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Algorithms for modeling and simulation of biological systems; applications
to gene regulatory networks

Martha Paola Vera-Licona

ABSTRACT

Systems biology is an emergent field focused on developing a system-level understanding of
biological systems. In the last decade advances in genomics, transcriptomics and proteomics
have gathered a remarkable amount data enabling the possibility of a system-level analysis
to be grounded at a molecular level. The reverse-engineering of biochemical networks from
experimental data has become a central focus in systems biology. A variety of methods have
been proposed for the study and identification of the system’s structure and/or dynamics.

The objective of this dissertation is to introduce and propose solutions to some of the chal-
lenges inherent in reverse-engineering of biological systems.

First, previously developed reverse engineering algorithms are studied and compared using
data from a simulated network. This study draws attention to the necessity for a uniform
benchmark that enables an objective comparison and performance evaluation of reverse
engineering methods.

Since several reverse-engineering algorithms require discrete data as input (e.g. dynamic
Bayesian network methods, Boolean networks), discretization methods are being used for
this purpose. Through a comparison of the performance of two network inference algorithms
that use discrete data (from several different discretization methods) in this work, it has been
shown that data discretization is an important step in applying network inference methods
to experimental data.

Next, a reverse-engineering algorithm is proposed within the framework of polynomial dy-
namical systems over finite fields. This algorithm is built for the identification of the un-
derlying network structure and dynamics; it uses as input gene expression data and, when
available, a priori knowledge of the system. An evolutionary algorithm is used as the heuris-
tic search method for an exploration of the solution space. Computational algebra tools
delimit the search space, enabling also a description of model complexity. The performance
and robustness of the algorithm are explored via an artificial network of the segment polarity
genes in the D. melanogaster.

Once a mathematical model has been built, it can be used to run simulations of the biological
system under study. Comparison of simulated dynamics with experimental measurements
can help refine the model or provide insight into qualitative properties of the systems dy-
namical behavior. Within this work, we propose an efficient algorithm to describe the phase
space, in particular to compute the number and length of all limit cycles of linear systems
over a general finite field.

This research has been partially supported by NIH Grant Nr. RO1GM068947-01.
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Chapter 1
Introduction

1.1 Systems Biology

Systems biology is an emergent field that aims at a system-level understanding of biological
systems [1]. This system-level approach has been a recurrent theme in the the scientific
community from Cannon’s homeostasis [2] and Wiener’s biological cybernetics [3] to Ludwig
von Bertalanffy’s foundations on general systems theory [4]. Knowledge of molecular biology
was limited and efforts in this area focused on a solely physiological description of the systems.

In the last decade advances in genomics, transcriptomics and proteomics have gathered a
remarkable amount data, enabling the possibility of a system-level analysis to be grounded
at a molecular-level. These advances are bringing systems biology to the main stream of
biological sciences in this century.

The tasks required for the understanding of biological systems, as summarized by Kitano [1]
are:

• System structure identification (Analysis of network topology),

• System behavior analysis (Analysis of network dynamics),

• System control, and

• System design

Mathematical modeling and simulation are natural tools for the performance of these key
tasks. One of the values of mathematical models is that their formal study allows us to inves-
tigate generic properties and test hypotheses while the modeling process itself gives insight
about the functional activity of the system and the dynamic interactions of its components.

1
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1.2 Motivation: A Systems Biology Project

The work described in this thesis is part of a Systems Biology Project at the Virginia
Bioinformatics Institute (VBI). This collaborative project among the research groups of
Laubenbacher, Mendes, and Shulaev is funded by the NIGMS under grant number RO1
GM068947-01, which has partially supported the current dissertation.

1.2.1 Biological Motivation

Oxidative stress is a harmful condition in a cell, tissue or organ caused by an imbalance
between reactive oxygen species (ROS) or other molecules with high oxidative potential
and the capacity of antioxidant defense systems to remove them. All aerobic organisms
are exposed to ROS, such as free radicals and peroxides. ROS can cause wide-ranging
damage to macromolecules, including proteins, lipids, DNA and carbohydrates. ROS have
been recognized as important pathophysiologic components of a number of diseases, such
as Alzheimer’s disease [5], diabetes [6], and several cancers [7]. To protect against oxidant
damage, cells contain effective defense mechanisms including enzymes and low-molecular-
weight compounds [8]. These ROS and the corresponding cellular defense systems have been
studied extensively in S. cerevisiae [9].

The yeast Saccharomyces cerevisiae, or common yeast, is a single cell eukaryotic microor-
ganism. It is one of the simplest eukaryotes but many essential cellular processes are shared
between yeast and human. In fact, many yeast proteins have been shown to be functionally
interchangeable with their homologous human proteins. Yeast is easy to culture and manip-
ulate genetically and biochemically, with large-scale expression and protein-DNA datasets
generated. Consequently, S. cerevisiae is widely used as a model system to understand the
molecular mechanisms of oxidative stress response [10].

The Systems Biology Project at VBI studies the kinetics of the S. cerevisiae response to
oxidative stress induced by cumene hydroperoxide. The goal of this project is to develop
new methods to construct integrative 1 mathematical models of biological systems, focusing
on the yeast oxidative stress response as an example.

The “dry” experiments are performed by the two mathematics-computational biology re-
search groups led by Laubenbacher and Mendes.

The Laubenbacher and Mendes research groups have both adopted the so-called top-down
or reverse engineering method for model construction. This method builds a model from
observation of the system in response to specially designed perturbations.

The Laubenbacher group has developed methods to create top-down models of biological
systems using computational algebra and discrete mathematics. The group has developed

1Bringing two different modeling approaches: continuous and discrete



Paola Vera-Licona Introduction 3

a new modeling approach for gene regulatory networks from DNA microarray data, based
on the framework of discrete dynamical systems in which each variable can take on a finite
number of states. These methods have been introduced in [11],[12] and they will be briefly
described in chapter 4. Alternately, the Mendes research group has developed methods based
on (continuous) non-linear dynamics to create top-down models of biological systems. They
use ordinary differential equations for the modeling of biochemical networks as continuous
systems, an approach based on chemical kinetics theory [13].

To complete the hypothesis-driven research in systems biology, the Shulaev’s research group
elaborate the “wet” experiments of the S. cerevisiae response to oxidative stress induced
by cumene hydroperoxide. The Laubenbacher and Mendes research groups participated in
the experimental design to ensure that the data collected would be of the appropriate type,
amount, and format for the models of the oxidative stress response system that are to be
reconstructed.

1.3 Reverse-Engineering (RE) of Biological Systems

In broad terms, reverse-engineering is the process of analyzing a subject system to identify
the components of the system and their relationships, as well as to create an abstract rep-
resentation of the system that facilitates its study. Engineers and scientists have previously
developed reverse-engineering techniques in the fields of computer science, engineering, and
statistics, which are respectively called machine learning, system identification, and statisti-
cal learning.

In the context of molecular biology, the reverse-engineering of biochemical networks from
experimental data has become a central focus in systems biology. Two different types of
analysis are of interest when developing a reverse engineering method as a modeling frame-
work:

Analysis of network topology. In this type of analysis, a network of molecular interactions is
viewed as a directed graph: a pair (V, E) where V is a set of vertices (or nodes) and E a set
of directed edges, i.e. pairs (i, j) of nodes, where i is the source node and j is the target node.
In some instances, undirected graphs are used instead, for example, when only describing
existence of a correlation between two nodes rather than a causal direction. This directed
graph is also known as “wiring diagram”. Some of the top-down methods are statistical in
nature, allowing identification of the network’s structure or wiring diagram. Depending on
the method used, the edges represent either a statistical correlation of two variables (de la
Fuente [14], Rice [15]) or a causal relationship (Friedman, [16]). The most commonly-used
modeling framework is that of dynamic Bayesian networks (Pournara [17]; Yu [18] ; Beal
[19]; Nariai [20]; Zou [21]; Dojer [22]).

Analyses of network dynamics. The phase space of the network, is analyzed for a description
of the dynamic rules that describe how the system evolves in time or changing conditions.
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Dynamical properties of interest include the identification of steady states or limit cycles,
identification of multistable (e.g. switch-like) behavior, environmental changes, genetic per-
turbation, etc.Top-down modeling methods to discover a network’s behavior commonly use
a dynamical systems modeling framework, such as Boolean networks (Liang [26]; Akutsu
[27]; Mehra [29]; Martin [30]), systems of differential equations (Gardner [23]; Andrec [24];
Kim [25]) or multi-state discrete models (Snoussi and Thomas Laubenbacher [11]; Jarrah
[12]).

The understanding of data requirements, the type of network analysis and the assessment
of performance of the different reverse-engineering methods are relevant issues to be ad-
dressed when selecting or designing a reverse-engineering algorithm. The objective of this
dissertation is to introduce and propose solutions to some of the challenges faced within the
modeling process in systems biology.

1.4 Benchmarking for RE Algorithms

In chapter 2, previously developed reverse engineering algorithms are studied and compared.
Typically, in the literature, the performance of each method is demonstrated using available
experimental or simulated data. A systematic comparison of available methods would be
useful for an objective evaluation of each method’s performance. The two main obstacles to
perform such a comparison are: the difficulty of performing the experiments on a realistic-size
network to fulfill the different requirements for the various methods, and a lack of detailed
foreknowledge of the network to be reconstructed. A further complication is the absence of
a rigorous understanding of the data requirements for the different methods and a universal
method to measure the quality and information content of a given data set. If a simulated
network is to be used, it is important to incorporate several realistic features, such as the
amount of data noise, different molecular species, or different time scales. A gene network
is generated using the software by Mendes et al. [13].

Two of the methods compared rely on data obtained by making small perturbations of the
variables of the system around a reference steady state ([31], [32], [23]). One of these methods
uses time series data following an environmental perturbation [18] while the other has no
prerequisites as to the type of data used [14]. The latter was applied to the time course
data obtained after an environmental perturbation was applied. An important criteria for
the choice of methods to be compared here is the availability and ease of use of a software
implementation of the algorithm.

This chapter presents results described in a submitted research paper together with Dr.
Diogo Camacho, Dr. Laubenbacher and Dr. Mendes.
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1.5 Comparison of Data Discretization Methods

Several algorithms have been proposed for the inference of biochemical networks from ex-
perimental data ([18], [39], [41]). Some of these require discrete data as input, such as
dynamic Bayesian network methods and methods that use the framework of finite dynami-
cal systems, such as Boolean networks (e.g. [26], [27], [28]). Several discretization methods
are being used for this purpose, and particular features of the method chosen can have a
significant impact on the performance of network inference algorithms. In chapter 3, we
compare the performance of two network inference algorithms that use discrete data with
several different discretization algorithms. One of the inference methods uses a dynamic
Bayesian network framework [18], the other a time- and state-discrete dynamical systems
framework [33]. Discretization algorithms include quantile and interval discretization into 2,
3, and 4 states, as well as a new method especially designed for short time course data. This
comparison demonstrates that data discretization is an important step in applying network
inference methods to experimental data. This step deserves careful and systematic study.
There is currently no method that performs satisfactorily on a broad range of time course
data. Particularly for methods that aim to reconstruct a dynamic model of the network , the
translation from continuous to discrete data is crucial in preserving the internal information
about dependencies among variables and the resolution of their dynamic profiles.

This chapter presents results described in a submitted research paper together with Dr.
Elena Dimitrova, MS. John McGee and Dr. Laubenbacher.

1.6 Our Reverse Engineering Framework

The reverse engineering modeling framework to be considered in this work is that of mul-
tivariate finite dynamical systems (FDS’s), that is, time discrete dynamical systems such
that all system variables take on values in a finite, but possibly large, set X. The most
extensively studied example is Boolean network models. If we assume that the set X can
be given the structure of a finite field (as is the case for X = {0, 1}), then each component
function of the FDS can be expressed as a polynomial.

Laubenbacher and Stigler [11] introduced a computational algebra-based method to reverse-
engineer biochemical networks from experimental observations, generating polynomial dy-
namical systems (PDS’s) models that interpolate the data; this method preferentially selects
models that are minimal in the sense that they do not contain dependencies among the nodes
that are not reflected in the data.

As a simple example consider a time course of observations discretized into the Boolean
states

(0, 1, 0) −→ (0, 0, 0) −→ (1, 0, 0)
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From the method in [11] we obtain the transition functions

f1 = x1 + x2 + 1, f2 = x1x2, f3 = x1x2

for the 3 nodes x1, x2, x3, resulting in the PDS model

(f1, f2, f3) : {0, 1}3 −→ {0, 1}3.

Jarrah et al. [12] constructed a method to generate all minimal wiring diagrams (network
topologies) of PDS models that fit the data. This method and the one described in [11]
result in models that fit the given experimental data exactly, making such models prone to
over-fitting in the presence of experimental noise, thus resulting in overly complex models.

1.6.1 REA: A Reverse Engineering Algorithm with Evolutionary
Computation tools

A central objective of this thesis is to develop a reverse engineering algorithm with the
folllowing properties:

• Tolerant with respect to noise

• Time efficient

• Able to identify models that are optimal with respect to their ability to:

– Reproduce input time courses (without over-fitting)

– Avoid unnecessary model complexity

– Incorporate prior knowledge such as: biological information on the structure of
the wiring diagram and overall structural information about all the possible wiring
diagrams that explain the data.

Although some of the experimental noise may have been inhibited by the discretization
process, some of it could have been amplified. Therefore it is important to develop an
inference method that optimizes among data fit, complexity and any a priori knowledge
available as in the items described above.

In chapter 4 a method is presented for constructing the underlying topology and dynamics
of biochemical networks from gene expression data, and combine it, when available, with
a priori knowledge. Computational algebra tools are used to efficiently describe structural
characteristics of the desired models; since the size of the space of PDS’s models grows
exponentially with respect to the size of the network, an evolutionary algorithm was used
as the heuristic search method. Experiments on an artificial genetic network corresponding
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to the segment polarity genes network in D. Melanogaster show the performance of the
proposed algorithm in constructing the network structure.

In chapter 4 an effective reverse engineering algorithm using polynomial dynamical systems
is given. Since the size of the space of PDS’s models grows exponentially with respect to the
size of the network, an evolutionary algorithm is constructed as the heuristic search method.
Different metrics were introduced within the fitness function, for performance evaluation of
candidate polynomial models. The given method is applied to simulated gene expression
data and proven to be robust with respect to noise when tested with different performance
metrics.

This chapter presents results described in a research paper in preparation together with Dr.
Abdul Jarrah, Dr. Luis D. Garcia, MS. John McGee and Dr. Reinhard Laubenbacher.

1.7 Simulation of Network Models

Once a mathematical model has been built, it can be used to run simulations of the biological
system under study. Comparison of simulated dynamics with experimental measurements
can refine the model or provide insight into qualitative properties of the systems dynamical
behavior. The latter can also be addressed directly by identifying properties of the systems
behavior with the help of theoretical tools that depend on the choice of formalism. In the
context of discrete FDS’s, properties of interest include the identification of steady states
and number and length of limit cycles.

It is of great practical importance to have efficient algorithms to compute the dynamics
(phase space) of high-dimensional polynomial systems. Currently, few algorithms exist be-
yond the simple enumeration of all state transitions. Linear systems and monomial systems
represent important classes for which such algorithms are known.

Recently, the complete phase space structure for linear systems has been determined from
a matrix representation and finite field properties [104]. In chapter 5, an efficient algorithm
is introduced to describe the phase space, in particular the number and length of all limit
cycles of a linear system over a general finite field.

This chapter presents results described in a submitted research paper together with Dr.
Abdul Jarrah and Dr. Reinhard Laubenbacher.



Chapter 2
Comparison of Reverse-engineering methods
using an in silico network

Abstract

The reverse-engineering of biochemical networks is a central problem in systems biology. In
recent years several methods have been developed for this purpose, using techniques from a
variety of fields. A systematic comparison of the different methods is complicated by their
widely varying data requirements, making benchmarking difficult. Also, due to the lack of
detailed knowledge about most real networks, it is not easy to use experimental data for this
purpose. In this chapter, a comparison of four reverse-engineering methods using data from
a simulated network is made. The simulated network is sufficiently realistic and complex to
include many of the challenges that data from real networks pose. With the data set used
here the two methods based on genetic perturbations of the network outperform the other
methods, including dynamic Bayesian networks and a partial correlation method.

2.1 Introduction

A major challenge of computational systems biology is the reconstruction of biological net-
works directly from data, particularly from large-scale ’omics’ studies. Several methods
have been proposed using a variety of theoretical frameworks, such as statistical analyses
(e.g. [35],[14]), machine learning ([36]-[39]), chemical kinetics ([40], [41]), metabolic control
analysis ([42], [31], [32], [43]), or algebra [11], among others [reviewed in [44], [45]. These al-
gorithms differ widely in terms of the type and amount of data they need as input, requiring
a variety of different experiments. The algorithms also differ in terms of what information
they provide. Some aim to reconstruct only the wiring diagram of the network, that is, in-
formation about which network nodes influence which other ones. Other algorithms provide

8
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dynamic models, including information about variable dependencies. In some the wiring
diagram arrows represent causal interactions, in others only correlation among variables.
Typically, in the literature the performance of each method is demonstrated using available
experimental or simulated data. Very little attention has been given to a systematic compar-
ison of all available methods has been done, in part because such a comparison faces several
challenges. It would, of course, be desirable to use an in vivo or at least in vitro network
to generate the data to be used. The two main obstacles to doing this are the difficulty
of performing all the needed experiments on a realistic-size network to fulfill the differing
requirements for the various methods and the lack of detailed knowledge of the network to
be reconstructed. A further complication is the absence of a rigorous understanding of the
data requirements for the different methods and a universal method to measure the quality
and information content of a given data set. If a simulated network is to be used, then it
is important to incorporate several realistic features, such as size and presence of noise, dif-
ferent molecular species, or different time scales. In this chapter we will use a gene network
with 10 nodes (2.1), which was generated using the software by Mendes et al. [13]. This
network has the capability to be perturbed by external perturbations at three different dis-
crete points and it does contain more than one time scale (i.e. it has slow and fast variables).

Figure 2.1: Gene network with 10 genes. This network was generated using a software package by
Mendes et al. [13]. It contains 3 environmental perturbations (P1, P2, P3) that directly affect the expression
rate of some genes (G1, G2 and G5 respectively). Arrow ends represent activation and blunt ends represent
inhibition of the transcript rate

Two of the methods we compare rely on data obtained by making small perturbations of the
variables of the system around a reference steady state ([31], [32], [23]), one of the methods
uses time series data following an environmental perturbation [18], and the other one has
no prerequisites as to the type of data used [14]. For this last one we opted to apply it on
the time series data obtained after an environmental perturbation. An important criterion
for the choice of methods to be compared here was the availability and ease of use of an
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available software implementation of the algorithm. Therefore, other methods, with different
mathematical frameworks and different modeling techniques, though valuable in the context
of reverse-engineering, were not included here.

2.2 Artificial Gene Network

In silico networks have an important role to play in the assessment of reverse-engineering
methods. Many of the methods that attempt to reverse-engineer biological networks from
data, as the ones presented here, benefit a great deal from the use of synthetic systems
to which the algorithm output can be compared [13]. This chapter will be focused on a
simulated gene network in which the interactions between genes are phenomenological and
represent the result of the effect of transcription and translation on the regulation of the genes
in the network (further mathematical details of the formalism used can be found in [13]).
The network we used to generate the data has 10 genes and three different environmental
perturbation, depicted in Figure 2.1. The perturbations affect the transcription rate of the
gene on which they act directly (by inhibition or activation), and their effect is further
propagated through the network by the interactions between the genes.

2.3 Reverse-Engineering Algorithms

Available reverse-engineering methods range from statistical applications to more complex
mathematical frameworks. In this chapter we will make a comparison between four of these
methods using software provided by the algorithms developers. In particular, we will analyze
approaches based on correlation of system variables [14], a methodology that uses singular
value decomposition allied to robust regression [23], an approach that borrows concepts from
metabolic control analysis ([31], [32]), and a method that infers network structures through
dynamic Bayesian networks that allow for the presence of loops in the network [46]. Each of
these methods has different requirements in terms of data type and amount. For correlation-
based methods one needs either time course data that result from a response of the dynamical
system to a perturbation, with enough time points sampled to cover the response accurately,
or a large number of independent samples [14]. The methods by Gardner et al. [23] and de
la Fuente et al. ([31], [32]) require steady state data that result from small perturbations
around a reference steady state, made to each of the variables in the system to be inferred.
Finally, the dynamic Bayesian network approach [46] requires time course data, where each
one of the values assumes a finite number of states (i.e. discrete time courses). Details on
how these methods are implemented and where software can be obtained are included in the
Methods section.
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2.3.1 Regulatory strengths analysis (RSA)

This method, proposed by de la Fuente et al. ([31], [32]), is similar to one proposed by
Kholodenko et al. [43]. The method relies on data obtained through experiments that
perturb the expression rate of each gene one at a time. An example of how can this be
achieved is by generating heterozygous mutant populations where the rate of expression of
a single gene is about half of the wild type. One then has to use as many heterozygous
mutants as the number of genes of interest in the network to be inferred.
Using a simulated network one can perform such experiments easily. For this study the
rate of transcription for each gene in the synthetic networks was set to half of its reference
steady state value and a new steady state was obtained (one for each perturbed gene). The
method determines how each gene interacts with each other by borrowing concepts from
metabolic control analysis. Firstly, the co-control coefficients are calculated by determining
the ratios between different mRNA levels. By inverting the co-control coefficient matrix one
obtains the regulatory strengths matrix, which provides information on how the variables
interact with each other. Because all of the ratios between all of the variables are calculated
numerically, the resulting regulatory strengths matrix is highly dense (in fact, there are no
entries that are exactly zero as a result of the calculations). But since we expect that not all
genes interact with each other it is useful to distinguish which interactions are so small as to
be considered null. Therefore, one can set a threshold value assumed to be a measurement
of the noise level [31].

2.3.2 Reverse-engineering by multiple regression (NIR)

The method proposed by Gardner et al. [23] is very similar to the regulatory strength method
[31] as well as the method of Yeung et al. [40], which was developed around the reconstruction
of genetic networks by linear regression of the data. The NIR method takes in perturbations
made to the variables in the system (in our case, the genes) around a reference steady state
and, assuming sparsity of the biological system, it recovers the network by performing a
multiple regression of the data to a generalized model of a Jacobian approximation. The key
assumption of the method relies on the assumption that biological networks are sparse, i.e.,
each element in the network is connected to only a few others. In terms of an interaction
matrix, it means that only a few elements in this matrix will be different from zero. This
assumption is made in order to make the problem computationally feasible [23], since the
number of parameters to estimate is generally much larger than the number of data points
that may be available from systems biology-type experimental settings.
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2.3.3 Partial correlations (PC)

Another method proposed for the reconstruction of genetic networks was presented by de
la Fuente et al. [14] and uses concepts from path analysis (see [47], [48]). Methods for the
inference of biological network structures based on correlations had been proposed before in
the context of metabolomics [49], [50]. They concluded that causality cannot be determined
from correlation alone [50], and that the correlations observed were often more related to the
overall regulation of the system than on direct interactions [50]. Partial correlation analysis
attempts to identify which correlations are not due to direct interactions by conditioning
the calculation of the correlations on each pair of variables to each other variable, or to each
other variable pairs (ie all other possible pairs). As with other correlation-based approaches,
the number of data points presented should be large in order to allow for good statistical
inference. This requirement in the amount of data (from independent samples) makes a
good application of the method to be performed by a single experiment somewhat unfeasible.
However, since this method uses observational data, it is possible to collect any kind of data
from the system and use it all together to improve the inference. This concept has been
discussed by de la Fuente et al. [14].

2.3.4 Dynamic Bayesian Networks (DBN)

A Bayesian network (BN) is a graphical model that describes the relationship between vari-
ables; such relationships are described by a family of joint probability distributions consistent
with the independence assertions embedded in the graph [37]. A dynamic Bayesian network
(DBN) [16] extends the notion of a Bayesian network to model the stochastic evolution of
a set of random variables over time. The structure of a DBN thus describes the qualitative
nature of the dependencies that exist between variables in a temporal process [46].
For this study, we utilized BANJO (Bayesian Network Inference with Java Objects), devel-
oped under the direction of A. Hartemink [46]. This software focuses on structure inference
methods; it performs structure inference for static and dynamic Bayesian networks using the
Bayesian Dirichlet (BDe) scoring metric for discrete variables. The type of data required
for the DBN method is a temporal response of the system to a perturbation. The core
algorithms in BANJO assume discrete variables, and BANJO provides a discretization func-
tionality using either quantile or interval discretization methods with a default upper bound
of 5 states. As part of the heuristic search methods used by this algorithm, it is necessary
to set parameters for the search (search method, population size, etc) and specifications on
previous knowledge about the network such as type of discretization, number of states per
variable and time lags for variable dependency.
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2.4 Comparison Methodology

The software packages all have several parameter choices. While an effort was made to
choose favorable parameter settings, it is likely that experts in each of the methods might
obtain better results. Data from the artificial gene network were obtained through appropri-
ate simulations using the Copasi software [51] on Windows 2000 (Microsoft Corp., Redmond,
WA), Windows XP (Microsoft Corp., Redmond, WA), Linux (Slackware 11.0), and Mac OS
X operating systems.
The dynamic Bayesian network method was applied using BANJO software [18] on Windows
2000 (Microsoft Corp., Redmond, WA). The partial correlations algorithm was implemented
in ometer (available from http://mendes.vbi.vt.edu/tiki-index.php?page=ometer) un-
der Linux. The algorithm for network inference by multiple regression(NIR) was imple-
mented by Timothy Gardner [23] and we ran it under MatLab (MathWorks, Natick, MA) in
Windows 2000. Software for the regulatory strengths analysis (RSA) was implemented by
Alberto de la Fuente and ran in Windows 2000.
The reverse-engineering task to be completed by each method is to infer the gene regulatory
network and the comparison was made to the actual Jacobian matrix of the system, which
provides a representation of the interactions among the variables.

2.4.1 Method efficiency with noisy data

Different levels of noise were added to the simulated data sets in order to assess how robust
the methods are to noise and how noisy data can affect the predictions made. The noise
applied was sampled from a normal distribution with mean 0 and a standard deviation
between 1% and 50% of the actual values. The sampling was performed with the statistical
software R (available at http://www.r-project.org). The levels of noise were chosen to
simulate real experimental error as discussed in the literature (see, eg, [52]).

2.4.2 Method comparison

In order to assess how a method performed with respect to recovering the gene regulatory
networks some measure of the methods accuracy must be employed. A confusion matrix
was used for this purpose. The confusion matrix determines how a method was confused in
solving a given problem by determining the number of false positives and false negatives esti-
mated. For this study, these measures are somewhat complex and care is required in defining
them. In a general definition, true positives are defined as elements that were uncovered as
positive that are positive, true negatives as elements that were uncovered as negative that
are negative, false positives as elements that were uncovered as positive that are negative and
false negatives as elements that were uncovered as negative that are positive. In the context
of a gene network, these definitions need to be re-stated, as three types of discoveries can be
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made: activations, inhibitions and no interactions. Therefore, for gene networks and in terms
of gene-gene interactions, true positives are defined as activations and inhibitions identified
that are correct, true negatives as the number of non-interactions correctly identified, false
positives as activations and inhibitions identified that are not present in the network and
false negatives as the number of activations and inhibitions that were not identified. These
numbers are arranged as the confusion matrix.

2.5 Results

Three of the methods are dependent on a single parameter which, based on the method’s
assumptions, will define the interactions between the genes and, therefore, command the
success or failure of the method. For the RSA method this parameter is a threshold value
defines the smallest valid interaction strength to be considered (numbers below it represent
no interaction) [31]. For the NIR method this parameter, K, represents the maximal number
of incoming interactions that are allowed for each variable in order to satisfy the assumption
of sparseness of the gene network [23]. Finally, in the PC approach, this parameter is a p-
value threshold for considering that a correlation is significant [14]. These parameters seem
to be problem-specific and, therefore, require a search for their best value for the problem
at hand. For the case of the gene network that was used for the comparison of the methods,
these parameters were set to 0.1 for the RSA method, 3 for the NIR method and 0.1 for
the PC method. The selection of the parameter values can also be made by analyzing how
the specificity and the sensitivity of each of the methods changes as the corresponding value
is changed (or, similarly, one can plot the true positive rate against the false positive rate
as the respective parameter value is changed). The resulting curve is termed the receiver-
operator characteristic (ROC) curve. In machine learning applications, the area under the
ROC curve is usually selected as a summary statistic, where it indicates that, when positive
and negative examples are picked, the discrimination will give a higher score to the positive
one than the negative one.
For the dynamic Bayesian network method, the number of parameters that can be changed
to optimize method performance is quite large. A comprehensive study on the effect of
changing each parameter in the algorithm was performed and is available as supplementary
information.

Regulatory strengths. The RSA method ([31], [32]) relies on small perturbations of the
system’s variables around a reference steady state in order to reconstruct the underlying
interaction network. As described previously, in the case of gene networks this is achieved
by changing the rates of synthesis of the different genes independently. The mathematical
framework of Metabolic Control Analysis that underlies the method requires that pertur-
bations applied be small. de la Fuente et al. [31] use perturbations of the gene expression
rate not greater than 10%. For this study, a decrease by 50% on the rate of synthesis of the



Paola Vera-Licona RE Benchmarking 15

gene products was applied to a single gene, after which the system is allowed to reach a new
steady state and the new expression levels measured (this is repeated for each gene). This
perturbation, though much larger than that suggested by the authors, seems more realistic
in experimental settings where one may use heterozygous mutants, as argued earlier.
In the absence of noise, this method shows a relatively high accuracy (slightly over 80%)
with a relatively small number of connections (approx. 4 per gene in this case). This implies
that the connections that it finds are, in its majority, correctly identified as either being
present or absent. Table 2.2 shows how the method behaves as noise is added to the data.
As can be seen, there is a sharp decrease in the accuracy of the method (Fig. 2.2A), which
is allied to the fact that a lot more spurious connections are found. This is also reflected
in the decrease in the number of the true positives identified (Fig. 2.3A), and a consequent
increase in the number of false positives discovered. The drop in the rate of true negatives
discovered is not as pronounced as for the overall accuracy of the method (see Fig. 2.4A),
but it still reflects the fact that a considerable number of interactions are being discovered
(as can be seen in Table 2.1).
The interaction matrices calculated for each of the different levels of noise seem to indi-
cate that a new threshold must be determined for each one of these instances (results not
shown). This is a major drawback of the method, as one threshold determined from one ex-
perimental condition may be invalid for conditions that are similar but not exactly the same.

Multiple regression. The NIR method works in a similar fashion to RSA as it uses data
that result from perturbations around a reference steady state. One of the method’s main
assumptions is that a genetic regulatory network is essentially sparse (i.e., the number of
interactions between genes is relatively low). Therefore, an assumption on the maximal
number of interactions that a gene is allowed to have with any other gene is introduced into
the method. The optimal parameter value for this method to be used for the gene network
analyzed here is equal to 3. As in the previous case, this will be the parameter value that
will be used to assess how the method copes with the presence of different levels of noise in
the data. Since this parameter determines how many incoming edges a given gene has, the
total number of interactions found will always be K × N , where K is the parameter and
N the number of variables in the system. Therefore, irrespective of the presence or absence
of noise in the data, the number of connections that will be found, for this particular case,
will always be 30. It is interesting to note that even though the optimal value is K = 3, our
network has two genes that have more than this number of incoming interactions (genes 1
and 2, see Fig. 2.1). If we used K = 6 (the maximal number of incoming connections in the
network), its overall performance was worse (results not shown).
When no noise is present, the performance of this method is comparable to the RSA method,
with an overall accuracy at 74.56%. As noise is added to the data, the accuracy of the method
does not seem to degrade much (see Fig. 2.2B). However, since the number of interactions
is constant, it means that the number of true positives must oscillate accordingly, as can
be seen from Table refTable-2 and Fig. 2.3B. This phenomenon also appears for the rate of
true negatives (see Fig. 2.4B) and the rate of false negatives and false positives (results not
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shown). These results seem to indicate that only for small amounts of noise (less than 5%))
will the method be able to provide a reliable estimation of the regulatory network being
inferred.

Partial correlations. The PC method aims at identifying correlations between variables that
are not due to more distant network interactions (i.e. A correlates with B because one inter-
acts with the other, rather than the two are correlated because C affects both). The removal
of edges (or interactions) is made based on statistical tests performed when the correlations
are calculated by conditioning on a given variable, or pairs of variables. We supplied this
method with data from 8 different time series generated by 8 different perturbations. A
total of 8 time points per experiment were collected, totaling 64 data points available to this
algorithm. As can be seen from Fig. 2.2C, the accuracy of the method with and without
the presence of noise does not vary significantly (between 67% and 75%). However, the
number of interactions that are discovered is very low at all times (with a highest number
of interactions found to be 16) plus the percentage of true positives is fairly low (between0%
and 22% of interactions discovered as positive that were correctly identified). On the other
hand, it can be seen that the number of true negatives is relatively high throughout (always
above 75% of the connections uncovered as negative are actually negative), but this factor
relates closely to the number of total connections being discovered.
Since the method is highly dependent on the number of data points available, it can be ar-
gued that the data provided to the algorithm was not sufficient to allow for a good estimation
of the correlations between the variables. In their original description, de la Fuente et al.
used 1000 different steady states for a network of 5 genes [14] and obtained a good inference.
However, they also showed that in the presence of noise the fraction of interactions that were
correctly uncovered was between 20% and 30% (depending on the threshold used) when the
noise level is 50% the magnitude of the signal.

Dynamic Bayesian networks. Reverse engineering methods based on Bayesian networks,
commonly use discrete-valued data, and BANJO is no exception. Among all possible dis-
cretization choices available to the user, the algorithm performed best with 5 states, using
quantile discretization. We also experimented extensively with other parameter choices, in-
cluding search components and time lag parameters. In accordance to its scoring method,
BANJO had optimal results when Greedy search and Min and Max Markov Lag 0 are used.

As with the case of the partial correlations algorithm, the DBN algorithm does not identify a
large set of interactions (a maximum of 6, when no noise is added to the data). However, since
the method uses information regarding the perturbations that were applied to the system,
a few more interactions are identified, which correspond to the effect that the perturbations
have on the system. This kind of information can be extremely valuable in the process of
gaining information about the biological system as a dynamical entity. The algorithm has
difficulty identifying the effects of perturbations P1 and P2 on the system but consistently,
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up until the addition of over 20identifies that perturbation 3 acts directly on gene 5 (cf.
Fig. 2.1). In experimental settings, follow-up experiments could be performed in such a
way that a knockout of G5 could be produced in order to verify or deny the effect of G5
on the network. Discrete mathematical methods that make use of knockout data have been
proposed by one of us [11].
The low number of interactions discovered implies that the accuracy of the method is always
relatively high (between 77% and 79%, Fig. 2.2D) because so many non-interactions were
uncovered correctly. However, the results show that these high values of accuracy can be
misleading, since the quality of the interactions uncovered (measured by the true positive
and true negative rates, Fig. 2.3D and 2.4D) is fairly poor. In fact, only in 2 cases (with no
noise and with 10% noise) does the algorithm find any correct interactions (2/6 interactions
and 1/1 interactions, respectively). Figure 2.4D shows how the rate of true negatives changes
as noise is added to the data, and illustrates, even with a low number of interactions being
discovered, how noise affects the performance of the method (even though the rate of true
negatives remains high between 77% and 81%, another consequence of the aforementioned
low number of interactions found).

2.6 Discussion

A comparison of the different available reverse-engineering methods is receiving an increasing
amount of attention. Studies like the one presented here, as well as work done by others [see,
for example, [53]] demonstrates the strengths and weaknesses of available reverse engineering
methods. We also emphasize that the development of these methodologies should be made
under controlled conditions, i.e. with the use of mathematical models and artificial biological
networks. One of us (PM) proposes the use of an artificial biological network of moderate
complexity to be used as a benchmark for reverse engineering. Preliminary results using
this benchmark indicate that, even though the network does not possess all of the possible
features and complexity found in living organisms, it represents a considerable challenge to
existing reverse-engineering methods.
The results of the comparison have only comparative value. To give an absolute measure
of the performance of a given method, it is necessary to have a quantitative measure of the
amount of information about a network contained in a given data set that is, how much in-
formation about the network is contained in a certain data set. No such measure is available
at this time. To accurately assess progress in this field, the development of such a measure
is of crucial importance. It is important to keep in mind that this might depend on the par-
ticular reverse engineering method to be used. Also, an experienced user of a given method
might be able to obtain significantly better results than we report here; however, note that
our usage is more representative of the target audience who will likely use these methods. If
deep knowledge about an algorithm is required for its proper use, then it becomes less useful
than one which non-specialists can apply properly without assistance.
Even if all of the methods show high accuracies, our analysis indicates that methods based
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on genetic perturbations of each individual gene (by reducing their rate of transcription by
50%) performed better overall, as these methods (i) uncover more interactions and (ii) the
number of interactions that are positively identified is, to some extent and depending on
the amount of noise added, largest among the 4 methods compared. Relating to the exper-
imental setups that are available, this type of perturbation could be achieved by knocking
out a copy of the gene in one chromosome of a diploid individual, by using artificial pro-
moters and appropriate amounts of inducer, or by appropriate doses of interfering RNA
or anti-sense RNA. A reference steady state (one in which the rates of transcription have
not been changed) is collected and, for each perturbation, the system is allowed to relax to
the new steady state. The methods by Gardner et al. [23] and de la Fuente et al. ([31],
[32]) use this sort of data and had a higher success rate in the case of noiseless data. In-
terestingly, the methods based on time series analysis [18] or based on statistical analysis
of the data [14] did not perform well here, even though the amounts of data used in the
inference were considerably larger than for RSA and NIR (approximately 60 times larger for
PC and 2.5 times larger for DBN, for each time course). Of course, it is arguable that with
even larger amounts of data these methods could eventually perform as well as the other two.
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Table 2.1: Data requirements in reverse engineering methods. The different reverse engineering
methods available have different data requirements, both in the type and amount of data needed. This makes
a comparison between methods difficult. RSA: Regulatory strengths analysis; NIR: Multiple regression; DBN:
Dynamic Bayesian networks; PC: Partial correlations.

Method Data Requirements
RSA Small perturbations, around a reference steady state, of all

system variables
NIR Small perturbations, around a reference steady state, of

system variables. Hypotetically not all variables need to be
perturbed (see [23])

PC Any kind of data can be used, provided that is sufficient
for good statistical estimation of correlations between variables

DBN Discretized time course data that corresponds to responses
of the system to perturbations. There is no restriction of the
amount or length of time courses to be used



Paola Vera-Licona RE Benchmarking 19

Table 2.2: Effect of noise in method performance. The noise was added to the data by sampling
a normal distribution with mean 0 and varying standard deviation. RSA: Regulatory strengths analysis;
NIR: Multiple regression; PC: Partial correlations; DBN : Dynamic Bayesian networks ; NCD: Number of
connections discovered; ACC: Accuracy; TPR: True positive rate; TNR: True negative rate.

Method Noise (%) NCD ACC (×100%) TPR (×100%) TNR (×100%)
RSA 0 36 0.8037 0.6111 0.9014

1 38 0.8019 0.6053 0.9118
5 80 0.4112 0.2821 0.8148
10 80 0.4000 0.2533 0.8333
20 88 0.3043 0.1772 0.7778
30 87 0.3304 0.1842 0.8571
40 73 0.3782 0.1538 0.7609
50 54 0.5167 0.1915 0.8030

NIR 0 30 0.7456 0.5000 0.8333
1 30 0.7456 0.5000 0.8333
5 30 0.7304 0.4667 0.8235
10 30 0.7328 0.4643 0.8372
20 30 0.7094 0.4138 0.8161
30 30 0.7179 0.4286 0.8276
40 30 0.7478 0.5000 0.8471
50 30 0.7034 0.3929 0.8182

PC 0 16 0.7063 0.2143 0.7818
1 6 0.7422 0.1667 0.7705
5 14 0.6929 0.1429 0.7611
10 12 0.6977 0.0000 0.7692
20 12 0.6977 0.0000 0.7692
30 12 0.7109 0.1000 0.7759
40 12 0.6899 0.0000 0.7607
50 16 0.6797 0.0714 0.7679

DBN 0 6 0.7795 0.6667 0.8016
1 2 0.7752 N/A 0.7874
5 2 0.7752 N/A 0.7874
10 1 0.7813 1.000 0.7795
20 2 0.7752 N/A 0.7874
30 1 0.7752 N/A 0.7812
40 1 0.7752 N/A 0.7812
50 0 0.7752 N/A 0.7752
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Figure 2.2: Accuracy of reverse engineering methods for gene regulatory network. The accuracies
of the reverse engineering methodologies analyzed here are intimately dependent on the presence or absence
of noise. Since the accuracy takes into account the number of true positives and true negatives that are
discovered in the total number of interactions found, and since the number of true negatives is much larger
than the number of true positives, the methods that identify the least number of connections will show
an overall better accuracy. This can be seen by panels (C) and (D). (A) Regulatory strengths analysis;
threshold=0.1; (B) Multiple regression: K = 3; (C) Partial correlations: p-value= 0.1; (D) Dynamic Bayesian
Networks
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Figure 2.3: True positives rate for gene regulatory network and its robustness to noise. As with
the accuracy (see Figure 2.2), the rate of true positives that are discovered by any of the reverse engineering
methods depends on the presence and amount of noise added. Neither of the methods performs particularly
well in identifying true positives when noise is present in the data. The case of the multiple regression
algorithm is intriguing, since the number of true positives correctly identified when higher amounts of noise
are present increases, which is unexpected. The partial correlations method never performs any better than
the other methods analyzed, with an average of true positives of 19.246%. (A) Regulatory strengths analysis:
threshold = 0.1; (B) Multiple regression: K = 3; (C) Partial correlations: p − value = 0.1; (D) Dynamic
Bayesian networks.
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Figure 2.4: True negatives rate for gene regulatory network and its dependence on noise. As
before (see Figures 2.2 and 2.3), the rate of true negatives discovered is also dependent on the amount of
noise that may be present in the data. The method that seems most sensitive to noise when identifying true
negatives is the RSA, with a considerable decrease from 97.24% with no noise to 15.75% at 20% of noise
added. The other methods do not show such a decrease, which does not imply that their overall performance
is better (as was seen previously and is presented on Table 2.2).



Chapter 3
Comparison of Data Discretization Methods
for Inference of Biochemical Networks

Abstract

Background. Several algorithms have been proposed for the inference of biochemical net-
works from experimental data. Some of these require discrete data as input, such as dy-
namic Bayesian network methods and methods that use the framework of finite dynamical
systems, such as Boolean networks. These methods require discrete data as input. Several
discretization methods are being used for this purpose, and particular features of the method
used can have a significant impact on the performance of network inference algorithms.

Results A comparison of the performance of two network inference algorithms that use
discrete data with several different discretization algorithms are presented in this chapter.
One of the inference methods uses a dynamic Bayesian network framework, the other a
time- and state-discrete dynamical systems framework. Discretization algorithms include
quantile and interval discretization into 2, 3, and 4 states, as well as a new method especially
designed for short time course data. Novel aspects are the incorporation of an information-
theoretic criterion and a criterion to determine the optimal number of values. The method
is demonstrated to preserve the dynamic features of the time courses as well as to be robust
to noise in the experimental data. The experiments show that both inference methods show
better performance with the discretization method introduced here than with the other
methods.

Conclusions. The comparison presented here demonstrates that data discretization is an im-
portant step in applying network inference methods to experimental data. This step deserves
careful and systematic study. There is currently no method that performs satisfactorily on
a broad range of time course data. In particular for methods that aim at reconstructing a

23
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dynamic model of the network the translation from continuous to discrete data is crucial in
preserving information in the data about dependencies among variables and the resolution
of their dynamic profiles. The new discretization method presented here is shown to perform
better than other standard techniques, but it too has several deficiencies.

3.1 Background

The development of algorithms to infer biochemical networks from system-level data, such
as DNA microarray or 2D-gel data, is a central problem of computational systems biology.
Several such algorithms have been proposed in recent years, using tools from a variety of
fields. Many of these methods are statistical in nature, resulting in a wiring diagram for the
network. Depending on the method used, the edges represent either a statistical correlation of
two variables [14] or a causal relationship [16] The most commonly used modeling framework
is that of dynamic Bayesian networks ([17], [18], [19], [20], [21], [22]). Toward the other end of
the spectrum one finds low-level methods that use a dynamical systems modeling framework,
such as systems of differential equations ([23], [24], [25]), Boolean networks ([26], [27], [29],
[30]), or multi-state discrete models ([11], [12]). The different methods have different data
requirements.

The focus is made on methods that require discretized data as input, that is, experimental
data that have been discretized into a finite number of discrete states. This is a requirement
for almost all Bayesian network methods as well as discrete multi-state model-based methods,
such as Boolean networks. Relatively little systematic work has been done on discretization
methods for this purpose (see, e.g. [55], [56]) . While there is a large selection of discretization
methods available which cluster data points, many of them are not directly applicable in the
network inference context or are not suitable. One important limitation is typically that
the number of available data points is very small, e.g., DNA microarray measurements.
Also, methods that provide as output a dynamic model rely on appropriate methods for the
discretization of time-course data.

Appropriate data discretization is crucial for the optimal performance of network inference
algorithms and deserves to be studied more extensively. To this aim the results of a compar-
ison of different discretization methods is presented. A comparison the performance of two
different network inference methods on the same data set using several different discretiza-
tion algorithms is made. The two methods are the dynamic Bayesian network algorithm
BANJO [46] and the polynomial dynamical system method developed in ( [12]). We use
both methods with the discretization algorithms available in BANJO, namely interval as
well as quantile discretization into 2, 3, and 4 states. And we use both with a new dis-
cretization algorithm described later in this chapter. It has been developed specifically for
short time course data, with the goal of obtaining dynamic network models. In order to
assess the effect of the different discretization algorithms on network inference accurately we
use data from a synthetic gene regulatory network which we describe below.
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3.1.1 Data discretization

Discretization of real data into a typically small number of finite values is often required
by machine learning algorithms [58], data mining [59], discrete dynamic Bayesian network
applications [60], and any modeling algorithm using discrete-state models. Binary discretiza-
tions are the simplest way of discretizing data, used, for instance, for the construction of
Boolean network models for gene regulatory networks ([84], [94]). The expression data are
discretized into only two qualitative states as either present or absent. An obvious drawback
of binary discretization is that labeling the real-valued data according to a present/absent
scheme generally causes the loss of a large amount of information. Discrete models and
modeling techniques allowing multiple states have been developed and studied in, e.g. [11],
[61]. In order to place the further discussion in a general context we give a definition of
discretization [37].

A discretization of a real-valued vector v = (v1, , vN) is an integer-valued vector d = (d1, , dN)
with the following properties:

1 Each element of d is in the set {0, 1, , D1} for some (usually small) positive integer D,
called the degree of the discretization.

2 For all 1 ≤ i, j ≤ N , we have di ≤ dj if and only if vi ≤ vj.

Without loss of generality, assume that v is sorted, i.e. for all i < j, vi < vj. Spanning
discretizations of degree D are a special case that we consider in this chapter. They are
defined in [37] as discretizations that satisfy the additional property that the smallest element
of d is equal to 0 and that the largest element of d is equal to D1.

Given v = (v1, , vN), there is a large variety of schemes to obtain a discretization that is
consistent with the above definition. Here we present two simple ways that are often used
for initialization for more complicated methods. Equal Interval Width (EIW) divides interval
[v1, vN ] into k equal sized bins, where k is user-defined. Another simple method is Equal
Frequency Intervals (EFI) which places N/k (possibly duplicated) values in each bin [58].

Any method based on those two would suffer from problems that would make it inapplicable
to the type of biological data we are interested in. EIW is very sensitive to outliers and
may produce a strongly skewed range [63]. In addition, some discretization levels may not
be represented at all which may cause difficulties with their interpretation as part of the
state space of a discrete model. On the other hand, EFI depends only on the ordering of
the observed values of v and not on the relative spacing values. Since distance between
the data points is often the only information that comes with short time courses, losing it
is very undesirable. A shortcoming, common for both EIW and EFI, as well as for most
other discretization methods, is that they require the number of discrete states, k, to be
user-provided. We discuss later in the chapter why this is impractical.
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A number of entropy-based discretization methods deserve attention. An example of those
is Harteminks Information-preserving Discretization (IPD) [37]. It relies on minimizing
the loss of pairwise mutual information between each two real-valued vectors (variables).
The mutual information between two random variables X and Y with joint probability
distribution p(X, Y ) and marginal probability distributions p(x) and p(y) is defined as

I(X; Y ) =
∑

x

∑
y

p(x, y)log
p(x, y)

p(x)p(y)
(3.1)

Note that if X and Y are independent, by definition of independence p(x, y) = p(x)p(y),
so I(X; Y ) = 0. When modeling regulatory networks and having for variables, for in-
stance, mRNA, protein, and metabolite concentrations, the joint distribution function is
rarely known and it is often hard to determine whether two variables are independent or
not. In fact finding these answers is a primary reason for regulatory network modeling.
Therefore, computing mutual information and basing discretization on its pairwise mini-
mization is inapplicable.

As pointed out earlier, a major challenge of discretizing biological data is the small number
of data points. For example, about 80% of microarray time series experiments are short: 38
time points [56]. For the case of such small samples of data, many statistical methods for
discretization, such as [64], are not applicable due to the insufficient amount of the data.
For example, the sample size may be insufficient to estimate distributions.

Another common discretization technique is based on clustering [65]. One of the most often
used clustering algorithms is the k-means developed by [66]. It is a non-hierarchical clustering
procedure whose goal is to minimize dissimilarity in the elements within each cluster while
maximizing this value between elements in different clusters. Many applications of the k-
means clustering such as the MultiExperiment Viewer [67] start by taking a random partition
of the elements into k clusters and computing their centroids. As a consequence, a different
clustering may be obtained every time the algorithm is run. Another inconvenience is that
the number k of clusters to be formed has to be specified in advance. Although there
are methods for choosing the best k such as the one described in [68], they rely on some
knowledge of the data properties that may not be available.

Another method is single-link clustering (SLC) with the Euclidean distance function. SLC
is a divisive (top-down) hierarchical clustering that defines the distance between two clusters
as the minimal distance of any two objects belonging to different clusters [65]. In the context
of discretization, these objects will be the real-valued entries of the vector to be discretized,
and the distance function that measures the distance between two vector entries v and w will
be the one-dimensional Euclidean distance |vw|. Top-down clustering algorithms start from
the entire data set and iteratively split it until either the degree of similarity reaches a certain
threshold or every group consists of one object only. For the purpose of data analysis, it is
impractical to let the clustering algorithm produce clusters containing only one real value.
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The iteration at which the algorithm is terminated is crucial since it determines the degree
of the discretization.

SLC with the Euclidean distance function satisfies one of our major requirements: very
little starting information is needed only distances between points. In addition, being a
hierarchical clustering procedure it lends itself to adjustment in case that clusters need to
be split or merged. It may result, however, in a discretization where most of the points are
clustered into a single partition if they happen to be relatively close to one another. Another
problem with SLC is that its direct implementation takes D, the desired number of discrete
states, as an input. However, we would like to choose D as small as possible, without losing
information about the system dynamics and the correlation between the variables, so that
an essentially arbitrary choice is unsatisfactory.

This brief discussion of commonly used discretization methods and the issues that arise when
applying them to data from short time course measurements is intended to demonstrate that
data discretization for the purpose of inferring properties of biochemical networks has to be
approached with care.

3.1.2 A Graph-theoretic Clustering Discretization Method

In this section, a method for discretization of experimental data into a finite number of
states is introduced. Proposed by Dimitrova, McGee and Laubenbacher , this method will
be referred as the DML discretization method. While of interest for other purposes, the DML
method is designed specifically for the discretization of short multivariate time courses, such
as those used for the construction of discrete models of biochemical networks built from time
courses of experimental data. An important characteristic of such time courses that we kept
in mind is the relatively small number of data points typically no more than ten. This
method employs a graph-theoretic clustering method to perform the discretization and an
information-theoretic technique to minimize loss of information content. One of the most
useful features of the DML method is the determination of an optimal number of discrete
states that is most appropriate for the data. The C++ program of this method, takes as
input one or more vectors of real data and discretizes their entries into a number of states
that is most suitable for the data. The main objective was to construct a method that is
capable of preserving information about the network dynamics inherent in the time courses
as well as performing well in the presence of noise in the experimental data. While in the
current chapter the DML method is used only for reconstructing the network interactions,
there is evidence that it can be used for the reverse engineering of the network dynamics
as the following example shows. This discretization method is specifically designed to work
with a small number of data points and does not make ungrounded assumptions about
their statistical properties. Some other existing discretization techniques assume that the
number of discrete classes to be obtained is given, e.g. [16]. While this number is extremely
important, it is not clear how to properly select it in many cases. Also, in these cases it is
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rarely known what the appropriate discretization thresholds for each gene might be.

These two issues were addressed by modifying the SLC algorithm: the DML method begins
by discretizing a vector in the same way as SLC but instead of providing D as part of the
input, the algorithm contains termination criteria which determine the appropriate number
D. After that each discrete state is checked for information content and if it is determined
that this content can be considerably increased by further discretization, then the state
is separated into two states in a way that may not be consistent with SLC. The DML
discretization method uses clustering as a tool to distribute the data points among the
different states, it is not the same as data clustering and pursues different objectives.

Due to limited knowledge of the dynamic features of real biochemical networks, the validation
of this method was done with a simulated network. In order to extract information about
the network topology and dynamics from the discretized data the network reconstruction
method in [11] was used and further details can be found at [57].

Algorithm Summary of the DML Discretization Method
Input: set Sr = {vi|i = 1, ,m} where each vi = (vi1, , viN) is a real-valued vector of length
N to be discretized.
Output: set Sd = {di|i = 1, ,m} where each di = (di1, , diN)isthediscretizationofmathbfvi
for all i = 1, ,m.

1. For each i = 1, ,m, construct a complete weighted graph Gi where each vertex repre-
sents a distinct vij and the weight of each edge is the Euclidean distance between the
incident vertices.

2. Remove the edge(s) of highest weight.

3. If Gi is disconnected into components CGi
i1 , , CGi

iMi, go to 4. Else, go to 2.

4. For each CGi
ik , k = 1, ,Mi, apply disconnect further criteria 13 (see below). If any of

the three criteria holds, set Gi = CGi
ik and go to 2. Else, go to 5.

5. Apply disconnect further 4. If criterion 4 is satisfied, go to 6. Else, go to 7.

6. Sort the vertex values of CGi
ik and split them into two sets: if |V (CGi

ik )| is even, split
the first |V (CGi

ik )|/2 sorted vertex values of CGi
ik into one set and the rest into another.

If |V (CGi
ik )| is odd, split the first |V (CGi

ik )|/2 + 1 sorted vertex values of CGi
ik into one

set and the rest into another.

7. Sort the components CGi
ik , k = 1, ,Mi, by the smallest vertex value in each CGi

ik and
enumerate them 0, , Di1, where Di is the number of components into which Gi got
disconnected. For each j = 1, , N, dij is equal to the label of the component in which
vij is a vertex.
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Disconnect Further Criteria
A component is further disconnected if and only if both (1) and (2) hold:

1. The minimum vertex degree of the component is less than the number of its vertices
minus 1. The contrary implies that the component is a complete graph by itself, i.e.
the distance between its minimum and maximum vertices is smaller than the distance
between the component and any other component.

2. One of the following three conditions is satisfied (disconnect further criteria):

• The average edge weight of the component is greater than half the average edge
weight of the complete graph.

• The distance between its smallest and largest vertices is greater than or equal to
half this distance in the complete graph. For the complete graph, the distance is
the graphs highest weight.

• Finally, if the above two conditions fail, a third one is applied: disconnect the
component if it leads to a substantial increase in the information content carried
by the discretized vector.

Information Measure Criterion
Discretizing the entries of a real-valued vector into a finite number of states certainly reduces
the information carried by the discrete vector in the sense defined in [74]. In his paper,
Shannon developed a measure of how much information is produced by a discrete source.
The measure is known as entropy or Shannon entropy. Suppose there is a set of n possible
events whose probabilities of occurrence are known to be p1, p2, , pn. Shannon proposed a
measure of how much choice is involved in the selection of the event or how certain one can
be of the outcome, which is given by

H = −
n∑

i=1

pilog2pi.

The base 2 of the logarithm is chosen so that the resulting units may be called bits. In our
context the Shannon entropy of a vector discretized into n states is given by

H = −
n−1∑
i=0

wi

n
log2(

n

wi

),

where wi is the number of entries discretized into state i. An increase in the number of
states implies an increase in entropy, with an upper bound of log2n. However, we want the
number of states to be small. That is why it is important to notice that H increases by a
different amount depending on which state is split and the size of the resulting new states.
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For example, if a state containing the most entries is split into two new states of equal size,
H will increase more than if a state of fewer entries is split or if we split the larger state into
two states of different sizes. To see that splitting a given state into two states of equal size
results in maximum entropy increase, consider a vector whose entries have been divided into
n states, one of which, labeled with 0, contains w0 entries. As a function of w0, the entropy
is given by

H(w0) =
w0

n
log2(

n

w0

) +
n∑

i=1

wi

n
log2(

n

wi

).

If state 0 is split into two states containing m and w0−m entries, respectively, where 0 < m <
w0. This will change only the first term of the right-hand side of the above entropy expression
and leave the summation part the same. It is easy to verify that h(w0) = w0

n
log2(

n
w0

) achieves
its maximum value over 0 < m < w0 at m = w0

2
. Therefore, splitting a state into two states

of equal size maximizes the entropy increase. For that reason if a component fails the other
three conditions. Once this happens, we splitting it further only if doing so would provide
a very significant increase of the entropy, i.e. if the component corresponds to a large
collection of entries (recurring entries are included since all entries have to be considered
when computing the information content of a vector). In our implementation a component
gets disconnected further only if it contains at least half the vector entries.

3.1.3 Comparison of Discretization Methods

Now, a performance comparison of the DML discretization algorithm to other common
discretization approaches, namely, quantile and interval discretrization is made; to perform
this comparison, two reverse engineering methods will be used: dynamic Bayesian networks
[18] and discrete polynomial dynamical systems [12].

Description of In Silico Network

To evaluate the performance of the different discretization methods as part of a network
inference algorithm, data from an artificial gene regulatory network was used. In this network
the interactions between genes are phenomenological and represent the result of the effect of
transcription and translation on the regulation of the genes in the network, implemented as
a system of ordinary differential equations in Copasi [51]. The network, shown in Figure 3.1,
has 10 genes and three different environmental perturbations. The perturbations affect the
transcription rate of the gene on which they act directly (by inhibition or activation), and
their effect is further propagated through the network by the interactions between the genes.
The data used consists of 6 time courses corresponding to different concentration values for
the environmental perturbations, having thus a total of 144 time steps.
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Figure 3.1: Gene network with 10 genes. this network was generated using software package by Mendes
et al. [13]. It contains 3 environmental perturbations (P1, P2, P3) that directly affect the expression rate
of some genes (G1, G2 and G5 respectively). Arrow ends mean activation and blunt ends inhibition of the
transcript rate

Metrics for Method Performance

For an unbiased evaluation of the performance of each reverse engineering method with
the different discretization methods, we use quantification of a) correct interactions inferred
(true positives TP ), b) incorrect interactions inferred (false positives FP ), c) correct non-
interactions inferred (true negatives TN), and d) incorrect non-interactions inferred (false
negatives FN). The number of true positives, true negatives, false positives, and false neg-
atives can be estimated by looking at the confusion matrix, the 2 × 2 matrix that gives
an assessment of the classification procedure (or how the algorithm may be confused) by a
simple counting of the interactions discovered.

From the confusion matrix we can compute the accuracy (ACC =
TP + TN

TotI
), speci-

ficity (SPE =
TN

TN + FP
) and sensitivity (SEN =

TP

TP + FN
) of each algorithm, where

TotI=Total interactions in the network. Another well-known metric is that given by the Pos-
itive Probability Value (PPV ). This is a measure of the number of positive interactions that
are correctly identified as such (i.e., a measure of the amount of true positives uncovered)

and is computed as PPV =
TP

TP + FP
.

3.2 Methods

Dynamic Bayesian Networks
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For this study, we made use of the software BANJO (Bayesian Network Inference with Java
Objects), developed under the direction of A. Hartemink [18]. The type of data required
for this method is a temporal response of the system to a perturbation. As part of the
heuristic search methods used by this algorithm, it is necessary to set parameters for the
search (search method, population size, etc.) and specifications of prior knowledge about
the network, such as type of discretization, number of states per variable, and time lags
for variable dependency (describing how far back in time each variable depend on the other
variables, and this time lag can take values 0, 1, or 2). For time lags bigger than 0, each one
of the 6 time series where run individually to avoid variables in a new time series to depend
on the last state of the previous time series. We then constructed a consensus network from
the runs for each one of the time series. The core algorithms in BANJO assume discrete
variables, and BANJO provides a discretization functionality using either quantile or interval
discretization methods with a default upper bound of 5 states. To incorporate the different
discretization methods we performed two sets of experiments using:

1 Discretized data from the algorithm described earlier, which returns variables dis-
cretized into 5 states. After running BANJO, we obtained one scored dynamic Bayesian
network per each one of the 13x6=78 runs (6 wildtype time series with each one of
the 13 different combinations of time lags and search methods). In order to obtain
more sparse networks (i.e. to avoid a high rate of false positives), we constructed a
consensus network from the 16 networks containing the common edges from at least
two of these 16 networks in each one of the runs. The final network was chosen from
the highest average score of the 16 constructed networks.

2 The original continuous data which was then discretized using BANJOs discretization
features. Again, since we are not assuming previous knowledge on the network struc-
ture, we utilized all available discretizations (interval and quantile) into 2, 3, 4, and 5
states and we use all sets of parameters described above. We considered first all pos-
sible combinations of parameter sets per each one of the discretization types; we also
considered each parameter set with the use of the 8 different types of discretizations
available in BANJO. All these runs amount to 13× 6× 8 = 624 output networks. As
before, in order to obtain more sparse networks (i.e. to avoid a high rate of false posi-
tives), we constructed the output networks as consensus networks. The final network
is chosen among the networks of all the considered combinations, as the network with
the highest average score. It is worth mentioning that for several parameter sets and
time series inputs, Boolean quantile discretization obtained on average better results
than any other of the BANJO discretization methods.

Discrete Polynomial Dynamical Systems

Here, the only input to the algorithm are the 6 time series; we employed the algorithm
in [12], using the (S1, T1) scoring method. Since BANJO obtains better average results
with Boolean quantile discretization, we use this discretization method to compare against
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our discretization method; similarly, since our discretization method finds that the optimal
discretization should be into 5 states, we also compared our discretization method to the
quantile and interval methods with 5 states.

Results

The best results using BANJO are presented in Table 3.1. We see that when considering
Sensitivity, the average between Sensitivity and Specifity, Accuracy or PPV , the DML
discretization method performs better. Only Specificity is higher in the consensus wiring
diagram obtained from the discretizations methods in BANJO; this is due to the nature of
the construction of the consensus wiring diagram in BANJO that tends to select sparser
networks.

The results for the polynomial dynamical systems method are summarized in Table 3.2. We
observe that using any metric, we obtained the best results with the DML discretization
method. From this analysis, we see that with both reverse engineering algorithms, the DML
discretization method performs consistently better, independent of the metric employed,
proving that these results are robust.

Table 3.1: Dynamic Bayesian Network Approach Best results obtained. The first four columns are
the four entries in the confusion matrix. D1 corresponds to the DML discretization method, using parameter
set indexed as 6. D2 corresponds to DBN’s BANJO’s discretization, using parameter set indexed as 11 and
using all the 8 available discretization classes in BANJO

TP FN FP TN Sensitivity Specificity Accuracy PPV
D1 7 15 9 138 .3181 .9387 .8579 .4375
D2 2 20 5 142 .0909 .9659 .8520 .2857

Table 3.2: Polynomial Dynamical Systems approach. The first four columns are the four entries in
the confusion matrix. D1 corresponds to the DML discretization method. Each Qi corresponds to quantile
discretization into i states.

TP FN FP TN Sensitivity Specificity Accuracy PPV
D1 12 34 113 10 .5454 .7687 .7396 .2608
Q2 4 37 110 18 .1818 .7482 .6745 .0975
Q5 9 49 98 13 .4090 .6666 .6331 .1551
I5 7 46 101 15 .3181 .6870 .6390 .1320
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3.3 Conclusions

Discretization of continuous experimental data into finitely many discrete states is important
in several contexts, in particular in systems biology when inferring biochemical networks from
experimental data such as time course data of DNA microarrays. Almost all methods using
dynamic Bayesian networks as well as other discrete methods rely on data discretization
as a preprocessing step. A particular characteristic of time course data sets of interest
is that they are still quite small, typically consisting of less than 10 time points. It is
natural to look to one of the many available clustering methods for this purpose. Upon
closer study, however, it becomes clear that discretization of this particular data type with
standard clustering methods is problematic, for several reasons. The main result of the
chapter is a comparison to other commonly used discretization methods, using two different
network inference methods, both of which give as output a most likely wiring diagram. The
comparison shows that network inference using either of these methods results in better
predictions with the DML discretization method as compared to several other commonly
used methods.

While the DML discretization method outperforms in many cases, its output can often be
improved with human intervention. This will likely be the case with any discretization
method. Furthermore, there are certain types of data that our method does not handle well.
It is not recommend using the method whenever a large amount of data is available. In this
case, a statistical method, such as [64], that can take advantage of the statistical properties
of the data may be more appropriate. The DML method assumes no knowledge of these
properties and therefore cannot utilize this information. Another situation when virtually
any discretization technique may not produce useful results is in the case when one or several
of the system variables change much more rapidly than the rest. In order to avoid inconsis-
tencies in the discretized data, one may need a very large number of discrete states which
may be a disadvantage for the modeling process. It is also important to acknowledge that
discretization possibly introduces spurious dynamic phenomena, such as artificial periodic
behavior, due to different time scales in the network. This has been well documented in
the literature, e.g., [73]. As a result, the output of any discretization algorithm needs to be
carefully examined in light of the original data.

The polynomial dynamical systems method can be used to generate a dynamical systems
model from the data. Discretization sometimes results in a data set that is inconsistent,
in the sense that it cannot be produced by a dynamical system because a given state that
appears more than once in the time courses might transition to two different subsequent
states. While one can devise ad hoc solutions to this problem, a more systematic way of
dealing with this problem remains to be found.

Data discretization represents the transition from the continuous to the discrete data world
and plays therefore a crucial role in the construction of discrete models. To date little work
has been done on this problem for this particular application, which deserves a careful study.



Chapter 4
REACT: A reverse-engineering algorithm with
evolutionary computation tools

Abstract An important problem in computational biology is the modeling of several types of
networks, ranging from gene regulatory networks and metabolic networks to neural response
networks. In particular, for gene regulatory and metabolic networks, one key issue addressed
is to understand how to combine gene expression data and prior knowledge of the network
structure, to produce functional predictions of such networks. In this chapter, we propose
a new method for constructing the underlying network structure from gene expression data
and combine it, when available, with a priori knowledge. Polynomial dynamical systems
(PDS’s) is used as modeling framework and we make use of computational algebra tools
to efficiently describe structural characteristics of the desired models; since the size of the
space of PDS’s models grows exponentially with respect to the size of the network, we use an
evolutionary algorithm as our heuristic search method. Experiments on an artificial genetic
network corresponding to the segment polarity gene network in D. melanogaster, show the
performance of the proposed algorithm in constructing the network structure.

4.1 Introduction

Reverse-engineering of biochemical networks from experimental data is a central problem in
systems biology. A variety of methods have been developed to discover relationships among
molecular species, as well as to ascertain the global temporal dynamics from a collection
of time-dependent observations (i.e. a time course of experimental data) of a biochemical
network (e.g. [40], [75], [16], [76]). Some of these approaches have as their objective the dis-
covery of relationships among the entities in the network (i.e. the network topology), while
others give information about the phase space or dynamics of the network. One modeling

35
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framework for biochemical networks is that of multivariate finite dynamical systems (FDS’s),
that is, time discrete dynamical systems such that all system variables take on values in a
finite, but possibly large, set X. The most extensively studied example is Boolean network
models [84]. If we assume that the set X can be given the structure of a finite field (as is
the case for X = {0, 1}), then each component function of the FDS can be expressed as a
polynomial. Laubenbacher-Stigler [11] proposed a computational algebra-based method to
reverse-engineer biochemical networks from experimental observations, generating polyno-
mial dynamical systems (PDS’s) models that interpolate the data; this method preferentially
selects models that are minimal in the sense that they do not contain dependencies among
the nodes that are not reflected in the data (which is different from choosing a minimal model
topology). Jarrah et al. [12] proposed a method to generate all minimal wiring diagrams
(network topologies) of PDS models that fit the data. Both this and the method in [11]
result in models that fit the given experimental data exactly, making such models prone to
overfitting in the presence of experimental noise, and resulting in overly complex models.

As an alternative approach, we have developed a reverse-engineering method within the
framework of polynomial dynamical systems models which instead constructs models that
are optimized with respect to data fit and complexity. Since the size of the space of PDS
models grows exponentially with respect to the size of the network, we developed evolutionary
algorithm (EA) methodologies for the exploration of potential polynomial model solutions.
These methodologies are commonly used in some reverse engineering methods that require
the exploration of a exponentially growing search space (see [79], [82], [83]). One common
issue when using evolutionary algorithms is that they require large amounts of computation.
Here we describe how problem decomposition, search space reduction and a priori knowledge
can be used to overcome this issue.

4.2 Method

4.2.1 Polynomial Dynamical Systems

A polynomial dynamical system (PDS) over a finite field k is a function f = (f1, ..., fn) :
kn −→ kn, with the update local functions fi ∈ k[x1, ..., xn]. Iteration of f results in a
time-discrete dynamical system. PDSs are a generalization of Boolean networks (k = F2 )
and cellular automata. They can be seen as special cases of finite dynamical systems, which
are maps Xn −→ Xn over arbitrary finite sets X. Such systems arise in applications from
engineering (e.g. [85], [86], [87], [88]) to biological disciplines (e.g. [92], [11]).
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The Dynamical Model

Laubenbacher and Stigler [11] proposed a new modeling approach that describes a regulatory
network as a polynomial dynamical system. This reverse engineering algorithm constructs
the set of all polynomial dynamical systems for the data and then uses a minimality criterion
to select one system from the set. A unique feature of this method is the ability to construct
all polynomial dynamical systems that satisfy the given time courses via a Gröbner basis
description (rather than enumeration).

Let the finite field k be the set of possible states of each node of the network and let
f : kn → kn be a PDS of dimension n. Then f can be described in terms of its coordinate
functions fi : kn → k, for i = 1, . . . , n. That is, if x = (x1, . . . , xn) ∈ kn is a state, then
f(x) = (f1(x), . . . , fn(x)).

The reverse-engineering problem of interest is, given one or more time courses of state transi-
tions generated by a biological system with n varying quantities, choose a ”biological mean-
ingful” polynomial dynamical system f : kn → kn. It is assumed that a set of state transitions
of the network is given in the form of one or more time courses of network states

t′1 = (t′11, . . . , t
′
n1), . . . , t′m = (t′1m, . . . , t′nm)

t′′1 = (t′′11, . . . , t
′′
n1), . . . , t′′r = (t′′1r, . . . , t

′′
nr)

...

satisfying the property that, if the unknown transition function of the network is f , then

f(t′i) = t′i+1, i = 1, . . . ,m− 1

f(t′′j ) = t′′j+1, j = 1, . . . , r − 1

...

In [11], the space of all networks that are consistent with the given time course data is
computed as a first step. Then a particular network f = (f1, . . . fn) is chosen that satisfies
the following property:

For each i, fi is minimal in the sense that there is no non-zero polynomial g ∈ k[x1 . . . xn]
such that fi = h + g and g is identically equal to zero on the given time points.

This model selection criterion is analogous to the problem of excluding the terms of fi that
vanish on the data (known as the normal form). The advantage of the polynomial modeling
framework over a finite field is that there is a well-developed algorithmic theory that provides
mathematical tools for the solution of this problem. The motivation for this model selection
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method was that the model should be minimal, in the sense that it should not contain any
terms that vanish on the data. Inclusion of such terms may affect the inference of network
structure by introducing interactions in the network that are not supported by the data.
However, this choice is unsatisfactory since the normal form depends on the choice of a
particular term order to compute a Groebner basis, and there is no canonical choice for such
a term order.

The Static Model

Partially motivated by an effort to make the model selection criterion less dependent on
the choice of term order, Jarrah et al. [12] proposed an algorithm using techniques from
symbolic computation and algebraic combinatorics. The algorithm computes ALL minimal
wiring diagrams consistent with the given data set. Here, a wiring diagram is minimal
if, whenever an edge is removed, the resulting graph is not a wiring diagram consistent
with the data anymore. This is done one vertex at a time, that is, by computing the
edges adjacent to individual vertices one at a time, rather than the diagram as a whole.
Furthermore, for a given vertex, an efficient combinatorial parametrization of the possible
edge configurations is used, rather than an enumerative method. The next step is to define
a probability distribution on the space of minimal possible edge sets for each vertex that
permits the selection of a most likely wiring diagram for a given edge. Since the combinatorial
description of the space allows the actual computation of this measure on the whole space,
the method described in [12] has the advantage over other methods of choosing a most likely
model from the whole space. Heuristic learning methods such as Bayesian network inference
typically proceed from a random initial choice of network and find a local minimum of a
suitably chosen scoring function. Thus, typically only a small part of the entire space is
explored.

4.2.2 Description of the reverse engineering algorithm REACT

Evolutionary Algorithms

In artificial intelligence, the field of evolutionary algorithms has been growing rapidly in the
last years. An evolutionary algorithm (EA) is a heuristic search algorithm that mimics the
metaphor of natural biological evolution. EAs operate on a population of potential solutions
applying the principle of survival of the fittest to produce better and better approximations
to a solution ([89], [90]).

EAs maintain a population of individuals or chromosomes for each iteration or generation.
Each individual represents a potential solution to the problem. These individuals are evalu-
ated by a fitness function in order to find an objective measure of their fitness. By selecting
the best individuals from the current generation, a new population undergoes alterations by
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means of mutation and crossover operations to form new solutions. Mutation arbitrarily
alters one or more genes of a selected chromosome by a random change with a probability
equal to the mutation rate. Crossover combines features of two or more parent chromosomes
to form similar offspring chromosomes. Figure 4.1 shows the basic steps for EA algorithms.

Figure 4.1: Evolutionary Algorithm Diagram

We have selected EAs as our search method after considering some of its advantages: EAs are
more robust than directed search methods (EAs being probabilistic algorithms differ from
random algorithms in that they combine elements of directed and non-deterministic search)
and EAs maintain a population of potential solutions (rather than only a single point of the
search space).
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In our particular setting, polynomial models play the role of individuals in the population
or chromosomes ; in a network with n nodes, each one of the n polynomials that conforms a
model, are the n different classes of genes. The input of our reverse-engineering algorithm
with evolutionary computation algorithm (REACT), are discrete time courses together with
optional information (described in section 4.2.2) and the output is a set of optimal polynomial
models in accordance to our fitness function.

The Input

We have two classes of input for the algorithm: mandatory and optional. The mandatory
input consists of:

Time Courses. Discretized time course data that corresponds to responses of the system to
perturbations. There is no restriction on the amount or length of time courses to be used.
Two types of time courses can be used: wildtype and knockout time courses.

The optional input consists of:

Candidate Models. These are polynomial models used as “seeds” (in the first generation) of
the REA. These interpolating polynomial models Mj can be obtained from Laubenbacher-
Stigler [11] algorithm after selecting different term orders. Candidate models are optional
input for which on their absence, REA will use randomly generated models for the first
generation.

Structural Information on Wiring Diagrams. This consists of the compacted information
about the certainty of existence of edges in the network topology after a reverse engineering
method has analyzed several (or all) possible wiring diagrams that explain the input time
courses. This information is written in the form of an n×n matrix where the aij entry is the
certainty value that node xi depends on variable xj. This information can be obtained from a
reverse-engineering algorithm from which we can gather information about network topology
representing causal relationships; examples of reverse-engineering methods that can be used
are for instance dynamic Bayesian networks [18], S-systems [93], or polynomial dynamical
systems [12].

Biological Information. A priori knowledge about the biological system can be introduced
to determine a correct solution. This is introduced in an n× n matrix with values in [0, 1],
that contains previous biological knowledge about the network topology. The entry aij is
the percentage of certainty that variable xj affects variable xi; in other words, aij is the
certainty that an edge from xj to xi exists in the wiring diagram. An example of biological
information is that of causal relationship from a gene to its corresponding products in the
network topology.

The use of partial information of the structure of the wiring diagram does not penalize the
lack of information for the certainty of the existence of the rest the edges in the network



Paola Vera-Licona REACT: A new reverse-engineering algorithm 41

topology.

Set of Parameters. EAs require the use of input parameters in order to control the algorithm’s
behavior. Below is a list of the parameters that have been created in REACT and that the
user can modify:

GenePoolSize. This is the parameter that indicates the number of models to be used
in each generation of the EA.

NumCandidates. The number of candidate models generated from the previous gener-
ation and that will form part of the next generation.

NumParentsToPreserve. The number of best models that will be copied unchanged to
the next generation

MaxGenerations. The maximum number of generations for which REACT will be ran

StableGenerationLimit. The maximum number of generations for which the fitness
score remains unchangeable.

MutateProbability. The coefficient that modulates the probability rate (the probability
rate is the inverse of the average polynomial fitness scores).

The following set of polynomial scoring weights must sum to 1.0:

HammingPolyWeight. The relative significance of the polynomial time courses repro-
ducibility score, that is, the weight (between 0 and 1) given to the polynomial time
series reproducibility score within the fitness function.

ComplexityWeight. The weight value (between 0 and 1) given to the polynomial com-
plexity score within the fitness function.

RevEngWeight.The weight value (between 0 and 1) given to the polynomial reverse
engineering score within the fitness function.

BioProbWeight. The weight value (between 0 and 1) given to the polynomial biological
score within the fitness function.

The following set of model scoring weights must sum to 1.0:

HammingModelWeight. The weight value (between 0 and 1) given to the model time
courses reproducibility score within the fitness function.

PolyScoreWeight. The weight value (between 0 and 1) given to the polynomial scor-
ing obtained from the weighted sum of the polynomial Hamming score, polynomial
complexity score, polynomial Reverse Engineering score and the polynomial biological
score.
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Algorithm Strategies

Since the model space increases exponentially with the number of variables and states per
variable, it is relevant to follow strategies that will reduce the search space (i.e. the range of
models) by adding constraints. Including such information into the inference process is the
true art of modeling [44].

We have used three strategies to optimize the performance of our algorithm: problem de-
composition, use of a priori knowledge and search space reduction; these strategies reduce
the time needed to identify optimal solutions and identify in a more precise manner how
optimal the solution is.

Problem Decomposition. Due to the high dimensionality of the optimization problem, it
results useful to decompose the original optimization problem into N subproblems [93]. In
our case, we first analyze the performance of candidate solutions polynomialwise, that is, in
each of these subproblems the candidate polynomial functions of gene i are evaluated. From
the best performing polynomial of each gene i, we ensemble a candidate solution, which then
will be evaluated as a whole. This strategy helps to examine candidate solution with a better
precision. In terms of computational time efficiency, this strategy brings the possibility of
making this algorithm parallelizable.

Use of a priori knowledge. Due to the nature of reverse engineering algorithm (the degree
of freedom of the model is high and the observed time courses usually contain measurement
error), many optima may exist. To increase the probability of inferring a correct polynomial
dynamical system [93], we introduce a priori knowledge of the genetic network into the
objective function. As we mentioned in the previous section, there are two types of a priori
information that we can obtain: biological and structural. They are described in section
4.2.2.

Space Reduction. A very interesting feature of the REACT algorithm is the incorporation
of computational algebra tools for the characterization of the model space. This charac-
terization consists of the upper bound for the total degree of the monomials of the desired
polynomial models based on the input time series. The mathematical background for the
construction of this upper bound is described in appendix 4.5 and we can resume it as:

Consider k input time courses t1, ..., tk and let d = (
∑k

j=1 ij−k, where ij = length of tj for j = 1, ..., k.
Let q be the number of states of each one of the variables in the network.

Hence, each one of the monomials in the search space of polynomial models is given by:

Universe of Monomials in E.A. ⊆ { monomials m| total degree (m) ≤ logq(d)}

Hence:

Universe of Monomials in E.A. ⊆ { monomials m| total degree (m) ≤ log2(d)}
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This characterization in term of the total degree of the monomials, gives a very convenient
computational tool that reduces the search space for efficiency purposes; as we will see in
section 4.2.2, this upper bound will be used also in order to specify model complexity in
terms of cooperative interactions among genes (i.e. the number of variables interacting in a
given monomial).

The Fitness Function

The fitness function is being constructed as a multi-objective function consisting of the
weighted sum of the different criteria to describe model optimality. The weight assigned to
each one of these criteria is part of the parameters of the algorithm. Below is the description
of each one of these criteria:

Model Time Courses-Reproducibility. The ability of a candidate model M to reproduce a
time course is measured with the use of the Hamming distance. Let αi be the length (or
number of time steps) of the time course tj, and let t′j be the time course generated by
iterating the model M until t′j = αi.

For Knockout time courses, let’s say corresponding to the kth variable, we iterate the model
M but editing the kth polynomial to zero and having the initialization of each time course
equal to zero in the kth entry.

Let D = |{number of entries where tj 6= t′j}| (number of places where Ts 6= T ′
s and α =∑n

j=1 αj (the total number of time steps or measurements).

The total Hamming distance HM between the input time courses Ts = {t1, t2, , ts} and
T ′

s = {t′1, t′2, , t′s} is:

HM =
D

n× α
(4.1)

Hence the model time-courses-reproducibility score (Modeltcr) of M is given as:

Modeltcr(M) = WH(1−HM) (4.2)

where WH is the weight assigned to the model time courses reproducibility.

Polynomial Time Course Reproducibility. This score forms part of the Problem Decomposi-
tion strategy; we can evaluate the time series reproducibility of a model componentwise, that
is, one polynomial at a time; The Hamming distance for the ith polynomial in M evaluates
the polynomial’s ability to reproduce the ith column of all the input time series in Ts; in order
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to achieve this evaluation, we need to “isolate” the polynomial’s performance independently
of the other polynomials. Hence, we fix all the values of the jth columns of the input time
series, where j 6= i. That is, the Hamming distance of the ith polynomial is given as:

Hfi
=

Di

n× α
(4.3)

where Di = |{number of entries where tji 6= tj′i }|, the number of places where the jth columns
of Ts and T ′

s differ and α =
∑n

j=1 αj (the sum of the number αj of time steps on tj).

Therefore the polynomial time-courses-reproducibility score (Polynomialtcr) of fi is given
by:

Polynomialtcr = (1−Hfi
)

Now, in order to evaluate the polynomial-wise performance for the whole model, we take the
average of the n Polynomialtsr scores of the given model times WHp, the weight assigned to
the polynomial time course reproducibility score.

Complexity Score. It is important the balancing of network’s ability to explain the observed
data with its ability to do so simply; scoring metrics with a penalty for unnecessary com-
plexity are able to guard against the over-fitting of network models to observed data ([18] Yu
et al., p.S219). We present the complexity score that we have developed; it employs some
computational algebra results that have been developed in appendix 4.5 and that we have
resumed in the search space reduction part of section refstrategies. Then, the complexity
score is given by:

Complexity Ratio (fi) =
MaxTotalDegree({m ∈ fi})

MaxSupport
,

where MaxSupport :=
∑s

j=1 dj, for j = 1, ..., s. Since the polynomial complexity score must
reflect the simplicity of structure of the monomials, we constructed a distribution curve that
could penalize complexity without giving preference to constant terms.

Now, we can compute the score of a polynomial in accordance to the complexity distribution,
as:

Polynomial Complexity (fi) = Complexity Distribution Function (Complexity Ratio (fi))

Therefore, the average Model Complexity Score is given by:

Model Complexity Score = WCx

n∑
i=1

Polynomial Complexity (fi)

n
,
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where WCx is the weight assigned to the complexity score for a model, in the input set of
parameters.

A Priori Biological Knowledge Score. When a priori biological knowledge about the existence
(or absence) of links in the wiring diagram of the network is available, we have incorporated
a scoring to measure the ability of a model to reproduce these partial pieces of the wiring
diagram.

Let’s consider the n × n input matrix BioProbScore Matrix (a)ij, where the aij represents
the probability (between 0 and 1) of certainty that, in the wiring diagram of the network,
there is a link from node j to node i

Let V (fi) = (v1, ..., vj, ...vn) be the n-tuple of 0 and 1’s corresponding to the absence or
existence, respectively, of the variable xj in the polynomial fi.

Let (pi1..., pin) be the ith row of the BioProbScore Matrix corresponding to the probability
pij that the variable xj appears in the polynomial fi (i.e. that xi depends on xj); let

(qi1..., qin) := (pi1v1, · · · , pinvn)

and let

αij :=

{
1− pij if vj = 0

pij otherwise

Hence the biological score assigned to the polynomial fi is given by:

BioScore (fi) =
1

n

n∑
j=1

αij. (4.4)

Therefore, the BioScore assigned to the model M is:

BioScore M = WB

n∑
i=1

BioScore (fi)

n
, (4.5)

where WB is the weight assigned to the Model BioScore, in the input set of parameters.

It is important to notice that according to the scoring method, for those unknown causal
interactions, we can assign the value 0.5 in order to avoid penalizing lacking of a priori
knowledge as well.

Reverse Engineering Score. Analogously to the scoring process for the a priori biological
knowledge, we can construct an n× n input matrix that contains knowledge obtained from
a previous used reverse-engineering method about the structure of the wiring diagram.
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Fitness Multi-objective Function. Now, we can describe the fitness multi-objective function
as:

Fitness(M) = WHModeltsr(M) +
∑n

i=1[WHpPolytsr(fi)+

+WCx
PolyCx(fi)

n
+ WB

BioScore(fi)
n

+ WR
RevEngScore(fi)

n
]

where WH is the weight assigned to the model time-courses reproducibility,
WHp, the weight assigned to the polynomial time-courses reproducibility score,
WCx is the weight assigned to the complexity score for a model,
WB is the weight assigned to the Model BioScore and,
WR is the weight assigned to the Model Reverse engineering score.

Genetic Operators

Crossover. It plays a relevant role in capturing the best features of two individuals to conform
a better fit one. For the correct execution of crossover, it is important to acknowledge the
boundaries of the gene, where crossover should take place to prevent the breakage of genes.
In this case, the boundaries are precisely located between the genes loci, that is, crossover
between two models is the interchange of their best polynomials.

Since the evaluation of performance in the previous stage of the E.A. is made in a polynomial
level, we need to assemble again the models; we first create virtual containers for the best
polynomials of each class. Now in order to perform crossover, for each polynomial class, we
select randomly a container and we choose the corresponding polynomial in accordance to
its fitness score, until we complete to a model.

Mutation. Once we have assembled a set of models, we perform mutations with a rate
modulated by the average polynomials scores, that is:

Mutation Rate = MutateProbability

(
0.1

0.101 + Average Poly Score

)
where MutateProbability is one of the parameters that the user can change in the input
Parameter File.

Random Models. To avoid a standstill in the optimization process, we add a set of randomly
generated models to the next generation. The amount of these type of models is 10% of the
size of the genome, that is 10% of the parameter GenePoolSize.

Now that all the different elements for the algorithm have been described, we can give a
summary of the reverse-engineering algorithm REACT.
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Algorithm Summary of the Reverse-engineering Algorithm REACT

Input. Discretized time courses (wildtype and/or knockout) and EA parameters set. Op-
tional input: seed polynomial models and a priori network knowledge.

Output. Polynomial models with the best fitness scores

1. If no polynomial models were input, generate randomly polynomial models until the
pool size is reached. Otherwise, use input models and complete pool size with randomly
generated models

2. Evaluate and sort models in accordance to fitness function

3. Subdivide population into n sub populations, where each one correspond to each one
of the n classes of polynomial functions

4. Select polynomials from each class to assemble new polynomial models until the number
of candidate parents is filled. These will become part of the generation’s offspring.

5. Mutate the assembled candidate models with inverse probability to the fitness of the
generation, i.e. less mutations will take place for better fitness scores in a generation.

6. Clone polynomial models selected to be preserved to the next generation

7. Build new population from candidate models, cloned models and randomly generated
models

Continue this process until we have reached the desired number of generations or until the
fitness score has not improve for a pre-selcted number of generations (StableGenerationLimit
number).

Figure 4.2 has a schematic representation of the whole reverse-engineering method REACT.

4.3 Results

4.3.1 Reverse Engineering of a Synthetic Network

The Reverse engineering algorithm in its Boolean version implemented in C++ Visual studio.
To test the effectiveness of the proposed algorithm we used data from an artificial gene
regulatory network. In order to separate the data discretization issues from the reverse-
engineering algorithm, we use a synthetic network from which we can generate already
discretized data.We chose the well-known network of the segment polarity genes responsible
for pattern formation in the Drosophila melanogaster embryo. Albert and Othmer [94]
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Figure 4.2: The REACT Reverse-engineering Algorithm Process
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proposed and analyzed a Boolean model based on the binary ON/OFF representation of
mRNA and protein levels of five segment polarity genes. This model was constructed based
on the known topology and it was validated using published gene and expression data. We
have for objective to generate time courses from this model and use it to reverse-engineer the
network generated to asses the performance of our reverse engineering algorithm REACT.

The network of the segment polarity genes represents the last step in the hierarchical cascade
of gene families initiating the segmented body of the fruit fly. The genes of this network
include engrailed (en), wingless (wg), hedgehog (hh), patched (ptc), cubitus interruptus (ci)
and sloppy paired (slp), coding for the corresponding proteins, represented by capital letters
(EN,WG, HH, PTC, CI and SLP ). Two additional proteins, resulting from transforma-
tions of the protein CI, also play important roles: CI may be converted into a transcriptional
activator, CIA, or may be cleaved to form a transcriptional repressor CIR.

The expression of the segment polarity genes occurs in stripes that encircle the embryo, the
patterns can be capture rather as a one-dimensional representation that consists of a line
of 12 interconnected cell, grouped into 3 parasegment primordia, in which the genes are
expressed every fourth cell. In Albert and Othmer [94], parasegments are assumed to be
identical, for which only one parasegment of four cells is considered: the variables are the
expression levels of the segment polarity genes and proteins (listed above) in each of the four
cells. Hence the network can be seen as a 15 × 4 = 60 node network . In Table 4.1 is the
model by Albert and Othmer for the version used to determine steady states.

A simplified version of this network can be built when considering one of the fourth cells
as network (see also [11]) i.e. a subnetwork of interest is one of the fourth cells in a given
parasegment . In Table 4.2 we have the polynomial version of the subnetwork of interest

Data Generation

Wildtype and Knockout Time Courses. As when working with a real network, in order to
reverse engineer the subnetwork of interest, we perturbed the whole system and selected the
perturbed data corresponding to the nodes of interest.

We used the Boolean initializations for the wildtype published in [94] for the 5 genes and we
generated the time courses using all the 60 Boolean functions; we treated the time courses
from each cell as different state conditions of the subnetwork. We constructed knockout
from these initial conditions as well, using zero value in the knockout gene and using the
zero function in the corresponding gene function of the Boolean model. Hence, we generated
a total of 20 time courses, adding to a total of 202 measurements (<< 1% of the 221 possible
states in the system).

A Priori Information. Besides the wildtype and knockout time courses, we made use of basic
a priori information that we considered realistic in an experimental setting:
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Table 4.1: Boolean model as proposed by Albert et al. [94]. Here is the simplified version used for
the determination of steady states in which time indices are not considered. The index i refers to the cell
number within the parasegment

SLP =

{
0 if i ∈ {1, 2}
1 if i ∈ {0, 3}

wgi = (CIAi ∧ SLPi ∧ ¬CIRi) ∨ (wgi ∧ (CIAi ∨ SLPi) ∧ ¬CIRi

WGi = wgi

eni = (WGi−1 ∨WGi+1) ∧ ¬SLPi

ENi = eni

hhi = ENi ∧ ¬CIRi

HHi = hhi

ptci = CIAi ∧ ¬ENi ∧ ¬CIRi

PTCi = ptci ∨ (PTCi ∧ ¬HHi−1 ∧ ¬HHi+1)
PHi = PTCi ∧ (HHi−1 ∨HHi+1

SMOi = ¬PTCi ∨ (HHi−1 ∨HHi+1

cii = ¬EN
CIi = cii
CIAi = CIi ∧ (SMOi ∨ hhi−1 ∨ hhi+1

CIRi = CIi ∧ ¬SMOi ∧ ¬hhi−1 ∧ ¬hhi+1

Table 4.2: Polynomial representation of the Boolean subnetwork of interest

F1 = x1

F2 = (x15 + 1)[x1x14 + x2(x14 + x1 + x1x14]
F3 = x2

F4 = (x16 + x17 + x16x17(x1 + 1)
F5 = x4

F6 = x5(x15 + 1)
F7 = x6

F8 = x14(x5 + 1)(x15 + 1)
F9 = x8 + x9(x18 + 1)(x19 + 1) + x8x9(x18 + 1)(x19 + 1)
F10 = x9(x18 + x19 + x18x19)
F11 = [(x9 + 1) + x52 + (x9 + 1)x18] + x19 + [(x9 + 1) + x52 + (x9 + 1)x18]x19

F12 = (x5 + 1)
F13 = x12

F14 = x13[(x11 + x20 + x11x20) + x21 + (x11 + x20 + x11x20)x21]
F15 = x13(x11 + 1)(x20 + 1)(x21 + 1)
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F1 = CIRi F2 = wgi F3 = WGi F4 = eni F5 = ENi

F6 = hhi F7 = HHi F8 = ptci F9 = PTCi F10 = PHi

F11 = SMOi F12 = cii F13 = CIi F14 = CIAi F15 = CIRi

F16 = WGi−1 F17 = WGi+1 F18 = HHi−1 F19 = HHi+1 F20 = hhi−1

F21 = hhi+1

Biological information: indicating only the 5 dependencies in the wiring diagram from
each one of the 5 genes in the network, with their products.

Structural information on the wiring diagram: we used Jarrah et al. algorithm from
[12] in order to score each one of the edges in the wiring diagram, once all possible
wiring diagrams that are consistent with the input time courses are considered.

Candidate Models: from the input time courses and the output of the item above, we
generated a seed model using Laubenbacher-Stigler algorithm in [11].

All computations were performed on a Pentium IV using Windows 2000 (Microsoft Corp.,
Redmond, WA); the estimated running time per generation is of 45 minutes with an average
of 138 generations per set of parameters.

Input Parameters. In order to select a suited set of parameters, we performed a tuning of
parameters following the next steps:

• We created sets of randomly generated parameters

• We ran the reverse engineering algorithm with the noiseless data and considered the
average of the scores for the 35 best fitted models obtained from each set of parameters

• We used this set of parameters for the next experiments with different levels of noise

Since it is not possible to know how much noise is present, we select a model (among the
35 best fitted), considering a lower bound of .95 fitness score on the Model Time Courses
Reproducibility score, which corresponds to the assuming up to 5% of noise in the data.

We generated randomly 50 sets of parameters. In Figures 4.3 and 4.4 we can observe the
fitness scores corresponding to the different selections of some parameters. This allows us
to appreciate the robustness of the method with respect to the selection of these different
parameters (fitness scores are 95± 5%.
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Figure 4.3: Fitness score vs. number of generations parameter. It is observed that in all of the ran-
domly generated set of parameters, containing as lower bound 2000 for the number of generations parameter,
the fitness scores reach at least a value of .95. This provides evidence that 2000 is an optimal value for the
number of generations parameter.

Figure 4.4: Fitness score vs. the distributions of weights for the polynomial scores. It is observed
that with the used polynomial weight distributions, the fitness scores are maintained over 95%
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4.3.2 Metrics for Method Performance

For an unbiased evaluation of the performance of our proposed reverse engineering method
we will be evaluating results in both, topology (wiring diagram) and dynamics of the models
obtained.

For the topology, we use all the metrics introduced in section 3.1.3.

For evaluation of the dynamics, we will focus on the steady states of the network. In our
example each one of the initializations used to generate our time courses, lead to steady states
when evaluated by the Boolean functions in Table 4.1. In Table 4.3 we have summarized all
the steady states of the subnetwork (which are in agreement with those found in [94] and
[95]).

Table 4.3: Stable patterns of the one-cell segment polarity genes subnetwork.
Each row represents a stable patter for the subnetwork, where the ith entry represent the
state of the ith node.

a) 0 0 0 1 1 1 1 0 0 0 1 0 0 0 0 1 1 0 0 0 0
b) 0 1 1 0 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 1
c) 0 0 0 0 0 0 0 0 1 0 0 1 1 0 1 0 0 0 0 0 0
d) 0 0 0 1 1 1 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0
e) 0 0 0 1 1 1 1 0 0 0 1 0 0 0 0 1 0 0 1 0 1
f) 0 0 0 0 0 0 0 1 1 1 1 1 1 1 0 0 0 0 1 0 1

4.3.3 Method Efficiency with Data with Noise

Noise is naturally present in biological data, particularly in microarray data [96]. Although
there are various techniques that increase the accuracy of the microarray measurements, the
data contain errors due to the probabilistic characteristics of the detection process, from
sample extraction and mRNA purification to hybridization and imaging. Consequently, it
is crucial to study how robust is the proposed reverse engineering algorithm to noise. The
noise applied was sampled from a normal distribution with mean 0 and a standard deviation
of 1% and 5% of the actual values; we added the noise to the already discretized data (not
the continuous).

Table 4.4 summarizes the results obtained for the topology of the network with different levels
of noise. Notice that in the topology (wiring diagram) of the network, we have 15(21) = 315
edges, for which we see the robustness of REACT with respect to the different levels of noise
in the data are applied.

Now, we see that the scores are preserved around the same values with the different levels
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Table 4.4: Results for the topology of the network with the different levels of noise

Noise Level TP FN FP TN Sensitivity Specificity Accuracy PPV
0% Noise 27 34 8 246 .4426 .9685 .8666 .7714
1% Noise 23 32 12 248 .4181 .9538 .8603 .6571
5% Noise 26 32 9 248 .4482 .9649 .8698 .7428

of noise, independently of the scoring method considered, demonstrating in this matter the
robustness of REACT with respect to noise.

As mentioned in section 4.3.1, with no previous knowledge of the amount of noise contained
in the data, we assume that the amount of data noise is about 5%, so that optimal time
series reproducibility scores are selected around .95 for this example. This explain why the
results are slightly better when indeed, 5% of noise is in the data than when 1% of noise is
added.

Considering the 6 steady states introduced in section 4.3.3, we present in Table 4.5 the steady
states that we recuperated from our algorithm with different levels of noise. We used the
DVD (Discrete Visual Dynamics) software [97] in order to evaluate these steady states into
the different models.

Table 4.5: Steady states recuperated under the different levels of noise

0% Noise 1% Noise 5% Noise
000111100010000110000 000111100010000110000 000111100010000110000
000000001001101000000 000111100010000100000 000000001001101000000
000111100010000100000 000111100010000100101 000111100010000100000
000111100010000100101 000111100010000100101
000000011111110000101 000000011111110000101

We see that at least 50% of the expected steady states were obtained with REACT. Again,
under the assumption that the data contains 5%, we obtained very good results when we
have chosen as optimal time series reproducibility scores, values around .95

4.4 Conclusions

We have proposed an effective algorithm for inferring gene regulatory networks using poly-
nomial dynamical systems as our framework. We introduced different metrics within the
fitness function for performance evaluation of candidate polynomial models. Our methods
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have been applied to simulated gene expression data. We found that (1) Our reverse en-
gineering algorithm (REACT) is robust with respect to noise; (2) Our proposed algorithm
uses the problem decomposition strategy to divide the network inference problem into several
subproblems not only for a better evaluation of candidate models but enables the algorithm
to be parallelizable; (3) The characterization of boundaries for our model search space allows
us to reduce the search space as well as a numerical description of modelcomplexity; (4) A
priori information showed to be an effective tool, using just basic knowledge of the network
and that can be obtained in many instances for reverse engineering of real networks; (5) Our
reverser engineering algorithm is within the context of PDS’s., however the input structure
of our algorithm is such that, a priori information about the structure of topology of the net-
work can be taken from other reverse engineering approaches that give causal relationships
in their wiring diagrams, such as those from dynamic Bayesian network (e.g. [18], [21]).

Numerical experiments using a well-stdied small scale artificial network both in noise-free
and noisy environment showed the effectiveness of the method in identifying the network
topology and steady states.

4.5 Appendix.Computational Algebra Tools: MaxSup-

port

4.5.1 Basic Definitions

This section contains results from [98] and that are of main interest within the context of our
reverse-engineering problem. The link between these main results in [98] and the applications
to our problem, was originally made by L.D. Garcia.

The universal Gröbner basis of an ideal I in the polynomial ring F[x] := F[x1, . . . , xn] of
n-variate polynomials over a field is the minimal set U(I) which is simultaneously a Gröbner
basis for I under every monomial order. The length of an ideal I ∈ F[x] is the F-dimension of
the quotient F[x]/I and is finite if and only if the set of common zeros of I over the algebraic
closure of F is finite. Let Hilbn

p be the set of p-long ideals in F[x]; it is referred to as the
Hilbert scheme of p-long n-variate ideals.

A staircase is a set λ ⊆ Nn of nonnegative vectors such that if u ≤ v ∈ λ (coordinatewise)
implies u ∈ λ. Let

(Nn

p

)
stair

denote the finite set of p-element staricases in Np. For a

staircase λ, let λ̄ := Nn \ λ be its complement in Np and let min(λ̄) be the unique finite
set of coordinatewise minimal vectors in λ̄. The p-staircases in Np are in bijection with the
monomial ideals in Hilbn

p via Iλ := ideal{xv : v ∈ min(λ̄)}.

Let I be an element of Hilbn
p . An p-subset λ ⊂ Np is basic for I if the congruence classes

modulo I of the monomials xv with v ∈ λ form a vector space basis for the quotient space
F[x]/I. If λ is basic then the class [f ] = f+I of any f ∈ F[x] contains a unique representative
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in lin{xv : v ∈ λ}; let [f ]λ denote this unique polynomial satisfying [f ]λ ∈ lin{xv : v ∈ λ}
and f − [f ]λ ∈ I.

A staircase λ ∈
(Nn

p

)
stair

is initial for I if its monomial ideal Iλ is the initial ideal in<(I) :=

ideal{in<(f) : f ∈ I} of I under some monomial order <. If λ is initial then it is also basic and
the unique reduced Gröbner basis of I under < is the set Gλ(I) := {xu− [xu]λ : u ∈ min(λ̄)}
consisting of precisely |min(λ̄)| polynomials.

Let Λ(I) denote the set of initial staircases of I. Let V n
p :=

⋃ (Nn

p

)
stair

denote the union of all

m-staircases in Nn. Given an ideal I ∈ Hilbn
p , let Γ(I) denote the finite set of all p-subsets

of V n
p basic for I. Since every initial staircase of I is basic and is contained in V n

p we have
Λ(I) ⊂ Γ(I) ⊂ V n

p .

4.5.2 Universe of Monomials for Evolutionary Algorithm

Let f ∈ F[x], we will consider f as a polynomial function from Fd 7−→ F. Let I ∈ Hilbn
p ; thus,

I is a zero dimensional ideal in F[x], more specifically, I is the ideal of n given points in Fn. We
are interested in finding a “good” representative of the class [f ] ∈ F[x]/I. This representative
depends on the particular term order chosen to compute the reductions modulo the ideal I.
Nevertheless, any polynomial in the class [f ] is a linear combination of monomials in Λ(I).

As we have seen before, Λ(I) is contained in V n
p . Moreover, in [98], Babson, et, al. showed

that V n
p is given by

V n
p =

{
v ∈ Nn :

n∏
i=1

(vi + 1) ≤ m
}

. (4.6)

The current version of the evolutionary algorithm works over the field Z2 = {0, 1}. We
point out that Z2 is not algebraically closed. Therefore, the cardinality of the set of common
zeros of I over the algebraic closure of Z2 might be greater than length(I). But we are only
interested in points over Z2. So we add to I the field equations xi(xi−1) for i = 1, . . . , n. This
has no effect on f since we are considering it as a polynomial function. As a consequence,
we can compute a Gröbner basis of I and its finite set of solutions in polynomial time, see
[99].

Assuming that I contains all the field equations xi(xi − 1) then any monomial in F[x]/I
is square-free. Therefore, for one given time series of length n we define the universe of
monomials M for our E.A. to be the set of square-free monomials contained in V n

p . By

equation (4.6), M consists of monomials xv, such that v ∈ {0, 1}n and 2|supp(v)| ≤ p, where
supp(v) = {xi ∈ xv}.

Therefore, for given a time course tp of length p, we have that

Universe of Monomials in E.A. for tp ⊆ { monomials m| total degree (m) ≤ log2(p)}
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Now, consider k time courses and let d =
∑k

j=1 ij−k, where ij = length of tj for j = 1, ..., k.

Hence:

Universe of Monomials in E.A. ⊆ { monomials m| total degree (m) ≤ log2(d)}

And we define:

MaxSupport of t1, ..., tj := |{ monomials m| total degree (m) ≤ log2(d)}|

Now, we can extend this results for fields Fq for q > 2 just as above, although the upper
bound in that case does not result as effective as in the Boolean case.



Chapter 5
An Efficient Algorithm for Computing the
Phase Space of Linear Finite Dynamical
Systems

Abstract Dynamical systems over finite fields have been studied in different contexts for
over 50 years, in particular cellular automata and Boolean networks. A central problem is the
determination of system dynamics from the system description. Applications in engineering
and biology have provided additional motivation for this problem. Recently, the complete
phase space structure for linear systems has been determined from a matrix representation
and finite field properties. This chapter contains an efficient algorithm to describe the phase
space, in particular the number and length of all limit cycles of a linear system over a general
finite field. The algorithm has been implemented in the computer algebra system Singular.

5.1 Introduction

The object in this chapter are linear mappings

f = (f1, . . . , fn) : Kn −→ Kn,

for K a finite field. Iteration of f results in a time-discrete dynamical system. Its phase space
S(f) consists of a directed graph, with the elements of Kn as vertices. There is an edge u → v
in S(f) if and only if f(u) = v. It is well-known [107] that any function g : Kn −→ K can be
described by a polynomial function, so that f can be described by a matrix, after choosing
a basis for Kn. Such systems have been studied in the engineering literature, motivated by
applications to shift registers and error correction [103] and logical neural networks [108].
Additive cellular automata are special cases and have also been studied in different contexts

58
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(see, e.g., [111]). A central question of interest is the description of the phase space S(f)
from the structure of f . The cited references all contain partial answers to this question. A
complete answer was recently given in [104], where a complete description of S(f) is given
in terms of invariants of a matrix representation of f and properties of the finite field K.

The goal of this chapter is to present an algorithm, based on the results in [103, 104], which
computes the invariants of S(f). The algorithm has been implemented in the computer
algebra system Singular and the code is available from the authors. Currently, we are
incorporating it in the simulation package DVD, available at http://dvd.vbi.vt.edu as a
web service and for download. The DVD package computes the phase space for general finite
dynamical systems over the rings Z/r, r a positive integer, a class that includes in particular
cellular automata and Boolean networks. In the absence of algorithms like the one presented
here, the phase space structure can only be evaluated in ways that amount to computing all
|K|n possible state transitions, which quickly becomes infeasible as n gets large.

5.2 Linear Finite Dynamical Systems

Let X be a finite set. A finite dynamical system f on X is a map f : X −→ X. The
dynamics of f is generated by iteration of f on X. The phase space of f , denoted by S(f),
is a directed graph with the vertex set X and a directed edge from a1 to a2 if a2 = f(a1).
For each a1 ∈ X, the sequence generated by ai+1 = f(ai), where i ≥ 1, is called the orbit of
a1. If a1 = f(at) and t is the smallest such number, the sequence {a1, a2, . . . , at} is called a
limit cycle of length t and it appears in the graph S(f) as the directed cycle

a1 → a2 → · · · → at → a1.

If t = 1, the point a1 is called a fixed point and it corresponds to a self-loop in the phase
space S(f) at the vertex a1. Since X is finite, every orbit must eventually end in a limit
cycle. A component of the phase space S(f) consists of a limit cycle and all of its attracting
orbits. The attracting orbits produce a tree structure rooted at each vertex in the limit cycle.
Therefore, the phase space is a disjoint union of its components. Phase space graphs are
characterized uniquely by the property that every vertex has out-degree exactly 1, counting
self-loops. Of particular interest for us is the case where X has additional structure, such as
X = Rn for a finite ring R. Example 5.2.1 illustrates these concepts.

Example 5.2.1. Let f : Z2
4 −→ Z2

4 given by f(x1, x2) = (x1x2, x
2
1 +x2 +3). The phase space

of f has four components, containing two fixed points, one limit cycle of length two, and one
limit cycle of length four. See Figure 5.1.

It is clear that when the cardinality of X is small, one can easily produce the phase space
by computing all possible orbits. The online software DVD [97] was used to generate the
graph in Figure 5.1 by this process. In most applications, however, the cardinality of the set
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Figure 5.1: The phase space S(f) of the linear system from Example 5.2.1.

X can be quite large, and hence not only the computations to generate the phase space are
hard but also the visualization of such a graph. However, in most cases, the interest is not
in the very details but rather in the general structure of the phase space, that is, we usually
want to know the numbers and lengths of the limit cycles and the lengths of their attracting
orbits.

In this chapter we study linear finite dynamical systems over a finite field K with |K| = q = pt,
for some t ≥ 1 and some prime p. The function f can be presented as an n-tuple of functions
(f1, . . . , fn), where each fi : Kn −→ K is called the local update function of the node i. For
any given function g : Kn −→ K, there exists a canonical polynomial h in K[x1, . . . , xn] such
that g(c1, . . . , cn) = h(c1, . . . , cn) for all (c1, . . . , cn) ∈ Kn, see [107]. Namely,

h(x1, . . . , xn) =
∑

(c1,...,cn)∈Kn

[g(c1, . . . , cn)
n∏

i=1

(1− (xi − ci)
q−1)].

Throughout this chapter, we use the unique polynomial representation of the local functions
fi for which each variable appears to a degree less than or equal to q − 1.

When each fi is a linear polynomial of the form fi(x1, . . . , xn) = ai1x1+· · ·+ainxn, the map f
is called a linear finite dynamical system. In this case, f is nothing but a linear transformation
on Kn over K, and, by using the standard basis, f has the matrix representation

f


 x1

...
xn


 =

 a11 · · · a1n
...

. . .
...

an1 · · · ann


 x1

...
xn

 ,

where aij ∈ K for all i, j.

Linear finite dynamical systems were first studied by Elspas [103]. His motivation came from
studying feedback shift register networks and their applications to radar and communication
systems and automatic error correction circuits. For linear systems over finite fields of prime
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cardinality, that is Fp
∼= Z/pZ where p is prime, Elspas showed that the exact number and

length of each limit cycle can be determined from the elementary divisors of the matrix A.
Recently, Hernandez [104] re-discovered Elspas’ results and generalized them to arbitrary
finite fields. Furthermore, he showed that the structure of the tree of transients at each
node of each limit cycle is the same, and can be completely determined from the nilpotent
elementary divisors of the form xa. For affine Boolean networks (that is, finite dynamical
systems over the Galois field F2 on two elements, whose local functions are linear polynomials
which might have constant terms), a method to analyze their cycle length has been developed
in [111]. After embedding the matrix of the transition function, which is of dimension
(n × (n + 1)), into a square matrix of dimension n + 1, the problem is then reduced to the
linear case.

Not much is known even about the cycle structure of arbitrary finite dynamical systems. Cull
[101] presented a very elegant method that embeds a nonlinear Boolean system in n variables
into a linear Boolean system in 2n variables. Then he used Elspas’ results to find the cycle
structure of the nonlinear system. However, for large n, this approach is algorithmically
impractical.

In the context of cellular automata some theoretical work on the problem of relating structure
to dynamics has been done in [100, 111]. Since cellular automata form a special class of
finite dynamical systems, the question of describing the phase space of an additive cellular
automaton from the structure of the rule alone can now be answered completely.

Even the one-dimensional case of the general problem above is very interesting and highly
challenging. Here, f : K −→ K is a polynomial in one variable and the problem is to infer
the phase space of f from the structure of f alone. The related question about when such a
function is invertible has been studied extensively. Such polynomials are known as permu-
tation polynomials. Many results have been obtained about special classes of permutation
polynomials, notably monomials and binomials. For a survey of known results and related
conjectures, see [107, Ch.7] and [105, 106].

Systems over the field with two elements whose coordinate functions are monomials have been
studied in [112]. Functions described by monomials are special cases of so-called canalyzing
Boolean functions, which have been studied extensively in the Boolean network literature,
in the context of Boolean network models of biological systems, such as gene regulatory
networks, e.g., [84].

The question studied in [112] was also motivated by biological applications, namely to find a
criterion to decide whether a monomial system exhibits periodic behavior or has only fixed
points as limit cycles. Such a criterion would be helpful in the process of model selection for
biochemical network models.
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5.3 The Phase Space of Linear FDS

Not surprisingly, the phase space structure of a linear system depends heavily on the structure
of the canonical form of a representing matrix. The following result describes the relationship
between the phase space structure of the whole system and that of the systems corresponding
to the matrix blocks obtained from the factors of the characteristic polynomial.

Lemma 5.3.1. Let f : Kn −→ Kn be a linear finite dynamical system with the matrix
representation

A =

(
B 0
0 C

)
where B and C are square matrices. Then the phase space of A is isomorphic to the product
of the phase spaces of B and C. That is, S(A) ' S(B) � S(C), where � represents the
product of directed graphs.

Proof: Suppose dim(B) = l, then dim(C) = n − l. For u ∈ Kn, let u′ = (u1, . . . , ul) and
u′′ = (ul+1, . . . , un). Then, for u,v ∈ Kn, it is clear that Au = v if and only if Bu′ = v′ and
Cu′′ = v′′. Therefore, there is a directed edge from u to v in S(A) if and only if there are
directed edges from u′ to v′ in S(B) and from u′′ to v′′ in S(C). Hence S(A) ' S(B)�S(C).
�

Definition 5.3.2. Two linear finite dynamical systems f, g : Kn −→ Kn are dynamically
equivalent if there exists an invertible linear map h : Kn −→ Kn such that f = h ◦ g ◦ h−1.

It is easy to see that the phase spaces S(f) and S(g) are isomorphic as directed graphs via
the map induced by h. In particular, similar linear transformations have the same phase
space structure. This fact allows us to focus on the canonical form of the representing matrix
of a linear system. We now describe the decomposition of a linear system in detail, before
focusing our attention on the dynamics of the resulting subsystems.

Let f be as above and let A be its matrix representation with respect to the standard basis.
Let p(x) be the characteristic polynomial of A with the prime factorization

p(x) = xsp1(x)t1 · · · pe(x)te .

Let a1(x), . . . , al(x) be the invariant factors of A with the following irreducible factorizations:

a1(x) = xs1p1(x)t11 · · · pe(x)t1e

... =
...

al(x) = xslp1(x)tl1 · · · pe(x)tle .

Since a1, . . . , al are the invariant factors of A, we have 0 ≤ si ≤ si+1 and 0 ≤ tij ≤ ti+1,j for
all i = 0, . . . , l − 1. If si = 0 or tij = 0, for any i, j, we drop the corresponding factor from
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all subsequent calculations. So, without loss of generality, we will assume that si, tij > 0 for
all i, j.

The factors of ai are the elementary divisors of A. Using the Elementary Divisors Form
Theorem [102, Theorem 6, p.464], we obtain an isomorphism

Kn ' K[x]/(xs1)⊕ · · · ⊕K[x]/(xsl)

⊕ K[x]/(pt11
1 )⊕ · · · ⊕K[x]/(ptl1

1 )

⊕ · · ·
⊕ K[x]/(pt1e

e )⊕ · · · ⊕K[x]/(ptle
e )

of K[x]-modules. In particular, there exist square matrices B1, . . . , Bl and A11, . . . , Ale over
K, such that the minimal polynomial of Bi is mBi

= xsi and the minimal polynomial of Aij

is mAij
= p

tij
i , and such that A is similar to

J =



B1

. . . 0
Bl

A11

0
. . .

Ale


.

If every polynomial pi is linear (that is, all eigenvalues of f are in K), then the matrix J is
called the Jordan canonical form of A. Without loss of generality, we can assume that the
square matrix Bi has entries 1 along the first super-diagonal and 0 everywhere else.

Now, to utilize this block structure for our purpose, the only missing ingredient is the
relationship between the phase space of J and those of the block diagonal matrix components.
This is given by the following results, which can be readily found in [104] or [103].

Lemma 5.3.3. Let G and H be two directed graphs (phase spaces). Then

1. If G (resp. H) is a directed tree of height t (resp. s), then G�H is a directed tree of
height max(t, s).

2. If G (resp. H) is a directed cycle of length t (resp. s), then the graph G � H is a
disjoint union of gcd(s, t) directed cycles, where each cycle is of length lcm(s, t), which
we denote by

⊎
gcd(s, t)Clcm(s,t). In general, if G =

⊎
i siCi and H =

⊎
j tjCj, then

G�H =
⊎
i

⊎
j

sitj gcd(i, j)Clcm(i,j).

3. If G is a directed tree and H =
⊎

r srCr is a disjoint union of directed cycles, then
G �H is the graph consisting of a subgraph isomorphic to H, such that each node of
this subgraph is the vertex of a tree isomorphic to G.
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The blocks Bi are nilpotent systems that have trees as phase spaces, and the blocks Aij are
invertible, so their phase spaces consist of cycles only. Thus, the previous theorem covers all
cases we need to consider. It remains to describe in detail the trees and cycles that occur.
The next result gives the phase space structure of the Bi. Note that we can assume the
special structure of 1’s on the super-diagonal and 0 everywhere else.

Theorem 5.3.4. Let f : Kn −→ Kn be given by f(x1, . . . , xn) = (x2, . . . , xn, 0), and suppose
|K| = q. Then the phase space S(f) of f is a tree of height n with the vertex at (0, . . . , 0),
and qi−1(q − 1) states at level i where each state at level i (1 ≤ i < n) has in-degree q.

Proof: It is clear that (0, . . . , 0) is the only fixed point and every state (c1, . . . , cn) eventually
gets mapped to (0, . . . , 0). Thus, the phase space of f is a directed tree with (0, . . . , 0) as
the root. Furthermore, the state (c1, . . . , cn) is at the ith level if and only if ci 6= 0 and
cj = 0 for all j > i. In particular, there are q − 1 elements at the first level. The state
(c1, . . . , ci, 0, . . . , 0) has q states as pre-images (in-degree), namely all (∗, c1, . . . , ci, 0, . . . , 0).
�

The phase space S(f) of f in the theorem is called a generic tree of height n.

Example 5.3.5. Let f : F3
2 −→ F3

2 given by f(x1, x2, x3) = (x2, x3, 0). The phase space of f
is the generic tree in Figure 5.2.

Figure 5.2: Generic tree of height 3.

We now turn to the cycle structure of the invertible subsystems A = Aij. It is well-known
that if µ(x) is the minimal polynomial of a linear map with the (n× n)-matrix A, then, by
the Cayley-Hamilton Theorem, µ(A) = 0.

Definition 5.3.6. For any polynomial λ(x) in K[x], the order of λ(x) is the least integer s
such that λ(x) divides xs − 1.
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Let λ(x) be an irreducible polynomial in K[x] of order s. Elspas [103] showed that the order
of λ(x)i is spr, where pr−1 < i ≤ pr. The following theorem was initially proved by Elspas
[103] and has been rediscovered repeatedly since then, see [104, 109].

Theorem 5.3.7. Let f : Kn −→ Kn be a linear finite dynamical system such that the
characteristic polynomial of f is equal to the minimal polynomial m(x) = µ(x)t, where µ(x)
is an irreducible polynomial. Then the phase space S(f) of f is a disjoint union of cycles.
Namely,

S(f) ' C1 ]
t⊎

i=1

qid − q(i−1)d

ri

Cri
,

where d = deg(µ(x)) and ri = ord(µ(x)i).

The following corollary follows directly from the discussion above and Lemma 5.3.1.

Corollary 5.3.8. Let J , Bi, and Aab be as above. Then

S(J) ' [S(B1)� · · · � S(Bj)]� [S(A11)� · · · � S(Aje)].

The phase space S(Bi) of Bi is a generic tree of height equal to the dimension of Bi. Hence
�j

i=1S(Bi) is a tree which we call the tree of f . It is clear that the height of the tree of
f is equal to the maximum of the heights of all generic trees of f and hence equal to the
dimension of Bj. On the other hand, by Theorem 5.3.7, the phase space S(Aab) is a disjoint
union of cycles. Now by (2) of Lemma 5.3.3, �j

a=1 �e
b=1 S(Aab) is a disjoint union of cycles.

Therefore, the phase space S(J) is nothing but these cycles with each node the vertex of a
tree that is isomorphic to the tree of f .

5.4 The Algorithm

In this section we summarize the steps above and discuss the time complexity of this algo-
rithm.

INPUT A linear finite dynamical system f : Kn −→ Kn.

OUTPUT The structure of the phase space S(f) of f . That is, its tree structure and the
number of limit cycles of all possible lengths.

STEP 1 Find the elementary divisors of f (the irreducible factorizations of the invariant
factors).

STEP 2 For each non-nilpotent elementary divisor, find its order and then the correspond-
ing number of cycles.
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STEP 3 For each nilpotent elementary divisor, construct its generic tree.

STEP 4 Multiply all generic trees from STEP 3 and find the tree of f .

STEP 5 Multiply all cycles from STEP 2 and find the cycle structure of S(f).

We now discuss each step, including its computational complexity.

Step 1. To find the elementary divisors of f , we first find the invariant factors of f , which
can be done in polynomial time. The best known algorithm is of order O(d3) which is
by Storjohann [110]. The elementary divisors are the irreducible factors of the invariant
factors. Factoring univariate polynomials over finite fields has been the subject of many
research articles, e.g., [114, 115, 116, 117]. For a polynomial of degree d over a finite field
of q elements, the order of the deterministic algorithm by Berlekamp [114] is O(d3 + d2q)
for small finite fields whereas for arbitrary finite fields the fastest algorithm is by V. Shoup
[118], and its complexity is O(d

7
2 log d + d2 log d log q).

Step 2. To find the cycle structure of Aab, we need to find the order of the irreducible
polynomials pa(x). That is, we need to find the smallest t such that pa(x) is a factor of
xt − 1 in Fq[x]. If the degree of pa(x) is m, then the order of pa(x) divides qm − 1, see [107,
Corollary 3.4]. The factorization of qm − 1 can be found using the list of factorizations in
Cunningham’s database [119] and considering the increasing list of factors sj ≥ m. Hence,
restricted to the Cunningham database, the order t of pa(x) can be found in polynomial time
as the smallest of the sj for which pa(x) is a factor of xsj − 1. Without using this database,
the complexity of this factorization depends on the factorization algorithm used, but is of
course impractical for large enough values of q and m.

Steps 3. and 4. Finding the tree of f takes constant time, since each nilpotent factor
produces a generic tree and the product of any two trees takes constant time.

Step 5. Finding the cycle structure of f takes constant time, by Lemma 5.3.3.

5.5 Code

We have implemented the algorithm above in the computer algebra system Singular using
the latest version (3.0.0), and the code is available upon request from the authors. We
use the standard method in Singular for factorizing numbers that are not available in the
Cunningham database. Currently, in Singular, such factorization can only be done over finite
fields of prime order.

First, let’s see an example of how to compute the phase space following step by step. Example
5.5.1 presents the verbatim output of the code:

Example 5.5.1. Let f : F6
3 −→ F6

3 be the finite linear system with the matrix representation
below. The phase space of this network is a directed graph on 36 vertices.
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> LIB ‘‘PhaseSpace.lib";

> ring R=3,x,dp;

> matrix A[6][6] = 0,0,0,0,1,0,

0,-2,0,0,1,0,

0,0,0,1,-1,1,

-1,1,1,0,0,1,

0,1,1,1,1,1,

0,0,0,0,0,0;

First, we compute the invariant factors:

>InvFact(A);

[1]:

_[1]=1

_[2]=x3-x-1

_[3]=x

_[4]=x+1

_[5]=x-1

[2]:

1,1,1,1,1

We have 4 elementary divisors: x3 − x− 1, x, x + 1 and x− 1; all of these having order 1.
Since there is only one elementary divisor corresponding to the eigenvalue zero, the tree
structure is completely determined by this elementary divisor; since its order is 1, the trees
of the whole phase space have height 1.
Now let’s compute the cycle structure of the phase space; first, compute the cycle structure
of each one of the elementary divisor corresponding to eigenvalues different from zero.
The cycle sum (A) of factor x3 − x− 1 can be computed as:

>orders(x3-x-1,1);

13

>CycleSum(1,3,V);

[1]:

[1]:

1

[2]:

1

[2]:

[1]:

2

[2]:

13

>list A=CycleSum(1,3,V);
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The cycle sum (B) of factor x + 1 can be computed as:

>orders(x+1,1);

2

>CycleSum(1,1,V);

[1]:

[1]:

1

[2]:

1

[2]:

[1]:

1

[2]:

2

>list B=CycleSum(1,3,V);

The cycle sum (C) of factor x− 1 can be computed as:

>orders(x-1,1);

1

>CycleSum(1,1,V);

[1]:

[1]:

3

[2]:

1

>list C=CycleSum(1,1,V);

The product of cycle sums D := (A, B) is computed by:

>CyclePro(A,B);

[1]:

[1]:

1

[2]:

1

[2]:

[1]:

2

[2]:
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13

[3]:

[1]:

1

[2]:

2

[4]:

[1]:

2

[2]:

26

>list D=CyclePro(A,B);

The product of cycle sums (C, D) is computed by:

>CyclePro(C,D);

[1]:

[1]:

3

[2]:

1

[2]:

[1]:

6

[2]:

13

[3]:

[1]:

3

[2]:

2

[4]:

[1]:

6

[2]:

26

That is, the cycle structure of the whole phase space consists of 3 cycles of length 1(i.e. fixed
points), 6 cycles of length 13, 3 cycles of length 2 and 6 cycles of length 26. Finally according
to the tree structure, each node of each one of the cycles, is the root a tree of height 1.

In the next example, we have a linear system on five nodes over F2. The output shows that
this linear system has one cycle of length one, one cycle of length seven, and its generic tree
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is of height 2. Figure 5.3 shows the phase space of this linear system, which agrees with the
results from our code.

Example 5.5.2. Let f : F5
2 −→ F5

2 be the finite linear system given by f = (x2 +x5, x1, x2 +
x3 + x4, x3, x4 + x5). The Singular input commands for this example are

> LIB ‘‘PhaseSpace.lib";

> ring R = 2,y,dp;

> matrix A[5][5] = 0,1,0,0,1,

1,0,0,0,0,

0,1,1,1,0,

0,0,1,0,0,

0,0,0,1,1;

> struct(A);

The output is the following.

_______________________________________________

The system has the following cycles:

[1]:

[1]:

1

[2]:

1

[2]:

[1]:

1

[2]:

7

_______________________________________________

Each state in each cycle is a sink of the following tree.

The height of the tree is

2

The distribution of states at different heights:

[1]:

1

[2]:

2

This tree is a product of

1

generic tree(s) of the following height(s):

2

_______________________________________________
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Figure 5.3: The phase space S(f) of the linear system from Example 5.5.2.

In the example below, we present a linear 21-node network where each node has 3 possible
states.

Example 5.5.3. Let f : F21
3 −→ F21

3 be the finite linear system with the matrix representation
below. The phase space of this network is a directed graph on 321 vertices. It took less than
one second to produce the output below. Computing all possible 321 state transitions, on the
other hand, would be prohibitively expensive.

> LIB "PhaseSpace.lib";

> ring R=3,x,dp;

> matrix A[21][21] = 0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,

0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,
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0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,2,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,

0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,2,

0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,

0,0,0,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0,0,0,

0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0;

> struct(A);

_______________________________________________

The system has the following cycles:

[1]:

[1]:

9

[2]:

1

[2]:

[1]:

24

[2]:

3

[3]:

[1]:

234

[2]:

9

_______________________________________________

Each state in each cycle is a sink of the following tree.

The height of the tree is

4

The distribution of states at different heights:

[1]:

177146

[2]:

354294
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[3]:

1062882

[4]:

3188646

This tree is a product of

11

generic tree(s) of the following height(s):

4,1,1,1,1,1,1,1,1,1,1

_______________________________________________

5.6 Discussion

Polynomial dynamical systems over finite fields provide a wide range of interesting math-
ematical problems, in addition to challenges presented through their applications, e.g. in
biology. This work was motivated by the application of such systems as models for biochem-
ical and other biological networks [11]. It is of great practical importance to have efficient
algorithms to compute the phase space of high-dimensional polynomial systems. Currently,
few algorithms exist beyond the simple enumeration of all state transitions. Linear systems
and monomial systems, mentioned earlier, represent important classes for which such algo-
rithms are known. While the problem is computationally intractable in general, it is likely
that there are several other large classes of systems that can be analyzed mathematically.
As algorithms become available we are planning to incorporate them into a comprehensive
software package for polynomial dynamical systems over finite fields.



Chapter 6
Conclusions and Future Work

In this thesis we have proposed solutions to four challenges related to the inference of bio-
chemical networks, focusing primarily on the modeling paradigm of finite dynamical systems:

1. Benchmarking of reverse-engineering algorithms. A systematic comparison between
four different reverse-engineering methods was made with the use of an in silico net-
work. My contribution is the performance analysis of a DBN method proposed by Yu
et al. [18].

2. Data discretization. Some inference algorithms of biochemical networks require dis-
crete data as input and even though several discretization methods are being used,
little attention has being paid to the importance of this step for the performance
of the inference method in question. My contribution to this work is the elabora-
tion of a comparison of several discretization methods when applied to two different
inference methods. The discretization methods used are quantile, interval and a graph-
theoretical based methods. The reverse-engineering methods that used the discretized
data were a PDS method [11] and a DBN method [18]. While in previous work the
performance analysis of DBN as proposed in [18] has been done, a thorough exploration
of the different parameters used in the method was not been done until now.

Future work in this area can focus on some important issues such as handling of
transition inconsistencies introduced by the discretization process and a thorough un-
derstanding of noise propagation within the data once it has been discretized.

3. Design of a reverse-engineering method. I have contributed on the design of REACT,
a reverse-enginering method within the PDS framework. In this aspect, my main
contributions are: the conceptualization of the evolutionary algorithm, the introduction
of two of the algorithm strategies used: the problem decomposition and introduction
of different a priori knowledge of the network; the construction of the different metrics

74
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used within the fitness function in the algorithm; team encoding for the Boolean version
of REACT, together with the debugging and improvement of the final code. Finally
the model validation I have made consisted on a thorough analysis of the Boolean
network proposed in [94].

Future work includes: integration of information about model dynamic into the fitness
function; extension and implementation of REACT to more than binary state systems;
convergence analysis of the algorithm and improvement of the model space reduction
upper bound.

4. Simulation of network models. My contribution in this aspect was on the design and
testing of each one of the steps of the algorithm proposed for the efficient computation
of the phase space of linear FDS.

Future work in this area is related to the actual application of the proposed algorithm
as a powerful tool to analyze properties of several types of linear systems.
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