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Nonlinear Analysis and Control of Standalone, Parallel DC-DC,
and Parallel Multi-Phase PWM Converters

Sudip K. Mazumder

(ABSTRACT)

Applications of distributed-power systems are on the rise. They are already used in

telecommunication power supplies, aircraft and shipboard power-distribution systems, motor

drives, plasma applications, and they are being considered for numerous other applications.

The successful operation of these multi-converter systems relies heavily on a stable design.

Conventional analyses of power converters are based on averaged models, which ignore the

fast-scale instability and analyze the stability on a reduced-order manifold. As such, validity

of the averaged models varies with the switching frequency even for the same topological

structure.

The prevalent procedure for analyzing the stability of switching converters is based on

linearized smooth averaged (small-signal) models. Yet there are systems (in active use) that

yield a non-smooth averaged model. Even for systems for which smooth averaged models are

realizable, small-signal analyses of the nominal solution/orbit do not provide anything about

three important characteristics: region of attraction of the nominal solution, dependence

of the converter dynamics on the initial conditions of the states, and the post-instability

dynamics. As such, converters designed based on small-signal analyses may be conservative.

In addition, linear controllers based on such analysis may not be robust and optimal. Clearly,

there is a need to analyze the stability of power converters from a di®erent perspective and

design nonlinear controllers for such hybrid systems.

In this Dissertation, using bifurcation analysis and Lyapunov's method, we analyze the

stability and dynamics of some of the building blocks of distributed-power systems, namely

standalone, integrated, and parallel converters. Using analytical and experimental results,

we show some of the di®erences between the conventional and new approaches for stability



analyses of switching converters and demonstrate the shortcomings of some of the existing

results. Furthermore, using nonlinear analyses we attempt to answer three fundamental

questions: when does an instability occur, what is the mechanism of the instability, and

what happens after the instability?

Subsequently, we develop nonlinear controllers to stabilize parallel dc-dc and parallel

multi-phase converters. The proposed controllers for parallel dc-dc converters combine the

concepts of multiple-sliding-surface and integral-variable-structure control. They are easy

to design, robust, and have good transient and steady-state performances. Furthermore,

they achieve a constant switching frequency within the boundary layer and hence can be

operated in interleaving or synchronicity modes. The controllers developed for parallel multi-

phase converters retain many of the above features. In addition, they do not require any

communication between the modules; as such, they have high redundancy. One of these

control schemes combines space-vector modulation and variable-structure control. It achieves

constant switching frequency within the boundary layer and a good compromise between the

transient and steady-state performances.
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Chapter 1

Introduction

We start with a brief motivation for our work and the objectives of this dissertation. We

then provide a literature review of the existing work in related areas. Finally, we outline the

objectives of the present work and provide a brief description of the accomplishments in the

subsequent chapters.

1.1 Motivation and Objectives

With increasing demand for higher power, reliability, modularity, higher efficiency, recon-

figurability of power converters, reduced voltage and current ripples, reduced cost, and fast

dynamic responses, the need for integrated and parallel converters is on the rise (Carsten,

1987; Hingorani, 1990 and 1993; Sable et al., 1991; Siri, 1991; Patil et al., 1992; Tabisz et al.,

1992; Wildrick et al., 1992; Wildrick, 1993; Burns et al., 1994; Hua et al., 1994; Huynh, 1994;

Kassakian and Perreault, 1994; Needham et al., 1994; Rostek, 1994; Wills, 1994; Lee, 1995,

2000a,b; Petry, 1995; Watson et al., 1995; White, 1995; Gholdston et al., 1996; Hingorani

and Gyugyi, 1996; Thottuvelil, 1996; Xing, et al., 1996; Belkhayat, 1997; Lee et al., 1997;

Panov et al., 1997; Thandi, 1997; Glennon, 1998; Luo et al., 1998; Nayfeh, 1998; ODDR&E

1
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and EPRI, 1998; Zhang, 1998; Alfayyoumi, 1999; Batham et al., 1999; Drobnik et al., 1999;

Feng et al., 1999; Khan, 1999; Thunes et al., 1999; Tolbert et al., 1999; Watson and Lee,

1999; Zhu et al., 1999; Alderfer et al., 2000; Barbosa et al., 2000; Chandrasekaran, 2000;

Hur and Nam, 2000; Jensen et al., 2000; Mazumder et al., 2000b; Sun, 2000; Tuladhar et al.,

2000; Ye, 2000; Bowman and Young, C., 2001; Liu et al., 2001; Mazumder et al., 2001a, b, d,

f). There are many organizations, including the Office of Naval Research (ONR), Rockwell,

Lockheed Martin, Raytheon, Boeing, United Technologies, Intel, General Motors, Allison

Electric Drive, Microlinear, which are either supporting or intend to support the realization

of such distributed power systems for specific applications. The areas of application of such

distributed power systems are numerous. Figure 1.1 shows a Power-Electronics-Building-

Block (PEBB) based shipboard dc distributed power system (Lee et al., 1997; Thandi, 1997;

Nayfeh, 1998; Xing et al., 1998 and 1999; Thandi et al. 1999). The heart of the large-scale

power-electronic system is a high-voltage (800 V) distributed dc bus to which various high-

power source and sink (load) converters are connected. In Figure 1.1, the source converters

are bidirectional boost converters, which interface three-phase generators to the dc bus. The

load converters are dc-dc converters and multi-phase dc-ac inverters. Typical loads for the

system could include motors, a secondary utility bus, pulsating loads, and nonlinear loads

like uninterruptable power supplies (UPS).

Figure 1.2 shows a typical dc distributed power system for a telecommunication power

supply (Lee, 1995). The architecture of the power systems evolves around a primary dc

bus (regulated at 400 V) and a secondary dc bus (regulated at 48 V). The power to the

primary dc bus is typically fed by boost converters, which interface to a multi-phase utility.

The high voltage on the primary bus is stepped down using front-end converters and their

output is connected to the secondary dc bus. The secondary bus serves as the source of

power for all the loads. Figure 1.2 also shows that the front-end converters are connected to

a current-sharing bus. This bus enables the even distribution of load power among the N

modules. Comparing Figures 1.1 and 1.2, we observe that although the overall architectures

of the two power systems are not much different, the applications of these two systems are
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Figure 1.1: A PEBB-based shipboard dc distributed power system.

vastly different. The power system shown in Figure 1.1 deals with a much higher power and

voltage as compared to the one shown in Figure 1.2.

Next, we illustrate in Figure 1.3 a baseline power distribution system for a typical next

generation transport aircraft (Chandrasekaran, 2000). The power distribution is built around

a dual 270V/500kW dc bus with an auxiliary power unit (APU) and a battery-backup

auxiliary bus. The starter/generator units (500 kW each) generate three-phase ac power at

110V and 400Hz. The bidirectional power converters (BDC) between a starter/generator

unit and the corresponding dc distribution bus tightly regulate the bus at 270V even under

feedforward and feedback disturbances. Typical loads that the dc bus has to supply include

electric actuators, environmental control systems, and negative-impedance avionics etc.
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Figure 1.2: A dc distributed power system for a telecommunication power supply.

The concept of a distributed power system has also been applied to the areas of multi-

axis drives, electric vehicles, and flexible ac transmission systems (FACTS). With all of the

advantages of these systems come increasing complexities related to their design, stability,

and control (Hingorani, 1990 and 1993; Lee 1995 and 2000a; Lee et al., 1997; Xing, 1998

and 1999; Alfayyoumi, 1999; Xing et al., 1999; Ye, 2000; Mazumder et al., 2001a, b, d,

f). The major challenges regarding the stability of these systems are related to the even

distribution of power, the circulation energy, nonlinearities due to system interactions, and

the nonlinearities of the individual closed-loop converter modules. In addition, many of

these systems drive nonlinear loads. As such, there is growing feeling that simplistic linear

models of many of these complex nonlinear hybrid systems (Witsenhausen, 1966; Tavernini,

1987; Gollu, A. and Varaiya, 1989; Kourjanski and Varaiya, 1995; Michel, 1997; Branicky,
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Figure 1.3: A baseline power distribution system for a next generation transport aircraft.

1998; Aubin, 1999; DeCarlo et al., 2000) may not be a viable solution (Balestrino et al.,

1974; Lee et al., 1979; Erickson et al., 1982; Gelig and Churilov, 1987; Hamill and Jefferies,

1988; Kipnis, 1989 and 1991; Sira-Ramirez, 1989; Wood, 1989; Krein and Bass, 1989 and

1990; Sanders, 1989; Tymerski et al., 1989; Tse and Adams, 1990 and 1991; Abed et al.,

1992; Hamill and Deane, 1992; Sanders, 1993; Tse, 1994a-c; Wolf et al., 1994; Wolf and

Sanders, 1994; Belkhayat et al., 1995; Hamill, 1995; Fossas and Olivar, 1996; Banerjee et al.,

1997; Chau et al., 1997; Alfayyoumi, 1998; Gelig and Churilov, 1998; Poddar et al., 1998;

Alfayyoumi et al., 1999 and 2000; Fang and Abed, 1999; Chandrasekaran et al., 1999 and

2000; Chen et al.; 2000; Lyshevski, 2000; Mazumder et al., 2000a; Banerjee and Verghese,

2001; Mazumder et al., 2001a-f; Mazumder and Nayfeh, 2001; Nayfeh and Mazumder, 2001).

This Dissertation is an attempt to address some of these concerns and to propose solutions
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for such nonlinear systems in the form of better modeling, analysis, and control techniques.

The specific objectives of this Dissertation are the following:

• Modeling and stability analysis of standalone, integrated, and parallel dc-dc pulsewidth
modulation (PWM) converters and extending these methodologies to multi-phase

PWM converters.

• Nonlinear control and stabilization of parallel dc-dc and parallel non-isolated multi-
phase (and multi-stage) PWM converters.

1.2 Literature Review

In this section, we review the state-of-the-art of stability analysis and control of stand-

alone, integrated, and parallel dc-dc and parallel multi-phase PWM converters.

1.2.1 Modeling and Stability Analysis of Standalone DC-DC and

Multiphase PWM Converters

Switching-mode power-electronic converters are nonlinear dynamical systems. The non-

linearities arise primarily due to switching, power devices, and passive components, such as

transformers, inductors, and parasitics. As shown in Fig 1.4, historically, there have been

four major approaches to the modeling and analysis of the switching nonlinearity in dc-dc

converters. The most widely used approach is a small-signal analysis based on state-space

averaging (Middlebrook and Cuk, 1977; Cuk and Middlebrook, 1977), circuit averaging

(Wester and Middlebrook, 1972), and using the PWM switch model (Vorperian, 1990a, b;

Tymerski et al., 1988). Simple analytical expressions in terms of the circuit components were

derived to characterize the low-frequency response of such systems. Middlebrook and Cuk

(1977) generalized the above technique by introducing the state-space averaging method.
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They replaced the state-space description of the switched network by a single state-space

description, hence eliminating the switching process from consideration and representing the

average effect of the switched networks in one cycle of operation. By means of state-space

averaging, the original nonlinear discrete system was simplified into a nonlinear continuous

system. This system was further simplified by perturbing the averaged system around an

operating point and then linearizing the resulting perturbed equations. After a considerable

amount of matrix manipulations, the system characteristics, such as input impedance, out-

put impedance, line-to-output transfer function, and control-to-output characteristics, were

obtained.

Vorperian (1990a, b) presented a circuit-oriented approach to the analysis of PWM con-
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verters. His method relies on the identification of a three-terminal nonlinear device, called

the PWM switch, which consists of the active and passive switches in a PWM converter.

Once the invariant properties of the PWM switch were determined, an average equivalent

circuit model was derived, and dc and small-signal characteristics of the converter were

obtained by a simple replacement of the PWM switch with its equivalent circuit model.

Continuous techniques make certain assumptions in order to achieve the final simplified

averaged model. The first simplifying assumption is the linear ripple approximation or the

straight line approximation, which approximates the matrix exponentials appearing in the

solutions of linear systems by the first two terms of their Taylor series expansions. This

approximation is valid when the natural frequencies of the converter are all well below the

switching frequency such that the solutions are approximately linear. This is the case for

a well-designed PWM converter. The second approximation is in effect an averaging of the

output or the duty ratio function, which is less justified. Note that, in a closed-loop regulator

system, the output is responsible for generating the duty-ratio function. This approximation

effectively eliminates a sampler, and hence may be expected to affect the accuracy of the

averaging methods at frequencies approaching one-half the switching frequency, known as

the high-frequency regime or the fast-scale dynamics.

In some of the recent works (Lehman and Bass, 1996a, b; Sakharuk et al., 2000), av-

eraged models of dc-dc converters have been developed by first modeling the converters as

functional differential equations and then applying the averaging operator to these equa-

tions. This approach, which is similar to the earlier works of Bainov and Milusheva (1981)

and Balachandra and Sethna (1975), results in enhanced accuracy as compared to the results

obtained by state-space averaging methods. An alternate approach, which generalizes the

Krylov-Bogoliubov-Mitropolsky (KBM) method (Bogoliubov and Mitropolski, 1961; Nayfeh,

1973; Sanders, 1985), has been used by other researchers (Sanders, 1989; Sanders et al.,

1991; Bass and Sun, 1998; Sun et al., 1998; Sun 2000; Sun and Mehrotra, 2001) to obtain

more accurate averaged models. Although these averaged models enhance the accuracy of

the state-space averaging methods, they do not predict the fast-scale dynamics due to the
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switching behavior of the regulator; they can only capture the slow-scale dynamics (Aubin

and Cellina, 1984; Utkin, 1992; Hamill, 1995; Alfayyoumi et al., 1999, 2000; Mazumder et

al., 2000a; Mazumder and Nayfeh, 2001; Mazumder et al., 2001c-f). Besides, the accuracy

of these models degrades as the switching frequency of the converter decreases. It is also not

clear how these methodologies can be applied to complex hybrid power-electronic systems.

Furthermore, the algebraic complexity of these methods is more than that of state-space

averaging methods. As such, a numerical simulator is a necessity, which takes away the

physical insight obtained using state-space averaged models.

Exact discrete modeling techniques (Capel et al., 1975; Prajoux et al., 1976; Lee et al.,

1979) make no simplifying assumptions as those made by state-space averaging techniques.

The switched continuous system is replaced by a discrete system that describes the state of

the system at the switching frequency. Hence, these modeling techniques can predict the

fast-scale dynamics. Prajoux et al. (1976) presented a discrete approach, which is capable

of accurately describing the dynamics of a system with varying structures within a given

period by a linearized discrete time-domain model. It was used to model a boost converter

operating in the continuous conduction mode. Capel et al. (1975) applied this method to

multi-loop buck and boost regulators in both types of conduction modes. Lee et al. (1979)

extended this analysis to the three types of converters: buck, boost, and buck boost.

The third approach describes the switched-mode power supply using a typical continu-

ous time model of the form ψ̇ = f(ψ, u, t), where the right-hand side is discontinuous due to

abrupt changes in the control (PWM for example). This class of models is one of the hardest

to study (Aubin and Cellina, 1984; Fillipov, 1988; Utkin, 1992). Besides, the existence of

solutions for this class of systems is not always well-defined. So far analysis using switch-

ing models has relied completely upon numerical simulations. Such simulations could be

extremely time consuming for many applications and often run into convergence problems.

On the other hand, switching models are the most accurate of all of the models because they

can describe the dynamics of any switching converter in saturated as well as unsaturated

regions (Mazumder et al. 2001a, b, e).
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Because of the complexity of switching models, more simplified techniques that combine

both continuous and discrete models were developed (Brown and Middlebrook, 1981; Shortt

and Lee, 1983; Ridley, 1991). Brown and Middlebrook (1981) developed a new modeling

approach combining continuous and discrete techniques. Their model did not treat the duty

ratio as a smooth, slowly time-varying wave, but as a waveform of discrete pulses. The power

stage model was still based on averaging techniques. Shortt and Lee (1983), on the other

hand, developed a discrete-averaged model by combining the aforementioned averaging and

discrete techniques. The model used the averaged state-space form of the averaging technique

and determined the output by a discrete sampler. Ridley (1991) presented a new small-signal

model for pulse-width-modulated converters operating with current-mode control. Sampled-

data modeling was applied to the current-mode cell, which is common to all converters, and

the results obtained were simplified to give a model for analysis and design. Because these

hybrid methods include the effects of the sampling action caused by the switching in one

way or another, they succeed where averaged models fail in predicting the boundaries of

fast-scale instabilities.

Recently, dc-dc switching regulators were observed to behave in a chaotic manner. More

interesting nonlinear behaviors, such as subharmonics and a period-doubling route to chaos,

were also encountered. To explore these interesting phenomena, one needs discrete models.

Chaos and subharmonic instabilities in dc-dc converters were observed and described by

Brockett and Wood (1984), Wood (1989), Jefferies et al. (1989), Deane and Hamill (1990),

Deane (1992), Hamill et al. (1992), and Fossas and Olivar (1996). These works illustrate

how chaos can occur in simple voltage-mode PWM dc-dc buck converters operating in the

continuous conduction mode. Chaos was also studied for a current-programmed boost PWM

dc-dc switching converter operating in the continuous conduction mode by Hamill and Jef-

feries (1988), Krein and Bass (1989, 1990), Zafrany and Ben-Yaakov (1995), Chan and Tse

(1996a, b), Marrero et al. (1996), and in the discontinuous conduction mode by Tse and

Adams (1990) and Tse (1994a, b). Chaos due to a border collision bifurcation, which (com-

monly) occurs in dc-dc switching regulators when the error signal hits the ramp signal either
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at the bottom or at the top, was explained recently by Banerjee et al. (1997) and Baner-

jee and Grebogi (1999). Earlier works on border-collision bifurcations in other fields were

reported by Feigin (1974, 1995) and Nusse and York (1992). In a recent study, Alfayyoumi

(1998) and Alfayyoumi et al. (1999, 2000) took a more systematic approach to the modeling

and stability analysis of standalone dc-dc converters operating with duty-ratio control in the

unsaturated region.

Next, we investigate the area of standalone multi-phase converters, which, like the stand-

alone dc-dc converters, is a field that has been explored by many researchers. We start with

single-phase converters and then consider multi-phase converters.

One of the most common single-phase applications is the boost power-factor-correction

(PFC) circuit. PFC circuits are widely used in power electronics. One of the most common

circuits used to achieve unity power factor is the time-varying boost PFC circuit. The

operation of such converters was analyzed in detail by many researchers (Mohan et al., 1984;

Henze and Mohan, 1986; Ridley, 1989; Williams, 1989; Zhou et al., 1990, 1992; Huliehel et

al., 1992; Simonetti et al., 1995; Sun et al., 1998). However, very few have even attempted to

properly analyze the stability of these systems. The system of equations for the boost PFC

circuit involves discontinuity in control and non-differentiability in state and time. These

features, in addition to the time-varying nature of the converter, make the analysis of the

boost PFC circuit difficult.

Some researchers analyzed the stability of this time-varying system using a smooth lin-

earized small-signal model. Mohan et al. (1984) used the concept of quasi-static analysis to

analyze the current-loop stability of boost PFC circuits operating with hysteretic control.

Ridley (1989) and Williams (1989) developed small-signal models to facilitate the design

of an output-voltage compensator for resistive and constant-power loads. A more concrete

small-signal analysis is given by Huliehel et al. (1992); they justify their analysis by replac-

ing the time-varying input voltage with a nonlinear feedforward control. They developed a

small-signal model for the boost PFC circuit, operating with a constant switching frequency,
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for the design and analysis of the voltage and current loops. Zhou and Jovanović (1992)

demonstrated the occurrence of current-loop instabilities in the boost PFC circuit operating

with peak-current-mode control and with average-current-mode control.

The boost PFC circuit has been extended to areas of application that require bidirectional

power flow, such as drives, UPS, and propulsion systems (Uher, 1979; Stihi and Ooi, 1988;

Chang et al. 1990; Thiyagarajah, 1991; Miyashita et al., 1994; Malesani et al., 1996). The

basic analyses of such systems, however, remain similar to those of unidirectional converters

with the exception that all of the states (assuming ideal switches) are now continuous. Using

a simple linearized averaged model, Stihi and Ooi (1988) showed how sn improper design

and an incorporation of a low-pass filter (used to eliminate the impact of switching effect)

can result in a feedback instability.

Pan and Chen (1993) proposed a step-up/down single-phase ac-dc power converter with-

out a current sensor. The power converter adopts a front-end diode rectifier so that only

one active switch is required. They extended the familiar state-space averaging technique

for discontinuous mode dc-dc power converters to model the proposed ac-dc converter. Un-

like existing models, which are valid only for a very low-frequency range, below the line

frequency, their proposed model is applicable up to half the switching frequency.

A common assumption in most of the above references is that the input voltage, the line

parameters, or the load of multi-phase converter is balanced. This may not be always the

case. Jacobina et al. (1999) employed a vector modeling approach to represent the transient

and steady-state behaviors of unbalanced single-phase PWM converters. They introduced a

fictitious second single-phase system to obtain a vector model and used it to develop current

controllers to stabilize the unbalanced system (Jacobina et al., 1999, 2001).

Another concept, known as dynamic phasors, has been recently put forward by Stankovic

et al. (1998) to model and analyze single- and multi-phase converters. The concept of dy-

namic phasors follows from the theory of generalized averaging (Sanders, 1991). Dynamic

phasors provide a compromise between detailed time-domain models and simple frequency-
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domain procedures and hence are well suited for fast numerical simulations. Using dynamic

phasors, balanced and unbalanced and single-phase and poly-phase systems have been ana-

lyzed (Stankovic et al., 1998, 2000).

We now shift our focus to converters that have three or more phases. Although, there

are publications on two-phase converters, in general they are uncommon. The first compre-

hensive approach to modeling three-phase PWM converters was published by Ngo (1984).

Subsequently, Ngo (1986), Wu et al. (1991), Bauer and Klaassens (1993), Hiti and Boroje-

vic (1994), and Hiti (1995) published papers on switching models of three-phase converters,

and averaging, transformation (in the synchronous frame), and linearization of these models.

While the procedure to develop switching models using discontinuous switching functions

remains the same as that used for dc-dc converters, application of averaging methods to

multi-phase converters is different. This is because multi-phase converters have two funda-

mental frequencies and hence a state-space averaging method may not be sufficient. Ngo

(1984), Rim (1990), Wu et al. (1990), and Bauer and Klaassens (1993) have proposed aver-

aging by replacing the switching network by sets of ideal transformers. This averaged model

is valid only if both the dc port and ac terminals of three-phase converters are either cur-

rent or voltage controlled; a condition that holds only if parasitic resistances are zero (Hiti,

1994). Sanders (1989) and Sanders et al. (1991) proposed a more comprehensive approach

to obtain averaged and generalized averaged models of multi-phase converters. However, it

is not apparent how the methodology can be extended to multi-phase systems, which in-

corporate continuous conduction mode (CCM) and discontinuous conduction mode (DCM).

Recently, using an averaged modeling method, Chandrashekaran (2000) extended the im-

pedance matching criterion proposed by Middlebrook (1976) to three-phase ac-dc converters

with an input filter and developed sufficient conditions for the stability of the linearized

filter-converter system.

Most of the above references assume that the input voltage, the line parameters, or the

load of multi-phase converter are balanced. When this is not the case, zero components

can emerge in a three-phase system (Enjeti et al., 1990, 1991; Rioual and Pouliquen, 1993;
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Campos et al., 1994; Ojo and Bhat, 1994; Vincenti and Jin, 1994; Xing et al., 1998; Ye, 2000).

Enjeti et al. (1990, 1991) and Campos et al. (1994) showed that, due to an unbalanced input

voltage, undesired low-frequency harmonics appear in the dc output voltage and ac input

currents if standard modulation techniques are applied. Ojo and Bhat (1994) analyzed the

impact of the zero component on the small-signal transfer functions of buck rectifiers and

concluded that this impact is negligible. Operation of a boost rectifier under unbalanced

conditions was studied by Rioual and Pouliquen (1993). A voltage compensator was designed

to suppress the undesired low-frequency harmonics in the closed-loop systems.

Recently, the dynamic phasor modeling technique has been used to analyze unbalanced

multi-phase power systems (Stankovic et al., 1998, 2000). The proposed technique, which

builds upon the generalized averaging method proposed by Sanders et al. (1991), is a

polyphase generalization of the dynamic phasor approach, and it is applicable to nonlin-

ear power system models. In steady state, the dynamic phasors reduce to standard phasors

from ac circuit theory.

In an alternate approach, Jacobina et al. (1999 and 2001) have proposed the concept

of a vector model to analyze the transient and steady-state behaviors of polyphase systems

operating under balanced and unbalanced conditions. For a three-phase three-wire (four

wire) system, the vector model is obtained by using an appropriate coordinate transformation

of the system of equations from stationary coordinates to dq (dqo) coordinates. Using these

vector models, they have proposed positive- and negative-sequence controllers to control

unbalanced polyphase converters when the unbalancing results from supply voltages and

parametric variations (Jacobina et al., 1999, 2001).

Recently, Ryan (1997) and Zhang (1998a) have addressed the modeling, analysis, and

control issues of four-legged voltage source power converters by developing averaged models

for a four-legged inverter in both the abc and dqo coordinates. Using the linearized averaged

model, they devised control schemes, which stabilize a four-legged converter even when it is

driving unbalanced and nonlinear loads as long as the control bandwidth of the linearized
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system is high.

There are some common shortcomings in all of the above analyses. First, they assume

that a discontinuous system can be always represented by a simple smooth model. Second,

they do not take into account the impact of initial conditions on the dynamics of the system.

Third, many of these analyses do not recognize that some of the averaged models can be

nonlinear and nonsmooth.

1.2.2 Stability Analysis and Control of Parallel DC-DC PWM

Converters

Hedel (1980) published one of the earliest papers on a basic parallel dc-dc convert-

ers where he proposed an isolated topology based on interleaving and outlined the design

methodology for these converters. Since then parallel dc-dc converters have found extensive

application in distributed power-supply systems. They have many desirable features: in-

creased reliability, expandability, and hot plug-in capability. However, the analyses, design,

and control of such converters are not simple (Ridley, 1986; Siri, 1991; Kohama et al., 1994;

Wu et al., 1994; Chen, 1995; Panov et al., 1996; Rajagopalan et al., 1996; Thottuvelil and

Verghese, 1996 and 1998; Perreault et al., 1997; Zafrany and Yaakov, 1998; Mazumder et

al., 2000b, 2001a, d, f). In general, the modules of parallel converters are not identical. This

may be due to component tolerances, non-identical characteristics of elecrical conductors

connecting converters to the shared load, and non-identical changes in the characteristics of

the components due to their uneven aging or being subjected to different physical conditions.

As such, two stable standalone systems may not share the load equally when connected in

parallel. This unequal load sharing may increase the thermal stress of one or more units,

thereby reducing the reliability of the system considerably (Jordan, 1991; Glaser and Witul-

ski, 1992; Mammano, 1993; Batarseh et al., 1994a; Perkinson; 1995).

One way of making such converters have approximately equal output currents is through
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the droop method (Glaser, 1992; Jamerson and Mullett, 1993, 1994; Batarseh et al., 1994b)

where the output impedance of each converter is made large enough to ensure current sharing

despite small differences in their output voltages. The droop method is easy to implement

because no connection is required between the modules. As such, the overall system has

high modularity and reliability. However, the method has poor output voltage regulation

and requires trimming of the references for individual converters so that they match each

other closely. Glaser and Witulski (1992) and Batarseh et al. (1994b) have outlined simple

procedures to ascertain proper load sharing among converter modules. However, none of

these analyses has focussed on the overall stability of the system beyond the linear regime.

Recently, Tuladhar and Jin (1998) have proposed a control technique, which allows par-

alleled dc-dc power converters to share the load in a distributed power-supply system. The

control technique, which is a variation of the droop method, does not require interconnec-

tions among the modules and automatically compensates for variations in the parameters of

the power converter and line impedance. The basic idea of the control scheme is to let each

converter inject a small ac voltage to the system as a control signal. Then, the frequency

of the injected control signal is drooped as a function of the output current of the unit. As

such, the frequency of the control signal of each unit is different if the load sharing is uneven.

This difference in frequency integrates over time and causes the circulation of a small real

power, which is measured and used to adjust the output voltage of each unit. The trade-off

of the proposed methodology is the complexity added to the circuit since one now has to deal

with a small injected signal. Another downside of the method is the small ripples introduced

at the output. In addition, the performance of the states of the converters, especially under

transient conditions, is far from satisfactory.

The inherent drawbacks in the droop method have paved the way for active current-

sharing techniques (Hirschberg, 1985; Ridley, 1986; Small, 1988; Choi et al., 1990; Lee et

al., 1991; Jordan, 1991; Siri et al., 1991 and 1992a, b; Wu et al., 1991; Choi, 1992 and

1998; Wu et al., 1992a, b; Batarseh et al., 1994a; Kohama et al., 1994; Wu et al., 1994;

Banda and Siri, 1995; Chen, 1995; Siri and Banda, 1995; Huth, 1996; Jovanovic, 1996;
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Panov et al., 1996; Perreault et al., 1996a,b; Thottuvelil and Verghese, 1996; Garabandic,

1998; Schuellein, 1998; Siri and Truong, 1998; Tomescu and Vanlandingham, 1998; Wu et al.;

1998). The literature on active current-sharing methods is vast. Fundamentally, however,

there are two types of methodologies, which have been the focus of research so far: one uses

average-current techniques and another uses master-slave current methods. Depending on

how the averaging is done or whether the master and slave are fixed or dynamic, there are

many variations even for these two control methodologies. Further variations are possible,

depending on how the output of the current-sharing processor is utilized by each module of

a parallel converter. For example, the output of a current-sharing processor could be a part

of an inner or an outer loop of a multi-loop feedback control scheme.

Figure 1.5 shows a simplified block diagram of a general current-sharing scheme for

a parallel converter having N modules. The symbols T1(s), T2(s), · · ·, TN(s) represent the
transfer functions of the amplifiers. The reference signals for the current (i.e., ir1, ir2, · · ·, irN)
are generated using the weighting functions β1, β2, · · ·, βN and α1, α2, · · ·, αN , respectively.
By comparing the references for the currents with the output current of each module error

signals are generated, which are then fed to the adjustment amplifiers. The output of the

amplifiers (verr1, verr2, · · ·, verrN) are typically used to adjust either the references for the bus
voltage or the inner current loop of each converter. The regelation schemes for the former

and latter cases are referred to as outer- and inner-loop regulation.

If α1, α2, · · ·, αN are equal to unity and each of β1, β2, · · ·, βN is each proportional to the
current rating of each module of the parallel converter, then such a current-sharing scheme is

known as average-current method (Small, 1988; Siri and Lee, 1990; Batarseh and Siri, 1994;

Kohama et al., 1994; Wu et al., 1994; Siri and Banda, 1995; Huth, 1996; Jovanovic, 1996;

Thottuvelil and Verghese, 1996; Tomescu and Vanlandingham, 1998). The average-current

method enables precise current sharing. It requires a single sharing bus for interconnection

among the modules and has high noise immunity. Although the reliability of average-current

methods is less than desirable, they are dominant and widely used in the industry. Moreover,

unlike master-slave method low-frequency noise does not cause failure of the sharing control
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Figure 1.5: A simplified block diagram, which illustrates the basic concept of current sharing.

in average-current methods.

To improve the fault-tolerance capability of the average-current method, Perreault et

al. (1996) proposed a frequency-based current-sharing method. The basic idea is a modified

version of the averaged-current method. However, unlike the traditional method, the current

sharing (for one of their schemes) is achieved using frequency encoding. As such, there is no

need for a dedicated bus, which enhances the fault-tolerance capability and reliability of the

system. A potential problem of this scheme is the high cost due to the use of complicated

circuits and techniques. It is also not clear how the scheme will be affected if the load current

has not only a dc component but also low-frequency components. Moreover, the performance

of this new scheme has not been demonstrated for nonminimum-phase systems, for systems

whose modules have parametric variations, and for systems where the cable impedance has

a significant effect. Furthermore, the dynamic performance of the new scheme needs to be
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demonstrate under conditions when a fault and a feedforward or a feedback transient occur

simultaneously.

Recently, López et al. (1998) developed a variable-structure controller, which uses the

averaged-current method for current sharing, to stabilize a parallel dc-dc buck converter.

However, the interleaving scheme works only for three parallel modules. Besides, this paper

does not give any details regarding the existence and stability of the sliding manifolds.

Furthermore, the steady-state performance of the system and the impact of the feedforward

disturbance due to the change in the input voltage on its dynamic performance are not

shown. In addition, they do not show how to extend it to nonminimum-phase systems, such

as boost converters. The zero dynamics of such systems are difficult to stabilize. However, it

is a step in the right direction because it recognizes that closed-loop parallel dc-dc converters

are nonlinear systems. Almost all of the existing controllers, which use the average-current

method, are linear and are based on the small-signal analysis.

Next, we review the literature on current-sharing techniques using the master-slave con-

cept. Historically, there are three types of master-slave methods: dedicated master, rotating

master, and democratic master. In Figure 1.4, if α1 = α2 · · · = αN = 1, β1 = 1, and

β2 = β3 · · · = αN = 0, then the current-sharing technique is known as dedicated master-

slave method (Tanaka, 1988; Siri and Lee, 1990; Wu et al., 1991; Siri et al., 1992; Siri and

Banda, 1995; Panov et al., 1997). It enables stable output-voltage regulation but has poor

redundancy because the scheme uses a dedicated master. As such, if the master fails, then

the entire system breaks down.

Petruzziello et al. (1990) proposed the rotating-master method, which is an improvement

over the dedicated-master method. Unlike the latter method, the rotating master method

ensures that the α (in Figure 1.4) are not always equal to one; instead the new method

ensures that the α, corresponding to each block, is equal to one in turn. As such, each

module has the capability and the chance of becoming a master. Thus, the rotating-master

method enhances the reliability of the system. However, the implementation of the system
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is complex. Moreover, the output voltage may fluctuate due to continuous reassignment of

the master module.

Jordan (1991) proposed the democratic-master method, which combines some of the ad-

vantages of the average-current and dedicated-master methods. In this scheme, a module

that carries the highest output current automatically becomes the master; the other modules

operate as slaves. As such, the fault tolerance of this scheme is high. Besides, the implemen-

tation of this scheme requires a single bus, which interconnects all of the modules. Thus, the

proposed scheme is reliable. However, the democratic-master method has some limitations.

First, under transient conditions, the sharing of the output current among the modules is

not always satisfactory and a start-up circuit may be needed. Second, there is a possibility

of failure in the feedback control because of a continual fight among the modules to become

the master. Third, the democratic-master method is sensitive to noise, which can cause fight

for the master. As such, proper layout and grounding is essential.

While most of the publications have focussed primarily on the architectures of the control

schemes, there have been some publications on the modeling and analysis of these parallel

converters. However, most of these analyses have relied on linearized small-signal analyses to

determine the local stability. Next, we discuss the pros and cons of existing active current-

sharing control schemes and then explore the literature on modeling and stability analyses

of closed-loop converters, which use such control schemes.

Ridley (1986) developed a small-signal model for a parallel buck converter based on state-

space averaging and showed that a multiple power-converter module system can be reduced

to an equivalent single-module system to facilitate its analysis and design. However, in his

analysis, he assumed that the parameters of all of the modules are the same. In addition,

the stability of the system under transient condition is not discussed.

Kohama et al. (1994) used state-space averaging to obtain a small-signal model of a

parallel dc-dc converter with two modules. Using the root-locus method, they demonstrated

the instability of the parallel system when the two modules have different circuit parameters.
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They also discussed the dynamic stability of the system, which however does not follow from

their analysis.

Wu et al. (1994) evaluated the performance of a central-limit control (CLC) scheme by

taking into account the converter cable resistance and using large-signal simulations. They

also used the large- and small-signal frequency response of the current-sharing loop gains

for different cable resistance values. However, the proposed controller is developed using a

linear loop-gain analysis, and as such the impact of the circuit parameters and the initial

conditions on the large-signal stability of the system is unknown.

Chen (1995) used a small-signal analysis to investigate the stability of a load-sharing

parallel dc-dc converter using a model that includes the effect of the resistances of the cables

and battery. Using this slightly detailed model, he showed that the effects of the battery

and cable are to lower the amplitude of the loop gain and to slow down the response of the

system; they have no effect on the stability of the system.

Panov et al. (1996) proposed a systematic approach for assessing the small-signal stability

and dynamic performance of parallel modules operating with master-slave current-sharing

control. The approach is based on the interface stability concept and allows a straightforward

design of a current-sharing loop compensator. The suggested approach is general and can

be applied to any number of parallel modules.

Thottuvelil and Verghese (1996) developed a method for assessing the small-signal stabil-

ity of parallel dc-dc converters operating with active current-sharing control. The generalized

methodology can be applied to any number of converters, which may be different or identical.

For identical converters, the method results in a particularly simple stability criterion.

Zafrany and Yaakov (1998) used a linearized averaged model to analyze the small-signal

stability of a parallel dc-dc buck converter. They also introduced the concept of “folded

model” to lump N parallel modules into a single unit, which reduces the simulation time.

Apparently, this idea is similar to that proposed by Ridley (1986). This paper also reports

a result on the global stability of the system. However, no (theoretical) large-signal stability
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analysis has been done.

A collection of works on the stability analysis of parallel dc-dc PWM converters (using

small-signal analysis) for spacecraft applications is also provided by Lee (1990). All of these

analyses are based primarily on linearized averaged (small-signal) models, the deficiencies

of all of which are outlined in Section 1.2.1. Obviously, linear controllers designed for such

systems can not always give robust solutions and optimum performance.

1.2.3 Control of Parallel Nonisolated Multi-Phase PWM

Converters

Multi-phase power converters, operating in a parallel configuration, are being increas-

ingly used in applications, such as motor drives, power-factor-correction equipments, and

UPS (Ogasawara, 1987; Takahashi and Yamane, 1986; Kawabata and Higashino, 1988; Dixon

and Ooi, 1989; Komatsuzaki, 1994). These systems have several advantages, such as the ca-

pability to handle high power, modularity, high reliability, reduced voltage or current ripple,

and fast-dynamic response. Traditionally, a parallel multi-phase converter either has a trans-

former at the ac side (Dixon and Ooi, 1989; Zhang and Ooi, 1993; Meyer and Sonnenmoser,

1993; Komatsuzaki, 1994) or uses separate power supplies (Kawabata and Higashino, 1988).

As such, the converters are not coupled and can be designed individually. This approach,

however, results in a bulky and expensive system because of the line-frequency transformer

and additional power supplies. With the significant improvement in the integrated power-

module technology, it has now become possible and feasible to directly connect three-phase

converters in parallel.

There have been numerous works regarding the design, operation, and control of multi-

phase PWM rectifiers (Marple, 1979; Gauger, 1986; Dixon and Ooi, 1988; Prasad et al., 1989;

Enjeti and Ziogas, 1990; Hingorani, 1990, 1993; Enjeti and Choudhury, 1991; Habetler, 1991;

Rioual et al., 1993; Sabanovic et al., 1993; Hiti et al., 1994; Hingorani and Gyugyi, 1996;
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Julian et al., 1996; Vlatkovic et al., 1996; Mazumder, 1997; Escobar et al., 1998; Mattavelli

et al., 2001). However, only a few papers discussed the issues of paralleling non-isolated

multi-phase converters (Matakas and Masada, 1993, 1995; Matakas et al., 1995; Burlacu and

Masada, 1996; Burlacu et al., 1997). For example, in a balanced three-phase system, the

control is usually implemented in a synchronous reference frame. Such a controller usually

controls the currents on the dq axes only because the zero-axis current is negligible for

the balanced system. However, when two or more three-phase PWM modules are directly

connected, circulating currents can exist in all of the phases (Xing et al., 1999; Xing, 2000).

However, the zero-axis current is not reflected on the dq axes and hence a synchronous-frame

controller (in the dq axes) has no effect on the zero-axis current.

There are several ways to reduce the cross-current between the modules (Matsui, 1985;

Takahashi and Yamane, 1986; Ogasawara, 1987; Sato and Kataoka, 1995). Recently, using

linearized averaged models, Xing et al. (1999, 2000) developed linear control schemes for two

standardized three-phase modules to reduce the cross-current using a linear controller and

space-vector modulation schemes that do not use the zero vectors. The advantage of such

schemes is that the communication among the modules is minimal. However, there is no

published result on the dynamic response and the impact of the zero-axis disturbance on the

stability of the overall system. Korondi et al. (Korondi et al., 1991) developed a controller

for a three-phase standalone inverter, which is capable of operating with an unbalanced

load. The controller operates in the αβ frame. To ensure sinusoidal output waves, the

αβ components are controlled non-ideally using a hysteresis relay with an additional zero-

phase-sequence elimination. By incorporating the effect of the zero-sequence current in

an existing dq model (Hiti, 1995), Ye et al. (2000) put forward an idea, similar to that

proposed by Korondi et al. (1991), to control a PTBC instead of a standalone converter.

Using this modified model, they have demonstrated the impact of small-signal interactions

among the modules and devised a control scheme that minimizes the zero-sequence current

on a reduced-order manifold. The linear control scheme is simple and minimizes the zero-

sequence current under steady-state conditions by simply varying the duration of the zero
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space vector. However, if the system saturates, the control scheme will not work effectively,

even under steady-state conditions. This is because, when the system saturates, the zero

vector can not be applied (Holtz, 1992). Furthermore, the performance of the system under

dynamic conditions has not been demonstrated (Ye, 2000; Ye et al., 2000). Finally, the

implementation of this scheme requires that the duration of the zero vectors of one of the

modules of the PTBC is fixed (Ye, 2000; Ye et al., 2000).

1.3 Outline and Contributions of This Dissertation

The main emphasis of this Dissertation is on developing methodologies for analyzing

the stability and dynamics of switching converters by treating them as discontinuous and

nonlinear systems and on controlling the dynamics of parallel converters using robust and

nonlinear controllers. Based on this work, a few papers have been published (Lee et al.,

1997; Xing et al., 1998, 1999; Ye et al., 1998; Mazumder et al., 2000a, b, 2001a-f). We

believe, the new approaches to the analyses of the stability and dynamics and design of

controllers, outlined in this Dissertation, will lead to improved stability, performance, and

design of power-electronic systems.

We begin, by investigating the fast- and slow-scale instabilities of a standalone dc-dc

converter using a nonlinear map. Using bifurcation analysis and Floquet theory, we develop

analytic criteria for predicting the stability of the period-one and higher-order orbits of the

map. Such an approach enables the determination of the post-instability dynamics, the effect

of initial conditions of the states of the converter on its stability, and the dynamics and the

region of attraction of the nominal solution. Comparing the results of the map with those of

the averaged model shows the shortcomings of the latter in predicting fast-scale instabilities.

Subsequently, we extend some of the fundamental methodologies to analyze more com-

plex standalone and parallel converters. First of all, we consider an integrated filter-converter

system. We show the shortcomings of a well-known linear criterion, which is used to predict
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instabilities due to sub-system interaction, in integrated systems. Second, we analyze the

stability of a single-phase boost PFC circuit using a hybrid model. The stability analysis of

this converter is one of the hardest because the model of the boost PFC involves disconti-

nuity in control and non-differentiability in state and time. Using concepts of discontinuous

systems and Lyapunov’s method, we develop conditions for global and local existence of a

closed-loop boost PFC. Using these conditions and the concept of equivalent control, we

derive conditions for the onset of instabilities in such systems. Subsequently, we develop

a second-order Poincare map and outline the procedure to determine the instability mech-

anisms and the post-instability dynamics. Third, we outline the techniques to extend the

nonlinear analysis to multilevel dc-dc and single-phase bidirectional converters. The analysis

of these converters shows how the fundamental techniques can be extended to more complex

multi-switch power-electronic systems. For both converters, we outline a procedure to obtain

maps, which describe their dynamics. For the multilevel converter, we formulate an analytic

stability condition using the derived map. For a single-phase bidirectional converter, using

a first-order Poincare map, we show how a stable system undergoes torus breakdown and

ultimately enters a chaotic state when a bifurcation parameter is changed. This kind of

instability, which occurs on the fast scale, can not be predicted by existing averaged models

(Chandrasekaran, 2000). Fourth, we analyze the stabilty and dynamics of N parallel dc-dc

converters. We develop stability criteria based on nonlinear maps and switching and aver-

aged models. Using bifurcation theory and Lyapunov’s method, we investigate the stability

of a parallel dc-dc converter under saturated and unsaturated conditions and show that there

is a significant difference in the prediction of the instabilities based on switching and discrete

models as compared to averaged models. To investigate the post-instability dynamics using

a map, we also develop a discrete normal form.

Detailed stability analyses of standalone, integrated, and parallel switching converters

brings out some of the key deficiencies of the existing methodologies, which are based on

averaged models. As such, controllers that are designed based on these methodologies may be

conservative and may not stabilize the closed-loop systems. To overcome these deficiencies,
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we develop nonlinear controllers, which stabilize parallel dc-dc and multi-phase switching

converters.

We begin, by developing robust controllers (for parallel dc-dc converters), which combine

the concepts of integral-variable-structure and multiple-sliding-surface control. These control

schemes have several advantages. First, they are easy to design because each sliding surface is

independently controlled. Second, the controllers yield good transient responses even under

parametric variations. Third, the controllers eliminate the bus-voltage error and the error

between the line currents of the converter modules under steady-state conditions. Fourth,

the integrators in the control schemes reduce the impact of very high-frequency dynamics due

to parasitics on an experimental closed-loop system. Fifth, the control schemes within the

boundary layer enable operation of the converters with a finite switching frequency. Sixth,

using these controllers, the converter modules can be operated in interleaving or synchronous

modes.

Next, we propose three different control schemes to stabilize parallel multi-phase con-

verters and compare them with existing control schemes. None of these schemes requires

any communication among the modules and hence they have high redundancy. Furthermore,

they can operate even if the switchings of the modules are not synchronized, the switching

frequencies are different, and the parameters of the modules vary. Two of the proposed con-

trol schemes are developed in the continuous domain, whereas the third scheme is developed

in the discrete domain. We find that the dynamic performances of all of the proposed con-

trol schemes are better than the existing schemes. The discrete-control scheme achieves the

best compromise between steady-state and transient responses. This is because this scheme

combines space-vector modulation and nonlinear control. We believe that this is the first

time such a scheme has been developed to control a parallel multi-phase converter.



Chapter 2

Modeling and Stability Analyses. I.

Fundamental Theory for Basic

Standalone DC-DC PWM Converters

Using an exact formulation based on nonlinear maps, we develop a systematic method

to model dc-dc converters operating with static or dynamic feedback control. We use this

methodology to investigate the fast-scale instabilities of a high-frequency dc-dc voltage-mode

buck converter that employs dynamic-feedback control for voltage regulation and operates

in the CCM. The basic idea can, however, be easily extended to other classes of dc-dc con-

verters. We validate experimentally the theoretical results. We compare the results obtained

with the exact formulation with those obtained using state-space averaged models and point

out the shortcoming of averaged models in predicting fast-scale instabilities. Currently, most

of the commercial dc-dc converters operate at 100 kHz or above. At such high frequencies the

effects of parasitic elements can not be ignored as has been done in the past by most investi-

gators. In this chapter we also demonstrate the impact of very high-frequency dynamics, due

to parasitics and device nonlinearities, on the onset of chaos by developing a high-frequency

model. The parasitic parameters for this model are obtained using a finite-element analy-

27
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sis package based on the actual printed-circuit board (PCB) of the experimental converter.

The analyses in this chapter are based on systems that are close to dc-dc converters used

in practice, and hence the results should be of interest to practicing engineers. The present

results indicate that nonlinear analyses of power converters lead to a better understanding

of their dynamics. With these analyses, one can clearly demarcate the boundaries of insta-

bilities (without resorting to time consuming numerical simulations) and demonstrate the

fast-scale and slow-scale instabilities. This may lead to converters that have better design

and performance.

2.1 Modeling and Analysis

Initially, we assume that the nonlinearities due to the power device and parasitics are

negligible. Then, we demonstrate their effect through a high-frequency model. The converter

is clocked at a rate equal to the switching frequency. Moreover, the controller is designed in

such a way that, once a change of state is latched, it can be reset only by the next clock.

This effectively eliminates the possibility of multiple pulses. We analyze the closed-loop buck

converter (without the filter) first and then extend it for the integrated system. The buck

converter operating under the CCM and duty ratio control is a piecewise smooth system.

The multi-topological system, shown in Figure 2.1, is in the on-state (for duration T1) when

u is closed and in the off-state (for duration T2) when u is open. If we represent the two

states, the inductor current [iL(t)] and the output capacitor voltage [vc(t)] of the open-loop

converter, by X(t), then we write the system of equations governing the two states as

dX(t)
dt

= Ao1X(t) +B
o
1vin

vdc(t) = C
o
1X(t)

(2.1)

for 0 ≤ t < T1 and
dX(t)
dt

= Ao2X(t) +B
o
2vin

vdc(t) = C
o
2X(t)

(2.2)
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Figure 2.1: A closed-loop buck converter.

for T1 ≤ t < T2 where

T = T1 + T2. (2.3)

In (2.1) and (2.2), vdc(t) is the sum of vc(t) and the voltage drop across rC . The matrices

Ao1, A
o
2, B

o
1, B

o
2, C

o
1 , and C

o
2 in (2.1) and (2.2) are given by

Ao1 =

 −rLL − rCR
(R+rC)L

− R
(R+rC)L

R
(R+rC)C

− 1
(R+rC)C

, Bo1 =

 1
L

0

, Co1 =
∙

rCR
R+rC

R
R+rC

¸

Ao2 =

 −rLL − rCR
(R+rC)L

− R
(R+rC)L

R
(R+rC)C

− 1
(R+rC)C

, Bo2 =

 0
0

, Co3 =
∙

rCR
R+rC

R
R+rC

¸ (2.4)

Using (2.1) and (2.2), we derive the open-loop state-space averaged model by taking

the average of the states in the on- and off-intervals. This yields the following large-signal
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time-varying continuous system:

dX(t)
dt

=
³
Ao1d+A

o
2d
´
X(t) +

³
Bo1d+B

o
2d
´
vin

vdc(t) =
³
Co1d+ C

o
2d
´
X(t)

(2.5)

where the duty ratio d = T1/T .

Next, we derive the exact solution of the open-loop system by stacking the consecutive

solutions of (2.1) and (2.2) over a switching period. The resulting discrete-time difference

equation can be written in state-space form as

Xk+1 = f
o
1 (Xk, dk, vin) = Φ (dk)Xk + Γ (dk) vin

vdck+1 = f
o
2 (Xk, dk, vin) = C

o
2Xk+1

(2.6)

where

Φ (dk) = Φ2 (1− dk)Φ1 (dk) , Φi (τ) = e
Aoi τ (2.7)

Γ (dk) = Φ2 (1− dk)
Z dkT

0
Φ1 (τ )B

o
1dτ +

Z (1−dkT )

0
Φ2 (τ)B

o
2dτ. (2.8)

Using

Z t

0
eA

o
i τBoi dτ =

h
eA

o
i t − I

i
(Aoi )

−1Boi (2.9)

and (2.7) and (2.8), we simplify the expression for Xk+1 in (2.6a) to

Xk+1 = f
o
1 (Xk, dk, vin) = eA

o
2(1−dk)T eA

o
1dkTXk + e

Ao2(1−dk)T
h
eA

o
1dkT − I

i
(Ao1)

−1Bo1vin

+
h
eA

o
2(1−dk)T − I

i
(Ao2)

−1Bo2vin. (2.10)

To derive a model for the closed-loop system, we assume that the mth-order, linear,

time-invariant error amplifier (shown in Figure 2.1) can be modeled as

dξ(t)
dt
= Acξ(t) +Bcvin +Brcvref

ve(t) = Hcξ(t)
(2.11)
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where ξ(t) is a m× 1 state vector representing the states of the controller, Ac is a constant
matrix, Bc and Brc are 1 ×m row vectors, Hc is a 1 ×m row vector, vref is the reference

voltage, and ve(t) is the output of the error amplifier. Using (2.1), (2.2), and (2.11), we

obtain the following equations for the closed-loop converter system:

dΨ(t)
dt

= A1Ψ(t) +B1vin +Br1vref

vdc(t) = C1Ψ(t)

ve(t) = P1Ψ(t)

(2.12)

for 0 ≤ t < T1 and

dΨ(t)
dt

= A2Ψ(t) +B2vin +Br2vref

vdc(t) = C2Ψ(t)

ve(t) = P2Ψ(t)

(2.13)

for T1 ≤ t < T . In (2.13), Ψ(t) represents the combined states of the controller and the

power stage. The matrices A1, A2, B1, B2, Br1, Br2, C1, and C2 in (2.12) and (2.13) are given

by

A1 =

 Ao1 0

SCo1 Ac

, B1 =
 Bo1
0

, Br1 =
 0
Brc

, C1 = ∙ Co1 0

¸
, H1 =

∙
Hc 0

¸

A2 =

 Ao2 0

SCo2 Ac

, B2 =
 Bo2
0

, Br2 =
 0
Brc

, C2 = ∙ Co2 0

¸
, H2 =

∙
Hc 0

¸
.

(2.14)

Using (2.12) and (2.13), we obtain the following state-space averaged model for the

closed-loop system:

dΨ(t)
dt

=
h
A1d+A2d

i
Ψ(t) +

h
B1d+B2d

i
vin +

h
Br1d+Br2d

i
vref

vdc(t) =
³
C1d+ C2d

´
Ψ(t).

(2.15)
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Similarly, we can write an exact discrete model for the closed-loop system in the form

Ψk+1 = f1 (Ψk, dk, vin)

= eA2(1−dk)T eA1dkTΨk

+
h
eA2(1−dk)T

³
eA1dkT − I

´
(A1)

−1B1 +
³
eA2(1−dk)T − I

´
(A2)

−1B2
i
vin

+
h
eA2(1−dk)T

³
eA1dkT − I

´
(A1)

−1Br1 +
³
eA2(1−dk)T − I

´
(A2)

−1Br2
i
vref

vdck+1 = f2 (Ψk, dk, vin) = C2Ψk+1.

(2.16)

The auxiliary equation for the switching condition of the closed-loop feedback system is

σ (Ψk, dk, vin) = ϕ·
h
eA1dkTΨk +

³
eA1dkT − I

´
(A1)

−1 (B1vin +Br1vref )
i
−vrampdk = 0.(2.17)

In (2.17), the term ϕ represents the feedback controller and vramp is the magnitude of the

ramp shown in Figure 2.1. For example, for a lag-lead controller with an integrator,

ϕ = ωm (0 0 ωz1ωz2 ωz1 + ωz2 1) . (2.18)

The transfer function of the controller is

Gc(s) =
ωI
s

(s+ ωz1) (s + ωz2)

(s+ ωp1) (s + ωp2)
=
ωm
s

³
s
ωz1
+ 1

´ ³
s
ωz2
+ 1

´
³
s
ωp1
+ 1

´ ³
s
ωp2
+ 1

´ (2.19)

where ωI is the integrator gain and ωz1, ωz2, ωp1, and ωp2 are the zeros and poles of the

controller.

2.2 Period-One Responses and Their Stability

The fixed points Ψk of (2.16) correspond to period-one limit cycles of the closed-loop

regulator. They can be obtained by using the constraint Ψk+1 = Ψk = Ψs. Letting Vin = vin
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and D = dk in (2.16), we find that the fixed points are given by

Ψs =
h
I − eA2(1−D)T eA1DT

i−1


 eA2(1−D)T
³
eA1DT − I

´
(A1)

−1B1+³
eA2(1−D)T − I

´
(A2)

−1B2

 Vin+ eA2(1−D)T
³
eA1DT − I

´
(A1)

−1Br1+³
eA2(1−D)T − I

´
(A2)

−1Br2

 vref


(2.20)

Substituting (2.20) into (2.17), we obtain

σ (Ψs, D, Vin) = ϕ



eA1DT



³
eA2(1−D)T eA1DT

´−1 eA2(1−D)T
³
eA1DT − I

´
(A1)

−1B1+³
eA2(1−D)T − I

´
(A2)

−1B2

Vin+ eA2(1−D)T
³
eA1DT − I

´
(A1)

−1Br1+³
eA2(1−D)T − I

´
(A2)

−1Br2

 vref


+

³
eA1DT − I

´
(A1)

−1 (B1Vin +Br1vref)


− vrampD = 0. (2.21)

The transcendental equation (2.21) is solved numerically using a combination of the bisection

and secant methods to determine the fixed points.

To ascertain the stability of a given fixed point, we perturb the nominal values (Ψs,D, Vin, Vdc)

as

Ψ = Ψs + Ψ̂, d = D + d̂, vin = Vin + v̂in, vdc = Vdc + v̂dc. (2.22)

Substituting (2.22) into (2.16) and (2.17), expanding the results in Taylor series, and keeping

first-order terms, we obtain

Ψ̂k+1 ≈ ∂f1
∂Ψ

Ψ̂k +
∂f1
∂d
d̂k +

∂f1
∂vin

v̂in (2.23)

v̂dck+1 ≈
∂f2
∂Ψ

Ψ̂k +
∂f2
∂d
d̂k +

∂f2
∂vin

v̂in (2.24)



Sudip K. Mazumder Chapter 2. Modeling and Stability Analyses. I. ... 34

0 ≈ ∂σ

∂Ψ
Ψ̂k +

∂σ

∂d
d̂k +

∂σ

∂vin
v̂in. (2.25)

It follows from (2.25) that

d̂k = −
"
∂σ

∂d

#−1 "
∂σ

∂Ψ

ˆ

Ψk +
∂σ

∂vin
v̂in

#
. (2.26)

Substituting (2.26) into (2.23) and (2.24) yields

Ψ̂k+1 ≈
∂f1
∂Ψ
− ∂f1

∂d

Ã
∂σ

∂d

!−1
∂σ

∂Ψ

 Ψ̂k +
 ∂f1
∂vin

− ∂f1
∂d

Ã
∂σ

∂d

!−1
∂σ

∂vin

 v̂in
= H1Ψ̂k +H2v̂in (2.27)

v̂dck+1 ≈
∂f2
∂Ψ
− ∂f2

∂d

Ã
∂σ

∂d

!−1
∂σ

∂Ψ

 Ψ̂k +
 ∂f2
∂vin

− ∂f2
∂d

Ã
∂σ

∂d

!−1
∂σ

∂vin

 v̂in
= H3Ψ̂k +H4v̂in. (2.28)

The stability of a given fixed point can be ascertained by the eigenvalues (Floquet mul-

tipliers) of H1 (Nayfeh and Mook, 1979; Wolf et al., 1994; Nayfeh and Balachandran, 1995).

For asymptotic stability, all of the Floquet multipliers must be within the unit circle. As a

control parameter, such as the input voltage, is varied, we found that the fixed point loses

stability by one of two scenarios. In the first scenario, a Floquet multiplier exits the unit

circle in the complex plane through -1. The post-instability response is a period-two limit

cycle and the bifurcation is a flip or a period-doubling bifurcation (Nayfeh and Balachan-

dran, 1995; Wolf et al ,1994). The bifurcation may be supercritical or subcritical, depending

on whether the created period-two fixed point is stable or unstable. For supercritical bifur-

cations, the created period-two fixed point coexists with the unstable period-one fixed point.

On the other hand, for subcritical bifurcations, the created period-two fixed point coexists

with the stable period-one fixed point. In the second scenario, two complex conjugate Flo-

quet multipliers exit the unit circle away from the real axis. The post-instability response
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is two-period quasi periodic and the bifurcation is a Hopf bifurcation (Nayfeh and Mook,

1979; Wolf et al., 1994; Nayfeh and Balachandran, 1995). The normal form of the Hopf

bifurcation can be used to determine whether it is subcritical or supercritical. Alternatively,

for supercritical bifurcations, the created quasiperiodic response coexists with the unstable

period-one response; whereas for subcritical bifurcations, the created quasiperiodic response

coexists with the stable period-one response.

2.3 Period-Two Fixed Points and Their Stability

To investigate the behavior of the period-doubled response, we construct a second-order

map by imposing the constraint Ψk+2 = Ψk = Ψ2s. Using a methodology similar to that

used in the period-one case, we construct the second-order map

Ψ2s =
h
I − eA2(1−D2)T eA1D2T eA2(1−D1)T eA1D1T

i−1
·

eA2(1−D2)T eA1D2T · ³
eA2(1−D1)T

¡
eA1D2T − I¢ (A1)−1B1 + ¡eA2(1−D1)T − I¢ (A2)−1B2´Vin+³

eA2(1−D1)T
¡
eA1D2T − I¢ (A1)−1Br1 + ¡eA2(1−D1)T − I¢ (A2)−1 Br2´ vref

 +

³
eA2(1−D2)T

¡
eA1D2T − I¢ (A1)−1B1 + ¡eA2(1−D2)T − I¢ (A2)−1B2´Vin+³

eA2(1−D2)T
¡
eA1D2T − I¢ (A1)−1Br1 + ¡eA2(1−D2)T − I¢ (A2)−1Br2´ vref


(2.29)

Ψ1s = eA2(1−D1)T eA1D1TΨ2s +³
eA2(1−D1)T

³
eA1(1−D1)T − I

´
(A1)

−1
B1 +

³
eA2(1−D1)T − I

´
(A2)

−1
B2

´
Vin +³

eA2(1−D1)T
³
eA1(1−D1)T − I

´
(A1)

−1Br1 +
³
eA2(1−D1)T − I

´
(A2)

−1Br2
´
vref (2.30)

where D1, D2, Ψ1s, and Ψ2s are the duty ratios and states corresponding to the period-two

fixed points. The switching conditions are

σ1 (Ψ1s, D1, Vin) = ϕ ·
h
eA1D1TΨ1s +

¡
eA1D1T − I¢ (A1)−1 (B1Vin +Br1vref )i− vrampD1 = 0 (2.31)

σ2 (Ψ2s, D2, Vin) = ϕ ·
h
eA1D2TΨ2s +

¡
eA1D2T − I¢ (A1)−1 (B1Vin +Br1vref )i− vrampD2 = 0. (2.32)
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The procedure for determining D1, D2, Ψ1s, and Ψ2s is the same as that used for the period-

one fixed point except that we need two initial guesses for the duty ratios. Guessing D1 and

D2, we determine Ψ1s and Ψ2s using (2.29) and (2.30) and then correct D1 and D2 using

(2.31) and (2.32).

The stability of the period-two fixed points can be determined as before by perturbing

them and forming the linearized variational equations

Ψ̂k+2 = H5Ψ̂k +H6v̂in (2.33)

v̂dck+2 = H7Ψ̂k +H8v̂in. (2.34)

Again the stability of the period-two orbit can be determined by calculating the Floquet

multipliers of H5, which can be shown to be

H5 =

 ∂f1
∂Ψ2

− ∂f1
∂d2

Ã
∂σ

∂d2

!−1
∂σ

∂Ψ2

  ∂f1
∂Ψ1

− ∂f1
∂d1

Ã
∂σ

∂d1

!−1
∂σ

∂Ψ1

 . (2.35)

For stability, all of the Floquet multipliers of H5 must be within the unit circle. So when

the period-one orbit loses stability, the stability of the period-two orbit determines whether

the period-doubling bifurcation is supercritical or subcritical. For the Hopf bifurcation, two

complex conjugate multipliers leave the unit circle away from the real axis. The determi-

nation of whether the bifurcation is subcritical or supercritical can be done by calculating

the normal form of the bifurcation. An alternate method is to find out whether there exists

a periodic response with a period close to 2π

Im(λHopf)
(where λHopf is the complex multiplier

exiting the unit circle) in the neighborhood of the bifurcation point as the bifurcation pa-

rameter is increased. If so, then the Hopf bifurcation is supercritical. If not then, we can

reduce the bifurcation parameter slowly and find out whether there are more than one sta-

ble solution by perturbing the period-one solution. If multiple stable solutions coexist, the

Hopf bifurcation is subcritical. Of the multiple solutions one is the period-one solution. The

others are global solutions.
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2.4 Stability Analysis using the Linearized Averaged

Model

For the averaged model, determination of the stability of the period-one solution can

be performed using the loop gain Tv of the voltage loop (Lee, 1990). The loop gain of the

closed-loop buck converter can be determined using

Tv(s) = Gd(s)H(s)(FM)(A) (2.36)

where FM(= 1
vramp

) is the modulator gain, A(= Rx
Rx+Ry

) is the sensor gain, Gd(s) is the

control to the output transfer function

Gd(s) =
µ

R

rL +R

¶
vin

1 + srCC

s2LC
³
R+rC
R+rL

´
+ s

³
rLR+rLrC+rCR

R+rL
+ L

rL+R

´
+ 1

(2.37)

and Hc(s) is the controller transfer function. The phase margin of Tv determines the stability

of the closed-loop system.

2.5 Effect of Parasitics

In the above model for the closed-loop system, the impact of device nonlinearities and

parasitic dynamics was neglected. In conventional commercial converters, the switching

frequency is equal to or greater than 100 kHz. At these high frequencies, the parasitics

become very important and analyses based on nominal models may not be accurate. If the

switching speed of the device (particularly the diode) is fast enough (for example using a

Schottky diode), the impact of the device nonlinearity is reduced to some extent as long

as the duty ratio of the system is not very small. However, the parasitic parameters vary

from board to board, and hence the parasitic dynamics are hard to control even with a

well-designed PCB. To conduct the sensitive experiments reported in this chapter, we had
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to design the board four times and make special arrangements to reduce the common-mode

noise.

The impact of these very high-frequency dynamics (commonly called noise by practic-

ing engineers) can be lumped into a stochastic recursion relation (Crutchfield et al., 1981;

Crutchfield and Huberman, 1980):

Ψk+1 = f1 (Ψk, dk, vin) + Ωkχ. (2.38)

The quantity Ωk is a random variable controlled by an even distribution of unit width and χ

is a variable that controls the width (or amplitude) of the noise. Equation (2.38) is identical

to the first map in (2.16) in the case of a deterministic quantity Ωk.

This approach for studying the effect of external noise on the transition to chaos for maps

has been done in the past by physicists (Crutchfield et al., 1981; Crutchfield and Huberman,

1980). However, the assumption of a Gaussian distribution is not always valid in power-

electronic systems. This is because the distribution is skewed, primarily due to glitches in

the power-converter response, and hence the mean and the median of the distribution are

not the same. We consider a more direct approach here. We extract the parameters of the

high-frequency model (based on the actual PCB layout) using the INCA software and high-

speed design data books (Zhang, 1998a). The INCA software is a finite-element analysis

package and gives the self inductance associated with a trace and the mutual inductances

associated with the coupling between traces. We, however, neglect the mutual inductances

because they are smaller than the self inductances by at least three orders of magnitude.

As the switching frequency increases to the mega Hertz range, the mutual inductance will

become more prominent. Once the parameters have been extracted, we use the SABER

software to simulate the higher-order system (Figure 2.2). The snubber placed across the

diode helps with very high-frequency ringing, with the response dynamics being faster than

the switching frequency dynamics by three orders of magnitude. Therefore, we include the

snubber in the high-frequency model. The power devices used in the simulation are actual
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Figure 2.2: A high-frequency model of the closed-loop buck converter.

models; they are used to account for the reverse recovery effect and junction capacitances

associated with the devices.

2.6 Results

We present a bifurcation analysis of the closed-loop buck converter. We compare these

results with those obtained by using the averaged model. Then, we present experimental

results that we obtained with the buck converter shown in Figure 2.3. We use an active load

(in resistance mode) to study the influence of load resistance. Then, we show the impact

of the very high-frequency dynamics associated with parasitics and device nonlinearities on

the onset of chaos.

The values of the parameters of the nominal model are rL = 0.021 Ω, rC = 0.021 Ω,

L = 50 µH, C = 4400 µF, vref = 2.0 V, R = 1 Ω - 5 Ω, vl = 1.8 V, vramp = 3.0 V, and



Sudip K. Mazumder Chapter 2. Modeling and Stability Analyses. I. ... 40

Figure 2.3: Experimental closed-loop buck converter.

f = 1
T
= 100 kHz. The converter we have chosen has a low output voltage and a wide

variation in the input voltage. This is a typical scenario in a telecommunication application

with a nominal input voltage of 48 volts. As such, the nominal duty ratio can be very low.

In Figure 2.4, we present the frequency-response function obtained with the averaged

model for the loop gain of a voltage-mode buck converter. The controller for the closed-loop

system has the form Gc(s) =
ωI
s
(s+ωz1)(s+ωz2)
(s+ωp1)(s+ωp2)

. The worst phase margin is 20◦, and hence the

converter is stable according to the small-signal averaged model.

In Figure 2.5, we show a theoretical bifurcation diagram for this closed-loop system. The

load is kept at one ohm, and the input voltage, which is the bifurcation parameter, is varied

between 20 to 62 volts in increments of 0.1 volt. The bifurcation diagram is constructed

using the exact method and numerical techniques. The exact method works for vin less than

55 volts. Beyond that the system saturates and hence (2.17) is indeterminate. To carry on,

we use numerical methods. The bifurcation analysis clearly shows a fast-scale instability,
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Figure 2.4: Frequency-response analysis of the closed-loop buck converter. It shows a stable

system.

which cannot be predicted with the state-space averaged model. Moreover, prediction of

the period-one slow-scale instability with the linearized averaged model is conservative as

compared to that obtained with the nonlinear averaged model.

It follows from Figure 2.5 that the period-one orbits are stable for all values of the input

voltage vin below 53.8 volts. All of the Floquet multipliers are within the unit circle. As vin

increases past 53.8 volts, one of the Floquet multipliers exits the unit circle through -1, as

shown in Figure 2.6, indicating a period-doubling or flip bifurcation. To study the stability

of the created period-doubled orbits, we calculated the Floquet multipliers based on the

second-order map for vin =53.8 volts. The result is [0.1288, 0.8302+0.0389i, 0.8302-0.0389i,
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Figure 2.5: A theoretical bifurcation diagram of the closed-loop buck converter. It shows a

fast-scale instability.

Figure 2.6: One of the period-one Floquet multipliers exits the unit circle through -1, indi-

cating a period-doubling bifurcation.
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0.9039, 0.9911]. Because all of these multipliers are inside the unit circle, the created period-

two orbits are stable, and hence the period-doubling bifurcation is supercritical. Indeed, we

were able to use long-time simulation to calculate period-two orbits beyond vin = 53.8 volts,

as shown in the bifurcation diagram in Figure 2.5.

Figure 2.7a shows that the duty ratio undergoes a period-doubling bifurcation as vin

increases beyond 53.8 volts. Immediately after the period-doubling bifurcation, all of the

Floquet multipliers of the second-order map are within the unit circle: three of them are well

within the unit circle and two are real and near 1+0i, as shown in Figure 2.7b. In Figure 2.7c,

we show the movement of the latter multipliers as vin increases. They approach each other,

collide, and move away from the real axis. It follows from Figure 2.7a that as vin approaches

vin = vinc ≈ 54.48 volts, one of the duty ratios approaches zero and at vin = vinc the error
signal ve hits the ramp at the bottom, as shown in Figure 2.7d. As such, the system saturates,

which we have confirmed experimentally. This saturation or pulse dropping initiates chaos,

which is called border collision bifurcation by Nusse et al (1992) and Bannerjee et al (1997,

1999). Researchers in other fields have also reported similar non-smooth bifurcations, such

as C-bifurcations in Filippov systems (Feigin, 1974; Feigin, 1995) and grazing bifurcation

in impacting systems (Ivanov, 1993; Nordmark, 1997; Brogliato, 1999). In the saturated

region, the second-order map used to derive (2.29) and (2.30) becomes invalid. As such, we

are unable to plot the movement of the Floquet multipliers any more. For further increases

in the input voltage, the response of the system becomes chaotic, which is shown in Figure

2.5.

Once chaos is initiated, we resort to time-domain simulation using the switching model.

Bernardo and Vasca (1998) proposed the concept of impact map. However, for the chaotic

region, where the switching instant is unknown, the difference in the computation time

between the simulation and the approach based on the impact map is negligible. It follows

from the bifurcation diagram in Figure 2.5 that initially chaos is confined to two small

bands. As vin is increased, the two chaotic bands increase in size until they collide with

the unstable period-one response, resulting in a single large chaotic attractor in a so-called
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Figure 2.7: Variation of the duty ratio (a) and the magnitudes of the Floquet multipliers

(b) with the input voltage in the period-two region. (c) Two of the Floquet multipliers in

(b) first collide with each other and then move towards the imaginary axis. (d) The error

signal hits the ramp at the lowest point (at the beginning of the switching cycle) and the

closed-loop system saturates.
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attractor merging crisis (Nayfeh and Balachandran, 1995).

We now explain qualitatively the transition in the response of the closed-loop converter

from a period-two orbit to a chaotic attractor in the vicinity of vin = vinc by using Filippov’s

theory (Filippov, 1988). However, to proceed further, we use (2.12), (2.13) and Figure 2.1,

to describe the dynamics of the states of the closed-loop buck converter as a differential

equation with discontinuous right-hand side; that is,

dΨ(t)
dt

= AΨ(t) +Bvinu+Brvref

u = 1+sign(ve(t)−vr(t))
2

=
1+sign

³
ve(t)−vl−vrampmod( tT )f

´
2

(2.39)

where f = 1
T
, A = A1 = A2, B = B1, and Br = Br1 = Br2. Equation (2.39) shows that

when ve(t) = vr(t), then
dΨ
dt
is undefined. However, as long as vl < ve(t) < vl + vramp at the

point of impact with the ramp, the latching action of our controller ensures only a single

turn-on and a single turn-off of the power switch in a switching cycle. As such, one can

describe the dynamics of the system using a nonlinear discrete map, thereby eliminating the

discontinuity. One such map is used to obtain (2.29) and (2.30). The general form of this

map is

Ψk+2 =
³
Φ4Φ3Φ2Φ1

´
Ψk +

³
Φ4Φ3Φ2Λ1 + Φ4Φ3Λ2 + Φ4Λ3 + Λ4

´
vin +³

Φ4Φ3Φ2Υ1 + Φ4Φ3Υ2 + Φ4Υ3 +Υ4
´
vref

vdck+2 = P1Ψk+2

0 = σ1(Ψk, d1k, vin)

0 = σ2(Ψk, d1k, d2k, vin) (2.40)

where Φs, Λs, Υs, and P1 are matrices, and the last two scalar equations describe the

switching conditions. When ve(t) = vl (or vl + vramp) at the point of impact with the

ramp, (e.g., Figure 2.7d), the system saturates and hence (2.40) fails. Using Figure 2.7d, we

therefore construct another map as

Ψk+2 =
³
Φ3Φ2Φ1

´
Ψk +

³
Φ3Φ2Λ1 + Φ3Λ2 + Λ3

´
vin +

³
Φ3Φ2Υ1 + Φ3Υ2 +Υ3

´
Vdcref
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vdck+2 = P2Ψk+2

0 = σ1(Ψk, d1k, vin) (2.41)

where Φs, Λ, and Υ are matrices. The nonlinear map (2.41) is valid at the point given

by ve(t) = vl and in the vicinity of the fixed point. It is obvious that, in the vicinity of

saturation, the two maps (given by (2.40) and (2.41)) that describe the same system have

different forms. Let J− and J+ be the Jacobian matrices that are obtained by linearizing

(2.40) and (2.41) in the vicinity of the saturation point. Depending on the values of J− and

J+ in the neighborhood of the saturation point, we can have two different sets of Floquet

multipliers (FM− and FM+). In a smooth system, the transition from FM− to FM+ is

always gradual. However, this is not the case in a nonsmooth system; it has many other

other bifurcations than a smooth system (Nayfeh and Balachandran, 1995). The bifurcation

diagram in Figure 2.5 shows one such case, where chaos occurs due to saturation immediately

after a period-doubling bifurcation. Although the Floquet multipliers are defined before and

after the saturation point, they are not defined at this point. The Floquet multipliers at this

point are obtained from the set-valued Jacobian matrix J=[J−, J+]. The viable solutions

of this set are obtained by using the concept of convexity (Filippov, 1988; Mazumder et al.,

2001c).

In Figure 2.8, we show the experimental results we obtained for the converter in the

stable and unstable regions with the input voltage as the bifurcation parameter. In Figure

2.8a, we show a stable period-one response. As vin is increased to 52.6 volts, the response

becomes chaotic, as shown in Figure 2.8b, without undergoing a period-doubling bifurcation,

as predicted by the theory. To explain this discrepancy, which is illustrated in Table 2.1, we

used the high-frequency model, shown in Figure 2.2, to account for the impact of the very

high-frequency dynamics due to parasitics and device nonlinearities. The high-frequency

model is developed using actual device models and parasitic parameters obtained using the

actual PCB layout. The parasitic parameters are obtained from the PCB using the finite-

analysis pacakage INCA. The values of the parameters of the high-frequency model are
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Figure 2.8: Experimental waveforms for (a) period-one and (b) chaotic responses.

rL = 0.021 Ω, vref = 2.0 V, R = 1 Ω - 5 Ω, C1 = 30 pF, C2 = 100 nF, C3 = 100 nF,

C4 = 2200 µF, C5 = 2200 µF, L = 50 µH, L1 = 30 nH, L2 = 25 nH, L3 = 5 nH, L4 = 5 nH,

L5 = 15 nH, L6 = 15 nH, L7 = 27 nH, L8 = 29 nH, R1 = 0.16 Ω, R2 = 0.15 Ω, R3 = 0.025

Ω, R4 = 0.025 Ω, R5 = 0.05 Ω, R6 = 0.05 Ω, R7 = 0.15 Ω, R8 = 0.15 Ω, vl = 1.8 V,

vramp = 3.0 V, and f =
1
T
= 100 kHz.
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Table 2.1: Comparison of the results obtained using the nonlinear map and the averaged

model of the buck converter with those obtained experimentally.

vin (V) Averaged model Nonlinear map Experiment

20

↓ stable stable stable

52.5 equilibrium period-one orbit period-one orbit

52.6

↓ stable stable chaos

53.7 equilibrium period-one orbit

53.8

↓ stable unstable period-one orbit chaos

54.47 equilibrium stable period-two orbit

54.48

↓ stable chaos chaos

62.0 equilibrium

In Figure 2.9, we present the Fourier spectra of the bus voltage for two separate cases:

one based on the high-frequency model and the other based on the nominal model, as shown

in Figure 2.1. These simulation results clearly indicate that the unmodeled uncertainties

due the very high-frequency dynamics cause the earlier onset of chaos.

Interestingly, the chaotic response is stable, and the ripple in the output voltage caused by

chaos is tolerable, as seen from the experimental waveforms. We also performed a dynamic-

load test when the converter is in the chaotic region, and the result is shown in Figure 2.10.

The load resistance was changed by 150% periodically every 1ms. The test results show that

chaos is stable. Within the chaotic region, we found narrow windows of periodic responses.

Two such periodic waveforms are shown in Figures 2.11a and 2.11b.
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Figure 2.9: Impact of parasitics on the onset of chaos. Fourier spectra of the output voltage

based on the nominal model (bottom trace) and on the high-frequency model (top trace).

The latter predicts an earlier onset of chaos.

Using the nonlinear map of the nominal model, we then investigate the impact of load

resistance (R) on the stability of the closed-loop converter. Figure 2.5 shows that, at u =

u∗ = 53.8, the period-one orbit becomes unstable. Therefore, we fix the input voltage (=

53 V) in the vicinity of u∗. All of the other power stage and controller parameters the same

used to obtain Figure 2.5. Figure 2.12, shows a bifurcation diagram, which is obtained by

increasing the value of R from 1 Ω to 9 Ω. Initially, the period-one orbit of the closed-

loop system is stable. When R = 1.7 Ω, the period-one orbit becomes unstable and a

stable period-two orbit emerges. As before, the period-doubling bifurcation was ascertained

by computing the Floquet multiplers of the map. When R = 6 Ω, the period-two orbit

becomes unstable and a chaotic attractor emerges. The onset of chaos occurs due to border

collision/saturation.

The bifurcation diagram in Figure 2.13, shows the effect of variation of the output in-
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Figure 2.10: Experimental result shows the influence of a transient-load change on the chaotic

attractor.

ductance (L), from 60 µH to 20 µH, on the stability of the closed-loop system. The input

voltage and the load resistance are fixed at 53 V and 1 Ω, respectively. All other parameters

remain the same. We find that, as long as L is larger than 49 µH, the period-one orbit is

stable. When L = 49µH, the period-one orbit becomes unstable and a stable period-two or-

bit emerges. Furthermore, when L is reduced below 48 µH, the closed-loop system becomes

chaotic. The onset of chaos occurs due to border collision/saturation.

Finally, we demonstrate the slow-scale instability in the buck converter. The controller

for the closed-loop systems has the form Gc(s) =
ωI
s
(s+ωz1)
(s+ωp1)

. The frequency-response function

for this case is shown in Figure 2.14a for input voltages ranging from 20 to 62 volts. The load

resistance was kept constant at five ohm. For the nonlinear model, given the same system

parameters, we found that two of the Floquet multipliers [0.3119, 1.00001 + 0.0899i, 1.00001
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Figure 2.11: Experimental result shows (a) a period-4 and (b) a period-3 waveform within

the chaotic region.
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Figure 2.12: A bifurcation diagram, shows the response of the capacitor voltage with in-

creasing value of load resistance (R). A period-doubling bifurcation occurs when R = 1.7 Ω

and the onset of chaos occurs at R = 6 Ω.

- 0.0899i, 0.9533] exit the unit circle as complex conjugates at an input voltage of 31 volts.

Hence, both of the averaged and discrete models predict the slow-scale instability.

The experimental result in Figure 2.14d shows that the response of the system suddenly

bursts into an oscillation as the input voltage s gradually reduced below the point of insta-

bility. Beyond the point of instability, the current is not always in the CCM, as seen from

the theoretical and experimental results shown in Figures 2.14b and 2.14c. To analyze the

dynamics beyond this point of instability, we had to switch between the CCM and DCM

models. The CCM model was augmented with one more additional topology in which both

the switch S1 and diode D1 are off. In other words, the system of equations (2.6) is modified

as

Xk+1 = Φ3 (t3)Φ2 (t2)Φ1 (t1)Xk +"
Φ3 (t3)Φ2 (t2)

Z t11

0
Φ1 (τ)B1dτ + Φ3 (t3)

Z t12

t11
Φ2 (τ)B2dτ +

Z T

t12
Φ3 (τ)B3dτ

#
vin
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Figure 2.13: A bifurcation diagram, shows the response of the capacitor voltage with in-

creasing value of inductance (L). A period-doubling bifurcation occurs when L = 48.9 µH

and the onset of chaos occurs at L = 48 µH.

vdck+1 = Co3Xk+1 (2.42)

where Φk (τ ) = eA
o
k
τ [k = 1, 3] and t1 = t11 = dkT , t2 = t12 − t11, t3 = T − t12. The

additional state-space matrices Ao3, B
o
3 , C

o
3 , A3, B3, Br3, C3, and H3 required for the DCM

model are given by

Ao3 =

 0 0

0 − 1
(R+rC)C

, Bo3 =

 0
0

, Co3 =
∙

rCR
R+rC

R
R+rC

¸

A3 =

 Ao3 0

SCo3 Ac

, B3 =
 Bo3
0

, Br3 =
 0
Brc

 , C3 = ∙ Co3 0

¸
, H3 =

∙
Hc 0

¸
.

(2.43)

In (2.42) the duty ratio is calculated as before. The additional timing information needed is

the instant at which the inductor goes to zero in the discharging mode.
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Figure 2.14: Slow-scale instability of the closed-loop buck converter. (a) and (b) Linear and

nonlinear analyses, which show an unstable response. (c) An experimental result that verifies

the result in (b). (d) An experimental result that shows the onset of a sudden slow-scale

instability as the input voltage (bifurcation parameter) is changed.
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2.7 Summary

Using an exact formulation based on nonlinear maps, we investigated the fast-scale and

slow-scale instabilities of a closed-loop dc-dc converter and predicted the boundaries of these

instabilities. For the standalone converter, the fast-scale instability results in a supercritical

period-doubling bifurcation followed by a border collision bifurcation (due to saturation),

which leads to chaos. The averaged model does not predict the boundary of the period-one

instability correctly. Moreover, it can not account for post-instability dynamics.

The impact of parasitics on the onset of chaos is studied using a high-frequency model.

The model is developed based on an actual PCB layout and power-device models. We

found that the onset of chaos on the fast scale occurs earlier due to parasitics. However,

it has negligible impact on the slow-scale instability. This was confirmed experimentally.

The boundedness of the response in the chaotic region under transient-load conditions was

confirmed experimentally.



Chapter 3

Modeling and Stability Analyses. II.

Extension to Complex Standalone

PWM Converters

We demonstrate how to extend the methodologies, developed in Chapter 2, to more

complex standalone systems, which may have more than one switch. We begin, by analyzing

the stability of an integrated system, which comprises a filter followed by a dc-dc converter.

We investigate two such integrated systems: one is stable as per Middlebrook’s criterion

(Middlebrook, 1976) and the other is unstable. We find that this criterion fails to predict the

fast-scale instability for the first design. For the second design, which is unstable on the slow

scale due to a subcritical Hopf bifurcation, this criterion (which is based on linear analysis)

does not give the domain of attraction of the period-one orbits near the bifurcation point. We

find that the domain of attraction of the period-one orbits reduces considerably even before

the Hopf bifurcation point due to the simultaneous presence of two stable and one unstable

solutions. This reduces the disturbance rejection capability of the closed-loop system in this

region. Conventional methods based on small-signal averaged-model techniques do not show

this reduction in the domain of attraction.

56
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Next, we show how to analyze a multilevel dc-dc PWM converter, which is an area of

growing prominence (Pinheiro and Barbi, 1995; Canales et al., 2000), using nonlinear maps.

We show that the analysis of such multi-switch systems is the same as explained in Chapter

1, except that the switching condition is a vector equation rather than a scalar one.

We then analyze the stability of a single-phase boost PFC circuit, which are widely used

in power electronics. However, very few have even attempted to properly analyze the stability

of this system. The system of equations for the boost PFC circuit involves discontinuity in

control and non-differentiability in state and time. These qualities, in addition to the time-

varying nature of the converter, make the analysis of the boost PFC circuit difficult. In

this chapter, we begin the analysis of boost PFC by developing a state-space model for the

boost PFC circuit, which is designed to operate in the continuous-conduction mode (CCM).

Although the converter operates in CCM, when the input voltage is low, the inductor current

becomes zero during a small interval. The converter operates in the discontinuous-conduction

mode (DCM) in that interval. With the proper choice of the circuit parameters, this duration

can be minimized, but for a feasible converter it can not be made zero. Consequently, we show

that global existence of a smooth hypersurface is not possible. Using the developed model,

we analyze the stability and dynamics of the converter in the saturated and unsaturated

regions using Lyapunov’s method and a bifurcation analysis. Our analysis predicts not only

the instabilities, but also the mechanism of these instabilities. Our general stability analysis

does not require the forcing function (or the input voltage) to be harmonic (e.g., cosωt),

which has been a common feature in previous analyses. However, we show that, if we make

such an assumption, then we can compute the exact solution of the time-varying system.

Finally, we extend the ideas developed for boost PFC circuits to bidirectional CCM

single-phase boost converters. Although the number of switches for this converter is more,

we find that the analysis of this converter is realatively easier because of two reasons: the

forcing function in the model is not nonsmooth and the phase current is continuous. Using

a nonlinear map, we determine that the mechanism of instability in this case is similar to

that of the boost PFC.
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3.1 Integrated Filter-Converter System

An input filter is often required between a switching converter and its power source.

An ideal source has no impedance and remains unperturbed regardless of the input current

waveform of the converter. However, in reality, input sources are non-ideal. To prevent the

input current waveform of the switching regulator from interfering with the source and to

preserve the integrity of the source for other equipment, which may be operating from a

common source, the converter must have an electromagnetic interference (EMI) filter. The

input filter is also required to isolate the source voltage transients so as not to degrade the

performance of the switching regulator.

3.1.1 Modeling

In Figure 3.1, we show a circuit model for a dc-dc regulator with a second-order input

EMI filter. The filter consists of an inductance Lf and a capacitance Cf with resistances of

Rf1 and Rf2, respectively. The transfer function of the output impedance of the second-order

filter is

Zof (s) =
s2(LfCfRf2)+s(CfRf1Rf2+Lf)+Rf1

s2(LfCf)+sCf(Rf1+Rf2)+1
. (3.1)

The nominal values of the parameters for the filter (Lf = 200 µH, Rf1 = 0.1 Ω, Rf2 = 0.021

Ω, and Cf = 440 µF) are chosen such that the filter adequately attenuates the interference

due to the signals at the switching frequency and its higher harmonics. Using the methods

used in Chapter 2, one can realize the state-space averaged model

dΨa(t)
dt

=
h
A1ad+A2ad

i
Ψa(t) +

h
B1ad+B2ad

i
vin +

h
Br1ad+Br2ad

i
vref

vdc(t) =
³
C1ad+ C2ad

´
Ψa(t)

(3.2)
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Figure 3.1: A closed-loop buck converter with a second-order filter at its front end.

and the nonlinear map

Ψak+1 = f1 (Ψak , dk, vin)

= eA2a(1−dk)T eA1adkTΨak

+
h
eA2a(1−dk)T

³
eA1adkT − I

´
(A1a)

−1B1a +
³
eA2a(1−dk)T − I

´
(A2a)

−1B2a
i
vin

+
h
eA2a(1−dk)T

³
eA1adkT − I

´
(A1a)

−1Br1a +
³
eA2a(1−dk)T − I

´
(A2a)

−1Br2a
i
vref

vdck+1 = f2 (Ψak , dk, vin) = C2aΨak+1 .

(3.3)

for the filter-converter system shown in Figure 3.1. In (3.2) and (3.3), A1a, A2a, B1a, B2a,

Br1a, Br2a, C1a, and C2a are matrices; Ψa(t) represents the combined states of the controller,

the power stage, and the filter; Ψa(t) represents the averaged states of the interconnected
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system; and d is the duty ratio. The auxiliary equation for the switching condition of the

closed-loop feedback system is

σ (Ψak , dk, vin) = ϕ ·
h
eA1adkTΨak +

³
eA1adkT − I

´
(A1a)

−1 (B1avin +Br1avref)
i
− vrampdk = 0. (3.4)

In (3.4), the term ϕ represents the feedback controller and vramp is the magnitude of the

ramp shown in Figure 3.1.

3.1.2 Stability Analysis

To facilitate analytical evaluation of the effect of the input filter on the regulator op-

eration, we use the previous design of the buck converter. The structure of the feedback

controller is the same as (2.16). Furthermore, the method of analysis of stability of the

interconnected system using the map (3.3) follows the same procedure used to analyze the

map (2.14).

For the averaged model, we use the impedance criterion approach originally proposed

by Middlebrook (1976). Stability, as per this criterion, demands that the input impedance

(Zicl) of the closed-loop converter be greater than the output impedance (Zof) of the input

filter. For the closed-loop converter, shown in Figure 3.1, Zicl can be shown to be

Zicl(s) =
[1+Tv(s)]Ziol(s)

1+Tv(s)−Gi(s)Gv(s)H(s)(FM)(A) (3.5)

where Tv(s) is given by (2.34), Ziol(s), Gi(s), and Gv(s) represent the transfer functions for

the open-loop input impedance, the control to the inductor current, and the audio suscepti-

bility, respectively. The expressions for the last three transfer functions are given by

Ziol(s) =
³
rL+R
D2

´ s2LC³R+rC
R+rL

´
+s

³
rLR+rLrC+rCR

R+rL
+ L
rL+R

´
+1

1+srCC
(3.6)

Gv(s) =
D(1+srCC)

s2LC+s

³
rLC+rC(1−D)C+ L

rC

´
+1

(3.7)
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Figure 3.2: Results of an integrated filter-converter system based on small-signal analysis.

A frequency-response analysis based on Middlebrook’s criterion predicts a stable (a) and an

unstable (b) system.

Gi(s) =
³

Du
rL+R

´
+D

³ u
rL+R

´
1+s(rC+R)C

s2LC

³
R+rC
R+rL

´
+s

³
rLR+rLrC+rCR

R+rL
+ L
rL+R

´
+1

 . (3.8)

For some designs, if the strictly conservative condition for stability of the integrated system

is violated, then an extended analysis of the minor-loop gain Tm (= Zof/Zicl) using the

Nyquist criterion needs to be done.

Next, we consider two separate cases for the filter-converter system shown in Figure 3.1.

The first is a stable integrated system based on the stability criterion of Middlebrook. The

other is a poorly designed filter. The frequency-response plots of Zicl and Zof for both cases

are shown in Figure 3.2. For the second case, in line with the result obtained for the

standalone converter in Chapter 2, we found that a slow-scale instability can be predicted

by both the averaged and nonlinear models. Figure 3.3 shows that, when the input voltage
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Figure 3.3: Nonlinear analysis shows a slow-scale instability for the second filter-converter

system. Analysis using normal form in the vicinity of the bifurcation point indicates that

the Hopf bifurcation is subcritical in nature.

is gradually reduced, the slow-scale instability occurs due to a Hopf bifurcation. Using the

method of multiple scales, we simplify the large-signal model near the Hopf bifurcation into

the two-dimensional system of equations called the normal form (Nayfeh and Balachandran,

1995)

ṙ = γ1(vin − vinbp)r + γ2r
3

rθ̇ = γ3(vin − vinbp)a+ γ4r
4

(3.9)

where r is a measure of the amplitude of the created limit cycles and vinbp is the value of

the source voltage at the Hopf bifurcation point. The bifurcation is generic if γ1 is different

from zero; γ2 < 0 indicates a subcritical bifurcation; and γ2 > 0 indicates a supercritical

bifurcation. Using the normal form of the large-signal averaged model in the vicinity of

the bifurcation point, we find that the Hopf bifurcation is subcritical in nature. Using a

nonlinear analysis (Alfayyoumi et al., 1999), we find that the domain of attraction of the

period-one orbit is reduced due to the simultaneous presence of one unstable and two stable

solutions as shown in Figure 3.4. This reduces the disturbance rejection capability of the

closed-loop system in this region. Conventional methods based on small-signal averaged-
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Figure 3.4: Nonlinear analysis, for the system whose small-signal response is shown in Figure

3.2b, shows that the domain of attraction of the period-one orbit is reduced due to the co-

existence of one unstable and two stable solutions.

model techniques do not show this reduction in the domain of attraction.

Next, we investigate the first design of the filter-converter system, which according to

the linear criterion (see Figure 3.2a) is a stable system. However, the result of a nonlinear

analysis, as shown in Figure 3.5, clearly shows that the integrated system is unstable on a

fast scale and an instability occurs due to a period-doubling bifurcation. An experimental

validation of the fast-scale instability is shown in Figure 3.6.

3.2 Multilevel Converter: Procedure for Modeling and

Stability Analysis

Figure 3.7 shows a three-level converter with an input voltage of vin and a load resistance

of rload. It has a capacitor Ci1 with an esr of rCi1. The output filter is a second-order filter,
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Figure 3.5: Nonlinear analysis shows that one of the Floquet multipliers exits through -1,

thereby indicating a period-doubling bifurcation, which leads to a fast-scale instability.
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Figure 3.6: An experimental result, which shows a fast-scale instability for the first filter-

converter system.
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Figure 3.7: A multilevel converter.

which has a capacitance Co1 (with an esr of rCo1) and an inductance Lo1 (with an esl of

rLo1). In addition, there is a parasitic capacitance Co2. We represent the four states of

the converter, corresponding to the capacitor voltages and inductor current, by X(t). The

converter is so designed such that the flow of current through Lo1 is continuous.

The switching sequence of the multilevel converter is shown in Figure 3.8. In a given

switching cycle (of duration T ), the variable-structure network attains five topologies. The

gate signals of the switches are phase shifted by 180o, and the duty ratio dk is greater than

0.5. Furthermore, the time shift between the two gating signals is assumed to be δk. The
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Figure 3.8: Switching sequence of the multilevel converter shown in Figure 1.



Sudip K. Mazumder Chapter 3. Modeling and Stability Analyses. II. ... 67

dynamics of the multilevel converter for the ith topology is described by

Ẋ(t) = AiX(t) +Bi

vdc(t) = CiX(t) +Di
(3.10)

for i = 1, 2, · · · , 5, where Ai, Bi, Ci, and Di are matrices. Depending on the five switching
states of u1 and u2 (of duration t1k, t2k, t3k, t4k, and t5k), these five matrices can be computed

for each topology using the piecewise linear differential equations described by (3.10). The

solution of (3.10) is given by

X(t) = eAitX(t0) +
³
eAit − I

´
Ai
−1Bi

vdc(t) = CiX(t) +Di
(3.11)

where I is the identity matrix and X(t0) is the initial condition of the states. Using (3.11)

and cascading the solutions of all of the five switching states, we obtain a map of the following

form:

Xk+1 = f(Xk, t1k, t2k, t3k, t4k, t5k, δk, dk, vin)

vdck+1 = CiXk+1 +Di
(3.12)

where the switching constraints are

σ1(Xk, t1k, δk, dk, vin) = t1k − δk − 1
2
(1− dk)T = 0

σ2(Xk, t1k, t2k, δk, dk, vin) = t2k + t1k − 1
2
dkT = 0

σ3(Xk, t1k, t2k, t3k, δk, dk, vin) = t3k − (1− dk)T = 0
σ4(Xk, t1k, t2k, t3k, t4k, δk, dk, vin) = t4k + t3k + t2k + t1k − δk − 1

2
(1 + dk)T = 0

σ5(Xk, t1k, t2k, t3k, t4k, t5k, δk, dk, vin) = t5k + t4k + t3k + t2k + t1k − T = 0.

(3.13)

In (3.13), we have expressed the switching constraints in terms of states so that the present

analysis can be extended to the case where the multilevel converter operates under closed-

loop control.
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The period-one operating point of (3.12) is obtained using the constraint Xk+1 = Xk.

We let the steady-state values of the variables of the period-one orbit be Xs, T1, T2, T3, T4,

T5, D, δs, vin. To determine the stability, we perturb the nominal values as

X̂ = X −Xs, d̂ = d−D, δ̂ = δ − δs, v̂in = vin − Vin
t̂1 = t1 − T1, t̂2 = t2 − T2, t̂3 = t3 − T3, t̂4 = t4 − T4, t̂5 = t5 − T5.

(3.14)

Using (3.12)-(3.14), we obtain the following linearized map, which describes the dynamics

of the multilevel converter in the vicinity of the operating point:

X̂k+1 =
∂f
∂X
X̂k +

∂f
∂t1k
t̂1k +

∂f
∂t2k
t̂2k +

∂f
∂t3k
t̂3k +

∂f
∂t4k
t̂4k +

∂f
∂t5k
t̂5k +

∂f
∂vin
v̂in +

∂f
∂δ
δ̂k +

∂f
∂d
d̂k.(3.15)

To determine t̂1k, t̂2k, t̂3k, t̂4k, t̂5k, we linearize (3.13) and obtain

t̂1k = −
³
∂σ1
∂t1

´−1³
∂σ1
∂X
X̂k +

∂σ1
∂δ
δ̂k +

∂σ1
∂d
d̂k +

∂σ1
∂vin
v̂in
´

t̂2k = −
³
∂σ2
∂t2

´−1³
∂σ2
∂X
X̂k +

∂σ2
∂t1
t̂1k +

∂σ2
∂δ
δ̂k +

∂σ2
∂d
d̂k +

∂σ2
∂vin

v̂in
´

t̂3k = −
³
∂σ3
∂t3

´−1³
∂σ3
∂X
X̂k +

∂σ3
∂t1
t̂1k +

∂σ3
∂t2
t̂2k +

∂σ3
∂δ
δ̂k +

∂σ3
∂d
d̂k +

∂σ3
∂vin
v̂in
´

t̂4k = −
³
∂σ4
∂t4

´−1³
∂σ4
∂X
X̂k +

∂σ4
∂t1
t̂1k +

∂σ4
∂t2
t̂2k +

∂σ4
∂t3
t̂3k +

∂σ4
∂δ
δ̂k +

∂σ4
∂d
d̂k +

∂σ4
∂vin
v̂in
´

t̂5k = −
³
∂σ5
∂t5

´−1³
∂σ5
∂X
X̂k +

∂σ5
∂t1
t̂1k +

∂σ5
∂t2
t̂2k +

∂σ5
∂t3
t̂3k +

∂σ5
∂t4
t̂4k +

∂σ5
∂δ
δ̂k +

∂σ5
∂d
d̂k +

∂σ5
∂vin

v̂in
´
.

(3.16)

In (3.16), t̂1k depends only on X̂k, δ̂k, d̂k, and v̂in. We substitute for t̂1k in the expression for

t̂2k and obtain

t̂2k =
³
∂σ2
∂t2

´−1Ã
∂σ2
∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
− ∂σ2

∂X

!
X̂k +

³
∂σ2
∂t2

´−1Ã
∂σ2
∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂δ
− ∂σ2

∂δ

!
δ̂k+³

∂σ2
∂t2

´−1Ã
∂σ2
∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂d
− ∂σ2

∂d

!
d̂k +

³
∂σ2
∂t2

´−1Ã
∂σ2
∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂vin
− ∂σ2

∂vin

!
v̂in.
(3.17)

Similarly, by substituting for t̂1k and t̂2k from (3.16) and (3.17), respectively, into the ex-

pression for t̂3k in (3.16), we obtain an expression for t̂3k, which depends only on X̂k, δ̂k, d̂k,

and v̂in. By continuing this procedure, we obtain expressions for t̂4k and t̂5k, which depend

only on X̂k, δ̂k, d̂k, and v̂in. We then, substitute for t̂1k, t̂2k, t̂3k, t̂4k, and t̂5k in (3.15) and
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obtain an expression for Xk+1. The result is

X̂k+1 = H1Xk +H2δ̂k +H3d̂k +H4v̂in. (3.18)

where

H1 = ∂f
∂X
−

∂f
∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
−

∂f
∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´
−

∂f
∂t3

³
∂σ3
∂t3

´−1 Ã
∂σ3
∂X
− ∂σ3

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
− ∂σ3

∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´!
−

∂f
∂t4

³
∂σ4
∂t4

´−1 Ã
∂σ4
∂X
− ∂σ4

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
− ∂σ4

∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´
−

∂σ4
∂t3

³
∂σ3
∂t3

´−1 µ
∂σ3
∂X
− ∂σ3

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
−

∂σ3
∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´¶!
−

∂f
∂t5

³
∂σ5
∂t5

´−1 Ã
∂σ5
∂X
− ∂σ5

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
− ∂σ5

∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´
−

∂σ5
∂t3

³
∂σ3
∂t3

´−1 µ
∂σ3
∂X
− ∂σ3

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
−

∂σ3
∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´¶
∂σ5
∂t4

³
∂σ4
∂t4

´−1 µ
∂σ4
∂X
− ∂σ4

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
−

∂σ4
∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´
∂σ4
∂t3

³
∂σ3
∂t3

´−1 ³
∂σ3
∂X
− ∂σ3

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X
−

∂σ3
∂t2

³
∂σ2
∂t2

´−1 ³
∂σ2
∂X
− ∂σ2

∂t1

³
∂σ1
∂t1

´−1
∂σ1
∂X

´¶!
.

(3.19)

The stability of a period-one orbit is ascertained by the Floquet multipliers of H1. For

asymptotic stability, all of the Floquet multipliers of H1 should be within the unit circle. As

a control parameter is varied, if one of the Floquet multipliers exits the unit circle through

+1 then, we have a static bifurcation. If one of the Floquet multipliers exit the unit circle

through -1, we have a period-doubling bifurcation. A Hopf bifurcation occurs if two of the

Floquet multipliers exit the unit circle as complex conjugates. One of the ways to determine
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the post-instability dynamics for either of these cases is to use a discrete normal form, which

is described in Chapter 4.

3.3 Single Phase Boost PFC Circuit

Power-factor-correction circuits are widely used in power electronics. One of the most

common circuits used to achieve unity power factor is the time-varying boost PFC circuit,

which is shown in Figure 3.9. We begin by modeling the boost PFC circuit and then analyze

its stability.

3.3.1 Modeling

The boost PFC circuit shown in Figure 3.9 is designed to operate in CCM and switches

among three structures. The jump between two of these structures is governed by the

switching function u(t). The system attains the third structure only when the inductor

current is zero and u(t) has no control over it. In general, x1(t)→ 0 as vin(t)→ 0. We note

that the inductor current in a boost PFC circuit designed solely for DCM attains a value of

zero in every switching cycle (of period T = 1
fs
). We describe the dynamics of the open-loop

states of the boost PFC circuit (operating in CCM) using the following hybrid equations:

ẋ1(t) =

"
− 1

L

Ã
rL +

rCR
R+rC

³
1− u(t)

´!
x1(t)− 1

L
R

R+rC

³
1− u(t)

´
x2(t)+

1
L
|vin(t)|

#
g1 (x1(t), u(t))

ẋ2(t) =
R

(R+rC)C

³
1− u(t)

´
x1(t)− 1

(R+rC)C
x2(t)

(3.20)

where x1(t) is the inductor current, x2(t) is the voltage across the capacitor, and

g1 (x1(t), u(t)) =


1 if x1(t) > 0

1 if x1(t) = 0, u(t) = 1

0 if x1(t) = 0, u(t) = 0

. (3.21)



Sudip K. Mazumder Chapter 3. Modeling and Stability Analyses. II. ... 71

|v (t)|in

L rL

u(t)

rC

C

R

D
x1

-

+ dcv

-

+

fvdc
power stage

x2

multi-loop controller

fv

�pv

� ��
��

t

t

d)(inv
tt

lim

0

21

S3

- + �iv�pv
��

vref

-
+

-

fi

S2 S1

I (t)ref

d /dt��

�ii�pi
+

�ii� �pi zi/

�pi

+

-

vr(t)

u(t)
-

���� d /dt��
+

d /dt��

�ii�pi
+

�ii� �pi zi/

+

-

vr(t)

u(t)

��

+

d /dt��
�	

current-loop controller #1

current-loop controller #2

Figure 3.9: A closed-loop boost PFC circuit. We consider two different multi-loop controllers

for the power stage.
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For an open-loop converter, u(t) is a predetermined pulse function. For a closed-loop con-

verter, u(t) is a function of the states of the power stage for a static-feedback controller and

is a function of both the states of the controller and the power stage for a dynamic feedback

controller. The objective of the closed-loop converter is to regulate the bus voltage and to

draw line current from the utility in synchronicity with the input voltage.

There are numerous ways to design the feedback controller. Although, our analysis can be

extended to any other controller, we select two multi-loop controllers, one of which (controller

two) is already being used in a commercial product (Andreycak, 1997; Todd, 1999). The

voltage-loop controller for both multi-loop controllers is the same. However, the current-loop

controllers are slightly different.

As shown in Figure 3.9, the closed-loop system has an outer voltage loop and an inner

current loop. The voltage loop provides the reference for the inner current loop. The

mathematical model describing feedback controllers one and two is given by

ψ̇3(t) = −fvdcvdc(t)− ωpvψ3(t) + vref

ψ̇4(t) = λ1(t)ψ3(t)− λ2x1(t)

ψ̇5(t) = −λ3x1(t) + λ4(t)ψ3(t) + ψ4(t)− ωpiψ5(t)

vdc(t) =
R

R+rC
x2(t) +

RrC
R+rC

³
1− u(t)

´
x1(t).

(3.22)

In (3.22), the ψi(t) represent the states of the dynamic-feedback controller, fvdc is the sensor

gain for the bus voltage, and vref is the reference for the bus voltage. The coefficients λi(t)

are positive, bounded, and given by

λ1(t) = ωiiωpi
ωivωpv

S21S
2
2

³
1
t

R t
t0
|vin(τ)|2dτ

´fv|vin(t)|S3, λ2 = ωiiωpifi, λ3 =
λ2
ωzi
, andλ4(t) =

λ1(t)
ωzi (3.23)

where fv and fi are the sensor gains for the line voltage and inductor currents and S1, S2,

and S3 are feedback gains for the voltage and current loops. For convenience, we represent

x(t), ψ(t), and u(t) as x, ψ, and u from now on.
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The switching function for controllers one and two is defined as

u(t) =

 1 if σ1 > vr(t)

0 if σ1 < vr(t)
(3.24)

where σ1 = ψ6 (for controller one), σ1 = ψ5 (for controller two), vr(t) = vl+vrampmod(t, T )fs,

and vl and vramp are the lower limit and height of the ramp. In (3.24), vr(t) represents the

carrier waveform (ramp) and creates a time-varying boundary layer.

3.3.2 Concepts of Discontinuous Systems

The condition for the existence of the ith discontinuity surface (σi = 0) of a differential

equation

ẏ = f (y , t , u) (3.25)

with discontinuous right-hand side in the neighborhood of σi = 0 is (Utkin, 1992)

limσi→−0 σ̇i > 0 and limσi→+0 σ̇i < 0 or σ̇iσi < 0. (3.26)

If the hypersurface exists globally, then all of the solutions of (3.25) in the continuity region

reach it and stay on it. The motion on the discontinuity surface is known as a sliding

mode, and hence the discontinuity surface is also known as a sliding surface (or smooth

hypersurface) (Utkin, 1992; Filippov, 1988). If the sliding surface does not exist globally,

then the solutions may not reach it.

In Figure 3.10, using a single discontinuity surface given by σ1 = 0, we show some possible

trajectories when global existence fails. The trajectories marked T1 reach the discontinuity

surface from both sides. Hence they satisfy (3.26). The trajectories marked T2 do not reach

the discontinuity surface from both sides. Although these trajectories reach the discontinuity

surface, they do not satisfy the existence condition. The trajectories marked T3 approach
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the sliding surface tangentially and hence do not satisfy (3.26) because the velocity vectors

on both sides of the discontinuity surface have the same sign. Finally, T4 represents the set

of trajectories which do not reach the discontinuity surface at all.

When global existence of a sliding surface fails, it is still possible that the existence of

σ1 = 0 may be satisfied locally. If in addition, the saturated region does not have equilibrium

solution(s) or stable orbit(s), then a solution that leaves the local sliding surface can not

stabilize in the saturated region. For example, a piecewise linear boost dc-dc converter

feeding a resistive load may have one equilibrium solution in the saturated region (Erickson,

1982; Mazumder et al., 2000 b, 2001a, e). Hence, the dynamics of an improperly designed

boost converter may be attracted by this solution if subjected to a strong disturbance. If the

resistive load is replaced with a constant-power load, then the saturated region may have

more than one equilibrium solution.

Once we demonstrate that a sliding surface exists locally or globally, we analyze the

stability of the system dynamics on the sliding surface. In the continuity region, the defi-

nition of a solution is clear (Filippov, 1988). However, the definition of a solution (almost

everywhere) as an absolutely continuous function satisfying (3.25) is not always applicable

for equations whose right-hand sides are discontinuous on an arbitrary smooth surface. Us-

ing the Lebesgue measure, one can apply the definition in the case in which the solutions

approach the discontinuity surface on one side and leave it on the other side. When the solu-

tions approach a discontinuity surface on both sides, the conventional definition is unsuitable

because there is no indication of how a solution that reaches the discontinuity surface may

continue.

Filippov (1988) defined a solution for the vector differential equation

ẏ = f(y, t, u(y)) = h(y, t) (3.27)

where h : <×<n → <n is measurable and essentially locally bounded. A vector function y(t),
defined on the interval (t1, t2), is a Filippov solution of (3.27) if it is absolutely continuous
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T1

T2

T3

T4

f

f

+

-

�1= 0

Figure 3.10: Some possible trajectories for the variable-structure system described by (3.25).

Only T1 satisfies the existence condition, T4 stays in the saturated/continuity region.
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and, for almost all t ∈ (t1, t2) and for arbitrary δ > 0, the vector dy(t)/dt belongs to the

smallest convex closed set of an n-dimensional space containing all of the values of the vector

function h(t, y
0
); where y

0
ranges over the entire δ neighborhood of the point y(t) in the space

y (with t fixed) except for a set of measure µN = 0; that is,

dy(t)
dt
∈ K[h](y, t) (3.28)

where K[h](.) is called the Filippov’s differential inclusion and is defined as

K[h](t, y) ≡ \
δ>0

\
µN>0

co h (B(y, δ)−N) . (3.29)

In the differential inclusion (3.29), co denotes the convex hull of a set, N represents a set

of zero Lebesgue measure µN , and B is a ball of radius δ centered at y. The content of

Filippov’s solution is that the tangent vector to a solution at a time t, where it exists, must

lie in the convex closure of the limiting values of the vector field in progressively smaller

neighborhoods around the solution evaluated at time t.

Let us consider a single switching surface H (shown in Figure 3.11), which is a smooth

surface (manifold) separating the space into regions H+ and H−. Suppose that H is regular

so that it can be divided by a smooth real-valued function σ(y) (i.e., H = {y : σ(y) = 0}
and suppose that h(t, y) is bounded and, for any fixed t, its limiting values h+(y, t) and

h−(y, t) exist when H is approached from H+ and H−. Let h+0 (t, y) and h
−
0 (y, t) be the

projections of h+(y, t) and h−(y, t) on the normal 5σ to the surface H directed towards H+

and H−. Then, for an absolutely continuous y ∈ H satisfying h+0 (y, t) ≤ 0, h−0 (y, t) ≥ 0, and
h−0 (y, t)− h+0 (y, t) > 0, the trajectories pointing towards H are solutions of (3.27) according

to the differential inclusion (3.28) if and only if

dy
dt
= β(t)h+ (y, t) + (1− β(t))h− (y, t) (3.30)

where

β(t) =
h−0 (y,t)

h−0 (y,t)−h+0 (y,t)
(3.31)
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We note that the right-hand side of (3.30) is orthogonal to5σ and hence the solution remains
on the surface H.

The sliding mode in a real-life system actually occurs not on its discontinuity surface, but

within some boundary layer on which the control components may take up values different

from u+i and u
−
i (Utkin, 1992). The vector f(y, t, u) in (3.25) may, therefore, take up values

which differ from those obtained with ui = u
+
i and ui = u

−
i . This results in a wider convex

set in the Filippov continuation method and, consequently, in a richer set of motions on the

sliding mode. In order to handle the regularization problem and find feasible solutions to

(3.25), Utkin (1992) proposed an equivalent control method.

Assume that a sliding mode exits on the manifold

σ(y) = 0, σT (y) = [σ1(y), · · · , σm(y)] (3.32)

which lies at the intersection of m discontinuity surfaces. Then, we can find a continuous

control such that, under the initial position of the state vector on this manifold, the time

derivative of the vector σ(y) along the trajectories of the system of equations (3.25) is

identically equal to zero; that is,

σ̇ = 5σy.f(y, t, ueq1 (y, t), · · · , ueqm(y, t)) = 0 (3.33)

In (3.33), ueq(y) = [ueq1 , · · · , ueqm] is referred to as the equivalent control for the vector equation
(3.25) on the sliding surface σ(y) = 0. Therefore, the dynamics of (3.25) on the sliding surface

are governed by

ẏ = f [y, t, ueq(y, t)]. (3.34)

Thus a solution is an absolutely continuous vector-valued function, which outside the surfaces

σi satisfies (3.25) and on these surfaces and on their intersections satisfies (3.34) for almost

all t.
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Figure 3.11: A description of Filippov’s solution (often called sliding motion) on the discon-

tinuity surface σ.
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For a system which is linear with respect to control, when the width of the boundary

layer is zero, the solutions obtained using the equivalent control method and Filippov’s

method are the same. The stability of the solutions of either (3.30) or (3.34) is determined

using linear techniques if the sliding manifold is linear. If, however, the sliding manifold is

nonlinear, then Lyapunov’s method (II, I) and bifurcation analyses are suitable approaches

(Hahn, 1963; Wiggins, 1990; Nayfeh and Balachandran, 1995; Khalil, 1996; Kuznetsov, 1998;

Sastry, 1999).

3.3.3 Analysis of the Discontinuous Converter when the Switching

Frequency Approaches Infinity

We use the concepts of discontinuous systems to analyze the boost PFC circuit, the

dynamics of which are described by (3.20)-(3.24). First, let us consider the closed-loop

system operating with controller one. In this case, σ1 = ψ6 because vr(t) = 0 for an infinite

frequency. A sliding mode exists if the trajectories converge on ψ6 = 0 (Utkin, 1992). Let

us define a Lyapunov function

V (ψ6) =
1
2
ψ6

2. (3.35)

so that the existence condition for the sliding surface is

V̇ (ψ6) = ψ6ψ̇6 ≤ 0. (3.36)

where

σ̇1 = ψ̇6 = ψ̇4 − λ3ẋ1 + λ̇4(t)ψ3 + λ4(t)ψ̇3 (3.37)

λ̇4(t) = c1fvS3
h
v̇in(t)sign(vin(t))

1
1
t

R t
t0
|vin(τ)|2dτ

− |vin(t)|µ
1

t

Z t

t0
|vin(τ )|2dτ

¶−2 Ã
− 1
t2

Z t

t0
|vin(τ )|2dτ + |vin(t)|

2

t

! i
. (3.38)
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and c1 =
³
ωiiωpiωivωpv
ωziS21S

2
2

´
. The derivative of λ4(t) is bounded even though λ̇4(t) is not defined

at vin(t) = 0. Substituting for ẋ1, ψ̇3, and ψ̇4 from (3.20) and (3.22) into (3.37) yields

σ̇1 = ψ̇6 = λ4(t)vref − λ3g1
L
|vin|+

³
λ1 + λ4(t)− λ̇4(t)ωpv

´
ψ3

−
³
λ2 − λ3rLg1

L

´
x1 − λ4(t)fvdcR

R+rc
x2 +

R
L(R+rc)

h
λ3 (rcx1 + x2) g1

−fvdcLrcλ4(t)x1
i
(1− u)

(3.39)

Let us assume that the sliding surface exists globally. Then

u = ueq + un (3.40)

where ueq is the equivalent control and un is the nonlinear switching control, which satisfies

u− − ueq ≤ un ≤ u+ − ueq (3.41)

The equivalent control ueq is obtained by setting ψ̇6 = 0 in (3.39). The result is

ueq =
g2

fvdcrCLx1λ4(t)− λ3g1(x1, u) (rCx1 + x2)
(3.42)

where

g2 =
L(R+rc)

R

"
λ4(t)vref − λ3g1

L
|vin|+ (λ1 + λ4(t)− λ4(t)ωpv)ψ3

−
³
λ2 − λ3rLg1

L

´
x1 − fvdcRλ2

R+rc
x2

# (3.43)

The functional g2 is always defined and bounded for all x, ψ, and t. We know that for the

sliding mode to exist

u− < ueq < u+ (u− = 0, u+ = 1). (3.44)

It follows from (3.42) that, when x1 = 0 and hence g1(x1, u) = 0, ueq does not satisfy

(3.44). Therefore, our assumption, that the sliding mode for the boost PFC circuit exists

globally, is incorrect.
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Having shown that global existence is not possible, we focus on local existence of the

sliding surface when g1(x1, u) = 1 (or x1 > 0). We substitute (3.40) into (3.39), use (3.42),

and obtain

ψ̇6 = kun (3.45)

where

k = R
L(R+rc)

[(fvdcLλ4 − λ3) rcx1 − λ3x2] (3.46)

In (3.46), the term fvdcLλ4(t) is negligible compared to −λ3(rCx1+ x2) and hence k < 0 for
all practical purposes. Then, it follows from (3.36) that for local existence

V̇ (ψ6) = ψ6ψ̇6 = ψ6 (kun) ≤ 0 (3.47)

Inequlity (3.47) is satisfied if

un > 0 (u
+ > ueq) when ψ6 > 0 and un < 0 (u

− < ueq) when ψ6 < 0. (3.48)

Next we consider the boost PFC circuit operating with the second controller. First, we

consider the existence of the sliding surface. It follows from (3.24) and Figure 3.9 that when

the width of the boundary layer is zero, u changes state when ψ5 is less than or greater

than zero. Apparently ψ5 = 0 is a sliding surface. Because ψ̇5 is a continuous function of

time, the existence condition given by (3.26) is not satisfied. Thus, the sliding mode in the

conventional sense (i.e., the trajectories being oriented towards the switching surface) does

not exist. The existence condition may be derived from

σ̇1 = ψ̈5 = −λ3ẋ1 + λ̇4(t)ψ3 + λ4(t)ψ̇3 + ψ̇4 − ωpiψ̇5 (3.49)
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where λ̇4(t) is given by (3.38). Substituting for ẋ1, ψ̇3, and ψ̇5 from (3.20) and (3.22) into

(3.49), we have

σ̇1 = ψ̈5 = λ4vref − λ3g1
L
|vin|+

³
λ3rLg1
L
− λ2 + λ3ωpi

´
x1 − fvdcλ4R

R+rc
x2

+
³
λ1 + λ̇4 − λ4ωpi

´
ψ3 − ωpiψ4 + ω2piψ5

+ R
L(R+rc)

[λ3g1x2 + λ3rcg1x1 − fvdcλ4rcLx1] (1− u)
(3.50)

A sliding mode exists if the trajectories converge on the origin in the plane
³
ψ5, ψ̇5

´
(Chang,

1990; Elmali and Olgac, 1992). We see from Figure 3.12a that, for this high-order sliding

mode, all possible velocities lie in the space tangent to the manifold and, even when a

switching error is present, the state trajectory is tangent to the manifold at the time of

leaving, in contrast to the behavior of the closed-loop system operating with controller one.

In the latter case, when a switching error is present, the trajectory leaves the manifold

(ψ̇6 = 0) at a certain angle.

Let us now assume that the sliding mode exists globally on the plane
³
ψ5 , ψ̇5

´
for

g1(x1, u) = 0. The equivalent control ueq is obtained by solving ψ̈5 = 0. The result is

ueq =
g2

λ3(x2 + rcx1)g1 + fvdcλ4rcLx1
(3.51)

where

g2 =
L(R+rc)

R

"
λ4vref − λ3g1

L
|vin|+

³
λ3rLg1
L

+ λ3ωpi − λ2
´
x1 − fvdcλ4R

R+rc
x2

+
³
λ1 + λ̇4 − λ4ωpi

´
ψ3 − ωpiψ4 + ω2piψ5

# (3.52)

For the nominal values of the states and the parameters in Tables 3.1 and 3.2, we find from

(3.51) and (3.52) that

ueq ≈ 1− |vin|
x2
− ωpi

g1(x2/L)λ3

³
λ4ψ3 − λ3x1

´
(3.53)

It is obvious that ueq obtained from (3.53) does not satisfy (3.44) when x1 = 0. Therefore,

global existence is not possible. We focus on local existence of the sliding surface when
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Figure 3.12: (a) A sliding-mode trajectory for the boost PFC circuit operating with current-

loop controller number two. (b) A projection of the second-order sliding-mode trajectory on

the plane (σ1, σ̇1).
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g1(x1, u) = 1 (or x1 > 0) and on the dynamics of the solutions once they leave the sliding

surface. We choose the following positive definite Lyapunov function to find out whether the

solutions converge on the origin in the plane (ψ5, ψ̇5):

V
³
ψ5, ψ̇5

´
= 1

2

³
ψ5 ψ̇5

´
P
³
ψ5 ψ̇5

´T
(3.54)

where P =

 1 0

0 1

. Substituting (3.40) into (3.50) and using (3.51) and (3.52), we find
that ψ̇5 = kun, where k is defined in (3.46). Then, the local existence condition for the boost

PFC circuit operating with the second controller can be expressed as

V̇
³
ψ5, ψ̇5

´
= ψ̇5

³
ψ5 + ψ̈5

´
= ψ̇5 (ψ5 + kun) ≤ 0. (3.55)

We now analyze the existence condition (3.55) by considering the following two cases:

Case 1
h
ψ5 > 0 (ψ5 < 0)⇒ un > 0(un < 0), |kun| > |ψ5|

i
: For the boost PFC circuit, this is

the operating condition for most of the time since k has a very large negative value. Hence,

V̇ (ψ5, ψ̇5) = ψ̇5 (ψ5 + kun)
³
≈ kunψ̇5

´
≤ 0 if ψ̇5 ≥ 0

³
ψ̇5 ≤ 0

´
. (3.56)

Case 2
h
ψ5 > 0,−kun < ψ5 or ψ5 < 0,−kun > ψ5

i
: The condition for local existence in this

case is

V̇ (ψ5, ψ̇5) = ψ̇5 (ψ5 + kun)
³
≈ ψ5ψ̇5

´
≤ 0 if ψ̇5 ≤ 0

³
ψ̇5 ≥ 0

´
. (3.56)

Initially, if the closed-loop system satisfies ψ̈5 = ψ̇5 = ψ5 = 0 and if the switching frequency

is infinite, then the closed-loop system is invariant in nature. However, if the frequency is

not infinite and if the system is subjected to a perturbation, then because ψ5 and ψ̇5 are

continuous and ψ5 =
R R

ψ̈5dτdβ, ψ̇5 =
R
ψ̈5dτ , the solutions do not converge immediately

to ψ̈5 = ψ̇5 = ψ5 = 0. In fact it is not possible to satisfy either (3.56a) or (3.56b) all the

time if not at all. It is obvious from (3.53) and (3.56b) that the system is most vulnerable

to instability when the conditions in Case 2 are achieved.
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When the existence condition fails, then the solutions leave the sliding surface. If there

exists a stable orbit in the saturated region, then there is a possibility that the solutions

may not return to the sliding surface. Under ideal operating conditions, one can show that,

in the boost PFC circuit (operating with a finite load resistance), the solutions, which fail

to satisfy the local existence condition but satisfy

ψ5
d
dt

³
λ1(t)ψ3 − λ2x1

´
≤ 0

³
λ1(t) =

λ1(t)
ωiiωpi

, λ2 =
λ2

ωiiωpi

´
(3.57)

can not stay in the saturated region. Qualitatively, inequality (3.57) shows that, for the boost

PFC circuit, if the dynamic response (or bandwidth in a linearized sense) of the voltage loop

is much slower than that of the current loop, then the steady-state solution in the saturated

region is virtual. If inequality (3.57) is satisfied, then one can show that, even though the

local existence condition is not always satisfied, a spiraling motion (as shown in Figure 3.12b)

may be achieved.

3.3.4 Extension of the Analysis to the Regularized Problem

We rewrite the dynamic equations of the closed-loop boost PFC circuit described by

(3.20) through (3.23) as a vector equation in the form

ξ̇ = l1(ξ, t) + l2(ξ, t)u
³
g1(x1, u) 6= 0

´
(3.58)

where ξ =
h
xi ψj

iT
and dim(ξ)=4× 1 (or 5× 1). For the closed-loop system operating with

controller one, using (3.20), (3.22), and (3.39), we obtain u (in a general form) as

u = [q2(ξ, t)]
−1 (σ̇1 − q1(ξ, t)) (3.59)

by replacing ψ and x with ξ. Substituting equation (3.59) into (3.58), we obtain

ξ̇ = l1(ξ, t) + l2(ξ, t)
³
[q2(ξ)]

−1 (σ̇1 − q1(ξ, t))
´
. (3.60)
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The integral equation equivalent to (3.60) is

ξ(t) = ξ(t0) +
R t
t0

h
l1(ξ, τ)− l2(ξ)[q2(ξ, τ)]−1q1(ξ, τ )

i
dτ +

R t
t0
l2(ξ)[q2(ξ, τ)]

−1σ̇1dτ(3.61)

If σ̇1=0 then (3.61) reduces to

ξ∗(t) = ξ∗(t0) +
R t
t0

h
l1(ξ

∗, τ )− l2(ξ∗)[q2(ξ∗, τ )]−1q1(ξ∗, τ )
i
dτ (3.62)

which describes the dynamics of the system on the sliding surface. We subtract (3.62) from

(3.61), use the property of the norm, and obtain the following relation for the norm of the

difference:

kξ − ξ∗k ≤ kξ(t0)− ξ∗(t0)k+ k R tt0 hl1(ξ, τ)− l2(ξ)[q2(ξ, τ)]−1q1(ξ, τ )idτ−R t
t0

h
l1(ξ

∗, τ)− l2(ξ∗)[q2(ξ∗, τ)]−1q1(ξ∗, τ)
i
dτk+

k R tt0 l2(ξ)[q2(ξ, τ)]−1σ̇1dτk.
(3.63)

If we chose kξ(t0) − ξ∗(t0)k = R14 (where 4 is the width of the boundary layer, which is

assumed to be fixed just for the following expression), then we reduce (3.63) using a theorem

by Utkin (1992) to

kξ − ξ∗k ≤ R14+ R t
t0
Lkξ(τ)− ξ∗(τ)kdτ (R1 > 0) (3.64)

provided that a Lipschitz constant L exists for l1(ξ
∗, t) − l2(ξ∗)[q2(ξ∗, τ)]−1q1(ξ∗, t) and

kl1(ξ, t) + l2(ξ)uk ≤ W1 +W2kξk (W1 > 0,W2 > 0). Using the Bellman-Gronwall lemma

(Khalil, 1996), we can further reduce (3.64) to

kξ − ξ∗k ≤ R24 (R2 > 0) (3.65)

It follows from inequality (3.65) that as 4→ 0 then ξ → ξ∗. Hence, if the initial conditions

of the differential equations describing the real and ideal sliding motions are sufficiently close,

then their solutions are also close. We can extend the same procedure for the closed-loop

system operating with controller two.
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Inequality (3.65), however, does not give any idea about the dynamics of the nonlinear

system if the two initial conditions are not sufficiently close. In other words, (3.65) does not

give any information regarding the mechanism of instability if there is one. We, therefore,

extend the analysis in Section 3.3.3 to the operation of the boost PFC circuit with a finite

frequency fs. The solution of this regularized problem is defined everywhere (in a limiting

sense) except at the point defined by ψ5 = vr(t). At this point, the derivative of the solution

is not defined. Such discontinuities do not occur more than once in each switching cycle.

However, the states match at this point. Therefore, using the concept of Lebesgue measure,

we can obtain a numerical solution (almost everywhere) to this system.

Let us consider the closed-loop boost PFC circuit operating with controller two. For

a given switching structure (i.e., for a given g1(x1, u), u), the closed-loop in (3.20) through

(3.24) can be rewritten as

ξ̇ = A(t)ξ +B1|vin(t)|+B2vref (3.66)

where A is a square matrix, B1 and B2 are column matrices, ξ =
h
xi ψj

iT
, and dim(ξ)=5×1.

The solution of (3.66) can be expressed as

ξ =

 e
R t
t0
A(τ)dτ

ξ(t0) +
R t
t0
e
R t0
τ
A(γ)dγB1vin(τ )dτ +

R t
t0
e
R t0
τ
A(γ)dγB2vrefdτ if vin(t) > 0

e
R t
t0
A(τ)dτ

ξ(t0)− R tt0 eR t0τ A(γ)dγB1vin(τ)dτ +
R t
t0
e
R t0
τ
A(γ)dγB2vrefdτ if vin(t) < 0

.(3.67)

Obviously, the integrals in (3.67) cannot be computed in closed-form. We can use the method

of successive approximations to obtain an approximate state-transition matrix using

e
R t
t0
A(τ)dτ

= I5 +
R t
t0
A(τ0)dτ0 +

R t
t0
A(τ0)

R τ0
t0
A(τ1)dτ1dτ0+R t

t0
A(τ0)

R τ0
t0
A(τ1)

R τ1
t0
A(τ2)dτ2dτ1dτ0 + · · ·

(3.68)

where I5 is the identity matrix of dimension 5× 5. If we make one further assumption that
vin(t) does not vary appreciably in a small interval, then, using (3.67) and (3.68), we obtain
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a closed-form expression for ξ(t). Alternately, if we assume that both A(t) and vin(t) do not

vary appreciably in this small interval, then (3.67) reduces to

ξ =

 eAtξ(t0) +
³
eAt − I

´
A−1B1vin(t0) +

³
eAt − I

´
A−1B2vref if vin(t0) > 0

eAtξ(t0)−
³
eAt − I

´
A−1B1vin(t0) +

³
eAt − I

´
A−1B2vref if vin(t0) < 0

.(3.69)

Thus, using either (3.67) or (3.69) and (3.21) and (3.24), we find an approximate solution

to the dynamical equations of the closed-loop boost PFC circuit in a small interval of time.

On the other hand, if we assume that vin(t) is a harmonic function (e.g., vm cos(ωt),

where ω and vm are the frequency and amplitude of the line voltage), then we obtain a

closed-form solution of (3.66) spanned over one switching cycle. Since vin(t) is periodic,

1
t

R t
0 |vin(τ)|2dτ = v2m

π

R π
0 | cos(ωτ )|2dτ=constant. (3.70)

Hence the coefficients λ1(t) and λ4(t) are constants. Let us define two additional fictitious

states ξ6 and ξ7 as

ξ6 = vm cos(ωt),

ξ7 = ξ̇6 = −ωvm sin(ωt)
⇒ ξ̇7 = −ω2ξ6.

(3.71)

Then (3.71) changes (3.66) to the form

ξ̇
0
= A

0³
ξ6
´
ξ
0
+B

0
2vref (3.72)

where ξ
0
=

h
ξ ξ6 ξ7

iT
. If vin(t) is periodic having harmonics besides the fundamental

frequency ω, then the procedure in (3.69) can be extended with additional fictitious states

representing the additional harmonic terms in vin(t).

In (3.72), the equations governing ξ̇1, ξ̇2, ξ̇3, ξ̇6, and ξ̇7, represented by ξ̇
00
, do not possess

cross couplings of the states. Because the equation governing ξ̇
00
is time invariant, its solution
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can be expressed as

ξ
00
= eA

00
t ξ

00
(t0) +

³
eA

00
t − I5

´³
A
00´−1

B
00
2vref (3.73)

Once we obtain ξ
00
, we use it to obtain ξ4 and ξ5. The solution of ξ4(= ψ4) is

ξ4 = ξ4(t0) +
R t
t0
g(τ)dτ (3.74)

where

g(τ) = P1Mξ
00
+ P6Mξ

00
P3Mξ

00
(3.75)

In (3.75), P1 and P6 are suitable row vectors and M is a matrix whose columns are the

eigenvectors of A
00
such that

ξ
00
=M−1ξ

00
= eJτM−1ξ(t0) +

³
eJτM−1 −M−1

´³
A
00´−1

B
0
2vref (3.76)

where J is the Jordan form of A
00
. The advantage of using the Jordan form in (3.76) is

that it simplifies the analysis. Substituting (3.76) into (3.75) and with little simplification,

one can reduce the number of terms in (3.75) to six. Five of these terms, when integrated

using (3.74), give a closed-form solution. The sixth is integrated term by term. We did this

integration easily using MATHEMATICA. Thus, using a little mathematical manipulation,

we solved for ξ4 exactly. Once ξ4 and ξ
00
are known, we solve for ξ5(= ψ5) exactly using a

procedure similar to that used for solving ξ4. The solution of ξ obtained using the above

procedure is exact. This could be particularly helpful in the analysis when the switching and

the line frequencies are not wide apart. It can also be used to find the accuracy of numerical

solutions of (3.66). Using (3.74) and the expressions for ξ4 and ξ5, we obtain a discrete form

of the solution of ξ for a given switching topology as

ξn+1 = Φnξn + Γnvref (3.77)
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The closed-loop converter has two fundamental frequencies: the forcing frequency and the

switching frequency. Hence, the dynamics of the discontinuous system evolve over a torus.

Using a first-order Poincare map, we obtain a reduced-order system that has no discontinuity

due to control. The first-order Poincare map is obtained by generating a map, which relates

the values of the states ξ at the end of a switching cycle to those at the beginning of the next

cycle (Alfayyoumi et al., 1999; Mazumder et al., 2000a). To obtain this map, we stacked the

solution in (3.77) for two consecutive switching topologies (if the converter is in CCM) or for

three consecutive switching topologies (if the converter is in DCM). The switching instant

in any switching cycle is obtained by solving a transcendental equation of the form

ρ
³
ξn, t

´
− vm = 0. (3.78)

The validity of the results obtained with the first-order Poincare map is upto half the switch-

ing frequency. The stability of the closed-loop boost PFC circuit is verified by determining

the orbital stability of the first-order map. Alternatively, one can determine the stability

using a second-order Poincare map, which is generated by taking a transversal section of the

first-order map. The advantage of the second-order map is that the problem of determining

the stability of an orbit is reduced to determining the stability of a point. However, the

stability analysis is valid only for the reduced-order problem.

3.3.5 Results

The parameters of the power stage and the multi-loop controller of the experimental

boost PFC converter, as shown in Figure 3.13, are listed in Tables 3.1 and 3.2. Due to

lack of space and to avoid repetition, all the results in this section (except for the one

shown in Figure 3.19) are obtained using the second current-loop controller, which is being

commercially used. We begin with Figure 3.14, which shows that, even when the width of

the boundary layer approaches zero, the existence condition fails at x1 = 0. This is evident

from the jumps in the values of ψ5 and (ψ5ψ̇5) at that point. Hence, global existence of a
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Figure 3.13: Experimental closed-loop boost PFC circuit.

smooth hypersurface in a boost PFC circuit is not possible.

When the existence condition fails, then the solutions leave the sliding surface. If these

solutions do not satisfy (3.57), then they stay in the saturated region permanently. To

demonstrate this, we designed a closed-loop system with a fast voltage loop so that (3.57) is

violated. Figure 3.15 shows that ψ5 continues to increase, and hence, u stays permanently

at a value of one. As a result the capacitor voltage continues to decay until it stabilizes

at a zero, which is the equilibrium state for the capacitor voltage in this saturated region.

We should note that, in a real boost PFC circuit, the fault-handling systems will shut down

the converter prior to this outcome. The boost PFC circuit is used as a universal power
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Table 3.1: Power-stage parameters for the boost PFC circuit.

Parameter Nominal Value

rL 0.5 Ω

rC 0.5 Ω

R 1000Ω

L 1 mH

C 440 µF

fs 90kHz

ω 60Hz

vm 5.8 V

Vl 0.8 V

supply. In other words, it should be stable even if the root-mean-square (rms) value of the

input voltage varies between 90 volts (low line) to 265 volts (high line). In Figure 3.16, we

show that, for a finite frequency of operation (90 kHz), a fast-scale instability (in the vicinity

of x1 = 0) occurs earlier for low line voltage. Under normal operating conditions, the third

term in (3.53) is quite small. Consequently, as |vin(t)|→ 0, ueq → 1. Hence, it follows from

(3.40) that, for low line, un → 0 faster as the input voltage decreases and hence the (local)

existence condition for a sliding manifold may be violated earlier, which results in an earlier

onset of instability. On the other hand, using (3.44) and (3.53), we can also show that when

|vin(t)|max → x2, ueq → 0 and (3.44) will be violated. Hence the system is vulnerable to

instability because the local existence condition may fail. This instability will occur earlier

for high line. In Figure 3.17, we show that a boost PFC circuit (whose controller gains have

not been optimized) loses stability on a fast scale as the input voltage is increased from low

line to high line. In Figure 3.18, we show that, when |vin(t)|max → x2 and the current-loop

controller gain (∝ k) is high, a fast-scale instability occurs not only at the peak of the current
but also when it approaches zero. This result can be explained, as before, using (3.44) and
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Table 3.2: Controller parameters for the boost PFC circuit.

Parameter Nominal Value

vref 3 V

fi 0.25/A

fV dc 7.83807917*10−3/V

fV 6.67081869*10−7µA/V

S1 0.9

S2 0.326797385

S3 3900/µA

ωiv 30.61974

ωpv 14.1 Hz

ωii 3.5993418*105

ωzi 9.7521411*103 Hz

ωpi 1.0727355*105 Hz

(3.53).

In Figure 3.19 we show that, if the switching of the boost PFC circuit is based on ψ6 = 0

rather than on ψ5 = 0, then the stability of the system improves provided that the signal to

noise ratio of x1 is high. For these two cases, the results agree with the explanation given

in Section 3.3.3 using the local existence conditions (3.47) and (3.55). Finally, using a

first-order Poincare map, we explore the mechanism of the fast-scale instability when the

converter is operated with a finite frequency of 90kHz and the current-loop controller gain ωii

(see Figure 3.9) is gradually increased. We show in Figure 3.20 that, as ωii is increased, a fast-

scale instability occurs in the vicinity of the point x1 = 0. The fast-scale instability doubles

the switching period, which ultimately leads to chaos. In Figure 3.21, we show experimental

results confirming the existence of the fast-scale instability. The figure shows doubling of
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Figure 3.14: Existence condition fails at x1 = 0. Hence only local existence is possible for

the boost PFC circuit.

Figure 3.15: Condition (3.57) is violated and hence the solution leaves the local sliding

surface.
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Figure 3.16: Using a first-order Poincare map we show that a fast-scale instability occurs for

a lower input voltage (|v(1)in (t)|max < |v(2)in (t)|max) when all of thge other parameters are kept
the same.

the switching period. We note that, when the switching frequency of the converter is finite,

then the dynamics of the closed-loop system evolve on a torus. Hence the instabilities, in

Figure 3.20, actually show projections of the torus breakdown.

We note that, unlike dc-dc converters, the boost PFC circuit exhibits period-two, period-

four, higher-order periods, and chaotic dynamics in one line cycle due to the time variation in

|vin(t)|. Interestingly, when we analyzed the closed-loop system using Floquet theory (based
on a second-order Poincare map), we found all of the four cases in Figure 3.20 to be stable.

Clearly this is not the case. The reason behind this fallacy is that, using a second-order

Poincare map, one can predict orbital instability only on the slow scale (Kaas-Peterson,
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Figure 3.17: An experimental result, which shows that, if the controller gains are not properly

optimized, the onset of a fast-scale instability occurs when |vin(t)|max → x2.

1986; Wang, 1997).
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Figure 3.18: An experimental result, which shows that, if the controller gains are not properly

optimized, the boost PFC circuit becomes unstable on a fast scale not only when x1 → 0

but also when |vin(t)|max → x2.

3.4 Single Phase Bidirectional Converter

Figure 3.22 shows a single phase bidirectional converter (SPBC), has applications rang-

ing from traction drives to telecommunications. Unlike the boost PFC circuit shown in
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Figure 3.19: Performance of the boost PFC circuit on the fast scale: (a) switching based on

ψ5 = 0 and (b) switching based on ψ6 = 0.

Figure 3.9, the bidirectional converter has the capability to draw sinusoidal line currents at

unity power factor, thereby significantly minimizing the total harmonic distortion of the line

current.

We assume that all of the switches of the SPBC are ideal and that it operates as a

boost converter. The analysis of the SPBC for other modes of operation remains same. The

status of the four switches at any instant defines a switching state. For the bidirectional

converter, 16 switching states are possible. However, only four of these are feasible for the

SPBC. Two of these states are zero states (ZS); the other two are the active states (AS). As

shown in Figure 3.22, the four switching states of the SPBC are generated by comparing the

error signals ve1(t) and −ve1(t) with a triangular carrier waveform vr(t) of frequency fs (=

ωs/2π =
1
Ts
). The present methodology also holds for case in which the carrier waveform is

different from the one shown in Figure 3.23.

The dynamical equation of the converter in the ith sub-interval (of duration δi) of the k
th
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Figure 3.20: Results based on a first-order Poincare map, which show the onset and progress

of a fast-scale instability as ωii is increased. The fast-scale instability occurs via period

doubling of the switching period, which ultimately leads to chaos.

switching cycle is described by

Ẋ(t) = AiX(t) +Bivin(t) (3.79)

where the Ai and Bi are matrices, X(t) = [iL(t) vC(t)]
T represents the states of the converter,

and vin(t) is a time-varying input voltage. The solution of (3.79) is given by

X(t) = e
R t
t0
AidτX(t0) +

R t
t0
e
R t
τ
AidξBivin(τ )dτ (3.80)
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Figure 3.21: An experimental result, which confirms the fast-scale instability near x1 = 0.

The fast-scale instability results in a period doubling of the ripple of the inductor current x1

in these cases.

u2

v (t)i n C

Load

L rL rC

u1

u3
u4

Figure 3.22: A single-phase-bidirectional converter.
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+vm/2
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vr(t)

ZS AS ZS ZS AS ZS

Figure 3.23: Modulation scheme of the single-phase-bidirectional converter shown in Figure

3.22.

where t0 is the initial time. By cascading the solutions of (3.80) over all of the subintervals of

the kth-switching cycle, we obtain a first-order Poincare map for the SPBC. Next, we assume

that the forcing function is given by

vin(t) = vmcos(ωlt) (3.81)

where vm and ωl are the amplitude and frequency of vin(t). Such an assumption is quite

close to reality for most of the practical cases and has been used in many earlier papers (see

Chapter 1). Using (3.80) and (3.81) and some simple algebra, one can show that the map,

which describes the dynamics of the SPBC, in the ith sub-switching cycle (of duration δi) of

the kth switching cycle is given by

X(k + i+ 1) = eAiδiX(k + i) + ejωlδi
2
vmMi

Ã
e(Ji−jωlI)δi − I

!Ã
Ji − jωlIδi

!−1
Mi
−1Bi+

e−jωlδi
2
vmMi

Ã
e(Ji+jωlI)δi + I

!Ã
Ji + jωlIδi

!−1
Mi
−1Bi

(3.82)

where Ji andMi are the Jordan and modal matrices of Ai, I is the identity matrix, and j is a
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complex operator. Although (3.82) looks like a map in complex space, a simple manipulation

would show that it is actually real.

Special case (ωl = 0): When ωl = 0, then (3.82) reduces to

X(k + i+ 1) = eAiδiX(k + i) +

Ã
eAiδi − I

!
Ai
−1Bivm (3.83)

which is the expression we obtained for a dc-dc converter in a sub-switching cycle (see

Chapter 2). This confirms that (3.82) is a general map, which can be used for ac-dc as well

as dc-dc converters.

Using (3.82), we obtain the solutions in all of the sub-intervals of the kth switching cycle,

and by cascading all of these solutions, one can obtain a map that relates Xk+1 to Xk. Such

a map has the following form:

X(k + 1) = f(X(k), t1(k), t2(k), · · · , t6(k)). (3.84)

and is referred to throughout the paper as the first-order Poincare map of the SPBC.

If vin(t) has finite (N) higher-order harmonics and is described by

vin(t) = Σ
N
p=1vαpcos(pωlt+ φαp) + Σ

N
p=1vβpsin(pωlt+ φβp) (3.85)

where vαp and vβp and are the amplitudes and φαp and φβp are the phases of the corresponding

harmonics, then the procedure to obtain the solution of (3.80) is the same as that used to

obtain (3.82), but it becomes more involved.

Another approach to obtain the solution of (3.79) when vin has higher-order harmonics

is as follows. Let

xα1(t) = cos(ωlt+ φα1)

xα2(t) = cos(2ωlt+ φα2)
...

xαN (t) = cos(Nωlt+ φαN )

(3.86)
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and

xβ1(t) = sin(ωlt+ φβ1)

xβ2(t) = sin(2ωlt+ φβ2)
...

xβN (t) = sin(Nωlt+ φβN )

(3.87)

then using (3.86) and (3.87), one can rewrite vin(t) as

vin(t) = vα1xα1(t) + vα2xα2(t) + · · ·+ vαNxαN (t) + vβ1xβ1(t) + vβ2xβ2(t) + · · ·+ vβNxβN (t)(3.88)

where

ẋα1(t) = xα1a(t) = −ωlsin(ωlt+ φα1)

ẋα1a(t) = −ω2l cos(ωlt+ φα1) = −ω2l xα1(t)
ẋα2(t) = xα2a(t) = −2ωlsin(2ωlt+ φα2)

ẋα2a(t) = −4ω2l cos(2ωlt+ φα2) = −4ω2l xα2(t)
...

ẋαN (t) = xαNa(t) = −Nωlsin(Nωlt+ φαN )

ẋαNa(t) = −N2ω2l cos(Nωlt+ φαN ) = −N2ω2l xαN (t)

(3.89)

and

ẋβ1(t) = xβ1a(t) = ωlcos(ωlt+ φβ1)

ẋβ1a(t) = −ω2l sin(ωlt+ φβ1) = −ω2l xβ1(t)
ẋβ2(t) = xβ2a(t) = 2ωlcos(2ωlt+ φβ2)

ẋβ2a(t) = −4ω2l sin(2ωlt+ φβ2) = −4ω2l xβ2(t)
...

ẋβN (t) = xβNa = −Nωlcos(Nωlt+ φβN )

ẋβNa(t) = −N2ω2l sin(Nωlt+ φβN ) = −N2ω2l xβN (t).

(3.90)

Thus, by using (3.86-3.90) instead of (3.81), we obtain a first-order Poincare map. Overall,

the procedures for obtaining (3.82) and (3.84) if vin(t) is described by (3.81) or (3.85) are

similar.
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Once a fist-order map is obtained, we use it to obtain a second-order Poincare map.

Unlike a dc-dc converter, a second-order Poincare map may be necessary for the stability

analysis of a SPBC. This is because, even under steady-state conditions, the output of the

first-order Poincare map of a SPBC, as described by (3.84), is time varying. A second-order

Poincare map converts the problem from one of analyzing the stability of an orbit to that of

analyzing the stability of a fixed point. Depending on the ratio of ωl and ωs, the second-order

Poincare map is obtained as follows:

• ωs
ωl
is an integer: In this case, the map is obtained by cascading ωs

ωl
solutions of (3.84).

• ωs and ωl have a least common multiple (LCM): In this case, the map is obtained by

cascading ωs
LCM(ωs,ωl)

solutions of (3.84).

• ωs and ωl have no common multiple: In this case, the map is obtained by interpolation

(Kaas-Petersen, 1986).

3.5 Analytical Map of a Closed-Loop Single-Phase-

Bidirectional Converter

Having modeled the open-loop converter, we extend the idea to model a closed-loop converter.

We select a control such that the converter operates with unity power factor. There are

many possible control laws; we select the simple one shown in Figure 3.24 to demonstrate

the modeling methodology. Using (3.81), the idea described in (3.86-3.90), and Figure 3.24,

we obtain the following state-space model, which describes the dynamics of the converter for
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Modulator

�(.) = 0
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Stage

�2

�1 vdc= C� fvdc
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�
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+
�
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ve u1, u2, u3, u4

Figure 3.24: A simple closed-loop controller for the single-phase bidirectional converter to

achieve unity power-factor operation where C is a row matrix.

the ith switching state:

Ψ̇(t) =



ψ̇1(t)

ψ̇2(t)

ψ̇3(t)

ψ̇4(t)

ψ̇5(t)

ψ̇6(t)

ψ̇7(t)



=



ci11 ci12 0 0 0 ci16 ci17

ci21 ci22 0 0 0 0 0

ci31 ci32 ci33 0 0 0 0

ci41 0 ci43ψ6(t) 0 0 0 0

ci51 0 ci53ψ6(t) ci54 ci55 0 0

0 0 0 0 0 0 1

0 0 0 0 0 ci76 0





ψ1(t)

ψ2(t)

ψ3(t)

ψ4(t)

ψ5(t)

ψ6(t)

ψ7(t)



+



0

0

1

0

0

0

0



vref .(3.91)

In (3.91), X(t) =
³
ψ1(t) ψ2(t)

´T
and the cijk are coefficients, which can be easily obtained

from the dynamical equations of the ith topology. We note that, if instead of (3.81), we

use the vin described by (3.85), then, as shown in Section 3.4, the overall analysis for the

closed-loop system remains the same but becomes more involved.
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The solutions of ψ1(t), ψ2(t), ψ3(t), ψ6(t), and ψ7(t) in matrix form are

Ψa(t) =
³
ψ1(t) ψ2(t) ψ3(t) ψ6(t) ψ7(t)

´T
= eAai tΨa(t0) +

³
eAai t − I

´
A−1ai Baivref

=Maie
Jai tMai

−1Ψa(t0) +
³
Maie

Jai tMai
−1 − I

´
A−1ai Baivref .

(3.92)

In (3.92), Ψa(t) =
³
ψ1(t) ψ2(t) ψ3(t) ψ6(t) ψ7(t)

´T
and Jai andMai are the Jordan and modal

matrices of Aai. We assume in (3.92) that Jordan decomposition of Aai is possible. This is

based on following values of the power-stage parameters: L = 5 mH, rL = 0.75 Ω, rC = 0.5

Ω, C = 1000 µF, fvdc = 0.01, fi = 0.1, vm = 110
√
2 V, ωs = 2π10000 rad/s, and ωl = 2π60

rad/s. In almost all of the practical cases, this assumption is true. Even if this assumption

fails, the remaining procedure is the same but is more involved.

Letting

Ψa(t) =Mai
−1Ψa(t) (3.93)

and then substituting (3.93) into (3.92), we obtain

Ψa(t) = eJai tΨa(t0) +
³
eJai tMai

−1 −Mai
−1I

´
A−1ai Baivref

= eJai tξ0 + L0
(3.94)

where

ξ0 =
³
ξ10 ξ20 ξ30 ξ60 ξ70

´T
= Ψa(t0) +Mai

−1Aai
−1Baivref

L0 =
³
L10 L20 L30 L60 L70

´T
= −Mai

−1IAai
−1Baivref .

(3.95)

Using (3.91-3.93), we rewrite ψ̇4(t) as

ψ̇4(t) = P1aiMaiΨa(t) + P6aiMaiΨa(t)P3aiMaiΨa(t) (3.96)

where P1ai =
³
1 0 0 0 0 0

´
, P3ai =

³
0 0 1 0 0 0

´
, and P6ai =

³
0 0 0 0 0 1

´
. Solving (3.96)

yields

ψ4(t) = ψ4(t0) +
R t
t0
g(τ )dτ. (3.97)
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where

g(τ) = P1aiMaiΨa(τ ) + P6aiMaiΨa(τ)P3aiMaiΨa(τ ). (3.98)

Using (3.94) and (3.98), one can show that all of the integral terms in (3.97) except for one

term can be determined exactly in matrix form. The exact solution of the latter is found by

integrating its individual elements. Once ψ4(t) is obtained, the solution of ψ5(t) is obtained

in a similar manner. Thus, we have an analytical solution for Ψ(t) in the ith switching cycle.

The procedure to obtain the first- and second-order Poincare map using the solution of the

closed-loop states Ψ(t) is the same as that described in Section 3.4.

3.6 Results

Figure 3.25 shows the behavior of the open-loop SPBC during startup obtained using

the first-order Poincare map described by (3.84). The error signal ve, which determines

the duration of the zero and active states, is predetermined such that at steady state the

average of the bus voltage is 245 V. It takes about 4000 iterations to achieve the steady state.

Using the analytical map, the entire simulation is completed in about 2 minutes. Using ideal

switches, a standard simulator, like Saber, running on the same machine took significantly

longer to complete the same simulation.

Next, we investigate the dynamics of the closed-loop SPBC, which operates as a power-

factor correction circuit. Using the shooting method, we trace the Floquet multipliers of the

second-order map of the SPBC as the voltage-loop controller gain (ωiv) is gradually increased

from its nominal value. For stability, all of the Floquet multipliers should be within the unit

circle. Figure 3.26 shows the impact of variations in ωiv on the stability of the SPBC. It

shows that as ωiv is gradually increased, two of the Floquet multipliers exit the unit circle

away from real axis, indicating a Hopf bifurcation. This results in a slow scale instability,

which can be predicted using an averaged model of the SPBC (Chandrasekaran, 2000).
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Figure 3.25: Open-loop response of the SPBC: (top) capacitor voltage in volts; (bottom)

inductor current in amperes. The horizontal axes for both plots represent the number of

switching cycles.
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Figure 3.26: As the current-loop controller gain ωiv is gradually increased, two of the Floquet

multipliers exit the unit circle as complex conjugates, which indicates a Hopf bifurcation.

This leads to an instability on the slow scale.
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Figure 3.27a shows the impact of variations in ωii (dc gain) on the stability of the SPBC.

As the controller gain is gradually increased, one of the Floquet multipliers exits the unit

circle via -1 indicating a period-doubling bifurcation. The Poincare maps in Figure 3.28 show

that as the gain is increased, the system which is initially stable (Figure 3.28a) undergoes

a torus breakdown via period-doubling bifurcation (Figure 3.28b), which ultimately leads

to chaos (Figure 7d). This type of instability, which occurs on the fast scale can not be

predicted by an averaged model of the SPBC. Figure 3.27b confirms this prediction. It

shows that, for the same variation in ωii used to obtain Figure 3.27a, all of the eigenvalues

of the linearized averaged model of the SPBC are in the left-half plane; it indicates a stable

system (Nayfeh and Balachandran, 1995).

3.7 Summary

We extend the methodology for modeling and stability analysis of a standalone dc-dc

converter to an integrated system consisting of a second-order filter and a dc-dc converter.

We investigate two such integrated systems: one is stable as per Middlebrook’s criterion

(Middlebrook, 1976) and the other is unstable. We find that this criterion fails to predict

the fast-scale instability for the first design. For the second design, which is unstable on

the slow scale, this criterion (which is based on linear analysis) does not give the domain

of attraction of the period-one orbits near the bifurcation point. Using a nonlinear analysis

(Alfayyoumi et al., 1999), we find that the domain of attraction of the period-one orbits

reduces considerably even before the Hopf bifurcation point due to the simultaneous presence

of two stable and one unstable solutions.

Next, we investigate the stability of a discontinuous, time-varying boost PFC circuit

operating with a multi-loop controller. We treat two separate cases: one for which the

switching frequency is infinite and the other for which the switching frequency is finite but

large. We show that, even when the frequency is approaching infinity, the existence condition
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Figure 3.27: (a) As the current-loop controller gain ωii is gradually increased, one of the

Floquet multipliers of the map exits the unit circle via -1, which indicates a period-doubling

bifurcation. This leads to an instability on the fast scale. (b) The eigenvalues of the averaged

model show a stable system because the averaged model can not account for the switching-

frequency dynamics.
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Figure 3.28: The impact of variations in ωii on the stability of the bidirectional converter:

(a) stable system, (b) a period-doubling bifurcation results in a fast-scale instability, and (c)

and (d) increasing value of the bifurcation parameter (ωii) ultimately leads to chaos.
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is violated when x1 = 0.

Having shown that global existence is not possible, we develop conditions for local exis-

tence using Lyapunov functions. We show that, for the closed-loop system operating with

controller one, the local existence condition (3.47) is satisfied as long as the nonlinear control

un satisfies (3.48). However, for the boost PFC circuit operating with the second controller,

the existence condition (3.55) is difficult to satisfy. The reason behind this difficulty is that,

while the desired sliding motion (ψ̈5 = 0) is second order in nature, the control is based on

ψ5, which along with ψ̇5 are both continuous functions. Although the control effort for this

case is lower than that in the previous case, the closed-loop system is more susceptible to

fast-scale instabilities when the frequency is not infinite.

For the closed-loop system operating with the second controller, using the local existence

conditions and the concept of equivalent control, we show why fast-scale instabilities near the

point x1 = 0 may occur earlier for a lower line voltage. We also show that, if the controllers

are not properly optimized, then the boost PFC circuit loses stability on a fast scale when

x1 → 0 and also when |vin(t)|max → x2. When a trajectory leaves a sliding surface, it

may or may not stay in the saturated region permanently. We show in (3.57) a condition

that ensures the nonexistence of a real equilibrium trajectory in the saturated region under

ideal conditions. The design implication of this is that, for the given closed-loop system,

the dynamic response (or the bandwidth in a linearized sense) of the voltage loop must be

slower than that of the current loop.

For a converter operating with a finite switching frequency, there is a boundary layer

around the region of discontinuity. Therefore, we do not have to deal with generalized

solutions. Using the second controller (as an example), we show two different approaches for

obtaining a solution for the closed-loop system. We find that, within the boundary layer,

the dynamics of the nonlinear system evolve on a torus. The toroidal dynamics have two

fundamental frequencies: the frequency of vin(t) and the switching frequency. Using a first-

order Poincare map, we show how the closed-loop system loses stability on a fast scale in the
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neighborhood of x1 = 0 as the controller gain for the current loop increases. Using the slope

of x1, we show that the fast-scale instability results in a doubling of the switching period.

The existing averaged models of the boost PFC circuit, most of which are designed to predict

the slow-scale dynamics, do not predict these fast-scale instabilities until the subharmonics

(in a linearized sense) of the switching frequency affect the slow scale as well.

Apart from the detailed investigation of the filter-converter system and the boost PFC

circuit, we also outlined the techniques to extend the nonlinear analysis to multilevel dc-dc

and single-phase bidirectional converters. For the multilevel converter, we showed that the

procedure to obtain the map, which describes the dynamics of the converter remain similar

to that of the standalone dc-dc converter. However, the switching condition for the multilevel

converter is a vector and not a scalar equation. Using the map, we formulate an analytic

stability condition for the multilevel converter. For the single-phase bidirectional converter,

we outlined the procedure to obtain a first-order Poincare map for an open- and closed-loop

converter. Using such a map, we showed how the closed-loop converter loses stability when

a bifurcation parameter is varied. The result shows how a stable system undergoes torus

breakdown and ultimately enters a chaotic state. This kind of instability, which occurs on t

he fast scale, can not be predicted by existing averaged models.



Chapter 4

Investigation of the Stability and

Dynamics of Parallel DC-DC PWM

Converters

Parallel dc-dc converters are widely used in telecommunication power supplies. They op-

erate under closed-loop feedback control to regulate the bus voltage and enable load sharing.

These closed-loop converters are inherently nonlinear systems. The major sources of nonlin-

earities are the switching nonlinearity and converter interaction. So far, however, analyses

in this area of power electronics are based primarily on linearized (small-signal) averaged

models. When a nonlinear converter has solutions other than the nominal one, small-signal

analyses cannot predict the basin of attraction of the nominal solution and the dynamics of

the system after the nominal solution loses stability. The dependence of the converter dy-

namics on the initial conditions is also ignored in small-signal analyses. In addition, averaged

models cannot predict the dynamics of a switching converter in a saturated region.

To analyze the stability of these switching systems, one has to deal first with their dis-

continuity. The concept of stability of the equilibrium solutions of a continuous, smooth

system is well-defined (Nayfeh and Balachandran, 1995; Khalil, 1996). However, for discon-

114
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tinuous systems, the definition of solution is itself not straightforward (Aubin and Cellina,

1984; Filippov, 1988; Utkin, 1992). To analyze the stability of an n-dimensional discontinu-

ous system with m switching planes, one has to first define a region of operation, which in

general lies at the intersection of these m hyperplanes. The global stability of this region is

defined as follows (Filippov, 1988). One has to show first that all of the trajectories approach

this region (reaching condition) and that, once on this hypersurface, they cannot leave it

(existence condition). If these two conditions are satisfied, then the discontinuous system

has a solution surface or a sliding mode. The dynamics of the system on this hypersurface is

described by a set of equations, which are smooth and continuous. Finally, one has to show

that all of the solutions on this surface tend to a single equilibrium point as t→∞.

Analysis of a variable-structure system using an averaged model assumes two things.

First, a solution surface exists. In other words, the reaching and existence conditions are

satisfied. Second, the control has no delay or the switching frequency is infinite. In reality,

the switching frequency is finite, and for many converters, global existence of a solution

surface for any controller is not possible.

If the frequency is finite, then we do not have a solution surface but a boundary layer

around it (Utkin, 1992). Thus stability in the sense of Filippov (1988) can be applied only

if the width of the boundary layer is zero. Under this condition, the dynamics of the system

on the solution surface are described accurately by the averaged model. However, when

the width of the boundary layer is not zero, we convert the periodic system to a map.

Thus, within the boundary layer, we redefine the stability problem from one of analyzing

the stability of a periodic orbit to that of analyzing the stability of a fixed point.

In this chapter, we use these basic concepts to investigate the local and global stabilities

of nonlinear, nonautonomous parallel dc-dc converters in the unsaturated and saturated

regions. Within the unsaturated region, we develop techniques to predict the fast-scale and

slow-scale stability boundaries and to determine the type of instability of the nominal orbit.

Using these ideas, we investigate the instabilities of two closed-loop buck converters operating
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in synchronicity with interleaving. For these two cases, we compare the results obtained

using a nonlinear map with those obtained using the averaged model and demonstrate the

shortcomings of the latter. We also demonstrate the impact of parametric variations of the

parallel converter on its fast-scale and slow-scale instabilities. Finally, we investigate the

impact of a strong feedforward disturbance on the stability of two buck converters when

they have the same parameters and when they have parametric variation. Using concepts

developed in this chapter, we predict the dynamics of the converter in the saturated and

unsaturated regions under steady-state and transient conditions.

4.1 Modeling of the Power Stage

We assume that the nonlinearities due to the power devices and parasitics are negligi-

ble and that the converter, operating in CCM, is clocked at a rate equal to the switching

frequency. Moreover, the controller is designed in such a way that, once a change of state

is latched, it can be reset only by the next clock. This effectively eliminates the possibil-

ity of multiple pulses within a switching cycle. In Figure 4.1, we show a schematic of a

generic basic parallel dc-dc converter with one switch per converter. The total number of

converters connected in parallel is N . Each individual module within these multi-topological

systems is in the on-state when the switch is closed and in the off-state when it is open. We

represent these switching functions by a switching vector U(t). We assume that the phase

shift between the carrier waveforms of two successive converters is equal to δ = T
N
, which is

constant (where T is the switching cycle time). We note that, when δ = 0, the converters

are switching in synchronicity. If we represent the states of the open-loop converter (i.e.,

the inductor currents iLi(t) and the capacitor voltages vCi(t)) by X(t), then the equations

governing a either parallel-boost or a parallel-buck converter can be expressed as

Ẋ(t) = Φo1 (X(t), vin(t), U(t))) , (4.1a)

vdc(t) = Φ
o
2 (X(t), vin(t), U(t))) , (1b)
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Figure 4.1: Generic configuration of N parallel dc-dc converters operating with a single

voltage source and load.
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where vin(t) is the forcing input. Equations (4.1) represent a discontinuous and nonau-

tonomous system. The discontinuity is due to U(t). For convenience, we drop the notation

of time from now on and rewrite (4.1) as

Ẋ = F o (X, vin) +G
o (X, vin)U +W

o
1 (X,U) , (4.2a)

vdc = H
o (X) +W o

2 (X,U) , (4.2b)

where F o, Go, and Ho are continuous functions. For some systems (e.g., the parallel-buck

converter), W o
1 and W

o
2 are continuous because terms containing the esr are not coupled

with the switching function. Hence, W o
1 and W

o
2 can be lumped with the other terms in

equations (4.2a) and (4.2b). However, for other systems like the parallel-boost converter,

they are discontinuous. If we neglect the esr, then (4.2) simplifies to

Ẋ = F o (X, vin) +G
o (X, vin)U, (4.3a)

vdc = H
o (X) . (4.3b)

Equations (4.2) and (4.3) represent generic switching models of parallel-buck and parallel-

boost converters when the effect of esr is incorporated and when it is not.

An alternate way to model the variable-structure system represented by (4.2) is to use a

map (Deane and Hamill, 1990; Tse, 1994; Alfayyoumi et al., 1999; Mazumder et al., 2000a).

Because there are N converters, which are operating in parallel with a phase shift of δ,

there are N switchings that occur in each switching cycle (of duration T ) of the nominal

steady-state system. The state-space equations for the ith sub-switching cycle of duration ti

(as shown in Figure 4.2) are written as

Ẋ = AoiX +B
o
i vin, (4.4a)

vdc = C
o
iX, (4.4b)
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where

NX
i=1

ti = T, (4.5)

and Aoi , B
o
i , and C

o
i are matrices that describe the open-loop system in the time interval

ti. In each switching subcycle, these matrices can be obtained from (4.2) by substituting an

appropriate vector consisting of binary numbers for the switching vector U .

Next we derive an exact solution of the open-loop system by stacking the consecutive

solutions of (4.4) over a switching period. The resulting discrete-time difference equation

can be written in state-space form as

Xk+1 = f
o
1 (Xk, t1, t2, · · · , t2N , vink) = Φo (t1, t2, · · · , t2N )Xk+Γo (t1, t2, · · · , t2N) vink,(4.6a)

vdck+T = f
o
2 (Xk, t1, t2, · · · , t2N , vink) = Co2NXk+T , (4.6b)

where

Φo (t1, t2, · · · , t2N) =
2NY
i=1

Φo2N−i+1 (ti) and Φo2N−i+1 (τ ) = e
Ao2N−i+1τ , (4.7a)

Γo (t1, t2, · · · , t2N ) =

2NY
i6=1
Φo2N−i+1

 Z t1

0
Φo1 (τ)B

o
1dτ +

 2NY
i6=1,2

Φo2N−i+1

 Z t2

0
Φo2 (τ)B

o
2dτ

+ · · ·+
Z t2N

0
Φo2N (τ )B

o
2Ndτ, (4.7b)

tj = δ − tj−1 [∀j = 2, 4, · · · , 2N ], and
NX
i=1

ti = T. (4.7c)

Using

Z t

0
eA

o
i τBoi dτ =

h
eA

o
i t − I

i
(Aoi )

−1Boi (4.8)
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and (4.7), we simplify the expression for Xk+1 in (4.6) to

Xk+1 = fo1 (Xk, t1, t2, · · · , t2N , vink)

=
2NY
i=1

eA
o
i t2N−i+1Xk +

"2NY
i6=1
eA

o
2N−i+1ti

 ³eAo1t1 − I´ (Ao1)−1Bo1 + 2NY
i6=1,2

eA
o
2N−i+1ti

 ³eAo2t2 − I´ (Ao2)−1Bo2 + · · ·+
³
eA

o
2N t2N − I

´
(Ao2N )

−1Bo2N

#
vink. (4.9)

Equations (4.6b) and (4.9) describe a map for dc-dc parallel-buck and parallel-boost

converter. If we compare the map with the switching model described in (4.2), we see that

the map does not have discontinuities due to the switching vector U . This helps in studying

the dynamics because the concept of solution for smooth systems is well-defined. Besides,

simulations based on this map are much faster because they correlate the states in one

switching cycle (of duration T ) with those in the next switching cycle. Because the map

does not depend on time any more, it describes a reduced-order system. Hence it cannot

predict the dynamics of a parallel converter beyond half the switching frequency. However,

it can predict the subharmonics accurately.

Another approach to modeling parallel converters is based on state-space averaging (Mid-

dlebrook and Cuḱ, 1977; Lee, 1990). In this case, we convert the discontinuous differential

system of equations described by (4.2) to a continuous system by replacing the vector repre-

senting the switching functions with a smooth and continuous duty-ratio vector. In Section

4.7, we illustrate the derivation of an averaged model with two examples based on a parallel-

buck converter operating with two different switching schemes. The general expression for

the averaged model is

Ẋ = F o
³
X, vin

´
+Go

³
X, vin

´
d+W o

1av

³
X, d

´
, (4.10a)

vdc = H
o
³
X
´
+W o

2av

³
X, d

´
, (4.10b)
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where W o
1av and W

o
2av are continuous functions and X represents the averaged value of the

open-loop states. The symbol d is a vector, which denotes the duty ratios of a parallel

converter. For some converters (e.g., parallel buck), W o
1av and W

o
2av are independent of

d. Hence, they can be lumped with F0 and H0. However, for others, like parallel boost

converters, they depend on d. Equation (4.10) describes a system of ordinary-differential

equations, which can be used for investigating only slow-scale dynamics.

4.2 Modeling of the Controller

There are more than one scheme for paralleling dc-dc converters, including the master-

slave method (Rajagopalan et al., 1996) and the active-current sharing method (Kohama et

al., 1994; Thottuvelil and Verghese, 1996). The objectives of all of these schemes, in general,

are to regulate the bus voltage and share the load power equally among the converters. The

stability techniques we develop in this chapter are generic. However, due to lack of space,

we present simulation results for the performance of parallel converters operating with an

active-current sharing scheme.

In Figure 4.2, we show a schematic for an active-current sharing control. The symbol Iav

represents the average of all load currents. To share the load equally among the converters,

the error between Iav and the load current supplied by each converter is added to the reference

voltage vref . The updated voltage reference is then compared with the bus voltage for each

converter. The output of the voltage loop is compared with the inductor current, which

is the controller error signal. The controller can be simplified depending on the need and

application. If we consider a static-feedback controller, then the expression of the error signal

for each converter can be expressed as

vei = PsiX + vref , (4.11)
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where Psi is a matrix. If, however, we consider a dynamic-feedback controller, then we obtain

vei = PdiXc, (4.12)

where Pdi is a matrix. In (4.12), Xc represents the additional states of the dynamic-feedback

controller and is given by

Ẋc = AcXaug +Bcvin +Brvref , (4.13)

where Xaug = [X Xc]
T , Ac is a matrix, and Bc and Br are column vectors. Equations

(4.11)-(4.13) give the expressions for a multiloop static/dynamic feedback controller. If the

multiloop system does not use an inner inductor-current loop then the matrices in equations

(4.11)-(4.13) have to be modified.

4.3 Modeling of the Closed-Loop System

For a static-feedback controller, the order of the closed-loop system is the same as the

open-loop system. The closed-loop switching model for the parallel converter is given by

Ψ̇ = F (Ψ, vin, vref ) +G (Ψ, vin)U +W1 (Ψ, U) , (4.14a)

vdc = H (Ψ) +W2 (Ψ, U) , (4.14b)

where F , G, and H are continuous functions and vref is the reference voltage for the bus. The

functions W1 and W2 are continuous for the parallel-buck converter and discontinuous for

the parallel-boost converter. For a static-feedback controller, Ψ = X. But for a dynamic-

feedback controller Ψ = Xaug. The individual components of the switching vector U are

given by

ui = Ωi (vei − vrampi(t, δ)) , (4.15)
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where

vrampi(t, δ) = vmi ∗mod (t+ (i− 1)δ, T ) ∗ f [∀i = 1, . . . , N , f = 1
T
]. (4.16)

Equation (4.16) describes the equations for carrier waveforms with amplitudes vmi. Each

of these ramp waveforms has a period of T . Between the two carrier waveforms, there is

a phase shift δ. It follows from (4.15) that the ui are functions of the states of the closed-

loop converter. Hence the closed-loop switching model in (4.14) represents a nonlinear

nonautonomous discontinuous system.

Next, we derive a nonlinear map based on (4.14). The state-space equation for the ith

sub-switching cycle (of duration ti) is written as

Ψ̇ = AiΨ+Bivin +Brivref , (4.17a)

vdc = CiΨ, (4.17b)

where

NX
i=1

ti = T, (4.18)

and Ai, Bi, Bri , and Ci are matrices that describe the closed-loop system in each subcycle.

In each switching subcycle, these matrices can be obtained from (4.14) by substituting an

appropriate vector consisting of binary numbers for the switching vector U . Next, we derive

an exact solution of the closed-loop system by stacking the consecutive solutions of (4.17)

over a switching period. The resulting discrete-time difference equation can be written in

state-space form as

Ψk+1 = f1 (Ψk, t1, t2, · · · , t2N , vink)

=
2NY
i=1

eAit2N−i+1Ψk +

"2NY
i6=1
eA2N−i+1ti

 ³eA1t1 − I´A−11 B1 +
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 2NY
i6=1,2

eA2N−i+1ti

 ³eA2t2 − I´A−12 B2 + · · ·+ ³
eA2N t2N − I

´
A−12NB2N

#
vink +

"2NY
i6=1
eA2N−i+1ti

 ³eA1t1 − I´A−11 Br1 + 2NY
i6=1,2

eA2N−i+1ti

 ³eA2t2 − I´A−12 Br2 + · · ·+
³
eA2N t2N − I

´
A−12NBr2N

#
vref , (4.19a)

vdck+1 = f2 (Ψk, t1, t2, · · · , t2N , vink, vref) = C2NΨk+T , (4.19b)

σ (Ψk, t1, t2, · · · , t2N , vink, vref) = 0, and (4.19c)

tj = δ − tj−1 [∀j = 2, 4, · · · , 2N ]. (4.19d)

In (4.19c), σ is a vector of dimension N × 1, which represents the auxiliary switching condi-
tions for all of the converters. For example, the switching condition for the converter that

switches first is given by

σ1 (Ψk, t1, vink, vref) = ϕ
h
eA1t1Ψk +

³
eA1t1 − I

´
A−11 (B1vink +Br1vref)

i
−vramp1t1 = 0,(4.20)

where the vector ϕT represents the controller. Using (4.19d), we reduce the dimension of σ

to N .

Finally, we obtain an averaged model for the closed-loop system. Using the same method-

ology used to develop the averaged model for the open-loop converter, we find that the

closed-loop averaged model for the parallel converter is given by the following expressions:

Ψ̇ = F
³
Ψ, vin, vref

´
+G

³
Ψ, vin

´
d+W1av

³
Ψ, d

´
, (4.21a)

vdc = H
³
Ψ
´
+W2av

³
Ψ, d

´
, (4.21b)
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di =
1

vrampi
vei = PiΨ, (4.21c)

where W1av and W2av are continuous functions, Pi represents a matrix, Ψ represents the

averaged value of the closed-loop states, and d is a vector representing the duty ratios of

the converters operating in parallel. The individual components of this vector d are given

by (4.21c). Equation (4.21a) represents a nonlinear averaged model. It can be used for

studying the slow-scale instability. If the esrs of the output capacitors is neglected, the

averaged model cannot distinguish between the dynamics of interleaved and synchronized

converters. Moreover, the averaged model cannot be used to study the impact of saturation.

4.4 Analysis

In this section, we show how to analyze the local and global stability of the dynamics of

a parallel dc-dc converter operating in the unsaturated and saturated regions. The parallel

converters, shown in Figure 4.1, operate with a finite switching frequency. The dynamics

of these discontinuous nonlinear nonautonomous systems evolve on fast and slow scales.

The stability analysis of these discontinuous systems is difficult because the definition of a

solution is not clearly defined.

Filippov (1988) and Aubin and Cellina (1984) proposed differential inclusion to find

solutions of such discontinuous systems with a multivalued right-hand side. The resulting

solution of this set-valued map describes a solution of the slow dynamics (Aubin and Cellina,

1984). The averaged model in equations (4.21) approximately describes the slow dynamics

for two reasons. First, the switching frequencies of the systems are finite. Hence, they do not

have a discontinuous surface but a boundary layer around the discontinuity. The averaged

model in equations (4.21) is based on the assumption of an infinite frequency and hence

the width of the boundary layer is zero. Second, because switching of the converters in

Figures 3.1 and 3.2 is based on a comparison of an error signal with a ramp rather than a

hysteresis, the equivalent control approach proposed by Filippov (which forms the basis for
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equations (4.21)) is not always directly applicable (Utkin, 1992). However, an analysis using

an averaged model is straightforward because it is continuous and smooth. We deal with the

stability based on an averaged model later in this section.

An alternate way to analyze the stability of these variable-structure systems is to use the

nonlinear map in equations (4.19). We describe the evolution of the discontinuous system

as a sequence. Besides, we eliminate the discontinuity due to switching by predicting the

states at the beginning of the next switching cycle based on the information available at the

end of the current switching cycle. Using these maps, we convert the problem of finding the

stability of a nominal orbit (period-one orbit) to that of finding the stability of a fixed point.

Another way to investigate the stability of the nominal solution of equations (4.14) is

numerical computation. We transform equations (4.14) to the following form:

Ψk+1 =M1 (Ψk, tk, tk+1, vink, vref) . (4.22)

By choosing a relatively small time step (tk+1 − tk), one can obtain a fairly accurate solution.
In (4.22), the scalar t represents the actual time and not the instant of switching. How small

the time step has to be depends on how fast the open-loop and closed-loop states evolve.

The degree of accuracy depends not only on the time step but also on the type of numerical

algorithm (Parker and Chua, 1989). We found that use of a combination of implicit and

explicit numerical techniques gives the best results. The rationale behind obtaining the

solution of a discontinuous system using numerical integration is provided by the Lebesgue

measure theory (Royden, 1988). There are two primary reasons why it is applicable here.

First, the total number of switchings in one switching cycle is finite because multiple pulsing

cannot occur. Second, at each of these switching instants, the right- and left-hand limits

of each of the states of the converters are equal. This is because we are considering hard-

switched converters. Thus, at the points of discontinuity, we do not have any jump in

the states. Based on these two pieces of information and on whether the sampling time

for numerical integration is much smaller than the evolution time of the dynamics of the
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system, the Lebesgue theory tells us that we can consider the points of discontinuities (due

to switchings) to have zero measure (Royden, 1988; Filippov, 1988). In other words, though

the system is undefined at the points of switching, we can carry out the integration and the

resulting solution is valid almost everywhere.

4.4.1 Stability Analysis Using the Switching Model

We use a combination of a shooting technique and a Newton-Raphson procedure to

calculate the periodic orbits and determine their stability. To accomplish this, we convert

the initial-value problem in (4.14) to a two-point boundary-value problem. Let the dimension

of Ψ be n× 1. We seek an initial condition γ = Ψ(0) such that the minimal solution Ψ(t, γ)
of (4.14) satisfies the condition

Ψ(T, γ) = γ = Ψ(0). (4.23)

In other words, the trajectory that runs from γ = Ψ(0) to the same location over a time

period of T represents the desired periodic solution.

We start with a guess γ0 and seek a δγ such that

Ψ (T, γ0 + δγ)− (γ0 + δγ) ≈ 0. (4.24)

Expanding (4.24) in a Taylor series and keeping only the linear terms in δγ, we obtain

[∂Ψγ (T, γ0)− I] δγ = γ0 −Ψ (T, γ0)) . (4.25)

In (4.25), ∂Ψγ (T, γ0) represents the derivatives of Ψ with respect to γ evaluated at (T, γ0).

The dimension of the matrix ∂Ψγ (T0, γ0) is n×n. The individual components of this matrix
are given by

∂Ψγi (T, γ0) = lim
h→0

Ψi(T, γ0 + hγ0i)−Ψ(T, γ0)
h

. (4.26)
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Once ∂Ψγ (T, γ0) is known, we solve the system of n linear algebraic equations (4.25) for δγ.

Then, we use δγ to update the initial guess γ0 and repeat the process until δγ is within a

tolerance level. Finally, the stability of the calculated periodic solution is ascertained from

the eigenvalues of the monodromy matrix ∂Ψγ evaluated at (T, γ0). For the periodic solution

to be asymptotically stable, every eigenvalue but one must be inside the unit circle in the

complex plane.

4.4.2 Stability Analysis Using the Discrete Model

Let us assume that the closed-loop system described by equations (4.19) is operating

in steady state. The fixed points of Ψk in (4.19a) correspond to period-one orbits of the

closed-loop converter. They are obtained using the constraint Ψk+1 = Ψk = Ψs. Letting

Vin = vink, t1 = t1s, t2 = t2s, · · · , t2N = t2Ns, we find that the fixed points of (4.19a) are given
by

Ψs =

Ã
I −

2NY
i=1

eA2N−i+1tis
!−1 "2NY

i6=1
eA2N−i+1tis

 ³eA1t1s − I´A−11 B1 + 2NY
i6=1,2

eA2N−i+1tis

 ³eA2t2s − I´A−12 B2 + · · ·+ ³
eA2N t2Ns − I

´
A−12NB2N

#
Vin +

Ã
I −

2NY
i=1

eA2N−i+1tis
!−1 "2NY

i6=1
eA2N−i+1tis

 ³eA1t1s − I´A−11 Br1 + 2NY
i6=1,2

eA2N−i+1tis

 ³eA2t2s − I´A−12 Br2 + · · ·+
³
eA2N t2Ns − I

´
A−12NBr2N

#
vref . (4.27)

Substituting (4.27) into (4.19c), we obtain

σ (Ψs, t1s , t2s, · · · , t2Ns , Vin, vref ) = 0. (4.28)
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We solve equations (4.27) and (4.28) for the N unknowns Ψ and the tis. One way to solve

for the unknowns is to substitute for Ψs from (4.27) into (4.28) and solve for the tis . Once

the tis are calculated, we solve for Ψs. This is difficult for higher-order systems because

most of the mathematical packages, such as Matlab and Mathematica, cannot symbolically

compute exponents of very large matrices. Besides, the computation of
³
I −Q2N

i=1 e
A2N−i+1tis

´
in (4.27) using these packages is inaccurate. Alternately, we use a Newton-Raphson method.

We start with an initial guess Ψg and tgi for the steady-state values of Ψs and tis . This guess

is obtained using either simulation or the method of steepest decent (Dennis and Schnabel,

1983). Keeping the vink constant, we rewrite equations (4.19a) and (4.19c) as

Ψg + δΨg = f1 (Ψ
g + δΨg, tg1 + δtg1, t

g
2 + δtg2, · · · , tg2N + δtg2N) (4.29)

0 = σ (Ψg + δΨg, tg1 + δtg1, t
g
2 + δtg2, · · · , tg2N + δtg2N) . (4.30)

Expanding equations (4.29) and (4.30) in Taylor series, we obtain

Ψg + δΨg = f1 (Ψ
g, tg) +

∂f1
∂Ψg

δΨg +
∂f1
∂tg

δtg (4.31)

0 = σ (Ψg, tg) +
∂σ

∂Ψg
δΨg +

∂σ

∂tg
δtg, (4.32)

where tg is a vector representing tg1, t
g
2, · · · , tg2N . We rewrite equations (4.31) and (4.32) as

 ∂f1
∂Ψg
− I ∂f1

∂tg

∂σ
∂Ψg

∂σ
∂tg


 δΨg

δtg

 = J
 δΨg

δtg

 =
 Ψg − f1
−σ


.

(4.33)

Here, (4.33) represents a set of linear algebraic equations, which are solved for δΨg and δtg

by using the LU decomposition method (Salon, 1993). To this end, we express J as L U ,

where the matrices L and U represent the lower and upper triangular matrices of J . Then,

we rewrite (4.33) as

J

 δΨg

δtg

 = L U
 δΨg

δtg

 =
 Ψg − f1
−σ


.

(4.34)
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Multiplying (4.34) from the left with L−1, we have

U

 δΨg

δtg

 = Z = L−1
 Ψg − f1
−σ


,

(4.35)

which can be solved for the new set of variables Z. Then [δΨg δtg]T are calculated without

inverting the matrix U .

We found that, unlike the matrix J−1, the matrix L−1 can always be computed correctly

by either Matlab or Mathematica. If, however, this is not the case, then one can use more

advanced algorithms, such as the conjugate gradient method (Salon, 1993) and globally

convergent homotopy algorithms (Watson, 1990). However, homotopy algorithms have the

disadvantage of giving both the real-valued as well as the complex-valued solutions.

To ascertain the stability of a given fixed point, we perturb the nominal values as

Ψ = Ψs + δΨ, ts = ts + δt, vin = us + δvin vdc = vdcs + δvdc. (4.36)

Substituting (4.36) into equations (4.19a) and (4.19c), expanding the results in Taylor series,

and keeping first-order terms, we obtain

δΨk+1 =
∂f1
∂Ψ

δΨ+
∂f1
∂t

δt+
∂f1
∂vin

δvin, (4.37a)

δσ

∂Ψ
δΨ+

∂σ

∂t
δt+

∂σ

∂vin
δvin = 0. (4.37b)

It follows from (4.37b) that

δt = −
"
∂σ

∂t

#−1 "
∂σ

∂Ψ
δΨ+

∂σ

∂vin
δvin

#
. (4.38)

Substituting (4.38) into (4.37a) yields

δΨk+1 = H1δΨ+H2δvin, (4.39)
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where

H1 =
∂f1
∂Ψ
−
"
∂σ

∂t

#−1
∂σ

∂Ψ
, (4.40a)

H2 =
∂f1
∂vin

−
"
∂σ

∂t

#−1
∂σ

∂vin
. (4.40b)

The stability of a given fixed point can be ascertained by the eigenvalues (Floquet multi-

pliers) of H1 (Nayfeh and Balachandran, 1995). For asymptotic stability, all of the Floquet

multipliers must be within the unit circle.

To determine the region of attraction of the nominal solution, we need to select a Lya-

punov function V (.) for the nonlinear system in (4.19a) and a class K function α(.). If there

is a ball B(Ψ̃∗) with radius r centered at Ψ̃∗ such that for all Ψ̃k ²B(Ψ̃∗), then the stability

of the nominal solution of (4.19a) is guaranteed if (Brogliato, 1996)

V (Ψ̃k) ≥ α
³
k Ψ̃k − Ψ̃∗ k

´
, (4.40a)

V (Ψ̃k+1)− V (Ψ̃k) ≤ 0, and (4.41b)

V (Ψ̃∗) = 0, (4.41c)

where Ψ̃k = Ψk −Ψs.

If one of the Floquet multipliers exits the unit circle through +1, then either a cyclic-fold,

symmetry-breaking, or a transcritical bifurcation occurs. If a Floquet multiplier exists the

unit circle through -1, a period-doubling or flip bifurcation occurs. If, however, two of the

Floquet multipliers exit the unit circle as complex conjugates, a secondary Hopf bifurcation

occurs. To find out whether the bifurcation is subcritical or supercritical in nature, we

calculate the normal form of the nonlinear system in the neighborhood of the bifurcation.

Alternately, we can use numerical simulation.
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Next, we describe briefly the procedure to determine the normal form of the map near

the bifurcation. For a given bifurcation parameter (e.g., input voltage), let the nonlinear

map describing the dynamics of the closed-loop converter be

Ψk+1 = f1 (Ψk, tk) = f1 (Ψk,Φ(Ψk)) (4.42a)

0 = σ (Ψk, tk) = σ (Ψk,Φ(Ψk)) , (4.42b)

where tk is a vector representing t1k , t2k , ...., t2Nk . Equation (4.42b) is solved for Φ(U). Ex-

panding (4.42a) about its nominal point using Taylor series and keeping terms up to third-

order, we obtain

Ψ̂k+1 =

Ã
∂f1
∂Ψ

+
∂f1
∂Φ

dΦ

dΨ

!
Ψ̂k +

1

2

∂2f1
∂Ψ2

+
∂2f1
∂Φ∂Ψ

dΦ

dΨ
+

∂2f1
∂Ψ∂Φ

dΦ

dΨ
+
∂2f1
∂Φ2

Ã
dΦ

dΨ

!2
+
∂f1
∂Φ

d2Φ

dΨ2

 Ψ̂2k +
1

6

Ã
∂3f1
∂Ψ3

+
∂3f1
∂Φ∂Ψ2

dΦ

dΨ

!
Ψ̂3k +

1

6

Ã
∂2f1
∂Φ∂Ψ

+
∂2f1
∂Ψ∂Φ

!Ã
d2Φ

dΨ2

!
Ψ̂3k

1

6

Ã
∂3f1

∂Ψ∂Φ∂Ψ
+

∂3f1
∂Φ2∂Ψ

dΦ

dΨ
+

∂3f1
∂Ψ2∂Φ

+
∂3f1

∂Φ∂Ψ∂Φ

dΦ

dΨ

!Ã
dΦ

dΨ

!
Ψ̂3k

1

6

 ∂3f1
∂Ψ∂Φ2

Ã
dΦ

dΨ

!2
+
∂3f1
∂Φ3

Ã
dΦ

dΨ

!3
+ 2

∂2f1
∂Φ2

Ã
dΦ

dΨ

!Ã
d2Φ

dΨ2

! Ψ̂3k
1

6

Ã
∂2f1
∂Ψ∂Φ

d2Φ

dΨ2
+
∂2f1
∂Φ2

dΦ

dΨ

d2Φ

dΨ2
+
∂f1
∂Φ

d3Φ

dΨ3

!
Ψ̂3k, (4.43)

where Φ and its derivatives are calculated from (4.42b). Next, we let Ψ = W ξ (where W

is a matrix whose column vectors are the eigenvectors of the linear term on the right-hand

side of (4.43)) in (4.43) and obtain

ξk+1 = Jξk + F2(ξk) + F3(ξk) +O(|ξk|4), (4.44)

where F2(ξk) and F3(ξk) represent the second-order and third-order nonlinear terms in ξk.
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To determine the normal form of the map near a bifurcation resulting from a Floquet

multiplier existing the unit circle either through +1 or -1, we arrange the eigenvectors in W

so that the eigenvector corresponding to this multiplier is the first. Hence, (4.44) can be

rewritten as

ξ1k+1 = αξ1k + F
1
2 (ξk) + F

1
3 (ξk) (4.45)

ξ̂k+1 = Ĵ ξ̂k + F̂2 (ξk) + F̂3 (ξk) , (4.46)

where α = ±1 and the vectors with the hat exclude the first elements. To calculate the
center manifold, we let ξ̂ = h (ξ1) , where h is a quadratic function vector of ξ1k in (4.46) and

obtain

h
³
ξ1k+1

´
= Ĵh

³
ξ1k
´
+ F̂2

³
ξ1k, h

³
ξ1k
´´
+ F̂3

³
ξ1k, h

³
ξ1k
´´
. (4.47)

Substituting (4.45) into (4.47) yields the functional

h
³
αξ1k

´
= Ĵh

³
ξ1k
´
+ F̂2

³
ξ2k
´
+ · · · (4.48)

which can be solved for h (ξ1) . Substituting for h (ξ1) in (4.45) yields the normal form

ξ1k+1 = αξ1k + F
1
2

³
ξ1k, h

³
ξ1k
´´
+ F 13

³
ξ1k
´
. (4.49)

A similar procedure can be used to calculate the normal form in case two complex conjugate

multipliers exist the unit circle.

4.4.3 Stability Analysis using the Averaged Model

The averaged model represents a continuous differential system, which is derived under

the assumption of an infinite switching frequency. The closed-loop parallel converter de-

scribed in (4.21a) may have more than one stable equilibrium solution. Therefore, in step
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one of our analysis, we determine the equilibrium solutions of (4.21a) by setting ˙̄Ψ = 0. The

result is

F
³
Ψ, vin, vref

´
+G

³
Ψ, vin

´
d+W1av

³
Ψ, d

´
= 0. (4.50)

Substituting for the di from (4.21c) into (4.50) yields a nonlinear system of algebraic equa-

tions for the Ψ̄. If there is only one equilibrium solution, which equals the nominal solution

of the converter, then, based on the averaged model, we have a globally stable solution (in

the unsaturated region). If there are more than one equilibrium solution, then we need to

determine the stability of the nominal solution. This is achieved by first linearizing the

nonlinear system in the neighborhood of an equilibrium solution and then computing the

eigenvalues of the Jacobian matrix. For stability, none of the eigenvalues of the Jacobian

matrix should have a positive real part.

It follows from equations (4.11)-(4.13) that, if the feedback controller is static, the di-

mension of the closed-loop system, described by (4.21c), is the same as that of the open-loop

system, which is given by (4.10a). However, in the case of a dynamic-feedback controller,

the dimension of (4.21c) could be much higher than that of (4.10a). In this case, we can

compute the equilibrium solutions in an easier way. For example, let us assume that we

have a multiloop feedback system with an outer load-current loop and an inner-voltage loop.

Depending on the type of converter and the performance requirements, we can also choose

an inner inductor-current loop, which receives its reference from the voltage loop. Let the

vectors XcI , Xcv , and Xci represent the states corresponding to the load-current loop, the

inner-voltage loop, and the inner inductor-current loop, respectively. Rewriting (4.13), we

obtain


ẊcI

Ẋcv

Ẋci

 =

AIP AII 0 0

AvP AvI Avv 0

AiP AiI Aiv Aii





X

XcI

Xcv

Xci


+


BI

Bv

Bi

 vin +

BrI

Brv

Bri

 vref . (4.51)
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Setting the right-hand side of (4.51) equal to zero and solving the resulting equations, we

obtain

Xci = Ω
³
X
´
. (4.52)

Using (4.52), we rewrite (4.21c) as

dj =
1

vrampj
HcjXci = Ω

0 ³
X
´
or d̄ = ΓX̄. (4.53)

Substituting (4.53) into (4.10a) and setting X̄ = 0, we obtain

F o
³
X, vin

´
+Go

³
X, vin

´
Γ
³
X
´
+W o

1av

³
X,Γ

³
X
´´
= 0. (4.54)

Unlike (4.50), (4.54) depends only on X and hence is relatively easier to solve for the equi-

librium solutions. Having obtained X, we determine the equilibrium values of XcI , Xcv ,

and Xci using (4.52), thereby obtaining the equilibrium solutions of Ψ (= Ψs) for a given

vin(= U). Next we rewrite (4.21c) as

d = P
³
Ψ
´

(4.55)

and rewrite (4.21a) as

Ψ̇ = F
³
Ψ, vin, vref

´
+G

³
Ψ, vin

´
P
³
Ψ
´
+W1av

³
Ψ, P

³
Ψ
´´
. (4.56)

The stability of a given equilibrium solution Ψ̄ is ascertained by the eigenvalues of the

Jacobian matrix of the right-hand side of (4.56) evaluated at Ψ̄s. To determine the post-

bifurcation scenario, we compute the normal form of (4.56) in the vicinity of the bifurcation

point (Nayfeh, 1993).
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4.4.4 Stability Analysis Under Saturated Conditions

The unsaturated region for N parallel converters, operating with a finite but large fre-

quency, is a boundary layer around the intersection of all of the N discontinuous hypersur-

faces. The stability analysis (using bifurcation analyses and Lyapunov’s method) performed

so far assumes that the parallel converter is operating in this region. When one or more

converters stop modulating for one or more switching cycles, then we have a saturated sys-

tem. If all of the converters are not modulating, the system is fully saturated; otherwise,

the system is partially saturated. In a parallel converter with N switches, there are 2N ways

by which a full saturation can occur. For the same system, there are
PN−1
i−1

N !
(N−i)! i! possi-

bilities for partial saturation. Under full saturation, these piecewise-linear systems behave

as autonomous systems because they are not switching. However, under partial saturation,

the parallel converter still behaves as a nonlinear nonautonomous system because there is at

least one converter, which is operating in the unsaturated region.

To analyze the stability of a saturated system, we need to address two issues. First,

when a parallel converter operating in the unsaturated region saturates, does the solution

remain inside the boundary layer or leave? Second, if the solution leaves the boundary layer,

does the trajectory return back to it? The first issue deals with the question of existence;

that is, under what conditions do all of the solution trajectories point toward the boundary

layer. If all of the solution trajectories point toward the boundary layer for all values of the

closed-loop states, then we have global existence of the boundary layer. The second issue,

which deals with the reaching condition for the solution trajectories, becomes important in

the absence of global existence of the boundary layer.

We deal with the issue of existence using Lyapunov’s direct II method. The stability

analysis using a positive definite smooth Lyapunov function V (.) for a nonsmooth system

with a discontinuous surface demands that the following three conditions be satisfied (Shevitz

and Paden, 1994; Wu et al., 1998):
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1. In the saturated/continuity region, V̇ (.) < 0.

2. As the solution approaches the discontinuity surface, V̇ (.)→ 0.

3. On the discontinuity surface, V̇ (.) = 0.

If these three conditions are satisfied, then the solution exists on the surfaces of discontinuity.

The converters that we deal with have finite but large frequencies and hence have boundary

layers around the discontinuity surfaces. If the widths of the boundary layer are zero (when

the switching frequency is infinite), the above conditions apply directly. These conditions do

not, however, carry over to a finite-frequency converter, and at best give an upper estimate of

stability. The reason is that, within the boundary layer, the nominal solution for the parallel

converter is a periodic trajectory and not an equilibrium point, for which Lyapunov’s method

does not apply. For the stability analysis in this region, one needs to reduce the order of the

system and then use Lyapunov’s method or bifurcation analyses. We have shown this in the

preceding sections.

Outside the boundary layer, however, the converters are not switching. Hence, the con-

dition V̇ (.) < 0 for a converter operating with no boundary layer is directly applicable to

a finite-frequency, fully saturated converter, as long as the solutions are in the saturated

region. For partial saturation, at least one of the converters is switching. To determine

the stability of the quasi-solution surface, we resort to the discretized version of the three

(Lyapunov-based) above conditions (Brogliato, 1996). However, to accomplish this, we need

to modify the nonlinear map for the unsaturated region.

To determine the reaching conditions for the trajectories that leave the boundary layer (if

global existence can not be established), we find the equilibrium solutions for the saturated

converter. Using (4.17a), we show that the dynamics of a fully saturated system are given

by

Ψk+1 = e
A1sat t1satΨk+

³
eA1sat t1sat − I

´
A−11satB1satvink+

³
eA1sat t1sat − I

´
A−11satBr1satvref .(4.57)
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The equilibrium solutions of (4.57) are determined using the constraint Ψk+T = Ψk = Ψsat.

The result is

Ψsat =
³
eA1sat t1sat − I

´−1
(
³
eA1sat t1sat − I

´
A−11satB1satvink+

³
eA1sat t1sat − I

´
A−11satBr1satvref).(4.58)

If an equilibrium solution is virtual, then the error trajectories will be inside the boundary

layer eventually. If it is real, then it will influence the unsaturated solution, and under certain

conditions the system may remain permanently saturated. For partially saturated systems,

we can similarly determine the equilibrium solutions for the discretized system.

4.5 Results

In the previous sections, we developed the methodologies and criteria for the stability

analysis of parallel dc-dc PWM converters using different models. We applied these criteria

to analyze the stability of two parallel buck converters (shown in Figure 4.2) operating with

active-current-sharing control. The states of the plant are iL1, iL2 , vC1 , and vC2 . There

are additional states corresponding to the load-current and voltage-loop controllers. Each of

these converters has a multiloop control with an outer load-sharing current loop and an inner

voltage loop. The objective of the closed-loop system is to share the load power equally and

regulate the bus voltage. It is worth noting that we can alos apply any other parallel-control

scheme, such as the master-slave control, as well.

We chose the controller based on the works of Thottuvelli and Verghese (1996). In Figure

4.3 we plot the eigenvalues of the linearized averaged model as the input voltage is varied

from 25 to 50 volts. Since none of the eigenvalues in Figure 4.3 has a positive real part, we

conclude that the nominal solution is locally stable for the input voltage range.

Next, we analyze the stability of the same system using a nonlinear map. We consider

two cases: one for which the effect of the esrs of the output capacitors are considered and

the other for which they are not. In Figures 4.4a (esr 6= 0)and 4.4b (esr = 0), we show the
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Figure 4.2: Two parallel buck converters operating with load-sharing control.
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Figure 4.3: Eigenvalues of the averaged model for the parallel converter indicate a stable

system.
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Floquet multipliers of the linearized map for these two cases. For both cases, we see that,

as the bifurcation parameter (input voltage) is increased, two complex conjugate Floquet

multipliers exit the unit circle away from the real axis, indicating a Hopf bifurcation. This

slow-scale instability is not observed in Figure 4.3. To find out the type of bifurcation, we

compute the normal form of the nonlinear map in the neighborhood of the bifurcation point.

The normal form indicates a subcritical Hopf bifurcation. Using a second-order Poincare

map, we show that the post-bifurcation response is quasiperiodic. This is evident in Figure

4.5. Figure 4.6 shows the impact of variations in the output capacitance on the instability

mechanism of the interleaved parallel-buck converters. Starting with the nominal values for

C1 and C2, we reduce their magnitudes by a factor of two for each successive set of data,

keeping all of the other parameters constant. For each set of capacitor values, we investigate

the stability of the system for an input voltage varying from 25 to 50 volts. For values of

the output capacitance close to the nominal value, a subcritical Hopf bifurcation occurs as

the input voltage is increased. As the value of the output capacitor is reduced, no local

instability occurs for the input-voltage variation. However, as the output capacitance is

reduced even further, the parallel converter loses stability as the input voltage is increased.

We find that the instability occurs due to a supercritical Hopf bifurcation and not due to a

subcritical Hopf bifurcation.

Next, we consider the impact of variations in the input voltage on the operation of two

parallel-buck converters operating in synchronicity rather than with a phase shift of 180o.

We find that, for the same nominal parameters (as considered above), the synchronized

converters are stable for the entire input voltage range. However, for a higher gain of the

voltage-loop controller, we observe the onset of a fast-scale instability with a increasing

input voltage. The fast-scale instability occurs in the form of a period-doubling bifurcation,

as shown in the bifurcation diagram in Figure 4.7, which ultimately leads to chaos as the

input voltage is increased beyond 50 volts. In Figure 4.8, we show the movement of the

Floquet multipliers of the period-one orbit. As the input voltage is increased, one of the

Floquet multipliers exits the unit circle through -1, indicating a period-doubling bifurcation.
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Figure 4.4: Onset of instability in the interleaved parallel buck converters: two Floquet

multipliers of the period-one orbit exit the unit circle away from the real axis, indicating a

Hopf bifurcation: (a) with esr and (b) without esr.
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Figure 4.5: Post-Hopf bifurcation scenario of the interleaved parallel buck converters: a

second-order Poincare map clearly shows a quasiperiodic response.
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Figure 4.6: Impact of variations in the output capacitance on the mechanism of instability

of the interleaved parallel converters.
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A second-order nonlinear map (Mazumder et al., 2000a) reveals that the period-doubling

bifurcation is supercritical in nature.

Finally, we demonstrate the behavior of two parallel-buck converters operating with a

multiloop static feedback controller under saturated conditions. We discuss in detail only

the cases when both switches are turned off. We can extend the same technique for the other

three cases of full saturation.

To demonstrate our point, we consider only the Hamiltonian part of the system. The

presence of the parasitic resistors makes the system more passive (Sanders, 1989; Van-der

Scahft, 1996). In addition, we change the control strategy from load-current equalization

to line-current equalization. For the buck converter, this change does not alter the control

objectives, which are to regulate the capacitor voltage and share the load power equally.

However, with these two simple changes, we prove our point more easily.

For the closed-loop parallel converter operating with static-feedback controllers, the

switches u1 and u2 are turned off if the error signals of the controller are less than zero.

In this continuity region, the error signals are given by

σk = gvk

vref − fvX3 + gIkfI
1
2

2X
j=1

(X1 +X2)−Xk
 , k = 1, 2. (4.59)

In (4.59), X1 and X2 are the inductor currents of the two modules, X3 is the capacitor

voltage, fv is the feedback-sensor gain for the output voltage, and fI is the current-sensor

gain. We assume that the gains of the current sensor are the same for simplicity. We choose

the following Lyapunov function in the continuity region:

V (σ1, σ2) =
1

2
σTDσ =

1

2

µ
σ1 σ2

¶ 1 0

0 1


 σ1

σ2


.

(4.60)

Therefore,

V̇ = gv1

vref − fvX3 + gI1fI
1
2

2X
j=1

(X1 +X2)−X1
∙gv1gI1fI

2

³
Ẋ2 − Ẋ1

´
− gv1fvẊ3

¸
+
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Figure 4.7: A bifurcation diagram of the closed-loop parallel buck converter operating in

synchronicity. It shows a fast-scale instability.
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Figure 4.8: One of the Floquet multipliers of the period-one orbit exits the unit circle via

-1, indicating a period-doubling bifurcation.
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gv2

vref − fvX3 + gI2fI
1
2

2X
j=1

(X1 +X2)−X2
∙gv2gI2fI

2

³
Ẋ1 − Ẋ2

´
− gv2fvẊ3

¸
.(4.61)

Using the equations for the Hamiltonian system

Ẋk = −X3
Lk
+
Uku

Lk
∀(k = 1, 2) (4.62a)

Ẋ3 =
2X
j=1

Xj
C1 + C2

− X3
(C1 + C2)R

, (4.62b)

and u1 = u2 = 0, we obtain

V̇(u1=u2=0) =
2g2vfv
C1 + C2

(vref − fvX3)
µ
X3
R
−X1 −X2

¶
+
g2vg

2
If

2
I

2

µ
1

L1
− 1

L2

¶
(X2 −X1)X3.(4.63)

When the two modules have the same parameters, the second term in (4.63) vanishes. Using

(4.63), we can show that, when the two converters have the same parameters, the error

trajectories in the continuity region, given by u1 = u2 = 0, move toward the boundary

layer provided that X3
R
> X1 +X2. Now, the closed-loop parallel converter (with the same

parameters) operates in the saturated region given by u1 = u2 = 0 only if vref > fvX3.

However, the equilibrium solutions of (4.62) when u1 = u2 = 0 are X1 = 0,X2 = 0, and

X3 = 0. Therefore, the equilibrium solution is virtual. In other words, the closed-loop

converter can not remain in this saturated region permanently. Next, we consider two cases

to demonstrate these two points.

First, we consider a parallel-buck converter with C1 = C2 = 4400 µF and L1 = L2 =

50 µH. For the second case, we change only the value of the output capacitor to 100 µF .

We find that the (unsaturated) nominal solution of the converter in case one is stable for an

input voltage range of 70 volts, starting at 20 volts. The converter in the second case has a

stable (unsaturated) nominal solution at 20 volts. However, the nominal solution is unstable

at 90 volts. Let us assume that initially these converters are operating in steady state with

an input voltage of 20 volts. We then subject them to a feedforward disturbance so that the
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final input voltage is 90 volts. The disturbance is deliberately chosen to be strong enough

so that the two switches turn off. In other words, u1 = 0 and u2 = 0.

Figure 4.9 shows the results for case one. We see that the converter is stable before

and after the feedforward disturbance. We predic this based on the reaching condition

and the stability of the (unsaturated) equilibrium solution. After the disturbance, when

the system saturates, V̇ becomes positive because X3
R
> X1 + X2. As a result, the error

trajectories move away from the boundary layer. Because the equilibrium solution in the

saturated region is virtual, the error trajectories approach the boundary layer when V̇ is less

than zero, and eventually modulation begins. The states of the system indicate a damped

oscillatory behavior before settling down because the nominal solution is a stable focus.

Figure 4.10 shows the results for case two. It shows that, while the parallel converter is

stable before the disturbance, the post-disturbance dynamics are unstable. We know that

the error trajectories can not stay in the saturated region given by u1 = 0 and u2 = 0.

However, inside the boundary layer, instead of a stable nominal solution, we have a chaotic

attractor. Hence the dynamics of the converter after the disturbance are chaotic. The

switching function in Figure 4.10b confirms this. We also see from Figure 4.10c that the

derivative of the Lyapunov function correctly predicts the dynamics of the error trajectories.

We make two observations based on the results of cases one and two. First, for the

same feedforward disturbance, the derivative of the Lyapunov function for case two spends

much less time in the saturated region as compared to case one. This is because, for the

second case, the voltage across the capacitor (for a given load), due to its smaller size,

changes more rapidly with changes in the inductor current. We can verify this by neglecting

the second term in (4.63). Second, although a reduction in the capacitance gives a better

dynamic response, it results in an unstable nominal solution. In Figure 4.11, we show the

steady-state and dynamic performances of the parallel converter with L1 = L2 = 250 µH

and C1 = C2 = 400 µF . This simple compromise, guided by V̇ and the stability analysis of
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Figure 4.9: Stability analysis, based on the unsaturated model, predicts a stable equilibrium

before and after the feedforward disturbance. However, during the transients, the system

saturates. As a result, the existence condition is violated. Although the error trajectories

return back to the sliding manifold (as predicted), the transient performance is unacceptable.

Part (c) is an expansion of the transient region in (a) and (b).
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Figure 4.10: Stability analysis which predicts that, while the parallel converter is stable

before the disturbance, the post-disturbance dynamics are unstable. Inside, there is chaotic

attractor inside the boundary layer. Part (c) is an expansion of (a) and (b) in the region

immediately after the disturbance.
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the nominal solution, gives a better dynamic response.

So far we have considered identical converters. We now consider a case in which the

two converters have about a 5% difference in the line inductance. Converter one has a line

inductance of 250 µH, whereas converter two has a line inductance of 235 µH. The output

capacitances of both converters are chosen to be 400 µF . We keep the values of the rest of the

parameters, except gI , the same as those in the other three cases. Because the inductors of

the two converters are not identical, the term representing the difference in the two inductor

currents in (4.63) is important. Equaton (4.63) shows that, unless these terms are bounded

and small, the dynamics of these two parallel converters, even with a small variation in the

parameter of one power stage, can be vastly different from the ideal system. In this case, one

simple way to achieve load sharing would be to keep gI small. However, too small a value of

gI would nullify load sharing.

In Figure 4.12, we show the steady-state and dynamic performances of the parallel con-

verter with a suitable choice of gI . The nominal solution of the system for the entire input

voltage range is stable. Although the values of the inductors of the two modules are differ-

ent, the performance of the system is similar to that of the ideal case. There is, however, a

minor difference in the switching sequences. In the case of the ideal converter, both switch-

ing states are identical. Hence, the system switches between the unsaturated and saturated

regions given by u1 = u2 = 0. However, now, due to the parametric difference of the con-

verters, both of the error trajectories do not enter or exit the boundary layer at the same

time. Hence, there is a time span during which the system is partially saturated before it

operates in the unsaturated region. During this time, u1 is turned off while u2 modulates.

We obtain the switching sequence u1 = u2 = 0→ u1 = 0, u2 ² (0, 1)→ u1 ² (0, 1), u2 ² (0, 1)

only because γ (= X1 −X2) is constrained by a proper choice of gI . For progressively larger
values of gI , we would obtain the switching sequences u1 = 0, u2 = 1 → u1 ² (0, 1), u2 = 1

or u1 = 0, u2 = 1, u1 = 1, u2 = 1 after the disturbance. This results in a deterioration of the

steady-state and dynamic performances of the system.
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Figure 4.11: A properly designed parallel converter. It has excellent steady-state and tran-

sient performance.
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Figure 4.12: Performance of a parallel converter under parametric variation. Although

the two error trajectories enter the unsaturated region at different times, a careful design

consideration (based on Lyapunov function) results in a system with high performance. Part

(c) is an expansion of the transient region in (a) and (b).
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4.6 Summary

We investigate the local and global stability of parallel dc-dc converters in the unsat-

urated and saturated regions. Using a nonlinear map, we demonstrate the fast-scale and

slow-scale instabilities in two parallel converters. The averaged model can not predict the

fast-scale dynamics. Using a bifurcation analysis (with the input voltage as the bifurcation

parameter) based on a nonlinear map, we show how the type of instability changes when the

converters operate using interleaving instead of operate in synchronicity. The state-space

averaged model can not distinguish between the converters operating in synchronicity from

those operating using interleaving. For the interleaved converter, we show how the mecha-

nism of instability changes from a subcritical Hopf bifurcation to a supercritical bifurcation

as the values of the output capacitors are decreased. Using a second-order Poincare map,

we find that the post-Hopf bifurcation dynamics are quasiperiodic.

To determine the post-bifurcation dynamics in the vicinity of the nominal solution, one

can use either a higher-order map, numerical techniques, or the normal form of the system

of equations. We used the first two methods for standalone converters (Mazumder et al.,

2000a). Because the dimensionality of the closed-loop parallel converter is, in general, higher

than that of standalone converters, the normal form may be a better alternative. In this

chapter, we have outlined a technique to generate the normal form of a closed-loop system

described by a nonlinear map.

We also outline ways to determine the stability of saturated regions, which we demon-

strate using two synchronized parallel buck converters. Using a positive definite Lyapunov

function, we show that, for a fully saturated parallel converter, the dynamics of the system

in the saturated region are governed by the derivative of the Lyapunov function. When the

derivative of the Lyapunov function is negative, the error trajectories approach the boundary

layer. When the derivative is positive, the error trajectories leave the saturated region. In

this case, we show that if the equilibrium solutions of the saturated regions are virtual, these

trajectories will ultimately reach the boundary layer.
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Finally, we apply these concepts of stability for the saturated and unsaturated regions to

four cases. For the first three cases, we consider the parameters of the parallel converters to

be the same. We show, using cases one and two, that the nominal solution (in the unsaturated

region) is stable if and only if the dynamics of the system in the saturated and unsaturated

regions are stable. That is why, while the post-disturbance steady-state dynamics of the

closed-loop system in case one are stable, they are chaotic for the second case. However,

we find that the transient dynamics for case one are much more oscillatory than those of

case two. We explain this using the derivative of the Lyapunov function. Based on these

two cases, we show in case three how easily one can improve the transient and steady-state

performances of the system. For the fourth case, we consider two parallel buck converters

with parametric variation. Using (4.63), we show how to tune the outer-loop current gain

gI so that the performance of the nonideal system is close to the ideal case. We also show

how and why the switching sequence changes with increasing gI .

4.7 Average Model for Two Parallel Buck Converters

Interleaved Converters

In each switching cycle (of duration T ), there are four subintervals. The switching sequence in

each switching cycle is u1 = 1, u2 = 0 → u1 = 0, u2 = 0→ u1 = 0, u2 = 1→ u1 = 0, u2 = 0.

Using (4a), we obtain the following state-space equations for these four subintervals:

Ẋ = Ao10X +B
o
10vin t < t1; (4.64a)

Ẋ = Ao00X +B00vin t1 < t < t1 + t2; (4.64b)

Ẋ = Ao01X +B01vin t1 + t2 < t < t1 + t2 + t3; and (4.64c)

Ẋ = Ao00X +B00vin t1 + t2 + t3 < t < T . (4.64d)
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For the buck converter, Ao10 = A
o
01 = A

o
00 = A and B00 = 0. Averaging the four equations

(4.64) yields

Ẋ = AX +
t1
T
B10vin +

t3
T
B01vin. (4.65)

The duty ratio of converters one and two are d1 =
t1
T
and d2 =

t3
T
, respectively. We rewrite

(4.65) in terms of d1 and d2 and obtain the following averaged model:

Ẋ = AX + (d1B10 + d2B01) vin. (4.66)

Synchronized Converters



Sudip K. Mazumder Chapter 4. Investigation of the Stability ... 158

For the synchronized converter, there are three subintervals in each switching cycle (of du-

ration T ). The switching sequence in each switching cycle is u1 = 1, u2 = 1 → u1 = 0, u2 =

1→ u1 = 0, u2 = 0. The state-space equations for these three subintervals are

Ẋ = Ao11X +B
o
11vin t < t1, (4.67a)

Ẋ = Ao01X +B01vin t1 < t < t1 + t2, and (4.67b)

Ẋ = Ao00X +B00vin t1 + t2 < t < T . (4.67c)

Averaging the four equations (4.67) yields

Ẋ = AX +
t1
T
B11vin +

t1+t2
T
B01vin. (4.68)
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The duty ratio of converters one and two are d1 =
t1
T
and d2 =

t1+t2
T
, respectively. We rewrite

(4.68) in terms of d1 and d2 and obtain the following averaged model:

Ẋ = AX + (d1B11 + d2B01) vin. (4.69)



Chapter 5

Robust Control of Parallel DC-DC

PWM Converters Using the Concepts

of Multiple-Sliding-Surface and

Integral-Variable-Structure- Control

Parallel dc-dc converters are widely used in telecommunication power supplies. They

operate under closed-loop feedback control to regulate the bus voltage and enable load shar-

ing. These closed-loop converters are inherently nonlinear systems. The major sources of

nonlinearities are the switching nonlinearity and the interaction among the converter mod-

ules. So far, however, analyses in this area of power electronics are based primarily on

linearized averaged (small-signal) models. When a nonlinear converter has solutions other

than the nominal one, small-signal analyses cannot predict the basin of attraction of the

nominal solution and the dynamics of the system after the nominal solution loses stability.

In addition, small-signal models cannot predict the dynamics of a switching converter in a

saturated region. Obviously, linear controllers designed for such systems can not always give

robust solutions and optimum performance.

160
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One way to extract the best performance out of a parallel-converter system is to study

its dynamics based on bifurcation analysis (Wiggins, 1990; Nayfeh and Balachandran, 1995;

Kuznetsov, 1998; Sastry, 1999). In this approach, the stable and unstable dynamics of the

system are studied as a parameter is varied. Since almost all of the converters are nonlinear

and nonautonomous, we resort to nonlinear maps. Based on the movement of the Floquet

multipliers associated with these maps, the bifurcations are categorized as static or dynamic.

The advantage of this approach is that, if the dynamics of the systems beyond the linear

region are known, one can optimize the performance of the converter. The implementation

of this approach is discussed in Chapter 4.

Another approach, which is the topic of discussion here, is based on the design of a robust

nonlinear controller that achieves global or semiglobal stability (Isidori, 1995; Marino and

Tomei, 1995; Sastry, 1999) of the nominal orbit in the operating region of the parallel con-

verter. Recently, there have been many studies of the nonlinear control of standalone dc-dc

converters (Sanders and Verghese, 1990; Ueno et al., 1991; Mattavelli et al., 1995; Rios-

Boĺivar et al., 1995 and 1996; Scheffer et al., 1996; Sira-Ramirez, 1996; Angulo-Nunez and

Sira-Ramirez, 1998; Stankovic et al., 1999; Kugi and Schlacher, 1999), which have focussed

on variable-structure controllers (VSC) (Utkin, 1992; Utkin et al., 1999); Lyapunov-based

controllers (Gutman, 1979; Kokotović, 1992; Miroslav et al., 1995; Freeman and Koko-

tović, 1996; Qu, 1998); feedback linearized and nonlinear H∞ controllers (Ball and Helton,

1988; Isidori, 1995; Marino and Tomei, 1995; Van der Schaft, 1996; Sastry, 1999; William,

1999); and fuzzy logic controllers (Gupta and Yamakawa, 1988; Langholz and Kendel, 1993;

Jamshidi et al., 1997). However, there are few studies on the nonlinear control of parallel

dc-dc converters where, unlike standalone converters, there is a strong interaction among the

converter modules apart from the feedforward and feedback disturbances.

Tomnescu and VanLandingham (1999) proposed a fuzzy-logic compensator for the master-

slave control of a parallel dc-dc converter. The controller uses a proportional-integral-

derivative (PID) expert to derive the fuzzy inference rules; it shows improved robustness

as compared to linear controllers. However, the control design is purely heuristic and the
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stability of the overall system has not been proven. López et al. (1998), proposed a VSC has

been developed for a buck converter using interleaving. However, the interleaving scheme

works only for three parallel modules. Besides, this paper does not give any details regarding

the existence and stability of the sliding manifolds.

In this chapter, we develop integral-variable-structure control (IVSC) schemes for N

parallel dc-dc buck converters. The choice of a VSC is logical for power converters because

the control and plant are both discontinuous. All of the nonlinear controllers mentioned

earlier (Ueno et al., 1991; Mattavelli et al., 1995; Rios-Boĺivar et al., 1995; Scheffer et al.,

1996; Stankovic et al., 1999; Kugi and Schlacher, 1999), which are not based on VSC, have

completely relied on their averaged models. Therefore, the control is valid only on a reduced-

order manifold.

The IVSC retains all of the properties of a VSC; that is, simplicity in design, good

dynamic response, and robustness. In addition, the integral action of the IVSC eliminates

the bus-voltage error and the error between the load currents of the converter modules

under steady-state conditions, and it reduces the impact of very high-frequency dynamics

due to parasitics on the closed-loop system. Finally, when the error trajectories are inside

the boundary layer, by modifying the control using either the concept of multiple-sliding-

surface control (MSSC) (Green and Hedrick, 1990; Swaroop et al., 1997) or the block-

control principle (Drakunov et al., 1990a, b), we are able to reject mis-matched disturbances

(Gutman, 1979; Corless and Leitmann, 1981; Barmish and Leitmann, 1982; Qu, 1998) and

keep the steady-state switching frequency constant. We validate our theoretical results with

some relevant simulation results. We demonstrate the performance of converter modules

under steady-state and transient conditions when their parameters either match or do not

match.
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5.1 Models for Parallel DC-DC Buck and Boost Con-

verters

Assuming ideal switches, one can express the dynamics of N buck converters (shown in

Figure 5.1) operating in parallel by the following differential equations:

diLk
dt
= − 1

Lk
(rLkiLk + vCk − ukvin)

dvCk
dt
= 1

Ck
(iLk − Ik0) , k = 1, N

(5.1)

where the uk are the switching functions and vin represents the input voltage. The constraints

on the converter model are

vC1 = · · · = vCN = vC
vC
vin
< 1PN

k=1 Ik0 = I0

(5.2)

where I0 is the load current.

The dynamics of N boost converters (shown in Figure 5.2) operating in parallel are

described by the following differential equations:

diLk
dt
= − 1

Lk
(rLkiLk + ukvCk − vin)

dvCk
dt
= 1

Ck
(ukiLk − Ik0) , uk = 1− uk.

(5.3)

The constraints on the converter model are given by (5.2).

5.2 Concepts of Discontinuous Systems

The condition for the existence of the ith discontinuity surface (σi = 0) of a differential

equation

ẏ = f (y , t , u) (5.4)
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Figure 5.1: Parallel dc-dc buck converter.
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Figure 5.2: Parallel dc-dc boost converter.
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with discontinuous right-hand side in the neighborhood of σi = 0 is (Filippov, 1988)

lim
σi→−0

σ̇i > 0 and lim
σi→+0

σ̇i < 0 or σ̇iσi < 0. (5.5)

If the discontinuity surface exists globally, then all of the solutions of (5.4) in the continuity

region reach it and stay on it. For the continuity region, the definition of solution is clear

(Filippov, 1988). However, the definition of a solution (almost everywhere) as an absolutely

continuous function satisfying (5.5) is not always applicable for equations whose right-hand

sides are discontinuous on an arbitrary smooth surface. Using the Lebesgue measure, one

can apply the definition to the case in which the solutions approach the discontinuity surface

on one side and leave it on the other side. When the solutions approach a discontinuity

surface on both sides, the conventional definition is unsuitable because there is no indication

of how a solution that has reached the discontinuity surface may continue.

ẏ = f(t, y, u(y)) = h(t, y) (5.6)

with discontinuous feedback u = u(y), where h : <×<n → <n is measurable and essentially
locally bounded. A vector function y(t), defined on the interval (t1, t2), is a Filippov solution

of (5.6) if it is absolutely continuous and, for almost all t ∈ (t1, t2) and for arbitrary δ > 0,
the vector dy(t)/dt belongs to the smallest convex closed set of an n-dimensional space

containing all of the values of the vector function h(t, ŷ); where ŷ ranges over the entire

δ neighborhood of the point y(t) in the space y (with t fixed) except for a set of measure

µM = 0; that is,

dy(t)

dt
∈ H(t, y) (5.7)

where H(.) is called Filippov’s differential inclusion and is defined as

H(t, y) ≡ \
δ>0

\
µM>0

co h (B(y, δ)−M) . (5.8)
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In (5.8), co denotes the convex hull of a set, µ is the Lebesgue measure, and B is a ball of

radius δ centered at y. The content of Filippov’s solution is that the tangent vector to a

solution at a time t, where it exists, must lie in the convex closure of the limiting values

of the vector field in progressively smaller neighborhoods around the solution evaluated at

time t. Let us consider a smooth surface u (shown in Figure 5.3), given by σ(y) = 0, on

which the function h(t, y) is discontinuous. The surface u separates its neighborhood in the

y space into the domains P− and P+. Suppose that h(t, y) is bounded and, for any fixed t,

its limiting values h+(t, y) and h−(t, y) exist when u is approached from P+ and P−. Let

h+n (t, y) and h
−
n (t, y) be the projections of h

+(t, y) and h−(t, y) on the normal 5σ to the
surface u directed towards P+ and P−. Then, for an absolutely continuous y ∈ u satisfying
h+n (t, y) ≤ 0, h−n (t, y) ≥ 0, and h−n (t, y) − h+n (t, y) > 0, the trajectories pointing towards u
are solutions of (5.6) according to the differential inclusion (5.7) if and only if

dy

dt
= β(t)h+ (t, y) + (1− β(t))h− (t, y) = ho (t, y) (5.9)

where

β(t) =
h−n (t, y)

h−n (t, y)− h+n (t, y)
(5.10)

We note that the right-hand side of (5.9) is orthogonal to 5σ and hence the solution remains
on the surface u. The sliding mode in a real-life system actually occurs not on its discontinuity

surface, but within a boundary layer on which the control components may take up values

different from u+i and u
−
i (Utkin, 1992; Utkin et al., 1999). The vector f(t, y, u) in (5.4)

may, therefore, take up values which differ from those obtained with ui = u
+
i and ui = u

−
i .

This results in a wider convex set in the Filippov continuation method and, consequently, in

a richer set of motions on the sliding mode. In order to handle the regularization problem

and find feasible solutions to (5.4), Utkin (1992) proposed an equivalent control method.

Assume that a sliding mode exits on the manifold

σ(y) = 0, σT (y) = [σ1(y), σ2(y), · · · ,σn(y)] (5.11)
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Figure 5.3: Description of Filippov’s solution (often called sliding motion) on a discontinuity

surface u.
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which lies at the intersection of n discontinuity surfaces. Then, we can find a continuous

control such that, under the initial position of the state vector on this manifold, the time

derivative of the vector σ(y) along the trajectories of system (5.4) is identically zero; that is,

σ̇ = 5σi(y).f(t, y, ueq1 (t, y), · · · , ueqn (t, y)) = 0, i = 1, 2, · · · , n. (5.12)

In (5.12), ueq(t, y) = [ueq1 (t, y), · · · , ueqn (t, y)] is referred to as the equivalent control for the
vector equation (5.4) on the sliding surface (5.11). Therefore, the dynamics of (5.4) on the

sliding surface are governed by

ẏ = f [t, y, ueq(t, y)]. (5.13)

Thus a solution is an absolutely continuous vector-valued function, which outside the surfaces

σi satisfies (5.4) and on these surfaces and on their intersections satisfies (5.13) for almost all

t. For a system which is linear with respect to control, when the width of the boundary layer

is zero, the solutions obtained using the equivalent control method and Filippov’s method

are the same. The stability of the solutions of either (5.9) or (5.13) is determined using linear

techniques if the sliding manifold is linear. If, however, the sliding manifold is nonlinear,

then Lyapunov’s methods (II, I) (Hahn, 1963; Khalil, 1996; Sastry, 1999) and bifurcation

analyses (Wiggins, 1990; Nayfeh and Balachandran, 1995; Kuznetsov, 1998; Sastry, 1999)

are suitable approaches.

5.3 Control Scheme For Parallel DC-DC Buck Con-

verter

The control scheme for the converter has two modes of operation: one when the error

trajectories are outside the boundary layer and the other when they are inside the boundary

layer. The boundary layer, which is time-varying, is formed by a ramp signal with a frequency
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fs(=
1
T
). The limits of this boundary layer correspond to the maximum and minimum values

of the ramp. At the beginning of each switching cycle, we determine whether the error

trajectories are within the limits of the time-varying ramp and, based on that, determine

what is the mode of operation.

5.3.1 Control Outside the Boundary Layer

To achieve the control objectives, we use smooth hypersurfaces defined by

σk = gk1(vrefk − fvkvCk) + gk2
R
(vrefk − fvkvCk)dτ + gk3

R ³ 1
N

PN
j=1 fij iLj − fikiLk

´
dτ

−fikiLk
(5.14)

where the gk1 , gk2 , and gk3 are the controller gains, the fvk (≤ 1) and fik (≤ 1) are the

sensor gains for the output voltages, load currents, and inductor currents, and the vrefk are

the reference voltages for the bus. The term 1
N

PN
j=1 fij iLj (= iLav) represents the average

of all inductor currents. While the first two terms in (5.14) minimize the bus voltage error,

the third term enables equal sharing of power among the converter modules. The last term

enhances the dynamic response of the closed-loop system. Differentiating (5.14), we obtain

σ̇k = −gk1fvk v̇Ck + gk2(vrefk − fvkvCk) + gk3
³ 1
N

NX
j=1

fij iLj − fikiLk
´
− fik i̇Lk (5.15)

Using (5.1), we expand (5.15) as

σ̇k = −gk1fvkCk
(iLk − Ik0) + gk2(vrefk − fvkvCk) + gk3

³
1
N

PN
j=1 fij iLj − fikiLk

´
+
fik
Lk

³
rLkiLk + vCk − ukvin

´
.

(5.16)

Equation (5.16) shows that the sliding surfaces have independent control. The general form

of σ̇k is

σ̇k = ak(Ψk) + bkuk + ckIk0 (5.17)
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where Ψk = [iLk vCk ]
T and

ak = − gk1fvk
Ck

iLk + gk2(vrefk − fvkvCk) + gk3
³
1
N

PN
j=1 fij iLj − fikiLk

´
+
fik
Lk

³
rLkiLk + vCk

´
bk = −fikLk vin
ck =

gk1fvk
Ck

.

(5.18)

We define

uk =
1

2

³
1 + sign(σk)

´
= ukeq + ukn (5.19)

where ukeq and ukn represent the equivalent control (Utkin, 1992) and the nonlinear switching

control and

sign (σk) =

 1 if σk > 0

−1 if σk < 0
. (5.20)

These two controls must satisfy the following constraints:

u−k < ukeq < u
+
k (u−k=0 and u

+
k=1)

u−k − ukeq ≤ ukn ≤ u+k − ukeq .
(5.21)

Knowing that b−1k exists, we equate (5.17) to zero, solve for ukeq , and obtain

ukeq = −b−1k (ak(Ψk) + ckIk0) . (5.22)

Substituting ukeq into (5.19) and using (5.17) and (5.5), we obtain the following existence

condition:

σkbkukn < 0. (5.23)
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Because bk < 0, (5.23) is satisfied provided that

ukn =

 > 0 if σk > 0

< 0 if σk < 0
(5.24)

and ukeq satisfies (5.21). For instance, substituting (5.18) into (5.22) yields

ukeq =
1
vin

Lk
Ck

fvk
fik
gk1 (Ik0 − iLk) + 1

vin

Lk
fik
gk2(vrefk − fvkvCk)

+ 1
vin

Lk
fik
gk3
³
1
N

PN
j=1 fij iLj − fikiLk

´
+ 1

vin
(rLkiLk + vCk)

(5.25)

and knowing that 1
vin
< 1,

fvk
fik

is small, Lk
Ck
< 1 for proper design, and the fourth term in

(5.25) is less than one (because rL ≈ 0), we can make ukeq satisfy (5.21) by properly chosing
gk1 , gk2 , and gk3 .

The stability of the dynamics on the sliding manifold for the parallel buck converter is

straightforward because the dynamical equations describing the closed-loop system are in

regular form (Utkin, 1992) on this manifold. The dynamical equations on the reduced-order

manifold
T
σk = 0 (k = 1, N) are given by

ė1k = −fvk v̇Ck = − fvk
Ck
(iLk − Ik0)

ė2k = e1k = vrefk − fvkvCk
ė3k =

1
N

PN
j=1 fij iLj − fikiLk .

(5.26)

On the sliding surface σk = 0. Therefore, using (5.14) we obtain

fikiLk = gk1e1k + gk2e2k + gk3e3k . (5.27)

Substituting (5.27) into (5.26), we obtain a set of linear differential equations of the following

form:

ė1k = φ1k(e1k , e2k , e3k) +
fvk
Ck
Ik0

ė2k = φ2k(e1k)

ė3k = φ3k(e1k , e2k , e3k) + iLav

(5.28)
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where the φ1k , φ2k , and φ3k are linear functions. For a passive load, the stability of (5.28) can

be determined by the eigenvalues of its Jacobian. For example, if the load is a resistor of R

ohm, then Ik0 =
vCk
R
. If Ik0 has a time-varying perturbation in addition to its nominal value,

then the stability of the solutions of (5.28) can be analyzed by using either Floquet theory

or the Lyapunov’s method or simply by analyzing the state-transition matrix of (5.28).

5.3.2 Control Inside the Boundary Layer

The derivation of the control laws in the preceding section assumes ideal sliding surfaces.

In reality, the switching frequency is finite and hence, instead of the ideal sliding surfaces

given by (5.15), we have boundary layers around them. For a boundary layer of finite width,

the control laws drived in the preceding section only guarantee that the error trajectories will

reach the boundary layer. Within the boundary layers/quasi-sliding surfaces, the dynamics

of the system are infinite dimensional due to the delay. One way to describe the dynamics of

the converter within the quasi-sliding surfaces is through a nonlinear map. Using one such

map, Mazumder et al. (2001b), describe the design of a discrete controller for a parallel three-

phase boost converter system. Another way to describe the dynamics within the quasi-sliding

surfaces is through a state-space averaged model, which follows from Fillipov’s concept of

differential inclusion. We use the latter approach in this chapter.

The state-space averaged model for the parallel dc-dc buck converter is given by (Lee,

1990)

diLk
dt
= − 1

Lk

³
rLkiLk + vCk − dkvin

´
dvCk
dt
= 1

Ck

³
iLk − Ik0

´
, k = 1, N.

(5.29)

where dk is the duty ratio. We make an important observation at this point. The control

based on the averaged model works only inside the boundary layer. Outside the boundary

layer, the controller uses the switching model. Therefore, the controller can guarantee sta-

bility even under saturation. Conventional controllers based on small-signal models ignore
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the impact of saturation and other nonlinearities. For instance, the averaged model of a

parallel-boost converter is nonlinear.

Next, we define the following sliding surfaces:

σ1k = gk1e1k + gk2e2k + gk3e3k

σ2k = iLkd − iLk
(5.30)

where

e1k = vrefk − fvkvCk
e2k =

R
(vrefk − fvkvCk)dτ

e3k =
R ³ 1

N

PN
j=1 fij iLj − fikiLk

´
dτ.

(5.31)

Differentiating σ1k , we obtain

σ̇1k = gk1 ė1k + gk2 ė2k + gk3 ė3k . (5.32)

Substituting (5.29) into (5.32) yields

σ̇1k = −gk1fvk
Ck

³
iLk − Ik0

´
+ gk2 ė2k + gk3 ė3k . (5.33)

Substituting for iLk from (5.30) into (5.33), we obtain

σ̇1k =
gk1fvk
Ck

³
Ik0 + σ2k − iLkd

´
+ gk2 ė2k + gk3 ė3k . (5.34)

We let

iLkd = β1kσ1k + β2ksign (σ1k) + β3k ė2k + β4k ė3k (5.35)

where β1k , β2k , β3k , and β4k are constants, in (5.34) and obtain

σ̇1k = − gk1fvk
Ck

³
β1kσ1k + β2ksign (σ1k)− Ik0 − σ2k

´
−
³
gk1fvkβ2k

Ck
− gk2

´
ė2k

−
³
gk1fvkβ3k

Ck
− gk3

´
ė3k

(5.36)
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Next we choose β3k =
Ckgk2
fvkgk1

and β4k =
Ckgk3
fvkgk1

and reduce (5.36) to

σ̇1k = − gk1fvk
Ck

³
β1kσ1k + β2ksign (σ1k)− Ik0 − σ2k

´
(5.37)

Equation (5.37) shows that, when σ2k = 0, the dynamics on σ1k = 0 converge provided

that β2k > Ik0max. We assume that σ2k = 0 and design the control such that the rate of

convergence of the dynamics on σ2k = 0 are much faster than those on σ1k = 0.

Next, we differentiate σ2k in (5.30) and assign it to −α1k
Lk
σ2k (where α1k is a positive

constant) to guarantee convergence of the dynamics on σ2k = 0; the result is

σ̇2k = i̇Lkd − ˙iLk = i̇Lkd +
rLk
Lk
iLk +

1
Lk
vCk − 1

Lk
dkvin = −α1k

Lk
σ2k (5.38)

Next, using the Lyapunov function

V (σ1k , σ2k) =
1
2

³
σ21k + σ22k

´
(5.39)

and (5.37) and (5.38), we cfind that the time derivative of V is given by

V̇ = σ1k σ̇1k + σ2k σ̇2k ≤ −
³
gk1fvk
Ck

β1kσ
2
1k
+

α1k
Lk
σ22k

´
+

gk1fvk
Ck

σ1kσ2k . (5.40)

is less than zero provided that
α1kCkβ1k
Lkgk1fvk

> 1
4
.

From (5.38), we obtain

dk =
1
vin

³
α1kσ2k + Lk i̇Lkd + rLkiLk + vCk

´
. (5.41)

Using this duty ratio and a ramp signal (with fixed frequency), we can operate N parallel

converters in synchronicty or interleaving. The main difficulty in implementing (5.41) is

calculating i̇Lkd. Green and Hedrick (1990) solved this problem approximately by using the

first principle of calculus and obtained

i̇Lkd =
iLkd (n+1)−iLkd (n)

T
. (5.42)
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A better approach was proposed by Gerdes (1996) and Swaroop (1997) using the concept of

a linear filter. With this approach, we make a minor change in our control derivation. First,

we define an auxiliary variable iLk and then pass it through the linear filter

τf i̇Lkd + iLkd = iLk , iLkd(0) = iLkd(0) (5.43)

to obtain i̇Lkd. In (5.43), τf is a positive constant, which should be chosen large enough to

reduce the high-frequency component of iLk , but small enough so as not to alter the low-

frequency component, which is, in fact, the equivalent control that we need (Stotsky et al).

Finally, we substitute iLk for iLk in (5.35) and obtain

iLkd = β1kσ1k + β2ksign (σ1k) + β3k ė2k + β4k ė3k (5.44)

This solves the control problem inside the limits of the boundary layer.

The implementation of the overall control scheme described in this section and in Section

5.3.1 can be either analog or digital. At the beginning of each switching cycle, by determining

whether the σk are outside or inside the limits of the boundary layer, we implement the

control described in either Section 5.3.1 or in this section. To avoid the possibility of a

border collision (Banerjee et al., 1997; Mazumder et al., 2001c), we use comparators with a

small hysterisis.

5.4 Control Scheme for Parallel DC-DC Boost Con-

verter

The derivation of the control laws for the parallel dc-dc boost converters is similar to that

used in the case of parallel dc-dc buck converter. Hence, in the two subsequent sections, we

focus only on the dissimilarities between the control laws of the two converters.
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5.4.1 Control Outside the Boundary Layer

We select the sliding surfaces given by (5.14) and differentiate σk to obtain (5.15). Using

(5.3), we expand σ̇k as

σ̇k = − gk1fvk
Ck

(ukiLk − Ik0) + gk2(vrefk − fvkvCk) + gk3
³
1
N

PN
j=1 fij iLj − fikiLk

´
+
fik
Lk

³
rLkiLk + ukvCk − vin

´
.

(5.45)

which can be written in the following form:

σ̇k = ak(Ψk) + bk(Ψk)uk + ckIk0 (5.46)

where Ψk = [iLk vCk ]
T . Using the same argument used to derive (5.23), we obtain the

following existence condition for the parallel dc-dc boost converter:

σkbk(Ψk)ukn < 0 (5.47)

which is satisfied provided that

ukn =

 > 0 if σkbk(Ψk) > 0

< 0 if σkbk(Ψk) < 0
(5.48)

and ukeq satisfies (5.21). The choice of the controller and circuit parameters, such that ukeq

satisfies (5.21), is similar to that adopted for the parallel dc-dc buck converter.

5.4.2 Control Inside the Boundary Layer

The state-space averaged model for the parallel dc-dc boost converter is given by (Lee, 1990)

diLk
dt
= − 1

Lk

³
rLkiLk + dkvCk − vin

´
dvCk
dt
= 1

Ck

³
dkiLk − Ik0

´
, k = 1, N.

(5.49)
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where dk = 1− dk and dk is the duty ratio. We define the following sliding surfaces:

σ1k = gk2
R
(vrefk − fvkvCk)dτ + gk3

R ³ 1
N

PN
j=1 fij iLj − fikiLk

´
dτ

σ2k = iLkd − iLk .
(5.50)

Differentiating σ1k , we obtain

σ̇1k = gk2(vrefk − fvkvCk) + gk3( 1N
PN
j=1 fij iLj − fikiLk

´
. (5.51)

Letting iLk = iLkd − σ2k in (5.51) yields

σ̇1k = gk2(vrefk − fvkvCk) + gk3fik( 1fik
1
N

PN
j=1 fij iLj + σ2k − iLkd

´
. (5.52)

We choose iLkd as

iLkd = h1kσ1k + h2ksign(σ1k) +
gk2
gk3fik

(Vrk − fvkvCk) + 1
fik

1
N

PN
j=1 fij iLj (5.53)

to guarantee convergence of the dynamics on the hypersurfaces σ1k = 0.

Next, we differentiate σ2k and assign it to

σ̇2k = i̇Lkd − i̇Lk = −h4k
Lk
σ2k (5.54)

to guarantee convergence of the dynamics on the hypersurfaces σ2k = 0. By substituting

(5.49) into (5.54) and using the same argument used to derive dk for parallel dc-dc buck

converter, we obtain

dk = 1− dk = 1 + 1
vCk

³
Lk i̇Lkd + rLkiLk + h4kσ2k − vin

´
(5.55)

which guarantees convergence on the hypersurface σ2k = 0. The duty-ratio signal enables

the PWM operation of the parallel dc-dc boost converter within the boundary layer. The

procedure for solving the problem associated with i̇Lkd is the same as that described in

Section 5.3.2.
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5.5 Results

We performed several simulations on a parallel-buck converter that has two modules

(M1 and M2). The nominal values of the parameters for M1 and M2 are shown in Table

5.1. The input voltage varies between 25-50 V . The output voltage is regulated at 5 volts.

The objectives of the simulations are to find out the effectiveness of the sliding-mode control

schemes in regulating the bus voltage and sharing the power delivered to a resistive load

under steady-state and dynamic conditions. The controller parameters are tuned so that,

for the worst case disturbance, the conditions of existence of the sliding modes are satisfied

and the dynamics on the sliding manifold are stable. Because it is physically impossible to

have identical converters and an infinite switching frequency, we demonstrate the transient

and steady-state performance of the control to variations in the circuit parameters of the

two modules under a finite switching frequency. To obtain a finite switching frequency inside

the boundary layer, we compare the error signals of each module, obtained using dk, with

ramp signals having a switching frequency of 100 kHz. For operating the modules using

interleaving, we phase shift the ramp signals of the two modules by half a switching-cycle

period. Figure 5.4 shows the response of the closed-loop converter when it is subjected

to a sudden change in the load resistance from 2.5 Ω to 0.625 Ω, which is the maximum

variation in load allowed for the given converter. The input voltage is fixed at its minimum

(i.e., 25 V ), and hence M1 and M2 are subjected to the worst case of transients in the load.

We consider two cases: one when M1 and M2 are identical and the other when they are

different. The results for case one are shown in Figures 5.4a-5.4c. They show that the drop

in the output voltage is less than 1% even though the load resistance is decreased four-

fold. Besides, the sharing of the power delivered to the load is good under steady-state and

transient conditions.

Although the responses of the converter for case one are good, in real life, due to man-

ufacturing tolerances, it is not possible to have identical modules. Therefore, the second

case considers a more practical scenario. We fix L1, C1, g11 , g12, and g13 at their nominal
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Table 5.1: Nominal parameters for modules M1 and M2 of the parallel dc-dc buck converter.

Parameter Nominal Value

rL1 = rL2 = rLn 0.021 Ω

L1 = L2 = Ln 50 µH

C1 = C2 = Cn 4400 µF

vref1 = vref2 2.0 V

fi1 = fi2 = fin 1.0

fv1 = fv2 = fvn 0.4

g11 = g21 = gn1 2*102

g12 = g22 = gn2 10*104

g13 = g23 = gn3 5*102

Switching frequency 100kHz

DC offset of ramps 1.8 V

Height of ramps 3.0 V

values but change the parameters for M2 so that L2 = 0.75 Ln, C2 = 0.75 Cn, g21 = 0.9 gn1 ,

g22 = 0.9 gn2 , and g23 = 0.9 gn3 . These parametric variations are more than what one will

typically encounter for such converters (McLyman, 1993). The results in Figures 5.4d-5.4f

show that, inspite of the parametric variations, the transient and steady-state performances

of the converter are close to those of the ideal case.

In the second case, we investigate whether M1 and M2 operate with interleaving. A closer

examination of the inductor currents in Figures 5.5a-5.5b under steady-state and transient

conditions show that indeed they operate with a phase shift of half the switching-cycle

period. The ripple of the current iL2 is larger than that of iL1 because the magnitude of L2 is

smaller than that of L1. The interleaved operation of the converter is possible because, inside

the boundary layer, the controllers use the duty-ratio signals for pulse-width modulation.

The latter ensures the operation of the converter with a constant switching frequency. We
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Figure 5.4: Dynamic and steady-state performances of a parallel-buck converter when the

parameters of the two modules are the same (a-c) and when they are different (d-f). The

converter is initially in steady state and then subjected to a sudden change in the load

resistance.
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Figure 5.5: The waveforms of the inductor currents iL1 and iL2 are phase-shifted by

half the switching-cycle period. Thus, the new variable-structure controller ensures

interleaved/phase-shifted operation during (a) transient and (b) steady-state conditions and

keeps the switching frequency constant.
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note that, using a conventional sliding-mode control, interleaving and constant frequency of

operation are not possible (Utkin et al., 1999).

The choice of the controller gains g11 , g21 , g12 , g22 , g13, and g23 is critical to the steady-

state and transient responses of the closed-loop converter. In Figures 5.6-5.8, we show the

impact of variations in these controller gains on the performance of the converter for the

second case. We fix the input voltage at 25 V and change the load resistance from 2.5 Ω

to 0.625 Ω. We sample the inductor currents and the capacitor voltages at the switching

frequency so that we can suppress the ripple from the waveforms and get a clearer comparison.

The sampling is done at the beginning of each switching cycle of M1. At this instant and

under steady-state conditions, iL1 attains its lowest value. Because M2 operates with a phase

shift of half a switching cycle as compared to M1, the sampled value of iL2 will in general be

larger than that of iL1 at the sampling instant.

Figures 5.6a and 5.6b show the effect of variations in g11 and g21 on the output voltages

and inductor currents. The plots marked vC(1), iL1(1), and iL2(1) are obtained using g11 =

gn1 and g21 = 0.9gn1 , with the remaining parameters being the same as in case two. The

other sets of plots marked vC(2), iL1(2), and iL2(2), and vC(3), iL1(3), and iL2(3) are obtained

by reducing only g11 and g21 by 50% and 75%, respectively. When g11 and g21 are reduced,

the transient response of the system deteriorates. This is prominent in the plots marked

vC(3), iL1(3), and iL2(3) in Figure 5.6; they show a strong undershoot and an overshoot.

Next, we show in Figures 5.7a and 5.7b the effect of variations in g12 and g22 . Initially,

the values of all of the parameters of M1 and M2 are the same as in case two. The waveforms

for this case are marked vC(1), iL1(1), and iL2(1). Then, we reduce g12 and g22 by 50% and

75%. The results for these three cases are denoted by vC(2), iL1(2), and iL2(2), and vC(3),

iL1(3), and iL2(3), respectively. As g12 and g22 are reduced, the capacitor voltage takes much

longer to attain steady state after a transient. On the other hand, increasing g12 and g22 too

much results in overshoots of the inductor currents. The trade-off in the gains depends on

the application of the power supply.
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Figure 5.6: Impact of variations in the controller gains g11 and g21 on the (a) output voltages

and (b) the inductor currents of M1 and M2.

Similarly, by swapping g13 for g12 and g23 for g22 , we obtain Figures 5.8a and 5.8b, which

show the impact of these controller gains on the load sharing. The corresponding plots are
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Figure 5.7: Effect of variations in the controller gains g12 and g22 on the (a) output voltages

and (b) the inductor currents of the parallel converter.

marked vC(1), iL1(1), and iL2(1), vC(2), iL1(2), and iL2(2), and vC(3), iL1(3), and iL2(3),

respectively. First, we observe that the effect of the variations in g13 and g23 on the output
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Figure 5.8: Impact of variations in the controller gains g13 and g23 on the (a) output voltages

and (b) the inductor currents of the converter modules.

voltage is negligible. Second, with a reduction in the gains, the load sharing deteriorates

immediately after the transient condition. Hence, g13 and g23 must be chosen carefully;
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otherwise an uneven distribution of power among the converter modules occurs.

Next, we demonstrate the performance of the parallel converter when the input voltage

changes from 50V to 25V . This variation in the input voltage is the maximum allowed by the

design specifications. The load resistance is fixed at its minimum (i.e., 0.625Ω), and hence

M1 and M2 are subjected to the worst transient in the input voltage. We again consider the

same two cases used to obtain Figures 5.4a-5.4f. Figures 5.9a-5.9c and 5.9d-5.9f show the

results for cases one and two, respectively. They show that the drop in the output voltage is

less than 1%. In addition, interleaving between the two converter modules, for the ideal and

the realistic cases, is maintained under static and dynamic conditions. It is obvious, that

even under a severe feedforward disturbance, the performance of the converter is good.

Finally, we show the results of the simulations performed on the parallel dc-dc boost

converter having two modules. The nominal values for the circuit parameters are rL1 =

rL2 = 25 mΩ, L1 = L2 = 25 µH, and C1 = C2 = 150 µF . The output voltage is regulated

at 20 volts and the input voltage varies between 12-18 volts. In the vicinity of the boundary

layer, the switching frequency is 100 kHz. In Figures 5.10-5.11, we compare the dynamic

and steady-state performances of the parallel dc-dc boost converter for two cases: one when

the modules have the same parameters, and the other when they have different parameters.

The parametric variations between the two converter modules involve a 25% variation in

the bus capacitance and line inductance and a 10% variation in the controller gains. Based

on the negligible drop in the bus voltage and good load sharing, even when the converter

is subjected to a maximum feedforward and feedback disturbance, we conclude that the

dynamic response of the closed-loop system is good.

5.6 Summary and Conclusion

We describe a robust control scheme for parallel dc-dc buck and boost converters and

determine the region of existence of the sliding surfaces and the stability of the reduced-
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Figure 5.9: Transient and steady-state performances of a parallel-buck converter when the

parameters of the two modules are the same (a-c) and when they are different (d-f). The

converter is initially in steady state and then subjected to a sudden change in the input

voltage.
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Figure 5.10: Performance of the parallel dc-dc boost converter when subjected to a change

in the load resistance. The responses of the closed-loop system when the two modules have

the same parameters are shown in (a-c). The performances of the parallel-boost converter

when the parameters of the modules are different are shown in (d-f).
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Figure 5.11: Dynamic and steady-state performances of the parallel dc-dc boost converter

when the parameters of the two modules are the same (a-c) and when they are different

(d-f). The converter is initially in steady state and then subjected to a sudden change in

the input voltage.



Sudip K. Mazumder Chapter 5. Robust Control of Parallel ... 191

order dynamical system on the sliding manifold. To keep the switching frequency constant,

we adopt a hybrid control strategy within the boundary layer. In addition, the hybrid

approach enables us to switch the converters using interleaved or synchronous modulation

strategies. The proposed controller combines the concepts of intergral-variable-structure and

multiple-sliding-surface controls. This enables the controller to achieve better steady-state

and dynamic performance even in the presence of parametric variations and disturbances.



Chapter 6

Stabilization of Parallel Nonisolated

Multi-Phase (and Multi-Stage) PWM

Converters Using Nonlinear

Variable-Structure Control

In this chapter, we develop nonlinear, variable-structure controllers to stabilize parallel

multi-phase and multi-leg PWM converters. We begin by developing control schemes for

a parallel converter, which has two three-phase PWM converter modules connected to a

common output. This converter represents a nonlinear and nonminimum phase system, and

hence the stability of the closed-loop system using the linear control schemes described in

(Xing et al., 1998, 1999; Ye et al., 2000) may not be guaranteed except in the vicinity

of a periodic orbit. By using a nonlinear controller, we intend to improve the stability

and the dynamic performance of the closed-loop parallel converter under varying operating

conditions. We propose three control schemes; two of which are developed in the continuous

domain, and the third is developed in the discrete domain. The latter scheme combines

SVM with a variable-structure controller. This is for the first time that such a control

192
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scheme has been developed to control a parallel three-phase PWM converter. Using this

scheme, we can keep the frequency of the power-converter modules constant under steady

state and retain the superior dynamic performance of variable-structure controllers. For each

of the controllers, the steady-state and dynamic performances of the closed-loop system are

given. In addition, the two modules have different switching frequencies and they switch

asynchronously. Hence, clock synchronization of the two modules is not necessary.

We then demonstrate how to extend the control scheme for stabilizing a multi-phase

boost parallel converter having N (> 2) modules. Furthermore, we demonstrate how the

same control scheme can be used to stabilize a parallel converter driving a constant-power,

unbalanced, or dynamic load or operating under phase imbalance. We also demonstrate how

the control schemes can be used to stabilize a multi-phase and four-leg inverter driving an

unbalanced load.

6.1 Modeling and Analysis of the Parallel Three-Phase

Boost Converter

In Figure 6.1, we show a schematic of a parallel three-phase boost converter (PTBC)

with two power modules. For each individual module, we assume that the variation in the

line inductance of each phase is negligible. However, the line inductances for two different

modules are different. We also assume that the esr of the output capacitor is negligible and

that the input voltages are balanced; that is, Va + Vb + Vc = 0.

Based on Figure 6.1, we obtain the following differential equations (with discontinuous

right-hand sides) that describe the dynamics of the PTBC:

v̇C(t) = − 1
C
iload(t) +

1
C

P2
k=1

³P3
j=1 iLkj(t)ukj(t)

´
~̇i
abc

Lk
(t) =

³
Pk1 + Pk2 ~́i

abc
Lk
(t) + Pk3~V

abc(t) + Pk4~u
abc
1 (t)vC(t) + Pk5~u

abc
2 (t)vC(t).

(6.1)

In (6.1) and for the rest of the chapter, k = 1 and 2. The vectors representing the phase
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Figure 6.1: Schematic of the parallel three-phase boost converter (PTBC).
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currents and switching functions of M1 and M2 are given by

~iabcLk (t) =
h
iLk1(t) iLk2(t) iLk3(t)

iT
(6.2)

and

~uabck (t) =
h
uk1(t) uk2(t) uk3(t)

iT
(6.3)

respectively. In (6.1), ~V abc = [Va Vb Vc]
T and the matrices Pki (i = 1, 2, · · · 5) are given by

P11 = − rL1
3L1(L1+L2)


3L1 + 2L2 −L2 −L2
−L2 3L1 + 2L2 −L2
−L2 −L2 3L1 + 2L2

 (6.4)

P12 = − rL2
3(L1+L2)


1 1 1

1 1 1

1 1 1

 (6.5)

P13 =
1
3L1


2 −1 −1
−1 2 −1
−1 −1 2

 (6.6)

P14 = − 1
3L1(L1+L2)


3L1 + 2L2 −L2 −L2
−L2 3L1 + 2L2 −L2
−L2 −L2 3L1 + 2L2

 (6.7)

P15 =
1

3L1(L1+L2)


L1 L1 L1

L1 L1 L1

L1 L1 L1

 (6.8)
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P21 = − rL1
3(L1+L2)


1 1 1

1 1 1

1 1 1

 (6.9)

P22 = − rL2
3L2(L1+L2)


3L2 + 2L1 −L1 −L1
−L1 3L2 + 2L1 −L1
−L1 −L1 3L2 + 2L1

 (6.10)

P23 =
1
3L2


2 −1 −1
−1 2 −1
−1 −1 2



P24 =
1

3L2(L1+L2)


L2 L2 L2

L2 L2 L2

L2 L2 L2


(6.11)

P25 = − 1
3L2(L1+L2)


3L2 + 2L1 −L1 −L1
−L1 3L2 + 2L1 −L1
−L1 −L1 3L2 + 2L1

 . (6.12)

For the PTBC, the top and bottom switches of any phase are complementary in nature. The

switching functions ukj (j = 1, 2, 3) attain a value of -1 (or 1) if the bottom (or top) switch

of any phase is on. For the boost converter, ~uabc1 (t) (~u
abc
2 (t)) can attain only eight discrete

values
³
U0 = [−1 − 1 − 1]T , U1 = [1 − 1 − 1]T , U2 = [1 1 − 1]T , U3 = [−1 1 − 1]T , U4 =

[−1 1 1]T , U5 = [−1 − 1 1]T , U6 = [1 − 1 1]T , U7 = [1 1 1]T
´
for feasible operation, as

shown in Figure 6.2. Two of these
³
U0 and U7

´
are the zero vectors, while the other six are

the active vectors. For convenience, we will drop the notation of time from now on.
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Figure 6.2: Distribution of the space vectors in the αβ frame.
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If we define the zero-sequence component of the two modules as

iLko =
1
3

P3
j=1 iLkj (6.13)

then we rewrite (6.1) as

~̇i
abc

Lk
− PkoiLko = −rLkLk (~iabcLk − PkoiLko) + Pk3~V abc − Pk3~uabck vC (6.14)

where Pko =
h
1 1 1

iT
. Equation (6.14) shows that, if the zero-sequence currents of M1

and M2 are zero, then the PTBC behaves as two independent three-phase boost converters.

However, for all practical purposes, the two modules will not be identical, and hence iL1o

and iL2o are not equal to zero. However, based on Figure 6.1 and Kirchoff’s current law, the

zero-axis currents must satisfy the constraint

P
k iLko = 0. (6.15)

Next, we consider the generic transformation

~χabc = [T (θ)]−1~χdqo (6.16)

where ~χdqo = [χd χq χo]
T and [T (θ)]−1 is the following non-singular matrix:

[T (θ)]−1 =


cos(θ) − sin(θ) 1

1
2
(− cos(θ) +√3 sin(θ)) 1

2
(
√
3 cos(θ) + sin(θ)) 1

1
2
(− cos(θ)−√3 sin(θ)) 1

2
(−√3 cos(θ) + sin(θ)) 1

 . (6.17)

The components χd, χq, and χo are referred to as the active, reactive, and zero-axis compo-

nents of ~χdqo. Using (6.16) and

θ = θ(t0) +
R t
0 ωdτ (6.18)
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where ω is the line frequency, we rewrite (6.1) as

v̇C = − 1
C
iload +

1
C
(iLkdukd + iLkqukq + iLkouko)

~̇i
dqo

Lk
= T (θ)

³
Pk1 + Pk2

´
[T (θ)]−1~idqoLk + T (θ)Pk3[T (θ)]

−1~V dqo+

T (θ)Pk4[T (θ)]
−1~udqo1 vC + T (θ)Pk5[T (θ)]

−1~udqo2 vC − T (θ) ddθ [T (θ)]−1~idqoLk .

(6.19)

In (6.19),

T (θ) = 2
3


cos(θ) cos(θ − 2π

3
) cos(θ − 4π

3
)

− sin(θ) − sin(θ − 2π
3
) − sin(θ − 4π

3
)

1
2

1
2

1
2



d
dθ
[T (θ)]−1 = ω


− sin(θ) − cos(θ) 0

1
2
(sin(θ) +

√
3 cos(θ)) 1

2
(−√3 sin(θ) + cos(θ)) 0

1
2
(sin(θ)−√3 cos(θ)) 1

2
(
√
3 sin(θ) + cos(θ)) 0



(6.20)

and

~idqoLk = [iLkd iLkq iLko ]
T

~V dqo = [Vd Vq Vo]
T

~udqok = [ukd ukq uko]
T

(6.21)

where Vq = Vo = 0 because we have assumed that the line voltages are balanced.

Using (6.4)-(6.12), (6.17), and (6.20), we simplify (6.19) to obtain (6.22). Equation (6.22)

shows that, for each module, the dynamical equations governing the currents on the dq axes

depend only on u1d (u2d) and u1q (u2q). The differential equations describing the zero-axis

currents (for both the modules) involve a cross-coupling control term. However, if we treat

u2o (u1o) as a disturbance for i̇1o (i̇2o), then the dynamics of the three currents are governed

by three fictitious but independent controls on the dqo axes.
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v̇C = − 1
C
iload +

1
C

P2
k=1(iLkdukd + iLkqukq + iLkouko)

~̇i
dqo

L1
=


i̇L1d

i̇L1q

i̇L1o

 =

−rL1
L1

ω 0

−ω −rL1
L1

0

0 0 −rL1+rL2
L1+L2




iL1d

iL1q

iL1o

+ 1
L1


Vd

Vq

Vo



−vC
L1


1 0 0

0 1 0

0 0 L1
L1+L2




u1d

u1q

u1o

− vC
L1


0

0

− L1
L1+L2

u2o



~̇i
dqo

L2
=


i̇L2d

i̇L2q

i̇L2o

 =

−rL2
L2

ω 0

−ω −rL2
L2

0

0 0 −rL1+rL1
L1+L2




iL2d

iL2q

iL2o

+ 1
L2


Vd

Vq

Vo



−vC
L2


1 0 0

0 1 0

0 0 L2
L1+L2




u2d

u2q

u2o

− vC
L2


0

0

− L2
L1+L2

u1o

 .

(6.22)

We note that i̇L1d (i̇L2d) and i̇L1q (i̇L2q) are not affected by iL1o (iL2o). If u
abc
1 = U7 and

uabc2 = U0 or vice-versa, then using (6.16), (6.22), and

cos(θ) + cos(θ − 2π
3
) + cos(θ − 4π

3
) = 0, sin(θ) + sin(θ − 2π

3
) + sin(θ − 4π

3
) = 0(6.23)

we can show that a pure zero-sequence current flows from one module to the other and u1d

(u2d) and u1q (u2q) are equal to zero. During this time, the utility is isolated from the bus.

For all other switching configurations, the zero-sequence current exists but u1d (u2d) and u1q

(u2q) are not equal to zero.

6.2 Control Schemes

The objectives of the control are three fold. First, we want to regulate the bus voltage at

400 volts. Second, the phase currents of each module should be synchronous with the input
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phase voltages. Third, M1 and M2 should share the power consumed by the load equally.

However, these objectives have to be met by controlling the two modules as independently as

possible. The only common feedback to both modules is the d-axis reference current (i∗Lkd)

obtained from the outer voltage loop, which serves as the master. We use a common voltage

loop because both M1 and M2 are connected over a common dc bus. The reference currents

for the q-axis (i∗Lkq) and the o-axis (i
∗
Lko
) are maintained equal to zero to obtain unity-power-

factor operation and to minimize the zero-axis interaction between the two modules.

As shown in Figure 6.3, the controllers for M1 and M2 have a multi-loop structure, with an

outer voltage loop and an inner current loop. The current loops are designed to be fast so that

the closed-loop system can reject the feedforward and feedback disturbances and regulate

the output voltage. The outer voltage loop is designed to be slow and is based on a linear

lag-lead controller with an integrator (Xing et al., 1998, 1999; Hiti, 1995). Based on these

control objectives and structure, we develop three different kinds of discontinuous control

schemes in the following subsections. While the first two control schemes are synthesized

in the continuous domain, the third control scheme is developed in the discrete domain.

However, the results for all of the controllers are based on digital implementation. The

nominal switching frequency of M1 and M2 is set at 32 kHz to emulate the actual system

(Lee et al., 1997; Xing et al., 1998, 1999). We, however, test the control when the modules

are not synchronized and their switching frequencies are different.

6.2.1 Schemes in the Continuous Domain

Equation (6.22) shows that the open-loop PTBC is a seventh-order dynamical system.

There are two sets of three differential equations that describe the dynamics of the current

for M1 and M2 on the dqo axes and one additional differential equation for describing the

dynamics of the bus voltage. One approach for implementing the current loops of M1 and
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Figure 6.3: The structure of the controllers for the parallel three-phase boost converter.
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M2 independently is to define the following six sliding surfaces:

σkd = i
∗
Lkd
− iLkd = 0, σkq = i

∗
Lkq
− iLkq = 0, σko = i

∗
Lko
− iLko = 0 (6.24)

and synthesize controls that will reduce kσkd + σkq + σkok to zero. Equation (6.22) shows
that, if we treat the fourth terms of ~̇i

dqo

L1
and ~̇i

dqo

L2
as time-varying disturbances, then these two

sets of dynamical equations have independent control in the dqo coordinates. The rank of

the control matrix ~udqo1 (~udqo2 ) in ~̇i
dqo

L1
(~̇i
dqo

L2
) is three. However, the rank of the control matrix

[~udqo1 ~udqo2 ]T in [~̇i
dqo

L1
~̇i
dqo

L2
]T is five. The physical meaning of this rank deficiency is that it is

impossible to control all of the six currents (~idqoL1 and
~idqoL2 ) independently. This follows from

(6.15) as well, which shows that iL10 = −iL20 .

One way to avoid the redundancy problem is to control the sliding manifold

(σ1d = 0)
T
(σ1q = 0)

T
(σ1o = 0)

T
(σ2d = 0)

T
(σ2q = 0). (6.25)

If σ1o = 0 (or iL1o = 0), then we obtain iL2o = 0 using (6.15). A simple way to achieve

the stability of the sliding manifold (6.25) is to ensure the stability of the individual sliding

surfaces. The conditions for the stability of these sliding surfaces are (Filippov, 1988; Utkin,

1992; Behilovic et al., 1993; Mazumder et al., 2000b, 2001a)

σkdσ̇kd < 0, σkqσ̇kq < 0 (6.26a)

σ1oσ̇1o < 0. (6.26b)

It follows from (6.22) that the stability conditions in (6.26a) are satisfied provided

ukd = −γkdsgn(σkd), |γkd| > |i̇∗Lkd − fkd(iLkd , iLkq , Vd)|LkvC
ukq = −γkqsgn(σkq), |γkq| > |i̇∗Lkq − fkq(iLkd , iLkq , Vq)|LkvC

(6.27)

where

fkd(iLkd, iLkq , Vd) = −rLkLk iLkd + ωiLkq +
1
Lk
Vd − vC

Lk
ukd

fkq(iLkd, iLkq , Vq) = −ωiLkd − rLk
Lk
iLkq +

1
Lk
Vq − vC

Lk
ukq.

(6.28)
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Table 6.1: Possible values of u1o for a given u2o to satisfy ˙σ1oσ1o < 0

iL1o > 0 iL1o < 0

1
βu2o = u21 + u22 + u23

1
βu1o = u11 + u12 + u13

1
βu2o = u21 + u22 + u23

1
βu1o = u11 + u12 + u13

-3 3/1/-1/-3 -3 -3

-1 3/1/-1 -1 -1/-3

1 3/1 1 1/-1/-3

3 3 3 3/1/-1/-3

The inequality (6.26b) requires special attention because σ̇1oσ1o, which can be expressed as

˙σ1oσ1o = −iL1o
³

vC
2(L1+L2)

(u1o − u2o) + rL1+rL2
L1+L2

iL1o
´

(6.29)

contains a term which involves u2o. This term serves as a discontinuous, time-varying dis-

turbance on M1. In addition, this disturbance is not measurable because we want to control

each converter independently. For all practical purposes, the converters are not identical,

and hence u1o 6= u2o all the time. To determine the stability of the sliding surface σ1o = 0,
we use Table 6.1 and the following relations:

u1o =
√
2
3
(u11 + u12 + u13)

u2o =
√
2
3
(u21 + u22 + u23) .

(6.30)

Table 6.1 shows all possible values of u1o for a given u2o that satisfy (6.26b). It is obvious

from Table 6.1 that it is not possible to satisfy (6.26b) using a single space vector in a

single switching cycle. We now consider the stability of the sliding manifold (6.25) using the

positive-definite Lyapunov function

V (σ1d, σ1q,σ1o, σ2d, σ2q) =
1
2

³
σ21d + σ21q + σ21o + σ22d + σ22q

´
. (6.31)

which has a quadratic form. For the manifold to be stable

V̇ (σ1d, σ1q,σ1o, σ2d, σ2q) = σ̇1dσ1d + σ̇1qσ1q + σ̇1oσ1o + σ̇2dσ2d + σ̇2qσ2q < 0. (6.32)
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We have already shown that σ̇kdσkd < 0 and σ̇kqσkq < 0 are satisfied using (6.27), and it

is not possible to satisfy ˙σ1oσ1o using a single switching vector in a single switching cycle

because of the zero-axis disturbance. The nonvanishing disturbance eliminates the possibility

of satisfying (6.32) for all values of σ1o. However, depending on the values of σkd, σkq, and

σ1o, we can always establish a bound beyond which (6.32) holds. This bound is minimized

if the zero-axis disturbance is reduced.

A quick look at i̇L1o shows that the zero-axis disturbance can be reduced by increasing

the size of the line inductors or the switching frequency because u2o depends on the switching

vectors. However, we can not increase either of them arbitrarily to avoid making the converter

bulky and inefficient. For the PTBC shown in Figure 6.4, the worst disturbance occurs when

~uabc1 = U7 and ~u
abc
2 = U0 and vice-versa. During this switching configuration, a pure zero-axis

current flows from M1 to M2 or vice-versa that is not reflected on the dq axes. This is because

the path of this zero-sequence current involves the output capacitor and the top (or bottom)

switches of M1 and M2. So, if we eliminate this possible switching configuration, then we

can reduce the impact of the disturbance significantly. Although the zero-axis disturbance

exists for other switching configurations, it is reflected on the dq axes, and hence the impact

of this disturbance can be minimized by having a fast current loop on the dq axes (Xing et

al., 1998, 1999; Hiti et al., 1994; Hiti, 1995). Therefore, it is obvious that, if we control the

two modules independently, then it is impossible to have a true sliding surface. However,

depending on the switching frequency, switching configuration, and inductor size (which

limits the zero-axis disturbance), we can operate in a close vicinity of the sliding manifold.

We should note that because the controllers are implemented in a digital domain (with finite

sampling frequency), we can not have a true sliding surface anyway. Based on the above

discussion, we devise the following two control schemes.

6.2.1.1 Scheme One

This scheme is implemented in the synchronous (dq) frame. We outline two approaches

for scheme one. The objectives of both approaches are to control the error trajectories
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Figure 6.4: Path of the pure zero-sequence current in the parallel three-phase boost converter.
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defined by the sliding surfaces σkd, σkq, and σ1o. In the first approach, we control σkd and

σkq using (6.27) and (6.28) and limit the zero-axis disturbance by preventing the flow of the

zero-axis current from M1 to M2 or vice-versa. Using the transformation (6.16), we can then

transform the controls in the dqo axes to the abc axes.

In the second approach, we first compute σkd, σkq, and σ1o using (6.24), and then use

(6.16) to transform the errors to the abc coordinates (σabck ). The controls ~u
abc
k are determined

from σabck using

~uabck = −sgn(σabck ) (6.33)

to ensure the stability of (6.26a) in the absence of a zero-axis disturbance. This can be

explained using an argument similar to that used to describe the stability of the control in

(6.27). However, in the presence of the disturbance, the bound on σ1o depends on the sizes

of the inductors of M1 and M2 and their switching frequencies. This is also a limitation for

approach one as well.

6.2.1.2 Scheme Two

The second scheme is a variation of the first scheme; it uses hysteresis to control the

switching frequency. First, we compute σkd and σkq using (6.24) and then transform the

errors to the αβ coordinates using

 σkα

σkβ

 =
 cos(θ) − sin(θ)
sin(θ) cos(θ)


 σkd

σkq

 . (6.34)

The selection of the switching vectors is such that

σ̇kασkα < 0, σ̇kβσkβ < 0. (6.35)

and kσ1ok is bounded for a given frequency and inductor size. The latter is achieved by
using an appropriate zero vector based on the direction of iLko. For example, if iL1o < 0 and
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the space vector needed to satisfy σ̇1ασ1α < 0 and σ̇1βσ1β < 0 is U7, then we implement U0

instead. This simple change will not affect the stability of the sliding surfaces on the αβ

axes but will reduce the zero-axis disturbance. Equation (6.29) and Table 6.1 confirm this

claim. In addition, to achieve a compromise between the dynamic response and the harmonic

distortion, we use a two-level hysteretic comparator for each axis that has two thresholds

(hi and ho). Figure 6.5 shows a flowchart that illustrates the procedure for selecting the

appropriate switching vector for either M1 or M2.

The advantage of this scheme is that we can limit the switching frequency and keep a

balance between the distortion of the line currents and the transient response. Although the

pure zero-sequence current is eliminated, the impact of the overall zero-sequence disturbance

is still determined by the switching frequency and the inductor size.

6.2.2 Schemes in the Discrete Domain

The dynamical equations for iL1o (or iL2o) in (6.22) show that, if u1o − u2o (or u2o − u1o)
is positive or zero, then we have a damped first-order differential equation that is stable.

However, in the preceding section, we have shown that, for an independent control of M1

and M2, it is impossible to attain this objective in a single switching cycle using only one

space vector. Therefore, in this section we look for stability on a reduced-order manifold,

where instead of controlling u1o − u2o (or u2o − u1o), we control their averages; that is,
u1o − u2o (u2o − u1o). An additional problem that we found in the preceding section is

related to the switching frequency. Sliding-mode control tries to optimize the magnitude

of switching (Utkin, 1992; Mazumder et al., 2000b), and hence it can not guarantee that

the switching frequency is constant. However, using hysteresis (as in our analog schemes),

the switching frequency can be kept reasonably constant under steady state (Nagy, 1994).

On other hand, the control of three-phase boost converters using space-vector modulation

(SVM) schemes (Broeck et al., 1988; Ogasawara et al., 1989; Habetler et al., 1992; Holtz et

al., 1993; Stefanovic and Vukosavic, 1994) ensures a fixed switching frequency. However, the
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Figure 6.5: Flowchart for the implementation of the second control scheme.
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stability of these controllers, developed based on small-signal analysis, can not be guaranteed

except in the vicinity of the equilibrium solution.

In this section, we develop a discrete variable-structure control (DVSC) for the current-

loop of the PTBC. The objective of the current loop is to stabilize the PTBC on the dq axes

and keep the zero-axis disturbance bounded. The outer loop of the overall control system

that regulates the bus voltage is designed using a linear controller such that the impact of

the higher-order line frequencies on the closed-loop system is minimized.

An important feature of the DVSC is that it keeps the switching frequency constant by

combining VSC with SVM techniques. The DVSC scheme can be combined with any SVM

scheme. However, not all of the SVM techniques can be used to reject the disturbance due

to the zero-axis currents (Xing et al., 1999). We, therefore, chose the SVM scheme outlined

in (Xing et al., 1998 , 1999; Ye et al., 2000) to control the zero-axis current. In any given

switching cycle, this SVM scheme synthesizes a reference voltage vector (~vr) (see Figure 6.2)

using two zero vectors and two active vectors. For example, if ~vr is in Sector I, then it is

synthesized as (Broeck et al., 1988; Ogasawara et al., 1989; Habetler et al., 1992; Holtz et

al., 1993; Stefanovic and Vukosavic, 1994)

~vr =
vC
2T
(t1U0 + t2U1 + t3U2 + t4U7 + t5U2 + t6U1 + t7U0) (6.36)

where T = t1 + t2 + t3 + t4 + t5 + t6 + t7.

Having selected the SVM scheme, we need to express iLkd and iLkq in discrete form to

implement the current loop using the DVSC. The discrete form of ~idqLk is a map of the form

~idqLk(n+ 1) = Fk
³
~idqLk(n),

~V dq(n),~tdqk (n)
´

(6.37)

where ~idqLk = [iLkd iLkq ]
T , ~V dq = [Vd Vq]

T , and ~tdqk = [tkd tkq]
T . To obtain the map (6.37),

we first solve for ~idqLk (using (6.22)) in each time interval of the space-vector modulated

waveform. One such waveform is shown in Figure 6.6, which is valid only for Sector I. We

start by solving for iLkd and iLkq in Sector I for each interval of time. Once we obtain all of
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Figure 6.6: A sample space-vector modulated waveform to synthesize the reference voltage

vector in Sector I.

the solutions, we obtain a map that relates iLkd and iLkq at the end of a switching cycle with

those at the beginning. Subsequently, using this map, which is valid only for Sector I, we

obtain the generalized map (6.37).

Figure 6.6 shows that, although there are seven intervals of time in a given switching

cycle, only three of them are distinct. Using (6.22) and (6.23) and noting that (6.17) relates

~udqk to ~uabck , we rewrite the dynamical equations for iLkd and iLkq in each of these distinct

intervals of time as

{time interval a-b, d-e, and g-h}

~̇i
dq

Lk
=

 i̇Lkd
i̇Lkq

 =

 −rLkLk ω

−ω − rLk
Lk


 iLkd
iLkq

+ 1

Lk

 Vd
Vq

 (6.38)

= Ak~i
dq
Lk
+Bk~V

dq
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{time interval b-c and f-g}

~̇i
dq

Lk
=

 i̇Lkd
i̇Lkq

 =

 −rLkLk ω

−ω − rLk
Lk


 iLkd
iLkq

+ 1

Lk

 Vd
Vq



−vC
Lk

 4
3

0

 cos(θ)− vC
Lk

 0

−4
3

 sin(θ) (6.39)

= Ak~i
dq
Lk
+Bk~V

dq + vCCk1 cos(θ) + vCCk2 sin(θ)

{time interval c-d and e-f}

~̇i
dq

Lk
=

 i̇Lkd
i̇Lkq

 =

 −rLkLk ω

−ω − rLk
Lk


 iLkd
iLkq

+ 1

Lk

 Vd
Vq



−vC
Lk

 2
3

2√
3

 cos(θ)− vC
Lk

 2√
3

−2
3

 sin(θ) (6.40)

= Ak~i
dq
Lk
+Bk~V

dq + vCDk1 cos(θ) + vCDk2 sin(θ).

The closed-form solution of (6.38) is (Mazumder et al., 2001c, d)

~idqLk(m+ 1) = eAkt0k~idqLk(m) +
³
eAkt0k − I

´
A−1k Bk~V

dq

= Φk1~i
dq
Lk
(m) + Γk1~V

dq + Ωk1vC(n)
(6.41)

where m represents the mth sub-sampling period in the nth sampling period, ~idqLk(m) is the

initial value of ~idqLk at the beginning of the sub-interval, and t0 is the duration of the sub-

interval. A closed-form solution of (6.39) is not possible.

To proceed further, we assume that the bus voltage is constant through out a sampling

interval. Then the solution of (6.39) is given by

~idqLk(m+ 1) = eAkt1k~idqLk(m) +
³
eAkt1k − I

´
A−1k B~V

dq+

vC(n)
R tk(m)+t1k
tk(m)

eAk(tk(m)+t1k−ξ)Ck1 cos(ωξ)dξ+

vC(n)
R tk(m)+t1k
tk(m)

eAk(tk(m)+t1k−ξ)Ck2 sin(ωξ)dξ.

(6.42)

To obtain the closed-form solution of (6.42), we let

ψ = tk(m) + t1k − ξ (6.43)
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which implies that

dψ = −dξ
ξ = tk(m) + t1k − ψ.

(6.44)

Using (6.43) and (6.44), we rewrite (6.42) using hyperbolic functions as

~idqLk(m+ 1) = eAkt1k~idqLk(m) +
³
eAkt1k − I

´
A−1k Bk~V

dq+

vC(n)
R t1k
0 eAkψCk1

³
eiω(tk(m)+t1k−ψ)+e−iω(tk(m)+t1k−ψ)

2

´
dψ+

vC(n)
R t1k
0 eAkψCk2

³
eiω(tk(m)+t1k−ψ)−e−iω(tk(m)+t1k−ψ)

2i

´
dψ.

(6.45)

Now, the eigenvalues of Ak (= −rLkLk ± iω) are distinct, and hence we can write eAkψ as

eAkψ =Mke
ΛkψM−1k (6.46)

where Mk is the modal matrix whose columns are the eigenvectors of Ak. The matrix Λk is

diagonal and its elements are the eigenvalues of Ak. As such, e
Λkψ is also a diagonal matrix.

Using (6.46), we rewrite (6.45) as

~idqLk(m+ 1) = eAkt1k~idqLk(m) +
³
eAkt1k − I

´
A−1k Bk~V

dq+

vC(n)e
iω(tk(m)+t1k)Mk

R t1k
0

³
e(Λk−iωI)ψ+e(Λk+iωI)ψ

2

´
M−1k Ck1dψ+

vC(n)e
iω(tk(m)+t1k)Mk

R t1k
0

³
e(Λk−iωI)ψ−e(Λk+iωI)ψ

2i

´
M−1k Ck2dψ

(6.47)

where I is the identity matrix having the same dimension as Ak. Finally, we obtain the

closed-form solution of (6.47) as

~idqLk(m+ 1) = eAkt1k~idqLk(m) +
³
eAkt1k − I

´
A−1k B~V

dq+

vC(n)

Ã
eiω(tk(m)+t1k)

2
Mk

³
e(Λk−iωI)t1k − I

´³
Λk − iωI

´−1
M−1k Ck1+

e−iω(tk(m)+t1k)
2

Mk

³
e(Λk+iωI)t1k − I

´³
Λk + iωI

´−1
M−1Ck1

!
+

vC(n)

Ã
eiω(tk(m)+t1k)

2i
Mk

³
e(Λk−iωI)t1k − I

´³
Λk − iωI

´−1
M−1k Ck2−

e−iω(tk(m)+t1k)
2i

Mk

³
e(Λk+iωI)t1k − I

´³
Λk + iωI

´−1
M−1k Ck2

!
.

(6.48)
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The solution of (6.40) can be found directly from (6.48) by replacing Ck1 with Dk1 and Ck2

with Dk2.

If the switching frequency of the PTBC is high, then we can assume that during one

switching cycle θ is constant. Therefore, (6.48) simplifies to

~idqLk(m+ 1) = eAkt1k~idqLk(m) +
³
eAkt1k − I

´
A−1k B~V

dq +
³
(eAkt1k − I)A−1k Ck1 cos (θ(n))+

(eAkt1k − I)A−1k Ck2 sin (θ(n))
´
vC(n)

= Φk2~i
dq
Lk
(m) + Γk2~V

dq + Ωk2vC(n).

(6.49)

Then, using (6.49), we obtain the solution of (6.40) as

~idqLk(m+ 1) = eAkt2k~idqLk(m) +
³
eAkt2k − I

´
A−1k Bk~V

dq +
³
(eAkt2k − I)A−1k Dk1 cos (θ(n))+

(eAkt2k − I)A−1k Dk2 sin (θ(n))
´
vC(n)

= Φk3~i
dq
Lk
(m) + Γk3~V

dq + Ωk3vC(n).

(6.50)

Using (6.41), (6.49), and (6.50) and knowing that

t3k = 2t0k, t5k = t1k, t4k = t2k, t7k = t0k

Ωk1 = Ωk4 = Ωk7 = 0

Ωk2 = Ωk6 , Ωk3 = Ωk5

(6.51)

we obtain the map

~idqLk(n+ 1) = Φk~i
dq
Lk
(n) + Γk~V

dq + Ωkatk1(n)vC(n) + Ωkbtk2(n)vC(n) (6.52)

where

Φk = eAkT

Γk = (eAkT − I)A−1k Bk
Ωka = 2Ck1 cos(θ(n)) + 2Ck2 sin(θ(n))

Ωkb = 2Dk1 cos(θ(n)) + 2Dk2 sin(θ(n)).

(6.53)
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Using

tkd =
1
2
( cos(θ) +

q
(3) sin(θ))2t2k + cos(θ)2t1k

tkq =
1
2
(
q
(3) cos(θ)− sin(θ))2t2k − sin(θ)2t1k

(6.54)

we convert (6.52) to the following form:

~idqLk(n+ 1) = Fk
³
~idqLk(n),

~V dq(n),~tdqk (n)
´

= Φk~i
dq
Lk
(n) + Γk~V

dq + Ωk~t
dq
k (n)

(6.55)

where Ωk is a diagonal matrix. Using the procedure described above, we obtain maps similar

to (6.55) for Sectors II-VI.

Now that we have obtained the discrete form of ~idqLk , we define the following sliding

surfaces to control the currents on the dq axes:

~σdqk (n) = ~i∗
dq

Lk
(n)−~idqLk(n), ~σdqk = [σkd σkq]

T . (6.56)

The stability of the sliding surfaces ~σdqk (n) is determined using the discrete Lyapunov function

V (σkd(n), σkq(n)) =
1

2
~σdqk (n)

T~σdqk (n). (6.57)

For stability (Miloslavljevic, 1985; Sarpturk et al., 1987; Kotta, 1989; Furutta, 1990),

Vk+1(σkd(n+ 1),σkq(n+ 1))− Vk(σkd(n), σkq(n)) ≤ 0

⇒ σkd(n)(σkd(n+ 1)− σkd(n)) + σkq(n)(σkq(n+ 1)− σkq(n)) ≤ 0.
(6.58)

Map (6.55) shows that the sliding surfaces σkd(n) and σkq(n) have independent control, and

hence the stability condition (6.58) is simplified to

~σdqk (n)
T (~σdqk (n+ 1)− ~σdqk (n)) ≤ 0. (6.59)
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Condition (6.59) is satisfied if we chose

~σdqk (n+ 1)− ~σdqk (n) = (− λkdsgn(σkd(n)) − λkqsgn(σkq(n)))
T (6.60)

and determine ~tdqk (n) based on (6.60). In (6.60), λkd and λkq are scalar parameters that

determine how fast the closed-loop system reaches the quasi-sliding surface. Substituting

(6.56) into (6.60), we obtain

~σdqk (n+ 1)− ~σdqk (n) = (~i∗
dq

Lk
(n+ 1)−~idqLk(n+ 1))− ~σdqk (n)

= (~i∗
dq

Lk
(n+ 1)− Φk~idqLk(n)− Γk~V dq − Ωk~tdqk (n))− ~σdqk (n)

= [− λkdsgn(σkd(n)) − λkqsgn(σkq(n))]
T

(6.61)

and then determine ~tdqk (n). We then use (6.54) to obtain t1k, t2k, and t0k (=
1
2
(T
2
− t1k− t2k))

from ~tdqk (n).

While deriving the duration of the zero vectors, we did not distinguish between the

vectors U7 and U0. However, to control the zero-axis current, such a distinction is necessary.

Let us rewrite the total duration of the zero vectors in a given switching cycle as

4t0k = (1− βk)4t0k + βk(4t0k). (6.62)

It has been shown by Ye et al. (2000) that for the PTBC, if β2 = 0.5, then by assigning

(1 − β1)4t01 to U0 and β1(4t01) to U7, one can minimize the effect of the zero-axis current.

The parameter β1 is the output of a feedback loop of M1 that regulates the zero-axis current

to zero (Ye et al., 2000). If, however, assigning β2 = 0.5 is not possible (for reasons of

flexibility), then one still can obtain the zero vectors as a combination of the active vectors.

For example, one can synthesize a reference vector ~vr (for M1) in Sector I as

~vr =
vC
2T
(t01U0 + t11U1 + t21U2 + 2t01U7 + t21U2 + t11U1 + t01U0)

= vC
2T

³
1
2
t01(U4 + U1) + t11U1 + t21U2 + t01(U2 + U5) + t21U2 + t11U1+

1
2
t01(U1 + U4)

´
.

(6.63)
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Although this scheme increases the flexibility of operation, it can not completely control the

circulation of the zero-axis current. Further reduction of the zero-axis currents is obtained

by varying the size of the line inductor and the switching frequency of the converter.

6.3 Results

We present simulation results obtained by closing the PTBC using five different con-

trollers. The first one is a conventional dq controller, which is described in (Hiti et al., 1994;

Hiti, 1995; Xing et al., 1998, 1999). The second control scheme is due to Ye et al (CSY e)

(Ye et al., 2000). The other three control schemes, which are described in Sections 6.2.1

and 6.2.2, will be referred as CS1 (for scheme one), CS2 (for scheme two), and CS3 (for

scheme three), respectively. The values of the nominal parameters for the PTBC are listed

in Table 6.2. The outer voltage loop, which regulates the bus voltage at 400 volts, has been

chosen to have a slower dynamic response compared to that of the inner current loops to

ensure stability of the overall system (Mazumder et al., 2000b, 2001a). The choice of the

parameters for the voltage loop are based on the results of Hiti (1995). The load is chosen

to be resistive in nature and has a magnitude of R. However, the proposed control schemes

CS1, CS2, and CS3 can be applied to systems that involve other types of loads because they

are independent of the load type.

Using a conventional dq controller (Hiti et al., 1994; Hiti, 1995; Xing et al., 1998, 1999)

operating with the bus-clamped SVM (Prasad et al., 1996; Mazumder, 1997b; Xing et al.,

1999), we show in Figure 6.7 the steady-state responses obtained for the case in which the

parameters of M1 and M2 are equal to the nominal values and the switching instants of

the two modules are half a switching cycle apart (interleaved operation) (Xing et al., 1998,

1999). Clearly, the phase currents are balanced. The two modules operate with interleaving

to minimize the ripple in the output voltage. We chose the bus-clamped SVM scheme (Xing

et al., 1999) to reduce the switching loss of the PTBC and increase its efficiency. In addition,
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Table 6.2: Nominal parameters of the PTBC.

Parameter Nominal Value

Vab = Vbc = Vca = Vn 208 V (rms)

vC (regulated) 400 V

Switching frequency (= 1
T
) 32 kHz

L1 = L2 = Ln 500 µH

rL1 = rL2 = rLn 0.5 Ω

C 1200 µF

R 4 Ω

for power-factor-correction (PFC) applications, the bus-clamped SVM scheme is the most

favorable because, in a given sector, the phase carrying the highest current is connected to

the bus permanently (Prasad et al., 1996; Mazumder, 1997b).

In practice, it is impossible to manufacture two identical modules. In fact, it is not

uncommon to have variations in the circuit parameters of the order of 5%. To simulate one

such scenario, we reduce L1 by 5% from its nominal value, but keep the values of all of the

other parameters of M1 equal to their nominal values. Moreover, we keep the values of the

parameters of M2 equal to their nominal values. Furthermore, the two modules operate with

interleaving and use the same SVM scheme (Xing et al., 1999). In Figure 6.8, we show that,

even though there is only a minor difference in one of the parameters of the two modules,

the phase currents in each module are no more balanced.

In Figure 6.9, we show projections of the averaged values of the unbalanced phase currents

(of M1) in the dqo frame onto the αβo axes. It show that, while the d and q components

on the αβ plane still rotate in a circle, the zero-axis component oscillates up and down.

The flow of the zero-sequence current causes a strong oscillation in the phase currents of

the two modules. Consequently, the load sharing between M1 and M2 is poor. Thus,
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Figure 6.7: The results obtained using a conventional dq controller for two similar modules

(i.e., the values of the parameters of M1 and M2 are identical). Clearly, the phase currents

are balanced.
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Figure 6.8: The phase currents of M1 and M2 using a conventional controller when the

parameters of the modules are the same, except L1 is 95% of L2. The result shows the

limitation of a conventional dq controller in ensuring even-load distribution when the two

modules have parametric variations.
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Figure 6.9: Three-dimensional view of the unbalanced phase currents of M1 in the αβo frame.

It shows that a conventional dq controller can not see the zero-sequence current because it

lies on a perpendicular axis.

the performance of a conventional dq control scheme is not satisfactory even under small

parametric variations.

In Figure 6.10, we demonstrate the steady-state performance of the PTBC operating with

CSY e (Ye et al., 2000). The values of the parameters are the same as those used to obtain

Figures 6.8 and 6.9. We see that, by controlling the zero-sequence current in addition to the
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dq currents, the steady-state performance becomes satisfactory. Although the zero-sequence

current is not eliminated, its overall effect is minimized.

Next, we explore the dynamic performances of the PTBC using our three proposed control

schemes (CS1, CS2, and CS3) and CSY e under further variations in the parameters of the two

modules. The switching frequencies of M1 and M2 are set at 16 kHz and 32 kHz, respectively,

to replicate the conditions in Ye et al. (2000). In real life, the two modules will be physically

apart, and hence synchronization of the clocks is expensive and not reliable (Lee et al., 1997;

Xing et al., 1999). Hence, to increase the redundancy of operation, we switch M1 and M2

asynchronously. To test the robustness of CSY e under parametric variation, we reduce L1

by 5% from its nominal value. We test the robustness of CS1, CS2, and CS3 by reducing

L1 by 5% and 15%, an even larger variation in its nominal value. The larger variation in

L1, which makes paralleling M1 and M2 even more difficult (Xing et al., 1999), is chosen

to test the robustness of the nonlinear controller under extreme conditions. For all of the

control schemes, the values of all of the other parameters are kept equal to their nominal

values. We found that, using the proposed control schemes, the performance for smaller

variations in L1 is excellent. Due to the limitation in space and to avoid duplication, we

only demonstrate the performance of CS1, CS2, and CS3 for the larger (15%) variation in

L1. If the closed-loop system performs satisfactorily for large parametric variations, it will

certainly perform satisfactorily for small parametric variations.

Having set the operating parameters, we determine the response of the PTBC (using CS1,

CS2, CS3, and CSY e) under small- and large-signal feedforward and feedback disturbances:

four cases are considered. For all cases, we investigate the performance of the PTBC by

determining the drop in its bus voltage, the change in its reactive and active currents, the

power factor, and the current sharing between the modules.

For case one, we subject the PTBC, operating in steady-state, to a sudden change in

the input voltage. Initially, the input voltage is set equal to its nominal value, and after the

transient, it is assumed to decrease to 30% of its nominal value. We begin by investigating
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Figure 6.10: The phase currents of M1 and M2 obtained using CSY e when the parameters

of the modules are the same, except L1 is 95% of L2. By adding a zero-sequence controller,

the effect of the overall unbalance as seen in Figure 6.8 has been minimized.
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the drop in the bus voltage. The results are shown in Figures 6.11(a), 6.11(c), 6.11(e), and

6.11(g). We find out that the dip in the bus voltage is maximum when the PTBC is operated

using CSY e. In addition, for this control scheme, the recovery time for the bus voltage is

longer. Among CS1, CS2, and CS3, the latter has a slightly more sluggish response. The

performances of CS1 and CS2 are close. The drop in the bus voltage using CS3 is about 3V

more than those obtained using CS1 and CS2. We note that the ripple in the bus voltage

obtained using CS1, CS2, and CS3 is marginally higher than that obtained with CSY e because

they operate with L1 = 0.85Ln and L2 = Ln compared to L1 = 0.95Ln and L2 = Ln for

CSY e. Thus, even with a larger parametric variation, the performances of the proposed

control schemes are better than that obtained using the control scheme proposed by Ye et

al (2000).

Case two is similar to case one, except that the drop in the input voltage is larger, 50%

of its nominal value. We plot the changes in the bus voltage obtained with all of the control

schemes. Figures 6.11(b), 6.11(d), 6.11(f), and 6.11(h) show that, with a larger feedforward

disturbance, the dip in the bus voltage is larger and the recovery time is longer for all of the

control schemes. However, the drop in the bus voltage and the recovery time obtained with

CSY e are, respectively, larger and longer than those obtained with CS1, CS2, and CS3, even

though CSY e is implemented for a smaller variation in L1.

For case three, we subject the PTBC, operating in steady-state, to a sudden change in

the load resistance from 6 Ω to 4 Ω (nominal value). Figures 6.12(a), 6.12(c), 6.12(e), and

6.12(e) show that the changes in the bus voltage obtained using CS1, CS2, and CS3 are

smaller than that obtained with CSY e. Moreover, the recovery time obtained using CSY e is

longer.

Finally, for case four, we subject the PTBC to an even larger change in the load resistance

from 400 Ω (almost no load) to full load (4Ω). The results are shown in Figures 6.12(b),

6.12(d), 6.12(f), and 6.12(h), respectively. We see that the regulation of the bus voltage,

immediately after the disturbance, is the poorest when the PTBC is controlled using CSY e.
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Figure 6.11: Change in the bus voltage obtained using CS1 (a-b), CS2 (c-d), CS3 (e-f), and

CSY e (g-h) for case one (figures on the left) and case two (figures on the right). For either

case, the drop in the bus voltage is larger when using CSY e, even though it is implemented

for a smaller variation (5%) L1 as compared to the proposed control schemes (15%).
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Moreover, the recovery time of the bus voltage obtained with CSY e is the longest.

Next, we investigate the performances of the inner (dq) current loops for all cases under

feedforward and feedback disturbances. The higher the disturbance rejection capability of

these loops is, the lesser the impact of these disturbances on the bus voltage is. Using the

same procedure as described above, we first investigate the response of the d-axis (active)

current using all of the control schemes. Figures 6.13(a), 6.13(c), 6.13(e), and 6.13(f) show

the response of the active current of M1 (i.e., iL1d) for case one. Later on, we will show the

currents of both modules. We see from the figures that, using the proposed control schemes,

the PTBC does not have any undershoot after the feedforward disturbance. However, the

parallel converter shows a significant drop in the iL1d when using CSY e. Because of this

undershoot, the drops in the bus voltage obtained using CSY e, as shown in Figures 6.11 and

6.12, are higher.

For case two, the iL1d obtained using CS1, CS2, CS3, and CSY e are shown in Figures

6.13(b), 6.13(d), 6.13(f), and 6.13(h), respectively. The overall responses are similar to those

obtained in case one. However, the recovery times using all schemes increase. Moreover,

when the PTBC operates with CSY e, there is a further increase in the undershoot of iL1d.

The ripples in the iL1d using CS1, CS2, and CS3 are higher because they operate with

L1 = 0.85Ln and L2 = Ln as compared to L1 = 0.95Ln and L2 = Ln for CSY e. The ripple

in the iL1d obtained with CS3 is lower than that obtained with CS1 and CS2 because the

former combines a symmetrical SVM with VSC within the boundary layer. The responses

of iL1d for cases three and four, shown in Figures 6.14(a)-6.14(h), are self explanatory and

similar to those obtained for cases one and two. We see that the performance of the PTBC

operating with CSY e suffers considerably for large load disturbances. No such shortcoming

was observed for the proposed control schemes. Therefore, even with larger parametric

variations, the disturbance rejection capabilities of the proposed control schemes are better

than that of CSY e.

We then investigate the response of the q-axis (reactive) current of the PTBC for all
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Figure 6.12: Drop in the bus voltage obtained using CS1 (a-b), CS2 (c-d), CS3 (e-f), and

CSY e (g-h) for cases three (figures on the left) and four (figures on the right). For both cases,

the drop in the bus voltage is larger when using CSY e, even though it is implemented for a

smaller variation (5%) L1 as compared to the proposed control schemes (15%).
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Figure 6.13: Change in the active current of M1 obtained using CS1 (a-b), CS2 (c-d), CS3

(e-f), and CSY e (g-h) for case one (figures on the left) and case two (figures on the right).

Although CS1, CS2, and CS3 operate with a larger variation in L1, their performances are

good. Using CSY e, there is more than a 30% undershoot in iL1d immediately after the

disturbances.
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Figure 6.14: Change in the active current of M1 using CS1 (a-b), CS2 (c-d), CS3 (e-f), and

CSY e (g-h) for case three (figures on the left) and case four (figures on the right). The

performances of the proposed control schemes are satisfactory, even though they operate

with a larger variation in L1. The performance of CSY e, for case four, is not satisfactory.

Besides, CSY e has a slower recovery time for case three.
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cases. The results are shown in Figures 6.15 and 6.16 for M1. We see that, under steady-

state conditions, the average of iL1q obtained using all control schemes is about zero. As

such, the input power factor of the PTBC is close to unity, as shown in Figures 6.17 and 6.18.

However, for either a large disturbance in the load or the input voltage, CSY e is unable to

maintain the average of iL1q at zero immediately after the disturbance. As such, the perfect

decoupling between iL1d and iL1q is lost (Hiti, 1995) and the rate of transfer of power from

the input to the load deteriorates (Hiti, 1995). For CS1, CS2, and CS3, iL1q does not have any

undershoot after the disturbances. Therefore, it follows from Figures 6.13-6.16 that, unlike

CSY e, the proposed control schemes maintain decoupling even under severe feedforward or

feedback disturbances and hence are more robust (Hiti, 1995).

Next, we investigate the sharing of the line currents between M1 and M2 when the

PTBC is subjected to a large disturbance in either the voltage (case two) or the load (case

four). Figures 6.19(a), 6.19(c), 6.19(e), and 6.19(g) show the performance of the PTBC for

case two using CS1, CS2, CS3, and CSY e, respectively. For this case, we see that the best

transient response is achieved using CS1. The recovery times obtained using CS2 and CS3

are slightly more than that obtained with CS1. The recovery time of the PTBC obtained

with CSY e is the slowest. Moreover, immediately after the change in the voltage, there is

an undershoot and an overshoot in two of the phase currents, which are not evident in the

responses obtained with the proposed control schemes.

Figures 6.19(b), 6.19(d), 6.19(f), and 6.19(h) show the performance of the PTBC for

case four using CS1, CS2, CS3, and CSY e, respectively. Among the three proposed control

schemes, CS3 achieves the best compromise between the response time and current sharing.

The recovery times of CS1 and CS2 are smaller than that of CS3. The response of the PTBC

obtained with CSY e is significantly inferior to those obtained with the proposed control

schemes, both in terms of the response time and current sharing. Thus, even with a larger

parametric variation, the performances of CS1, CS2, and CS3 are better than that of CSY e.

Finally, we show the impact of the control schemes CS1, CS2, and CS3, and CSY e on

the steady-state ripples of the phase currents (in the αβ frame) and on the zero-axis current
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Figure 6.15: Change in the reactive current of M1 obtained using CS1 (a-b), CS2 (c-d), CS3

(e-f), and CSY e (g-h) for case one (figures on the left) and case two (figures on the right).

The performances of the proposed control schemes are good, even though they operate

with a larger variation in L1. However, CSY e fails to maintain the average of iL1q at zero

immediately after the disturbance. This weakens the decoupling between iL1d and iL1q and

hence the dynamic response of the PTBC suffers.
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Figure 6.16: Change in the reactive current of M1 obtained using CS1 (a-b), CS2 (c-d), CS3

(e-f), and CSY e (g-h) for case three (figures on the left) and case four (figures on the right).

The performances of the proposed control schemes are good, even though they operate with

a larger variation in L1. For case four, CSY e fails to maintain the average of iL1q at zero

immediately after the disturbance. This weakens the decoupling between iL1d and iL1q and

hence the dynamic response of the PTBC suffers.
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Figure 6.17: Input power factor of M1 obtained using CS1 (a-b), CS2 (c-d), CS3 (e-f), and

CSY e (g-h) for case one (figures on the left) and case two (figures on the right).
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Figure 6.18: Input power factor of M1 obtained using CS1 (a-b), CS2 (c-d), CS3 (e-f), and

CSY e (g-h) for case three (figures on the left) and case four (figures on the right).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.19: Distribution of the line currents between M1 and M2 obtained using CS1 (a-b),

CS2 (c-d), CS3 (e-f), and CSY e (g-h) when the PTBC is subjected to a large disturbance in

the input voltage (case two) and the load (case four). The proposed control schemes and

CSY e operate with L1 = 85%Ln and L1 = 95%Ln, respectively.
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that circulates between the two modules in Figures 20(a)-20(b), Figures 6.20(c)-6.20(d),

Figures 6.20(e)-6.20(f), and Figures 6.20(g)-6.20(h), respectively. For all of these plots,

we chose L1 = 0.85Ln and L2 = Ln. All other parameters are kept the same as before.

We note that the smaller the magnitude of the zero-axis current is, the more effective the

load sharing between the two modules is. Figures 6.20(c) and 6.20(d) show that using CS2

yields a negligible improvement in the steady-state ripple and a marginal reduction in iL1o

as compared to those shown in Figures 6.20(a) and 6.20(b) (which are obtained using CS1).

However, the steady-state ripple obtained with CS3 is better than those obtained using CS1

and CS2. More importantly, the zero-axis current obtained with CS3 has a smaller magnitude

compared to the previous cases. The steady-state results obatined using CS3 and CSY e are

close. Therefore, CS3 attains the best compromise between the dynamic and steady-state

performances.

6.4 Extension to Other Applications

While CS1, CS2, and CS3 can be used to control a PTBC with more than two modules or

other multi-phase and multi-leg converters, in this section, we demonstrate these extensions

only for the discrete control scheme CS3.

6.4.1 Control of A Parallel Three-Phase Boost Converter with

More Than Two Modules

The design of the control scheme CS3 for a PTBC (operating with two modules) is

described in detail in Section 6.2.2. In this section, we show how one can apply the con-

trol scheme to a parallel three-phase boost converter with more than two modules. Figure

6.21 shows one such parallel converter operating with three modules. The dynamics of the

converter is described by
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Figure 6.20: Steady-state currents on the zero axis and the αβ axes for M1 obtained using

CS1 (a-b), CS2 (c-d), CS3 (e-f), and CSY e (g-h). All of the cases have the same parametric

variations. As such, the harmonic distortion and the zero-sequence current of CS3 and CSY e

are close.
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Figure 6.21: Schematic of a parallel three-phase boost converter with three modules.
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v̇C = − 1
C
iload +

1
C

P3
k=1

P3
j=1 iLkjukj

~̇i
abc

Lk
=
P3
j=1 Pkj~i

abc
Lj
+ Pk4~V

abc + vC
P7
j=5 Pkj~u

abc
j−4

(6.64)

where ~uabc1 = [u11 u12 u13]
T , ~uabc2 = [u21 u22 u23]

T , and ~uabc3 = [u31 u32 u33]
T and the matrices

P11, P12, P13, P14, P15, P16, and P17 are defined as

P11 = − rL1
3L1(L1L2+L1L3+L2L3)

∗
3L1(L2 + L3) + 2L2L3 −L2L3 −L2L3
−L2L3 3L1(L2 + L3) + 2L2L3 −L2L3
−L2L3 −L2L3 3L1(L2 + L3) + 2L2L3


(6.65)

P12 =
rL2

3(L1L2+L1L3+L2L3)


L3 L3 L3

L3 L3 L3

L3 L3 L3

 (6.66)

P13 =
rL3

3(L1L2+L1L3+L2L3)


L2 L2 L2

L2 L2 L2

L2 L2 L2

 (6.67)

P14 =
1
3L1


2 −1 −1
−1 2 −1
−1 −1 2

 (6.68)

P15 = − 1
3L1(L1L2+L1L3+L2L3)

∗
3L1(L2 + L3) + 2L2L3 −L2L3 −L2L3
−L2L3 3L1(L2 + L3) + 2L2L3 −L2L3
−L2L3 −L2L3 3L1(L2 + L3) + 2L2L3


(6.69)

P16 =
1

3(L1L2+L1L3+L2L3)


L3 L3 L3

L3 L3 L3

L3 L3 L3

 (6.70)
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P17 =
1

3(L1L2+L1L3+L2L3)


L2 L2 L2

L2 L2 L2

L2 L2 L2

 . (6.71)

The matrices P21, P22, P23, P24, P25, P26, and P27 and P31, P32, P33, P34, P35, P36, and P37

can be obtained similarly. Using (6.17), (6.20), (6.64)-(6.71), and

~̇i
dqo

Lk
= T (θ)

P3
j=1 Pkj[T (θ)]

−1~idqoLj + T (θ)Pk4[T (θ)]
−1~V dqo+

vCT (θ)
P7
j=5 Pkj [T (θ)]

−1~udqoj−4
(6.72)

we obtain

~̇i
dqo

L1
=


i̇L1d

i̇L1q

i̇L1o

 =

−rL1
L1

ω 0

−ω −rL1
L1

0

0 0 −rL1+rL2+rL3
L1+L2+L3




iL1d

iL1q

iL1o

+ 1
L1


Vd

Vq

Vo



−vC
L1


1
2
0 0

0 1
2

0

0 0 L1
L1+L2+L3




u1d

u1q

u1o

− vC
L1


0

0

− L1
L1+L2+L3

u2o



−vC
L1


1
2
0 0

0 1
2

0

0 0 L1
L1+L2+L3




u1d

u1q

u1o

− vC
L1


0

0

− L1
L1+L2+L3

u3o



(6.73)

which is similar to (6.22). Expressions for ~̇i
dqo

L2
, ~̇i
dqo

L3
, and v̇C can be obtained similarly. Using

(6.73), assigning β1 = 0.5, and following the argument in Section 6.2.2, we can implement

the control scheme CS3 for the converter shown in Figure 6.21. Furthermore, using the same

procedure, one can extend the control scheme to a parallel three-phase boost converter with

N (> 3) number of modules.
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6.4.2 Control of A PTBC Driving A Constant-Power Load

Figure 6.22, shows a parallel three-phase boost converter, which is driving a constant-

power load Po (= vC iload). We test the dynamic performance of the discrete-control scheme

CS3 by subjecting the PTBC to a sudden and extreme change in the value of the constant-

power load. Initially, Po is equal to 400 W (almost no load) and then it is changed to 40

kW (full load). Subsequently, we change the value of Po back to 400 W. Figure 6.23, shows

the transient performance of CS3. It shows that, even under these extreme conditions, the

change in the bus voltage is only about 12%. Figure 6.24, shows that unity power factor is

maintained at full load.

6.4.3 Control of A Front-End PTBC Driving and An Inverter-

Based Motor Drive

Figure 6.25 shows a motor-drive system. The front end of the system is the PTBC while

its back end is an inverter, which drives a squirrel-cage induction motor. The nonlinear

seventh-order model of the induction motor in synchronous frame is given by

i̇sqs =
1

lsmlrm−l2M

³
− lrmrsisqs − (lsmlrm − l2m)ωsisds + lMrrisqr − lm (lM isds + lrmisdr)ωr
+lrmV

s
qs − lMV sqr

´ (6.74)

i̇sds =
1

lsmlrm−l2M

³
− lrmrsisds + (lsmlrm − l2M)ωsisqs + lMrrisdr + lM

³
lM i

s
qs + lrmi

s
qr

´
ωr

+lrmV
s
ds − lMV sdr

´ (6.75)

i̇sos =
1
lls
(−rsisos + V sos) (6.76)

i̇sqr =
1

lsmlrm−l2M

³
− lsmrrisqr − (lsmlrm − l2M)ωsisdr + lMrsisqs + lsm (lM isds + lrmisdr)ωr
+lsmV

s
qr − lMV sqs

´ (6.77)

i̇sdr =
1

lsmlrm−l2M

³
− lsmrrisdr + (lsmlrm − l2M)ωsisqr + lMrsisds − lsm

³
lM i

s
qs + lrmi

s
qr

´
ωr

+lsmV
s
dr − lMV sds

´ (6.78)
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Figure 6.22: Schematic of a PTBC driving a constant-power load.
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Figure 6.23: Transient performance of one of the modules of the PTBC when Po changes

from almost no load (400 W) to full load (40 kW) and vice-versa.
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Figure 6.24: Power factor of one of the modules of the PTBC under transient conditions.

The constant-power load changes from almost no load (400 W) to full load (40 kW) and

vice-versa.
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converter with two modules; the back-end is an inverter, which drives a squirrel-cage induc-
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i̇sor =
1
llr
(−rrisor + V sor) (6.79)

ω̇r =
3P2

8J
lM
³
isqsi

s
dr − isdsisqr

´
− Bm

J
ωr − P

2J
Tl (6.80)

θ̇r = ωr (6.81)

where lsm = ls + lM , lrm = lr + lM , lM = 1.5lm, and ωs = ωr+slip frequency (ωsl) and

the superscript s denotes the synchronous reference frame. Furthermore, isqs, i
s
ds, and i

s
os

are the stator currents; isqr, i
s
dr, and i

s
or are the rotor currents; V

s
qs, V

s
ds, and V

s
os and V

s
qr,

V sdr, and V
s
or are the stator and rotor voltages; ωr and ωs are the rotor and the synchronous

angular velocity; rs and rr are the stator and rotor resistances; ls and lr are the stator and

rotor leakage inductances; lm is the stator magnetizing inductance; P , J , and Tl are the

number of poles, the moment of inertia of the rotor, and the load torque, respectively. The

relationship between the stationary-frame variables, that is Xabc (defined in Section 6.1),

and the synchronous-frame variables (Xs
qdo) is given by

Xs
qdo = T1(θ)Xabc (6.82)

where

T1 =
2
3


cos(θ) cos(θ − 2π

3
) cos(θ + 2π

3
)

sin(θ) sin(θ − 2π
3
) sin(θ + 2π

3
)

1
2

1
2

1
2

 (6.83)

and θ =
R
ωsdτ . For a balanced system, i̇os = i̇or = 0; furthermore, for a squirrel-cage motor

V sqr = V
s
dr = V

s
or = 0.

To test the performance of the PTBC-based motor-drive system, we chose an induction

motor with the following parameters: ls = 0.0699 H, lr = 0.0699 H, lm = 0.0699 H, rs = 0.18

Ω, rs = 0.15 Ω, rated rotor speed = 220 rad/s, rated flux = 1.3 Wb, P = 2, J = 0.0586

Kgm2, and Bm = 0. To control the induction motor, we select the direct-torque control
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(DTC) scheme defined by Takahashi and Noguchi (1986). The block diagram of the stator-

flux oriented direct-torque-control scheme is shown in Figure 6.23. The PTBC is controlled

using CS3, which is explained in Section 6.2.2. Figure 6.27, shows the performance of the

motor drive during startup. The induction motor operates with a full-load torque and its

reference speed is set at 100 rad/s. We see that although the rotor ramps up to to the

reference speed, the bus voltage is well regulated by the PTBC during that interval.

6.4.4 Control of Parallel Voltage-Source Inverters

Figure 6.28 shows a parallel three-phase voltage-source inverter with N modules. The

input to the converter is a dc voltage source vin. The output of the converter is a passive

three-phase load. We assume that the converter has ideal switches and that the values of

all of the line inductors and their esls in any module are the same. Then, the model of the

converter is described by

Lj i̇Ljkdt = (vjk − vn)− rLjiLjk − (vk − vn) = vjkn − rLjiLjk − vkn (6.84)

Ckv̇kn = ik − iloadk (6.85)

vjkn = vinujk −
1

3N
vin

NX
q=1

3X
r=1

uqr (6.86)

vkn = vk − vn (6.87)

ik =
NX
q=1

iLqk (6.88)

iloadk =
1

Rk
vkn (6.89)

where j = 1, N , k = 1, 2, 3. The control functions u11, u12,...,uN3 have a value of 0 or 1. As

such, (6.84) represents a set of 3N discontinuous differential equations.

For simplicity, we outline the application of CS3 to this converter when N = 2. Using the

same argument outlined in Section 6.4.1, one can extend the control scheme to the converter

with more than two modules. Expanding vjkn for all j and k, we obtain (6.90):
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Figure 6.26: A stator-flux oriented direct-torque-control scheme for the induction motor.
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v11n

v12n

v13n

v21n

v22n

v23n


= P



u11

u12

u13

u21

u22

u23


= 1

6



5 −1 −1 −1 −1 −1
−1 5 −1 −1 −1 −1
−1 −1 5 −1 −1 −1
5 −1 −1 5 −1 −1
−1 −1 −1 −1 5 −1
−1 −1 −1 −1 −1 5





u11

u12

u13

u21

u22

u23


. (6.90)

The rank of the matrix P in (6.90) is five, which implies that only five states in (6.84) are

controllable. Using (6.16), (6.17), and (6.20), we then transform (6.84) to the form (6.19).

Subsequently, we define five sliding surfaces given by (6.25). Using these sliding surfaces, we

design a current controller based on CS3. The references for the currents in (6.25) can be

calculated offline or can be obtained from an outer voltage-loop controller. The objective

of the voltage-loop controllers is to obtain balanced sinusoidal voltages v1, v2, v3. Because

the output line currents have been transfomed to the dqo coordinates, we transform (6.85)

to the same coordinates using (6.16), (6.17), and (6.20). Then, we close the voltage loops in

the dq coordinates.

Next, we test the performance of the control scheme CS3. We select a converter and a

passive load, which have the following parameters: C = 350 µF, R = 1 Ω, L1 = 500 µH,

rL1 = 0.5 Ω, L2 = 550 µH, rL2 = 0.55 Ω, vin = 400 V. The switching frequencies of the two

modules of the parallel converter are set at 32 and 16 kHz, respectively. Furthermore, the

two modules switch asynchronously. Figure 6.29, shows that using the control scheme, we

obtain balanced output voltages and currents even though the two modules have different

parameters.

Using (6.84) and (6.85) and the ideas outlined for the control of a parallel three-phase,

three-leg converter, one can apply the control scheme for higher-leg converters. For example,

the dynamics of the parallel three-phase four-leg converter (shown in Figure 6.30) is obtained

by substituting N = 4 in (6.84) and (6.85). To apply the control CS3 to this model, first, one

needs to transform the states from a stationary frame to a synchronous frame. Although, the
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procedure remains the same as before, there are few modifications. First, the transformation

matrix (T (θ)) is different:

T (θ) = 2
3



cos(θ) cos(θ − 2π
3
) cos(θ − 4π

3
) 0

− sin(θ) − sin(θ − 2π
3
) − sin(θ − 4π

3
) 0

1
2

1
2

1
2

−3
2√

3
2

√
3
2

√
3
2

√
3
2


. (6.91)

Second, instead of 8 feasible switching states, there are now 16 feasible switching states (as

shown in Figure 6.31). Third, due to the fourth leg, there is an additional degree of freedom

for each module. As such, the space-vector waveform in Figure 6.6 changes to that in Figure

6.32. Fourth, the duration of the additional switching state in a switching cycle has to be

calculated. The procedure to calculate this time duration is the same as that in Section

6.2.2. Fifth, the structure of the closed-loop controller for the four-leg converter remains the

same as that for the three-leg converter except that it will have an additional axis.

6.5 Summary and Conclusion

We model a parallel three-phase boost converter (PTBC) with discontinuous vector

differential equations (that can be extended to more than two modules) and transform the

model to a synchronous (dqo) frame. Based on this transformed model and the fact that the

sum of the zero-axis currents is zero, we show that, for a two-module PTBC, independent

control of the sliding surfaces on the dqo axes is impossible. We, therefore, modify the

control problem to that of controlling the sliding surfaces on the dq axes (~σdqk ) and on the

zero (o) axis of one of the modules (σ1o). However, based on our analysis, we find that, if we

control the two modules independently (with no communication between them), then even

this control objective can not be satisfied in a single switching cycle using a single space

vector. The best that can be done is to control ~σdqk and bound the error on the zero axis.

We then propose three different control schemes to attain the objectives. The first two
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control schemes (CS1 and CS2) are developed in the continuous domain, whereas the third

scheme (CS3) is developed in the discrete domain. The former control schemes stabilize the

errors on the sliding surfaces of the dq-axes and rely on blocking the pure zero-sequence

current path, the inductor size, and the switching frequency to bound the errors on the

sliding surfaces of the zero axis. Simulation results show that the dynamic performances of

the PTBC using these two schems are good. The steady-state ripple of the PTBC obtained

using CS2 is slightly better than that obtained using CS1 because the former uses a hysteretic

comparator that has an inner and an outer hysteretic band.

The steady-state ripple of the PTBC obtained with CS3 is better than those obtained

with the other two control schemes because it combines SVM and nonlinear control and

also stabilizes the zero-axis disturbance. Hence, the steady-state ripple has a constant fre-

quency, and the deviation of the zero-axis current from its reference value (= 0) is minimized.

We believe that this is the first time that a scheme like CS3, which combines space-vector

modulation with a discontinuous control has been developed for a PTBC.

We also compare the performances of the three proposed controllers with a conventional

dq controller (Takahashi and Yamane, 1986; Ogasawara et al., 1987; Sato and Kataoka,

1995; Matsui, 1985) and the recently proposed controller (CSY e) by Ye et al (2000). We find

that the conventional dq controller fails to stabilize the PTBC even for slight parametric

variations of the two modules. This is because it does not control the current on the zero

axis, which is perpendicular to the dq axes.

The controller proposed by Ye et al. (2000) performs better than the conventional dq

controller. However, its transient reponse, when the input voltage and the load drop to

about 30% of their nominal values, is inferior to the proposed control schemes. For even

larger disturbances, the dynamic performances of the controller proposed by Ye et al. (2000)

suffers considerably. We find that, if the input voltage drops to 50% of its rated value, then

the dips in the bus voltage and the active current are about 25% and 35%, respectively, of

their nominal values. For the same disturbance, using the proposed control schemes, the
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drop in the bus voltage is about 15%. The active currents do not show any undershoot.

When the PTBC is subjected to a change in the load from almost no load to full load, the

control scheme propsed by Ye et al (2000) barely stabilizes the system. The undershoot and

the overshoot in the bus voltage and the active currents are about 25% and 28%, respectively.

Furthermore, the recovery time is considerably longer than those obtained with the proposed

control schemes. The drop in the bus voltage, using the proposed control schemes, is about

16% of its nominal value. Besides, the active currents do not show any undershoot.

Finally, we used the controller CS3 to demonstrate how, with minor modifications, it can

be applied to other parallel multiphase converters.



Conclusions

We investigated the dynamics and stability of standalone, integrated, and parallel PWM

converters using new and existing modeling techniques. In addition, we developed robust

nonlinear controllers for the stabilization of parallel dc-dc and parallel multi-phase converters.

Based on this work, we came up with several conclusions.

First, conventional analyses of power converters based on state-space averaged models

assume ideal sliding surfaces and hence ignore the impact of switching. Therefore, such

models can not predict anything about the fast-scale dynamics. Because the averaged models

do not account for the finite delay, their predictions of the stability boundaries may not

always be accurate. Besides, validity of the averaged models may vary with the switching

frequency even for the same topological structure.

In reality, the switching frequency is finite, and therefore a sliding surface is not possible;

instead the existence of a quasi-sliding surface or boundary layer has to be sought. Using

nonlinear maps and switching models, one can investigate the fast-scale dynamics within

this finite layer. The mechanisms of fast-scale instabilities, for the same converter, can vary,

depending on the bifurcation parameter and initial conditions of the states. Furthermore, the

instability mechanisms in such discontinuous systems can be completely different from those

known for smooth systems. For example, a bifurcation analysis on a dc-dc buck converter

showed that the onset of chaos occurs immediately after a period-doubling bifurcation of the

nominal solution.

257
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The analyses of multi-phase converters is even more involved. These systems have two

fundamental frequencies: the line frequency and switching frequencies. As such, the dynam-

ics of these converters within the boundary layer evolve on a torus. If the two frequencies

are incommensurate, then a combination of a second-order Poincare map and Lyapunov’s

method is used to determine the complete stability of the fundamental orbit.

Second, for high-frequency converters, the prediction of stability should be preferably

done based on nominal and high-frequency models. At high frequencies, the parasitics and

the device nonlinearities may have significant impact. For example, such nonideal effects

may lead to an earlier onset of chaos.

Third, even a slow-scale averaged model may have more than one equilibrium solution

or more than one stable orbit. However, a linearized small-signal analysis ignores the pres-

ence of these other solutions. Therefore, a small-signal analysis can not predict anything

about the domain of attraction of the nominal solution. For example, the averaged model

of a multi-loop dc-dc boost converter or a filter-converter system may have quadratic or

cubic nonlinearities. In other words, these systems may have more than one equilibrium

solution. If more than one of these solutions are stable, then the system will have multiple

operating points, one of which is the nominal solution. This possibility is completely ignored

in linearized averaged models. Consequently, the small-signal model can not predict the

post-instability dynamics. The knowledge of the post-instability dynamics can lead to a less

conservative design of a closed-loop converter.

Fourth, the prevalent procedure for analyzing the stability of switching converters is

based on linearized averaged (small-signal) models that require smooth averaged models.

Yet there are systems (e.g., boost power-factor-correction circuit), which yield non-smooth

averaged models. The stability analyses of these systems can only be done by treating them

as hybrid systems.

Fifth, averaged models assume that, when power is fed to a converter, the trajectories

of the system are already on the sliding surface. In other words, the sliding surface is
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assumed to always exist. This may not be true, even for systems that are linear with respect

to control. These systems may have a stable equilibrium solution or a stable orbit in the

saturated region. As such, global existence of the hypersurface may not be possible.

Considering the shortcomings of small-signal models, we conclude that many of the in-

dustrial controllers, which are designed based on them, may be conservative and non-optimal

and may not stabilize the closed-loop converters except in the vicinity of an operating point.

To address some of these issues, we developed robust nonlinear controllers for the stabiliza-

tion of parallel dc-dc and parallel multi-phase converters.

The controller for the parallel dc-dc converters combines the concepts of multi-sliding-

surface control (MSSC) and integral-variable-structure control (IVSC). The choice of variable-

structure controllers (VSC) for power converters is natural because both of the plant and

the controller are discontinuous. Moreover, it optimizes the switching frequency to attain

the control objectives. The main concern with VSC is that it varies the switching frequency,

and hence dealing with the design of filters and electromagnetic-interference issues become

more involved. To keep the frequency constant and to stabilize the system, we found that a

hybrid control strategy, like the one proposed in this Dissertation, is a viable alternative.

Combination of MSSC and IVSC has several advantages. First, the controller is easier

to design because each sliding surface is independently controlled. As such, the operation

of a parallel converter with N modules is not hampered even if a module fails. Second,

the controller yields good transient responses even under parametric variations. Third, due

to the integral action, the controller eliminate bus-voltage and line-current errors under

steady-state conditions with reduced effort. Fourth, the integrators in the control scheme

can reduce the impact of very high-frequency dynamics due to parasitics on an experimental

closed-loop system. Fifth, the control scheme within the boundary layer enables operation of

the converter with a finite switching frequency. Sixth, the converter modules can be operated

in interleaving or synchronicity modes. Finally, the control scheme can also be applied to

nonminimum-phase converters.
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We then, developed three nonlinear controllers for the stabilization a parallel three-phase

boost converter (PTBC) and compared their performances with a conventional dq controller

and another controller (CSY e), which was recently proposed by Ye et al. (2000). Two of

the proposed controllers (CS1 and CS2) are developed in the continuous domain; the other

(CS3) is developed in the discrete domain. We found that, the conventional dq controller

fails to stabilize the PTBC even for slight parametric variations of the two modules. This

is because it does not control the current on the zero axis, which is perpendicular to the dq

axes.

The controller proposed by Ye et al. (2000) performs better than the conventional dq

controller. However, its transient response is inferior to the proposed control schemes for

moderate disturbances. For larger disturbances, the dynamic performances of the controller

proposed by Ye et al. (2000) suffers considerably. This is because, unlike the proposed

schemes, CSY e is developed based on a small-signal model of the PTBC.

Among the proposed controllers, the CS3 achieves the best compromise between the tran-

sient and steady-state performances. This is because CS3 combines space-vector modulation

with variable-structure control. However, under saturated conditions, the effectiveness of

this controller will diminish because the zero vectors can not be applied. We note that CSY e

has the same limitation. However, unlike CSY e, CS3 guarantees global stability within the

boundary layer. This is why its transient performances are better. The proposed control

schemes, developed in the continuous domain, do not have any such limitations, but create

more harmonic distortions. Between CS1 and CS2, the latter gives lower ripple because it

uses a three-level hysteretic comparator.

To obtain a balance between steady-state and transient performances and to operate

the PTBC in saturated conditions, we recommend a combination of CS1 or CS2 (outside

the boundary layer) and CS3 (inside the boundary layer). Implementation of such a hybrid

control scheme on a digital signal processor is fairly straightforward. However, if the worst-

case disturbances are not large enough to saturate the PTBC, then CS3 provides the best
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alternative. Furthermore, the structure of this controller is general, and hence it can be used

with little modifications to control other parallel multi-phase and multi-leg converters.



Future Work

• Modeling and analyses of the stability and dynamics of resonant, soft-switched, and
thyristor- and diode-based standalone and parallel multi-phase converters.

• Development of a unified methodology for modeling and stability analyses of any
power-electronic converter by incorporating the effect of temporal and spatial vari-

ations and generate newer design guidelines for distributed-power systems and their

building blocks.

• Investigation of the impact of the variation of more than one parameters on the stability
of a power-electronic converter using bifurcation analyses with a co-dimension of more

than one.

• Exploration of the feasibility of operating a switching converter in a chaotic region.

• Extension of the analyses and control methodologies developed in this Disertation for
parallel dc-dc converters to the case when each module is driven by a separate source.

• Development of control methods for parallel multi-phase boost converters, which inte-
grate the problem of current and voltage control.

• Development of an optimization technique for multi-phase converters, which will ensure
the best possible space-vector-modulation strategy given all of the constraints.

• Development of optimization methodology to automate the procedure to synthesize a
power-electronic converter based on design specifications.
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Tabisz, W. A., Jovanović, M. M., and Lee, F. C., 1992, “Present and future of distributed

power systems”, IEEE Applied Power Electronics Conference, pp. 11-18.

Takahashi, I. and Noguchi, T., 1986, “A new quick response and high efficiency control

strategy for the induction motor”, IEEE Transactions on Industry Applications, vol.

22, pp. 820-827.

Takahashi, I. and Yamane, M., 1986, “Multiparallel asymmetrical cycloconverter having

improved power factor and waveforms”, IEEE Transactions on Industry Applications,

vol. 22, no. 6, pp. 1007-1016.



Sudip K. Mazumder Bibliography 292

Tanaka, H., 1988, “Method for centralized voltage control and balancing for parallel oper-

ation of power supply equipment”, International Telecommunications Energy Confer-

ence, pp. 434-440.

Tavernini, L., 1987, “Differential automata and their discrete simulators”, Nonlinear Analy-

sis Theory, Methods, Applications, vol. 11, no. 6, pp. 665-683.

Thandi, G. S., 1997, Modeling, control and stability analysis of a PEBB based dc distribu-

tion power system, Ph.D. Dissertation, Department of Electrical Engineering, Virginia

Polytechnic Institute and State University, Blacksburg, VA.

Thandi, G. S., Zhang, R., Xing, K., Lee, F. C., and Boroyevich, D. 1999, “Modeling,

control and stability analysis of a PEBB based dc DPS”, IEEE Transactions on Power

Delivery, vol. 14, no. 2, pp. 497-505.

The Office of the Director of Defense Research and Engineering (ODDR&E) and Electric

Power Research Institute (EPRI), 1998 Complex interactive networks/systems initia-

tive, Research Announcement DAAG55-98-R-RA08.

Thiyagarajah, K., Ranganathan, V. T., and Iyengar, B. S., 1991, “A high switching fre-

quency IGBT PWM rectifier/inverter system for ac motor drives operating from single

phase suppply”, IEEE Transactions on Power Electronics, vol. 6, no. 4, pp. 576-584.

Thottuvelil, V.J. and Verghese, G.C., 1996, “Stability analysis of paralleled dc-dc converters

with active current sharing”, IEEE Power Electronics Specialists Conference, pp. 1080-

1086.

Thottuvelil, V. J. and Verghese, G. C., 1998, “Analysis and control design of paralleled

dc-dc converters with current sharing”, IEEE Transactions on Power Electronics, vol.

13, no. 4, pp. 635-644.

Thunes, J., Kerkman, R., Schlegel, D., and Rowan, T., 1999 “Current regulator instabilities

on parallel voltage-source inverters”, IEEE Transactions on Industry Applications, vol.



Sudip K. Mazumder Bibliography 293

35, no. 1, pp. 70-77.

Todd, P., 1999, “UC3854 controlled power factor correction circuit design”, Application

Note U-134, Unitrode Inc.

Tolbert, L. M., Peng, F. Z., and Habetler, T. G., 1999, “A multilevel converter-based

universal power conditioner”, IEEE Power Electronics Specialists Conference, pp. 393-

399.

Tomescu, B. and VanLandingham, H. F., 1998, “Improved large signal performance of par-

allel dc-dc converters current sharing using fuzzy logic control”, IEEE Applied Power

Electronics Conference, pp. 867-873.

Tse, C. K., 1994a, “Flip bifurcation and chaos in three-state boost switching regulators”,

IEEE Transactions on Circuits and Systems-1: Fundamental Theory and Applications,

vol. 41, pp. 16-23.

Tse, C. K., 1994b, “Flip bifurcation and chaos in three-state boost switching regulators”,

IEEE Transactions on Circuits and Systems I: Fundamental Theory and Applications,

vol. 41, no. 1, pp. 16-23.

Tse, C. K., 1994c, “Chaos from a buck switching regulator operating in discontinuous

mode”, International Journal of Circuit Theory and Applications, vol. 22, no. 4, pp.

263-278.

Tse, C. K. and Adams, K.M., 1990, “Qualitative analysis and control of a dc to dc boost

converter operating in discontinuous mode”, IEEE Transactions on Power Electronics,

vol. 5, no. 3, pp. 323-330.

Tse, C. K. and Adams, K. M., 1991, “A nonlinear large-signal feedforward-feedback control

for two-state dc-dc converters”, IEEE Power Electronics Specialists Conference, pp.

722-729.



Sudip K. Mazumder Bibliography 294

Tuladhar, A., Jin, H., Unger, T., and Mauch, K., 2000, “Control of parallel inverters

in distributed ac power systems with consideration of line impedance effect”, IEEE

Transactions on Industrial Applications, vol. 36, no. 1., pp. 131-138.

Tymerski, R., Vorperian, V., Lee, F. C., and Baumann, W., 1988, “Nonlinear modeling of

the PWM switch”, IEEE Power Electronics Specialists Conference, pp. 968-975.

Ueno, F., Inoue, T., Oota, I., and M. Sasaki, 1991, “Regulation of Cuḱ converters using
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