NP-hard. Romeuf (1988) shows that any shortest path problem with additional 

constraints in a finite A-automaton may be transformed to a usual shortest path problem 

using some product automaton, for which Dijkstra’s algorithm can then be applied.  Here, 

a finite automaton is defined by events, actions and state transitions. A finite A-

automaton is a finite automaton with discrete states A-sets. Barrett et al. (1998) use 

nondeterministic finite automata (NFA) to construct a composite graph that consists of all 

possible combinations of paths that satisfy the specified mode strings or label constraints 

for the trip from the origin node to the destination node.  An NFA is a five-tuple (S, Σ, δ, 

s0, F), where S is a finite nonempty set of possible states, Σ is the input alphabet, δ is the 

state transition function that maps S x Σ to the set of subsets of S, s0 ∈ S is the initial 

state, and F ⊆ S is the set of accepting (final permissible) states.  For the given graph 

G(N, A), where N is the set of nodes and A is the set of arcs, and the given transition 

graph GL, where the nodes represent suitable labels, and the arcs represent permissible 

transitions among the labels, Barrett et al. define two corresponding NFA.  The product 

of these two NFAs provides a composite graph G*.  They then apply Dijkstra’s shortest 

path algorithm or any other algorithm for the usual shortest path problem to the 

composite graph G* to find a label-constrained shortest path. 

Instead of constructing the full composite graph a priori, Sherali et al. (2003) 

develop an effective method for implicitly working with the composite graph.  This 
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framework is based on the partitioned shortest path algorithmic scheme of Glover et al. 

(1985 a, b) and its dynamic programming (DP) interpretation by Sherali (1991).  Sherali 

et al. prove that under the consistency or First-In-First-Out (FIFO) assumption, the 

complexity of their algorithm is polynomial of order O(|N|m|A|) where |N| is the number 

of nodes in G, |A| is the number of arcs in G, and m is the maximum number of possible 

nodes from GL that could occur at any defined stage. However, in the case of inconsistent 

or non-FIFO delays, the algorithm is pseudopolynomial of complexity O(Kηm|A|)  where 

( T )η ≤  is the maximum number of distinct values of times for which it is possible to visit 

any node within the given horizon interval [0,T], (assuming integer data), and ( )K T≤  is 

a bound on the number of stages in the DP process.   

In addition, Sherali et al. (2003) also propose four heuristic curtailing schemes to 

reduce the search effort.  These techniques focus the search to proceed toward the 

destination from the origin while avoiding the exploration of paths that deviate beyond a 

different boundary and do not utilize certain beneficial links.  Each of these heuristic 

schemes is based on a particular weight parameter, βi, applied to a delay-estimation 

function for each arc from any node i to the destination. The algorithm also imposes a 

limitation on the acceptable travel time to the destination. These four heuristic curtailing 

schemes are as follows. (1) Standard Base-Case, where the βi = 1 for each node i; (2) 

Network Sectioning Technique, where the network is partitioned into three sections and 

βi depends on the particular section that contains node i; (3) Level-Based Technique, 

where βi varies according to the depth of the node i from the origin node, and (4) 

Ellipsoidal Region Technique, where βi is zero if node i lies within a defined ellipsoid 

whose focii are the origin and the destination nodes, and is infinite otherwise.  In 
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addition, the Ellipsoidal Region Technique also includes the key freeway sections and 

two additional ellipsoids whose major axes are oriented along the line from the origin 

node to the entrance of the freeway for one, and along the line from the destination node 

to the freeway exit for the other.  Effectively, this technique considers all paths that lie 

within the three ellipsoidal regions and the region including the freeway section, and 

applies the proposed time-dependent label-constrained shortest path algorithm to this 

network. 

The computational results reported for these curtailing heuristic techniques show 

that the Ellipsoidal Region Technique provides the best compromise between the solution 

quality and the computational effort.  This technique finds solutions within 7% of 

optimality and saves 33.57 % CPU time with respect to the exact method.  In addition to 

the Ellipsoidal Region Technique, Sherali et al. replace two additional ellipsoids with 

rectangular regions.  The quality of solution improves to within 6.7% of optimality, but 

the CPU effort reduces only by 27.53% of that required by the exact method.  The 

amount of saving in CPU time is critical due to the large number of trips that need to be 

computed within TRANSIMS. 

This curtailing technique could be extended by including the search for any 

nearby high-speed corridors and transit systems that could help avoid bottlenecks within 

the transportation system on the search path.  If there is an entrance/transit-stop close by 

the origin, the algorithm could search for and include the corresponding transit routes 

within a certain corridor along with nearby exit/transit-stops leading to the destination. In 

the sequel, we shall propose such an idea on how to improve the Ellipsoidal Region 
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Technique by using the available information to the extent possible.  The intent here is to 

reduce the CPU effort while obtaining near-optimal solutions.  

For further details on this subject, we refer the reader to Ahuja et al. (1993), Hart 

et al. (1968), Sedgewick and Vitter (1986), as well as to the related discussion in Chapter 

3. 

 

2.3 Literature review for the CART Algorithm 

 

Breiman et al. (1984) introduced the Classification and Regression Trees 

(CART), which is an innovative methodology for the analysis of large data sets through a 

binary partitioning procedure.  The CART algorithm first finds a maximal tree by a tree 

growing step, and then prescribes the final tree via a pruning step.  In this context, Taylor 

and Silverman (1993) propose new splitting or branching criteria and Mola and Siciliano 

(1997) propose fast splitting algorithms.  Cappelli et al. (1998) propose an alternative 

pruning procedure based on an impurity complexity measure.  Further details and 

illustrations of the CART algorithm are provided in the corresponding Chapter 4 that 

pertains to this topic. 
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C h a p t e r  3  

THE APPROACH-DEPENDENT, TIME-DEPENDENT, 
LABEL-CONSTRAINED SHORTEST PATH PROBLEM 

3.1 Introduction 

 

Consider a graph G(N,A) comprised of a set of nodes N and a set of directed arcs 

A.  Each arc (i, j) has an associated label designating a mode of transportation, and an 

associated travel time function that depends on the time of arrival at the tail node i, as 

well as on the link (u, i) along which the node i was approached. The lattermost feature is 

a new concept injected into the time-dependent, label-constrained shortest path problem 

discussed by Sherali et al. (2003), and is used to model turn-penalties in transportation 

networks.  For example, referring to Figure 3.1-1, the travel along link (i, j) might follow 

an approach to node i from any of the (reverse star) nodes . The time spent at 

the intersection i before entering link (i, j)  would depend on whether we travel straight 

through the intersection, or make a right turn at it, or make a left turn at it, as the case 

would be when approaching i from , respectively.  Accordingly, we model 

this situation by incorporating within the travel time function on link (i, j) a dependence 

on the link via which node i was approached.  

321 or,, uuu

321 or,or, uuu

Note that we could have modeled this situation by defining suitable additional 

nodes and edges as illustrated in Figure 3.1-1 (b) with obvious reformulation details. 

However, this would tend to blow up the size of the network (imagine several approach-
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dependent nodes in the forward star of i as well) and would be inconvenient by requiring 

a modification of some given, possibly complex, transportation network representation.  

Hence, we choose to equivalently handle this situation by assuming an approach-

dependent travel time function. 

 

u3
u3

 

Figure 3.1-1: Approach-dependent travel time concept. 

 
 

Given an origin node  and a destination node , the problem is to find a 

shortest path from O to  that conforms with some specified admissible string of labels.  

Typically, we might also be given some upper bound T on the permissible travel time 

from to , whereby, the computation of a shortest path from  to  could be 

aborted once it is provably determined that there does not exist a path for which the total 

travel time is less than or equal to T. 

O D

D

O D O D

u1

u2

j i u1

u2

j i1

i3

i2

(a) (b) 
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3.2 Approach-dependent Shortest Path Problem 
 

 

To begin our discussion, let us first consider the case when the link travel times 

are approach-dependent, but we do not have any time dynamic aspects, or specified label 

constraints, or any upper bound T on permissible travel times.  Also, while transportation 

travel times would typically be nonnegative, in order to consider a more general case 

wherein such a shortest path problem might be defined with respect to mixed-sign 

reduced cost functions in a decomposition framework, we permit negative function 

values. However, we assume that the network is devoid of any negative cost circuits.  Let 

us refer to such a problem as an Approach-dependent Shortest Path Problem. 

 
Note that in an overall transportation network, there might be only a few nodes i 

of the type illustrated in Figure 3.1-1, for which the emanating edges have travel time 

functions that depend on the edge along which i was approached.  Let  represent 

such “approach-dependent” nodes, and let us denote 

NN A ⊆

AA NNN −≡ . Also, for any 

nodes , let Ni ∈ { }AjijiFS ∈= ),(:)( and { }AijjiRS ∈= ),(:)(  respectively define the 

forward star and the reverse star of i. Without loss in generality, we will assume that 

 and .  Given any node ∅=)(DFS ∅=)(ORS ANp ∈ , we will conceptually create 

clones of node p for each qp )( pRSq ∈  in order to represent an approach to p via the 

edge (q, p). Accordingly, we will designate the travel time to traverse link (p, j), for any 

, given that node p was approached via link (q, p), for )( pFSj ∈ )( pRSq ∈ , by  .  

For 

jpq
t

ANp ∈ , the corresponding travel time function will be denoted simply by 
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)(, pFSjt pj ∈∀ .  (For convenience or uniformity in notation, we will also sometimes 

refer to a node ANp ∈  as  where qp ∅=q  (i.e., pp ≡∅   for ANp ∈ ).) 

 
Let us now describe a dynamic programming (DP) routine to find a shortest path 

from  to  in such an approach-dependent network.  For simplicity in notation, let us 

assume that  and that , where n=|N|. (Actually, the prescribed methodology 

will also find a shortest path from node 1 to all the other nodes in N.)  Following this 

description, we will recast this dynamic programming procedure into the framework of a 

modified Partitioned Shortest Path (PSP) algorithm following Sherali's (1991) analysis 

that establishes the equivalence of the PSP algorithm due to Glover et al. (1985a) with a 

DP scheme for the usual static shortest path problem.  

O D

1≡O nD ≡

 
Toward this end, consider the following definitions of stages, states, decisions, 

and the (forward) recursive equation for the DP routine.  The number of stages (which are 

implicitly created) will be no more than the maximum number of edges in a simple path 

from node 1 to any other node (bounded above by (n-1)).  The overall state-space is 

designated by  

 

{ })(and,,and,, iRSjNiiNiiiS AjA ∈∈∀∈∀≡= ∅ . (1) 

 

We will also maintain a shortest path label Siw ji j
∈∀, , that are initialized 

as and , otherwise.  Furthermore, following a forward recursive scheme, the 

states  at Stage k will represent the possible set of states that we could have 

01 =w ∞=
jiw

kS
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transitioned to at this stage, and the decision set  at Stage k will represent the possible 

set of states from which this transition could have occurred. 

kD

Specifically, these sets are defined recursively as follows. 

 
Stage 1: 
 

}1{1≡D  (2a) 

{ }AA NFSjjNFSjjS ∩∈∩∈= )1(eachfor ,)1(each for 11 . (2b) 

 
Stage k, k ≥  2: 
 

{ }1 Stageat improved was:1 −∈= − kwSpD
qpkqk  (3a) 

{ }.)(each for  ,)(each for ApA
Dp

k NpFSjjNpFSjjS
kq

∩∈∩∈=
∈
∪ (3b) 

 
 
If , we terminate the process. Otherwise, the recursive equation used for 

computing a shortest path estimate at Stage k to State , designated , is given by 

∅=kD

rj )(*
rk jf

 
, states and 1 stages )},({minimum)( *

1

if
and),(
:

*
krqkjp

rrp
Ajp
Dp

rk Sjkpftjf
q

kq

∈≥∀+= −

∅≠=
∈
∈

 (4) 

 
where .  Letting  be an optimal decision from  in (4), we also 

execute the following: 

0)1(*
0 ≡f )(*

rk jd kD

 

If , then update and let , 
rjrk wjf <)(* )(*

rkj jfw
r

= )()( *
rkr jdjDOWN = (5) 

 
where  records the predecessor index for tracing the shortest path.  Note that 

the shortest path to node j from node 1 is of value 

)(⋅DOWN

{ }
rr j

jRSr
j ww min

)(* ∈
≡  if , and is ANj ∈
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given by  itself for jw ANj ∈ , and can be retrieved by tracing back from the state  

(where  if 

*rj

∅=*r ANj ∈  ) to node 1 using the )(⋅DOWN labels. 

 

Proposition 1. The foregoing DP routine finds a shortest path from node 1 to each of the 

other nodes in the network (assuming that no negative cost circuit exists) in polynomial- 

time having complexity O(|N|2|A|).  

Proof. The legitimacy of the routine follows from the definitions of the stages, states, 

decisions, and the recursive equation as in (2)-(4), along with Bellman's Principle of 

Optimality.  The latter holds true here since given any stage k and state , the 

shortest path from this state onward to any node depends only on the fact that we are at 

node j that has been approached via the link (p,j), and not on any other previous states 

and decisions. 

kp Sj ∈

For the complexity argument, observe that the maximum number of stages is 

O(|N|). Furthermore, at each stage, any node p appears in q kp D∈  at most O(|N|) times.  

For each such appearance of qp , scanning its forward-star to develop the corresponding 

nodes in  takes  time. Performing this for each appearance of p at Stage k 

takes  time. Summing over all possible nodes p at Stage k gives a 

complexity of  per stage.  This yields an overall complexity of O(|N|

kS (| ( ) |)O FS p

(| || ( ) |)O N FS p

(| || |)O N A 2|A|), and 

the proof is complete.   
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Example 1. 
Consider the network depicted in Figure 3.2-1, where all links have static travel 

times as shown against them, except for link (3, 4) for which the travel time is either 2 or 

4 units, depending on whether node 3 is approached via link (1, 3) or (2, 3), respectively.  

2

4

3

1

2

1

5

⎩
⎨
⎧

(2,3)  viaapproached is 3 node if 4
(1,3)  viaapproached is 3 node if 2

  =  timeTravel4

O = = D

 
 
Figure 3.2-1: Network for Example 1. 
 
The stage-wise computations for this example would proceed as follows. 
Initialization  Note that for this example, we have, }44,3,3,22,11{ 21 ≡≡≡≡ ∅∅∅S .  
We initialize ∅≠∈∀∞== 1,   ,and,01 jji iSiww

j
. 

 
Stage 1. 
 
  D1    
  1 )(*

1 rjd )(*
1 rjf  

:1Sj ∈  2 2 1 2 along with }1)2(,2{ 2 == DOWNw  

 31 4 1 4 and }1)3(,4{ 131
== DOWNw . 

 
Stage 2. 
 
  D2    
  2 31 )(*

2 rjd )(*
2 rjf  

:2Sj ∈  32 1+2 - 2 3 
along with 

}2)3(,3{ 232
== DOWNw  

 4 5+2 2+4 31 6 and  4 1{ 6, (4) 3w DOWN }= = . 
 



 21

Stage 3. 
 
  D3    

  32 4 )(*
3 rjd )(*

3 rjf  

:3Sj ∈  4 4+3 - 32 7 
Note: Since , no 
update is performed. 

764 <=w

 
 
We now terminate since D4 would be null.  The shortest paths from node 1 to all the other 

nodes are given as follows: 

Node 2: ; path: . 22 =w 21 →

Node 3: ; path: . 3},min{
221 333 == www 321 →→

Node 4: ; path: , where 3 is represented here by 364 =w 431 →→ 1. 

 

Remark 1. It is interesting to note here that the shortest path to node 4 passes through 

node 3, but its sub-path to node 3 is not the shortest path to node 3.  Hence, in traversing 

to node 4 from node 1, it is better for us to take a somewhat longer path  to the 

intermediate en route node 3, as opposed to the shortest path  to node 3, in 

order to avoid a relatively greater turn-penalty associated with the latter path in 

comparison with the former.  

31 →

321 →→

 

Remark 2. It is instructive to also note that this DP process implicitly views the network 

of Figure 3.2-1 as its expanded counterpart given in Figure 3.2-2 without actually 

requiring such an expansion a priori, which can get cumbersome for more complete 

networks.  
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2

4

31

1

2
1

5

4

O = = D32

2

4

 

 
Figure 3.2-2: Expanded Network for Example 1.  

 

3.3 Partitioned Shortest Path (PSP) Implementation 

 

As discussed in Sherali (1991) for the case of the usual static shortest path 

problem, the foregoing type of a dynamic programming routine can be equivalently 

implemented via a partitioned shortest path (PSP) list structure and labeling scheme. 

Here at each stage k, the list NOWk represents Dk and the list NEXTk in essence builds up 

the scan-eligible states in Sk, where we set kk SD =+1  at the following stage.  Also, the 

computations in the DP table occur column wise as we scan the forward stars of the 

nodes corresponding to the states in kk NOWD = .  However, for effectiveness, whenever 

the label  of a state  is revised at any stage, while  is still a member of NOW
rj

w rj rj k that 

has not as yet been scanned, we can use this updated label at this stage itself when we 

select to scan  (i.e., via the forward star of j), rather than wait to do this at the rj
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subsequent stage.  A flow-chart for this procedure is given in Figure 3.3-1.  Its worst-case 

complexity remains the same as that for the DP procedure, i.e., O(|N||A|2). 

 

Example 2. 
Let us illustrate the PSP algorithm of Figure 3.3-1 for the example of Figure 3.2-1. 

 
k=1. 
 

⎥
⎦

⎤
⎢
⎣

⎡ ∅
→⎥

⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡
}3,2{

}{
}{

}1{

11

1

NEXT
NOW

 
with }1)2(,2{ 2 == DOWNw and 

}1)3(,4{ 131
== DOWNw . 

 
k=2.  
 

⎥
⎦

⎤
⎢
⎣

⎡ ∅
→⎥

⎦

⎤
⎢
⎣

⎡
→⎥

⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡
}4,3{

}{
}4,3{

}3{
}{
}3,2{

22

11

2

2

NEXT
NOW along with }2)3(,3{ 232

== DOWNw  and 
}2)4(,7{ 4 == DOWNw when scanning 

FS(2), being revised to 
}3)4(,6{ 14 == DOWNw when scanning 

FS(3) for 213 NOW∈ . 
 
 
k=3.  
 

⇒⎥
⎦

⎤
⎢
⎣

⎡
∅
∅

→⎥
⎦

⎤
⎢
⎣

⎡
∅

→⎥
⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡
}{
}{

}{
}3{

}{
}4,3{ 22

3

3

NEXT
NOW

stop. 
 

 
 
The shortest paths are then traced identically as in Example 1. 
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Initialize: 
{ } ( ) .,01and,0,,1,1 111 ∞===∅===

jiwDOWNwNEXTNOWk   

 
Figure 3.3-1: Flow-chart of a PSP implementation for the approach-dependent shortest path problem. 

1+← kk  

∅=kNOW
 

∅=kNEXT kk NEXTNOW =+1Put  
∅=+1 and kNEXT  

STOP; recover shortest 
paths as for the DP 
procedure 

• . if  where, from stateaPick Akq NpqNOWp ∈∅=                                  
• :do),(each For  :)(Scan pFSjpFS ∈  

.in  put  then , if and,)(

,set  then , If. :(i) Case

kkkq

jppjjjppA

NEXTjNEXTNOWjpjDOWN

twwwtwNj
qqqq

∪∉=

+=<+∈
 

 

.in  put  then , if and,)(

,set  then , If. :(ii) Case

kpkkpqp

jppjjjppA

NEXTjNEXTNOWjpjDOWN

twwwtwNj
qqppqq

∪∉=

+=<+∈
 

kq NOWp  from  Remove  

Y N 

N Y 
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3.4 Approach-dependent, Label-constrained Shortest Path Problem 

 

In this section, we extend the approach-dependent concept to the label-

constrained shortest path problem, given an origin O and a destination D.  In addition to 

the terminologies from previous section, suppose that each arc is also ascribed a label 

taken from some alphabet Σ, and that we are given a language L comprised of words, or 

sequences of alphabets, that constitute acceptable sequences of labels on any selected 

path .  Hence, if  denotes the word 

formed by the sequence of labels on the arcs in a path 

{ }DOGP  node  to node from in  Paths≡∈℘ )(P

∈℘P , the Label-constrained 

Shortest Path Problem seeks to find a shortest path P* from O  to  from among all 

paths in the set 

D

{ }LPP ∈∩℘ )(: .  

Following Sherali et al. (2003), examining the admissible label sequences in L, let 

us define a corresponding label-transition graph GL as follows.  The nodes of this graph 

represent a finite set of states },...,1,0,{ RrqQ r =≡  that includes a dummy initial state 

q0.  The arcs of GL represent transitions between the states, where each such transition arc 

has an assigned label , and where for any state (node) qΣ∈ r, the set of labels associated 

with the arcs emanating out of qr are all distinct.  Hence, in effect, there exists some 

transition function QQ →∑×:δ  such that if  is an arc in G),( rr qq ′ L having an assigned 

label , then we can write ),( rr qq ′= δ .  The construction of this graph GL in terms of 

these states (nodes) and labeled transitions (arcs) should be such that for any node qr, the 

sequence of labels on any (simple or non-simple) path from q0 to qr is part of a legitimate 

word that is admitted by the specified language.  Moreover, there should exist a 

nonempty set of final states  such that for any QF ⊆ Fqr ∈ , the sequence of labels on 
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any (simple or non-simple) path from q0 to qf is a word in L, and conversely, all realizable 

words in L are thus represented.  We assume that the specified language L is admissible if 

it can be represented by such a label-transition graph GL.  A label-transition graph GL of 

this type is also referred to as a Deterministic Finite Automaton (DFA) as defined below. 

Definition 1: A Deterministic Finite Automaton (DFA) is a five-tuple: (Q, Σ, δ, q0, F), 

where Q is a finite nonempty set of possible states, Σ is the input alphabet, δ is the state 

transition function that maps Q x Σ to the set Q, q0 ∈ Q is the initial state, and F ⊆ Q is 

the set of accepting (final permissible) states. 

 The admissible language L is also called regular if it is accepted by a 

corresponding DFA, which in turn, is associated with a label-transition graph GL.  In 

order to illustrate the idea behind the label-transition graph GL, Figure 3.4-1 depicts this 

graph for some sample languages L.  In Figure 3.4-1(a), the language L contains two 

words that share the first two alphabets, ab.  In Figure 3.4-1(b), we use self-loops in GL to 

represent the streams of possibly repeated labels in L, where the notation , for any 

, denotes a repeated sequences  having at least one occurrence of .  Finally, in 

Figure 3.4-1(c), the language L contains two words having a common alphabet c that 

appears after some distinct alphabets in the words. Notice how the states (nodes of G

Σ∈ ...

L) 

are defined in this case to keep the two possible types of occurrences of the label c 

distinct.  In all cases, the graphs GL correspond to some DFA. 
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(a) A label-transition graph GL of L = {abcd, abe}. 

 

(b) A label-transition graph GL of L= },{ wbwwcw . 
 

 
(c) A label-transition graph GL of L= {abce, adcf}. 

Figure 3.4-1: Illustration of GL for some sample languages L. 

 

 

q 0 q 1 q2

q3
d

q5

      q 

q4

a b 
c 0 : initial state

: final state

e

q1

q2

q3

q4

c

ww
wc

q 0 
w 

b w

b

q0 q 1 q2 q4 q6

q3 q7q5

a b c e

f

d

c



 28

 Let us first formally define an approach-dependent labeled graph (ADL) G = (N, 

A, t, Σ). This is a directed, labeled graph, where AA NNN ∪=   is a set of nodes as 

defined previously and A is a set of arcs.  Furthermore, the travel time to traverse link 

(p,j), for any , given that node p was approached via link (u,p), for , 

is specified by . For 

)( pFSj ∈ )( pRSu ∈

jpu
t ANp ∈ , the corresponding travel time function will be denoted 

simply by .  Moreover, the labels on the arcs of G are drawn from an 

alphabet Σ. 

)(, pFSjt pj ∈∀

 

Example 3. 
 Consider the ADL graph illustrated in Figure 3.4-2(a), having static travel times 

and labels as shown against them, except for link (5,6) for which the travel time is either 

2 or 4 units, depending on whether node 5 is approached via link (3,5) or (4,5), 

respectively.  Suppose that we are required to find a shortest path from node O =1 to 

=6 subject to the constraint that the corresponding label sequence should belong to the 

language L = {abcd, abe}, where the associated label-transition graph G

D

L is depicted in 

Figure 3.4-1(a).  The state-space is designated by Equation (1) and all the states at stage k 

correspond to nodes that are reachable from node O  in k steps. For the corresponding 

(conceptually) expanded graph of Figure 3.4-2(a), as shown in Figure 3.4-2(b), we would 

have the following states for each of the possible five stages. 

 stages k 
 0 1 2 3 4 5 

1 2 3 4 54 6 
  3 4 54 6   
   53 53    

states 

      6     
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(a) An ADL graph G =(N, A, t, Σ). 

 

(b) A conceptually expanded ADL graph G =(N, A, t, Σ). 

 

(c) Composite graph G*. 

Figure 3.4-2: Illustrations for Example 3. 
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We define the number of stages K as follows: 

le string in L,  

(6) 

where U tages to be conside

 

K = min{ UB, length of the maximum admissib

maximum number of steps from O  to D  possible in G}, 

B is some finite practical upper bound on the number of s red.  

 Using the ADL graph G and the label-transition graph GL, we can conceptually

construct a composite graph G* having a stage-wise structure as follows.  At stage 0, G* 

has the single node (O , q0).  Then, progressing inductively, given the construction of G* 

up to some stage }1,...,1, −{0∈ Kk , we construct the nodes of G* at stage k+1 along with 

the corresponding these nodes from stage k using the following process.  

For each node ),( rj qi ′′  of G* at stage k (where 

 arcs leading to 

∅=j  if ANi ∈′ ), if there exists an arc 

),( ii′  in G having a label  such that for some st in G ave that ),( rr qq ′=ate qr L we h δ , 

if we have Case (i): then ANi , we include the node ),( rqi  in G* at stage  

construct an arc from ,( ji′  ),( rqi  in G* having a cost of ii j
t ′ ; on the other hand, if 

we have Case (ii): i ∈ n w ude the node ),( qi ′  in G  at stage k+1, and we 

construct an arc from )rq ′  to ),( ri qi ′  in G* having a cost of iit ′ .  By construction, the 

graph G* is acyclic and y pa * from ( O , q

∈ k+1, and we

)rq ′  to

, the

,( ji′

 for an

xample 3, Figure 3.4-2(c) illustrates the composite graph G* that 

would be constructed.  We can now find a shortest path from node ( q0) to ( qf) in 

AN e incl ri *

 
j

th in G 0) at stage 0 to (ij, qr) at stage k, we 

have a corresponding path in G, where the associated sequence of labels constitutes a part 

of an admissible word in L.  Moreover, any simple path in G* from (O , q0) to ( D , qf), 

where Fq f ∈ , corresponds to a path in G having a sequence of labels that constitutes an 

admissible word in L.   

 For the case of E

O , D , 
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G ing any standard algorithm for computing shortest paths such as Dijkstra’s 

algorithm (see Bazaraa et al., 1990, for example).   

 To present how this problem can be solved using a dynamic programming (DP) 

routine without an explicit construction of the com

* us

posite graph G*, suppose that 1≡O  

and that nD ≡ , where n=|N|. The state-space S is defined as the set of nodes in the 

composite graph G*, so that we need to find a shortest path from node (1, q0) to (  

Fq f ∈∀ . W will maintain shortest path labels Sqiw rjqi rj
∈

n, qf)

e ∀ ),(,),( , which are 

initialized as ∞==  and0 ww , otherwise.  The set of states S),(),1( 0 rj qiq

decision set Dk are defined recursively as follows. 

 
≡  (7a)

k at stage k and the 

 

Stage 1: 

)},1{( 01 qD

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎧ ,( qi

⎨

=
∩∈

=
∩∈

=

),(such that   is in  ),1( arc
on  label  the where)1(each ,(

 with  along ;),(such that  is in  ),1( arc 
on label  the where)1(each for  )

0

1

0
1

qqGi
NFSiqi

qqGi
NFSi

r

Ar

r

Ar

δ

δ . 

(7b)

 
Stage k, k ≥ 2: 
 

S for  )

{ }1 stageat  improved  was:),( ),(1 −∈= − kwSqiD
rj qikrjk  (8a)

.

 ),(such that   is in  ),( arc
on  label  thewhere)(each for  )(

 withalong );,(such that   is in  ),( arc
on  label  the where)(each for ),(

⎪
⎧ i

),(

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎨

=′
∩′∈

=′
∩′∈

=

′

′

′

∈′ ′

∪
rr

Ari

rr

Ar

Dqi
k

qqGii
NiFSi,qi

qqGii
NiFSiq

S
krj

δ

δ

(8b)
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If , we terminate the process. Otherwise, the recursive equation used for 

computing a shortest path estimate at stage k to state , designated , 

where 

∅=kD

),( rp qi ),(*
rpk qif

ANip ∈∅=  if , is given by 

 
* *

1
:

( , ) and
if

( ) { ( )}minimum q
q k

k r p j k q
p D

p j A
p r r

f j t f p ,  stages 1 and states ,r kk j−
∈

∈
= ≠∅

= + S∀ ≥ ∈  (9) 

 
where . Letting  be an optimal decision from  in (9), we also 

execute the following: 

0),1( 0
*

0 ≡qf ),(*
rpk qid kD

If , then update and let 

. 
),(

* ),(
rp qirpk wqif < ),(*

),( rpkqi qifw
rp

=

),(),( *
rpkrp qidqiDOWN =

(10) 

 
For the destination node nD ≡ , where we can assume that ANn ∈ , we have that 

the shortest path value from  to 1≡O nD ≡  is given by  

),(),( *min
ff

f
qnqnFq

ww ≡
∈

, say,  (11) 

where the corresponding shortest path can be traced backwards by following the 

 labels starting at the node/state at the appropriate stage where   

was realized. 

)(⋅DOWN ),( *
fqn

),( *
fqn

w

The stage-wise computation for Example 3 would proceed as follows. 

Initialization  .  

We initialize 

}),6(),,6(),,5(),,5(),,4(),,3(),,3(),,2(),,1{( 54333422110 qqqqqqqqqS ≡

),1(),(,),(   ,and,0 0),(),1( 0
qqiSqiww rjrjqiq rj

≠∈∀∞== . (Note that the 

overall state-space S will be revealed dynamically by the algorithmic process, and that we 

need not enumerate it at the initialization step; its identification here is only for 

illustration purposes.) 
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Stage 1. 
 

  D1   
  (1,q0) ),(*

1 rp qid  ),(*
1 rp qif  

1),( Sqi rp ∈ : (2, q1) 2 (1, q0) 2 
 (3, q1) 5 (1, q0) 5 

 

along with { }),1(),2(,2 01),2( 1
qqDOWNw q ==  and { }),1(),3(,5 01),3( 1

qqDOWNw q == . 

 

Stage 2. 
 

  D2   
  (2, q1) (3, q1) ),(*

2 rp qid  ),(*
2 rp qif  

2),( Sqi rp ∈ : (3, q2) 2+2 - (2, q1) 4 
 (4, q2) 3+2 - (2, q1) 5 

 

along with { }),2(),3(,4 12),3( 2
qqDOWNw q ==  and { }),2(),4(,5 12),4( 2

qqDOWNw q == . 

 
Stage 3. 

 
  D3   
  (3, q2) (4, q2) ),(*

3 rp qid  ),(*
3 rp qif  

 (53,q3) 1+4 - (3, q2) 5 
3),( Sqi rp ∈ : (54,q3) - 2+5 (4, q2) 7 

 (6,q4) - 1+5 (4, q2) 6 
 

along with { }),3(),5(,5 233),5( 33
qqDOWNw q == , { }),4(),5(,7 234),5( 34

qqDOWNw q == , 

and { }),4(),6(,6 24),6( 4
qqDOWNw q == . 
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Stage 4. 
 

  D4   
  (54,q3) (53,q3) (6,q4) ),(*

4 rp qid  ),(*
4 rp qif  

4),( Sqi rp ∈ : (6,q5) 4+7 2+5 - (53,q3) 7 
 

along with { }),5(),6(,7 335),6( 5
qqDOWNw q == .  

We now terminate since D5 would be null.  Note here that both q4 and q5 are in the 

set of final states. Thus, from (11), the shortest path from node 1 to node 6 in graph G has 

length ),6(),6(),6( 454
6}7,6min{},min{ qqq www === , which is realized at Stage 3.  

Following the  labels from Stage 3 backwards, we trace this shortest path as 

.  This yields the corresponding shortest path in G as  

1 2 4 6, following the labels abe, obtained from G

)(⋅DOWN

),6(),4(),2(),1( 4210 qqqq →→→

L of Figure 3.4-1(a) corresponding 

to the sequence of states  in G4210 ,,, qqqq L.  

 We establish the complexity of DP for solving Problem ADLCSP under the 

practical assumption that )(O NK = .   

Proposition 2. Given an ADL graph G and given the label-transition graph GL 

corresponding to the language L, suppose that K given by Equation (6) is of )(O N . Let 

m be the maximum number of possible states in GL that could occur at any stage k 

(bounded above by the nodes of GL).  Then the dynamic programming routine proposed 

for solving ADLCSP is of complexity 2O( )m N A . 

Proof.  The number of stages enumerated is O(|N|). For each stage k, any node i of G 

appears in  at most m|N| times. For each such krp Sqi ∈),( krp Sqi ∈),( , scanning the 
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forward star of i to examine any )(iFSj ∈  for which arc (i,j) in G has a label  such that 

),( rr qq δ=′  takes O(|FS(i)|) time, given the transition function δ . Performing this for 

each repetition of i at stage k takes O(m|N||FS(i)|) time.  Summing this over all possible 

nodes of G appearing at stage k gives a total complexity of O(m|N||A|) per stage.  Hence, 

the overall process is of complexity O(m|N|2|A|). 

 

In the case of non-approach-dependent LCSP as discussed by Sherali et al. 

(2003), the time complexity is O(m|N||A|) which is O(|N|) times lower than ADLCSP.  

The additional factor of |N| in Proposition 2 is due to the number of times any node i can 

appear at any stage k with respect to its approach. We will now use the foregoing 

concepts to formalize this discussion in the context of time-dependent travel times in the 

next section. 

  

3.5 Approach-dependent, Time-dependent, Label-constrained Shortest Path 

Problem 

 

In this section, we now additionally consider the link delays to be time-dependent 

functions.  We will designate the travel time to traverse link ),( ii′ , for any )(iFSi ′∈ , 

given that node i  was approached at time ′ τ  via link ),( ij ′ , for , by )(iRSj ′∈

0)(, ≥′ τii j
t .  For ANi ∈′ , the corresponding travel time function will be denoted simply 

by )(),(, iFSit ii ′∈∀′ τ .   As mentioned in Sherali et al. (2003), the time-dependent travel 

time functions arise in the context of congestion-related delays at different times of the 

day.  This function might be an analytical statistically determined real valued function 
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defined over a continuous or a discrete time domain.  It can be obtained from the 

tabulated survey observations or from a dynamic traffic assignment based simulation 

process (see TRANSIMS (2002a)).  In the latter case, the function values might be stored 

in look-up tables being defined as 

{ } { }∆′∆∆→∆∆∆≡′ hhHt ii j
,...,2,,...,2,,0:,  

for some discretized time duration ∆  and integer h′ , and some suitable large integer h 

such that the characterization of the delay function beyond the time ∆h  is not of practical 

interest.  Note that to obtain the travel time for any τ  where a ∆  < τ  < (a+1)  for some 

value a, we can estimate this value by interpolating between the corresponding travel 

times for a  and (a+1) ∆ .   

∆

∆

Let us also specify: 

T = some upper bound on the total delay of an acceptable path in the 

solution to the underlying problem. 

 

(12) 

As discussed in Sherali et al. (2003), this additional parameter controls the degree 

of exploration of the network.  It might be user-defined or could be taken as the total 

delay for some known admissible DO −  path.  It also induces an upper bound UB on the 

number of stages as defined in Equation (6).   

 Similar to the foregoing section, let us define an approach-dependent and time-

dependent labeled graph (ADTDL) G = (N, A, t, Σ) as a directed, labeled graph, where 

AA NNN ∪=   is a set of nodes as defined previously and A is a set of arcs such that the 

labels associated with each of the arcs of G are drawn from an alphabet Σ.  The travel 

time function, t, is time-dependent as defined at the beginning of this section.  We are 

also given an admissible regular language L based on which we can construct a 
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corresponding label-transition graph GL. The ADTDLCSP problem then seeks to find a 

time-dependent shortest path P* in G from  among all such paths , the set 

of paths in G from , for which 

DO   to ∈℘P

DO   to LP ∈)( , where  is the sequence of alphabet 

labels along the path P.   

)(P

 In this context, the proposed algorithm employs time-expanded states , 

for each node 

),,( rj qti

∅=∈∈∈ jNiiRSjNi AA with or  ),(, , each time Ht ∈ , and each state 

, where t is the time of visitation of node iQqr ∈ j, and qr is the label-sequence induced 

state at which this visitation occurred. As before, instead of explicitly generating the 

corresponding time-expanded composite graph G*, which can be memory and time 

intensive, we dynamically generate a reduced-size time-space network implicitly, while 

simultaneously finding a solution to the ADTDLCSP problem.  These states are 

effectively the nodes of G*, that are examined during the algorithmic process over the 

various stages k = 1,…,K.   

To solve this problem using a similar dynamic programming (DP) routine as 

before, we maintain the three-tuple states Arj Nijqti ∈∅= for    where),,,( , and where 

note that the current shortest path label to this state is given by t itself.  We then 

recursively generate the state set Sk for stage , based on the previous state set  as 

follows, starting with , 

1≥k 1−kS

)},0,1{( 00 qS ≡

 

.

.)( and ),(such that   is in 

 ),( arcon  label  thewhere)(each for  ),(

 withalong;)( and ),(such that   is in 

 ),( arcon  label  the where)(each for ),,(

1),,(

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

<′+′==

′∩′∈

<′+′==

′∩′∈

=

′′

′

′′

∈′′ −′

TttttqqG

iiNiFSiq,ti

TttttqqG

iiNiFSiqti

S

iirr

Ari

iirr

Ar

Sqti
k

j

j

krj

∪
δ

δ
(13) 
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If , we terminate the process.  We also maintain a predecessor list ∅=kS )(⋅kDOWN  for 

each stage k, where for any kri Sqti ∈′ ),,( , )  denotes the corresponding 

predecessor  that defined this state via (13).  In addition, we keep the 

incumbent solution, or the best-known solution, in .  

,,( rik qtiDOWN ′

),,( rj qti ′′′

*)*,*,( qtk

 

Example 4. 

Consider an approach-dependent and time-dependent labeled graph (ADTDL) G shown 

in Figure 3.5-1 with the admissible language L = {abcd, abe}, where the corresponding 

label-transition graph GL is shown in Figure 3.4-1(a).  All the links have constant travel 

time functions except for link (5,6), and all nodes other than node 5 are approach-

independent.  Note that the travel time function ttt ′−=′ 8)(6,54
 does not satisfy the FIFO 

assumption.  The stage-wise computation for the example is as follows. 

Initialization. 

({ 00 ,0,1 qS = )}, where ∅=≡ *)*,*,( and 1 qtkO . 

Stage=1. 

({ )00 ,0,1 qS = }                                ( ) 1
1

1

,5,3
),2,2(

S
q
q

=
⎭
⎬
⎫

⎩
⎨
⎧

Stage=2. 

( )⎭
⎬
⎫

⎩
⎨
⎧

=
1

1
1 ,5,3

),2,2(
q
q

S   
( )
( ) 2

2

2

,5,4
,4,3

S
q
q

=
⎭
⎬
⎫

⎩
⎨
⎧
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Stage=3.   

( )
( ⎭

⎬
⎫

⎩
⎨
⎧

=
2

2
2 ,5,4

,4,3
q
q

S )                                          
( )

( )
3

4

34

33

,9,6
,7,5(
,5,5

S
q
q
q

=
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
 

Since D=6 and , we set Fq ∈4 ),9,3(*)*,*,( and 9 4qqtkT == . 

Stage=4.   

⎭
⎬
⎫

⎩
⎨
⎧

=
),7,5(
),5,5(

34

33
3 q

q
S                                         

( )
( ) 4

5

5

,8,6
,12,6

S
q
q

=
⎭
⎬
⎫

⎩
⎨
⎧

 

Since  has a total travel time greater than T, we exclude  from the set 

S

),12,6( 5q ),12,6( 5q

4.  Moreover, since D=6 and Fq ∈5 , we set ),8,4(*)*,*,( and 8 5qqtkT == . 

We stop at Stage 5 because ∅=5S .  To retrieve the shortest path, starting at 

Stage k*=4, and state ),8,6(*)*,,( 5qqtD = , we trace back via the predecessor lists in the 

reverse order:  .  Thus, 

the path 1 2 4 5 6 having the label sequence abcd and a delay of t* = 8 solves the 

given ADTDLCSP problem. 

⎯⎯←⎯⎯←⎯⎯← bcd qqq ),5,4(),7,5(),8,6( 2345 ),0,1(),2,2( 01 qq a⎯⎯←

o

2

3

4

5

6(O=1) (D=6)

⎩
⎨
⎧

′′
′′+

=
(4,5) viaat  approached is 5 node if-8
(3,5) viaat  approached is 5 node if2

   timeTravel
tt
tt

2
a

2 b

a
5

3
b

4
d

2 c

d

4
e

c
1  

Figure 3.5-1:  An ADTDL graph G =(N, A, t, Σ) for Example 4. 
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Remark 1. Note here that this example does not satisfy the first-in-first-out (FIFO) or 

consistency assumption as mentioned earlier.  The arrival time at node 5 via link (3,5) is 5 

which is earlier than arriving at the same node through link (4,5) at time 7.  However, it 

puts us at node 6 at time 5+(2+5) = 12, while the latter approach puts us at node 6 at time 

7+(8-7)=8, which happens to be earlier than in the former case.  Thus, for the general 

case, we have to maintain all of the possible generated states subject to feasibility with 

respect to the language L. (An obvious exception is if i corresponds to the final node D.)  

However, in the case when the consistency assumption holds true, whenever any states 

 are generated at stage k for multiple values of t, we need only retain one of 

these that corresponds to the smallest value of t.  Accordingly, we can modify Equation 

(13) to eliminate dominated states as in Equation (14) given below.  

),,( ri qti ′

 

.

.)( and ),(such that   is in 

 ),( arcon  label  thewhere)(each for  ),(

 withalong;)( and ),(such that   is in 

 ),( arcon  label  the where)(each for ),,(

1),,(

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

<′+′==

′∩′∈

<′+′==

′∩′∈

=

′′

′

′′

∈′′ −′

TttttqqG

iiNiFSiq,ti

TttttqqG

iiNiFSiqti

S

iirr

Ari

iirr

Ar

Sqti
k

j

j

krj

∪
δ

δ  
(14a) 

 

}.such that  ),,( state a                                        
exists   there:) (possibly, ),,{( ly,Additional

ttSqti
iqtiSS

kri

rikk

<′′∈′′
∅=′−←

′

′  

 
 

(14b) 

 

Proposition 3. Given an ADTDL graph G and given the label-transition graph GL 

corresponding to the language L, suppose that we have consistency (FIFO) link delay 

functions and that K given by Equation (6) is of )(O N . Let m be the maximum number 

of possible states in GL that could occur at any stage k (bounded above by the nodes of 

GL).  Then the proposed dynamic programming routine for solving ADTDLCSP is of 

complexity 2O( )m N A . 
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Proof.  Same as that for Proposition 2. 

 
 

Proposition 4. Given an ADTDL graph G and given the label-transition graph GL 

corresponding to the language L, suppose that we have inconsistency (non-FIFO) link 

delay functions and assume that we have integer valued delay functions, where η  is the 

maximum number of distinct values of times for which it is possible to visit any node 

within the interval [0,T] (we can take T=η ). Noting that TK ≤  under these 

assumptions, then the proposed dynamic programming routine for solving ADTDLCSP is 

of pseudo-polynomial complexity O( )mK N Aη . 

Proof.  Similar to that for Proposition 2. 

 

Note here that for both cases, the time complexities are O(|N|) times higher than that of 

TDLCSP problem as discussed by Sherali et al. (2003).  This factor is due to the number 

of times any node i can appear at any stage k with respect to its approach.  

 

3.6 Partitioned Shortest Path (PSP) and Heap-Dijsktra Implementation for the 

ADTDLCSP problem 

 

As discussed previously, we can equivalently implement the dynamic 

programming routine for solving ADTDLCSP through a partitioned shortest path (PSP) 

list structure as shown in Figure 3.6-1.  Let us illustrate the PSP algorithm for the 

problem of Example 4. 



 42

Example 5. 
k=1. 

⎥
⎦

⎤
⎢
⎣

⎡ ∅
→⎥

⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡
)},5,3(),,2,2{(

}{
}{

)},0,1{(

11

0

1

1

qq
q

NEXT
NOW

with  and ),0,1(),2,2( 011 qqDOWN = ),0,1(),5,3( 011 qqDOWN = . 

k=2. 

( ){ } ({ }⎥⎦
⎤

⎢
⎣

⎡ ∅
→⎥

⎦

⎤
⎢
⎣

⎡
→⎥

⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡

2222

111

2

2

,5,4),,4,3(
}{

,5,4),,4,3(
)},5,3{(

}{
)},5,3(),,2,2{(

qqqq
qqq

NEXT
NOW

)  

with  and ),2,2(),4,3( 122 qqDOWN = ),2,2(),5,4( 122 qqDOWN = . 

k=3. 

( ){ }
( ){ } ( ) ({ }⎥⎦

⎤
⎢
⎣

⎡ ∅
→⎥

⎦

⎤
⎢
⎣

⎡
→⎥

⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡

343333

222

3

3

,7,5,,5,5
}{

,5,5
)},5,4{(

}{
,5,4),,4,3(

qqq
qqq

NEXT
NOW

)  

with , ),4,3(),5,5( 2333 qqDOWN = ),5,4(),7,5( 2333 qqDOWN = , and with  

generated via  having 

),9,6( 4q

),5,4( 2q ),5,4(),9,6( 243 qqDOWN = , , and 

T=9. 

),9,3(*)*,*,( 4qqtk =

k=4. 

( ) ( ){ } ( ){ } { }
{ } stop;

}{
,7,5

}{
,7,5,,5,5 343433

4

4 ⇒⎥
⎦

⎤
⎢
⎣

⎡
∅
∅

→⎥
⎦

⎤
⎢
⎣

⎡
∅

→⎥
⎦

⎤
⎢
⎣

⎡
∅

=⎥
⎦

⎤
⎢
⎣

⎡ qqq
NEXT
NOW

where generated via  is suppressed since 12 > 9, and  

generated via  results in  

),12,6( 5q ),5,5( 33 q ),8,6( 5q

),7,5( 34 q ),7,5(),8,6( 3454 qqDOWN = , , 

and T=8. 

),8,4(*)*,*,( 5qqtk =

The shortest path is now traced as in Example 4.  
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Input: ADTDL-graph G = (N, A, t, Σ), a language L (admissible label sequence list), 
that induces a corresponding label-transition graph GL, a starting node 1= O. Let K 
and T be specified as in Equations (6) and (12), respectively.  

 
Figure 3.6-1: Flow-chart of a PSP implementation for the ADTDLC shortest path problem. 
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Figure 3.6-2: Flow-chart of a PSP implementation for the ADTDLC shortest path problem (continued). 

 
 

By using the label-transition graph in the manner discussed previously, we can 

also essentially implement the traditional Dijkstra’s algorithmic scheme.  It has been 

suggested by Ahuja et al. (1993) that in Dijkstra’s procedure, the bottleneck operation is 

node selection.  Thus, maintaining a sorted list of nodes according to their distance or 

time labels could reduce the computational effort.  The Fibonacci heap and the Radix 

heap implementation are two alternative methods for improving traditional shortest path 

algorithms, where the Fibonacci heap implementation achieves the best theoretical 

complexity of O(|A| + |N| log |N|). Thus, we will use the Heap-Dijkstra algorithm as an 

alternative implementation of ADTDLC. Figure 3.6-3 presents this scheme.  Here, the 

various heap operations are defined as follows. 
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HP is a heap data structure that collects objects, each with an associated real 

number called its key, which in our case is the visited time t of each node. 

Create-heap(HP) : Creates an empty heap. 

Find-min(k, HP) : Finds and returns an object k of minimum key. 

Insert(k, HP) : Inserts a new object k with a predefined key. 

Delete-min(k, HP) : Deletes an object k of the minimum key. 

Empty(HP) : Returns true if heap is empty. 

 
Note that the traditional Dijkstra’s algorithm works under the assumption that the 

arc costs are nonnegative, which is true in our case since the costs correspond to travel 

times.  Also, note that under the consistency assumption, whenever  is generated 

for insertion into the heap HP, if there already exists an 

),,( ri qti ′

),,( ri qti ′′′  in HP for any t ′′ , we 

can retain only the one that has a smaller time value.   
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Figure 3.6-3: Flow-chart of a Heap-Dijkstra implementation for the ADTDLC shortest path problem. 
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Input: ADTDL-graph G = (N, A, t, Σ), a language L (admissible label sequence list), 
that induces a corresponding label-transition graph GL, and a starting node 1=O. Let T 
be specified as in Equation (12). Initialize FOUND=0 (this index records when a 
feasible shortest path to D is found (FOUND=1), if at all). 

Initialize:  Create-heap(HP), Insert((O, 0, q0), HP) 

Empty(HP)  
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Figure 3.6-4: Flow-chart of a Heap-Dijkstra implementation for the ADTDLC shortest path problem 

(continued). 

Example 6.  

Consider again the problem of Example 4, and let us illustrate the Heap-Dijkstra 

implementation to solve the problem the given ADTDLCSP problem.  
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Step 3. 
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Step 8. 
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At this step, we find that the selected node corresponds to our destination, which 

is node 6.  Thus, we stop our procedure and trace back our shortest path through the 

predecessor list.  The shortest path value is 8, and the labels yield the reverse sequence: 

. Thus, the path 

1 2 4 5 6 having the label sequence abcd and a delay of t* = 8 solves the given 

ADTDLCSP problem. 

⎯⎯←⎯⎯←⎯⎯← bcd qqq ),5,4(),7,5(),8,6( 2345 ),0,1(),2,2( 01 qq a⎯⎯←

 

The heap implementation of Dijkstra’s algorithm, which is shown in Figure 3.6-3, 

performs the operations Find-min, Delete-min, and Insert at most the number of 

nodes/states enumerated.  Each different heap implementation varies in its complexity of 

these operations.  For the Fibonacci heap data structure, every heap operation is 

performed in O(1) time except for Delete-min, which requires O(log |Ns|), where |Ns| is 

the number of nodes/states.  The Fibonacci heap maintains the minimum key so that 

finding it requires O(1) time.  In the ADTDLCSP problem, the maximum number of 

nodes/states that are enumerated is 2m N η .  Therefore, the time complexity of the Heap-

Dijkstra’s implementation with the Fibonacci heap is of 2 2O( log( ))A m N m Nη η+ , 

where the factor |A| arises from scanning the forward stars of nodes and the label-setting 

nature of the algorithm given nonnegative arc costs (see Ahuja et al. (1993) ). 
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3.7 Curtailment Schemes Based on Estimated Completion Times 
 

In order to reduce the computational effort, Sherali et al. (2003) proposed various 

heuristic schemes to focus the search network in the direction from O toward the 

direction of D.  These schemes were motivated by the methods of Hart et al. (1968) and 

Sedgewick and Vitter (1986) for finding shortest (distance-based) paths in Euclidean 

graphs, and are based on estimating a lower bound on the time travel from any 

intermediate node i to the terminal node D.  Denoting  to be the coordinates 

of node i ∈ N in some two-dimensional Cartesian space in which the given ADTDL-

graph G = (N, A, t, Σ) is embedded, a delay-estimation function  is 

defined as 

Tiii xxx ),( 21=

RNNji →×:),(D

,,,),( Nji
v

xx
ji

ji

∈∀
−

=D  (15) 

where  is some average estimated velocity of travel over G.  Accordingly then, 

whenever a state  is identified for inclusion in the Scan Eligible (SE) list, which 

might be S

v

),,( ri qti ′

k+1, NEXT, or Heap, as in the respective procedure of (14), Figure 3.6-1, and 

Figure 3.6-3,  we include  in SE only if in addition, we have ),,( ri qti ′

TDi ≤+ ),(Dt iβ  (16) 

where iβ , for i ∈ N, is some weighting parameter as prescribed by each of some four 

heuristic schemes.  The delay estimation function  is more likely accurate when i 

is relatively close to D and is likely to be a weaker lower bound when i is further away 

from D.  The four heuristic schemes that Sherali et al. evaluate are (1) Standard Base-

Case, where the β

),( DiD

i = 1 for each node i, (2) Network Sectioning Technique, where the 
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network is partitioned into three sections and βi depends on the particular section that 

contains node i, (3) Level-Based Technique, where βi varies on the depth of the node i 

from the origin node, and (4) Ellipsoidal Region Technique, where βi is zero if node i 

lies within a defined ellipsoid whose focii are the origin and the destination nodes, and is 

infinite otherwise. The measures used by Sherali et al. to compare the relative 

performances of these algorithms were the Average Solution Quality (ASQ), (defined as 

the travel time obtained from the heuristic method divided by the optimal travel time), the 

CPU processing time (in seconds on a 450 MHz Pentium II computer with 128 MB of 

RAM), the percentage of runs that attained an optimal solution, and the average standard 

deviation of the foregoing values reported across the problem instances.  The optimal 

solution was computed using an exact method.  Based on the ASQ value, the best three 

heuristic methods in order were determined to be: 

(1) Standard Base-Case, 

(2) Level-Based Technique, where βi is 

n
Nie eih

i α
λβ λ )2.0(log

 where,},5.09.0,1max{ )( −
=∈∀+= −  

(17) 

 where is the level away from the origin node O, n is the number of nodes in 

the problem, and  α=0.25. 

)(ih

(3) Ellipsoidal Region Technique (ERT). 

 

While Method (1) provided the best ASQ values because it is most conservative, 

it consequently also consumed the greatest CPU times among the four heuristic methods.  

TRANSIMS generally solves for many trips in each run.  Thus, the CPU time is also a 
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critical issue.  Method (3) gave the best compromise between the ASQ values and the 

CPU times, solving TDLCSP within 7% of optimality and saving 33.57% CPU time, at 

an average. 

Note that a further modification of the algorithms could be achieved by 

maintaining the SE list in the order of the total estimated travel time as given by 

, where we can modify the delay-estimation function to depend on the node 

p via which i was approached.  Let  

A ( , )pt i+ D j

( , )pi ijθ  be the angle between the Euclidean line (p,i) 

and the line (i,j) as depicted in Figure 3.7-1.  We assume that p i→ → j

pi ij

 is a left turn 

movement, or a through movement, or a right turn movement, according as 

( , )0 120θ< ≤ ( , ) 240pi ij, 120 θ< ≤ , or ( , )240 360pi ijθ< < , respectively.  Accordingly, we 

define the approach-dependent delay estimation function as 

A ( , ) , , ,
p

i j

p i j

x x
i j i j N

v
α

−
= + ∀ ∈D  (18) 

where  
1

2

3

 if  is a through movement
 if is a right turn movement 
 if  is a left turn movement

p

i

i j i

i

p i j
p i j
p i j

α
α α

α

→ →⎧
⎪= → →⎨
⎪ → →⎩

and where 3 2 1 0i i iα α α≥ ≥ ≥ .    Based on this estimation function, we adopt the 

following rule to select a node:  

A( , , ) argmin{ ( , ) : ( , , ) }j r i p p ri t q t i D i t q SEβ′′ ′ ∈ + ∈D  (19) 

where SE is the list maintained in the heap. Thus, the key for the heap in this modified 

algorithm is the total estimated travel time A ( , )i pt i Dβ+ D .  In the case of PSP, when we 

select nodes from NOW according to Equation (19), we could attempt to terminate with 

the first time we label a node as , with ),,( rqtD Fqr ∈ . Alternatively, instead of 
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attempting to terminate the algorithm as soon as we label a node as , with 

, we could first compare the corresponding time t with the minimum key currently 

in the heap, say t .  If 

),,( rqtD

Fqr ∈

′ (1 )t p t′≤ + , where  0 1p≤ < , then we terminate the search. 

Otherwise, we put the new labeled node into the heap and continue the search.  This is 

the scheme we implemented.  Let us call this early termination criterion-based PSP 

approach as Early Terminated PSP (ET-PSP) algorithm.   

In the case of Heap-Dijkstra, we could just as well retain all the nodes generated 

without loss of effectiveness (instead of tossing out those having total estimated travel 

times that exceed T), while sorting and selecting nodes according to Equation (19) and 

using the above early termination criterion.  Denote this modified Heap-Dijkstra 

procedure as the Early Terminated Heap-Dijkstra (ETHP-Dijkstra) algorithm.  

 

p 

 

Figure 3.7-1: The angle ( , )pi ijθ  between the Euclidean line (p,i) and the line (i,j). 

 

i

( , )pi ij
θ j
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3.8 Augmented Ellipsoidal Region Technique (A-ERT) 
 

In the original Ellipsoidal Region Technique (ERT), Sherali et al. curtail the 

network to a subset that generally points in the direction from O to D, while including 

any nearby freeway sections.  For any trips that involve relatively large distances, the 

time that might be taken to traverse through local routes would usually be larger than that 

using an accessible freeway due to the number of stops made during the trip. Thus, 

travelers prefer to travel on freeways or to use high-speed metro transit systems or a 

combination of freeways and local routes.  These alternative routes would typically 

capture an optimal solution.  The following discussion explains how to search for such 

nearby freeway or high-speed transit systems. 

Let us define the subnetwork R of G as an ADTDL-graph containing the subset 

of nodes NR ⊆ N and the subset of arcs AR ⊆ A such that the algorithm will perform the 

search on this subnetwork R.  For the pair of nodes O and D, we first construct an 

ellipsoidal region E1 containing O and D as in the original ERT procedure and initialize R 

as E1. 

To search for alternative routes, let us first consider a metro transit (M). We 

begin by growing a search tree from each of O and D using the forward star and reverse 

star lists, respectively, within some specified search distance r, until we obtain a node 

labeled as a rail stop. Denote these nodes as  and , respectively, if they exist.  Let 

 represent the metro system section from  to .  Figure 3.8-1 depicts 

this concept graphically, where C

MO MD

),( MM DOM MO MD

1 and C2 are the circular search regions centered 

respectively at O and D, and having a radius r. The search distance r can be varied 

according to the distance between O and D as given by 
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3

OD xxp
r

−
= , for some  0 < p ≤  1. 

(20) 
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FD  FO  

)( FF ,DOF  
Freeway section

MO  
MD  

C2
C1

),( MM DOM  high- 
speed metro transit 
system

 

Figure 3.8-1:  Search region for a freeway and a high-speed metro transit system. 

 

The subroutine that searches for such alternative routes is described in Figure 

3.8-2.  After we obtain the nodes  and , we then construct the ellipsoidal regions 

E

MO MD

2 and E3 as shown in Figure 3.8-3, and let 

)(32 MM ,DOMEERR ∪∪∪← . (21) 

By using the same subroutine of Figure 3.8-2, we can search for a freeway system 

access for the trip from O to D. Let F represent the identified freeway section having an 

entrance  and an exit  that lie within the respective search regions CFO FD 1 and C2 as  
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Input: ADTDL-Graph G = (N, A, t, Σ),  a starting node O , a terminal node D, start time t0, estimated arrival
time TD, and a search distance r. Let HS be the sorted pair list of entrance and exit nodes of a high-speed
transit system within a distance r from O and D, repectively, sorted by the total travel time from O to D using
the high-speed transit system between that entrance and exit nodes. Let   HPO be the heap data structure
where the objects it collects are nodes and arrival times, and where the key  of node   i is ||xi-xO ||, and let
HPD be the heap data structure where the objects it collects are nodes and arrival times, and where the key  of
node i is ||xi-xD ||.  Let TypeHS be the type of the high-speed transit system that we would like to search. Let
LO be the list of nodes.

Initialize:
HS = ∅;Insert((O,t0), HPO); Insert((D,TD), HPD); LO = ∅;  mark O and  D.

Empty(HPO)Find-min( (i',t'), HPO);
Delete-min( (i',t'), HPO);

For each unmarked i ∈ FS(i'), if ||xi-xO|| ≤ r, do the following.
If the label of i is in TypeHS, then mark i and put i in LO .
Insert( (i,t'+ti',i(t')),HPO).

YN
 LO = ∅

Output: No such high-
speed transit system of
TypeHS exists within the

distance r.

Y

Find-min((i',t'), HPD);
Delete-min((i',t'), HPD);

For each unmarked j ∈ RS(i'), if ||xj-xD|| ≤ r, do the following.
If the label of j is in TypeHS, then find a node i in LO that  has
the same label as j. If such a node  i exists, solve for the
shortest path SP(i,j) such that it uses  only the high-speed
transit system of the same type as i and j.  If SP(i,j) exists ,
solve for the shortest path from j to D and put ((i,j),Tij) in HS
where Tij is the total travel time from O to D using SP(i,j)
and the shortest path from j to D.
Insert( (j,TD), HPD) and mark j.

Empty(HPD)HS=∅
Output: No such high-speed

transit system of TypeHS  exists
within the distance r.

Output: High-speed transit system
of TypeHS within the distance r are in

HS.

N

N

YY

N

 

Figure 3.8-2: Flow-chart for finding a high quality transit system within the distance of r. 
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depicted in Figure 3.8-1.  Denote the freeway segment between   and  as 

.  In case there is no freeway segment that directly connects  and , we 

can use  and  as the new origin and destination in a nested fashion and solve for 

the shortest path from  to  similarly, and use this resultant path as . 

FO FD

),( FF DOF FO FD

FO FD

FO FD ),( FF DOF

Assume that starting at O at t=0, the estimated arrival time to  is given by  

as per Equation (15).  Let  be the actual travel time from  to 

FO ),( FOOD

),( FF DOtrueD FO FD  along 

the freeway section F.  If ∆+≤ ),(),( FFFF DODO DDtrue  for some suitable tolerance 

, then construct the ellipsoidal regions E0≥∆ 4 and E5 as shown in Figure 3.8-3, and let 

FEERR ∪∪∪← 54 . (22) 

 

E4

 

Figure 3.8-3: Ellipsoidal region to curtail the network. 
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In the case of ∆+> ),(),( FFFF DODO DDtrue  due to congestion, examine the 

nodal breakpoints along the freeway between  and , and identify  and  such 

that  is the largest contiguous segment of  on F such that 

.  Define the ellipsoidal regions  and  as shown 

in Figure 3.8-4, and let  be the freeway section from  to .  Then 

replace R by  

FO FD +
FO -

FD

],[ -
FF DO + ],[ FF DO

∆+≤ ++ ),(),( --
FFFF DODO DDtrue

newE4
newE5

),( -
FF DOF + +

FO -
FD

),( -
54 FF
newnew DOFEERR +∪∪∪← . (23) 

 
 
 

 
 

 
 

 

 

newE4  

O D

OF  +
FO −

FD

),( −+
FF DOF Freeway 

section  newE5

DF

Figure 3.8-4: Alternative choice for the freeway path during congestion hours. 

 

We then solve ADTDLCSP using the proposed algorithms as discussed 

previously, replacing the original network G with the reduced subnetwork R.  Denote this 

heuristic as an Augmented Ellipsoidal Region Technique (A-ERT). In addition, we can 

search for alternative routes depending on the distance between O and D.  The further the 

distance between O and D, the higher the need for using freeways or metro systems.  

Thus, we can use a threshold distance to determine when to search for the alternative 
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routes and use these in combination with a localized subnetwork as above, or when to use 

only such alternative routes. 

Let 1δ  and 2δ  be given distance thresholds, where 1δ  < 2δ . Let EL(i, j) be the 

subset of the ADTDL-graph G where all nodes and arcs are within a defined ellipsoidal 

region that encompasses nodes i and j.  Define SP(i, j) as the shortest path from node i to 

j where i and j are the entrance and exit nodes of a high-speed transit system with the 

restriction that such a path uses only this high-speed transit system.  The Distance-Based 

rules as detailed in Figure 3.8-6 are used to designate the particular reduced subnetwork 

R to be used in the ADTDLCSP algorithm. These rules are based on the motivation that if 

the trip distance is short, say within a 1δ =5 miles radius, then the tendency would be to 

use a local route. If the distance is between 5 miles and, say, 2δ =15 miles, then a 

combination of local routes and freeway/metro segments might be used. For greater 

distances, high-speed transit systems such as freeways and rail transit will most likely be 

the best choices.  Denote this heuristic as the Distance-Based A-ERT.  

In sparse networks, however, such an A-ERT procedure could curtail the network 

to a point where there is no path from O to D as depicted in Figure 3.8-5.  In such a case, 

we could run ETHP-Dijkstra without the curtailing technique. 
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Figure 3.8-5: Ellipsoidal Region Technique precluding any path from O to D.  

O 

D

A 

B

 



 61

Input: Let δ1 and δ2 be given threshold distances, where δ1 < δ2 .  We are also given a starting node O and a
terminal node D, and the search distance r. Let HS be the pair list of entrance and exit nodes of a high-speed
transit system.

||x D-xO || < δ1

Initialize: R = ∅, HS = ∅.

Output: The subnetwork R

Perform a search for the entrance and exit of a high-speed metro and freeway system within
the search distance r and add to HS.

||xD-x O || < δ 2

For the shortest path  ((OHS , DHS),T)∈HS, replace R with
R∪ EL(O, OHS)∪ EL(DHS , D)∪ SP(OHS, DHS)

 R = EL(O, D)

Output: The  subnetwork R and the time upper  bound T

Y

Y

N

N

R=EL(O, D)

 

Figure 3.8-6: Flow-chart of the Distance-Based A-ERT rules to reduce the subnetwork to be used in 

ADTDLCSP. 
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3.9 Computational Results 
 

We test here four algorithms for solving the approach-dependent, time-dependent 

label-constrained shortest path problem.  These algorithms are: 

(1) Partitioned Shortest Path (PSP) algorithm (Figure 3.6-1); 

(2) Heap-Dijkstra algorithm (Figure 3.6-3); 

(3) Early Terminated PSP algorithm (ET-PSP); 

(4) Early Terminated Heap-Dijkstra algorithm (ETHP-Dijkstra). 

We also apply and compare the three heuristic methods; ERT, A-ERT, and the 

Distance-Based A-ERT. Because of the redundancy of the search process in A-ERT, this 

causes it to consume too much computational effort.  Hence, we modified this method to 

simultaneously search for freeway sections and paths that lie only within the ellipsoidal 

regions  as shown in Figure 3.8-3.  If any node lies outside these regions, the 

algorithm includes this node into the search process only if the link leading to it supports 

a speed greater than or equal to 20 m/sec. In addition, we also implemented an additional 

ellipsoidal region technique to curtail the search for the freeway system by combining 

this with the Distance-Based rules proposed in Section 3.8.   We name this approach as 

the Distance-Based Augmented Ellipsoidal Region Technique-2 (Distance-Based A-

ERT2). The eccentricity of the small ellipse (ratio of minor to major axes lengths) was 

taken as 0.75 and that of the large ellipse was taken as 0.90.  We also combined the 

Ellipsoidal Region Technique with ET-PSP and ETHP-Dijkstra, and call them ERT-ET-

PSP and ERT-ETHP-Dijkstra, respectively.  All of these are compared with the original 

Route Planner Module (ROUTER), which uses a Heap-Dijkstra algorithm, and is 

1 2, ,orC C E1
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implemented in the Linux operating system, using C++ along with the g++ GNU 

compiler. 

The tests were performed on the Blacksburg-light, Blacksburg-full, and BigNet 

networks.  The Blackburg-light network contains only the major streets in Blacksburg, 

Virginia, and consists of 36 bidirectional links, 31 unidirectional links, and 52 nodes, 

whereas the Blacksburg-full network contains all the streets encompassing 1251 

bidirectional links, 136 unidirectional links, and 1135 nodes.  The BigNet network is a 

transportation network system of Portland, Oregon, containing 7441 bidirectional links, 

and 3853 nodes.  Figures 3.9-1, 3.9-2 and 3.9-3 respectively depict the Blacksburg-light, 

Blacksburg-full, and BigNet networks. 

 

 

Figure 3.9-1:  Blacksburg-light network consists of 36 bidirectional links, 31 unidirectional links, and 52 
nodes. 
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Figure 3.9-2:  Blacksburg-full network consists of 1251 bidirectional links, 136 unidirectional links, and 
1135 nodes. 

 

 
Figure 3.9-3:  BigNet network consists of 7441 bidirectional links, and 3853 nodes. 
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Our coded algorithms accept as input the Approach-Dependent Link Travel Times 

(ADLTT) summary data.  The ADLTT summary data contains the approach node and 

link for each original node and link.  The format of the ADLTT summary data is shown 

in Table 3.9-1.   

 

Field Interpretation 
LINK The link ID being reported. 
NODE The node ID from which the vehicles are traveling away. 
TIME The current time (seconds from midnight). 
COUNT The number of vehicles leaving the link. 
SUM The sum of the vehicle travel times (in seconds) for vehicles leaving the 

link. (The time spent at the previous intersection is included in this value.) 
SUMSQUARES The sum of the vehicle travel time squares (in seconds squared) for vehicles 

leaving the link. (The time spent at the previous intersection is included in 
this value.) 

TURN The type of turn the vehicle made when leaving the link: 
0 = straight direction (no turn) 
  1 = right turn 
 -1 = left turn 
  2 = hard right turn 
 -2 = hard left turn 
  values 3 to 6 represent increasingly more extreme right turns 
  values –3 to –6 represent increasingly more extreme left turns 
  -7 = reverse direction (U-turn). 

LANE The lane number. 
VCOUNT The number of vehicles on the link. 
VSUM The sum of vehicle velocities (in meters per second) on the link. 
VSUMSQUARES The sum of the squares of the vehicle velocities (in meters squared per 

second squared). 
PREVNODE The previous node ID from which the vehicles are traveling away. 
PREVLINK The previous link ID from which the vehicles are traveling away. 

Table 3.9-1: Approach-Dependent Link Travel Times (ADLTT) summary data field records. 

 

 We take the original Link Travel Times summary data, which is the output from 

the Microsimulator, and convert this into the ADLTT summary data using the Lane 

Connectivity Table and the Turn Prohibition Table.  The Lane Connectivity Table 

consists of information that delineates which link is connected to which other links 
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through a specified node.  The Turn Prohibition Table gives information regarding the 

specific period of time during which a traveler cannot make a turn from any given link 

onto another link at a specific node. 

 To construct the ADLTT summary data, consider the network shown in Figure 

3.9-4.  We are interested in calculating the link travel time on link (2,3) that is 

approached via node 1, say, at a specific time period.  We first average the travel times 

for users on link (2,3) who continue through link (3,5), and we call this a through 

movement travel time of link (2,3).  Then we average the travel times for users who 

traverse link (1,2) and make a left turn onto link (2,3), and we call this the turn movement 

travel time of link (1,2).  We find the excess turn travel time of link (1,2) by subtracting 

the through movement travel time of link (1,2) from the turn movement travel time of 

link (1,2).  If the excess turn travel time of link (1,2) is positive, we can find the travel 

time on link (2,3) with the approach from link (1,2) for that specific time period by 

adding the through movement travel time of link (2,3) and the excess turn travel time of 

link (1,2).   Note that if there is no through movement travel time of link (1,2), we simply 

take the excess turn travel time of link (1,2) to be zero. 
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1 

 

Figure 3.9-4:  Example network to calculate the ADLTT summary data. 

 
 The JAVA program that we used to convert the link delay travel time summary 

data is called ApproachFormatter.  We can also use this program to generate the ADLTT 

summary data without using the Link Travel Time summary data, which is an output 

from the Microsimulator.  Without such information, the program will use free-flow 

speeds to calculate the link travel times.  A flow-chart of the interactions between the 

ApproachFormatter, our coded algorithms or the New Router, and the Microsimulator is 

depicted in Figure 3.9-5. 
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Turn prohibition Lane connectivity

 

Figure 3.9-5: Flow-chart of the interactions between the ApproachFormatter, the New Router, and the 
Microsimulator. 

 
 At the top of the flow-chart, the ApproachFormatter takes two input tables to 

generate the ADLTT summary data, which the New Router takes as an input. The New 

Router solves the ADTDLCSP problem for each requested trip in the Activity File with 

respect to the travel time specified in the ADLTT summary data.    The plan file, which is 

the result from the New Router, is in the same format as used in the Route Planner 

Module of TRANSIMS (for further details, see [Los Alamos National Laboratory 

(2002a)]).  The TRANSIMS Microsimulator module simulates the movement and the 

interactions of users in the transportation system of the study area. In this module, every 

user tries to execute the travel movements according to the plan file. These movements 

and interactions produce the Link Travel Time summary data that represents the true 

traffic link travel times.   We use the Link Travel Time summary data along with the 

ADLTT summary data 

ApproachFormatter 

Link Travel Time summary data Turn prohibition Lane connectivity 

New Router

MicroSimulator

ApproachFormatter 

Activity File 

Plan  File
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Lane Connectivity Table and the Turn Prohibition Table to generate the ADLTT 

summary data.  Accordingly, we can use the new ADLTT summary data as an input to 

the New Router to solve the ADTDLCSP problem, which may produce a different path 

for each user.  Each of the paths in the plan file given by the New Router is optimal with 

respect to the ADLTT summary data.  

Table 3.9-2 presents a comparison of the performance of the Heap-Dijkstra 

algorithm and the PSP algorithm with that for the original Route Planner Module or 

ROUTER.  This experiment was conducted on a Dell 400SC 2.8 GHz computer having 1 

GB of memory.  The results indicate that the Heap-Dijkstra algorithm has only a 

marginally higher running time than the original ROUTER.  However, the PSP algorithm 

has a much higher running time than that for the ROUTER and the Heap-Dijkstra 

algorithms.  The paths given by these three algorithms are exactly the same. 

 

Heap-Dijkstra algorithm PSP algorithm 

Test Network 
Number 

of 
activities 

Number of 
plans 

generated 

ROUTER 
Time 
(secs) Time (secs) 

Ratio of Heap-
Dijkstra to 

ROUTER run 
times 

Time (secs) 
Ratio of PSP 
to ROUTER 

run times 

Blacksburg-
light 4000 10000 5.89417 6.54901 1.1111 7.617 1.292294 

Blacksburg-
full 5774 14069 42.3153 44.5359 1.052477 132.769 3.137612 

BigNet 12000 30000 374.133 419.266 1.120634 817.205 2.184263 
 
Table 3.9-2: Preliminary performance comparison table of the Heap-Dijkstra algorithm, the PSP algorithm, 
and the ROUTER. 

 

We next conducted an experiment using three scenarios to demonstrate that the 

resulting path could change with the specified turn restrictions. The first scenario uses the 

free-flow speeds, the second scenario uses the generated ADLTT summary data 
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computed without incorporating the output from the Microsimulator, and the last scenario 

uses the generated ADLTT summary data without the output from Microsimulator, but 

while considering the turn prohibition at each specific node.  This experiment was 

performed using the Blacksburg-light network for the origin-destination pair identified in 

Figure 3.9-6.  We prohibited the left turn at node 9 when approaching this location from 

node 902 in the last scenario. 

 The shortest paths given by the Heap-Dijkstra algorithm for each scenario are as 

follows: 

Scenario 1: 902, 9, 8 

Scenario 2: 902, 9, 8 

Scenario 3: 902, 801, 8. 

 The shortest paths for the first two scenarios are the same because the Heap-

Dijkstra algorithm uses the free-flow speeds.  However, in the last scenario, because we 

prohibit the left turn at node 9 when approaching this node from node 902, the shortest 

path for the same origin-destination changes to another path. 
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Turn Prohibit 

Figure 3.9-6: Pair of origin and destination on Blacksburg-light. 

 
We then compared the ROUTER, the PSP algorithm, the Heap-Dijkstra 

algorithm, and the different proposed heuristics.  For this experiment, we used v = 20 

m/sec in Equation (18) based on the average speed for cars and 

1 2 31, 2,and 3i i iα α α= = = .  In addition, the upper bound T on the acceptable total travel 

time was obtained for each trip from the output of the Activity Generator Module of 

TRANSIMS.  For the Blacksburg-light network, 64,800 activities were generated from 

the Activity Generator Module, and for the Blacksburg-full and BigNet networks, 47,951 

activities and 51,200 activities were respectively generated.  

 

 

 

Origin 
Destination 

Node 9 

Node 8 

Node 801 
Node 902 
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We compare below fifteen algorithms, which are numbered as follows: 

1. ROUTER 

2. Heap-Dijkstra algorithm 

3. ETHP-Dijkstra algorithm 

4. Ellipsoidal Region Technique Heap-Dijkstra algorithm (ERTHP-Dijkstra algorithm) 

5. ERT-ETHP-Dijkstra algorithm 

6. Augmented Ellipsoidal Region Technique Heap-Dijkstra algorithm (A-ERTHP-

Dijkstra algorithm) 

7. Distance-Based A-ERTHP-Dijkstra algorithm 

8. Distance-Based A-ERT2HP-Dijkstra algorithm 

9. PSP algorithm 

10. ET-PSP algorithm 

11. Ellipsoidal Region Technique PSP algorithm (ERT-PSP algorithm) 

12. ERT-ET-PSP algorithm 

13. Augmented Ellipsoidal Region Technique PSP algorithm (A-ERT-PSP algorithm) 

14. Distance-Based A-ERT-PSP algorithm 

15. Distance-Based A-ERT2-PSP algorithm 

Test Network 1 2 3 4 5 6 7 8 
Blacksburg-light 78.7575 87.2851 77.4228 73.8014 73.0521 81.9891 86.4908 76.3574 
Blacksburg-full 368.632 396.107 260.55 333.154 249.205 366.681 346.943 343.062 

BigNet 1867.25 2209.66 911.072 1588.39 902.758 1881.92 1474.97 1458.1 

Table 3.9-3: Comparison of CPU Times (secs).   

 
Test Network 9 10 11 12 13 14 15 

Blacksburg-light 98.4204 89.11 81.7666 78.2194 95.0862 82.513 83.2179 
Blacksburg-full 1392.95 1085.63 992.455 937.682 1069.15 1060.01 1058.29 

BigNet 4559.7 4017.56 2732.47 2948.09 3264.67 2525.04 2415.04 

Table 3.9-4: Comparison of CPU Times (secs) (continued).   
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Test Network 1 2 3 4 5 6 7 8 

Blacksburg-light 1 1 1.28068642 1.005421397 1.157461306 1.016144566 1.005421397 1.005421397 
Blacksburg-full 1 1 1.012750767 1.000329892 1.011736628 1.000907546 1.000328135 1.000328135 

BigNet 1 1 1.129541693 1.000120166 1.122947296 1 1.000010805 1.000010805 

Table 3.9-5: Comparison of the Average Solution Quality. 

 
Test Network 9 10 11 12 13 14 15 

Blacksburg-light 1 1.302990123 1.005421397 1.174697646 1.016144566 1.005421397 1.005421397 
Blacksburg-full 1 1.122081905 1.000329453 1.123051149 1.00090711 1.000327696 1.000328135 

BigNet 1 1.138238493 1.000120166 1.131812976 1 1.000010805 1.000010805 

Table 3.9-6: Comparison of the Average Solution Quality (continued).   

 
Test Network 1 2 3 4 5 6 7 8 

Blacksburg-light 100 100 76.5462963 86.00925926 66.43518519 90.31481481 86.00925926 86.00925926 
Blacksburg-full 100 100 82.55464885 95.4758784 79.89514185 96.12278551 95.52238806 95.52238806 

BigNet 100 100 36.25472888 97.43852459 36.10892182 99.98029634 98.4434111 98.4434111 

Table 3.9-7: Comparison of the % of Runs that Yielded Optimal Solutions. 

 
Test Network 9 10 11 12 13 14 15 

Blacksburg-light 100 65.04320988 86.00925926 57.38580247 90.31481481 86.00925926 86.00925926 
Blacksburg-full 100 14.09665553 95.4758784 12.61680267 96.12278551 95.52238806 95.52238806 

BigNet 100 27.94372636 97.43852459 27.82944515 99.98029634 98.4434111 98.4434111 

Table 3.9-8: Comparison of the % of Runs that Yielded Optimal Solutions (continued).   

 
Test Network  1 2 3 4 5 6 7 8 

Number of plans 162000 162000 162000 147256 143528 153756 147256 147256 Blacksburg-
light Number of 

transportation plans 
32400 32400 32400 28714 27782 30339 28714 28714 

Number of plans 118904 118904 112988 115360 109776 116108 115360 115360 
Blacksburg-full Number of 

transportation plans 
23651 23651 22172 22765 21369 22952 22765 22765 

Number of plans 127776 127776 127776 125468 125468 127756 126224 126224 
BigNet Number of 

transportation plans 
25376 25376 25376 24799 24799 25371 24988 24988 

Table 3.9-9: Comparison of the number of plans and the number of transportation plans found by each 
algorithm. 
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Test Network  9 10 11 12 13 14 15 
Number of plans 162000 162000 147256 143528 153756 147256 147256 Blacksburg-

light Number of 
transportation plans 

32400 32400 28714 27782 30339 28714 28714 

Number of plans 118904 112988 115360 109776 116108 115360 115360 
Blacksburg-full Number of 

transportation plans 
23651 22172 22765 21369 22952 22765 22765 

Number of plans 127776 127776 125468 125468 127756 126224 126224 
BigNet Number of 

transportation plans 
25376 25376 24799 24799 25371 24988 24988 

Table 3.9-10: Comparison of the number of plans and the number of transportation plans found by each 
algorithm (continued).   

 

Tables 3.9-3 to 3.9-8 present the results for the CPU time, the Average Solution 

Quality (ASQ) given by the travel time for the prescribed (heuristic) path divided by the 

optimal travel time solution value, and the percentage of runs that attained an optimal 

solution.  Note here that our results for each traveler are the information about the 

transportation activities, which comprise the route path (nodes, links, and travel modes), 

and the total travel time.  The travel modes can be walk, bus, or car, for example. In 

addition, the results also consist of the non-transportation activities that start and end at 

the same location.  These tables display the comparison results of ASQ and CPU time for 

only the transportation plans with the travel mode of car, because the non-transportation 

plans and the walk plans always yield optimal solutions.  The CPU time is the total time 

that each algorithm takes to solve the ADTDLCSP problems for all the users.  Tables 3.9-

9 and 3.9-10 present the number of plans and the number of transportation plans found by 

each algorithm. 

The results reveal that both the ETHP-Dijkstra algorithm and the ET-PSP 

algorithm yield a comparable quality of solutions based on the ASQ values (1.141 and 

1.188 at average, respectively). However, the ETHP-Dijkstra algorithm consumes the 

least CPU time (consuming 416.35 seconds at an average), while the ET-PSP algorithm 
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does not perform much differently from the PSP algorithm (consuming 1730.77 seconds 

at an average).  In addition, the percentage of runs that found optimal solutions using the 

ETHP-Dijkstra algorithm is much better than that using the ET-PSP algorithm (65.12% 

and 35.69% at an average, respectively).  The ETHP-Dijkstra algorithm outperforms the 

ET-PSP algorithm because of the nature of the search.  In each step, the ETHP-Dijkstra 

algorithm picks the minimum key node or state and scans its neighbors.  The delay-

estimation function penalizes those nodes that are further away from the destination node.  

Therefore, these nodes end up at the bottom of the heap.  Thus, the ETHP-Dijkstra 

algorithm automatically selects nodes that move the traveler closer to the destination.  

However, the ET-PSP algorithm scans nodes or states by their level, examining all nodes, 

even those that do not lead the traveler closer to the destination.  The delay estimation 

function does not help to exclude the nodes until they violate the upper bound T, which 

may occur at the same time as reaching the destination.   

To verify this argument, we implemented a variant of the ETHP-Dijkstra 

algorithm and the ET-PSP algorithm in which we did not incorporate any delay 

estimation function.  Tables 3.9-11 to 3.9-16 present the results obtained.  The results for 

the ET-PSP algorithm are very similar.  However, the advantageous effects of curtailing 

the search, which enhanced the computational efficiency of the ETHP-Dijkstra algorithm, 

are now virtually erased.  Therefore, the delay estimation function does not improve the 

performance of the PSP algorithm, but it significantly affects that of the ETHP-Dijkstra 

algorithm. 
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Test Network 3 3 with 
p=0.05 

3 with 
p=0.10 

3 with 
p=0.15 

3 with 
p=0.20 

3 without the delay 
estimation function 

Blacksburg-light  77.3871 77.5785 81.0275 78.303 81.4654 83.6923 
Blacksburg-full  262.578 253.008 255.909 257.557 255.813 401.053 

BigNet  910.55 835.94 836.374 834.641 835.619 2143.19 

Table 3.9-11: Comparison of CPU Times (secs) for the ETHP-Dijkstra algorithm and the ET-PSP 
algorithm without the delay estimation function.   

 
Test Network 10 10  with 

p=0.05 
10 with 
p=0.10 

10 with 
p=0.15 

10 with 
p=0.20 

10 without the delay 
estimation function 

Blacksburg-light  91.9861 88.4592 90.0632 100.06 88.3916 85.9239 
Blacksburg-full  1084.54 1028.63 1023.07 1023.19 1017.39 932.878 

BigNet  4017.56 3938.62 3940.6 3920.65 3922.08 3580.64 

Table 3.9-12: Comparison of CPU Times (secs) for the ETHP-Dijkstra algorithm and the ET-PSP 
algorithm without the delay estimation function (continued).    

 
Test Network 3 3 with 

p=0.05 
3 with 
p=0.10 

3 with 
p=0.15 

3 with 
p=0.20 

3 without the 
delay 

estimation 
function 

Blacksburg-light  1.2806864 1.0037762 1.0037762 1.0037762 1.0037762 1.0000022 
Blacksburg-full  1.0127508 1.0005078 1.0005078 1.0005078 1.0005078 1.0000922 

BigNet  1.1295417 1.0191161 1.0191161 1.0191161 1.0191161 1 

Table 3.9-13: Comparison of the Average Solution Quality for the ETHP-Dijkstra algorithm and the ET-
PSP algorithm without the delay estimation function.  

 
Test Network 10 10  with 

p=0.05 
10 with 
p=0.10 

10 with 
p=0.15 

10 with 
p=0.20 

10 without the 
delay estimation 

function 
Blacksburg-light  1.3029901 1.0588173 1.0588173 1.0588173 1.0588173 1.0593846 
Blacksburg-full  1.1220819 1.1186812 1.1186812 1.1186812 1.1186812 1.118699 

BigNet  1.1382385 1.0540278 1.0540278 1.0540278 1.0540278 1.0540278 

Table 3.9-14: Comparison of the Average Solution Quality for the ETHP-Dijkstra algorithm and the ET-
PSP algorithm without the delay estimation function (continued).    

 

Test Network 3 3 with 
p=0.05 

3 with 
p=0.10 

3 with 
p=0.15 

3 with 
p=0.20 

3 without 
the delay 

estimation 
function 

Blacksburg-light  76.546296 94.574074 94.574074 94.574074 94.574074 99.969136 
Blacksburg-full  82.554649 98.291827 98.291827 98.291827 98.291827 99.835102 

BigNet  36.254729 89.738335 89.738335 89.738335 89.738335 100 

Table 3.9-15: Comparison of the % of Runs that Yielded Optimal Solutions for the ETHP-Dijkstra 
algorithm and the ET-PSP algorithm without the delay estimation function. 
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Test Network 10 10  with 
p=0.05 

10 with 
p=0.10 

10 with 
p=0.15 

10 with 
p=0.20 

10 without the 
delay 

estimation 
function 

Blacksburg-light  65.04321 68.87963 68.87963 68.87963 68.87963 68.333333 
Blacksburg-full  14.096656 23.026511 23.026511 23.026511 23.026511 23.026511 

BigNet  27.943726 60.872478 60.872478 60.872478 60.872478 60.872478 

Table 3.9-16: Comparison of the % of Runs that Yielded Optimal Solutions for the ETHP-Dijkstra 
algorithm and the ET-PSP algorithm without the delay estimation function (continued).    

 
The results from tables 3.9-5 and 3.9-6 show that both the ERTHP-Dijkstra 

algorithm and the ERT-PSP algorithm yield the same ASQ values and the percentage of 

runs that result in finding optimal solutions for the Blacksburg-light and BigNet 

networks.  This phenomenon is also evident when comparing the A-ERTHP-Dijkstra, 

Distance-Based A-ERTHP-Dijkstra, and Distance-Based A-ERT2HP-Dijkstra 

algorithms; as well as in the comparison of the A-ERT-PSP, Distance-Based A-ERT-

PSP, and Distance-Based A-ERT2-PSP algorithms.  However, the results from tables 3.9-

3 and 3.9-4 show that all of the variants of Heap-Dijkstra algorithm perform faster than 

those of the PSP algorithm.  Therefore, we will henceforth focus on the variants of the 

Heap-Dijkstra algorithm. 

The ETHP-Dijkstra and the ERT-ETHP-Dijkstra algorithms perform faster than 

any of the variants of Dijkstra algorithm (consuming 416.35 and 665.12 seconds at an 

average, respectively), but the ASQ values (1.14099296 and 1.097381743 at an average, 

respectively) and the percentage of runs that result in finding optimal solutions 

(65.11855801% and 60.81308295% at an average, respectively) appear to be worse.   The 

A-ERTHP-Dijkstra algorithm performs marginally slower than the ERTHP-Dijkstra 

algorithm (776.8633667 and 665.1151333 seconds at an average, respectively), but the 

quality of solutions it finds are the best (95.47% at an average). Both the Distance-Based 

A-ERTHP-Dijkstra and Distance-Based A-ERT2HP-Dijkstra algorithms provide the 
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same quality solutions (1.001920113 at an average), which are better than those produced 

by the ERTHP-Dijkstra algorithm (1.001957152 at an average). However, the Distance-

Based A-ERT2HP-Dijkstra algorithm consumes less CPU time than the Distance-Based 

A-ERTHP-Dijkstra algorithm for the entire test networks (625.8398 and 636.1346 

seconds at an average, respectively).  The Distance-Based A-ERT2HP-Dijkstra algorithm 

and the ERTHP-Dijkstra algorithm consume a comparable CPU time on the Blacksburg-

light and Blacksburg-full networks (209.7097 and 203.4777 seconds at an average, 

respectively), but the Distance-Based A-ERT2HP-Dijkstra algorithm saves about 34% of 

the CPU effort while the ERTHP-Dijkstra algorithm saves only about 28.1% of the CPU 

effort for the BigNet network. 

From tables 3.9-13 to 3.9-16, we see that the ETHP-Dijkstra algorithm, for 

different values p ranging from 0.05 to 0.20, performs about the same with respect to 

both the ASQ values and the percentage of runs that result in finding optimal solutions 

(1.0078 and 94.20% at an average, respectively).  The same holds true for the ET-PSP 

algorithm (1.077175 and 50.92% at an average, respectively).  However, the ETHP-

Dijkstra with p=0.05 performs faster than the original ETHP-Dijkstra (consuming 

388.8422 versus 416.8384 seconds at an average, respectively), while it improves both 

the ASQ values and the percentage of runs that result in finding optimal solutions.  It is 

noted here that the number of plans and the number of transportation plans found by both 

the ETHP-Dijkstra and ET-PSP methods are precisely the same as those found by the 

exact method. 

The Distance-Based A-ERT2HP-Dijkstra algorithm performs marginally better 

than the ETHP-Dijkstra with p=0.05 in terms of the ASQ values (1.0019 versus 1.0078 at 
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an average, respectively).  However, the Distance-Based A-ERT2HP-Dijkstra algorithm 

produced only 94.449% of transportation plans, while the ETHP-Dijkstra with p=0.05 

produced all of them.  In addition, the percentage of runs that result in finding optimal 

solutions for the ETHP-Dijkstra algorithm with p=0.05 is better than that of the Distance-

Based A-ERT2HP-Dijkstra algorithm (94.20% versus 93.33% at an average, 

respectively).  Moreover, the ETHP-Dijkstra with p=0.05 saves CPU effort by 56.68% at 

an average, which is far better than the savings of 30.28% (at an average), as produced by 

the Distance-Based A-ERT2HP-Dijkstra algorithm. 

 

3.10 Summary and Conclusions and Recommendation for Future Research 

 

We have proposed two solution methods, the Heap-Dijkstra (HP-Dijkstra) 

algorithm and the Partitioned Shortest Path (PSP) algorithm, for the approach-dependent, 

time-dependent, label-constrained shortest path problem.  This class of problems is an 

extension of the time-dependent label-constrained shortest path problem that was 

discussed by Sherali et al. (2003), and is used to model turn-penalties in transportation 

networks.  We model this problem by incorporating within each link’s travel time 

function a dependence on the link via which its tail node was approached.  This model 

also allows us to include turn prohibition(s) during specific period(s) of time when a 

traveler cannot make a turn from a given link onto another link at a particular node.  We 

adapt the method discussed by Sherali et al. (2003) to solve this problem by implicitly 

generating a composite network G* based on information from G and GL.  Furthermore, 

we study two heuristic schemes discussed by Sherali et al. (2003) to curtail the search by 
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growing the search tree more pointedly in the direction from the origin to the destination.  

In addition, we have proposed four additional heuristic methods to include high speed 

corridors into the search.   The proposed exact and heuristic methods have been 

implemented in the Linux operating system, using C++ along with the g++ GNU 

compiler.  We have tested twenty-five different combinations of network curtailment and 

algorithmic strategies on three test networks: the Blacksburg-light, the Blacksburg-full, 

and the BigNet network.  The Blackburg-light network contains only the major streets in 

Blacksburg, Virginia, and consists of 36 bidirectional links, 31 unidirectional links, and 

52 nodes, whereas the Blacksburg-full network contains all the streets encompassing 

1251 bidirectional links, 136 unidirectional links, and 1135 nodes.  The BigNet network 

is a transportation network system of Portland, Oregon, containing 7441 bidirectional 

links, and 3853 nodes.  For the Blacksburg-light network, we have 64,800 activities that 

have been generated by the Activity Generator Module, and for the Blacksburg-full and 

BigNet networks, we have 47,951 activities and 51,200 activities, respectively.  Our 

computational experiments were conducted on a Dell 400SC 2.8 GHz computer having 1 

GB of memory.  The results indicate that the Heap-Dijkstra implementations are much 

faster than the PSP algorithmic approaches for solving the underlying problem exactly. 

Furthermore, among the curtailment schemes, the ETHP-Dijkstra with p=0.05, based on 

estimating a lower bound on the travel time from any intermediate node i to the terminal 

node D, yields the best overall  results.  This method produces solutions within 0.37-

1.91% of optimality, while decreasing CPU effort by 56.68% at an average, as compared 

with applying the best available exact algorithm.  Our work suggests that it would be 

beneficial to test these methods on different networks because the results can vary quite 
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significantly based on the network structure.  Also, such a wider investigation might lead 

additional insights into composing alternative network curtailment strategies. 
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C h a p t e r  4  

ENHANCEMENTS FOR THE CART ALGORITHM WITH 
APPLICATION TO TRANSPORTATION SYSTEMS 

4.1 Introduction and Motivation 

 

The Classification and Regression Tree algorithm (CART) (see [Breiman et al. 

(1984)]) has been extensively used by transportation engineers and planners to conduct 

analyses of their survey data to provide information regarding the correlation between 

some independent household demographic X-variables and some dependent activity time 

or trip time Y-variables for these households. This classification and correlation process 

permits the user to explore different combinations of dependent and independent 

variables. However, the user does not have control or direction on how to achieve some 

desired objectives in trip or activity generation within this CART process, such as the 

maximization of the number of trips produced for all households, or maximizing the 

average number of trips per household that exceed a minimum threshold.    

The motivation for this research arose from an application of the CART algorithm 

to the next generation planning/simulation software package TRANSIMS. This 

application focuses on attempting to use different combinations of X- and Y-variables for 

each household in the CART implementation to achieve a maximum number of trips for 

all households [Los Alamos National Laboratory (2002a)].  However, the approach 

adopted to accomplish this requires a large number of trials of different combinations of 
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X- and Y-variables, but yet does not guarantee an optimal outcome in any defined sense.  

It became evident to us that the best way to achieve this would be to modify the CART 

algorithm itself, particularly in the pruning phase, so that the user could avoid extensive 

trial and error attempts, and yet quickly attain the desired objectives. 

The main contribution of this research is to develop a new concept of formulating 

suitable optimization models that can conduct pruning of classification trees based on 

specified objective or merit functions and side-constraints that govern certain structural 

and statistical properties of the generated classification trees.  We also apply this general 

concept within the context of the Activity Generator Module of TRANSIMS. 

 The remainder of this chapter is organized as follows.  In Section 4.2 below we 

provide an overview of TRANSIMS and its Activity Generator Module, which is the 

subject of principal focus in this work, along with some general concepts and 

enhancements related to classification tree development and pruning strategies.  Some 

discussion is repeated from previous chapters to make this presentation self-contained. 

Next, in Section 4.3, we present a new idea of formulating optimization models to 

conduct optimal pruning based on specified objective functions and subject to desired 

side-constraints.  Finally, in Section 4.4, we conclude this chapter with a summary of the 

proposal research tasks. 

 

4.2 An Overview of TRANSIMS 

 

TRANSIMS (Transportation Analysis and Simulation System) is an integrated 

package of travel forecasting models designed to provide transportation planners 
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comprehensive information on traffic impacts, congestion, and pollution [Los Alamos 

National Laboratory (2002a)]. The TRANSIMS software is developed by the Los Alamos 

National Laboratory (LANL), and its modules create a virtual metropolitan region with a 

complete representation of the region's individuals, their activities, and the transportation 

infrastructure.  Trips are planned to satisfy the individuals' activity patterns.  TRANSIMS 

then simulates the movement of individuals across the transportation network, including 

their use of vehicles such as cars or buses, on a second-by-second basis.  This virtual 

world of travelers mimics the traveling and driving behavior of real people in the 

region.  The interactions of individual vehicles produce realistic traffic dynamics from 

which analysts using TRANSIMS can estimate vehicle emissions and judge the overall 

performance of the transportation system. 

There are six principal modules within TRANSIMS: The Population Synthesizer, 

the Activity Generator, the Route Planner, the Microsimulator, the Emissions Estimator, 

and the Selector module (See [Los Alamos National Laboratory (2002a)] for details 

regarding these modules and their inter-relationships). Each module can be easily 

replaced or modified without revamping the entire TRANSIMS framework. Additionally, 

new modules may be added without much difficulty.  Figure 4.2-1 provides an overview 

of the framework of TRANSIMS.  Our focus in this chapter will be on the Activity 

Generator module. 
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Figure 4.2-1: TRANSIMS framework. 
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4.2.1 Activity Generator in TRANSIMS 

 

The Activity Generator module in the TRANSIMS framework develops a list of 

activities for each member of a synthetic household over a 24-hour horizon.  This module 

requires as principal inputs the synthetic households (obtained from the Population 

Synthesizer module), the study area activity survey of households, itinerant travel data, 

the TRANSIMS network data, and land-use data. Using these inputs, the Activity 

Generator module produces a list of activities for each traveler [Los Alamos National 

Laboratory (2002a)].  

The synthetic households are generated by the Population Synthesizer module 

using census data that represent the real households in the metropolitan area under study. 

The demographic data of the synthetic households must match the demographic data of 

the survey households that are part of the Activity Generator’s database. These 

demographic data are used to select a suitable survey household to match any given 

synthetic household. This matching is then used to produce the activity patterns for the 

members of the synthetic household. 

The survey households are comprised of a set of households that have been 

surveyed to yield the input database for the Activity Generator module. The data from the 

survey household consist of information related to household demographic data and 

household activity data. The survey household demographic data contains information 

about the characteristics of each household member in the survey sample of households. 

This data is used for building and matching the demographic characteristics of the 

synthetic households. The activity survey obtained from the survey household is a 
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representative sample of the household activities, including travel and event-participation 

information for each household member. Skeletal activity patterns are created by 

stripping locations from the database. 

The Activity Generator module uses household demographic survey data to build 

a classification tree by applying the CART (Classification and Regression Tree) 

algorithm. Each survey household is effectively placed by the CART algorithm into one 

of the tree’s terminal nodes. The survey household demographic data pertaining to each 

of the terminal nodes of this tree is used to match a given synthetic household with a 

survey household within the particular terminal node of the tree.  The format of the 

synthetic household demographic file is the same as the survey household demographic 

file. 

The Activity Generator in TRANSIMS uses a model that considers the time spent 

for various activities as dependent variables, which provide a basis for comparison to 

match the synthetic households to the survey households. The assumption made in this 

model is that the activity travel patterns of households would be similar if the time spent 

for these activities is also similar. 
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4.2.2 Algorithms in the Activity Generator 

 

As discussed above, the role of the Activity Generator in TRANSIMS is to 

develop a list of activities for each member of a synthetic household over a 24-hour 

horizon. The algorithms used to generate the list of activities for each member of a 

synthetic household involve the following five steps: 

1. Create skeletal activity patterns from the survey households. 

2. Use the CART (Classification and Regression Tree) algorithm to build a 

classification tree based on the household demographic data. 

3. Match the given synthetic household with a survey household. 

4. Generate activity times and durations. 

5. Generate destination locations. 

The focus of this research effort will be on the first three steps, and in particular, 

on the CART algorithm, used to produce an accurate classification of household 

characteristics based on their travel behavior [Los Alamos National Laboratory (2002a)]. 

This algorithm is comprised of two steps: the tree growing step and the cross-validation 

step for reducing or pruning the tree. In the tree growing step the CART algorithm 

constructs a binary tree structure by repeatedly splitting each active node into two 

subnodes based on a split-criterion and a split-value. The two new subnodes become, in 

turn, active nodes. These splits are performed until all leaf nodes can be declared to be 

terminal nodes. A brief description of the tree growing algorithm is as follows [Los 

Alamos National Laboratory (2002a)]: 
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Consider the following notation. 

• L:  survey sample comprised of n data observations, indexed i = 1,...,n. 

• Xk , k = 1,...,K:  Given set of K demographic attributes.  (These are the independent 

variables.)  For example,  = household size,  = number of children with ages ∈ 

[0, 5] in the household, 

X1 X2

X3  = number of children with ages ∈ [5, 17] in the household, 

etc. 

• Xik  = value of demographic attribute Xk  in the ith survey observation, i = 1,...,n, k = 

1,...,K. 

• , j = 1,...,p:  Given set of p dependent variables used to measure the performance 

characteristics of the households.  In TRANSIMS, there are p = 16 such variables. 

Fifteen of these measure the total (weighted) time spent by the household in each of 

some 15 broadly classified activity types, and the 16

Yj

th one pertains to the total number 

of trips made by the household over the specified 24-hour horizon. 

•  = value of measure Y  for the iYij j
th survey observation, i = 1,...,n, j = 1,...,p. 

•  = 1/variance (Y ) (e.g., as estimated from L), s j j ∀ j = 1, ..., p. 

• Dj(N)  = deviance (or impurity) of a subset (or node) N ⊆  L  with respect to measure 

j, for j = 1,...,p.  This is computed as the sum of squared deviations of  

from their mean: 

, ,ijY i N∀ ∈

Dj(N) = (Yij
i∈N
∑ − Y Nj )2 , where Y Nj ≡ Yij

i∈N
∑ / N . (1) 

  

D(N) = sj
j=1

p

∑ Dj (N) = total (weighted) deviance (or impurity) of node N ⊆  L. (2) 
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• tk(N) = {possible values of t such that there exist observations i in N having Xik ≤ t  

and others having Xik > t }, for each N ⊆  L, and k = 1,...,K. 

• Partition {N1kt , N2kt} of N:  For each k = 1,...,K, and t ∈ tk (N), where N ⊆  L, define 

N1kt = {i ∈ N : Xik ≤ t}  and  N2kt = {i ∈ N : Xik > t}. (3) 

• ∆kt(N) :  decrement in the total deviance upon partitioning N into {N1kt , N2kt} given 

by 

∆kt(N) = D(N) − [D(N1kt) + D(N2kt )]. (4) 

 

The tree-growing algorithm then proceeds as follows.  At each stage of this 

process, beginning with the root node comprised of L, the procedure selects an active 

terminal or end node N and considers splitting or partitioning this node into two 

subnodes.  (A current end node is considered active if its deviance exceeds a threshold 

value β ≡ 0.01D(L).)  The partitioning of N is performed based on that attribute Xk  and 

its associated value t ∈ tk (N) that yields the largest value of the decrement ∆kt(N)  in the 

total deviance.  If the number of observations in both the resulting children nodes is at 

least some minimal value Nmin  (taken as 10 in TRANSIMS), this partitioning is 

conducted.  Otherwise, the end node N is declared as inactive, and will end up being a 

terminal node of the final tree T that is constructed.   

 

Remark 1.  Note that aside from the foregoing criteria, we will investigate basing the 

selection and splitting of nodes on other, possibly multiple, considerations. For example, 
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one might be interested in ensuring that the average number of trips made by the 

households that are assigned to each node must exceed some minimal threshold. 

Denoting  as the index that represents the total number of trips made by the 

household, for any node N, the average number of trips for the assigned households 

would then be given by 

},...,1{* pj ∈

*

*( ) .
| |

ij
i N

j

Y
F N

N
∈=
∑

 (5) 

 
For some threshold , we may ensure that minF *( )j minF N F≥  for each end node that is 

generated by choosing to partition any node N into subnodes  and , only if 1N 2N

min| |iN N≥  and  for each i = 1, 2. *( )j iF N F≥ min (6) 

 

Figure 4.2.2-1 provides a flow-chart for the above tree-growing procedure, where the 

following additional notation has been introduced. 

T  : Set of terminal nodes of any given classification tree T.  

AT  : Set of currently active terminal nodes during the tree-growing process.  
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Initialize:  Let the root node be designated as L, representing the total survey. Compute D(L), let β = 
0.01 D(L), and Nmin = 10. Initialize the tree T = {L} to have the node L, with the set of terminal nodes 

 = {L}, and the set of active terminal nodes T  = {L} as well.  Let DOWN{L} = 0. ˜ T ˜ 
A

 

Figure 4.2.2-1: Flow-chart for the Tree-Growing Procedure. 

˜ T A = ∅  
Stop; output tree T with its 
terminal nodes T  ˜ 

Pick an active terminal node N ∈ arg max {  D( ′ N ) : ′ N ∈ ˜ T A}

Compute ∆kt(N)  for each k = 1,...,K, t ∈ tk (N) . 
Find ∆k *t *(N) = max

k ,t
{∆kt (N)} , and let the corresponding 

partition of N be {N1, N2} ≡ {N1k*t *, N2k*t*}. 
 

* N1  and N2 ≥ Nmin ?  Remove N  from T  ˜ 
A

Partition N into N1  and N2 , and add N1  and N2  to T with DOWN( N1 ) = 
DOWN( N2 ) = N. Compute and store D( N1 ) and D( N2 ).  Remove N from T  and 
from T , and add 

˜ 
˜ 
A N1  and N2  to T .  Also, for each i = 1, 2, if D(˜ )iN β≥ , add  

to T . 
iN

˜ 
A

A

Y 

N 

N 

Y 

(Note:  we only need to carry a binary index to denote if a certain member in T  is 
active (i.e., it is in T ) or not.) 

˜ 
˜ 

 

*Possibly, also check if * ( )j i minF N F≥  for each i = 1, 2 in this set of conditions as 
per Remark 1. 
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4.2.3 Cross-Validation Scheme of CART to Prune the Binary Tree. 

 

Let T be the tree produced via the tree-growing procedure described in Section 

2.2.  The CART algorithm recommends two alternative schemes for reducing or pruning 

(or pruning upward) the tree T, namely, the cross-validation approach and the 

independent test sample approach.  TRANSIMS implements a variant (called S-PLUS) 

of the former scheme, which is the one recommended by Breiman et al. (1984). In this 

process, the survey sample L is randomly partitioned into V roughly equal subsets 

.  (The value V = 10 is recommended by TRANSIMS.)  Letting   for 

each v = 1,...,V, the CART algorithm is used to determine a tree 

1,..., VL L ( )v
vL L L= −

T (v )  based on the 

observations in  alone, for each v = 1,...,V.  Presumably, because of the smaller 

sample size, each of these trees will tend to be smaller than the tree T obtained using the 

full sample L.  Then, based on certain prediction errors pertaining to classifying all the 

observations in L into the terminal nodes of each 

( )vL

T (v ) , the tree yielding the least 

prediction error is selected (further details are provided below). However, when the 

sample size L is very large, Breiman et al. recommend the less computationally intensive 

independent test sample.  Remark 3 given at the end of the present section comments on 

the specifics of this approach.  In Section 4.3, following this discussion, we shall present 

a new optimal pruning strategy based on various stated criteria that include diverse 

considerations such as deviance, number of terminal nodes, and total number of induced 

trips. 
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Now, consider any arbitrary tree τ ∈{T (v), v = 1, ..., V}.  As before, let ˜ τ  denote 

the set of terminal nodes of τ.  For any observation i, let ˜ τ (i)  be the terminal node from 

˜ τ  that this observation i would fall into (this would be the classification node of i).  

Compute a prediction error for observation i with respect to the tree τ as  

ei(τ ) = sj(Yij
j =1

p

∑ − Y ̃ τ ( i), j)
2  (7) 

where Y ̃ τ (i ), j  (from Equation (1)) is the average of the values of the measure j for the 

observations that currently reside in the terminal node ˜ τ (i)  of the tree τ.  Likewise, for 

any subset , define vL ⊆ L

( ) ( )
v

v

L i
i L

e eτ τ
∈

= ∑  (8) 

and for the entire set of observations in L, let 

2
( ),

1 1 1
( ) ( ) ( ) ( ) .

v

pV n

L L j ij i
v i j

e e e s Y Yττ τ τ
= = =

≡ = = −∑ ∑ ∑ j  (9) 

Then, the cross-validation method S-PLUS in TRANSIMS selects that tree T (v*)  for 

implementation such that 

( )* arg min { ( )vv e∈ T , v = 1,...,V}. (10) 

 

Remark 2. TRANSIMS also recommends a pruning process based on the following 

definitions. 

• D(τ):  deviance measure defined via (1)-(2) for any tree τ as the total deviance over 

its terminal nodes (denoted τ~ ) given by 
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∑
∈

=
τ

τ
~

)()(
N

NDD . (11) 

 

• Dα (τ ):  penalty function that augments the deviance D(τ) with a penalty term given 

by some penalty parameter α > 0 multiplied by the number of terminal nodes | |τ  in 

τ.  Hence, 

( ) ( ) | |D Dα τ τ α τ= + . (12) 

• τ N ⊆ τ :  subtree rooted at node N of τ given by N and its descendents (or 

successors) within τ. 

 

Given any tree τ (where the initial τ  equals the original tree T) and a node N of τ, 

where N ∉ ˜ τ , and given any parameter α, we can compute the penalty function value 

similar to (12) for the node N and for the subtree τ N  that is rooted at N as follows 

Dα (N) = D(N) + α  (13a) 

( ) ( ) | |N N ND Dα τ τ α τ= + . (13b) 

Note that from (13 a, b), we will have 

Dα (τ N ) < Dα (N) so long as ( ) ( )( )
| | 1

N

N

D N DN τα α
τ

−
< ≡

−
. (14) 

In other words, for any α ≥ α(N) , using the penalty function (12), we would prefer 

collapsing the subtree τ N  rooted at N into this node N.  Suppose that we compute this 

value α(N)  given by (14) for all the nonterminal nodes N of τ, and find 

N* ∈ arg min {α(N) : N  is a node of τ, N ∉ ˜ τ }. (15) 
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Given any tree τ  (where the initial τ  equals the original tree T)  a node N*  is determined 

that provides the weakest junction of τ in the sense that among the nodes *,~ NN τ∉  

yields the smallest value of the penalty parameter α beyond which it becomes preferable 

to collapse the subtree *Nτ  rooted at the node N* with respect to the merit function (12). 

This establishes an inductive process whereby after finding N* and collapsing τ N*  

into N*, the process is repeated with the pruned tree given by τ − τ N * .  This produces a 

sequence of nested trees, leading ultimately to the single root node r, say, of the original 

tree.  This sequence is then used as discussed in Remark 3 below.   

 

Remark 3 (Independent Test Sample Approach).  This alternative approach to the 

cross-validation method is more suited for large sample sizes, but is not currently a part 

of TRANSIMS. We will investigate this approach as well, using the above pruning 

concept based on the deviance measures (11) and (12).  Here, the survey sample set L can 

first be partitioned into the sets 1L  and 2L , where 1L  is suitably sized so that the nested 

sequence of trees described in Remark 2 can be conveniently determined, and  is the 

independent test sample that can subsequently be used to select from among the 

foregoing nested sequence.  This selection can be based on a suitable error prediction 

function. Figure 4.2.2-2 presents a flow-chart that describes this process. We will also 

investigate more efficient alternatives that simultaneously determine the nested sequence 

of pruned trees and evaluate the corresponding prediction errors, continuing this pruning 

process so long as the prediction error remains nonincreasing.  Although monotonicity is  

2L
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Partition L suitably into 1L  and 2L . 

Using 1L , find the starting tree T1  as in Figure 4.2.2-1.  Let r = root of T1 .  Put q = 1. 

For each node N in T , examine the subtree q, N ∉ ˜ T q TN  of Tq  rooted at node N and compute 

α(N ) = [D(N) − D(TN )] /( ˜ T N − 1)  as in ( ).  Find . 

 

Figure 4.2.2-2: Flow-Chart for the Pruning and the Independent Test Sample Approach. 

 

not guaranteed, at the first increase in the prediction error function, we could terminate 

this process in order to conserve effort. Moreover, in any case, note that if 1L  is a 

sufficiently representative sample, and if  is an elaborately expanded classification tree, 1T

14 N* ∈ arg min {α(N) : N ∈ Tq, N ∉ ˜ T q}

Collapse TN *  into N* within the tree Tq , and let Tq+1  be the resulting tree obtained. 

Tq+1 ≡ {r}?  q ← q + 1 

Put Q = q + 1.   We now have a nested sequence of  trees T1 ⊇ T2 ⊇ ... ⊇ TQ ≡ {r} . 

Consider the sample  and compute (via ( )) e T  for each q = 1,...,Q. 2L 8
2
( )L q

 

N 

Y 

Output for Implementation:  Tq* , where, q e
2

1,...,
* arg min { ( )}L q

q Q
T

=
∈ . 
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then it is quite likely that   by the procedure of Figure 4.2.2-2, leading to no 

pruning action.    

* 1q =

 

4.3 Optimal Pruning Strategy 

 

We now describe in this section a new strategy that can be used to optimally 

prune a given tree T based on various specified objectives, goals, and side-constraints. To 

present the proposed methodology, let us begin by introducing some notation and 

terminology. 

As before, let T be the tree obtained via some tree-growing procedure and let T  

represent its terminal or end nodes.  For convenience in notation, we will index the nodes 

of T as , where node 0 represents the root node, and denote this set of 

nodes by H = {0, 1, …, H}.  For any h ∈ H, let us define the following (standard) 

terminology (see Bazaraa, Jarvis, and Sherali, 1990, for example). 

0,1, ...,h = H

( )p h  = set of predecessor nodes of h ≡  set of nodes (excluding h) that lie on the chain 

from h to the root node 0 ( (0) )p φ= .   

( ) ( )Ip h DOWN h≡  = immediate predecessor of node h ≡ first node following h that lies 

on the chain from h to the root node. 

hT  = subtree of T that is rooted at node h (including h).  (Hence, 0T T≡ .) 

( )b h  = brother of node h (exists for 0h ≠ ) = node for which [ ( )] ( )I Ip b h p h= .  Note 

that  since T is a binary tree.) [ ( )]b b h h=
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s(h) = set of successor nodes of h ≡ set of nodes in { }hT h−  ≡ set of nodes u for which 

. ( )h p u∈

( )Is h  = the two immediate successors (or children) of node h (if they exist) that are 

produced by partitioning node h as in the tree-growing procedure. 

 

Furthermore, for the sake of convenience, we will henceforth refer to the (unique) 

chain from any node u to a node v in T, including the nodes u and v, by . When 

we wish to exclude nodes u, or v, or both from this chain, we will use the notation 

, , and , respectively.  Finally, the process of pruning a 

subtree  that is rooted at h by absorbing it within the node h will be referred to as 

collapsing  into h.  Likewise, any node that is a part of such a subtree  (excluding 

the node h) will be called a “collapsed node.” 

[C u v→ ]

)( ]C u v→ [ )C u v→ (C u v→

hT

hT hT

Any legitimate pruning of the tree T will comprise of collapsing entire subtrees 

rooted at particular nodes into these corresponding nodes, thereby producing a resultant 

tree T(E) having E  as its set of end nodes. A formal definition of a pruned tree is given 

below. 

 

 

 

 

 

 



 100

Definition 1.  We will say that T(E) is a pruned tree of T having end nodes E iff: 

(i)  T(E) is a subtree of T that contains the root node 0, has E ⊆ H as its set of end nodes, 

and is given by , and  [ 0]
h E

C h
∈

→∪

(ii) for any node 0h ≠  that is included in T(E), we also have its brother node b(h) 

included within T(E). 

 

Observe that we require condition (ii) above to ensure, along with condition (i), 

that any collapsed node is part of an entire collapsed subtree that is rooted at some node. 

In other words, (ii) equivalently asserts that T(E) is a binary tree. 

 

Now, let us define a set of binary variables as follows: 

 

1 if node  is selected as an end node
0  otherwiseh

h
x

⎧⎪= ⎨
⎪⎩

 (16) 

and consider the following system of constraints: 

( )

1,h u
u p h

x x h
∈

+ = ∀∑ T∈  (17a) 

 binary,    hx h∀ ∈  H. (17b) 

 

Proposition 1 below asserts that the system (17) precisely characterizes the set of pruned 

trees of T in the sense of Definition 1. 
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Proposition 1  Let T(E) be a pruned tree of T having end nodes E. Define a (binary) 

vector  having components | |{0,1}x ∈ H 1hx =  if h E∈  and 0hx =  otherwise. Then x 

satisfies system (17). Conversely, consider any feasible solution x to the system (17). 

Define  

{ : 1}hE h x≡ =  (18a) 

and let τ be the subtree of T given by 

[ 0
h E

C hτ
∈

≡ →∪ ] . (18b) 

Then, τ is a pruned tree of T having end nodes E, i.e., ( )T Eτ ≡ . 

Proof.  Let T(E) be a pruned tree of T having end nodes E, and define the binary vector 

 to have components | |{0,1}x ∈ H 1,hx h E= ∀ ∈ , and 0hx =  otherwise. Let us show 

that x satisfies (17a). Toward this end, consider any h T∈  and let us examine the chain 

 in T. Let v be the first node in this chain that exists within T(E) (see Figure 

4.3-1(a)).  If v = h itself, then v h

[C h → 0]

E≡ ∈ , while ( )E p h∩ = ∅  and so,  and 1hx =

0, ( )ux u p h= ∀ ∈ .  Hence, (17a) holds true. Otherwise, if v h≠ , then we know that 

the nodes on , in particular, are all collapsed nodes. Let  be the 

immediate successor of node v that lies on  (possibly, 

[ )C h v→ ( )Iv s v′ ∈

[ ]C h v→ v h′ ≡ ). Since v′  is a 

collapsed node, we have that ( )b v′  is also a collapsed node by condition (ii) of Definition 

1. In fact, together with condition (i) of Definition 1, this implies then that v , while 

.  Consequently, 

E∈

( )E p v∩ = ∅ 1vx =  while 0hx =  and 0ux = , ( ),u p h u v∀ ∈ ≠ .  

Hence again, we have that (17a) is satisfied. 
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Conversely, let x be any feasible solution to (17) and define E and τ as in (18a, b). 

Hence, by construction, τ is a subtree of T that contains the root node 0. Next, let us show 

that E is precisely the set of end nodes of τ.  Again by the construction process (18b), we 

know that {ends of τ} ⊆ E.  On the contrary, if any 1e E∈  is not an end of τ, then there 

must exist some  for which 2e ∈ E 0]1 2(e C e∈ → .  Moreover, by tracing along 

successor nodes in T starting from the node , let 2e 3e T∈  be such that  

(possibly, ). By applying (17) to , since , we must have 

that , which is a contradiction because by assumption,  implies 

that .  Hence, 

2 3[ 0e C e∈ → ]

23e e≡ 3e 1 2 3 3{ , } { } ( )e e e p e⊆ ∪

1 2
1e ex x+ ≤ 1 2{ , }e e E⊆

1 2
1e ex x= = {ends of }E τ≡ , and so, τ satisfies condition (i) of Definition 

1. 

To complete the proof, let us verify that condition (ii) of Definition 1 holds true 

by showing that for any node ,h h 0,τ∈ ≠  we also have that ( )b h τ∈ .  Toward this 

end, consider any ,h h 0,τ∈ ≠  and let v be the immediate predecessor of h on 

.  Since (C h → 0] [ 0]C v E φ→ ∩ = , we have from (18a) that 

0, [ 0]ux u C v= ∀ ∈ → . (19) 

Now, by tracing successor nodes in T starting from b(h), suppose that we reach an end 

node e  (see Figure 4.3-1(b)), so that  T∈

[ 0] [ ( ) 0] ( ) [ 0]C e C b h b h C v→ ⊇ → ≡ ∪ → . (20) 

From (17), we have, 

( )
( ( )) [ 0]

1e u b h
u C e b h u C v

x x x
∈ → ∈ →

+ + +∑ ∑ ux = . (21) 
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 0   

v   

v′ 

h   

(a)   

0

b(h)
e  

v

h

(b)

b(v′) 

 

Figure 4.3-1: Illustration for the Proof of Proposition 1. 

 

Therefore, on the contrary, if ( )b h τ∉ , then since we have shown above that E is 

the set of end nodes of τ, we would have that ( )b h E∉ , and so by (18a), .  

Moreover, we similarly have that 

( ) 0b hx =

[ ( )]C e b h τ→ ∩ = ∅

h =

, and so, 

( )
( ( ))

0e u b
u C e b h

x x x
∈ →

+ +∑ . (22) 

This together with (19) asserts that the entire left-hand-side in (21) is zero, a 

contradiction. Hence, ( )b h τ∈ , and this completes the proof.   

By Proposition 1, the system (17) provides a mathematical structure that affords a 

great deal of flexibility in designing an “optimal” pruning strategy. Noting that any 

feasible solution to (17) maps onto a pruned tree T(E) as defined in Proposition 1 via 

(18), we can ascribe any desired merit function f(h) to the end nodes of the prescribed 

pruned tree, and choose to solve the pruning problem 
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PP1:  Maximize 
0

( ) :   system (17)
H

h
h

f h x
=

⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭
∑ . (23) 

Note that for any h ∈ H, if h turns out to be an end of T(E) (i.e., h ∈ E) as portended by 

, then by examining the restrictions on the branches in the chain  in T, 

we know precisely the classification characteristics of node h and what survey (or 

synthetic) population households would reside within node h. Moreover, since any 

solution to (17) produces a legitimate pruned tree, it would result in a unique 

classification of household samples into the end nodes h ∈ E given by (18a). Notice that 

we have a great deal of flexibility in selecting a merit function, or a combination of merit 

functions, for formulating (23) as described in Remark 4 below. Moreover, (23) has a 

special set partitioning structure that promotes its solvability (see [Nemhauser and 

Wolsey (1999)]). Furthermore, from a modeling viewpoint, this approach permits us to 

include additional required restrictions within the pruning problem (23) as specified in 

Remark 5 below. 

1hx = [ 0]C h →

 

Remark 4 (Alternative Merit Functions). One merit function as used in Section 4.2.3 

above can be based on the deviance function as follows, similar to (1), (2): 

( )2

1
1

( ) ,
h

h

p

j ij N j
j i N

f h s Y Y
= ∈

= − − ∀ ∈∑ ∑ h H, where 
| |

h

h

ij
i N

N j
h

Y
Y

N
∈≡
∑

, (24) 

 
and where  is the subset of the observations {1, …,n} that would be partitioned into 

node h were it to become an end node of the pruned tree. (Note that we have used a 

minus sign in (24) because of the maximization objective in (23).  Also, note that 

hN

1f  
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could be evaluated based on the classification of some other independent test sample as in 

Section 4.2.3.) 

Likewise, as in (12), we could augment (24) by imposing a penalty 0α ≥  on 

each end node created. This would yield a merit function 

2 1( ) ( )f h f h α= −  (25a) 

so that  

2 1( ) ( )h h
h h

h
h

f h x f h x xα= −∑ ∑ ∑   

where the last term penalizes the total number of end nodes h
h

x∑  by a factor of 0α ≥ .  

Note that in lieu of employing a constant α for each h as in (25a), we can use a factor  

hα α=  ∑ (depth of node h) (25b) 

where the depth of a node h is the number of branches on the chain .  This 

would tend to produce relatively more breadth-wise expanded trees, and would yield the 

following merit function as an alternative to (25a): 

[ 0]C h →

2 1( ) ( ) ,hf h f h hα= − ∀ ∈ H. (25c) 

 

Another possible merit function can be based on the total number of trips accrued 

by some synthetic population L′  when it is assigned to the pruned tree. Defining hN ′  as 

the subset of this synthetic population that would be ascribed to node h, given that node h 

becomes an end node of the prescribed pruned tree, and letting *ijY ′  (with the index j* 

defined as for (5)) represent the total number of trips for household i, for each hi N ′∈  
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given that it is matched within node h ∈ E for a pruned tree T(E), we can construct a 

merit function 

3 *( ) ,
h

ij
i N

f h Y
∈

′ h= ∀ ∈∑  H. (26) 

(Alternatively, we could use average values as in (5) by dividing this by | , 

depending on our objective.) 

|hN

We can also handle multiple objectives via a suitable weighting or goal-

constrained scheme. For example, we can compose a merit function via (25) and (26) as 

4 2( ) ( ) (1 ) ( )3f h f h f hλ λ= + −  for some suitable 0 < λ < 1. (27) 

Alternatively, letting D* be the total deviance of the original tree T, we could try 

composing a pruned tree that maximizes the total assigned trips via the merit function 3f  

given by (26), while requiring the total deviance to increase by no more than some 

permissible tolerance 100D%, where 0∆ ≥ .  This can be achieved by solving the 

pruning problem 

PP2:  Maximize . 3 1
0 0

( ) :  - ( ) * (1 ),  system (17)
H H

h h
h h

f h x f h x D
= =

⎧ ⎫⎪ ⎪≤ + ∆⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∑ (28) 

 

Remark 5 (Accommodating Additional Restrictions).  Within the context of PP1 or 

PP2, given respectively by (23) and (28), we could impose various additional restrictions. 

For example, to restrict the number of end nodes, we could include the constraint 

max
0

H

h
h

x E
=

≤∑   for some parameter , or more generally, maxE
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0

H

h h
h

xα µ
=

′ ≤∑  for some parameter µ, (29) 

for some suitable weights 0,h hα′ > ∀ ∈  H. (For example, we could select h hα α′ =  as 

given by (25b).) Sometimes, we would like to preserve certain end nodes .  For 

example, there might be end nodes of T that classify either senior citizens or minors, 

which would naturally generate only few, if any, trips. Such nodes would become prime 

targets for being collapsed under an objective function that attempts to maximize the total 

number of assigned trips subject to additional constraints as in (28) or (29). However, 

because of the special nature of these end nodes, from a statistical record point of view, 

we might prefer to preserve such nodes in the pruned tree. In such a case, we can simply 

impose the restriction  

1E ⊆ T

11,hx h E= ∀ ∈ . Likewise, to conserve modeling and 

solution effort, we might wish to enforce that certain nodes  of T do not turn out to be 

end nodes (i.e., they are either collapsed, or are preserved as non-terminal nodes of the 

prescribed pruned tree). This can be accommodated by setting 

0E

0hx = , . Several 

other types of desired restrictions and objectives can be similarly modeled within such 

optimal pruning problem formulations. In our study, we shall investigate and empirically 

evaluate several such delineated problems. 

0h E∀ ∈

 

4.4 Overall Activity Generator Module 

 

The overall process for the Activity Generator Module of TRANSIMS can be 

described as follows (see [Los Alamos National Laboratory (2002a)] for more details).  
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1. Take the given survey population (referred to as L above) and record the sequences of 

types of activities for each observation, stripped of any specific locations.  Also, identify 

the demographic attributes Xk , k = 1,...,K, and their ranges over the given population, and 

compute the measures Yij  for each i ∈ L, j = 1,...,p, as well as estimate the weights s  for 

each j = 1,...,p. 

j

 

2. Use the tree-growing and pruning/reduction procedures described in Sections 4.1-4.3 to 

arrive at a binary tree T to be used along with its terminal nodes .  Identify the 

classification scheme associated with each terminal node in , as given by the 

restrictions on the branches leading from this node to the root of T (follow the 

predecessor DOWN(⋅) labels for this purpose). 

˜ T 

˜ T 

 

 Then, given any synthesized household, assign it to the appropriate terminal node N ∈ ˜ T  

based on its demographic characteristics.  Randomly match this synthesized household 

with a survey household in N using the discrete probability density function 

p(i) = wi / , wj
j ∈N
∑ ∀ i ∈ N , where w  is some (importance) weight ascribed to the 

observation i in N. Note that the matched survey household might not be perfectly 

compatible with the synthesized household.  Hence, we may modify the former (or try a 

different match) as described in [Los Alamos National Laboratory (2002a)]. 

i

 

3. Because the matching at Step 2 is based on demographics, it is assumed that the list of 

activities for any person in the matched survey household is appropriate for the 
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corresponding person in the synthesized household.  However, the locations for these 

activities need to be generated.  Using the principal origin and destination locations of the 

synthesized household as the base input, generate locations for the activities as in [Los 

Alamos National Laboratory (2002a)] using a discrete choice model to first select 

appropriate zones for all the activities, and then using land-use information to specify the 

actual locations within zones for each of the activities. 

 

4. Prescribe as the final output a list of the set of participants from the synthesized 

household for each of the activity trips, providing information on ranges for the start-

time, end-time, and the duration for each activity (see [Los Alamos National Laboratory 

(2002a)] for details). 

 

4.5 Implementation and Results 

 

In Section 4.3, we have described a new concept for formulating optimization 

models to conduct the pruning of classification trees obtained via the CART algorithm.  

Various merit or objective functions, along with desired side-constraints, can be used 

within this context.  Note that this idea is generally applicable to any situation where the 

CART procedure is employed.   

In particular, within the context of the Activity Generator Module of TRANSIMS, 

we investigated the use of different objective functions and side-constraints as delineated 

in Section 4.3 to both develop as well as optimally prune classification trees.  We 

implemented the modified CART algorithm using JAVA that utilizes the MySQL server 
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version 4.0 (MySQL) and lp_solve 2.0 (M. Berkelaar (1997)), which is written in JAVA 

under the Lesser GNU Public License.  This program, CART-VT, allows the user to load 

a survey data in an Excel file format. We loaded 3,470 household survey data, which 

were available from studies conducted on the Portland transportation network (see [Los 

Alamos National Laboratory (2002b)]), into CART-VT as shown in Figure 4.5-1.  For 

illustrative purpose, we used 23,656 synthetic households that pertain to the Blacksburg 

transportation network. 

 

Figure 4.5-1: A screenshot of CART-VT with the survey data in Excel format. 

 

The user can select dependent and independent variables for constructing the 

CART from the headers of the corresponding columns in the survey data.  Figure 4.5-2 

depicts the various variables available for selection as pertaining to our survey data.   
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Figure 4.5-2: Selection of variables for constructing the CART. 

 

Once the desired variables are specified, the user has an option to select the 

CART parameters as discussed in Section 4.2, such as Nmin  (which is referred to as “Min. 

Node Size”  in CART-VT) and the multiplier of the total deviance D(L) to produce the 

threshold value β  (which is referred to as “Min. Node Deviance” in CART-VT).  In 

addition, the user can select to use one of two available pruning schemes: the Cross-

Validation Scheme and the Independent Test Sample Scheme, as shown in Figure 4.5-3.  

We constructed the CART using Nmin =10 and the multiplier of the total deviance equal to 

0.01.  This was accomplished in about 34 minutes for our survey data on a Dell 400SC 

2.8 GHz computer having 1 GB of memory, using Redhat Linux 7.3, and it produced a 

CART having 100 chains and 199 nodes as shown in Figure 4.5-4.   
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Figure 4.5-3: Pruning method selection for constructing the CART. 

 
 

 
Figure 4.5-4: The CART produced by using Nmin =10 and the multiplier of the total deviance equal to 
0.01. 
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 We next implemented CART-VT along with various options of objective 

functions and desired side-constraints as shown in Figure 4.5-5 and Figure 4.5-6, 

respectively.  The user can select to minimize the total number of end nodes, minimize 

the maximum depth of the end nodes, minimize the sum over all the end nodes of the  

ratios of the total number of synthetic households and the survey households that fall into 

the same end node, minimize the maximum over the end nodes of the ratio of the total 

number of synthetic households and the survey households that fall into the same end 

node, minimize the total deviance, maximize the total sum of some selected variable over 

the end nodes (such as the total number of trips), or optimize any weighted sum of the 

available objective functions where the total weight must sum to 1.   

 In TRANSIMS, we use the CART algorithm to select a suitable survey household 

to match any given synthetic household in order to produce the activity pattern for the 

members of the synthetic household.  We might not want to produce many duplications 

of the same activity pattern.  Therefore, this motivates the foregoing objective functions 

of minimizing the sum over all the end nodes of the ratios of the total number of synthetic 

households and the survey households that fall into the same end node, or minimizing the 

maximum of these ratios. 

The side-constraints that are proposed for CART-VT impose a bound on the total 

number of end nodes, a bound on the depth of each end node, a bound on the ratio of the 

deviance of the new tree and that of the original tree, and a bound on the ratio between 

the total number of synthetic households and the survey households that fall into the same 

end node (for each end node).  The user can select a lower bound, an upper bound, or 

both for each side-constraint.  In addition, the user can select to preserve some special 
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end nodes or enforce certain end nodes that are produced in the original tree to not be end 

nodes in the optimally pruned classification tree.  This selection is available as 

“Constraint on each end node” in the Constraints tab as shown in Figure 4.5-6.  After 

selecting the desired objective functions and side-constraints, the user can generate and 

solve the model to obtain an optimally pruned classification tree.  

 

Figure 4.5-5: Various objective functions for optimally pruning the classification tree. 

 

 
Figure 4.5-6: Various side-constraints for optimally pruning the classification tree. 

 

We investigated different models by composing suitable objective functions with 

various appropriate combinations of side-constraints.  For example, it is inappropriate to 

simply minimize the total number of end nodes, because the resulting optimally pruned 

classification tree will then contain only the root node. Therefore, we should incorporate 

additional side-constraints that would preserve some end nodes to a desirable extent in 

the tree.  By adding the side-constraint that the total number of end nodes should be 
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greater than or equal to six, for example, the resulting optimally pruned classification tree 

contains exactly six end nodes as shown in Figure 4.5-7 where the objective function of -

6 corresponds to maximizing the negative of the specified objective function.  (Note that 

all the results given below utilize such a transformed equivalent maximization objective 

function.) 

 

 
Figure 4.5-7: The optimally pruned classification tree for minimizing the number of end nodes subject to 
this number being at least six.  

 
 Alternatively, suppose that we are interested in preserving a certain original end 

node that contains some special demographic characteristic, for example, householders 

comprised of only two workers having a total income of less than $50,000 and each being 

of age less than 30 years.  This special demographic characteristic falls into Node 19. The 

optimally pruned classification tree is shown in Figure 4.5-8 where the (maximization) 
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objective function value is -5.  Note here that we are minimizing the total number of end 

nodes while preserving Node 19.  Therefore, the brother of Node 19, which is Node 20 

( ), must be an end node according to Condition (ii) in Definition 1.  Since 

Node 19 is in the pruned tree, Node 9 and its brother Node 10 must also be in the pruned 

tree according to conditions (i) and (ii).  Likewise Node 4 and its brother Node 3 must be 

in the pruned tree, as well as Node 1 and its brother Node 2.  This results in the optimally 

pruned classification tree as depicted in Figure 4.5-8. This same pruned tree is obtained 

when the objective is to minimize the depth of the end nodes while preserving Node 19. 

(19) 20b ≡

 

 
Figure 4.5-8: The optimally pruned classification tree for minimizing the total number of end nodes while 
preserving Node 19 and for minimizing the depth of the end nodes while preserving Node 19. 

 As discussed previously, we use the CART algorithm to select a suitable survey 

household to match any given synthetic household in order to produce the activity pattern 
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for the members of the synthetic household. Therefore, we would minimize the total ratio 

between the total number of synthetic households and the survey households that fall into 

the same end node. The synthetic household data that we used for experimentation is 

from the Blacksburg transportation network and it contains 23,656 households.  If there 

are no additional side-constraints imposed, the resulting tree would contain only the root 

node, which is not acceptable. Thus, we put a bound on the total number of end nodes to 

be greater than or equal to five.  The resulting tree, having a (maximization) objective 

value of -19, is shown in Figure 4.5-9.  

 
Figure 4.5-9: The optimally pruned classification tree for minimizing the sum over all the end nodes of the 
ratios of the total number of synthetic households and the survey households that fall into the same end 
node subject to the total number of end nodes being greater than or equal to five. 

Another objective function that might be of interest from a statistical viewpoint is 

to minimize the total deviance of the new tree.  The optimally pruned classification tree 
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obtained by using this objective function without any constraints is exactly the same as 

the original tree, because the original tree is the minimal deviance tree.  Figure 4.5-10 

depicts this tree.  However, if we add the side-constraint that the ratio between the total 

number of synthetic households and the survey households that fall into the same end 

node be less than or equal to seven for all end nodes, the resulting tree obtained is 

depicted in Figure 4.5-11.  This tree provides a matching that does not duplicate the 

activity patterns more than seven times.  In addition, we can add an additional side-

constraint to limit the depth of the end node to be less than or equal to five, which 

produces the optimally pruned classification tree as shown in Figure 4.5-12. 

 
Figure 4.5-10: The optimally pruned classification tree for minimizing the total deviance of the new tree. 
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Figure 4.5-11: The optimally pruned classification tree for minimizing the total deviance of the new tree 
subject to the ratio between the total number of synthetic households and the survey households that fall 
into the same end node being less than or equal to seven for all end nodes. 

 

Figure 4.5-12: The optimally pruned classification tree for minimizing the total deviance of the new tree 
subject to the ratio between the total number of synthetic households and the survey households that fall 
into the same end node being less than or equal to seven for all end nodes and the depth of each end node 
being less than or equal to five. 
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The user can combine different objective functions with desired associated 

weights to reflect their relation importance.  We combined the two objective functions of 

minimizing the total deviance of the new tree, and maximizing the total number of trips 

corresponding to the end nodes, where the weight for each objective function was taken 

as 0.5.  In addition, we utilized two side-constraints to bound the ratio between the total 

number of synthetic households and the survey households that fall into the same end 

node to be less than or equal to seven for each end node, and to limit the depth or level of 

the end nodes to be less than or equal to four.  The resulting tree is displayed in Figure 

4.5-13.  It is interesting to compare this tree with those depicted in Figure 4.5-11 and 

Figure 4.5-12 for related objective functions and side-constraints. 

 

Figure 4.5-13: The optimally pruned classification tree for combined objective functions of minimizing the 
total deviance of the new tree and maximizing the total number of trips corresponding to the end nodes, 
where the weight for each objective function was taken as 0.5, subject to the ratio between the total number 
of synthetic households and the survey households that fall into the same end node being less than or equal 
to seven for each end node, and with the depth or level of each end nodes being less than or equal to four. 
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4.6 Summary and Conclusions and Recommendations for Future Research 

 

The Classification and Regression Tree (CART) algorithm (see [Breiman et al. 

(1984)]) is extensively used to conduct analyses of survey data to provide information 

regarding the correlation between some independent household demographic X-variables 

and some dependent activity time or trip time Y-variables for these households. This 

classification and correlation process permits the user to explore different combinations 

of dependent and independent variables. Using a novel set partitioning formulation, we 

have proposed a novel optimal pruning strategy that allows users to have control or 

direction on how to achieve some desired objectives in this trip or activity generation 

process, or while incorporating certain side-constraints pertaining to the desired structure 

of the resulting classification tree.  We have provided the mathematical structure for 

characterizing and computing such optimally pruned binary trees.  The developed 

mathematical model permits us to explore a variety of combinations of appropriate 

objective functions and side-constraints in constructing the pruned tree.  Our JAVA 

program, CART-VT, utilizing the MySQL database server, provides an option of using 

six different objective functions such as minimizing the total number of end nodes, 

minimizing the maximum depth of the end nodes, minimizing the sum over all the end 

nodes of the ratios of the total number of synthetic households and the survey households 

that fall into the same end node, minimizing the maximum over the end nodes of the ratio 

between the total number of synthetic households and the survey households that fall into 

the same end node,  minimizing the total deviance, maximizing the total sum of some 

selected variables over the end nodes (such as the total number of trips), or optimizing 
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any weighted combination of these objective functions, where the total weight must sum 

to 1.  The side-constraints that are available in CART-VT are a bound on the total 

number of end nodes, a bound on the depth of each end node, a bound on the ratio of the 

deviance of the new tree and that of the original tree, and a bound on the ratio between 

the total number of synthetic households and the survey households that fall into the same 

end node (for each end node).  The user can select a lower bound, an upper bound, or 

both for each side-constraint.  In addition, the user can select to preserve some special 

original end nodes or enforce certain original end nodes not to be end nodes in the 

optimally pruned classification tree.   Note that this idea is generally applicable to any 

situation where the CART procedure is employed.  This method provides a great deal of 

flexibility in designing the pruned tree by optimizing any desired combination of 

objective functions subject to appropriate the side-constraints. 

For computational experimentations, we used the 3,470 household survey data 

that is available from studies conducted on the Portland transportation network (see [Los 

Alamos National Laboratory (2002b)]).  For illustrative purpose, the synthetic household 

data that we used pertains to the Blacksburg transportation network and it contains 

23,656 households.  We investigated the use of different objective functions as well as 

side-constraints that are available in CART-VT to produce the optimally pruned 

classification trees.  The resulting CART was obtained for this data set in under 34 CPU 

minutes, and the optimal pruned classification tree was obtained in 5 minutes on a Dell 

400SC 2.8 GHz computer having 1 GB of memory and using Redhat Linux 7.3.  

Moreover, the varying structures of these trees for different combinations of objective 

functions and constraints provide interesting insights and support the efficacy of the 
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proposed approach.  For future studies, we suggest testing this optimal pruning strategy 

in different contexts where the CART algorithm is applied in practice, where this might 

require additional merit functions and/or side-constraints that are suitable to the particular 

applications.   
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