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QUANTIFYING COORDINATE UNCERTAINTY FIELDS IN  
COUPLED SPATIAL MEASUREMENT SYSTEMS 

 

 

Joseph M. Calkins 

 

(ABSTRACT) 

 

 

 

Spatial coordinate measurement systems play an important role in manufacturing and 

certification processes.  There are many types of coordinate measurement systems 

including electronic theodolite networks, total station systems, video photogrammetry 

systems, laser tracking systems, laser scanning systems, and coordinate measuring 

machines.  Each of these systems produces coordinate measurements containing some 

degree of uncertainty.  Often, the results from several different types of measurement 

systems must be combined in order to provide useful measurement results.  When these 

measurements are combined, the resulting coordinate data set contains uncertainties that 

are a function of the base data sets and complex interactions between the measurement 

sets.  ISO standards, ANSI standards, and others, require that estimates of uncertainty 

accompany all measurement data.  

 

This research presents methods for quantifying the uncertainty fields associated with 

coupled spatial measurement systems.  The significant new developments and 

refinements presented in this dissertation are summarized as follows: 

1) A geometrical representation of coordinate uncertainty fields. 

2) An experimental method for characterizing instrument component uncertainty.   

3) Coordinate uncertainty field computation for individual measurements systems. 

4) Measurement system combination methods based on the relative uncertainty of 

each measurement’s individual components.   
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5) Combined uncertainty field computation resulting from to the interdependence of 

the measurements for coupled measurement systems.  

6) Uncertainty statements for measurement analyses such as best-fit geometrical 

shapes and hidden-point measurement.   

7) The implementation of these methods into commercial measurement software. 

8) Case studies demonstrating the practical applications of this research. 

 

The specific focus of this research is portable measurement systems.  It is with these 

systems that uncertainty field combination issues are most prevalent.  The results of this 

research are, however, general and therefore applicable to any instrument capable of 

measuring spatial coordinates. 
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1 INTRODUCTION 
Large-scale manufacturing operations are increasing their reliance on portable 

coordinate measurement devices.  These devices include electronic theodolite networks, 

total station systems, video photogrammetry systems, laser tracking systems, laser 

scanning systems, and portable coordinate measuring machines.  This increase in portable 

metrology is driven by cost and efficiency.  Commercial airframe construction is a good 

example of this trend.  Instead of relying on elaborate holding fixtures and precise 

tooling, manufacturers are using the component parts as the tooling, and verifying design 

conformance with portable coordinate measurement devices (Muske et. al., 1999).  This 

design paradigm shift eliminates the need to manufacture and maintain complex, costly 

check-fixtures.  It does, however, introduce portable metrology into the production 

process and therefore requires a rigorous accounting of the uncertainty in the design 

conformance measurements. 

 

Much work has been done to understand and quantify the performance of various 

measurement systems.  The manufacturers of the measurement devices publish 

performance specifications.  These laboratory specifications are not, however, 

representative of the actual performance of the instrument in typical in situ conditions.  

Many significant effects are ignored including operator contributions to the uncertainty 

and the variability of real-world shop floor measurement environments.  In addition, the 

manufacturer uncertainty statements often do not address the geometric nature of the 
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coordinate uncertainty but instead provide a volumetric statement based on a spherical 

uncertainty at each point. 

 

Many large-scale measurement processes require more than a single measurement 

instrument.  Examples include commercial airplane production and shipbuilding.  These 

applications necessitate either a combination of various measurement devices or the 

relocation of a single instrument throughout the measurement volume in order to acquire 

the necessary data.  This combination of multiple measurement systems is the focus of 

this research.  Users often combine measurement systems by tying individual 

measurement systems together based on common reference points, and then assume they 

are still working within the instrument’s published uncertainty.  Alternatively, many 

users apply heuristics to determine the uncertainty as they progress along a chain of 

measurements.  These methods provide very poor approximations of uncertainty in all 

but the most simplistic cases.  Even in cases where only a single placement of an 

instrument is used, its measurements are typically tied in to a reference coordinate 

system.  The uncertainty from this tie-in process is often ignored. 

 

The ISO (International Organization for Standardization) standards focusing on 

“Global Product Specification” require that part measurements be described by two 

numbers (ISO, 1995; Swyt, 2000).  The first is the result of the measurement and the 

second is the stated uncertainty.  This uncertainty statement represents the estimated 

variability in the result.  This specification mandates uncertainty statements in order to 

provide traceability for measurement results.  In addition, it is recommended that 

measurement systems provide uncertainty statements in order to be considered 

“accredited” systems (Forbes and Harris, 2000).  The National Institute of Standards and 

Technology states that “a measurement result is complete only when accompanied by a 

quantitative statement of its uncertainty.” (Taylor and Kuyatt, 1994: NIST TN/1297).  

This is derived from the ISO Guide to the Expression of Uncertainty In Measurement 

(ISO, 1993) and the corresponding American National Standards Institute publication, the 

U.S. Guide to the Expression of Uncertainty In Measurement (ANSI, 1997). 
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These requirements and recommendations also reflect good practice in the production 

environment.  Expensive part rework and costly delays can result from the decisions that 

are made based on unreliable coordinate measurement data.  These decisions should be 

backed by a rigorous knowledge of the uncertainty in the measurements that are used to 

pass or fail parts. 

 

The goal of this research is to develop a method for quantifying the uncertainty fields 

associated with coordinate data resulting from multiple measurement systems.  This 

requires practical methods for determining the uncertainty in individual systems, methods 

for combining measurement systems, methods for combining measurement uncertainties, 

and methods for presenting this information to users in a meaningful format. 

 

1.1 Presentation Overview 

This dissertation begins by presenting the motivation for the research and several 

specific examples of the problems this work addresses.  A specific terminology is 

developed with the goal of facilitating the presentation of this research.  Then, a summary 

of related research is presented along with a discussion of its bearing on this work.   

 

The representation of coordinate uncertainty fields is presented next.  These fields 

form the basis for representing and transporting uncertainty information throughout the 

various stages of analysis. 

 

Then, methods for quantifying the uncertainty fields resulting from a measurement 

device are presented.  There are two levels to this discussion.  First, it is necessary to 

characterize the uncertainty of an instrument in terms of the output it provides.  This 

work presents a practical, experimental method for accomplishing this.  Second, the 

instrument uncertainty is converted to coordinate uncertainty and expressed as an 

uncertainty field. 
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The combination of measurement systems is treated next.  The chained, looped, and 

networked configurations are presented along with the algorithms needed to accomplish 

the combinations. 

 

Simply combining measurements made with various measurement systems is not 

sufficient unless the coordinate uncertainty combination is also addressed.  For this 

reason, the next section of this research deals with creating the Unified Spatial Metrology 

Network.  This network quantifies the interdependence of individual measurement 

uncertainty on the entire measurement process. 

  

A discussion of software implementation issues is next.  The focus is on the 

implementation of these methods into commercial metrology software for production use.  

Implementation issues such as distributed processing and efficient uncertainty field 

storage schemes are discussed. 

 

Case studies are presented next.  A sufficient level of detail is presented to show the 

practical application of these methods to real measurement processes.  This document 

concludes with a summary of the developments presented in this dissertation and 

suggestions for future applications. 

 

1.2 Motivation 

Accepted standards and best-practices require uncertainty statements for coordinate 

measurements.  This means that the use of measurements from the combination of 

multiple coordinate acquisition systems requires a statement of the total uncertainty.  If 

this combinatorial effect is not considered, a reasonable uncertainty estimate is 

unattainable.  It is difficult to take action such as product acceptance, product rework, or 

product scrapping based on measurements without realistic uncertainty statements. 

 

Often, in the process of inspecting and manufacturing goods, it is necessary to 

combine measurements from several coordinate acquisition systems in order to build a 
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total representation of the part.  Data combination is particularly common with portable 

coordinate measuring devices including laser trackers, laser scanners, portable CMM 

arms, total stations, and theodolites.  This section will present the motivation behind 

system combination as well as an overview of the issues it raises. 

 

1.2.1 Why is it Necessary to Combine Coordinate Acquisition 
Systems? 

The foremost reason for measurement system combination is physical constraints.  

Given a large field of targets rich with obstructions, it is not always possible to measure 

the entire object using one particular measurement system.  Multiple types of systems 

may be required, or a single system may be moved to several locations to cover the entire 

area.  Furthermore, even in the cases where one instrument placement can observe the 

required regions, it is often necessary to relate these measurements to a design reference 

such as nominal CAD data.  Even in this basic case, uncertainty propagates through a 

kinematic chain of measurements. 

 

Measurement system combination is required for systems only capable of measuring 

partial coordinates.  Theodolites, for example, must be used in combination to produce 

complete coordinates.  In addition, the combination of full coordinate measurement 

systems may also be used to increase the potential system accuracy. 

 

Another motivation is the diversity in individual measurement system properties.  

Systems have varying degrees of accuracy, working volume, measurement speed, setup 

time, and cost.  These limitations and features must be considered when designing a 

measurement process in order to achieve the highest degree of efficiency. 

  

Consider, for example, a possible measurement scenario for a large aircraft fuselage 

component.  A schematic of this arrangement is shown in Figure 1.1.  The bold lines 

show how the systems are coupled and the dashed lines represent the measurements.  

Given the size of the part, a laser tracker is used to transform into the nominal CAD 
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coordinate system of the airframe and measure points that are visible to the laser tracker.  

These include points on the outside skin of the airframe.  The laser tracker is unable to 

measure a particular feature around a door, so a portable CMM arm is clamped onto the 

structure.  The portable CMM arm is registered to the airframe through the coordinate 

system of the laser tracker.  This is done by measuring 3 or more common points with 

both the arm and the tracker then fitting the coordinate systems together.  These common 

points are typically not single point measurements.  Instead, each instrument measures 

many points around a common sphere, determines the best-fit sphere geometry for the 

measurements, then uses the common sphere center as the common point.  The arm is 

then used to measure various regions of the door.  Assume there is an interface part in the 

door region that has been causing problems during assembly.  A dense set of 

measurement data describing its surface is needed in order to determine the location of 

the malformation.  In this case, the tracker and the CMM are not able to see the part 

properly, and neither can provide the data density efficiently, so a laser scanner 

(structured light vision system) with a small workspace is used.  The scanner takes a 

single scan (possibly 300,000 data points) of the part and several tooling balls 

temporarily located on the structure.   The portable CMM measures the tooling balls, the 

laser scanner extracts the spheres from the raster scan, and the scanner is fit into the 

portable CMM coordinate system.  At this point, we have a complete survey including 

the skin of the fuselage, points in the door region, and a cloud of points on the 

troublesome interface part within the structure. 
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Figure 1.1  Measurement System Relationship 
 

This data is then compared to the nominal CAD model to determine if the part is 

assembled properly and, if not, which parts need to be reworked.  The question is:  What 

is the uncertainty of the data in the dense raster scan from the laser scanner relative to the 

nominal CAD geometry for the part?  The next section will expand on this issue. 

 

1.2.2 Uncertainty Issues that Arise When Measurement Systems are 
Combined 

This section presents issues that are raised as a result of measurement system 

combination. 

 

• Uncertainty in the registration to the nominal CAD model:  The first operation 

in a measurement session is usually registration (transformation) or tie-in to 

the coordinate system of the CAD model.  This is done using several methods 

including the measurement of known points, measurement of a surface 

contour, or repeatable fixturing.  For any of these measurements, the end 

result is a transformation that is applied to the instrument so that future 

measurements from the instrument are easily transformed to part coordinates.  
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Any method of registration introduces some degree of uncertainty into the 

process.  This uncertainty must be quantified in order to accurately represent 

the effects of the registration uncertainty on the final measurements. 

 

• Uncertainty fields for the individual coordinate acquisition system 

measurements:  In order to propagate the uncertainty from each coordinate 

acquisition system to the total measurement set, we must have a geometrical 

representation of the uncertainty field of each point measurement.  This is 

required because, as the individual systems are tied together, the resulting 

uncertainty will be dependant on the geometry of the individual uncertainty 

fields. 

 

• Uncertainty field combination for the CAD model and multiple coordinate 

acquisition systems:  Given geometric representations of the uncertainty in the 

individual components of a measurement network, an algorithm must be 

developed to combine these systems while properly representing the 

uncertainty interactions. 

 

Consider the case where loops are added to the aircraft fuselage measurement chain 

example presented previously.  Suppose another laser tracker was operating inside the 

fuselage area and was able to see several of the tooling balls measured with the laser 

scanner.  The “inside” laser tracker could measure those points then also measure other 

points known to other instruments in the measurement system.  These could be common 

points with the “outside” tracker, or known nominal points on the CAD master.  In either 

case, measurements of this sort would close the loop and have an effect on the total 

uncertainty.  Measuring additional CAD nominal points with the portable CMM arm 

could further complicate this example.  The result is a “double-loop” configuration where 

measurements tie back to the CAD model from 2 sources in the original serial chain.  

This dissertation will present a method for dealing with these situations and creating 

realistic uncertainty fields for all the measurements in a network. 
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1.3 Examples of Combined Measurement Systems 

The purpose of this section is to briefly present several examples of measurement 

processes involving combined measurement systems.  The intent is to illustrate the 

motivation for quantifying the uncertainty in these and other measurement applications.  

Later, in Chapter 9, four case studies are presented.  The case studies describe in more 

detail the application and results of the methods developed in this dissertation. 

 

1.3.1 Disney Concert Hall 

Combined measurement uncertainty issues surfaced pertaining to the Disney concert 

hall that will be built in Los Angeles, CA.  This concert hall will have an exterior 

superstructure that will be clad in architectural stainless steel as shown in the scale model 

in Figure 1.2.  To achieve the appearance intended by the architect, it is necessary to 

accurately adjust the structural supports for the steel sheets.  For this reason, it is prudent 

to determine in advance what type of instruments to use, where to place them, and the 

resulting measurement uncertainty. 

 

 
Figure 1.2  Initial Model of the Disney Concert Hall 

 

The measurement contractor proposed using a combined measurement system 

consisting of 7 total station instruments to measure 285 critical surface points.  The 

published instrument angular and distance measurement uncertainties are known, but 

what really needs to be addressed is the total, combined uncertainty resulting from the 7 
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instruments.  An analysis of the measurements of this structure is presented as a case 

study in Section 9.2. 

 

1.3.2 Nuclear Power Plant Steam Generator Replacement 

The replacement of the steam generators in a nuclear power plant is heavily 

dependent upon coordinate metrology.  Steam generators are approximately 12 feet in 

diameter and three stories tall.  They weigh nominally 270 tons, and have steel walls that 

are almost 12 inches thick.  The goal of the replacement operation is to remove the 

existing generator, machine the interfaces on both the new generator and power plant, 

and insert the new generator for near perfect fit up.  Figure 1.3 shows an old steam 

generator being removed from the power plant containment area.  The high tolerances on 

the fit up are required in order to use robotic welding processes certified by the Nuclear 

Regulatory Commission. 

 

 
Figure 1.3  Removal of an Old Steam Generator from a Nuclear Power Plant 

 

The entire steam generator change out process is based on coordinate metrology using 

combined measurement systems.  The internal structure of the power plant containment 

area is measured, the existing steam generators are measured, the newly manufactured 
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steam generators are measured, and then an analysis is performed to determine the 

machining requirements on the nozzle interfaces.  After this process, coordinate 

metrology is used to position the machining devices relative to both the steam-generator 

and the existing plant. 

 

The measurement of an object as large as the steam-generator requires multiple 

measurement devices.   In order to establish the as-built characteristics of the generator, 

for example, six individual locations, or “plants”, of a total station theodolite are required 

along the side of the generator.  At the end of this process, how well are the pipe 

locations on the top of the generator known relative to the nozzles at the bottom?  The 

uncertainty in each step is known, but the manifestation of this uncertainty on the whole 

process is not known.  It is heavily dependant on tie-in point locations, instrument 

locations, instrument uncertainty profiles, and many other factors.  The uncertainty 

analysis of a component of steam generator measurement is presented as a case study in 

Section 9.4. 

 

1.3.3 Boeing 747 Fuselage Conformance Verification 

The Boeing 747 has been in production for over 30 years.  Though the design has 

been enhanced significantly during that time, assembly processes have not changed until 

recently.  Traditional assembly is performed using large assembly tools that are created 

from the airframe master physical model.  These tools are checked and maintained 

routinely.  The airframes that are produced are said to meet conformance requirements if 

the tools (holding fixtures) used in the assembly meet conformance.  This meant there 

was no need to measure the actual airframe during or after assembly.  Recently, CAD 

models have replaced the physical master models.  To fully capitalize on this change, 

Boeing implemented a new method, determinate assembly, for the fuselage (Muske et. al, 

1999).  Figure 1.4 shows the sections of the Boeing 747 fuselage where this process is 

applied. 
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Figure 1.4  Application of Determinate Assembly on the Boeing 747 Fuselage 

 

Determinate assembly is a method where the individual parts are self-indexed to 

create an assembly.  In essence, the parts become the assembly tools for the airframe.  

This has several advantages including cost reduction and more repeatable production. 

 

But determinate assembly also introduces many challenges.  One of the largest was 

proving product conformance to the CAD design.  Without the conventional hard-tooling, 

there was no way to assert that the final assembly met the design criteria.  A metrology 

system was developed to use a laser tracker to measure the final assembly and verify 

conformance.  One of the interesting aspects of this system was the requirement that it be 

used by shop floor mechanics, not metrology lab personnel.  In addition, real-time 

verification of conformance was required.  This meant the “GO/NO-GO” analysis had to 

be performed immediately after the measurements were acquired. 

 

Given the size of the 747, it is not possible to measure the entire fuselage with a 

single instrument.  For this reason, multiple instrument locations are required.  This 

means that the total measurement uncertainty is a combination of several components.  

First, there is uncertainty in the registration to the determinate assembly reference system.  

Second, there is uncertainty in the measurements from each of the instruments used in the 

process.  Third, where multiple instruments are used to measure a part, there is 

uncertainty in the combination of the instruments’ measurements.  Given these many 

individual uncertainties, the natural question is: What is the total uncertainty in the 

conformance measurements over the entire fuselage?  For the initial implementations of 

determinate assembly, this issue was ignored (Muske at. al., 1999). 
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1.3.4 Delta IV Rocket Assembly with Real-Time Transformation 
Tracking 

The Boeing Delta IV EELV (Evolved Expendable Launch Vehicle) rocket launch 

facility in Cape Canaveral, Florida, uses a transformation tracking system with three laser 

trackers to assemble rocket components prior to launch.  The facility and two views of a 

rocket component are shown in Figure 1.5.  Three individual points on the moving rocket 

component are continuously monitored using the three laser trackers simultaneously.  

These measurements are then synchronized and converted into a transformation.  A 

conceptual sketch of the measurement geometry is shown in Figure 1.6.  This system is 

described in detail by Hubler et al. (2000).  The measurement data is analyzed with a 

metrology application capable of synchronizing the data, checking system health, and 

slaving the CAD models of the moving objects to the measured transformation of the 

actual objects. 
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Figure 1.5  Boeing Delta IV Rocket Facility and Components 
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Figure 1.6  Real-time Transformation Tracking Measurement Geometry 

 

Systems that track all six degrees of freedom (position and orientation) are extremely 

useful when assembling large objects such as rocket systems.  Often, the components are 

moved using enormous movers with complex operator controls.  In the case of the Delta 

IV rocket, the mover shown in Figure 1.7 is used to precisely position the components.  

To achieve proper fit up and prevent damage to expensive parts, the spatial relationship 

between the objects must be tracked in real-time during the mating process.  This allows 

the operator to control the vehicles in such a way as to align bolt holes, pipe interfaces, 

and other mating components while not damaging the rocket components. 
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Figure 1.7  Large Object Mover 

 

One of the initial steps in the process is to transform all of the laser trackers into a 

common coordinate system.  This is done by measuring an arbitrary set of points with all 

three instruments then fitting all the instruments into a common coordinate system.  This 

registration process introduces an uncertainty component that has an effect on the 

uncertainty of the tracked points. 

 

In the end, what the user needs to know is the uncertainty in the transformation that is 

monitored.  To determine this, it is necessary to quantify the uncertainty fields for each of 

the three tracking points.  These fields include not only the uncertainty of the individual 

instruments’ measurements, but the uncertainty in their registration to the other 

instruments.  Finally, since the system is ultimately used to monitor the relationship 

between entities on the moving object and entities on the fixed object, it is really the 

uncertainty in the evaluation of those relationships that is needed. 
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1.4 Coupled Spatial Measurement System Terminology 

One problem that often arises when discussing spatial metrology systems is the lack 

of a consistent terminology throughout the industry.  This dissertation proposes several 

definitions pertinent to this work. 

 

1.4.1 Coupled Spatial Measurement System 

A coupled spatial measurement system is defined as a metrology system in which one 

or more metrology instruments are combined in an interdependent fashion, often with 

corresponding nominal or CAD design data.  In other words, the observations of one 

instrument are used to locate, either directly or indirectly, itself, other instruments, or 

some form of nominal data.  

 

1.4.2 Measurement Device Technology 

Measurement device technology represents the physical instrument used to take 

measurements.  These measurement instruments are typically based on combinations of 

angle and distance measurements arranged to form a kinematic chain, resulting in a 

measured coordinate value. 

 

A total-station theodolite, for example, is a ray-measuring device.  The orientation of 

the ray is measured using angular encoders, and length to the target is measured using a 

distance measuring “ranger”.  Given a calibrated kinematic relationship between these 

components, the device provides a coordinate measurement. 

 

1.4.2.1 Common Portable Measurement Devices 

This work will focus on several classes of portable measurement devices.  These 

instruments are commonly used for many industrial measurement applications.  The 

classes are described below along with images of specific models of these devices. 
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Theodolite: 

 
Figure 1.8  Digital Theodolite 

 

The digital theodolite, shown in Figure 1.8, requires the operator to manually point 

the scope at a target using coarse and fine adjustment dials, center the cross-hairs in the 

viewfinder, then record a measurement by pressing a button on the instrument.  The result 

is two angles indicating a ray through the center of a target.  Coordinate measurement 

with a theodolite requires using at least 2 instruments in order to solve for an XYZ target 

location. In addition, a scale bar is measured to properly scale the measurements.  The 

use of electronic theodolites is time-consuming since manual target alignment is required.  

In addition, it requires several operators for efficient measurement.  It is, however, a very 

accurate method of measurement and far less dependent on complex hardware systems. 

 

Total-Station Theodolite: 

 
Figure 1.9  Total-Station Theodolite 
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The total-station theodolite, shown in , is a digital theodolite with a range 

measuring device co-located with the optical axis of the scope.  The operator aligns the 

scope on a reflective target and records a measurement.  The instrument records the 

angular values and also measures the distance to the target.  With this device, the global 

XYZ location of a point can be determined with measurements from a single instrument.  

Modern total station theodolites include features such as target tracking, automatic target 

centering, LCD multi-line display, and programmable firmware.  This allows software 

developers to produce custom interface code and run it on the instrument. 

Figure 1.9

 

Portable CMM Arm: 

 
Figure 1.10  Portable CMM Arm 

 

The portable CMM arm, shown in Figure 1.10, is an instrumented linkage with a 

contact probe at the end of the chain.  The operator moves the probe manually to the 

object being measured and presses a trigger button near the probe.  The instrument uses 

the angular joint values and the calibrated linkage kinematics to produce an XYZ value.  

There are also automatic touch probes available for these devices that trigger when the 

probe makes contact with the part.  In addition, laser line scanners may be mounted on 

the end of the arm for more dense data acquisition. 
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Laser Tracker: 

 
Figure 1.11  Laser Tracker 

 

The laser tracker, shown in Figure 1.11, is a spherical measurement device, similar to 

the total-station theodolite in that it produces 2 angular measurements, and a range 

measurement.  The laser tracker uses a laser interferometer steered by a 2 axis servo to 

track a spherically mounted retro reflector.  This device is capable of data rates on the 

order of 1000 measurements per second.  One of the problems with an interferometer is 

that it measures the relative distance to the target.  This means that if the beam is broken 

(obstructed), it is impossible to determine the range to the target without resetting the 

range measurement.  This is typically done by placing the target in a known location.  

Absolute distance measurement (ADM) capability is also available in addition to the 

interferometer.  ADM is similar to the ranging technology in a total station theodolite, but 

is typically more accurate.  This allows users to easily recover from obstructed beam 

conditions without returning the target to a known location. 
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Laser Scanner: 

 
Figure 1.12  Laser Scanner:  Structured-Light Vision 

 

The laser scanner, shown in Figure 1.12, is a structured light vision system consisting 

of a scanning laser plane and a high-resolution digital camera system.  As the laser 

sweeps across the part, the calibrated camera determines the pixel location of the laser 

and a triangulation is performed to compute an XYZ coordinate.  There are many 

versions of laser scanning devices using variations of this concept.  The end result for all 

of these devices is a raster grid of measurement coordinates. 

 

Another type of laser scanner, shown in , is similar to a laser tracker.  It 

measures 2 angular values and the distance to the target.  The unique property of the 

range measurement is that it does not require a target.  Instead, it can measure directly on 

the part surface with high accuracy.  This is accomplished using a coherent laser radar 

system.  This instrument is categorized as a scanner because it can scan the part without 

operator involvement by actuating the beam steering mechanism. 

Figure 1.13
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Figure 1.13  Laser Scanner:  Range Measuring 

 

1.4.3 Coordinate Acquisition System 

The coordinate acquisition system is the measurement device technology combined 

with a realistic statement of measurement uncertainty.  The scope of the measurement 

device is extended to include the effects of the operator, atmosphere, targeting, and other 

issues encountered in real-world measurement processes. 

 

Poor operator technique, adverse environmental effects (temperature gradients and 

fluctuations), and poor targeting will affect the performance of the system.  All of these 

components are considered part of the coordinate acquisition system, since they 

contribute to the resulting coordinates and their uncertainty. 

 

1.4.4 Unified Spatial Metrology Network 

The Unified Spatial Metrology Network (USMN) is the combination of the nominal 

CAD model, multiple coordinate acquisition systems, and a geometrical representation of 

the overall uncertainty.  This network quantifies the effects of the interdependence of 

individual measurement uncertainty fields on the entire measurement process. 

 

22 



1.4.5 Coordinate Uncertainty Field 

There are many ways to depict coordinate uncertainty.  These include a simple overall 

uncertainty value representing the radius of an error sphere, individual values for each 

axis (a box with sides aligned with coordinate axes), and geometrical representations 

such as a generally oriented ellipsoid.  The complexities inherent in coupled spatial 

measurement systems require a geometrical representation in order to properly represent 

the combined effects.  

 

The uncertainty field is a representation of the uncertainty that is capable of being 

combined with other uncertainty fields to create a combined uncertainty field.  This field 

must be capable of being mapped from one coordinate system to another.  Chapter 3 

proposes a discrete point cloud representation for uncertainty fields. 
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2 REVIEW OF RELATED RESEARCH 
There are several categories of research pertaining to this work.  This review begins 

with metrology software and measurement data analysis research.  Researchers note that 

large variations in the interpretation of measurement data necessitate more rigid testing 

and standards. 

 

Individual measurement system uncertainty is the next category.  There have been 

many investigations into the accuracy of the various measurement devices.  Many of 

these highlight operator variability and best practices as important factors in reducing 

measurement uncertainty.  In all cases, the instrument uncertainty is presented as either 

total volumetric uncertainty, or uncertainty in the individual instrument axes. 

 

Combined measurement system uncertainty research has focused primarily on 

combinations of identical instruments.  An example of this is a bundle-adjustment 

scenario where multiple theodolites or laser trackers are used to provide a network of 

measurements. 

 

Another interesting research area is tolerancing and geometric form fitting 

uncertainty.  The basic difference between this point of view and the individual 

measurement system uncertainty is that it focuses on the output or result of the whole 

measurement process.  Instead of just determining the uncertainty with which a 
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measurement system measures points, consideration is given to how uncertainty affects 

the geometric comparisons that are performed using the uncertain measurement data. 

 

Most part verification measurements require registering to the part coordinate system.  

Once this is accomplished, the subsequent part measurements are taken relative to the 

part reference frame.  The last section of this research review presents investigations into 

the uncertainty resulting from the part registration process. 

 

2.1 Metrology Software and Data Analysis 

There are many applications that require determining the positioning and orientation 

of coordinate systems relative to one another using coordinate measurements.  Smith and 

Cheeseman (1986) described a method for estimating the relationship and corresponding 

error between coordinate frames.  Their goal was to determine in advance if a particular 

measurement environment provided sufficient accuracy for a desired task.  Mobile 

robotic systems were used as an example of the method. 

 

Shen and Duffie (1995) applied the coordinate frame uncertainty principles of Smith 

and Cheeseman to manufacturing systems.  They developed a model for describing the 

uncertainties in compound transformations.  In addition, they discussed the uncertainty in 

coordinates based on the uncertainty in the transformation.  They did not, however, 

discuss how to map the uncertainties in a measurement between coordinate frames. 

 

Yan (1994) provides an excellent overview of several core problems in coordinate 

measurement data analysis methodology.  These include the methods divergence problem 

where different analysis routines give different results with identical input data.  

Furthermore, different sampling techniques can produce different results even with 

identical analysis routines.  This divergence results, in part, from the fact that the 

geometric dimensioning and tolerancing standard, ANSI Y14.5 (ANSI, 1982) was 

designed for hard gage based inspection and not coordinate metrology.  Ongoing work on 

this standard is discussed, but in its current form, there is significant room for variation. 
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2.1.1 Metrology Software Standards 

Software performance and algorithm testing methods have also been investigated.  

Attempts have been made to establish testing standards for metrology software, 

especially as applied to shape or form-fitting algorithms (Wäldele et al., 1993; Hopp, 

1993).  Much of this research has highlighted the inconsistency in the algorithms applied 

to coordinate data. 

 

Algeo and Hopp (1992) outlined the National Institute of Standards and Technology’s 

Algorithm Testing System (ATS).    The ATS will be a software package designed to test 

the performance of metrology software.  Coordinate values will be generated by the 

testing algorithm and passed to the test subject. The generated coordinates will simulate 

geometric form errors and random measurement errors.   The test subject software will 

perform various operations on the data, and return form parameter values.  Based on the 

results, the ATS will determine how well the software adheres to the standard.  Form 

error models are proposed for lines, circles, planes, spheres, and cylinders. 

 

Diaz and Hopp (1993), discuss the standardization of part surfaces.  They discuss the 

uncertainties present in the industry due to algorithm and software issues.  A three-step 

process is outlined to quantify measurement software performance: 1) Identify 

performance factors, 2) Hypothesize a performance model, 3) Develop tests to evaluate 

the parameters of the model.   

 

2.2 Uncertainty in Individual Measurement Systems 

2.2.1 Coordinate Measuring Machines (CMMs) 

A considerable amount of work has been focused on the intrinsic errors in coordinate 

measuring machines.  Most of this research deals with traditional, fixed CMMs as 

opposed to portable CMMs.  Mechanical artifacts have been used as benchmarks to back-
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calculate the error components (Pahk and Kim, 1993) and compensate for these errors 

using post-processing algorithms.     

 

Coordinate measuring machines are similar to robotic devices.  As a result, much of 

the research focused on the precision of robotic manipulators may be applied to the 

kinematics of a CMM.  Optimization methods have been used to back-calculate the 

intrinsic kinematics parameters of a robot based on the measurements of known points 

(Voruganti, 1995).  This work also applied Monte-Carlo simulation methods to determine 

parameter sensitivity. 

 

Characterization methods have also been applied to the stiffness parameters of robotic 

manipulators (Calkins, 1994).  The degradation in positioning error resulting from static 

deflection on the structural members was quantified and reduced through compensation 

methods.  Though the mechanical design of the modern CMM attempts to minimize 

deflections, the methods presented for analyzing positioning errors are applicable. 

 

Forbes and Harris (2000), presented a method for simulating instrument performance 

in order to determine the resulting coordinate uncertainty.  Their “Virtual CMM” 

provides a method for simulating measurement error and calibration parameter drift.  

This simulation is then applied to a particular measurement (such as a cylindrical shaft) to 

determine the expected task-specific uncertainty.   They also note that uncertainty 

statements must be given with measurement results in order to consider a measurement 

system accredited.  The authors also present an approach to characterizing CMM error 

model parameters where a known, dimensionally stable artifact is measured from various 

vantage points in order fit the model to the device performance. 

 

2.2.2 Theodolites 

Clark and Buckner (1992), investigated the precision with which operators were able 

to sight different targets in traditional optical theodolite measurements.  They found the 

pointing precision differences between different operators to be statistically insignificant.  
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Brooke (1988) catalogued the specialized instrumentation methods used to measure the 

angular values in high precision (sub-arc second) theodolites.  Researchers have 

investigated the mapping from end-point uncertainties to line uncertainties in land 

surveying applications (Stanfel and Stanfel, 1993).  Lindholm, et. al., (1993), describe the 

use of Monte-Carlo simulation to determine measurement uncertainty.  The results are 

applied to a theodolite containing a laser ranging sensor. 

 

2.2.3 Laser Tracking Devices 

Laser tracking interferometer measurement systems have advanced rapidly in recent 

years.  As a result, researchers have investigated calibrating for the gimbal axis 

misalignments and mirror center offsets of these devices (Zhuang and Roth, 1995).  The 

results are representations of the sensitivity of coordinate measurements to errors in the 

intrinsic parameters of the kinematic device.  Numerical methods for estimating 

coordinate errors in laser-tracking devices have also been investigated (Nakamura et al., 

1994). 

 

Triangulation based laser tracking devices have also been used.  These devices to not 

perform distance measurements.  Instead, they use two or more tracking lasers to 

triangulate on a single point. The calibration of robotic manipulators has been performed 

using this type of system (Mayer and Graham, 1994). The uncertainties from this system 

are similar in nature to those of a theodolite network. 

 

Researchers have noted the lack of a consistent method for verifying the performance 

of large-volume metrology systems, specifically the laser tracker.  Wang et al. (2000) 

presented a possible solution to this problem.  They suggest measuring a long, traceable 

scale-bar in prescribed locations throughout the workspace.  Comparing these results to 

the known value gives insight into the relative uncertainties in the angle and distance 

encoder values. 
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Dold and Markendorf (1998) present scale-bar length measurement throughout the 

laser tracker workspace as a practical, simple method for expressing the uncertainty of 

the device. They cite standard CMM practices that use a similar uncertainty 

characterization approach, namely, the deviation of a nominal length value from its 

measured value.  Suggestions are given as to the proper placement and orientation of the 

scale-bar throughout the workspace so as to properly exercise the measurement axes.  

The uncertainty of the device is presented in terms of the length deviation throughout the 

workspace. 

 

Calkins and Salerno (2000) described a method for characterizing laser tracker 

uncertainty based on the measurement of fixed points from various vantage points.  The 

results of the measurements from various stations are bundle-adjusted in order to 

determine the residual error in the system.  This residual error is then expressed in terms 

of the uncertainty of each of the laser tracker’s measurement axes.   This method is 

designed to measure not only the instrument performance, but the total measurement 

system performance.  Effects from operator error, environmental conditions, and faulty 

instrument calibration are all combined into the measurement component uncertainties.  

This method provides horizontal angle uncertainty, vertical angle uncertainty, and 

distance meter (interferometer) uncertainty.  This process will be presented in more detail 

in Chapter 4. 

 

2.2.4 Digital Photogrammetry and Computer Vision Systems 

The use of computer vision for 3D coordinate measurement has broadened in recent 

years.  As a result, the issues of coordinate uncertainty in these systems have been raised.  

The optical receivers used in these systems contribute to the measurement uncertainty.  

Kilgus and Svetkoff (1996) investigated the error-sensitivity of the optical path to various 

effects such as image plane tilt, triangulation angle, and magnification.  The result of 

their work was an understanding of the trade-offs involved in optical receiver design. 
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Determining correspondence between images taken of an object from different angles 

is one of the core issues in computer vision.  Kim and Aggarwal (1987) categorized other 

correspondence methods and proposed a “zero-crossing” algorithm.  In addition, they 

discussed methods for dealing with disparity in the results. 

 

Hong and Brazakovic (1990) investigated the integration of multiple sensors to 

reconstruct a scene.  They developed a distributed algorithm for dealing with the 

communication networks between sensors with uncertainties.  The result is a reduction in 

spatial uncertainty by integrating the redundant information from multiple sensors.  

Spatial uncertainty was represented as a sphere for each observation.  These spheres were 

then transferred into the various reference systems of the sensors. 

 

Mobile robotic devices require navigation systems to control their position relative to 

some coordinate reference system.  Many of these systems are based on stereo computer 

vision.  The use of a 3D Gaussian error model has been used to improve motion estimates 

(Matthies and Shafer, 1987).  The tradeoffs between the simpler, spherical error model 

and more complex 3D elliptical distribution were discussed.  Fallon (1995) developed a 

single-camera vision system to improve the control of robotic manipulators.  This system 

used known geometric features to determine the transformation of the camera in a 

common reference frame.   

 

The design and implementation of high-precision digital photogrammetry 

measurement systems has been investigated.  Some of these systems claim accuracies on 

the order of one part in one million.  Fraser (1992) discussed the recent developments in 

photogrammetry pertaining to close-range 3D metrology.   There has been much recent 

advancement in digital photogrammetry, including the use of coded targets to speed the 

correspondence task and the implementation of real-time photogrammetry systems 

(Ganci and Handley, 1998; Ganci and Brown, 2000; Geodetic Services, 2002). 

 

Sandwith and Cork (2000) presented the results of a system accuracy investigation on 

a popular digital photogrammetry system.  This system is widely used in the large-scale 
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coordinate metrology community and provides an excellent mix of standard hardware, 

advanced target recognition software and solid bundle adjustment routines.  This test 

focused in particular on a 2-camera real-time system configuration. In their test, they 

measured a granite plate with a laser tracker to establish “known” values.  These were 

then measured under a variety of conditions using the photogrammetry system.  As 

expected, a strong correlation was found between measurement error and the included 

angle, or apex angle, between the cameras.  They report, for example, that the apex angle 

of the two cameras to the measurement points should lie between 45 and 90 degrees and 

that best results are obtained with the cameras between 60 and 90 degrees.  There are 

other factors listed as well which can have large effects on the system accuracy.  This is a 

good illustration of the variation in uncertainty that can result when using portable 

measurement devices under realistic conditions. 

 

Structured light vision systems are widely used for coordinate measurement.  

Benyard-Cherif, et al. (1996), presented their “Four-Dimensional Imager” system.  Its 

major advantages are high-speed measurement, large number of data points, and non-

contact, non-target measurement.  The uncertainty of the systems’ measurements is given 

as a percentage of total volume, but no attempt is made to characterize the spatial nature 

of the uncertainty. 

 

2.3 Uncertainty in Combined Measurement Systems 

The topic of bundle adjustment measurement uncertainty is investigated by several 

researchers.  Meid (1998), discussed the weighting of the measurements and the 

constraints in a bundle adjustment.  This weighting can be used to optimize the solution 

of the measured coordinates based on assumptions about instrument performance.  Then, 

in 1999, Meid presents methods for verifying the accuracy of the measurements in a 

bundle adjustment.  He discusses using the residual errors as a measurement of system 

performance.  Specifically, this measure of performance is used to adjust the assumptions 

about the component accuracy of the laser tracker.  This is important in the weighted 

bundle adjustment, because the uncertainty assumptions are used to weight the bundle 
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solution and therefore have a controlling effect on the results.  This work continued with 

a focus on the dynamic adjustment of the weighting scheme during the bundle adjustment 

optimization (Meid and Sandwith, 2000).  The dynamic weighting consisted of range 

dependent weight equations for both the angular and distance values.  In all of these 

discussions, a network of laser trackers is the focus of the research, though the concepts 

of a measurement network and weighting apply to other polar devices as well. 

 

Calkins and Salerno (2000) present a practical method for evaluating individual 

instrument uncertainty using bundle adjustment methods.  This research is presented in 

more detail in the previous discussion of laser tracker uncertainty research. 

 

Sandwith and Predmore (2001) applied weighted trilateration in a bundle adjustment 

using three laser trackers.  They claim a real-time uncertainty result of 5 microns.  This 

research focused on using primarily the distance measurement component of the laser 

tracker.  Since this component is measured by an interferometer, it is much more accurate 

than the angular axes that point the beam.  By using trilateration (or only the distance 

components) of three laser trackers, the angular information did not corrupt the 

measurement results.  Another interesting aspect of this particular work is the real-time 

nature of the measurements.  This system was used to measure a slowly moving object 

with all three laser trackers synchronized during the process.  

 

Hubler et. al. (2000), presented a 6 degree of freedom (full transformation) object 

tracking system using three laser trackers (Section 1.3.4).  The system synchronized the 

measurements from the devices and provided transformation updates to a software 

module that animated the mating of large components.  This made it possible to align 

various components by monitoring specific relationships in real-time in the software 

environment.  One of the challenges mentioned is the issue of a laser tracker beam 

“breaking”.  This is a common problem with laser trackers because, once the beam is 

broken, the interferometer needs to be reset.  The most common method for resetting the 

interferometer is to use a collocated absolute distance meter to “seed” the interferometer.  

This introduces a significant distance uncertainty, since the absolute measurement is far 
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less accurate than the interferometer.  In this tracking system, however, an innovative 

beam-break recovery routine was used.  Assuming only one of the three laser trackers 

was affected, the laser tracker would be reset by hunting for the target based on the 

known geometry of the three tracking points.  This enabled the system to recover from a 

broken beam without introducing the uncertainty of the absolute distance meter. 

 

Downs (2001) presented a measurement application where measurements from two 

laser trackers were synchronized to measure two independently moving objects.  In this 

case, the majority of the total system uncertainty resulted from the slight time 

discrepancy between the measurements from the two systems.  This was due to the 

absence of a synchronization pulse in the instruments’ controllers. 

 

2.4 Tolerancing and Geometric Form Fitting Uncertainty 

Geometric tolerancing has been investigated using a multi-variate statistical approach 

(Kurfess and Wolfson, 1994).  A method was presented for determining confidence levels 

for geometric part inspection.  The work focused on the use of a coordinate measuring 

machine and assumed the machine had a multi-variate Gaussian error distribution with 

mean-zero.  Kurfess continued the statistical approach to geometric tolerancing by 

relating the issue of part conformance to the traditional statistical hypothesis-testing 

model (Kurfess and Banks, 1994). 

 

The geometrical representation of error has been researched as it pertains to part 

certification. Computational geometry methods and convex-hulls have been used to 

describe roundness error in industrial measurements (Roy and Zhang, 1994, 1992).  

These descriptions were, however, limited to the two-dimensional case. 

 

The estimation of form error for geometric constraints is commonly performed using 

two methods, the orthogonal least squares and minimal enclosing zone.  The tradeoffs 

between these methods have been researched by Dowling, et. al. (1995). The conclusion 
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is that the least-squares method is preferable.  Though this research does not deal with the 

uncertainty in the measurements, it does discuss basic metrology issues. 

 

The problem of sparse as-built data has also been investigated from a different 

perspective.  Mestre and Abou-Kandil (1994), propose using the Bayesian signal 

prediction method to predict the missing data in a measurement set.  They discuss the 

necessary assumptions and the conditions under which corrections must be applied. 

 

The construction of a solid model from measurement data is subject to many 

assumptions.  Chivate and Jablokow (1993), discuss these issues and present a 

methodology for dealing with the problem.  They briefly mention measurement errors 

and propose the use of redundant data to reduce uncertainty. 

 

Algorithms for computing the minimum covering sphere (or the smallest sphere 

encompassing all measured points) were proposed by Hopp and Reeve (1996).  This 

work is general and applies to systems with dimension greater than or equal to three.  The 

authors discuss the problems of local minima, and implement a simplex-type method for 

solving the equation system. 

 

Hopp (1996) also researched the representation of axes as it pertains to geometric 

fitting.  Often axes, such as the axis of a cylinder, are represented using 5 parameters 

consisting of an xyz coordinate and a theta, phi vector direction.  The disadvantages of 

this and other similar methods are discussed, and a new representation is presented.    The 

new method uses four parameters to define the axis as opposed to the traditional five.  

These are the spherical angle values to indicate the direction of the axis, and two 

additional values to anchor the axis.  The locating values define the location of the anchor 

point on the plane-defined normal to the axis direction and passing through a predefined 

point.  The new representation adds a degree of computational complexity to the 

problem, but reduces overall uncertainty and avoids singularities. 
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Forbes (1991) presented algorithms for determining the least-squares best-fit of 

various common geometrical forms to xyz coordinate data.   This report focuses on the 

algorithmic formulation of the optimization processes necessary for these fits.  The 

process of Singular Value Decomposition (Golub and Van Loan, 1989) is presented as a 

numerically stable method for determining the eigenvectors of the system matrix during 

the optimization process. 

 

The Chebyshev best-fit method for obtaining minimum and maximum material 

geometric fits is presented by Anthony, et. al. (1993).  The common geometries are 

presented (line, plane, circle, sphere, cylinder, and cone), and the “minmax” (or 

Chebyshev) solution is described.  The work discusses the situations under which the 

various types of fits are most applicable.  When measurement errors dominate, the least-

squares fit method (non Chebyshev) is the logical choice.  It is also the most common.  If, 

however, measurement errors are small relative to geometric form errors, it makes more 

sense to apply a minimum zone fit.  The other two Chebyshev form fits, minimum 

inscribed, and maximum inscribed, are most applicable where part mating is required.  

The authors also raise the issue of widespread variation in the performance of 

measurement software.  They specifically cite the variation in the results of geometric 

least-squares best-fits across the current spectrum of software packages. 

 

2.5 Registration of Measurements to Part Coordinates 

Yan, Yang, and Menq (1999) investigated the uncertainty of coordinate system 

registration (they termed it estimation) with discrete measurements.  They explain how 

conventional tie-ins are performed using a 3-2-1 transformation where standard 

references (planes, points, axes) are used to define a datum reference frame.  Then, they 

suggest that an optimization approach, where all the measured points are best-fit to the 

surface model, results in a more robust coordinate transformation that can be used to deal 

with registration to free-form surfaces.  They also note the uncertainty in the part 

verification process given that different measurement sampling schemes can often yield 

different results.  This is compounded, they claim, by the lack of a mathematical 
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definition of geometric dimensioning and tolerancing in the current ANSI Y14.5 

standard.  This standard was originally designed for gage based inspection and is now in 

the process of being augmented with mathematical definition. 

 

Yan and Menq (1999) continued the above work and proposed a two-step approach to 

fitting an instrument coordinate system to part coordinates.  In this approach, they 

suggest measuring a sufficient number of points such that a deterministic surface can be 

fitted (or reverse-engineered).  Once a surface has been created from the measurements, 

this surface is then fit with the nominal surface.  This is done by sampling a large number 

of points on the newly created deterministic surface and best-fitting them to the nominal 

surface.  They claim this approach yields significant improvements in part registration.  

One drawback to this method is that it assumes a deterministic surface adequately 

representing the measured data can easily be constructed.  If such a representative surface 

is not constructed, the large set of surface points used in the final fit will actually make 

the registration degrade. 
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3 REPRESENTING COORDINATE UNCERTAINTY FIELDS 
The uncertainty in coupled spatial measurement systems is determined through the 

combination of the uncertainties in the various coordinate acquisition systems that 

comprise the measurement network.  Before dealing with the entire network, we must 

first address the individual measurement system uncertainty.  The individual uncertainties 

may then be combined with those of other systems.  The desire to combine measurements 

while preserving uncertainty statements imposes several requirements on the uncertainty 

representation.  This chapter will address these requirements, discuss common 

uncertainty representations, and propose a new method based on a discrete point cloud 

approach. 

 

3.1 Requirements for Uncertainty Field Representation 

The uncertainty field representation must be 

• an adequate representation of the spatial uncertainty in the measurement 

system. 

• transformable between coordinate systems without loss of information. 

• combinable to produce a composite uncertainty. 

• intuitive and easily applied to measurement process design. 

• computationally reasonable. 

• applicable to measurement analysis operations 
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This section will present these requirements in more detail.  It addition, commonly 

used representations will be discussed as they apply to the requirements. 

 

3.1.1 Requirement: Adequate Representation of the Spatial 
Uncertainty 

If all coordinate measurements devices were capable of producing measurements with 

uncertainties conforming nicely to X, Y, and Z axis representations, this process would 

be much simpler.  Given the wide array of measurement devices in use today, however, 

this is not the case.  Several different types of sensors are commonly used in 

measurement devices, and each type has its own error characteristics.  Polar devices such 

as theodolites and laser trackers provide two angular values and a distance value.  

Kinematic devices such as portable and fixed CMM arms provide a series of joint values.  

Laser scanning devices provide a raster grid with range values determined by an offset 

laser and camera arrangement.  There are many others. 

 

Each system then provides coordinates through a computation which converts the 

native device values into XYZ coordinates.  The resulting coordinates have uncertainties 

resulting from the uncertainties in the native device values and the model applied in the 

conversion.  

 

The result is an uncertainty with some shape and density in the coordinate system 

(usually XYZ Cartesian) of reference.  For this reason, simplified representations, such as 

an uncertainty sphere, are generally insufficient, since they do not accurately represent 

the geometry and probability distribution of the uncertainty field. 

 

3.1.2 Requirement:  Transformable Between Coordinate Systems 

The uncertainty fields must be capable of undergoing a coordinate transformation 

without loss of information.  This is necessary since many coordinate transformation 
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operations are required in a typical measurement session.  This requirement becomes 

even more important when different types of measurement systems are combined and the 

number of transformation operations performed on the data increases. 

 

Some measurement systems provide numerical XYZ uncertainty values 

corresponding to their measurements.  This numerical representation is only valid in the 

frame in which it was originally specified.  Consider the simple case shown in Figure 3.1.  

Here, a measured coordinate value is accompanied by an uncertainty statement.  Both are 

stated relative to the instrument reference frame.  Suppose, however, the user has 

arbitrarily placed the instrument relative to the part, so the uncertainty in the instrument 

frame is not of any use.  Instead, the operator is interested in the coordinate value and the 

uncertainty expressed in the part reference frame.  Though the vector directions could be 

mapped from instrument to part coordinates, the user still cannot determine the 

uncertainty in part coordinates.  This is because the instrument axis uncertainty 

statements do not contain enough information about the true geometrical shape of the 

uncertainty. 

   

 

Point in Instrument frame: 
X = 2.5, Y = 4 Point in Part frame: 
Ux = ± 1, Uy = ± 2 X = -3, Y = 6 
 Ux = ?, Uy = ? 

Uy = ± 2  

Ux = ± 1 

Instrument reference frame Part reference frame 

Figure 3.1  Coordinate Axis Numerical Uncertainty Statement 
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3.1.3 Requirement:  Combinable to Produce Composite Uncertainties 

When multiple coordinate acquisition systems are used cooperatively in a metrology 

network, they typically reference each other by measuring common reference points.  In 

addition, when high accuracy is required, multiple measurement systems are often used to 

measure the same points.  This redundancy is used to reduce the uncertainty of the 

measurements. 

 

In both the reference point measurement task and the redundant measurement task, a 

point in space is measured with several instruments.  Since each instrument has an 

uncertainty associated with its measurement of the coordinate, there are now multiple 

independent uncertainty values for the point.  Which values should be used both to 

compute the point location and to represent its uncertainty?   

 

The answers to these questions depend on the process, but in many cases, the answer 

is that all the measurements and their uncertainties should be used.  Given this situation, 

the uncertainties must be combined in order to provide a proper uncertainty statement for 

the combined measurement result. 

 

The ellipsoid has often been used as a conceptual representation of coordinate 

uncertainty.  Typically, these ellipsoids are oriented such that the principal axes 

correspond to the coordinate axes.  In some cases, however, they have been used with an 

orientation that more closely matches the instrument uncertainty profile.  In any case, a 

geometric representation such as the ellipsoid is appealing for the representation of 

uncertainty.  These objects can be mapped between coordinate systems, easily illustrated 

to the user, and easily derived from instrument performance.  This representation is not 

ideal for combining uncertainties, however.  When two ellipsoids are combined, the 

resulting shape is most often not an ellipsoid but a more complex shape.  This shape 

cannot be exactly represented with an ellipsoid.  It would be possible to determine the 

bounding ellipsoid for the combined set, but this introduces more approximations into the 

process.  In addition, since the ellipsoid does not contain information about the 
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probability (or density) of the uncertainty field, this important information is lost when 

the ellipsoid representation is used. 

 

3.1.4 Requirement:  Intuitive and Easily Applied to Measurement 
Process Design 

The end result or product of comprehensive uncertainty analysis should be a graphical 

and numerical representation of the uncertainty.  These results should be easily presented 

to the measurement system user and the customer of the measurements.  This 

representation must therefore convey the uncertainty in an intuitive manner.  Otherwise, 

the results will be misinterpreted or ignored.  For this reason, most representations used 

in current systems result in a statement to the user of the total coordinate uncertainty as a 

single number, often a function (such as parts per million) of the distance from the 

instrument origin.  This spherical representation is easy to understand.  One of the 

reasons it is easy to understand, however, is that it ignores the geometrical shape of the 

true instrument uncertainty.  A compromise is needed that is easy to understand, but that 

accurately describes the complex, spatial descriptions of the true uncertainty field. 

 

In addition, since the uncertainty information may (and should) be used in 

measurement process design, the uncertainty field should provide information that will 

help designers minimize uncertainty.  If the uncertainty is provided in a useful form, it 

can easily be integrated into measurement job simulations and overall error analysis.  

This will aid designers as they determine process capabilities, part fixturing requirements, 

and a host of other process design factors. 

 

3.1.5 Requirement:  Computationally Reasonable 

Computational technology is improving at a rapid rate.  For this reason, solutions that 

are slow, but tolerable, on today’s computing platforms will run with negligible burden 

on the computers of tomorrow.  Numerical and iterative methods have, in the past, been 

avoided for many processes due to computational limitations.  These methods are 
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increasing in favor due in part to faster computers, but also due to their flexibility and 

expandability. 

 

It is important, however, to develop an uncertainty description that is capable of 

executing on current computer hardware and also able to quickly take advantage of faster 

platforms.  In a practical sense, the uncertainty analysis for a combined measurement job 

should be performed after all measurements are taken as part of an operator’s job 

reporting process.  As manufacturing firms continue to press the application of 

measurement data to the shop floor and away from the measurement laboratory, the 

uncertainty analysis must follow this trend.  It is not acceptable for the uncertainty 

analysis to require hours of analysis on a high-power lab workstation. 

 

3.1.6 Requirement: Applicable to Measurement Analysis Operations 

Often, the actual points measured by the instrument are only an intermediate result in 

the measurement process.  This is because those measured points are often used to fit 

geometric shapes, construct reverse-engineered surfaces, and evaluate geometric 

dimensioning and tolerancing requirements.  The uncertainty field representation must 

therefore be applicable to these analysis processes.  Without this capability, the 

uncertainty of the actual measurement result is unknown. 

 

3.2 Discrete Point Cloud Uncertainty Field Representation 

Given the requirements discussed previously, and the currently available uncertainty 

representations, a new representation, the discrete point cloud method, was developed for 

the purposes of this research.  In this method, the uncertainty field is represented by a 

series of discrete points that represent the modeled uncertainty due to the measurement 

device.  These discrete point clouds are created by simulating the effects of device errors 

on a measured coordinate.  This simulation is performed by injecting uncertainty into the 

instrument parameters and determining the effects on the measurements.  This process is 
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described in more detail in the next chapter.  Here, we will focus on the cloud 

representation and its advantages over other methods. 

 

Figure 3.2

Figure 3.2 Discrete Point Cloud Uncertainty Fields for a Laser Tracker Figure 3.2 Discrete Point Cloud Uncertainty Fields for a Laser Tracker 

 shows several uncertainty fields for a common portable measurement 

device, the laser tracker.  The uncertainty fields are scaled for visibility.  These clouds 

have a flattened shape because the distance measurement component is much more 

accurate than the angular measurement component.  Also, notice that as the points move 

farther away from the instrument, the clouds widen as the angular uncertainty has an 

increasing effect. 

lds for a common portable measurement 

device, the laser tracker.  The uncertainty fields are scaled for visibility.  These clouds 

have a flattened shape because the distance measurement component is much more 

accurate than the angular measurement component.  Also, notice that as the points move 

farther away from the instrument, the clouds widen as the angular uncertainty has an 

increasing effect. 

  

  

 

  

  

Total station theodolites typically have a much different uncertainty profile than that 

of a laser tracker.  This is because the distance measuring component of the total station 

Total station theodolites typically have a much different uncertainty profile than that 

of a laser tracker.  This is because the distance measuring component of the total station 
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has much higher uncertainty than the angular components at typical measurement ranges.  

 shows these fields for the same measurement points used in the laser tracker 

example shown in .  A comparison of the uncertainty fields is shown in 

.  

Figure 3.3

Figure 3.3  Discrete Point Cloud Uncertainty Fields for a Total Station Theodolite 

Figure 3.2 Figure 

3.4
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Laser Tracker 
Uncertainty Field 

Total Station 
Uncertainty Field 

 
Figure 3.4  Closeup of Corresponding Total Station and Laser Tracker Uncertainty Fields 

 

The uncertainty fields for portable CMM arms result from a more complex kinematic 

chain than spherical devices such as laser trackers and total station theodolites.  Each 

joint encoder has a degree of uncertainty in its measurement.  A series of uncertainty 

fields for a portable CMM are shown in .  Notice the large variability in the 

size, shape, and orientation of the fields. 

Figure 3.5
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Figure 3.5  Discrete Point Cloud Uncertainty Fields for a Portable CMM Arm 

 

3.2.1 Advantages of the Discrete Point Cloud Uncertainty Field 
Representation 

The point cloud representation meets the requirements set forth in Section 3.1.  First, 

the discrete uncertainty fields provide an adequate representation of the spatial 

uncertainty in the measurement system.  This is accomplished since the cloud 

representation has the ability to represent complex uncertainty shapes.  Further, this 

representation also depicts the density of the uncertainty field.  This is preferred over 

depictions that provide only an outer shell bounding the uncertainty. 

 

This uncertainty representation is also transformable between coordinate systems 

without any loss of information.  Such a transformation is performed by multiplying the 

measured point as well as the uncertainty cloud points by the desired transform.  No 

information is lost, because no assumptions are made in this process. 
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Combination of discrete uncertainty fields is possible since the two sets of points are 

easily merged into a composite set.  When this is done, all the geometrical properties of 

each field are preserved.  Depending on the measurement scenario, this combination is 

not simply a concatenation of the point sets.  Often, the combination is a result of a best-

fit transformation or another operation.  In these cases, the best-fit can be performed 

using each of the corresponding points in the cloud.  This provides not only a rigorous 

combination of the uncertainty fields, but it allows the effect of the uncertain best-fit 

points to propagate into the points resulting from the best-fit.  This process will be 

discussed in detail in later chapters. 

 

Discrete uncertainty fields are intuitive.  They can easily be drawn in graphical 

measurement software as shown in the preceding figures.  When overlaid on a CAD 

model of the parts being measured, an operator can quickly see how the instrument 

uncertainties will effect the measurement of the part.  For numerical reports, the point 

clouds are statistically sampled in the coordinate axes chosen for reporting by the user.  

This provides XYZ uncertainties with the final measurement values.  It is important to 

note that though this numerical representation is not transformable (as shown in 

), it is only created in the final reporting phase.  The discrete cloud representation 

should be preserved in case a report of the uncertainty is needed in a different reference 

frame. 

Figure 

3.1

 

It will be shown in later chapters that the discrete representation is computationally 

reasonable and therefore capable of providing uncertainty statements on the shop floor 

immediately after the measurement process.  One reason for this is that the discrete 

representation is computationally scalable.  By simply requesting more or fewer points in 

the cloud representation, the computational burden is easily adjusted to the measurement 

network complexity and computational platform. 

 

The discrete representation is easily applied to measurement analysis operations.  The 

uncertainty of these analyses may be determined by repeating the measurement analysis 
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for the individual points in the uncertainty fields.  The results of the repeated analysis are 

then statistically processed to determine the uncertainty of the measurement result. 
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4 QUANTIFYING COORDINATE ACQUISITION SYSTEM 

UNCERTAINTY FIELDS 
Before dealing with coupled uncertainty fields, we must first understand the 

uncertainty fields of the individual coordinate acquisition systems.  Much work has been 

done in the area of individual measurement instrument uncertainty.  Typically, instrument 

manufacturers state uncertainty as part of the instrument specifications.  This uncertainty 

statement is most often expressed in terms of the individual measurement device 

technologies present in the device.  Given a specification, or experimentally determined 

values for the instrument uncertainty, the task remains to describe the geometric 

uncertainty of the individual coordinate values.  In addition, methods are needed to 

characterize the actual shop floor uncertainty of measurement devices under realistic 

conditions. 

 

This chapter presents an experimental method for characterizing the uncertainty of a 

coordinate acquisition system’s output under any set of conditions.  Following this, 

methods are presented for the conversion of instrument uncertainty values to discrete 

point cloud uncertainty fields.   In addition, the application of these methods to 

instrument performance evaluation is presented. 
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4.1 Instrument Uncertainty Characterization 

Many different methods are used to determine uncertainty specifications for 

measurement systems.  Often, manufacturers seek to provide the best-case uncertainty 

statements for their instruments.  In other words, they provide laboratory results that 

isolate the instrument from real-world effects such as operator technique and 

environmental instabilities.  This portrayal does not indicate the level of performance an 

average operator can expect in a less than pristine environment.  As a result, users often 

have difficulty evaluating or even estimating the performance of their instrument under 

realistic conditions.  Most of the instrument specifications do not quantify uncertainty 

resulting from factors such as operator technique, environmental properties, and targeting 

issues.  All of these issues must be considered in evaluating the performance of a 

coordinate acquisition system. 

 

Current evaluation methods typically make use of known artifacts such as scale bars, 

tetrahedrons, and linear interferometer scales.  These artifacts are expensive and difficult 

to maintain and transport.  The method proposed here uses a series of fixed, but unknown 

targets.  The performance of the instrument is evaluated based on the fact that the points 

remain fixed throughout the measurement process.  The degree to which the instrument 

shows the points to move when they are measured from different instrument locations is 

directly related to the uncertainty of the system.  If the system had zero uncertainty, the 

relative measurements of the points would be identical for all instrument locations. 

 

This approach measures the reproducibility of the instrument’s measurements.  This 

measure is then used to make an estimate of the uncertainty.  The term reproducibility in 

metrology represents the variation in measurement results carried out under different 

conditions.  Repeatability, on the other hand, represents the measurement variation under 

identical conditions of measurement.  (ANSI, 1997; NCSL, 1995; Taylor and Kuyatt, 

1994; ISO, 1993)  

 

The proposed approach is summarized as follows.  Establish a field of unknown yet 

fixed points.  Measure these points from several locations of the instrument.  Perform an 
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optimization on all the measurements to determine the transformations of the instruments 

that minimize the residual discrepancies in the redundant point measurements.  

Statistically process the residual errors to determine uncertainty values for the individual 

instrument components.  Though the laser tracker will be used as the primary example in 

the following description, this method is applicable to any coordinate measurement 

device.  

 

This approach is a “Type A” uncertainty evaluation.  This is because it is based on a 

statistical analysis of a series of observations (ANSI, 1997; NCSL, 1995; Taylor and 

Kuyatt, 1994; ISO, 1993).  In addition, it is assumed that all possible corrections have 

been applied for systematic effects.  This is the case for modern metrology instruments 

since they undergo periodic compensation and calibration in order to refine their 

kinematic model parameters. 

 

4.1.1 Measurement Process 

First, a fixed target field is established.  Depending on the instrumentation, this may 

involve fastening targets to a concrete floor or another rigid structure.  There are many 

options for measurement system targeting.  Some of these are shown in Figure 4.1.  The 

coordinate values (locations) of these points do not need to be known.  It is 

recommended, however, that they be distributed throughout the measurement volume of 

interest. 
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Figure 4.1  Measurement System Targeting Methods 

 

During the target field layout process, consideration is given to the desired instrument 

locations.  Since the instrument will be moved throughout the workspace, the majority of 

the target field should be visible from all instrument locations.  An example layout is 

shown in Figure 4.2 where four instrument positions are distributed around a field of 16 

fixed targets.  For each of the four positions shown, there are actually two instrument 

positions at varying heights and orientations. 
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Figure 4.2  Sample Target Field Layout 

 

Once the layout process is complete, a series of measurements are performed.  Care 

should be taken during this process to use the instrument in the same manner as it will be 

used on the shop-floor.  In addition, this measurement process should take place in a 

realistic environment, not a temperature controlled laboratory.   

 

The instrument is placed in the first position, and all the targets are measured.  For 

each measurement, the system will typically provide an XYZ coordinate value.  This is 

not sufficient, however, unless dealing with a prismatic conventional coordinate 

measuring machine.  The information required for each point is a unique point name and 

the fully compensated internal measurement data set.  For a laser tracker, this consists of 

three values:  horizontal angle, vertical angle, and range measurement.  In the case of a 

portable CMM, the data consists of the joint values of the kinematic chain. 

 

The instrument is then moved to the next location and the process is repeated.  The 

time over which all the measurements occur should represent a typical measurement job.  

This will incorporate the drift in instrument calibration and other factors into the 

instrument uncertainty statement.  In addition, if additional factors are being studied, 
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introduce those variables into the process in order to quantify their effect on the 

uncertainty.  An example would be determining the additional uncertainty due to placing 

the instrument on scaffolding. 

 

4.1.2 Data Analysis and Optimization 

Given the measurements of each point in the target field from multiple instrument 

locations, the next task is to determine the transformations of the instruments that 

minimize the discrepancy between the observations.  Once this is accomplished, the 

remaining residual errors will be analyzed to determine the uncertainty of the instrument. 

 

Before describing the instrument transformation optimization problem, we must first 

address the point computation optimization since it is nested within the total problem. 

 

4.1.2.1 Point Computation Optimization 

Each one of the measurements is represented in terms of the internal measurement 

device values.  For a laser tracker, these values are the horizontal angle, vertical angle, 

and distance.  For a portable CMM, the joint values are used.  For a conventional 

theodolite, there are only horizontal and vertical angles with no distance information.  In 

any case, there are a series of measurement values for each individual observation such 

that 

 

( )kkiik mfp µrrr ,=  

Equation 4.1 
where 

ikpr  is the vector location of point i based on instrument k, usually expressed in 

XYZ coordinates 

kimr  is the measurement from instrument k to point i.  This vector is of 

dimension, τ , the number of output values the measurement device produces for each 

observation. 

54 



kµ
r  is a set of calibration and kinematic parameters for instrument k 

( kkimf )µ,r  is a function converting the measurement into the observed coordinate 

relative to the instrument’s reference frame. 

 

For example, suppose we have a single laser tracker providing compensated 

measurements of horizontal angle, vertical angle, and distance for a single point.  The 

actual conversion process from instrument encoder values to these compensated 

measurement values is a complex process usually handled by the instrument 

manufacturer.  This complex set of compensation parameters is represented by kµ
r in 

.  In this case, however, we are dealing with data that is already 

compensated.  The compensated measurement output values from the laser tracker are 

Equation 4.1

 

( )φθ ,,lr
=m  

Equation 4.2 
where 

l  is the distance measurement 

θ  is the horizontal angle measurement 

φ  is the vertical angle measurement 

 

In this case, the dimension of mr  is 3=τ .  We use the following functions to compute 

the XYZ location of the point given only the measurements from a single instrument: 
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Equation 4.3 
 

The point  represents the measurement from a single instrument.  If, however, 

multiple instruments measure a common point, there is an optimization process that is 

performed to determine the point location given the redundant data.  This process yields a 

point, , that is based on all the measurements in the network for this point.  In this 

ikpr

ipr
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optimization process, it is assumed that the instrument transformations are already 

known.  This optimization process is illustrated using the example of laser tracker or total 

station data.  The process is, however, applicable to any embodiment of Equation 4.1 

where an instrument’s measurements are converted to coordinate values. 

 

In this optimization process, the equations are formed in terms of the measurement 

values from the instruments.  The entire problem could instead be framed in terms of 

XYZ coordinates.  The advantage of the measurement value space representation is that it 

allows the user to easily apply weights to measurement components, and it best matches 

the actual measurement process. 

 

The optimization begins with an assumed point location.  This can be a simple 

average of the point values for each instrument’s measurement of the point or a more 

elaborate function.  Starting with the guessed point value *
ipr , the objective function is 

evaluated.  This evaluation is performed in terms of the measurement vector, .  This is 

done by converting the current point 

kimr

*
ipr  to a nominal measurement vector, .  For the 

case of a polar system, this conversion is the inverse of Equation 4.3: 

*
imr
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Equation 4.4 
 

At this point, we have representing the current guess at the optimum point, and a 

measurement, for each k

*
imr

imr th observation.  The objective function values for each 

instrument’s measurement are 
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ikiik mm rrr
−= *ε  

Equation 4.5 
 

The complete objective function vector, iε
r , is formed by concatenating each 

ikε
r sequentially.  The result is a vector of dimension N=3k, containing all the residual 

errors for point i: 
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Equation 4.6 
where, 

iklε  is the error in the length component for point, i, measured by instrument, 

k. 

 

A two-dimensional representation of the residual errors is shown in Figure 4.3. 
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Figure 4.3  Point Computation Residual Errors 

 

The point computation optimization for point i is stated: 

 

Find   *
ipr

 

Minimize    ∑
n

in
2ε

Equation 4.7 
 

Once this optimization converges, *
ipr  represents the optimal point value based on all 

the observations.  The details of the actual optimization methods used to solve this 

problem are presented in Chapter 5.  For the purpose of this discussion, it is assumed that 

the optimization methods are readily available. 

 

It is common to weight the residuals in the optimization process.  This is done both at 

the measurement level and the component level.  Suppose the setup had different physical 

instruments with varying uncertainties.  In this case, measurements from one instrument 

may have a weight based on these uncertainties.  In addition, the relative effect of 

individual measurement components may also be weighted.  Research in this area 
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includes methods for assigning weights based on instrument uncertainty (Meid, 1998), 

and establishing weighting functions to deal with dependencies in the system component 

uncertainties dynamically during the optimization (Meid and Sandwith, 2000).   

 

Sometimes, weighting is necessary in order to homogenize the objective function.  In 

, the need for this is evident since length values are interspersed with angular 

values.  To avoid an unintended weighting based on varying units of measure in the 

objective function, the values can be converted to a common reference.  We could, for 

example, convert each length value to an equivalent angular value: 

Equation 4.6

 







= −

*
1tan
l

lεε L  

Equation 4.8 
where 

Lε  is the angularized equivalent of lε  

lε  is the length residual for the actual measurement compared to the current 

point value 
*l  is the length value for the current point, *

ipr  

  

This results in a modified residual error vector that is homogeneous in units.  From 

there, we can assign relative weightings for points and components.  In the case of a laser 

tracker device, it is recommended that the angularized distance value be weighted more 

than the angular value.  This is due to the high accuracy of the interferometer used for the 

distance measurement.  This case is reversed for a total station theodolite where the 

distance measurement is far less accurate than the angular measurement in a typical 

working volume.  A measurement residual weighting scheme based on the relative 

uncertainty of each individual measurement is presented in Section 7.2. 

 

To summarize the point computation optimization process, given multiple 

measurements of a point from various instrument locations, an optimization process 

yields the point that represents the best fit to the measurement data assuming the 
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instrument locations are known.  The next task is to determine the instrument 

transformations in the measurement network. 

  

4.1.2.2 Instrument Transform Optimization 

Given a point computation method, we now move on to the larger problem.  For each 

instrument location in the uncertainty survey, we must determine the instrument 

transformation that minimizes the residual error in all the redundant measurements at 

each point in the field.  Once this is accomplished, the remaining residual errors will be 

extracted for use in an uncertainty statement. 

 

Suppose we have K locations of the instrument, and I points in the target field.  For 

each of the instrument locations, k, we must solve for the transformation representing the 

base frame of the instrument in the common, world coordinate reference: 
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Equation 4.9 
 

where 

),,( αβγR  is a 3x3 rotation matrix with X, Y, Z fixed angle rotations 

B
r

  is a translation vector representing the origin of the instrument 

represented in the world coordinate system. 

 

This homogeneous spatial transformation matrix may be specified using a vector 

containing 6 variables:  
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Equation 4.10 
where 

kt
r

 defines the transform of instrument k relative to the world reference 

 

The equations for converting these 6 variables into the transformation matrix 

components and reversing that process to extract the variables is well understood (Craig, 

1989).   

 

In total, we have  variables for the entire network.  One of the instruments 

(usually the first location, k=0) should remain fixed.  If all the instruments are allowed to 

move, the entire system will tend to float in the world coordinate system.  This introduces 

an unnecessary infinity of solutions.  By leaving one instrument fixed, however, this is 

avoided.  This brings the actual total number of unknown variables to 6 .  The 

unknown variable vector for the optimization is the combination of Equation 4.10 for all 

instruments, skipping the first, which is the reference: 

K×6

( 1−× K )
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Equation 4.11 
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where 

T
r

 is the unknown variable vector for the optimization, dimension 6 ( )1−× K  

kt
r

 is the vector representation of instrument k’s transform as given in 

 Equation 4.10

 

As with all optimization processes, it is important to make a reasonable initial guess.  

This shortens the solution time and helps to avoid convergence to the wrong solution.  In 

this case, making a good initial guess is straightforward.  Simply transform the individual 

measurement sets to the first set by best-fitting the point sets (see Section 6.1). 

 

The equations governing the optimization process are the residual errors in the 

redundant measurements of each point.  These residuals were presented in Section 4.1.2.1 

as ikε
r .  They result from the point computation optimization process.  It is important that 

these point computation residuals are extracted after a full point optimization for each 

evaluation of the instrument transformation optimization.  They are only valid if they are 

representative of the current instrument transform condition for the entire system. 

 

For each of the I points in the target field, there is a measurement from each of the K 

instruments.  If the data set is incomplete due to occlusions in the target field or other 

considerations, there is less data for the uncertainty computation.  For this discussion, a 

full measurement data set is assumed.  This means the number of equations contributing 

to the residual error, M, is given by 

 

KIM τ=  

Equation 4.12 
where 

M  is the number of elements in the residual error vector 

τ  is the number of components in each measurement (2 for a theodolite, 3 

for a laser tracker, the number of joints for a CMM, etc) 

I  is the number of points in the field 

K  is the number of instrument locations 
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For this optimization, the residual error vector is of dimension M, and resembles: 
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Equation 4.13 
where 

Ε
r

 is the residual error vector (dimension M) for the optimization 

iε
r  is the point computation residual error for point i as stated in Equation 4.6  

 

The residual error for the instrument transformation optimization, Ε
r

, is a 

combination of all the individual point computation residuals.  As stated previously, the 

point computation optimization must run to completion before Equation 4.13 is formed.  

This results in a nested optimization computation.  For each exploratory move in the 

instrument transformation space, T
r

, the point computation optimization (Equation 4.7) is 

used to compute the optimal  for all i.  *
ipr

 

The instrument transform optimization problem is stated: 

 

Find  T
r

 

 

Minimize  ∑
m

mE 2r
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Equation 4.14 
 

Once the optimization is complete, T
r

 represents the transformations of the 

instruments that minimize the residual errors in the point computation optimizations for 

each point, , in the target field. *
ipr

 

4.1.3 Uncertainty Extraction from Optimization Results 

 The uncertainty of the measurement system may be estimated using the residual 

errors in the redundant point measurements.  The points are assumed to be at fixed 

locations so the locations of the points should not have changed during the measurement 

process.  Any discrepancy in the observations of the points is therefore due to other 

factors.  These factors include the uncertainties in the instrument’s measurement values, 

operator practices, the measurement environment, etc.  The goal of this uncertainty 

characterization is to represent the total uncertainty of the coordinate acquisition system, 

including these effects, as an uncertainty in the measurement device’s output values.  

These measurement values are represented by mr .  In the case of a laser tracker, for 

example, this consists of two angles and a distance value as seen in .  The 

residual errors for the measurement values are given by ikε
r as stated in Equation 4.5. 

Equation 4.2

 

The first step in the uncertainty extraction is to organize all the residual errors from 

the instrument transformation optimization, Ε
r

, by measurement device output value.  

The result is a series of residual error bins, each containing only residual errors resulting 

from an individual measurement component: 

 

[ ]Ε=
rr

ll fromallr ε  

[ ]Ε=
rr fromallr θθ ε  

[ ]Ε=
rr fromallr φφ ε  

Equation 4.15 
where 
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componentrr  is the collection of all residual errors for a specific measurement 

component. 

 

Each rr  contains a series of residual errors.  If we attribute these errors to uncertainty 

in the measurement device, we can statistically process these values to determine an 

uncertainty for the device.  There are many statistical methods that could be used to 

accomplish this.  For this analysis, the standard deviation was chosen.  In this case, we 

assume the mean to be zero, since this is the value at which the measurements perfectly 

represent the best-fit point.  The uncertainty of a measurement component is then, 

 

( )componentcomponent rU vσ=  or, 

∑
=−

=
J

j
jcomponent r

J
U

1

2)(
1

1  

Equation 4.16 
where 

componentU  is the uncertainty for a measurement component (eg. φθ ,,l ) 

J  IK= (number of points times the number of instruments), the 

number of residual errors tabulated for a measurement component.  

 

In the case of a spherical measurement device, Equation 4.16 is applied to all 3 

measurement values.  This results in 3 scalar uncertainty values: U .  These 

values represent the uncertainty values for the measurement components that encompass 

one sigma or approximately 68% of the observed residual errors.  Other statistical 

methods could also be used.  The objective is to represent the remaining residual errors 

for each component as a single value. 

φθ UU ,,l

 

One primary benefit of this uncertainty characterization method is that it does not 

attempt in any way to isolate the instrument from the measurement environment. Instead 

it considers the entire coordinate acquisition system, including the operator, atmosphere, 

and targeting. Poor operator technique, temperature gradients and other adverse 
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environmental effects, and poor targeting will affect the performance of the system 

(Greenwood, Nielsen, and Sandwith, 1998; Markendorf, 1998; Palmateer, 1998).  With 

this method, the degrading effects will manifest themselves as an increase in the 

component uncertainty values, U
r

.  Some would argue that this is not “fair” to the 

instrument since a good instrument that measures extremely accurately in a lab may have 

less than ideal uncertainty results when analyzed with this method on the factory floor.  

In practice, however, the laboratory specifications of the performance of a measurement 

device may have very little to do with the actual field performance of the coordinate 

acquisition system.  In fact, since this approach is based on optimization methods, 

residual errors are minimized by manipulating the system.  The result is a tendency to 

report uncertainty results that are slightly better (lower uncertainty) than a user would see 

in practice. 

 

It is important to note that this approach will not identify the exact cause of poor 

performance, but it will present an accurate and repeatable measure of how well the 

system is performing. Poor uncertainty results indicate poor system performance, not 

necessarily poor measurement device performance.  Good results indicate good 

performance of the entire coordinate acquisition system.  In either case, the user is given 

a realistic uncertainty statement for the device under the tested conditions. 

 

This method has many applications.  It can be used to quantify the degradation of 

measurement data due to environmental effects, operator error, and other factors.  It may 

be used as a test of measurement system health on a periodic basis.  Different 

measurement systems can be compared under identical conditions to determine their 

suitability for a particular measurement job.  The next section presents actual uncertainty 

results determined using this uncertainty characterization method. 

 

4.2 Case Study:  Laser Tracker Performance Survey 

The following case study is provided as an example of the instrument uncertainty 

characterization process.  In this example, the goal is to survey the performance of three 

66 



brands of laser tracker measurement systems and provide insight into the performance of 

these systems under realistic conditions.  The manufacturers are identified as A, B, and C 

for anonymity.  The detailed analysis for one particular set of the data from instrument B 

is presented while the other analyses are summarized.  For all measurements, only the 

interferometer range measurement was used for the distance component as opposed to the 

less accurate, albeit more convenient, absolute distance meter (ADM). 

 

The measurements for this process were taken in different locations by different 

technicians from a variety of corporations.  This data was acquired by participants in the 

standards committee, American Society of Mechanical Engineers B89.4.19: Optical 

Coordinate Measurement Systems: Part I: Laser Trackers.  The goal of this body is to 

develop shop floor uncertainty statements and system health checks for laser trackers and 

other optical devices. 

 

The target field geometry for one particular set of data acquired with instrument B is 

shown in Figure 4.4.  At each instrument location, target data has been acquired from an 

upper and lower position.  This vertical shift was accomplished by adjusting the height of 

the instrument stands.  Only the upper position is shown in  to avoid cluttering 

the image. 

Figure 4.4
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Figure 4.4  Point Field Geometry 
 

In this measurement scenario, the instrument in question was moved to 8 locations 

(including the upper and lower stand positions) throughout the workspace.  At each 

location, the 16 fixed points in the field were measured.  The instrument transformation 

optimization process, described in Section 4.1.2, was performed on the data.  The system 

size was: 

 

( )
384

4216
8

16

==
=−=

=
=
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K
I

τ

 

 

This means that the optimization must solve a system matrix of dimension 384 x 42.  

In this case, a basic weighting scheme was used for the purpose of simplicity.  A weight 

value of 0.5 was applied to the angular values while a value of 1.0 was applied to the 

distance measurements.  More advanced weighting options could also be used in this 

process (Section 7.2).  At the completion of the optimization, 384 residual errors remain.  
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By dividing these residuals into horizontal angle, vertical angle, and distance, 128 

residuals are available to represent the uncertainty of each component. This data is shown 

in Figure 4.5, Figure 4.6, and Figure 4.7. 

 

 
Figure 4.5  Optimization Residuals: Horizontal Angle 

 

 
Figure 4.6  Optimization Residuals: Vertical Angle 
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Figure 4.7 Optimization Residuals: Distance 

 

Calculating the standard deviation, as described in Equation 4.16, for each component 

yields the uncertainty values shown in Table 4.1. 

 

Component Uncertainty 

Horizontal Angle 0.96 arcseconds 

Vertical Angle 1.44 arcseconds 

Distance 0.000658 inches  

 

Table 4.1  Instrument Component Uncertainty for Instrument “B” 
  

This process was repeated with several measurement operators in different locations 

with different instruments even within the particular brand.  All the data was analyzed 

using the same algorithms and in fact, the exact same software package.  The results of 

each measurement session and analysis are shown in Table 4.2.  The index numbers for 

measurement location represent the grouping of measurement sets within each 

instrument.  Location 1 for instrument A is not the same as location 1 for instrument B. 
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Manufacturer Measurement Horizontal Vertical Distance
Location (arcseconds) (arcseconds) (1,000th inch)

A 1 0.6 0.4 0.2
1 0.6 0.4 0.2
2 1.1 1.5 0.5
3 1.4 1.5 0.7
4 1.3 1.7 0.3

Average 1.0 1.1 0.4

B 1 1.8 2.9 1.5
1 0.9 0.8 0.1
2 1.0 1.4 0.7
2 1.1 0.5 0.4
3 2.2 1.3 0.5
3 1.8 1.0 1.0
3 1.8 1.0 1.0

Average 1.5 1.3 0.7

C 1 1.8 1.9 1.0
1 1.9 1.8 0.4
2 1.0 0.9 0.4
3 1.4 1.3 1.3
4 1.2 1.3 0.7
5 1.3 1.4 0.6
6 1.7 1.5 1.4

Average 1.5 1.5 0.8

A, B, C Average 1.3 1.3 0.6  
Table 4.2  Uncertainty Analysis Results by Measurement Session 

 

It is important to note that these measurements were taken in different regions of the 

country, using different instruments, different point field geometries, different instrument 

locations, various environmental conditions, and various states of instrument 

calibration/compensation.  To perform a more rigorous comparison between individual 

makes and models of laser trackers, it is necessary to test them in similar conditions with 

the same instrument and point geometry.  The average results, grouped by manufacturer, 

are shown graphically in Figure 4.8. 
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Figure 4.8  Average Uncertainty Results by Manufacturer 

 

The next section will present a method for converting the measurement device output 

value uncertainties to coordinate uncertainties. 

 

4.3 Coordinate Uncertainty Fields 

The uncertainty statement for the measurement device output values, U , must be 

represented in terms of the coordinate system of interest, typically a Cartesian XYZ 

coordinate system.  This is necessary since the coordinate acquisition system produces 

coordinates, which are usually the ultimate output of the system.  This uncertainty may be 

determined using an error simulation algorithm.  This requires iteratively computing the 

coordinate from the instrument’s kinematic chain while injecting error into each 

measurement component.  In the case of a spherical device, e.g. laser tracker, these 

r
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components are the two angles and the range value.  For a portable CMM, we use the 

individual joint values.  In this section, we will use the laser tracker as an example.  

 

For this discussion, we will focus only on the uncertainty in a measurement from a 

single instrument measuring a single point.  This means the index values from previous 

functions, such as Equation 4.1, are: I=1, i=0, K=1, k=0.  The method is, however, easily 

extensible to multiple instrument measurements of a point. 

 

The representation of instrument measurement component uncertainty in terms of the 

measured coordinate uncertainty is accomplished through a Monte-Carlo simulation.  

Random noise of the component uncertainty magnitude is injected into the measurements 

and the effects on the resulting coordinate observed.  The result is a collection of points 

forming a discrete point cloud uncertainty field as described in Section 3.2.  The 

description of this process begins with a discussion of random number generation.  Next, 

the simulation process is presented, followed by an explanation of the statistical 

processing of the uncertainty fields.  Finally, a numerical example is presented. 

 

4.3.1 Random Number Generation 

Random number generation is an essential component of Monte-Carlo simulation 

processes.  The generation of these numbers on a deterministic machine such as a 

personal computer is a difficult task.  There has been much research in this area resulting 

in a plethora of pseudo-random number generators with varying characteristics 

(Matsumoto and Nishimura, 1998; Press, et al., 1990; Fog, 2001).  The description of 

these methods and a comparison of their merits is well beyond the scope of this work.  It 

is, however, important to select a random number generator that is well suited to the 

simulation application.  In addition, it is important to treat the system-supplied random 

number function (usually “rand()” in C++) with a high degree of skepticism (Press, et al., 

1990).  
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For this work, the Mersenne Twister algorithm was selected as the uniform random 

number generator.  This algorithm, created by Matsumoto and Nishimura (1998), is 

regarded by many as a well distributed, fast method with only minor disadvantages when 

compared to other schemes.  The primary disadvantage of this method is that it stores a 

large cache for use during successive calls (Fog, 2001).  Though the storage is 

significantly more than that required by other routines, 624 2-byte (word) values do not 

significantly impact machine performance.  This is especially true when the algorithm is 

properly implemented so that the cache is stored once in the application and used by the 

routine as needed.  The advantages of this method far outweigh the minor storage 

requirements.  These advantages include a longer period ( 1219937 − ) and a higher order of 

equidistribution (623-dimensional) than other generators.  In addition, depending on 

system cache and memory, the algorithm often runs faster than the system-supplied C++ 

“rand()” function (Matsumoto and Nishimura, 1998).   

 

Given an adequate random generator for uniform distributions, the next step is use the 

uniform generator in a transformation that maps the values to a normal distribution.  

There are several methods available to produce random numbers following a Gaussian 

distribution (Carter, 1994; Press, et al., 1990).  In this work, the Box-Muller 

transformation was used (Box and Muller, 1958).  This transformation operates on 2 

uniformly distributed random numbers and produces 2 random numbers with a Gaussian 

distribution.  The elaborate process of determining this transformation is presented in 

detail by Rubinstein (1981).  The resulting transformation is as follows: 

 

( ) ( )
( ) ( )212
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Equation 4.17 
where 

2&1y  are the Gaussian, or normally distributed random numbers with a mean of 

zero and a standard deviation of 1. 

2&1x  are the uniformly distributed (or rectangular) random numbers 
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The output values, , are usually cached so that the calling function can ask for a 

single Gaussian random number, and the algorithm will only run the transformation once 

for every pair of requests.  Another implementation detail is the numerical formulation of 

the transformation.  Instead of using  as written above, the polar form of the 

Box-Muller transformation is used.  This form is more efficient and numerically stable 

(Press et al., 1990): 

2&1y

Equation 4.17

 

 double x1, x2, w, y1, y2; 
 do  
 { 
  x1 = 2.0 * Random() - 1.0; 
  x2 = 2.0 * Random() - 1.0; 
  w = x1 * x1 + x2 * x2; 
 } while ( w >= 1.0 ); 
 w = sqrt( (-2.0 * log( w ) ) / w ); 
 y1 = x1 * w; 
 y2 = x2 * w; 

Equation 4.18 
where 

Random() Mersenne Twister or other uniformly distributed random function. 

y1 and y2 Gaussian random number outputs 

 

The numerical results of the Box-Muller transformation are shown in Figure 4.9.  In 

this case, 5,000 samples were taken and the results were plotted as a histogram with 21 

bins.  The figure also shows the uniform distribution used as the input to the normal 

transformation. 

 

75 



 

 
Figure 4.9  5,000 Random Numbers:  Uniform Distribution and Gaussian Distribution 
 

The Gaussian random number generation algorithm presented above will be used to 

inject error into the measurement components of the instrument as a means of simulating 

the uncertainty.  It is important to note that other distributions may also be used.  The 

National Institute for Standards and Technology, for example, recommends the use of a 

uniform or rectangular error distribution in uncertainty analysis (NIST, 1994).  They 

note, however, that other distributions such as triangular or normal (Gaussian) should be 

considered if they more closely match the observed data. 

 

4.3.2 Instrument Measurement Component Uncertainty Simulation 

The coordinate uncertainty simulation process begins with an uncertainty statement 

for the measurement device output values.  This could be specified by the device 
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manufacturer, or determined using experimental methods as described in Section 4.1.  In 

the case of a spherical measurement device, such as a laser tracker or total station 

theodolite, the uncertainties are 
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Equation 4.19 
 

In this example, only the uncertainties of the instrument’s output values are used in 

the analysis.  This is the most practical choice since the output values are the 

measurement end-product supplied by the instrument manufacturer’s device controller.  

If, however, a more detailed internal uncertainty model is desired, the analysis is easily 

expanded to include any number of factors.  This means the entire kinematic chain of the 

measurement device could be modeled with uncertainties for each property.  For a laser 

tracker, all of the internal calibration parameters (e.g. 12 for a common laser tracker 

model), could be used in this analysis.  The only requirement is that the chain be capable 

of computing a measured point based on a series of kinematic model parameters, all of 

which may be offset by randomized noise based on their uncertainty values. 

 

For each measurement, the following computations are repeated to build a sufficient 

sample set.  In each iteration, indexed by j, a random vector is generated using a 

pseudorandom number generator (see Section 4.3.1) for each component: 
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Equation 4.20 
where 

jR
r

  is a random vector for simulation iteration, j, of dimension, τ , the 

number of measurement device output values. 

77 



( )randf  is a random number generator producing values nominally between 

-1 and 1. 

 

The function  could be Gaussian, rectangular, or another form.  In this 

research, the Gaussian random distribution was chosen as opposed to the traditional 

rectangular random distribution.  This was done to more accurately represent the actual 

performance of the instrument as seen in the data presented in Section 4.2.  The residual 

errors for each of the measurement values approximate a normal distribution curve as 

shown in Figure 4.5, Figure 4.6, and Figure 4.7. 

(randf )

 

The simulated measurement component error for each iteration is the uncertainty for 

each component scaled by the corresponding random value: 

 

jj RU
rrr

•=ε  

Equation 4.21 
where 

jε
r  is the simulated error for iteration j 

 

This error is then applied to the actual measurement yielding a simulated 

measurement at the point: 

 

jj mm ε
rrr

+=∗  

Equation 4.22 
where 

*
jmr  is the simulated measurement for iteration j 

mr  is the actual measurement taken by the measurement device 

 

The simulated point corresponding to the simulated measurement is determined using 

.  The result is .  After many iterations of j, a field of points exists about 

the actual, measured point, 

*
jpr

pr .  This is the coordinate uncertainty field for the 

Equation 4.1
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measurement.  Later, these uncertainty fields will be directly used to estimate the 

uncertainty of combined and concatenated measurements from combinations of 

measurement systems.  For now, it is helpful to report errors in concise, easy to compare, 

representations. 

 

4.3.3 Numerical Coordinate Axis Uncertainty Statement 

The uncertainty field representation provides a comprehensive representation of the 

coordinate uncertainty.  Though this provides excellent graphical feedback, a more 

conventional uncertainty statement is also needed.  The information in the uncertainty 

field can be distilled into alternate representations.  One of the most useful is a set of 

statistics representing the uncertainty field dimensions corresponding to the coordinate 

axes.  To determine this, the standard deviation is computed for all the X values, all the Y 

values, and all the Z values.  Other statistical algorithms could be used to decompose the 

point cloud into different representations.  In any case, the statistical processing of the 

cloud should be performed only when the information is needed.  This allows the 

statistical sampling to occur again should the coordinate frame of reference change. 

 

To numerically state the X, Y, Z uncertainty of a measurement from the discrete point 

cloud representation, the following process is used: 

 

• Compute the standard deviation of the cloud points (relative to the actual 

measured and computed point) for each axis of the coordinate system. 

• Apply a user-defined sigma value or confidence interval. 

• State the uncertainty for the X, Y and Z values. 

 

So, for each coordinate in the unified spatial metrology network, we state the results 

as follows: 
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Equation 4.23 
where 

M is the actual measured and computed point (without uncertainty 

consideration) 

C is the user defined confidence interval: (1 sigma, 2 sigma, 3 sigma) 

σ  is the standard deviation of the values for the entire cloud taken 

independently for each axis. 

 

If the user wishes to change the working coordinate frame (or frame of reference), it 

is necessary to re-compute the uncertainty since σ  will change as the coordinate frame 

orientation relative to the cloud is changed.  For this reason, it is necessary to store the 

locations of all the points in the clouds to allow uncertainty to be calculated in other 

reference systems. 

 

4.3.4 Uncertainty Field Computation Example 

An example of an uncertainty point field can be created for the data presented in the 

case study in Section 4.2.  In this case, the uncertainty of the instrument’s output values is  
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Next, one of the measurements is chosen.  In this case, point 14 is selected as an 

example.  The measurement values are 
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These are the measurement values from the device.  They differ slightly from 

standard spherical, or polar, notation in that one of the axes is reversed, and another is 

shifted.  These details are typical in dealing with measurement hardware.  Regardless of 

the adjustment from instrument axis values to polar values, some form of Equation 4.1 

may be used to compute the XYZ point from the measurement values.  In this case, the 

point, expressed in the instrument’s coordinate reference frame is 

 

)(14

0012.26
9224.88
9085.304

inchesip















==

r  

 

Using the uncertainty simulation method, 5,000 samples were produced using 

.  The resulting collection of points is shown in Figure 4.10. Equation 4.22
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Figure 4.10  Uncertainty Field for Point 14 

 

Sampling the cloud and computing the standard deviation for each axis of the 

instrument reference frame yields: 
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The measurement results for point 14 are then stated: 

 

)(14

00220.00012.26
00145.09224.88
00077.09085.304

inchesip
















±
±
±

==
r  

 

These results state a 1 sigma uncertainty, meaning approximately 68% of the 

simulated observations will lie within these bounds.  This is also called the “standard 

uncertainty” (ISO, 1993).  If, instead, a 3 sigma value is desired, there are several 

options.  A multiplier may be applied to U
r

 before its use in the simulation algorithm.  

Alternatively, a multiplier may be applied to the standard deviation computed for the 

XYZ values of the cloud.  In either case, the uncertainty results are scaleable to represent 

the confidence bounds of interest to the user.  The result for sigma greater than one is 

called the “expanded uncertainty” (ISO, 1993). 

 

4.4 Application of Uncertainty Characterization to Instrument 

Performance Evaluation 

Given the instrument uncertainty characterization methods presented in this chapter, 

it is possible to monitor the performance of an instrument on a periodic basis.  Instrument 

operational checks are common in the measurement industry, but these typically do not 

cover a wide range of the instrument workspace and only check a subset of the 

performance. 

 

Evaluation of performance requires a touchstone for comparison.  This means the first 

step is to perform the uncertainty characterization on a well-calibrated instrument.  This 

provides a baseline uncertainty value for the instrument’s performance.  The instrument 

is then placed into service.  This usually includes packing, shipping, measuring, and 

enduring a variety of environments.  In this scenario, the normal instrument operational 

checks are performed periodically.  The instrument may still be within the valid 
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calibration timeline recommended by the manufacturer.  In addition, suppose the 

operational checks for the device are providing slightly higher error values, but are still 

within the specifications for these values.  Nothing would indicate the need to re-calibrate 

or certify the device at this point. 

 

If a more detailed analysis of the instrument’s current state of operation is desired, a 

user could perform an uncertainty characterization.  Since the purpose of the analysis is 

performance evaluation, not complete uncertainty characterization, a large set of points 

and instrument locations is not required.  Instead, the same process is implemented with 

fewer points and locations than a typical uncertainty characterization.  After performing 

the network optimization, the residuals are analyzed in an identical manner to the total 

uncertainty characterization process.  The result is an uncertainty statement for the 

measurement values. 

 

By comparing this result to the touchstone measurements, the user can easily 

determine if the performance has been degraded significantly.  In addition, by taking 

additional data and repeating the operation with a more thorough data set, a revised 

uncertainty statement may be issued.  This is important because the uncertainty 

characterization some time after calibration may be more realistic of true instrument 

performance than the idealized results obtained immediately after calibration. 

 

The following example presents the measured uncertainty results before and after an 

instrument compensation process. 

 

4.4.1 Instrument Performance Evaluation Example:  Before and After 
Instrument Compensation 

This section will briefly present the results of uncertainty characterization 

measurements on an instrument before and after partial instrument compensation.  The 

purpose is to demonstrate the drastic effects of instrument calibration drift and the ability 

of the uncertainty characterization method to detect these deviations. 
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In this case, a laser tracker was used for the test.  Four instrument locations were 

selected and eight points measured from each location.  The geometry is shown in 

. 

Figure 

4.11

Figure 4.11  Instrument Performance Verification Test Geometry 

 

 

 

After collecting the measurements, the analysis process described in Section 4.1.2 is 

used to determine the uncertainty for the instrument measurement components.  For this 

test, the results are shown in .  These results are significantly worse than the 

typical uncertainty values for a laser tracker.  This indicates the instrument performance 

may be suspect. 

Table 4.3
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Component 1 Sigma Uncertainty Typical Performance 

(from Table 4.2) 

 

Horizontal Angle 3.47 arcseconds 1.3 arcseconds 

Vertical Angle 11.45 arcseconds 1.3 arcseconds 

Distance 0.0087 inches 0.0006 inches 

 

Total measurements 

 

32 

 

Table 4.3 Instrument Uncertainty Before Compensation 
 

For this particular device, the instrument manufacturer provides a compensation 

procedure that is a subset of the total calibration.  The intent is to determine 

compensation values for only those parameters that are most likely to change between 

full calibration runs.  Based on instrument performance, the manufacturer has determined 

this minimal set and provided a procedure for computing the values.  Given the poor 

performance shown in Table 4.3, a partial compensation was performed on the 

instrument. 

 

This particular instrument’s partial compensation routine uses a series of 

measurements to determine the vertical index error, the axis tilt, and the mirror tilt.  This 

procedure and the selection of the parameters most likely to require adjustment is based 

on manufacturer experience with the device and its performance in the field.  The 

procedure is described in detail by Markendorf (1999).  There is also a separate but 

straightforward compensation procedure for the distance measurement component.  It 

determines the distance from the kinematic center of the device to the home location of 

the instrument.  Using the compensation procedures and computational routines provided 

by the manufacturer, the compensation results were as shown in Table 4.4. 
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Parameter Before Compensation After Compensation Delta

Vertical index (arcseconds) 17.820 20.736 2.916
Axis tilt (arcseconds) 27.864 25.272 -2.592

Mirror tilt (arcseconds) -10.692 -10.692 0.000
Home distance (inches) 6.09528 6.09661 0.00134

 

Table 4.4  Instrument Partial Compensation Results 
 

After applying the compensation results to the instrument’s internal kinematic model, 

another performance test was performed using the same 8 fixed target positions and 4 

instrument locations.  Note that the instrument locations used in this case were not 

identical to those used in the initial performance evaluation.  It is not required that the 

stations be similar, only that they provide a sufficient range of operation for the 

instrument.  The geometry for the post-compensation evaluation is shown in Figure 4.12. 

 

 
Figure 4.12  Instrument Performance Evaluation Geometry After Compensation 

 

The uncertainty analysis was performed in an identical manner to the pervious 

analysis.  The results are shown in Table 4.5. 
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Component 

 

1 Sigma Uncertainty 

Before Compensation

 

1 Sigma Uncertainty 

After Compensation 

Typical 

Performance 

(from Table 4.2) 

 

Horizontal Angle 3.47 arcseconds 0.91 arcseconds 1.3 arcseconds 

Vertical Angle 11.45 arcseconds 1.18 arcseconds 1.3 arcseconds 

Distance 0.0087 inches 0.000598 inches 0.0006 inches 

 

Total measurements 

 

32 

 

32 

 

Table 4.5 Instrument Uncertainty Before and After Compensation 
 

The significant reduction in the component uncertainties is reassuring since it 

provides the user with confidence in the manufacturer’s compensation process.  In 

addition, it highlights the ability of the uncertainty characterization methods presented 

here to detect degradations in instrument performance and notify the operator of the 

effect on the uncertainty of subsequent measurements. 

 

It is possible that the operator may not wish to run any further compensations on the 

device, but instead proceed knowing the instrument is not performing to its fullest 

potential.  In this case, the user could use the uncertainty values determined in the 

performance evaluation as the input for the uncertainty field analysis methods presented 

in Section 4.3.  The result would be a statement of the uncertainty in points measured 

with the instrument in the degraded condition.  If this uncertainty is well within 

acceptable limits for the measurement job at hand, no action need be taken. 
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5 OPTIMIZATION METHODS 
This chapter presents the optimization methods used in this research.  There are a 

myriad of optimization methods used in the coordinate measurement industry.  Most are 

based on traditional least-squares fitting algorithms.  The methods used here extend that 

traditional capability by adding a significant degree of robustness and flexibility. 

 

The point computation problem presented in Section 4.1.2.1, and the instrument 

transform computation problem presented in Section 4.1.2.2 are typical of the 

optimizations required in coordinate metrology.  Another good example is the best-fit 

transformation of two groups of corresponding point measurements.  In all cases, the goal 

is to find the set of variables yielding the minima for a series of equations. 

 

This chapter will provide an overview of the optimization problem formulation and 

its traditional solution.  In addition, variable coupling issues will be discussed along with 

their effects on the solution process.  Finally, a new method, called the Iso-System, is 

presented to deal with variable coupling and poor initial guesses in a robust manner. 

 

5.1 Problem Formulation and Solution Overview 

The system of equations that is to be optimized may be represented by the function: 
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( )xfe rr
=  

Equation 5.1 
where 

er  is the residual error in the system of dimension M 

xr  is the unknown variable vector of dimension N 

( )xf r  is the objective function 

 

The system is usually non linear so an iterative solution approach is required.  This 

requires determining the partial derivative matrix, or Jacobian matrix, for the system.  

The Jacobian represents the effects of changes in xr  on the error vector e .   This matrix is 

represented by 

r

A . 

 

Given the partial derivative matrix, its pseudoinverse,  is computed.  The methods 

for doing this will be presented in Section 5.2.2.  By multiplying the error vector by the 

pseudoinverse of the partials matrix, we can linearize the system in the region of the 

current  and determine the direction, 

1−A

xr xdr  to move in the unknown variable space to 

solve the system if it were truly linear.  Since the system is not linear, however, the 

process is repeated until an optimum is reached.  The details of this approach are 

presented in the next section. 

 

5.2 Solution Methodology 

As with all optimization methods, the initial guess for the variable vector xr  is 

important since it influences which local minima will catch the solution.  The initial 

guess also has an influence on the computational performance of the algorithm.  The 

procedures for determining the initial state of xr  are highly dependant on the particular 

optimization problem so they will not be discussed here.  Instead, they are covered within 

the descriptions of the various optimization problems presented in this dissertation. 
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5.2.1 Jacobian Matrix Construction 

Given a system represented by Equation 5.1, and an initial guess for , the next step 

is to determine the Jacobian matrix of the system for a particular value of .  When 

possible, this is accomplished using closed-form derivative representation of the system.  

If this is impossible or inconvenient, numerical derivatives are used.  Numerical 

derivatives are computed to populate the matrix as follows: 

xr

xr
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Equation 5.2 
where 

A  is the partial derivatives matrix, the Jacobian 

ie  is the ith residual error term, i=0 to M-1 

jx  is the jth unknown variable, j=0 to N-1 

 

Each column of the matrix is computed by varying a single variable in , and 

observing its effect on the entire error vector, e

xr

r .  For each element, the derivative is 

approximated by 

 

j

ii

j

i

xd
ee

x
e −

=
∗

δ
δ

 

Equation 5.3 
where 

jxd  is the perturbation applied to  jx
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∗
ie  is the ith error term when evaluated at  jjj xdxx +=∗

 

This means the construction of  requires N evaluations of the objective function 

where each evaluation populates a column in the matrix.  It is important to select the 

proper value for  since the representation of the derivative is highly dependent on the 

numerical approximation.  Infinitesimally small values of d  will result in a near divide 

by zero condition, and large values will result in too large a step, possibly skipping over 

an important area in the solution space. 

A

jxd

jx

 

5.2.2 Singular Value Decomposition 

Given the Jacobian matrix for the system at a particular state of xr , the next step is to 

compute the pseudoinverse of this matrix so that a move direction may be determined 

such that the residual error is reduced.  In most metrology problems, the Jacobian matrix 

is non-square because redundant measurements yield far more equations than unknowns. 

 

This sort of optimization problem is often solved by using , decomposition, 

or another method to obtain the pseudoinverse of the partials matrix.  Some researchers 

even use a Gauss-Jordan algorithm with partial pivoting (Le Cocq, 1997).  With these 

methods, great care must be taken to properly condition the problem to avoid singular 

regions and other instabilities.  For this research, however, those methods were found to 

be inadequate due to instabilities near singularities.  In addition, they were not tolerant of  

zeroing (eliminating) or drastically changing rows in the system matrix by changing point 

weighting. 

JJ T LU

 

Singular value decomposition is an extremely robust method for dealing with both 

over-constrained and under-constrained systems (Golub and VanLoan, 1983; Press et al., 

1990).  In this case we will focus on its application to over-constrained systems with M 

equations and N unknowns. 
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The goal is to determine the value xr  that minimizes (in a least-squares sense) 

 

exAr −⋅=  

Equation 5.4 
where 

r  is the residual error 

A  is the partials matrix relating the effect of x on e 

x  is the unknown variable  

e  is the residual error vector representing the objective function 

 

To solve this system,  must be determined in a robust manner.  Singular value 

decomposition accomplishes this by decomposing the matrix as follows: 

1−A
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Equation 5.5 
where, 

Α  is a M x N matrix (the partials matrix in this case) 

U  is a M x N column-orthogonal matrix 

W  is a N x N diagonal matrix with the singular values on the diagonal 
TV  is the transpose of an orthogonal matrix V 

 

Once the matrix is decomposed in this manner, the inverse of A is obtained as 

follows: 

 

T

j

U
w

diagVA ⋅





















⋅=− 11  

Equation 5.6 
 

92 



Using the inverse and the current error vector, a move direction is determined using: 

 

( )eU
w

diagVx T

j

⋅⋅





















⋅=∆

1  

Equation 5.7 
 

Before the move direction is determined, the singular values in the matrix W are 

conditioned.  This is because an extremely small singular value will cause the values of 

 to become extremely large.  This chance to condition the singular values is one of the 

great benefits of this method.  It determines the exact cause of instability and facilitates 

intervention.  This is done by replacing 

x∆











jw
1


  with zero for very small ’s so that the 

basis functions that are irrelevant to the optimization are driven to a small harmless value 

as opposed to growing to unstable, large values.   

jw

 

The unknown variable vector that solves the linear system presented in  

is  

Equation 5.4

 

xxx rrr
∆+=∗  

Equation 5.8 
where 

∗xr  is the unknown variable set representing the perfect solution to the 

linearized system 

xr∆  is the variable space move vector determined by Equation 5.7 

 

This solution is not, however, the solution to the true, non-linear optimization 

problem, since the linear assumptions used to build the Jacobian matrix are invalid except 

in the neighborhood around .  The iteration process required to solve the non-linear 

problem is presented in the next section. 

xr
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5.2.3 Solution Iteration 

The move vector resulting from the linear system solution was presented in 

.  This vector, when applied to the current variable state, should yield an improved 

solution.  This is not always true, however, since the linearized system assumptions 

quickly breakdown as  leaves the region of the last linear solution.  There is a tendency 

for the linearized moves to miss the minima in the true, non-linear solution space.  One 

way to address this problem is to apply a damping factor to this move vector.  Instead of 

using Equation 5.8 to determine the new unknown variable vector, we could use 

xr

Equation 

5.7

 

( ) xxx rrr
∆+=∗ λ  

Equation 5.9 
where 

λ  is a damping factor (e.g. 0.8) 

 

The performance of this approach is far better than placing full faith in the linear 

assumptions.  It is not, however, optimal since the factor is arbitrary and the overshooting 

phenomena (though reduced) will still plague the solution.  This can result in an 

unnecessary number of iterations, all requiring the calculation of the Jacobian and its 

subsequent inversion. 

 

In this work, a modified approach is used.  Instead of a single damping factor applied 

to the move vector, a search is performed along the move vector to determine the optimal 

value of λ .  There are many options for searching a solution in this manner.  A binary 

search or hunting method could be used, for example.  In this case, a simple series of 

even divisions are laid out on the line and the objective function is evaluated for each 

one.  The best solution along the line becomes the current state of xr , and the algorithm 

proceeds to the next iteration beginning with the Jacobian computation at the new . xr

 

The determination as to which objective function vector er  along the search direction 

is optimal is made using a simple statistic such as the root mean square (RMS): 
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Equation 5.10 

Equation 5.10

 

When the move direction search fails to find a solution that has a smaller e , the 

optimization may be deemed complete.  If, however, the number of search steps along the 

move direction is small, it is often advisable to perform a finer search along the move 

direction before allowing the optimization to stop.  In this research, the search was 

repeated up to two times with progressively finer intervals if no better solution was found 

for an entire move.  Each of these subsequent searches is configured such that it does not 

re-evaluate the 

RMS

λ  values already covered by a previous search. 

 

The entire optimization process can be summarized as follows.  From the current 

position, , determine the Jacobian matrix using either analytic or numerical methods.  

Next, calculate the pseudoinverse of the Jacobian using a robust method, preferably SVD.  

Back-substitute the current error vector, e

xr

r , into the pseudoinverse to determine the 

motion direction, .  Using this direction, perform a repetitive line search forcing the 

unknown vector  to continually move toward a more optimal solution.  After each 

complete iteration,  is evaluated.  If  does not improve by at least a 

minimum value, the decision is made that an optimum has been reached. 

xr∆

xr

RMSe

 

These methods and many variations of them, are not new.  They have been used with 

great success on many types of optimization problems (Press et al., 1990; Triggs et al., 

1999).  As with many numerical algorithms, there are both good and bad 

implementations of these concepts.  The specific details of this optimization method are 

described in this dissertation to explain the particular approach applied in this research, 

and to provide the reader with a foundation to help in understanding the new, advanced 

methods explained below. 
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5.3 Advanced Methods 

A modified optimization approach was developed in the process of this research.  

This approach, called Isolated Variable Sub System optimization, is a combination of a 

classical pattern search optimization method and the singular value decomposition based 

iterative Newton’s method approach presented in Section 5.2. 

 

The primary motivation behind the development of this approach is the high degree 

of coupling present in many metrology problem formulations.  The description of this 

optimization method will begin with a discussion of variable coupling issues.  Then, a 

brief discussion of simple pattern search optimization is presented.  Finally, the hybrid 

optimization approach is presented. 

 

5.3.1 Variable Coupling 

To present the variable coupling problem, consider the case of a best-fit 

transformation of two sets of points shown in .  In this case, the goal is to 

determine the transform of the instrument that aligns the measured and nominal points 

optimally.  This means the unknown variable we are optimizing is the transformation of 

the instrument, and the residual error is determined by the mismatch between the two 

groups of points. 

Figure 5.1
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Figure 5.1  Best-Fit Transformation Starting Condition 

 

Suppose the optimization proceeds to a point nearer to the solution as illustrated in 

.  At this point, another iteration begins with the evaluation of the Jacobian 

matrix of the system by the perturbation of the transformation variables.  In this 2D 

example, the variables are the XY position, and rotation about the Z axis. 

Figure 5.2

Figure 5.2  Best-Fit Transformation:  Intermediate Step 
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Iteration 

Optimal 
Solution 
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From the current solution iteration, the motion that needs to occur involves a 

translation in X and Y, as well as a rotation about Z.  If, however, we only translate, or 

only rotate, the objective function e  increases to a less optimal value.  The result is an 

exploration of the variables resulting in no net improvement in the objective for any of 

the test moves.  In this situation, the optimization will stop prematurely because, even 

though the matrix will be inverted and a move direction explored, it will most likely 

allow some movement, but not the movement necessary to reach the optimum.  The 

situation is exacerbated in many cases where the points are referenced to a coordinate 

system that is a large distance away.  This is common when measuring large structures 

such as a commercial airplane or an aircraft carrier.  In order to reach the optimum 

reliably from a variety of starting conditions, a method is needed to more robustly deal 

with simultaneous changes in the unknown variables. 

RMS

 

There are several problems apparent in this case.  First, the numerical computation of 

the Jacobian is based on individual perturbations of the variables.  This means that all 

knowledge of the solution space is based on one variable moving which in many cases 

does not result in a net improvement depending on the perturbation size.  Second, even in 

cases where analytical derivatives are available, they still only represent the effect of one 

component at a time.  It is the linearization of the problem that introduces the assumption 

that combining the individual perturbations will yield an optimal move direction. 

 

5.3.2 Basic Pattern Search Methods 

One of the most basic, robust, and easy to implement optimization methods is the 

Hooke and Jeeves method (Rao, 1979; Reinholtz, 1983; Calkins 1994).  This method 

involves simply moving each variable independently in a pattern and evaluating the net 

effect on the total objective function.  The details of this method, presented in this 

section, form the basis for the hybrid approach used in this work. 

 

For this method, only a single scalar value is needed to define the objective function.  

In the case where we have a vector of residual errors, er , the single scalar value used in 
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the optimization would be  or some other metric of the errors.  In any case, this 

single value is produced for the initial state of the unknown variables, . 

RMSe

xr

x

 

The process begins by moving the first component of xr , or , by a positive 

perturbation value.  This value is initially fairly large so that the solution will proceed 

quickly.  After incrementing the variable, the objective function is evaluated.  If the new 

value did improve the objective function, the change is accepted and we move on to the 

next variable, .  If there is no improvement, the move is discarded and  returns to its 

original value where it is perturbed by a negative perturbation value.  If no improvement 

results, the move is discarded.  Otherwise the improvement is accepted and we move on 

to the next variable. 

o

1x 0x

 

This pattern proceeds for each of the N variables in xr .  If, all of the variables are 

perturbed in both directions with no improvement over the entire iteration, the 

perturbation size is reduced by a factor (typically ½) and the process repeats.  An 

optimum is reached when the perturbation value falls below a user-defined minimum 

perturbation. 

 

This method, while straightforward to implement, is computationally inefficient since 

it does not take advantage of the information in the function derivatives.  This is, 

however, one of its strengths.  Since it is not dependant on derivatives, the problems that 

arise from numerical computation of the derivatives are not applicable.  This method is, 

however, subject to the problems of variable coupling since it only attempts to move one 

variable at a time. 

 

5.3.3 Isolated Variable Sub System Optimization 

Isolated Variable Sub System (or Iso-System) Optimization is a combination of the 

Hooke and Jeeves pattern search method and a non-linear least-squares optimization of a 

subset of the variables using Singular Value Decomposition.  The method proceeds as 

follows. 
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An initial guess for  is determined.  Next, a full system least-squares optimization, 

as described in Section 5.2, is performed.  Though subject to the problems associated 

with variable coupling, this method quickly yields an optimum that may be used as the 

starting point for the Iso-System optimization.  Though not necessary, this initial 

optimization is helpful from an efficiency standpoint in that it quickly covers large 

motions in the variable space.  These same motions require more computation with the 

Iso-System method.  Once the initial optimization is complete, the process proceeds as 

follows. 

xr

 

The first variable is perturbed in a positive direction.  After this perturbation, an 

optimization is performed on all the other variables using a non-linear least-squares 

method as described in Section 5.2.  This optimization of the remaining variables is 

termed a sub-system optimization since it operates on a subset of the total variable set.  

The sub-system’s dimension is N-1 unknowns and M equations.  After the sub-system 

optimization, the single scalar representation of the objective function, e , is evaluated.  

Then, the Hooke and Jeeves process takes over.  If there was an improvement after the 

perturbation and sub-optimization, the change is accepted.  If not, the changes are 

discarded and a negative perturbation is performed.  Again, this perturbation then 

requires a Sub-System optimization for all the other variables. 

RMS

 

The step considerations are identical to the Hooke and Jeeves method.  If an entire 

iteration occurs with no improvement, the perturbation value is reduced and the process 

continues until the perturbations reach a minimal threshold. 

 

One additional enhancement to the traditional Hooke and Jeeves method is used.  

This enhancement is the randomization of the variable perturbation order.  Instead of 

perturbing element 1, then 2, then 3, a random integer array is constructed for each 

iteration and the elements are perturbed in the random order. 
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The Iso-System method adds a significant computational burden when compared to 

standard non-linear least squares methods.  This is also one of its strengths.  By forcing 

each variable to perturb in the positive and negative direction and then finding the subset 

of the variables that result in an optimum for that perturbation, the solution space is 

explored more rigorously than with other methods.  This exploration drastically reduces 

the false optima that occur when only the linear approximation is used to determine the 

move direction.  

 

This method is needed most when a good initial guess is not available, or when the 

solution is highly sensitive to the magnitude of the perturbation values.  In cases where a 

good guess routine can be used along with solid perturbations, the likelihood of falling 

into a local minima is lower.  This means the computational burden of Iso-System 

optimization may not be necessary.  Instead, the methods described in Section 5.2 may be 

used directly. 
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6 COMBINING COORDINATE ACQUISITION SYSTEMS 
When multiple coordinate acquisition systems are required to accomplish a 

measurement task, their data must be combined to provide useful results.  In fact, most 

metrology applications require, at a minimum, a transformation to a nominal model 

coordinate system.  This chapter will discuss current practices and present a new method 

for the simultaneous combination of the systems.  The focus here is the combination of 

the data as opposed to the uncertainty therein.  In the next chapter, we will discuss 

methods for incorporating the uncertainty fields of the individual coordinate acquisition 

systems in the combination process. 

 

6.1 Best-Fit Coordinate Set Transformation 

The most common method whereby metrology data is combined is the best-fit 

transformation.  This process was discussed briefly in Section 5.3 as an example of 

optimization problems in metrology.  This section will describe the best-fit 

transformation of two point sets and discuss the solution methodology. 

 

The best-fit transformation is based on aligning two sets of common coordinates.  

This is done by determining the transformation that, when applied to one set of points, 

optimally aligns the two sets of data.  This requires an optimization where the distance 
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between the common tie-in points is minimized using the optimization methods described 

in Chapter 5. 

 

The error vector is comprised of three entries for each common coordinate 

measurement.  Note that, prior to the optimization, it is necessary to determine the 

correspondence between the data sets.  This is usually performed using point name 

matching though other automatic methods are also possible.  For each i ent of N 

elements in the array of common points, three residual values are created and used in the 

objective function vector, : 
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Equation 6.1 
where  

F  is the collection of fixed coordinates 

M  is the corresponding moving coordinate 

e  is the error vector for the entire transformation 

i  is the point index; range: 0 to N-1 

 

The M point set is transformed by a 4x4 coordinate transformation matrix, T, where T 

is comprised of a rotation matrix and a translation vector.  The rotation matrix contains 3 

degrees of freedom.  This is most often represented by rotations about the fixed x, y, and 

z coordinate axes though any set of rotations yielding an orthonormal 3x3 rotation matrix 

is permissible.  The translation component is a vector containing an X, Y, and Z value.  

Optionally, there is another variable in the transformation representing the scale factor 

between the M and F coordinate sets.  Depending on whether a scale-fixed, or scale-free 

transformation is desired, there are either six or seven degrees of freedom in the 

optimization.  The 6 degree of freedom transformation was shown in Equation 4.9.  The 

scale-free, or 7 parameter transformation may be expressed as the product of two 

matrices: 
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Equation 6.2 
where 

),,( αβγR  is the 3x3 rotation component of the transform 

B
r

  is the translation component 

s   is the scale factor 

 

Note that the scale is applied uniformly to all axes.  This is not a requirement but it is 

a common practice in coordinate metrology.  In this description, scale-free 

transformations are described as having 7 degrees of freedom.  It is also possible to have 

a 9 degree of freedom transform should the user want independent solutions for the scale 

of the three coordinate axes. 

 

The total dimension of the equation system in the best-fit optimization is 6 x 3(N) or 

7 x 3(N) depending on choice of scaling.  In addition, weighting may be applied to the 

error values in order to elevate the importance of certain points or coordinate 

components.  This is done by simply multiplying each e  by a scalar value corresponding 

to the desired weight for that entry.  Zero is also a valid weight; it serves to remove a 

component from the fit entirely.  This zero (or very small) weight is an interesting case 

since it can produce numerical instabilities in conventional non-linear least-squares 

algorithms.  Singular value decomposition, however, handles this case easily (Section 

5.2.2). 

j

 

Before starting the optimization, it is necessary to have an initial guess as to the 

transformation of the M points.  This guess helps to speed the optimization and reduces 

the chance that the optimization will become converge to an unwanted local minima.  

The method used to select a starting transform is as follows:  Construct a coordinate 
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frame, , on the 3 farthest points in the M (moving) point set.  Construct a frame, 

 , on the corresponding points in the F (fixed) group.  These frames are constructed 

arbitrarily by selecting one of the points as an origin, one as a point along the X axis, and 

another as a point lying on the X-Y plane.  It is important that these points are not 

collinear.  One method for selecting the points is to determine the 3 points in the data set 

that are farthest from each other.  This may be done using the following process: 

TWorld
M

TWorld
F

 

• Determine the average point for the whole set. 

• Find the point farthest from the average, A. 

• Find the point farthest from A and designate it B. 

• Construct the line AB and determine the point farthest from the line.  Designate it 

C. 

• A, B, and C are the 3 coordinate frame construction points in the set. 

 

Align the constructed coordinate frames by 

 

( ) TTT World
M

World
F

F
M

1−
=  

Equation 6.3 
where 

TF
M  is the initial guess for the transformation, aligning the M and F coordinate 

frames. 

 

This transformation is applied to the points in the moving group as follows: 

 

i
MF

Mi
F PTP

rr
=*  

Equation 6.4 
where 

*
i

F P
r

 is the ith point in the M set transformed to the F set. 
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Throughout the optimization process, the transformation is applied to the initial 

values of the moving points to produce the current state of the moving points for 

evaluation.  The optimization proceeds as described in Chapter 5 until the mismatch 

between the common points is minimized. 

 

The final result is a transformation that, when applied to the M points, places them 

into the coordinate system of the F points with minimal (as defined by the optimization 

constraints and method) discrepancies in the common points. 

 

6.2 Traditional, Sequential Combination of Multiple Coordinate 

Acquisition Systems 

Consider a metrology network with a serial chain configuration.  The nominal CAD 

model is tied to a laser tracker that is then tied to a portable CMM arm that is tied to a 

laser scanner as shown in Figure 6.1.  Each measurement device in the chain is coupled to 

the adjacent device by a set of common points that both systems can measure.  No points 

are shared between non-adjacent systems, however.  In this case, a series of best-fit 

transformations could be applied to each set in the chain.  The result would be a set of 

measurements all referenced to a common coordinate system.  Most often, the nominal 

CAD system is chosen as the reference, since that is usually the touchstone by which the 

measured product is evaluated.  It is important to note, however, that the choice of 

reference coordinate system is arbitrary. 
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Figure 6.1  Measurement System Chain Formed Using Best-Fit Transformations 

 

Traditionally, each measurement system is controlled by an independent software 

application.  This means the data must be exported in some manner from each 

measurement system and then imported into a common analysis platform for best-fit 

operations.  Most modern metrology packages are capable of exporting data, importing 

data, and best-fitting data sets. 

 

Given this traditional framework, the measurement topology shown in Figure 6.1 

results in four data files, each containing coordinate values where some of the point 

names are common.  As a side note, some measurement systems, such as the laser 

scanner, do not produce named points directly.  Instead, the application software must 

detect and extract features such as tooling balls, and provide proper name assignment. 

 

Once an analysis application is chosen, the nominal coordinates are loaded to provide 

a baseline.  Next, the laser tracker data is imported into the same working file as the 

nominal coordinates.  The two sets are not aligned at this point, so a best-fit 

transformation is performed where the laser tracker data is the moving set, and the 

nominal data remains fixed.  When finished, the laser tracker data is fit to the nominal 

data such that all measurements are represented in the common, nominal CAD coordinate 

system.   
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This process is then repeated with the next measurement system in the chain until all 

systems have been transformed.  In this case, the next link is the portable CMM.  Its 

points are transformed to best-fit the laser tracker data.  The same process is then applied 

to fit the laser scanner to the portable CMM data.  Once all links in the measurement 

chain have been connected, the transformation of the final set of points relative to the 

initial is 

 

TTTT CMMP
Scanner

Trac
CMMP

CAD
Trac

CAD
Scanner

−
−= ker

ker  

Equation 6.5 
 

Each component of the transformation chain represents the relationship between the 

base transformation of that particular instrument and the previous instrument.  All the 

points measured by the portable CMM, for example, could be mapped to the CAD 

coordinate system by 

 

ii CMMP
CMMPTrac

CMMP
CAD

TracCMMP
CAD PTTP −

−
−− =

rr
ker

ker  

Equation 6.6 
where 

iCMMP
CMMP P −

−
r

  is the ith point measured by the P-CMM described in the P-

CMM base coordinate system 

iCMMP
CADP −

r
  is the same point described in the CAD coordinate system 

 

In practice, most users simply best-fit each set of data to the previous set 

progressively building a common coordinate system.  When this process is completed, 

the user has accomplished the objective of combining the data.  There is, however, no 

statement of the uncertainty in the combined measurements.  There is a significant danger 

here.  The combined coordinates are often used to answer important questions that are 

asked by the customers of the measurement job.  The answer often comes as a result of 

more advanced analysis on the final data set.  A sphere-fit, for example, may be required 

to evaluate the shape of the manufactured part.  Or, all of the measurements may be 

compared to a complex CAD solid-model of the part design.  The end result is often a 
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simple “GOOD” or “BAD” decision based on some macroscopic view of several sub-

analysis steps.  Making important decisions such as these with data containing no valid 

uncertainty statement is dangerous. 

 

This sequential combination method also has another limitation.  It cannot handle 

loops in the measurement chain.  Suppose the last instrument measured several points 

measured by the first device.  This information is not useful when only a serial chain 

solution is used.  The information can be used, however, to reduce the uncertainty of the 

entire network.  The methods required for a looped system analysis follow. 

 

6.3 Simultaneous Combination of Multiple Coordinate 

Acquisition Systems 

Suppose the chained measurement system example in the previous section is 

augmented with data providing loops in the network.  One possible looped configuration 

is shown in Figure 6.2.  This is accomplished by the last coordinate acquisition system in 

the chain measuring points in common with the nominal model or the first instrument in 

the chain.  This could be taken a step further by having the second instrument in the chain 

measure points in common with the nominal model in addition to its reference to the first 

instrument.  With either of these complicating factors, or both in concert, the result is a 

system that cannot be addressed by the traditional best-fit transformation method applied 

sequentially.  Instead, we must consider the combination of the systems as a simultaneous 

operation. 
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Figure 6.2  Coordinate Acquisition Systems Coupled in a Looped Configuration 

 

A single optimization problem is formed using the entire set of common coordinates 

and all of the instruments simultaneously.  It is important to note the similarity between 

this problem and the instrument transformation optimization problem presented in 

Section 4.1.2.2.  There, the goal was to determine the uncertainty of the instrument by 

measuring fixed points from multiple locations of the same instrument.  Here, multiple 

instruments are combined based on their common measurements.  One key difference is 

that here, there are several options for objective function formulation.  The XYZ point 

coordinate discrepancies could be minimized.  These discrepancies could be weighted 

based on user specified values.  In addition, the objective function could be formulated to 

state errors relative to the instruments’ measurement values as in the point computation 

problem in Section 4.1.2.1.  Or, a mixture of these formulations may be used depending 

on the measurement setup. 

 

6.3.1 Simultaneous Combination Unknown Variables 

The unknown variables in the system are the components of the transformations of 

the instruments.  Each instrument’s transformation is used to map its individual measured 

coordinate values into the WORLD model.  This transform contains at least 6 degrees of 

freedom and possibly a 7  the scale is allowed to vary. th if

 

In the case where the nominal model is considered in the combination, it is most often 

the coordinate system reference.  This means it remains fixed and therefore its 
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transformation is not a variable in the optimization.  If a nominal model is not considered, 

then one of the instrument systems would be considered fixed so as to prevent the entire 

system of instruments from wandering throughout the WORLD system unconstrained.  

 

For the example given previously, there are 3 unknown transformations resulting in 

18 (or 21 in the scale-free case) degrees of freedom.  The nominal CAD transformation is 

omitted since it serves as the ground link.  The 3 transformations are the laser tracker 

system, the portable CMM system, and the laser scanner system.  These transformations 

are of the form shown in Equation 6.2 where the scale component is optional. 

 

6.3.2 Simultaneous Combination Equations 

The equations governing the solution space for this optimization problem are the 

common measurements.  Each of these measurements is constrained to match the 

corresponding measurements of the same physical point by other coordinate acquisition 

systems.  The result is a collection of constraints for all the measurements of a common 

point. 

 

The first task is to identify and group all common point measurements.  Then, for 

each point, an equation set is created based on its measured location relative to each 

instrument.  If a point is measured by only one instrument, that point is skipped because it 

does not contribute to the solution space of the problem but instead moves as a result of 

the combination.  Incidentally, most of the measurements of interest in the final 

measurement job result are typically not a part of the common point set.  This is because 

common points are usually added to a measurement job to provide easy referencing 

between various instrument systems. 

 

Each point location measured by at least 2 instruments contributes to the objective 

function.  First, the redundant measurements are used in an optimization routine in order 

to determine the point that best represents the data.  This nested optimization is similar to 

the point computation problem posed in Section 4.1.2.1 except that its objective function 
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may vary given the possible mix of instrumentation and user preference for constraint 

formulation and weighting.  Once the optimal point is determined, the deviation from 

each measurement to that point becomes an entry in the objective function. 

 

It is common with numerical optimization techniques to change the relative weighting 

of the components of the objective function.  This allows more weight to be placed on 

certain points or certain components of points as needed.  It also allows a point or 

component to be ignored by assigning it zero weight if it is determined after an initial 

optimization run to be an outlier.  In these cases, it is even more important to use a robust 

optimization method, such as singular value decomposition, to avoid numerical 

instabilities. 

 

The simultaneous combination of coordinate acquisition systems presents several 

interesting options for point computation equation formulation and weighting schemes.  

These are presented in the following section. 

 

6.3.2.1 Point Computation from Multiple Coordinate Acquisition 

Systems 

A specific version of the point computation problem was presented in Section 4.1.2.1.  

That case was aimed specifically at point computation from the same instrument in 

multiple locations.  Here, that method is extended to include other instrument types and 

weighting schemes though the optimization solution methodology remains similar.  The 

key issues discussed here are the formulation of the objective function and the weighting 

model. 

 

Consider a point measured by three different instruments, a portable CMM, a 

conventional (non-ranging) theodolite, and a laser tracker.  The CMM provides a 

complete coordinate based on its kinematic model.  The laser tracker also provides a 

complete coordinate though based on a different model, a spherical coordinate system.  
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The conventional theodolite, however, does not provide a complete coordinate, but 

instead a ray along which the measured coordinate resides. 

 

One approach to forming the objective function is to compare each measurement to 

the current optimal point in the point computation optimization.  For the portable CMM, 

a simple XYZ comparison would add three entries to the objective vector.  The same 

process could be applied to the laser tracker measurement.  The conventional theodolite, 

however, requires a different method.  One option would be to represent the angular 

difference between the φθ  values of the polar measurement and the φθ  values from the 

instrument origin through the current optimal point.  This results in two contributions to 

the objective function.  Alternatively, the point to line distance from the current point to 

the measurement ray would add only one entry. 

 

The laser tracker measurements could contribute to the objective function in terms of 

the measurement values instead of the XYZ coordinates.  This is the approach given in 

.  The advantage is that this facilitates weighting the components in terms of 

the measurement values.  It also has an inherent weighting in that as the measured points 

move farther and farther from the instrument, the penalty for the angular residual for a 

fixed-distance error increases. 

Equation 4.5

 

A similar approach is possible with the portable CMM.  Given the joint values 

comprising the actual measurement, an inverse kinematic solution for the current optimal 

point may be determined.  The joint space differences between these values could then be 

added directly to the objective function.  This raises other issues due to the complexities 

in inverse kinematic solutions (Craig, 1989).  As long as the goal point is reasonably 

close to the actual measured value, this method is workable.  This is most often the case 

since the simultaneous combination optimization will begin with a good guess as to the 

instrument transformations.  Another option for treating the portable CMM 

measurements is to represent them as a polar system similar to a laser tracker.  Though 

this does not exactly represent the kinematic arrangement, it will allow the user to weight 

the optimization in a form other than simply the XYZ coordinate values. 
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To summarize, at the heart of the simultaneous coordinate acquisition system 

combination problem is a sub optimization operation termed point computation.  This 

operation determines the optimal coordinate given a series of measurements from various 

devices.  The definition of optimal hinges on the weighting scheme and equation 

formulation used to evaluate the proximity of the measurements to the optimal point.  

The flexibility available in weighting schemes and measurement representation is one of 

the strengths of simultaneous measurement system combination.  The specific weighting 

scheme used in this research is presented in more detail in Section 7.2. 

 

6.3.3 Simultaneous Combination Optimization Solution 

Given a suitable method for optimal point computation in the face of redundant 

measurements, the focus turns to the larger problem:  The unknown relative 

transformations of all the instruments in the combined data set. 

 

An initial guess for the unknown instrument transformations is often required before 

beginning the optimization.  This guess may reduce the possibility that the solution will 

converge to an incorrect local minima.  The guess may be constructed by processing the 

individual transformations in a chain using the methods discussed in Section 6.2.  It is not 

necessary to run a full optimization for each link in the chain, but instead to form the 

initial guess using 3 common points to define a coordinate frame as described in Section 

6.1.  Regardless of the details of the guess method, the end result should be a network 

configuration where the instruments are in reasonable proximity to their optimum 

solutions.  There is considerable latitude in this approximation, because the optimization 

process will quickly adjust for the coarseness in the guess. 

 

Using the optimization methods described in Chapter 5, the entire network is solved 

simultaneously.  Once complete, the optimization yields a transformation for each 

coordinate acquisition system in the network.  By applying these transformations to the 
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individual measurements from each system, all of the measurements are referenced in the 

same coordinate system. 

 

The simultaneous combination of coordinate acquisition systems is a more flexible 

and robust approach than the sequential best-fit method.  Once the problem is framed in 

the simultaneous manner, it is a straightforward task to experiment with different 

coupling layout and weighting schemes.  The problems posed in Figure 6.1 and Figure 

6.2 can be solved using identical methods.  In the former case, a serial chain, there is no 

cross coupling between non-adjacent links.  Simultaneous combination is not necessary 

in this case, but it is convenient in that only a single optimization is required.  In the latter 

case, the cross coupling is addressed by simply adding equations to the system following 

the form of Equation 6.1 or another more advanced weighting scheme.  Later sections of 

this work discuss in detail the advantages in terms of uncertainty reduction that may be 

achieved by introducing loops in the measurement network.  Even a single measurement 

from the last instrument in the chain to the first data set is shown to provide a significant 

reduction in overall uncertainty (see the case study in Section 9.4). 

 

This method still does not deal with the uncertainties of the measurements after the 

combination operation.  That is addressed in the following chapter. 

115 



7 THE UNIFIED SPATIAL METROLOGY NETWORK 
The goal of the Unified Spatial Metrology Network (USMN) is to properly combine 

nominal data and measurements from multiple coordinate acquisition systems to produce 

a measurement network complete with a realistic statement of the measurement 

uncertainty.  The previous chapter described a method for simultaneously combining all 

of the coordinate acquisition systems and nominal data that compose a measurement 

network.  This method will be extended here to incorporate the uncertainties of the 

individual network components in the combination process.  This chapter will outline the 

concepts of the USMN and the next chapter will present the salient software 

implementation details. 

 

7.1 Design Model Uncertainty 

In cases where the goal of the measurement task is to relate the physical, measured 

object to the nominal CAD model, it is necessary to tie the measurements into the CAD 

coordinate system.  In these cases, the model is added as a component in the USMN. 

 

If there is a known uncertainty in the nominal tie-in points, this uncertainty may be 

represented by point uncertainty fields.  These fields along with the rest of the CAD 

geometry are treated in the same manner as the coordinate acquisition systems included 
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“ground” object or the one to which all uncertainty is referenced.  This makes sense, 

because the primary goal of most measurement systems is to compare measured point 

locations to the product design model.  It is important to note, however, that the choice of 

reference system is arbitrary and left to the user. 

 

If the nominal model uncertainty is not available or if it is not to be considered, the 

model is still treated as a component of the network.  This is because there will be 

uncertainty in the tie-in of the measurement systems to that model.  In such cases, the 

nominal points will not have uncertainty fields, but the corresponding points from the 

measurement systems will have uncertainty fields that then result in uncertain tie-ins to 

the nominal coordinates. 

 

Nominal data may also be used to provide a reference link between individual 

measurement systems or collections of measurement systems.  In such cases, the nominal 

information not only provides a useful reference system, but it also serves as a critical 

link in the measurement network allowing the connection of separate measurement 

systems.  This is another example where the nominal data is treated identically to the 

other measurement systems in the network.  It is also important to note that multiple sets 

of nominal data may be used just as multiple coordinate acquisition systems are used in a 

network. 

 

7.2 Solving the Unified Spatial Metrology Network 

The optimization process used to solve the measurement network is the simultaneous 

combination algorithm described in Section 6.3.  Previous discussions raised the issue of 

the weighting factors used in the point computation solution.  This section will present 

the approach used in this work – weighting by relative uncertainty.  This weighting 

scheme, applied to the point computation, is also applied to the objective function used in 

the total network solution. 
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Given reasonable uncertainty statements for the measurement components of an 

instrument, it is possible to determine the uncertainty field for a given measurement using 

the methods presented in Chapter 4.  In this case, however, the goal is not to determine 

the uncertainty field, but instead to describe the uncertainty of this measurement relative 

to the other measurements in the network.  It is not necessary therefore, to compute an 

entire uncertainty field, but instead to represent the effect the instrument measurement 

component uncertainties will have on the optimization objective function components.  

To do this, we simply determine the worst-case effect (at 1 sigma) that the uncertainty 

values will have on the measurement and then weight the measurement accordingly. 

 

Suppose, for example, a point in the network is measured by both a laser tracker, and 

a total station.  Each instrument provides three measurement components consisting of 

two angular values and a distance.  Given the differences in the instruments, however, the 

laser tracker provides distance measurements that are far more certain than those from the 

total station theodolite.  This is due to the different technology employed in the 

instruments.  In addition, the relative difference in this uncertainty is a function of where 

the measurement is in the workspace of the instrument.  For this reason, it is necessary to 

determine individual weighting values for every measurement in the Unified Spatial 

Metrology Network relative to all other measurements.  A suggested method for 

accomplishing this follows. 

 

First, it is necessary to determine a representation for the discrepancies in the 

measurements.  As discussed in previous sections, representing the error in terms of the 

instrument’s measurement values is a logical choice.  This representation was shown in 

as it was applied to the instrument uncertainty characterization process.  In this 

case, the error is represented in terms of the instrument measurement values, but 

converted to linear distance as opposed to a mix of angular and linear values.  This 

provides for an objective function homogenous in units.  Also, a linear distance 

expression of error is often the most intuitive for the measurement technician.  

 

Figure 4.3 
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Once the component errors are determined, the task remains to determine the 

weighting factor that should be applied to those components before placing them into the 

optimization objective function.  Obviously, these weights must correspond to the 

representation of the residual error representation.  In this case, the instrument 

measurement components are used to represent the error and state the instrument 

uncertainty so that requirement is met.  To determine the weighting factors, we represent 

the component uncertainty of the instrument as a linear distance error term at the location 

of the measurement.  For the laser tracker, total station, or other spherical measurement 

device, these uncertainty components are expressed as linear distances by 

 

Equation 7.1 
where, 

is the linear distance representation of the component uncertainty. 

quation 7.1
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D  

l  is the distance from the instrument origin to the measured point. 

U  is the uncertainty of the instrument measurement components. 

 

The  term represents the parts per million (ppm) uncertainty component of the 

distance measurement technology in the device.  Though this term is not commonly 

solved for in uncertainty extraction methods described in Chapter 4, it is possible to 

extract it from the measurements, or to simply use the manufacturer-supplied value.  This 

requires large variations in measurement distance that are beyond the normal scope of 

industrial metrology.  The ppm term is used in Equation 7.1 for compatibility with 

conventional instrument manufacturer specifications. 

PPM
Ul

 

Given the uncertainty of a particular measurement component in linear form, the next 

step is to determine the relative uncertainty of these components considering all other 

measurements in the network.  This requires applying E  or an equivalent 

function to all the measurements in the network.  After determining all of these individual 
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uncertainty values, a statistical metric is chosen to represent the overall uncertainty.  In 

this case, the average, D , is used.  This yields the average linear distance uncertainty for 

all the measurements in the network based on the locations of the measurements and the 

instrument uncertainty characteristics. 

 

This overall average uncertainty value is then used to revisit all of the individual 

measurements and create a weighting ratio for each component.  For the spherical devices 

used in this example, the weighting factors are 
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Equation 7.2 
where, 

is the weighting factor for each component of the measurement. 

The following section provides an example of this weighting process. 

7.2.1 Example: Weighting by Relative Uncertainty 

Consider the case mentioned previously where a common point is measured by both a 

total station and a laser tracker.  This section provides and example of the weighting 

scheme applied to the geometry shown in Figure 7.1. 

W  

 

120 



 

Laser 
Tracker 

Total 
Station 

L = 518 inches 

L = 376 inches 

 
Figure 7.1  Point Measured by Two Instruments 

 

The uncertainty values for the measurement components of each instrument are listed 

in Table 7.1.  These values are an input to the USMN and may be experimentally 

determined using the methods in Chapter 4 or obtained from manufacturer specifications. 

 
Total Station Laser Tracker

Horizontal Angle (arcseconds) 0.5 1.3
Vertical Angle (arcseconds) 0.5 1.3
Distance (inches) 0.03937 0.0006

(parts per million) 2 0  
Table 7.1  Instrument Uncertainty Values 

 

The common point measurement shown in Figure 7.1 is the result of a complete set of 

measurement values from each instrument.  These are shown in Table 7.2. 
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Total Station Laser Tracker
Horizontal Angle (degrees) 306.418 54.737
Vertical Angle (degrees) 100.192 123.621
Distance (inches) 376.2864 518.2100

 
Table 7.2  Instrument Measurement Values for the Common Point 

 

Given the uncertainty model and the measurement values, specifically the 

measurement length, Equation 7.1 is used to determine the effect of the component 

uncertainties in distance units.  The results for the case are shown in Table 7.3. 

 
Total Station Laser Tracker

Horizontal Angle (inches) 0.00091 0.00330
Vertical Angle (inches) 0.00091 0.00330
Distance (inches) 0.04012 0.00060

 
Table 7.3  Uncertainty at the Measured Point in Length Units 

 

Before proceeding with the actual weight computation (Equation 7.2), D  must be 

determined.  In this example, the measurement shown in Figure 7.1 is part of a much 

larger measurement network.  For all of the measurements in that network, D  is 0.0098 

inches.  Applying Equation 7.2 to the uncertainties given in Table 7.3 yields the 

weighting factors in Table 7.4. 

 

Total Station Laser Tracker
Horizontal Angle Weight 10.77 2.97
Vertical Angle Weight 10.77 2.97
Distance Weight 0.24 16.33

 
Table 7.4  Measurement Component Weights Based on the Effects of Instrument 

Uncertainty 
 

The next step is to apply these weight factors to the individual component errors that 

describe the residual error in the point computation problem.   The residuals for this case 

are shown in Table 7.5 along with their objective function contributions based on the 

component weights. 
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Total Station
Residual (inches) Weight Objective Contribution

Horizontal Angle -0.00055 10.77 -0.00592
Vertical Angle -0.00061 10.77 -0.00657
Distance 0.00825 0.24 0.00198

Laser Tracker
Residual (inches) Weight Objective Contribution

Horizontal Angle 0.00409 2.97 0.01215
Vertical Angle 0.00970 2.97 0.02881
Distance 0.00003 16.33 0.00049

 
Table 7.5  Relative Uncertainty Weighting Applied to Residual Errors 

 

The weighted residual errors are used directly in the objective function for the point 

computation optimization.  This is the same objective function used for the total system 

solution since the errors in the overall system are the point residuals. 

 

Visualization of the weighting scheme is best accomplished by viewing the 

uncertainty fields for the independent point measurements.  For this case, the uncertainty 

fields are shown in Figure 7.2.  Though the uncertainty fields are not used directly in the 

weighting scheme, they are another representation of the component uncertainties that are 

the basis for the weighting values. 

 

Laser 
Tracker 

Total 
Station 

 
Figure 7.2  Uncertainty Fields for the Independent Point Measurements 

 

There are other weighting schemes that could be applied to the point computation 

problem.  The key factor in selecting a weighting method is to include the instrument 
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uncertainty in some manner.  This is especially important in cases where the 

instrumentation is mixed within a network. 

 

7.3 Forming Combined Coordinate Acquisition System 

Uncertainty Fields 

The USMN is comprised of coordinate acquisition systems where each system 

contains point measurements in some instrument-based reference coordinate system and 

the corresponding uncertainty fields.  This section will present a method for combining 

these components and determining the uncertainty fields for each point resulting from the 

uncertainty interactions. 

  

First, the actual measured network is solved simultaneously as described in the 

previous section.  The actual measured values are used, ignoring the corresponding 

uncertainty fields.  Consider the simple example of two coordinate acquisition systems 

measuring 3 common points.   Figure 7.3 highlights the common measured points 

between a total-station theodolite and a laser tracker.  It also shows the uncertainty fields 

for the individual measurements.  By applying a simultaneous transformation 

optimization to the common points, they are brought together in a least-squares sense. 
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Figure 7.3  Coordinate Acquisition Systems with Individual Uncertainty Fields 

 

After the transformation, the common points, shown in Figure 7.3, move together to 

produce a total coordinate model of the network where the coordinates are all referenced 

in a common coordinate system.  The missing information is the uncertainty of the 

measured points relative to the other elements of the network.  Notice the difference in 

the size and shape of the individual uncertainty fields in Figure 7.3.  The ranging 

theodolite is much less accurate in range (distance) measurements than the laser tracker.   

 

The next step is to repeat the simultaneous transformation process for the common 

targets using a different uncertainty field point for each iteration.  In the first iteration, the 

first point in each target’s uncertainty field is treated as if it were the measured target.  

The complete simultaneous combination occurs and the results are logged.  On the next 

iteration, the second point in each target’s uncertainty field is used and so on.  Each 

iteration builds another candidate value for the measured coordinate.  This process is 

depicted in Figure 7.4.  When all the points in the uncertainty fields are exhausted, the 
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iteration stops and we are left with an uncertainty field representing the combination of 

the individual coordinate acquisition systems’ uncertainties. 
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Figure 7.4  USMN Uncertainty Analysis Process 

 

  Figure 7.5 shows the results of this uncertainty analysis for the total station and laser 

tracker combination.  The analysis includes 2000 uncertainty field points for each 

measurement.  Total analysis time was 1 minute, 40 seconds on a Pentium-IV 1.3 

gigahertz machine. 
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Figure 7.5  Combined Uncertainty Fields 
 

Notice the increase in the size of the uncertainty fields for the A, B, and C points that 

were measured with the laser tracker.  Their clouds grew much larger due to the 

uncertainty in their tie-in to the theodolite measurements.  Also notice the shape and 

density of the uncertainty fields.  If traditional methods were used to predict the 

uncertainty of the laser tracker measurements, A, B, and C, without considering the 

interactions of the theodolite measurements’ uncertainties in the common points, the 

actual uncertainty would be grossly underestimated. 

 

Also notice the change in the shape of the uncertainty fields for the common points.  

In this case, these points are T he optimal point is computed using the 

methods described in Section 6.3.2.1.  There are many options for the weighting of the 

solution and the representation of the measurements.  The result is, however, a single, 

optimal coordinate value.  This value varies as the individual points in the measurement 

uncertainty fields are used to re-compute its location.  The result is an uncertainty field 

for the optimal point that is some combination of the fields from the associated 

1, T2, and T3.  T
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measurements.  Figure 7.6 depicts the results of this combination showing both the 

individual uncertainty fields and the combined uncertainty field for common target T1. 
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Figure 7.6  Effects of Combined Uncertainty Field Analysis on the Common Points 

 

Suppose another coordinate acquisition system is added to this particular Unified 

Spatial Metrology Network.  It must measure at least 3 points already defined in the 

model in order to tie its measurements to the network.  For this example, another laser 

tracker is added and used to continue the measurement chain.  Figure 7.7 shows this case 

before the solution.  The uncertainty fields in the figure are those from only the new 

instrument.  
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Figure 7.7  Additional Instrument Added to Measurement Chain 

 

Running the USMN solution on this network for 2000 uncertainty field points 

required 6 minutes, 58 seconds on a Pentium-IV 1.3 gigahertz machine.  The results of 

this analysis are shown in Figure 7.8.  Notice the size and shape of the uncertainty fields 

for the measurements at the end of the chain.  The uncertainty fields are much larger than 

those shown in Figure 7.7 because those were from only the last instrument in the chain.  
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Figure 7.8  Combined Uncertainty with Additional Instrument Added to Measurement 

Chain 
 

If the network is modified by adding a single measurement that closes the chain, the 

uncertainty may be greatly reduced.  This is because both ends of the chain are now 

referenced to ground.  This looped configuration is shown in Figure 7.9.  With 2000 

samples, this network required 8 minutes, 32 seconds to execute on a Pentium-IV 1.3 

gigahertz machine.  The addition of more measurements to close the loop will continue to 

reduce the uncertainty. 
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Figure 7.9  Uncertainty Reduction by Closing the Measurement Loop 

 

A summary of the USMN solution process is as follows.   First, the network is solved 

using the simultaneous optimization process.  Then, the solution is repeated for each of 

the uncertainty field points from each coordinate acquisition system.  For each solution, 

the results are logged.  Once all of the points in the clouds have been processed, the result 

is a new set of uncertainty fields for the points.  These uncertainty fields represent the 

point uncertainties due to each instrument’s uncertainty and the interactions of the 

uncertainties with other instruments in the combination process.  The details of the 

software implementation of this approach will be presented in the next chapter. 
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7.4 Unified Spatial Metrology Network Results 

Upon completion of the combined network uncertainty analysis, the USMN contains 

a new set of composite points representing the optimal location for all the points in the 

network.  Each of these points is accompanied by an uncertainty field.  This composite 

set is the output of the USMN. 

 

The results may be displayed graphically as in Figure 7.9, or processed statistically to 

produce a summary.  This statistical process, described in Section 4.3.3, yields an 

uncertainty statement for each measured point relative to any coordinate frame. 

 

In addition, the variation in the instrument transformations is also available.  For each 

iteration in the uncertainty field computation, the resulting instrument transformations 

may be logged to provide a transformation set at the conclusion of the process.  By 

statistically processing this array of transformations, a statement can be made as to the 

uncertainty in the instrument location given the current constraints of the network.  

Though difficult to depict graphically, this information can be valuable to measurement 

planners. 

 

As with all numerical simulation algorithms, the question of sample size must be 

addressed.  If computation burden was not an issue, all uncertainty fields could be 

populated with millions of points.  Computation considerations are important in this case, 

however, since the goal is to make the uncertainty analysis readily available to those 

actually performing the measurements on the shop floor. 

 

This dissertation will address the computational requirements in several ways.  First, 

the following section, 7.4.1, will discuss the effect of uncertainty field density (number of 

samples) on the uncertainty results.  Second, the examples presented throughout this 

work, especially in Chapter 9, present not only the uncertainty results, but the execution 

time required for the operation.  Third, the discussion of software implementation in 

Chapter 8 will present the application of parallel, distributed processing to the USMN 
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(Section 8.1.3). 



 

7.4.1 Uncertainty Field Density 

This section will address the effect of uncertainty field density on the statistical 

results of discrete field analysis.  Field density also affects the usefulness of the graphical 

field representation, but that effect is not addressed in detail here as it is largely 

subjective and easily observed.  In order to determine the effects of field size, the 

following procedure is used: 

• Create a very dense uncertainty field for a point. 

• Compute the coordinate axis uncertainty values relative to the frame of 

reference. 

• Store these values as the representative “population” statistic.  

• Repeat this process using a subset of the field points and compare the results 

to the population statistic. 

• Progressively grow the field and repeat the sub-analysis (10 points, 20 points, 

40 points, etc). 

• Graph the results to observe the convergence rate of the analysis to the 

“population” statistic. 

 

For this test, the measurement geometry shown in Figure 7.10 was used to create an 

uncertainty field with 100,000 points.  The creation of this field required 0.3 seconds on a 

Pentium-IV 1.8 gigahertz machine.  This field was then sub sampled as described above 

to provide uncertainty statements of the coordinate components at varying densities.  The 

algorithm starts with the first 10 points from the field, and then adds 110% more points to 

the field so the next set contains 21 points.  This process continues with each subsequent 

set containing the points from the previous set and the additional points from the 

“population”.  The resulting uncertainty statements are plotted in Figure 7.11 as a 

percentage of the uncertainty for the “population” point field. 
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Figure 7.10  Uncertainty Field Density Test Geometry 
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Figure 7.11  Uncertainty Field Component Standard Deviations as a Function of Sample 

Size 
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Though it requires many samples to converge to the dense cloud uncertainty result, 

after approximately 200 – 300 iterations, the results are within approximately 5% of the 

value.  This “uncertainty of the uncertainty” is well within the needs of the measurement 

users.  In addition, since the uncertainty statements are based on a simulation of the 

component errors, it is optimistic to expect the results to match the actual instrument 

uncertainty to within 5%.  To provide a visual reference for the effects of density on both 

the graphical depiction of the fields and the numerical statements, Figure 7.12 shows 

multiple copies of the uncertainty field at varying densities.  To produce the sub sampled 

clouds, the sample was taken starting at the beginning of the cloud point set and 

proceeding to the desired number of points then discarding the remaining points.  This is 

the same sub-sampling strategy used in the previous analysis with slightly different 

sample sizes.  This strategy is used since it most closely matches the issue we are trying 

to address.  That is the question of when to stop sampling and rely on the statistics.  By 

re-using the initial cloud points, the process is simulating the results obtained at various 

stages of the simulation. 
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Figure 7.12  Uncertainty Field with Varying Density 

 

The rate of convergence of the sample statistics shown in Figure 7.11 to the final 

value is heavily influenced by the random component of the uncertainty simulation.  

Since the measurement components are perturbed using a Gaussian random number 

generator the performance of that generator is worth investigating.  This was done by 

creating 6 sets of 100,000 Gaussian random numbers using the generator discussed in 

Section 4.3.1.  For each set, the standard deviation was computed using an identical 

sampling strategy to that used for the uncertainty field points.  The results are shown in 

Figure 7.13.   
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Gaussian Random Number Generator:
Percent Deviation from 100,000 Sample Result for 6 Data Sets
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Figure 7.13  Gaussian Random Number Generator Performance as a Function of Sample 

Size 
 

The convergence characteristics of the random generator are similar to the 

characteristics of the uncertainty field sampling shown in Figure 7.11.  Based on the 

results of this uncertainty field density test, the network case studies presented in Chapter 

9 typically used 300 points per uncertainty field. 

 

7.5 Measurement Analysis within the Unified Spatial Metrology 

Network 

This section addresses applications of coordinate uncertainty fields beyond the 

uncertainty in a measured coordinate value.  Often, the measurement task is not only to 

determine XYZ coordinate values of points as measured by the instrument, but also to 

evaluate the true, as-built, shape of an object.  In these cases, the coordinate values 
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measured by the instrument are only an intermediate result in the metrology job. 



 

This means that in order to determine the uncertainty of the actual geometrical 

analysis operation, other methods must be used.  The discrete point cloud uncertainty 

fields are well-suited for such an analysis. 

 

7.5.1 Geometric Object Fitting 

The fitting of measured data to geometrical shapes is quite common in measurement 

analysis.  One of the most common is the sphere fit.  Tooling ball measurement is very 

common since it is often used to corresponding common measurements or transform into 

nominal coordinate systems.  The measurement device may measure several hundred 

points on the tooling ball, perform a best-fit sphere analysis, and return the center of the 

sphere as the XYZ value.  In this case, a statement of the uncertainty in the sphere fit 

should accompany the XYZ center point of the sphere. 

 

Using the discrete point cloud representation of the uncertainty field, it is a 

straightforward task to determine the effect of the measurement uncertainty on the 

resulting geometrical fit.  A description of this process follows. 

 

First, a geometrical fitting operation is performed on the actual measurement values, 

or the optimal common points as determined in the simultaneous system combination 

portion of the USMN solution.  This result is stored as the baseline for the geometrical 

properties.  In the case of a sphere-fit, the results are a center point (X,Y, and Z), and a 

radius. 

 

Next, the geometric fit operation is repeated for all the points in the uncertainty fields.  

The result is a list of geometrical parameters representing the “uncertainty field” of the 

geometry.  These sets of parameter values may be evaluated using methods similar to the 

uncertainty field numerical evaluations.  By computing the standard deviation of each of 

the variable lists, and applying the desired confidence interval, a fit uncertainty statement 
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may be given. 



 

If the uncertainty fields for the points in the fit contain a different number of 

uncertainty field points, the largest quantity is used in the analysis.  When the uncertainty 

field index exceeds the total number of points in the smaller clouds, they just loop back to 

the first point and reuse the cloud. 

 

It is important to note that a significant amount of research has been conducted on 

geometrical fitting processes and the variation in algorithms and implementations 

throughout the coordinate measurement industry (Forbes, 1991; Algeo and Hopp, 1992; 

Yan, 1994; Wäldele et al., 1993; Hopp, 1993).  Many of the methods currently in use are 

unstable and depend heavily on pre-conditioning of the input data.  Given the wide 

variation in fitting methodologies, it is important to determine the uncertainty of the fit 

given uncertainty in the data.  This will help to highlight less robust solution methods. 

 

The following geometry fitting examples demonstrate the geometry fitting analysis 

capabilities of the USMN. 

 

7.5.1.1 Sphere Fit Uncertainty Example 

The measurement of a tooling ball with a laser tracker is accomplished by sweeping 

the laser tracker target across the sphere to obtain sufficient coverage for a sphere fit.  

Typically, laser tracker targets are 1.5 inch spheres with a center-mounted retro-reflector.  

Figure 7.14 shows two sets of measurement data on a ½ inch tooling ball.  One set shows 

typical coverage of the sphere while the other shows inadequate coverage. 
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Figure 7.14  Tooling Ball Measurement using a Retro-reflector Target 

 

Notice that the data is offset from the actual sphere.  This target offset is one of the 

factors that must be properly handled in all measurement analysis.  In the case of a sphere 

fit, this is accomplished by adjusting the objective function so that the optimal solution is 

one where the measured points are ½ of the target diameter away from the best-fit sphere. 

 

As discussed previously, the analysis begins with a computation of the best-fit sphere 

for all the actual measured points.  This is stored as the nominal value to which all 

subsequent fits are compared.  Then, the first point from each cloud is used and another 

fit is performed.  The results are tabulated.  This process is repeated for the second point, 

third, and so on until all the points in the cloud are exhausted.  The result is a tabulation 

of sphere fit results.  By applying basic statistics to these results, a statement of their 

uncertainty is made. 
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In this particular case, the entire process was repeated twice, once for the small data 

set, and then again for the larger data set.  The results of this analysis are shown in Table 

7.6. 

 
Small Coverage Large Coverage

Sphere Center:
Ux 0.0018 0.0003
Uy 0.0027 0.0004
Uz 0.0012 0.0002
Umag 0.0035 0.0005

Udia 0.0067 0.0008

Analysis time (P-4 1.3 GHz) 3.3 sec. 3.7 sec.
Points in Fit 186 222
Field Points 1000 1000  

Table 7.6  Sphere Measurement Coverage Comparison 
 

This example not only underscores the importance of adequate measurement 

coverage when fitting a sphere, but it also demonstrates the need for uncertainty analysis.  

Depending on the measurement instrument and the shape of the uncertainty fields, the 

uncertainties in geometrical fits can be significant. 

 

7.5.1.2 Cylinder Fit Uncertainty 

Applying these methods to other geometrical shapes is a straightforward process.  In 

this example, two sets of cylinder measurement data are investigated.  The first maintains 

a thin area of coverage on the surface of the cylinder, while the second covers a larger 

portion of the surface.  The analysis methods are identical to those in the previous 

example with the exception of the parameters that are tabulated.  Figure 7.15 shows the 

actual measurement data sets used in this example and the resulting best-fit cylinder.  

Table 7.7 shows the numerical results of the analysis and provides a comparison of the 

two measurement geometries. 

 

141 



 
Figure 7.15  Cylinder Fit Measurement Geometry 

 
Small Coverage Large Coverage

Cylinder:
U Axis (deg) 0.0021 0.0009
U Diameter (inches) 0.0027 0.0005

Analysis time (P-4 1.3 GHz) 14.7 sec. 32.3 sec.
Points in Fit 217 495
Field Points 1000 1000  

Table 7.7  Cylinder Fit Uncertainty Results 
 

Notice the reduction in the uncertainty of both the axis of the cylinder and the 

diameter in the case of the large coverage measurement. 

 

7.5.2 Advanced Coordinate Transformations 

The USMN provides for the inclusion of nominal point data.  This means that when 

chosen as the system reference, the network is not only combining the measured points, 

but also performing the transformation to part coordinates.  This same transformation 

methodology may be extended to advanced transformation methods. 
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One such transformation is the point to surface transformation.  The goal is to find the 

transformation that when applied to the points, places them optimally on the surface.  

This requires that the software is capable of performing point to surface projection and 

several other operations.  The end result is a transformation optimization where the 

constraints are point to surface distances as opposed to coordinate mismatch. 

 

This method of coordinate transformation is extremely flexible in that it does not 

require measurement of specific monuments.  The user may instead measure a large set 

of points across the entire surface of the object then perform a total transformation.  

Researchers have shown this method of part registration to have significant advantages 

over more conventional alignment methods (Yan, Yang, and Menq, 1999). 

 

As with the geometric fitting operations presented in the previous section, the 

problem is solved using iterations of the point to surface optimization process.  For each 

iteration, a different set of cloud points is used.  The result is a set of transformations.  

These transformations may then be processed statistically to determine the variation in 

the transformation. 

 

Alternatively, the USMN may be extended to include surface geometry.  By adding 

constraints to the system representing the point to surface deviations, the entire USMN 

solution process may be extended to include the surface geometry fit.  The result is then 

not only a series of transformation results, but also individual uncertainty fields for the 

points in the network representing their ability to align with the surface model. 

 

The computational burden of point to surface fitting may be significant.  This depends 

on the number of points and the surface model complexity.  Modern CAD systems 

provide non-uniform rational B-spline (NURB) surface models with trimming curves and 

other operators.  Complex models for assemblies such as automobiles, commercial 

aircraft, and naval vessels often exceed the capabilities of standard desktop computer 

hardware.  Usually, it is possible to sub-divide the model into the components of interest 
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to a particular measurement process.  When possible the subset of the total model is used 



in the fitting operation and the rest of the model is ignored.  This means a point to surface 

fitting operation may be performed in a reasonable amount of time.  Placing a loop 

around this computation and processing each uncertainty field point may, however, add a 

significant and possibly intolerable burden to the analysis. 

 

This computational limitation leaves several options.  First, it is possible to make a 

reliable estimate of the uncertainty with only a subset of the total cloud points in an 

uncertainty field.  Instead of 1,000 uncertainty field points, a subset of only 30 points 

could be used to reduce the computation time.  Second, parallel processing methods 

would drastically improve performance.  The USMN is particularly well suited for 

parallel processing.  This will be discussed in more detail in the following chapter.  
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8 UNIFIED SPATIAL METROLOGY NETWORK SOFTWARE 

IMPLEMENTATION 
Successful application of the Unified Spatial Metrology Network (USMN) concepts 

and methods to industrial measurement processes depends on proper software 

implementation.  There are two distinct perspectives from which this implementation is 

presented.  The first is the software developer perspective.  From this viewpoint, issues 

such as system architecture, computational efficiency, code elegance, and maintainability 

are paramount.  The second, and perhaps more crucial perspective, is that of the end user, 

the measurement technician.  From this perspective, the key issues are ease of use, 

blunder detection, and clarity in the presentation of results.  This chapter presents the 

implementation of the USMN from both the software developer and end user 

perspectives. 

 

The results of this research, in the form of the USMN, were implemented into a 

commercial measurement acquisition and analysis package.  This particular package, 

commercially marketed as the SpatialAnalyzer, is widely used in the portable coordinate 

measurement industry due to its ability to provide a common user-interface platform for a 

large array of measurement devices (New River Kinematics, 2002).  This chapter will 

focus specifically on the software integration of the USMN with the SpatialAnalyzer 
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product.  It is important to note that the same integration concepts could also be applied 



to other metrology software platforms in a similar manner.  For this reason, the software 

application to which the USMN is being integrated is referred to as the “metrology 

application”. 

 

8.1 Software Developer Perspective 

Metrology application software has made significant advances in recent years.  The 

initial packages consisted of simple DOS applications capable of providing coordinate 

values in the form of large numbers on the screen, a text file, or a printed report.  As 

measurement devices became more integrated into production processes, the need for 

additional analysis capabilities in the measurement software became apparent.  Many 

simple analysis routines (plane fits, coordinate transformations, etc.) were added to the 

basic measurement software packages in an attempt to keep up with user demand. 

 

The migration to windows-based operating systems created a significant 

programming burden, because metrology users expected a more feature-rich software 

environment.  In addition, the introduction of 3D, graphical metrology software further 

enriched the user’s experience, while at the same time adding significant complication for 

the software developers.  In addition, the use of complex CAD design models directly in 

the metrology software substantially increased the system complexity.  Managing this 

type of complexity while producing functional, maintainable applications is one of the 

challenges of modern software development. 

8.1.1 Object Oriented Design 

Modern software development is based on the object-oriented design framework.  

This method for constructing code allows developers to write more modular, 

maintainable code.  It can also substantially reduce code complexity.  Of the object 

oriented languages, C++ is the language of choice for industrial software development 

(Milewski, 2001).  For this reason, the USMN was implemented using C++.  This section 

will present the object-oriented design of the USMN by briefly describing the primary 
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classes and their relationships.  Throughout this description, the term “metrology 



application” will be used to signify the commercial measurement software in which the 

USMN is integrated. 

 

First, several definitions are pertinent to this discussion. 

• Class – an object definition comprised of data members and functions (or 

methods) for performing operations with or on data in the class.  Object oriented 

programming is essentially the process of using a series of cooperative classes (or 

objects) to accomplish a task as opposed to writing a sequential program. 

• Instance – a variable of a certain class type.  If the variable, A, was defined 

during instantiation as a type MyClass object, A is said to be an instance of 

MyClass. 

• Method – an operation or function that a class performs.  These are often called 

member functions since they are functions that reside in the class.  The practice of 

grouping functions with the objects to which they relate is the basis of object 

oriented programming. 

• Inheritance – the ability of a class to derive from another class, inherit all of the 

functions and data members of the parent, and then add additional functionality.  

This is an extremely powerful construct since it allows for a high degree of 

modularity in code. 

• Derivation – the process whereby a new class is derived from another class.  The 

new class is said to inherit the properties of the parent. 

• Base Class – the parent class from which a new class is derived. 

• Polymorphism – allows a variable, function, or object to take a variety of forms 

depending on the context in which it is used.  Functions with the same name, for 

example, can have completely different behavior depending on the variable type 

that is passed to the function. 

• Virtual Function – a function in a base class that may be overridden (more 

specifically implemented) in a derived class.  A virtual “GetUncertainty” function 

in a generic instrument base class, for example, could be overridden with 

completely different functionality in specific derived classes.  These could include 
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theodolite, portable CMM, laser tracker, etc. 



• Encapsulation – the practice of hiding all of the data members and 

implementation details of a class in a private area of the class.  The outside world 

can only access the data in the class through a defined functional interface.  This 

allows the implementation details of the class to change without modifying any of 

the calling code.  It is this practice that makes object oriented code so modular 

and easily reusable. 

8.1.1.1 USMNWrapper 

This class provides a total wrapper for the USMN data and functions.  The concept 

behind the wrapper is that it provides an easy way to encapsulate the functionality of the 

USMN while insulating it from the rest of the application code base.  The concepts of 

encapsulation and insulation are paramount to successful large-scale software 

development (Lakos, 1996). 

 

The wrapper class houses the following objects: 

• USMNInstrumentList – contains a series of USMNInstrument objects and 

management functions. 

• USMNPointList – contains a series of USMNPoint objects and functionality 

for re-computing point locations, and general object management. 

• USMNSystem – an optimization solver derived class capable of solving the 

optimization problem posed by the entire network. 

 

There are several critical functions in the wrapper as well.  These include: 

• EstablishNetwork( ) – a virtual function used to generate the USMN from the 

metrology application software’s internal data structures. 

• ShowInterface( ) – a method that initiates the USMN user interface. 

• SolveUSMN( ) – run the solution of the entire network. 

• SolveUSMNUncertaintyFields( ) – iteratively solves the network, injecting 

uncertainty into the measurements for each iteration.  The result is an 

uncertainty field for each point in the network. 
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• ApplyResults( ) – another virtual function that is used to take the results of 

the USMN solution and apply them to the metrology application’s data 

structures. 

 

Note that several of the functions in the wrapper class are specified as virtual 

functions.  This is a C++ nomenclature signifying that the function may be overridden by 

another class that is derived from the given class.  In the case of the USMN, a class is 

derived from the USMNWrapper and given a name such as MyUSMNWrapper.  This 

derived class then replaces the virtual functions in the base class, USMNWrapper, with 

more specific implementation functions.  This concept, termed polymorphism, is one of 

the foundational elements of object-oriented programming.  The main advantage in this 

case is that a “generic” class can be easily coupled to another more specific application 

without corrupting the base-class code base.  This methodology provides the interface 

layer between the USMN and the metrology application. 

 

8.1.1.2 USMNInstrument 

The instrument class forms the base class for a coordinate acquisition system, or for a 

set of nominal data.  It contains a transformation for the instrument, information on the 

degrees of freedom (scale-free or scale-fixed), and solution weighting factors.  The 

classes that are derived from this provide the interface between the USMN and the 

metrology application.  Several of the virtual functions are: 

• GetName( ) – a simple function to access the instrument name in the 

metrology application. 

• GetNumberOfObservations( ) – list interaction function used to access the 

application database during the process of constructing the USMN. 

• GetObservation( ) – obtain the measurement values for a particular point 

from the metrology application. 

• GetObservationDeviation( ) – used to compute the deviation from a 

particular observation to the currently computed location for a particular 
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• GetComponentUncertainty( ) – access the instrument’s uncertainty 

parameters.  This is used in the process of determining the measurement 

weights. 

• SetTransformation( ) – allows the USMN to set the transformation of the 

object linked to this particular instrument class.  This is used throughout the 

optimization process. 

• PerturbMeasurementValues( ) – performs a random perturbation of all the 

measurement values from their true values using a Gaussian random 

distribution (Section 4.3). 

• RestoreMeasurementValues( ) – restore the measurements to their original, 

true values (this is necessary after a series of perturbations). 

 

This class provides no direct functionality other than to create a common interface 

layer from which the actual, working, classes are derived.  In this case, the two 

derivations are: 

• USMNInstrumentMetrologyApp – provides access to the base-class 

instrument objects in the metrology application.  In many cases, the 

instrument base class has classes derived from it for theodolites, laser trackers, 

portable CMMs, etc. 

• USMNInstrumentNominals – provides access to nominal data that is to be 

used in the metrology network.  This data is treated separately, since it is not 

linked directly to measurements from a specific coordinate acquisition system. 

 

Perhaps the most important function in this class is GetObservationDeviation.  This is 

the place where the objective function components are determined for the optimization.  

The USMN weights the residual errors based on the relative uncertainty of the 

measurement components.  This approach was presented in detail in Section 7.2. 

 

The instrument class also contains a weight variable that is used to determine the 

overall weight of this instrument’s measurements relative to other instruments in the 
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8.1.1.3 USMNPoint 

When the USMN is established in the wrapper class, an array of points is created.  

This is based on all the measurements in the network and their name correspondence.  

The result is a set of “composite” points where each point is the result of one or more 

measurements from the instruments or nominal data sets in the network.  The data 

members of the point class follow: 

• USMNObservationReferenceArray – holds a series of references to the 

individual measurements that provide data for this point. 

• PointValue –the current optimal point coordinate. 

• Weight – the overall weight for this point. 

• ResidualErrorArray – the discrepancies between the optimal point and all of 

the measurements in the observation reference array. 

• WeightedResidualErrorArray – the residual error after the application of 

weighting factors based on the relative uncertainty of the measurements. 

• USMNPointSystem – an optimization class capable of computing the point 

location from the measurements.  This class exists as a data member for 

efficiency.  By encapsulating it in the class, it does not have to be reallocated 

and dimensioned for each iteration of the USMN. 

 

The class also includes many methods such as: 

• GuessPointLocationFromMeasurements( ) – a simple algorithm used to 

determine the starting guess for the optimal point computation.  Currently, this 

method simply determines the average point from all the measurements. 

• EvaluatePointToMeasurements( ) – steps through each measurement in the 

observation reference array and calls the corresponding instrument function to 

determine the point to measurement deviation.  This function returns two error 

vectors, one that is the actual residual error, and another that is the weighted 

residual error. 

151 



• SetObservationComponentWeights( ) – This function applies the relative 

uncertainty weighting scheme described in Section 7.2. 

• RunPointSolution( ) – initiates the optimization, contained in 

USMNPointSystem, that will determine the optimal point location from the 

measurements given their appropriate weightings. 

 

8.1.1.4 USMNObservationReference 

An array of these objects exists in each point within the network.  Each reference is 

an interface allowing the USMN to access the measurements directly in the metrology 

application’s internal database.  For this reason, the USMNObservationReference may be 

overridden for a very general system interface.  In its most basic form, it must be capable 

of being passed to any USMNInstrument class as a way to retrieve a unique measurement 

from the application database. 

 

Typical implementations include a pointer to the application’s instrument object that 

actually created the measurement of the point.  In addition, there is an index into the 

instrument’s measurement list representing a particular measurement.  The specific 

details of this interface will depend on how the actual raw measurements are stored in the 

metrology application. 

 

The USMNObservationReference class also contains several data members: 

• Weight – the relative weight that should be applied to this observation. 

• ComponentWeights – the relative uncertainty weights for the components of 

this measurement. 

• ResidualErrorArray – the error from this measurement to the point is it 

attempting to measure. 

• WeightedResidualErrorArray – the error with the uncertainty based 

weighting applied as well as the entire observation weight. 
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Note that the residuals and weighted errors we also contained within the USMNPoint 

class.  This is essentially the same information broken down by observation instead of by 

point.  The point residual errors, for example, contain the combined set of all the 

individual measurement residual errors for that point. 

 

8.1.1.5 USMNUncertaintyField 

This class holds the discrete point cloud uncertainty field representation for a point in 

the USMN.  Each point in the network contains an uncertainty field object.  The object 

contains many methods including: 

• TransformField( ) – provides for the efficient transformation of each point in 

the cloud.  Note that because this is a method insulating the actual operation 

from the calling process, this could simply adjust a local field transformation 

as opposed to transforming all the points in the cloud. 

• RunStatistics( ) – determine the bounds of the cloud and the standard 

deviation in each coordinate axis.  These axes are defined by the working 

frame transformation that must be passed as an input to this method. 

• AddPoint( ) – provides a layer of insulation for adding points so that, if the 

storage methodology changes, the interface can remain unchanged. 

• GetSize( ) – determines the total number of points in the cloud.  Depending 

on the choice of storage method, this could require some computation. 

• Serialize( ) – provides the ability to store this class to a file or load it from a 

file.  This function is called by the metrology application in order to save the 

uncertainty field with the point. 

 

The only data member in the USMNUncertaintyField class is a storage wrapper class 

that wraps up the array functionality for the list of points in the field.  The storage details 

will be presented in more detail in Section 8.1.4. 

 

It is also important to note that the individual points in the field are stored relative to 
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the actual true point.  This is possible because the uncertainty field always exists within a 



point object, so it is a matter of simple vector addition or subtraction to go into and out of 

the relative point field description. 

 

8.1.2 User Interface Functionality 

In this section we will focus on the functionality that should be present in the user 

interface for the USMN.  Section 8.2 will present the actual embodiment of this 

functionality in a graphical user interface. 

 

The user must be able to change the relative weights of the elements of the network.  

This means there must be input facilities for the following weights: 

• Overall Instrument Weight – allows the user to set the relative importance 

of each instrument. 

• Overall Point Weight – controls the relative importance of each point in the 

network. 

• Overall Observation Weight – controls the relative importance of each 

observation of a particular point. 

• Individual Instrument Component Additional Weight – weight for the 

instrument components in addition to the relative uncertainty weighting 

factors. 

 

It is important to note that these weights are all applied above and beyond the 

intrinsic weighting scheme.  In this case that means if the user leaves all the weights set at 

the default value of 1.0, each measurement and instrument will be automatically weighted 

by the relative uncertainty of the measurements.  The weights listed above are only 

necessary when a user needs to provide additional control over the network.  This means 

that somewhere in the user interface, the user should be able to recall the intrinsic, 

uncertainty based, weighting values. 
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The user will also need to easily view the residual errors of the points in the network.  

This allows the user to look for outliers and get a sense of how well the network is 

solving. 

 

Interaction with the instrument properties is also necessary.  This includes the overall 

weighting factor for the instrument, but also several other key factors.  One is the status 

of the instrument in the network.  This has two states:  moving in the optimization, or 

fixed.  If the instrument is moving then its transformation components are unknown 

variables in the optimization.  If it is fixed, however, the transformation is not added to 

the unknown variable set.  In addition, the option to transform the instrument with scale 

free or fixed is also available.  One other option is a mode to override the intrinsic 

uncertainty based weighting scheme.  This is useful when the USMN is used to simulate 

a normal point-based best-fit transformation. 

 

The interface must also provide the capability to progressively update the uncertainty 

field results as the network solution iterations progress.  This is necessary because it 

allows the user to decide when the uncertainty values have converged, so that additional 

data is not necessary. 

 

Overall, the interface should provide access to the list of instruments, the list of 

points, and within each point, the list of measurements comprising the point.  At each of 

these levels, all the appropriate properties should be clearly presented. 

   

8.1.3 Computational Considerations and Distributed Processing 

Many of the processes and algorithms in the USMN require optimization solutions.  

These include point computation, instrument transformation computation, best-fit 

coordinate transformations, and geometrical fitting operations.  An efficient optimization 

engine is paramount to reduce the computational burden of these solutions.  Chapter 5 

presented the optimization methods used in this research.  There are many other methods 
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suitable to these optimization problems.  Some are more computationally efficient, but 



less robust.  Others are more efficient from a programmer’s perspective in that they do 

not require complex code implementation such as singular value decomposition.  In any 

case, the choice of optimization method will heavily influence the run times of these 

analyses.  The optimization of the optimization methods is not the focus of this section, 

however.  Instead, it is assumed that the choice and implementation of optimization 

methods is well understood and that additional execution speed reduction is desired. 

 

The USMN is particularly well suited for a distributed or parallel processing 

implementation.  This is because many of the simulation components of the network may 

be executed asynchronously.  Consider the uncertainty field computation process 

described in Section 4.3.  The process requires repeated point computation for a 

particular measurement.  Each iteration in the process repeats the same equations with the 

input measured values perturbed slightly.  This means that each iteration occurs 

independent of the previous iteration or the next iteration.  Distributed or parallel 

processing is relatively straightforward to implement when this asynchronous 

computational condition exists.   

 

The computation of an uncertainty field for a single measurement is not, however, a 

process with a high computation burden.  Determining uncertainty fields with 5,000 

points (much more than typically needed) in each field for 100 measurements from a total 

station theodolite, for example, only takes 1.7 seconds on a Pentium-IV 1.8 gigahertz 

machine.  The solution of the entire USMN may, however require a significant run-time 

depending on the network complexity and the number of measurements.  The aircraft 

carrier catapult case study presented in Section 9.1, for example, requires 25 minutes to 

solve for 300 uncertainty field points (Pentium-IV 1.8 gigahertz).  The added code 

complexity needed for distributed processing may be worthwhile in that case, considering 

the long run times. 

 

There are many possible methods for the implementation of distributed or parallel 

processing.  One of the most common is to multi-thread the computational sections of the 
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algorithms to take advantage of multi-processor computer platforms.  Another is a 



distributed computing architecture where a series of modest machines are all set to the 

task of executing a portion of the computation and then synchronizing their results with a 

central machine.  The latter method is the most applicable to the USMN, since it requires 

no special hardware other than a computer network. 

 

The implementation of a distributed processing system for the USMN could proceed 

as follows.  First, a series of machines are designated as available for processing USMN 

requests.  Second, each of these machines runs a USMN server application capable of 

receiving network packets describing the entire USMN.  When a USMN network packet 

is received, the machine solves the network a specified number of times, then returns the 

uncertainty field results (by network packet) to the machine that initiated the request.  

Third, the coordinating machine is capable of dispatching multiple copies of the USMN 

description packet to a series of computational servers.  This machine then waits for all of 

the results to come back and combines the partial results into a single set of uncertainty 

fields.  There are many implementation details in this type of approach, but the 

description of these details is beyond the scope of this work.  The concept, however, is 

easily implemented with modern software tools.  It is a straightforward task to serialize 

an entire USMN network description, transfer it by network packet, and wait for analysis 

results to be delivered by a similar network packet. 

 

A distributed processing architecture was not, however, implemented in the course of 

this research.  This is because it was not necessary to improve the computational 

performance beyond that available on a standard Pentium-IV platform.  The analysis of 

more complex networks, or more dense uncertainty fields, however, could make 

distributed processing a necessity.  The asynchronous nature of the USMN analysis 

allows for a linear reduction in computational time.  If a network uncertainty field 

computation requires 25 minutes to solve with a single machine, the same network could 

be solved in approximately 5 minutes using 5 equally powerful machines.  There would 

be a small time requirement for the transmission of the network packets in both directions 

and the collation of the results, but this is a negligible effect. 
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8.1.4 Uncertainty Field Storage Schemes 

Depending on the number of points in the USMN and the number of uncertainty field 

points the user selects, the size of the uncertainty fields may become significant.  For this 

reason, an efficient block storage method was implemented for the cloud points.  This 

section will present that storage scheme. 

 

Because metrology software applications perform operations including coordinate 

transformation, scaling, and optimization, a high degree of numerical floating-point 

precision is desired.  On today’s computers, this is double precision.  Most metrology 

packages use double precision though surprisingly, some do not.  In this implementation 

of the USMN, double precision was used since the metrology application the USMN was 

integrated with was exclusively double precision. 

 

The storage of uncertainty fields, however, does not require double precision.  This is 

because the point fields contain values relative to the actual measured target.  This means 

that as long as the operations on the actual point are performed in double precision, using 

single precision for the field points will not adversely affect numerical performance.  In 

addition, single precision values require only 4 bytes of storage as opposed to the 8 bytes 

required for double precision values.  The block storage scheme presented here is 

applicable to both double and single precision.  It was implemented in single precision in 

this research to reduce uncertainty field storage requirements. 

 

The USMNUncertaintyField class was discussed in Section 8.1.1.5.  This class 

encapsulates (hides from the calling process) a storage scheme for the field points.  This 

means it is a relatively simple matter to change the storage scheme without affecting 

other code in the USMN.  A block storage method was chosen for this particular 

implementation.  This is because it allows the clouds to have a variable size without 

introducing excessive overhead in the management of the memory. 

 

Each USMNUncertaintyField contains a variable length array of 
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USMNUncertaintyFieldPointBlock objects.  These objects then contain a fixed length 



array of floating point coordinate values.  The length of the fixed array is set by the user.  

In this case, each block contains 100 individual uncertainty points.  Each point is stored 

as a structure containing only 3 floating point values.  This makes the total size of the 

block: 3 values x 4 bytes per value x 100 points in the block = 1,200 bytes. 

 

The drawback to the block approach is that if a cloud only has 310 points, for 

example, it would require 4 blocks.  The last block would we largely wasted since only 

the first 10 points are needed.  Since the number of points in the uncertainty fields is an 

arbitrary user choice, it is likely that even increments will be used so the issue of wasted 

space is not important. 

 

If additional storage reduction is needed, compression schemes may be applied as the 

clouds are serialized (stored or loaded).  This is implemented using common data 

compression tools integrated with the class serialization code.  In this case, for example, 

all of the 1,200 byte field blocks are concatenated into a single data stream that is passed 

to a compression engine.  The compressed stream is then stored to disk.  This process is 

reversed when the data is retrieved. 

 

8.2 End User Perspective 

One of the most significant challenges of software development is the user interface.  

Numerical algorithms, though important to the process, are useless without a sensible 

user interface.  A confused user will often make mistakes rendering the results of a 

complex numerical analysis useless.  In addition, even if the operator makes no mistakes, 

a poor presentation of the results will lead to misinterpretation which also has a negative 

effect on the quality of the results. 

 

The USMN user interface was designed to provide the minimum amount of 

information necessary to the user while allowing an advanced user to control the 

advanced weighting options in the network.  This section will present that interface and 
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discuss the various components. 



 

8.2.1 Initiating the USMN 

At a minimum, the user must select a menu option to begin the USMN process.  This 

results in a prompt asking the user to select the instruments that are to be included in the 

network.  The user makes this selection by clicking on the graphical representation of the 

instruments, or by selecting them from a list.  Optionally, the user may also select a series 

of nominal point groups that are to be used in the network analysis. 

 

After making these selections, the USMN interface will appear.  This interface will be 

discussed in the following section.  It is important to note that the only requirement in the 

interface is that the user press the “solve” button, review the results, then exit the dialog.  

The options available in the interface are for the more advanced users; they are not 

required for basic use. 

 

8.2.2 Main User Interface 

The USMN main interface is shown in Figure 8.1.  There are two data lists given.  On 

the left is the list of instruments and nominal point groups that are included in the 

network.  On the right is a list of all the measured points in the network with their errors 

and uncertainties.  By double-clicking on the items in the lists, the user may descend into 

the options available within the USMN.  These options will be presented in the following 

section. 
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Figure 8.1  USMN Main User Interface 

 

8.2.2.1 Instrument List 

The instrument list in the upper left of the dialog has check-boxes to the left of each 

instrument.  The check boxes indicate if the instrument is free to move (i.e., the software 

will optimize its location) during the network solution or if it is to remain fixed.  In 

addition, there is a weight field.  Entering a value in this field applies that weight to all 

measurements from this instrument in addition to any other weighting factors the network 

is applying. 

 

8.2.2.2 Point List 

Each point in the network is listed here.  The weight column allows the user to set the 

weight of a particular point relative to other points in the network.  As with the 
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instrument overall weight factors, these weights are applied to the point after all other 

weights are applied. 

 

Next to the point name column is another column showing which instruments (from 

the list on the left) have a measurement at each point.  The second point in the list, for 

example, has “_1_ _45_”.  This means it was measured by instruments 1, 4, and 5. 

 

The next column contains the maximum error for this point.  This is the maximum 

discrepancy between any of the measurements at the point and the optimal point value.  If 

this number is large, then it is worth double-clicking on the point to determine which 

measurement is causing the error. 

 

The next four columns show the uncertainty of the point in terms of the current 

reference coordinate system.  These columns are initially blank until the user performs 

the uncertainty analysis. 

 

8.2.2.3 Uncertainty Field Analysis 

This area allows the user to initiate the repetitive solution of the network.  There is an 

input field for the desired number of samples as well as a solution time limit.  Once these 

are set properly, the user can press the “begin” button to initiate the solution.  The display 

will periodically update the uncertainty during the solution process.  This process can be 

aborted at any time. 

 

8.2.2.4 Reporting 

This area allows users to easily create a text, HTML, or Excel output file containing 

the results displayed in the points list.  In addition, there is an option to create an 

instrument uncertainty report.  This report is based on the methods for instrument 

uncertainty characterization presented in Section 4.1. 
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8.2.2.5 Apply Results 

This area controls how the results of the USMN analysis will be integrated with the 

metrology application.  There is an option to create a composite point group.  This is a 

group that will contain the optimal point for each measurement set.  There is also an 

option to include the uncertainty fields (if they have been computed) with the 

coordinates.  Finally, there is an option to apply the instrument transformations 

determined in the network solution to the actual instruments in the metrology application. 

 

8.2.2.6 Summary 

This area contains summary information about the network.  This includes statistics 

on the point computation errors including the maximum error.  Statistics are also 

presented for the uncertainty fields. 

 

A basic user of the system could simply press the “solve” button, then review the 

summary before hitting “apply” and moving on with other analysis. 

 

8.2.3 Advanced Options 

These options are accessible through the USMN interface, but are not required for 

basic use.  They are intended to give advanced users more control over the solution. 

 

8.2.3.1 Point Properties 

Double-clicking on any of the points in the point list brings up the point properties 

dialog, shown in Figure 8.2. 
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Figure 8.2  Point Properties Dialog 

 

This interface shows all the measurements for a particular point.  Each individual 

measurement has a weight value that may be adjusted by the user.  In addition, all the 

error components are reported individually along with the total magnitude error. 

 

Depending on the settings in the instrument properties dialog (explained later in this 

section), the error components will be either X, Y, Z, error in the working coordinate 

frame, or instrument error components such as horizontal angle, vertical angle, and 

distance. 

 

If the user hovers the mouse over any of the measurements, a window will pop-up 

showing the weighting for each component of the error and the relative uncertainty of the 

components. 

 

8.2.3.2 Instrument Properties 

Double-clicking on any of the instruments in the instrument list will bring up the 

instrument properties dialog, shown in Figure 8.3. 

164 

 



 
Figure 8.3  Instrument Properties Dialog 

 

There is a check-box to indicate whether the instrument is free to move during the 

solution.  There is also a control for scale.  If checked, the instrument’s scale factor will 

also be free to move during the solution.  The overall weight for the instrument is also 

accessible in the dialog. 

 

Pressing the “component uncertainty” button brings up the dialog shown in Figure 

8.4. 
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Figure 8.4  Instrument Uncertainty Properties Dialog 

 

This dialog’s exact appearance will vary depending on the type of instrument.  In this 

case, the dialog shows the uncertainty settings for a total station or laser tracker.  Here, 

the user may adjust the uncertainty properties for the instrument based on the results of 

an uncertainty characterization. 

 

In the instrument properties dialog, shown in Figure 8.3, there is also an area for the 

point computation error function parameters.  There is a choice between the working 

coordinate frame X, Y, Z components and the instrument measurement components. For 

the case shown in the figure, the instrument uses spherical coordinates corresponding to 

the instrument’s measured components.  The selection of the second option, weighting by 

measurement component uncertainty, is the default since it sets the weights based on the 

instrument’s measurement abilities relative to other instruments in the network.  Within 

this option is also a series of weighting fields where the user can add additional weighting 

factors to the relative uncertainty weighting.   
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8.2.4 User Interface Summary 

The USMN user interface presented in this section is a basic windows interface 

suitable for use by a measurement technician.  Where possible, the advanced options are 

hidden from the first-layer of the interface to avoid unnecessary complexity. 

 

The interface provides the ability to easily detect measurement blunders.  This is 

accomplished by a listing of the maximum point solution errors in the main window.  

This list may also be sorted by clicking on the column heading.  This means the user can 

sort by maximum error and quickly determine the points in the measurement job that 

contain measurement blunders. 

 

In addition, the USMN integration presented here was also integrated with the 

metrology application’s measurement scripting language.  This integration allows the 

user to use the USMN as a method for locating instruments relative to nominal data or 

other instruments as part of an automated process.  In this case, the user simply indicates 

which instruments and point sets are to be included, and the USMN runs with default 

options without displaying the main interface dialog.  The results are then applied to the 

instruments in the metrology application automatically. 
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9 CASE STUDIES 
This chapter will present several applications of the Unified Spatial Metrology 

Network to real industrial measurement problems.  The applications presented here were 

processed using the software tools presented in the previous chapter. 

 

9.1 Aircraft Carrier Catapult Alignment 

During the various fabrication stages of an aircraft carrier, one of the metrology tasks 

is the alignment of the steam catapults used to launch aircraft.  Currently, Northrop 

Grumman Newport News Shipbuilding is in the process of constructing the Ronald 

Reagan, CVN 76.  In the construction process, it is necessary to quantify the alignment of 

the key support points along the catapults for the purposes of determining the shim 

thickness at various locations needed to provide optimal alignment.  This alignment is 

critical since it reduces the frequency of catapult component maintenance. 

 

Given the geometry of the catapult, the number of points that must be measured, and 

the desired accuracy, a laser tracker was chosen as the best type of instrument for the 

application.  Due to the large quantity of measurements required and the physical 

constraints of the measurement environment, it was necessary to use four laser trackers 

spaced along the catapult trough.  Figure 9.1 shows the measured points along with the 
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locations of the instrument stations.  Note that the measurements from each instrument 
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are color coded to indicate their grouping and measurement rays have been drawn from 

each instrument to each point it measured. 

 

Tracker #0

Tracker #1

Tracker #2 

Tracker #3

 

 

Figure 9.1  Catapult Measurement Geometry 
 



The traditional analysis method used for this measurement job was to combine all of 

the stations into a common reference frame using sequential best-fit transformations as 

described in Section 6.2.  This works reasonably well since there is a good degree of 

overlap between the measurement stations.  This method does not, however, make full 

use of the available measurement data since each successive transformation only 

considers the points in common with the two stations being transformed at that time.  

Although it is difficult to see in Figure 9.1, there are two points near the middle of the 

trough that are measured by all four of the stations.  There are in fact, a total of ten other 

points in the network that are measured by more than two stations.  These points provide 

additional information that may be used to further tighten the measurement network and 

reduce the overall uncertainty in the measurements.  Figure 9.2 shows these points by 

hiding the other measurements. 

 

 
Figure 9.2  Additional Network Connectivity Used with USMN Method 

170 



 

Using the USMN, the measurement network was solved making use of the full 

network connectivity.  In addition, the relative uncertainty weighting scheme was used to 

further exploit the instruments accuracy.  Given a solution for the network, the next step 

is to solve the network repeatedly in order to determine the uncertainty fields in the 

network.  This was done using 300 samples, and a laser tracker uncertainty model with 

horizontal and vertical angle uncertainty of 1.3 arcseconds and a range uncertainty of 

0.0006 inches.  The results are shown graphically in Figure 9.3.  The figure also shows 

the total magnitude uncertainty values for selected points in the network and full 

coordinate component uncertainties for three of the points.  There are several items worth 

noting in the figure.  First, as expected, the uncertainty of the coordinate increases as the 

measurements progress down the chain.  In addition, the XYZ components of the point 

uncertainties follow common notions about laser tracker performance on this type of 

geometry.  The coordinate system for the catapult trough has the X axis along the trough, 

the Y axis transverse to the trough, and the Z axis vertical up from the carrier deck.  The 

uncertainty for point 9110, for example, is very low in the X axis direction relative to its 

uncertainty in Y and Z.  This is due to the measurement geometry.  The laser tracker’s 

range measurement component is primarily responsible for the X axis coordinate 

measurements.  Since this is the most accurate component of the tracker, the uncertainties 

in the X axis are low.  The point with the maximum overall uncertainty is point 8104 with 

a value of 0.0192 inches.  As expected, this point is at the end of the measurement chain. 
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Figure 9.3  USMN Uncertainty Field Results: Station #0 as Reference 

 

There were a total of 1,797 measured points in this network.  Of these points, 60 had 

measurements from more than one instrument.  Of these, only 10 had measurements from 

more than 2 instruments.  Running a single solution for the USMN network took under 3 

seconds running on a Pentium-IV 1.8 gigahertz machine.  The uncertainty field analysis 

for 300 samples executed in 15 minutes.  The file storage space required for this job is 

under 1 megabyte without the uncertainty fields.  After adding the uncertainty fields to 

the job, its size grew to 7.4 megabytes.  This is due to the large number of points in the 

job.  The cloud points occupy a minimum of 1,797 points x 300 field points x 3 values 

per point x 4 bytes (at single precision) = 6.5 megabytes. 
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It is important to note that the uncertainty results presented here are based on the first 

laser tracker station as the reference. This is an arbitrary choice.  It means that all the 

uncertainty values in this analysis are based on the first station remaining fixed in the 

computation.  It would be just as valid to leave another station in the network fixed 

instead.  If, for example, the analysis is repeated with the third station, station 2, fixed the 

results are based on a different reference.  Figure 9.4 shows the results of this analysis 

along with the numerical uncertainty values for selected points.  The maximum 

uncertainty magnitude is 0.0145 inches.  As expected, the lowest uncertainties are in 

closest proximity to the reference instrument. 
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Figure 9.4  USMN Uncertainty Analysis: Station #2 as the Reference 

 

In addition to measurement data, the USMN is also capable of incorporating nominal 

reference data into the network.  In this case, there is a set of nominal points along each 

side of the trough.  These points span the entire measurement area.  By including the 

nominal data in the network and designating it as the reference entity, the uncertainty 

results will yield the uncertainty of the measured points relative to the nominal values.  In 

this case, this will substantially reduce the uncertainty in the measured points because 

there is effectively a very strong ground link that is added to the network and measured 

by each instrument.  To demonstrate this effect, the sample data was analyzed in this 

174 



manner.  The results are shown in Figure 9.5.  The maximum uncertainty magnitude is 

0.0089 inches. 

 

 
Figure 9.5  USMN Uncertainty Analysis: Nominal Data as the Reference 

 

The inclusion of the nominal coordinate data in the network raises several issues.  

First, if the nominal data is measured by several of the stations, the nominals will have 

the same effect as another set of measurements.  This behavior may be beneficial in many 

cases, but it is important to note that if the physical object that is being measured does not 

match the nominal model reasonably well, the results will not truly represent the 

measurements from the instruments.  Instead, the measurement stations will be adjusted 
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so that they fit the nominals in addition to the common measured points.  This will 

compromise some of the measured points while improving the fit to the nominal data.  If 

the part does not represent the nominals then this is an undesirable result.  If, however, 

only one of the instruments measured points in the nominal data set, the nominals simply 

provide a different uncertainty reference.  They do not impact the instruments in the 

measurement network.  In the catapult measurement example presented in this chapter, 

this would be analogous to the first instrument being the only one to measure points in 

the nominal data set. 

 

The measurement system user must decide which entities should be included in the 

USMN.  If nominals are included, the ramifications of this decision must be understood.  

The USMN does provide for weighting by instrument or by the nominal data set.  This 

means that the nominals could be included, but given a relatively small weight.  This 

would cause them to have less of a negative effect on the measurement sets as they are 

combined while still providing a measure of the system uncertainty relative to the 

nominal reference frame. 

 

To conclude, the USMN provides critical information for large complex measurement 

processes such as aircraft carrier catapult alignment.  The knowledge of the uncertainty of 

the final measurement results is essential to properly understanding the capabilities of the 

alignment process and the stability of the measurement process.  In addition, the ability to 

go beyond the traditional, sequential best-fit transformation treatment of combined 

measurement processes allows for a much tighter network solution.  By making full use 

of the redundant, cross-station data, the optimization can more accurately combine the 

measurement systems.  Also, the relative uncertainty component weighting algorithm 

makes full use of the instrument’s measurement components.  This is especially 

important given the scale of the catapult measurement job.  Uncertainty weighting is in 

sharp contrast to a traditional best-fit where all components of a measured coordinate are 

treated equally in XYZ coordinate space.  Future catapult alignment processes can take 

full advantage of these powerful analysis tools by incorporating as many common 
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additional measurement effort.  In addition, the location of additional network points may 

be analyzed in a measurement simulation using the USMN.  This will allow the 

measurement session designers to determine the optimal placement for additional 

measurements to maximize their effect on reducing the overall uncertainty. 

 

9.2 Disney Concert Hall 

The unified spatial metrology network was applied to the Walt Disney concert hall 

currently being constructed in Los Angeles, California.  A brief description of the 

measurement challenges was presented in Section 1.3.1.  To review, this concert hall will 

have an exterior superstructure that will be clad in architectural stainless steel.  A model 

of the structure is shown in Figure 9.6.  This model shows the reflective quality of the 

stainless steel and highlights the need for proper alignment to maintain the visual 

properties.  To achieve this appearance, it is necessary to accurately adjust the structural 

supports for the steel sheets during construction using coordinate metrology.   

 

 
Figure 9.6  Concert Hall Scale Model 

 

In preparation for the actual construction, a detailed analysis of the measurement 

process and instrumentation was performed.  This analysis included the creation of a 

unified spatial metrology network to represent the complex interdependencies of the 

multiple measurement devices and determine the effect of the uncertainties on the overall 

measurement process. 
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The goal of the measurement analysis was to determine in advance what type of 

instruments to use, where to place them, and the shape and size of the uncertainty fields 

the system would create.  The shape of the uncertainty fields was particularly important 

because it was necessary to hold a tight tolerance on the “in and out” direction normal to 

the skin surface.  This was necessary in order to achieve the smooth appearance specified 

in the design. 

 

The simulation was performed using uncertainty specifications based on the Leica 

TDA5005 total station theodolite.  This device has angular encoders and a distance-

measuring ranger.  The corresponding uncertainties used in the simulation were:   

• Horizontal and vertical angles = 0.5 arcseconds  (1 Sigma) 
• Distance  =  0.039 in. + 2.0 PPM   (1 Sigma) 
 

The contractor tasked with erecting the supports for the structure provided a file 

containing coordinates for some of the points that were to be measured as well as the 

desired instrument locations based on the physical constraints of the measurement job.  

There were a total of 7 instrument locations and 285 measured points.  Some of these 

points were not on the structure itself but were instead laid out around the site to provide 

additional rigidity to the network. 

 

The Unified Spatial Metrology Network was formed and the uncertainty fields for 

each point were determined.  In this case, 300 cloud points were solved for each of the 

285 measured points.  This operation required 11 minutes on a Pentium-IV 1.8 gigahertz 

machine.  The coordinate uncertainties resulting from this analysis are shown in Figure 

9.7 and Figure 9.8. 
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Figure 9.7  Concert Hall Uncertainty Analysis: Oblique View 

 

 

 
Figure 9.8  Concert Hall Uncertainty Analysis: Top View 
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The uncertainties for the network control points around the base of the structure are 

relatively low when compared to those of the structural measurements.  This is primarily 

because multiple instruments measured the network points, while the structural points 

were measured by a single instrument.  In addition, notice the difference between the 

uncertainties in point bldn_0035 and bldn_0148.  The latter has a higher uncertainty 

because it is much farther from the instrument and therefore subject to the parts per 

million error term of the device.  In addition, the instrument measuring bldn_0148 is 

referenced to the control network differently than the instrument used for the other point.  

All the uncertainties in this analysis are stated relative to the #0 instrument in the job 

which in this case is in the center of the network. 

 

The results from this uncertainty analysis were used to validate the proposed 

measurement process.  The measurement contractor has used the measurement geometry 

to not only verify the structural fabrication, but also to set the components of the structure 

during assembly.  The construction of the structure is well underway at the time of this 

writing as seen in Figure 9.9. 

 

 
Figure 9.9  Disney Concert Hall Structural Supports 

 

9.3 Submarine Section Assembly 

Modern submarine fabrication is a modular process with many stages.  Currently, 

General Dynamics Electric Boat and Northrop Grumman Newport News Shipbuilding 

are teamed on the fabrication of the Virginia SSN 774, a new attack submarine scheduled 

for completion in 2004.  The modular nature of the submarine design allows each 
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shipyard to fabricate individual modules and transport them to the final assembly area 

where they are mated with the submarine.  As each module is assembled and fitted, a 

series of measurements must be performed to verify geometry and determine the physical 

interface with the next stage of the process or another module.  It is common to measure 

the as-built characteristics of a module then transfer those measurements to another 

module at another location.  This allows holes to be drilled and interfaces to be machined 

before the components are ready for final assembly.  Each measurement job typically 

requires multiple instruments due to the size and geometry of the submarine as well as 

physical constraints in the measurement environment.  This section presents two 

measurement jobs at two different stages in the life of a submarine module. 

 

9.3.1 Hull Fabrication: Vertical Configuration 

The first stage has the section in the vertical configuration.  This is the orientation of 

the module during the hull assembly process.  The sections of the hull are welded one to 

another and measured at each step in the process.  Figure 9.10 shows the measurement of 

a partially completed hull module.  At the time of the measurements, the segment shown 

on the top of the module was not yet in position.  The purpose of the measurement job 

was to measure the interface between the currently assembled components and the final 

module hull section before assembly.  The job required the use three total station 

theodolites placed around the outside of the module and one station inside the module.  

The goal of the measurement job is to combine all of the measurements into a single 

coordinate set for subsequent analysis.  The results of the analysis are then used to 

determine where to cut the section for proper fit-up with the next component.   
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Figure 9.10  Submarine Module Measurement in Vertical Configuration 

 

Using the USMN, it is possible to form the combined coordinate set in a single 

operation and provide the user with uncertainty statements for all of the measurements 

considering the combination methods.  Solving the USMN network for this job required 

only 0.2 seconds on a Pentium-IV 1.8 gigahertz machine.  Solving for the 300 uncertainty 

field points required 2.5 minutes.  There were a total of 196 points in the network.  Figure 

9.11 shows the results of this analysis with the first instrument, station 0, as the reference. 
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Figure 9.11  Submarine Module Measurements with USMN Uncertainty Fields 

 

The X coordinate axis is along the axis of the submarine, which is vertical in this 

case.  Notice the large reduction in uncertainty for the points that were measured by more 

than one total station.  Point 917 for example, has an uncertainty of 0.00995 inches with 

two measurements while many of the points measured with only one instrument have 

uncertainties in the 0.040 inch range.  Also notice that the uncertainty fields for 

measurements from only instrument 0 are narrower than those for instruments down the 

chain.  This is because their uncertainty fields incorporate not only the instrument 

uncertainty, but also the uncertainty in the orientation of the multiple measurement 

systems. 
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Also notice the 411F and 411G points.  They each have an uncertainty of 

approximately 0.043 inches.  These points are named F and G to indicate that they are 

measurements on a hidden point bar.  A hidden point bar is a device used to measure a 

point which is not visible to the instruments.  The points of interest to those assembling 

the hull are not the 411F and 411G points, but instead point 411 which is the end of the 

hidden point bar.  By measuring the two points on the bar, the third point is computed by 

extending along the direction of the vector between the two measurements by a known 

length.  This practice is quite common in coordinate metrology and therefore the 

uncertainty of this measurement process is of interest to the USMN.   

 

Following the methods used to determine the uncertainties in geometrical fitting 

operations (Section 7.5.1), it is possible to determine the uncertainty field of the end of 

the hidden point rod.  This is done by re-computing the end of the bar for each set of 

points in the uncertainty fields of the measurements.  Performing this analysis on the 

411F and 411G points with a 25 inch hidden point bar length yields the results shown in 

Figure 9.12.  These results are based on 2000 uncertainty field points.  This number of 

points in not normally necessary in order to determine the uncertainty, but it is helpful to 

have a dense distribution when viewing the results graphically at close range. 
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Figure 9.12  Hidden Point Bar Uncertainty for a 25 inch Bar 

 

Though the total uncertainty in the end point, 0.114 inches, is fairly large given the 

instrument uncertainties, it is most likely not a hindrance to this particular measurement 

application.  The goal of this measurement is to determine the location along the hull axis 

where the section should be machined in order to properly mate with the next component.  

This means the X axis is of the most concern.  In this case, the X axis uncertainty of the 

hidden point is only 0.013 inches, well below the required measurement uncertainty.   

 

The 25 inch point bar measurements in Figure 9.12 were spaced by approximately 10 

inches.  This means the angular effects of the point uncertainty on the bar direction were 

magnified by the distance from the last point (411G) to the end point due to the 

extrapolation of the hidden point.  This is one of the primary reasons for the large 

uncertainty in the end point.  To demonstrate the effects of using a shorter hidden point 

bar (one with less extrapolation), the analysis was repeated on a different set of points in 

the same measurement job.  This set was spaced by approximately 6 inches, on an 8.5 

inch hidden point bar.  The results of this analysis are shown in Figure 9.13. 
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Figure 9.13  Hidden Point Bar Uncertainty for an 8.5 inch Bar 

 

The uncertainty magnitude of the hidden point in this case is 0.057 inches, much 

lower than that of a 25 inch bar.  The real issue is not only the length of the bar, but the 

percentage of the bar length that is extrapolated from the measurement direction.  

Obviously reducing this percentage reduces the hidden point uncertainty.  The 

extrapolation percentage is computed by 

 

l

l )(100
%

ABdE −
=  

Equation 9.1 
where, 

%E  is the extrapolation percentage 

l  is the length from the first target, A, to the hidden point 

ABd  is the distance between the measured points on the bar, A and B 

 

For the 8.5 inch bar, the extrapolation percentage is 29% and for the 25 inch bar, it is 

60%.  Note that the error for the longer bar is also approximately twice that of the shorter 
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bar.  This approach provides a heuristic method that may be used to determine the proper 

hidden point bar for a measurement process.  Ideally, a simulation of the measurement 

job beforehand would highlight potential uncertainty problems. 

 

As mentioned previously, since the X component is of primary concern, the large 

uncertainty in the hidden point analysis in Figure 9.12 does not adversely affect the 

manufacturing process.  If, however, the measurement technician had oriented the 

instruments differently relative to the object, the uncertainty of the X direction could 

degrade substantially.  In addition, the orientation of the hidden point bar relative to the 

uncertainty fields of the coordinates may also have a drastic effect on the results.  These 

possibilities underscore the need for the USMN uncertainty field information in industrial 

measurement processes.  In the implementation of the USMN presented in Chapter 7, the 

hidden point computation component of the metrology application was augmented to 

create uncertainty fields for the end-point of the bar based on the uncertainty fields of the 

measured targets.  This allows users to quickly check their hidden point measurement 

geometry and understand the uncertainty of the measurements. 

 

9.3.2 Module Alignment:  Horizontal Configuration 

Once the shell of the module is welded together and the internal supports are in place, 

the module is flipped into its horizontal orientation.  More outfitting is then performed, 

and eventually the module is completed to the point where it is ready to be joined to 

another section.  This particular module is the aft end of the submarine.  This means the 

drive system components must be aligned with the interface on the module during the 

assembly process.  The measurements required for this process cover the outside and 

inside of the module and the fixturing aft of the module where the drive systems will 

attach.  The measurement job geometry is shown in Figure 9.14. 
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Figure 9.14  Submarine Module Measurement Job:  Horizontal Configuration 

 

This job highlights an important aspect of the USMN, the combination of 

measurements from different types of instruments.  In this case, there are five total station 

theodolites used in conjunction with three laser trackers.  Two laser tracker stations inside 

the submarine were necessary because with the first instrument setup, several of the 

points were not visible.  This was not discovered until many measurements had been 

taken.  Instead of discarding the previous measurements, another station was added to the 

network and located relative to common monuments.  The reason for the mixture of total 
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the drive system mounting interface.  Using a laser tracker for these measurements results 

in a much lower uncertainty value.  Laser trackers are not, however, as well suited for the 

exterior measurements on the module.  This is due to physical constraints and the realities 

of measurement within a production environment.  It would be difficult to carry the laser 

tracker target (a spherically mounted retro-reflector), all over the module without 

occluding the interferometer beam.  When these occlusions happen, it is necessary to 

reset the interferometer by returning the reflector to the calibrated tracker nest or to 

another more easily accessible fixed known point in the workspace.  Total stations, 

however, can simply point at reflective tape targets already placed on the module and 

measure directly. 

 

In addition to the practical usage concerns for the different devices, there are 

uncertainty differences.  The laser tracker can measure a range value to nominally 0.0006 

inches, while a total station measures range to nominally 0.040 inches.  The angular 

measurement uncertainties of the two devices also differ.  The total stations typically 

outperform the laser tracker on angular measurements by a factor of two.  In order to 

properly combine these instruments in a common measurement job, the relative 

uncertainties must be considered.  The USMN handles this using the relative uncertainty 

weighting scheme presented in Section 7.2.  The examples presented there detail the 

application of the uncertainty values to the weights in the point computation solution. 

 

Solving this network with all 296 points required 1.6 seconds on a Pentium-IV 1.3 

gigahertz machine.  The uncertainty field computation for 300 points required 28 

minutes.  The results are presented in Figure 9.15. 
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Figure 9.15  Horizontal Configuration Measurement Uncertainty Results 

 

Total station #0 was used as the fixed reference in this case, so all uncertainties are 

reported relative to that reference.  As stated previously, this is an arbitrary choice and 

the analysis can easily be repeated using another station or set of nominal values as the 

reference.  There are several point uncertainties of interest in this analysis.  First, notice 

the large improvement in uncertainty when a point is measured with two total stations as 

opposed to just one.  This is made apparent by comparing point A8 with point 2.  The 

uncertainty of A8 is based on the measurements of only station #0 and therefore is of the 
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measured by both station #1 and station #3.  Its uncertainty is much lower, 0.017 inches.  

This is due to the relative uncertainty weighting in the point computation.  The angular 

components of the total station measurements are weighted more than the distance 

components since the distance is less certain.  As a result, the redundant data is used to 

determine the optimal point while taking advantage of the components of the 

measurement that are more certain.  A similar effect is observed with point 18.  Its 

uncertainty is larger than that of point 2 due to the geometry of the measurements.  The 

apex angle (the angle between the measurements) is much smaller, so the uncertainty 

field is larger along the range components of the measurements.  Point 2 did not exhibit 

this behavior because the measurement geometry was such that the angular components 

of the measurements were able to sufficiently override the range measurements. 

 

The laser tracker measurements in this job also show a reduction in uncertainty when 

multiple instruments measure a point.  Point 655, for example, is measured by the laser 

tracker inside the module.  Its overall uncertainty is 0.006 inches.  This is actually larger 

than expected for a laser tracker measurement.  It does, however, seem reasonable since 

the laser tracker is not the reference for the uncertainty statements.  This means the 

uncertainty of point 655 is not only attributed to the instrument’s uncertainty, but the 

uncertainty with which the instrument is located relative to the network reference.  In this 

case, the reference is total station #0.  The uncertainty for point mon27 (monument # 27) 

is 0.003 inches.  This is almost half the uncertainty of point 655.  The reason for this 

reduction is that mon27 is measured by 2 laser trackers, one inside the module and one 

outside.  As with point 655, the uncertainty also includes the uncertainty in the total 

network relative to the reference. 

 

Point M501 is a good example of a mixed measurement.  It is measured by total 

station #0 and laser tracker #5.  Its uncertainty is 0.002 which is quite low considering the 

other values in the network.  Based on the geometry of the measurements, the reason for 

this low uncertainty is clear.  The laser tracker’s angular measurement is used to reduce 

the uncertainty of the ranging component of the total station. 
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Point M500 is also interesting since it is measured by three of the total stations and 

one of the tracker stations.  Figure 9.16 shows a close-in graphical image of point M500 

and the four individual measurements used to compute the optimal point.  In addition, the 

combined uncertainty field for the optimal point is shown relative to the uncertainties in 

the other measurements.  Note, however, that the uncertainties of the individual 

measurements shown in this figure are not the USMN uncertainties including the 

instrument location uncertainty.  Instead, the individual measurement uncertainties in the 

figure only represent the uncertainty in each measurement assuming the instrument 

location is fixed.  The resulting uncertainty field for M500 does, however represent the 

total uncertainty of the point relative to the network reference, since it was computed as 

part of the USMN solution process. 

 

The effects of the relative uncertainty weighting scheme are apparent in Figure 9.16.  

Notice that the optimal point matches the length of the laser tracker measurement very 

closely.  It also corresponds well with the angular measurements of the total stations.  It 

does not, however, closely match the range measurements of the total stations, since the 

range component has a relatively high uncertainty.  The numerical error results and the 

corresponding weighting factors are shown in Table 9.1. 
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M500 
Optimal Point Laser Tracker #5  

Total Station #0   

Total Station #4 

Total Station #2   

 
Figure 9.16  Point Computation with Mixed Instrumentation 

 
Horizontal Error Vertical Error Distance Error Magnitude

Total Station #0 -0.0017 0.0042 0.0032 0.0056
Weights 11.2 11.2 0.24

Total Station #2 -0.0052 0.0036 -0.0784 0.0786
Weights 5.0 5.0 0.24

Total Station #4 -0.0008 -0.0088 -0.0403 0.0413
Weights 8.2 8.2 0.24

Laser Tracker #5 0.0072 -0.0094 0.0005 0.0118
Weights 2.9 2.9 16.4  

Table 9.1  Point Errors and Relative Uncertainty Weights for Point M500 
 

To summarize, the complexities of the measurement job presented in this section 

highlight the need for the USMN and its treatment of combined measurement systems.  

The manifestation of the instrument uncertainties in the final resulting measurements 

must be quantified in order to present the measurement results with confidence.  This is 

especially true when changes in measurement geometry and instrument choice can have 

large effects on the uncertainties in the measurement results. 
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9.4 Nuclear Power Plant Steam Generator Replacement 

The process of steam generator replacement was mentioned briefly in Section 1.3.2.  

The description highlighted the many steps in the replacement process where coordinate 

metrology plays a pivotal role.  From determining the as-built geometry of the generators 

to guiding a robotic machining and then welding tool, measurement processes are critical 

to the success of the entire process. 

 

One specific measurement process is presented here to demonstrate the effects of 

chaining instruments together along a large object.  In this case, the actual measured 

coordinate values on the generator are used in a simulation process to determine the 

effects of the uncertainty.  The measurement values from the actual survey were not used 

because they are not available.  This is because many individual measurement software 

applications were used in various staged of the analysis process.  Because of this, there is 

no reference back to the actual readings of the measurement instruments.  This is another 

issue in the coordinate metrology industry.  Often, as in this case, the final combined 

coordinate data set is provided without a traceable link back to the raw measurements of 

the instruments.  This traceability problem is addressed by metrology applications that 

store not only the measured points, but the raw observations behind them.  Without that 

level of data integrity, the original measurement data can be lost.  Not only does this 

eliminate traceability, it also makes it impossible to completely re-analyze the data 

without making assumptions about the original process. 

 

The measurement data obtained in this analysis was used to determine the location of 

the steam generator components relative to the reactor hot and cold pipes at the base of 

the generator.  To accomplish this measurement on an object 3 stories tall and 12 feet in 

diameter, multiple measurement instruments were required.  In this case, a series of 6 

total station theodolites were used.  The measurement geometry is shown in Figure 9.17.  

Station #0 is shown on the left measuring the hot and cold reactor nozzles and station #5 
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on the right is measuring the main steam output nozzle. 



 

 
Figure 9.17  Steam Generator Nozzle Measurement Geometry 

 

The particular instrument used in this measurement process was the Sokkia Net-2B.  

This instrument has the following uncertainty characteristics: 

• Horizontal and Vertical Angle:  2.0 arcseconds (1 sigma) 

• Distance:  0.0313 inches + 1.0 parts per million (1 sigma) 

 

Though the instrument often exceeds these performance specifications, the 

manufacturer’s published uncertainty values were used in this analysis since they will 

provide a conservative uncertainty statement. 

 

The unified spatial metrology network solution was performed on a Pentium-IV 1.8 

gigahertz machine.  The network contained a total of 106 points.  The solution executed 

in 0.9 seconds, and the 300 point uncertainty field analysis for each point executed in just 

under 9 minutes.  The resulting uncertainties are shown in Figure 9.18.  All of the 

uncertainties are referenced relative to station #0, as it remained fixed during the process.  

Notice the increase in uncertainty as the measurements progress along the generator.  At 

the lower end, the uncertainties are approximately 0.032 inches, but at the final station, 

the uncertainties are ten times greater at 0.380 inches. 
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Figure 9.18  Steam Generator Measurement Uncertainty Fields 

 

One goal of this measurement job was to describe the steam nozzle relative to the 

base of the generator.  In this case, the steam nozzle is at the end of the measurement 

chain.  A closer view of those uncertainties is provided in Figure 9.19. 

 

 
Figure 9.19  Steam Nozzle Measurement Uncertainty Fields 
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The analysis procedure used on the measurements was to determine the best-fit circle 

for both sets of points on the steam nozzle.  These were used to determine an axis 

direction as well as to topmost extent of the steam nozzle material.  In order to determine 

the uncertainty of the circle fit operations, the geometry fitting uncertainty analysis 

methods described in Section 7.5.1 were applied to the measurements.  The results of this 

analysis are presented in Table 9.2. 

 
Component Uncertainty

Center Ux 0.372
Center Uy 0.068
Center Uz 0.032
Center Umag 0.379

U Diameter 0.023
U Normal Vector 0.066 (degrees)  

Table 9.2  Steam Nozzle Circle Fit Uncertainty 
 

These uncertainty values are significantly larger than the measurement technicians 

expected.  In fact, had this analysis technology been available at the time of the 

measurement job, another approach would most likely have been used.  This would 

include re-thinking the network geometry and possible using another, more accurate 

instrument.  Suppose a change in the measurement geometry were proposed to reduce the 

uncertainty.  Using the USMN, this change can easily be tested so that the effect on the 

measurement uncertainty is known before the new measurements are acquired.  The 

following discussion will detail a simple modification to the geometry that significantly 

reduces the uncertainty in the measurements. 

  

To demonstrate the uncertainty reduction from even one point closing the 

measurement loop, an additional point was added to the measurement job with simulated 

measurements from both station #0 and station #5.  The point called “ControlMiddle”, is 

near the middle of the generator above station #3.  Figure 9.20 shows the results of the 

uncertainty analysis with the additional point.  The previous uncertainty fields are also 

shown off to the side to provide a visual reference. 
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Additional Point 
Measured by #0 & #5 

 
Figure 9.20  Uncertainty Reduction with One Point Closing the Loop 

 

The addition of a point closing the measurement loop significantly reduced the 

measurement uncertainty.  This was especially true at the end of the measurement chain.  

Point 5007, for example, had an original uncertainty of 0.38 inches.  After adding the 

common point for the first and last stations, the uncertainty was reduced to 0.13 inches.  

The uncertainty reductions for several points are listed in Table 9.3.  Also, refer to Figure 

9.21 for a view of the revised uncertainty fields at the steam nozzle. 

 

Point
Uncertainty: Original 

Setup
Uncertainty w/ 

Additional Point Change % Change

9204 0.032 0.032 0.000 1%
33 0.012 0.010 -0.002 -15%

1302 0.043 0.022 -0.021 -48%
9009 0.075 0.031 -0.044 -59%
8718 0.117 0.037 -0.079 -68%
8008 0.146 0.047 -0.099 -68%
8012 0.229 0.065 -0.164 -72%
9034 0.262 0.075 -0.188 -72%
5007 0.380 0.135 -0.245 -65%  

Table 9.3  Uncertainty Change Due to Additional Point 
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Figure 9.21  Steam Nozzle Uncertainty Fields With Additional Point in Network 

 

In addition to the uncertainty reduction in the individual points, it is worth 

investigating the effects on the results of the circle fit on the steam nozzle.  This analysis 

was repeated with the new uncertainty fields.  The results and a comparison to the 

previous values are shown in Table 9.4. 

 
Component Uncertainty Uncertainty

w/ Additional Point Change
Center Ux 0.372 0.115 -0.257
Center Uy 0.068 0.062 -0.007
Center Uz 0.032 0.023 -0.009
Center Umag 0.379 0.133 -0.247

U Diameter 0.023 0.022 -0.001
U Normal Vector (deg.) 0.066 0.069 0.003  

Table 9.4  Steam Nozzle Circle Fit Uncertainty Reduction 
 

To summarize, the initial steam generator measurement geometry had a large 

uncertainty at the end of the measurement chain.  By adding a single additional point to 

close the measurement loop, the uncertainty was reduced significantly.  This is an 
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excellent example of the benefits of measurement simulation, planning, and combined 

uncertainty analysis. 
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10 CONCLUSIONS 
This dissertation presents a solution to the combined coordinate uncertainty problem.  

By developing methods for quantifying the uncertainty, questions about the effects of 

individual instrument uncertainty on complex networks are answered.  In this process, 

several important components were developed.  This section presents a brief review of 

those developments and discusses future applications of this research. 

 

10.1  Coordinate Uncertainty Field Representation 

This work proposed the discrete point cloud representation method for coordinate 

uncertainty.  Though heavily dependant on numerical methods, it was shown that the 

computational requirements do not exceed the capabilities of current computer platforms.  

For those still concerned about the computational burden associated with this analysis, a 

straightforward implementation process for distributed processing was presented. 

 

In addition, the uncertainty field representation was shown to preserve geometrical 

and statistical information despite transformation and representation in different frames 

of reference.  Also, due to their discrete nature, it is possible to apply these fields to other 

analyses such Monte-Carlo experimentation on a best-fit cylinder or other geometry. 
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10.2  Instrument Uncertainty Characterization 

Manufacturer’s typically state uncertainty results aimed at making their instrument 

appear the most appealing when compared to other competing devices.  The shop-floor 

technicians who actually use the instruments in real production environments, however, 

seldom experience the ideal test conditions of a manufacturer’s laboratory. 

 

To bridge that gap, this dissertation presents an experimental method for determining 

the uncertainty in the components of an instrument’s measurements.  This method may be 

applied under any set of measurement conditions in order to determine the real-world 

instrument performance.  These values are then used as inputs to the Unified Spatial 

Metrology Network in order to determine, through simulation, the effects of the 

instrument uncertainty on the measurements of points and objects. 

 

10.3  Measurement System Combination Methods 

The simultaneous combination methods proposed for measurements from multiple 

instruments is a significant result of this research.  This combination is based on the 

uncertainty of each measurement relative to the other measurements in the network.  The 

point computation methods proposed in this dissertation allow the network to determine 

the optimal combination of the measurements based on their respective uncertainties.  

Not only does this provide a more realistic measurement result, but it also provides a 

better fit between data sets from different instruments by taking full advantage of the 

instrument characteristics as opposed to the current practice of matching up XYZ values. 

 

The development of the Unified Spatial Metrology Network extends the simultaneous 

measurement system combination concept to include the combination of the uncertainties 

in the individual measurements.  The result is a series of uncertainty fields based on the 

combined effects of all the instruments and nominal data sets in the network. 

 

202 



10.4  Task Specific Measurement Uncertainty 

The application of coordinate uncertainty fields to other analysis processes was also 

presented in this work.  Geometric object fitting, for example, was presented as an 

example of a down-stream analysis procedure often applied to measurement results to 

obtain useful information.  It is not enough to know the uncertainty of all the points 

measured on the surface of a cylinder, for example.  Instead, the user needs to know the 

resulting uncertainty in the best-fit cylinder. 

 

10.5  Software Implementation 

The algorithms and methods developed in this research were implemented directly 

into a commercial measurement software program.  The method of implementation is 

significant in that it provides a template for the integration of these methods into other 

measurement software systems while causing minimal entanglements with the existing 

software architecture. 

 

Since Unified Spatial Metrology Network is now contained in a commercial off-the-

shelf software package, it is currently in use by measurement technicians on real 

measurement jobs.  The application of the USMN software to measurement data was 

highlighted in the case studies presented in Chapter 9. 

 

10.6  Future Applications 

All of the procedures outlined within this work are applicable to both simulated and 

actual measurements. Thus, it is feasible and beneficial to use the Unified Spatial 

Metrology Network to design a measurement process to minimize final coordinate 

uncertainty. 

 

In today’s manufacturing environments, an increasing amount of importance is placed 

on the measurement processes during the design phase.  Given the uncertainty analysis 
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tools resulting from this research, product designers can incorporate uncertainty reduction 

into the design of their products and the corresponding manufacturing processes. 

 

In fact, future applications of this research could include an additional layer of 

optimization around the entire process.  This could include optimization of instrument 

type and placement in order to minimize the uncertainty in the measurement results.  

Obviously, this sort of optimization would require the addition of many constraints to 

adequately represent the obstructions and realities of measurement in real production 

environments.  

 

Another future application of this research is an expanded model for internal 

instrument parameters.  Though many of the examples in this work used the output 

values of the measurement device, the same concepts are easily applied to more complex 

variable sets.  This is done by replacing the functions that compute a measured point 

based on instrument output values with more detailed functions containing all of the 

instrument parameters.  This allows instrument manufacturers to investigate the effects of 

internal device compensation parameters on measurement results.  In addition, this 

provides a powerful tool to instrument designers since it allows them to determine the 

effects of design decisions on coordinate uncertainty.   

 

This research also provides a powerful educational tool for measurement technicians.  

It exposes users to realistic uncertainty statements for the measurements they perform.  It 

is hoped that this will result in a better understanding of measurement uncertainty and the 

importance of the measurement technician’s role in reducing that uncertainty. 

 

10.7  Summary 

This dissertation has presented a practical computational method for quantifying the 

uncertainty fields in coupled spatial metrology systems.  In addition to defining the scope 

of the problem, compelling evidence has been presented to prove that it is essential to 
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address the uncertainty propagation problem from a geometrical perspective.  



Measurement system combination must include uncertainty combination.  The Unified 

Spatial Metrology Network provides this capability.  The case studies in this work also 

show the need for graphical metrology software to portray this information to the end 

user.  Uncertainty specifications and estimates are often confusing to untrained operators.  

With some training and experience, operators can readily interpret uncertainty cloud 

depictions.   

 

Perhaps the most important result of this work is that it is now possible to obtain 

realistic uncertainties for coupled measurement systems.  In practice, when operators are 

questioned about the uncertainty of certain measurement configurations, they quote 

uncertainties that are on par with the manufacturer’s specifications for the instrument.  

This is, of course, not realistic.  Offering a realistic picture of the measurement 

uncertainty will, in the long run, allow operators to utilize the metrology equipment to its 

fullest potential.  Being able to visualize the effects of varying a measurement 

configuration will facilitate greater resourcefulness and creativity on behalf of 

measurement system users. 
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