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ABSTRACT

For over 100 years, researchers have attempted to predict transition to turbulence in
fluid flows by analyzing the spectrum of the linearized Navier-Stokes equations. However,
for many simple flows, this approach has failed to match experimental results. Recently,
new scenarios for transition have been proposed that are based on the non-normality of the
linearized operator. These new “mostly linear” theories have increased our understanding of
the transition process, but the role of nonlinearity has not been explored. The main goal of
this work is to begin to study the role of nonlinearity in transition. We use model problems
to illustrate that small unmodeled disturbances can cause transition through movement
or bifurcation of equilibria. We also demonstrate that small wall roughness can lead to
transition by causing the linearized system to become unstable. Sensitivity methods are
used to obtain important information about the disturbed problem and to illustrate that
it is possible to have a precursor to predict transition. Finally, we apply linear feedback
control to the model problems to illustrate the power of feedback to delay transition and
even relaminarize fully developed chaotic flows.
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Chapter 1
Introduction
One of the most longstanding problems in fluid dynamics is to predict when a flow will
transition from laminar to turbulent. This problem has been investigated experimentally,
numerically and analytically for well over a century. Some of the pioneering research in this
area was done by Osborne Reynolds in the 1880’s [49]. Reynolds experimentally studied
water flow through a pipe and noticed that the flow became turbulent when a parameter
exceeded a certain value. This parameter, now called the Reynolds number, depends only
on the dimensions of the pipe, the mean velocity of the flow and the kinematic viscosity of
the fluid. However, Reynolds also noticed that the transition was very sensitive to small
disturbances in the fluid.
Reynolds’ original experiments showed the value of the critical Reynolds number at which
transition invariably occurred to be approximately 13000. Later experiments by many different researchers all confirm that transition occurred when the Reynolds number increased
past a certain critical value. However, these experiments predicted a wide range of critical Reynolds numbers from anywhere between 2000 to up to 100000 in the most carefully
controlled experiments. It is not surprising then that researchers agree that transition is
extremely sensitive to small disturbances.
Despite this range of values for the critical Reynolds number for pipe flow, many modern
experiments yield a critical value of about 2200. This same phenomenon is also seen in many
other types of flow. Various experiments give a wide range of possible values for the critical
Reynolds number. However most experimentalists accept a critical value within a certain
range. In Poiseuille flow for example, the accepted critical Reynolds number is about 1000,
although certain experiments have yielded much higher values.
Of course, the critical Reynolds number for various flows has not only been estimated
experimentally but also numerically and analytically. This approach to the problem of predicting transition has traditionally entailed linear stability analysis. The governing equations
of motion, the incompressible Navier-Stokes equations, are linearized about the laminar flow
and an eigenvalue analysis is performed. When the real part of an eigenvalue crosses into the
right half plane, the laminar flow is unstable and the linear analysis implies that transition
to turbulence is possible. However, as has been known for quite some time, the predictions of
1
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the critical Reynolds number using linear stability analysis fail to match the accepted values
in many types of fluid flow. For example, using numerical approximations Orszag produced
approximately 5772 as the critical Reynolds number for Poiseuille flow [104], while as mentioned above the accepted experimental value is about 1000. For Couette and pipe flow the
situation is even worse. Linear stability analysis predicts that these flows will never become
unstable ([119], [68], and [120], [69], respectively), while accepted experimental values are
given by approximately 360 and 2200, respectively.
Remark: It is important to note here that much of the linear stability analysis discussed
above was not applied directly to the Navier-Stokes equations. For example, for channel flows
such as Poiseuille flow, researchers often transform the linearized Navier-Stokes equations
and then study the eigenvalues of the transformed problem. This process leads to the OrrSommerfeld equations. However, if the transformation is not valid, then it is possible that
the spectrum of the Orr-Sommerfeld operator does not coincide with the spectrum of the
linearized Navier-Stokes operator. This could be one possible cause for the failure of the
linear stability analysis to predict transition. However, the validity of the transformation is
seldom questioned in the literature.
The failure of classical eigenvalue analysis to accurately predict transition led to other
nonlinear stability theories. These methods have had limited success (see [49]). However,
during the past 25 years many researchers have begun to use non-classical linear stability
techniques to attack the problem of transition. These methods have produced new insights
into the transition process and have generated two new “mostly linear ” theories on the mechanism of transition. First, it was discovered that certain small perturbations to the laminar
flow can cause an extremely large transient energy growth in the linearized system before
the flow relaminarizes. This transient energy growth in the linear system can be studied
using the resolvent operator or, equivalently, the pseudospectra. It has been suggested that
when the transient growth becomes “sufficiently large”, then the flow is “mixed” by the nonlinearity, producing turbulence. Another new approach to transition uses ideas from robust
control theory to study the effects of small forcing terms on the linear system. Because of
the non-normality of the linear term, energy could be greatly amplified due to the small
forcing term. The conservative nonlinearity is again thought to “mix” the energy leading to
transition. As noted above, energy amplification in the linear system is possible because the
linear operator A is non-normal, i.e., AA∗ 6= A∗ A where A∗ is the adjoint operator. This
will be discussed in more detail in the following sections.
These new mostly linear theories have not yet provided a complete theory explaining
the role that the nonlinearity plays in the transition process. This is due to the fact that
the theories are primarily concerned with energy growth and the nonlinearity in the NavierStokes equations conserves energy. It is the non-normality of the linear term that causes
the great increase in energy and therefore much of the work has focused on the linearized
system. The main goal of this work is to begin to provide an understanding of the
role that the nonlinearity plays in the transition process. We will not abandon the
non-classical linear theories on transition. In fact, by examining the nonlinearity we hope to
provide a basis for completing these mostly linear theories.
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In particular, we focus on model problems that have the same mathematical structure as
the Navier-Stokes equations and investigate the effects of small disturbances on the dynamics
of such systems. Our work on these model problems can be classified into two categories.
First, if the small disturbances enter the equations as (roughly) a small forcing function,
the disturbed system can experience bifurcations of equilibria which would otherwise have
not occurred without the disturbances. This can cause an equilibrium to move an order of
magnitude or disappear entirely and requires an analysis of bifurcation under uncertainty.
Second, if the small disturbances enter the equations as ”unmodeled terms” in the linear
and nonlinear terms, the model uncertainty can cause an equilibrium to become unstable
and even cause new equilibria to appear.
We also use the continuous sensitivity equation method to study the dynamics of perturbed model problems. In this case, the solution to the disturbed problem is assumed to
depend on a small disturbance parameter ε. Taking the derivative of the solution with respect to ε and setting ε = 0 provides a measure of the sensitivity of the solution with respect
to a small disturbance. Solving for this sensitivity is equivalent to solving a linear equation
and hence is often feasible even for complex nonlinear systems. For the model problems in
this thesis, we show that the sensitivities yield important information about the disturbed
problem. Therefore, the sensitivity equation method is quite useful in studying transition in
flow systems.
Finally, motivated by flow control applications, we consider the problem of using linear
feedback to control a flow system. We use the model problems to illustrate how linear
feedback can drastically reduce the sensitivity of solutions with respect to small disturbances
in the equations. This effort can be considered as a first step in illustrating how linear
feedback might be used to delay transition and even relaminarize fully developed turbulent
flow.

1.1

Outline of Thesis

In the remainder of this introduction, we present an abstract formulation of the NavierStokes equations and review what is known about existence and uniqueness of solutions to
both the time dependent and steady problems. The steady problem will provide motivation
for small disturbances possibly causing bifurcation of equilibria in flow problems. Again, we
will see that bifurcation under uncertainty has the potential to be the trigger for transition
to turbulence.
In chapter 2, we review classical spectral theory and indicate how it may be applied to
study the stability of equilibrium states in both finite and infinite dimensional problems. This
has been the most popular method of predicting transition in flow problems and hence we
review the known results concerning the Navier-Stokes and Orr-Sommerfeld equations. We
also discuss two recent nonclassical (mostly linear) approaches to stability analysis that have
led to two new transition scenarios. Although these theories are incomplete, they provide
motivation for the study of the effects of small disturbances on the dynamics of nonlinear
systems.
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Chapter 3 will focus on the one dimensional Burgers’ equation over a finite interval.
This partial differential equation will serve both as a motivating example and a test case
for many of the ideas presented in this thesis. As with the Navier-Stokes equations, an
abstract formulation of the problem will be presented and small disturbances will be added
to the model. We then review the existence and uniqueness theory for solutions. The
equilibrium problem and the long time behavior of solutions will be used to illustrate how
small disturbances can be an essential part of the transition problem.
Chapter 4 focuses on the continuous sensitivity equation method (CSEM) for computing
sensitivities. We use this method to predict the effects of small disturbances on solutions of
differential equations. The ideas are first illustrated on low order ODE model problems. A
one dimensional Burgers’ equation will be used to show how the method can be rigorously
extended to infinite dimensional systems. We also use the CSEM to explore the effects of a
simplified form of wall roughness on solutions of a two dimensional Burgers’ equation.
Chapter 5 contains numerical results for the finite and infinite dimensional model problems considered in the previous sections. We begin with the one dimensional Burgers’ equation and demonstrate how a small disturbance can move an equilibrium state by an order of
magnitude. This causes solutions to the time dependent problem to transition to an order
one steady state. The CSEM is used to show that sensitivities can be used to predict important information about the solution of the disturbed problem. We present a numerically
study of the two dimensional Burgers’ equation and illustrate how a simplified form of wall
roughness perturbs the nonlinear part of the equations. For the ODE model problems, we
show how a small disturbance can cause an asymptotically stable “laminar flow” state to
cease to be an equilibrium. Any flow beginning near this state will then transition. Finally,
we apply linear feedback control to these model ODE systems. An LQR controller is used
to demonstrate how a linear control can be used to suppress the sensitivity of solutions with
respect to small disturbances and delay transition.
In the conclusion we summarize the contributions of this thesis and comment on open
problems and future directions for research.

1.2

The Navier-Stokes Equations

In this section, we review the incompressible Navier-Stokes equations which are widely accepted as the standard model for fluid flow. Specifically, we formulate the equations as an
abstract differential equation and discuss the existence and uniqueness theory for solutions.
The incompressible Navier-Stokes (NS) equations are given by
∂~v
1
+ (~v · ∇) ~v = −∇p + ∇2~v + f
∂t
R
∇ · ~v = 0,

(1.1)
(1.2)

where ~v = [u(t, ~x), v(t, ~x), w(t, ~x)]T is the velocity vector, p = p(t, ~x) is the pressure, f =
f (t, ~x) is a forcing function and R is the Reynolds number. The equations are defined on an
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open domain Ω in Rn , where n = 2 or 3. On the boundary of Ω, denoted by ∂Ω, we specify
zero Dirichlet boundary conditions (the so called no slip condition)
~v = ~0,

~x ∈ ∂Ω.

(1.3)

In the case of an unbounded domain, other boundary conditions are applied. For example,
it is common to specify that the flow approaches a given flow in the far field, i.e.,
lim ~v = ~v∞ .

(1.4)

k~
x k→∞

We also prescribe the initial flow velocity
~v (0, ~x) = ~v0 (~x),

~x ∈ Ω.

(1.5)

The equations (1.1)-(1.5) fully describe the flow problem.
Linearization is concerned with the velocity and pressure fluctuations around a base flow
~ and a base pressure state P that solve the Navier-Stokes equations (1.1)-(1.5). Define the
U
~ + ~u and p = P + q. Substituting these
velocity and pressure fluctuations, ~u and q, by ~v = U
equations into the NS equations yields
∂~u
+ (~u · ∇) ~u
∂t
∇ · ~u
~u
lim ~u
k~
x k→∞



1 2
~ · ∇ ~u + (~u · ∇) U
~,
∇ ~u + U
R
~x ∈ Ω
~x ∈ ∂Ω

= −∇q +
=
=
=

0,
~0,
~0

~ ~x),
~u(0, ~x) = ~u0 (~x) := ~v0 (~x) − U(0,

~x ∈ Ω.

~x ∈ Ω

(1.6)
(1.7)
(1.8)
(1.9)
(1.10)

Throughout this thesis, equations (1.6)-(1.10) will be referred to as the fluctuation NavierStokes equations.
In the remainder of this section, we use the standard abstract state space formulation in
order to describe properties of the equations and their solutions.

1.2.1

Abstract Formulation

In order to provide a framework to discuss the basic properties of the Navier-Stokes equations
and the existence and uniqueness theory for solutions, it is beneficial to place the equations
into an abstract state space formulation. The following derivation may be found in several
standard references (see [43], [85], [128], [134], [135], [136]) and hence we omit many details.
First, we introduce the standard Lp and H m function spaces. To simplify notation, we
drop the vector notation (~ ) unless additional clarity is needed. For 1 < p < ∞, let Lp (Ω)n
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denote the Banach space of functions f : Ω → Rn such that the norm
kf kLp =

1/p

Z

kf kpRn dx

Ω

is finite. Also, L∞ (Ω)n is the Banach space of all functions with finite norm
kf kL∞ = ess sup kf kRn .
x∈Ω

The space L2 (Ω)n is a Hilbert space with inner product
hf, giL2 =

Z

Ω

f · g dx

and corresponding norm kf k2L2 = hf, f iL2 . Let H m (Ω)n be the set of all functions f : Ω → Rn
whose generalized partial derivatives up to order m are all square integrable. For a multiindex α = (α1 , . . . , αn ), let [α] = α1 + · · · + αn and define the differentiation operator D α
by
∂ [α]
D α = α1
.
∂x1 · · · ∂xαnn

Then H m (Ω)n is a Hilbert space with inner product
hf, giH m =

X

[α]≤m

hD α f, Dα giL2

and corresponding norm. Let C0∞ (Ω)n be the space of all infinitely smooth functions mapping
Ω to Rn with compact support in Ω. The space H0m (Ω)n is the closure of C0∞ (Ω)n in the H m
norm.
With the standard function spaces defined, we introduce divergence free function spaces
which play an important role for the abstract formulation of the Navier-Stokes equations. In
particular, these spaces allow us to eliminate the pressure from the state space formulation.
Let X = L2 (Ω)n and define D(Ω) to be the closure of all functions f ∈ C0∞ (Ω)n that are
divergence free, i.e., ∇ · f = 0. Then H(Ω) and V(Ω) are defined as the closure of D(Ω) in
L2 (Ω)n and in H01 (Ω)n , respectively. These spaces can be explicitly characterized by
H(Ω) = { u ∈ X : ∇ · u = 0, u · n = 0 on ∂Ω, where n is the outward normal to Ω}
and
V(Ω) =
Define a scalar product on V(Ω) by

n

o

u ∈ H01 (Ω)n : ∇ · u = 0 .

hu, viV(Ω) =

n
X

j=1

h∇uj , ∇vj iX
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If the domain Ω is bounded in at least one direction, then the Poincaré inequality (see,
e.g., [101, Theorem 3.5.9]) guarantees that the scalar product is actually an inner product
on V(Ω). This inner product on V(Ω) generates the norm kf k2V(Ω) = hf, f iV(Ω) which is
equivalent to the H 1 norm defined above.
The space V(Ω) allows one to define weak velocity solutions of the Navier-Stokes equations since functions in V(Ω) automatically satisfy the divergence free condition (1.2), the no
slip boundary conditions (1.3) and are once differentiable. We now derive the weak form of
the Navier-Stokes equations (1.1)-(1.5). In the following, we assume that for an unbounded
domain the flow approaches zero in the far field (see (1.4)). Multiplying the equations of
motion (1.1) by a test function v ∈ V(Ω), integrating over the domain Ω and integrating by
parts (by the divergence theorem) eliminates the pressure and yields
1
∂
hu, viX + b(u, u, v) = − hu, viV(Ω) + hf, viX ,
∂t
R
where the trilinear form b(·, ·, ·) is given by
b(u, v, w) =

n Z
X

i,j=1 Ω

ui

∂vi
wj dx.
∂xj

(1.11)

The weak form for the fluctuation NS equations (1.6)-(1.10) is obtained in the same way as
∂
1
hu, viX + b(u, u, v) = − hu, viV(Ω) + b(U, u, v) + b(u, U, v).
∂t
R
These equations are accompanied by the initial conditions (1.5) and (1.10), respectively.
The weak form above can now be recast as an abstract differential equation on V(Ω)′ .
Recall that the dual space of a space Y , denoted Y ′ , is the set of all bounded linear functionals
acting on that space (see [82]). The dual space Y ′ is always a Banach space with the operator
norm
kf kY ′ = sup { |f (y)| : y ∈ Y, kykY = 1} ,
where |f (y)| is the absolute value of the real (or, more generally, complex) number f (y). If
Y is a Hilbert space, then Y may be identified with its dual (denoted Y ∼
= Y ′ ) via the Riesz
Representation Theorem. The dual space of H01 is denoted H −1 . For the NS system, the
following inclusions
V(Ω) ⊂ H(Ω) ∼
= H(Ω)′ ⊂ V(Ω)′,
are continuous and each space is dense in the next. Define the linear operator A : V(Ω) →
V(Ω)′ which takes a velocity field in V(Ω) and maps it to a bounded linear functional on
V(Ω) by
1
[Au] v = − hu, viV(Ω) .
R
We also require an abstract formulation of the linear operator involving the base velocity
field U and an abstract formulation of the nonlinear operator. Therefore, define the linear
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operator R : V(Ω) → V(Ω)′ as [Ru] v = b(U, u, v) + b(u, U, v) and the nonlinear operator
F : V(Ω) → V(Ω)′ as [F (u)] v = −b(u, u, v).
The Navier-Stokes system (1.1)-(1.5) can now be written as the abstract differential
equation on V(Ω)′ given by
ut (t) = Au(t) + F (u(t)) + f,
u(0) = u0 ∈ H(Ω),

(1.12)
(1.13)

where f ∈ V(Ω)′ . Similarly, the fluctuation NS equations (1.6)-(1.10) can be written as the
system
ut (t) = (A + R)u(t) + F (u(t)),
u(0) = u0 ∈ H(Ω).

(1.14)
(1.15)

These state space formulations provide rigorous mathematical frameworks to study properties of the equations and their solutions. In particular, these formulations are central to the
study of stability and transition to turbulence.
During the remainder of this chapter, we let H stand for H(Ω) and V for V(Ω). Unless
otherwise indicated H and V are divergent free vector fields.

1.2.2

Existence and Uniqueness of Solutions

One reason to formulate the Navier-Stokes equations as an abstract differential equation
is so that one can apply the rigorous techniques of functional analysis to study existence,
uniqueness and regularity of solutions as well as the existence of absorbing sets and attractors.
In particular, the above framework falls into the class of systems covered by the general theory
of Ghidaglia and Temam (see [135]). We will not go into details of their theory here, but note
that in order to apply this theory one only needs to obtain bounds for certain expressions
involving the operators A and R and the trilinear form b(·, ·, ·). A crucial assumption in this
theory is that the nonlinearity is conservative in the sense that
b(v, v, v) = 0,

for all v in V .

It is well known that the nonlinearity in the Navier-Stokes equations accompanied by either
zero Dirichlet boundary conditions (including in the far field for unbounded domains) or
periodic boundary conditions is conservative in this sense.
This general framework is sufficient to prove the existence and uniqueness of solutions
for all time to the Navier-Stokes equations for two dimensional domains. However in three
dimensions the theory is inadequate and one can only prove the uniqueness of solutions
under certain restricted conditions. Proving the existence and uniqueness of solutions in
three dimensions is an important open problem. In what follows, we briefly outline the
main results for existence and uniqueness of solutions in two and three dimensions for both
bounded and unbounded domains.

John R. Singler

Chapter 1. Introduction

9

We assume the following conditions on the data for the Navier-Stokes and fluctuation NS
problems:
(A1) The domain Ω is open in Rn , where n = 2 or 3, and is bounded in at least one direction
with Lipschitz boundary.
(A2) f ∈ V ′ and is independent of time.
(A3) The initial condition u(0) = u0 ∈ H.
(A4) limkxk→∞ u = 0 for unbounded domains.
Many of these statements can be weakened (see [43], [85], [109], [128], [134], [136]). However
we focus on the cases covered by (A1)-(A4).
The weak formulations of the Navier-Stokes problem deals with functions of time with
values in a dual space. Therefore, if Y is a general Banach space, define the Banach spaces
Lp (0, T ; Y ) to be the space of all measurable functions f : (0, T ) → Y such that the norm
defined by
kf kLp (0,T ;Y ) =

Z

T

0

kf (t)k2Y

!1/p

dt

is finite. The space L2 (0, T ; Y ) is also a Hilbert space. Similarly, define the Banach space
L∞ (0, T ; Y ) to be the space of all measurable functions f : (0, T ) → Y with finite norm
kf kL∞ (0,T ;Y ) = ess sup kf (t)kY .
t∈[0,T ]

Finally, let C(0, T ; Y ) be the space of all continuous functions f : (0, T ) → Y with finite
norm
kf kC(0,T ;Y ) = sup kf (t)kY .
t∈[0,T ]

We now state the basic existence result for both bounded and unbounded domains in two
or three dimensions [136, Theorem 3.1].
Theorem 1.2.1 Suppose n = 2 or 3 and the assumptions (A1)-(A4) hold. For every T > 0,
there exists at least one function u which satisfies the weak formulation of the Navier-Stokes
equations (1.12) on the time interval (0, T ). Specifically, u ∈ L2 (0, T ; V ) ∩ L∞ (0, T ; H).
As we indicated above, in two dimensions this solution is actually unique and is continuous
in time (see [135, Theorems 2.1 and 8.1], [136, Theorem 3.2]).
Theorem 1.2.2 If (A1)-(A4) hold and n = 2, the solution u of the weak formulation of the
Navier-Stokes equations is unique. Furthermore, u ∈ C(0, T ; H).
A similar existence and uniqueness theorem holds for the fluctuation NS equations (1.14) in
two dimensions [128].
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If n = 3, it is not known if weak solutions are unique. However, there are certain
instances where specific results do exist and these results often depend on restrictions that
require small problem data. For example, in [136] Temam defines a constant d = d(f, u0) by
d(f, u0) := kf kL2 +

c0
ku0 kH 2 + c1 ku0 k2H 2 ,
R

and proves existence and uniqueness when an expression involving d is “small”. Here, R is
the Reynolds number and c0 and c1 are specific positive constants (see [136, Theorem 3.7]
for the complete details). In particular, Temam proves the following uniqueness result [136,
Theorem 3.7].
Theorem 1.2.3 Assume the domain Ω ⊂ R3 is bounded and the initial condition u0 and
the forcing function f satisfy u0 ∈ V ∩ H 2 (Ω)3 and f ∈ H, respectively. If (A1)-(A4) hold,
then the solution u of the weak formulation of the Navier-Stokes equations is unique provided
that the data f and u0 satisfy the bound


R kf kV ′ + 1 + d(f, u0 )2



ku0 k2X + R T kf kV ′

1/2

< c−2 R−3 ,

where R is the Reynolds number, T is the final time and the constants c and d are defined
in [136, Theorem 3.7].
If the Reynolds number or the time interval (0, T ) is large, then this theorem only guarantees
uniqueness in the three dimensional case if the problem data (f and u0 ) is truly small. A
similar uniqueness result again holds for the fluctuation Navier-Stokes equations [128].
Another restriction on the three dimensional problem that guarantees uniqueness is not
to restrict the data, but instead to restrict the “thickness” of the domain Ω. Let Ω be a
bounded domain in R2 and define Ωε = Ω × (0, ε). Raugel and Sell [111] first considered
the three dimensional Navier-Stokes equations on this thin domain with periodic and other
boundary conditions and proved global uniqueness of solutions for small ε even when the
problem data, f and u0 , is large. Other researchers have improved and extended their
results (see [72] for a short review). Avrin [4] also showed that the thin domain restriction
is a special case of another assumption that yields uniqueness for the Dirichlet problem on a
general bounded three dimensional domain. Let λ1 be the smallest eigenvalue of the operator
−∇2 with domain [H 2 (Ω) ∩ H01 (Ω)]3 ⊂ L2 (Ω)n . Avrin showed that if λ1 is large enough,
then the Navier-Stokes equations admit unique solutions.
We emphasize that the results presented here only comprise a brief summary of the main
theory concerning solutions of the time dependent Navier-Stokes equations. For additional
results concerning the long time behavior and regularity of solutions among other topics, see
the references [43], [85], [128], [134], [136]. Even though the theory is incomplete in three
dimensions, the Navier-Stokes equations are still the basis for most standard mathematical
models for fluid flows.
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The Equilibria Problem

Here we consider the steady state problem for the Navier-Stokes equations given by
1 2
∇ ~v + f,
R
~x ∈ Ω,
~x ∈ ∂Ω,

(~v · ∇) ~v = −∇p +
∇ · ~v = 0,
~v = ~0,
lim ~v = ~0,

~x ∈ Ω,

k~
x k→∞

where R is the Reynolds number. The steady problem can be formulated as the abstract
nonlinear algebraic problem on the dual space V ′ given by
Au + F (u) + f = 0,

(1.16)

where f ∈ V ′ and the operators A and F both map V to V ′ and are defined by
[Au] v = −

1
hu, viV ,
R

and [F (u)] v = −b(u, u, v) = −

n Z
X

i,j=1 Ω

ui

∂ui
vj dx.
∂xj

The main existence and uniqueness theory for the equilibrium problem is summarized below.
A more extensive treatment may be found in [58] and in the references given above for the
time dependent problem.
It is known that there exists at least one solution to the steady problem for both two and
three dimensional bounded domains [136, Theorem 1.2].
Theorem 1.2.4 Let Ω ∈ Rn be bounded for n = 2 or 3. If f ∈ H −1 (Ω)n , then there exists
at least one solution u ∈ V to the steady weak Navier-Stokes equations (1.16).
A similar result holds for unbounded domains with some slight modifications in the functional
framework [136, Theorem 1.4]. In order to obtain the uniqueness of steady solutions the
problem can again be restricted. In particular, for bounded domains one can restrict the
size of the problem data to obtain a unique solution [136, Theorem 1.3].
Theorem 1.2.5 Let Ω ∈ Rn be bounded for n = 2 or 3. If f ∈ H −1 (Ω)n satisfies the bound
kf kV ′ < C −1 R−2 ,
then there exists a unique solution u ∈ V to the steady weak Navier-Stokes equations (1.16).
Here, C is any constant satisfying kb(u, v, w)kX ≤ C kukH 1 kvkH 1 kwkH 1 for all u, v, w ∈ V .
Again, if the Reynolds number R is large, the above theorem only guarantees the uniqueness
of solutions to the steady problem if the forcing function f is small.
For non-homogeneous Dirichlet boundary conditions (corresponding to, say, moving walls),
uniqueness of solutions can again be guaranteed by restricting the size of the forcing function and also the boundary conditions [136, Theorem 1.6]. Again, these bound depends on
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the inverse of the Reynolds number. When the data does not satisfy this bound, there are
certain cases where the uniqueness of solutions is known to break down (see [136, Section
4.1]). This observation can have implications for transition to turbulence.

1.3

Possible Connections Between Bifurcation Under
Uncertainty and Transition

Consider the Navier-Stokes equations (1.1)-(1.5) and let the base flow U and base pressure
state P satisfy the NS equations. Suppose for simplicity that U and P do not depend on
time, i.e., they are equilibrium states. The velocity flow U is then a solution to the weak
steady NS equations. Furthermore, in the absence of forcing (i.e., f = 0) the above theorem
implies that in a bounded domain U is the only equilibrium solution. We shall see in chapter
2 that if U is a stable equilibrium, then for a smooth initial condition near to U the time
dependent flow will remain near the base flow U for all time (see Theorem 2.2.3 and Section
2.3 below). Therefore, in this case, “perfect” laboratory conditions should produce a stable
flow.
However, laboratory conditions are never ideal and one must assume that some small
disturbance enters the system or that equipment imperfections such as wall roughness are
always present. This disturbance is an “uncertainty” in the system that is not modeled
by the standard Navier-Stokes equations. In order to account for this uncertainty, one can
include additional terms in the model or adjust the equations and boundary conditions. For
example, one might add a “small” forcing function f to the equations. We assumed above
that U was an equilibrium for the NS equations when f = 0. With the addition of a nonzero
forcing term f , U is no longer an equilibrium state for the disturbed problem. However,
Theorem 1.2.4 guarantees the existence of another equilibrium state, but it is not known
whether the small perturbation to the NS equations has caused a small movement in the
equilibrium state. Also, if the Reynolds number is large, then the above theorem implies
that equilibrium for the disturbed problem (i.e., with f small but nonzero) may no longer
be unique. It is therefore possible that a small imperfection in a laboratory experiment
can cause movement or bifurcation in the Navier-Stokes system. An initial flow near the
supposed stable flow U may not relaminarize since U is no longer an equilibrium and this
could lead to transition and turbulence. In this case, classical stability analysis might fail.
This “bifurcation under uncertainty” scenario could explain the sometimes drastic differences in experimental predictions of critical Reynolds numbers for various flows. We noted
above that in the case of pipe flow, experiments have predicted critical values in the range between 2000 and 100000. It is possible that the theoretical predictions of the critical Reynolds
number using linear stability analysis of the Orr-Sommerfeld equation actually give the true
critical values for an idealized (i.e., completely undisturbed) flow system. As we illustrate
below, small imperfections in actual experiments may cause extreme changes in the value of
the critical Reynolds number.
As noted above, the theory concerning solutions of the Navier-Stokes equations in three

John R. Singler

Chapter 1. Introduction

13

dimensions is incomplete. Therefore, we focus on low order finite dimensional models and less
complex partial differential equation that share similarities with the Navier-Stokes system.
We use these model problems to illustrate the basic ideas and to demonstrate how specific
unmodeled disturbances may be an important piece of the transition process. Sensitivity
methods will be used to demonstrate that one can quantify these ideas and to illustrate that
it is possible to have a precursor to predict transition. Also, we apply linear feedback to the
model problems to illustrate the power of feedback to delay transition and even relaminarize
fully developed chaotic flows.

Chapter 2
Classical and Nonclassical Stability
Analysis of the Navier-Stokes
Equations
We begin with a brief review of both classical and nonclassical hydrodynamic stability theory. As noted above, stability analysis has been one of the main analytical tools used over
the years to investigate transition to turbulence in fluid flow. Almost all of the transition
scenarios involve linearizing about an equilibrium (laminar flow) and analyzing the stability
of the linearized system for various values of the Reynolds number. The basic idea is that at
a critical Reynolds number, the laminar flow becomes unstable and nearby flows “transition”
to another attracting set (equilibrium state, periodic orbit or chaotic attractor). However,
this scenario fails when the laminar flow is stable for all values of the Reynolds number
(such as for Couette flow). Also, even when the linearized equations become unstable, this
method has failed to predict the critical values of the Reynolds number usually observed in
experiments. Recently, new approaches to linear stability analysis have been developed in
an attempt to close this gap. However, much of this work is still based on an analysis of the
linearized system and is often incomplete.
In this chapter, we review the classical spectral approach and two nonclassical approaches
to stability analysis with an emphasis on their applications to the Navier-Stokes equations.
The review will begin with a survey of spectral approaches to stability analysis for linear
systems in finite and infinite dimensions. We also discuss how the stability theory for the
finite dimensional case does not generally extend to infinite dimensions. Here, we concentrate
on spectral approaches for stability analysis although there is a body of work based on
Lyapunov and energy methods. However, many of the papers that apply Lyapunov and
energy methods to flow equations use a formal analysis and do not address the technical
requirements that are essential to a rigorous application of the theory to infinite dimensional
systems.
After presenting the short survey of the classical spectral stability methods, we review
how these ideas have been applied to the Navier-Stokes. We present results concerning the
14
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spectrum of the linearized Navier-Stokes operator and other approximations such as the
Orr-Sommerfeld equations. We then turn to two new linear methods that have had some
success in describing the transition problem.
We begin with precise definitions of stability for finite dimensional dynamical systems.
Consider an autonomous initial value problem (IVP) over Rn of the form
ẋ(t) = f (x(t)) for t > 0,

x(0) = x0 .

(2.1)

Here, x(t) is a vector in Rn for each t ≥ 0, f is a function mapping Rn to Rn and the dot
denotes differentiation with respect to t.
Definition 2.0.1 Consider the initial value problem (2.1) with solution x(t) and initial state
x0 and let k·k be any norm on Rn . A state xe ∈ Rn is an equilibrium of the IVP if
f (xe ) = 0. This equilibrium is stable if for every ε > 0, there exists a δ > 0 such that if
kx0 − xe k < δ, then the solution x(t) exists for all t > 0 and satisfies kx(t) − xe k < ε for
all t > 0. A stable equilibrium is asymptotically stable if in addition kx(t) − xe k → 0 as
t → ∞. Furthermore, the equilibrium is exponentially asymptotically stable if there
exists positive constants M and ω such that kx(t) − xe k ≤ Me−ωt for all t > 0. A stability
property is global if it holds independent of δ. Also, an equilibrium is said to be unstable
if it is not stable.
Roughly, an equilibrium is stable if given any initial condition “near the equilibrium”, the
solution must exist and stay close to the equilibrium for all positive time. The equilibrium is
asymptotically stable if the solution also converges to the equilibrium and it is exponentially
asymptotically stable if the convergence is exponential. Any norm may be used in the above
definition since all norms on finite dimensional spaces are equivalent (see [82]).
Remark: When dealing with PDE systems, one formulates the problem as an ODE
over an infinite dimensional space. Although the above definition remains relatively the
same, since all norms in infinite dimensional spaces are not equivalent, one must choose a
specific norm with which to study stability properties of an equilibrium. In some cases, this
specific norm is only defined on a proper subspace V of X. This is not necessarily unnatural
since many abstract initial value problems are only known to have globally defined unique
solutions when the initial condition is contained in a certain subspace of the state space.
Even if all solutions converge to an equilibrium, then the equilibrium may not be stable.
This can be seen from the following example due to Hahn [65, p. 87]. The system of ordinary
differential equations are defined by
x21 (x2 − x1 ) + x52
6 0
2
4 , kxk =
ẋ1 =
,
kxk
(1
+
kxk
)


0,
kxk = 0




x22 (x2 − 2x1 )
6 0
2
4 , kxk =
ẋ2 =
,
kxk
(1
+
kxk
)


0,
kxk = 0




where kxk2 = x21 + x22 . In this system, x = 0 is an equilibrium and solutions converge
to the origin. However, the origin is not stable. In particular, for any ε > 0 there are
initial conditions arbitrarily near the origin such that the solution grows larger than ε before
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returning to the origin. This is not a stable motion since the solution does not remain near
the equilibrium state for all positive time.

2.1

Stability Analysis for Linear Systems

Consider the linear autonomous initial value problems
ẋ(t) = Ax(t) for t > 0,
ẋ(t) = Ax(t) for t > 0,

x(0) = x0 ∈ Rn ,
x(0) = x0 ∈ X,

(2.2)
(2.3)

where the dot denotes differentiation with respect to t. The first equation is defined on Rn
with A a constant n × n matrix. The second equation is defined on an infinite dimensional
Banach space X with norm k·kX and A a linear operator mapping its domain D(A) ⊂ X
into X. In both cases the zero state is an equilibrium solution. This section is devoted to the
study of the long time behavior of solutions to the above linear equations. In particular, we
focus on how spectral information from the matrix or linear operator impacts the stability
of the zero equilibrium and contrast the results from the finite dimensional case with the
infinite dimensional case.

2.1.1

The Finite Dimensional Case

First consider the above ordinary differential equation (2.2). It is well known that the
solution of the initial value problem is given by
x(t) = eAt x0 ,
where the matrix exponential is given by the power series
eAt =

∞
X

1 k k
A t .
k=0 k!

The series converges in the operator norm defined by
kAk = sup { kAxkRn : kxkRn = 1} .

(2.4)

Since the solution is given by the matrix exponential acting on the initial data, the operator
norm of the matrix exponential provides a bound on the norm of the solution. In particular,
it follows that
kx(t)kRn ≤ k eAt k kx0 kRn .
Let Λ(A) denote the set of the eigenvalues of A. The following result may be found in
[102, Theorem 5.5.5].
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Theorem 2.1.1 Consider the linear initial value problem (2.2) and let k·k be the operator
norm defined in (2.4). If the matrix A has all of its eigenvalues strictly in the left half plane,
i.e., if
α := max Re(λ) < 0,
(2.5)
λ∈ Λ(A)

then for any ω satisfying −α > ω > 0, there exists a constant M = M(ω) ≥ 1 such that the
matrix exponential defined above satisfies the bound
k eAt k ≤ Me−ωt ,
for all t ≥ 0. Therefore, the zero equilibrium is globally exponentially asymptotically stable.
Furthermore, if A has at least one eigenvalue with positive real part, then the zero equilibrium
is unstable.
In light of this theorem, a matrix will be said to be stable if all of its eigenvalues lie in the
left half plane, i.e., (2.5) is satisfied. Of course, if the largest eigenvalue of the matrix A lies
on the imaginary axis, this theorem does not provide any information about the stability of
the zero state. In this case, one must resort to Lyapunov methods.

2.1.2

The Infinite Dimensional Case: The Unique Solvability of
the Linear Initial Value Problem

In the infinite dimensional case, it is not even clear whether the abstract initial value problem
(2.3) has a unique solution that exists for all time. In order to address this question, we
begin with a review of linear operators, their spectrum and C0 -semigroups. Suppose the
linear operator A maps its domain D(A) ⊂ X into X. Many important operators arising in
applications satisfy two basic properties:
1. The space D(A) is a dense linear subspace of X. In this case, we say that A is densely
defined.
2. The operator A is closed, i.e., for any sequence {xk } ⊂ D(A) such that xk → x ∈ X
and Axk → y ∈ X, then x ∈ D(A) and Ax = y.
We will not comment on these properties now except to note that they are essential if one is
to define an operator exponential. An operator is bounded if there exists a constant C > 0
such that kAxkX ≤ C kxkX for any x ∈ D(A). If A is bounded, then define the norm
kAk = sup { kAxkX : x ∈ D(A), kxkX = 1} .

(2.6)

Note that the operator norm changes if the norm on the space X is changed. A bounded
operator is necessarily continuous on its domain. Also, if the domain is dense, the operator
may be uniquely extended to X. An operator that is not bounded (or equivalently, not
continuous) is said to be unbounded.
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In most practical applications, such as systems governed by partial differential equations,
the operator A is never bounded. In this case, a power series does not make sense and we
must define the matrix exponential in a different manner.
Definition 2.1.1 A family of bounded operators {S(t) : X → X} for each t ≥ 0 is called a
C0 -semigroup on X if
1. limt→0+ S(t)x = x for all x ∈ X,
2. S(0) = I, the identity operator on X,
3. S(t + τ ) = S(t)S(τ ), for all t, τ ≥ 0.
If S(t) is a C0 -semigroup, then the generator A of S(t) is defined on the domain
D(A) =

(

S(t)x − x
x ∈ X : lim+
exists
t→0
t

)

by
Ax = lim+
t→0

S(t)x − x
.
t

The generator is simply the (right) strong derivative of the semigroup at t = 0 and it
is closed and densely defined [105, Corollary 1.2.5]. To show that a semigroup is indeed
an generalization of the matrix exponential, we have the following theorem [105, Theorem
1.8.3]).
Theorem 2.1.2 Let S(t) be a C0 -semigroup on X with generator A as defined above. If
x ∈ X, then

−n
t
x.
S(t)x = lim I − A
n→∞
n
If A generates a C0 -semigroup, then we define an operator exponential by eAt = S(t).
The following theorem may be found in [105, Theorem 1.2.4].
Theorem 2.1.3 If X is a Banach space and A : D(A) ⊂ X → X is the generator of a
C0 -semigroup S(t), then S(t)x is differentiable for x ∈ D(A) and
d
S(t)x = AS(t)x.
dt
Therefore, if x0 ∈ D(A), the linear initial value problem (2.3) has a solution given by x(t) =
S(t)x0 .
The solvability of the initial value problem (2.3) is then reduced to showing that the linear
operator A generates a C0 -semigroup. If x0 ∈
/ D(A), then x(t) = S(t)x0 is well defined and
is called a mild solution of (2.3).
We now define the resolvent and spectrum of a linear operator.
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Definition 2.1.2 A complex number λ is in the resolvent set, denoted ρ(A), if the resolvent operator R(λ; A) := (λI − A)−1 exists, is densely defined and is bounded.
Definition 2.1.3 The spectrum of A, denoted Λ(A), is the complement of the resolvent
set in the complex plane, i.e., Λ(A) = ρ(A)c . The spectrum can be further classified as
follows.
1. Λp (A) = { λ ∈ Λ(A) : λI − A is not invertible }
2. Λc (A) = { λ ∈ Λ(A) : (λI − A)−1 exists but is unbounded }
3. Λr (A) = { λ ∈ Λ(A) : (λI − A)−1 is bounded but not densely defined }

The sets Λp (A), Λc (A) and Λr (A) are called the point spectrum, continuous spectrum and
residual spectrum of A, respectively. If λ ∈ Λp (A), then λ is called an eigenvalue of A. The
multiplicity of an eigenvalue λ is defined to be the dimension of the nullspace of λI − A.
Furthermore, λ ∈ Λ(A) is in the essential spectrum if either (see [114])
1. λ is a limit point of the set of eigenvalues, i.e., there exists a sequence of eigenvalues
λk such that λk → λ,
2. λ is an eigenvalue with infinite multiplicity,
3. λ is in the continuous or residual spectrum.
Also, λ ∈ Λ(A) is in the discrete spectrum if it is not part of the essential spectrum.
Notice that linear operators with essential spectrum are in a sense far removed from matrices
which can only have discrete spectrum.
If a linear operator A generates a C0 -semigroup, we may classify A by the type of
semigroup it generates. The following result can be found in [105, Theorem 1.2.2].
Theorem 2.1.4 If S(t) is a C0 -semigroup on X, then there exists constants M ≥ 1 and
ω ≥ 0 such that
kS(t)k ≤ Meωt for all t ≥ 0.
(2.7)
If there is an ω < 0 such that (2.7) holds, then the semigroup is exponentially asymptotically stable. The above exponential bound has implications for the behavior of solutions
to the initial value problem (2.3). If x0 ∈ X, then the mild solution x(t) = S(t)x0 satisfies
kx(t)kX = kS(t)x0 kX ≤ Meωt kx0 kX .
Remark: If ω < 0 and the constant M is equal to 1, this solution x(t) cannot experience
any growth, i.e., kx(t)kX ≤ kx0 kX for all t ≥ 0. However if the constant M is greater than 1,
solutions may exhibit transient growth before they eventually decay to zero. In section 2.4.2,
it will be seen that this is a crucial point for the new theories on transition to turbulence.
Therefore, it is important to know when A generates a C0 -semigroup of contractions S(t),
i.e., S(t) satisfies kS(t)k ≤ 1. A complete classification of the linear operators that generate
such a C0 -semigroup is given by the Hille-Yoshida Theorem [105, Theorem 1.3.1].
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Theorem 2.1.5 (The Hille-Yoshida Theorem) A is the generator of a C0 -semigroup
S(t) on X satisfying kS(t)k ≤ 1 if and only if
1. A is closed and densely defined on X and
2. the resolvent set of A, ρ(A) contains [0, ∞) and the resolvent operator satisfies the
bound
kR(λ; A)k ≤ 1/λ for all λ > 0.
The following theorem completely characterizes the linear operators that generate C0 semigroups [105, Theorem 1.5.3].
Theorem 2.1.6 Let X be a Banach space and assume A : D(A) ⊂ X → X. Then A
generates a C0 -semigroupup S(t) satisfying kS(t)k ≤ Meωt if and only if
1. The linear operator A is closed and densely defined and
2. the resolvent set of A, ρ(A), contains the segment of the real line (ω, ∞) and the
resolvent operator satisfies
kR(λ, A)n k ≤

M
(λ − ω)n

for all λ > ω and each n = 1, 2, . . .

This theorem shows that A must be closed and densely defined and also reveals the importance of the resolvent. Also, the theorem gives insight into the unique solvability of the linear
initial value problem (2.3). While there are weaker conditions the guarantee unique solvability (see [105, Theorem 4.1.2]), the following theorem shows that the semigroup approach is
sufficient to guarantee that the solution is “classical” (see [105, Section 4.1]).
Theorem 2.1.7 Let X be a Banach space and suppose A : D(A) ⊂ X → X generates a
C0 -semigroup. Then for any initial condition x0 ∈ X, the linear initial value problem (2.3)
has a unique mild solution which exists for all t ≥ 0. Moreover, if x0 ∈ D(A), then x(t) is
continuously differentiable on [0, ∞).

2.1.3

The Infinite Dimensional Case: Spectral Analysis and the
Stability of the Zero State

Recall that in the finite dimensional case, if the eigenvalues of the matrix A all lie in the left
half plane, then all solutions to the linear problem tend to zero exponentially fast (Theorem
2.1.1). The following example dashes all hopes that this theorem extends to the infinite
dimensional case (see [105, Example 4.4.2]).
Let X be the space of all functions f : [0, ∞) → R such that
kf kX =

Z

0

∞

x

e |f (x)| dx +

Z

0

∞

2

1/2

|f (x)| dx

< ∞.
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It can be shown that k·kX is a norm on X and with this norm, X is a Banach space. Moreover,
define a linear operator A on the domain D(A) = {f ∈ X : f is absolutely continuous
and fx ∈ X} by Af = fx . Here, the subscript denotes differentiation with respect to x. It
can be shown that the resolvent set is contained in { λ ∈ C : Re(λ) > −1} and therefore the
spectrum of A lies entirely to the left of the line { λ ∈ C : Re(λ) = −1}. Also, A generates
a C0 -semigroup S(t) on X and S(t)f (x) = f (t + x) for t ≥ 0. This semigroup satisfies
kS(t)k = 1 for all t ≥ 0 and therefore no nontrivial solution to the initial value problem will
decay to the zero state.
The linear operator A in the above example is only one in a class of operators for which
the spectral abscissa

 sup Re(λ), Λ(A) 6= ∅
α(A) = λ∈ Λ(A)

−∞,
Λ(A) = ∅
and the growth abscissa

ω0 (A) = lim t−1 log kS(t)k
t→∞

are not equal. Other examples can be found in the references [44], [115] and [140]. Note
that the limit defining the growth abscissa always exists since the norm of a C0 -semigroup
is always exponentially bounded. The growth abscissa determines the growth or decay of
solutions to the linear initial value problem. There are theorems that guarantee the equality
of the growth and spectral abscissas (see [44], [107]), but in general α(A) ≤ ω0 (A). If the
growth abscissa is negative, then the semigroup is exponentially stable and all solutions will
decay to zero. We concentrate here on conditions that force the exponential stability of the
semigroup.
In light of the above example, it is clear that the linear operator A must be restricted
in order to extend the finite dimensional spectral condition that guarantees all solutions of
the linear problem decay exponentially to zero. One condition assuring this extension that
often arises in applications is that A generates an analytic semigroup.
Definition 2.1.4 Let ∆ be the sector in the complex plane given by { z ∈ C : ϕ1 < arg(z) <
ϕ2 , ϕ1 < 0 < ϕ2 } and suppose S(z) is a bounded operator for each z ∈ ∆. The family of
bounded linear operators { S(z) : z ∈ ∆} is called an analytic semigroup over ∆ if
1. S(z) is analytic throughout ∆,
2. S(0) = I, the identity operator on X and limz→0 S(z)x = x for any x ∈ X, where the
limit is taken over z ∈ ∆,
3. S(z + w) = S(z)S(w) for all z, w ∈ ∆.
Roughly, a C0 -semigroup S(t), t ≥ 0, is analytic if S(t) can be extended analytically from the
positive real axis to a sector in the complex plane and this extension also has the semigroup
properties in that sector. If A generates an analytic semigroup, Theorem 2.1.1 for the finite
dimensional case naturally extends to infinite dimensions [105, Theorem 4.4.3 and Corollary
4.1.5].
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Theorem 2.1.8 Consider the linear initial value problem (2.3). If A generates an analytic
semigroup S(t) and its spectrum is bounded away from the imaginary axis in the left half
plane, i.e., if
α := sup Re(λ) < 0,
(2.8)
λ∈Λ(A)

then for any ω satisfying −α > ω > 0, there exists a constant M = M(ω) ≥ 1 such that the
semigroup satisfies the bound
kS(t)k ≤ Me−ωt ,
for all t ≥ 0. Furthermore, S(t)x is differentiable for every x ∈ X and t > 0. Therefore for
any initial data x0 ∈ X the IVP (2.3) has a unique classical solution which tends to zero
exponentially in the X-norm.
Definition 2.1.5 A linear operator A : D(A) ⊂ X → X defined on a complex Banach space
X is sectorial if it is closed, densely defined and there exist M ≥ 1, a ∈ R and θ ∈ (π/2, π)
such that the sector of the complex plane S = { λ : 0 ≤ |arg(λ − a)| ≤ θ} is contained in the
resolvent set of A and
kR(λ; A)k ≤ M/ |λ − a|

for all λ ∈ S.

Sectorial operators arise frequently in parabolic PDEs and certain delay equations among
other applications. In particular, they often arise when the linear operator can be derived
from a bilinear form (see section 4.3). The following result (see [67, Theorem 1.3.4], [101,
Section 4.5]) will be useful in later sections.
Theorem 2.1.9 If A is a sectorial operator, then A generates an analytic semigroup. Furthermore, for any a ∈ R such that a > λ for any λ ∈ Λ(A), the operator A − aI satisfies
the spectral bound (2.8) and generates an exponentially stable semigroup.
Therefore, sectorial operators generate analytic semigroups. To give a concrete example, the
linearized Navier-Stokes operator over a bounded domain Ω ⊂ Rn , n = 2 or 3, is a sectorial
operator.
If the state space X is a Hilbert space, the linear operators that generate exponentially
stable C0 -semigroups can be completely characterized [107, Corollary 4].
Theorem 2.1.10 (Prüss) Suppose A : D(A) ⊂ X → X generates a C0 -semigroup S(t)
over a Hilbert space X. Then there exist constants M ≥ 1 and ω > 0 such that kS(t)k ≤
Me−ωt if and only if the closed right half plane { λ ∈ C : Re(λ) ≥ 0} is contained in the
resolvent set ρ(A) and there exists a constant K > 0 such that
kR(λ; A)k ≤ K

for all λ = iγ, γ ∈ R.

Thus, the resolvent operator is required to be bounded in the closed right half plane in order
for a linear operator to generate an exponentially stable semigroup over a Hilbert space.
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In this section, we have seen how the stability of the zero state to the linear autonomous
initial value problem over Rn can be ascertained from spectral information of the matrix
A. In infinite dimensions, however, one must impose extra conditions on the linear operator
A to ensure that the abstract linear IVP has a globally defined unique solution. Also,
the spectral condition governing the stability of the zero state from the finite dimensional
case does not necessarily extend to infinite dimensions. Therefore, one must be cautious
when using spectral methods to determine stability properties of an equilibrium in infinite
dimensions.

2.2

Stability Analysis for Nonlinear Systems

In this section, we study the stability of equilibria for both finite and infinite dimensional
nonlinear autonomous initial value problems. In particular, consider the following problems
with the special form
x(0) = x0 ∈ Rn ,
x(0) = x0 ∈ X,

ẋ(t) = Ax(t) + F (x(t)) for t > 0,
ẋ(t) = Ax(t) + F (x(t)) for t > 0,

(2.9)
(2.10)

where the dot again denotes differentiation with respect to t. The first equation is defined
on Rn with A a constant n × n matrix and F (·) a nonlinear function mapping Rn to Rn .
The second equation is defined on an infinite dimensional Banach space X with norm k·kX
where A : D(A) ⊂ X → X and F : D(F ) ⊂ X → X are linear and nonlinear operators,
respectively. Also, we assume F (0) = 0 and F (0) = 0 so that the zero state is an equilibrium
for both systems. It will be seen below that this is not a restriction.

2.2.1

The Finite Dimensional Case

We begin with a general autonomous nonlinear initial value problem on Rn of the form
ẏ(t) = f (y(t)) for t > 0,

y(0) = y0 ∈ Rn ,

(2.11)

where f : Rn → Rn . Suppose ye is an equilibrium for this system. If f (·) is continuously
differentiable in a neighborhood of ye and
"

∂fi
A=
∂yj

#

(2.12)
y = ye

is the Jacobian at y = ye , then the change of variables x(t) = y(t) − ye produces the initial
value problem
ẋ(t) = Ax(t) + F (x(t)) for t > 0,

x(0) = x0 := y0 − ye ,
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where F (x) = f (x + ye ) − Ax. Note that F (0) = 0. This motivates the study of the above
specific form (2.9) of the initial value problem.
The matrix A may formally be viewed as the first term in a Taylor expansion of f (·)
about ye and so it seems plausible that F (x) = o(kxk) as kxk → 0, i.e.,
kF (x)k
= 0.
kxk→0
kxk
lim

Here, k·k is any norm on Rn . Returning to the specific IVP (2.9), we examine the stability
properties of the zero state under this hypothesis.
Perron’s Theorem relates the stability of the zero equilibrium of the nonlinear system
(2.9) to the spectrum of the matrix A (see [102, Theorems 6.2.1 and 6.2.3])
Theorem 2.2.1 (Perron’s Theorem) Consider the nonlinear initial value problem (2.9)
and let k·k be any norm on Rn . Suppose F (·) is continuous in some neighborhood about the
origin and satisfies F (x) = o(kxk) as kxk → 0. If A is a stable matrix in the sense of (2.5),
then the origin is asymptotically stable. Furthermore, if at least one of the eigenvalues of A
has positive real part, then the origin is unstable.
Corollary 2.2.1 Let ye be an equilibrium state for the general initial value problem (2.11)
and suppose f (·) is continuously differentiable in a neighborhood of ye . If the matrix A
defined in (2.12) is stable, then ye is an asymptotically stable equilibrium. Furthermore, if
at least one of the eigenvalues of A has positive real part, then ye is an unstable equilibrium.
This result implies that in some cases the stability of an equilibrium state for a nonlinear
ordinary differential equation can be determined by analyzing the linear problem. It is
important to note that the basin of attraction for the nonlinear problem can be extremely
small even if all of the eigenvalues of A are bounded far away from the imaginary axis in
the left half plane.

2.2.2

The Infinite Dimensional Case

Now we consider the nonlinear infinite dimensional initial value problem (2.10). We extend
Perron’s theorem for finite dimensions to a specific class of infinite dimensional problems.
This extension requires that A generate an exponentially stable C0 -semigroup S(t). Also,
Perron’s theorem for finite dimensional systems assumes that the nonlinearity F (·) is continuous in some neighborhood about zero and that F (x) = o(kxk) as kxk → 0. This condition
is severely restricting in the infinite dimensional case. Many important types of nonlinearities
are unbounded and therefore fail to satisfy this condition. In particular, the nonlinearities
arising in the Navier-Stokes equation is unbounded. Therefore, to extend Perron’s theorem
to infinite dimensional nonlinear systems one must resort to different techniques.
One extension of Perron’s theorem involves fractional powers of the linear operator −A
and the underlying state space X (see [67], [101]).
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Definition 2.2.1 Suppose A generates an exponentially stable C0 -semigroup S(t) over X.
Then for any x ∈ X and α > 0 define
(−A)−α x =

1
Γ(α)

Z

0

∞

t α−1 S(t)x dt.

This operator is bounded and invertible. Define the fractional power (−A)α as the inverse
of the above operator with domain equal to the range of (−A)−α .
Theorem 2.1.9 in the previous section leads to the following definition of the fractional powers
of the state space X.
Definition 2.2.2 Suppose A : D(A) ⊂ X → X is sectorial over a Banach space X and let
a ∈ R satisfy Re(λ) < a for any λ ∈ Λ(A). For α ≥ 0, define the space X α := D((aI − A)α )
with the norm kxkα := k(aI − A)α xkX .
Note that Theorem 2.1.9 guarantees that A−aI generates an exponentially stable semigroup
and therefore the fractional powers of aI −A are well defined. The following theorem collects
some basic properties of the fractional powers of X (see [67, Theorem 1.4.8]).

Theorem 2.2.2 Suppose A : D(A) ⊂ X → X is sectorial on a Banach space X. It follows
that
1. For α ≥ 0 the normed space (X α , k·kα ) is a Banach space. Also, X 0 = X.
2. Different choices of the constant a in the definition of X α induce equivalent norms.
3. If α ≥ β ≥ 0, then X α ⊂ X β and the embedding is continuous. Furthermore, if A has
compact resolvent, the embedding is compact.
In this framework, an operator that is unbounded on X may be bounded on X α . The
framework allows us to extend Perron’s theorem and to examine the stability of equilibria
in the norm of this alternate space (see [67, Chapter 5], [101, Sections 6.4 and 6.6]).
Theorem 2.2.3 Suppose A : D(A) ⊂ X → X is sectorial and the spectrum of A satisfies
the bound
sup Re(λ) < 0.
λ∈Λ(A)

Assume that F : U ⊂ X α → X where U is open in X α for some α ∈ (0, 1) and kF (x)kX =
o(kxkα ) as kxkα → 0. Then there exists a δ > 0 such that if x0 ∈ X α and kx0 kα < δ, then
the nonlinear initial value problem (2.10) has a unique solution x(t) that exists for all t > 0
and satisfies kx(t)kα → 0 as t → ∞.

Therefore, in this special framework, the stability of the zero state depends on the spectrum of the underlying linear operator and the specific form of the operators. One must be
careful when trying to extend classical stability results from finite dimensions to the infinite
dimensional case. In particular, one must provide the appropriate abstract framework to
extend Perron’s theorem. These technical details are not often addressed in the literature
on hydrodynamic stability.
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Classical Stability Analysis of the Navier-Stokes
Equations

Spectral methods for linear stability analysis have been one of the main tools used to investigate transition to turbulence in fluid flow. In this section, we discuss the spectrum of
the linearized Navier-Stokes (NS) operator and review how this knowledge has been applied
to study transition. Next, the more popular approach of transforming the linearized NS
operator to the Orr-Sommerfeld/Squire operator will be presented. Both approaches have
limitations and gaps which remain to be filled.
Recall, in section 1.2.3 the Navier-Stokes equations (1.1)-(1.5) were transformed by a
change of variables to arrive at the fluctuation equations (1.6)-(1.10) about a base flow and
pressure state. Assuming these base states are a constant equilibrium state for the NavierStokes equations, then zero is an equilibrium for the fluctuation Navier-Stokes equations.
The linear operator in the fluctuation equations is the linearization of the NS equations
about the base states.
For bounded domains, the linearized Navier-Stokes operator has very nice properties (see
[128, Theorems 3.6 and 4.2]).
Theorem 2.3.1 Let Ω be a bounded domain in Rn , with n = 2 or 3, with smooth boundary
and suppose the base flow is smooth. Then the spectrum of the linearized fluctuation NavierStokes operator A consists entirely of eigenvalues, each with finite multiplicity, that can
accumulate only at −∞. Furthermore, A is sectorial and generates an analytic semigroup
on V .
For unbounded domains, the analysis is much more complex. When the boundary of Ω is
compact, such as in an external flow problem (i.e., flows over an obstacle), the spectrum
is known to contain essential spectrum (see [128]). However, when the boundary is not
compact, such as in channel or pipe flow, the difficulties are even more pronounced. Because
of this difficulty, it is standard to transform the linear system and employ Fouier analysis to
study linear stability.
In this alternate method, the linear fluctuation NS equations are transformed to yield the
Orr-Sommerfeld and Squire equations. This transformation is popular since it leads to two
coupled one dimensional partial differential equations over a finite interval. These equations
are much easier to analyze analytically than the linearized Navier-Stokes operator over an
unbounded three dimensional domain. However, the transformation only works for certain
equilibria states and it is unknown whether the transformation is entirely rigorous as we will
discuss below.
To begin, assume the domain Ω is an unbounded infinite three dimensional channel given
by
n
o
Ω = (x, y, z) ∈ R3 : −∞ < x < ∞, −1 < y < 1, −∞ < z < ∞ .
This geometry allows one to study the stability of base flows of the form of plane Couette and
Poiseuille flow. Other flows such as pipe flow or Blasius boundary layer flow can be considered
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~ (y) = [y, 0, 0]T with
in a similar fashion (see [49] or [123]). Plane Couette flow is given by U
~ (y) = [1 − y 2 , 0, 0]
the pressure a linear function of y, while plane Poiseuille flow is given by U
with the pressure constant in y. More generally, we assume the velocity base flow has the
~ = [U(y), 0, 0]T .
form U
If one drops the nonlinear term (~u · ∇) ~u from the fluctuation Navier-Stokes equations
(1.6)-(1.10), then the resulting linear equations are given by
ut + Uux + U ′ v = −qx + R−1 ∇2 u
vt + Uvx = −qy + R−1 ∇2 v
wt + Uwx = −qz + R−1 ∇2 w,

(2.13)
(2.14)
(2.15)

where ~u has been decomposed into [u, v, w]T . Here, prime (′ ) denotes differentiation with
respect to y and subscripts denote partial derivatives. Also, one has the divergence free
condition (also called the continuity equation)
ux + vy + wz = 0.

(2.16)

To derive the Orr-Sommerfeld equations, one (formally) takes the divergence of the equations
of motion (2.13)-(2.15) and uses the divergence free condition (2.16) to obtain a Poisson
equation for the pressure fluctuation
∇2 q = −2U ′ vx .

(2.17)

Substituting this expression into the second equation of motion (2.14) eliminates the pressure
and gives an equation for the normal velocity component (i.e., the velocity in the y direction):
"

!

#

∂
∂
∂
1
∇2 − U ′′
+U
− ∇4 v = 0.
∂t
∂x
∂x R

(2.18)

In order to capture the three dimensional flow field, one derives an equation for the normal
vorticity η := uz − wx . In particular, η satisfies
"

#

∂
∂
1
∂v
+U
− ∇2 η = −U ′ .
∂t
∂x R
∂z

(2.19)

Using the continuity equation (2.16) it follows that the other velocity components can be
recovered by solving the Poisson equations
uxx + uzz = ηz − vxy

and wxx + wzz = −ηx − vyz .

(2.20)

For fixed constants kx and kz , define the Fourier transform of the normal velocity (and
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similarly for the normal vorticity) by
ṽ(t, y, kx , kz ) =

Z

∞

−∞

Z

∞

−∞

v(t, x, y, z)e−i(kx x+kz z) dx dz,

where i is the imaginary unit. Here, kx and kz are called the wave numbers in the streamwise
(x-direction) and spanwise (z-direction), respectively. Formally taking the Fourier transform
of the normal velocity and vorticity equations (2.18) and (2.19) in the streamwise and spanwise directions yields the equations
"

!

#

∂
˜ − ikx U ′′ − 1 ∆
˜ 2 ṽ = 0
+ ikx U ∆
∂t
R
"
#
1˜
∂
+ ikx U − ∆ η̃ = −ikz U ′ ṽ,
∂t
R

˜ is the transformed operator given by ∆
˜ =
where ∆
accompanied by the boundary conditions

∂2
∂y 2

(2.21)
(2.22)

− kx2 − kz2 . These equations are

ṽ(t, ±1, kx , kz ) = ṽy (t, ±1, kx , kz ) = η̃(t, ±1, kx , kz ) = 0,

(2.23)

which can be derived by taking the Fourier transform of the continuity equation (2.16)
and using the original no-slip boundary conditions (1.8). Again, the Fourier transforms of
the streamwise and spanwise velocity components (ũ and w̃, respectively) can be recovered
given only the Fourier transforms of the normal velocity and vorticity. Taking the Fourier
transforms of the Poisson equations (2.20) yields
ũ =

kx2

−i
(kz η̃ − kx ṽy ) ,
+ kz2

w̃ =

kx2

i
(kx η̃ + kz ṽy ) .
+ kz2

(2.24)

The above partial differential equations (2.21), (2.22) along with the boundary conditions
(2.23) are called the Orr-Sommerfeld and Squire equations, respectively. In order to place
˜ and ∆
˜ 2 need to be
these equations in an abstract form, the domains of the operators ∆
specified. In view of the boundary conditions (2.23), the natural domains are given by
˜ = H 2 (−1, 1) ∩ H 1 (−1, 1) and D(∆
˜ 2 ) = H 4 (−1, 1) ∩ H 2 (−1, 1). With these domains,
D(∆)
0
0
−1
2
˜ is invertible, but ∆
˜ ∆
˜ 6= ∆.
˜ Letting ϕ = [ ṽ, η̃ ]T , the Orr-Sommerfeld and Squire
∆
equations can be written as the formal abstract linear differential equation
ϕ̇(t) = Aϕ(t) :=

"

AOS 0
C
AS

#

ϕ(t)

(2.25)

where
AOS

˜2 ,
˜ −1 −ikx U ∆
˜ + ikx U ′′ + 1 ∆
= ∆
R
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C = −ikz U ′
AS

and
1˜
= −ikx U + ∆
R

are called the Orr-Sommerfeld, coupling and Squire operators, respectively.
In order to properly define the operator A one must specify a state space and the operator’s domain. Let H = [H 2 ∩ H01 ] × L2 , ϕ = [ ṽ, η̃ ]T and define the inner product on H
by


1
hϕ, ψiH = hQϕ, ψiL2 ×L2 =
h−∆ṽ,
ψ
i
+
hη̃,
ψ
i
1 L2
2 L2 ,
8(kx2 + kz2 )
where Q is the positive definite operator given by
1
Qϕ =
8(kx2 + kz2 )

"

˜ 0
−∆
0 I

#"

ṽ
η̃

#

on the space H. This inner product can be interpreted as an average kinetic energy of the flow
velocity over a bounded region by using the relations (2.24), inverting the Fourier transforms
and integrating by parts (see [9], [52]). The domain of the A operator is defined by D(A) =
[H 4 ∩ H02 ] × [H 2 ∩ H01 ] ⊂ H. We will refer to this operator as the Orr-Sommerfeld/Squire
operator.
We emphasize here that many of these manipulations are purely formal. To begin, we
assumed the velocity field is in H 4 to arrive at the normal velocity and vorticity equations
(2.18), (2.19). Also, as noted by Bamieh and Dahleh in [9], little attention is paid in the
literature as to whether the above Fourier transforms are valid. This would require the
solutions of the normal velocity and vorticity equations to be L2 which is also not known
to hold. Nevertheless, once the transformation has been made, the linear operator can be
placed in an entirely rigorous setting and analyzed completely (see [91] and the references
therein). In particular, the spectrum of the Orr-Sommerfeld operator AOS defined over
various domains is known to be consist entirely of eigenvalues.
Remark: This last result seems curious to the author. The linearized Navier-Stokes
operator over an unbounded channel is likely to have essential spectrum (see definition 2.1.3).
This is a familiar property of the spectrum of differential operators over unbounded domains
(see [67, Appendix to Chapter 5]). On the other hand, the Orr-Sommerfeld/Squire operator
is known only to have a discrete spectrum for each pair of wave numbers kx and kz . The
actual spectrum of the linearized Navier-Stokes operator is thought to be the union of the
spectra of the Orr-Sommerfeld/Squire operator over all values of the wave numbers. If this
is the case, then it is possible that the union of the spectra will create an essential spectrum.
However, this is not known and therefore it is possible that some spectral information has
been lost in the transformation. It is known that no spectral information is lost in a similar
transformation to study the stability properties of an asymptotic suction velocity profile
[100]. However, the author is not aware of other rigorous justifications for the Fourier
transformation leading to the Orr-Sommerfeld and Squire equations.
Now we briefly discuss the deficiencies of both of these linear operators to actually predict
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transition to turbulence. In the first case, to actually predict the critical Reynolds number at
which the spectrum of the linearized Navier-Stokes operator crosses into the right half plane
can be extremely difficult. The main problem here is that one must deal with divergence
free function spaces. This creates problems in computing or estimating eigenvalues both
theoretically and numerically. In addition, unbounded domains only serve to complicate the
issues. Therefore, for many classes of unbounded domains the Orr-Sommerfeld and Squire
equations (and variations thereof) have been the primary focus of linear stability analysis for
fluid flow for about 100 years. The theoretical and numerical analysis of the spectrum of the
Orr-Sommerfeld/Squire operator proves much easier. However, the transformation used to
arrive at these equations is not completely justified. Also, as mentioned in the introduction,
the critical Reynolds numbers found by a spectral analysis of the Orr-Sommerfeld/Squire
operator for various flows is known to differ substantially from experimental values for many
flow types. One possible explanation of this could lie in the fact that the spectral abscissa
and the growth abscissa are different.
The failure of the classical linear stability analysis has led many researchers to consider
alternative linear methods to investigate stability. Two of these approaches will be outlined
in the next section.

2.4

Two New Approaches to Stability Analysis of the
Navier-Stokes Equations

As noted above, the transformation that takes the linearized Navier-Stokes equations to
the Orr-Sommerfeld and Squire equations is not always justified. However, during the past
25 years considerable attention has been devoted to understanding the failure of classical
linear stability analysis to predict transition. In the past decade, several new theories have
appeared. As noted in the introduction, these new approaches are primarily concerned
with energy growth (or amplification) of small disturbances in the flow. In this section,
we describe the details of two of these theories, discuss the advances each has made in
understanding transition, and highlight what some gaps in these methods. For more details
on these approaches see the review articles [121] and [143] and Schmid and Henningson’s
recent book [123].

2.4.1

A Resolvent/Pseudospectra Approach

A non-classical approach to linear stability that can be based on the analysis of the resolvent
operator or, equivalently, the pseudospectra. In this approach, the pseudospectra of the
Orr-Sommerfeld/Squire operator A defined in (2.25) is used to study the transient growth
of energy in flows that begin near the laminar state. Certain small perturbations to the
laminar flow state are found to cause a substantial energy growth. When the base flow is
known to be asymptotically stable, researchers have argued that when this energy growth
becomes “sufficiently large” the nonlinearity becomes important and mixes the flow leading
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to transition. Even if the laminar flow is asymptotically stable, the premise is that a domain
of attraction rapidly shrinks with increasing Reynolds number. Therefore, the laminar flow
state would be practically unstable in laboratory experiments despite being theoretically
stable.
To formulate these ideas into precise mathematical statements requires infinite dimensional stability theory. Assume the linear system
ż(t) = Az(t),

z(0) = z0 ∈ X,

(2.26)

is exponentially stable. In particular, suppose A generates a C0 -semigroup S(t) and there
are constants M ≥ 1 and ω > 0 such that kS(t)k ≤ Me−ωt for all t ≥ 0. As above, the
solutions of the above linear differential equation satisfy
kz(t)kX = kS(t)z0 kX ≤ Me−ωt kz0 kX .
If M = 1, then solutions cannot experience any transient growth. However, if the constant
M is strictly greater than 1, solutions may exhibit transient growth before they eventually
decay to zero. The Hille-Yoshida theorem (see Theorem 2.1.5) completely characterizes the
generators of the former type of semigroup using a bound on the resolvent operator. Therefore, the resolvent is involved in the behavior of solutions to a linear differential equation.
To examine this further, we need the concept of the ε-pseudospectra.
Definition 2.4.1 The ε-pseudospectra of a linear operator A is defined to be the set
Λε (A) := {λ ∈ ρ(A) : k R(λ; A)k > 1/ε} ∪ Λ(A),
where Λ(A) is the spectrum of A.
Roughly, the pseudospectra of an operator is the portions of the complex plane where the
resolvent operator is “large”. If λ ∈ Λp (A) or Λc (A), then it is reasonable to define the
norm of the resolvent as +∞ since the resolvent either does not exist or is unbounded. It
is not clear how to deal with the residual spectrum. The following equivalent form of the
pseudospectra can be found in [118, Proposition 4.15].
Theorem 2.4.1 Let X be a Banach space. The ε-pseudospectra of a linear operator A :
D(A) ⊂ X → X is also given by
Λε (A) =

[

{ Λ(A + Aε ) : Aε is bounded and kAε k < ε} .

Therefore, the pseudospectra is the union of all the spectra of operators that are small
bounded perturbations to the operator A.
We will explore the role of the pseudospectra in the transient growth of solutions to
differential equations. Therefore, we focus on the properties of the pseudospectra that are
essential to this study. Trefethen’s review articles [139] and [140] or Trefethen and Embree’s
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forthcoming book [142] contain more information on the gerenal theory. Also, Embree and
Trefethen maintain an extensive online resource for pseudospectra [51]. We also note that
the above equivalent definitions of the pseudospectra has been extended to the case of perturbations having a certain structure. In some cases these structured perturbations can be
unbounded [59].
To explore the transient growth of solutions through the resolvent and pseudospectra, we
need to make use of properties of the adjoint operator. For simplicity we now assume that
X is a Hilbert space with inner product h·, ·iX and corresponding norm k·kX .
Definition 2.4.2 Let A : D(A) ⊂ X → X be a closed, densely defined linear operator on a
Hilbert space X. The adjoint operator A∗ : D(A∗ ) ⊂ X → X is defined on the domain
D(A∗ ) = { y ∈ X : there exists a y ∗ ∈ X such that hAx, yi = hx, y ∗i for all x ∈ D(A) }
by A∗ y = y ∗ for all y ∈ D(A∗).

It is well known that if the operator A is densely defined, then the adjoint operator is
uniquely defined, closed and densely defined [77]. We also define two very important classes
of operators.
Definition 2.4.3 A linear operator A is self-adjoint if D(A) = D(A∗ ) and Ax = A∗ x for
all x ∈ D(A). A linear operator A is normal if AA∗ = A∗ A, i.e., these operators have the
same domain and action on that domain.
It was noted above that the transient growth of solutions to the abstract linear differential
equation (2.26) is linked to the resolvent operator (by the Hille-Yoshida theorem) which, in
turn, is linked to the pseudospectra. For normal operators the following theorem relates the
norm of the resolvent (and therefore the pseudospectra) to the spectrum [77].
Theorem 2.4.2 If A is a normal operator with spectrum Λ(A), then for any λ ∈ ρ(A),
kR(λ; A)k = 1/dist(λ, Λ(A)) = sup 1/| λ − λ̃ |.
λ̃∈ Λ(A)

Therefore, for any ε > 0, the ε-pseudospectra is simply the ε neighborhood surrounding the
spectrum, i.e., Λε (A) = { λ ∈ C : dist(λ, Λ(A)) < ε}.
This theorem implies that the pseudospectra for normal operators is “close” to the spectrum
when ε is small. This is not true, in general, for non-normal operators. This can be seen
from a simple matrix example due to Godunov [62]. Define


G=














289
2064
336
128
80
32
16
1152
30
1312
512
288
128
32
−29 −2000
756
384 1008
224
48
512
128
640
0
640
512
128
1053
2256 −504 −384 −756
800
208
−287
−16
1712 −128 1968
−30 2032
−2176 −287 −1565 −512 −541 −1152 −289









.
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Figure 2.1: Numerical computations of spectra and pseudospectra for Godunov’s matrix G
defined above. The true eigenvalues are denoted by the stars and the computed eigenvalues
by the dots. The computed ε-pseudospectra are the sets contained in the various contours.
The scale is a log 10 scale, i.e., the inner to outer counters correspond to ε = 10−13 , . . . 10−10 .

Godunov used this matrix to show how eigenvalue computation can be very ill-conditioned.
Define T to be a 7 × 7 matrix with ones along the diagonal and in the following entries:
T31 , T61 , T53 , T72 , T73 , T75 .
It can be shown that T is invertible and that TGT−1 is upper triangular with diagonal
elements {0, ±1, ±2, ±4}. These values are therefore the eigenvalues of G. Standard numerical computations fail to approximate the spectrum with any reasonable degree of accuracy.
Figure 2.1 shows the actual eigenvalues of G compared with the eigenvalues computed using
Eigtool [148] in Matlab. It is clear that the computed values are nowhere near the actual
spectrum. The figure also shows the pseudospectra for various values of ε again computed
using Eigtool. The ε-pseudospectra are the sets lying inside the various contours. Notice
that the pseudospectra contains points far away from the spectrum even for extremely small
values of ε. This phenomenon is not isolated and one can find similar examples in the Eigtool
software package as well as in the references given above.
For a general non-normal linear operator, there is no simple relationship between the
distance to the spectrum and the norm of the resolvent. The best bounds available are in
terms of the spectrum and the numerical range.
Definition 2.4.4 Let A : D(A) ⊂ X → X be a linear operator acting on a Hilbert space X
with inner product h·, ·i and corresponding norm k·k. The numerical range is the set in the
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complex plane given by
Num(A) := { hAx, xiX : x ∈ D(A), kxkX = 1} .
The following theorem can be found in [77].
Theorem 2.4.3 Let A : D(A) ⊂ X → X be a closed linear operator acting on a Hilbert
space X. For all λ ∈ ρ(A),
1/dist(λ, Λ(A)) ≤ kR(λ; A)k .
If, in addition, C\cl(Num(A)) is a connected set which does not intersect the resolvent set
ρ(A), then for all λ ∈
/ cl(Num(A))
1/dist(λ, Λ(A)) ≤ kR(λ; A)k ≤ 1/dist(λ, Num(A)).
Here, cl(E) stands for the closure of the set E. In general, the numerical range can be quite
large. For example, Eigtool computes the numerical range of Godunov’s matrix G to be
roughly a circular region with radius of about 2500. Therefore, the upper bound for the
norm of the resolvent (and the pseudospectra) contained in this theorem is too large. This
only serves to emphasize the fact that the pseudospectra can be a much larger region than
the spectrum.
Let us return to the issue of the transient growth of solutions to the general linear
initial value problem (2.26). Recall that the solution is given in terms of the semigroup as
z(t) = S(t)z0 , where z0 is the initial condition. Therefore, a lower bound on the norm of the
semigroup will give an estimate of the transient growth of solutions. One such estimate is
given by the pseudospectra [140].
Theorem 2.4.4 If A : D(A) ⊂ X → X generates a C0 -semigroupup S(t) over a Hilbert
space X, then
sup kS(t)k ≥ sup ε−1 βε (A),
t> 0

ε> 0

where βε (A) :=

sup Re(λ).

(2.27)

λ∈ Λε (A)

βε (A) is called the ε-pseudospectral abscissa of A and measures how far the ε-pseudospectra
extends into the right half plane. Therefore, the transient growth of solutions depends on
the pseudospectra, or equivalently, the resolvent.
In the late 1980’s and early 1990’s, researchers began to examine the transient growth of
solutions to the Orr-Sommerfeld/Squire equations. These researchers searched for the threedimensional initial conditions that yield “optimal energy growth”. Boberg and Brosa [22]
examined energy growth in pipe Poiseuille flow and Gustavsson [63] did the same for plane
Poiseuille flow. Butler and Farrell [35] used a variational method to investigate energy growth
in plane Couette, plane Poiseuille and Blasius boundary layer flow. Reddy and Henningson
[112] then used the above resolvent approach to again study optimal energy growth. These
researchers found that certain initial conditions produced transient energy growth on the
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order of R3 , where R is the Reynolds number. In certain cases this translates into an energy
growth by factors of thousands even if the laminar flow is known to be asymptotically stable.
These efforts were accompanied by further studies which used resolvent techniques to
examine transient growth of solutions [122] and the degree of non-normality of the OrrSommerfeld/Squire operator [113]. The discoveries of the extreme non-normality of the OrrSommerfeld/Squire operator and the large energy growth due to certain initial conditions
led to a new transition scenario. Namely, a small perturbation to a laminar flow yields an
initial condition that produces large transient growth. The flow is then “mixed” by the
nonlinearity to produce turbulence. This scenario (or a slight modification thereof) has been
proposed by several groups (see [5], [22], [61] and [143]).
As stated, this theory does not account for the failure of classical linear stability analysis
to predict transition. If, for example, one had a Perron type theorem, then initial conditions
near the laminar flow should relaminarize. On the other hand, inspired by a simple model
ODE system, Trefethen et al. in [143] proposed that the domain of attraction for a laminar
flow rapidly shrinks as the Reynolds number increases. Specifically, the authors hypothesized
that the largest attracting ball about the laminar flow has radius O(Rγ ), with γ < −1.
One problem is that there may not be an attracting ball in the divergence free
function space H(Ω). However, if this is the case, the largest attracting ball for the laminar
flow would be extremely small for a large Reynolds number. Therefore, the laminar state
could be asymptotically stable but practically unstable as far as experiments in a laboratory
setting. This hypothesis has been further examined for various ODE model problems in the
subsequent studies [5] and [6].
The original energy growth studies provide some heuristic evidence for the “energy growth
plus nonlinear mixing” transition theory. However, it is not clear whether naturally arising
perturbations to a laminar flow will take an optimal (or nearly optimal) form that will cause
an extreme energy growth. Furthermore, even in the case of large energy growth, exactly
how the nonlinearity “mixes the energy” and causes transition is not understood. The role
of the nonlinearity in this theory has been largely unexplored.
As noted above, the conjecture that the basin of attraction for the laminar state rapidly
shrinks mainly arose in light of similar behavior in ODE model problems. It is important
to note that the basin of attraction depends on the norm. Thus, in infinite dimensional
systems, this can include assuming that the initial data is smooth. For example, the infinite
dimensional version of Perron’s theorem (2.2.3) is only valid for x0 ∈ X α and kx0 kα < δ.
However, early experimental and numerical studies do provide evidence for this conjecture
for plane Couette and Poiseuille flow (see [141] for a review). Theoretical evidence for this
conjecture has also recently appeared using asymptotic analysis [39] and resolvent bounds
(see [27], [93], [94]). However, the asymptotical analysis only gives an indication as to the
size of the largest attracting ball for the laminar flow as R → ∞. This is not necessarily an
indication that the attracting ball is small for moderate values of the Reynolds number. As
for the work based on resolvent methods, the upper bounds on the resolvent only provide
lower bounds on the size of the largest ball of attraction about the laminar state. As
discussed by Kreiss and Lorenz in [81], these estimates can turn out to be very pessimistic.
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Therefore, the evidence for this conjecture is again incomplete.
Another possible mechanism for transition to turbulence has been proposed in light of the
pseudospectral analysis of the Orr-Sommerfeld/Squire operator. Studies have shown that
due to the non-normality of the Orr-Sommerfeld/Squire operator, the pseudospectra extends
far into the right half plane even for very small values of ε (see, e.g., [113], [138], [143]). This
leads to transient growth of solutions as discussed above (see Theorem 2.4.4). However, the
alternate definition of the ε-pseudospectra given in Theorem 2.4.1 allows us to look at the
extension of the pseudospectra into the right half plane from a different vantage point. Recall
that the pseudospectra may be expressed as the union of the spectra of “nearby” operators
(see Theorem 2.4.1) given by
Λε (A) = {λ ∈ C : λ ∈ Λ(A + Aε ), where Aε is bounded and kAε k < ε} .
Therefore, the fact that the pseudospectra of the Orr-Sommerfeld/Squire operator extends
into the right half plane implies that there is a small perturbation to the linear operator that
causes it to become unstable.
Trefethen et al. in [143] proposed this mechanism as an alternative to the shrinking
domain of attraction theory conjectured in the same work. The authors noted that perhaps
some imperfection in an experiment, such as small wall roughness, could possibly be a
destabilizing perturbation to the Orr-Sommerfeld/Squire operator. The linearized problem
with a small perturbation in the operator would yield an unstable laminar flow that could
transition to turbulence at Reynolds numbers well below the critical value predicted by
classical linear stability analysis and much nearer to experimental values. They pointed
out that most randomly chosen perturbations to the (discretized) Orr-Sommerfeld/Squire
operator did cause a destabilizing perturbation for certain Reynolds numbers. The authors
also noted that there is no specific reason to expect that a naturally arising imperfection in
an experiment can cause the linear operator to become unstable.
We shall show how a small unmodeled perturbation to the boundary can lead to a perturbation of the basic linear operator which is unstable. In particular, in chapter 5, we
introduce a simplified form of wall roughness into a model two dimensional partial differential equation. There we show that a small wall roughness leads to a perturbation of both the
linear and nonlinear terms in the original problem. Also, in certain cases, the perturbation
will cause the linear operator to become unstable and solutions will transition. Therefore,
it may not be unreasonable to expect that a small unmodeled disturbance in an experiment
can cause the laminar flow state to become unstable. This model uncertainty may in fact
be a key to predicting transition.

2.4.2

A Robust Control Theory Approach

In the previous section, we presented a transition scenario which is dependent on noise or
imperfections in experiments. This scenario should not be too surprising since it is well
known that transition is very sensitive to small disturbances in experiments such as wall
roughness. Another “mostly linear” approach to transition, based on robust control theory,
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also views small background noise as an important consideration in transition. In fact, this
transition scenario is based on the assumption that transition is a noise sustained process.
The approach to this theory is different from the resolvent techniques described above. We
summarize this second approach below.
Often in applications, techniques from control theory are used to design a feedback control
that stabilizes some component of a physical system. The feedback control takes in state
information from sensors and acts in response to the state. Researchers have realized that a
controller designed for a mathematically idealized system might not work well in applications
when noise is present in a system. This sensitivity to noise seems to depend on whether the
control is based on full or partial state information. For example, the linear quadratic
regulator (LQR) controller, which is based on full state information, is very robust to noise
entering the system. However, the linear quadratic Gaussian (LQG) controller, which is
based on partial state information, is known to have zero robustness margin (see the simple
example by Doyle [48]). In particular, for certain problems an arbitrarily small disturbance
could destabilize the closed loop system. This led to the introduction of the more robust
H∞ (or Min-Max) feedback controller.
One approach to address the sensitivity of a system to noise is to examine the so called
input-output properties of the system. Consider a differential equation over a (possibly
infinite dimensional) state space X with output of the form
ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t).
Here, x(·) is the state, u(·) is the input (which we regard as a disturbance or noise) and y(·)
is the output. The operator A is assumed to generate a C0 -semigroup, the input operator
B represents how inputs enter the system and the observer C represents observations of
the state. If the input comes from the boundary of a system, this will usually lead to an
unbounded input operator B. This will be demonstrated with an example in section 3.1.
Although robust control theory has been extended to infinite dimensional systems (see
[44]), one must take care and not apply the finite dimensional theory to infinite dimensional
problems. Again, many of the required technical details are ignored by those who use this
theory to study energy amplification of noise in fluid flow. Here, we assume that A generates
an exponentially asymptotically stable semigroup S(t), i.e., kS(t)k ≤ Me−ωt for some M ≥ 1
and ω > 0. Taking the Laplace transform of the system yields
ŷ(s) = C(sI − A)−1 B û(t) =: G(s)û(t),
where fˆ(·) represents the Laplace transform of f (·). The operator G(·) is called the transfer
function. Since the Laplace transform preserves norms, a reasonable way to measure the
amplification of noise in a system is to use a norm estimate of the form
k ŷ(·) kY = k G(·)u(·) kY ≤ k G(·) kk u(·) kY .
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The choice of norm determines the type of result.
Two commonly used norm on G(·) are the H2 and H∞ norms defined by
kGk2H2
and

1
:=
2π

Z

∞

−∞

kG(iω)k2HS dω

kGk2H∞ := sup σmax [G(iω)],
ω∈ R

respectively. Here, i is the imaginary unit, k·kHS is the Hilbert-Schmidt norm and σmax [K]
denotes the maximum singular value of K. The Hilbert-Schmidt norm is given by kKk2HS :=
P
P
trace(K∗ K) = hφi, K∗ Kφi iX = kKφi k2X , where {φi } is any orthonormal basis for the underlying Hilbert space X with inner product h·, ·iX and associated norm k·kX (see [114]). For
a matrix K, computing the Hilbert-Schmidt norm is equivalent to computing the standard
matrix trace, trace(K ∗ K).
Remark: Observe that these norms only make sense if G(·) is Hilbert-Schmidt or nuclear.
Thus, the infinite dimensional theory is limited by this assumption. If there are only a finite
number of inputs or outputs, then the theory is more complete (see [44]). However, for
boundary inputs the theory is incomplete.
To examine the sensitivity of fluid flow with respect to small disturbances, one may
investigate the input/output properties of a system governed by the Orr-Sommerfeld/Squire
operator. To do this, one needs realistic ways to represent disturbances entering the system
and outputs leaving the system. An output often used in this approach is the velocity field
(or the Fourier transform thereof). The Fourier transformed velocity components can be
recovered using the relations (2.24). This allows us to formally define the unbounded and
infinite rank output operator C by
∂
#
"
ikx ∂y
−ikz " #
ũ
1
ṽ
ṽ
 2


0 
:= 2
.
 kx + kz2

 ṽ  = C
2
η̃
η̃
kx + kz
∂
w̃
ikz ∂y
ikx









The input operator B may take many forms depending on the type of disturbance one wishes
to model.
Farrell and Ioannou originally studied the input/output properties of the Orr-Sommerfeld/
Squire system with the above output operator C in [52] and [53]. They chose to model the
disturbances with a unitary disturbance operator B (i.e., B is bounded and BB∗ = I) acting on stochastic white noise disturbance u(·) with zero mean. Notice that a unitary input
operator excludes the possibility that the disturbances enter through the boundary. They
computed the H2 norm and discovered in this case that the energy of small constant forcing
disturbances could be amplified by an order of R3 . Bamieh and Dahleh followed in [9] and
[10] by investigating the Orr-Sommerfeld/Squire system with the same B and C operators
and “analytically computed” the H2 norm. Although this approach was formal, they also
found that energy amplification of a constant forcing disturbances of order of R3 is possible.
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Both studies noted that the non-normality of the linear Orr-Sommerfeld/Squire operator
was necessary for the large amplification of small disturbances.
These observations suggested another linear approach to transition. The essential idea
is that a “small background noise” can be greatly amplified due to the non-normality of the
linear operator causing a disturbance in the flow. Small noise then continues to produce
disturbances in the flow which are mixed producing turbulence. Farrell and Ioannou in
[52] suggest that the nonlinearity may be the cause of the continual mixing of disturbances
that produces turbulence. However, the exact mechanism by which the mixing produces
turbulence is not discussed.
As with the above pseudospectra/resolvent approach to linear stability analysis, this input/output approach to transition is also not complete. First, the linear analysis is again
based on the Orr-Sommerfeld/Squire operator. As noted in the previous section, the transformation from the linearized Navier-Stokes equations to this operator has not been rigorously
justified. Furthermore, it is not known whether these robust control theory techniques described here extend without restriction to the infinite dimensional problem defined by the
Navier-Stokes equations. Also, this type of input/output analysis requires considerable effort to represent the disturbances causing transition. It has long been known that transition
can be quite sensitive with respect to small wall roughness, however it is unknown how
to effectively model wall roughness. Jovanović and Bamieh have recently considered the input/output properties of the Orr-Sommerfeld/Squire system with other forms of disturbance
operators B and noise inputs u(·) in [73], [74], [75] and [76]. However, much work remains
to be done in this area.

2.5

Summary of Spectral Stability Analysis

In this chapter, we presented a partial survey of methods to determine the stability properties
of equilibria for both finite and infinite dimensional dynamical systems. We concentrated on
spectral methods since this is currently the most popular method for determining stability
characteristics of certain laminar flows. We noted that classical stability theory in finite
dimensions may not necessarily extend to the infinite dimensional case. For the latter case,
an appropriate abstract framework must be employed to study the stability of equilibria.
Also, we noted that stability analysis for fluid flows is largely incomplete. In the past,
the majority of the stability analysis consisted of transforming the linearized Navier-Stokes
equations to the Orr-Sommerfeld and Squire equations which are more amenable to analysis. Spectral analysis then provided critical Reynolds numbers at which certain flows should
become unstable and thus transition to turbulence. In the fluid dynamics literature, this approach is rarely ever rigorously justified. Lyapunov methods have also be used in the infinite
dimensional case. However, as with the spectral methods, to extend the standard theory
to infinite dimensions requires care (see [145]). There are again instances where researchers
have formally applied the finite dimensional results to flow problems without rigorous verification. In any case, it is well known that the critical Reynolds numbers obtained by the
above methods have not always matched experimental values.
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The new linear stability methods presented above have shed insight into the transition
process. It now seems clear that the linearized Navier-Stokes operator is extremely sensitive
with respect to small disturbances. If this is a key in the transition process, it may be
possible to control transition by reducing the sensitivity to these disturbances. Also, since
this research highlights the sensitivity of the flow to small disturbances in the boundary, it
may be possible to take advantage of the sensitivity and develop controls that act on the
boundary. Some progress has been made along these lines (see the review articles [18], [78]).
We present two simple examples in chapter 5 that further support this point of view and
suggest that feedback control may be a practical method to delay or control turbulence.
In spite of this progress, much remains to be done in order to complete the transition
picture. In particular, the role of the nonlinearity in these new theories has not been explored. Do the nonlinear terms truly mix the increasing energy and cause the flow to become
turbulent? If so, how does this mixing take place? These answers to these questions are
very important and may provide further insight into the control of turbulence. One goal of
this thesis is to investigate how the nonlinearity factors into the sensitivity of solutions of
partial differential equations with respect to small disturbances. In particular, in Chapters
4 and 5, we examine the sensitivities of solutions with respect to small disturbances. In
particular, we use sensitivity methods to measure how solutions change with respect to the
disturbances. This is done by differentiating the solution with respect to the disturbances.
We show how this method provides insight into the effects of small disturbances on the dynamics of a system. Also, the ideas from the new theories on transition presented above can
be used in this method to show the potential of small disturbances to have a large impact
on the behavior of solutions.

Chapter 3
Burgers’ Equation
In this chapter, we focus on Burgers’ equation to illustrate the basic ideas and to suggest a
new transition mechanism. In the previous chapter the question was raised as to whether
small wall roughness in a flow system could cause a laminar flow state to become unstable
and transition to turbulence. Burgers’ equation is an infinite dimensional system that is
simple enough to analyze rigorously yet complex enough to capture the essential features of
Navier-Stokes type problems. We are motivated by the two dimensional Burgers’ equation
wt (t, x, y) + w(t, x, y)wx(t, x, y) + w(t, x, y)wy (t, x, y) = µ∇2 w(t, x, y),
on a rectangular domain with periodic boundary conditions in the x direction and nonzero
Dirichlet boundary conditions on the top and bottom walls,
w(t, x, 0) = 1,

w(t, x, 1) = −1.

Later, we examine how a simplified form of small wall roughness affects the formulation of
the problem and also the solution.
In order to keep the discussion simple, we begin with the one dimensional Burgers’
equation
wt (t, x) + w(t, x)wx (t, x) = µwxx (t, x),
over a finite interval with various boundary conditions. We formulate this one dimensional
partial differential equation as an abstract infinite dimensional equation so we can address
existence and uniqueness of solutions, the equilibrium problem and the long time behavior
of solutions. This problem is known to be sensitive with respect to small disturbances in the
equation and boundary conditions. We review these results and provide possible connections
with transition. This will again motivate the study of small disturbances in the transition
problem.
Burgers’ equation is among the simplest examples of a nonlinear partial differential equation (PDE) that captures many of the patterns found in the Navier-Stokes equations and
thus has been extensively studied by many authors. Among those to originally study Burgers’ equation were Burgers [28], Cole [42] and Hopf [71] in the late 1940’s and early 1950’s.
41
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A more recent general study was done by Fletcher in the early 1980’s [55]. Fletcher’s work
is especially interesting in that it shows how Burgers’ equation can be used to model a wide
variety of physical phenomena. However, the main reason for the great interest in Burgers’
equation is that it can be viewed as a simplified model of fluid flow. In particular, Burgers’
equation shares with the Navier-Stokes equations a second order diffusion term balanced
against a quadratic nonlinear first order convection term.
Since the Navier-Stokes equations are complex, many researchers use Burgers’ equation
as a testing ground for tools they hope to eventually use on the Navier-Stokes equations.
For instance, due to the immense difficulty in simulating the Navier-Stokes equations, many
numerical methods are first tested on Burgers’ equation. (See the recent works [7], [46], [57],
[84], [92], [110] and the references therein.) Also, due to the great interest in flow control,
Burgers’ equation has been a model problem for many studies on theoretical and numerical
methods for control. (See [3], [31], [32], [50], [79], [83], [96], [144] and the references therein.)

3.1

Weak Formulation

Here we construct a weak formulation of the one dimensional Burgers’ equation over a finite
interval with Dirichlet or Neumann boundary conditions. In both cases we allow nonhomogeneous boundary conditions which could arise from boundary disturbances or boundary
control inputs. The Neumann problem can be formulated weakly in the usual way while the
weak Dirichlet problem necessitates a nonstandard framework. This section is similar to the
presentation given in [30].
Consider the one dimensional Burgers’ equation on a finite interval Ω = (a, b)
wt + wwx = µwxx + f,
with constant nonhomogeneous Dirichlet boundary conditions
w(t, a) = wa ,

w(t, b) = wb ,

and initial condition
w(0, x) = w0 (x).
Here, µ > 0 is a positive constant and the boundary values wa and wb are independent of
time. Suppose h(·) is an equilibrium for the above system (whose existence we will discuss in
section 3.3.2) and define the fluctuations z(·, ·) by w(t, x) = h(x) + z(t, x). The fluctuations
satisfy the nonlinear convection-diffusion (NLCD) equation
zt + zzx = µzxx − (hz)x

(3.1)

with homogeneous Dirichlet boundary conditions
z(t, a) = 0,

z(t, b) = 0

(3.2)
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z(0, x) = z0 (x) := w0 (x) − h(x).

(3.3)

and initial condition
We focus on this system to illustrate the main ideas. If there is a “small input” (or unmodeled
disturbance) applied at the boundary, then the disturbed NLCD system has the form
zt + zzx = µzxx − (hz)x ,
z(t, a) = ua (t), z(t, b) = ub (t),
z(0, x) = z0 (x) := w0 (x) − h(x).

(3.4)
(3.5)
(3.6)

Here, ua (t) and ub (t) are inputs and may be thought of as unmodeled forces acting at the
boundary or as control inputs. We also consider this problem with Neumann boundary
conditions with input given by
zx (t, a) = ua (t),

zx (t, b) = ub (t).

(3.7)

We place these equations in weak form to demonstrate how the small boundary inputs
affect the equations. Let X = L2 (Ω) with the standard inner product and norm and let
V = H 1 (Ω). Multiply the NLCD equation (3.4) by a test function ϕ ∈ V , integrate over the
domain and integrate the second order term by parts to get


∂
hz, ϕiX = µ zx (b)ϕ(b) − zx (a)ϕ(a) − µ hzx , ϕx iX − h(hz)x , ϕiX − hzzx , ϕiX .
∂t

(3.8)

For the Neumann problem, the boundary conditions (3.7) can be applied to give


∂
hz, ϕiX = µ ub ϕ(b) − ua ϕ(a) − µ hzx , ϕx iX − h(hz)x , ϕiX − hzzx , ϕiX .
∂t

This weak problem can be formulated as an abstract differential equation on V ′ by (see [17],
[95])
ż(t) = Az(t) + F (z(t)) + Bu(t).
We can rewrite the boundary terms resulting from the integration by parts as
ub ϕ(b) − ua ϕ(a) = (δb ϕ)ub − (δa ϕ)ua ,
where δp is the delta functional given by δp ϕ(·) = ϕ(p). Therefore, it appears that the
B operator involves the delta functional and therefore will be unbounded. The precise
formulation of the input operator B provided in the above references confirms that B is
unbounded.
For the Dirichlet problem, the boundary inputs do not enter the above weak form (3.8).
If we instead take V = H01 , then the boundary terms resulting from the integration by parts
vanish. In order to explicitly introduce the boundary inputs into the weak form, we must
integrate by parts a second time. Therefore, let W = H 2 ∩ H01 and rewrite the nonlinear
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term zzx as (z 2 /2)x . Then for ϕ ∈ W , integrate all terms in (3.8) by parts to get


D
E
∂
hz, ϕiX = −µ ub ϕx (b) − ua ϕx (a) + µ hz, ϕxx iX + hhz, ϕx iX + z 2 /2, ϕx .
X
∂t

This very weak problem can be formulated as a differential equation on W ′ by (again, see
[17], [95])
ż(t) = Az(t) + F(z(t)) + Bu(t).
For this problem, rewriting the boundary terms gives
ub ϕx (b) − ua ϕx (a) = (δb′ ϕ)ub − (δa′ ϕ)ua ,
where δp′ is the distributional derivative of the delta functional. Again, this can be made
precise and the input operator B is unbounded.

3.2

Existence and Uniqueness of Solutions

We now review the basic existence and uniqueness theory for solutions of the one dimensional
nonlinear convection-diffusion (NLCD) equation under Dirichlet and Neumann boundary
conditions. The solution theory for these systems is more complete than the theory for the
Navier-Stokes equations. In contrast to the three dimensional case for the NS equations, the
one dimensional NLCD equation under various boundary conditions (and boundary inputs)
is known to admit unique solutions that exist for all time. However, we also discuss how the
solution theory for the “natural” abstract formulations given above in the case of boundary
inputs is incomplete.
We concentrate on solution theory for the one dimensional forced NLCD equation on the
finite interval Ω = (a, b) given by
zt (t, x) + z(t, x)zx (t, x) = µzxx (t, x) − (h(x)z(t, x))x + f (t, x),

(3.9)

with initial condition (3.6) and one of three types of boundary conditions. We consider the
Dirichlet (3.5) and Neumann (3.7) boundary conditions with small inputs and also mixed
boundary conditions given by
zx (t, a) = ka z(t, a),

zx (t, b) = −kb z(t, b),

(3.10)

with ka and kb given non-negative constants. The mixed boundary conditions may be viewed
as a special case of the Neumann boundary conditions with ua (t) = ka z(t, a) and ub (t) =
−kb z(t, b). The precise nature of the forcing function will be specified later.
For many years, the standard way to examine solution properties of Burgers’ equation
(the NLCD equation with h = 0) has been through the use of the Cole-Hopf transformation
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(see [42], [71], or more recently [19]). The change of variables
z(t, x) = −2µ

∂
ψx (t, x)
log(ψ(t, x)) = −2µ
∂x
ψ(t, x)

transforms the nonlinear Burgers’ equation (3.9) to the linear heat equation. This can be
seen by computing
!
f
∂ ψt − µψxx
=
,
zt + zzx − µzxx =
∂x
ψ
−2µ

which leads to

ψt = µψxx + gψ,

where g(t, x) =

Z

x

a

f (t, s)
ds
−2µ

which makes sense if f (t, ·) ∈ L1 (Ω) for all t. The initial data for the heat equation is
obtained by inverting the transformation to give
ψ0 (x) = exp

Z

x

a

z0 (s)
ds,
−2µ

which again makes sense whenever z0 (·) ∈ L1 (Ω). One can then use the known properties of
the heat equations to draw conclusions about solutions of Burgers’ equation.
However, there are limitations to this approach. The Dirichlet boundary conditions are
transformed into mixed boundary conditions for the heat equation while other types of
boundary conditions can lead to ill-posed problems. There is a more complicated transformation [37] that may be used for the Neumann problem [45] and perhaps for other types
of boundary conditions. However, the most significant limitation to this transformation is
that it and other similar transformations only work for certain classes of problems. Our motivation for focusing on the NLCD equation is to develop ideas that might extend to more
complex problems such as the Navier-Stokes system. Thus, we shall avoid these specialized
transformations as they are not valid for most 2D and 3D systems.
We summarize the main existence and uniqueness results for weak solutions. These
results have been obtained by employing an abstract framework of the type presented above.
Many of the results cited below do not consider the cases of including the convection term
(hz)x , the non-homogeneous boundary conditions or non-zero forcing functions. However,
in many instances the results can easily be extended to these cases (see [43], [86], [134],
[135], [136]). In section 4.3, we present a local uniqueness result for strong solutions to the
Dirichlet problem with the convection term. It is likely that this result can be extended to
show global uniqueness, but we did not consider this problem here.
For the case of homogeneous Dirichlet boundary conditions, one may place the one dimensional Burgers’ equation into an abstract L2 (Ω) state space formulation quite similar
to that given above for the Navier-Stokes equations [97]. In this case one does not need a
divergence free subspace of L2 (Ω) and this allows for more general problem data. Ly, Mease
and Titi applied the general theory of Ghidaglia and Temam to this formulation to prove
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the existence and uniqueness of weak solutions for all time given very general initial data
[97, Theorem 1].
Theorem 3.2.1 If the initial data z0 ∈ L2 (Ω), then for every T > 0 Burgers’ equation
(the NLCD equation (3.4)-(3.6) with h = 0) without forcing and with homogeneous Dirichlet
boundary conditions (i.e., ua ≡ ub ≡ 0) has a unique weak solution z on [0, T ] that satisfies
z ∈ C(0, T ; L2(Ω)) ∩ L2 (0, T ; H01(Ω)).
Similar results can be obtained using semigroup methods for parabolic equations (see [64]
or [109]).
The case of mixed or Neumann boundary conditions is more difficult due to the fact that
the nonlinearity is not conservative as was discussed in section 3.1. However, this obstacle
has recently been overcome by employing an abstract formulation which again is similar to
that for the Navier-Stokes equations. The following is a result of Byrnes, Gilliam and Shubov
[36, Theorem 2.1].
Theorem 3.2.2 If the initial data z0 ∈ L2 (Ω), then for every T > 0 Burgers’ equation
(the NLCD equation (3.4), (3.6) with h = 0) without forcing and with mixed (3.10) or
homogeneous Neumann (3.7) boundary conditions (i.e., ua ≡ ub ≡ 0) has a unique weak
solution z on [0, T ] that satisfies
z ∈ C(0, T ; L2(Ω)) ∩ L2 (0, T ; H 1(Ω)).
This theorem also holds for a certain class of smooth forcing functions. Similar results have
also been obtained for the mixed and Neumann problems by Ly, Mease and Titi [97] and
Cao and Titi [38].

3.3

The Equilibrium Problem and Long Time Behavior
of Solutions

Now that we have reviewed the main theory concerning solutions of the one dimensional
time dependent Burgers’ equation, we now turn to the equilibrium problem. Specifically,
consider the steady boundary value problem on Ω = (a, b) given by
w(x)wx (x) − µwxx (x) = f (x),

(3.11)

with µ a positive constant accompanied by either Dirichlet boundary conditions
w(a) = ua ,

w(b) = ub,

(3.12)

wx (a) = ua ,

wx (b) = ub ,

(3.13)

or Neumann boundary conditions
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where ua and ub are given constants. For simplicity, we focus on the homogeneous Dirichlet
problem, the non-homogeneous Dirichlet problem with ua > ub and the homogeneous Neumann problem. We also briefly mention results for the case of mixed boundary conditions
as considered in the previous section.
In contrast to the Navier-Stokes equations, the theory for the steady one dimensional
Burgers’ equation is complete. The Dirichlet problem has a unique equilibrium, the Neumann
problem has an infinity of equilibria and the mixed problem bridges the gap with one or more
equilibria. We will not discuss the equilibrium problem for the mixed boundary conditions
any further here, see [8] for more details. In most cases solutions to the time dependent
problem are known to tend to these equilibria asymptotically. Also, it is known that small
disturbances to the boundary conditions can have dramatic effects on the nature of the
equilibria. This in turn can change the long time behavior of solutions. As discussed in the
introduction, this extreme sensitivity of solutions with respect to small disturbances may
have implications for transition to turbulence in real flows. We return to this idea at the
end of the chapter.

3.3.1

Dirichlet Boundary Conditions

First, consider the steady Dirichlet problem (3.11), (3.12). For the homogeneous case without
forcing, i.e., ua = ub = 0 and f = 0, it is clear that the zero function is an equilibrium. Also,
due to the conservative nature of the nonlinear term, one can easily show that solutions of
the time dependent Burgers’ equation without forcing (3.9) approach zero in L2 .
Lemma 3.3.1 Let z(t, x) be the solution to the time dependent Burgers’ equation (the NLCD
equation (3.4)-(3.6) with h = 0) on Ω = (a, b) without forcing, with zero Dirichlet boundary
conditions (i.e., ua ≡ ub ≡ 0) and with initial condition z0 ∈ L2 . Then z approaches zero
exponentially fast in the L2 norm.
Proof: By Theorem 3.2.1, the solution to the time dependent problem z(t, ·) is in H01 for
any t > 0. Take the L2 inner product of the Burgers’ equation (3.9) with the solution z(t, x),
integrate over the domain and integrate by parts to get
d 1
kz(t, ·)k2L2 = −µ kzx (t, ·)k2L2 .
dt 2
for any t > 0. Note that the nonlinear term has dropped out due to the zero boundary
conditions and the integration by parts. Notice that since z ∈ H01 ,
kzk2L2

=

Z

b

a

2

z dx =

Z

b

a

2

1 · z dx = −

Z

b
a

2xzzx dx ≤ c kzkL2 kzx kL2 ,

where we have used Hölder’s inequality and set c = maxa≤x≤b |2x| = 2 max {|a| , |b|}. This
implies kzkL2 ≤ c kzx kL2 , or − kzx k2L2 ≤ −c−2 kzk2L2 . Combining this with the above inequality gives
d
kz(t, ·)k2L2 = −µ kzx (t, ·)k2L2 ≤ −µc−2 kz(t, ·)k2L2
dt
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for any t > 0. Applying Gronwall’s inequality gives
kz(t, ·)k2L2 ≤ e−µt/c kz0 k2L2
2

for any t > 0. Therefore, for any initial data in L2 , the solution tends to zero exponentially
fast in the L2 norm.
The following result is due to Ly, Mease and Titi [97, Theorem 2].
Theorem 3.3.1 Let z(t, x) be the solution to the time dependent Burgers’ equation (the
NLCD equation (3.4)-(3.6) with h = 0) on Ω = (a, b) without forcing, with zero Dirichlet boundary conditions (i.e., ua ≡ ub ≡ 0) and with initial condition z0 ∈ H01 . Then z
approaches zero exponentially in the H 1 norm, i.e.,
2

kz(t, ·)k2H 1 ≤ Me−µt/(b−a) kz0 k2H 1 ,
where M is a positive constant depending on a, b, µ and kz0 kH 1 .
Therefore, the zero state is the only equilibrium in this case and all solutions of the time
dependent problem converge to zero either in the L2 or H 1 norm depending on the initial
data.
For nonhomogeneous Dirichlet boundary data, the situation is similar. G. Kreiss and
H.-O. Kreiss showed that there is a unique equilibrium in [80].
Theorem 3.3.2 The steady Burgers’ Dirichlet problem (3.11), (3.12) with f ≡ 0 has a
unique smooth solution for any ua and ub .
Due to the simplicity of the problem, the solution can be given in a closed form.
Lemma 3.3.2 If f ≡ 0 and the Dirichlet boundary data satisfies w(a) = ua > ub = w(b),
then the unique smooth solution to the steady one dimensional Burgers’ equation (3.11) with
Dirichlet boundary conditions (3.12) is a hyperbolic tangent profile of the form
!

c
h(x) = c tanh
(d − x) ,
2µ

(3.14)

where c and d are constants.
Proof: In the absence of forcing the steady Burgers’ equation can be written as
∂
∂x



1 2
w (x) − µwx (x) = 0,
2


or µwx (x) =


1 2
w (x) − c0 ,
2

(3.15)

where c0 is a constant. Since w(a) = ua > ub = w(b), the solution w(·) must decrease
somewhere in the interval (a, b) and so wx (·) must be also be negative somewhere in the
interval. Then (3.15) implies that c0 must be positive, say c0 = c2 , and the above equation
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can be solved exactly to give
!

c
w(x) = c tanh
(d − x) ,
2µ
where c and d are constants.
This hyperbolic tangent profile is nearly constant throughout the interval (a, b) with a
“shock” located somewhere in the interior of the interval (see figure 3.1). The shock becomes
more pronounced as µ becomes small. In certain cases, the shock location can be determined
exactly.
Corollary 3.3.1 Suppose f ≡ 0 and ua = −ub with ub < 0 and let h(·) be the unique
solution of the steady Burgers’ Dirichlet problem (3.11), (3.12) given by (3.14). Then , h(·)
is odd about x = (b + a)/2, i.e., h(x) = −h(b + a − x). Therefore, d = (b + a)/2 and
h((b + a)/2) = 0.
Proof: Make the change of variable y = b + a − x. Then the function w̃(y) := −w(b + a − y)
also satisfies the steady Burgers’ equation. Since solutions are unique, it must be that
w(x) = −w(b + a − x). The hyperbolic tangent profile (3.14) satisfies this condition only if
d = (b + a)/2.

1

0.5

0

−0.5

−1
−1

−0.5

0
x

0.5

1

Figure 3.1: A sample hyperbolic tangent profile of the form (3.14) with c = 1, d = 1/3 and
µ = .01.
Using the Cole-Hopf transformation, one can show that the solution to the time dependent
problem will converge to this unique equilibrium for any initial data in L1 . Without the
transformation, it seems likely that one can use abstract monotonicity arguments (see [106],
[126] and the references therein) to prove the convergence of “most” solutions to the unique
equilibrium state. In particular, the convergence would only be guaranteed for a certain
class of smooth initial data. We will not explore these methods here. Also, in the presence
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of a forcing function, Hill and Süli showed that under certain conditions on the problem
data that there is a unique equilibrium and that all solutions of the time dependent problem
converge to that equilibrium in the L1 norm [70, Theorem 3.2].
Following the work of Kreiss and Kreiss, researchers began to notice that solutions to
the steady Burgers’ problem (3.11), (3.12) could move an order of magnitude by slightly
perturbing the Dirichlet boundary values. One of the first to notice this phenomenon was
Bohé who studied in [25] the more general steady problem
µwxx = f (w)g(wx),

w(a) = ua ,

w(b) = ub ,

with certain conditions on f (·) and g(·). Bohé found both theoretically and numerically that
solutions could move by an order of magnitude when ua or ub was perturbed by a slight
amount. Studies of the time dependent Burgers’ equation (and other similar problems)
followed by Laforgue and O’Malley ([87], [88], [89], [90]), Renya and Ward ([116], [117],
[146], [147]) and others [60]. Their studies found that given an arbitrary initial condition
for the time dependent problem, the solution could develop a shock after an order one unit
of time and slowly converge to a steady hyperbolic tangent profile. They found that the
location of the shock could move by an order of magnitude by perturbing the equation
and/or the boundary conditions by an exponentially small amount.
We briefly present two examples to show how small disturbances to the problem can
greatly affect the long time behavior of solutions. Laforgue and O’Malley in [88] studied
the following perturbation to the time dependent Burgers’ equation with Dirichlet boundary
conditions given by




zt = µzxx + z + b1 e−a/µ zx + b2 e−a/µ
z(t, −1) = −1 + 2b3 e−a/µ ,

z(t, 1) = 1 + 2b4 e−a/µ ,

where 0 < a < 1 is a constant and the constants bi are not all zero. (The sign change on the
nonlinear term only changes the sign of the unique steady state.) Corollary 3.3.1 implies that
if bi = 0 for each i, then the correct steady state solution is given by the hyperbolic tangent
profile (3.14) with d = 0. This solution has a shock precisely at x = 0. If the bi are not
P
all zero, then set b(µ) = 4i=1 bi − b2 µ. Using asymptotic analysis, Laforgue and O’Malley
showed in [88] that as µ → 0 the shock location xshock of the disturbed steady state problem
is given asymptotically by (up to exponentially small terms) [88, Equation 34]
xshock ∼





1 − a + µ log |b(µ)| ,
if b(µ) < 0
0,
if b(µ) = 0


−1 + a − µ log |b(µ)| , if b(µ) > 0.

Therefore the shock (and thus the solution) can move an incredible amount even though the
equation and boundary conditions are only slightly perturbed.
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Another example given by Reyna and Ward in [117] involved a time dependent Burgers’
equation with perturbed boundary conditions given by
zt + zzx = µzxx
µzx (t, 0) − κ1 [z(t, 0) − α] = 0, µzx (t, 1) + κ2 [z(t, 1) + α] = 0,
where α, κ1 and κ2 are all positive constants. With undisturbed Dirichlet boundary conditions z(t, 0) = α and z(t, 1) = −α, Corollary 3.3.1 forces d = 1/2 in the steady hyperbolic
tangent solution (3.14) and therefore the shock is located at x = 1/2. For the disturbed problem, Reyna and Ward used asymptotic analysis to show that as µ → 0 the shock location
xshock of the steady solution is given asymptotically by [117, Proposition 2]
xshock ∼

µ
κ1 (α − κ2 )
1
−
log
,
2 2α
κ2 (α − κ1 )

whenever (α − κ2 )(α − κ1 ) > 0. Again, the shock location can be moved by an order of
magnitude by a small perturbation to the boundary conditions. If this last inequality is not
satisfied, the solution undergoes an even more drastic change. The steady solution no longer
possesses a “shock” and can also be unstable. In this last case, solutions will “crash” into
one of the boundaries of the domain. This is in direct contrast to the undisturbed Dirichlet
boundary conditions where solutions must converge to the unique steady equilibrium.

3.3.2

Neumann Boundary Conditions

Solutions to Burgers’ equation with nonhomogeneous Dirichlet boundary conditions can be
“supersensitive” with respect to exponentially small perturbation to the boundary data. As
can be seen from the above two examples, the perturbations cannot necessarily be arbitrarily
small and still move the solution by an order of magnitude. However, solutions to the
homogeneous Neumann problem can be “infinitely sensitivity” to disturbances.
For this problem, the steady state solutions are again easily determined.
Lemma 3.3.3 If f ≡ 0 and ua = ub = 0, then constant functions are the only solutions of
the steady Burgers’ equation (3.11) with homogeneous Neumann boundary conditions (3.13).
Proof: By inspection, it is easily seen that any constant function is a solution. In a similar
manner to the Dirichlet problem, any nonconstant solution must be a hyperbolic tangent
profile of the form (3.14). Differentiating, we obtain
c2
c
hx (x) = − sech2
(d − x)
2µ
2µ

!

which cannot equal zero at the endpoints x = a or x = b unless c = 0. Therefore, constant
functions are the only steady solutions.
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Like the Dirichlet case, the precise behavior of the long time behavior of solutions to the
time dependent problem is also known. Provided the initial condition is continuous, Cao and
Titi recently proved that all trajectories must approach a constant function [38, Theorem 9].
Theorem 3.3.3 If the initial data z0 (·) ∈ C[a, b], the forcing f ≡ 0, the boundary values
ua ≡ ub ≡ 0 and z(t, x) is the solution to the time dependent Burgers’ equation with homogeneous Neumann boundary conditions (the NLCD equation (3.4), (3.6), (3.7) with h ≡ 0),
then there exists a constant c such that
sup |z(t, x) − c| −→ 0 as

x∈ [a,b]

t → ∞.

Unfortunately, this theorem does not reveal the value of the constant c. However, for a
certain class of initial data, one can exactly determine the long time behavior of solutions
to the time dependent problem. Allen et al. noticed that solutions to the time dependent
problem can possess a certain symmetry and proved the following corollary [2, Lemma 2.1].
Corollary 3.3.2 Define Cos [a, b] to be the class of all functions that are continuous and odd
symmetric on [a, b], i.e., z0 (x) = −z0 (b + a − x) for all x ∈ [a, b]. If z0 (·) ∈ Cos [a, b], then
the solution z(t, x) to the time dependent problem satisfies
lim z(t, x) = 0,

t→∞

for every x ∈ [a, b].

In addition, z(t, ·) ∈ Cos [a, b] for all t > 0.
Proof: The solution z(t, x) to the time dependent problem in unique by Theorem 3.2.2.
Make the change of variable y = b + a − x. Then z̃(t, y) = −z(t, b + a − y) also satisfies the
time dependent problem since the odd symmetric initial condition z0 (·) is unchanged by the
transformation. Since the solution is unique, it must be that z(t, x) = −z(t, b + a − x) for all
x ∈ [a, b] and all t > 0. By theorem 3.3.3, the solution must approach a constant function as
t → ∞. That constant function must be odd symmetric and is therefore identically zero.
In spite of this result, numerical experiments with certain asymmetric initial data have
produced numerical solutions which converge to a nonzero steady state as t → ∞ (see [29],
[98], [108]). Figure 3.2 shows a solution computed using the group finite element method
(see section 5.1) converging to the correct steady state (the zero function), while figure
3.3 shows another numerical solution quickly converging to a nonzero steady state. Notice
the nonzero steady state has a “shock” and is an order of magnitude larger than the zero
function. This phenomenon was studied extensively by Allen et al. in [2] and was shown to
be a result of finite precision arithmetic. The false nonzero steady state solution appearing
in the simulations was also shown in [2] to be a solution of the steady Burgers’ equation
(and therefore a hyperbolic tangent shock profile of the form (3.14)) with nonzero Neumann
boundary conditions
wx (0) = −ε = wx (1),
where ε > 0 can be arbitrarily small.
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Figure 3.2: Numerical solution of the time dependent Burgers’ equation with homogeneous
Neumann boundary conditions (3.4), (3.6), (3.7) over (0, 1) with h, f ≡ 0, µ = .1 and
z0 (x) = cos(πx) computed using the group finite element method with 32 equally spaced
nodes.
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Figure 3.3: Numerical solution of the time dependent Burgers’ equation with homogeneous
Neumann boundary conditions (3.4), (3.6), (3.7) over (0, 1) with h, f ≡ 0, µ = .1 and
z0 (x) = 4 cos(πx) computed using the group finite element method with 32 equally spaced
nodes.
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Therefore, solutions to Burgers’ equation with homogeneous Neumann boundary conditions can be infinitely sensitive to disturbances in the boundary data. An arbitrarily small
perturbation causes the solution to undergo an transition to an order one steady state. This
phenomenon might be expected from a contrived example, but it is surprising that it can be
seen in a relatively simple problem such as Burgers’ equation.

3.4

Discussion

In this chapter, we formulated a one dimensional nonlinear convection-diffusion equation
with both Dirichlet and Neumann boundary conditions as abstract differential equations. We
also considered inputs entering the problem through the boundary conditions. The general
framework of Ghidaglia and Temam does not provide existence and uniqueness results for
the Neumann problem. Therefore, special techniques were required to construct appropriate
theoretical tools to handle this situation.
The motivation for examining the one dimensional Burgers’ equation came from a particular two dimensional Burgers’ equation presented in the introduction to this chapter. Much
of the framework developed above naturally extends to higher dimensions. In particular,
once a change of variables is performed to transform the nonhomogeneous Dirichlet problem to a homogeneous problem, the resulting nonlinearity will also be conservative. This is
similar to the equations for the fluctuations about an equilibrium for both the Navier-Stokes
and Burgers’ equations with Dirichlet boundary conditions. A weak formulation for the 2D
Burgers’ problem with boundary inputs can also be developed in a similar fashion. The
Dirichlet map introduced above to define the boundary input operator extends naturally to
very general domains in higher dimensions although the exact form of the operator may not
be known as it is here (see [17], [95]).
Almost everything is known about solution of the 1D Burgers’ equation with various
boundary conditions due to its relative simplicity. This is not true of the Navier-Stokes
equations. Also, small disturbances can affect the location of equilibria and the long time
behavior of solutions to Burgers’ equation. For Dirichlet boundary conditions, a small disturbance in the boundary causes the equilibrium state to be moved by an order of magnitude.
Even though in the undisturbed system one can prove that all solutions must approach this
unique equilibrium, a small perturbation causes solutions to “transition” to another steady
state. Solutions to the Neumann problem possesses an even greater sensitivity with respect
to small disturbances. In this case, an arbitrarily small perturbation in the boundary condition causes the equilibrium to move an order of magnitude and solutions again transition.
This phenomenon occurs in practice when one simulates the undisturbed problem.
Due to the many similarities between Burgers’ equation and the Navier-Stokes equations,
it is possible that small disturbances can also drastically alter solution to the Navier-Stokes
equations. Specifically, this extreme sensitivity with respect to small disturbances might also
be present in flow experiments. In many cases, flows should theoretically return to a laminar
state for certain values of the Reynolds number, yet in practice the flow will transition to
turbulence at these same values. These examples with Burgers’ equation raise the possi-
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bility that small disturbances in flow systems cannot be neglected in studying transition to
turbulence. Extremely small disturbances could cause a flow to transition even though the
flow would remain laminar in an idealized system.
More work is required to fully understand the role of small disturbances in flow problems. Therefore, in the upcoming chapters, we examine several model problems that share
similarities with the Navier-Stokes equations. In particular, we study the sensitivities of solutions with respect to small perturbations in the system. In the next chapter, we formulate
the continuous sensitivity equation method for ODE model problems and a one and two
dimensional nonlinear convection-diffusion equation.

Chapter 4
The Continuous Sensitivity Equation
Method
We now turn to the question of sensitivities for the problems discussed above. In particular,
we employ sensitivity analysis to investigate how solutions change as a disturbance parameter
is varied. To motivate the ideas, consider the two dimensional Burgers’ equation
wt (t, x, y) + w(t, x, y)wx(t, x, y) + w(t, x, y)wy (t, x, y) = µ∇2 w(t, x, y).
defined on the rectangular domain Ω = (0, 1) × (0, 1) with periodic boundary conditions in
the x direction and nonzero Dirichlet boundary conditions on the top and bottom walls.
Thus, w(t, x, y) satisfies the boundary conditions
w(t, x, 1) = −1.

w(t, x, 0) = 1,

If h(x, y) is an an equilibrium state (whose existence we will discuss in section 4.4), one can
examine the fluctuations z about the equilibrium h by setting z(t, x, y) = w(t, x, y) − h(x, y).
The fluctuations z satisfy the nonlinear convection diffusion (NLCD) equation
zt + zzx + zzy = µ∇2 z − (hz)x − (hz)y ,
with periodic boundary conditions in the x direction and zero Dirichlet boundary conditions
on the top and bottom walls.
Now suppose the bottom and top walls are not perfectly flat but are given by the equations
b(x) = α sin(βx),

t(x) = 1 + b(x),

respectively. If α is small, then the walls are almost “flat”. Therefore, the above equations for
the walls may be viewed as a simplified form of wall roughness. Figure shows a comparison
of the smooth domain with this “rough walled” domain for α = .01 and β = 75. We study
how the solution of the 2D nonlinear convection-diffusion equation changes when the height
of the roughness, α, changes from zero (perfectly flat walls) to nearly zero (rough walls). The
56
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Figure 4.1: A comparison of (a) the smooth domain Ω = (0, 1) × (0, 1) with (b) the “rough
walled” domain described in the text for α = .01 and β = 75.

change in the solution can be measured by the derivative of the fluctuations with respect to
α. Therefore, define the sensitivity of the fluctuations with respect to α by
s(t, x, y) =

∂z
(t, x, y; α, β)
∂α

α=0, β=β0

,

if the derivative exists. Note that we have denoted the dependence of the solution on the
parameters α and β and have evaluated the derivative at α = 0 and β = β0 . If β0 is not near
zero, this raises the possibility that the walls change from perfectly flat (α = 0 and β 6= 0)
to having small but potentially very rough walls (0 < α ≪ 1 and 0 ≪ β).
Finding sensitivities is very important in many practical applications. For example, if a
vector of parameters determines the shape of a design, then the sensitivity may be input into
an optimization algorithm to determine the optimal shape of the design with respect to some
performance requirements. This is an important tool in many aerodynamic design problems
and other applications where building and testing various designs may be too costly.
We focus on the continuous sensitivity equation method (CSEM) for computing the sensitivities. Since the sensitivity is a derivative, one could use finite differences to approximate
the sensitivity. However, this approach can lead to difficulties in practice. First, one has
the problem of finding a good step size for the finite difference calculation. Also, if the
evaluation of the function is expensive as is the case in many applications (such as in flow
problems), this method can be very inefficient. Another method is to first discretize the
problem and then differentiate the resulting discrete system with respect to the parameters
of interest. However, when the parameter appears in the boundary as in the problem above,
this method requires computing sensitivities of domain transformation with respect to the
parameters. This can be quite complicated and can even lead to solving another system of
partial differential equations [26].
One method that has both theoretical and numerical advantages is the continuous sensi-
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tivity equation method (CSEM). Here, the infinite dimensional state equation is differentiated
with respect to the parameters of interest leading to linear equations for the sensitivities.
This linear equation is only weakly coupled to the original equation and can be solved independently. Therefore, one can use different numerical schemes or levels of refinement for
each equation. In particular, one can take advantage of the linear nature of the sensitivity
equation and solve it at a relatively small computational cost. This is especially advantageous if the original equation is nonlinear and requires a large amount of computational effort
to solve. An additional advantage of this method is that in some cases it can be theoretically justified by using an appropriate abstract framework. This framework can then guide
the choice of a numerical algorithm to compute the sensitivities. In other computational
methods, there is no guarantee that one is computing the “true” sensitivities.
With the basic idea behind us, we turn to model ODE problems to make the concepts
more precise. Then we review how the CSEM can be rigorously extended to infinite dimensional semilinear parabolic problems. The one dimensional nonlinear convection-diffusion
(NLCD) equation will be used to illustrate the details of this method. We then return to the
2D Burgers’ equation and formulate the equation governing the sensitivity of the solution
with respect to small changes in the domain as described above. In all of these examples, it
will be seen that if the underlying linear operator is non-normal, then the sensitivities can be
quite large. Numerical results will be presented in the following chapter. For further details
on the CSEM, see the references [26], [33], [34], [66], [129], [130], [131], [132], [133].

4.1

Sensitivities for ODE Model Problems

As mentioned in section 2.4.2, ODE model problem have been used by many researchers to
give insight into the transition process for flow problems. In particular, certain ODEs have
been used to support the claim that the domain of attraction of a laminar flow may shrink
rapidly with increasing Reynold’s number. In this section, we describe these ODE model
problems and formulate the sensitivity of the solution with respect to a small “unmodeled”
disturbance to the equation. In the next chapter, it will be shown that solutions to these
problems are very sensitive to these small disturbances.
The basic form of the initial value problem is given by
ẋ(t) = Ax(t) + kx(t)k Sx(t) + εd,

x(0) = x0 ∈ Rn ,

(4.1)

where A and S are n × n constant matrices, k·k is the standard Euclidean norm and d is a
constant vector. The matrix S will be taken to be skew-adjoint, i.e., ST = −S. In this case,
the nonlinear term F (x) = kxk S x is conservative for the standard Euclidean inner product
since
hF (x), xi = kxk hSx, xi = 0
for all vectors x. The matrix A will be non-normal, i.e., AAT 6= AT A. Therefore, when
ε = 0, this class of initial value problems shares a mathematical framework with the Navier-
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Stokes equations for a fluctuation about a base flow.
The following lemma summarizes some basic properties of this system when ε = 0.
Lemma 4.1.1 If S is skew-adjoint and ε = 0, then given any initial data x0 ∈ Rn there
exists a unique solution to the ODE system (4.1) that exists for all time. Also, if all of
the eigenvalues of A have negative real part, then the zero state is an asymptotically stable
equilibrium.
Proof: The right hand side of the ODE is locally Lipschitz and therefore, for any initial
data a solution exists and is unique on some small time interval. Due to the conservative
nature of the nonlinearity, we have
d 1
kxk2 = hAx + kxk S x, xi = hAx, xi ≤ kAk kxk2 .
dt 2
An application of Gronwall’s inequality shows that the unique solution is bounded on finite
time intervals and thus exists for all time. The nonlinearity F (x) = kxk Sx is continuous
and satisfies F (x) = o(kxk) as kxk → 0. Also, F (·) is C 1 since the Jacobian exists and is
given by
(
kxk S + S xxT / kxk ,
if x 6= 0
Dx F (x) =
(4.2)
0,
if x = 0,
which is continuous in x. Therefore, since the spectrum of A is contained in the left half
plane, Perron’s theorem (see Theorem 2.2.1) implies that the zero state is asymptotically
stable.
In the next chapter, we consider a specific 2D and 3D system of the above form. Both of
these systems have appeared in the literature in connection with the transition problem (see
[5], [6] and [143]) and they are also share common features with many other ODE model
problems used for this same purpose [6]. The 2D system takes the specific form
A=

"

−α1 /R
1
0
−α2 /R

#

,

S=

"

0 −1
1 0

#

,

d=

"

1
1

#

,

while the 3D system is given by




−α1 /R
1
0


0
−α2 /R
1
A=
,
0
0
−α3 /R





0 −s1 −s2

s3 
S =  s1 0
,
s2 −s3 0





1


d =  1 ,
1

where all of the parameters are positive. In particular, we fix the values of all the parameters
with the exception of R which plays the role of the Reynolds number.
Since the origin is asymptotically stable, there is a ball containing zero such that for
any initial data in the ball, the solution will converge to the zero state. However, for these
and other similar ODE systems the size of the largest ball of attraction has radius Rγ , with
γ ≤ −2 (see [6]). Outside of this ball there are initial conditions where the solution will tend
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to an equilibrium or a periodic, quasi-periodic or chaotic orbit depending on the values of
the parameters. As mentioned in section 2.4.2, this phenomenon is similar to Couette and
pipe flows. We shall see that a small imperfection in the initial condition may cause the flow
to transition even though the equilibrium is asymptotically stable.
We also examine another sensitivity. In particular, we consider the problem of determining if solutions to the above ODE systems are sensitive to the small disturbance εd. Notice
that as soon as ε is nonzero, the zero state is no longer an equilibrium. That does not of itself
imply that solutions are sensitive to the small disturbance. The solution of the disturbed
system can still be “nearby” the solution of the undisturbed system. However, note that if
the forcing function εd is included in the nonlinear term, the perturbed nonlinear term is no
longer conservative or definite since
hF (x) + εd, xi = ε hd, xi = ε(x1 + · · · + xn ).
The 1D Burgers’ equation with Neumann boundary conditions shows how a nonconservative
nonlinearity can cause solutions to be extremely sensitive with respect to small disturbances
(see section 3.3.2). Therefore, to investigate the sensitivity of solutions to the above ODEs
with respect to ε, compute the derivative
s(t) =

∂
x(t; ε)
∂ε

ε=0

.

(4.3)

The derivative is evaluated at zero to measure how the solution changes with the introduction
of the disturbance εd to the ODE system. Formally differentiating the initial value problem
(4.1), using the chain rule and substituting in ε = 0, yields the sensitivity equation
ṡ(t) = As(t) + Dx F (x(t; 0))s(t) + d,

s(0) = 0 ∈ Rn ,

(4.4)

where the Jacobian Dx F (·) is defined in (4.2).
Note that the sensitivity equation is linear. Also, due to the simplicity of the problem,
one can couple the sensitivity equation to the original system and simply solve them simultaneously. Even though the sensitivity equation is linear, it is driven by a “large” forcing
d. Furthermore, if the matrix A is non-normal, the discussion in section 2.4.2 implies that
solutions can experience significant transient growth. Thus, the constant forcing d or the
time dependent linear operator Dx F (x(t; 0)) has the potential to keep the sensitivity large.
These observations raise the possibility that even though the disturbance to the original
system is small, the sensitivity with respect to such a perturbation has the potential to be
quite large when A is non-normal.
In formally deriving the above sensitivity equation, we assumed two things. First, we
assumed that the derivative defining the sensitivity exists. We also assumed that we could
switch the order of differentiation with respect to ε and t. This requires the mixed derivatives
of x(t; ε) to be continuous which again we do not know. However, the following result found
in [41, Theorem 1.7.2] and [102, Theorem 2.7.2] guarantees that the above procedure is
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justified.
Theorem 4.1.1 Let D ⊂ Rn and Q ⊂ R be open domains and assume f : D × Q → Rn is
C 1 on D × Q. Suppose for each (x0 , q0 ) ∈ D × Q there exists a unique solution x(t; x0 , q0 )
to the initial value problem
ẋ(t; q) = f (x(t; q); q),

x(0) = x0 ∈ Rn .

defined on an interval 0 < t < T (x0 , q0 ). Then for each (x0 , q0 ) ∈ D × Q, the sensitivity
s(t) =

∂x
(t; q)
∂q

q=q0

exists on 0 < t < T (x0 , q0 )and satisfies the initial value problem
ṡ(t) = [Dx f (x(t; q0 ); q0 )]s(t) + [Dq f (x(t; q0 ); q0 )],

s(0) = 0.

Corollary 4.1.1 Let x(t; ε) be the solution to the initial value problem (4.1). Then the
sensitivity s(t) defined in (4.3) exists for all t > 0 and satisfies the sensitivity equation (4.4).
Proof: For the initial value problem (4.1), f (x; ε) = Ax + kxk S x + εd is C 1 over all of R
in both x and ε. The derivatives at ε = 0 are given by
Dx f (x(t; 0); 0) = A + Dx F (x(t; 0); 0),

Dε f (x(t; 0); 0) = d.

Since the solution x(t; 0) exists for all time by Lemma 4.1.1, the above theorem implies that
the sensitivity s(t) exists for all t > 0 and satisfies the sensitivity equation (4.4).
The ODE model problems presented here demonstrate the essence of the continuous
sensitivity equation method. The next section outlines a framework that rigorously extends
the CSEM to a certain class of infinite dimensional dynamical systems.

4.2

Sensitivities for Semilinear Parabolic Equations

We now review how the continuous sensitivity equation method can be rigorously extended
to certain abstract parabolic equations. In particular, we focus on the parameter dependent
initial value problem over an infinite dimensional state space X given by
ẋ(t; q) = Ax(t; q) + F (x(t; q); q),

x(0; q) = x0 (q).

(4.5)

We assume A is sectorial so that the fractional powers X α are well defined for some α ∈ (0, 1).
The parameter q is in a Banach space Q. The results presented in this section will be used to
study the sensitivities of a one and two dimensional nonlinear convection-diffusion equation
in sections 4.3 and 4.4. The sensitivity theory presented here is applicable to a wide range
of problems, including the Navier-Stokes equations on bounded domains (see [67, Example
3.8]).
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To rigorously extend the continuous sensitivity method to the abstract parabolic initial
value problem (4.5), we require the Fréchet derivative and a chain rule.
Definition 4.2.1 An operator F mapping a Banach space X into another Banach space Y
is Fréchet differentiable at x0 ∈ X if there exists a continuous linear operator Dx F (x0 ) such
that
kF (x) − F (x0 ) − [Dx F (x0 )](x − x0 )kY = o(kx − x0 kX ) as kx − x0 kX → 0
for every x in a neighborhood of x0 . The linear operator Dx F (x0 ) is the Fréchet derivative
of F (·) at x0 .
The following version of the chain rule for Fréchet derivatives can be found in [145, Proposition II.4.1].
Lemma 4.2.1 Let X and Y be Banach spaces and let Q be open in R. If x : Q ⊂ R → X
is Fréchet differentiable at q0 ∈ Q and if F : X → Y is Fréchet differentiable at x(q0 ), then
F (x(·)) : Q ⊂ R → Y is Fréchet differentiable at q0 and
Dq F (x(q))

q=q0

= Dx F (x(q))

q=q0

Dq x(q)

q=q0

.

The following result extends the CSEM to abstract semilinear parabolic equations and
can be found in Henry’s text [67, Theorem 3.4.4].
Theorem 4.2.1 Suppose X and Y are Banach spaces, A is sectorial on X, α ∈ (0, 1), U
is open in X α and Q is open in Y . Suppose also that F : U × Q → X and the Fréchet
derivatives Dx F and Dq F are all continuous on U × Q. For x0 ∈ U, µ > 0 and q ∈ Q, let
x = x(t; x0 , µ, q) be the solution of
ẋ(t) = µAx(t) + F (x(t); q),

x(0) = x0 ,

on the interval 0 < t < T (x0 , µ, q). Then x is continuously Fréchet differentiable with respect
to x0 , µ and q from X α × R+ × Q into X α . The sensitivities s1 (t) = Dx0 x(t; x0 , µ, q),
s2 (t) = Dµ x(t; x0 , µ, q) and s3 (t) = Dq x(t; x0 , µ, q) exist on the interval 0 < t < T (x0 , µ, q)
and are given by the solutions of the linear initial value problems
s˙1 (t) = µAs1(t) + [Dx F (x(t; q); q)]s1 (t), s1 (0) = I.
s˙2 (t) = µAs2(t) + [Dx F (x(t; q); q)]s2(t) + Ax(t), s2 (0) = 0.
s˙3 (t) = µAs3(t) + [Dx F (x(t; q); q)]s3(t) + [Dq F (x(t); q); q)], s3 (0) = 0.

(4.6)
(4.7)
(4.8)

Therefore, in the framework of sectorial operators and fractional powers of the state space
X, the sensitivity equation method can be made rigorous. Note that in this result the linear
operator A does not explicitly depend on the parameter q. In certain cases this can be
overcome (see [67, Section 3.4]), however we will not deal with this case here.
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We are primarily concerned with the differentiability of the solution with respect to the
parameter q. This theorem does not cover the case where the initial data depends on q such
as in the initial value problem (4.5) above. We will encounter this case for a one dimensional
NLCD equation in the next section. However, this theorem can be easily extended using the
chain rule for Fréchet derivatives presented above to cover this case when the parameter q
is real.
Corollary 4.2.1 Let the assumptions of Theorem 4.2.1 be satisfied with the space Y =
R. Suppose also that the initial data x0 (q) is differentiable with respect to q ∈ Q ⊂ R.
Then if x(t; q) is the solution of the initial value problem (4.5), then x(t; q) is continuously
differentiable in q from Q into X α . The sensitivity s(t) = Dq x(t; q) exists as long as x(t; q)
exists and is the solution of the linear initial value problem
ṡ(t) = As(t) + [Dx F (x(t; q); q)]s(t) + [Dq F (x(t; q); q)],

s(0) = Dq x0 (q).

(4.9)

Proof: First, consider the solution of the initial value problem to depend on x0 and q, i.e.,
x = x(t; x0 , q). We momentarily suppress the dependence of x0 on q. By the above theorem,
the sensitivities s1 (t) = Dx0 x(t; x0 , q) and s3 (t) = Dq x(t; x0 , q) exist as long as the solution
x(t; x0 , q) exists. Since x0 = x0 (q) maps R to X α and is Fréchet differentiable with respect
to q, the chain rule for Fréchet derivatives in Lemma 4.2.1 implies that x = x(t; x0 (q), q) is
Fréchet differentiable with respect to q and
Dq x(t; x0 (q), q) = Dx0 x(t; x0 (q), q) Dq x0 (q) + Dq x(t; v0 (q), q)
= s1 (t) Dq x0 (q) + s3 (t).
Therefore, the sensitivity s(t) = Dq x(t; x0 (q), q) exists as long as x(t; q) = x(t; x0 (q), q) exists.
Since s1 (t) and s3 (t) satisfy the initial value problems (4.6) and (4.7), a direct computation
shows that s(t) satisfies the linear initial value problem (4.9).

4.3

Sensitivities for a 1D Burgers’ Equation

In this section, we apply the results of the previous section to rigorously formulate the CSEM
for the one dimensional nonlinear convection-diffusion (NLCD) equation given by
wt + wwx = µwxx − (hw)x

(4.10)

with Dirichlet boundary conditions
w(t, −1) = 0,

w(t, 1) = ε

(4.11)

and initial condition
w(0, x) = w0 (x).

(4.12)
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Here, ε > 0 is a small constant, µ > 0 is constant and h(·) is the unique solution of the
steady problem
hhx = µhxx , h(−1) = 1, h(1) = −1
given by the hyperbolic tangent profile (see Corollary 3.3.1)
h(x) = c tanh (−cx/2µ) .

(4.13)

The constant c is chosen to satisfy the nonhomogeneous Dirichlet boundary conditions (4.11).
Here, we examine the sensitivity of solutions with respect to the disturbance ε. Let
w = w(t, x; ε) be the solution to (4.10)-(4.12) and define the sensitivity
s(t, x) =

∂w
(t, x; ε)
∂ε

ε=0

.

(4.14)

Proceed as with the ODE model problems in section 4.1 and formally differentiate the NLCD
equation (4.10)-(4.12) with respect to ε using the chain rule and set ε = 0. This yields a
partial differential equation for the sensitivity given by
st (t, x) = µsxx (t, x) − (h(x)s(t, x))x − (w(t, x; 0) s(t, x))x

(4.15)

with Dirichlet boundary conditions
s(t, −1) = 0,

s(t, 1) = 1

(4.16)

and zero initial condition
s(0, x) = 0.

(4.17)

Notice again that the sensitivity equation is linear. Therefore, the undisturbed NLCD equation may first be solved for w(t, x; 0) and then the linear sensitivity equation solved separately. Also, note that the small disturbance in the boundary condition produces a large
boundary condition for the sensitivity equation. Furthermore, as observed in the ODE case,
if the underlying time independent linear operator is non-normal, then the solution has the
potential for large transient growth. Thus, either the input from the nonzero boundary
condition or the time dependent linear term (w(t, x; 0) s(t, x))x has the potential to produce
large sensitivities. This can happen even if the undisturbed solution w(t, x; 0) and the time
dependent linear term are “small”. A similar phenomenon was seen in the sensitivity equation for the ODE model problems considered in the previous section. Therefore, the small
disturbance has the potential to cause a large change in the solution w(t, x; 0).
Below, we place the NLCD equation into a strong state space formulation. With the
equation in this framework, we can use the results of the previous section to show that
the sensitivity formally defined in (4.14) exists and satisfies the sensitivity equation (4.15)(4.17). The approach outlined here is general and can easily be extended to many other
similar problems. Theoretical results such as this are important since they can guide the
construction of suitable numerical methods for the problem under consideration.
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Abstract Formulation

To place the above nonlinear convection-diffusion equation (4.10)-(4.12) into an abstract
strong form, we introduce a change of variables to homogenize the boundary conditions.
Let ψ(x; ε) = ε(x + 1)/2 and define v(t, x; ε) = w(t, x; ε) − ψ(x; ε). Then v satisfies the
transformed NLCD given by
vt + vvx = µvxx − ((h + ψ)v)x + f

(4.18)

with zero Dirichlet boundary conditions
v(t, −1; ε) = 0,

v(t, 1; ε) = 0

(4.19)

and initial condition
v(0, x; ε) = v0 (x; ε) := w0 (x) − ψ(x; ε).

(4.20)

The forcing function f is defined by
f = f (x; ε) = −h(x)ψx (x; ε) − hx (x)ψ(x; ε) − ψ(x; ε)ψx (x; ε).

(4.21)

When ε = 0, these equation reduce to the above NLCD equation (4.10)-(4.12). When ε 6= 0,
these equations can be viewed as a perturbation to the original fluctuation equations. Note
that the perturbation has entered in the linear term as well as adding a forcing function. As
in the case of the ODE examples considered in section 4.1, if we view this forcing function
as an addition to the nonlinearity, then the perturbed nonlinearity is no longer conservative.
Again, this implies that solutions of this transformed equation may behave very differently
from solutions to the original equation.
Let X = L2 (−1, 1) with the standard inner product and norm. Also let V = H01 (−1, 1)
with inner product hu, viV = hux , vx iX . Multiplying the equation by a test function ϕ ∈ V ,
integrating over the domain (−1, 1) and integrating all of the linear terms by parts yields
the weak form of the problem: find v ∈ V such that
∂
hv, ϕiX = −µ hv, ϕiV + h(h + ψ)v, ϕx iX − hvvx , ϕiX + hf, ϕiX
∂t

(4.22)

for all ϕ ∈ V . The inner products resulting from the linear terms are associated to the
bilinear form a : V × V → R defined by
a(u, v) = −µ hv, ϕiV + h(h + ψ)v, ϕx iX .
Also, the bilinear form naturally defines the linear operator A : D(A) ⊂ X → X given by
hAu, viX = a(u, v)
for all v ∈ V and all u in the domain D(A) = { u ∈ V : Au ∈ X}. For this problem, it is
well known that D(A) = H 2 ∩ V = H 2 ∩ H01 (see [101]). An application of the Fundamental
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Lemma of the Calculus of Variations (see [101, Lemma 2.4.5]) implies that
Au = µuxx − ((h + ψ)u)x
for all u ∈ D(A).
The following result can be used to ascertain specific information about operators derived
from a sesquilinear form (see [101, Sections 2.8, 4.5 and 6.1]).
Theorem 4.3.1 Suppose the following conditions are satisfied.
(B1) There exist complex Hilbert spaces X and V with inner products h·, ·iX and h·, ·iV such
that V is dense in X. Also, there exists M1 > 0 such that kvkX ≤ M1 kvkV for all
v ∈V.
(B2) There exists a sesquilinear form a(·, ·) : V × V → C, i.e., the form is linear in its first
argument and conjugate linear in its second argument.
(B3) There exist M2 , M3 > 0 and a ∈ R such that for all u, v ∈ V
|a(u, v)| ≤ M2 kukV kvkV ,

Re a(v, v) ≤ −M3 kvk2V + a kvk2X .

(B4) The linear operator A : D(A) ⊂ X → X is defined by hAu, viX = a(u, v) for all v ∈ V
and all u ∈ D(A) = { u ∈ V : Au ∈ X}.
Then, A satisfies the following properties.
1. The numerical range and the spectrum of A are contained in a sector W in the complex
plane given by
n

o

W := z ∈ C : Re(z) ≤ a − M1−2 M3 , |Im(z)| ≤ M2 M3−1 (a − Re(z)) .
2. If the embedding V ⊂ X is compact, then the resolvent operator R(λ; A) is compact
and therefore the spectrum of A is discrete.
3. The operator A is sectorial and generates an analytic C0 -semigroup.
4. The fractional power of the state space, X 1/2 , can be taken to be V .
This theorem can easily be used to show that the convection-diffusion operator defined above
generates an analytic semigroup.
Lemma 4.3.1 Let X = L2 (−1, 1), h ∈ C 1 [−1, 1] and define A : H 2 ∩ H01 ⊂ X → X by
Au = µuxx − (hu)x . Then X 1/2 = H01 , the spectrum of A is discrete and A is sectorial and
generates an analytic semigroup.
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Proof: Complexify the Hilbert spaces X and V defined above so that the bilinear form
a(·, ·) is sesquilinear on V × V . For property (B1), it is well known that V = H01 is dense in
X = L2 . The remainder of the first condition follows directly from the Poincaré inequality.
However, to obtain a numerical value for M1 note that for all v ∈ V
kvk2X

=

1

Z

Z

2

−1

1 · v dx = −

1
−1

2x vvx dx ≤ 2 kvkX kvx kX = 2 kvkX kvkV .

Here, we have integrated by parts and used Hölder’s inequality. Therefore, kvkX ≤ 2 kvkV
for all v ∈ V and M1 can be taken to be 2. For property (B3), note that
|a(u, v)| ≤ µ kukV kvkV +

Z

1
−1

|huvx | dx ≤ (µ + M1 khkL∞ ) kukV kvkV .

After observing vvx = (v 2 /2)x and integrating by parts, we obtain
Re a(v, v) =

−µ kvk2V

1
−
2

Z

1

−1

2

hx v dx ≤

−µ kvk2V

1
−
2

"

inf

x∈(−1,1)

#

hx (x) kvk2X .

Both of these inequalities depend on the fact that since h ∈ C 1 and therefore h and hx are
bounded above and below. Therefore, we may take
M1 = 2,

M2 = µ + M1 khkL∞ ,

1
M3 = µ and a = −
2

"

inf

x∈(−1,1)

#

hx (x) .

Also, it is well known that V ⊂ X is a compact embedding (see [101, Corollary 3.6.17]). All
of the requirements of Theorem 4.3.1 are satisfied and the results follow.
Note that this lemma holds for any C 1 function h(·). For the specific case of the hyperbolic
tangent profile (4.13), h is decreasing everywhere and has a “shock” at x = 0 (see section
3.3.2). At the shock, the derivative hx will be very large and negative and therefore the
constant a will also be large and positive. Part 1 of Theorem 4.3.1 gives the following bound
on the real part of the spectrum:
Re(λ) ≤ a − M3 M1−2

for any λ ∈ Λ(A).

Therefore, when h is given by the hyperbolic tangent profile, it is possible that the spectrum
of A extends into the right half plane since a is large and positive. However, Kreiss and
Kreiss showed this is not the case [80].
Theorem 4.3.2 Let X = L2 (−1, 1), µ be a positive constant, h ∈ C 1 [−1, 1] and define
A : H 2 ∩ H01 ⊂ X → X by Au = µuxx − (hu)x . Then the eigenvalues of A are all real and
negative and cannot accumulate at zero.
Due to this spectral bound and the above lemma, we have the following result.
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Corollary 4.3.1 If h ∈ C 1 [−1, 1], then the operator A defined above generates an exponentially stable C0 -semigroup.
Proof: By Lemma 4.3.1, A generates an analytic semigroup. Since the spectrum of A
consists entirely of eigenvalues which are bounded away from the imaginary axis, Theorem
2.1.8 implies that A generates an exponentially stable semigroup.
Therefore, the linear operator for the nonlinear convection diffusion equation given by
Av = µvxx − ((h + ψ)v)x on the domain H 2 ∩ H01 is sectorial and generates an exponentially
stable semigroup. However, to apply the theory in the previous section for the derivation of
the sensitivity equation, the operator A cannot depend on the parameter ε. Therefore, we
include the term (ψ(ε)v)x in the nonlinear operator and redefine the linear operator as
Av = µvxx − (hv)x

(4.23)

on the same domain. The above corollary still applies and therefore the operator is sectorial
and generates an exponentially stable semigroup. To complete the abstract form of the
equation, define the ε dependent nonlinear operator F : V × R ⊂ X × R → X by
F (v; ε) = −vvx − (ψ(ε) v)x + f (ε),

(4.24)

where ψ(ε) = ψ(x; ε) = ε(x + 1)/2 and f (ε) = f (x; ε) is defined in (4.21). Therefore, the
nonlinear convection diffusion equation takes the form
v̇(t; ε) = Av(t; ε) + F (v(t; ε); ε),

v(0; ε) = v0 (ε) ∈ V = X 1/2 .

(4.25)

This formulation allows us to apply the theory from the previous section (specifically, Corollary 4.2.1) to rigorously study the sensitivity of the solution with respect to ε.

4.3.2

Local Uniqueness and Stability

We now verify that the abstract nonlinear convection diffusion equation (4.23)-(4.25) has a
unique solution on some (possibly small) time interval. The following local existence result
can be found in [67, Theorem 3.3.3].
Theorem 4.3.3 Consider an initial value problem over a Banach space X of the form
ẋ(t) = Ax(t) + F (x(t)),

x(0) = x0 ∈ X,

where A : D(A) ⊂ X → X is sectorial and X α is well defined for some α ∈ (0, 1). Let U be
open in X α and suppose F : U ⊂ X α → X is locally Lipschitz on U, i.e., for every x ∈ U,
there exists a ball B ⊂ U about x and a constant L > 0 such that for all y ∈ B,
kF (x) − F (y)kX ≤ L kx − ykα .
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Then for any x0 ∈ U, there exists T = T (x0 ) such that the initial value problem has a unique
solution x(t) on defined on (0, T ).
We will not give a precise definition of a solution here (see the above reference for details).
However, we note that the solution satisfies the “variation of parameters” integral equation
(see [67, Lemma 3.3.2]) given by
x(t) = S(t)x0 +

Z

t
0

S(t − s)F (x(s)) ds,

where S(t) is the C0 -semigroup generated by A.
The following proof of local existence and uniqueness for the NLCD problem follows an
example in [67, Section 3.3].
Theorem 4.3.4 Let ε > 0 and h ∈ C 1 [−1, 1]. For any v0 ∈ H01 , there exists a T = T (v0 )
such that the abstract nonlinear convection diffusion equation (4.23)-(4.25) has a unique
solution on (0, T ).
Proof: For X = L2 (−1, 1), Lemma 4.3.1 implies that A is sectorial and X 1/2 = V = H01 . We
only need to show that
F (·) is locally Lipschitz. For any v ∈ V , v is absolutely continuous
Rx
which implies v(x) = −1
vτ dτ . Therefore,
kvkL∞ ≤

Z

1

−1

|vx | dx ≤ k1kX kvx kX =

√

2 kvkV

by Hölder’s inequality. This inequality is used repeatedly below. For any u, v ∈ V ,
kF (u) − F (v)kX ≤ kuux − vvx kX + k(ψu)x − (ψv)x kX
For the first term,
kuux − vvx kX = ku(u − v)x + (u − v)vx kX
≤ kukL∞ k(u − v)x kX + ku − vkL∞ kvx kX
√
√
≤
2 kukV ku − vkV + 2 ku − vkV kvkV
√
2 (kukV + kvkV ) ku − vkV .
≤
For the second term,
k(ψu)x − (ψv)x kX = kψx (u − v) + ψ(u − v)x kX
≤ kψx kX ku − vkL∞ + kψkL∞ k(u − v)x kX
√
≤ ( 2 kψkV + kψkL∞ ) ku − vkV .
Therefore, F (·) is locally Lipschitz over all of V and the result follows.
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In the proof, we derived
kvkL∞ ≤

√

2 kvkV

for all v ∈ V = H01 .

(4.26)

This inequality will be useful below. Also, this result only provides local existence and
uniqueness for smooth initial data. As mentioned in section 3.2, it is likely that this result
can be extended to global uniqueness for arbitrary L2 initial data.
The infinite dimensional version of Perron’s theorem for abstract semilinear parabolic
problems (see theorem 2.2.3) can be used to study the stability of the zero state of the
undisturbed (i.e., ε = 0) NLCD equation.
Proposition 4.3.1 If ε = 0 and the initial data v0 ∈ V = H01 is small enough in the V
norm, then the solution v(t) to the nonlinear convection diffusion equation (4.23)-(4.25)
exists and is unique for all time and tends to zero asymptotically in the V norm.
Proof: Since X 1/2 = V and the linear operator A is sectorial and generates an exponentially
stable semigroup, to apply Theorem 2.2.3 all that remains is to show is kF (v; 0)kX = o(kvkV )
as kxkV → 0. Note for ε = 0, the nonlinearity is given by F (v; 0) = −vvx . Using the
inequality (4.26) gives
√
kF (v; 0)kX = kvvx kX ≤ kvkL∞ kvx kX ≤ 2 kvk2V .
Therefore kF (v; 0)kX = o(kvkV ) as kvkV → 0. Thus, all of the hypotheses of Theorem 2.2.3
are satisfied and the result follows.
Note that this result only treats the case where the initial condition is small and smooth,
i.e., v0 ∈ H01 . Therefore, results such as this do not provide any information about the long
time behavior of solutions with small non-smooth initial data. In flow systems, it is possible
to have non-smooth initial data. Different techniques are required to handle this scenario.

4.3.3

Derivation of the Sensitivity Equation

With the abstract framework presented above, one can use the results from the previous
section to rigorously extend the continuous sensitivity equation method to the nonlinear
convection-diffusion equation. First, we apply Corollary 4.2.1 to the abstract strong form
of the transformation of the NLCD equation (4.23)-(4.25). Once the sensitivity equation is
rigorously obtained for the transformed state v(t; ε), the transformation will be inverted to
arrive at the sensitivity equation for the original state w(t; ε).
Theorem 4.3.5 Let v(t, x; ε) be the solution of the transformed NLCD equation (4.18)(4.20) on (0, T ) for some T > 0. Then, v(t, x; ε) is continuously differentiable with respect
to ε so that the sensitivity
∂v
r(t, x) =
(t, x; ε)
(4.27)
ε=0
∂ε
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exists on (0, T ) and satisfies the linear initial value problem
rt = µrxx − ((h + v)r)x − ((h + v)ψ̃)x
r(t, −1) = 0, r(t, 1) = 0
r(0, x) = −ψ̃(x),

(4.28)
(4.29)
(4.30)

where ψ̃(x) = (x + 1)/2 and v = v(t, x; 0) is the solution to the NLCD equation (4.10)-(4.12)
with ε = 0.
Proof: Consider the abstract formulation of the transformed NLCD equation given by
(4.23)-(4.25). Recall that V = X 1/2 and the linear operator A defined in (4.23) is sectorial
and does not depend on ε. To apply Corollary 4.2.1, it remains to show that the nonlinearity
F : V ×R ⊂ X ×R → X is continuous and the Fréchet derivatives Dv F (v; ε), Dε F (v; ε) and
Dε v0 (ε) all exist and are continuous over V ×R. Since the solution v(t; 0) to the undisturbed
problem exists for all time, it will follow that the sensitivity of the transformed state will
exist for all time.
First, we show the continuity of F in V ×R. For ease of notation, define ψ̃(x) = (x+1)/2
so that ψ(x; ε) = ε(x + 1)/2 = εψ̃(x). For any (u, ε) and (v, ε̂) in the product space V × R,
kF (u; ε) − F (v; ε̂)kX ≤ kuux − vvx kX + k(ψ(ε) u)x − (ψ(ε̂) v)x kX + kf (ε) − f (ε̂)kX .
We bound each term separately. In the proof of Theorem 4.3.4, we bounded the first term
by
√
kuux − vvx kX ≤ 2 (kukV + kvkV ) ku − vkV .
For the second term, using the inequality (4.26) and ψ = εψ̃ yields
k(ψ(ε) u)x − (ψ(ε̂) v)x kX = k ε(ψ̃u)x − ε(ψ̃v)x + ε(ψ̃v)x − ε̂(ψ̃v)x kX
≤ k ε(ψ̃(u − v))x kX + k (ε − ε̂)(ψ̃v)x kX




≤ kεkR k ψ̃x (u − v)kX + k ψ̃(u − v)x kX + k ψ̃vkV k ε − ε̂kR


√
≤
2 kεkR k ψ̃kV + k ψ̃kL∞ ku − vkV + k ψ̃vkV k ε − ε̂kR .

For the third term, a straightforward computation using the definition of f (ε) in (4.21) gives




kf (ε) − f (ε̂)kX ≤ kε − ε̂kR k h ψ̃kV + kε + ε̂kR k ψ̃ ψ̃x kX .
Letting ku − vkV and kε − ε̂kR tend to zero shows that F (·, ·) is continuous over V × R.
Next, consider the Fréchet differentiability of F (·, ·) with respect to each of its arguments.
For a fixed ε ∈ R, F maps V to X and for v fixed in V , F maps R to X. Therefore, the
Fréchet derivatives will be defined on the domains
Dv F (v; ε) : V ⊂ X → X,

Dε F (v; ε) : R → X.
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It will be shown that the Fréchet derivatives are given by
[Dv F (v; ε)] r = −(vr)x − (ψ(ε)r)x ,

h

i

[Dε F (v; ε)] ε̂ = −(ψ̃v)x − (ψ̃h)x − εψ̃ ε̂.

First, it is easily seen that both of these operators are continuous on their respective domains
of definition. Showing that these linear operators are actually the appropriate Fréchet derivatives is also straightforward. For the v derivative, let ε be fixed in R. A direct computation
shows
kF (r; ε) − F (v, ε) − [Dv F (v; ε)](r − v)kX = k−(r − v)x (r − v)kX

≤ kr − vkL∞ k(r − v)x kX ≤

√

2 kr − vk2V

which is o(kr − vkV ) as kr − vkV → 0. Therefore, Dv F (v; ε) is the Fréchet derivative of
F with respect to v. The other follows in a similar fashion. Also, recall that v0 (x; ε) =
w0 (x) − ψ(x; ε) (see 4.20). Since ψ(x; ε) = εψ̃(x) = ε(x + 1)/2, v0 is clearly differentiable
with respect to ε over all of R and the derivative is given by Dε v0 (ε) = −ψ̃.
All of the requirements of Corollary 4.2.1 are now satisfied. Since the solution to v(t; 0)
to the undisturbed problem exists on (0, T ), it follows that the sensitivity defined in (4.27)
exists on (0, T ) and satisfies the abstract linear initial value problem
ṙ(t) = Ar(t) + [Dv F (v; 0)] r(t) + [Dε F (v; 0)],

r(0) = Dε v0 (0),

on (0, T ). Substituting the exact form of the operators into the above expression shows that
r = r(t, x) must satisfy the linear partial differential equation given by (4.28)-(4.30).
Note that the sensitivity equation for the transformed state is precisely what one obtains
by differentiating the transformed NLCD equation (4.18)-(4.20) with respect to ε, using the
chain rule and setting ε = 0. The abstract framework has made this procedure rigorous.
The above result can be used to prove that the sensitivities for the untransformed NLCD
equation satisfy the formally derived sensitivity equation presented in the beginning of this
section.
Corollary 4.3.2 Let w(t, x; ε) be the solution of the NLCD equation (4.10)-(4.12) on (0, T )
for some T > 0. Then w(t, x; ε) is continuously differentiable with respect to ε so that
the sensitivity defined in (4.14) exists on (0, T ) and satisfies the linear sensitivity equation
(4.15)-(4.17).
Proof: Let w(t, x; ε) and v(t, x; ε) be the solutions of the untransformed and transformed
NLCD equations, respectively. Also let r(t, x) be the sensitivity of the transformed state
v defined in the above theorem in (4.27). The transformation was given by w(t, x; ε) =
v(t, x; ε) + ψ(x; ε), where ψ(x; ε) = εψ̃(x) = ε(x + 1)/2. Since v and ψ are both differentiable
with respect to ε, so is w. Therefore, s(t, x), the sensitivity of the untransformed state
defined in (4.14), is given by
s(t, x) =

∂
w(t, x; ε)
∂ε

ε=0

=

∂
v(t, x; ε)
∂ε

ε=0

+

∂
ψ(x; ε)
∂ε

ε=0

= r(t, x) + ψ̃(x)
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Since the sensitivity r(t, x) exists on (0, T ), so does s(t, x). Also, since r(t, x) satisfies the
linear partial differential equation (4.28)-(4.30), a substitution shows that the s(t, x) satisfies
the linear sensitivity equation (4.15)-(4.17).
Here, we make some observations about the sensitivities s(t, x) for the untransformed
NLCD equation. The above corollary shows that s(t, x) satisfies the sensitivity equation
given by
st = µsxx − (hs)x − (ws)x
s(t, −1) = 0, s(t, 1) = 1
s(0, x) = 0.
By Proposition 4.3.1, solutions of the unperturbed NLCD equation will tend to zero if the
initial data is small and smooth. In this case, if the sensitivity does not grow without bound,
one might expect the term (ws)x in the sensitivity equation to become negligible as t → ∞.
Therefore, in certain cases the asymptotic behavior of the sensitivity s(t, x) can possibly be
determined by the linear steady problem
µsxx (x) − (h(x) s(x))x = 0,

s(t, −1) = 0, s(t, 1) = 1.

This equation can be transformed (r = s + ψ̃) to yield an equation with homogeneous
boundary conditions given by
µrxx (x) − (h(x) r(x))x = (h(x) ψ̃(x))x ,

r(−1) = 0, r(1) = 0.

Theorem 4.3.2 guarantees that the linear operator A given by (4.23) is invertible and therefore this equation has a unique solution. Inverting the transformation leads to a unique
solution for the steady equation for s.
We have not proved here that these steady equations actually determine the long time
behavior of the sensitivities, but they still provide insight into the sensitivity of solutions
with respect to the disturbance ε. In particular, we note that due to the non-normality of
the linear operator appearing in the steady (and time dependent) sensitivity equations, there
is the possibility that the forcing terms will cause the sensitivities to be large. Therefore,
these steady equations will be investigated numerically in the next chapter.

4.4

Sensitivities for a 2D Burgers’ Equation

Now we return to our motivating problem, a two dimensional scalar Burgers’ equation over
the rectangular domain Ω = (0, 1) × (0, 1) ⊂ R2 . The partial differential equation is given
by
wt (t, x, y) + w(t, x, y)wx(t, x, y) + w(t, x, y)wy (t, x, y) = µ∇2 w(t, x, y),
(4.31)
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with µ a positive constant, and is accompanied by periodic boundary conditions in the x
direction,
w(t, 0, y) = w(t, 1, y), wx (t, 0, y) = wx (t, 1, y) for all y,
(4.32)
nonhomogeneous Dirichlet boundary conditions on the top and bottom walls of Ω,
w(t, x, 0) = 1,

w(t, x, 1) = −1,

(4.33)

and initial condition
w(0, x, y) = w0 (x, y).

(4.34)

As discussed in the introduction to this chapter, we will not directly study this problem but
rather we investigate the fluctuations about an equilibrium state. Specifically, we investigate
the sensitivity of the fluctuations with respect to a simplified form of small wall roughness.
Therefore, we consider a parameter dependent domain Ωq that is in some sense close to
the original domain Ω and consider sensitivities of the solution with respect to the shape
parameters q. The fluctuation problem is transformed from the parameter dependent domain
to a fixed domain that is more convenient for analysis and computations.
Some of the details for the sensitivity equation derivation are similar to the 1D nonlinear
convection diffusion (NLCD) equation considered in the previous section. Therefore, the full
details of the derivation will not be presented here. However, in spite of the many similarities
between the problems, there is one main difference. Namely, the 1D problem holds over a
fixed domain while the domain for the 2D problem moves with the parameters. Treating
sensitivities with respect to a shape parameter can cause some challenging theoretical and
computational issues. First, some simple model problems examined in [33] and [130] show
that solutions and sensitivities can have different regularities, or the regularity of each may
change with respect to the shape parameter. Also, different techniques to transform the
problem to a “computational domain” can also lead to differences in regularity for computed
sensitivities [33]. We will comment more on the numerical challenges in the next chapter.

4.4.1

Problem Formulation

The following result guarantees the existence of a specific equilibrium state for the above
problem.
Lemma 4.4.1 The two dimensional Burgers’ equation given by (4.31)-(4.34) has at least
one equilibrium state. In particular, there exists a unique equilibrium h of the form h = h(y)
that is given by the unique solution of the one dimensional boundary value problem
h(y)hy (y) = µhyy (y),

h(0) = 1,

h(1) = −1.

(4.35)

Specifically, h(·) is a hyperbolic tangent profile of the form
!

c
h(y) = c tanh − (y − 1/2) ,
2µ

(4.36)
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where c is chosen so that this function satisfies the Dirichlet boundary conditions.
Proof: An equilibrium state h must satisfy the steady PDE
h(x, y)hx (x, y) + h(x, y)hy (x, y) = µ (hxx (x, y) + hyy (x, y)) ,
with the x periodic boundary conditions (4.32) and the Dirichlet boundary conditions (4.33).
Note that a solution of the form h(x, y) = h(y) will automatically satisfy the x periodic
boundary conditions. Making this simplification yields the 1D steady state Burgers’ equation
with nonhomogeneous Dirichlet boundary conditions given by (4.35). Corollary 3.3.1 shows
that this problem has a unique solution given by (4.36).
No other equilibrium states have been (numerically) observed for this problem. Although
it is unknown whether this equilibrium is unique, this is plausible due to the similarity of this
2D problem to the 1D Burgers’ equation. This is an open question. Define the fluctuations
z about the hyperbolic tangent equilibrium h by z(t, x, y) = w(t, x, y) − h(y). The function
z then satisfies the 2D NLCD equation
zt + zzx + zzy = µ∇2 z − (hz)x − (hz)y ,

(4.37)

with periodic boundary conditions in the x direction
z(t, 0, y) = z(t, 1, y),

zx (t, 0, y) = zx (t, 1, y),

(4.38)

homogeneous Dirichlet boundary conditions on the top and bottom walls
z(t, x, 0) = 0,

z(t, x, 1) = 0,

(4.39)

and initial data
z(0, x, y) = z0 (x, y) := w0 (x, y) − h(y).

(4.40)

This equation holds on the rectangular domain Ω = (0, 1) × (0, 1). Below, we investigate
the sensitivity of solutions to this equation with respect to a simplified form of small wall
roughness.
First, we present the weak form of the problem. Let the state space X be L2 (Ω) with
the standard inner product and norm. Also define V ⊂ X by
V =

n

o

v ∈ H 1 (Ω) : v(0, y) = v(1, y), 0 < y < 1; v(x, 0) = 0 = v(x, 1), 0 < x < 1 ,

with inner product hu, viV = hux , vx iX + huy , vy iX and corresponding norm. In a similar
manner to the previous section, the weak problem is to find z ∈ V such that
∂
hz, ϕiX = −µ hz, ϕiV − hh(zx + zy ), ϕiX − hhx z, ϕiX − hz(zx + zy ), ϕiX + hf, ϕiX
∂t
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for all ϕ ∈ V . A bilinear form a : V × V → X can be defined by
a(u, v) = −µ hz, ϕiV − hh(zx + zy ), ϕiX − hhx z, ϕiX .
As in the previous section, this leads to the linear operator A : D(A) ⊂ X → X given by
Av = µ∇2 v − (hv)x − (hv)y
on the domain
D(A) = { v ∈ V : Av ∈ X} .
Here, the derivatives hold in the distributional sense. As before, we can show that A is
sectorial and generates an analytic semigroup.
Lemma 4.4.2 Let Ω = (0, 1) × (0, 1) and h(·) ∈ C 1 (cl(Ω)). Then for the spaces X and V
and the linear operator A defined above, X 1/2 = V , the spectrum of A is discrete and A is
sectorial and generates an analytic semigroup.
Proof: The proof is similar to the analogous result for the one dimensional NLCD problem
in the previous section and is omitted.
Unlike the one dimensional case, we do not know if A has all of its eigenvalues bounded
away from the imaginary axis in the left half plane. Therefore, we cannot conclude that A
generates an exponentially stable semigroup. However, due to the similarity of this problem with the 1D NLCD equation, it is likely that A does generate an exponentially stable
semigroup. Also, numerical approximations (using finite elements, see section 5.2.4) of the
spectrum of A and also of solution trajectories indicate that the zero state is asymptotically
stable. These questions are open.
Define the nonlinear operator F : V ⊂ X → X by F (v) = −vvx − vvy . Then the NLCD
equation (4.37)-(4.40) can be written as the abstract initial value problem over X given by
ż(t) = Az(t) + F (z(t)),

z(0) = z0 ∈ X.

With the abstract formulation of the problem on the smooth domain completed, we now
examine the fluctuation equation over the rough walled domain. The details of the abstract
formulation are similar to the smooth domain case and so are not presented here.
Consider the NLCD equation (4.37)-(4.40) on the pseudo-rectangular domain
n

o

Ω(α, β) = (x, y) ∈ R2 : 0 < x < 1, b(x; α, β) < y < t(x; α, β) ,
where

b(x; α, β) = α sin(βx),

t(x; α, β) = 1 + b(x; α, β) = 1 + α sin(βx).

Here, y = b(x; α, β) and y = t(x; α, β) are the equations for the bottom and top wall of
the domain. If α is small, the perturbed domain Ω(α, β) is, in a sense, close to the smooth
domain Ω(0, 0) = (0, 1) × (0, 1). Therefore, the perturbation to the domain can be viewed as
a simplified form of wall roughness. The constant α measures the height of the wall roughness
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while β can be thought of as a degree of roughness. See figure 4.1 in the introduction to this
chapter for a comparison of the smooth and rough domains.
The perturbation to the domain clearly alters the formulation of the above PDE. In
particular, the Dirichlet boundary conditions (4.39) become
z(t, x, b(x; α, β); α, β) = 0,

z(t, x, t(x; α, β); α, β) = 0.

(4.41)

This follows from directly substituting in the equations y = b and y = t for the bottom and
top walls, respectively. A more subtle effect of the perturbation of the domain is on the x
periodic boundary conditions. Note that the left wall of the domain is given by
{ (x, y) : x = 0, b(0; α, β) < y < t(0; α, β)}
while the right wall is now given by
{ (x, y) : x = 1, b(1; α, β) < y < t(1; α, β)} .
This is due to the form of the wall roughness. Now b(0; α, β) = 0 and so the left wall is not
perturbed. However, b(1; α, β) is not necessarily zero and so the right wall may be “moved”.
Due to the simple forms of b and t, the restriction on y can be written as 0 < y−b(1; α, β) < 1.
Since for the x periodic boundary conditions the function values and x partial derivatives
should be equal on the left and right walls of the perturbed domain, a natural reformulation
of the x periodic boundary conditions (4.38) is given by
z(t, 0, y) = z(t, 1, y − b(1; α, β)),

zx (t, 0, y) = zx (t, 1, y − b(1; α, β)) for all y.

(4.42)

If the perturbation to the domain had been more complex, it may have been even more
difficult, if not impossible, to formulate reasonable boundary conditions on the rough walled
domain.

4.4.2

Sensitivities and the Transformed State Equation

We now investigate the sensitivity of the solution z with respect to the height of the wall
roughness α. Denote the dependence of the solution on the shape parameters α and β by
writing z = z(t, x, y; α, β). Then define the sensitivity of the solution to the perturbation of
the domain as
∂z
s(t, x, y) =
(t, x, y; α, β)
.
α=0, β=β0
∂α
Here, β0 is chosen to indicate the degree of wall roughness. Since the domain is parameter
dependent, there are two natural ways to formulate sensitivity equations. The first method
will lead to an equation that is not practical due to the periodic boundary conditions. For
the second method, the nonlinear convection-diffusion equation is transformed from the
parameter dependent domain back to the original smooth domain. The sensitivities are then
formulated in a similar way to the 1D NLCD equation considered in the previous section.
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We now briefly summarize two different methods to formulate a sensitivity equation to
solve for s(t, x, y). For a more complete discussion and comparison of these methods, see
[33]. The first method is known as the hybrid-sensitivity equation method (HSEM)
and it proceeds as follows.
1. Derive the sensitivity equation on the parameter dependent domain.
2. Transform the state equation and the sensitivity equation to a fixed “computational
domain”.
3. Solve the transformed equations and invert the transformation to recover the sensitivity.
Here, a computational domain is a domain that does not depend on the sensitivity parameters
and should also be relatively easy to compute on. An alternate strategy is known as the
abstract semi-analytical method (ASAM).
1. Transform the state equation to a fixed computational domain.
2. Derive the sensitivity equation for the transformed state on the computational domain.
3. Solve for the transformed state and its sensitivity.
4. Recover the original sensitivity by inverting the transformation and using the chain
rule.
In this method, the last step requires the sensitivity of the transformation with respect to
the parameter of interest. This can often be very complicated.
For the HSEM, formally differentiate the 2D Burgers’ fluctuation equation (4.37) with
respect to α to obtain a linear PDE for the sensitivity given by
st = µ∇2 s − ((h + z) s)x − ((h + z) s)y .
For the boundary conditions on the parameter dependent domain, one must use the chain
rule since the boundary of the domain and the solution depend on the parameter α. In
particular, for the Dirichlet boundary conditions (4.41), differentiating with respect to α
and setting α = 0 yields Dirichlet boundary conditions for the sensitivity given by
s(t, x, 0) = −zy (t, x, 0; 0, β0 ) bα (x; 0, β0 ),
s(t, x, 1) = −zy (t, x, 1; 0, β0 ) tα (x; 0, β0 ).
(As with all other subscripts, the subscripts on b and t denote partial derivatives.) For the
periodic boundary conditions (4.42), we obtain
s(t, 0, y) = −zy (t, 1, y; 0, β0) bα (x; 0, β0 ) + s(t, 1, y),
s(t, x, 1) = −zyx (t, 1, y; 0, β0) tα (x; 0, β0 ) + sx (t, 1, y).
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The second derivative term in the second condition is undesirable for numerical computation.
Therefore, the HSEM is not practical for this problem.
For the ASAM, one must specify a fixed “computational domain” and a transformation.
In this case, the natural computational domain is the smooth domain Ω(0, 0) = (0, 1)×(0, 1).
For simplicity, we refer to this domain as Ω. A transformation between the rough walled
domain and the smooth domain is easily found due to the simplicity of the wall roughness.
Define T : Ω(α, β) → Ω by
"

ξ
η

#

= T (x, y; α, β) =

"

#

x
.
y − b(x; α, β)

To avoid confusion, we use (x, y) coordinates in Ω(α, β) and (ξ, η) coordinates for Ω. It is
clear that T is invertible and T −1 : Ω → Ω(α, β) is given by
"

x
y

#

=T

−1

(ξ, η; α, β) =

"

#

ξ
.
η + b(ξ; α, β)

Below, we transform the NLCD equation (4.37), (4.40), (4.41), (4.42) on Ω(α, β) to an
equation on Ω.
For ease of notation, momentarily suppress the dependence of all functions on the parameters α and β. Define φ(ξ, η) and g(ξ, η) to be the transformations of the fluctuations
z(t, x, y) and the equilibrium state h(x, y) = h(y) (4.36) to the smooth rectangle. Specifically,
φ(ξ, η) := z(t, ξ, η + b(ξ)) = z(t, x(ξ), y(ξ, η)),
g(ξ, η) := h(η + b(ξ)) = h(y(ξ, η)).
Since z(t, x, y) = φ(t, ξ(x), η(x, y)) and h(y) = g(ξ(x), η(x, y)), the derivatives zx , zy , hy ,
etc., can be computed using the chain rule to give
zx (t, x, y)
zy (t, x, y)
zxx (t, x, y)
zyy (t, x, y)
hy (y)
hyy (y)

=
=
=
=
=
=

φξ (t, ξ(x), η(x, y)) + ηx (x, y) φη (t, ξ(x), η(x, y)),
φη (t, ξ(x), η(x, y)),
φξξ + 2ηx φξη + ηxx φη + (ηx )2 φηη ,
φηη ,
gη ,
gηη ,

since ξx = 1, ξy = 0, ηy = 1 and ηyy = 0.
To complete the transformation of all of the functions from Ω(α, β) to Ω, we use the
inverse transformation to change all variables from (x, y) ∈ Ω(α, β) to (ξ, η) ∈ Ω. Define the
transformed derivative functions
A(ξ) := ηx ( ξ, η − b(ξ) ) = ηx (x, y) = −bξ (ξ) = −αβ cos(βξ),
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B(ξ) := ηxx ( ξ, η − b(ξ) ) = ηxx (x, y) = −bξξ (ξ) = αβ 2 sin(βξ).
Applying the transformation to the NLCD equation (4.37) on Ω(α, β) yields an equation on
Ω for φ(ξ, η; α, β) = z(t, x(ξ), y(ξ, η); α, β) given by




φt + φφξ + (A + 1)φφη = µφξξ + 2µAφξη + µ A2 + 1 φηη − gφξ
+ (µB − (A + 1)g) φη − gη φ.

For the computations in the next chapter, it is useful to rewrite this equation in divergence
form as
φt + φφξ + (A + 1)φφη

!


 
∂ 
∂
= µ
(φξ + Aφη ) +
Aφξ + A2 + 1 φη
∂ξ
∂η
+ (µB − (A + 1)g − µAξ ) φη − gφξ − gη φ.

Since B = Aξ , this simplifies to
φt + φφξ + (A + 1)φφη

!


 
∂
∂ 
= µ
(φξ + Aφη ) +
Aφξ + A2 + 1 φη
∂ξ
∂η
−(A + 1)gφη − gφξ − gη φ.

(4.43)

Applying the transformation to the boundary conditions (4.41), (4.42) and initial condition
(4.40) on Ω(α, β) gives
φ(t, 0, η) = φ(t, 1, η), φξ (t, 0, η) = φξ (t, 1, η) for all η,
φ(t, ξ, 0) = 0, φ(t, ξ, 1) = 0 for all ξ,
φ(0, ξ, η) = φ0 (ξ, η) := z0 (ξ, η + b(ξ)).

(4.44)
(4.45)
(4.46)

The system (4.43)-(4.46) is the transformation of the fluctuation equations on Ω(α, β) onto
Ω. Notice that setting α = 0 causes A = 0 and g = h which reduces the transformed
equations to the original fluctuation equations.
The transformed equation can be written as an abstract differential equation over X =
2
L (Ω) as
φ̇(t) = Aφ(t) + Â(α, β)φ + F (φ(t)) + F̂(φ(t); α, β),
Here, A and F (·) are the linear and nonlinear operators defined above for the problem on the
smooth domain while Â(α, β) and F̂( · ; α, β) are linear and nonlinear parameter dependent
perturbations to these operators. Therefore, the simple form of wall roughness causes a
perturbation of the original equation in both the linear and nonlinear terms. The perturbed
nonlinear term F (·) + F̂( · ; α, β) is still conservative. This follows directly by changing
variables in the integration back to the rough walled domain.
Since the boundary conditions hold on a parameter independent domain, one can derive
an equation for the sensitivity of the transformed state φ with respect to α at α = 0. Since
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this follows in a similar manner to the 1D NLCD equation in the previous section, the details will not be presented here. We mention that the solution of the original undisturbed
fluctuation equation would appear explicitly in the sensitivity equation. This follows since a
substitution of α = 0 into the transformed state equation yields the original NLCD equation.
Therefore, the transformed equations would never have to be solved to compute the sensitivities. After solving for the sensitivity of the transformed state, one would then use the
chain rule to recover the sensitivity of the fluctuations z with respect to α, i.e., s = ∂z/∂α.
For further details on this last step, see [33].
There is a great potential for the sensitivity of the fluctuations with respect to the wall
roughness to be large. This is due to the non-normality of the linear operator. However,
unlike the ODE model problems and the 1D NLCD equation, the sensitivity equation will not
contain a forcing function. Therefore, the sensitivity can only be driven by the non-normality
of the linear operator and by the solution of the fluctuation equations.

4.5

Discussion

In this chapter, we focused on formulating the continuous sensitivity method to examine
the change in solutions to certain model problems with respect to small disturbance to the
equations. The derivative of the solution with respect to a parameter is a measure of the
sensitivity of the solution with respect to the small disturbance. To find this sensitivity,
the equations are formally differentiated with respect to the parameter leading to a linear
equation for the sensitivity. A classical result from ODE theory makes this procedure rigorous for ODEs, however for a general infinite dimensional system it is not clear that the
sensitivities exist or satisfy the formally derived equation. However, for a class of abstract
semilinear parabolic equations it is known that the formal derivations can be made rigorous.
We presented a one dimensional nonlinear convection-diffusion equation as an example to
illustrate the ideas.
Our motivation for examining the sensitivity of solutions to the model problems with
respect to small disturbances comes from the new scenarios for transition to turbulence
discussed in section 2.4.2. These theories indicate that small disturbances play a large role
in the transition process. However, the effects of the small disturbances have only been
studied for non-normal linear systems. The CSEM allows one to examine the sensitivity of
a fully nonlinear problem with respect to a small disturbance.
As a starting point, we examined three model problems under various types of small
disturbances. Through various transformations, it was seen that both the linear and nonlinear terms in an equation can be perturbed by a small disturbance. Also, conservative
nonlinearities can cease to be conservative in the perturbed system. These properties of the
disturbed system cannot be deduced by a linear investigation into the stability or sensitivity
of a system. However, using the CSEM, one can study the affects of the perturbed nonlinear
terms on solutions. For the model problems, the linear sensitivity equations arising from
each problem are governed by non-normal linear operators. As discussed in section 2.4.2,
this non-normality can cause substantial transient growth of solutions. Also, the sensitivity
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equations are all driven by the solution to the undisturbed problem and can be accompanied
by a forcing function. These forces combined with the non-normality of the linear operator
show that the sensitivities have the potential to be large even if the disturbances to the
problem are small.

Chapter 5
Numerical Results
In this chapter, we present numerical results for the model problems outlined in the previous
chapter. We begin with a description of the finite element method used in this thesis to
approximate the solutions of the partial differential equation model problems. Specifically,
we focus on the group finite element formulation used on the nonlinear problems. We apply
this method to the 1D and 2D nonlinear convection diffusion (NLCD) equations and compare
the approximate solutions of the undisturbed and disturbed problems. We show that a small
disturbance can have a great impact on the solution and also indicate why classical linear
analysis cannot predict this behavior. The computed sensitivity for the one dimensional
NLCD equation shows that the continuous sensitivity equation method (CSEM) can provide
insight into the disturbed problem. Next, a sensitivity analysis is performed for the ODE
model problems. We also consider the control problem and show that a linear feedback
control can decrease the sensitivity with respect to small disturbances. In particular, we
demonstrate how a linear control can delay transition or even relaminarize a fully chaotic
system.

5.1

Finite Element Formulation

We briefly review the finite element scheme used for our numerical experiments. Specifically,
we focus on the use of the group finite element method to approximate the solutions of 1D and
2D NLCD equations and briefly compare this method to the standard Galerkin finite element
method. The main motivation for using the group method is that, when applicable, it is
more efficient than the standard finite element method and also retains accuracy. Although
we do not discuss the standard finite element method in great detail (a standard references
is Fix and Strang’s text [54]), we carefully describe the group finite element method for the
model problems. For a more general description of the group method, see [40] (where the
group method is called “product approximation”) and the references in section 5.1.2 below.
It should be noted that the nonlinear convection-diffusion equation become especially
difficult to simulate when the first derivative convection terms dominate the second derivative
diffusion terms. This naturally occurs when the viscosity coefficient µ of the diffusion term
83
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is small. This is analogous to the large Reynolds number case. Standard numerical methods
for simulation become increasingly unreliable the more convection dominates diffusion in
such problems. Therefore, many modified and more advanced numerical schemes have been
developed to treat such difficulties. Upwinded finite differences and finite elements [57],
stabilized finite elements [24] and least squares finite elements [23] have been utilized for
convection dominated problems. However, this numerical issue is not a focus of this work
and hence we limit our study to relatively moderate values of the diffusion parameter µ.
Matlab’s ode23s is used to solve the nonlinear ODE systems that resulted from the
finite element approximations. The routine ode23s is an implicit 2nd -3rd order solver with
adaptive time stepping. The latter feature is especially important for the model problems
considered here since some of the solutions change slowly over very long time intervals. Thus,
ode23s combined with the group finite element method provides an effective computational
algorithm for the model problems. With few exceptions, most computations required less
than a minute on a single Pentium 4 processor.

5.1.1

Standard Finite Element Formulation for the 1D Model Problem

Here, we describe the standard Galerkin finite element method for the transformed nonlinear
convection-diffusion model problem (4.18)-(4.20) that was discussed in section 4.3. The
system takes the general form
wt (t, x) + w(t, x)wx (t, x) = µwxx (t, x) − (g(x) w(t, x))x + f (x),

(5.1)

with Dirichlet boundary conditions
w(t, −1) = 0,

w(t, 1) = 0,

(5.2)

and initial condition
w(0, x) = w0 (x).

(5.3)

We assume µ is a positive constant, g ∈ C 1 (−1, 1) and the forcing function as well as the
initial condition are both in L2 (−1, 1). Let X = L2 (−1, 1) with the standard inner product
and norm. Throughout this section, we denote the L2 inner product by h·, ·i. Also let
V = H01 (−1, 1). Recall that the weak form of the equation is given by
∂
hw, ϕi = −µ hwx , ϕx i + hgw, ϕxi − hwwx , ϕi + hf, ϕi ,
∂t

(5.4)

where ϕ(·) ∈ V . Once an approximate solution is computed for this system, the transformation is inverted to yield an approximate solution to the original nonlinear convection-diffusion
equation (4.10)-(4.12).
We search for an approximate solution w N in a finite dimensional subspace V N of V . To
form V N , partition the solution interval [−1, 1] into x0 = −1 < x1 < · · · < xN < xN +1 = 1
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(the “mesh”) and define the piecewise linear basis functions by




(x − xj−1 )/(xj − xj−1 ),
ϕj (x) = (x − xj+1 )/(xj − xj+1 ),


0,

x ∈ [xj−1 , xj ]
x ∈ [xj , xj+1 ] .
otherwise

(5.5)

These functions are all contained in V except for ϕ0 (·) and ϕN +1 (·). These functions are
not required and so we define V N by V N = span {ϕ1 (·), . . . , ϕN (·)} ⊂ V . The approximate
solution w N (t, ·) ∈ V N is defined by
w N (t, x) =

N
X

wj (t)ϕj (x),

(5.6)

j=1

where the functions wj (·) are unknown.
Substituting the trial solution into the weak form (5.4) and choosing the test function
ϕ = ϕi , for i = 1, . . . , N, yields the standard finite element ordinary differential equations
X
j

hϕi , ϕj i ẇj (t) =

X
j

D

E



D

E

−µ ϕ′i , ϕ′j + hg ϕ′i , ϕj i wj (t) − w N wxN , ϕi + hf, ϕj i ,

(5.7)

These equations simplify to
Mẇ(t) = Aw(t) + F (w(t)) + f,

(5.8)

where w(t) = [w1 (t), . . . , wN (t)]T and the entries of M, A, F (·) and f are given by
Mij = hϕi , ϕj i ,
D

(5.9)
E

Aij = −µ ϕ′i , ϕ′j + hg ϕ′i , ϕj i ,
D

E

Fi (w) = − w N wxN , ϕi ,
fi = hf, ϕi i .

and

(5.10)
(5.11)
(5.12)

The mass matrix M is well known to be invertible. Due to the simple form of the piecewise
linear shape functions, Fi (w) can be computed explicitly with an equally spaced mesh as
Fi (w) =


1 2
2
wi−1 + wi−1 wi − wi wi+1 − wi+1
.
6

(5.13)

To obtain the initial condition for the finite element ODE (5.8), project the initial condition (5.3) of the NLCD equation onto V N , the span of the linear basis functions. That
requires one to find a function of the form
v0 (·) =

N
X

j=1

aj ϕj (·),
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that minimizes the distance, kv0 − w0 kL2 , to the initial condition w0 (·). It is well known (see
[82, section 3.3]) that this minimization problem is equivalent to solving hv0 − w0 , ϕi iL2 = 0
for each ϕi in V N . Expanding the sum yields the linear system Ma = b, where bi =
hw0 , ϕi iL2 , and M is the mass matrix given above. The vector a is then the initial condition
for the finite element ODE.

5.1.2

The Group Finite Element Formulation and a Comparison
with the Standard Formulation

Here, we describe the group finite element method for the one dimensional model NLCD
equation (5.1)-(5.3) and contrast it with the standard finite element method. First, rewrite
the Burgers’ equation (5.1) in so called conservation form as
wt (t, x) +


1 2
w (t, x) = µwxx (t, x) − (g(x) w(t, x))x + f (x)
x
2

and introduce the weak form
D
E
∂
hw, ϕi = −µ hwx , ϕx i + hgw, ϕxi − (w 2/2)x , ϕ + hf, ϕi .
∂t

As before, we use a piecewise linear approximation (5.6) to the solution w(t, x) but we also
introduce a separate approximation for the nonlinear term, w 2 , given by
w 2 (t, x) ≈

N
X

wj2 (t)ϕj (x).

j=1

As before, substituting these approximations into the weak form yields the group finite
element ordinary differential equations
X
j

hϕi , ϕj i ẇj (t) =

X
j

D

E



−µ ϕ′i , ϕ′j + hg ϕ′i , ϕj i wj (t) −

E
1 XD
ϕi , ϕ′j wj2(t) + hf, ϕi i .
2 j
(5.14)

Thus one obtains
Mẇ(t) = Aw(t) + Ac w∧2 (t) + f,

(5.15)

where again w(t) = [w1 (t), . . . , wN (t)]T and now w∧2 is defined by
2
w∧2 (t) = [w12 (t), . . . , wN
(t)]T .

The matrices A and M and the vector f are again given by (5.9), (5.10) and (5.12) respectively and the matrix Ac is defined by
[Ac ]ij = −

E
1D
ϕi , ϕ′j .
2
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The initial condition for the ODE is computed in the same manner as for the standard finite
element approximation. Once the approximate solution is computed, the transformation is
inverted to yield an approximate solution to the original NLCD equation (4.10)-(4.12).
The computational advantages of the group formulation come from the simple form of
the group finite element ODE (5.15). Note that the inner products only need to be evaluated
once to form the matrices. This contrasts with the Galerkin finite element scheme where
the inner products and the Jacobian are normally recomputed at each time step. For the
group scheme, the Jacobian is easily computed from the matrix ODE. These advantages are
important on fine meshes and when integrating over long time periods (as we will require in
later computations).
The group finite element formulation is not without drawbacks. First, the group formulation cannot be used on an arbitrary nonlinearity. A nonlinear term must appear as
a “group”, i.e., it must be of the form Lf (w(t, x)), where L is a (formal) differential operator. For the NLCD equation above, f (w) = w 2/2 and L = ∂/∂x. The group method
approximates this term by
N
X

f (wj (t))Lϕj (x).

j=1

Although this type of nonlinearity is very general, certain types of nonlinearities cannot be
treated with the group method. For example, the group formulation would not directly
apply to a nonlinearity of the form f (Lw(t, x)). Also, since the the main advantage of the
group method comes from the evaluation of a nonlinearity by a matrix/vector multiplication, the group formulation offers less advantage if the matrices are too large to be stored.
Furthermore, the convergence theory is not complete.
However, there are some cases where theory has been developed. Convergence is known
for certain semilinear elliptic problems ([1], [40], [103]), specific quasilinear parabolic problems [47], the nonlinear heat equation [137] and the nonlinear (hyperbolic) Klein-Gordon
equation [137]. The above theory provides error estimates that are similar to the standard
finite element formulation for these problems. Also, in certain cases one can prove superconvergence.
Computational studies show the performance of the group finite element method equals,
or exceeds, the standard approach (see the papers cited above and the references therein).
Of particular interest in this thesis is the group method’s performance on Burgers’ equation.
Computational studies suggest that the group formulation is a convergent scheme for Burgers’
type equations ([40], [56], [57, Section10.3], [99], [108], and [127]). In light of these findings
and the major computational savings of the group formulation, we use the group finite
element method for the spatial discretizations in this thesis.

5.1.3

Finite Element Formulation for the 1D Sensitivity Equation

Now, we describe the finite element formulation for the sensitivity equation discussed in
section 4.3. In particular, consider the sensitivity equation of the transformed system (4.28)-
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(4.30) given by
rt (t, x) = µrxx (t, x) − (h(x) r(t, x))x − (w(t, x) r(t, x))x − (h(x) ψ̃(x))x − (ψ̃(x) w(t, x))x
r(t, −1) = 0, r(t, 1) = 0
r(0, x) = −ψ̃.
Here, w(t, x) = w(t, x; 0) is the solution to the undisturbed Burgers’ fluctuation problem
(4.10)-(4.12) with ε = 0. The functions h(·) and ψ̃(·) may be treated as general functions.
The weak form of this problem is to find r ∈ V = H01 such that
∂
hr, ϕi = −µ hrx , ϕx i + hhr, ϕx i + hwr, ϕx i + hhψ̃, ϕx i
∂t
for all ϕ ∈ V . As above, once an approximate solution to this equation is obtained, the
transformation is inverted to recover an approximate solution to the sensitivity equation
(4.31)-(4.31) for the untransformed system.
Introduce the approximate solution r N (t, ·) ∈ V N defined by
r N (t, x) =

N
X

rj (t)ϕj (x),

j=1

where again the functions rj (·) are unknown. Also, suppose that an approximation w N (tj , x)
for w(tj , x) has been computed at a discrete set of time values given by 0 = t1 < · · · < tM =
T . For simplicity, in the computations presented below w N (t, x) was computed using the
group finite element method described above with the same set of basis functions for the
sensitivity calculations. Note that the same numerical scheme (or even the same mesh) need
not be used for both computations. Substituting the trial solution into the weak form and
choosing the test function ϕ = ϕi , for i = 1, . . . , N, yields the linear finite element ordinary
differential equations
Mṙ(t) = A(t)r(t) + f(t),
where r(t) = [r1 (t), . . . , rN (t)]T , M is given by (5.9) and the entries of A(t) and f(t) are
given by
D
E
D
E
Aij (t) = −µ ϕ′i , ϕ′j + hhϕ′i , ϕj i + w N (t, ·)ϕ′i , ϕj
and

D

E

fi (t) = hhψ̃, ϕ′ii + w N (t, ·) ψ̃, ϕ′i ,
respectively.
The initial condition is projected onto the finite element space V N as above to give the
initial condition r(0) = r0 for the finite element ODE. Since the values of w(t, x) are only
given at certain t values, we did not use Matlab’s ode23s solver in this case. Instead, we use

John R. Singler

Chapter 5. Numerical Results

89

the trapezoid rule for the time stepping so that the solution update takes the form

∆tj
∆tj 
∆tj
M−
A(tj+1) r(tj+1 ) = M +
A(tj ) r(tj ) +
f(tj+1 ) + f(tj ) ,
2
2
2









where tj are the discrete set of time values mentioned above and ∆tj = tj+1 − tj .
Also, as discussed in section 4.3, we are interested in the solution of the boundary value
problem
µrxx (x) − (h(x) r(x))x − (h(x) ψ̃(x))x = 0,

r(−1) = 0,

r(1) = 0.

It is possible that the solution to this problem is the steady state solution of the above
sensitivity equation whenever w(t, x) tends to zero as t → ∞. Again, this is an open
problem. We will approximate the solution to this equation to see if it numerically predicts
the long time behavior of the sensitivities. The weak form is given by
−µ hrx , ϕx i + hhr, ϕx i = −hhψ̃, ϕx i.
Proceeding as usual shows that the entries of the finite element matrix A and vector f are
given by
D
E
Aij = −µ ϕ′i , ϕ′j + hh ϕ′i , ϕj i
and

fi = −hhψ̃, ϕ′ii.
The coefficients rss of the approximate solution are given as the solution of the linear system
Arss = f.
Note that if the first order linear terms had not been integrated by parts, then the gradient wx (t, x) would have appeared in the finite element formulation. The finite element
approximation wxN (t, x) of wx (t, x) is one order less accurate than the finite element approximation w N (t, x) of w(t, x). Therefore, if this approximate gradient had appeared in the
finite element formulation, one would expect to lose an order of accuracy in the sensitivity
approximations. This difficulty can be treated rather cheaply employing projection methods similar to those employed in a-posteriori error estimators in finite elements (see, [34],
[131]). However, since we can avoid this difficulty and our emphasis is not on the numerical
methods, we do not treat these issues here.

5.1.4

Group Finite Element Formulation for the 2D Model Problem

Finally, we describe the group finite element formulation for the transformed two dimensional
model Burgers’ equation (4.43)-(4.46) considered in section 4.4 which is of the general form
a1  2 
a2  2
∂
∂
wt +
w
+
w
= µ
( b11 wx + b12 wy ) +
( b21 wx + b22 wy )
x
y
2
2
∂x
∂y

!
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(5.16)

with constant viscosity µ > 0, and with the coefficient functions, ai , bij and ci , and forcing
function, f , all in L2 . This equation is defined over the rectangular domain Ω = (0, 1)×(0, 1)
with periodic boundary conditions in the x direction,
w(t, 0, y) = w(t, 1, y),

wx (t, 0, y) = wx (t, 1, y) for all y,

(5.17)

zero Dirichlet boundary conditions on the top and bottom walls,
w(t, x, 0) = 0 = w(t, x, 1) for all x,

(5.18)

w(0, x, y) = f0 (x, y).

(5.19)

and initial condition
Once an approximate solution is found, it will not be transformed back to the rough walled
domain Ω(α, β) for simplicity.
Let X = L2 (Ω) and define
V =

n

o

v ∈ H 1 (Ω) : v(0, y) = v(1, y), 0 < y < 1; v(x, 0) = 0 = v(x, 1), 0 < x < 1 .

The weak formulation is to find w ∈ V such that


∂
hw, ϕi = −µ hb11 wx + b12 wy , ϕx i + hb21 wx + b22 wy , ϕy i
∂t
+ hc1 wx , ϕi + hc2 wy , ϕi + hc0 w, ϕi + hf, ϕi

for all ϕ ∈ V . Partition the x interval [0, 1] by 0 = x1 < · · · < xm+1 = 1 and the y interval
[0, 1] by 0 = y0 < · · · < yn+1 = 1. This yields a rectangular mesh on Ω with nodes {(xi , yj )}.
We construct 1D piecewise linear basis functions (5.5) in each coordinate direction with
appropriate modifications for the boundary conditions. This will yield piecewise continuous
bilinear functions contained in V .
For the y direction, the piecewise linear functions must satisfy zero Dirichlet boundary
conditions and so they can be constructed as in the 1D case above. Therefore, define the
piecewise linear functions {ψj (y)} for j = 1, . . . n which take in values of y in [0, 1] and satisfy
the zero Dirichlet boundary conditions imposed by V . For the x direction, the piecewise
linear functions must have a common value at the endpoints of [0, 1] and so the construction
must proceed in a slightly different manner. First, for i = 2, . . . , m, define the piecewise
linear basis functions {φj (y)} as above. Note that these basis functions automatically satisfy
φj (0) = φj (1). For the nodes on the boundary (x1 and xm+1 ) construct the single piecewise
linear function (see figure 5.1) given by
φ1 (x) =





(x − x2 )/(x1 − x2 ),
x ∈ [x1 , x2 ]
(x − xm )/(xm+1 − xm ), x ∈ [xm , xm+1 ] .


0,
otherwise
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Observe that this function satisfies φ1 (0) = φ1 (1) and completes the set of x periodic basis
functions.

1

0
0

1/6

2/6

3/6
x

4/6

5/6

1

Figure 5.1: The 1D x periodic basis function φ1 (x) over 7 equally spaced nodes

The global continuous piecewise bilinear basis functions in V are given as products of the
1D basis functions defined above. For i = 1, . . . , m and j = 1, . . . , n define the functions
ϕk (x, y) = φi (x)ψj (y),

where k = i + (j − 1)m.

Since the piecewise linear functions in each coordinate direction satisfy the appropriate
boundary conditions imposed by V , the products of these functions lie in V . Therefore,
define V N = span {ϕ1 , . . . , ϕN }, where N = n × m is the total number of basis functions.
Define the group finite element approximations by
w(t, x, y) ≈

N
X

j=1

wj (t)ϕj (x, y),

and w 2 (t, x, y) ≈

N
X

wj2 (t)ϕj (x, y),

j=1

Substituting the approximations into the above weak form and choosing ϕ = ϕi for i =
1, . . . , N yields the group finite element ordinary differential equations
Mẇ(t) = Aw(t) + Ac w∧2 (t) + f,
2
where w(t) = [w1 (t), . . . , wN (t)]T and w∧2 (t) = [w12 (t), . . . , wN
(t)]T . The entries of the finite
element matrices and vectors are given by

Mij = hϕi , ϕj i ,
*
+
*
+
∂ϕi
∂ϕj
∂ϕj
∂ϕi
∂ϕj
∂ϕj
Aij = −µ
, b11
+ b12
−µ
, b21
+ b22
∂x
∂x
∂y
∂y
∂x
∂y
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fi

+

*
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+

∂ϕj
∂ϕj
+ c1 ϕ i ,
+ c2 ϕ i ,
+ hc0 ϕi , ϕj i ,
∂x
∂y
*
+
*
+
∂ϕj
1
∂ϕj
1
= −
ϕi , a1
−
ϕi , a2
, and
2
∂x
2
∂y
= hf, ϕi i ,

where h·, ·i is the standard L2 inner product over the rectangular domain Ω. The mass
matrix M is invertible and the initial condition to the ODE is constructed in the same way
as in the 1D formulation above.

5.2

Sensitivity Analysis of Burgers’ Equation

As discussed in section 3.3.2, solutions to the one dimensional nonlinear convection diffusion
(NLCD) equation can display extreme sensitivity to small disturbances in the equations and
boundary conditions. We investigate the cause of this sensitivity in order to gain insight
into the role that small disturbances can play in the transition process. Specifically, we
examine a transformed version of the problem to see how the small disturbance “enters” the
equation. Also, we use the continuous sensitivity equation method to compute the sensitivity
of solutions with respect this small disturbance. Then we turn to the two dimensional
NLCD equation considered in the previous chapter. Here, we briefly examine the impact of
a simplified form of wall roughness on the solutions.

5.2.1

Comparison of the 1D Undisturbed and Disturbed Problems

We begin with the 1D NLCD equation studied in the previous chapter given by
zt + zzx = µzxx − (hz)x

(5.20)

with Dirichlet boundary conditions
z(t, −1) = 0,

z(t, 1) = ε

(5.21)

and initial condition
z(0, x) = z0 (x).

(5.22)

As before, µ is a positive constant and h(·) is the hyperbolic tangent profile given by (4.13).
We focus on the sensitivity of the solutions with respect to the parameter ε.
In the previous chapter, the origin for the undisturbed system (i.e., with ε = 0) was
shown to be asymptotically stable with respect to the H 1 norm. Therefore, if the initial
condition is near to the origin, the solution must converge to the zero state. Figure 5.2
shows the numerical solution (using 64 equally spaced nodes) quickly approach the zero
state with µ = .05 and initial condition z0 (x) = sin(πx). Kreiss and Kreiss showed that the
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Figure 5.2: Approximate solution of the NLCD equation (5.20)-(5.22) over the time interval
[0, 3] with µ = .1 and z0 (x) = sin(πx).

linear operator associated with the NLCD equation given by
A0v(t) = µvxx − (hv)x ,

(5.23)

on the domain D(A0 ) = H 2 ∩ H01 , has an eigenvalue exponentially close to zero [80].
Therefore, we expect that some solutions will tend to zero very slowly. This phenomenon is observed numerically. For instance, computations with the initial condition z0 (x) =
(1 − x)(1 + x)3 and µ = .05 show the solution converging to the zero state in over 108 time
units.
For ε 6= 0, the solutions behave much differently. For example, if z0 = 0 and ε = 0,
then the solution would stay at zero for all time. However, with ε 6= 0 the zero function
is no longer an equilibrium. Figure 5.3 shows time snapshots of the approximate solution
computed with 64 equally spaced nodes, µ = .1, ε = 10−5 and initial condition z0 = 0. The
steady state solution is reached after a long time (t ≈ 1000) and is nearly zero. Therefore,
the small boundary perturbation with ε = 10−5 has little impact on the long time behavior
of the solution. However, when ε = 10−3 the solution “transitions” to an order one steady
state (see figure 5.4). Decreasing µ causes the situation to become worse as expected. Figure
5.5 shows the solution with z0 = 0, µ = .05 and ε = 10−4 . An even smaller disturbance has
caused the “transition”. Similar behavior has been observed for a wide variety of initial data.
If we let µ = 1/R, then these examples suggest that a boundary disturbance ε = O(R−3 ) will
cause the solution to transition to an order one steady state. This is similar to the results
concerning disturbances to the Orr-Sommerfeld equations discussed in section 2.4.2.
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Figure 5.3: Approximate solution of the NLCD equation (5.20)-(5.22) with µ = .1, z0 (x) = 0
and ε = 10−5.
1.2
time t = 20
time t = 200
time t = 2000

1

z(t,x)

0.8
0.6
0.4
0.2
0
−0.2
−1

−0.5

0
x

0.5

1

Figure 5.4: Approximate solution of the NLCD equation (5.20)-(5.22) with µ = .1, z0 (x) = 0
and ε = 10−3.
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Figure 5.5: Approximate solution of the NLCD equation (5.20)-(5.22) with µ = .05, z0 (x) = 0
and ε = 10−4.
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A Transformation of the 1D Disturbed Problem

As discussed in section 3.3.2, this “supersensitivity” of solutions to Burgers’ equation with
respect to small disturbances in the boundary is well known. For the most part, this phenomenon has been studied using asymptotic analysis. However, we examine this problem from
a different point of view. As in the previous chapter, we transform the disturbed nonlinear
convection-diffusion equations (5.20)-(5.22) to a PDE with homogeneous boundary conditions. This allows us to make a direct comparison between the undisturbed and disturbed
problems. Let
v(t, x) = z(t, x) − ψ(x), where ψ(x) = ε(x + 1)/2.
It follows that v(t, x) satisfies the partial differential equation
vt + vvx = µvxx − ( (h + ψ)v )x − ( ψψx + (ψh)x )

(5.24)

with Dirichlet boundary conditions
v(t, −1) = 0,

v(t, 1) = 0

(5.25)

and initial condition
v(0, x) = v0 (x) := z0 (x) + ψ(x).

(5.26)

Note that the small disturbance in the boundary condition is transformed into a perturbation
of the linear operator and also produces a small forcing function.
This small forcing function seems to be essential for the solution to “transition” to an
order one steady state. Figure 5.6 shows the steady state solution of the fluctuation equation
(5.20)-(5.22) with µ = .05 and ε = 10−4 computed using the transformed fluctuation equation
(5.24)-(5.26) with f (ε) = −ψψx − (ψh)x set to zero. The solution does not transition when
this seemingly negligible forcing function is removed. This is in contrast to Figure 5.5 which
shows a transition to a large steady state solution to the same problem computed in the
same manner without setting f (ε) equal to 0. The small forcing function is triggering the
drastic change in the dynamics of the system. Observe that the forcing function is small.
For ε = 10−4 , the L2 norm of f (ε) is given by
kf (ε)kL2 ≈ 1.9606 × 10−4.
The natural linear operator associated with the transformed NLCD equation (5.24) is given
by
Aε v(t) = µvxx − ( (h + ψ(ε))v )x ,

over the domain D(Aε ) = H 2 ∩ H01 . This linear operator can be treated with the techniques
described in section 4.3. In particular, Theorem 4.3.1 applies and so Aε generates an exponentially stable C0 -semigroup. When f = 0, the zero function, z = 0, is an asymptotically
stable equilibrium. Therefore, the small forcing function is an essential term necessary to
trigger “transition” to an order one steady state.
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Figure 5.6: Steady state solution of the NLCD equation (5.20)-(5.22) computed via the
transformed system (5.24)-(5.26) with z0 (x) = 0, µ = .05, ε = 10−4 and without the small
forcing function (see text for details).

This phenomenon is quite interesting since, as mentioned in section 2.4.2, many researchers are investigating the sensitivity of flow problems with respect to small disturbances
by examining the sensitivity of the underlying linear operator. The natural linear operator
A0 for the undisturbed NLCD equation (5.20)-(5.22) is defined by A0 z = µzxx −(hz)x on the
domain D(A0 ) = H 2 ∩ H01 . As mentioned above, this operator generates an exponentially
stable C0 -semigroup, yet it has an eigenvalue exponentially close to the imaginary axis. With
the spectrum so close to the imaginary axis, it is possible that a small disturbance in the
boundary could cause the linear operator A0 to become unstable. Solutions starting near
the zero state would then grow and “transition”. However, in this case, even when ε 6= 0 the
operator Aε still generates an exponentially stable C0 -semigroup.
Therefore, despite the fact that the linear operator A0 has an eigenvalue exponentially
close to the imaginary axis, the linear operator is quite stable with respect to certain perturbations in the boundary. Theorem 4.3.1 shows that any C 1 perturbation to h(·) in the first
derivative term of A0 (no matter how large) will not cause the linear operator to become
unstable. The pseudospectra of finite element approximations to the operator provides insight into how the spectrum of the operator behaves changes under arbitrary small bounded
perturbations to the operator (see section 2.4.1). We do not know if the pseudospectra of the
matrix approximations of A0 converge to the actual pseudospectra of A0 . This convergence
issue requires a careful analysis that is beyond the scope of this paper. However, the numerical results presented in Figure 5.7 provide some evidence to support convergence in this
special case. In this figure, µ is fixed at .1 and the number of finite element nodes is increased.
It is clear that the pseudospectra of the approximations are converging on a fixed region in
C. Thus, it is plausible that the pseudospectra of the approximate operators are converging
to the pseudospectra of A0 . Therefore, we study the pseudospectra of the approximations
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Figure 5.7: Pseudospectra of a finite element approximation to the linear operator A0 with
µ = .1 and (a) 32, (b) 64, (c) 128 and (d) 256 equally spaced finite element nodes. The
contours of the ε pseudospectra are for ε = 10−1.2, 10−1 , . . . , 10−.4 from inside to outside.

to investigate the sensitivity of the operator A0 with respect to small bounded disturbances.
Figures 5.8 and 5.9 show pseudospectra plots of finite element approximations of A0 with
µ = .05 and 64 equally spaced nodes, and µ = .025 and 128 with equally spaced nodes,
respectively. An arbitrary small perturbation to the (approximate) operator can cause the
eigenvalues to drastically shift locations. However, the pseudospectra generally stays well
away from the imaginary axis. In particular, the pseudospectra demonstrates that arbitrary
small perturbations to the (approximate) operator barely affect the location of the eigenvalue
closest to the imaginary axis. Therefore, the exponentially small eigenvalue of the actual
operator A appears to be fairly robust with respect to arbitrary small perturbations.
To summarize, in this example, the stability of the zero equilibrium is not sensitive
with respect to arbitrary small disturbances in the boundary. Rather, it is the location
of the equilibrium that is extremely sensitive. A small perturbation to the zero Dirichlet
boundary conditions causes the zero equilibrium to move an order of magnitude. If this
type of scenario occurs for the Navier-Stokes equations, small boundary disturbances would
not cause a laminar flow state to become unstable, but instead would cause the laminar
flow to change shape or possibly disappear entirely. It would then be impossible for the
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flow to relaminarize and the flow could transition to turbulence. This provides a potential
explanation of why classical stability analysis fails to predict the accepted experimental
values for the critical Reynolds number.

5.2.3

1D Sensitivity Computations

Next, we examine the sensitivity of the solution with respect to ε using the continuous
sensitivity equation method outlined in the previous chapter. In particular, denote the
dependence of the solution z to the nonlinear convection-diffusion equation (5.20)-(5.22) on
ε by writing z = z(t, x; ε) and define the sensitivity of z at ε = 0 by
s(t, x) =

∂z
(t, x; ε)
∂ε

ε=0

.

(5.27)

Corollary 4.3.2 guarantees that s(t, x) exists and satisfies the linear partial differential equation
st (t, x) = µsxx (t, x) − (h(x)s(t, x))x − (z(t, x; 0)s(t, x))x ,
(5.28)
with boundary conditions
s(t, −1) = 0,

s(t, 1) = 1

(5.29)

and initial condition
s(0, x) = 0.

(5.30)

Since the sensitivity is evaluated at ε = 0, the solution z(t, x; 0) of the undisturbed problem
enters the sensitivity equation. We also consider the steady equation given by (see section
4.3)
µsxx (x) − (h(x) s(x))x = 0, s(t, −1) = 0, s(t, 1) = 1.
(5.31)
Again, it is not known whether the solution to this equation determines the long time
behavior of the sensitivity.
We begin by computing the sensitivity of the zero state with respect to ε. Since in this case
the zero state is the solution for all time to the undisturbed problem (i.e., z(t, x; 0) = 0), the
sensitivity equation is linear and time does not appear explicitly in the equation. Therefore,
the only driving force in the sensitivity equation is the nonhomogeneous Dirichlet boundary
condition s(t, 1) = 1. As discussed earlier, the linear operator is non-normal in this case and
so a moderate sized force has the potential to have a great impact on the sensitivity. As
discussed above, the computations of the disturbed NLCD equation did not stay near zero
but moved an order of magnitude away after a long period of time. Therefore, we expect
that the zero state is very sensitive and that the sensitivity increases as time increases.
Figure 5.10 shows the finite element approximation to the sensitivity with N = 64 equally
spaced nodes and µ = .1 over the time interval [0, 4]. The sensitivity is increasing and is
already fairly large at t = 4. This shows that the solution to the disturbed NLCD equation
could undergo a large change. Integrating further in time shows that the computed sensitivity
continues to increase and it eventually becomes exceptionally large, especially near x = 0
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Figure 5.10: The sensitivity of the zero solution of the NLCD equation with respect to
ε over the time interval [0, 4]. The sensitivity is computed using the sensitivity equation
(5.28)-(5.30) with µ = .1, N = 64, z0 (x) = 0.

(see figure 5.11). The size of the sensitivity for µ = .01 is much more dramatic. Figure 5.12
shows that as time increases, the sensitivity slowly increases until reaching a steady state
of height approximately 1014 . Note also that the main support of the sensitivity is over the
small interval [−.1, .1]. The sensitivity is similar to a delta function centered at x = 0. This
behavior indicates that the solution of the disturbed NLCD equation with zero initial data
will change drastically near x = 0. Also, in both cases the time dependent sensitivity reaches
the same steady state predicted by the steady sensitivity equation although the time taken
to reach the steady state can be large. For the sensitivity computations with µ = .01, figure
5.12 shows the approximate solution with N = 1028 equally spaced nodes and it is not clear
even at this level of refinement that the solutions have numerically converged. This is due
to the sharp gradient in the solution. To produce truly accurate approximations for such a
problem, one could resort to special numerical techniques such as adaptive mesh refinement
and stabilized finite element schemes.
Next, we present sensitivity computations for a solution of the undisturbed NLCD equation that displays slow motion. A moderate value of µ was used in order to avoid the
numerical issues we encountered above. For initial data z0 (x) = (1 − x)(1 + x)3 and µ = .1,
the solution to the undisturbed NLCD equation (5.20)-(5.22) experiences a small growth and
then settles into a long decay to the zero state which is reached at approximately t = 10000.
Figures 5.13 and 5.14 show group finite element approximations to the solution at various
times with N = 64 equally spaced nodes. Figures 5.15 and 5.16 show the sensitivity computed from the sensitivity equation (5.28)-(5.30) at various values of t. As in the previous
example, the sensitivity starts off small but increases as time becomes large. It reaches a
large steady state approximately centered over x = 0 at about t = 10000. Also, the sensitiv-
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Figure 5.11: (a) The sensitivity of the zero solution of the NLCD equation with respect to ε. The sensitivity is computed using the sensitivity equation (5.28)-(5.30) at
t = 1000, 2000, 10000. (b) Approximate solution of steady sensitivity equation (5.31). Here,
µ = .1, N = 64, z0 (x) = 0 and the sensitivity is monotonically increasing in time. The
steady state is reached at t = 10000.
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Figure 5.13: Numerical solution of the undisturbed NLCD equation (5.20)-(5.22) over the
time interval [0, 4] with µ = .1, ε = 0, N = 64, z0 (x) = (1 − x)(1 + x)3 .
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Figure 5.14: Numerical solution of the undisturbed NLCD equation (5.20)-(5.22) at t =
25, 100, 500, 2000, 10000. Here, µ = .1, ε = 0, N = 64, z0 (x) = (1 − x)(1 + x)3 and
the solution is monotonically decreasing in time. The solution remains nearly zero after
t = 10000.
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ity displays a spatial region where the sensitivity is the largest. Notice that the peak value
of the sensitivity is near x = 1 when t is small and moves toward x = 0 as time increases.
Remark: Observe that the sensitivity provides valuable information indicating the possibility of transition and it shows precisely where the solution is sensitive. This observation
could have ramifications for sensor and actuator placement in control applications. For example, suppose that solutions to a certain problem are sensitive to a specific type of disturbance
and that this sensitivity is undesirable. If sensitivity computations show there is a particular
region where solutions are more sensitive, this region has the potential to be a good area to
place sensors to measure the disturbance and actuators to control the disturbed solution.
This example also shows that the sensitivities can provide information about the solution
of the perturbed problem. Recall that the sensitivity is the derivative of the solution to the
nonlinear convection-diffusion equation (5.20)-(5.22) with respect to ε evaluated at ε = 0
(5.27). If the solution to the undisturbed problem and the corresponding sensitivity have
been computed, one can use a first order Taylor series expansion to get a rough approximation
of the solution to the disturbed problem. The approximation is given by
z(t, x; ε) ≈ zT A (t, x; ε) := z(t, x; 0) + εs(t, x).

(5.32)

Figure 5.17 shows a reasonable agreement for this example between this rough approximation
and the actual solution of the disturbed NLCD equation with ε = 10−4 for the NLCD
equation. However, when ε is larger, the agreement breaks down as seen in figure 5.18 where
ε = 10−3 . This shows that the sensitivity is only guaranteed to give accurate information
about the solution to the perturbed problem when ε is small enough. This is precisely due
to the fact that the definition of the sensitivity involves taking a limit as ε → 0. However,
this example shows that even though the sensitivity does not necessarily provide precise
information about the solution of the disturbed problem, it still can be used as a rough
guide as to the degree and location of the change in the solution due to the disturbance.
Therefore, if solving the disturbed problem is computationally demanding, this rough Taylor
approximation using the sensitivity could be used to gain some qualitative information about
the nature of the disturbed solution with minor computational effort.
The above examples demonstrate that the computed sensitivities give an accurate picture
of the change in the solution with respect to ε for small of ε. This property has the potential
to be useful in realistic applications where the size of disturbances could be extremely small.
For example, it may be difficult or impossible to simulate the disturbed state for a small
enough perturbation to the problem. However, we have shown how the sensitivity can be
used to give a rough approximation to the disturbed state. This approximation can be
quite accurate when the disturbance is small. Also, as seen above, one can find exactly
where (spatially) the sensitivity will be the greatest. This has the potential to be useful
for sensor and actuator placement in control problems. None of this information can be
obtained through a purely linear analysis of the problem. As discussed above, a linear
spectral analysis of this problem shows that the zero state is asymptotically stable, while
only a slight perturbation to the problem causes this equilibrium to move by an order of
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Figure 5.15: Numerical solution of the sensitivity equation (5.28)-(5.30) over the time interval
[0, 4] with µ = .1, ε = 0, N = 64, z0 (x) = (1 − x)(1 + x)3 .
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Figure 5.16: Numerical solution of the sensitivity equation (5.28)-(5.30) at various time
values: (a) t = 2, 5, 10 (b) t = 25, 50, 100 (c) t = 250, 500, 1000 (d) t = 2000, 4000, 10000.
Here, µ = .1, N = 64, z0 (x) = (1 − x)(1 + x)3 and the sensitivity is monotonically increasing
in time. The steady state is reached at t ≈ 10000.
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magnitude, drastically changing the dynamics of the system. The continuous sensitivity
method yields this information for the relatively minor cost of solving a linear sensitivity
equation.

5.2.4

Comparison of the 2D Undisturbed and Disturbed Problems

In the previous chapter, we studied the two dimensional scalar nonlinear convection-diffusion
equation given by
zt + zzx + zzy = µ∇2 z − (hz)x − (hz)y ,
(5.33)
with boundary conditions
z(t, 0, y) = z(t, 1, y), zx (t, 0, y) = zx (t, 1, y),
z(t, x, 0) = 0, z(t, x, 1) = 0,

(5.34)
(5.35)

z(0, x, y) = z0 (x, y).

(5.36)

and initial condition
The spatial domain is the rectangle Ω = (0, 1) × (0, 1). Again, µ is a positive constant and
h = h(y) is the hyperbolic tangent profile given by (4.36). Here, we examine the sensitivity
of solutions with respect to a simplified form of wall roughness. Specifically, the equation is
taken to hold over the “rough walled” domain
n

o

Ω(α, β) = (x, y) ∈ R2 : 0 < x < 1, b(x; α, β) < y < t(x; α, β) ,
where

b(x; α, β) = α sin(βx),

t(x; α, β) = 1 + b(x; α, β) = 1 + α sin(βx).

Here, y = b(x; α, β) and y = t(x; α, β) are the equations for the bottom and top wall of the
domain and α is assumed to be small so that the walls are nearly flat.
As mentioned in section 4.4, the linear operator for the undisturbed problem is given by
Az = µ∇2 z − (hz)x − (hz)y .
for all z in the domain of A defined by
D(A) =

n

z ∈ H 1 (Ω) : Az ∈ L2 (Ω), z(0, y) = z(1, y), z(x, 0) = 0 = z(x, 1)

o

Lemma 4.4.2 guarantees that A generates an analytic semigroup. Therefore, if the spectrum
of this operator lies in the left half plane (and is bounded away from the imaginary axis),
then one could easily apply Theorem 2.2.3 to show that the the zero state is asymptotically
stable with respect to the H 1 norm. Unfortunately, it is not known if this operator has its
spectrum contained entirely in the left half plane. However, finite element approximations
to the linear operator suggest that the spectrum of A does indeed lie in the left half plane.
Table 5.1 shows the real part of the rightmost eigenvalue of the approximations for various
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Table 5.1: Largest eigenvalue of the finite element approximation to the linear operator A
in the 2D NLCD equation for various values of µ. N is the total number of basis functions
used in the approximation and n is the number of equally spaced finite element nodes placed
in each coordinate direction.
µ
.1
.05

N = 210
n = 16
−.1293
−4.405 × 10−4

N = 930
n =32
−.1383
−1.403 × 10−3

N = 3906
n = 64
−.1403
−1.712 × 10−3

values µ and n, the number of equally spaced nodes in each coordinate direction. It appears
that the leading eigenvalue has negative real part and is not approaching the imaginary
axis as n increases. Therefore, it is plausible that the zero state is an asymptotically stable
equilibrium for this system in the H 1 norm. This has been computationally observed for a
wide variety of initial data, see Figure 5.19 for a typical simulation. In fact, it appears that,
like the 1D nonlinear convection-diffusion equation, most solutions converge to the zero state
as t → ∞.
For the disturbed problem, in section 4.4 the fluctuation equation was transformed from
the rough domain Ω(α, β) to the smooth domain Ω. If the transformed state is denoted by
φ(ξ, η), then the transformed equation is given by
φt + φφξ + (A + 1)φφη

!


 
∂
∂ 
Aφξ + A2 + 1 φη
= µ
(φξ + Aφη ) +
∂ξ
∂η
−(A + 1)gφη − gφξ − gη φ,

(5.37)

with boundary conditions and initial condition
φ(t, 0, η) = φ(t, 1, η), φξ (t, 0, η) = φξ (t, 1, η) for all η,
φ(t, ξ, 0) = 0, φ(t, ξ, 1) = 0 for all ξ,
φ(0, ξ, η) = φ0 (ξ, η) := z0 (ξ, η + b(ξ)).

(5.38)
(5.39)
(5.40)

Here, g is the transformation of h and A = A(ξ; α, β) is also a byproduct of the transformation. In this case, unlike the 1D transformed NLCD equation, there is no forcing function
to drive the solution of this transformed system. Also, the zero state is still an equilibrium.
However, it now appears that the zero function is unstable for certain values of α and β.
Table 5.2 shows the real part of the largest eigenvalue of finite element approximations to
the perturbed linear operator for various values µ, α, β and n, the number of equally spaced
nodes in each coordinate direction. This data suggests that the zero state is still asymptotically stable if the wall roughness isn’t large enough (i.e., α is small) or rough enough (i.e.,
β is small).
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Figure 5.19: Numerical solution of the 2D NLCD equation (5.33)-(5.36) at times (a) t = 0,
(b) t = .1, (c) t = .5 and (d) t = 1. Here, µ = .1, z0 (x, y) = sin(2πx) sin(πy) and n = 16
equally spaced nodes are used in each coordinate direction.

Computational experiments show that whenever α and β are small enough, numerical
solutions to the transformed 2D nonlinear convection-diffusion equation tend to the zero
state in a similar manner as numerical solutions to the undisturbed problem (compare figure
5.19). Therefore, the solution is not sensitive if the wall roughness is not too large or too
rough. However, increasing these values eventually causes a great change in the solutions.
Figure 5.20 shows a numerical solution with µ = .05, α = .001 and β = 75 at various
time values. The solution quickly decays but then begins a slow ascent to an order one
steady state solution. Figures 5.21 shows a similar order one numerical steady state solution
obtained with µ = .05, α = .001, and β = 100. The very small wall roughness has caused
the solutions to move an order of magnitude away from the origin. As with the 1D NLCD
equation, decreasing µ only increases the change in the solution. Figure 5.22(b) shows the
much larger steady state with µ = .025, α = .0005 and β = 75. The small form of simplified
wall roughness causes solutions to “transition” where otherwise solutions would decay to
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Figure 5.20: Numerical solution of transformed 2D NLCD equation (5.37)-(5.40) at (a)
t = 0, (b) t = 1, (c) t = 10, (d) t = 1000, (e) t = 10000 and (f) = 15000. Here, φ0 (x, y) =
sin(2πξ) sin(πη), µ = .05, α = .001, β = 75 and n = 64 equally spaced nodes are used in
each coordinate direction.
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Table 5.2: Largest eigenvalue of the finite element approximation to the linear operator of
the transformed 2D NLCD equation for various values of µ. N is the total number of basis
functions used in the approximation and n is the number of equally spaced finite element
nodes placed in each coordinate direction.
N = 210
µ
α
β
n = 16
.05 .0001 75 −1.838 × 10−4
.05 .001 75
2.188 × 10−3
.05 .001 100 2.869 × 10−3

N = 930
n =32
−1.144 × 10−3
1.346 × 10−3
2.104 × 10−3

N = 3906
n = 64
−1.1452 × 10−3
9.549 × 10−4
1.757 × 10−3

zero.
An interesting difference between the 1D and 2D problems is that the small wall roughness
appears to create new equilibria in the 2D problem. The nonzero steady state solutions of
the transformed fluctuation equation appear to be constant in ξ, i.e., ψss (ξ, η) = ψss (η) =
zss (y − b(x; α, β)). However the “nearby” function zss (y) is not an equilibrium of the original
fluctuation equation (5.33)-(5.36). Recall in section 4.4 we considered the 2D NLCD equation
wt + wwx + wwy = µ∇2 w,

w(t, x, 0) = 1,

w(t, x, 1) = −1

with periodic boundary conditions in the x direction. Lemma 4.4.1 implies that any equilibrium of the form h = h(y) to this problem is necessarily unique. The change of variable
z(t, x, y) = w(t, x, y) − h(y) was then made to arrive at the fluctuation equation. Therefore,
if there were to exist another equilibrium zss = zss (y) to the fluctuation problem, that would
imply the existence of another equilibrium of the form w = w(y) 6= h(y) to the original
2D NLCD equation above. Since this is impossible, there cannot be an equilibrium to the
fluctuation problem of the form z = z(y). Therefore, we conjecture that the nonzero steady
state solutions of the transformed fluctuation equation are “new” equilibria, i.e., they are
not transformations of equilibria to the original fluctuation equation. Including a small wall
roughness causes these equilibria to appear.
This experiment uses a very simple approximation of wall roughness. In reality, actual
wall roughness is three dimensional and most likely not smooth. A transformation to a
smooth region would be impossible. It is then difficult to tell what influence “real” wall
roughness has on an actual flow system. However, this simple example here provides some
insight. When the wall roughness is large enough, solutions “transitioned” to an order one
steady state when they should have decayed to zero. The linear operator became unstable
and new equilibria appeared. Also, for a fixed roughness size, one sees transition as µ
approaches zero. This is what one observes in experimental fluid flow. These observations
provide a possible explanation of the failure of classical linear stability analysis to predict
transition to turbulence in certain fluid flows (such as Couette or pipe flows). Including
some form of wall roughness or small disturbances in flow models would give a more accurate
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Figure 5.21: Numerical steady state solution of the transformed 2D NLCD equation (5.37)(5.40) at t ≈ 7000, with µ = .05, α = .001, β = 100, φ0 (ξ, η) = sin(2πξ) sin(πη) and n = 64
equally spaced nodes used in each coordinate direction.

Figure 5.22: Numerical steady state solution of the transformed 2D NLCD equation (5.37)(5.40) at t ≈ 5000, with µ = .025, α = .0005, β = 75, φ0 (ξ, η) = sin(2πξ) sin(πη) and n = 64
equally spaced nodes used in each coordinate direction.
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picture of transition.

5.3

Sensitivity Analysis of ODE Model Problems

Here we focus on the ODE model problems introduced in section 4.1 given by
ẋ(t) = Ax(t) + kx(t)k Sx(t) + εd,

x(0) = x0 ∈ Rn ,

(5.41)

where A is a constant stable matrix, S is a constant skew-symmetric matrix, k·k is the
standard Euclidean norm and d is a constant vector. Recall that ODEs of this form with
ε = 0 are known to be very sensitive with respect to initial data. The origin is asymptotically
stable, but if the initial data is not extremely close to zero then solutions can transition
to another state. Therefore, these systems have been used as model problems for flow
systems which show extreme sensitivity to disturbances in the laminar flow. We focus here
on sensitivity with respect to the forcing term εd only. Considerable work on the sensitivity
to initial data may be found in the references [5], [6] and [143].
In section 4.1 the sensitivity of the solutions with respect to the small disturbance ε at
ε = 0 was defined by
∂x
s(t) =
(t; ε)
.
ε=0
∂ε
Corollary 4.1.1 shows that this sensitivity satisfies the linear differential equation
ṡ(t) = As(t) + Dx F (x(t; 0))s(t) + d,

s(0) = 0 ∈ Rn ,

(5.42)

where x(t; 0) is the solution to the undisturbed problem and Dx F (·) is the Jacobian of the
nonlinear term F (x) = kxk Sx given by
(

Dx F (x) =

kxk S + S xxT / kxk ,
0,

if x 6= 0
if x = 0.

(5.43)

As discussed earlier, since the matrix A is non-normal, the solution to the sensitivity equation
can exhibit large transient growth for certain initial data. We will show that the sensitivity
can predict time intervals where solutions are rapidly changing.
We also consider the control problem to illustrate that linear feedback control has the
potential to suppress the sensitivity of the solution. We examine the ability of the control
in these model problems to delay transition and even relaminarize fully developed chaotic
flows. Although there are several control design methodologies, we limit our presentation to
LQR control. Recall the optimal LQR controller minimizes the cost
J(u, x0 ) =

Z

0

∞

hQx(t), x(t)iRn + hRu(t), u(t)iR dt

John R. Singler

Chapter 5. Numerical Results

113

subject to the linearized initial value problem
ẋ(t) = Ax(t) + Bu(t),

x(0) = x0 ,

(5.44)

with Q positive semidefinite and R positive definite. Since in the example systems A is a
stable matrix, it is well known that there is a unique solution to the LQR problem. The
optimal control is given by the linear feedback law u(t) = −Kx(t), where K = R−1 BT Π
and Π is the unique symmetric non-negative definite solution of the matrix algebraic Riccati
equation
AT Π + ΠA + ΠBR−1BT Π + Q = 0.
We conduct a numerical study of how the control impacts the nonlinear perturbed system
ẋ(t) = Ax(t) + kx(t)k Sx(t) + Bu(t) + εd,

5.3.1

x(0) = x0 .

(5.45)

"

(5.46)

The Two Dimensional System

The two dimensional system takes the specific form
A=

"

−1/R
1
0
−2/R

#

,

S=

"

0 −1
1 0

#

,

d=

1
1

#

,

The positive constant R plays the role of a Reynolds number. Figure 5.23 shows the phase
portrait of the undisturbed system with R = 5. There are five equilibria. The red are
unstable while the blue are stable. The light lines are the stable manifolds and the dark
lines are the unstable manifolds for the unstable hyperbolic points. If the initial data lies
inside the light lines, then kx(t)k → 0. If the initial data lies outside of this band, then
the solution converges to one of the other two equilibria. One can show that the system
is dissipative. There is a global compact attractor defined by the five equilibria and the
unstable manifolds of the hyperbolic points. Observe that the largest ball absorbing ball
about zero shrinks as R increases. In fact, this ball has radius on the order of R−2 . In figure
5.23, we set R = 5 so that the basin of attraction for the origin is clearly visible. In figure
5.24, we set R = 8 to illustrate the shrinking of the domain.
Define the vector xT S = [1, 0]T to be the eigenvector corresponding to the eigenvalue
−1/R which is closest to the imaginary axis. Also, define the vector xOB = [1, 1]T . The
energy in the initial condition x0 is given by the norm kx0 k. It is clear from the above phase
portrait that for initial data in each of these directions, the solution with initial data in the
xOB direction will transition at a lower energy than an initial data in the xT S direction. For
example, if R = 10, then xOB will transition when kxOB k > .0087 while xT S will transition
when kxOB k > .02. These initial states are analogous to the Tollmien-Schlichting (TS) and
oblique (OB) waves for plane Poiseuille flow. The Tollmien-Schlichting state corresponds to
the eigenvalue that is closest to the imaginary axis, yet transition occurs at a smaller energy
for the oblique state. This is consistent with observations in [123].
For the disturbed problem, if R = 6 and ε = 10−3 , Figure 5.25 shows the phase portrait
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Figure 5.23: Phase portrait for the undisturbed 2D system (5.41), (5.46) with R = 5 and
ε = 0.
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Figure 5.24: Phase portrait for the undisturbed 2D system (5.41), (5.46) with R = 8 and
ε = 0.

change dramatically. The equilibria experience a subcritical bifurcation and the zero state,
which was an asymptotically stable equilibrium, is no longer an equilibrium. The light
line and the dark line are the stable and unstable manifolds for the one remaining unstable
equilibrium. Now, any initial data near zero will transition to one of the two remaining stable
equilibria. Also, for larger values of R, ε can be very small and still cause the bifurcation of
equilibria. This is the same structure observed in the nonlinear convection diffusion equation.
The continuous sensitivity equation method is able to predict this phenomenon for this
model problem. Let x0 = .02 xT S and x0 = .005 xOB so that the solutions of the undisturbed
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Figure 5.25: Phase portrait for the 2D disturbed system (5.41), (5.46) with R = 6 and
ε = 10−3 .

problem with these initial conditions are in the basin of attraction and will converge to the
zero state. Figure 5.26 shows the sensitivity of the solution with the TS initial data computed
using the sensitivity equation (5.42), (5.43), (5.46) in comparison with the solution of the
disturbed problem with ε = 5 × 10−4 . Note that the sensitivity peaks almost at the same
time that the solution of the disturbed problem “transitions”. Although changing the initial
condition and the value of ε yields different transition times, the sensitivity still provides a a
rough precursor to the transition time. Figure 5.27 shows the analogous computations with
the oblique initial state and the smaller disturbance ε = 10−4 . The sensitivities are much
larger which implies the solution is more sensitive than the solution with the TS initial data.
This is observed for Poiseuille flow. Also, the transition time is again matched by the peak
of the sensitivity. More importantly, the sensitivities show a rapid growth long before the
transition occurs. Hence, the sensitivities might provide useful information for a feedback
controller.
Consider the LQR control problem described above. We set R = 10 to demonstrate the
effectiveness of the LQR linear feedback control on a sensitive problem. Choose the state
weight Q = I, the control weight R = 10 and B = [0, 1]T so that the control only enters
into the second component of the state equation. In this case, the optimal LQR feedback
gain K is given by K = [0.2397, 0.5871] and the closed loop system with ε = 0 has the phase
portrait shown in Figure 5.28. Again, there are five equilibria. The red are unstable and
the blue stable. The lighter and darker lines are the stable and unstable manifolds for the
unstable hyperbolic points. Notice that the basin of attraction for the origin is now quite
large. The largest absorbing ball for the origin has radius of approximately .34. In contrast,
the radius of the ball for the uncontrolled system is approximately .005. If ε 6= 0 so that
the small disturbance enters to the controlled problem, the phase portrait of the resulting
system is almost identical. Therefore, the control has drastically reduced the sensitivity
of the problem to the disturbance εd. We note that different choices for the state and
control weights Q and R as well as the control input matrix B can have a great impact
on the nonlinear dynamics of the closed loop system. For instance, allowing less control by
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Figure 5.26: (a) Computed sensitivity of the solution of the 2D system with respect to ε at
ε = 0 (b) Numerical solution of 2D disturbed problem. In both figures, R = 10, x0 = .02 xT S ,
ε = 5 × 10−4 .
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Figure 5.27: (a) Computed sensitivity of the solution of the 2D system with respect to
ε at ε = 0 (b) Numerical solution of 2D disturbed problem. In both figures, R = 10,
x0 = .005 xOB , ε = 10−4 .
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Figure 5.28: Phase portrait for the closed loop system (5.45), (5.46) with Q = I, R = 10,
B = [0, 1]T , R = 10 and ε = 0. The control u(t) is the optimal LQR control for the linearized
system (5.44).

increasing the control weight R shrinks the size of the largest attracting ball for the origin.
However, allowing more control by decreasing R to 4 eliminates all of the equilibrium except
the origin which becomes globally attracting. In this case, although the open and closed
loop systems are both dissipative, the global attractors are very different. It is important
to note that linear feedback can dramatically alter the nature of the global attractor for a
nonlinear system. This example shows that linear feedback has the potential to decrease
the sensitivity of flows with respect to small disturbances and alter the global dynamics. In
particular, feedback may be able to enlarge the domain of attraction for a laminar flow and
thus delay transition or even eliminate chaotic/turbulent flow.

5.3.2

The Three Dimensional System

Although the simple 2D model problem above captures the essential ideas, we present a 3D
model to illustrate the points for a chaotic system. Define the matrices by




−.5/R
1
0

0
−.75/R
1 
A=
,
0
0
−1/R





0 −1 −.5

0
.25 
S= 1
,
.5 −.25 0





1


d =  1 ,
1

(5.47)

and consider the initial value problem (5.41). The 3D system exhibits a wide variety of
behaviors, depending on the value of R. When R < 4, at least one of the nonzero equilibria
is stable and all solutions converge to a stable equilibrium. If R is larger than 4, all of the
nonzero equilibria are unstable and solutions can tend to either a periodic, quasi-periodic,
or chaotic orbit. In particular, chaotic solutions are observed in the approximate range
9.5 < R < 23. Figure 5.29 shows a chaotic orbit for the above system with R = 10. Also, for
large enough initial data, solutions will spiral out to infinity. Recall from Corollary 4.1.1 that
the zero state is always an asymptotically stable equilibrium. However, like the 2D model,
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Figure 5.29: Representative numerical solution of the 3D system at R = 10. The red
circles are unstable equilibria. The origin is a stable equilibrium and there are two unstable
equilibria very near the origin.

there are two unstable equilibria near the origin which rapidly approach the zero state as R
increases. Thus, the largest attracting ball for the origin is quite small and decreases with
radius on the order of R−2 as R increases.
Again define the Tollmien-Schlichting (TS) state xT S = [1, 0, 0]T as the eigenvector corresponding to the eigenvalue −.5/R which is closest to the imaginary axis. Also define the
oblique state xOB = [1, 1, 1]T . In the same manner as the 2D problem, the oblique state
will transition at a lower energy than the TS state. For R = 10, the oblique initial state
transitions whenever kxOB k > 1.7 × 10−5 while the TS state transitions when kxT S k > 10−3 .
Again, this mirrors the behavior of the TS and oblique waves in plane Poiseuille flow. For
the perturbed problem with ε = 10−7 , the zero state is no longer an equilibrium and the TS
state also transitions.
The sensitivities of solutions to the 3D problem with respect to ε are similar to the
sensitivities the 2D problem. In particular, the sensitivities can again predict the transition
and approximate transition times. To illustrate, let R = 10 and choose initial data for both
the TS and oblique states of x0 = 10−3 xT S and x0 = 9 × 10−6 , respectively. Figure 5.30
compares the sensitivity with the solution of the disturbed problem with ε = 10−7 for the
TS initial state. Figure 5.30 shows the same comparison for the oblique initial state with
ε = 5 × 10−8 . The peaks of the sensitivities again correspond with the transition times of
the solutions of the disturbed problems. Again, the sensitivity provides a rough estimate of
the transition time for the disturbed system.
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Figure 5.30: (a) Norm of the computed sensitivity s(t) of the solution of the 3D system with
respect to ε at ε = 0 (b) Norm of the solution x(t; ε) of the 3D disturbed problem. In both
figures, R = 10, x0 = 10−3 xT S , ε = 10−7 .
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Figure 5.31: (a) Norm of the computed sensitivity s(t) of the solution of the 3D system with
respect to ε at ε = 0 (b) Norm of the solution x(t; ε) of the 3D disturbed problem. In both
figures, R = 10, x0 = 9 × 10−6 xOB , ε = 5 × 10−8 .
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Finally, we show that an LQR controller has the potential to stabilize a fully developed
chaotic flow. The main idea is to turn on the control when the chaotic flow enters the domain
of attraction of the origin for the closed loop system. This method is based on the capturing
ideas presented by Yorke and colleagues in [124] and [125]. As a test case, consider the LQR
controller with state weight Q = I, control weight R = 1 and B = [0, 0, 1]T so that the
control enters through the last component of the system. Computing the feedback gain as
described above yields K = [0.8862, 2.1290, 2.1952]. The closed loop system is obtained by
setting u(t) = −Kx(t). We first apply the capturing control to the undisturbed system with
ε = 0. The location of the equilibria of the closed loop system provide an approximation to
the domain of attraction for the zero state. There are two unstable equilibria of distance of
about .3358 away from the origin. Therefore, a reasonable guess is that the largest ball of
attraction for the origin has a radius of about .33. For the oblique initial data x0 = 10−4 xOB ,
the solution transitions to a chaotic attractor at t = 150. Thus, we wait until the solution
has transitioned and do not turn on the control until the norm of the solution is less than
.33. In this numerical experiment, the controller turned on at t = 154 and almost instantly
stabilized the solution. For other initial data, the control would turn on at different times,
but the flow was always stabilized to the zero state. This method was also successful when the
disturbance εd was allowed to enter the system. This example suggests that this capturing
method has potential for relaminarizing fully developed chaotic flow even in the presence of
disturbances.
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Figure 5.32: Norm of the numerical solution of the 3D closed loop system with R = 10,
ε = 0, x0 = 10−4 xOB . The control is turned on at t = 154.

5.4

Discussion

It is clear from the examples presented in this chapter that small disturbances entering
through forcing or a boundary condition can greatly affect the dynamics of a system. Classical stability analysis of the linearized part of the system may not be able to detect these
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changes. In particular, the zero state may be an asymptotically stable equilibrium for the
nonlinear problem, yet a small disturbance to the equation can cause a solution starting near
the origin to transition to another state. As seen above, this phenomenon can be caused
by a bifurcation of equilibria due to small perturbations. The zero equilibrium can move an
order of magnitude or even disappear entirely. None of this can be seen by examining the
spectrum of the linear part of the equations.
In contrast, the sensitivity equation method formulated in the previous chapter can
provide considerable useful information about the disturbed system. The sensitivity can
predict regions of space where the solution will undergo the largest change due to a particular
disturbance. This information may be valuable for sensor and actuator placement for the
control problem. Also, sensitivities can predict regions in time where the solution will be the
most sensitive to the small disturbance. In particular, the sensitivity can predict possible
transitions and give a rough prediction of a transition time. Therefore, sensitivity analysis
can prove useful in control design. Also, sensitivity analysis is a useful tool to analyze the
role of a specific perturbation in the transition process.
A non-normal linear operator can cause the solution of a nonlinear system to be extremely
sensitive with respect to small disturbances. Since the non-normality of the linear operator
is a crucial feature that increases sensitivity, one has hope that linear feedback might be
sufficient to control transition. We explored these idea for low order ODE model problems
and have shown how a linear control can drastically decrease the sensitivity of a system to
small disturbances. Specifically, the control can enlarge the domain of attraction for an equilibrium state which reduces the possibility that a small disturbance will cause a bifurcation
and transition. This property demonstrates that feedback control has the potential to delay
transition or even relaminarize a fully developed turbulent flow.

Chapter 6
Conclusion and Summary of Main
Results
The main focus of this thesis has been to investigate the effects of small disturbances on the
solutions of dynamical systems with non-normal linear part. Our motivation comes from
the Navier-Stokes equations and the unsolved problem of accurately predicting transition to
turbulence in certain fluid flows. Recent work on the transition problem indicates that small
disturbances play an important role in transition. To try to more completely identify the role
of small disturbances in the transition process, we explored certain model problems that share
a similar mathematical framework with the Navier-Stokes equations. Specifically, we studied
how certain boundary and forcing disturbances affected the equations. We formulated the
continuous sensitivity equation method to investigate the change in solutions with respect
to a small disturbance. We also explored the use of a linear feedback controller to reduce
the sensitivity of a problem to small disturbances.
In considering these problems, we are led to the following conclusions.
1. Small forcing or boundary disturbances can cause bifurcation of equilibria which can
lead to transition.
2. Small wall roughness can cause an equilibrium to become unstable and also create new
equilibria leading to transition.
3. Sensitivity analysis can predict if solutions are sensitive to a specific type of small
disturbance. The sensitivities can predict regions in space and time where the solutions
will be sensitive and they can provide a precursor to transition.
4. Linear feedback control can reduce the sensitivity of a nonlinear system by changing
the global dynamics. Therefore, linear feedback has the potential to delay transition
and even stabilize fully chaotic flows.
All of these results center around the fact that nonlinear systems with a non-normal linear
operator can be sensitive to small disturbances.
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In the course of this work, we have encountered many important problems that require
further investigation.
1. The relationship between the linearized Navier-Stokes operator and the Orr-Sommerfeld
operator needs to be closely examined.
2. A stronger theory for stability of equilibria is needed for infinite dimensional dynamical
systems. In particular, it would be beneficial to have a stability theory that does not
require the small perturbation to the initial condition to be smooth.
3. Work needs to be done on representing realistic disturbances in flow systems. Good
representations would lead to better algorithms for sensitivity analysis and control.
4. Sensitivity analysis needs to be explored further in predicting transition for flow systems. Also, the benefits of sensitivity analysis in control problems needs to be thoroughly investigated.
5. The concept of a capturing control needs to be investigated for controllers that only
have access to partial state information. Also, the relationship between the control
weights and the sensitivity of the system should be thoroughly examined.
We mention an alternate flow model known as the Bipolar fluid equations (see [13] for an
overview) that may provide insight into the problem of representing realistic wall roughness.
The equations are more complex than the Navier-Stokes equations, but they have many
theoretical advantages including global existence and uniqueness of solutions and compact
global attractors in both bounded domains and unbounded channels (see [14], [15], [20], [21]).
More importantly, solutions to the Bipolar fluid equations are known to exhibit sensitivity
with respect to wall roughness [16]. In fact, in a certain case, infinitesimal wall roughness can
be represented by a particular Neumann boundary condition. Results such as this are not
known for the Navier-Stokes equations. Since the Bipolar fluid equations display sensitivity
to wall roughness, it is possible that these equations are a more accurate flow model for
predicting transition.
Finally, we note that the recent theoretical results in [11] and [12] on boundary control for
the Navier-Stokes equations also support the conjecture of using linear feedback control to
stabilize turbulent flow. Barbu et. al show that on bounded domains it is possible to stabilize
an unstable laminar flow by linear feedback on the boundary. Moreover, in two dimensions
this can be done with a finite number of controllers. It would be useful to develop numerical
tools to test the usefulness of this theory.
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