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Reduced Order Methods for Large Scale Riccati Equations

Miroslav Karolinov Stoyanov

(ABSTRACT)

Solving the linear quadratic regulator (LQR) problem for partial differential equa-

tions (PDEs) leads to many computational challenges. The primary challenge comes

from the fact that discretization methods for PDEs typically lead to very large sys-

tems of differential or differential algebraic equations. These systems are used to form

algebraic Riccati equations involving high rank matrices. Although we restrict our

attention to control problems with small numbers of control inputs, we allow for po-

tentially high order control outputs. Problems with this structure appear in a number

of practical applications yet no suitable algorithm exists. We propose and analyze so-

lution strategies based on applying model order reduction methods to Chandrasekhar

equations, Lyapunov/Sylvester equations, or combinations of these equations. Our nu-

merical examples illustrate improvements in computational time up to several orders of

magnitude over standard tools (when these tools can be used). We also present exam-

ples that cannot be solved using existing methods. These cases are motivated by flow

control problems that are solved by computing feedback controllers for the linearized

system.
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Chapter 1

Introduction

1.1 Overview of Model Reduction and

Flow Control

Fluid flow problems find application in problems ranging from heating a house [44],

ensuring hygiene and comfort for hospital patients [63] to finding accurate weather

prediction [22] and modeling of ocean currents [31]. While a significant amount of

progress has been made in all areas, fundamentally the problem of accurate simulation

and control of fluid flow remains open.

Consider the practical problem of controlling the temperature in a room. The

simulation of the flow and temperature can be achieved, but modern control methods

for the high fidelity model are intractable. We can choose to model the diffusion

component of heat transfer with a heat equation, however, ignoring the convection

aspect of the problem leads to uneven spacial and temporal temperature distributions,

as well as higher energy cost. Likewise, decoupling the Navier-Stokes equations from

the energy equation, and using the convection diffusion equation to design a control

strategy leads to suboptimal performance. Coupling the system with Navier-Stokes

equations to incorporate the convection can result in a dramatic improvement, however,
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at the expense of solving a large control problem with coupled heat transfer and fluid

flow equations. In order to accurately model the heat transfer, we need to consider a

large number of details such as exact vent location and position of all the furniture.

This quickly leads to a complex flow that stretches the capabilities of modern computers

to simulate and is beyond the current capabilities to control or optimize.

In recent years there has been a push to apply different model reduction techniques

to flow control problems [22, 23, 47, 48, 49, 68, 70]. Most of those fall under the

classification “reduce then control”. However, in general, the control computed from

the reduced system is inaccurate. Even if the reduced model produces accurate ap-

proximations in the simulation of a flow, the computed reduced control could fail to

approximate the real optimal control to any reasonable tolerance.

In this work we take an alternative approach, introducing model reduction tech-

niques later in the control design. Our approach simultaneously provides good approx-

imation to the control and makes the problem computationally feasible.

1.2 Equations Under Consideration

We will consider the Navier-Stokes equation for incompressible fluid flow as well as the

2D Burgers equation.

We now present the Navier-Stokes equations used to model incompressible fluid

flow. Let Ω be an open domain with a Lipschitz boundary and outward unit normal

~n. Then inside Ω, we have the equations for conservation of momentum and mass:

∂

∂t
~v = µ∇ · τ (~v) − ~v · ∇~v −∇p, (1.1)

0 = ∇ · ~v, (1.2)

where ~v and p are the velocity and pressure in the spacial domain and τ (~v) = ∇~v +

(∇~v)T . Note that we are using a standard nondimensionalization of the equations (e.g.

[21]) and µ can be considered the reciprocal of the Reynolds number. In general, the
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velocity-pressure pair will satisfy one of three types of boundary conditions: Dirichlet

conditions, where the solution ~v is specified; Neumann conditions, where we specify

the stress µτ (~v) · ~n−p~n, and mixed conditions, where we specify the velocity in some

directions and the stress in others. For example, we can specify zero stress in the

direction normal to the boundary and zero velocity in the tangential direction.

We take ~v ∈ L∞
(

0,∞; (H1(Ω))
α)

(i.e. ~v(t) ∈ (H1(Ω))
α

for each t ∈ (0,∞)) with

α = 2 for two dimensional and α = 3 for three dimensional domain Ω. We also take

p ∈ L∞ (0,∞; L2(Ω)). Then the variational form of the equations becomes: Find ~v, p

in the above spaces, such that

∫

Ω

〈~vt, ~Φ〉dA = −µ

∫

Ω

〈τ (~v),∇~Φ〉dA +

∫

Ω

〈p,∇~Φ〉dA

+

∫

∂Ω

〈µτ (~v) · ~n− p~n, ~Φ〉ds,

0 =

∫

Ω

〈∇ · ~v,Ψ〉dA,

for all ~Φ ∈ H1
b , Ψ ∈ (L2(Ω))

α
where

~Φ ∈ H1
b(Ω) =

{

~Φ ∈
(

H1(Ω)
)α

: ~Φ|∂ΩDirichlet
= 0

}

, (1.3)

and ∂ΩDirichlet is the portion of the boundary, where Dirichlet conditions are given.

We consider boundary control of the fluid. On part of the boundary, we specify the

conditions in time via a control input ~u(t) ∈ R
m. We assume the dimensions of the

control input to be very low. Note that since we impose the control on the boundary,

it does not explicitly appear in (1.1)-(1.2). If we control the stress on the boundary we

have the additional term in the variational equations:

∫

Ω

〈~vt, ~Φ〉dA = −µ

∫

Ω

〈τ (~v),∇~Φ〉dA +

∫

Ω

〈p,∇~Φ〉dA

+

∫

∂Ω

〈µτ (~v)~n− p~n, ~Φ〉ds +

∫

∂Ω

〈b, ~Φ〉u(t)ds,

0 =

∫

Ω

〈∇ · ~v,Ψ〉dA.
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When the system is discretized, the stress control is represented by a finite dimensional

term of the form B~u(t). If we control the velocity of the fluid, we impose the boundary

control on the finite dimensional function basis that we use to approximate the solution

~v, which results in a finite dimensional term of the form B~u(t) in the equations. Proper

implementation of boundary conditions could result in significant improvement in the

computed control [11, 16, 48], however, this falls beyond the scope of our current work.

The goal of the control is to stabilize the fluid flow to an equilibrium solution ~V.

We wish to linearize (1.1) and (1.2) around ~V and discretize the system to obtain a

system of the form:

Eẋ(t) = Ax(t) + Bu(t), (1.4)

and then apply finite dimensional Linear Quadratic Regulator (LQR) techniques. This

approach relies on a convergence theory for approximations of abstract Riccati equa-

tions [34]. Thus, we write ~v = ~V + ~z and seek a linear system for the fluctuation ~z

(ignoring higher order terms in ~z). Linearizing Navier-Stokes (1.1) and (1.2), in the

case where ~V = 0, we obtain the Stokes equations:

∂

∂t
~z = µ∇ · τ (~z) −∇p, (1.5)

0 = ∇ · ~z. (1.6)

When ~V is non-zero, we have the Oseen equations:

∂

∂t
~z = µ∇ · τ (~z) − ~V · ∇~z −~z · ∇~V −∇p, (1.7)

0 = ∇ · ~z, (1.8)

with appropriate boundary conditions.

We approximate both systems of PDEs above with a finite dimensional ODE using

the Finite Element Method (FEM). First, we partition the domain using an appropriate

mesh. Then, following a mixed finite element formulation, we consider a set of test

functions, defined on the mesh and in appropriate spaces to satisfy the Babuska-Brezzi-

Ladyzhenskaya (BBL) condition [3, 14, 36, 43, 55]. We represent the solution to (1.5)-
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(1.6) or (1.7)-(1.8), ~z and p, in finite dimensions as a linear combination of those test

functions:

~z(t, ξ) =

n1
∑

i=1

xi
1(t)

~Φi(ξ), p(t, ξ) =

n2
∑

j=1

xj
2(t)Ψj(ξ), (1.9)

where ξ ∈ Ω. The unknowns of

x1(t) =
(

x1
1(t), . . . ,x

i
1(t), . . . ,x

n1

1 (t)
)T

,

and

x2(t) =
(

x1
2(t), . . . ,x

i
2(t), . . . ,x

n2

2 (t)
)T

satisfy the relation:

Eẋ(t) = Ax(t) + Bu(t), (1.10)

where E, A and B have the more specific structure:





E1,1 0

0 0









ẋ1(t)

ẋ2(t)



 =





A1,1 DT

D 0









x1(t)

x2(t)



 +





B1

0



u(t). (1.11)

Due to the singularity of E, the above system is a Differential Algebraic Equation

(DAE). For more details on the construction of the discrete system see the Appendix.

Weak coupling of the Navier-Stokes equations with a convection diffusion equation

for the heat transfer,
∂η

∂t
= −~v · ∇η + k∆η (1.12)

and incorporating the finite element unknowns for η into the vector x1 would result in

alteration of matrices E1,1, A1,1 and B1, while preserving the general structure of the

DAE (1.11).

In addition to the Navier-Stokes equations above, we also consider boundary control

of the two dimensional Burgers equation as proposed by [29]. Given an open domain

with Lipschitz boundary, the Burgers equation is given by

wt +

(

1

2
c1w

2

)

ξ

+

(

1

2
c2w

2

)

η

= µ (wξξ + wηη) , (1.13)
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where w ∈ H1(Ω). We impose Dirichlet and Neumann boundary conditions and Dirich-

let boundary control.

As before, we linearize (1.13) around a steady state solution W and consider the

control problem for the resulting system.

zt + c1 (Wzξ + zWξ) + c2 (Wzη + zWη) = µ (zξξ + zηη) . (1.14)

The structure of the resulting problem is somewhat similar to the Oseen problem,

having the convection-diffusion-reaction operators, but no constraint on the pressure.

Finite element discretization leads to a system of the form (1.4), where E is nonsingular.

1.3 The LQR Control Problem

We consider any of the state equations (1.5)-(1.6), (1.7)-(1.8) or (1.14) and we consider

two types of output. First we consider the case where we have a set of p functions

qi ∈ (L2(Ω))
α

(with α = 1 for the Burgers equations) and we consider the weight on

the state z as:
∫ ∞

0

p
∑

i=1

(
∫

Ωc

〈z(t, ξ),qi(ξ)〉dA

)2

dt. (1.15)

This corresponds to a weighted average of z over the portion of the domain

Ωc = support(qi). For the discretized system, (1.15) is equivalent to:

∫ ∞

0

〈Cx1(t),Cx1(t)〉 dt =

∫ ∞

0

〈

x1(t),C
TCx1(t)

〉

dt. (1.16)

The dimensions of C are p× n1, thus for a small number of weights, the weight on the

state is low rank.

The second type of weight that we consider is the case where we have a single

non-negative function q ∈ L2(Ω) and we impose the weight:

∫ ∞

0

∫

Ωc

q(ξ)
(

zT (t, ξ)z(t, ξ)
)

dA dt. (1.17)

6



This corresponds to a (squared) weighted L2-norm of z over the subdomain Ωc =

support(q). For the discretized system, (1.17) is equivalent to:

∫ ∞

0

〈x1(t),Qx1(t)〉 dt. (1.18)

The matrix Q is symmetric positive semi-definite and the rank of Q depends on the

fineness of the discretization mesh in the region Ωc. In general, the rank of Q is large

and we cannot find a low rank factorization.

Assume that the control input u(t) ∈ L2 (0,∞; Rm) has low dimension m. We

further wish to introduce a penalty on the amount of control energy we use to stabilize

the problem. Therefore, we impose the control cost:

∫ ∞

0

〈u(t),Ru(t)〉 dt, (1.19)

where R is a symmetric positive definite matrix. The LQR control problem consists of

finding u(·) that minimizes the cost functional

J(~u(·)) =

∫ ∞

0

〈x1(t),Qx1(t)〉 + 〈u(t),Ru(t)〉 dt, (1.20)

subject to the constraint of (1.4) for the Burgers equation or (1.11) for Stokes and

Oseen equations. Note that for the Burgers equation x1(t) represents the entire state

z, since we don’t have a pressure term. The matrix Q either has the form Q = CTC

using the first case above, or is sparse, using the second case described above.

The linearized Burgers equation (1.14) is a purely differential equation of the form

(1.4) with non-singular mass matrix E. LQR control for systems of differential equa-

tions has been studied in detail [16, 20, 34, 35, 56, 59]. The DAE structure of the

Stokes and Oseen equations, given by (1.11), however, presents more challenges (for

example, [75]).

In both cases, the optimal control is given as a feedback control:

u(t) = −Kx1(t). (1.21)

7



The optimal gain K is given as a function of Π, where Π is the solution to a Riccati

equation:

ÂTΠ + ΠÂ − ΠB̂R
−1

B̂TΠ + Q̂ = 0, (1.22)

where matrices, Â, B̂, R and Q̂ are functions of matrices E, A, B and Q. In the

purely differential case, K = R−1BTΠ, while in the DAE case, finding K generally

involves computing a basis for ker(D). Furthermore, in the differential case, matrices

Â and Q̂ can be handled in sparse computations, while in the DAE case Â and Q̂ are

generally dense. In Chapter 4 we address the problem of preserving sparsity for the

DAE problem.

Our objective in the LQR problem is to find the optimal gain K, with dimensions

m × n, where n is the size of the system (i.e. the size of x(t)) and m is the number of

control inputs. Solving (1.22) for Π is one approach, however, Π is in general a dense

n × n matrix. Even storing Π must be considered and any operations on Π become

computationally very expensive. We want to utilize a method that will allow us to

solve directly for the optimal gain K without the need to compute Π.

We discuss some methods for finding K in the section below.

1.4 Survey of Riccati Solvers

The main consideration in solving the control problem is finding the solution to the

algebraic Riccati equation:

ATΠ + ΠA − ΠBR−1BTΠ + Q = 0. (1.23)

The matrices are of the appropriate sizes:

A ∈ R
n×n, B ∈ R

n×m, Q ∈ R
n×n, R ∈ R

m×m, Π ∈ R
n×n,

where we consider n ≫ 1 and m is small. The basic properties of (1.23) are well

studied [8, 20, 67]. For the control purpose, we are not interested in the full solution

8



Π, but rather the optimal gain given by K = R−1BTΠ. Many numerical methods for

finding the solution Π or the gain K have been constructed for problems with varying

structure. We provide a brief survey of methods appropriate for large Π.

The solution to the problem could be derived as the limit as t → −∞ of the

differential Riccati equation [20]:

−Π̇(t) = ATΠ(t) + Π(t)A− Π(t)BR−1BTΠ(t) + Q, Π(0) = 0. (1.24)

In the limit as t → −∞ the solution of (1.24) converges to the solution of (1.23). The

cost of integrating (1.24) to a sufficiently small t is usually too high and its use in

solving (1.23) is mainly theoretical.

The systems under consideration have only a few control inputs m, while the dy-

namics are given by a discretization of an infinite dimensional PDE and hence we have

a very large number of states n. We want to take advantage of the low number of

inputs and devise efficient numerical algorithms for finding K.

1.4.1 Chandrasekhar Equations

The Chandrasekhar or generalized X-Y method [19, 20] decreases the cost of integrating

(1.24) by solving for the optimal gain K directly. The method requires that we can

factorize Q = CTC, where C has low rank [50, 58]. The Chandrasekhar system of

equations is given by

−K̇(t) = R−1BTL(t)LT (t), K(0) = 0 ∈ R
m×n (1.25)

−L̇(t) = (A −BK(t))T L(t), L(0) = CT ∈ R
n×p. (1.26)

The Chandrasekhar system has dimensions (m + p)n, much smaller than the Riccati

differential equation. Furthermore, the method takes advantage of the sparse structure

in A, which makes it attractive for large scale problems such as discretization of PDEs

[4, 16]. The main disadvantage, however, is that in order to achieve convergence, the

method requires integration of the system, backward in time, to a large −T . This

convergence can be very slow in practice.
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1.4.2 Newton Methods

A generally more efficient method is to apply a Kleinman-Newton iteration to the

algebraic Riccati equation [53]. This results in a sequence of Lyapunov equations of

the form:

ÂT
i Pi+1 + Pi+1Âi + Wi + Q = 0, (1.27)

where Âi = A − BR−1BTPi and Wi = Pi−1BR−1BTPi. If P0 is a suitable initial

guess and A0 is stable, Pi converges to Π quadratically. This is generally considered

the most numerically stable method [4, 20, 53].

The Modified Kleinman-Newton (MKN) method [4] changes the structure of the

Lyapunov equation after the first two iterations. The MKN method does not directly

solve for the next iterate Pi+1, but rather the increment ∆Pi+1 ≡ Pi − Pi+1. Given

the first two iterates of the Kleinman-Newton method P0 and P1, we define ∆Pi =

Pi−1 − Pi, and solve for ∆Pi+1 from:

ÂT
i ∆Pi+1 + ∆Pi+1Âi + ∆PiBR−1BT∆Pi = 0, (1.28)

where, as before, Âi = A−BR−1BTPi. Then the next iterate is given by Pi+1 = Pi−

∆Pi+1. As in the regular Kleinman-Newton method Pi converges to Π quadratically.

The advantage of the Modified Kleinman-Newton method is that Lyapunov equa-

tions of the form (1.28) have fewer weight terms (∆PiBR−1BT∆Pi as opposed to

Wi + Q) and the norm of the weight converges to zero. Existing numerical methods

can take advantage of the structure of (1.28) [4, 6, 42]. The disadvantage of the MKN

method is that it does not “self correct” [4, 18, 32].

The main disadvantage of the Kleinman-Newton methods considered above, is that

they solve for Π (an n × n matrix), while for the purpose of control we only need the

much smaller gain K (which is m×n). Even if the matrices A, B and Q are sparse, Π

is generally dense and for large problems that come from PDE discretizations, simple

storage can be an issue. As proposed by Banks and Ito [4], we can modify both versions

of the Kleinman-Newton method to iterate for the gain only. Let Ki = R−1BTPi, then
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Âi = A − BKi and (1.27) can be written as:

ÂT
i Pi+1 + Pi+1Âi + KT

i RKi + Q = 0. (1.29)

In the same manner, we define ∆Ki = Ki−1 − Ki and write (1.28) as:

ÂT
i ∆Pi+1 + ∆Pi+1Âi + ∆KT

i R∆Ki = 0. (1.30)

In both cases Ki converges to K quadratically. In order to take full advantage of

the low dimensional structure of K in equations (1.29) and (1.30), we need a method

to solve the Lyapunov equations directly for Ki+1 = R−1BTPi+1 without explicitly

forming Pi+1. Several methods that can be used are introduced in Section 1.5 below.

1.4.3 Hybrid Method

Both variations of the Newton method require a stabilizing initial guess. When A is

stable, we can pick P0 = 0 or K0 = 0. In the case of unstable A, Banks and Ito

propose that we integrate the Chandrasekhar system to a moderate time −T and use

K0 = K(−T ) as an initial guess. Banks and Ito [4] call this method the Hybrid Method.

The main advantage of the Hybrid Method is that it neither requires a long term

integration of the Chandrasekhar system, nor does it require a stabilizing initial guess.

Furthermore, it is as stable as the Kleinman-Newton methods.

However, the Hybrid Method also inherits shortcomings of both Chandrasekhar

and Kleinman-Newton. The Chandrasekhar part of the Hybrid Method requires that

the weight Q is low rank (i.e. Q = CTC, where C ∈ Rp×n with p ≪ n) and the

Kleinman-Newton iteration still relies on effectively solving a sequence of Lyapunov

equations. In their work, Banks and Ito address the latter, but not the former [4].

Furthermore, as the initial guess obtained by Chandrasekhar integration K0 = K(−T )

approaches the true solution (i.e. as T is chosen larger and larger), the work required

by the Kleinman-Newton correction does not converge to zero, since we need to solve

at least one Lyapunov equation of the form (1.28) or at least two of the form (1.30).
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1.5 Lyapunov Equations

The majority of the work in the Kleinman-Newton Riccati solvers described in Sec-

tion 1.2 is finding the solution to a Lyapunov equation of the form:

ÂTP + PÂ + Q̂ = 0, (1.31)

where Â is stable and Q̂ is symmetric. Furthermore, for the purpose of a Kleinman-

Newton iteration, we do not need to find P, but rather K̂ = R−1BTP. If Q̂ is

symmetric, P is symmetric and we are equivalently looking for K̂T = PBR−1 [4, 20, 53].

If Â is stable, the solution to (1.31) has the integral form [2]

P =

∫ ∞

0

eÂT tQ̂eÂtdt. (1.32)

When Q̂ is low rank (i.e. when Q̂ = CTC), then (1.32) can be written as

P =

∫ ∞

0

eÂT tQ̂eÂtdt =

∫ ∞

0

eÂT tCTCeÂtdt =

∫ ∞

0

x(t)xT (t)dt, (1.33)

where x(t) = eÂT tCT is the solution to the ODE system

ẋ(t) = ÂTx(t), x(0) = CT . (1.34)

The alternate direction implicit (ADI) Smith method [2, 42] consists of integrating

(1.34) with a multi step implicit-explicit integration scheme to obtain xi so that

x0 = CT , xi+1 =
(

I − hi+1Â
T
)−1 (

I + hiÂ
T
)

xi, (1.35)

and expressing P in terms of the numerical quadrature

P =
∞

∑

i=0

hixix
T
i . (1.36)

The ADI-Smith method truncates the summation after k steps and uses the first k

iterates xi to form a low rank approximation to P.
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Banks and Ito [4] propose a modified version of the ADI-Smith method that directly

solves for the action of P onto a vector. Instead of storing all the iterates xi, they

compute

J0 = 2h0R
−1BTCTC, Ji = 2hiR

−1BTxix
T
i . (1.37)

The modified ADI-Smith method has lower storage requirements, but it otherwise

computes the same low rank approximation of P.

The efficiency of the ADI-Smith method is highly dependent on the selection of the

shift parameters hi. While Banks and Ito did not provide a shift selection strategy,

subsequent works of [30, 42, 64, 74, 76] have provided efficient algorithms. Further

work of Benner, Li and Penzl [6] and Singler [72] has also aimed at finding a low rank

approximation of P that is related to applying model reduction on x(t) and using the

reduced system to approximate P.

The advantage of the ADI-Smith method is that it is very efficient when applied to

the Lyapunov equations coming from the modified Kleinman-Newton method (1.28)

and (1.30). Each Kleinman-Newton iteration uses a smaller and smaller weight C and

thus it takes fewer iterations for xi to converge to the desired tolerance.

The biggest disadvantage of the ADI-Smith method is that the size of the system

x(t) that we need to integrate is the same as the rank of Q̂, thus the method is only

feasible for low rank Q̂. Furthermore, the ADI-Smith method computes a low rank

approximation to P as opposed to directly computing K = R−1BTP.

1.6 Model Reduction Approaches

Given an n dimensional system of differential equations, model reduction seeks a re-

duced system of r equations, with r ≪ n, so that the reduced system has similar

behavior as the original one. Balanced Truncation is one of the most popular reduc-

tion techniques for problems in input-output form [2, 40]

ẋ(t) = Ax(t) + Bu(t) and y(t) = Cx(t). (1.38)
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The original system is projected onto a new space derived from two Gramian matrices,

which are obtained by solving two Lyapunov equations. The main attraction of the

method comes from the fact that the error between the transfer functions for the

original and reduced system is bounded in the H∞-norm in the frequency domain. The

main disadvantage is the high cost associated with solving the Lyapunov equations.

A more computationally efficient method is the method of Krylov Interpolation

[2, 41]. Projections are computed to guarantee that the transfer function for the re-

duced system interpolates the original function at specified frequencies. The efficiency

of the reduced model depends on the selection of the interpolation points. Recently, ef-

fective strategies for selecting the interpolation frequencies were developed by Gugercin,

Beattie and Antoulas [41]. The Krylov method only considers the input-output rela-

tion of the system and generally requires low dimensions in both. More recent work in

the area of tangential interpolation has shown promise in the case of multiple inputs

and outputs [33].

Both Balanced Truncation and Krylov Interpolation methods are restricted to linear

systems. A more general reduction technique is the Proper Orthogonal Decomposition

(POD) method [45, 51, 61, 62]. Given the solution x(t) of an n-dimensional linear

or non-linear system over an interval [0, T ], POD finds the r-dimensional subspace

spanned by the columns of the n × r orthogonal matrix V that would minimize:

min
V

1

T

∫ T

0

‖x(t) −VVTx(t)‖2dt. (1.39)

The reduced system is constructed by Galerkin projection of the original full order

system onto the subspace V. While POD incorporates the best approximation of the

data, the reduced system is not necessarily the optimal approximation to the full or-

der system [9]. Furthermore, in general, POD is efficient only for the interval [0, T ].

However, when POD is applied to linear systems, the optimal projection can be re-

lated to the solution of a Lyapunov equation and thus POD relates to both Balanced

Truncation and Krylov Interpolation methods [47, 72].

14



POD has been successfully applied to fluid flows (e.g [7, 10, 22]) preserving the

structure of the flow. Given the effectiveness of model reduction, whenever we are

faced with a large scale problem, it is natural to first try to reduce the problem and

then compute the control. When the matrices of the Riccati equation (1.23) are low

dimensional (i.e. n is small), the equation can be solved without considering the rank

or structure of the matrices. However, regardless of which model reduction method we

use, we show that the “reduce then control” approach does not work in general.

1.7 Our Approach

We now outline our approach that represents the main contribution of this dissertation.

Consider the Riccati equation

ATΠ + ΠA − ΠBR−1BTΠ + Q = 0, (1.40)

as in (1.23) where matrices A, B, Q and R come from the discretization of a PDE.

We consider both low and high rank weight matrices Q. We take the approach of

“control-then-reduce.” Instead of first reducing the system, we delay the introduction

of model reduction until a more appropriate time.

First consider the low rank case, when Q = CTC, where C ∈ Rp×n with p ≪ n.

We start by integrating the Chandrasekhar equations below on an interval [−T, 0]

−K̇(t) = R−1BTL(t)LT (t), K(0) = 0, (1.41)

−L̇(t) = (A − BK(t))T L(t), L(0) = CT . (1.42)

The Banks and Ito Hybrid method, as described in Section 1.4.3, ignores L(−T ) and

uses K(−T ) as an initial guess for a Kleinman-Newton iteration. However, we can use

L(−T ) to form a Riccati equation for the correction Kres to K(−T ) (i.e. the optimal

gain K = K(−T ) + Kres). The correction Kres is given by Kres = R−1BTΠres, where

Πres is the solution to

0 = ÂTΠres + ΠresÂ− ΠresBR−1BTΠres + L(−T )LT (−T ), (1.43)
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with Â = A−BK(−T ). Equation (1.43) corresponds to the integration of the Chan-

drasekhar system over (−∞,−T ]. However, we do not solve (1.43) directly, instead,

we use POD model reduction on L(t) over an interval [−T̂ ,−T ] for some −T̂ < −T .

We form the r-dimensional POD basis V that captures L(t) and project (1.43) onto

that basis. We then solve the reduced Riccati equation:

0 = AT
r Πr + ΠrAr − ΠrBrR

−1BT
r Πr + Qr, (1.44)

where

Ar = VT (A −BK(−T ))V, (1.45)

Br = VTB, (1.46)

Qr = VTL(−T )LT (−T )V. (1.47)

We prove that if V captures L(t) over (−∞,−T ] sufficiently well, then KrV
T =

R−1BT
r ΠrV

T is a good approximation to Kres. Therefore, we set K ≈ K(−T )+KrV
T .

The POD correction to the Chandrasekhar gain compares in accuracy with the com-

bined Kleinman-Newton ADI-Smith iteration, however, at a dramatically lower cost.

We next consider the case when Q is high rank and therefore neither Chandrasekhar

nor ADI-Smith methods are computationally feasible. We devise an algorithm for

Lyapunov equations of the form

ÂTP + PÂ + Q̂ = 0. (1.48)

that is independent of the rank of Q̂. Our method does not compute P nor any

approximation to P, but rather the action of P onto a specified vector b (i.e. Pb).

We use our Lyapunov solver for a Kleinman-Newton iteration where at each step we

solve for PBR−1 column by column.

Our approach to the Lyapunov equation (1.31) is to ignore the symmetry and

consider the general Sylvester equation of the form

A1S + SA2 + Q̃ = 0. (1.49)
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The Lyapunov equation (1.48) is a special case of (1.49) with A1 = ÂT , A2 = Â and

Q̃ = Q̂. We solve for the action of S onto a specified vector b (i.e. Sb). We start with

the integral form of the solution:

S =

∫ ∞

0

eA1sQ̃eA2sds. (1.50)

Post-multiply by b

Sb =

∫ ∞

0

eA1sQ̃eA2sbds, (1.51)

and in a manner similar to the ADI-Smith method, we define x(t) as the solution to

ẋ(t) = A2x(t), x(0) = b, (1.52)

and λ(t) as

λ(t) =

∫ ∞

t

eA1(s−t)Q̃x(s)ds. (1.53)

The solution we seek is Sb = λ(0). We first integrate (1.52) over [0, T ] saving the entire

integration history. Then we perform model reduction on (1.52) to obtain a reduced

system

ẋr(t) = Arxr(t), xr(T ) = br, (1.54)

so that x(t) ≈ Vxr(t) over [T,∞). Then we solve the mixed high and low order

Sylvester equation

A1Sr + SrAr + Q̃V = 0, (1.55)

set λ̃(T ) = Srbr and integrate

−
˙̃
λ(t) = A1λ̃(t) + Q̃x(t), (1.56)

backward in time from T to 0 using the saved history for x(t). Hence we have Sb ≈

λ̃(0). This method is computationally feasible for equations with matrices coming from

a PDE discretization. The method can be applied in the case of both high and low

order weights Q̃ and at the same time it can accurately solve for the desired Sb.

When matrix A in (1.40) is not stable, the Kleinman-Newton iteration needs an

initial guess K0, so that A − BK0 is stable. Since we assume that the weight Q
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is high rank, integration of the Chandrasekhar system associated with the Riccati

equation is not computationally feasible. In that case, we can select an alternative

weight Qalt = CTC for some C ∈ R
p×n with p ≪ n, and integrate the Chandrasekhar

system corresponding to (1.23) with Q = Qalt (L(0) = CT ). We integrate to a time

−T , where A−BKalt(−T ) is stable and use K0 = Kalt(−T ) for the Kleinman-Newton

iteration. The structure of the optimal gain corresponding to the high rank weight is

different from the one corresponding to the low rank weight and hence Kalt(−T ) will

be a poor guess for K. However, as long as this K0 stabilizes A−BK0 the Kleinman-

Newton method converges to the high rank optimal gain. Therefore, our method is

computationally feasible for the Riccati equation (1.40) when A is both stable and

unstable.

1.8 Overview

The rest of the thesis is organized as follows. In Chapter 2 we derive the Chandrasekhar

equations method for algebraic Riccati equations and develop an algorithm for reducing

the computational cost associated with the numerical integration. We present error

bounds for the accuracy of our scheme. In Chapter 3 we present our method for

Sylvester equations with high rank matrices and provide a short discussion on the

effect of different model reduction techniques. The results from Chapters 2 and 3

apply to linear quadratic regulator problems for differential equations. In Chapter 4

we extend our results to LQR problems with differential algebraic structure. Chapter 5

provides numerical results for control problems associated with Burgers or Navier-

Stokes equations. Finally we provide some conclusions in Chapter 6. Implementation

details are given in the Appendix.
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Chapter 2

Chandrasekhar Equations

2.1 Introduction

The Chandrasekhar equations provide an effective means for computing solutions to

control problems with finite time horizon (the upper integration limit in (1.20) is fi-

nite) and the number of inputs m and outputs p are small [19, 20, 50, 57]. These

equations have also been proposed as a feasible approach to solve LQR problems con-

taining distributed parameter systems [16, 17, 46, 66]. However, this approach relies

on integrating the equations to a steady-state solution and the convergence of the gain

can be very slow. Thus, to date, Chandrasekhar equations have not been widely used

for LQR problems of this form to date.

In this chapter, we introduce a methodology, based on model reduction of the Chan-

drasekhar equations, to minimize the computational cost associated with integrating

the equations to a steady-state. We allow for integration over a short time period until

accurate model reduction of the equations can be performed. Instead of continuing the

integration with the reduced system, we solve a low rank Riccati equation to compute

the remainder of the integration.
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2.2 Derivation and Basic Properties

We are interested in the solution to the algebraic Riccati equation given by

0 = ATΠ + ΠA− ΠBR−1BTΠ + Q, (2.1)

where A ∈ Rn×n, B ∈ Rn×m, Q ∈ Rn×n and R ∈ Rm×m. Furthermore, we only need

to find the optimal feedback gain given by

K = R−1BTΠ. (2.2)

The solution Π is the limit as t → −∞ of the differential Riccati equation (DRE)

−Π̇(t) = ATΠ(t) + Π(t)A− Π(t)BR−1BTΠ(t) + Q, (2.3)

Π(T ) = 0. (2.4)

The matrix function Π(·) is symmetric positive semi-definite at each time t, cf. [20].

Thus for practical purposes, if we wish to solve the DRE we need to solve a system

of n(n+1)
2

differential equations. However, since we are only interested in finding the

optimal gain, we express K(t), an m × n matrix, as:

K(t) = R−1BTΠ(t). (2.5)

Recall that m ≪ n and the DRE solves for many more equations than we actually

need. Thus, we are interested in solving for m × n functions that will give us the

optimal gain

K = lim
t→−∞

K(t). (2.6)

The Chandrasekhar equation method for solving DRE takes advantage of the struc-

ture of the problem when m ≪ n in conjunction with small rank of the weight Q [4, 20],

which we assume is factored as Q = CTC with C ∈ Rp×n. The method is derived by

looking at

−K(t) = −R−1BTΠ(t). (2.7)
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Differentiating both sides we obtain a differential equation for K(·),

−K̇(t) = −R−1BT Π̇(t).

Final conditions for K(·) can be obtained from the final conditions for Π(T ), therefore

K(T ) = 0. We now derive an equation to replace the Π̇(t) term above. If we take

(2.3) and differentiate once, we have

−Π̈(t) = ATΠ̇(t) + Π̇(t)A − Π̇(t)BR−1BTΠ(t) − Π(t)BR−1BT Π̇(t),

which can be factored as

−Π̈(t) =
(

A −BR−1BTΠ(t)
)T

Π̇(t) + Π̇(t)
(

A − BR−1BTΠ(t)
)

. (2.8)

Since K(t) = R−1BTΠ(t), (2.8) is equivalent to

−Π̈(t) = (A −BK(t))T Π̇(t) + Π̇(t) (A− BK(t)) .

We can look at the above as a differential equation for Π̇(t) with final conditions

Π̇(T ) = Q obtained by substituting (2.4) into (2.3). Let U(·) be the solution to the

differential equation

−U̇(t) = (A −BK(t))T U(t)

with final condition U(T ) = I. Then

Π̇(t) = U(t)QUT (t),

which can be verified by differentiation. Using our assumption that the positive definite

matrix Q can be factorized into Q = CTC, with C having rank p, and we define

L(t) = U(t)CT ,

and obtain, Π̇(t) = L(t)LT (t). Thus we find a differential equation for L(·)

−L̇(t) = −U̇(t)CT = (A −BK(t))T U(t)CT = (A −BK(t))T L(t).

21



The Chandrasekhar system of differential equations is given by:

−K̇(t) = R−1BTL(t)LT (t), K(T ) = 0, (2.9)

−L̇(t) = (A − BK(t))T L(t), L(T ) = CT . (2.10)

The Chandrasekhar equation method is one of the most efficient methods for solving

the DRE with low rank inputs and outputs. However, for the purpose of the LQR

control problem, we are interested in the algebraic Riccati equation (ARE):

0 = ATΠ + ΠA− ΠBR−1BTΠ + Q. (2.11)

When (A,B) is stabilizable and (A,Q) is detectable, the solution to (2.11) exists [20]

and it can be seen as the limit of the DRE as t → −∞. Since the DRE is autonomous

and we only consider limit solutions, we can restrict our attention to the differential

system

−Π̇(t) = ATΠ(t) + Π(t)A− Π(t)BR−1BTΠ(t) + Q, Π(0) = 0, (2.12)

where the ARE solution is given by

Π = lim
t→−∞

Π(t). (2.13)

We can similarly change the time variable t → t − T in (2.9) and (2.10). Thus, the

Chandrasekhar equations for the ARE (2.11) are:

−K̇(t) = R−1BTL(t)LT (t), K(0) = 0, (2.14)

−L̇(t) = (A − BK(t))T L(t), L(0) = CT . (2.15)

We are looking for the gain that is given by

K = lim
t→−∞

K(t). (2.16)

There are two main concerns in the Chandrasekhar equation method above. First,

we need a numerically stable way to integrate the non-linear system. The second is

that in the case of finding the solution to the LQR problem given as (2.16), we may

have to integrate the system for a very long time before we achieve convergence to a

desired tolerance. We address these issues in the next sections.
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2.3 Short Term Numerical Integration

The Chandrasekhar system (2.14) and (2.15) is a non-linear system of differential

equations. However, the second equation depends only linearly on L(t). Banks and

Ito [4] take advantage of that fact to develop a semi-implicit method for integrating

the differential system. To advance from −t0 to −t1 their method is to first take an

explicit step in K to generate an intermediate value Kh. Depending on the exact type

of method used, Kh could approximate K(−t1) or K(− t0+t1
2

). Then Kh is used in the

second equation (2.15) to develop a linear system for L(t). An implicit step is taken

in the linear system, requiring the solution of a system of linear equations. The main

cost of integration is associated with this implicit step. The result of the implicit step

is a value for L(−t1), which is then used for an explicit step in K to obtain K(−t1).

Since K(t) does not appear in the expression for K̇(t), the step in K does not require

a solve. Banks and Ito use a second order Adams-Bashforth method for the explicit

step and a second order Crank-Nicholson method for the implicit steps.

Algorithm 1 Banks and Ito Integration Scheme

Given A ∈ R
n×n, B ∈ R

n×m, C ∈ R
p×n and R ∈ R

m×m, ∆t > 0 and a stopping

time −T = −k∆t. This algorithm numerically integrates the Chandrasekhar equations

−K̇(t) = R−1BTL(t)LT (t), K(0) = 0,

−L̇(t) = (A −BK(t))T L(t), L(0) = CT ,

and provides Li ≈ L(−i∆t) and Ki ≈ K(−i∆t), i = 1, 2, . . . , k.

1. Set L−1 = L0 = CT and K0 = 0.

2. For i = 0, . . . , n,

• Set Kh = Ki + 3∆t
2

R−1BTLiL
T
i − ∆t

2
R−1BTLi−1L

T
i−1.

• Estimate the mid-step Kh = 1
2
(Ki + Kh).
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• Solve for Li+1 = 2Lh − Li, where

(

I −
∆t

2
(A − BKh)

T

)

Lh = Li.

• Set Ki+1 = Ki + ∆t
2
R−1BT

(

LiL
T
i + Li+1L

T
i+1

)

.

The approximation Ki ≈ K(−i∆t) is second order in ∆t. The need to save the

past history Li−1 could be avoided by changing the explicit time step to

Kh = Ki +
∆t

2
R−1BTLiL

T
i .

This modification of Algorithm 1 is slightly more stable and easily allows for variable

step sizes ∆ti. This modification maintains second order accuracy, so no significant

loss of accuracy occurs.

Numerical methods in general depend on the specific problem. If stability is not

an issue, one can simply integrate the above system with a standard 4th order Runge-

Kutta method [52]. In some problems this strategy may result in a dramatic decrease

in computational cost.

2.4 Long Term Solution

The main disadvantage of the above method is that we don’t want any intermediate

step for Ki, but the limit as i → ∞, since we are interested in limt→−∞ K(t). We could

carry out the integration to −T ≪ 0, but in order to achieve good convergence, we

may have to make T very large, making the method computationally impractical.

The main cost of the integration algorithm is due to equation (2.15)

−L̇(t) = (A − BK(t))T L(t).

Therefore, we want to reduce its order. As t → −∞, K(t) → K and the above system

converges to a linear system. In the limit A−BK is stable and L(t) → 0. In practice

we observe that the components of L that correspond to the high frequencies converge
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faster than the components that correspond to the low frequencies. As a consequence,

after some moderate time −T , only the low frequencies are relevant.

This motivates us to use a POD based approach. We integrate the full Chan-

drasekhar system up to a moderate time −T and gather snapshot data for L(t). Since

our focus is the long term behavior of the system, we gather the snapshots either im-

mediately before −T or for some additional integration period. We then use POD to

obtain a projection space V that best fits this data. Equation (2.15) is then projected

onto V. If we have VLr(t) ≈ L(t) for t < −T , we obtain the reduced system

−L̇r(t) =
(

VTAV − VTBK(t)V
)T

Lr(t). (2.17)

Since the cost of the integration is associated mainly with the second equation (2.15),

it is the only one that we need to reduce.

Integration of the reduced system is computationally cheap, however, if t → −∞

stability is also an issue. We wish to substitute the long integration in time with an

algebraic Riccati equation, which we can solve directly. If we were to integrate the DRE

until −T , we would have Π(−T ) and need to find Πres = Π − Π(−T ). Substituting

this into (2.11), using (2.7) and defining

Â =
(

A − BR−1BTΠ(−T )
)

= (A− BK(−T )) , (2.18)

Q̂ = ATΠ(−T ) + Π(−T )A −Π(−T )BR−1BTΠ(−T ) + Q, (2.19)

we see that Πres satisfies:

0 = ÂTΠres + ΠresÂ − ΠresBR−1BTΠres + Q̂. (2.20)

From (2.3) and (2.14)-(2.15) we can see that Q̂ = Π̇(−T ). By definition of L(−T ) we

have

Q̂ = Π̇(−T ) = L(−T )LT (−T ),

thus

0 = ÂTΠres + ΠresÂ− ΠresBR−1BTΠres + L(−T )LT (−T ). (2.21)
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We develop an efficient method for computing an approximation to Πres. If we use the

reduced basis V described above and apply Galerkin projection to (2.21) we obtain a

low dimensional Riccati equation. Let

Ar = VT (A −BK(−T ))V (2.22)

Br = VTB (2.23)

Qr = VTL(−T )LT (−T )V, (2.24)

then the reduced Riccati equation:

0 = AT
r Πr + ΠrAr − ΠrBrR

−1BT
r Πr + Qr, (2.25)

can easily be solved for Πr. We use Πres ≈ VΠrV
T to approximate

K ≈ K(−T ) + R−1BTVΠrV
T . (2.26)

Solving (2.25) with the Chandrasekhar equation method and substituting Ar, Br

and Qr into (2.14) and (2.15), we get a system equivalent to (2.17). However, since

(2.25) has low order, we can solve it using the stable Newton’s method with direct

Lyapunov solvers and avoid the numerical instability from integrating (2.17) over

(−∞,−T ].

Algorithm 2 Long Term Integrator

Given A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and R ∈ Rm×m.

1. Integrate (2.14) and (2.15) with an appropriate method, such as Algorithm 1,

until −T to obtain K(−T ) and L(−T ).

2. Gather snapshots for L(·) and form V by applying POD on the snapshot data.

3. Form Ar, Br and Qr and solve (2.25) for Πr.

4. Compute the approximation K = K(−T ) + R−1BT
r ΠrV

T .
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2.5 Reduction Error

The error in computing K using Algorithm 2 is the sum of the error coming from

the numerical integration in Step 1 and the error in reducing the tail of the system.

Numerical integration methods were presented in Section 2.3. In this section we study

the error introduced by projecting the tail of the Chandrasekhar system onto a low

dimensional space, used in Algorithm 2.

Suppose we have constructed the r dimensional projection matrix V using POD

projection of L(t) for the tail (−∞,−T ], i.e. columns of V are the first r-vectors from

the POD eigenvalue problem

∫ −T

−∞

‖VTL(s)‖2ds = max
V̂

∫ −T

−∞

‖V̂TL(s)‖2ds. (2.27)

The maximum on the left hand side is equivalent to:

max
V̂

∫ −T

−∞

‖V̂TL(s)‖2ds = max
V̂

∫ −T

−∞

V̂TLLT V̂ds

= max
V̂

V̂T

∫ −T

−∞

LLT dsV̂

= max
V̂

V̂TΠresV̂. (2.28)

Since Πres is a symmetric matrix, the above maximum is achieved if V spans the space

of the first r dominant eigenvectors of Πres. Since every eigenspace is invariant, the

space span(V) is invariant under Πres. This allows us to prove the following lemma.

Lemma 1 Riccati Projection

Suppose Π satisfies the algebraic Riccati equation

0 = ATΠ + ΠA− ΠBR−1BTΠ + Q, (2.29)

and that V is orthonormal. In addition, assume span(V) is a space invariant under

Π. In other words, assume V satisfies

ΠV − VTVΠV = 0. (2.30)
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Suppose the pair
(

VTATV,VTB
)

is stabilizable and Πr satisfies the projected ARE

0 = VTATVΠr + ΠrV
TAV − ΠrV

TBR−1BTVΠr + VTQV. (2.31)

Then:

Πr = VTΠV. (2.32)

Proof:

Let ΠV = VTΠV and Π̂ = Π − VΠV VT , then

Π = VΠV VT + Π̂. (2.33)

If Ak = (A − BR−1BΠ), then by substituting (2.33) into (2.29) we have:

ATVΠV VT + VΠV VTA − VΠV VTBR−1BTVΠV VT + Q

= −
(

AT
k Π̂ + Π̂Ak + Π̂BR−1BTΠ̂

)

. (2.34)

Consider Π̂V, then using ΠV = VTΠV

Π̂V = ΠV − VVTΠVVTV. (2.35)

By orthogonality of V, VVTV = V and by invariance of V under Π, we have

VVTΠV = ΠV. Therefore:

Π̂V = ΠV − VVTΠVVTV = ΠV −ΠV = 0. (2.36)

Since Π and VΠV VT are symmetric, Π̂ is symmetric, therefore,

VTΠ̂ =
(

Π̂TV
)T

=
(

Π̂V
)T

= 0. (2.37)

We can multiply equation (2.34) by V on the right and VT on the left, then using

(2.36) and (2.37) we have:

VATVΠV + ΠV VTAV −ΠV VTBR−1BTVΠV + VTQV = 0. (2.38)
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Both Πr and ΠV = VTΠV are symmetric positive semi-definite satisfying the

same Riccati equation. By assumption,
(

VTATV,VTB
)

is stabilizable, and therefore,

the projected Riccati equation has a unique symmetric positive semi-definite solution.

This implies that Πr = VTΠV. ■

Assume that we apply Algorithm 2 and obtain basis V that spans exactly the

dominant r POD modes for L(t) over (−∞,−T ]. Thus, V is invariant under Πres.

We integrate the Chandrasekhar system to a time −T , such that A − BK(−T ) is

stable. Therefore, Ar = VT (A − BK(−T ))V is stable and (Ar,Br) is stabilizable.

According to Lemma 1, VΠrV would exactly capture the first r eigenvalues of Πres

and thus our error in the residual system would be the (r + 1)st-dominant eigenvalue

of Πres.

In practice we cannot perform POD on the infinite interval (−∞,−T ] and thus we

use a space V that is not invariant under Πres. Assume that we have V such that we

capture the dominant part of the range and domain of Πres. That is, if ΠV = VΠresV
T

we let

Π̂ = Πres − VVTΠresVVT = Πres −VΠV VT , (2.39)

and ‖Π̂‖ = ǫ. We project the matrices from the Riccati equation (2.29) on V to obtain

the reduced Riccati equation:

0 = VTATVΠr + ΠrV
TAVΠrV

TBR−1BTVΠr + VTQV, (2.40)

then we solve for Πr. According to Lemma 1, if V is invariant under Πres, then

Πr = ΠV and ‖Π− VΠrV
T‖ = ǫ. However, V is generally not invariant.

We wish to estimate the difference between the solution to the projected Riccati

equation, Πr and the projection of the solution to the full-order Riccati equation, ΠV ,

in the case V is not invariant. We consider how close V is to an invariant space, that
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is, we bound ‖
(

I −VVT
)

ΠresV‖ = δ.

(

I− VVT
)

ΠresV = ΠresV −VVTΠresV

= ΠresV −VVTΠresVVTV

= ΠresV −VΠV VTV = Π̂V. (2.41)

We take the norm on both sides of (2.41) and since ‖V‖ = 1, δ ≤ ǫ. However, in many

practical cases we can have δ ≪ ǫ. We project the Riccati equation as in (2.34) and we

multiply the left and right sides of the equation by VT and V, respectively. Therefore,

we have that

0 = VTATVΠV + ΠV VTAV − ΠV VTBR−1BTVΠV + VTQV + ∆Q, (2.42)

where

∆Q = VTAT
k Π̂V + VT Π̂AkV + VTΠ̂BR−1BT Π̂V, (2.43)

and

Ak = (A− BR−1BΠV ). (2.44)

We can bound the norm of ∆Q by:

‖∆Q‖ ≤ 2‖AkV‖δ + ‖R−1‖‖B‖2δ2 ≤ Cδ. (2.45)

We are interested in Πr and ΠV , which satisfy Riccati equations (2.40) and (2.42),

respectively. The difference between (2.40) and (2.42) is the perturbation on the weight

term ∆Q. The effect of such perturbation has been studied in [54]. Given P ∈ Rr×r,

define

L(P) = VTAT
k VP + PVTAkV (2.46)

to be the Lyapunov operator associated with VTAkV and let

t = min
P:‖P‖=1

‖L(P)‖, and h = ‖B‖‖R‖
1

2 . (2.47)

Then, if ‖∆Q‖ is satisfies

2h
1

2‖∆Q‖
1

2 < t, (2.48)
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equation (2.40) has a unique solution Πr, that satisfies the bound

‖ΠV −Πr‖ ≤
t − (t2 − 4h‖∆Q‖)

1

2

2h
. (2.49)

From (2.49) we can see that as ‖∆Q‖ → 0, ‖ΠV −Πr‖ → 0. For practical applications

we can linearize (2.49) as:

‖ΠV −Πr‖ ≤
1

t
‖∆Q‖ + O

(

‖∆Q‖2
)

. (2.50)

We can combine (2.45) and (2.49) to form an error bound for the approximation of

the tail of the Chandrasekhar computation.

Theorem 1 Suppose we have a matrix V, so that the columns of V are orthogonal,

‖Π−VVTΠVVT‖ = ǫ, and ‖
(

I −VVT
)

ΠV‖ = δ. Define Ak as in (2.44), t and h

as in (2.47), and ∆Q as in (2.43).

If ‖∆Q‖ satisfies (2.48), then (2.40) has a unique solution Πr and

‖Π −VΠrV‖ ≤ ǫ +
t − (t2 − 4‖Ak‖δ + h2δ2)

1

2

2h
. (2.51)

Theorem 1 states that in order to obtain a good approximation for the tail of the

Chandrasekhar equation, it is sufficient to build a basis V that approximates Πres well.

If we achieve this, then it is posible to obtain arbitrarily good accuracy in Algorithm 2.
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Chapter 3

Sylvester Equations

3.1 Definition and Basic Properties

A Sylvester equation has the form:

A1S + SA2 + Q = 0, (3.1)

where

A1 ∈ R
n×n, A2 ∈ R

m×m, and Q ∈ R
n×m. (3.2)

Algebraically a unique solution S ∈ Rn×m exists if and only if A1 and −A2 have no

common eigenvalues [2, 5, 73]. Direct methods for finding the solution are based on the

Schur decomposition of A1 and A2 using either real or complex arithmetic. However,

computing the Schur decomposition of a large matrix is an expensive process and it

destroys any pre-existing sparsity in the problem.

We consider the case where A1 and A2 are either sparse, can be represented in

terms of sparse matrices, or have other structure that allows for efficient matrix vector

products of the form A1v1 and A2v2. We additionally assume that both A1 and A2

are stable (all eigenvalues are in the left half plane), which also guarantees existence

of a unique solution. We make no assumptions on the rank of Q. The solution S is
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generally a dense matrix and for high rank problems, storage is a consideration as well

as the computational cost. Therefore, we do not look for the entire solution matrix

S, but for the product of S with a selected vector b. We propose a computationally

feasible method that takes advantage of the above properties.

Our approach applies to the Lyapunov equations appearing in Sections 1.4.2 and

1.5, where AT
1 = A2 = Â, and Q = Q̂ is symmetric positive semi-definite. Our method

can be implemented in either complex or real arithmetic.

3.2 A Method for Mixed High and Low Order Sylvester

Equations

Assume we have the Sylvester equation

A1Sr + SrAr + Qr = 0, (3.3)

where A1 ∈ R
n×n, with n large, Ar ∈ R

r×r, with r ≪ n and Qr ∈ R
n×r. We assume

r is small enough so we can compute the Schur decomposition of Ar with negligible

computational cost. In this special case we still require A1 to be sparse, but both A2

and Qr could be dense. Stability is not required, we only assume that the matrices

satisfy the condition for existence of a unique solution. The solution has dimensions

n × r. We assume that this storage is not significant and we can solve for Sr directly.

We detail our implementation of the Bartels and Stewart algorithm [5] for finding

Sr. This is similar to that outlined by Sorensen and Zhou [73], however, we only

perform a real or complex Schur decomposition on the r × r matrix Ar. Let

Ar = UTUT , (3.4)

where U is unitary. In the case of complex Schur decomposition, T is upper triangular.

If we use the real Schur decomposition and Ar has complex eigenvalues, then T is quasi-

upper triangular (1 × 1 and 2 × 2 blocks on the diagonal and everything below these
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blocks is zero). Thus the Sylvester equation becomes

A1Sr + SrUTUT + Qr = 0. (3.5)

We multiply by U on the right and we have

A1SrU + SrUT + QrU = 0. (3.6)

Note that since Qr has dimension n × r, we can directly form QrU. Let QU = QrU

and SU = SrU and solve for the new unknown SU using

A1SU + SUT + QU = 0. (3.7)

The original Sr can be recovered from SU by post-multiplying by UT . We denote

SU =
[

s1
U , s2

U , · · · , sr
U

]

, QU =
[

q1
U ,q2

U , · · · ,qr
U

]

, T = [ti,j ] ,

and solve for the columns of SU one at a time.

If at step k the corresponding block of T is 1× 1 (tk+1,k = 0), then we can solve for

sk
U from either

(t1,1I + A1) s1
U = −q1

U or (tk,kI + A1) sk
U = −qk

U −
k−1
∑

i=1

ti,ks
i
U , (3.8)

when k > 1. All terms on the right hand side of (3.8) are known from the previous

steps and on the left hand side we have a sparse matrix. Thus we can efficiently solve

for sk
U using sparse direct or iterative solvers depending on the sparsity pattern in A1.

If at step k the corresponding block of T is 2 × 2 (tk+1,k 6= 0), we consider k and

k + 1 simultaneously. To simplify notation set

b1 = −qk
U −

k−1
∑

i=1

ti,ks
i
U , b2 = −qk+1

U −

k−1
∑

i=1

ti,k+1s
i
U .

Note that both b1 and b2 are known prior to step k. Then we can solve for sk
U and

sk+1
U from





tk,kI + A1 tk+1,kI

tk,k+1I tk+1,k+1I + A1









sk
U

sk+1
U



 =





b1

b2



 . (3.9)
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The resulting system is of size 2n and is impractical to solve. To avoid solving this

large system we can formally solve for sk+1
U from the first equation and obtain:

sk+1
U =

1

tk+1,k

(

b1 − (tk,kI + A1) sk
U

)

. (3.10)

Substituting sk+1
U into the second equation we obtain the equation for sk

U :

(tk,k+1tk+1,kI − (tk+1,k+1I + A1) (tk,kI + A1)) sk
U

= − (tk+1,k+1I + A1)b1 + tk+1,kb2. (3.11)

We then use (3.10) to find sk+1
U . Note that for very small values of tk+1,k, which

correspond to eigenvalues of Ar with small imaginary part, system (3.11) is very close

to (3.8). In this case sk+1
U can be obtained from the second equation of (3.9).

We summarize our implementation of the Bartels and Stewart algorithm below.

Algorithm 3 Mixed High and Low Order Sylvester Solver

(Bartels-Stewart [5])

Given A1 ∈ Rn×n sparse, Ar ∈ Rr×r and Qr ∈ Rn×r.

1. Compute the real or complex Schur decomposition Ar = UTUT and QU = QrU.

2. Set k = 1 and denote QU = [q1
U ,q2

U , · · · ,qr
U ], T = [ti,j].

3. While k < r do

If tk+1,k = 0 then

• Form b = −qk
U −

∑k−1
i=1 ti,ks

i
U .

• Solve (tk,kI + A1) s
k
U = b.

• Move to the next block in T, k = k + 1.

If tk+1,k 6= 0 then

• Form b1 = −qk
U −

∑k−1
i=1 ti,ks

i
U and b2 = −qk+1

U −
∑k−1

i=1 ti,k+1s
i
U .
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• Solve for sk
U from

(tk,k+1tk+1,kI − (tk+1,k+1I + A1) (tk,kI + A1)) sk
U

= − (tk+1,k+1I + A1)b1 + tk+1,kb2.

• If the magnitude of tk+1,k is moderate, set

sk+1
U =

1

tk+1,k

(

b1 − (tk,kI + A1) s
k
U

)

,

otherwise solve for sk+1
U from

(tk+1,k+1I + A1) s
k+1
U = b2 − tk,k+1s

k
U .

• Move to the next block in T, k = k + 2.

4. Form the solution Sr = [s1
U , s2

U , · · · , sr
U ]UT .

If, in the above method, we use the real Schur decomposition, the entire algorithm

can be executed in real arithmetic. However, the above algorithm naturally generalizes

to complex matrices,

A1 ∈ C
n×n, Ar ∈ C

r×r, and Q ∈ C
n×r. (3.12)

In this case, we use the complex Schur decomposition in Step 1 and the simpler

tk+1,k = 0 case in Step 3.

Of course, the complex Schur decomposition can also be used in the real matrix case,

possibly simplifying the algorithm above. There is a trade-off between using complex

arithmetic for the linear solver and having the more complicated implementation of

Step 3 shown above.

We assume that A1 is sparse. However, Algorithm 3 can be implemented for a

larger class of matrices. We only need A1 to have a structure that allows for the linear

equations in Step 3 to be solved efficiently. Matrices arising from the discretization of

PDEs frequently have the necessary structure.
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3.3 A Method for High Rank Sylvester Equations

3.3.1 A Reduction Approach

We again consider the Sylvester equation (3.1)

A1S + SA2 + Q = 0,

and the setting described in Section 3.1. Thus we consider the case where A1 and A2

are both sparse and stable and Q is sparse. In this case the solution to the Sylvester

equation S can be written as

S =

∫ ∞

0

eA1sQeA2sds. (3.13)

This can be verified by direct substitution into (3.1). Since we are only interested in

the action of S onto b, we post-multiply both sides of (3.13) by b,

Sb =

∫ ∞

0

eA1sQeA2sbds. (3.14)

Let x(t) = eA2tb, the last two terms in the integrand above. Then x(t) is the

solution to:

ẋ(t) = A2x(t), x(0) = b. (3.15)

Suppose we can reduce the order of (3.15); in other words, suppose we can find V ∈

Rn×r, with r ≪ n, such that the solution x(·) is well represented in the column space

of V. Further suppose that we can find

Ar ∈ R
r×r and br ∈ R

r,

so that, if xr(t) solves

ẋr(t) = Arxr(t), xr(0) = br, (3.16)

then

‖x(·) − Vxr(·)‖L2 ≡

(∫ ∞

0

‖x(s) −Vxr(s)‖
2
2ds

)
1

2

= ǫ. (3.17)
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We discuss the selection of V, Ar and br that may satisfy these conditions in Sec-

tion 3.4.

If ǫ is small, we can use Vxr(t) to approximate x(t). If we define

Sb ≡ λ =

∫ ∞

0

eA1sQx(s)ds, (3.18)

then a natural approximation is

λ̃ =

∫ ∞

0

eA1sQVxr(s)ds. (3.19)

Thus λ̃ in (3.19) is our approximation to Sb.

Computation of (3.19) is feasible since

λ̃ =

∫ ∞

0

eA1sQVxr(s)ds =

∫ ∞

0

eA1sQVeArsbrds = Srbr, (3.20)

where Sr is the solution to the mixed order Sylvester equation

A1Sr + SrAr + QV = 0. (3.21)

We can solve (3.21) for Sr using Algorithm 3.

The difference between λ = Sb and our approximation λ̃ is

λ − λ̃ =

∫ ∞

0

eA1sQ (x(s) −Vxr(s)) ds. (3.22)

By assumption x(·) − Vxr(·) ∈ L2((0,∞); Rn). The stability of A1 implies that the

rows of eA1sQ ∈ L2((0,∞); (Rn)∗). If ri is the ith row of eA1sQ, we have that the ith

component of λ − λ̃ is bounded by the Cauchy-Schwartz inequality in L2 [69]

∣

∣

∣
λi − λ̃i

∣

∣

∣
≤ |〈ri(·),x(·) − Vxr(·)〉L2 | ≤ ‖ri‖L2ǫ. (3.23)

This gives us the following bound:

‖λ − λ̃‖∞ ≤ Cǫ, (3.24)

where C = max ‖ri(·)‖L2.
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In order to minimize computational cost, we wish to use a reduced system that is

simultaneously of a very low order and produces an accurate approximation to Sb.

We desire a heuristic that will allow us to select the optimal reduced order r. If the

model reduction technique that we use provides an estimate for ǫ and if we have an

approximation of C, we can use (3.24) to obtain a bound for the error. However, the

practical use of (3.24) is limited because it is often a large overestimate. For example,

suppose we have A1 = A2 = A (an equation with such structure can come from solving

a Lyapunov equation with a symmetric matrix A) and Q = I. In general x(·)−Vxr(·)

is dominated by the high frequencies of A2 and since A1 = A2, x(·) − Vxr(·) is

dominated by the high frequencies of A1. However, ri(·) is generally dominated by low

frequency components of A1. Hence, 〈ri(·),x(·) − Vxr(·)〉L2 ≪ Cǫ.

3.3.2 An Integration-Reduction Approach

The major disadvantage of the above method is that it is only applicable to a small set

of problems. In general, there is nothing to guarantee existence of either Ar or br so

that the size of the reduced system is small enough and the model is accurate enough

to apply Algorithm 3. Recall that x(t) solves

ẋ(t) = A2x(t), x(0) = b.

From the stability of A2 we have that

lim
t→∞

x(t) = 0. (3.25)

Furthermore, the components of x(t) that correspond to the high frequencies of A2

decay faster than the components corresponding to low frequencies. As t → ∞, the

tail of x(t) is eventually better approximated by a low dimensional system consisting

mainly of the dominant frequencies of A2 that are represented in b. We need a way to

adapt our method so that we apply Algorithm 3 only to the tail of x(t). We provide

the following approach.
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Let

λ(t) = Sx(t) =

∫ ∞

0

eA1sQeA2sx(t)ds. (3.26)

Note that λ(0) is the solution that we seek. By the semi-group properties of the matrix

exponential:

λ(t) =

∫ ∞

0

eA1sQeA2seA2tbds

=

∫ ∞

0

eA1sQeA2(s+t)bds

=

∫ ∞

t

eA1(s−t)QeA2sbds

=

∫ ∞

t

eA1(s−t)Qx(s)ds. (3.27)

By differentiation of λ(t), we get the adjoint differential equation:

−λ̇(t) = A1λ(t) + Qx(t). (3.28)

Given the solution x(t) over some interval [0, T ] and a value for λ(T ), we can use

numerical integration of (3.28) from T to 0 and obtain λ(0).

Assume we integrate (3.15) over some interval [0, T ] and store the solution. We

choose T large enough so that we can apply efficient model reduction and obtain a

reduced r-dimensional model

ẋr(t) = Arxr(t), (3.29)

with appropriate xr(T ) and V, so that Vxr(t) is a good r-dimensional approximation

to x(t) over the interval [T,∞). We further assume that the reduced dimension r is

low enough that we can apply Algorithm 3 with A1, Ar and QV.
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From (3.27), we have that:

λ(T ) =

∫ ∞

T

eA1(s−T )Qx(s)ds

=

∫ ∞

0

eA1sQx(s + T )ds

≈

∫ ∞

0

eA1sQVxr(s + T )ds

=

∫ ∞

0

eA1sQVeArsxr(T )ds

= Srxr(T ). (3.30)

We can compute Sr using Algorithm 3 and obtain λ̃(T ) = Srxr(T ), which approximates

λ(T ). We use λ̃(T ) to integrate (3.28) from T till 0. The solution for λ̃(0) is given by:

λ̃(0) = eA2T λ̃(T ) +

∫ T

0

eA2sQx(s)ds. (3.31)

The solution that we seek can be represented as

λ(0) = eA2T λ(T ) +

∫ T

0

eA2sQx(s)ds. (3.32)

From (3.31) and (3.32) we have that

λ(0) − λ̃(0) = eA2T
(

λ(T ) − λ̃(T )
)

. (3.33)

Therefore, using (3.24) we have that the error in our approximation is

‖λ(0) − λ̃(0)‖∞ ≤ ‖eA2T‖∞Cǫ, (3.34)

where ǫ is now the error in our approximation of x(t) over [T,∞).

In practice we also have to account for any numerical error that comes from inte-

grating x(t) and λ(t) over [0, T ], as well as any error from possibly using an iterative

method in the linear solves of Algorithm 3. We need to store the solution for x(t) at ev-

ery time step of our initial integration. However, we never have to work with the entire

history of x(·) at one time, therefore, we can use the cheaper permanent storage (Hard

Drive) as opposed to the system memory (RAM). Thus the extra cost of integrating
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the system is mainly associated with the cost of integrating the two systems (3.15)

and (3.28). If this storage strategy is not sufficient, one may consider checkpointing

strategies developed for adjoint equations [39].

Summary of the method:

Algorithm 4 Reduced Order High Rank Sylvester Solver

Given A1 ∈ Rm×m, A2 ∈ Rn×n, both sparse and stable, Q ∈ Rm×n sparse and

b ∈ Rn×1. This algorithm approximates the product Sb where S ∈ Rn×m solves (3.1).

1. Integrate ẋ(t) = A2x(t) with initial conditions x(0) = b over the interval [0, T ].

2. Perform model reduction on x(t) to obtain the r-dimensional reduced system

ẋr(t) = Arxr(t), with appropriate initial condition xr(T ) and mapping V ∈ R
n×r,

so that Vxr(t) ≈ x(t) over [T,∞).

3. Solve the mixed order Sylvester equation

A1Sr + SrAr + QV = 0, (3.35)

using Algorithm 3 and set λ(T ) = Srbr.

4. Integrate −λ̇(t) = A1λ(t) + Qx(t) backward over the interval [0, T ] to obtain

λ(0).

3.4 Choice of Model Reduction

3.4.1 The Rigorous Approach (eigenvalue decomposition)

Consider the setting of problem (3.1) and Algorithm 4. Assume spaces VL and VH

form a decomposition of Rn so that

R
n = VL ⊕ VH , (3.36)
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and VL is associated with the low frequencies of A2 (i.e. eigenvalues with real part

close to zero) and VH is associated with the high frequencies of A2 [37]. Since both

spaces are invariant under A2, we can split x(t) into

x(t) = xl(t) + xh(t), (3.37)

where xl(t) ∈ VL and xh(t) ∈ VH . Furthermore, the two parts can be represented as:

xl(t) + xh(t) = x(t) = eA2tb = eA2tbl + eA2tbh, (3.38)

where bl ∈ VL and bh ∈ VH form a decomposition of b. By stability of A2, we can

bound x(t) by:

‖x(t)‖ ≤ Cγe
−γt‖b‖, (3.39)

and equivalently

‖xl(t)‖ ≤ Cγe
−γt‖bl‖. (3.40)

The factor Cγ > 0 and the coefficient γ is the absolute value of the real part of the

right most eigenvalue of A2. The norm of xh(t) satisfies the same bound, however, since

xh(t) ∈ VH it is associated only with the eigenvalues of A2 that have large negative

real part, thus the decay rate of xh(t) would be much faster:

‖xh(t)‖ ≤ Cαe−αt‖bh‖. (3.41)

Likewise, Cα > 0 and the coefficient α is the absolute value of the real part of the right

most eigenvalue of A2 associated with VH.

Let ǫ > 0 be arbitrary, r be the dimension of VL and set a time T that satisfies

T ≥ −
log( 2α

Cα‖bh‖
) + log(ǫ)

2α
. (3.42)

We carry the initial integration of Algorithm 4 until T and choose V so that the

columns of V form an orthonormal basis for VL, for example using a Gram-Schmidt

algorithm. This V is used with Galerkin projection to perform the model reduction

Ar = VTA2V, xr(T ) = VTx(T ).
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By invariance of VH under A2, eA2tbh ∈ VH. Since span(V) ⊂ VL, VTeA2tbh = 0.

Therefore

xr(T ) = VTx(T ) = VTeA2Tbl. (3.43)

The reduced system xr(t) is the projection of x(t) on VL over [T,∞) or:

Vxr(t) = xl(t), t ∈ [T,∞). (3.44)

The difference between x(t) and Vxr(t) is exactly xh(t), therefore:

∫ ∞

T

‖x(t) − Vxr(t)‖
2dt =

∫ ∞

T

‖xh(t)‖
2dt

≤

∫ ∞

T

C2
αe−2αtdt ≤ ǫ. (3.45)

Using (3.34) we see that the total error in applying Algorithm 4 with the above pa-

rameters becomes:

‖λtrue − λcomputed‖∞ ≤ ‖eA2T‖∞Cǫ. (3.46)

For T sufficiently large

‖eA2T‖∞C ≤ 1. (3.47)

This leads to the following theorem.

Theorem 2 For every ǫ > 0 and every space decomposition (3.36), there are values

of T and r as well as a matrix V, so that, if they are used for Algorithm 4, the error

in the approximation of Sb would be less than ǫ.

Given the decomposition, the choice of r and V is fixed, however, any T bigger

than a specific value could be chosen. Since the cost of computation is associated with

the size of r and T , we would like to pick both values as small as possible while still

satisfying both (3.42) and (3.47). Since the space decomposition doesn’t depend on

b, we can compute the decomposition a priori, obtain r, T and V that would satisfy

the conditions for convergence and would result in computationally feasible amount of

work. Then we apply Algorithm 4.
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A further constraint comes from the numerical error that would be accumulated in

the integration of (3.15) and (3.28). Depending on the problem we might require an

implicit or explicit scheme, which in turn will have significant impact on the computa-

tional cost and should be considered in the choice of r and T .

3.4.2 Alternative Approaches (POD based)

Theorem 2 gives a sufficient condition for convergence, however, it is not a necessary

one. In practice, we may be able to achieve convergence with much less work than

the partial decomposition of R
n. The shortcoming of the above approach is that it

doesn’t take into consideration the structure of b with respect to the eigenstructure of

A2. If b has no component (or very small component part) in the eigenspace of the

first few dominant eigenvalues, then those could be disregarded along with the high

frequencies. Thus, if we follow Theorem 2, we would generate a larger column space V

than is necessary. Another shortcoming is the possibly high cost associated with the

above eigen-decomposition of Rn. Hence, we propose several alternative approaches.

Algorithm 4 requires that we store the history for the initial integration of

ẋ(t) = A2x(t).

A natural approach would be to use that stored history and perform a Proper Orthog-

onal Decomposition for x(t) over [0, T ] [45, 51, 61]. For guidance in the size of the

reduced system, we could use the size of the POD error. The shortcoming of such an

approach comes from the fact that POD only forms accurate predictions for the be-

havior of the system over the interval where the snapshots are gathered and we need a

reduced model that approximates x(t) over [T,∞). The values of x(t) in the beginning

have little relevance for the space where x(t) would belong to after time T .

We can try to modify the above method to perform POD only to the last part of

[0, T ], i.e. [T̂ , T ]. While the values closer to T have more relevance, we are decreasing

the interval of POD observation and thus the computed POD basis would also be
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inaccurate.

Consider the POD problem for best approximation of x(t) over [T,∞). That is, we

are looking for a vector v with unit norm that maximizes:

∫ ∞

T

〈v,x(t)〉2 dt. (3.48)

There is a relation between (3.48) and a Lyapunov equation first observed by Singler

[72]. Mainly we have the relation:

∫ ∞

T

〈v,x(t)〉2 dt =

∫ ∞

T

〈

v, eA2tx(0)
〉2

dt =

∫ ∞

T

(

vT eA2tx(0)
)2

dt

=

∫ ∞

T

(

vT eA2tx(0)
)

(

xT (0)eAT
2

tv
)

dt

= vT

∫ ∞

0

eA2(T+t)x(0)xT (0)eAT
2

(T+t)dtv

= vT

∫ ∞

0

eA2tx(T )xT (T )eAT
2

tdtv = vTHv.

Thus v is the dominant eigenvector of the matrix H which satisfies:

AT
2 H + HA2 + x(T )xT (T ) = 0. (3.49)

The POD basis V ∈ R
n×r that best approximates x(t) over the interval [T,∞) is

given by the r dominant eigenvectors of H. Equation (3.49) is a low rank Lyapunov

equation and efficient methods for finding the dominant eigenspace have been proposed

for example Benner, Li and Penzl [6], Gugercin, Sorensen and Antoulas [42], and Singler

[72]. Thus the solution of high rank Sylvester and Lyapunov equations can be reduced

to numerical integration of the two linear systems (3.15) and (3.28) over [0, T ] and the

solution to a low rank Lyapunov equation.

The disadvantage of any POD-based model reduction is the lack of accurate error

estimates. While the POD basis gives the best approximation of the solution, once we

construct the reduced system

ẋr(t) = VTA2Vxr(t), xr(T ) = VTx(T ). (3.50)

46



The solution xr(t) does not generally equal the projection of x(t) onto the reduced

basis. It only happens in the case where span(V) is invariant under A2, such as the

case of Theorem 2. Without a rigorous error estimate, we cannot guarantee that the

error in Algorithm 4 is below the required tolerance and the only heuristic that we

have for selecting T and r is the POD error.

Accurate solutions to the low rank Lyapunov equation could be expensive to com-

pute. Hence we propose an even cheaper alternative. Since we are interested in ap-

proximating the space where x(t) lies over [T,∞) we take only a few snapshots over

the interval [T, T̂ ], computed with a large time step. When we increase the time step

of any numerical scheme, we lose stability and accuracy, however, in this case we are

working with a linear system of differential equations. Gourlay and Morris [38] pro-

pose a stable and accurate scheme for integrating systems of linear equations that

consists of combining two or three steps of Crank-Nicolson schemes. Since we only

consider a small number of steps over the interval [T, T̂ ], we don’t have to perform

formal POD, we can simply compute a Gram-Schmidt orthogonalized basis from the

trajectory {x(t); t ∈ [T, T̂ ]} for V. This method is much cheaper than the other meth-

ods and in many cases it produces accurate results, however, accuracy is in no way

guaranteed and we have no real heuristics for selecting r or T .

3.4.3 Multigrid Approach

Assuming that the matrices A1 and in particular A2 come from the discretization of a

PDE problem, we can consider a multigrid approach for improving speed and accuracy

of Algorithm 4.

Let Af
2 be a fine discretization of a PDE operator on mesh Ωf . Let Ac

2 be a

coarser discretization of the same operator on a mesh Ωc. Also let Qf and Qc be the

corresponding discretizations of an operator Q. We consider the Sylvester equation:

A1P + PAf
2 + Qf = 0,
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and apply Algorithm 4 using Ac
2 as the reduced Ar and appropriate coarse Qc. Unlike

the eigenvalue and POD discretization approaches, this method considers the PDE

structure of the problem and can benefit from methods such as mesh refinement as

well as theoretical knowledge of the underling PDE structure.

Multigrid can also be employed as leading heuristics on the selection of T and r.

Consider a coarse and dense version of the Sylvester equation, if the coarse discretiza-

tion is sufficiently small in size, then we can solve the equation with a direct method

and obtain the coarse solution. We can also solve the coarse version of Algorithm 4

and iteratively select T and r so that the error in the coarse approximation is within

the desired tolerance. Then we can apply Algorithm 4 to the dense discretization for

problem sizes that prohibit the application of the direct methods.
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Chapter 4

Differential Algebraic Equations

4.1 Introduction

The algorithms developed in Chapters 2 and 3 are tailored to solve the linear quadratic

regulator problems associated with large systems of differential equations. The new al-

gorithms are designed for problems with sparse matrices and a small number of control

inputs. State equations with this structure frequently arise in distributed parameter

control problems.

However, as we discussed in Chapter 1, many problems of interest lead to differential

algebraic equations (DAEs) with a saddle-point structure. In this chapter, we develop

extensions of Algorithms 1, 2 and 4 to solve LQR control problems with a DAE state

equation. We restrict our attention to problems with the form




E 0

0 0









ẋ1(t)

ẋ2(t)



 =





A DT

D 0









x1(t)

x2(t)



 +





B

0



u(t), (4.1)

where E ∈ Rn1×n1 is symmetric positive definite, A ∈ Rn1×n1 , B ∈ Rn1×m, D ∈ Rn2×n1

and vector functions x1(·), x2(·) and u(·) have length n1, n2 and m respectively. The

LQR problem we study, seeks u(·) that minimizes the specific quadratic cost

J(u(·)) =
1

2

∫ ∞

0

〈x1(t),Qx1(t)〉 + 〈u(t),Ru(t)〉 dt, (4.2)
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where Q is symmetric positive semi-definite and R is symmetric positive definite. In

other words, we restrict our attention to problems, where the control is only imposed

on the differential equations and the cost function only involves x1(·). To use earlier

algorithms either Q can be factored as CTC or is a sparse matrix. LQR problems of

this form arise, for example, when the state equations are the discretization of linearized

Navier-Stokes equations.

As before, we are looking for u(·) that would minimize (4.2) subject to (4.1) The

solution to the minimization problem is the feedback control [12, 75]

u(t) = −Kx1(t). (4.3)

Let the columns of F form an orthonormal basis for the null space of D (i.e. span(F)

is the finite dimensional approximation to the divergence free space), then the optimal

gain K is given by

K = KFFT , (4.4)

where KF is the optimal feedback gain associated with the LQR problem:

min
u(·)

JF (u(·)) =
1

2

∫ ∞

0

〈xF (t),QFxF (t)〉 + 〈u(t),Ru(t)〉 dt, (4.5)

s.t. ẋF (t) = AFxF (t) + BFu(t), (4.6)

where

AF =
(

FT EF
)−1

FT AF, (4.7)

BF =
(

FT EF
)−1

FT B, (4.8)

QF = FT QF. (4.9)

The resulting Riccati equation is

AT
FΠF + ΠFAF −ΠFBFR−1BT

FΠF + QF = 0, (4.10)

and KF = R−1BT
FΠF .
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The main disadvantage of (4.10) comes from the need to form AF , BF and QF .

First we need to compute F, which is generally dense and for large problems is com-

putationally expensive. Second we need to form AF , which involves the expensive

inversion of the dense matrix FTEF. Once we form AF we have a dense matrix and

hence we have to solve a dense Riccati equation. The work associated with (4.10)

prohibits the use of this approach for medium or large size problems. In this chapter,

we wish to address these issues by adapting the Chandrasekhar and Sylvester solvers

described in the two previous chapters to equations of DAE type. We assume that the

original matrices E, A, D and Q are sparse and we wish to exploit this structure in

our approach. Furthermore, we wish to avoid the cost of forming F, so we look for

modified algorithms that do not involve F explicitly.

4.2 Chandrasekhar DAE

Assume that

QF = CT
FCF = FT CTCF = FTQF. (4.11)

Note that since we are only going to work with C we do not need Q to be sparse, just

low rank so that C has only a few rows and we can apply the Chandrasekhar method.

Consider the Chandrasekhar equations for system (4.5), (4.6):

−K̇F (t) = R−1BT
FLF (t)LT

F (t) (4.12)

−L̇F (t) = (AF − BFKF (t))T LF (t) =
(

AT
F − KT

F (t)BT
F

)

LF (t). (4.13)

In order to convert the system, we first introduce a new variable LE so that:

LE(t) =
(

FTEF
)−1

LF (t), LF (t) =
(

FTEF
)

LE(t). (4.14)

In terms of LE equation (4.13) becomes:

−
(

FT EF
)

L̇E(t) =
(

AT
F − KT

F (t)BT
F

)

LF (t)

=
(

FTATF −KT
F (t)BTF

)

LE(t). (4.15)
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In terms of LE (4.12) becomes:

−K̇F (t) = R−1BT
F

(

FTEF
)

LE(t)LT
E(t)

(

FTEF
)

= R−1BTFLE(t)LT
E(t)FT EF. (4.16)

We wish to avoid computing F, so we introduce the new variables:

K(t) = KF (t)FT , KF (t) = K(t)F, (4.17)

L(t) = FLE(t), LE(t) = FTL(t). (4.18)

Note that since we wish to find the optimal gain for (4.1), we are in fact looking for:

K = KFFT = lim
t→−∞

KF (t)FT = lim
t→−∞

K(t). (4.19)

In terms of the new variables (4.16) and (4.15) become:

−K̇(t)F = R−1BTL(t)LT (t)EF (4.20)

and

−FT EL̇(t) =
(

FT AT − FT KT (t)BT
)

L(t). (4.21)

Equations (4.20) and (4.21) are underdetermined, however, from (4.17) and (4.21) we

have that KT ≡ FKT
F (t) ∈ ker(D) and L ∈ ker(D), thus we can add the algebraic

constraints:

DKT (t) = 0, DL(t) = 0. (4.22)

Note: that the algebraic constraint (4.22) is imposed on KT (t). Therefore, to be

consistent with the general DAE structure of (4.1), we write all equations in terms

of KT (t) (see (4.30) and (4.32) below).

In order to completely remove F, we note that equations (4.20) and (4.21) simply

state that the difference of the left and right hand side must be orthogonal to ker(D).
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The space orthogonal to ker(D) is the range of DT , therefore we can rewrite (4.20) and

(4.21) as:

−K̇T (t) = EL(t)LT (t)BR−1 + DT µk(t) (4.23)

−EL̇(t) =
(

AT − KT (t)BT
)

L(t) + DT µl(t). (4.24)

Note that µk(t) and µl(t) are dummy variables and can be discarded as soon as they

are computed. Combining (4.23) and (4.24) we have the differential algebraic Chan-

drasekhar equations.

4.2.1 Final Conditions for Chandrasekhar DAE

The final conditions for KF (0) and K(0) are both zero (in the appropriate dimensions).

The final conditions for LF (0) are given by:

LF (0) = FTCT . (4.25)

For LE(0) we have the implicit relation:

(

FT EF
)

LE(0) = FTCT . (4.26)

For L we have:

FT EL(0) = FTCT . (4.27)

We can avoid F by solving the sparse linear system:




E DT

D 0









L(0)

µl



 =





CT

0



 . (4.28)

Compared to (4.12) and (4.13), the new system given by (4.22), (4.23) and (4.24)

is more complex (DAE) and has more unknowns for both K and L as well as the new

unknowns µk and µl. However, the DAE system is expressed entirely via the sparse

matrices E, A and D and therefore we can perform all computations with more efficient

sparse methods.
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4.3 Time Integration of the DAE System

Given matrices E ∈ Rn1×n1 symmetric positive definite, A ∈ Rn1×n1, B ∈ Rn1×m,

D ∈ Rn2×n1, C ∈ Rp×n1, R ∈ Rm×m, we wish to adapt the Banks and Ito integration

scheme from Algorithm 1 to the Chandrasekhar DAE.

First we solve for the final conditions for L(0) from (4.28) and set K(0) = 0. Then

we consider step i in the integration process and assume that ∆t is given and that we

have Ki ≈ K(−i∆t) and Li ≈ L(−i∆t). We then wish to obtain Ki+1 ≈ K(−(i+1)∆t)

and Li+1 ≈ L(−(i + 1)∆t). As with the Banks-Ito scheme, the following methodology

uses and explicit step for Kh ≈ K(−i∆t − ∆t
2

), followed by an implicit step for Li+1,

followed by an implicit step in Ki+1.

Consider (4.20) and take an explicit step in time, to obtain Kh. We have:

FTKT
h = FT KT

i +
∆t

2
FT ELiL

T
i BR−1. (4.29)

Using constraint (4.22) and introducing the dummy variable we can solve for Kh from

the system:





I DT

D 0









KT
h

µk



 =





KT
i + ∆t

2
ELiL

T
i BR−1

0



 . (4.30)

Using Kh to convert (4.24) and (4.21) into linear systems, we use the second order

Crank-Nicolson scheme to compute Li+1. First solve for an intermediate step Lh:





E − ∆t
2

(

AT −KT
hBT

)

DT

D 0









Lh

µl



 =





ELi

0



 . (4.31)

Then Li+1 is given by Li+1 = 2Lh − Li.

To obtain the next iterate Ki+1 we use approach as (4.30) except we use the implicit

Euler method with Li+1. We solve:





I DT

D 0









KT
i+1

µk



 =





KT
h + ∆t

2
ELi+1L

T
i+1BR−1

0



 . (4.32)
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Thus we have Ki+1 ≈ K(−(i + 1)∆t) and Li+1 ≈ L(−(i + 1)∆t). The method is

second order in ∆t. The above algorithm can easily be implemented for adaptive time

stepping, we can select a set of values ∆ti (i = 1, 2, . . .) and set K0 = 0 and L0 = L(0).

To advance from Ki, Li to Ki+1, Li+1, we use ∆t = ∆ti+1. Using adaptive stepping, we

obtain Ki ≈ K(
∑i

j=1 ∆tj) and Li ≈ L(
∑i

j=1 ∆tj). Furthermore, the method requires

only a series of sparse linear solves involving the input matrices.

Algorithm 5 Integrating Chandrasekhar DAE

Given matrices E ∈ Rn1×n1 symmetric positive definite, A ∈ Rn1×n1, B ∈ Rn1×m,

D ∈ Rn2×n1, C ∈ Rp×n1, R ∈ Rm×m, time step ∆t and final time −T .

Set the initial conditions to K0 = 0 and solve (4.28) for L0 = L(0).

While i < T
∆t

,

1. Solve (4.30) for Kh.

2. Solve (4.31) for Lh.

3. Set Li+1 = 2Lh − Li.

4. Solve (4.32) for Ki+1.

5. Update i = i + 1.

On exit, when i = T
∆t

, Ki ≈ K(−T ) and Li ≈ L(−T ).

4.4 POD Reduction of the Chandrasekhar DAE

In both the differential Chandrasekhar and Chandrasekhar DAE, the optimal gain is

given at the limit as t → −∞. It is impractical to integrate the system for such a long

period of time to approach the limiting solution. We wish to devise a reduction scheme

that will reduce the cost of integration.
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Suppose that we initially integrate the Chandrasekhar DAE using Algorithm 5 until

−T and we have obtained values for K(−T ) and L(−T ). The POD projection scheme

from Algorithm 2 is derived for the projected Riccati equation (4.11). If we have the

dominant POD space for LF (·), then we can use that to project AF and BF and along

with LF (−T ) and KF (−T ) we could reduce the Riccati equation. However, we do not

have LF (−T ) and it is impractical to compute F.

Suppose we have computed an orthonormal matrix V, where columns of V are in

ker(D) and ran(V) is the dominant POD space for EL(t) over [−T̂ , T ]. We can project

a vector x onto ker(D) by solving a system of the form:




I DT

D 0









xprojected

µdummy



 =





x

0



 . (4.33)

The dominant space of LF (·) is given by:

W = FTV, FW = V. (4.34)

We wish to form the projection of the system matrix in (4.13),

Ar = WT (AF − BFKF (−T ))W,

which is:

Ar = WT
(

FTEF
)−1 (

FTAF− FT BK(−T )F
)

W. (4.35)

From (4.34) we have that FW = V, so we have:

Ar = WT
(

FT EF
)−1

FT (A − BK(−T ))V. (4.36)

Consider F
(

FT EF
)−1

W = M.

F
(

FTEF
)−1

W = M (4.37)

(

FTEF
)−1

W = FT M (4.38)

W =
(

FTEF
)

FTM (4.39)

V = FFT EFFT M (4.40)
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According to (4.37), M ∈ span(F), therefore, by orthogonality of F:

FFTM = M. (4.41)

Thus, we have:

V = FFT EM. (4.42)

As before, we introduce a new variable µv so that

V = EM + Dµv. (4.43)

Since the above system is underdetermined, we look at (4.37) and note that DM = 0,

therefore, we can solve for M from:




E DT

D 0









M

µv



 =





V

0



 . (4.44)

Having computed M, we form:

Ar = MT (A −BK(−T ))V. (4.45)

In a similar manner we can form

Br = WTBF = WT
(

FT EF
)−1

FT B = MTB. (4.46)

Then we form Qr from

Qr = WTLF (−T )LT
F (−T )W

= WTFTEL(−T )LT (−T )EFW

= VTEL(−T )LT (−T )EV. (4.47)

From the solution to the reduced Riccati equation

AT
r Πr + ΠrAr −ΠrBrR

−1BT
r Πr + Qr = 0, (4.48)

we obtain the reduced residual gain Kr = R−1BT
r Πr. As we did with equation (2.26),

we form the final solution as:

K ≈ K(T ) + R−1BT
r ΠrV

T = K(T ) + KrV
T . (4.49)
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Algorithm 6 Chandrasekhar DAE

Given matrices E ∈ Rn1×n1 symmetric positive definite, A ∈ Rn1×n1, B ∈ Rn1×m,

D ∈ R
n2×n1, C ∈ R

p×n1, R ∈ R
m×m and final time −T .

1. Integrate Chandrasekhar DAE using Algorithm 5 from 0 to −T .

2. Gather snapshots of L after −T and form V.

3. Form M, Ar, Br and Qr according to (4.44), (4.45), (4.46) and (4.47).

4. Solve (4.48)

5. Compute K from (4.49).

4.5 Lyapunov Equations for Differential Algebraic

Problems

Similar to the Chandrasekhar DAE version of Algorithm 2, we wish to modify the

Sylvester solver in Algorithm 4 to solve equations coming from Kleinman-Newton it-

eration (as described in Section 1.4.2) applied to Riccati equations arising from LQR

control problems for DAEs of the form (4.1). Given a DAE of the form (4.1) and given

an initial guess K0, we wish to solve the Lyapunov equation

AT
FP + PAF + QF = 0, (4.50)

where

AF =
(

FTEF
)−1

FT (A −BK0)F (4.51)

and

QF = FT Q̂F = FT
(

Q + KT
0 RK0

)

F. (4.52)

We are not interested in P, but rather, K1 = R−1BTF
(

FT EF
)−1

. Furthermore, wish

to only use the sparse matrices E, A, D and Q, without explicitly computing a basis

for ker(D).
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The first step of Algorithm 4 is to integrate

ẋF (t) = AFxF (t), xF (0) = bF , (4.53)

where bF is a given vector. In the case of the Kleinman-Newton iteration bF comes

from the columns of
(

FT EF
)−1

FT BR−1. Equation (4.53) can be written as:

(

FTEF
)

ẋF (t) = FT (A− BK0)FxF (t). (4.54)

We set x(t) = FxF (t) and conversely FT x(t) = xF (t), therefore, (4.54) becomes

FT Eẋ(t) = FT (A− BK0)x(t). (4.55)

Since (4.55) is underdetermined, we use the constraint x(t) ∈ ker(D) to get:

Eẋ(t) = (A − BK0)x(t) + DT µx(t) (4.56)

0 = Dx(t). (4.57)

The initial conditions for system (4.56)-(4.57) are context dependent. In general, if

we are given some bF we will need to find FbF , which may not be trivial. However,

when we are trying to solve an LQR problem, we are given bF =
(

FT EF
)−1

FT BR−1,

the initial conditions can be set as

xF (0) =
(

FT EF
)−1

FTBR−1. (4.58)

From (4.58) we have:
(

FTEF
)

xF (0) = FT BR−1, (4.59)

thus

FTEx(0) = FTBR−1. (4.60)

We can solve for x(0) from:





E DT

D 0









x(0)

µx



 =





BR−1

0



 . (4.61)
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In the case when B ∈ Rn×m, with m > 1, we solve (4.61) using one column of BR−1

at a time and then solve the resulting m Lyapunov equations.

We also wish to convert the adjoint equation (3.28) so that it is posed for DAE

systems considered here. We have that:

−λ̇F (t) = AT
FλF (t) + FTQFxF (t) = AT

FλF (t) + FT Qx(t). (4.62)

Introduce the change of variable:

λE(t) =
(

FT EF
)−1

λF (t),
(

FTEF
)

λE(t) = λF (t). (4.63)

Substituting (4.63) into (4.62) and using (4.51) we have:

−
(

FTEF
)

λ̇E(t) = FT (A −BK0)
T FλE(t) + FT Qx(t). (4.64)

Let

λ(t) = FλE(t), (4.65)

substituting into (4.64), λ(t) satisfies:

−FT Eλ̇(t) = FT (A −BK0)
T

λ(t) + FTQx(t). (4.66)

Since the system is underdetermined, we use (4.65) to obtain the DAE system for λ(t):

−Eλ̇(t) = (A −BK0)
T

λ(t) + Qx(t) + DT µλ(t), (4.67)

0 = Dλ(t). (4.68)

The solution to the Lyapunov equation is given by λF (0), however, when we are

trying to solve the LQR problem, we are interested in the optimal gain given by

KT = FλF (0). From definition of λ we have:

λ(0) = F
(

FT EF
)−1

λF (0), (4.69)

FT λ(0) =
(

FTEF
)−1

λF (0), (4.70)

(

FTEF
)

FT λ(0) = λF (0), (4.71)

F
(

FTEF
)

FT λ(0) = FλF (0) = KT . (4.72)
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By (4.68), λ(t) ∈ ker(D), therefore, (4.72) becomes:

FFT Eλ(0) = KT . (4.73)

We can solve for K from:




I DT

D 0









KT

µk



 =





Eλ(0)

0



 . (4.74)

In addition to the two integrations (4.56)-(4.57) and (4.67)-(4.68), we also wish

to convert the model reduction part of Algorithm 4. Suppose we integrate equations

(4.56)-(4.57) from 0 to ∞ and obtain the matrix V with orthonormal columns that

span the dominant space for x(t) over [T,∞). Then let:

W = FTV, FW = V. (4.75)

The dominant space for xF (t) is given by the columns of W. Therefore, we project:

Ar = WTAFW = WT
(

FTEF
)−1

FT (A −BK0)FW. (4.76)

As in (4.37), we can find WT
(

FT EF
)−1

F from (4.44) and using (4.75) we have that:

Ar = MT (A − BK0)V. (4.77)

The mixed order Sylvester equation becomes:

AT
FSF + SFAr + QFW = 0. (4.78)

Substituting (4.51) and (4.52) we have:

FT (A− BK0)
T F

(

FT EF
)−1

SF + SFAr + FT Q̂V = 0. (4.79)

Define

SE =
(

FT EF
)−1

SF ,
(

FTEF
)

SE = SF , (4.80)

S = FSE , FT S = SE . (4.81)
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Using (4.80) and (4.81) into (4.79), we have

FT (A − BK0)
T FSE +

(

FT EF
)

SEAr + FT Q̂V = 0, (4.82)

which can be written as

FT (A − BK0)
T S + FT ESAr + FT Q̂V = 0. (4.83)

Suppose we compute the complex Schur decomposition of Ar = UTU∗, then we can

set SU = SU and QU = Q̂VU substitute Ar and post-multiply by U to obtain

FT (A − BK0)
T SU + FT ESUT + FTQU = 0. (4.84)

Similar to what we did in Section 3.2 with equation (3.9), we can consider the columns

of SU one at a time. Since the columns of SU ∈ ker(D), we can solve for them one at

a time using the following formula for SUk assuming we already know SUi for i < k:




(A − BK0)
T + tk,kE DT

D 0









SUk

µk



 = −





QUk +
∑k−1

i=1 ti,kESUi

0



 . (4.85)

From SU , we can recover back S by post multiplying by U∗. Note that if tk,k is

complex, we will have to solve (4.85) with complex arithmetic.

We are not interested in S in particular, but in λ(T ), which we can recover from

λF (T ). We have:

λF (T ) = SFWTxF (T ) = SFWTFTx(T ) = SFVTx(T ). (4.86)

Therefore,

λ(T ) = F
(

FT EF
)−1

λF (T ) = F
(

FT EF
)−1

SFVTx(T ). (4.87)

From (4.80) and (4.81) we have

F
(

FT EF
)−1

SF = S, (4.88)

and thus:

λ(T ) = SVTx(T ). (4.89)

62



Algorithm 7 Lyapunov DAE

Given matrices E ∈ Rn1×n1 symmetric positive definite, A ∈ Rn1×n1, B ∈ Rn1×m,

D ∈ R
n2×n1, C ∈ R

p×n1, R ∈ R
m×m, final time T and interval [T, T̂ ] for POD snap-

shots.

1. Integrate (4.56) and (4.57) on [0, T ], with initial conditions from (4.61) and save

the solution x(t).

2. Gather snapshots of x(t) over [T, T̂ ] and form the POD basis V.

3. Form Ar from (4.45).

4. Compute the complex Schur decomposition of Ar and solve (4.85) for S.

5. Set λ(T ) = SVTx(T ) and integrate (4.67) and (4.68) backward over [0, T ].

6. Solve for K from (4.74).
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Chapter 5

Numerical Results

5.1 Burgers Equation

5.1.1 The Objective

We consider the Burgers equation as proposed by Camphouse [29]. The equation is

given by:

wt +

(

1

2
c1w

2

)

ξ

+

(

1

2
c2w

2

)

η

= µ (wξξ + wηη) . (5.1)

We consider the domain Ω given in Figure 5.1. The flow w enters at the left boundary

of the domain Γin and leaves from the right boundary given by Γout. This is modeled

with quadratic Dirichlet conditions on Γin and a homogeneous Newmann condition on

Γout. We impose zero boundary conditions on the top and bottom wall as well as the

left and right walls of the box inside the domain. The solution to (5.1) converges to a

steady state solution, W, shown in Figure 5.2 for µ = 1
300

.

We have two control inputs, one specifies the value of w on top of the box (on Γ1)

and one specifying w on the bottom (Γ2). Our objective is, with minimal use of input

energy, to force the solution to converge to the steady state faster. Our strategy is

to accomplish this by designing a linear feedback control for the linearized problem

(following the ideas in [15]). We linearize (5.1) around the steady state solution W
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(0.24,0.33)

Figure 5.1: Domain for Burgers Equation Example.

0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95

Figure 5.2: Steady State Solution to Burgers Equation: W.

and obtain:

zt + c1 (Wzξ + zWξ) + c2 (Wzη + zWη) = µ (zξξ + zηη) . (5.2)

We give the boundary control as:

z|Γ1
= u1(t), z|Γ2

= u2(t), (5.3)

where u1(t),u2(t) ∈ R. We mesh the domain and discretize (5.2) using linear finite

elements (e.g. [13]). The result is a system of ODEs of the form [29]:

Eẋ(t) = Ax(t) + Bu(t), (5.4)
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where x(t) ∈ Rn is the vector of nodal values in the finite element approximation to

z(t, ξ, η) and u(t) ∈ R2 is the vector representing the boundary controls at time t. In

this case E in (5.4) is the symmetric positive definite finite element mass matrix. We

use several meshes with varying density of elements to produce discrete systems with

different dimensions. An example mesh, generating 1413 degrees of freedom is given in

Figure 5.3. These meshes were produced using distmesh [65]. The MATLAB source

generating these meshes and more details on the implementation are included in the

Appendix.

Figure 5.3: Typical Mesh Over Ω.

We impose the quadratic linear cost on (5.4) given by

J(u(·)) =

∫ ∞

0

〈x(t),Qix(t)〉 + 〈u(t),Ru(t)〉 dt, (5.5)

with matrices Qi and R defined below. The LQR problem is to minimize (5.5) subject

to (5.4). The optimal control uopt(t) is given as state feedback via

uopt(t) = −Kx(t). (5.6)

Our objective is to find the optimal gain K, which is given by

K = R−1BTE−1Π, (5.7)

where Π satisfies the Riccati equation

ATE−1Π + ΠE−1A −ΠE−1BR−1BTE−1Π + Qi = 0. (5.8)

66



We use R = 10−3I2. This value places a small penalty on the use of the control input

and hence creates a more pronounced gain. We consider three different cases Qi for

i = 1, . . . , 3. In the first we use Q1 = CTC, where C ∈ R
1×n. The matrix C is chosen

so that Cx(t) corresponds to the average value of the solution computed over the box

Ωbox given by ξ ∈ [.6, .8] and η ∈ [.03, .45]. Using the coarse mesh of size 1413, we

solve for the optimal gain using a dense Riccati solver given by MATLAB and obtain

the optimal gain given in Figure 5.4. Note that by symmetry the two components of

the gain are identical so we have plotted only one.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8

Figure 5.4: Burgers Gain with Weight Q1 = CTC.

We also consider Q2, where rank(Q2) ≫ 1, chosen so that xT (t)Q2x(t) corre-

sponds to the norm of the solution over Ωbox, (i.e. ‖χΩbox
z(t)‖. The resulting gains

corresponding to u1(·) and u2(·) are given in Figures 5.5 and 5.6, respectively.

Finally, we consider Q3 = E with rank(Q3) = n. This defines an LQR problem with

cost xT (t)Q3x(t) corresponding to ‖z(t)‖2. The resulting gains are given in Figures

5.7 and 5.8. Note that there are considerable differences between the gains for each of

our cases (for example, compare Figures 5.4, 5.6 and 5.7). Although there are some

similarities between the gains for Q2 and Q3, the gains using Q3 are more localized

and exhibit singularities where the support function q = 1 in equation (1.17) and
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2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Figure 5.5: Burgers Gain with Weight Q2, for u1 on Γ1.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Figure 5.6: Burgers Gain with Weight Q2, for u2 on Γ2.

the control surface make contact. Resolving the gains in this case requires very fine

discretizations.

5.1.2 Reduce then Control for Burgers Equation

We consider the case with weight Q2. We wish to compute the optimal control for

the problem on a very fine mesh. However, the size of the problem is prohibitive. To
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Figure 5.7: Burgers Gain with Weight Q3 = E, for u1 on Γ1.

20 60 100 140 180 220 260 300 340 380

Figure 5.8: Burgers Gain with Weight Q3 = E, for u2 on Γ2.

reduce the amount of work needed, we wish to first perform model reduction on (5.4)

and compute the control for the reduced system. In order to compare the accuracy

of the method, we choose the discretization of size 1413 corresponding to the mesh

shown in Figure 5.3. The system is large enough to allow for significant reduction

while simultaneously small enough to allow for us to compute the gain with a direct

method.

First, we try to reduce the system using POD. We perform a short term initial
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Table 5.1: Error in Reduce then Control Using POD.

Size of the Reduced System Relative Error in the Gain

20 0.68718

40 0.43301

60 0.43588

80 0.43866

100 0.43896

120 0.43719

140 0.43682

160 0.43707

180 0.43636

200 0.43707

integration for various inputs u(t), and gather snapshots for x(t) at different times.

We compute the corresponding POD basis and reduce (5.4). We compute the gain for

the reduced system and compare it to the true gain obtained by the MATLAB lqr

solver. The relative errors for varying r (the size of the reduced system) are given in

Table 5.1. We note that despite increasing the basis size for the reduced system, the

relative error in the gain does not drop below 43%. An error of such magnitude is

unsatisfactory and we conclude that the approach of reduce then control using POD

fails for this problem.

Another method for model reduction is the method of Balanced Truncation [2]. The

main advantage of Balanced Truncation is that it provides an analytical error bound in

the frequency domain between the full order and the reduced order systems. The main

disadvantage of the method is the high computational cost associated with forming the

reduced system. Balanced Truncation requires the solution of two Lyapunov equations

and is thus impractical for problems with high rank outputs. The 1413 is small enough
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Table 5.2: Error in Reduce then Control Using Balanced Truncation.

Size Balanced Truncation Error Relative Error in the Gain

10 5.0227e-003 0.050307

20 6.7323e-005 0.020723

30 7.2736e-007 0.010646

40 8.3643e-009 0.013798

50 3.0419e-010 0.010722

60 7.5815e-012 0.010455

70 2.3352e-013 0.0068529

80 1.0985e-014 0.0060151

90 1.1923e-015 0.0025172

to allow us to perform reduction via Balanced Truncation for this study. We then use

the reduced system to compute the gain. Table 5.2 compares the Balanced Truncation

error and the relative error in the corresponding computed gains for varying model

sizes r. While Balanced Truncation performs much better than POD, the error in the

gain is not proportional to the error in the system. There appears to be a lower bound

on how accurately we can compute the gain from the reduced system. We can conclude

that in general the “reduce then control” approach fails.

5.1.3 Chandrasekhar with Weight Q1

We consider the algebraic Riccati equation

ATE−1Π + ΠE−1A − ΠE−1BR−1BTE−1Π + CTC = 0. (5.9)

Since the weight Q1 = CTC is low rank, we can efficiently apply both the Banks and

Ito Algorithm (BIA) [4] and Algorithm 2 described in Chapter 3. We consider two

discretizations of (5.2), one with size 182 and one with size 1413.
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Table 5.3: Relative Error from Early Termination.

Time −T mesh 182 mesh 1413

-0.5 0.999982 0.999999

-1.0 0.999384 0.992844

-2.0 0.883046 0.377403

-4.0 0.292402 0.0000763

-10.0 0.001257 -

The first parameter in both the BIA and Algorithm 2 is the time, −T , for the inte-

gration of the Chandrasekhar system. Observe the relative error between the optimal

gain K and K(−T ) computed by integrating the Chandrasekhar equations shown in

Table 5.3. The integration until −T = −10.0 is very expensive for the dense mesh,

which makes it impractical and thus we did not compute it. Note that in order to

obtain a useful approximation to the gain from the Chandrasekhar equations alone,

we have to integrate the system at least until −T = −4.0. For many examples, the

Chandrasekhar integration is impractical.

After the initial integration of the Chandrasekhar system, we apply the BIA. We

apply the Banks and Ito modified ADI/Smith method for the low rank Lyapunov

equations. For the shifts, we use − 1
2Re(λi)

, where λi are the eigenvalues of the input

matrix. We present the number of linear systems that are required for the ADI/Smith

method to converge in Table 5.4, and note that since the optimal shifts are unknown,

the number of linear solves would normally be higher. Regardless of the accuracy of

K(−T ), the BIA requires that we solve the Lyapunov equation

(A− BK(−T ))T E−1Π + ΠE−1 (A −BK(−T )) + CTC = 0. (5.10)

Therefore, even though as T → ∞, K(−T ) → K, the work required by the BIA

algorithm to correct K(−T ) does not go to zero. This is a disadvantage of the BIA
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Table 5.4: Number of Extra Linear Solves Required by BIA.

Time −T mesh 182 mesh 1413

-0.5 77 144

-1.0 79 154

-2.0 82 154

-4.0 79 147

-10.0 75 -

algorithm. The advantage is that in all cases the error in the computed gain was less

than 10−16.

We compare the BIA results with the POD correction to the Chandrasekhar gain

as described in Algorithm 2. To form the reduced basis V, we increase the step size

∆t to 1
2
, take 30 extra steps in time, and gather the values of L(ti). Then we perform

POD on the gathered snapshots to form V. Once we have V, the cost of forming and

solving the reduced Riccati system is negligible. Thus, the cost of our method is the

30 linear solves required by Algorithm 1 to calculate the POD snapshots. We compare

the accuracy of the computed gain for different values of the reduced size r in Tables

5.5 and 5.6. In both cases, Algorithm 2 achieves nearly the same level of accuracy

as the Banks and Ito Hybrid Method. However, the computational cost is lower by a

factor of two to three.

With a more sophisticated shift selection, some improvement in performance could

be achieved by the ADI method, however, it would not be sufficient to compete with

the Chandrasekhar method.
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Table 5.5: Relative Error in Algorithm 2 for Varying Values of −T and r with 182

Degrees of Freedom.

Initial −T Reduced size r = 1 r = 5 r = 10

-0.5 7.8906e-07 5.5961e-10 6.6264e-12

-1.0 4.9188e-07 1.0751e-10 1.5993e-14

-2.0 9.4627e-08 3.5606e-13 5.3404e-16

-4.0 9.0689e-10 6.8565e-16 -

Table 5.6: Relative Error in Algorithm 2 for Varying Values of −T and r with 1413

Degrees of Freedom.

Initial −T Reduced size r = 1 r = 5 r = 10

-0.5 3.9112e-08 3.1435e-11 3.7386e-13

-1.0 5.0101e-09 4.9271e-13 8.9583e-14

-2.0 2.7126e-11 1.0055e-14 -

-4.0 2.2108e-16 - -
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Table 5.7: Error in the Solution Computed with Algorithm 4 for 1413 Degrees of

Freedom and Weight Q3.

Time T r = 5 r = 10 r = 15 r = 20 r = 30

0.0 2.603e-01 6.7e-03 6.8473e-04 1.3733e-04 9.3866e-06

0.5 1.050e-01 1.0936e-05 1.4070e-08 1.6061e-13 1.4323e-13

1.0 2.62e-02 7.2352e-06 2.4258e-11 1.4386e-13 1.4365e-13

2.0 3.1770e-05 3.1025e-09 1.5579e-13 1.4343e-13 1.4347e-13

5.1.4 High Rank Lyapunov Equations with Weights Q2 and

Q3

We wish to solve the Riccati equation (5.8) using high rank weights Q2 and Q3 = E.

However, we are only interested in the optimal gain K = R−1BTE−1Π. Since the

equations are high rank, we cannot effectively apply Chandrasekhar or BIA algorithms.

The matrix A is stable, thus, we can find the gain by a Kleinman-Newton iteration

with initial guess K0 = 0. At the first step we solve the Lyapunov equation

ATE−1P1 + P1E
−1A + E = 0, (5.11)

with Algorithm 4. We compute K1 = R−1BTE−1P1.

We consider mesh with 1413 unknowns so we can find the solution to (5.11) using

the direct Lyapunov solver provided by MATLAB. Then we apply Algorithm 4 with

different initial integration times T and reduction size r. In forming the reduced basis

V, we use the cheapest reduction scheme described in Section 3.4.2, simply taking

the space spanned by the next r steps of the integration of equation (3.15). The

relative errors are shown in Table 5.7. For comparison of computation time, the direct

Lyapunov solver in MATLAB takes about 57 seconds, while for parameters T = 0.5

and r = 30, Algorithm 4 takes about 10 seconds.

We wish to select values for T and r that are as small as possible while at the same
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Table 5.8: Computational Time for Algorithm 4 with Varying Problem Size (T = 0.5

and r = 30).

Degrees of Freedom Execution Time

1413 10 seconds

2289 15 seconds

3973 29 seconds

9068 72 seconds

23870 231 seconds

time give us a good approximation for K1. For the reduction scheme that we have

chosen, the cost of Algorithm 4 is mainly associated with the parameter T , so we select

T = 0.5 and r = 30. Then we increase the mesh size. For a mesh with size 2289, the

direct Lyapunov solver takes 6 minutes to compute K1, while Algorithm 4 takes 15

seconds and the relative error between the two computed gains is 4.2319e-13.

For mesh sizes beyond 2289, we run out of memory using a direct MATLAB solver

on a 4GB machine. However, Algorithm 4 executes without difficulty. In Table 5.8 we

give the execution time versus the size of the mesh. We emphasize that this table is

for weight Q3 = E, which is full rank.

We also reconsider the case with weight Q2 we studied at the beginning of this

section, i.e.

ATE−1P1 + P1E
−1A + Q2 = 0. (5.12)

The rank of Q2, for the mesh with 1413 degrees of freedom, is 21. However, it increases

as the element density of the mesh increases. Therefore, the rank of Q2 it is still high

enough to prohibit the use of Chandrasekhar method when the discretization is fine.

The main difference between Q2 and Q3 = E is that Q2 has lower rank, which adds

additional structure to the problem.
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Table 5.9: Error in the Solution Computed with Algorithm 4 for 1413 Degrees of

Freedom and Weight Q2.

Time T r = 5 r = 10 r = 15 r = 20 r = 30

0.0 6.760e-01 2.2e-03 1.9307e-04 2.9067e-05 1.0098e-06

0.5 7.722-02 7.6741e-06 7.5542e-10 4.8666e-13 2.9143e-13

1.0 1.15e-03 3.9215e-07 2.0888e-11 2.9262e-13 2.9321e-13

2.0 1.7196e-05 5.0395e-10 2.9299e-13 2.9264e-13 2.9201e-13

We first study the relative error vs. the choice of T and r. We again consider the

mesh of size 1413. The results are given in Table 5.9. Observe that parameters T = 0.5

and r = 30 give both accuracy and speed. If we increase the problem size to 2289 with

these parameters, and the algorithm achieves a relative error of 7.2231e-13.

5.1.5 High Rank Riccati Equations with Weights Q2 and Q3

We wish to solve the Riccati equation (5.8) using weights Q2 and Q3 = E. We use

the self correcting version of the Kleinman-Newton iteration. Given Kn, we solve for

Kn+1 = R−1BTE−1Πn+1 using the Lyapunov equation:

(A − BKn)T E−1Pn+1 + Pn+1E
−1 (A− BKn) + KT

nRKn + Qi = 0. (5.13)

Because A is stable, we start the iteration with K0 = 0 and know that Kn converges

quadratically to the optimal gain K [20]. We specify the convergence criteria to be

‖Kn+1 − Kn‖L2 < 10−10. The iteration for Q2 converges in 6 steps and the iteration

for Q3 = E converges in 7 steps. A fine mesh corresponding to n = 23870 is used. The

resulting gains are plotted in Figures 5.9 and 5.10, for the weight Q2, and in Figures

5.11 and 5.12, for the weight Q3.

When we use the weight Q3, the optimal gain has a very sharp rise next to the

controlled boundary. It appears that the gain function has a singularity. The coarse
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2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Figure 5.9: Burgers Gain (Γ1), with Weight Q2, Using a Dense Mesh.

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

Figure 5.10: Burgers Gain (Γ2), with Weight Q2, Using a Dense Mesh.

mesh of Figure 5.3 fails to capture the correct location of the singularity that is seen

in Figures 5.11 and 5.12.

As we have observed in these numerical results, the structure of the optimal gain for

the LQR problem is strongly influenced by the structure of the weight Qi. Coarse mesh

discretizations may fail to accurately capture the structure of the gain, as observed

when comparing Figures 5.7 and 5.8 vs. 5.11 and 5.12. Direct solvers fail for large

scale problems due to memory limitations. Furthermore, ADI/Smith methods and
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Figure 5.11: Burgers Gain (Γ1), with Weight Q3 = E, Using a Dense Mesh.

20 60 100 140 180 220 260 300 340 380 420

Figure 5.12: Burgers Gain (Γ2), with Weight Q3 = E, Using a Dense Mesh.

Chandrasekhar Equations are impractical for high rank weight matrices Q. These high

rank control weights arise in the more physically relevant problem of minimizing the

norm of the deviation from the steady-state flow. The “reduce then control” approach

can fail to produce an accurate solution, as we demonstrated in Tables 5.1 and 5.2.

However, the “control then reduce” approach implemented in Algorithm 4 can produce

a solution that is:
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• computed on a dense mesh, as shown in Figures 5.11 and 5.12,

• computationally cheap, as shown in Table 5.8,

• and accurate, as shown in Table 5.7.

5.2 Navier-Stokes Equations

We now return to the main motivation for this dissertation: feedback control of Navier-

Stokes equations. Consider the Navier-Stokes equations given by

∂

∂t
~v = µ∇ · τ (~v) − ~v · ∇~v −∇p, (5.14)

0 = ∇ · ~v. (5.15)

over the domain

Ω = {(ξ, η) ∈ (−5, 5) × (−5, 15)} \

{

(ξ, η) : ξ2 + η2 ≤
1

2

}

(5.16)

shown in Figure 5.13. The fluid enters the domain on the left and leaves from the right.

We impose quadratic Dirichlet boundary conditions on the left of the domain and zero

stress on the right boundary. We impose non-slip homogeneous boundary conditions

on the top and bottom walls. We consider two types of boundary conditions on the

cylinder wall. We consider non-slip boundary conditions as well as Dirichlet boundary

control. For the control case, we force the flow ~v at the cylinder wall to be tangential

to the cylinder. The control can be physically implemented by spinning the cylinder

and the control input u(t) ∈ R is the tangential velocity on the cylinder. For details

of the implementation, see the Appendix.

We discretize Navier-Stokes on the mesh given in Figure 5.13 using µ = 0.01. This

results in a non-linear differential algebraic system of 27085 equations. We first solve for

the equilibrium state of the system. The steady-state equilibrium is plotted in Figures

5.14 and 5.15. However, at this value of µ, the equilibrium is unstable. If we simulate
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Figure 5.13: Finite Element Mesh for the Navier-Stokes Domain.

the flow from zero initial condition we observe that at first the profile approaches the

equilibrium in Figure 5.16, however, it does not converge to the equilibrium. The

solution settles to a periodic orbit shown in Figures 5.17 and 5.18. Our objective is to

stabilize the steady-state equilibrium and thus steer the flow to the profiles in Figures

5.14 and 5.15. This should be achieved by specifying the tangential velocity of the fluid

at the cylinder wall.

-0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

Figure 5.14: Flow Equilibrium, Horizontal Velocity Profile.
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-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 5.15: Flow Equilibrium, Vertical Velocity Profile.

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

Figure 5.16: Horizontal Velocity Profile at Time t = 40.

We linearize Navier-Stokes around the equilibrium and then discretize the varia-

tional form of the problem. We use the Taylor-Hood finite element pair, with quadratic

elements for the velocity profile and linear elements for the pressure. The resulting dis-

crete system has the form of a Differential Algebraic Equation (DAE). The structure
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-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

Figure 5.17: Horizontal Velocity Profile at Time t = 100.

-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6

Figure 5.18: Vertical Velocity Profile at Time t = 100.

matches that of the equations considered in Chapter 4:




E 0

0 0









ẋ1(t)

ẋ2(t)



 =





A DT

D 0









x1(t)

x2(t)



 +





B

0



u(t), (5.17)

where E ∈ Rn1×n1 is symmetric positive definite, A ∈ Rn1×n1 , B ∈ Rn1×m, D ∈ Rn2×n1

and vector functions x1(·), x2(·) and u(·) have length n1, n2 and m respectively. In

(5.17), x1(t) is the vector with nodal values of the velocity of the fluid and x2(t) contains
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the nodal values of the pressure at time t. On (5.14) and (5.15) we impose the weight

on the state ~v:
(

∫

Ω

q · ~vdA

)2

, (5.18)

where the functional q(ξ, η) ∈ (R2)
∗

is given by:

q(ξ, η) =







(1, 1), (ξ, η) ∈ [1, 15] × [−5, 5]

(0, 0), otherwise.
(5.19)

We then discretize (5.18), to obtain a quadratic functional cost of the form

J(u(·)) =
1

2

∫ ∞

0

〈x1(t),Qx1(t)〉 + 〈u(t),Ru(t)〉 dt, (5.20)

where Q = CTC and C ∈ (Rn)∗ (i.e. the rank of Q is one). We set the control weight

R = I1 = 1.

5.2.1 Chandrasekhar DAE Applied to Navier-Stokes

The control problem given by (5.17) and (5.20) presents different challenges from the

Burgers equation considered earlier. Unlike the linearized-discretized Burgers equa-

tion, (5.17) is a differential algebraic equation and thus we cannot directly apply the

same computational algorithms. Furthermore, (5.17) is unstable and hence we cannot

initialize the Kleinman-Newton iteration from K0 = 0.

We apply the Chandrasekhar DAE method described in Chapter 4, on the control

problem given above. Since the Chandrasekhar system is initially unstable, we have to

perform initial integration until −T = −60 when we have a stable system A−BK(−T ).

From −T = −60 until −T = 150, the value of K(−T ) changes only 3%. The POD

correction for the tail of the system is only in the 5th significant digit. The resulting

gain, denoted by Kc, is shown in Figures 5.19 and 5.20.

The computed gain stabilizes the equilibrium of the non-linear Navier-Stokes sys-

tem. When we simulate the flow starting from zero initial conditions, and using the

feedback control, we observe that the solution converges to the equilibrium. It also
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-12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

Figure 5.19: Gain for the High Rank Weight Acting on the Horizontal Component of

Velocity.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Figure 5.20: Gain for the High Rank Weight Acting on the Vertical Component of

Velocity.

converges for a set of initial conditions that lie close to the equilibrium. However, if we

try to stabilize the cyclic solution in Figures 5.17 and 5.18, the control does not drive

the system to the equilibrium, but to a nearby stable periodic orbit. Starting from the

unstable cyclic solution, the feedback is not robust enough to drive the system to the
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equilibrium.

5.2.2 Lyapunov DAE Applied to Navier-Stokes

Consider the differential algebraic equation (5.17) coming from the linearized Navier-

Stokes. We impose the weight on the norm of the state ‖~v(t)‖2 on (5.14) and (5.15).

This is equivalent to the discrete cost functional

J(u(·)) =
1

2

∫ ∞

0

〈x1(t),Ex1(t)〉 + 〈u(t),Ru(t)〉 dt. (5.21)

Since the weight E has full rank, we cannot use the Chandrasekhar DAE method. Since

(5.17) is unstable for K0 = 0, we cannot directly use a Kleinman-Newton iteration.

Thus, the Kleinman-Newton iteration requires a stabilizing initial guess. In Section

5.2.1 we computed the optimal gain Kc corresponding to the weight Q = CTC. The

gain Kc stabilizes (5.17), and even though it corresponds to a different weight, it works

used as initial guess for a Kleinman-Newton iteration for LQR problem with weight E.

At each step, the Kleinman-Newton iteration requires the solution to a Lyapunov

equation. We use Algorithm 7 as described in Chapter 4. Since the initial gain K0 = Kc

corresponds to a different weight, we were required to take the integration in the

Lyapunov solver to T = 20 before a suitable reduction could be computed. To avoid

the accumulation of error, we used the self correcting version of the Kleinman-Newton

method. The method converged in 7 iterations with ‖K7 − K6‖(L2)2 < 10−10. The

solution is plotted in Figures 5.21 and 5.22 .

The gain corresponding to the full rank weight is different from the low rank weight.

The gain in Figures 5.21 and 5.22 is larger in norm and has a different structure, most

notably around the walls of the cylinder. As we observed in the problem with a low rank

weight, the high rank weight stabilizes the system in a neighborhood of the equilibrium.

However, if we use the periodic (von Karman) vortex shedding solution as an initial

condition, the gain fails to stabilize the system to the steady-state equilibrium. The

question as to whether it is possible to achieve global stabilization for this control
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Figure 5.21: Chandrasekhar DAE Gain Acting on the Horizontal Component of Veloc-

ity.

-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12

Figure 5.22: Chandrasekhar DAE Gain Acting on the Vertical Component of Velocity.

mechanism remains open.
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Chapter 6

Conclusions

We considered linear quadratic regulator control for large scale systems that come from

the discretizations of PDEs. In particular, we considered both the Navier-Stokes and

Burgers equations. Since the LQR problem requires the solution to a large scale alge-

braic Riccati equation and we presented several efficient methods to approximate the

solutions. In the case when the weight on the state has a low rank matrix factoriza-

tion, we proposed a modification to the existing methods that improves efficiency. We

employ model reduction techniques that dramatically reduced the computational cost,

while at the same time preserving accuracy. In the case when the weight on the state is

represented by a high rank matrix, we showed that the common “reduce then control”

approach may fail to approximate the optimal gain to desired accuracy. We developed

a method that follows the “control then reduce” approach, is computationally feasible

for problems with high rank weights, and produces accurate solutions. Furthermore,

in order to cope with the differential algebraic structure of the Navier-Stokes equa-

tions, we extended our methods to include both differential and differential algebraic

problems. We applied our methods to relatively large systems and presented numerical

results. These are the first known results for LQR flow control problems based on finite

element discretizations.

With our methods, we can solve a large variety of Riccati equations that come
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from differential and differential algebraic PDE problems. Future work will continue

to explore the problem of control of large scale PDEs. Some of the questions that we

hope to answer are listed below.

- Our method does not compute the solution to a Sylvester or a Lyapunov equation,

but the product of the solution with a specified vector. For the purpose of the

Riccati equation, that product is all that we need. However, other problems,

such as model reduction via balanced truncation, require an approximation to

the actual solution. The existing ADI method for Lyapunov equations generates

a low rank approximation to the solution. However, it is computationally feasible

only in the case of a low rank weight. We wish to extend our methods for the

high rank case to compute an accurate approximation.

- The discretization scheme that we choose to generate the finite dimensional prob-

lem can have a dramatic effect on the accuracy of the computed control. This is

particularly true in the case of boundary control, since the infinite dimensional

operators involved are often unbounded. We wish to study the effects of different

discretization schemes on the accuracy of the computed control.

- Our approach so far has been to “discretize then control.” However, as with

“reduce then control” this approach may fail. We wish to study the analogous

“control then discretize” approach. This would require extending the existing

methods to infinite dimensional Riccati, Chandrasekhar, Lyapunov and Sylvester

equations.

- The LQR control stabilizes the system, however, in many practical settings, the

control is not robust enough. We computed two gains for the Navier-Stokes

system, however, they both failed to achieve global stabilization. We wish to add

robustness to our control design in both the infinite and the finite dimensional

settings.
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APPENDIX

Simulation of Fluid Flow

Discretization of the Domain

Consider the domain Ω

Ω = {(x, y) ∈ (−5, 5) × (−5, 15)} \

{

(x, y) : x2 + y2 ≤
1

2

}

as described in Section 5.2. We wish to integrate the Navier-Stokes equations described

in Section 1.2

∂

∂t
~v = µ∇ · τ (~v) − ~v · ∇~v −∇p, (A.1)

0 = ∇ · ~v, (A.2)

over Ω. Since Ω ⊂ R2, ~v is defined as

~v =





v1(t, x, y)

v2(t, x, y)





and (A.1) and (A.2) can be written as:

v1t = µ (2v1xx + v1yy + v2xy) − (v1v1x + v2v1y) − px, (A.3)

v2t = µ (2v2yy + v2xx + v1yx) − (v2v2x + v2v2y) − py, (A.4)

0 = v1x + v2y, (A.5)
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where subscripts t, x and y denote partial differentiation, e.g. v1x = ∂
∂x

v1, v1y = ∂
∂y

v1,

etc. The weak form of (A.3)-(A.5) becomes:

∫

Ω

v1tΦ1dA = −µ

∫

Ω

(2v1x + v1y)Φ1x + v2yΦ1ydA

−

∫

Ω

(v1v1x + v2v1y)Φ1dA +

∫

Ω

pΦ1xdA

+

∫

∂Ω

((2µv1x + µv1y − p)nx + µv2yny)Φ1ds, (A.6)
∫

Ω

v2tΦ2dA = −µ

∫

Ω

(2v2y + v2x)Φ2y + v1xΦ2xdA

−

∫

Ω

(v1v2x + v2v2y)Φ2dA +

∫

Ω

pΦ2ydA

+

∫

∂Ω

((2µv2y + µv2x − p)ny + µv1xnx)Φ2ds, (A.7)

0 =

∫

Ω

(v1x + v2y)ΨdA, (A.8)

where nx and ny are the components of the unit outward normal vector ~n at the

boundary. The test functions Φ = [Φ1,Φ2]
T and Ψ are chosen to satisfy the Babuska-

Brezzi-Ladyzhenskaya (BBL) [3, 14, 36, 43, 55] condition for existence of a unique

solution.

We impose inflow Dirichlet boundary conditions at the left wall of the domain,

namely the parabolic inflow

v1(t, x = −5, y) = −0.04(y − 5)(y + 5), v2(t, x = −5, y) = 0.

On the top and bottom wall of the domain (y = 5 or y = −5), we impose non-

slip homogeneous Dirichlet boundary conditions. At the right wall (x = 15) we impose

outflow boundary conditions of zero normal and tangential stress (i.e. µτ (~v)·~n−p~n = 0

at Ωout). Zero stress would mean that the surface integrals over ∂Ωout vanish. We

consider two types of Dirichlet boundary conditions at the wall of the cylinder, non-

slip homogeneous and controlled. In the controlled case, we introduce the control input

function u(·). At any point (x, y) on the wall of the cylinder, we force the fluid velocity
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to be in a clockwise unit tangential direction (2y,−2x), then we scale by u(t):

v1(t, x, y) = 2yu(t), v2(t, x, y) = −2xu(t), (A.9)

where x2 + y2 = 0.25.

We wish to approximate v1, v2 and p in a finite dimensional function space using the

finite element method. We discretize the domain with a mesh generated by distmesh

[65]. The calling arguments to distmesh are

function cylinder_flow_mesh

disp(’Modified distmesh (3b) Square with hole (refined at hole)’)

fd=inline(’ddiff(drectangle(p,-5,15,-5,5),dcircle(p,0,0,0.5))’,’p’);

box=[-5,-5;15,5];

mm= .5 * sqrt( .5 );

% fixed points at the box corners

fix=[-5,-5;15,-5;15,5;-5,5;-.5,0; ...

0,-.5;.5,0;0,.5;mm,mm;-mm,mm;mm,-mm;-mm,-mm;];

eps = 0.2;

mod = 2;

% fix points close to the corners of the boundary that will eliminate

% degenerate elements (ensure BBL condition is satisfied at the corners)

fix = [ fix; -5+mod*eps,-5+mod*eps; 15 -eps,-5 +eps; ...

15 -eps, 5 -eps; -5+mod*eps, 5-mod*eps; ];

[p,t]=distmesh2d(fd,@fh8,0.03,box,fix);

% outputs two text files listing nodes and elements

write_mesh_2d(p,t,’cyl_mesh’);

%----------------------------------------------------------------------
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function h=fh8(p)

% weight that increases the mesh density around the cylinder

h1=.05*( sqrt(sum(p.^2,2))-.25 );

h2 = 1;

h3 = .1 + 0.5*abs(atan2(p(:,2),p(:,1)))/pi;

h = min( min( min( h1, h2 ), h3 ), 1 );

Discretization of the Equations

Distmesh generates an ordered list of nodes and triangular elements formed by the

nodes. We extend the list of the nodes with the nodes associated with the mid points

of the sides of the triangles. Thus we have a list of elements and six nodes associated

with each element, three vertex nodes and three edge nodes. Using the updated list

of nodes and elements, we generate a Taylor-Hood function basis [43]. A Taylor-Hood

basis consists of two sets of functions Φi, i = 1, · · · , Nq and Ψj, i = 1, · · · , Nl. The set

Φi is such that the basis Φi:

• has a function associated with each node

• is one at its associated node

• is zero at any other node

• is quadratic over the elements that share the node

• has support restricted only to those elements,

and the set Ψj is such that

• has a function associated with each vertex node

• is one at its associated node
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• is zero at any other vertex node

• is linear over the elements that share the node

• has support restricted only those elements.

The resulting basis satisfies the discrete BBL condition for existence of a unique solution

to the discretized Navier-Stokes equations [3, 14, 43, 55].

We form the discretized Navier-Stokes equations by Galerkin projection of the weak

form (A.6)-(A.8) onto the function space spanned by Φi and Ψj . We represent the

discrete solution to the Navier-Stokes equations as:

v1(t) =

Nq
∑

i=1

vi
1(t)Φ

i, (A.10)

v2(t) =

Nq
∑

i=1

vi
2(t)Φ

i, (A.11)

p(t) =

Nl
∑

j=1

pj(t)Ψj . (A.12)

We seek the functions vi
1(·),v

i
2(·),p

j(·) ∈ L2([0,∞)]), that for each time t will describe

the flow profile at the nodes of the mesh. We substitute (A.10), (A.11) and (A.12) into

the weak from (A.6)-(A.8) of the Navier-Stokes equations. This leads to a nonlinear
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finite dimensional system of differential algebraic equations:

Nq
∑

i=1

d

dt
vi

1

∫

Ω

ΦiΦkdA = −µ

Nq
∑

i=1

vi
1

∫

Ω

(

2Φi
x + Φi

y

)

Φk
xdA (A.13)

−µ

Nq
∑

i=1

vi
2

∫

Ω

Φi
yΦ

k
ydA (A.14)

−

Nq
∑

i,l=0

vi
1v

l
1

∫

Ω

ΦiΦl
xΦ

kdA (A.15)

−

Nq
∑

i,l=0

vi
2v

l
1

∫

Ω

ΦiΦl
yΦ

kdA (A.16)

+

Nl
∑

j=1

pj

∫

Ω

ΨjΦk
xdA (A.17)

+µ

Nq
∑

i,l=0

vi
1

∫

∂Ω

(

2Φi
x + Φi

y

)

Φknxds (A.18)

+µ

Nq
∑

i,l=0

vi
2

∫

∂Ω

Φi
yΦ

knyds (A.19)

−

Nl
∑

j=1

pj

∫

∂Ω

ΨjΦknxds, (A.20)

Nq
∑

i=1

d

dt
vi

2

∫

Ω

ΦiΦkdA = −µ

Nq
∑

i=1

vi
2

∫

Ω

(

2Φi
y + Φi

x

)

Φk
ydA (A.21)

−µ

Nq
∑

i=1

vi
1

∫

Ω

Φi
xΦ

k
xdA (A.22)

−

Nq
∑

i,l=0

vi
1v

l
2

∫

Ω

ΦiΦl
xΦ

kdA (A.23)

−

Nq
∑

i,l=0

vi
2v

l
2

∫

Ω

ΦiΦl
yΦ

kdA (A.24)

+

Nl
∑

j=1

pj

∫

Ω

ΨjΦk
ydA (A.25)
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+µ

Nq
∑

i,l=0

vi
2

∫

∂Ω

(

2Φi
y + Φi

x

)

Φknyds (A.26)

+µ

Nq
∑

i,l=0

vi
1

∫

∂Ω

Φi
xΦ

knxds (A.27)

−

Nl
∑

j=1

pj

∫

∂Ω

ΨjΦknxds, (A.28)

0 =

Nq
∑

i=1

vi
1

∫

Ω

Φi
xΨjdA +

Nq
∑

i=1

vi
2

∫

Ω

Φi
yΨjdA. (A.29)

In the above, terms (A.13), (A.14), (A.21) and (A.22) correspond to the diffusion op-

erator µ∇·τ (~v). Terms (A.15), (A.16), (A.23) and (A.24) correspond to the nonlinear

part of the Navier-Stokes equations −~v · ∇~v. Terms (A.17) and (A.25) correspond

to the pressure contribution −∇p. Terms (A.18), (A.19), (A.20), (A.26), (A.27) and

(A.28) correspond to the the normal and tangential stress at the boundary. Equation

(A.29) corresponds to the algebraic constraint (A.2).

We impose the boundary conditions on (A.10), (A.11) and (A.12). The coefficients

vi
1(t) and vi

2(t) are known on the inflow and the non-slip boundary. In the case where

we control the fluid on the cylinder wall, the values of vi
1(t) and vi

2(t) corresponding

to the cylinder are set, depending on u(t) as in (A.9). The values of vi
1(t) and vi

2(t) on

the outflow wall and those inside the domain are all unknown. In addition, all values

of pj(t) are unknown.

In order to obtain a consistent set of equations, we restrict the set of test functions

Φk to those of that correspond to the unknown coefficients vi
1(t) and vi

2(t).

We wish to express the coefficients vi
1(t), vi

2(t) and pj(t) that are not determined

by the boundary conditions, in terms of a single unknown vector valued function x(t).

We do this in several steps. The unknown functions of vi
1(t) and vi

2(t) and arranged
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as entries of vector valued functions x1
1(t) and x1

2(t) respectively,

x1
1(t) =

[

v1
1(t), . . . ,v

i
1(t), . . . ,v

Nq

1 (t)
]T

,

x1
2(t) =

[

v1
2(t), . . . ,v

i
2(t), . . . ,v

Nq

2 (t)
]T

.

Note that the indices i do not span the entire range 1, . . . , Nq, but only those indices

corresponding to the unknowns. In a similar manner, we arrange the unknown functions

pj(t) into the vector valued function x2(t),

x2(t) =
[

p1(t), . . . ,pi(t), . . . ,pNl(t)
]T

.

To optimize consequent computations, we reorder the entries in x1
1(t) and x1

2(t) using

the MATLAB implementation of the Reverse Cuthill McKee (RCM) algorithm [60].

The effect of the RCM reordering is to decrease the bandwidth of the matrices and

thus allow for more efficient preconditioning of the linear solves needed for the time

integration. We present the details on that later in this Appendix. Reordering of x2(t)

has no effect on the efficiency of our solver.

We combine x1
1(t) and x1

2(t) into the single vectored valued function,

x1(t) =





x1
1(t)

x1
2(t)



 ,

and we can define the global unknown vector

x(t) =











x1
1(t)

x1
2(t)

x2(t)











=





x1(t)

x2(t)



 .

We can write all the equations for all of the unknowns as:

Eẋ1(t) = Ax1(t) + F
(

x1(t)
)

+ DTx2(t) + f1, (A.30)

0 = Dx1(t) + f2. (A.31)
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Equations (A.30) and (A.31) form a differential algebraic (DAE) system of equations.

Matrices E and A have the structure:

E =





E1 0

0 E2



 , A =





A1,1 A1,2

A2,1 A2,2



 , (A.32)

where

• E1 = E2 =
[∫

Ω
ΦiΦkdA

]

is the Finite Element Mass matrix,

• A1,1 = −µ
[∫

Ω

(

2Φi
x + Φi

y

)

Φk
xdA

]

, corresponds to (A.13),

• A1,2 = −µ
[∫

Ω
Φi

yΦ
k
ydA

]

, corresponds to (A.14),

• A2,1 = −µ
[∫

Ω
Φi

xΦ
k
xdA

]

, corresponds to (A.22),

• A2,2 = −µ
[∫

Ω

(

2Φi
y + Φi

x

)

Φk
ydA

]

, corresponds to (A.23).

Note that the i, k indexing now corresponds to the RCM reordered system. The matrix

vector product Ax1 returns the partial sums of (A.13), (A.14), (A.22) and (A.23) that

correspond to the unknowns in vi
1 and vi

2. The complement sums that correspond to the

Dirichlet boundary are stored in the vector f1. Since we consider boundary conditions

constant in time, f1 is constant, however, in general it could be time dependent.

The matrix D is the finite dimensional approximation to the divergence operator

D =
[

D1,D2
]

=

[
∫

Ω

Φi
xΨjdA,

∫

Ω

Φi
yΨjdA

]

.

Similar to Ax1, Dx1 computes the partial sum of (A.29) corresponding to the unknowns

in vi
1 and vi

2. The portion corresponding to the boundary is stored in f2.

The nonlinear function F (x1(t)) computes the integrals in (A.15), (A.16), (A.23)

and (A.24). The values for the unknown components of vi
1 and vi

2 are taken from x1(t),

and when vi
1 and vi

2 correspond to the Dirichlet boundary, the values are taken from

the boundary conditions.

The integrals are computed element by element with Gaussian quadrature. Since

all the functions Φi and Ψj are polynomials, we use quadrature with sufficiently high
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order to compute the integrals exactly. The highest order occurs for the triples in

(A.15), (A.16), (A.23) and (A.24), where two functions are quadratic and one is linear

requiring of 5th-order quadrature.

When we consider the control case, values of vi
1 and vi

2 on the cylinder are specified

using u(t). For the linear part (A.13), (A.14), (A.21) and (A.22), the contribution of

the control comes in the form of BLu(t), where

BL =





−µ
∑

i v
i
1

∫

Ω

(

2Φi
x + Φi

y

)

Φk
xdA − µ

∑

i v
i
2

∫

Ω
Φi

yΦ
k
ydA

−µ
∑

i v
i
2

∫

Ω

(

2Φi
y + Φi

x

)

Φk
ydA − µ

∑

i v
i
1

∫

Ω
Φi

xΦ
k
xdA



 (A.33)

The indices for vi
1 and vi

2 in (A.33) consider only the values at the control boundary

specified by u(t). The control also contributes to the nonlinear part of the system. The

nonlinear function now depends on both x1(t) and u(t) (i.e. Fu (x1(t),u(t)). When

the control is implemented by spinning the cylinder, there is no change in mass and

therefore u(t) has no contribution to the algebraic part of the system (A.31). When

we combine all the contributions of the control, the discrete DAE system becomes:

Eẋ1(t) = Ax1(t) + Fu

(

x1(t),u(t)
)

+ DTx2(t) + BLu(t) + f1, (A.34)

0 = Dx1(t) + f2. (A.35)

If the control u(t) is given as a state feedback (i.e. u(t) = −Kx1(t)), (A.34) takes the

form:

Eẋ1(t) = (A − BLK)x1(t) + Fu

(

x1(t),−Kx1(t)
)

+ DTx2(t) + f1. (A.36)

Time Integration of the non-Linear system

We want to use (A.30) and (A.31) to simulate the fluid flow in time. We start with a

set of initial conditions for vi
1(0) and vi

2(0), that are mapped to x1(0) and (according to

the indexing and RCM reordering). For time integration, we use the Backward-Euler

Method [52]. Suppose we have a differential system and at time t we have the state of
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the system x(t). Given a time step ∆t, we approximate the state x(t + ∆t) by

x(t + ∆t) − x(t)

∆t
= ẋ(t + ∆t) + O(∆t2) ≈ ẋ(t + ∆t). (A.37)

However, in the DAE case we do not have the time derivative of x2(t + ∆t), therefore,

we have to modify the standard method as proposed by [43]. We approximate

x1(t + ∆t) − x1(t)

∆t
≈ ẋ1(t + ∆t), (A.38)

and combine (A.38) with the algebraic constraint (A.31)

0 = Dx1(t + ∆t) + f2. (A.39)

We solve for x2(t + ∆t) implicitly. Combining (A.38) and (A.39) we solve the system

Ex̃1 − ∆tAx̃1 − ∆tF
(

x̃1
)

−DT x̃2 − Ex1(t) − ∆tf1 = 0, (A.40)

Dx̃1 + f2 = 0, (A.41)

for x̃1 and x̃2. Then we approximate x1(t + ∆t) ≈ x̃1 and x2(t + ∆t) ≈ x̃2. Equations

(A.40) and (A.41) form a nonlinear system of equations. We use Newton method to

obtain a numerical solution [52]. Given an initial guess y0, we linearize (A.40) and

(A.41) at y0 and solve for y1 from the linear system. We iterate and obtain a sequence

yn that converges to x̃ = [x̃1, x̃2]
T

quadratically. Equation (A.41) is linear therefore

we only need to linearize (A.40).

We need to compute the Jacobian matrix for the nonlinear function F (y1
n). We use

a finite difference approximation of the form

Japp(yn, δ) =

[

F (yn + δei) − F (yn)

δ

]

, (A.42)

where ei is the ith unit vector [0, . . . , 0, 1, 0, . . . , 0]T and δ is a small perturbation. A

change in the ith component of yn will only affect the components of F(·), where the

functions Φk, Φl and Φi have common support. Thus Japp(yn) is a sparse matrix

and can be computed element by element without the need to explicitly form all of
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F (yn + δei). Due to the quadratic nature of F(·), the exact Jacobian matrix can be

formed by averaging

Jexact(yn) =
1

2
(Japp(yn, δ) + Japp(yn,−δ)) ≡

∂

∂x
F (x) |x=yn

. (A.43)

However, the improvement in convergence rate of the Newton method that results from

using Jexact(yn) is too small to justify the additional work of computing Japp(yn, δ)

twice. We use (A.43) to compute the linearization of the full DAE system.

The Newton iteration is as follows:

Given (A.40) and (A.41), an initial guess y0, δ and convergence tolerance ǫ, we

iterate for n = 0, 1, 2, . . .

• Compute the residual vectors:

R̃1
n = Ey1

n − ∆tAy1
n − ∆tF

(

y1
n(t)

)

−DTy2
n −Ex1(t) − ∆tf1,

R̃2
n = Dy1

n + f2.

Note that if R̃1
n = 0 and R̃2

n = 0, then yn satisfies (A.40) and (A.41).

• Solve




E − ∆tA − ∆tJapp(yn, δ) −∆tDT

D 0









g1
n

g2
n



 =





R̃1
n

R̃2
n



 , (A.44)

for gn = [g1
n, g

2
n]

T
.

• Newton method defines the next iterate as yn+1 = yn − gn, however, since we

use only an approximation to the Jacobian, the solver may become unstable and

fail to converge. To stabilize the solver, we introduce the parameters 0 < θn ≤ 1

and define

yn+1 = yn − θngn. (A.45)

We select θn so that ‖R̃1
n+1‖

2 + ‖R̃2
n+1‖

2 < ‖R̃1
n‖

2 + ‖R̃2
n‖

2.
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We iterate Newton method until ‖R̃1
n‖

2 + ‖R̃2
n‖

2 < ǫ.

When we control the flow, we have the additional control term u(t) and we need to

add the contribution of the control to the Newton method. Given the function u(t),

the equation for R̃1 becomes

R̃1
n = Ey1

n − ∆tAy1
n − ∆tFu

(

y1
n(t),u(t + ∆t)

)

−DTy2
n

−Ex1(t) − ∆tBLu(t + ∆t) − ∆tf1. (A.46)

When u(t) is a feedback function of the state (i.e. u(t) = −Kx1(t)), we also have to

change the linear equation. Let BN = ∂
∂u

Fu (x,u) and B = BL + BN , then the linear

system for the Newton method becomes:





E − ∆tA − ∆tJapp(yn, δ) + ∆tBK −∆tDT

D 0









g1
n

g2
n



 =





R̃1
n

R̃2
n



 .

We use the above method to simulate the flow in time.

Linear Solver

The most computationally expensive part of the Newton method is solving the linear

system (A.44). We use the Generalized Minimal Residual (GMRES) iterative algorithm

for sparse matrices. Given a linear system of the form

Âx̂ = b̂, (A.47)

where Â ∈ Rn×n is a sparse matrix and b̂ ∈ Rn is a given vector. For i = 1, . . . , n − 1

GMRES generates vectors x̂i ∈ Rn, so that x̂i minimizes
(

Âx̂i − b̂
)

over the Krylov

subspace span (b,Ab,A2b, . . . ,Aib). The main advantage of the GMRES algorithm

is that it only requires the multiplication of Â and a vector. For a system of size n,

GMRES is guaranteed to converge to an exact solution after n−1 iterations. However,

GMRES requires that at each step we keep a basis for the Krylov subspace, thus for

very large systems it is impractical to use GMRES as a direct solver. We use GMRES
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as an iterative solver, that is, we only iterate until a specified error tolerance is reached

(i.e.
(

Âx̂i − b̂
)

< ǫ̂ ). However, when applied to a system of the form (A.44), the

iterative variation of GMRES still takes too many iterations to converge. We need to

use a preconditioned matrix that will accelerate convergence.

Consider the linear system in (A.44). We need to find a matrix P so that if we

apply iterative GMRES to

P





E − ∆tA − ∆tJapp(yn, δ) −∆tDT

D 0









g1
n

g2
n



 = P





R̃1
n

R̃2
n



 ,

the method will converge in only a few iterations. Liesen and de Sturler [28] propose

a couple of methods to precondition a system of the form (A.44). They propose a

preconditioner of the form

P1 =





(E− ∆tA − ∆tJapp)
−1 0

0
(

D (E − ∆tA − ∆tJapp)
−1 DT

)−1



 .

However, if we use P1, we will have to update it for each iteration of Newton method

as Japp(yn, δ) always changes. A modified Liesen-de Sturler preconditioner uses an

approximation of P1. Since matrices E, A and D are constant, we can build the

preconditioner just in terms of those

P2 =





(E− ∆tA)−1 0

0
(

D (E − ∆tA)−1 DT
)−1



 .

The advantage of P2 is that if we use a constant step size ∆t, we only need to form P2

once and then we can use it for all Newton iterations for all time steps. Furthermore,

from (A.32) we have that:

E− ∆tA =





E1 − ∆tA1,1 −∆tA1,2

−∆tA2,1 E2 − ∆tA2,2



 . (A.48)

Since all blocks of Ai,i are scaled by ∆t, E − ∆tA is dominated by E, and we use

P̂1 =





(E1 − ∆tA1,1)
−1 0

0 (E2 − ∆tA2,2)
−1



 ≈ (E − ∆tA)−1
. (A.49)
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The blocks of P̂1 are smaller than E−∆tA and thus computationally cheaper to invert.

Therefore, for our system, we use the preconditioner:

P̂ =





P̂1 0

0
(

DP̂1D
T
)−1



 . (A.50)

The inverses (E1 − ∆tA1,1)
−1 and (E2 − ∆tA2,2)

−1 are generally dense and should

not be constructed explicitly. The associated memory requirement and computational

cost are prohibitive. We observe that (E1 − ∆tA1,1) and (E2 − ∆tA2,2) are sparse and

we use the direct sparse linear solver package UMFPACK (Unsymmetric MultiFrontal

Package) [24, 25, 26, 27]. In the beginning of the time integration, we factorize the

sparse blocks and then use that factorization to compute Pv, for all iterations of the

GMRES solver.

The main disadvantage of the de Sturler preconditioner is that the block
(

DP̂1D
T
)−1

is dense. However, the dimension of the block is considerably smaller than the blocks

in P̂1 (for our mesh with 27085 unknowns), (E1 − ∆tA1,1)
−1 and (E2 − ∆tA2,2)

−1 each

have size 11970 × 11970 while
(

DP̂1D
T
)−1

has size 3145 × 3145). We use a direct

dense solver provided by LAPACK [1]. We should note that more recent work by Siefert

and de Sturler [71] provides an efficient algorithm that forms a sparse approximation

to
(

DP̂1D
T
)−1

, however, at present we have not yet incorporated it in our simulator.

Linearization of the DAE

The LQR control problem described in Chapter 1 requires us to find a linearization

of the DAE system around an equilibrium ~V. We solve for the finite dimensional

approximation to the equilibrium by setting the derivative ẋ1 = 0. From (A.30) and

(A.31) we have:

0 = Ax1
v + F

(

x1
v

)

+ DTx2
v + f1, (A.51)

0 = Dx1
v + f2, (A.52)

104



where xv = [x1
v,x

2
v]

T
represent the finite dimensional steady state of the DAE system.

We solve the nonlinear system (A.51)-(A.52), for x1
v and x2

v, using a Newton method.

Define z(t) = x(t) − xv and linearize

F
(

x1(t)
)

≈ F
(

x1
v

)

+ Jexact(x
1
v)z

1(t). (A.53)

Therefore, the linearized DAE system is:

Eż1(t) = Az1(t) + Jexact(x
1
v)z

1(t) + DTz2(t), (A.54)

0 = Dz1(t). (A.55)

For the LQR problem, we require a control term in the equations. Therefore, we wish

to use Fu (·, ·). Let BN = ∂
∂u

Fu (x,u) and approximate

Fu

(

x1(t), 0
)

≈ F
(

x1
v

)

+ Jexact(x
1
v)z

1(t) + BNu(t). (A.56)

Defining B = BL + BN we obtain:

Eż1(t) = Az1(t) + Jexact(x
1
v)z

1(t) + DTz2(t) + Bu(t), (A.57)

0 = Dz1(t). (A.58)

Details of the Implementation

The simulation was computed on a 4GB AMD Atlon64 X2 5800+ CPU under Ubuntu

Linux 8.10. We use UMFPACK version 5.3.0 available through the Ubuntu package repos-

itories. We use the CPU optimized version of LAPACK available through the AMD Ad-

vanced Math Libraries (ACLM) version 4.2.0. The code was written in C/C++ and

compiled with GNU gcc 4.3.

The structure of the Liesen-de Sturler preconditioner allows for the inversion of the

three blocks to be done in parallel. We use the OpenMP capabilities of the gcc compiler

and the dual-core architecture of the CPU to parallelize the action of the preconditioner

and increase computational efficiency. We also use OpenMP in the formation of the

Jacobian matrix.
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Details on the Burgers equation

The code for the Burgers equation was developed entirely under MATLAB. We list

the distmesh code that generates the mesh.

rand(’state’,002); % ensures reproducibility

fd=inline(’ddiff(drectangle(p,0,0.99,0,.48), ...

drectangle(p,.15,.24,.15,.33))’,’p’);

box=[0,0;0.99,0.48];

fix=[0,0;0.99,0;0,0.48;0.99,0.48;0.15,0.15; ...

0.24,0.15;0.15,0.33;0.24,0.33];

[p,t]=distmesh2d(fd,@fh11,0.010,box,fix);

function h=fh11(p)

% This function creates a

% clustering of points near the internal rectangle

h1=0.0005 + 0.0035* ...

(sqrt( (p(:,1)-0.155).^2 + (p(:,2)-0.15).^2 ) ) ...

+ 0.001*(sqrt( (p(:,1)-0.595).^2 + (p(:,2)-0.15).^2 ) );

h2=0.0005 + 0.0035* ...

(sqrt( (p(:,1)-0.155).^2 + (p(:,2)-0.33).^2 ) ) ...

+ 0.001*(sqrt( (p(:,1)-0.595).^2 + (p(:,2)-0.33).^2 ) );

h=min(min(h1,h2),0.01);

We discretize the Burgers equation in a manner similar to the Navier-Stokes equa-

tion described above. The Burgers equation has no algebraic constraint associated
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with the state, therefore, there is no need to use mixed elements. We use linear finite

elements and solve for the equilibrium and linearize the equation. The resulting system

is of the form

Eẋ(t) = Ax(t) + Bu(t). (A.59)

We use the discrete mesh to form the weight matrices Q1 = CTC, Q2 and Q3 = E.

We use the Chandrasekhar method with matrices E−1A, E−1B, C and R = 10−3I2.

The matrix B ∈ Rn×m with m = 2, thus E−1B is cheap to compute. The matrix E−1A

is generally dense and since it requires n linear solves to compute, it is not feasible to

form. We work with the matrix implicitly. The matrix only appears in the implicit

step of Algorithm 1
(

I −
∆t

2

(

E−1A −E−1BKh

)T

)

Lh = Li.

Let LE = E−1Lh, then ELE = Lh and
(

I −
∆t

2

(

E−1A − E−1BKh

)T

)

ELE = Li,

(

I −
∆t

2
(A − BKh)

T E−1

)

ELE = Li,

(

E −
∆t

2
(A − BKh)

T

)

LE = Li. (A.60)

Equation (A.60) does not involve the dense matrix E−1A, instead it involves only

sparse and low rank matrices. Therefore, we solve for LE and then recover Lh from

Lh = ELE.

We use the Kleinman-Newton iteration using matrices E−1A, E−1B, Q2 or Q3,

R = 10−3I2 and K0 = 0. We use the self correcting version of the Kleinman-Newton

iteration

(A− BKn)T E−1Πn+1 + Πn+1E
−1 (A −BKn) + KT

nRKn + Q = 0. (A.61)

We solve the Lyapunov equations with Algorithm 4. Similar to the Chandrasekhar

method, we treat the dense matrix E−1A implicitly. We provide the MATLAB code

for our Lyapunov routine.

107



function [ K ] = LyapunovHighRank( E, A, B, K0, Q, C, R, b )

%-----------------------------------------------

% Usage:

% [ K ] = LyapunovHighRank( E, A, B, K0, Q, C, R, b )

%

% Solves:

% (A-B*K0)’*inv(E)’*P + P*inv(E)*(A-B*K0) + Q + C’*R*C = 0

%

% Returns: K’ = P *b

%

% Assumes: - size( b, 2 ) >= 1

% - ( A - B * K0 ) is stable

% - Q is sparse or Q*x can be computed efficiently

% - size( C, 1 ) is small

% - if R is not symmetric positive definite,

% then P may not be

% symmetric and then we return

% K = b’*P’ as opposed to K = b’*P

%

% Note 1: this uses the cheap POD approach

% described in Section 3.4.2

%

% Note 2: Entire history for x is stored, thus there

% are memory limitations

%

% Note 3: the default parameters are probably

% not optimal, update them
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% to match the specific problem solved

%-----------------------------------------------

%-----------------------------------------------

% Parameters

dt = 2^(-8); % time step for integration

T = 0.5; % initial integration time

N = 30; % number of snapshots to gather after T (Fast POD)

dt2 = 2^(-1);% time step for the snapshot integration (Fast POD)

%

% Note: the size of the history matric is

% xHistory = zeros( size(A,1), T / dt + 1 );

%----------------------------------------------

m = size( b, 2 );

K = zeros( m, size( A, 1 ) );

for i = 1:m

[ k ] = local_LyapHR( E, A, B, K0, Q, C, R, ...

b(:,i), T, dt, N, dt2 );

K(i,:) = k’;

end;

function [ K ] = local_LyapHR( E, A, B, K0, Q, C, R, b, T, dt, N, dt2 )

%-----------------------------------------------

%
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% Solves: (A-B*K0)’*inv(E)’*P + P*inv(E)*(A-B*K0) + Q = 0

% Returns: K = P *b

% Assumes: ( size( b, 2 ) == 1 )

%

%-----------------------------------------------

n = size( A, 2 ); % problem size

%------------------------------------------------

% Step 1: integrate x from 0 till T

%------------------------------------------------

xHistory = zeros( n, T / dt + 1 ); % prepare history

xHistory(:,1) = b; % load first step

x = b; % set initial value for x

t = 0; % initilize time and iteration count

itr = 2;

% form the sparse part of the iteration matrix

IT = (E - (dt/2)*A);

Bfast = IT \ B; % for gmres iteration speedup

while ( t < T )

% take a time step in x

rhs = (IT \ (E*x));

110



[ xt, flag ] = gmres( @local_ACT, rhs, 10, 1.E-12, 5, ...

[], [], rhs, IT, Bfast, K0, (dt/2) );

x = 2*xt - x;

xHistory(:,itr) = x; % save history

t = t + dt; % parameter update

itr = itr + 1;

end;

%------------------------------------------------

% Step 2: reduce the system in x

%------------------------------------------------

% same as before, take N steps with size dt2

% and store them in V

V = zeros( n, N );

V(:,1) = x;

xt = x;

IT = (E - (dt2/2)*A);

Bfast = IT \ B;

for k = 2:N

rhs = (IT \ (E*xt));

[ xtm, flag ] = gmres( @local_ACT, rhs, 10, 1.E-12, 5, ...

[], [], rhs, IT, Bfast, K0, (dt2/2) );

xt = 2*xtm - xt;
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%xt = 2* (IT\(E*xt)) - xt;

V( :, k ) = xt;

end;

V = orth( V );

% form the reduced system

Ar = (V’/E) * ( A * V - B * ( K0 * V ) );

br = V’ * x;

Qv = Q*V + C’* ( R * (C*V) );

%------------------------------------------------

% Step 3: solve the mixed Sylvester equation

%------------------------------------------------

[ S ] = local_SylvesterMixed( E’, A’, K0’, B’, Ar, Qv );

lm = S * br;

%------------------------------------------------

% Step 4: integrate lambda from T till 0

%------------------------------------------------

IT = ( E’ - (dt/2) * A’ ); % set iteration matrix for lambda

Kfast = IT \ K0’; % speed up gmres in K this time

for k = (itr-1):-1:2
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% compute the forcing from x using saved history

xh = ( xHistory(:,k-1) + xHistory(:,k) );

F = Q * xh + C’ * ( R * ( C * xh ) );

% take a time step in lambda

rhs = (IT \ ( 2 * lm + (dt/2) * F ) );

[ p, flag ] = gmres( @local_ACT, rhs, 10, 1.E-12, 5, ...

[], [], rhs, IT, Kfast, B’, (dt/2) );

lm = E’*p - lm;

end;

K = lm; % return lm(0)

function [ S ] = local_SylvesterMixed( E, A, B, K, Ar, Qv )

% solves the equaton (A - B*K) *inv(E)*S + S*Ar + Qv = 0

% form complex Schur decomposition and multiply by U on the left

[ U, T ] = schur( Ar, ’complex’ );

Qv = Qv * U;

S = zeros( size(A,2), size( Ar, 1) ); % prepare solution memory

IT = ( T(1,1) * E + A ); % form the sparse part

Bfast = IT \ B; % Note: this is inoptimal if size( B, 2 ) > 3
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% solve for the first column

[ s, flag ] = gmres( @local_ACT, (IT \ Qv(:,1)), size( B, 2) + 3, ...

1.E-12, 5, [], [], [], IT, Bfast, K, -1.0 );

S(:,1) = -E * s;

for k = 2:size(Ar,1)

b = - Qv(:,k) - S(:,1:k-1) * T(1:k-1,k); % from right hand side

IT = ( T(k,k) * E + A ); % form the sparse matrix

Bfast = IT \ B; % same Note as before

% solve for the k-th column

[ s, flag ] = gmres( @local_ACT, (IT \ b), 10, 1.E-12, 5, ...

[], [], [], IT, Bfast, K, -1.0 );

S(:,k) = E*s;

end;

% return the real part of the solution

%(imag(x) should be numerically zero)

S = real( S * U’ );

function y = local_ACT( x, A, B, K, alpha )

% used for gmres to compute

% ( A + alpha * B * K ) * x = rhs,

% we use A for preconditioning

% A \ ( A + alpha * B * K ) * x = A \ rhs,

% ( I + alpha * (A\B) * K ) * x = A \ rhs,

% Let Bfast = A \ B
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% ( I + alpha * Bfast * K ) * x = A \ rhs.

% A is the fixed part for the iteration

% (or sparse part for the Sylvester solver)

% and is used as a preconditioner

% (Hence the use of Bfast and Kfast)

y = x + alpha * B * (K * x );
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