
CHAPTER 7.  THE EFFECT OF VARIABILITY IN HYDRAULIC 
CONDUCTIVITY ON CONTAMINANT TRANSPORT THROUGH 

SOIL-BENTONITE CUTOFF WALLS 
 
 
7.1 Introduction 
 
 There are applications of barrier technology where the variability in hydraulic 
conductivity from point to point in the barrier, in addition to the average hydraulic 
conductivity of the barrier, is important.  Throughout this chapter, the following application 
will be referred to in order to demonstrate this point: use of a circumferential soil-bentonite 
cutoff wall to completely enclose a contaminated area of the ground, accompanied by 
groundwater extraction from within the enclosure to produce an inward hydraulic gradient. 
 
 In this common application, the purpose of the inward hydraulic gradient is to 
produce an inward advective flux that counteracts the outward diffusive flux of the 
contaminant inside the enclosure.  The outward diffusive flux is driven by the outward 
concentration gradient across the barrier.  The average hydraulic conductivity of the barrier 
is used in the design of this system.  The advection-diffusion equation is solved using the 
appropriate boundary conditions, the average hydraulic conductivity, and other necessary 
parameters such as effective diffusion coefficient, to determine the hydraulic gradient 
required to obtain a desired value of contaminant flux (often zero) through the barrier.  The 
key point here is that the average hydraulic conductivity of the entire barrier is used in a 
single calculation to set the hydraulic gradient across the entire barrier. 
 
 Now consider that there is variability in the point to point hydraulic conductivity of 
the barrier.  In some places, it is higher than the average, while in other places, it is less 
than the average.  In the places where the hydraulic conductivity is higher than the average, 
the inward advective flux is even more effective at counteracting the outward diffusive flux 
of the contaminant, compared to the prediction using the average hydraulic conductivity.  
Where the hydraulic conductivity is less than the average, the inward advective flux is less 
effective at counteracting the outward diffusive flux of the contaminant.  In these places, 
the contaminant is escaping the containment system at a higher rate than predicted.  The 
overall effect of variability in hydraulic conductivity, for this example, is that the flux of 
contaminant out of the barrier system is higher than predicted.  This point will be shown 
quantitatively in Section 7.4. 
 
 This chapter is divided into the following sections: 
 

Section 7.2 An experiment designed to demonstrate the effect of variability in hydraulic 
conductivity on contaminant transport is described. 

Section 7.3 Hydraulic conductivity data from soil-bentonite cutoff wall case histories is 
analyzed in terms of variability. 

Section 7.4 The effects of hydraulic conductivity variability on contaminant transport are 
described in a quantitative manner using the advection-diffusion equation, and 
a simple example is presented. 

Section 7.5 Chapter summary.
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7.2 Breakthrough Experiment 
 
 The experiment described in this section was designed to show the undesirable 
effect that variability in hydraulic conductivity can have if it is not accounted for in a 
contaminant transport analysis.  The experiment was designed to demonstrate this 
qualitatively, not quantitatively.  However, subsequent to running the experiment, a 
quantitative analysis was performed to better understand the results of the experiment. 
 
 The concept of the experiment is to have a specimen with a hydraulic gradient in 
one direction and a concentration gradient in the opposite direction, as is the case with a 
circumferential cutoff wall and an inward hydraulic gradient.  The specimen will be soil-
bentonite with the inclusion of a small silty sand defect.  Under a given set of 
concentration boundary conditions, the hydraulic gradient will be set so that the predicted 
flux through the specimen, based on calculations with the average hydraulic 
conductivity, is in the direction of the hydraulic gradient, or inward in the circumferential 
cutoff wall analogy.  Through the defect, the flux will indeed be in the direction of the 
hydraulic gradient.  Through the soil-bentonite, however, where the hydraulic 
conductivity is less than the average, the flux will be diffusion-dominated and will go 
against the hydraulic gradient, or outward in the circumferential cutoff wall analogy.  It is 
possible, under these conditions, to have a net flux against the hydraulic gradient.  The 
goal of the breakthrough experiment is to have a specimen under these conditions, and to 
make a measurement indicating that the net flux through the specimen is against the 
hydraulic gradient, due to diffusion where the hydraulic conductivity is less than the 
average. 
 

The specimen was connected to a high-concentration-reservoir on one side and a 
low-concentration-reservoir on the other.  Because it is difficult to directly measure the 
small values of flux that will prevail in this experiment, the concentration in the low-
concentration-reservoir will be measured.  If a flux is developed against the hydraulic 
gradient, in the direction of the concentration gradient, then the concentration in this 
reservoir will increase.  This is analogous to measuring an increase in contaminant 
concentration outside a circumferential cutoff wall with an inward hydraulic gradient. 
 
 The remainder of Section 7.2 is divided into seven parts. 
 

The first three parts describe the three phases of the breakthrough experiment: 
 
7.2.1 Phase 1: Initial set up and measurement of the soil-bentonite hydraulic conductivity, 
ksb. 
7.2.2 Phase 2: Creation of the defect and measurement of the average hydraulic 
conductivity of the specimen, kave. 
7.2.3 Phase 3: Establishment of the hydraulic and concentration gradients across the 
specimen and measurement of the concentration in the low-concentration-reservoir. 
 
The last four parts are: 
 
7.2.4 Factors influencing the results: Important factors influencing the results are discussed. 
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7.2.5 Diffusion test: A supplementary diffusion test was performed on a sample of soil-
bentonite from the same source as the sample used in the breakthrough experiment to help 
interpret the results of the breakthrough experiment. 
7.2.6 Analysis of the results: An analysis was performed subsequent to the experiment to 
help judge the reasonableness of the results. 
7.2.7 Summary. 

 
7.2.1 Phase 1 of the Breakthrough Experiment 
 

Figure 7-1 is a schematic diagram of the breakthrough experiment set-up, 
showing the conditions prevalent during Phase 3, but also useful in describing Phases 1 
and 2.  The 7.6-cm-diameter PVC cell was held to the plastic base using two C-clamps.  
A rubber gasket was placed between the cell and the base to prevent leakage.  A thin 
layer of silicone lubricant was applied to the cell, where the specimen would eventually 
be, to help prevent sidewall leakage during the experiment.  Several layers of a fine 
monofilament geotextile were placed at the bottom of the cell, in contact with the base.  
The purpose of the geotextile was to put the entire area of the bottom of the specimen in 
contact with the fluid in Line 1.  A piece of filter paper was placed on top of the 
geotextile.  Soil-bentonite was then placed above the filter paper.  The soil-bentonite was 
composed of 3% bentonite and 97% Bedding Sand by weight, with Price's Fork water 
(PFW) as pore water (water content = 36%).  The soil-bentonite was rodded while being 
placed in thin lifts to remove any entrapped air.  Once all the soil-bentonite was placed, a 
piece of filter paper was placed on top of the soil-bentonite, and several layers of 
monofilament geotextile were placed above that.  Above the upper layer of geotextile was 
placed a 0.25-inch-thick, 2.9-inch-diameter piece of stiff acrylic with 13, 0.125-inch-
diameter holes drilled through it.  A PVC pipe was placed above the stiff acrylic, as 
shown in Figure 7-1, and a steel weight was placed above that.  The purpose of the stiff 
acrylic was to evenly transfer the weight of the steel surcharge to the specimen, while the 
holes were for improved connectivity of the fluid above and below the acrylic.  The cell 
was partly filled, to a level below the steel weight, with PFW, and the soil-bentonite was 
allowed to consolidate under the stress of approximately 1.5 kPa. 
 
 After consolidation to a specimen height, L, of 1.22 cm, a falling head test was 
performed to measure the hydraulic conductivity of the soil-bentonite.  Line 1 was 
connected to a burette.  Under a small head, Line 2 was opened and PFW was flushed 
through the bottom of the system, through the lower geotextile beneath the specimen, to 
remove air from the system.  Then, with Line 2 closed, an excess head was applied to the 
burette connected to Line 1, above the head in the cell, which was maintained at a 
constant level.  In this way a falling head test was performed with upward flow through 
the soil-bentonite.  The steel weight remained applied to the specimen during the test, and 
the excess head applied to the bottom of the specimen was kept well below the value that 
would cause a zero-effective-stress condition in the specimen.  The measured hydraulic 
conductivity of the soil-bentonite specimen was 4 × 10-7 cm/s. 
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7.2.2 Phase 2 of the Breakthrough Experiment 
 

To create the defect, the top of the specimen had to be exposed.  The steel weight, 
PVC pipe, acrylic, geotextile, and filter paper were all removed from above the soil-
bentonite.  The defect, as shown in Figure 7-1, was installed right next to the PVC cell.  
The defect consisted of silty sand compacted into a plastic tube and installed in the soil-
bentonite specimen.  The purpose of the plastic tube was to prevent lateral movement of 
sodium chloride during Phase 3 of the experiment.  Near the top of the specimen, silty 
sand (instead of soil-bentonite, which would have been more appropriate) was used to 
plug small gaps between the top of the plastic tube and the soil-bentonite. 
 
 After the defect was created, the filter paper, geotextile, acrylic, PVC pipe, and 
steel weight were all reapplied and the average hydraulic conductivity of the specimen 
was measured in the same way as the soil-bentonite hydraulic conductivity in Phase 1.  
The average hydraulic conductivity was 1.1 × 10-5 cm/s.  This corresponds to a defect 
transmissivity, defined as defect hydraulic conductivity times defect area, of 4.8 × 10-4 
cm3/s.  With the defect area of 0.25 cm2, this gives a defect hydraulic conductivity of 2 × 
10-3 cm/s, which is a reasonable value for the silty sand. 
 
7.2.3 Phase 3 of the Breakthrough Experiment 
 
 In this phase of the experiment, a sodium chloride (NaCl) concentration of 1.58 
g/L was established above the specimen, and a NaCl concentration of 82 g/L was 
established below the specimen, creating an upward concentration gradient.  The head 
difference across the specimen was set so that there was a downward hydraulic gradient 
of 2.46.  Under these constant conditions, and with L = 1.22 cm, porosity = n = 0.47 
(measured after the experiment), and effective diffusion coefficient = D* = 3.5 × 10-6 
cm2/s (measured in the diffusion test described in 7.2.5), the steady state concentration 
profile through the specimen was evaluated using the average hydraulic conductivity and 
the advection-diffusion equation (Eq. 7-1).  The result is shown in Figure 7-2.  Also 
shown is the concentration profile evaluated using the soil-bentonite hydraulic 
conductivity.  If there was no knowledge of the defect, the steady state flux through the 
specimen would be evaluated as downward, according to calculations with the average 
hydraulic conductivity.  However, in the soil-bentonite itself, the calculated flux is 
actually upward, due to the low hydraulic conductivity of the soil-bentonite.  This means 
there would be NaCl transport in the upward direction, and this is the result anticipated in 
Phase 3 of the breakthrough experiment. 
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Figure 7-2.  Theoretical steady state concentration profiles in the breakthrough experiment
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 The NaCl solutions for the experiment were made by adding NaCl to PFW.  NaCl 
was chosen as the tracer because it does not adsorb to the soil-bentonite1, it is easy to 
handle, it is inexpensive, and it is easy to measure.  NaCl concentration is related to the 
electrical conductivity of the solution.  In the breakthrough experiment, NaCl 
concentration was evaluated by measuring electrical conductivity with a conductivity 
probe.  An important part of this operation was to subtract the baseline conductivity due 
to the ions in the PFW, so that the conductivity caused by these ions is not interpreted as 
a NaCl tracer concentration.  Because the PFW is well water, there is a significant 
amount of calcium and magnesium that influences its electrical conductivity.  It was 
necessary to use PFW as the base water for the NaCl solutions, because it is PFW that 
was used to mix the soil-bentonite, and a consistency was desired between the base water 
for the tracer solutions and the pore water in the soil-bentonite.  This way there is a 
common baseline electrical conductivity due to the ions in the PFW, above which the 
NaCl concentration could be evaluated. 
 

Line 1 was connected to a large reservoir with concentration CB = 82 g/L.  This 
solution was flushed through the geotextile beneath the specimen by opening Line 2.  
After this flushing, Line 2 was closed.  An electrical conductivity probe was placed in the 
PVC cell, which held a solution of CT = 1.58 g/L above the specimen.  The probe rested 
on top of the acrylic.  A head difference of 3 cm was set between the two solutions above 
and below the specimen, inducing a downward hydraulic gradient of 2.46.  At this point, 
the initial conditions for Phase 3 were set.  The concentration above the specimen was 
evaluated with time by relating the electrical conductivity measurements from the probe 
to NaCl concentration. 
 
 With the steel weight and conductivity probe in the way, it was not feasible to 
prevent evaporation of the solution from the top reservoir.  To maintain the head in the 
top reservoir, a solution of 1.6 g/L NaCl in PFW was added when needed.  The large 
reservoir holding CB was closed to the atmosphere, so evaporation was not an issue. 
 
 The flow through the specimen under the constant hydraulic gradient was 
calculated to be 4.4 ml/hr.  To maintain the head in the large reservoir holding CB, a 
volume of the solution was removed at discrete times during the test.  The average flow 
rate through the specimen, calculated from this volume removal over time, was 4.6 ml/hr, 
which is in good agreement with the calculated value.  This flow rate is predominantly 
through the defect. 
 
 The concentration in the top reservoir was measured over the course of 
approximately 55 hours, as shown in Figure 7-3.  The solution in the top reservoir was 
stirred before measurement was made.  After 19 hours, Line 2 was opened to allow for 
circulation of the solution CB in the geotextile beneath the specimen.  This operation was 
performed on average every 9 hours, and was done in such a way as to maintain the 
hydraulic gradient across the specimen. 

                                                           
1 This was confirmed by performing batch equilibrium tests with NaCl and soil-bentonite, described in 
Appendix C. 
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Figure 7-3.  Results of breakthrough experiment and analysis
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 Figure 7-3 shows that the measured NaCl concentration above the specimen 
increased with time.  At the beginning of this section, an upward flux of NaCl was 
predicted, from calculations with the advection-diffusion equation, through the soil-
bentonite in the specimen (see Figure 7-2).  An upward flux through the soil-bentonite 
would cause an increase in the top reservoir concentration.  While this mechanism 
contributes to the measured increase in top reservoir concentration, there are other 
significant mechanisms in the experiment that must be considered, as described in the 
next section. 
 
7.2.4 Factors Influencing the Results of the Breakthrough Experiment 
 
 There are several factors making the conditions in this experiment different from 
those in Figure 7-2.  The theoretical rate of increase in concentration above the specimen 
is 0.068 g/L/hr, based on the steady state flux through the soil-bentonite shown in Figure 
7-2, the area of the soil-bentonite, and the volume of the top reservoir2.  The increase in 
concentration in the breakthrough experiment after 30 hours, when significant 
breakthrough is assumed to have occurred (see 7.2.6), is not linear, and is on average 
approximately an order of magnitude less than 0.068.  The following five factors may 
account for the difference between the increase in concentration from 1) the simple 
calculation above from the idealized conditions in Figure 7-2 and 2) the measured values 
in the experiment, where conditions were complex and far from ideal. 
 

1. The first factor is that the concentration above the specimen was allowed to vary, 
which was necessary in order to gain information about NaCl transport through 
the specimen.  The significance of this factor is not great, however.  The increase 
in CT(t) was very small compared to the 82 g/L NaCl beneath the specimen, so for 
practical purposes, the constant concentration boundary condition shown in 
Figure 7-2 applies. 

 
2. There was evaporation of water from the top reservoir.  As pure water evaporated, 

a solution at concentration 1.6 g/L NaCl was added to maintain the upgradient 
head.  For a constant evaporation rate, this leads to a linear increase in 
concentration.  The dashed line in Figure 7-3 shows the linear increase in 
concentration for an evaporation rate of 0.005 cm/hr.  This linear increase in 
concentration at early times makes sense, since the NaCl has not yet broken 
through the specimen from below.  After the breakthrough experiment was 
finished, evaporation measurements were made for a 1.65 g/L NaCl solution in 
PFW in the same room where the breakthrough experiment was performed.  The 
measured rate was 0.004 cm/hr, which is close to and therefore justifies the rate of 
0.005 inferred from the early concentration measurements in the breakthrough 
experiment. 

 

                                                           
2 This was calculated by multiplying the steady state flux through the soil-bentonite shown in Fig. 7-2 by 
the cross-sectional area of the soil-bentonite in the specimen, and dividing by the volume of solution in the 
top reservoir. 
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3. As the NaCl concentration in the soil-bentonite increases, the hydraulic 
conductivity of the soil-bentonite may increase.  This results in an increased 
advective flux of NaCl downward through the soil-bentonite, countering the 
upward diffusive flux.  The degree of increase in the hydraulic conductivity of the 
soil-bentonite is unknown3.  No conclusion can be drawn from the calculated 
versus measured flow rates through the specimen, because this flow rate is 
dominated by the defect. 

 
4. The fourth factor has to do with the closed nature of the experiment set up.  While 

there is an upward flux through the soil-bentonite, there is also a downward, 
advection-dominated flux of the top solution through the defect.  This has two 
effects, one on the top concentration and one on the bottom concentration. 

 
a. Top concentration: 

 
i. As the top solution at concentration CT(t) flows downward through the 

defect, an equal volume of solution at 1.6 g/L is added.  As 1.6 is less than 
CT(t) for t > 0, this reduces the concentration above the specimen. 

 
ii. The concentration above the specimen in the reservoir is not uniform in-

between stirring.  In-between stirring, the concentration is higher in the 
geotextile directly above the specimen than it is above the acrylic, because 
the NaCl that diffuses through the soil-bentonite also has to diffuse 
through the holes in the acrylic.  As a result of this concentration profile 
in-between stirring, with concentration increasing with depth in the 
reservoir, the concentration boundary condition directly above the defect 
is higher than the average concentration in the reservoir, which tends to 
reduce diffusive flux through the specimen. 

 
b. Bottom concentration.  The effect of the downward flux through the defect on 

the concentration beneath the specimen is one of dilution.  The concentration 
CT(t) flowing downward is much less than the bottom concentration in the 
large reservoir, 82 g/L, so the concentration directly beneath the specimen, in 
the relatively small volume of the geotextile and Line 1, is diluted below 82 
g/L.  This has the effect of reducing the concentration gradient and 
corresponding diffusive flux upward through the soil-bentonite.  The flushing 
procedure described above was started when this effect was hypothesized 
during the test, after 19 hours had already passed.  While the flushing most 
likely restored the concentration beneath the specimen to 82 g/L, it is also 
likely that this concentration decreased in-between the 9-hour flushing 
intervals.  The degree of this decrease in the bottom concentration boundary 

                                                           
3 Two soil-bentonite/sodium chloride compatibility tests are described in Appendix D.  These tests were 
performed on a 1% bentonite soil-bentonite, so the results are not directly applicable to the breakthrough 
experiment (the compatibility test specimens were also consolidated and tested with higher effective 
pressures).  The results of one compatibility test indicate a roughly 55% increase in hydraulic conductivity 
due to a NaCl concentration of 82 g/L. 
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condition is unknown.  It should be noted that the concentration in the bottom 
reservoir did not drop significantly below 82 g/L at any time due to the large 
size of the reservoir. 

 
5. The effect of the silty sand used to plug small gaps between the top of the plastic 

tube and the soil-bentonite was to increase the hydraulic gradient near the plastic 
tube.  This is because the head in the silty sand was approximately equal to the 
head in the top reservoir due to the large difference between soil-bentonite and 
silty sand hydraulic conductivity.  The result is an increased advective flux 
downward at this point, countering the upward diffusive flux. 

 
Of the five factors described above, only evaporation tends to increase the top 

reservoir concentration.  All the other factors tend to inhibit an increase in the reservoir 
concentration.  This is an important point.  It means that any increase in concentration, 
above that due to evaporation, is due to an upward diffusive flux through the soil-
bentonite, which is what the experiment is trying to show. 
 
 An effort was made to include the above factors in the analysis described in 7.2.6.  
Two factors could not be incorporated: 4.a.ii and 5.  Only the relative importance of 
factors 3 and 4.b could be investigated due to the unknowns associated with these factors.  
The analysis was suitable for handling the remaining factors: 1, 2, and 4.a.i. 
 
7.2.5 Diffusion Test 
 
 A diffusion test was performed to help interpret the results of the breakthrough 
experiment.  A 4-inch-diameter compaction mold permeameter was used with a 0.125-
inch-thick piece of rubber on top of the base and a thick rubber membrane stretched to fit 
inside the mold.  A soil-bentonite sample was taken from the same source that the 
breakthrough experiment sample was taken from.  The soil-bentonite was placed in the 
mold, above the rubber bottom, and rodded to remove entrapped air.  With the piece of 
rubber directly beneath the specimen and the membrane between the specimen and the 
mold, there was no contact between soil-bentonite and metal.  The rubber at the bottom 
produced a no flux boundary condition.  After forming the specimen, a consolidation 
pressure of 1.5 kPa was applied. 
 
 After consolidation was completed, the pressure was removed and a height of 
PFW equal to 5 cm was placed above the specimen.  The electrical conductivity of this 
top reservoir was monitored until it became steady, which took approximately 5 days.  At 
this time, a mass of NaCl was added to the top reservoir and mixed, creating a 
concentration of 40 g/L.  This concentration was used because it is roughly the average of 
the top and bottom concentrations in the breakthrough experiment.  At different times, 
the NaCl concentration in the top reservoir was evaluated by measuring the electrical 
conductivity in the reservoir, and subtracting out the conductivity of the PFW.  In-
between measurements, the top of the permeameter was screwed down above the mold to 
eliminate evaporation. 
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 The normalized reservoir concentration, which is the concentration in the 
reservoir (C) divided by the initial concentration (C0), is plotted versus time in Figure 7-
4.  Also shown in the figure are theoretical curves from the computer program POLLUTE 
for different effective diffusion coefficients, D*.  The height of the specimen was 8.9 cm 
and its porosity, measured after the test, was 0.48.  There was no hydraulic gradient 
across the specimen.  The bottom boundary condition was no flux and the top boundary 
condition was "finite mass" (POLLUTE, 1994), that is, no mass was added after the 
initial mass at time zero, and the reservoir volume remained constant.  The decrease in 
concentration in the reservoir is due to diffusion into the soil-bentonite. 
 
 The measured concentration curve does not follow a single D* curve.  At early 
times, D* values of 1 × 10-6 or 2 × 10-6 cm2/s are indicated, and at later times, values 
between 3 × 10-6 and 4 × 10-6 are indicated.  A possible explanation for this is that, as the 
concentration in the soil-bentonite increases, the bentonite tends to flocculate and the 
pathways available for diffusion in the soil-bentonite may become less tortuous.  In the 
breakthrough experiment, the value of D* desired for the analyses corresponds to the 
steady state condition, so a value of 3.5 × 10-6 cm2/s, evaluated near the end of the 
diffusion test, was selected as a representative value.  This value is in the range of typical 
values for NaCl diffusing through soils presented in Shackelford (1988). 
 
7.2.6 Analysis of Breakthrough Experiment 
 
 After the breakthrough experiment and diffusion test were completed, an analysis 
of the conditions in the breakthrough experiment was performed.  Due to the 
uncertainties in the testing conditions described above, and the simplifications used in the 
analysis described below, it was not expected that the analysis would predict exactly the 
concentration versus time measured in the cell reservoir.  The goals of the analysis were 
simply to evaluate the reasonableness of the cell reservoir concentration measurements 
and to evaluate the relative importance of the factors influencing the reservoir 
concentration. 
 
 The analysis set-up is shown in Figure 7-5.  The goal is to derive an equation for 
the concentration in the cell reservoir as a function of time, CT(t).  The concentration 
starts at CT,initial, and then changes with time due to the fluxes j1, j2, and j3, all expressed in 
mass per time.  Flux j1 is from the solution at concentration 1.6 g/L added to the reservoir 
to maintain the volume and head in the reservoir, both of which tend to decrease due to 
flow through the specimen and evaporation.  The flux through the soil-bentonite is j2.  It 
is the steady state flux calculated from the advection-diffusion equation.  As a result, time 
zero for the analysis is when the flux through the soil-bentonite reaches a nearly steady 
value.  The adjective "nearly" is used because the flux never quite reaches a true steady 
value; as CT(t) changes, the flux through the soil-bentonite changes.  The simplifying 
approximation made here is that the steady state solution for the flux from the advection-
diffusion equation may be used for j2, with the reservoir concentration expressed as a 
function of time, CT(t), in the solution.  This is a reasonable approximation, since the  
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Figure 7-4.  Diffusion test results
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 Cell reservoir volume = V = 174 ml j1 = q1 (1.6 g/L) 
 
 
 ji = flux in mass per time 
 h q3 = flow rate through 
 specimen (approximately 
 flow rate through defect) 
 Soil-bentonite Defect q1 = q3 + E A 
 CB E = evaporation rate in 
 reservoir 
 j2 = steady state flux through soil-bentonite j3 = -q3 CT(t) A = area of soil-bentonite 
 = - [A vs n (CB – CT(t) ePe)] / [1 – ePe] and cell 
Note: vs and q3 > 0 vs = ksb i / n 
 i = hydraulic gradient 
Governing differential equation: V [dCT(t) / dt] = j1 + j2 + j3 n = porosity 
 Pe = vs L / D* 
Solution:  CT(t) = M + e(N t) (CT,initial – M) 
 
 V vs n CB – j1 h (1 – ePe) V vs n ePe – q3 h (1 – ePe) 
M = N = 
 V vs n ePe – q3 h (1 – ePe) V h (1 – ePe) 

 

CT(t) 

Figure 7-5.  Definition sketch for analysis of breakthrough experiment 
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value of the steady state flux barely changes over the relatively small range in which 
CT(t) varies in the experiment.  The flux through the defect is j3, which is dominated by 
advection due to the relatively high hydraulic conductivity of the defect.  The equations 
used to calculate all three fluxes are shown in Figure 7-5.  In addition, the differential 
equation describing CT(t) and its solution are shown in the figure. 
 
 The results of the analysis for five different cases are shown in Figure 7-3.  In the 
experiment, significant breakthrough appears to have occurred at approximately 30 hours, 
when the concentration began increasing above that due to evaporation alone.  
Theoretically, under diffusion-dominated conditions, breakthrough would not occur 
abruptly, but would instead occur gradually over time.  From theoretical considerations 
using the advection-diffusion equation and a range of potential conditions existing in the 
experiment, a significant, measurable amount of breakthrough is predicted at 30 hours.  
In the analysis of the five cases, time zero was taken at the real time of 29.75 hours into 
the experiment, when the concentration in the top reservoir was 1.65 g/L.  The baseline 
case, Case 1, was analyzed using the values of ksb, D*, L, hydraulic gradient i, and n 
shown in Figure 7-2.  In the other four cases, the influences of the soil-bentonite 
hydraulic conductivity and the bottom concentration are investigated.  In Cases 2 and 3, 
CB is held constant and ksb is increased by 2 times and 5 times.  In Case 4, ksb is held 
constant and CB is decreased by 25%.  The decrease in CB is to simulate the dilution 
effect discussed above.  Finally, in Case 5, ksb is increased by 2 times and CB is decreased 
25%.  There is nothing special about the magnitudes of the increases and decreases used 
in the different cases.  What is important is that the shapes of the curves are similar to the 
shape of the measured curve; and it seems reasonable that the measured data could be 
explained by some reasonable combination of ksb and CB other than 4 × 10-7 cm/s and 82 
g/L, in addition to the other factors influencing the top reservoir concentration that could 
not be quantified in this analysis.  The analyses show that the top reservoir concentration 
varies over a large range assuming reasonable variations in ksb and CB. 
 
 
7.2.7 Summary 
 
 An experiment was performed with hydraulic and concentration gradients in 
opposite directions across a soil-bentonite specimen with a defect.  Based on calculations 
with the average hydraulic conductivity of the specimen, the predicted flux was in the 
direction of the hydraulic gradient.  However, in the soil-bentonite, where the hydraulic 
conductivity is less than the average value, diffusion dominated the tracer transport and 
the net flux through the entire specimen was actually against the hydraulic gradient.  The 
analogy to this experiment is a circumferential cutoff wall with an inward hydraulic 
gradient and variability in hydraulic conductivity.  Measuring an increase in the 
concentration in the low-concentration-reservoir in the experiment is analogous to 
measuring an increase in the contaminant concentration outside the circumferential cutoff 
wall. 
 
 In the breakthrough experiment, an increase in concentration was measured in the 
low-concentration-reservoir, above that due to evaporation.  All the other factors 
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described in 7.2.4 tend to inhibit an increase in this concentration.  As a result, the 
measured increase in concentration in this reservoir indicates a net upward diffusive flux 
through the specimen, which was the goal of the experiment.  In addition, a diffusion test 
was performed to measure the effective diffusion coefficient of the soil-bentonite, and an 
analysis was performed to judge the reasonableness of the breakthrough experiment 
results.  The analysis showed that the shape of the measured concentration curve is 
reasonable, and furthermore, the expected magnitude of the curve varies greatly assuming 
reasonable variations in ksb and CB. 
 
 
7.3 Analysis of Hydraulic Conductivity Data from Case Histories 
 
 In order to consider the effect of variability in hydraulic conductivity on 
contaminant transport, as is done theoretically in Section 7.4, an estimate of the degree of 
variability is required.  There are many sources of variability in the hydraulic 
conductivity of soil-bentonite cutoff walls, as discussed in Chapter 2, and it is not 
possible to know the true degree for a cutoff wall.  An estimate of Type 1 variability 
(variability in the soil-bentonite itself) may be made by measuring the variability in 
hydraulic conductivity of grab samples taken during construction of the cutoff wall.  In 
this section, the data from the four case histories presented in Chapter 2 are analyzed4. 
 
 This section is divided into three parts: 
 

7.3.1 Investigation of the logNormal distribution as a fit for the hydraulic conductivity data. 
7.3.2 Calculation of statistical parameters such as the mean and standard deviation to 
describe the degree of variability from the grab samples. 
7.3.3 Conclusions and summary. 

 
7.3.1 Investigation of the LogNormal Distribution as a Fit to the Hydraulic 
Conductivity Data 

 
A visual inspection of the goodness of fit of the logNormal distribution may be 

made by looking at the histograms of the data presented in Chapter 2.  Figures 2-3 
through 2-6 show the histograms of the k data and –log k data for the four case histories 
described in Chapter 2.  From this simple inspection, the Normal distribution of –log k 
appears to fit better than the Normal distribution of k.  It can be seen that all the Normal 
distributions of k are skewed to the right. 

 
The Kolmogorov-Smirnov (KS) one-sample test (see McCuen, 1985) was 

performed for each case history data set to test the null hypotheses that the hydraulic 
conductivity can be described by 1) a Normal probability density function (pdf) and 2) a 
logNormal pdf.  Instead of testing a data set against two null hypotheses, each data set of 
k was transformed into a data set of negative logarithm of k, (-log k), and both of these 
data sets were tested against the same null hypothesis: the data can be described by a 

                                                           
4 An effort was made to gather more data from Superfund site case histories.  While Superfund site 
information is open to the public, this particular type of data was found to be inaccessible. 
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Normal pdf.  If the data set -log k can be described by a Normal pdf, then the data set k 
can be described by a logNormal pdf.  Also, each individual measurement of hydraulic 
conductivity from the grab samples is assumed to be independent of all the other 
individual measurements. 
 
 The test statistic used in the KS test is D, which equals the maximum absolute 
difference between the cumulative probability function (cpf) of the data set and the cpf of 
the Normal pdf.  The idea is this: if D is relatively large, then there is a large difference 
between the data set cpf and the Normal cpf, and therefore the Normal pdf is not suitable 
for describing the data set pdf.  To make this determination, D is compared to a critical 
value of the test statistic, Dα, which is a function of the level of significance, α, and the 
data set size, N.  If D is greater than Dα, then the Normal pdf should be rejected as a good 
fit to the data set. 
 

For these analyses, α = 5%.  This means there is a 5% probability of rejecting the 
Normal pdf as a good fit when, in fact, the Normal pdf is a good fit.  For the same level 
of significance, Dα decreases as N increases.  This results in a lower value of D required 
to declare the Normal pdf a good fit.  This is because, as the number of samples in a data 
set increases, the difference between the data set cpf and the Normal cpf should decrease, 
if indeed the Normal pdf is a good fit. 

 
The computer program SPSS 8.0 (SPSS Inc., 1997) was used to perform the KS 

tests.  The results are shown on the right hand side of Table 7-1.  By comparing the 
values of D and Dα, the question "reject Normal distribution?" is answered in the last 
column of the table.  If D > Dα, then the null hypothesis that the Normal distribution is a 
good fit to the data is rejected. 
 
7.3.2 Statistical Parameters from the Case History Data Sets 
 
 Three statistical parameters were calculated for each data set: 1) the average 
value, 2) the standard deviation, and 3) the coefficient of variation which equals the 
standard deviation divided by the average.  These three parameters were calculated for 
both the k and –log k data sets in each case history, and are shown in Table 7-1. 
 
7.3.3 Conclusions and Summary 
 
 Both the Normal and logNormal distributions were tested as fits to the hydraulic 
conductivity data from the case histories.  From inspection of the histograms of the data, 
the logNormal distribution appears to be the better fit.  The results of the KS tests also 
favor the logNormal distribution over the Normal distribution.  As seen in Table 7-1, the 
test statistic for the –log k data is always less than that of the k data.  For only one data set 
was the logNormal distribution rejected, while the Normal distribution was rejected for 
three data sets. 
 
 The range of values of standard deviation of –log k is 0.2 to 0.3.  This range may 
be used as a guideline for the variability of field-mixed soil-bentonite. 
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Table 7-1.  Results of statistical analyses on case history hydraulic conductivity data sets 
 Kolmogorov-Smirnov 

test results(1) 
Reference and 
data set(2) 

Number 
of 

samples, 
N 

Average 
value of 
samples 

Standard 
deviation 

of 
samples 

COV(3) D(4) Dα
(5) Reject 

Normal 
distribu
-tion? 

Barvenik and 
Ayres (1987): 

       

    k 68 1.0×10-7 9.5×10-8 0.95 0.222 Yes 
    -log k  7.1 0.32 0.035 0.113 

0.16 
No 

Hayward Baker 
(1988): 

       

  Flexible-wall 
  tests 

       

    k 55 1.5×10-8 1.5×10-8 0.93 0.336 Yes 
    -log k  7.9 0.30 0.030 0.244 

0.18 
Yes 

  Rigid-wall tests        
    k 33 1.5×10-8 7.8×10-9 0.52 0.259 Yes 
    -log k  7.9 0.19 0.019 0.220 

0.23 
No 

Koelling et al. 
(1997): 

       

    k 15 3.0×10-8 1.7×10-8 0.57 0.297 No 
    -log k  7.6 0.23 0.024 0.196 

0.34 
No 

Zamojski et al. 
(1995): 

       

    k 54 2.2×10-8 9.2×10-9 0.42 0.129 No 
    -log k  7.7 0.16 0.016 0.065 

0.19 
No 

Notes: 
1. The test distribution is Normal. 
2. The data sets were analyzed in terms of 1) hydraulic conductivity, k (cm/s) and 2)      

-log k. 
3. Coefficient of variation = standard deviation divided by average. 
4. Test statistic = maximum absolute difference between the cumulative probability 

function of the sample and the cumulative probability function of the Normal 
probability density function. 

5. Critical value of test statistic for 5% level of significance and respective sample size. 
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7.4 Theoretical Effect of Variability in Hydraulic Conductivity on Contaminant 
Transport 
 
 In this section, the advection-diffusion equation is used to quantitatively show the 
effect of variability in hydraulic conductivity on contaminant transport through cutoff 
walls.  The section is divided into six parts: 
 

7.4.1 Problem definition. 
7.4.2 Analysis procedure. 
7.4.3 Analysis results, including graphical solutions. 
7.4.4 Example to illustrate the use of the graphical solutions. 
7.4.5 Discussion of important approximations used in the analysis procedure. 
7.4.6 Summary. 

 
7.4.1 Problem Definition 
 

The conditions of the problem that was solved are as follows.  It is convenient to 
think of a circumferential cutoff wall containing contaminated groundwater on the inside, 
although the solutions to this problem may fit other applications as well. 
 

1.  The cutoff wall has a distribution of hydraulic conductivity values that can be 
described by a logNormal pdf, which is equivalent to a distribution of –log k values 
that can be described by a Normal pdf.  The problem was solved in terms of the 
standard deviation of the –log k values and the mean of the hydraulic conductivity 
values, not the mean of the –log k values.  The mean of the hydraulic conductivity 
values was chosen as a problem variable because this is a value that can be measured 
for a circumferential cutoff wall. 
 
2.  It is assumed that the width, B, effective diffusion coefficient, D*, and porosity, n, 
of the cutoff wall are constant.  While B, D*, and n may vary, they are not expected to 
vary as much as the hydraulic conductivity of the cutoff wall.  For fine-grained soils, 
the hydraulic conductivity may range between three or four orders of magnitude.  In 
comparison, Rabideau (1995) stated that the "observed range for diffusion 
coefficients is small for saturated fine-grained soils" (10-6 – 10-5 cm2/s). 
 
3.  The initial concentration of contaminant in the cutoff wall is zero.  Inside the 
cutoff wall, the concentration is constant at c0.  Outside the cutoff wall, the 
concentration is constant at zero.  This is the perfect flushing boundary condition. 
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4.  The one-dimensional advection-diffusion equation (Eq. 7-1) describes the 
contaminant concentration in the cutoff wall as a function of position and time.  
Lateral dispersion of the contaminant within the cutoff wall is therefore not modeled. 

 
 ∂c ∂c ∂2c 
 R = -vs + D* (7-1) 
 ∂t ∂x ∂x2 
 

where c = concentration, t = time, x = position within cutoff wall, vs = k i / n = 
seepage velocity through cutoff wall, i = hydraulic gradient across cutoff wall, n = 
porosity, D* = effective diffusion coefficient, and R = retardation factor. 

 
7.4.2 Analysis Procedure 
 

Eq. 7-1 can be expressed in dimensionless form as Eq. 7-2 below. 
 
 ∂C ∂C ∂2C 
  = -Pe +  (7-2) 
 ∂T ∂X ∂X2 
 

where C = c/c0, T = (t D*) / (R B2), X = x/B, and Pe = Peclet number = (vs B) / D*. 
 
 The initial and boundary conditions are as follows. 
 
 C(X,0) = 0 
 C(0,T) = 1 
 C(1,T) = 0 (7-3) 
 

The parameter of primary interest in this analysis is the total flux through the 
cutoff wall, J.  Both the steady state flux and the flux as a function of time are desired.  In 
this analysis, the flux is normalized by the flux that would occur across the cutoff wall 
due to diffusion only, JD* (Eq. 7-4).  This is the flux that would prevail if there was no 
hydraulic gradient across the cutoff wall.  By inducing an inward hydraulic gradient 
through a circumferential cutoff wall, the goal is to reduce the outward flux due to 
diffusion.  By normalizing the flux by JD*, the effectiveness of the inward hydraulic 
gradient can be evaluated as a function of the mean Pe and the degree of variability in 
hydraulic conductivity. 
 
 JD* = (n D* c0) / B (7-4) 
 
 Solving Eq. 7-2 with the initial and boundary conditions in Eqs. 7-3 yields the 
following two expressions for the flux across the cutoff wall at X = 1, or x = B.  The 
expressions are for the normalized flux, J/JD*.  Eq. 7-5 is for the steady state condition 
and Eq. 7-6 is for the flux as a function of time.  Eq. 7-6 was previously presented by 
Rabideau and Khandelwal (1998). 
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 exp(Pe) 
 J/JD* = Pe (7-5) 
 exp(Pe) - 1 
 
 ∞ 
 α (-1)m m2 
 J/JD* = exp(α) + 2 π2 exp( -(α2 + m2 π2) T) (7-6) 
 sinh(α) α2 + m2 π2 

 m = 1 
 

where α = Pe/2 and sinh is the hyperbolic sine. 
 
 Eqs. 7-5 and 7-6 do not work when Pe = 0; this is a singular point for the flux 
functions.  When Pe = 0 in Eq. 7-5, the denominator, exp(Pe) – 1, goes to zero.  If Pe = 0, 
the correct value of J/JD* at steady state is 1.  In Eq. 7-6, the term α / sinh(α) is undefined 
when Pe = 0.  The computer program POLLUTE was used to evaluate the flux as a 
function of time for the case of Pe = 0, or pure diffusion. 
 
 If there is no variability in hydraulic conductivity, then the above expressions for 
the flux across the cutoff wall at X = 1 can be used.  However, Eqs. 7-5 and 7-6 do not 
apply when there is such variability.  In this case, the solution procedure is outlined as 
follows.  If the entire area of the cutoff wall is divided into many small incremental areas, 
then each incremental area will have a hydraulic conductivity such that the population of 
all the hydraulic conductivity values follows a certain pdf, such as the logNormal 
distribution.  At any time, or at steady state, the flux through each incremental area can 
be calculated.  Multiplying each flux by its corresponding area, adding all of these 
products together, and dividing by the total area of the cutoff wall, yields the area-
weighted flux through the cutoff wall.  This area-weighted flux is the total mass of 
contaminant passing through the total area of the cutoff wall per unit of time, and is the 
ultimate parameter of interest in this analysis.  This solution procedure, outlined in this 
paragraph, is described in detail below. 
 
 It is desired to calculate the normalized flux, J/JD*, as a function of mean Peclet 
number, mean Pe, and standard deviation of –log k = σ.  Figure 7-6 helps describe the 
solution procedure, which consists of seven steps. 
 

1. The Normal pdf of –log k is calculated for the given value of σ and any value of 
mean (-log k) = µ.  (The reason that any value of µ is usable is given in step 5.)  A 
plot of this Normal pdf is shown in Figure 7-6. 
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For a given σ and mean Pe:
1. Plot Normal density function of (-log k) for σ and any  µ.
2. Divide area under density function into small areas, ai.
3. Convert (-log k)i values to ki values.
4. Calculate mean k = Σ ki ai / A.
5. Pe,i = ki (mean Pe) / (mean k).
6 a. (J / JD*)i = Pe,i exp(Pe,i) / (exp(Pe,i) - 1) at steady state.

(J / JD*)i = exp(αi)
αi

s inh(αi)
2 π2

(-1)m m2

αi
2 + m2 π2

exp( -(αi
2 + m2 π2) T)+

m

6 b.

at time T, with αi = Pe,i / 2.

7.   J / JD* = Σ (J / JD*)i ai / A.

Figure 7-6.  Solution procedure for evaluating the influence of variability in hydraulic conductivity on the flux through a barrier
µ
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2. The area under the pdf from µ – 4 σ to µ + 4 σ is divided into small areas, ai, as 

shown in the figure.  It was found that the difference in the results between 
dividing the area into 41 intervals of equal ∆(-log k) and dividing the area into 
1,001 intervals was insignificant, so 41 intervals were used in these analyses.  The 
value of ai equals ∆(-log k)i times the mean value of the probability density 
function corresponding to the interval ∆(-log k)i, as shown in the figure.  
Summing all the ai values equals 1. 

 
3. The (-log k)i values are converted to ki values.  At this point, it is useful to think of 

the ai values as areas in a cutoff wall, of total area A = Σai = 1, that have various 
values of ki, distributed amongst the areas according to the logNormal 
distribution. 

 
4. The mean hydraulic conductivity, mean k, is calculated as the area-weighted 

average of the ki values: mean k = Σ ki ai / A. 
 

5. The expression for the mean Peclet number, as a function of B, n, D*, mean k, and 
the hydraulic gradient across the barrier, i, is given in Eq. 7-7a.  For each area, ai, 
the Peclet number is given by Eq. 7-7b.  By substituting (i B) / (n D*) = mean Pe / 
mean k from Eq. 7-7a into Eq. 7-7b, the Peclet number for each area can be 
expressed by Eq. 7-7c. 

 
mean Pe = (mean k) i B / (n D*) (7-7a) 
 
Pe,i = ki i B / (n D*) (7-7b) 
 
Pe,i = (mean Pe) ki / (mean k) (7-7c) 

 
The ratio ki / (mean k) for each ai is constant for a given σ and any µ; this is why 
any value of µ is usable in the analyses. 

 
6. The normalized flux is calculated for each ai.  This normalized flux, (J/JD*)i, is 

shown in Figure 7-6 as step 6a for steady state conditions and 6b for transient 
conditions.  The expressions in 6a and 6b in Figure 7-6 are the same as Eqs. 7-5 
and 7-6, the only difference in notation being the subscript i, indicating that the 
normalized flux is calculated for each ai in Figure 7-6. 

 
7. Finally, the area-weighted flux through the cutoff wall, at steady state or at time 

T, is calculated as: J/JD* = Σ (J/JD*)i ai / A. 
 
7.4.3 Analysis Results 
 

The case of most interest is when Pe < 0, as this is the case for a circumferential 
cutoff wall and an inward hydraulic gradient.  Analyses were performed to evaluate the 
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normalized flux at steady state and breakthrough times for various mean Peclet numbers 
and standard deviations of –log k.  In addition, the case of Pe > 0 was also analyzed. 
 
Pe < 0 

 
Figure 7-7 shows the normalized flux, J/JD*, at steady state (Eq. 7-5), as a 

function of mean Pe and standard deviation of –log k = σ.  When Pe = 0, J/JD* = 1, as 
diffusion alone controls the steady state flux.  Increasing the mean Peclet number in the 
negative direction decreases the normalized flux.  This is the desired effect of using an 
inward hydraulic gradient to counteract diffusion through a circumferential cutoff wall.  
The effect of variability in hydraulic conductivity is to hinder the reduction in flux caused 
by the inward hydraulic gradient.  This effect is shown in Figure 7-7 for various values of 
σ.  At low values of σ, the inward hydraulic gradient is still very effective at reducing the 
flux.  When σ is large, however, the inward hydraulic gradient is less effective.  This 
occurs because there are areas of the cutoff wall where the hydraulic conductivity is quite 
low, and the contaminant is escaping under diffusion-dominated conditions in those 
areas.  Figure 7-7 shows that the effect of variability in hydraulic conductivity can be 
quite significant.  For example, if mean Pe = -5 and σ = 0.5, then the actual flux would be 
about ten times the flux calculated based on the mean k (i.e., σ = 0). 

 
It should be noted that from a theoretical standpoint, the flux through the cutoff 

wall cannot be equal to zero with the boundary conditions for this problem.  At X = 1, C 
= 0, and so the inward advective flux is zero.  However, there is necessarily a 
concentration gradient at X = 1, even though it may be very small.  Because of this 
concentration gradient, there will always be an outward flux due to diffusion at X = 1.  
The points in Figure 7-7 that appear to be at zero flux are actually values above zero, but 
they are very small.  In terms of detectable values, or in relation to acceptable 
contaminant concentrations, they may be insignificant, but this will depend on the 
specific details of a given cutoff wall application. 

 
Figure 7-8 shows the normalized flux divided by the steady state normalized flux, 

J/Jsteady state, as a function of normalized time, T.  When the two normalized fluxes given 
by Eqs. 7-6 and 7-5 are divided, the result is equivalent to the actual flux divided by the 
actual steady state flux, since the flux due to diffusion alone, JD*, used to normalize each 
flux cancels out in the ratio.  The ratio J/Jsteady state, ranging from zero to one, is a ratio of 
area-weighted fluxes, so it applies over the entire area of the cutoff wall.  In one subarea, 
where the hydraulic conductivity is very large compared to the mean, steady state 
conditions may be reached at an earlier time, while in a subarea where the hydraulic 
conductivity is lower than the mean, it will take longer to establish steady state 
conditions. 
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Figure 7-7.  Effect of variability in hydraulic conductivity on the flux through a cutoff wall,
negative values of mean Pe  
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Figure 7-8.  Breakthrough curves for the case of Pe < 0
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The five charts in Figure 7-8 apply to five different mean Peclet numbers: -0.1, -1, 
-3, -10, and –100.  For a small mean Peclet number like –0.1, the variability in hydraulic 
conductivity has negligible influence since the transport is dominated by diffusion.  As 
the mean Peclet number increases in the negative direction, steady state is reached earlier 
and variability in hydraulic conductivity has a larger influence.  For large, negative mean 
Peclet numbers, advective flux becomes more influential.  With variability, parts of the 
cutoff wall have Peclet numbers above the mean and other parts have Peclet numbers 
below the mean.  Where Pe is above the mean in the negative direction (e.g., -100 
compared to -10), the flux through the cutoff wall is small and reaches steady state 
quickly.  Where Pe is below the mean in the negative direction (e.g., -1 compared to -10), 
there is a larger flux due to diffusion and this flux takes longer to reach steady state.  
Because of these trends, it takes longer for the area-weighted flux through a cutoff wall to 
reach steady state as the variability in hydraulic conductivity increases. 

 
This last conclusion is illustrated in Figure 7-9, which shows the normalized time 

required for the area-weighted flux to reach 95% of the steady state value, T0.95, as a 
function of mean Pe and σ.  In the limiting case of Pe = 0, this time is 0.38 from a 
POLLUTE analysis of pure diffusion.  As the mean Peclet number increases in the 
negative direction, the influence of variability in hydraulic conductivity becomes more 
significant.  For large negative values of mean Pe, and when the variability of k is low (σ 
= 0), steady state conditions are established rapidly.  For large negative values of mean 
Pe, and when the variability of k is high (σ = 1.5), it takes almost as long for steady state 
conditions to develop as it does for pure diffusion. 

 
For comparison with the T0.95 values in Figure 7-9, the breakthrough time for pure 

advection is shown.  For pure advection, the breakthrough time is the inverse of the 
Peclet number.  It can be seen that the values of T0.95  approach the pure advection case 
when σ = 0 as the mean Peclet number takes on increasingly large negative values. 

 
The retardation factor can be used to evaluate the influence of equilibrium, linear 

sorption on the breakthrough time.  The retardation factor is a variable in the normalized 
time, T, defined beneath Eq. 7-2.  Use of the retardation factor has been discussed by 
many, such as Fetter (1993). 
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Figure 7-9.  Effect of variability in hydraulic conductivity on the breakthrough time
through a cutoff wall, negative values of mean Pe  
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Pe > 0 
 
In this case, both the hydraulic gradient and concentration gradient are in the same 

direction.  Fewer analyses were done for this case than for the Pe < 0 case for two 
reasons: 1) the Pe < 0 case matches the circumferential cutoff wall with an inward 
hydraulic gradient application and 2) the effect of variability on the flux is less for the Pe 
> 0 case, as will be shown below. 

 
Figure 7-10 is of the same format as Figure 7-7 for steady state conditions, but for 

positive instead of negative mean Peclet numbers.  Again, when Pe = 0, J/JD* = 1.  At 
very small and very large mean Peclet numbers, the flux is diffusion-dominated and 
advection-dominated, respectively, so variability in k does not influence the flux.  If 
larger values of mean Peclet number were plotted in Figure 7-10, the value of J/JD* 
would approach the value Pe (because exp(Pe) / [exp(Pe) – 1] in Eq. 7-5 → 1) for all 
values of σ.  There is a small increase in flux due to variability in k between the 
diffusion-dominated and advection-dominated extremes. 

 
Figure 7-11 shows J/Jsteady state as a function of T for two different mean Peclet 

numbers and values of σ.  For mean Peclet = 1 and σ = 0, the flux is diffusion-dominated 
and the breakthrough curve is approximately the same as for Peclet = 0.  With variability 
in k (σ = 1), breakthrough occurs earlier due to the increased influence of advection for k 
values greater than the mean. 

 
Conditions are advection-dominated for mean Pe = 30 in Figure 7-11.  For σ = 0, 

the breakthrough times all over the wall are the same and are close to the breakthrough 
time that would prevail due to pure advection.  For σ = 1, the parts of the wall with 
higher-than-average k have smaller breakthrough times and the parts of the wall with 
lower-than-average k have larger breakthrough times.  This causes the cross in the curves 
in Figure 7-11 for mean Pe = 30. 

 
Figure 7-12 shows T0.95 versus mean Pe for σ = 0 and 1.  The limiting values in 

this figure are the same as in Figure 7-9.  The curves for σ = 0 and σ = 1 cross in a place 
governed by the fact that 95% of the steady state flux was selected as the criterion, as 
opposed to some other arbitrary value, like 80%. 
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Figure 7-10.  Effect of variability in hydraulic conductivity on the flux through a cutoff wall,
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7.4.4 Example 
 

To illustrate how the graphical solutions presented above may be used, the 
following example is presented.  Consider a circumferential soil-bentonite cutoff wall 
used to contain groundwater at a contaminant concentration of 1 mg/cm3.  As a 
conservative approximation, the concentration inside the cutoff wall is assumed to remain 
at 1 mg/cm3 with time and the concentration outside the cutoff wall will be taken as zero.  
The cutoff wall is 100 cm wide and has a porosity of 0.45 and an effective diffusion 
coefficient of 5 × 10-6 cm2/s.  Under diffusion alone, the flux through the cutoff wall, 
using Eq. 7-4, would be 2.25 × 10-8 mg/cm2/s.  Suppose it is desired to reduce this flux by 
using an inward hydraulic gradient.  The mean hydraulic conductivity of the cutoff wall 
was evaluated to be 1 × 10-7 cm/s.  To reduce the outward diffusive flux calculated above, 
a long-term hydraulic gradient of –1 is planned (the negative sign indicating that the 
gradient is inward).  These conditions result in mean Pe = –4.4.  Under the assumption of 
no variability in hydraulic conductivity, the steady state value of J/JD* through the cutoff 
wall, using Figure 7-7 or Eq. 7-5, will be 0.05.  The calculated flux through the cutoff 
wall is (0.05) (2.25 × 10-8 mg/cm2/s) = 1.1 × 10-9 mg/cm2/s.  Suppose this is an acceptable 
flux for this example. 

 
If it is estimated that the value of σ for the cutoff wall may be as high as 0.4, then 

the hydraulic gradient of –1 will not be as effective as planned based on calculations with 
σ = 0.  From Figure 7-7 and σ = 0.4, J/JD* at mean Pe = –4.4 is approximately 0.23.  This 
yields a steady state, area-weighted flux through the cutoff wall of (0.23) (2.25 × 10-8 
mg/cm2/s) = 5.2 × 10-9 mg/cm2/s, which is 4.7 times greater than if σ = 0.  If this is not 
acceptable, and a value of J/JD* equal to 0.05 is still desired, then the inward hydraulic 
gradient through the cutoff wall will have to be increased so that mean Pe is around –14, 
as determined from Figure 7-7.  This means increasing the head drop across the barrier by 
3.2 times, from 1 m to 3.2 m. 

 
From Figure 7-9, it can be seen that, for mean Pe = -4.4 and –14, T0.95 for σ = 0.4 

is diffusion-dominated and is approximately 0.38 and 0.34, respectively.  Using the 
definition of T, the time for 95% of the steady state flux is 24 years and 21.5 years, 
respectively.  For mean Pe = -4.4 and σ = 0, T0.95 is approximately 0.25, which yields a 
time of 16 years. 

 
Suppose the time expected to clean up the contamination inside the cutoff wall is 

5 years.  The corresponding value of T is 0.08.  Using the chart in Figure 7-8 for mean Pe 
= -3, which is close to –4.4, the value of J/Jsteady state at 5 years can be read as 
approximately 0.2 for σ = 0 and 0.4.  Therefore, at 5 years, the area-weighted flux 
through the cutoff wall for σ = 0 is (0.2) (1.1 × 10-9 mg/cm2/s) = 2.2 × 10-10 mg/cm2/s and 
for σ = 0.4 is (0.2) (5.2 × 10-9 mg/cm2/s) = 1.0 × 10-9 mg/cm2/s.  So at 5 years, the flux 
with σ = 0.4 is just less than the acceptable value of 1.1 × 10-9 mg/cm2/s.  This 
demonstrates the importance of considering breakthrough times as well as steady state 
fluxes. 
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7.4.5 Discussion of Important Approximations used in the Analysis Procedure 
 
There are three approximations in the above analysis that deserve attention.  The 

first involves the boundary conditions.  In a real barrier application, the contaminant 
concentration inside the barrier would not stay constant, due to factors such as decay of 
the contamination source and removal of the contaminant by pumping.  In addition, the 
conditions outside the barrier may not match the perfect flushing assumption, where 
contaminant that escapes the barrier is carried away by local groundwater flow so that the 
outside concentration is essentially zero.  Using a constant inside concentration and a 
zero outside concentration is conservative for protection of the enviornment outside the 
cutoff wall because it maximizes the concentration gradient across the cutoff wall. 

 
A second approximation is that of one-dimensional transport through the barrier.  

The transport is really three-dimensional, with diffusion occurring in the two dimensions 
other than normal to the barrier.  Imagine a zone of low hydraulic conductivity located 
next to a zone of high hydraulic conductivity in a barrier with an inward hydraulic 
gradient.  In the zone of low k, the concentrations across the wall width will be higher 
than in the zone of high k, so there will be lateral diffusion due to the lateral 
concentration gradient.  It would be interesting to study the transport with a three-
dimensional model and compare the results to those from the one-dimensional model 
presented here. 

 
The third approximation is that the hydraulic conductivity of the barrier fits a 

logNormal distribution.  In addition, even if the hydraulic conductivity does fit a 
logNormal distribution, it may be difficult to estimate the standard deviation of –log k.  
Consider an extreme case of a barrier that is perfectly uniform except for the existence of 
a single defect: 99.9% of the barrier is soil-bentonite with k = 9 × 10-8 cm/s and 0.1% is a 
defect with k = 1 × 10-5 cm/s, giving the barrier a mean k of 1 × 10-7 cm/s.  The 
distribution of hydraulic conductivity in this case is clearly not logNormal.  What effect 
does this have on the estimated versus actual flux, considering only the mean k is known 
and not the distribution of k?  If the values of n, i, B, and D* are the same as in the 
example above, then mean Pe is again –4.4.  The actual, steady state flux can be 
calculated as the flux through the soil-bentonite times 0.999 plus the flux through the 
defect times 0.001, which equals 1.7 × 10-9 mg/cm2/s (the flux through the defect is 
negligible).  For comparison, the fluxes for σ = 0 and σ = 0.4 from the example above 
were 1.1 × 10-9 mg/cm2/s and 5.2 × 10-9 mg/cm2/s, respectively.  If σ is estimated to be 
0.4 as in the example, then the actual flux will be overestimated by 3.1 times.  The actual 
standard deviation of the negative logarithm of the k values is 0.065.  If this value is used 
in the analysis procedure presented above, the flux would be approximately 1.1 × 10-9 
mg/cm2/s (the difference between σ = 0 and 0.1 is practically insignificant), which is 35% 
less than the actual flux.  The point here is to illustrate the approximate nature of the 
analysis procedure presented above when the hydraulic conductivity is not distributed 
logNormally and the standard deviation of –log k is only estimated and not actually 
known.  It is important to recall, however, that in terms of the soil-bentonite material 
itself, the statistical analysis of sample hydraulic conductivity measurements in Section 
7.3 supports use of the logNormal distribution for hydraulic conductivity.  In addition, the 
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typical range of values of standard deviation of –log k from soil-bentonite samples is 0.2 
to 0.3. 
 
7.4.6 Summary 

 
The analyses in this chapter, though limited as discussed above, provide insight 

into the importance of variability in hydraulic conductivity on contaminant transport.  
The graphical solutions allow for a quantitative evaluation of the influence of variability 
under different transport conditions.  When the mean Peclet number is positive, the 
influence of variability is small, but when the mean Peclet number is negative, the 
influence may be great. 

 
When trying to use an inward hydraulic gradient to counteract an outward 

diffusive flux through a circumferential cutoff wall, a large degree of variability in 
hydraulic conductivity hinders the effort.  For a given steady state, area-weighted flux, 
the required head drop across a barrier increases as the variability in k increases.  A first 
estimate of the influence of variability may be made by using the variability in hydraulic 
conductivity from measurements on grab samples obtained during cutoff wall 
construction.  However, due to other causes of variability, as discussed in Chapter 2, the 
in situ variability in the cutoff wall may be significantly different.  Finally, for a given 
mean negative Peclet number, the breakthrough time increases as the degree of variability 
increases.  The limiting breakthrough time is that due to pure diffusion, which governs 
the escape of contaminant when the variability is high. 
 
 
7.5 Chapter Summary 
 
 Variability in the hydraulic conductivity of soil-bentonite cutoff walls may play 
an important role in contaminant transport, especially if the hydraulic and concentration 
gradients are in opposite directions.  The current standard of practice is to use only the 
average hydraulic conductivity in the contaminant transport analysis. 
 
 An experiment was performed to demonstrate the difference in contaminant 
transport results between 1) what is predicted to happen based on calculations with the 
average k and 2) what may actually happen due to variability in k.  In the experiment, the 
hydraulic gradient opposed the concentration gradient, and calculations with the average 
hydraulic conductivity of the specimen indicated a flux in the direction of the hydraulic 
gradient.  Due to variability, however, the actual flux in the experiment was against the 
hydraulic gradient, due to diffusion through the part of the specimen with k less than the 
average. 
 
 By analyzing case history data sets of hydraulic conductivity from lab tests on 
soil-bentonite samples, it was found that hydraulic conductivity is best described by a 
logNormal distribution, with a range of standard deviations of –log k of 0.2 to 0.3.  This 
information applies to Type 1 variability, which is variability in the soil-bentonite itself.  
Large degrees of the other types of variability (2: construction defects and 3: variability 
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induced by the environment) in a cutoff wall may decrease the goodness of fit of the 
logNormal distribution and increase the degree of variability.  As a first estimate, the 
information presented in this chapter for Type 1 variability may be used when 
incorporating variability in contaminant transport studies. 
 
 The theoretical effect of variability on contaminant transport was investigated 
using the one-dimensional advection-diffusion equation.  Knowing the mean Peclet 
number and standard deviation of –log k, the area-weighted flux through a cutoff wall has 
been evaluated at steady state and as a function of time, and graphical solutions have 
been presented.  This analysis offers a quantitative evaluation of the effect of variability 
on the flux through a cutoff wall.  The effect of variability is greatest when the Peclet 
number is negative, and is much less when the Peclet number is positive.  The goal of a 
circumferential cutoff wall with an inward hydraulic gradient (Pe < 0) is to reduce the 
outward tendency of the contaminant to escape due to diffusion.  The results in this 
chapter show that the effect of variability in hydraulic conductivity is to reduce the 
effectiveness of this scheme. 
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