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Functional Regression and Adaptive Control

Yu Lei

(ABSTRACT)

The author proposes a novel functional regression method for parameter estimation and

adaptive control in this dissertation. In the functional regression method, the regressors and

a signal which contains the information of the unknown parameters are either determined

from raw measurements or calculated as the functions of the measurements. The novel

feature of the method is that the algorithm maps the regressors to the functionals which are

represented in terms of customized test functions. The functionals are updated continuously

by the evolution laws, and only an infinite number of variables are needed to compute the

functionals. These functionals are organized as the entries of a matrix, and the parameter

estimates are obtained using either the generalized inverse method or the transpose method.

It is shown that the schemes of some conventional adaptive methods are recaptured if

certain test function designs are employed. It is proved that the functional regression

method guarantees asymptotic convergence of the parameter estimation error to the origin,

if the system is persistently excited. More importantly, in contrast to the conventional

schemes, the parameter estimation error may be expected to converge to the origin even

when the system is not persistently excited. The novel adaptive method are also applied to

the Model Reference Adaptive Controller (MRAC) and adaptive observer. It is shown that

the functional regression method ensures asymptotic stability of the closed loop systems.

Additionally, the studies indicate that the transient performance of the closed loop systems

is improved compared to that of the schemes using the conventional adaptive methods.

Besides, it is possible to analyze the transient responses a priori of the closed loop systems

with the functional regression method. The simulations verify the theoretical analyses and

exhibit the improved transient and steady state performances of the closed loop systems.
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Chapter 1

Introduction

1.1 Introduction to Adaptive Control

Adaptive control is one of major subjects in control engineering. Since its debut in appli-

cations to aviation about six decades ago, the theoretical foundations of adaptive control

have been studied rigorously. Over the years, adaptive control has proven successful in

applications to sciences, aerospace, robotics, the chemical and health care industries and

beyond. Yet, there are still many open problems in this field. Scholars are working enthu-

siastically toward new, advanced adaptive design methods with better stability, robustness

and performance. Indeed, adaptive control remains a very active research area. This sec-

tion provides a brief review of modern adaptive control theory. Due to limits on space in

this dissertation, only key steps in the history of adaptive control are summarized herein.

As might be expected, only those topics closely related to the author’s research are covered

in detail. There are many textbooks that discuss particular aspects of adaptive control

such as stability, convergence and robustness, etc [1, 2, 3, 4]. Readers should refer to these

text books and references therein for a comprehensive treatment of adaptive control.
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Adaptive control was first introduced in 1950s to improve performance of aircraft control

systems. For an aircraft controller, it was often advantageous to have different settings of

parameters that appeared in the controller for different operating points in order to achieve

the best quality, since the aircraft must operate under various working conditions, and

they may move quickly from one operating condition to another. It was desired to have

a mechanism to tune the control parameters automatically and rapidly. The approach,

which later come to be the adaptive control method, was tested on an X-15 aircraft as well

as an F-101A aircraft [5]. The preliminary success of this approach resulted in more flight

tests of different adaptive control methods. But the theoretical foundation of adaptive

control at the time was rudimentary. This period come to known as the “Brave era” [6]

since adaptive controller design was poorly understood, and there was a lack of supporting

theory [7]. A tragic accident involving an X-15 aircraft [8] while using adaptive control

served as a wake up call for scholars developing adaptive control. It became clear that

better theoretical foundations have to be developed before adaptive control methods would

be ready in practice.

Adaptive control theories were further refined and greatly improved during 1960s and 1970s.

With the popularization of other modern techniques introduced at that time such as state

space methods, Lyapunov stability theory, researcher were able to refine existing adaptive

architectures and developed new ones. One typical example of the rigor that emerged was

given by the asymptotic stability proof of an adaptive controller obtained by Parks [9].

Bellman used principles of dynamic programming to study adaptive control [10]. Åström

et al. investigated a Linear Quadratic Gaussian (LQG) based adaptive controller [11, 12].

Since identification played the key role in adaptive strategy, many effective parameter

estimation techniques were integrated into adaptive controller design. These included the

sensitivity method where the estimated parameters were tuned in the way that minimized a

certain cost function [13, 14] and the least squares method [15], a mathematical technique
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that dates back to the seventeenth century. In addition, the Lyapunov design method

emerged as a popular method for estimation in an adaptive algorithm. In the method, the

parameter update law was designed in such a way that the time derivative of Lyapunov

function was non-positive [16, 3, 17].

By the end of 1970s, there appeared various of types of adaptive controllers that used

different parameter estimation methods, implemented in either the continuous time domain

or the discrete time domain. But generally, all different adaptive controllers can be put

into two categories, the Model Reference Adaptive Controller (MRAC) and the Self-Tuner

Regulator (STR). The MRAC framework was originally proposed by Whitaker et al. [18]

and advanced by Parks [9], Landau [19], Monopoli [20], Morse [21], Narendra et al. [22] and

others. In the MRAC scheme, there was a reference model that defines the ideal behavior

of the controlled plant. Control parameters were persistently adjusted to try to reduce

the difference between the outputs of the actual plant and that of the reference model.

The parameters in MRAC can refer to the coefficients of the feedback controller (direct

method) or the unknown parameters of the plant (indirect method). The update laws for

the parameters were based on the gradient descent method or on the Lyapunov design

method.

Unlike MRAC, which was originally developed for servo problems, an STR scheme was

based on stochastic control [4]. The idea of an STR was first implemented by Kalman on

a special computer [23]. The approach was further refined by other scholars (Åström [24],

Kurz et al. [25], Isermann [26]). An estimator to identify the unknown plant parameter

was employed in the STR method, instead of using a reference model as in the MRAC

method. The estimates were subsequently used to implement a designed regulator. One

of the most popular methods in STR regulator design was the Adaptive Pole Placement

Controller(APPC) method. Further considerations about the design and properties of the

APPC were investigated by Wouters [27], Wellstead et al. [28, 29].
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Though the MRAC was devised originally for deterministic servo problems while the STR

was developed from stochastic control, the two methods were closely related [7]. There were

two loops in both methods. The inner loop included the feedback controller and the plant,

and the parameters of the controller were updated by the outer loop. Meanwhile, in both

methods, the outer loop adjusted parameters based on inputs and outputs of the plant.

Indeed, it was shown that there existed a formal equivalence between the two methods

[30, 31, 32].

Progress in adaptive control theory in 1970s was challenged by Rohrs’ counterexample [33].

It warned that the control parameters in an adaptive scheme may easily become unbounded

in presence of unmodeled dynamics. Though diagnosis of the phenomenon and modifica-

tions to fix it were developed quickly [34, 35, 36], the Rohrs’ counterexample still motivated

much of the research about stability and robustness of adaptive controllers throughout the

1980s. Åström used an averaging method to study the Rohrs’ problem. Reducing the

adaptive gain and introducing a signal with sufficient richness were the solutions proposed

in [34]. This analytical method was also extended to evaluate stability of other adaptive

systems in [37, 38, 36, 2]. The study showed that adaptive control techniques at that time

were vulnerable to unmodeled dynamics, fast adaption, disturbance and the lack of persis-

tently excited inputs [36, 39, 4, 2]. It was clear to adaptive control researchers that some

improvement was necessary to make adaptive control technique more robust when faced

with practical problems.

Theoretical developments flourished throughout the 1980s. Kreisselmeier et al. constrained

the parameter estimate by including a saturation term in the adaptive law [40]. The

deadzone method stopped updating parameter estimates when the state and parameter re-

mained inside some bounded region [41, 42]. These methods required some prior knowledge

about the unknown parameters. Ioannou et al. proposed a method called σ-Modification

which did not require a priori information about the parameters [39]. However, there was
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a major drawback in the method: it may generate a biased estimate at steady state. The

disadvantage was overcome with the development of a switching σ method. The improved

switching method disabled the modification when parameter estimates existed within a cer-

tain bound [43]. Another approach to improve the σ-modification method was proposed by

Narendra and Annaswamy. In the method, the constant gain σ used in the σ-modification

was replaced by a term proportional to tracking error |e|, and the method was referred to

as the e-modification [44]. The projection method was another frequently used technique

in robust adaptive control [45]. In the approach, the parameter estimates were adjusted

using the gradient projection method when they reached a pre-selected boundary in the

parameter space. By this way, parameter estimates were constrained inside the set [46].

Parameter convergence was carefully studied since it had an important effect on the reli-

ability and performance of adaptive controllers. Morgan et al. showed that the dynamic

equations of certain adaptive controllers could be transformed into a linear time-variant

ordinary differential equations (LTV ODE) [47] which had the form of ẋ(t) = −P (t)x(t),

and convergence of parameter estimates was tested in this study by checking how ‘richness’

information that was embedded in the matrix P . Many other equivalent criteria were also

presented in [48]. Boyd et al. provided a different perspective on the convergence prob-

lem in the frequency domain. They argued that parameter convergence was achievable if

the number of spectral lines contained in a reference input was no less than the number

of unknown parameters [49]. They also proved that the frequency domain criterion was

equivalent to the time domain conditions. This condition was named as the Persistent

Excitation (P.E.) condition.

Improvements of robust adaptive control theory and the development of hardware such as

microcontrollers, DSPs (Digital Signal Processors), sensors and actuators have resulted in

larger classes of practical implementations. The 1980s saw successful implementations of

modern adaptive control technology in the transportation, automotive and manufacturing
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industries. For example, STR based controllers [50, 51] and MRAC based controllers [52]

were both implemented to maintain ship course under varying environmental conditions.

Principles of adaptive control were also applied to increase the efficiency of chemical reac-

tors [53, 54]. The control of robot manipulators was another field where adaptive control

schemes improved performance in spite of unknown parameters [55, 56, 57]. It was reported

in [58, 59, 60] that the adaptive control methods applied yield increased fuel efficiency, im-

proved performance and less emission in engines.

In the late 1990s,nonlinear system theory was used systematically to provide a mathemati-

cal foundation for adaptive control methods. The feedback linearization theory, which was

a proven effective method for nonlinear control problems, was applied in many formulations

of adaptive control [61]. Adaptive control methods for feedback linearizable systems were

proposed by Kokotovic et al. [62, 63]. Neural network technique emerged as a popular

method. The method was also introduced in an adaptive control scheme [64] in an empiri-

cal formulation in [65]. Later, design procedures based on Lyapunov stability theory were

derived in [66, 67, 68]. In addition to neural network, fuzzy logic was another approach

to model certain nonlinearities that became popular at that time. Theory and design

methodologies to derive stable adaptive fuzzy controllers were studied in [69, 70]. From the

mathematical point of view, both neural networks and fuzzy logic could be viewed as con-

venient methods to approximate certain types of nonlinearities. Other methods used tools

that arise more commonly in approximation theory such as splines and wavelets. Example

based on splines can be founded in [71, 72] and wavelets [73, 74, 75] in nonlinear adaptive

control.

Originally, nonlinearities and controls had to be in the same equation in the adaptive neu-

ral networks schemes. But this restriction was relaxed in methods based on the adaptive

backstepping method proposed by Polycarpou [65]. The scheme was applied to induction

motors and robot system control in [76, 77]. The adaptive backstepping neural networks
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method was extended to the case when the control gain was unknown in [78] and to nonlin-

ear systems with arbitrary relative degree [79]. The extension to dynamic neural network

structure was also investigated in [80, 81].

Studying the conditions under which control parameters converge to their true value re-

mained a key task for scholars. Equivalent requirements that assure parameter conver-

gence with P.E. were proposed in the form of a regression matrix and linear independence

in [82, 83]. Persistency conditions for linear systems were also extended to the nonlinear

case in [84, 85]. Since the persistent excitation condition is a sufficient requirement for

parameter convergence, scholars have sought weaker conditions that still imply parameter

convergence. One approach referred to as the intelligent excitation method was derived for

this purpose. The new method introduced an excited auxiliary signal to the original signal

that did not initiate excitations unless it was necessary. The auxiliary part vanished when

the parameter estimate reaches the true value. The approach was first derived in [86, 87].

Transient performance was also analyzed extensively over the years. Sun discovered that if a

metric of the identification scheme was added to the control, a better transient performance

was expected [88]. Datta et al. further analyzed the method and presented a theorem

that guaranteed tracking error vanish for zero initial conditions [89]. In [90], Datta and

Ioannou introduced a set of inequalities from which zero-state transient performance was

quantitatively analyzed. Costa introduced a lead filter in the adaptive law for a SISO

system and used the singular perturbation method to analyze the new algorithm’s transient

behavior [91]. Pinto et al. applied the method to a MIMO case and used a factorization

of the gain matrix to improve transient performance [92]. By introducing a passive system

analysis method, Arteaga et al. designed an adaptive controller for robot manipulators.

The new method relaxed the general persistent excitation condition [93]. Vahram et al.

suggested a strategy that either modified the control law [94] or the structure of the reference

model [95] to achieve better transient results. Chowdhary et al. proposed a method utilizing

7



both past data as well as instantaneous measurements in the adaptive law, and the new

method enabled a less restrictive convergence condition than the conventional persistent

excitation condition [96].

A completely different adaptive control concept, known as the multiple model adaptive con-

trol(MMAC), captured the interest of many researchers interests since the turn of the cen-

tury. Unlike conventional adaptive methods, where the unknown parameters(either model

parameters or control parameters) were tuned continuously, the multiple model adaptive

control scheme employed a family of candidate models. The MMAC architecture consisted

of two layers [97]. The lower layer, it had a collection of controllers for each individual

candidate system model. A supervisory signal was generated to evaluate the behavior

of the candidate controllers, and one controller was selected by a logic-based switching

method in the higher layer [98]. The MMAC method had at least two advantages over

conventional adaptive methods. Firstly, if the parameter of one candidate model is close

to that of the true unknown model, the closed-loop system exhibited a better transient

performance [99, 100]. Secondly, for any moment when one controller was connected to

plant, the closed loop system was linear. Therefore, conventional linear control techniques

were used [101] to design a controller. However, there were two main questions that needed

to be answered before the MMAC method could become practical. It remained to be deter-

mined which controller to select and when to choose a particular controller? The first issue

was related to the supervisory control architecture. There were different ways to measure

virtual performance of each controller candidate and to evaluate controller performance

[102, 103, 104, 105]. The second issue, when to switch to a new controller, was determined

by the switching logic. Morse [102, 103] proposed a simple method called the dwell-time

switching logic for LTI systems where there was a pre-specified time interval by which two

consecutive switching must be separated. Other improvements were also suggested such

as hysteresis switching [106], average dwell time [107] and hierarchical hysteresis switching
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[101]. Narendra et al. studied a MMAC scheme which had both fixed models and adaptive

models [108]. Very recently, it was reported that if the parameters of candidate models

formed a convex hull and the unknown parameter remained in the convex hull initially,

then there was an algorithm in which all vertices converged to the unknown parameter

[100]. Improvements in the transient performance using the new method was also observed

in simulation in [109].

Unfalsified control was another interesting MMAC approach that was introduced at this

time. The method did not need any assumption on the plant such as linearity, stabil-

ity and minimum-phase [110, 111]. The method did not have any explicit model of the

plant. Instead, it stored some real time experimental input/output data [112] and then

generated the so-called fictitious reference signal for each controller candidates [113]. The

fictitious reference signal was created in such a way that it would have produced the same

input/output data if a controller candidate had been used in the closed-loop [114]. A

cost function depending on the fictitious and the actual experimental data was consid-

ered as the performance index. There were several implementations of cost functions

[115, 110, 111]. If the performance index associated with a controller was greater than

some threshold, the controller was said to be falsified. A switching algorithm kept selecting

an optimal controller from the unfalsified set [111]. Features of the unfalsified adaptive

control method were discussed in [116, 117], and some remarks and improvements were

suggested in [118, 113, 119, 120].

One of the important improvements in the area of adaptive control since the late 1990s was

the novel L1 adaptive control architecture introduced by Cao and Hovakimyan. It ensured

transient performance as well as asymptotic convergence. It used a low pass filter in the

feedback loop to guarantee transient performance [121]. Other benefit of the new control

schemes included the fact that the tracking error was designed to be uniformly bounded

by a computable quantity [122, 123]. In addition, the closed loop system retained a robust
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time delay margin in contrast to high gain MRAC methods [121]. The L1 method was

originally proposed for LTI systems with unknown parameters, but it was quickly extended

to the case of time varying systems with disturbances [124], unmodeled actuator dynamics

[125], output feedback control systems [126, 127] and the case when there was nonlinearity

in the control [128]. The issue of how to incorporate neural networks to model the unknown

dynamics was addressed in [129]. The L1 control theory was verified in many simulations

and experiments [130, 131, 132, 133, 134, 135, 136]. The main challenge for the theory was

to formulate the design of the low pass filter used in the feedback loop [137].

1.2 Contribute of this technique

The primary contribution of this dissertation is the introduction and study of a novel

adaptive control strategy, referred to as the adaptive functional regression method. The

adaptive control theory field can benefit from the the adaptive functional regression method

in the following aspects:

Relaxing the P.E. Condition It is well known that the P.E. conditions are sufficient to

ensure parameter convergence. The P.E. condition may not be verifiable in many engineer-

ing applications. The new technique presented in this dissertation relaxes this requirement

[138]. The closed loop system only needs to be excited not persistently excited to guarantee

convergence to the unknown parameter.

Improved Transient Response It has been theoretically analyzed and shown in the

simulations that the new method also improves transient performance of the closed-loop

system [139]. The new method modifies the update rule for parameter estimates. We show

that the estimation errors decay along the direction of steepest descent. The new method
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makes it possible for a control engineer to determine the rate of convergence of parameter

error a priori. It is possible, therefore, to predict the closed loop system response with

many LTI analysis methods.

A General Tool to Analyze Adaptive Laws The structure of the new algorithm is

quite general and does not specify any constraints on implementation. Regressors can be

constructed using any method as long as it can be expressed as a linear relation with the

unknown parameters. There is also no restriction on the form of the test functions, and

only a few rough principles are imposed for design. It is possible for control engineers to

design customized regressions based on the nature of the problems at hand. It has been

shown that almost all forms of the adaptive laws can be put into the framework presented

in this dissertation. The method describes a way to view the conventional adaptive laws.

Scalable Framework The new adaptive method only modifies the adaptive law and

leaves the other usual modules in an adaptive control scheme unaltered. Many mature

adaptive control techniques can thus be incorporated seamlessly into the new functional

regression method. For example, common Neural Network (NN) and the multi resolution

analysis (MRA) techniques can used directly to model the unknown dynamics, as long as

coefficients or weights appears linearly in the model.

New Perspective for Adaptive Control Traditional adaptive methods aim at track-

ing error of the closed-loop system, and parameters are modified to minimize measure of

the such error. Using conventional adaptive controllers, when a system resides in some

subset of the state space, it is possible that the tracking errors vanishes but the parameter

estimation error does not. Indeed, almost all present adaptive methods lose their ability

to improve parameter estimates when the tracking error approaches to zero. There is usu-

ally no guarantee that a system resides in a fixed subspace forever. If the system state
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leaves that subspace, the tracking error may reappear. The new method choose a differ-

ent perspective. Reducing the estimation error rather than the tracking error the primary

goal of the estimator. The new adaptive method uses the information conveyed in the

input/output data and alters the parameter estimates along the steepest descent direction.

When the parameter estimation error approaches to zero, the tracking error will not return.

1.3 Layout

The remainder of the dissertation is organized as follows: Mathematical preliminaries are

introduced in Chapter 2. Fundamental knowledge of adaptive control and parameter iden-

tification is briefly discussed in Chapter 3. The novel functional regression based adaptive

learning strategy is presented in Chapter 4. Properties and convergence conditions are also

discussed in the chapter. The new method’s applications in adaptive observer and param-

eter identification are presented in Chapter 5. The new idea is further implemented in the

adaptive control schemes in Chapter 6. Finally Chapter 7 concludes this dissertation and

points out some potential improvement directions.
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Chapter 2

Mathematical Background

2.1 Norms and Vector Spaces

In this section, we give some fundamental mathematic definitions that are used in later in

this dissertation.

Definition 1. [140] A set X of elements is called a vector space over reals if there are two

functions ‘+’ and ‘·’

+ : X ×X → X

· : R×X → X

satisfy the following eight conditions. For x, y, z ∈ X and λ, µ ∈ R

1. x+ y = y + x.

2. (x+ y) + z = x+ (y + z).

3. ∃θ ∈ X such that θ + x = x,∀x ∈ X.
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4. 0 · x = θ.

5. λ(x+ y) = λx+ λy.

6. (λ+ µ)x = λx+ µx.

7. λ(µx) = (λµ)x.

8. 1 · x = x

Here, we present a little description of the type of vector spaces that will encountered in

this dissertation.

Definition 2. A function ∥ · ∥ that maps from a vector space X to the nonnegative real set

R+ , {x : x ≥ 0} is called a norm if ∀x, y ∈ X

1. ∥x∥ = 0 ⇔ x = θ.

2. ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

3. ∥αx∥ = |α|∥x∥.

Two types of normed vector spaces will occur mist frequently in the dissertation. The finite

dimensional vector spaces Rn and the infinite dimensional vector spaces Lp are crucial to

modern techniques of adaptive control. We define each below in Definitions 3 and 4.

Definition 3. For a vector x ∈ Rn, its p-norm ∥x∥p is defined as

∥x∥p ,
(

n∑
i=1

|xi|p
) 1

p

where 1 ≥ p <∞. We define ∥x∥∞ , maxi |xi|.
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Definition 4. For a Lebesgue measurable function f : X → R, define the quantity

∥f∥p =


(∫

X
|f |p dx

) 1
p if 1 ≤ p <∞

ess supX |f | if p = ∞
,

and let Lp , {f : ∥f∥p < ∞}. It can be shown that Lp is a vector space and the quantity

∥ · ∥p is called p-norm of the function f .

Holder’s inequality, the topic of Theorem 1, will be used frequently in constructing upper

bounds that arise in adaptive control.

Theorem 1. If two real numbers p, q ≥ 1 satisfy relation 1
p
+ 1

q
= 1, and if f ∈ Lp and

g ∈ Lq, then fg ∈ L1 and ∥fg∥1 ≤ ∥f∥p∥g∥q

Gabushin’s Theorem relates the norms of a function and its higher order derivatives, which

plays the critical role in deriving the parameter estimation convergence conditions in Chap-

ter 4. The theorem is stated as

Theorem 2. [141] Suppose J is a bounded interval. Let k, n, p and r be integers with

0 ≤ k < n) and 1 ≤ p, r ≤ ∞. For all functions x ∈ W n
p,r(J), there exists a positive

constant K such that the inequality

∥x(k)∥q ≤ K∥x∥αp∥x(n)∥βr (2.1)
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if

x(k)(ci) = 0 for some ci ∈ J, i = 1, · · · , n− 1 and,

n

q
≤ n− k

p
+
k

r
and,

α =
n− k − r−1 + q−1

n− r−1 + p−1
and,

β = 1− α. (2.2)

In this theorem, notation Lp(J) depicts the Lp space defined on the interval J . The nth

order derivative of the function x is denoted as x(n). The space W n
p,r(J) is defined to be

W n
p,r(J) , {x|x ∈ Lp(J) and x(n) ∈ Lr(J)} (2.3)

In addition to integrability of functions, we often require notions of how smooth a function

is. These can be made, precise in terms of continuity and differentiability. Definitions 5-8

and Theorem 3 entail versions of continuity that will suffice for this dissertation.

Definition 5. A real-valued function f : X → R is said to be continuous at the point x if

given any real number ϵ > 0, there is a δ > 0 such that

|f(x)− f(y)| < ϵ, for all y with ∥x− y∥ < δ.

Definition 6. A real-valued function f : X → R is called uniformly continuous if given

any real number ϵ > 0, there is a δ > 0 such that

|f(x)− f(y)| < ϵ, for all x, y with ∥x− y∥ < δ.

Definition 7. A real-valued function f : X → R is called Lipschitz continuous if there
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exists a constant L ≥ 0 such that for all x, y ∈ X

|f(x)− f(y)| ≤ L∥x− y∥

Definition 8. A real-valued function f defined on [a, b] is called absolutely continuous if,

for any ϵ > 0, there exists a positive number δ > 0 such that

n∑
i=1

|f(x′i)− f(xi)| < ϵ

for every finite collection {xi, x′i} of nonoverlapping intervals with

n∑
i=1

|x′i − xi| < δ.

Theorem 3. Every absolutely continuous function is uniformly continuous. Every Lips-

chitz continuous function is absolutely continuous.

The truncation projection is a commonly used operator in system dynamics in cases when

information of a function is available only up to time T . It is defined as

Definition 9. The truncation operator is a linear projection between function spaces PT :

Lp → Lp, where

PTf , fT (t) =

 f(t), t ≤ T (t, T ∈ R+),

0, otherwise.
(2.4)

2.2 Matrix Theory

In the study of the normed space Rn, we will need several tools from linear algebra that

are discussed in this section.
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Definition 10. A n× n matrix U is a unitary matrix if and only if

U∗U = UU∗ = In (2.5)

where U∗ denotes the conjugate transpose of the matrix U , and In is the nth order identity

matrix.

Theorem 4. For an m× n matrix M , there always exists a singular value decomposition

(SVD) that has the form

M = UΣV ∗ (2.6)

where U and V are m ×m and n × n unitary matrices, respectively, and the m × n diag-

onal matrix Σ has only nonnegative real numbers on the diagonal. V ∗ denotes conjugate

transpose of the matrix V . The diagonal elements of the matrix Σ are called the singular

values of the matrix M .

The SVD provides a detailed information about the structure of any matrix. It has the

following properties which will be used in the dissertation.

Theorem 5. Denote SVD of a matrix M to be M = UΣV ∗. If all entries of the matrix

M are real, then all entries of U and V are real as well. In other words, U and V are

orthogonal matrices.

Theorem 6. The singular values of a matrix M are related to eigenvalues of the matrices

MM∗ and M∗M by the equation

σ(M) =
√
λ(MM∗) =

√
λ(M∗M)

One important application of the SVD is that it can be used to construct generalized inverse

of a matrix. The definition is below in Definition 11.
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Definition 11. A Moore-Penrose pseudoinverse of any matrix A is denoted as A+ and

satisfies the following four conditions

AA+A = A

A+AA+ = A+

(AA+)∗ = AA+

(A+A)∗ = A+A (2.7)

The Moore-Penrose pseudoinverse is only referred to as the pseudoinverse or general inverse

in this dissertation. The pseudoinverse is simple to construct from the Singular Value

Decomposition (SVD) as stated by the following lemma.

Lemma 1. If the SVD of A is A = UΣV ∗, pseudoinverse A+ = V Σ+U∗.

Proof. This can be easily verified from Definition 11.

It is possible to express the product of the pseudoinverse and the matrix A+A in terms of

the SVD. Suppose we partition the matrices U and V by columns

U = [u1, u2, · · · , um], V = [v1, v2, · · · , vn]

It is easy to check that A can be expressed as a summation of the outer product of singular

vectors multiplied by singular values A =
∑
σiuiv

⊤
i .

Now, we introduce the index number σ̄i(·) to indicate if the ith singular value is zero, that

is

σ̄i(t) ,

 0 if σi(t) = 0,

1 if σi(t) ̸= 0.
(2.8)

where σi(t) is the i
th singular value of A. Using the notation, we can write A+A =

∑
σ̄iviv

⊤
i .
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Lemma 2. The product A+A of a real matrix A and its pseudoinverse A+ is positive

semi-definite.

Proof. Suppose the SVD of A is A = UΣV ⊤. From Lemma 1 we have A+ = V Σ+U⊤.

Thus, the product of A+ and A can be expressed as A+A = V Σ+ΣV ⊤. It is easy to

see that the A+A is a symmetric square matrix. For any vector x ∈ Rn, let y = V ⊤x,

x⊤A+Ax = x⊤V Σ+ΣV ⊤x = y⊤Σ+Σy. But since Σ+Σ is a diagonal matrix whose elements

are either 0 or positive, it follows that y⊤Σ+Σy = x⊤A+Ax ≥ 0.

Generally, the pseudoinverse of a matrix A+ is not necessarily a continuous function of the

matrix A. This means that if even A is differentiable as a function of time, the pseudoinverse

need not be. The following lemma describes a special case when the generalized inverse of

a matrix A is a continuous function of the matrix A.

Lemma 3. Let An and A be nonzero n× n matrices such that An → A. Then A+
n → A+

if and only if there is no such that rank(An) = rank(A) for all n ≥ no. [142]

Suppose that the rank of a matrix A remains the same within an interval, and that A is a

differentiable function of time t. Under these conditions, the pseudoinverse is a continuous

function of A, and its derivative can be calculated efficiently by the identity [143]:

d

dt
A+ = −A+ȦA+ + A+Ȧ⊤ (I − AA+

)
+
(
I − A+A

)
Ȧ⊤A+⊤A+ (2.9)

Readers may resort to the references and the citations therein [142, 144, 145, 146] for more

details regarding the continuity of the generalized inverse and small perturbation theory

for SVD [147, 148, 149].

20



2.3 Lyapunov Stability Theory

Adaptive control theory has matured mathematically over the past few decades. It is now

working practice to base stability and convergence results in adaptive control on Lyapunov

stability and related methods. We next define stability for systems governed “sufficiently

smooth” systems of ODEs.

2.3.1 Stability Theory for Smooth Systems

Definition 12. Suppose that the system of ordinary differential equation ẋ = f(x) has a

classically differentiable solution x(t) for t ∈ [0,∞). A point xe ∈ R is an equilibrium of

this system whenever f(xe) = 0. An equilibrium x = 0 is said to be

• stable, if given any positive number ϵ, there exists δ > 0 such that

∥x(0)∥ < δ ⇒ ∥x(t)∥ < ϵ, ∀t ≥ 0.

• unstable if it is not stable.

• asymptotically stable if it is stable and in addition

lim
t→∞

x(t) = 0.

A common way to verify the stability of such an autonomous system is via the Lyapunov

Stability Theorem for classical systems, state next.

Theorem 7. Let x = 0 is an equilibrium point for system ẋ = f(x) and D ⊂ Rn be

a domain containing the equilibrium point. Suppose there is continuously differentiable

function V : D → R mapping from D to the real set such that
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• V (0) = 0,

• V (x(t)) > 0, ∀x(t) ∈ D\{0} and

• V̇ (x(t)) ≤ 0, ∀x(t) ∈ D.

Then x = 0 is stable. Moreover, if

V̇ (x(t)) < 0, ∀x ∈ D\{0},

then x = 0 is asymptotically stable.

Most frequently, we hope to archive asymptotic stability and convergence in designing

control laws. Unfortunately, it is often the case that it is difficult or impossible to achieve

the strict negativity in the condition V̇ (x(t)) < 0 for all x ∈ D\{0}. Modern techniques

in adaptive control theory often resort to some invariance principle in this case. One such

theorem is described below.

Theorem 8. Let Ω ⊂ D be a compact set that is positively invariant with respect to the

dynamics by the autonomous system ẋ = f(x). Suppose there is continuously differentiable

function V : D → R such that V̇ (x) ≤ 0 in Ω. Let E be the set of all points in Ω where

V̇ = 0. Denote M as the largest positive invariant set in E. Then every solution starting

in Ω approaches M as t→ ∞.

For a linear time invariant system ẋ = Ax where the matrix A is constant, there is a direct

way to verify the stability of the system. We simply check eigenvalues of the matrix.

Theorem 9. The equilibrium point x = 0 is asymptotically stable if and only if all eigen-

values of A satisfy Reλi < 0.

Definition 13. Matrix A is called a Hurwitz matrix if all eigenvalues have a negative real

part.
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Theorem 10. If matrix A is Hurwitz, then for any positive definite symmetric matrix Q,

there exists a positive definite symmetric matrix P that satisfy the Lyapunov equation

PA+ A⊤P = −Q (2.10)

Theorem 7 summarizes Lyapunov’s direct method for classical solutions of autonomous

systems. In adaptive control, we frequently must consider nonautonomous systems. Defi-

nition 14 provides statements of stability for nonautonomous systems. Theorem 11 states

one useful version of Lyapunov’s direct method for nonautonomous systems.

Definition 14. Suppose that x(t) for t ∈ [0,∞) is a classically differentiable solution of

the nonautonomous ordinary differentiable equation

ẋ = f(x, t). (2.11)

A point xe ∈ Rn is an equilibrium of the dynamics generated by this system if f(xe, t) ≡ 0

for t ∈ [0,∞). An equilibrium is said to be

• stable, if given any positive number ϵ, there exists δ(ϵ, to) > 0 such that

∥x(t0)∥ < δ ⇒ ∥x(t)∥ < ϵ, ∀t ≥ to ≥ 0. (2.12)

• unstable if it is not stable.

• uniformly stable, if given any positive number ϵ, there exists δ(ϵ) > 0, which is inde-

pendent of to, such that (2.12) holds.

• asymptotically stable if it is stable, and there is a positive constant c such that

limt→∞ x(t) = 0 for all ∥x(to)∥ < c.
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Definition 15. The equilibrium point x = 0 of the nonautonomous system ẋ = f(x, t) is

exponentially stable if there exist positive constants c, k, λ such that

∥x(t)∥ ≤ k∥x(to)∥e−λ(t−to), ∀∥x(to)∥ < c (2.13)

Theorem 11. Let x = 0 be an equilibrium point for ẋ = f(x, t) and D ⊂ Rn be a domain

containing x = 0. Let V : [0,∞) × D → R be a continuously differentiable function such

that

W1(x) ≤ V (t, x) ≤W2(x) (2.14)

∂V

∂t
+
∂V

∂x
f(x, t) ≤ 0 (2.15)

for t ≥ 0 and all x ∈ D, where W1(x) and W2(x) are continuous positive definite functions

on D. Then x = 0 is uniformly stable.

Barbalat’s lemma, given below, is simple to state, but has important implications in proving

the convergence of certain adaptive control laws.

Lemma 4. [150] (Barbalat’s Lemma) Let ϕ : R → R be a uniformly continuous function

on [0,∞). Suppose that limt→∞
∫ t
0
ϕ(τ)dτ exists and is finite. In this case we have

lim
t→∞

ϕ(t) = 0

The last topic treated in this section summarizes the relationship between positive real

transfer functions and certain solutions of the Lyapunov equation. The primary results

that connect positive real transfer functions and solutions of the Lyapunov equation are

found in Lemma 5 and 6.

Definition 16. A rational transfer function G(s) is called positive real if
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1. G(s) is real if s is real

2. Re [G(s)] ≥ 0 for all Re[s] > 0.

Definition 17. Function G(s) is strictly positive real if G(s− ϵ) is positive real for some

ϵ > 0.

Lemma 5. [4] (Kalman-Yakubovich-Popov (KYP) Lemma) Given a square matrix A with

all eigenvalues in the closed left half complex plane, a vector B such that (A,B) is control-

lable, a vector C and a scalar d ≥ 0, the transfer function G

G(s) , d+ C⊤(sI − A)−1B (2.16)

is positive real if and only if there exist a symmetric positive definite matrix P and a vector

q such that

A⊤P + PA = −qq⊤ (2.17)

PB − C = ±
√
2dq (2.18)

The requirement of the controllable pair (A,B) can be dropped if the function G(s) is

strictly positive real.

Lemma 6. [4] (Meyer-Kalman-Yakubovich (MKY) Lemma) Given a square matrix A,

vectors B,C and a scalar d ≥ 0. If the transfer function G

G(s) , d+ C⊤(sI − A)−1B (2.19)

is strictly positive real, then for any given positive symmetric matrix L, there exist a scalar
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ν > 0, a symmetric positive definite matrix P and a vector q such that

A⊤P + PA = −qq⊤ − µL (2.20)

PB − C = ±
√
2dq (2.21)

2.3.2 Stability Theory for Nonsmooth systems

Since the Moore-Penrose pseudoinverse is not necessarily smooth as the function of the

matrix A, some of the adaptive control laws developed in this dissertation will not result

in classically differentiable solutions. We would like to bring to bear the power of classical

Lyapunov analysis to analyze our system. However, we cannot obtain asymptotic stability

using Barbalat’s Lemma or Lasalle’s Invariance Principle since both methods require some

type of smoothness property. The difficulty can be overcome, to some degree, by extending

Lyapunov method so that it applies to solutions obtained via Filippov’s method and differ-

ential inclusion theory. More information on this strategy is available in Shevitz’s article

[151] and references therein. This dissertation only cites key concepts and theorems.

To extend Lyapunov’s method in this manner, we introduce first Filippov’s solution and

Clarke’s generalized gradients.

Definition 18. Consider a vector differential equation

ẋ = f(x, t) (2.22)

where f : Rn × R → Rn is measurable and essentially locally bounded. A vector function

x(·) on [to, t1] is said to be a Filippov solution of equation (2.22) if

1. x(·) is absolutely continuous on [to, t1] and

2. ẋ ∈ K[f ](x, t) for t ∈ [t0, t1] a.e.
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where

K[f ](x, t) ≡
∩
δ>0

∩
m(N)=0

cof (B(x, δ)−N, t) (2.23)

In the equation above
∩
m(N)=0 denotes the intersection over all sets N of Lebesgue measure

zero, m(N) = 0, and B(x, δ) is the ball of radius δ centered at x.

Definition 19. Clarke’s Generalized Gradient for a local Lipschitz function V : Rn×R →

R, is defined at (x, t) by the equation

∂V (x, t) = co {lim∇V (xi, ti)|(xi, ti) → (x, t), (xi, ti) /∈ ΩV } (2.24)

where ΩV is the set of measure zero where the gradient of V is not defined.

Theorem 12. LaSalle’s Theorem in the nonsmooth case

Let Ω be a compact set such that every Filippov solution to the autonomous system ẋ =

f(x), x(0) = x(t0) starting in Ω is unique and remains in Ω for all t ≥ t0. Let V : Ω → R

be a time independent regular function such that v ≤ 0 for all v ∈ ˙̃V where ˙̃V defined as

˙̃V ,
∩

ξ∈∂V (x(t),t)

(K[f ](x(t), t), 1)⊤ ξ (2.25)

Then every trajectory in Ω converges to the largest invariant set M contained in the closure

of the set
{
x ∈ Ω|0 ∈ ˙̃V

}
.
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Chapter 3

Adaptive Control and Parameter

Identification

3.1 Introduction to Adaptive Control

Model Reference Adaptive Control (MRAC) has emerged as one of the most well-known,

fundamental approaches in adaptive control. The MRAC architecture is composed of three

parts: a plant, a controller containing tunable parameters, and a reference model. The

reference model is excited by the reference input and generates a desired trajectory. The

control object is to force the closed loop system state follow that of the reference model.

To fulfill that purpose, control parameters are continuously updated to decrease the track-

ing error. All MRAC schemes can be characterized as direct MRAC or indirect MRAC

methods. In a direct method, the control parameters are modified by an adaptive law. In

an indirect MRAC method, the plant parameters are estimated first, then a closed-loop

feedback controller is designed online using the plant parameter estimates. The stability

and parameter convergence properties of MRAC schemes have been extensively studied and
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documented. In this review, we only introduce the direct MRAC state feedback controller

for an LTI system in this section.

Suppose we have an LTI plant

ẋ = Ax+Bu. (3.1)

where x ∈ Rn, and u is a scalar. We want its states to track the following reference model

ẋm = Amxm +Bmr (3.2)

where r is the scalar reference input and xm ∈ Rn. The generic form of a linear state

feedback controller is designed as

u = kxx+ krr. (3.3)

The closed loop system is therefore written as

ẋ = (A+Bkx)x+Bkrr

It is assumed that the control plant and the reference model satisfy the so called “matching

condition”, there exist a constant vector k∗x and a constant scalar k∗r such that

Am = A+Bk∗x

Bm = Bk∗r

As mentioned earlier, one advantage of MRAC schemes over usual state feedback control

methods is that MRAC methods do not rely on exact a priori knowledge of the plant

parameters A and B, which are not available in some problems. In those cases, MRAC
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schemes can find the appropriate control parameters through the following adaptive law

k̇x = −Γxsgn(k
∗
r)x

⊤e⊤PBm

k̇r = −Γrsgn(k
∗
r)re

⊤PBm (3.4)

where matrix P is the solution to the Lyapunov equation

PAm + A⊤
mP = −Q. (3.5)

In the Lyapunov equation, the matrix Q can be any positive definite matrix. In the

adaptive law (3.4), the symbol sgn(k∗r) denotes the sign of the unknown coefficient k∗r , and

the tracking error e is defined as e = x−xm. The sign function sgn(·) implies that although

the adaptive scheme does not require the complete information of the unknown system (A

and B), it does need partial information about the unknown plant. Specifically, the signs of

k∗r and k
∗
x are needed in this case. The following theorem describes the asymptotic behavior

of adaptive control strategy (3.2)-(3.4).

Theorem 13. If the linear time invariant system (3.1)is excited by a bounded reference

signal r, then the control law (3.3) and the adaptive law (3.4) ensure that the closed-loop

response follows that of the reference system (3.2) asymptotically.

Proof. We use the Lyapunov method to show that the tracking error e approaches the origin

asymptotically. Denote the parameter estimation error to be k̃x , kx−k∗x and k̃r , kr−k∗r .

From Theorem 10, we know that for the Hurwitz matrix Am, given any positive definite

matrix Q, there always exists a positive definite matrix P which satisfies the relation (3.5).

Select the candidate Lyapunov function

V = e⊤Pe+
1

Γx|k∗r |
k̃xk̃x

⊤
+

1

Γr|k∗r |
k̃r

2
(3.6)
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Time derivative of V computed to be along trajectories of the system is

V̇

= e⊤(PAm + A⊤
mP )e+ 2e⊤PBk̃xx+ 2e⊤PBk̃rr +

2

Γx|k∗r |
˙̃kxk̃x

⊤
+

2

Γr|k∗r |
k̃r

˙̃kr

= −e⊤Qe+ 2

(
1

Γx|k∗r |
e⊤PBx⊤ + ˙̃kx

)
k̃x

⊤
+ 2

(
1

Γr|k∗r |
e⊤PBr + ˙̃kr

)
k̃r

= −e⊤Qe

Theorem 11 tells us that the error dynamics is stable, which means the quantities e, x, k̃x, k̃r

are all bounded. Note that boundedness also implies the second order time derivative of the

Lyapunov function candidate V̈ = −e⊤Q
(
Ame+Bk̃xx+Bk̃rr

)
is bounded as well. With

Lemma 4 (Barbalat’s Lemma), we conclude that V̇ → 0 as t → ∞. Since the matrix Q is

positive definite, V̇ goes to zeros implies e goes to the origin as time t goes to infinity.

The above adaptive method assumes we can measure the system state. In applications

where only input/output data is available, one instead employs the KYP lemma to prove

asymptotic stability of output feedback adaptive controllers.

The adaptive control scheme discussed in this section is among the most simple cases

discussed in the literature. We have discussed this derivation in detail to illustrate the

importance of several key components in an MRAC scheme. We focus our attention on

each component next.

Plant model/Parametric Model The math model (3.1) describes the physical system

we want to control. This model specifies which signals are available to controller

designers and what type of parametric model is used. In the example, we consider

full state measurements and employ a state space model. The plant model and the

parametric model are indeed the same set of equations in this simple example. But

generally, in some applications like SISO adaptive control, the system model can be
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completely different to parametric model.

Reference Model The ODE (3.2) defines the ideal dynamics that the closed loop system

must follow. Though the reference model and the plant model are governed by two

independent ODEs, it does not mean that the reference model can be selected arbi-

trarily. In fact, the controlled system has to be consistent with the reference model,

where consistency is expressed mathematically as the “matching condition”.

Control Law Equation (3.3) calculates the control delivered by an actuator. In the state

feed back system, the control depends on the state x and the estimated parameter

kx, kr. In output feedback control problems, since the state is not available, the control

depends on the estimated state or other quantities generated from the input/output

measurements.

Adaptive Law The adaptive law (3.4) can be regarded as the key module in the adaptive

control structure. The adaptive law uses the tracking error and regressors to tune

the estimated parameters. Generally, the parameters can be either quantities with

physical meaning or abstract coefficients in a segment of computer code. The main

contribution of this dissertation is the introduction of a novel adaptive law which

not only improves both transient and asymptotic performance but also brings a new

mathematical tool to analyze and design adaptive controllers.

3.2 Parametric Model

When the structure of a plant is given, its dynamics are completely determined by the

input and a set of coefficients referred to as the system parameters. Sometimes, the system

parameters are readily available. But there are cases when parameters are either unknown

and/or varying with time or operating conditions. In this section, we present some of the

32



most common parametric models which we need in the later chapters. Readers may refer

to the literatures [4, 152] for an extensive discussion on this topic.

3.2.1 LTI with Full State Measurement

Suppose we have the state space representation of a system

ẋ = Ax+Bu (3.7)

where the state x ∈ Rn is available through measurement. But suppose we do not know

the exact values of certain entries in the matrices A and B. A common parametric model

can be derived that corresponds to this case as follows.

ẋ = Ax+Bu

= Amx+ (A− Am)x+Bu

= Amx+ A∗x+B∗u (3.8)

where A∗ = A−Am, B∗ = B, and Am is an arbitrary Hurwitz matrix. The parametric model

(3.8) is referred to as the “series-parallel” model [153]. We leave the detail of constructing

regressors based on this model to the coming chapters.

In the parameter model in Equation (3.8), there are in the most general case n×n unknown

coefficients in the matrix A and n unknowns in the matrix B, which gives us a total of

n2 + n unknown parameters. However, it is worth mentioning that if the system (3.7) is

known to be implemented in a typical canonical form, for example the control canonical

form, then there are only 2n unknown parameters.
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3.2.2 LTI SISO system

Next we consider a proper LTI system that has the form

Y (s)

R(s)
=
bn−1s

n−1 + bn−2s
n−2 + . . .+ bo

sn + an−1sn−1 + . . .+ ao
, (3.9)

Let us assume that numerator and the denominator have no common root. The highest

order derivative of the measurement y can be expressed as

dny

dtn
= bn−1

dn−1r

dtn−1
+ bn−2

dn−2r

dtn−2
+ . . .+ bor

− an−1
dn−1y

dtn−1
− an−2

dn−2y

dtn−2
− . . .− aoy

= θ∗⊤Y (3.10)

where θ∗ is a vector of the system parameter and Y is a vector of signals given by

θ∗ = [bn−1, bn−2, . . . , bo, an−1, an−2, . . . , ao]
⊤ (3.11)

Y = [
dn−1r

dtn−1
,
dn−2r

dtn−2
, . . . , r,−d

n−1y

dtn−1
,−d

n−2y

dtn−2
, . . . ,−y] (3.12)

Note carefully that Equation (3.10) expresses the fact that the function dn

dtn
y can be written

as the inner product of the unknown parameter θ∗ and the regressor vector Y. However,

the construction also contains the derivatives of the measurements r and y. One common

strategy used in implementations is to adopt an n-th order low pass filter 1/Λ(s), where

Λ(s) is monic Hurwitz. Let all the signals filtered by the transfer function 1
Λ(s)

,

z =
1

Λ(s)

dny

dtn
(3.13)
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and

ϕ = [
sn−1r

Λ(s)
,
sn−2r

Λ(s)
, . . . ,

r

Λ(s)
,−s

n−1y

Λ(s)
,−s

n−2y

Λ(s)
, . . . ,− y

Λ(s)
]⊤. (3.14)

We have the new relation z = θ∗⊤ϕ. Note that both ϕ and z can be generated without

knowing the exact value of unknown parameters θ∗ .

3.3 Parameter Estimation and Adaptive Observer

Online parameter estimation techniques and adaptive observers are briefly discussed in this

section. Only linear time invariant systems containing unknown parameters are considered

initially. There are two parameter estimation methods presented in this section. In the first

case, the system state is assumed to be measurable, while in the second case, only the input

and output data of the SISO LTI system is available from measurement. But the degrees of

the denominator and numerator are fixed. The object of parameter estimation methods is

to estimate the unknown coefficients contained linear systems from available measurements.

In other words, an adaptive observer estimates the unknown system parameters as well as

the system state. In both the parameter estimation task and the adaptive observer, we

start by describing the model classes under consideration. Subsequently, the algorithms

that solve these estimation problems are presented. Finally, some of the theorems that

describe the mathematical properties of the methods are given.

3.3.1 Parameter Identifier

System with state measurements From Section 3.2.1, we know that a linear system

ẋ = Ax+Bu (3.15)
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that contains unknown parameters in the system matrices A and B can be parameterized

as (5.7). The following algorithm can help us identify the unknown parameters.

˙̂x = Amx̂+ (Â− Am)x+ B̂u

˙̂
A = −Γ1ex

⊤

˙̂
B = −Γ2eu

⊤

e = x̂− x (3.16)

where Am is a Hurwitz matrix selected by a designer, and Γ1,Γ2 are two arbitrary positive

real numbers. The matrix pair (Â, B̂) is an estimate of unknown system (A,B). The

algorithm in Equation (3.16) is called the “Series-Parallel” method. Readers may refer

to the literature [4] for information about other parameter identification algorithms with

full state measurement. The following theorem is typical and ensures the stability of the

algorithm in (3.16)[4]

Theorem 14. If the matrix A is Hurwitz and u ∈ L∞, then

1. x̂, Â, B̂ ∈ L∞, and

2. ∥ ˙̂
A(t)∥, ∥ ˙̂

B(t)∥, e ∈ L2 ∩ L∞

SISO system Suppose that we have an LTI system Gp(s)

y(s) = Gp(s)r(s), (3.17)

Gp(s) =
N(s)

D(s)
=
bm−1s

m−1 + bm−2s
n−2 + . . .+ bo

sn + an−1sn−1 + . . .+ ao
, (3.18)

and only the input r(t) and output y(t) of the system are available from measurement.

In order to design a parameter identifier, we use the method explained in Section 3.2.2
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to parameterize the system Gp(s). Once the virtual measurement z and regressors ϕ have

been generated according to (3.13) and (3.14) respectively, we use the gradient descent

algorithm to estimate the unknown parameters in the equations

e = ϕ⊤θ̂ − z

˙̂
θ = −Γϕe (3.19)

where Γ is arbitrary positive real number and the entries of parameter estimate θ̂ are

defined in (3.11). The following theorem [4] is typical and summarizes the properties of

this parameter identifier algorithm.

Theorem 15. The parameter identifier in Equation (3.19) guarantees that

1. e, θ̂,
˙̂
θ ∈ L∞, and

2. e, θ̂ ∈ L2

We will leave the discussion of the convergence of this algrithm to the next section.

3.3.2 Adaptive Observer

If the system (A,B,C) is both observable and controllable in the system

ẋ = Ax+Bu, x(0) = xo

y = C⊤x, (3.20)

37



then it is well known that the Luenberger Observer gives the system state estimate x̂ in

terms of the input u and output y of the system:

˙̂x = Ax̂+Bu+K(y − ŷ), x̂(0) = x̂o

ŷ = C⊤x̂, (3.21)

where K has to be chosen in the way such that A−KC⊤ is Hurwitz.

However, in the case where the plant parameters are not available, an adaptive observer

must be used to estimate the system state. It is well known that there are an infinite number

of equivalent realizations for any LTI system. We choose to parameterize the observer in

canonical form, which is written as

ẋ =


−an−1

...

−ao

...

...

In−1

· · · · · ·

0

x+

bn−1

...

bo

u
y = [1 0 · · · 0]x. (3.22)

Denote the vectors

ap = [an−1, an−2, · · · , ao]

bp = [bn−1, bn−2, · · · , bo]

θ̂ = [bp, ap].

We construct the regressors ϕ in the form

ϕ =

[
[sn−1, sn−2, · · · , 1]

Λ(s)
u,− [sn−1, sn−2, · · · , 1]

Λ(s)
y

]⊤
(3.23)
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where Λ(s) is a Hurwitz polynomial. The observer is then implemented as

˙̂x =


−ân−1

...

−âo

...

...

In−1

· · · · · ·

0

 x̂+

b̂n−1

...

b̂o

u+ (a∗⊤p − â⊤p )(y − ŷ)

ŷ = [1 0 · · · 0] x̂. (3.24)

and the adaptive law is

z =
sn

Λ(s)
y

ẑ = θ̂⊤ϕ

e = z − ẑ

˙̂
θ = −Γϕe (3.25)

where the vector a∗p is selected in such way that the polynomial sn+a∗n−1s
n−1+· · ·+a∗1s+a∗0 is

Hurwitz. The properties of the adaptive observer are summarized in the following theorem

[4].

Theorem 16. The observer equation (3.24) and the adaptive law (3.25) for the system in

Equation (3.20) guarantees that

1. all signals are uniformly bounded, and

2. the output observation error ỹ = y − ŷ converges to zero as t→ ∞.

We leave the discussion of convergence of the state estimate x̂ and the parameter estimate

θ̂ to the next section.
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3.4 Convergence of Parameter Estimates

The above adaptive controller only guarantees convergence of the tracking errors. The

parameter estimation error, in contrast, is only guaranteed to be bounded. It does not

necessarily vanishes. As discussed in the introduction, this is commonly the case in the

field of adaptive control. It turns out that parameter convergence is more difficult to

attain. It relies on properties of the reference signal and therefore cannot be checked a

priori. The most common sufficient condition is now widely referred to as the Persistent

Excitation condition. It requires regressors to contain information along all directions for

all time. The P.E. condition has another equivalent interpretation in the frequency domain.

It says a signal must have a sufficient number of spectral lines in order for the parameter

estimates to converge to their true values. The theory for the parameter convergence is

briefly introduced here.

Definition 20. A piecewise continuous vector signal ϕ is said to be persistently excited

(PE) if there exists constant α0, α1, To > 0 such that

α1I ≥ 1

To

∫ t+To

t

ϕ(τ)ϕ⊤(τ)dτ ≥ αoI, ∀t ≥ 0 (3.26)

In some literature [4], the signal vector ϕ in the definition is described as PE with a level

of excitation αo > 0. There are many equivalent definitions for persistency of excitation.

Definition 21. [49] A function ϕ : R+ → Rn is said to have auto-covariance Rϕ(t) ∈ Rn×n

if and only if

lim
T→∞

1

T

∫ s+T

s

ϕ(τ)ϕ⊤(t+ τ)dτ = Rϕ(t). (3.27)

Lemma 7. [49] Suppose the regressor vector ϕ has auto-covariance Rϕ(t). Then the vector

ϕ is PE if and only if Rϕ(0) > 0.
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From the construction of the regressors in Section 3.2.2, it is evident that for SISO system,

the regressors {ϕ} are excited by one scalar input. In order to measure the persistency of

excitation, we need a metric to measure how rich in information the scalar function is.

Definition 22. [4] A scalar signal u : R+ → R is called sufficiently rich of order n if it

consists of at least n
2
distinct frequencies.

Parameter Convergence Conditions The Persistent Excitation condition is closely

related to convergence of the ODE ẋ = −αϕϕ⊤x, as stated in Theorem 17.

Theorem 17. Suppose that the set of regressors ϕ : [0,∞] → Rn×k are bounded and

piecewise continuous. Then the following statements are equivalent:

1. The system ẋ = −ϕϕ⊤x is asymptotically stable.

2. There are real positive numbers T , t0, a1 and a2 such that

a2I ≥
1

T

∫ t+T

t

ϕϕ⊤ dτ ≥ a1I, ∀t ≥ t0

3. There are real positive numbers T ,t0, a1 and a2 such that for every vector c ∈ Rn with

∥c∥2 = 1,

a2 ≥
1

T

∫ t+T

t

c⊤ϕϕ⊤c dτ ≥ a1, ∀t ≥ t0

4. There are real positive numbers T ,t0, a1 and a2 such that for every vector c ∈ Rn with

∥c∥2 = 1,

a2 ≥
1

T

∫ t+T

t

∥ϕ⊤c∥ dτ ≥ a1, ∀t ≥ t0

Readers can refer to [4, 47, 154, 3] and references therein for a thorough discussion of this

topic.
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We have introduced the model reference adaptive controller, parameter identifier and adap-

tive observer, and the associated theorems ensuring stability and boundedness of the al-

gorithms. We have shown that these methods guarantee that the tracking error and the

output observation error vanish asymptotically. However, there is no such insurance for

the parameter estimation error. Studies have shown that the parameter estimates will not

go to their true values unless a system is persistently excited [49]. The following theorems

states the fact.

Theorem 18. [4]Estimation convergence when state is available: Suppose the

matrix pair (A,B) is a controllable pair. If the input u is sufficiently rich of order n + 1,

then the estimates Â, B̂ generated by the method (3.16) converge exponentially fast to the

unknown parameters A and B.

Theorem 19. Estimation Convergence for SISO system: Assume the transfer

function in (3.17) has no zero-pole cancellation. If the input u is sufficiently rich of order

n + m + 1, then the estimation algorithm (3.19) guarantees that the parameter estimates

converge to the true value exponentially.

The theorem assures convergence of parameter estimates by checking a special property of

the input signal u. Convergence can also be verified by checking the regressors, as shown

in the following theorem.

Theorem 20. [4] If the regressor vector ϕ ∈ L∞ and is PE, then the adaptive law (3.19)

ensures parameter estimate θ̂ converges exponentially to its true value θ∗.

Theorem 21. [4] Estimation Convergence for adaptive observer: If the input u

is sufficiently rich of order 2n, then the state observation error x̃ = x − x̂ in the observer

(3.24) and the parameter estimation error θ̃ = θ̂ − θ∗ in the adaptive law (3.25) converge

to zero exponentially.
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Chapter 4

Adaptive Functional Regression

Algorithm

It is commonly known that adaptive controllers can conform to different circumstances

for steady performance. The superior characteristic of adaptive controllers relies on their

estimation mechanism to deduce unknown system parameters from inputs. This chapter

focuses on one of the fundamental parameter estimation problem in adaptive control. A

new functional regression method is also proposed in the chapter. The chapter is organized

as follows. The parameter estimation problem is formulated in Section 4.1, and a functional

perspective to view the identification problem is also present in the section. The descriptions

of the functional regression method is given in Section 4.2. Construction of the functional

regressors and the test functions, which are two important steps in the new algorithm, are

discussed in Sections 4.3 and 4.4, respectively. Section 4.5 explains that the new method is

a natural extension of some existing adaptive methods. An one to one comparison between

the new method and some conventional methods is also provided in this section. Properties

of the novel parameter estimation algorithm are analyzed in Section 4.6. Section 4.7 is

dedicated to the convergence conditions for parameter estimation using the new method.

43



Finally, detailed proofs of several theorems are presented in Section 4.8.

4.1 Problem Statement

In this section, we need to solve a general parameter identification problem which arises in

every adaptive control schemes. The problem is analyzed as follows.

For the dynamic system

ẋ = f(x;θ∗) (4.1)

with a vector of unknown parameters θ∗ ∈ Rn. The effect of the unknown parameter θ∗

on the system dynamics can be analyzed via the frequently used mathematical model in

adaptive control

z(t) =
∑
i

θ∗i ϕi(t). (4.2)

where z(·) and ϕi(·) are known, and the function sequence {ϕi(·)} is called a regressor.

Each entry ϕi in the sequence and z are defined on [0,∞)

ϕi : R
+ → Rn, i = 1, · · · , n.

z : R+ → Rn (4.3)

This model can be used to describe the relationship between the state and measurement in

an excessively simple LTI system, or very complicated nonlinear dynamics represented by

neural networks. In spite of various unknown structures the model (4.2) may depict, two

clear facts are indicated in the model: firstly, functions z and ϕi are available; secondly,

the functions z and ϕi appear in a linear relationship with the unknown parameter θ.

Theoretically, the function z and ϕ are defined on the interval [0,∞), but due to physical

limitations of our measurement system, we only have knowledge of z and ϕ up to time
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T . In other words, we only know PT z, PTϕi, where PT (·) is the truncation projection.

Before move forward to the problem statement, we need to point out the fact that for any

time instance T , the up-to-date regressor {PTϕi(t)} is a basis for a Hilbert space H{ϕ}
T of

functions. The truncated function PT z is in that space PT z ∈ H{ϕ}
T . If we extend the time

T to infinity, we obtain a Hilbert space H{ϕ}, where the regressor ϕi(t) and function z all

live, i.e. ϕ(t), z ∈ H{ϕ}. Now we state the parameter estimation problem

Find a parameter θ ∈ Rn such that

z(t)−
∑
i

θiϕi(t) = 0, ∀t ∈ [0, T ]. (4.4)

We impose an additional constraint on the viable algorithm for the solution of the problem

(4.4). Any solution to the problem must be an online algorithm, one that can be imple-

mented in real-time progressively. In other words, no increasing history data are stored

explicitly. The algorithm stores a fixed length information in a finite number of variables.

As indicated earlier, the problem (4.4) is one of the core issues in adaptive control. Gen-

erally, solutions to the problem (4.4) consists of three steps. It is summarized in [152]

that in order to estimate the solution to the problem, one needs a) derive a parametric

model, b) design a learning scheme and c) design a parameter update law. The first step

parameterizes the system dynamics, and the learning scheme generates an error function

that measures how close an estimated parameter vector is to the true value. The last step

adjusts estimates so that the error function vanishes. In this dissertation, we provide a new

solution to the design of the learning schemes and adaptive laws. The new approach also

introduces a new angle to view some existing methods. The dissertation does not propose

any new ideas on the parametrization step. This topic is well established. Readers can refer

to the books [4, 152] for detailed discussions. We have to introduced some new concepts

before we can formulate the functional regression approach introduced in this dissertation.
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We restrict functions studied to be in Lp space. We assume that the Hilbert space H{ϕ}
T is

contained in some Hilbert space Hm
T . For any two elements f, g ∈ Hm

T , we define the inner

product of the two elements is

(f, g)T ,
∫ T

0

f(τ)g(τ) dτ. (4.5)

For a sequence of test functions {ψi}mi=1 with each ψi ∈ Hm
T , we denote H{ψi}

T to be the

linear space spanned by the sequence,

H{ψi}
T ,

{
g : g =

m∑
i=1

αiψi αi ∈ R

}
(4.6)

The orthogonal complement of the space H{ψi}
T is denoted to be

(
H{ψi}
T

)⊥
. It is a simple

fact that the space H{m}
T is the direct sum of the two spaces,

H{m}
T = H{ψi}

T

⊕(
H{ψi}
T

)⊥
(4.7)

The relation among these spaces is illustrated in Fig 4.1.

H{ϕ}
T

H{ψ}
T

(H{ψ}
T )⊥

Hm
T

Figure 4.1: Relation among the spaces H{ϕ}
T ,H{ψ}

T and Hm
T
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For any element g ∈ H{ϕ}
T , we define a functional Iψi,T (·) from the inner product,

g 7→ Iψi,T (g) = (g, ψi)T . (4.8)

The central feature of the new algorithm is that it uses functionals instead of the functions

themselves to estimate the unknown parameter θ. One objective of the dissertation is to

find an algorithm f to get the estimate θ̂

θ̂ = f(Iψi,T (ϕi), Iψi,T (z)) (4.9)

The problems that need to be solved in the dissertation are to define a viable and useful

estimation procedure as follows:

1. Design a sequence of functions {ψi} and the algorithm f(·, ·) to estimate the unknown

parameters.

2. Determine conditions that guarantee that the estimate θ̂ converges to the true value

θ∗.

3. If the estimate θ̂ does not converge to the true value, what the space the estimate

lives in?

4. Determine conditions under which we can infer a priori the transient dynamics of the

estimate θ̂.

5. Show that the functional regression method can be used effectively in adaptive control.
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4.2 Description of the Algorithm

In this section, the implementation of the adaptive functional regression method is de-

scribed. As mentioned in the last section, a conventional online parameter estimation

algorithm is composed of a parametric model, a learning scheme and parameter update

laws. The novel adaptive method also needs certain test functions to gather system infor-

mation, which is discussed in Section 4.4. In this section, we concentrate on the parameter

update law. Indeed, the novel design of the parameter estimation method allows us to

separate the parameter update module from its other parts.

The motivation to extract the parameter update law and its study it independently of

the other parts is based on two observations. Firstly, we can make a closer inspection of

properties of the new method. We want to know whether a certain property of the overall

method arises from the design of the update law, the parametric model or a selection of

test functions. Secondly, we seek to design the structure of the new adaptive method to be

general as possible. Therefore, we ensure that freedom is kept for designers.

As indicated before, we are interested in developing an online method, which prohibits us

from storing a complete history of the system states. Instead, we employ a finite number

of variables, and those variables are linear functionals that reflect information about the

unknown parameters. We define matrices Φ and B elemently as Φij and Bj, where

Φij(t) , Iψi,t(ϕj) = (ϕj, ψi)t,

Bi(t) , Iψi,t(z) = (z, ψi)t (4.10)

Depending on how the test functions ψ are selected, there are different ways to calculate the

functionals Φij and Bj. But generally, they are determined by the solution of the evolution
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equations that have the form

Φ̇ij = h(ψi(t), ϕj(t), t),

Ḃi = h(ψi(t), z(t), t) (4.11)

The explicit form of the function h is discussed in Section 4.4, since its definition is closely

related to that of the test functions. But we can now give the parameter update algorithms

in terms of the entries in the matrices Φ and B. We present three different approaches to

estimate the unknown parameter θ∗ defined in Equation (4.2).

Generalized Inverse Method In this case, the parameter estimates are updated using

the following ODE,

˙̂
θ = −αΦ+(Φθ̂ − B) (4.12)

where α is a real positive number, the symbol Φ+ denotes the generalized inverse of the

matrix Φ.

Transpose Method In this alternative approach, the update replaces the pseudoinverse

Φ+ with the transpose Φ⊤,

˙̂
θ = −αΦ⊤(Φθ̂ − B) (4.13)

where Φ,B and α are the same as in the previous method.

Direct Method Both the Generalized Inverse method and the Transpose Method use an

ODE to estimate the unknown parameters. In other words, the two methods can be viewed

as dynamic methods. The estimation problem can be also solved using a static method as
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shown below. The estimated parameter vector θ̂ is then calculated via the equation

θ̂ = (Φ⊤Φ)−1Φ⊤B (4.14)

At the first glance at the method in Equation 4.14, it appears to be an off-line system

identification method. However, the complete history of measurement is not stored in

this case and only functionals which indirectly represent past information are progressively

updated. The functionals can be regarded as augmented states from which unknown system

parameters are estimated.

4.3 Parametric Model and Regressors

In this dissertation, the design of the regressors is equivalent to the selection of a parametric

model. As long as a certain parametric model is chosen, the regressors are consequently

determined . As reviewed in Chapter 1 and 3, parametric model design is among the

fundamental steps in adaptive control. There are a wide variety of well known parametric

models developed for different types of adaptive control problems. The text books [3, 4]

document some frequently used parametric approaches. These include parametric models

for systems that collects state measurements, LTI systems with only input and output

measurements, systems with matched nonlinearities, and many others. It is not possible

to list or consider all of the parametric models and regressor designs. The only regressor

designs employed in this dissertation have been introduced in Chapter 3.

In order to accommodate many parametric models to the novel adaptive functional re-

gression method, the new method is designed to be as general as possible. However, we
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emphasize the two requirements for our parametric models

z(t) =
m∑
i

θ∗i ϕi(t).

1. The new adaptive functional regression method requires that the quantities z, ϕ and

θ obey the linear relationship above. The function z must depend linearly on the

constant unknown parameter vector θ.

2. The functions z and ϕ can be determined without any estimation. That is, they are

available through measurements, or through computation that depends on available

measurements.

4.4 Design of Test Functions

In this section, we will discuss some particular choices of the test function ψ, which is a

new concept introduced in the functional regression method. It is commonly known that,

with a test function, a functional can be constructed which maps a function to a real

number. Therefore, given a sequence of the test functions, we can create a sequence of

functionals which implicitly captures information of a function. With this technique, some

information of the function is contained in the functionals without storing the complete

history of the function. By definition, calculating a functional implies an integral over

the entire time domain, which needs the whole history data of the function. This is a

requirement that is not applicable for online algorithms. The issue is resolved by converting

the integral to an evolution differential equation. In this section, each test function belongs

to a certain categories of functions, and they exhibit important properties in addition to

general properties studied in Section 4.6.

When introducing each test function, we always start with the definition of the test func-
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tion. It is followed by the explicit form of the differential parameter updating equation.

Distinctive properties of the test function are subsequently mentioned.

4.4.1 Trigonometric Functions

Trigonometric functions (sinωt and cosωt) are good examples of test functions that are

suitable for the new algorithm. When trigonometric functions are used, the regression

matrix Φ has an interesting mathematical interpretation. Indeed, we know the Fourier

Transform of a function f ∈ L2 is defined as [155]

f̂(ω) =

∫ ∞

0

f(t)e−jωt dt. (4.15)

The associated regression matrix is defined as

Φij(t) =

∫ t

0

ϕj(τ) cosωiτ dτ ,

or Φij(t) =

∫ t

0

ϕj(τ) sinωiτ dτ , (4.16)

and the regression matrix Φ is updated by the differential equation

Φ̇ij(t) = ϕj(t) cosωi(t),

or Φ̇ij(t) = ϕj(t) sinωi(t).

Comparing equations (4.16) and (4.15), it is observed that if we select the test function ψi

to be cosωit, then

Φij(∞) = Re
(
ϕ̂j(ωi)

)
where ϕ̂j is the Fourier Transform of the function ϕj and Re(·) is the real part of a complex
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function. Similarly, if the test function ψi is chosen to be sinωit, then

Φij(∞) = Im
(
ϕ̂j(ωi)

)
.

Hence the limit of the regression matrix Φ can be computed by its Fourier Transform. This

enables the study of the new adaptive algorithm in the frequency domain. In addition,

using trigonometric test functions is convenient in that engineers can interpret features

in the spectrum. In other words, a control designer can select the values of frequency ωi

based on the nature of the control problem. Some details of the use of trigonometric test

functions will be discussed in Section 4.6.

4.4.2 Regressor as the Test Functions

The regressor functions ϕ themselves can be another interesting choice of test functionsψ.

If the test function ψi is select to be ϕi, we obtain a symmetric regression matrix Φ

Φij(t) =

∫ t

0

ϕi(τ)ϕj(τ) dτ (4.17)

The matrix Φ is updated as

Φ̇ij(t) = ϕi(t)ϕj(t). (4.18)

This leads to an algorithm that is similar to the classic Least Squares method described in

Equation (4.26). One important observation in this case is that Φ is singular if and only if

the regressors {ϕ} are linearly dependent.

Theorem 22. Given the matrix Φ(t) defined in (4.17), there exists a vector x such that

Φx = 0n×1 if and only if ∥x⊤ϕ(t)∥2 = 0.

Proof. The conclusion is obvious.
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4.4.3 Exponential Decay Functions

All of the test functions discussed in Sections 4.4.1 and 4.4.2 weight the regressors directly in

forming Φ. But in engineering applications, data recently collected can be more important

than data acquired long ago. Hence, it can be advantageous to weight the regressors over

the time where we discount the data measured a long time ago. One frequently used

function in time series analysis is the exponential decay e−at. To retain similarity to earlier

discussion, we use the same set of regressors {ϕ} and test functions {ψ}. The regression

matrices with a forgetting factor a are defined as

Φa
ij(t) ,

∫ t

0

e−a(t−τ)ψi(τ)ϕj(τ) dτ , a > 0

Bai (t) ,
∫ t

0

e−a(t−τ)ψi(τ)z(τ) dτ (4.19)

Similar to the algorithms without a forgetting factor a, these variables are determined by

the solution of the evolution equations

Φ̇a
ij = −aΦa

ij + ψiϕj,

Ḃai = −aBai + ψiz. (4.20)

Note that in these definitions, we use the same forgetting factor a for all entries of the

matrices Φa and Ba. Of course, this choice is not strictly mandatory and designers can

choose multiple decay rates based on nature of their control problem.
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4.5 Relation with conventional adaptive schemes

In this section, we show that the new method can be closely related to some conventional

methods. In fact, many common adaptive laws can be cast in the new adaptive learning

framework (4.12) by selecting appropriate test functions ψ and the updating algorithm.

Gradient Descent Method Suppose we select one test function ψ to be the Dirac delta

function. The regressor in this case becomes

Φij(t) =

∫ t

0

ψi(t− τ)ϕj(τ) dτ = ϕj(t).

If the Transpose Method is employed to estimate unknown parameters, the functional

regression based method is simply

˙̂
θ = −αϕ(ϕ⊤θ̂ − z) (4.21)

The update law is identical to the Gradient Algorithm.

Normalized Gradient Method If the generalized inverse method is used, it is further

verified from Definition 11 that the pseudoinverse of the vector ϕ is

ϕ+ =


ϕ⊤

∥ϕ∥22
, ∥ϕ∥2 ̸= 0

0, otherwise.
(4.22)

The corresponding adaptive law is then

˙̂
θ = −α ϕ

∥ϕ∥22
(ϕ⊤θ̂ − z). (4.23)
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This equation is very close to the normalized gradient algorithm [4], which is

˙̂
θ = −α ϕ

1 + β∥ϕ∥22
(ϕ⊤θ̂ − z). (4.24)

where β is a positive real number.

Least Square Method The conventional Least Squares method cannot be fit exactly

into the structure of the functional regression method, although there is a close similarity

in form. We will next rewrite the method in the form of the functional regression method

and compare the two methods.

If we choose ψ to be the regressors ϕ themselves, we obtain

Φij =

∫ t

0

ϕi(τ)ϕj(τ) dτ

Φ̇ij = ϕiϕj

Ḃi = ϕiz. (4.25)

The conventional Least Square Adaptive Law [4] can then be expressed as

˙̂
θ = −αΦ+(Φ̇θ̂ − Ḃ) (4.26)

This equation should be compared with the new functional regression method which up-

dates the estimates as

˙̂
θ = −αΦ+(Φθ̂ − B) (4.27)

The primary difference between the Least Square method (4.26) and the new method (4.27)

lies in the parentheses on the right hand side. In the Least Squares method, the generalized

inverse of the regression matrix Φ is multiplied by the time derivatives of regression matrices
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Φ̇ and Ḃ. The corresponding terms in the new method are the regression matrices Φ and B.

Integral Cost method In contrast to the Gradient method where only instantaneous

information is used in the update, the Integral Cost method tries to minimize an integral

cost function having the form [4]

J(θ̂) =

∫ t

0

e−β(t−τ)
(
ϕ⊤(τ)θ̂(t)− z(τ)

)2
dτ . (4.28)

The integral adaptive law associated with this cost function is given in [156, 157] and is

written

˙̂
θ = −α(R(t)θ̂ −Q(t))

Ṙ = −βR + ϕϕ⊤

Q̇ = −βQ+ ϕz (4.29)

If we select the regressors {ϕ} as the test functions {ψ} in the new algorithm, and set the

forgetting factor β to be zero, then the integral adaptive law can be expressed as

˙̂
θ = −α(Φθ̂ − B) (4.30)

From the discussion of these cases, we see that the new method is a natural extension of

conventional adaptive methods. It gives designers more flexibility by selecting various of

test functions ψ. Analysis can take advantage of this flexibility by choosing ψ to fit their

individual problems.

Not only conventional adaptive methods can be cast in the functional regression framework.

Some of latest proposed methods can also be put into this structure.
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Concurrent Adaptive Control The Concurrent Learning method is another novel

adaptive law proposed by Chowdhary et al. [96, 158]. The method uses stored data

as well as online measurements to update the parameter estimation. Similar to the method

proposed in this dissertation, the Concurrent Learning method does not need the Persistent

Excitation condition as a prerequisite for parameter convergence. The Concurrent method

assumes that regressors ϕi(x(t)) depends on the system state and it keeps a record of the

states at the past time points {x(tj)} and the system outputs at those time points {z(tj)}.

The method then uses the adaptive law to estimate the unknown parameter θ̂

˙̂
θ = −Γϕ(x(t))ϵ(t)−

P∑
j=1

Γϕ(x(tj))ϵj(t) (4.31)

where

ϵj(t) = ϕ(x(tj))θ̂(t)− z(tj)

ϵ(t) = ϕ(x(t))θ̂(t)− z(t)

This recent proposed method also can be formulated via the scheme proposed in this

dissertation. Select one test function to be the Dirac (generalized) function δ(t− τ) and P

accompanying test functions δ(τ − tj), then the regression matrices become

Φ⊤ = [ϕ(x(t), ϕ(x1(t)), · · · , ϕ(xj(t)), · · · , ϕ(xP (t))] ,

B⊤ = [z(t), z(t1), · · · , z(tj), · · · , z(tP )]

Using simple algebra, it can be verified that the Transpose method

˙̂
θ = −ΓΦ⊤(Φθ̂ − B) (4.32)

leads to the concurrent method (4.31).
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The relationships discussed in this section make it clear that the functional regression

method is similar but distinct from conventional approaches. There are important differ-

ences between the new method and the conventional adaptive algorithms. Firstly, most

of usual adaptive methods use only instantaneous measurement to update parameter esti-

mates. Hence, at any instant, the methods lose their ability to adjust estimates whenever

the error vanishes. The new algorithm, in contrast, considers both present and previous his-

tory of the estimates. Secondly, both the conventional adaptive laws and the new method

can be transformed and written in the form ˙̃θ = P θ̃. The rank of P is at most 1 at any

time instant for the classic methods [159], whereas the matrix P (Φ in previous discussion)

can have a rank greater than 1 in the new proposed algorithm. It even can be a full rank

matrix. This will lead to a relaxation of the condition for parameter convergence as will

be discussed in the following chapters.

4.6 General Properties of the Functional Regression

Algorithm

The following theorem ensures that the algorithm Equation (4.12) is stable.

Theorem 23. The generalized inverse parameter update algorithm (4.12) is stable.

Proof. Denote θ̃ to be difference between estimation θ̂ and true value θ∗, i.e. θ̃ , θ̂ − θ∗.

Select the Lyapunov candidate V = θ̃
⊤
θ̃. Realizing that B = Φθ∗, from (4.12), we see

that the derivative of the Lyapunov function is V̇ = −αθ̃⊤Φ+Φθ̃. According to Lemma 2,

the time derivative of the Lyapunov function candidate V̇ ≤ 0. Hence the system (4.12) is

stable.

Theorem 24. The transpose parameter update algorithm (4.13) is stable.
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Proof. The proof is similar to that of Theorem 23

Theorems 23 and 24 only guarantee stability of the estimation algorithm. It does not

imply that the estimation error θ̃ vanishes. In fact, there are some examples where no

useful information about the parameters could be deduced, to say nothing of convergence

of those parameters [152]. We next discuss some sufficient conditions that ensure that the

estimation error approaches the origin. The most simple case occurs when the matrix Φ

remains nonsingular for all time.

Lemma 8. If Φ(t) stays full rank for ∀t ∈ [0,∞), the estimation error θ̃ approaches the

origin exponentially.

Proof. If Φ is always full rank, the product of the matrices Φ+Φ = In×n . The differential

parameter updating law becomes

˙̂
θ = ˙̃θ = −αΦ+Φ(θ̂ − θ∗)

= −αΦ+Φθ̃ = −αθ̃ (4.33)

Therefore θ̃ has to go to the origin exponentially provided Φ maintains full rank.

The conclusion can be extended to the case when there are only isolated time points at

which Φ is not full rank. Indeed, the requirement can be even relaxed to the case where

there is only a measure-zero set of time on which Φ is singular.

Theorem 25. Let S = {t| detΦ(t) = 0}. If the Lebesgue measure of the set S is zero, θ̃

approaches the origin exponentially.

Proof. From the Lemma 2 and the Theorem 23, the derivative of θ̃ is bounded and therefore

60



differentiable almost everywhere. Define the characteristic function IS(t)

IS(t) =

 0, if and only if t ∈ S,

1, otherwise.
(4.34)

Equation (4.12) becomes

˙̃θ = −αΦ+Φθ̃

=

 −αIθ̃, t ∈ S

−αΦ+Φθ̃, t /∈ S

= −αθ̃ + α(I − Φ+Φ)ISθ̃ (4.35)

We have the identity

∫
d

(
eαtθ̃

)
dt

dt =

∫ (
αeαtθ̃ + eαt ˙̃θ

)
dt

=

∫
eαtα(I − Φ+Φ)ISθ̃ dt = 0 (4.36)

However the integrand on the right-hand side of equation vanishes outside a set of measure

zero, hence

θ̃(t) = e−α(t−to)θ̃(to) (4.37)

From this analysis it is evident that the rank deficiency of the matrix Φ plays an important

role in the convergence of the functional regression method. We next study conditions for

the matrix Φ to remain rank deficient within an open interval (ta, tb) in the time domain.

The matrix Φ remain rank deficient means that
∫
ψϕi are linearly dependent. There is in

this case a non-trivial vector x, such that
∑
xi
∫
ψϕi = 0. Now assume that there exists
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a smooth vector x such that Φx = 0. We want to discuss properties of ψ that make this

equality hold throughout an interval.

Theorem 26. Suppose there exists a matrix Φ defined as in (4.11), and that both ϕ and ψ

are smooth functions of time. If there exists a smooth nontrivial vector function of time x

and an interval I such that Φx = 0, ∀t ∈ I, then at least one of the following statements

is true

1. There is a nontrivial constant vector a and some non empty open interval Ia s.t.

ϕ⊤a = 0, ∀t ∈ Ia,

2. There is a nontrivial constant vector b and some non empty open interval Ib s.t.

ψ⊤b = 0, ∀t ∈ Ib.

The proof is presented in Section 4.8.

Originally, we raised the question as to what conditions imply the rank deficiency of the

matrix Φ over an interval. However, the problem we have studied in Theorem 26 considers

smooth solutions of the equation Φx ≡ 0. The requirement that a smooth vector function

x in null space of a smooth matrix Φ is a very strong assumption [160]. Theorem 26 only

provides a preliminary analysis. It gives some intuitive hints on how to avoid the matrix Φ

deficient. We select a set of test functions ψ in such a way that a constant vector cannot

remain orthogonal to ψ over any interval.

It is worth mentioning that the two conclusions in the Theorem 26 are necessary conditions

for rank deficiency of the matrix Φ’s. In other words, the conclusion holds only when Φ

remains deficient. However, {ψ} or {ϕ} being linearly dependent may not imply deficiency

of the matrix Φ. In practice, designer should always avoid the choice of a set of ψ which

is linearly dependent. When this choice is made, the functions {ϕ} is linearly connected

within a nonempty interval becomes the only possible case. We stress that if the regressors
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ϕ is linearly connected by a constant vector c, that does not necessarily mean the new

algorithm cannot estimate true values of unknown parameters. Simulation results make

this point clear in later sections.

Finally it is important to note the fact c⊤ϕ = 0 over some interval I , [a,∞) implies that

ϕ is not persistently excited. The derivation is as follows. Over the interval I c⊤ϕ = 0

implies 0 = c⊤ϕϕ⊤c. Therefore 0 = c⊤
∫
E
ϕϕ⊤c over any subset contained in I. This is a

direct violation of the definition of the persistent excitation.

We have see in Section 4.4 that there are many reasonable choices of test functions. But

they have one common fundamental property: they are all linear functionals.

Theorem 27. Suppose the truncation of the regressors {PTϕi} spans a linear space H{ϕi}.

If there is an element z ∈ H{ϕi} such that

z(t)−
∑
i

θiϕi(t) = 0, ∀t ∈ [0, T ], (4.38)

then the regression matrices generated with the functional regression method satisfy the

following relation

Φ(t)θ = B(t), ∀t ∈ [0, T ]. (4.39)

The conclusion is apparent, and the proof is straightforward. This theorem tells us that

the Functional Regression method retains the linearity of measurement z and regressors

ϕ. This property plays a key role in parameter convergence using the new method. One

can also find that, by introducing a set of functionals, the new method turns one scalar

identity (4.38) into a matrix identity (4.39). This modification increases the number of

constraint equations and therefore, apparently makes the parameter estimation problem

easier to solve.
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4.7 Parameter Convergence

4.7.1 With Persistently Excited Input

Since it is well known that a set of persistently exciting regressors {ϕi} results in the conver-

gence of the parameter estimates in many conventional methods, it is natural to question

whether the functional regression method ensures that parameter estimates converge if a

set of regressors {ϕi} is persistently excited. The answer is affirmative, as stated by Theo-

rem 28, provided {ϕ̇i} are uniformly bounded and the test functions {ψi} are appropriately

designed.

The asymptotic stability theory for ordinary differential equations introduced in Section 3.4

is used to analyze the conditions that guarantee convergence of the parameter estimation

error. The theory studies a typical ODE that has the form ẋ = −Ax with a symmetric

matrix A. The asymptotic stability is assured if there exist some positive quantities T , to

and α such that
∫ t+T
t

A(τ) dτ ≥ αT for all t ≥ to. Other useful equivalent criteria are also

introduce in Section 3.4.

Before going through the details of the proofs, we want to outline the structure of the

section. In this section, we need to find the conditions, in addition to the persistent

excitation of the regressors ϕ, that guarantee the asymptotic convergence of the parameter

estimation error. Applying Theorem 17, the asymptotic stability of the ODE ẋ = −Φ+Φx

is assured if there exist the positive numbers T , to and α such that

∫ t+T

t

Φ+Φ(τ) dτ ≥ αT, ∀t ≥ to. (4.40)

Particularly, in this dissertation, we want to prove the convergence by looking for a constant
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coefficient M which relates the two integrals in the way that

∫ t+T

t

Φ+Φ(τ) dτ ≥M

∫ t+T

t

ϕ⊤ϕ(τ) dτ , ∀t ≥ to. (4.41)

If we can find the conditions that make this inequality hold, then persistency of excitation

of the regressors ϕ implies that the parameter estimates using the functional regression

method converge to their true values.

Three issues have to be addressed to solve this problem. Firstly, the generalized inverse

of the matrix Φ is difficult to analyze. We use transpose operation to establish a lower

bound of generalized inverse. This relaxation is justified in Lemma 9. The lemma also

implies an asymptotic equivalence of the generalized inverse method and the transpose

method. This relationship is discussed in detail after the proof of Lemma 9. Secondly, as

introduced in Section 4.2, the entries of the matrix Φ are the functionals of the regressors

{ϕi}s. This implies that we need an inequality that connects a function and its integrals.

A generalized form of the Landau - Kolmogorov inequality, which is introduced in Lemma

10, is employed to obtain a lower bound of the functional norms. The last issue arises from

the fact that in Lemma 10, a scalar function is required. But in Theorem 17, the persistent

condition is given in terms of a symmetric matrix. In order to solve the problem, a unit

vector c is used to convert the symmetric matrix to a scalar. The conditions of parameter

estimation convergence are summarized in Theorem 28. Note that since exponential decay

test functions require the different set of evolution equations, convergence conditions using

that type of test functions are treated specially. Lemma 12 and Theorem 29 study the

convergence conditions when exponential decay test functions are employed.

Some notations must be defined before we can start the detailed discussion. Within this

section, we denote ∥x∥q as the vector q-norm of the element x in Rn, and denote ∥x∥Lp(J)

as the Lp norm for the element x in Lp(J) which is defined over the interval J . Particularly,
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the symbol Lp depicts the Lp space defined on [0,∞).

The following lemma relates the generalized inverse method and the transpose method.

The lemma ensures that if the estimation error vanishes using the transpose method, then

the error also vanishes when the generalized inverse method is employed.

Lemma 9. For any matrix A, the following inequality holds

A+A ≥ 1

σ2
max(A)

A⊤A (4.42)

where σmax(A) depicts the maximum singular value of the matrix A.

Proof. Denote SVD of the matrix A to be A = UΣV ⊤. We have A+A = V Σ+U⊤UΣV ⊤ =

V Σ+ΣV ⊤ and similarly, A⊤A = V Σ⊤U⊤UΣV = V Σ⊤ΣV ⊤. But since Σ is a diagonal

matrix with its diagonal elements to be singular values of A, we have the matrix Σ∗ ,

Σ+Σ− 1
σ2
max(A)

Σ⊤Σ is a positive semidefinite matrix. Hence V Σ∗V ⊤ is positive semi-definite

as well and the conclusion is reached.

It will be more clear in the coming discussion that Lemma 9 points out the fact that the

transpose algorithm and the generalized inverse algorithm are equivalent in the sense of

asymptotic convergence of the parameter estimates. Hence, all asymptotic properties of

the generalized inverse method are shared by the transpose method. However, no transient

performance can be inferred from Lemma 9. For the generalized inverse method, the result-

ing parameter estimates demonstrate a exponential rate of convergence. But if the update

method is replaced with the transpose method, the parameter estimates converge slowly

compared to the generalized inverse method. Though the estimates may still converge to

their true values even when system is not persistent excitated. The phenomenon is going

to be demonstrated and analyzed in Section 5.4.

The following inequality is a special form in Theorem 2. The inequality indicates that
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the norm of a function is lower bounded by the norm of its derivative, if the function is

sufficient smooth.

Lemma 10. Suppose J is a bounded interval. If there is a point t ∈ J such that u̇(t) = 0,

then there exists a positive constant K such that the inequality

∥u̇∥2L2(J) ≤ K∥u∥L1(J)∥ü∥L∞(J) (4.43)

holds for all functions u ∈ W 2
1,∞(J).

Proof. Set the quantities to be k = 1, n = 2, r = ∞, q = 2, p = 1, α = 1
2
and β = 1

2
in

Theorem 2.

Lemma 10 is only applicable to the functions in the W 2
1,∞(J) space. The following lemma

ensures that the functions appeared in this section belong to the space W 2
1,∞(J).

Lemma 11. If the regressor vector ϕ and the test vector ψ satisfy the following conditions

1. There exist constants ψmin and ψmax such that ψmin ≤ ∥ψi(t)∥2 ≤ ψmax for any time

t;

2. There is an upper bound for the L1 norm of the regressors, i.e. ∥ϕj∥L1 < Q;

3. The norms of ϕ and its derivative ϕ̇ are uniformly bounded, i.e. ∥ϕ(t)∥2 ≤ M and

∥ϕ̇(t)∥2 ≤ N for any time t;

4. The norm of the time derivative of the test functions ψ is uniformly bounded , i.e.

∥ψ̇(t)∥2 ≤ P , for any time t.

then for any function x that is generated by the equation

x(t) =

∫ t

0

d⊤ψ(τ)c⊤ϕ(τ) dτ (4.44)
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belongs to the space W 2
1,∞(J), where c ∈ Rn and d ∈ Rm are two constant vectors with

∥c∥2 = ∥d∥2 = 1. The interval J is defined to be J , [t, t+ T ].

Proof. We first show that ∥ẍ∥L∞(J) <∞. From Equation (4.44), we have

ẍ(t) = d⊤ψ̇(t)c⊤ϕ(t) + d⊤ψ(t)c⊤ϕ̇(t)

An upper bound of the absolute value of ẍ at arbitrary time t is obtained

|ẍ(t)| =
∣∣∣d⊤ψ̇(t)c⊤ϕ(t) + d⊤ψ(t)c⊤ϕ̇(t)

∣∣∣
≤
∣∣∣d⊤ψ̇(t)c⊤ϕ(t)∣∣∣+ ∣∣∣d⊤ψ(t)c⊤ϕ̇(t)∣∣∣

≤ ∥ψ̇∥2∥ϕ∥2 + ∥ψ∥2∥ϕ̇∥2

≤ PM + ψmaxN (4.45)

The upper bound PM + ψmaxN is independent of time. Therefore, we have

∥ẍ(t)∥L∞(J) ≤ PM + ψmaxN <∞. (4.46)

We now ready to show that ∥x∥L1(J) <∞.

|x(t)| =
∣∣∣∣∫ t

0

d⊤ψ(τ)c⊤ϕ(τ) dτ

∣∣∣∣
≤
∫ t

0

|d⊤ψ(τ)c⊤ϕ(τ)| dτ =

∫ t

0

|d⊤ψ(τ)||c⊤ϕ(τ)| dτ

≤
∫ t

0

∥ψ(τ)∥2
n∑
j=1

|ϕj(τ)| dτ

≤ ψmax

n∑
j=1

∫ t

0

|ϕj(τ)| dτ ≤ nψmaxQ. (4.47)
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Therefore, the L1 norm of the function x defined on the interval J is bounded by

∥x∥L1(J) ≤
∫ t+T

t

|x(τ)| dτ ≤ nψmaxQT <∞ (4.48)

Hence, we have the conclusion x ∈ W 2
1,∞(J).

We now ready to given one of the main results in this section. The following theorem states

that if the test functions ψ are appropriately designed, then convergence of the parameter

estimates to the origin is guaranteed by the persistency of excitation of the regressors ϕi.

In other words, estimation error vanishes if there exists the positive constants T and α1

such that

1

T

∫ t+T

t

ϕϕ⊤(τ) dτ ≥ α1I. (4.49)

Theorem 28. Suppose that

1. All conditions in Lemma 11 are satisfied, and

2. for any test function ψi, there is at least one zero ti such that ψi(ti) = 0 for ti ∈

[t, t+ T ],

additionally, if ϕ also satisfies the persistent excitation condition (4.49), the parameter

estimation error θ̃ governed by the transpose update method

˙̃θ = −αΦ⊤Φθ̃ (4.50)

converges to the origin asymptotically.

Proof. Theorem 17 ensures the asymptotic stability of the algorithm (4.50) if we can find
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the constants a, to, T such that

1

T

∫ t+T

t

∥Φ(τ)c∥ dτ ≥ a1, ∀t ≥ t0. (4.51)

We assume that the vector norm ∥·∥ in this inequality is the 1-norm. This assumption does

not change the validation of this proof, since all vector p-norms are equivalent. Denote the

vector x to be x = Φ(t)c, and xi is the i
th entry in the vector, we have the relation

xi(t) =

∫ t

0

ψi(τ)c
⊤ϕ(τ) dτ (4.52)

ẋi(t) = ψi(t)c
⊤ϕ(t) (4.53)

Note that the function xi ∈ W 2
1,∞(J) according to Lemma 11. Besides, the test function ψi

is designed to have at least one zero on the interval [t, t+T ], which yields at least one zero

of the function ẋi(t) on the same interval consequently. Hence, all conditions in Lemma 10

are satisfied, which implies the existence of a positive constant K that makes the inequality

∥xi∥L1(J) ≥ K1∥ẋi∥2L2(J)

hold for all xi.

Next, we need to find a lower estimate for the integral
∫ t+T
t

∥Φ(τ)c∥1 dτ . The integral is

written as

∫ t+T

t

∥Φ(τ)c∥1 dτ =

∫ t+T

t

∥x(τ)∥1 dτ

=
n∑
i=1

∫ t+T

t

|xi(τ)| dτ

=
n∑
i=1

∥xi∥L1(J) (4.54)
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Applying the inequality we just obtained, we get a lower bound of the integral

∫ t+T

t

∥Φ(τ)c∥1 dτ =
n∑
i=1

∥xi∥L1(J) ≥ K1

n∑
i=1

∥ẋi∥2L2(J) (4.55)

According to the relation (4.53), the summation is written as

n∑
i=1

∥ẋi∥2L2(J)

=
n∑
i=1

∫
J

|ẋi(τ)|2 dτ =

∫
J

|c⊤ϕ(τ)|2
n∑
i=1

ψ2
i (τ) dτ

≥
∫
J

ψ2
min(c

⊤ϕ(τ))2 dτ

=ψ2
min∥c⊤ϕ∥2L2(J)

=ψ2
minc

⊤
(∫ t+T

t

ϕϕ⊤dτ

)
c (4.56)

Combing inequalities (4.55) and (4.56), we obtain that

1

T

∫ t+T

t

∥Φ(τ)c∥ dτ ≥ K1ψ
2
minc

⊤
(
1

T

∫ t+T

t

ϕϕ⊤dτ

)
c (4.57)

Due to the persistent excitation of the regressors ϕ, we have

1

T

∫ t+T

t

∥Φ(τ)c∥ dτ ≥ K1ψ
2
minα1, ∀t ≥ t0. (4.58)

Therefore Theorem 17 ensures asymptotic convergence of the system (4.50).

Theorem 28 guarantees that if the test functions are appropriated selected, the persistent

excitation of the regressors ensures that the parameter estimates converge to their true

values. This theorem indicates that the functional regression method works at least as well

as the conventional methods in terms of asymptotic performance.
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There are two interesting observations about the supposed properties of the test functions.

Lemma 11 requires that the 2-norm of the test function vector ψ need to be bounded both

above and below. Further, the test functions are supposed to have at least one zeros on any

interval [t, t + T ] in Lemma 10, which implies that the test functions are periodic. These

observations may be utilized as the general principles for test function design. In addition,

we want to mention that the conditions in Theorem 28 are only sufficient but not necessary.

In other words, there may exist some certain design of test functions which does not satisfy

the conditions listed in the theorem, but is still capable of reducing parameter estimation

error to zero.

The transpose method is used in Theorem 28. The coming corollary guarantees that the

parameter estimation error is also expected to vanish, if the transpose method is replaced

with the generalized inverse algorithm.

Corollary 1. Suppose that all conditions in Theorem 28 still remain, then the parameter

estimation error θ̃ using the generalized inverse method

˙̃θ = −αΦ+Φθ̃ (4.59)

converges to the origin asymptotically if the set of the regressors ϕ is persistently excited.

Proof. The proof is straightforward with the proofs of Theorem 28 and Lemma 9.

In above derivation, we assume that the regression matrix is updated by the equation

Φ̇ij = ϕi(t)ϕj(t). (4.60)

As discussed in Section 4.4.3, the functional regression matrix with exponential decay test
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functions is updated by the equation

Φ̇a
ij = −aΦa

ij + ψiϕj. (4.61)

Apparently, this equation does not comply with the form (4.60). Therefore, it is necessary

to extend the results in Theorem 28 and Lemma 9 to address the asymptotic stability of

the functional regression method with exponential decay test functions. A similar strategy

is adopted to prove the asymptotic stability in this case. Lemma 10 is used to construction

the relation between the integral of the functionals and the regressors. Theorem 29 presents

conditions for convergence of the estimation error. First, we show that all functions involved

are still in W 2
1,∞(J) space.

Lemma 12. If the regressor vector ϕ and the test vector ψ satisfy the following conditions

1. There exist constants ψmin and ψmax such that ψmin ≤ ∥ψi(t)∥2 ≤ ψmax for any time

t;

2. There is an upper bound for the L1 norm of the regressors, i.e. ∥ϕj∥L1 < Q;

3. The norms of ϕ and its derivative ϕ̇ are uniformly bounded, i.e. ∥ϕ(t)∥2 ≤ M and

∥ϕ̇(t)∥2 ≤ N for any time t;

4. The norm of the time derivative of the test functions ψ is uniformly bounded , i.e.

∥ψ̇(t)∥2 ≤ P , for any time t.

then for any function x that is generated by the equation

z(t) =
eat

eat2

∫ t

0

e−a(t−τ)d⊤ψ(τ)c⊤ϕ(τ) dτ (4.62)

belongs to the space W 2
1,∞(J), where c ∈ Rn and d ∈ Rm are two constant vectors with

∥c∥2 = ∥d∥2 = 1. The interval J is defined to be J , [t1, t2].

73



Proof. With simple algebra, we obtain that

ż = ea(t−t2)d⊤ψ(t)c⊤ϕ(t), (4.63)

and

z̈ = ea(t−t2)
(
d⊤ψ̇(t)c⊤ϕ(t) + d⊤ψ(t)c⊤ϕ̇(t) + d⊤ψ(t)c⊤ϕ

)
. (4.64)

Hence, one upper bound of z̈ on the interval J is obtained

|z̈(t)| ≤ ea(t−t2) (PM + ψmaxN + aMψmax) ,

which implies

∥z̈(t)∥L∞(J) ≤ PM + ψmaxN + aMψmax <∞. (4.65)

Following similar steps in Lemma 11, we show that ∥z∥L1
a(J)

<∞

|z(t)| =
∣∣∣∣ eateat2

∫ t

0

e−a(t−τ)d⊤ψ(τ)c⊤ϕ(τ) dτ

∣∣∣∣
≤
∫ t

0

e−a(t−τ)|d⊤ψ(τ)||c⊤ϕ(τ)| dτ

≤
∫ t

0

e−a(t−τ)∥ψ(τ)∥2
n∑
j=1

|ϕj(τ)| dτ

≤ ψmax

n∑
j=1

∫ t

0

e−a(t−τ)|ϕj(τ)| dτ

≤ ψmax

n∑
j=1

∥ϕj∥L1
a(J)

≤ nψmaxQ. (4.66)

Therefore, the L1 norm of the function z defined on the interval J is bounded by

∥z∥L1(J) ≤
∫ t2

t1

|z(τ)| dτ ≤ nψmaxQ(t2 − t1) <∞ (4.67)
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Hence, for all functions z generated by Equation (4.62), we have z ∈ W 2
1,∞(J)

As might be expected, the theorem guarantees that the asymptotic stability of the func-

tional regression method using exponential decay test functions is also very similar to

Theorem 28.

Theorem 29. Suppose that

1. All conditions in Lemma 12 are satisfied, and

2. for any test function ψi, there is at least one zero ti such that ψi(ti) = 0 for ti ∈ [t1, t2],

additionally, if ϕ also satisfies the persistent excitation condition (4.49), the parameter

estimation error θ̃ governed by the transpose update method

˙̃θ = −αΦ⊤
a Φaθ̃ (4.68)

converges to the origin asymptotically.

Proof. The proof of this theorem is also very similar to that of Theorem 28. Given a unit

vector c, denote the following two functions

zi(t) , ea(t−t2)
∫ t

0

e−a(t−τ)ψi(τ)c
⊤ϕ(τ) dτ (4.69)

żi(t) , ea(t−t2)ψi(t)c
⊤ϕ(t). (4.70)

Additionally, denote z to be the vector whose ith element is zi. Lemma 12 ensures that the

function zi ∈ W 2
1,∞(J). Due to the second condition of this theorem, the function żi has at

least one zero on the interval [t1, t2]. From Lemma 10, we know that there is some positive
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constant Ka1 such that the following inequality

∥zi∥L1(J) ≥ Ka1∥żi∥2L2(J) (4.71)

holds for all functions zi defined in Equation (4.69). From the definition of the matrix Φa

(4.19), given a vector c with unit length ∥c∥ = 1, we have the relation

Φa(t)c = z(t)ea(t2−t). (4.72)

Therefore, we have

∫ t2

t1

∥Φa(τ)c∥1 dτ =

∫ t2

t1

∥ea(t2−τ)z(τ)∥1 dτ

≥
n∑
i=1

∫ t2

t1

|zi(τ)| dτ

=
n∑
i=1

∥zi∥L1(J) (4.73)

From the inequality just derived (4.71), we obtain a lower bound of the following integral

∫ t2

t1

∥Φa(τ)c∥1 dτ ≥
n∑
i=1

∥zi∥L1(J) ≥ Ka1

n∑
i=1

∥żi∥2L2(J) (4.74)
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Similar to that in the proof of Theorem 28, we know that

n∑
i=1

∥żi∥2L2(J)

=

∫
J

|c⊤ϕ(τ)|2(ea(τ−t2))2
n∑
i=1

ψ2
i (τ) dτ

≥
∫
J

ψ2
min(c

⊤ϕ(τ))2 e2a(τ−t2)dτ

=ψ2
mine

2a(t1−t2)∥c⊤ϕ∥2L2(J)

=ψ2
mine

2a(t1−t2)c⊤
(∫ t2

t1

ϕϕ⊤dτ

)
c (4.75)

Denoting T = t2 − t1 and combining the relations obtained in the proof, we have

1

T

∫ t+T

t

∥Φ(τ)c∥ dτ ≥ e−2aTKa1ψ
2
minc

⊤
(
1

T

∫ t+T

t

ϕϕ⊤dτ

)
c (4.76)

From the persistent excitation condition of the regressors ϕ and Theorem 17, the asymptotic

convergence of the system (4.68) is guaranteed.

In this section, we study the conditions that guarantee the asymptotic convergence of the

parameter estimation errors when a system is persistently excited. One advantage of the

functional regression method over the conventional methods is that the parameter estimates

using the functional regression method may converge to the true values even a system is

not persistently excited. This scenario is analyzed next.

4.7.2 Without Persistently Excited Input

It has been proved that, with an appropriate selection of the test functions, the functional

regression algorithm ensures convergence of the parameter estimates when the set of the

regressors {ϕi} is persistently excited. We present criteria in this section that suffice to
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establish estimation error convergence even if the system is not persistently excited. Below,

Theorem 30 is a general statement, while Theorem 32 and Theorem 34 are specific for

trigonometric test functions. The criterion related to trigonometric basis are similar to

theorems presented by Boyd.

Theorem 30. If the matrix Φ(t) has a limit Φ(∞), and the limit is nonsingular Φ(∞),

parameter estimates governed by the update law

˙̂
θ = −αΦ⊤(Φθ̂ − B) (4.77)

converges to the origin asymptotically.

Proof. Since the matrix Φ(∞) is nonsingular, it implies there exists a positive constant αo

such that ∥Φ(∞)c∥2 ≥ αo for all vector ∥c∥2 = 1. From Theorem 17, we need only show

that there exists To such that Φ(t) is sufficiently close to Φ(∞) for t ≥ To.

Denote ∆Φ(t) = Φ(t)− Φ(∞), we have

∥Φ(t)c∥2 = ∥ (Φ(∞) + Φ(t)− Φ(∞)) c∥2

≥
∣∣∥Φ(∞)c∥2 − ∥∆Φ(t)c∥2

∣∣.
Since the function matrix Φ(t) has a limit, then given any positive real number ϵ < αo

2
,

there must exists a To such that for any number t ≥ T , we have

∥∆Φ∥2 = ∥Φ(t)− Φ(∞)∥2 ≤ ϵ <
αo
2

(4.78)
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Hence, the norm of the vector ∥Φ(t)c∥ is greater than

∥Φ(t)c∥2 ≥
∣∣∥Φ(∞)c∥2 − ∥∆Φ(t)c∥2

∣∣ ≥ αo −
αo
2

=
αo
2
, ∀t ≥ To

Therefore

1

T

∫ t+T

t

∥Φ(τ)c∥ dτ ≥ αo
2
, ∀t ≥ To. (4.79)

Hence, Theorem 17 ensures that the system (4.77) is asymptotically stable.

The following corollary states that the asymptotic stability retains if all other conditions

remain the same except the generalized inverse method is used.

Corollary 2. If the matrix Φ(t) has a limit Φ(∞), and the limit is nonsingular Φ(∞),

parameter estimates governed by the update law

˙̂
θ = −αΦ+(Φθ̂ − B) (4.80)

converges to the origin asymptotically.

Proof. Proof of the corollary is simple with the results in Theorem 17 and Lemma 9.

The following theorem may be useful to check if Φ(∞) exists in practice since it separates

the requirements for the regressors {ϕi} and the test functions {ψi}.

Theorem 31. If ϕi ∈ L1 and there exist constants ψmin and ψmax such that for all

ψ2
min ≤

∑
ψ2
i (t) ≤ ψ2

max, t ∈ [0,∞)

then Φ(t) has a limit Φ(∞).
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Proof. It is the same to show that any entry of the matrix Φ(t) has a limit. From Holder’s

inequality, we know

∫ ∞

0

|ψi(τ)ϕj(τ)| dτ ≤ ∥ψi∥L∞∥ϕj∥L1 ≤ ψmax∥ϕj∥L1 ≤ ∞.

Since the integral
∫∞
0

|ψi(τ)ϕj(τ)| dτ <∞, the limit
∫∞
0
ψi(τ)ϕj(τ) dτ exists. As any entry

Φij(t) in the matrix Φ(t) has a limit, the limit of the matrix Φ(t) exists.

However, even though we can verify the existence of Φ(∞), it is not easy using only informa-

tion about the regressors to check whether the limit Φ(∞) is singular. In fact, singularity of

the limit depends not only on regressors but also on test functions ψ. If we select a special

type of basis functions, sinusoidal functions, we can study the problem using frequency

domain tools.

Theorem 32. Assume ϕ ∈ L1 and choose the 2n test functions {ψi}2ni=1 as ψ2i−1 = cosωi

and ψ2i = sinωi. Then Φ(∞) is nonsingular if and only if the matrix

Ω(ϕ̂;ω) ,



Reϕ̂1(ω1) Imϕ̂1(ω1) . . . Reϕ̂1(ωn) Imϕ̂1(ωn)

Reϕ̂2(ω1) Imϕ̂2(ω1) . . . Reϕ̂2(ωn) Imϕ̂2(ωn)

...
...

...
. . .

...

Reϕ̂2n(ω1) Imϕ̂2n(ω1) . . . Reϕ̂2n(ωn) Imϕ̂2n(ωn)


(4.81)

is nonsingular, where ϕ̂ denotes the Fourier Transform of ϕ and Re and Im are the real

and imaginary parts of a complex number.

Proof. The matrix in the theorem is equivalent to Φ(∞) according to the definition of the
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Fourier Transform. We first show that

Ωl,2p(ϕ̂;ω) = −Φ2p,l(∞)

Ωl,2p+1(ϕ̂;ω) = Φ2p+1,l(∞)

where the subscript “a, b” denotes the (a, b)th entry of the matrix. From (4.15) we write,

Ωl,2p(ϕ̂;ω) = Imϕ̂l(ωp)

= −
∫ ∞

0

ϕl(t) sin(ωpt) dt

= −
∫ ∞

0

ψ2p(t)ϕl(t), dt = −Φ2p,l(∞).

Similarly, we can prove that Ωl,2p+1(ϕ̂;ω) = Φ2p+1,l(∞). Now define the matrix T :

Ti,j ,


1 if i = j and i is an odd number

−1 if i = j and i is an even number

0 otherwise.

(4.82)

The matrix Ω(ϕ̂;ω) and the matrix Φ(∞) can be related as Ω(ϕ̂;ω) = TΦ⊤(∞). Because

the matrix T is invertible, the matrix Ω(ϕ̂;ω) is nonsingular if and only if the matrix Φ(∞)

is nonsingular.

Corollary 3. Assume ϕ ∈ L1. The parameter estimation error using the update law (4.12)

converges to the origin if there exists a set of {ωi} such that the matrix defined in Theorem

32 is nonsingular.

Proof. Since ϕ ∈ L1, Φ(∞) exists. The rest of proof is the direct result from Theorem 30

and Theorem 32.

The corollary gives us a criterion in the frequency domain to check if the estimation method
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converges.

Theorem 32 considers general systems with trigonometric test functions. However, if the

system is restricted to be a SISO system and the regressors are constructed using the

method present in Section 3.2.2, then the convergence of parameter estimation error de-

pends on how a Fourier transform function of the input r is supported on the imaginary

axis.

The relationship between the lemmas and the theorems are summarized as follows. Lemma

13 states that if the regressors {ϕi} are constructed to be the outputs of filters excited by a

input, then the matrix Ω(ϕ̂;ω) can be decomposed into the product of two matrices which

depend only on the regressor ϕ and the input r, respectively. Theorem 33 guarantees that

the matrix associated with the regressors is invertible as long as, a) there is no zero pole

cancellation in the plant., b) the plant has no poles on the imaginary axis, c) the frequency

points {ωi} are mutually different. Finally, Theorem 34 predicts that the parameter es-

timates converge to the true values if the regressors are appropriately designed, and the

magnitude of the input r(jω) at the selected frequencies is nonzero. Let us start with

Lemma 13.

Lemma 13. If ϕi is the output of the signal r(t) passing through a filter gi(s), i.e.

ϕi(s) = gi(s)r(s) (4.83)

then the matrix Ω(ϕ̂;ω) can be decomposed into two matrices which depend only on the

filters gi and the signal r. In other words, Ω(ϕ̂;ω) can be expressed as

Ω(ϕ̂;ω) = Ω(g;ω)Υ(r;ω) (4.84)

82



where

Υ(r;ω) =



Rer(ω1) Imr(ω1)

−Imr(ω1) Rer(ω1)
0

0

. . .

Rer(ωn) Imr(ωn)

−Imr(ωn) Rer(ωn)


(4.85)

Proof. Note that

ϕi(ω) = gi(ω)r(ω)

= [Regi(ω) + iImgi(ω)] [Rer(ω) + iImr(ω)]

= [Regi(ω)Rer(ω)− Imgi(ω)Imr(ω)]

+i [Imgi(ω)Rer(ω) +Regi(ω)Imr(ω)]

We have the following identity

 Reϕ̂a(ω) Imϕ̂a(ω)

Reϕ̂b(ω) Imϕ̂b(ω)


=

 Rega(ω) Imga(ω)

Regb(ω) Imgb(ω)


 Rer(ω) Imr(ω)

−Imr(ω) Rer(ω)

 (4.86)

Denote

ϖ(f, h, ω) ,

 Ref(ω) Imf(ω)

Reh(ω) Imh(ω)

 (4.87)

π(r, ω) ,

 Rer(ω) Imr(ω)

−Imr(ω) Rer(ω)

 (4.88)
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Then the above identity is written as

ϖ(ϕ̂a, ϕ̂b, ω) = ϖ(ga, gb, ω)π(r, ω). (4.89)

But the matrix Ω(ϕ̂;ω) is an array of 2× 2 small blocks ϖ(ϕ̂2i−1, ϕ̂2i, ωj). Use the operator

A[a : b, c : d] to denote a section of matrix A from the ath row through the bth row and

from the cth column through the dth column, then we have

Ω(ϕ̂;ω)[(2i− 1) : 2i, (2j − 1) : 2j] = ϖ(ϕ̂2i−1, ϕ̂2i, ωj)

= ϖ(g2i−1, g2i, ωj)π(r, ωj) (4.90)

Therefore, the matrix Ω(ϕ̂;ω) can be decomposed of the product of the two matrices

Ω(ϕ̂;ω) = Ω(g;ω)Υ(r;ω). (4.91)

Lemma 13 indicates that whether or not the regression matrix limit Φ(∞) is singular can be

verified by studying separately the two square matrices Ω(g;ω) and Υ(r;ω), which represent

the properties of the regressors ϕ and external input r, respectively. Next, Theorem 33

shows that if there is no zero-pole cancellation in the plant G(s), and the regressors are

constructed as introduced in Section 3.2.2, then the matrix Ω(g;ω) is full rank as long as

there is a set of n mutual different frequencies ωi. In other words, if the system G(s) has

no zero pole cancellation, then virtually any choice of the frequencies {ωi} ensures that

the matrix Ω(g;ω) is invertible. A common approach to study the persistent excitation

conditions in conventional adaptive controls is used to prove Theorem 33. But in order to

prove the theorem, the following lemma about polynomials is needed.

Lemma 14. Suppose there is a degree 2n − 1 polynomial f2n(s) with 2n real coefficients
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and a set of n mutually different pure imaginary numbers {jωl} such that

f2n(jωl) = 0, l = 1, 2, · · · , n.

This implies that

f2n(s) = 0, ∀s ∈ C.

Proof. The polynomial f2n(s) is expressed as

f2n(s) =
2n−1∑
k=0

hks
k (4.92)

where hk ∈ R. The equation f2n(jωl) = 0 means that both the real part and imaginary

part of the function are zero. Therefore, we have two classes of the equations

• real part i.e. when k = 2p

n−1∑
p=0

(−1)ph2pω
2p
l = 0, l = 1, 2, · · · , n

• imaginary part i.e. when k = 2p+ 1

n−1∑
p=0

(−1)ph2p+1ω
2p+1
l = 0, l = 1, 2, · · · , n.

Note that the real part equations are equivalent to the matrix form



1 −ω2
1 ω4

1 · · · −(−1)nω2n−2
1

1 −ω2
2 ω4

2 · · · −(−1)nω2n−2
2

...
...

...
. . .

...

1 −ω2
n ω4

n · · · −(−1)nω2n−2
n





h0

h2
...

h2n−2


= 0 (4.93)
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The matrix in this equation is almost identical to the Vandermonde matrix of {ω2
i } except

that the sign of the even columns are negative. From the knowledge of linear algebra, we

know this difference of signs does not change the absolute value of the determinant. Hence,

the absolute value of the determinant of the matrix is∣∣∣∣∣∣∣∣∣∣∣∣∣
det



1 −ω2
1 ω4

1 · · · −(−1)nω2n−2
1

1 −ω2
2 ω4

2 · · · −(−1)nω2n−2
2

...
...

...
. . .

...

1 −ω2
n ω4

n · · · −(−1)nω2n−2
n



∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∏1≤p≤q≤n (ω
2
p − ω2

q )
∣∣∣ .

It is clear now that as long as the frequencies ωi are mutually different, the determinant of

the matrix is non zero. Therefore, the following vector has to be zero.

[h0, h2, · · · , h2n−2]
⊤ = 0

Similarly, for the imaginary set of equations, we have

[h1, h3, · · · , h2n−1]
⊤ = 0.

Since all coefficients are zero, the polynomial f2n(s) = 0 for all s on the complex plane.

In Section 3.2.2, we have introduced that for an nth order SISO plant

G(s) =
N(s)

D(s)
=
bn−1s

n−1 + bn−2s
n−2 + . . .+ bo

sn + an−1sn−1 + . . .+ ao
, (4.94)
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one way to construct regressors is

g(s) = [
sn−1r

Λ(s)
,
sn−2r

Λ(s)
, . . . ,

r

Λ(s)
,−s

n−1y

Λ(s)
,−s

n−2y

Λ(s)
, . . . ,− y

Λ(s)
]⊤. (4.95)

where r is the input and y = G(s)r is the output. With help of Lemma 14 we can show that

if the system plant G(s) has no zero pole cancellation, then any set of mutually different

frequencies ωi makes the matrix Ω(g;ω) nonsingular. When prove this theorem, we first

assume that the matrix Ω(g;ω) is singular and create an associated polynomial. Then, the

mutual difference of the frequency points leads to the fact that the polynomial is identical

to zero. This conclusion implies there is zero pole cancellation in the plant G(s), which

contradicts the assumption.

Theorem 33. If a system G(s) = N(s)
D(s)

has no zero pole cancellation, and it has no poles

on the imaginary axis. Given a set of frequencies {ωj} such that ωi ̸= ωj if i ̸= j, then the

matrix Ω(ĝ;ω) is defined to be

Ω(ĝ;ω) ,



Reĝ1(ω1) Imĝ1(ω1) . . . Reĝ1(ωn) Imĝ1(ωn)

Reĝ2(ω1) Imĝ2(ω1) . . . Reĝ2(ωn) Imĝ2(ωn)

...
...

...
. . .

...

Reĝ2n(ω1) Imĝ2n(ω1) . . . Reĝ2n(ωn) Imĝ2n(ωn)


(4.96)

where the complex function ĝj(ωl) is ĝj(ωl) , gi(jωl). The function gi(·) is the ith entry of

the transfer function vector

g(s) = [
sn−1

Λ(s)
,
sn−2

Λ(s)
, . . . ,

1

Λ(s)
,−s

n−1N(s)

Λ(s)D(s)
,−s

n−2N(s)

Λ(s)D(s)
, . . . ,− N(s)

Λ(s)D(s)
]⊤. (4.97)

Proof. Suppose the matrix Ω(ĝ;ω) is singular, then there exists a vector c such that
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c⊤Ω(ĝ;ω) = 0. Denote the 2n entries of the vector c as

c = [αn−1, · · · , α0|βn−1, · · · , β0]⊤. (4.98)

Now consider a real coefficient polynomial

f(s) ,
(
n−1∑
i=0

αis
i

)
D(s)−

(
n−1∑
i=0

βis
i

)
N(s) (4.99)

It is clear that the degree of the polynomial f(s) is 2n − 1. Due to the definition (4.99)

and the construction of the regressors (4.97), we have the relation

c⊤ĝ(ω) =
f(jω)

Λ(jω)D(jω)
.

As mentioned in Section 3.2.2, the polynomial Λ(s) is Hurwitz, and the polynomial D(s)

has no roots on the imaginary axis. Therefore the product Λ(jω)D(jω) is not zero. From

the fact c⊤Ω(ĝ;ω) = 0 we know that

c⊤ĝ(ωl) = 0, l = 1, · · · , n

which implies

f(jωl) = 0, l = 1, · · · , n.

From Lemma 14, we have f(s) = 0 for all complex number s. The transfer function G(s)

is thus written as

G(s) =
N(s)

D(s)
=

∑n−1
i=0 αis

i∑n−1
i=0 βis

i
. (4.100)

But this is an (n − 1)th order system, which means there were pole zero cancellation.

Therefore, there is no such vector c that c⊤Ω(ĝ;ω) = 0.
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The following theorem states if there is a SISO system G(s), and the regressors are con-

structed using the method in Section 3.2.2, then the functional regression method guaran-

tees that the parameter estimation error vanishes if there are n points ωi on the spectrum

of the input signal r such that |r(jωi)| ̸= 0.

Theorem 34. Suppose the plant G(s) has no zero pole cancellation and no poles on the

imaginary axis. If there are n frequency points ωi where the magnitudes of the input |r(jωi)|

are nonzero, then parameter estimates obtained using the functional regression method con-

verge to the true values

Proof. From Lemma 13, we know that the convergence of estimation error depends on the

ranks of the matrices Ω(g;ω) and Υ(r;ω). Theorem 33 ensures that the matrix Ω(g;ω) is

nonsingular as long as the frequencies are mutually different. Therefore, convergence to

the origin is guaranteed if the matrix Υ(r;ω) is also nonsingular. Now, from the definition

of Υ(r;ω) in Equation (4.85), it is straightforward to show that the determinant of the

matrix is

detΥ(r;ω) =
n∏
i=1

|r(jωi)|2 (4.101)

Therefore, if |r(jωi)| is nonzero on these frequencies, then the matrix Υ(r;ω) is invertible,

which implies that the estimation error vanishes.

In this chapter, we propose a novel function regression method for parameter estimation.

Procedures of constructing the regression matrix, and using the regression matrix to esti-

mate the unknown parameters are presented. We also introduced some theorems to analyze

that if asymptotic stability of parameter estimation error is guaranteed. Parameter estima-

tion convergence conditions are studied in the systems that are either persistently excited

or not. In next chapters, we apply the results in Chapter 4 to the applications such as

parameter estimation, adaptive observer and adaptive controller, etc.
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4.8 Proofs of Theorem

Proofs of some theorems in this chapter are presented in the section.

4.8.1 Proof of Theorem 26

Proof. Define

Ti ,
∫
ψϕi for i = 1, 2, . . . , n (4.102)

To , ψ. (4.103)

From the assumption one has ∑
xiTi = 0. (4.104)

Noticing Ṫi = ϕiTo, one may recognize the problem above is actually a differential-algebraic

equations (DAE). Since the vector x is non-trivial, it implies that there is an entry xi such

that the set {t|xi(t) ̸= 0} is not empty. But xi(t) is continuous function which means there

must exist an open interval In where xi(t) is nowhere zero. Without loss of generality, we

assume i = 1. In other words, x1 ̸= 0 on the interval In.

Step A Dividing x1 from Equation (4.104), we have

T1 = fn−1(T2, T3, · · · , Tn) =
n∑
i=2

xiTi. (4.105)
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Take the time derivative on the both sides of (4.105) and then replace each time derivative

terms with To, we obtain the following expression,

0 = hn−1(T2, T3, · · · , Tn, To)

=
n∑
l=2

γn−1
l Tl + γn−1

0 To (4.106)

where γn−1
l and γn−1

0 depict corresponding coefficients with Tl and To, respectively. It is

verified that γn−1
l equals the time derivative of d

dt
(xl
xi
) for each l ∈ {2, . . . , n}.

Step B Next, we wonder if there is an integerm ∈ [2, n] and an open interval In−2 ⊆ In−1

such that γn−1
m is nowhere zero in the interval In−2. If no such m exists, it simply implies

that γn−1
l = 0 for 2 ≤ l ≤ n−1. Equivalently, it means that xl(t) = clx1(t) for 2 ≤ l ≤ n−1,

where cl are constants. Consequently, we substitute xl with xl = clx1. Let c1 = 1, Equation

(4.105) is written as

x1

n∑
i=1

ciTi = 0.

Since x1 ̸= 0 on the In−1, we know
∑
ciTi = 0 on this interval. Taking the time derivative

of the equation, we obtain

ψ
n∑
i=1

ciϕi = 0 (4.107)

Since the vector ψ is a nontrivial vector, we have
∑
ciϕi = 0 on the interval In−1.

Now, let us back to the case where there exists an integer m and an interval In−2 where

γn−1
m is nowhere zero. Without lose of generality, we assume that the variable γn−1

2 is always

nonzero on the interval In−2. Similarly, dividing γn−1
2 from Equation (4.106), the resulting

equation is therefore written as

T2 = fn−2(T3, T4, · · · , Tn, To). (4.108)
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Take the time derivative of the equation above, one obtains

0 = hn−2(T3, T4, · · · , Tn, To, Ṫo)

=
n∑
l=3

γn−2
l Tl + γ̄n−2

0 To + γ̄n−2
1 Ṫo. (4.109)

If there exists γn−2
p such that γn−2

p ̸= 0 on some open interval In−3 ⊆ In−2, then we follow

step A to obtain an expression with a higher order derivative of the function To. If no such

variable γn−2
p exists, we follow step B to show that the regressors ϕi are linear dependent.

Repeat this procedure. In any iteration, if there is no variable γn−qp that is nonzero on

some interval In−q, then it implies that regressors are linear dependent. If there is one

such variable γn−qp , we divided the equation by this variable and take a time derivative to

obtain a new ODE with higher order. The highest order of this type of ODE is up to n−1.

From the Existence and Uniqueness Theorem of Linear ODE, solutions to the ODE form

a linear space of dimension up to n− 1[161]. Suppose there exists more than n− 1 smooth

functions ψj, then there must be a nontrivial constant vector c such that c⊤ψ = 0 on some

nonempty open interval.
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Chapter 5

Parameter Estimation and Adaptive

Observer

In this chapter the adaptive functional regression method is used in the context of adaptive

control. We describe implementations of a parameter estimator and an adaptive observer.

In control applications, a parameter estimator is employed to estimate unknown parameters

from system measurements. In the cases where system states are required but not directly

available through measurements, and the actual physical coefficients of the plant is unknown

to designers, an adaptive observer must be used. In spite of these different applications,

the two methods have some similarities. Both techniques are employed to extract unknown

system parameters from measurements. When implementing either of the techniques, it

is necessary to construct regressors from which an update law estimates the unknown

parameters. Parameter estimation methods and adaptive observers based on the functional

regression method are introduced in Sections 5.1 and 5.2, respectively. In both sections,

we first formulate the class of problems that will solved. Details on the construction of

the regressors are then given. We subsequently provide typical theorems that describe the

stability and convergence properties of the methods. It is worth noting that in both sections,
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the regressors are constructed based on the assumption that systems have zero initial

conditions. The effect of initial conditions are highlighted in Section 5.3, and the measures

to compensate their effects are also presented. Numerical simulations provide examples

where the new methods exhibit an improved transient and asymptotic performance. This

phenomenon is analyzed qualitatively in Section 5.4. Simulation results are presented in

Section 5.5.

5.1 Parameter Identification

Parameter estimation based on the adaptive functional regression scheme are presented in

this section. Two common linear system models are analyzed: a system with full state

measurement and a SISO system. In both cases, the details describing the construction

of regressors from available signals are first presented, and then the estimation procedures

are given.

5.1.1 System with Full State Measurement

We first study a system with the state space representation

ẋ = Ax+Bu (5.1)

where A,B are unknown constant matrices. We assume that the system state x and the

control input u are directly available from measurement. From the discussion in Section

3.2.1, we know that the system (5.1) can be parameterized as

ẋ = Amx+ A∗x+B∗u (5.2)
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where the matrix Am is designed to be Hurwitz, and A∗ = A − Am, B
∗ = B. The above

ordinary differential equation is represented in the s domain as

x(s) = Ho(s)A
∗x(s) +Ho(s)B

∗u(s) (5.3)

where Ho(s) = (sI−Am)−1. The symbols x(s), u(s) are the Laplace transforms of x(t), u(t),

respectively. We have the linear relation in the time domain that is obtained by taking the

inverse Laplace transform of Equation 5.3

xi(t) =
∑
l,p

aϕilp(t)a
∗
lp +

∑
q

bϕiq(t)b
∗
q (5.4)

where a∗lp and b
∗
q denote the (l, p)

th and the qth entry in the matrices A∗ and B∗, respectively.

The regressors for the system (5.1) are defined as

aϕilp(t) = H il
o (·)xp(t) , L−1

(
H il
o (s)xp(s)

)
(5.5)

bϕiq(t) = H iq
o (·)u(t) , L−1

(
H iq
o (s)u(s)

)
(5.6)

where H il
o (s) is the (i, l)th element of the Laplace transform matrix Ho(s). Equations

(5.5) and (5.6) use the standard notation that H iq
o (·) is the operator in the time domain

that corresponds to the inverse Laplace Transform of the transfer function H iq
o (s) in the s

domain. The parametric models are implemented in the state space form by introducing

the state estimate x̂:

˙̂x = Amx̂+ (Â− Am)x+ B̂u (5.7)

where Â and B̂ are estimates of the matrices A and B. Denote F̂ = Â− Am, we have the

following relation

x̂i(t) =
∑
l,p

aϕilp(t)f̂lp +
∑
q

bϕip(t)b̂q (5.8)
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where f̂lp and b̂q denote the (l, p)
th and the qth entry in the matrices F̂ and B̂, respectively.

For later convenience, we denote F ∗ = A∗. From equation (5.4) we have

xi(t) =
∑
l,p

aϕilp(t)f
∗
lp +

∑
q

bϕiq(t)b
∗
q. (5.9)

The system parameters are organized for computation as

θ∗ =

 vec(F ∗)

B∗

 . (5.10)

The regressors are also rearranged in a matrix ϕir

ϕir(t) =


aϕilp(t), 1 ≤ r ≤ n2, r = (p− 1)n+ l

bϕiq(t), r = q + n2
(5.11)

It can be verified that with this notation, equations (5.8) and (5.9) can be written as x̂ = ϕθ̂

and x = ϕθ∗, respectively. Given m test functions ψ1, · · · , ψm, the regression matrices Φ

and B are composed of j blocks

Φ =


Φ(1)

...

Φ(m)

 , B =


B(1)

...

B(m)

 . (5.12)

Each of the blocks are updated by the evolution equations

Φ̇
(j)
ir = ψjϕir (5.13)

Ḃ(j)
i = ψjxi. (5.14)
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Either of the functional regression methods can be used to generate the parameter estimates

of the system (5.1).

˙̂
θ = −αΦ+(Φθ̂ − B)

˙̂
θ = −αΦ⊤(Φθ̂ − B). (5.15)

It is worth mentioning that by using the Kronecker product, we have another equivalent,

yet more concise, way to construct the regression matrices.

We know that the vectorized parameter, regressors and the system state are expressed as

x = ϕθ∗. Denote the test function vector ψ = [ψ1, · · · , ψj]⊤. We recall the following fact

vec(xψ⊤) = ψ ⊗ x = ψ ⊗ (ϕθ∗) = (ψ ⊗ ϕ)θ∗. (5.16)

Therefore

B =

∫ t

0

vec(xψ⊤)dt =

∫ t

0

(ψ ⊗ ϕ) dtθ∗ = Φθ∗. (5.17)

In other words, the matrices Φ and B are updated as

Φ̇ = ψ ⊗ ϕ (5.18)

Ḃ = vec(xψ⊤) = ψ ⊗ x. (5.19)

The parameter update equations are the same as those in (5.15). Finally the algorithm is

summarized in Table 5.1
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Table 5.1: Parameter Identifier with Full State Measurements

Plant ẋ = Ax+Bu

Parameterized system ẋ = Amx+ A∗x+B∗u

Regressors

aϕilp(t) = H il
o (·)xp(t) , L−1

(
H il
o (s)xp(s)

)
bϕiq(t) = H iq

o (·)u(t) , L−1
(
H iq
o (s)u(s)

)
Ho(s) = (sI − Am)

−1

System parameter vector θ∗ =

 vec(F ∗)

B∗

 , F = A− Am

Adaptive law

˙̂
θ = −αΦ+(Φθ̂ − B)
˙̂
θ = −αΦ⊤(Φθ̂ − B).

Regression update law
Φ̇ = ψ ⊗ ϕ

Ḃ = vec(xψ⊤) = ψ ⊗ x.
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5.1.2 SISO System

From discussions in Section 3.2.2, we know the SISO system

Gp(s) =
Y (s)

R(s)
=
bn−1s

n−1 + bn−2s
n−2 + . . .+ bo

sn + an−1sn−1 + . . .+ ao
(5.20)

can be parameterized by following three steps. First, we vectorize the system parameters

θ∗ = [bn−1, bn−2, . . . , bo, an−1, an−2, . . . , ao]
⊤, (5.21)

and generate the signal regressor vector

ϕ = [
sn−1r

Λ(s)
,
sn−2r

Λ(s)
, . . . ,

r

Λ(s)
,−s

n−1y

Λ(s)
,−s

n−2y

Λ(s)
, . . . ,− y

Λ(s)
]⊤. (5.22)

Recall that r and y are directly available to input/output sensors, and the polynomial Λ(s)

is monic Hurwitz. Finally, we generate the signal z(t) by letting y pass through a filter

z =
sn

Λ(s)
y. (5.23)

From Section 3.2.2, we know that the quantities z,θ∗ and ϕ can be written in the requirecd

form

z = θ∗⊤ϕ, (5.24)

The equation contains all the information regarding the unknown parameters. Therefore,

the parameter identification procedure can be established according to the method intro-

duced in Chapter 4.

Given m test functions {ψi}mi=1, the regressor vector ϕ, and the signal z in (5.24), we
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introduce two regression matrices Φ and B. Entries of the matrices are updated as follows,

Φ̇ij = ψiϕj, i = 1, 2, · · · ,m; j = 1, 2, · · · , 2n

Ḃi = ψiz, i = 1, 2, · · · ,m. (5.25)

The regression matrices can be viewed as the augmented states to the SISO system (5.20).

The generalized inverse method or the Transpose method can be used to estimate the

unknown parameter. They are

˙̂
θ = −αΦ+(Φθ̂ − B) (Generalized Inverse method) (5.26)

˙̂
θ = −αΦ⊤(Φθ̂ − B) (Transpose method) (5.27)

respectively.

An Alternative to Calculate the Regressor When constructing the regressor vector

ϕ , one may use 2n filters as indicated in (5.22). But there is another efficient way to

compute the signals. Notice that the signals in the vector ϕ contain the higher order

derivatives of the two signals r
Λ(s)

and y
Λ(s)

. This fact inspires the use of the control canonical

form. Denote coefficients of the polynomial Λ(s) as λi

Λ(s) = sn + λn−1s
n−1 + · · ·+ λ1s+ λo. (5.28)
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The state space realization is written as

ẋ =



−λn−1 · · · −λ1 −λ0

1 · · · 0 0

...
. . .

...
...

0 · · · 1 0


n×n

x+



1

0

...

0


n×1

u

= Aλx+Bλu.

It follows that we can write

xn =
1

Λ(s)
u

xn−p = x(p)n

where x1, xn are the first and the last entry in the state vector x. Therefore, the regressor

vector ϕ are calculated from the states of the two linear systems

ẋr = Aλxr +Bλr

ẋy = Aλxy +Bλy.

The regressor vector ϕ is therefore

ϕ =

 xr

−xy

 (5.29)

If the regressor vector ϕ is implemented using the definition (5.22), at least 2n2 additional

state variables are needed. This is true because each nth order filter requires an n dimen-

sional vector, and there are 2n such filters. In contrast the control canonical form requires
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only 2n extra states. The alternative implementation can save considerable computation

work and reduce memory requirement, particularly for complex systems.

The algorithm using the functional regression method to the identify unknown parameters

of a SISO system is summarized in Table 5.2

Table 5.2: Parameter Identifier for SISO systems

Plant Gp(s) =
Y (s)
R(s)

= bn−1sn−1+bn−2sn−2+...+bo
sn+an−1sn−1+...+ao

Regressors

ϕ = [
sn−1r

Λ(s)
,
sn−2r

Λ(s)
, . . . ,

r

Λ(s)
,

− sn−1y

Λ(s)
,−s

n−2y

Λ(s)
, . . . ,− y

Λ(s)
]⊤.

System parameter vector θ∗ = [bn−1, bn−2, . . . , bo, an−1, an−2, . . . , ao]
⊤

Adaptive law

˙̂
θ = −αΦ+(Φθ̂ − B)
˙̂
θ = −αΦ⊤(Φθ̂ − B).

Regression update law
Φ̇ij = ψiϕj,

Ḃi = ψiz.

Theorems 23 and 28 assure the stability and convergence of the parameter estimates ob-

tained in this section.

There is an interesting phenomenon we want to mention before ending this section. Denote

y = h(·; θ)r to be the response y of an LTI system h(·; θ) due to the input r, where θ

contains the parameters of the system. We have the following theorem.

Theorem 35. Given the measurement r(t) and y(t), and the regressor vector ϕ constructed
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using (5.22), if there exists a vector θα such that

θ⊤ϕ(t) = θ⊤αϕ(t), ∀t ∈ [0,∞),

then the response yα of the system h(·; θα) excited by the same input r is identical to y,

provided the systems h(·; θ) and h(·; θα) are both relaxed, i.e.

y(t) = yα(t), ∀t ∈ [0,∞).

Proof. Suppose a generic LTI system h(·; θ) is represented in form of transfer function as

shown in Eqn.3.9. Denote coefficients associated with the system h(·; θα) are

θα = [bαn−1, b
α
n−2, . . . , b

α
o , a

α
n−1, a

α
n−2, . . . , a

α
o ]

⊤. (5.30)

The relation between input and output of the plant {r(t), y(t)} and that of the estimated

system {r(t), yα(t)} are governed by the following two differential equations, respectively.

y(n) = bn−1r
(n−1) + bn−2r

(n−2) + . . .+ bor

−an−1y
(n−1) − an−2y

(n−2) − . . .− aoyα (5.31)

and

y(n)α = bαn−1r
(n−1) + bαn−2r

(n−2) + . . .+ bαo r

−aαn−1y
(n−1)
α − aαn−2y

(n−2)
α − . . .− aαo yα (5.32)

where the y(n) denotes the n-th order derivative of y, i.e. y(n) = dny
dtn

.
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The difference between the two equation is

ỹ(n) = b̃n−1r
(n−1) + b̃n−2r

(n−2) + . . .+ b̃or

−aαn−1ỹ
(n−1) − aαn−2ỹ

(n−2) − . . .− aαo ỹ

−ãn−1y
(n−1) − ãn−2y

(n−2) − . . .− ãoy (5.33)

which is

ỹ(n) + aαn−1ỹ
(n−1) + aαn−2ỹ

(n−2) + . . .+ aαo ỹ

= b̃n−1r
(n−1) + b̃n−2r

(n−2) + . . .+ b̃or

−ãn−1y
(n−1) − ãn−2y

(n−2) − . . .− ãoy (5.34)

where

ỹ , y − yα

b̃i , bi − bαi

ãi , ai − aαi

Denote

lhs(t) , ỹ(n) + aαn−1ỹ
(n−1) + aαn−2ỹ

(n−2) + . . .+ aαo ỹ

rhs(t) , b̃n−1r
(n−1) + b̃n−2r

(n−2) + . . .+ b̃or

−ãn−1y
(n−1) − ãn−2y

(n−2) − . . .− ãoy (5.35)

then

lhs(t)

Λ(s)
=

rhs(t)

Λ(s)
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sn + aαn−1s
n−1 + aαn−2s

n−2 + . . .+ aαo
Λ(s)

ỹ = θ∗⊤ϕ− θ⊤αϕ = 0 (5.36)

Therefore,

ỹ = 0,

yα = y

5.2 Adaptive Observer

In this section, the functional regression method is used to construct an adaptive observer

to estimate the system state as well as the unknown parameters. As in the last section, the

problem formulation and assumptions are state first. Then, details of the construction of

the regressor for the adaptive observer are presented. Once the regressor and its relation

with the unknown parameters is known, the functional regression update law is given.

Finally, we state typical theorems ensure stability and convergence of the state estimates.

Conditions that guarantee parameter convergence are also studied.

The simple system studied in this section is an n dimensional linear time invariant SISO

plant

ẋ = Ax+Bu, x(0) = xo

y = C⊤x (5.37)

where the matrices A,B,C are not known to control designers. It is assumed that the

triplet (A,B,C) defines an observable and controllable system. Since it is well know that
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there are an infinite number of equivalent implementations of any SISO system, the observer

canonical form is employed in the following. The plant has the form

ẋ =


−an−1

...

−ao

...

...

In−1

· · · · · ·

0

x+

bn−1

...

bo

u
y = [1 0 · · · 0]x. (5.38)

As shown in Section 3.3, the unknown parameters are arranged in a vector

θ∗ = [bn−1, bn−2, · · · , bo, an−1, an−2, · · · , ao]. (5.39)

The regressor ϕ used in adaptive observer is calculated as

ϕ =

[
[sn−1, sn−2, · · · , 1]

Λ(s)
u,− [sn−1, sn−2, · · · , 1]

Λ(s)
y

]⊤
(5.40)

where Λ(s) is a designer selected Hurwitz polynomial of order n. As mentioned in Sec-

tion 5.1.2, the regressors can be calculated using the definition (5.40) or using the control

canonical form. Before we introduce the parameter update method, we generate a function

z which contains all the implicit information regarding the unknown parameters

z =
sn

Λ(s)
y. (5.41)

One can verify that the signal z, the unknown parameter θ∗ and the regressors satisfy the

required equation: z = ϕ⊤θ∗. Since the parametric model and regressors have been derived,

the parameter estimation algorithm follows.
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When we choose m test functions {ψi}mi=1, the two regression matrices can be computed as

Φ̇ij = ψiϕj, i = 1, 2, · · · ,m; j = 1, 2, · · · , 2n

Ḃi = ψiz, i = 1, 2, · · · ,m. (5.42)

We build the adaptive law based on the transpose method for functional regression. In the

adaptive functional regression observer, we write

˙̂
θ = −αΦ⊤(Φθ̂ − B) +

 Pu

−Py

 (x− x̂) (5.43)

The observer is updated based on the equation

˙̂x =


−ân−1

...

−âo

...

...

In−1

· · · · · ·

0

 x̂+

b̂n−1

...

b̂o

u+ (a∗⊤p − â⊤p )(y − ŷ)

ŷ = [1 0 · · · 0] x̂. (5.44)

The algorithm of the new adaptive observer is summarized in Table 5.3

The following theorem discusses some of the typical properties of the adaptive observer

(5.39)-(5.44).

Theorem 36. Given an LTI SISO system (5.37) in the observer canonical form, parame-

ters in the vector (5.39), the observer in Equation (5.44), and the updated equation (5.43),

the state estimation error x̃ = x− x̂ converges to the origin asymptotically.

Proof. In this proof, we first derive the error dynamics of the system. Then we use the
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Table 5.3: Functional Regression Adaptive Observer

Plant
ẋ =


−an−1

...

−ao

...

...

In−1

· · · · · ·

0

x+

bn−1

...

bo

u
y = [1 0 · · · 0]x.

Observer

˙̂x =


−ân−1

...

−âo

...

...

In−1

· · · · · ·

0

 x̂+

b̂n−1

...

b̂o

u
+ (a∗⊤p − â⊤p )(y − ŷ)

ŷ = [1 0 · · · 0] x̂.

Regressors

ϕ = [
sn−1r

Λ(s)
,
sn−2r

Λ(s)
, . . . ,

r

Λ(s)
,

− sn−1y

Λ(s)
,−s

n−2y

Λ(s)
, . . . ,− y

Λ(s)
]⊤, z =

sn

Λ(s)
y.

System parameter vector θ∗ = [bn−1, bn−2, . . . , bo, an−1, an−2, . . . , ao]
⊤

Adaptive law

˙̂
θ = −αΦ+(Φθ̂ − B)
˙̂
θ = −αΦ⊤(Φθ̂ − B).

Regression update law
Φ̇ij = ψiϕj,

Ḃi = ψiz.

108



Lyapunov theory to study its stability. Define the following vectors and matrices,

ap = [an−1, an−2, · · · , ao],

bp = [bn−1, bn−2, · · · , bo],

A =

 −ap

...

...

In−1

· · · · · ·

0

 ,
B = bp.

Organize the unknown parameter in the vector θ = [bp, ap]. The plant (5.37) and observer

can be written, respectively, as

ẋ = Ax+Bu,

˙̂x = Âx̂+ B̂u+ (a∗⊤p − â⊤p )(y − ŷ).

Denote ãp = âp−ap,b̃p = b̂p− bp and x̃ = x− x̂. The system error dynamics obey the linear

set of ODEs given by

˙̃x = −B̃u+ Ax− Âx̂+ (a∗⊤p − â⊤p )(y − ŷ)

= −B̃u− apy + âpŷ + âp(y − ŷ) + A∗x̃

= A∗x̃− B̃u+ ãpy. (5.45)

Since the matrix A∗ is designed to be Hurwitz, there exists a positive definite matrix P

such that

PA∗ + A∗⊤P +Q = 0

for any positive definite matrix Q. Now pick the candidate Lyapunov function V (x̃, θ̃) =
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1
2
x̃⊤Px̃+ 1

2
θ̃⊤θ̃. The time derivative along the trajectories of the closed loop system is

V̇ =
1

2
˙̃x⊤Px̃+

1

2
˙̃x⊤P x̃+ θ̃⊤ ˙̃θ

=
1

2
x̃⊤(A∗⊤P + PA∗)x̃− b̃⊤p uP x̃+ ã⊤p yP x̃+ θ̃⊤ ˙̃θ

= −1

2
x̃⊤Qx̃+ [b⊤p , a

⊤
p ]

 −Px̃u

P x̃y

+ θ̃⊤

−αΦ⊤Φθ̃ −

 −Px̃u

P x̃y




= −1

2
x̃⊤Qx̃− αθ̃⊤Φ⊤Φθ̃

= −1

2
x̃⊤Qx̃− α∥Φθ̃∥22

Since the candidate Lyapunov function V (x̃, θ̃) is positive definite and V̇ ≤ 0, the equilib-

rium at the origin of the error dynamics (5.45) is uniformly stable, and the errors x̃ and

θ̃ are both bounded. If the system (5.37) is bounded, then by construction, we can infer

that the quantities Φ, Φ̇, ˙̃x and ˙̃θ are all bounded. Therefore V̈ is bounded as well. From

Barbalat’s lemma, we know V̇ approaches to the origin asymptotically. In other words, the

state estimate error x̃ goes to zero asymptotically.

Note that the Transpose method is used in the parameter update law (5.43). The general-

ized inverse method can also be used, but the stability proof using the generalized inverse

method requires the Clarke’s nonsmooth analysis theory which is explained in Chapter

6. For analysis of the parameter estimate convergence, we can use theories developed in

Chapter 4.

5.3 Effect of Initial Conditions

In Sections 5.1 and 5.2, we have assumed that satisfy zero initial conditions. The effect of

initial conditions are analyzed in this section. We will extend the algorithm to cases that
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include non-zero initial conditions.

There are two distinct strategies to address the initial condition problem. This first ap-

proach arises from a well known property of linear systems. It is commonly known that the

total response of a linear system is combined by the zero-input response and the zero-state

response, and the zero-input response linearly depends on initial conditions. Therefore, if

regressors that are introduced associated with the initial condition, then initial conditions

can be estimated simultaneously along with the unknown parameters.

The other method relies on the assumption that the system response due to initial condi-

tions dies out exponentially [153]. If parameter estimation only uses “recently” collected

data, no extra precaution is taken, since the effect from the initial condition decays expo-

nentially. Under this assumption the functional regression adaptive methods can be applied

as if there were no initial conditions.

In the remainder of the section, the initial condition regressor method is discussed.

5.3.1 Regressors with Initial Conditions

We will first construct a linear parametric model with initial conditions based on Section

5.1.2. Then, the regression matrices associated with the initial conditions are calculated.

Finally, the functional regression method is used to estimate both the unknown parameters

and the initial conditions.

Consider the linear system in state space form

ẋ = Ax+Bu, x(0) = x0

y = C⊤x (5.46)
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We know its total response can be written in any of the equivalent forms [4]

Y (s) = C⊤(sI − A)−1BU(s) + C⊤(sI − A)−1x0

=
N(s)

D(s)
U(s) +

C⊤{adj(sI − A)}
D(s)

x0

=
bn−1s

n−1 + bn−2s
n−2 + . . .+ bo

sn + an−1sn−1 + . . .+ ao
U(s) +

cn−1s
n−1 + cn−2s

n−2 + . . .+ co
sn + an−1sn−1 + . . .+ ao

where {ai}, {bi} are the unknown system parameters, and {ci} are unknown parameters

that depend on the unknown system initial conditions. From Section 3.2.2 and Section

5.1.2, the regressors of the system (5.46) can be constructed using the following model

ẋr = Aλxr +Bλr, xr(0) = 0

ẋy = Aλxy +Bλy, xy(0) = 0

ẋz = Aλxz, xz(0) = [1, 0, · · · , 0]⊤ (5.47)

where

Aλ =



−λn−1 · · · −λ1 −λ0

1 · · · 0 0

...
. . .

...
...

0 · · · 1 0


, Bλ =



1

0

...

0


, (5.48)

The characteristic polynomial of the matrix Aλ is Λ(s). The regressor vector for the total

system is written as

ϕ =


xr

−xy

xz

 , (5.49)
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The associated parameter vector is defined to be

θ = [bn−1, bn−2, . . . , bo, an−1, an−2, . . . , ao, cn−1, cn−2, . . . , co]
⊤. (5.50)

It is clear that the signal z = 1
Λ(s)

y can be expressed as

z =
1

Λ(s)
y = θ⊤ϕ. (5.51)

This completes the determination of the parametric model and the regressors of the system

(5.46). We proceed to the parameter estimation algorithm.

Suppose we choose m test functions {ψ}. The regression matrices are updated using

Φ̇ij = ψiϕj, i = 1, 2, · · · ,m; j = 1, 2, · · · , 3n

Ḃi = ψiz, i = 1, 2, · · · ,m. (5.52)

Then the generalized inverse method (5.26) or the transpose method (5.27) can be used to

estimate the unknown parameters and the initial conditions.

5.4 Compare to Conventional Methods

In this section, we compare qualitatively the performances of a conventional adaptive pa-

rameter identification method and the functional regression method. We first study the

different directions along which the two approaches update the parameter estimates. As

introduced in Section 3.3, the conventional adaptive parameter identification algorithm is

e = ϕ⊤θ̂ − z

˙̂
θ = −Γϕe (5.53)
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where ϕ is the regressor and the measurement z is represented as z = ϕ⊤θ∗. Hence the

equation governing the dynamics of the parameter estimation error θ̃ is written as

˙̃θ = −Γϕϕ⊤θ̃. (5.54)

Since the estimation error e is equal to e = ϕ⊤θ̃, the inner product of the parameter

estimation error θ̃ and its derivative is

(θ̃, ˙̃θ) = θ̃
⊤ ˙̃θ = −Γe2. (5.55)

Hence when the estimation error e is small, the vector θ̃ and ˙̃θ are almost orthogonal to

each other. But ˙̃θ depicts the direction to update the parameter estimation error θ̃. In

other words, when the estimation error e is small, the parameter estimate is updated to

the direction perpendicular to the vector θ̃. This is illustrated in Figure 5.1.

It is clear from the conventional parameter estimation algorithm (5.53) that the error e

is used as a metric in the conventional method. When the estimation error e is zero, the

conventional method stops updating the estimates. However, the error e is not a good

metric for parameter estimation. Firstly, this metric only reflects instantaneous status

of estimation. It does not evaluate the estimate with history data. In other words, the

conventional method is only static, not dynamic. Secondly, according to the relation e =

ϕ⊤θ̃, a small error |e| may imply a good estimate. But it may also imply an inaccurate

estimate which is almost perpendicular to the regressor ϕ. This actually bring us a different

perspective to view the persistency of excitation. In conventional adaptive identification

methods, the parameter estimation error may reside in the null space of the regressor vector

ϕ when the error e is small. Therefore, it is a must to continually change the null space to

force the parameter estimation error to converge.

For the parameter estimation using the function regression method, the parameter estimates
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are calculated by

˙̂
θ = −αΦ+Φθ̃ (5.56)

when the generalized inverse method is utilized. If the case when the matrix Φ is full rank,

the equation becomes

˙̃θ = −αθ̃ (5.57)

The difference of the updating directions using the functional regression method and the

conventional method is illustrated in Figure 5.1. Suppose at some time t, the parameter

O θ̃1

θ̃2

θ̃(t)
P

˙̃
θa

˙̃
θb

Figure 5.1: Parameter estimate updating direction using different methods

estimation error is at the point P . The black line ˙̃θa depicts a potential trajectory of

parameter estimation error using the functional regression method. The dashed blue line

˙̃θb is a possible trajectory if the conventional adaptive identification method (5.53) is used.

From the figure, we can see that the trajectory ˙̃θa points the origin. But the trajectory ˙̃θb

targets to some direction which is orthogonal to the origin. Hence when estimation error e

is small, the conventional adaptive method is unable to update the parameter estimates to

the right direction. Indeed, for most conventional adaptive methods, parameter estimates

cannot be improved when the estimation error e is small.
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On the other side, the functional regression method uses the functionals to update pa-

rameter estimation. When the estimation error is zero, the parameter estimates are still

updated by the dynamic information contained in the functionals.

Numerical data in Section 5.5 further conforms the analysis in this section.

5.5 Simulation

In this section we apply the parameter update law to a simple example to illustrate the

performance of the regression based adaptive method.

Suppose we are given a stable plant P (s) = b
s+a

where a and b are unknown parameters.

We first use the generic parametrization method to convert the estimation problem into

the form required by (4.4). Selecting a stable first order filter 1
s+am

, we can have

y =
b

s+ a
r ⇒ s+ a

s+ am
y =

b

s+ am
r

⇒ y +
a− am
s+ am

y =
b

s+ am
r

We choose ϕ1 , 1
s+am

y, ϕ2 , 1
s+am

r, and denote θ∗1 = am − a, θ∗2 = b. We find that

y = (am − a)ϕ1 + bϕ2 = θ∗1ϕ1 + θ∗2ϕ2. This equation has the form shown in Equation (4.4).

We select the test functions to be ψ = [sin 4t, cos 4t]⊤. According to (4.11), we introduce

the update law

Φ̇ =

 sin 4tϕ1 sin 4tϕ2

cos 4tϕ1 cos 4tϕ2

 (5.58)

Ḃ =

 sin 4t

cos 4t

 y (5.59)
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Now the unknown parameter can be estimated using (4.12).

For comparison purposes, we also implement a classic adaptive observer. Please refer to

Section 4.2.2 in [4] for details about the implementation. For our simulation, we choose

a = 2, b = 1, α = 1 and am = 2. Initially â = 0.5 and b̂ = 2 for both the conventional

and the new method. Figure 5.2 and 5.3 depict the results excited by a unit step function.

Figure 5.4 and 5.5 are the results when the system is excited by a sinusoidal signal r = sin 5t.

The solid line is the estimates of a and the dashed line shows that of the parameter b.
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Figure 5.2: Parameter estimation using the new method with a unit step input. A unit
step input is used. The estimates converge to their true values quickly.

From the simulations Fig 5.4 and 5.5, it is apparently that both the new and conventional

methods are capable of tracking unknown parameters when the system is persistently ex-

cited. The new method demonstrates a faster rate of convergence than that of the classic

method in this simple example. When the system is driven by a step function, the conven-

tional method no longer converges to the true parameter values as shown in Fig 5.3. This

behavior is consistent with what we know about conventional update laws for signals that

are not persistently exciting. However, from Fig 5.2, the new method converges to the true

values of the unknown parameters.
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Figure 5.3: Parameter estimation using the classic method with unit step input. A unit
step input is used. The estimates fail to converge to the true values since the step input is
not a persistently excited signal.

Figure 5.6 gives another perspective to view the performance of the two methods. In the

plot, the x-axis is the estimation error of the parameter a and y-axis is the estimation error

of the parameter b. The plot shows the trajectories of the estimation errors from t = 0

through t = 150 sec. The dashed line is the trace of the estimation error using the new

method. The solid line shows how the error evolves for the classic method. It is clear

in the plot that both methods start at the same initial condition. The error of the new

method converges to the origin (marked with the cross) steadily. In contrast, the error of

the classic method oscillates and spends over 100 seconds to reach the origin. From the

previous figure we know that it takes less than 10 seconds for the new approach to reach

the origin. Figure 5.7 shows that, for a step input, the error of the new method is similar

to that in the sinusoidal case. But the error of the classic method converges to a point

other than the origin.

118



0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

time (sec)

P
ar

am
te

r:
 n

ew
 m

et
ho

d

 

 

â
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Figure 5.4: Parameter estimation using the new method with a sinusoidal input. A sinu-
soidal input is used. Parameter estimates converge to the true values quickly.

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

time (sec)

P
ar

am
te

r:
 c

la
ss

ic
 m

et
ho

d

 

 

â
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Figure 5.5: Parameter estimation using the classic method with a sinusoidal input. A
sinusoidal input is used. Parameter estimates converge to the true values finally since it is
a persistently excited input.
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Figure 5.6: Trajectories of parameter estimates using both classical and new method with a
sinusoidal input. The blue solid line is with classic method. The red dashed line is with the
functional regression method. Estimation error vanishes in both cases, since the sinusoidal
input is sufficiently rich of order 1.
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Figure 5.7: Trajectories of parameter estimates using two methods with a step input. The
blue solid line is with classic method. The red dashed line is with the functional regression
method. Estimation error using the new method vanishes. Estimates in the classic method
converge to a point other than the true values.
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Chapter 6

Functional Regression Adaptive

Control

In this chapter, the functional regression method developed in Chapter 4 are extended to

generate adaptive control strategies. We provide two cases. One case is based on a state

feedback control scheme which is discussed in Section 6.1. The other is based on an output

feedback control method and is introduced in Section 6.2. The plants considered in this

chapter are all linear and time invariant. In each case, we begin by stating the problem

formulation and stipulate assumptions. The equations that define the new adaptive law,

as well as the control law, are given after defining of the regressors. Finally, we provide

proofs showing that the closed systems are stable and that the tracking errors converge to

zero. Numerical examples are presented in Section 6.3.
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6.1 LTI System with Full State Measurement

In this section, we apply the methods developed in Chapter 4 to adaptive systems with full

state measurement. Let us consider again the n dimensional linear time invariant plant

ẋ = Ax+Bu (6.1)

where A ∈ Rn×n and B ∈ Rn are matrices defining the plant and containing any unknown

parameters. We want to design an adaptive control law u = U(·) and an adaptive law

θ̂ = �(·) such that the plant (6.1) is able to follow a linear time invariant, stable reference

model

ẋm = Amxm +Bmr. (6.2)

As discussed in Section 3.1, it is well known that in order to make the plant follow the

reference model (6.2), the matching assumptions [153] must hold

A = Am +Bθ∗b

B = BmK
∗ (6.3)

Since θ∗b is an n dimensional vector, we have n + 1 unknown parameters including K∗.

Additionally, we also assume that the controller has knowledge of the sign of K∗. We utilize

an equivalent yet slightly different form of the matching conditions in our implementation.

Denoting θ∗ , θ∗bK
∗, we write

A = Am +Bmθ
∗

B = BmK
∗ (6.4)
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Now introduce the control law

u =
1

K̂
(−θ̂x+ r) (6.5)

and subtract system (6.2) from the plant dynamics (6.1). We subsequently obtain the error

dynamics

ė = Ame+Bm

(
−θ̃⊤x− K̃u

)
(6.6)

where θ̃ , θ̂ − θ∗, K̃ , K̂ −K∗ and e , x− xm.

Recall that we assume that the reference model is selected to be stable (Am is Hurwitz),

and (Am, Bm) forms a controllable pair. In addition it is also supposed that a vector Cm

exists such that (Am, Cm) is observable. Let us denote the transfer function of the system

(Am, Bm, Cm) by g(s), that is g(s) , Cm(sI − Am)
−1Bm.

It is now possible to specify the form of the regressors to be used in the adaptive learning

method. There are n+ 1 unknown parameters. The regressor ϕ should have therefore the

same number of elements. We choose

ϕi =

 g(·)xi if 1 ≤ i ≤ n

g(·)u if i = n+ 1
(6.7)

where xi denotes the ith entry of the system state vector x, and y = g(·)r denotes the

response y of the transfer function g(s) subject to the input signal r. The observation z of

the plant in (6.1) and its estimate ẑ are written as

z , Cmx

ẑ , ϕn+1K̂ +
n∑
i=1

ϕiθ̂i (6.8)

respectively. We introduce an augmented parameter vector θaug ,
[
θ⊤, K

]⊤
and the above
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equations can be expressed as the inner product of vector functions

z = ϕ⊤θ∗aug (6.9)

ẑ = ϕ⊤θ̂aug (6.10)

T observation z is evaluated by left multiplying the system state x by the vector Cm,

and the estimate ẑ is calculated as a combination of the regressors ϕi and the estimated

parameter values θ̂aug. The elements of the matrix Φ and B are updated from the identities

Φ̇ij = ψiϕj 1 ≤ i, j ≤ n+ 1 (6.11)

Ḃi = ψiz, 1 ≤ i ≤ n+ 1. (6.12)

The estimates of the augmented vector of unknown parameter θ̂aug are calculated via the

equation

˙̂
θaug = −αΦ+

(
Φθ̂aug − B

)
+

1

β

 x

u

B⊤
mPe, (6.13)

where β > 0.

Let us summarize this method before we proceed to study the theorem that ensures its

stability. If there is given an LTI plant (6.1) and a reference model (6.2), and if the full

state measurement of the plant is available, we use the control signal calculated by (6.5)

and the parameter estimates updated in (6.13). However, there are two steps that must

be completed to have all required pieces in Equation (6.13) for computation. In the first

step, we must use the plant state x and control u as inputs to the LTI system g(s) and

collect the corresponding outputs as associated regressors, as expressed in Equation (6.7).

We must also use Equation (6.8) to generate the measurement z. In the second step, we

update Φ and B via (4.11). The closed loop system is outlined in Table 6.1
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Table 6.1: Adaptive Functional Regression Control with State Feedback

Plant ẋ = Ax+Bu

Reference model ẋm = Amxm +Bmr

Control law u = 1

K̂
(−θ̂x+ r)

Parameter estimate θaug =
[
θ⊤, K

]⊤
Adaptive law

˙̂
θaug = −αΦ+

(
Φθ̂aug − B

)
+ 1

β

 x

u

B⊤
mPe

Regressors ϕi =


g(·)xi if 1 ≤ i ≤ n

g(·)u if i = n+ 1

Regression update law Φ̇ij = ψiϕj 1 ≤ i, j ≤ n+ 1

Ḃi = ψiz, 1 ≤ i ≤ n+ 1.

125



The following theorem establishes the stability and convergence of the closed loop dynamics.

Theorem 37. Suppose that we are given the linear system (6.1), the reference model (6.2),

and suppose that the matching assumption (6.4) holds. The closed loop system obtained

using the state feedback law (6.5) and the adaptive law (6.13) is stable, and the state of the

plant x approaches that of the reference model xm asymptotically.

Proof. Since it is supposed that the reference system (Am, Bm) is stable, there exists a

positive definite matrix P that satisfies the Lyapunov equation

PAm + A⊤
mP = −Q.

Therefore, for a given positive definite matrix Q, we select the candidate Lyapunov function

as

V (e, θ̃) =
1

2
e⊤Pe+

β

2
θ̃⊤augθ̃aug (6.14)

From (6.8) and (4.11) we find that B = Φθ∗aug. The time derivative of V along the closed

loop system trajectories is

V̇ = −1

2
e⊤Qe− αβθ̃⊤augΦ

+Φθ̃aug (6.15)

The Lemma 2 tells us that Φ+Φ is positive semi-definite. Hence, since α, β > 0, we can

conclude V̇ ≤ 0. Thus, the system is stable, and e and θ̃aug are bounded above. Recall

that the reference model (6.2) is also selected to be a stable. If follows that, x and u are

bounded as well. However, we cannot conclude that V̇ is differentiable everywhere since the

pseudoinverse may not be absolutely continuous. We must appeal to Theorem 12. Since

V does not depend on time explicitly, and is smooth as the function of e and θ̃aug, ∂V is a

singleton with ∂V = [e⊤P, θ̃⊤aug]
⊤. It is clear that V̇ is smooth as a function of e and θ̃aug,

and non-smoothness may come from the term Φ+Φ. This term may not be continuous as
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a function of time. We write the set-valued analog

˙̃V = ∇V ⊤K[f ](x(t), t)

= −1

2
e⊤Qe− αβθ̃⊤augK[Φ+Φ]θ̃aug. (6.16)

where ˙̃V and K[f ] are defined in (2.25) and (2.23), respectively.

Unfortunately, it is quite difficult to evaluate K[Φ+Φ] in general. It looks problematic to

derive the largest invariant set M contained in S , {x : V̇ (x) = 0}. We can manage to

find a set T such that it contains M and has properties which are sufficient for the proof of

asymptotic stability. As discussed earlier, we know that e ∈ Rn and θ̃aug ∈ Rn+1. We now

claim that the cartesian product T = 0n×Rn+1 is such that S =
{
x ∈ Rn ×Rn+1|0 ∈ ˙̃V

}
⊆

T . From the Lemma 2 we know that

θ̃⊤augK[Φ+Φ]θ̃aug ⊆ [0, ∥θ̃aug∥22]

For any s = (ê, θ̂aug) ∈ S there is the identity

0 = −1

2
ê⊤Qê− αβθ̂⊤aug [̂Φ

+Φ]θ̂aug (6.17)

where [̂X] depicts some element in the set K[X] which makes (6.17) hold. Therefore ê = 0

and θ̂aug ∈ Rn+1 so s ∈ T . It is clearly true that S ⊆ T ⇒ S̄ ⊆ T̄ . The set T is a cartesian

product of two closed sets 0n and Rn+1, so T is closed. We hereby conclude that S̄ ⊆ T .

From Theorem 12 we know that the largest invariant set M ⊆ S̄ ⊆ T . This fact measns

that e approaches the origin as time goes to infinity.

With the help of LaSalle’s theorem for non-smooth systems, we see that the tracking

approaches zero eventually. Yet, the theorem did not tell us much about how the parameter

error evolves.
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6.2 SISO Adaptive learning based controller

A functional regression adaptive output feedback controller for a SISO system is proposed

in this section. We first discuss the form of the output feedback controller assuming we have

knowledge of the parameters. Then we drop this assumption, and we study the stability

and convergence of the novel output feedback controller. Suppose we are given the SISO

system

ẋ = Ax+Bu

y = Cx (6.18)

and a corresponding reference system

ẋm = Amxm +Bmr

ym = Cmxm (6.19)

The transfer functions of the above two systems (6.18) and (6.19) are written as

Gp(s) =
y

u
= kp

Zp(s)

Rp(s)
= C(sI − A)−1B (6.20)

Wm(s) =
ym
r

= km
Zm(s)

Rm(s)
= Cm(sI − Am)

−1Bm, (6.21)

128



respectively. It is assumed that the realizations (A,B,C) and (Am, Bm, Cm) are minimal.

We make the following additional assumptions:

1. The polynomial Zp(s) is monic and Hurwitz.

2. The relative degree of Gp(s) is 1.

3. The polynomials Zm(s) and Rm(s) are monic and Hurwitz.

4. The relative degree of Wm(s) is 1. (6.22)

We select a feedback controller in the form

u = θ̄∗1
α(s)

Λ(s)
u+ θ̄∗2

α(s)

Λ(s)
y + θ̄∗3y + θ̄∗4r (6.23)

where α(s) is defined as

α(s) ,

 [sn−2, sn−3, . . . , s, 1]⊤ if n ≥ 2

0 if n = 1
(6.24)

and θ̄∗1, θ̄
∗
2, θ̄

∗
3, θ̄

∗
4 are constant parameters, to be determined shortly. The filter Λ(s) is a

monic, Hurwitz polynomial of degree n−1 which contains Zm(s) as a factor. The following

lemma ensures that there exists a solution θ̂∗ to (6.23) such that closed loop system has

the same input/output relation as that of reference system (6.19).

Λ(s) = Λ0(s)Zm(s) (6.25)

Lemma 15. If the assumptions in (6.22) are satisfied, there always exists choice of θ∗

which makes Gp(s)u = Wm(s)r.

Proof. See Lemma 6.3.1 in [4]
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This scenario can also be analyzed using a state space formulation by introducing the

augmented states ω1 and ω2:

ω̇1 = Fω1 + gu, ω1(0) = 0 (6.26)

ω̇2 = Fω1 + gy, ω2(0) = 0. (6.27)

In these equations, (F, g) is control canonical realization of 1
Λ(s)

. Define the augmented

system state to be X , [x⊤, ω⊤
1 , ω

⊤
2 ]

⊤. We can analyze the closed loop system by forming

the state space system

Ẋ = AoX +Bou (6.28)

Y = CoX. (6.29)

where

Ao =


A 0 0

0 F 0

gC 0 F

 , Bo =


B

g

0

 , Co = [C, 0, 0] (6.30)

The control law (6.23) can also be expressed in the state space form

u = θ̄∗1ω1 + θ̄∗2ω2 + θ̄∗3Cx+ θ̄∗4r. (6.31)

We now define

θ∗4 , 1/θ̄∗4, θ∗i , −θ̄∗i /θ̄∗4, i = 1, 2, 3 (6.32)

Θ∗ , [θ∗3C, θ
∗
1, θ

∗
2] (6.33)

θ∗aug , [θ∗1, θ
∗
2, θ

∗
3, θ

∗
4] (6.34)
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We write the control law with a different set of constants

u =
1

θ∗4
(−θ∗1ω1 − θ∗2ω2 − θ∗3Cx+ r) (6.35)

The closed loop system under the control law (6.35) is therefore written as

Ẋc = AcXc +Bcr

Yc = CcXc (6.36)

Where the state space matrices are

Ac =


A−BC

θ∗3
θ∗4

−B θ∗1
θ∗4

−B θ∗2
θ∗4

−gC θ∗3
θ∗4

F − g
θ∗1
θ∗4

−g θ
∗
2

θ∗4

gC 0 F



Bc =


B
θ∗4

g
θ∗4

0


Cc = [C, 0, 0] (6.37)

From Lemma 15, we have the relation

Wm(s) = Cc(sI − Ac)
−1Bc (6.38)

From the derivation in [4], we know that the system, (Ac, Bc, Cc) is not a minimal realization

of Wm(s). Systems (6.28) and (6.36) can be related because we know that

Ao = Ac +BcΘ
∗

Bo = Bcθ
∗
4, Cc = Co (6.39)
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The regressors used in the control architecture are defined to be

ϕ1 = Wm(·)ω1, ϕ2 = Wm(·)ω2

ϕ3 =Wm(·)y, ϕ4 = Wm(·)u

Among the regressors, the functions ϕ3 and ϕ4 are scalar while ϕ1 and ϕ2 are (n − 1)

dimensional vectors, where n−1 is the degree of the monic polynomial Λ(s). The ith element

of ϕ1 is the response of Wn(s) excited by ith element of ω1, i.e. ϕ1i = Wm(·)ω1i. Elements

of ϕ2 are defined in a similar manner. From the definition of the system (6.28) along with

(6.39) and (6.38), we know that

Ẋ = AoX +Bou

= AcX +Bc (θ
∗
1ω1 + θ∗2ω2 + θ∗3y + θ∗4u)

Using (6.38), we obtain

Y = CX =Wm(·) (θ∗1ω1 + θ∗2ω2 + θ∗3y + θ∗4u) , (6.40)

or equivalently,

Y =
4∑
i=1

θ∗i ϕi. (6.41)
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Define the following vectors:

θ̂aug , [θ̂1, θ̂2, θ̂3, θ̂4] (6.42)

e , X −Xc (6.43)

Θ̂ , [θ̂3C, θ̂1, θ̂2] (6.44)

Θ̃ , Θ̂−Θ∗ (6.45)

χ , [ω1, ω2, y, u] (6.46)

The adaptive law and the control law for the system are then

˙̂
θaug = −αΦ+

(
Φθ̂aug − B

)
+ Cceχ (6.47)

u =
1

θ̂4

(
−θ̂1ω1 − θ̂2ω2 − θ̂3Y + r

)
, (6.48)

respectively. In the equations, Φ and B are updated using (4.11). We summarize the

functional regression adaptive output feedback controller in Table 6.2

The following theorem ensures the closed loop system obtained using the control law (6.48)

and the adaptive law (6.47) is stable.

Theorem 38. Suppose that we are given the SISO system (6.18) and reference system

(6.19), and that they satisfy the condition in (6.22), the adaptive law in (6.47) and the

control law in (6.48), tracking error of the resulting closed loop system approaches the

origin asymptotically.
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Table 6.2: Adaptive Functional Regression Control with Output Feedback

Plant
ẋ = Ax+Bu

y = Cx, Gp(s) = C(sI − A)−1B

Reference model
ẋm = Amxm +Bmr

ym = Cmxm, Wm(s) = Cm(sI − Am)
−1Bm.

Regressors

ω̇1 = Fω1 + gu, ω1(0) = 0

ω̇2 = Fω1 + gy, ω2(0) = 0.

ϕ1 = Wm(·)ω1, ϕ2 = Wm(·)ω2

ϕ3 = Wm(·)y, ϕ4 = Wm(·)u

Control law u = 1
θ∗4
(−θ∗1ω1 − θ∗2ω2 − θ∗3Cx+ r)

Adaptive law

˙̂
θaug = −αΦ+

(
Φθ̂aug − B

)
+ Cceχ,

θ̂aug , [θ̂1, θ̂2, θ̂3, θ̂4],

χ , [ω1, ω2, y, u]

Regression update law Φ̇ij = ψiϕj 1 ≤ i, j ≤ n+ 1

Ḃi = ψiz, 1 ≤ i ≤ n+ 1.
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Proof. From (6.39) we know the closed loop augmented system (6.28) can be written as

Ẋ = AoX +Bou

= AcX +Bc (Θ
∗X + θ∗4u)

= AcX +
Bc

θ̂4

(
−θ̂4Θ̃X − θ̃4Θ̂X + θ∗4r

)
(6.49)

The error dynamics of the close loop system is

ė = Ace+
Bc

θ̂4

(
−θ̂4Θ̃X − θ̃4Θ̂X + θ∗4r − θ̂4r

)
= Ace+Bc

(
−Θ̃X − θ̃4u

)
= Ace−Bcθ̃augχ (6.50)

Since Ac is Hurwitz and Wm(s) is SPR, the Kalman-Yakubovich Lemma guarantees that,

for any given L = L⊤ > 0, there exists a scalar v > 0, a vector q and a symmetric P > 0

such that

A⊤
c P + PAc = −qq⊤ − vL, PBc = C⊤

c (6.51)

Choose a candidate Lyapunov function as

V (e, θ̃aug) =
1

2
e⊤Pe+

1

2
θ̃augθ̃

⊤
aug (6.52)

Hence, we calculate the derivative of V along trajectories of the closed loop system and
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obtain

V̇ =
1

2
e⊤
(
A⊤
c P + PAc

)
e− e⊤PBcθ̃

⊤
augχ+ θ̃⊤aug

(
−αΦ+Φθ̃aug + f

)
= −1

2
e⊤qq⊤e− 1

2
ve⊤Le− e⊤C⊤

c χ
⊤θ̃aug − αθ̃⊤augΦ

+Φθ̃aug + f⊤θ̃aug

= −1

2
e⊤qq⊤e− 1

2
ve⊤Le− αθ̃⊤augΦ

+Φθ̃aug. (6.53)

Now we can then follow logic as in Theorem 37 to prove that e→ 0.

6.3 Simulation

6.3.1 Functional Regression Adaptive Control with Full State

Measurement

In this section, simulation of the adaptive state feedback controller is given for the plant,

ẋ =

 0 1

2 −0.9

x+
 0

2

u (6.54)

We choose the following reference model

ẋm =

 0 1

−1 −1.4

xm +

 0

1

 r (6.55)

The observability matrix Cm is selected to be [1, 2]. We easily verify that (Am, Cm) is

an observable pair, and the transfer function Cm(sI − Am)
−1Bm defines a stable linear

time invariant system. The reference signal is selected to be a shifted step function which

takes a value of one at the end of the first second. The test functions are chosen to
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be ψ = [sin t, cos t, sin 2t]⊤. For comparison purposes, simulation plots generated by a

conventional adaptive controller are also provided.
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Figure 6.1: History of the states in the reference model and plant. MRAC, step input. The
closed loop system states track the reference system states. Left: the first state x1. Right:
the second state x2.

From these simulation results in Fig 6.1 and 6.4, it is apparent that both architectures

are able to track the reference model. However, since the step signal r is not persistently

excited, estimated parameters using the conventional method do not converge to their true

values as shown in Fig 6.2. In contrast, the new method yields estimates that converge to

their true values. This result is in Fig 6.5.

In another set of numerical experiments, the reference signal r is select to be a persistently

excited input. We choose a square wave function in this case with a duty cycle of 0.5

and a period of 5 seconds. The amplitude of the square wave is always 1. Figures

6.7-6.10 illustrate results when the system is driven by a persistently excited signal. In

Fig 6.7 we see that the three parameters are driven by the conventional MRAC controller

to their respective true values. However, it is also clear that the change of the value

of r always causes a sharp increase in the tracking error e before parameter estimation

error becomes small. This phenomenon can be explained since steady responses of two

different systems(when parameter estimation error not small) may converge for one constant
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Figure 6.2: Parameter estimates using the classic MRAC. Since the step function is not
persistently excited, the estimates do not converge to their true values.

input(e.g. when r = 0, they not necessarily behave similarly for constant input of another

value(e.g. when r = 1). The numerical experiments shows that it costs the conventional

adaptive controller about 40 seconds to reduce the error to less than 0.02 in Fig 6.8, while

it takes costs less than 5 seconds for the new controller to converge to comparable error

levels as shown in Fig 6.10.

6.3.2 Adaptive learning based control for SISO

We use Example 6.4.1 in [4] to define another computational experiment to assess the

performance of the new adaptive learning control architecture. In the example we want

the second order plant y = kp(s+bo)

s2+a1s+ao
u to follow the desired reference model y = 1

s+1
r. Two

reference signals are considered in the example. First, we consider the unit step function,

and then, we study sinusoidal signal r = 0.5 sin 0.7t+ 2 cos 5.9t. Simulation results using a

conventional adaptive output feedback controller [4] are provided as well for comparisons.

The monic polynomial Λ(s) in both control architectures is selected to be Λ(s) = s + 2.
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Figure 6.3: History of the control u in the MRAC

Values of the unknown coefficients of the plant areKp = 1, a0 = −10, a1 = 3 and b0 = 3. We

select the true value of parameter to be θ̄∗ = [−1,−12, 0, 1]⊤, or equivalently θ∗ = [1, 12, 0, 1]

consistent with Equation (6.32).

Figure 6.11 -6.14 illustrate the results when both controllers driven by a unit step input. It is

evident that even though output errors approach the origin quickly in both cases, estimates

of parameters behave differently. The new method converges to the true values in Fig 6.14.

While the parameter estimation error converges under the conventional feedback controller

as shown in Fig 6.11, the estimates do not converge to the true values as shown in Fig 6.12.

Of course, this phenomenon is not surprising for the MRAC scheme since the input r is

not sufficiently excited.

In the second set of simulations, the operating conditions remain the same, but the input

r is now chosen to be sufficiently excited. We see that the tracking error decays faster

in the new control method in Fig 6.15 compared to the conventional MRAC algorithm in

Fig 6.17. This is explained intuitively by the observation that a better understanding of

the plant associated with a smaller parameter error should yield a closed loop system that
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Figure 6.4: History of the states in the reference model and plant. Functional regression
method and step input. Left: the first state x1. Right: the second state x2. The new
method exhibits a smaller tracking error than that in the MRAC.

can more closely mimic the reference model. Indeed if there is no parameter estimation

error, the closed loop plant has the exact input/output behavior as that of reference model

according to Lemma 15. Therefore the ability to learn the plant quickly should intuitively

help the controller reduce the tracking error.
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Figure 6.5: Parameter estimates using the functional regression method. In spite that step
function is not persistently excited, the estimates still converge to their true values.

0 5 10 15 20 25
−1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

time (sec)

co
nt

ro
l u

Figure 6.6: History of the control u using the functional regression method. There is no
high frequency oscillations in the control.
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Figure 6.7: Parameter estimates using MRAC with a square wave input. Parameter esti-
mates take about 70 seconds to converge to their true values.
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Figure 6.8: Tracking error using MRAC with a square wave input. The tracking error e
vanishes in about 50 seconds using the MRAC.
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Figure 6.9: Parameter estimates in the functional regression method with a square wave
input. Parameter estimates converge to the true values in 7 seconds. Ten time faster than
that in MRAC.
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Figure 6.10: Tracking error e in the state feedback system with a square wave input.
Tracking error vanishes in 7 seconds.
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Figure 6.11: Tracking error e of the SISO system using MRAC with a step input. The
error vanishes in 8 seconds
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Figure 6.12: Parameter estimates in the SISO system using MRAC with a step input.
Parameter estimates do not converge to their true values as the step input is not P.E.
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Figure 6.13: Tracking error e using the new method with a step input. The tracking error
becomes zero in 5 seconds
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Figure 6.14: Parameter estimates using the new method with a step input. Estimation
errors vanish in 3 seconds.
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Figure 6.15: Tracking error e of the SISO system using the new method with a sinusoidal
input. Tracking error vanishes in 5 seconds

0 1 2 3 4 5 6 7 8 9 10
−40

−30

−20

−10

0

10

20

time (sec)

P
ar

am
et

er
 E

st
im

at
es

 

 

θ∗
1

θ∗
2

θ
3
∗

θ
4
∗

θ
1

θ
2

θ
3

θ
4

Figure 6.16: Parameter estimates of the SISO system using the new method with a sinu-
soidal input. Parameter estimates converge to their true values in 4 seconds
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Figure 6.17: Tracking error e of the SISO system using the classic MRAC method and a
sinusoidal input. The tracking error does not vanish in the first 80 seconds. But |e| ≤ 0.02
in 10 seconds.
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Figure 6.18: Parameter estimates of the SISO system using MRAC and a sinusoidal input.
The estimation errors have not vanished in 80 seconds
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Chapter 7

Conclusions and Open Problems

In this dissertation, a novel parameter estimation algorithm, the functional regression

method is proposed, and some of its applications in adaptive control are studied. The

functional regression method employs a sequence of functionals to store information con-

tained in regressors and measurements. The functionals are continuously updated and

arranged in a matrix referred to as the regression matrix. Parameter estimates are ob-

tained using the transpose method or the generalized inverse method, where the transpose

or the generalized inverse of the regression matrix are invoked, respectively. It is shown

that parameter estimates converge to their respective true values when a system is persis-

tently excited, which is a common result for most conventional online parameter estimation

algorithms. As an improvement to conventional methods, a relaxed condition than the per-

sistency of excitation is required for the convergence of the parameter estimation error using

the functional regression method. As discussed in the dissertation, parameter estimation

convergence depends not only on the regressors but also on the design of the functionals. It

is proved that when functionals are appropriately selected, parameter estimates converge

to their true values if the system is excited by a signal having at least n nonzero points

on its Fourier transform. This is in contrast to the conventional persistent excitation con-
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dition that requires at least n nonzero coefficients of its Fourier series. In spite of this

improvement, the functional regression method is a nature generalization of many existing

adaptive methods. Many typical forms of conventional adaptive methods are reconstructed

if certain design of the functionals are selected.

The method is also applied to adaptive parameter estimation and the design of adaptive

observer. Procedures of constructing parameter estimator and adaptive observer for typ-

ical linear systems are presented. Both theoretical analysis and numerical data indicate

improved performances when the functional regression method is used. The improvement

relies on the ability of the novel method to seek an appropriate direction which leads to a

fast decay rate of the parameter estimation errors. Theoretical results are further verified

by the simulation data of the adaptive controllers using the functional regression method.

The asymptotic stability of the adaptive controllers have been proved. Due to its excellent

ability to estimate unknown parameters, the functional regression adaptive controllers ex-

hibit prompt transient responses, and fast rates of convergence of the parameter estimates

to the true values.

However, there are still some open problems for the functional regression method. The

present solution assumes that systems are linear, which restricts its applications to real

problems. Nevertheless, the functional regression method is applicable to the systems with

linear expansions. Hence, one potential strategy to extend the functional regression method

to nonlinear systems is to approximate the nonlinear dynamics with linear regressors. This

is actually a frequently used method to address nonlinear issues. One critical problem

arises in this approach. There is always approximation error that has a uniform boundary

or limited energy. What effect of the approximation error may have on the parameter

estimation error? Can we establish a theory which guarantees that the trajectories of the

parameter estimation error contained in some convex set? If so, how fast the parameter

estimate approach to the convex set.
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One of the main problems needed to be addressed in this method is the design of the

test functions. In this dissertation, some special choice of the test functions are studied.

But the general principles to design test functions have yet investigated. Test functions

form the basis of the function spaces which regressors are projected to. A good design of

test functions should form a space which contains as much places as possible of the space

generated by the regressors. Multiresolution analysis is a proven effective theory in the

field of function approximation. An interesting way to address the design problem is to

integrate the multiresolution analysis method with the functional regression method.

In this dissertation, we assume the regression matrices are always bounded. It is necessary

to study the conditions which ensure the boundness of the matrices. Another assumption

hold in this dissertation is that all systems studied are deterministic. Extension of the

functional regression method to stochastic systems will expand the range of its applications.

Challenging topics in this direction includes the study of stochastic models, metrics to

evaluate parameter estimation error and the effect caused by the stochastic disturbance.
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