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Relaxation phenomena during non-equilibrium growth

Yen-Liang Chou

The surface width, a global quantity that depends on time, is used to characterize the
temporal evolution of growing surfaces. One of the most successful concepts for describing
the property of the surface width is the famous Family-Vicsek scaling relation. We discuss
an extended scaling relation that yields a complete description for various growth models.
For two linear Langevin equations, namely the Edwards-Wilkinson equation and the Mullins-
Herring equation, we furthermore study analytically the behavior of global quantities related
to the surface width or to a quantity which is conjugated to the diffusion constant. The global
quantities depend in a non-trivial way on two different times. We discuss the dynamical
scaling forms of global correlation and response functions.

For global functions related to the surface width, we show that the scaling behavior of the
response can depend on how the system is perturbed. Different dynamic regimes, charac-
terized by a power-law or by an exponential relaxation, are identified, and a dynamic phase
diagram is constructed. We discuss global fluctuation-dissipation ratios and how to use them
for the characterization of non-equilibrium growth processes. We also numerically study the
same two-time quantities for the non-linear Kardar-Parisi-Zhang equation.

For global functions related to the quantity which is conjugated to the diffusion constant
of the linear Langevin equations, we show that the integrated response is proportional to
the correlation in the linear response regime. In the aging regime, the autocorrelation and
autoresponse exponents are identical and the aging exponent for the response is equal to
the aging exponent for the correlation. We investigate the non-equilibrium fluctuation-
dissipation theorem for non-equilibrium states based on this quantity. In the non-linear
response regime a certain dissipation-fluctuation ratio approximates unity for small waiting
times but approaches the ratio of perturbed and unperturbed diffusion constants for larger
waiting times.

This material is based upon work supported by the National Science Foundation under Grant
No. DMR-0904999. Any opinions, findings, and conclusions or recommendations expressed
in this material are those of the author and do not necessarily reflect the views of the National
Science Foundation.
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Chapter 1

Introduction

Temporal evolutions of surfaces and interfaces are widespread in nature and range from the
macroscopic to the microscopic. Thus, orogenic events, weathering, and erosion make the
surface of the earth evolve in time, without ever reaching an equilibrium state. Winds blowing
over the surfaces of oceans, lakes and rivers generate rapid changing wind waves. A burning
front propagating along a sheet of paper forms a one-dimensional moving edge. A drop of
ink spread on a piece of paper yields an interface between wet and dry regions. Tumors that
develop in living beings form interfaces between themselves and the host. A bacteria colony
growing on an agar substrate is another example of an evolving interface in a biological
system. Deposition processes, ranging from sedimentation in geology to processes such as
electrochemical deposition, all yield surfaces and interfaces that evolve in time. Certainly,
the complex behavior of an evolving surface results from numerous factors. In order to gain
valuable insights into the universal properties of these ubiquitous phenomena, physicists
try to identify the main ingredients responsible for the temporal evolution of surfaces. In
general, there are two competing factors that are primarily responsible for time-dependent
surfaces. On the one hand, fluctuations and noise make the surfaces become rougher as time
progresses. On the other hand, dissipation and relaxation phenomena tend to smooth the
surfaces. Obviously, both of these major mechanisms are influenced by control parameters
such as temperature, pressure, chemical potential, or the thickness of the agar, for example.
At fixed control parameters, it is usually assumed that the nature of the noise does not change
in time. Relaxation forces, however, depend on the evolving surface itself: the rougher the
surface is, the stronger the relaxation is. Starting from an initially flat surface, relaxation
does not take place at the initial stages and the surface roughens. It follows that roughening
is common for evolving surfaces. At a later stage dissipation and relaxation become effective,
and the competition between the different mechanisms often yields in the long-time limit
a saturated surface with a constant roughness. This saturation roughness is a power-law
function of the surface size with some roughness exponent α. Interestingly, similar values of
α are found for processes as different as paper combustion, paper wetting, fluid flow, and
bacteria growth, pointing to universal, system independent properties of evolving surfaces.

1



Yen-Liang Chou Chapter 1. Introduction 2

Therefore, the study of the exponents governing surface growth processes helps us not only to
understand their dynamic properties but also to classify the universality classes that reveal
the commonalities of very different growth processes.

The major goal in modern statistical physics is to establish a general structure for systems out
of equilibrium. Although this task is still a challenge, some theorems have been successfully
extended to systems out of equilibrium. One of them is the linear response theorem that
relates fluctuation and dissipation [6, 82]. Measuring the response of a system subjected to
an external force or field has been a important method in experimental research for a long
time. The magnetic susceptibility χ which measures the magnetization M of a material in
response to an applied field is an example of such a quantity. Interestingly, the response can
be expressed in terms of how the order parameter in a system correlates. Take the magnetic
material as an example, where the magnetic susceptibility can be determined by calculating
the correlation of the magnetization.1 The regression hypothesis made by Onsager in 1935
also suggests a relation between the correlation and the response. It states that the linear
response to a small non-equilibrium disturbance of a system can be treated as spontaneous
thermal fluctuations of the system at equilibrium. This is a consequence of the fluctuation-
dissipation theorem. Although the theorem for systems in equilibrium has been established
for a long time, several researchers have recently worked on an extension to non-equilibrium
systems.

Another approach in the search for general structures in non-equilibrium systems is to find
common properties among distinctly different non-equilibrium phenomena. One example
is categorizing the omnipresent slow relaxation processes into so-called aging phenomena.
Coincidentally, it is the study of responses and correlations that help to establish this clas-
sification.

In this work we extend the study of surface roughening and growth processes to cases where
the external conditions are changed during the growth. Combining analytical and numerical
techniques, we aim at a classification of the possible responses of evolving surfaces to changing
control parameters. Elucidating in our theoretical study the generic changes of surface
morphology under a change of growth conditions, we propose specific protocols that allow
the experimentalists to change the experimental conditions in order to tailor the roughness
and morphology of their surfaces and interfaces. Putting our research in an even broader
context, we notice that kinetic roughening and growth processes are paradigmatic examples
of non-equilibrium processes. Our study therefore yields new insights into and enhances our
understanding of systems that are far from equilibrium.

This thesis is organized in the following way. In Chapter 2 we discuss the general definition
of correlation function, response function and linear response theory which links these two
quantities. The tools introduced in this chapter will be extensively used in Chapters 6
and 7 to investigate surface growth. In Chapters 3 and 4 we introduce lattice models and
equations of motion invented to mimic surface growth. Motivated by previous studies we

1Where one has χ = (〈M2〉 − 〈M〉2)/kBT with kB the Boltzmann constant.
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propose a lattice model with temperature-dependent growth properties that fits the famous
Edwards-Wilkinson equation excellently. In Chapter 5 we discuss an important concept in
the studies of surface growth, the Family-Vicsek scaling relation, which allows to classify
growth universality classes. We propose a generalized version of this scaling relation which
applies to larger classes of systems. Chapter 6 is devoted to the exact computation of the
global two-time quantities related to the surface width in cases that are described by linear
stochastic Langevin equations. The exact results allow us to comprehensively investigate
all possible dynamical regimes. We also present our results for the one-dimensional Kardar-
Parisi-Zhang equation where we highlight some commonalities with and differences to the
linear systems. In Chapter 7 we discuss the global two-time quantities related to the quantity
which is conjugated to the surface diffusion constant. Similar approaches as in Chapter 6 will
be used. This quantity has interesting properties that allow us to discuss the generalized
fluctuation-dissipation relation for non-equilibrium growth processes. Finally, Chapter 8
gives out conclusions.



Chapter 2

Correlation, Response and Relaxation

2.1 Correlation function

The two point correlation function of quantities φ and ψ

Cφ,ψ(t, s) ≡ 〈φ(t)ψ(s)〉, (2.1)

is a measure of how these two quantities are correlated to each other. For systems in equi-
librium the symbol 〈· · ·〉 denotes the thermal average, whereas for non-equilibrium processes
it indicates the average over all possible trajectories that start from a specified distribu-
tion of initial configurations. The quantities of interest φ and ψ can be either local or
global, and can be measured at the same time or at different times. The correlation of
two quantities measured at the same time, Cφ,ψ(t) = 〈φ(t)ψ(t)〉, is called the equal-time
correlation function. The equal-time correlation function for microscopic (local) variables
at different positions is usually used to measure the order of a system. If the correlation
between the same quantity is measured, one has Cψ,ψ(t, s) = 〈ψ(t)ψ(s)〉, which is called au-
tocorrelation function.1 Normally, this quantity decays with time since thermal fluctuation
progressively changes the value of ψ. The evaluation of Cψ,ψ(t, s), which is dependent on the
separation between two times, records how the system loses its memory. For systems in the
steady state, the autocorrelation function depends only on the difference between the two
times, Cψ,ψ(t, s) = Cψ,ψ(t − s). In other words, the correlation function has the property
of time-translational invariance. The reason is that the equilibrium system has a steady
state probability distribution which fulfills detailed balance. If the correlation between two
variations δφ = φ− 〈φ〉 and δψ = ψ − 〈ψ〉 are calculated, we have

Cδφ,δψ =
〈(
φ− 〈φ〉

)(
ψ − 〈ψ〉

)〉
= 〈φψ〉 − 〈φ〉〈ψ〉. (2.2)

1For microscopic variable, the autocorrelation function is defined as the correlation at the same position,
i.e. 〈ψ(x, t)ψ(x, s)〉.

4
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This is called the connected correlation function of φ and ψ and is usually denoted as 〈φψ〉c.
The connected autocorrelation function Cδψ,δψ = 〈(ψ−〈ψ〉)2〉 = 〈ψ2〉−〈ψ〉2, which is positive
definite, measures the fluctuations in the quantity ψ.

2.2 Response function and susceptibility

To study how a system responds to an external perturbation, one introduces the response
function. Assume that at time s a small impulse of a field h, which is conjugated to the
observable ψ, is applied to the system. Therefore, the Hamiltonian of the system becomes

H(t) = H0(t) − hψ(t)δ(t− s), (2.3)

where H0 is the Hamiltonian of the unperturbed system and δ(t − s) is the Dirac delta
function. The measure of the difference of the observable φ between the perturbed and
unperturbed system at time t is given by

Rφ,ψ(t, s) ≡ lim
h→0

〈φ(t)〉h − 〈φ(t)〉
h

, (2.4)

where 〈· · ·〉h indicates the path average when the field h has been applied. This two-time
function is called the response function. The response function is a measure of how the
quantity φ reacts at time t when the quantity ψ has been perturbed at time s. Like the
autocorrelation function the response function also decays for large time separation since
the influence of the perturbation is gradually erased by the noise. For a system in the
steady state, the response function also satisfies time-translational invariance due to the
time-independent probability distribution and the detailed balanced dynamics.

The response function (2.4) is hard to measure experimentally due to the sharp impulse of
the perturbation. Therefore, to increase the signal one often studies the cumulative response
(it is also called the integrated response or susceptibility). The same measurement as before
is made

χφ,ψ(t, s) ≡ lim
h→0

〈φ(t)〉h − 〈φ(t)〉
h

. (2.5)

However, the perturbation now is applied to the system during a certain time interval.
Particularly, if a constant external filed h is turned on from the waiting time s to the
observation time t, one has the zero-field cooled (ZFC) susceptibility

χZFC
φ,ψ (t, s) =

∫ t

s
ds′Rφ,ψ(t, s′). (2.6)

On the other hand, if the constant field is turned on at t = 0 until the waiting time s, one
obtains the thermoremanent susceptibility (TRM)

χTRM
φ,ψ (t, s) =

∫ s

0
ds′Rφ,ψ(t, s

′). (2.7)
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By the definition of the ZFC and TRM susceptibilities, one has

χZFC
φ,ψ (t, 0) = χTRM

φ,ψ (t, s) + χZFC
φ,ψ (t, s), (2.8)

where χZFC
φ,ψ (t, 0) = χFC

φ,ψ(t) is also called the field-cooled susceptibility.

2.3 Linear response theory

Onsager’s regression hypothesis states that the response of a system at equilibrium to a
small external perturbation is equivalent to the spontaneous thermal fluctuations of the
system. This hypothesis can be explained as follows. In thermal equilibrium, a system in a
configuration X described by a Hamiltonian H0(X) has the probability distribution function

P (X) =
1

Z
e−H0(X)/kBT , (2.9)

where T is the temperature, kB is the Boltzmann constant and Z =
∫
dXe−H0(X)/kBT is the

partition function. The expectation value of observable φ in the system is given by

〈φ〉 =
∫
dXP (X)φ(X). (2.10)

Consider that the system is now perturbed by the external field h such that the perturbed
Hamiltonian becomes H(X) = H0(X) − hψ(X). In this case, one has the perturbed proba-
bility distribution

Ph(X) =
1

Zh
e−H(X)/kBT , (2.11)

where the perturbed partition function becomes Zh =
∫
dXe−H(X)/kBT . To calculate the

expectation value of the observable φ in the perturbed system, one can expand the perturbed
partition function about the unperturbed one to first order

Zh =
∫
dX[1 + hψ(X)/kBT + O(h2)]e−H0(X)/kBT (2.12)

which further yields

Ph(X) = P (X)
{
1 + h [ψ(X) − 〈ψ〉] /kBT + O(h2)

}
. (2.13)

Therefore, the expectation value of φ for the perturbed system is given by

〈φ〉h =
∫
dXPh(X)φ(X)

= 〈φ〉 + h
{
〈φψ〉 − 〈φ〉〈ψ〉

}
/kBT + O(h2). (2.14)
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For a small perturbation, the higher order can be neglected and one obtains the linear
response theory for an equilibrium state

χφ,ψ = lim
h→0

〈φ〉h − 〈φ〉
h

=
1

kBT

{
〈φψ〉 − 〈φ〉〈ψ〉

}
. (2.15)

In a more compact form, on has

Rφ,ψ(t, s) = ± d

ds
χφ,ψ(t, s) =

1

kBT

d

ds

〈
φ(t)ψ(s)

〉
c
, (2.16)

where one has +(−) if χφ,ψ = χTRM
φ,ψ (χZFC

φ,ψ ). This equation links microscopic fluctuations
and macroscopic relaxation. It is also called the fluctuation-dissipation theorem.

2.4 Aging

Slow relaxation processes are non-equilibrium processes that are encountered in many cir-
cumstances, ranging from domain growth, phase separation, weakly driven systems, granular
materials, and spin glasses to structural glasses. Some of those systems evolve extremely slow
and may never reach their equilibrium state in the experimental time window. This is for
example the case in glassy systems. In addition to the slowly, non-exponential dynamics, sev-
eral other common properties have been observed in those systems. First, time-translational
invariance and fluctuation-dissipation theorem are broken. These make the slow relaxation
processes distinct from the non-equilibrium steady states. Second, the change of the physical
properties of the system proceeds slower as the system becomes older. This defines the age
of the system. To quantify this property two-time quantities such as the autocorrelation
function and autoresponse function are studied. It is found that there often exist dynamic
scaling relations for the correlation function and response function. In addition, there exists
a time-dependent length scale L(t) describing the correlated domain size. Dynamic processes
with the above properties are summarized by the term aging [27, 28, 47].

For a simple case where the time-dependent length scale displays a power-law growth, one
has L(t) ∼ t1/z, where z is the so-called dynamic exponent. The autocorrelation function
and the autoresponse function are usually observed to have the scaling forms

C(t, s) = s−bfC(t/s) (2.17)

R(t, s) = s−1−afR(t/s) (2.18)

where a and b are aging exponents and fC,R(y) are scaling functions. Generally, the scaling
functions display a power-law decay in the long time limit y � 1

fC(y) ∼ y−λC/z (2.19)

fR(y) ∼ y−λR/z (2.20)
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where λC and λR are called the autocorrelation and autoresponse exponents respectively.
When a system enters the aging regime, the fluctuation-dissipation theorem Eq. (2.16) no
longer holds. It has been suggested to study instead the fluctuation-dissipation ratio

Xφ,ψ = kBT
χφ,ψ
Cφ,ψ

. (2.21)

It follows that by defining an effective temperature Teff such that kBTeff χφ,ψ/Cφ,ψ = 1, one
has Teff = T/Xφ,ψ. In many cases, the effective temperature Teff is larger then the heat
bath temperature T since Xφ,ψ < 1 is usually observed. It is worth noting that Xφ,ψ is not
guaranteed to be observable independent for systems out of equilibrium. Hence, the effective
temperature is denoted as T

(φ,ψ)
eff if the observable dependence is highlighted.

2.5 Fluctuation-dissipation theory of non-equilibrium

states

Effective temperatures are often studied when the fluctuation-dissipation theory is violated.
However, if that temperature is found to depend on the observable, it is hard to give a phys-
ical meaning to the effective temperature. Recently, theoretical studies focused on other ap-
proaches in the search for a non-equilibrium fluctuation-dissipation theorem. One successful
approach introduced by Baiesi et. al. provides a novel way to interpret the fluctuation-
dissipation relation [6]. They compare the path probability density between the perturbed
and unperturbed systems, denoted by Ph[ω(t)] and P [ω(t)] respectively, where ω(t) describes
the trajectory in configuration space. Hence, the expectation value of the observable φ in
the unperturbed system at time t is given by 〈φ(t)〉 =

∫ t
0 [Dω(t′)]P [ω(t′)]φ[ω(t′)], where we

integrate over all possible trajectories. To study time-reversibility one defines a time-reversal
operator θ which reverses the trajectory ω. Writing that

Ph[ω] = e−A[ω]P [ω], (2.22)

the action A[ω] can be decomposed into two part

−A[ω] =
1

2
S[ω] − 1

2
T [ω], (2.23)

where S[ω] ≡ A[θω]−A[ω] is time antisymmetric, and T [ω] ≡ A[θω]+A[ω] is time symmetric.
The time-antisymmetric part can be viewed as a difference in entropy flux from the system
to the environment between the perturbed and unperturbed dynamics,

S[ω] =
1

kBT

∫ t

0
dshs

d

ds
ψ[ω(s)]

=
1

kBT

{
htψ(t) − h0ψ(0) −

∫ t

0
ds
dhs
ds

ψ[ω(s)]

}
. (2.24)
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The first two terms on the right-hand side of this equation give the change of energy due to
the perturbation, while the third term is the work done on the system by the external field
hs. The time-symmetric term is given by the change of the escape rate from a trajectory due
to the perturbation. This term is called the excess dynamical activity or traffic. Denoting
W (x, y) as the transition rate from state x to state y, the escape rate from state x is given by∑
yW (x, y). For a Markov process, the transition rate W (x, y) is perturbed by the external

field hs, W (x, y) →W (x, y)ehs[ψ(y)−ψ(x)]/kBT . Therefore, the excess activity over a trajectory
is given by

T [ω] =
∫ t

0
ds
∑
y

W (x, y)(ehs[ψ(y)−ψ(x)]/kBT − 1)

=
1

kBT

∫ t

0
ds

{
hs
∑
y

W (x, y)[ψ(y)− ψ(x)] + O(h2
s)

}

=
1

kBT

∫ t

0
ds

{
hs
dψ

ds
+ O(h2

s)

}
. (2.25)

In the linear response regime, ons has 〈φ(t)〉h = 〈φ(t)〉+
∫ t
0 dshsRφψ(t, s). Expanding 〈φ(t)〉h

about the unperturbed system to first order in h and then applying Eq. (2.23), one obtains∫ t

0
dshsRφψ(t, s) =

〈
φ(t)

〉
h
−
〈
φ(t)

〉
≈

〈
− φ(t)A[ω]

〉
=

1

2

〈
φ(t)S[ω]

〉
− 1

2

〈
φ(t)T [ω]

〉
(2.26)

Plugging in Eqs. (2.24) and (2.25), one finally has

Rφψ(t, s) =
1

2kBT

d

ds

〈
φ(t)ψ(s)

〉
− 1

2kBT

〈
φ(t)

d

ds
ψ(s)

〉
. (2.27)

We will test this equation by applying it to the non-equilibrium surface growth (through the
exact results obtained from linear Langevin equations) in Chapter 7.



Chapter 3

Surface Growth Models

In this chapter, we discuss the most important discrete lattice models used for the study
of surface growth. We start from the classical models which can be described by linear
stochastic equations of motion (see Chapter 4). These growth processes can basically be
classified according to the effective Hamiltonian of the equation of motion. The first type
we will discuss is that with an effective Hamiltonian proportional to the total surface slope,
while the other type has an effective Hamiltonian which is proportional to the total surface
curvature. The surface growth generated by particle sedimentation under the influence of
gravity belongs to the first type, originally studied by Edwards and Wilkinson [37] (see also
Chapter 4). A related discrete lattice model, which is called random deposition with surface
relaxation (RDSR), was proposed later by Family [40]. It is interesting that the scaling
exponents obtained by the simulations agree with those derived from the analytical work.
So far it has been found that the vicinal steps of an oxide surface [78], non-interacting flux
lines in a superconductor as well as single-file diffusion [19] belong to the Edwards-Wilkinson
universality class. The second type of effective Hamiltonian yields another universality class,
which includes the Mullins-Herring equation [74] (see also Chapter 4), the Wolf-Villain model
[92], the Das Sarma-Tamborenea model [33] and an experimental study of step fluctuations
on Ag(111) films [35]. In addition, we will discuss models which are believed to be associated
with the Kardar-Parisi-Zhang equation [55] (see also Chapter 4). These models include the
ballistic deposition and the restricted solid on solid model. Thereafter, systems based on
fundamental models with an adjustable parameter will be introduced. Some models, called
competitive growth models, result from the combination of two fundamental models which
are selected with different probabilities. The properties of the surface evolution are controlled
by the selected probabilities. In other models the effect of temperature is modeled through
rules that accept a new configuration with a probability proportional to the Boltzmann
factor. These models include the Arrhenius diffusion model [26, 33, 52, 65, 80, 89], the
Siegert-Plischke model [86] and the modified RDSR model [24, 23].

10
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3.1 Random deposition

The random deposition process is one of the simplest mechanisms causing the evolution of
a surface. Random deposition can be described by a surface growth model where particles
drop randomly upon the surface and then stick directly on the top of the surface [40, 8].
For simplicity, people usually deal with a discrete lattice model and make the following
assumptions. First, the particle is a (d+ 1)-dimensional hypercube with uniform linear size
a which is usually assumed to be unity. Second, under the first assumption, the d-dimensional
substrate is divided into A columns, where A denotes the area of the substrate. Third, the
flux of incoming particles is constant. It is a convention to assume that there are A particles
dropped per unit time. The roughness of a growing surface is characterized by the time
dependent mean interface width, the square of which is defined as the variance of surface
height

W 2(t) =
1

A

∑
i

[
hi(t) − h̄(t)

]2
, (3.1)

where hi is the surface height of the ith column, and h̄ is the mean height. After N = tA
particles have been deposited on a flat substrate, the probability of finding a column with
height h is a binominal distribution,

f(N, h) =
N !

h!(N − h)!
phqN−h, (3.2)

where p = 1/A and q = 1 − p. Hence, the mean and variance are given respectively by

h̄ = Np = t,

W 2 = Npq ≈ t. (3.3)

The second equation, where a large enough substrate area has been assumed in order to
ensure the approximation, can be rewritten as W ≈ tβ with β = 1/2. The exponent β,
which describes how the surface width evolves with time, is called the growth exponent. An
illustration of the (1 + 1)-dimensional model is shown in Figure 3.1(a).

3.2 The Family model

The Family model [40] is a discrete lattice model which imitates particle sedimentation
under the influence of gravity. In addition to the roughening process caused by the random
deposition, a smoothing effect is introduced. This step, the so-called surface relaxation,
is described as follows. After the particle reaches the top of the surface site, the particle
can go to one of its neighbor columns with lowest height as shown in Figure 3.1 (b). This
procedure generates a surface current which is driven by gravity. Sometimes people use the
name random deposition with surface relaxation (RDSR) for the Family model to emphasize
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Figure 3.1: The random deposition (a), the Family model (b), and the Wolf-Villain model
(c) for a (1 + 1)-dimensional system. The boxes surrounded by dashed boundaries indicate
incoming particles. The arrows beside the particles show possible moves.

the mechanism of the process and to contrast it with random deposition. In RDSR there are
three regimes characterized by different growth behaviors of the surface width [40] (see also
Figure 3.2 for our simulation data). Starting form a flat substrate, a random growth, where
W 2 ≈ t, is expected in the very early time regime since the nearly flat surface produces almost
no diffusion steps. After enough particles have been deposited, the relaxation processes are
turned on and hence correlations between columns are built up. In this correlated regime,
an evolution of the surface width,

W (t) ∼ tβ (3.4)

where the growth exponent β ≈ 1/4 for d = 1, is observed. In this regime, the roughening
process prevails over the relaxation and therefore the surface width is increasing. However,
roughening does not dominate all the way. As the surface becomes rougher, the frequency
of diffusion is higher. Eventually, these two competing mechanisms balance each other, the
surface width stops increasing and the system enters the saturation regime. The surface
width of saturation regime is called the saturation width Ws. One finds that the saturation
width and the crossover time tx between correlated and saturation regimes are algebraic
functions of the system size,

Ws ∼ Lα,

tx ∼ Lz . (3.5)

The exponents α and z describing the size dependent properties of the saturation width
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Figure 3.2: Log-log plot of the surface width vs. time for the RDSR process in systems with
different sizes L. The data is averaged over 10000 realizations for each system size. The solid
(dashed) line with slops 1/4 (1/2) is ploted for comparison.

and time are called roughness and dynamic exponents. It is observed that α ≈ 2−d
2

and
z ≈ 2 by inspecting the data obtained from simulations [40]. Not all the scaling exponents
are independent to each other. There exists a scaling relation

α/β = z (3.6)

which will be derived in Chapter 5. Note that a related model, where the particles can
diffuse up to the lth neighbor, has also been studied [40, 33]. Results show that the scaling
exponents are independent of l.

3.3 The Wolf-Villain Model

Wolf and Villain studied a discrete lattice model where the surface current is driven by the
chemical potential [92]. In this model newly arrived particles hop to a site with the largest
contact area. This site offers the largest binding energy and ensures that the particle is at a
location where the chemical potential has a local minimum. The possible moves of the model
are shown on Figure 3.1 (c). This model yields results very similar to the Family model.
The system starts from random deposition described by Eq. (4.1) and then crosses over to
the correlated regime before entering the saturation regime. However, the scaling exponents
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are different. For d = 1, α ≈ 3/2, β ≈ 3/8 and z ≈ 4 are measured [92]. For d = 2 one has
α ≈ 2/3 and β ≈ 1/5 [59, 87].

3.4 The Das Sarma-Tamborenea Model

The Das Sarma-Tamborenea (DST) model (or the kink diffusion model) was introduced to
simulated molecular beam epitaxy (MBE) growth, a technology for the formation of single
particles by deposition [33]. In this model, each new arriving particle is assigned a probability
p to hop to the nearest kink site within a diffusion distance l after having been randomly
deposited. The simplest case, where p = 1 and l = 1, is very similar to the Wolf-Villain
model. In this case the particle hops randomly to one of its nearest neighboring sites provided
the number of contacts is increased, whereas in the WV model the particle seeks a site with
largest contacts nearby. The simulation result shows β ≈ 3/8 for d = 1 which indicates that
the DST model might share the scaling exponents with the WV model [33]. However, later
studies [31, 59, 87] revealed that the two models do not belong to the same universality class
for d = 2, as here α ≈ 1 and β ≈ 1/4 have been observed for the DST model [31].

3.5 Ballistic Deposition

The ballistic aggregation model was initially developed to study colloidal aggregration [90,
88]. In this model a particle is ejected from a randomly selected position and moves along
a linear (ballistic) trajectory in a random direction until it collides with the growing cluster
to which it sticks. The model can be modified to simulate surface deposition, and is then
called ballistic deposition (BD) [69]. In ballistic deposition, instead of moving in a random
direction, all particles are assumed to move parallel with each other. Although a particle
moves toward the substrate, the angle of incidence is not required to be equal to zero.
The early studies on incident angles and the related directions of growing columns can be
found in [69, 68]. Here we stress two versions of BD where the particles fall vertically upon
the substrate, namely the nearest-neighbor (NN) model and next-nearest-neighbor (NNN)
model. In the NN (NNN) BD model a particle, which falls from a randomly chosen site, stays
at the first site along the trajectory where its (next) nearest neighbor is occupied, as shown
in figure 3.3. Therefore, the growth rules of NN and NNN BD models can be described as
follows

hi,n+1 = max (hi+1,n, hi,n + 1, hi−1,n) , (3.7)

for NN and
hi,n+1 = max (hi+1,n, hi,n, hi−1,n) + 1, (3.8)

for NNN, where hi,n indicates the surface height of the ith column at the nth time step. The
scaling exponents found for the two models are the same, namely α ≈ 1/2 and β ≈ 1/3 [69]



Yen-Liang Chou Chapter 3. Surface Growth Models 15

Figure 3.3: The ballistic deposition for a (1+1)-dimensional system where the NN model (a)
and the NNN model (b) are shown. The boxes surrounded by dashed boundaries indicate
incoming particles.

although the two models are different in detail. This difference of growth rules only reflects
on non-universal parameters such as the growth rate [8] and the coefficient of the nonlinear
term λ in the corresponding KPZ equation [61] (see Chapter 4) which is believed to belong
to the same universality class as the BD model. It is found that the structure generated by
this model is very similar to the one which is observed in the experiment of vapor deposition
of thin films. One similarity between this model and vapor deposition is that the particles
are not allowed to relax [7].

3.6 The Restricted Solid on Solid Model

The solid on solid (SOS) model is the collective name for growth models where the deposited
particles can only fall on top of already existing particles. Therefore, overhangs and vacancies
are not allowed. The restricted solid on solid (RSOS) model proposed by Kim et. al. further
confines the maximum local slope. In their model, a particle is added to a randomly chosen
site provided that the differences of surface heights between any two adjacent columns are
restricted such that |Δh| ≤ S at every stage [56]. The integer S sets the absolute value of
maximum local slope for this model. This model has very good scaling properties over a
large range of substrate dimensions d. It has been verified numerically that β = 1/(d + 2)
and α = 1/(d+ 3) up to d = 4 which leads to a dimensional independent relation α+ z = 2.
The integer S does not affect the scaling exponents, but shifts the first crossover time to
larger values for larger values of S [22] (see also our simulation results in Figure 3.5 (a)).
The relation between the first crossover point and the value S is

W 2
1 = t1 ∝ S2. (3.9)

The model can be generalized such that the maximum height difference becomes a non-
integer number by the following procedure. For any non-integer value S, we split the number
into an integer I and a decimal D,

S = I +D, (3.10)
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Figure 3.4: The restricted solid on solid model for a (1 + 1)-dimensional system. The boxes
surrounded by dashed boundaries indicate incoming particles. The crosses indicate where
the depositions are not allowed. Here we show two cases with different values of S: (a) S = 1
and (b) S = 2.

where I = Floor(S) is the largest integral value that is not greater than S. By using the
equality

S = I(1 −D) + (I + 1)D, (3.11)

we define a mixture of two RSOS processes where the one with restricted height difference
I takes place with probability (1 −D) and the other with I + 1 occurs with probability D.
The average value of the restricted height difference for this generalized model is therefore a
positive non-integer number S.

3.7 Competitive Growth Models

In recent years the study of non-equilibrium growth systems has shifted to more complex
cases as for example competitive growth models, see e.g. [33, 51, 48, 21, 49, 57, 75, 13,
53, 50, 1, 79, 58]. In a competitive growth model one considers a mixture of two different
deposition processes where one of them takes place with probability p whereas the other
takes place with probability 1 − p. One example is the RD/RDSR model [51] where the
deposition happens according to the RDSR rules with probability p and to the RD rules
with probability 1 − p. Whereas for p = 1 and p = 0 only one of the processes is realized,
for general values of p the mixture of the two processes leads to a crossover between the
two regimes where the crossover time and width depend on the value of p. Our simulation
results for the RD/RDSR model for two different system sizes with various values of p are
shown in Figure 3.6.
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Figure 3.5: Log-log plot of the surface width vs. time for the RSOS process in systems
with different sizes L and different restricted heights S. The data is averaged over 1000
realizations for each system size and restricted height. The solid (dashed) line with slops
1/4 (1/3) is plotted for comparison.

3.8 The Arrhenius Diffusion Model

In molecular-beam-epitaxy growth the incoming atoms are dropped with a deposition rate
RD. The atoms on the surface diffuse continuously following the Arrhenius law [26, 33, 65,
52, 89, 80]. Each surface atom has a probability R = (2kBT/h)e

−EA/(kBT ) to surmount the
energy barrier, where EA is the activation energy, whereas kB and h are the Boltzmann and
the Planck constants respectively. The activation energy is usually given by EA = E0 +nEB,
where E0 is the diffusion barrier for a free atom, EB is the binding energy per bond, and
n is the number of nearest neighbors.1 After activation, atoms are free to hop to one of its
nearest-neighbor sites, provided that the newly selected site is not higher than the original
one. The Arrhenius law allows deposited atoms to hop, with the exception of those that
are fully surrounded by others atoms. The diffusion rate vanishes at zero temperature
and monotonically increases when the temperature increases. Therefore, one can expect
to have the growth exponent β = 1/2 when T → 0, since random deposition is the only
active process. On the contrary, at high temperature the diffusion process is highly active,
the surface atoms can travel distances long enough to find a local minimum where the
hopping stops. Therefore, the surface becomes smoother at higher temperatures. This kind
of temperature effect has been studied systematically for 1+1 dimensional systems [89]. The

1The parameters are chosen to be E0 = 0.3 eV and EB = 1 eV for Si and GaAs systems [33].
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Figure 3.6: Log-log plot of the surface width vs. time for the RD/RDSR process in systems
with different sizes L and different probabilities p. The data is averaged over 1000 realizations
for the cases where p ≤ 1/2. The data for p = 1 are the same data as shown in Figure 3.2.
The solid (dashed) line with slops 1/4 (1/2) is plotted for comparison.

RD regime in the low temperature limit and the smoothing regime at high temperatures are
indeed revealed in simulations. More interestingly, a regime with β ≈ 3/8 is observed at
intermediate temperatures. One can also directly look at how the ratio R/RD changes
the properties of the surface. In this aspect, the regime with β ≈ 3/8 is found around
R/RD ≈ 1 where we have one diffusion per deposition [33, 89]. This provides evidence that
at intermediate temperatures the one-dimensional Arrhenius diffusion model belongs to the
same universality class as the WV and DST models.

3.9 The Siegert-Plischke Model

In the Siegert-Plischke model [86], a Hamiltonian

H =
∑
〈i,j〉

[
g2(hi − hj)

2 + g4(hi − hj)
4 + g6(hi − hj)

6
]

(3.12)

is assigned to a surface configuration {hi}, where 〈i, j〉 denotes a summation over the nearest-
neighbor pairs. In the surface evolution process, a site is chosen randomly for either deposit-
ing a new particle or hopping of a surface particle to one of its neighboring sites. The rate
for deposition and diffusion are τ and 1 − τ , respectively. Therefore, the surface evolution
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recovers the random deposition for τ = 1, and a diffusion process with conserved number of
particles for τ = 0. If the diffusion is selected, the direction of move is chosen randomly and
the acceptance probability for the hopping of the particle is given by Pi→j = 1/(1+eΔH/kBT ),
where ΔH is the change of the surface energy.

3.10 The Modified RDSR process

In the following we briefly discuss the behavior of a simple deposition model that turns
out to be an excellent representative of the Edwards-Wilkinson (EW) universality class (see
Chapter 4 for exact result for the Edwards-Wilkinson equation). (This section is based on
material published in [23]). This model is then used to motivate the different protocols
discussed in Chapter 6 for measuring the global response. Our deposition model is based on
Family’s original random deposition with surface relaxation (RDSR) process [40] and differs
from this model by the diffusion step. In the RDSR process a particle deposited on the
surface is allowed to jump to one of the neighboring sites if this site has a lower height than
the site of deposition. In our model we assign an energy Ei(t) = g hi(t) to the column at
site i where hi(t) is the height of that column at time t. The constant g can be thought of
as the gravitation constant, for example. Starting from an initially flat substrate, particles
of mass one are deposited on randomly chosen sites and then allowed to diffuse locally after
deposition. For a diffusion step taking place at time t, we select one of the neighboring sites
j at random and accept the jump with the temperature and time dependent (Metropolis
like) probability

Pi→j(T, t) =

⎧⎪⎨⎪⎩
1 if Ej(t) ≤ Ei(t)
e−[Ej(t)−Ei(t)]/kBT = e−g[hj(t)−hi(t)]/kBT

if Ej(t) > Ei(t)
. (3.13)

In the following we choose units thus that the Boltzmann constant kB = 1. In contrast
to the original model there is a non-vanishing probability that a deposited particle jumps
to a neighboring site with a higher height than the deposition site. We assume this jump
to be thermally activated and to depend on T (the temperature of the substrate). As we
discuss in the following, the ratio T/g is a parameter that governs the morphology of the
growing interface and allows us to study the response of the surface to a change in external
conditions.

It is instructive to look at the behavior of the model in the limits of T → 0 and T → ∞.
At zero temperature no jumps to sites with higher height are allowed, and the particle is
incorporated into the aggregate at the selected neighboring site if the column at that site
is shorter than at the initial site. Thus, for T → 0 we recover the RDSR process [40]. In
the opposite limit, T → ∞, however, a particle will always jump to the selected neighboring
column, irrespective of the height difference. As a result, the different columns will grow
independently, yielding an uncorrelated surface as for the RD process. For intermediate
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Figure 3.7: Probabilities that for the shown configuration the particle, initially deposited on
top of the middle column, comes to rest on top of one of the three columns. J. Stat. Mech.
P08007. Used with permission of IOP Publishing Ltd and SISSA, 2010.

temperatures, a crossover between the RD and the RDSR processes is observed, with the
crossover point depending on the temperature.

The temperature dependence of the model is illustrated in Figure 3.7. Suppose a particle is
deposited on top of the middle column in the configuration shown, the plot provides the T/g
dependence of the probabilities for having this particle end up at one of the three sites. In
the original Family model the particle would always come to rest on top of the left column.

Of course, temperature has been introduced in theoretical studies of growth processes prior
to our work (see [32, 70, 10, 63, 38] for some examples). For a typical microscopic model
studied in this context one often assumes that the atom’s hopping follows an Arrhenius-like
rate that is proportional to e−En/kBT , where the activation energy En is itself proportional
to the number of bonds formed by the atom before the hopping attempt. Whereas this is
surely a rather realistic modeling of diffusion processes on a crystal surface, we have opted
here for a simpler approach where the probability for a particle to hop depends on the height
difference between the actual site and the proposed new site. (Note that jumps to sites with
higher heights have also been allowed in other microscopic growth models [32, 44]). As we
will show in the following, all aspects of our simple model agree perfectly with the solution
of the stochastic Edwards-Wilkinson equation with a single fit parameter.

In the following we are interested in the dependence of the surface width W on time t, on the
ratio T/g, and on system size L (in this section we only discuss the one-dimensional case).
In our simulations, we have a wide range of T/g values and several L’s up to 1000. For
simplicity, we always start from a flat surface, i.e. W = 0 for t = 0. For the data discussed

http://dx.doi.org/10.1088/1742-5468/2010/08/P08007
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below, the unit of t is one Monte Carlo Step (i.e., L particles deposited) and we averaged
over 1000 independent runs with different random numbers.

In Figure 3.8a,c we show the time dependence of the surface width for, respectively, the
case with fixed L = 1000 at different T/g’s and the case with a fixed T/g = 1 and various
L’s. As for the RDSR process one distinguishes three regimes separated by two crossover
points: a random deposition (RD) regime, followed by a EW regime, with a final crossover
to the saturation regime. In contrast to Family’s original model, the initial RD process is not
confined to very early times t ≤ 1 but extends to larger times. In fact, the crossover time t1
between the RD and the EW regimes is shifted to higher values for increasing temperatures
and diverges in the limit of infinite temperatures. As the crossover is smeared out, we
identify the crossover point with the intersection point of the straight lines fitted to the
two linear regimes in the log-log plots. Due to the nature of the uncorrelated deposition
of particles (Poisson process), we have the identity W 2 = t in the RD regime, yielding the
width W1 =

√
t1 at the crossover point. In the EW regime the relation between width and

deposition time changes to W ∝ t1/4. This regime extends up to a second crossover point
(t2,W2), whose precise location also depends on the value of T and beyond which the final
saturation regime prevails. The crossover between the different regimes is further illustrated
in Fig. 3.8b,d where we show the time evolution of the effective exponent

βeff =
d lnW

d ln t
(3.14)

for the two cases. The evolution of the width shown in Fig. 3.8 is very reminiscent of
the behavior encountered in competitive growth models. In both cases two different scaling
regimes are found whose ranges depend on a system parameter. In the MRDSR model, the
ratio T/g plays the role of the quantity p, the main difference being that we do not artificially
choose between the different processes, as in our system the competition is intrinsic and
governed by the value of the temperature.
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Figure 3.8: (a) Log-log plot of the surface width vs time for a system of size L = 1000 and
different temperatures. The dashed lines have the slopes 1/2 and 1/4 expected in the random
deposition and EW regimes, respectively. The location of both crossover points depend on
temperature. The full lines are obtained from fitting the exact solution of the EW stochastic
equation. Here and in the following error bars are smaller than the symbol sizes. (b) Time
evolution of the effective exponent (3.14) for the data shown in (a). (c) Log-log plot of the
surface width vs time for systems of different sizes evolving at the same temperature T = 1.
(d) Time evolution of the effective exponent (3.14) for the data shown in (c). The full lines
are derived from the fits to the exact solution of the EW stochastic equation (see Section
4.1.3 below). J. Stat. Mech. (2010) P08007. Used with permission of IOP Publishing Ltd
and SISSA, 2010.

http://dx.doi.org/10.1088/1742-5468/2010/08/P08007


Chapter 4

Langevin Equations for Surface
Growth Processes

In addition to the investigation of microscopic models, the study of coarse-grained continuum
equations of motion provides another way to investigate the evolution of surfaces. In this
chapter we will discuss two linear Langevin equations, namely the Edwards-Wilkinson [37]
and Mullins-Herring [74] equations, and a nonlinear Langevin equation, namely the Kardar-
Parisi-Zhang equation [55]. These are the fundamental equations in the field of surface
growth. The linear Langevin equations can be solved analytically. We will then use these
exact results to study the surface width. The evolution of the surface width has three regimes
which are controlled by a length scale l. Following that, we will compare the result of the
Edwards-Wilkinson equation with the MRDSR process. For the nonlinear equation there is
no simple analytical method that can be used to derive the exact solution. Therefore, we
will introduce various numerical integration methods.

4.1 Linear Langevin equations - The Edwards-Wilkinson

and Mullins-Herring equations

The surface motion under the influence of random fluctuations can be described by the
stochastic equation

∂h(x, t)

∂t
= η(x, t). (4.1)

where h(x, t) is the surface height measured in the reference frame moving with the mean
height and η(x, t) is uncorrelated noise with zero average,

〈η(x, t)〉 = 0,

〈η(x, t)η(x′, t′)〉 = Dδd(x − x′)δ(t− t′). (4.2)

23
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By integrating equation (4.1) and then calculating the average of h and h2 using equation
(4.2), it is easy to show that

W 2(t) = 〈h(x, t)2〉 − 〈h(x, t)〉2 = Dt. (4.3)

Comparing with Eq. (3.3) derived from the lattice model described in Chapter 3, we have
D = 1. The equation for surface growth with relaxation can be derived from the continuity
equation

∂h(x, t)

∂t
= −∇· j(x, t) + η(x, t), (4.4)

where j(x, t) is the surface current. If the surface current is driven by the gravitational
potential, the current is proportional to the surface height gradient:

j = −ν∇h. (4.5)

The negative sign indicates a downhill current and the proportional constant ν is usually
called the surface tension or diffusion constant. If, instead, the surface current is driven by
the chemical potential difference, one has

j = −K∇μ (4.6)

Since the chemical potential (or binding energy) is proportional to the contact area, it is also
proportional to the negative of the surface curvature, μ ∝ −∇2h(x, t). Plugging the surface
current Eq. (4.5) into the continuity equation Eq. (4.4) yields the Edwards-Wilkinson (EW)
equation [37],

∂h(x, t)

∂t
= ν∇2h(x, t) + η(x, t). (4.7)

On the other hand, the surface current Eq. (4.6) generates the noisy Mullins-Herring (MH)
equation [74],

∂h(x, t)

∂t
= −K∇4h(x, t) + η(x, t). (4.8)

The two equations Eqs. (4.7) and (4.8) can be summarized by the equation

∂h(x, t)

∂t
= −ν(i∇)mh(x, t) + η(x, t), (4.9)

where m is an even number. For m = 2 we recover the EW equation and for m = 4 we
obtain the MH equation. We will show that the dynamical exponent z is equal to m later.
Writing both the height h(x, t) and the noise η(x, t) as Fourier transformations

h(x, t) =
∑
q

hq(t) exp(iq · x),

η(x, t) =
∑
q

ηq(t) exp(iq · x), (4.10)
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where q runs over all the reciprocal lattice vectors, equations (4.9) and (4.2) become

∂hq

∂t
= −νqmhq + ηq (4.11)

and
〈ηq(t)ηq′(t′)〉 = DL−dδdq+q′δ(t− t′). (4.12)

The general solution of (4.11) is readily obtained to be

hq(t) = exp(−νqmt)hq(0) +
∫ t

0
dτ exp (−νqm(t− τ)) ηq(τ). (4.13)

Assuming an initially flat surface, hq(0) = 0 for every q, one obtains the following two-point
correlation function of the surface height in q-space:

〈hq1(t1)hq2(t2)〉 =
D

Ldν
e−ν(q

m
1 t1+qm

2 t2) 1

qm1 + qm2

(
eν(q

m
1 +qm

2 )t< − 1
)
δdq1+q2

, (4.14)

where qi = |qi| and t< is the smaller of the times t1 and t2. This well-known result will be
useful in the following. The square of the surface width, which is evaluated by averaging
over the area of substrate for a given system, can also be evaluated by averaging over many
repetition of the process for a fixed position. By taking both averages, the square of the
surface width (3.1) can be written in terms of the Fourier components of the height as

〈
W 2(t)

〉
=

〈
1

Ld
∑
x

⎛⎝∑
q �=0

hq(t) exp (iq · x)

⎞⎠2〉
, (4.15)

where we took into account that the average height of the surface is equal to the zero mode
of the surface height. Plugging Eq.(4.14) into Eq.(4.15) one has

〈
W 2(t)

〉
=

D

2νLd
∑
q �=0

1

qm

(
1 − e−2νtqm

)
. (4.16)

4.1.1 Asymptotic behavior

The behavior of the surface width is controlled by the length scale l ≡ (2νt)1/m. If l < 1/qmax,
we have (lq)m < 1 for all q. One then can simply expand the function inside the parentheses
into power series and sum over the leading terms to approximate the summation,

〈
W 2(t)

〉
≈ Dlm

2νLd
∑
q �=0

{
1 − 1

2
(lq)m + O

[
(lq)2m

]}
≈ Dt, (4.17)

where
∑

q �=0 1 = Ld has been applied in the second step. This result shows that the random
deposition in the early time regime of the surface evolution is a common property of the
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linear Langevin equations (4.9) for the possible combinations of d and m. If, on the contrary,
l � 1/qmin, we have exp [−(lq)m] � 0 for all q, and one can drop all the exponential terms
in Eq. (4.16). The summation yields a t-independent value which is the so called saturation
width, 〈

W 2
s

〉
≈ D

2νLd
∑
q �=0

1

qm
. (4.18)

The summation in Eq. (4.18) is L-dependent since q and the number of terms which is
summed over are both functions of L. To examine the L-dependence of saturation width,
we replace q by 2π

L
n, where n =

∑d
i=1 niêi, to obtain

〈
W 2
s

〉
≈ DLm−d

2m+1πmν

∑
n�=0

1

nm
. (4.19)

For a one-dimensional system, the summation can be replaced by the Riemann zeta function
ζ(m), provided that the system is large enough. In general, the summation is proportional to

the integral Ωd

∫ L/2
1 nd−m−1dn, where Ωd = 2πd/2/Γ(d/2) is the solid angle of a d-dimensional

sphere.1 In the large L limit, this integral is approximately given by Ωd
1

m−d for d < m and
Ωd ln(L/2) for d = m. Therefore, one has

〈
W 2
s

〉
∼ DΩd

2m+1πmν

{
1

m−dL
m−d if d < m

ln(L/2) if d = m
. (4.20)

The roughness exponent, α = m−d
2

, for d < m, then follows immediately.2 For 1/qmax < l <
1/qmin, every single term in the summation can have a significant contribution for a certain
range of l. One can replace the sum by an integral to capture the t-dependent behavior of
the summation. By assuming that k ≡ (lq)m, one has

〈
W 2(t)

〉
∼ DΩdl

m−d

2ν(2π)dm

∫ (πl)m

(2πl/L)m
kd/m−2

(
1 − e−k

)
dk. (4.21)

Since the integrand has two limiting behaviors on the two sides of k = 1, we can split it into
two parts plus a correction term as∫ b

a
ks(1 − e−k)dk =

∫ 1

a
ks+1dk +

∫ b

1
ksdk − C, (4.22)

provided that a � 1 and b � 1. The correction C, which is the area between the original
curve, f(k) = ks(1−e−k), and the combinational curve, g(k) = ks+1 for k ≤ 1 and g(k) = ks

for k > 1, should not sensitively depend on a and b since it is subjected to a� 1 and b� 1.
The illustration of the integral is shown in Figure 4.1. After some simplification, we have

1The summation approximates the integral in the continuum limit.
2The roughness exponent defined in Eq. (3.5) gives the L dependence of saturation width Ws which

stands for 〈Ws〉 generally. Here we derive the exponent from
〈
W 2
〉
. This is valid as long as the variance of

the surface width σ ≡ 〈W 2
〉 − 〈W 〉2 is much smaller than

〈
W 2
〉
. In this case we have 〈W 〉 ≈ √〈W 2〉 and

all the definitions related to 〈W 〉 apply to
√〈W 2〉. We will sometimes write W 2 for

〈
W 2
〉
.
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Figure 4.1: The illustration of the integral Eq. (4.22). The functions f(k) and g(k) are
shown as the gray solid curve and the black dashed line, respectively. The constant C is
indicated by the area marked with orange color. The value of the parameter s is chosen to
be −3/2 for this plot.

〈
W 2(t)

〉
∼ DΩd

2ν(2π)d

{
m

(m−d)d (2νt)
1−d/m if d < m

1
m

ln(2νt) if d = m
. (4.23)

The result for d < m gives the growth exponent β = m−d
2m

. Applying the relation among
scaling exponents, z = α/β, one has that the dynamic exponent z = m.

4.1.2 Crossover points

We can also roughly estimate the crossover points by making use of the fact that the three
regimes are separated by two crossover points around l1 ∼ 1/qmax and l2 ∼ 1/qmin, where
li ≡ (2νti)

1/m with i = 1 and 2. The qmax and qmin are the largest and shortest radii of
hyperspheres inside the first Brillouin zone of the reciprocal lattice, and have the values
qmax = π

√
d and qmin = 2π/L. Therefore, one immediately has the two crossover times as

t1 ∼ 1

2ν

(
1

π
√
d

)m
,

t2 ∼ 1

2ν

(
L

2π

)m
. (4.24)

and the ratio
t2
t1

∼
(√

d

2
L

)m
. (4.25)
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We apply the definition of the growth exponent Eq. (3.4), which indicates the slope of
correlated growth in the log(t)-log(W ) plane, to arrive at

log
(
W2

W1

)
= β log

(
t2
t1

)
. (4.26)

This gives us

W2

W1
∼
(√

d

2
L

)m−d
2

. (4.27)

We further use the approximation Eq. (4.17) to estimate the two crossover widths

W1 ∼ 1√
2ν

(
1

π
√
d

)m/2
,

W2 ∼ 1√
2ν

(
1

π
√
d

)m/2⎛⎝√d
2
L

⎞⎠
m−d

2

. (4.28)

As expected, the saturation width is a power function of the system size L. Basically,
the transition between the two regimes is not sharp. Therefore, it is more appropriate to
use crossover regions instead of crossover points. For this reason, people sometimes use
the intersection between two straight lines (in the log-log plot) to determine the crossover
points. We can also use this concept to estimate the crossovers (the calculation shown here
is published in [25]). We first compute the first crossover time t1 in the limit of infinite L
for the 1D EW equation (see also [3]). Since this point is defined as the intersection of the
RD regime (W 2 = t) and the EW regime (W 2 ∼= At1/2), we have

t1 = A2 (4.29)

so that the problem reduces to finding the amplitude A associated with EW growth. For
L→ ∞ , the sum in expression (4.16) can be replaced by an integral, which can be computed
to extract A. Further simplification occurs if we consider ∂tW

2 =
∫ π
−π e

−2νtθ2dθ/2π. Imposing
the ansatz W 2 ∼= At1/2, we arrive at

At−1/2 ∼= 1

π

∫ π

−π
e−2νtθ2dθ. (4.30)

Transforming to ξ ≡ √
2νtθ, we have

A ∼= 1√
2νπ

∫ π
√

2νt

−π√2νt
e−ξ

2

dξ
1√
2πν

. (4.31)

So, as t→ ∞ (or, to be precise, L� t� ν−1), we arrive at W 2 (t) = At1/2 as well as

t1 = A2 =
1

2πν
. (4.32)
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T/g 0.1 1 10 100
ν 0.2300 0.1768 0.0379 0.0046

Table 4.1: Values for the surface tension ν at different values of T/g that result from a fit of
the numerical data of MRDSR to the exact solution of the Edwards-Wilkinson equation.

Of course, this approach can also be used to extract t2. Equating this W 2 (i.e., At1/2) to the
saturation W 2 (i.e., (L/8π2ν)

∑
n n

−2 = L/24ν), we arrive at

t2 =
(

L

24νA

)2

=
π

288ν
L2 .

This provides
t2
t1

=
(
πL

12

)2

, (4.33)

which is very close to the result derived in Eq. (4.25).

4.1.3 The Modified RDSR and the Edwards-Wilkinson equation

Next, we turn our attention to the comparison of the MRDSR model and the EW equation
(4.7) (for the one-dimensional case). In the expression (4.16), we must fix D = 1 in order to
agree with W 2 = t in the RD regime. This leaves us with just one free parameter, namely,
ν (T/g), which can be obtained by fitting the numerical data to the theoretical expression,
see Table 4.1. The result of this procedure can be summarized by

ν =
1

a+ b T/g
(4.34)

with a = 4.23 and b = 2.13. As the solid lines in Figure 3.8 show, excellent fits are achieved
with these values of ν. Clearly, the theoretical curves are in very good agreement with the
data over the entire range of L’s and T/g’s explored. Note in addition that it is possible to
collapse all data onto a single curve [24] (see also Chapter 5). It is worth mentioning that
a 1/T dependence of the surface tension ν is typically encountered in experiments on step
fluctuations [9, 34, 35, 12] or on surface smoothing [78] which are described theoretically by
linear Langevin equations. This section is published in [23].

4.2 Non-linear Langevin Equation - The Kardar-Parisi-

Zhang equation

The first attempt to introduce a nonlinear Langevin equation for surface growth was made
by Kardar, Parisi and Zhang [55] in 1986. They added the simplest nonlinear term (∇h)2 to
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the Edwards-Wilkinson equation and arrived at an equation, which is now called the KPZ
equation,

∂h(x, t)

∂t
= ν∇2h(x, t) + λ (∇h(x, t))2 + η(x, t). (4.35)

As they explained, the nonlinear term results from the leading order behavior of the local
growth which is in the direction perpendicular to the surface. On the one hand, the KPZ
equation can be mapped to the Burgers equation, which describes the velocity field v of a
vorticity-free fluid with a randomly stirring force ∇η,

∂v

∂t
+ λv · ∇v = ν∇2v −∇η (4.36)

by the transformation v = −∇h. Replacing v by −∇h, we have λv · ∇v = ∇(∇h)2 which
yields the nonlinear term in the KPZ equation. On the other hand, by applying the Hopf-
Cole transformation h = (ν/λ) ln(φ), the KPZ equation can be mapped to the equation
of the restricted partition function φ for a directed polymer in a medium with quenched
impurities η,

∂φ(x, t)

∂t
= ν∇2φ(x, t) +

λ

ν
φ(x, t)η(x, t). (4.37)

The advantage of this equation is that the nonlinear term disappears. However, the multi-
plication of the noise and the field still prohibits a simple analysis. By rescaling the surface
height and time as h′ = (λ/D)1/3h and t′ = (Dλ2)1/3t, one can rewrite the KPZ equation as

∂h′(x, t′)
∂t′

=
ν

(Dλ2)1/3
∇2h′(x, t′) + (∇h′(x, t′))2 + ζ(x, t′), (4.38)

where we have 〈ζ(x1, t
′
1)ζ(x2, t

′
2)〉 = δd(x1−x2)δ(t

′
1−t′2).3 This equation shows that the KPZ

equation has one effective parameter ν ′ ≡ ν/(Dλ2)1/3. Systems which have the same value
of ν ′ can be therefore rescaled and described by the same equation. In 1 + 1 dimensional
systems, the scaling exponents derived by Kardar, Parisi, and Zhang are exactly α = 1/2
and z = 3/2. One can associate with the KPZ equation a Fokker-Planck equation [45]

∂P [h(x), t]

∂t
= −

∫
dx

δ

δh

{[
ν∇2h+ λ(∇h)2

]
P
}

+
D

2

∫
dx
δ2P

δh2
, (4.39)

where P [h(x), t] is a time dependent probability functional of the surface height. It is well
known that there exists a steady state solution

Ps[h(x), t] = exp
[
− ν

D

∫
dx (∇h)2

]
(4.40)

for 1 + 1 dimensional systems.4 The fact that the solution is also the steady-state solution
for the EW equation indicates that the nonlinear term does not affect the evolution after the

3One can also rewrite the KPZ equation as ∂h′/∂t′ = ∇2h′ + (∇h′)2 + εζ if one rescales the variables
h′ = (λ/ν)h, t′ = νt and ε′ = (D/ν3)1/2λ, or as ∂h′/∂t′ = ∇2h′ + λ′(∇h′)2 + ζ if h′ = (ν/D)1/2h, t′ = νt
and λ′ = (D/ν3)1/2λ is used, see [20, 2].

4For Burgers fluid, this probability is nothing but just the Boltzmann factor with kinetic energy.
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surface has reached the steady state. Because of the nonlinearity, the KPZ equation cannot
be solved exactly.5 Therefore, numerical integrations have been extensively studied in the
last two decades [20, 2, 72, 4, 11, 73, 76, 77, 14, 15, 91]. We next summarize the various
discretization schemes for the 1 + 1 dimensional KPZ equation (the corresponding discrete
equations for higher dimensional systems can be derived immediately). To discretize the
KPZ equation, one writes

hi,n+1 − hi,n
Δt

= νL(hi,n) + λN(hi,n) + ηi,n, (4.41)

where we use the suffixes i and n to denote that the indicated variables are evaluated at
the ith lattice site and the nth time step. L(hi,n) and N(hi,n) represent the special dis-
cretizations of linear and nonlinear terms respectively and will be discussed later. The ηi,,n
is the discretized noise with zero mean and correlation 〈ηi,nηj,m〉 = D

aΔt
δi,jδn,m, where a is the

lattice constant and is conventionally set to be equal to 1. One can decrease the time step
Δt to increase the accuracy of the numerical intergration. Therefore, by confirming that a
further decrease of the time step does not change the result, one can check for convergence
of the result. Next, we focus on the spatial discretization schemes. For simplicity, we will
not write down the temporal discretization explicitly but denote it as ∂hi/∂t thereafter. We
drop the suffix of time step n whenever there is no need to indicate it explicitly. The linear
term is obtained straightforwardly as

L(hi) =
1

a2
[(hi+1 − hi) − (hi − hi−1)] . (4.42)

A simple and widely studied discretization scheme for the nonlinear term is the Euler scheme
[20, 2, 72, 4, 73].

N(hi) =
1

4a2

[
(hi+1 − hi−1)

2
]
. (4.43)

This approach is also called the standard or post-point discretization. It has to be pointed
out that the Euler scheme has some intrinsic problems such as an unsuitable symmetric
lattice feature,6 and an instability even in the absence of noise [39, 76]. In addition, it
cannot well approximate the continuum KPZ equation since the diffusion coefficient is found
to be inconsistent with the one derived from the continuum equation [62]. To avoid these
undesirable features one can implement the spatial discretization of Eq. (4.37),

∂φi
∂t

= νL(φi) +
λ

ν
φiηi , (4.44)

where ∂φi/∂t = (φi,n+1 − φi,n)/Δt. As shown by Newman and Swift [77], by defining that
φ̃i = φi+(λ/ν)Δtφiηi, which yields h̃i ≈ hi+Δtηi under the Hopf-Cole transformation, with

5Except a recent study which gives an exact result for a special initial condition in 1 + 1 dimensional
systems [85], there are no general exact solutions for the KPZ equation.

6The nonlinear term vanishes when hi+1 = hi−1 which is not the case in the continuum limit.



Yen-Liang Chou Chapter 4. Langevin equations for Surface Growth Processes 32

h̃i = (ν/λ) ln(φ̃i) for (λ/ν)Δt < 1, the Eq. (4.44) can be approximated by

hi,n+1 = h̃i,n +
ν

λ
ln

{
1 +

νΔt

a2

[
exp

(
λ

ν
(h̃i+1,n − h̃i,n)

)
+ exp

(
λ

ν
(h̃i−1,n − h̃i,n)

)
− 2

]}
(4.45)

In the strong-coupling limit λ� ν, this equation can be further simplified as

hi,n+1 = max
(
h̃i+1,n, h̃i,n, h̃i−1,n

)
. (4.46)

This simple dynamics is very similar to the algorithm of ballistic deposition where the over-
hang property is exhibited, see Eqs. (3.7) and (3.8). Therefore, a connection between
strong-coupling KPZ equation and the BD model may be suggested. In fact the numerical
integration for one dimensional system shows that β ≈ 0.308 which is close to the results
for BD. In the regime where λ � ν, the temporal discretization can be achieved by using
∂φi/∂t = (λ/ν)φi∂hi/∂t. This leads to another discretization scheme after performing the
inverse Hopf-Cole transformation,

∂hi
∂t

=
ν2

λa2

[
exp

(
λ

ν
(hi+1 − hi)

)
+ exp

(
λ

ν
(hi−1 − hi)

)
− 2

]
+ ηi . (4.47)

The series expansion up to second order in hi yields the so called antistandard or prepoint
discretization [76, 14, 91],

N(hi) =
1

2a2

[
(hi+1 − hi)

2 + (hi − hi−1)
2
]
. (4.48)

Therefore, the antistandard discretization scheme is accurate only when (hi+1 − hi) < ν/λ.
The numerical integrations we have discussed so far provide ways to investigate the KPZ
equation. It has been shown that the discretization more or less gives the correct exponents
for the KPZ universality class in various schemes. However, it is still an open question
whether a finite difference approach really yields the same solution as the continuum equa-
tion. The major issue includes the accuracy and stability in the long time regime where
the fluctuations become large. Moreover, the conventional discretizations can not yield a
steady state probability distribution for the corresponding discrete surfaces, even though
this distribution exists for the one dimensional continuum KPZ equation. In other words,
for a specified surface configuration h ≡ {hi}, assuming that there exists a discretized steady
state probability distribution

Ps[h] = exp

[
− ν

a2D

L∑
i=1

(hi+1 − hi)
2

]
, (4.49)

this probability distribution does not satisfy the discrete Fokker-Planck equation

∂P [h]

∂t
= −

L∑
i=1

∂

∂hi
{[νL(hi) + λN(hi)]P} +

D

2

L∑
i=1

∂2P

∂h2
i

(4.50)
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in the steady state where ∂Ps/∂t = 0. This has first been remarked by Lam and Shin
who introduced a discretization scheme which is able to solve this problem [62]. In their
discretization, the nonlinear term is given by

N(hi) =
1

3a2

[
(hi+1 − hi)

2 + (hi+1 − hi)(hi − hi−1) + (hi − hi−1)
2
]
. (4.51)

It can be shown that this nonlinear term satisfies
∑
∂(N(hi)Ps)/∂hi = 0 under perodic

boundary conditions. Since ∂Ps/∂hi = νL(hi)P leads to the cancellation for the first and
third terms on the right-hand side in Eq. (4.50), the probability Ps[h] is the steady state
solution for nonzero λ for Lam and Shin’s approach. Later, it was pointed out by Becuta [14]
that the Euler, antistandard, and Lam-Shin schemes can be summarized by the generalized
discretization

N (γ)(hi) =
1

2γ + 1

[
(hi+1 − hi)

2 + 2γ(hi+1 − hi)(hi − hi−1) + (hi − hii−1)
]
, (4.52)

with the corresponding parameter γ = 1, 0, and 1/2 respectively. Instead of seeking a
proper discretization of the KPZ equation with a steady state distribution given by Eq.
(4.49), Becuta shows that there exists a modified steady state probability

Ps[h] = exp

{
− ν

D

L∑
i=1

[
1

a2
(hi+1 − hi)

2 +
σ

a4
(hi+1 − 2hi + hi−1)

3
]}

, (4.53)

where

σ =
λ

72ν

(
1 − 2γ

1 + γ

)
(4.54)

for the generalized discretization Eq. (4.52). There are two cases for which the probability
distribution recovers the simple form Eq. (4.49), namely γ = 1/2 and λ = 0. The first one
is when the generalized discretization becomes the Lam-Shin scheme. The second one is due
to the vanishing of the nonlinear term in the discrete KPZ equation. Therefore, one should
recover the steady state probability for the discrete EW equation. It is worth to note that
the Lam-Shin approach and Becuta’s generalization give different discrete representations of
(∇h)2 in the KPZ equation and in the steady state probability distribution. This implies
that we still lack a perfect discretized KPZ equation.7

7Actually, there is no finite renormalization-group fixed point for d > 1. Therefore, it is not even clear
that there is universality at all.



Chapter 5

Dynamic Scaling

In this chapter, we discuss the celebrated Family-Vicsek scaling relation. This important con-
cept has led to the successful development of universality classes in surface growth. We then
discuss a parameter free scaling relation that yields a complete data collapse for large classes
of non-equilibrium growth processes. We illustrate the power of this new scaling relation
through various growth models, as for example the competitive growth model RD/RDSR,
the RSOS and the MRDSR. The new scaling relation is compared to the Family-Vicsek
relation. The major results described in this chapter are published in [24].

5.1 Family-Vicsek relation

As we have discussed in previous chapters, many surface growth processes share a general
property: there are three regimes separated by two crossover points, t1 and t2. Starting
from an initially flat surface, a surface grows in the same way as the RD process at very
early times with t < t1 ∼ 1, since no (or only very few) diffusion steps occur in that regime.
For t > t1 the width increases as a power law of time with a growth exponent β, before
entering a saturation regime after a crossover time t2 (see Figures 3.2, 3.5, 3.6 and 3.8).
Both the saturation width W2 and the crossover time t2 are powers of the substrate size
L, see Eq. (3.5). If one disregards the RD regime, one can achieve a data collapse for the
different system sizes by shifting the second crossover point in a log-log plot to the origin.
This procedure is summarized in the celebrated Family-Vicsek scaling relation [41]

W = W2f(t/t2), (5.1)

where f(x) is a scaling function which has the property

f(x) =

{
1 for x � 1
xβ for x � 1

. (5.2)

34
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Discrete Models Continuum Equations α β z

RD RD Eq. (4.1) 1/2
RDSR, MRDSR EW Eq. (4.7) (2 − d)/2 (2 − d)/4 2

WV MH Eq. (4.8) (4 − d)/2 (4 − d)/8 4
BD, RSOS KPZ Eq. (4.35) 1/2 1/3 3/2

Table 5.1: List of universality classes. The values of scaling exponents are valid for all
dimensions for the RD universality class, for d < dc for both the EW and MH universality
classes, and for d = 1 for the KPZ universality class.

One can alternatively rewrite the scaling law as

W = Lαf(t/Lz). (5.3)

In this case the second crossover points for different system sizes are shifted to a common
point (t2/L

z, W2/L
α), and the scaling function has to be modified as

f(x) =

{
W2/L

α for x� t2/L
z

Axβ for x� t2/L
z , (5.4)

where A is a constant. One can furthermore obtain from the scaling law thatW ∝ Lα(t/Lz)β

when t� t2. For Eq. (3.4) to be valid, one needs to have the relation Eq. (3.6), introduced
in Chapter 3. It is worth noting that the Family-Vicsek relation neglects the RD regime at
early times and exclusively focuses on the two regimes connected by the crossover point at
t = t2. We take the RD-RDSR (Figure 3.6) and RSOS (Figure 3.5) models as examples.
After applying the Family-Vicsek relation, we see partial data collapse as indicated in Figure
5.1 (a) for RD/RDSR and Figure 5.2 (a) for RSOS. The scaling relations (3.5) and the scaling
law (5.3) are generic for growing interfaces and have been verified analytically, numerically,
and experimentally in a large variety of systems. Various universality classes have been
identified which differ by the values of the scaling exponents. Thus the RDSR process
belongs to the Edwards-Wilkinson universality class with the exponents β = 1/4 and z = 2
for a one-dimensional substrate. The WV process belongs to the Mullins-Herring universality
class with the exponents β = 3/8 and z = 4 for a one-dimensional substrate. The RD process
is in an universality class of its own which is characterized by the values β = 1/2. Another
well known universality class, directly related to technologically relevant growth processes,
is the KPZ universality class. A summary of the most important universality classes is given
in Table 5.1.

5.2 Generalized Family-Vicsek scaling relation

In simple growth processes the random deposition regime is restricted to very early times.
This is fundamentally different in more complex systems where the initial regime can extend



Yen-Liang Chou Chapter 5. Dynamic Scaling 36

Figure 5.1: (a) Family-Vicsek scaling for the RD/RDSR process (see Figure 3.6 for the
original plot) in systems with different sizes L and different probabilities p. A data collapse
is only achieved for two of the three regimes. (b) A complete data collapse of all data sets
is achieved when using our new scaling relation (5.6). The curves shown in the left panel
completely fall one on top of the other and are no longer distinguishable.

Figure 5.2: The same as Fig. 5.1, but now for the RSOS model (see Figure 3.5 for the
original plot) with different values S of the maximal nearest-neighbor height difference.
Again a perfect data collapse is achieved when using the scaling relation (5.6).
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over very large times [51, 48, 21, 49, 57, 75, 13, 53, 50, 1, 79, 58, 22]. As already mentioned,
the Family-Vicsek scaling relations (5.1) and (5.3) assign a new set of coordinates to the
second crossover point. This does however not yield a complete data collapse for growth
processes with two crossover points if one considers systems of different sizes (see Figures
5.1 (a) and 5.2 (a)). For the competitive growth models some phenomenological scaling
relations have been proposed in the past, but these modified scaling relations also only allow
a partial collapse of the different curves [51, 57, 13, 58]. However, a scaling relation leading
to a complete data collapse of all curves obtained for different system sizes and different
values of the system parameters can indeed be obtained for any growth system that exhibits
two different crossover points. This data collapse is achieved in a two-step process. First
we translate all curves in a log-log plot such that the second crossover point is now located
at the origin. This is achieved by plotting log

(
W
W2

)
as a function of log

(
t
t2

)
. We show this

step in 5.1 (a) for the RD/RDSR and 5.2 (a) for the RSOS processes. In the second step we

rescale both axes by the common scale factor λ = 1/ log
(
W2

W1

)
such that in the log-log plot

the first crossover point is fixed at the rescaled width logW ′
2 = −1.1 This isotropic rescaling,

which conserves the slope of the region between the two crossover points, renders the length
of the line connecting the two crossover points the same for all curves, and a complete data
collapse, encompassing all three regimes, follows. This second step is shown in 5.1 (b) and
5.2 (b) for the RD/RDSR and RSOS respectively. Our proposed scaling relation can be cast
in the following equation:

log
(
W
W2

)
log

(
W2

W1

) = F

⎡⎣ log
(
t
t2

)
log

(
W2

W1

)
⎤⎦ (5.5)

where F (x) is a scaling function. Introducing λ = 1/ log
(
W2

W1

)
, we can rewrite this as

W λ = W λ
2 G

[(
t

t2

)λ]
(5.6)

with a new scaling function G(y),

G(y) =

⎧⎪⎨⎪⎩
1 for y � 1
yβ for 1 � y � 10−1/β

y1/2 for y � 10−1/β

. (5.7)

In fact, the first step of relation (5.6) is just the Family-Vicsek relation (5.1). Therefore, we
see that we recover the Family-Vicsek relation by setting λ = 1. This nicely shows that it is
the isotropic rescaling in the log-log plot by the factor 1

log(W2/W1)
that ultimately is responsible

for the success of the new scaling relation. As shown in Figures 5.1 (b) and 5.2 (b) for the
RD/RDSR and RSOS processes, the proposed scaling relation (5.6) yields a complete data
collapse for different system sizes L and different values of the system parameters. This

1Alternatively, one can use λ = 1/ log
(

t2
t1

)
to fix the second crossover point at rescaled time log t′2 = −1.
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perfect scaling behavior should be compared with the incomplete scaling proposed in the
literature [51, 57, 13, 58]. Obviously, the scaling relation (5.6) is of universal use in growth
systems with two crossover points and replaces the Family-Vicsek relation in these systems.
This class of systems encompasses competitive growth models, but also the simple growth
systems, for which the Family-Vicsek relation has been proposed originally, belong to this
class. It is also worth noting that the properties of the different models only enter in our
relation (5.6) implicitly through the dependence of the positions of the crossover points on
the different system parameters.

A complete collapse can also be achieved when first moving the first crossover point to the
origin in a log-log plot, yielding the relation

log
(
W
W1

)
log

(
W2

W1

) = F̃

⎡⎣ log
(
t
t1

)
log

(
W2

W1

)
⎤⎦ (5.8)

or

W λ = W λ
1 G̃

[(
t

t1

)λ]
(5.9)

where F̃ and G̃ are again scaling functions. This scaling relation is completely equivalent to
the first one, only the scales are shifted. By locating the two crossover points, we are able
to use the expression (5.9) to collapse the data we obtain from the one-dimensional MRDSR
model (see Figure 5.3). Since the first crossover point (t1,W1) of this model is proportional
to (1/ν, 1/

√
ν) (see Chapter 4), applying the fitted relation between ν and T we can rewrite

the scaling relation (5.9) in the form

W λ = (a′ + b′T/g)λ/2G

[
tλ

(a′ + b′T/g)λ

]
(5.10)

where a′ = 0.28 and b′ = 0.57,2 with λ(L) = 1/log (c Lα) and c = 0.535, whereas α = 1/2
is the roughness exponents of the EW universality class.3 Eq. (5.10) directly reveals for
our model the dependence of the generalized scaling relation on the system size and on the
temperature.

The two-parameter linear Langevin equation (4.9) can be rescaled into a one-parameter
equation

∂h′(x, t′)
∂t′

= −(i∇)mh′(x, t′) + η(x, t′) (5.11)

2The values of a′ and b′ are fitted using Eq. (5.10) such that we can obtain good data collapse. We do
not recover that a′ = a/2π and b′ = b/2π, which is suggested by 2πνt1 = 1, since this is a rough estimation.
To apply the scaling relations (5.6) and/or (5.9), we require to shift one of the crossovers exactly to the
origin in the log-log scale.

3One can also simply assume that λ = 1/ log(L) to achieve good data collapse as long as c is much smaller
than L. The expression of λ = 1/ log(cLα) is used for ensuring that the second crossover width is fixed at
the rescaled width logW ′

2 = 1.
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Figure 5.3: (a) Log-log plot of the surface width vs time for the temperature dependent
deposition model. Systems of different sizes at different temperatures are shown. (b) A
complete data collapse of all data sets is also achieved for this model. Phys. Rev. E 79(5):
051605. Used with permission of American Physical Society, 2009.

by setting t = t′/ν and h = h′/
√
ν but keeping 〈η(x1, t

′
1)η(x2, t

′
2)〉 = Dδ(x1, t

′
1)δ(x2, t

′
2). This

rescaling together with the definition of width in Eq. (3.1) yields that
√
νW = f(νt), where

f is a scaling function. This is, basically, the Family-Vicsek scaling relation with shifting the
first crossover points, which are proportional to (1/ν, 1/

√
ν), onto a single point. However,

using this form only allows us to collapse curves with different diffusion constants ν but it
does not allow to collapse curves from systems with different sizes L. The L dependence
feature of surface width is revealed by the summation in Eq. (4.16). Due to the simplicity of
this equation, we can obtain the information on the location of the two crossover points (see
Chapter 4). In this way we find that, as usual, only the crossover to the saturation regime
depends on the system size. In addition, the coordinates of both crossover points display a
linear dependence on the inverse of the diffusion constant. Taking these observations into
account, the scaling relation (5.9) can be rewritten in the from

W λ = (rν)λ/2G
[
(rνt)λ

]
, (5.12)

where r is a fitting parameter which ensures that the first crossover point is shifted to the
origin in a log-log plot. The results of applying the scaling relation to the one-dimensional
EW and MH equations are shown in Figure 5.4 (a), (b) respectively. We find that r = 2/π2

yields a good data collapse for the 1D EW equation, and r = (2π)4 for the 1D MH equation.
The value λ = 1/ logL is used for the fittings.

http://dx.doi.org/10.1103/PhysRevE.79.051605
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Figure 5.4: Log-log plot of the rescaled surface width vs time for the one-dimensional linear
Langevin equations with (a) m = 2 and (b) m = 4. The insets show the original data.



Chapter 6

Global Two-time Quantities I

Two-time quantities are nowadays routinely studied in the context of non-equilibrium relax-
ation and ageing phenomena [47] where in most cases the focus is on local quantities. For
example when studying a magnetic system one usually investigates the spin-spin correlation
function or the response of a spin to a local magnetic field. Incidentally, the study of aging
in magnetic systems has revealed that additional insights can be gained by looking at global
quantities, as for example the magnetization-magnetization correlation or the response of
the magnetization to a spatially constant magnetic field [66, 81, 5, 18, 36].

In the studies of growth processes mainly local two-time quantities have been investigated
in the past [54, 83, 84, 16, 15, 25, 78, 46]. Examples include the two-time height-height
correlation function [54, 83, 84, 16, 15, 46] or the response of the height to a local perturbation
[83, 84, 16, 15, 46]. Some attention has also been paid to slightly more complex quantities as
for example the two-time roughness or the two-time incoherent scattering function [16, 15].

Both the local height-height autocorrelation function C�(t, s) and the local autoresponse
function R�(t, s) display simple aging scaling forms [54, 83, 84, 46], irrespective of whether
the system is linear or non-linear:

C�(t, s) = s−b� fC�
(t/s) , R�(t, s) = s−1−a� fR�

(t/s) (6.1)

where the scaling functions fC�
and fR�

are power-laws in the long time limit, i.e. fC�
(y) ∼

y−λC,�/z and fR�
(y) ∼ y−λR,�/z for y � 1 [47]. The values of the dynamical exponent z as well

as of the scaling exponents b�, a�, λC,�, and λR,� depend on the dynamical universality class.
For growth processes the dynamical exponent z is related to the roughness exponent α and
the growth exponent β by the relation z = α/β. As shown in the studies [54, 83, 84, 46] the
local autocorrelation and autoresponse exponents are identical and given by λC,� = λR,� = d
where d is the dimensionality of the substrate. In addition, the scaling exponent of the
correlation function, b�, is given by b� = −2α/z, whereas for the scaling exponent of the
response function the relation a� = d/z − 1 can be conjectured. As for the linear stochastic
equations we have that α = (z−d)/2, it follows that in linear systems both scaling exponents

41
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have the same value, a� = b� = d/z − 1. This is different for the non-linear Kardar-Parisi-
Zhang equation [55] where for a one-dimensional substrate we have α = 1/2 and z = 3/2,
yielding b� = −2/3 and a� = −1/3 [46, 30].

In this chapter we study the aging behavior of certain global two-time quantities, namely the
correlation function of the squared width and the response of the squared width to a global
perturbation. We show that the scaling behavior of the global response depends in linear
systems on how the system is perturbed, yielding different results for different protocols. This
observation is of interest as the global response should be readily accessible in smoothening
experiments [78], for example. Exploiting the fact that exact solutions can be obtained
for growth processes described by linear Langevin equations, we comprehensively study the
scaling behavior of these global two-time quantities for the Edwards-Wilkinson [37] and the
noisy Mullins-Herring equations [74], thereby distinguishing between various limiting cases.
In order to gain some understanding of the behavior of these quantities in non-linear systems,
we also discuss some data that have been obtained by numerically integrating the non-linear
Kardar-Parisi-Zhang equation [55]. Our results indicate that in the non-trivial correlated
regime the two-time global quantities generically exhibit a behavior of full aging. We also
discuss the global fluctuation-dissipation ratio and show how this quantity can be used for
the characterization of growth processes. The content of this chapter has been published in
[25, 23].

6.1 Correlation function for linear growth

The first global quantity that we are going to discuss is the connected correlation function

C(t, s) = 〈W 2(t)W 2(s)〉 − 〈W 2(t)〉〈W 2(s)〉 (6.2)

where W 2 is the square of the surface width at time t on top of a d-dimensional substrate
of linear extension L. We assume in the following that t > s and call s the waiting time and
t the observation time. Starting from Eq. (4.15) we have

〈W 2(t)W 2(s)〉 =
1

L2d

∑
x,x′

∑
q,q′,p,p′ �=0

〈hq(t)hq′(t)hp(s)hp′(s)〉

exp [i(q + q′) · x] exp [i(p + p′) · x′]. (6.3)

The calculation of (6.2) is therefore reduced to the determination of the four-point correlation
function of surface height in q-space. Using Wick’s theorem, this four-point function can be
expressed through two-point functions of the form (4.14), yielding

〈hq1(t1)hq2(t2)hq3(t3)hq4(t4)〉 = 〈hq1(t1)hq2(t2)〉〈hq3(t3)hq4(t4)〉
+〈hq1(t1)hq3(t3)〉〈hq2(t2)hq4(t4)〉
+〈hq1(t1)hq4(t4)〉〈hq2(t2)hq3(t3)〉. (6.4)
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Inserting this into (6.3) and using the identity

N−1∑
n=0

exp
(

2πinm

N

)
= Nδm,0 (6.5)

yields the expression

〈W 2(t)W 2(s)〉 =
D2

L2dν2

⎧⎨⎩ ∑
q,p�=0

1

4qmpm

(
1 − e−2qmνt

) (
1 − e−2pmνs

)

+
∑
q �=0

1

2q2m
e−2qmνt

(
e2q

mνs + e−2νqms − 2
)⎫⎬⎭ .

The first term on the right-hand side being just 〈W 2(t)〉〈W 2(s)〉, we finally obtain

C(t, s) =
D2

2L2dν2

∑
q �=0

1

q2m
e−2qmνt

(
e2q

mνs + e−2qmνs − 2
)
. (6.6)

The behavior of C(t, s) is controlled by two length scales: lt ≡ (2νt)1/m and ls ≡ (2νs)1/m,
with lt > ls. Depending on the values of lt and ls and their relations to the maximum and
minimum values of q, qmax = π

√
d and qmin = 2π/L, different regimes are encountered.

For example, if at time t the length lt < 1/qmax
1, one still is in the short time regime

where the random deposition process prevails. On the other hand, if at time t one has that
lt > 1/qmin, one is in the saturation regime. Finally, the system is in the correlated regime
when 1/qmax < lt < 1/qmin. To carry out the summation Eq. (6.6), one can replace the sum
by an integral ∑

q

f(q) → (L/2π)dΩd

∫ π

0
qd−1f(q)dq (6.7)

for the general cases. However, if lt > 1/qmin such that the exponential terms with smallest
q dominate, we simply have ∑

q

f(q) → 2df(qmin). (6.8)

We discuss in the following the functional form of the correlation function for the different
regimes shown in the diagram Figure 6.1 according to the approximations Eqs. (6.7), and
(6.8). A summary of the asymptotic behavior in the corresponding regimes is shown in Table
6.1.

1. If lt < 1/qmax we are in the short time regime. In that case all exponentials in (6.6) can
be expanded and only the leading terms need to be retained, i.e. e−2qmνt ≈ 1 − 2qmνt

1By lt < 1/qmax we mean that the order of lt has to be much smaller than the order of 1/qmax. There
are complicated crossover effects showing up when lt and 1/qmax are of comparable magnitude that we are
not going to discuss. Of course, the same remark applies when comparing one of the length scales to 1/qmin.
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Figure 6.1: Six possible regimes for two-time functions. The regimes 2 and 2′ (3 and 3′) have
the same leading behavior and, hence, belong to the same category.

s \ t RD CR SR

SR − − ae−b(t−s)

CR − as2−d/m (t/s)−d/m a s2 e−bt

RD a s2 (1 − b t) as2−d/m (t/s)−d/m a s2 e−bt

Table 6.1: Summary of the asymptotical dependence of the global correlation function for
the different cases. RD corresponds to the random deposition regime, CR to the correlated
regime, and SR to the saturation regime. The values of a and b, which depend on the case
considered, can be read off from the equations in the main text.
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and e2q
mνs + e−2qmνs − 2 ≈ (2qmνs)2 for all q. Replacing the sum by an integral, we

obtain

C(t, s) ≈ 2D2s2

L2d

(
L

2π

)d
Ωd

∫ π

0
qd−1 (1 − 2qmνt) dq

≈ 22−dD2πd/2

LdΓ(d/2)d
s2

(
1 − 2d

d+m
πmνt

)
, (6.9)

where Ωd = 2πd/2/Γ(d/2) is the solid angle of the d-dimensional sphere. Therefore, in
the short time regime the correlation function decreases linearly with time.

2. If the final time is in the correlated regime, i.e. if 1/qmax < lt < 1/qmin, one has to
distinguish between two different cases, depending on whether ls < 1/qmax (the system
was in the RD regime at time s) or 1/qmax < ls < lt (the system was in the correlated
regime at time s). In the first case we can again replace e2q

mνs+e−2qmνs−2 by (2qmνs)2

and obtain the expression

C(t, s) ≈ 2D2s2

L2d

(
L

2π

)d
Ωd

∫ ∞

0
qd−1e−2qmνtdq

= Am,ds
2t−d/m, (6.10)

where

Am,d =
22−d−d/mD2Γ(d/m)

Ldπd/2mνd/mΓ(d/2)
, (6.11)

yielding a power-law decay with an exponent d/m. In the second case (2′ in Figure
6.2), which is the most interesting one as both times are in the correlated regime, we
expand all exponentials in (6.6) and integrate term by term. This yields

C(t, s) = Am,ds
2

{
t−d/m +

s2

12

∂2

∂t2
t−d/m +

s4

360

∂4

∂t4
t−d/m + · · ·

}

= Am,ds
2t−d/m

{
1 +

1

12

d

m

(
d

m
+ 1

)(
s

t

)2

+

1

360

d

m

(
d

m
+ 1

)(
d

m
+ 2

)(
d

m
+ 3

)(
s

t

)4

+ · · ·
}

≈ Am,ds
2t−d/m (6.12)

where the last line gives the asymptotic form for t � s. Interestingly, we recover
asymptotically the same leading behavior as for the case ls < 1/qmax, i.e. in the long
time limit any memory of the regime that prevailed at time s is lost. Looking closer
at the expressions (6.10) and (6.12), we see that in both cases the global correlation
function can be cast in the standard form [47] C(t, s) = s−bfC(t/s) where b = d/m− 2
and fC(t/s) is a scaling function that only depends on the ratio t/s. In addition, the



Yen-Liang Chou Chapter 6. Global Two-time Quantities I 46

Figure 6.2: Global correlation function when both times t and s are in the correlated regime.
The symbols are obtained by numerically evaluating the exact expression (6.6) whereas the
lines indicate the asymptotic power-laws (6.12). Panel (a) shows data for the EW case
and dimensions d = 1, 2 (from top to bottom), panels (b) show data for the MH case and
dimensions d = 1, 2, 3, 4 (from top to bottom). The different symbols correspond to different
waiting times where s0 = 1000 below the critical dimension and s0 = 200 at the critical
dimension (which is d = 2 for EW and d = 4 for MH). The linear extension of the system is
L = 214 for d = 1, L = 29 for d = 2, L = 27 for d = 3, and L = 26 for d = 4.

scaling function is asymptotically given by a power-law, fC(t/s) ∼ (t/s)−λC/z, with
the autocorrelation exponent λC = d and the dynamical exponent z = m. In Figure
6.2a,b we compare the correlation function (6.6), where the sum has been evaluated
numerically, with the asymptotic power-law (6.12), see Figure 6.2a for the EW case
and Figure 6.2b for the MH case. In all cases the asymptotic regime is accessed very
rapidly. We can now also compare for this regime the global correlation function with
the local height-height correlation, see [54, 83, 84]. For the local correlation function
one obtains the scaling exponents b� = d/m − 1 and λC,� = d. Thus, for both the
local and global quantities the long-time behavior is governed by the same power-law
exponent, λC = λC,�, but the value of the scaling exponent b is different from the
value of b�. This yields interesting differences at the upper critical dimension which is
d = 2 for EW and d = 4 for MH. Indeed, whereas the local exponent b� then vanishes
and the scaling function of the local correlation shows a logarithmic dependence on
time (which makes the extraction of the correct scaling behavior from experimental or
simulation data rather tedious) [83], the global exponent remains different from zero
and no logarithms are occulting the scaling behavior of the global correlation, making
this a much better quantity for studying dynamical scaling close to the upper critical
dimension.
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3. In case the observation time is in the saturation regime with lt > 1/qmin, the leading
contribution is given by the term in e−2qm

minνt. If the waiting time is such that ls <
1/qmin, then we can approximate for q = qmin the term involving s by (2qmminνs)

2 which
yields

C(t, s) ≈ 4dD2s2

L2d
e−2qm

minνt . (6.13)

4. If both the observation time and the waiting time are in the saturation regime, we
have ls > 1/qmin and therefore

C(t, s) ≈ dD2L2(m−d)

(2π)2mν2
e−2qm

minν(t−s), (6.14)

i.e. the global correlation is time-translation invariant. This is of course expected, as
the saturation regime corresponds to the steady state regime. It is worth noting that in
both cases the decay time in the exponential, τ = 1/(2qmminν), depends on the diffusion
mechanism through the values of ν and m but does not depend on the dimensionality
of the substrate.

6.2 Response function for linear growth 1 : Changing

the diffusion constant

Experimentally, a quantity that can be changed easily and that gives way to a global pertur-
bation is the temperature. If an experimental system is described by a stochastic Langevin
equation, temperature can enter either through the surface tension ν (also called diffusion
constant or mobility, depending on the physical context) or through the noise. We will study
the responses to two different global perturbations: either we keep the noise unchanged and
suddenly change ν (as it is the case in surface smoothening experiments or in step fluctu-
ation studies) or we keep the surface tension constant and change the noise (as it is the
case in some deposition experiments where the noise in the particle flux can be changed
experimentally). Both protocols have been used for studying the change in morphology of
a growing surface when changing experimental conditions [64, 25]. We will discuss the first
protocol in this section and the second protocol in the next section. In order to measure
the global response we are going to perturb the growing system through a change in the
surface tension ν. Having thus perturbed our system, we then study its relaxation to the
state that is realized when the system evolves all the time at fixed values of ν. We start from
an initially flat surface and let the system evolve with a surface tension μ until the waiting
time s after which we set the surface tension to the final value ν. In order to monitor the
relaxation of the system for t > s, we compute the function

χ(t, s) =
〈W 2〉μ→ν(t, s) − 〈W 2〉ν(t)

ε
(6.15)
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where the index ”μ → ν” indicates the perturbed system, whereas the index ”ν” stands for
the system that is evolving at a fixed value ν of the surface tension. The quantity ε ≡ ν −μ
measures the strength of the perturbation. Usually one is interested in small perturbations
for which |ε| � 1. However, as we discuss later, the response (6.15) displays simple aging and
dynamical scaling even for very strong perturbations. It has to be noted that the response
χ(t, s) is a time integrated response that gives the reaction of the system to a perturbation
lasting until time s. This time integrated response is related to the response R due to an

instantaneous perturbation by χ(t, s) =
s∫
0
duR(t, u). Assuming a standard scaling behavior

for R, i.e. R(t, s) = s−1−afR(t/s), it follows that the time integrated response should scale
as χ(t, s) = s−afχ(t/s) [47]. The expression for χ(t, s) is readily obtained by remarking that
the solution of the Langevin equation becomes for t ≥ s

hq(t) = e−νq
m(t−s)hq,μ(s) +

∫ t

s
dτe−νq

m(t−τ)ηq(τ), (6.16)

where
hq,μ(s) =

∫ s

0
dτe−μq

m(s−τ)ηq(τ) (6.17)

is the solution of a surface that, starting from a flat initial state, evolves until time s at the
constant surface tension μ. Inserting this expression into Eq. (4.15) yields

〈W 2〉μ→ν(t, s) =
D

2Ld
∑
q �=0

1

qm

{
1

μ
e−2qmν(t−s) − 1

μ
e−2qm[ν(t−s)+μs] 1

ν

(
1 − e−2qmν(t−s))} (6.18)

for t ≥ s, which finally gives the expression

χ(t, s) =
D

2Ldε

∑
q �=0

1

qm
e−2qmν(t−s)

{
1

μ

(
1 − e−2qmμs

)
− 1

ν

(
1 − e−2qmνs

)}
(6.19)

for our response function. To give a rough idea of how the response function behaves in
the different time regimes we will next focus on the result for the one-dimensional Edwards-
Wilkinson equation Eq. (4.7), where d = 1 and m = 2, before general discussions in the
following subsections. As we discussed in Chapters 3 and 4, the 1D EW equation can
be simulated by the MRDSR model by relating the surface tension ν to the temperature.
Therefore, the perturbation with respect to the surface tension ν can be realized by changing
the temperature. We will start with the discussion of the results obtained both from the
exact solution of the EW equation and simulations of the MRDSR model. To set the stage
for discussions, we begin with the data for some typical cases, all with s = 105, shown in
Figure 6.3. In order to be able to discuss the different cases for a fixed s, we must work with
a relatively small system: L = 400. The data are obtained by averaging over 10,000 different
growth events. The dashed lines in (a-c) represent W 2

ν (t) in an unperturbed system. With
Tf = 109, 103, and 1 (the corresponding fitted values of the surface tension ν are shown in
Table 4.1), the surface is, at the time of the quench, in the (a) RD, (b) EW, and (c) saturation
regimes, respectively. The corresponding differences, ΔW 2(t, s) = εχ, are shown in Figure
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Figure 6.3: (a-c) Time evolution of the width square in case the temperature is changed
after 105 time steps. The full lines show the data obtained from numerical simulations of
the temperature dependent deposition model (MRDSR). These data have been obtained
for systems with L = 400 sites after averaging over 10,000 different growth events. The
dashed lines show W 2

ν for an unperturbed surface growing at the constant temperature Tf .
In (a) the quench is to the RD regime, whereas in (b) and (c) the quenches are to the EW
and saturation regimes, respectively. (d-e) The same cases as shown in (a-c), but now the
difference ΔW 2 = εχ is plotted. Qualitative different behavior is observed, depending on
the regime that the unperturbed system has at the quench time. The circles are obtained
from the exact solution of the EW equation. Note that the panel (f) is linear in t.
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6.3 (d-f). The effects of two up-quenches into the RD regime, from the EW (Ti = 102) and
the saturation (Ti = 10−1) regimes, are displayed in Figure 6.3 (a). As Figure 6.3 (d) shows,
for quenches into RD, the width W 2

μ→ν(t, s) cannot reach that of the reference system, W 2
ν (t).

The “best” ΔW 2(t, s) can achieve is a constant. The physical origin of this behavior lies in
the linear growth of W 2 in the RD regime. Thus, for two unperturbed systems started at
different times (say, t = t0 and t1), the difference W 2

0 −W 2
1 is just a constant: t1 − t0. In our

case, the correlated growth up to time s endowed our surface with a smaller W 2
μ→ν(t, s) than

the reference W 2
ν (s). Immediately after the quench, correlated growth is simply replaced by

independent growth of different columns and the width W 2
μ→ν(s) is “frozen” in as a kind of

“initial condition” (at t = s). As a result, the difference ΔW 2 = W 2
ν (t)−W 2

μ→ν(t, s) remains
at the value W 2

ν (s) −W 2
μ→ν(s, s). Of course, if we follow these two systems further in time,

ΔW 2 will eventually vanish. Turning next to quenches to the EW regime, we found the most
interesting behavior (see Figure 6.3 (b, e)). The difference ΔW 2 initially decreases rapidly
before crossing over to a slower, power-law decay at larger times (t� s):

ΔW 2 ∼ tγ (6.20)

Here, we observed the exponent γ to be typically −1/2 or −3/2. We will discuss in more detail
the conditions under which these values can be expected in the next subsection. Finally, for
a quench to the saturation regime, ΔW 2 decays exponentially:

ΔW 2 ∼ exp(−κt) (6.21)

with a decay constant κ that depends on the value of the final temperature Tf . Up to now,
we have shown only the simplest situation where the system is well within a given initial
regime at the moment of the quench and, in addition, that it has time to relax into a well
defined regime of the reference system. Clearly, as we let the final system evolve further, it
may cross over to a different regime (e.g., in case of Fig. 6.3a,d a crossing over to the EW
and saturation regimes will take place for larger t). Therefore, we should expect the general
relaxation process to be quite complex.

6.2.1 Dynamic phase diagram

The closed form Eq. (6.19) is not particularly transparent, as it involves all possible crossover
behaviors. To shed some light on the various scenarios, we consider some limiting cases where
simple properties (exponentials and powers) can be extracted. We note that Eq. (6.19) is
controlled by three length scales, lt, lν ≡ ls and lμ ≡ (2μs)1/m. In this section we will focus
on how the competition between lν and lμ affects these simple properties for t� s. For the

following discussion, we define g(lν , lμ) ≡ 1
μ

(
1 − e−l

m
μ q

m
)
− 1

ν

(
1 − e−l

m
ν q

m
)
.

1. If both lν and lμ are larger than 1/qmin, one has g(lν, lμ) ≈ 1
μ
− 1

ν
, which implies

χ ≈ dD

Ldε

(
1

μ
− 1

ν

)
1

qmmin
e−2qm

minν(t−s), (6.22)
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since the condition t� s yields lt > 1/qmin as well.

2. If lν > 1/qmin but lμ < 1/qmax, one has g(lν, lμ) ≈ 2qms. By the same method as in
case 1. we have

χ ≈ 2dDs

Ldε
e−2qm

minν(t−s) (6.23)

3. In the opposite limit, where lν < 1/qmax but lμ > 1/qmin, we have g(lν , lμ) ≈ −2qms.
Since we are not required to be in the large lt limit, summing over q yields

χ ∼ s(t− s)−
d
m (6.24)

4. Another case which yields a power-law decay is when both lν and lμ are less than
1/qmax. In this case we have g(lν, lμ) ≈ 2(ν − μ)s2q2m. The summation over q yields

χ ∼ s2(t− s)−1− d
m (6.25)

5. If we further impose that lt � 1/qmax, we have

χ ∼ s2 (6.26)

To examine the behavior of the response function Eq. (6.19) comprehensively, we define
χ ∼ tγ and evaluate γ numerically. We note that the function νεχ depends only on three
scaling variables, μ/ν, νs, and t/s. In the presence of a power-law, the response function
can be rewritten as νεχ = a(t/s)γ , where a is a constant. The exponent γ is now a function
of μ/ν, νs, and t/s and can be defined effectively as d log(νεχ)/d log(t) = d log(χ)/d log(t).2

In the following, we consider the 1D EW equation as an example. In Fig. 6.4 we show the
contour plot of γ as a function of μ/ν and νs for t/s = 64. This plot reveals four different
regimes. First, the regime of exponential decay for large νs corresponds to the cases 1 and
2. Second, two power-law regimes correspond to the limits where νs is small. In the large
μs limit (the case 3) we observe that γ = −1/2 which is exactly −d/m, and in the small μs
limit (the case 4) we have γ = −3/2 which is −1− d/m. Finally, the regime where χ or νεχ
is constant (labeled by γ = 0) corresponds to case 5. The different regimes are separated
by crossover regions where the effective exponent does not lock-in into one of the values 0,
−1/2, or −3/2. Fig. 6.5a shows how the extensions of the four regimes depend on the value
of t/s in cases where t/s � 1. Interestingly, an increase of the value of t/s mainly shifts
the contours in the log(νs) vs. log(μ/ν) plot along the (−1, 1) direction. This is shown in
Fig. 6.5b where we plot log(νt) vs. log(μs/νt). This way of plotting indeed leads to an
approximate data collapse, which gets better for larger values of t/s. That this data collapse
is only approximate also follows from inspection of the exact solution (6.19). Still, Fig. 6.5b
nicely allows us to visualize the extend of the different dynamic regimes for large ratios t/s.
Finally, in Fig. 6.6, we discuss the change of the effective exponent γ as a function of t for

2Since γ is no longer a constant, to evaluate it we need to look at the slope of νεχ in a log-log plot, which
is the derivative. After taking the derivative of log(νεχ) or log(χ) with respect to log(t), we obtain γ, which
is, indeed, a function of μ/ν, νs, and t/s.
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Figure 6.4: Contour plot of γ as a function of νs and μ/ν for t/s = 64. Four different regimes,
separated by crossover regions, are identified. The two dashed lines separate the three
qualitatively different types of behavior encountered when plotting the effective exponent as
a function of t, see Fig. 6.6. Phys. Rev. E 80(6): 061602. Used with permission of American
Physical Society, 2009.
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Figure 6.5: (a) Contour plots of γ as a function of νs and μ/ν for t/s = 64 (full blue line),
256 (dashed green line), and 1024 (dotted red line). Only contours bounding the γ = 0,
−1/2 and −3/2 regimes are shown. (b) The same contour plots as shown in (a) but as a
function of νt and μs/νt. A collapse of the contours is observed.
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Figure 6.6: The three different quench types illustrated by the time dependence of the
effective exponent γ. In all cases the quench takes place at s = 105. Type (a) includes
quenches with initial conditions νs and μ/ν located above the upper dashed line in Fig 6.4.
For type (b) the starting point is located between the two dashed lines in Fig 6.4, whereas
for type (c) the initial conditions put the starting point below the lower dashed line.

various values of μ/ν (and s = 105). Note that an increasing time t corresponds in Fig. 6.4
approximately to a cut along the (−1, 1) direction, so that we can distinguish three typical
scenarios, separated by the dashed lines there. Along the upper dashed line, Fig. 6.6a shows
the effective exponent decreasing to the γ = −1/2 plateau where it remains for a long time
before crossing over to the regime where the difference ΔW 2 = εχ vanishes exponentially
fast (“γ = −∞”). For the region above this line in Fig. 6.4, we can expect similar results.
Along the lower dashed line, the same behavior is seen, except that the plateau value is now
γ = −3/2 (Fig. 6.6c). This can also be expected for the region below this lower dashed
line in Fig. 6.4. Between these two protocols, a more complex behavior is encountered, as
the effective exponent shows some tendency to lock-in at both values −1/2 and −3/2 (see
Fig. 6.6b). We should remind the reader that the γ (t) curves shown here are applicable for
all varieties of quenches (different quench times, as well as initial and final temperatures) as
long as the rescaled time νs is fixed.
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s \ t RD CR SR

SR − − ae−b(t−s)

CR − as1−d/m (t/s)−d/m−1 a s2 e−b(t−s)

RD a s2 (1 − b t− c s) as1−d/m (t/s)−d/m−1 a s2 e−b(t−s)

Table 6.2: The same as Table 6.1, but now for the response (6.19) to a small perturbation
during which the surface tension is changed. The values of a, b and c, which depend on the
case considered, can be read off from the equations in the main text.

6.2.2 Small perturbation

Having a general idea of the behavior of the response function, we next focus on the special
case of small perturbations. For small perturbations, where |ε| � 1, three length scales
reduce to two: lμ ≈ lν = ls. Therefore, we can proceed as for the correlation function in the
previous section. As we have the same cases and therefore can use the same approximation
schemes (see Figure 6.1), we shall only quote the final expressions (see Table 6.2 for a
summary).

1. At early times, where t is still in the RD regime, we have a linear decay,

χ(t, s) ≈ Dπd/2+m

2d−1Γ(d/2)(d+m)
s2

{
1 − 2

d+m

d+ 2m
πm

[
ν(t− s) +

1

3
(ν + μ)s

]
+ O(νt)2

}
.

(6.27)

2. When t is in the correlated regime, we obtain for a perturbation that lasted only until
some time s in the RD regime the following expression for the response:

χ(t, s) ≈ Bm,ds
2(t− s)−d/m−1, (6.28)

with

Bm,d =
DdΓ(d/m)

2d+d/mπd/2m2 Γ(d/2)νd/m+1
. (6.29)

If, however, the perturbation ended inside the correlated regime (the regime 2′ in Figure
6.1), we have

χ(t, s) = Bm,ds
2(t− s)−

d
m
−1

{
1 − ν + μ

3ν

(
d

m
+ 1

)(
t

s
− 1

)−1

+ · · ·
}

≈ Bm,ds
2(t− s)−

d
m
−1, (6.30)

yielding the same leading behavior as for a perturbation that already stopped in the
RD regime. In the correlated regime we can therefore cast the response in the standard
form χ(t, s) = s−a fχ(t/s) with a = d

m
− 1 and fχ(t/s) ∼ (t/s)−λR/z for t/s large, with
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Figure 6.7: Global response to a change of the surface tension when both times t and s
are in the correlated regime. The symbols are obtained by numerically evaluating the exact
expression (6.19) whereas the lines indicate the asymptotic power-laws (6.30). Panel (a)
shows data for the EW case and dimensions d = 1, 2 (from top to bottom), panels (b) show
data for the MH case and dimensions d = 1, 2, 3, 4 (from top to bottom). The different
symbols correspond to different waiting times where s0 = 1000 below the critical dimension
and s0 = 200 at the critical dimension (which is d = 2 for EW and d = 4 for MH). The
linear extension of the system is L = 214 for d = 1, L = 29 for d = 2, L = 27 for d = 3, and
L = 26 for d = 4.
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λR = d + m. We show this scaling behavior in Figure 6.7 a,b for the EW and for
the MH case and compare the scaling function to the asymptotic power-law. One
can now also compare the values of the exponents with those obtained for the global
correlation function Eq. (6.2) as well as with those obtained for the response of the
height to a local perturbation, see [83]. Comparing with the global correlation, one
notes that we have the interesting situation that a �= b and λR �= λC . It is rather
uncommon that the response of some quantity and the correlation of the same quantity
display a different asymptotic behavior in the aging regime [47]. Mathematically, this
intriguing observation can be traced back to the fact that in the expression Eq. (6.6)
for the correlation q2m shows up in the denominator whereas qm is encountered in the
denominator of the corresponding expression (6.19) for the response function. In order
to compare the global response with the local response, we need to look at the time
integrated local response. Inserting the expressions given in [83] for the local response
R� (where R� ∼ (t − s)−d/m) into the integral χ�(t, s) =

∫ s
0 duR�(t, u) yields for the

local time integrated response the form χ�(t, s) = s−a� fχ�
(t, s) where the exponent a�

has the value a� = d
m
− 1, whereas the exponent governing the scaling function in the

long time regime is λR,� = d. We therefore have that the scaling exponent a = a� is
the same for both responses but that the global and the local autoresponse exponents
differ, λR = λR,� +m.

3. If the observation time is in the saturation regime, we obtain that

χ(t, s) ≈ 2d+mDπm

Lm+d
s2e−2qm

minν(t−s) (6.31)

for a perturbation that comes to an end before entering the saturation regime.

4. Finally, if both the observation time and waiting time are in the saturation regime, we
have

χ(t, s) ≈ DLm−d

2m−d+1πmμν
e−2qm

minν(t−s). (6.32)

6.3 Response function for linear growth 2 : Changing

the noise strength

For the second protocol we proceed analogously. We again start from an initially flat surface
and let the system evolve with the strength D′ of the noise correlation until the waiting time
s at which we set this strength to the final value D. We then compute the function

χD(t, s) =
〈W 2〉D′→D(t, s) − 〈W 2〉D(t)

ε
(6.33)
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s \ t RD CR SR

SR − − ae−b(t−s)

CR − as1−d/m (t/s)−d/m a s e−bt

RD a s (1 − b t) as1−d/m (t/s)−d/m a s e−bt

Table 6.3: The same as Table 6.2, but now for the response (6.33) to a change in the strength
of the noise correlation. The values of a, b and c, which depend on the case considered, can
be read off from the equations in the main text.

with ε = D′ − D. This is again a time integrated response. A straightforward calculation
yields the expression

χD(t, s) =
1

2Ldν

∑
q �=0

1

qm
e−2qmνt

(
e2q

mνs − 1
)

(6.34)

for this global response. Again, we briefly discuss the limiting cases in the following (see
Table 6.3).

1. At early times with lt < 1/qmax we have again a linear decrease of the global response:

χD(t, s) ≈ sπd/2

2d−1Γ(d
2
)d

(
1 − 2d

d+m
πmνt

)
. (6.35)

2. In the correlated regime we obtain for a perturbation ending before the end of the RD
regime:

χD(t, s) ≈ Cm,dst
−d/m (6.36)

with

Cm,d =
Γ( d

m
)

2d+d/m−1νd/mπd/2mΓ(d
2
)
. (6.37)

If the perturbation only ends in the correlated regime, the result is

χD(t, s) = Cm,dst
−d/m

(
1 +

d

2m

s

t
+ · · ·

)
, (6.38)

yielding the same asymptotic behavior. This scaling behavior is shown in Fig. 6.8a,b
for the EW and MH cases. Comparing the expressions (6.38) and (6.30) we see that the
scaling properties of the response of the square of the surface width depends on how
the growing interface has been perturbed. More precisely we find that (1) the scaling
exponent a is independent of the protocol, but that (2) the autoresponse exponent λR
is now equal to d, i.e. the response of the system decays in the long time limit slower
when the perturbation is due to a change of the noise strength. Interestingly, the global
response to a change in D has the same power-law as the global autocorrelation.
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Figure 6.8: Global response to a change of the noise strength when both times t and s are
in the correlated regime. The symbols are obtained by numerically evaluating the exact
expression (6.34) whereas the lines indicate the asymptotic power-laws (6.38). Panel (a)
shows data for the EW case and dimensions d = 1, 2 (from top to bottom), panels (b) show
data for the MH case and dimensions d = 1, 2, 3, 4 (from top to bottom). The different
symbols correspond to different waiting times where s0 = 1000 below the critical dimension
and s0 = 200 at the critical dimension (which is d = 2 for EW and d = 4 for MH). The
linear extension of the system is L = 214 for d = 1, L = 29 for d = 2, L = 27 for d = 3, and
L = 26 for d = 4.
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3. If we measure in the saturation regime the response to a perturbation that ended before
reaching that final regime, we have that

χD(t, s) ≈ 2ds

Ld
e−2qm

minνt . (6.39)

4. Finally, if the perturbation continues until the saturation regime is reached, then

χD(t, s) ≈ dLm−d

2mπmν
e−2qm

minν(t−s) . (6.40)

6.4 Fluctuation-dissipation ratios for linear growth

The fluctuation-dissipation ratio [27] has been introduced as a generalization of the celebrated
fluctuation-dissipation theorem to non-equilibrium systems (see Chapter 2). Whereas this
ratio has some appealing features, as for example its simplicity and the possibility to assign an
effective temperature to a non-equilibrium system [29], many studies in model systems have
revealed major problems with that quantity, ranging from observable dependent effective
temperatures [42, 17] to the appearance of negative temperatures [67, 43]. As a result, the
usefulness of the fluctuation-dissipation ratio is in general very restricted, even though it
might occasionally yield interesting insights in specific systems. The fluctuation-dissipation
ratios of local quantities and the related effective temperatures have also been studied for
the one-dimensional EW equation [16] (higher dimensional cases and the MH cases can be
inferred from the equations given in [83]). This study shows that the ratio of the response
R�(t, s) of the height to the height-height correlation C�(t, s) allows in the linear systems to
characterize the different growth regimes through an effective temperature.

We will next study the fluctuation-dissipation ratios due to a global perturbation. To do so
we need to find a suitable pair of global conjugate variables. Let us consider a configuration
where the height of the column at site i is hi. Setting the lattice constant in vertical direction
to be 1 and setting the potential energy of the initial flat surface to be zero, the potential
energy Ui stored in a column of height hi is (with the mass of a deposed particle set to 1)

Ui
T

=
g

T
+ 2

g

T
+ · · · + (hi − 1)

g

T
= hi(hi − 1)

g

2T
. (6.41)

Shifting the value zero of the potential energy to the average height h = 1
N

N∑
i=1

hi, where

N = Ld is the number of sites on the substrate, we obtain for the total potential energy of
our configuration the value

U

T
=

N∑
i=1

Ui
T

=
g

2T

N∑
i=1

(
hi(hi − 1) − h(h− 1)

)
=

g

2T

N∑
i=1

(
h2
i − h

2
)

=
gN

2T
W 2 (6.42)
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where W 2 = 1
N

N∑
i=1

(
h2
i − h

2
)

= 1
N

N∑
i=1

(
hi − h

)2
is the squared width. From this it follows

that N
2
W 2 is the quantity conjugated to g/T and, as g/T ∼ ν, to ν. Therefore, by rescaling

the global correlation and response functions as

C̃(t, s) ≡ L2d

4
C(t, s)

χ̃(t, s) ≡ Ld

2
χ(t, s) (6.43)

we can discuss the fluctuation-dissipation ratio

X(t, s) =
∂sχ(t, s)

∂sC(t, s)
=
χ(t, s)

C(t, s)
(6.44)

and measure the limit value X∞ = lims−→∞ limt−→∞X(t, s) [47]. Note that the last equality
in Eq. 6.44 is valid when χ(t, s) and C(t, s) have the same s-dependent part. This is indeed
the case for our system (see Tables 6.1 and 6.2.) Strictly speaking, taking this limit does not
yield non-trivial results for our global quantities. Assuming this system to be infinite (such
that one remains in the correlated regime in the long-time limit), one immediately sees from
the Tables 6.1 and 6.2 that the trivial value X∞ = 0 is obtained for the global fluctuation-
dissipation ratio, and it is not possible to introduce a meaningful effective temperature. Still,
the quantity X(t, s) does yield at finite times a behavior that is characteristic for the different
regimes, as shown in Figure 6.9 for the ratio formed by the global response to a change in ν
and the global correlation. In order to understand this figure, let us look at a case (the case
s = 1 in the figure) where the waiting time is in the RD regime. If t ≈ s, i.e. t is also in
that regime, the ratio (6.44) is constant: X = dπm

D(d+m)
. If t is such that 1/qmax < lt < 1/qmin,

i.e. t is in the correlated regime, X is inversely proportional to t: X = d
2Dνm

t−1. The same
behavior, albeit with a different pre-factor, is obtained if we consider the global response
to a change in D instead. Finally, in the saturation regime, with lt > 1/qmin, X is again

constant, with X = 2d+m−1πm

dDLm . These three regimes are separated by crossover regimes when
lt ≈ 1/qmax or lt ≈ 1/qmin. If we choose a different waiting time, s = 100 or s = 10000 in
Figure 6.9, the ratio X(t, s), after some non-universal behavior for t−s� 1, rapidly evolves
towards the same master curve as the s = 1 data.

6.5 Two-time Quantities for Non-linear Growth

In order to assess the importance of non-linearities, we also studied global quantities derived
from the one-dimensional KPZ equation. We thereby complement the studies [15, 46] which
focused on local quantities.

The KPZ equation has been shown to describe faithfully kinetic roughening and to be a
paradigmatic model for the description of a large range of non-equilibrium systems [45].
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Figure 6.9: The global fluctuation-dissipation ratio for the one-dimensional EW case, with
m = 1. The ratio (6.44) displays a different behavior in the different regimes. The data
have been obtained by numerically evaluating the exact expressions derived in the previous
subsections. The parameters are L = 500, D = 1, and ν = 0.001. J. Stat. Mech. P08007.
Used with permission of IOP Publishing Ltd and SISSA, 2010.

This well-known equation is given by the expression Eq. (4.35) and differs from the EW
equation by the non-linear term proportional to the parameter λ. Here η(x, t) is the usual
Gaussian white noise with zero mean and covariance 〈η(x, t)η(y, s)〉 = Dδd(x − y)δ(t− s).
The numerical integration of (4.35) has been the subject of many studies and different
discretization schemes have been proposed in order to handle the non-linearity (see, for
example, [76, 62, 14, 71, 91] and Chapter 4).

We also studied for this system the global correlation and response functions introduced
in the previous sections. In order to make sure that our results are independent of the
integration schemes, we computed these quantities using different approaches, namely the
scheme of Lam and Shin [62] as well as the strong coupling scheme proposed by Newman
and co-workers [76, 77] (see also Chapter 4). We carefully checked that we are in the
correlated regime at both times s and t. We also verified that both approaches yield the
same exponents and scaling functions for the studied quantities 3. The data obtained from
both schemes differ by a non-universal pre-factor, as expected. Small deviations between the
data sets are observed for t ≈ s, but this is again expected as for the Lam/Shin scheme we
use finite values of λ, whereas the Newman scheme works in the strong-coupling limit where

3Due to the very nature of the Newman algorithm, the surface tension is not a parameter that can be
changed in that scheme. Therefore, we only computed with that method the global correlation function as
well as the global response to a change in the noise strength.

http://dx.doi.org/10.1088/1742-5468/2010/08/P08007
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Figure 6.10: Log-log plots of global quantities as a function of t/s obtained from the one-
dimensional KPZ equation in the correlated regime: (a) global correlation (b), global re-
sponse to a change of the surface tension ν, and (c) global response to a change of the
noise strength D. The data in (a) and (c) have been obtained with the Newman algorithm
[76, 77], whereas the data in (b) result from the algorithm of Lam and Shin. We checked
that both algorithms produce the same exponents and scaling functions for a given quantity.
The system size is L = 10000, with λ = 1, ν = 1, and D = 1. For the response shown in (b),
ν has the value of 1.1 until time s at which point it is changed to the value 1, whereas for
(c) D was changed from the value 1.1 to 1 at time s. The data shown have been obtained
after averaging over 5 × 106 realizations for the correlation and 5 × 105 realizations for the
response. The lines indicate the asymptotic power-law behavior. J. Stat. Mech. P08007.
Used with permission of IOP Publishing Ltd and SISSA, 2010.

λ −→ ∞. Fig. 6.10 summarizes our main findings regarding the scaling behavior of global
quantities in the one-dimensional KPZ universality class. For the autocorrelation (6.2) we
find the scaling form

C(t, s) = s2 fC(t/s) (6.45)

with fc(y) ∼ y−1/3 for y � 1. For the response functions we note, and this is in strong
contrast to the results we obtained for the linear equations, that the scaling behavior does
not depend on the protocol that we use for perturbing the system 4. Whether we change the

4 Noting that by rescaling the height h and the time t as h′ = λ1/3h and t′ = λ2/3t we can rewrite the
KPZ equation as

∂h′(x, t′)
∂t′

= ν′∇2h′(x, t′) + (∇h′(x, t′))2 + η(x, t′) ,

where ν′ = ν/(Dλ2)1/3 and the noise is still Gaussian with the same strength D, we only consider the same
two types of perturbations as for the linear systems.

http://dx.doi.org/10.1088/1742-5468/2010/08/P08007
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surface tension or the noise strength, we always end up with the following scaling behavior
of the global response:

χ(t, s) = s2/3 fχ(t/s) (6.46)

with fχ(y) ∼ y−1/3 for y � 1. This difference between the global response in the linear
and the non-linear cases is remarkable. At this stage, we can only speculate on the origin
of this, but it seems that the restoring mechanism, that is responsible for the relaxation of
the perturbed but still growing interface, originates in the non-linearity, thereby yielding the
same scaling behavior independent of the nature of the perturbation. Further studies seem
to be in order to fully clarify this point.

We can compare the scaling forms (6.45) and (6.46) with themselves as well as with the
scaling forms of the local quantities. We remark that we have: a = −2/3 and a� = −1/3,
b = −2 and b� = −2/3, λC = λχ = −1/3 and λC�

= λχ�
= −2/3, i.e. the global exponents

always differ from their corresponding local exponents.

Finally, let us mention that also for the KPZ case one does not obtain non-trivial limits for
global fluctuation-dissipation ratios. Still, one can perform a similar analysis as done in the
previous section for the linear systems, thereby recovering the same three regimes, but with
a different dependence on t, X ∼ t−4/3, in the correlated regime.

6.6 Summary

Our study of global quantities in growth processes has revealed some interesting results,
especially in the correlated regime, and raises a range of open questions that warrant a more
in-depth study in the future.

A prediction of the scaling behavior of our global quantities is far from obvious, due to the
complicated nature of the mean square width that involves all Fourier components (with the
exception of the zero mode) of the Fourier series representation of the surface height. We
find the available results to be compatible with the scaling form

C(t, s) = s4α/z+d/z fC(t/s) , (6.47)

with fC(y) ≈ y2α/z−1 for y � 1, as is readily checked by recalling that for the linear equations
α = z−d

2
and z = m whereas for the one-dimensional KPZ equation α = 1

2
and z = 3

2
.

Similarly, the global response of the square of the surface width to a change in the noise
strength (we need to specify this for the linear systems) is compatible with the scaling form

χ(t, s) = s2α/z fχ(t/s) , (6.48)

with fχ(y) ≈ y2α/z−1 for y � 1. We are not able to derive these scaling forms at this stage.

In fact, the situation for the response function is rather complex. The reason is of course
that for the linear systems the global response depends on how the system was perturbed,
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as the different protocols lead to different scaling forms. This is different for the non-linear
KPZ equation, as here the same scaling forms are found for the different perturbations.
Obviously, the non-linearity provides an efficient smoothening mechanism that allows the
system to relax to the state of the unperturbed system in a way that is independent on how
the system has been perturbed. This mechanism is absent in the linear systems, yielding
the observed dependence of the response on the protocol. A more quantitative study of this
effect is left for the future.

Our study also reveals that in the correlated regime the usual limit value of the fluctuation-
dissipation ratio involving global quantities only leads to trivial results. However, the ratio
(6.44) at finite observation times still allows us to distinguish between the different growth
regimes.

Experimentally a global response is much easier to measure than a local one. Local pertur-
bations and local measurements are not easily achieved in a growing system. This is different
for a global response that is readily observed when changing the experimental conditions, for
example through a change in temperature, as this automatically affects the whole system.
Another advantage of studying global quantities in the context of growth processes is seen
at the upper critical dimension. Indeed, global quantities continue to display a standard
dynamical scaling behavior at the critical dimension. Local quantities, however, generically
display a logarithmic dependence on time in that case which makes an analysis much more
demanding. For these reasons we hope that our study will motivate other groups, espe-
cially experimental ones, to use global quantities for the characterization of non-equilibrium
growth processes.



Chapter 7

Global Two-time Quantities II

In the previous chapter we studied two-time quantities related to the surface width. We
obtained a nice dynamic scaling behavior for the correlation and response functions both
for linear and non-linear systems. However, we encountered severe limitations when dis-
cussing the fluctuation-dissipation relation for non-equilibrium growth by looking at the
surface width. The Edwards-Wilkinson equation was the only case for which we were able
to discuss the fluctuation-dissipation ratio to some extent. However, the different exponents
for the correlation and response functions in the power-law decay regime prohibit a general
result for the fluctuation-dissipation relation in the non-equilibrium state. In this chapter
we discuss a quantity, denoted by Gm, which is conjugated to the diffusion constant ν for
the Edwards-Wilkinson and Mullins-Herring equations through the effective Hamiltonian.
We first discuss some of the properties of Gm analytically. We then study the correlation
function, the response function, and the fluctuation-dissipation ratio related to Gm. A gen-
eral fluctuation-dissipation relation for non-equilibrium systems based on a recent research
by Baiesi, Maes and Wynants [6] can be investigated using this quantity. We show that the
fluctuation-dissipation relation we derived from the linear Langevin equations satisfies the
relation proposed by Baiesi et. al..

7.1 The quantity Gm

The linear Langevin equation (4.9) can be derived by inserting the effective Hamiltonian

Hm =
ν

2

∫
ddx

(
∇m/2h

)2 ≡ νGm (7.1)

into the equation
∂h

∂t
= −δHm

δh
+ η. (7.2)

65
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Figure 7.1: Two surfaces with same surface width but different values of Gm.

The quantity Gm, which is conjugated to ν, can be written in the case of a lattice model as

G2 =
1

2

∑
x

d∑
i=1

[
h(x + ai) − h(x)

]2
(7.3)

for m = 2, and

G4 =
1

2

∑
x

{
d∑
i=1

[
h(x + ai) − 2h(x) + h(x − ai)

]}2

(7.4)

form = 4, where the ai’s are the primitive vectors on the substrate. The vector x runs over all
points on the Bravais lattice while the index i goes from 1 to the dimension of the substrate.
For simplicity the lattice constant a is assumed to be unity. Note that G2 is the total surface
slope1 and G4 is the sum of the curvatures. One can use Gm to quantify the roughness of a
surface which is usually expressed by the surface width. The difference is that Gm measures
the local surface fluctuations whereas the surface width measure the fluctuations with respect
to the average height. Gm should convey the concept of the roughness better then the surface
width. To explain this claim, let us look at two surface configurations composed of the same
amount of particles shown in Figure 7.1. It is easy to see that the value of Gm (for both
m = 2 and 4) for the surface (b) should be larger then that for the surface (a). This agrees
with our intuition of the roughness. However, these two surfaces have the same value for
the surface width. The reason is that the surface width overestimates the roughness on the
plateau and the basin which are relatively flat.

Our next goal is to derive the exact solution of Gm and discuss its asymptotic behavior for
the linear Langevin equation. Using the Fourier transformation of the surface height h(x),
we obtain the following expression

〈Gm〉 = 2
m−2

2 Ld
∑
q �=0

〈
hqh−q

〉
P(q)m/2, (7.5)

1The generalization of this quantity, where the height difference between two columns separated by a
displacement r is calculated, is called the second order height difference correlation function [60].
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where

P(q) =
d∑
i

(
1 − cos(qi)

)
. (7.6)

The summation of the two point correlation function weighted by the factor P(q)m/2 makes
the quantity 〈Gm〉 significantly different to the average of the square of the surface width
〈W 2〉. Using the two point correlation function of the surface height in q-space (Eq. (4.14))
calculated in Chapter 4, we obtain

〈Gm〉 = 2
m−4

2
D

ν

∑
q �=0

1

qm

(
1 − e−2qmνt

)
P(q)m/2. (7.7)

The behavior of the quantity 〈Gm〉 is therefore controlled by the length scale lt as it is the
case for the surface width.

1. For lt < 1/qmax, the system is in the random deposition regime. The small lt limit
gives the result

〈Gm〉 ≈ 2
m−2

2 Dt
∑
q �=0

P(q)m/2

≈ 2
m−2

2 Dt
(
L

π

)d ∫ π

0
dqP(q)m/2. (7.8)

Further evaluation shows that
〈G2〉 ≈ dLdDt, (7.9)

and
〈G4〉 ≈ d(2d+ 1)LdDt. (7.10)

2. For lt > 1/qmin, the system enters the saturation regime where 〈Gm〉 reaches the
maximum value

〈Gm〉 = Gs,m ≈ 2
m−4

2
D

ν

∑
q �=0

1

qm
P(q)m/2

≈ 2
m−4

2
D

ν

(
L

π

)d
I(m, d), (7.11)

with the definition I(m, d) ≡ ∫ π
0 P(q)m/2/qmdq. The numerically evaluated values of

I(m, d) for various d and m are shown in Table (7.1).

3. To calculate the asymptotic behavior in the correlated regime, we take advantage of
the observation that P(q) ≈ q2/2 has hyperspherical symmetry for q < 1. This means
that if we impose the condition q < 1 to the summation,

∑
q<1 f(q), we can simply

replace the sum by the integral L/(2π)dΩd

∫ 1 qd−1f(q)dq with a cutoff equal to unity.
Doubtless, this trick is only valid when the contributions form f(q) with q > 1 can
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d=1 d=2 d=3 d=4

m=2 1.21532 3.43997 10.29687 31.53744
m=4 0.49733 1.26083 3.55376 10.51476

Table 7.1: The numerically evaluated values of I(m, d) ≡ ∫ π
0 P(q)m/2/qmdq

be neglected. Since the function we are going to sum over involves the factor e−q
mlmt ,

this constraint can be implemented by requiring that lt � 1 without imposing any
additional cutoff. Therefore, after the system enters the correlated regime, we have

〈Gm〉 ≈ Gs,m − D

4ν

∑
q �=0

e−2qmνt

≈ Gs,m − D

4ν

(
L

2π

)d
Ωd

Γ( d
m

)

m
(2νt)−

d
m . (7.12)

Here we summarize the behavior of 〈Gm〉 as follows. When the system is in the random
deposition regime, we find that 〈Gm〉 grows linearly with time t, without any dependence
on the diffusion constant ν. However, after the system passes the first crossover point, a
pre-factor that depends on the diffusion constant shows up. The system finally reaches the
saturation regime where 〈Gm〉 attains its maximum value Gs,m. In the correlated regime,
〈Gm〉 approaches Gs,m algebraically. Unlike the surface width, 〈Gm〉 is an extensive quantity
proportional to the Hamiltonian and, therefore, proportional to the substrate area. This
means that the curves of different system sizes can be collapsed on a common curve by
dividing 〈Gm〉 by the area of the substrate. In contrast to the surface width that varies
as Lα/2 (or log(L) at the critical dimension), 〈Gm〉/A shows no apparent size dependence
except some small finite-size effects. We also see that 〈Gm〉 monotonically increases with
the dimensionality d. We display the behavior of 〈Gm〉, both by evaluating numerically Eq.
(7.7) and by analytic calculations using Eqs. (7.9), (7.10), and (7.12), see Figures 7.2, 7.3
and 7.4. Figure 7.2 shows the system of the one-dimensional EW equation for various sizes.
The corresponding scaling result and the finite-size effect are plotted in Figure 7.3. Figure
7.4 shows result for both the EW and MH equations in (1 + 1) and (2 + 1)-dimensions.

7.2 The correlation function, the response function,

and the fluctuation-dissipation ratio for the quan-

tity Gm

We next consider the two time correlation function of Gm. Starting from Eq. (7.5) we have
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Figure 7.2: 〈G2〉 for various system sizes in one dimension as indicated in the figure. The
inset shows the power-law decay for Gs,2 − 〈G2〉 in the correlated regime. The symbols are
obtained by numerically evaluating the exact expression Eq. (7.7). The dashed and solid
lines are given by the asymptotic functions Eqs. (7.9) and (7.12). The parameters for the
evaluations are ν = 0.001 and D = 1

Figure 7.3: The scaled data of 〈G2〉 shown in Figure 7.2. The inset shows the magnified
portion around the saturation regime. Deviations are due to the finite-size effects. The
dashed and solid lines are given by the asymptotic functions Eqs. (7.9) and (7.12).
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Figure 7.4: Same as Figure 7.2 but here the plots show systems with various m and d. The
system size is L = 3600 for m = 2 and d = 1; L2 = 6400 for m = 2 and d = 2; L = 14400
for m = 4 and d = 1; and L2 = 25600 for m = 4 and d = 2

〈Gm(t)Gm(s)〉 = 2m−2L2d
∑

q,p�=0

P(q)m/2P(p)m/2

{〈
hq(t)h−q(t)

〉〈
hp(s)h−p(s)

〉
+
〈
hq(t)hp(s)

〉〈
h−q(t)h−p(s)

〉
+
〈
hq(t)h−p(s)

〉〈
h−q(t)hp(s)

〉}
. (7.13)

Here we note that the first term yields 〈Gm(t)〉〈Gm(s)〉. Since P(q) is an even function, we
have

P(q)m/2P(−q)m/2 = P(q)m/2P(q)m/2 = P(q)m. (7.14)

Using the Eqs. (4.14) and (7.14) we obtain the connected two-point correlation function of
the quantity Gm :

CG(t, s) ≡ 〈Gm(t)Gm(s)〉 − 〈Gm(t)〉〈Gm(s)〉
= 2m−3D

2

ν2

∑
q �=0

1

q2m
e−2qmνt

(
e2q

mνs + e−2qmνs − 2
)
P(q)m. (7.15)

We can also calculate the evolution of the average of Gm subjected to a perturbation when
we suddenly change the diffusion constant ν during the growth process. In this case, the
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evolution of the average of Gm is described by

〈Gm〉μ→ν(t, s) = 2
m−2

2 Ld
∑
q �=0

〈
h(μ→ν)

q h
(μ→ν)
−q

〉
P(q)m/2, (7.16)

where the notation ”μ→ ν” shown in subscript (and/or superscript) indicates that the diffu-
sion constant is changed from μ to ν at the waiting time s. Plugging the equation of h(μ→ν)

q ,
given by Eq.(6.16), into Eq. (7.16) and comparing with Eq. (7.7), we straightforwardly
obtain the response function

χG(t, s) ≡ 〈Gm〉μ→ν(t, s) − 〈Gm〉ν(t)
ε

= 2
m−4

2
D

ε

∑
q �=0

1

qm
e−2qmν(t−s)

{
1

μ

(
1 − e−2qmμs

)
− 1

ν

(
1 − e−2qmνs

)}
P(q)

m
2 , (7.17)

where ε = ν − μ.

1. The asymptotic steady-state behavior (ie. the large νs limit) is easy to calculate for
both correlation and response functions. Considering only the contribution from terms
with minimum q in the summations, we have

CG(t, s) ≈ dD2

4ν2
e−2qm

minν(t−s), (7.18)

and

χG(t, s) ≈ dD

2ν2
e−2qm

minν(t−s). (7.19)

We have applied the approximation

P(qmin)/q
2
min ≈ 1/2 (7.20)

to both expressions, and in addition, the limit ε→ 0 to the response function. There-
fore, we obtain the following fluctuation-dissipation ratio in the long time limit

X ≡ ∂sχG(t, s)

∂sCG(t, s)
=
χG(t, s)

CG(t, s)
=

2

D
. (7.21)

If we further apply the Einstein relation D = 2T , we recover the fluctuation-dissipation
theorem for the steady state, X = 1/T .

2. If we look at another limit where lt > 1/qmin but ls < 1/qmin, we also have an expo-
nential decay for both correlation and response function as follows

CG(t, s) ≈ dD2s2q2m
mine

−2qm
minνt, (7.22)

and
χG(t, s) ≈ dDs2q2m

mine
−2qm

minν(t−s). (7.23)

However, the correlation function and response function are no longer time translation
invariant.
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3. Now we consider the case ls < 1/qmax, and lt � 1. In this limit, we replace the
summations for both Eq. (7.15) and Eq. (7.17) by integrals and treat the integrands
as hyperspherical symmetric functions (the same method that we use to derive the
asymptotic equation for 〈Gm〉 in the correlated regime). We obtain power-law decay
functions

CG(t, s) ≈ D2s2
(
L

2π

)d
Ωd

Γ
(
2 + d

m

)
2m

(2νt)−2− d
m , (7.24)

and

χG(t, s) ≈ Ds2
(
L

2π

)d
Ωd

Γ
(
2 + d

m

)
2m

[2ν(t− s)]−2− d
m . (7.25)

We here replaced e2q
mνs + e−2qmνs − 2 by (2qmνs)2 for the correlation function and

(1 − e−2qmμs)/μ − (1 − e−2qmνs)/ν by 2(ν − μ)s2q2m for the response function before
doing the integrations. These replacements correspond to retaining only the leading
terms in the corresponding Taylor series. For larger waiting time s, when the condition
ls < 1/qmax is invalid, one can expand these functions and integrate them term by term.
The dominant contributions for both correlation and response functions for t � s,
however, are still given by Eq. (7.24) and Eq. (7.25). In the language of aging, we
can express equations (7.24) and (7.25) in the forms of (2.17) and (2.18) respectively.
We thereby obtain the aging exponents a = b = d/m and the autocorrelation and
autoresponse exponents λC = λR = 2 + d/m. In this cases (where the waiting time is
not in the saturation regime and the observation time is not in the random deposition
regime) we have the fluctuation-dissipation ratio

X =
1

D
(7.26)

provided that t � s. The correlation function and the response function for the
interesting cases with lt < 1/qmin are shown in Figure 7.5 (here we only show the
result for m = 2 and d = 1 as an example). It follows from the predictions Eqs. (7.24)
and (7.25) that both the correlation and response functions can be collapsed on a single
curve by dividing them by s2 (this is also true in the regime where ls < 1/qmin and
lt > 1/qmin). The rescaled data sets shown by open symbols agree with the prediction.
We also plot the data of χG v.s. CG in the inset to demonstrate that the FDR in this
regime is equal to 1/D, as indicated by Eq. (7.26).

We summarize the fluctuation-dissipation ratio for the three regimes discussed above in the
Figure 7.6. Here we calculate the FDR for one-dimensional EW equation by numerically
evaluating the correlation function Eq. (7.15) and response function Eq. (7.17) for various
waiting and observation times. There are two plateaus shown in the contour plot: one
with X = 2/D for the system in the steady state (the regime where log(t) > log(t2) and
log(s) > log(t2)), and one with X = 1/D away from stationarity as long as t � 1/2ν
(observed in the regime where log(t) � log(1/2ν) and log(s) < log(t2)). The latter combines
the cases 2 and 3.
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Figure 7.5: The correlation (a) and response (b) functions of G2 in the (1 + 1)-dimensional
system. The solid (open) symbols show the original (rescaled) data evaluated from Eqs.
(7.15) and (7.17). The solid lines on both panels (a) and (b) are obtained from Eq. (7.24).
The inset shows in log-log scale χG vs CG together with a solid line given by Eq. (7.26). The
parameters for the evaluations are L = 214, ν = 0.001 and D = 1.

We next focus on the FDR for systems with different d and m. We study the ratio as a
function of the waiting time in the limit where t� s. From Eqs. (7.21) (7.26) we have that
the FDR is independent of the dimension of the substrate. Both the EW and MH equations
yield the same ratios 1/D in case the waiting time is set before the system enters the
saturation regime and 2/D when the waiting time is in the saturation regime. The crossover

waiting time between the two regimes is given by sx = t2 ∼ 1
2ν

(
L
2π

)m
. We therefore have

that the ratio X(s) collapse on a common curve for systems with different dimension d but
the same linear extension L. This result is shown in Figure 7.7.

7.3 Non-equilibrium fluctuation-dissipation theory

The non-equilibrium fluctuation-dissipation theorem proposed by Baiesi, Maes and Wynants
[6] states that

T
∂χG(t, s)

∂s
=

1

2

∂

∂s

〈
G(t)G(s)

〉
− 1

2

〈
G(t)

∂G(s)

∂s

〉
(7.27)
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Figure 7.6: Contour plot of FDR X(t, s) for the one-dimensional EW equation. The param-
eters for the evaluations are L = 26, ν = 0.001 and μ = 0.99ν. The symbols τ1 ≡ log(t1),
τ2 ≡ log(t2), and τx ≡ log(1/2ν) are used for simplicity.

when applied to our quantity. The first and second terms on the right-hand side of this
equation come from the excess entropy flux and excess dynamical activity respectively. We
drop the suffix m on the function G in the following. This equation can be expressed in
terms of connected correlation functions denoted by a suffix c

T
∂χG(t, s)

∂s
=

1

2

∂

∂s

〈
G(t)G(s)

〉
c
− 1

2

〈
G(t)

∂G(s)

∂s

〉
c
, (7.28)

since ∂〈G(s)〉/∂s = 〈∂G(s)/∂s〉. We will use our exact results of the correlation and response
functions derived in the previous section to test this equation. By taking the derivative of
Eqs. (7.17) and (7.15), one immediately has

∂χG(t, s)

∂s
= 2

m
2
−1D

μ

∑
q �=0

e−2qmν(t−s) (1 − e−2qmμs
)
P(q)

m
2 (7.29)

and
∂

∂s

〈
G(t)G(s)

〉
c
= 2m−2D

2

ν

∑
q �=0

1

qm
e−2qmνt

(
e2q

mνs − e−2qmνs
)
P(q)m, (7.30)

respectively. To derive the second term on the right-hand side of Eq. (7.28), we take the
derivative of G(s) with respect to s, with the help of the linear Langevin equation (4.11),
and arrive at〈

G(t)
∂

∂s
G(s)

〉
c
= −2m−2D

2

ν

∑
q �=0

1

qm
e−2qmνt

(
e2q

mνs + e−2qmνs − 2
)
P(q)m. (7.31)
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Figure 7.7: The fluctuation-dissipation ratio as a function of waiting time s. The data are
by numerically evaluating the correlation function Eq. (7.15) and response function Eq.

(7.17). The solid (dashed) line indicates the value of 1
2ν

(
L
2π

)m
for m = 2 (m = 4). The

linear extension for all the systems shown in the figure is L = 26. The parameters for the
evaluations are ν = 0.001 and μ = 0.99ν and t = s+ 107.

The combination of Eqs. (7.30) and (7.31) yields

1

2

{
∂

∂s

〈
G(t)G(s)

〉
c
−
〈
G(t)

∂

∂s
G(s)

〉
c

}
= 2m−2D

2

ν

∑
q �=0

1

qm
e−2qmν(t−s) (1 − e−2qmνs

)
P(q)m.

(7.32)

To compare the response function Eq. (7.29) and the correlation function Eq. (7.32) a
further simplification is needed. We note that the fluctuation-dissipation theory is fulfilled
under the condition t � s which implies lm ≡ 2ν(t − s) � 1. This allows us to use
P(q)n exp [−(lq)m] ≈ qn/2n/2 exp [−(lq)m] in the Eqs. (7.29) and (7.32) which yields the
following simplified forms

∂χG(t, s)

∂s
=
D

2μ

∑
q �=0

qme−2qmν(t−s) (1 − e−2qmμs
)
, (7.33)

and

1

2

{
∂

∂s

〈
G(t)G(s)

〉
c
−
〈
G(t)

∂

∂s
G(s)

〉
c

}
=
D2

4ν

∑
q �=0

qme−2qmν(t−s) (1 − e−2qmνs
)
. (7.34)

Obviously, the fluctuation-dissipation theorem Eq. (7.28) is recovered in the limit μ/ν → 1
by applying the Einstein relation D = 2T . This result is independent of the waiting time s
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and the observation time t as long as t � s. In other words, we do not need to be in the
steady state to have Eq. (7.28) fulfilled. For the case where μ differs from ν, however, this
is different. We define the dissipation-fluctuation ratio as

Y ≡ ∂s
〈
G(t)G(s)

〉
−
〈
G(t)∂sG(s)

〉
2T∂sχG(t, s)

, (7.35)

where ∂s stands for ∂/∂s. We study this ratio analytically in two different limits, namely
for large and small νs.

1. For ls > 1/qmin the waiting time is in the saturation regime. Since the term with qmin
dominates the sum, we arrive at

∂sχG(t, s) ≈ D

2μ
qmmine

−2qm
minν(t−s), (7.36)

and
1

2

{
∂s
〈
G(t)G(s)

〉
−
〈
G(t)∂sG(s)

〉}
≈ D2

4ν
qmmine

−2qm
minν(t−s). (7.37)

These two equations together yield Y = μ/ν. The dissipation-fluctuation ratio is
therefore identical to the ratio of perturbed and unperturbed diffusion constants.

2. Replacing the sum with an integral and expanding the term
(
1 − e−2qmνs

)
, we can

rewrite equation (7.33) as

∂sχG(t, s) ≈ D

2μm

(
L

2π

)d
Ωd

∞∑
n=1

(−1)n+1(2μs)n

n!
Γ

(
d

m
+ n + 1

)
[2ν(t− s)]−( d

m
+n+1) .

(7.38)
When lμ is small such that 2μs < 2m

d+2m
, the leading term dominates2 and we have

∂sχG(t, s) ≈ Ds

m

(
L

2π

)d
ΩdΓ

(
d

m
+ 2

)
[2ν(t− s)]−( d

m
+2) . (7.39)

Using the same approach, we simplify the correlation as

1

2

{
∂s
〈
G(t)G(s)

〉
−
〈
G(t)∂sG(s)

〉}
≈ D2s

2m

(
L

2π

)d
ΩdΓ

(
d

m
+ 2

)
[2ν(t− s)]−( d

m
+2) ,

(7.40)
for small lν = ls such that 2νs < 2m

d+2m
. Therefore, in the regime where both lν and

lμ are small, we have the ratio Y = 1. Surprisingly, the ratio is independent of the
strength of the perturbation in the early time regime of surface growth. Note that in
this limit the waiting time is mostly in the RD regime. However, it could also be in the
early stages of the correlated regime since the waiting time can be as large as m

ν(d+2m)

which is larger than the first crossover time t1 ∼ 1
2ν

(
1

π
√
d

)m
. However, the condition

2ν(t− s) � 1 indicates that the observation time t must be much larger than t1.
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Figure 7.8: The numerical evaluation of the dissipation-fluctuation ratio Eq. (7.35) for the
one dimensional EW equation. Panel (a) shows the systems with small perturbation and
panel (b) shows the systems with large perturbation. The system size is L = 26, the diffusion
constant for the unperturbed system is ν = 0.001, and the observation time t is given by
ν(t− s) = 100 to ensure 2ν(t− s) � 1. Note the Y ≈ 1 for small s and Y ≈ μ/ν for large s.

The numerically evaluation of equation (7.35) for the case d = 1 and m = 2 is shown in
Figure 7.8 (a) for small perturbation (the linear response) and (b) for large perturbation
(the non-linear response). Both the linear and non-linear response systems show two limits
i.e. Y → 1 for small s and Y → μ/ν for large s, which agrees with our prediction. In the
non-linear response system we see that for smaller values of the ratio μ/ν the curve reaches
the saturation value later. This is because when the perturbed system has already arrived
at the saturation regime, the unperturbed system is still in the correlated regime. For the
dissipation-fluctuation ratio Y to reach the constant μ/ν, the system needs to wait for the
unperturbed system to arrive at the saturation regime. (The opposite behavior for large ratio
μ/ν can be explained inversely.) In order to have a full view of the dissipation-fluctuation
ratio in the different time regimes, we evaluate the ratio Y for various t and s and show the
contour plot in Figure 7.9. The grid lines in Figure 7.9 show the crossover times τ1 = log(t1)
and τ2 = log(t2). We found that the dissipation approximates the fluctuation when the
observation time approaches the second crossover time and the waiting time is smaller than
the second crossover time. For the waiting time larger than the second crossover time the
dissipation-fluctuation ratio Y approaches μ/ν. We would like to stress that the above
conclusion agrees with the non-equilibrium fluctuation-dissipation theorem Eq. (7.28) for

2In this limit the series converges.
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Figure 7.9: Contour plot of Y (t, s). The non-equilibrium fluctuation-dissipation theorem
Eq. (7.28) is valid for large observation times t and small waiting times s.

linear response systems.

We next discuss the different contributions from the correlations for large and small νs.
Under the condition t� s, equations (7.30) and (7.31) can be simplified to

1

2
∂s
〈
G(t)G(s)

〉
=
D2

8ν

∑
q �=0

qme−2qmνt
(
e2q

mνs − e−2qmνs
)
, (7.41)

and

− 1

2

〈
G(t)∂sG(s)

〉
=
D2

8ν

∑
q �=0

qme−2qmνt
(
e2q

mνs + e−2qmνs − 2
)
. (7.42)

We then define that

YS ≡ ∂s
〈
G(t)G(s)

〉
2T∂sχG(t, s)

and YT ≡ −
〈
G(t)∂sG(s)

〉
2T∂sχG(t, s)

, (7.43)

where YS and YT are contributions from excess entropy flux and excess dynamical activity
respectively. We discuss the two ratios in the following cases.

1. For ls > 1/qmin, both
(
e2q

mνs − e−2qmνs
)

and
(
e2q

mνs + e−2qmνs − 2
)

approach e2q
mνs,

which yields YS = YT = Y/2. This indicates that the excess entropy flux and excess
dynamical activity have equal contributions when the system is in the steady state.
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Figure 7.10: The numerical evaluation of the dissipation-fluctuation ratios Y (see Eq. (7.35)),
YS and YT (see Eq. (7.43)) for the one-dimensional EW equation. The system size is L = 26,
the diffusion constant for the unperturbed system is ν = 0.001, the ratio of the diffusion
constants is μ/ν = 0.99, and the observation time is given by ν(t− s) = 100.

2. For ls < 1/qmax, we have
(
e2q

mνs − e−2qmνs
)

= 4qmνs and
(
e2q

mνs + e−2qmνs − 2
)

=

4(qmνs)2. This leads to YS = Y and YT = 0, i.e. the excess dynamical activity is
absent in this regime.

As an example we numerically evaluate the ratios for the one dimensional EW equation and
show the results in Figure 7.10.



Chapter 8

Conclusion

The surface width is one of the best studied quantities in the field of surface growth. By its
definition as the standard deviation of surface height, it captures important aspects of the
surface roughness. Hence, the time evolution of the surface width can be used to convey the
idea of kinetic roughening which is widely observed in experiments. This quantity has also
been used to characterize the different growth regimes. The study of finite size scaling in this
quantity leads to the celebrated Family-Vicsek scaling relation which can be used to classify
the universality classes. However, the Family-Vicsek scaling relation exclusively focuses on
the two regimes connected by the second crossover point. Consequently it separates data
which originally fell on a single curve in the random deposition regime. We propose a
generalized scaling relation that yields a complete data collapse for large classes of non-
equilibrium growth processes based on the Family-Vicsek scaling relation. This new scaling
relation fixes the problem of data splitting that happens in the early time regime when
applying the Family-Vicsek scaling relation to systems with different sizes.

We also propose a new discrete lattice model which mimics surface growth. This model
is based on the famous Family model but has temperature dependent hopping rates. The
model fits the Edwards-Wilkinson equation much better than the Family model. Moreover,
the temperature of the model happens to be directly related to the diffusion constant of
the EW equation. This model therefore allows us to study how the surface relaxes after
a sudden change in temperature. Based on the Monte Carlo simulation of this model, we
find two major types of relaxation processes: a power-law decay in the correlated growth
regime and an exponential decay in the saturation regime. This result motivated us to
investigate two-time quantities related to the surface width for more general cases such
as systems described by linear or non-linear Langevin equations. The two-time quantities
studied include the correlation function and different response functions (that follow when the
system is subjected to different perturbations). We derived the exact form of the correlation
function and the response functions for the Edwards-Wilkinson and the Mullins-Herring
equations. Based on the different time regimes of the waiting time and the observation
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time, we extracted various asymptotic behaviors analytically, such us linear, power-law, and
exponential decay. When the surface is evolving within the correlated regime the two-time
quantities display a power-law decay and perfect data collapses for different waiting times can
be achieved. These properties indicate that the surface is aging. When the surface reaches
the saturation regime, we observe the time-translation invariance of two-time quantities
which further confirms that the surface is in the steady state regime. We also numerically
study the two-time quantities for the nonlinear KPZ equation. In that system aging is also
observed in the correlated growth regime. In order to be able to discuss the fluctuation-
dissipation theorem the system has to be perturbed in a way such that the changed quantity
is conjugated to the observable. We found that for the Edwards-Wilkinson equation the
diffusion constant is conjugated to the square of the width. Therefore, we are able to discuss
the fluctuation-dissipation relation for non-equilibrium growth for this case. Although the
resulting fluctuation-dissipation ratio provides a way to distinguish the different growth
regime, no general fluctuation-dissipation theorem can be expected in this way.

We also focused on two new quantities not previously studied in the present context: the
total slope squared G2 and the total curvature squared G4. G2 and G4 measure the difference
between local heights, whereas the surface width measures the difference between the local
height and the average height. This makes Gm a better measure for the roughness than the
surface width, since the latter overweights the roughness on plateaux and basins. Another
advantage for studying Gm is that Gm is defined in the Edwards-Wilkinson equation (m = 2)
and the Mullins-Herring equation (m = 4) as the effective Hamiltonian divided by the
diffusion constant ν. Therefore, this quantity allows us to study the fluctuation-dissipation
relation more directly than the square of the surface width. We first examined the exact
results of Gm for the linear Langevin equation. Three regimes, the random deposition regime
with linear growth, the correlated regime with algebraic growth, and the saturation regime,
are found. Unlike the surface width, Gm per area does not noticeably depend on the system
size. This is a good definition of roughness since one does not expect to measure a different
roughness when a material is cut into smaller pieces. Having a basic understanding ofGm, we
further investigated the two-time correlation function of Gm and the response function of Gm

by changing the diffusion constant ν. We obtained the exact solutions and the asymptotic
forms for both two-time quantities. Especially interesting cases are the exponential decay
in the saturation regime, which preserves the time-translation invariance, and the power-
law decay in the regime where lt � 1 and ls < 1/qmax. We found that the response
function is proportional to the correlation function both for the power-law decay and the
exponential decay cases (this kind of behavior is not found for the square of the width in the
power-law decay regimes). This result led us to study the fluctuation-dissipation relation
in more detail. The values of the fluctuation-dissipation ratio differentiate the steady state
from the non-equilibrium state. This might suggest to follow the traditional approach of
the fluctuation-dissipation relation for a non-equilibrium state, and to study the effective
temperature. Alternatively, one can introduce the dynamical activity as a correction term
to the correlation function. In this way, a generalized fluctuation-dissipation relation for
systems out of equilibrium can be derived. We followed the second approach and arrived
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at the result that the dissipation is equal to the corrected correlation fluctuation in the
linear response regime for any waiting time as long as the observation time is large enough.
For large perturbation, the generalized fluctuation-dissipation relation is valid when the
system is perturbed before entering the saturation regime. If the system is perturbed in the
saturation regime, the dissipation-fluctuation ratio approaches the ratio of the perturbed
and unperturbed diffusion constants.
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