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Analysis and Design of Variable Stiffness
Composite Cylinders

Brian F. Tatting

(ABSTRACT)

An investigation of the possible performance improvements of thin circular cylindrical shells
through the use of the variable stiffness concept is presented. The variable stiffness concept
implies that the stiffness parameters change spatially throughout the structure. This situation is
achieved mainly through the use of curvilinear fibers within a fiber-reinforced composite lami-
nate, though the possibility of thickness variations and discrete stiffening elements is also
allowed. These three mechanisms are incorporated into the constitutive laws for thin shells
through the use of Classical Lamination Theory. The existence of stiffness variation within the
structure warrants a formulation of the static equilibrium equations from the most basic princi-
ples. The governing equations include sufficient detail to correctly model several types of nonlin-
earity, including the formation of a nonlinear shell boundary layer as well as the Brazier effect due
to nonlinear bending of long cylinders. Stress analysis and initial buckling estimates are formu-
lated for a general variable stiffness cylinder. Results and comparisons for several simplifications
of these highly complex governing equations are presented so that the ensuing numerical solu-
tions are considered reliable and efficient enough for in-depth optimization studies. Four distinct
cases of loading and stiffness variation are chosen to investigate possible areas of improvement
that the variable stiffness concept may offer over traditional constant stiffness and/or stiffened
structures.

The initial investigation deals with the simplest solution for cylindrical shells in which all quanti-
ties are constant around the circumference of the cylinder. This axisymmetric case includes a stiff-
ness variation exclusively in the axial direction, and the only pertinent loading scenarios include
constant loads of axial compression, pressure, and torsion. The results for these cases indicate that
little improvement over traditional laminates exists through the use of curvilinear fibers, mainly
due to the presence of a weak link area within the stiffness variation that limits the ultimate load
that the structure can withstand. Rigorous optimization studies reveal that even though slight
increases in the critical loads can be produced for designs with an arbitrary variation of the fiber
orientation angle, the improvements are not significant when compared to traditional design tech-
niques that utilize ring stiffeners and frames.

The second problem that is studied involves arbitrary loading of a cylinder with a stiffness varia-
tion that changes only in the circumferential direction. The end effects of the cylinder are ignored,
so that the problem takes the form of an analysis of a cross-section for a short cylinder segment.
Various load cases including axial compression, pressure, torsion, bending, and transverse shear
forces are investigated. It is found that the most significant improvements in load-carrying capa-
bility exist for cases which involve loads that also vary around the circumference of the shell,
namely bending and shear forces. The stiffness variation of the optimal designs contribute to the



increased performance in two ways: lowering the stresses in the critical areas through redistribu-
tion of the stresses; and providing a relatively stiff region that alters the buckling behavior of the
structure. These results led to an in-depth optimization study involving weight optimization of a
fuselage structure subjected to typical design constraints. Comparisons of the curvilinear fiber for-
mat to traditional stiffened structures constructed of isotropic and composite materials are
included. It is found that standard variable stiffness designs are quite comparable in terms of
weight and load-carrying capability yet offer the added advantage of tailorability of distinct
regions of the structure that experience drastically different loading conditions.

The last two problems presented in this work involve the nonlinear phenomenon of long tubes
under bending. Though this scenario is not as applicable to fuselage structures as the previous
problems, the mechanisms that produce the nonlinear effect are ideally suited to be controlled by
the variable stiffness concept. This is due to the fact that the dominating influence for long cylin-
ders under bending is the ovalization of the cross-section, which is governed mainly by the stiff-
ness parameters of the cylindrical shell. Possible improvement of the critical buckling moments
for these structures is investigated using either a circumferential or axial stiffness variation. For
the circumferential case involving infinite length cylinders, it is found that slight improvements
can be observed by designing structures that resist the cross-sectional deformation yet do not
detract from the buckling resistance at the critical location. The results also indicate that bucking
behavior is extremely dependent on cylinder length. This effect is most easily seen in the solution
of finite length cylinders under bending that contain an axial stiffness variation. For these struc-
tures, the only mechanism that exhibits improved response are those that effectively shorten the
length of the cylinder, thus reducing the cross-sectional deformation due to the forced restraint at
the ends. It was found that the use of curvilinear fibers was not able to achieve this effect in suffi-
cient degree to resist the deformation, but that ring stiffeners produced the desired response
abmirably. Thus it is shown that the variable stiffness concept is most effective at improving the
bending response of long cylinders through the use of a circumferential stiffness variation.
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Nomenclature
Standard mathematical conventions are followed. Subscripts using latin letters (ij ) represent

numbers, while greek letters (αβ) stand for coordinate (x, θ, z) designations. Derivatives for each

surface direction are expressed through either nondimensional operators (dx, dθ) or primes and

dots. Normalization is usually denoted by an overbar or a change to lowercase, while a carat(^)

signifies an average (constant) quantity of the skin. Overbars can also represent quantities applied

at the ends of the cylinder, as noted below.

Shell Geometry
H total thickness of shell skin

L length of cylinder

R radius of cylinder

X, Y, Z global Cartesian coordinates

ξ, ψ, ζ cross-sectional Cartesian coordinates (nondimensional)

x, y, z cross-sectional cylindrical coordinates

θ angular coordinate of cross-section (θ = y/R)

θref reference angle to locate material centroid of cross-section

ux, uy, uz global Cartesian displacements

υ, η, φ cross-sectional Cartesian displacements (nondimensional)

u, v, w cross-sectional displacements in cylindrical coordinates

Ax, Aθ, Axθ Lamé parameters of surface

Rx, Rθ, Rxθ Gaussian radii of curvature of surface

az(x), ay(x) deflection of beam axis (for each transverse direction)

Ωy(x), Ωz(x) angle of rotation of cross-sectional plane about eachaxis

κy(x), κz(x) curvature of beam axis for each direction

Ωy, Ωz end rotation of beam about each axis

Strain-Displacement Relations
dS increment of arc length

uo, vo, wo middle surface cylindrical displacements

rotations of normal, measured at the middle surface

total nonlinear strains

nonlinear strains measured at middle surface

ωx
o ωθ

o,

εx εθ γxθ γxz γθz εz, , , , ,

εx
o εθ

o γxθ
o γxz

o γθz
o εz

o, , , , ,



Nomenclature

xv

changes of curvature at middle surface

eαβ, kαβ linear strains and changes of curvature

ω inextensional rotation of cross-sectional shell element

ρ radius of curvature for deformed cross-sectional shell element

Constitutive Theory
σ1, σ2, τ12, τ13, τ23, σ3 nonlinear stresses in principal material directions

ε1, ε2, γ12, γ13, γ23, ε3 nonlinear strains in principal material directions

Qij reduced stiffnesses of orthotropic lamina

E1, E2, ν12, ν21, G12 stiffness properties of orthotropic material

σx, σθ, τxθ nonlinear in-plane stresses in surface coordinates

ϕ orientation angle of orthotropic lamina

ϕk, zk ply angle and distance to middle surface forkth layer

Qij transformed reduced stiffnesses of orthotropic lamina

Ui invariant material properties of orthotropic lamina

Nx, Nθ, Nxθ middle surface force resultants

Mx, Mθ, Mxθ middle surface moment resultants

Qx, Qθ middle surface shear force resultants

Aij, Bij, Dij extensional, coupling, and bending stiffness terms

ViA integrations of orientation angle through the laminate thickness

Ex, Eθ, νxθ, νθx, Gxθ effective stiffness measures for laminate

Xt, Xc, Yt, Yc, S strength properties of orthotropic material

MF multiplication factor for material failure criteria

r, s surface coordinates for fiber orientation angle variation

Φ angle of rotation betweenrs andxy coordinates

Ti, l i orientation angle and location of linked line segment approach

Nseg number of segments in linked line segment approach

ρmin minimum radius of curvature under manufacturing constraint

tp, ϕp thickness and orientation angle of added ply

ws, As, Is, Js, zs, ts geometric properties of stiffener cross-section

Es, Gs elastic properties of stiffener

Fs, Ms, Ts, εs, κs, φs loads and deformation quantities of stiffeners

κ x
o κθ

o κ xθ
o, ,



Nomenclature

xvi

Equilibrium Equations
U internal energy of elastic shell

V total potential energy of system (with variationsV1, V2)

W work done on shell by outside forces

A1 area of deformed cross-section

p internal pressure of cylindrical vessel

Vy(x), Vz(x) beam shear forces in horizontal and vertical directions

My(x), Mz(x) beam moments about horizontal and vertical axes

axial compressive force and torque applied at ends of cylinder

axial displacement and rotation of cross-section at ends

beam loads applied at ends of cylinder

[K],[M] stiffness and geometric stiffness matrices for eigensystem

Λ eigenvalue representing live load level

vector of perturbed displacements and strain quantities

S1-S4, C1-C4 boundary conditions for perturbed displacements

Classical Buckling Estimates and Eigenvalue Calculations
m, n axial half wave and circumferential full wave numbers

β axial frequency (nondimensional)

βmin minimum axial frequency for finite length cylinders

classical buckling values for constant stiffness cylindrical shell

classical buckling frequencies for axial and shear buckling

classical buckling values for infinite length cylindrical shell

UI, VI, WI modeI-IV displacements for assumed buckling deformation

[Ks], [Ka], [C] sub-matrices of stiffness matrix for eigenvalue calculation

[Ns], [Na], [S] symmetric sub-matrices of geometric stiffness matrix

[Vs], [Va], [Ms], [Ma] anti-symmetric sub-matrices of geometric stiffness matrix

Nondimensional Parameters
l axial wavelength parameter

Zb Batdorf parameter

χ collapse parameter

λ tube length parameter

µ shear length parameter

F T,

U V,

Vy Vz My Mz, , ,

u1 ε1 κ1, ,

N̂x
cl

N̂θ
cl

N̂xθ
cl

, ,

β̂x β̂xθ,

N̂θ
∞

N̂xθ
∞

,



Nomenclature

xvii

Nondimensional Load Factors
u, f axial end displacement and compressive force

v, t cross-sectional rotation and torsional load

p internal pressure

my, mz beam bending moments about each axis

vy, vz transverse beam shear forces in each direction

α curvature (infinite length) or end rotation (finite length)

φmax measure of ovalization of cross-section
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Variables for Axial Stiffness Variation Solutions
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u0, v0, w0 normalized displacements for axisymmetric deformation
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∆ distance between finite difference points

fi value of functionf(x) at ith finite difference point
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iterated eigenvector for power method

matrix andkth eigenvector for typical eigensystem

µs, λs shift and calculated eigenvalue for power method

Fuselage Design Study Variables
g gravitational constant representing unit of acceleration

W weight of aircraft

n load factor compared to weight of aircraft

M0.25, L0.25 moment and lift of wing, measured along chord length

Pt vertical force at tail wing

SFi safety factor for ith load case

b, h, r, ts, tts dimensions of inverted hat stiffener and tear strap

Heff effective width of shell computed by smearing stiffeners

Npairs number of pairs of equally spaced longitudinal stiffeners

θc, θk angles to locate transition regions for crown and keel
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Chapter 1.0 Introduction
The intended objective of this investigation is set forth in this chapter, and then a review of rel-

evant published work is presented to provide further details of the subject matter. The discussion

is then used to define the detailed approach of the present study.

1.1 Objective of Current Study

The goal of this investigation is to explore the effectiveness of the variable stiffness concept as

applied to cylindrical shell structures, such as an aircraft fuselage. The term “variable stiffness”

implies that the stiffness parameters vary spatially throughout the structure. The principal mecha-

nism to produce this stiffness variation will be through the use of curvilinear fiber paths in fiber-

reinforced composite laminates, though thickness variation by means of added/dropped plies and

the addition of discrete stiffeners are also implemented. The use of these curvilinear fiber paths in

a design environment promises great reward, for the novel laminate construction format offers

more diverse tailorability opportunities than simply choosing the best stacking sequence for the

given loading conditions. A variable stiffness laminate can change its stiffness and strength prop-

erties spatially to adapt to the existing stress field and provide the greatest resistance to the local

conditions, thereby increasing the load-carrying capability of the structure when compared to con-

stant stiffness laminates. To investigate this fully, some basic problems involving cylindrical

shells are studied. However, the presence of the varying stiffness parameters dramatically

increases the complexity of the analysis, therefore another goal of this research is to develop solu-

tions that accurately model the physics of the problem while also being efficient numerically so

that in-depth design and optimization studies can be conducted. During the development of some

of these preliminary analysis tools for cylindrical shells, additional scenarios for which the vari-

able stiffness concept promised improvement were realized, so that the scope of the investigation

began to grow. However, the main goal is still based on the effectiveness of curvilinear fiber paths

when compared to traditional laminate construction, therefore the analysis techniques will focus

on a limited number of cylinder geometries and loading cases that are intended to encompass the

most fundamental scenarios for a practical cylindrical structure. In particular, these representative

cases include a cylinder with an axial stiffness variation that undergoes axisymmetric loads only, a

short cylinder segment with a circumferential stiffness variation that is subjected to arbitrary
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beam loads, and long cylinders undergoing predominantly bending loads with a possible stiffness

variation in either the axial or circumferential direction. These last two cases both involve some

estimation of the Brazier effect, which is a nonlinear phenomena associated with bending of long

tubes that can dramatically decrease the failure load of the cylinder. The impact of the Brazier

effect on the instability loads of longer cylinders is exceedingly significant yet often miscon-

strued, therefore the governing shell equations are formulated from first principles so as to cor-

rectly model the response due to this highly nonlinear phenomena. Application of the Brazier

analysis to realistic cylindrical structures will also be considered.

1.2 Literatur e Review

This section familiarizes the reader with the relevant topics alluded to in the statement of the

objective, namely the variable stiffness concept, modern analysis of cylindrical shell structures,

and the Brazier effect. The ensuing information will be used to define the approach of the current

study in greater detail, and to provide an idea of the motivation behind this research.

1.2.1 Variable Stiffness Structures

It has long been known that the distribution of the stresses within a structure has a dramatic

effect on the structure’s load carrying efficiency. As a simple example, a traditional I-beam is

designed so that the flanges carry the bulk of the bending loads, while little material is wasted

within the web. This results in a structure that carries beam bending loads efficiently while main-

taining low weight and material costs. For more complicated structures, such as thin plates and

shells that are subject to a greater variety of loading conditions, the possibility of an analogous

design surely exists, though the optimal distribution of the stiffness may not be so apparent. Fur-

thermore, the stress analysis for these structures is generally more complex than for a beam, so

that determining the best design is not as straightforward. Thus this subsection reviews some ear-

lier work aimed at analyzing structures that contain stiffness variations produced by a variety of

methods. The possibility of curvilinear fibers within composite laminates is discussed in greater

detail, since it is the primary mechanism that is used in this study.

History of Variable Stiffness Analysis and Design

The earliest use of the variable stiffness concept for shell structures could probably be con-

strued as the analysis of variable thickness plates and shells made from isotropic materials. For

instance, Timoshenko & Woinowsky-Krieger’s text1 concerning the theory of plates and shells

contains references to variable thickness solutions from as early as 1918. The connection of this

work to the variable stiffness concept lies in the relation of the shell thickness to the flexural rigid-

ity (a typical stiffness parameter). For the most part, the solutions were quite simple and assumed
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basic variations of the thickness so that direct integration could be performed. Since the materials

in use at the time were isotropic, not much investigation into the variation of the material stiffness

properties was conducted. However, the work of Mishiku & Teodosiu2 considered the possibility

of inhomogeneity of isotropic materials that could result from damage, imperfections, and tem-

perature changes, and a solution was completed within the theory of elasticity using complex vari-

ables. A numerical example of a planar disk under radial tension was included, with the

nonhomogeneity being introduced through an idealized variation of the elastic parameters, and it

was shown that the stiffness variation produced significant quantitative and qualitative changes in

the resulting stress states.

The emergence of composite materials in structural applications during the 1960’s led to new

possibilities of stiffness variations within a structure. Traditional composites are usually con-

structed of a fibrous material with high strength and stiffness properties embedded in a resin

matrix. The configuration and volume ratios of the two constituents determine the stiffness and

strength behavior of the resulting material. For instance, a typical composite material used in the

aerospace industry is graphite-epoxy, which contains graphite fibers laid parallel to one another

and held in place by an epoxy matrix material. This produces an orthotropic material (one with

different stiffness and strength characteristics in orthogonal directions) with higher strength and

stiffness properties per unit weight than corresponding isotropic materials (such as aluminum).

The most practical application of these composite materials was found to be in the form of lami-

nates, in which a structure is constructed of many layers (laminae) of these directional materials

and defined by the ordered layup, or stacking sequence, of its individual plies. Using these com-

posite materials, the potential for stiffness variation increased tremendously, for besides the possi-

bilities of thickness changes due to changing the number of plies throughout the structure, there

also existed manufacturing variability with respect to material ratio (volume fractions), fiber spac-

ing and fiber orientation, not to mention unintentional variations of the material properties by way

of voids and imperfections within the composite material.

With regards to the most basic stiffness variation for composite materials, the analyses incor-

porating thickness changes of isotropic shells could be directly applied to their orthotropic coun-

terparts that could be manufactured by adding or dropping plies throughout the structure. For

instance, Ashton3 was one of the first to present a general anisotropic plate analysis technique that

allowed for the spatial variation of bending stiffness terms, and as an example suggested dropping

plies to produce a tapered plate with variable stiffness coefficients. The analysis relied on approx-

imating the stiffness variation through a series expansion in the spatial directions, where the coef-

ficients for the expansion were determined through integration. Analyses of this type did not
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address the fact that the edge effects near the termination of the ply greatly affected the local

three-dimensional stress state and often led to decreased failure loads for the structure. However,

Dinardo & Lagace4 showed that where buckling of the structure was concerned, these local stress

concerns were not as significant as the global effects due to the large change in stiffness. They

substantiated their claims by comparing the buckling loads of laminated composite plates with

dropped plies to ones that contained regions with different stacking sequences without thickness

changes. Though the relative change in stiffness when using dropped plies was larger and also

easier to fabricate (consisting of merely adding plies on the outside of an existing laminate), the

buckling and postbuckling response for both cases was analogous, therefore the presence of the

ply termination did not provide a significant change in behavior. This result is fortunate, for

including the local stress effects due to added/dropped plies in the buckling analysis would lead to

extremely complicated and inefficient solutions. Therefore, within this investigation it will be

assumed that the effects of the ply termination can be ignored.

Additional methods to achieve spatial variations of the stiffness parameters using composite

materials were also investigated, and subsequently new analysis techniques were formulated. Pao5

found a solution for the momentless design of cylindrical pressure vessels by assuming that the

Poissons ratio of the material could be tailored by altering the fiber volume fraction of a compos-

ite laminate. An analysis technique by Leissa & Vagins6 proposed using variable stiffness con-

cepts in terms of a variation of the material properties to produce a homogeneous stress field for

certain shell structures constructed of fiber-reinforced composite materials, though they did not

propose a suitable method to manufacture these materials. Muser & Hoff7 provided a closed-form

solution for the stress concentration around a hole for a infinite plate subjected to uniaxial tension

that contained a radial variation of the compliances (which are the inverse of the stiffness parame-

ters). Their example revealed that a gradual variation of the compliances defined by designating

the laminate stacking sequence at two different radial locations produced a reduction of the stress

concentrations near the hole and significantly altered the ensuing stress field. Martin & Leissa8

allowed the fiber spacing (and thus the fiber volume fraction) of the laminae to vary and analyzed

composite sheets using the theory of elasticity and the Ritz method, while Kuo et al.9 were the

first to investigate the change in elastic moduli of composites with curvilinear fibers. Hyer &

Charette10 developed this curvilinear fiber concept even further by proposing that improved

designs could be developed by aligning the fibers with the principal directions of the stress field.

They provided a finite element solution for a plate with a central hole, and found that the material

failure loads did show marked improvement over traditional straight fiber formats, but the variable

stiffness designs showed no advantage when buckling was considered. A follow-up work by Hyer
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& Lee11 aimed at improving these buckling loads by using sensitivity analysis and a gradient

search method to determine the optimal fiber orientation angles in different regions of the plate.

Their results revealed substantial improvements in the buckling load, mostly through the mecha-

nism of transferring the major stresses from the interior region to the edges of the plate.

Curvilinear Fiber Path Definitions

Further investigation into the potential of curved fiber laminates was required, since it seemed

obvious that the use of curvilinear fibers would surely result in an efficient and desirable method

to improve the performance of shells. The main advantage of this concept is that the stiffness and

strength parameters, which both depend on the fiber orientation angle, can be altered spatially to

tailor the structure to the expected loads and stresses. Furthermore, it may be possible to improve

the performance of the structure without an increase in weight over traditional laminates, since the

volume and weight of a variable stiffness ply should be the same as a constant stiffness layer.

However, two questions regarding this variable stiffness concept remain: can such structures be

analyzed accurately and efficiently?; and can these variable stiffness laminates be manufactured?

As an attempt to answer the first of these questions, the development of an analysis tool for

composite panels and cylindrical shells with a spatially varying fiber orientation angle was initi-

ated by Gürdal12,13,14 of Virginia Tech in the early 1990’s, before the manufacturing techniques to

produce such structures had even been firmly established. The original idea was that the response

of fiber-reinforced laminates could be significantly altered by allowing the fiber orientation angle,

which defines the stiffness and strength properties of the laminate, to vary spatially throughout the

structure. Such a variation of the fiber orientation angle automatically produces curvilinear fiber

paths. The numerical technique to calculate the stress distribution and buckling loads for these

variable stiffness plates was subsequently refined during the completion of the M.S. degree by

Olmedo15,16. Further work by Waldhart17 utilized the analysis tool to study the possible improve-

ments in performance of the curvilinear fibers over traditional composite laminates. During his

investigation, attention was also focused on the producibility of the prototype laminate designs,

which generated additional restrictions regarding the variation of the fiber orientation angle.

For instance, the first step of the variable stiffness concept was to conceive of a way to

describe a realistic curvilinear fiber path in terms of general variables. The most basic function for

the stipulation of the variation of the fiber orientation was used, that being a linear variation in one

direction only. Thus the fiber orientation angle for a baseline path was defined as

(1.1)ϕ r( ) T1 T0–( ) r

l1
---- T0+= 0 r l1≤ ≤



Chapter 1.0 Introduction

6

Hereϕ is the fiber orientation angle,r is the distance along the direction of stiffness variation,T0

is the value ofϕ atr = 0, andT1 is the prescribed value at some predefined distancel1. This defini-

tion is also assumed to be symmetric about the origin and periodic with a wavelength of2l1
(resembling a sawtooth function) so that the full range of ther-axis can be encompassed. As an

example, shown in Figure1.1 is the path for a curvilinear fiber withT0 = 0° andT1 = 30° at l1 = 1.

Note that the linear variation of the fiber orientation angle given in Eq.(1.1) actually produces a

curvilinear fiber path, and that the path is smooth and continuous even though it is defined by the

non-smooth sawtooth function. It should also be mentioned that ther-axis can be aligned at any

angleΦ with respect to thexy-axes of the plate, so that the preceding definition of the baseline

path actually allows a wide range of possible stiffness variations. The notation for the representa-

tion of a single layer in the stacking sequence of a variable stiffness laminate using this linear

variation isdefined as Φ <T0|T1>.

The production of a complete variable stiffness ply was assumed to be accomplished by the

laying down of additional finite width strips of material that referenced the baseline path. It was

found that the definition of such a ply could be divided into two strategies, termed the “shifted

fiber” and “parallel fiber” methods. Both rely on an initial specification of a baseline path for the

variable stiffness ply as given in Eq.(1.1). The shifted method assumes that each additional path

has the same shape as the baseline case, but that it is shifted in a direction perpendicular to the

stiffness variation so that the whole ply area is covered. An example of a shifted method ply is

shown in Figure1.2a, where the stiffness variation is in the vertical direction and the shift is

applied in the horizontal direction. The thick solid lines represent the centerline of each individual

path, while the thinner dashed lines denote the edges of the finite width strip of material. Note that

due to the variation of the fiber orientation angle, considerable overlap occurs at the edges of the

plates. The analysis tool ignored this overlap and assumed a constant thickness for the entire ply.

The presence of this overlap condition is quite significant, and its ramifications will be discussed

Figure 1.1: Baseline Path for T0 = 0°, T1 = 30°, l1 = 1

r-direction
-3 -2 -1 1 2 3

-1

1
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later when the manufacturing of the laminates is described. The parallel fiber method is shown in

Figure1.2b. It is based on laying the subsequent material strips exactly parallel to the preceding

path, so that no overlap occurs. The additional paths need to be determined using a numerical pro-

cedure, therefore the simplicity of the equation defining the fiber orientation variation for the

baseline path is lost. Not shown in detail here is the fact that the parallel method produces stiff-

ness variations in both directions, and also that certain curvilinear fiber definitions using the paral-

lel fiber method are infeasible for they produce paths with infinite curvature.

With the basic definitions of the variable stiffness plies in hand, an analysis tool was devel-

oped by Olmedo15 to calculate the stress state and buckling loads of variable stiffness rectangular

panels. The static solution utilized a numerical solver called ELLPACK18, which is based on Her-

mite collocation techniques for elliptic partial differential equations, and the buckling estimate

was carried out using traditional Rayleigh-Ritz techniques. Specialized computer codes were pro-

duced that were able to solve the differential equations accurately and efficiently. Subsequently,

design studies were conducted by Waldhart17 to determine if any performance improvements

could be found using these curvilinear fibers for flat plates under compression. The results indi-

cated that the shifted fiber method produced the greatest improvements in load carrying capability

(up to 75% increase) when the load was applied to the plate in a direction perpendicular to the

stiffness variation. Therefore, the first question concerning curvilinear fibers was answered in the

affirmative: the variable stiffness plates could be analyzed effectively and also showed marked

improvement over traditional composite laminate designs.

B
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(a) Shifted Fiber Method (b) Parallel Fiber Method

Figure 1.2: Shifted and Parallel Fiber Methods for 90<30|75> Ply
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Coordination of these idealized fiber paths with realistic manufacturing tools was completed

under the funding of Boeing Helicopters by Gürdal and this author with the help of Cincinnati

Milacron and their state-of-the-art fiber tow placement system, VIPER19,20,21. Correspondence

between the variable stiffness definitions used in the Virginia Tech analysis tools and the control-

ling software of the tow placement system (ACRAPLACE) was completed by constructing

numerical programs that translated the parameters of the analytical designs into appropriate data

files that could be interpreted by the ACRAPLACE software. For the shifted method, the coding

amounted to defining the centerline path (the dark lines in Figure1.2a) for each pass of the fiber

head individually. The overlap regions were also dealt with as part of this work. The ACRA-

PLACE programming contains a parameter which determines how much overlap is allowed

between successive passes of the tow placement head. If set to 100%, then the overlap regions will

produce thickness changes within the variable stiffness plies as expected from Figure1.2a. How-

ever, setting the overlap to 0% introduces the cut-restart capability of the tow placement machine,

and it was found that this feature can be used to produce constant thickness plies that maintain the

stiffness variation prescribed by the analytical models, though some slight voids do exist within

the plies. For the parallel fiber method, perfect correlation was found between the analytical and

ACRAPLACE ply constructions and only the baseline path definition was required.

Additionally, the coordination of the theoretical paths with the existing manufacturing tech-

niques revealed that a curvature constraint must also be implemented within the design process.

This limit on the change of the fiber path variation exists because for paths with a large curvature,

the inner section of the band of fiber will buckle during the placement of the tow. According to

tests done with the fiber placement machine by Enders & Hopkins20 as well as discussions with

the Cincinnati Milacron personnel, the minimum radius of curvature that can be allowed without

this crimping of the fiber tow (for the specific dimensions of the VIPER machine) is 25″, though

in the future this constraint may be decreased. Therefore, the availability of the tow placement

manufacturing process affirmed the producibility of the prototype parts, as well as providing a

realistic constraint on the designs. Similar work using manufacturing constraints of the tape-lay-

ing process in a design environment has also been completed by Eschenauer et al.22, where they

incorporated the potential constraints of ply drops and tow path curvature within a finite element

analysis package, and Nagendra et al.23, who employed generic path definitions based on splines

that could be inserted into finite element codes for analysis.

One major difference between the manufacture of flat panels and cylindrical shells using the

tow placement system is that the cylinder surface is continuous in the circumferential direction.

This has a specific impact on the definition of the curvilinear fiber paths. To illustrate this point,
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recall that a cylindrical surface can be developed from a flat sheet merely by rolling the sheet into

a tube and aligning the opposite edges of the panel. Therefore, if one constructed a variable stiff-

ness ply for a cylindrical shell using the shifted and parallel methods defined for the flat plate, the

result would be similar to the transformation of the two dimensional planar figures shown in

Figure1.2 into corresponding three dimensional cylindrical structures. For the shifted fiber

method, this would seem to work admirably, for when the opposite edges are joined the centerline

paths are virtually continuous with respect to orientation angle and curvature. This is true for the

development of a cylinder using either a horizontal or vertical rolling action, which would corre-

spond to either an axial or circumferential stiffness variation depending on which way the opera-

tion is performed. If no overlaps are allowed in the manufacturing process, the stiffness variation

can be regarded as one dimensional, in that the stiffness will change along only one axis. Contrast

this to the results for a ply constructed using the parallel fiber method shown in Figure1.2b. The

ply now possesses two dimensional stiffness variation due to the construction process of the paral-

lel method. Furthermore, there is no continuity between the fiber orientation angle or curvature at

opposite edges of the plate in either direction. This implies that a seam would be present if the ply

were constructed using this method, and the stiffness properties would exhibit a distinct change in

character across this boundary. Obviously, this is not a favorable occurrence. Therefore, for cylin-

drical structures it will be assumed that the shifted fiber method is always used in the construction

of the variable stiffness plies, and that the overlap is eliminated (if desired) by using the

start/restart capabilities of the tow placement machine. Using the shifted method for cylinders, in

essence, ensures that the stiffness change varies only along one axis, which is desirable here since

the analysis tools for cylindrical shells are much more complicated than the corresponding solu-

tions for flat plates. Further details regarding the definition and constraints of the curvilinear fiber

formats for cylindrical shell structures will be presented in Section2.2.2.

1.2.2 Analysis and Design of Cylindrical Shell Structures

The application of a cylinder as a structural component has been used for centuries, due to its

efficiency as a pressure vessel and as a beam or truss element. Static and stability analyses of a

cylindrical structure first began appearing in scientific literature in the late 1800’s. In the decades

that followed, the solutions became more refined and complex, and helped lead to the formulation

of various shell theories, which often differed significantly in terms of complexity and accuracy.

The richness of the potential avenues for research using the cylindrical shell as a subject has led to

a bountiful collection of investigations throughout history. However, for the purposes of this

study, the main topics under investigation are limited to the practical application of cylindrical

shell structures in the aerospace industry and how these designs can be enhanced through the use
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of the variable stiffness concept. As such, this subsection of the literature review will concentrate

on two areas: classical solutions for the stability of cylindrical shells, which are used as illustra-

tions of possible failure mechanisms and later as a comparison to our numerical solutions; and

modern analysis and design of stiffened and unstiffened cylindrical shells constructed from com-

posite materials, which serves as a background to the optimization work that will be performed to

determine the worth of the variable stiffness concept.

Classical Buckling Estimates for Unstiffened Cylindrical Shells

The term “classical” used as a qualifier for shell theories and analyses indicates that the results

originated through the work of the early researchers of the late 1800’s and early 1900’s. Most

modern texts on shell theory or stability will ordinarily have some discussion of the history and

evolution of these results (for instance, see Brush & Almroth24 for a discussion of the various shell

theories applied to shell stability equations), and it has generally been acknowledged that three

distinct (linear) shell theories for cylindrical geometries evolved from this work. In order of

decreasing complexity, these shell theories are referred to as Flügge25, Sanders26,27, and Donnell-

Mushtari-Vlasov28,29 in deference to their originators. The relative accuracy of these theories have

been debated for some time, and in summary it has been established that the Flügge equations,

though considered exact to the level of their initial assumptions, contain some terms which are not

significant for practical problems. Conversely, Donnell-Mushtari-Vlasov theory (also referred to

as “shallow shell” theory and denoted hereafter as DMV) has been found to be inaccurate for

longer cylindrical shells that do not possess high stress variability in the circumferential direction.

However, DMV theory has the advantage that the equations are simple enough so that closed form

solutions can often be found (as will be shown shortly). In between these two extremes lies Sand-

ers theory, which does not possess the complexity of Flügge yet resolves the inaccuracies inherent

in the shallow shell assumptions, and which is often considered the best first approximation the-

ory for thin shells. Since the forthcoming investigation often deals with long cylinders but also

attempts to use the most efficient and accurate solution techniques, the resulting equations of

Chapter2.0 correspond in essence to the Sanders type.

As an illustration of possible failure modes of cylindrical shells due to instability, some classi-

cal buckling estimates for unstiffened cylindrical shells under fundamental loads will be devel-

oped here. “Buckling” and “instability” are often used interchangeably, and represent the

transition from one equilibrium state of the structure to a new radically different form due to the

slight increase of a load. The calculation to find the loads that produce such changes is usually in

the form of an eigenvalue problem. As mentioned earlier, the standard DMV equations used to

estimate the stability of cylindrical shells can actually be solved analytically for the basic loadings
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of axial compression, external pressure, and torsion. Without going into too great of detail, we

will present similar results for orthotropic shells, while also augmenting some aspects of the equa-

tions to include the terms of Sanders so that the results are still accurate for longer shells. Classi-

cal buckling estimates for finite and infinite length shells will be formulated for each type of basic

loading. These solutions, along with some additional assumptions, will later be used to generate

estimates for the failure loads of variable stiffness cylinders under loading conditions including

bending and transverse shear forces.

First buckling of a cylinder under axial compression is considered. The classical solution

assumes that under this type of loading, the shell will buckle from an undeformed surface into one

with sinusoidal waves in both the axial and circumferential directions. This is represented as:

(1.2)

wherex andθ denote the axial and circumferential coordinates,w is the radial displacement,

andL is the length of the cylinder. The parametersm andn represent the number of half-waves in

the axial direction and the number of full waves in the circumferential direction, respectively. The

mode shape given in Eq.(1.2) implies that the surface of the shell buckles into a checkerboard-

shaped pattern. For example, shown in Figure1.3 is the buckled shape of a cylinder with m= 4

andn = 19. However, this mode shape is not necessarily the one that the shell will deform into

when it becomes unstable, for there actually exists an infinite number of mode shapes correspond-

ing to any integer value (with a few restrictions) for the parametersm andn. For each of these pos-

w x θ,( )
mπx

L
----------- 

 sin nθ( )cos∝

Figure 1.3: Example of Buckling Mode under Axial Compression
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sible combinations ofm and n, there is also an associated buckling load (calculated from an

eigenvalue problem) which depends on the values of these wave numbers, and the critical buck-

ling load and mode shape are thus defined from the smallest eigenvalue among these possibilities.

To illustrate, it can be shown that using DMV theory for a cylindrical shell constructed from

an orthotropic laminate, the buckling load under axial compression can be estimated as

(1.3)

Most of these symbols will be defined later in more precise terms, so that for now  is

defined as a measure of the compressive axial load and is called the axial stress resultant,R andH

are the radius and thickness of the cylindrical shell, β replaces the axial wave numberm through

the relationβ = mπR/L and is often referred to as the axial frequency, and the rest of the terms

with a carat represent some stiffness quantity and are constants that can be determined from the

shell material and geometry. Therefore, the only unknown variables on the right hand side of

Eq.(1.3) are the wave number parametersβ andn, and the critical buckling value is determined

by finding the minimum value of the eigenvalue  within all these possibilities. Since, in

general, this cannot be done analytically for unknown values of the stiffness parameters, the value

of n is chosen to be zero, which corresponds to an axisymmetric state in which the deformed

shape varies only in the axial direction, and assume thatβ can attain any positive value. Finding

the critical axial wave number and eigenvalue is then easily accomplished through basic calculus:

(1.4)

The superscriptcl denotes the classical estimate, while the carats will later be defined to designate

an average quantity related to the shell skin.

To check the accuracy of then = 0 assumption, the level curves of Eq.(1.3) for  using

an isotropic material are plotted as functions of the wave number parametersβ andn, which are

assumed to be continuously valued numbers as opposed to ones based on discrete valued integers.

The result is shown in Figure1.4, where normalization with respect to the values of Eq.(1.4) are

used for the load and both of the wave number parameters (this figure was actually constructed
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β2ÊθH

β4 2β2n2 Êθ

2Ĝxθ
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using the Sanders theory solution so as to be accurate for all values ofn). Figure1.4 reveals that

these contour lines are in the approximate shape of semi-circles, first described by Koiter30 in his

doctoral thesis in 1945. In fact, if Eq.(1.3) based on DMV theory is used instead of the Sanders

theory solution, then it can be shown that for isotropic materials the level curves areexactly semi-

circles. Each level curve represents a constant value of the eigenvalue, so that multiple buckling

modes exist for each load level. Note that the critical (lowest) value of the normalized buckling

load is near one, yet no definite minimum exists (except for the singular case near the origin,

which is not a realistic mode). Therefore the value of  atn = 0, where the parameterβ and

the eigenvalue correspond to their classical values, gives a fair estimate of the critical eigenvalue

of the isotropic skin, so that the assumption used to find the classical buckling load for isotropic

materials under axial compression can be considered reliable. Of course for realistic cylinders, the

value ofβ is not infinitely valued but depends on the number of half-waves along the length of the

structure (sinceβ = mπR/L). However, since the magnitude of  is large for most thin shells,

there usually exists some value ofm which ensures that the number of half-waves is an integer

without unduly changing the amplitude of the buckling load. This occurrence also implies that the

classical estimate is just as accurate for infinite length shells, since the additional length of the

shell will not alter the critical axial frequency or influence the value of the buckling load.

For orthotropic materials or composite laminates with arbitrary stacking sequences, the level

curves of  are not necessarily circular, since the orthotropy of the laminate leads to different

stiffness characteristics in each direction. For instance, the level curves for buckling under axial

compression using an orthotropic material with properties corresponding to a typical fiber-rein-

forced composite (see Table C.2 in AppendixC) are shown in Figure1.5. Note that now a definite

minimum exists, and that its location is nowhere near the assumed values of , nor
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is its normalized eigenvalue near the classical estimate. However, the actual location and magni-

tude of this minimum for an arbitrary laminate is a complicated expression involving the roots of

high order polynomials, and cannot be expressed as succinctly as Eq.(1.4). Therefore, even

though the orthotropic skins may possess distinctively different critical buckling modes as in

Figure1.5, then = 0 case will still be used as the classical value due to its simplicity, while noting

its inaccuracy for highly orthotropic laminates. Moreover, the values used here for the orthotropic

material case are quite extreme, in that practical laminates possess stacking sequences which tend

to reduce the orthotropic effect displayed in Figure1.5.

It should be mentioned here that it is quite significant that for an isotropic material so many

modes exist which possess similar eigenvalues when compared to the critical one. This property

of coincident modes is a major factor in the imperfection sensitivity of cylinders under axial com-

pression, for it increases the likelihood that a geometric imperfection will coincide to the shape of

a possible buckling mode and lead to catastrophic failure. Conversely, the contours of Figure1.5

reveal that such an orthotropic laminate may be comparably imperfectioninsensitive, since fewer

modes that correspond to the critical eigenvalue exist. The importance of this point has a direct

correlation to the fact that the classical solution for axial compression of cylindrical shells is not

considered accurate for practical design. This topic will be discussed in more detail in the review

of modern analysis techniques for cylindrical shells and also in the results of Chapter3.0.
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For a cylinder under external pressure, the calculation of the critical circumferential stress

resultant  can be performed in a similar manner. First the classical estimate is derived for buck-

ling of an infinitely long cylinder. With this specification, the end conditions can be effectively

ignored and the ensuing problem exactly corresponds to a ring buckling under the action of a cen-

trally directed pressure, where the ring represents the cross-section of the cylinder. The buckled

shape does not change along the length of the cylinder, therefore the axial frequency β is zero.

The form of the radial displacement is assumed as in Eq.(1.2) with the sin(mπx/L) term removed.

Using Sanders shell theory, the eigenvalue calculation can be reduced to

(1.5)

To determine the critical buckling value, notice that increasing the wave numbern also increases

the eigenvalue, so that the lowest permissible value ofn should correspond to the critical value.

Heren = 0 is not a possibility since it does not represent a realistic buckled shape. The case for

n = 1 conforms to a translation of the cross-section, which is a degenerate case and is not present

once the cylinder is constrained against rigid body motion. The critical eigenvalue is then for

n = 2, so that the classical estimate for an infinitely long cylinder under a circumferential stress is

(1.6)

The superscript now designates the classical value for an infinite length cylinder. This answer con-

forms exactly to the theoretical value for the ring under external pressure, as opposed to the DMV

shallow shell solution which differs from this exact answer by a factor of 4/3.

The classical buckling value for a constant circumferential stress given in Eq.(1.6) is valid for

infinitely long cylindrical shells which act as a ring under external pressure. However, for finite

length cylinders with realistic end conditions, the axial frequency β is not zero since the end con-

ditions restrain the radial displacement of the cylinder, therefore an estimate involving the axial

frequency must be developed. This is accomplished by again assuming the deformed shape to be

of the form given in Eq.(1.2), and applying a constant circumferential stress instead of an axial

stress. Thus an analogue to the stability equation (1.3) for cylinders under axial compression can

be found for buckling under external pressure using DMV shell theory:

(1.7)
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For shorter cylinders, it can be shown that the correct value ofβ will be determined by the condi-

tion that only one axial half-wave is present along the length of the cylinder. Thenβ = πR/L and

the number of circumferential waves is not necessarily two. However, choosing the correct value

of n for the polynomial given in Eq.(1.7) so as to produce the smallest eigenvalue cannot be com-

pleted analytically, though it can easily be accomplished numerically once the shell parameters

are determined by merely calculating the eigenvalues for each possibility of the wavenumber. In

practice, this is the method used here to determine the classical buckling value for finite length

shells under external pressure, though the buckling equation is based on Sanders theory as

opposed to the shallow shell assumptions. Therefore the classical estimate for external pressure

loading for finite length cylinders is represented as:

(1.8)

To illustrate the dependence of the buckling value on cylinder length and the circumferential

wave number, the level curves of the circumferential stress resultant normalized with respect to its

infinite length value in Eq.(1.6) are shown in Figure1.6 as a function ofβ andn for an isotropic

material. This contour plot is based on the Sanders theory solution. Note that for vary small values

of β (corresponding to an infinite length shell), the critical eigenmode corresponds to a buckled

mode shape ofn = 2 and the normalized eigenvalue is equal to one, as expected. For a finite length

cylinder with a known value ofβ = πR/L corresponding to one axial half-wave, it is easily seen in
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the figure that the minimum eigenvalue and the number of circumferential waves increase dramat-

ically as the length decreases. The number of circumferential waves in the eigenmode can be sur-

mised from Figure1.6 by imagining a vertical line located at the particular value ofβ = πR/L, and

determining where the eigenvalue is a minimum along the vertical line. For instance, ifβ = 4, the

critical mode would correspond ton = 8 with a normalized eigenvalue equal to around 40. Since

decreasing the length of the shell increases the number of circumferential waves, which implies

high variability in the circumferential direction for the resulting stresses and strains, the DMV

shallow shell estimate given in Eq.(1.7) can be considered accurate for cases involving longer

shells. Incidentally, the level curves for an orthotropic material follow the same general shape of

the contours of Figure1.6, so that the preceding discussions hold true for a general cylindrical

shell. Therefore, for a cylindrical shell under external pressure, two classical estimates are used:

Eq.(1.6) for an infinite length shell; and a solution for finite length shells based on Eq.(1.8).

For a cylinder under a constant shear load (torsion), the solutions closely follow that of the

external pressure load. However, the assumed doubly periodic function of Eq.(1.2) no longer cor-

responds to a realistic buckled shape. Instead, the radial displacement is assumed to vary in the

form of a spiral so as to produce a twisted buckled shape. This eigenfunction is defined mathemat-

ically as

(1.9)

An example of such a shape is displayed in Figure1.7 withn = 2. The surface can be construed as

being composed of successive cross-sections withn circumferential waves that are being rotated

about the axis of the cylinder with frequency β. However, it should be noted that at each end of the

cylinder, the cross-section still containsn circumferential waves and does not satisfy the boundary

condition of radial restraint that is typically enforced at the ends. This is due to the assumed form

of the radial displacement, given in Eq.(1.9). A proper form thatdoes satisfy the end conditions is

usually represented by a summation of sine terms in the axial direction. Comparison of such a
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Figure 1.7: Example of Buckling Mode under Torsion
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solution to the estimate generated by the assumption of Eq.(1.9) is detailed in Section3.5.2.

Using the assumed displacement field given in Eq.(1.9), a closed form estimate of the tor-

sional buckling load can again be developed. For DMV theory, this expression is given as:

(1.10)

Here  is defined as the shear stress resultant, and the negative sign appears due to the defi-

nition of the direction of the assumed mode shape in Eq.(1.9). A similar Sanders theory solution

exists, though it cannot be expressed as succinctly as Eq.(1.10). As with the circumferential case,

estimates for infinite and finite length shells can be formulated independently based on the

assumption of the value of the axial frequency.

For infinite length cylindrical shells, the axial frequency β is assumed to be small. Then the

higher order terms associated with small values ofβ in Eq.(1.10) can be ignored, especially when

multiplied by the factor (H/R), which is small for thin shells. The Sanders theory solution for the

torsional buckling load using this approximation can then be shown to be

(1.11)

Note that this expression differs slightly from a direct reduction of Eq.(1.10) assuming smallβ
due to the different shell theory that is used. Direct minimization of Eq.(1.11) with respect to the

axial frequency β yields

(1.12)

As in the circumferential case, the minimum eigenvalue corresponds to a value ofn = 2 for a long

cylinder, so that the classical values for torsion of a long cylindrical shell become

(1.13)

This solution agrees exactly with the classical solution for isotropic cylinders derived by Timosh-

enko & Gere31, whereas the solution using the approximate DMV shallow shell equations would

overestimate the buckling load by around fifteen percent.
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β3ÊθH 2n( )⁄

β4 2β2n2 Êθ
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For finite length cylinders, the value ofβ is not necessarily small. Furthermore, since the end

conditions using the assumed shape of Eq.(1.9) are not rigidly satisfied, an accurate solution for

shorter cylinders actually requires a more general shape for the eigenfunction in the form of a lin-

ear combination of similar sinusoidal functions, as mentioned earlier. This solution is beyond the

scope required for a simple classical estimate, but it is of some interest to investigate the solution

of  for larger values ofβ, which corresponds to torsional buckling of shorter cylinders

which allow warping at the ends. Under these assumptions, it can be shown that the value ofβ
again corresponds to the existence of only one half-wave along the length of the shell, therefore

the finite length solution is based on finding the correct value ofn in Eq.(1.10) withβ = πR/L.

This estimate cannot be expressed in closed form. Therefore, in practice the classical estimate is

found from the Sanders theory solution as:

(1.14)

For completeness, the level curves for the critical torsional load using Sanders theory are

shown in Figure1.8, where the axial frequency β has been normalized with respect to the value in

Eq.(1.13). Note that the critical value forn = 2 is located atβ = 1, and that increasing the value of

the axial wavelength parameter increases the buckling load and the number of circumferential

waves, much like the case of the constant circumferential stress. The relative increase in the buck-

ling load and number of circumferential waves by decreasing the length of the cylinder is not as
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great for torsion as compared to the external pressure case, however the basic mechanisms that

produce this effect are identical. It should be again noted that this estimate for torsion is somewhat

unreliable for shells with any type of end restraint, and that the inclusion of this effect requires a

more thorough analysis. A comparison of such a solution to the rough estimate represented by

Eq.(1.14) will be performed in Section3.5.2.

The preceding calculations have provided classical buckling solutions for axial compression,

external pressure, and torsion of an unstiffened composite cylindrical shell. The estimate for axial

compression, Eq.(1.4), applies to cylinders of arbitrary length, while the solutions for external

pressure and torsion, Eq.(1.8) and (1.14) respectively, are only correct for finite length cylinders.

However, history has shown that these estimates may not be accurate when compared to the

experimental buckling loads of actual cylinders. The next subsection discusses some improve-

ments to the analysis that may be needed to provide better correlation to the experimental results.

Modern Analysis and Design of Shell Structures

 As with all analytical predictions, the accuracy of the classical buckling estimates must be

measured by comparisons to experiments performed on actual cylinders. Such results for isotropic

cylinders under the three basic loadings of axial compression, external pressure, and torsion can

be found in the references by Batdorf32 or Brush & Almroth24, and show that for the external pres-

sure and torsional loading the classical estimates are well within the bounds of engineering

approximation. However, experimental buckling loads for cylinders under axial compression are

well below the calculated estimate, sometimes as low as 15% of that value. As such, the design of

cylinders under axial compression had to take these discrepancies into account, and therefore sev-

eral design guidelines and knockdown factors were empirically formulated to avoid disastrous

failure scenarios. Of course, concurrent research in the field strived to explain these differences

between theory and experiment, and a thorough history of the studies performed can be found in

Hoff33, Brush & Almroth24, and Bushnell34. Some of the relevant discoveries of these studies that

apply to this investigation are now discussed.

Many of the earliest hypotheses presented to account for the discrepancy between the theoret-

ical and experimental buckling loads involved the accuracy of the prebuckling state of stress of the

shell. In the classical solutions, this prebuckling deformation was approximated by membrane

theory, in which the bending of the shell wall was neglected and the surface was assumed to be

flat until the buckling load was reached. However, realistic shell problems usually possess some

kind of end restraint that produces a boundary layer that grows nonlinearly with respect to the

magnitude of the applied load. Therefore, increased accuracy of the eigenvalue problem was
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accomplished by including the effects of various boundary conditions and the presence of the

nonlinear prebuckled state. Some landmark papers concerning these topics include the work of

Stein35, Sobel36, and Almroth37. Though these investigations did produce eigenvalues significantly

less than the classical results, the agreement with experiments was still not consistent. The issue

was finally resolved when it was accepted that the imperfection sensitivity of the shells played an

enormous role in the failure loads and postbuckling response of cylindrical shells. This was first

demonstrated experimentally by Donnell & Wan38, while the theory of postbuckling response had

first been formulated within the doctoral work of Koiter30. Shape imperfections of actual speci-

mens often resulted from the inherent inaccuracies of manufacturing techniques. It was discov-

ered that shape imperfections that loosely corresponded to the mode shape of the critical buckling

load produced drastic reductions in the load carrying capability of the structure. Since the axial

buckling load for isotropic cylinders possessed so many coincident modes (as revealed in

Figure1.4), then the chance that a slight imperfection of the cylinder would correspond to one of

these shapes was high. Postbuckling theory also explained why the assumed checkerboard pattern

given by the classical eigenmode was rarely seen in experiments. This deformation state is unsta-

ble, and when a bifurcation point is reached the configuration of the shell follows a stable path

that corresponds to a different postbuckled state. Further details of postbuckling theory applied to

elastic structures can be found in Hutchinson & Koiter39.

Though postbuckling theory and the imperfection sensitivity phenomenon explained the dis-

crepancy between theory and experiment for cylinders under axial compression, it offered no

immediate help to the designer, since the determination of the imperfection sensitivity and the

possibilities of the manufacturing flaws of a given shell configuration were not easily calculated

because of the complexity and enormity of the problem. Due to this setback, most optimization

work for stiffened and unstiffened shells utilized analyses that only determined the bifurcation

load for the perfect structure and never delved into the postbuckling regime. However, it was dem-

onstrated by several authors (Singer & Baruch40, Tennyson & Hansen41) that designing a structure

for the maximum bifurcation load often led to designs with increased imperfection sensitivity,

since the optimizer tended to find structures with many closely spaced eigenvalues. For our pur-

poses, we will ignore this aspect within the optimization studies, since our main goal is to deter-

mine the applicability of the variable stiffness concept to the improvement of shell structures. If

sufficient improvement is discovered, then more detailed analyses and optimization studies that

include these aspects of imperfection sensitivity may need to be addressed.

A remark must also be made concerning the modern analysis of shell structures that contain

stiffeners. For cylindrical structures that are subjected to possible destabilizing loads, both cir-
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cumferential and longitudinal stiffeners are typically used, for they are structurally efficient and

often contribute to the postbuckling strength of the structure. The earliest solutions incorporating

stiffeners usually relied on “smearing” their effect throughout the shell so that the structure could

be considered an unstiffened shell and could be analyzed by techniques that already existed. How-

ever, it was subsequently determined that this practice was often too crude for the accurate repre-

sentation of the buckling of stiffened structures, since complicating factors such as modal

interaction between the skin and stiffener played an important role in the instability modes of the

structure. A discussion regarding the levels of complexity that the stiffeners can possess, and their

relative merits and drawbacks, can be found in the survey paper of Bushnell34. In general, the level

of detail in present day analyses ranges from the smeared approach to representing the stiffener

with nonlinear shell elements, though for most problems this high level of detail is not required. It

will be shown in Section2.2.2 that the variable stiffness concept possibly provides a suitable

method of incorporating stiffeners without increasing the level of complexity of the analysis.

1.2.3 The Brazier Effect for Long Tubes

One phenomenon that the modern solutions for cylindrical shells often fail to address is the

Brazier effect, which is a nonlinear phenomenon that applies to long tubes subjected to bending.

In truth, this is quite understandable, for most realistic cylindrical shell structures possess end

restraints or closely spaced ring stiffeners which render the effect insignificant. Possible excep-

tions include underwater pipes and medical tubing. However, recent advances in the aerospace

industry have considered increasing the spacing of the ring stiffening elements along the length of

the fuselage to save weight, and in such a case the Brazier effect becomes an important consider-

ation with regards to the optimal construction of the fuselage skin and the size and spacing of the

stiffeners. Since most existing analysis techniques do not consider the Brazier-type deformation

for cylindrical shells, this study also attempts to produce an accurate, efficient solution to the Bra-

zier problem that can be used as a guideline for relevant structural designs. The spacing of ring

stiffeners for a long cylinder under bending also provides another area in which the variable stiff-

ness analysis can be used, since the modelling of the ring stiffeners is easily incorporated into the

solution techniques.

The Brazier effect can be easily demonstrated by simply bending a drinking straw or rubber

hose by hand. As the curvature of the tube increases, one can feel that the additional applied

moment needed to produce this extra curvature begins to lessen, and often a change in the shape

of the cross-section of the tube may be observed. Finally, the tube will form a kink and collapse.

This phenomena was first investigated by L.G. Brazier in 192642, and he formulated a solution to

explain the flattening behavior of infinite length isotropic circular cylinders under bending. The
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Brazier phenomena differs from usual nonlinear shell problems in that the nonlinear response is

induced by the macroscopic rotation of the structure, as opposed to classical boundary layer

effects due to the local rotations of shell elements near the boundaries. To illustrate, shown in

Figure1.9 is an exaggerated view of an infinitesimal section of a deformed circular cylinder along

with the linear stress state associated with pure bending. Due to the curvature of the tube axis, the

compressive and tensile stresses act at an angle to the lighter cross-section and deform the original

circular shape into an oval. This ovalization, in turn, decreases the moment of inertia of the cross-

section and leads to a nonlinear load-displacement relation. Additionally, the deformation of the

cross-section increases the axial bending stresses and lowers the structure’s buckling load.

The investigation of this nonlinear behavior for aninfinite length cylindrical shell is the prob-

lem originally studied by Brazier42,43. His approximate solution determined that the cross-sec-

tional displacements varied as a function of cos(2θ), and with this result the nonlinear moment-

curvature relation could be expressed as a succinct third-order polynomial. Over thirty years later,

Wood44 expanded the results of Brazier to include the possibility of internal or external pressure.

Within the next few years, the renowned mechanician E. Reissner attacked the problem in a series

of papers45,46,47 and generated a more exact solution using variational energy methods. The result

was a highly nonlinear equation that he could not solve analytically, though some attempts using

perturbation techniques and simple numerical solutions were performed. Attentive simplification

of Reissner’s equation converges to the approximate solutions of Brazier and Wood. By 1975,

numerical techniques had developed that could accurately solve the nonlinear equations, and this

was first completed for the Brazier problem in an excellent paper by Fabian48. His numerical solu-

tion of Reissner’s equation is compared to Brazier’s solution for the moment and cross-sectional

deformation versus end rotation in Figure1.10. The ovalization is a measure of the radial dis-

placement at the top and bottom of the cross-section, and one can see that Brazier’s approxima-

⇒

Figure 1.9: Mechanism of Brazier Effect to Produce Ovalization
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tion underestimates the deformation by around 12% at the limit point, while overestimating the

moment by approximately 3%. However, the gains in analytical simplicity and computational effi-

ciency for the approximate solution are well worth the small errors. In fact, Brazier’s original

solution is often considered quite serendipitous, for the gross assumptions that he invoked do not

seem to warrant the resulting accuracy for such a highly nonlinear problem. Throughout this

investigation we refer to these original approximations to justify neglecting certain terms, such as

powers or derivatives of certain functions. It can be shown that retaining these higher order terms

will result in significant disagreement between Brazier’s solution and the accurate nonlinear solu-

tion of Reissner. For example, Bannister49 studied the load-displacement response and vibrations

of a long cylindrical shell subjected to whipping loads (bending) and used a variational approach

analogous to Wood’s formulation that included all the quadratic terms that are usually neglected

as per the original approximate solution. The resulting moment-curvature relations underestimate

the nonlinearity considerably and predict a limit moment with over 30% error. The reasons for

discrepancies of this nature can be found in the discussion by Calladine50.

Additional work regarding the moment-curvature relationship for infinite length cylinders

incorporating the Brazier effect was completed by several authors. Kedward51 extended Brazier’s

analysis to include orthotropic materials. Spence & Toh52 investigated elliptical cross-sections

under bending, and also included experimental results which verified the nonlinear moment-cur-

vature relationship yet revealed that the structures failed due to buckling and at a lower load than
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expected. Birman & Bert53 calculated the vibrations of a long cylindrical beam using Brazier’s

solution. Stockwell & Cooper54 also attempted to incorporate orthotropic materials into Brazier’s

solution, though their results were not consistent with the correct solutions of Kedward51 and this

author55. Baruch et al.56 examined the sensitivity of the limit moment to circumferential imperfec-

tions, while Li57 and Molyneaux & Li58 investigated the dynamic instability of elastic tubes under

pure bending.

Some of the aforementioned papers dealing with the Brazier effect contain one common flaw:

the assumption that the limit moment of the nonlinear load-displacement curve (as shown in

Figure1.10) is the determining collapse load of the structure. However, it was originally noticed

by Brazier that the characteristic of the failure mode more properly resembles local bifurcation on

the compressive side of the shell. This failure mode was first investigated by Aksel’rad in 196559,

who employed Brazier’s approximate solution to determine the effect of the cross-sectional defor-

mation on the structure’s buckling load. Fabian48 also included this local bifurcation possibility

(as well as some postbuckling estimations) in his robust numerical solution of Reissner’s equa-

tion, and he concluded that for thinner isotropic shells, bifurcation always occurs before the limit

moment is reached. This observation led other researchers, most notably Reddy60,61, Calladine50,

Aksel’rad & Emmerling62, and Corona & Rodrigues63 (who also included a material failure con-

straint) to re-evaluate the failure characteristics of cylindrical shells under nonlinear bending, and

their results revealed that the major contribution of the ovalization of the cross-section toward fail-

ure was the lowering of the critical local buckling stress. These conclusions were later reaffirmed

through experimental testing by Ju & Kyriakides64 and Karam & Gibson65. Similar analytical

results and conclusions will be presented in this investigation.

The investigation of the Brazier effect forfinite length cylindrical shells was initiated with the

original work of Aksel’rad59. To obtain solvable equations, he employed semi-membrane consti-

tutive theory to reduce the order of the analysis, and along with his follow-up work62 he deter-

mined the prebuckling deformation and an estimation of the buckling moment for cylindrical

shells of finite length. Stephens et al.66 also contributed toward the finite length solutions through

the use of the emerging nonlinear finite element code STAGS, and subsequent finite length solu-

tions utilizing the semi-membrane assumptions by Libai & Bert67 and this author68,69 used the

finite element results as a comparison to their solutions. It should also be noted here that Libai &

Bert were the first to notice the importance of shear deformation due to the Brazier effect for finite

length shells.

Most of the concerns discussed here regarding the Brazier effect will be included as part of

this investigation. Both the exact nonlinear solution and an approximate solution based on the
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assumptions of Brazier will be used, and the collapse loads for infinite and finite length cylinders

will be fully investigated. Applications of these results for practical structures will also be

addressed.

1.3 Approach of Current Study

With reference to the previous discussions in this chapter, the approach for this investigation

will focus on the application of the variable stiffness concept to the design of cylindrical shells

under various types of loading. The stiffness variation will predominantly be defined through the

use of curvilinear fibers, though discrete stiffening elements and thickness changes may also be

employed. When these additional stiffening mechanisms are employed, basic assumptions are

used so that they can be incorporated into the variable stiffness concept without adding significant

complexity to the solution techniques. Specific restrictions on the geometry and loading condi-

tions will be made in order to reduce the stiffness variation to be in either the axial or circumferen-

tial direction, since this will facilitate the ensuing analysis techniques by transforming the two

dimensional problems into one dimensional ones. Particular boundary conditions, application of

the loads, and the degree of nonlinearity for each load case will be determined independently for

each case. In general, each problem will contain a static solution to determine the prebuckling

stress state and estimate material failure loads, and a stability analysis based on bifurcation loads

that takes the form of a numerical eigenvalue problem. Postbuckling phenomenon will not be

investigated, however the final designs will be analyzed with the most rigorous nonlinear solu-

tions available to give some insight into the higher order details of the response. Rigorous optimi-

zation studies for practical cylindrical structures will be performed using the most efficient

analysis techniques to determine the relative worth of the variable stiffness concept.

To understand the motivation behind this work, a quick sketch of the evolution of the analysis

techniques is necessary. It was originally believed that the added tailorability that the variable

stiffness concept provides should produce designs that exhibit increased performance compared

to traditional constant stiffness laminates. This idea applies not only to cylindrical shells, but to

any structure constructed of thin laminates. The earliest work was actually applied to flat plates,

and the positive results discovered for compression of square panels led to the application of the

concept to shell structures. The initial attempt for the analysis of variable stiffness cylinders con-

sisted of a simple investigation of the deformed shape and stress state of an axisymmetric cylin-

der. This analysis was subsequently expanded to include the buckling response of a cylinder with

a stiffness variation in either the axial or circumferential direction. The preliminary results indi-

cated that the most significant by-products of the stiffness variation were the redistribution of the

loads and the production of deformed shapes that were quite atypical when compared to standard
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structures. This second finding created a desire to find realistic problems for which the resulting

deformation was quite large, so that the stiffness variation could be designed to control the defor-

mation and improve the performance of the cylinder. Such a scenario existed for long cylinders

under bending, thus the investigation was broadened to include many aspects of this interesting

problem. However, the main motivation of this research remains focused on determining if the

curvilinear fiber format is a viable alternative for the design of cylindrical shell structures, and

thus four major cases encompassing the most basic loading conditions of a variable stiffness cyl-

inder are included.

A summary of the particulars for each case are presented in Table 1.1, where the case designa-

tions correspond, respectively, to a cylinder with an axial stiffness variation that undergoes axi-

symmetric loads only, a short cylinder segment with a circumferential stiffness variation that can

handle arbitrary beam loads, and long tubes undergoing predominantly bending loads including

the Brazier effect with a possible stiffness variation in either direction.

Table 1.1: Organization of Analysis Scenarios

Case
designation

Stiffness
variation

Level of analysis Load cases
Nonlinear

effects
End

conditions

Axisymmetric Axial
Nonlinear solution
with bifurcation

analysis

Axial force,
pressure,
torsion

Boundary
layer, shell
rotations

Exact

Short Segment
Circum-
ferential

Linear membrane
prebuckling solu-
tion with bifurca-

tion analysis

General
beam loads

None
Warping
allowed

Infinite Length
Brazier

Circum-
ferential

Nonlinear prebuck-
ling solution with

bifurcation analysis

Bending,
pressure,

axial force

Exact Bra-
zier effect

None

Finite Length
Brazier

Axial

Nonlinear semi-
membrane solution
with approximate
stability analysis

Bending,
pressure

Approximate
Brazier effect

Membrane
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Chapter 2.0 Governing Equations for
Variable Stiffness Cylindrical Shells

The governing equations for composite circular cylindrical shells are derived in this chapter

along the lines of classical nonlinear shell theory, together with the assumption that the material

properties may vary as a continuous function throughout the surface of the shell. The first section

investigates the physical aspects of the problem by defining the geometry of the shell structure

and the assumed relationship between strain and displacements. The second section outlines the

constitutive theory for the stiffness response and stress analysis of thin shells constructed from

laminae of orthotropic materials. This leads to the introduction of the variable stiffness concept,

which allows for the stiffness characteristics to vary spatially in the structure by means of curvi-

linear fiber paths, dropped plies, and discrete ring stiffeners or stringers. The assumptions of clas-

sical membrane and semi-membrane constitutive theory are also discussed, which are utilized to

simplify the governing equations for special cases by applying limiting assumptions to the consti-

tutive equations. The last section combines the geometric and stiffness concepts of the first two

sections to develop the governing equations for the static response and stability estimations of

composite cylinders with stiffness characteristics varying in both the axial and circumferential

direction. Thus the goal of this chapter is to formulate the governing equations for general loading

of a cylindrical shell with arbitrary stiffness variations. The specialization of these equations into

four distinct sub-problems is implemented in the succeeding chapters.

2.1 Strain-displacement Relations

This section presents the physical geometry and kinematics for a circular cylindrical shell.

The three-dimensional structure is expressed as a two-dimensional surface through the application

of the geometry of surfaces for thin shells. The strains are defined through the use of first-order

transverse shear deformation shell theory, and are formulated in terms of the displacements and

rotations at the middle surface of the shell. The Kirchhoff-Love hypothesis is then introduced,

which reduces the number of field variables of the problem by assuming that deformation through

the thickness of the shell can be ignored. In addition, circumferential inextensionality of the cross-

section, which is a typical deformation state for several of the load cases considered, is discussed.
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2.1.1 Geometry of the Cylindrical Shell

The structure under study is a thin cylindrical shell of lengthL, radiusR, and skin thicknessH

(seeFigure2.1), where we assumeH/R« 1. The shell can be constructed of any combination of

isotropic or orthotropic materials, including either longitudinal or circumferential stiffeners, and

is required to have “material symmetry” about two vertical planes:X = L/2 andY= 0. The skin is

assumed to be composed of a symmetric, balanced composite laminate which may contain curvi-

linear fibers and dropped or added plies. Due to these construction possibilities the cross-section

is not necessarily symmetric about the horizontal plane, therefore the material centroid of the

cross-section is located at some angleθref which defines the reference line of the cylinder axis.

The three dimensional structure can be referenced in terms of several coordinate systems

using a Lagrangian, or “material”, frame of reference: a global Cartesian system defined by

(X, Y, Z); and two local systems for the cylinder cross-section in terms of rectangular (ξ, ψ, ζ) and

cylindrical (x, y, z) coordinates. These directions are displayed in Figure2.1, along with their cor-

responding displacements. For this work, the circumferential arc-length coordinatey is usually

replaced by the polar angleθ, wherey = Rθ, and it should also be noted that the Cartesian cross-

sectional coordinates (ξ, ψ, ζ) and displacements (υ, η, φ) are normalized with respect to some

cylinder dimension. Then with regards to the undeformed shell, the coordinates are related by

(2.1)

where the zero subscript denotes the undeformed configuration. Since the shell is assumed to be

y v,

z w,

R

θref

ζ φ,

θ

H

ψ η,

Z uz,

X ux,

Y uy,

L

Figure 2.1: Geometry of Undeformed Shell

x u,
ξ υ,

X0 L 2⁄( )ξ x= = Y0 Rψ R z+( ) θsin= = Z0 Rζ– R z+( ) θcos= =
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thin (H/R« 1), the three-dimensional body can also be represented as a two-dimensional structure

through the theory of surfaces (see, for instance, Novoshilov70). For this purpose, the skin middle

surface is chosen as the reference surface, and the coordinates (x, θ) are used to define any point

on this surface. The Lamé parameters and Gaussian curvatures (which are parameters measuring

the arc-length and radii of curvature at each point in terms of the surface coordinates) using this

coordinate system are

(2.2)

which qualifies the chosen directions as principal coordinates, since they are orthogonal (Axθ = 0)

and conjugate (1/Rxθ = 0). The benefit of these surface coordinates is that they transform a three-

dimensional body into a two-dimensional surface. Since the shell is thin, standard shell theory

assumptions regarding the functional form of displacements and strains through the thickness of

the shell can be utilized, thereby decreasing the complexity of the equations.

As mentioned in the introduction, the basic equations of classical nonlinear shell theory have

previously been derived by many authors in terms of arbitrary curvilinear surface coordinates, in

varying degrees of complexity, nonlinearity, and notation (this was first completed by

Novoshilov70, while other authors that have employed tensor analysis to formulate these general

shell equations include Leonard71, Sanders27, Naghdi & Nordgren72, and Budiansky73). To utilize

these derivations, all that is needed is the calculation of the Lamé parameters and Gaussian curva-

tures for the specific geometry. However, it will be shown that using the typical expressions of

Eq.(2.2) for a circular cylindrical shell does not correctly model the nonlinear bending response

of longer shells. To this end, the governing equations will be derived for the specific geometry of

a long cylindrical shell, and the differences between these equations and standard cylindrical shell

equations will be discussed.

To formulate the relationship between the strains and the displacements of the cylindrical

shell, the current state of the structure must be defined in terms of general variables that accurately

represent all the desired details of the deformation. For the distorted state of the cylindrical shell,

we therefore assume a general displacement field (u, v, w) along with a rotation of the cross-sec-

tion due to beam bending. The tube axis, taken at the centroid whereY0 = 0 andZ0 = Rcos(θref),

undergoes deflection and curvature due to the bending of the cylinder as a “classical” beam

(seeFigure2.2). Here the “classical” stipulation implies that warping of the beam cross-section

due to shear is not included, so that planes normal to the axis remain flat and perpendicular to the

axis after deformation. Therefore, for classical beam bending, the cylinder cross-section translates

Ax 1=

1 Rx⁄ 0=

Aθ R=

1 Rθ⁄ 1 R⁄=

Axθ 0=

1 Rxθ⁄ 0=
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an amountaz(x) while undergoing a rotationΩy(x), where the two functions are related by

(2.3)

Furthermore, the curvature of the beam is defined as the derivative of the angle of rotation, and its

sign is chosen so that a positive end rotation produces positive curvature (a prime denotes a deriv-

ative with respect tox)

(2.4)

The angle of rotation at the ends is denoted byΩy, and the assumption of symmetry aboutX = L/2

generates its definition in terms of the angle of rotation or curvature:

(2.5)

Note that these expressions foraz, Ωy, andκy are derived for a beam rotation about theY-axis,

which is the customary state of bending for our shell structure. Similar equations arise for beam

bending about theZ-axis (using the variablesay, Ωz, andκz), however we need not include that

possibility here for the nonlinear bending cases will be assumed to be symmetric about theZ-axis.

Y
X

Z

Figure 2.2: Geometry of Deformed Shell with Axial Curvature
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The expression for the deformed state of the cylinder subjected to classical beam bending is

(2.6)

where the displacements (u, v, w) are all functions of (x, θ, z). The deformed state can also be

expressed in terms of the Cartesian cross-sectional displacements through the vector relations

(2.7)

so that Eq.(2.6) becomes

(2.8)

Theglobal displacements can be simply calculated as the change from the undeformed condition,

Eq.(2.1), to the deformed state, Eq.(2.6) or (2.8).

2.1.2 Definition of Strains in Terms of Displacements

The expressions for the undeformed and deformed configurations are now used to calculate

the strains of the shell.Normal strains are defined as an elongation per unit length, whileshear

strains measure the change in shape of a shell element. Thus, some measure of the arc lengths and

angles of a typical shell element is needed. A suitable method is to calculate the incremental

change as the shell deforms from its original undeformed state to a distorted geometry. As such,

an increment of arc length defined through the use of differential geometry is

(2.9)

The original arc length for the undeformed case using Eq.(2.1) is

(2.10)

The strains are defined by the change of this quantity during deformation. The strains are assumed

to be small when compared to unity, and are calculated using a Cauchy concept of strain:

(2.11)

X1 x u Ωy x( )cos R z w+ +( ) θcos R θrefcos– v θsin–[ ] Ωy x( )sin–+=

Y1 R z w+ +( ) θsin v θcos+=

Z1 az x( ) u Ωy x( )sin R z w+ +( ) θcos R θrefcos– v θsin–[ ] Ωy x( )cos+ +=

Rη v θcos w θsin+=

Rφ v θsin w θcos–=
⇔

v R⁄ η θcos φ θsin+=

w R⁄ η θsin φ θcos–=

X1 x u Ωy x( )cos R ζ φ θrefcos+ +( ) Ωy x( )sin+ +=

Y1 R ψ η+( )=

Z1 az x( ) u Ωy x( )sin R ζ φ θrefcos+ +( ) Ωy x( )cos–+=

dS2 dX2 dY2 dZ2+ +=

dS0
2 dx2 R z+( )2dθ2 dz2+ +=

ε
dS1 dS0–

dS0
------------------------≡ ⇒ dS1

2 dS0
2 1 ε+( )2 dS0

2 1 2ε+( )≈=
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Therefore, all that is needed to derive expressions for the strain-displacement relations is the

calculation ofdS1 in terms of the displacements. However, first an assumption is used to decrease

the complexity of the equations. The displacements (u, v, w) in terms of the three dimensions

(x, θ, z) are replaced by a linear approximation in the transverse (z) direction, such that

(2.12)

The superscripto denotes quantities at the middle surface of the shell (z = 0), while the variables

( ) represent a rotation of the normal in thex-direction, a rotation of the normal in the

θ-direction, and the linear transverse normal strain, respectively. Eq.(2.12) in terms of the six

middle surface field variables conforms to first-order transverse shear deformation, where the lin-

ear transverse normal strainezz is usually considered to be negligible. Insertion of these relations

into Eq.(2.6) and collecting terms according to powers ofz yields:

(2.13)

The expression for the deformed arc length using Eq.(2.9) has the form:

(2.14)

where terms involving products ofz are neglected sinceH/R « 1. This limits the shell theory to

first-order, since the omission of any powers ofz greater than one maintains that the strains are at

most linear inz. Also note that this implies that the transverse strains must be constant through the

thickness. The transformations from the actual strains to their middle surface counterparts are

(2.15)

u x θ z, ,( ) u
o

x θ,( ) zωx
o

x θ,( )+=

v x θ z, ,( ) v
o

x θ,( ) zωθ
o

x θ,( )+=

w x θ z, ,( ) w
o

x θ,( ) zezz x θ,( )+=

ωx
o ωθ

o
ezz, ,

X1 u
o Ωy x( )cos R w

o
+( ) θcos R θrefcos– v

o θsin–[ ] Ωy x( )sin–{ } +=

ωx
o Ωy x( )cos 1 ezz+( ) θcos ωθ

o θsin–[ ] Ωy x( )sin–{ } z

Y1 R w
o

+( ) θsin v
o θcos+{ } 1 ezz+( ) θsin ωθ

o θcos+{ } z+=

Z1 u
o Ωy x( )sin R w

o
+( ) θcos R θrefcos– v

o θsin–[ ] Ωy x( )cos+{ } +=

ωx
o Ωy x( )sin 1 ezz+( ) θcos ωθ

o θsin–[ ] Ωy x( )cos+{ } z

dS1
2 dS0

2 2 εxdx2 εθR2dθ2 γxθdxRdθ γxzdxdz γθzRdθdz εzdz2+ + + + +[ ]+=

εx x θ z, ,( ) εx
o

x θ,( ) zκ x
o

x θ,( )+=

εθ x θ z, ,( ) εθ
o

x θ,( ) zκθ
o

x θ,( )+=

γxθ x θ z, ,( ) γxθ
o

x θ,( ) zκ xθ
o

x θ,( )+=

γxz x θ z, ,( ) γxz
o

x θ,( )=

γθz x θ z, ,( ) γθz
o

x θ,( )=

εz x θ z, ,( ) εz
o

x θ,( )=
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The middle surface strains and curvatures are generally nonlinear functions ofx andθ, and

can be expressed in terms of the six unknown field variables (plus the beam deflectionaz(x) and its

associated derivatives) through linear counterparts, denoted byeαβ andkαβ. Thus the expressions

for the middle surface strains are written as

(2.16)

where the linear strain expressions are

(2.17)

The middle surface curvatures become

(2.18)

and the linear curvature functions (kαβ) are

(2.19)

These expressions, Eq.(2.16)-(2.19), are accurate up to the error of the qualifying assumptions of
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small strains, moderate rotations, and a first-order (linear) variation of displacements and strains

through the thickness of the shell. These shell equations conform roughly to the type first pro-

posed by Flügge25, except that these equations also contain the possibility for the nonlinear

response of the cylindrical shell acting as a beam. For the problems investigated here, these strain-

displacement relations are unduly complex, and therefore will be slightly simplified.

One notable feature concerning a cylindrical shell under beam loading is the possibility for the

flexural stiffness of the structure to change under large axial curvatures. This capability actually

exists for any long structure designed to carry large bending loads that is constructed of a cross-

section that can deform easily in its own plane. Therefore, for this investigation the nonlinear

strain-displacement equations are simplified as much as possible without omitting this possibility

of large distortion of the original circular cross-section. To this end, the following assumptions

regarding the deformation of the cylindrical shell are employed: (a)the beam rotationΩy(x) is

considered small; (b)any products of axial strains, rotations, or displacements may be ignored;

(c) nonlinear terms involving strains not dealing with cross-sectional deformation are neglected;

and (d)axial rotations are considered small in comparison to circumferential rotations. Applica-

tion of these simplifying assumptions to the expressions of Eq.(2.15)-(2.18) yields the final form

of the strain-displacement relations according to first-order transverse shear shell theory:

(2.20)

The linear expressions are reduced to:

(2.21)
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The terms with an overbar in Eq.(2.20) and (2.21) denote deviations from classical first-order

nonlinear shell theory and need to be retained when the cross-sectional deformation is large.

Additionally, the presence of the beam curvatureκy in the definition of the axial strain is required

for the accurate modelling of the nonlinear Brazier effect. Removal of these two types of terms

results in the level of approximation used by Sanders theory when in-plane nonlinear rotations are

neglected.

It should be noted here that the derivation of these nonlinear strain-displacement relations,

Eq.(2.20) and (2.21), represents a significant deviation from the classical cylindrical shell equa-

tions used by most authors. As mentioned previously, the formulation of the nonlinear strain-dis-

placement relations using the standard Lamé parameters and Gaussian curvatures of Eq.(2.2) will

not correspond to the equations just presented. The main difference between the two sets of equa-

tions lies in the inclusion of the beam curvatureκy in the definition of the linear axial strainexx.

However, for the specific problem of a long tube under bending, the beam curvature does become

significant and is the primary contributor to the mechanism known as the Brazier effect. Failure to

properly include the effect of the beam curvature in the axial strain relation leads to an erroneous

factor of 2/3 in the resulting governing equations. Mathematically, this considerable inaccuracy

can be traced to an incorrect definition of the Lamé parameters for a cylindrical shell when the

magnitude of the beam curvature becomes significant (in particular, the equation forA1 in

Eq.(2.2) should also contain a term due toκy, as shown in an article by this author55). Therefore, a

significant result of this investigation is the presentation of the correct governing equations for the

solution of a cylindrical shell ofarbitrary length under bending, since our formulation is accurate

for both long and short cylinders.

2.1.3 The Kirchhoff-Love Hypothesis and the Condition of Inextensionality

The Kirchhoff-Love hypothesis is a theory used for thin shells to reduce the number of field

variables of the problem by invoking assumptions about the state of deformation through the

thickness of the shell. Its application is for very thin shells, or ones in which the transverse stiff-

ness of the shell wall is roughly of the same order as the other stiffnesses (e.g. sandwich structures

with a pliable inner core often require the inclusion of shear deformation). The Kirchhoff-Love

hypothesis states that (a) the shell remains inextensional in the transverse direction, and (b) that

normals to the middle surface remain straight and normal to the surface after deformation. The

first assumption stipulates that the length of the normal remains the same, and is customarily

invoked when thin shells are being considered, while the latter is only used when transverse shear

effects are not considered. Physically, these two assumptions imply that the three transverse

strains must be zero, and reduces the number of unknown variables by the application of these
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constraints. This is expressed mathematically as

(2.22)

These constraints can be manipulated such that they relate the linear transverse strain (ezz) and the

rotations of the normal ( ) to the middle surface displacements. Standard first-order shell

theories typically only satisfy the above equations in thelinear sense. However, certain circum-

stances regarding large distortion of the cylinder cross-section require the Kirchhoff-Love hypoth-

esis to be applied to thenonlinear equations to be consistent with the omission and inclusion of

certain terms.

The nonlinear transverse strains from Eq.(2.20) are

(2.23)

Applying the assumptions of the Kirchhoff-Love hypothesis, Eq.(2.22), and solving for the rota-

tions and linear strain yields

(2.24)

where the intermediate variableω is created for ease of expression and is defined as

(2.25)

When the cross-sectional deformation is considered small, the linearized version of Eq.(2.24) can

be used, which states

(2.26)

Therefore, the strain-displacement relations of Eq.(2.20) must be augmented by the relations of

Eq.(2.24) or (2.26), according to the level of nonlinearity present. This results in the middle sur-

face strains and curvatures being expressed completely in terms of the middle surface displace-

ments (uo, vo, wo) and the beam curvatureκy(x).
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One final assumption that remains to be discussed for the strain-displacement relations

involves the inextensionality of the cross-section. Typically, cylindrical shells are loaded through

the ends of the cylinder (on planes perpendicular to the axis), thereby resulting in axial and shear

strains from the action of these boundary conditions. Shells with “closed contours” for cross-sec-

tions do not contain any boundary conditions on a circumferential face, since the cross-section is

continuous in the circumferential direction, thus circumferential strains due to applied loads at the

circumferential boundaries do not exist. Therefore, the presence of circumferential strain can

most often be attributed to two other sources: (a) the Poisson effect when large axial strains exist;

and (b) surface tractions acting on the shell surface in the form of pressure or circumferential

shear traction. Whenever these two contributions can be considered small in comparison to other

strains, the shell is said to be inextensional in the circumferential direction because the length of

the perimeter of the cross-section does not change. The instances where this inextensionality con-

dition can be invoked will be discussed elsewhere, so that this section will only detail the simplifi-

cations to the strain-displacement relations that can be achieved through this assumption.

To envision the concept of an inextensional cross-section, imagine a thin circular ring of a stiff

elastic material lying on a flat surface. The shape of the ring as a circular contour represents the

original undeformed cross-section. If the ring is compressed between points across its diameter, it

deforms into an oval shape, yet the length of the ring (the perimeter of the contour) remains the

same in that there is no appreciable circumferential extension. The oval shape is developed merely

through individual rotations and changes of curvature of the ring elements. Thus, the inexten-

sional circumferential rotation of the shell element has the property of changing the curvature of

the contour without changing its length, and therefore this rotation (defined here asω) will be

used as the desired field variable of the derivation. Much like the Kirchhoff-Love hypothesis elim-

inated variables from the governing equations by expressing the rotations of the normal in terms

of middle surface displacements, as in Eq.(2.24), this inextensionality condition decreases the

number of unknown variables by one, either as a parametric representation in terms of the inex-

tensional rotation, or by a direct substitution in terms of a middle surface displacement.

The derivation of the inextensionality condition is performed on an arbitrary slice of the cylin-

der cross-section. An increment of the undeformed cross-sectional contour is shown as arcAB in

Figure2.3. Note that the reference system is in terms of the rectangular cross-sectional coordinate

system, and that the sign of the vertical axis is in the downward direction. The original coordi-

nates of the end points of the arc (normalized with respect to the radiusR) are

(2.27)A ψ ζ,( )= B ψ ψ∂+ ζ ζ∂+,( )=
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The close-up of the geometry, where∂y = R∂θ, reveals that

(2.28)

During inextensional deformation, the original circular arc lengthAB displaces to a new position

A′B′, which is rotated at an angle (θ+ω) to the vertical axis and has a different center and radius of

curvature. Since the deformation is assumed as inextensional, the length of the differential arc

remains the same, and can be calculated for each case.

(2.29)

The coordinates of the new end points in terms of the rectangular displacements are

(2.30)

and the close-up gives the geometric relation as

(2.31)

Expressions for the middle surface displacements and circumferential change of curvature can

now be derived in terms of the inextensional rotationω.

The curvatures of each arc in Figure2.3 are readily found from the inverse of the radii of cur-

vatures, and naturally the change in curvature is simply the difference of the deformed state with
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respect to the undeformed configuration, so that, using Eq.(2.29)

(2.32)

The inextensional displacements can be found from the solution of Eq.(2.31), whereby

(2.33)

Enforcing symmetry and measuring the vertical displacement from the reference surface

(2.34)

results in integral equations for the rectangular displacements:

(2.35)

These parametric expressions can also be obtained for the cylindrical displacements (vo, wo)

by using the usual vector transformation of Eq.(2.7). Of more interest, however, is the representa-

tion of some of the linear strain quantities of Eq.(2.21) in terms of this inextensional rotationω.

For instance, the combination of Eq.(2.35) and (2.7) gives

(2.36)

These expressions on the right hand sides should look familiar, since they correspond (except for

a sign change) to the parameterization used to satisfy the nonlinear Kirchhoff-Love assumptions

of Eq.(2.24). In fact, insertion of the solution for these linear strain quantities into Eq.(2.25) pro-

duces an identity, proving that the inextensional rotationω is equivalent to the parameter used in

the Kirchhoff-Love hypothesis (which of course is why it was chosen to have the same symbol).

Furthermore, calculation of thenonlinear circumferential strain and curvature at the middle sur-

face, Eq.(2.20), reveals

(2.37)

which exactly corresponds to the original assumption (zero circumferential strain) and partial

solution, Eq.(2.32), of the inextensionality condition. The results of Eq.(2.36) also substantiate

the use of the nonlinear application of the Kirchhoff-Love hypothesis, since the assumption of

inextensionality equates the order of the circumferential and transverse strains. Therefore when-
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ever this inextensional condition is considered relevant, the simplifications to the strain-displace-

ment relations, Eq.(2.36) and (2.37), will be employed.

2.2 Constitutive Theory

This section defines the physical laws of the shell material that relate the structure’s stresses to

the strains. The material is assumed to be linear elastic and constructed of either isotropic materi-

als or fiber-reinforced orthotropic composite materials, which usually consist of a high-stiffness

fiber surrounded by a soft polymer matrix. The cylindrical shell is constructed of multiple layers

(laminae) of these materials, and the resulting structure is defined by the orientation angle of each

orthotropic layer. Since the shell is assumed to be thin, we neglect the strains and stresses through

the thickness of the laminate and formulate the stiffness and strength characteristics for the sur-

face directions only. This is the basic premise of Classical Lamination Theory (CLT). The vari-

able stiffness concept is an extension of this theory which allows for the orientation angles to be a

function of spatial location (in terms of the surface coordinates) in addition to the transverse

direction through the thickness (the stacking sequence). It also includes other types of construc-

tion techniques which can be regarded as a variation in stiffness, such as thickness changes,

dropped plies, or directional stiffeners attached to the skin laminate. The various modifications of

these variable stiffness concepts to the equations of CLT are subsequently detailed. Additionally,

the assumptions of classical membrane and semi-membrane theory are discussed, which are sim-

plified constitutive theories that are employed for specific problems in later chapters.

2.2.1 Classical Lamination Theory

In Section2.1.2, the strains in terms of the three dimensions (x, θ, z) were transformed into

two-dimensional quantities evaluated at the middle surface through the assumptions of first-order

shell theory. Additionally, the Kirchhoff-Love hypothesis was introduced, which maintains that

the strains in the transverse direction are relatively small. Classical Lamination Theory uses simi-

lar premises to represent the stiffness properties of a three-dimensional body in terms of middle

surface quantities only. The effect of shear deformation in the transverse direction will be ignored

in the derivation of these constitutive laws. However, it should be noted that the strain-displace-

ment relations of Section2.1.2 and, subsequently, the equilibrium equations of Section2.3.2 are

formulated in terms of general first-order shell theory. Therefore, if transverse shear effects are to

be included, only this section outlining the stress-strain relations need be augmented. A more

thorough discussion of the assumptions and details of Classical Lamination Theory can be found

in the text of Jones74, while a general review of transverse shear deformation (applied to flat

plates) is presented by Reddy75.
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Stiffness Response

For our purposes, we begin with the definition of the three-dimensional state of stress for a

thin shell constructed of an orthotropic material. The Kirchhoff-Love hypothesis states that the

transverse strains are negligible, and it can be shown that these constraints provide an estimation

of the relative size of the corresponding transverse stresses with respect to the surface stresses. In

particular, the stipulation that the transverse shear strains are zero implies that some transverse

shear stresses (though small) must exist to ensure this condition. Furthermore, the thinness of the

shell, which led to the assumption that the transverse normal strain was negligible, can also be

used to determine that the magnitude of the transverse normal stress is small when compared to

the other stress quantities. Therefore, regarding the transverse quantities:

(2.38)

Note that the subscripts of Eq.(2.38) now correspond to the principal material directions of an

orthotropic material, with “3” representing the transverse direction. These principal material

directions are not necessarily parallel to the surface coordinates (x, θ), but depend on the proper-

ties of the orthotropic material. Traditionally, the 1direction represents the maximum stiffness in

the plane of the surface, while the 2direction is aligned to the minimum value. For a material to

be orthotropic, these directions are necessarily perpendicular, and the stiffnesses in an arbitrary

in-plane direction can be found through a standard tensorial rotation of these properties.

With regard to the constitutive equations, the results of Eq.(2.38) greatly simplify the stress-

strain relations since the transverse stresses, even though they are non-zero, can be effectively

removed from the constitutive equations due to their relative magnitude (if transverse shear effects

are to be included, additional constitutive laws must be used to relate the transverse stresses to

their respective strains). Thus, the only significant stresses are those that occur in the plane of the

middle surface. Using the notation of the principal directions, these stresses are related to the cor-

responding strains along the principal material directions of the orthotropic material as

(2.39)

The quantitiesQij are referred to as the reduced stiffnesses of an orthotropic lamina, and are
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related to the engineering stiffness quantities measured along the principal directions:

(2.40)

To project the principal stresses and stiffness quantities along the directions of the surface coordi-

nates, a tensorial rotation about the normal to the surface is performed. For example, the transfor-

mation from the stresses in the material coordinates to the surface coordinates is represented as:

(2.41)

The sign of this rotation is displayed in Figure2.4, where the principal directions of the orthotro-

pic material are aligned at some orientation angleϕ to the surface coordinates. Similar transfor-

mations can be applied to the strains and material properties of the shell.

Tensorial rotations such as Eq.(2.41) are applied to both the stresses and strains in the princi-

pal material directions in Eq.(2.39), thereby producing the stress-strain relations for an arbitrary

lamina in terms of the surface coordinates:

(2.42)

The transformed reduced stiffnessQij are dependent on the reduced stiffnessesQij and the orienta-
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tion angleϕ of the orthotropic material. For ease of representation, Tsai & Pagano76 have formu-

lated these relations in terms of invariant material properties, such that

(2.43)

The invariant propertiesU1−U5 are defined in terms of the reduced stiffnesses:

(2.44)

For an isotropic material, the invariantsU2 andU3 are zero.

The stress-strain relations of Eq.(2.42) lead to the definition of middle surface stress result-

ants that correspond to the middle surface strains and curvatures derived from first-order shell the-

ory. Since the surface strains are assumed to vary linearly through the thickness of the shell, the

surface stresses for each lamina should also conform to such a linear variation. Throughout the

total thickness of the laminate, the stresses actually vary in a piecewise linear function, since each

layer may possess different stiffness parameters due to a rotation of the principal material direc-

tions. Determining the possible variation of the transverse quantities in this way enables integra-

tion to be performed through the thickness. Resultant forces and moments are therefore defined as

(2.45)

where the integration expressed as∫H represents limits from -H/2 to H/2. The resultant stress

quantities are functions of the surface coordinates (x, θ) only, and their units are force per unit

length and moment per unit length, respectively. They represent an equivalent force and moment

from the stress distribution through the thickness of the shell, and their signs and orientation are

displayed in Figure2.5. Also included in the figure are the shear force resultantsQx andQθ, which

do not follow a constitutive law (since we are neglecting transverse shear deformation) and are

derived from consideration of the equilibrium equations in Section2.3.1. The force and moment
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resultants are related to the middle surface strains and curvatures through the integration of the

general constitutive law of Eq.(2.42), which results in:

(2.46)

[A], [B], and[D] are referred to as the extensional, coupling, and bending stiffness matrices,

respectively. The stiffness terms are calculated by the integration of the material properties

through the thickness (thez-direction) of the laminate

(2.47)

The integration of the transformed reduced stiffnessesQij through the thickness of the shell

wall is easily accomplished when typical composite laminates are used. Laminated composites

are constructed from multiple layers of orthotropic materials, called laminae, that are bonded

together on their faces. Each individual lamina can be constructed of isotropic or orthotropic

materials, and can have unequal orthotropic orientation angles as well. Usually the construction of

a composite laminate is defined by its “stacking sequence” or “layup”, which lists the various ori-

entation angles of the chosen orthotropic material as it changes through the thickness (starting
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from the bottom layer). For example, a laminate denoted as [0/±45/90]S is constructed of eight

layers, consisting of {0°,+45°,-45°,90°,90°,-45°,+45°,0°} plies through the thickness (the

subscriptS denotes symmetry about the middle surface). Other conventions for the definition of

stacking sequences include numbered subscripts, indicating multiple layers of the same orienta-

tion angle, and the subscriptT, which denotes that the total layup of the laminate is listed, as

opposed to a partial list for symmetric laminates.

If each layer is composed of the same material, the integration of Eq.(2.47) can be performed

for the stiffness matrices in terms of the orientation angle alone. The following notation for the

stiffness matrices is attributed to Tsai & Pagano76 and Miki77, and expresses the stiffness terms

through the invariant material properties and some stacking sequence parameters, such that:

(2.48)

where the integration of the stacking sequence is represented as:

(2.49)

These integrated quantities are termed in-plane stiffness coefficients. Furthermore, for typical

composite laminates, the integration is made even easier since the material properties are constant

throughout the thickness of each individual lamina, so that the integration can be replaced by a

summation in thez-direction. For example, the integration ofV1D can also be represented as

(2.50)

whereKlayers is the total number of plies, (zk, zk-1) are the distances from the middle surface to the

faces of thekth layer, andϕk is the orientation angle of that layer.

By restricting ourselves to shells constructed of balanced, symmetric laminates we can further

simplify some of the terms of Eq.(2.49). A “balanced” laminate implies that for every non-
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zero+ϕ angle of the stacking sequence, there exists a corresponding-ϕ angle to balance the

anisotropic nature of a rotated orthotropic layer. If such is the case then the integralsV2A andV4A

are equal to zero, since they do not depend on the location of the layers but only the value of the

sine of the orientation angles, which cancel if the laminate is balanced. “Symmetric” means that

the layup is a reflection of itself aboutz = 0, and since in Eq.(2.49) any odd function as an inte-

grand is equal to zero, all termsViB vanish. Incidentally, the combination of balance and symmetry

for a multi-layered laminate stacking sequence often rendersV2D andV4D small when compared to

the otherViD terms, and often these terms are ignored, though they will not be for this investiga-

tion. Therefore, the contribution to the laminate stiffness for multi-layered composites under these

restrictions becomes:

(2.51)

where the stiffness terms are calculated as per Eq.(2.48).

Lastly, we define the effective moduli and Poisson’s ratios of the laminate in terms of the

extensional stiffness measures as:

(2.52)

These quantities provide a method of comparing the principal stiffness measures of multi-layered

composites to traditional single-layered orthotropic or isotropic materials. Additionally, these

stiffness expressions often appear in certain cases of the governing equations and will be used

extensively to make the notation more concise.

Stress Analysis

Along with the stiffness concepts just discussed, Classical Lamination Theory contains infor-

mation about the assumed stress state in each layer of the laminate due to the assumptions of the

Kirchhoff-Love hypothesis. Thus the strains in terms of the three dimensions (x, θ, z) as defined

by Eq.(2.15) can be used to determine the state of strain at any location in the body. The stresses

can likewise be found through the orthotropic constitutive relations of Eq.(2.42). Orthotropic
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tics along perpendicular material directions. Therefore, to fully analyze the feasibility of a given

stress state, the stresses and strains along the principal material directions need to be calculated.

Note, however, that the neglection of the transverse shear stresses in the constitutive laws does

limit the accuracy of the stress analysis, for multi-layered composites often fail due to interlami-

nar stresses which Classical Lamination Theory cannot account for. This topic will not be

addressed in this study. Instead, the failure loads for the in-plane stress components will be the

only criteria used to investigate the strength of the laminated structure.

For orthotropic materials, failure will be based on a first-ply-failure mode in conjunction with

maximum stress or maximum strain failure criterion. This means that the laminate is considered

to have failed in a material sense when a stress or strain in a principal material direction attains its

strength value. Though first-ply-failure does not usually imply total collapse of the structure, it

does produce a substantial drop in performance and is often used as a design criterion. To estimate

the load to achieve first-ply-failure, the state of stress for a given load level must be determined,

i.e. the governing equations must be solved. Once this is completed, the most direct method to

extract the actual stresses and strains for each lamina is to calculate the total surface strains from

the middle surface quantities as in Eq.(2.15). The value ofz in this equation determines for which

layer the strain is being calculated. Since each layer can have a different orthotropic orientation

angle, the strains in the surface coordinates must be transformed to principal material directions

for each ply. This is accomplished through a tensorial rotation as before:

(2.53)

The stresses can be found through the orthotropic relations of Eq.(2.39), if required. To determine

when failure is imminent, each laminae must be examined separately. Since the stresses and

strains vary linearly within each layer, the critical values of these quantities must be located at the

interface between layers, thus the first-ply-failure criteria is applied at each of these boundaries.
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structures must usually withstand a dead load of interior pressure, while live loads including

bending, torsion, and shear vary throughout flight and their relative magnitudes are determined by

the global geometry and loading of the structure. Therefore, to determine the critical load for fail-

ure, two stress states must be determined: the initial state due to the dead loads (denoted by a

superscriptd), and a progressive state which increases linearly and is proportional to the live loads

(superscriptl). Once the stresses (or strains) are known throughout the structure for these condi-

tions, a material failure estimation (using maximum stress or maximum strain criterion) can be

determined using the formula:

(2.54)

where the material failure parameterMF is usually positive and represents the amount of increase

of the live loads to produce failure. The five possible modes of failure in Eq.(2.54) correspond to

tensile(Xt) and compressive (Xc) failure in the fiber direction, tensile(Yt) and compressive (Yc)

failure in the transverse direction, and shear failure(S) for in-plane shear deformation. These five

modes of failure must be investigated at all locations in the structure. The material failure load can

also be formulated in terms of the strains, in which case the failure constraints would correspond

to maximum strains in each direction. If the value ofMF is less than or equal to zero, the laminate

has failed due to the dead loads only. This case often occurs for nonlinear problems, in which the

dead loads are calculated at equilibrium of the static solution, and the live loads are represented by

the rate of change of these loads along the nonlinear load path. For highly nonlinear problems, the

material failure analysis should be performed at each load step to be considered accurate.

For isotropic materials, no principal material directions exist, therefore the preceding calcula-

tions have no relevance. Instead, the traditional Tresca criterion (see a basic strength of materials

reference such as Gere & Timoshenko78) will be used to determine material failure, which

depends on the magnitudes of the principal middle surface stresses for a given stress state. Using

this criterion, a similar calculation forMF representing the yielding of the isotropic material can

easily be formulated.

2.2.2 Variable Stiffness Concept

One distinguishing aspect of this work is that the solution of the cylindrical shell problem

includes the effect of variable [A, B, D] matrices throughout the shell. By considering cylinders

with this feature, we should be able to design the stiffness characteristics to take full advantage of

the orthotropic material properties in regards to the applied loading and improve the performance

MF minimum
Xt σ1

d
–

σ1
l

-----------------
Xc σ1

d
–

σ1
l

------------------
Yt σ2

d
–

σ2
l

-----------------
Yc σ2

d
–

σ2
l

------------------
S τ12

d
–

τ12
l

----------------, , , ,=



Chapter 2.0 Governing Equations for Variable Stiffness Cylindrical Shells

50

of the structure as a whole. The mathematical modelling employed for this endeavor is to define

the orthotropic stiffness parameters at discrete spatial locations along the variation, and then to

use these representative values to formulate the stiffness terms and their derivatives along that

direction. To simplify the solution techniques for this preliminary investigation of the variable

stiffness concept, stiffness variations are constrained to be in only one direction. We thus present

the three techniques used in this investigation to produce stiffness matrices which are functions of

the surface coordinatesx andθ.

Curvilinear Fiber Paths

The stiffness variation within a composite laminate is based on the fiber orientation angleφ of

each ply. This is the basic building block of each stiffness term of Eq.(2.51), which are usually

calculated through the in-plane stiffness coefficients of Eq.(2.49). When the fiber orientation

angle for each lamina is the same for all locations within the structure, these coefficients are con-

stants for the given stacking sequence of the laminate. These “constant stiffness” laminates can be

referred to as straight fiber formats, since the path of an individual fiber is a linear function of the

surface coordinates. The path of the fiber is found by simple integration (here we will employ r-s

coordinates which are rotated by an angleΦ with respect to thex-θ surface directions to remain

consistent with the curvilinear fiber discussion presented in Section1.2.1):

(2.55)

The constantC merely represents a shift in thes-direction that is incremented as successive fiber

paths are laid down alongside each other. Since each path is a straight line, the edges of the paths

will be aligned perfectly and no overlap will occur.

Within the variable stiffness concept, the fiber orientation angleϕ is allowed to vary along the

r-direction, thus the stiffness terms are no longer constants but become a function of location.

Now the path of an individual fiber is not a linear function of ther-s coordinates. For instance,

consider the standard linear variation of the fiber orientation angle mentioned earlier, with T0

being the value ofϕ at the origin andT1 being the value at some distancel1:

(2.56)

The fiber path for this equation is again found through integration:

(2.57)
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Examples of the curvilinear paths produced by this equation have previously been displayed in

Figure1.1 and Figure1.2. The constantC in Eq.(2.57) is chosen so that no gaps exist between

adjacent fibers for each successive pass of the tow placement machine. However, since the fiber

path is not a straight line, some overlap will occur unless ply drops are allowed, as seen in

Figure1.2a. For this study, we will assume that this capability of the tow placement machine is

used, so that the curvilinear fiber paths produce the desired stiffness variation without any thick-

ness change in the laminate.

To include anarbitrary variation of stiffness, several functions were considered to serve as a

basis for representation of the fiber orientation angle, such as an expression of the variation in

terms of an expansion by Legendre polynomials or trigonometric (Fourier) functions. However, it

was found that the best general representation of the fiber orientation angle is in terms of the lin-

ear variation of Eq.(2.56). Two reasons motivated this choice: (a) to represent thestiffness terms

in a Fourier expansion, functions similar to cos[ϕ(r)] must be integrable, and this can only be done

analytically for a linear function ofϕ; and (b) to include the possibility of multiple constant stiff-

ness areas that are connected at their edges, for instance a crown/side/keel arrangement around the

circumference in which each component is allowed a different stacking sequence. This leads to a

“link ed” line segment approach shown in Figure2.6, where the fiber orientation angle for each

segment is defined by its endpoint values (thers subscript denotes the rotated coordinate system).

The ply angles and endpoint locations are both variable, and can approximate any function if

enough segments are used. Within the total range, the fiber orientation angle is thus defined as

(2.58)
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The endpoint valuesl i are typically normalized with respect to some meaningful distance in the

direction of the stiffness variation. For a cylinder, a stiffness variation in the axial direction will

have l0 = 0 at one end and = 1 located atx = L/2, and the definition will be symmetric about

the half-length to cover the entire cylinder axis. Similarly, for a circumferential variation the fun-

damental distance will be equal toπ measured in theθ-direction, so that the stiffness variation

will be symmetric about the Y= 0 line in Figure2.1. Typically, the locations of the endpoint will

be at regularly spaced intervals within the appropriate domain, and the designation of a variable

stiffness ply in the stacking sequence will be of the form

(2.59)

HereΦ is the rotation angle between the direction of the stiffness variation and thex-axis, and it is

equal to 0° or 90° for an axial or circumferential variation, respectively. The fiber orientation

angle inx-θ coordinates is then equal toΦ +¹ϕrs. Additionally, for circumferential stiffness varia-

tions a crown/side/keel arrangement is often considered, in which there are three areas of constant

(but possibly different) stiffness characteristics. This can be constructed using the notation of

Figure2.6 with the stipulation thatT0 = T1, l1 = l2, T2 = T3, l3 = l4, andT4 = T5.

Finally, there also exists a limit on the variables of the linked line segment approach due to

manufacturing considerations. In the introduction it was mentioned that one such constraint dealt

with the minimum radius of curvature of the fiber tows for flat panels. A similar constraint will be

used here for cylindrical shells, and takes the form of

(2.60)

The value ofρmin, the minimum radius allowable by the tow placement machine, will be assumed

to be the same as the flat panel value of 25″, though it is believed that smaller values actually exist

for curved surfaces.

Dropped Plies

Another mechanism to change the stiffness of a thin laminate is by adding or removing plies,

which changes the thickness as well as the stiffness characteristics of the shell. Since Classical

Lamination Theory integrates through the thickness to calculate the stiffness matrices, the effect

of this change is wholly contained within the [A, B, D] matrices. An argument against this

approach is that it does not apply at the end of the dropped plies, where the free edge effects will

produce three-dimensional stress states that lead to failure. However, the inclusion of these free

edge effects demands a more rigorous three-dimensional analysis that is beyond the scope of this
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study, and therefore will be ignored.

The construction of the added ply configuration is shown in Figure2.7, where the thickness of

each individual ply is designated astp. For reference purposes, the value ofH for such a structure

is based on the original laminate without the thickness variation. The plies are assumed to be sym-

metric about the middle surface and composed of a+ϕp and-ϕp layer so that the structure remains

balanced. Then for all locations within the domain of the added ply, the addition to the stiffness

terms of the original laminate can be calculated as

(2.61)

where the transformed reduced stiffnessesQij are calculated from Eq.(2.43). Note that the plies

are constrained to be symmetric about the middle surface and therefore produce no contribution to

the [B] matrix, which facilitates the analysis though limits the applicability of the added/dropped

ply analysis. Thus the effect of the thickness change is reflected in the value of the stiffness terms,

for they have been altered proportionally to the thicker structure. This method for dropped/added

plies can also apply to standard thickness changes using an isotropic material, where the thickness

can vary smoothly over a region by introducing multiple dropped plies of varying thicknesses.

Material failure can also be estimated by simply regarding the added material as a change in shell

thickness, and using the standard method to find the stress state at the given shell location.

Discrete Stiffeners

As discussed in Section1.2.2, the inclusion of stiffeners for shell analysis has often been

accomplished by “smearing” the stiffness properties over the total structure so that the solutions

for unstiffened cylindrical shells can be applied. Since our premise is that the stiffness is automat-

ically a function of location, we can more accurately model the stiffeners by defining their stiff-

ness characteristics at the point of attachment to the laminate skin. The stiffeners are treated as

discrete beams, which for the variable stiffness concept means the obvious: the stiffener produces

Figure 2.7: Geometry of Dropped Ply Construction
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a discrete change in stiffness at the point of attachment equivalent to a one-dimensional beam.

Though this treatment of the stiffeners does contain some degree of approximation in the resulting

solutions (see Bushnell34 for a discussion of the influence of nonlinear and prebuckling effects for

stiffened shell structures), the obvious inclusion within the variable stiffness concept is warranted

for the type of problems that we are investigating. The beam is assumed to withstand only axial

stresses and torsional loads, and the resistance to these loads is calculated from the stiffness of the

beam material as well as the shape of the cross-section, which is arbitrary. Therefore, to incorpo-

rate the characteristics of the stiffener into the variable stiffness concept, an estimation of the elas-

tic behavior of a beam under extension, flexure, and torsion is required (see Figure2.8). The

relevant quantities required to calculate these attributes from elementary beam theory include the

extensional and torsional moduliEs andGs, cross-sectional areaAs, distance to the centroidzs, and

the moment of inertiaIs and torsional constantJs measured about this centroid. The stiffeners can

be attached on the exterior of the cylinder (for whichzs > 0) or the interior (zs < 0). Also needed is

the maximum heightts, which is used for material failure considerations, and the widthws over

which the stiffener is attached to the laminate, since for wide attachments the stiffness properties

will be smeared over this distance. The stiffener material is assumed to be either isotropic or a

constant stiffness composite laminate defined by effective moduli parameters and corresponding

material failure characteristics. An example of a composite stiffener is outlined in AppendixC.

The cross-sectional parameters are used to relate the applied loading of the beam to strain

measures of the beam, including the axial strainεs, axial curvatureκs, and angle of twist per unit

lengthφs (which are in the same direction as the force, moment, and torque in Figure2.8):

(2.62)
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Figure 2.8: Physical Properties of Stiffeners

As I s Js, ,
Es Gs,

ts

Ts

Ms

Fs

Fs EsAsεs= Ms EsI sκs= Ts GsJsφs=



Chapter 2.0 Governing Equations for Variable Stiffness Cylindrical Shells

55

These strain and force quantities of the beam must both be related to appropriate middle surface

shell quantities so that they can be included in the stiffness characteristics of the shell. This is

accomplished by finding the equivalent shell force and moment resultants that are acting at the

centroid of the stiffener, as well as defining the beam strains at the centroid through the middle

surface strain quantities. For instance, the equivalent system acting on the centroid of a beam

aligned to the cylinder axis in terms of the axial stress resultantsNx, Mx, andMxθ acting at the mid-

dle surface of the shell and smeared over the width of the beam is

(2.63)

Note that the shear stress resultantNxθ is not included, since the beam is assumed to only with-

stand shear loads due to torsion. The axial strain, curvature, and twist at the centroid of the beam

are found from Eq.(2.15) in terms of the middle surface strain quantities, so that

(2.64)

Insertion of these transformations into Eq.(2.62) generates the appropriate additions to the CLT

stiffness matrices. The stiffeners are restricted to be either ring stiffeners, which alter the [A, B, D]

matrices along the length, or axial stringers, which are used for a circumferential variation of stiff-

ness. Therefore the additions to the stiffness matrices (for either ring stiffeners or longitudinal

stringers, respectively) for locations within the width of the attachment are calculated as

(2.65)

For material failure considerations, the axial stresses in the beams are calculated using the

beam constitutive relations

(2.66)

For the axial stress to attain its maximum or minimum value, thez-location in Eq.(2.66) should

correspond to either (H/2) or (H/2 + ts). For the beam under torsion, the value of the shear stress at

these locations depends heavily on the shape of the stiffener cross-section. However it can be

shown that the magnitude of these shear stresses is small when compared to the axial stresses of

the beam, mostly due to the fact that the shell skin carries most of the shear loads, and therefore

the contribution of the shear stresses in the beam will be ignored for simplicity in the material fail-

ure analysis.
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Combined Variable Stiffness Concept

The three mechanisms just presented can be combined into one general relation for the total

laminate constitutive laws, where each stiffness term is calculated from the sum total of

Eq.(2.51), (2.61), and (2.65), which correspond to curvilinear fibers, dropped plies, and discrete

stiffeners, respectively.

(2.67)

These stiffness matrices are in general a function ofx andθ. Note that the stiffness coupling terms

B11 andB22 are only present for ring and axial stiffeners, respectively. The importance of these

coupling terms becomes apparent in the determination of the buckling loads.

2.2.3 Classical Membrane and Semi-Membrane Constitutive Theories

This subsection introduces two common approximations to the constitutive laws of Eq.(2.67)

that result in signification reduction in the complexity of the governing equations. Both rely on the

assumption that the shell walls are thin enough to neglect certain stiffness terms. The first theory

is applicable to short shells and is employed predominantly for the analysis of Chapter4.0, while

the second theory is used for longer shells that are subjected to inextensional deformation, such as

the problems involving the Brazier effect under bending.

Classical Membrane Constitutive Theory

Classical membrane theory is a simplified constitutive theory that is commonly used in the

analysis of shells because the solution can frequently be completed analytically. The results are

often quite accurate when compared to more rigorous analyses, especially when applied to very

thin and short shells. The basic premise of membrane theory is that the shell carries loads only

through the action of the surface stresses, and that the “membrane” is incapable of resisting

changes in curvature of the shell surface. The standard analogy for this constitutive theory is that

of a balloon, which resists stretching but deforms easily to any load applied normal to the surface.

The assumptions of membrane theory are enforced through the constitutive equations, whereby
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the terms that represent bending of the shell wall, the [B] and [D] stiffness matrices of Eq.(2.67),

are assumed to be zero. Since these stiffness terms are of order (H/R) and (H/R)2, respectively,

when compared to the in-plane stiffness measures, membrane theory is considered a reliable first-

order approximation for thin shells. However, any membrane solution should be tested for validity

by determining if the original suppositions of the theory hold. For instance, the solution of a shell

whose loading produces large curvatures but relatively small in-plane strains would not be appli-

cable under the guises of membrane theory.

Utilization of the membrane assumptions guarantees that the strains are constant through the

thickness of the shell, and that the moment and shear force stress resultants of the shell are negli-

gible. Since membrane theory effectively ignores localized bending of the shell, it also neglects

the boundary conditions at the ends which are related to this effect. These boundary conditions

correspond to the specification of the radial displacement, and either the shell rotation or moment

stress resultant present at the ends (this will be detailed further in Section2.3.3). Furthermore, the

absence of the[B] and[D] stiffness terms in the governing equations reduces the order of the

equations from eight to four, thereby making the differential equations much easier to solve. The

reduced order of the equations corresponds to the neglecting of the boundary conditions just men-

tioned, so that the cross-section at the ends may deform from a non-circular state. This is one of

the major limitations of membrane theory: the inability to account for radial restraint.

A second limitation of membrane theory is also a result of this reduction of order of the gov-

erning equations. It can be shown that under membrane theory, the system of equilibrium equa-

tions for a cylindrical shell maintains that the variation of the axial and shear stress resultants is

totally determined by the stipulation of these quantities at any location along the length. Thus the

stress distribution is not allowed to diffuse along the length of the shell, which contradicts the

intuitive result referred to as the St. Venant effect. Therefore, the membrane solution is only valid

for shorter cylinders which do not undergo drastic stress redistribution.

Bearing these limitations in mind, the constitutive laws of classical membrane theory under

the definitions of CLT are written here in terms of the effective stiffness measures of Eq.(2.52):

(2.68)
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Semi-membrane Constitutive Theory

Semi-membrane, or semi-moment, theory is an alternate form of membrane theory that

neglects bending of the shell wall in the axial direction only, thereby eliminating the boundary

layer present in usual shell problems. It was first introduced by V. Z. Vlasov79, and its application

is for long shells or ones in which the variation of the stresses and strains is slow in the axial

direction. The difference betweenclassical membrane theory and the semi-membrane approach is

that the latter includes the cross-sectional deformation associated with changes of curvature in the

circumferential direction. By including this additional contribution, the limitation involving the

variation of the stress distribution along the length is removed (though the inability to account for

radial restraint still exists). Semi-membrane theory also ignores the Poisson effect and assumes

that the circumferential strain is negligible, thereby making the deformation inextensional in that

direction. Thus, the earlier derivation of the condition of circumferential inextensionality

(Section2.1.3) has direct relevance here. Often the shear strain is taken to be zero as well, though

we will discover that this assumption may be invalid for some of our specific problems. Further

details of semi-membrane theory are discussed in the reference by Vasiliev80. Our application of

semi-membrane theory will only be for the problem of nonlinear bending due to the Brazier

effect. The majority of the published research into this problem has utilized this constitutive the-

ory to render the equations more manageable and often solvable for approximate systems.

We first assume that Classical Lamination Theory has been used to express the force resultants

in terms of the middle surface strain quantities. The variable stiffness concept is also utilized, so

that the equations of the last two sections produce the general relations of Eq.(2.67). We now

invoke the assumptions of semi-membrane constitutive theory. First, shell bending in the axial

direction and twisting are ignored. This can be expressed mathematically as

(2.69)

Since semi-membrane theory neglects the Poisson effect, the in-plane stress resultants depend

only on their corresponding strain measures, and can be found from Eq.(2.68) by letting the Pois-

son’s ratios go to zero:

(2.70)

The inextensionality condition is satisfied at the constitutive level by the assumption thatEθ → ∞.

Typical semi-membrane theory also often assumes zero shear strain (i.e.Gxθ → ∞), though for the

general problem of Brazier deformation this assumption is invalid. The importance of shear strain

for nonlinear bending with the Brazier effect was first surmised by Libai & Bert67 for arbitrary
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beam loading of finite length tubes. Though the shear stress is obviously significant when trans-

verse beam forces are present, it will be shown that its inclusion is also warranted for the pure

bending case, since shear deformation does exist near the ends of the structure due to the presence

of the end restraints which maintain the circular shape of the cross-section. In fact, the production

of shear stresses near this boundary is the driving force that transforms the deformed cross-sec-

tional shape into a circle at the ends. Therefore, the neglecting of the shear strain does not apply

for the nonlinear bending of finite length cylinders, and the necessary constitutive relations for

semi-membrane theory become

(2.71)

One final remark is needed concerning the circumferential stress. Though the deformation is

assumed inextensional around the circumference, this does not imply that the stress resultant is

zero as well. InsteadNθ is merely an intermediate stress measure that does not follow a constitu-

tive law, much like the shear forcesQx andQθ for shell theory that neglects transverse shear defor-

mation. However, calculation of the three-dimensional stresses for each layer must include the

fact that this circumferential stress exists. This is accomplished by assuming that each lamina car-

ries the circumferential stress proportional to its stiffness in that direction, thus

(2.72)

This applies to the semi-membrane solution of the Brazier problem only.

2.3 Equilibrium Equations

This section derives the equations for static equilibrium and stability for cylindrical shells in

terms of the middle surface stress and strain quantities. The derivation will be performed using

energy methods, which state that the total potential energy of the system must be a minimum to

achieve equilibrium. Variational techniques are employed to translate this condition into suitable

differential equations which must be satisfied for static equilibrium of the system. Boundary con-

ditions for the problem are also obtained in this manner. Furthermore, a system to estimate the sta-

bility of the equilibrium state is generated by the assumption of a small perturbation from the

equilibrium solution.

2.3.1 Total Potential Energy of a Linearly Elastic System

The cylindrical shell under the action of end loads and surface tractions is chosen as the sys-

tem under study. The loads associated with this system are assumed to be conservative, which
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means that the work done in moving from one configuration to another is independent of the path

taken. This implies that the state of the system can be represented in terms of a potential energy,

which is equivalent to the negative amount of the work done in displacing from some reference

configuration. For a linearly elastic body, the total potential energy is separated into an internal

energy portion, which represents the work done by the deformation of the elastic body (strain

energy), and a contribution from external forces acting on the system that produce displacements

at their point of application, so that

(2.73)

Furthermore, the principle of stationary potential energy states that for a conservative system, the

variation of this total potential energy must be a minimum for the system to be in equilibrium.

Therefore, if the internal energy and external work are expressed in terms of the field variables of

the cylindrical shell, the application of the principle of stationary potential energy will generate

the necessary conditions for equilibrium.

The internal energy of a linearly elastic cylindrical shell can be expressed (see Langhaar81) as

(2.74)

Using the assumptions of first-order shell theory, this integral can be evaluated through the thick-

ness and represented in terms of the middle surface stress resultants and strain quantities. The

strains are represented in terms of their middle surface counterparts through Eq.(2.15), and the

integration can be carried out for the stresses as defined in Eq.(2.45). Note that the stress-strain

relations and the Kirchhoff-Love assumption are not explicitly used, so that the following deriva-

tion could include any linear constitutive laws allowable under first-order shell theory, such as

transverse shear deformation. Actually, the equilibrium equations are formulated along these lines

so that the contributions from the transverse shear force resultants (discussed below) are more

apparent, yet this derivation also enables the theory to be easily expanded to include such trans-

verse shear deformation.

Returning to the integration of the strain energy, note that the last three terms of Eq.(2.74)

contain some expressions for stress which do not have a corresponding middle surface definition

under Classical Lamination Theory. This is due to the presumption that the transverse strains are

negligible under the auspices of the Kirchhoff-Love assumption. Since we are not employing this

assumption at this time, we define two new stress resultants, termed shear force resultants, as

(2.75)
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With first-order transverse shear deformation theory, these force resultants will have a constitutive

law to relate them to their respective strain quantities, however under CLT these quantities are

merely intermediate variables that arise in the equations of equilibrium, though they also repre-

sent a physical quantity corresponding to the transverse shear force applied to the shell. For the

final term of Eq.(2.74), the evaluation through the thickness results in the expression:

(2.76)

It can be shown that integration of this term and application of the boundary conditions at the top

and bottom of the surface leads to a quantity proportional to the pressure applied to the surface,

but that the magnitude of the contribution to the internal energy is of the order of the square of

(H/R). Thus the small effect of this term, even when compared to the other transverse quantities,

enables it to be effectively ignored. This result also substantiates the claim made in Eq.(2.38) that

the transverse normal stress is small when compared to the other stresses. Therefore, the expres-

sion for the internal energy for the cylindrical shell after integration can be represented as

(2.77)

The work done on the shell by external forces that produce displacements consists of surface

tractions and body forces in each of the three directions (x, θ, z). For this investigation, we limit

the contributions of these general loadings to only include transverse pressure applied perpendic-

ular to the surface. Furthermore, since we expect large cross-sectional deformation for some

cases, the transverse pressure is chosen so as to always act normal to the surface as it deforms.

Thus the total work done by this pressure is determined by the change in area of the cross-sec-

tional contour integrated along the length of the shell. The area of the undeformed cross-section

is, of course,πR2. The deformed area is calculated through the use of a line integral in terms of the

rectangular cross-sectional coordinates (see Figure2.1 for the coordinate definitions), such that

(2.78)

The deformed rectangular coordinates are expressed in terms of the middle surface cylindrical

variables using Eq.(2.1) and (2.7), which after employing the linear strain measures of Eq.(2.21)

become

(2.79)

σzεzdz
H∫

U
1
2
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o
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o
Nxθγxθ

o
Mxκ x

o
Mθκθ

o
Mxθκ xθ

o
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o
Qθγθz

o
+ + + + + + +[ ]∫ dxRdθ∫=

A1
R2

2
------ ψ1dζ1 ζ1dψ1–[ ]∫°=

ψ1 v
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R⁄( ) θcos 1 w
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Insertion of these relations into Eq.(2.78) and noting that

(2.80)

due to the periodicity of the functionvo gives the final result for the deformed area as

(2.81)

Then the work done by the internal pressure on the surface (positive for an increase in area) is

(2.82)

The total potential energy of the cylindrical shell under pressure loading isV = U - W, or

(2.83)

This integral is in terms of seven independent field variables: the middle surface displacements

(uo, vo, wo); the middle surface rotations ; the linear transverse strainezz; and the deflection

of the beam axisaz(x) and its derivatives. For an equilibrium state, the energy of the system must

be a minimum for any allowable change of the independent field variables. This can also be

expressed as the fact that the first variation of the potential energy must equal zero. This condition

of equilibrium is formulated mathematically using the calculus of variations. For example, a sur-

face integral in terms of an independent function and its first-order derivatives is expressed as

(2.84)

where the prime and dot represent derivatives with respect to thex andθ coordinates, respectively,

and the functionF is generally nonlinear. To calculate the first variation of this integral, a pertur-

bation to the dependent variable (δg) and its derivatives is assumed, and integration by parts is

performed until the integrand involves only terms directly related to the perturbationδg. This pro-

cedure also generates evaluations at the limits, which become the boundary conditions of the

problem. For a general nonlinear function as in Eq.(2.84), the calculus of variations states that the

supposition that the first variation of this integral must be zero is equivalent to the condition that

(2.85)
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along with the boundary conditions which are expressed as

(2.86)

The dagger denotes some known quantity at that location. The first condition of Eq.(2.86) is often

referred to as a “forced” or “geometric” boundary condition, which means that the variable there

is constrained to be a certain value (often zero), while the latter choice is termed a “natural” con-

dition, implying that the resulting expression must be zero to correctly minimize the integral of

Eq.(2.84). These equations can be expanded in terms of several independent variables and/or

higher order derivatives in an obvious manner (see Langhaar81 for details).

2.3.2 Nonlinear Static Equilibrium Equations

Applying Eq.(2.85) of the calculus of variations to the potential energy expression Eq.(2.83)

results in the following six differential equations of equilibrium for the shell variables. Much like

the strains of Eq.(2.20), the overbar signifies the highly nonlinear terms that are only needed for

drastic cross-sectional deformation:

Axial displacementuo:

(2.87)

Circumferential displacementvo:

(2.88)

Transverse displacementwo:

(2.89)
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Axial rotation :

(2.90)

Circumferential rotation :

(2.91)

Linear transverse strainezz:

(2.92)

Eq.(2.87)- (2.92) are the equilibrium equations conforming to first-order classical nonlinear shell

theory. Together with the application of the Kirchhoff-Love condition, the constitutive equations,

and the strain-displacement relations, these equations define the equilibrium state of the cylindri-

cal shell system in terms of the middle surface displacements. Further simplifications will be

made in later sections for specific loading and material definitions.

In addition to the above system, a differential equation for the beam deflectionaz(x) is derived

along the same lines. However, since the functionaz is only dependent on the axial coordinate, the

integration in the circumferential direction can only be evaluated symbolically. This results in:

(2.93)

This equation corresponds to the beam equation of the cylindrical shell. The integral involving Nx

is actually the definition of the beam momentMy, and the equation conforms to the classical beam

equation as expected. The beam shear forceVz(x) will also be defined here as

(2.94)

which follows from classical beam theory. Note that Eq.(2.93) is actually a fourth-order ordinary

differential equation in terms of the beam deflectionaz(x), sinceNx is proportional toκy(x), the

second derivative ofaz(x). Similar equations for bending about theZ-axis exist, with the exception

that sine and cosine functions are interchanged.

2.3.3 Boundary Conditions

To generate the boundary conditions for the system, Eq.(2.86) of the calculus of variations is

employed in the same manner as was used for the equilibrium equations. The general equations
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for the unknown shell variables which must be evaluated atx = 0, L are then:

(2.95)

The beam variableaz(x) requires two boundary conditions at each end, given as:

(2.96)

Corresponding equations foray(x) are expressed by exchangingz↔y in Eq.(2.96).

The boundary conditions given above established for our particular problem are derived from

examination of Figure2.9. Here the general loading consists of a simply supported beam under

arbitrary beam loading which is symmetric aboutx = L/2. The symmetric plane located at the

mid-length is assumed to be able to slide horizontally and vertically, but remain fixed for axial

translation as well as with regards to rotation in any of the three directions. To formulate these

simply supported beam conditions in terms of the displacement variables, the horizontal and ver-

tical beam displacements (ay andaz) are zero at the ends, while the other displacement(U) and

rotation quantities (V, Ωy, Ωz) are of opposite sign at each end, and are shown in the figure with

u
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Figure 2.9: Boundary Conditions for Cylindrical Shell
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their corresponding load quantity and symbol. Also note that the end displacementU and axial

rotationV also contain a factor of one-half, so that the global deformation for the whole shell

equals the value of the applied displacement. Additionally, the shell is constrained to remain cir-

cular at the ends, so that any variables which would produce cross-sectional deformation must be

zero there. Under these stipulations, attention need only be focused on one half of the cylinder.

The specific boundary conditions for the shell variables are given as:

Shell variables atx = 0:

(2.97)

Shell variables atx = L/2:

(2.98)

Note that these expressions come directly from the variational techniques in terms of the six

unknown field variables. Therefore if any supplementary assumptions are to be invoked, these

boundary conditions may also change slightly to accommodate these assumptions. For example,

enforcement of the Kirchhoff-Love hypothesis results in the combination of the boundary condi-

tions forvo and  into one equation, as well as the condition thatezz= 0. If a membrane constitu-

tive theory is being used, then the only relevant boundary conditions here would correspond touo

andvo, which are termed themembrane boundary conditions. Semi-membrane theory also consid-

ers circumferential bending of the shell, so that the equation governing  will also be needed.

Concerning the boundary conditions for the beam variables in Figure2.9, the problem has

heretofore been formulated in terms of the beam deflections and rotations, and the proper varia-

tional procedure generates boundary conditions in terms of these variables:

Beam variables atx = 0:

(2.99)

Beam variables atx = L/2:

(2.100)

u
o

U 2⁄= or Nx 0= v
o

V 2⁄= or Nxθ 0= w
o

0=

ωx
o Ωy θcos– Ωz θsin–= or Mx 0= ωθ

o
0= ezz 0=

u
o

0= v
o

0= Qx 0=

ωx
o

0= Mxθ 0= ezz 0=

ωθ
o

ωθ
o

az 0= Ωy Ωy= or My 0=

ay 0= Ωz Ωz= or Mz 0=

az x L 2⁄ +→
az x L 2⁄ -→

= Ωy 0=

ay x L 2⁄ +→
ay x L 2⁄ -→

= Ωz 0=



Chapter 2.0 Governing Equations for Variable Stiffness Cylindrical Shells

67

The boundary conditions concerning the beam deflections in Eq.(2.100) are required to preserve

continuity of the beam across the discontinuity produced by the applied shear loads. However, for

most stress analysis problems, the actual values of the deflections need not be calculated, for the

resulting stresses and strains from the applied loads are wholly contained in the higher derivatives

of the deflections (the beam rotations and curvatures). Therefore the integration to find the deflec-

tions need not be performed and, subsequently, only three boundary conditions are required for

the beam structure. These are expressed in an alternate form in terms of the beam load variables:

Beam variables atx = 0:

(2.101)

Beam variables atx = L/2:

(2.102)

2.3.4 Stability Equations from the Perturbation of the Equilibrium Solution

The preceding two sections supplied the necessary conditions for static equilibrium of the

shell in the form of a boundary value problem, that is, a system of differential equations with spe-

cific constraints applied at certain locations. The solution of this system provides the displace-

ments, strains, and stresses of the loaded shell, and can be used to investigate the stiffness and

strength response of the cylindrical shell under arbitrary loading conditions. However, another

consideration that must be addressed is the concept of stability. In mathematical terms, stability

determines if the calculated equilibrium state is necessarily a minimum of the total potential

energy of the system. In more physical language, instability implies that a small perturbation from

the equilibrium configuration may lead to a drastic change in the state of the structure. If the equi-

librium state is “stable”, the effect of this small perturbation decays and the configuration returns

to the original static equilibrium solution. However, an “unstable” equilibrium state may bifurcate

to a new equilibrium solution, one which is of quite different character than the original, but

which also satisfies the equilibrium equations. This possibility is due to the nonlinearity of the

equilibrium solutions, such that more than one solution to the equations for a given loading condi-

tion may exist. Therefore, the stability analysis relies on determining the result when a small per-

turbation from the equilibrium state is introduced. Since this perturbation is arbitrarily small, we

use the equations already developed with the stipulation that the perturbed displacements, rota-

tions, and strains are small. This greatly simplifies the equations, as we shall see, and leads to the
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formulation of an eigenvalue problem to determine the stability of the shell.

To determine stability, the equilibrium solution of the nonlinear boundary value problem is

perturbed through an amountδ. For example, the solution in terms of the cylindrical displace-

ments is represented by a vector such that

(2.103)

where the 0 subscript denotes the “0 state” configuration and the 1 denotes the perturbed displace-

ments. Insertion of the equations for the displacements and strains into the expression for the total

potential energy V of Eq.(2.83) yields a similar expansion expressed as

(2.104)

The first term in this expansion is a constant for a given displacement configuration and is a mea-

sure of the total potential energy of the system at the 0 state. As stated earlier, for such a state to be

considered in equilibrium, the total potential energy must be a minimum. In mathematical terms,

the minimization of this quantity can be expressed as two necessary and sufficient conditions: that

the first variation is zero, and that the second variation is positive. The stipulation that theV1 term

in the above expansion will vanish produces the equilibrium equations for the 0 state variables,

which was earlier derived using the calculus of variations. Thus the secondvariationV2 measures

the stability of the equilibrium state for an arbitrary configuration of the 1 state variables, so that

as long as the quantity remains positive the equilibrium state is valid. However, for certain values

of destabilizing loads, there will exist some configuration of the perturbed displacements that will

render the second variation zero. In theory, at this point the third variation of the total potential

energy must be examined to determine the viability of the equilibrium state, however in practice

the load level at which the second variation first becomes non-positive is usually defined as the

critical load due to instability.

For the physical system derived in this investigation, the second variation of the total potential

energy takes the form of a linear system of equations in terms of the perturbed displacements and

the 0 equilibrium state variables. It is represented mathematically as

(2.105)

For a valid equilibrium state, the determinant of this matrix must be positive definite. However,

for a given structure and load condition the[K] matrix, termed the stiffness matrix, is strictly a

function of the magnitude of the loading, defined as the load level Λ. Therefore the determination

of the critical load level for the system of Eq.(2.105) consists of finding the zero of the determi-

u u
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nant as a function of the load level Λ. Numerically, this process does not lend itself to traditional

root finding methods. Instead, the method of finding the critical determinant is reformulated as an

eigenvalue problem. The initial equilibrium state is defined as the loadΛ0. An incremental change

in this load level and a standard Taylor expansion ofK(Λ) generates the eigenvalue problem:

(2.106)

The terms in the[M] matrix, referred to as the geometric stiffness matrix, are simply the terms in

the stiffness matrix[K] that change when the load is increased. The solution of the eigenvalue

problem produces an eigenvalueδΛ which can be regarded as a correction to the load factor

which produces instability. The procedure is then repeated for an initial load value ofΛ1+δΛ until

the ensuing eigenvalueδΛ is considered to be effectively zero, at which point it can be concluded

that the equilibrium state is unstable for the load level Λi. This numerical procedure to find the

eigenvalue is much more reliable than finding the root of the determinant of[K] (see the work of

Thurston82). It should also be noted here that for some systems, the stiffness matrix[K] is exactly

linear with respect to the load level Λ. These particular cases are much simpler to solve than the

general problem, since the eigenvalue problem need be solved at only one load level to determine

the correct value of the destabilizing loads. In this investigation, this occurs when the prebuckling

analysis is linear and the stability estimation ignores the prebuckling deformations. These details

will be clarified in the formulation of the stability equations.

To generate the detailed mathematical form of the eigenvalue problem for the cylindrical

shell, we assume a small perturbation in the shell displacement variables as defined by

Eq.(2.103). Perturbations of the beam displacements will not be considered, so that the buckling

mode will consist of “local” buckling of the shell only. Though “global” buckling is a possibility,

the estimation of these critical modes can usually be expressed theoretically and need not be cal-

culated numerically. For this formulation, we also assume that the Kirchhoff-Love hypothesis has

been applied. The middle surface strains and curvatures after the perturbation of the displace-

ments given in Eq.(2.103) are represented as

(2.107)

Here the 0 subscripted quantities denote the expressions already derived for the nonlinear strain-

displacement relations as given in Eq.(2.20), while the others are defined as
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(2.108)

The overbars again signify the highly nonlinear terms that are only required for problems with

significant cross-sectional deformation. The expression for the second variation of the total poten-

tial energy is found by retaining terms of orderδ2 after insertion of these expansions into

Eq.(2.83). After some manipulation the equation forV2 becomes

(2.109)
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The eigenvalue problem is formulated from Eq.(2.109) by maintaining that the variation ofV2

with respect to each degree of freedom for the 1 state variables is zero. For numerical techniques

such as the Rayleigh-Ritz method, the elements of the stiffness matrix are most easily calculated

through integration of the terms in this equation. This method is outlined in AppendixB. More

thorough expressions in terms of the perturbed displacements and the CLT stiffness terms can be

found in the succeeding chapters, when the general problem given above is specialized in terms of

loading conditions and the direction of the stiffness variation.

An alternative method of formulating the stability equations is to employ the calculus of vari-

ations to the integral to produce three differential equations in terms of the perturbed displace-

ments. This is often useful if closed form solutions exist or if numerical methods that operate on

differential equations are to be used. These equations are written here without the nonlinear cross-

sectional deformation terms (those with an overbar in the preceding equations) for brevity.

Axial direction:

(2.110)

Circumferential direction:

(2.111)

Radial direction:

(2.112)

Here the perturbed resultant forces and moments (with a 1 subscript) are related to the perturbed

strain quantities using the standard Classical Lamination Theory equations, Eq.(2.57).

The presentation of the stability equations in this differential form also reveals some important

facts about the eigenvalue problem. Due to the fact that we neglected terms with order greater
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thanδ2, the eigenvalue problem is linear with respect to the perturbed variables, as expected. The

loading of the prebuckled state is mainly introduced through the membrane stress resultants,

though prebuckling deformation in terms of rotations and curvatures is also present. When a non-

linear prebuckled state is used, the critical load must be calculated using the numerical technique

as outlined in Eq.(2.106), in which several eigensystems must be solved along the nonlinear load

path to obtain an accurate result for the buckling load. However, what is not as evident is that this

iterative technique for the eigenvalue problem must also be used whenever the effects of the preb-

uckling deformation are included. This is due to the presence of several terms that are quadratic

with respect to the prebuckling deformations, such as those in the last line of both Eq.(2.111) and

(2.112). The prebuckling rotations and curvatures are coefficients of the perturbed stress mea-

sures, which also contain multiples of the prebuckling rotations through the constitutive relations

and the perturbed strains of Eq.(2.108). Therefore, even if a linear prebuckling solution is

obtained, these quadratic terms generate a nonlinear eigenvalue problem that is most efficiently

solved using the numerical technique outlined earlier. Unfortunately, it was shown by Bushnell83

that neglecting these nonlinear prebuckling terms while retaining their linear aspects can lead to

errors that may be greater than those resulting from neglecting the prebuckling deformations alto-

gether. Therefore though it is advantageous from a numerical efficiency standpoint to ignore these

prebuckling rotations, the loss of accuracy that this generates may be prohibitive. This will be dis-

cussed in more detail in Section3.5 when we compare the results for buckling under axial com-

pression using different prebuckling solutions.

The boundary conditions for the perturbed system are also found using the equations of the

calculus of variations. At the ends, it is assumed that the radial displacement is always constrained

to be zero, and the combination of the other three conditions results in eight distinct possibilities

for end conditions. They are classified here according to the definitions proposed by Almroth37:

(2.113)

The ‘S’ denotes simply supported conditions, while ‘C’ implies clamped ends. Usually, these end

conditions correspond to the constraints imposed on the prebuckling solution. At the mid-length,

the buckled configuration is not necessarily symmetric in the axial direction. However, an arbi-

trary condition can be achieved by assuming a linear combination of a symmetric and anti-sym-
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metric portion. These are defined for each case as:

(2.114)

2.4 Summary of Governing Equations

The three basic building blocks governing the physics of a thin cylindrical shell subjected to

general beam loading have now been formulated, namely the strain-displacement relations, con-

stitutive laws, and equilibrium equations. Each portion contains some distinctive deviations from

the standard first-order cylindrical equations. Firstly, the strain-displacement relations were

derived by the combination of global displacements associated with beam bending along with the

more traditional variables representing the surface of the shell. Particular nonlinear terms were

retained that correctly model the nonlinear Brazier effect for all lengths of cylinders, which led to

a nonlinear enforcement of the Kirchhoff-Love assumption and the condition of inextensionality

of the cross-section. Secondly, Classical Lamination Theory was expanded to include three mech-

anisms to produce a structure with variable stiffness properties: curvilinear fibers; dropped/added

plies or thickness changes; and discrete stiffeners. The introduction of these concepts into the

equilibrium equations produced additional terms which do not exist in the standard cylindrical

shell equations. These include extra nonlinear terms that give the correct response for the Brazier

effect, and the presence of derivatives of stiffness parameters in the surface directions. Further-

more, the governing equations still remain general enough so that transverse shear effects can eas-

ily be included by the definition of additional constitutive laws. The development of the particular

shell equations that correctly model these phenomena is quite a substantial work, and represents a

major percentage of this investigation. However, the actual solution of these governing equations

must also be performed so that the unique behavior of these concepts can be further investigated.

The system of governing equations derived in this chapter presents quite a formidable bound-

ary value problem, an eighth order nonlinear partial differential equation with variable coeffi-

cients. The numerical solution of such a system is quite laborious and time intensive. Since one of

the main goals of this investigation is the exploration of the variable stiffness concept as a design

environment, more efficient solutions that still accurately model the physics of the problem need

to be employed. The basic technique to achieve this end is to reduce the dimension of the solution

by transforming the partial differential equations into ordinary ones. This can be accomplished by

using two procedures: limiting the stiffness variation to be in one surface direction only; and uti-

lizing a simplifying assumption so that the solution can be performed analytically in the other

direction. Along these lines, the next four chapters specialize the general governing equations of a
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variable stiffness cylindrical shell derived in Chapter2.0 into four distinct sub-problems with spe-

cific stiffness variations and loading conditions. These sub-problems consist of (a) the axisym-

metric problem, in which the stiffness variation and loading do not change in the circumferential

direction; (b) a linear membrane solution for a short cylinder segment, with the stiffness varying

in the circumferential direction only; (c) nonlinear bending of infinite length tubes, which utilizes

the highly nonlinear shell equations and a circumferential stiffness variation is allowed; and

(d) nonlinear bending of finite length cylinders, where the linearized Brazier solution is employed

along with an axial stiffness variation.
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Chapter 3.0 Axisymmetric Solution with an
Axial Stiffness Variation

In this chapter, the governing equations will be simplified by assuming that the cylinder con-

tains a stiffness variation only in the axial direction, produced by the standard mechanisms of the

variable stiffness concept as outlined in the last chapter. Further specialization will be performed

by imposing the constraint that the loading and boundary conditions follow the nature of the stiff-

ness properties by being axisymmetric. The term “axisymmetric” implies that quantities do not

change around the circumference of the shell. Therefore, any quantities which indicate any varia-

tion in the circumferential direction cannot be considered. This includes bending of the cylinder

as a beam and shear forces acting transverse to the cross-section, since these loads manifest them-

selves as sinusoidal variations of stress and strain in terms of the circumferential coordinateθ. As

such the only loads that are considered axisymmetric include a longitudinal force, internal pres-

sure, and an axial torque. The solution technique for these specialized conditions will consist of a

nonlinear static equilibrium solution which determines the stresses, strains, and displacements of

the cylinder due to these axisymmetric loads, and a stability estimate which can take into account

the nonlinear prebuckled state of the shell. A linear membrane solution, which is merely a subset

of the full analysis, is also detailed. Comparisons of this approximate technique to the full analy-

sis are presented, as well as some interesting results of the variable stiffness concept under axi-

symmetric loading. Initial optimization of variable stiffness cylinders with curvilinear fibers is

conducted using the membrane prebuckling stability solution to determine the loading cases

which offer the best possibilities for increased performance over constant stiffness laminates.

These results lead to optimization of the fiber path itself, which is accomplished using the linked

segment approach for the variable stiffness concept as explained in Section2.2.2.

3.1 Static Equilibrium

Regarding the static solution under axisymmetric conditions, significant simplifications to the

governing equations exist. In mathematical terms, the stipulation of axisymmetry means that all

derivatives with respect to the circumferential direction equal zero. This implies that all variables

are only functions ofx, and it transforms the partial differential equations into ordinary differen-
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tial equations in the axial direction. Thus the middle surface displacements are defined as

(3.1)

The factor of two for the axial and circumferential displacements is used for convenience due to

the symmetry of the solution about the mid-length of the cylinder. These expressions suggest that

the possible deformation of the cross-section is limited to a change in radius through the radial

displacementw0, therefore the terms in the governing equations that represent significant cross-

sectional deformation can be neglected and the linear application of the Kirchhoff-Love hypothe-

sis is considered sufficient. Furthermore, in this chapter circumferential rotations are deemed

to be zero. In reality this is not the case, since a rotation of the cross-section due to torsion will

produce a constant circumferential displacementv0 along with a constant  rotation. This rota-

tion is due to the radial variation of the shear stress through the thickness of the thin shell. How-

ever for thin shells the significance of this rotation is small, and since its presence slightly

complicates the axisymmetric equations it will not be retained for this level of analysis.

The governing equations are rewritten here with the inclusion of these simplifying constraints.

The strain-displacement equations from Eq.(2.20), together with the application of the (linear)

Kirchhoff-Love hypothesis of Eq.(2.26), become

(3.2)

The constitutive relations follow Classical Lamination Theory for an axial stiffness variation, so

that all stiffness terms are a function of the axial coordinatex only. From Eq.(2.67):
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Note that for a stiffened structure, this axial stiffness variation allows ring stiffeners and frames

along the length of the cylinder which can produce a coupling stiffness termB22. The equilibrium

equations and boundary conditions under the axisymmetric conditions follow.

Equilibrium Equations, Eq.(2.87)-(2.92):

(3.4)

Boundary Conditions, Eq.(2.97) and (2.98):

(3.5)

The resulting configuration with its relevant loads, end displacements, and coordinate directions is

displayed in Figure3.1, where the actual structure is a surface of revolution produced by the rota-

tion of the slice of the shell around the line of axisymmetry. Symmetry also exists aboutx = L/2,

so that only half of the structure need be considered. This axisymmetric cylinder corresponds to

the classical elasticity problem of a beam on an elastic foundation.

Basic substitution and integration of the governing equations enables further simplification.
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Figure 3.1: Geometry of Axisymmetric Cylinder
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For instance, the first two equilibrium equations of Eq.(3.4) are easily integrated to reveal that the

axial and shear stress resultants are constants. Integration of these constant axial and shear stress

resultants around the circumference of the cylinder relates them to their corresponding beam

loads of axial force and torsion. These loads will be treated as unknown variables and will conse-

quently be determined from the end conditions in terms of the applied displacements.

(3.6)

The circumferential stress resultantNθ expressed in terms of the constant axial load and the radial

displacementw0, utilizing the effective stiffness expressions of Eq.(2.52) and the definition of the

circumferential strain from Eq.(3.3), is

(3.7)

Substitution of this relation, along with the remaining constitutive laws and the expression for the

intermediate variableQx, into the third equilibrium equation results in an ordinary differential

equation in terms ofw0:

(3.8)

Note that the only unknowns in this equation are the radial displacement and the applied loads.

Since the differential equation is fourth order, the stipulation of proper boundary conditions forw0

at each end provides the necessary requirements to solve the system.

Expressions for the axial and shear strains in terms of the middle surface stress resultants and

stiffness quantities, all of which are known once the differential equation of Eq.(3.8) has been

solved, are found through inversion of the constitutive relations, Eq.(3.3).

(3.9)

These strain quantities each contain an isolated derivative of one of the middle surface displace-

ments (u0, v0) as revealed by Eq.(3.2), and integration can be performed for each variable in terms

of the loads, stiffness terms, and radial displacementw0. The boundary conditions foru0 andv0

from Eq.(3.5) are applied as part of the integral equations, so that the constant end displacements
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representing the total axial extension and twist of the cylinder can be expressed in a simple form:

(3.10)

Note that the axial displacementu0 still depends on the radial displacementw0, while the circum-

ferential displacementv0 is totally uncoupled from the other displacements and depends only on

the applied torque. The boundary conditions containing equations for the end displacementsU

andV can be treated in two different ways with regards to the application of the loads: the end

loadsF andT can be prescribed (possibly zero) and the unknown end displacements can be found

using Eq.(3.10); or the displacements can be provided and the resulting forces found through

integration. Here the latter approach is used whenever loading is introduced, corresponding to

“displacement control”, since nonlinear load-displacement curves often contain a limit load which

leads to difficulties if “load control” is used. Whenever loading is introduced this way, the bound-

ary condition will be classified as “fixed” since the value of the displacement of the end is prede-

termined. The alternative is a “free” boundary, where the axial force or torque is zero and the end

is allowed to displace in an unrestrained manner. For this condition, the free end displacements

are not determined and therefore replace the loads as an unknown in the solution.

Let us now perform some normalization. To remain consistent, notation for the nondimen-

sional variables will generally conform to that of the unnormalized variable by either an addition

of an overbar or a change to lower case. First the nondimensional axial coordinateξ is established,

and an average stiffness quantity is introduced which depends on the skin properties only. These

average skin values will be used in the estimation of classical buckling parameters, as well as pro-

viding a global estimate of structural stiffness that can be compared to constant stiffness shells.

(3.11)

The compressive axial force, internal pressure, and torque, as well as their corresponding mem-

brane stress resultants, are normalized with respect to their classical buckling values for a finite

length cylinder, found from Eq.(1.4), (1.8), and (1.14), respectively:

(3.12)
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The axial and circumferential displacements can also be normalized with respect to their classical

estimates by using the integral equations of Eq.(3.10) to find similar critical values at the end of

the cylinder, while the radial displacement will be normalized with respect to a parameter which

is proportional to the skin thickness.

(3.13)

Insertion of these normalizing factors into the governing equation results in the generation of a

nondimensional parameterl involving the length-to-radius ratio and a measure of the boundary

layer near the ends:

(3.14)

Notice that this parameter is proportional to the classical estimate for the critical half-wavelength

for buckling under axial compression.

The governing equations for the axisymmetric cylinder with an axial stiffness variation are

displayed in their final form below, where a prime represents differentiation with respect toξ.

(3.15)

The boundary conditions along with their relevant geometrical interpretations are
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This system is well-posed and consistent with standard derivations. For constant stiffness lami-

nates, the differential equation can actually be solved in closed form. This analytical solution is

instructive with regards to the expected response of the shell, and will also be used as a basis of

comparison for approximate techniques. It can be found by assuming constant stiffness quantities

in Eq.(3.15) and solving the ordinary differential equation forw0 using traditional methods. The

solution is

(3.17)

The constantsC1-C4 are determined once the four boundary conditions forw0 given in Eq.(3.16)

are applied. For a general variable stiffness cylinder, however, the problem must be solved numer-

ically. The numerical solution using a finite difference technique is outlined in AppendixA. Esti-

mation of stability of this equilibrium state is addressed in the next section.

3.2 Stability Estimate with Nonlinear Axisymmetric Prebuckling Solution

The equations of Section2.3.2 that govern instability of a cylindrical shell can also be special-

ized for the case of axisymmetric loading. Here, the energy method formulation employing the

second variation of the total potential energy will be used. The perturbed strain quantities for an

axisymmetric prebuckled state are defined from Eq.(2.108) as:
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directions by assuming that

(3.19)

Using this form of the displacements, the periodicity condition of the cylinder is automatically

satisfied, and the integration in the circumferential direction can be carried out analytically. The

parametern represents the number of circumferential waves in the buckled shape, and to preserve

the periodicity condition it must be an integer (including then = 0 possibility). In reality, the gen-

eral form of the displacements should be able to represent any arbitrary function, so that the

assumed form in Eq.(3.19) should properly be an infinite sum of such functions in terms of the

integer values ofn. However, for an axisymmetric prebuckling solution it can be easily shown that

the problem becomes separable for each value ofn, therefore the assumed form given above is

sufficient with the stipulation that the wavenumbern is now a variable.

The specification of two modes for each displacement in Eq.(3.19) ensures that the assumed

form has the capability to accommodate any general function of the buckled shape. This is accom-

plished by prescribing each group of displacements specified by modeI or II  to conform to the

symmetric and anti-symmetric mid-length boundary conditions of Eq.(2.114). For the axisym-

metric case, these mid-length conditions can be written as:

(3.20)

Both modes must also satisfy the particular end conditions from Eq.(2.113), which are repro-

duced here with respect to the modal quantities.

(3.21)
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system of linear ordinary differential equations with variable coefficients, which now contain the

additional unknown parametern. This system can be denoted as

(3.22)

where the uppercase letters represent 3×3 matrices of linear differential operators and the roman

numerals denote the modal displacements of Eq.(3.19). The full matrix in parentheses is a func-

tion of the load level of the equilibrium state as well as stiffness and geometric parameters, and is

divided into a stiffness and loading portion to make the notation easier to understand. The first

matrix represents the stiffness terms, whereKs, Ka, andC symbolize the symmetric, anti-symmet-

ric, and coupling (D16 andD26) portions, respectively. The subscripts forK denote slight differ-

ences in the sub-matrices resulting from either the symmetric or anti-symmetric stipulation for the

pertinent buckling mode. The loading matrix consists ofNs andNa, which contain the normal

loads acting on the symmetric and anti-symmetric portions, andS, produced by the presence of a

shear load. The mathematical expressions for the linear operators are supplied in AppendixB.1.

The stability of the equilibrium state can be numerically estimated through a perturbative tech-

nique as outlined in Section2.3.4, which requires a calculation of the change in the loading matri-

ces with respect to the given load level. This leads to a differential eigenvalue problem for the

displacements, which will be solved numerically using an iterative technique called the power

method along with the finite difference technique. These numerical methods are discussed in

AppendixA.

3.3 Linear Membrane Approximations

The full solution of the equilibrium equations along with the estimation of the critical buck-

ling load can be completed analytically for constant stiffness laminates, as shown in Eq.(3.17).

However, insertion of this prebuckling solution into the stability equations produces a complex

system of variable coefficient equations that cannot be solved in closed form and thus require a

numerical solution. On the other hand, implementation of classical membrane constitutive theory

does provide a basic closed form stability estimate, for the equilibrium state can be represented in

a simpler analytical form and the eigenvalue problem can be solved if appropriate boundary con-

ditions are used (as in the classical solution discussed in Section1.2.2). Furthermore, the use of

this constitutive theory for the prebuckling solution generates a much simpler method for eigen-

value calculations than the one represented by Eq.(3.22). Thus an approximate solution to the

systems presented in the previous two sections using classical membrane theory is used for two
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reasons: to provide a more efficient method for eigenvalue calculations so that rigorous optimiza-

tion may be performed; and to serve as a comparison to the more complex nonlinear system, so

that the regions where the two solutions disagree can be determined.

The easiest way to apply the restrictions of classical membrane theory for static equilibrium is

to remove any terms associated with nonlinearity or shell bending in the full nonlinear systems.

Thus Eq.(3.15), with these terms removed, is rearranged and the unknown displacements and

membrane stress resultants are explicitly solved for in terms of the normalized loads:

(3.23)

As can be readily seen, once the stiffness distribution is defined, the displacements can be easily

calculated through integration. The applied end displacements are consequently related to the end

loads in an obvious manner once the membrane boundary conditions of Eq.(3.16) are applied:

(3.24)

Note that the “fixed” versus “free” boundary conditions for the end loads can both be satisfied

using the above equation, and also that the boundary conditions forw0 in Eq.(3.16) are not

needed since a membrane state is assumed.

Using classical membrane theory for the prebuckling solution also provides some significant

simplifications of the stability equations. First, note in Eq.(3.23) that for traditional constant stiff-

ness structures, the radial displacementw0 is constant along the length since the stiffness parame-

ters do not vary. Thus the prebuckling deformation of the cylinder does not produce any rotations

or curvatures in the axial direction, as they are defined as axial derivatives of the radial displace-

ment. Therefore, the prebuckling rotations contained in the perturbed strain quantities of

Eq.(3.18) disappear and the prebuckling state for the eigenvalue problem is introduced solely

through the simple definition of the stress resultants, as given in Eq.(3.23). For variable stiffness

structures, derivatives of the radial displacementdo exist due to the axial variation of the stiffness

terms, therefore it is proper to retain the prebuckling deformation in the stability equations. How-

ever, to simplify the stability estimation using membrane prebuckling, this investigation will con-
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form to the typical practice of neglecting these terms and introduce the prebuckled state only

through the stress resultants. Though this may produce significant error for variable stiffness

structures with large prebuckling deformation, the simplification makes the formulation of the

numerical eigenvalue problem much more straightforward. Comparisons to the full nonlinear

eigenvalue problem, which retains the effect of prebuckling rotations, will be conducted in

Section3.5.1 to determine if this simplification is warranted for variable stiffness structures.

The second significant simplification from the full nonlinear estimate is the fact that the preb-

uckling solution is linear. For the linear membrane solution the loading matrix, as given in

Eq.(3.22), can be determined analytically from Eq.(3.23) in terms of the loads of axial force,

pressure, and torsion which are applied proportionally. Thus, instead of the numerical algorithm

used to determine the point along the nonlinear load path that produces a “zero” eigenvalue, only

one eigenvalue calculation need be computed, and this result will always produce the same esti-

mation of the critical loads. For more complex loading cases, the proportional loading is also

divided into two parts: a “dead” and “live” portion, where the dead loads are assumed to be

applied up to their prescribed values using the membrane prebuckling solution, and the desired

ratio of the live loads designates the loads that will produce buckling. Thus the loading matrix can

be decomposed into these two portions as well, so that the resulting eigenvalue can be written in

traditional form as

(3.25)

The stiffness matrix[K] contains the stiffness sub-matrices and the dead loading, and the geomet-

ric stiffness matrix[M] contains the derivatives of the live loads with respect to the load level Λ.

These derivatives are calculated analytically once the ratio of the proportional loading for the live

loads is determined. For example, under hydrostatic pressure with no torsion present, the ratio of

live loads is given as

(3.26)

so that the resulting eigenvalue problem solves for the critical buckling value under hydrostatic

pressure. The simplicity of these equations is even more evident when constant stiffness laminates

are used along with the S2 boundary condition, for in this case the buckling equations can be

expressed in closed form, such as the classical solutions presented in Section1.2.2. Further details

of the form of the linear stability equations for the membrane simplification are offered in

AppendixB.1.
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3.4 Static Response and Stress Analysis

This section is intended to present the basic results of the equilibrium solutions for variable

stiffness cylinders under axisymmetric loading. As such, the prebuckling solutions with regard to

deformation and material failure considerations is investigated first, and the static response of par-

ticular variable stiffness structures is also examined to develop an understanding of the physical

mechanisms involved. It should also be mentioned here that these stress analysis results are pre-

dominantly based on thelinear solution of the governing equations. This is considered accurate

and sufficient for two reasons. In the first case, the simplifications of classical membrane theory

should never be used for in-depth stress analysis, since the critical location for failure depends

largely on where the shell bending effects, which membrane theory neglects, are the largest. Sec-

ondly, linear analysis is also justified here, since the nonlinear effects for cylindrical shells

become most significant when the applied loads generate an unstable configuration. If non-desta-

bilizing loads such as tension or internal pressure are being applied, material failure is the limiting

constraint that governs the design of the shell. Though the development of the nonlinear boundary

layer does have some effect on the failure loads of the shell, its contribution can be neglected here

without loss of generality.

Material failure of most cylinders generally occurs because of the large bending moments

within the shell that are present due to the enforcement of zero radial displacement at the ends.

For instance, the radial displacement of a typical constant stiffness cylinder under axial compres-

sion is shown in Figure3.2. Away from the restraint generated by the support atξ = 0, the radial
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displacement is a constant as per the membrane solution of Eq.(3.23). However, as one

approaches the end, a boundary layer appears to facilitate the enforcement of the boundary condi-

tions for the fourth order differential equation of Eq.(3.15). As shown in Eq.(3.17), the variation

of the radial displacement within this boundary layer, for small values off, follows that of func-

tions like cosh(lξ) sin(lξ), so that the distance between successive intersections of the membrane

and boundary layer solutions can be expressed as a function ofl, as shown in Figure3.2. The non-

dimensional parameterl can also be regarded as an indicator of the relative length of the boundary

layer based on the attenuation of the hyperbolic functions. Within the boundary layer region, the

variation of the radial displacement will produce rotations and curvatures (and therefore bending

moments) of the middle surface. These moments produce high axial strains at the extreme sur-

faces of the laminate (z = ±H/2). Away from the ends, the shell response is dictated by the mem-

brane effect of the shell, which manifests itself as middle surface axial, circumferential, and shear

strains. Thus the highest stresses are generated where both the bending and membrane effects are

significant, and material failure usually occurs near the ends of the cylinder. With implementation

of the variable stiffness concept, the distribution of the stresses can possibly be altered, thereby

changing the critical location and perhaps the magnitude of the material failure load as well.

Therefore this section investigates the state of stress produced by various implementations of the

variable stiffness concept, and determines their worth when compared to conventional laminates.

3.4.1 Curvilinear Fiber Paths

The first study of strength properties for variable stiffness laminates will be based on a simple

one link linear variation of the fiber orientation angle. Two angles are needed to define the stiff-

ness variation:T0 being the value at each end of the cylinder, andT1 which is located at the mid-

length. The stacking sequence will be assumed to be of the form [±ϕ]6s, so as to highlight the

maximum effect of the variable stiffness concept. As mentioned, failure of cylindrical shells most

often occurs near the ends, where the gradients produced by the boundary layer result in large

bending moments within the shell wall. However, by selectively varying the stiffness of the cylin-

der as it approaches the supports, the location of material failure can be altered by smoothing out

the displacement gradients that produce these areas of high stress.

As an illustration of this hypothesis, radial displacement profiles of some simply supported

cylinders under a unit load of axial compressive force are shown in Figure3.3. Also shown are the

membrane theory solutions (as dotted lines), to provide an idea of the boundary layer length for

each cylinder. The solid line represents the radial displacement versus axial location for a [±45]6s

cylinder (L = 48″, R= 24″). The filled circle represents the material failure site where the stresses

reach their critical strength value, and it is located where the membrane and bending effects are
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both significant. The other two curves of Figure3.3 represent variable stiffness cylinders using

two particular linear variations of the fiber orientation angle. The symbols for each denote the

material failure location, and the ultimate failure loads assuming a linear response are also

reported. Note that for the second case, the critical location has moved to the mid-length of the

cylinder.

The movement of the failure location can be attributed to two factors. First, the variation of the

stiffness can smooth out the large displacement gradients that occur near the ends of clamped and

simply supported cylinders. This relieves the high stresses produced by the bending moments at

the ends of the cylinder. The short dashed line in Figure3.3 is an excellent example of this phe-

nomena. As is readily seen, the variation of the stiffness terms produce a membrane solution that

roughly approaches zero near the support, so that the effect of the boundary conditions does not

produce the large displacement gradients that are common to the other cases. Therefore, the

resulting bending moments within the shell wall that lead to failure are not as significant. Sec-

ondly, since the strength of an angle ply laminate is related to the fiber orientation angle (based on

the maximum stress or strain criterion), a change in the fiber orientation angle also changes the

laminate’s resistance to certain types of stress (i.e. strength) as a function of the spatial coordi-

nates. This implies that for loads that produce constant stress along the length of the cylinder

(such as axial loads or torsion), failure will occur where the strength is the lowest as determined
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by the fiber orientation angle. For instance, if the stress state is axial tension, a0° orientation will

be much stronger than any other fiber orientation angle, and therefore the cylinder will most likely

fail at the location that possesses the weakest resistance to the tensile stress state. This is also

illustrated in Figure3.3. For theT0 = 0°, T1 = 45° variable stiffness cylinder that exhibits no sub-

stantial boundary layer, the stress state is predominantly pure axial compression along the entire

length. The failure location (ξ = 1) coincides with the weakest fiber orientation angle under com-

pression within the given configuration (ϕ = 45°).

To determine the relative merits of optimum designs of variable stiffness cylinders, a simple

design study was performed to determine the material failure loads of variable stiffness cylinders

under the three basic axisymmetric loads using the one link linear variation of the fiber orientation

angle. The results are displayed in graphical form for axial compression (Figure3.4), internal

pressure (Figure3.5) and torsion (Figure3.6). For each figure, the material failure load is plotted

as a function of the mid-length angleT1 for a given value of the end point angleT0, and denoted

by symbols. Note that the manufacturing constraint limiting the allowable variation of the fiber

orientation angle is not implemented here. The solid line in each figure represents the failure loads

of constant stiffness laminates for whichT0 = T1. For each case, the results indicate that the high-

est material failure load is achieved by a constant stiffness laminate. Combined loadings including

various ratios of tension, internal and external pressure, and torsion were also investigated to

determine the advantage of the variable stiffness concept compared to the constant stiffness lami-

nates. It was discovered that if material failure is the biggest concern, the variable stiffness cylin-
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ders exhibit no improvement over the straight fiber format. Often the variable stiffness concept

can change the location and/or mode of failure, but a significant strength increase over the opti-

mum constant stiffness laminate does not exist.

These results can be explained though the use of a “weak link” analogy. For axisymmetric

loads applied to a cylindrical shell with an axial stiffness variation, one distinguishing aspect of

the solution is the fact that the dominant membrane stress resultants do not vary along the length

of the shell. This is evident in the solutions for the stress resultants in Eq.(3.15), where it is shown
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that the axial and shear stress resultant are both exactly a constant, and the circumferential stress

resultant is proportional to the constant pressure loading along with some secondary effects due to

the variation of the radial displacement. Therefore, the stress state at any location along the length

is basically the same, the only exception being near the ends where the boundary layer effects are

significant, so that the axial variation of the stiffness does not actually redistribute the stresses at

all. This condition can be regarded as the variable stiffness cylinder carrying the loads in “series”,

where each infinitesimal segment of the structure must be able to withstand the applied loads

independently. Of course, for the particular ratio of loads being applied, there exists some optimal

stacking sequence that is best suited to withstand the resulting stress state, as well as some layups

that are expected to behave quite poorly under the same conditions. For example, under axial ten-

sion a0° orientation would be expected to be the strongest, since the fibers are aligned exactly

with the largest stresses, while a90° ply would fail easily in this case since the tensile stresses

would be carried predominantly by the weaker matrix component of the composite material.

When curvilinear fibers are used, the failure location will generally occur where the stacking

sequence is least suited to carry the applied loads, and thus this “weak link” location will be the

limiting factor on the material failure load. To achieve the best performance, a designer would

avoid these weak links and replace them with a more favorable stacking sequence. Since there

exists some layup that withstands the stress state better than all others, the resulting optimal

design would be composed of a constant stiffness laminate with this particular stacking sequence.

Fortunately, the conclusion regarding the weak link aspect for the axisymmetric problem does

not imply that the axial stiffness variation is not useful. In the first case, it is quite possible to load

the cylinder such that the axisymmetric loadsdo vary along the length, which is most easily

accomplished with an axial variation of the pressure or by external loads being applied at certain

axial locations. For such loading, varying the fiber orientation angle along the length will enable

the optimal stacking sequence to be used for the specific loading at that location, and obviously

will produce designs that outperform conventional straight fiber cylinders. Investigation of these

types of loading cases will not be included here. Secondly, it must be realized that for almost all of

the thin cylinders analyzed, the critical failure mechanism (for destabilizing loads) was buckling

and not material failure. Therefore, some performance improvements may still be attainable under

axisymmetric loading, which will be looked at in the next subsection. Lastly, comparisons

between cylindrical shells are not always based only on strength but often include stiffness crite-

ria. Thus a cylinder design may need to have a minimum load capability as well as a required dis-

placement constraint or, conversely, be defined for a given failure load with the overall stiffness of

the structure being the quantity that is to be maximized. The variable stiffness cylinder can
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become advantageous in this instance because it can offer designs that exhibit the same stiffness

properties yet have different strength characteristics, or vice versa.

To demonstrate this last idea, the material failure loads under axial compression shown in

Figure3.4 are plotted versus the overall axial stiffness of the cylinder structure in Figure3.7.

Again the solid line represents the constant stiffness laminates, while the filled circles now denote

variable stiffness designs using the one link linear variation of the fiber orientation angle. The glo-

bal axial stiffness quantity is found through integration along the length using the appropriate

stiffness quantities, and relates the axial end displacementU to the applied end loadF as surmised

from Eq.(3.10). As expected from the earlier results, the best performance is exhibited by a con-

stant stiffness laminate with0° plies only, and all variable stiffness designs fail at a lower load

level. However, if a particular stiffness response is desired, then any variable stiffness design that

is above the constant stiffness curve is considered advantageous because the variable stiffness cyl-

inder has a higher strength with the same stiffness characteristics. Similarly, if an exact failure

load is defined and the stiffness is meant to be maximized, than any circle to the right of the curve

demonstrates improved performance. Examination of Figure3.7 reveals that there is still no

noticeable improvement for a prescribed stiffness design, though some gains can be achieved for

the second (less practical) case. The results for a similar treatment of a cylinder under torsion are

shown in Figure3.8. The torsional stiffness relates the overall twist of the cylinder to the torsional

load applied at the end, and is again found through integration as given by Eq.(3.10). Again, the
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only noticeable gains exist for the case in which the failure load is prescribed and the stiffness is

maximized. Investigations of similar scenarios using combinations of the axisymmetric loads gen-

erate comparable results, though the magnitude of the possible improvements are never that sub-

stantial. However, the results do indicate that for some highly constrained designs, the variable

stiffness concept is valuable because of the greater flexibility that it gives to the designer.

3.4.2 Ring Stiffeners and Frames

Though the foremost objective of this investigation is determining the possible performance

improvements from using curvilinear fibers, the preponderance of stiffeners as additional compo-

nents of cylindrical structures does warrant some discussion. With regards to the static response of

axisymmetric cylinders, the inclusion of stiffeners is limited to ring stiffeners and frames that do

not vary in terms of shape or stiffness characteristics around the circumference of the cylinder.

This results in the addition of a discrete jump in stiffness for some of the stiffness measures where

the stiffener is attached (see Section2.2.2). The radial displacement profile from a linear solution

of the axisymmetric problem which now includes some basic stiffeners is shown in Figure3.9.

The shaded portion shows the axisymmetric geometry of the stiffened shell, which is constructed

of a [±45]6s laminate skin. The cylinder is loaded by external pressure, and both the clamped and

simply supported cases are included (the simply supported case is shown by the dashed curve).

One can readily see that the major consequence of a ring stiffener is that it effectively divides the

long cylinder into a series of shorter ones, such that a ring stiffener or frame imitates an end

restraint (aclamped condition according to Figure3.9). Of course, this is only true if the stiffener
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is sturdy enough with respect to the rest of shell, since flimsier elements often deform signifi-

cantly in the radial direction as well. The point that is intended to be made here is that the addition

of ring stiffeners, much like the axial variation of the fiber orientation angle, does not actually

redistribute any of the axisymmetric loads, therefore an increase in material failure strength of the

resulting shell will not be observed. In fact, the failure load for some loading may decrease, since

the stiffeners produce additional boundary layer regions. However, ring stiffeners do serve a use-

ful purpose, for it will be shown later in this chapter that the division of long cylindrical structures

into a series of shorter elements can provide significant increases in buckling loads for certain

types of axisymmetric loading. Furthermore, a long cylinder under bending provides another area

where circumferential stiffeners become an efficient concept that improves performance by resist-

ing the ovalization of the cross-section. This will be investigated in more detail in Chapter6.0.

3.5 Buckling Results

The failure of cylinders due to buckling by axisymmetric loading has been studied throughout

the evolution of modern shell analysis techniques. As mentioned in Section1.2.2, the agreement

between the classical theoretical solutions and actual experiments has been excellent for cylinders

subjected to torsion and external pressure. However, no such correlation was found for the axial

compression case, predominantly due to the effect of geometric imperfections on the critical

buckling load. Though the inclusion of the postbuckling analysis required to thoroughly investi-

gate the imperfection phenomenon is beyond the scope of this study, some aspects of the nonlin-

ear buckling problem are addressed here. In particular, the development of the shell boundary
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layer for constant and variable stiffness cylinders is discussed, and conclusions are drawn regard-

ing the need of a full nonlinear prebuckling analysis for the initial investigation of the variable

stiffness concept. The buckling results for laminates with curvilinear fibers are then presented

along the same lines as the material failure results, in that a one link linear variation is utilized to

demonstrate the failure trends of the structure. Optimization of the curvilinear fiber path is com-

pleted in the next section for the load cases which show the most promise.

3.5.1 Effect of Prebuckling Solutions and Nonlinearity

The choices for the prebuckling state of the buckling calculation are determined from the level

of complexity used in the static solution of the governing equations for axisymmetric cylinders.

The simplest choice employs linear membrane constitutive theory, which in the classical formula-

tion also neglects the prebuckling rotations in the strain-displacement relations for the perturbed

displacements, displayed in Eq.(3.18). The main motivation for neglecting these rotations is that

it produces a linear eigenvalue problem which only needs to be solved once for each design, as

opposed to the nonlinear eigensystem, represented by Eq.(2.104), which must be evaluated at

successive points along the load path. Of course, for constant stiffness laminates the membrane

solution results in an unrotated deformation pattern anyway, so that neglecting the prebuckling

deformation is justified mathematically. However, as seen in Figure3.3 the membrane solution for

variable stiffness cylinders does not necessarily produce an equilibrium state without shell rota-

tions due to the variation of the stiffness parameters, yet the prebuckling deformation will still be

neglected to conform to the classical assumptions and to warrant using the simpler eigenvalue

solution technique. This clearly leads us to the next level of complexity for the prebuckling state

in which the prebuckling rotations of the equilibrium solutionare considered in the buckling

equations. If this addition is included, then to remain consistent the end conditions of the prebuck-

ling solution should be identical to the ones used by the buckling estimate. Membrane theory does

not consider the boundary conditions in the transverse direction (related tow0 and its derivatives),

therefore it should not be considered adequate if the prebuckling rotations are to be included.

Instead the next choice of prebuckling states will be for a linear solution of the equilibrium equa-

tions that adhere to the same end constraints as the stability estimate, where the prebuckling

deformation due to the stiffness variation and the boundary layer effect is taken into account in the

stability estimate. As implied earlier, since the eigenvalue problem is actually nonlinear with

respect to the prebuckling rotations, the numerical computation of the critical eigenvalue must

now follow the complex nonlinear method to be considered accurate. The final improvement to

the prebuckling state involves the full nonlinear solution of the equilibrium equations, along with

the effect on the bifurcation load due to the nonlinearity of the deformation as the magnitude of
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the applied loads increases. Again an eigenvalue problem must now be solved at each step along

the load path to determine an accurate buckling load. This nonlinear stability solution is not con-

sidered numerically efficient when compared to the (linear) membrane solution. However, since

the more efficient stability estimate is planned to be used for optimization studies, some explana-

tion and error estimate is needed to justify using the simpler technique.

To this end, the radial displacement profile of the standard [±45]6s constant stiffness laminate

under axial compression is shown in Figure3.10 for several values of the load parameter (the last

load level actually corresponds to the critical buckling load). These results were formulated using

the full nonlinear solution of Eq.(3.15), and note that the radial displacement is also normalized

with respect to the value of the applied load. For small values of the load parameter, the linear

solution first shown in Figure3.2 is considered adequate. As the magnitude of the compressive

load increases, the influence of the nonlinearity increases dramatically. The nonlinear character of

the boundary layer for a constant stiffness laminate can be surmised from the analytical solution

of the ordinary differential equation given by Eq.(3.15). As the load increases, the effect of the

exponential portion begins to spread further into the interior of the domain (since the frequency

for the hyperbolic functions decreases), while the sinusoidal terms begin to vary faster and

approach a frequency that corresponds to the classical buckling estimate , where the

parameters  andl are related through Eq.(3.14). The resulting wavelength of the buckled pat-

0 0.2 0.4 0.6 0.8 1

ξ

0

0.5

1

 f = 0.01
 f = 0.10
 f = 0.50
 f = 0.87

π
l 2
---------

Figure 3.10: Nonlinear Displacement Profiles of Constant Stiffness Cylinder
under Axial Compression

w
0 f----
--

Fcl 224.8 3×10 lbs=

β̂x

β̂x



Chapter 3.0 Axisymmetric Solution with an Axial Stiffness Variation

97

tern as  approaches one is shown in Figure3.10. It is quite evident that substantial differences

exist between the assumed “flat” state from classical membrane theory and the actual deformation

from the nonlinear solution, therefore the effect of this prebuckling deformation on the critical

buckling load must be investigated in more detail.

Consideration of the nonlinear prebuckling solution when calculating an accurate estimate of

the bifurcation load has already been performed by other authors for constant stiffness laminates,

most notably by Almroth37. His results (using Donnell-Mushtari-Vlasov buckling equations) indi-

cate that the calculated buckling load can be around 15% lower than the classical solution that

employs linear membrane prebuckling, though the general trends and characteristics of the buck-

led state remain the same. For comparison purposes, Almroth’s results are displayed in Table 3.1

along with calculations based on the equations derived here (using Sanders shell theory) for all

possibilities of boundary conditions, designated in Eq.(2.113). To conform to Almroth’s results,

the cylinder is assumed to be made of an isotropic material withν = 0.3, L/R= 3.2, and

R/H = 100. The buckling loads are normalized with respect to the classical value, and the number

in parentheses isn, the number of circumferential waves in the buckled shape.

The first thing to note from these results is the close agreement between the DMV and Sanders

shell theory solutions. This is due to the fact that the mode shapes possess a large number of cir-

cumferential waves, so that the shallow shell assumptions invoked by DMV theory are acceptable.

Discrepancies between the two theories tend to increase for shorter cylinders. Also note the low

buckling value for the S3 and S4 cases. This has been attributed to the minimal support provided

Table 3.1: Comparison of Prebuckling Solutions on Axial Compressive Buckling Load

Boundary
Condition

Almr oth37

(DMV Theory)
Membrane

(Sanders Theory)
Linear

(Sanders Theory)
Nonlinear

(Sanders Theory)

S1 0.868 (9) 0.9947 (9) 0.9950 (9) 0.8670 (9)

S2 0.844 (9) 0.9528 (4) 0.9565 (4) 0.8480 (9)

S3 0.510 (2) 0.5064 (2) 0.5057 (2) 0.5072 (2)

S4 0.510 (2) 0.5044 (2) 0.5054 (2) 0.5072 (2)

C1 0.928 (9) 0.9950 (9) 0.9950 (9) 0.9262 (9)

C2 0.911 (8) 0.9618 (4) 0.9667 (4) 0. 9066 (8)

C3 0.928 (9) 0.9945 (9) 0.9949 (9) 0.9262 (9)

C4 0.909 (8) 0.9605 (4) 0.9663 (4) 0.9050 (8)

f
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by these idealized end conditions, in which the shell is simply supported and also free to displace

in the circumferential direction. The membrane prebuckling solution agrees remarkably well with

the full nonlinear solution for these cases, since the major factor producing this low buckling

value is not nonlinearity but the (unrealistic) conditions applied at the ends. For the other six

cases, the membrane and linear prebuckling solutions yield similar results, which tend to overesti-

mate the nonlinear calculation for all cases. This, in essence, removes the possibility of using lin-

ear theory for the prebuckling solution, since its accuracy is no greater than the membrane

solution while its decreased numerical efficiency is comparable to the more accurate nonlinear

case. Therefore the choice for prebuckling solutions comes down to a trade-off between the

numerical efficiency of the membrane case and the accuracy of the full nonlinear solution. If the

magnitude of the relative error when using the membrane solution could be shown to be bounded

by the results of Table 3.1, then its use would be considered acceptable. In fact, investigation of

constant stiffness cylinders constructed of composite laminates reveals that even greater agree-

ment exists between the membrane and nonlinear estimates for many cases. This is due to the fact

that for certain stacking sequences, the nonlinear boundary layer effect is greatly reduced when

compared to isotropic cylinders. However, when using variable stiffness cylinders conclusions

regarding the effect of the prebuckling state cannot be drawn as easily, since the membrane defor-

mation is no longer rotation-free. Thus it must be determined if the nonlinear effects are more or

less significant when applied to the novel variable stiffness designs.

As discussed in Section1.2.2 and evidenced by Table 3.1, including the effect of the prebuck-

ling nonlinearity substantially increases the accuracy of the critical load calculation for most cyl-

inders. However, this improvement in the analytical estimation of the critical axial compressive

load does still not account for the discrepancy that exists with the experimental results. It is

believed that the reason for the disagreement is due to initial shape imperfections of the shell.

Though the rigorous postbuckling analysis to include the imperfection sensitivity of the critical

load is beyond the scope of this study, some conclusions regarding the effects of these imperfec-

tions can still be estimated. The motivation behind this is that the prebuckling deformation of vari-

able stiffness cylinders somewhat resembles an imperfection, and if this leads to greater

discrepancy between the membrane and nonlinear buckling estimates then the more complex

eigenvalue solution must be used, even if the cylinder is assumed to be imperfection free. Thus it

must be shown that the simpler membrane results will still convey the essence of the true buckling

load of the structure. This claim is substantiated in two ways: first it will be shown that the basic

character of the nonlinear boundary layer is the same for variable stiffness designs as compared to

conventional laminates; and secondly that the magnitude of this radial deformation of variable
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stiffness cylinders is small enough so that it does not resemble a geometric imperfection and

therefore does not require a more thorough analysis. Substantiation of these facts implies that the

ensuing relative errors of the simpler analysis will be of comparable magnitude to those of Table

3.1, which will be acceptable for this investigation of the variable stiffness concept.

As an example of the nonlinear static solution of a variable stiffness cylinder, the radial dis-

placement profile for a [0±<15|75>]6s variable stiffness cylinder under axial compression is shown

in Figure3.11 for various values of the load parameter. Again the last load level is the one at

which buckling occurs, though it should be noted that its relative magnitude when compared to

unity is mainly due to the normalization parameters used. Comparison of the nonlinear effects in

Figure3.11 with the constant stiffness laminate of Figure3.10 reveals that, except for the atypical

membrane response due to the stiffness variation, the influence and magnitude of the nonlinear

boundary layer is equivalent. For small load values, the linear solution can be considered accurate.

As the load is subsequently increased, the boundary layer extends further into the interior of the

shell and oscillates about the underlying membrane solution. Though some slight vestiges of

boundary layer effects do exist away from the ends, the relative magnitude of the nonlinear end

effects appears to diminish its significance. Similar results were found for a variety of variable

stiffness designs, so that the conclusion stating that the nonlinear boundary layer effect has the

same influence as for constant stiffness laminates is considered justified.
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The other alternative that would produce a discrepancy between variable and constant stiff-

ness cylinders involves the non-flat prebuckling state of the variable stiffness laminates. If the

deformation acts as an geometric imperfection, then the membrane solution may be unacceptably

inaccurate for loading under axial compression. To determine if this scenario is present, a plot of

load versus displacement is displayed in Figure3.12 for both the constant and variable stiffness

structures previously discussed. Three load curves are shown, which terminate at their calculated

critical buckling loads. The first two represent the membrane and nonlinear prebuckling solutions

for a perfect structure. The dash-dot curve denotes a nonlinear analysis for a cylinder with an ini-

tial geometric imperfection. For both structures, the imperfection was assumed to be axisymmet-

ric with an axial frequency corresponding to the classical value  for each cylinder, while the

magnitude of the imperfection was chosen to be 10% of the laminate thickness. First notice in

Figure3.12 that for the perfect structures, the amount of nonlinearity for the constant stiffness

case seems greater than the variable stiffness laminate. This is due to the fact that the45° plies in

the constant stiffness layup generate a more active boundary layer than the15° plies that are

present near the supports for the variable stiffness case, leading to more significant nonlinear

effects when the load is increased. However, the relative magnitude of the nonlinearity for the per-

fect structures is largely overshadowed when a small imperfection is introduced. For the imperfect

structures, the drop in buckling load and increased nonlinearity are quite significant, and conform
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to the expected results of postbuckling analysis. It is thus surmised from Figure3.12 that if the

prebuckling shape of the variable stiffness cylinder acted like an effective imperfection, the non-

linearity present in the load-displacement curve and the resulting decrease in the critical load

would be much more pronounced. Therefore, the added complexity to compute the buckling load

using the nonlinear prebuckled state is not warranted here, since the relative error when compared

to the membrane estimate should remain within the errors demonstrated in Table 3.1 for perfect

structures. Of course, using this approximate theory for design optimization of cylinders under

axial compression may lead to other problems, such as increasing the imperfection sensitivity of

the structure by finding structures with many coincident buckling modes, however these concerns

should be postponed until after the initial investigation into the possible improvements using the

variable stiffness concept is complete.

The results presented in this subsection have dealt exclusively with cylinders under axial com-

pression. This is due to the fact that it is under this loading condition that the nonlinear effects and

imperfection sensitivity have been found to be most influential on the calculated buckling load.

Experiments have shown that cylinders buckling under external pressure and torsion agree with

the theoretical estimations that use either the membrane or nonlinear prebuckling solutions.

Therefore, the choice of the membrane prebuckling is warranted for all axisymmetric loading.

3.5.2 Curvilinear Fiber Paths

Now that the appropriate solution technique to use for the eigenvalue problem has been deter-

mined, the buckling response of laminates with curvilinear fibers can be investigated. As with the

material failure results, [±ϕ]ns stacking sequences will be used to highlight the variable stiffness

effects. A one link linear variation will be used initially with no manufacturing constraints consid-

ered, and the S2 boundary condition will be used unless specifically mentioned otherwise. The

discussion is divided into general results for various sizes of cylindrical shells under the basic

loadings of axial compression, external pressure, and torsion. Relative dimensions of cylindrical

shells are often defined in terms of the Batdorf parameter, which is given as

(3.27)

This expression was originally derived for isotropic shells by Batdorf32, and the definition above

in terms of orthotropic stiffness quantities was supplied by Nemeth84. This parameter will be used

to define the sizes of the variable stiffness cylinders through the use of their average skin stiffness

quantities of Eq.(3.11). The actual dimensions for the cylinders are given in Table 3.2.
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Axial Compression

In general, a variable stiffness cylinder defined by a one link variation withT0 andT1 under

axial compression is found to behave like a constant stiffness cylinder with the fiber orientation

angle being the average of the two angles, especially for cylinders in which the axisymmetric state

is the critical buckling mode. For instance, the buckled mode shape of an axially compressed cyl-

inder with end angleT0 = 15° and mid-length angleT1 = 45° is shown in Figure3.13 along with

the mode shape of a constant stiffness shell withϕ = 30°. Both cylinders buckle at similar load

levels and deform into a mode shape withm = 11,n = 0 being the dominant harmonic term, how-

ever the variable stiffness shell has other harmonic terms that also contribute to the mode shape.

For constant stiffness laminates under the S2 boundary condition, the harmonic frequencies in

terms of the axial wavenumberm are decoupled, much like the situation for the circumferential

wavenumbern. This produces mode shapes that are completely defined by the wave numbersm

andn, much like the classical solutions derived in Section1.2.2, Eq.(1.3), (1.7), and (1.10). How-

ever for variable stiffness cylinders, the spatial variation of the stiffness terms couples the har-

monics to produce a mode shape with variable wavelengths in thex-direction. As one would

expect, the character of these wavelengths is dependent on the local values of the stiffness param-

eters. For example, the classical buckling frequency of a [±15]6s laminate is = 14.8, while for a

[±45]6s layup it increases to 21.9. This is reflected in Figure3.13, where the middle of the cylin-

drical shell experiences a higher buckling frequency due to the local stiffness properties. This

trend of the stiffness properties defining the resulting frequency is observed for nearly all variable

stiffness cylinders under axial compression. Since the buckling frequencies for most laminates are
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relatively high, the failure of axially compressed cylinders through instability is often character-

ized by the weakest areas dominating the buckling response. For instance, the critical load of the

[±0<15|45>]6s laminate in Figure3.13 is analogous to the value for a [±45]6s cylinder and the most

significant aspect of the buckled shape occurs in the middle of the cylinder. This buckling failure

characteristic somewhat resembles the “weak link” concept of the material failure results, though

the global nature of the buckling results somewhat alters the nature of the failure mode.

To see this effect in greater detail, a contour plot of the buckling load under axial compression

with respect to the endpoint anglesT0 andT1 is shown in Figure3.14. The critical loads are nor-

malized with respect to the optimal buckling load of the best constant stiffness laminate, so that

each contour line represents a change of 2.5% of this value. The dashed diagonal line indicates

designs that are constant stiffness laminates (T0 = T1) and the empty and filled circles represent

the variable stiffness and constant stiffness shells with the maximum buckling load found through

standard optimization techniques. As one can see from Figure3.14, the optimum design for buck-

ling under axial compression (for this geometry) is actually a straight fiber cylinder withϕ ≈ 17°.
so that the empty and filled circles are at the same location. The “weak link” phenomenon is best

represented by the top and right hand portions of the contour plot, where the horizontal and verti-

cal contour lines indicate that the critical load is determined by the least resistant areas of the stiff-

ness distribution. Furthermore, the diagonal contour lines at the bottom left region resemble the
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averaging property that was introduced through the results of Figure3.13. Also note that the con-

tour plot is nearly symmetric about the constant stiffness design line. This indicates that the axial

variation of the stiffness does not improve the buckling load for axially compressed cylinders.

This proved to be the case for virtually all cylinders under axial compression due to the two meth-

ods of failure just discussed.

External Pressure

Perhaps the greatest possibility for an improvement in the buckling load by using an axial

variation of the stiffness exists for cylinders under external pressure. This is surmised from the

fact that the effective length of the cylinder has an enormous influence on the critical pressure, and

also through the belief that the stiffness variation can be designed to imitate the response of a

shorter cylinder and therefore improve the buckling load. This has been most easily accomplished

in the past through the use of ring stiffeners. It was mentioned in the introduction that constant

stiffness cylinders under external pressure will always buckle into a mode with one axial half

wave (m = 1). The largest deflection for this mode shape occurs at the middle of the cylinder. Also

proven in Section1.2.2 (in the discussion of Figure1.6) was that shorter cylinders always have a

higher critical pressure load than longer ones because of the smaller distance between the

restrained ends. One way to improve the buckling performance under this loading condition is to

include ring stiffeners, which in essence decrease the span between supports by separating the

long cylinder into shorter ones. This is demonstrated in Figure3.15, where the mode shapes are

displayed for an unstiffened and stiffened cylinder subjected to external pressure. The geometry
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of the shell corresponds to the one of Figure3.9, except that only one stiffener located at the mid-

length is included, and the number in parentheses in the legend represents the number of circum-

ferential waves in the buckled shape. The unstiffened shell buckles into one axial half wave as

expected, with the critical value being close to the predicted classical value (the slight deviation

from unity is due to the presence of theD16 andD26 terms that the classical estimate ignores).

Placing a sturdy ring stiffener at the location of the largest displacement cuts the effective length

of the cylinder in half, and significantly increases the critical load and the number of circumferen-

tial waves in the buckled mode shape. It then logically follows that if the variable stiffness shell is

designed to have a high circumferential stiffness near the middle (90° plies) this area will approx-

imate a ring stiffener, and the buckled cylinder should behave as if it had a central ring stiffener.

The mode shape should then change from am= 1 configuration tom = 2 because the stiff center

will not permit large deflections.

To see if this actually happens, several geometries of cylinders were investigated to determine

if such a change in mode shape could be produced through the use of curvilinear fibers, and if any

other mechanisms exist that can improve the buckling performance of cylinders loaded by exter-

nal pressure. The results are again displayed in the form of a contour plot for the end and mid-

length angles, as shown in Figure3.16. Note that the contour lines are basically diagonal, which

again represents the averaging concept for the one link variable stiffness designs. Also note that
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the maximum value now occurs as a variable stiffness design (shown by the arrow), with a relative

increase over the straight fiber format of around three percent. However, the desired mechanism to

improve the performance of laminates under external pressure, namely the reduction of the effec-

tive length of the cylinder, was not found to occur for any of the geometries investigated. The

main reason for this is that the axial variation of the stiffness parameters through the use of curvi-

linear fibers is not able to produce a drastic enough stiffness change that will act as a ring stiffener.

Instead the stiffness variation produces a buckling mode that is still predominantly anm= 1

mode. However, the results shown in Figure3.16 do provide some hope, since there does exist

slight improvement over the constant stiffness laminates even with the simple one link variation.

Optimization of designs with more general variations of the fiber orientation angle will be per-

formed in Section3.6.2 to determine the extent of the possible improvements.

Torsion

For cylinders with an axial stiffness variation loaded by torsion, the results are expected to be

similar to the pressure loaded case due to the sensitivity of cylinder length on the buckling load.

Though the dependence on the length is not as considerable for torsion (as noted in the discussion

of Figure1.6 and Figure1.8 in Section1.2.2), there still exists similar promise for improvement

by decreasing the effective length of the structure. However, this conclusion is based on the results

of the classical estimate of the torsional buckling load as presented in Section1.2.2, which

ignores the boundary conditions at the ends and allows warping of the cross-section. Neverthe-

less, since the solution in the next chapter does allow warping at the ends, the relative error asso-

ciated with this non-realistic mode shape must be determined.

Our classical estimation for buckling under torsion is briefly reviewed here for ease of com-

parison. In essence, the solution assumes that deformed shape is composed of successive cross-

sections withn circumferential waves that are rotated about the axis of the cylinder with an axial

frequency β. For short and intermediate length cylinders, the axial frequency can be shown to cor-

respond to one half wave along the length of the axis, while the value ofn is chosen so that the

resulting eigenvalue is a minimum. Mathematically, such an assumed shape for the radial dis-

placement (from Eq.(1.9) withβ = mπR/L) can be written as

(3.28)

Comparison of this result to Eq.(3.19) supplies the classical solution for the perturbed displace-

ment functionsWI andWII. Note that Eq.(3.28) does not satisfy any realistic boundary conditions

at the ends of the cylinder, sinceWII does not equal zero there.
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The rigorous and classical solutions for the radial displacement functionsWI andWII are

shown in Figure3.17 for a typical intermediate length cylinder with the S2 end condition. The

dashed lines represent the classical estimate, which for this geometry produces a mode with one

axial half wave (m= 1) and six circumferential waves (n = 6). Note that the radial displacement is

not zero at the ends for theWII solution. Conversely, the rigorous application of the boundary con-

ditions for the deformed shape, using a membrane prebuckling solution as outlined earlier in this

chapter, is denoted by the solid lines in Figure3.17. Now the buckled mode shape contains nine

circumferential waves, and the critical load is calculated to be greater than the classical estimate

by a factor of 2.05. Also notice that though the shapes of the curves basically resemble the classi-

cal approximation, the differences near the ends are quite substantial and lead to the large error

between the solutions. Because of this discrepancy, most of the literature devoted to torsion of

cylindrical shells uses some form of the rigorous solution to calculate the “classical” buckling

load. Usually this is accomplished by an assumed form of the displacements as an expansion of

sine functions in the axial direction which automatically satisfy the end conditions. The rigorous

solution shown above agrees exactly with these results.

As the length of the cylinder increases, the effect of the end conditions should diminish and

the rigorous solution should approach that of the infinite length solution withn = 2 and the axial

frequency corresponding to the classical value . The relative error between the classical esti-

mate and the rigorous solution should also diminish. This is demonstrated in Figure3.18, where

the torsional buckling load is plotted as a function of the Batdorf parameter for two isotropic cyl-
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inders with differentR/H ratios. Note that both axes are logarithmic, and that the critical shear

stress resultant is normalized with respect to the infinite length value of Eq.(1.13). As the length

is increased, the relative difference between the two solutions decreases, though the effect is defi-

nitely more apparent for the thicker shell. For the thinner shell, the error seems to remain at a fac-

tor of around two, while for very short cylinders the correct application of the boundary

conditions tends to overshoot the classical estimation by a factor of three, irrespective of the

radius-to-thickness ratio. Therefore, it can be concluded that the effect of the end conditions is

quite significant for short and intermediate length cylinders, and that it increases for thinner

shells. The classical estimation can be regarded as following the basic trends of the rigorous solu-

tion, though when used for analysis its inherent error due to the neglection of the end restraints

must be considered.

Returning to the application of the variable stiffness concept as applied to torsion, the results

of Figure3.17 and Figure3.18 indicate that the dependence on length may offer some improve-

ment possibilities over constant stiffness laminates. Firstly, as opposed to the pressure loaded case

that possess a maximum displacement at the mid-length of the cylinder, the cyclic nature of the

torsional buckling mode generates a large area over which large deformation occurs. Therefore an

axial stiffness variation that can resist deformation in these areas has a greater possibility of

improving the buckling load. Also, the expected sensitivity of length on the torsional buckling

load implies that artificial ring stiffeners should also add to the resistance to instability. For curvi-

linear fibers using a one link variation, the results are displayed in Figure3.19, which is the typi-
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cal contour plot of the critical load in terms of the end point angles. Again note the averaging

effect for the designs at the bottom right of the figure, however now there also exists a definite

maximum which occurs as a variable stiffness design. The mode shapes for the radial displace-

ment for both of the maximum designs, variable and constant stiffness, are shown in Figure3.20.

Notice how the stiffness variation forces the maximum deformation to be concentrated in the mid-
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Figure 3.20: Mode Shapes of Optimal Designs under Torsion (Zb ≈ 800)
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dle of the cylinder even more than usual. This, in essence, shortens the cylinder and thereby pro-

duces the higher buckling load, though not to the extent desired. Further improvements may be

possible for more general variations of the fiber orientation angle, which is investigated in the next

section.

3.6 Optimization under Axisymmetric Loading

The basic trends and optimization results demonstrated in the last section for curvilinear fibers

under axisymmetric loading are expanded in this section to more practical design problems. In the

first subsection, the one link variation is used for several geometries of cylinders to determine the

sizes that show the most promise for the use of curvilinear fibers. These results lead to optimiza-

tion of the critical loads using a more general variation of the fiber path. Emphasis for this design

study is on the longer cylinders, which give the curvilinear fibers more freedom to vary within the

manufacturing constraints. Also included in this portion is stacking sequence optimization, since

the general [±ϕ] symmetric layup may not be the best choice. Finally, a quick comparison

between the curvilinear fiber designs and a constant stiffness laminate with a central ring stiffener

is conducted to determine which mechanism has a greater effect on improving the performance of

composite laminates.

3.6.1 One Link Variation for Various Cylinder Sizes

The general material failure and buckling results presented in the last two sections dealt pri-

marily with a specific size cylinder constructed with a [±ϕ] stacking sequence. This subsection

extends on these results by finding the optimal configurations for several geometries of variable

stiffness cylinders that utilize the one link curvilinear fiber path definition. The results should

indicate general trends about the usefulness of the variable stiffness concept as applied to cylinder

sizes under particular axisymmetric loading conditions. For these design studies, the [±ϕ]ns stack-

ing sequence will be the only layup considered, and the manufacturing constraints will be

ignored. These considerations are implemented to highlight the stiffness variation and to fully

explore the possibilities of the curvilinear fiber format. More practical laminate constructions that

fall within the manufacturing guidelines for curvilinear fibers will be utilized in the next subsec-

tion for the geometries that show the most promise using these simple guidelines.

Six representative values of the Batdorf parameterZb are chosen for the initial study. The opti-

mization is designed to find the configuration of the one link fiber orientation angle that produces

the greatest value of the critical load (that being the smaller of the material failure load and the

buckling load) for the cases of axial compression, external pressure, and torsion. The curvilinear

fiber path is defined by two variables: the fiber orientation angle at the end of the cylinder (T0),
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and at the mid-length (T1), and these quantities are constrained to remain between0° and90°. For

such a simple optimization problem, traditional gradient-based strategies are used to find the opti-

mal designs. These techniques are likely to only find local optima, therefore for problems with

multiple optima such as these (note the several optima in Figure3.14) various starting points for

the optimization process are used, and the ultimate designs are determined as the best design from

these local optima. The results of the design studies are reported in Table 3.2.

For only two cases (Zb ≈ 2 for pressure and torsional loading) is the material failure load signifi-

cant. Buckling is the critical failure mode for all other by cases by a considerable margin.

The first conclusion from the results shown in Table 3.2 concerns the lack of improvement of

an axial stiffness variation for the load case of axial compression, in which the optimal configura-

tions correspond to basically constant stiffness laminates for all cylinder sizes. This result can be

explained through the known behavior of constant stiffness laminates under axial compression.

As discussed in Section1.2.3 with regards to the Koiter circles of Figure1.4, there exist numerous

possibilities for the buckled shape of an axially compressed cylinder in terms of the axial

Table 3.2: Results of Optimization of Linear Variable Stiffness Cylinders

R = 24″ for
all cylinders

Axial Compression
(×103 lbs)

External Pressure
(psi)

Torsion
(×106 lbs-in)

Zb ≈ 2
L = 2.4″, 24 plies

T0 = 0°, T1 = 0°
Fcr = 724.0

Increase = 0.0%

T0 = 43.2°, T1 = 32.2°
pcr = 400.9

Increase = 4.5%

T0 = 45.0°, T1 = 45.0°
Tcr = 72.10

Increase = 0.0%

Zb ≈ 50
L = 12″, 24 plies

T0 = 21.0°, T1 = 18.6°
Fcr = 284.3

Increase = 0.0%

T0 = 37.6°, T1 = 90°
pcr = 34.66

Increase = 8.7%

T0 = 41.7°, T1 = 52.4°
Tcr = 5.273

Increase = 0.48%

Zb ≈ 300
L = 24″, 16 plies

T0 = 73.3°, T1 = 73.3°
Fcr = 120.3

Increase = 0.0%

T0 = 61.4°, T1 = 90°
pcr = 5.675

Increase = 4.6%

T0 = 30.7°, T1 = 71.2°
Tcr = 1.168

Increase = 4.7%

Zb ≈ 800
L = 48″, 24 plies

T0 = 17.0°, T1 = 17.0°
Fcr = 269.7

Increase = 0.0%

T0 = 64.7°, T1 = 90°
pcr = 7.821

Increase = 3.2%

T0 = 29.1°, T1 = 83.4°
Tcr = 2.005

Increase = 3.4%

Zb ≈ 5,000
L = 120″, 24 plies

T0 = 72.3°, T1 = 72.3°
Fcr = 269.2

Increase = 0.0%

T0 = 90°, T1 = 90°
pcr = 3.201

Increase = 0.0%

T0 = 69.2°, T1 = 90°
Tcr = 1.266

Increase = 0.88%

Zb ≈ 20,000
L = 170″, 12 plies

T0 = 71.7°, T1 = 71.7°
Fcr = 65.71

Increase = 0.0%

T0 = 90°, T1 = 90°
pcr = 0.3997

Increase = 0.0%

T0 = 90°, T1 = 90°
Tcr = 0.2294

Increase = 0.0%
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frequency β and the circumferential wavenumbern. Furthermore, many of these eigenmodes pos-

sess similar eigenvalues, especially for thin laminates in which the buckling frequencies are rela-

tively high. As a consequence of these multiple possibilities for the dominant mode shape, axially

compressed cylinders that contain an axial stiffness variation deform into a linear combination of

these coincident modes, thereby generating a buckled shape that reflects the local stiffness proper-

ties (as evidenced by Figure3.13) but does not increase the resultant buckling load. Therefore it is

concluded that an axial stiffness variation will do little to improve the buckling load under axial

compression, since the stiffness variation will neither redistribute the applied load nor alter the

buckled shape in an advantageous manner.

The foregoing explanation of the buckling characteristics for the axial compression case also

offers insight as to why thereis relative improvement for an axial stiffness variation under loads of

external pressure and torsion. As discussed earlier, the critical mode shape for both of these trans-

verse loads ordinarily contains only one half-wave (m= 1) in the axial direction. Furthermore,

eigenvalues corresponding to mode shapes that contain multiple axial half-waves (m> 1) are sig-

nificantly higher than the critical buckling value (as exemplified in Figure3.15). Therefore, when

a cylinder with an axial stiffness variation is subjected to external pressure or torsion, the resulting

critical eigenmode attempts to deform into them= 1 shape with some local variations due to the

local stiffness properties. This, in effect, activates the modes corresponding tom > 1 and thereby

increases the buckling load by altering the deformed shape of the buckled cylinder. Though the

relative increases for a one link variation are not that significant for either load case, as evidenced

by Table 3.2, their improvements can be attributed to this mechanism. More general variations of

the fiber orientation angle should produce even greater increases in buckling performance. This

will be addressed in the next subsection.

A few remarks are also needed to explain the poor results in Table 3.2 for the longer cylinders

under external pressure and torsion. On one hand, the one link variation of the fiber orientation

angle is not that effective at varying the stiffness over such a long span. More general variations

need to be included. Furthermore, constraining the stacking sequence to [±ϕ]ns laminates is

severely limiting for optimization purposes. For instance, the buckling of longer cylinders under

external pressure and torsion is dominated circumferential bending, therefore the layup that pro-

duces the highest buckling load should contain many 90° plies that best resist this type of defor-

mation. This leaves very little room for the variable stiffness effects to work. Employing arbitrary

stacking sequences should alleviate this problem, since without the [±ϕ]ns layup constraint several

(constant stiffness) 90° plies can easily be included in the stacking sequence. Both of these con-

siderations are investigated in the next subsection.
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3.6.2 Fiber Path Optimization for Selected Cylinders

The results of Section3.6.1 have indicated that the best hope to improve the performance of

cylinders under axisymmetric conditions is to find an axial stiffness variation that effectively

alters the shape of the resulting eigenmode to increase the buckling load. The load cases of exter-

nal pressure and torsion show the most promise, and longer cylinders are intuitively believed to

offer the greatest improvement since they provide more opportunity for the curvilinear fiber paths

to vary. Therefore, this subsection utilizes a more general definition of the fiber orientation angle

through the use of the linked line segment approach, defined earlier in Figure2.6, and investigates

the possible gains in failure loads for two specific geometries from Table 3.2. The specific cylin-

der sizes correspond toZb ≈ 300, which showed the greatest consistent increase for the relevant

loading conditions, and a longer cylinderwith Zb ≈ 5,000 (it was chosen over theZb ≈ 20,000 case

due to the greater number of possibilities for stacking sequences). Though increased failure loads

are only expected for the transversely loaded cases, axial compression is also investigated for

completeness.

The optimization problem is represented as:

(3.29)

The design variables are the endpoint values of the fiber orientation angle using the linked line

segment approach, and the designation of each laminae within the stacking sequence. The end-

points of the line segments are evenly spaced within the half-length of the cylinder, and the design

cases are arranged so that each successive scenario increases the number of line segments in the

definition of the fiber orientation angle. The possibilities for each ply include a positively or nega-

tively aligned variable stiffness ply (denoted as +ϕ or -ϕ, respectively) and a constant stiffness

layer with either a 0° or 90° ply angle. The laminate is assumed to be symmetric so that only half

of the stacking sequence need be considered, and the two outermost plies of the laminate are stip-

ulated to be±ϕ so as to provide the greatest effect of the variable stiffness concept. The discrete

nature of these ply designation variables precludes the use of standard gradient-based optimiza-

tion techniques, therefore the numerical optimization will be performed through the use of a

genetic algorithm, which is ideally suited for problems involving discrete variables. Details of this

optimization technique are provided in AppendixA, SectionA.6.2.

The manufacturing constraints alluded to in the statement of the optimization problem include

two criteria: a stipulation that the laminate be balanced; and a curvature limit on the curvilinear

fiber path. The balancing constraint is enforced through the use of a penalty function within the

maximize critical load T i ϕk,( )

such that manufacturingconstraintsaresatisfied
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optimization scheme, in which laminates that do not have an equal number of +ϕ and -ϕ plies are

penalized to lower their relative worth. The latter constraint, based on the limit on the curvature of

the fiber path due to the manufacturing process, helps to define the form of the endpoint design

variables within the optimization scheme. Traditional methods would suggest that each endpoint

angle should be designated as a separate design variable, and the manufacturing limit on curvature

would then be incorporated as an inequality constraint within the optimization problem. However,

it was found that when using a genetic algorithm, this technique produced many designs that were

infeasible due to the curvature constraint, thereby wasting computing time. Therefore, an alternate

method to define the values of the fiber angle variables is used.

The procedure is predicated on establishing a base angle as one independent variable, and then

defining the subsequent fiber orientation angle variables as positive or negative changes from the

reference value. The base angle is chosen asT0, and it is limited to discrete values to remain con-

sistent with the genetic algorithm technique. Each remaining endpoint angleTi is given the possi-

bility of either no change from its predecessor, or a positive or negative step. The size of the step

is limited to remain within the manufacturing constraints, thus every design is feasible in a manu-

facturing sense. For longer cylinders or designs using only a few line segments, the curvature con-

straint may not be significant, therefore an upper limit of 15° is also prescribed for the step size.

This is expressed mathematically in Eq.(3.30):

(3.30)

HereNseg is the number of line segments in the half-length, which increases for each optimization

case to track the evolution of the fiber path. Also note that whenNseg = 0, the problem reduces to

standard (constant stiffness) stacking sequence optimization with the value of the fiber orientation

angle for the±ϕ plies being limited to the choices shown in Eq.(3.30).

The results of the fiber path optimization for the axial compressive case corroborate the

expected outcome. The final designs when using the linked line segment approach are constant

stiffness laminates that produce the best resistance to buckling under axial compression. The

stacking sequence optimization also provides a significant increase over the basic [±ϕ]ns layups

reported in Table 3.2. In detail, the solutions for each geometry under axial compression are:

T0 5° 15° 30° 40° 45° 50° 60° 75° 85°, , , , , , , ,{ }∈

T i T i 1– step±= i 1 Nseg,=

step 0 min 15° 180° L⋅
2πNsegρmin Tmincos
------------------------------------------------,,

î 
 
 

∈
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(3.31)

The results for external pressure and torsion for each geometry are reported in Table 3.3 and

Table 3.4. The stiffness variation for each case is defined by a small plot of the fiber orientation

angle (marked at 15° intervals) versus location within the half-length.

Table 3.3: Results of Shape Optimization for Zb ≈ 300 Variable Stiffness Cylinder

External Pressure Torsion

Constant
Stiffness

[±85/90/±85/03]s

pcr = 6.9131 psi
[±60/90/±60/03]s

Tcr = 1.419×106 lbs-in

1 Segment

[±ϕ/90/±ϕ/03]s

Increase = 1.84%
[±ϕ/90/±ϕ/03]s

Increase = 1.05%

2 Segments

[±ϕ/90/±ϕ/03]s

Increase = 4.27%
[±ϕ/90/±ϕ/03]s

Increase = 1.07%

4 Segments

[±ϕ/90/±ϕ/03]s

Increase = 5.79%
[±ϕ3/02]s

Increase = 0.92%

8 Segments

[±ϕ/90/±ϕ/03]s

Increase = 6.57%
[±ϕ3/02]s

Increase = 0.78%

Zb 300≈ 45± 0 902 0 45±⁄⁄⁄⁄[ ]s F
cr

175.9
3×10 lbs=→

Zb 5000≈ 45± 90 02 90 45± 2 90 0⁄⁄⁄⁄⁄⁄[ ]s F
cr

395.7
3×10 lbs=→

ξ
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ξ
ϕ(

ξ)

ξ

ϕ(
ξ)
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ϕ(
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ξ

ϕ(
ξ)

ξ
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Table 3.4: Results of Shape Optimization for Zb ≈ 5000 Variable Stiffness Cylinder

External Pressure Torsion

Constant
Stiffness

[±85/905/05]s

pcr = 4.0885 psi
[±75/903/±ϕ/05]s

Tcr = 1.924×106 lbs-in

1 Segment

[±ϕ/902/±ϕ/06]s

Increase = 1.23%
[±ϕ/903/±ϕ/05]s

Increase = 0.78%

2 Segments

[±ϕ3/06]s

Increase = 2.16%
[±ϕ/903/±ϕ/05]s

Increase = 0.00%

4 Segments

[±ϕ/+ϕ/90/-ϕ/07]s

Increase = 2.92%
[±ϕ/902/±ϕ/06]s

Increase = 1.30%

8 Segments

[±ϕ/+ϕ/902/-ϕ/06]s

Increase = 3.98%
[±ϕ2/90/±ϕ/05]s

Increase = 1.30%

16 Segments

[±ϕ3/06]s

Increase = 4.54%
[±ϕ/902/±ϕ/06]s

Increase = 0.99%

ξ

ϕ(
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ξ

ϕ(
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ξ

ϕ(
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ξ

ϕ(
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As evidenced by the tables, the relative increase over constant stiffness laminates is not overly

impressive. The optimal designs are typified by a gradual change from the value at the ends to a

fiber orientation angle in the middle that shows the best resistance to the applied load. The tor-

sionally loaded cylinders exhibit the least amount of improvement, while the case of external

pressure does show slight promise. The buckling mode for the best constant stiffness laminate and

the optimal variable stiffness design (8 segment case) for theZb ≈ 300 geometry are displayed in

Figure3.21. Notice that the variable stiffness design still buckles in the basic mode corresponding

to one axial half-wave. The stiffness variation does slightly change the deformation pattern by

limiting the maximum deformation to the middle area of the cylinder. The number of circumfer-

ential waves also increases, albeit slightly, so that the buckling frequencies of the variable stiff-

ness laminate are higher than the constant stiffness design and thus the variable stiffness cylinder

require a larger load to become unstable. The curvilinear fiber path mechanism does not seem to

be able to produce enough stiffness variation that could actually generate a critical eigenmode that

contained two axial half-waves as the dominant mode. A more traditional mechanism to produce

this effect is through the use of ring stiffeners and frames. In fact, the inclusion of only one ring

stiffener for the constant stiffness design shown in Figure3.21 produces an increase in the buck-

ling frequency of over 90%, with the mode shape deforming into two axial half-waves much like

the example of Figure3.15. Therefore, it is concluded that in a practical manufacturing environ-

ment, the use of ring stiffeners is much more effective than the curvilinear fiber format, since the

buckling performance is substantially increased without the added complexity of the manufactur-

ing process required for curvilinear fibers.

0 0.5 1 1.5 2

ξ

0w
1

Constant Stiffness Laminate,  pcr = 6.9131 (9)
VariableStiffness Laminate,  pcr = 7.3676 (10)

Figure 3.21: Mode Shapes of Optimal Designs for External Pressure (Zb ≈ 300)



118

Chapter 4.0 Linear Membrane Solution for a
Cir cumferential Stiffness Variation

This investigation now changes direction ninety degrees by examining the response of cylin-

drical shells with a circumferential stiffness variation. Besides the standard curvilinear fiber for-

mat, the variable stiffness concept now can also incorporate longitudinal stiffeners, including

stringers and longerons, but does not contain ring stiffeners or any variation which will produce

different characteristics of the cross-section anywhere along the length. Since the stiffness now

varies circumferentially, the resulting analysis will contain greater detail in this direction and sim-

plifying assumptions will be used in the axial direction so that one-dimensional solution tech-

niques are still applicable. Unfortunately, the possible simplifications associated with the analysis

in the axial direction are quite limited, with the results that the response is assumed to be basically

constant along the length. At first glance, this severely limits the practical applications of the anal-

ysis, for real structures almost certainly have end conditions which contribute significantly to the

stiffness response. By neglecting these effects, we limit the scope of the problem to either very

long cylinders that do not depend on the boundary conditions, or an approximate solution of only

a thin slice of the cylinder cross-section in which the end conditions are ignored. Fortunately,

there exist opportunities within these restrictions that can still be considered worthwhile for a cyl-

inder with a circumferential stiffness variation. These include (1) the nonlinear Brazier effect for

infinitely long cylinders; and (2) linear stability analysis of cross-sections of short cylinders sub-

jected to general loading that can be considered constant along the length. Of these two options,

the latter choice is the simpler and will be investigated first, while the former case will be studied

in the next chapter.

Therefore, this chapter investigates the linear membrane solution for general loading of a short

cylinder segment with a circumferential stiffness variation. Several remarks regarding the chosen

restrictions for this specific problem should be addressed. Firstly, linear membrane theory is used

since it was shown that it was a good first approximation for the axisymmetric problem in the pre-

vious chapter. The property of membrane theory to disregard the end conditions can also be uti-

lized so that an accurate solution in the axial direction need not be performed. This also removes

the nonlinearity associated with the boundary layer near the ends, so that a linear solution is con-
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sidered adequate. Secondly, since the solution method must already be more complex in the cir-

cumferential direction due to the stiffness variation, loads which produce non-axisymmetric stress

distributions can easily be included. This includes bending moments and shear forces in each

direction. Finally, the restriction that the cylinder segment be short is regulated by the use of clas-

sical membrane theory (discussed in Section2.2.3), and we can therefore choose a segment that is

so short that any beam loads that change along the length can be considered constant. The preb-

uckling solution and stability analysis of such a shell are detailed in the next two sections, and

numerical results and design studies using these analyses are also presented.

4.1 Static Equilibrium

This section presents an analytical solution for the stress state of the shell in terms of the

applied beam loads. Linear membrane constitutive theory is used, and equations for the stress

resultants and average cross-sectional displacements are developed and normalized with respect

to their classical buckling estimations. These quantities represent the prebuckling state of the

shell, which is used to calculate the material failure load and is also needed to estimate stability.

4.1.1 Linear Membrane Solution

The linear membrane solution begins with the specialization of the general governing equa-

tions of Chapter2.0. All expressions are stipulated to be linear, and the constitutive laws follow

classical membrane theory which assumes that the shell only deforms under extension and shear

within the middle surface of the shell. We also include the possibility of beam bending and trans-

verse shear loads in both directions. Under these constraints, the system of equations becomes:

Strain-displacement relations, Eq.(2.20):

(4.1)

Membrane constitutive theory using effective stiffness measures, Eq.(2.68):

(4.2)
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Equilibrium equations, Eq.(2.87)-(2.94):

(4.3)

Boundary conditions Eq.(2.97)-(2.102):

(4.4)

We need not include the boundary conditions for the radial displacement since membrane theory

neglects these constraints. The sign conventions for the possible loads applied to the cylinder seg-

ment are displayed in Figure4.1 for a generic cross-section of a short cylinder segment. Note that

these loads correspond to the assumed directions shown in Figure2.9, where the short cylinder

section is located within the region to the left of the symmetric plane.
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Figure 4.1: Geometry and Loading for Short Cylinder Segment
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The one-dimensional beam equations, given in Eq.(4.3), along with their boundary condi-

tions, Eq.(4.4), can be solved quite simply. These equations conform to a shear force-bending

moment analysis of elementary beam theory:

(4.5)

Note that the momentsMy andMz represent the constant values applied at the ends of the cylinder,

and that Eq.(4.5) holds only for the region to the left of the plane of symmetry in Figure2.9.

Therefore, according to Eq.(4.5), the inclusion of transverse shear forces implies that some quan-

tities must vary in the axial direction. For now, this axial variation of the loads will be allowed,

though later the beam moments will be treated as constant values which exist at a particular axial

location of the beam. These load quantities can also be related to the end rotations applied to the

beam, however to develop these expressions the membrane equations must first be solved.

The solutions for the shell stress resultants are found from the integration of their equilibrium

equations, which are also relatively simple. The third equation of Eq.(4.3) reveals that the cir-

cumferential stress resultantNθ depends only on the pressure, which is considered a constant for

this investigation. Then the derivative ofNθ with respect toθ in the second equilibrium equation is

zero, so that the shear stressNxθ must be only a function ofθ. This fact enables the integration

of Nx in the first equilibrium equation, so that the total solution for the shell stress resultants is:

(4.6)

The only membrane stress that varies in the axial direction isNx, which is expected since this

stress resultant is directly related to the beam moments of Eq.(4.5). As such, we will assume that

this linear variation of the axial stresses is present only for the beam bending response of the

structure, so that the expression for the axial strain  in Eq.(4.1) varies in the axial direction due

only to the variablesκy(x) andκz(x). Thus the derivative involving uo, representing axial extension

of the cross-section, must be only a function of the circumferential coordinate, and for now this

term is assumed to be a constant so that the cross-section displaces uniformly without warping.

This is expressed mathematically as an assumption for the form of the axial displacement:

(4.7)

The middle surface axial strain is then:
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(4.8)

The axial stress resultantNx is found through manipulation of the constitutive equations given

in Eq.(4.2).Nx is expressed in terms of the middle surface axial strain  and the circumferential

stress resultantNθ, equal topR from Eq.(4.6):

(4.9)

Calculation of the total compressive forceF results in the following expression:

(4.10)

For integrals around a closed contour such as these, simplifications can be made when the inte-

grand is known to be “odd” or “even” with regards to a periodic coordinate. An “odd” function,

such as sinθ, has opposite sign aboutθ = 0 andπ, while an “even” function is a mirror image

about these points, like cosθ. An integral around the entire closed contour for an odd function is

always zero, while for an even function it is a constant (possibly zero).

For this investigation, the circumferential variation implies that all stiffness terms are even

functions since they are symmetric aboutθ = 0 andπ, therefore the third integral on the right-

hand side of Eq.(4.10) is zero. Furthermore, the designation of the neutral surface is defined so

that bending (through the beam curvatureκy) does not produce an axial force, therefore the sec-

ond integral must be zero. This defines the reference angle that locates the material centroid of the

cross-section:

(4.11)

The final two integrals on the right-hand side of Eq.(4.10) contain even functions as integrands

and therefore are non-zero, so that Eq.(4.10) becomes

(4.12)

The symbol (EA) represents a measure of the global axial stiffness of the variable stiffness struc-

ture, and is a constant for a circumferential stiffness variation. Eq.(4.12) thus relates the global

end displacement of the cylinder to the loadsF andp. Of course, only one of the parametersU
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or F can be stipulated at the end of the cylinder, and the other must be found according to

Eq.(4.12). Some special cases also deserve mentioning. If the forceF is zero the cylinder pos-

sesses a “free” end, since the axial stresses at the end are absent, and the displacement of the

cross-section due to the Poisson effect is found from Eq.(4.12). Alternatively, a “fixed” end con-

dition may be present, which corresponds to a prescribed value ofU, and the axial force is deter-

mined using the same equation. Closed ends cylinders also possess the possibility of a

“hydrostatic” pressure, which generates a circumferential stress as well as an axial stress due to

the resultant force acting on the ends. For this case, the end condition is considered “free” and the

value of the axial (compressive) force with respect to the internal hydrostatic pressure is found

from elementary mechanics asF = -pπR2. Due to these possibilities of load definition, and since

the end displacementU and end loadF can be easily interchanged using Eq.(4.12), the loading of

the cylinder for the linear membrane solution will usually be defined by a given value ofF, and

the global displacement calculated only when needed.

Using the expression for the axial forceF just derived, the axial stress resultant is

(4.13)

The last term in this equation, containingpR, deserves some discussion. For cylinders without

stiffness variation, the expression within the brackets is zero, so that the axial stress resultant does

not depend on internal pressure, as expected (the discussion here is distinct from the “hydrostatic”

case discussed earlier, which introduced the axial load due to pressurization through the forceF).

For variable stiffness structures, however, a general circumferential stiffness variation may pos-

sess a contribution of axial stress from this pressure. This is due to the stipulation that the cross-

section displaces uniformly without warping, as assumed in Eq.(4.7). If an internal pressure is

applied to the cylinder, the Poisson effect produces a “free” strain in the axial direction which var-

ies circumferentially following the definition ofνxθ(θ). However, this “free” axial strain is not

necessarily constant around the circumference, so that demanding that the cross-section does not

undergo warping requires the presence of axial stresses to produce a constant axial strain around

the circumference. These axial stresses introduce a complication, for they also may produce a

resultant beam bending moment for the simple case of internal pressure. Therefore to remove this

unwanted possibility, the cross-section will be allowed to warp in violation of Eq.(4.7). This

effectively removes the last term involving the pressure in Eq.(4.13) without changing any other

expressions, except that the end displacementU should now be considered theaverage end dis-
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placement of the cross-section.

The calculation of the global beam response is now completed in a similar manner. The defini-

tion for My(x) in terms ofNx, as given in Eq.(4.13) with the pressure terms removed, yields:

(4.14)

The first integral on the right-hand side is zero according to the definition ofθref in Eq.(4.11),

while the third term has an odd function as an integrand and therefore vanishes when evaluated at

the limits. A similar situation arises for the calculation ofκz andMz, so that the curvatures become

(4.15)

The bending stiffness terms(EIy) and(EIz) introduced in Eq.(4.15) are constants for a given cir-

cumferential stiffness variation, and represent the global bending stiffnesses of the cylindrical

structure about each axis. If desired, the definitions for the cross-sectional rotations (Ωy, Ωz) and

beam deflections (az, ay) can be found through straightforward integration using Eq.(2.3)-(2.5)

along with their associated boundary conditions from Eq.(4.4). For our purposes in this problem,

we will use the force quantities to introduce the loading, so that the definition of the axial stress

resultantNx is now fully defined along the length of the shell as

(4.16)

The first equilibrium equation of Eq.(4.3) can now be used to determine the shear stress

resultantNxθ, which is only a function ofθ.

(4.17)

Basic integration yields:

(4.18)
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C1 is a constant of integration and represents the value of the shear stress atθ = 0. Note that the

periodicity of the functionNxθ(θ) is satisfied since both integrals evaluated around the whole cir-

cumference are zero, as shown earlier, so thatNxθ(0) = Nxθ(2π). The unknown constant must be

evaluated through the application of the integral equations involving the torque:

(4.19)

Integration by parts is performed on the first two integrals. The first is found to be zero, while

the second becomes a constant expressed as

(4.20)

Therefore the value ofC1, which represents the shear stress resultant present at the top of the cyl-

inder (θ = 0) is

(4.21)

This answer is somewhat expected, since the shear stress produced by the horizontal forceVy

should be non-zero at the top and bottom, while the contribution there from the vertical shear

forceVz should be zero. In fact, the integral involving the horizontal force in Eq.(4.21) has

another meaning: it determines where the shear stress due to a horizontal force is zero. This loca-

tion is termed the shear center of the cross-section, and is defined as the point through which a

transverse shear force must act so that it does not produce any twist, much like the reference angle

θrefseparates the force and moment of the axial loading. For many structures (most typically ones

with material symmetry aboutθ = π/2), the location of the centroid and the shear center coincide,

though for general circumferential stiffness variations they may have unrelated values. Determi-

nation of the location of the shear center is accomplished by insisting that the shear flow produced

by a transverse beam force does not produce a resultant twist of the cross-section. For a vertical

shear force, this location is found to be atY= 0 due to symmetry, while for a horizontal force the

shear center reference angle must follow the relation:
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(4.22)

Then the location of the shear center is (Y = 0, Z = Rcosθsc). Though not as concise as the defini-

tion of the neutral surface reference angle, it is still a solvable equation once the stiffness distribu-

tion is defined. Using this notation, along with the value forC1, yields:

(4.23)

Eq.(4.23) can be made even more concise by noting that the integral equations actually repre-

sent the first moments of area, weighted by the axial stiffness, of the variable stiffness cross-sec-

tion. Therefore, we can define these quantities much like the global axial stiffness and moment of

inertia parameters:

(4.24)

so that the equation for the shear flow Nxθ can be written in the traditional form of elementary

beam theory as:

(4.25)

It can be shown that this shear stress distribution also correctly satisfies the relations:

(4.26)

which represent the resultant shear forces applied to the beam in each direction.

The final equation to consider involves the relationship between the applied torque and twist

of the cylinder. Here we again will use theaverage amount of twist of the cross-section, since

local warping does exist due to an applied pressure discussed earlier as well as shear warping

from the transverse beam forces and torsional loads. For this simple result, however, we will

ignore these secondary effects to find the torsional stiffness of the structure. The torque defined in

terms of the shear stress resultant has already been used, and is given in Eq.(4.19) as

(4.27)
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To relate this to the twist of the cross-section, the constitutive relations are used to express the

shear stress resultant in terms of the middle surface shear strain, which is a function of the circum-

ferential displacement only since we are neglecting the ability to warp:

(4.28)

These equations correspond roughly to Eq.(4.7)-(4.12) for the compressive load and end shorten-

ing, and are expressed in their final form after integration as

(4.29)

This equation is merely the elementary mechanics solution for a cylinder under torsion, where

(GJ) represents the torsional stiffness of the variable stiffness cylinder.

To review the linear membrane solution derived in this section, the expressions for the middle

surface stress resultants and global displacements of the cross-section are repeated here in terms

of the fundamental loads and stiffness measures:

(4.30)

4.1.2 Normalization with Respect to Classical Buckling Estimates

Normalization of these expressions is completed in the traditional manner with respect to their

classical buckling values. However, it should be pointed out here that many buckling estimates are

formulated by assuming a “smeared” skin with constant stiffness parameters that include the

effect of the closely spaced stiffeners. This method tends to overestimate the stiffness of the shell

and leads to poor estimates of the buckling load. In this investigation, the estimates are based on

the average stiffness quantities of the skin only. For general stiffened shells, the buckled mode

shape usually occurs with the skin bucklingbetween stiffeners, so that smearing the effective stiff-

ness of the stiffeners into the parameters determining the classical buckling estimates will surely

provide significant error. Therefore, to accurately estimate when such a stiffened structure reaches

its critical value due to skin buckling, we assume that the (a) the axial strain of the structure is the
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same as that of the skin, and (b) longitudinal stiffeners do not carry any of the circumferential and

shear loads. These assumptions makes it possible to compute the corresponding stresses in the

skin in relation to the stresses of the total structure. The applied loads become unstable when the

maximum skin stresses attain their critical values as calculated from the classical solutions of

Section1.2.2. Of course, since it is assumed that only the skin buckles, this critical stress must be

located where no stiffener is present. However, for the purpose of normalization it is merely

assumed that such a location is present, and the buckling values can then be calculated for the

structure in terms of its global stiffness and geometric parameters. The classical buckling esti-

mates for the middle surface stress resultants are given by Eq.(1.4) [ ], Eq. (1.8) [ ], and

Eq.(1.14) [ ] in terms of the averageskin stiffness, denoted by a hat, which for a circumferen-

tial stiffness variation is calculated as:

(4.31)

The first calculation is for buckling due to a compressive axial force. The axial strain for the

structure is given in brackets in the first equation of Eq.(4.30), and according to assumption(a)

above this strain must be equal to the strain in the skin. The critical buckling value for this strain

occurs when the stress resultant in the skin reaches its classical value, where the stress-strain rela-

tionship between the skin stress resultant and strain is approximated using the average values. The

solution for the critical end displacement for an unpressurized cylinder is also included:

(4.32)

The value of the critical force is then easily calculated by equating the strains:

(4.33)

For buckling of a cylinder due to pure bending, an approximation first introduced by Seide &

Weingarten85 is utilized. By solving the eigenvalue problem associated with bending of unstiff-

ened isotropic circular cylinders of various radius-to-thickness ratios, they discovered that the

buckling value of the moment occurs when the maximum bending stress is equal to the critical

value of the cylinder under axial compression. A detailed discussion of the implications of this

discovery will be presented in Section4.4.1, so that for now this generalization will only be used

to find the critical bending load. Therefore, applying the results of Seide & Weingarten in terms of

the maximum compressive strain of the structure results in a similar method to find the critical
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moments that was used for the axial force. Equating the maximum compressive strain of the struc-

ture (which occurs at the top, bottom, or one of the sides of the cross-section according to the

direction of the beam bending moments) to the corresponding critical value for axial compressive

strain from Eq.(4.32) results in the following classical estimates for the beam bending moments:

(4.34)

To make this expressions more concise, nondimensional moments of inertia are defined as:

(4.35)

where the effective longitudinal modulus has been normalized with respect to the stiffness proper-

ties of the skin:

(4.36)

Thus the final form for the critical moments is

(4.37)

Note that for constant stiffness laminates the normalized moments of inertia are equal to unity.

Buckling due to an external side pressure (“side” implies that the pressure produces only cir-

cumferential stress, so that the axial stress associated with hydrostatic pressure for a closed end

cylinder does not exist) can be found easily from the second equation of Eq.(4.30). Since the skin

is assumed to carry all of the circumferential loads, the classical buckling pressure is merely

(4.38)

Lastly, for torsion and shear force loading, the skin is assumed to carry the majority of the

shear stresses, which vary as per Eq.(4.30). Furthermore, since the effect of the laminate

stiffnessesD16 andD26 are ignored due to the use of membrane constitutive theory, then the sign

of the applied loads does not matter. Thus for a constant shear stress produced by the application

of an axial torque, the classical buckling value of the load and end twist is simply

(4.39)
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For the vertical and horizontal beam forces, the shear stress of Eq.(4.30) is not constant but

varies around the cross-section of the shell. To determine when this stress state becomes unstable,

an assumption similar to the one used for cylinders under pure bending must be introduced. Few

studies of a cylinder buckling under a constant beam shear force have ever been presented in the

literature, for the most basic reason that the presence of the beam force produces an axial bending

moment that increases linearly along the length and which usually dominates the buckling

response. However, for very short cylinders under such a loading condition, Schröder86 has shown

that the critical buckling mode is dominated by these shear stresses. Further investigation of the

resulting eigenvalue problem for an unstiffened cross-section under a constant beam shear force

reveals that its formulation very closely resembles the one originally used by Seide &

Weingarten85 for the study of buckling under pure bending. Therefore, it is conjectured here that a

similar result should occur for shear loading: that instability due to a transverse shear force occurs

when the maximum shear stress is equal to the critical value of the same cylinder under a constant

shear stress. As will be shown in Section4.4.1, this hypothesis does hold true for short cylinders.

Therefore, all that is needed for the calculation of the critical buckling load due to a transverse

shear force is to find the maximum values of the resulting shear stress from Eq.(4.30), and equate

it to the critical shear stress resultant for skin buckling. The maxima occur atθ = θref andθ = 0 for

a vertical and horizontal shear force, respectively, and nondimensional first moments of inertia are

also defined for ease of expression. Thus the classical estimates are expressed mathematically as

(4.40)

where the normalized first moments of inertia are

(4.41)

Thus the solution for the stress resultants and end displacements using classical membrane

theory for cylinders with a circumferential stiffness variation is expressed as:

(4.42)
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4.2 Stability Estimate using Membrane Prebuckling Solution

The equations governing the stability of the equilibrium state represented by Eq.(4.42) are

derived in this section. The energy method formulation, outlined in Section2.3.4, will be used

with the specialization of a circumferential stiffness variation with constant loads in the axial

direction. Since the equilibrium equations are based on classical membrane theory, the prebuck-

ling deformations are neglected and the stability estimate takes the form of a linear eigenvalue

problem in terms of the perturbed displacements. The strain-displacement relations for these per-

turbed variables are:

(4.43)

These expressions, along with the prebuckling stress resultants given in Eq.(4.42), are inserted

into the integral for the total potential energy, Eq.(2.109). Integration is then carried out analyti-

cally using the Rayleigh-Ritz technique to form the matrices for the eigenvalue problem. Even

though the loads are considered constant in the axial direction, the mode shapes are assumed to

vary sinusoidally along the length, much like the buckled state of the axisymmetric problem pos-

sessed harmonic waves in the circumferential direction. The assumed displacement field is:

(4.44)

The parameterβ corresponds to the axial frequency, and it can be infinitely valued or depend on

the number of half-waves along the length of a finite length shell. Its value must be chosen so that

the resulting eigenvalue is a minimum. Also note that for the expansion of Eq.(4.44), four modes

must now be used (instead of two for the axisymmetric stability problem) due to the presence of

anti-symmetric terms for the general loading of a cylindrical shell. When the integral for the total

potential energy is evaluated, it can be easily shown that the axial variation of the mode shape is

sufficiently represented solely by the parameterβ. Thus any arbitrary mode shape with an axial

frequency β can be completely defined through the form of Eq.(4.44), with the appropriate

boundary conditions applied for each function ofθ. These circumferential boundary conditions
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are chosen so that modesI andIII  represent a symmetric mode about the vertical line(θ = 0, π),

while modesII  andIV are anti-symmetric about this line.

In the axial direction, the possibilities for the boundary conditions are not as general. For most

cases (those without shear loading and with smallD16 andD26 stiffness terms), modesI andIV

dominate the response, resulting in the perturbed radial displacementw1 varying as a sine func-

tion in the axial direction. If the value ofβ is constrained to be an integer multiple of a fundamen-

tal frequency, which depends on the geometry of the shell, then for this mode shape the end

conditions can be shown to adhere to the S2 condition atx = 0, L. The choice ofβ for this scenario

implies that an integer number of half-waves exist along the length, and can be written as:

(4.45)

However, for the most general case, the buckled mode shape consists of (at least) two modes with

equal magnitude, for instance ||I|| = ||II || for a cylinder under torsion. Thus the perturbed radial dis-

placement is not zero atx = 0, L as it is for loading by normal stresses. Therefore, for loads

involving shear (and laminates with large coupling terms through theD16 andD26 stiffness param-

eters), the end conditions do not restrict the radial deformation of the cross-section at the ends and

allow substantial warping. This analysis therefore provides a lower bound of the buckling load,

which should increase with the added constraint of the end restraint. An estimate of the error asso-

ciated with this warping violation was presented in Section3.5.2 within the discussion of buck-

ling under torsion. These results must be taken into account whenever shear effects are a

significant part of the loading. Further discussion concerning the correct choice ofβ and its appli-

cability to realistic boundary conditions is presented in Section4.4.1.

Insertion of the assumed form for the displacements into the stability equations generates a

system of linear ordinary differential equations with variable coefficients, which is denoted as

(4.46)

Note that the loading matrices have been separated in terms of the dead and live loadings, which is

allowable since the prebuckling solution and the eigenvalue problem is linear. The 3×3 sub-matri-

ces are similar to the ones given in Eq.(3.22) for the axisymmetric buckling problem, and their
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mathematical expressions are supplied in AppendixB.2. The normal stress loading sub-matrices,

symbolized asNs andNa in Eq.(4.46), now also include the beam moment about the horizontal

axis, while the shear sub-matrixS similarly contains the load attributed to a shear force in the hor-

izontal direction. These loads, along with the axial force, pressure, and torque, are symmetric

about the vertical line(θ = 0, π), and can thus be fully defined by modesI andII  of the buckled

shape. The addition of theVα andMα sub-matrices in Eq.(4.46) need to be included for the anti-

symmetric loading introduced by a vertical beam force and a bending moment about the vertical

axis, respectively, and thus require additional modesIII  andIV to fully model the behavior. If a

stiffness distribution that was not symmetric about the line(θ = 0, π) was allowed, additional

terms in the stiffness portion of the matrices would appear in place of the zeroes.

The eigenvalue problem for the general loading of a circumferential variable stiffness cylinder

is represented by Eq.(4.46). The numerical solution of this large system is completed using the

power method along with either the finite difference technique or the Rayleigh-Ritz method. A

discussion of both of these numerical methods, along with a comparison between the two solu-

tions, is presented in AppendixA.

4.3 Material Failur e Results for Curvilinear Fiber Paths

The results for the material failure loads of cylinders utilizing a circumferential stiffness vari-

ation that is produced by curvilinear fiber paths are presented in this section. These results are

meant to mimic the analysis of Section3.4.1 concerning the material failure loads of cylinders

with an axial stiffness variation. However, one discrepancy exists between these two discussions.

In the last chapter, the axisymmetric static equilibrium solution was robust and considered the

correct application of the boundary conditions and the subsequent generation of a boundary layer

near the ends. When a circumferential stiffness variation is used, the analysis is limited to mem-

brane constitutive theory, thus the static solution represented by Eq.(4.42) does not include the

boundary layer effect. This results in slight deviations between the critical values of the material

failure loads. Fortunately, these errors do not significantly detract from the basic nature of the fail-

ure scenarios, even though the membrane theory solutions usually overestimate the correct mate-

rial failure load.

The material failure results will be conducted for a one link curvilinear fiber path definition

that is symmetric both vertically and horizontally within the cross-section. This translates into the

existence of two variables to describe the circumferential stiffness variation:T0, the fiber orienta-

tion angle at the top and bottom of the cross-section; andT1, which is the value at the sides

(θ = ±90°) In the parlance of the linked line segment definition displayed in Figure2.6, the varia-
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tion can be described mathematically through Eq.(2.58) as:

(4.47)

The cylindrical shell is assumed to have a [±ϕ]6s layup withR = 24″. Besides the basic axisym-

metric loadings of pressure, axial force, and torsion, the circumferential analysis can also incorpo-

rate beam-type loads applied to the cross-section, therefore this section will also include the

results for a bending moment about the horizontal axis and a vertical shear force.

4.3.1 Axisymmetric Loading

For a cylinder cross-section with a circumferential stiffness variation, the stress resultants in

terms of the three basic axisymmetric loads are expressed in nondimensional form as

(4.48)

For an axial compressive force, the stress resultant varies circumferentially according to the local

values of the axial stiffness parameter. For stiffer regions, the axial stress is larger than for areas

with a low axial stiffness so as to produce the same axial strain for all locations. This can be

thought of as carrying the loads in “parallel”, as opposed to the case of an axial stiffness variation

in which the axial stresses resisted the loading in “series”. Intuitively, this implies that the circum-

ferential stiffness variation possesses a greater chance of improving the load-carrying perfor-

mance of a shell under an axial load, since the stiffer regions, which are usually the strongest as

well, carry a greater fraction of the loads. This is demonstrated by the results shown in Figure4.2,
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which plots the material failure loads for axial compression versus the fiber orientation angle def-

inition for both constant and variable stiffness cylinders. This figure is the analog to Figure3.4,

which employed an axial stiffness variation for the same cylinder geometry and loading. The

“weak link” philosophy that dominated those material failure results is no longer evident. Instead,

Figure4.2 reveals that the addition of stiffer regions (corresponding to a0° fiber orientation

angle) always increases the material failure load of the structure by transferring a fraction of the

stresses away from the weaker regions. A corresponding plot of strength versus axial stiffness is

shown in Figure4.3, revealing that both the strength and the stiffness are improved for most

designs (compare the results to Figure3.7). Unfortunately, the results of Figure4.2 and Figure4.3

indicate that a constant stiffness laminate withϕ = 0° is still the stiffest and strongest when com-

pared to the variable stiffness possibilities, however this result is considered a major consequence

of the simplistic stacking sequence and the unsophisticated one link variation of the fiber orienta-

tion angle. Slightly improved results have been found for more general designs that utilize curvi-

linear fibers for cylinders under axial compression.

For the remaining cases of a cylindrical shell under the axisymmetric loads of internal pres-

sure and torsion, Eq.(4.48) reveals that the corresponding stress resultants are constant around the

circumference of the shell. It should be noted, however, that this is the correct solution for variable

stiffness shells only when the boundary conditions in the axial direction allow warping (as dis-

cussed in Section4.1.1). When warping is negated, some secondary effects are produced for both

load cases, predominantly in the form of non-axisymmetric axial stresses. These effects will be

0 0.2 0.4 0.6 0.8 1

Axial Stiffness, (EA)/(E12πRH)

0

1E+06

2E+06

3E+06

M
at

er
ia

lF
ai

lu
re

L
oa

d,
F

M
F

(l
bs

)

Constant Stiffness
VariableStiffness

Figure 4.3: Failur e vs. Stiffness for Axial Compr ession



Chapter 4.0 Linear Membrane Solution for a Circumferential Stiffness Variation

136

ignored here. Consequently, the circumferential and shear stress resultants can be considered con-

stants, which implies that no redistribution of the stress field is produced by the variation of the

stiffness parameters. Under this scenario, the results for the material failure loads correspond

closely to the solutions obtained with an axial stiffness variation, which are displayed in

Figure3.5 and Figure3.6. Since the loads are the same for all locations around the circumference,

the fiber orientation angle that is most susceptible to material failure for the given loading condi-

tion limits the strength of the laminate. Thus the “weak link” concept holds true, and no improve-

ment is exhibited by the variable stiffness concept under these loadings.

4.3.2 Non-axisymmetric Loading

The most likely scenario that will produce significant improvement through the use of the

variable stiffness concept is for loads which vary spatially throughout the structure. Until now, the

only loads considered have been axisymmetric in nature and have not been allowed to vary in

either the axial or circumferential directions. Inclusion of non-axisymmetric loads, such as basic

beam loading that produces normal stresses on the top and bottom of the cross-section and shear

stresses on the sides, provides an excellent avenue for improving the performance of the structure

by designing a variable stiffness laminate that can respond optimally to the local stress state. For

instance, Figure4.4 shows the material failure loads of constant and variable stiffness laminates

under a pure bending moment about the horizontal axis. As with the axial compression case, the

constant stiffness laminate withϕ = 0° generates the highest critical load since the stresses pro-

duced from the loading are exclusively axial. However, now there are several variable stiffness
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designs that rival the material load value of this optimal case. For the variable stiffness designs in

general, significant improvement is exhibited by laminates that possess relatively stiff regions at

the top and bottom of the cross-section (represented by smaller of values ofT0). This is to be

somewhat expected, since it is well known that a structure designed with axially stiff regions posi-

tioned farthest from the neutral axis will perform excellently under bending. A comparison of the

material failure loads in Figure4.4 with respect to the global bending stiffness of the structure is

supplied in Figure4.5. Note that now there exists some laminates that have equivalent stiffnesses

to constant stiffness structures, yet higher material failure loads. This is quite an advantage for the

designer, for it allows greater freedom to satisfy possible stiffness and strength constraints that

may exist for a typical optimization problem.

As a final example, the material failure loads for a vertical shear force are displayed in

Figure4.6 as a function of the fiber orientation angles. For this loading case, the stresses are

exclusively shear and are a maximum at the sides of the cross-section (theT1 location). The best

resistance to the shear stress is a layup constructed of±45 plies, as exhibited by the curve for the

constant stiffness laminates. However, the distribution of the shear stresses, calculated using the

membrane solution of Eq.(4.42), depends heavily on the variation of the stiffness terms. For some

of the variable stiffness designs, the circumferential stiffness variation redistributes the stress and

lowers the value of the shear stress at the sides, thereby producing a design that possesses a larger

material failure load when compared to the constant stiffness laminates. This is an excellent

result, for it proves the effectiveness of the variable stiffness concept when applied to loads that
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vary spatially throughout the structure. For loading of this type which depends heavily on the val-

ues of the stiffness parameters, the dominant loads can be effectively spread out across a larger

area of the cross-section, so that the resulting stresses are reduced and the structure can withstand

greater loads until material failure.

4.4 Buckling Results

The results in the previous section have shown that with regard to material failure, a circum-

ferential stiffness variation does exhibit improvement over constant stiffness laminates for load

cases in which the stiffness variation is able to redistribute the stresses. Such results must also be

demonstrated for buckling failure, since for many structures stability is the determining failure

mechanism. Therefore, this section investigates the buckling behavior of short cylinder segments

with a circumferential stiffness variation. Firstly, some general discussion regarding the correct

choice of the axial buckling frequency β and its importance on several load cases is discussed.

Variable stiffness laminates utilizing curvilinear fiber paths are then considered to determine their

relative worth under all loading cases. Lastly, the stability of stiffened structures that utilize

stringers and longerons is discussed to provide a comparison of these traditional structures to the

novel designs of the variable stiffness concept. An in-depth optimization study is subsequently

performed in the next section that utilizes all of the variable stiffness concept possibilities.

4.4.1 General Loading of Constant Stiffness Structures

This section discusses the basic nature of the buckling mode shapes for the five basic types of

loading shown in Figure4.1. Some of the introductory and background information on this topic
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appears in Section1.2.2, since the classical buckling solutions use analytical methods on which

these numerical solutions are based. However, there are some additional details that deserve full

discussion so as to illustrate the applicability and reliability of the stability estimations presented

in this section. Recall that in the formulation of the buckling eigenvalue problem, the axial

frequency β is an additional unknown and must be determined by the numerical technique. It was

shown in Eq.(4.45) that the choice of the parameterβ in the assumed axial variation of the dis-

placements is often determined by the length of the cylinder section. This determination is largely

based on practical applications of the theory. For instance, shell structures usually possess end

conditions which restrict the radial displacement through attachments to sturdy ring stiffeners or

frames, therefore choosing a value ofβ that guarantees a suitable boundary condition at each end

lends more credence to the solution. Similarly, there exists the theoretical concern that the mem-

brane prebuckling solution is only valid for short cylinder sections, which implies that the value

of β must be large. However, the numerical procedure actually places no restriction on the value

of β, so that the correct theoretical choice for theβ parameter is one which renders the eigenvalue

to be a minimum. Thus some investigation of the relationship between the critical eigenvalue and

the axial frequency β is warranted.

A plot of the eigenvalues for the five major beam loading cases versus the axial frequency

parameterβ is shown in Figure4.7. These results are for an isotropic skin withR/H ≈ 2000, and
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the loads are normalized with respect to their infinite length values. For general loading, these

infinite length classical estimates can be formulated through the equations of Section4.1.2 for

each load case by using the infinite length values of  given in Section1.2.2 for

the classical stress resultant buckling values. For realistic (finite length) structures, the

parameterβ is expressed as

(4.49)

whereβmin depends on the size of the cylinder andm is an integer representing the number of half-

waves along the length. For instance, the dotted vertical line in Figure4.7 representsβmin for a

short cylinder segment withL/R≈ 0.25, and thus the only possible values forβ would coincide

with integer multiples of the minimum valueβmin.

The first problem to examine is the effect that the parameterβ has on the buckling load under

the basic loading of external pressure. The curve denoted by the dash-dot line in Figure4.7 repre-

sents this relationship, which begins at unity for small values ofβ and rises dramatically as the

axial frequency increases. The value of one for smallβ is expected, for this is the normalized clas-

sical buckling solution for an infinite length cylinder corresponding toβ = 0. Increasing the value

of β is analogous to increasing the frequency of the mode shape, which can be construed here as

decreasing the effective length of the cylinder. It was earlier shown in Section1.2.2 that for a pres-

sure load, the mode shape will always attempt to achieve the lowest value ofβ = βmin, so that only

one half-wave will exist in the axial direction. It was also shown that decreasing the length tends

to increase the number of circumferential waves present in the buckled mode shape. This is

reflected in the series of ripples within the curve of Figure4.7. Each ripple corresponds to a cer-

tain value of the circumferential wave numbern, which increases as a positive integer as the value

of β rises. Whenβ becomes sufficiently large, the distinction between successive modes of differ-

ing circumferential wave numbers disappears, so that the dependence of the eigenvalue on the

exact circumferential wave numbern is eliminated. It should also be noted that the value ofβ, and

thus the length-to-radius ratio of the cylinder, has a dramatic effect on the size of the eigenvalue.

Therefore, to determine thecritical eigenvalue for buckling under external pressure, an estimation

of the length of the cylinder must be known. If the structure is sufficiently long, then the cylinder

can be approximated as a ring under external pressure and the eigenvalue will coincide with the

classical buckling estimate. For most practical structures, however, end conditions are present and

only one half-wave will exist along the length, thus the value of the axial frequency will be

β = βmin and the eigenvalue and number of circumferential waves are determined numerically.

Note that these conclusions substantiate the increased buckling performance of ring-stiffened cyl-
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inders under external pressure that was shown in the optimization results of axisymmetric cylin-

ders, since the ring stiffeners effectively reduce the length of the cylinder segment so that the

buckling load increases dramatically. However, these conclusions also reveal that a similar

increase for structures with a longitudinal stiffeners may not exist. This is due to two related rea-

sons: the fact that the circumferential stiffness variation has no effect on the effective length of the

cylinder; and the existence of eigenmodes with similar values ofn that possess closely related

eigenvalues, so that altering the circumferential mode shape will not improve the buckling load.

The next basic loading case to consider is axial compression. The relationship between the

critical eigenvalue and the axial frequency β for a compressive axial force is denoted in Figure4.7

by a solid line. As with the external pressure case, the resulting curve is characterized by succes-

sive ripples that represent different circumferential wave numbers of the buckled mode shape.

Note that for the smallest values ofβ, the curve begins as a monotonically increasing line. This

line actually represents classic Euler buckling of the cylinder as a column corresponding to one

wave in the circumferential direction. For such a mode shape, the structure does not undergo the

typical pattern involving wrinkling of the shell, instead the cross-section displaces in the trans-

verse direction as a rigid body and the cylindrical structure deforms globally as a buckled column.

It should be emphasized that classical cylinder equations using DMV strain-displacement equa-

tions cannot capture this “global” buckling phenomenon, but that Sanders shell theory can calcu-

late this possible mode of buckling due to its greater accuracy for deformations dominated by

slow circumferential variation. This fact is further demonstrated in Figure4.7 for the next few

successive waves of the curve, where the inaccurate DMV theory would not predict the presence

of eigenvalues below the normalized value of unity. Of course, asβ increases, so does the number

of circumferential waves in the buckled mode shape, thus for larger values of the axial frequency

the two theories agree. For isotropic materials, the increase in the number of circumferential

waves in the buckled shape reaches a maximum near the pointβ = , and then the variation in

the circumferential direction decreases until the point β =  is reached. Above this value, the

resulting mode shape is axisymmetric, meaning that no circumferential waves exist in the circum-

ferential direction and the buckled cylinder is characterized by axial waves produced by the

expansion and contraction of the radius of the cross-section. The results for non-isotropic materi-

als may deviate slightly, as discussed in Section1.2.2, since orthotropic materials possess differ-

ent qualities with respect to their critical eigenvalue and resulting mode shapes.

For realistic structures withβ > βmin, the eigenvalue versusβ curve for an axial compressive

force resembles a horizontal line up to a particular value of the axial frequency (which corre-

sponds to the classical buckling frequency ). This implies that many different mode shapes
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exist for nearly identical values of the buckling load. This feature of coincident modes is distinc-

tive to cylinders loaded under axial compression, and is a significant factor in the high sensitivity

of such structures to shape imperfections, as discussed in the last chapter. For our numerical tech-

nique of eigenvalue estimation, these coincident modes do not present a problem, since the solu-

tion process relies on finding the integer multiple ofβmin that produces a minimum value of the

eigenvalue, and therefore any of the closely spaced eigenvalues would suffice. For more compli-

cated variable stiffness structures, the resulting relationship betweenβ and the numerical eigen-

value may not be as simple, therefore the search for the critical buckling load usually starts at

β =  since that value is characteristic of the skin of the shell structure.

The foregoing discussion with regard to the buckling of cylinders under axial compression has

direct relevance to the next loading case: pure bending. As alluded to earlier in this chapter, land-

mark work in this area was first completed for isotropic cylinders by Seide & Weingarten85 using

a numerical solution technique that conforms exactly to a Rayleigh-Ritz solution of the governing

equations that are presented here. Their conclusion was that buckling of a circular cylindrical

shell occurred when the maximum bending stress equaled the critical stress for a cylinder under

axial compression, and also that the variation of the deformed mode shape in the axial direction

corresponded to the classical frequency estimate under compression, namely. This claim was

substantiated through the calculation of eigenvalues for pure bending in tabular and graphical

form as a function ofβ, much like the curve shown in Figure4.7 for an applied moment. Several

R/H values were investigated, with all cases producing similar curves as the one shown (though

their curves differed slightly for smallβ since they employed DMV theory instead of Sanders).

One can easily see in the figure that their claims hold true: the eigenvalue, which was normalized

with respect to this Seide-Weingarten criteria, has a minimum value of one at the pointβ = .

These results are, in general, applicable to any general orthotropic shell (excluding, of course,

ones with any spatial stiffness variation), though the location of the minimum and the critical

value of the buckling load may differ slightly for some orthotropic laminates according to the dis-

cussion presented in Section1.2.2. Further comparison of the relationships of an axial compres-

sive force and a bending moment with respect to the axial frequency β reveals that above the value

of , the curves actually coincide. This property is quite useful in practical applications, since

determining the critical buckling load for axial compression, is, in general, simpler than calculat-

ing the eigenvalue for pure bending. This phenomena will be used extensively in Chapter5.0 and

Chapter6.0 to estimate the buckling load of complex structures under pure bending.

The final two cases to consider from Figure4.7 involve shear loading in the form of torsion

and a transverse shear force. Of course, the results for shear loading must be augmented with the
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comments concerning warping allowed at the ends. It was shown in Section3.5.2, Figure3.18

that the correct application of the radial restraint at the ends produces an eigenvalue that can be as

much as three times the “classical” value that is calculated here. Therefore these general results

for shear loading must be considered inaccurate except for general trends and order of magnitude

estimations. Bearing this in mind, the relationship for torsion with respect to the axial buckling

frequency is denoted in Figure4.7 by the dash-dot-dot line. The curve possesses a minimum value

atβ = , where the cylinder deforms into the traditional shape of two circumferential waves (as

displayed in Figure1.7). The value of the critical load then steadily increases with the familiar

rippled pattern, with the increased value ofβ again producing higher values of the circumferential

wave number, much like for the external pressure case. This is expected from our earlier discus-

sions and results. Though not as significant as for the external pressure loading, the presence of

frames that effectively increase the value ofβmin does lead to a similar increase in the buckling

load under torsion.

The last load case of Figure4.7 represents buckling by a transverse shear force, and is desig-

nated by the shorter dashed line. For smallβ, the estimated buckling load approaches zero, which

represents a numerical anomaly associated with the rigid body displacement of the cross-section.

However, these results are immaterial, for buckling under a transverse shear force should only be

considered for short cross-sections (large values ofβ), since it can be shown that longer cylinders

are invariably unstable due to the beam moment produced by the transverse shear force. Thus, the

only realistic results for this case are for values ofβ greater thanβmin, and the figure reveals that

this relationship approaches that of torsion as the axial frequency is increased. This discovery is

directly analogous to the axial compression and bending moment relationship first discovered by

Seide & Weingarten. In fact, the formulation of the numerical equations for the determination of

the buckling loads for both of these pairs of load cases is quite similar, so that these results are, in

fact, expected. To illustrate the correlation further, the buckling modes under torsion and a vertical

shear force are shown in Figure4.8 forβ = βmin. Note that the cylinder section is short (the figures

are actually elongated slightly to highlight the features along the length), and that the simple sup-

port boundary conditions at the ends are not satisfied and allow significant warping (as explained

in Section4.2). The mode shape for the cylinder under torsion is characterized by a number of

helical waves traversing the length of the cylinder, where the number and spacing of the waves are

uniform around the circumference of the cross-section. Conversely, the cylinder loaded by a verti-

cal shear force produces a mode shape that only has a few of these circumferential waves, located

where the shear stress is the highest. Also note that the frequency of the buckled mode shape for

the shear force corresponds to that of the torsional case in both the circumferential and axial direc-
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tions. Thus it can be deduced from these results that the calculation of buckling of short cylinder

sections under a transverse shear force can be approximated by determining when the maximum

shear stress reaches the critical value for buckling under torsion, since the local area containing

the maximum shear stress is identical for both load cases. This discovery corresponds to the

Seide-Weingarten criteria for cylinders under bending. An example of this for a more complicated

stiffened structure is presented in Section4.4.3.

4.4.2 Curvilinear Fiber Paths using One Link Variation

The possible improvements of the buckling loads for a cross-section using a circumferential

stiffness variation are investigated in this section. The results are presented in the form of contour

plots of the five basic buckling loads as a function of the endpoint fiber orientation angles using a

one link variation. Specific examples of the deformed cross-section are also included for each

case to highlight the relevant mechanism that governs the behavior. The particular geometry of the

cylindrical shell is as follows:

(4.50)

This corresponds to theZb ≈ 50 size used in the last chapter. The basic trends of the results should

apply to all short and thin cylinders, so that individual optimization of the buckling loads is not

deemed necessary.

Figure 4.8: Buckled Mode Shapes for Torsion and Vertical Shear Force,β = βmin
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External pressure. The level curves of the buckling pressure (normalized with respect to the

best constant stiffness laminate) are shown in Figure4.9 as a function of the endpoint anglesT0

andT1. The optimal design is for a constant stiffness laminate withϕ = 90°. The plot is symmetric

about the diagonal constant stiffness line, which is to be expected since the periodic nature of the

cylinder in the circumferential direction generates a solution that should be interchangeable with

respect to the endpoint valuesT0 andT1. This symmetry should also be exhibited for the axial

compression and torsion cases, since none of these scenarios have a bias for any direction perpen-

dicular to the cross-section. The external pressure case offers no improvement over the constant

stiffness laminates, even for designs with a large stiffness variation. This can be attributed to the

fact that for shorter cylinders, the mode shape contains many circumferential waves. Since the

pressure load is constant everywhere around the circumference of the cross-section, the critical

buckling mode produces the greatest deformation at the location with the least resistant stiffness

properties. This deformation can be quite localized, since the circumferential buckling frequency

is relatively high. For instance, the deformed cross-section for a typical variable stiffness cylinder

is shown to the right in Figure4.9, along with its buckling load and the number of axial half-

waves in the mode shape (the buckled waveform also contains a sinusoidal variation along the

length of the cylinder, though only the cross-section is shown here for simplicity). Note how the

deformation is confined to the sides, where the 15° fiber orientation angle is the weakest under

pressure. This is a classic example of the weak link concept, where failure occurs at the location
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of least resistance. The presence of the weak link concept is also indicated by the shape of the

level curves in the contour plot. Due to this phenomena, it is concluded that there is no possible

improvement for short cylinders under a (constant) external pressure using a circumferential stiff-

ness variation.

Axial Compression. For the axial compressive case, the solution is similar but not as straight-

forward. Due to the variation of the stiffness, there is some redistribution of the axial stresses

since the stiffer regions carry a larger fraction of the loads. Failure still usually occurs where the

stiffness parameters offer the least resistance to buckling, however the value of the stress at this

critical location can now be altered since the stresses depend on the stiffness variation. For exam-

ple, the level curves of the axial buckling load for the variable stiffness designs in terms of the

endpoint angles is displayed in Figure4.10. The critical values are normalized with respect to the

maximum constant stiffness laminate, located nearϕ = 21°. The results indicate that no variable

stiffness laminate exists that offers an improvement to this design, and the contour lines also show

quite a variation of critical load for designs with a large stiffness variation. The example variable

stiffness cylinder shown in Figure4.10 would seem to indicate that the weak link phenomenon is

present, since the buckling deformation is localized to the sides of the cross-section. However,

examination of the contour plot reveals that the weakest constant stiffness design under buckling

occurs closer toϕ = 45°. If the weak link concept rules the response, this would result in the
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deformed cross-section having the largest deformation where the fiber orientation angle

equals45°, which is marked with the symbol× in the figure. Instead, due to the circumferential

stiffness variation the stiffer regions at the sides bear more of the axial load and becomes the crit-

ical buckling region, while the45° areas are not as highly stressed and therefore do not buckle.

Therefore, the concept of carrying the loads in parallel tends to improve the performance of vari-

able stiffness laminates, though the relative increase shown for this specific geometry and lami-

nate stacking sequence does not exist.

Torsion. Under a torsional load, the results agree almost exactly with the external pressure

case. The weak link effect can be easily deduced from the plots shown in Figure4.11. Again the

high frequency of the buckled shape coupled with the constant value of the shear load around the

circumference results in the mode shaping itself to the weakest link in the stiffness variation. The

deformed cross-section indicates the region with the largest buckling deformation, where it is

implied that this mode shape varies in a helical fashion around the axis of the cylinder (as indi-

cated by Figure4.8). No improvements are expected for this load case.

The three previous load cases indicated no improvement possibilities for the one link curvilin-

ear fiber definition. This was mostly due to the weak link concept and the fact that the loads con-

tained no preferential direction within the cross-section. The next two load cases, pure bending

and a transverse shear force, do possess a bias in the loading direction which restricts the buckling
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deformation to a certain area. Therefore, correct variation of the stiffness parameters should pro-

duce a relative increase in load carrying capability by either redistributing the largest stresses

away from these critical areas or by significantly altering the buckling deformation.

Pure bending. The level curves and an example deformed cross-section for a one link vari-

able stiffness cylinder under pure bending is displayed in Figure4.12. The first thing to notice is

that the maximum buckling load corresponds to a variable stiffness laminate, and in fact there are

actually two distinct maxima with similar critical values. The example to the right represents one

of these optimal designs. The variation of the stiffness is such that the area with the largest stress

(at the bottom) possesses a fiber orientation angleT0 = 75° that produces a stacking sequence that

is quite resistant to buckling. Meanwhile, the linear variation of the fiber orientation angle to 30°
at the sides produces an area near the bottom that contains fiber orientation angles that are much

more susceptible to axial buckling, and therefore the maximum deformation of the critical mode

shape is moved away from the region of highest stress. As one would expect, this significantly

increases the global buckling value, since the stresses produced at the buckled region are not as

large as those at the bottom. This feature of restricting the deformation at the point of highest

stress is analogous to the presence of a “node” at that location. This will be discussed in a bit more

detail in Section4.4.3, since the idea of a node to improve the buckling load is traditionally seen

through the use of stiffeners. It is actually quite promising that the curvilinear fiber format can
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approximate this phenomenon so easily, and this will be taken advantage of further during the

design of fuselage structures under bending. In general, the improvement under bending is

achieved through this aforementioned mechanism of limiting the deformation at the point of max-

imum stress along with constructing a design that possesses a high bending stiffness.

Transverse shear force. For this last example, the force is assumed to act in the vertical direc-

tion across the cross-section. The results are displayed in Figure4.13. The optimal design is for a

variable stiffness cylinder. Also note the presence of many horizontal lines as level curves in the

plot at left. These indicate that for many designs the buckling load is independent of the value

of T0. This is somewhat expected, since the shear stresses are maximum at theT1 location and the

fiber orientation angles tend to follow the weak link concept under shear loading (as shown by

load case of torsion). However, once the value ofT1 corresponds to a fiber orientation angle that is

resistant to shear buckling, the variable stiffness designs display improvements over their constant

stiffness counterparts. The reason is that the stiffness variation controls the distribution of the

shear stresses, therefore a proper variation should reduce the maximum stress at the critical loca-

tion and increase the load required to produce instability. This is evidenced by the example cross-

section at right, in which the buckling deformation is spread out over a larger area than for typical

shear force buckling (see Figure4.8). However, due to the helical type deformation pattern associ-

ated with buckling under shear, the curvilinear fiber format cannot produce sufficient stiffness
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variation to enable a node to occur at the point of maximum stress. However, the results shown

here do represent a definite possibility for improvement over traditional straight fiber laminates.

4.4.3 Stiffened Structures

The distinguishing aspect of this study is the inclusion of spatial stiffness variations within the

shell structure, usually through the inclusion of curvilinear fiber paths. However, traditional stiff-

ened structures, such as the one displayed in Figure4.1, can also be regarded as “variable stiff-

ness” due to the significant addition to the stiffness properties wherever a stiffener is present. Thus

a discussion of this traditional stiffening mechanism is included. For these examples, the structure

will contain fifty evenly spaced stringers around the circumference, and the skin will be con-

structed of an isotropic material. Though the inclusion of composite materials with ply drops and

curvilinear fibers may also be of interest, the basic concepts illustrated here remain the same.

The first example involves the application of a horizontal bending moment to the stiffened

structure. The resulting stresses within the shell structure are axial only, and are distributed

between the thin skin and the discrete axial stiffeners according to Eq.(4.30). This equation is

repeated here in its normalized version as

(4.51)

where the normalization is completed with respect to parameters associated with the skin. For the

structure under consideration, this relationship between the axial stress resultant and circumferen-

tial location is shown in Figure4.14 for the critical buckling load of the structure. As expected,
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Figure 4.14: Axial Stress Resultant Distribution for Stiffened Fuselage under Bending
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the stringers act as discrete jumps in the stiffness distribution and produce spikes in the curve.

Meanwhile, the stress within the skin follows the basic cosine relationship experienced by unstiff-

ened structures. These results lend credence to the use of the variable stiffness concept for these

types of membrane loading, for the stress relationship shown in Figure4.14 corresponds correctly

to the most basic method of determining the ratios of stresses between stiffeners and skins for tra-

ditional stiffened structures. The buckled mode shape for this cylinder cross-section under a hori-

zontal bending moment is displayed in Figure4.15. Note how the skin has buckled between the

axial stiffeners, but that the sturdy stringers, which carry the majority of the axial stresses, do not

undergo any substantial buckling deformation. This is a perfect example of stiffeners acting as

nodes, and indicate why stiffeners are so effective in conjunction with thin shells.

Similar correlation between the variable stiffness membrane solutions and basic first-order

approximations can be exhibited under transverse shear loading. The governing equation for the

unnormalized shear stress resultant is given as

(4.52)

This represents the shear flow of the cross-section under a transverse vertical shear force, and cor-

responds to the sheet-stringer analysis used in the field of mechanics of materials. Illustration of

Neutral axis
Symmetric axis
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Figure 4.15: Buckled Mode Shape for Stiffened Fuselage under Bending
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this relationship of the shear flow of the stiffened structure under consideration is shown in

Figure4.16. The shape is roughly sinusoidal, with small slope discontinuities located at the

attachments of the stiffeners. In the classical sheet-stringer solution, these discontinuities are rep-

resented as vertical lines, since the stringers are assumed to carry none of the shear stresses and

their attachment area with the skin is assumed to be infinitely small. However, the variable stiff-

ness analysis improves upon the theory with regard to both of these remarks. Firstly, though the

stiffeners are still assumed to possess negligible resistance to shear, the skin underneath the stiff-

enercan carry these shear loads. Furthermore, the area over which the stiffener is attached is eas-

ily modeled under the techniques of the variable stiffness concept, so that the variation of the

shear stress can be accurately portrayed within this region using the equations of Eq.(4.52).

The buckled mode shape for a short cylinder segment under the shear stress distribution of

Eq.(4.52) is shown in Figure4.17. Again note that the sturdy stiffeners remain undeformed and

that the buckling is limited to the skin sections between the stiffeners. Furthermore, compare the

axial and circumferential wavelengths of the buckled skin to those of the unstiffened cylinder

under a vertical shear force in Figure4.8. Though the skin is the same material and thickness for

both cases, the buckled mode shapes actually differ quite substantially. This is due to the fact that

the axial stiffeners tend to act as “nodes”, which are points of zero displacement for the buckled

shape. It is easily apparent in the deformed shapes presented here, for both the applied bending

moment and the vertical shear force, that this conclusion is warranted. Therefore, the presence of

a sufficiently sturdy axial stiffener implies a node which, in general, alters the calculation of the

critical eigenmode and eigenvalue of the structure. For example, the mode shape shown in
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Figure4.17 differs from the unstiffened case shown in Figure4.8 since a higher frequency is

needed in the circumferential direction to take into account the closely spaced stiffeners. This

higher circumferential frequency, in turn, alters the value of the axial frequency parameterβ that

generates a minimum value of the buckling load. Therefore, though the stiffeners do not carry any

substantial amount of shear stress, their presence can contribute to the buckling resistance under

shear loading by serving as nodes in the deformed shape. This is also true under bending, where

the circumferential variation of the buckled shape must provide for nodes where stiffeners are

present, as revealed in Figure4.15, which alters the desired buckling shape and increases the crit-

ical eigenvalue. This phenomenon of a stiffener acting as a node also exists for basic axisymmet-

ric loading, however for these constant load cases there exist so many mode shape possibilities

that the presence of the stiffeners does not appreciably alter the eigenmode and thus does little to

improve the buckling performance.

4.5 Design of Fuselage Cross-section for Minimum W eight

The analysis developed in this chapter is now applied to a realistic design problem that prom-

ises great possibilities for improvement. The specific problem to be studied is the design of a

generic narrow body fuselage cross-section for minimum weight, where the cross-section is fabri-

cated using traditional skin/stiffener arrangements as well as the novel variable stiffness concept

utilizing curvilinear fibers. Optimization results for isotropic (aluminum) and composite materials

Figure 4.17: Buckled Mode Shape for Stiffened Structure under Shear Force
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(graphite-epoxy) are both included. Though this study is intended to be as realistic as possible to

actual loading conditions and design methods of aircraft fuselage structures, some inherent

approximations will also be invoked to facilitate the design study.

4.5.1 Design Criteria for General Aircraft Fuselage

The possible loading conditions experienced by aircraft components during flight is usually

defined by a “flight envelope” or “V-n diagram”, which classifies various flight maneuvers in

terms of the airspeedV and a load parametern. This load parameter represents the acceleration

imposed upon the airplane by the aeronautical maneuver, and is most often expressed in terms of

the gravitational constantg. Thus, “1g” flight represents steady-state flight, whereas typical dives

and pull-ups are denoted as -1g and 2.5g, respectively. Usually, these accelerations are computed

from the dynamics of the moving body and are then applied as equivalent static forces on the

structure. This convention is also adopted here, and some simple assumptions concerning the

resultant forces are employed so that the loading conditions under various maneuvers can be cal-

culated from the load parametern. Thus the design criteria for the flight envelope can be repre-

sented in terms of this load factor, and a linear relationship of the loading is assumed.

For example, the design criteria for a typical structural element of an aircraft in terms of the

load parametern is expressed graphically in Figure4.18. The horizontal axis represents some dis-

placement or strain quantity, such as curvature of the fuselage or deflection of a wing tip, and the

vertical axis denotes the load factor that is present due to the aeronautical maneuver. Note that the

load-displacement relationship is shown here to be bilinear, where the change in slope occurs at a

possible buckling point and the reduced stiffness of the post-buckled configuration produces a dif-
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ferent load-displacement relationship. If the structural component isnot allowed to buckle (for

example, an aerodynamic control surface), then the load-displacement curve will follow a straight

path denoted by the dotted line in the figure. To satisfy the minimum requirements of the aeronau-

tics industry, major structural components must be able to withstand a 2.5g limit load without

inducing critical failure. For complete certification, the structure must also prove that a 3.75g

load can be attained, however this requirement is seldom used in the design process and is usually

satisfied by a one-time static test of a complete aircraft. Therefore, for our purposes the limit load

of n = 2.5g is considered the actual design load of the aircraft.

However as implied earlier, for some structural components buckling is not considered critical

failure, thus enforcing a buckling constraint at this limit load of 2.5g will result in significantly

heavier components and increased weight of the aircraft. Designers have therefore utilized the

post-buckling strength of stiffened structures for non-control surfaces of the aircraft, such as the

fuselage, so that the industry requirements are achieved while the component can be designed to

be as light and efficient as possible. It should be noted though that designing with respect to a

bifurcation load is quite dangerous when one is dealing with shells. This practice will often pro-

duce optimal designs which possess coincident buckling modes at the same load level, and this

can lead to increased imperfection sensitivity that can result in catastrophic failure of the structure

at loads well below the desired design levels. Thus, instead of the bilinear path shown in

Figure4.18 that denotes a measure of post-buckling strength, some designs may exhibit a drastic

downward trend after the bifurcation point and will never attain the desired limit load. However,

to include a post-buckling analysis to accurately analyze this possibility is beyond the scope of

this investigation, as well as impractical for optimization studies since the nonlinear post-buckling

analysis is quite involved. Even using a first approximation for the post-buckling response, which

involves estimating the reduced stiffness of the buckled skin in the post-buckling region, is not

practical, for the tools to calculate the altered properties of the stiffened shells do not exist in a

practical formulation. For the most part, the designs presented here include stiffeners in most

cases, thus we can assume that some post-buckling strength exists for the structure (which is not

true for unstiffened shells). Once the optimization results are complete, the final designs can then

be analyzed using more advanced tools to determine if the assumed post-buckling strength actu-

ally exists.

With regard to these comments, the proposed design criteria for the fuselage structure will be

approximated in an extremely crude manner with respect to the post-buckling response. Designs

will be constrained to be resistant to bifurcation buckling up to 1g flight conditions, and the post-

buckling response will not be estimated. With regards to material failure, the structure will be
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assumed to follow the dotted path in Figure4.18 up to the 2.5g flight condition, which assumes

that the post-buckling response of the structure has the same load-displacement relation and that

there is no redistribution of the stresses within the cross-section. This proposed method is consid-

erably non-conservative, in the fact that a design that can withstand the loads under these assump-

tions may very easily fail in the post-buckled regime due to the altered distribution of the stresses.

However, without a complete post-buckling analysis this solution is the best approximation avail-

able for the desired design criteria.

Lastly, the loading represented by Figure4.18 constitutes a pull-up maneuver of the airplane.

To be complete, the fuselage must also be designed to conform to two other constraints, namely a

burst pressure due to the pressurization of the fuselage, and a backload of -1g for a dive maneu-

ver. Other maneuvers that generate side loads and torque on the fuselage will not be considered at

this time, for experience has shown that it is the bending loads due to these symmetric maneuvers

that usually govern the design. This deviates considerably from realistic design, for these addi-

tional load cases contribute greatly to the non-bending aspects of the fuselage, yet they will be

ignored here since some limit on the case studies must be defined so that greater detail can be

directed toward the investigation of the variable stiffness concept.

4.5.2 Loading Conditions for Fuselage Cross-section

The last section determined the relevant flight conditions that will be used as constraints for

the fuselage design. However, these conditions must also be translated into effective loads that act

on the cross-section and that can be analyzed using the techniques developed here. To this end, we

will assume that the fuselage structure can be approximated as a beam, and the corresponding

shear forces and moments are calculated by traditional methods that will not be included here. For

this investigation, these methods are based on an approximate solution given by Niu87 (example

problem 5 on pages 78-79 of his text) for a generic narrow body aircraft.

The basic loads on an aircraft that result from a symmetric pull-up maneuver are shown in

Figure4.19, along with the corresponding shear and bending moment diagrams when the fuselage

is treated as a beam. The load denoted asnW in the figure corresponds to an equivalent static force

generated by the centrifugal acceleration of the pull-up, and is in terms of the weight of the air-

craft and the load factorn (a symmetric dive maneuver would be expressed with the centrifugal

force acting in the upward direction). This load acts at the center of gravity of the aircraft. There

also exists a lift and moment due to the aerodynamic characteristics of the wing. Their magnitudes

depend on many aerodynamic parameters including the airspeed, wing shape, angle of attack, and

altitude and are usually calculated from wind tunnel tests. They are assumed to act at 25% along
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the major chord length of the wing, and are thus denoted byL0.25 andM0.25, respectively. Finally,

the tail wing has an associated forcePt which must be present to preserve equilibrium of the air-

craft. These are the major forces that contribute to the stress state of the fuselage. Of course, other

forces do exist, such as a tail wing moment and distributed forces along the fuselage due to the

weight of the aircraft and aerodynamic pressure, however due to their relative size they will be

neglected here.

In general, the fuselage is divided into three parts: the forward fuselage; the section connected

to the wing; and the aft fuselage which includes the horizontal and vertical tail. Examination of

the shear force and bending moment diagrams of Figure4.19 reveal that the nature of the loads

differ substantially for each section. Furthermore, it is obvious that the forward fuselage is the

least critical, since there are no major flight loads that act on this section. The center section, on

the other hand, must withstand major loads due to the connection with the main wing, and subse-

quently this section is designed to be more robust than the rest of the fuselage so that the increased

stress states can be handled efficiently. This leaves the aft section, which obviously undergoes sig-

nificant bending due to the flight loads, and which will be the critical location for our study. Of

course, as mentioned elsewhere the analysis presented in this chapter is only applicable to “short”

cylinders with constant cross-section, so that performing an analysis while taking into account the
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Figure 4.19: Loads and Shear/Bending Moment Diagrams for Fuselage Structure
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beam-like nature of the fuselage cannot be accomplished. Instead, we will concentrate on the

most critical location of the rear fuselage, which is just aft of the connection to the wing, and

apply the corresponding beam forces that exist there to a constant cross-section. In the future,

more advanced designs may be investigated by optimizing the fuselage cross-section at various

stations along the length of the aircraft, though that will not be attempted in this investigation.

The loading displayed in Figure4.19 suggests that the major forces acting on the aft fuselage

consist of a moment about the horizontal axis and a vertical shear force. These loads are directly

related by the length between the wings, denoted byl t, and their magnitudes for the design con-

straints can be found using the approximate analysis referred to earlier (see Niu87). Buckling is

allowed at 1g as mentioned in Section4.5.1. Additionally, the fuselage is assumed to be pressur-

ized and must also satisfy a burst pressure constraint and a backload due to a -1g dive. Therefore,

the relevant load cases for the design of the fuselage are given in Table 4.1:

For cross-sections that are symmetric about a horizontal plane, Case4 is not required since it is

obviated by the constraints of Cases2 and3. The load cases given in Table 4.1 are translated into

a nondimensional load constraint through the use of a safety factor, which is given as

(4.53)

where the failure load is calculated by the analysis and the design loads are given in Table 4.1.

The lowest value ofSF considering each load case is considered critical, and for a design to be

Table 4.1: Load Cases for Fuselage Structure

Case 1 - Burst pressure (material failure only)
• 16 psi internal hydrostatic pressure

Case 2 - 1.0 g Pull-up (buckling failur e)
• 8 psi internal hydrostatic pressure (applied as dead load)
• 9,000,000 lb-in horizontal moment
• 15,000 lb vertical shear force

Case 3 - 2.5 g Pull-up (material failure)
• 8 psi internal hydrostatic pressure (applied as dead load)
• 15,000,000 lb-in horizontal moment
• 25,000 lb vertical shear force

Case 4 - 1.0 g Dive (buckling and material failur e)
• 8 psi internal hydrostatic pressure (applied as dead load)
• -9,000,000 lb-in horizontal moment
• -15,000 lb vertical shear force

SF
FailureLoad
DesignLoad
------------------------------=
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feasible the safety factor must be greater than or equal to unity.

4.5.3 Design Strategy for Optimization of Cr oss-Section

The statement of the problem for the weight minimization of a generic narrow body fuselage

cross-section subjected to the loads given in Table 4.1 is as follows:

(4.54)

In addition to the weight minimization, added preference will be given to designs that exhibit

greater load-carrying capability. Thus two designs that weigh nearly the same can be differenti-

ated by their failure loads. When composite laminates are used in the design process (so that the

stacking sequence is being optimized), it is assumed that laminates are constructed with±45°
plies on the outside of the laminate, for they possess a greater resistance to damage. A penalty is

also applied to laminates that are not balanced (though the symmetric laminate condition is ful-

filled automatically in the design process).

The basic geometry of the cylinder cross-section and the associated axial stiffeners and tear

straps is shown in Figure4.20. The cylindrical shell is approximated as the segment of the fuse-
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Figure 4.20: Geometry of Cross-section and Stiffener Arrangement for Short Segment
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lage structure between successive frames, spaced 20 inches apart. At each stiffener location on the

inside of the cylinder, there exists a tear strap which resists crack propagation and is usually the

same material as the skin, and an approximate inverted hat stiffener. The thicknesses of the tear

strap and stiffener will be given, but otherwise all variables, including the number and location of

the stiffeners, are possible design variables. Other relevant information is supplied in Table 4.2:

The material information is given in AppendixC. Note, however, that the tear strap and the stiff-

ener material as given in Table 4.2 are described as smeared laminates. In this case, the term

“smeared” implies that the stiffness and strength properties of the constituent laminate are repre-

sented as a “new” orthotropic material with the effective moduli, Poissons ratio, and failure

stresses associated with each laminate. Thus a stiffener can be composed of a [±45/0]s laminate

that is molded into the shape of an inverted hat, and the material failure characteristics conform to

the failure of such a laminate that is subjected to axial loads. The calculations for smeared lami-

nates of this type can also be found in AppendixC.

An outline of the optimization strategy for traditional stiffened structures (not utilizing curvi-

linear fibers) is presented in Table 4.3. The choice of the design variables for each specific optimi-

zation case is intended to overlap with the preceding case, in that the optimal solution for the

Table 4.2: Details of Components of Cross-section

Fuselage

Skin
• Minimum gage thickness  (Eight plies for laminate)
• Isotropic material - Aluminum 2024-T3
• Composite material - Graphite-epoxy

Tear Straps
• Standard thickness of , located beneath each stiffener
• Isotropic material - Aluminum 2024-T3
• Composite material - [±45/0/90]s laminate with smeared properties

Stiffeners
• Standard thickness of
• Minimum values

• Isotropic material - Aluminum 7075-T6
• Composite Material - [±45/0]s laminate with smeared properties

L 20″= R 74″=

Hmin 0.036″=

0.036″

0.027″

bmin 1.0″= hmin 0.75″= rmin 0.1″=
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preceding case should always be a possible design for the following scenario. This is done to eas-

ily distinguish which design parameters most greatly contribute toward improved performance.

Note also that the “0” and “4” cases contain no stiffeners, and are mainly used as a baseline and to

determine if the unstiffened configurations are competitive with the stiffened designs. For the

variable stiffness solutions using curvilinear fibers, comparisons are completed with respect to

these constant stiffness composite designs without stiffeners, since the presence of the stiffeners

tends to dominate the response. Further details for the curvilinear fiber designs are provided in

Section4.6.3. All optimization is performed using a genetic algorithm, which easily handles dis-

crete variables such as stacking sequences. Several examples are also provided of the GA coding

information, which is explained in the discussion of the optimization techniques in SectionA.6.2.

Table 4.3: Description of Optimization Cases for Traditional Stiffened Structur es

I: Isotr opic Materials (Aluminum)

I0. Baseline case with no stiffeners. Only design variable is skin thickness.

Constant Skin Thickness Arrangement

I1. For a given number of equally spaced identical stiffeners, design variables are skin
thickness and stiffener dimensions.

I2. Same as Case I1 except that the number of equally spaced identical stiffeners is also
a design variable.

I3. Equal spacing of stiffeners is not required. However, the dimensions of the stiffeners
are chosen using the results of the optimal values from Case I2. From this, a “small”
and “large” stiffener are defined. Predetermined locations around the circumference
of the cross-section are allowed to contain either one of these stiffener sizes, or none
at all. The number of predetermined locations are varied, so that the number of each
size stiffener and their locations around the circumference are unknown, as is the skin
thickness.

Crown/side/keel Arrangement

I4. Baseline case with no stiffeners. Cross-section is divided into three specific areas,
and each can possess a different value of the skin thickness. Design variables include
the section thicknesses and the locations of the transition between sections.

I5. Crown/side/keel arrangement is again used, along with the variable stiffener spacing
of Case I3.

C: Composite Materials with Constant Stiffness Properties (Graphite/Epoxy)

• For composite materials, Cases C0-C5 are repeated with graphite-epoxy materials
used for the structural elements. The major difference that exists is the presence of the
laminate stacking sequence as a design variable in place of the skin thickness. This
occurs for the crown/side/keel arrangement as well, so that each section may have an
independent stacking sequence including the number of plies.
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4.6 Design Study Results

This section provides the detailed results of the optimization studies, divided into three sub-

sections for the isotropic, composite, and curvilinear fiber cases. Comparisons of the design stud-

ies to reduce the total weight of the short cylinder section are summarized in Figure4.21:

The first noticeable result from this figure is the significant weight reduction attained through the

use of composite materials. Though this conclusion is certainly warranted, it should be noted that

the improvement is predominantly due to the lower density of the graphite-epoxy composite

material when compared to aluminum (0.057 lbs/in3 versus 0.100 lbs/in3), as opposed to actual

savings in material volume. Of course, the superior stiffness-to-weight ratio is the motivating rea-

son for using composites in the first place, but it was found in these studies that the total amount

of material required to satisfy the loading constraints was comparable for both material systems.

Another distinguishing aspect of the results of Figure4.21 is the relative improvement for the

traditional stiffened designs starting with Case 3. This is due to the fact that the critical load for

almost every design was bifurcation under bending (Load Cases 2 and 4 in Table 4.1). For this

loading condition, the optimizer strived to place as much material as possible at the tops and bot-

tom of the cross-section to resist the impending instability. However, the early optimization sce-

narios insisted on evenly spaced properties around the circumference of the shell, therefore no

noticeable improvement was found. Case 3 was the first to allow for arbitrary placement of the

stiffeners, which increased the efficiency of the cross-section tremendously. Case 4 utilized the

crown/side/keel arrangement, which offered similar improvements by concentrating the material
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Figure 4.21: Comparison of Weight Optimization Results for All Cases
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at the top and bottoms of the cross-section. It should also be noted that the (unstiffened) curvilin-

ear fiber cases shown in the figure competes extremely well with the traditional structures.

The following three sub-sections provide the remaining details of the optimization studies.

Besides reporting the weight of the optimal design, the safety factors for each load case and the

effective thickness of the cross-section are also reported. The effective thickness is calculated by

smearing the total amount of skin and stiffener material around the cross-section, and it provides a

gauge of total material used.

4.6.1 Traditional Stiffened Structur es (Isotropic)

These results are broken down in terms of the case designation provided in Table 4.3. It is

interesting to note the progression of the optimal solutions as additional design variables are intro-

duced into the system.

Case I0: Constant thickness skin, no stiffeners
Design Variables: H

This case is mostly used as a baseline, for a monocoque isotropic shell is rarely used in a fuse-

lage structure due to its high sensitivity to imperfections. The shell thickness is the sole design

variable, and is transformed from a continuous variable to a discrete one through the following

general equation:

(4.55)

For instance, for the shell thickness variableH the minimum value (from Table 4.2) is 0.036″ and

the step size is chosen as 0.005″. DNA i is part of the coding of the genetic algorithm, and is

allowed to be either 1, 2, or 3. The variable length in Eq.(4.55) represents the portion of the

genetic string that is dedicated to the design variable. For this variable, the length is 4, so that the

first four DNA entries in essence translate into a base-3 integer that determines the final value of

the shell thickness. This strategy is used for all continuous variables. The final results are:

(4.56)

In truth, this case is not ideally suited for a genetic algorithm since the only unknown variable is

continuous in nature and the actual number of designs are limited. However, using the GA for this

case does provides a check on the accuracy of the genetic algorithm. Traditional root finding

methods yield a solution ofH = 0.050535″, which gives evidence to the robustness of the GA.

Variable Minimum Value StepSize DNA i 1–( ) 3 length i–( )×
i 1=

length

∑×+=

H 0.0505″=

W 46.961lbs=

SF1 2.1326=

SF2 0.9994=

SF3 2.2161=

SF4 0.9994=
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Case I1: Constant thickness skin, given number of equally spaced stiffeners
Design Variables: H, b, h, r

The number of equally spaced stiffeners is defined as a constant and then subsequently incre-

mented by ten to cover the whole range of possibilities. The scenario with two stiffeners (one each

at the top and bottom) is also included since it represents a distinct jump from the unstiffened

case. The design variables for the stiffener dimensions (displayed in Figure4.20) are converted

into discrete variable using Eq.(4.55) with appropriate minimal values and step sizes. The results

for this case are displayed in Figure4.22 in the form of a bar graph which plots the total and sub-

component weights as a function of number of stiffeners. All designs were critical with respect to

Load Case 2 (buckling under bending). One can see that two optima exist: one for the two stiff-

ener case which appears to be the global optima; and another local minimum between forty and

fifty stiffeners. In general, the designs with few stiffeners tend to have larger size stringers, while

the many stiffener cases have minimum values for the dimensions. This extreme is reached as the

number of stiffeners increases past fifty, where both the skin and stiffener dimensions are at their

minimum values and no weight improvement is observed.

Case I2: Constant thickness skin, unknown number of equally spaced stiffeners
Design Variables: H, b, h, r, Npairs

This next case is designed to find the optimal designs from Case I1, since now the number of

pairs of stiffeners (pairs due to the vertical symmetry of the cross-section) is also a variable. Two

sub-cases are investigated, which differ by the limits onNpairs. The first case is limited to

0 ≤ Npairs≤ 26, which allows for the possibility of no stiffeners, while the second has higher limits
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Chapter 4.0 Linear Membrane Solution for a Circumferential Stiffness Variation

165

in the range of 10≤ Npairs≤ 36. The results are shown in the following figures:

Note that if equally spaced stiffeners are required to produce a cross-section with no directional

preference, such as when the direction of the maximum bending moment is not known before-

hand, the result shown in Figure4.24 would be the best choice.

Case I3: Constant thickness skin, unknown placement of stiffeners
Design Variables: H, locstiff

The optimal sizes found in Case I2 and shown in the preceding two figures are now used as the

only stiffener size possibilities. This reduces the number of design variables so as to increase the

numerical efficiency of the optimization algorithm. Besides the skin thickness, the only other vari-

able is the placement of the stiffeners. To accomplish the coding of this variable, equally spaced

locations are chosen around the circumference of the cross-section, with the possibility for each

location to contain either a small or large stiffener (using the geometries of Figure4.23 and

Figure4.24) or no stiffener at all. This method proved quite successful for discretizing the design

space, since each location could be represented by one digit in the genetic algorithm DNA string.

Several representative values of possible stiffener locations were investigated, and the optimal

Heff 0.048355″=

W 44.966lbs=

Npairs 1=

H 0.0470″=

b 2.00″=

h 1.50″=

r 0.500″=

Figure 4.23: Optimization Results for Case I2, 0≤ Npairs≤ 26

SF1 1.9848=

SF2 1.0001=

SF3 2.1215=

SF4 1.0001=

Heff 0.048980″=

W 45.547lbs=

Npairs 22=

H 0.0375″=

b 1.00″=

h 0.75″=

r 0.100″=

Figure 4.24: Optimization Results for Case I2, 10≤ Npairs≤ 36

SF1 1.5836=

SF2 1.0052=

SF3 1.9242=

SF4 1.0052=
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design was found for stiffener locations spaced every 5° around the circumference with only small

stiffeners being used. The numerical results and plot of the buckled shape for this design are given

in Figure4.25. As expected, the majority of the stiffeners are located at the top and bottom of the

structure, and serve both to increase the bending resistance of the cross-section and also to serve

as nodes to increase the circumferential frequency of the critical mode shape. Note also the few

isolated stiffeners closer to the sides of the cross-section. Their placement is largely a function of

the optimization algorithm, which is excellent at finding optimal designs in a global sense, but

often lacks the precision for small details that can improve the design. For example, moving the

locations of the remote stiffeners closer to the bottom generates a design with the same weight but

slightly improved (less than 1%) failure characteristics.

Case I4: Crown/side/keel arrangement, no stiffeners
Design Variables: Hc, θc, Hs, θk, Hk

Traditional fuselage designs are frequently constructed in four sections, namely the crown,

two sides, and the keel. This cross-section design usually works best under beam-type loading,

where the crown and keel are designed to withstand the large bending stresses while the sides are

flimsier since they need only withstand the less critical shear stresses. Therefore, the next two

cases incorporate this idea into the fuselage design study, one without stiffeners and the second

with an arbitrary placement of predetermined stiffener sizes (akin to Case I3). The proposed

geometry using this crown/side/keel arrangement is shown in Figure4.26. The design variables

Neutral axis
Symmetric axis
Undeformed
Buckled shape

H 0.0360″=

Figure 4.25: Optimization Results and Deformed Shape for Case I3

Heff 0.041439″=

W 38.535lbs=

SF1 1.5203=

SF2 1.0227=

SF3 1.7356=

SF4 1.0181=
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now include the thickness of each section as well as the transition points between them. The thick-

ness variables possess the same minimum value and step size as usual, while the transition angles

are limited to 25° ≤ θc ≤ 65° and 115° ≤ θk ≤ 155° with a step size of 5°. The optimal design is:

(4.57)

Note the asymmetry of the cross-section about the horizontal axis. This implies that this design is

not the “true” optimum, since a symmetric design that would satisfy theSF2 andSF4 constraints

equally would likely generate a slightly lighter and stronger structure. However, the design shown

here still compares favorably with the stiffened structure of Case I3.

Case I5: Crown/side/keel arrangement, unknown placement of stiffeners
Design Variables: Hc, θc, Hs, θk, Hk, locstiff

This last case combines the crown/side/keel arrangement with the arbitrary placement of stiff-

eners. This is the most general design case for the isotropic material, since all optimal designs

found earlier still exist as possibilities within this design space. Again several choices for possible

stiffener spacing were used. For sparser designs (those with large stiffener spacing possibilities)

both the skin thickness variation and stiffener placement played a role in the optimal designs,

however their total weights were still marginally greater than the design with 5° stiffener loca-

tions. For this case, all thickness variables attained their minimum values and small stiffeners

were employed with similar distributions to those shown in Figure4.25. Thus no significant

improvement was found compared to the optimal design of Case I3.

Y

Z θc

Hs

Hk

θk

Hc

Figure 4.26: Geometry of Crown/Side/Keel Arrangement

Heff 0.039819″=

W 37.028lbs=

Hc 0.048″=

Hs 0.036″=

Hk 0.0515″=

θc 25°=

θk 155°=

SF1 1.5203=

SF2 1.0055=

SF3 1.8604=

SF4 1.0012=
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4.6.2 Traditional Stiffened Structur es (Composite)

The relevant details for each case are shown here. Much of the discussion and initial setup for

these cases are related to the earlier results for the isotropic study presented in Section4.6.1, so

that the conclusions presented here are quite brief to save space.

Case C0: Composite laminate skin, no stiffeners
Design Variables: layup

For composite laminate design, stacking sequence optimization is performed by representing

each lamina as a choice of a 0°, +45°, −45°, 90° fiber orientation angle or an empty ply designa-

tion. The laminate is assumed to be symmetric about the middle surface, so that only half of the

stacking sequence needs to be represented. The genetic algorithm is designed for weight minimi-

zation of laminates so that the empty plies are pushed to the outside of the laminate during the

optimization process so that empty plies do not occur near the middle surface. A penalty function

also exists if the laminate is unbalanced (when the number of +45° plies does not equal the num-

ber of -45° plies) or if it falls beneath the gage thickness (0.036˝ used in this study). Furthermore,

a small bonus is awarded to a laminate that contains a group of±45° plies on the outside of the

laminate, for it has been shown that this aids in damage tolerance of the laminate. Again, this first

case without stiffeners is used as a baseline, yet it also tests the stacking sequence optimization

procedure of the genetic algorithm. The results are:

(4.58)

Note the skin thickness is actually much larger than the corresponding isotropic design (slightly

above 0.05″). The reason that the composite laminate skin cannot attain this decreased value is

that the discrete jumps for stacking sequence optimization are much larger than the step size of

the isotropic skin variable (0.005″). This is due to incorporating practical construction methods

within the stacking sequence designs. Enforcement of balance and symmetry of the laminate

implies that each discrete jump in thickness corresponds to at least two plies of material being

added, and since the nominal ply thickness is 0.005″ this translates into a much larger increase in

weight for each variation in thickness. Thus even though stacking sequence designs with ten total

plies (H= 0.05″) produced a structure with considerable less weight, the inability of these thinner

laminates to sufficiently carry the design loads forced the optimal design to contain two more

plies and, subsequently, considerable more material. This phenomenon of larger step sizes for

composite laminates also appears in the crown/side/keel arrangement for Case C4.

45± 0⁄ 903⁄[ ]S

H 0.060″=

W 31.803lbs=

SF1 1.9802=

SF2 1.0715=

SF3 1.1838=

SF4 1.0715=
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Case C1: Composite laminate skin, given number of equally spaced stiffeners
Design Variables: layup, b, h, r

The corresponding bar graph for the composite material case is shown below:

Most cases were critical with respect to buckling, though the designs with thinner skins often
failed first due to the burst pressure constraint (Load Case 1). Note that no relative minimum
exists for Npairs= 1, mostly due to the fact that the laminate thickness does not decrease. The

decrease in the number of plies is also quite evident, revealing that with a sufficient number of
stiffeners the minimization of the skin weight is critical. The optimal value forNpairs seems to lie

between twenty-five and thirty. As the number of stiffeners increases, the dimensions of the stiff-
eners approach their minimum values as before.

Case C2: Composite laminate skin, unknown number of equally spaced stiffeners
Design Variables: layup, b, h, r, Npairs

This case should isolate the optimal number of stiffeners from Case C1. The numerical results

substantiate this claim, yielding as the optimal design:

(4.59)

Note that the small stiffener geometry displayed in Figure4.24 is also used for this case.
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Figure 4.27: Optimization Results for Case C1

45± 0⁄ 90⁄[ ]S

H 0.04″=

Heff 0.05399″=

W 28.618lbs=

Npairs 27=

b 1″=

h 0.75″=

r 0.1″=

SF1 1.0189=

SF2 1.0034=

SF3 1.3584=

SF4 1.0034=
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Case C3: Composite laminate skin, unknown placement of stiffeners
Design Variables: layup, locstiff

Since the last case only revealed one possible size for stiffeners, the alternate “large” size is

assumed to be the same as for the isotropic case, shown in Figure4.23. The optimal design here

uses this sturdy stiffener to provide increased bending stiffness, and the smaller stiffeners are

employed to alter the shape of the critical buckling mode. The numerical data and deformed shape

for the critical buckling case are given in Figure4.28. The constraint that is most critical here is

for the burst pressure, and depends predominantly on the stacking sequence of the laminate as

opposed to the placement of the stiffeners. Again note the extemporaneous stiffeners located near

the sides, which do little to improve the response. This indicates that slight improvements to this

design likely exist.

Case C4: Crown/side/keel arrangement, no stiffeners
Design Variables: layup, plyc, θc, plys, θkl, plyk

For crown/side/keel arrangements (Cases C4 & C5) using a composite material, each fuselage

section should ideally possess its own stacking sequence. However, the genetic algorithm that is

being used cannot optimize three different stacking sequences at the same time, for it is designed

to push all the empty plies to the outside as if it were one laminate. Thus, the difference in each

skin section is represented by the variableplyk which represents a group of added plies. Each sec-

tion will possess the same base stacking sequence underneath these plies according to the variable

Neutral axis
Symmetric axis
Undeformed
Buckled Shape

H 0.040″=

Figure 4.28: Optimization Results and Deformed Shape for Case C3

45 0 90⁄⁄±[ ]s

Heff 0.04599″=

W 24.376lbs=

SF1 1.0191=

SF2 1.0586=

SF3 1.2135=

SF4 1.0431=
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layup. Eachply variable is represented by two integers (limited to 1, 2, or 3) in the DNA string

and is interpreted in the following manner: the first integer represents the orientation angle of the

added ply, much like the stacking sequence. Here, however, a “3” represents a group of two plies

(±45°) to preserve symmetry and balancing of the laminate. The second digit, when subtracted by

one, defines the number of plies added, so that multiple thickness possibilities exist. For example:

(4.60)

Of course, this method is unable to represent the most general definition of stacking sequences for

the crown/side/keel arrangement, which possibly contributed to the poor results for this case. The

optimal design for this case did not possessany added plies for any of the fuselage sections, and

in fact the base stacking sequence was identical to the solution for Case C0. It is believed that the

limited possibilities of stacking sequences, due to the inclusion of only 0°, ±45°, and 90° fiber ori-

entation angles, was the main reason for these results, for it is shown in Section4.6.3 that this

geometry can show remarkable gains if the ply angles are given greater flexibility .

Case C4: Crown/side/keel arrangement, unknown placement of stiffeners
Design Variables: layup, plyc, θc, plys, θk, plyk, locstiff

This last case did incorporate the combination of added plies and stiffener placement. The

results for the optimal design are shown in Figure4.29. Note the added plies in the crown of the

21 90° 0 addedplies, no thicknessincrease( )→
32 45± ° 1 addedgroup,→ thicknessincreaseof 2 tply( )

Neutral axis
Symmetric axis
Undeformed
Buckled shape

H 0.050″= plyk 0°=( )

H 0.040″=

Figure 4.29: Optimization Results and Deformed Shape for Case C5

45 0 90⁄⁄±[ ]s

Heff 0.04483″=

W 23.760lbs=

SF1 1.0191=

SF2 1.0786=

SF3 1.3266=

SF4 1.0181=
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cross-section. The extra thickness there compensates for the lack of a stiffener in the middle of the

symmetric wave of the buckled shape. The weight of this design is lower than any other result,

however it is believed that greater improvements than this design exist if greater flexibility in the

stacking sequences is available.

4.6.3 Variable Stiffness Skin Designs

The inclusion of curvilinear fibers within the framework of this design problem promises to

generate significant improvement over traditional constant stiffness skins. However, the results of

the previous design studies have revealed that the major factor for weight minimization is the size

and placement of the longitudinal stiffeners, and that for most optimal designs the skin thick-

nesses gravitate toward their minimum values and thus contribute little to the performance of the

structure. Therefore, if stiffeners are included as design variables, they will most likely dominate

the response and the flexibility of the variable stiffness skins will never come into play. Thus this

section concentrates on unstiffened shells that utilize curvilinear fibers or the crown/side/keel

arrangement to see if these designs can compete with the traditional structures. Though the mono-

coque shells are somewhat impractical due to their lack of postbuckling strength, these design

studies should give a basic indication if the curvilinear fiber format is desirable.

Case V0: Curvilinear Fiber Formats
Design Variables: n, T0, locs

These cases involve the use of curvilinear fibers within the stacking sequence of the laminate.

The variables used to define the variation of the fiber angle areT0 and the change of the fiber ori-

entation angle at equal spaces around the circumference. To make the solution easier to complete,

stacking sequence optimization as done in Cases C0-C5 will not be completed. Instead, the results

from these cases are used to determine the basic stacking sequence. Therefore. the possibilities for

the stacking sequences of variable stiffness plies are limited to

where the value ofn can be 0, 1, or 2. This significantly increases the performance of the GA,

since stacking sequence optimization produces a large number of design possibilities.

The path of the curvilinear fiber is defined by a base angle at the top of the cylinder (T0), and

changes to the fiber orientation angle at equally spaced locations around the circumference (locs).

It is formulated this way for one major reason: the manufacturing constraints for the maximum

curvature of the fiber path is known. If the fiber orientation angle at each location was allowed to

attain whatever value it desired, then, in general, this manufacturing constraint would often be

ϕ± 0⁄ 90n⁄[ ]s
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violated, resulting in the analysis of many designs that are infeasible. However, by defining the

stiffness variation in terms of thechange in the fiber orientation angle, we can automatically sat-

isfy the manufacturing constraint by limiting the size of the change to the acceptable value.

For example, the most basic consideration would use the base angle at the top of the cylinder,

and two locations around the circumference (see Figure4.30). The GA genetic string contains

variables that define the base angleT0 and the linear change of angle at each endpointlocs1 and

locs2. The angles at the endpoints thus depend on the magnitude of the preceding value, and are

constrained to be to be either a positive, negative or zero change. The magnitude of the change of

the fiber orientation angle is either the maximum allowable due to the curvature constraint or 15°,
whichever is smaller. Increasing the number of locations around the circumference should then

provide a general solution for the fiber orientation angle variation.

The results for all possibilities of curvilinear fibers produced a laminate with the same stack-

ing sequence and weight, therefore the results are depicted as a percent increase of the load over

the constant stiffness case (buckling due to bending was the critical load case constraint for all

designs). However, now this constant stiffness case has more opportunities for ply angles (since it

is based onT0 instead of being assumed to be 45°). The result for a constant stiffness laminate is:

(4.61)

The rest of the designs are shown as variations of the stiffness (solid lines) and fiber orientation

angle (dotted lines) along with their relative increase in load carrying capability in the following

table:

Y

Z

locs1

locs2

T0

Figure 4.30: Description of Curvilinear Fiber Definition
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As one can see, the optimal designs gravitate toward an “I-beam” type structure which possesses

large resistance to axial stresses at the top and bottom with shear dominated regions in the middle.

The load-carrying capability can be increased even further (over 10%) by using additional links in

the curvilinear fiber definition, though the shape is quite similar to the one shown for the 16 link

variation. Also note how these designs compare with the traditional stiffened structures as sum-

Table 4.4: Optimization Results for Composite Skin with Curvilinear Fibers

2 Segments - Increase = 0.50% 4 Segments - Increase = 1.83%

8 Segments - Increase = 3.95% 16 Segments - Increase = 9.03%
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marized in Figure4.21. The total weight is certainly competitive, while the 10% increase in the

factor of safety demonstrates the worth of this concept for fuselage structures.

Case V4: Crown/Side/Keel design
Design Variables: n, Tc, θc, Ts, θk, Tk

This final solution conforms to Case C4 except now the stacking sequence can change in each

section due to the greater possibilities for the±ϕ ply. Each section possess a base angle that is

independent of the other, and the transitions between the sections are again additional unknowns.

The results are presented in graphical form in Figure4.31. Note how the extra flexibility of the

stiffness variation generates a design that is greatly superior to the Case C4 result and that the

added plies are not even needed. Slight improvements to this design are also possible by allowing

the fiber orientation angle to vary within each section.

In summary, this section has demonstrated that the variation of the fiber orientation angle

through curvilinear fibers or a crown/side/keel arrangement can produce unstiffened shells that

show comparable performance to traditional stiffened structures. Investigation of the postbuckling

response of these designs is needed in the future to determine if the designs are able to withstand

the total load range as displayed in Figure4.18, though it is believed that some longitudinal stiff-

ening is required. Thus the combination of axial stiffeners with variable stiffness skins of this type

should produce fuselage cross-sections that exhibit minimum weight with possible improvements

in load-carrying capability.
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Figure 4.31: Optimization Results for Variable Stiffness Crown/Side/Keel Arrangement
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Chapter 5.0 Bending of Infinite Length
Cylinders including the Brazier Effect

Attention is now focused on cylinders with a circumferential stiffness variation that are long

enough so that the end conditions can effectively be ignored. The analysis of the previous chapter,

employing classical membrane constitutive theory and ignoring the bending boundary layer of the

shell near the ends, does not apply for longer cylinders due to the limitations of the constitutive

theory. As discussed in Section2.2.3, to accurately reflect the behavior of long cylinders the cir-

cumferential bending of the cross-section must also be included, thus this section will use semi-

membrane constitutive theory. Furthermore, since we are now dealing with long cylinders, the

loads cannot be assumed as constants for the particular axial location under examination, as was

done in the previous chapter. Instead, the loads mustbe constant, else the configuration of an infi-

nite length shell does not make sense. Therefore, the presence of transverse shear loads is not

allowed, and to make the solution simpler the investigation will only include bending with respect

to one plane. The presence of beam bending also introduces the possibility of the Brazier effect,

which is an interesting nonlinear phenomena for long tubes under bending that must be included

if infinite length cylinders are being considered (see Section1.2.3 for a discussion of the physical

mechanism of the Brazier effect). The governing equations of Chapter2.0 were formulated with

this nonlinearity in mind, so that this section will employ the full nonlinearity of the governing

equations to solve the Brazier problem.

Therefore, this chapter begins with the nonlinear static solution of the Brazier problem for

infinite length tubes under bending. Auxiliary loads of internal pressure and an axial force are also

included, though the main emphasis is on the bending load. Two stability analyses are formulated,

one a thorough nonlinear estimation from a perturbation of the prebuckled state, while the second

approximate solution is based on a “maximum buckling stress” criterion and is applicable only to

constant stiffness structures. Comparisons between these two solutions, as well as to the classic

Brazier solution, are also presented, and some basic optimization is performed to determine lami-

nate layups that can best resist this type of nonlinear deformation. The effect of stacking sequence

and pressure on the nonlinear behavior is also discussed. Lastly, some basic results using variable

stiffness laminates is presented.
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5.1 Nonlinear Static Solution

An approximate analysis of nonlinear bending of long tubes, which is based on the original

linearized solution of Brazier42, is often considered suitable for cross-sections that do not have a

variation of stiffness around the circumference. However for more complicated structures, cir-

cumferential distributions of the bending stresses and stiffness parameters can create complex

deformation patterns which cannot be accurately analyzed with the simple mode of deformation

assumed by Brazier. Therefore, an accurate variable stiffness solution must fully account for the

arbitrary stiffness variation and high nonlinearity. Here it is also assumed that the cylinder is infi-

nitely long, or possesses “greased” end conditions which allow full freedom of the cross-section,

so that the specialization of the governing equations can be completed by including the nonlinear

terms associated with significant cross-sectional deformation while neglecting any changes in the

axial direction. This stipulation implies that the stresses and strains do not change along the length

of the cylinder and are only a function of the circumferential coordinateθ. Note, however, that

some displacements may still be a function of the axial coordinate since the strains depend on the

derivatives of the displacements.

The basic geometry of the cross-section, along with the relevant coordinate directions and dis-

placement components, is shown in Figure5.1. The axial coordinate with its corresponding

displacementu° acts in the out-of-the-page direction. The principal displacement variable used in

this solution is the inextensional rotationω, which was first introduced in Section2.1.3. It can be

defined in terms of either the cylindrical (v°, w°) or rectangular displacements (φ, ψ) whenever the

ζ φ,

ψ η,
θ

θ

v°
w°

ω

Figure 5.1: Geometry of Cross-section for Infinite Length Cylinder
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cross-section is considered to deform inextensionally. In such a state, application of the nonlinear

Kirchhoff-Love assumption and the condition of inextensionality to the strain-displacement rela-

tions results in the following simplifications to Eq.(2.20):

(5.1)

Note that the rectangular displacementφ, which is a function ofω through Eq.(2.35), is used for

the axial strain instead of the usual cylindrical displacements. Further simplification of Eq.(5.1) is

possible since these strain quantities are assumed to be only a function ofθ. In particular, the axial

and circumferential displacements can be decomposed into two portions, only one of which

depends on the axial coordinate. The dependencies onx must be linear so that the axial and shear

strains remain functions ofθ, so that these two displacements are written as

(5.2)

These expressions correspond roughly to the decompositions involving the average cross-sec-

tional displacements used in the membrane solution, much like Eq.(4.7) and (4.28). The decom-

positions contain a “global” portion representing the axial displacement and circumferential

rotation of the total cross-section, along with a local “warping” function. Here the warping func-

tions are only a function ofθ. It can also be shown that the effect of thevw function is wholly con-

tained in the circumferential rotationω. Thus the strain-displacement relations are rewritten as

(5.3)

Only five unknown displacement parameters now exist: the axial displacementU, which repre-

sents a constant axial strain; the beam curvatureκy; a warping functionuw and a cross-sectional

rotationV, which make up the shear strain; and the circumferential rotationω. For this study, the

axial displacement and circumferential rotation of the cross-section are used to introduce the axial

force and torsional loads on the cylinder, so that they can be considered known constants.

For the static solution, the constitutive laws are based on semi-membrane theory, discussed in

Section2.2.3. This constitutive model is ideally suited for this problem since neglecting the axial
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boundary conditions effectively negates the possibility of shell bending in the axial direction,

which is a basic tenet of semi-membrane theory.

(5.4)

These constitutive equations relate the unknown displacement variables to corresponding stress

measures. The stiffness parametersEx, Gxθ, andD22 are a function ofθ and are symmetric about

the vertical lineψ = 0.

The shell equilibrium equations, Eq.(2.87)-(2.92), are simplified through the use of semi-

membrane theory and the assumptions for an infinite length cylinder (which assume that all quan-

tities are only a function ofθ), and after much manipulation are written as

(5.5)

Since no constitutive law exists for the stress resultantsNθ andQθ, they are regarded as merely

intermediate variables and can be eliminated from the equations. Thus the second, third, and

fourth equations in Eq.(5.5) can be combined into one equation (the dot overω denotesd/dθ):

(5.6)

The third and final equilibrium equation is supplied by the beam equation, Eq.(2.93):

(5.7)

where the integration in the axial direction has been performed to find the correct equation for the

constant bending moment applied to the cross-section about the horizontal axis.

The combination of the strain-displacement relations, constitutive laws, and equilibrium equa-

tions for the infinite length cylinder with a circumferential stiffness variation form a system of

three ordinary differential equations for the unknown displacement parametersuw, κy, and ω.

However, the equation for the warping functionuw is decoupled from the other two, and the rele-
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vant equations concerning this mode of shear deformation are

(5.8)

The solution of this sub-system closely follows that of Eq.(4.28) and (4.29) for the linear mem-

brane solution, and can be solved analytically for all quantities through integration and enforce-

ment of the periodicity condition foruw(θ):

(5.9)

Notice that this definition of the torsional constant (GJ) is slightly different than before and actu-

ally more accurate for variable stiffness structures. Furthermore, the solutions in Eq.(5.9) provide

an estimate of the axial warping that occurs for variable stiffness structures under torsion. Note

that for a constant stiffness variation the integrals within the brackets cancel out so that the axial

warping due to torsion is zero, as expected. The relevant coupling of this torsional deformation to

a long cylinder under bending is only apparent when buckling is considered. For this study, this

effect will not be investigated, therefore the results for torsion of a cylinder with a circumferential

stiffness variation are limited to the buckling problem using a linear membrane prebuckling solu-

tion, which was presented in Chapter4.0.

Accordingly, let us return to the main problem at hand, which involves pure bending of a long

tube with auxiliary loads of pressure and axial compression. Normalization of the coupled equa-

tions governing the bending response is completed using the classical buckling parameters intro-

duced in Section1.2.2. Some baseline stiffness quantities are defined first. These include a typical

average quantity that is related to the skin only and a global quantity that represents the axial stiff-

ness of the variable stiffness structure:

(5.10)

The axial and circumferential stress resultants are normalized with respect to their classical buck-

ling values for infinite length cylinders from Eq.(1.4) and Eq.(1.6), respectively.

(5.11)
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The stipulation that the bending load does not produce a resultant axial force on the cross-section,

as discussed in Section4.1.1, results in the expression of the reference angle that designates the

neutral surface of a cylinder under pure bending. Also included here is another global stiffness

quantity which represents the bending stiffness of the structure about the neutral axis.

(5.12)

Analogous nondimensionalization in terms of the classical buckling values for the beam curva-

ture, bending moment, internal pressure, end shortening, and resultant axial force are:

(5.13)

Normalization in this manner renders the nondimensional end displacementu and axial forcef

equivalent. Thus the axial loading will be introduced through the normalized forcef, since this

choice enables the designation of hydrostatic loading easier.

Insertion of these normalized variables into the governing equations leads to the definition of a

nondimensional parameterχ in terms of four laminate stiffness quantities:

(5.14)

This symbol is termed the collapse parameter and is a function of the laminate stacking sequence.

The complete nonlinear system consists of a differential equation for the circumferential rotation

and an integral relation that represents the beam behavior of the cylinder. They are expressed in

nondimensional form as (a dot anddθ representd/dθ)

(5.15)
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The supplementary equations for the static solution are:

(5.16)

The boundary conditions forω in the circumferential direction represent the line of symmetry at

θ = 0 andθ = π, which demands that the rotation and the shear force resultantQθ are zero there.

(5.17)

The finite difference technique is used along with Newton’s method to solve the nonlinear ordi-

nary differential equation in terms ofω for a given value of the normalized curvatureα. Then the

remaining expressions in Eq.(5.16) can be evaluated.

5.2 Stability Estimate with Nonlinear Prebuckling including the Brazier Effect

As mentioned in the discussion of the Brazier effect in Section1.2.3, the solution of the pre-

ceding system results in a nonlinear moment-curvature relation which attains a limit moment due

to the deformation of the cross-section. Often it is believed that this highest point on the nonlinear

load path corresponds to the collapse moment for long tubes under bending. Once the maximum

bending moment is surpassed, the structure has no ability to withstand the load and catastrophic

failure occurs. Though this is theoretically true forsome structures, ones in which the Brazier

effect is very pronounced, most realistic tubes collapse before the limit moment is reached due to

the formation of a “kink”, which represents a postbuckled state. The mechanism which produces
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on the local curvature of the cross-section. To accurately determine when this local buckling

occurs, a stability analysis similar to the one presented in Section4.2 for the short cylinder case

must be performed. However, the formulation of the eigenvalue problem must now consider the

prebuckling deformation due to the Brazier effect, so that the numerical eigensolution must use

the general nonlinear technique as opposed to the straightforward linear stability estimation.

The strain-displacement equations for the perturbed state, as defined in Eq.(2.108), are sim-
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cross-section and no variation in the axial direction. This reduces the relations to:

(5.18)

The governing equations for the stability estimation are derived by inserting these expressions

into the second variation of the total potential energy, Eq.(2.109). Application of the calculus of

variations to the resulting integral for the three perturbed displacements generates the required

system of partial differential equations. Thus the analogue to Eq.(2.110)-(2.112) for an infinite

length cylinder under bending are written as:
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The stiffness terms and “0” subscripted quantities are strictly a function ofθ, and the nonlinearity

of the prebuckling solution is introduced through the semi-membrane stress resultants as well as

the circumferential rotationω and the beam curvatureκy.

To reduce the complexity of the stability solution, the perturbed displacements are assumed to

vary sinusoidally in the axial direction with wavelengthβ.

(5.22)

Since the cylinder is assumed to be infinitely long, the parameterβ has no minimum constraints

dependent on the length of the cylinder, and thusβ must be chosen so that the resulting eigenvalue

is a minimum. Two modes are also considered sufficient instead of four, since no anti-symmetric

loading occurs for this specialized case. Thus any arbitrary mode shape can be defined through the

framework of Eq.(5.22), with the appropriate circumferential boundary conditions applied for

each function. These boundary conditions are chosen so that modeI represents a symmetric mode

about the vertical(ψ = 0), while modeII  is anti-symmetric about this line.

Insertion of this assumed form for the displacements into the stability equations generates a

system of linear ordinary differential equations with variable coefficients, which is denoted as

(5.23)
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matrixS is identically zero. The mathematical expressions for the rest of the sub-matrices are sup-

plied in AppendixB.3.

To find the eigenvalue, a perturbation from the equilibrium solution must be performed, akin

to the stability estimate for the nonlinear axisymmetric problem in Section3.2. The geometric

stiffness matrix for the eigenvalue problem is formulated in terms of the derivative with respect to

the load level of the total matrix given in Eq.(5.23). However, these derivatives of the terms in the
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sub-matrices cannot be found analytically, since the nonlinear equilibrium solution is highly com-

plex. Therefore, the geometric stiffness matrix is calculated through a finite difference approxima-

tion by finding the equilibrium state at closely spaced load levels. In essence, this technique

produces an eigenvalue which represents the required increase in load level that produces instabil-

ity. Therefore, along the nonlinear load path, a point exists for which the resulting eigenvalue is

zero, and this corresponds to the buckling load of the structure.

5.3 Approximate Analyses for Infinite Length Cylinders

The preceding nonlinear static equilibrium solution and the eigenvalue problem for the stabil-

ity estimation of an infinite length cylinder are both highly complex systems of equations that do

not lend themselves to efficient solution techniques, so much so that a numerical solution is

required for an accurate result. However, if the shell does not contain a circumferential stiffness

variation, then history has shown that some approximations to both the equilibrium and stability

solutions do exist. Therefore, this section relates the essence of simplifications that are employed

to formulate these approximate analyses. Slight modifications are also introduced which attempt

to incorporate some aspects of the variable stiffness effect into the stability estimate so that the

numerical solutions can avoid the lengthy nonlinear eigenvalue problem. Comparisons of these

approximate analyses to the full solutions are presented in the next section.

5.3.1 Linearized Brazier Solution for Constant Stiffness Structures

The first approximate solution transforms the highly complex equations for the equilibrium

state into simple expressions that define the cross-sectional deformation and nonlinear load-dis-

placement relation. The simplification is based on the original solution of Brazier42,43. The formu-

lation begins by assuming that the stiffness parameters do not change around the circumference

(i.e. a constant stiffness cylinder). Though a variable stiffness solution could be formulated using

these same techniques, it was found that the extra effort required to include the complete details of

a general stiffness variation increased the complexity of the approximate solution enough so that

its efficiency was no longer that significant when compared to the full nonlinear solution. There-

fore the Brazier simplification for the equilibrium equations is confined to constant stiffness struc-

tures. The governing equation forω with the normalized stiffness parameters equal to unity is

then simplified to:

(5.24)

This is precisely the equation found by Reissner45 (for isotropic materials) in 1959, except that he
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introduced the nonlinear loading terms (the right-hand-side of the equation) through a less rigor-

ous approach. Linearization of this equation in terms of a Fourier expansion for the rotationω
leads to an analogous form of the original ODE discovered by Brazier42 in 1926. His simplistic

solution establishes that the deformation varies sinusoidally around the circumference and is of

the form (Wood44 later included the effects of pressure):

(5.25)

The pertinent auxiliary relations from Eq.(5.16) are then easily calculated as

(5.26)

These equations represent the Brazier solution for the moment-curvature relation and the cross-

sectional deformation of a long cylinder under bending. As expected, the moment-curvature rela-

tion is nonlinear, and the limit point where the moment reaches a maximum possesses the follow-

ing properties:

(5.27)

The parameterφmax is a measure of the ovalization of the circular cross-section, and represents the

inward displacement, normalized with respect to the radius, at the top and bottom of the cross-

section. A comparison of the accuracy of these values when compared to the full nonlinear solu-

tion is presented in Section5.4.1.

5.3.2 Approximate Stability Analysis Based on Maximum Compressive Stress

To determine the buckling load of a long cylinder under bending, the buckling curvatureαbuck

at which the cross-section becomes unstable is calculated using the nonlinear eigenvalue tech-

nique of Section5.2. However, this technique is quite intensive and inefficient in a computational

environment, for it involves performing a nonlinear eigenvalue analysis at many steps along the

load path until the critical load level is determined. Therefore, this sub-section utilizes some pre-

vious results concerning the stability of cylinders under bending loads to develop an approxima-

tion technique for the estimation of the buckling load.

Buckling of circular cylinders under bending was most qualitatively defined by Seide &

Weingarten85 in 1961. They determined that the maximum critical bending stress is roughly equal

to the critical buckling stress under axial compression. Local buckling occurs when the maximum

compressive stress (atθ = π using our definition of a positive bending moment) attains this value.
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For orthotropic materials, this critical stress is found from the classical value as

(5.28)

Note that for this definition the stiffness parameters are not the average skin values as usual, but

are allowed to vary around the circumference of the cylinder. The symbolρ represents the local

radius of curvature and is also a function ofθ. Due to the Brazier effect, the cross-section of the

cylinder deforms into an oval (see Figure5.1), and the radius of curvature at the location of high-

est compressive stress increases, thuslowering the critical buckling stress according to Eq.(5.28).

Therefore, one can obtain an approximate estimate of the critical buckling moment by determin-

ing when the axial stress on the compressive side of the cylinder reaches this critical value.

Only two characteristics of the loaded cylinder need be known to determine this approximate

stability criterion: circumferential curvature; and the axial stress resultant. Both quantities have

been defined earlier in terms of the circumferential rotationω(θ), in Eq.(5.3) and (5.16), respec-

tively. Then the stipulation that the maximum compressive stress must remain below the critical

buckling stress to remain stable is expressed as:

(5.29)

This generates the (normalized) stability criterion for orthotropic tubes of infinite length:

(5.30)

For a general variable stiffness cylinder, this equation must be evaluated at all locations around

the circumference. The load which first violates the inequality is considered the critical buckling

load, and the buckled mode shape should (theoretically) be concentrated around the critical loca-

tion in the usual shape for buckling under a bending moment (some examples are shown in the

next section). Of course, for variable stiffness structures some assumptions must be valid for this

criterion to hold, namely that the stiffness variation is relatively smooth and that no axial stiffen-

ers are present near the critical buckling location. An investigation of this stability criterion for

variable stiffness cylinders that fall within this criterion is given in Section5.5.

For constant stiffness cylinders, the approximation is simplified even further through the use

of the linearized Brazier solution. The critical location at which the stability criterion of Eq.(5.30)

will first be violated is now easily deduced asθ = π (for a positive horizontal bending moment).

The inequality is expressed solely in terms of the applied curvature, axial force, internal pressure,
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and collapse parameterχ:

(5.31)

Thus, the method for finding the critical bending curvature of a constant stiffness orthotropic cyl-

inder with internal pressure and a constant axial strain consists of finding the root of a third degree

polynomial. One interesting point here is that for certain values ofχ (andp), the critical curvature

for buckling is not theoretically reached untilafter the maximum moment is attained. Some com-

parisons of Eq.(5.27) and (5.30) will be made in the results section to illustrate this point. Also

note in Eq.(5.31) that for cylinders that do not undergo bending, buckling due to an axial force is

estimated at its respective classical values. Comparisons to the full nonlinear eigenvalue solution

and the original stability estimate given by Eq.(5.30) will be performed next to determine the

suitability of these approximations.

5.4 Constant Stiffness Results

The nonlinear solutions and stability estimates developed in the previous sections represent an

original form of the governing equations for infinite length cylinders. The differences to pre-exist-

ing solutions lies mainly in the normalization procedure for orthotropic laminates (which pro-

duces the nondimensional parameterχ) and the full inclusion of the nonlinear deformation terms

in the stability estimate. Therefore, besides checking the accuracy of the approximate analyses,

this section also investigates the effect of these new improvements to the Brazier problem for con-

stant stiffness laminates. Some simple optimization is also performed in this section to determine

the optimal stacking sequence to resist buckling. These optimization results are complemented by

similar design studies using curvilinear fibers in Section5.5.

5.4.1 Accuracy of Approximate Analyses

The first task is to compare the approximation based on the analysis of Brazier to the full non-

linear problem represented by Eq.(5.15). Here the load case is defined as pure bending (f = p = 0)

for a laminate with a collapse parameterχ equal to unity. Note that this restriction onχ basically

limits the cylinder composition to either an isotropic material or an orthotropic material in which

all the layers are aligned in the same direction. The comparisons between the full nonlinear solu-

tion (referred to as the Reissner solution) and the Brazier approximation are presented in

Figure5.2 in the form of a curvature-versus-moment plot of the nonlinear load path as well as the

resulting cross-sectional deformation for each solution at a given load level. Each load curve also

reveals the limit points and the buckling levels corresponding to the maximum bucking stress

(Seide-Weingarten) criterion. As expected, the simplistic Brazier solution generates surprisingly
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accurate results when matched with the full nonlinear solution. In direct comparison, the approxi-

mate technique slightly underestimates the cross-sectional deformation, which results in less non-

linearity and an increase in the calculated bending moment. However, the deformed shape of the

cross-section is predicted correctly and differs only in relative magnitude. These results may seem

to indicate that the level of complexity in the Reissner equation is superfluous, and that some

terms may be omitted to produce a sufficiently accurate solution with less involved equations.

However this is not the case. It can be shown that the linearization of the nonlinear equation that

leads to the Brazier approximation does not contain an intermediate step that produces accurate

results while decreasing the nonlinearity of the equations. This result is discussed in Calladine50,

and he demonstrates that attempting such a solution by performing a perturbative expansion gen-

erates a corrective term to the Brazier solution that actually renders the solution less accurate, and

that the next term in the expansion restores the equations to the full nonlinear form. This phenom-

enon is also evident in the work of Bannister49, who included some extra terms in the approximate

solution that skewed the results by over 30%. Nonetheless, the approximate Brazier solution,

when applied correctly, does provide an excellent alternative to the nonlinear Reissner equation,

especially when comparing efficiency of the solutions.

The load-displacement response, limit and buckling points, and cross-sectional deformation

shown in Figure5.2 do not depend on the radius-to-thickness ratio of the infinite length cylinder.

This is evidenced by the normalized equations (5.16), (5.26), (5.30), and (5.31) derived in the last

section. However, the nonlinear eigenvalue calculation was not shown for these cylinders, particu-

larly because itdoes depend on the relative thickness of the cylindrical shell. This phenomenon

was first discerned by Fabian48, who concluded from his bifurcation analysis for isotropic cylin-
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ders that the collapse of thin cylinders was governed by the maximum buckling stress criterion for

thin cylinders yet better approximated by the limit load for shells with a small radius-to-thickness

ratio. However, it should be noted that Fabian’s stability estimation was based on shallow shell

equations for a toroidal shell that did not take the full effects of the nonlinear prebuckling defor-

mation into account. To clarify, Fabian assumed that the shell contained axial curvature due to the

bending moment and circumferential curvature due to the cross-sectional ovalization, and then

utilized DMV shell theory to calculate a buckling load from this deformed state. This technique

possesses two differences with respect to the bifurcation analysis used in this study, namely the

use of DMV theory versus Sanders equations, and the inclusion in this investigation of the preb-

uckling deformation that leads to a nonlinear eigenvalue problem. A comparison of the two tech-

niques reveals that the results for thin shells are the same: the deformation is localized on the

compressive side of the ovalized cross-section, and the axial buckling frequency is relatively high.

For thicker shells, the buckling mode tends to spread out farther from the maximum compressive

stress location, and buckles at lower circumferential and axial frequencies. This tends to increase

the buckling load slightly when compared to the maximum buckling stress criterion. However

Fabian’s conclusion that thicker cylinders approach a limit moment before bifurcation was not

substantiated by this investigation. Instead, it was found local buckling still occurred first (for the

isotropic shells under consideration) but with critical curvature somewhat higher (less than 10%)

than expected. Thus it was concluded that the maximum buckling stress criterion was adequate

for determination of the buckling load, even for variable stiffness structures, and the remaining

results in this section will utilize this approximate criterion for the buckling results.

5.4.2 Influence of Laminate Stacking Sequence

Brazier’s analysis applied to long cylinders constructed of orthotropic material was first com-

pleted by Kedward51. For our analysis, the nondimensional parameterχ of Eq.(5.14) seems to

describe a measure of orthotropy for any shell wall construction. However, χ does not signify any

classical measure of orthotropy, such as the ratio of the moduli in perpendicular directions. For

instance, isotropic materials and cylinders fabricated from one layer of an orthotropic material

both possess a value ofχ = 1. Clearly then, the degree of orthotropy of the material isnot repre-

sented byχ. A more accurate description ofχ is related to the collapse loads of the cylinder.

Recall that the classical buckling moment is proportional to . However, due to the Brazier

effect, another mode of failure exists in the form of a limit moment on the nonlinear load path.

After unnormalizing, it can be shown from Eq.(5.27) that this limit load is proportional to

. This makes physical sense, since each of the stiffness measuresEx andD22 contribute to

the nonlinearity in different ways: a high axial membrane stiffness resists the curving of the tube

D̂11Êθ

D̂22Êx



Chapter 5.0 Bending of Infinite Length Cylinders including the Brazier Effect

191

which generates the inward forces that ovalize the cross-section; while a large circumferential

bending stiffness will not allow the circular cross-section to deform into an oval. Therefore,χ is

an indication of the ratio between the buckling and limit loads of a tube under bending, and is

dubbed the collapse parameter. Structures with a low collapse parameter are more likely to buckle

locally before the limit point is reached, while tubes with large values ofχ may attain a maximum

moment before the local buckling condition is reached.

The question still remains as to what kind of structures generate different values of the col-

lapse parameter defined by Eq.(5.14). The ratio of bending stiffness divided by the in-plane stiff-

ness in two perpendicular directions is certainly not intuitive. As mentioned previously, any tube

constructed of a single orthotropic layer possesses a value ofχ = 1 and behaves identically with

respect to their normalized collapse load values. To produce extreme values ofχ, the aim is to find

structures that possess drastically different bending and membrane stiffness characteristics in the

axial and circumferential directions. Obviously, multi-layered composites satisfy this criteria and

can achieve a wide range ofχ values. For instance, a simple laminate composed of unidirectional

orthotropic layers (E1/E2 ≈ 11) with the layup [02/±45]S has a collapse parameterχ equal to 1.55.

Therefore, the collapse parameter is a direct function of the stacking sequence of multi-layered

shells, as well as the material properties of the constituent layers.

With this in mind, some optimization is performed to determine the limiting values ofχ that

can be achieved as a function of lamina orthotropy and stacking sequence. Laminates were

restricted to be symmetric, balanced, and constructed only of 0°, ±45°, and 90° plies. It was found

that laminates with large values ofχ tend to have many 0° plies at the extreme locations of the

laminate, with 90° plies at the middle surface and a transition region of ±45° plies between the

two. Conversely, small values ofχ are generated by an inner core of 0° plies with 90° layers at the

extremities. The extreme value of the collapse parameter for these optimal ply configurations also

depends on the orthotropy of the laminae. A plot of the maximum value ofχ as a function of

material orthotropy is shown as a solid line in Figure5.3 (here it is assumed that the shear modu-

lus of the lamina is that of the matrix material). The relative amount of 0° and 90° plies in the lam-

inate now varies as a function of material orthotropy, while the percentage of ±45° layers

remained about the same (around 10%). Two mechanisms to increase the value ofχ exist. For

smaller values ofE1/E2, the laminate is composed of over 50% 90° layers in the core of the lami-

nate. This has the effect of makingEθ greater thanEx without a large difference in the bending

stiffnesses. However, the maximum values ofχ are not very large for this case due to the small

value of the orthotropy. As the orthotropy increases, the mechanism to maximizeχ changes. The

amount of 0° plies at the extreme locations of the laminates grows to almost 60%, thereby increas-
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ing the bending stiffness in the axial direction (D11) when compared to that in the circumferential

direction (D22) because of the distance of these plies from the laminate middle surface. Analogous

optimization techniques for minimum values ofχ results in a reversal of these trends, so that the

curve for the minimum value ofχ (the dashed line in Figure5.3) follows an inverse relation (i.e.

χmin = 1/χmax). For a given material orthotropy, the range ofχ values lies between these two cases.

Representative moment versus curvature relations for various values of the collapse

parameterχ are displayed in Figure5.4 for unpressurized cylinders. The load paths are terminated
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when the limit point is encountered. The intersection of the dotted line with a load path represents

the buckling point according to the Seide-Weingarten criterion. Note in Figure5.4 that the tubes

with higher values of the collapse parameter experience significant nonlinearity due to the Brazier

effect before a buckling point is attained. Conversely, laminates possessing a small value ofχ
behave more linearly and collapse when their classical buckling value is reached. Thus the limit

point of the Brazier effectcannot be used as an accurate estimate of the collapse load for long cyl-

inders possessing a small value ofχ. To illustrate this more clearly, critical curvatures according

to limit load and local instability are plotted as a function ofχ in Figure5.5. The lower value of

the two is the curvature that determines collapse. Note that for small values ofχ, the limit moment

is not an accurate estimate of the collapse load. Furthermore, for values ofχ greater than two, the

limit point is reached before the local stability condition is violated However, it may be almost

impossible to distinguish this limit load behavior from the local instability experimentally, for the

buckling load remains very close to the limit load, and the catalyst to the post-buckled state may

be difficult to distinguish.

5.4.3 Stacking Sequence Optimization to Maximize Critical Load

The results of the previous section have demonstrated that the nonlinearity for a composite

laminate depends strongly on the stacking sequence of the laminate. Additionally, some optimal

stacking sequences that maximized or minimized the value of the collapse parameterχ were

determined. However, it is not apparent if this nonlinearity has any effect on the optimal design of

cylinders under bending, or even what the desired characteristics of the laminate should be to pro-
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duce a long cylindrical structure that performs well under bending. For instance, the last chapter

assumed that the cylinder section was short and the prebuckling static solution was approximated

by the classical membrane solution. The optimal designs tended to increase the axial stiffness at

the top and bottom of the cross-section, while the sides were relatively soft so that the stiffer sec-

tions could carry the bulk of the load. However, such a design may not perform as well as others if

the cylinder is long, since the soft sides would tend to increase the Brazier effect by deforming

easily circumferentially. Therefore, this sub-section illustrates the difference in optimal designs

that exist between short and long cylindrical shells.

For this design study, the radius-to-thickness ratio is chosen to be 200, which qualifies as a

thin shell so that the maximum buckling stress criterion can be used. The laminate is constructed

of twenty-four plies of a typical graphite-epoxy material (for properties see AppendixC) that is

constrained to be balanced and symmetric. This leaves twelve design variables defined as the fiber

orientation angle for each lamina, which are allowed to be either 0, ±45, or 90 degree plies. A

genetic algorithm is implemented to use these discrete design variables to find the optimal col-

lapse moment for both a short cylinder segment and an infinite length shell. For the short segment

solution, the critical bending moment is assumed to correspond to the classical buckling moment

given in Eq.(5.13). Thus the optimization problem can be simply stated as maximizing the quan-

tity D11Eθ for a 24-ply stacking sequence. The collapse moment of the infinite length shell is

determined by the minimum value of either the limit moment or the buckling load calculated by

the maximum buckling stress criterion. This can be evaluated by either finding the buckling and

limit points as the curvature is increased along the load path, or using the approximate Brazier

analysis expressions given in Eq.(5.27) and (5.31). Here the former choice is used due to its

greater accuracy. The results for each case are displayed in Table 5.1:

Not surprisingly, the optimal designs for each case differ substantially. For the short cylinder, the

buckling load is maximized by placing 0° plies at the outermost locations with many 90° plies at

the core. This has the effect of simultaneously increasing theD11 stiffness parameter (axially stiff

plies far from the middle surface) and theEθ term (due to the presence of many circumferentially

stiff 90° laminae). However, this method of design produces a laminate with a large value of the

Table 5.1: Results of Optimization for Maximum Bending Load (Constant Stiffness)

Case Stacking Sequence

Short [04/908]S 8.323×106 1.900 0.4477 2.313×106

Infinite [902/0/90/02/902/04]S 5.187×106 0.6906 0.7883 3.441×106
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collapse parameterχ, which implies significant nonlinearity before buckling for a long tube. The

critical normalized curvature and bending moment for this stacking sequence is also calculated,

and it is evident that the drop in load carrying capability is drastic (over 70%). Conversely, optimi-

zation using the infinite length solution produces a laminate with a more even distribution of 0°
and 90° plies, with the larger bending stiffness in the circumferential direction. This produces a

small value ofχ and a drop of only 34% from the short cylinder case. However, this design also

exhibits a relative increase in load-carrying capability of over 50% when compared to the optimal

short cylinder design. Thus these designs demonstrate that for long cylinders, the Brazier effect

plays a significant role in the performance of the structure under bending.

5.4.4 Influence of Pressure

The presence of internal or external pressure also affects the amount of nonlinearity for long

tubes under bending. The effect of pressure on collapse loads for cylinders under bending was

first investigated in detail by Fabian48 in 1977, who also performed a full bifurcation analysis from

the deformed state for infinite cylinders under bending, pressure, and axial loads. His results for

various pressure loads conform exactly as those presented here, though his conclusions regarding

the effect of the radius-to-thickness ratio on the mode of collapse are not evident in these results

since the buckling criterion is based on the maximum buckling stress criterion. Nonetheless, plots

of load-displacement curves are displayed in Figure5.6 for typical values of pressure for thin

shells with a collapse parameter equal to one. A large internal pressure creates circumferential

stresses that dominate the bending stresses in the tube and force the cross-section to remain circu-
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lar. Thus the ovalization that lowers the moment of inertia does not occur, and the nonlinearity due

to the Brazier effect is lessened. Conversely, exterior pressure heightens the nonlinear effect by

encouraging the cross-sectional deformation to increase. The dotted line in Figure5.6 again corre-

sponds to the buckling point using the Seide-Weingarten criterion. Limit points and buckling

loads are compared as a function of pressure in Figure5.7. As expected, large external pressures

increase the Brazier effect, so that a limit point may occur before the local buckling phenomenon

appears. Though the results shown in these figure apply only to thin shells, and it is still safely

concluded that the limit load is again a poor estimate of the failure load of the structure except for

extreme cases.

5.5 Variable Stiffness Concept Results

This last section analyzes infinite length cylinders constructed of variable stiffness laminates

through the use of curvilinear fiber formats. Axial stiffeners are not investigated here, since their

total effect is not accurately reflected for the infinite length case. Though discrete stiffeners figure

significantly in the membrane and bending stiffness parameters in the axial direction, the absence

of end conditions severely limits their effectiveness for this idealized problem. This is due to the

“greased end” boundary conditions, for which the axial stiffeners are not rigidly attached at the

boundaries and merely float in space as attachments to the skin. Therefore the resistance to cross-

sectional deformation that the stiffenersshould provide (by bending as beams) is lost by virtue of

the approximate analysis in the axial direction. Nonetheless, curvilinear fiber formats and

crown/side/keel arrangements are still viable possibilities for skin constructions. Therefore this

section will discuss the analysis associated with such structures and their relative effectiveness in
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increasing failure loads when compared to constant stiffness solutions.

To complement the optimization performed in Section5.4.3 for constant stiffness laminates,

this section utilizes a circumferential stiffness variation to improve the critical buckling load of a

long cylinder under bending. The variation of the stiffness parameters is expected to provide two

methods to improve the performance under bending: modification of the prebuckling deformation

pattern by minimizing the circumferential bending of the cross-section; and the presence of a

stacking sequence at the critical buckling location that exhibits excellent resistance to buckling

due to axial stress. The cylinder geometries are chosen asR/H = 200 and are constructed of 24

balanced, symmetric plies, which implies twelve fiber orientation angle design variables. The two

outermost plies are constrained to be variable stiffness layers, while the remaining ten are allowed

to be variable stiffness plies or straight fiber laminae with fiber orientation angles equal to 0° or

90°. Two methods of stiffness variation are used: curvilinear fibers using a linked-line segment

format that are symmetric about the horizontal axis; and a crown/side keel arrangement with vari-

ous locations used for the transition area between the sections. A genetic algorithm was used for

the numerical optimization.

The results for the variable stiffness case are shown in Figure5.8. The plot on the left displays

the fiber orientation angleϕ (dashed line), normalized axial stiffnessEx (solid line), and collapse
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parameterχ (dash-dot line) as a function of the circumferential coordinateθ. Note that the regions

that experience the largest circumferential bending (the top, bottom, and sides) possess a stacking

sequence with a small value ofχ which reduces the circumferential bending due to the nonlinear

Brazier effect. Where the cross-sectional deformation is not as significant, the design favors an

axial stiff laminate that increases the bending resistance of the structure. It is interesting to com-

pare this optimal design with the results for a short cylinder under bending, such as those shown

in Table 4.4. For those cases, the top and bottom regions required the highest stiffness possible,

however for a long cylinder such a design is less valuable since it experiences increased nonlin-

earity. The plot to the right in Figure5.8 shows the cross-sectional deformation of the variable

stiffness design. Note that even with the drastic stiffness variation, the displacements still basi-

cally follow the cos2θ deformation pattern. This is due to the fact the forcing term in the nonlinear

equilibrium equation is dominated by this function, and that the variation of the circumferential

stiffness parameterD22 is not able to significantly alter the shape of the deformed cross-section.

This result was also exhibited for shells with different radius-to-thickness ratios. Thus it is con-

cluded that though the variable stiffness concept does provide an improved design with respect to

the constant stiffness solution (around 5%), the variation of the stiffness parameters is still not

able to significantly alter the resulting deformation shape or failure mechanism due to the nonlin-

ear Brazier effect.

For the crown/side/keel design case, the results were even less promising. Since both the sides

and the crown/keel regions required a laminates with a small value ofχ to resist the ovalization,

the resulting design turned out to be a constant stiffness laminate identical to the optimal design

given in Table 5.1. This is somewhat expected from the variable stiffness results shown in

Figure5.8. Instead of a crown/side/keel arrangement, a more effective layout would contain an

additional region between the sections that improved the global axial stiffness, while the sides, top

and bottom would be constructed of a laminate that resisted the cross-sectional deformation.
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Chapter 6.0 Bending of Finite Length
Cylinders including the Brazier Effect

The previous chapter investigated the Brazier effect for infinite length tubes under bending.

Unfortunately, that analysis suffers the drawback that it is only applicable to extremely long shells

that are not affected by the end conditions. For many practical structures, the presence of end

restraint renders the infinite solution useless, since the end conditions play such an enormous role

in retarding the deformation of the cross-section. Therefore, this chapter attempts to incorporate

the end effects into the nonlinear analysis of cylinders under beam bending loads. By including

the variation of the response in the axial direction, the resulting analysis can also incorporate stiff-

ness variations along the length, akin to the axisymmetric solution of Chapter3.0. The axisym-

metric analysis formulated there constitutes acomplete solution for the axisymmetric response, in

that the inclusion of boundary layer effects, arbitrary end conditions, and stability estimations

with nonlinear prebuckling solutions provides a thorough investigation of all aspects of the prob-

lem. However, retaining this amount of detail for loads that vary around the circumference of the

shell, such as this particular case of beam bending, increases the complexity of the solution tech-

nique by a considerable degree. This is due to the fact that the nonlinear governing equations con-

tain products and squares of the variables, most notably rotations of shell elements. For the

axisymmetric problem, this does not present too severe of a complication, for the nonlinear terms

remain functions of the axial coordinate only and the expressions governing the response are still

ordinary differential equations. However, with a possible non-axisymmetric distribution of the

response, the nonlinear terms generate equations which demand analysis in the circumferential

direction as well. For example, traditional investigations of pure bending of cylindrical shells

often rely on a harmonic expansion of the displacements, which results in a large system of cou-

pled ordinary differential equations. Though a numerical solution is feasible (see, for instance,

Fuchs88), the complexity of the method requires far greater computational time and power than

that of our axisymmetric solution. Since the goal in this investigation is chiefly to explore the pos-

sibilities of the variable stiffness concept, such a highly sophisticated solution that is computa-

tionally slower will not be used. However, since the beam loading of a variable stiffness shell is

still a desirable problem to solve, an approximate method will be employed. By utilizing certain
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assumptions about the response in the circumferential direction, the resulting system can be main-

tained to be a few ordinary differential equations, though some of the desirable details of the anal-

ysis mentioned earlier will be lost.

The specific problem to be explored is pure bending of a finite length cylindrical shell with an

axial stiffness variation. The most basic solution to this problem is found through the use of linear

membrane theory, such as the analysis presented in Chapter4.0. Though this solution does not

consider the local boundary layer of the cylindrical shell, it still conveys an accurate representa-

tion of the beam response of the structure in a global sense. Furthermore, the neglection of the

shell boundary layer near the ends removes the nonlinearity and leads to a simple closed-form

solution in the axial direction. Thus for short cylinders the first approximation of the solution for

pure bending corresponds to the linear membrane solution. For longer cylinders, membrane the-

ory is not as accurate and must be augmented by the inclusion of the circumferential moment

through the use of semi-membrane theory, as discussed in Section2.2.3. This again leads to the

incorporation of the Brazier effect, which was investigated in the last chapter for infinite length

cylinders with a circumferential stiffness variation. However, the inclusion of an axial stiffness

variation for a finite length cylinder changes the problem considerably, for now a thorough analy-

sis must be performed in the axial direction to fully explore the ramifications of the variable stiff-

ness concept and the effect of finite length on the nonlinear bending phenomenon. Thus the loss of

the detailed analysis near the end of the cylinders due to adopting an approximate solution is tem-

pered by the existence of a different type of nonlinear problem that is still significant for many

applications.

The assumption used for the simplification of the governing equations in the circumferential

direction will be based on the approximate solution of Brazier42 in 1926. As discussed in the

introduction and established numerically in the last chapter, Brazier’s original linearized analysis

for infinite length cylinders is surprisingly accurate compared to the more robust nonlinear solu-

tion. When applied to finite length cylinders, the simple assumptions transform the static equilib-

rium equations into differential equations that only vary in the axial direction. This produces a

mathematical system that can be solved efficiently using standard numerical techniques. The

application of Brazier’s analysis to finite length tubes was first investigated by Aksel’rad59, who

also employed semi-membrane constitutive theory to determine the effect of the cross-sectional

deformation on the structure’s buckling load. In this study, the approximate maximum buckling

stress criterion introduced in Section5.3.2 will likewise be used to estimate stability and the effect

of the Brazier nonlinearity on collapse. Since the stiffness variation is only in the axial direction,

this approximate technique should be adequate, since it was shown in the last chapter that the
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approximate stability estimate is sufficiently accurate for cylinders with a smooth stiffness distri-

bution around the circumference of the cylinder.

6.1 Static Equilibrium

The original Brazier solution determined that for long cylinders under bending, the line of

action of the bending stresses produces an ovalization of the cross-section which varies like

cos2θ. Therefore for this chapter, this variation is used as the basis for the functional form of the

displacements in the circumferential direction so that the magnitude of the deformation along the

length of the cylinder are the unknown variables. Thus the displacements are expressed as

(6.1)

and the resulting strain-displacement relations are assumed to be linear. The negative sign of the

radial displacement is inserted so that the resulting measure of the ovalization will be positive.

The resulting deformed geometry of the cylinder acting as a beam is shown in Figure6.1.

Semi-membrane theory is used to model the constitutive behavior, which corresponds to a

membrane solution for the beam-like response of the cylinder that still includes the effect of cir-

cumferential bending. Since the major loading of the structure consists of beam bending which

produces predominantly axial stresses, the resulting ovalization of the cross-section is assumed to

be inextensional in the circumferential direction. This translates into a relationship between the

circumferential and radial displacement functions that guarantees that the circumferential middle

surface strain is zero, and for a linear approximation this is expressed as

(6.2)
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Therefore the circumferential displacementv2 is eliminated from the equations and the solution is

formulated in terms of the radial displacementw2. This choice is made since the radial displace-

ment gives a great physical feel to the problem than the circumferential displacement. However, it

should be noted that the resulting equations using semi-membrane theory will bemembrane equa-

tions, and that the boundary conditions in terms ofw2 are physically related to the circumferential

displacementv2.

The correct application of Brazier’s approximation implies that the nonlinearity attributed to

shell rotations is small and that the axial curvature due to variations ofw2(x) can be neglected. The

strain-displacement relations can then be specialized from their general form from Chapter2.0,

Eq.(2.20)-(2.21), and are written here in terms of the ovalization variables:

(6.3)

The semi-membrane constitutive equations from Eq.(2.71) are:

(6.4)

where the stiffness parameters are solely a function ofx. The equilibrium equations for the shell

and the beam, Eq.(2.87)-(2.94), become:

(6.5)

Note that due to the lack of stiffness variation around the circumference, the reference angle that

determines the neutral surface of the cross-section is automatically calculated asθref = π/2
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the beam variables, which introduce the loading through the application of either an end rotation

or a bending moment.

(6.6)

For the end conditions, the axial direction provides two alternatives: a fixed condition in which the

cross-section remains straight, and a free end where the stress resultant due to bending is specified

and cos2θ warping deformation is allowed (this is discussed in more detail shortly). The boundary

condition forw2 at the ends corresponds to the stipulation that the cross-section must remain cir-

cular there, for it guarantees that the radial and circumferential displacements, through Eq.(6.2),

are zero. Atx = L/2, suitable symmetry conditions are used for the axial and radial displacement,

which are respectively anti-symmetric and symmetric with respect to the mid-length of the cylin-

der.

A remark should also be made here regarding the evaluation of the end conditions. Often the

governing equations for this problem are formulated solely in terms of the radial displacementw2

by assuming that the shear stress is zero. In such a situation it can be shown that the first two

options for the boundary condition in the axial direction are replaced with the choices of

dw2/dx= 0 or d2w2/dx2 = 0. These expressions are often construed as “clamped” or “simply sup-

ported” boundary conditions due to their traditional form. However, since semi-membrane theory

does not account for bending of the shell wall in the axial direction, these classifications are not

appropriate for these boundary conditions. The concept of clamped versus simply supported can

only be related to the structure as a beam, that is, through the designations ofΩ andMy at the ends

(for this case of pure bending, the beam would be considered clamped). Therefore, the constraints

at x = 0 actually correspond to membrane boundary conditions and the first two options refer to

either a fixed or free end in the axial direction. The first choice demands that the axial displace-

ment vary linearly across the cross-section, which results in axial stresses developing that vary

around the circumference as cos2θ. This condition occurs when the end is supported by a rigid

plate or sturdy ring stiffener and it is considered the more realistic of the two. The second option

corresponds to a free end or a flimsy stiffener, in which the axial displacements are allowed to

vary in theyz-plane and leads to warping of the cross-section. The intended point here is that these

boundary conditions are related to the axial displacement of the cross-section, and thus do not
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involve the axial rotation or resultant moment of the shell element.

Returning to the formulation of the governing equations, the beam equation is solved first. The

expression for the axial stress resultant in terms of the displacement parameters is

(6.7)

Inserting this expression into the integral equation for the moment in Eq.(6.5) and ignoring

squares of the radial displacement generates the relationship between the beam curvature and the

bending moment, which is constant since we have limited the loading to pure bending.

(6.8)

The beam rotationΩy(x) can be found through the definition of the curvature using Eq.(2.4), and

the application of the appropriate boundary conditions after integration yields the desired relation

between the end rotation and moment:

(6.9)

The governing equations for the axial and radial displacements are determined from the com-

bination of the shell equilibrium equations, semi-membrane constitutive laws, and strain-displace-

ment relations.Nθ is eliminated as an intermediate variable in these calculations, and a few other

terms, involving squares and derivatives of the variablew2, are neglected in accordance with Bra-

zier’s approximation. The resulting pair of differential equations are found from the requirement

that the coefficients of the harmonics sin2θ and cos2θ must be equal to zero.

(6.10)

Normalization is performed using similar parameters as those used in the axisymmetric problem.

The axial coordinate and stiffness parameters are nondimensionalized as
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The Brazier-type displacements are normalized with respect to typical length quantities:

(6.12)

The end rotation, axial curvature, bending moment, and pressure are all normalized with respect

to their classical buckling values for an infinite cylinder:

(6.13)

This leads to the definition of three nondimensional parameters, referred to as the collapse param-

eter, tube length parameter, and shear length parameter, respectively:

(6.14)

Then the coupled system for the solution of the Brazier problem for finite length cylinders with an

axial stiffness variation is written as (primes denote differentiation with respect toξ):

(6.15)

The loading is introduced through the end rotationα, and the unknown moment is calculated

through the integral relation. This displacement control procedure is used because for longer cyl-

inders the moment versus end rotation curve has a maximum, and specifying a moment above this

limit would not be feasible. Also note that the forcing term in the second equilibrium equation is a

function ofα2, so that the radial displacementw2 is positive. Thus the effect of the Brazier defor-

mation leads to a decrease in the bending stiffness of the structure, as revealed by the relation

between the applied bending moment and the axial curvature.
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restraint totally nullifies the Brazier effect, in which case the classical membrane solution governs

the response. Thus the results for this scenario agree with the short cylinder section analysis of

Chapter4.0. The other limiting case forλ can be represented as:

(6.16)

This of course is the solution for an infinite length cylinder, and corresponds exactly to the

approximate Brazier solution given in Eq.(5.26).

For the shear length parameterµ, two limiting cases also exist. Whenµ→0, the shear stresses

that normally transform the deformed cross-section back into a circle at the end restraints are zero

and thus the edge effects disappear. This again leads to the infinite length solution of Brazier.

Conversely, the conditionµ→∞ implies that the shear strain is zero everywhere. This is an

assumption that is often invoked for this problem, and it provides another constraint which can be

used to eliminate one of the unknown variables from the equations. Usually the radial displace-

ment is still chosen as the main unknown variable, so that the constraint in terms of zero shear

strain, from the third equation of Eq.(6.3), determines that

(6.17)

The resulting reduced system is expressed as:

(6.18)

A comparison of the numerical solutions for both of the systems represented by Eq.(6.15) and

(6.18) will be presented in Section6.3.
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mate the load which renders the finite length cylinder unstable. The most accurate solution tech-
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tion is no longer axisymmetric, the eigenvalue problem becomes appreciably more complicated

because the analysis must be carried out in the circumferential direction as well. In essence, this

implies that the buckled mode shape is no longer separable in terms of the circumferential

wavenumbern, so that the assumed form of the displacements used for the axisymmetric prob-

lem, Eq.(3.19), cannot be used unless all values ofn are considered simultaneously. To do so

would make the problem much larger numerically and inefficient for our purposes. However, the

approximate stability analysis formulation for the infinite length case can be easily modified to

handle the finite length problem. Plus the results of Section5.4.1 indicate that this approximate

technique produces excellent correlation to a full stability analysis for thin shells that do not pos-

sess a drastic variation of stiffness in the circumferential direction.

The basis of the maximum buckling stress criterion relies on determining when the axial stress

due to bending reaches a critical value that depends on the local curvature of the shell. Only two

characteristics of the deformed cylinder need be known to determine stability under this approxi-

mate criterion: the axial stress resultant; and the circumferential change of curvature. Both quanti-

ties have already been defined, and are reproduced here in nondimensional form as

(6.19)

Then the stipulation that the maximum compressive stress (atθ = π for a positive bending

moment) must remain below the critical buckling stress to remain stable generates the “critical

stress” stability criterion:

(6.20)

This criterion must be investigated at all points along the length of the cylinder. Buckling occurs

when the inequality is first violated, and the maximum deformation of the buckled mode shape

should form at that axial location.

6.3 Numerical Results and Comparisons

The investigation of the Brazier effect for tubes of finite length begins with the constant stiff-

ness solutions. The effects of the length parameters involved in the solution, namely the shear

length parameterµ and the tube length parameterλ, are still largely unexplored, therefore the

results will first attempt to qualify the behavior of the system with regard to these parameters. The

effects of the collapse parameterχ and the pressurep were already investigated in Section5.4.2
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concerning infinite length tubes. Therefore, so as to concentrate on the effect of the length param-

eters, the initial study is restricted to unpressurized cylindrical shells for whichχ = 1. Once this

behavior is understood, composite laminates and variable stiffness designs can then be fully inves-

tigated with confidence.

The nonlinear systems of Eq.(6.15) and (6.18) are solved numerically using Newton’s method

along with the finite difference technique. Though analytical solutions could be obtained for cer-

tain cases of the nondimensional parameters, the numerical technique is suitably efficient to fully

explore the effects of the parameters on the solution. Stability is assessed through Eq.(6.20), and

the moment-end rotation curves terminate when the Seide-Weingarten maximum buckling stress

criterion is violated. For finite length cylinders, this mode of failure is the critical one (as opposed

to a limit load in the load-displacement curve) for virtually all designs. Most of the collapse loads

are presented in terms of the end rotation as opposed to the bending moment. This enables us to

distinguish between collapse points more accurately, due to the fact that near collapse the load-

displacement curve flattens out as it approaches a maximum moment, thus making it harder to

locate the failure point in terms of the bending moment since all values are close in magnitude.

6.3.1 General Solution for λ and µ

The solutions of the two systems of differential equations given by Eq.(6.15) and (6.18) are

shown in Figure6.2 for an isotropic cylinder withλ = 5 andR/H = 100. The boundary conditions

are chosen as fixed ends. Both the axial and radial displacements, as well as the normalized shear

strain, are plotted as a function of the axial coordinate for a load equal to the critical buckling end-
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rotation of the structure. Several observations stand out from this figure. Firstly, notice the differ-

ence in the shape of the “membrane” boundary layer for the radial displacementw2 when com-

pared to the typical shell bending boundary layer evident in the axisymmetric results (see

Figure3.2). The membrane boundary layer extends much farther into the interior of the shell and

produces a gentle transition from the maximum deformation at the mid-length to the condition of

total restraint at the ends. Meanwhile, the axial warping represented by theu2 function also pos-

sesses a “shear” boundary layer that is most easily apparent in the curve signifying the shear

strain. Within this region, shear stresses develop that transform the ovalized cross-section back

into a circle to satisfy the boundary conditions. It should also be noted that for the majority of the

domain, the shear strain is effectively zero. The assumption of zero shear strain that is used in

reduced system is denoted by the dotted lines in Figure6.2. Note that the only region that this

assumption does not hold true is near the ends, however the results indicate that the presence of

the shear strain does not significantly affect the solution. The radial displacement profiles seem

identical, while the axial deformation differs only slightly at its maximum value. This implies that

the reduced system given in Eq.(6.18) that assumes zero shear strain everywhere may be valid for

cylinders with a large shear length parameter.

Investigation of the sensitivity of the solution with respect to the length parameters is also

desired. To this end, the applied bending moment as a function of end rotation is shown in

Figure6.3 for various values ofµ whenλ = 1. Note that the smaller values ofµ increase the non-

linear effect and lead to lower buckling loads. This is due to the fact that small values of the shear

length parameter generate larger shear strain deformation, thereby allowing additional degrees of
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freedom and less stiff structures. In fact, the limiting case asµ → 0 is the infinite length solution

given by Eq.(5.26), where the radial displacement and axial loads do not depend on location

along the length. For µ > 5 in Figure6.3, the solution approaches the case of no shear strain

(µ → ∞), which corresponds to the system of Eq.(6.18).

Keepingµ constant and choosing various values ofλ leads to the load-displacement curves of

Figure6.4. Small values of the tube length parameterλ correspond to short and thin cylinders

which do not undergo ovalization and are very susceptible to buckling, thus remaining in the lin-

ear range and collapsing at the classical value. Asλ increases, the effect of the Brazier nonlinear-

ity does as well, until it also approaches the infinite length solution given by Eq.(5.26). For this

case, the maximum buckling stress stability criterion gives for the (isotropic) buckling loads:

(6.21)

These values serve as a useful comparison to the finite length results.

Collapse loads due to local buckling are shown as a function ofλ andµ as a surface plot in

Figure6.5. The contour lines correspond to constant values of the critical buckling curvature .

One can see that as the shear length parameterµ increases, the contour lines become parallel, indi-

cating that changes in the value of the shear length parameter do not significantly affect the solu-

tion onceµ is greater than five. For these regions, the collapse behavior is governed solely by the

tube length parameterλ. Also note that many areas of the surface have critical curvatures which

arebelow the infinite length value as given by Eq.(6.21). This is due to the boundary layers at the
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edges which propagate throughout the structure and significantly alter the critical values of the

axial stress resultant and circumferential curvature.

To provide a practical perspective of the parametersλ andµ, they are expressed below in

terms of a “material” and “geometric” portion:

(6.22)

Therefore, for a given material system, low values ofλ (which produce very little Brazier effect)

are generated by short and thin cylinders, and buckle according to the classical solution. Longer

and thicker cylinders, which are more easily construed as “tubes”, undergo drastic Brazier nonlin-

earity before buckling occurs. Note how these conclusions reiterate the buckling results as a func-

tion of the radius-to-thickness ratio for an infinite length cylinder, discussed in Section5.4.1.

Additionally, the importance of the shear strain is only apparent for small values ofµ, i.e. shorter

cylinders. Similar qualifying statements could be made for the material portion of Eq.(6.22),

though the range of parameter values for typical material systems does not vary as greatly as those

of the geometric part. To illustrate the point further, a surface plot for the critical curvatures of an

isotropic cylinder as a function of length-to-radius ratioL/R and radius-to-thickness ratioR/H is

displayed in Figure6.6. As expected, short and thin cylinders undergo little Brazier nonlinearity,

while the longer, thicker, tube-like cylinders behave closer to the infinite length case. Figure6.6
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also reveals why it is preferred to employ the nondimensional parametersλ and µ, as they

approach a definite solution as they tend toward infinity.

6.3.2 Influence of Shear Length Parameter

We have seen in the previous results that the nonlinear solution does not significantly change

for larger values ofµ. This must be investigated in greater detail, for if we can ignore the presence

of shear strain (whenµ → ∞) we can reduce the system of Eq.(6.15) to the single ordinary differ-

ential equation of Eq.(6.18), thereby increasing the efficiency of the solution technique by elimi-

nating unknown variables. To this end, the critical buckling curvature is shown as a function of the

tube length parameter λ for various values of the shear length parameterµ in Figure6.7. The hor-

izontal asymptote that the curves all approach asλ → ∞ is the infinite tube solution of Eq.(6.21).

Small values ofµ arrive at this asymptote quite quickly, and thus for such a structure the effect of

ignoring the shear strain for the Brazier problem (µ → ∞) can lead to serious errors in the calcula-

tion of the buckling load. However, Figure6.7 may be misleading in regard to the range of values

thatµ can achieve. For example, specification of the material system for the cylinder under bend-

ing puts a lower bound on the value ofµ with respect toλ, since from Eq.(6.22)

(6.23)

The ratio ofR/H must be greater than one half, else the structure is not a cylinder. Therefore, val-
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ues ofµ = 1 for large values ofλ may not even be feasible. For instance, Figure6.7 is reproduced

for an isotropic cylinder for various values of radius-to-thickness ratios in Figure6.8. One can see

that all of the different thickness cylinders produce remarkably similar solutions, and that they all

are analogous to the case which ignores the presence of the shear strain. The largest deviation

from this case occurs for shorter, thicker cylinders, as expected. Similar results apply even to

highly orthotropic materials, such as the graphite-epoxy AS3501 used by Corona & Rodrigues63

Figure 6.7: Critical Curvature vs.λ for General Material, Fixed Ends
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for the study of infinite length tubes under bending. For this material,E1/G12 is around 20 and

E1/E2 approximately 15, yet Figure6.9 reveals that this material also approaches the case of no

shear for thinner shells. Therefore, one can conclude that the shear warping due to the Brazier

effect is not significant for most thin shells under pure bending, and that the simpler system of

Eq.(6.18) can be used except for small values ofλ andµ.

6.3.3 Influence of Boundary Conditions

The results presented in the last two sub-sections have all been generated with the “fixed end”

boundary condition. This case is considered more realistic, since most testing apparatus and struc-

tural applications involve a rigid plate or sturdy ring stiffener at the end of the cylinder. However,

the “free end” boundary condition does occur in other tube bending applications, or more com-

monly, an elastic restraint which lies between the limiting cases of fixed and free is applied.

Therefore, an investigation of the effect of the boundary conditions on the buckling characteristics

and load-displacement behavior is warranted.

The surface image of Figure6.5 for a fixed end cylinder is reproduced in Figure6.10 as a con-

tour plot, along with the corresponding level curves for a tube with free ends (dashed lines).

Regions where the contours coincide are the values ofλ andµ for which the boundary effects

have no effect. According to Figure6.10, this is most easily apparent for small values ofµ, which

approaches the infinite length case as it goes to zero. Though not evident on the scale of

Figure6.10, very small and very large values ofλ also are independent of the boundary condi-

tions. The small values ofλ experience no Brazier deformation, while the large values generate
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the infinite case for which the boundary conditions have no effect. All intermediate values of both

parameters, however, do produce solutions which vary significantly according to the end condi-

tion. In general, the free end allows for greater movement, thus producing more nonlinear ovaliza-

tion and lower buckling loads. As an illustration of this, load-displacement curves and buckling

load comparisons are performed for both end conditions for an isotropic cylinder withR/H = 100.

First, moment and radial displacement versus end rotation forλ = 2 are shown in Figure6.11. As
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expected, the fixed end generates a stiffer structure due to the extra restraint applied to the dis-

placements. Shown in Figure6.12 is the critical end rotation and bending moment as a function

of λ for an isotropic material. Note how the free end case plummets much more quickly to the

infinite length value as the tube length parameter is increased. This phenomenon is expected,

since the fixed end provides a constraint to the deformation which leads to stiffer and more stable

structures. Also note that the moments approach the asymptotic value of the infinite length case

much faster than the end rotations, mostly due to the small slope of the load-displacement relation

near collapse. This demonstrates the need to use the critical curvatures to define the buckling

point since it provides greater distinction between different load levels.

6.3.4 Comparison to Published Results

Few references exist concerning finite length tubes that are long enough for the Brazier effect

to be significant. Most cylinders in structural applications are short or have ring stiffeners that

inhibit the nonlinear ovalization. However, Stephens et al.66 performed a nonlinear finite element

analysis on various length isotropic cylinders under bending and pressure to measure the amount

of ovalization and nonlinearity due to the Brazier effect. Their results were presented in terms of

the amount of ovalization versus the applied bending moment, and are reproduced here in

Figure6.13 for variousL/R ratios and compared to the present analysis using free end conditions.

Collapse load calculations are also included (all load-displacement curves end at the critical load

level), however Stephens et al. presumed that for infinite length cylinders the collapse load occurs

Figure 6.12: Critical Curvature and Moment vs.λ for Fixed and Free Ends
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due to the limit load of the Brazier effect. The results calculated here indicate that this is not the

case (the structure experiences local buckling first) and so a discrepancy exists in Figure6.13.

Also note that the load-displacement curves use the free end condition since it was found that this

boundary condition produced better correlation to the published work than the fixed end condi-

tion. This may be due to the constraints applied in the finite element solution, which did not

exactly match either boundary condition. This comparison reveals that our solution agrees in prin-

ciple with the published solution, though an exact match does not exist. These are attributed to

two factors: the radial deformation is not as accurate a measurement of displacement as the

applied end rotation; and the finite element solution offered limited choices for the buckling mode

of the cylinder.

A more recent investigation of the Brazier effect for finite length tubes was performed by

Libai & Bert67, who employed semi-membrane theory and the approximations of Brazier to pro-

duce systems analogous to the governing equations derived here. Approximate closed-form solu-

tions using a simple Rayleigh analysis were generated for orthotropic tubes under the assumption

that the shear strain is zero (µ → ∞), and critical loads due to local buckling were estimated along

the same lines as those presented here. A comparison of their closed-form solution to the numeri-

cal solution of the present work for isotropic cylinders is shown in Figure6.14. Note that the crit-

ical load is presented in terms of the moment as opposed to the end rotation, which tends to

minimize any discrepancies between the results for longer cylinders due to the small slope of the

load-displacement curve near the critical point. The largest differences between the two studies

Figure 6.13: Comparison to Stephens et al. for Moment vs. Radial Displacement
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occurs for longer cylinders with the free end boundary condition. This error is due to the approxi-

mate solution technique used by Libai &Bert, which underestimates the nonlinearity for longer

cylinders and overestimates the critical buckling load. Also notice that for small values of l, a

slight discrepancy exists due to the inclusion of shear strain (µ ≠ ∞) in our analysis.

6.4 Variable Stiffness Solutions

This section is intended to investigate the effect of variable stiffness designs on the perfor-

mance of finite length cylinders under bending. In truth, the existence of the nonlinear Brazier

effect is actually quite serendipitous for this investigation, for it provides an application that

shows great promise for the use of the variable stiffness concept while also tying together the

results of the other three specific design scenarios. Most cylindrical shells that undergo bending

loads are constructed with frames and ring stiffeners which are required, among other things, to

resist the ovalization associated with the Brazier effect. For such structures, the short cylinder

analysis of Chapter4.0 has demonstrated that designs with a circumferential stiffness variation

exhibit a significant improvement in load-carrying capability and weight minimization. Likewise,

the results of Chapter5.0 show similar gains under bending for long cylinders with stiffness prop-

erties that vary around the cross-section. However, the application of an axial stiffness variation to

a cylinder that undergoes predominantly axial stresses should follow the trends of the axisymmet-

ric response under an axial force. Unfortunately, the conclusions from this investigation in

Chapter3.0 have revealed that little improvement is expected for an axial stiffness variation

because the axial stiffness variation is bound to possess a weak link that will dominate the mate-

rial failure and buckling response of the structure. These conclusions imply that an axial stiffness

0 0.5 1 1.5 2

Tube length parameter, λ

0.5

0.6

0.7

0.8

0.9

1

N
or

m
al

iz
ed

m
om

en
t,

m
y

Present research, Fixed Ends
Libai & Bert, Fixed Ends
Present research, FreeEnds
Libai & Bert, FreeEnds

Figure 6.14: Comparison of Libai & Bert to Present Research



Chapter 6.0 Bending of Finite Length Cylinders including the Brazier Effect

219

variation will not enhance the response of short cylinders under bending. However, the significant

cross-sectional ovalization that exists for long cylinders under bending does provide a likely ave-

nue in which the variable stiffness concept can flourish, for the one aspect of the response that the

conceptis able to control is that of deformation. The main mechanism in this regard is providing

an effective circumferential restraint for long cylinders that will reduce the Brazier deformation

and act as an end condition. This technique should produce structures that possess greater load-

carrying capabilities than constant stiffness designs, as well as more weight efficient cylinders that

act as beams.

6.4.1 Curvilinear Fiber Formats

To demonstrate the effectiveness of the variable stiffness concept for long cylinders under

bending, this sub-section presents the results of a design study aimed at improving the buckling

load of a relatively long cylinder. Curvilinear fibers are used to vary the stiffness parameters, and

the path of the fiber is defined by the standard linked line segment approach. Comparisons are

made to constant stiffness laminates that undergo stacking sequence optimization using a genetic

algorithm. The optimization problem is represented as:

(6.24)

where the manufacturing constraints imply the maximum curvature of the tow path must not be

exceeded. This design study is analogous to the curvilinear fiber path optimization presented in

Section3.6.2, so that the details need not be repeated here. The cylinder is defined to have a bal-

anced, symmetric layup with 24 plies, which translates into twelve ply angle variables. The

radius-to-thickness ratio is chosen to be 200 to correspond to the optimization for an infinite

length shell (Section5.5), and several length-to-radius ratios are investigated. The optimal con-

stant stiffness solutions are presented in Table 6.1. The infinite length solution is also included to

show the effect of the finite length on the buckling load and the optimal stacking sequence. Note

Table 6.1: Results of Optimization for Maximum Bending Load (Constant Stiffness)

L/R Ratio Stacking Sequence

20 [07/905]S 0.8118 2.136 0.7913 6.111×106

50 [902/0/90/05/90/0/90]S 0.6667 0.7877 0.6101 3.416×106

100 [902/0/90/0/90/05/90]S 0.7331 0.7077 0.6497 3.420×106

∞ [902/0/90/02/902/04]S 0.7883 0.6906 0.6633 3.441×106

maximize My T i ϕk,( )

such that manufacturingconstraintsaresatisfied

αcr χ mcr My lbs-in( )
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that the applied bending moment is actually larger for the infinite length case, which is contrary to

expectation. This is due to the end effects of the finite length cylinder that produce a boundary

layer that is slightly less resistant to buckling than the other regions of the cylinder.

The results for the curvilinear fiber format cases, however, do not exhibit any significant

improvement over any of these constant stiffness geometries. The hope is that the variation of the

stiffness parameters will produce stiff regions along the length that act as ring stiffeners, so that as

that location the radial deformation will be reduced and the nonlinear effect lessened. For exam-

ple, shown in Figure6.15 is the radial displacement profile of the long variable stiffness cylinder

(L/R = 1000) whose fiber orientation angle variation is denoted by the dotted line. As desired, the

circumferentially stiff regions restrict the cross-sectional deformation to give the appearance of a

ring-stiffened structure. The maximum buckling stress criterion indicates that buckling is most

likely to occur at the points denoted by a filled circle. However, the critical buckling value of this

design is quite low (less than 60%) when compared to the optimized value for a constant stiffness

laminate. This is due to the fact that the optimal layup consists of a circumferentially stiff stacking

sequence at all locations along the length. Thus to improve upon the design shown in Figure6.15,

the weak 45° areas should be replaced by the stiffer 90° layups since that stacking sequence per-

forms the best for this geometry. This phenomenon resembles the weak link philosophy intro-

duced for the axisymmetric case. The cylinder will buckle at the least resistance location, so that

the optimal design should ideally consist of the best stacking sequence at all locations along the

0 0.25 0.5 0.75 1

ξ

0

0.05

0.1

0.15

D
is

pl
ac

em
en

tV
ar

ia
bl

e

0

15

30

45

60

75

90

F
ib

er
O

ri
en

ta
tio

n
A

ng
le

 w2(ξ)
ϕ(ξ)

Figure 6.15: Variable Stiffness Concept Example for Finite Length
Cylinder under Bending

[±ϕ/0/+ϕ/0/-ϕ/05/90]S Laminate



Chapter 6.0 Bending of Finite Length Cylinders including the Brazier Effect

221

length, which of course is simply a constant stiffness design. Therefore, though the application of

the variable stiffness concept to this problem seemed promising, the results indicate that no signif-

icant improvement actually exists.

6.4.2 Ring Stiffened Structures

Luckily, there still is a useful application for the finite length nonlinear bending problem.

Though the curvilinear fibers could not produce the desired mechanism to increase the buckling

load, ring stiffeners are perfectly suited for the task of decreasing the effective length of the cylin-

der. For example, the displacement profile of a cylinder under bending containing two sturdy ring

stiffeners within the half-length is displayed in Figure6.16. The ring stiffeners constrain the

cross-section to remain circular due to their relatively high circumferential stiffness, which

decreases the span of the cylinder and improves the buckling load. The buckling locations are esti-

mated to occur at the point midway between the stiffeners (at the point of maximum deformation).

By placing the stiffeners closer together (or using more equally spaced stiffeners), one can

improve the buckling load until it approaches the value for a short cylinder with no cross-sectional

deformation. However, too many ring stiffeners would needlessly increase the weight of the struc-

ture, therefore a happy medium should exist with regard to the number of ring stiffeners. There-

fore, this final section uses the finite length Brazier analysis to investigate the effect of ring

stiffener spacing on the maximum buckling load.
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The results are formulated for theL/R= 50 cylinder from Table 6.1. The ring stiffeners are

assumed to be blade stiffeners, 1″ × 2″, that are equally spaced along the length of the cylinder

and constructed of a unidirectional graphite-epoxy material. Two stacking sequences are used,

corresponding to the optimal layups for the shortest and infinite length cases from Table 6.1. The

results are presented in Figure6.17 in terms of the maximum bending moment, as well as a

moment that is normalized by the relative weight of the structure. Notice that for no stiffeners, the

infinite length stacking sequence provides the largest buckling moment, but once stiffeners are

introduced the “short” cylinder layup is dominant. As expected, as the number of stiffeners

increases, the maximum load does as well, however a limit point does exist (around five stiffeners

for the short cylinder stacking sequence) after which adding stiffeners decreases the efficiency of

the structure in terms of total weight. This simple design study demonstrates the worth of this

analysis for ring stiffened cylinders, for it efficiently indicates the optimal stiffener spacing to use

when nonlinear bending is an issue.
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Chapter 7.0 Concluding Remarks
The concluding remarks are grouped into four distinct sections, each which contains a sum-

mary of the major conclusions drawn from this investigation as well as future recommendations to

further the research. The four sections deal with, respectively, the analysis of shell structures that

contain general stiffness variations, the effect of an axial stiffness variation on the performance of

a cylindrical shell structure, similar conclusions for a circumferential stiffness variation, and gen-

eral results for nonlinear bending of long tubes.

7.1 Analysis of Variable Stiffness Shells

The presence of stiffness parameters that vary spatially within a shell structure demands a sub-

tly different type of formulation than the typical constant stiffness structure. For this particular

investigation, it was shown that the equilibrium equations contained derivatives of certain stiff-

ness parameters that are not normally included in standard cylindrical shell analyses. Even when

alternate formulations of the shell governing equations are used (such as a stress-based approach

or the finite element method that integrates the stiffness parameters over a local region), attention

must be focused on correctly including the effect of the stiffness variation. This study has success-

fully completed this goal for the subset of cylindrical shells with various stiffness variations and

loading conditions. The method of formulation has also revealed to this author two conclusions

regarding the analysis of cylindrical shell structures. First, that additional terms that do not exist in

the standard formulation are required to correctly model the nonlinear bending problem for long

tubes, and secondly that the best first approximation for the shell equations should be based on

Sanders theory. This second conclusion is based on the fact that the numerical solutions using the

Sanders-type expressions are only slightly more complicated than the Donnell-Mushtari-Vlasov

shallow shell equations, yet they do not contain the inaccuracy for longer shells that DMV theory

possesses. Of course, for many closed-form analytical solutions the simplicity of the shallow shell

equations remains unchallenged, however it is believed that any general numerical solution should

satisfy at least the level of accuracy of the Sanders approximations to be considered robust.

The introduction of the curvilinear fiber format for fiber reinforced laminates also presents

some novel ideas for shell analysis and design. Firstly, the definition of the stiffness variation

through the designation of the local value of the fiber orientation angle provides a meaningful
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technique to ensure that the various stiffness terms represent a feasible structure. In fact, it may be

advantageous to use this method to formulate a new “element” in standard finite element packages

that can be defined via the spatial variation of the fiber orientation angle within the element. Typi-

cally, modern finite element codes either assume constant stiffness values within each element or

require the definition of many stiffness parameters at several points within the domain, however it

would be more efficient and accurate if the stiffness variation could be accounted for at the funda-

mental level of the fiber orientation angle. Furthermore, the representation of variable stiffness

plies using the proposed curvilinear fiber definitions provides a realistic method to transform the

theoretical design into actual parts through the use of the tow placement process. Coordination of

the idealized fiber paths with computer controlled manufacturing techniques has been success-

fully demonstrated for flat panels, and can easily be extended to include general shells. Thus the

use of curvilinear fibers can be a valuable tool in the design of high performance shell structures.

The analytical tools developed in this investigation possess one other advantage over many

modern analysis techniques, that being the numerical efficiency of the solutions. The inclusion of

ply drops and discrete stiffeners into the shell stiffness parameters (through the use of Classical

Lamination Theory) provides a straightforward method to calculate the effect of these mecha-

nisms without resorting to smearing their stiffness contributions over the total area or constructing

cumbersome models that require large amounts of computational space and time. It is believed

that in the future this variable stiffness technique can be used to generate an effective “global”

shell analysis tool that provides excellent coordination with the detailed local models yet is still

numerically efficient and able to accurately reflect the global effects of the problem. Such a tool

would be a tremendous contribution to the present capabilities of modern shell analysis.

7.2 Axial Stiffness Variation for a Cylindrical Shell

The investigation of cylinders containing a stiffness variation only in the axial direction

revealed the most common form of material failure for variable stiffness structures, denoted here

as the weak link phenomenon. In essence, the results indicated that for loads that do not change in

the axial direction, the introduction of varying stiffness and strength parameters through the use of

curvilinear fibers will never significantly improve the performance of the structure since it cannot

effectively redistribute the applied loads. In the presence of these non-varying loads, there always

exists some laminate stacking sequence that is best suited to withstand the resulting state of stress,

and thus any deviation from that stiffness definition only detracts from the strength of the lami-

nate. Though the variable stiffness concept under axisymmetric loading is able to affect the preb-

uckling deformation and the critical location of failure stress, these effects did little to improve the

global response of the structure. The only apparent advantage with regard to material failure was



Chapter 7.0 Concluding Remarks

225

limited to the various global stiffness and strength properties that could be achieved using curvi-

linear fibers, which may be advantageous in a design environment.

With regard to buckling behavior, the applicability of the axial stiffness variation produced

mixed results. Firstly, it was shown that the possible negative effects of the prebuckling deforma-

tion on the nonlinear buckling load did not exist. That is, the non-flat deformation produced by the

variation of the stiffness terms did not appear to act as a geometric imperfection, which severely

affects the collapse behavior of cylinders under compression. Thus the membrane prebuckling

solution could be used with relative confidence. Secondly, for loading that produced mainly axial

stresses (such as axial compression or bending), the weak link phenomenon still applied due to

the high axial frequency that exists for this type of loading. The buckling mode was simply con-

centrated in the region that contained stiffness properties that were the most susceptible to axial

buckling, so that no improvement over constant stiffness laminates existed. Conversely, the load

cases of external pressure and torsion exhibited much lower frequencies in the axial direction

(dependent on the effective length of the cylinder), thus a stiffness variation that could signifi-

cantly increase the axial frequency possessed the possibility of improving load-carrying perfor-

mance. This basically means that the optimal stiffness variation should contain a region that is

circumferentially stiff and approximates a ring stiffener. This technique was also shown to be

instrumental to improve the buckling moment of long cylinders under bending, since a circumfer-

entially stiff region could resist the ovalization due to the Brazier effect. Unfortunately, the results

indicated that the stiffness variation based on varying the fiber orientation angle never produced

enough stiffness disparity between regions to achieve this goal, while traditional ring stiffeners

fulfilled this objective quite easily.

Though these results indicate little advantage for cylinders with an axial stiffness variation, it

should be emphasized that the foregoing conclusions apply only to cases where the loads are con-

stant along the length. For stress states thatdo vary in the axial direction, the introduction of the

variable stiffness concept obviously promises tremendous advantage for the reasons just dis-

cussed. If the loading varies along the length, then each region possesses a particular stiffness

configuration that is best suited to withstand that state of stress, and an excellent way to vary the

local shell properties to correspond to the loading is through the mechanisms of the variable stiff-

ness concept. Thus instead of the original desired mechanism of the variable stiffness concept,

which was improving the load-carrying performance by redistributing the applied stresses, the

application of an axial stiffness variation is better suited by designing the stiffness and strength

properties to correspond to the local state of stress, such as cylinders acting as beams or ones with

known concentrated and distributed loads acting along the length.
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7.3 Circumferential Stiffness Variation for a Cylindrical Shell

The alternate possibility of stiffness variation presented in this investigation allows for fluctu-

ation of the properties in the circumferential direction. For axial loading, the circumferential stiff-

ness variation can now achieve the desired goal of redistributing the stresses so that the stronger

regions carry the majority of the load. Unfortunately, this is not the case for pressure or torsion,

since the distribution of the stresses from these loads do not depend on the local stiffness proper-

ties so that the failure is governed by the weak link concept. Therefore, the pressure and torsion

cases do not indicate any improvement for shells with a circumferential stiffness variation. How-

ever the remaining load cases considered, namely an axial load, bending, and a transverse shear

force, do depend strongly on the circumferential variation of the stiffness, and subsequently

showed relative improvement over constant stiffness laminates in terms of material strength, glo-

bal stiffness, and buckling characteristics. In general, the greatest improvements were realized for

loads which also contained variation in the circumferential direction. For pure bending of short

cylinder sections, the best designs tended to place the highest axial stiffness at the top and bottom

of the cross-section, which maximized the global bending stiffness of the cylinder while simulta-

neously producing a region that behaved well under buckling due to an axial stress. For some

designs, the stiffness variation was also able to produce a node at the top that relocated the critical

buckling location away from the area of maximum stress. Likewise, for transverse shear force

loading in which the maximum shear stress is located at the sides of the cylinder, the circumferen-

tial stiffness variation altered the distribution of the shear flow and spread the buckling deforma-

tion over a larger area. This tended to significantly increase the resulting buckling loads.

These preliminary positive results for a short cylinder segment with a circumferential stiffness

variation led to an in-depth optimization study of a fuselage structure under typical flight loads of

internal hydrostatic pressure, an axial bending moment, and a vertical shear force. The formula-

tion of the design problem was based on reducing the weight of a generic narrow body fuselage

section that was subjected to typical flight load conditions. As a comparison, initial design studies

were conducted for traditional isotropic and composite shells that also utilized longitudinal stiff-

eners and a crown/side/keel arrangement for fuselage construction. The results indicate that the

response was dominated by the buckling characteristics of the structure under bending, and that

the isotropic and composite designs were quite similar in geometry. The optimal solutions placed

longitudinal stiffeners at the top an bottom to increase the stiffness and act as nodes for the buck-

ling shapes. A comparison to these traditional design cases was conducted for (unstiffened) curvi-

linear fiber designs and crown/side/keel arrangements. It was found that the variable stiffness

designs were both quite competitive to the traditional designs in terms of weight and structural
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characteristics. Furthermore, it is believed that the variable stiffness designs also offer an advan-

tage over the stiffened structures when it comes to production, since the curvilinear fiber shells

can be constructed as one piece and do not require any further attachments. The ability of the vari-

able stiffness shells to change their properties spatially is also a significant bonus when holes in

the fuselage are required (such as doors or windows), since the laminate in that area can be

designed differently from the top and bottom regions so that the effect of the hole is minimized.

This feature of altering the stiffness properties can also be taken advantage of along the length of

the fuselage, where the loading changes from bending to one dominated by internal pressure and

the shear force. These areas do not require the added stiffness at the top and bottom of the fuse-

lage, therefore significant weight savings and performance improvements can be achieved by

combining the circumferential stiffness variation with alterations in the axial direction to produce

a total variable stiffness fuselage structure.

7.4 The Brazier Effect for Long Tubes

The last problem studied in this investigation concerned the deformation resulting from pure

bending of long cylinders. Due to the significant cross-sectional deformation associated with this

problem, it was considered an excellent application for the variable stiffness concept due to its

ability to control deformation and dictate the stiffness response. Initial investigation into this

problem revealed that before the variable stiffness designs were studied, a thorough consideration

of the basic mechanism was warranted since its highly nonlinear behavior needed to be quantified

for general orthotropic cylinders. The formulation revealed that the standard cylindrical shell

equations were not able to accurately reflect the true nature of the problem, and that additional

nonlinear terms were needed in the governing equations to correctly represent the problem. Inves-

tigation of the resulting equations for infinite length and finite length constant stiffness cylinders

revealed that the nonlinearity was strongly a function of cylinder length as well as stacking

sequence and internal pressure, and that the usual failure mechanism was local buckling as

opposed to a limit load phenomenon. However the cross-sectional deformation still played a

major role in the determination of the critical load.

For variable stiffness structures, investigations of possible improvements over constant stiff-

ness structures were attempted using both an axial and circumferential stiffness variation. The

results revealed that the circumferential variation for extremely long cylinders worked reasonably

well, with the optimal designs resisting the cross-sectional bending deformation yet still providing

areas that could sufficiently withstand the impending axial buckling mode. However, these infinite

length designs differed substantially from the short cylinder segment solutions, in which the

region of maximum stress did not require any resistance to circumferential bending. This conclu-
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sion was further evidenced by the results of the finite length cylinders, which indicated the dispar-

ity of the optimal stacking sequences for cylinders of various lengths. Attempts to improve the

buckling load of finite length cylinders using an axial stiffness variation proved useless, since the

possibility of redistributing the bending stresses or significantly restricting the cross-sectional

deformation did not exist. Ring stiffeners again showed their dominance here, since there inclu-

sion effectively reduced the length of the cylinder and negated the nonlinear deformation. There-

fore, it is believed that the most effective way to increase the buckling loads of long cylinders

under bending is either through a selective choice of a stacking sequence that is best suited to

resist the nonlinear effect or including optimally spaced ring stiffeners to sufficiently control the

cross-sectional deformation.
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Appendix A. Numerical Techniques
This appendix presents the general solution techniques for the specialized governing equa-

tions presented in Chapters 3.0 through 6.0. Numerical methods are employed due to the relative

complexity of the governing equations in terms of nonlinearity and the existence of variable stiff-

ness coefficients. The four basic numerical techniques discussed in this appendix include the finite

difference technique for the solution of linear ordinary differential equations, Newton’s method

for nonlinear problems, the Rayleigh-Ritz method as an auxiliary formulation of the eigenvalue

problem, and the power method for the solution of the eigenvalue problem. A comparison of the

finite difference technique versus the Rayleigh-Ritz method is also included. Additionally, numer-

ical optimization techniques used for the design studies are discussed, and the accuracy and effi-

ciency of the numerical techniques are investigated. The numerical techniques are implemented

using the FORTRAN computer language, and certain numerical subroutines were obtained from

the LAPACK algorithm library.

A.1 Finite Difference Techniques for Linear ODE’ s

The equilibrium equations governing the static response of a variable stiffness cylindrical

shell under various loading conditions are in the form of ordinary differential equations with

boundary conditions specified at each end. Problems of this type are termed boundary value prob-

lems, as opposed to initial value problems which have prescribed conditions at only one point of

the domain. For these initial value problems, the solution is quite straightforward, for all that is

required is a step-wise numerical integration of the differential equation as the domain is traversed

from the initial point. Because of the ease of this approach, numerical solutions of boundary value

problems are often based on “shooting” methods, which generate an initial value problem at one

end and vary some unknown parameters until the boundary conditions at the other end are satis-

fied. However, this method is not suitable for problems that involve complicated boundary condi-

tions at each end, or ones in which the numerical integration of the differential equations is not

easily accomplished. Therefore, the numerical technique used for our problems will instead be

based on discretization methods, which solve the boundary value problem by defining the vari-

ables at discrete points within the domain that approximately satisfy the differential equations and

the boundary conditions at each end. For this investigation, the finite difference technique will be
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used. This choice is made due to its ease of implementation for variable coefficient differential

equations, as well as its efficiency and accuracy for boundary value problems of this type. In this

section, the primary concepts of the method will be discussed and illustrated with an example.

The basic premise of the finite difference method is to define the region of interest in terms of

discrete points separated by a finite distance, and to approximate the unknown functions and their

derivatives by the values at these given locations. The representation of the derivatives is based on

the definition of differentiation through the theory of limits, which states that

(A.1)

For the finite difference technique, the limit parameterh is replaced by the finite distance∆, and

the values of the functionf at the two points are treated as the unknown variables:

(A.2)

This equation conforms to a “forward difference” equation, since the derivative is based on func-

tional values that occur in a forward direction from the original point. “Backward difference” and

“central difference” equations can also be defined, where the latter can be shown to be the most

accurate. Thus the central difference equations will be used here, and the higher-order derivatives,

expressed in terms of∆ and the functional values at equally spaced pointsxi, are given as

(A.3)

Of course, the smaller the distance between points, the more accurate the derivatives become

according to the theory of limits. Numerically, however, there are bounds for the value of∆ due to

the accuracy of the computing machines. If∆ is too small, the solution may experience severe

round-off errors due to the finite arithmetic used by the computer; while too large a value of∆ will

not accurately reflect the values of the derivatives.

Insertion of the approximate relations of Eq.(A.3) into a linear ordinary differential equation

for the functionf(x) transforms the differential equation into an algebraic one, in which the func-

tional valuesfi are the unknowns. Boundary conditions can also be expressed in terms of these

unknown functional values, and the combination of the approximate differential equations in the

interior of the region with the boundary conditions at the ends produces a unique solvable system
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of algebraic equations. Of course, since the value of∆ is usually small, the number of unknown

variables can be quite large, thus numerical algorithms to solve large linear systems are employed.

The finite difference technique has an added advantage here in that the form of the matrices used

in this linear solution lends itself to efficient numerical solutions. This will become more apparent

as we develop the finite difference equations with the help of an example.

To illustrate the finite difference method for a typical linear system, we use a simple example

of the axisymmetric problem derived in Section3.4, where the nonlinear terms will be ignored.

This system has an independent variable ofξ and two unknown dependent variables: the radial

displacementw0(ξ) and the constant axial forcef, and is reproduced here from the linearization of

Eq.(3.15) as

(A.4)

The system is well-posed, since we have a fourth order differential equation forw0 along with

four boundary conditions, and an algebraic (integral) equation for the solution of the constantf.

Note that the loading is introduced through the known constantsu andp. The region of interest is

defined as 0≤ ξ ≤ 1, where the end point atξ = 0 is part of the boundary, and the interior region

where the differential equation must be satisfied is divided byN equally spaced discrete locations,

as shown in FigureA.1. Variable spacing of the finite difference points can also be used to investi-

gate complicated regions in greater detail, though for our purposes it was found that the constant

spacing was sufficient for accuracy as well as being easier to implement. Estimations of the stiff-

ness and loading terms must be calculated at each endpointξ i, and the solution will consist of
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finding the values of the radial displacement at these locations. Since the differential equation is

of fourth order, two finite difference points are required on both sides of each interior point. Thus,

three more finite difference points must be defined so that the differential equation can be satisfied

at each end of the interior domain (i = 2 andi = N), bringing the total number of unknowns toN+3

plus the constantf. The differential equation is applied at each interior finite difference location

(ξ i, i = 2, N), and inclusion of the integral equation and the four boundary conditions brings the

total number of equations toN+4 as well. Therefore we can use linear algebra techniques and for-

mulate the problem in matrix form. All that remains is to transform the differential and integral

equation into linear algebraic equations. This is accomplished using the central difference rela-

tions for the functionw0, as well as assuming that the stiffness terms and their derivatives are fully

defined at each finite difference location. Before developing the algebraic relations completely,

however, we must examine the formulation for the boundary conditions and the integral equation.

The boundary conditions must also be expressed in terms of the unknown variables, which is a

straightforward procedure for the problems investigated here. For example, for the axisymmetric

problem the first boundary condition reveals that the left end is fixed against radial displacement,

therefore we know that the value ofw0(0) = w1 must be zero, thereby removing it as an unknown.

Similarly, the clamped or simply supported boundary condition can be represented through the

central difference equations, and the unknown variablew0 can be automatically calculated once

the boundary condition is determined:

(A.5)

Similarly at the other end, the symmetry condition also removes two unknowns:

(A.6)

Thus the reduced linear problem is of orderN, with N-1 unknown radial displacements (i = 2,N)

and the unknown axial force coupled withN-1 algebraic equations at each interior location

(i = 2,N) and the integral equation. This integral equation must also be transformed into an alge-

braic one, and this is accomplished by performing the integration using the trapezoidal rule:

(A.7)

Higher order representations of the integral for finite difference techniques do exist, however in
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practice it was found that this simple trapezoidal rule generated the same results than the more

accurate approximations, so its use will be retained here.

To complete the example, the algebraic system for the linear axisymmetric problem is formu-

lated in terms of the unknown vector , where

(A.8)

Then the algebraic equations are presented as

(A.9)

where the first equation is evaluated fori = 1 toN-1, and is slightly altered fori = 1, 2, N-2, and

N-1 due to the application of the boundary conditions. Formulation of these equations in matrix

form  reveals that the system is banded and bordered, which is displayed in schematic

form in FigureA.2, where the open spaces denote zeroes of the matrix. The bandwidth for the

matrix in this example is four, and Gaussian elimination is employed to solve for the unknown

vector . Numerically, Gaussian elimination is much more stable and accurate than, for instance,

matrix inversion by calculating determinants, and it also is quite efficient when applied to banded
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matrices of this form. The bordered section of the matrix is dealt with through the use of the

Woodbury formula (see Press et al.89), which preserves the banded nature of the matrix structure

while still incorporating the influence of the bordered portion through the addition of a few matrix

computations.

As a comparison to the example of the axisymmetric problem, the equilibrium solution for the

Brazier problem for finite length cylinders with an axial stiffness variation generates a matrix of

the same structure as the one shown in FigureA.2, except that the order of the matrix is ~2N and

the bandwidth is eight due to the extra differential equation and variable present in that system.

For the Brazier problem applied to infinite length cylinders, the linearized equation is even sim-

pler because the bordered portion due to the presence of an unknown constant does not exist,

therefore the Woodbury formula need not be invoked. These results for the linearized form of the

nonlinear governing equations are important, for the following sections reveal that the numerical

solution to these linear problems is vital to the calculation of the nonlinear response as well as the

solution of the eigenvalue problem.

A.2 Newton’s Method for Nonlinear Problems

The finite difference technique discussed in the last section is one of many numerical tech-

niques that works for linear problems, in which powers and multiplications of unknown variables

do not exist. However, the equilibrium equations for a cylindrical shell undergoing loads that pro-

duce instability are usually nonlinear, for which these straightforward linear solution techniques

are not applicable. In fact, it is generally believed that no generic solution techniques exist for an

arbitrary nonlinear problem, for the presence of the nonlinearity produces multiple solutions of

the equations which cannot necessarily be calculated using standard techniques. However, this

does not mean that some important solutions to nonlinear problems cannot be found. For instance,

nonlinearity in shell equilibrium solutions usually increases proportionally to the level of the

applied loads. For the initial loading, the linear solution can be found, and as the load level

increases the resulting nonlinear solutions can be calculated by finding a suitable configuration

near the linear solution that satisfies the static equilibrium equations. This technique usually

works adequately until a bifurcation point develops, for bifurcation implies a drastic change in the

configuration that leads to a significant alteration in the response. Calculation of the resulting state

after bifurcation is found through the application of postbuckling theory, and is beyond the scope

of this investigation. Instead, we will employ nonlinear solution techniques for the prebuckling

solutions, which can be based on perturbations from the linear solutions, and include the nonlin-

ear effects to determine when bifurcation may occur. The nonlinear technique is iterative, in that it

keeps updating the solution until the equilibrium equations are considered accurately satisfied. It
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is based on Newton’s method (also referred to as the Newton-Raphson method) for finding the

roots of nonlinear equations using derivative information, which is extended to include ordinary

differential equations of several variable.

A general nonlinear system containing ordinary differential equations withξ as the indepen-

dent variable and the vector  as the dependent variable can be represented as

(A.10)

where the vector  is a system of nonlinear differential operators (for our problems of fourth

order) and is a function of  and its derivatives with respect toξ. The system should be well-

posed, so that the number of equations represented by is the same as the number of components

in the unknown vector . The idea is to assume an initial solution  for the nonlinear system

and use this basis to find a more accurate solution in the neighborhood of this solution. Of course,

convergence depends highly on the accuracy of the initial solution. For our problems this choice is

usually the linear problem, where we solve the differential equation without the nonlinear terms

in  using the finite difference technique already described.

Once an initial solution is chosen, we perturb the dependent variable such that

(A.11)

Substituting this assumed form into Eq.(A.10) and performing a Taylor series for  about the

original solution results in the following equation:

(A.12)

If the original solution is close to the correct one, then the forcing term on the right hand side

will be small, as will be the solution to the correction. Since these terms are small, we can

neglect orders ofδ2 in Eq.(A.12). Thus we have formed a system oflinear ODE’s for the correc-

tion variables, which can be calculated using the linear solution in terms of finite difference tech-

niques discussed in the last section. Then we can update the actual solution of using Eq.(A.11)

and iterate until the correction terms converge to zero. Therefore the solution technique for the

nonlinear problem is to solve a series of linear problems until we reach the desired accuracy,

which is measured by either the relative changes of the dependent variables or the magnitude of

the vector , where in practice both of these convergence criteria are usually considered.

For the integral equations that also arise in our nonlinear systems, a similar technique is used.
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A general case can be represented as

(A.13)

where this timeG is a nonlinear function and is for our systems first-order at most. We also

include the possibility of the limitsa andb being unknowns. These variables must also have an

initial guess, and are perturbed slightly to correct the solution:

(A.14)

Again using a Taylor expansion for the unknowns and ignoring products of the correction terms

results in the integral relation

(A.15)

This integral is linear with respect to the correction variables  as well asδa andδb.

The relative complexity of the nonlinear solution technique is contained in the calculations of

the derivatives of the nonlinear solution with respect to the unknown variables. These derivatives

make up the matrix in the resulting linear system of equations, which is termed the Jacobian

matrix. If the nonlinear equations are sufficiently complex, numerical techniques most also be

used just to calculate the entries in the Jacobian matrix. However, for this investigation the analyt-

ical representation of the governing equations supplies the necessary relations so that the terms of

the Jacobian matrix can be calculated in closed form. The order and matrix structure of the result-

ing system corresponds to that of the linear solution, so that the algorithms to solve the nonlinear

problem consist mainly of updating the Jacobian matrix and forcing vector until the desired accu-

racy is attained. For the specific problems presented in this investigation, the effect of the nonlin-

earity did not produce any numerical problems (i.e. non-convergence do to a failure to find an

equilibrium solution near the linear configuration) except for loads that were well past the bifurca-

tion point of the structure. In fact, the nonlinear static solutions near bifurcation often hinted that a

buckling point was imminent, such as the results shown in Figure3.10.

A.3 The Classical Rayleigh-Ritz Method for the Eigenvalue Problem

The Rayleigh-Ritz method has long been used for the solution of buckling and vibration prob-

lems in structural mechanics. Its origin began with the conception of Rayleigh’s quotient to esti-
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mate natural frequencies (eigenvalues) of conservative systems by assuming the resulting shape of

the vibration mode. The Rayleigh-Ritz method is an attempt to improve these estimates by deter-

mining what the correct mode shape should be so that the eigenvalue calculation is more accurate.

The designation of the “classical” Rayleigh-Ritz method is introduced so that the traditional pro-

cedures of this technique are differentiated from one of its popular descendants, the finite element

method. An excellent introduction to the classical Rayleigh-Ritz method, as well as a discussion

of its general formulation, convergence properties, and comparisons to the aforementioned finite

element method, can be found in Meirovitch90. For our purposes, we will highlight only certain

facts and procedures that are significant for the formulation of our buckling problems for variable

stiffness cylinders.

The derivation of the governing equations for buckling (and vibration) problems using the

Rayleigh-Ritz technique are usually formulated from energy methods for the system under study.

For the cylindrical shell, these energy equations correspond to the expressions for potential energy

and work done on the system that were introduced in Section2.3, and contain at most second-

order derivatives of the perturbed displacements (u1, v1, w1). The basis of the Rayleigh-Ritz

method is to approximate the expected shape of these displacements using a linear combination of

predetermined trial functions, which effectively discretizes the displacements and turns the differ-

ential eigenvalue problem into an algebraic one. The coefficients of the trial functions constitute

the unknown buckling mode, so that the numerical solution using these variables generates esti-

mates of the buckling modes and their critical values. The accuracy of the method depends greatly

on the choice of the trial functions. These functions can be divided into three types, in terms of

increasing accuracy: admissible functions, which need be differentiable only up to the order of the

energy equations and only have to satisfy the geometric boundary conditions;comparison func-

tions, which are differentiable to at least twice the order of the energy equations (which corre-

sponds to the order of the governing equations in differential form) and must satisfy all the

boundary conditions; and lastly, eigenfunctions, which fully satisfy the governing equations and

boundary conditions and are linearly independent to each other. Of course, for complex systems,

determination of the actual eigenfunctions is usually impossible, so that linear combinations of

the admissible and comparison functions are used to approximate the true shape of the buckled

mode. However, if the eigenfunctions for similar systems to the one under study are known, then

the use of these as trial functions greatly improves the accuracy of this method.

It should be noted here that one of the main differences between the classical Rayleigh-Ritz

method and the finite element method lies in the choice of these trial functions. The classical for-

mulation traditionally choosesglobal functions, which are defined over the entire domain and
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often belong to the same set of orthogonal functions, such as trigonometric functions or Bessel

functions. As such, the requirements of differentiability are usually automatically satisfied, and

the trial functions are chosen to satisfy as many boundary conditions as possible. In the finite ele-

ment method, the trial functions are only defined in alocal sense, in that each function only cov-

ers a portion of the domain, and are sometimes chosen to merely satisfy the minimum

differentiability requirements. One advantage of the local aspect of the trial functions is that it can

more accurately approximate abrupt changes in stiffness and loading definitions. The boundary

conditions can also be rigorously satisfied using these local function definitions, however the con-

vergence characteristics of this technique do not always follow the typical trends of the classical

Rayleigh-Ritz method due to the fact that the trial functions are not linearly independent. For

more detail in this matter, refer to Meirovitch90.

For this investigation, we will employ the classical Rayleigh-Ritz method for the solution of

various cases involving buckling. Since exact eigenfunctions can be determined under certain

loading and boundary conditions for constant stiffness cylinders, their use as comparison func-

tions for variable stiffness cylinders generates very accurate results that converge quickly. An

exception to this rule, however, is when the stiffness definition contains discrete and abrupt

changes due to the presence of stiffeners or dropped plies. The global definitions for the trial func-

tions have trouble approximating these sudden changes, as compared to the local definitions of the

finite element method. However, finite difference techniques, which do not classify as Rayleigh-

Ritz methods due to their nature of discretization,can incorporate these drastic stiffness changes

since they also, in a sense, rely on local analysis of the domain. Thus it will be seen that the clas-

sical Rayleigh-Ritz method performs very efficiently for cylinders with well-behaved stiffness

and loading definitions, while for structures containing significant stiffness changes the finite dif-

ference technique (or the finite element method if desired) proves more reliable.

The formulation of the Rayleigh-Ritz method for our problems can also be referred to as the

assumed modes method. Examples of this technique have already been used for the solution of the

classical buckling estimates of Section1.2.2, whereby for these constant stiffness cylinders with

their specialized boundary conditions the assumed modes actually turn out to be the eigenfunc-

tions of the system. Therefore, these eigenfunctions are used as the basis for the trial functions for

the general variable stiffness cylinder. The governing equations for the stability estimation of a

cylindrical shell are in terms of the laminate stiffness measures, the perturbed displacements, and

the rotations and stress measures which are the solution for the prebuckled state. The equations

are displayed in differential form in Eq.(2.110)-(2.112), and can also be expressed as a surface

integral, which is defined as the second variation of the potential energy. Neglecting the prebuck-



Appendix A. Numerical Techniques

246

ling rotations (to save space here) results in

(A.16)

For the Rayleigh-Ritz method, the trial functions for the perturbed displacements are in terms of

trigonometric functions and divided into four modes, such that

(A.17)

The notation for the trigonometric functions is translated as

(A.18)

where the axial wavelengthβ is assumed to be an integer multiple of a base wavelength related to

the length of the cylinder. Integration of Eq.(A.16) in both directions results in an expression

involving squares and multiplications of the coefficients of the series expansions. For equilibrium,

the derivative of the energy expression with respect to each of these independent variables must be

zero. These leads to a complete system of linear algebraic equations for the unknown series coef-

ficients for the perturbed displacements, which can be organized into standard matrix form. As

such, the unknown vector  representing these series coefficients is denoted as

(A.19)
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andI indices represent the harmonic coefficient and mode, respectively. The terms in the stiffness

and geometric stiffness matrices are likewise referenced as

(A.20)

A sample calculation of a matrix term reveals that the stiffness and loading definitions are

being expressed in terms of a similar series expansion as the displacements, in this case in the cir-

cumferential direction. For instance, theD11 portion of one matrix entry is

(A.21)

The resulting integral in the circumferential direction is most easily evaluated when the stiffness

term is expanded in a Fourier series, such that

(A.22)

Since the stiffness terms are symmetric aboutθ = 0 andπ, only the cosine terms need to be

included in the expansion. However, the prebuckling stress resultants  must also contain

a sine term in the expansion due to the possible anti-symmetry of the beam loads. The resulting

expressions for the matrix terms are given in AppendixB, and the resulting eigenvalue problem

follows the matrix form for the finite difference technique. The terms in the geometric stiffness

matrix are functions of the load level, so that the eigensystem becomes:

(A.23)

Two major differences do exist when compared to the finite difference formulation, in that the

sub-matrices are now symmetric and full (as opposed to banded).

One advantage of using the classical Rayleigh-Ritz method for the eigenvalue problem is that

it ensures that the matrices are symmetric when the expressions for the matrix elements are able to

be derived from energy expressions. The symmetry of the matrices implies several favorable

properties of the eigensystem. For example, it can be easily shown that the eigenvalues of real
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symmetric matrices must always be real, thereby removing the need to investigate the imaginary

plane. The expansion in terms of a finite sum of orthogonal functions (the Fourier series) also

ensures that the inclusion principle holds. This very powerful result means that as you increase the

number of terms in the expansion for the displacements, the resulting matrix includes the pre-

existing eigensystem except for an addition of another row and column. The new eigenvalue that

is created due to the higher order of the system will not be less than any eigenvalue from the lower

order system, and in fact the old eigenvalue spectrum is “embedded” within the new one such that

each eigenvalue is decreased. Thus the inclusion principle guarantees convergence from above for

all eigenvalues, which is a very desirable feature for eigenvalue calculations. An iterative solution

to find the lowest eigenvalue and associated eigenvector is introduced in the next section.

A.4 The Power Method for the Eigenvalue Problem

The eigenvalue problem using either the Rayleigh-Ritz method or finite difference techniques

can be presented in a general form as

(A.24)

The eigensystem will be defined to be of orderN, so thatN eigenvalues and corresponding eigen-

vectors exist (usually the rank of[M] defines the order). However, our investigations only require

an estimation of the critical, or lowest, eigenvalue and its associated mode shape, so that numeri-

cal algorithms that generate all characteristic values and buckled shapes are more robust than

needed. Therefore, a method that only calculates the lowest eigenvalue and associated eigenvector

is all that is desired so as not to waste computational time and expense. One such technique for the

solution of the general eigenvalue problem is the power method. Not only does this method fulfill

our needs of efficiency by only calculating the pertinent modes, but it also can be applied to sym-

metricand unsymmetric matrices, which occur when the finite difference technique is employed

for the discretization of the domain. Systems that are not positive definite, such as when a critical

load is calculated at a point along the nonlinear load path which is past the bifurcation point, can

also be handled. Furthermore, the algorithms of linear algebra to solve the banded systems that

occur for the static problems can again be used in the solution techniques using the power method.

The power method is based on the principle that the eigenvectors for a given matrix are lin-

early independent and that they represent a complete basis for theN-dimensional subspace. Thus,

an arbitrary vector can be decomposed into a linear combination of the orthogonal eigenvectors:

(A.25)

K[ ] u1⋅ Λ M[ ] u1⋅=

v0 αkxk
k 1=

N

∑=
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where theN eigenvectors are found from a general matrix such that

(A.26)

Each eigenvector has a corresponding eigenvalueΛk associated with it, which are not necessarily

distinct (i.e.Λ1 may be the same asΛ2, but the associated eigenvectors  and  are still linearly

independent). If we use the matrix[A] to multiply the arbitrary vector in an iterative fashion, the

resulting vector can be expressed as

(A.27)

since the eigenvectors are orthogonal to each other. Isolating the first term of the expansion and

dividing byΛ1, which will be defined as the largest among theN eigenvalues, results in

(A.28)

However, since Λ1 is by definition the largest eigenvalue, then the ratio in parentheses will con-

verge to zero as the powerp tends to infinity (hence the term “power method”), and the iterated

vector will be equal to a scalar multiple of the eigenvector associated with the dominant eigen-

value. Convergence to this fundamental eigenvector depends greatly on the value of the ratio that

is being increased exponentially. A special case exists when there are repeated eigenvalues corre-

sponding to the largest one, but it can be shown that even for this case the resulting eigenvalue and

iterated eigenvector correctly satisfy the solution to the eigenvalue problem, though convergence

may be slow.

The power method applied to our specific problems follows the basic theory as presented

above with some slight differences. For instance, our eigensystem is constructed of two matrices

as in Eq.(A.24) instead of the single square matrix[A]. Furthermore, we desire thesmallest

eigenvalue and associated eigenvector as opposed to the largest one, and want also to speed up the

convergence rate for closely spaced eigenvalues. These alterations are performed by assuming

that the eigenvalue is composed of a known “shift” µs plus the calculated eigenvalueλs, so that

Eq.(A.24) is rewritten as

(A.29)

Rearrangement and use of a negative power to denote matrix inversion results in
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(A.30)

This form now corresponds to that of Eq.(A.26), except that now the power method will produce

the largest value of (1/λs), equivalent to the smallest value ofλs. Furthermore, convergence now

depends not on the ratios of the eigenvalues, but instead on the quantity

(A.31)

When the shift is chosen to be zero, the power method will find the lowest eigenvalue and associ-

ated eigenvector as shown earlier, while a constant shift will produce the eigenvalue that is closest

to the value ofµs. Therefore, convergence can be greatly enhanced when looking for the critical

eigenvalue by using a shift value that is nearest the lowest one. Of course, some care must be

taken in the choice of the shift value, for if its magnitude is closer to a different eigenvalue than

the resulting solution will not correspond to the critical one. It should also be noted that a value

of µs which exactly corresponds to an eigenvalue does not actually present a problem. This is due

to the fact that the inversion of the matrix in Eq.(A.30), which is singular when the shift value is

equal to any eigenvalue, is numerically performed using Gaussian elimination throughLU decom-

position, which is very stable even for nearly singular matrices. The numerical algorithm when

implemented with a computer also generates some leeway in this respect, for actual equality of

real numbers rarely exists when using finite arithmetic. In fact, the algorithm converges fastest

when the shift value is chosen as close to an eigenvalue as possible, and this method, also known

as inverse iteration, is often used to find the eigenvectors when the eigenvalues are already known.

Another factor that greatly affects the operation of the power method is the initial choice of

the vector that is being iterated. If it is equal to an actual eigenvector than the iterative solution

should return the same vector multiplied by a scalar corresponding to the eigenvalue, which is one

factor which determines convergence. Furthermore, the initial choice of the vector can also be

used to limit the possibilities of the solutions so that symmetry considerations can be fully investi-

gated. For instance, a simplified form of the eigenvalue problem, given in Eq.(A.23), involving

symmetric loading of a variable stiffness shell, can be rewritten as

(A.32)

Here we will assume that either the finite difference technique or the Rayleigh-Ritz method has
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been used to transform the original differential eigenvalue problem into this algebraic one, where

each sub-matrix is now 3N×3N and the eigenvector contains a symmetric modeI and an anti-

symmetric modeII . If there are no coupling effects or shear loading, the two modes become

decoupled. Therefore, if the original vector used in the power method has non-zero terms only in

the symmetric portion of the vector, then the resulting solution will contain the critical eigenvalue

and associated eigenvector for the symmetric case only. Thus to include the possibility of an anti-

symmetric buckled shape, the algorithm should be performed again with a vector containing some

anti-symmetric terms. In practice, it was found that the most efficient approach was to iterate two

vectors at once: one with only symmetric terms and the other with non-zero values only in the

anti-symmetric portion. The overall critical eigenvalue is then the lowest of the two. This method

also works well when torsion and/or couplingare present, for each vector tended to produce the

dominant shape for each respective mode (which were sometimes identical). This technique is

also used for modesIII  andIV associated with anti-symmetric circumferential loading.

Lastly, the efficiency of the power method is chiefly due to the fact that only one or two eigen-

vectors and eigenvalues are actually being calculated, as opposed to general canned subroutines

which typically solve for the whole system. When the finite difference technique is used, the

matrices that need be inverted are in banded form, and thus can be factored using Gaussian elimi-

nation quite efficiently. For the Rayleigh-Ritz method, the matrix structure is not banded but does

possess the added advantage of symmetry, so that the inclusion principle and convergence of an

eigenvalue from above, discussed in the last section, are applicable. For the non-symmetric matri-

ces resulting from the finite difference technique, some discrepancy may occur due to the possi-

bility of complex eigenvalues, however it was found that for our class of problems the power

method did generate the results for all cases that corresponded to non-imaginary configurations.

A.5 Finite Difference Techniques versus the Rayleigh-Ritz Method

In this section, we will contrast the use of two different numerical methods, namely the finite

difference technique and the Rayleigh-Ritz method, to determine which one works most effi-

ciently and accurately for a typical problem from this work. The example problem to be used is

the linear stability estimate from Chapter4.0. Both of these numerical techniques are used to

solve the static equilibrium and eigenvalue problems detailed in that chapter (in truth, the solution

of the static equilibrium equations using an expansion in terms of sines and cosines is not techni-

cally the Rayleigh-Ritz method, but will be referred to as such for this discussion). Each method

has a size parameterN associated with it which represents the number of unknown variables in the

problem. For the finite difference technique, this parameterN is defined as the number of finite

difference points within the domain, while for the Rayleigh-Ritz technique it describes the num-
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ber of terms used in the expansion of the displacements. Larger values ofN should lead to

increased accuracy, but also decreased efficiency with respect to the numerical algorithms. Results

of the numerical techniques with respect to the size parameter are shown in FigureA.3 for a typi-

cal stiffened cylindrical shell under torsion. The top and bottom axes represent the size

parameterN for the finite difference and Rayleigh-Ritz technique, respectively. Note that the

numbering of the axes do not coincide, since each numerical method depends differently on the

magnitude ofN. The left axes in FigureA.3 is used to measure the failure loads of the structure,

for both buckling and material failure (normalized with respect to the buckling load), while the

right axes displays the computation time for each method.

The results from FigureA.3 highlight several key points. Firstly, the two curves that represent

the material failure load differ quite substantially. For the finite difference technique, the solution

converges quite quickly and accurately even for small values ofN. However, the Rayleigh-Ritz

solution exhibits very slow convergence, in fact the plot reveals abrupt changes in the material

failure estimation at intervals ofN = 50, with very little agreement to the correct finite difference

solution untilN becomes large. The reason for this is due to the fact that the structure under con-

sideration contains fifty evenly spaced longitudinal stiffeners around the circumference of the cyl-
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inder. To complete the material failure estimation, an expansion in terms of sines and cosines must

be implicitly performed for the stiffness variation to determine the existing stress and strain states

resulting from the applied loads. When discrete stiffeners are included, accurate convergence of

this expansion may be quite slow, since abrupt changes are notoriously difficult to handle using

expansion functions such as these. This is readily apparent in FigureA.3, which reveals that the

accuracy and convergence of the expansion solution experiences great changes at fifty point inter-

vals, coinciding with the most significant harmonics for a stiffness variation with fifty stiffeners.

Therefore, since stiffeners will be used extensively in this study, the finite difference technique

will always be used to estimate material failure.

With regards to the other two relationships compared in FigureA.3, the most significant factor

involves the structure of the solution matrix for the eigenvalue calculation. This was briefly dis-

cussed earlier, where it was mentioned that the finite difference solution produced a banded,

unsymmetric matrix, while the Rayleigh-Ritz technique generated a symmetric matrix that was, in

general, not banded. These properties have a direct influence on the accuracy and convergence of

the eigenvalue estimation as well as the computational efficiency of the numerical technique. The

eigenvalue calculation using the power method involves iteratively factoring the solution matrix

until the critical eigenvalue and eigenvector emerge. Thus, the finite difference technique, which

produces a banded solution matrix, lends itself to extremely efficient numerical algorithms that

increase linearly with respect to the sizeN of the matrix. Conversely, the Rayleigh-Ritz technique

forms a full matrix that requires much more computational time to factor, even though it is sym-

metric, and it can be shown that the efficiency varies quadratically with respect to matrix size.

These results are reaffirmed in FigureA.3 for both numerical methods. Therefore, since we are

using these analysis techniques for rigorous optimization studies, the more efficient finite differ-

ence technique is used whenever possible due to its superior numerical efficiency.

Lastly, the numerical results of the buckling failure eigenvalue calculation for the two methods

are also shown in FigureA.3. Note that the finite difference technique converges quickly to an

asymptote, though the path is not perfectly smooth. The Rayleigh-Ritz solution is much smoother,

and the results indicate that the correct eigenvalue is actually somewhat lower than what the finite

difference calculation predicts. As explained in AppendixA, the symmetric nature of the solution

matrix for the Rayleigh-Ritz method used here guarantees the convergence of the lowest eigen-

value from above, due to the inclusion principle and embedding features of the solution technique.

This means that increasing the number of terms in the expansion for the displacements will

always yield an improved estimation of the eigenvalue, and that any numerical result is at least an

upper bound on the actual eigenvalue. The finite difference technique, however, doesnot produce
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a symmetric matrix, therefore these desirable properties of convergence do not apply. Addition-

ally, estimation of derivatives using central difference equations is not considered “exact”, and

possible round off errors do exist for this method. These factors lead to the jaggedness of the

curve for the eigenvalue estimation in FigureA.3. Furthermore, it can be shown that for non-axial

loading (shear and torsion) when using a small value of the axial wavelength parameterβ, the

finite difference solution matrix is ill conditioned, so that for large values ofN the numerical solu-

tion is unstable and often inaccurate. Of course, the test case displayed in FigureA.3 was chosen

to exhibit this discrepancy, and for most of this study the loading is such that the finite difference

technique generates results that completely agree with the Rayleigh-Ritz eigenvalue calculation.

Therefore, though the finite difference technique does suffer some disadvantages for eigenvalue

calculations, the numerical efficiency of the method far outweighs the accuracy problems that

occur for limited cases, and as such we will employ the finite difference technique for all calcula-

tions while keeping in mind the areas where its accuracy may be in question.

This discussion centered around the results of FigureA.3 have demonstrated that, for our pur-

poses, the finite difference technique is more beneficial for our problem than the Rayleigh-Ritz

technique. These key points are summarized in Table A.1. It should be noted, however, that the

finite element method actually possesses the advantages of both of these techniques, namely the

discretization, bandedness and efficiency of the finite difference technique and the eigenvalue

convergence of the Rayleigh-Ritz method. Therefore, future research along these lines should

consider using this approach for the numerical solutions.

A.6 Optimization Techniques

The numerical methods presented in the previous sections of this chapter have dealt exclu-

sively with the numerical solution of the governing equations. Thus the analysis provides esti-

mates of the stiffness, strength, and stability characteristics of a given variable stiffness cylindrical

Table A.1: Summary of Numerical Technique Comparison

Numerical
Technique

Stiffness
Variation

Material
Failure

Matrix
Structure

Numerical
Efficiency

Eigenvalue
Analysis

Finite
Differ ence

Converges
quickly for
all cases

Accurate
for abrupt
changes

Banded, but
unsymmetric

∝ N
Inaccurate for

non-axial loading
with smallβ

Rayleigh-Ritz
Slow to
converge

Inaccurate
for abrupt
changes

Full, yet
symmetric

∝ N2
Accurate for all
cases, but often

slow
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shell, which can be translated into a suitable “performance” with regards to the application of the

structure. However, in the design process, this is merely the first step, for the analysis portion has

no ability to recommend possible cylinder designs or to calculate the sensitivity of the response

with respect to some design parameter, such as a dimension or the laminate stacking sequence.

These aspects of the design process are governed by optimization techniques, which strive to

determine the best values of certain design parameters so that the performance of the structure is

maximized. Of course, the number of numerical procedures and algorithms that have been devel-

oped to solve this optimization problem are vast. Here, we will only attempt to highlight the basic

concepts of the optimization tools that are used for our design problems, and refer further inquiry

to the text of Haftka and Gürdal91. Implementation of the traditional gradient-based techniques

was accomplished through the use of ADS, designed by Vanderplaats92.

The methods used herein can be divided into two sections, one concerning traditional gradi-

ent-based methods and the other describing “genetic algorithms”. Both deal with the solution of

the standard optimization problem, which can be expressed as

(A.33)

The vector  represents the design variables of the system, whilef is defined as the objective

function andgj andhk are the inequality and equality constraints, respectively. The design vari-

ables may be either infinitely-valued, which implies continuity throughout the real numbers, or

discrete-valued, for which only certain values of the variables are permitted. Examples of discrete

variables include ply thicknesses and orientation angles, which may be limited due to manufactur-

ing constraints, and integers representing the number of stiffeners included in the structure. The

inequality and equality constraints divide the domain into a feasible and infeasible design space,

and the correct solution of the optimization problem results in a vector  which generate the min-

imum value off while still being located within this feasible design space. For nonlinear objective

functions, many local optima may exist which still satisfy all the expressions of Eq.(A.33). How-

ever, the goal of the optimization process is to find the actualglobal optimum which achieves the

best performance when compared to all other feasible designs. For most optimization techniques,

this assurance of global optimality can never be proven, though some techniques (most notably

genetic algorithms) strive to attain this demand.

A.6.1 Gradient-Based Methods

Analytical methods of finding extrema of functions of several variables are often based on

minimize f x( )

suchthat g j x( ) 0,≥ j 1 ng,=

hk x( ) 0,= k 1 ne,=

x

x
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determining where the gradient of the functions is zero, where the constraints may be taken into

account by using Lagrange multipliers. For optimization problems, techniques based on this

approach are often termed gradient-based, or first-order methods, since they rely on calculating

the first derivative of the objective function with respect to each variable. If the objective function

and constraints can be expressed in closed form in terms of these design variables, then these

methods are quite useful in determining the optimum design. However, for most realistic prob-

lems, either the complexity of the objective and constraint function evaluation or the shear num-

ber of unknown design variables warrants a numerical solution for the optimization problem.

However, the fundamental theory behind gradient-based methods remains the same, and its basic

implementation and inherent shortcomings are illustrated using a simple example.

Consider the optimization problem for a highly nonlinear function of two variables, which is

displayed in FigureA.4 through the use of a contour plot for the level curves of the functionf. For

clarity, the local minima are shaded dark, while the maximum ridge-like area is lightly shaded.

The goal of the optimization problem is to locate the global optimum at pointA, found by calcu-

lating the values ofx1 andx2 so that the objective function is a minimum over the given domain.

If, for instance, the initial design is chosen at the pointS1, then the gradient-based techniques will

traverse the dark line “downhill” until the correct optimum is attained. Note that the downhill

A
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x1

x2

Figure A.4: Illustration of Optimization Schemes
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course is actually made up of successive linear paths, where at the starting point (and each succes-

sive point) the direction to move is determined through the evaluation of the gradient, which is

perpendicular to the level curves. However, if the initial point is instead chosen to be atS2, then

the optimization techniques will actually find a local minimum at pointB since the successive gra-

dient directions flow downhill to that location. This possibility of the calculated optimum not

being thelowest minimum value is a constant source of uncertainty in traditional optimization

methods, since for most complex problems the ability to map out the design space and determine

where the global minimum is located is impossible. Of course, the optimization technique illus-

trated in the figure is quite basic. Typical problems also involve highly nonlinear inequality and

equality constraints, which even further complicate the design space and the ability to find the

optima. Furthermore, the design variables used in this example are assumed to be infinitely val-

ued, such that they are allowed to be any real number in the feasible design space. In many prob-

lems, this luxury is not present, perhaps due to manufacturing constraints or the formulation of the

problem in terms of integer variables. For example, if the design variables in FigureA.4 are only

allowed to attain the values marked by the grid lines, then the optimal solution for these discrete

variables is located at pointC. The standard optimization techniques have no ability to find this

optimum, therefore some hybrid techniques which can incorporate discrete valued variables must

be used.

A.6.2 Genetic Algorithms

One such technique is based on the concept of natural selection from the theory of evolution,

which states that the best designs should evolve from a “survival of the fittest” selection process.

The design variables of the problem must be represented as genetic strings, and typical biological

functions, such as offspring generation and mutation, recombine the genetic strings of each indi-

vidual design. The interchange of the genetic information is carried out using probability and ran-

dom chance based on the fitness of the designs, and new generations are developed using these

algorithms until an optimal design is found.

Several advantages of this optimization process exist for structural design problems. Firstly,

the translation of the design variables into genetic strings that contain all of the information about

the designs is usually accomplished by discretization of the variables. Thus the algorithm actually

works best with discrete-valued design variables, therefore the design of stacking sequences with

only particular ply thicknesses and orientation angles is perfectly suited for this process. Sec-

ondly, the random-based generation of designs is designed to cover the whole design space

equally, where the optimal regions of the feasible space are investigated more thoroughly due to

the workings of the algorithm. Therefore, the possibility of a the final design being a global opti-
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mum is dramatically increased. Furthermore, this method not only produces a “best” design, but

also supplies many similar designs with slightly decreased performance but often radically differ-

ent design parameters. Therefore, the process may discover areas of near-optimality that gradient-

based optimization methods would not discover. For example, referring to FigureA.4, if the

design variables were discretized so that only the values coinciding with the grid lines were feasi-

ble alternatives, the genetic algorithm should find pointC as the optimal point, but may also

reveal that the area around pointA also contains some meritorious designs.

The major drawback of genetic algorithms is their efficiency. For the random-based searches

and probability concepts to prove effective, a large number of designs must be analyzed to ensure

convergence. However, the advantages of discrete-valued variables and global optimality are very

important for our design problems. This is one of the main reasons that the efficiency of the

numerical solution techniques has been stressed so thoroughly - the faster the analysis, the better

that the genetic algorithms will perform. For the most part, all of the design studies are completed

using the genetic algorithms, even ones with continuous-valued variables. For this case, the

genetic algorithm is often used to find viable starting points so that the local optimum found by

the gradient-based optimization technique is a probable global solution.
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Appendix B. Stability Equations for Finite
Differ ence Technique

This appendix details the partial differential equations that govern stability of a variable stiff-

ness cylindrical shell, first introduced in Section2.3.4. Three separate cases are presented, first for

the axisymmetric prebuckling solution of a finite length cylinder with an axial stiffness variation,

secondly for a short cylinder segment with a liner prebuckling solution and a circumferential stiff-

ness variation, and lastly for an infinite length cylinder with stiffness changing in the circumferen-

tial direction that experiences nonlinear beam bending due to the Brazier effect. The detailed

equations follow from the specialization of the general stability estimation represented by

Eq.(2.106), and are formulated using either the finite difference technique or the Rayleigh-Ritz

method, as noted within each section. The particular assumptions and formulations employed for

each problem are referenced in the details that follow.

The notation is presented in terms of the differential operatorsdx anddθ as well as primes and

dots, which are defined as

(B.1)

and are nondimensional. When placed at the end of an expression (for finite difference formula-

tions), the operator acts on the relevant unknown variable. To make the presentation easier to read,

this section does not contain any normalization with respect to classical buckling estimates,

though in practice this is performed to improve the performance of the numerical algorithms.

B.1 Nonlinear Axisymmetric Prebuckling for an Axial Stiffness Variation

The general form of the eigenvalue problem for the stability estimation of an axisymmetric

cylinder with an axial stiffness variation using the finite difference technique is represented as

(B.2)
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sented by the roman numerals, at each finite difference locationi. The subscriptss anda denote

slight changes for the terms near the mid-length to account for the symmetric and anti-symmetric

conditions for each function, which are not detailed here. The expressions are in terms of the CLT

stiffness parameters and the prebuckling quantities, denoted by a 0 subscript, which are functions

of x only. Additionally, the circumferential wavenumbern is an unknown parameter that must be

determined by finding the minimum eigenvalue for all integer values ofn.

The stiffness sub-matrices [K] and [C] are detailed first. They only contains stiffness terms

and thus do not depend on the value of the applied load. They are represented as:

(B.3)

The detailed expressions are given below. An overbar denotes some obvious normalization with

respect to the cylinder radius for a few quantities to make the notation consistent and concise (for

example,Dij = Dij/R2, B22 = B22/R, w0 = w0/R).

(B.4)

Note that for a constant stiffness variation, both of the matrices are symmetric.

K[ ]
k11 k12 k13

k21 k22 k23

k31 k32 k33

= C[ ]
0 0 0

0 c22 c23

0 c32 c33

=

k11 A11dx
2 A11

′
dx n2A66–+= k12 n A12 A66+( )dx nA12

′
+=

k13 A12dx A12
′

+= k21 n A12 A66+( )dx nA66
′

+=

k22 A66 D66+( )dx
2– A66

′
D66

′
+( )dx– n2 A22 2B22 D22+ +( )+=

k23 n D12 2D66+( )dx
2– 2nD66

′
dx– n A22 B22+( ) n3 B22 D22+( )+ +=

k31 A12dx= k32 n D12 2D66+( )dx
2– 2n D12

′
D66

′
+( )dx– –=

nD12
′ ′

n A22 B22+( ) n3 B22 D22+( )+ +

k33 D11dx
4 2D11

′
dx

3 D11
′ ′

dx
2 2n2 D12 2D66+( )dx

2– 2n2 D12
′

2D66
′

+( )dx– –+ +=

n2D12
′ ′

A22 2n2B22 n4D22+ + +

c22 2nD26dx– nD26
′

–= c23 D16dx
3 D16

′
dx

2 3n2D26dx– n2D26
′

–+=

c32 D16dx
3 2D16

′
dx

2 D16
′ ′

dx 3n2D26dx– 2n2D26
′

–+ +=

c33 4nD16dx
3 6nD16

′
dx

2 2nD16
′ ′

dx 4n3D26dx– 2n3D26
′

–+ +=
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The expressions for the geometric stiffness matrix, or loading matrix, are detailed in a similar

manner. The matrices are represented as:

(B.5)

and the related equations are given below.

(B.6)

Note that when prebuckling deformation is included, the system takes the form of a nonlinear

eigenvalue problem due to the products of prebuckling rotations and curvatures in the loading

matrix. When the classical membrane assumptions are used for the prebuckling solution, all terms

in the loading matrix given in Eq.(B.6) are zero except for

(B.7)

Now the eigenvalue problem is linear, and the loading quantities can be divided into a “dead” and

“li ve” portion as suggested in Section3.3. Finally, it should also be recognized that these equa-

tions reduce to the classical estimate for buckling of a constant stiffness laminate using Sanders

shell theory if the displacement functions are assumed to vary sinusoidally in the axial direction

with frequency β. In fact, this is exactly the formulation used to develop the contour plots and infi-

nite length buckling estimates discussed in the Introduction, Section1.2.2.

B.2 Linear Membrane Prebuckling for a Circumferential Stiffness Variation

For this problem, both the finite difference technique and the classical Rayleigh-Ritz method

were implemented to find the critical eigenvalue. This was done because the initial solution using

N[ ]
0 n12 n13

n21 n22 n23

n31 n32 n33

= S[ ]
0 0 0

0 0 s23

0 s32 s33

=

n12 nA66w0
′

–= n13 A11w0
′
dx

2 dx A11w0
′

( )dx n2A66w0
′

–+=

n21 nA66w0
′

= n22 pR Nθ0
–( )– A66 w0

′
( )

2
dx A66w0

′
( )+ +=

n23 n pR Nθ0
–( )– n A12 A66+( )w0

′
dx nA66 w0

′
( )

2
+ ndx A66w0

′
( )+ +=

n31 A11w0
′ ′
dx–= n32 n pR Nθ0

–( )– nA12w0
′ ′

–=

n33 Nx0
dx

2– pR n2Nθ0
–( )– A11w0

′
w0

′ ′
dx– A12w0

′
dx A121w0

′ ′
–+=

s23 Nxθ0
– dx= s32 Nxθ0

– dx= s33 2nNxθ0
– dx=

n33 Nx0
dx

2– n2 1–( )Nθ0
+=

s23 Nxθ0
– dx= s32 Nxθ0

– dx= s33 2nNxθ0
– dx=
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the finite difference technique was inaccurate for some cases (small values ofβ), and in the course

of determining the cause of the error the Rayleigh-Ritz solution was formulated for comparison

(these details are presented in SectionA.5). Therefore, the matrix entries for both methods are

given here as further means of comparison.

Firstly, the finite difference solution is very similar to the previous one for the axisymmetric

problem, though of course the stiffness parameters are now a function ofθ and the nonlinear and

prebuckling deformation terms are removed. Furthermore, instead of the unknown variablen, the

circumferential analysis contains the variableβ, which represents the axial frequency of the buck-

led shape. The displacements are assumed to vary according to Eq.(4.44), which supplies four

possible modal displacements and forms an eigensystem given as

(B.8)

The expressions for the linear operators in the stiffness sub-matrices are given below.

(B.9)

For the loading matrices of Eq.(B.8), the “dead” and “live” designations refer to predetermined

Ks C 0 0

C– Ka 0 0

0 0 Ks C

0 0 C– Ka

Ns S Vs Ms

S– Na Ma Va

Vs– Ma Ns S

Ms Va– S– Na dead

+

 
 
 
 
 
 
 

I

I I

I I I

IV

Λ–

Ns S Vs Ms

S– Na Ma Va

Vs– Ma Ns S

Ms Va– S– Na l ive

I

I I

I I I

IV

=

k11 A66dθ
2– Ȧ66dθ– β2A11+= k12 β A12 A66+( )dθ βȦ66+=

k13 βA12 β3B11+= k21 β A12 A66+( )dθ βȦ12+=

k22 A22 D22+( )dθ
2 Ȧ22 Ḋ22+( )dθ β2 A66 D66+( )–+=

k23 D22dθ
3– Ḋ22dθ

2– β2 D12 2D66+( )dθ β2Ḋ12+ + A22dθ Ȧ22+ +=

k31 βA12 β3B11+= k32 D22dθ
3– 2Ḋ22dθ

2– Ḋ̇22dθ– +=

β2 D12 2D66+( )dθ 2β2Ḋ66+ A22dθ+

k33 D22dθ
4 2Ḋ22dθ

3 Ḋ̇11dθ
2 2β2 D12 2D66+( )dθ

2– 2β2 Ḋ12 2Ḋ66+( )dθ– –+ +=

β2Ḋ̇12 β4D11 A22+ +

c22 2βD26dθ– βḊ26–= c23 3βD26dθ
2– 2βḊ26dθ– β3D16+=

c32 3βD26dθ
2– 4βḊ26dθ– βḊ̇26– β3D16+=

c33 4βD26dθ
3– 6βḊ26dθ

2– 2βḊ̇26dθ– 4β3D16dθ 2β3Ḋ16+ +=
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load levels chosen for each problem. The matrix entries are given below, with their corresponding

load cases indicated for each linear operator:

(B.10)

For the Rayleigh-Ritz method, integration is performed following the method outlined in

SectionA.3. The sub-matrices in Eq.(B.8) now represent a summation over all values ofn, which

is denoted by theij  superscripts for each term that is expanded. Also used to save space are four

functions that utilize the Fourier expansions for the stiffness and loading terms:

(B.11)

Then the matrix entries can be calculated utilizing the indexed notation defined in Eq.(A.21)

(refer to SectionA.3 for more detail). The terms in the stiffness matrix for the symmetric modesI

andIII  are:

(B.12)

A simple transformation ofCC↔CS results in the correct expressions for the anti-symmetric

modesII  andIV. Note how much simpler the expressions are since the integration could be per-

formed symbolically.

n33 p F My, ,( ) β2Nx0
Nθ0

1 dθ
2+( )–= m33 Mz( ) β2Nx0

=

s23 T Vy,( ) βNxθ0
= s32 T Vy,( ) βNxθ0

–= s33 T Vy,( ) 2βNxθ0
dθ=

v23 Vz( ) βNxθ0
= v32 Vz( ) βNxθ0

–= v33 Vz( ) 2βNxθ0
dθ=

For E θ( ) En nθ( )cos
n 0=

Nmax

∑≡ En 1
π
--- E θ( ) nθ( )dcos θ∫°=

CC En i j,( )[ ] E j i– Ei j– Ei j+ E i– j–+ + +( ) 2⁄=

CS En i j,( )[ ] E j i– Ei j– Ei j+– E i– j––+( ) 2⁄=

SC En i j,( )[ ] E j i– Ei j–– Ei j+ E i– j––+( ) 2⁄=

SS En i j,( )[ ] E j i– Ei j–– Ei j+– E i– j–+( ) 2⁄=

k11
i j β2CC A11( ) i jCS A66( )+= k12

i j
jβCC A12( ) iβCS A66( )+=

k13
i j βCC A12( ) β3CC B11( )+= k21

i j
iβCC A12( ) jβCS A66( )+=

k22
i j

i jCC A22 D22+( ) β2CS A66 D66+( )+=

k23
i j

iCC A22 β2D12 j2D22+ +( ) 2β2 jCS D66( )+=

k31
i j βCC A12( ) β3CC B11( )+=

k32
i j

jCC A22 β2D12 j2D22+ +( ) 2β2iCS D66( )+=

k33
i j

CC A22( ) β4CC D11( ) i2 j2CC D22( ) β2 i2 j2+( )CC D12( ) 4i jCS D66( )+[ ]+ + +=
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For the coupling stiffness matrix, the matrix entries become:

(B.13)

Finally, the loading matrix is filled by likewise assuming a Fourier expansion of the membrane

stress resultants, as per Eq.(B.11). However, since some of the loading is now anti-symmetric

aboutθ = 0 andθ = π, a sine expansion must also be performed. These separate expansions are

denoted by ac or s superscript for theNx andNxθ stress resultants.

(B.14)

The global matrices are filled by summing over theith row andjth column and using the previous

expression. If anti-symmetric loading is not present, only the first two modes need be considered,

which improves the performance time tremendously.

B.3 Nonlinear Semi-Membrane Prebuckling for an Infinite Length Cylinder

The last specialization involves the nonlinear Brazier solution for an infinite length cylinder.

Since the major loading case here is bending, the value ofβ is necessarily high due to the axial

stresses that cause buckling, therefore the more numerically efficient finite difference formulation

can be used without loss of accuracy. Due to the complexity of the terms in the stability matrices,

the eigenvalue problem is now represented in the most basic form as:

(B.15)

c22
i j β iCC D26( ) jCS D26( )+[ ]=

c23
i j

2βi jCC D26( ) β j2CS D26( ) β3CS D16( )+ +=

c32
i j

2βi jCS D26( ) βi2CC D26( ) β3CC D16( )+ +=

c33
i j

2β3 jCC D16( ) iCS D16( )+[ ] 2βi j iCC D26( ) jCS D26( )+[ ]+=

n33
i j

p F My, ,( ) β2CC Nx0

c
( ) Nθ0

δi j i2 1 δ0i+( )–[ ]+=

s23
i j

T Vy,( ) βCS Nxθ0

c
( )= s32

i j
T Vy,( ) βCC Nxθ0

c
( )=

s33
i j

T Vy,( ) β jCC Nxθ0

c
( ) iCS Nxθ0

c
( )+[ ]=

m33
i j

Mz( ) β2SC Nx0

s
( )=

v23
i j

Vz( ) βSS Nxθ0

s
( )= v32

i j
Vz( ) βSC Nxθ0

s
( )=

v33
i j

Vz( ) β jSC Nxθ0

s
( ) iSS Nxθ0

s
( )+[ ]=

Ks C

C– Ka

I

I I
Λ

Λd
d Ks C

C– Ka 
 
 
  I

I I
–=
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In practice, the loading matrix is formed by taking a numerical derivative of the stiffness matrix,

so that the definition of the stiffness matrices is all that is required here. The equations are derived

from the bucking equations, Eq.(5.19)-(5.21), using the assumed form of the displacements

defined in Eq.(5.22). Numerous intermediate variables are used since the equations are so com-

plex and unwieldy. For instance, strain and curvature quantities for each mode can be defined in

terms of the displacements as:

(B.16)

For modeII , the subscripts are merely interchanged. To develop the buckling equations, the fol-

lowing equations are expanded in terms of the displacement quantities (forI↔II )

(B.17)

εxI
βU I κ y WI θcos V I θsin–( )+= εθI

ω V̇ I WI+( )cos ωsin V I ẆI–( )+=

γxθI
U̇ I– βV I β ωWIsin–+= κ xI

β2WI= κ xθI
β V I ẆI–( )=

κθI
2 ω̇+( ) ω V̇ I WI+( )cos ωsin V I ẆI–( )+[ ] ω WI Ẇ̇I+( )cos–=

βA11 εxI
[ ] βA12 εθI

[ ] βB11 κ xI
[ ] dθ A66γxθI

[ ]+ + + 0=

β A66γxθI
D66κ xθI

+[ ]– dθ A12 ωεxI
cos[ ] dθ A22 ωεθI

cos[ ]+ + +

dθ D12 ω 2 ω̇+( )κ xI
cos[ ] dθ D22 ω 2 ω̇+( )κθI

cos[ ] A11κ y θsin εxI
[ ]+ + +

A12κ y θsin εθI
[ ] B11κ y θsin κ xI

[ ] A12 ω εxI
[ ]sin– A22 ω εθI

[ ]sin– –+

D12 ω 2 ω̇+( )κ xI
sin D22 ω 2 ω̇+( )κθI

sin– pR Nθ0
– Mθ0

–( ) V I ẆI–( )+ +

Nθ0
V̇ I WI+( ) Mθ0

2V̇ I WI Ẇ̇I–+( )+ 1–( )I βD16κ xI I
βD26κθI I

+ +{+

dθ D26 ω 2 ω̇+( )κ xθI I
cos[ ] D26 ω 2 ω̇+( )κ xθI I

sin– } 0=

β2D11 κ xI
[ ] β2D12 κθI

[ ] β2B11 εxI
[ ] 2βdθ D66κ xθI

[ ] dθ
2 D12 ωκ xI

cos[ ]– –+ + +

dθ
2 D22 ωκθI

cos[ ] dθ
2 Mθ0

V̇ I WI+( )[ ]– dθ A12 ωεxI
sin[ ] dθ A22 ωεθI
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dθ D12 ω 2 ω̇+( )κ xI
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V̇ I Ẇ̇I–( ) dθ Nθ0

2Mθ0
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Appendix C. Material Data
The material data used in this study is listed here for both isotropic and orthotropic materials.

For the two laminates listed below, effective moduli and failure stresses are determined and then

averaged over the thickness of the laminate, which is defined by the ply thickness in the table.

Table C.1: Isotropic Material Properties

Material Designation Aluminum 2024-T3 Aluminum 7075-T6

Elastic Modulus,E (psi) 10.5×106 10.7×106

Poissons ratio,ν 0.33 0.33

Density, ρ (lbs/in3) 0.100 0.101

Yield Stress,S (psi) 25.0×103 36.5×103

Table C.2: Orthotropic Material Properties

Material Designation Graphite-Epoxy [±45/0/90]S [±45/0]S

Elastic Moduli, E1 (psi) 18.5×106 7.42×106 8.25×106

Elastic Moduli, E2 (psi) 1.64×106 7.42×106 3.73×106

Poissons ratio,ν12 0.3 0.3 0.67

Shear Modulus,G12 (psi) 0.87×106 2.85×106 3.51×106

Ply Thickness,tply (inches) 0.005 0.04 0.03

Density, ρ (lbs/in3) 0.057 0.057 0.057

Fiber Failur e Stress,Xt (psi) 211.×103 30.1×103 78.3×103

Xc (psi) -204.×103 -81.9×103 -78.3×103

Transverse Failur e Stress,Yt (psi) 6.1×103 30.1×103 15.1×103

Yc (psi) -21.4×103 -81.9×103 -45.4×103

Shear Failur e Stress,S (psi) 13.8×103 30.0×103 37.0×103
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