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OPTICAL MEMBRANE 
 

 

Pablo A. Tarazaga 

 

Abstract 
 

Optical membranes are currently pursued for their ability to replace the conventional 

mirrors that are used to correct wave front aberration and space-based telescopes.  

Among some of the many benefits of using optical membranes, is their ability to 

considerably reduce the weight of the structure.  As a secondary effect, the cost of 

transportation, which is of great interest in space applications, is reduced as well. Given 

the low density of these thin-film membranes, the lower end dynamics play a greater 

significant role than their rigid plate-like counterparts in achieving functional mirrors.  

Space-based mirrors are subjected to a series of disturbances. Among those encountered 

are thermal radiation, debris impact, and slewing maneuvers. Thus, dynamic control is 

essential for the adequate performance of thin-film membrane mirrors. 

 

With this in mind, the work described herein aims to improve the performance of optical 

membranes with an innovative, acoustical control approach to suppress vibration of 

optical membranes backed by an air cavity. This is achieved by using a centralized 

acoustic source in the cavity as the method of actuation. The acoustic actuation is of great 

interest since it does not mass load the membrane in the conventional way, as most 

methods of actuation would. 

 

To achieve this end goal, two structural-acoustic coupled models are developed to 

describe the dynamics of a pressurized optical membrane system. This is done through an 

impedance based modeling approach where the subsystems are modeled individually, and 
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then coupled at the interface. The control of the membrane is implemented using a 

positive position feedback approach. The theory is also extended to positive velocity and 

positive acceleration feedback.  

 

Three experiments are carried out to validate the models previously mentioned. 

Successful implementation of a control experiment is also accomplished leading to 

considerable attenuations in the coupled membrane’s dynamics. 
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Chapter 1 INTRODUCTION 

 

 

1.1 Motivation 

 

The pursuit for larger space-based telescopes with larger apertures, has consequently led 

to what is now well known in literature as gossamer space structures [1]. Gossamer is 

defined as “a film of cobwebs floating in air in calm clear weather” or “something light, 

delicate or insubstantial”[2].  Thus, in the case of gossamer space structures, it implies 

the concept of structures that are lightweight. The achievement of large space structures 

is being pursued through the use of innovative lightweight components that are able to 

meet the requirements currently sustained by more rigid metal-based and glassed-based 

structures. This is important, as weight is one of the most crucial and limiting parameters 

in the space industry. 

 

The L’Garde Inflatable Antenna Experiment in 1996 (IAE), as shown in Figure 1.11, 

considered one of the cornerstone projects in gossamer spacecraft structures, was the first 

concept to demonstrate a mature level of structures technology that could enable large 

imaging missions [3]. Launched from a container the size of a small office desk, the 

gossamer structure extended struts of 92 feet in length and was connected to a dish of 50 

                                                
1 Copyright Statement: “NASA still images, audio files and video generally are not copyrighted. 

You may use NASA imagery, video and audio material for educational or informational 

purposes, including photo collections, textbooks, public exhibits and Internet Web pages. This 

general permission extends to personal Web pages.”, provided at 

http://www.nasa.gov/multimedia/guidelines/index.html. 
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feet in diameter. With a root-mean square error of 1.5mm in its inner 8-meter radius, the 

IAE project cemented interest in large inflatable structures for use in space. 

 

 
Figure 1.1 Inflatable Antenna Experiment, STS-77 

image courtesy of NASA 

 

Lightweight, inflatable structures, can be traced back to the mid 1950s and early 1960s 

with projects like Goodyears’ Echo Balloon I, shown in Figure 1.21, and L’Garde 

inflatable truss structures and reflector antennas. These pioneering gossamer structures 

demonstrated the feasibility of using lightweight components and methods such as 

inflation, to achieve space structures that could potentially replace the more rigid and 

heavier ones currently used with a beneficial increase in size.  
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Figure 1.2. Echo Balloon 1. 

image courtesy of NASA 

 

The benefits of gossamer structures are plentiful. These include: weight reduction, cost 

reduction, higher packaging efficiency, lower life-cycle costs, lower parts counts, and 

higher deployment reliability. Advantages like these have sparked great interest in these 

inflatable structures. The proliferation of papers in this area, reviewed by Freeland in [4], 

and recently by Ruggiero in [5], encompass many facets. Gossamer structures are not 

only inflatable. Many selfrigidizing techniques have been employed to avoid the use of 

gasses as a structural component [5-7]. Gossamer structures are also envisioned for a 

wide range of applications such as deep space antennas, Earth radiometers, radars, 

concentrators, sun shields, solar sails, solar arrays, and spacecraft booms.  

 

In the odyssey of achieving further lightweight space structures and systems, optical-

quality membrane mirrors are expected to replace the conventional, metal-based and 

glass-based, rigid mirrors. These thin film membranes offer an order of magnitude size 

increase in apertures and in weight reduction [8]. Some of these membrane mirrors are 

coupled to a pressurized cavity with the end goal of using the pressure in the chamber for 

shape control [9]. The replacement of rigid mirrors for optical quality membrane mirrors 

is still a large area of research with many questions thus far requiring further 
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investigation. These areas include: modeling, material properties, fabrication due to high 

tolerances required for imaging, storage, and deployability.  

 

Control is also an important topic for consideration with optical membrane mirrors. The 

two main control schemes that are of great interest are static shape control and dynamic 

vibration suppression. Static shape control can be used to compensate for wave front 

aberration with the added advantage of also providing a continuous surface; this is unlike 

a discretized surface in rigid mirrors. Given the low density of these thin film 

membranes, the lower end dynamics play a more significant role than their rigid plate-

like counterparts in achieving functional mirrors.  Space-based mirrors are subjected to a 

series of disturbances. Among those encountered are thermal radiation, debris impact, 

and slewing maneuvers. Thus, dynamic control is essential for the adequate performance 

of thin-film membrane mirrors.  

 

The ability to accurately model and predict the dynamics of these space-based membrane 

mirrors is of great importance. This will lead to more adequate design and manufacturing 

processes and optimized performance of such systems.  

1.2 Previous work 

The varied interest by governmental agencies, industrial companies, and academic 

institutions has produced a considerable amount of research in the area of gossamer space 

structures. Thus, the following sections will focus on previously completed work 

covering the areas of optical membranes, cavity membrane coupled systems, and the 

control method relevant to the research discussed. 

1.2.1 Optical membranes 

The aforementioned advantages of gossamer space structures have sparked great interest 

in the replacement of the conventional hard surface, metallic-based, and glass-based optic 

mirrors for optical lightweight membranes. Other advantages include lower costs, 
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reproducibility, and easy storage and deployment.  With such high interest in these 

lightweight reflective membranes, the need for proper dynamic models and membrane 

surface control is essential [10, 11]. There is still a considerable need for additional 

research in the field of vibration suppression and on the correction of wave front 

aberrations for reflective membranes for telescope aperture applications [12].  

 

The proposition of using membranes as the optical component in telescopes and other 

imaging type devices was proposed by Yellin in 1976 in [13]. Later, Grosso and Yellin in 

[14] tested a titanium membrane of 50mm in diameter with 53 individual electrostatic 

actuators. The electrostatic forces produced by the actuator on the membrane were used 

to influence the shape of the membrane. The authors found good results between their 

experimental results and their membrane model. Other more recent attempts at using 

electrostatic actuators for shape control were performed in [15, 16] by Errico et al. and 

Stamper et al.  Flint et al. in [17] showed initial results on characterizing, predicting, and 

improving the dynamic of a hexagonal gossamer membrane structure.  Their results 

demonstrated the use of passive constrained layer damping on membranes with certain 

limitations due to the huge mass loading effects. In [18], Jenkins et al. looked at rim 

control for the purpose of achieving higher surface precision in pressurized optical 

membranes. This method also aids in attaining a more accurate parabolic shape of the 

membrane. 

 

A triangular membrane is tested and modeled in [19] by Kukathasan et al., where special 

consideration is taken in the finite element model to account for the air coupling to the 

membrane. Accurate results are obtained while reducing the need for vacuum testing. The 

analysis by Moore et al. in [8], helps establish the technical requirements for membrane 

optical systems. In addition, it provides the insight required to optimize deployable 

support structures capable of providing passive figure control for membrane optical 

elements. The results are also used to investigate the need for an electrostatic control 

system that can actively control a large membrane mirror. Rogers and Agnes in [20], 

modeled an augmented optical membrane as a laminate of inflatable structural material 
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and piezo-polymer sheets. The electrodes were etched individually to allow selective 

actuation, and thus, selective control of the membrane. 

 

The testing of membranes is not a trivial process by any means, and requires a 

considerable amount of work to achieve accurate results. In [21], Bales et al. address 

methods to dynamically characterize thin membrane surfaces with discrete attachment 

points.  They state, “while apparently theoretically ‘simple’, the behavior of real 

membrane flats offers a wide range of significant challenges that complicated test/model 

validation.”  They then proceed to address some of these complications. Flint et al. in 

[22], presented the results of a series of measurements to determine the dynamics of a 

doubly curved, very thin film shells. In particular, the in-air, in-vacuum, and in-Nitrogen 

tests were conducted. Gullapalli et al. in [23], discussed the actuation and control of 

membrane mirrors. Their research focused on a set of candidate components: MEMS 

based large stroke (> 100 microns) ultra lightweight (0.01 g) discrete inchworm actuator 

technology, and a distributed actuator technology, in the context of a novel lightweight 

active flexure-hinged substrate concept that used the nano-laminate face sheet. Solter et 

al. designed, fabricated and tested [24], a prototype actuator concept, which combines 

both in-plane and out-of-plane actuation for boundary control of a membrane. In spite of 

limitations in the in-plane tension adjustment capabilities, a single actuator has the 

capacity to provide out-of-plane excitation to a tensioned membrane. In [25], Roger and 

Agnes followed up on the previous work in [20], and presented an analytical solution of 

the simplified axisymmetric system. The proposed research used the method of integral 

multiple scales, and presented results for both static and dynamic formulations of the 

optical membrane.  Ash et al. discussed in [26], the concept of global shape maintenance 

of a reflective polymer membrane element after it was cured, coated, and released from a 

precision casting mold of the desired parabolic shape. The idea involved manipulation of 

intrinsic stresses in the coating and in its membrane substrate. Patrick et al. showed in 

[10, 27], that active boundary control can be very effective for correcting certain types of 

figure errors typically seen in membrane mirrors. Peng et al. investigated the application 

of the genetic algorithm in active control of inflatable structures in [28]. The algorithm is 

used to search for the optimal tensions, which minimizes membrane wrinkles. These tests 
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were conducted on a rectangular Kapton membrane using shape memory alloy (SMA) 

actuators. 

 

Ruggiero and Inman in [29], modeled a tensioned rectangular membrane augmented with 

a piezoceramic bimorph attached near its boundary. A finite element model was 

developed; then a structural control, based on the LQR technique, was used to 

demonstrate effective vibration control. Renno and Inman in [30-32], successfully 

modeled and experimentally validated a membrane strip, taken as a radial cut of a full 

circular membrane, with multiple bimorph piezoceramic actuators for shape control. 

Renno et al. in [33], used a sliding mode technique to control the deformation of a 

membrane mirror strip augmented with two macro-fiber composite bimorphs located near 

the ends of the strip. The first bimorph is actuated in bending and the second is actuated 

axially. The structure is modeled as an Euler–Bernoulli beam under tensile load, and the 

macro-fiber composite patches are modeled as monolithic piezoceramic wafers. A more 

complete collection of his work can be found in [34], with a final theoretical model of a 

circular membrane with four bimorph actuators used to compensate for wave front 

aberration. Korde et al. in [35], examined boundary adjacent electrostatic actuators on a 

rectangular membrane, and used harmonic Green’s functions for the rectangular 

boundary to explore the response with four and ten actuators. Patrick et al. in [10, 27, 36], 

performed control of a meter-class antenna using boundary control to compensate for 

irregular boundary conditions and uneven stresses.  

1.2.2 Coupled membrane cavity systems 

The addition of the air cavity to optical membranes has been executed with the main 

purpose of controlling the shape of the membrane. In [37], the ability to uniformly 

pressure an initially flat membrane into a parabolic shape can be achieved by changing 

the pressure in the air cavity. Some initial experiments were performed on a 3-meter 

reflector built by L’Garde by Palisoc et al. in [38]. These results exhibited promise in the 

use of a pressurized membrane cavity coupled system for space reflector antenna 

applications. Marker et al. demonstrated in [39], that pressurized membranes deviated 
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from the desired parabolic shape; however the research additionally demonstrated that 

this could be accounted for to some degree by the use of boundary control. Other similar 

techniques are being studied with the same use of cavities. In [40], Gunderson et al. 

presented a study using pressure to re-inflate an under-compensated stress-coated 

parabolic membrane to zero apex displacement. Work by Errico et al. in [16], 

demonstrated the use of electrostatic actuators, by using the air gap in the cavity as the 

dielectric in order to induce shape changes on the membrane mirror.  A progressive 

collection of work by Moore, Chodimella and Patrick et al in [8, 10, 27, 36, 41], 

displayed the use of a meter-class actively controlled membrane mirrors and their 

feasibility for large space application. In this work, the use of pressure and electrostatic 

control, as well as boundary control, are used as means to achieve optimal quality and 

performance from the mirror. Ruggiero et al. studied the effect of cavity depth on the 

operational bandwidth of optical membrane mirrors backed by a cavity in [42]. 

 

Coupled membrane cavity systems are not only studied as part of pressurized optical 

membranes for telescope purposes, as a considerable amount of work can be found in the 

area of acoustics. Systems exhibiting these same coupling phenomena can be found in 

musical instruments like drums [43-53], microphones [54], and also tympanic systems 

like the one seen in [55] among others. This system is known as the kettledrum. As stated 

by Morse in [56], no longer are the restoring forces in this system only the tension, as it is 

in the case of a single membrane in vacuo. This is due to the fact that the membrane 

vibration alternatively compresses and expands the air in the vessel, considerably 

changing the dynamics of the coupled system.  Similar work was done by Gottlieb in [45] 

for a square membrane, showing that the fundamental frequencies were the ones mostly 

affected.  

 

The research of coupled systems is due to the complexity of systems studied today. With 

this, there has also been an increase in the requirements for more effective models. In the 

area of acoustic and structural vibration, Fahy and Gardonio described in [57, 58] the use 

of mobility and impedance-based modeling techniques for coupled systems.  In their 

extensive collection of topics, they addressed a multitude of problems highly applicable 
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to gossamer structures.  Those mentioned include: the modeling of fluid filled cavities 

(e.g. kettledrum), sound radiation form vibration pistons, plates and shells, fluid loading 

and acoustically induced vibration of structures. Smith in [59], addressed the coupling 

between a circular cavity and a circular plate at the top boundary using a Galerkin 

approximation approach. The plate modeled is additionally augmented with piezoceramic 

patches.  A very detailed derivation is given with application for noise control. Gottlieb 

and Aebishcer in [60], looked at the combined effects of an attached gas cavity and an 

exterior compressible fluid on the symmetrical vibration mode frequencies of a baffled 

circular membrane. They observed that while the effects of the external fluid in the 

absence of the cavity is to lower the eigenfrequencies, the governing dimensionless 

parameters representing the effects of the cavity increased, and furthermore the 

eigenfrequencies steadily increased and may have exceeded their free values. In [61], 

Atalla et al. described a general formulation allowing for the analysis of the vibroacoustic 

behavior of a baffled plate, acoustically or mechanically excited, immersed in a mean 

flow on one side, and coupled to a rectangular hard-walled cavity on the other. The 

analysis is based on a finite element method for the plate vibrations. Fluid loading is 

taken into account on each side using an impedance matrix approach.  A theoretical 

sound absorption study was conducted by Sakagami et al. in [62] on a membrane type 

sound absorber. A closed-form analytical solution for the sound absorption coefficients of 

an infinite membrane with an air-back cavity was obtained.  In [63], Gorman et al. 

described the free vibration analysis of a thin disc vibrating and interacting with an 

acoustic medium contained in a cylindrical duct. The effects of structural acoustic 

coupling are studied by means of an analytical numerical method, which is based upon 

classical theory and the Galerkin method. Atalla et al. discussed in [64],  both 

numerically and experimentally, the vibro-acoustics of a plate-backed cavity with an 

attached foam layer; including applications in the automotive, aerospace and building 

industry. In particular, their research demonstrated the effects of mounting, damping, and 

films. Furthermore, the method and accuracy of measurements of foam properties were 

addressed. Chen and Yu investigated the dynamic behavior of a pressure sensor 

diaphragm coupled with a cylindrical air-backed cavity in [65]. The study showed that a 

careful consideration of the coupling effect between the plate and the air-backed cavity is 
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necessary to determine the design parameters of a pressure sensor, such as sensitivity and 

bandwidth. 

 

In the discipline of Aerospace similar problems arise. Comparable acoustic structure 

interaction phenomena, is seen in plane and rocket fuselage as they suffer from enormous 

noise disturbances.  An example of work in this field is found in [66], where Kato et al. 

modeled a rectangular cavity with four rigid walls and two opposing flexible walls. The 

purpose of this work was to actuate one wall, while controlling the response of the 

opposing wall, using the acoustic medium in-between for noise control of airplane cabins. 

In [67] and [68], Dowell et al. described the coupling of a rectangular rigid cavity to one 

of the side panels modeled as a flexible plate.  This work was performed with the 

ultimate goal of vibration suppression using cavity and panel coupling for the aerospace 

industry. In [69, 70], Estéve et al. explained and modeled how ground-based rockets 

experience detrimental vibrations in the components that are carried inside the rocket 

during take off, due to the propulsion system. This involved a highly coupled acoustical 

structural problem in which the sounds produced by the rocket propulsion systems excite 

the fuselage, consequently causing energy to be transmitted to the components inside 

(e.g. satellites taken into space). The work also addressed noise control using single 

degree of freedom resonators.  

1.2.3 Positive position feedback control 

Positive Position Feedback, developed by Goh and Caughey in [71], is a widely used 

form of control due to its ease of use and effectiveness. A main advantage of positive 

position feedback (PPF), is that it does not need a model of the structure or plant trying to 

be controlled. Thus, the controller can be designed around the experimental transfer 

function of the structure, making it popular amongst experimentalist and structural 

control engineers. These controllers are designed to roll off at higher frequencies and 

avoid exiting residual modes and thus creating spillover. Although higher frequency 

spillover is avoided due to the fast decay of the controller, the PPF does exhibit low 

frequency gains. Due to this phenomenon, when designing a cascading PPF controller for 
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multiple mode control, the compensator needs to begin with the highest frequency mode 

to be controlled as shown by DeGulio in [72]. As the highest targeted mode is controlled, 

it will produce a lower end frequency gain on the previous modes. As consecutive lower 

end controllers are applied in a descending manner, they will account for the low 

frequency gains imposed by the higher end controllers [73, 74].  The PPF controller was 

analyzed by Friwell and Inman in [75], which demonstrated that a PPF controller can be 

formulated as an output feedback controller.  

 

The application of such a method for control of structures can be found across a variety 

of components in literature. Farinholt’s work in [76], focused on the use of feedback 

control for lowering acoustic levels within launch vehicle payload fairings. Farinholt used 

two approaches for sound control, an LQR approach and a PPF cascading controller. 

Actual application of these control designs showed that the ability to manually set PPF 

gains, made this design technique greatly convenient for actual implementation. In [77], 

Dosch et al. performed a study in the control of an eight-ribbed active antenna that 

investigated issues in modeling, actuator location for controllability, control design, and 

control implementation. Closed-loop control was implemented on the antenna using PPF 

and H∞ control laws. Kwak et al. in [78], developed a modal-space positive position 

feedback, plus disturbance counteracting control, for the suppression of vibrations in a 

slewing active beam with the use of piezoceramics. Ruggiero et al. in [79], and Sodano et 

al. in  [80], implemented PPF controllers for the vibration suppression of a toroidal 

inflatable satellite structure constructed of Kapton. The actuation was implemented with 

the use of polyvinylidine fluoride (PVDF) films and Macro-Fiber Composite (MFC®) 

smart materials actuators. In [81], Kwak and Heo are concerned with the active vibration 

control of a grid structure equipped with piezoceramic sensors and actuators. The grid 

structure is a replica of the solar panel commonly mounted on satellites, which contains 

complex natural mode shapes. The multi-input and multi-output positive position 

feedback controller approach is used as an active vibration controller for the grid 

structure. 
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The problem of low frequency gain by the PPF controller is solved by using a Positive 

Velocity Feedback (PVF) controller, as defined by Tarazaga et al. in [7]. The PVF 

controller, which is a modification of the PPF controller by Goh and Caughey, rolls off at 

high and low frequencies making it ideal for systems with well-spaced modes. This is 

accomplished by feeding back positive velocity, instead of positive position as in the case 

of the PPF controller.  The work in [7] also addressed the positive acceleration feedback 

(PAF) controller. Unlike the PPF and PVF, this controller produces high frequency gains 

(opposite to the PPF). Thus, the PAF is risky to use as the higher end frequency gains 

that it produces, cannot be compensated for as in the case of a PPF cascading controller 

schematic, and can lead to serious instabilities.  

 

The stability of PPF controlled systems was previously analyzed in [71, 82] with a Routh 

Hurwitz approach. In [83], the stability of the closed loop PPF system was analyzed 

using a Lyapunov approach. In the case of the extended controllers, PVF and PAF 

controllers, their stability conditions were also analyzed using a Lyapunov approach in 

[7]. 

 

Some previous work has been conducted to show the ability of having an adaptive 

positive position feedback controller. Examples of such work can be found in [84] by Baz 

and Hong, and in [85] by Rew et al.  More recent examples are studies conducted by 

Malik et al. in [86], by Creasy et al in [74], and also by Farinholt et al. in [87]. A 

modified approach has been proposed by Mahmoodi and Ahmadian in [88]. This method, 

which is a modified version of positive position feedback, employed a first-order 

compensator that provides damping control, and a second-order compensator for 

vibration suppression. The experimental and numerical results showed that the proposed 

method is significantly more effective in controlling steady-state response, and slightly 

advantageous for transient dynamics control, as compared with conventional positive 

position feedback. 
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1.3 Research objectives 

With the increased interest of lightweight satellites, the replacement of conventional rigid 

systems with optical membrane mirrors appears to be a promising solution that is 

compatible with the advantages of inflatable satellites. Therefore, the principle objective 

of this study is to understand, characterize and manipulate the behavior of this multi-

physic, optical membrane-cavity system, in order to improve its performance. To achieve 

these end goals, the following objectives need to be addressed: 

 

• Build a representative model of the membrane:  As the crucial component of 

the coupled system, the membrane is extremely sensitive to a number of different 

parameters and boundary conditions. Among them, an accurate representation of 

the sound radiation due to membrane vibration needs to be tackled, as this will 

considerably affect the membrane dynamics.  

 

• Build a representative model of the coupled system:  An accurate model of the 

coupled system is an effective tool in understanding the coupling that occurs 

between the structure-acoustic interactions. Parameters such as cavity depth, 

membrane tension, actuator area, etc., need to be identified and used to study 

how they affect the dynamic behavior. A frequency-domain model needs to be 

developed using impedance based modeling technique. 

 

• Vibration suppression strategy: For the vibration suppression, a positive 

position feedback controller will be implemented.  

 

• Design, build and test an optical membrane/cavity system: these need to be 

accomplished in two separate steps. First, a circular membrane system will be 

constructed, which will later be used for the model validation of the membrane 

model with radiation. Second, a membrane/cavity coupled system will be built, 

which needs to be  achieved by attaching the membrane system of the first step to 

a cavity. This system will also be used for the coupled model and controller 
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validation. The actuation for the controller will be an acoustic source at the base 

of the cavity.  

 

• Experimental validation of the models: To assure the accuracy of the models 

and their performance, the models have to be validated against experimental data. 

 

• Experimental validation of the controller: To ensure the performance of the 

controller, the experimental setup will be used to validate the model under 

realistic disturbance conditions.  

1.4 Dissertation structure 

To this end, this dissertation is organized in the following manner. Chapter 1 lays out the 

motivation for the work presented here. A literature review with research objectives are 

also presented. Chapter 2 presents the modeling approach for a circular membrane. The 

effects of radiation are also incorporated to the model in this chapter. Chapter 3 discusses 

the modeling of a coupled membrane cavity system. It shows the two models developed: 

an actuation model and a disturbance model. Chapter 4 discusses the control approach for 

vibration suppression of the membrane using acoustic actuation. A positive position 

feedback approach is discussed with the extension to positive velocity feedback and 

positive acceleration feedback.  Experimental validations for each of the models 

discussed previously are carried out in Chapter 5. The major contributions of this work 

are highlighted in Chapter 6.  
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Chapter 2 MODELING OF A CIRCULAR MEMBRANE 

WITH RADIATION 

2.1 Introduction 

The simplest two-dimensional system to solve is considered to be the membrane. It can 

also be regarded as the two-dimensional counterpart of the string.  Modeling of 

membranes has been studied to a great extent and a considerable amount of references 

can be found on the subject, including books like the ones found in [89-97]. Membranes 

suffer from lack of bending rigidity, unlike their plate counterparts. Given this condition 

the only restoring forces on a membrane are due to tension. The modeling of a circular 

membrane with radiation, serves as prelude to the modeling of a cavity-membrane fully 

coupled system discussed in Chapter 3. 

 

The current chapter is laid out as follows: section 2.2 discusses the vibration analysis of a 

circular membrane and the solution to the forced response. The incorporation of radiation 

effects to a circular membrane are discussed in section 2.3. Section 2.4 discusses the 

numerical verification of the model with and without radiation. Section 2.5 examines the 

effects of considering a membrane with or without the incorporation of radiation.  

Finally, section 2.6 summarizes this chapter and provides some brief conclusions. 

2.2 Circular membrane vibration analysis 

The equation of motion for a circular membrane is derived and solved. The effects of 

fluid loading on the membrane are considered in the following section.  
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2.2.1 Equation of motion 

As mentioned earlier, the study and modeling of membranes is very well known in the 

field of vibration. The derivation in this section will follow Meirovitch’s derivation for a 

membrane in [98].  

 

The boundary value problem for a membrane can be obtained using Hamilton’s principle 

as seen in equation 2.1.  

 

 δT − δV + δWnc( )dt
t1

t2

∫ = 0  ( 2.1) 

 

Figure 2.1 shows a circular membrane with domain D and with a fixed boundary over S.  

 
Figure 2.1. Two-dimensional membrane 

 

The potential energy, V, and the kinetic energy, T, for the membrane can be expressed as  

 

 
 

V =
1
2

τ∇w ⋅∇wdD
D
∫ , T = ρ w2 dD

D
∫   ( 2.2) 

 

where w is the transverse displacement, ∇ a vector operator signifying the gradient, τ the 

tension per unit length and ρ the density per unit area of the membrane. For simplicity, 

the tension is assumed to be constant.  The virtual work, due to non-conservative forces 

on the membrane, can be expressed as 
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 δWnc = f δwdD
D
∫  ( 2.3) 

 

where f is the force per unit area. To use Hamilton’s principle, the variation in potential 

and kinetic energy must be taken; starting with the variation of the potential energy 

expressed as 

 

 δV =
1
2

τ δ∇w ⋅∇w + τ∇w ⋅δ∇wdD
D
∫  ( 2.4) 

 

moving the variation inside the gradient the following is obtained 

 

 δV =
1
2
2τ δ∇w ⋅∇w( )dD

D
∫ = τ∇δw ⋅∇wdD

D
∫ . ( 2.5) 

 

Using the following relation 

 

 u∇2v = u∇ ⋅∇v = ∇ ⋅ u∇v( ) − ∇u ⋅∇v  ( 2.6) 

 

where ∇2 = ∇ ⋅∇ is the Laplacian. With some rearrangement the following is obtained 

 

 ∇u ⋅∇v = ∇ ⋅ u∇v( ) − u∇2v . ( 2.7) 

 

Substituting u = δw, v = w  into equation (2.7) results in 

 

 ∇δw ⋅∇w = ∇ ⋅ δw∇w( ) − δw∇2w . ( 2.8) 

 

Using the relation in equation (2.8) to equation (2.5) results in 

 

 δV = τ ∇ ⋅ δw∇w( ) − δw∇2w⎡⎣ ⎤⎦dD
D
∫ . ( 2.9) 



 18 

 

Applying the divergence theorem as in [99], where  

 

 ∇ ⋅ AdD
D
∫ = An dS

S
∫  ( 2.10) 

 

in which An is the component of the vector A along the exterior normal to the boundary S.  

 

Letting A = δw∇w,  dAn =
∂w
∂n

δw , equation (2.9) becomes 

 

 δV = − τ∇2wδwdD
D
∫ + τ ∂w

∂n
δwdS

S
∫ . ( 2.11) 

 

In the same way, the variation of the kinetic energy results in 

 

 
 

δT = ρ wδwdD
D
∫ . ( 2.12) 

 

Substituting equations (2.3), (2.11) and (2.12) into Hamilton’s principle in (2.1) results in 

 

 
 

τ∇2w − ρ w + f( )δwdD + τ ∂w
∂n

δwdS
S
∫

D
∫
⎡

⎣
⎢

⎤

⎦
⎥dt

t1

t2

∫ . ( 2.13) 

 

Thus, for equation (2.13) to be satisfied for arbitrary δw in D and on S, w has to satisfy 

the partial differential equation 

 

  
 
ρ w = τ∇2w + f  in D ( 2.14) 

 

 and, in addition, either 
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 τ ∂w
∂n

= 0,  on S  ( 2.15) 

 

or 

 

 w = 0 on S  ( 2.16) 

 

At this point in the derivation, the shape of the membrane has not been specified and thus 

the equation of motion derived in (2.14) is in its more general form.  

2.2.2 The  Eigenvalue  problem:  boundary  conditions,  mode  shapes  and 

frequencies. 

To obtain the mode shapes and natural frequencies of the membrane derived in the 

previous section, certain steps need to be taken. First, the boundary value problem is 

addressed in a homogeneous manner, i.e. f = 0. Second, separation of variables is 

implemented to eliminate the time dependence of the boundary-value problem in 

equation (2.14). That is,  

 

 w =W x( )T t( )  ( 2.17) 

 

where x is a vector of spatial coordinates, W is only spatially dependent and T is only 

time dependent. Substituting (2.17) into (2.14) and grouping the time dependent terms 

and spatial terms on opposite sides, results in  

 

 
 

cm
2 ∇

2W
W

=
T
T

= −ω 2 . ( 2.18) 

 

where cm
2 = τ

ρ . Since both sides of the equation are function of a different variable, they 

must equal a constant for this to hold, in this case ω2. The constant ω2 is assigned a 
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negative value for the results to be physically meaningful and the square is used for 

mathematical ease.  

 

The boundary conditions that will be considered for this case study, are of a membrane 

with a fixed boundary on S.  That is  

 

 w = 0 on S , ( 2.19) 

 

as stated earlier in equation (2.16).  

 

For a circular uniform membrane, the domain D is defined by 0 < r < a . The boundary of 

the domain is a circle S defined by the equation r = a . Using polar coordinates r and θ 

the left hand side of equation (2.18) becomes 

 

 
∇2W r,θ( )
W r,θ( ) = −

ω 2

cm
2 = −β 2 . ( 2.20) 

 

Rearrangement of equation (2.20) results in the eigenvalue problem 

 

 ∇2W r,θ( ) = λW r,θ( )  ( 2.21) 

 

where λ = −β 2  represents the eigenvalues and W(r,θ) the eigenfunctions that satisfy the 

eigenvalue problem of the circular membrane. Thus, the boundary conditions for a fixed 

circular membrane become 

 

 w =W a,θ( )T t( ) = 0  ( 2.22) 

 

dividing by T results in 

 

 W a,θ( ) = 0 . ( 2.23) 
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In the case of a circular membrane, the Laplacian is defined as 

 

 ∇2 =
∂2

∂r2
+
1
r
∂
∂r

+
1
r2

∂2

∂θ 2
. ( 2.24) 

 

Assuming a solution of the form 

 

 W r,θ( ) = R r( )Θ θ( )  ( 2.25) 

 

and substituting (2.24) into (2.21) with some rearrangement reduces to 

 

 ∂2R
∂r2

+
1
r
∂R
∂r

⎛
⎝⎜

⎞
⎠⎟
Θ +

R
r2

∂2Θ
∂θ 2

+ β 2RΘ = 0  ( 2.26) 

 

Equation (2.26) can be separated on the left and right as 

 

 ∂2R
∂r2

+
1
r
∂R
∂r

⎛
⎝⎜

⎞
⎠⎟
r2

R
+ r2β 2 = −

1
Θ

∂2Θ
∂θ 2

= m2  ( 2.27) 

 

where m2 is a positive constant so as to obtain a harmonic solution in Θ. For equation 

(2.27) to hold true, both sides need to be equal to a constant due to their dependence on 

different variables.  Thus, equation (2.27) can be divided into two separate equations as 

 

 
∂2Θ
∂θ 2

+Θm2 = 0  ( 2.28) 

 

 ∂2R
∂r2

+
1
r
∂R
∂r

+ β 2 −
m2

r2
⎛
⎝⎜

⎞
⎠⎟
R = 0  ( 2.29) 
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Since the solution of equation (2.28) must be continuous, implying that the solution at  

θ = θ0  must be the same as the solution a full cycle around the perimeter of the circle 

θ = θ0 + j2π  for j=1,2,3…, m must be an integer. Thus, the solution to (2.28) becomes 

 

 Θm θ( ) = C1m sinmθ + C2m cosmθ,          m = 0,1,2,...  ( 2.30) 

 

Equation (2.29) is a Bessel equation and the solution is in the form of 

 

 Rm r( ) = C3mJm βr( ) + C4mYm βr( ),          m = 0,1,2,...  ( 2.31) 

 

where Jm βr( )  and Ym βr( )  are Bessel function of order m of the first and second kind 

respectively. The general solution, using equation (2.25), can be written as 

 

 
Wm r,θ( ) = A1mJm βr( )sinmθ + A2mJm βr( )cosmθ
                  + A3mYm βr( )sinmθ + A4mYm βr( )cosmθ  ( 2.32) 

 

The first four orders of the Bessel function of the first and second kind are plotted in 

Figure 2.2 and Figure 2.3, respectively.  

 

 
Figure 2.2. Bessel function of the first kind, 

Jm(x). 

 
Figure 2.3. Bessel function of the second kind, 

Ym(x). 
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The displacement of the membrane at all points in D must be finite. Thus, given that the 

Bessel functions of the second kind, as seen in Figure 2.3, tend to infinity as x⎯→⎯ 0 , 

A3m = A4m = 0 . Equation (2.32) reduces to 

 

 Wm r,θ( ) = A1mJm βr( )sinmθ + A2mJm βr( )cosmθ,          m = 0,1,2,...  ( 2.33) 

 

Equation (2.33) must also satisfy the boundary conditions imposed by equation (2.23), 

which is a fixed boundary around the perimeter. Thus at r = a , 

 

 Wm a,θ( ) = A1mJm βa( )sinmθ + A2mJm βa( )cosmθ = 0         m = 0,1,2,... ( 2.34) 

 

Equation (2.34) must hold regardless of the value of θ. Thus, the condition reduces to  

 

 Jm βa( ) = 0        m = 0,1,2,...  ( 2.35) 

 

Equation (2.35) represents an infinite set of characteristic equations; as for every m there 

is an infinite number of discrete solution βmn corresponding to zeros of the Bessel 

function Jm. Physically, this can be thought as the scaling of the Bessel function Jm, such 

that each consecutive zero crossing aligns with the boundary r = a . The zero crossing 

provides the roots βmna from which the natural frequencies can be obtained. Thus, the 

right hand side of equation (2.20) becomes 

 ωmn = βmn
τ
ρ

. ( 2.36) 

 

The system described above produces two sets of modes. They can be classified as 

symmetric, when m equals zero, and antisymmetric for all other values of m. The 

symmetric modes are described by 

 

 W0n r,θ( ) = A0nJ0 β0nr( )         n = 1,2,... ( 2.37) 
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The antisymmetric modes, which results in pairs spatially ninety degrees out of phase, are 

described by 

 

 
Wmns r,θ( ) = AmnsJm βmnr( )sinmθ,
Wmnc r,θ( ) = AmncJm βmnr( )cosmθ,

         m,n = 1,2,...  ( 2.38) 

 

The normalization of the modes is obtained by evaluating the integral 

 

 ρW
D∫

2
dD  ( 2.39) 

 

and setting it equal to one. For the symmetric modes the integral results in  

 

 ρW
D∫ 0n

2
dD = ρA0n

2 J0
2 β0nr( )r dr

0

a

∫ dθ = πρa2A0n
2 J1

2 β0na( ) = 1
0

2π

∫ . ( 2.40) 

 

Solving for A0n results in the normalization factor 

 

 A0n
2 =

1
πρa2J1

2 β0na( ) . ( 2.41) 

For the antisymmetric modes 

 

 ρW
D∫ mnc

2
dD = ρAmnc

2 Jm
2 βmnr( )cos2 mθ  r dr

0

a

∫ dθ =
π
2
ρa2Amnc

2 Jm+1
2 βmna( ) = 1

0

2π

∫ . ( 2.42) 

 

Solving for Amnc results in the normalization factor 

 

 Amnc
2 =

2
πρa2Jm+1

2 βmna( ) . ( 2.43) 

Likewise, 



 25 

 Amns
2 =

2
πρa2Jm+1

2 βmna( ) . ( 2.44) 

 

The orthonormal mode shapes are then described by 

 W0n r,θ( ) = 1
πρaJ1 β0na( ) J0 β0nr( )         n = 1,2,...  ( 2.45) 

 

 

Wmns r,θ( ) = 2
πρaJm+1 βmna( ) Jm βmnr( )sinmθ,

Wmnc r,θ( ) = 2
πρaJm+1 βmna( ) Jm βmnr( )cosmθ,

         m,n = 1,2,...  ( 2.46) 

 

The following figures illustrate a few symmetric and antisymmetric mode shapes of a 

circular membrane (the mode shapes were orthonormalized using the properties in Table 

2-1). Figure 2.4 and Figure 2.5 show the first and second symmetric mode or a circular 

membrane. The first mode has no radial nodal lines and one circumferential nodal line at 

the boundary. Nodes refer to the locations on the membrane of no motion. By definition, 

no symmetric mode encounters radial nodal lines.  The second symmetric mode has two 

circumferential nodal lines. 

 

 
Figure 2.4. First Symmetric mode,  

m = 0 and n = 1. 

 
Figure 2.5. Second symmetric mode,  

m = 0 and n = 2
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Figure 2.6 and Figure 2.7 show the first two antisymmetric modes of a circular 

membrane.  These two modes are bounded at low and high frequency by the first and 

second symmetric mode, respectively. Thus, the first antisymmetric mode is the second 

mode of the membrane, and the second antisymmetric mode is the third mode of the 

membrane. Antisymmetric modes come in pairs, as shown in equation (2.46) and are off 

phase by ninety degrees.  

 

 
Figure 2.6. First antisymmetric mode, 

m = 1 and n = 1. 

 
Figure 2.7. Second antisymmetric mode, 

m = 2 and n = 1 

 

Figure 2.8 and Figure 2.9 show the fourth antisymmetric mode and the third symmetric 

mode, respectively. The fourth antisymmetric mode is the first antisymmetric mode with 

two circumferential nodal lines. The nodal lines can be identified easier by looking at the 

contour plot under the three dimensional mesh. The third symmetric mode has three 

circumferential nodal lines and is similar in appearance to the second symmetric mode 

shape.  
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Figure 2.8. Fourth antisymmetric mode, 

m = 1 and n = 2. 

 
Figure 2.9. Third symmetric mode, 

m = 0 and n = 3

 

2.2.3 Forced response and Discretization 

The forced response of the membrane is obtained by taking the equation of motion in 

(2.14), and rearranging it into  

 

 
 
ρ w r,θ,t( ) − τ∇2w r,θ,t( ) = f . ( 2.47) 

 

Then using a modal analysis approach, equation (2.17) is substituted into equation (2.47), 

which results in 

 

 
 
ρWmn

T − τ∇2WmnT = f . ( 2.48) 

 

The spatial part of the assumed solution has an infinite sum in m and n as was derived in 

the previous section. Multiplying by the eigenfunction Wpq and integrating over the 

domain yields 

 

 
 

ρWpqWmn
T dD

D
∫ − τWpq∇

2WmnT dD
D
∫ = Wpq f dD

D
∫ . ( 2.49) 
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Since the mode shapes are orthogonal, whenever pq ≠ mn , the integrals on the left hand 

side of equation (2.49) yield zero [100]. Thus, the temporal equation in (2.49) is 

decoupled from the spatial solution, and also becomes an infinite sum in m and n as 

shown below  

 

 
 

Tmn +ωmn
2 Tmn = Wmn f dD

D
∫ . ( 2.50) 

 

At this point modal damping can be added as 
 
2ζmnωmn

Tmn  into equation (2.50) to account 

for damping in the system. The value of ζmn, the damping ratio, is usually determined 

experimentally and for certain materials is very well known [101].  Equation (2.50) thus 

becomes 

 

 
 

Tmn + 2ζmn
Tmn +ωmn

2 Tmn = Wpq f dD
D
∫  ( 2.51) 

 

Assuming the force as a point force at some location r̂,θ̂( )  on the membrane f can be 

represented as 

 

 f r,θ,t( ) = f t( )δ r̂,θ̂( ) . ( 2.52) 

 

Equation (2.51) then becomes 

 

 
 

Tmn + 2ζmn
Tmn +ωmn

2 Tmn = f t( ) Wmnδ r̂,θ̂( )dD
D
∫ = f t( )Wmn r̂,θ̂( )  ( 2.53) 

 

Using a Laplace transform, and assuming zero initial conditions, equation (2.53) reduces 

to 

 

 s2Tmn s( ) + 2ζmnsTmn s( ) +ωmn
2 Tmn s( ) = F s( )Wmn r̂,θ̂( ) . ( 2.54) 
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Substituting s = jω and solving for Tmn results in  

 

 Tmn jω( ) = 1
ωmn
2 −ω 2( ) + 2ζmn jω

Wmn r̂,θ̂( )F jω( )  ( 2.55) 

 

where ω is the driving frequency. 

 

Since the membrane is assumed linear, any linear combination of the solution is a 

solution. Hence the general solution is 

 

 w = Wmn r,θ( )Tmn ω( )
n=1

∞

∑
m=0

∞

∑ . ( 2.56) 

 

The membrane velocity can be obtained by taking equation (2.55) and multiplying it by 

jω , which becomes 

 

 
 

Tmn ω( ) = jω
ωmn
2 −ω 2( ) + 2ζmn jω

Wmn r̂,θ̂( )F jω( )  ( 2.57) 

 

Thus, the velocity of the membrane becomes 

 

 
 

v = Wmn r,θ( ) Tmn ω( )
n=1

∞

∑
m=0

∞

∑ . ( 2.58) 

 

The membrane velocity will be used in section 2.3 and later on in Chapter 3 to calculate 

the volumetric velocity imparted by the membrane to its surroundings.  

 

Although there is no need to discretize the forced response of a circular membrane, as a 

closed form continuous solution can be obtained, it is done as the primary step for the 

coupling that will be implemented in section 2.3 and later on in Chapter 3.  
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The membrane is discretized with the condition of obtaining similar areas for every point 

on the grid. Figure 2.10 illustrates the schematics of the discretization of the membrane 

where the subscript i indicates the ith discretized point with coordinates (ri , θi), area si and 

respective velocity vi. In the same manner, the subscript j indicates the jth point where the 

actuation force is located, identified by coordinates (rj , θj), area sj and force fj. Figure 

2.11 illustrates a real discretization carried out on a membrane with 490 point with a 

diameter 102.2 mm.  

 
Figure 2.10. Schematic of discretized membrane with a point force. 

 

 
Figure 2.11.  Discretization of a circular membrane into 490 elements with their center points shown. 
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If the response of the membrane velocity is expressed in a general manner as 

 

 

 

v = φn r,θ( )
Mode Shape
 

bn
Mode

Aplitude


n

N

∑  ( 2.59) 

 

where the index n is redefined and now represents the modes in order of ascending 

frequency, to a finite number N of modes, ϕn are the orthonormal modes shapes as 

described in equations (2.45) and (2.46), and bn is the velocity mode amplitude as 

described by equation (2.57).  

 

The contribution of the force to the membrane can be expressed as 

 

 

 

bn = Avn ω( )
Resonance

Term


s j f jφn rj ,θ j( )

j

J

∑
Contribution from

the external force to the 
membrane

  

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 ( 2.60) 

 

where fj and sj are the actuation pressure and actuation area at the jth point, respectively 

and Avn is the resonance term as described by the first part of equation (2.57) as  

 

 Avn ω( ) = jω
ωn
2 −ω 2( ) + 2ζn jω

 ( 2.61) 

 

Recall form equation (2.59) that the index n is redefined to represent the modes in 

ascending order of frequency and thus the term mn is dropped. Equation (2.59) can thus 

be discretized and put in matrix form as 
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 V = ΦT Av Φ f S f F⎡⎣ ⎤⎦  ( 2.62) 

 

where  

 

 

Φ =

φ1 r1,θ1( ) φ1 r2 ,θ2( )  φ1 ri ,θi( )
φ2 r1,θ1( ) φ2 r2 ,θ2( )  φ2 ri ,θi( )
   

φN r1,θ1( ) φn r2 ,θ2( )  φN ri ,θi( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥ N × i( )

 ( 2.63) 

 

 

 

Av =
 0

Avn ω( )
0 

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
N ×N( )

. ( 2.64) 

 

For a single point actuation at (rj, θj) 

 

 

 

Φ f =

φ1 rj ,θ j( )
φ2 rj ,θ j( )


φN rj ,θ j( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
N ×1( )

, ( 2.65) 

 

Sf is a scalar representing the area of actuation at (rj, θj) for a single point actuation. For 

the case of a distributed load over the entire membrane Φf = Φ and Sf becomes a vector  

 

 
 
Sf = SF = S r1,θ1( )  S ri ,θi( )⎡

⎣⎢
⎤
⎦⎥
T

. ( 2.66) 

2.3 Fluid loading effects on a vibrating membrane 

Rarely is a membrane found in real life where it does not experience any effect from its 

surroundings. The dynamics of a membrane can be significantly affected by just simply 
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being immersed in air. In this section, the effects of air loading are considered on a 

circular membrane, expanding on what has been developed in the previous section. 

2.3.1 Coupled system defined 

In this section, unlike section 2.2 in which a membrane is considered in vacuum, the 

surrounding fluid effects are considered.  The system schematics described in Figure 

2.12, are of an infinitely baffled membrane with air on both sides of the membrane. The 

subscript i indicates the ith discretized point with coordinates (ri, θi), area si and respective 

velocity vi. Unlike the system described in the previous section, the ith discretized point 

has added dynamical contributions from the surrounding fluid, by way of sound radiation 

pressure on either side of the membrane described as PO and PI. In the same manner as 

before, the subscript j indicates the jth point where the actuation force is located, 

identified by coordinates (rj , θj), area sj and force fj. 

 

 
Figure 2.12. Schematics of a baffled membrane immersed air. 
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2.3.2 Subsystems Discretized 

The coupled system described in the previous section consists of three subsystems. The 

first one is the subsystem described by the circular membrane. The second and third 

subsystems can be considered as the air surrounding or immediately adjacent to both 

sides of the membrane.  

 

The membrane as a stand-alone subsystem has been described thoroughly in the previous 

section, and more attention is dedicated at this point to air and its contribution to the 

coupling of the membrane.  

 

The sound radiation produced by the vibration of a continues system can be assumed to 

be from a distributed number of elemental radiators, which in this case are equivalent to 

small piston sources on the surface of the membrane [53, 102, 103].  

 

By letting p and v denote the vectors of the pressure and the normal velocity, 

respectively, and letting Z be an impedance matrix. Then the relationship between 

pressure and velocity on the radiator surface can be formulated as 

 

 p = Zv  ( 2.67) 

 

where Z ,as in [102], can be defined as 

 

 

 

Z = ρaircair

d1 −
jks1
2π

eikr12

r12
 −

jksi
2π

eikr1i

r1i

−
jks2
2π

eikr21

r21
d2  

   

−
jksi
2π

eikri1

ri1
  di

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

 ( 2.68) 
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and  

 

 dI =
1
2

k
sI
π

⎛

⎝⎜
⎞

⎠⎟

2

− j
8
3π

k
sI
π

⎛

⎝⎜
⎞

⎠⎟
 ( 2.69) 

 

where ρair is the density of air, cair is the speed of sound, k = ω/cair is the wave number, si 

is the area of each radiator discretized, rhq = rhq is the distance from the element h to the 

element q and index I represents the total number of radiators. Equation (2.69) is a 

numerical approximation of the Rayleigh integral for a radiator as the field point 

approaches the source point. The approximation of the diagonal terms is due to the fact 

that there is a singularity as the field points and source points coincide. The off diagonal 

elements are contributions due to point sources of the elemental radiators, which lead to 

pressure on the other elements on the surface. Equations (2.68) and (2.69) differ from 

[102] in that the areas are not assumed equal for each radiator. This is done as the 

discretization over a circular surface does not produce exact equal surface areas as in a 

square membrane. 

2.3.3 Subsystems coupled 

Once the subsystems are understood, and the coupling contribution from each subsystem 

to the whole is identified, the coupled system can be defined. The system expressed in 

Figure 2.12 can be described in matrix form as 

 

 V = ΦT Av Φ f S f f f +ΦSPO +ΦSPI⎡⎣ ⎤⎦  ( 2.70) 

and 

 
PO = ZV
PI = ZV

 ( 2.71) 

 

where S is a diagonal matrix constructed from the vector SF of equation (2.66) and ΦSPO 

and ΦSPI are the contribution to the membrane dynamics from the surrounding air on 

either side of the membrane.  Given that the pressures produced as a consequence of the 



 36 

membrane vibration are equal on each side, that is PO = PI, equation (2.70) and (2.71) 

reduce to 

 

 V = ΦT Av Φ f S f f f + 2ΦSP⎡⎣ ⎤⎦  ( 2.72) 

and  

 PO = PI = P = ZV  ( 2.73) 

 

The coupled velocity response of the membrane can be obtained by first substituting 

equation (2.73) into (2.72) 

 

 V = ΦT AvΦ f S f f f + 2Φ
T AvΦSZV , ( 2.74) 

  

and then solving for the velocity V , which results in  

 

 V ω( ) = I − 2ΦT Av ω( )ΦSZ⎡⎣ ⎤⎦
−1
ΦT AvΦ f S f f f . ( 2.75) 

 

The uncoupled pressure can then be obtained by substituting the uncoupled membrane 

velocity of equation (2.75) into equation (2.73), which results in 

 

 P ω( ) = Z I − 2ΦT Av ω( )ΦSZ⎡⎣ ⎤⎦
−1
ΦT AvΦ f S f f f . ( 2.76) 

 

Given the frequency dependence of Av, the inverse shown in brackets in equation (2.75) 

and (2.76) needs to be calculated for each frequency ω of interest. Thus, equations (2.75) 

and (2.76), describe the velocity and pressure respectively, due to the membrane 

immersed in air being actuated by a point force at (rj, θj), for each frequency ω of interest. 

 

In the case where the actuation force is a distributed load over the entire membrane, 

equation (2.75) and (2.76) become 
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 V ω( ) = I − 2ΦT Av ω( )ΦSZ⎡⎣ ⎤⎦
−1
ΦT AvΦSF f f  ( 2.77) 

and 

 P ω( ) = Z I − 2ΦT Av ω( )ΦSZ⎡⎣ ⎤⎦
−1
ΦT AvΦSF f f . ( 2.78) 

2.4 Numerical verification of the model 

The verification of a model is the process of determining whether a given model is 

capable of describing the behavior of the structure under consideration, given that all the 

individual parameters are assigned the correct values [104]. Numerical verification of the 

models described in the previous two sections is required before the models can be 

validated experimentally. The models will be verified for different input excitations. 

2.4.1 Numerical verification of a membrane in vacuum 

In this section, equation (2.62) is numerically verified for different types of inputs. The 

numerical verifications are carried out for a membrane with the properties listed in Table 

2-1.  

 
Table 2-1. Properties of the circular membrane being analyzed. 

Circular membrane 

Diameter (mm) 102.2 
Density (kg/m3) 1000 
Thickness2 (µm) 30.56 
Tension2 (N) 22.75 

 

These are the same properties of the membrane that will be studied experimentally in the 

proceeding chapters. 

 

                                                
2 The values of tension and density are chosen in accordance to the experiments carried out in 

Chapter 5. How these exact values were obtained is explained in Chapter 5.  
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For the membrane in vacuum three, different cases will be analyzed.  For the first case, a 

point force located at the center of the membrane is analyzed. For the second case, the 

point force is moved some offset distance from the center of the membrane.  Finally, a 

distributed force over the whole membrane is analyzed.  These three cases were chosen to 

show the behavior of the membrane under very distinct conditions. The first case should 

only produce a symmetric response because the actuation location is at the center of the 

membrane. The second case should produce a response with symmetric and 

antisymmetric behavior. The third case, which is a distributed force over the whole 

membrane, should produce a symmetric response as well, as the forces are applied evenly 

over the whole surface.  

 

Centralized single point actuation 

Figure 2.13 shows the discretization and the point of actuation (red dot) for the first case. 

 
Figure 2.13. Discretized membrane with center point actuation (red dot). 

 

The frequency response at the driving point can be seen in Figure 2.14 below. Since the 

excitation is a symmetric excitation, the two modes observed correspond to the first, 375 

Hz, and second, 861 Hz, symmetric modes of the membrane as described in Figure 2.4 

and Figure 2.5.  On Figure 2.15, the frequency responses for all discretized points are 

observed. As expected, there are no antisymmetric modes in the results. Even though 

there are 490 frequency response plots on Figure 2.15, only 13 are observed since every 

point on a given radius has the same response. 
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Figure 2.14. Driving point frequency at the 

center point of the membrane. 

 
Figure 2.15. Frequency response of all the 

points given a center excitation. 

 

Offset single point actuation 

The discretization for an offset actuation is described in Figure 2.16, where the red dot 

designates the point of actuation at a radius of 45 mm from the center. 

  

 
Figure 2.16. Discretized membrane with offset point actuation (red dot). 

 

In this case, an antisymmetric response is expected given an antisymmetric excitation. 

Therefore, unlike the previous case, antisymmetric modes should appear in the frequency 

response plot. Figure 2.17 illustrates the driving point frequency response for the offset 

actuation case.  As can be observed form the figure, the modal density has increased for 
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an antisymmetric excitation. The numerical value for the first five modes of the system 

can be seen in Table 2-2, where modes one and four are the same as in the previous case.  

 
Table 2-2. First five mode of a membrane in vacuum with offset excitation 

Modes 1 2 3 4 5 
Frequency 

(Hz) 375 598 801 861 995 

 

 Figure 2.18 contains the plot of all the discretized points on the membrane. Unlike the 

symmetric case, the frequency response functions do not overlay given the same radius 

due to the circumferential antisymmetry.   

 

 
Figure 2.17. Driving point frequency response 

for an offset point excitation. 

 
Figure 2.18. Frequency response to all the 

points given an offset excitation. 

 

Distributed load actuation 

For the distributed load case the discretization and load locations can be seen in Figure 

2.19. The force is distributed over every point of the discretization.  
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Figure 2.19. Discretized membrane with distributed point actuation (red dots). 

 

Since the force distribution is uniform over the membrane surface, the response of the 

membrane will depend only on the symmetric modes of the membrane. Figure 2.20 and 

Figure 2.21, show the response of the membrane given a distributed load for at the center 

point and all the discretized points, respectively. The response for the distributed case is 

similar to the center point actuation previously discussed.  The system responds with only 

the first two symmetric modes (in the bandwidth from 0-1k Hz), much like the center 

point actuations case discussed earlier. The most notable difference is the absence of a 

driving point frequency response and the magnitude of the response, which is larger for 

the distributed load case.  

 

 
Figure 2.20. Center point frequency response 

for a distributed excitation. 

 
Figure 2.21. Frequency response to all the 

points given a distributed excitation.
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2.4.2 Numerical verification of a baffled membrane with fluid loading 

In this section, numerical verification is carried out for equations (2.75) to (2.77). The 

numerical verifications for a baffled membrane uses the same properties as those for the 

membrane in vacuum, with the added parameter of cair = 345 m/s2 and ρair = 1.125 kg/m3. 

 

The same three cases are studied as in the previous section.  

 

Centralized single point actuation 

For the case of a centralized excitation point on the membrane in air, the frequency 

response is shown in Figure 2.22 and Figure 2.23.  Figure 2.22 shows the driving point 

frequency response, and Figure 2.23 shows the frequency response plot for all the 

discretized points. As before, all points in the same radius overlay due to the 

circumferential symmetry. What is noticeably different from the vacuum case is the shift 

in the natural frequencies of the system. Air surrounding the membrane produces a mass 

loading effect on the membrane and drives the natural frequencies down.  The first 

natural frequency of the coupled system lies at ω1 = 198 Hz and the second one at ω2 = 

643 Hz. Also there is now significant damping due to the sound radiation taking energy 

away from the system. 
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Figure 2.22. Driving point frequency response 

for a center point excitation. 

 
Figure 2.23. Frequency response to all the 

points given a center point excitation. 

 

Looking at the operation deflection shapes [105] (ODS) of the system at ω1 = 198 Hz and 

ω2 = 643 Hz, it is clear that the first two symmetric modes are the ones being observed in 

these figures. The first two ODS can be observed in Figure 2.24 and Figure 2.25 below. 

 

 
Figure 2.24. ODS at ω1 = 197 Hz. 

 
Figure 2.25. ODS at ω2 = 643 Hz 

 

Offset single point actuation 

For the case of an offset excitation, as the one in Figure 2.16, the frequency response for 

the driving point and all the discretized point can be observed in Figure 2.26 and Figure 

2.27, respectively. The first five numerical modes of this system are tabulated in Table 

2-3.  
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Figure 2.26. Driving point frequency response 

for an offset point of excitation. 

 
Figure 2.27. Frequency response of all the 

points given an offset point of excitation 

 
Table 2-3. First five natural frequencies of a membrane immersed in air. 

Modes 1 2 3 4 5 
Frequency 

(Hz) 198 408 603 643 791 

 

Given the mass loading effects of the air surrounding the membrane two extra modes can 

be seen in the 0-1k Hz bandwidth at 875 Hz and 976 Hz that are not present n the vacuum 

case.   

 

Distributed load actuation 

As before, the distributed actuation used, as seen in Figure 2.19, is uniform across the 

membrane immersed in air. Figure 2.28 and Figure 2.29, show the frequency response 

plots for the center point and all of the discretized point due to a distributed actuation, 

respectively. The effect of a distributed load excites the membrane symmetrically and 

thus, there is no contribution to the response from the antisymmetric modes.   
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Figure 2.28. Center point frequency response 

for a distributed load excitation. 

 
Figure 2.29. All the frequency response points 

for a distributed load excitation. 

 

 

2.5 Comparison and analysis of a membrane in vacuum and in 

air 

To better understand the effects of air loading on the membrane, the results from the 

previous section will be compared and analyzed in more detail. This section will 

primarily focus on the centralized point actuation and on the offset actuation, with a brief 

discussion on the distributed actuation.  

2.5.1 Comparison  of  a membrane  in  vacuum with  one  immersed  in  air  for  a 

centralized point excitation 

Given a symmetric excitation, the only modes participating in the response will be 

symmetric modes. This will allow for a more careful look at the effect of air loading on 

the symmetric modes.  

 

Figure 2.30 has an overlaid plot of the driving point frequency response function at the 

center for a membrane in vacuum (·-· red line) and one immersed in air (− solid blue). 
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The effects of air loading on the membrane can easily be observed in this figure as the 

modes of a membrane in vacuum are displaced to a lower frequency.  

 
Figure 2.30. Driving point frequency response for membrane in vacuum (-·- red line) and in air (− 

solid blue). 

 

Table 2-4 shows the first two natural frequencies for the membrane in vacuum and the 

membrane in air. The change incurred by the first mode, a 47% change, is much larger 

than that of the second mode, 25%. This is mainly due to the fact that the first mode is a 

more efficient radiator than the second mode. The shift in frequency results from the 

amount of air being pushed by each mode. The volume of air displaced by the first mode 

is much larger than that of the second mode (or any other mode). Thus, this generates a 

larger mass loading effect on the first mode and results in a larger frequency shift. The 

energy loss by sound radiation to the far-field i.e. loss of energy is also reflected in the 

damping exhibited by these two modes.  

 
Table 2-4. Mode comparison of a membrane in vacuum and in air. 

 Mode 1 Mode 2 
Frequency Vacuum (Hz) 375 861 

Frequency Air (Hz) 198 643 

Percent Difference 47.2 25.3 
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2.5.2 Comparison of a membrane in vacuum with one immersed in air  for an 

offset actuation 

In the case of an offset actuation, as seen previously, the mode participation for the 

response of the membrane contains symmetric and antisymmetric modes. This allows for 

a more complete analysis of the effects of air loading on the membrane.  

 

Figure 2.31 illustrates the offset driving point frequency response for a membrane in 

vacuum (·-· red line) and one immersed in air (− solid blue). 

 

 
Figure 2.31. Driving point frequency response for an offset excitation in (-·- red line) and in air (− 

solid blue). 

 

In the 0 − 1 kHz bandwidth the membrane in vacuum exhibits five modes were as the 

membrane in air exhibits seven modes. The first five operation deflection shapes for these 

cases are plotted in Figure 2.32, for the membrane in vacuum, and in Figure 2.33 for the 

case of the membrane in air. 
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Figure 2.32. First five operation deflection shapes (ODS) of the membrane in vacuum for an offset 

excitation. 

 

 
Figure 2.33. First five ODS of the membrane in air for an offset excitation. 
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The natural frequencies of both cases and their percent difference before and after mass 

loading the membrane with air are tabulated in Table 2-5. 

 
Table 2-5. Mode comparison for a membrane in vacuum and in air for an offset excitation in a 1kHz 

bandwidth. 

 
Mode 

1 
Mode 

2 
Mode 

3 
Mode 

4 
Mode 

5 
Mode 

6 
Mode 

7 
Frequency Vacuum 
(Hz) 375 598 801 861 995 N/A N/A 
Frequency Air (Hz) 198 408 603 643 791 875 976 
Percent Difference 47.2 31.8 24.7 25.3 20.5 N/A N/A 

 

As seen form the previous figures, the first five modes of the membrane in vacuum 

correspond to the first five modes of the membrane in air. It is also observed that the 

largest shift in mode location is incurred by the first mode.   

 

In the case of the antisymmetric modes (modes 2,3 and 5), the amount of damping is not 

as significant as in the symmetric cases (modes 1 and 4). This occurs because the volume 

displaced by the positive side of the mode moves mainly to the negative displaced side of 

the mode, and visa versa.  Unlike the symmetric cases where the air volume is displaced 

outwardly, the antisymmetric case switches, or “sloshes” the air, back and forth, retaining 

more of the energy on the membrane and less projected outwardly. There is indeed a 

mass loading effect as air is still pushed, and thus the shift in frequency for these modes 

occurs as well. 

 

The modes in a circular membrane with a fixed boundary, occur at prescribed ratios from 

the first mode. In the case of the first two symmetric modes, ω01 and ω02, this can be 

expressed as ω02 = 2.29ω01. The ratios between the modes change when the system is 

subjected to air loading effects. Table 2-6 tabulates the ratios for a membrane in vacuum 

and that of a membrane in air. The mass loading effects of air causes the modes of the 

system to spread further apart from each other. This is a relatively easy technique to 

examine a structure that is being tested to see if the air is producing any significant shift 

in the frequencies.  
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Table 2-6. Comparison of the normalized modes of a membrane in vacuum and a membrane in air to 

the first mode 

  
Mode 

1 
Mode 

2 
Mode 

3 
Mode 

4 
Mode 

5 
Frequency Vacuum (Hz) 375 598 801 861 995 
Ratio to ω01 1 1.59 2.13 2.29 2.65 
Frequency Air (Hz) 198 408 603 643 791 
Ratio to ω01 1 2.06 3.04 3.24 3.99 

 

2.5.3 Comparison  of  a membrane  in  vacuum with  one  immersed  in  air  for  a 

distributed actuation 

Due to the symmetric excitation provided by the distributed load, the response is similar 

to that of a centralized excitation as seen in section 2.5.1. The system response is 

dominated by the two symmetric modes in the 0-1 kHz bandwidth, as can be observed in 

Figure 2.34.  The mode location and percent in shift is the same as the ones tabulated in 

Table 2-4 for a center point excitation.  

 
Figure 2.34. Center point frequency response for membrane in vacuum (-·- red line) and in air (− 

solid blue) with a distributed load. 
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2.6 Conclusion 

The previous sections have shown that the effects of air on a membrane cannot be 

neglected or treated as mere proportional damping.  The mass loading effect on the 

membrane due to the air produces a considerable shift in the natural frequencies of the 

system. The radiation effect is primarily dominant on the first mode, which is expected 

given its shape and its ability to be a strong radiator. Given that symmetric modes are 

better radiators, these modes experience the greatest amount of energy loss. This is 

reflected in observing that the symmetric modes have larger damping then the 

antisymmetric modes. Numerical verification of the membrane and membrane immersed 

in air were also carried out for various types of excitation.  
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Chapter 3 COUPLING OF A MEMBRANE TO AN 

ACOUSTIC CAVITY 

3.1 Introduction 

As in the previous chapter, a frequency domain approach is utilized in this section to 

provide a model of the coupled circular membrane-cavity system. The sub systems, that 

is, the membrane and the cavity, are modeled individually and then coupled at the top 

interface, or boundary, of the cavity.  

 

The current chapter is laid out as follows: Section 3.2 discusses the vibration analysis of a 

cylindrical cavity and the solution to the forced response. Section 3.3 discusses the 

modeling of the structural acoustic coupling between the membrane and the cavity for the 

actuation model. Likewise, section 3.4 discusses the modeling of the structural acoustic 

coupling between the membrane and the cavity for the disturbance model. Section 3.5 

examines the numerical verification of the models discussed in the previous two sections. 

Finally, section 3.6 provides a summary of the chapter and conclusions.  

3.2 Acoustic cavity analysis 

In this section, the acoustical cavity, which will be coupled to the membrane later on, is 

analyzed. Modeling the sound propagation inside a cylindrical cavity is very well known 

in the field of acoustics [53, 56, 57, 69]. 
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3.2.1 Equation of motion, mode shapes and frequencies 

Assuming the pressure p to be harmonic with time, the linearized homogeneous wave 

equation is described as 

 

 ∇2 p =
1
cair
2

∂2 p
∂t 2

 ( 3.1) 

 

where cair is the speed of sound in air and cair = 343 m/s2 . Since the cavity will be 

coupled to a circular membrane, the cavity itself will be cylindrical. The Laplacian for a 

cylindrical cavity is expressed as 

 ∇2 =
∂2

∂r2
+
1
r
∂
∂r

+
1
r2

∂2

∂θ 2
+

∂2

∂z2
 ( 3.2) 

 

where the coordinates for a cylindrical system are described by radius r, angle θ, and 

height z. Substituting equation (3.2) into (3.1) results in 

 

 ∂2 p
∂r2

+
1
r
∂p
∂r

+
1
r2

∂2 p
∂θ 2

+
∂2 p
∂z2

=
1
cair
2

∂2 p
∂t 2

 ( 3.3) 

 

Assuming separation of variables, the pressure p can be expressed as 

 

 P r,θ, z,t( ) = R r( )Θ θ( )Z z( )T t( ) . ( 3.4) 

 

Substituting equation (3.4) into equation (3.3) and rearranging it results in 

 

 cair
2 1

R
∂2R
∂r2

+
1
rR

∂R
∂r

+
1
r2Θ

∂2Θ
∂θ 2

+
∂2Z
∂z2

⎛
⎝⎜

⎞
⎠⎟
=
∂2T
∂t 2

= −ω 2 . ( 3.5) 

 

Since both sides of equation (3.5) are functions of a different variable, they must equal to 

a constant for this to hold true, in this case ω2. The constant ω2 is assigned a negative 
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value for the results to be physically meaningful, and the square is used for mathematical 

ease.  

 

To obtain the mode shapes and frequencies of the system, the left hand side of equation 

(3.5) is rearranged as follows 

 

 
1
R
∂2R
∂r2

+
1
rR

∂R
∂r

+
1
r2Θ

∂2Θ
∂θ 2

+
∂2Z
∂z2

= −k2  ( 3.6) 

 

where k = ω / cair is the wave number in the fluid. Equation (3.6) can be decoupled into a 

system of equations given by 

 

 

r2
∂2R
∂r2

+ r
∂2R
∂r

+ k2 − kz
2( )r2 − m2⎡⎣ ⎤⎦R = 0

∂2Θ
∂θ 2

+ m2Θ = 0

∂2Z
∂z2

+ kz
2Z = 0

 ( 3.7) 

 

The boundary conditions for a hard wall cylindrical cavity are 

 

 ∂P
∂z

⎛
⎝⎜

⎞
⎠⎟

z=0

=
∂P
∂z

⎛
⎝⎜

⎞
⎠⎟

z=L

=
∂P
∂r

⎛
⎝⎜

⎞
⎠⎟

r=a

 ( 3.8) 

 

where z = 0 and z = L are the top and bottom boundaries of the cavity in the z direction 

and r = a delineates the circumferential boundary of the cavity.  

 

In the solution for Θ, much like in the case of the circular membrane, m must be an 

integer since the value at θ = θ0  must be the same as the solution a full cycle around the 

perimeter of the circle θ = θ0 + j2π  for j=1,2,3… This yields the solution of Θ as  
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 Θ θ( ) = cos mθ − σ π
2

⎛
⎝⎜

⎞
⎠⎟
,  ( 3.9) 

 

where σ is considered the orientation order with a value of zero or one. The solution to 

the third equation in (3.7), having assumed hard wall boundaries, results in 

 

 Z z( ) = cos nπ
L
z⎛

⎝⎜
⎞
⎠⎟
,  ( 3.10) 

 

where n is an integer and L is the length of the cavity. The axial modal wave number is 

defined as  

 

 kzn = kn =
nπ
L

. ( 3.11) 

 

The first equation in (3.7) needs to be rearranged and placed in proper form before a 

solution can be obtained. This is accomplished by applying a change in variables given 

by s = krr, where the radial wave number is defined as 

 

 kr
2 = k2 − kn

2 . ( 3.12) 

 

Thus, the first equation of (3.7) reduces to a Bessel equation, much like equation (2.29) 

for the membrane,  

 

 s2
∂2R s( )
∂s2

+ s
∂R s( )
∂s

+ s2 − m2( )R s( ) = 0 . ( 3.13) 

 

The solution of equation (3.13) is given by Bessel functions of the first and second kind 

as 

 

 Rm r( ) = AmJm krr( ) + BmYm krr( ),          m = 0,1,2,...  ( 3.14) 
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where Jm krr( )  and Ym krr( )  are Bessel function of order m of the first and second kind, 

respectively. The pressure in the cavity at all points must be finite. Thus, given that the 

Bessel functions of the second kind, as seen in Figure 2.3, tend to infinity as x⎯→⎯ 0 , 

Bm = 0  such that the pressure at r = 0 is finite. Equation (3.14) reduces to 

 

 Rm r( ) = AmJm krr( ),          m = 0,1,2,...  ( 3.15) 

 

Thus, the boundary condition in (3.8) for r reduces to 

 

 ∂
∂r
Jm kmpr( )

r=a

= 0 , ( 3.16) 

 

where equation (3.16) is the characteristic equation with infinite solutions, where m 

indicates the order of the Bessel function of the first kind and p the zeros in Jm. The radial 

variation in pressure becomes 

 

 R r( ) = AmJm kmpr( ) . ( 3.17) 

 

Thus, the mode shapes of a cylindrical cavity are expressed as 

 

 ψ mnpσ r,θ, z( ) = 1
Λmnp

Jm kmpr( )cos knz( )cos mθ − σ π
2

⎛
⎝⎜

⎞
⎠⎟
,  ( 3.18) 

 

where Λmnp is the normalization factor with respect to volume, [69] is defined as 

 

 Λmnp =
1
V

Jm kmpr( )cos nπ z
L

⎛
⎝⎜

⎞
⎠⎟
cos mθ( )⎡

⎣⎢
⎤
⎦⎥

2

dV
V
∫  ( 3.19) 

 

where V is the volume of the cavity. 
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The natural frequencies of the cavity can be expressed as 

 

 ωmnp = cair kn
2 + kmp

2  ( 3.20) 

3.2.2 Forced response of an acoustic cavity and discretization 

The equation governing an enclosed cavity [106] is given by 

 

 ∇2 p −
1
cair
2

∂2 p
∂t 2

= −
1
ρair

∂q
∂t
,  ( 3.21) 

 

where q is the volume velocity source strength density distribution within the volume and 

on the surface of the enclosure. Using a modal analysis approach the solution to equation 

(3.21) can be expressed as 

 

 p r,θ, z,ω( ) = amnpσ ω( )ψ mnpσ r,θ, z( )
n

Nc

∑  ( 3.22) 

 

where amnpσ are the pressure mode amplitudes, and Nc is the total number of modes being 

considered and arranged in order of ascending frequency. Substituting equation (3.22) 

into equation (3.21) results in 

 

 amnpσ∇
2ψ mnpσ

n

Nc

∑ +
ω 2

cair
2 amnpσψ mnpσ

n

Nc

∑ =
jω
ρ
q.  ( 3.23) 

 

Equation (3.23) results in a set Nc of coupled equations. The set of equations in (3.23) can 

be decoupled by using the orthogonality properties of the acoustic mode shapes. 

Multiplying by an arbitrary mode shape ψ wxyα  and integrating over the volume results in 
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 amnpσψ wxyα∇
2ψ mnpσ

n

Nc

∑ dV
V
∫ +

ω 2

cair
2 amnpσψ wxyαψ mnpσ

n

Nc

∑ dV
V
∫ =

jω
ρ

ψ wxyαqdV
V
∫ .  ( 3.24) 

 

Using the orthogonality properties of the mode shape and their normalization with respect 

to the cavity volume yields 

 

 ωmnp
2 −ω 2( )Vamnpσ = −

jωcair
2

ρ
ψ wxyαqdV

V
∫  ( 3.25) 

 

The integral on the right hand side of equation (3.25) has dimensions of volume velocity 

(m3/s). This integral, much like in the case of the membrane derived earlier, specifies the 

location of actuation and which modal parameters are excited due to the acoustic forcing.  

 

Equation (3.25) can be rearranged for the modal amplitude as 

 

 amnpσ = −
jωcair

2

ρ ωmnp
2 −ω 2( )V ψ wxyαqdV

V
∫  ( 3.26) 

 

Modal damping can be incorporated at this point as  

 

 amnpσ = −
iωcair

2

ρ ωmnp
2 −ω 2 − 2 jζmnpωmnpω( )V ψ wxyαqdV

V
∫ ,  ( 3.27) 

 

where the damping ratio ζmnp can be obtained from experimental results.  

 

As previously implemented for the membrane and acoustic radiation in Chapter 2, the 

discretization of the cavity response is carried out in order to couple the subsystems.  

 

Dropping the indices from equation (3.22), and placing the summation in order of 

ascending frequency, the solution to the cavity equation can be expressed as 
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 p r,θ, z,ω( ) = an ω( )ψ n r,θ, z( )
n

Nc

∑ . ( 3.28) 

 

The contribution from a given excitation input into the cavity can be expressed as 

 

 

 

an = Acn ω( )
Resonance

Term


s jvjψ n rj ,θ j( )

j

J

∑
Contribution from

the external volumetric velocity
 to the cavity

  

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

 ( 3.29) 

 

where vj and sj are the actuation velocity and actuation area at the jth point, respectively 

and Acn is the modal impedance term as described by the first part of equation (3.27) as  

 

 Acn ω( ) = −iωcair
2

ρ ωmnp
2 −ω 2 − 2 jζmnpωmnpω( )V  ( 3.30) 

 

For the matter of coupling the response of the membrane to the cavity and visa versa, the 

response of the cavity is only of interest at the boundary between the two subsystems. 

Thus, equation (3.28) can be discretized and put in matrix form at z = L as 

 

 P = ΨT Ac Ψ f S fVf⎡⎣ ⎤⎦ , 

 

where 

 

 

Ψ =

ψ 1 r1,θ1( ) ψ 1 r2 ,θ2( )  ψ 1 ri ,θi( )
ψ 2 r1,θ1( ) ψ 2 r2 ,θ2( )  ψ 2 ri ,θi( )
   

ψ Nc
r1,θ1( ) ψ Nc

r2 ,θ2( )  ψ Nc
ri ,θi( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
z=L

 ( 3.31) 

 

and 
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Ac =
 0

Acn ω( )
0 

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
Nc ×Nc( )

 ( 3.32) 

 

For a single point actuation at (rj, θj, zj) 

 

 

 

Ψ f =

ψ 1 rj ,θ j , z j( )
ψ 2 rj ,θ j , z j( )



ψ Nc
rj ,θ j , z j( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
Nc ×1( )

, ( 3.33) 

 

Sf is a scalar representing the area of actuation at (rj, θj, zj) for a single point actuation. For 

the coupled system, the cavity actuation will occur at the base of the cavity, that is z =z0 

= 0, thus Ψf is redefined as 

 

 

 

Ψ f =

ψ 1 rj ,θ j( )
ψ 2 rj ,θ j( )


ψ Nc
rj ,θ j( )

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
z=0

. ( 3.34) 

3.3 Structural-acoustic spatial coupling: Actuation model 

In order to pursue the end goal of vibration suppression of a membrane through acoustic 

excitation, a representative model must be developed and verified. 

 

In this section, the membrane system defined in Chapter 2 and the cavity defined in 

section 3.2, are coupled. This is done by discretizing both subsystems and coupling their 
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responses at the membrane cavity interface. The actuation model describes the behavior 

of the membrane and cavity due to an acoustic excitation inside the cavity.  

3.3.1 Coupled system defined 

The coupled system for the actuation model is illustrated in Figure 3.1. The figure 

illustrates a concept drawing of an optical membrane (metallic gray) cylindrical cavity 

(blue) and acoustic piston actuation in the shape of a conventional piezoceramic stack 

actuator (gray).  

 

 
Figure 3.1. Coupled cavity membrane system: actuation setup. 

 

A more helpful schematic of the coupled system representing the boundaries of coupling 

between these three subsystems, is better observed in Figure 3.2. The schematics are of a 

membrane with air on either side, one due to the system being open to air and the other to 

the air in the cavity. The subscript i indicates the ith discretized point with coordinates (ri, 

θi), area si and respective velocity vi. Unlike the case of a baffled membrane discussed in 

the previous chapter, the sound radiation pressure on either side of the membrane 

described as PO and PI are now due to different subsystems. PO is due to the radiation 

pressure and PI is due to the internal cavity pressure. In the same manner as before, the 

subscript j indicates the jth point where the actuation is located at the base of  the cavity, 

identified by coordinates (rj , θj), area sj and velocity input vj. 
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Figure 3.2. Schematics of the actuation model 

3.3.2 Subsystems coupled 

Once the subsystems are understood, and the coupling contribution from each subsystem 

to the whole is identified, the coupled system can be expressed mathematically. The 

system shown in Figure 3.2 can be described in a coupled system of matrix equations as 

 

 V = −ΦT AvΦSPI +ΦT AvΦSPO  ( 3.35) 

 

 PI = ΨT AcΨSV +ΨT AcΨ f S fVf  ( 3.36) 

 

 PO = ZV  ( 3.37) 

 

In equation (3.35), the velocity V of the membrane has dynamic contributions from the 

cavity pressure defined as ΦT AvΦSPI  and from the radiation pressure defined as 

ΦT AvΦSPO .  In the same manner, the internal pressure PI of the cavity in equation (3.36), 

has dynamic contributions from the membrane velocity defined as ΨT AcΨSV  and the 
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acoustic actuator defined as ΨT AcΨ f S fVf .  The external air pressure is only excited by 

the membrane’s velocity, and it is defined as ZV in equation (3.37).  

 

To solve the system of equation (3.35-3.37) a process of substitution is undertaken. 

Substituting equations (3.37) and (3.36) into (3.35) and solving for the velocity in the 

membrane yields a decoupled membrane velocity response due to the actuation velocity 

Vf and it is shown below as 

 

 V ω( ) = − I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSΨ

T AcΨ f S fVf . ( 3.38) 

 

The cavity’s internal pressure and the radiation pressure can be obtained by substituting 

equation (3.38) into (3.36) and (3.37), which yields 

 

PI ω( ) = ΨT AcΨ f S fVf − ΨT AcΨS I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSΨ

T AcΨ f S fVf

  ( 3.39) 

and 

 PO ω( ) = −Z I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSΨ

T AcΨ f S fVf  ( 3.40) 

 

Given the frequency dependence of Av and Ac, the inverse shown in brackets in equation 

(3.38), (3.39) and (3.40), needs to be calculated for each frequency ω of interest. Thus, 

equations (3.38), (3.39) and (3.40), describe the velocity, internal pressure and radiation 

pressure respectively, of a fully coupled cavity-membrane system with radiation, due to 

the cavity being actuated by a point force at (rj, θj, z0), for each frequency ω of interest. 

 

The matrix ΦSΨT  is referred to as the coupling matrix between the cavity and the 

membrane. The orthogonality between the membrane modes, Φ, and the acoustic cavity 

modes, Ψ, determines the coupling between the two subsystems. If two modes, one from 

the membrane and one from the cavity are orthogonal, then the energy imparted on one 

will not transfer to the other. On the other hand, if those two modes are not orthogonal, to 
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the degree that they are not, the energy imparted on one subsystem will be transferred to 

the other subsystem.  

 

This is of great importance since the response of a coupled system is usually of interest in 

a set bandwidth, e.g. 0-1 kHz. Thus, if the low frequency modes from one subsystem 

couple well with higher frequency modes from another subsystem, beyond the bandwidth 

of interest, e.g. beyond 1 kHz, by not considering those modes beyond the bandwidth of 

interest, the coupled response of the system could be considerably affected and modeled 

incorrectly.  

3.4 Structural-acoustic spatial coupling: Disturbance model 

As in the previous section, the membrane system defined in Chapter 2 and the cavity 

defined in section 3.2, are coupled. This is done by discretizing both subsystems and 

coupling their responses at the membrane cavity interface. The Disturbance Model will 

refer to the model describing the behavior of the membrane and cavity due to an acoustic 

excitation from outside the system.  

3.4.1 Coupled system defined 

The schematics of the coupled system are observed in Figure 3.3. The schematics are of a 

membrane with air on either side, one due to the system being open to air and the other 

due to the air in the cavity. The subscript i indicates the ith discretized point with 

coordinates (ri, θi), area si and respective velocity vi. Unlike the case of a baffled 

membrane discussed in the previous chapter, the sound radiation pressure on either side 

of the membrane described as PO and PI are now due to different subsystems. PO is due to 

the radiation pressure and PI is due to the internal cavity pressure. In the same manner as 

before, the subscript j indicates the jth point where the actuation force is located on the 

membrane, identified by coordinates (rj , θj), area sj and velocity input vj. 
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Figure 3.3. Schematics of the disturbance model. 

 

The main difference between the disturbance model and the actuation model is the 

excitation undergone by the system. As described in Figure 3.3, the disturbance model is 

subjected to an external excitation on the membrane, where the actuation model is excited 

by an acoustic input into the cavity as described in Figure 3.2. 

3.4.2 Subsystems coupled 

Once the subsystems are understood, and the coupling contribution from each subsystem 

to the whole is identified, the coupled system can be expressed mathematically. The 

system shown in Figure 3.3, can be described in a coupled system of matrix equations as 
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 V = −ΦT AvΦSPI +ΦT AvΦSPO +ΦT AvΦ f S f F  ( 3.41) 

 

 PI = ΨT AcΨSV  ( 3.42) 

 

 PO = ZV  ( 3.43) 

 

Following the same process, as in the actuation model case, the system described in 

equations (3.41), (3.42) and (3.43) can be decoupled by substitution.  Taking equations 

(3.43) and (3.42), substituting them in (3.41), and solving for the membrane velocity 

yields, 

 

 V ω( ) = I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSf F  ( 3.44) 

 

 PI ω( ) = ΨT AcΨS I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSf F  ( 3.45) 

 

 PO ω( ) = Z I +ΦT AvΦSΨ
T AcΨS − ΦT AvΦSZ( )−1ΦT AvΦSf F  ( 3.46) 

 

In the same manner as for the actuation model, the frequency dependence of Av and Ac, 

require the inverse shown in brackets in equation (3.44), (3.45) and (3.46) to be 

calculated for each frequency ω of interest. For the case of a distributed load over the 

entire membrane Φf = Φ and Sf becomes a vector  

 

 
 
Sf = SF = S r1,θ1( )  S ri ,θi( )⎡

⎣⎢
⎤
⎦⎥
T

. ( 3.47) 

3.5 Numerical Verification of coupled models 

The numerical verification for the models discussed in sections 3.3 and 3.4 is carried out 

in this section. The cavity considered for this case is 115 mm in height and has the same 
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diameter as the membrane, 102.24mm.  Table 3-1 tabulates all the properties of the 

system being analyzed. These properties correspond to the experimental setup being 

analyzed in Chapter 5. 

 
Table 3-1. Properties of coupled system. 

Coupled system 

Mem. Diameter (mm) 102.2 
Mem. Density (kg/m3) 1000 
Mem. Thickness (µm) 30.56 
Mem. Tension  (N) 22.75 
  
Air density (kg/m3) 1.125 
Speed of sound (m/s2) 345 
Cavity depth (mm) 115 
Cavity diameter (mm) 102.2 

 

3.5.1 Actuation model 

The velocity response of the membrane due to a volumetric velocity input to the cavity, 

located at the base of the cavity, is given by equation (3.38).  Figure 3.4 shows the 

frequency response of the membrane in the 0 - 1 kHz bandwidth.  The system only 

exhibits two modes in this set bandwidth. The first mode is located at ω1 = 454.7 Hz and 

the second mode at ω2 = 641.7 Hz.  
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Figure 3.4. Actuation model frequency response at the center of the membrane. 

 

To identify the behavior of the system at those frequencies the operation deflection 

shapes are extracted at the first and second mode of the system. Figure 3.5 and Figure 3.6 

show two operation deflection shapes. Given that the excitation on the system is 

symmetric, the response of the coupled system is also symmetric, as shown in these 

figures.  The first operation deflection shape in Figure 3.5, demonstrates a behavior more 

commonly seen in clamped plates, where the slope of the system must approach zero as it 

reaches the boundary. This is not an expected response for a membrane system, where the 

only restoring force in the system is the tension. In this case, the membrane is coupled to 

a cylindrical cavity and thus this response is most likely due to the fact that the pressure 

in the cavity reaches its maximum at the walls of the cavity, this is expected since the 

boundary condition in equation (3.16) requires this condition in the cavity. Thus, this 

allows the membrane to dip down in the middle but as it reaches the walls it is faced with 

a higher stiffness as it tries to move into the cavity. The second operation deflection 

shape, exhibits a less coupled behavior and is very similar to the second symmetric mode 

shape of a membrane, as seen in Figure 2.5.  
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Figure 3.5. Membrane ODS of the actuation 

model at ω1. 

 
Figure 3.6. Membrane ODS of the actuation 

model at ω2. 

 

The fundamental mode of the membrane, as see in Figure 2.4, is not explicitly observed 

in these two operation deflection shapes although, the first operation deflection shape can 

be considered a constrained version of the first fundamental mode.  

 

Observing the membrane response at a lower frequency, the fundamental shape of the 

membrane can be observed. Figure 3.7 illustrates the membranes operation deflection 

shape at 200 Hz. Prior to the first mode; the membrane exhibits this behavioral shape. 

This is possible due to the very high coupling of the fundamental membrane mode with 

the first fundamental acoustic mode at 0 Hz. The zero hertz mode of the cavity is an 

overall pressure increase of the cavity, which in interaction with the membrane causes the 

membrane to respond in its first fundamental mode.  

 



 70 

 
Figure 3.7. Membrane ODS at 200 Hz. 

 

The internal pressure of the cavity at the boundary with the membrane, described by 

equation (3.39), is evaluated in the 0 – 1 kHz bandwidth. The frequency response at the 

center is shown in Figure 3.8. 

 

 
Figure 3.8. Actuation model frequency response at the center of the cavity (interface). 

 

The operation deflection shapes for the cavity at the first two natural frequencies of the 

system are shown in Figure 3.9 and Figure 3.10. Observing the operation deflection shape 

of the cavity at ω1 , reinforces the explanation for the coupled behavior of the membrane 

at ω1. The larger pressure at the walls of the cavity, as seen in Figure 3.9, provides the 

membrane a stiffening effect closer to walls restricting the motion.  



 71 

 
Figure 3.9. Cavity ODS of the actuation model 

at ω1. 

 
Figure 3.10. Cavity ODS of the actuation 

model at ω

 

3.5.2 Disturbance model 

In the same manner as for the actuation model, the disturbance model is analyzed in this 

section. Equation (3.44) provides the coupled response of the membrane due to a 

distributed load applied on the membrane. The response of the membrane in the 0 - 1 kHz 

range can be observed in Figure 3.11. 

 

 
Figure 3.11.  Disturbance model frequency response at the center of the membrane. 
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As in the actuation model, the first mode is located at ω1 = 454.7 Hz and the second mode 

at ω2 = 641.7 Hz, with the respective operation deflection shapes shown in Figure 3.12 

and Figure 3.13. The operation deflection shapes have the same shape as in the actuation 

model; this is expected since a change in excitation location does not change the system 

being described.  

 

 
Figure 3.12. Membrane ODS of the 

disturbance model at ω1. 

 
Figure 3.13. Membrane ODS of the 

disturbance model at ω2. 

 

The internal pressure of the cavity at the interface, described by equation (3.45), is shown 

in Figure 3.14, in the 0 - 1 kHz bandwidth.  

 

 
Figure 3.14. Disturbance model frequency response at the center of the cavity (interface). 
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The respective operation deflection shapes for the coupled internal pressure at ω1 = 454.7 

Hz and ω2 = 641.7 Hz are shown in Figure 3.15 and Figure 3.16, respectively.  

 

 
Figure 3.15. Cavity ODS of the disturbance 

model at ω1. 

 
Figure 3.16. Cavity ODS of the disturbance 

model at ω2.

 

3.6 Conclusions 

The equation of motion, eigenvalues, eigenfunctions and the forced response for a solid 

acoustic cavity are derived in this chapter.  The cavity is later coupled to the membrane 

derived in Chapter 2. Two models are derived; the actuation model and the disturbance 

model for the coupled membrane cavity system. The actuation model entails a coupled 

membrane cavity system that is excited through the base of the cavity using a volumetric 

velocity excitation. The relationship between the excitation and the membrane velocity 

and cavity pressure are verified numerically. The disturbance model entails the coupled 

cavity system subjected to an external excitation force on the membrane. The force is 

modeled as a distributed force on the entire membrane. The relationship between the 

excitation force and the membrane velocity and the internal pressure are verified 

numerically. The structural spatial coupling is evident in the first mode of the system, 

resembling the operation deflection shape of a clamped circular plate, which results from 

the stiffening effect on the membrane produced by the increase in pressure at the walls of 

the cylinder.   
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Chapter 4 VIBRATION SUPPRESSION OF AN OPTICAL 

MEMBRANE USING ACOUSTICS 

 

4.1 Introduction 

Control of the optical membrane surface is of great interest given that optics cannot be 

utilized while the membrane vibrates above a certain tolerance level. Optical membrane 

systems with a diameter greater than a few centimeters will require some form of active 

control [12]. The main purpose of the acoustic actuation model is to control the 

membrane surface.   

 

The following chapter is organized as follows: Section 4.2 discusses the approach for the 

control law that will be carried out using a positive feedback approach. In this section, the 

commonly known positive position feedback is discussed and extended to positive 

velocity feedback and positive acceleration feedback. Section 4.3 discusses the theoretical 

control implementation. The two different fully coupled models discussed in the previous 

chapter, are linked together to produce a closed loop system. Section 4.4 provides a 

numerical verification of the closed loop response. Finally, the results of this chapter are 

summarized, and a brief conclusion is then provided in section 4.5. 

4.2 Positive position feedback, positive velocity feedback and 

positive acceleration feedback 

As discussed earlier in section 1.2.3, positive position feedback (PPF) [107] is a widely 

used form of control because of its straightforward approach and effectiveness. Among 
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some advantages, PPF does not need a model of the structure or plant trying to be 

controlled. The controller can be designed around the experimental transfer function of 

the structure, making it popular amongst experimentalist and structural control engineers. 

These controllers are designed to roll off at higher frequencies and avoid exciting residual 

modes and creating spillover. 

 

positive position feedback 

Consider a single degree of freedom system (alternatively a single decoupled mode of the 

system) defined as 

 
 
x + 2ζωn x +ωn

2x = bu  ( 4.1) 

 

where ζ and ωn are the damping ratio and natural frequency of the structure, and b is the 

input coefficient that determines the level of force applied to the mode of interest. The 

PPF controller is implemented using an auxiliary dynamical system defines as 

 

 

 

η + 2ζ fω f η +ω f
2η = gω f

2x

u =
g
b
ω f
2η

 ( 4.2) 

where ζf and  ωf are the damping ratio and natural frequency of the controller, and g is a 

constant. These parameters are left to the designer to manipulate and obtain the best 

controller possible.  Combining equations (4.1) and (4.2), and then placing them in their 

second order form (assuming no external forces), gives us  

 

 

 

x
η
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η
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⎦
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x
η
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⎣
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⎦
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0
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⎦
⎥ . ( 4.3) 

 

The terms in red are those that can be changed by changing the parameters of the 

controller.  
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To determine the stability of this system, one must step back and define such conditions. 

For a conservative system defined by  

 

 
 
Mq + Kq = 0 , ( 4.4) 

 

where M and K are symmetric, the system is stable if M and K are positive definite. This 

is simply because the eigenvalues of K are positive; hence the eigenvalues of the system 

are purely imaginary. Thus, the system is stable as the response of such a system is 

always bounded by a constant. 

 

One can also define a Lyapunov function for the system in (4.4) as  

 

 
 

V q( ) = 1
2
qTMq + qTKq⎡⎣ ⎤⎦ . ( 4.5) 

Equation (4.5) is readily identified as the energy in the system. Stability can now be 

defined by the following conditions: 

 

  

 

If   is strictly less than zero the system is asymptotically stable. One can see now 

that if M and K are positive definite , and thus the first condition is met. For the 

second condition the time derivative of (5) is taken resulting in 

 

 . ( 4.6) 

 

This is zero for the conservative system described in (4.4). Hence the second condition 

for the Lyapunov function is , and thus the equilibrium of equation (4.4) is 

stable. 
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Adding damping to the system in (4.4) leads to the same Lyapunov function  as 

defined by (4.5). In this case, the derivative of the Lyapunov function becomes  

 

  ( 4.7) 

  

 

Observing (4.7) shows that if C is a positive definite matrix , and the system 

with damping is asymptotically stable. If C is positive semi definite, the above argument 

is still valid and the system is stable. However, it is not clear if the system is also 

asymptotically stable. Moran in [108] showed that if none of the eigenvectors of K lie in 

the null space of C, then the system with damping is asymptotically stable. 

 

Referring back to the system specified in (4.3), it can be assumed that this is a stable 

(asymptotically stable) closed loop system if the symmetric “stiffness” matrix is positive 

definite for appropriate choices of g and .  That is to say, the determinant of 

displacement coefficient matrix is positive if 

 

  g2ω f
2 <ωn

2 . 

 

In the case of the PPF, the stability conditions depend only on the natural frequency of 

the system and not on the damping or mode shapes. This is advantageous as natural 

frequencies are the most accurate measurement of these three. 

 

Looking at the transfer function of the controller in equation (4.8), one can see that it rolls 

off at high frequencies avoiding spillover into higher modes, having the characteristics of 

a low pass filter. The controller transfer function is 
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  ( 4.8) 

 

Thus the approach is well suited to control modes that are well separated, as the 

controller is insensitive to higher un-modeled dynamics. If the structural modes are 

closely spaced, the coupling exists, as the filter does not roll off between modes. This is 

considered by McEver and Leo in [109]. 

 

positive velocity feedback 

In application, the feedback signal cannot always be chosen and it is readily determined 

by what is available or what is more feasible as sensors. Thus, much in the same way, one 

can define a positive velocity feedback (PVF) controller. In this case, the controller is 

defined as 

 

  . ( 4.9) 

 

Combining equations (4.1) and (4.9), and then placing them in their second order form 

(assuming no external forces) gives us 

 

 

 

x
η

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+

2ζωn −gω f

−gω f 2ζ fω f

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
x
η

⎡

⎣
⎢

⎤

⎦
⎥ +

ωn
2 0

0 ω f
2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
x
η
⎡

⎣
⎢

⎤

⎦
⎥ =

0
0
⎡

⎣
⎢

⎤

⎦
⎥ . ( 4.10) 

 

It is seen that in this circumstance, the stability conditions have moved to the damping 

matrix.  Because of the velocity feedback, the controller no longer affects the stiffness 

matrix. In this case the stability conditions are more relaxed, since the condition for 

stability requires that the damping matrix be positive semi definite [110]. Looking at the 

determinate of the velocity coefficient matrix, the following condition arises for stability 
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  ζωn ≥
g2ω f

4ζ f

. ( 4.11) 

 

In the case that it is strictly greater than (4.11), it guarantees asymptotical stability. As 

stated before, Moran [108] showed that if the eigenvectors of K do not lie in the null 

space of C, the system is asymptotically stable even if C is semidefinite. In the case of 

equation (4.10), this is always the case as long as the term  in the “damping” 

matrix is not equal to zero. The term  could never be zero since it would signify no 

controller. Thus as long as the condition in (4.11) is satisfied, the system will be 

asymptotically stable. 

 

The PVF controller also has the roll off characteristic as that of the PPF. Its roll off 

though is not as fast as that of the PPF. This can be observed by looking at the transfer 

function for the PVF controller  

 

   ( 4.12) 

 

The slower roll off is caused by the pole (s term) in the numerator of the transfer function 

consequential of the velocity feedback. 

 

positive acceleration feedback 

In a similar manner as the PVF, we can design a Positive Acceleration Feedback (PAF) 

controller as follows 

 

   ( 4.13) 
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Combining equations (4.1) and (4.13) and placing them in their second order form 

assuming no external forces gives us 
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In this case it is required that the mass matrix be positive definite for stability 

(asymptotical stability). That leaves the condition that the gain g must be chosen with the 

following condition for stability 

 

  ( 4.15) 

 

Unlike the other two controllers, this one does not experience a high frequency roll off. 

This can be observed by looking at the transfer function of the controller   

 

  . ( 4.16) 

 

This effect needs to be taken into consideration when using this type of controller as it 

can disturb the higher modes. Figure 4.1 shows the frequency response of a 2nd order 

plant model (solid line), and the controlled closed loop plant using the three methods 

described above. As shown, the PAF does not roll off (the dash blue line).  With the 

design of such controllers, a wide range of sensors have been covered that could possibly 

be used for feedback in the control of large inflatable satellite structures. 

 

When implementing these different types of positive feedback controllers into real 

multiple degrees of freedom structures, it is important to consider their contribution to the 

overall frequency range. Consider the particular case of controlling a middle mode with 

these controllers. By using a PPF controller to attenuate the magnitude of a middle mode, 

the previous modes would experience a gain in magnitude, whilst the controller (due to 
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its roll off capability) would not affect the following higher end modes. In the case of 

using a PAF controller to control a middle mode, the effect is completely reversed 

compared to that of a PPF. The controller does not affect the lower modes, but the higher 

modes are gained. Unlike the previous two controllers, the PVF has the remarkable 

advantage that it rolls off in both directions away from the mode being controlled. 

 

 
Figure 4.1 Transfer function of a 2nd order plant and the respective close loop transfer functions 

using the different controllers. 

4.3 Control of a pressurized optical membrane 

For the control case, the problem schematic can be defined using Figure 4.2.  The 

coupled system has an input U from the acoustic piston, a disturbance W on the 

membrane and both outputs z and y are measured at the membrane. The intention is to 

counteract the disturbances on the membrane produced by W, by using the volumetric 

velocity produced by the acoustic piston. 
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Figure 4.2. Schematic of the input/output relationship in a membrane-cavity coupled system. 

 

The inputs and outputs of this system are related by 

 

 
z = HzwW + HzuU
y = HywW + HyuU

 ( 4.17) 

 

where Hzw is the transfer function between the disturbance force W and the velocity 

output of the membrane z given by equation (3.44), Hyu is the transfer function between 

the input force (or control force) U, and the velocity output of the membrane y given by 

equation (3.38). Hzu is the transfer function due to the input U as seen from the output 

location z. The same applies to Hyw. In the case that the outputs z and y are measured at 

the same location Hyw = Hzw and Hzu = Hyu. Thus, y and z are the velocity response of the 

membrane measured at their respective locations due to inputs U and W as shown in 

equation (4.17). 

 

For the controller, the output y will be used as feedback to the compensator. Figure 4.3 

demonstrates the schematics of the closed loop system. 
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Figure 4.3.  Schematics of the close loop feedback approach. 

 

Combining the equation in (4.17) results in the closed loop equation of the system 

 

 z = Hzw + Hzuκ I − Hyuκ( )−1Hyw
⎡
⎣

⎤
⎦W  ( 4.18) 

 

where κ is the feedback compensator of the close loop system. There are many 

approaches for choosing κ. In this work, the positive feedback approaches discussed in 

section 4.2 will be used to define κ. 

 

The implementation of multiple mode control using the positive feedback approaches 

discussed in section 4.2 is relatively straightforward [72-74, 76]. The additional 

compensators, tuned to each frequency of interest, only need be added before the 

feedback loop is closed. Figure 4.4 demonstrates the schematic approach for controlling 

two modes using to compensators, κ1 and κ2. 
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Figure 4.4. Multiple mode control approach. 

 

The closed loop equation of the system is 

 

 z = Hzw + Hzuκ̂ I − Hyuκ̂( )−1Hyw
⎡
⎣

⎤
⎦W  ( 4.19) 

 

where κ̂ =κ1 +κ 2 . The only concern when cascading positive position feedback 

controllers, is the need to take into account the low frequency gain produced by the 

controllers. This can be accounted for by cascading the controllers in descending order, 

from the highest mode to the lowest [72]. This is accounted for automatically when 

considering the positive velocity feedback controller.  

4.4 Numerical verification of the closed loop system 

Of the three positive feedback controllers discussed in section 4.2, only the positive 

position feedback and the positive velocity feedback will be implemented numerically in 

this section. The positive acceleration feedback will not be considered at this point given 

its flaw in producing high frequency gains, which without the use of a filter, cannot be 

accounted for or corrected.  
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4.4.1 Positive position feedback 

A positive position feedback approach is implemented in this section for the compensator 

of the closed loop system described by equation (4.18) and Figure 4.3. The 

compensator’s transfer function is constructed using equation (4.8). Choosing the optimal 

parameters for equation (4.8), requires a process of iteration.  

 

The intention of the positive position feedback controller is to attenuate the modes of the 

disturbance model by using the acoustic medium in the cavity. Thus, the frequencies of 

interest are located at ω1 = 454.7 Hz and ω2 = 641.7 Hz as previously observed in Figure 

3.11. Figure 4.5 illustrates the use of the ppf controller to attenuate the response of the 

first mode of the disturbance model, at ω1 = 454.7 Hz. The final controller parameters 

used to obtain this closed loop response are ωf = 454 ζf =7% and g = 600. As discussed in 

[7], the process of tuning the controller to get the best results is somewhat iterative and 

similar to solving a multidimensional optimization problem. Figure 4.6 illustrates some 

of the iterative results in order to get to the final values for damping, natural frequency 

and gain of the controller as previously observed in Figure 4.5. In the best scenario 

obtained, the closed loop system is able to attenuate the first mode and reduce its peak 

magnitude by 13.5 dB. Since the modes of the disturbance model are relatively close to 

each other, the controller manages to excite and slightly increase the magnitude of the 

second mode by 0.36 dB.   
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Figure 4.5. Open and closed loop response of the system using ppf controller to attenuate the first 

mode at ω1 = 454.7 Hz. 

 

 
Figure 4.6. Closed loop iteration to obtain the bets possible result. 

 

The response of the controller can be observed in Figure 4.7.  
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Figure 4.7. PPF controller frequency response for the first mode at ω1 = 454.7 Hz. 

 

The second frequency of interest is located at ω2 = 641.7 Hz. Following the same process 

as before, the closed loop response can be observed in Figure 4.8 and the final controller 

parameters are ωf = 645 ζf =4% and g = -600. The closed loop system is able to attenuate 

the second mode and reduce its peak magnitude by 11 dB. The change in the magnitude 

of the first mode is negligible. 

 

 
Figure 4.8. Open and closed loop response of the system using ppf controller to attenuate the second 

mode at ω2 = 641.7 Hz. 
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For multiple mode control, as described by equation (4.19) and Figure 4.4, the same 

approach is taken to derive the two separate controllers, K1 and K2 using equation (4.8).  

he parameters of each controller are ωf1 = 454 ζf1 =7%, and g1 = 600 for K1 and ωf2 = 645 

ζf2 =4%, g2 = -600 for K2. Once combined and applied to the closed loop system, modes 

one and two can be controlled. The result is shown in Figure 4.9. The closed loop system 

is able to attenuate the magnitude of the first and second mode by 13.5 dB and 10.7 dB. 

 

 
Figure 4.9. Open and closed loop response of the system using multiple ppf controllers to attenuate 

the first and second mode, at ω1 = 454.7 Hz  and ω2 = 641.7 Hz, respectively. 

4.4.2 Positive velocity feedback 

A positive velocity feedback approach is implemented in this section for the compensator 

of the closed loop system described by equation (4.18) and Figure 4.3.  Following the 

same procedures as in the previous section, but using equation (4.12) to construct the 

positive velocity feedback compensator, the closed loop response can be observed in 

Figure 4.10. The closed loop system is able to attenuate the first mode and reduce its peak 

magnitude by 6.9 dB with the final controller parameters set at ωf = 452.7 ζf =2.5% and g 

= 0.0081. Since the modes of the disturbance model are relatively close to each other, the 

controller manages to excite and increase the magnitude of the second mode by 1.1 dB. 
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Trying to obtain any more attenuation of the first mode, results in a considerable 

magnitude increase of the second mode. Although the pvf controller has the advantage of 

decaying at low and high frequencies, it does so at the expense of a reduced roll off of 

20dB per decade unlike the ppf’s 40dB per decade.  

 
Figure 4.10. Open and closed loop response of the system using pvf controller to attenuate the first 

mode at ω1 = 454.7 Hz. 

 

This can be observed by looking at the controller frequency response in Figure 4.11. At 

low frequencies the controller decays to zero, and at high frequencies its decay has a 

reduced slope of 20 dB per decade compared to that of the ppf.  
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Figure 4.11. PVF controller frequency response for the first mode at ω1 = 454.7 Hz. 

For the second mode the same problems arise. The closed loop response for the 

attenuation of the second mode can be observed in Figure 4.12. The closed loop system is 

able to attenuate the second mode and reduce its peak magnitude by 3.35 dB with the 

final controller parameters set at ωf = 648.7 ζf =1.5% and g = 0.0021. In the same manner 

as before, the controller manages to excite and increase the magnitude of the first mode 

by 0.69 dB.  

 

 
Figure 4.12. Open and closed loop response of the system using pvf controller to attenuate the first 

mode at ω2 = 641.7 Hz. 
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For multiple mode control, as described by equation (4.19) and Figure 4.4, the same 

approach is taken to derive the two separate controllers, K1 and K2 using equation (4.12).  

Once combined and applied to the closed loop system, modes one and two can be 

controlled. Figure 4.13 illustrates the response of the multiple mode control using pvf. 

The parameters of each controller are ωf1 = 452.7 ζf1 =3.5%, and g1 = 0.0015 for K1 and 

ωf2 = 648.7 ζf2 =1.5%, g2 = 0.0011 for K2. The closed loop response of the multiple mode 

control for the pvf , is better than that of the individual cases since the controllers can 

compensate for some of spillover form their counter part controllers. The attenuation of 

the first and second modes are 8.8 dB and 5.15 dB, respectively.  

 
Figure 4.13. Open and closed loop response of the system using multiple pvf controllers to attenuate 

the first and second mode, at ω1 = 454.7 Hz and ω2 = 641.7 Hz, respectively. 

 

The individual and combined controller frequency response of the system can be 

observed in Figure 4.14. 
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Figure 4.14. PVF controller frequency response for the multiple mode control case. 

 

4.5 Conclusions 

The theory of positive position feedback is successfully extended to positive velocity and 

positive acceleration feedback. Stability laws are derived for these cases using a 

Lyapunov approach.  Even more interesting, is the theoretical results obtained in the 

implementation of positive position and positive velocity feedback controllers, using the 

novel approach of acoustic actuation for vibration suppression of membranes.  The 

implementation of pvf proved to attenuate the first and second modes of the system. The 

performance could improve further still with the future implementation of band pass 

filters to aid in the spillover effect. On the other hand, the ppf controller proved to be the 

approach of choice given its fast roll off. With an average attenuation of 12 dB, the use of 

acoustic actuation for vibration suppression of membranes proves to be very feasible. 
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Chapter 5 EXPERIMENTAL SETUP AND RESULTS 

 

5.1 Introduction 

The testing of membranes is not a trivial process by any means and requires a 

considerable amount of work to achieve accurate results. In [21], Bales et al. addressed 

methods to dynamically characterize thin membrane surfaces with discrete attachment 

points.  They state, “While apparently theoretically ‘simple’, the behavior of real 

membrane flats offers a wide range of significant challenges that complicated test/model 

validation.”  Some of the issues they mention are: point instead of uniformly distributed 

edge loads, variations in achievable preload at corners, wrinkling, local defects, 

variations in preload caused by gravity induced sag, induced variation in vacuum level 

causing the expected changes in dynamic response amplitude, ambient temperature 

changes causing different rates of induced contractions in the membrane and absorbed 

moisture status of the base material.  

 

The following chapter is laid out as follows: section 5.2 deals with the experimental 

setup, results and theoretical comparison of a membrane in air. Sections 5.3 and 5.4 

address the fully coupled experiments, actuation and disturbance experiments 

respectively. Section 5.5 discusses the control implementation for vibration suppression 

of the coupled system. Finally, section 5.6 summarizes this chapter and provides some 

conclusions.  

5.2 Circular membrane in air experiment 

Validation of a circular membrane has proven to be quite challenging. Although as stated 

before, theoretically “simple,” constructing an experimental setup capable of representing 

the theory is very difficult.  The most challenging aspect of the experimental setup has 
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been producing a uniformly tensioned circular membrane. After countless iterations, a 

dependable method to obtain acceptable uniform tension has been developed and is 

explained in detail in the next section. Besides the aforementioned problem of producing 

a uniformly tensioned membrane, other important considerations need to be taken into 

account when testing a membrane. Some of the most critical challenges are: appropriate 

and representative boundary conditions, membrane with uniform thickness, portability of 

the membrane, measurements technique, preparation of membrane surface for 

measurement, excitation technique, and isolation of membrane from surroundings. Each 

of these challenges will be addressed in the following sections. 

5.2.1 Uniformly tensioned membrane 

The most crucial component of the membrane-cavity system for experimental validation, 

has proven to be the membrane itself. Uniform tension is by far the hardest parameter to 

produce in a circular membrane system, and the most crucial aspect in producing 

acceptable data. Producing a membrane with uneven tension, whilst the model assumes 

uniform tension, makes it nearly impossible to validate. Even if non-uniform tension is 

accounted for in the model, understanding in the experimental setup where the tension is 

not uniform is not trivial; and in most cases, the tension distribution is unattainable. Thus, 

it is of great interest to develop a method to obtain uniform tension in circular 

membranes.  

 

The first requirement in obtaining a uniformly tensioned membrane is to develop a device 

that will hold the membrane, and will provide the adequate fixed boundary conditions.  

Figure 5.1 and Figure 5.2 illustrate the device used in this work.  
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Figure 5.1. Developed membrane vise system, 

bottom ring. 

 
Figure 5.2. Developed membrane vise system, 

top ring. 

 

The system is composed of two metal rings to vise the membrane together, and four 

metal o-rings used to provide a single point of contact around the perimeter; thus, 

providing a fixed boundary condition. Of the sixteen screw holes seen above, eight are 

used to grip the two metal rings together. The other eight will be used later to couple the 

membrane to the cavity, which can also be observed by noticing the eight tapped holes on 

the bottom ring. This technique allows the system to be self-sustained and can thus be 

carried and used in multiple experimental setups.   

 

 

The process of mounting a membrane to the metal ring fixture described above, can be 

described in three steps.  

 

1- First, the type of membrane that will be used is chosen (Mylar and Kapton® will 

be used to show these steps) and cut into a square, sides measuring about sixteen 

inches. At the center of the membrane eight holes are punched using a very sharp 

punch hole, in order that the eight of the screws from the metal rings can pass 

through easily. Figure 5.3 demonstrates how the membrane looks after the first 

step is carried out. The membrane has been mounted on wooden knitting rings to 

enable the camera to see the holes. It will be removed for the second step. 
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Figure 5.3. Completion of step 1, 8 holes are shown in the center of this membrane. 

 

2- The membrane is placed on a musical drum that has been slightly modified. The 

original membrane of the drum has been cut out about an inch from the boundary, 

while the metal ring that is attached to the original drum membrane is kept. Once 

the membrane from step one is placed on the drum, the eight drum screws can 

then be used to tighten the membrane. After this is completed, the bottom metal 

ring from the metal ring fixture is placed inside the drum and pressed upwardly 

against the membrane, as seen in Figure 5.4 and Figure 5.5. 

 

 
Figure 5.4. A Mylar film replaces the original 

drum membrane, and the holes are aligned 

with the holes of the metal ring underneath. 

 
Figure 5.5. A Kapton® membrane is being 

tensioned and clamped by the two metal ring 

fixture. 
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3- After the bottom metal ring is aligned, as seen in Figure 5.4, the top ring is placed 

and aligned to the holes, as shown in Figure 5.5. The screws are inserted and 

tightened evenly in a star pattern. After all the screws have been securely and 

evenly tightened, the membrane material outside the metal ring fixture is cut and 

removed. The result is shown in Figure 5.6 and Figure 5.7. 

 

 
Figure 5.6. Final step in setting up a 

membrane inside the metal ring fixture. 

 
Figure 5.7. Different angle in final step 

procedure. 

 

Although this process produces a wrinkle free membrane, it does not guarantee an evenly 

tensioned membrane. The tension of the membrane is highly dependant on the drum 

tension set by the eight drum screws, which is not a highly precise method. 

 

To achieve a more precise uniformly tensioned membrane, the membrane material is 

changed to polyolefin, which is better known commercially as “shrink wrap.”  This 

material can undergo a temperature state transformation that will prove to be beneficial in 

producing a uniformly tensioned membrane.  

 

The process of pre-tensioning the membrane is carried out as before with the polyolefin 

replacing the Kapton® or the Mylar. Figure 5.8 illustrates the polyolefin placed in the 

metal ring fixture. 
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Figure 5.8. Metal ring fixture with polyolefin membrane. 

 

At this point, the membrane fixture with the polyolefin membrane is placed in an oven 

that is set at the transition temperature of the polyolefin. The oven that is used is shown in 

Figure 5.9.  

 

 
Figure 5.9. Oven used for the polyolefin state transformation. 

 

The metal fixture is placed in the oven and is kept in the oven until the state 

transformation takes place over the entire membrane. The following figures are snapshots 

in time as the transition occurs. 
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Figure 5.10. Polyolefin membrane in oven undergoing physical state transformation. 

 

Figure 5.11 displays the membrane in the last few seconds of the rapid transition. Some 

wrinkles can still be observed closer to the boundary. This will eventually disappear 

when the transition is completed.  

 

 
Figure 5.11. Polyolefin membrane in last few second of transition. Wrinkles can still be observed 

close to the boundary. 

 

At this point, the physical transformation undergone by the polyolefin has created an 

even stress state on the membrane and has considerably increased the uniform tension on 
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the membrane. This will be shown in the experimental results in the following 

subsections. 

 

The only drawback of such a method is the lack of knowledge on the membrane’s 

tension. Even if the tension could be known before the polyolefin undergoes its physical 

state transformation, it would not guarantee the same tension after the transformation. 

The approach used to estimate the tension of the membrane in the experimental setup is 

discussed in section 5.2.3. 

5.2.2 Experimental setup 

The experimental setup for the membrane test in air is described here in detail. The 

schematics of the test are described in Figure 5.12. Due to the sensitivity of the 

membrane, measurements on the surface of the membrane must be taken with a laser 

vibrometer; the effects of placing any other type of sensor on the surface for 

measurements can lead to significant frequency shifts [111] if not properly modeled. 

 

 
Figure 5.12. Membrane in air experimental schematics. 
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This experiment uses a Polytec single point laser model OFV 303 for the laser head, and 

model OFV3001 for the vibrometer controller.  The laser is used to obtain the surface 

velocity of the membrane. The input is a PCB microphone model 130D21, located near 

the surface of the membrane to measure the acoustic pressure impacting the membrane 

produced by the speaker. The digital signal processing is carried out with a spectral 

dynamics siglab box model 20-42. The siglab box takes as input the microphone output 

as a reference signal, and the laser’s velocity output as the response signal. The siglab 

box also produces the output signal sent to the speaker through the amplifier, Altec 

Lansing model 2204A. The experiments were carried out on top of a vibration isolation 

table from Newport model ST-46-8.  

 

Figure 5.13 shows a picture of the actual experimental set up constructed and used for 

testing. At the bottom of the picture, the laser head can be seen aligned with the 

membrane at the center of the picture, where the metal rings have been clamped to the 

table to avoid the resonance of the rings to excite the membrane. The cable of the 

microphone can be seen near to the top left corner of the membrane fixture.  At the very 

top, the speaker used to excite the membrane is shown.  This entire setup was placed on 

top of the vibration isolation table that can also be seen in this photo.  
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Figure 5.13. Actual experimental setup for a membrane in air. 

 

One of the problems faced when using polyolefin is its transparency, as it does not 

produce a signal that can be reflected back to the laser vibrometer in order to obtain a 

velocity reading. There are some common solutions that can be used to obtain better 

signal reflection from this structure being tested. Among these are the use of reflective 

tape and a powder like spray paint called crack finder. Although these additions are 

excellent for increasing the reflectivity of the polyolefin surface, they have considerable 

mass loading and application drawbacks. Placing small pieces of tape on the membrane 

will mass load the membrane, and will probably do this in an antisymmetric manner. 

Plus, it hinders the ability of changing measurement locations as the experimentalist sees 

fit. The “crack finder” spray paint is a good alternative that solves some of these 

problems; it however, still produces too much mass loading and it is till very difficult to 

cover the membrane evenly.  

 

The best solution was instead found in Johnson & Johnson’s Baby Powder. The 

membrane in Figure 5.13 appears to be white compared to the one in Figure 5.11 because 
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it has been coated with baby powder. The fine baby powder is an excellent solution as it 

has an almost insignificant mass loading effect on the membrane, and produces the laser 

signal to reflect back to the laser head for measurement. The powder was applied to the 

membrane while the membrane was fixed to the drum in step two, previous to the metal 

rings being attached to the membrane. Figure 5.14 shows the membrane with the powder 

coating after it was processed in the oven. 

 

 
Figure 5.14. Polyolefin membrane with baby powder. 

  

5.2.3 Experimental results 

The frequency response function obtained from the membrane in air measured at the 

center of the membrane can be observed in Figure 5.15 plotted with the theoretical 

response. The experimental response of the membrane exhibits almost no antisymmetric 

modes. Only small peaks can be observed at 557 Hz and 826 Hz, which correspond to 

antisymmetric modes (2,1) and (1,2), respectively.  
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Figure 5.15. Experimental (black line) and theoretical (red line) frequency response of a membrane 

immersed in air subjected to a distributed load. 

 

The experimental and theoretical values of the first two natural frequencies are tabulated 

in Table 5-1. 

 
Table 5-1. Comparison of the experimental and theoretical modes of a membrane in air. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 185 607.8 

Experimental Frequency (Hz) 188.3 608 

Percent Difference 1.75 0.03 

 

The experimental and theoretical results exhibit correlation in the overall response, with 

the main difference being in the slight over prediction of the damping in the theoretical 

model.  Although section 2.2 discusses the addition of modal damping, modal damping is 

not considered in the membrane model, and all of the damping is due to the energy lost 
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by radiation.  The lack of damping in the experimental results may also possibly come 

from the setup itself. The location of the microphone is flush with the membrane, thus 

producing a transfer function between input force to the membrane and membrane 

velocity, and neglecting some of the air loading effects.  

 

To obtain the correlated model shown previously in Figure 5.15 and Table 5-1, 

parameters such as tension and density need to be calculated. The density of the material 

is estimated by taking a separate square sample of polyolefin after it has undergone its 

physical transformation in the oven. The sample was weighed to obtain the mass and 

measured to obtain the height, width and depth in order to calculate the volume. These 

measurements were then used to determine the density of the material. The nominal value 

obtained for the sample was 1133 kg/m3.  Obtaining the density of the material by this 

method can incur some errors. Polyolefin in general has a range in density from 890-1210 

kg/m3 [112], this serves as bounds on what the value should be since the sample used is 

not a the membrane used for testing.  As mentioned in section 5.2.1 the tension of the 

membrane is unknown when the physical transformation undergone by the polyolefin is 

concluded and the uniformly tensioned membrane is obtained. Unlike the density, there is 

no way of estimating or measuring the tension without it being in an intrusive manner 

that might damage the membrane or produce non-uniformities.  

 

The tension of the membrane is obtained by matching the model to the experimental data 

as was observed previously in Figure 5.15. The result shown in Figure 5.15 is the 

outcome of various iterations with the end values of density of 1000 kg/m3 and a tension 

of 22.75 N.  This was done by understanding that the natural frequencies of the model of 

a membrane in vacuum are shifted by the square root of the ratio τ/ρ as seen in equation 

(2.36) and the magnitude by one over the square root of ρ as seen in equations (2.45-46). 

The changes to those parameters in conjunction with the coupling to the air in equation 

(2.77) are used to obtain the best fit. 

 

At this point the model of the membrane in air is tuned to match the experiment and thus 

obtain the density and more importantly the tension of the system. These parameters are 
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not changed again to match the next experiments (i.e. Actuation experiment and 

Disturbance experiment to their respective models) and thus the following experiments, 

to the degree that they match, serve as a form of validation for the adequacy of the values 

chosen here.  

 

It is to be noted that errors in obtaining the adequate values of density and tension, and 

thus the ratio, will propagate to the next models where the membrane is coupled to the 

cavity. Increases in the tension and density have opposite consequences on the models 

response. An increase in tension has a stiffening effect on the frequencies while an 

increase in density (more mass) has a softening effect. This is not as straight forward in 

the modes of the couple models as in the model of the membrane in vacuum due to the 

coupling. The effects of changing density and tension will be explained in the following 

sections for the coupled models.  

 

To further investigate the behavior of the membrane, a scanning laser vibrometer was 

used to observe the operation deflection shapes of the membrane. The setup utilized was 

similar to the one in Figure 5.13, with the exception of the scanning laser system, which 

replaced the single point laser. The results are displayed in Figure 5.16, where a square 

mesh for the measurement location points was used on the circular membrane. The 

shapes can be compared to those derived in section 2.4, and are shown in Figure 2.33. 

The modes of the system can be identified very clearly, which is the result of a nearly 

perfect uniform tension.  
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Figure 5.16. Experimental operation deflection shapes obtained using a scanning laser vibrometer for 

the membrane immersed in air. 

 

 

Contour plots of the experimental operation deflection shapes overlaid on the 

experimental setup are shown in Figure 5.17.  The radial nodal lines and circumferential 

nodal lines can be observed very clearly, resulting from a practically even tension in the 

system. Modes (3,1) and (1,2) are nearly flawless, displaying three nodal lines for mode 

(3,1), two circumferential nodal lines, and one radial nodal line for mode (1,2). 
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Figure 5.17. Experimental contour operation deflection shapes obtained using a scanning laser 

vibrometer for the membrane immersed in air. 

5.3 Coupled membrane cavity system: Actuation experiment 

For the experimental setup of the membrane-cavity system, the membrane from the 

previous section is attached to a cylindrical cavity.  

5.3.1 Experimental setup 

A schematic of the experimental setup used for the validation of the actuation model is 

presented in Figure 5.18.  The membrane from the previous section is now attached to a 

cavity. The cavity is excited acoustically at the base, with a piston that is driven by an 

electromagnetic shaker (LDS 203). The piston is equipped with an accelerometer, which 

has been placed at the base, to measure the acceleration input, or reference signal, into the 
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cavity. The accelerometer used is PCB teardrop accelerometer model 352c22. A 

microphone is placed in the wall of the cavity, at the top boundary close to the 

membrane, to measure the internal pressure. A PCB microphone model 130D21 is used. 

The experiment also makes use of a Polytec single point laser model OFV 303 for the 

laser head, and model OFV3001 for the vibrometer controller.  The laser is used to obtain 

the surface velocity of the membrane. The digital signal processing is carried out with a 

spectral dynamics siglab box model 20-42. The siglab box takes as input the 

accelerometer output as a reference signal, and the laser’s velocity output as the response 

signal. The siglab box also produces the output signal sent to the shaker through the 

amplifier, Altec Lansing model 2204A. The experiments were carried out on top of a 

vibration isolation table from Newport model ST-46-8.  

 

 

 

 
Figure 5.18. Schematic of the experimental setup used for the validation of the actuation model. 
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Pictures of the actual setup before complete assembly are displayed in Figure 5.19. On 

the left hand side of the picture, the membrane in its clamped metal ring fixture can be 

observed, as previously seen in Figure 5.14. On the right hand side is the cylindrical 

cavity mounted on a four-column frame where the shaker is placed underneath. The 

shaker has attached the piston that will be used to acoustically excite the cavity. The 

piston can be seen inside the cavity at the center bottom. A microphone is placed close to 

the boundary with the membrane to measure the pressure close to the interface. 

 

 
Figure 5.19. Cavity membrane system before completed assembly. On left, membrane in metal ring 

clamp fixture. On right, cylindrical cavity with shaker/piston underneath bolted to vibration 

isolation table. 

  

The piston and the placement of the accelerometer can be seen in Figure 5.20.  
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Figure 5.20. Piston and accelerometer location for the actuation experiment. 

 

The complete assembled system can be observed in Figure 5.21.  At the center of the 

membrane, a red light can be observed corresponding to the laser vibrometer that has 

been placed above, in order to measure the out-of-plane membrane velocity.  

 

 
Figure 5.21. Complete assembled setup used for the actuation experiments. 

 

Two major difficulties were faced when testing the coupled system seen in Figure 5.21. 

The first was the vibration introduced on the system by the shaker armature. The 

vibrations would travel through the column support and provide boundary excitations on 

the membrane. Mounting the setup directly on to a vibration isolation table and placing 
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the shaker on rubber like damping material solved this dilemma. The second problem 

encountered, was the extreme sensitivity of the membrane to its environment.  The 

membrane also works as an excellent microphone by picking up every sound in its 

surrounding area. In an attempt to solve some of these uncontrolled disturbances, an 

anechoic box was built around the setup. Figure 5.22 illustrates the inside of the anechoic 

box. At the top of the figure, the laser vibrometer used for the out of plane velocity 

measurements can be observed.  Around the outside perimeter of the cavity, at about 

eight o’clock, a small cylindrical microphone can be observed. This microphone will be 

used for the disturbance experiment in the subsequent section.  

 

 
Figure 5.22. Anechoic box placed around the actuation experiment setup. Laser vibrometer aligned 

with the center of the membrane on top center of figure. 
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5.3.2 Experimental results 

Given that the input into the experimental setup is measured using an accelerometer, the 

frequency response of the actuation model, as seen in Figure 3.4, will have to be 

converted to velocity/acceleration instead of velocity/velocity. The frequency response 

function obtained from the actuation experiment when measured at the center of the 

membrane is shown in Figure 5.23, overlaid with the theoretical response. The model 

captures the coupled systems dynamic and overall trend notably well. 

 

 
Figure 5.23. Plotted frequency response of the actuation model and experiment between the 

membrane velocity and the acceleration input of the piston. 

 

The comparison of the two natural frequencies of the model and the experiment are 

tabulated in Table 5-2. The natural frequencies of the system agree very well, within a 

2% error.  
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Table 5-2. Comparison of the experimental and theoretical modes of the coupled actuation model. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 452.8 638 

Experimental Frequency (Hz) 462 628.3 

Percent Difference 1.99 1.54 

 

The membrane parameters of tension and density, ρ = 1000 kg/m3 and τ = 22.75 N, that 

were obtained by matching the membrane in air model to the experiment in section 5.2.3, 

have not been altered here to obtain a better match to the experiment. Thus, the overall 

correlation of the model provides some validation to the values chosen in section 5.2.3.   

 

Errors in the prediction of such parameters as density and tension, will affect the 

correlation of the modes differently in the fully coupled model then in the case of the 

membrane in air. The first mode of the coupled system in Figure 5.23, is a mode that 

exhibits high coupling between the membrane and the cavity.  This is unlike the second 

mode, which is in appearance very similar to the second symmetric mode of a membrane 

as shown in Figure 3.6. Thus, error in parameters such as density and tension will have a 

greater effect on the values of the second mode of the system then on the first mode. For 

example an increase in the tension of the membrane will cause the second mode to shift 

to a higher frequency while almost producing an insignficant shift in the first mode. The 

opposite is true for an increase in density of the membrane. 

 

It is evident from Figure 5.23 that there are some discrepancies in the total response. The 

antiresonances at approximately 400 Hz, 820 Hz and 920 Hz seem to not appear at the 

center point location. Plotting various point along the membrane, as shown by the red 

dots in Figure 5.24, results in a set of transfer function for the coupled system at those 

points, as seen in Figure 5.25. The greatest magnitude response corresponds to the closest 

location to the center, as the measurement location moves toward the boundary with an 

overall magnitude decrease. As seen from Figure 5.25, the theoretical model does show 

the antiresonances. The discrepancy could possibly be in the actual experimental setup. 

Small variations in actuation location, membrane cylinder alignment, and laser alignment 

at the center of the membrane can contribute to the discrepancies seen in Figure 5.23.  
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Figure 5.24. Theoretical response for the 

actuation model measures at various locations 

marked by a red dot (). 

 
Figure 5.25. Theoretical response of the 

actuation model at various points on the 

membrane. 

 

For the purpose of understanding what is occurring in the experimental results, the 

location of the actuation piston in the model at the bottom of the cavity is shifted about 

12 millimeters from the centre. Examining the frequency response of the system at the 

points in Figure 5.27, resulted in the responses shown Figure 5.26. The point locations 

were shifted about -45° from the previous locations, as seen in Figure 5.24, due to a nodal 

radial line at 90°. As can be observed, the antiresonance at approximately 820Hz 

corresponds to an antisymmetric mode that is excited due to an offset excitation point. 

Thus, the experiment exhibits some kind of antisymmetry that is causing those modes to 

be excited.  
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Figure 5.26. Theoretical response of the 

actuation model at various points on the 

membrane given an offset actuation. 

 
Figure 5.27. Theoretical response for the 

actuation model measures at various locations 

marked by a black dot (). 

 

The pressure was also measured inside the cavity during the experiment. The frequency 

response of the pressure to the input acceleration from the piston can be observed in 

Figure 5.28, overlaid with the theoretical response. The correlation between these two 

sets of data is expected to have some differences given that the theory calculates the 

pressure at the interface with the membrane, whilst the experimental microphone is 

placed about a half an inch below the membrane due to the membrane’s metal ring 

fixture, and it being placed in a wall of the cavity.   
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Figure 5.28. Plotted frequency response of the actuation model and experiment between the pressure 

at the wall close to the interface and the acceleration input of the piston. 

 

As in the previous section, a scanning laser vibrometer was used to obtain the operation 

deflection shapes of the system. The experimental operation deflection shapes at 200 Hz, 

ω1 and ω2 are show in Figure 5.29, alongside the analytical operation deflection shapes in 

order for comparison. It is evident from the ODS that the theoretical model does well in 

matching the behavioral shape of the experimental setup. The peculiar shape of the first 

mode, as discussed in section 3.5.1, is also apparent in the experimental results.  
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Figure 5.29. Experimental and theoretical operation deflection shapes plotted for the actuation model 

and actuation experiment. 

5.4 Coupled membrane cavity system: Disturbance experiment 

The experimental setup for the disturbance experiment is kept very similar to the 

previous one used for the actuation experiment, with the exception of the disturbance 

used to excite the system.  
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5.4.1 Experimental setup 

The experimental layout used for the disturbance experiment can be observed in Figure 

5.30. In this case, the excitation is provided using a speaker aimed at the membrane. The 

microphone is positioned besides the cavity as previously described in Figure 5.22.  

 

 
Figure 5.30. Schematics of the experimental setup used for the validation of the disturbance model. 

 

Given that a speaker is used to create an evenly distributed excitation on the system, an 

obstruction problem was thus created for the laser vibrometer’s ability to read the surface 

of the membrane. Drilling a hole through the center of the speaker solved the problem 

without affecting the performance of the speaker. Figure 5.31 demonstrates the actual 

setup used for the disturbance experiment. A frame was constructed to hold the speaker 

over the membrane, at the same time centering the speaker with the membrane, in order 

to produce an evenly distributed excitation. The speaker was drilled and painted mat 

black to avoid signal from the speaker dynamics bouncing back to the laser. The laser 
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was carefully aligned such that the laser beam would pass through the speaker to the 

membrane, and bounce back so the measurements could be taken. The two microphones 

used in the setup can be observed in the picture below. One is positioned flush with the 

membrane, the second inserted into the cavity. Careful observation of the picture reveals 

the red laser point on the center of the membrane.  

 

 
Figure 5.31. Disturbance experiment setup used to validate the disturbance model. 

5.4.2 Experimental result 

The frequency response obtained between the membrane velocity and the microphone, 

which measures the input pressure into the membrane, can be observed in Figure 5.32. 

The over all trend of the response is well matched by the model with some exceptions in 

the exact location of the modes and the damping estimation. 
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Figure 5.32. Plotted frequency response of the disturbance model and experiment between the 

membrane velocity and the microphone located flush with the membrane. 

 

The mode comparison of both, the experiment and the model are tabulated in Table 5-3. 

 
Table 5-3. Comparison of the membrane experimental and theoretical modes of the coupled 

disturbance model in Figure 5.32. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 454.7 641.7 

Experimental Frequency (Hz) 482.2 642.8 

Percent Difference 5.7 0.17 

 

At first glance, the model appears to have a shift in the modes of the system and an over 

prediction of damping: however, most of these differences arise from the placement of 

the microphone. By placing the microphone flush with the membrane, the air loading 

effects are attenuated on the measured response. This is shown when measuring the 

response of the membrane vibration to the input voltage into the speaker. Figure 5.33 

illustrates the results of such a test and is plotted versus the disturbance model. 
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Figure 5.33. Plotted frequency response of the model between the membrane velocity and input 

pressure (red line −) and experimental frequency response between the membrane vibration and 

input voltage to the speaker (black line)  

 

In this example, the magnitude cannot be matched since the frequency response function 

is dependent on different inputs. What can be observed is the added damping that this 

experiment exhibits with a closer relation to the damping seen in the model. In addition, 

there is a low frequency shift in the natural frequencies of the system that better match 

the modeled ones shown in Table 5-4.  

 
Table 5-4. Comparison of the membrane experimental and theoretical modes of the coupled 

disturbance model in Figure 5.33. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 454.7 639.8 

Experimental Frequency (Hz) 461.3 622.3 

Percent Difference 1.43 2.31 

 

The theoretical operation deflection shapes for the coupled-system are show in Figure 

3.12 and Figure 3.13. Due to the excitation method and alignment of the single point laser 

through the speaker, the operation deflection shapes of the experiment cannot be 

measured as only a single point location at the center of the membrane can be measured. 
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Although the speaker and laser can be moved together and kept aligned, the pressure on 

the membrane produced by the speaker would no longer be symmetric on the membrane.  

 

The response of the cavity due to an external excitation can be seen in Figure 5.34. As in 

the case of the membrane response of the system, there is a shift in the frequencies and 

the experiment exhibits less damping then the model.  

 
Figure 5.34. Plotted frequency response of the disturbance model and experiment between the cavity 

pressure and the pressure incident on the membrane measured by the microphone located flush with 

the membrane. 

 

The mode comparison between the experiment and the theory in Figure 5.34 is tabulated 

in Table 5-5. 

 
Table 5-5. Comparison of the cavity experimental and theoretical modes of the coupled disturbance 

model in Figure 5.34. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 454.7 639.8 

Experimental Frequency (Hz) 480.9 644.1 

Percent Difference 5.44 0.66 

 

Carrying out the same experiment as before, except now using the input voltage into the 

speaker as the reference signal, results in the measurements shown in Figure 5.35. As 



 124 

expected, the modes have shifted back in accordance with the model, and the damping is 

now also more representative of the experiment.  

 

 
Figure 5.35. Plotted frequency response of the model between the cavity pressure and input pressure 

(red line −) and experimental frequency response between the cavity pressure and input voltage to 

the speaker (black line) 

 

The mode comparison between the experiment and the theory in Figure 5.35 is tabulated 

in Table 5-6. The results show a better correlation between the experiment mode 

locations and those of the theory. 

 
Table 5-6. Comparison of the cavity experimental and theoretical modes of the coupled disturbance 

model in Figure 5.35. 

  Mode 1 Mode 2 
Theoretical Frequency (Hz) 454.7 639.8 

Experimental Frequency (Hz) 459.4 626.2 

Percent Difference 1.02 2.17 

 

 

Thus, with the combination of both set experiments, using the microphone and using the 

voltage into the speaker as the reference signal, the model accurately predicts the 
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response of the coupled system. In these test results, the sensitivity of the modes to the 

mass loading effect is also evident, creating a considerable shift in the modes.  

5.5 Control implementation  

Experimental validation of the control approach developed in Chapter 4 is carried out in 

this section. The following will focus on the implementation of a positive position 

feedback controller, with the aim to attenuate the modes in the system. The 

implementation and validation of positive velocity feedback and positive acceleration 

feedback are left for future developments, although positive acceleration feedback is 

never recommended in serious applications due to its high frequency gain, unless a filter 

is implemented to guarantee the roll off of the controller, as in [74].  

5.5.1 Experimental setup 

The schematics of the experimental setup used for the implementation of the control are 

presented in Figure 5.36. The speaker is used to disturb the membrane while the shaker is 

used for control actuation.  The dSpace takes the signal from the laser applied the ppf 

controller to the signal and sends it out to the shaker, which then sends the response into 

the cavity by way of acoustic pressure. The siglab together with the laser signal and the 

microphone, generate the transfer function of the system before and after the 

implementation of the control.  
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Figure 5.36. Schematic of the setup used to implement the controller. 

 

Using the simulink interface of Matlab® a ppf controller was built. The simulink screen 

is shown in Figure 5.37. An embedded Matlab® function was used to generate the 

numerator and denominator of the ppf filter, following the description developed in 

Chapter 4.  The numerator and denominator are then fed to the Transfer Function Direct 

Form II block that generates the transfer function given those inputs. This block also 

takes in the signal from the laser and outputs the filtered signal to the shaker.  
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Figure 5.37. Simulink block diagram used to build and implement the ppf controller in dSpace. 

5.5.2 Experimental results 

The controller described above was used to attenuate the first and second modes of the 

couples system individually, to determine if this new approach for vibration suppression 

is feasible in real life.  

 

Figure 5.38 demonstrates the results of using the ppf controller on the experimental setup, 

in order to attenuate the first mode of the coupled system. Just as discussed in section 

4.4.1 for the theory, the process of obtaining the best possible parameters in the 

experimental setup for the controller is also an iterative process. The controller 

parameters found were ωf = 476 Hz and ζf =1.57 %. 
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Figure 5.38. Open loop (black line −) and closed loop (red line −) response of the coupled system for 

the attenuation of mode 1. 

The result of implementing a ppf controller for vibration suppression of a membrane 

using an acoustic excitation proves to be especially effective. The first resonance peak is 

attenuated drastically by 16 dB. Just as important, the second mode basically does not 

suffer from a spillover from the controller. The results are tabulated in Table 5-7. 

 
Table 5-7. Peak magnitudes at modes 1 and 2 before and after control of mode 1. 

  Mode 1 Mode 2 
Open Loop Magnitude (dB) 68.93 58.29 

Closed Loop Magnitude (dB) 52.57 58.69 

Attenuation 16.36 -0.4 

 

The same was done to try and attenuate the second mode of the system. In this case, 

however, the results were not as successful. The controllers parameters were set to ωf = 

660 Hz and ζf = 10%. The second mode is attenuated about 8.5 dB at the expense of 

increasing the resonance peak of the first mode by approximately 4.5 dB. The downfall of 

the ppf controller is evident here, with its low frequency gains. As mentioned before, this 

can also be compensated for by the implementation of a high pass filter in series with the 

ppf compensator. Further tuning of the controller might reveal a more optimal point 

where the results are not as detrimental to the first mode. 
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Figure 5.39. Open loop (black line −) and closed loop (red line −) response of the coupled system for 

the attenuation of mode 2. 

 

The results of this second control scenario are tabulated in Table 5-8. The use of 

cascading controllers would also work in producing better results, and attenuation of both 

modes could be achieved as described theoretically in 4.3. The actual implementation of 

cascading controllers for modes 1 and 2 are left for future endeavors.  

 
Table 5-8. Peak magnitudes at modes 1 and 2 before and after control of mode 2. 

  Mode 1 Mode 2 
Open Loop Magnitude (dB) 68.93 58.29 

Closed Loop Magnitude (dB) 73.59 49.63 

Attenuation -4.66 8.66 

 

5.6 Conclusions 

In this chapter, the daunting task of validating the coupled membrane cavity system was 

undertaken. A new approach for producing uniformly tensioned membranes was 

developed and explained in great detail. Issues with the progression in creating a uniform 
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membrane and testing of such were discussed in the process as well. This was a crucial 

step in the validation of the coupled models discussed in the previous chapters.  

 

Four major experiments were carried out in this chapter for the validation of the theory 

and control approach discussed in this dissertation. First, a membrane was tested 

immersed in air.  The experiment yielded excellent results demonstrating that the tension 

in the membrane was significantly uniform throughout the surface of the membrane. This 

consequently resulted in great correlation with the model of a membrane in air discussed 

in Chapter 2.  The membrane results were of crucial importance as the membrane is 

considered the most sensitive component in the coupled system. Errors in the membrane 

setup would propagate throughout the rest of the experiments. This experiment was also 

carried out with the intention of extracting the tension parameter, by matching the 

membrane in air model to the membrane in air experiment. Small adjustments were also 

made to the density to obtain a better match of the response.  

 

Secondly, the actuation experiment was tested. Again, the results yielded great 

correlations with the theory developed for the coupled system. The natural frequencies of 

the coupled model were estimated within a two percent error margin. The use of the 

scanning laser vibrometer resulted in the correlation of the operation deflection shapes of 

the coupled model with the experiment. Of particular interest was the operation 

deflection shape at the first mode, given its high structural acoustic coupling.  

 

Thirdly, the disturbance model was validated. This experiment proved to be more of a 

challenge experimentally.  Given the need to produce a symmetric excitation and 

measurement at the center of a membrane, a collocated sensor/actuator setup was 

developed to fulfill this need. The placement of the microphone to measure the pressure 

of excitation on the membrane proved to reduce the mass loading effect in the gather 

measurements, and thus gave the mistaken impression that the model overestimated the 

damping, while underestimating the natural frequency locations. This was solved by 

carrying out further experiments using the voltage input into the speaker as the reference. 
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With these additional results, the model proved to predict the natural frequencies of the 

system with 1% and 2.2% error for the first and second mode, respectively.  

 

The tension and density that was obtained by matching the membrane in air model to its 

corresponding experiment, and later used in the actuation and disturbance model for 

comparison, produced good correlation in the response of the coupled system as 

explained above. This reassured, almost as a pseudo form of validation, the tension and 

density obtained by matching the first model (membrane in air) is fairly accurate.  

 

The last and fourth approach was the novel method of controlling the response of a 

membrane using the acoustics in a cavity was confirmed and proved to be especially 

effective. The use of a small piston at the base of the cavity demonstrated the capability 

of reducing the peak magnitude of the first mode by 16 dB.  Future implementation of 

multiple mode controls may prove to produce even better results. 
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Chapter 6 CONCLUSIONS AND FUTURE WORK 

6.1  Summary and Conclusions 

This work has demonstrated that the novel application of internal acoustical excitation 

possesses the potential use for vibration suppression of optical membranes in pressurized 

coupled cavity-membrane structures. Taking advantage of the already present cavity in 

pressurized optical membranes for the application of vibration suppression of optics will 

result in an increased performance of optical membrane satellites.  

 

Space-based mirrors are subjected to a series of disturbances. Among those encountered 

are thermal radiation, debris impact, and slewing maneuvers. Thus, dynamic control is 

essential for the adequate performance of thin-film membrane mirrors. Using this new 

approach for vibration suppression can alleviate some of these disturbances induced on 

the system. This results in a faster attenuation of the system and thus, permitting the 

employment of the satellites by reducing inconvenient interruptions due to vibrations.  

 

The ability to use acoustic excitation for vibration suppression was demonstrated by 

initially constructing a set of models that accurately described various phenomena.  To 

start, the radiation produced by a membrane due to its out-of-plane vibrations was 

addressed, as the energy loss in the coupled cavity system is the result of sound radiation 

to the far field.  This contributes greatly to accurately model the natural frequencies and 

damping of the system. Modeling of a membrane with considerations to the sound 

radiation effect in air has the advantage that it eliminates the need to test the setup in 

vacuum conditions, which can be an expensive and tedious experiment to conduct.  

 

These results additionally verified that the concept of proportional damping, or modal 

damping for a membrane immersed in air, is not an appropriate way to account for 

damping in the system. In the cases discussed here, the mass loading effect of the air 
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surrounding the membrane caused a 47% shift in the first symmetric mode of the 

membrane, and 25% in the second symmetric mode.  

 

To validate these findings, a representative experimental setup of a membrane in air was 

constructed. An innovative strategy was developed to obtain a membrane with uniform 

tension. This was essential in being able to validate the model.  

 

Once a representative model of the membrane was obtained, the membrane was coupled 

to a cavity to obtain a coupled membrane-cavity system. This was accomplished by using 

an impedance based modeling approach, where the subsystems are modeled 

independently and then coupled at the interface. This resulted in two separate models 

described here as the actuation model and the disturbance model. The actuation model 

describes the behavior of the membrane, radiation and cavity due to an acoustic 

excitation located at the base of the cavity. The disturbance model describes the behavior 

of the coupled system due to an incident force on the membrane. The coupled behavior of 

the system drastically changes the dynamic behavior of the membrane. The first mode of 

a membrane in vacuo couples very strongly with the zero mode of the cavity, driving its 

dynamic behavior to very low frequencies in the coupled response. The first mode of the 

coupled membrane exhibits the behavior of a clamped circular plate, which is mainly due 

to pressure in the cavity having its maximum value at the walls. The second mode of the 

coupled membrane is similar to the second mode of the membrane in vacuo, and does not 

exhibit as much coupling as the first mode as it is more resilient to shifts in frequency due 

to changes in the cavity, or air. In the same manner, the opposite is true for the first mode. 

Changes in tension, membrane density, and membrane thickness, have a drastic effect on 

the second coupled mode of the membrane, but not as much in the first coupled mode of 

the membrane.  

 

A representative test setup was additionally built to validate the coupled membrane cavity 

models. The models provided close agreement in the overall response, operation 

deflection shapes, damping, and natural frequencies of the experiments. The natural 
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frequencies were estimated within and overall average of less than 2% error for all 

models.  

 

The end goal was achieved by putting together all of these models for the purpose of 

suppressing the vibration of the membrane, which was carried out theoretically and 

experimentally. A Positive position feedback approach was used in the vibration 

suppression of the membrane with extensions to positive velocity and positive 

acceleration feedback. Only positive position feedback was implemented experimentally 

which resulted in a 16 dB attenuation of the first mode. 

 

6.2 Future work 

With the development of the model described here, further parameter and performance 

studies need to be carried out. Understanding how parameters like cavity depth, 

membrane tension, density, thickness and radius, affect the overall response of the system 

would aid in the improvement of the overall performance of the system.  

 

With regards to the vibration suppression of the membrane dynamics, the implementation 

of experimental multiple mode control using the approach described in Chapter 4 should 

be carried out. This could significantly reduce the overall response of the membrane as 

theoretically demonstrated. The control authority could also increase by considering 

multiple pistons arrayed across the bottom of the cavity. This would additionally allow 

the control of antisymmetric modes, as well as symmetric.  

 

Coupling this method of control with other control methodologies, such as boundary 

control, electrostatic control, and piezoceramic augmented membranes, would also be 

beneficial and of great interest.  Investigation into passive methods of control might be 

advantageous as well.  

 

 



 135 

BIBLIOGRAPHY 

 

1. Jenkins, C.H.M., Gossamer Spacecraft: Membrane and inflatable structures 
technology for space applications. Progress in Astronautics and Aeronautics. Vol. 
191. 2001, Reston, VA: AIAA. 

2. Merriam-Webster.  2009; Available from: http://www.merriam-
webster.com/dictionary/gossamer. 

3. Agnes, G.S. and J.W. Wagner. Adaptive Structures Technologies for Membrane 
Optical Surface. in 42nd AIAA/ASME/ASCE/AHS/ASC Sctructures, Structural 
Dynamics and Materials Conference. 2001. Seattle, WA: AIAA. 

4. Freeland, R., et al., Inflatable Deployable Space Structures Technology Summary, 
in 49th Congress of the International Astronautical Federation. 1998: Melbourne, 
Australia. 

5. Ruggiero, E.J. and D.J. Inman, Gossamer Spacecraft: Recent Trends in Design, 
Analysis, Experimentation, and Control. Journal of Spacecraft and Rockets, 2006. 
43(1): p. 10-24. 

6. Carreras, R.A., On Near-Net Shape Membrane Optics, in AIAA Space Technology 
Conference and Exposition. 1999: Albuquerque, NM. 

7. Tarazaga, P.A., D.J. Inman, and W.K. Wilkie, Control of space rigidizable-
inflatable boom using macro-fiber composite. Journal of Vibration and Control, 
2007. 13(7): p. 935-950. 

8. Moore, J.D., et al. A Parametric Assessment of Material Properties, Boundary 
Conditions and Environmental Effects on the Performance of Membrane Optical 
Systems. in Proceedings of SPIE. 2002. 

9. Thomas, M. and G. Friese, Pressurized Antennas for Space Radars, in AIAA 
Sensor Systems for the 80's. 1980, AIAA: Colorado Springs, CO. 

10. Patrick, B., et al., Meter-Calss Membrane Mirror with Active Boundary Control, 
in 46th Structural Dynamics and Materials Conference. 2005: Austin, Texas. 

11. Blonk, B.J.d. and D.W. Millery, Narrowing the Design Space of a Large 
Membrane Mirror, in ultra light weight space optics workshop. 1999: Napa 
Valley, CA. 

12. Moore, J.D., Ultra-lightweight precision Membrane Optics, in ultra light weight 
space optics workshop. 1999: Napa Valley, CA. 

13. Yellin, M. Using membrane mirrors in adaptive optics. in Proceedings of the 
Society of Photo-Optical Instrumentation Engineers. 1976: SPIE. 

14. Grosso, R.P. and M. Yellin, The Membrane Mirror as an Adaptive Optical 
Element. The Optical Society of America, 1977. 67(3): p. 399-406. 

15. Stamper, B.L., et al. Stretched membrane with electrostatic curvature (SMEC) 
mirrors for extremely large space telescopes. in Optical Manufacturing and 
Testing IV. 2001. San Diego, CA, USA: SPIE. 

16. Errico, S., et al. Stretched Membrane with Electrostatic Curvature (SMEC) 
Mirrors: A new technology for large lightweight space telescopes. in Highly 
Innovative Telescope Concepts, Proceedings of SPIE. 2002: SPIE. 



 136 

17. Flint, E.M. and R.M. Glaese. Characterization, Prediction and Improvement of 
Streched Flat Hexagonal Gossamer Membrane Dynamic Response. in 42th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics & Materials 
Conference. 2001. Seattle, WA. 

18. Jenkins, C.H., J.M. Wilkes, and D.K. Marker, Improved  Surface Accuracy 
Precision Membrane Reflectors Through Adaptive Rim Control, in 39th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics & Materials 
Conference. 1998, AIAA: Long Beach, CA. 

19. Kukathasan, S. and S. Pellegrino. Vibration of Prestressed Membrane Structures 
in Air. in 43th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics & 
Materials Conference. 2002. Denver, Colorado: AIAA. 

20. Rogers, J. and G. Agnes. Active axisymmetric optical membranes. in 43rd 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials 
Conference. 2002. Denver, Coorado. 

21. Bales, G.L., et al., Experimental Issues that Impact In-Vacuum Dynamic 
Characterization of Thin Film Membranes, in 44th AIAA/ASME/ASCE/AHS 
Structures, Structural Dynamics, and Materials Conference. 2003, AIAA: 
Norfolk, VA. 

22. Flint, E., et al. Experimentally characterizing the dynamics of 0.5m+ diameter 
doubly curved shells made from thin films in 44th AIAA/ASME/ASCE/AHS 
Structures, Structural Dynamics, and Materials Conference. 2003. Norfolk, VA: 
AIAA. 

23. Gullapalli, S., et al. New Technologies for the actuation and control of large 
aperture lightweight optical mirrors. in Proceedings of IEEE Aerospace 
Conference. 2003. Big Sky, MT. 

24. Solter, M.J., L.G. Horta, and A.D. Panetta. A Study of a prototype actuator 
concept for membrane boundary control. in 44th AIAA/ASME/ASCE/AHS 
Structures, Structura Dynamics, and Materials Conference. 2003. Norfolk, VA. 

25. Rogers, J.W. and G.S. Agnes, Modeling discontinuous axisymmetric active 
optical membranes. Journal of Spacecraft and Rockets, 2003. 40(4): p. 553-564. 

26. Ash, J.T., et al., Shape Achievement of Optical Membrane Mirrors Using 
Coating/Substrate Intrinsic Stresses. Journal of Spacecraft and Rockets, 2004. 
41(4): p. 551-557. 

27. Patrick, B., J. Moore, and S. Chodimella. Progress on an Actively Controlled 1-
meter Aperture Membrane Mirror System. in Space 2004 Conference and Exhibit. 
2004. San Diego, CA: AIAA. 

28. Peng, F., Y.-R. Hu, and A. Ng, Testing of Membrane Space Structure Shape 
Control Using Genetic Algorithm. Journal of Spacecraft and Rockets, 2006. 
43(4): p. 788-793. 

29. Ruggiero, E. and D. Inman. Modeling and control of a 2-D membrane mirror with 
a pzt bimorph. in Proceedings of IMECE2006, ASME International Mechanical 
Engineering Congress and Exposition. 2006. Chicago, IL. 

30. Renno, J.M. and D.J. Inman, An Experimentally Verified Model of a Membrane 
Mirror Strip Actuated Using a Piezoelectric Bimorph. Journal of Vibration and 
Acoustics, 2007. 129(5): p. 631-640. 



 137 

31. Renno, J.M. and D.J. Inman, Modeling and Control of a Membrane Strip Using a 
Single Piezoelectric Bimorph. Journal of Vibration and Control, 2009. 15(3): p. 
391-414. 

32. Renno, J. and D. Inman, Experimentally Validated Model of a Membrane Strip 
with Multiple Actuators Journal of Spacecraft and Rockets, 2007. 44(5): p. 1140-
1152. 

33. Renno, J.M., D.J. Inman, and K. Cheva, Nonlinear control of a membrane mirror 
strip actuated axially and in bending. AIAA Journal, 2009. 47(3): p. 484-493. 

34. Renno, J.M., Dynamics and Control of Membrane Mirrors for Adaptive Optic 
Applications, in Mechanical Engineering. 2008, Virginia Polytechnic Institute 
and State University: Blacksburg. p. 197. 

35. Korde, U.A., et al., Studies on Small Rectangular Membranes with Actuation 
along the Boundary, in 47th Structural Dynamics and Materials Conference. 
2006: Newport, Rhode Island. 

36. Patrick, B., et al. Final testing and evaluation of a meter-class actively controlled 
membrane mirror. in 47th AIAA/ASME/ASCE/AHS/ASC Structures, Structural 
Dynamics, and Materials Conference. 2006. Newport, Rhode Island. 

37. Greschik, G., et al. Approximating paraboloids with axisymmetric pressurized 
membranes. in 39th AIAA/ASME/ASCE/AHS/ASC Structures, Structural 
Dynamics & Materials Conference. 1998. Long Beach, CA. 

38. Palisoc, A., et al. Geometry attained by pressurized membranes. in Space 
Telescopes and Instruments V. 1998. Kona, HI, USA: SPIE. 

39. Marker, D.K. and C.H. Jenkins, Surface precision of optical membranes with 
curvatures. Optical Society of America, 1997. 1(11): p. 324-331. 

40. Gunderson, L.A., et al., Pressure-Augmented Near Net-Shape Membrane Mirror, 
in 45th AIAA/ASME/ASCE/AHS/ASC Structures,  Structural Dynamics and 
Materials Conference (SDM) 2004: Palm Springs, California. 

41. Chodimella, S., et al. Design, Fabrication and Validation of an Ultra-Lightweight 
membrane Mirror. in Proceedings of SPIE. 2005. Bellingham, WA. 

42. Ruggiero, E.J. and D.J. Inman. Enhancing the effective bandwidth of  a membrane 
optic using a shallow, fluid-filled cavity. in 47th 
AIAA/ASME/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and 
Materials Conference. 2006. Newport, Rhode Island: AIAA. 

43. Bhat, R.B., Acoustics of a cavity-backed membrane: The Indian musical drum. 
The Journal of the Acoustical Society of America, 1991. 90(3): p. 1469-1474. 

44. De, S., Vibration of a Kettledrum. The Journal of the Acoustical Society of 
America, 1972. 51(5B): p. 1768-1770. 

45. Gottlieb, H.P.W., The Effect of an Enclosed Cavity on a Rectangular Drum. The 
Journal of the Australian Mathematical Society. Series B. Applied Mathematics, 
1983. 24: p. 343-349. 

46. Huang, L., Modal analysis of a drumlike silencer. The Journal of the Acoustical 
Society of America, 2002. 112(5): p. 2014-2025. 

47. Huang, L. and Y.S. Choy, Vibroacoustics of three-dimensional drum silencer. 
The Journal of the Acoustical Society of America, 2005. 118(4): p. 2313-2320. 

48. Morse, P.M., Vibration and Sound. 2nd ed. 1948, New York: McGraw Hill. 



 138 

49. Rajalingham, C., R.B. Bhat, and G.D. Xistris, Vibration of circular membrane 
backed by cylindrical cavity - the Indian musical drum. International Journal of 
Mechanical Sciences, 1998. 40(8): p. 723-734. 

50. Rhaouti, L., A. Chaigne, and P. Joly, Time-domain modeling and numerical 
simulation of a kettledrum. The Journal of the Acoustical Society of America, 
1999. 105(6): p. 3545-3562. 

51. Tronchin, L., Modal analysis and intensity of acoustic radiation of the kettledrum. 
Journal of Acoustic Society of America, 2005. 117(2): p. 926-933. 

52. Christian, R.S., et al., Effects of air loading on timpani membrane vibrations. The 
Journal of the Acoustical Society of America, 1984. 76(5): p. 1336-1345. 

53. Kinsler, L.E., et al., Fundamentals of Acoustics. 4th ed. 1999: Wiley. 560. 
54. Zuckerwar, A.J., Self-consistent approach to the problem of membrane-fluid 

coupling in condenser microphones. The Journal of the Acoustical Society of 
America, 1975. 58(S1): p. S45-S45. 

55. Christian, R.S., et al., Effects of stiffness and air loading on the normal-mode 
frequencies and decay rates of tympani membranes. The Journal of the Acoustical 
Society of America, 1980. 68(S1): p. S111-S111. 

56. Morse, P.M., Sound and Vibration. 1st ed. 1936, New York: McGraw Hill. 351. 
57. Fahy, F.J.G., P., Sound and Structural Vibration, Second Edition: Radiation, 

Transmission and Response. 2nd ed. 2007: Academic Press. 656. 
58. Gardonio, P. and M.J. Brennan, ON THE ORIGINS AND DEVELOPMENT OF 

MOBILITY AND IMPEDANCE METHODS IN STRUCTURAL DYNAMICS. 
Journal of Sound and Vibration, 2002. 249(3): p. 557-573. 

59. Smith, R.C., A Galerkin method for linear pde systems in circular geometries with 
structural acoustic applications. SIAM J. Sci. Comput., 1997. 18(2): p. 371-402. 

60. Gottlieb, H.P.W. and H.A. Aebischer, Eigenfrequencies of a Baffled Circular 
Membrane with Exterior Fluid and Attached Cavity. Acoustica, 1987. 65(1): p. 1-
10. 

61. Atalla, N., F. Sgard, and J. Nicolas. Effects of mean flow on the vibroacoustic 
behavior of a plate-backed cavity. in 15th  AIAA Aeroacosutics Conference. 1993. 
Long Beach, CA. 

62. Sakagami, K., et al., Sound absorption of a cavity-backed membrane: A step 
towards design method for membrane-type absorbers. Applied Acoustics, 1996. 
49(3): p. 237-247. 

63. Gorman, D.G., et al., Vibration analysis of a circular disc backed by a cylindrical 
cavity. Journal of mechanical engineering science, 2001. 215(11): p. 1303-1311. 

64. Atalla, N., C.K. Amedin, and H. Osman. Numerical and experimental 
investigation of the vibro-acoustics of a multi-layered plate backed cavity. in 8th 
AIAA/CEAS Aeroacoustics Conference and Exhibit. 2002. Breckenridge, 
Colorado. 

65. Chen, Z. and M. Yu. Dynamic analysis of a pressure sensor diaphragm coupled 
with an air-backed cavity. in Smart Structures and Materials 2006: Modeling, 
Signal Processing, and Control. 2006: Proceedings of the SPIE. 

66. Kato, H. and Y. Matsuzaki, Active Suppression of Plate Vibration Excited by 
Acoustic Pressure in a Chamber: Cluster-mode Approach. Journal of Intelligent 
Material Systems and Structures, 2007. 18(7): p. 693-705. 



 139 

67. Dowell, E.H. and H.M. Moss, The effects of a cavity on panel vibration. AIAA 
Journal, 1963. 1(2): p. 476-477. 

68. Dowell, E.H. and D. Tang, Dynamics of Very High Dimensional Systems. 2003: 
World Scientific Publishing Company. 284. 

69. Esteve, S.J., Control of sound transmission into payload fairing using distributed 
vibration absorbers and Helmholtz resonators, in Mechanical Engineering. 2004, 
Virginia Tech: Blacksburg. p. 240. 

70. Esteve, S.J. and M.E. Johnson, Adaptive helmholtz resonator and passive 
vibration absorbers for cylinder interior noise control. Journal of Sound and 
Vibration, 2005. 288: p. 1105-1130. 

71. Goh, C.J. and T.K. Caughey, On the stability probelm caused by finite actuator 
dynamics in the control of large space structures. International Journal of 
Control, 1985. 41(3): p. 787-802. 

72. DeGuilio, A.P., A Comprehensive Experimental Evaluation of Actively Control 
led Piezoce-ramics with Positive Position Feedback for Structural Damping, in 
Mechanical Engineering. 2000, Virginia Polytechnic Institute & State University: 
Blacksburg. 

73. McEver, M.A., Optimal Vibration Suppression Using On-line Pole/Zero 
Indentification, in Mechanical Engineering. 1999, Virginia Tech: Blacksburg. 

74. Creasy, M.A., D.J. Leo, and K.M. Farinholt, Adaptive positive position feedback 
for actively absorbing energy in acoustic cavities. Journal of Sound and 
Vibration, 2008. 311(1-2): p. 461-472. 

75. Friswell, M. and D. Inman, The relationship between positive position feedback 
and output feedback controllers,”. Smart Materials and Structures, 1999. 8: p. 
285-291. 

76. Farinholt, K., Modal and Impedance Modeling of a Conical Bore for Control 
Applications, in Mechanical Engineering. 2001, Virginia Polytechnic Institute & 
State University: Blacksburg. 

77. Dosch, J., D. Leo, and D. Inman, Modeling and control for vibration suppression 
of a flexible active structure Journal of Guidance and Control, 1995. 18(2): p. 
340-346. 

78. Kwak, M.K., K.K. Denoyer, and D. Sciulli, Dynamics and control of slewing 
active beam. Journal of Guidance and Control, 1995. 18(1): p. 185-187. 

79. Ruggiero, E., G. Park, and D. Inman. Smart materials in inflatable structure 
applications. in 43rd AIAA/ASME/ASCE/AHS/ASC Structures, Structural 
Dynamics, and Materials Conference. 2002. Denver, CO. 

80. Sodano, H., G. Park, and D. Inman. Vibration Testing and Control of an 
Inflatable Torus Using Multiple Sensors/actuators in 44th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials 
Conference. 2003. Norfolk, VA. 

81. Kwak, M.K. and S. Heo, Active vibration control of smart grid structure by 
multiinput and multioutput positive position feedback controller. Journal of Sound 
and Vibration, 2007. 304(1-2): p. 230-245. 

82. Caughey, T.K., Dynamic response of structures constructed from smart materials. 
Smart Materials and Structures, 1995. 4(1A): p. A101-A106. 



 140 

83. Fanson, J.L. and T.K. Caughey, Positive position feedback control for large space 
structures. AIAA Journal, 1990. 28(4): p. 588-598. 

84. Baz, A. and J. Hong, Adaptive control of flexible structures using modal positive 
position feedback. International Journal of Adaptive Control and Signal 
Processing, 1997. 11: p. 231-253. 

85. Rew, K., J. Han, and I. Lee, Multi-modal vibration control using Adaptive 
positive position feedback. Journal of Intelligent Material Systems and Structures, 
2002. 13: p. 13-22. 

86. Malik, N., S. Neild, and D. Wagg. Vibration control of composite beams using 
adaptive positive position feedback. in Proceedings of the ASME 2007 
International Design Engineering Technical Conference & Computers,. 2007. Las 
Vegas, NV. 

87. Farinholt, K.M., et al. Adaptive Positive Position Feedback for Structural 
Control. in 49th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, 
and Materials Conference. 2008. Schaumburg, IL: AIAA. 

88. Mahmoodi, S.N. and M. Ahmadian, Active Vibration Control With Modified 
Positive Position Feedback. Journal of Dynamic Systems, Measurement, and 
Control, 2009. 131(4): p. 041002-8. 

89. Gray, A., G.B. Mathews, and T.M. MacRobert, A Treatise on Bessel Functions. 
1922, London: Macmillan and Co. 

90. Rayleigh, L., Theory of Sound. 1945, New York: Dover. 
91. McLachlan, N.W., Theory of Vibrations. 1951, New York: Dover. 
92. G. W. Swenson, J., Principles of Modern Acoustics. 1953, New York: Van 

Nostrand. 
93. Kinsler, L.E. and A.R. Frey, Fundamentals of Acoustics. 2 ed. 1962, New York: 

Wiley. 
94. Voltera, E. and E.C. Zachmanoglou, Dynamics of Vibrations. 1965, Columbus 

Ohio: Merill. 
95. Meirovitch, L., Analytical Methods in Vibration. 1967, New York: McMillan. 
96. Inman, D.J., Engineering Vibrations. 3rd ed. 2007: Prentice Hall. 688. 
97. Timoshenko, S., Vibration Problems in Engineering. 1928, New York: Van 

Nostrand. 
98. Meirovitch, L., Principles and Techniques of Vibrations. 1996: Prentice Hall. 694. 
99. Meirovitch, L., Analytical Methods in Vibrations. 1967, new York: McMillan. 
100. McLachlan, N.W., Bessel Functions for engineers. 2 ed. 1961: Clarendon Press. 

239. 
101. Lazan, B.J., Damping of materials and members in structural mechanics. 1 ed. 

1968: Pergamoon Press. 317. 
102. Bai, M.R. and M. Tsao, Estimation of sound power of baffled planar sources 

using radiation matrices. The Journal of the Acoustical Society of America, 2002. 
112(3): p. 876-883. 

103. Berkhoff, A.P., Sensor scheme design for active structural acoustic control. The 
Journal of the Acoustical Society of America, 2000. 108(3): p. 1037-1045. 

104. Ewins, D.J., Modal Testing: theory, ptractice and application. 2 ed. 2000, 
Baldock, Hertfordshire, England: Research Studies Press LTD. 562. 



 141 

105. Richardson, M.H., Is it a mode shape, or an operating deflection shape?, in 
Sound and Vibration. 1997, Acoustical Publ Inc. p. 54-61. 

106. Fahy, F.J. and C. Schofield, A note on the interaction between a Helmholtz 
resonator and an acoustic mode of an enclosure. Journal of Sound and Vibration, 
1980. 72(3): p. 365-378. 

107. Goh, C.J. and T.K. Caughey, On the stability problem caused by finite actuator 
dynamics in the collocated control of large space structures. International Journal 
of Control, 1985. 41(3): p. 787 - 802. 

108. Moran, T.J., A simple Alternative to the Routh-Hurwitz Criterion for Symmetric 
Systems. ASME Journal of Applied Mechanics, 1970. 37: p. 1168-1170. 

109. McEver, M. and D.J. Leo, Autonomous vibration suppression using on-line pole-
zero identification. Journal of Vibration and Acoustics, 2001. 123(4): p. 487-495. 

110. Inman, D.J., Vibration: With Control, Measurement, and Stability. 1989: Prentice 
Hall. 

111. Tarazaga, P.A., et al. Laser vibrometry measurements for dynamic testing of an 
inflatable strut. 2006: SPIE. 

112. MatWeb. MatWeb Material Property Data.  2009; Available from: 
http://www.matweb.com/search/DataSheet.aspx?MatGUID=ef8c612c350748828
8d16dff8217c245. 

 
 


