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Optimal Experimental Designs for the Poisson Regression Model in Toxicity
Studies

Yanping Wang

(ABSTRACT)

Optimal experimental designs for generalized linear models have received increasing
attention in recent years. Yet, most of the current research focuses on binary data models
especially the one-variable first-order logistic regression model. This research extends this
topic to count data models. The primary goal of this research is to develop efficient and
robust experimental designs for the Poisson regression model in toxicity studies.

D-optimal designs for both the one-toxicant second-order model and the two-toxicant
interaction model are developed and their dependence upon the model parameters is in-
vestigated. Application of the D-optimal designs is very limited due to the fact that these
optimal designs, in terms of ED levels, depend upon the unknown parameters. Thus, some
practical designs like equally spaced designs and conditional D-optimal designs, which, in
terms of ED levels, are independent of the parameters, are studied. It turns out that these
practical designs are quite efficient when the design space is restricted.

Designs found in terms of ED levels like D-optimal designs are not robust to parame-
ters misspecification. To deal with this problem, sequential designs are proposed for Poisson
regression models. Both fully sequential designs and two-stage designs are studied and they
are found to be efficient and robust to parameter misspecification. For experiments that in-
volve two or more toxicants, restrictions on the survival proportion lead to restricted design
regions dependent on the unknown parameters. It is found that sequential designs perform
very well under such restrictions.

In most of this research, the log link is assumed to be the true link function for
the model. However, in some applications, more than one link functions fit the data very
well. To help identify the link function that generates the data, experimental designs for
discrimination between two competing link functions are investigated. T-optimal designs for
discrimination between the log link and other link functions such as the square root link and
the identity link are developed. To relax the dependence of T-optimal designs on the model
truth, sequential designs are studied, which are found to converge to T-optimal designs for
large experiments.
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Chapter 1

Introduction and Literature Review

1.1 Background and Motivation

Over the past few decades, a large portion of scientific research has been driven by environ-
mental concerns and health issues. Environmental studies focus on assessing the effect of
pollutants on the delicate balance of nature’s ecosystems while much of the research in the
health arena centers on eradication of serious illness plaguing the world’s populations. The
toxicity study is a common thread that runs through both environmental and health-related
research.

A typical toxicity study involves application of different concentrations of the toxi-
cants under investigation to organisms and then measuring the effect. Indicators of effect
include mortality, growth effect, reproduction impairment and tumor incidence. Very often,
these responses cannot be appropriately modelled as normal random variables in the anal-
ysis of effect. Two representative examples are binary responses and count responses. In
such situations, classical linear models are not applicable and generalized linear models are
usually used for analysis.

Generalized linear models for both binary and count data have been fully studied
in the literature (McCullagh and Nelder, 1987; Myers, Montgomery and Vining, 2002).
Recently, experimental design for binary data models, especially for the logistic regression
model, has received increasing attention and many publications have addressed this issue
from different aspects (see Section 1.3). However, very little has been done on efficient
experimental designs for count data models such as the Poisson regression model. In this
research, we try to fill this gap by developing efficient and robust experimental designs for the
Poisson regression model in toxicity studies. More specifically, we are mostly interested in the
negative effect of some toxicant(s) on some count biological endpoints. For example, in the
cancer study, the ability of an anticancer drug to eradicate tumor cells with high proliferative
potential is considered one of the most important characteristic of its effectiveness in leading

1



CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW 2

to cure or long-term remission in a patient. Therefore, in-vitro colony-formation assays have
been widely used to study drug effects. In such an assay, a dose-response curve is determined
from the decrease in colony formations over different concentrations of the drug. Often, the
number of colonies is assumed to be a Poisson variable and the Poisson regression model is
used to describe the relationship between the colony count and the concentration or dose of
the drug (see Minkin, 1991; 1993). A second example occurs in environmental research, in
which researchers need to determine how some chemicals in the water affect the reproduction
of some fish. Poisson regression is used to model the relationship between the number of fish
eggs and the concentration of the chemicals. Similar examples abound in the literature (see
Oris and Bailer, 1993; Van Mullekom and Myers, 2001).

1.2 Design Optimality

Since our interest is optimal experimental design, we shall first give a brief introduction of
design optimality criteria. In 1959, Kiefer and Wolfowitz formed a theoretical framework
for optimal design criteria by expressing a design as a probability measure representing the
allocation of observations at any particular point in the design space. Their theoretical
approach to design optimality and their introduction of the D- and E-optimality criteria
for the linear regression model laid the groundwork for other design criteria like A-, F-,
G- and Q-optimality criteria. Each design optimality criterion addresses a specific goal in
the experiment to be performed or achieves a specific property in the final fitted regression
model. Many of these design criteria were originally developed for the homogeneous variance
linear model, but most have been adapted for use in nonlinear and nonhomogeneous variance
situations as well.

The basic idea underlying design optimality theory is that statistical inference about
quantities of interest can be improved by “optimally” selecting levels of the control variables.
In general, a design optimality criterion can be characterized as an “estimation criterion”
or a “prediction criterion”. An experimental design which is optimal with respect to an
estimation criterion like D-optimality is the one that maximizes parameter information by
minimizing variability of the parameter estimates. A design which is optimal with respect
to a prediction criterion like Q-optimality maximizes information about a response surface
by focusing on the prediction qualities of the fitted model.

Silvey (1980) and Atkinson and Donev (1992) described most commonly-used design
criteria. In this research, we will mostly concentrate on D-optimal designs so D-optimality
will be introduced here in detail. Some other optimality criteria like Ds-optimality and T-
optimality will also receive considerable attention and they will be introduced later in the
appropriate context.

The most well known and widely used design optimality criterion is D-optimality,
dating to Kiefer and Wolfowitz (1959). If the model parameter vector is denoted by β,
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D-optimality suggests that the choice of design should maximizes the information on β by
minimizing the generalized variance of its estimate. We know that a common method for
estimating β in many nonlinear models is maximum likelihood estimation (MLE). If β̂ is the
MLE of β, then the asymptotic variance matrix of β̂ is the inverse of the Fisher information
matrix (see Lehmann, 1983). This information matrix forms the foundation for traditional
design optimality criteria and is defined in (1.1). Obviously, if the dimension of β is p × 1,
the Fisher information matrix I(X, β) is a p× p matrix.

I(X, β) = −E

[
∂2 log(L(X, β))

∂β∂β′

]
, (1.1)

where L(X, β) is the likelihood function for the data and X is the design matrix. The D-
optimality criterion, which minimizes the generalized variance of β̂, equivalently maximizes
the determinant of the Fisher information matrix. The general D-optimality criterion is
defined as

max
X∈D

∣∣∣∣
I(X, β)

n

∣∣∣∣ , (1.2)

where D is the set of all possible designs and n is the sample size. Very often, the sample size
n is fixed so the D-optimal design is obtained by maximizing the determinant of the Fisher
information matrix. Essentially, the D-optimal design minimizes the 100(1−α)% confidence
ellipsoid on the model parameters when the parameter estimates are asymptotically normal
(Myers and Montgomery, 1995). The volume of the confidence region is relevant because
it reflects how well β is estimated. Obviously, a smaller confidence region implies better
estimation.

Silvey (1980) discussed many general properties of D-optimal designs and one of
them is mentioned here. It follows from Carathéodory’s Theorem (Silvey, 1980, p.72) that
a continuous D-optimal design is based on a finite number of support points and, more
specifically, on at most p(p + 1)/2 points, where p is the number of model parameters. As
an aside, it is interesting to observe that D-optimal designs are in fact very commonly based
on exactly p points and that in such cases the weights associated with the design points are
necessarily equal and thus equal to 1/p (Silvey, 1980, p.42), namely, 1/p of the total sample
size is allocated to each of the p points.

Since the D-optimal design maximizes the determinant of the Fisher information
matrix, it is natural to define the D-efficiency of an arbitrary design, X, as

EffD =

( |I(X, β)|
|I(X∗,β)|

)1/p

, (1.3)

where X∗ is the D-optimal design of the same size as X and p is the number of model



CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW 4

parameters. When D-optimality is employed, D-efficiency defined in (1.3) is generally used
to compare different designs. Taking the ratio of the determinants in (1.3) to the (1/p)th

power results in an efficiency measure which is proportional to experiment size, irrespective
of the dimension of the model. Therefore, two replicates of a design for which EffD = 0.5
would be as efficient as one replicate of the optimal design.

For the homogeneous variance linear model, the Fisher information matrix is simply
X ′X, which depends only upon the location of the design points, not on β. Consequently,
the D-optimal design can be determined and implemented independently of β. However, for
a nonlinear model like the generalized linear model, the information matrix usually depends
on the model parameters as well as the design matrix. More specifically, the information
matrix, apart from a constant, for the generalized linear model is

I(X, β) = X ′WX, (1.4)

where W is the Hessian weight matrix that depends on the unknown parameters (see McCul-
lagh and Nelder, 1987). For a canonical generalized linear model like the logistic regression
model, (1.4) reduces to

I(X, β) = X ′V X, (1.5)

where V is a diagonal matrix and the (i, i)th element is the variance of the ith observation.
We know that these variances depend on β, so does the information matrix. Therefore, the
D-optimal design for a generalized linear model is parameter-dependent. In order to find and
implement the D-optimal design, one must know the model parameters. It is this dependence
on parameters that complicates the problem of experimental designs for generalized linear
models. Several methods have been proposed to circumvent this difficulty in the literature
and we shall give an overview in next section.

1.3 Optimal Designs for Logistic Regression Model

As discussed earlier, optimal experimental designs for generalized linear models depend on
the unknown parameters and the problem of their construction is therefore necessarily more
complicated than that for classical linear models. In this section, we shall introduce some
methods that have been proposed to overcome this difficulty. In the literature, the majority
of current research on experimental designs for generalized linear models has been confined
to the logistic regression model. Therefore, we shall go through these methods largely in the
context of logistic regression model.



CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW 5

1.3.1 Locally Optimal Designs

A simple approach to the problem of experimental designs for generalized linear models is to
adopt a best guess for the parameters and then choose the design that maximizes a selected
design optimality criterion function evaluated at the guess. This approach leads to what
is termed locally optimal design, the term introduced by Chernoff (1953). This best guess
used in a locally optimal design might come from the previous experimentation, or from a
pilot experiment conducted specially for this purpose, or merely a guess. We shall call this
parameter guess the initial estimate or the initial guess no matter how it is obtained.

We now give a brief review of locally optimal designs for the logistic regression model.
Most publications on this topic focus on the one-variable first-order logistic regression model
defined as

y ∼ Bernoulli(P ), where P =
1

1 + exp(−(β0 + β1x))
. (1.6)

In the above model, y is the binary response (0 or 1); it has the probability P to
take the value 1 and P is a function of the independent variable x. For this model, Kalish
and Rosenberger (1978) developed a two-level D-optimal design. They imposed symmetry
around the ED50 (ED is short for effective dose, ED100p represents the value of x which
produces the probability of p that the response is 1). The two-level D-optimal design is
obtained by placing half of the experimental runs at ED17.6 and the other half at ED82.4.
To implement the D-optimal design, one must know the values of ED17.6 and ED82.4, or
equivalently, one should have knowledge about β0 and β1. In practice, the parameters are
generally unknown and one needs to provide some initial guesses.

Abdelbasit and Plackett (1983) reviewed the results of two-level designs and further
pursued the D-optimal design for model (1.6) by considering three-level designs. They also
assumed symmetry around ED50. The three-level equal sample size D-optimal design, sym-
metric around the ED50, is formed by the doses ED13.6, ED50 and ED86.4. Minkin (1987)
then followed by showing that the previously created symmetric designs (both two-level
and three-level) remain optimal for a general class of designs, eliminating the restriction of
symmetry.

Estimating a particular ED, especially the ED50, is of great interest in many appli-
cations. Several procedures have been suggested for the construction of optimal designs for
estimating ED50. One procedure minimizes the asymptotic variance of the estimate of ED50,
which is −β̂0/β̂1 (β̂0 and β̂1 are estimates of β0 and β1, respectively). Kalish (1990) demon-
strated that the optimal design based on this procedure is degenerate in that it requires all
of the observations to be taken at a single point, the ED50. Kalish (1990) further considered
two-point designs based on this procedure. It was shown that the two-point design is not
very efficient relative to the D-optimal design. However, the D-optimal design is moderately
efficient for estimating the ED50. A second procedure is the so-called F-optimal design, a
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design that minimizes the length of the Fieller interval for the ED50. Finney (1971) claimed
that the Fieller interval is superior to the asymptotic confidence interval. Based upon a lim-
ited empirical study, Abdelbasit and Plackett (1983) found Finney’s claim to be unfounded.
However, Sitter and Wu (1993) conducted a more extensive empirical study and concluded
in favor of Finney. Letsinger (1995) gave a derivation of the Fieller interval and the resulting
F-optimal design for model (1.6). The F-optimal design is a symmetrical two-point design
and its structure depends on the total sample size. The F-optimal design for ED50 has the
same number of experimental runs at each point but it is not the case for other ED’s (see
Letsinger, 1995). Another design criterion for estimating a particular ED is to minimize the
length of the likelihood-based confidence interval. Williams (1986) argued that, for small
experiments (20 to 30 experimental runs), the coverage of the likelihood-based confidence
interval is closer to the nominal level than that based on Fieller’s Theorem. Minkin and
Kundhal (1999) investigated the optimal design for model (1.6) using this procedure. Under
the restriction of symmetry, they found that the optimal design for estimating the ED50 is
also a two-point design depending on the total sample size.

For model (1.6), locally optimal designs based on prediction optimality criteria also
receive some attention in the literature. Kalish and Rosenberger (1978) developed a two-
level G-optimal design, which minimizes the maximum variance of the predicted probability
P̂ over the region of interest. Myers, Myers and Carter (1994) studied two-point and three-
point G-optimal designs symmetric about the ED50 for some selected regions of interest. In
addition, they developed and studied Q-optimal design for model (1.6), which minimizes
the average prediction variance over the region of interest. They considered two-point and
three-point Q-optimal designs with and without the constraint of symmetry about ED50.
They also compared various designs by calculating their G-efficiency and Q-efficiency.

Other work on locally optimal designs for the logistic regression model includes Heise
and Myers (1994), who investigated locally D-optimal and Q-optimal designs for the bivariate
logistic regression model; Jia (1996), who extended the topic to the two-variable logistic
regression model.

Intuitively, we would expect that locally optimal designs are quite efficient if the initial
guesses are close to the true parameters. However, it has been frequently demonstrated that
locally optimal designs are not efficient for poor initial estimates. This is the problem of
parameters misspecification, a term frequently used in the literature. Basically, this is the
major problem that we have to face when dealing with any nonlinear experiment. Most
research in this area actually focuses on designs robust to parameter misspecification.

One might argue that the locally optimal design for the generalized linear model,
though simple, has limited applications due to the lack of good initial estimates. It is true
that good initial estimates are seldom available in practice. However, the locally optimal
design is extremely important for two reasons: (1) there do exist some situations in which
practitioners have reliable knowledge of the parameters; (2) most importantly, the locally
optimal design provides a useful benchmark with which we are able to calibrate any other
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design. Therefore, most research in this area has focused on locally optimal designs.

1.3.2 Bayesian Optimal Designs

An alternative and, in a sense, a more realistic approach to designs for generalized linear
models is to introduce a prior distribution on the parameters rather than a single guess. A
Bayesian optimal design is the one that maximizes the mean of an appropriate optimality
criterion function over the prior distribution. For example, if we denote the prior distribution
by π(β), the Bayesian D-optimality criterion is

max
X∈D

∫
|I(X, β)|π(β)dβ, (1.7)

where D is the set of all possible designs. Actually, the locally optimal design can be regarded
as a special type of Bayesian optimal design, for which the prior distribution degenerates to
a point prior at the initial guess.

For the logistic regression model, Chaloner and Larntz (1989) gave a formal discus-
sion on Bayesian optimal designs. The Bayesian D-optimality criterion and the Bayesian
optimality criterion for estimating a particular ED are derived in their seminal paper. They
developed Bayesian optimal designs using independent uniform prior distributions for the
parameters. They found that, in general, the number of design points in a Bayesian optimal
design increases as the uncertainty in the prior distribution increases. This is desirable since
a design of more points is more robust. They also compared the efficiency of the locally
optimal design and the Bayesian optimal design. The Bayesian optimal design is found to
be more robust to poor initial parameter information than the locally optimal design. As an
extension of their work, Letsinger (1995) studied the Bayesian D-optimal design using both
normal and uniform priors for the logistic regression model. He found that the robustness of
the Bayesian D-optimal design increases as the prior spreads, however, the efficiency of the
Bayesian design decreases as the prior variance increases. The trade-off is between protection
against poor initial parameter knowledge and high efficiency when the parameter knowledge
is good.

Other work on Bayesian optimal designs includes Atkinson, et al. (1993), who studied
Bayesian optimal designs for a nonlinear regression model; Dumouchel and Jones (1994), who
investigated the application of Bayesian D-optimal designs to reduce the dependence on the
assumed model; and Minkin (1993), who discussed Bayesian optimal designs for the Poisson
regression model. Chaloner and Verdinelli (1995) gave a nice historical review of Bayesian
optimal designs.

Basically, the Bayesian optimal design optimizes the weighted average of a criterion
function over a prior distribution. Thus, it is more robust than the locally optimal design
which maximizes the criterion at a point guess. The premise of the Bayesian design is that the
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researcher’s belief about the parameters can be translated into a probability density for the
parameters. Often, this “translation” is criticized for its subjectivity. A second weakness of
the Bayesian design is that, when the initial information is scarce and a noninformative prior
is used, the efficiency is usually very low. Another disadvantage of the Bayesian approach is
that it generally involves more extensive computation then the locally optimal design. This
is so because of the integration part in the Bayesian optimality criterion function.

1.3.3 Minimax Approach

For the logistic regression model, Sitter (1992) proposed a minimax approach to obtain
designs that are robust to poor initial parameter estimates. To use this approach, the prac-
titioner should provide initial guesses of the unknown parameters as well as a specific region
of the parameters within which he or she wishes the design to be robust. The minimax pro-
cedure chooses the design that minimizes the maximum criterion value over the preselected
region. Here, the design criterion is defined such that the worst case is when the criterion
function takes the maximal value. For example, we can use determinant of the inverse of the
Fisher information matrix for the D-optimality.

Basically, the minimax procedure, like G-optimality, yields the design with the best
“worst case” over the chosen region so that, hopefully, the worst case is not too bad. This
approach, though straightforward to understand, is mathematically intractable and numer-
ically difficult. Sitter (1992) studied minimax designs for the logistic regression model by
imposing the restrictions of equal allocation and symmetry on the design. The minimax
designs are robust to poor initial estimates of the parameters. The more uncertain the ex-
perimenter is in the initial parameter estimates, the more spread out is the minimax design,
both in terms of coverage of design space and number of design points.

The minimax approach suffers from two major drawbacks. Firstly, as indicated earlier,
it is mathematically intractable in general and some restrictions on the design are necessary
to facilitate the numerical optimization. Secondly, this method, unlike the Bayesian optimal
design, which optimizes the weighted average of the criterion function over the prior distri-
bution, optimizes the worst case. So the minimax design is generally more conservative by
its nature (protects against the worst case). It assumes all the points in the selected region
are equally likely to occur, so points on the edges are considered as likely to occur as the
middle points. Now suppose that the true parameters reside somewhere in the middle. The
optimal criterion value, as one would expect, is usually found at or near the edges of the
preselected region. If the region is reasonably small, this is not a problem. The efficiencies
at and around the center of the region should be quite high. However, when the region is
fairly large, one minimizes the maximum criterion value at a location far away from the true
value so the minimax design sacrifices too much efficiency at and near the true value, in
order to be efficient at a location which is quite possibly one of the most unlikely locations
of the true parameters.
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1.3.4 Sequential Designs

Another way of dealing with poor parameter guesses is to construct a design sequentially.
In sequential experimentation, an initial experiment is chosen and implemented. Estimates
of the parameters are obtained based on observations from the initial experiment. These
estimates are then used to find the next design point, at which the following observation
is made. This process is repeated until all the experimental resources are used up or some
stopping condition is met. Compared to the locally optimal designs, a sequential design uses
more reliable information about the parameters so it can improve the design efficiency in
general.

The major drawback of a fully sequential design (one run at a time) is that it incurs
more cost than a non-sequential design, especially when it takes a long time to obtain an
observation. To reduce the time of experimentation, stage-wise designs are proposed. In a
stage-wise design, a batch of experimental runs, instead of one run, are implemented at each
stage. Two-stage designs and three-stage designs are typical stage-wise designs.

Box and Lucas (1959) suggested sequential experimentation. Abdelbasit and Plackett
(1983) discussed two-stage and three-stage D-optimal designs for a binary data model. Their
conclusions include: (1) sequential designs are robust to poor parameter guess in general and
higher-stage designs are more efficient; (2) the efficiency of stage-wise designs increases with
the experiment size; (3) for larger experiments, the efficiency is almost independent of the
number of stages and is not much less than 1 anywhere. Wu (1985) gave sequential designs
for binary data for estimating a particular ED based upon the nonparametric “up and down”
method and the Robbins Monro method. Minkin (1987) proposed a two-stage D-optimal
design procedure for the logistic regression model and demonstrated that the two-stage design
is more robust than the locally optimal design.

Myers et al. (1996) developed a two-stage D-Q optimal design for the logistic regres-
sion model. The first stage is a locally D-optimal design and the second stage is a conditional
Q-optimal design, conditioned on the estimates from the first stage. They found the two-
stage design to be superior to the comparable one-stage design in all cases of parameter
guesses except those extremely close to the true values. Much efficiency is gained when
parameter knowledge is poor and little is lost when the guesses are correct. Letsinger (1995)
argued that the performance of a two-stage design can be improved by using the Bayesian
optimal design at the first stage. He studied the performance of the two-stage D-D optimal
design for the logistic regression model and reached similar conclusion. Sitter and Wu (1999)
also discussed a two-stage procedure for the logistic regression model. At the first stage, they
proposed to use a 3 to 5 point symmetrical design to improve the robustness. They argued
that any decent methodology for two-stage experimentation should allow the experimenter
to evaluate the necessity of a second-stage after the completion of the first-stage analysis.
Particularly, they pointed out that, in addition to the point estimates, the variance of the
estimates in the first stage and the estimated coverage of the first-stage design in the design
space are very useful for making decisions on the second-stage design.
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One difficulty with the stage-wise design procedure is how to optimally distribute the
total sample size to each stage. The optimal sample allocation depends on many factors
including design of the first stage, total sample size, and the quality of the initial guesses.
Further, the dependence is not clear and vary hard to quantify so it is practically impossible
to analytically find the optimal sample allocation. For the logistic regression model, Myers
et al. (1996) found in a limited simulation study that about 30% of the total sample is
appropriate for the first stage of the two-stage D-Q design. This translates to expending
30% of the sample for the purpose of finding good initial estimates of the parameters and
70% of the sample devoted solely to reaching the final goal of the experiment through the
second-stage criterion. For the same model, Letsinger (1995) did a much more extensive
sample allocation study for the two-stage D-D procedure using Bayesian design with normal
priors at the first stage. He recommended that one should use somewhere between 40% and
50% of the sample in the first stage for a small total sample size of 30. For a large sample
size of 300, the recommendation ranges from 15% to 30% depending on the situation.

Other work on sequential designs includes McLeish (1990), who investigated sequen-
tial designs in quantal bioassay; Lin, Myers and Ye (2000), who discussed Bayesian two-stage
design for mixture experiments; Schwartz et al. (2001), who studied the two-stage D-Ds op-
timal design for a nonlinear toxicity threshold model.

1.4 Optimal Designs for Poisson Regression Model

In the last section, we reviewed current research on experimental designs for generalized
linear models, most of which concentrates on the logistic regression model. As stated at
the beginning, this research is mainly concerned with optimal designs for Poisson regression
models in toxicity studies. In this section, we will discuss this topic. We shall first introduce
models of interest and some notation. After that, current work on this topic in the literature
will be reviewed and finally we will give an outline of our work in this research.

1.4.1 Models, Assumptions and Notations

We shall first introduce Poisson regression models and some assumptions and notations that
will be followed throughout this dissertation. Generally, the Poisson regression model can
be written as:

yij ∼ Poisson(λi), where λi = exp(x′iβ). (1.8)

As mentioned earlier, we are mainly interested in the negative effects of some tox-
icant(s) on a count biological endpoint that can be approximately modelled as a Poisson
variable. Examples include the number of cancer cell colonies that survive an anticancer
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treatment; the number of eggs that a fish lays after exposure to some pollutants. In such
a context, we define yij in (1.8) to be the number of organisms or cells that survive the
experiment for the jth replicate of the ith design point and we assume it follows a Poisson
distribution with λi as the mean; xi is the regressor vector at the ith point and β is the
parameter vector. Equations (1.9)–(1.12) define the mean functions for the one-toxicant
first-order model, one-toxicant second-order model, two-toxicant additive model and two-
toxicant interaction model, respectively. Note that, in the context of toxicity studies, x’s in
the following equations are doses or concentrations of toxicants and thus are nonnegative.

λi = exp(β0 + β1xi). (1.9)

λi = exp(β0 + β1xi + β11x
2
i ). (1.10)

λi = exp(β0 + β1x1i + β2x2i). (1.11)

λi = exp(β0 + β1x1i + β2x2i + β12x1ix2i). (1.12)
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(b) Two-toxicant Model (x1 fixed)

Figure 1.1: Mean Function of Poisson Regression Model

For illustration, Figure 1.1 plots some mean functions of the above models. In Figure
1.1(a), one-toxicant models with different quadratic terms are compared. We can see that
the a model with negative quadratic term describes a stronger effect than the first-order
model does; on the other hand, a positive quadratic term means a weaker effect. In Figure
1.1(b), we plot three two-toxicant models with x1 fixed at 0.5. One can see that a negative
interaction between the two toxicants causes a larger combined effect than their additive
effect; a positive interaction results in a combined effect less than the additive effect. This
same pattern holds for other values of x1.

Before we introduce some notation based on the above models, we need to make an
assumption for simplicity. Without loss of generality, we assume that all the toxicants under



CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW 12

investigation have negative effects on the response and larger doses generally cause smaller
mean responses. This assumption is held to be true throughout this dissertation unless
otherwise stated. Though all the designs in this research are derived under this assumption,
they can be easily generalized to applications that involve positive relationship between the
response and regressors (see Chapter 6).

The following notation will be used throughout this dissertation unless otherwise
stated:

• n denotes the total number of experimental runs and ni is the number of runs at the
ith point. The proportion of experimental runs at the ith point is denoted by pi, i.e.,
pi = ni/n.

• λc denotes the mean response at the control point, at which there is no toxicant.
Since we assume that toxicants always have some negative effect on response, λc is the
maximum possible mean response in any experimental unit. For models (1.9)–(1.12),
λc = exp(β0).

• λi denotes the mean response at the ith design point, i.e., λi = exp(x′iβ). Generally,
λi ≤ λc.

• In general, effective dose, or ED for short, of a toxicant is defined as the dose or the
amount of the toxicant that causes a specified proportion of mortality or survival. For
instance, ED30 of toxicant A is the dose of A that causes 70% mortality. For single-
toxicant experiments, this definition is clear-cut. For multi-toxicant experiments, we
need to distinguish the combined effect of all the toxicants and the contribution of each
single toxicant. To this end, we define model effective dose, or MED for short, as all
possible combinations of doses of all toxicants that cause a specified mortality or sur-
vival. For instance, in a two-toxicant experiment, MED30 is all possible combinations
of doses of the two toxicants that cause 70% mortality. On the other hand, we define
individual effective dose, or IED for short, of a toxicant as the dose of the toxicant that
causes a specified mortality or survival. Clearly, for single-toxicant experiments, MED
and IED are the same.

• At the ith design point, qi = λi/λc denotes the MED level. Note that qi is nothing
but the survival proportion at the point. For single-toxicant case, qi is also the IED
level. For multi-toxicant experiments, we use q1i to denote the IED level of the first
toxicant, q2i to denote the IED level of the second toxicant, etc. Obviously, all these
q’s are between 0 and 1.

1.4.2 Optimal Designs: A Review of Current Work

We now give a review of the current work on optimal designs for the Poisson regression
model.
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For single-toxicant experiments, Minkin (1993) and Chiacchierini (1996) have done
extensive work on locally optimal designs for the first-order model, i.e., model (1.9). For
this model, Minkin (1993) studied the slope-optimal design (minimizing var(β̂1), where β̂1

is the estimate of β1) for estimating a particular ED. He found that the slope-optimal design
is one with 22% experimental runs at the control point (i.e., x = 0) and the remaining 78%
at ED7.8. He also examined the effect of poor initial estimates of the parameters on the
optimal design and considered a Bayesian approach. Chiacchierini (1996) showed that the
slope-optimal design for model (1.9) is also the F-optimal design (minimizing the width of
the Fieller interval for a particular ED). In her work, Chiacchierini developed D-, Q- and
F-optimal designs for model (1.9). All the optimal designs mentioned above are two-point
designs and are summarized in Table 1.1, in terms of ED levels, qi’s, and proportions of
experimental runs at each point, pi’s. Note that the Q-optimal design, which minimizes
the average prediction variance on a specified region, depends on the region of interest and
Table 1.1 gives Q-optimal designs for three different regions of interest. The design space is
assumed to be (ED0, ED100] for all the designs in Table 1.1.

Table 1.1: Some Optimal Designs for Model (1.9)

Designs
Optimality Point 1 Point 2
Criterion p1 q1 p2 q2

D-optimal 0.50 1.0000 0.50 0.1353
F-optimal 0.22 1.0000 0.78 0.0780

Slope-optimal 0.22 1.0000 0.78 0.0780
Q-optimal

(ED0, ED100] 0.44 1.0000 0.56 0.1870
[ED10, ED90] 0.40 1.0000 0.60 0.2120
[ED20, ED80] 0.37 1.0000 0.63 0.2500

To improve the robustness of the design to parameter misspecification, Van Mullekom
and Myers (2001) studied Bayesian D-optimal designs for model (1.9). They found that only
the prior distribution on β1 has impact on the D-optimal design. They tried uniform and
normal prior distributions for β1 and derived two-point and three-point Bayesian D-optimal
designs. These Bayesian optimal designs were shown to be more robust than corresponding
locally optimal designs.

While some toxicity studies involve only one toxic substance, many of them are based
on more complicated models which contain two or more toxicants. For example, the en-
vironmentalists may be curious about the effect of several chemicals on a specific animal
population; the medical researcher may be interested in determining how a “cocktail” of
drugs works to impair the reproduction of AIDS virus. Ultimately, these researchers want
to know whether these substances interact and, if they do, how the interaction should be
characterized.
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Van Mullekom and Myers (2001) studied the D-optimal design for model (1.11).
Basically, this model implies that each of the two toxicants under investigation, when applied
alone, works through model (1.9); when working together, they do not interact with each
other and their effects are additive. For this model, the IED level for the first toxicant is
q1 = exp(β1x1) at point (x1, x2); the IED level for the second toxicant is q2 = exp(β2x2)
and the MED level is q = q1q2. Van Mullekom and Myers found that the D-optimal design
for this model is a three-point design: the control point (IED100, IED100); and two pure
component points (IED13.53, IED100) and (IED100, IED13.53), at which only one toxicant is
applied, and each of these three points has 1/3 of the total experimental runs.

For model (1.12), Van Mullekom and Myers (2001) also did some work. Basically,
model (1.12) implies that both toxicants, when applied alone, work through a first-order
model as described in (1.9). However, when working together, their effects are not additive
as they may interact with each other and the possible interaction is accounted for by the
term β12. For this model, the IED level is q1i = exp(β1x1i) for the first toxicant at the ith

point and q2i = exp(β2x2i) for the other toxicant; the proportion of survival at this point,
or MED level, is qi = exp(β1x1i + β2x2i + β12x1ix2i). In their work, Van Mullekom and
Myers did not derive the D-optimal design for this model. Instead, they created a design
called conditional D-optimal design, a design that is optimal only on the condition that β12

in model (1.12) is zero. They showed that the conditional D-optimal design is a four-point
design with 1/4 of the total observations taken from each point. These four points are: the
control point (IED100, IED100); two pure component points (IED13.53, IED100) and (IED100,
IED13.53); and an interaction point (IED13.53, IED13.53), at which both toxicants are applied.

1.4.3 Optimal Designs: Extensions

In this research, we try to extend the current work on experimental designs for Poisson
regression models in toxicity studies. Specifically, the extensions include the following points:

1. For single-toxicant experiments, we shall investigate the D-optimal design for the
second-order model as defined in (1.10). Optimal designs for the first-order model
have been extensively discussed in the literature. However, occasions occur that model
(1.9) is not adequate to describe the dose-response relationship. Quadratic terms are
found to be important in models of Ceriodaphnia toxicity (see Oris and Bailer, 1993).
Second-order models are also needed in radiation research to quantify the relation-
ship between the radiation dose and the count of chromosome aberrations (see Frome
and DuFrain, 1986). Thus, it is of practical importance to study optimal designs for
model (1.10). D-optimal and some practical designs for this mode will be investigated.
Ds-optimal designs for estimating ED’s are also studied.

2. For two-toxicant experiments, we will focus on the interaction model, i.e., model (1.12).
The motivation is that this model is of great interest in practice as interactions between
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different toxicants are expected in general. Actually, many studies are designed sim-
ply for investigation of the interactions (see Wahrendorf, Zentgraf and Brown, 1981).
Therefore, model (1.12) will receive most attention throughout this research. We will
first the D-optimal design for this model, which enables us to study the property of
other designs like the conditional D-optimal design proposed by Van Mullekom and
Myers. We will also try to generalize the D-optimal design to interaction models that
involve more than two toxicants. For model (1.12), Ds-optimal designs also receive
some attention.

3. As indicated earlier, robustness to parameter misspecification is a very important prop-
erty of nonlinear experimental designs. To improve the robustness of locally D-optimal
designs to parameter misspecification, we propose sequential designs for Poisson re-
gression models. This includes fully sequential designs and two-stage designs. We will
concentrate on sequential designs for model (1.12); however, we expect the results will
be similar for other models.

4. Though the log link is usually used for Poisson regression, sometimes other link func-
tions such as the square root link and the identity link provide a better fit. Optimal
designs for discrimination between different link functions will be investigated. Firstly,
locally optimal designs, which assume the true link and the parameters are known, are
studied. Sequential designs are then investigated to relax this assumption.

Throughout this dissertation, the design space will be defined in terms of IED levels,
i.e., q’s. The advantage of using q’s instead of x’s is that the ranges of q’s are well defined,
namely, between 0 and 1. Also, we will just consider continuous designs unless otherwise
stated, which means the designs will be found in terms of pi’s instead of ni’s. Algorithms to
convert continuous designs to exact ones can be found in the literature (see Atkinson and
Donev, 1992).

1.5 Structure of the Dissertation

This dissertation is organized as follows. Chapter 2 focuses on locally D-optimal and Ds-
optimal designs for model (1.10) and model (1.12). Some practical designs for these two
models like the equally spaced design and the conditional D-optimal design, which are in-
tuitive to practitioners, also receive some attention in this chapter. The robustness of these
practical designs to parameters misspecifications are investigated. In Chapter 3, we employ
the general equivalence theory to verify the optimality of locally optimal designs in Chapter
2. This is necessary because numerical methods, rather than analytical approaches, are used
to find the optimal designs so their optimality is in question. Taking advantage of the equiva-
lence theory, we are able to generalize the D-optimal design to the multi-toxicant interaction
model. As a solution to the problem of parameter misspecification, sequential designs for
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the Poisson regression model are investigated in Chapter 4. Both fully sequential designs
and two-stage designs are discussed in this chapter. Another component of Chapter 4 is
sequential experimentation on restricted design space. A penalized D-efficiency is proposed
for design evaluation on restricted regions. Chapter 5 is concerned with optimal designs
for discrimination between competing link functions for Poisson regression models. Locally
optimal designs and sequential designs are discussed. Finally, Chapter 6 lists some possible
extensions for future research.



Chapter 2

Locally D-optimal Designs

2.1 Introduction

As discussed in Chapter 1, locally optimal designs for nonlinear experiments are of great
importance for two reasons. Firstly, if good initial estimates are available, locally optimal
designs are very efficient. Secondly and most importantly, locally optimal designs provide
a useful benchmark with which we can calibrate any other design. Therefore, we start our
research with locally D-optimal designs for Poisson regression models.

To implement locally optimal designs, we have to provide some initial information
about the parameters. In this chapter, we assume some prior knowledge about the toxi-
cants under investigation is available. More specifically, we assume practitioners have good
estimates of ED’s for the toxicants. Though the assumption of availability of good initial
estimates does not always sound reasonable, there do exist situations where it is true. For
instance, in the second and third phases of clinical trial experiments, knowledge about the
drug is generally available from previous phase(s). Another example is that, when studying
the interaction of two toxicants, researchers might know about the performance of each of
the two toxicants from previous experiments.

Locally D-optimal designs for the one-variable second-order model as in (1.10) and the
two-variable interaction model as in (1.12) will be investigated as they both are of practical
importance. Ds-optimal designs that minimize the generalized variance of all the parameter
estimates except the intercept term also receive some attention in this chapter as it is felt
that Ds-optimal designs of this type are efficient for ED estimation. Notation in Chapter
1 will be followed and all the designs in this chapter will be found in terms if qi’s and pi’s
instead of xi’s and ni’s.

17
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2.2 One-toxicant Experiments: Second-order Model

As reviewed in Chapter 1, most of the current work on single-toxicant experiments focuses
on the first-order model as defined in (1.9). However, as indicated in Chapter 1, the effect of
some toxicants are so strong that model (1.9) is not adequate to describe the dose-response
relationship. Thus, the second-order model as defined in (1.10) is necessary. In this section,
we will discuss the D-optimal design for this model.

Recall that we made the assumption in Chapter 1 that larger doses generally cause
smaller mean responses or, at least, increasing the dose does not increase the mean response.
This means that the mean response is a decreasing function of the dose or amount of the
toxicant under investigation. Equivalently, the MED level q is also a monotonically decreas-
ing function of the dose or amount of the toxicant. For the first-order model in (1.9), this
implies that β1 ≤ 0. Similarly, we shall assume β1 ≤ 0 for model (1.10). Also, β11 should not
be positive so that model (1.10) is capable of describing a stronger effect than the first-order
model as defined in (1.9). Mathematically, the signs of β1 and β11 can be derived from the
assumption that the MED level, or the proportion of survival, is a decreasing function of
the dose or amount of the toxicant. Note that, for the second-order model, the MED level
is q = exp(β1x + β11x

2), or equivalently, ln(q) = β1x + β11x
2. The assumption implies that

the derivative of q or ln(q) with respect to x, the dose or amount of the toxicant, should be
less than or equal to 0, i.e.:

∂ ln(q)

∂x
= β1 + 2β11x ≤ 0, where x ≥ 0.

Note if the above inequality holds for all nonnegative x, then we have β1 ≤ 0 and
β11 ≤ 0. Therefore, in what follows, we will focus on the second-order model with β1 ≤ 0
and β11 ≤ 0.

2.2.1 D-optimal Designs

Clearly, the D-optimal design for the second-order model in (1.10) depends on the actual
values of the parameters. The next lemma describes this dependence upon the parameters.
The proof of this lemma, which involves many matrix manipulations, is given in Appendix
A.1.

Lemma 2.1. For model (1.10), the D-optimal design, in terms of ED levels, depends on the
parameters only through r = β2

1/β11.

Since D-optimal designs can be catalogued by r, for a given value of r, we can use
some numerical method such as Nelder-Mead simplex method (Nelder and Mead, 1965) to
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maximize the determinant of the Fisher information matrix and find the optimal design. We
shall first discuss the design space before we shift to the optimal design.

As pointed out earlier, we will work with design space defined in terms of ED levels,
i.e., qi’s. Theoretically, qi, the proportion of survival at the ith design point, can be as
small as 0. However, this rarely occurs in real experiments. In practice, a design point with
very small survival proportion may not be feasible for biological, economical or physical
reasons. For example, an anticancer drug may not be capable of eradicating 90% of the
cancer colonies; or we have to use an excessively large dose to achieve such a goal, which
might causes undesirable or even deadly side effects. Thus, it is more practical to consider
designs on a restricted region than the unrestricted region. We will assume that the design
space is restricted by 0 ≤ c ≤ qi ≤ 1, i.e., the maximal possible impairment is 100(1 − c)%
at any point. The lower boundary is some constant chosen by practitioners and it would
typically change from case to case.

From the discussion at the beginning of this section, we know that β1 ≤ 0 and β11 ≤ 0,
which implies that r = β2

1/β11 ≤ 0. For a given value of r, we use the Nelder-Mead simplex
method to numerically maximize the determinant of the information matrix and find the
D-optimal design. For some representative values of r, Table 2.1 gives the D-optimal designs
on different design regions. For the first design region, we set c, the lower boundary of
the survival proportion, to be 0.01, which gives a practically unrestricted design space. The
second and third design regions are restricted by setting c to 0.2 and 0.4, respectively. As one
might expect, all the D-optimal designs are saturated three-point designs. The D-optimal
design is an equal allocation design if it is saturated (Silvey, 1980). Specifically, if a k-point
D-optimal design is saturated, the proportion of the sample size at each of the k points is
1/k. For our situation, this implies p1, p2 and p3 are all 1/3 and they are not listed in Table
2.1. Also, the D-optimal design always includes the control point. If we denote the control
point by point 1, then q1 = 1 for all the designs.

Table 2.1 shows the dependence of the D-optimal design on r. Note that the control
point (q1 = 1) is always in the D-optimal design. Point 3 is practically fixed at the lower
boundary. Point 2, which is the middle point, depends on r and the design space. Generally,
q2 decreases as r decreases. However, the range of q2 is not very large especially when the
design region is restricted. Therefore, it seems that optimal designs for different values of r
are quite close to each other on the restricted design space. This implies the possibility of
finding an efficient design robust to r. We shall discuss this issue next. The optimality of
the designs listed in Table 2.1 will be further verified in Chapter 3 via equivalence theory.

2.2.2 Equally Spaced Designs

In general, it is hard for practitioners to guess r and then choose the corresponding optimal
design from Table 2.1. Therefore, it would be of great help if we can find some efficient
designs that are robust to r. Practitioners would prefer efficient designs which are robust to
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Table 2.1: D-optimal Designs for Model (1.10), q1 = 1, p1 = p2 = p3 = 1/3

Region 1 Region 2 Region 3

r (c = 0.01) (c = 0.2) (c = 0.4)
(β2

1/β11) q2 q3 q2 q3 q2 q3

0a 0.6825 0.0729 0.7540 0.2000 0.8323 0.4000
-1 0.4959 0.0401 0.6185 0.2000 0.7223 0.4000
-2 0.4527 0.0331 0.5923 0.2000 0.7046 0.4000
-5 0.3964 0.0244 0.5626 0.2000 0.6864 0.4000
-10 0.3594 0.0190 0.5264 0.2000 0.6776 0.4000
-20 0.3304 0.0150 0.5359 0.2000 0.6737 0.4000
-50 0.3052 0.0117 0.5275 0.2000 0.6693 0.4000
−∞b 0.2856 0.0100 0.5223 0.2000 0.6668 0.4000

ar = 0 means β1 = 0.
br = −∞ means β11 = 0.

r and easy to implement. In practice, “standard” designs with equally spaced points, in the
space of ED levels, are often used due to the simplicity. We shall inspect two designs of this
type: one is three-point and the other four-point.

Again, suppose the design space is defined by 0 ≤ c ≤ qi ≤ 1. The 3-point design
which is intuitive to practitioners consists of the two endpoints plus the middle point, namely,
q1 = 1, q2 = (1 + c)/2 and q3 = c. Furthermore, we assume the design is an equal allocation
design, i.e., p1 = p2 = p3 = 1/3. Table 2.2 gives the D-efficiency of three-point designs on
different regions.

Table 2.2 indicates that three-point designs are quite robust to the values of r. For the
unrestricted design space (Region 1), the lowest efficiency is about 82%. When the design
space is restricted (Regions 2 and 3), the three-point design is very efficient regardless of
the value of r. This should not be surprising if one looks carefully at the D-optimal design
in Table 2.1. For Regions 2 and 3, we can see that the D-optimal design also consists of
the two end points (q1 = 1 and q3 = c). Though the location of the other point changes
according to the value of r, it is not far away from the middle point of the three-point design
(q2 = (1 + c)/2) for all possible values of r. This geometric closeness of the 3-point design
to the D-optimal design explains the high D-efficiency.

We shall further study the performance of four-point equally spaced designs as the
extra point allows for the lack of fit test. As before, we suppose that the design space is
defined by 0 ≤ c ≤ qi ≤ 1. The equally spaced four points, in the space of ED levels, are
q1 = 1, q2 = 1 − (1 − c)/3, q3 = 1 − 2(1 − c)/3 and q4 = c. The allocation strategy used
here is p1 = p4 = 1/3 and p2 = p3 = 1/6 as it gives larger efficiency on average than other
allocations. Table 2.2 also lists D-efficiency of the four-point design, which suggests that the
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Table 2.2: D-efficiency of Equally Spaced Designs for Model (1.10)

3-point Designa 4-point Design b

r Region 1 Region 2 Region 3 Region 1 Region 2 Region 3
(β2

1/β11) (c=0.01) (c=0.20) (c=0.40) (c=0.01) (c=0.20) (c=0.40)
0c 0.8209 0.9332 0.9116 0.8334 0.9269 0.9110
-1 0.9072 0.9987 0.9965 0.8839 0.9481 0.9438
-2 0.9177 0.9998 0.9998 0.8930 0.9462 0.9433
-5 0.9239 0.9944 0.9987 0.9041 0.9430 0.9422
-10 0.9227 0.9902 0.9963 0.9095 0.9424 0.9414
-20 0.9181 0.9836 0.9944 0.9110 0.9392 0.9408
-50 0.9106 0.9796 0.9929 0.9088 0.9379 0.9404
−∞d 0.8998 0.9763 0.9916 0.9025 0.9368 0.9400

a(q1, q2, q3) = (1, (1 + c)/2, c); p1 = p2 = p3 = 1/3.
b(q1, q2, q3, q4) = (1, c + 2(1− c)/3, c + (1− c)/3, c); p1 = 2p2 = 2p3 = p4 = 1/3.
cr = 0 means β1 = 0.
dr = −∞ means β11 = 0.

four-point design performs very well in terms of efficiency and robustness to r. In addition,
testing the lack of fit is possible with a four-point design.

From the above discussion, we can see that equally spaced designs are quite efficient
and very robust to the value of r. Therefore, they are highly recommended in practice since
they do not require knowledge of r. Particularly, if one is concerned with model checking,
the four-point equally spaced design is a good choice.

2.2.3 Parameter Misspecifications

Note that designs in previous sections are found in terms of ED levels, i.e., qi’s. To actually
implement these designs, we must have some knowledge about ED’s of the toxicant as we
have assumed at the beginning of this chapter. Of course, instances occur when only limited
knowledge of ED’s is available. Without enough information about ED’s, the implemented
experiment might be different from the desired one. For instance, suppose that our target
design (q1, q2, q3) = (1, 0.6, 0.2) and the corresponding ED’s are (x1, x2, x3) = (0, 0.5, 1.6).
However, due to the lack of knowledge about the toxicant, we might use (x1, x2, x3) =
(0, 0.35, 1.2), which gives (q1, q2, q3) = (1, 0.7, 0.3). Therefore, we missed the target design
by a little bit. This problem originates from the fact that we do not know the parameters
perfectly so it is termed parameter misspecification in the literature.

Parameter misspecification almost always occurs in real experiments. Thus, a design
with theoretically high efficiency is not necessarily a good design in practice. The question
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is whether it can maintain its high efficiency under parameter misspecifications. A design
that can maintain a reasonably high efficiency under parameter misspecifications is termed
a robust design. Obviously, efficiency and robustness to parameter misspecifications are two
important properties of a design.

In Table 2.2, we have demonstrated that equally spaced design are quite efficient
regardless of the value of r. We shall further investigate their robustness to parameter
misspecifications. Of course, we cannot exhaust all possible misspecifications. Table 2.3 lists
D-efficiency of the three-point and four-point equally spaced designs when the ED levels are
misspecified upward by 10%. For example, ED20 and ED60 are misspecified as ED30 and
ED70, respectively. ED100 cannot be misspecified since it does not require any knowledge of
parameters.

Table 2.3: D-efficiency of Equally Spaced Designs for Model (1.10) under Parameter Mis-
specification

3-point Design 4-point Design

r Region 1 Region 2 Region 3 Region 1 Region 2 Region 3
(β2

1/β11) (c=0.01) (c=0.20) (c=0.40) (c=0.01) (c=0.20) (c=0.40)
0a 0.9616 0.8459 0.8003 0.9391 0.8221 0.7704
-1 0.9163 0.7902 0.7210 0.8605 0.7326 0.6613
-2 0.8759 0.7585 0.6888 0.8259 0.7067 0.6377
-5 0.8048 0.7141 0.6511 0.7684 0.6731 0.6107
-10 0.7478 0.6877 0.6311 0.7212 0.6534 0.5963
-20 0.6983 0.6673 0.6187 0.6785 0.6376 0.5870
-50 0.6526 0.6529 0.6101 0.6380 0.6264 0.5806
−∞b 0.6088 0.6418 0.6038 0.5980 0.6176 0.5759

ar = 0 means β1 = 0.
br = −∞ means β11 = 0.

From Table 2.3, we can see that the equally spaced designs lose some efficiency when
parameter misspecification occurs. The loss is great when r is far from 0. An interesting
point is that, for Region 1 (c = 0.01), parameter misspecification increases D-efficiency when
r is not far from 0. For example, the efficiency of the three-point design increases from 0.8209
to 0.9616 when r = 0. This increase is due to the fact that the implemented design under
parameter misspecification is closer to the D-optimal design. Note that the D-optimal design
is (q1, q2, q3) = (1, 0.6825, 0.0729) and the three-point design is (q1, q2, q3) = (1, 0.5005, 0.01).
Due to misspecification, the implemented design is actually (q1, q2, q3) = (1, 0.6005, 0.101),
which is closer to the D-optimal design. Sometimes parameter misspecification helps by fluke
and of course we cannot count on it.

Recall that a locally optimal design is constructed to be optimal only for some initial
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guess of the unknown parameter. The design might maintain the high efficiency when the
guess is in a close neighborhood of the true parameter; but, in general, it loses the high
efficiency when the initial guess is far from the true value. Basically, this problem makes
it very hard to apply locally optimal designs in practice. However, in this chapter, we
assume sound information about the parameter is available so we do not consider parameter
misspecification a problem here. We postpone the discussion of designs robust to parameter
misspecifications to Chapter 4.

2.3 Two-toxicant Experiments: Interaction Model

As we have indicated in Chapter 1, the focus of this research is experimental designs for
studies that involve more than one toxicant. The reason is twofold: (1) many of the real
experiments involve more than two or more toxicants; (2) though designs for single-toxicant
experiments have been extensively studied in the literature, as reviewed in Chapter 1, little
has been done for designs involving two or more toxicants.

The simplest case of multi-toxicant study, of course, is the two-toxicant experiment.
For two-toxicant experiments, Van Mullekom and Myers (2001) have studied the D-optimal
design for the additive model as defined in (1.11), as reviewed in Chapter 1. However, model
(1.12) is of more interest to researchers as interaction between two different toxicants is
usually expected. Therefore, we will focus our study on D-optimal designs for this interaction
model. In this section, we shall study locally D-optimal designs and some practical designs
for model (1.12). In Chapter 4, we will further investigate sequential designs for this model.
As we have discussed in Chapter 1, model (1.12) implies that each of the two toxicants,
when applied alone, works through a first-order model as described in (1.9); however, when
working together, their effects are not additive as they may interact with each other and the
possible interaction is accounted for by the term β12.

In this section, we will define the design space in terms of IED levels. For this model,
at point (x1, x2), the IED level is q1 = exp(β1x1) for the first toxicant and q2 = exp(β2x2)
for the other toxicant. The MED level, or proportion of survival at this point, is q =
exp(β1x1 + β2x2 + β12x1x2). As before, only continuous designs are considered.

2.3.1 D-optimal Designs

Optimal Designs

As in the last section, we start with the D-optimal design as it permits calculation of D-
efficiency for any other design. The D-optimal design for model (1.12) depends on the
parameters. Lemma 2.2 reveals the nature of this dependence. The proof of this lemma is
outlined in Appendix A.2.
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Lemma 2.2. For model (1.12), the D-optimal design, in terms of IED levels, depends on
the parameters only through r = β12/β1β2.

Lemma 2.2 implies that D-optimal designs for model (1.12) can be catalogued by r.
For a given r, we can find the optimal design via numerical methods. The property that the
optimal design depends upon a function of the unknown parameters does not make it any
easier for practitioners to implement the optimal design. However, just as we have seen in
the last section, this property enables us to study performance of any particular design over
the whole parameter space by studying all possible values of the function.

In biomedical research, an interaction between different drugs is often classified as
synergism or antagonism. Though this classification depends on the goal of the experiment,
in this paper, synergism will be considered as an interaction of negative sign (i.e., negative
β12 and thus negative r), which implies the two toxicants under investigation have a com-
bined effect larger than their additive effect, whereas antagonism will be considered as an
interaction with a positive sign. Though large synergism is possible, there is some bound
for antagonism as we assume that, at any point, increasing the amounts of either or both
toxicants at least does not increase the mean response. In general, larger doses should cause
more impairment, which implies that the MED level, or the survival proportion, is a de-
creasing function of the doses of both toxicants. Based on this assumption, we can derive
an upper bound for r as follows.

For model (1.12), the MED level q is

q = exp(β1x1 + β2x2 + β12x1x2),

or equivalently
ln(q) = β1x1 + β2x2 + β12x1x2.

The assumption that the MED level is a decreasing function of the doses implies that the
partial derivatives of ln(q) with respect to x1 and x2 should not be positive, i.e.,

∂ ln(q)

∂x1

= β1 + rβ1 ln(q2) ≤ 0,

∂ ln(q)

∂x2

= β2 + rβ2 ln(q1) ≤ 0.

The above inequalities give the upper bound for r as follows

r ≤ Ubound = min{− 1

ln(q1)
, − 1

ln(q2)
}. (2.1)

Though, theoretically, r can take any value that satisfies (2.1), this may not be the
case in practice as in general the main effects β1 and β2 dominate the interaction term β12.
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Therefore, it is very likely that r lies between −1 and 1 as well as satisfying (2.1) in real
toxicity experiments.

We now turn to the D-optimal design for model (1.12). We will consider the design
space defined in terms of q1 and q2. As in the last section, we restrict the design region by
0 ≤ c1 ≤ q1 ≤ 1 and 0 ≤ c2 ≤ q2 ≤ 1, where the lower boundaries, c1 and c2, are specified
by practitioners. We know that the unrestricted design space is defined by 0 ≤ q1 ≤ 1
and 0 ≤ q2 ≤ 1. When q1 = q2 = 0, the computation is generally intractable. To make
computation easier, we will try to avoid literally unrestricted region of this type. Instead,
throughout this dissertation, the design space restricted by 0.01 ≤ q1 ≤ 1 and 0.01 ≤ q2 ≤ 1
will be referred to as the unrestricted region or the unrestricted space since it gives a close
approximation to the literally unrestricted region in practice and it is more mathematically
tractable. For some typical values of r, we find the D-optimal designs on different design
regions via Nelder-Mead simplex method. Table 2.4 lists these designs and some comments
are in order:

1. Like most D-optimal designs, all the designs in Table 2.4 are saturated designs, which
are four-point designs for model (1.12). The four points are: the control point (at
which no toxicant is applied), two pure component points (at which only one toxicant
is applied) and an interaction point (at which both toxicants are applied). Further,
each of the four points has the same proportion of the total sample, namely, p1 = p2 =
p3 = p4 = 1/4.

2. The control point, denoted by point 1 in Table 2.4, is located at (q11, q21) = (1, 1). The
two pure component points, denoted by points 2 and 3, are (q12, q22) = (max{0.1353, c1}, 1)
and (q13, q23) = (1, max{0.1353, c2}).

3. The location of the interaction point (point 4 in Table 2.4) depends on r. When
r = Ubound, (q14, q24) = (c1, c2). When r decreases from the upper bound, the
interaction point has a tendency to move toward the control point, as illustrated in
Figure 2.1.

4. The optimality of these designs will be verified via equivalence theory in Chapter 3.

Estimation

We now consider how each of the four points in the D-optimal design contributes to esti-
mation of the parameters β. For generalized linear models, the MLE is generally used to
estimate the parameters. Therefore, we shall start with the likelihood function based on
the D-optimal design. As in Table 2.4, we denote the control point, two pure component
points and the interaction point by points 1, 2, 3 and 4, respectively. At the ith point, the
regressors are (x1i, x2i) and the mean response is λi = exp(β0 + β1x1i + β2x2i + β12x1ix2i),
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Table 2.4: D-optimal Designs for Model (1.12), q11 = q21 = 1, p1 = p2 = p3 = p4 = 1/4

Region 1 Region 2

r (c1 = c2 = 0.01) (c1 = c2 = 0.3)
(β12/β1β2) q12 = q23 q13 = q22 q14 = q24 q12 = q23 q13 = q22 q14 = q24

-10 0.1353 1 0.6704 0.3 1 0.6704
-5 0.1353 1 0.5823 0.3 1 0.5823
-1 0.1353 1 0.3679 0.3 1 0.3679

-0.75 0.1353 1 0.3338 0.3 1 0.3338
-0.5 0.1353 1 0.2905 0.3 1 0.3
-0.2 0.1353 1 0.2163 0.3 1 0.3
-0.1 0.1353 1 0.1812 0.3 1 0.3
0 0.1353 1 0.1353 0.3 1 0.3

0.1 0.1353 1 0.0630 0.3 1 0.3
0.2 0.1353 1 0.01 0.3 1 0.3
0.5 — a — — 0.3 1 0.3
0.75 — — — 0.3 1 0.3
1 — — — — — —

Uboundb 0.1353 1 0.01 0.3 1 0.3

Region 3 Region 4

r (c1 = 0.3, c2 = 0.4) (c1 = c2 = 0.4)
(β12/β1β2) (q12, q22) (q13, q23) (q14, q24) q12 = q23 q13 = q22 q14 = q24

-10 (0.3, 1) (1, 0.4) (0.6704, 0.6704) 0.4 1 0.6704
-5 (0.3, 1) (1, 0.4) (0.5823, 0.5823) 0.4 1 0.5823
-1 (0.3, 1) (1, 0.4) (0.3522, 0.4) 0.4 1 0.4

-0.75 (0.3, 1) (1, 0.4) (0.3056, 0.4) 0.4 1 0.4
-0.5 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
-0.2 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
-0.1 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
0 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4

0.1 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
0.2 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
0.5 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
0.75 (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4
1 — — — 0.4 1 0.4

Ubound (0.3, 1) (1, 0.4) (0.3, 0.4) 0.4 1 0.4

aThis value of r does not apply here.
bUbound equals to the upper bound defined in (2.1).
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(a) Symmetric Region, c1 = c2 = 0.3
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(b) Asymmetric Region, c1 = 0.3, c2 = 0.4

Figure 2.1: Structure of D-optimal Design for Model (1.12). When r = Ubound,
the interaction point is located at (c1, c2). As r decreases from the upper bound,
(a) the interaction point moves toward the control point along the line q1 = q2

for symmetrical design space; (b)for asymmetrical space, the interaction point first
moves on the edge of the design space and then moves along the line q1 = q2.

where i = 1, 2, 3, 4. Suppose that there are ni replicates at the ith point and for the jth

replicate, the response is yij; then the likelihood function of the data is given as follows:

L(y,β) =
4∏

i=1

ni∏
j

e−λiλ
yij

i

yij!
.

To facilitate the derivation, we take log of the above likelihood function, which gives the
following log likelihood function:

l(y,β) = ln(L(y,β)) =
4∑

i=1

ni∑
j=1

(−λi + yij ln(λi)− ln(yij!)).

To find the MLE, we need to take derivatives of the above log likelihood function with
respect to all the parameters. Setting these derivatives to zero gives the score equations.
Note that, for the D-optimal design, we have x11 = x21 = x22 = x13 = 0. Taking advantage
of this, we can simplify the score equations. The simplified score equations are as follows:
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∂l

∂β0

= −
4∑

i=1

ni∑
j=1

(λi − yij) = 0

∂l

∂β1

= −
n2∑

j=1

x12(λ2 − y2j)−
n4∑

j=1

x14(λ4 − y4j) = 0

∂l

∂β2

= −
n3∑

j=1

x23(λ3 − y3j)−
n4∑

j=1

x24(λ4 − y4j) = 0

∂l

∂β12

= −
n4∑

j=1

x14x24(λ4 − y4j) = 0

Solving the above equations gives estimates of the parameters as follows:

β̂0 = ln ȳ1.

β̂1 =
ln(ȳ2.)− ln(ȳ1.)

x12

β̂2 =
ln(ȳ3.)− ln(ȳ1.)

x23

β̂12 =
ln(ȳ4./ȳ1.)− (x14/x12) ln(ȳ2./ȳ1.)− (x24/x23) ln(ȳ3./ȳ1.)

x14x24

From the above equations we can see that (1) only the control point contributes
to the estimation of β0; (2) the main effect is estimated from the difference between the
control point and the corresponding pure component point; (3) all four points contribute to
estimation the interaction term. The same result actually applies to any four-point design
that consists of the control point, two pure component points and one interaction point.

Restrictions on Design Space

In practice, certain restrictions need to be imposed on the design space for various reasons.
As mentioned earlier, a design point with very small survival proportion may be unfeasible
for economical, physical or biological reasons. In one-toxicant experiments, we restrict the
design space by setting a lower boundary for the proportion of survival. For the one-toxicant
case, this method can effectively prevent undesirably large impairment. For two-toxicant
experiments, the restrictions we used are c1 ≤ q1 and c2 ≤ q2. This type of restriction gives
a rectangular design space in terms of IED levels. It is very simple and easy to deal with.
However, it cannot bound the proportion of survival as we wish to. This is so because q1 and
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q2 are IED levels, not MED levels. To illustrate this, suppose that the two toxicants under
investigation do not react with each other and we want the proportion of survival is at least
30%. By setting 0.3 ≤ q1 and 0.3 ≤ q2, the survival proportion at the two pure component
points is 30%. However, at the interaction point, the survival proportion is only 9%, which,
of course, should be avoided. If the two-toxicants have synergism interaction, the survival
proportion at the interaction point is even lower.

Clearly, restrictions should be imposed on the MED level, or the survival proportion,
instead of the IED levels. However, any restriction imposed on the MED level will lead to the
design space dependent on the unknown parameters, which complicates the situation very
much because we have to specify the design space before designing an experiment. We will
discuss restrictions of this type in Chapter 4. In this chapter, we will stick to restrictions
imposed on the IED levels, which gives us a design region independent of the unknown
parameters.

2.3.2 Conditional D-optimal Designs

Though designs in Table 2.4 are optimal, they are not practical because of the dependence on
r, which is generally unknown. Van Mullekom and Myers (2001) showed that the D-optimal
design for model (1.11), in terms of IED levels, is independent of the parameters. Therefore,
it is the interaction term in model (1.12) that causes the dependence and complicates the
situation. To deal with the interaction in the logistic regression model, Brunden et al. (1988)
proposed a so-called conditional D-optimal design. Following their idea, Van Mullekom and
Myers (2001) developed the conditional D-optimal design for model (1.12). To find the
conditional D-optimal design, the Fisher information matrix for model (1.12) is first derived.
When the determinant of the information matrix is maximized to find the optimal design the
interaction term β12 is assumed to be zero for convenience. Clearly, the design is optimal only
on the condition that there is no interaction and that’s why it is termed conditional D-optimal
design. Obviously, the conditional D-optimal design is the D-optimal design corresponding
to r = 0 in Table 2.4.

In developing the conditional D-optimal design, the interaction is assumed to be zero
for convenience and this may not be true. One natural concern about the conditional D-
optimal design is its robustness to departure from the condition that r is zero. To understand
this issue, we compute the D-efficiency of the conditional D-optimal design for some rep-
resentative values of r, as listed in Table 2.5. One can see that the conditional D-optimal
design is very inefficient for r far away from zero; however, it performs very well when r
is between −1 and 1, especially on restricted regions. We would therefore expect that the
conditional optimal design to be useful in a practical sense as it is quite common that the
main effects dominate the interaction term and the design region is usually restricted. Other
justifications for recommending the conditional D-optimal designs include:
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Table 2.5: D-efficiency of Conditional D-optimal and 5-point Designs for Model (1.12)

Conditional D-optimal Design 5-point Design

r Region 1 Region 2 Region3 Region 1 Region 2 Region3
(β12/β1β2) (c=0.01) (c=0.3) (c=0.4) (c=0.01) (c=0.3) (c=0.4)

-10 0.0002 0.0801 0.3236 0.7331 0.8366 0.8341
-5 0.0173 0.3762 0.7087 0.8393 0.8138 0.8169
-1 0.5729 0.9717 1.0000 0.7406 0.8830 0.8863

-0.75 0.6870 0.9934 1.0000 0.7536 0.8911 0.8826
-0.5 0.8107 1.0000 1.0000 0.7930 0.8883 0.8796
-0.2 0.9511 1.0000 1.0000 0.8649 0.8811 0.8768
-0.1 0.9848 1.0000 1.0000 0.8842 0.8793 0.8760
0 1.0000 1.0000 1.0000 0.8898 0.8778 0.8752

0.1 0.9680 1.0000 1.0000 0.8561 0.8765 0.8746
0.2 0.6759 1.0000 1.0000 0.5953 0.8753 0.8740
0.5 —a 1.0000 1.0000 — 0.8730 0.8726
0.75 — 1.0000 1.0000 — 0.8720 0.8717
1 — — 1.0000 — — 0.8711

Uboundb 0.6278 1.0000 1.0000 0.5527 0.8719 0.8710

aThis value of r does not apply here.
bUbound equals to the upper bound defined in (2.1).

1. The conditional D-optimal design, in terms of IED levels, is independent of the param-
eters. Thus, it does not require any guess of the interaction term. Furthermore, it is a
four-point factorial, which might appeal to practitioners. Actually, for design regions
defined by 0.1353 ≤ c1 ≤ q1i ≤ 1 and 0.1353 ≤ c2 ≤ q2i ≤ 1, the conditional D-optimal
design is the standard 22 factorial design in the space of IED levels.

2. In many situations, we know neither the magnitude nor the sign of the interaction
between the two toxicants so zero interaction represents a practical solution.

For r less than −1, the efficiency of the conditional D-optimal design drops very
quickly. If large synergism is possible, we can adapt the conditional D-optimal design a little
bit and make it more robust. Suppose the design regions are restricted by 0 ≤ c ≤ q1i, q2i ≤ 1
and let b = max{c, 0.135}. Table 2.4 suggests that the D-optimal design consists of the
control point and two pure component point located at IED100b, regardless of the value of r.
As illustrated in Figure 2.1, the value of r has impact only on the location of the interaction
point: the interaction point moves from (b, b) to the control point as r moves away from
the upper bound defined in (2.1). The proportion of sample size at the interaction point
is always 1/4. Intuitively, we can make the design more robust to r if we can spread this
1/4 of the total runs over the line q1 = q2 instead of using them up at one single point. We
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investigate a five-point design of this type. The five-point design also consists of the control
point and two pure component points located at IED100b and each of these three points has
1/4 of the total runs. The other two points are on the line q1 = q2 with one at (b, b) and the
other at ((1 + b)/2, (1 + b)/2) and each of these two points has 1/8 of the total runs. Table
2.5 also gives the D-efficiency of the five-point design. As expected, the five-point design is
more robust to r than the conditional D-optimal design, especially for large synergism. Yet,
the five-point design is not as efficient as the conditional optimal design when r is greater
than −1. This is the price we have to pay for the robustness. Another inherent strength
of the five-point design is that it allows for the lack of fit test, which we cannot do with a
saturated design such as the conditional D-optimal design. Clearly, if we use more points on
the line q1 = q2, the design will be more robust to negative r far from zero and less efficient
for r greater than −1.

The reason that the conditional D-optimal design is inefficient for r less than -1 is
that it is constructed to be optimal only for r = 0. Thus, it can maintain quite high efficiency
only if r is close to 0. Another way to improve its robustness to r is to take the Bayesian
way: instead of finding a design that maximizes the determinant of information matrix for
a certain r, we could find a design that maximizes the average of the determinant over a
reasonable range of r. In the Bayesian language, this actually assumes that r follows a
uniform prior distribution over a certain range. Of course, generally, the prior distribution is
not necessarily a uniform distribution. If we denote the prior distribution by π(r), then the
Bayesian D-optimal design is the one that maximizes the weighted average of the determinant
over π(r). Mathematically, the Bayesian criterion is:

max
X∈D

∫
|I(X, β)|π(r)dr, (2.2)

where D is the set of all possible designs. We need some knowledge of the parameters to
formulate the prior distribution π(r). Suppose that we know the interaction is synergism
but we do not much about the magnitude of the interaction; we may choose the “negative
exponential distribution” as the prior distribution for r, i.e.:

π(r) = exp(r), where r ≤ 0.

On the unrestricted design space (c1 = c2 = 0.01), the Bayesian design using the
above prior distribution turns out to be: (q11, q21) = (1, 1), (q12, q22) = (0.1353, 1), (q13, q23) =
(1, 0.1353), and (q14, q24) = (0.2584, 0.2584). The only difference between the conditional D-
optimal design and the Bayesian design is the location of the interaction point. Compared
to the conditional D-optimal design, the Bayesian design has its interaction point closer to
the control point. Since the optimal interaction point moves toward the control point as r
decreases from 0, we would expect that the Bayesian design to be more efficient than the
conditional D-optimal design for negative r far away from 0. Table 2.6 confirms this intuition
by comparing D-efficiency of these two designs on the unrestricted space.
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Table 2.6: D-efficiency of Conditional and Bayesian D-optimal Designs for Synergism on the
Unrestricted Region (c1 = c2 = 0.01)

r Designs

(β12/β1β2) Conditional Design Bayesian Design
-10 0.0002 0.0322
-5 0.0173 0.2435
-1 0.5729 0.9213

-0.75 0.6870 0.9647
-0.5 0.8107 0.9941
-0.2 0.9511 0.9911
-0.1 0.9848 0.9721
0 1.0000 0.9349

2.3.3 Parameter Misspecifications

As mentioned in the last section, robustness to parameter misspecification is an important
property of a design. In this section, we will look at the robustness of the conditional
D-optimal design to parameter misspecification. Remember that when constructing the con-
ditional D-optimal design we assume that there is no interaction, so the interaction term is
misspecified unless the two toxicants do not react with each other. Therefore, misspecifi-
cation of the interaction term originates from the way the conditional D-optimal design is
constructed.

When actually implementing the conditional D-optimal design, we need to translate
the IED levels into the actual amounts or doses of the toxicants. This translation could
incur misspecification of main effects since it requires the knowledge of main effects β1 and
β2. Therefore, misspecification of main effects occurs during the course of implementing the
design.

When implementing the design, we need to provide some initial guesses of the main
effects. Suppose that the initial guesses are b1 and b2 for β1 and β2, respectively. We use the
ratios of true parameters to their guesses to measure the extent of misspecifications. These
two ratios will be denoted by m1 and m2, namely,

m1 =
β1

b1

, m2 =
β2

b2

.

Clearly, m1 = m2 = 1 stands for the perfect guess, i.e., no misspecification. Any
value other than 1 implies misspecification. Suppose that the design point is (q1, q2) and the
implemented point, under the misspecification (m1, m2), is (q′1, q

′
2). It can be shown that
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q′1 = qm1
1 , q′2 = qm2

2 .

In what follows, we will investigate D-efficiency of the conditional D-optimal design
under various values of r and misspecifications of main effects. The effects of misspecification
are different for unrestricted and restricted regions so we will discuss them separately.

Unrestricted Regions

As mentioned before, by unrestricted design space, we mean that the lower boundaries of
both IED levels are 0.01, or Region 1 in Table 2.4. We will investigate some represen-
tative misspecifications of main effects rather than all possible misspecifications, which is
impossible. Specifically, these representative misspecifications include: no misspecification
(m1 = m2 = 1), mild misspecification (m2 = m2 = 2 and m1 = m2 = 0.5) and severe mis-
specification (m1 = 0.3,m2 = 0.4 and m1 = m2 = 0.2). For these misspecifications, Table
2.7 gives the D-efficiency of the conditional D-optimal design for different values of r:

Table 2.7: D-efficiency of Conditional D-optimal Design under Misspecification

r Misspecification: (m1,m2)

(β12/β1β2) (2, 2) (1, 1) (0.5, 0.5) (0.3, 0.4) (0.2, 0.2)
-1 0.0154 0.5729 0.8244 0.6084 0.2966

-0.75 0.0392 0.6870 0.8195 0.5854 0.2797
-0.5 0.0979 0.8107 0.8017 0.5544 0.2596
-0.2 0.2825 0.9511 0.7511 0.4995 0.2284
-0.1 0.3948 0.9848 0.7215 0.4736 0.2148
0 0.5412 1.0000 0.6797 0.4404 0.1982

0.1 0.7072 0.9680 0.6104 0.3904 0.1743
0.2 0.6666 0.6759 0.3954 0.2496 0.1105

Ubounda 0.6519 0.6278 0.3625 0.2284 0.1010

aUbound equals to the upper bound defined in (2.1).

We now make two comments about the results in Table 2.7:

1. In general, misspecification of main effects causes loss of design efficiency. This can be
seen by comparing the column (m1 = m2 = 1) to other columns. On average, more
severe misspecification causes more loss of efficiency. For some combinations of r and
misspecification of main effects such as (r = −1,m1 = m2 = 2) and (r = 0.2,m1 =
m2 = 0.2), the design efficiency is extremely small, making the conditional D-optimal
design practically useless.
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2. In some situations, misspecification of main effects somehow counteracts misspecifica-
tion of the interaction, giving a higher efficiency than under no misspecification. For
instance, when r = −1 and m1 = m2 = 0.5, the efficiency is 0.8244, higher than the effi-
ciency under no misspecification, which is 0.5729. For r = −1, upward misspecification
of main effects pushes the interaction point from (0.1353, 0.1353) to (0.3678, 0.3678),
which is much closer to the optimal interaction point located at (0.3679, 0.3679), thus
improving the design efficiency, by chance. However, as pointed out in the last section,
we cannot count on this in practice.

3. In Table 2.7, (m1 − 1)(m2 − 1) ≥ 0, which implies that β1 and β2 are misspecified in
the same direction. Misspecifications in different directions generally cause less severe
results. For instance, the efficiency corresponding to (m1, m2) = (2, 0.5) is somewhere
between the efficiencies for (m1,m2) = (2, 2) and (m1,m2) = (0.5, 0.5). This is so
because the upward misspecification of one effect somehow counteracts the downward
misspecification of the other.

Restricted Regions

We now consider the impact of parameter misspecification on the conditional D-optimal
design on restricted regions. We will consider two regions: one is restricted by c1 = c2 = 0.3
and the other is restricted by c1 = c2 = 0.4. Table 2.8 lists the efficiency of the conditional
D-optimal design under various misspecifications on these two regions and it can give us
some insights into the impact of misspecification on the conditional D-optimal design when
the design space is restricted:

1. As already shown in Table 2.5, under no misspecification of main effects, the conditional
D-optimal design becomes more efficient as a stricter restriction is imposed on the
design space. This can also be seen from the column (m1 = m2 = 1) in Table 2.8. The
increase of D-efficiency is due to the fact the conditional D-optimal design gets closer
to the D-optimal design under stricter restrictions (see Table 2.4).

2. When main effects are upwardly misspecified, which corresponds to m1 < 1 and m2 < 1
in Table 2.8, the conditional D-optimal design is not efficient on average. It is less
efficient on restricted regions than unrestricted regions. Further, the efficiency gets
worse for stronger restriction. This can be seen by comparing the column (m1 = m2 =
1) to columns (m1 = m2 = 0.5), (m1 = 0.3,m2 = 0.4) and (m1 = m2 = 0.2). This is so
because, relatively, the implemented design under upward misspecification is closer to
the optimal design on regions with less strict restriction. For example, when r = −1 and
m1 = m2 = 0.5, the interaction point on Region 1 (c1 = c2 = 0.3) is (0.3679, 0.3679)
and the implemented interaction point of the conditional D-optimal design, due to
misspecification, is actually (0.5477, 0.5477); for Region 2 (c1 = c2 = 0.4), the optimal
interaction point is (0.4, 0.4) and the implemented point is (0.6325, 0.6325). We can
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Table 2.8: D-efficiency of Conditional D-optimal Design under Misspecification on Re-
stricted Regions

Region 1: c1 = c2 = 0.3

r Misspecification: (m1,m2)

(β12/β1β2) (2, 2) (1, 1) (0.5, 0.5) (0.3, 0.4) (0.2, 0.2)
-1 0.3931 0.9717 0.5820 0.3508 0.1442

-0.75 0.5275 0.9934 0.5560 0.3312 0.1352
-0.5 0.6968 1.0000 0.5229 0.3078 0.1247
-0.2 0.9655 1.0000 0.4819 0.2797 0.1124
-0.1 1.0764 1.0000 0.4690 0.2710 0.1085
0 1.2000 1.0000 0.4564 0.2625 0.1048

0.1 1.3378 1.0000 0.4442 0.2542 0.1012
0.2 1.4915 1.0000 0.4323 0.2462 0.0978
0.5 2.0666 1.0000 0.3984 0.2238 0.0881
0.75 2.7120 1.0000 0.3723 0.2066 0.0807
1 —a — — — —

Uboundb 2.9603 1.0000 0.3642 0.2014 0.0785

Region 2: c1 = c2 = 0.4

r Misspecification: (m1,m2)

(β12/β1β2) (2, 2) (1, 1) (0.5, 0.5) (0.3, 0.4) (0.2, 0.2)
-1 0.8524 1.0000 0.4627 0.2619 0.1018

-0.75 0.9977 1.0000 0.4448 0.2500 0.0968
-0.5 1.1678 1.0000 0.4277 0.2388 0.0921
-0.2 1.4107 1.0000 0.4079 0.2259 0.0867
-0.1 1.5024 1.0000 0.4016 0.2218 0.0849
0 1.6000 1.0000 0.3953 0.2177 0.0833

0.1 1.7040 1.0000 0.3891 0.2137 0.0816
0.2 1.8147 1.0000 0.3830 0.2098 0.0800
0.5 2.1921 1.0000 0.3654 0.1985 0.0753
0.75 2.5658 1.0000 0.3513 0.1895 0.0716
1 3.0033 1.0000 0.3377 0.1810 0.0681

Ubound 3.1811 1.0000 0.3329 0.1779 0.0668

aThis r value does not apply here.
bUbound equals to the upper bound defined in (2.1).
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see that the distance between the optimal point and the implemented point is larger
for stronger restriction.

3. When main effects are downwardly misspecified, D-efficiency of the conditional D-
optimal design is also listed in Table 2.8. However, D-efficiency is not an appropriate
measure here as we can see that the efficiency is as high as 3.2 in some case, which is
higher than 1, the maximum value of D-efficiency. We know that D-efficiency assumes
that the design of interest and the D-optimal design have the same design space.
However, due to downward misspecification, the implemented design is actually out of
the restricted region. For instance, on the region (c1 = c2 = 0.3), the implemented
conditional D-optimal design under (m1 = m2 = 2) consists of (1, 1), (0.09, 1), (1, 0.09),
and (0.09, 0.09). Three out of the four points are out of the restricted region. Such a
design should receive a low score in evaluation; so we cannot evaluate it properly with
D-efficiency.

In summary, the conditional D-optimal design, like most locally optimal designs,
is not robust to parameter misspecification. On the unrestricted region, misspecification
simply causes loss of efficiency. On the restricted region, misspecification could lead to
experimentation outside the restricted region, which is undesirable or even dangerous in real
experiments. Recall that, in this chapter, we assume availability of good initial estimates of
parameters so parameter misspecification is not a major concern here. In Chapter 4, we will
discuss designs robust to parameter misspecification.

2.4 Ds-optimal Designs: Addressing ED Estimation

2.4.1 Introduction

We know that D-optimal designs address estimation of all the model parameters, which is
an important goal in many situations. However, as mentioned in Chapter 1, estimating
a particular ED like ED50 is of more interest in some applications. In Chapter 1, we re-
viewed three different procedures proposed in the literature to construct optimal designs for
estimating a particular ED for the logistic regression model. Basically, all these three pro-
cedures minimize the length of the confidence interval for the ED of interest. The difference
is that different methods are employed to construct the confidence interval: the first one is
based on the asymptotic variance of the ED estimate; the second one uses Filler’s interval
and the third one adopts the likelihood-based approach. The ideas of these procedures are
straightforward; however, all these three procedures involve very lengthy derivations of the
confidence interval length. Therefore, most current discussions of these procedures have
been restricted to the one-variable first-order model and it is very difficult to apply them to
more complicated models. So, in this section, we will discuss an easier approach to designing
experiments for ED estimation.
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Suppose that we want to estimate ED100q as accurate as possible, where 0 < q < 1.
As before, we denote the vector of model parameters by β. In general, ED100q is a function
of a subset of β denoted by βs. For instance, for the one-toxicant second-order model in
(1.10), ED100q is a solution to the following equation:

β11x
2 + β1x− ln(q) = 0.

Obviously, it is a function of βs = (β1, β11)
′. For convenience, we shall simply denote the

ED of interest by x. We know that x = f(βs) and our goal is to design an experiment so
that x can be estimated as well as possible. In general, x can be estimated by x̂ = f(β̂s),
where β̂s is the MLE of βs. Asymptotically, we have

var(x̂) = (∂f/∂β̂s)
′var(β̂s)(∂f/∂β̂s), (2.3)

where ∂f/∂β̂s = (∂f/∂β1, ∂f/∂β11)
′ evaluated at βs = β̂s. Intuitively, if we want to mini-

mize the variance of x̂, we need to minimize the variance of β̂s. In general, β̂s is a matrix
so we could minimize the generalized variance of β̂s in the same spirit of D-optimality. This
task lends itself to a different type of design optimality criterion known as Ds-optimality.
Basically, in the Ds-optimality criterion, the generalized variance of the estimates of a subset
of model parameters is minimized, in contrast to the D-optimality, where the generalized
variance of all the parameter estimates is minimized.

Similarly, for the two-toxicant interaction model as defined in (1.12), we can also use
a Ds-optimal design to address the estimation of a particular MED. For the multi-toxicant
case, we know that a particular MED is all possible combinations of doses of all the toxicants
that produce a specified response. Thus, it is not a single value as in the one-toxicant case;
instead it is a set or a curve. For instance, for model (1.12), MED100q is actually a curve
defined by

β1x1 + β2x2 + β12x1x2 = ln(q).

Thus, to obtain a good estimate of MED100q, we need to estimate every point of the curve
as well as possible. Equivalently, for a given x1, we should estimate the corresponding x2

with the smallest variance. Obviously, for a give x1, x2 is a function of βs = (β1, β2, β12)
′, a

subset of the model parameters. For brevity, we shall denote the function by g and generally
x2 can be estimated by x̂2 = g(β̂s), where β̂s is the MLE of βs. Similar to (2.3), we have
the following asymptotic result:

var(x̂2) = (∂g/∂β̂s)
′var(β̂s)(∂g/∂β̂s), (2.4)

where ∂g/∂β̂s = (∂g/∂β1, ∂g/∂β2, ∂g/∂β12)
′ evaluated at βs = β̂s. Therefore, in order to

obtain good estimate of x2, we need to estimate βs = (β1, β2, β12)
′ as well as possible.
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We have argued that, for both model (1.10) and model (1.12), Ds-optimal designs
that address estimation of all the parameters except the intercept term β0 are efficient for
estimation of a particular ED. In this section, we will study Ds-optimal designs of this type
for the one-toxicant second-order model and the two-toxicant interaction model. We shall
first give a brief introduction of Ds-optimality criterion.

Suppose that the vector of model parameters is partitioned as β = (β′1,β
′
2)
′ and

we want to estimate the subset β2 as precisely as possible. Correspondingly, the Fisher
information matrix is partitioned as:

I(X, β) =

(
I11 I12

I ′12 I22

)
,

where I11 is the matrix associated with the information of the parameters comprising β1 and
I22 is associated with β2. In order to obtain the generalized variance of β̂2, the estimate of
β2, we need to find the inverse of the Fisher information matrix in terms of its partitioned
form, which is given by

I−1(X, β) =

(
C−1

11 I−1
11 I12C22

C22I
′
12I

−1
11 C−1

22

)
,

where C11 = I11 − I12I
−1
22 I ′12 and C22 = I22 − I ′12I

−1
11 I12. Asymptotically, we have

var(β̂2) = C−1
22 = (I22 − I ′12I

−1
11 I12)

−1.

Therefore, the Ds-optimal design that minimizes the generalized variance of β̂2 is the one
which minimizes |(I22 − I ′12I

−1
11 I12)

−1| or equivalently maximizes |I22 − I ′12I
−1
11 I12|. So the

D-optimality criterion is defined as

max
X∈D

|I22 − I ′12I
−1
11 I12|, (2.5)

or equivalently,

max
X∈D

log |I22 − I ′12I
−1
11 I12|, (2.6)

where D is the set of all possible designs.
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2.4.2 One-toxicant Second-order Model

We now investigate the Ds-optimal design for model (1.10). More specifically, we shall study
the Ds-optimal design that addresses the estimation of βs = (β1, β11)

′ since optimal designs
of this type are expected to be efficient for ED estimation.

Like the D-optimal design, the Ds-optimal design for model (1.10) also depends on
the model parameters. Lemma 2.3 describes this dependence, the proof of which is given in
Appendix A.3.

Lemma 2.3. For model (1.10), the Ds-optimal design for estimating β2 = (β1, β11)
′, in

terms of ED levels, depends on the parameters only through r = β2
1/β11.

For a given r, we can use Nelder-Mead method to optimize the Ds-optimality criterion
function in (2.6) and find the optimal design. We will consider two different design regions:
one is unrestricted (q ≥ 0.01) and the other is restricted by q ≥ 0.30. For some typical values
of r, Table 2.9 lists the Ds-optimal designs on these two different design regions. Based on
Table 2.9, we can make some comments about Ds-optimal designs for model (1.10):

1. Like the D-optimal design, the Ds-optimal design for model (1.10) is also a three-point
design. The control point (q1 = 1) is in the optimal design and point 3 is practically
fixed at the lower boundary of the design space. The location of the middle point,
or point 2, depends on the value of r and it moves toward the lower boundary as r
decreases. However, the range of q2 is not very large especially when the design space
is restricted.

2. Unlike the D-optimal design, the Ds-optimal design for model (1.10) is not an equal
allocation design. More specifically, the control point has the smallest allocation and
the non-control point with lower ED level has the largest allocation. Recall that the
intercept term β0, which is estimated solely from the control point, is of less importance
than the other parameters in the Ds-optimal design we considered; so less allocation is
given to the control point. The value of r affects the allocation; however, the impact
is negligible especially when the design space is restricted.

3. When the design space is restricted, the fact that both the locations of the design points
and the allocation are robust to r implies the existence of efficient designs robust to r.
For instance, when the design space is restricted by q ≥ 0.30, we would expect that the
design with (q1, q2, q3) = (1, 0.6, 0.3) and (p1, p2, p3) = (0.3, 0.3, 0.4) is quite efficient for
all possible values of r.

2.4.3 Two-toxicant Interaction Model

We now turn to the two-toxicant interaction model in (1.12). For this model, we shall study
the Ds-optimal design that addresses the estimation of all the parameters except the intercept
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Table 2.9: Ds-optimal Designs for Model (1.10)

Design Space: c = 0.01
r Design Points Allocations

(β2
1/β11) q1 q2 q3 p1 p2 p3

0a 1.0000 0.6081 0.0561 0.2342 0.2958 0.4701
-1 1.0000 0.4229 0.0313 0.2077 0.3134 0.4789
-2 1.0000 0.3799 0.0259 0.2001 0.3186 0.4813
-5 1.0000 0.3237 0.0192 0.1890 0.3262 0.4847
-10 1.0000 0.2868 0.0149 0.1809 0.3320 0.4872
-20 1.0000 0.2579 0.0118 0.1738 0.3370 0.4892
-50 1.0000 0.2361 0.0100 0.1685 0.3409 0.4905
−∞b 1.0000 0.2231 0.0100 0.1654 0.3445 0.4901

Design Space: c = 0.30
r Design Points Allocations

(β2
1/β11) q1 q2 q3 p1 p2 p3

0 1.0000 0.7762 0.3000 0.2819 0.3123 0.4058
-1 1.0000 0.6554 0.3000 0.2742 0.3248 0.4010
-2 1.0000 0.6337 0.3000 0.2728 0.3272 0.4000
-5 1.0000 0.6102 0.3000 0.2711 0.3300 0.3989
-10 1.0000 0.5981 0.3000 0.2702 0.3314 0.3984
-20 1.0000 0.5897 0.3000 0.2688 0.3341 0.3971
-50 1.0000 0.5831 0.3000 0.2683 0.3347 0.3970
−∞ 1.0000 0.5815 0.3000 0.2679 0.3352 0.3969

ar = 0 means β1 = 0.
br = −∞ means β11 = 0.

term since optimal designs of this type are expected to be efficient for ED estimation. Like
the D-optimal design, the Ds-optimal design for model (1.12) also depends on the model
parameters. Parallel to Lemma 2.2, Lemma 2.4 describes this dependence, the proof of
which is given in Appendix A.3.

Lemma 2.4. For model (1.12), the Ds-optimal design for estimating β2 = (β1, β2, β12)
′, in

terms of IED levels, depends on the parameters only through r = β12/β1β2.

Nelder-Mead method is used to optimize the Ds-optimality in (2.6) and find the
optimal design for a given r. We will consider two different design regions: one is unrestricted
(c1 = c2 = 0.01) and the other is restricted by c1 = c2 = 0.30. For some typical values of r
between -1 and the upper bound defined in (2.1), Table 2.10 lists the Ds-optimal designs on
these two different design regions. Based on Table 2.10, we can summarize some features of
the Ds-optimal design for model (1.12):
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Table 2.10: Ds-optimal Designs for Model (1.12)

Design Space: c1 = c2 = 0.01

Design Points Allocations
ra q11 = q21 q12 = q23 q13 = q22 q14 = q24 p1 p2 p3 p4

-1 1.0000 0.0961 1.0000 0.3507 0.1200 0.2846 0.2846 0.3108
-0.5 1.0000 0.0955 1.0000 0.2754 0.1179 0.2838 0.2839 0.3144
-0.2 1.0000 0.0948 1.0000 0.2041 0.1158 0.2829 0.2829 0.3183
-0.1 1.0000 0.0944 1.0000 0.1706 0.1147 0.2825 0.2825 0.3203
0 1.0000 0.0939 1.0000 0.1271 0.1132 0.2818 0.2818 0.3232

0.1 1.0000 0.0930 1.0000 0.0587 0.1104 0.2807 0.2807 0.3282
0.2 1.0000 0.0929 1.0000 0.0100 0.1102 0.2806 0.2806 0.3287
Ubb 1.0000 0.0932 1.0000 0.0100 0.1112 0.2810 0.2810 0.3268

Design Space: c1 = c2 = 0.30

Design Points Allocations
r q11 = q21 q12 = q23 q13 = q22 q14 = q24 p1 p2 p3 p4

-1 1.0000 0.3000 1.0000 0.3573 0.1670 0.2568 0.2568 0.3194
-0.5 1.0000 0.3000 1.0000 0.3000 0.1671 0.2567 0.2567 0.3194
-0.2 1.0000 0.3000 1.0000 0.3000 0.1698 0.2586 0.2586 0.3130
-0.1 1.0000 0.3000 1.0000 0.3000 0.1709 0.2594 0.2594 0.3104
0 1.0000 0.3000 1.0000 0.3000 0.1721 0.2602 0.2602 0.3074

0.1 1.0000 0.3000 1.0000 0.3000 0.1735 0.2612 0.2612 0.3042
0.2 1.0000 0.3000 1.0000 0.3000 0.1750 0.2622 0.2622 0.3006
0.5 1.0000 0.3000 1.0000 0.3000 0.1804 0.2658 0.2658 0.2880
Ub 1.0000 0.3000 1.0000 0.3000 0.1881 0.2706 0.2706 0.2706

ar = β12/β1β2.
bUb equals to the upper bound defined in (2.1).

1. Like the D-optimal design, the Ds-optimal design for model (1.12) is also a saturated
design. The four points are the control point, two pure component points and an
interaction point. The optimal design is symmetric about the line q1 = q2 in that
the control point and the interaction point are on the line q1 = q2 and the two pure
component points are symmetric about the line. For the unrestricted design space,
locations of the pure component points depend on r; however, the impact of r is
negligible and the pure component point is practically fixed at IED9. For the design
space restricted by c1 = c2 = c ≥ 0.10, the pure component points are fixed at IED100c.
The interaction point moves from (c1, c2) to the control point as r decreases from the
upper bound.

2. As expected, the Ds-optimal design is not an equal allocation design. The control point
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has the smallest allocation as estimation of the intercept is of less importance; and the
interaction point has the largest allocation. The two pure component points have the
same proportion of the total sample. Though the value of r affects the allocation of
the experimental runs, the impact is negligible.

3. When the design space is restricted, we can find some efficient designs robust to the
value of r. For instance, when the design space is restricted by c1 = c2 = 0.30,
the design with design points located at the four corners of the design space and the
allocation (p1, p2, p3, p4) = (0.2, 0.25, 0.25, 0.3) is expected to be quite efficient for any
value of r between -1 and the upper bound defined in (2.1).

2.5 Summary

In this chapter, we have discussed locally D-optimal and Ds-optimal designs for Poisson
regression models in toxicity studies. We now conclude this chapter by summarizing some
highlights:

1. To implement any design we have discussed in this chapter, practitioners should have
good initial estimates of parameters or some knowledge about ED’s of the toxicants.
This is the core assumption of locally optimal designs.

2. Lemma 2.1 and Lemma 2.2 state that D-optimal designs depend on unknown param-
eters only through some function of the parameters. This property does not make it
any easier for practitioners to implement the locally D-optimal design. Yet, just as
we have seen in this chapter, this property enables us to study performance of any
particular design over the whole parameter space by studying all possible or practical
values of the function.

3. For the one-toxicant second-order model, the D-optimal design depends on β2
1/β11.

In practice, equally spaced designs, three-point or four-point, are recommended for
simplicity, high efficiency and good robustness. For the two-toxicant interaction model,
the D-optimal design depends on β12/β1β2. The conditional D-optimal design is a good
choice in practice. To implement the conditional D-optimal design, only knowledge of
main effects is needed. Information about the interaction term, which is more difficult
to estimate than main effects, is not required. If model checking is needed, one can
use a five-point design.

4. D-optimal designs have been the focus of this chapter. We know that D-optimality is
an “estimation criterion” and, in many applications, quality of prediction is another
important issue. It has been shown that continuous D-optimal designs are also G-
optimal (see Silvey, 1980). We know that G-optimality is a “prediction criterion” in
that it minimizes the maximum variance the of prediction over the region of interest.
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Thus, D-optimal designs in this chapter have good prediction properties in the sense
of G-optimality.

5. We have investigated Ds-optimal designs for estimating all the parameters except the
intercept term as it is felt that designs of this type are efficient for ED estimation.
Lemma 2.3 and Lemma 2.4 describe the dependence of the Ds-optimal designs upon
the parameters for model (1.10) and model (1.12), respectively. For both models, the
Ds-optimal design is saturated with unequal allocation. When the design space is
restricted, the structure of the optimal design is quite stable regardless the value of r,
which implies that efficient designs robust to r exist.

Optimal designs in this chapter are found via numerical methods. Their optimality is
in question and will be verified through equivalence theory in Chapter 3. Robustness studies
show that the designs we have discussed are not robust to parameter misspecifications, like
most other locally optimal designs. Designs robust to parameter misspecifications will receive
more attention in Chapter 4.



Chapter 3

Equivalence Theory

3.1 Introduction

In Chapter 2, the optimal designs were obtained largely through the use of numerical op-
timization. Since they were not found by exact mathematical optimization methods, one
cannot be assured that they are theoretically the optimal designs. Equivalence theory is a
tool by which we can show whether or not a particular design satisfies a given optimality
criterion. Basically, equivalence theory combines techniques from measure theory and cal-
culus to show that the property of an optimal design satisfying the criterion of interest is
equivalent to some other properties of the design. Thus, if we are able to show that a design
has these “other” properties, we can conclude its optimality.

Kiefer and Wolfowitz (1960) first developed equivalence theory for D-optimality and
G-optimality in the context of linear models. Their results were generalized to nonlinear mod-
els by Fedorov (1972). Silvey (1980) extended equivalence theory to cover more optimality
criteria for both linear and nonlinear models. These criteria include D-, G-, E-optimality
and the optimality criteria known as “linear criteria functions”, which includes, for example,
Q-optimality as a special case.

In this chapter, we shall first give a brief introduction of the equivalence theory.
Then the optimality of locally D-optimal and Ds-optimal designs discussed in Chapter 2 will
be verified via equivalence theory. Finally, we will utilize equivalence theory to generalize
D-optimal designs for two-toxicant interaction models to multi-toxicant experiments.

44
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3.2 Equivalence Theory

In this section, we will give an overview of equivalence theory. This exposition on equivalence
theory is mainly based on Silvey’s results (Silvey, 1980).

As before, we denote the unknown parameters by β and the regressor vector by x.
The probability density function of the response variable y at x is p(y|x,β). We are given a
design space from which we may choose x vectors at which to observe y. We denote the Fisher
information matrix for a single observation y at x by J(x,β). Suppose that the dimension of
β is p; then J(x, β) is a p× p matrix, whose (i, j)th element is E (−∂2 log p(y|x,β)/∂βi∂βj) .
In an n-observation design, if all the n observations made at x1, . . . ,xn are independent of
each other, then the information matrix is I(X, β) =

∑n
i=1 J(xi, β), where X ′ = (x1, . . . ,xn).

For an n-observation design, our objective is to choose a design X from the design
space that is best according to some design criterion function φ. In general, φ is a real-valued
function of the Fisher information matrix, i.e., φ = φ(I(X, β)). For example, φ is the deter-
minant of the Fisher information matrix for D-optimality criterion. It is assumed without
loss of generality that the best design according to the criterion φ, or the φ-optimal design, is
the one which maximizes φ. Note that if the design criterion is one which requires the mini-
mization of some function γ, then φ is taken to be the negative of γ. Thus, we have reduced
the design problem to maximization of φ(I(X, β)), which is a numerical analysis problem.
However, because of the discrete nature of the n-observation design and the consequent un-
pleasantness of the corresponding set I(X, β) of matrices I(X, β) on which φ is defined, this
numerical analysis problem can not be solved by standard optimization techniques (Silvey,
1980, p.13). This situation is analogous to the much simpler one where we wish to maximize
a function defined on the integers. Because of the discrete domain, calculus techniques can
not be exploited in the solution. A commonly used device for this simpler problem is to
extend the definition of the function to all real numbers R, use calculus to find the number
r∗ that maximizes the extended function and argue that the maximum of the function over
the integers will occur at an integer adjacent to r∗. This idea has been adapted for the
n-observation design problem and leads to what Kiefer has termed approximate theory.

We shall briefly outline the idea of approximate theory for n-observation designs. Gen-
erally, an n-observation design consists of m distinct design points, denoted by x1,x2, . . . ,xm,
with each xi replicated ni times, where i = 1, 2, . . . , m. Such an n-observation design can be
characterized by the probability distribution on X , which is the set of all x vectors in the
design space. This probability distribution, denoted by ηn, assigns probability pi = ni/n to
the point xi for i = 1, 2, . . . , m. This is a discrete probability, and the n-observation design
is considered a discrete design. Suppose x is a random vector with probability distribution
ηn and we denote E(J(x,β)) by M(ηn,β); then, for an n-observation design, we have

M(ηn,β) = E(J(x,β)) =
m∑

i=1

piJ(xi,β) = I(X, β)/n. (3.1)
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Note that (3.1) implies that I(X, β) = nM(ηn,β). According to Silvey, for most of the
commonly used criterion functions such as D-optimality criterion, the following relationship
holds for any real positive constant a:

φ(aM(ηn,β)) = kφ(M(ηn, β)),

where k is a positive constant. Therefore, for an n-observation design, we have

φ(I(X, β)) = cφ(M(ηn,β)),

where c is some positive constant. Recall that the n-observation design problem is to find
a design X to maximize φ(I(X, β)), which is hard to deal with because of the discreteness.
According to the above equation, this problem is equivalent to finding η∗n, a probability
measure on the set X corresponding to an n-observation design, that maximizes φ(M(ηn, β)).
Unfortunately, this reinterpretation of the problem in itself does not make the problem any
easier to solve because the set M(ηn, β) of matrices M(ηn,β) on which φ is defined is also
discrete and does not lend itself to the standard optimization techniques. However, this
problem can be remedied by extending the definition of φ.

We now extend the definition of M(ηn,β) to the set H of all probability distributions
on X . The extended set is defined as follows:

M(η, β) = {M(ηn,β) : η ∈ H}.

Now consider the problem of finding η∗ to maximize φ(M(η, β)) over H. This is
much more tractable since M(η, β) is a set with much nicer properties than M(ηn,β) and
we have the opportunity of exploiting calculus techniques in solving it. If we can find a η∗ to
solve this problem then hopefully an n-observation design X∗, whose associated probability
distribution approximates η∗, will be close to optimal for the n-observation design problem.
In the literature, η∗ corresponds to the continuous optimal design and X∗ corresponds to
the discrete optimal design. All the designs discussed in Chapter 2 are actually continu-
ous designs. Algorithms converting continuous designs to discrete designs can be found in
Atkinson and Donev (1992).

We now shift to the mathematical details which lead to the equivalence theory. We
first give the definition of a directional derivative called the Fréchet derivative, which plays
a pivotal role in the equivalence theory. The Fréchet derivative is defined as follows:

Definition 3.1. For any M1,M2 ∈M, the Fréchet derivative is defined as:

Fφ(M1,M2) = lim
ε→0+

1

ε
[φ{(1− ε)M1 + εM2} − φ(M1)].
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In the above definition, M1 and M2 are short for M(η1,β) and M(η2,β), where η1, η2 ∈ H.
We will follow this convention throughout this chapter unless otherwise stated.

After giving the definition of the Fréchet derivative, we are now ready for the equiva-
lence theory. Silvey (1980) proves the following theorem, which is the cornerstone of Silvey’s
equivalence theory. This theorem is also referred to as general equivalence theory in the
literature.

Theorem 3.1. (Silvey, 1980) If β is fixed and φ is concave on M, the following three
statements are equivalent to each other:

1. η∗ maximizes φ(M(η, β)) over H;

2. Fφ(M(η∗,β), J(x,β)) ≤ 0 for all x ∈ X ;

3. Fφ(M(η∗,β), J(x,β)) achieves its maximum at the points of the design.

Theorem 3.1 is the central result on which the optimum design of experiments de-
pends. It provides a method for checking the optimality of a design. Basically, in order to
verify the optimality of a particular design η∗ , one can evaluate the Fréchet derivative of
that design at all the points in the design space. In turn, the Fréchet derivative must be less
than or equal to zero at all points in the design space and equal to zero at the design points.
In next section, we will use this method to verify the optimality of the locally D-optimal
Ds-optimal designs we have discussed in Chapter 2.

3.3 Optimality of Locally D-optimal Designs

In this section, we will use the general equivalence theorem to verify optimality of the locally
D-optimal designs listed in Chapter 2. In general, when deriving the D-optimal design, we
simply define the design criterion function as the determinant of the information matrix,
i.e., φ(M(η, β)) = |M(η, β)|. Recall that Theorem 3.1 requires that the design criterion
function φ should be concave on M. To ensure the concavity, an equivalent design criterion,
φ(M(η, β)) = log(|M(η, β)|), is generally adopted. Taking the logarithm of the determinant
leads to maximization of a concave function, so that any maximum found will certainly be
global rather than local. We shall use the logarithm of the determinant as the criterion
function throughout this chapter.

To verify the optimality of a particular design η∗, we need to demonstrate that the
Fréchet derivative Fφ(M(η∗,β), J(x,β)) is bounded by 0. From Definition 3.1, we can see
that computation of Fφ(M(η∗, β), J(x,β)) involves taking the limit, which is awkward to
derive in general. Fortunately, Silvey (1980) gives a computation formula of the Fréchet
derivative as follows:
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Fφ(M(η, β), J(x, β)) = trace[J(x, β)M−1(η, β)]− p, (3.2)

where p is the number of parameters. Therefore, if we can demonstrate that trace of
J(x, β)M−1(η∗,β) is less than or equal to p over the design space, then we can conclude
the design η∗ is optimal. In turn, at the design points, the trace should take the value of
p. Next, we will try to evaluate the trace of J(x,β)M−1(η, β) for the designs claimed to be
optimal in Chapter 2.

3.3.1 One-toxicant Second-order Model

In general, Fφ(M(η, β), J(x, β)) depends on the parameter β. For the one-toxicant second-
order model and the D-optimality criterion, the following lemma reveals the dependence.

Lemma 3.1. For model (1.10) and the D-optimality criterion, Fφ(M(η, β), J(x,β)) depends
on β only through r = β2

1/β11.

The proof of Lemma 3.1 is given in Appendix A.4. With Lemma 3.1, our work of
verifying optimality for all possible sets of parameters is reduced to all possible or reasonable
values of r. It has the same function as Lemma 2.1 in finding the D-optimal design. Lemma
3.1 enables us to verify optimality of the designs catalogued by r in Section 2.2.

We have evaluated the trace of J(x, β)M−1(η, β) over the design space for all the
designs listed in Table 2.1. For all these designs, we have found that, over the design space,
the trace achieves the maximum of 3, the number of model parameters, at the design points.
Thus, they are optimal designs as claimed. Figure 3.1 plots the trace function over the design
space for four cases. Some conclusions can be drawn from the plots:

1. In all the plots, the trace of J(x,β)M−1(η, β) is less than or equal to 3, the number of
parameters, which further implies that Fφ(M(η∗, β), J(x, β)) ≤ 0 over the design space.
By Theorem 3.1, we can conclude that η∗ maximizes φ(M(η, β)). In other words, the
design is D-optimal. The plots also show that the trace achieves its maximum at
the design points, demonstrating equivalence of statement (2) and statement (3) in
Theorem 3.1.

2. In Figure 3.1(a) and 3.1(b), the design space is unrestricted. For Figure 3.1(a), r = −10
and the trace function achieves its maximum at q = 1, q = 0.3594 and q = 0.0190,
corresponding to the three design points listed in Table 2.1. For Figure 3.1(b), we
have the same observation. When comparing these two plots, we can find that the two
non-control points move closer to the control point when r increases from −10 to −1,
which is in accordance with the conclusion in Section 2.2.
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3. Figure 3.1(c) and 3.1(d) plot the trace function on restricted regions. As we can see
that the function has the two end points as its maximum points, in agreement with
the fact that the D-optimal design on restricted regions always includes the two end
points.
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(a) Unrestricted Region: r = −10
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(c) Restricted Region (c = 0.2): r = −2
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(d) Restricted Region (c = 0.4): r = −5

Figure 3.1: D-optimality of Designs for One-toxicant Second-order Model. The
trace of J(x,β)M−1(η∗,β) (1) is less than or equal to 3, the number of parameters,
over the design space; (2) achieves its maximum at the design points, confirming
D-optimality of the designs.

3.3.2 Two-toxicant Interaction Model

We now discuss D-optimality of the designs for the two-toxicant interaction model. Parallel
to Lemma 3.1, the following lemma describes how the Fréchet derivative of D-optimality
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criterion depends on β for this model.

Lemma 3.2. For model (1.12) and the D-optimality criterion, Fφ(M(η, β), J(x,β)) depends
on β only through r = β12/β1β2.

The proof of the above lemma is given in Appendix A.5. For the two-toxicant inter-
action model, Lemma 3.2 enables us to verify optimality of the designs catalogued by r in
Section 2.3.

We have evaluated the trace of J(x, β)M−1(η, β) over the design space for all the
designs listed in Table 2.4. For all these designs, we have found that, over the design space,
the trace achieves the maximum of 4, the number of model parameters, at the design points.
Thus, they are D-optimal designs. Figure 3.2 plots this function over the design space for
four cases. Some comments are in order:

1. In all the plots, the trace function is less than or equal to 4, the number of parameters,
over the design space, implying that Fφ(M(η∗, β), J(x, β)) ≤ 0 over the design space.
By Theorem 3.1, all these designs are D-optimal. Also, the trace achieves its maximum
at the design points, demonstrating equivalence of statement (2) and statement (3) in
Theorem 3.1.

2. In Figure 3.2(a) and 3.2(b), the design space is unrestricted. In both plots, the maxi-
mum of the trace function is obtained at the control point, two pure component points
located at IED13.53, and an interaction point. For r = −1, the interaction point is
(0.3679, 0.3679) in both the optimal design listed in Table 2.4 and the Figure 3.2(a).
When r increases to 0 in Figure 3.2(b), the interaction point moves to (0.1353, 0.1353),
corresponding to the interaction point in the conditional D-optimal design. The move-
ment of the interaction point according to r is in agreement with the conclusion in
Section 2.3.

3. Figure 3.2(c) and 3.2(d) plot the trace function over restricted regions. In both cases,
the trace function achieves the maximum at the four corners of the restricted design
space. Recall that, in Table 2.4, the corresponding D-optimal designs have the same
structure.

In summary, the locally D-optimal designs discussed in Section 2.2 and Section 2.3
are really optimal as claimed.

3.4 Optimality of Locally Ds-optimal Designs

In this section, we will adopt the general equivalence theory to verify optimality of the
Ds-optimal designs discussed in Chapter 2. To this end, we need to demonstrate that the
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Figure 3.2: D-optimality of Designs for Two-toxicant Interaction Model. The trace
of J(x,β)M−1(η∗, β) (1) is less than or equal to 4, the number of model parameters,
over the design space; (2) achieves its maximum at the design points, confirming
D-optimality of the designs.
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Fréchet derivative of the locally optimal design is less than or equal to 0 over the design
space. Suppose that the vector of the model parameters is partitioned as β = (β′1,β

′
2)
′ and

we want to estimate the subset β2 as precisely as possible. Correspondingly, for a design η,
the Fisher information matrix is partitioned as:

M(η) =

(
M11(η) M12(η)
M ′

12(η) M22(η)

)
.

In the same fashion, a design point x is partitioned as x = (x′1,x
′
2)
′. For a generalized linear

model, it can be shown that the Fréchet derivative of the Ds-optimality criterion for a design
η can be computed as follows (see Atkinson and Donev, 1992):

Fφ(M(η, β), J(x,β)) = v(x)(x′I−1(η)x− x′1I
−1
11 (η)x1)− s, (3.3)

where η is any design, x is any point in the design space, v(x) is the variance function of
the response at x and s is the dimension of β2. Thus, if we can demonstrate that, for a
design η, d(x, η) = v(x)(x′I−1(η)x − x′1I

−1
11 (η)x1) is less than or equal to s at any point in

the design space, then we can conclude that η is Ds-optimal by equivalence theory. For the
locally Ds-optimal designs in Chapter 2, we will evaluate and plot the d(x, η) over the design
space to demonstrate that they are optimal designs as claimed.

3.4.1 One-toxicant Second-order Model

Parallel to Lemma 3.1, for model (1.10) and Ds-optimality criterion, the next lemma describes
the dependence of the Fréchet derivative on the model parameters. Its proof is outlined in
Appendix A.6.

Lemma 3.3. For model (1.10) and the Ds-optimality criterion, Fφ(M(η, β), J(x,β)) de-
pends on β only through r = β2

1/β11.

The above lemma enables us to evaluate the Fréchet derivative of the designs listed
in Table 2.9, which are catalogued by r. For all the designs in Table 2.9, we have found that
the Fréchet derivative is less than or equal to 0 so they are Ds-optimal. Figure 3.3 plots the
function d(x, η) over the design space for four cases. In all the plots, we can see that d(x, η)
is less than or equal to 2, the dimension of β2. Further, d(x, η) achieves the maximum of
2 at all the design points. Thus, the Fréchet derivative is less than or equal to 0 over the
design space and achieves the maximum of 0 at all the design points, which implies that all
the designs are Ds-optimal according to the equivalence theory.
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Figure 3.3: Ds-optimality of Designs for One-toxicant Second-order Model. The
function d(x, η) (1) is less than or equal to 2, the dimension of β2 = (β1, β11)

′,
over the design space; (2) achieves its maximum at the design points, confirming
Ds-optimality of the designs.
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3.4.2 Two-toxicant Interaction Model

For model (1.12) and the Ds-optimality criterion, Lemma 3.4 states the dependence of the
Fréchet derivative on the parameters. Its proof is outlined in Appendix A.6.

Lemma 3.4. For model (1.12) and the Ds-optimality criterion, Fφ(M(η, β), J(x,β)) de-
pends on β only through r = β12/β1β2.

Based on the above lemma, we can ignore values of the parameters and verify opti-
mality of designs catalogued by r. We have found that, for all the designs in Table 2.10, the
Fréchet derivative is less than or equal to 0 and takes 0 only at all the design points so, by the
general equivalence theory, they are optimal as claimed. Figure 3.4 plots the function d(x, η)
over the design space for four cases. In all the plots, we can see that d(x, η) is less than or
equal to 3, the dimension of β2 = (β1, β2, β12)

′. Further, d(x, η) achieves the maximum of
3 only at all the design points. Thus, the Fréchet derivative is less than or equal to 0 over
the design space and achieves the maximum of 0 only at all the design points, which implies
that all the designs are Ds-optimal.

In summary, the locally Ds-optimal designs discussed in Section 2.4 are really optimal
as claimed.

3.5 D-optimal Designs for Multi-toxicant Interaction

Model

Up to this point, we have just considered one-toxicant and two-toxicant experiments. How-
ever, it is common that real toxicity experiments involve more than two toxicants. In this
section, we try to generalize the discovery concerning D-optimal designs in Chapter 2 to
multi-toxicant experiments. Particularly, we will focus on the multi-toxicant model that
only involves main effects and two-way interactions, which, for brevity, will be referred to as
the multi-toxicant interaction model.

In Chapter 2, numerical methods such as Nelder-Mead simplex method were employed
to maximize the determinant of the Fisher information matrix and find the optimal designs.
The difficulty to extend this procedure to multi-toxicant models is that most numerical
methods give unstable solutions to the problem as the number of variables goes up. Take
the three-toxicant interaction model for example; we have seven parameters to estimate so
we need at least a seven-point design. At each design point we need to determine three
IED’s and the proportion of total sample at this point. For a seven-point design, we have
21 variables. Even if we assume that the design is equal-allocation and the control point is
in the design, the total number of variables is still 18, which is too large for most numerical
methods. The problem becomes more complicated for experiments involving more toxicants.
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Figure 3.4: Ds-optimality of Designs for Two-toxicant Interaction Model. The func-
tion d(x, η) (1) is less than or equal to 3, the dimension of β2 = (β1, β2, β3)

′, over
the design space; (2) achieves its maximum at the design points, confirming Ds-
optimality of the designs..
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Actually, even the determinant of the information matrix itself is hard to extract for multi-
toxicant model because of the high dimension.

For multi-toxicant interaction model, fortunately, the equivalence theory provides an
alternative solution to the problem. From the structure of D-optimal design for the two-
toxicant interaction model we may conjecture the structure of D-optimal design for the
multi-toxicant interaction model. Then we can employ the general equivalence theory to
verify whether the conjecture is right or not. We shall illustrate this idea with the three-
toxicant interaction model.

3.5.1 Three-toxicant Interaction Model

we know that the three-toxicant interaction model is the simplest multi-toxicant model. The
mean function for this model is:

λi = exp(β0 + β1x1i + β2x2i + β3x3i + β12x1ix2i + β13x1ix3i + β23x2ix3i). (3.4)

The above model says that each of the three toxicants, when applied alone, works
through a first-order model as described in (1.9). However, when working together, they
may interact with each other. The three two-way interactions are accounted for by β12, β12

and β23. The three-way interaction is assumed to be negligible.

We now try to conjecture the D-optimal design for model (3.4) on the unrestricted
design space. Since most D-optimal designs are saturated designs, we would naturally con-
jecture that the D-optimal design for model (3.4) is a seven-point design. Recall that, for the
two-toxicant interaction model, the D-optimal design consists of the control point, two pure
component points located at IED13.53 and an interaction point, whose location depends on
r = β12/β1β2. Recall that the intercept term β0 is estimated solely from the control point;
two main effects β1 and β2 are estimated from the difference between the control point and
the corresponding pure component point and all the four points contribute to estimation
of β12, the interaction between the two toxicants. We would imagine that the D-optimal
design for model (3.4) takes similar structure: the control point estimating β0, three pure
component points located at IED13.53 estimating the three main effects β1, β2 and β3, and
three binary blend points estimating the three two-way interactions β12, β13 and β23. More
specifically, we would expect that locations of the three binary blend points depend on the
parameters only through r12 = β12/β1β2, r13 = β13/β1β3 and r23 = β23/β2β3, respectively.
Figure 3.5 geometrically illustrates the imaginary structure of the design. In Figure 3.5, point
1 is the control point; points 2, 3 and 4 are the pure component points located at IED13.53

and points 5, 6 and 7 are the binary blend points. We would expect that the location of
point 5 only depends on r12 = β12/β1β2; point 6 only depends on r13 = β13/β1β3 and point
7 only depends on r23 = β23/β2β3. Further, we expect that the way a binary blend point
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depends on the corresponding ratio is the same as how the interaction point depends on the
ratio in a two-toxicant interaction model. For example, if r13 = β13/β1β3 = −1, we would
expect the location of point 6 is (q16, q26, q36) = (0.3679, 1, 0.3679) because the location of
the interaction point in the two-toxicant interaction model is (q1, q2) = (0.3679, 0.3679) for
r = −1. Basically, this means that, in Figure 2.1, points 1, 2, 4 and 6 form the optimal
design for model λ = exp(β0 +β1x1 +β3x3 +β13x1x3). Similarly, points 1, 3, 4 and 7 form the
D-optimal design for the interaction model that only involves the second and third toxicants.
To further illustrate the conjecture, Table 3.1 lists the D-optimal designs for two cases on
the unrestricted design space. Note the locations of the binary blend points are the same as
the corresponding interaction point listed in Table 2.4.
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Figure 3.5: Structure of D-optimal Design for Three-toxicant Interaction Model

Of course, we need to verify the above conjectures via equivalence theory. We have
evaluated the trace of [J(x, β)M−1(η, β)] for the two designs listed in Table 3.1 over the
design space. We have found that this trace function achieves the maximum of 7 at the
design points, confirming that the above conjecture is right. We also use this procedure
to investigate optimal designs for some other three-toxicant interaction models and some
four-toxicant interaction models. They all confirm that the above conjecture is right.
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Table 3.1: D-optimal Designs for Three-toxicant Interaction Model, p1 = · · · = p7 = 1/7.

r12 = −1, r13 = −0.1, r23 = −1 r12 = 0.2, r13 = −0.5, r23 = 0

point q1 q2 q3 q1 q2 q3

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
2 0.1353 1.0000 1.0000 0.1353 1.0000 1.0000
3 1.000 0.1353 1.0000 1.0000 0.1353 1.0000
4 1.0000 1.0000 0.1353 1.0000 1.0000 0.1353
5 0.3679 0.3679 1.0000 0.0100 0.0100 1.0000
6 0.1812 1.0000 0.1812 0.2905 1.0000 0.2905
1 1.0000 0.3679 0.3679 1.0000 0.1353 0.1353

3.5.2 Multi-toxicant Interaction Model

The above results can be easily generalized to the k-toxicant case, where k is any integer
larger than 3. Again, we only consider the k-toxicant interaction model, which only includes
the k main effects and two-way interactions. For such a model, the number of the parameters
is p = 2k − 1.

For the k-toxicant interaction model, we would expect that the D-optimal design is
a saturated design including p = 2k − 1 design points and the design is an equal allocation
design, i.e., each point receiving 1/p of the total experimental runs. Further, the design
includes the control point for estimation of the intercept, k pure component points located
at IED13.53 for estimation of the k main effects, and

(
k
2

)
= k(k − 1)/2 binary blend points

for estimation of all the two-way interactions. The location of a binary blend point depends
on the corresponding ratio of the interaction term to the product of main effects, in the
same way as the interaction point depends on r for the two-toxicant interaction model. In
other words, for any two of these k toxicants, the control point and their pure component
and interaction points form the D-optimal design for the interaction model of these two
toxicants.

3.6 Summary

In this chapter, with equivalence theory, we have verified optimality of the locally D-optimal
and Ds-optimal designs found in Chapter 2 and discussed D-optimal designs for the multi-
toxicant interaction model. We now conclude this chapter by giving a summary:

1. In this chapter, we have employed Silvey’s general equivalence theory to verify opti-
mality of the locally D-optimal and Ds-optimal designs discussed in Chapter 2. By
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evaluating and plotting the trace of J(x,β)M−1(η, β) over the design space, we have
geometrically demonstrated that the Fréchet derivative is less than or equal to zero for
all the locally D-optimal designs in Chapter 2. According to the general equivalence
theory, all these designs are D-optimal. Similarly, plots of the function d(x, η) confirm
Ds-optimality of the designs discussed in Section 2.4.

2. For the multi-toxicant model, we have trouble finding the optimal design by numerically
maximizing the determinant of the Fisher information matrix as discussed in Chapter
2. The reason is twofold: (1) it is very hard to extract the determinant of the Fisher
information matrix because of high dimension of the matrix; (2) generally, numerical
methods do not work well when the number of variables is large. For the multi-
toxicant interaction model, we go around this difficulty with a two-step procedure:
firstly, we conjecture the structure of the D-optimal design based on the structure of
D-optimal design for the two-toxicant interaction model; and then we use the general
equivalence theory to verify our conjecture. It has been found that D-optimal design
for the multi-toxicant interaction model has similar structure as D-optimal design for
the two-toxicant interaction model.

Chapter 2 and Chapter 3 have focused on locally D-optimal designs. As we have
demonstrated in Chapter 2, locally D-optimal designs does not perform well when the initial
guesses are poor. In practice, we need efficient designs that are robust to initial poor infor-
mation. In next chapter, we will discuss this issue and investigate how sequential designs
improve the robustness to parameter misspecification.



Chapter 4

Sequential Designs

4.1 Introduction

As in Chapter 3, we denote the information matrix arising from a single observation made
at x by J(x,β). Then the information matrix from n independent observations made at
x1, . . . ,xn is I(X, β) =

∑n
i=1 J(xi, β), where X ′ = (x1, . . . ,xn). Our objective is to choose

X to maximize the determinant of I(X, β) for the true parameter β. The maximization
usually depends on β and since β is generally unknown we cannot achieve this objective in
practice.

Alternatively, if we have good initial estimates of β then locally D-optimal designs
discussed in Chapter 2 can be used. However, sound information about the parameters is
not always available. For instance, generally we do not know much about β when we are
testing new toxicants. Unfortunately, locally optimal designs do not perform well if poor
initial estimates of β are used. Or in other words, locally optimal designs are not robust
to parameter misspecification. Basically, this is the major difficulty we have to face when
dealing with nonlinear experiments.

In Chapter 1, we have already indicated several possible ways to circumvent this
difficulty and in this chapter we will investigate one of them, namely, sequential designs for
the Poisson regression model. Both fully sequential designs (one run at a time) and two-
stage designs will be discussed for improvement of design robustness. For brevity, we only
consider the two-toxicant interaction model in this chapter; however, the methodology can
be applied to any other model.

60
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4.2 Sequential Designs

In a sequential design, we start with some initial experiment and use the observations to
estimate the unknown parameters β. We then choose the next design point so that it gives
the largest increase of information at this estimated value. After the observation is taken at
that point, we update our estimates and find the next design point based on the updated
estimates. This process is repeated until all the experimental resources are run out or some
stopping condition is met.

In a locally D-optimal design, placement of all the design points depends solely upon
some initial guess of the parameters. If this initial guess is unreliable, then locally D-optimal
design will generally be far away from the D-optimal design. In a sequential design, after
the initial experiment, we make better use of the experimental resources in the sense that
the placement of a design point is made based on our up-to-date estimates other than some
unreliable guess. Generally, we would expect the up-to-date estimates will get closer to the
true parameters as more observations are made and eventually will converge to the true
parameters after enough runs. Suppose that we have n experimental runs in total and after
the first r runs our estimates converge to the true parameters, then we actually make nearly
optimal use of the remaining n − r runs as their placement will be close to the optimal
placement. This better use of part of the experimental resources improves the efficiency of
the whole experiment.

4.2.1 Algorithm

We now formally describe the procedure of sequential experimentation. In a sequential
design, one can start with an arbitrary design such as the Bayesian design or the locally
optimal design. In this chapter, we shall use the conditional D-optimal design for the two-
toxicant interaction model, with one replicate at each of the four design points. Then the
design is implemented based on some initial guess and observations are made.

After the initial experiment, steps to proceed are as follows:

1. After taking k observations, we estimate the parameters based on the k observations
by β̂k.

2. The (k + 1)th point, xk+1, is found by maximizing |I(Xk, β̂k) + J(x, β̂k)|, i.e.,

xk+1 = Arg max
x
|I(Xk, β̂k) + J(x, β̂k)|.

3. The (k + 1)th observation is taken at xk+1.

4. Steps 1, 2 and 3 are repeated until all the n experimental runs have been used up or
sufficient accuracy has been achieved.
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Clearly, step 2 is the most important step in implementing the above algorithm. In
this step, firstly we need to derive |I(Xk, β̂k) + J(x, β̂k)| and then maximize it. It can be
shown (see the Appendix A.2) that

|I(Xk, β̂k) + J(x, β̂k)| =
(

λc

β̂1kβ̂2k

)4

|A1 + A2|, (4.1)

where

A1 =
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and

A2 =




d da db dab
da da2 dab da2b
db dab db2 dab2

dab da2b dab2 da2b2


 .

In matrix A1, ai = β̂1kx1i, bi = β̂2kx2i and di = exp(ai + bi + aibiβ̂12k/β̂1kβ̂2k); a, b and d

in matrix A2 are defined similarly. Note that, at each step,
(

λc

β̂1kβ̂2k

)4

is a constant; thus,

maximization of |I(Xk, β̂k) + J(x, β̂k)| is equivalent to maximization of |A1 + A2|.
Numerical methods will be used to maximize |A1 +A2| and find the design points. As

before, for design space with linear restrictions (restrictions imposed on IED levels), we use
Nelder-Mead simplex method for its simplicity. For design space with nonlinear restrictions
(restrictions imposed on MED levels), Quasi-Newton method is used for its capability of
nonlinear optimization.

Recall that our goal is to maximize the determinant of the Fisher information ma-
trix. However, if we construct a design sequentially as above, the determinant we actually
maximize in step (2) is not that of the Fisher information matrix. This is so because the ob-
servations are not independent of each other after the rth run. For example, the distribution
of yr+1 depends on xr+1, which is determined by y1, . . . , yr. Thus the (i, j)th component of
J(xr+1, β) is E (−∂2 log p(yr+1|y1, . . . , yr, β)/∂βi∂βj) and to get Fisher information matrix
for the (r + 1)th observation we should take the expectation of this over y1, . . . , yr, which is,
in general, extremely difficult. However, as far as design construction is concerned we are
completely at liberty to proceed as proposed above (Ford and Silvey, 1980; Silvey, 1980). All
that matters is whether or not the method leads to good designs. But it is necessary to bear
this point in mind when we consider the problem of making repeated-sampling inferences
based on the data obtained from a sequentially constructed design.
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4.2.2 An example

To illustrate the algorithm discussed above, a simulated example of sequential design is given
in this section.

In the example, we assume that the total of experimental runs is 48 and the true
model is

yi ∼ Poisson(λi) where λi = exp(6− x1i − 0.4x2i − 0.4x1ix2i).

We start with the conditional D-optimal design based on some initial parameter
guess, b = (b0, b1, b2, b12)

′. For the conditional D-optimal design, we have b12 = 0, i.e., no
interaction. We shall use ratios of true parameters to the initial estimates to measure the
extent of misspecifications of main effects, namely, m1 = β1/b1 and m2 = β2/b2 will be used
to measure how severely β1 and β2 are misspecified. For simplicity, we assume both m1 and
m2 are 0.2 in the example, i.e., both main effects are upwardly misspecified five times, which
is quite severe. We use 4 runs in the initial experiment, one at each point. Then we simulate 4
observations based on the true model and the initial experiment. Using these 4 observations,
we obtain estimates of the parameters as β̂4 = (6.009 -1.139 -0.392 -0.262)′. Maximizing
|I(X4, β̂4) + J(x, β̂4)| gives the location of the fifth run at q5 = (q15, q25) = (0.2800, 0.2828).
Based on β̂4, the implemented fifth run is actually at q5 = (q15, q25) = (0.3269, 0.2756). The
fifth observation is then simulated and the estimates are updated so the sixth run can be
located. This process is repeated until all 48 runs are exhausted. Table 4.1 lists some of the
48 runs and the up-to-date estimates.

Table 4.1: An Example of Sequential Design. The number of total runs is 48 and 4
runs are used in the initial experiment. The true model is λ = 6−x1−0.4x2−0.4x1x2

and parameter misspecifications are specified by m1 = m2 = 0.2.

Run Number q1 q2 β̂0 β̂1 β̂2 β̂12

4 0.6703 0.6703 6.009 -1.139 -0.392 -0.262
5 0.3269 0.2756 5.996 -1.132 -0.353 -0.625
8 0.3968 0.4461 5.978 -0.848 -0.378 -0.532
9 0.0802 1.0000 5.985 -0.892 -0.379 -0.514
18 1.0000 0.1279 5.995 -0.939 -0.397 -0.443
19 0.3542 0.3756 5.995 -0.939 -0.397 -0.384
28 1.0000 1.0000 6.001 -0.960 -0.396 -0.437
29 0.1210 1.0000 6.011 -0.956 -0.396 -0.438
38 1.0000 0.1311 6.006 -0.957 -0.399 -0.436
39 0.3661 0.3818 6.005 -0.956 -0.399 -0.432
47 0.3702 0.3806 6.002 -0.977 -0.403 -0.423
48 1.0000 1.0000 6.001 -0.977 -0.403 -0.423
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From Chapter 2, we know that the D-optimal design for the assumed true model
is a saturated design with equal allocation. Thus, for our example, the D-optimal design
allocates 12 runs to the control point, 12 runs to each of the two pure component points
located at IED13.53 and the remaining 12 runs to the interaction point, which is located at
(0.3679, 0.3679), as illustrated in Figure 4.1(a).
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Figure 4.1: An Example of Sequential Design. The conditional D-optimal design
is used in the initial experiment. The number of total runs is 48 and 4 runs are
used in the initial experiment. The true model is assumed to be λ = exp(6− x1 −
0.4x2 − 0.4x1x2) and parameter misspecification is specified by m1 = m2 = 0.2.

From Table 4.1, we can see that the design points in the sequential design get closer
to those in the D-optimal design as more observations are made. Figure 4.1 illustrates the
process of sequentially constructing the design. Figure 4.1(b) depicts the initial experiment,
namely, the conditional D-optimal design based on b. Due to parameter misspecification,
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the conditional D-optimal design is far away from the D-optimal design and if we use up
all 48 runs based on this design we would expect that the experiment is very inefficient.
Figure 4.1(c) shows the distribution of experimental points after 24 runs and we can see four
clusters are formed around the optimal design points. After 48 runs, the design is closer
to the D-optimal design, as we can see in Figure 4.1(d). Thus, we would expect that the
sequential design is very efficient since it is geometrically close to the D-optimal design. In
next section, we will formally discuss evaluation of sequential designs.

4.2.3 Evaluation of Sequential Designs

The example in the last section shows that the sequential design is geometrically close to the
D-optimal design. In this section, we will evaluate sequential designs and see if the method
proposed in Section 4.2.1 works or not in general.

Recall that our goal is to maximize the determinant of the Fisher information matrix
I(β). So one logical way to evaluate a sequential design is to compare the determinant of the
Fisher information matrix of the sequential design to that of the D-optimal design. Basically,
we can define the efficiency of a sequential design as follows:

Effseq =

( |I(X, β)| of the sequential design

|I(X, β)| of the D-optimal design

)1/p

, (4.2)

where p is the number of parameters.

It is straightforward to derive the Fisher information matrix I(β) for the D-optimal
design. However, it is much more complicated for a sequential design as the observations are
not independent.

Suppose that we have n runs in total and we use r of them in the initial experiment.
If we use yi−1 = (y1, . . . , yi−1)

′ to denote the up-to-date observation vector, the likelihood
function of the n observations is

L(β;yn) =

L1(β; y1) · · ·Lr(β; yr)Lr+1(β; yr+1|yr) · · ·Ln(β; yn|yn−1). (4.3)

Taking log of the likelihood function in (4.3) yields the log likelihood function in (4.4):

ln(L) = ln(L1) + · · ·+ ln(Lr) + ln(Lr+1) + · · ·+ ln(Ln). (4.4)

When constructing sequential designs as discussed in Section 4.2.1, what we try to
maximize is not the determinant of the Fisher information matrix but that of an observed
information matrix as in (4.5), which basically is the negative of a partial expectation of the
second derivative of (4.4):



CHAPTER 4. SEQUENTIAL DESIGNS 66

I(β|yn−1) =

J1(β) + · · ·+ Jr(β) + Jr+1(β|yr) + · · ·+ Jn(β|yn−1). (4.5)

In (4.5), Ji(β|yi−1) = −Eyi
(∂2 ln Li(β; yi|yi−1)/∂β∂β′) and Eyi

stands for taking the expec-
tation over yi, where i = r + 1, . . . , n.

To get the Fisher information matrix, we need to take the expectation of the observed
information matrix in (4.5) with respect of y1, . . . , yn−1, which is

I(β) = Eyn−1(I(β|yn−1)) = J1(β) + · · ·+ Jr(β)

+Eyr(Jr+1(β|yr)) + · · ·+ Eyn−1(Jn(β|yn−1)). (4.6)

The expectations in (4.6) are extremely hard, if possible, to compute. Alternatively,
we could use simulation to estimate these expectations. Basically, for a given model, we can
simulate many observation vectors, yn−1 = (y1, . . . , yn−1)

′, for each of which we can compute
the observed information matrix as defined in (4.5). Given a sample of observed information
matrices, we can average out the observation vector yn−1 and get an estimate of the Fisher
information matrix. The idea here can be expressed in (4.7):

I(β) = Eyn−1(I(β|yn−1)) ≈

K∑
k=1

I(β|yk
n−1)

K
. (4.7)

We will make use of (4.7) to estimate the Fisher information matrix for sequential
designs, based on which we can obtain the efficiency of a sequential design as defined in
(4.2). Before carrying out the simulation, we need to clarify the following issues:

1. the true model and total runs,

2. simulation size (number of iterations, i.e., K in (4.7)),

3. parameter misspecification.

In what follows, we shall discuss the above issues.

True Model and Experiment Size

We do not intend to evaluate sequential designs for all models, which is impossible. In-
stead, we will demonstrate that sequential designs are preferable for some representative
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two-toxicant interaction models. Particularly, we will try to cover models with different r
values. We will consider four models with r = −1,−0.5, 0 and 0.2, respectively (see Table
4.2).

Intuitively, we would expect that sequential designs work better for larger experi-
ments. In the simulation, we will investigate n = 24, 48 and 96 for each model considered as
they can represent small, moderate and large experiment sizes. We purposely choose these
multiples of 4 so that exact designs can possibly achieve optimality.

Simulation Size: K

Obviously, the larger K is, the better the approximation in (4.7) is. However, for large K, the
simulation is very time-consuming as each iteration includes many complicated tasks such
as model fitting and numerical optimization of the determinant of the information matrix.
Thus, a reasonable K needs to be determined. A plot of the D-efficiency versus K, like
Figure 4.2, can give us some idea of a reasonable K.
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n=96

n=48

n=24

(a) r = −0.5
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(b) r = 0.2

Figure 4.2: D-efficiency versus K. In (a), the true model is assume to be λ =
exp(6−x1−0.5x2−0.25x1x2) and parameter misspecifications are specified by m1 =
m2 = 0.2; in (b) the true model is assumed to be λ = exp(5.5−0.5x1−2x2+0.2x1x2)
and parameter misspecifications are given by m1 = 0.3,m2 = 0.4.

Figure 4.2 indicates that the estimate of the Fisher information matrix based on
(4.7) converges after about 50 iterations for an experiment as small as 24 runs. For larger
experiments, convergence takes place after fewer runs. Similar pattern have been found
in plots for some other representative models with different parameter misspecifications.
Therefore, large K such as 500 or 1000 is not necessary. In subsequent simulations, K = 100
is used unless otherwise stated.
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Parameter Misspecification

Again, we cannot evaluate sequential designs for all possible situations of parameter misspec-
ification. We will consider some representative cases that range from mild misspecification
to severe misspecification. As before, we use m1 = β1/b1 and m2 = β2/b2 to measure the
extent of misspecifications, where β1 and β2 are true parameters; b1 and b2 are corresponding
initial guesses. We will consider four cases of parameter misspecifications: (1) m1 = m2 = 2;
(2) m1 = m2 = 1; (3) m1 = 0.3, m2 = 0.4 and (4) m1 = m2 = 0.2. These four cases represent
different severity of misspecifications.

Simulation Results

Table 4.2 gives the simulated D-efficiency for four different models with four different pa-
rameter misspecifications. Based on Table 4.2, we can make two comments about sequential
designs as follows:

1. Sequential designs are very efficient and robust to parameter misspecification. As
shown in Table 4.2, the D-efficiency is as high as 0.88 even for the worst case. In
general, it works much better than the conditional D-optimal design under parameter
misspecifications (see Section 2.3).

2. Though sequential designs work better for larger experiments, they are quite efficient
even for an experiment as small as 24 runs. For larger experiments, the portion of
experimental runs based on misspecified parameters is smaller so the design efficiency
is larger. Table 4.2 shows that the design efficiency is at least 0.97 for experiments of
96 runs.

For the same parameter misspecification, the performance of the sequential design
is model-dependent. Thus, there is no point comparing D-efficiency of sequential designs
for different models in Table 4.2. To illustrate this point, we consider the first two models,
for which r = −1 and −0.5, respectively. Though sequential designs are efficient for both
models, there is slight difference between sequential designs for these two models in terms of
D-efficiency. For example, when there is no misspecification of main effects (m1 = m2 = 1),
sequential designs work a little better for model 2 than for model 1. Apart from randomness,
this slight difference mainly results from the initial experiment. For the initial experiment,
we use the conditional D-optimal design, which assumes that r = 0. For model 1, the
interaction point of the D-optimal design is (0.3679, 0.3679), and for model 2, this point
is located at (0.2905, 0.2905). When m1 = m2 = 1, the implemented interaction point of
the initial experiment is (0.1353, 0.1353), which is closer to the optimal interaction point for
model 2 than for model 1. This slight difference explains the slightly higher D-efficiency of
sequential designs for model 2. However, sequential designs perform a little better for model



CHAPTER 4. SEQUENTIAL DESIGNS 69

Table 4.2: D-efficiency of Sequential Designs

λ = exp(6.0− 2x1 − 0.2x2 − 0.4x1x2), r = −1
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.9161 0.9391 0.9537 0.9234
48 0.9583 0.9702 0.9771 0.9640
96 0.9790 0.9850 0.9883 0.9811

λ = exp(6.0− 0.4x1 − x2 − 0.2x1x2), r = −0.5
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.9106 0.9624 0.9420 0.9193
48 0.9545 0.9813 0.9708 0.9592
96 0.9774 0.9908 0.9854 0.9791

λ = exp(5.0− x1 − 1.5x2 − 0x1x2), r = 0
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.8870 0.9665 0.9035 0.8809
48 0.9406 0.9771 0.9444 0.9402
96 0.9666 0.9902 0.9699 0.9674

λ = exp(5.0− 2x1 − 3x2 + 1.2x1x2), r = 0.2
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.9142 0.9350 0.8869 0.8793
48 0.9434 0.9614 0.9369 0.9286
96 0.9700 0.9767 0.9628 0.9604

1 when there are parameter misspecifications of main effects. This can also be explained
by looking at the conditional D-optimal design in the initial experiment. When the main
effects are downwardly misspecified (m1 = m2 = 2), the mean response at the interaction
point of the initial experiment is close to zero so the simulated responses at that point are
all zeros. Zero responses at the interaction point give a biased estimate of the interaction
term β12 and thus a biased estimate of r. It happens that the bias is smaller for model 1
than for model 2 so sequential designs are slightly better for model 1. When m1 = 0.3 and
m2 = 0.4, the interaction point of the initial experiment is located at (0.5488, 0.4493) and
it is closer to the interaction point of the D-optimal design for model 1 than for model 2.
Thus, the D-efficiency is slightly smaller for model 2. For m1 = m2 = 0.2, we can explain
the difference similarly.

4.2.4 Restricted Design Space

We have discussed sequential designs on the unrestricted design space. As discussed earlier,
certain restrictions need to be imposed on the design space in many applications. In Section
2.3, we discussed a simple way to restrict the design space, namely, we set some lower
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boundaries for the IED levels, q1 and q2. However, we also pointed out that restrictions of
this type are not strong enough in practice as moderate IED levels could give very small
MED level. In this section, we will investigate stronger restrictions and investigate how
sequential designs perform under such restrictions.

In this section, we will restrict the design region by forcing the MED level, instead
of IED levels, to be greater than some lower boundary. Restrictions of this type can avoid
undesirable small proportions of survival, which is necessary in a lot of applications. However,
under such restrictions, the design space depends on the unknown parameters β. In what
follows, we will discuss this dependence.

Suppose the lower boundary of MED levels is some desirable constant c, i.e.:

exp(β1x1 + β2x2 + β12x1x2) ≥ c.

Recall that q1 = exp(β1x1), q2 = exp(β2x2) and r = β12/β1β2; the above inequality
implies that

ln(q1) + ln(q2) + r ln(q1) ln(q2) ≥ ln(c). (4.8)

Obviously, the design space defined by (4.8) depends on r. For illustration, the
restricting curve in (4.8) is plotted for c = 0.3 and different values of r in Figure (4.3). In
the figure, the areas above the restricting curves are the restricted design regions. We can
see that larger r gives larger design space.

We have assumed that, at any point, increasing the dose or amount of either or both
toxicants at least does not increase the mean response. This assumption implies that the
MED level q is not greater than the IED levels q1 and q2 at any point. Therefore, if we
restrict the MED level by (4.8), we will have q1 ≥ c and q2 ≥ c.

Usually, we need to specify the design space before we design an experiment. Un-
fortunately, the above discussion reveals that the restrictions imposed on the design space
depend on the unknown parameters. Thus, misspecification of parameters has impact on
both the design and the design space. This implies that parameter misspecification becomes
a more serious issue. In what follows, we will discuss how to use sequential designs to deal
with this issue.

Locally D-optimal Designs

First of all, we shall study the locally D-optimal design as it provides a benchmark with
which to calibrate any other design. Obviously, the locally D-optimal design depends on r
in the sense that both the design and the design space depend on r. Lemma 2.2 still applies
here. Specifically, for a given r, we firstly specify the design space by using (4.8). Then, as
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Figure 4.3: Restricted Design Regions for Different r, c = 0.3

before, we use some numerical methods to find the design under the nonlinear restriction.
The numerical method adopted here is Quasi-Newton method for its capability of nonlinear
optimization.

Without loss of generality, we shall assume that c = 0.3 in this section. The upper
boundary defined in (2.1) also applies here. Actually, when r reaches the upper boundary,
−1/ ln(c), the design space is just the rectangular region defined by q1 ≥ c and q2 ≥ c.
Theoretically, r can take any value less than −1/ ln(c). However, we will mainly focus on
−1 ≤ r ≤ −1/ ln(c) as this range is very common in practice. For some typical values of
r between −1 and −1/ ln(0.3), Table 4.3 lists the corresponding D-optimal designs on the
restricted region defined by ln(q1) + ln(q2) + r ln(q1) ln(q2) ≥ ln(0.3).

Like D-optimal designs on the unrestricted design space discussed in Chapter 2, the
designs in Table 4.3 are also four-point designs with equal allocation, i.e., p1 = p2 = p3 =
p4 = 1/4. These four points are the control point; two pure component points located
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Table 4.3: D-optimal Designs on Restricted Region, q ≥ 0.3, p1 = p2 = p3 = p4 =
1/4

r Designs
β12/β1β2 q11 = q21 q12 = q23 q13 = q22 q14 = q24

-1 1 0.3 1 0.6160
-0.75 1 0.3 1 0.6029
-0.5 1 0.3 1 0.5878
-0.25 1 0.3 1 0.5698
-0.2 1 0.3 1 0.5658
-0.1 1 0.3 1 0.5572
0 1 0.3 1 0.5477

0.1 1 0.3 1 0.5373
0.2 1 0.3 1 0.5255
0.25 1 0.3 1 0.5191
0.5 1 0.3 1 0.4780
0.75 1 0.3 1 0.3993

Ubound 1 0.3 1 0.3000

at (0.3, 1) and (1, 0.3); and an interaction point whose location depends on r. D-optimal
designs for other values of c have the same structure. More specifically, for any c ≥ 0.1353,
the two pure component points are located at (c, 1) and (1, c); and the interaction point is
nothing but the intersection of the line q1 = q2 and the restricting curve ln(q1) + ln(q2) +
r ln(q1) ln(q2) ≥ ln(c). It can be shown that this intersection point is located at (exp(−1

/
r+√

1 + r ln(c)
/
r), exp(−1

/
r +

√
1 + r ln(c)

/
r)).

Conditional D-optimal Designs

Both the design and design space being dependent on the unknown ratio r makes the locally
D-optimal design in Table 4.3 impractical. As before, the conditional D-optimal design,
which assumes that r = 0, might be a practical choice. However, we would not expect that
the conditional D-optimal design performs well due to three facts: (1) misspecification of r
gives wrong location of the interaction point; (2) misspecification of main effects is still a
problem as before; (3) misspecification of r results in misspecification of design space, which
means some points might situate out of the desirable restricted design space. Therefore, the
implemented conditional D-optimal design may be far away from the D-optimal design so we
need a practical design better than the conditional D-optimal design. Next, we will discuss
the sequential design under such restrictions and see if it provides a better solution.
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Sequential Designs

In this part, we will investigate how sequential designs perform on the restricted design
space. After each experimental run in a sequential design, we use the up-to-date estimates
to redefine the design space as well as to locate the next design point. As the up-to-date
estimates get close the true parameters, both the design space and the design point should
be close to their counterparts under no misspecification. Intuitively, we would expect that
the sequential design is close to the optimal design in general, especially for experiments of
large size.

The algorithm described in Section 4.2.1 can be used here with one adjustment: in
step (2), the maximization of |I(Xk, β̂k) + J(x, β̂k)| should be subject to the nonlinear
constraint defined in (4.8) with r̂k substituted for r, where r̂k is the estimate of r after
making k observations.

To illustrate the procedure, a simulated example is given next. In the example, we
assume that the true model is λ = exp(5.5− 0.5x1 − 2x2 − 0.5x1x2) and the design space is
restricted by ln(q1)+ln(q2)+r ln(q1) ln(q2) ≥ ln(0.3). The initial parameter misspecifications
are specified by m1 = m2 = 2 and the total of experimental runs is assumed to be 48.

For the assumed true model, r = −0.5. From Table 4.3, we can see that the D-optimal
design consists of four points, which are the control point, pure component points (0.3, 1)
and (1, 0.3), and the interaction point (0.5878, 0.5878), as illustrated in Figure 4.4(a). Note
that the interaction point is the intersection of the line q1 = q2 and the restricting curve
ln(q1) + ln(q2) + r ln(q1) ln(q2) ≥ ln(0.3).

We start with the conditional D-optimal design with 4 runs as illustrated in Figure
4.4(b). Due to misspecification of main effects (m1 = m2 = 2), the four points are the
control point, two pure component points (0.09, 1) and (1, 0.09), and the interaction point
(0.3, 0.3). We can see that three out of the four runs are out of the restricted region due
to misspecification of main effects. Clearly, the conditional D-optimal design is not a good
choice for this situation. We then simulate 4 responses from the true model for this initial
experiment. Based on these responses, we can obtain the estimates of parameters as β̂4 =
(5.4424,−0.5544,−1.7236,−0.6019)′ and r̂4 = −0.6299. We then use this estimate of r to
redefine the design space by ln(q1) + ln(q2) − 0.6299 ln(q1) ln(q2) ≥ ln(0.3) and locate the
fifth run by maximizing |I(Xk, β̂4)+J(x, β̂4)| over the redefined design space. The fifth run
turns out to be (q15, q25) = (1, 1), i.e., the control point. Implementing the fifth run based
on β̂4 gives one more response and then we can update the estimates. The above process is
repeated until 48 runs are used up.

Figure 4.4 pictures the process of this simulated sequential experiment. Figure 4.4(a)
plots the structure of the D-optimal design for the true model. The curve in the plot is the
restricting curve. One can see that three out of the four points of the optimal design are
located on the curve, or the lower boundary of the design space. Any efficient design should
take similar structure. Figure 4.4(b) is the initial experiment, i.e., the conditional D-optimal
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Figure 4.4: An Example of Sequential Design on Restricted Region. The conditional
D-optimal design is used in the initial experiment. The total runs are 48 and 4
runs are used in the initial experiment. The true model is assumed to be λ =
exp(5.5 − 0.5x1 − 2x2 − 0.5x1x2) and parameter misspecifications are specified by
m1 = m2 = 2)
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design with one run at each of the four points. We can see that three out of the four runs
are out of the restricted design space. Figure 4.4(c) depicts the structure of the sequential
experiment after 24 runs. One can see that all the experimental runs are clustered around
the optimal points except the initial four runs. After 48 runs, the sequential experiment
forms four clusters, corresponding to the four points in the D-optimal design. Each of the
four clusters has about 1/4 of the total runs. This is also close to the D-optimal design,
which is an equal-allocation design.

From the geometric closeness, we would expect that the sequential design performs
well relative to the D-optimal design on the restricted design space. Of course, this is just a
particular example of sequential designs and we will discuss evaluation of restricted sequential
designs in general next.

Evaluation

In the last part, we gave a simple example of sequential designs. Figure 4.4 geometrically
illustrates that it is quite close to the D-optimal design. In this part, we will discuss the
evaluation of sequential designs on restricted regions and see how this method performs in
general.

Up to this point, D-efficiency has been used to evaluate a design of interest. For
instance, we used the D-efficiency to evaluate the conditional D-optimal design in Chapter
2; we also computed D-efficiency defined in (4.2) to see how sequential designs perform on
unrestricted regions. Basically, D-efficiency compares a particular design with the D-optimal
design in terms of the determinant of the Fisher information matrix. As discussed in Chapter
1, D-efficiency has a practical meaning (it gives the relative sample size of a particular design
to achieve the same precision as the D-optimal design) and it is a very useful measure.

A basic assumption of D-efficiency is that the design of interest and the D-optimal
design have the same design space. However, for restricted design regions, we have seen
that some points of the conditional D-optimal design or the sequential design are out of
the restricted region due to parameter misspecification, as illustrated in Figure 4.4. Since
design regions are not the same, it does not make sense to compare two designs in terms
of D-efficiency. Besides, D-efficiency, which addresses parameter estimation, is not the only
concern here. Recall that we impose some constraints on the design space because of physical,
biological or economical reasons. Experimentation out of a particular region is not desirable
or even not possible. Therefore, for experimentation on restricted regions, a design should
first follow the restrictions and then, under this condition, high efficiency is pursued. A
design out of the region is not desirable even it is efficient. Take the conditional D-optimal
design in Figure 4.4(b) for example. If we use up all the 48 runs based on this design, it
can be computed that the D-efficiency of this design is 1.53. It is more efficient than the
D-optimal design because it is out of the region in which the D-optimal design is restricted
to reside. Recall that, due to parameter misspecification, the four points of the conditional
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D-optimal design are (1, 1), (0.09, 1), (1, 0.09), and (0.3, 0.3). Remember that in this example
we restrict the proportion of survival should at least be 0.3 at any point; however, the actual
MED levels at point 2, 3 and 4 are 0.09, 0.09, and 0.04, respectively. Such low proportions
of survival are not desirable or even unachievable and should be avoided.

Clearly, D-efficiency is not an appropriate tool for evaluation of a design on the
restricted region as it does not penalize designs out of the specified space. We need some
new measure. Basically, any desirable measure should praise designs close to the D-optimal
design and penalize those far away. The failure of D-efficiency here is due to the fact that
it gives a high score to the design that is out of the restricted region and far away from the
D-optimal design.

If we still want to use D-efficiency as an evaluation measure, adjustment must be
made. Basically, certain penalty must be imposed on the design points out of the restricted
region. Clearly, when penalizing the outside points, we should follow the rule that a point
that is far away from the restricted region should receive more severe penalty than a point
close to the restricted region. Of course, there are many different types of penalty mechanisms
and the choice is really case-dependent. For example, if the consequence of an outside
experimental run is serious, a severe penalty rule should be enforced; on the other hand,
if experimentation outside the restricted region is tolerable, though undesirable, a minor
penalty should be given. In what follows, we will discuss a simple type of penalty mechanism
and the resulting penalized D-efficiency.

We know that an outside point wrongly inflating D-efficiency should be penalized
when computing D-efficiency. One way to correct the wrong inflation is that we can map
the outside point to an inside point and use this “mirror” point, instead of the outside point
itself, to compute D-efficiency. We will first introduce a simple mapping and discuss its
justification afterwards.

Note that we can classify all the design points into four categories: control point
(q1 = q2 = 1, or equivalently x1 = x2 = 0), pure component point I (q1 < 1 and q2 = 1, or
equivalently x1 > 0 and x2 = 0), pure component point II (q1 = 1 and q2 < 1, or equivalently
x1 = 0 and x2 > 0) and interaction point (q1 < 1 and q2 < 1, or equivalently x1 > 0 and
x2 > 0). Suppose that an outside point is (x′1, x

′
2) and the point of the same category in

the D-optimal design is (x1, x2). Its mirror point is given as (x′′1, x
′′
2), where x′′1 = 2x1 − x′1

and x′′2 = 2x2 − x′2. Equivalently, if we denote the outside point and its corresponding
optimal point by (q′1, q

′
2) and (q1, q2), respectively, then its mirror point is (q′′1 , q

′′
2), where

q′′1/q1 = q1/q
′
1 and q′′2/q2 = q2/q

′
2. For completeness, we define the mirror point of an inside

point or a point on the boundary as itself. Suppose that the original design matrix is X and
after mapping each point to its mirror point as discussed above, the design matrix is mapped
to its mirror matrix X . We then derive the Fisher information matrix for the design X based
on its mirror matrix X . The penalized D-efficiency for a particular sequential design on the
restricted region is defined in terms of its mirror design matrix as follows:
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Effpenalized =

( |I(X ,β)| of the sequential design

|I(X, β)| of the D-optimal design

)1/p

, (4.9)

where p is the number of parameters.

We now consider the rationale behind the above mapping and the penalized D-
efficiency. For any design, the control point is not affected by misspecification and it’s always
inside the restricted region. The two pure component points and the interaction point are
possibly out of the desirable region due to misspecification. Note that the pure component
points and the interaction point of the D-optimal design are located on the restricting curve
as defined in (4.8). An inside pure component or interaction point contributes less to D-
efficiency of the design than its optimal counterpart and, generally, its contribution becomes
smaller as its distance from its corresponding optimal point increases. On the other hand,
an outside point generally contribute more to D-efficiency than its corresponding optimal
point but it is not desirable as it does not follow the restriction. In general, the further an
outside point is from the its optimal counterpart, the more it will cost to run an experiment
at this point. Thus a further point should be punished more severely. The above mapping,
which maps an outside point to its inside mirror point, is able to provide such a mechanism
of penalty. It is easy to see that an outside point close to the boundary will be mapped to
an inside point that is also close to the boundary. Therefore, the penalty is minor since such
an inside point is close to the optimal point in terms of D-efficiency. A further outside point
will be mapped to an inside point further from the boundary and thus be severely penalized
as a further inside point contributes less to D-efficiency.

We shall use the penalized D-efficiency in (4.9) to evaluate sequential designs on
the restricted region. As discussed in Section 4.2.3, the Fisher information matrix of a
sequential design is intractable and simulation will be used to estimate the Fisher information
matrix. We will evaluate three true models with r = −0.5, 0 and 0.5, respectively. Table 4.4
lists the penalized D-efficiency of sequential designs under three different misspecifications:
no misspecification (m1 = m2 = 1), mild misspecification (m1 = m2 = 2) and severe
misspecification (m1 = m2 = 0.2).

We shall give some comments on the penalized D-efficiency and sequential designs
based on the simulation results in Table 4.4:

1. Firstly, all the penalized efficiencies are between 0 and 1 as desired. The best case
occurs when there is no misspecification (r = 1,m1 = m2 = 0), which, of course,
deserves the highest score. The worst two cases are (r = −0.5,m1 = m2 = 2) and
(r = 0.5,m1 = m2 = 0.2). This can be explained by inspecting the initial experiments
for these two cases. Recall that the initial experiment is the conditional D-optimal
design, which assumes that r = 0. Figure 4.3 shows that the lower boundary of the
design space for r = 0 is outside of the boundary for r = −0.5. Thus the design space
is misspecified. Downward misspecification of main effect (m1 = m2 = 2) makes the
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Table 4.4: Penalized D-efficiency of Sequential Design and Conditional D-optimal
Design on Restricted Region, m1 = m2 = m.

λ = exp(6.0− 0.5x1 − 2.0x2 − 0.5x1x2), r = −0.5
Sequential Design Conditional Optimal Design

n m = 2.0 m = 1.0 m = 0.2 m = 2.0 m = 1.0 m = 0.2
24 0.8539 0.9477 0.8651
48 0.9304 0.9626 0.9242 0.0000 0.9061 0.0932
96 0.9623 0.9703 0.9530

λ = exp(6.0− x1 − 2x2 − 0x1x2), r = 0
Sequential Design Conditional Optimal Design

n m = 2.0 m = 1.0 m = 0.2 m = 2.0 m = 1.0 m = 0.2
24 0.8631 0.9574 0.8523
48 0.9486 0.9678 0.9177 0.0000 1.0000 0.0824
96 0.9712 0.9733 0.9503

λ = exp(6.5− 2x1 − 1.5x2 + 1.5x1x2), r = 0.5
Sequential Design Conditional Optimal Design

n m = 2.0 m = 1.0 m = 0.2 m = 2.0 m = 1.0 m = 0.2
24 0.8662 0.9330 0.8406
48 0.9394 0.9546 0.9145 0.0000 0.8534 0.0673
96 0.9646 0.9676 0.9483

situation even worse in that the three runs on the boundary for r = 0 are now outside of
the already-misspecified design space due to misspecification of main effects. Therefore,
these runs in the initial experiment, perhaps some runs after the initial experiment,
are severely punished for being outside of the restricted region and far away from the
boundary. This severe penalty causes low design efficiency. Similarly, we can explain
the low efficiency for (r = 0.5,m1 = m2 = 0.2), where the initial experimental runs
are inside the restricted region but too far away from the boundary. This justifies, at
least partially, the penalized D-efficiency as a rational measure.

2. Table 4.4 indicates that, in terms of the penalized D-efficiency, the sequential design
works quite well on restricted regions. For experiments of 48 runs, the efficiency is
always above 90% and it gets better for larger experiments.

3. As mentioned before, there is no point comparing design efficiency of sequential de-
signs across different models because, for the same misspecification, performance of
the sequential design is model-dependent. Take the first two models in Table 4.4 for
example. For m1 = m2 = 2 and m1 = m2 = 1, sequential designs for the second model
(r = 0) are more efficient because there is no misspecification of design space under
this model. However, for m1 = m2 = 0.2, the first model (r = −0.5) has larger effi-
ciency because upward misspecification of main effects somehow counteracts the effect
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of misspecification of design space.

For comparison, Table 4.4 also gives the penalized D-efficiency of the conditional D-
optimal design. Note that efficiency of the conditional D-optimal design is independent of the
sample size n. Under no misspecification (r = 0,m1 = m2 = 1), the conditional D-optimal
design, which happens to be the D-optimal design, beats the sequential design. However,
when misspecification occurs, sequential designs are much more efficient. Particulary, for
m1 = m2 = 2, three of the four points for the conditional D-optimal design are way out
of the restricted region. The penalty is so severe that all the three points are mapped to
the control point. Thus, the mapped design degenerates to a one-point design and the
corresponding information matrix is singular, which explains the zero efficiency.

Recall that the above mapping scheme maps an outside point (x′1, x
′
2) to an inside

point (x′′1, x
′′
2), where x′′1 = x1 + (x1− x′1), x′′2 = x2 + (x2− x′2) and (x1, x2) is the correspond-

ing optimal point. This mapping scheme can be adjusted according to the nature of the
restriction. If experimentation out of the restricted region is extremely costly and should be
avoided whenever possible, an outside point should be more severely penalized. To this end,
we can adjust the mapping scheme so that x′′1 = x1 + δ(x1 − x′1) and x′′2 = x2 + δ(x2 − x′2),
where δ is some constant greater than 1. Obviously, larger δ implies more severe penalty.
Choice of δ is arbitrary and depends on the cost of an outside experimental run. Note
that the mapping scheme we discussed earlier simply chooses 1 for δ. On the other hand,
if an outside run, though undesirable, does not incur serious consequence, we should give
less severe penalty to an outside point so δ should be between 0 and 1. If we denote the
outside point and its corresponding optimal point by (q′1, q

′
2) and (q1, q2), respectively, based

on the adjusted mapping scheme, its mirror point is (q′′1 , q
′′
2), where q′′1/q1 = (q1/q

′
1)

δ and
q′′2/q2 = (q2/q

′
2)

δ.

Up to this point, we have demonstrated that sequential designs are very efficient and
robust to parameter misspecifications on both unrestricted and restricted regions. Next, we
will discuss statistical inferences based on sequential designs.

4.2.5 Inference Based on Sequential Designs

In constructing sequential designs, we actually work with the observed information matrix
rather than the Fisher information matrix (see Section 4.2.1 ). As we have stated earlier,
this raises no question of principle; all that matters is whether the method is effective or
not in practice. We have demonstrated that sequential experimentation is indeed effective.
However, having constructed a design sequentially, we will usually wish to make inferences
about model parameters β, and questions arise about how the sequential construction affects
inferences. In this section, we will discuss this issue.

Suppose that we construct a sequential design x1, . . . ,xn. The likelihood function
arising from this sequentially constructed design is given in (4.3). If the design had not
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been constructed sequentially and we had merely taken independent observations at the
predetermined design points x1, . . . ,xn, we can easily see that the likelihood function will
stay the same. Therefore, if either a Bayesian or likelihood-based approach to inferences is
adopted, we can just ignore the fact that the design is sequential and make inferences as if
all the observations are independent of each other.

However, if a repeated-sampling approach is adopted, the situation is not so clear-
cut. The repeated-sampling properties of sequential designs are quite different from those of
predetermined designs; the design achieved varies from occasion to occasion in the former,
but not in the latter. Still, when making inferences from a sequential design, one is tempted
to ignore the sequential construction. Standard methods and software for analyzing prede-
termined designs are often used to make inferences from sequentially constructed designs.
But is it a right or reasonable thing to do?

Suppose, in particular, that we wish to construct a confidence region for the model
parameters β based on a sequentially constructed design X ′ = (x1, . . . ,xn). As before, we de-
note the observed information matrix for the kth observation by J(xk,β), the (i, j)th compo-
nent of which is E (−∂2 log p(yk|y1, . . . , yk−1,β)/∂βi∂βj). The observed information matrix
of all the n observations is I(β|yn−1) =

∑n
k=1 J(xk,β). For a pre-determined design with in-

dependent observations, the (i, j)th component of J(xk,β) is simply E (−∂2 log p(yk)/∂βi∂βj)
and I(β|yn−1) =

∑n
k=1 J(xk,β) is the Fisher information matrix. Given sufficient regularity,

standard large-sample theory applies and, for large n, the maximum likelihood estimator β̂
of β is approximately normally distributed with mean β and variance matrix I−1(β|yn−1).
From this, confidence regions for β can be constructed as in (4.10). Note that the degree of
freedom for χ2 distribution in (4.10) is the dimension of β.

{β : (β̂ − β)′I(β|yn−1)(β̂ − β) ≤ χ2
α}. (4.10)

Of course, β is unknown in practice. so we replace I(β|yn−1) with I(β̂|yn−1). We
know (4.10) is the right way to construct the confidence region for independent observations
because for independent observations I(β|yn−1) is the Fisher information matrix. However, if
the design X ′ = (x1, . . . ,xn) is achieved by sequential construction, we know that I(β|yn−1)
is not the Fisher information matrix. But is it still an adequate approximation to the variance
matrix of β̂? Should we use instead the inverse of the Fisher information matrix?

Unfortunately, there is no asymptotic theory in the literature to support the use of
(4.10) for repeated-sampling inferences based on sequentially constructed designs. Empirical
investigation of questions like those posed above therefore seems to be necessary. Ford and
Silvey (1980) studied the sequential design for estimating a nonlinear function of parameters
for a linear regression model. They looked at some of the above questions using a simulation
study. For the one-variable logistic regression, Minkin (1987) empirically investigated the
actual coverage of the confidence region defined in (4.10) for the two-stage design. Both
studies reach the same conclusion that (4.10) works well for sequential designs. The extent
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to which similar conclusions apply to other examples such as our situation is, of course, open
to question. In the following, we will do some simulations to investigate if we can use (4.10)
for sequential designs we have discussed.

For a given model and parameter misspecification, we can simulate a sequential ex-
periment and estimate β. Then I(β̂|yn−1) can be obtained and a 100(1 − α)% confidence
region defined in (4.10) is constructed. We then check if this region contains the true pa-
rameters. Suppose that we repeat this process K times and C out the K confidence regions
cover the true parameters; then the ration, C/K, is an estimate of actual coverage if K is
large enough. If this ratio is close to the nominal level, 100(1 − α)%, we can conclude that
(4.10) works well for this situation.

We consider five models with different values of r. For each model and given misspec-
ification of main effects, we simulate 500 sequential experiments, each with 48 runs. For each
of these 500 experiments, we use the parameter estimates and observed information matrix
to construct the confidence region based on (4.10). We then count how many of the 500
confidence regions cover the true parameters and then compute the actual coverage. On the
other hand, based on the discussion in Section 4.2.3, for each model, we can use the average
of the 500 observed information matrices to approximate the expected information matrix.
We then use the parameter estimates and the approximated expected information matrix
to construct confidence regions. These two types of confidence regions will be compared in
terms of their actual coverage. Two nominal confidence levels will be considered: one is 90%
and the other is 95%. Table 4.5 gives the simulation results.

Table 4.5: Coverage of Confidence Regions Based on Expected and Observed Information
Matrices for Sequential Designs

Actual Coverage
True Model 90% Confidence Region 95% Confidence Region

β′ m1 m2 Expecteda Observedb Expected Observed
(5.5,−2.0,−0.2,−0.4) 2.0 2.0 0.904 0.908 0.940 0.940
(5.0,−1.0,−1.0,−0.5) 2.0 0.5 0.900 0.904 0.944 0.946
(4.5,−0.2,−1.0,−0.2) 0.5 0.5 0.901 0.903 0.949 0.951
(5.0,−1.2,−2.5,−0.0) 0.2 1.0 0.896 0.908 0.952 0.964
(4.0,−3.0,−2.0, 1.2) 2.0 1.0 0.904 0.910 0.942 0.952

aactual coverage based on expected information matrix.
bactual coverage based on observed information matrix.

From Table 4.5, we can see that the confidence regions based on the observed infor-
mation matrix have slightly higher coverage than those based on the expected information
matrix. However, they are actually close to each other and both are close to nominal confi-
dence levels. Thus, there is no compelling reason for using the expected information matrix
to construct confidence regions. In other words, we can just ignore the fact that the design is
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sequentially constructed and simply use the observed information matrix to make inferences.
This simulation result is in accordance with the conclusion in Ford and Silvey (1980) and
Minkin (1987).

4.3 Two-stage Designs

4.3.1 Two-stage Procedure

In the last section, we have seen that sequential designs are very efficient and robust to
parameter misspecification. However, sequential experimentation has a major drawback:
a sequential experiment is generally more costly than a non-sequential one. In general,
sequential experimentation costs more time, especially when it takes a long time to obtain
an observation. However, we have also seen that non-sequential designs in Chapter 2 can be
very inefficient under parameter misspecification.

One way out of this dilemma is that we could carry out the experiment sequentially
but in less stages. The sequential design in the last section is implemented in approximately
n stages and at each stage there is only one experimental run. This type of sequential designs
(one run at a time) is referred to as fully sequential designs or just sequential designs for
brevity. We could reduce the number of stages by increasing the number of runs at each stage.
Thus, the whole experiment, which has less stages, takes less time than a fully sequential
experiment. Meanwhile, we can still update our knowledge about the unknown parameters
after each stage and make better use of experimental resources at the next stage. Sequential
designs of this type (a batch of runs at a time) are referred to as stage-wise designs.

In this section, we will discuss a special case of stage-wise designs, namely, two-stage
designs. In a two-stage design, as the name indicates, we implement the whole experiment
in just two stages. Design of the first stage is primarily used to obtain “good” parameter
for use in the second stage. Usually, little knowledge is available at the first stage and we
design and implement the experiment based on some initial guess. After the experiment of
the first stage is carried out and the responses are observed, we can estimate the parameters
and we then design the experiment for the second stage based on the estimates. We shall
discuss the procedure of two-stage experimentation by starting with the likelihood function.

Suppose that we have n experimental runs in total and we use n1 experimental runs
at the first stage and the remaining n2 = n−n1 at the second stage. The likelihood function
for the observations from the first stage is:

L1(β;y1) =

n1∏
i=1

p(y1|β) =

n1∏
i=1

exp(−λ1i)λ
y1i

1i

y1i!
, (4.11)

where y1 is the observation vector from the first stage and λ1i = exp(β0 + β1x1i + β2x2i +
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β12x1ix2i) for i = 1, 2, . . . , n1.

Based on (4.11), we can derive the Fisher information matrix for the first stage,
namely, I1(β) = −Ey1 (∂2 ln L1(β;y1)/∂β∂β′) . Then we can maximize the determinant of
this information matrix, based on some initial guesses of the parameters, to find the design for
the first stage. In this section, as before, we assume little is known about the interaction term
and the conditional D-optimal design will be used for the first stage. After the experiment
of the first stage is implemented and observations are made, we can obtain estimates of the
parameters.

The joint likelihood function of both stages is the product of the likelihood function
for the first stage and the conditional likelihood function for the second stage given the first
stage, as given in (4.12). Note that, in (4.12), y1 and y2 are the observation vectors of the
first stage and second stage, respectively.

L1,2(β;y1,y2) = L1(β;y1)L2|1(β;y2|y1), (4.12)

where

L2|1(β;y2|y1) =

n2∏
i=1

exp(−λ2j)λ
y2j

2j

y2j!
(4.13)

is the conditional likelihood function in which λ2j = exp(β0 + β1x1j + β2x2j + β12x1jx2j).
The second stage is conditioned on the first stage in the sense that the parameter estimates
from the first stage are used to compute the design levels in the second stage, i.e., the design
matrix X2 depends on the first stage.

The information matrix is the expectation of the second derivative of the log likelihood
function for the data. Thus, taking log of the joint likelihood in (4.12) yields ln(L1,2) =
ln(L1) + ln(L2|1), which further implies:

I1,2(β) = I1(β) + Ey1(I2|1(β|y1)), (4.14)

where I2|1(β) = −Ey2

(
∂2 ln L2|1(β;y2|y1)/∂β∂β′

)
is the observed information matrix for

the second stage.

At the second stage, we should find a design that maximizes the determinant of the
joint information matrix defined in (4.14) with β replaced by estimates from the first stage.
However, the calculation of the expectation, Ey1(I2|1(β|y1)), is extremely difficult. Instead,
we can find the design for the second stage by maximizing the determinant of the observed
information matrix defined as follows:

I1,2(β|y1) = I1(β) + I2|1(β|y1). (4.15)
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Clearly, I1,2(β|y1) defined in (4.15) is not the Fisher information matrix. As stated
earlier in last section, this is of no account as far as design construction is concerned; all
that matters is whether this method results in good designs.

Suppose the conditional D-optimal design is adopted in the first stage and a four-point
design is used in the second stage. It can be shown (see Appendix A.2) that the determinant
of the observed joint information matrix based on (4.15) is:

|I1,2(β|y1)| =
(

λcN

β1β2

)4

|A1 + A2|, (4.16)

where A1 is
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In both matrices ak = ln(q1k), bk = ln(q2k) and dk = pkq1kq2kexp(rakbk).

From the above discussion, the procedure of the two-stage design can be outlined as
follows:

1. Decide n1 and n2.

2. Design the experiment for the first stage. This is done by maximizing |A1| in which β
is replaced by some initial guess. We will use the conditional D-optimal design for the
first stage in this section.
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3. Carry out the experiment, observe the responses and obtain estimates of the parame-
ters, β̂.

4. Find the design for the second stage. This is done by maximizing |A1 + A2|, where β
is replaced by β̂.

5. Carry out the experiment for the second stage, observe the responses and update
estimates of the parameters.

4.3.2 An Example of Two-stage Designs

In this section, we shall give a simple example of two-stage designs to illustrate the two-stage
procedure discussed in the last section.

In the example, we assume that the number of total experimental runs is 48 and the
true model is λ = exp(6− x1 − 2x2 − 0.5x1x2). We know that for this model the D-optimal
design is a saturated and equal-allocation design as listed in Table 4.6. Suppose that we
equally allocate the total experimental runs to the two stages, i.e., n1 = n2 = 24. For the
first stage, we use the conditional D-optimal design based on some initial parameter guess,
b = (b0, b1, b2, b12)

′. Of course, in the conditional D-optimal design, we have b12 = 0, i.e., no
interaction. In this particular example, we assume that we have perfect knowledge about the
main effects, i.e., b1 = β1 = −1 and b2 = β2 = −2. The design for the first stage, in terms
of IED levels and proportions of total runs, is also listed in Table 4.6. We then simulate 24
observations for the first stage design from the true model. Based on these 24 observations,
we obtain the estimates of parameters as β̂ = (6.0088,−1.0303,−1.9539,−0.6331)′. Given
the estimates of β, we can then find the design for the second stage, which is also listed in
Table 4.6. Then the design for the second stage is implemented based on β̂. The implemented
points for the second-stage design are (1, 1), (0.1441, 1), (1, 0.1286) and (0.2553, 0.2361). Note
that they are not the same as but quite close to the optimal points. Finally, the observations
are made and the estimates are updated.

Table 4.6: An Example of Two-stage Design. There are 48 runs in total and 24
runs in each of the two stages. The true model is assumed to be λ = exp(6− x1 −
2x2 − 0.5x1x2) and parameter misspecifications are specified by m1 = m2 = 1.

D-optimal Design First-stage Design Second-stage Design

Point pi (q1i, q2i) pi (q1i, q2i) pi (q1i, q2i)
1 0.25 (1, 1) 0.125 (1, 1) 0.116 (1, 1)
2 0.25 (0.1353, 1) 0.125 (0.1353, 1) 0.115 (0.1359, 1)
3 0.25 (1, 0.1353) 0.125 (1, 0.1353) 0.115 (1, 0.1348)
4 0.25 (0.2313, 0.2313) 0.125 (0.1353, 0.1353) 0.154 (0.2450, 0.2441)
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We use this example to illustrate how a two-stage design works under parameter
misspecifications. To make the explanation easier, we have purposely assumed there is no
misspecification of main effects and only the interaction is misspecified at the first stage. Due
to misspecification, we can see that the interaction point in the first stage is (0.1353, 0.1353).
Note that the optimal interaction point is (0.2313, 0.2313). Thus, in the first stage, the
MED level at the interaction point is smaller than the optimal value. Therefore, this design
fails to provide as much information about the interaction as possible. The second-stage
design, which maximizes the determinant of joint information matrix based on more accurate
information, tries to make up the misspecification in the first stage by extracting more
information about the interaction. This is achieved in two ways: (1) the second-stage design
puts slightly more experimental resources at the interaction point than any other point;
(2) the second stage design pushes the MED level at the interaction point (0.2450, 0.2441)
higher than the corresponding MED level in the D-optimal design, in an effort to correct
the unduly small MED level at the first stage. In a word, the two-stage design improves the
design efficiency by making better use of the experiment at the second stage. One might
notice that the designs in Table 4.6 are continuous. In practice, we need to convert them
to exact design according to some algorithms. Atkinson and Donev (1992) discussed such
algorithms in their book.

4.3.3 Evaluation of Two-stage Designs

This section discusses evaluation of two-stage designs. Similar to (4.2), D-efficiency of a
two-stage design is defined as:

Eff2stage =

( |I(X, β)| of the two-stage design

|I(X, β)| of the D-optimal design

)1/p

, (4.17)

where p is the number of parameters.

It is straightforward to get the Fisher information matrix I(β) for the D-optimal
design. However, as mentioned earlier, it is more complicated for a two-stage design because
it is constructed sequentially and the observations from the first and second stages are not
independent. Following the same idea in Section 4.2.3, we will use simulation to approximate
the Fisher information matrix of a two-stage design. Basically, for a given model, we can
simulate many first-stage observation vectors y1, for each of which we can compute the
observed information matrix defined in (4.15). Given a sample of observed information
matrices, we can average out the observation vector y1 and get an estimate of the Fisher
information matrix. The idea here can be expressed by (4.18):

I(β) = Ey1(I(β|y1)) ≈

K∑
k=1

I(β|yk
1)

K
. (4.18)
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Given an estimate of Fisher information matrix based on (4.18), we can compute
its D-efficiency as defined in (4.17). As in Section 4.2.3, we need to clarify some issues
concerning the simulation:

1. true model and total runs,

2. parameter misspecification,

3. simulation size (number of iterations, i.e., K in (4.18)),

4. strategy to allocate total runs to each stage.

In what follows, we will discuss the above issues. Though most of them are similar to
those in Section (4.2.3), the last issue, allocation of total runs to the two stages, is a special
question for two-stage designs.

True Model, Experiment Size and Parameter Misspecification

Clearly, we cannot evaluate two-stage designs for all true models, neither can we exhaust all
possible experiment sizes or parameter misspecifications. Following Section 4.2.3, we will try
to cover some representative situations. For comparison, we will consider the same situations
as those listed in Table 4.2.

Simulation Size: K

Obviously, the larger K is, the better the approximation in (4.18) is. As mentioned earlier,
the simulation is very time-consuming as each iteration includes many complicated tasks such
as model fitting and numerical optimization of the determinant of the information matrix.
Thus, a reasonable K needs to be determined. As in Section 4.2.3, a plot of the D-efficiency
versus K, like Figure 4.5, can give us some idea of a reasonable K.

Figure 4.5 indicates that the simulated D-efficiency converges after about 70 iter-
ations. Actually, the variation of D-efficiency is quite small after the first 40 iterations,
implying that large K is not necessary. Similar pattern have been found in plots for some
other representative models with different parameter misspecifications. In subsequent simu-
lations, K = 100 is used unless otherwise stated.

Sample Allocation

Suppose that the total sample size is n. Of all the n experimental runs, n1 are implemented
at the first stage and n2 at the second stage. Our question here is how to optimally allocate
the n runs to the two stages. In other words, which (n1, n2) gives the best design efficiency?
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Figure 4.5: D-efficiency versus K. In (a), the true model is λ = exp(6.0−x1−2x2−
x1x2) and parameter misspecifications are specified by m1 = m2 = 0.5; in (b), the
true model is λ = exp(6.0− 2x1− 0.5x2 +0.2x1x2) and parameter misspecifications
are specified by m1 = m2 = 0.5.

The optimal allocation is a very complicated question as it depends on many factors.
Clearly, parameter misspecification plays an important role in the allocation. Intuitively, we
can allocate more experimental resources to the first stage without damage to the design
efficiency when we have sound information about parameters. The extreme case is that, if
there is no misspecification, we should adopt a one-stage design since the D-optimal design
is a one-stage design. Estimates from the first stage also affect allocation. Better estimates
gives a better design for the second stage, thus making more efficient use of the experimental
runs at the second stage. The quality of the first-stage estimates depends on many things
such as the true model, the design of the first stage, and the experiment condition. Total
sample size is another factor that has an impact on allocation. Though different allocation
strategies give different efficiencies for an experiment of 50 runs, we would not expect any
significant difference between them for a 1000-run experiment. There are some other fac-
tors that might affect how to optimally allocate the total experimental resources. The way
the optimal allocation depends on these factors is not clear and very hard, if possible, to
quantify. Therefore, it is practically impossible to analytically work out the optimal allo-
cation. Many authors (Minkin, 1987; Sitter and Wu, 1999) just ignored this issue when
they discussed two-stage designs. Myers et al. (1996) empirically investigated this issue for
the one-variable logistic regression model. Basically, they evaluated some typical allocation
strategies by simulation and made some rough recommendation for the particular case they
studied. Letsinger (1995) did a more extensive simulation for the same model. We will also
do some empirical studies for our situation. Basically, given the true model, the experiment
size and the parameter misspecification, we will simulate the D-efficiency for some reasonable
allocations and then pick the one that gives the highest efficiency. The setup of simulation
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is outlined as follows:

1. We will consider four models: β = (6.0,−1.0,−0.5,−0.5)′, β = (6.0,−3.0,−4.0,−6.0)′,
β = (5.0,−2.0,−1.0,−0.0)′ and β = (5.0,−1.0,−1.0, 0.2)′. Note that r = −1,−0.5, 0
and 0.2 for these four models, respectively.

2. For each model, we choose four misspecifications of main effects to represent different
severity of misspecification: no misspecification (m1 = m2 = 1), mild misspecification
(m1 = m2 = 2 and m1 = 0.3,m2 = 0.4), and severe misspecification (m1 = m2 = 0.2).

3. For each combination of the true model and the parameter misspecification of main
effects, three sample sizes, n = 24, 48 and 96, are considered as they can represent
small, moderate and large experiments.

4. For n = 24, we evaluate 4 different allocations for each combination of the true model
and the parameter misspecification: n1 = 8, 12, 16 and 20; for n = 48, we also consider
four allocations: n1 = 8, 16, 24 and 32; for n = 96, we choose n1 = 16, 24, 32, 48 and
64.

For each sample size n and allocation n1, we simulate the D-efficiency for each com-
bination of the true model and the parameter misspecification. For simplicity, we take the
average of these simulated efficiencies over all the true models and misspecifications. We use
the average efficiency to evaluate the performance of this particular allocation n1. Figure
4.6 plots the average D-efficiency versus different allocations for each experiment size.

Figure 4.6 can give us some insights into the optimal allocation:

1. For the situations we have considered, the optimal allocations are n1 = 12, 16 and 24
for n = 24, 48 and 96, respectively. Note that the optimal proportions of sample size
at the first stage are not the same for experiments of different sizes. For our situation,
the optimal proportions are 1/2, 1/3 and 1/4, respectively. The proportion at the first
stage has a tendency to decrease as the experiment size gets large. This result is in
agreement with Letsinger’s (1995) discovery.

2. The performance of different allocations varies less for larger experiments. This can be
seen by comparing the plots for different n in Figure 4.6.

3. The average D-efficiency is higher for larger experiments, which is quite intuitive.

We know that, to obtain more reliable estimates for the second-stage design, we need
to have more experimental runs at the first stage; however, to reduce the loss of efficiency due
to misspecification at the first stage, we need to have more runs at the second stage. Thus,
optimal allocation is a balance point of these two forces. Unfortunately, this balance point
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Figure 4.6: Average D-efficiency versus n1 for Different n

is case-dependent and there is no general rule. Based on the situation we have considered,
the first-stage experiment should have no less than 3 replications at each point; on the other
hand, the proportion of experimental runs at the first stage should not exceed 1/2 under any
circumstance; further, this proportion should be smaller for larger experiments.

Simulation Results

As indicated earlier, for comparison reason, we shall evaluate two-stage designs for the same
true models, experiment sizes and misspecifications as listed in Table 4.2. Based on the
above discussion about sample allocation, we use 1/2 of the total runs at the first stage for
n = 24; 1/3 for n = 48 and 1/4 for n = 96. Table 4.7 lists the simulated D-efficiency for
each situation.

We now conclude this section by making some comments about two-stage designs
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Table 4.7: D-efficiency of Two-stage Designs

λ = exp(6.0− 2x1 − 0.2x2 − 0.4x1x2), r = −1
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.7618 0.7940 0.8672 0.7905
48 0.8412 0.8373 0.9144 0.8707
96 0.8807 0.8659 0.9373 0.9037

λ = exp(6.0− 0.4x1 − x2 − 0.2x1x2), r = −0.5
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.7344 0.9214 0.8411 0.7439
48 0.8110 0.9510 0.8968 0.8398
96 0.8491 0.9635 0.9242 0.8795

λ = exp(5.0− x1 − 1.5x2 − 0x1x2), r = 0
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.6925 0.9795 0.7300 0.6600
48 0.7535 0.9889 0.8092 0.7133
96 0.8057 0.9912 0.8487 0.7668

λ = exp(5.0− 2x1 − 3x2 + 1.2x1x2), r = 0.2
n m1 = 2, m2 = 2 m1 = 1, m2 = 1 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.8235 0.8904 0.7366 0.6711
48 0.8751 0.9156 0.8097 0.7072
96 0.9036 0.9402 0.8265 0.7601

based on the simulation results in Table 4.7:

1. In general, two-stage designs are quite robust to parameter misspecifications. Except
for a few cases, the D-efficiency is above 80% in Table 4.7.

2. Like sequential designs, two-stage designs are more efficient for larger experiments.
This can be seen from both Figure 4.6 and Table 4.7.

3. When parameters are severely misspecified, the efficiency of two-stage designs drops
below 80% even for experiments of 96 runs. In Table 4.7, this is indicated by efficiencies
for the last two models when m1 = m2 = 0.2. Due to severe misspecification, the
estimates from the first stage are not reliable so the second-staged design is also based
on misspecified parameters, which causes loss of design efficiency.

4. We shall compare the two-stage design to the sequential design and the conditional
D-optimal design in next section.
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4.4 Summary

In this chapter, we have investigated sequential experimental designs for the two-toxicant
interaction model. We now give an summary of this chapter:

1. Firstly, we studied sequential designs on the unrestricted design space for the two-
toxicant interaction model. We outlined the algorithm of sequential designs and il-
lustrated this algorithm with an example. Due to the dependence between the ob-
servations, it is very difficult to analytically extract the Fisher information matrix for
sequential designs. We discussed how to use simulation to approximate the Fisher
information matrix, which further enabled us to compute D-efficiency of sequential
designs. We evaluated the performance of sequential designs by simulation for some
representative models and sample sizes. It has been demonstrated that sequential
designs are very efficient and robust to parameter misspecifications.

2. We discussed restrictions imposed on the design space, which is necessary in many ap-
plications. In Chapter 2, we imposed some lower boundaries on IED levels to prevent
undesirably large proportion of mortality. It turns out that restrictions of this type,
though simple to deal with, are not strong enough at the interaction point. In this
chapter, we proposed a new type of restrictions, namely, restrictions imposed on the
MED level instead of on IED levels. Bounding the MED level can effectively prevent
extremely low survival proportion; however, restrictions of this type depend on pa-
rameters through r. Thus, misspecifications of parameters have impact on both the
design and the design space so the locally optimal design is not a good choice due
to its poor robustness to misspecifications. We proposed sequential designs for this
situation. At each step, we redefine the design space and find the next design point
using the up-to-date estimates. To evaluate designs on restricted regions, we proposed
penalized D-efficiency since the original D-efficiency is not an appropriate measure on
the restricted design space. Based on this penalized D-efficiency, we have demonstrated
that the sequential design works well under restrictions.

3. We discussed statistical inferences based on sequential designs. We pointed out that,
if either a Bayesian or likelihood-based approach to inferences is adopted, we can
just ignore the fact that the design is sequentially constructed and make inferences
as if all the observations are independent of each other. For the repeated-sampling
approach, we did a small simulation to demonstrate that the actual coverage of the
confidence region based on the observed information matrix is close to that based on
the expected information matrix and both are close to the nominal level. Therefore,
when constructing the confidence region, we can just pretend that the observations
are independent and treat the observed information matrix as the Fisher information
matrix.
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4. To reduce the stages of sequential designs, we proposed two-stage designs for the Pois-
son regression model. The algorithm for two-stage designs is similar to that for se-
quential designs. A particular problem with two-stage designs is how to optimally
allocate the total sample to the two stages. For some representative sample sizes, we
did a simulation to evaluate some typical allocation strategies and found optimal allo-
cations. We then simulated D-efficiencies of two-stage designs based on these optimal
allocations. We have found that two-stages are quite efficient unless parameters are
severely misspecified.

Table 4.8: D-efficiency of Sequential, Two-stage and Conditional D-optimal Designs

λ = exp(6.0− 2x1 − 0.2x2 − 0.4x1x2), r = −1
n m1 = 2.0, m2 = 2.0 m1 = 1.0, m2 = 1.0 m1 = 0.3, m2 = 0.4 m1 = m2 = 0.2
24 0.9161a 0.7618b 0.9391 0.7940 0.9537 0.8672 0.9234 0.7905
48 0.9583 0.8412 0.9702 0.8373 0.9771 0.9144 0.9640 0.8707
96 0.9790 0.8807 0.9850 0.8659 0.9883 0.9373 0.9811 0.9037
cc 0.0154 0.5729 0.6084 0.2966

λ = exp(6.0− 0.4x1 − x2 − 0.2x1x2), r = −0.5
n m1 = 2.0, m2 = 2.0 m1 = 1.0, m2 = 1.0 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.9106 0.7344 0.9624 0.9214 0.9420 0.8411 0.9193 0.7439
48 0.9545 0.8110 0.9813 0.9510 0.9708 0.8968 0.9592 0.8398
96 0.9774 0.8491 0.9908 0.9635 0.9854 0.9242 0.9791 0.8795
c 0.0979 0.8107 0.5544 0.2596

λ = exp(5.0− x1 − 1.5x2 − 0x1x2), r = 0
n m1 = 2.0, m2 = 2.0 m1 = 1.0, m2 = 1.0 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.8870 0.6925 0.9665 0.9795 0.9035 0.7300 0.8809 0.6600
48 0.9406 0.7535 0.9771 0.9889 0.9444 0.8092 0.9402 0.7133
96 0.9666 0.8057 0.9902 0.9912 0.9699 0.8487 0.9674 0.7668
c 0.5412 1.0000 0.4404 0.1982

λ = exp(5.0− 2x1 − 3x2 + 1.2x1x2), r = 0.2
n m1 = 2.0, m2 = 2.0 m1 = 1.0, m2 = 1.0 m1 = 0.3, m2 = 0.4 m1 = 0.2, m2 = 0.2
24 0.9142 0.8235 0.9350 0.8904 0.8869 0.7366 0.8793 0.6711
48 0.9434 0.8751 0.9614 0.9156 0.9369 0.8097 0.9286 0.7072
96 0.9700 0.9036 0.9767 0.9402 0.9628 0.8265 0.9604 0.7601
c 0.6519 0.6278 0.2284 0.1010

aThe first column of each misspecification is D-efficiency for sequential designs.
bThe second column of each misspecification is D-efficiency for two-stage designs with optimal allocations.
cThe last row of each model is D-efficiency for the conditional D-optimal Design.

5. We now compare the performance of sequential designs, two-stage designs and condi-
tional D-optimal designs. Table 4.8 lists the D-efficiencies of these designs for different
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models under various parameter misspecifications. When there is no misspecification
(r = 0,m1 = m2 = 1), we know that the conditional D-optimal design is the D-optimal
design so its D-efficiency is 1; the efficiency of the two-stage design is slightly less than
1 but a little higher than the efficiency of the sequential design. The efficiency loss
of the sequential design is due to randomness of the estimates at each stage. When
misspecification occurs, D-efficiency of the sequential design is higher than that of the
two-stage design, which in turn is higher than the conditional D-optimal design. Thus,
from the viewpoint of D-efficiency, the sequential design is recommended whenever
possible. However, as we indicated earlier, sequentially implementing a design is more
costly in general, especially when it takes a long time to obtain an observation. In this
sense, locally optimal designs like the conditional D-optimal design are preferable. In
practice, we have to balance the design efficiency and the cost incurred by sequential
construction of a design. If design efficiency is of ultimate importance and we do not
have much information about the parameters, we should go for sequential designs. If
we have reliable information about the parameters, one-stage design like locally D-
optimal designs is recommended. The two-stage design is a good choice to balance the
design efficiency and the cost of carrying out the experiment sequentially.

In this chapter, we have only considered sequential design for the two-toxicant inter-
action model. However, the methodology we have discussed can be applied to other models
and it is anticipated that the results will be similar.



Chapter 5

Optimal Designs for Link
Discrimination

5.1 Introduction

For binary data, the logit link function and the probit link function are both widely used for
analysis, leading to logit analysis and probit analysis, respectively. McCullagh and Nelder
(1989) compared these two functions and pointed out that they are almost linearly related
over the interval 0.1 ≤ π ≤ 0.9, where π is the probability of “success”. For this reason,
it is usually difficult to discriminate between these two link functions. For count data,
it also happens that two or more competing models with different link functions may be
suitable to describe the data, especially when the design space is restricted. We shall give
two hypothetical examples of one-toxicant experiments for illustration.

In both examples, it is believed that the first-order model is adequate to describe
the dose-response relationship. Three-point equally spaced designs are adopted. In the first
example, the design space is restricted by q ≥ 0.3 and the equally spaced design is formed
by q1 = 1, q2 = 0.65 and q3 = 0.3, with 4 replicates at each of the three points. Similarly,
in the second example, the design space is defined by q ≥ 0.4 and the design points are
located at q1 = 1, q2 = 0.7 and q3 = 0.4, with 4 runs at each point. We assume that the
log function is the true link for both examples. More specifically, in both examples, we
assume that the mean function of the true model is λ = exp(4−x). Responses are simulated
based on the true model for both experimental designs. After the data are obtained, we
usually try different models to fit the data. For each example, we found that, at least, two
models fit the simulated data quite well and compete with each other. For the first example,
both the log link and the square root link provide very good fits; the two fitting curves
are λ = exp(4.0 − 1.3x) and λ = (7.25 − 3.33x)2 and their deviance values are 7.78 and
7.46, respectively. For the second example, the log link and the identity link compete with

95
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each other; the fitting curves are λ = exp(3.92 − 0.84x) and λ = 49.21 − 28.78x and the
corresponding deviance values are 9.18 and 9.12, respectively. Figure 5.1 plots the raw data
and fitting curves of the competing models for both examples.
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Figure 5.1: Examples of Competing Link Functions. In both examples, the true
model is λ = exp(4 − x). In (a), two fitting curves, λ = exp(4.0 − 1.3x) and
λ = (7.25 − 3.33x)2, compete with each other; in (b), two fitting curves, λ =
exp(3.92− 0.84x) and λ = 49.21− 28.78x, compete with each other.

The above examples illustrate the situations in which two distinct models, or two
different link functions, compete with each other in fitting the data, making model selection
very hard. Actually, if the model selection is purely based on some goodness-of-fit statistics
like the deviance, the true model that generates the data will be missed in both examples. We
can alleviate such a problem by carefully designing the experiment. In general, unplanned
experimental designs usually give rise to situations when a number of models may provide
reasonable fits to the data, hence demanding model selection procedures to be applied. This
is done so as to make a sensible choice of model. It is possible, though, that even the most
efficient model selection procedure may be unable to correctly identify the true model, due
to the amount of confounding introduced by the underlying design, as illustrated in the
above examples. More carefully designed experiments, however, would stand more chances
of generating data leading to an adequate fit for the most appropriate model, thus enabling
the experimenter to discard all but one model. For instance, in Figure 5.1, though the two
competing curves are very close to each other at both end points, discernible differences
exist at the middle point; intuitively, if we do not use equal allocation designs and have
more experimental runs at the middle point, we would stand more chances of discriminating
between the competing models.

In this chapter, we shall discuss experimental designs for discrimination of models
for the Poisson data. For simplicity, we mostly focus on the one-toxicant first-order model;
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however, all the methods discussed in this chapter can be applied to more complicated
models.

5.2 T-optimality

To discriminate between competing models, Atkinson and Fedorov (1975) introduced T-
optimality design criterion in the context of optimal design theory. For classical linear
models, the T-optimal design assumes that the true model is known and maximizes the
residual sum of squares arising from the fit of the competing model, which, equivalently,
maximizes the non-centrality parameter of the χ2 distribution of the residual sum of squares
for the competing model. Thus, the T-optimal design provides the most powerful lack-of-fit
test for the competing model and it is in this sense that the T-optimal design is optimal in
discriminating the true model from the competing model.

Ponce de Leon and Atkinson (1992) extended the T-optimality criterion to include
generalized linear models belonging to the same subclass. The extension is based on the
analogy between the residual sum of squares in classical linear regression theory and the
deviance in generalized linear model theory. Just as the former plays an important role in
the concept of T-optimality for linear models, the latter provides the basis on which the
criterion function is defined in the context of generalized linear models.

Since we are dealing with the Poisson regression model, a special case of generalized
linear models, we shall give an introduction of T-optimality criterion for discrimination
between two competing generalized linear models. This exposition is mainly based on Ponce
de Leon and Atkinson’s work.

In Atkinson and Ponce de Leon’s approach to designing experiments to discriminate
between two generalized linear models, the true model and its parameters are assumed to be
known. We will discuss how to relax this assumption later. The two competing models are
assumed to belong to the same subclass of the generalized linear model. Their link functions
and/or linear predictor structures may or may not be the same, so the models may or may
not be nested. There is no restriction on the kind of linear structure nor on the number of
linear predictor parameters.

Let µi and βi denote the vector of means and the vector of model parameters corre-
sponding to the ith model, where i = 1, 2. More specifically, µ′

i = (µi1, µi2, . . . , µin) for an
n-observation experiment. Now assume that the first model is the true model and that its
parameters β1 are known. When the second model is fitted to the data that are generated
by the first model, we estimate the parameters β2 by minimizing the deviance function:

min
β2∈B2

D(µ1,µ2), (5.1)
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where B2 is the parameter space for the second model and the deviance function D(µ1,µ2)
depends on the generalized linear model subclass regarded (see McCullagh and Nelder, 1989).

Suppose that the estimates are β̂2 and the corresponding estimated mean vector is
µ̂2 = µ2(β̂2); then the deviance function from fitting the second model is D(µ1, µ̂2). Under
the above assumptions, Atkinson and Ponce de Leon (1992) introduced the generalized T-
optimality criterion function which consists of maximizing the deviance arising from the fit
of model 2 when data are generated by model 1, i.e.,

max
X∈D

D(µ1, µ̂2), (5.2)

where D is the set of all possible designs. We know that the deviance function D(µ1, µ2) is
simply the sum of deviance at each point. Suppose that the deviance at the design point xj

is d(xj,β2); then the above T-optimality criterion can be equivalently written as

max
η∈H

min
β2∈B2

∑
j

pjd(xj, β2), (5.3)

where, following the notation in Chapter 3, η is a design measure; H is the set of all design
measures on the design space X and pj is the proportion of sample size at the jth point.

It is important to recall that, for the moment, the true model and its parameters are
assumed to be known. Therefore, the above criterion function depend solely on the design
measure η. Our goal is to find a design measure η∗ that satisfies this criterion. In (5.3), the
deviance function depends on the generalized linear model subclass considered. Particularly,
for the Poisson distribution, the deviance function at the point x is given as

d(x,β2) = µ1(x) ln

(
µ1(x)

µ2(x,β2)

)
− (µ1(x)− µ2(x,β2)). (5.4)

Ponce de Leon and Atkinson (1992) argued that the general equivalence theory dis-
cussed in Chapter 3 also applies to T-optimality. According to the equivalence theory, a
design η∗ is T-optimal if and only if the deviance function d(x, β̂∗2) is bounded by the value

of the criterion function at the maximum, where x is any point in the design space and β̂∗2
are the estimates of β based on the design η∗. Additionally, they pointed out that the upper
limit is achieved at all the points of the T-optimal design. This property enables us to check
the T-optimality of any design. Specifically, if we are able to demonstrate that d(x, β̂∗2)
achieves its maximum at all the design points, we can conclude that η∗ is the T-optimal
design. In practice, the deviance function is computed over a grid in the design space and
then plotted to demonstrate the optimality of a particular design, as what we did in Chapter
3.
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Recall that, according to the Carathéodory’s Theorem (Silvey, 1980, p.72), a contin-
uous D-optimal design is based on a finite number of support points and, more specifically,
on at most p(p+1)/2 points, where p is the number of model parameters. However, as far as
the discrimination problem is concerned, there is no result in the literature so far concerning
limits for the number of support points of the T-optimal design, a lack of which complicates
considerably the process of searching for a T-optimal design.

5.3 Locally T-optimal Designs

Recall that the T-optimality criterion depends upon knowledge of the true model and of
its associated parameter values. Accordingly, the resulting design is only locally optimal.
However, as indicated in previous chapters, though the locally optimal design has limited
applications in practice, it provides a useful benchmark for evaluation of any other design.
Thus, in this section, we will discuss locally T-optimal designs for discrimination between
two competing models for Poisson data.

Basically, to find the locally T-optimal design, we need to specify the true model
and the structure of the competing model. Then we can use numerical methods to find the
design satisfying the criterion in (5.3). For this T-optimality criterion function, the numerical
optimization involves both maximization and minimization so it is more complicated than
the task of finding the locally D-optimal design discussed in Chapter 2. For simplicity, we
only consider one-toxicant models. Particularly, we assume that the first-order model is
adequate to describe the dose-response relationship so the T-optimal design is actually the
optimal design for discrimination between two competing link functions.

Though the log link is widely used to model Poisson data, other link functions such as
the identity link and the square root link also find many applications (see Frome and DuFrain,
1986; Myers, Montgomery and Vining, 2002). In many situations, the log link and the other
two link functions provide very close fits especially when the design space is restricted,
as illustrated in Figure 5.1. Their closeness makes model selection very difficult and a
carefully designed experiment for link discrimination is necessary. Thus, we will concentrate
on designs for discrimination between the log link and the other two link functions. We
will consider three different restricted design regions defined by q ≥ c with c = 0.2, 0.3 and
0.4, respectively. The unrestricted design space is not considered here because it is easy
to discriminate the log link from the other two functions on the unrestricted design space.
This is so because the log function has a heavier tail than the other two functions on the
unrestricted space.

As indicated earlier, the true model (both the link function and its parameters) and
the competing link function need to be specified. For instance, we can assume that the log
link generates the data and the square root is the rival link function. We need to specify
the parameters for the log link and estimate the parameters for the square root link by
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minimizing the deviance arising from the fitting, as given in (5.1). Then the optimal design
is found by maximizing the minimum deviance over the design space. Similarly, we also
consider three other cases: the square root link is the true link and the log is the rival link;
the log function is the true link and the identity is the rival link and vice versa. Newton-
Raphson method is adopted for optimizing the T-optimality criterion function defined in
(5.3). As mentioned earlier, there is no result in the literature concerning the number of
support points for T-optimal designs so we start with a two-point design and increase the
number of support points by 1 each time until the optimality is verified via equivalence
theory. Table 5.1 lists the optimal designs for these four cases on different design regions.
We can see some features of T-optimal designs based on Table 5.1:

1. All the optimal designs in Table 5.1 are three-point designs. Particularly, the two
boundaries of the design space, ED100 and ED100c, are always in the optimal designs.
The location of the middle point is case-dependent.

2. For Poisson data, the T-optimality criterion function in (5.3) is asymmetric with respect
to the model truth, which results from the asymmetry of the deviance function in (5.4).
As a result, for the same two competing link functions, the optimal designs are not the
same or symmetric with respect to the model truth.

3. For all the optimal designs, about half of the total sample size is allocated to the middle
point. As illustrated in Figure 5.1, though the log function is close to the other two
functions at the two end points, discernible difference exists in the middle. Therefore,
putting more experimental runs at the middle points helps the discrimination. When
the log function is the true link, more runs are put at the control point than at the
other end point. Conversely, the other end point (q = c) has more runs than the control
point when log is not the true link.

4. The restriction on the design space has impact on the locations of the non-control
points. More specifically, the non-control points move closer to the control point as
the restriction becomes stronger. The restriction also affects distribution of the sample
size but the effect is actually negligible.

As indicated earlier, all the designs in Table 5.1 have been verified to be optimal via
equivalence theory. We now give a brief discussion on how the general equivalence theory
works here.

In Section 5.1, we discussed Ponce de Leon and Atkinson’s method for checking T-
optimality of a design. Basically, when optimum of the T-optimality criterion function in
(5.3) is achieved, the parameter estimates for the rival model, β̂∗2, can be obtained. Based

on the estimates, the deviance function d(x, β̂∗2) can be computed as defined in (5.4). We
then evaluate and plot the deviance function over the design space and if we are able to
demonstrate that this deviance function achieves its maximum at all the designs points,
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according to Ponce de Leon and Atkinson’s (1992) result, we can conclude that the design is
T-optimal. By using this method, we have verified T-optimality of all the designs in Table
5.1. For illustration, Figure 5.2 plots the deviance function for four situations. In all the
plots, one can see that the deviance function achieves its maximum at all the design points,
confirming T-optimality of all the designs.

We have studied locally T-optimal designs for discrimination between the log link and
the square root link or the identity link. To develop these designs, we assume the true link
and its parameters are known. This assumption restricts application of locally T-optimal
designs. To relax this assumption, two approaches have been discussed in the literature: one
is Bayesian approach and the other is sequential experimentation. For the Bayesian design,
one need to specify the prior distributions for both the true link function and the model
parameters. Ponce de Leon and Atkinson (1991) discussed Bayesian T-optimal designs for
linear regression models. The idea of Bayesian design is very simple but it is computationally
difficult to apply it to generalized linear models due to the integration part in the design
criterion. For classical linear models, Atkinson and Fedorov (1975) discussed sequential
experimentation which converges to the T-optimal design. We will extend their idea to our
situation in next section.

5.4 Sequential Designs

5.4.1 Algorithm

Obviously, for experiments that are both affordable and can be performed in a short period
of time, sequential designs could be used to relax the assumption of locally T-optimal that
the link function and the parameters are known. In a sequential design, we can update our
information about the true model after each observation is made. After enough observations
are made, our updated information will converge to the model truth so we can make nearly
optimal use of the remaining experimental resources. For discrimination between two linear
regression models, the procedure of the sequential design proposed in Atkinson and Fedorov
(1975) consists of, at a given stage, taking the next observation at the point which maximizes
the squared difference between the predicted responses from the two models. Asymptotically,
this criterion leads to the T-optimal design. Atkinson and Fedorov’s idea can be extended to
include generalized linear models, according to the analogy that exists between residual sum
of squares in linear regression and the deviance for generalized linear models. Müller and
Ponce de Leon (1996) followed this idea and investigated sequential designs for discriminating
between two rival binary data models, logit and probit models. In this section, we will discuss
sequential designs for discrimination between two rival link functions of Poisson data models.
As in the last section, we only consider first-order models. We assume that one of the two
competing link functions is the true link. However, we do not know which one is true and
its parameters are also unknown. Based on the above assumptions, we give the algorithm of
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Figure 5.2: Optimality of Locally T-optimal Designs. The lower boundaries for ED
levels are 0.2, 0.3, 0.3 and 0.4 in (a), (b), (c) and (d), respectively. The true link and
the rival link are specified in each figure, for instance, in (a), the true link function
is the log function and the rival link is the square root, etc. In all the figures,
the deviance functions achieve the maximum at all the design points, confirming
T-optimality of the designs.
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Table 5.1: T-optimal Designs for One-toxicant First-order Model

Log (true link) and Square Root (rival link)
ca q1 q2 q3 p1 p2 p3

0.2 1.0000 0.4719 0.2000 0.2644 0.5070 0.2286
0.3 1.0000 0.5645 0.3000 0.2611 0.5038 0.2351
0.4 1.0000 0.6436 0.4000 0.2587 0.5022 0.2392

Square Root (true link) and Log (rival link)
c q1 q2 q3 p1 p2 p3

0.2 1.0000 0.5496 0.2000 0.1796 0.4747 0.3457
0.3 1.0000 0.6161 0.3000 0.1949 0.4854 0.3197
0.4 1.0000 0.6776 0.4000 0.2067 0.4914 0.3019

Log (true link) and Identity (rival link)
c q1 q2 q3 p1 p2 p3

0.2 1.0000 0.4235 0.2000 0.3182 0.5340 0.1478
0.3 1.0000 0.5313 0.3000 0.3039 0.5190 0.1771
0.4 1.0000 0.6214 0.4000 0.2927 0.5108 0.1964

Identity (true link) and Log (rival link)
c q1 q2 q3 p1 p2 p3

0.2 1.0000 0.5748 0.2000 0.1543 0.4701 0.3757
0.3 1.0000 0.6330 0.3000 0.1739 0.4824 0.3437
0.4 1.0000 0.6888 0.4000 0.1897 0.4895 0.3208

aThe design space is restricted by c ≤ q.

sequential designs to discriminate between two link functions for the Poisson data:

1. Start with an initial design, which could be an arbitrarily chosen design. Based on the
structure of the T-optimal design, we will use an equally spaced three-point design as
the initial design with one run at each point. Implement the initial design and take
the observations.

2. After k observations are made, find the maximum likelihood estimates β̂1k and β̂2k for
model 1 and model 2, respectively. Meanwhile, obtain the deviances D1k and D2k from
fitting the two competing models.

3. Denote µ1(x, β̂1k) and µ2(x, β̂2k) by µ̂1k and µ̂2k, respectively. The (k + 1)th design
point xk+1 is found as follows:

xk+1 =





Arg max
x
{µ̂1k ln

(
µ̂1k

µ̂2k

)
− (µ̂1k − µ̂2k)}, if D1k < D2k;

Arg max
x
{µ̂2k ln

(
µ̂2k

µ̂1k

)
− (µ̂2k − µ̂1k)}, otherwise.
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4. Take the (k + 1)th observation at xk+1. Based on the k + 1 observations, find new
maximum likelihood estimates β̂1(k+1) and β̂2(k+1) corresponding to model 1 and model
2, respectively.

5. Repeat steps 2, 3 and 4 until all the experimental resources are run out or there is no
change in the structure of the design.

Clearly, the most important step in the above procedure is Step 3, in which the next
design point is found based on all the available observations. Basically, the (k +1)th point is
found to be the one that maximizes the deviance between the two models evaluated at the
parameter estimates from the first k observations. The rationale behind this is the additivity
of the deviance at each data point. Recall that the deviance based on all the data is simply
the sum of the deviance at each point. Thus, by maximizing the deviance at each data point,
we approximately maximize the deviance based on all the observations. For discriminating
between two linear regression models, Atkinson and Fedorov’s approach simply maximizes
the squared difference between the predicted responses from the two models to find the
next design point. This makes sense for their situation because the T-optimality criterion
function is symmetric with respect to model truth for linear regression models. However,
for generalized linear models, we have demonstrated in last section that, for the same two
competing models, the T-optimal design depends on which model is the true model. Thus, in
Step 3, we “estimate” the model truth using the deviance functions based on all the available
observations. Basically, if the deviance for the first model is smaller, then we assume that the
first model is the true model when finding the next observation; otherwise, the second model
is assumed to be the true model. For the first few runs, the “estimate” of the model truth
may not be accurate; but after obtaining enough observations, we will have more accurate
information about the model truth. After enough observations are made, the “estimate”
will converge to the model truth. Provided that one of the two models is true, either µ̂1k

or µ̂2k will converge to the true model as k → ∞. The sequential design strategy will then
converge to the T-optimal design.

To illustrate the above procedure of sequential design, we give a simple simulated
examples. In the example, the true model is assumed to be λ = (7− 2x)2 and the rival link
is the log function. The design space is restricted by q ≥ 0.2. For this case, we know that
the T-optimal design has three points located at ED100, ED55 and ED20 with approximately
18%, 47% and 35% of the total sample allocated to these three points, respectively. For
the sequential design, we start with a three-point equally spaced design with one run at
each point. We assume that the middle point ED55 is misspecified as ED60 in the initial
experiment. Thus, the three initial designs points are ED100, ED60 and ED20. Based on the
initial experiment, we simulate three observations from the true model. With these simulated
observations, we can estimate the parameters for both models and obtain the deviances from
fitting these two models. Then we can find the next design point by maximizing the estimated
deviance. This process is repeated until we have 100 runs in total. Figure 5.3 illustrates
this process. In Figure 5.3, the T-optimal design, initial design, sequential designs after 20,
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50 and 100 runs are plotted. In the figure, dots stand for locations of design points and
numbers represent the number of experimental runs. We can see that, after 20 runs, design
points of the sequential design form three cluster corresponding the three design points in
the T-optimal design. Particularly, two of these three clusters are just the two end points
of the T-optimal design and the other cluster center around the middle point of the optimal
design. However, allocation of the sample size is not close to the optimal allocation. After 50
runs, both the location of design points and the allocation are close to those of the optimal
design. The sequential design gets closer to the T-optimal design after 100 runs.

0.2 0.4 0.6 0.8 1.0
q

initial

1835 47
optimal

100 runs

50 runs

20 runs
5 10 5

2515 10

3333 1849

Figure 5.3: An Example of Sequential Design for Discrimination of Two Link Func-
tions. The true model is assumed to be λ = (7− 2x)2 and the rival link is the log
link. The design space is defined by 0.2 ≤ q. The top line is the T-optimal design
and the other lines illustrate the process of sequential experimentation. Numbers
in the plot stand for the number of replicates at the corresponding point or cluster.

The above example illustrates that sequential experimentation works well for dis-
crimination between two competing link functions. We shall formally discuss evaluation of
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sequential designs next.

5.4.2 Evaluation

For two competing linear regression models, the efficiency of sequential designs is measured
by the ratio of non-centrality parameter to that of the T-optimal design, where the non-
centrality parameter is the residual sum of squares in the absence of error (see Atkinson and
Donev, 1992). Similarly, we can define the efficiency of a sequential design for generalized
linear models as the ratio of its deviance to that of the T-optimal design. As before, we
denote the mean vectors for the two competing models by µ1 and µ2, respectively. Without
loss of generality, we assume that the first model is the true model. Suppose that the
deviance function arising from fitting the second model is D(µ1, µ̂2); then the efficiency of
a sequential design can be defined as in (5.5). Clearly, a design with T-efficiency close to 1
provides a as nearly powerful lack-of-fit test as the T-optimal design.

EffT =
D(µ1, µ̂2) of the sequential design

D(µ1, µ̂2) of the T-optimal design
. (5.5)

For the T-optimal design, it is easy to extract D(µ1, µ̂2). However, it is not an
easy task for a sequential design because the sequential design is random and so is the
corresponding D(µ1, µ̂2). As in Chapter 4, we need to use simulation to approximate the
mean of D(µ1, µ̂2) for the sequential design. Basically, we can simulate many sequential
designs for discrimination between two competing models and for each of these sequential
designs we compute the deviance function. This will give us a sample of the random variable
D(µ1, µ̂2) and, if the sample is large enough, the sample mean provides a good approximation
to the population mean.

We shall evaluate sequential designs using simulation as discussed above. We will
consider four situations: (1) the true model is assumed to be λ = exp(3.9 − 0.7x) and
the rival model is also a first-order model with the square root link; (2) the true model is
λ = (7 − 2x)2 and the rival link is assumed to be the log function; (3) the true model is
λ = 3.9−0.7x and the rival link is the identity link; (4) the true model is λ = 45−15x and the
rival link is assumed to be the log function. In all the situations, we assume the design space
is restricted by q ≥ 0.2 and the three-point equally spaced design with one replicate at each
point is used for initial experiments. As we have see in Chapter 4, sequential designs are very
robust to initial parameter misspecifications so we do not systematically consider parameter
misspecifications here. However, we do assume some arbitrary misspecifications in all the
initial designs. Plots of efficiency versus simulation size like Figure 4.2 are used to determine
a reasonable simulation size. We have found that the simulated efficiency converges after
about 40 iterations. In all the subsequent simulations, 100 iterations are used.

Figure 5.4 plots the simulated efficiency versus experiment size for the four situations
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Figure 5.4: Efficiency of Sequential Designs versus Experiment Size for Discrimina-
tion between Two Rival Link Functions. The design space is restricted by q ≥ 0.2 in
all the plots. The true link and the rival link are specified in each plot; for instance,
the true link is the log function and the rival link function is the square root in (a).
The efficiency of all the sequential design converges to 1 for large experiments.
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discussed above. From the plots we can see that all the sequential designs are very efficient
for large experiments. More specifically, the T-efficiency is greater than 95% for experiments
of 30 runs in all the plots and it gets higher for larger experiments. The fact that T-efficiency
converges to 1 for large sample size implies that the sequential design converges to the T-
optimal design after enough runs.

5.5 Summary

In this chapter, we have discussed T-optimal designs for discrimination between two com-
peting link functions for Poisson data models. Though the log link is widely used for Poisson
data models, the square root link and the identity link also provide very good fits in many
applications. Thus, we have focused on discrimination between log link and the other two
competing link functions. For brevity, we just considered one-toxicant first-order models.
However, all the methodology discussed in this chapter can be applied to more complicated
models like the two-toxicant interaction model.

We first studied locally T-optimal designs as they provide a basis to evaluate other
designs. All the locally T-optimal designs we have considered are three-point designs with
two points located at the two boundaries of the design space. Also, all the optimal designs
allocate about half of the sample size to the middle point because the middle point is where
the log function deviates from the other two link functions. General equivalence theory is
adopted to verify optimality of all the locally optimal designs.

To relax the assumption of the locally T-optimal design that the true model is known,
we extend Atkinson and Fedorov’s idea of sequential experimentation to Poisson data mod-
els. In a sequential design, we update our estimates of the model, both the link and the
parameters, after each observation is made and the next design point is found to maximize
the deviance function evaluated at the updated estimates. Efficiency study indicates that
the sequential design converges to the T-optimal design after enough runs.



Chapter 6

Future Research

The primary goal of this research was to develop efficient and robust experimental designs
for Poisson regression models in toxicity studies. Throughout this research, we have made
an important assumption that increasing any design variable causes a decrease in the mean
response, which is generally true in toxicity studies. However, in industrial applications,
positive relationship between a design variable and the expected response is also very com-
mon. In Van Mullekom and Myers (2001), a design variable that has negative effect on the
response is termed toxicant and a design variable with positive effect is named stimulant.
Accordingly, models are classified into three categories: toxicant model, stimulant model
and toxicant-stimulant model which involves at least one toxicant and one stimulant. Ob-
viously, all the models considered in this research belong to the category of toxicant model.
However, Van Mullekom and Myers (2001) pointed out that the same optimal experiment
designs, in terms of ED levels, for toxicant models can be applied to both stimulant models
and toxicant-stimulant models with generalizing the concept ED. For a toxicant, the ED level
at a point is the ratio of the mean response at this point to the maximum mean response.
For a stimulant, we also define the ED level as the ratio of the mean response at a particular
point to the maximum mean response. The difference is that the maximum mean response
occurs at the control point for a toxicant while it occurs at the upper limit of the design
variable for a stimulant. With this generalization of ED, all the designs we have discussed
apply to models of any type. Thus, results of this research are not restricted to toxicity
studies.

The work described in this research has potential extensions in several directions and
they are listed as follows:

1. The D-optimality criterion, which is a “estimation criterion”, is the focus in this re-
search. In many applications, quality of prediction is another important issue and
Q-optimality is commonly chosen as a “prediction criterion” so the Q-optimal design
for the Poisson regression model makes another topic of practical importance. In this

109
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work, Ds-optimal designs are studied as it is felt that high quality estimates of ED’s
may result from high quality estimates of specific model parameters. However, the
relationship between ED estimation and the corresponding Ds-optimal design is not so
clear-cut. The optimality criterion that directly minimizes the length of the confidence
interval of a particular ED, like the F-optimality criterion, is more straightforward.
Comparison between Ds-optimal designs and other optimality criteria that address ED
estimation is also an interesting topic.

2. For the logistic regression model, Chaloner and Larntz (1989) found that the number
of support points of the Bayesian optimal design increases as the uncertainty in the
prior distribution increases. This is a desirable property since designs of more points
are more robust to parameter misspecifications. However, for the Poisson regression
model, Van Mullekom and Myers (2001) found that the Bayesian design is a saturated
design regardless of uncertainty in the priors. The reason why the number of support
points of the Bayesian optimal design fails to vary according to priors need to be further
examined for the Poisson regression model.

3. In Chapter 5, we considered experimental designs for discrimination between two rival
link functions. This work could be extended at least in two directions. Firstly, both
the T-optimal design and the sequential procedure could be extended to discriminate
between more than two rival link functions. Secondly, using a generalized link function
and designing optimal experiments for estimation of the link parameter is another
plausible method to deal with link selection. For the Poisson regression model, the
following generalized link could be used:

x′β =
λα − 1

α
.

When α takes 0, 0.5 and 1, the above generalized link function corresponds to the
log link, square root link and identity link, respectively. The Ds-optimal design for
estimating α and the D-optimal design for estimating both α and β can be developed.
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Appendix A

Proofs and Derivations

The following notation will be used throughout this appendix:

• λc denotes the mean response at the control point;

• λi denotes the response at the ith design point;

• n denotes the sample size, or total experimental runs;

• pi denotes the proportion of sample size at the ith design point;

• qi = λi/λc denotes the survival proportion, or MED level, at the ith point;

• q1i = exp(β1x1i) denotes the IED level of the first toxicant at the ith point;

• q2i = exp(β2x2i) denotes the IED level of the second toxicant at the ith point.

A.1 Proof of Lemma 2.1

Proof. First, we assume that the D-optimal design for model (1.10) is a saturated design
like most D-optimal designs. This assumption is verified to be true via equivalence theory
in Chapter 3. For a saturated design for model (1.10), the information matrix is given as
follows:

I(X, β) =




3∑
i=1

npiλi

3∑
i=1

npiλixi

3∑
i=1

npiλix
2
i

3∑
i=1

npiλixi

3∑
i=1

npiλix
2
i

3∑
i=1

npiλix
3
i

3∑
i=1

npiλix
2
i

3∑
i=1

npiλix
3
i

3∑
i=1

npiλix
4
i
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It can be shown that:

|I(X, β)| =

(
− nλc

4β11

)3

∣∣∣∣∣∣∣∣∣∣∣∣

3∑
i=1

piqi

3∑
i=1

piqiQi

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQi

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQ
3
i

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQ
3
i

3∑
i=1

piqiQ
4
i

∣∣∣∣∣∣∣∣∣∣∣∣
∝ p1p2p3q1q2q3 ((Q1 −Q2)(Q1 −Q3)(Q2 −Q3))

2

where Qi = −√−r +
√
−r − 4 ln(qi) and r = β2

1/β11 for i = 1, 2, 3.

We know that the D-optimal design maximizes |I(X, β)|. The above equation indi-
cates that maximization of |I(X, β)| with respect to pi and qi only depends on r = β2

1/β11.
In addition, it can be shown that maximization of the determinant requires that p1 = p2 =
p3 = 1/3. Thus, the D-optimal design for model (1.10), in terms of ED levels, depends on
the parameters only through r = β2

1/β11. Also, the D-optimal design is an equal-allocation
design.

A.2 Proof of Lemma 2.2

Proof. As before, we assume that the D-optimal design for model (1.12) is a saturated design
like most D-optimal designs, which is verified to be true via equivalence theory in Chapter
3. For a saturated design for model (1.12), the information matrix is given as follows:

I(X, β) =




4∑
i=1

npiλi

4∑
i=1

npiλix1i

4∑
i=1

npiλix2i

4∑
i=1

npiλix1ix2i

4∑
i=1

npiλix1i

4∑
i=1

npiλix
2
1i

4∑
i=1

npiλix1ix2i

4∑
i=1

npiλix
2
1ix2i

4∑
i=1

npiλix2i

4∑
i=1

npiλix1ix2i

4∑
i=1

npiλix
2
2i

4∑
i=1

npiλix1ix
2
2i

4∑
i=1

npiλix1ix2i

4∑
i=1

npiλix
2
1ix2i

4∑
i=1

npiλix1ix
2
2i

4∑
i=1

npiλix
2
1ix

2
2i




.

It can be shown, by expanding the determinant, that:

|I(X, β)| =
(

nλc

β1β2

)4

|A|
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where

A =




4∑
i=1

di

4∑
i=1

diai

4∑
i=1

dibi

4∑
i=1

diaibi

4∑
i=1

diai

4∑
i=1

dia
2
i

4∑
i=1

diaibi

4∑
i=1

dia
2
i bi

4∑
i=1

dibi

4∑
i=1

diaibi

4∑
i=1

dib
2
i

4∑
i=1

diaib
2
i

4∑
i=1

diaibi

4∑
i=1

dia
2
i bi

4∑
i=1

diaib
2
i

4∑
i=1

dia
2
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2
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In the above matrix, r = β12/β1β2, di = piq1iq2iexp(r ln(q1i) ln(q2i)), ai = ln(q1i), bi = ln(q2i),
where i = 1, 2, 3, 4.

Expending the determinant of A and collecting terms give that:

|I(X, β)| =
(

nλc

β1β2

)4

|A| ∝ p1p2p3p4f(r, q1i, q2i)

where f(r, q1i, q2i) =

(
4∏

i=1

exp(ai + bi + raibi)

)
(a1a3b1b2 − a2a3b1b2 − a1a4b1b2 + a2a4b1b2 −

a1a2b1b3+a2a3b1b3+a1a4b1b3−a3a4b1b3+a1a2b2b3−a1a3b2b3−a2a4b2b3+a3a4b2b3+a1a2b1b4−
a1a3b1b4−a2a4b1b4+a3a4b1b4−a1a2b2b4+a2a3b2b4+a1a4b2b4−a3a4b2b4+a1a3b3b4−a2a3b3b4−
a1a4b3b4 + a2a4b3b4)

2, ai = ln(q1i) and bi = ln(q2i) for i = 1, 2, 3, 4.

We know that D-optimal design maximizes |I(X, β)|. From the above equation,
we can see that the maximization of |I(X, β)| with respect to q1i and q2i depends on the
parameters only through r = β12/β1β2. Further, it can be shown that the product p1p2p3p4

achieves its maximum when p1 = p2 = p3 = p4 = 1/4, which implies that the D-optimal
design is an equal-allocation design.

A.3 Proof of Lemma 2.3 and Lemma 2.4

Proof. The Ds-optimal design of interest focus on estimation of all the parameters except the
intercept term; accordingly, the vector of model parameters is partitioned as β = (β′1,β

′
2)
′,

where β1 is simply the intercept term β0. Similarly, the Fisher information matrix is parti-
tioned as

I(X, β) =

(
I11 I12

I ′12 I22

)
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where I11 = I[1, 1] is just a scalar corresponding β0.

We know that the Ds-optimality criterion function is φ(I) = |I22 − I ′12I
−1
11 I12|. Since

I11 = I[1, 1] is a scalar, we have

φ(I) = |I22 − I ′12I
−1
11 I12|

=

∣∣∣∣I22 − I ′12I12

I11

∣∣∣∣

=
|I11I22 − I ′12I12|

|I11|
=

|I|
|I11|

From the proof of Lemma 2.1, we know that, for model (1.10),

|I11| = nλc

3∑
i=1

piqi

and

|I| =

(
− nλc

4β11

)3

|A|

=

(
− nλc

4β11

)3

∣∣∣∣∣∣∣∣∣∣∣∣

3∑
i=1

piqi

3∑
i=1

piqiQi

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQi

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQ
3
i

3∑
i=1

piqiQ
2
i

3∑
i=1

piqiQ
3
i

3∑
i=1

piqiQ
4
i

∣∣∣∣∣∣∣∣∣∣∣∣

where Qi = −√−r +
√
−r − 4 ln(qi) and r = β2

1/β11 for i = 1, 2, 3. Thus, we have

φ(I) =
|I|
|I11|

=
(nλc)

2

(−4β11)3
|A|/

3∑
i=1

piqi

∝ |A|/
3∑

i=1

piqi
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Obviously, the Ds-optimal design which maximizes the above criterion function φ(I)
only depends on r = β2

1/β11 as stated in Lemma 2.3.

Similarly, for model (1.12), we have

φ(I) =
|I|
|I11|

=

(
− (nλc)

3

(β1β2)4

)2

|B|/
4∑

i=1

di

∝ |B|/
4∑

i=1

di

where

B =




4∑
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diai
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dibi
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diaibi
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i bi
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i
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dia
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i bi
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2
i




In the above matrix, r = β12/β1β2, di = piq1iq2iexp(r ln(q1i) ln(q2i)), ai = ln(q1i), bi = ln(q2i),
where i = 1, 2, 3, 4.

Clearly, the Ds-optimal design which maximizes the above criterion function φ(I)
only depends on r = β12/β1β2 as stated in Lemma 2.4.

A.4 Proof of Lemma 3.1

Proof. For model (1.10), by definition,

M(η∗,β) =




3∑
i=1

piλi

3∑
i=1

piλixi

3∑
i=1

piλix
2
i

3∑
i=1

piλixi

3∑
i=1

piλix
2
i

3∑
i=1

piλix
3
i

3∑
i=1

piλix
2
i

3∑
i=1

piλix
3
i

3∑
i=1

piλix
4
i
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and

J(x,β) =




λ λx λx2

λx λx2 λx3

λx2 λx3 λx4


 .

For φ(M(η, β)) = log(|M(η, β)|, by definition,

Fφ(M(η∗,β), J(x,β)) = lim
ε→0+

1

ε
[φ{(1− ε)M(η∗,β) + εJ(x,β)} − φ(M(η∗,β))]

= lim
ε→0+

1

ε

[
log

( |M(η∗,β) + ε(J(x,β)−M(η∗,β))|
|M(η∗, β)|

)]
.

It can be shown that:

|M(η∗,β) + ε(J(x,β)−M(η∗,β))| =
(
− λc

4β11

)3

|A1|

and

|M(η∗,β)| =
(
− λc

4β11

)3

|A2|.

To give A1 and A2, we need to define the following quantities:

• r = β2
1/β11, γ = 1− ε;

• corresponding to M(η∗, β), Qi = −√−r +
√
−r − 4 ln(qi) for i = 1, 2, 3;

• corresponding to J(x,β), Q = −√−r +
√
−r − 4 ln(q).

Given the above notation, we have

A1 =




γ
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4
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and
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A2 =




3∑
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.

Since A1 and A2, in terms of q, only depend on r, we can conclude that, for model
(1.10), the Fréchet derivative Fφ(M(η, β), J(x, β)) depends on β only through r = β2

1/β11.

A.5 Proof of Lemma 3.2

Proof. For model (1.12), by definition,

M(η∗,β) =
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and

J(x,β) =




λ λx1 λx2 λx1x2

λx1 λx2
1 λx1x2 λx2

1x2

λx2 λx1x2 λx2
2 λx1x

2
2

λx1x2 λx2
1x2 λx1x

2
2 λx2

1x
2
2


 .

For φ(M(η, β)) = log(|M(η, β)|, by definition,

Fφ(M(η∗,β), J(x,β)) = lim
ε→0+

1

ε
[φ{(1− ε)M(η∗,β) + εJ(x,β)} − φ(M(η∗,β))]

= lim
ε→0+

1

ε

[
log

( |M(η∗,β) + ε(J(x,β)−M(η∗,β))|
|M(η∗, β)|

)]
.
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It can be shown that:

|M(η∗,β) + ε(J(x,β)−M(η∗,β))| =
(

λc

β1β2

)4

|A1|

and

|M(η∗,β)| =
(

λc

β1β2

)4

|A2|.

To give A1 and A2, we need to define the following quantities:

• r = β12/β1β2, γ = 1− ε;

• corresponding to M(η∗,β), di = piq1iq2iexp(r ln(q1i) ln(q2i)), ai = ln(q1i), and bi =
ln(q2i), where i = 1, 2, 3, 4;

• corresponding to J(x,β), d = pq1q2exp(r ln(q1) ln(q2)), a = ln(q1) and b = ln(q2).

Given the above notation, we have

A1 =
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and

A2 =
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.

Since A1 and A2, in terms of q1 and q2, only depend on r, we can conclude that,
for model (1.12), the Fréchet derivative Fφ(M(η, β), J(x,β)) depends on β only through
r = β12/β1β2.
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A.6 Proof of Lemma 3.3 and Lemma 3.4

Proof. From the discussion in Appendix A.3, we know that the Ds-optimality criterion func-
tion is φ(M) = |M |/M [1, 1], or equivalently,

φ(M) = log

( |M |
M [1, 1]

)
.

For the above criterion function, by definition, the Fréchet derivative of the design η∗ is

Fφ(M(η∗,β), J(x,β)) = lim
ε→0+

1

ε
[φ{(1− ε)M(η∗,β) + εJ(x,β)} − φ(M(η∗,β))]

= lim
ε→0+

1

ε

[
log

( |S|
S[1, 1]

)
− log

(
M

M [1, 1]

)]

where S = (1− ε)M(η∗,β) + εJ(x, β).

For model (1.10), M and J are defined in Appendix A.4. It can be shown that

|S|
S[1, 1]

=
(λc)

2|A1|
(−4β11)3q

and

M

M [1, 1]
=

(λc)
2|A2|

(−4β11)3
3∑

i=1

piqi

where q is the ED level at any design point in the design space, pi’s and qi’s correspond to
the design η∗, A1 and A2 are defined in Appendix A.4 and both matrices depend on the
parameters only through r = β2

1/β11. Further, the Fréchet derivative can be written as

Fφ(M(η∗,β), J(x,β)) = lim
ε→0+

1

ε

[
log

(
|A1|

3∑
i=1

piqi

)
− log (q|A2|)

]
.

Clearly, the above Fréchet derivative depends on the parameters only through r =
β2

1/β11 as stated in Lemma 3.3.

Similarly, for model (1.12), we have

Fφ(M(η∗, β), J(x, β)) = lim
ε→0+

1

ε

[
log

(
|A1|

4∑
i=1

pidi

)
− log (d|A2|)

]
.
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where d, di, A1 and A2 are defined in Appendix A.5. Since A1 and A2 depend on the
parameters only through r = β12/β1β2, we can see that the above Fréchet derivative depends
only upon r = β2

1/β11 as stated in Lemma 3.4.
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