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Mean-Field Free-Energy Lattice Boltzmann Method for Liquid-Vapor Interfacial Flows 
Shi-Ming Li 

ABSTRACT 

This dissertation includes a theoretical and numerical development to simulate liquid-vapor 
flows and the applications to microchannels.  

First, we obtain a consistent non-local pressure equation for simulating liquid-vapor interfacial 
flows using mean-field free-energy theory. This new pressure equation is shown to be the general 
form of the classical van der Waals’ square-gradient theory. The new equation is implemented in 
two-dimensional (2D) D2Q7, D2Q9, and three-dimensional (3D) D3Q19 lattice Boltzmann method 
(LBM). The three LBM models are validated successfully in a number of analytical solutions of 
liquid-vapor interfacial flows.  

Second, we have shown that the common bounceback condition in the literature leads to an 
unphysical velocity at the wall in the presence of surface forces. A few new consistent mass and 
energy conserving velocity-boundary conditions are developed for D2Q7, D2Q9, and D3Q19 LBM 
models, respectively. The three LBM models are shown to have the capabilities to successfully 
simulate different wall wettabilities, the three typical theories or laws for moving contact lines, and 
liquid-vapor channel flows.  

Third, proper scaling laws are derived to represent the physical system in the framework of the 
LBM. For the first time, to the best of the author’s knowledge, we obtain a flow regime map for 
liquid-vapor channel flows with a numerical method. Our flow map is the first flow regime map so 
far for submicrochannel flows, and also the first iso-thermal flow regime map for CO2 mini- and 
micro-channel flows. Our results show that three major flow regimes occur, including dispersed, 
bubble/plug, and liquid strip flow. The vapor and liquid dispersed flows happen at the two 
extremities of vapor quality. When vapor quality increases beyond a threshold, bubble/plug patterns 
appear. The bubble/plug regimes include symmetric and distorted, submerged and non-wetting, 
single and train bubbles/plugs, and some combination of them. When the Weber number<10, the 
bubble/plug flow regime turns to a liquid strip pattern at the increased vapor quality of 0.5~0.6. 
When the Weber number>10, the regime transition occurs around a vapor quality of 0.10~0.20. In 
fact, when an inertia is large enough to destroy the initial flow pattern, the transition boundary 
between the bubble and strip regimes depends only on vapor quality and exists between x=0.10 and 
0.20. The liquid strip flow regimes include stratified strip, wavy-stratified strip, intermittent strip, 
liquid lump, and wispy-strip flow. We also find that the liquid-vapor interfaces become distorted at 
the Weber number of 500~1000, independent of vapor quality. The comparisons of our flow maps 
with two typical experiments show that the simulations capture the basic and important flow 
mechanisms for the flow regime transition from the bubble/plug regimes to the strip regimes and 
from the non-distorted interfaces to the distorted interfaces.  

Last, our available results show that the flow regimes of both 2D and 3D fall in the same three 
broad categories with similar subdivisions of the flow regimes, even though the 3D duct produces 
some specific 3D corner flow patterns. The comparison between 2D and 3D flows shows that the 
flow map obtained from 2D flows can be generally applied to a 3D situation, with caution, when 3D 
information is not available. In addition, our 3D study shows that different wettabilities generate 
different flow regimes. With the complete wetting wall, the flow pattern is the most stable.  
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CHAPTER 1 INTRODUCTION 

Liquid-vapor flows are important in different areas, such as energy systems, electronics 

cooling, biological, chemical, biomedical, as well as HVAC/R (heat, ventilation, air-

conditioning, and refrigeration) systems. The current research is a study of liquid-vapor 

flows in two specific aspects. The first aspect is trying to develop a new tool for simulation 

of liquid-vapor flows, especially in microchannels. The second is to apply this tool in the 

study of the near critical CO2 liquid-vapor flows in microchannels.     

1.1 Simulations of Liquid-Vapor Flows 

In many applications of liquid-vapor flows, one major challenge is to compute the time 

evolution of the moving boundary or interface between the phases. Interface dynamics of 

merging, splitting, twisting, and topological singularities must be resolved in a consistent 

and general framework. The most widely used methods in this area are based on treating 

the phase boundary as a discontinuous interface. These can be broadly classified as: i) fixed 

meshes with interface reconstruction (Hirt & Nichols, 1981); ii) deforming unstructured 

meshes which follow the interface (Johnson & Tezduyar, 1997; Hu et al., 2001); iii) fixed 

mesh interface tracking with surface tension forces introduced as volume forces (Brackbill 

et al., 1992); iv) fixed mesh interface tracking with surface tension forces and property 

variations smoothed and transferred to the underlying grid (Univerdi & Tryggvason, 

1992a,b; Osher & Sethian, 1988; Sethian 1996). In the first two methods, surface tension 

forces are applied at the interfacial boundary which relates the pressure jump across the 

interface to the interfacial curvature, continuity in normal velocity across the interface and 

continuity in tangential stresses. However, the methods break down when the interfacial 

thickness is comparable to the length scale of the phenomenon being examined, as in near-

critical fluids (interface thickens considerably), moving contact lines along a solid surface, 

and extreme topological changes of the interface (breakup and coalescence of liquid 

droplets). The latter two methods avoid some of these problems by spreading the effects of 

surface tension over a few grid thicknesses.  
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While all the discontinuous interface methods have their foundations in hydrodynamics, 

liquid-vapor systems, on the other hand, require a thermodynamic basis to facilitate 

evaporation and condensation between the two phases.  The diffuse interface method 

(Antanovski, 1995; Jasnow & Vinals; 1996; Anderson et al., 1998; Jacqmin, 1999, 2000; 

Jamet et al., 2001) is based on the explicit recognition that phase interfaces undergo a rapid 

but smooth transition of the physical quantities of the bulk phases. In flows with complex 

topological changes, and when the flow scales are commensurate with the thickness of the 

interface (such as near critical point), the diffuse interface methods have clear advantages. 

In addition, the diffuse interface methods are based on the mean-field free-energy of the 

fluid. The mean-field theory provides a thermodynamically consistent and numerically 

simple framework to deal with liquid-vapor phase transitions (condensation, evaporation), 

interface capillarity, and hydrodynamics. 

Within mean-field theory, the free-energy density is represented by two components, 

one pertaining to the homogeneous energy density of the bulk fluid phases from classical 

equilibrium thermodynamics and the second due to the inhomogeneous or molecular 

attractive forces between dissimilar phases. Based on the molecular model of a hard-sphere 

with an interparticle attraction potential, the total Helmholtz free-energy can be represented 

by (van Kampen, 1964; Sullivan, 1981; Rowlinson & Widow, 1982): 

    ')]()'()[',(
4
1

)]([ 3323 rrrrrrrr ddnnwdnH −+= ���
ΩΩ

ψ      (1.1) 

In the above equation, �(n) is the local free-energy density; n is the local fluid density, 

and � represents the volume of the system. The second term is the mean-field 

representation of the attraction between molecules accounting for inhomogeneities of fluid 

density at liquid-vapor interfaces. The interparticle pairwise attraction potential )',( rrw−  is 

everywhere non-positive. For a homogeneous system, the second term reduces to zero and 

Equation 1.1) equates the free-energy derived from equilibrium thermodynamics. 

It was van der Waals (Rowlinson, 1979), who first proposed a theory based on the 

gradient of density (square-gradient theory) to predict the thickness of liquid-vapor 

interfaces and the surface tension forces acting at the interface. The general form of the free 

energy in the square-gradient theory is expressed as (Cahn & Hilliard, 1958): 
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where )]([ rnψ  has the same definition as in Equation 1.1 and the second term approximates 

the intermolecular attraction forces under the assumption of slow density variations. The 

constant κ is a measure of the interparticle attraction potential. The expression for pressure 

derived from Equation 1.2 is given as (Rowlinson, 1979; Swift et al., 1995; He & Doolen, 

2002): 
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The first term in Equation 1.3 is the homogeneous thermodynamic pressure, whereas the 

second and third terms quantify the nonlocal or inhomogeneous pressure at phase 

interfaces. For a homogeneous system, the second and third terms have no contribution, 

and Equations 1.3 and 1.4 lead to the van der Waals’ equation of state.  

A number of two-phase diffuse interface methods have been developed under the 

umbrella of lattice Boltzmann methods (LBM) (Gunstensen et al., 1991; Shan & Chen, 

1993, 1994; Swift et al. 1995, 1996; He et al., 1998, He & Doolen, 2002; Luo, 1998; Zhang 

et al., 2004a). LBM, which has its origins in lattice-gas cellular automata and can also be 

derived from the continuous Boltzmann equation, operates in the mesoscopic regime on 

particle distribution functions on a lattice. Hence for engineering applications it is a good 

compromise between continuum simulations at the macro-scales, where much of the micro-

physics is averaged out, and molecular dynamics calculations which are limited to process 

length and time scales at most in the nanometer and nanoseconds range, respectively.   

Central to many of the LBM methods for calculating two-phase flows is the use of the 

free-energy based on the square-gradient theory (Swift et al., 1995, 1996; He et al., 1998; 

and He & Doolen, 2002). As pointed out by several researchers (Sullivan, 1981; van 

Giessen et al., 1997; and Zhang et al., 2004a), the square-gradient theory poses some 

limitations on the description of phase interfaces near a solid wall, where the impenetrable 
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solid wall imposes a discontinuity on the fluid density near the wall. In a practical 

implementation, it is also not easy to obtain realistic contact angles and fluid density 

distributions near a wall based on the square-gradient theory. Because of these difficulties, 

Bryant et al. (2002, 2004) in their application of the square gradient model to contact line 

dynamics fix the contact angle a-priori and do not allow it to change based on the flow 

dynamics. Hence, in such instances, it will be shown in this dissertation that it is more 

appropriate to work with the more general mean-field expression of free-energy given by 

Equation 1.1.  Starting with the more general mean-field expression of free-energy, one of 

the aspects of the current research is to develop a new tool to simulate liquid-vapor flows in 

microchannels. 

1.2 Liquid-Vapor CO2 Systems 

Climate change, ozone depletion, and global warming are perhaps the most critical 

issues facing humankind. The critical importance of the ozone layer in the stratosphere has 

been widely recognized for the protection of life on earth from ultraviolet radiation. It is 

well-known that a depleted ozone layer causes skin cancers and eye cataracts in human 

beings, suppresses the immune system in humans and other species, damages important 

crops and the marine ecosystems. In the last century, Molina & Rowland (1974) found that 

the ozone layer in the stratosphere was broken down by chlorofluorocarbons (CFCs), which 

are widely used in vapor compression cycles for HVAC/R systems. When exposed to 

ultraviolet radiation, CFCs in the stratosphere produce a significant amount of chlorine 

atoms. The highly reactive chlorine atoms do not change themselves when interacting with 

ozone molecules, such that a single atom of chlorine can destroy thousands of ozone 

molecules.  

Not only do CFCs have a high Ozone Depletion Potential (ODP) but they also have a 

significant Global Warming Potential (GWP). For example, trichlorofluoromethane (CFC-

11) and dichlorodifluoromethane (CFC-12) have a GWP of 3500 and 7300 times that of 

carbon dioxide (CO2) (Wuebbles, 1995; Calm and Didion, 1997). Hydrofluorocarbons 

(HFCs) and Hydrocholorofluorocarbons (HCFCs), which are potential replacements for 

CFCs, have zero and an order of magnitude less ODP than CFCs, respectively, but still 

have a high GWP. Today, the 1987 Montreal Protocol Treaty, which was signed and ratified 
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by 36 countries, has over 150 participating countries. This treaty requires the global 

production of CFCs to be banned by 2010 and the global production and consumption of 

HCFCs to be phased out by 2040.  

Among all possible replacements, the natural refrigerant CO2 has zero ozone depletion 

and the least GWP, and thus is considered as the leading replacement for mobile 

refrigeration/air-conditioning systems. Indeed, CO2 is non-toxic, non-flammable, and the 

cheapest natural fluid. Its critical pressure and temperature are 7377 kPa and 30.98oC, 

respectively. Therefore, its supercritical and subcritical temperatures are very close to the 

room and atmosphere temperatures. At these temperatures, both the viscosity and liquid-

vapor density ratio of CO2 are very small. All these features are very special and offer a 

wide spectrum of benefits in different applications.    

With the rapid development of increasing compactness and higher power densities, the 

cooling demands of future computer chips, telecommunication switchgears, medical 

equipment, and other microelectronics, are much beyond the capacity of current 

technologies (Thome, 2006; Agostini et al., 2007). Potential methods for electronics 

cooling include thermoelectronic cooling, direct immersion pool boiling, heat pipes, spray 

cooling, and microchannel boiling flows. Zhang et al. (2004b) summarize the features and 

limitations of the different cooling methods. It is recognized that thermoelectric cooling, 

even though compact with no moving parts, consumes more than twice the amount of 

power removed from the electronic chip and consequently is not viable for next generation 

products. Direct immersion pool boiling, on the other hand, is attractive from thermal 

consideration but the complete immersion of an electronic chip in a dielectric liquid is still 

difficult to implement in practice. Heat pipes, though effective and already applied in some 

advanced products such as laptop computers, are very limited by the amount of working 

fluid and thus are difficult to be scaled up to more demanding cooling environment.  Spray 

cooling uses an atomized spray of coolant in direct contact with the heat generating device, 

providing much higher cooling capacity. However, the close proximity between coolant 

and microchip, could in the long run, damage the microchip. As compared with all these 

different options, microchannel boiling flows using CO2 as the working fluid could offer 

great potentials for microelectronics cooling (Zhang et al., 2004b, Chordia et al., 2003; 

Delil et al., 2002).   
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Because the critical pressure and temperature of CO2 are 7377 kPa and 30.98oC, 

respectively, an entire flow system with CO2, including heat transfer components, flow 

distribution devices, valves and other components operate at very high pressure. The key 

challenge emerging from these high operating pressures is that the phase properties for CO2 

are quite different from those of fluids for which phase-change is better understood.  For 

example, at a representative temperature of 25oC, which is between the condenser and 

evaporator operating conditions for most vapor compression systems, CO2 is at a reduced 

pressure, pr = 0.87, while tetrafluoroethane (R134a) is at pr = 0.16 and steam is at pr = 

1.4×10-4.  At these significantly different reduced pressures, the phase density ratios (nL/nV) 

for CO2, R134a and steam are 2.9, 37, and 43,000, respectively.  Similarly, the phase 

viscosity ratios (µL/µV) for CO2, R134a and steam are 2.9, 16 and 90, respectively, while 

the corresponding surface tension values are 5.6×10-4, 8.1×10-3, and 7.2×10-2 N/m 

(Garimella, S., 2006, personal communication).  It is known that the phase-change flow 

mechanisms are strongly dependent on the relative influence of inertial, viscous, 

gravitational and surface tension forces. Thus, phase-change flow of CO2 will yield 

drastically different flow mechanisms than the more commonly investigated working 

fluids. Consequently, the flow structures or flow patterns of CO2 and the pressure drops as 

well as heat transfer can be significantly impacted during evaporation, condensation and 

two-phase flow through various flow components of the system.  

On the other hand, the much higher operating pressures of CO2 necessitate the use of 

microchannel heat exchangers (which can withstand these pressures with much smaller 

wall thicknesses). In addition, the reduced channel scales provide options to cut the routine 

cost through reducing working fluid and manufacturing material inventory. In particular, 

the much larger surface to volume ratios of microchannels offers heat transfer coefficients 

up to sixty times higher than conventional macroscale heat exchangers (Thome, 2006). 

When channel scale becomes smaller, the increasing influence of surface tension over 

gravity affects the establishment of the flow phenomena and heat transfer mechanism. As a 

result, topological transitions of liquid-vapor interfaces, moving contact lines, phase change 

with condensation and evaporation, flow regime transitions, pressure loss behavior, and 

heat transfer all behave differently.   
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1.3 Scope of Research 

The current research focuses on the development of the mean-field free-energy 

description of co-existing liquid-vapor phases in the context of lattice Boltzmann method 

(LBM). A new consistent equation for non-local pressure is derived from mean-field 

theory, which is validated for a variety of canonical static and dynamic liquid-vapor flows. 

The theory is then extended to include solid surfaces and the simulation of contact line 

dynamics. Three lattice arrangements are used in the developments. The seven-velocity 

lattice configuration D2Q7 is used for the initial development work, which is then extended 

to the more convenient and widely used nine-velocity lattice configuration D2Q9 and to 

three-dimensions using the nineteen-velocity lattice arrangement D3Q19. Finally, the 

techniques are applied to investigate the flow regimes encountered in liquid-vapor CO2 

flows operating near the critical point, particularly in submicro-channels of dimension 200 

nm.  

In the next chapter (chapter 2), the current understanding of two phase flow regimes is 

reviewed and then some specific needs of the computational research are identified. 

Chapter 3 documents the detailed theoretical development and the validations of the mean-

field free-energy theory for the non-local pressure equation for liquid-vapor interfaces. The 

following chapters (Chapters 4 and 5) extend the techniques to the fluid-solid boundary and 

moving contact lines based on D2Q7 and D2Q9, respectively. Chapter 6 shows the 

application of the developed technique to liquid-vapor CO2 flows in submicro-channels. 

The three-dimensional extension of the technique and its applications are presented in 

Chapter 7. We conclude our research in Chapter 8 with recommendations for the future 

research.  
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CHAPTER 2 LITERATURE REVIEW 

In multiphase liquid-vapor flows, the liquid-vapor phase interface evolves in time and 

space. Under the actions of inertia, viscosity, surface tension, and wettability, the interface 

stretches, twists, splits, coalesces, and collapses, resulting in a variety of flow patterns or 

flow regimes.  

Different flow patterns or regimes can have substantially different characteristics in 

both flow and heat transfer (Theofanous & Hanratty, 2003), and subsequently, lead to 

considerable variations of other related mechanical properties, such as noise, vibration, 

reliability, and safety. Annular flow, for example, is often designed on purpose for effective 

heat transfer. However, a local dryout of the thin liquid layer of annular flow can easily 

occur on the channel walls (Whalley, 1987). A severe local dryout is a major concern for 

safe operation, especially in nuclear power plants. Intermittent flows, as another example, 

not only generate higher frictional loss (Carey, 1992), but cause a series of major problems 

to mechanical system. Intermittent flow is a major source of vibrations of mechanical 

facilities, generating annoying noise. A liquid slug can cause a dangerous local high 

pressure and liquid hammer in pipe networks potentially leading to a system shut down (Ni, 

1991). In the worst case, an intermittent flow can lead to mechanical breakdown or failure 

of the facilities (KEMBLA, 2006). Therefore, it is critical to study the mechanisms of both 

generation and transition of different flow regimes, to predict them and further control 

them to favorable applications.   

In thermal engineering, such as HVAC/R, a primary design goal is optimal use of two-

phase pressure drop to obtain maximum performance in heat transfer. In the past, flow 

models for pressure drop and heat transfer were essentially based on homogeneous fluid 

models, which inevitably produce large errors, surpassing 100% within their supposed 

range of application (Thome, 2003). These design errors not only lead to poor performance 

of the facility, but also to bulky equipment, waste of material and refrigerant, and high cost 

in manufacturing (Faghri & Zhang, 2006). Recently, pressure drop and heat transfer models 

are emerging based on local flow regimes (Thome, 2003). Flow regimes based on models 

could improve the design significantly. However, accurate models for pressure drop and 
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heat transfer rely heavily on the accurate prediction of flow regimes and their transitions 

(Theofanous & Hanratty, 2003). 

On the other hand, different channel scales have different flow characteristics. For 

clarity, we first classify the channel scales for liquid-vapor flows and clarify the concept of 

flow regimes (see section 2.1). Following that is a literature review on the current 

understanding of different flow regimes (section 2.2) and their transitions (section 2.3) 

according to the classification of channel scales.  

In the literature, the word liquid-gas flow appears frequently to represent one-

component liquid-vapor flow, immiscible two-component liquid-gas flow (e.g., air-water), 

and/or both of them. From the mechanical point of view, one-component liquid-vapor flow 

shares many of the same mechanisms with two-component liquid-gas flow. Both of the 

fluid systems evolve under the mechanical actions of viscosity, surface tension, inertia, and 

other forces. Thus, our reviews include both liquid-vapor flow and two-component 

immiscible liquid-gas flow. In the context of mechanical actions, we view the two phrases 

liquid-gas flow and liquid-vapor flow equally. On the other hand, liquid-vapor flow is 

indeed different from immiscible two-component liquid-gas flow in that phase transitions 

are often a main concern in one-component liquid-vapor flow. For immiscible two-

component liquid-gas flow, such as air-water system, the water vapor in the air is often a 

small portion of the system and thus the condensation and evaporation of water in the air is 

usually not significant. For clarification, we limit our literature review to adiabatic 

processes and only some diabatic processes which are very close to adiabatic flows are 

included in our discussion. Good literature reviews can be found for liquid-vapor flows 

with strong phase transitions, such as the review on boiling flow and heat transfer in 

microchannels reviewed by Kandlikar (2006) and condensation flow and heat transfer in 

microchannels reviewed by Garimella (2006).  We note that local condensation and 

evaporation of liquid-vapor flow can happen even under adiabatic conditions. 

Currently, there are three ways to predict flow regime transitions. One way is analytical 

approaches based on the physics of flow regimes. This approach is limited to simple 

problems such as some specific steady flow regimes and one-dimensional models. Because 

the physics behind flow transitions is not completely understood, the validated physical 
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models for flow regime transitions are not available (Theofanous & Hanratty, 2003). 

Section 2.3 of this chapter gives an overview of this aspect. Another way to predict the 

transitions of flow regimes is based on a series of empirical correlations from experimental 

observations. Usually, a common empirical presentation of flow transitions from one 

regime to another is the flow regime map, which is a 2D plot with the axes representing 

different flow conditions. Each point on the flow map represents an experimentally 

observed flow regime under a specific flow condition. The area of the plot is separated into 

a few small groups of flow regimes by lines, which represent flow regime transition 

boundaries. Figure 2.1 displays an example of flow regime transition boundaries found for 

air-water flows in a minichannel by Triplett et al. (1999). Its horizontal axis represents gas 

superficial velocity JSG and the vertical axis represents liquid superficial velocity JSL. The 

experimental points are not plotted in the flow map for simplicity. Unfortunately, different 

investigators have obtained different flow regimes and there is not a general flow map 

applicable to all different cases. Section 2.4 of this chapter reviews this topic in detail. The 

third approach to predict flow regime transitions is numerical simulations, which have the 

potential to deal with unsteady flow regimes and flow transitions.  

In the following sections, we try to comprehensively review the current knowledge on 

flow regimes and their transition based on experimental research. Through the review, we 

pinpoint the areas which are not completely understood or are not amenable to be examined 

by experiments. Later in this dissertation, we study liquid-vapor CO2 flow regimes and 

their transitions in microchannels with our newly developed numerical tools. For this 

reason, the last section of this chapter presents a thorough review on the research for CO2 

flows in microchannels. 

2.1 Classifications of Channel Scales for Liquid-Vapor Flows 

So far, there is no agreement on the classification of channel scales for liquid-vapor 

flows, even though many publications have addressed this issue, such as Faghri & Zhang 

(2006) and Kandlikar et al. (2006). Based only on channel scales themselves, 100 nm is 

often used as the threshold between microscales and nanoscales (Bhushan, 2007). When 

scales are between 100 nm and 1 mm, they are referred as microscales and when they are 
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less than 100 nm, they are considered as nanoscales. When studying liquid-vapor flows, 

different investigators have different classifications.  

 

Figure 2.1: Sketched flow regime transition boundaries for air-water systems based on 
Triplett et al. (1999). 

According to Mehendale et al. (2000), hydraulic diameter of a micro heat exchanger 

ranges from 1 to 100 �m and that of a meso (miniscale) heat exchanger varies from 100 �m 

to 1 mm. On the other hand, both Faghri & Zhang (2006) and Kandlikar et al. (2006) 

suggest separating the fluid scales as: 

• Macrochannels: Dh>6 mm 

• Minichannels: 200µm< Dh <6mm 

• Microchannels: 10µm< Dh <200µm 

• Transitional Channels: 100nm< Dh <10µm 

• Nanochannels: Dh <100nm 

Actually, a more rigorous classification of channel scales in liquid-vapor flow context 

need to consider the fluid properties. For example, Serizawa et al. (2002) propose using the 
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capillary length scale LCap as the threshold to differentiate microchannels from 

macrochannels:    

)( VL
Cap nng

L
−

= γ
  (2.1) 

where g is the gravitational acceleration; nL and nV are fluid densities for liquid and vapor, 

respectively; � is surface tension. According to Serizawa et al. (2002), different working 

fluids have different criterion for scale classification. In fact, to define a threshold for the 

transition from microchannels to nanochannels, one needs to understand when the 

continuum assumption of liquid-vapor flow does not apply and when molecular and 

electrokinetic forces start to affect fluid properties significantly.  Currently, there is no 

consensus about the answer to these questions (e.g., Barber & Emerson, 2006; Xu & Li, 

2007). In fact, we are even not very clear whether or not it is worthwhile to separate all the 

different scales into so many layers, as discussed by Thome (2006). In the following 

literature review we discuss the experimental results in the literature, for convenience, 

according to the channel scales classified by Faghri & Zhang (2006) and Kandlikar et al. 

(2006), as presented above. 

2.2 Liquid-Vapor Flow Regimes 

Liquid-vapor flow regimes in microchannels have been studied for a few decades and 

there are many literature reviews on this topic, such as the recent reviews by Ghiaasiaan & 

Abdel-Khalik (2001), Azzopardi & Hills (2004), Kawaji & Chung (2004), Hassan et al. 

(2005), and Kandlikar et al. (2006). Currently, a large number of flow regimes have been 

reported. The majority of the flow regimes are classified based on visual observations with 

transparent experimental channels (Azzopardi & Hills, 2004). So far, there is no consensus 

to assign every flow pattern found to a specific flow regime. According to the classification 

of channel scales by Faghri & Zhang (2006) and Kandlikar et al. (2006), we critically 

review the work on flow regimes in minichannels (200µm< Dh <6mm), microchannels 

(10µm< Dh <200µm), and sub-microchannels (100nm< Dh <10µm), separately. Before our 

review, we clarify the concept of flow regime according to the flow regime knowledge in 

macrochannels.  
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2.2.1 Macrochannels  

The knowledge of flow regimes in macrochannels has been well documented in a 

number of books such as Azzopardi & Hills (2004), Brennen (2005), Faghri & Zhang 

(2006), Kandlikar et al. (2006), and Thome (2006).   

Vertical liquid-vapor flows in macrochannels can be used as a reference in studying 

microchannel flows. Figure 2.2 displays a schematic of six common flow regimes observed 

in vertical upward channel flows (Brennen, 2005). Letter L in the figure indicates liquid 

phase while letter G represents gas phase.  Displayed in the figure are bubbly flow, slug 

flow, churn flow, annular flow, wispy-annular flow, and disperse flow. For these common 

flow regimes, fortunately, the least debates occur in classifying them in the literature. 

 

Figure 2.2: Schematic of six common two-phase flow regimes based on Brennen(2005). 

Bubbly flow, as shown in the figure, appears in a series of small gas bubbles scattering 

in the continuous liquid phase. Each bubble may have a very different size but all bubbles 

are small as compared with the channel width or height. With the coalescence of small 

bubbles with each other, larger bubbles form. When the diameter of an individual bubble 

approaches the channel width or height, a gas plug appears, having a rounded nose and a 

flat tail. This bullet-shaped plug is known as Taylor bubble. Between two successive Taylor 

bubbles is a liquid bridge or a slug flow, which may contain some small bubbles inside. 
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Except flows in horizontal or inclined channels with gravity having a dominant effect, one 

usually uses either plug flow or slug flow to describe the same flow pattern. In 

microchannels, the effect of gravity is usually insignificant as compared with viscosity and 

surface tension. Therefore, we do not distinguish plug flow from slug flow in this 

dissertation.  

When the flow rate of a plug flow increases to some degree, the Taylor bubble can 

break up, resulting in oscillating liquid lumps in the channel. This oscillating flow pattern 

is the so-called churn flow as shown in Figure 2.2. In the literature, one often categorizes 

both plug flow (and slug flow) and churn flow as intermittent flow.  

When the flow rate of a slug flow continues to increase, a churn flow can evolve into an 

annular flow: a layer of liquid traveling along each wall with a gas flow occupying the 

core area of the channel, as also shown in Figure 2.2. Often, interface waves appear 

between the liquid layer and the gas core. For this reason, some investigators use the phrase 

wavy-annular flow to describe the resulting flow. In addition, the core area of an annular 

flow is not necessarily all occupied by gas. Due to the traveling interface waves, some 

liquid of a wavy-annular flow is entertained into the gas core in the form of small droplets. 

On the other hand, a plug flow sometimes changes directly to an annular flow, with no 

intermediate churn flow occurring between plug flow and annular flow. We should note 

that the terminology annular flow is generally used for circular pipe flow. For 2D channel, 

the words annular flow does not appear appropriate. To be consistent with the literature and 

to avoid using new terminology, we borrow the terminology, annular flow, to describe the 

flow pattern occurring in 2D channel flows and 3D duct flows.  

For an annular flow with an increased liquid flow rate, both atomization and deposition 

of the small liquid droplets increase, resulting in large streaks or wisps of the liquid in the 

core area. This type of annular flow with agglomeration of liquid structures in the core area 

is so-called wispy-annular flow. Some authors categorize this flow pattern as a subdivision 

of the annular flow. 

When an annular flow has a thin liquid layer, a continued increase of the flow rate can 

completely destroy the liquid layer and almost all the liquid is entertained into the gas core 

as dispersed droplets. This flow pattern is the opposite of a bubbly flow regime and appears 
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in the form of many discrete small droplets scattered in the continuous gas phase. Some 

people call this flow pattern disperse flow and others call it mist flow to address the tiny 

sizes of the droplets, as shown in Figure 2.2. 

Indeed, there are many more flow patterns recorded in the literature. Some of the flow 

regimes in the literature are just different names for slight variations on the flow patterns 

described above, such as annular flow and wavy annular flow. Some flow regimes do not 

belong to any of the above categories and may only exist in some specific situation. 

Stratified flow may be such an example. A stratified flow appears in the form of two 

parallel fluid layers, with one layer in the form of vapor often traveling above a layer of 

moving liquid in a channel. Additionally, many other flow regimes can be viewed as a 

combination of the flow patterns described above, such as bubbly-slug flow, slug-annular 

flow, and slug-churn flow.   

2.2.3 Minichannels  

Minichannels (200µm< Dh <6mm) display both similarities and differences of flow 

regimes from macrochannels. Suo and Griffth (1964) were among the first to examine the 

flow regimes in minichannels. They observed slug flow, slug-bubbly flow, and annular 

flow in horizontal channels with diameters of 1.59 and 1.028 mm. Stratified flow did not 

appear in their experiment. Later, different experiments of gas and water-like liquids 

(Fukano & Kariyasaki, 1993; Galbiati & Andreini, 1994; Chen et al., 2002) confirmed that 

stratified flow did not occur in channels with diameters around 1 mm or smaller. 

Damianides and Westwater (1988) used a 1.0 mm diameter, circular horizontal channel, 

and identified six flow regimes: bubbly flow, plug flow, slug flow, pseudo-slug flow, 

annular flow, and dispersed flow. Fukano and Kariyasaki (1993) recorded three flow 

regimes, namely, bubby flow, intermittent flow, and annular flow, in a horizontal circular 

channel with a 1-mm diameter. Galbiati & Andreini (1994) only observed slug and annular 

flows in their experiment.  

Barajast and Panton (1993) investigated the effects of different wettabilities on air-

water flow regimes in horizontal circular channels with diameter of 1.6 mm. Four different 

materials were used to change the wettabilities, resulting in three partially wetting 
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conditions with contact angles equal to 34 °, 61 °, and 74 ° and a partially non-wetting wall 

with contact angle of 106°. They observed all the basic flow regimes identified in 

macrochannels, including bubbly flow, plug flow, slug flow, annular flow, wavy (stratified) 

flow, and dispersed flow. However, the stratified flow region appeared in a small region in 

the flow map as compared with those of macrochannels. Besides, a new flow regime, 

rivulet flow was identified, as shown in Figure 2.3, appearing in the form of a twisted 

stream of liquid flows on the channel surface. In partially wetting systems (contact angle < 

90°), with contact angles between 34 ° and 61 ° the wavy (stratified) flow regime became a 

rivulet flow. At higher contact angle 74 ° and high gas velocity, the rivulet flow breaks up 

into several rivulets or multiple rivulets. 

 

Figure 2.3: Rivulet and multiple rivulet flow regimes by Barajast and Panton (1993); With 
permission of the copyright. 

Coleman & Garimella (1999) and Triplett et al. (1999b) examined the effect of 

different cross sections of horizontal channels on air-water flow regimes. Their 

experiments include circular, rectangular and semi-triangular cross sections in diameters 

from 1.1, 1.3, 1.75, 2.6, and 5.5 mm.  They found that the flow regimes were similar to 

each other for different sections except the significant difference of flow regime transition 

boundaries. They recorded bubbly flow, slug flow, churn flow, slug-annular flow, annular 

flow, wavy-annular flow, and dispersed flow. In addition, Coleman and Garimella (1999) 

observed stratified flow and wavy-stratified flow in both circular and rectangular channels 

with hydraulic diameter of 2.6 and 5.5 mm. No stratified flow regimes were recorded with 

diameter 1.3 and 1.75mm. Later, Qu et al. (2004) studied nitrogen gas-water two-phase 

flow in a rectangular channel having a 0.406×2.032 mm2 cross-section. Their results are 

somewhat different from those of Coleman & Garimella (1999) and Triplett et al. (1999b). 

Qu et al. (2004) showed that the dominant flow patterns in their minichannel were slug 

flow and annular flow, with bubbly flow occurring occasionally. Stratified flow and churn 

flow were not observed in the experiment by Qu et al. (2004).   
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Yang and Shieh (2001) examined the effects of different fluids on flow patterns in 

horizontal circular channels in diameters of 1.0, 2.0, and 3.0mm. They observed that both 

air-water and R134a had bubbly flow, slug flow, plug flow, wavy stratified flow, annular 

flow, and dispersed flow, even though the boundaries of the flow regime transitions were 

different. In their experiment, the wavy stratified flow appears in the 2.0 mm tube. 

In vertical minichannels, on the other hand, Mishima and Hibiki (1996) examined air-

water flows in diameters from 1.0 to 4.0 mm. They observed all the five basic flow 

regimes: bubbly flow, slug flow, churn flow, annular flow, and mist flows. Except the 

annular and mist flows which were found similar to macrochannels, they found the bubbly, 

slug flow, and churn flow in minichannels had different appearances than those in 

macrochannels. Figure 2.4 displays the differences in flow regimes between minichannels 

and macrochannels. As shown in the figure, the bubbly flow in minichannels appears in the 

form of a bubble train, having the form of a series of concentrated bubbles along the 

channel center line, lined up right next to each other. The Taylor bubble in the 

minichannels appears much longer in plug and churn flow, as compared with macrochannel 

flows. Chen et al. (2002) studied nitrogen gas-water flow in cylindrical channels with 

diameter of 1 and 1.5 mm and found some similar flow regimes to those by Mishima and 

Hibiki (1996). 

Zhao and Bi (2001) examined vertical air-water flow in triangular cross-section 

channels with hydraulic diameter from 0.866 to 2.886 mm. They observed several typical 

flow regimes, including dispersed bubbly flow, slug flow, churn flow, and annular flow.  

As compared with the flow regimes of circular channels by Mishima and Hibiki (1996), 

Zhao and Bi (2001) found that the bubble train regime appeared only in the smallest 

channel (0.866 mm) of their experiment.  

Chen et al. (2006) conducted an extensive parametric study on the effect of circular 

channel with diameter from 1.01 to 4.26 mm for vertical R134a flow. The observed flow 

patterns include dispersed bubbles, bubbly flow, confined bubble flow, slug flow, churn 

flow, annular flow, and mist flow. The flow characteristics in the 2.88 and 4.26 mm 

channels are similar to those typically described in macrochannels. However, the smaller 
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diameter channels in diameter of 1.10 and 2.01 mm, exhibit strong small channel 

characteristics as described earlier. 

 

Figure 2.4: Comparison of flow regimes between macrochannel and minichannels, 
Mishima and Hibiki (1996), * means microchannels; With permission under the copyright. 

Revellin et al. (2006) also investigated R-134a liquid-vapor flows in a 0.5 mm circular 

channel. They found four principal flow patterns: bubbly flow, slug flow, semi-annular 

flow and annular flow. Semi-annular flow appears in the form of a liquid film at the 

channel wall with a continuous central vapor core, separated by churning liquid zones. 

Some transition flow regimes also appeared in their experiment, including the bubbly-slug 

flow and slug-semi-annular flow. As compared with flow regimes in macrochannels, slug 

flow of minichannels has a well-shaped (spherical) bubble nose and the liquid film between 

the bubble and the wall is very thin. In addition, the length of the vapor bubbles in 

minichannels is much longer than those in macrochannels. These flow characteristics in 

minichannel are similar to those in microchannel flows (see the next section). 

In summary, flow regimes of minichannels have the following characteristics: 
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1. Minichannels, in general, have the five basic flow regimes appearing in 

macrochannels: bubbly flow, slug flow, churn flow, annular flow, and dispersed 

flow;  

2. Bubbly flow often appears as bubble trains; 

3. Taylor bubble appears much longer than that in macrochannels; 

4. Churn flow often has the form of long bubble with broken ends and some 

investigators name it semi-annular flow;   

5. Buoyancy or gravity still plays a large role in the generation of flow regimes 

and their transitions. However, the small scales of horizontal minichannels 

depress the formation of stratified flow. When a horizontal channel scale 

becomes progressively small, stratified flow starts to disappear in the existing 

experiments;  

6. Different working fluids seem not to significantly affect the types of flow 

regimes but only the transition boundaries; 

7. Different channel cross-sections appear to have little effect on flow patterns;  

8. Wettability has a significant effect on the flow regime. When the contact angles 

increase to a certain point, a rivulet flow regime appears, replacing the stratified 

flow; 

9. Discrepancies exist among different investigators. This discrepancy may be due 

to experimental errors in some experiments and/or different experimental 

conditions, such as initial conditions, wettabilities, etc.  Unfortunately, most 

researchers did not record the wettabilities of their performed experiments. 

2.2.4 Microchannels 

As compared with the investigations on macrochannels and microchannels, less work 

has been done in microchannels (10µm< Dh <200µm). Serizawa et al. (2002), Kawaji’s 

group (Kawahara et al., 2002, Chung and Kawaji, 2004; Chung et al., 2004; Kawaji & 

Chung, 2004, Kawahara et al., 2005), and Cubaud & Ho (2006) are among the few. 

Cubaud & Ho (2004) and Xiong & Chung (2006, 2007) performed their flow experiments 

in square channels from 200 to 622 �m. Because these results in the mini-square channels 

have strong microscale flow characteristics, we summarize them here as microchannels.  
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Serizawa et al. (2002) performed air–water and steam-water experiment through 

circular channels with diameters of 20, 25, 50, 100 �m. They found that the two-phase flow 

patterns in microchannels were quite different from that of macrochannels. The recorded 

flow regimes include dispersed bubbly flow, slug flow, liquid-ring flow, liquid lump flow, 

skewed barbecue shaped flow, annular flow, wispy annular flow, rivulet flow and liquid 

droplets flow, as partly shown in Figures 2.5 and 2.6. The dispersed bubbly flow observed 

by Serizawa et al. (2002), which is very similar to that of macrochannels was never 

observed by other researchers in both minichannels and microchannels. In addition, they 

recorded another type of dispersed bubbly flow, which appears in a large bubble followed 

by a series of small-sized bubbles. For slug flow, the bubble appears with a well-shaped 

spherical cap and tail and the bubble length is very long, up to ten times that of the channel 

diameter. The liquid film between the Taylor bubble and the channel wall was so thin such 

that the experiment was not able to clearly identify its existence.  

 

Figure 2.5: Left pictures are air–water flow regimes in diameters of 25�m by Serizawa et 
al.  (2002); Right part was sketched according to Serizawa et al.  (2002) by Kawaji and 
Chung (2004); With permissions under the copyright. 

The liquid ring flow was a new flow regime identified by Serizawa et al. (2002) in 

microchannels, which appears in the form of a liquid film symmetrically distributed on the 

wall with almost equal distance, as shown in Figure 2.5 and 2.6. Compared to annular flow 
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in minichannels, the interface waves of the liquid ring flow have regularly spaced peaks 

with larger amplitudes. Another new flow regime in their experiment is liquid lump flow, 

which slid on the wall, shifting from one side to another in the channel. The shape of a 

liquid lump is very similar to that of a wavy stratified flow in a horizontal large channel. It 

is expected that a liquid lump on the wall would become liquid film if the wall had a very 

large wettability. In addition, two-phase flows in microchannels appeared rather unstable 

and the flow pattern tended to change with time from one state to another at the same flow 

condition and the same location in the channel. 

  
Figure 2.6: Air–water flow regimes in diameters of 100�m with different wettability by 
Serizawa et al. (2002); With permissions under the copyright. 

Serizawa et al. (2002) also examined the effects of wettability on flow regimes through 

controlling the cleanness of the inner wall of the channels. They found that wettability of 

microchannels significantly affected the flow regimes. The skewed barbecue shaped flow, 

as shown in Figure 2.6, appeared only in very clean channels (low wettability), as shown in 

Figure 2.6.  
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Kawaji and his co-workers performed experiments using water and nitrogen gas 

through circular channels (Kawahara et al., 2002; Chung and Kawaji, 2004; Kawaji & 

Chung, 2004; Chung et al., 2004; Kawahara et al., 2005) and a square channel (Kawaji & 

Chung, 2004). The diameters of circular channels include 50, 75, 100, 251, and 530�m and 

the square channel has the hydraulic diameter of 96 �m. For a diameter larger than 250 �m, 

they found that the two-phase flow regimes were similar to those typically observed in 

minichannels of  �1 mm diameter, including bubbly flow, slug flow, churn flow, slug–

annular flow, and annular flow. However, in microchannels, they observed that only slug 

flow appeared. The absence of bubbly flow, churn, slug–annular flow and annular flow in 

the smaller channels was hypothesized to be the greater viscous and surface tension effects. 

With diameters smaller than 100 �m, they recorded four different sub-flow regimes within 

the slug regime:  gas core with a smooth liquid film;  ring-slug flow which is similar to the 

liquid ring of by Serizawa & Feng (2001); semi-annular flow, of which  the gas slugs 

coalesce to form a long semi-continuous gas core and the long gas slug is segregated by 

short liquid bridges; serpentine-like gas core flow, which can be viewed as a gas core flow 

with a wavy film. In addition, they confirmed the unstable characteristics of two-phase 

flows in microchannels, of which multiple flow regimes occurred—different flow regimes 

appearing at the same location and flow condition but at different times.  

It is noted that the differences between Serizawa et al. (2002) and Kawaji and his co-

workers are partly due to the different names for the same flow regimes. The other reasons 

for the discrepancy may be due to the differences of wettability, experimental uncertainties, 

experimental conditions, and other unknowns.  

Cubaud and Ho (2004) performed air-water flow experiment in the square channels 

having the sizes of 200 and 525 �m, separately. They recorded bubbly flow, wedging flow, 

slug flow, annular flow, and dry flow, as shown in Figure 2.7. In fact, the annular flow 

designated by Cubaud and Ho includes a flow pattern, which is similar to the liquid ring 

flow identified by Serizawa et al. (2002). The wedging flow identified by Cubaud and Ho 

was a new flow regime. Figure 2.8 shows the detail of the wedging flow, which had either 

dry patches or a very thin, metastable liquid film at the center of inner surface of the square 

channel with liquid menisci flowing only at the corners. This wedging flow regime was not 

reported in the similar experiments by Coleman & Garimella (1999) and Triplett et al. 
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(1999) in minichannels. A question in this regard is: It this discrepancy due to the 

experimental errors, different scales, different wettabilities, or something else?  

 

Figure 2.7: Flow patterns in a square channel  (a) Bubbly flow, (b) wedging flow, (c) slug 
flow, (d) annular flow, (e) dry flow (Cubaud et al., 2006); With permissions under the 
copyright. 

Cubaud et al. (2006) further studied the effects of contact angles and surfactants on 

air-water flow regimes in square channels. They showed that the effect of wall wettability 

on flow regimes was significant in 10 and 101.5 �m diameter channels. With a hydrophilic 
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square channel, five main flow regimes appeared, including bubbly, wedging, slug, annular 

and dry flows. Hydrophobic square channel (120o static contact angle), on the other hand, 

had very different flow patterns. In particular, the hydrophobic flow appeared much more 

unsteady, leading to asymmetric interface shapes. The identified three distinct flow patterns 

with hydrophobic square channel include: isolated asymmetric bubble flow, wavy bubble 

flow, and scattered droplet flow, as shown in Figure 2.9. The bubbles were not lubricated 

under the non-wetting condition and the motion of the bubbles was subject to contact line 

friction at the channel walls. Small bubbles were trapped in the sharp corners of the 

hydrophobic channel. The scattered droplets adhered to the channel wall and might merge 

to form a liquid slug. 

 
Figure 2.8: Wedging flow (Cubaud & Ho, 2004): a) drying bubble; b) consecutive images 
of a hybrid bubble; and c) lubricated bubble; With permissions under the copyright. 

Waelchli and von Rohr (2006) investigated nitrogen gas-liquid flow in rectangular 

silicon channels with hydraulic diameters between 187.5 and 218 �m. Four different liquids 

are tested, including pure de-ionized water, ethanol, 10% and 20% aqueous glycerol 

solutions. Three flow regimes were identified for different size and gas-liquid 
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combinations: intermittent flow (plug flow), annular flow, and bubbly flow. No liquid-ring 

flow and wedging flow were reported. 

 
Figure 2.9: Flow regimes in hydrophobic channel (Cubaud et al., 2006): a) asymmetric 
bubble flow; b) wavy bubble flow; c) scattered droplet flow; With permissions of the 
copyright. 

Xiong and Chung (2006, 2007) investigated nitrogen gas-water square micro-channels 

in hydraulic diameters of 209, 412 and 622 �m. They confirmed that different flow regimes 

occurred at the same location and the same flow condition. In addition, they observed many 

flow patterns, including liquid flow, bubbly flow, slug flow, bubble-train slug flow, liquid 

ring flow, liquid lump flow, and annular flow. According to the appearance of the transition 

flow patterns, they categorized the entire flow patterns into four basic flow patterns: 

bubbly-slug flow, slug-ring flow, dispersed-churn flow and annular flow. Bubbly-Slug flow 

mainly appeared in the form of slug flow, and occasionally in the form of bubbly flow.  

Slug-Ring flow included slug flow, liquid ring flow, bubble-train slug flow, and occasional 

bubbly flow. Dispersed-Churn flow was a mixture of small vapor slugs and liquid chunks, 

such as disruption tail of the slug pattern followed by some very small bubbles. Annular 

flow mainly consisted of the flow pattern of gas core with a smooth interface and 

occasionally liquid lump flow.  
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 The characteristics of flow regimes in microchannels are summarized as follows: 

1. The flow regimes recorded in microchannels are much more diverse from different 

research groups. Some groups observed almost all flow regimes that occur in 

macrochannels and minichannels, such as dispersed bubbly flow, slug flow, annular 

flow, wispy annular flow, churn flow, and liquid droplets flow. Most of the groups 

just observed some of them.  

2. Some special flow regimes which appeared in minichannels were also observed in 

microchannels, such as very long Taylor bubbles, bubble trains, and rivulet flow; 

3. Different investigators found that flow regimes in microchannels are very unsteady. 

Multiple flow regimes appear at the same location and under the same conditions;  

4. Some new flow regimes are found in microchannels, including liquid-ring flow, 

liquid lump flow, skewed barbecue shaped flow, and in rectangular channels, 

wedging flow;  

5. Only two groups studied the effect of wettabilities on flow regimes.  Both of them 

found that wettability had a significant effect. In particular, non-wetting walls lead 

to non-symmetrical flow patterns and bubbles concentrated in the corners of the 

duct.  

2.2.5 Flow Regimes in Sub-Microchannels 

Sub-microchannel (100 nm< Dh <10 µm) flows have become increasingly important in 

the field of ultra-low volume liquid manipulation. Unfortunately, studies on sub-

microchannel flows are much more difficult and expensive. Conventional microscale 

techniques for flow measurement are difficult to apply to the sub-microchannel flow scales. 

For example, the wavelength of the light source employed in particle image velocimetry 

and laser Doppler velocimetry may not be viable in the sub-microscales. Flow visualization 

techniques such as shadowgraphy, Schlieren photography, and interferometer are also 

challenged in the application to sub-microscale flows.  The sensor diameter of a hot-wire 

anemometry almost has the same size of the small channel scale.  On the other hand, due to 

the very high capital investment and maintenance expenses, the applications of more 

advanced measurement techniques such as scanning electron microscope are currently 

quite limited.  
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Tas et al. (2003) examined a liquid water plug in a rectangular channel in 10 µm wide 

and 100 nm high. They found that the water plug in the hydrophilic channel can generate 

significant pressure jump (approximately as high as 17 ± 10 bar) due to capillary forces. 

The large pressure jump of the water plug results in a very different visible curvature of the 

liquid meniscus, as shown in Figure 2.10. 

 

Figure 2.10: A sketch of the remarkable shape of the menisci of a water plug in a 10 �m 
wide and 100 nm high channel (top view) based on Tas et al. (2003). 

Rossi et al. (2004) observed water liquid-vapor flow in a hydrophilic channel with 

contact angles between 5 and 20° in an environmental scanning electron microscope. They 

captured the behavior of liquid menisci inside 200 to 300 nm diameter circular carbon 

channel with the left end open and right end closed. Figure 2.11 shows the results obtained 

at five different vapor pressures: a, 5.5 Torr, b, 5.8 Torr, c, 6.0 Torr, d, 5.8 Torr and e, 5.7 

Torr. The asymmetrical shape of the meniscus, especially the complex shape of the 

meniscus on the right side is a result of the different vapor pressure and wettabilities.  

Figure f shows the plug shape in a closed channel. Meanwhile, Kim et al. (2004b) reported 

their investigation on liquid filling in similar carbon pipes but in diameter �200 nm. By 

plotted filling length against time, they found a good fit with the well-known Washburn 

equation of capillary rise for long observation times (ms).  This showed that the continuum 

assumption still works at such a small scale. 

As a summary, research on flow regimes of sub-microchannels is very limited and 

much remains unexplored.  

2.3 Semi-Analytical Methods for Flow Regime Transitions 

Semi-analytical approaches predict flow regime transitions based on the physics of flow 

regimes. Azzopardi & Hills (2004) summarize the research in this regard. These 

     10 µm 

water plug 
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approaches are currently limited to simple problems, such as steady flow regimes in one-

dimensions.  

Taitel & Dukler (1976) were the first to attempt a general analysis based on the 

physical mechanisms of flow regimes. They proposed that the Kelvin-Helmholz instability 

determines most of the flow regime transitions, such as stratified-slug transition, slug-

annular transition, and bubble-plug transition. This seems appropriate for flows in 

macrochannels but obviously not appropriate for mini- and microchannel flows where 

capillarity dominates the flow. Damianides and Westwater (1988) found out that the 

mechanism of transition from one regime to another in minichannels differed from the ones 

studied in macrochannels. They noticed that the transition to annular flow in minichannels 

occurred through the generation of rolling waves, while the transition to annular flow in 

macrochannel occurs by atomization and deposition on the walls of the channel.   

(a)  (b) 

(c)  (d) 

(e)  (f) 

Figure 2.11: Water plug in a carbon submicrochannel with different vapor pressure a–e: a, 
5.5 Torr, b, 5.8 Torr, c, 6.0 Torr, d, 5.8 Torr and e, 5.7 Torr; f, Plug shape in a closed 
carbon nanotube under pressure (Sketches based on Rossi et al., 2004). 

We should mention that for the transition to dispersed bubbly flow, Taitel and Dukler 

(1976) proposed a transition model based on the size of turbulent eddies in the inertial 

range. This work has had quite a large influence on later development. For example, Woods 

and Hanratty (1996) considered the stability of both a stratified flow and a slug flow and 

thus proposed a prediction of the transition from a stratified flow to a slug flow.  
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Mishima and Ishii (1984) considered that the transition of slug-to-churn occurred 

because of the wake effect caused by Taylor bubbles. They further proposed a mechanism 

of transition from churn to annular flow by relating it to flow reversal in liquid films 

separating large bubbles from the wall, or because of disruption of liquid slugs.  

For bubble-plug transition in macrochannels, it has been suggested that this transition 

occurs due to bubble coalescence and enlargement of the bubble to a Taylor bubble (Fabre 

&Zhang, 2006). However, more results such as Biesheuvel and Gorissen (1990) indicate 

that the transition is due to the effects of interface waves which lead to plug flow through 

closely packed bubbles and enhanced coalescence. 

Currently, the flow physics behind the transitions of different flow regimes are not 

completely understood. Theofanous & Hanratty (2003) discussed this issue thoroughly. 

The following list is a summary of their key points:  

1. The mechanisms of bubble entrainment and behavior in slug flow are extremely 

complex and need much further investigation; 

2. For wispy annular flow, little is known about the agglomeration structures of the 

liquid in the vapor core area; 

3. Churn flow is the most poorly understood flow regime among all other flow 

regimes;  

4. It is also a challenge to describe the rate of atomization, the rate of deposition 

and drop size of annular flow. Current theoretical work on the rate of 

atomization and on the transition from a stratified flow to a slug flow is largely 

based on linear theory. It is still a problem to predict when a plug flow will 

occur, and its temporal instability and spatial evolution; 

5. For stratified flow, which has been studied for a long time, considerable errors 

can be made in predicting the liquid holdup and the pressure drop.  

Because the physics behind flow transition is not completely understood, validated 

physics based models for transition of flow regimes are generally not available.  
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2.4 Flow Regime Maps and Flow Regime Transitions 

Empirical correlations for flow regime transitions have been used for a few decades and 

a series of empirical correlations have been proposed in the form of flow maps based on 

experimental data. Good literature reviews on this topic have been completed by many 

authors, such as Ghiaasiaan & Abdel-Khalik (2001), Kawaji & Chung (2004), Hassan et al. 

(2005), and Kandlikar et al. (2006). Currently, this research area has developed very fast. 

Wide disagreement still exists among different investigators. Similar to our literature 

reviews on flow regimes, we focus our discussions on minichannels and the smaller scales. 

Because the most mature flow maps are developed from macrochannels and thus are often 

used as the baseline for comparison, we will first give an overview on the flow maps for 

macrochannels.  

2.4.1 Macrochannels 

Most flow maps are based on data of vertical upward flows and horizontal flows. For 

vertical upward flows, the most popular flow regime maps are due to Hewitt and Roberts 

(1969) and Weisman (1983). Figure 2.12 shows the flow map by Weisman (1983). For 

horizontal flows, the most cited flow maps were proposed by Taitel and Duckler (1976), 

Mandhane et al. (1974), and Weisman (1983). Figure 2.13 (a) shows the flow map by 

Weisman (1983). Comparison between the two flow maps shows that vertical upward flow 

regime map is very different from that of horizontal flow. In fact, even for the same type of 

flow, different investigators obtain very different flow regime maps. Figure 2.13 (b) shows 

the widely used flow map obtained by Mandhane et al. (1974) with air-water in horizontal 

channels, which is different from Figure 2.13 (a) by Weisman (1983).  

When channel scales get smaller, there are more inconsistencies in the literature. 

Coleman and Garimella (1999) show that both the size and shape play an important role in 

determining flow regimes and their transitions. Therefore, caution is needed that the 

conclusions drawn from large channels are generally invalid in small channels.  
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Figure 2.12: A flow regime map for the flow of an air/water mixture in a vertical, 2.5 cm 
diameter circular channel (A sketch based on Weisman, 1983). 

2.4.2 Minichannels 

Extensive evidence has shown for the significant effect of capillarity on flow regimes 

and their transitions in minichannels (200µm< Dh <6mm).   

The first criterion trying to predict flow transition for minichannels is proposed by Suo 

and Griffth (1964). Based on their air-water experimental data of 1.59 and 1.028 mm 

diameter horizontal channels, they suggested that transition from slug to slug-bubbly flow 

satisfies  

5108.2Re ×=⋅We   (2.2) 

where  

LhL VDn µ2/Re =  (2.3) 

γ2/2VnDWe Lh=  (2.4) 

In above equations, Dh is channel diameter; V is the velocity of gas bubble; µL and nL are 

liquid viscosity and density, separately; � is surface tension. As described by Suo and 

Griffth (1964), their criterion is limited to the cases of high density ratio and high viscosity 
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ratio, such as air-water.  In addition, they did not record stratified flow regime in their 

experiment and thus no transition criteria was proposed for the transition to and from 

stratified flow.  

Figure 2.13 (a): Flow regime map for the horizontal flow of an air/water mixture in a 5.1cm 
diameter pipe; Shadowed regions are observed regime boundaries; Lines are theoretical 
predictions by Weisman (1983). (A sketch based on Brennen). 

For transition from stratified to slug flow in minichannels, Barnea et al. (1983) 

proposed that the transition occurs when the liquid depth, hL satisfies: 
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where, hL is found from the solution of one-dimensional steady-state stratified momentum 

equations. When Dh is smaller than the right hand side of the above equation, the transition 

criterion is replaced by:  
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Barnea et al. (1983) and Fukano & Kariyasaki (1993) showed that the criterion of 

Barnea et al. (1983) works well for air-water flow in channels of size in the several mm 

range.  When channel scales decrease further, the criterion of Barnea et al. is not 

appropriate.  

Figure 2.13 (b): Experimental flow pattern map (A sketch based on Mandhane et al., 1974), 
air-water system, horizontal 2.5 cm circular channel. 

Later, Brauner and Moalem-Maron (1992), based on a linear stability analysis of 

stratified flow and the idea of neutral stability with a disturbance wavelength of the order of 

channel diameter, derived the following criterion for the dominance of surface tension  
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with Eö representing the Eotvös number. 

For horizontal minichannel flows, experimental data show that flow regime maps 

become significantly different from those of macrochannels (Damianides and Westwater, 

1988; Fukano and Kariyasaki, 1993; Kattan et al., 1998; Triplett at al., 1999; Ghiaasiaan & 

Abdel-Khalik, 2001; Qu et al., 2004). Damianides and Westwater (1988) found that air-

water flow in a 1.016 mm diameter circular channel yielded mainly slug flow, occupying a 

large portion of the flow regime map. Fukano and Kariyasaki (1993) found that flow 
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patterns did not change much between vertical upward and horizontal air-water flows in 

circular channel in diameters 1, 2.4, and 4.9 mm. Most experiments listed above show that 

the transition from an intermittent (plug and slug) regime to a dispersed or bubbly regime 

occurs at much higher superficial liquid velocities and the transition from intermittent 

flows to annular flows occurs at a higher value of gas superficial velocity. When channel 

scales approach 1 mm or below, stratified flow pattern severely degenerates, causing a 

significant variation of the boundaries of other flow regimes on the flow maps.  

Consequently, the flow regime maps and semi-analytical criteria based upon data from 

large channels, including Mandhane et al. (1974), Taitel and Dukler (1976), and Weisman 

et al. (1983) can not be applicable to minichannels.  

Coleman & Garimella (1999) and Triplett et al. (1999) additionally found that the 

effects of different channel cross sections have significant effects on flow regime 

transitions in small hydraulic diameters. Their experiments include circular, rectangular 

and semi-triangular cross sections of the channels in diameters from 1.1, 1.3, 1.75, 2.6, and 

5.5 mm.  Qu et al. (2004) studied the effect of aspect ratio (ratio of depth to width) of 

rectangular channels on flow regime transitions of a 0.406×2.032 mm2 rectangular channel 

and compared their results with six different minichannels of very low aspect ratio 

published previously by others, including Wambsganss et al. (1991), Ali and Kawaji 

(1991), Mishima et al.(1993), Wilmarth and Ishii (1994), Fujita et al.(1995), and Xu et al. 

(1999). The comparison shows that there is an appreciable discrepancy in both flow 

patterns and transition boundaries among all seven sets of rectangular minichannels. Qu et 

al. (2004) attribute this discrepancy to the different channel sizes and aspect ratios as well 

as working fluids.  

Yang and Shieh (2001) examined the effects of different fluids on flow regime 

transition in horizontal circular channels in diameters of 1.0, 2.0, and 3.0mm. They 

observed that air-water results were in good agreement with previous minichannel studies. 

However, R-134a liquid-vapor flow has the slug-annular transition occurring at lower gas 

velocities, and the intermittent-bubbly transition happened at higher liquid velocities, as 

compared with the flow map of air-water. They concluded that different surface tensions of 

different fluids have a big impact on flow regime transitions. In addition, they concluded 

that none of the existing flow pattern maps were able to predict the refrigerant flow pattern 
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transitions in small channels. However, Tabatabai and Faghri (2001) developed a flow 

regime map for microchannels based on the relative effects of surface tension, shear, and 

buoyancy forces and stated that better results can be obtained to predict the flow regime 

map for small channels.  

Barajast and Panton (1993) investigated the effects of four different wettabilities on the 

air-water flow regimes in 1.6 mm diameter horizontal channels. They found that in the 

partially wetting systems (�eq< 90°), the contact angle had little effect on the transition 

boundaries, with one exception. When contact angle increases to some degree, wavy 

(stratified) flow regime changes to the rivulet flow. With higher contact angles, a single 

rivulet breaks up into several rivulets. Therefore, the flow regime transition boundaries for 

the non-wetting system (�eq> 90°), except plug-slug transition, were significantly changed, 

including the boundaries of plug-bubble flow, slug-bubble flow, annular-dispersed flow, 

slug-multiple rivulet flow, and slug-annular flow.  

In vertical minichannels, on the other hand, Mishima and Hibiki (1996) and Mishima et 

al. (1997; 1998) investigated air-water flows with diameters of 1 < Dh < 4 mm. They found 

reasonable agreement with Mishima and Ishii’s (1984) transition criteria. Zhao and Bi 

(2001) examined air-water flow in triangular channels with hydraulic diameter 0.866, 

1.443, and 2.886 mm. They found both the slug-churn flow transition and the churn-

annular flow transition lines shifted to the right as the channel scale become small.  This is 

very similar to the observation in horizontal flows. 

Considering the unsteadiness of flow regimes in minichannels, Hassan et al. (2005) 

redefined the observed flow regimes into four groups: bubbly, intermittent, churn, and 

annular. The bubbly flow regime includes the bubbly flows as well as all the transitions 

occurring in the vicinity of the bubbly region. The intermittent flow regime is defined as all 

slug and plug flows, as well as all transitions occurring in the vicinity of the intermittent 

region. The churn flow includes all dispersed flows and all transition flows in the vicinity 

of the dispersed region. Similarly, the annular flow regime includes all the annular flows 

and all transitions occurring in the vicinity of the annular region. Based on the new 

definitions, they used the available experimental data in the literature together with their 

new data and proposed two “universal flow regime maps” for both horizontal with 



 36 

diameters ranging from 1 mm to 0.1 mm (Figure 2.14) and for vertical minichannels with 

diameters ranging from 1 mm to 0.5 mm (Figure 2.15). In the two figures, the symbols are 

the experimental data they collect to generated the flow maps. Different comparisons 

between the universal flow maps and other flow maps have been made by Hassan et al. 

(2005). They concluded that the universal flow regime maps gave a good approximation of 

the regime transitions for the different studies.  

(a) 

(b) 

Figure 2.14: (a) Comparison between the experimental data of Triplett et al. (1999) and the 
flow regime map of Damianides and Westwater (1988) by Hassan et al. (2005). (b) 
Comparison between the experimental data of Triplett et al. (1999) and the universal flow 
regime map by Hassan et al. (2005); With the permission under copyright. 
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 (a) 

 (b) 

Figure 2.15:  (a) Mishima et al. (1993) transition lines vs. Xu et al. (1999) flow map for 1.0 
mm channel by Hassan et al. (2005); (b) Vertical universal transition lines vs. Xu et al. 
(1999) for 1.0-mm channel by Hassan et al. (2005); With the permission under copyright. 

Both Revellin et al. (2006) and Chen et al. (2006) have investigated R-134a liquid-

vapor flows in vertical circular channel. Revellin et al. used the diameter of 0.5 mm while 

Chen et al. (2006) tested four diameters, 1.01, 2.01, 2.88, and 4.26 mm. Both groups 

conclude that none of the existing flow pattern maps (those prior to 2005) for 

macrochannels and minichannels were able to predict their observations.  

In summary, the results in the literature are quite contradictory. The following 

conclusions can be drawn: 

1. In general, flow maps of macrochannels can not be applied to those of 

minichannels, especially when channels sizes are 1.0 mm or smaller. 
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2. Several factors have a significant effect on flow regime maps for minichannels, 

including channel size, cross section, wettability, and fluid property. 

3.  It is debated that there are no general flow maps found so far applicable to all 

existing experiments.  

2.4.3 Microchannels and Submicrochannels 

Serizawa et al. (2002) developed a flow pattern map for air–water two-phase flow in a 

20, 25, 100-�m circular microchannels and steam-water in 50 �m channel. Their flow map 

includes many different flow regimes, as shown in Figure 2.16: dispersed bubbly flow, slug 

flow, liquid-ring flow, and liquid lump flow, skewed barbecue shaped flow, annular flow, 

wispy annular flow, and liquid droplet flows. The flow map for microchannels is very 

different from those of minichannels and macrochannels. However, it is noticed that that 

their flow map in 20 -�m minichannel follows the general trend of the macrochannel 

channel flow map by Mandhane et al. (1974), as show in the figure. 

 
Figure 2.16:  Flow pattern map for air–water in a 20 �m diameter silica channel by 
Serizawa et a. (2002); With the permission under copyright. 

Kawaji and his co-workers presented nitrogen-water flow maps for 50, 75, 100, 251, 

and 530 �m diameter circular channels, and one flow map for a square channel with 

hydraulic Dh = 96 �m. They compared their flow regime maps to those developed for 
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minichannels by Damianides and Westwater (1988), Fukano and Kariyasaki (1993), 

Triplett et al. (1999), and Zhao and Bi (2001), as shown in Figure 2.17. When the 

diameters are larger than 250 �m, the two-phase flow maps are similar to those typically 

observed in minichannels of Dh�1 mm. When the diameter is less than 100 �m, the flow 

regime maps are significantly different from those of the minichannels. Kawaji and his co-

workers concluded that the flow maps for minichannels cannot apply to microchannels. In 

addition, they found that the difference of the flow pattern maps between the 100 �m 

circular channel and the 96 �m square channel was significant.  

 
Figure 2.17:  Comparison of two-phase flow regime maps (Kawahara et al., 2002): (a) 
Damianides and Westwater (1988); (b) Fukano and Kariyasaki (1993); (c) Triplett et al. 
(1999b); and (d) Zhao and Bi (2001). With the permission under copyright. 
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As compared with the flow maps by Serizawa et al. (2002), Kawaji and his co-

workers did not have bubbly flow and churn flow in their maps. This difference may be 

partly due to the different names for the same flow regimes used by the different teams. 

The other reasons may be due to the differences of wettability of the channels, 

experimental uncertainties, experimental conditions, and other unknowns. 

Cubaud and Ho (2004) presented an air-water flow map for square channels of 200 and 

525 �m, as shown in Figure 2.18. The figure shows that the flow regime map and the 

transition lines drawn for 200 and 525 �m square microchannels are almost the same. As 

mentioned earlier, their flow regime map includes a new flow pattern, wedging flow, as 

compared with other similar research, such as Coleman & Garimella (1999) and Triplett et 

al. (1999). One should mention that Cubaud et al (2006) further studied the effects of 

contact angles and surfactants on air-water flow regimes with square cross-sections for 

different contact angles. They show the importance of wall wettability on flow regimes in 

micro-square channels.  

 
Figure 2.18:  Air-water flow map in 200 and 525 mm square channels by Cubaud and Ho 
(2004).  With the permission under copyright. 
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Waelchli and von Rohr (2006) investigated nitrogen gas-liquid flow in rectangular 

silicon channels with hydraulic diameters between 187.5 and 218 �m. Four different liquids 

are tested, including pure de-ionized water, ethanol, 10% and 20% aqueous glycerol 

solutions. Three flow regimes were identified for the different size and gas-liquid 

combinations: intermittent flow (plug flow), annular flow, and bubbly flow. The flow 

regimes maps for different gas-liquid and size combinations were similar but their 

transition boundaries were different. A “universal flow pattern map” based on dimensional 

analysis is presented, representing their flow maps for all the used fluids and hydraulic 

diameters very well. In addition, they found that the cross sections, rather than the different 

sizes mainly determine the flow pattern maps. This point is consistent with that by Cubaud 

and Ho (2004). However, they found that the flow pattern maps by Triplett et al. (1999) 

and Coleman and Garimella (1999) (semi-triangular and rectangular channel cross-section, 

respectively) predict an accurate flow pattern in their experiment even for hydraulic 

diameters are different by up to a factor 25. In addition, Waelchli and von Rohr (2006) 

found that their results are different from those by Zhao and Bi (2001), Kawahara et al. 

(2002) and Coleman and Garimella (1999) (circular channels) even for similar hydraulic 

diameters.  

Xiong and Chung (2006, 2007) investigated nitrogen gas-water flows in square 

channels with hydraulic diameters of 209, 412 and 622 �m. The flow regime maps display 

the transition lines shifted to higher gas superficial velocity as the diameters decrease. 

Their comparison with other similar experiments shows that the flow regime maps for the 

mini- and microchannels are significantly sensitive to the working fluid, channel geometry 

and channel size. This is somewhat in contradiction with the flow map by Cubaud and Ho 

(2004) and Waelchli and von Rohr (2006). It is noted that Xiong and Chung (2006, 2007) 

did not compare their results with those of Cubaud and Ho (2004). 

In summary, the following conclusions can be drawn: 

1. Most investigators found that flow regime maps of microchannels are significantly 

different from those of the minichannels. The flow maps for minichannels cannot be 

applied to microchannels in general.  



 42 

2. Among the limited flow maps for microchannels, different research groups have 

different flow maps which generally do not agree with each other. 

3. There is a common point in the literature that channel cross section is a significant 

factor in determining the flow maps. 

4. Flow regime maps are also very sensitive to wettability. Systematic examination is 

needed in this area. 

5. The findings about the effects of channel size, liquid-vapor fluid properties on flow 

maps of microchannels are very diverse in the literature. Some conclusions in this 

aspect are even contradictory.  

6. For sub-microchannels (100 nm< Dh <10µm), no flow regime map has been found 

from the literature, even though there are a few reports on the flow patterns. 

Systematic studies are needed for the flow in sub-microchannels. 

2.5 CO2 Liquid-Vapor Flow in Microchannels 

This review covers all small scales of CO2 liquid-vapor flows, including minichannels 

(200µm< Dh <6mm), microchannels (10µm< Dh <200µm), and sub-microchannels (100 

nm< Dh <10µm). Unfortunately, all experimental channels for CO2 flows in the literature 

are larger than 500µm. Thome & Ribatski (2005) give a comprehensive review on this 

topic up to 2005. Following Thome & Ribatski (2005), we summarize all the published 

experiments available to date for CO2 liquid-vapor flows in Table 2.1. Among all the 

journal publications, almost all of them are studied with boiling flows and heat transfer. 

Only a few of the investigators performed visualizations of flow regimes, as shown in the 

table. 

Zhao et al. (2000) studied boiling flow in small multiple circular channels, the 

diameters of which are not specified in their publication. Their results show that the effects 

of mass flux and heat flux were negligible on heat transfer coefficients.  

Liao and Zhao (2002) investigated six circular channels, the diameters of which include 

0.50 mm, 0.70 mm, 1.10 mm, 1.40 mm, 1.55 mm, and 2.16 mm.  They tested supercritical 

CO2 flows and found that the buoyancy effect was still significant at these scales. Their 
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experiment showed a significant difference between their data and existing correlations of 

pressure drop and heat transfer for large channels.  

Yun and his colleagues performed a series of experiments, including circular and 

rectangular cross sections, and single and multiple channels. The single circular channel 

diameters include 6.0 mm (Yun & Kim, 2003), 0.98 and 2.9mm (Yun & Kim, 2004a, 

2004b; Yun et al., 2005b). The multiple channels have rectangular sections with the 

hydraulic diameters of 1.08, 1.14, 1.27, 1.42, 1.45, 1.53, and 1.54 mm. The heights of the 

rectangular channels are mostly at 1.2 mm, additionally with one at 1.1 mm, and another at 

1.7 mm (Yun &Kim, 2004a; Yun et al., 2005a).   

Table 2.1: Experiments of CO2 liquid-vapor flow in mini- and microchannels  

Year Authors 
Dh 

mm 
Channel 

Mflux 

kg/m2s 

Hflux 

kw/m2  

T  
oC 

x 

% 
Flow Regimes 

2000 Zhao et al. - c,m 250~700 8~25 5~15 5 NA 

2002 Liao,Zhao 0.5~2.16 c,s - - 20~110 superc NA 

2003 Yun et al. 6 c,s 170~320 10.~20. 5,10 5~95 NA 

2004a Yun,Kim 0.98,2 c,s 500~3570 7.~48. 0, 5,10 - NA 

2004a Yun,Kim 1.08~1.54 r,m 100~400 5~20 0, 5,10 - NA 

2004b Yun,Kim 3.6 r,s 217~868 0~250 5 - bubbly, slug,annular 

2005a Yun et al. 1.08~1.54 r,m 200~400 10~20 0, 5,10 15~85 NA 

2005b Yun et al. 0.98, 2.0 c,s 500~3570 7~48 0, 5,10 20~100 NA 

2004 Huai et al. 1.31 c,m 131-399 10~20 -3~17 0~100 NA 

2004a Pettersen 0.8 c,m 100-580 5~20 0~25 12~99 NA 

2004b Pettersen 0.98 c,s 100~580 5~20 0,20 12~99 bubbly,slug,annular,drop 

2005 Park,Hrnjak 6.1 c,s 100~400 5~15 -30~-15 10~80 NA 

2007 Park,Hrnjak 6.1 c,s 100~400 5~15 -30~-15 10~80 slug, stratified, annular 

2006 Gasche 0.8 r,s 58~235 9.70 23.3 0.5~88 slug, plug, annular 

2007 Choi et al. 1.5, 3.0 c,s 200~600 20~40 -10~10 0~100 NA 

c: circular channel;  r: rectangular channel;  s: single channel; m: multiple channels 

In the experiments, Yun and his colleagues found that the heat transfer coefficient of 

CO2 was much higher than that of the conventional refrigerants. However, the pressure 

drop of CO2 was 4.5 times greater than that of R-134a. Both pressure drop and the heat 

transfer coefficients increased with a decrease of channel diameter. The heat transfer 
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coefficients also increased with an increase of heat flux and saturation temperature. In 

addition, heat flux had a much more significant effect on heat transfer coefficient than mass 

flux. A partial dryout of CO2 occurred at a lower quality. As the mass flux increased, the 

dryout became more pronounced. They observed flow regimes in the rectangular channel 

with hydraulic diameter of 3.6 mm and aspect ratio of 10:1 (Yun and Kim, 2004b). The 

flow regimes included bubbly flow, intermittent flow, and annular flow, as shown in the 

following Figure 2.19. With an increase in mass flux, more liquid droplets were entrained 

in the vapor core in an annular flow. They reported a large difference in the flow map of 

CO2 from those for air–water in the literature.  

 
Bubbly flow                       intermittent flow                  annular flow 

Figure 2.19:  CO2 flow regimes in a rectangular channel with hydraulic diameter of 3.6 mm 
and aspect ratio of 10:1 (Yun and Kim, 2004b). With the permission under copyright. 

Hua et al. (2004) studied CO2 boiling heat transfer and flows in multiple circular 

channels, each with a diameter of 1.31 mm. They found very low pressure drop and very 

high heat transfer coefficients for two-phase CO2 flows. Their experiment showed both 

mass flux and heat flux had significant effects on the heat transfer coefficient. They 

reported that CO2 heat transfer coefficients were very different from the correlations 

reported in the literature. One should note that the very low pressure drop and the very 

large effect of mass flux on heat transfer coefficient are different from the observations by 

Yun and his colleagues.  

Pettersen (2004a) investigated boiling flow and heat transfer in multiple circular 

channels with diameter of 0.80 mm. He noticed that the heat transfer coefficient increased 

significantly with the increased heat flux and temperature but changed little when mass flux 

and vapor fraction changed. At high temperature and large mass flux, dryout effects 

became very important, leading to a rapid decrease of heat transfer coefficient. In addition, 

two-phase flow regimes were observed in a single circular channel with diameter of 0.98 
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mm. The flow regimes include intermittent (slug) flow, wavy annular flow, and dispersed 

flow. At low vapor quality, intermittent flow was dominant and at high vapor quality, the 

main flow regime was wavy annular with entrainment of droplets. Stratified flow appeared 

solely at conditions of no heating.  He reported that the flow pattern observations did not fit 

the generalized maps or transition lines in the literature. It is noticed that Pettersen’s 

observation of the effect of mass flux on heat transfer coefficient agrees with that of Zhao 

et al. (2000) and Yun et al. but appears opposite to that of Hua et al. (2004). 

Gasche (2006) performed boiling flow experiments in a single rectangular channel with 

hydraulic diameter of a 0.8 mm. He observed three flow regimes: plug flow at low vapor 

qualities up to about 0.25, slug flow at moderated vapor qualities from about 0.25 to 0.50, 

and annular flow at the vapor qualities (above 0.50). The dryout of the flow was identified 

at vapor qualities around 0.85. The large data scatter made it hard to identify a clear 

dependency of the heat transfer coefficient on the mass flux, as well as on the vapor 

quality.  

Park and Hrnjak (2005, 2007) studied boiling flow and heat transfer in a 6.1 mm 

diameter circular channel. They confirmed that the heat transfer coefficient for CO2 is 

much higher than that of conventional refrigerants. In their experiment, the CO2 heat 

transfer coefficients depended heavily on heat flux but changed slightly with the mass flux 

and vapor quality. Dryout occurred at the quality of 0.8.  A decrease of saturation 

temperature reduces the heat transfer coefficients for every test condition. CO2 pressure 

drop was found much lower than that of conventional refrigerants. For an adiabatic CO2 

flow, they recorded slug or plug flow, stratified flow, wavy stratified flow, slug-stratified 

flow, annular flow, and wavy annular flow.  

Choi et al. (2007) performed CO2 boiling flow and heat transfer in circular channels 

with diameters of 1.5 and 3.0 mm. They found that the heat transfer coefficient of CO2 

could be three times higher than that of R-134a. In their experiment, the heat flux had a 

significant effect on heat transfer coefficient but the mass flux did not.  

As a summary from above literature review, we note the following points: 

1. No experimental data had been published for CO2 liquid-vapor flows in diameter 

Dh<500µm;  
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2. The effects of channel wettabilities have not been reported yet for CO2 liquid-vapor 

flows in diameters  Dh<6 mm; 

3. The flow regimes identified included: bubbly flow, slug flow, stratified flow, annular 

flow, wavy annular flow, and mist flow. Different authors had different flow regimes, 

due to the different flow conditions, channel sizes, cross sections, and other unknown 

differences. No systematic comparison has been done among the flow maps reported in 

the literature;  

4. Two-phase flow regime maps of CO2 are very different from the leading flow pattern 

maps of other fluids in the literature; 

5. Most authors found that the pressure loss of CO2 is much lower than that of other 

refrigerants. But some observed the opposite trend; 

6. Heat transfer coefficients of CO2 liquid-vapor flow can be up to three times higher than 

that of the conventional refrigerants; 

7. The heat transfer coefficient increases with both temperature and heat flux but do not 

change much with mass flux. However, some experiments observed a significant 

increase of heat transfer coefficients with mass flux. 

2.6 Conclusions 

 From the literature review, some conclusions can be drawn for liquid-vapor flows in 

microchannels. 

  

Scale effects:  

1 All flow regimes occurring in macrochannels are observed in microchannels, such as 

bubbly flow, plug flow, churn flow, annular flow and dispersed flow. However, 

microchannels host additional very different flow regimes, including very long Taylor 

bubble, bubble train, and rivulet flow, liquid-ring flow, liquid lump flow, skewed 

barbecue shaped flow, and in rectangular channels, wedging flow. In addition, flow 

regimes in microchannels appear very unsteady.  

2 Research on flow regimes in sub-microchannels is very limited and most are 

unexplored. 
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3 The flow maps of macrochannels can not be applied to microchannels. Among the 

limited flow maps for microchannels, different research groups obtain different flow 

maps. No flow regime map has been found from the literature for sub-microchannels; 

4 No experimental data have been published for CO2 liquid-vapor flows in diameter 

Dh<500 µm;  

Cross section effects: 

5 Different cross sections can have very different flow regimes and flow maps.  

Wettabilities: 

6 Most researchers did not record the wettabilities of their performed experiments. 

Among the few studies on the effects of wettabilities, significant effects of 

wettabilities are reported on both flow regimes and flow maps. Systematic examination 

is needed on the effects of wettabilities. In addition, effects of wettabilities have not 

been studied for CO2 liquid-vapor flows in microchannels. 

 Fluids: 

7 The effects of liquid-vapor fluid properties on both flow regimes and flow regimes 

maps of microchannels are found very diverse. Some conclusions on this issue are 

completely contradictory from different researchers.  This is especially true for CO2. In 

addition, CO2 is found to have very different flow losses, heat transfer, flow map from 

other fluids. Systematic studies on both flow regimes and flow map for CO2 are 

needed. 

 

Flow Mechanisms: 

8 Flow physics behind the transitions of different flow regimes are not completely 

understood. In particular, very limited knowledge exists among the mechanisms of 

bubble entrainment in slug flow, agglomeration structures of liquid in the vapor core 

area of wispy annular flow, churn flow, the rate of atomization, the rate of deposition 

and drop size of annular flow, the liquid holdup and the pressure drop of stratified 
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flow. No validated and general physics based models for transition of flow regimes are 

available.  

 

 Discrepancy 

9 Discrepancies widely exist among different investigators. Some discrepancy is due to 

the different names of the same flow regimes used by different authors. Most 

discrepancy may be due to different experimental errors, experimental conditions, 

channel wettabilities, and other unknowns.  
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CHAPTER 3 MEAN-FIELD NON-LOCAL PRESSURE 
EQUATION AND ITS D2Q7 LBM 

The chapter documents the development of a consistent equation of non-local pressure, 

based on a general mean-field free-energy description given in Equation 1.1. The 

consistency of the derived pressure equation is established theoretically by reducing it to 

the pressure given by the square-gradient theory in Equation 1.3 under the assumption of 

slow density variation. The new non-local pressure equation is then implemented in the 

LBM and validated against known theoretical solutions of:  1) Density profiles across 

planar liquid-vapor interfaces; 2) Maxwell construction of liquid-vapor coexistence 

systems; 3) Surface tension based on integrations of excess free-energy; 4) The Laplace’s 

law of capillarity for droplets in vapor;  5) The dispersion equation of capillary wave 

dynamics of interfaces; and 6) Lamb’s frequency relation of oscillating droplets in vapor. It 

is established that the new pressure equation with its mean-field free-energy LBM gives 

good agreement with equivalent results from thermodynamics, molecular dynamics, and 

hydrodynamics for all the above test cases.  

3.1. Mean-Field Pressure Equation 

Classical thermodynamics of homogeneous fluids defines the fluid pressure as  
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where H is the total Helmholtz free-energy of the fluid system with a fixed mass; � has the 

same meaning of Equations 1.1 and 1.2, representing the volume of the fluid system; And T 

is the temperature.  

First, the above definition of pressure for a homogeneous fluid is extended to an 

inhomogeneous fluid as: 
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With this extension, we study the total Helmholtz free-energy of fluid within a “very 

small” volume � at the spatial point r. A material surface is chosen as the boundary of the 

volume �, such that the volume � is very small in macroscopic sense but large enough in 

microscopic sense. The molecular exchange across the material surface is kept in dynamic 

balance, such that the enclosed mass m in the volume � is kept constant:  

)()(lim 3 rrr ndnm Λ== �
Ω

Λ→Ω
 (3.3) 

With this extension, the total free-energy in the small volume � becomes 

)]([)]([lim 3 rrr ndnH ΛΨ=Ψ= �
Ω

Λ→Ω
 (3.4) 

where )]([ rnΨ is the free-energy density of the non-homogeneous fluid and has the following 

representation based on Equation 1.1: 
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Substitution of Equations 3.4 into Equation 3.2, and using Equation 3.3  gives  

( ) )]([)]([')()]([ rrr nnrnnp Ψ−Ψ=ΛΨ
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∂−=  (3.6) 

Further, substituting Equation 3.5 into Equation 3.6, we finally obtain  
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where op has the same form of Equation 1.4.  

Equation 3.7 is the new mean-field non-local pressure Equation for liquid-vapor 

system.  

3.2. Validation with Square-Gradient Theory  

Because the van der Waals’ square-gradient theory (Rowlinson, 1979; Cahn & Hilliard, 

1958) for liquid-vapor interfaces is a simplified version of the more general mean-field 
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theory, both the free-energy of Equation 1.2 and the nonlocal pressure in Equation 1.3 of 

the square-gradient theory should be a special case of Equations 1.1 and 3.7, respectively. 

To verify that Equation 3.7 reduces to the non-local pressure of the square-gradient theory, 

we apply the following Taylor expansion:  
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where terms of order higher than 2rr'−  are neglected.  

It is known that the interparticle pairwise attraction potential )( rr'−w  is symmetric in 

the framework of the mean-field theory. As an example, many intermolecular interaction 

potentials can be approximated by the well-known Lennard-Jones potential as follows:  
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whereε andσ are physical constants. The first term is the intermolecular repulsive 

potential, while the second term is the intermolecular attraction potential. It is seen that 

both the attractive and repulsive parts are symmetric around point r . The symmetry 

arguments of both the interparticle attraction potential ),( r'rw and the 

operator )( rr'− result in 

0')())(,( 3 =∇⋅−�V dnw rrrr'r'r            (3.10) 

Substituting Equation 3.8 into Equation 3.7, neglecting terms of order higher than 

2rr'− , and using Equation 3.10 
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By using the following equality 
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Equation 3.11 reduces to Equation 1.3. κ in Equation 3.12 represents the second moment 

of the pairwise attraction potential, which is a measure of the strength of the interparticle 

attraction. Thus, we show that Equation 3.7 obtained from the more general mean-field 

theory is a general form of the nonlocal pressure which reduces to, and is consistent with 

the square-gradient theory under the assumption of slow density variations.   

Further, by substituting Equations 3.8, 3.10, and 3.12 into Equation 1.1, with terms 

higher than the order of 2rr'− neglected, Equation 1.1 can be shown to reduce to Equation 

1.2. That is, the free-energy of the square-gradient theory is an approximation of the free-

energy of the more general mean-field theory to the order of 2rr'− .   

While the present mean-field non-local pressure distribution given in Equation 3.7 is 

shown to reduce consistently to the non-local pressure representation of the square-gradient 

theory under the assumption of slow density variations, the mean-field nonlocal pressure in 

Zhang et al. (2004b) given by  
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does not. Under the assumption of slow density variations, using the same procedures as 

described above, it can be shown that Equation 3.13 instead reduces to  

  )(
2

)]([ 2 rr nnpnp o ∇−= κ
  (3.14) 

which does not agree with the classical square-gradient theory.  The missing terms in 

Equation 3.14 dominate the total non-local effects as the system moves away from the 

critical point.  

3.3 Mean-Field Free-Energy LBM 

The LBM implementation is the same as that described by Zhang et al. (2004b) but 

with the nonlocal pressure described in the current dissertation by Equation 3.7. The 

extensively used lattice Boltzmann BGK Equation by Chen et al. (1992) and Qian et al. 

(1992) is used  
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where x and ie represent lattice site and directions, respectively; t and τ are the time step 

and the collision relaxation time. I is the lattice link number. ),( tf i x is the particle 

distribution function and ),( tf eq
i x  is the equilibrium distribution which can be (Qian et al., 

1992; Chen et al., 2002) : 
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The above representations of the equilibrium particle distribution functions are for a D-

dimensional lattice with I links for each lattice site. Here 0d  is the fraction of rest particles 

at equilibrium and is used to enhance numerical stability. c is the lattice particle speed and 

u is the equilibrium velocity.  

For liquid-vapor interfaces, a force term F is defined to represent the nonlocal pressure:   
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where )]([ rnp  is the new nonlocal pressure given by Equation 3.7.  

The force term F is then incorporated into the LBM through the equilibrium velocity u 

as (Shan & Chen, 1993, 1994): 
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Following the standard Chapman-Enskog procedure, the Navier-Stokes-like equations 

for liquid-vapor system are recovered from the above lattice Boltzmann configuration, 

having the fluid density n and fluid velocity v as follows:  
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Equations 3.15 through 3.21 together with the new nonlocal pressure Equation 3.7 

complete the definition of the mean-field free-energy LBM for liquid-vapor systems. 

3.4 Numerical Implementation 

To implement the modified LBM numerically, a representation to the local free-energy 

density )(nψ  is needed. Van Kamper (1964) obtained the local free-energy density as 

Tnkan
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−
= 2

1
ln)(ψ   (3.22) 

where a is a measure of the interparticle attractive potential; b is the hard sphere volume of 

one particle; bk is the Boltzmann constant; and T is the temperature. Substitution of 

Equation 3.22 into Equation 1.4 results in the van der Waals’ equation of state, that is 
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=−= ψψ  (3.23) 

The representation of free-energy density in Equation 3.22 is used in the current 

numerical implementation. In the framework of the LBM, for the validation of the current 

theoretical development, we specify a=9/49 and b=2/21. kbT is specified according to the 

temperatures studied in different cases.  

To maintain the symmetry of the interparticle attraction potential -w(r,r´), the 

computational domain is discretized into D2Q7 lattice configuration, such that D=2, I=6, 

c=1, and  

]0,0[0 =e   (3.24) 

6,...,2,1    ],3/)1(sin,3/)1([cos =−−= iiii ππe ; (3.25) 

The interparticle attraction potential -w(r,r´) can be approximated by a form similar to 

the attraction term in Equation 3.9. In all cases the potential decays rapidly with distance. 

For example, based on the -6 power law, the magnitude of the attraction potential reduces 
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by a factor of 64 across the first and second nearest lattice. Considering that in a practical 

LBM simulation, each lattice site represents a large number of molecules and that the 

physical length scale between lattices is orders of magnitude larger than the atomic scale, 

the nearest lattice can be assumed to be the effective relevant range of the interparticle 

attraction potential.  Thus, the attraction potential ),( r'rw−  is approximated as  
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where, -K is a constant, representing the effective interparticle attraction potential when the 

attractive range is approximated to one lattice length c'- =xx . K=0.01 is used for all the 

calculations in this paper. 

Equation 3.26 together with Equation 3.7 is implemented in the LBM through Equation 

3.18 to represent the pressure in inhomogeneous systems.  

3.5 Numerical Results 

In this section the LBM is validated against theoretical solutions, which include 

comparisons of liquid-vapor coexistence densities from Maxwell constructions, the 

variation of surface tension with temperature near the critical point, density profiles across 

the liquid-vapor interface, the dispersion relationship of capillary wave dynamics, and 

oscillating droplets in vapor. Finally, the application of the LBM to droplet coalescence is 

also illustrated. 

3.5.1 Maxwell Constructions, Surface Tensions, and Interface Profiles 
of Equilibrium Planar Interfaces 

The simulations are conducted on a periodic lattice of size 364128×  for temperatures 

kbT=0.48 to 0.55 with a relaxation time 90.0/1=τ  and the constant d0=0.25. The initial 

velocity is set to zero with an initial density distribution specified such that half of the 

domain is set to a high density and the other half to a lower density1. Under these 

conditions, the liquid-vapor system attains its equilibrium state after about 6,000 time steps 
                                                 

1 It was established that the initial distribution had no effect on the final solution, only on how quickly the 
solution equilibrated. 
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of iterations, where the density profile across the interface changes little. The following 

planar interface properties are all displayed at the same time step of 10,000, where the 

maximum residual velocity is of order of 10-5 and the averaged residual velocity reaches an 

order of 10-6. 

Figure 3.1 shows a comparison of liquid-vapor coexistence densities between the 

results from Maxwell constructions (Stanley, 1971) (solid line), those simulated with the 

current LBM (solid circles), and also those calculated by Zhang et al. (2004b) (hollow 

squares). It is shown that the equilibrium fluid densities of the current LBM agree very well 

with the Maxwell constructions in general. When temperature is close to the critical point, 

the agreement between the current LBM and the Maxwell constructions becomes much 

better. As the state of the system moves further away below the critical point, the difference 

in the results between the LBM and the Maxwell constructions tends to become larger. 

However, even at kbT=0.48, the lowest temperature presented in Figure 3.1, the maximum 

error of the current LBM is just 3.29%. In contrast, the LBM simulations of Zhang et al. 

(2004b) show larger discrepancies as the state of the system deviates from the critical point, 

leading to errors as high as 28% in the prediction of the vapor density. 
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Figure 3.1: Comparison between LBM simulations and analytical Maxwell constructions of 
liquid-vapor coexistence densities. 

The surface tension at the liquid-vapor interface is computed by integrating the excess 

free-energy across the interface region (Widom & Rolinson, 1986). Figure 3.2 shows the 

surface tension � of the planar interface versus the normalized temperature, θ=(Tc-T)/Tc, 

where Tc represents the critical temperature. The solid circles in Figure 3.2 are the 
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numerical results whereas the line represents the best fit to the results. Surface tension 

increases exponentially as the temperature deviates from the critical point and the variation 

is given by the relationship βθγ ⋅= const (van Giessen, 1998). Analytical mean-field theory 

gives 2/3=β , while both molecular dynamics and experimental measurements result 

in 01.049.1 ±=β (van Giessen, 1998). The current LBM gives β=1.5, which agrees 

accurately with the analytical solution. In contrast, the LBM results from Zhang et al. 

(2004) give an exponent of 1.68 which is 12% in error. 
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Figure 3.2: Planar interface surface tension versus normalized temperature. 

Figure 3.3 shows the comparison of three density profiles of the planar interfaces 

between analytical results and the current LBM. The three lines are obtained analytically 

by minimizing Equation 1.1 at three different temperatures kbT=0.54, 0.55, 0.56 and the 

symbols are the current LBM simulation for the same three temperatures. It is shown again 

that good agreement is obtained between the analytical solution and the current LBM 

simulations.  

3.5.2 Liquid Droplets in Vapor at Equilibrium 

The new non-local pressure equation is next tested for droplets in vapor at equilibrium 

and the agreement with the Laplace’s law of capillarity is evaluated. For the initial 

conditions, a rectangular block of static liquid is located in the middle of the domain 

surrounded by a low density static vapor distributed everywhere else. The periodic 

condition is applied around the four sides of the domain. In the simulations, we choose the 
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lattice size 364128× , relaxation time 1=τ  and d0=0.40. Figure 3.4 displays several 

snapshots of the droplet at different time steps. It is seen that the droplet evolves from the 

initial square shape to a circular shape by 1500 iterations, beyond which the shape changes 

little. The spurious residual velocity at the time step 10,000 is of order 10-6 over the whole 

simulation domain. 
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Figure 3.3: Comparison of analytical solution and the current LBM simulation for the 
density profiles of the planar interfaces at kbT=0.54, 0.55, 0.56. Lines: the analytical 
solutions; Symbols: the current LBM. 

�

Figure 3.4: Snapshots of the droplet iteration process 
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 Figure 3.5 shows the fluid density profiles of six droplets of different radii at kbT=0.55 

and the time step of 10,000. For each of the six droplets, the density profiles are plotted from 

the droplet center along the four directions: the north, the west, the south, and the east. It is 

shown that each droplet displays good symmetry and the density profiles of every droplet in 

all four directions fall on top of each other.   

1.5

2.5

3.5

4.5

5.5

0 10 20 30 40 50
distance from the droplet center

n

north
west
south
east
1-3bc

1 2 3 4 5 6

 
Figure 3.5: Density profiles of six droplets in different directions: the north, the west, the 
south, and the east,  kbT =0.55, time step=10,000. 

The Laplace’s law of capillarity relates pressures inside and outside a droplet with the 

surface tension and radius of curvature of the droplet: 

R
pp outin

γ=−  (3.27) 

Figure 3.6 represents the pressure difference inside and outside of a droplet for different 

sizes, where the solid circles and triangles are the simulation results with the current LBM 

for kbT=0.52 and kbT=0.55, respectively. The solid lines are the linear correlations of the 

respective LBM results. For both cases, it is shown that the droplet pressure difference 

increases linearly with a decrease of the droplet radius, as depicted by the Laplace 

equation.  

According to the Laplace’s law of capillarity, the slope of the correlation line gives the 

surface tension, which is obtained from the data in Figure 3.6 to be 00764.0=γ for 

kbT=0.55 and 0310.0=γ for kbT=0.52. Based on the equation 5.1θγ ⋅= const  obtained from 

Figure 3.2 and theory, the predicted surface tension is 0.00824 for kbT=0.55, and 0.0307 for 

kbT=0.52, which agree to within 7% and 1%, respectively, with the predicted surface 
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tensions from Equation 3.27. This establishes the consistency of the current theoretical 

model in computing the surface tension between the mechanical method through Equation 

3.27 and the thermodynamic approach through the integration of excess free-energy 

approach.  
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Figure 3.6: Pressure difference between inside and outside for different droplet sizes; Solid 
lines are the linear correlations of the LBM data which give the surface tension 0.00764 for 
kbT=0.55 and 0.0310 for kbT=0.52. 

To verify numerically that the current LBM is Galilean invariant, we examine droplet 

shape response to an initial horizontal flow speed U0. The droplet shape distortion is 

measured by the ratio of the droplet radius in the horizontal direction rh over the radius in 

the vertical direction rv . Figure 3.7 displays the ratio of the two radii of a droplet versus 

initial velocity. It is shown that the droplet distortion is quite small in the presence of the 

imposed velocity field and that the modified LBM is Galilean invariant according to 

Kalarakis et al. (2002). 

3.5.3 Capillary Waves 

Capillary waves or ripples are used to validate the current model in simulating dynamic 

characteristics of liquid-vapor interfaces. The exact solution of capillary waves gives the 

dispersion relation of capillary waves, which is the relation between wave frequency � and 

wave number k as follows (Lamb, 1945; and Lanau & Lifshitz, 1987): 

32 ~ kω  (3.28) 
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Figure 3.7: Droplet shape (rh/ rv ) response to initial speed Uo . 

In this simulation, periodic boundary conditions are applied for the left and right sides 

of the domain. Both top and bottom sides are treated as non-slip, solid boundaries. Nine 

different domains are chosen as those shown in Table 3.1 such that: a) The domain height 

�  is much bigger than the wave length �  and “shallow water” effect is negligible; b) The 

wave length is much bigger than the wave amplitude and it is consistent with the 

assumption of a small amplitude wave; c) The wave amplitude is much bigger than the 

interface thickness and the change of wave amplitude is clearly distinguishable. During the 

simulations of the capillary waves, we choose kinetic viscosity ( ) 01786.04/5.0 =−= τν , 

the constant d0=0.40, and temperature kbT=0.52. The initial conditions consist of zero 

velocity with liquid and vapor densities specified in the bottom and top half of the 

computational domain, respectively. The iterations are continued until an equilibrium 

planar interface is formed and the density profile across the interface shows little change. 

At this time, a single-period sine wave is imposed along the planar interface and the 

evolution of the interface location is then recorded.  

Figure 3.8 displays the snapshots of capillary waves at several time steps of a complete 

wave period for case 4 listed in Table 3.1, where the domain width is � =65 and domain 

height is � =299 3 /2. The relative time step �t shown in Figure 3.8 is counted from the 

time step when the sine wave is just imposed, as shown in Figure 3.8a where �t=0. Figure 

3.8c (�t=454) and f (�t=908) are the snapshots at the middle and at the end of the wave 

period, respectively, which give the wave frequency of 0.00692, as shown in Table 3.1. 

The rest of the snapshots are the intermediate wave profiles. Table 3.1 summarizes the 
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wave numbers and frequencies for all cases studied. Figure 3.9 displays the current LBM 

results shown in Table 3.1. The solid line in Figure 3.9 is the best linear fit to the nine LBM 

points, which yields the slope of the straight line as 1.551. The exact solution of the slope, 

as shown in Equation 3.28 is 1.50 and the error between the two is 3.4%.  

Table 3.1: LBM simulation, domain height � , width � , wave number k, and wave frequency 
�. 

Case �  2� / 3  k ω 

1 135 623 0.046542 0.002094 

2 107 501 0.058721 0.003256 

3 81 375 0.077570 0.004924 

4 65 299 0.096664 0.006920 

5 53 245 0.118551 0.009578 

6 45 207 0.139626 0.011855 

7 39 181 0.161107 0.015177 

8 33 153 0.190400 0.020010 

9 29 133 0.216662 0.025133 

 
Figure 3.8: Snapshots of capillary waves at different time steps, kbT=0.52, Case 4, � =65, 
� =299 3 /2; a) �t=0; b) �t=180; c) �t=454; d) �t=580; e) �t=850; f) �t=908. 
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Figure 3.9: Dispersion relation of capillary waves, kbT =0.52. Solid circle: the current 
LBM; Solid line: correlation for the LBM, which gives the line slope of 1.551; Exact 
solution gives the slope of 1.50. 

3.5.4 Oscillation of Droplets in Vapor 

A pulsating droplet is another case used to test the model in simulating the dynamic 

characteristics of liquid-vapor interfaces. The exact solution of an oscillating droplet gives 

the relation between droplet oscillating frequency � and droplet radius R as follows (Lamb, 

1945; and Lanau & Lifshitz, 1987): 

2/3~ −Rω     (3.29) 

In simulating oscillating droplets, periodic boundary conditions are applied for the four 

sides and the lattice dimensions are 3128256× . We choose kinetic 

viscosity ( ) 01389.04/5.0 =−= τν , constant d0=0.40, and temperature kbT=0.50. Initially, a 

static droplet in vapor is simulated until the droplet attains an equilibrium state.  Then the 

equilibrium circular droplet is transformed to an elliptic droplet in vapor with specified large 

and small radii, RL and RS, respectively. Six different elliptic droplets are simulated with the 

dimensions of RL×RS : 25×18, 30×22, 40×29, 60×43, 70×50, and 80×58 and the droplet 

shape is recorded.  

Figure 3.10 displays the snapshots of a complete oscillating period of the droplet 

RL×RS=25×18, which shows the viscous decay of the oscillating amplitude of the droplets. 

Figure 3.11 plots the oscillating frequency versus the final equilibrium droplet radius, where 

the solid circles are the current LBM simulation results and the line is the best linear fit of 
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the results. The linear fit gives the slope of the line as -1.458, while the exact solution, as 

shown in Equation 3.29 has a slope of -1.5. The difference between the two is 2.8%.  

 

Figure 3.10: Snapshot of an oscillating droplet with the initial dimension of RL×RS=25×18,  
kbT =0.50. 
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Figure 3.11: Oscillating frequency versus droplet radius, kbT =0.50. Solid circles: the 
current LBM results; Line: the linear correlation of the LBM results, giving the slope of the 
line -1.458; The analytical solution gives the slope of -1.50. 
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3.5.5 Binary Droplet Coalescence 

Droplet coalescence has a number of applications in DNA analysis, protein 

crystallization, and cell encapsulation, to name a few. However, complex interface 

dynamics and the related capillary interactions of droplet coalescence make the numerical 

simulations quite challenging with discontinuous interface techniques. In this section, the 

potential of the current LBM is shown by simulating binary droplet coalescence. 

Initially, two pre-computed liquid droplets at kbT=0.55 are embedded into the domain 

filled with a uniformly distributed vapor and zero initial velocity is imposed over the whole 

domain. The two droplets are of the same size (diameter of 12.7 lattice units) and density 

distribution, and at the beginning of the simulation they are separated by ten lattice units 

from the droplet boundaries, which are defined as the location having the averaged density 

of the bulk liquid and vapor.  Figure 3.12 displays the simulated results of a binary droplet 

coalescence process. It is shown in Figure 3.12 that the two droplets are attracted to each 

other and start to touch at the time step 480, where the complex topological transition 

occurs. After that, the two droplets merge quickly. After the two droplets combine with 

each other to form a rounded rectangular droplet, the shape evolves to firstly an oval and 

then a circle.  After 8000 time steps, the droplet becomes very steady in shape and density 

distribution and the final droplet mass is the sum of the masses of the initial two droplets. 

This simulated coalescence is the well-known Ostwald ripening phenomenon (Voorhees, 

1985). Within the framework of the diffuse interface model, no special numerical treatment 

is required to simulate the merging of the two interfaces. 

3.6 Summary and Conclusions 

A nonlocal pressure equation is proposed for simulating liquid-vapor interfaces using the 

mean-field free-energy diffuse interface theory. It is shown analytically that the nonlocal 

pressure equation is a general form of the van der Waals’ density square-gradient theory. The 

new nonlocal pressure is implemented in the LBM for simulating liquid-vapor interfaces. 

The method is numerically validated with a number of theoretical results. It is shown that the 

LBM results agree to within 3.4% with Maxwell construction of liquid-vapor densities down 

to the scaled temperature kbT =0.48. Variation of surface tension with temperature obtained 
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by integrating the excess free-energy across the liquid-vapor interface is identical to 

analytical results and agrees to within 7% with surface tension calculated by applying 

Laplace’s law to equilibrium droplets.  Dynamic tests conducted on capillary waves and 

oscillating droplets, show excellent agreement with theory.  

 

 

Figure 3.12: Simulation of droplet coalescence process, kbT =0.55. 
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CHAPTER 4 D2Q7 WALL BOUNDARY CONDITION AND 

CONTACT LINE DYNAMICS 

The characterization of immiscible liquid-vapor or liquid-gas interfaces at solid 

surfaces is important in a wide range of fundamental topics ranging from boiling, 

condensation, transport of liquid-vapor mixtures in mini-microchannels, and 

electrowetting, with applications in power generation, refrigeration/air-conditioning, 

optical switches, lenses, and in biotechnology. Under static conditions, molecular 

attraction between solid-liquid-vapor phases results in a three-phase contact line which is 

adequately described by the well-known Young’s law of wetting which relates the 

equilibrium contact angle to the intermolecular forces or the surface tension forces 

between the three phases. Under dynamic condition, on the other hand, the contact line 

moves resulting in advancing and receding contact angles, which are not known a-priori. 

To this date, the underlying physics of moving contact lines is not fully-understood 

(Blake & Ruschak, 1997; Pomeau, 2002; and Blake et al., 2004) and it is a long standing 

research topic in the areas of chemical physics, hydrodynamics, and statistical physics.  

 Molecular dynamics (MD) simulations have been used successfully to resolve many 

details of moving contact lines at molecular scales, such as Allen & Tildesley (1987), de 

Ruijter et al. (1999), Barrat & Bocqet (1999), and Qian et al. (2003, 2004). However, MD 

is limited to nanoscales and very computationally demanding even for fundamental 

research problems.  

Continuum methods, on the other hand, have the potential to describe moving contact 

lines on macroscopic length- and time-scales. However, classical hydrodynamics 

interface methods with a no-slip boundary condition lead to a stress-singularity at moving 

contact line (Dussan, 1979; de Gennes, 1985). To resolve the singularity, no-slip 

boundary condition has to be relaxed to a slip-boundary treatment in the framework of 

the classic hydrodynamics. A slip-boundary condition is usually realized through an 

empirical relation between contact angle and slipping velocity (Shkhmurzaev, 1997; 

Oron, et al., 1997), which limits the predictive capability of the method. 
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In the last chapter, we have obtained a consistent nonlocal pressure representation in 

the mean-field theory and tested the modified LBM for a number of test cases involving 

static and dynamic liquid-vapor interfaces. The objective of this chapter is to extend and 

validate the modified mean-field free-energy LBM to the simulation of solid-liquid-vapor 

interfaces and the moving contact lines. It is shown in this chapter that the common 

bounceback wall condition for solid boundary condition, leads to an unphysical velocity 

in the presence of surface forces, and consequently, a new boundary condition is 

proposed and tested in this chapter. The model implementation is verified by comparing 

to three different theories of moving contact lines. 

4.1 Mean-Field Free-Energy LBM 

This section briefly summarizes the mean-field free-energy LBM for completeness 

such that the current chapter is self-contained. The lattice Boltzmann BGK equation 

(Chen et al., 1992; Qian et al., 1992) is used: 
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where x and ie represent lattice site and directions, respectively; t and τ are the time step 

and the collision relaxation time. I is the lattice link number. ),( tfi x is the particle 

distribution function and ),( tf eq
i x  is the equilibrium distribution which is given by Qian 

et al. (1992) as 
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The above representation of the equilibrium particle distribution function is for a D-

dimensional lattice with I links for each lattice site. The adjustable constant 0d is used to 

enhance the numerical stability, c is the lattice particle speed and u is the equilibrium 

velocity.  
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For liquid-vapor interfaces, the consistent equation of nonlocal pressure for liquid-

vapor interfaces derived in the last chapter is used: 
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In the above equation, )(nψ  is the local free energy density. The integral terms are 

the contributions from density non-uniformity at a liquid-vapor interface. The long-range 

interparticle pairwise attraction potential -w(r’r) is everywhere non-positive and has the 

form of -w(r’-r). 

The nonlocal pressure expressed by Equation 4.4 is incorporated into LBM in a form 

proposed by Zhang et al. (2004b) , that is, through a fluid-fluid force term ffF defined as 

follows:   
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The force F on a fluid particle in multiphase flow is 

     osfff FFFF ++=                        (4.6) 

where Fsf is solid-fluid attraction and Fo represents other possible external forces such as 

gravity. The force F is incorporated into the LBM through the equilibrium velocity u 

(Shan&Chen, 1993; 1994) as: 
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Following the standard Chapman-Enskog procedure, the Navier-Stokes-like equations 

for a liquid-vapor system are recovered, having the fluid density n and fluid velocity v as 

follows:  
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Equations 4.1 through 4.9 complete the definition of the modified mean-field free-

energy LBM for liquid-vapor interfaces. 

4.2 Velocity-Boundary Condition with External Force 

As shown by Equation 4.7, force F inside the domain is incorporated into LBM 

through equilibrium velocity u. For the streaming and collision processes, represented by 

Equation 4.1, F does not explicitly act on fluid particles. Instead, F is applied through 

updating the particle equilibrium distribution functions at every time step, such that the 

fluid velocity v is explicitly represented by F, as shown by Equation 4.9. On a solid 

boundary, on the other hand, the collision process is not simulated through the collision 

part of Equation 4.1, but is simulated through the extensively used bounceback boundary 

condition. Mathematically, the common bounceback boundary condition results in  
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i
if e              (4.10) 

In the presence of force terms acting on wall lattice sites, satisfying Equation 4.10 

through the bounceback condition does not yield a zero velocity at the wall node, but 

leaves behind a residual velocity of F/2n from Equation 4.9.  

It is noted that the force term F can also be incorporated in other ways. In the 

literature, there are three common ways to incorporate the force term into LBM. One is 

through Equation 4.7, as used in the current study. Another method is adding the force 

term directly to the lattice Boltzmann equation 4.1. The third method is a combination of 

the above two, including the force term in Equation 4.1 plus defining an equilibrium 

velocity similar to Equation 4.7. It can be shown that all the three approaches produce a 

similar unphysical velocity on the wall with a surface force presented. Hence the 

development that follows has a broad range of applicability. 

To impose a no-slip condition at wall nodes in the presence of external forces, the 

boundary conditions proposed by Zou and He (1997) are extended to account for the 

force terms at the boundary. Zou and He proposed a velocity-pressure boundary 
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condition for single phase flow on a square lattice by solving a system of equations 

consisting of the unknown boundary distribution functions in conjunction with a 

bounceback condition applied to the non-equilibrium distribution function. In the current 

implementation, the boundary condition by Zou and He (1997) is extended to solve for 

the unknown distribution functions by including the force terms such that the velocity 

(for example, no-slip) boundary condition is satisfied at the wall nodes. 

To maintain the symmetry of the interparticle attraction potential ),( r'rw , the 

computational domain is discretized into D2Q7 lattice configuration in the current study. 

The implementation of the boundary condition is shown for a wall at the bottom of the 

calculation domain and can be readily extended to other walls. Figure 4.1 shows the 

lattice configuration aligned with a bottom wall. For the lattice site “A”, as shown in 

Figure 4.1, 0f , 1f , 4f , 5f , and 6f  are known after a streaming step.  

 
Figure 4.1: D2Q7 lattice aligned with a bottom wall surface. 

Applying Equations 4.8 and 4.9 yields  

)( 6541032 fffffnff ++++−=+               (4.11) 

xx Fffffnvff −−−−−=− )()(22 564132
             (4.12) 

3/)(3/2 6532 yy Fffnvff −++=+                     (4.13) 

With a velocity v specified on the bottom wall, say zero velocity for a static solid 

wall, Equations 4.11 to 4.13 give 
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    3/32/2/5412 yxyx nvnvFFffff ++−−++−=      (4.15) 

    3/32/2/6413 yxyx nvnvFFffff +−−++−=         (4.16) 

Hence, n , 2f , and 3f  are uniquely determined by the specified fluid velocity on the 

wall. Similarly, the same treatment can be specified for other walls in the calculation 

domain.  

4.3 Numerical Implementation 

To implement the modified LBM numerically, a representation of the local free-

energy density )(nψ  is needed. The form given by Van Kamper (1964) is used for this 

purpose, 
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where a and b are the van der Waals constants, which are specified as a=9/49 and b=2/21 

in the current numerical simulations, bk is the Boltzmann constant, and T is the 

temperature. Equation 4.17 results in the well-known van der Waals equation of state, 

that is 
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where 0p is the hydrostatic pressure.  

For D2Q7 lattice configuration, we have D=2, I=6, c=1, and hence 
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Following Shan and Chen (1993 and 1994) and Zhang et al. (2004), the attraction 

potential ),( r'rw−  is approximated as  
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where K represents the attraction strength of fluid-fluid interaction. We use K=0.01 in the 

simulations presented in this chapter.  
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For the solid-fluid attraction force Fsf, the wall is considered as a solid phase with 

constant density sn , such that the solid-fluid attraction is expressed as (Martys&Chen, 

1996; Yang et al., 2001; and Kang et a., 2002) 
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where n(xs) is the density of the solid wall at the location xs, and Ksf is the solid-fluid 

attraction coefficient. If we let  

)( sssfW nKK x=                (4.23) 

Then Equation 4.22 becomes 

 
��

�
�
�

≠

=−
=

c'-

c'--nK sffW

sf xx

xxxxx
F

                                              ,0

                  ))( (          (4.24) 

Equation 4.24 includes only one constant WK , the strength of solid-fluid attraction, 

which defines the contact angle at equilibrium condition.  

4.4 Numerical Results and Verifications 

4.4.1 Droplet on Wall with Different Wettabilities 

We first present the results of static solid-fluid interfaces by simulating a droplet on a 

solid wall with different wettabilities. An equilibrium contact angle, as shown in Figure 

4.2, is defined by the well-known Young’s law of wetting: 

 slsve γγθγ −=cos                (4.25) 

where eθ is the equilibrium contact angle, andγ , svγ , and slγ are surface tension of liquid-

vapor, solid-vapor, and solid-liquid, respectively. For a liquid-vapor system, γ is a 

constant at a given temperature, and svγ and slγ are determined by the molecular attraction 

of the solid wall to the liquid-vapor system, which is currently modeled by the 

parameter WK , as shown in Equation 4.23. Thus, the capability of the current LBM to 
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simulate different wettabilities of solid walls can be displayed through an examination of 

the relation between eθ and WK of the simulation results. 

Figure 4.2: Contact angle of a droplet on wall 

The domain is simulated with the dimensions of 364128× lattice units, with the 

initial velocity of zero specified everywhere over the domain. A periodic boundary 

condition is applied to the two sides of the domain. The new velocity-boundary condition 

is applied at the bottom, which is a no-slip wall. A symmetric boundary condition is 

applied at the top of the domain. The simulation is started with a small square block of  

liquid on the bottom with the rest of the domain specified as vapor. The liquid-vapor 

system is simulated at three temperatures, kbT=0.51, 0.53, and 0.55. For each 

temperature, the input of the liquid/vapor densities is obtained through Maxwell 

constructions. The LBM iterations are performed with 1=τ  and d0=0.40. The 

equilibrium states attain at around 6,000 time steps of iterations where the droplet shape, 

contact angle, and interface density profile change little. To obtain smaller spurious 

residual velocity, the iterations are continued to 10,000 time step, where the maximum 

spurious residual velocity is between 10-5 and 10-6. All the results are represented at 

10,000 time steps.  

Figure 4.3 shows the density contours of the simulated droplet at kbT=0.53. The 

highest density of the bulk liquid is 5.41 and represented by red color and the lowest 

density of the bulk vapor is 1.69 and represented by blue. The average density of the two 

bulk phases is used to define the location of the phase interface and the contact angles. 

Figure 4.3 shows that different WK produce different shapes of the droplets and 

consequently different equilibrium contact angles, as they should be. It is noticed that 

vapor vapor liquid �e 
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when the strength of solid-fluid attraction is not large enough, the droplet is completely 

detached from the wall due to the relatively stronger fluid-fluid attraction. In this case, as 

demonstrated in Figure 4.3 with 01.0=WK , the wall is still completely non-wetted and 

there is a “dry region” on the wall or low density fluid (vapor) layer between the wall and 

the droplet. When WK increases to 0.02, the droplet starts to attach to the wall. As Kw 

increases, the contact angle keeps decreasing as the relative fluid-solid attraction 

increases. When WK increases to 0.06, the droplet wets the wall completely and a liquid 

film is formed on the surface of the wall. 

    
     ( WK =0.01)            ( WK =0.02)   ( WK =0.03)             ( WK =0.035) 

      

    ( WK =0.04)          ( WK =0.045)              ( WK =0.05)           ( WK =0.06) 

Figure 4.3: Droplet on walls of different wettabilities, kbT=0.53, 1=τ  and d0=0.40. 

It is shown that only the variation of the attraction strength WK with the current model 

covers the whole range of wettabilities, from completely non-wetting, through partially 

wetting, and finally to totally wetting. The more detailed relation between WK and contact 

angle at the same temperature is shown in Figure 4.4, where solid circles are the LBM 

results and the line is the best linear fit of the LBM.  

Similar droplet contours for a lower and higher temperatures kbT=0.51 and 0.55 are 

not shown here for brevity. But the relations of contact angles versus WK  for the two 

temperatures are displayed in Figure 4.5. In the figure, the solid and hollow circles 



 76 

represent the LBM results for kbT=0.51 and 55, respectively, and the lines are their best 

linear fitting. It is shown in both Figures 4.4 and 4.5 that the relations between contact 

angle and WK are approximately linear for all simulated temperatures. The linear 

characteristics of the current results agree well with (Zhang et al., 2004b; Yang et al., 

2001, Kang et al., 2002).  
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Figure 4.4: LBM results of contact angle versus WK  at kbT=0.53; Solid circles: LBM; 
Line: the best linear fitting of the LBM data. 

0

45

90

135

180

0.01 0.03 0.05 0.07
Kw

 C
on

ta
ct

 a
ng

le
, d

eg
re

es
   

ll KbT=0.51
KbT=0.55

 

Figure 4.5: LBM results of contact angle versus WK  for kbT=0.51 and 0.55; Solid and 
hollow circles: LBM; Lines: the best linear fitting of the LBM data. 

As compared with other LBM models, the present LBM has two special features in 

simulating solid-liquid-vapor interfaces:  

1) The complete range of contact angles from completely non-wetting to completely 

wetting can be simulated by only changing the solid-fluid attractive strength WK , 
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which is in agreement with MD simulation (Barrat and Bocquet, 1999). Figures 4.3 to 

4.5 show this feature. 

 2) Fluid density near solid wall is smaller than that of its neighbor fluid density at 

different wettabilities, which is consistent with both thermodynamics (van Giessen et 

al., 1997) and MD (Barrat and Bocquet, 1999). Figure 4.6 shows density distributions 

near the wall with different wettabilities. Six different solid-fluid attractions are 

displayed, which are WK =0.01, 0.02, 0.03, 0.04, 0.05, and 0.06, from bottom to top, 

respectively. The density is normalized by the bulk liquid density. The solid circles in 

the Figure 4.6 are the current LBM results and the lines are best fits. Except for the 

completely wetting case at WK =0.06, Figure 4.6 shows that the densities at the wall 

for all cases are lower than the bulk liquid density.  
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Figure 4.6: LBM results of fluid density distribution from the wall, kbT=0.53, WK =0.01, 
0.02, 0.03, 0.04, 0.05, and 0.06. Solid points: the current LBM results; Lines: the best 
fitting of LBM data. 

4.4.2 Moving Contact Lines in Two-Dimensional Pipe 

4.4.2.1 Simulation Setup 

In this case, a column of vapor between two columns of liquid moving in a two-

dimensional channel is investigated. Figure 4.7 displays a schematic of the simulation 

setup, where V is the interface velocity, �a and �r are advancing and receding contact 

angles, respectively. The competitions among capillary force, viscous force, and inertia 

force are represented through capillary number Ca and Weber number We :  
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where Ln and Lµ are the density and viscosity of the liquid,γ is the surface tension, and HC 

is the height of the channel. The ratio of the Weber number to the capillary number 

defines a Reynolds number of the flow. 

θa

vapor 
column

liquid 
column

θr
V V V

x

y liquid 
column

 
Figure 4.7: A schematic of moving contact lines in channel flow: V is the interface velocity, 

aθ and rθ are the advancing and receding contact angles, respectively. 

The current LBM simulation is conducted with d0=0.40 and kinetic 

viscosity 125.04/)5.0( =−= τν at the temperature kbT=0.53, the surface tension of 

which is 023.0=γ  (see the last chapter). The initial densities for liquid and vapor are 

given according to the Maxwell construction. The channel is 1000 lattice units long and 

315  lattice units wide. Periodic boundary conditions are applied along the flow 

direction and non-slip boundary conditions are applied to the two walls of the channel. 

Initially a zero velocity is imposed over the whole domain. An external motive force 

similar to gravity xixxF gno )()( = is applied in the x-direction, where g is a constant and 

is varied to simulate different Capillary numbers.  A nonwetting (Kw=0.0275, θe = 

137.4o) and wetting (Kw=0.0475,θe = 41.9o) cases are studied, where θe is the equilibrium 

contact angle. 
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4.4.2.2 Interface Speeds and Contact Angles 

4.5.2.2.1. Interface Velocity 

Most of the current LBM simulations are conducted with Ca< 3.0 and We <120.0.  

Under these conditions, the flow reaches a steady-state within 2,000~3,000 time steps. As 

an example, Figure 4.8 shows the time evolution of the locations of the two moving 

interfaces with g=0.00005 and Kw=0.0475. The x-coordinates of the two interfaces are 

displayed at the channel center and on the top wall, separately, yielding four lines of 

locations versus times, two each for the advancing and receding interfaces. The four lines 

in the figure are linear and parallel to each other indicating a constant interfacial velocity. 

The slopes of the four lines are obtained separately, resulting in the same value 

V=0.0269. Based on the calculated speed V of the moving contact lines,  both the 

capillary number and Weber number are computed, yielding Ca=0.7844 and We=8.5566.  
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Figure 4.8: Recorded locations of the two moving interfaces versus time, Ca=0.7844 and 
We=8.5566. 

4.5.2.2.2 Contact Angles 

The dynamic steady-state interface geometry for a few cases is shown in terms of 

fluid density contours in Figures 4.9 and 4.10. The liquid column is represented by the 

high density (red), whereas the vapor is represented by the low density (blue). As 

displayed, the two different wettabilities produce opposite curvatures of the liquid-vapor 

interfaces at the advancing (left) and receding (right) interfaces. At static equilibrium 

(Ca=0), the equilibrium contact angles are o
e 4.137=θ and o

e 9.41=θ  for Kw=0.0275 and 

Kw=0.0475, respectively. As the capillary number increases, the difference between the 

advancing and receding angles increases. 
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                (a1) 

 (b1) 

 (c1) 

 (d1) 

 (e1) 

 (f1) 

 (g1) 

Figure 4.9: Interface shapes of nonwetting case with Kw=0.0275, at time steps 10,000: 
(a1) Ca=0.0000; (b1) Ca=0.3698; (c1) Ca=0.7425; (d1) Ca=1.1208; (e1) Ca=1.4991; (f1) 
Ca=1.8860; (g1) Ca=2.2785. 

In the literature, the contact angle is computed either from the local coordinates of an 

interface near the wall or based on an equivalent circular approximation to the interface. 

In the current simulations, we find that the two procedures for calculating the contact 

angles produce differences as large as 10o even for intermediate capillary numbers. As 

the capillary number increases, the interface shape deviates considerably from the arc of a 

circle, and hence all contact angles are computed based on the local coordinates of 

interfaces near the wall.  
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Figure 4.10: Interface shapes of wetting case with Kw=0.0475, at time steps 10,000 (a2) 
Ca=0.0000; (b2) Ca=0.3908; (c2) Ca=0.7844; (d2) Ca=1.1810; (e2) Ca=1.5863; (f2) 
Ca=2.0033; (g2) Ca=2.4903. 

4.4.2.3 Comparison with Theories of Moving Contact Lines  

In the following discussions, the current LBM simulations are compared with three 

theories for moving contact lines. One is the widely used hydrodynamic theory due to 

Cox (1986). The second is the molecular kinetic theory by Blake (1993). The LBM 

results are further compared with the third theory, which is a linear scaling law (linear 

relation between cos�  and Ca). 
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4.5.2.3.1. Comparison with Cox Theory  

The hydrodynamic theory by Cox (1986) is based on matching asymptotic expansions 

for low capillary numbers. Cox theory can be generally expressed as 

   [ ] )()(/)(/)ln()()( 2
0

1 CaOfQfQCaCagg wicw +−−=− − θθεθθ  (4.28) 
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where Qo is a constant determined by the outer flow condition away from the microscopic 

region of the moving contact line (such as viscosity ratio, moving contact angle � and its 

time variation rate, etc), Qi is another constant determined by the microscopic slipping 

physics near the wall, ε is the ratio of the microscopic slip length to the macroscopic 

characteristic length, where neither length is a unique quantity. �w is the microscopic 

contact angle and can be approximated by the equilibrium contact angle �e.  

To avoid the constants, Qo and Qi, Cox gives a further approximation from Equation 

4.28, which is in the leading order of Ca:  

)()ln()()( 1 CaOCagg ce +=− −εθθ              (4.31) 

Equation 4.31 includes only the small dimensionless parameter ε , which is, 

unfortunately, still not uniquely determined (Cox, 1986). For the current study, we use 

the approximation by Sheng and Zhou (1992), which is dsc lCak /1 =−ε , where dl is the 

wall roughness and sk  is a slipping-model-dependent constant. As a result, Equation 4.31 

can then be written as 

CaCalkCagg dse ln)/ln()()( +=− θθ              (4.32) 

Even though ds lk / is not unique, different capillary numbers and wettabilities in the 

current study should not change the constant ds lk / . In the following comparison, we use 
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the same constant for all cases: ln(ks/ld)=1.9. Figures 4.11 and 4.12 are the comparison 

between current LBM results and Cox theory for the wetting and nonwetting cases, 

respectively. In the figures, the contact angles are computed at steady state using the local 

coordinate of the interfaces near the walls. In spite of some variations in the calculated 

contact angles, the trends predicted by the calculations in Figure 4.11 and 4.12 are in 

good agreement with Cox theory.  
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Figure 4.11: Comparison between the current LBM and Cox theory for the wetting case, 
Kw =0.0475, ln(k/ld)=1.9, low capillary numbers. 
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Figure 4.12: Comparison between the current LBM and Cox theory for the nonwetting 
case, Kw =0.0275, ln(k/ld)=1.9, low capillary numbers. 
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4.5.2.3.2. Comparison with Blake Theory  

Blake’s theory (Blake, 1993) starts from a kinetic model of molecular 

adsorption/desorption near a moving contact line. The adsorbed molecules of a receding 

fluid are considered being replaced by the molecules of an advancing fluid when a 

contact line is moving. The frequency of the molecular displacement is determined by the 

displacement frequency at equilibrium 0
wκ , the free-energy of initial and activated 

thermodynamic states, and the adsorption sites per unit area mb.  The wetting velocity V 

is the result of the adsorption frequency times the average distance between two adjacent 

adsorption sites bλ . Considering that the driving force on a moving contact line is the out-

of-balance interfacial tension force arising from the difference between the moving 

contact angle � and the equilibrium one �e, the relation between the wetting velocity and 

moving contact angle is thus obtained as follows 

�
	



�
�

 −=
Tkm

V
bb

e
bw 2

)cos(cos
sinh2 0 θθγλκ               (4.33) 

The parameters 0
wκ , bλ , and mb in Blake theory are usually obtained by experimental 

curve-fitting (Blake, 1993). In comparing with the current LBM, we use 46.02 0 =bwλκ for 

both and )2/( Tkm bbγ =1.0 and 1.2 for Kw =0.0475 and 0.0275, respectively. Figure 4.13 

shows the comparison between the current LBM and Blake theory for the two 

wettabilities, where the lines represent the results from Blake theory and the symbols 

represent the current LBM results. The positive velocities are the results of the advancing 

interface while the negative velocities are for the receding interface. Good agreement is 

found with the theory. 

4.5.2.3.3. Comparison with the Linear Law of cos� versus Ca 

The linear law of cos� versus Ca is expressed as 

 Catconse ⋅=− tancoscos θθ                                             (4.34) 

The linear law has been obtained analytically from different points of view by 

different researchers. The earlier work by Cherry and Holmes (1969) can directly lead to 
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such an equation, as pointed out by Blake (1993). Joanny and Robbins (1990) found the 

same form of equation under the condition of a smooth solid surface. De Gennes et al. 

(2004) give the same form of Equation 4.34 from two points of view: a mechanical model 

of viscous dissipation; and a molecular kinetic model of absorption/desorption. It is noted 

that in the different approaches, the proportionality constant in Equation 4.34 is defined 

differently but has the same physical meaning, that is, it is equivalent to a friction 

coefficient.  It should also be mentioned that Blake theory itself can reduce to the form of 

Equation 4.34 if TmK
Be

2)cos(cos <<− θθγ . Figures 4.14 and 4.15 show the current 

LBM results for the two wettabilities on a log-log plot. The slope of the calculated data 

for the two wettabilities is 0.9731 and 1.0093, which agrees well with the theoretical 

value of unity.  
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Figure 4.13: Comparison between the current LBM and Blake theory for both a 
hydrophobic and hydrophilic wall.  

4.5 Summary and Conclusions 

The mean-field free-energy LBM is applied to simulate solid-liquid-vapor phase 

interfaces and moving contact line dynamics. It is shown that the common bounceback 

condition leads to an unphysical velocity at the wall in the presence of surface forces. The 

magnitude of the unphysical velocity is shown proportional to the local force term, such 

as fluid-fluid attraction, fluid-solid attraction, and gravity. A new boundary condition is 

proposed which is an extension of the velocity-pressure boundary condition proposed by 
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Zou and He (1997).  The capability of the current LBM to simulate different wettabilities 

is successfully demonstrated. In addition, the current LBM results are validated by 

comparing with three different theories or laws, which relate the dynamic contact angle to 

the capillary number, and the interfacial velocity to the dynamic contact angle. It is 

shown the current LBM results agree well with all three theories or laws.  
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Figure 4.14: Moving contact angle versus Ca for kbT=0.53, 
Kw=0.0475, θθθ coscos)( −= ef , 023.0=γ , 6707.0=Lµ . 
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Figure 4.15: Moving contact angle versus Ca for kbT=0.53, 
Kw=0.0275, θθθ coscos)( −= ef , 023.0=γ , 6707.0=Lµ . 

 



 87 

CHAPTER 5 MEAN-FIELD FREE-ENERGY D2Q9 LBM 

In this chapter, the mean-field free energy LBM model is extended to D2Q9 lattice 

configuration. In the D2Q7 lattice used earlier, all lattice locations are equidistant from 

each other, facilitating the implementation of the radially symmetric fluid-fluid 

interaction forces. On the other hand, while the D2Q9 lattice does not have equidistant 

lattice points, it is much simpler to implement and exhibits much better numerical 

stability. This is particularly true when dealing with complex boundary conditions. In any 

case, all three-dimensional lattice configurations lose their spherical symmetry and 

equidistant lattice links. In this regard, D2Q9 LBM is a simple approach to test and verify 

the ideas which could be applied in the development of 3D LBM.   

As has been shown in the last chapter, the commonly used bounceback boundary 

condition leads to unphysical velocities on walls in the presence of surface forces. To 

deal with this issue, a new velocity-boundary condition has been proposed with the D2Q7 

lattice configuration. In this chapter, we extend the new boundary condition from D2Q7 

to D2Q9 with further improvements in its accuracy and applicability. 

5.1 Mean-Field Free-Energy D2Q9 LBM 

 The geometry of D2Q9 lattice configuration is shown in Figure 5.1. Nine vectors of 

the lattice links are listed as follows: 
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where both �r and �t are the lattice length and time step, respectively. The sound speed 

of the D2Q9 lattice model is 
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where g R is the gas constant; c is lattice fluid particle velocity; AndT is the temperature. 
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Figure 5.1: D2Q9 lattice configuration 

The lattice Boltzmann BGK equation, similar to that of D2Q7, is used (Qian et al., 

1992; Chen et al., 1992): 

   )],(),([
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iftiftiif xxxex −=−++

τ
,    Ii ,...2,1,0=         (5.5) 

where x and ei represent the lattice site location vector and the direction vector in ith 

lattice link, respectively; The lattice length and time step, t and τ are the time step and the 

relaxation time of particle collision. I is the number of the lattice links, which is equal to 

8 for D2Q9. fi(x,t) is the particle distribution function and ),( tf eq
i x  is the equilibrium 

particle distribution, which is given by Qian et al. (1992) as 
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where u is the equilibrium velocity and wi (i=0,1, …I) are the weighting factors 

accounting for the variation of different lengths of the lattice links. The weighting factors 

have the following values to recover the Navier-Stokes equations:  
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For liquid-vapor interfaces, we use the new nonlocal pressure equation developed in 

Chapter 3, which is: 
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In the above equation, �(n) is the local free energy density; n is the local fluid 

density, and � represents the total volume of the fluid system. The third and fourth terms 

are the mean-field representation of the interparticle attraction for inhomogeneities of 

fluid density. The interparticle pairwise attraction potential )',( rrw−  is everywhere non-

positive. For a homogeneous fluid system, the last two terms reduce to zero and Equation 

5.10 equates the pressure equation of equilibrium thermodynamics. 

The nonlocal pressure expressed by Equation 5.10 is incorporated into D2Q9 LBM 

through a fluid-fluid force term ffF defined as follows (Zhang et al., 2004b):   

    [ ]{ })()( 2 rrF ncnp Sff −−∇=             (5.11) 

The force F on a fluid particle in multiphase flow includes 

     osfff FFFF ++=                       (5.12) 

where Fsf is solid-fluid attraction and Fo represents other possible external forces such as 

the gravity and electrical force. The total force F is then incorporated into the LBM 

through the equilibrium velocity u (Shan&Chen, 1993; 1994) as: 
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Following the standard Chapman-Enskog procedure, the Navier-Stokes-like equations 

for a liquid-vapor system are recovered, having the fluid density n, velocity v, and 

viscosity as follows:  
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Equations from 5.5 through 5.15 complete the definition of the mean-field free-

energy D2Q9 LBM for liquid-vapor interfaces. 

5.2 Numerical Implementation 

To implement the LBM numerically, a representation of the local free-energy density 

�(n) is needed. The expression of free-energy in mean-field theory given by van Kampen 

(1964) is used for this purpose, 
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where a and b are the van der Waals constants, which are specified as a=9/49 and b=2/21 

in the current study, kb is the Boltzmann constant, and T is the temperature. Equation 5.17 

leads to the well-known van der Waals equation of state: 
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where 0p is the pressure.  

Similar to the treatment for D2Q7 in Chapter 3, the interparticle attraction potential 

),( r'rw−  is approximated as  
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where, -K is the constant representing the effective fluid-fluid attraction potential when 

the distance from one fluid particle to another is at one lattice length r'- ∆=xx . Kf is the 

decay factor of the attraction potential when the distance changes form r∆ to r∆2 . Like 

the previous two chapters, we use K=0.01 for all the simulations in this chapter.  
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The solid-fluid attraction force Fsf is simulated in a consistent manner for fluid-fluid 

interaction. The wall is considered as a solid phase with the constant density sn and the 

solid-fluid attraction is similarly expressed as: 
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where ns(xs) is the density of the solid wall at the location xs.  

Let us use the following expression 

)( ssW KnK x=       (5.21) 

Then Equation 5.20 becomes 
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Thus, Equation 5.22 includes only one constant WK , which represents the specific 

properties of a solid wall in the interaction with the fluid on it surface, the strength of 

molecular solid-fluid attraction or the wettability.  

5.3 Velocity-Boundary Condition with External Force 

For D2Q7, we have found an unphysical velocity existed with the widely used 

bounceback boundary condition when a surface force is present. As shown below, a 

similar unphysical velocity occurs with D2Q9 when a surface force is present.  

In Equation 5.13, the external force F is incorporated into the LBM through the 

equilibrium velocity u. For the LBM streaming and collision processes, as represented by 

Equation 5.5, F does not explicitly act on fluid particles, instead, it acts through the 

equilibrium distribution functions ),( tf eq
i x  as defined in Equation 5.6. All these describe 

the LBM processes inside a fluid domain. The fluid particle convection and collision 
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processes on a boundary, on the other hand, are not simulated through the collision 

process defined by Equation 5.5 and ),( tf eq
i x . Extensively, the common bounceback 

boundary condition is used to deal with wall boundaries. Mathematically, the common 

bounceback boundary condition gives a zero sum of the following vectors 

     0
1

=�
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i

I

i
if e              (5.23) 

In the presence of external force terms, satisfying Equation 5.23 through the 

bounceback condition does not yield zero velocity on the surface of a wall, according to 

Equation 5.15, but leaves behind an unphysical velocity F/2n. The magnitude of this 

unphysical velocity, based on Equation 5.22, is equal to Kw/2. It will be shown in this 

chapter that Kw can be any value from 0.0 to 0.010 or even larger to express a complete 

wetting range. Therefore, the magnitude of the unphysical velocity could be as large as 

that equivalent to the Mach number Ma~0.1. This is not a trivial issue in engineering 

because many solid surfaces are highly wetting surfaces, that is, Kw usually takes the 

large values. 

It is noted that this unphysical velocity is not caused by the choice of the 

implementation method of the external force term, F. In the literature, there are three 

common ways to incorporate the force term into LBM. One is through Equation 5.15, as 

used in the current study. Another method is adding the force term directly to the lattice 

Boltzmann Equation 5.5. The third method is a combination of the above two, including 

the force term in Equation 5.5 plus defining an equilibrium velocity similar to Equation 

5.15. It can be shown that all three approaches produce a similar unphysical velocity on 

the wall with a surface force. Hence the development that follows has a broad range of 

applicability. 

For single phase flows, Zou and He (1997) have proposed a velocity-pressure 

boundary condition. Their idea is to solve a system of equations consisting of the 

unknown particle distribution functions on the boundary in conjunction with a 

bounceback condition for a partial unknown particle distribution function(s).  For the 

non-slip condition of a static wall or a moving solid boundary, the flow velocity on the 

wall is known and imposed on the solid boundary. When the fluid velocity is unknown on 
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a boundary, such as an inlet or outlet of a channel, the pressure (it is equivalent to density 

in single phase flow) can be specified on the boundary as a replacement. In the 

development of this velocity-pressure boundary condition, Zou and He (1997) did not 

consider situations with an external force on the boundary.  

The idea of Zou and He (1997) is applied here to solve the problem of the unphysical 

velocity on the solid boundary. Figure 5.2 is a bottom wall with D2Q9 lattice. For the 

lattice site “P” on the bottom wall, there are nine particle distribution functions, f0, f1, f2, 

f3, f4, f5, f6, f7, and f8, the same as inside the domain. Among the nine functions, f0, f1, f3, f4, 

f7, and f8 are known after a streaming step, while the rest, f2, f5, and f6 come from outside 

the domain and therefore are unknown and need to be defined.  

Figure 5.2: D2Q9 lattice configuration on a solid wall 

Application of Equation 5.15 gives  

2/873165 xx FffffnVff −−++−=−          (5.24) 

2/874265 yy FffffnVff −+++−=+          (5.25) 

Thus, we have three unknowns f2, f5, and f6; with the above two equations we need 

another equation to close the problem. In the velocity-pressure boundary condition, Zou 

and He (1997) assume that the non-equilibrium part of the particle distribution function 

in the wall normal direction, f2 satisfies the bounceback condition. In the present study, 

we could use the same non-equilibrium bounceback condition to close the equation 
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system. However, we have not found any reason not to let f2 itself satisfy the bounceback 

condition. Because the bounceback condition of  f2 itself is simpler and consistent with 

past theory, this condition is used in the present study.  

With f2 defined and the velocity V specified on the solid wall (V=0 for a static solid 

wall, for example), Equations 5.24 and 5.25 yield 

2/)2/2/2( 743215 yxyx FFfffffnVnVf −−+++−−+=          (5.26) 

2/)2/2/2( 843216 yxyx FFfffffnVnVf −+++−−++−=          (5.27) 

The fluid density n on the boundary is then obtained through Equation 5.14:  

9876543210 ffffffffffn +++++++++=          (5.28) 

Equations 5.26~5.28 together with the bounceback condition for f2 complete the 

definition of the boundary condition for D2Q9, which resolves the issue of the unphysical 

velocity on the wall when a surface force is present. This new boundary condition for 

D2Q9 is the counterpart of the new velocity-boundary developed for D2Q7 in the last 

chapter.  

For a static solid wall, the non-slip boundary condition can be implemented directly 

from the three equations 5.26 to 5.28. For a moving wall, however, the unknown density 

n on the wall is coupled with the equations and thus the boundary condition is 

implemented through solving the coupled three equations.  

The above velocity boundary condition is equivalent to that developed for D2Q7 in 

the last chapter. This new boundary condition appears in that we have already imposed a 

mass conservation through realizing zero velocity on the solid wall. However, this zero 

velocity is only true on a time-average level during the particle streaming and collision 

process. Numerical results (presented later in this chapter) reveal that there is a net mass 

flux across the solid wall, especially near a moving contact line for liquid-vapor two 

phase flows.  

As will be shown in the numerical results in this chapter, there is net mass flux cross 

the solid wall with the newly developed boundary condition even though the unphysical 

velocity is eliminated. This net mass flux does not seem to be large in general but has the 
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potential to lead to errors under specific conditions such as moving contact lines. 

Therefore, we further improve this boundary condition to keep the mass conservation on 

the solid boundary. For clarity, we call the new boundary condition just developed above 

as BC1 while the follow improvement with the mass conservation as BC2. 

Considering that BC1 guarantees zero relative velocity of fluid on the wall in the 

averaged sense or the mesoscopic/macroscopic level, to improve it we impose mass 

conservation on the microscopic level, that is, at every time step through the microscopic 

activities of the fluid particles on the wall. In BC1, we invoke the assumption that f0 does 

not change before and after the particle collision. In BC2 we define f0 after the collision 

step according to the mass conservation of all particle functions on this lattice site, 

instead. During a full LBM time step, the fluid particles f0, f2, f5, and f6 enter the domain 

at the instant (t+1)-0, while f0, f4, f7, and f8 leave the domain at the instant t+0. The mass 

conservation at this lattice site requires: 

)( 65287400 ffffffff tttt ++−+++=          (5.29) 

Thus, we have four Equations from 5.26 to 5.29 for the five unknowns f0, f2 f5, f6 , n. 

These four equations with the bounceback condition for f2 define the mass-conservation 

velocity-boundary condition.  

For a moving solid wall, the unknown functions f0, f5, f6 , n are obtained by solving 

the Equations 5.26 to 5.29. For a static solid wall, on the other hand, f5 and f6 are first 

obtained by Equations 5.26 and 5.27. f0 is then obtained by substitution of f2, f5, and f6 

into Equation 5.29. Finally, the fluid density on the wall n is calculated through Equation 

5.28. 

For other solid walls of a flow domain, such as top wall, left and right side wall, the 

mass conservation velocity-boundary condition is implemented in a similar way to that 

for the bottom wall. The only difference is the change of index for the particle 

distribution functions in the above Equations 5.26 to 5.29.   
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5.4 Numerical Results and Verifications 

We use Laplace law of capillarity to test the capability of the D2Q9 model in 

simulating static liquid-vapor interfaces. We simulate droplets on a wall with different 

wettabilities to verify the capability in simulating different static contact angles. In 

addition, we use capillary waves and moving contact lines to verify the capability of the 

D2Q9 model for dynamic interfaces for both liquid-vapor interfaces and solid-liquid-

vapor interfaces.  

 

5.4.1 Laplace Law of Capillarity 

For a droplet in vapor, the Laplace’s law of capillarity states:  

R
PP outin

γ=−  (5.30) 

where Pin and Pout are the fluid pressures inside and outside a droplet; � is the surface 

tension and R is the radius of the droplet.  

With D2Q7, we have used Laplace law to verify the mean-field free-energy theory. In 

the present context, our main focus is to examine the difference between D2Q9 and 

D2Q7, that is, the change of the interparticle potential with different spaced lattice sites, 

which is incorporated through the decay factor Kf in the potential in Equation 5.19.  In the 

literature, different authors use different values without an explanation. Most of them 

take Kf to be either 1/2 or 1/4. On the other hand, fluid-fluid interaction of many fluids 

can be well approximated by the well-known Lennard-Jones potential, which is:  
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whereε andσ are physical constants, which are chosen to some specific values according 

to the fluids simulated. The first term of the right-hand side in above equation is the 

repulsive potential, while the second term is the attraction potential. According to 

Lennard-Jones potential, Kf=1/8 appears appropriate when the lattice distance change 
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from r∆ to r∆2 . Obviously, this is different from those used by most authors in the 

literature.  

To find an appropriate value, we perform the simulations with a series of constants 

Kf=1/2, 1/4, 1/8, and 1/16. The temperature of the liquid-vapor system studied is 

kbT=0.55. The periodic boundary condition is applied on the four sides of the domain. 

The domain dimension is 128×128 with the relaxation time 1=τ . We start the 

simulations with a rectangular block of liquid located in the middle of the domain with 

the saturated vapor distributed everywhere else. As the calculation proceeds, the droplet 

evolves from its initial shape to a circular shape after 1500 iterations. Beyond the time 

step 1,500, the shape of the droplet changes little, similar to the D2Q7 lattice shown in 

Figure 3.4. This indicates that the convergence speed of D2Q9 is about the same as that 

of D2Q7. The spurious residual velocity, however, attains the order 10-9 at the time step 

10,000 over the whole simulation domain, which is three orders of magnitude lower than 

that of D2Q7.  

Figure 5.3 shows the pressure differences inside and outside of a droplet for different 

droplet sizes simulated at time step 10,000.  The figure also displays the results with 

different values of Kf. In the figure, the solid circles, triangles, squares, and hollow circles 

represent the results with Kf=1/2, 1/4, 1/8, and 1/16, respectively. The four solid lines are 

the linear correlations of the respective LBM results for the different Kf factors. The 

results show that the pressure difference across the droplet increases linearly with a 

decrease of the droplet radius for all the four Kf factors, indicating that the LBM 

simulations with the different factors all represent the linear characteristic of the Laplace 

law very well.  

According to the Laplace law, the slope of the correlation line in Figure 5.3 gives the 

surface tension of the liquid-vapor system, which yield �=0.00760, 0.00825, 0.00860, and 

0.00880 for Kf=1/2, 1/4, 1/8, and 1/16, respectively. As has been shown in Chapter 3, the 

exact solution of the surface tension based on the mean-field theory is 0.00824 at 

kbT=0.55, which is very close to the D2Q9 result with Kf=1/4. Hence, the surface tension 

of the present simulations with Kf=1/4 is consistent with the analytical solution of mean-
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field theory. In all the following simulations with D2Q9, therefore, we use the constant 

Kf=1/4. 
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Figure 5.3: Pressure difference between inside and outside for different droplet sizes, 
kbT=0.55, K=0.01; Four different symbols are the results for different Kf factors; Four 
solid lines are the linear correlations of the results for the four different Kf factors. 

5.4.2 Capillary Waves 

Capillary waves are used to validate the D2Q9 model in simulating the dynamic 

characteristics of liquid-vapor interfaces without a solid wall. The exact solution of 

capillary waves gives the dispersion relation of capillary waves, the relation between the 

wave frequency � and wave number k (Lamb, 1945 and Landau & Lifshitz, 1987) as: 

32 ~ kω  (5.32) 

The simulations are conducted at temperature kbT=0.53 on a rectangular domain. 

Both the left and right sides of the domain are treated as a periodic boundary condition 

while a non-slip, solid boundary condition is imposed on the top and bottom walls. The 

simulations start with the initial conditions of zero velocity with the saturated liquid and 

vapor distributed in the lower and upper half of the domain, respectively. The LBM 

iterations are continued until an equilibrium planar interface is formed and the density 

profile across the interface shows little change. At this time, a single-period sine wave is 

imposed on the planar interface and the evolution of the interface location is then 

recorded. The wave number of the simulated domain is determined by the width of the 

domain as 
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�

π2=k  (5.33) 

The present simulations include six different domains as summarized in Table 5.1. 

The dimensions of the domains are chosen by considering the following requirements: a) 

The domain height �  is much bigger than the wave length �  such that “shallow water” 

effect are negligible; b) The wave length is much larger than the wave amplitude, such 

that it is consistent with the assumption of a small amplitude wave theory; c) The wave 

amplitude is much larger than the interface thickness, such that the changes of wave 

amplitudes are clearly distinguishable.  

Table 5.1: Simulation summary: domain height � , width � , wave number k, period �T, 
and frequency �. 

Case 1 2 3 4 5 6 
�  31 41 51 61 71 81 
�  150 200 250 300 350 400 
k 0.20268 0.15325 0.1232 0.103 0.0885 0.07757 
T 180 300 440 480 600 880 
ω 0.03491 0.02094 0.01428 0.01309 0.01047 0.00714 

 

The capillary waves are displayed according to the density contour line at the 

averaged fluid density. Figure 5.4 displays the snapshots of capillary waves at some 

typical time steps of a complete wave period. The results are shown for case 1 listed in 

Table 5.1, where the domain width is � =31 and the domain height is � =150. The relative 

time step �t shown in Figure 5.4 is counted from the time step when the sine wave is just 

imposed on the planar interface. The figure includes the snapshots at the start (�t=0), the 

middle (�t=90), and the end (�t=180) of a complete wave period. The rest of the 

snapshots are intermediate wave profiles. The results indicate that the period of the 

capillary wave is �=180, which has an uncertainty of ±9 time steps as the data is recorded 

every 10 time steps in the simulations. Based on the wave period obtained, the wave 

frequency is then obtained as 0.03491. Table 5.1 includes the wave numbers and 

frequencies for all cases studied. Figure 5.5 displays the LBM results shown in Table 5.1 

in solid dots. The solid line in the figure is the linear correlation of the six LBM points, 

which yields the line slope as 1.524. The exact solution of the slope, as shown in 
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Equation 5.32 is 1.50 and the error between the simulations and the exact solution is less 

than 2%.  

 

Figure 5.4: Snapshots of capillary waves at different time steps, kbT=0.53, Case 1, � =31, 
� =150; the snapshots at the start (�t=0), the middle (�t=90), and the end of a complete 
wave period (�t=180). Additional two snapshots are the intermediate wave profiles. 

5.4.3 Droplets on a Wall with Different Wettabilities 

The first simulation to study liquid-vapor-solid interface is a static droplet on a solid 

wall with different wettabilities. A domain with 100×200 units is simulated, with a 

periodic boundary condition applied to the two sides (left and right) of the domain. The 

non-slip boundary condition is imposed on the bottom wall while a symmetric boundary 

condition is used on the top of the domain. Our simulations are performed at two 

temperatures, kbT=0.51 and 0.53 and with the relaxation time 1=τ . The simulations start 

with the initial velocity of zero specified everywhere over the domain, with a small 

square block of liquid on the bottom with the rest of the domain specified as the vapor. 

�t=0 �t=50 �t=90 �t=140 �t=180 
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The liquid-vapor system attains the equilibrium states at around the time step 6,000 after 

which the droplet shape and interface density profile change little. To obtain smaller 

spurious residual velocity, the iterations are continued to the time step 10,000, where the 

maximum spurious residual velocity is at the level of 10-7 to 10-8 over the whole domain. 
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Figure 5.5: Dispersion relation of capillary waves, kbT =0.53. Solid circle: the D2Q9 
LBM; Solid line: correlation for the LBM, which gives the line slope of 1.524; The exact 
solution gives the slope of 1.50. 

We first present the results with boundary condition BC1 (section 5.3) on the bottom 

wall.  Figure 5.6 is the fluid density contour obtained at the time step 10,000, KW=0.04, 

and kbT=0.53. The red and blue colors represent the liquid and vapor density, 

respectively. The immediate colors between the two represent the density change in the 

liquid-vapor interface. The figure displays the geometry of the liquid-vapor interface and 

the solid-liquid-vapor three-phase contact line (point).  

During the simulation, we recorded the mass flux across the non-penetrating solid 

wall at five different locations on the solid wall, at, near, and far away from the contact 

lines (see Figure 5.7). It is shown that there is a net mass flux occurring across the solid 

wall, with different mass fluxes at different locations. The mass flux fluctuates with time, 

especially during the first 3,000 time steps of the simulations. The mass flux fluctuation 

decays to a certain level after a long period of time and then stays at a fixed level during 

the rest of the simulation. At the locations away from the three-phase contact point, the 

steady level of the mass flux is approximately zero, both on the liquid and vapor side. At 
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the locations close to the three-phase contact point, a small level of the mass flux appears. 

However, right at the three-phase contact point, there is a much larger mass flux.  

 
Figure 5.6: Fluid density contour, KW=0.04,  kbT=0.53. 
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Figure 5.7: Mass flux across solid wall at the different location KW=0.04,  kbT=0.53. 

When the mass conservation boundary condition is used (BC2 in section 5.3) for the 

solid bottom wall, all mass fluxes on the solid wall are eliminated at every time step as 

expected, both at the three-phase contact point and away from it. Figure 5.8 shows a 

comparison of fluid density contour lines (plotted at the average density) with the two 

different boundary conditions. The results are obtained at the same condition as that of 

Figure 5.6, that is, with KW=0.04 at kbT=0.53. In Figure 5.8, the thicker line is obtained 

with the mass-conservation boundary condition (BC2) while the thinner line is the result 

with BC1. It is seen that at the equilibrium state, the difference of the droplet sizes with 
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two boundary conditions is not significant and in particular, both boundary conditions 

yield about the same contact angle of 40.3o.  

In the rest of this dissertation, we only apply the mass-conserving boundary condition 

for solid walls.  

Next, we test the capability of the current simulations to represent different 

wettabilities of solid walls. According to the well-known Young’s law of wetting, 

different wettabilities of solid walls produce different contact angles at equilibrium. The 

Young’s law of wetting governs the theoretical relation between fluid wettability and 

contact angle as: 

 slsve γγθγ −=cos                (5.34) 

where eθ is the equilibrium contact angle, andγ , svγ , and slγ are surface tension of liquid-

vapor, solid-vapor, and solid-liquid, respectively. For a liquid-vapor system, γ is a 

constant at a given temperature, and svγ and slγ are determined by the molecular attractive 

characteristics of the solid wall to the liquid-vapor system, which is currently modeled by 

the parameter Kw, as shown in Equations 5.21 and 5.22. Thus, the LBM capability to 

simulate different wettabilities of solid walls can be displayed through examination of the 

relation between equilibrium contact angle eθ and Kw from the simulation results. 

 
Figure 5.8: Comparison of droplet on a wall with boundary conditions BC1 and mass 
conserving BC2, KW=0.04, kbT=0.53; The thicker line is obtained with the mass-
conservation boundary condition BC2; The thinner line is the results of the non-mass 
conservation boundary condition BC1. 

Vapor Vapor Liquid Droplet � 
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Figure 5.9 shows the fluid density contour lines of the simulated droplets on solid 

walls at kbT=0.55. The density contour lines are plotted at the average fluid density. 

Figure 5.9 shows that different Kw produce different contact angles, as expected. When 

the strength of solid-fluid attraction is small, the droplet is completely detached from the 

wall due to the relatively stronger fluid-fluid attraction. As demonstrated in Figure 5.9, 

the wall becomes dry at 02.0=WK , with no liquid wetting the solid surface (it is noted 

that the droplet at 02.0=WK actually attaches to the wall slightly due to the finite 

thickness of the interface when fluid density contour is plotted with all the necessary 

layers). When Kw  increases beyond 0.02, however, the droplet attaches to the wall. With 

a further increase in KW, the contact angle decreases further. When Kw increases beyond 

0.05, the droplet starts to wet the wall completely and a liquid film appears on the surface 

of the wall. Therefore, the present D2Q9 model can represent the whole range of 

wettabilities, from a completely non-wetting (dry surface), through partially wetting, and 

finally to complete wetting only through variation of the attraction strength Kw, which is 

in agreement with MD simulations (Barrat and Bocquet, 1999).  

 
Figure 5.9: Interfaces of droplet on wall with different wettabilities, kbT=0.55. 
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Figure 5.10: Relation between contact angle and KW, kbT=0.55; Solid points are LBM 
simulations and solid line is their linear correlation. 
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Figure 5.10 displays more details of the relation between KW and contact angle, where 

the solid circles are the LBM results and the line is a best linear fit of the LBM. This 

figure shows that the relationship between contact angle and WK is close to linear, which 

agrees well with independent studies by Yang et al. (2001), and Zhang et al. (2004b). 

Figure 5.11 and 5.12 are similar results at a different temperature, kbT=0.53. All these 

results show that the current D2Q9 model has the capability to simulate different 

wettabilities very well. 

 
 

 
Figure 5.11: Interfaces of droplet on wall with different wettabilities, kbT=0.53. 
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Figure 5.12: Relation between contact angle and KW, kbT=0.53; Solid point is LBM 
simulations and solid line is their linear correlation. 

In the last chapter, we have obtained the results at the same conditions with D2Q7 as 

shown in Figures 4.4 and 4.5. To compare the results between D2Q7 and D2Q9 for the 

relation between contact angle and KW, we plot them in the same figure for each 

temperature. Figures 5.13 and 5.14 show the comparison between D2Q9 and D2Q7 for 

kbT=0.55 and 0.53, respectively. In the figures, the solid points are obtained with D2Q9 

and the hollow circles are the results with D2Q7. The solid lines are the linear 

correlations of both results. It is noted that the simulations with D2Q9 were completed 



 106 

one year later after the simulations with D2Q7. The figures show that the results with 

D2Q7 and D2Q9 are reasonably close to each other. It is noted that the differences 

between the two are in large part due to the different numerical implementations and do 

not impact the simulation of physical systems as long as the appropriate Kw value is used 

for the physical contact angle of the liquid-vapor-solid system.  
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Figure 5.13: Comparison between D2Q9 and D2Q7 for the relation between contact 
angle and KW, kbT=0.55; Solid points are from D2Q9 and hollow circles are from D2Q7; 
The solid line is their linear correlation. 
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Figure 5.14: Comparison between D2Q9 and D2Q7 for the relation between contact 
angle and KW, kbT=0.53; Solid points are from D2Q9 and hollow circles are from D2Q7; 
The solid line is their linear correlation. 
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5.4.4 Moving Contact Lines in a Channel 

5.4.4.1 Simulation Procedure and Outline 

Moving contact lines are still challenging in theoretical modeling and incomplete in 

physical understanding. A vapor plug in two-dimensional channel is studied to test the 

capability of the present D2Q9 model in simulating moving contact lines. Figure 5.15 is 

the schematic of the simulation setup, where V is the interface velocity, �a and �r are 

advancing and receding contact angle, respectively. The relative magnitudes between 

capillary, viscous, and inertia forces are represented through Reynolds number Re, 

capillary number Ca, and Weber number We :  

L

LCVnH
µ

2
Re =        (5.35) 

γ
µ V

Ca L=        (5.36) 

γ

22
Re

VnH
CaWe LC=⋅=                   (5.37) 

where Ln and Lµ are the liquid density and viscosity of the fluid, � is the surface tension, 

and HC is the height of the channel. The ratio of Weber number to capillary number 

defines the Reynolds number of the flow. Therefore, in the following presentation, we 

only display the capillary and Weber numbers. 

The present simulations are performed with the collision relaxation time �=1.0 at the 

temperature kbT=0.53. The surface tension of the fluid at this temperature is 023.0=γ  

(see chapter 3) and the kinematic viscosity is �=0.166667 (based on Equation 5.16). The 

channel is 1000 long and 35 wide, enclosing an initially rectangular vapor plug inside. 

The rest of the channel is filled with the saturated liquid. A periodic boundary condition 

is imposed at the inlet and outlet of the channel and the no-slip boundary condition is 

imposed on the channel walls. The simulations start with zero velocity assigned over the 

whole domain. To provide the motive force, a constant body force xixF fo =)( is applied 

in the axial direction, where f is the magnitude of the body force. Different Reynolds 

numbers or Weber numbers are realized through applying different f.  
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Figure 5.15: A schematic of moving contact lines in channel flow: V is the interface 
velocity, �a and �r are advancing and receding contact angles, respectively. 

We perform the simulations with 18 different f values, starting from 0.0 to 

0.00091271 with a uniform step increase of 5.36888E-05. For each case, the LBM 

iterations are performed until 20,000 time steps. The recorded results show that flows 

reach stationary states at around 2,300~3,000 time steps. Figure 5.15 shows the evolution 

of axial locations of the two moving interfaces at f=0.000322133. The axial locations of 

the two interfaces are displayed at the channel center and on the top wall, resulting in 

four lines for the time evolutions. Each of the four lines are linear and parallel to each 

other, indicating that both the advancing and receding interfaces move at a constant 

speed. The slopes of the four lines have the value 0.0259 which gives the speed V of the 

moving interfaces. With the calculated speed V, both Capillary number and Weber 

number are then computed, yielding Ca=1.008 and We=10.961. Our simulation matrix is 

listed in Table 5.2, covering the range Ca=0~3.883 and We=0~162.748. The stationary 

results presented below are taken at the time steps 20,000 except when the vapor plug is 

crossing the inlet or outlet at this time step. For these exceptions, the results at the time 

step closest to 20,000 are presented as the stationary state, instead.    

Figure 5.16 displays the stationary interface contour lines (at the average fluid 

density) for different driving forces. For clarity, only half the simulations are shown in 

the figure, starting from f=0 with a uniform step increase of �f=0.000107. Different 

driving forces result in different velocities such that the final stationary interfaces are 

scattered at different locations in the channel. For comparison, each advancing interface 
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is translated to the same coordinate while the relative distance of the receding interface is 

kept unchanged to its advancing one.  
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Figure 5.16: Moving interface locations versus time, Ca=1.008, and We=10.961. 

Table 5.2: Moving contact line simulation summary: body force f, interface velocity V, 
capillary number Ca, Weber number We, advancing angle �a, and receding contact angle 
�r.  

No f V Ca We θa θr 
1 0 0.000 0.000 0.000 78.09 78.09 
2 5.36888E-05 0.004 0.160 0.275 79.20 77.07 
3 0.000107378 0.008 0.323 1.126 80.88 76.20 
4 0.000161066 0.013 0.486 2.553 81.93 75.01 
5 0.000214755 0.017 0.657 4.667 82.80 74.17 
6 0.000268444 0.021 0.829 7.413 84.00 72.23 
7 0.000322133 0.026 1.008 10.961 85.08 71.54 
8 0.000375822 0.031 1.194 15.400 86.30 70.91 
9 0.00042951 0.036 1.389 20.825 87.44 68.48 

10 0.000483199 0.041 1.587 27.200 88.65 67.78 
11 0.000536888 0.046 1.797 34.877 90.00 65.32 
12 0.000590577 0.052 2.015 43.844 91.37 64.67 
13 0.000644266 0.058 2.241 54.212 92.59 61.78 
14 0.000697954 0.064 2.478 66.303 94.33 59.72 
15 0.000751643 0.071 2.743 81.214 96.65 57.90 
16 0.000805332 0.084 3.252 114.200 98.60 53.51 
17 0.000859021 0.091 3.556 136.504 100.84 51.85 
18 0.00091271 0.100 3.883 162.748 102.26 49.43 
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Figures 5.17 a and b display the advancing and receding interfaces, respectively. 

When the diving force is zero, the two interfaces are at the equilibrium state and give the 

equilibrium contact angle θe = 78.1o. With the increase in driving force, interface speed, 

capillary number, and Weber number all increase as shown in Table 5.2. Meanwhile, 

both interfaces distort in the flow direction. Under the maximum driving force, the vapor 

plug becomes severely elongated, as shown in Figure 5.17b. It is expected that the liquid 

droplet would pinch off from the wall and the vapor bubble would be broken with a 

continued increase of the driving force. Therefore, the threshold for the bubble being 

broken or the droplet pinched off is near Ca=4.0 and We=163 for the specific fluid 

simulated. Interface instability is a much more complicated topic and we will discuss 

them in the next two chapters. In the current study, we limited our discussion to the 

stationary (quasi-steady) moving contact lines. 

In the literature, contact angle is computed either from the local coordinates of an 

interface near the solid wall or based on an equivalent circular approximation to the 

interface. As shown in Figure 5.17, these two procedures to approximate contact angles 

can lead to differences up to 10o even at an intermediate capillary number. As the 

capillary number further increases, the interface shape deviates considerably from the arc 

of a circle. For this reason, all contact angles are computed based on the local coordinates 

of interfaces near the wall. Table 5.2 includes the computed advancing and receding 

contact angles. It shows that the advancing contact angles get larger with an increase of 

capillary number or Weber number. Meanwhile, the receding contact angles become 

smaller.   

Below is a comparison with the existing three typical theories of moving contact 

lines. One is the widely used hydrodynamic theory due to Cox (1986). The second is the 

molecular kinetic theory by Blake (1993). The LBM results are further compared with the 

third theory, the linear scaling law between cos�  and Ca. 
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(b) Receding Interfaces 

Figure 5.17: Interface shapes for different driving forces, starting from f=0 (the 
equilibrium case) with a uniform step increase of the body force (�f=0.000107). 
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5.4.4.2 Comparison with Cox Theory 

The hydrodynamic theory for moving contact line by Cox (1986) is based on a 

matching asymptotic expansion for low capillary numbers. The leading order expression 

of Cox theory gives the relation between the moving contact angle � and the capillary 

number Ca as: 

)()ln()()( 1 CaOCagg ce +=− −εθθ            (5.38) 

where g(�) is a function of dynamic contact angle �, and defined as    

[ ] ϕθ ϕθ dfg
1

0 )()(
−

�=  (5.39) 
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q

qqf
(5.40) 

where q is the fluid density ratio of vapor to liquid; ε is the ratio of the microscopic slip 

length to the macroscopic characteristic length. According to Cox (1986), the 

microscopic slip length 	 is not uniquely determined. For the current study, we use the 

approximation proposed by Sheng and Zhou (1992): Cakdl sc /=ε , where ld is the wall 

roughness and ks is a slipping-model dependent constant. As a result, Equation 5.38 

becomes 

CaCadlkCaegg s ln)/ln()()( +=− θθ              (5.41) 

To solve the nonlinear Equation 5.41, first, we numerically compute the integration of 

Equation 5.39 for many different �. For the current study, �=i
�, i=0, 1, 2, …, 900, the 

equilibrium contact angle �e = 78.1o and the fluid density ratio q=0.3014. The numerical 

integration results are tabulated for g(�) versus �. For a given value of g(�), we can find 

the related value of � through an interpolation from the table. To solve Equation 5.41 of 

Cox theory, we first find that g(�e)=12.7191 from the tabulated values. Further, we use 

two typical constants )/ln( dlks  = 1.9, which is the same value used with the D2Q7 

model in the last chapter and 2.5. With each constant, we can simply calculate the value 

of g(�) for every Ca based on Equation 5.41. With the value of g(�) , we then find the 
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moving contact angle � through interpolation from the table function. These process 

results in the moving contact angle � for each Ca based on Cox theory. The comparisons 

in Figure 5.18 show that the variation in advancing angle with Capillary number is 

captured to within 10-15% by the LBM when compared to Cox theory.  
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Figure 5.18: Comparison between the current LBM and Cox theory for both ln(ks/ld)=1.9 

(Cox, 1) and 2.5 (Cox, 2) . 

5.4.4.3 Comparison with Blake Theory  

Blake’s theory for moving contact line (Blake, 1993) is a kinetic model considering 

molecular adsorption/desorption near a moving contact line. The adsorbed molecules of a 

receding fluid are considered being replaced by the molecules of an advancing fluid at the 

moving contact line. The frequency of the molecular displacement is determined by the 

displacement frequency at equilibrium 0
wκ , the free-energy of the initial and activated 

thermodynamic states, and the adsorption sites per unit area m.  The wetting velocity V is 

the result of the adsorption frequency times the average distance between two adjacent 

adsorption sites bλ . Blake (1993) recognized that the driving force on a moving contact 

line is the out-of-balance interfacial tension force due to the difference between the 

moving contact angle � and the equilibrium one �e. As a result, the wetting velocity V is 

related to the moving contact angle � as 

[ ])cos(cossinh θθβα −= ebV         (5.42) 

where � and � are two constants, having the following forms 
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bwλκα 02=  (5.43) 

Tkm bb
b 2

γβ =   (5.44) 

The parameters 0
wκ , �b, and mb are the model fitting constants obtained from 

experiments (Blake, 1993). Figure 5.19 shows the comparison between the current LBM 

and Blake theory, where the solid line represents the result of Blake theory with 23.0=α  

and 0.1=bβ and the hollow circles represent the current LBM results. The positive 

velocities are the results of the advancing interface while the negative velocities are those 

for the receding interface. These results show that the current LBM can simulate Blake 

very well.  
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Figure 5.19: Comparison between the current LBM and Blake theory, �e=78.1o, 
with 23.0=α for both and 0.1=bβ .  

5.4.4.4 Comparison with the Linear Law of cos� versus Ca 

The linear law of cos� versus Ca is expressed as 

 Catconse ⋅=− tancoscos θθ                                (5.45) 
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The linear law has been obtained analytically by different researchers based on 

different points of view. The earlier work by Cherry and Holmes (1969) can directly lead 

to such an equation, as pointed out by Blake (1993). Joanny and Robbins (1990) found 

the same form of the equation holds under the condition of a smooth solid surface. De 

Gennes et al. (2004) obtain the Equation 5.45 from two points of view: a mechanical 

model of viscous dissipation and a molecular kinetic model of absorption/desorption. It is 

noted that in the different approaches, the proportionality constant in the equation is 

defined differently but has the same physical meaning, that is, it is equivalent to a friction 

coefficient.  It should also be mentioned that Blake theory itself can reduce to the form of 

Equation 5.45 when 1)cos(cos <<− θθβ eb . Figure 5.20 shows the current LBM results 

on a log-log plot and its linear correlation. The slope of the linear correlation gives 

0.9331 which is close to the theoretical value of unity.  
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Figure 5.20: D2Q9 LBM results of moving contact angle function f(�) versus Ca, 

θθθ coscos)( −= ef . 

5.5 Summary and Conclusions 

The mean-field free-energy D2Q7 LBM has been extended to D2Q9 in this chapter. 

A new velocity-boundary condition has been proposed with D2Q9 lattice configuration, 

which further improve the accuracy by enhance the boundary condition with mass 

conservation. The D2Q9 model is validated with the Laplace law of capillarity, capillary 

wave dynamics, static droplets on walls with different wettabilities, and three typical 



 116 

theories or laws of moving contact lines. It is shown the D2Q9 LBM results agree well 

with all the related theories of static and dynamic flow conditions, with and without solid 

walls.  
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CHAPTER 6 MICROCHANNEL (2D) CO2 LIQUID-VAPOR 

FLOWS 

This chapter applies the mean-field free-energy LBM of D2Q9 model developed in 

the last chapter to a CO2 liquid-vapor system near the critical point. In order to include 

the specific physical properties of CO2 into simulations, the LBM system is scaled to the 

physical system under consideration. The mean-field free-energy LBM can be considered 

as one of the diffuse interface methods or phase field methods. When applying the 

(general) mean-filed free-energy LBM to a specific actual physical problem, two scaling 

issues arise: One is the scaling in the framework of diffuse interface methods and the 

other is to scale the non-dimensional LBM results to the meaningful physical quantities. 

This chapter documents the scaling techniques we develop from both aspects in the 

studies of near-critical CO2 flows in two-dimensional (2D) microchannels. One should 

point out that the scaling procedures described in this chapter are applicable to both 2D 

and 3D problems.  

The organization of this chapter is as follows: 6.1: Scaling in mean-field diffuse 

interface theory; 6.2: Scaling of mean-field LBM to actual physical world; 6.3: CO2 

liquid-vapor flow regimes in microchannels.  

6.1 Scaling in Mean-Field Diffuse Interface Theory 

Diffuse interface methods acknowledge that a liquid-vapor phase interface has a 

physical thickness and the fluid characteristics change smoothly across the interface. The 

interface surface tension is the result of inter-molecular attraction, consistent with the 

description in micro-physics. At equilibrium of the interface, the surface tension is an 

integration of the excess free-energy across the interface. The mechanism of phase 

transitions (condensation and evaporation) is also included in diffuse interface models. In 

contrast, discontinuous interface methods (or sharp interface methods) assume that the 

phase interface is a mathematical surface, without a thickness. Across the interface, both 

density and pressure of the fluid are discontinuous. The pressure jump across the 

interface is realized through using Laplace law of capillarity with the given surface 

tension, while phase transitions are modeled through adding ad hoc terms in the basic 
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flow equations. In particular, discontinuous interface methods have difficulties in 

handling three-dimensional topological transitions of the interfaces, such as interface 

splitting, merging, and possible singularity. In comparison, diffuse interface methods 

have no such difficulties. 

To guarantee the stability of numerical iterations, diffuse interface methods require 

typically 4 to 8 grid cells to represent the interface region. In reality, an interface 

thickness is usually very small as compared with the scale of the overall domain. For 

example, the interface thicknesses of CO2 (with the critical temperature 31oC and 

pressure 74 bar) at the temperatures of 10, 20, and 25oC are 1.30, 1.68, and 2.04 

nanometers, respectively (Holdych et al., 2004). In such cases, the fixed grid approaches, 

which are the general practice of diffuse interface methods at present, result in 

unnecessarily a fine mesh in the whole domain. A domain covering one cubic cm, for 

example, needs approximately 1022 grid cells. This amount of grid cells would 

overwhelm the most powerful computer, both in computer memory and computing time. 

The exception is the situation of a very small domain or a critical fluid which has an 

interface thickness comparable to the overall domain scale.  

Generally, two approaches are used to deal with the problem caused by very small 

interface thickness: One is to use a locally refined mesh or adaptive grids in the interface 

region; the other is to replace the very thin interface with a numerically much thicker one. 

Of the two options, the first approach using adaptive grids is a good research direction, in 

which, however, only one publication is available so far due to Barosan et al. (2006). To 

implement this approach to an actual problem, much work still remains, such as dealing 

with three dimensionally topological evolution of interface splitting and merging. In the 

current research, we follow the majority in this field, using a numerically thickened 

interface.  

Some progress has been made with the approach using artificial enlargement of the 

interface thickness, such as the work by Jacqmin (1999, 2000) and Jamet et al., (2001). 

However, the main concern of scaling still remains: How to minimize the effects of 

artificial enlargement of interface thickness while keeping the main physics of the 

problem as consistent as possible to the real world. For CO2 flows in microchannels 

(actually, for many other fluid flows in microchannels), the main flow variables are: 
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surface tension, viscosity, and thermodynamic properties. Therefore, we want to keep the 

three aspects consistent with actual physics during the artificial enlargement of the 

interface thickness. The following is a detailed list of the required physical consistency 

when the interface thickness is artificially enlarged: 

1) The surface tension is the same as the actual physical value studied; 

2) The fluid viscosities of both liquid and vapor are the same as the actual physical 

values studied; 

3) The thermodynamic properties are the same as the actual physical values at 

equilibrium, including: a) The bulk phase pressure in equilibrium is constant for two bulk 

phases with a planar interface and is equal to the actual saturation pressure at the 

corresponding temperature; b) The fluid densities of two bulk phases at equilibrium are 

equal to the actual physical liquid and vapor densities at equilibrium, separately; c) The 

chemical potentials of two bulk phases are constant or equal at equilibrium.  

Below we discuss each of the three physical aspects with an artificial enlargement of 

the interface thickness: surface tension, viscosity, and thermodynamics. In this research, 

we use the van der Waals (vdW) equation of state in the computations. A detailed 

description of vdW equation is documented in Appendix A of this dissertation. 

6.1.1 Surface Tension 

To maintain the physicality of the interface surface tension with the artificially 

enlarged interface thickness, we need find the relation between the surface tension and 

the enlarged thickness. With the mean-field free-energy model, the interface surface 

tension is the excess free-energy of the interface per unit area. We start the discussion of 

surface tension with the total Helmholtz free-energy of a liquid-vapor interface, as 

presented earlier in Chapter 1:  

   ')]()'()[',(
4
1

)]([ 3323 rrrrrrrr ddnnwdnH −+= ���
ΩΩ

ψ  (6.1) 

In the above equation, )(nψ  is the local free-energy density; n is the local fluid 

density, and � represents the volume of the whole liquid-vapor system. The second term 

accounts for the inhomogeneities of fluid density at liquid-vapor interfaces. The 
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interparticle pairwise attraction potential )',( rrw−  is everywhere non-positive. The local 

free-energy density, according to van Kampen (1964) is expressed as 

Tnkan
bn

n
Tnkn bb −−

−
= 2

1
ln)(ψ   (6.2) 

where bk is the Boltzmann constant; and T is the temperature; a and b are the van der 

Waals constants: a is a measure of the interparticle attractive potential and b is the hard 

sphere volume of one particle. Both a and b can be obtained if the critical characteristics 

are known (see Appendix 1). For example, the critical temperature, pressure, and density 

of CO2 are 304.13K, 7.3773MPa, 467.60kg/m3, respectively (see Appendix 1). The 

critical parameters lead to ae=188.74 m5/kg.s2 and be= 0.000973428 m3/kg for CO2 (ae 

and be are the vdW constants in engineering units).   

For an equilibrium interface, the total free-energy of the liquid-vapor system has a 

minimum value subject to the constraint of constant mass M: 

rr 3)( dnM �
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If we construct the function Π  as 
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then the conditions of the minimum value are 

0=Π
nδ

δ
 (6.5) 

0=Π
δλ
δ

 (6.6) 

where � is the Lagrange multiplier associated with conservation of mass; �n is a small 

variation of density at the location r; the functional differentiation of Equation 6.5 is 

performed with respect to n; the same is true for Equation 6.6.  

Substitution of Equation 6.4 into 6.5 yields  

�
Ω

−−= rrrrrr 3)]()'()[',()]([' dnnwnψλ  (6.7) 

By definition, the chemical potential is given by 
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Therefore, the Lagrange multiplier � is simply the chemical potential of the fluid. At 

equilibrium, the chemical potential should be constant everywhere. This requires 

)(')(' LV nn ψψλ ==  (6.9) 

To obtain an expression of the surface tension with a clearer physical meaning, we 

integrate Equation 6.7 over density. The integration starts from the bulk vapor phase 

along the direction toward the bulk liquid phase, resulting in: 

�
Ω

−=−−− rrrrrrr 32)]()'()[',(
4
1

])([][)]([ dnnwnnnn VV λψψ  (6.10) 

At this point, we need to point out that the free-energy function of the homogeneous 

phase ][nψ  is a double-well function, as shown schematically in Figure 6.1. Equation 6.2 

is an example of the double-well function. Because of the double-well profile, we can 

draw a common tangential line passing through the two points of the double-well curve. 

The slope of the straight line is nothing but chemical potential at the tangential points.  

 
Figure 6.1: Bulk phase free-energy density function and the excess energy 

As we understand, the chemical potential of the equilibrium fluid system is constant 

everywhere. Therefore, the two tangential points are simply the equilibrium points of the 

n 

� 
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excess part 

nV nL 
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fluid system: the equilibrium liquid and vapor states. The equation of the common 

tangential line is 

)()( VVline nnn −+= λψψ   (6.11) 

where � is given by Equation 6.9. Considering that the equilibrium bulk phase pressure po 

can be expressed as 

)( VVo nnp ψλ −=   (6.12) 

Equation 6.11 becomes: 

oline pn −= λψ   (6.13) 

As shown in Figure 6.1, the free-energy between the two equilibrium points, is all 

above the common tangential line. The shadowed area in the figure is actually an excess 

free energy of the interface relative to the common tangential line. The minimized excess 

free-energy at equilibrium state implies that the fluid system between the two equilibrium 

points is unstable, either turning to the saturated vapor or the saturated liquid. Thus, the 

left side of Equation 6.10 is just the excess free energy of the interface. Meanwhile, the 

right side of the equation is the excess free-energy due to molecular interaction of the 

density variation across the interface region. Thus, Equation 6.10 shows that the two parts 

of the excess free-energy have the same amount. The total excess free-energy is 

simplified as         
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For a planar interface, the integrant only varies along the normal direction to the 

interface. The surface tension or the total excess free energy per unit area then becomes  
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Here the axis x represents the normal direction of the planar interface. The integrants 

vanish in the bulk phases and the effective integration range along x is actually over the 

interface region. Therefore, the magnitude of the surface tension depends on the interface 

thickness, the interparticle pairwise attraction potential )',( rrw− , and the density profile 
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across the interface. The density profile is essentially determined by the LBM iteration. 

The interparticle pairwise attraction potential )',( rrw−  is discussed in chapter 3. For 

D2Q7 configuration, we approximate )',( rrw−  as  
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where, -K is a constant, representing the effective interparticle attraction potential when 

the attractive range is approximated to one lattice length r'- ∆=xx . On the other hand, for 

D2Q9 lattice configuration, we approximate )',( rrw−  as  
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In this case, Equation 6.15 can be simplified as  
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 (6.18) 

Therefore, Equation 6.18 shows that the interface thickness can be artificially 

enlarged to an appropriate value and the surface tension can be kept the same as the 

actual value by changing the constant K. In an actual application, the real surface tension 

is known at a specific temperature. Before simulating the practical problem, we first 

perform a series of auxiliary simulations for planar interfaces of different thicknesses and 

different inputs of the constant K. Among the combinations, we find out the value of K 

for a desired thickness and desired surface tension. With the value of K obtained for a 

specific temperature, we then perform the actual simulations for the real-world liquid-

vapor interfaces. 

6.1.2 Viscosity 

With the interface thickness enlarged artificially, we require that the fluid viscosities 

of both liquid and vapor are kept the same as the actual physical values. For the bulk 



 124 

phases, we can simply let the liquid and vapor viscosities be the same as their actual 

values. In the interface region, the diffuse interface model implies a smooth variation of 

the viscosity from one phase to another. However, the details of the viscosity profile 

across the interface are not completely understood yet. During the numerical iteration 

process, the fluid density profile across the interface is known. Therefore, we can 

correlate the viscosity with the local density inside the interface. In the present study, we 

use the linear correlation proposed by Holdych et al. (2004) as:  
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where ν is kinematic viscosity; n is fluid density; the subscripts L and V represent liquid 

and vapor, relatively.  

6.1.3 Thermodynamics 

We have defined thermodynamic consistency earlier in this chapter. To deal with the 

thermodynamic consistency, we start our discussion with the equation of state. In the 

current research, we use the vdW equation of state, which is (for details see Appendix 1) 

 2

1
an

bn
Tk

p b −
−

=  (6.20) 

The vdW constants a and b for CO2 can be obtained based on the critical thermodynamic 

characteristics, as shown in Appendix 2.  

Using Maxwell construction (see also Appendix 1), we can find out the saturated 

liquid and vapor densities at each specified temperature. Unfortunately, there is a large 

error between the theoretical values and the actual data for CO2. For example, at 

temperature 25oC, CO2 has the saturated liquid density 712.77 kg/m3, saturated vapor 

density 240.90 kg/m3, and saturated pressure 6.4121Mpa (see Appendix 2). According to 

vdW equation and vdW constants, the vdW equation gives the saturated pressure 

6.7439MPa based on the vapor density and 34.1935MPa based on the liquid density. The 

first pressure data is close to the actual saturated pressure. However, the second pressure 

data gives an error over 400%. To minimize the error and keep the thermodynamic 

consistency of other characteristics, we need to modify the constants of the equation of 
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state. This modification follows the approach by Holdych et al. (2004). For completeness, 

the detailed modification is documented below.  

First, the equation of state is written in the following form: 
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Where po is the bulk phase pressure at a specified temperature; the subscript V represents 

vapor; constants a´, b´, and c´ in Equation 6.21 can vary at each temperature; Vn is 

normalized bulk vapor density; n , the nondimensional density is defined as 

Ln
n

n =  (6.22) 

According to )()(')( nnnnp ψψ −= , the related free-energy density corresponding to 

6.21 becomes  
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Further, the chemical potential of the bulk fluid is: 
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For thermodynamic consistency, the saturated pressures in the two bulk phases are 

equal to each other and the same for chemical potentials at the two bulk phases, that is 

 oLV pnpnp == )()(  (6.25) 

)()( LV nn λλ =  (6.26) 

Substitution of Equation 6.21 into 6.25 yields 
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Substitution of 6.24 into 6.26 yields  
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Vn and Ln are known at each temperature. The unknowns in the three equations from 

6.27 to 6.29 are the three constants a´, b´, and c´. Therefore, the solution of the three 

equations gives the constants which keep the thermodynamics consistent with the actual 

physics.  

We take the saturated liquid-vapor CO2 at 25oC as an example. The CO2 properties 

are shown in Table 6.1. According to Equation 6.22, we find out Vn =0.3408. 

Substitution of the value of Vn into Equations from 6.27 to 6.29 yields a´, b´, and c´ as 

listed in the table. 

Table 6.1: CO2 saturated properties at 25oC (based on Table A2-1) 

T  

K 

p  

Mpa 

nL 

kg/m3 

nV 

kg/m3 
Vn   

nV / nL 
a´ b´  c´  

298 6.434 713 241 0.3408 9.48466 0.51574 5.09020 

 

6.2 Scaling of Mean-Field LBM to Actual Physical World 

In the framework of LBM, space, time, and the working fluid are all discretized, 

resulting in a regular lattice configuration, uniform time interval t∆ , and discretized fluid 

particles. At each time step t∆ , the discretized fluid particles travel to their neighboring 

lattice sites and there they collide with other arriving particles. In a LBM simulation, the 

three basic quantities, lattice length r∆ , time interval t∆ , and single fluid particle 

mass m∆  are assigned a value of unity. All other quantities in LBM are consequently 

nondimensional. When applying LBM to an actual engineering problem, LBM quantities 

should be scaled to meaningful actual quantities. In the following discussion, we would 

mention the phrase actual physical quantity or real-world problem (such as CO2) in 
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many places to distinguish them from the nondimensional quantities in LBM. For brevity, 

we use the single word reality to replace the phrase actual physical quantity or real 

problem.  

For single phase flow, the scaling process from LBM to reality appears trivial. First, 

we assign some meaningful values to the three quantities r∆ , t∆ , and m∆ . The rest of 

the real quantities are then derived accordingly. In such a scaling process, one has quite a 

bit of freedom to choose a value for r∆  to represent reality. For example, consider a real 

length scale of 0.01 m. One can use 100 LBM lattice units to represent the length by 

choosing r∆ = 0.1mm or use 500 LBM lattice units instead by choosing r∆ = 0.02mm. 

The real single particle mass m∆ can then be determined by fluid densities in both reality 

and LBM. Say, we take the LBM fluid density nLBM= 0.20 and have chosen r∆ =0.1 mm 

from reality. The real fluid density is, say, n=1.0 kg/m3. Then the single LBM particle 

represents a real mass of fluid m∆ =(1kg/m3)×( r∆ )3/nLBM=5×10-12kg. The real particle 

convection time t∆  can then be derived according to the sound speed (Succi, 2001). For 

example, say the real sound speed is cS=300m/s. The sound speed in LBM is determined 

by the lattice configuration. D2Q9, for example, has the sound speed 1/ 3 . Based on the 

two sound speeds, we find out that the particle convection time t∆  in reality represents 

t∆ = r∆ / cS / 3 =1.9245×10-7 second. So far, we are not sure if our selection of r∆ =0.1 

mm is good or not for a particular problem. Because the expression of fluid viscosity in 

D2Q9, for example, is represented as  
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−
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∆= τν
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Thus, the LBM relaxation factor � becomes 
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r
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∆
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= νω  (6.31) 

Suppose the real fluid viscosity to be studied is �=10-5 m2/s. Then we find �=1.99977 

for the selection of r∆ =0.1 mm. Therefore, this selection is not good for numerical 

stability. According to Equation 6.31, the appropriate r∆ should be much smaller. 

   For multiphase flows, on the other hand, the scaling process between LBM and 

reality becomes more complicated. The first paper to address the multiphase LBM 
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scaling issue systematically, to the best of the author’s knowledge, is due to Cates et al. 

(2005). In their paper, they illustrate clearly several open unanswered issues in the 

scaling for binary fluids.  

In this section, we show that the three quantities r∆ , t∆ , and m∆ are even more 

constrained for liquid-vapor two-phase flows. Actually, the requirements of both physical 

consistency and numerical stability constrain the selection of the three quantities to a very 

narrow range for liquid-vapor CO2 flows near the critical point.  

To show this problem, let us assume that r∆ , t∆ , and m∆  have been assigned some 

meaningful values for the time being. Accordingly, we can scale the rest of the real 

quantities to LBM as follows: 
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γγ
m
t

LBM ∆
∆=

2

 (6.36) 

νν 2r
t

LBM ∆
∆=  (6.37) 

LLLBM r
t νν 2, ∆

∆=  (6.38) 

VVLBM r
t νν 2, ∆

∆=  (6.39) 

The subscript LBM represents the quantities in LBM while the same notations without 

the subscript represent their real counterparts. We note that, in LBM, different viscosities 

in different fluid areas are realized through variable lattice relaxation time �, as discussed 

earlier in this chapter.  
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For scaling purpose, we start with Equation 6.20, the equation of state. Because the 

constants of Equation 6.21 have been defined appropriately for CO2, we express the 

constants of Equation 6.20 according to the constants of Equation 6.21:  

 2'
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According to the properties of CO2 at 25oC, we find that  
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In LBM, the same mathematical form for the equation of state as that of Equation 

6.20 is used: 
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This equation should hold for both liquid and vapor of the bulk phases. Therefore, we 

further have  
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With r∆ , t∆ , and m∆  specified in reality, we can also scale the vdW constants from 

reality to LBM as:   
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For thermodynamic consistency, the corresponding temperatures in both reality and 

LBM should have the same normalized temperature Tr: 
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where cT and LBMcT , are the critical temperatures in reality and LBM, respectively.  

Substitution of Equations 6.33 and 6.35 into 6.45 gives  
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Similarly, manipulation of Equations 6.34, 6.35, and 6.45 results in 
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Of the above two Equations 6.50 and 6.51, only one equation is unique. Thus, we 

have 10 effective governing equations for the scaling relation from reality to LBM, 

including: 6.33~6.36, 6.38~6.39, and 6.47~6.50. On the other hand, we have ten scaling 

unknowns in LBM: aLBM, bLBM, nLBM,L, nLBM,V, pLBM, TLBM, LBMcT , , �LBM, 

VLMB,ν and LLMB,ν . Therefore, the ten unknowns could be uniquely determined from the 

ten equations. It seems that we could specify r∆ , t∆ , and m∆ for reality without 

constraints from the requirements to keep the consistency of fluid physics in the three 

aspects.  

In fact, not every set of the 10 LBM quantities resulting in the scaling are appropriate. 

This is because the 10 quantities in LBM have to make sense in the framework of LBM. 

In liquid-vapor two phase-flow LBM, both the kinetic viscosity LBM and surface tension 

�LBM are limited to an appropriate range by numerical stability in LBM.  

First, we discuss the limitation on the value of viscosity in LBM. The kinematical 

viscosity in LBM is determined by the relaxation time �. Taking D2Q9 LBM as an 

example (similar to other LBM configurations), real fluid viscosity is expressed by 

equation 6.30. This equation shows that the relaxation time � is fixed if r∆ and t∆  are 

specified.  The relaxation time � in the equation is equal to the inverse of the relaxation 

factor �, as shown in Equation 6.31. For numerical stability in liquid-vapor two phase 

flow, the relaxation factor � should be close to or less than 1.0. Thus, the question arises: 
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Can the previous selection of r∆ and t∆  guarantee � close to or less than 1.0 for the 

requirement of numerical stability?   

To answer this question, we relate r∆ directly with t∆ based on Equations 6.47 and 

6.48: 

r
ab
ba

t
LBM

LBM ∆=∆  (6.52) 

where the ratio of the two vdW constants in LBM is expressed by Equation 6.50. 

Substitution of 6.50 into 6.52 gives 
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This equation shows the relation between t∆ and r∆ : Basically, t∆ is linearly 

proportionally to r∆  for a given liquid-vapor system. Substitution of Equation 6.53 back 

into Equation 6.30 or 6.31 yields  
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This equation applies to both liquid and vapor. It shows that the selection of x∆ is 

limited by the real fluid viscosity. If the fluid viscosity is large enough, we can let x∆ be 

larger and at the same time keep � less than 1.0 for numerical stability. For CO2, 

however, the kinetic viscosity is very small, of the order of 10-7 m2/s, as shown in 

Appendix 2. Such a small viscosity makes x∆  very small for numerical stability.  

Next, we discuss a similar issue related to surface tension. According to Equation 

6.36, the surface tension in LBM, �LBM is also determined when t∆ and m∆ are specified. 

Consequently, the interparticle attraction constant K of Equation 6.18 is also determined.  

In the LBM, K is incorporated into LBM iteration through a spatial derivative of the fluid 

pressure (see Equations 3.15, 3.22, and 3.30). Due to the rapid variation of fluid density 

in the interface region, a large value of K could lead to a local concentration of the force 

term, which in turn, could trigger a numerical instability. Here again, a similar question 

arises: Can the selection of t∆ and m∆ guarantee that the constant K is not large enough 

to cause a local concentrating force?   
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To answer this question, we work on the scaling equation for surface tension, 6.36. 

Based on Equations 6.47 and 6.48, we can express m∆ with r∆ : 

3r
b

b
m LBM ∆=∆  (6.55) 

Substitution of Equations 6.53 and 6.55 into 6.36 gives 
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This equation shows that the low surface tension (low force concentration) requires 

small r∆ and large m∆ . If the fluid surface tension is large enough, we can 

let r∆ represent a larger scale. For CO2 near the critical point, however, its surface tension 

is very small, in the order of 10-3 ~10-5 N/m, as shown in Appendix 2. Such a small 

surface tension requires the value of r∆ very small.  

Therefore, for a specific physical system, the selection of r∆ , t∆ , and m∆ is 

constrained by the numerical stability of LBM. The very small surface tension and 

viscosity of CO2 constrain r∆ to very small values. Accordingly, t∆  and m∆  are also 

constrained to be small based on Equations 6.53 and 6.55.  

In the implementation, we could use the following trial-and-error procedure to 

complete the scaling:  

1. Choose some values for r∆ , t∆ , and m∆ ; 

2. Solve the ten equations of the scaling relations from reality to LBM, including: : 

6.33~6.36, 6.38~6.39, and 6.47~6.50 and obtain the ten scaling variables: aLBM, 

bLBM, nLBM,L, nLBM,V, pLBM, TLBM, LBMcT , , �LBM, VLMB,ν and LLMB,ν ; 

3.  Compute the relaxation factor � according to Equation 6.55; 

4.  If the relaxation factor � is much larger than 1.0, then we adjust r∆ , t∆ , and/or 

m∆ and go back to step 2 until the relaxation factor � is close to or less than 1.0.  
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5. If the relaxation factor � is close to or less than 1.0, then the final values of r∆ , 

t∆ , m∆ , and the ten scaling variables could be what we want; 

6. Using the obtained nine scaling variables aLBM, bLBM, nLBM,L, nLBM,V, pLBM, TLBM, 

c
LBMT  VLMB,ν and LLMB,ν with a different values of constant K (fluid-fluid 

attraction constant) as the input, simulate a planar liquid-vapor interface at 

equilibrium on a small domain ( for example, we used 128×128). For each value 

of K, we compute the surface tension of the planar interface surface tension. To 

avoid extrapolation, different values of K are chosen until the resultant range of 

calculated surface tensions includes �LBM, the LBM surface tension scaled from 

the real surface tension. Then we find the exact K to represent �LBM by an 

interpolation. This completes the scaling from reality to LBM with the input of 

aLBM, bLBM, nLBM,L, nLBM,V, pLBM, TLBM, LBMcT ,  VLMB,ν , LLMB,ν , and K for specific 

real flow condition. If, however, the value of K is too large to obtain the 

converged LBM simulation, we need to adjust r∆ , t∆ , and m∆ , and go back to 

step 2, again. 

Obviously, the above trial-and-error process includes an adjustment for the three 

parameters r∆ , t∆  and m∆  and this process could be very time-consuming. In practice, 

however, we specify r∆ , bLBM, and LBMcT , instead, rather than r∆ , t∆  and m∆ . Among 

the replaced three parameters, bLBM, and LBMcT , can be specified as some reasonable 

values based on experience. For example, the common values of bLBM, and c
LBMT used are 

2/21 and 4/7, respectively. Having fixed these values, the relaxation factor � only 

depends on r∆ , as shown in Equation 6.48. Substitution of r∆ , bLBM, and LBMcT , and the 

real fluid properties into Equation 6.54 yields a specific value of �. If � is much larger 

than 1.0, its value can be adjusted by changing r∆ . Because � is now only a function 

of r∆ , the whole scaling process becomes much simpler.  

Table 6.2 shows the LBM scaling results for CO2 liquid-vapor system at 25oC. In the 

Table, the numbers i-1, i-2, and i-3 in the first column represent the three initial variables. 

The numbers r-1, r-2, and r-3 are the resultant variables. The scaling variables from 1 to 
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10 are obtained from the solution of the ten scaling equations. We list two options in the 

Table and both options yield relaxation factors close to 1.0. The first option 

with nmr   0.1=∆  is a feasible solution at which the constant K=0.06 is found. The 

second option with nmr   0.2=∆  gives the surface tension in LBM as almost two times 

that of the first option.  

Table 6.2: LBM scaling results of CO2 at 25oC 

Case 1 Case 2 Scaling 
Variables LBM Reality LBM Reality 

i-1 Tc 0.1 304 (°K) 0.38 304 (°K) 
i-2 r∆   1 0.001µm 1 0.002µm 
i-3 b  4/21 0.0007246 m3/kg 4/21 0.0007246 m3/kg 

 Tr 0.9796187 0.979618672 0.9796187 0.979618672 
1 T 0.0979619 298 (°K) 0.3722551 298 (°K) 
2 a 0.0676095 120.45 m5/(kg.s2) 0.2569162 120.45 m5/(kg.s2) 
3 m∆  1 2.628847E-25 kg 1 2.103078E-24 kg 
4 t∆  1 1.4612613E-12 s 1 5.69705E-12 s 
5 P 0.0522603 6.434 Mpa 0.198589 6.434 Mpa 
6 nL  2.7113406 713 kg/m3 2.7113406 713 kg/m3 
7 nV  0.9163713 241 kg/m3 0.9163713 241 kg/m3 
8888    ννννL    1.184E-01 8.105E-8 m2/s 1.154E-01 8.105E-8 m2/s 
9999    ννννV    1.208E-01 8.264E-8 m2/s 1.177E-01 8.264E-8 m2/s 

10101010    �    0.00454 5.584E-4 N/m 0.00862 5.584E-4 N/m 
r-1 ΚΚΚΚ    0.06000 NA (tbd) NA 
r-2 ωωωωL    1.169E+00 NA 1.182E+00 NA 
r-3 ωωωωV    1.160E+00 NA 1.172E+00 NA 

 

6.3 CO2 Liquid-Vapor Flow Regimes in Microchannels 

6.3.1 Simulation Setup 

We study CO2 flow regimes of sub-microchannels at 25oC, at which both experiment 

and molecular simulation are difficult to apply. In this dissertation, we focus on a 2D 

channel which is 200 nanometers high and 1000 nanometers long. We apply the first 
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option of the LBM scaling case with nmr   0.1=∆  listed in Table 6.2 to the following 

simulations. The channel dimension in LBM is therefore 200 lattice units high and 1000 

lattice units long.  

To specify a typical wettability of the channel wall, we first need to correlate the 

value of Kw, the fluid-wall interaction force coefficient (Equation 5.22) to the wettability 

or fluid contact angle. For this purpose, we performed a series of simulations of CO2 

droplet on a solid wall with a number of different wettabilities. The fluid domain uses 

400×100 (width×height) lattice units, with the initial velocity of zero specified 

everywhere on the domain. A periodic boundary condition is applied to the two sides of 

the domain while the no-slip wall condition is applied on the bottom wall. At the top of 

the domain, a symmetric boundary condition is imposed. The simulation is started with a 

small square block of the saturated liquid on the bottom wall with the rest of the domain 

specified as saturated vapor density. The liquid-vapor viscosities of LBM are input 

according to the first scaling option in Table 6.2. The flow becomes steady around 10,000 

time steps, but the calculation is continued for an additional 10,000 time steps till the 

spurious residual velocity in the domain is of O(10-7~10-8). At this point, the contact 

angle of the droplet is deduced from the average density contour line. The correlation 

between Kw and contact angle or wettability obtained from multiple simulations is shown 

in Figure 6.2, where the points are the simulations and the solid line is a piecewise best 

linear fit to the calculations.  
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Figure 6.2: CO2 liquid droplet on walls of different wettabilities 
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According to Figure 6.2, we can find the specific value of Kw through a linear 

interpolation to represent the desired wettability. For the partial wetting condition at the 

contact angle of 45o, for example, a linear interpolation gives Kw= 0.10996. For the 

partial non-wetting condition at the contact angle of 135o, similarly, we have Kw= 

0.065754. 

For CO2 liquid-vapor flow in the 200 nm microchannel, we study partial wetting 

condition at the equilibrium contact angle of 45o. Periodic boundary conditions are 

applied in the axial flow direction. For gas flow, the microscale solid boundary condition 

can be well approached with kinetic theory.  For microscale liquid flow and liquid-vapor 

flow on solid wall, on the other hand, much less have been understood (Barber & 

Emerson, 2006; Xu and Li, 2007). For this reason, the non-slip boundary condition is 

applied to the two walls of the channel for the current study. As initial condition, an 

alternating liquid and vapor pattern is distributed along the channel, as shown in Figure 

6.3. The vapor fraction or quality x is fixed in a simulation through specifying the relative 

length of the liquid and vapor columns. Let LL and LV represent the lengths of liquid and 

vapor column of each section, respectively, and Lc be the length of the channel. For a 

fixed vapor quality in the channel, we require  

cpVL LNLL =+ )(    (Np is an integer) (6.58) 

The vapor quality x in the channel is expressed as 
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Manipulation of Equations 6.58 and 6.59 yields 
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According to Equation 6.60, the liquid and vapor length for each x can be found with 

a specified Np.  Table 6.3 shows the liquid and vapor length for different x at a fixed 

Np=5.  
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The initial velocity field of the simulations is specified as a parabolic profile along the 

flow direction. To provide the motive force, a constant body force xixF fo =)( is applied 

in the axial direction, where f is a constant. Different Reynolds numbers (or mass flow 

rate) are realized through different f. For each vapor quality x, we simulate four different 

levels of body forces, each of which is different almost by an order of magnitude. In the 

following discussion, we denote them as level-1 (the maximum), level-2, level-3, and 

level-4 (the minimum), for simplicity. The four levels of forces are 1.662E+06, 

3.324E+05, 3.324E+04, 3.324E+03 MPa/m, for the most cases.  Only for the three cases 

at x=0.60, 0.80, and 0.90, their maximum force level is selected to be 9.972 E+05 MPa/m 

for numerical stability.  

Figure 6.3: A schematic of simulation setup for 2D channel flows, Lc and Hc are channel 
length and height, respectively; LL and LV represents liquid length and vapor length, 
respectively. 

Table 6.3: LL and LV at each x for CO2 at 25oC 

Condition x LV/(LV+LL) LL/(LV+LL) LV LL 
1 0.01 0.032 0.968 6 194 
2 0.03 0.091 0.909 18 182 
3 0.05 0.146 0.854 29 171 
4 0.1 0.265 0.735 53 147 
5 0.25 0.519 0.481 104 96 
6 0.5 0.764 0.236 153 47 
7 0.6 0.829 0.171 166 34 
8 0.7 0.883 0.117 177 23 
9 0.8 0.928 0.072 186 14 

10 0.9 0.967 0.033 193 7 

... ... L L L V V V 

Lc 

Hc LL LV 
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6.3.2 Transient Flow Patterns 

Before the simulation reaches a stationary state, the flow goes through a number of 

transient patterns. Prior to the discussion about stationary flow regimes, we present the 

transient flow patterns in this subsection. Only one example at x=0.70 and the maximum 

force level is presented to show the different patterns the flow experiences before 

reaching a stationary state. The flow condition is characterized by the Reynolds number 

Re, capillary number Ca , and Weber number We at its stationary state. These nominal 

non-dimensional parameters are defined on fluid properties:  

AV

AVCVnH
µ

2
Re =        (6.61) 

γ
µ V

Ca AV=        (6.62) 

γ

22
Re

VnH
CaWe AVC=⋅=                   (6.63) 

where AVn and AVµ are the fluid density and viscosity; γ is the surface tension; HC is the 

height of the channel; and V is the average flow velocity in the axial direction. These 

non-dimensional parameters express the competition between capillary force, viscous 

force, and inertia force. The present case gives Re=574.7, Ca=5.0304, and We=2891, 

indicating the dominance of inertia over viscosity and capillarity. 

The evolution of mass flow rate in the channel with time is used to indicate if the 

channel flow is converged to a stationary state or not. Figure 6.4 is the trace of non-

dimensional flow rate versus non-dimensional time. In reality, the full scales of the 

horizontal and vertical axes in Figure 6.4 are 8.76757E-07 second and 2.5186E-02 

kg/(m·sec), respectively. However, for convenience, LBM units are used in the plot.  

Figure 6.4 shows that the flow rate in the channel changes dramatically within the 

first 100,000 time steps, indicating a large variation of the flow patterns occurring in the 

channel. After 100,000 time steps, the flow rate fluctuates rapidly but in a semi-regular 

pattern, suggesting that the flow is approaching a stationary style. According to the time 

data of the flow rate, the flow pattern can be considered as stationary after about 400,000 

time steps.  
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Figure 6.4: Non-dimensional mass flow rate versus time, x=0.70, Re=574.7, Ca=5.0304, 
and We=2891 with the maximum driving force. In reality, the full scale of the horizontal 
and vertical axes is 8.76757E-07 second and 2.5186E-02 kg/(m·sec), respectively. 

The transitional flow regimes are displayed in Figure 6.5 using fluid density contours 

with black and white colors representing liquid and vapor densities, respectively. 

Different grey scales represent the variation of fluid densities across liquid-vapor 

interfaces. Figure 6.5 shows several transient flow regimes occurring before 600,000 time 

steps.  

Starting with the alternative liquid-vapor pattern with the length ratio of vapor over 

liquid LV:LL=177:23, as shown in Figure 6.3, each initial liquid column would change to 

a regular (circular) droplet due to the effect of capillarity if the fluid were static or at very 

low Reynolds number. Under the dominant action of inertia force, however, the droplet is 

deformed and the liquid-vapor interface is stretched in the flow direction. Before 40,000 

time steps, the deformed interfaces remain symmetric about the channel axis due to 

viscosity. With the evolution of the flow regimes for the period of 40,000 time steps, the 

capillary waves of the interfaces and the vortices behind the droplets cause the liquid 

droplets to develop asymmetries, as shown in Figure 6.5.  Due the relatively small 

capillarity, the liquid droplets cannot coalesce with each other. Instead, the deformed 

droplet is periodically distributed in the flow direction.  This flow pattern remains until 

65,000 time steps.  

Deformed droplet cascade 

Strip flow  

Wavy-annular flow  
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As the flow evolves further, the deformed droplets in the core of the channel 

evaporate and condense on the walls of the channel, leading to a wavy liquid layer on 

each wall. We call this flow pattern as wispy-strip flow which is the equivalent to wavy-

annular flow in a circular tube. At the time step between 95,000 and 100,000, the liquid-

vapor interface develops additional instabilities. The large relative shear between the 

vapor core and the slower moving liquid layer causes wispy strips of liquid to be formed 

and entrained into the core of the flow. The strips of liquid are generated alternatively 

from the two walls of the channel, with one end of the strip slipping on the channel wall 

and the other end flowing with the core vapor flow in the channel. The dominant effects 

of inertia cause the strips of liquid to stretch and twist with the flow. When a strip of 

liquid pinches off from the wall, it appears in the form of streaks or wisps of liquid, 

which is typical of wispy-annular flow in a circular cross section. The wisps of liquid in 

the core of the channel are atomized/evaporated and then deposited/condensed back on 

the walls of the channel, where new strips of liquid form.  

t=5k   t=40k 

t=45k t=55k 

t=70k t=95k 

t=105k t=235k 

t=410k t=600k 
Figure 6.5: The transient flow regimes before 600,000 LBM time steps 

Some late transients occur between the time step 200,000 and 300,000, during which 

large strips of fluid are formed and entrained into the core of the channel, leading to more 
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intense fluctuations in the mass flow rate, as shown in both Figures 6.4 and 6.5. For times 

steps larger than 300,000, the flow settles down into the stationary wispy strip flow 

regime.  

6.3.3 Stationary Flow Regimes and Transition Boundary Maps 

Stationary flow regimes vary with flow conditions, both vapor quality and driving 

force of the current study. The competition between capillary, inertia, viscous forces, and 

the surface wettability gives rise to a series of complex flow regimes. Table 6.4 lists the 

stationary flow regimes occurring under the forty flow conditions, with ten vapor 

qualities x and four levels of driving force xixF fo =)( at each x. The non-dimensional 

parameters, Reynolds number Re, capillary number Ca, and Weber number We for each 

condition, as defined earlier, are also included in the table. For each vapor quality, the 

Weber number varies over five orders of magnitude, from O(10-2) to O(103).  

In the literature, liquid-vapor flow regimes in channels are usually considered as a 

function of liquid and gas superficial velocities. For this reason, we also include the two 

superficial velocities and their related Reynolds numbers in Table 6.4. The superficial 

velocity for each phase is defined as the velocity of the specific phase as if only this 

phase flows though the channel. The superficial fluid velocity can be also considered as 

the volume flux of the specific phase through the channel. Mathematically, the liquid 

superficial velocity LJ and vapor superficial velocity GJ are expressed as: 
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The liquid and vapor Reynolds numbers based on the superficial velocities are 

defined as 
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Under the forty flow conditions, three major types of flow regimes occur in the 

current study: dispersed types, bubble types, and liquid strip types, as listed in Table 6.5.  

When vapor quality is at one of the two extremities, too small or too large, the flow 

regimes change little. The minor phase in the fluid is dispersed in the major phase and the 

fluid density appears uniformly distributed as if the flow is a single phase flow. Figure 

6.6 shows one example for each of the two types of the dispersed flow regimes, vapor 

dispersed flow and liquid dispersed flow. The vapor dispersed flow occurs at very low 

vapor quality and the small vapor composition in the fluid is dispersed in the continuous 

liquid phase. The fluid density appears uniform almost everywhere in the channel and its 

magnitude in the current study is around 99% of the saturated liquid density at this 

temperature. The exception is the density of the very thin layer of fluid on the walls, 

which is around 94% of the fluid density in the core area. This partial-wetting behavior 

on the walls has been described earlier in Figure 4.6 of this dissertation.  

The liquid dispersed flow, on the other hand, happens at the other extremity of very 

high vapor quality. Under this condition, part of the liquid in the flow forms a very thin 

liquid film on the walls of the channel, as shown in Figure 6.6 (2). The other part of the 

liquid is dispersed uniformly in the vapor phase. Similar to the vapor dispersed flow, the 

fluid density is uniform in the main area of the channel and the fluid density in the core 

area is slightly larger than the saturated vapor density. In the literature, this flow pattern 

is sometimes called mist flow.  

When vapor quality increases beyond a threshold, there is enough vapor composition 

in the channel to form a vapor bubble. Table 6.4 shows that the threshold to form a 

concentrated vapor bubble depends on both vapor quality and inertia, which is expressed 

by the non-dimensional parameters Re and We. At x=0.03, as shown in Table 6.4, the 

bubble in the flow occurs only at the maximum inertia level or the maximum Re and We, 

indicating that large flow inertia aids the coalescence of dispersed vapor to form a bubble 

at the low vapor quality. With the increased vapor quality to x=0.05, bubbles form at all 

four levels of Re or We, indicating that the threshold of vapor quality for bubble 

formation becomes independent of the flow condition at the higher vapor quality.  
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Table 6.4: Summary of flow conditions and results, for CO2 at 25oC 

x% 
f , 

MPa/m Re Ca We 
JG, 
m/s 

JL, 
m/s ReG  ReL Flow Regime 

1.662E+6 480.46 10.010 4810 0.98 97.20 4.85 470.46 dispersed vapor 
3.324E+5 96.26 2.0056 193.0 0.20 19.47 0.97 94.25 dispersed vapor 
3.324E+4 9.63 0.2006 1.93 0.02 1.95 0.10 9.43 dispersed vapor 

1 

3.324E+3 0.96 0.0201 0.0193 0.00 0.19 0.01 0.94 dispersed vapor 
1.662E+6 477.95 9.5559 4567 9.20 90.63 45.40 438.67 distorted bubble 
3.324E+5 94.34 1.8862 178.0 0.62 19.90 3.04 96.34 dispersed vapor 
3.324E+4 10.06 0.2011 2.02 0.06 1.99 0.30 9.63 dispersed vapor 

3 

3.324E+3 1.08 0.0215 0.0232 0.01 0.20 0.03 0.96 dispersed vapor 
1.662E+6 470.62 9.0449 4257 14.55 83.80 71.81 405.62 distorted bubble 
3.324E+5 98.15 1.8862 185.1 3.03 17.54 14.94 84.91 symmetric bubble 
3.324E+4 10.46 0.2011 2.10 0.32 1.87 1.59 9.05 non-wetting plug 

5 

3.324E+3 1.12 0.0215 0.0241 0.03 0.20 0.17 0.97 non-wetting plug 
1.662E+6 477.98 8.3794 4005 27.01 73.62 133.30 356.33 distorted plug 
3.324E+5 101.89 1.7862 182 5.76 15.70 28.44 76.01 symmetric plug 
3.324E+4 6.85 0.1201 0.8226 0.38 1.06 1.88 5.11 non-wetting plug 

10 

3.324E+3 0.69 0.0120 0.0082 0.04 0.11 0.19 0.51 non-wetting plug 
1.662E+6 699.31 9.7342 6807 77.24 71.31 381.21 345.16 wavy-stratified  
3.324E+5 139.32 1.9392 270.2 15.37 14.21 75.86 68.76 stratified 
3.324E+4 13.16 0.1831 2.4095 1.46 1.34 7.21 6.50 plug train 

25 

3.324E+3 1.32 0.0183 0.0241 0.15 0.13 0.72 0.65 plug train 
1.662E+6 680.16 7.1033 4831 112.61 34.22 555.77 165.64 wavy-stratified 
3.324E+5 140.26 1.4648 205.5 23.22 7.15 114.61 34.63 stratified 
3.324E+4 17.00 0.1776 3.02 2.83 0.87 13.98 4.20 plug train 

50 

3.324E+3 1.81 0.0189 0.0340 0.30 0.09 1.48 0.45 plug train 
9.972E+5 459.40 4.3726 2009 84.41 16.95 416.59 82.03 wavy-stratified 
3.324E+5 156.53 1.4899 233.2 28.38 5.81 140.07 28.14 intermittent strip 
3.324E+4 15.22 0.1449 2.21 2.76 0.57 13.60 2.74 stratified 

60 

3.324E+3 1.52 0.0145 0.0221 0.28 0.06 1.36 0.27 stratified 
1.662E+6 574.66 5.0304 2891 116.12 14.53 573.07 70.35 wispy-strip 
3.324E+5 173.14 1.5156 262.41 33.91 4.44 167.34 21.47 intermittent strip 
3.324E+4 17.29 0.1514 2.6170 3.33 0.44 16.45 2.14 liquid lump 

70 

3.324E+3 2.04 0.0178 0.0363 0.40 0.05 1.95 0.25 liquid lump 
9.972E+5 407.13 3.3027 1345 85.92 6.33 424.01 30.65 wispy-strip 
3.324E+5 196.57 1.5946 313.45 40.21 3.11 198.46 15.04 intermittent strip 
3.324E+4 21.02 0.1705 3.5834 4.30 0.33 21.20 1.60 liquid lump 

80 

3.324E+3 1.92 0.0156 0.0300 0.39 0.03 1.94 0.15 liquid lump 
9.972E+5 434.55 3.2877 1429 101.00 3.21 498.46 15.52 wispy-strip 
3.324E+5 234.30 1.7726 415.32 46.74 1.73 230.66 8.36 mist 
3.324E+4 21.82 0.1651 3.60 4.67 0.16 23.02 0.78 liquid lump 

90 

3.324E+3 2.37 0.0180 0.0426 0.51 0.02 2.51 0.08 liquid lump 
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Table 6.5: Summary of flow regimes, for CO2 at 25oC 

Liquid Dispersed Flow 
Dispersed Types 

Vapor Dispersed/Mist 
Flow 

note1: Dispersed flow occurs at the extreme vapor 
qualities, no variation of the flow regimes with Ca, Re 
and We; 

Symmetric Bubbly Flow 
 Bubbly Flow  

Distorted Bubbly Flow 

Single Plug 
Symmetric Plug Flow 

Plug Train 

Bubble Types 

Plug Flow 

Distorted Plug Flow 

Stratified Strip Flow 
Wavy-Stratified Strip Flow 
Intermittent Strip Flow 
Liquid Lump Strip Flow 

Strip Types 

Wispy Strip Flow 

note 2: Bubble flow occurs at low vapor quality, 
generally with low We; 
 
note 3: Liquid strip flow occurs at medium to high 
vapor quality, over the full range of We. 

   (1)   (2) 

Figure 6.6: Dispersed Types: (1)_Vapor dispersed flow, x=0.01, We=4810; (2)_Liquid 
dispersed flow, x=0.90, We=415.32. 

In the literature, a bubble equal to or larger than the channel scale is commonly referred to 

as a plug. As shown in table 6.4, a plug starts to form at x=0.05 with low Weber numbers of 

O(0.01~1), rather than high Weber numbers at the same vapor quality. Therefore, when vapor 

quality increases beyond the threshold, a large flow inertia does not allow the coalescence of 

dispersed vapor to form a bubble.  

Figure 6.7 shows the different types of bubble/plug flows appearing in the simulations. At 

low Weber numbers, the relative large capillarity keeps the bubble/plug in symmetry, yielding 

a symmetric bubble/plug flow. When Weber number increases to O(103), the bubble/plug 

becomes distorted (distorted bubble/plug) under the effect of the large inertia. On the other 

hand, at lower vapor quality (x=0.03~0.1), the flow pattern appears in the form of a single 

bubble/plug. When the vapor quality increases to x=0.25~0.50, the initial bubble pattern 

remains since the liquid bridge between two consecutive vapor bubbles is thick enough to keep 
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the plug train from coalescence with each other. This is why the bubble or plug trains form at 

small We at x=0.25 and 0.50. Among the plug flow patterns, it is noticed that two types of plug 

flows are encountered. One is a submerged plug at We~O(100), in which a liquid layer exists 

between the bubble and the channel wall. The other is a non-wetting plug at We~O(1) and 

lower, which completely adheres to the wall forming a dry patch. The non-wetting plug is 

characteristic of the partial-wetting and non-wetting conditions.  

 (1)  (2)  

 (3)  (4) 

 (5)  (6) 

Figure 6.7: Bubble Types: (1) Single, symmetric, submerged bubble flow, x=0.05 and 
We=185.1; (2) Single, distorted bubble flow, x=0.03, We=4567; (3) Single, symmetric, 
submerged plug flow, x=0.10, We=182; (4) Single, distorted plug flow, x=0.10, We=4005; (5) 
Single, symmetric, non-wetting plug flow, x=0.10, We=0.0082; (6) Symmetric, non-wetting 
plug train flow, x=0.50, We=3.02.  

At higher We numbers or higher vapor quality, the bubbles of the plug train merge with 

each other to form a continuous vapor core with a liquid layer relegated to the walls. This is 

similar to an annular flow of a circular pipe in the literature, which we call liquid strip flow in 

light of the 2-D channel geometry. An asymmetry of the strip flow pattern is caused by the 

partial-wetting properties of the channel walls. With a usual symmetric annular-like strip 

pattern, there are two layers of liquid, each on one side of the channel wall. The “drying layer” 

between the liquid layer and the partially wetting walls adds an additional liquid-vapor 

interface area to the fluid system, making it more sensitive to instabilities. Therefore, a 

symmetric annular-like strip pattern changes to an asymmetric stratified strip pattern with an 

initially larger or more unstable interface. At higher vapor quality x=0.25~0.50, the liquid mass 

decreases and the interface becomes more unstable. Consequently, a stratified or wavy-

stratified pattern occurs, as listed in Table 6.4 and Figure 6.8. In the 2D flows, we call the 
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stratified pattern or wavy-stratified pattern as stratified strip flow and wavy-stratified strip 

flow, respectively. The difference between a stratified strip and wavy-stratified strip is that the 

latter has a wavy interface due to the larger inertia effect at We~O(1000).  

As the vapor quality increases to x=0.70 or higher, there is not enough liquid to form a 

continuous liquid layer at the walls, such that an intermittent strip flow occurs as depicted in 

Figure 6.8 (3) and (4). The intermittent strip flow follows the form of a highly sheared liquid 

droplet and is of non-uniform thickness with distinct advancing and receding contact angles as 

it drags along the channel wall driven by the core vapor flow. The intermittent strip flow 

occurs at the medium We of O(100). At lower Weber numbers and higher vapor quality 

x>0.70, the small amount of liquid forms a droplet on the wall due to the relative large 

capillarity. Unlike in the intermittent strip flow, the relative velocity between the gas core and 

the liquid droplet is not high and the droplet is able to maintain its shape as it moves along the 

channel wall. This flow pattern is depicted in Figure 6.8 (5) and it is a typical liquid lump flow.  

 (1)  (2) 

 (3)  (4) 

 (5)  (6) 
Figure 6.8: Liquid strip types: (1) Stratified-strip flow, x=0.50, We=205.5; (2) Wavy-stratified 
or wavy-strip flow, x=0.50, We=4831; (3) Intermittent strip flow, x=0.70, We=262.41; (4) 
Intermittent strip flow, x=0.8, We=313.45; (5) Liquid lump flow, x=0.90, We=0.0426; (6) 
Wispy-strip flow, x=0.70, We=2891. 

At x>0.7 with the higher Weber number We~O(103), the large shear between the vapor core 

and the slower moving intermittent liquid layer near the wall tears off strips of liquid from the 

wall. Under this condition, one end of the liquid strip slips on the wall and the other end of the 

liquid strip is floating and flowing with the core vapor flow, as shown in Figure 6.8 (6). As 

described in the previous section (transient flow regimes), the dominant effect of inertia cause 

the strips of liquid to stretch and twist with the flow. Eventually, the strip of liquid pinches off 
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from the wall or part of the strip is entrained into the core of the flow, forming streaks or wisps 

of liquid, which is analogous to wispy-annular flow in a circular pipe. The wisps of liquid in 

the core of the channel are atomized/evaporated and then deposited/condensed back on the 

walls of the channel to form new strips. We call this type of strip flow as wispy-strip flow, due 

to its similarity to the wispy-annular flow in a circular tube. It is noted that both the wispy-strip 

flow and wavy-strip flow occur in the same range of We. The difference between the two is 

that a wispy-strip flow appears at a higher vapor quality. 

From the above discussions, it is clear that the flow regimes are largely dependent on the 

vapor quality and the Weber number with the fixed surface wettability. With the variation of 

the two factors, the interfaces either stay in a regular shape or are distorted and become 

irregular. Therefore, we further clarify the flow regimes into two broad categories of the 

regular which are more stable and the irregular which are more unstable. The regular flow 

regimes include:  

1) Symmetric bubbly/plug flow, including non-wetting bubble/plug flow; 

2) Bubbly/plug train flow; 

3) Stratified strip flow; 

4) Liquid lump strip flow. 

The irregular flow regimes include: 

1) Distorted bubble/slug flow; 

2) Intermittent strip flow; 

3) Wavy-stratified strip flow; 

4) Wispy strip flow.  

Table 6.6 documents these classifications. Figure 6.9 is a flow map which summarizes the 

flow regimes and their transitions presented above. In the Figure, the shadows areas represent 

the flow regime transition boundaries and the uncertainties with the limited data. The figure 

shows that the transition boundary between regular interface flow regimes and irregular 

interface regimes depends mainly on We number alone and exists near We=500~1000. The 

transition boundary between the bubble and strip regimes, on the other hand, depends mainly 

on vapor quality. When We<10, the transition occurs between x=0.5 and 0.6. When We>10, the 

transition occurs between x=0.10 and 0.20. As will be discussed in the next section (for the 
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shadowed area in Figure 6.9), when inertia is large enough to destroy the initial flow pattern, 

the transition boundary between the bubble and strip regimes depends only on vapor quality 

and exists between x=0.10 and 0.20. We should point out that the dispersed flow regimes at the 

two extreme conditions are not included in both Table 6.6 and Figure 6.9.  

Table 6.6: Regular and irregular flow regimes, CO2 at 25oC 

Symmetric Bubbly/Plug Flow 

Bubbly/Plug Train Flow 

Stratified Strip Flow 
Regular Flow 

Liquid Lump Strip Flow 

Distorted Bubbly/Plug Flow 
Intermittent Strip Flow 
Wavy-Stratified Strip  Flow 

Irregular Flow 

Wispy-Strip Flow 
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Figure 6.9: Liquid-vapor flow regime map of a microchannel, CO2, 25oC; The shadow bars 
represent the flow regime transition boundaries.  
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6.3.4 Effect of Initial Flow Conditions 

To examine the effect of initial flow conditions on the flow regimes, we change the initial 

fluid density patterns listed in Table 6.3 and perform additional simulations at vapor qualities 

of x=0.25 and 0.50. For x=0.50, the channel length is increased to 1200 LBM units such that 

the variations of the initial patterns could be accommodated easily. Different initial density 

patterns are simulated through changing the lengths of liquid and vapor columns LV and LL, as 

documented in Table 6.7. The two cases highlighted are the simulations listed in Table 6.3 and 

used to construct the flow map in the previous section. For each initial flow pattern listed in 

Table 6.7, the same four levels of body forces are simulated as before: 1.662E+06, 3.324E+05, 

3.324E+04, and 3.324E+03 MPa/m. For the smallest of the initial geometrical patterns with 

LV:LL=38:12 at x=0.50, the maximum force of 1.662E+06 MPa/m leads to numerical 

instabilities. Thus, the maximum force level is decreased to 9.972E+05 MPa/m for this case. 

Tables 6.8 and 6.9 summarize the computing matrix, the resulted stationary flow regimes, and 

the flow conditions, including Re, Ca, We, superficial velocities, and the Reynolds numbers 

based on the superficial velocities.  

Table 6.7: LL and LV at x=0.25 and 0.50 for different initial conditions 

x LV/(LV+LL) LL/(LV+LL) simulation LV LL 
1 13 12 
2 26 24 
3 52 48 

0.25 0.519 0.481 

4 104 96 
1 38 12 
2 76 24 
3 153 47 
4 230 72 

0.50 0.764 0.236 

5 306 94 

When We is of O(100), as shown in Tables 6.8 and 6.9, the different initial conditions do 

not change the final stationary flow regimes which converge to stratified strip flows. When We 

is of O(1000), the maximum inertia level, flow regimes appear as wavy-stratified strip flow at 

x=0.25 and mainly as wispy-strip flow at x=0.50, which is close to what was observed in the 

previous section.  
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When We is of O(1) or below, as shown in Tables 6.8 and 6.9, the flow regime switches 

between a strip type flow and a plug train flow with the variation of the initial conditions. In 

fact, an initially thinner liquid bridge between two consecutive vapor bubbles breaks during the 

flow evolution and all stationary flow regimes converge to a stratified-strip flow. When the 

initial thickness of the liquid bridge is thick enough, on the other hand, the initial bubble 

pattern remains and the stationary flow regime appears as a plug train flow. It is noticed that, a 

different vapor quality has a different threshold at which a liquid bridge breaks down. The 

results show that the higher the vapor quality, the easier a liquid bridge becomes unstable and 

results in a stratified-strip flow.  

Table 6.8: Summary of simulations for different initial conditions at x=0.25 

f 
(Mpa/m) LL:LV Re Ca We 

Uvs 
(m/s) 

Uls  
(m/s) 

Re-
vs  

Re- 
ls Regime 

12:13                 
24:26 706.1 9.6109 6786 72.96 71.51 360.1 346.1 wavy-stratified 
48:52 709.5 9.7495 6918 72.21 72.97 356.4 353.2 wavy-stratified 

1.662E+06 

96:104 704.5 9.7342 6857 70.88 73.27 349.8 354.6 wavy-stratified 
12:13 89.47 1.1909 106.5 9.64 8.66 47.59 41.93 stratified strip 
24:26 88.32 1.2009 106.1 9.16 8.91 45.21 43.12 stratified strip 
48:52 87.95 1.2083 106.3 8.95 9.05 44.15 43.80 stratified strip 

3.324E+05 

96:104 140.3 1.9392 272.1 14.12 14.59 69.67 70.63 stratified strip 

12:13 8.936 0.1190 1.063 0.96 0.87 4.75 4.19 stratified strip 
24:26 8.832 0.1201 1.061 0.92 0.89 4.52 4.31 stratified strip 
48:52 8.786 0.1207 1.061 0.89 0.90 4.41 4.38 stratified strip 

3.324E+04 

96:104 13.35 0.1831 2.445 1.35 1.38 6.69 6.66 plug train 

12:13 0.8933 0.0119 0.011 0.10 0.09 0.48 0.42 stratified strip 
24:26 0.8833 0.0120 0.011 0.09 0.09 0.45 0.43 stratified strip 
48:52 0.8789 0.0121 0.011 0.09 0.09 0.44 0.44 stratified strip 

3.324E+03 

96:104 1.3439 0.0183 0.025 0.14 0.14 0.68 0.66 plug train 

The flow regimes obtained at the different initial conditions listed in Tables 6.8 and 6.9 are 

plotted in the flow map of Figure 6.9, yielding the flow map as shown in Figure 6.10. The 

symbols in Figure 6.10 have the same meaning as in Figure 6.9.  An additional label “i” 

represents the flow regime obtained with the new initial conditions. The symbols without a 
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label or with a label “p” represent the previous flow regimes documented in Figure 6.9.  Figure 

6.10 shows that the wavy-stratified strip flow and wispy-strip flow appear in the same flow 

regimes, indicating the similarity between the two subcategories. In addition, two wavy-

stratified strip points appear in the region of stratified strip flow.  

In conclusion, the final stationary flow regimes do not change from one flow regime type 

to another with the variation of the initial flow patterns when the flow inertia is large enough or 

the liquid-vapor interface is thin enough such that the initial flow pattern is broken as the flow 

evolves towards a stationary state. Otherwise, the stationary flow pattern remains the same as 

that given as the initial flow pattern.  

Table 6.9: Summary of simulations for different initial conditions at x=0.50 

f  
Mpa/m LL:LV Re Ca We 

Uvs  
m/s 

Uls  
m/s 

Re-
vs  

Re-
ls Regime 

9.972E+05 12:38 433.5 4.4242 1918 65.69 23.01 324.2 111.4 wavy-stratified 
24:76 506.5 5.2480 2658 74.83 28.81 369.3 139.5 wispy-strip 

47:153 521.8 5.3806 2807 78.84 27.92 389.1 135.1 wispy-strip 
71:229 527.2 5.4772 2888 76.26 31.62 376.4 153.0 wispy-strip 

1.662E+06 

94:306 472.2 4.9029 2315 70.96 25.66 350.2 124.2 wispy-strip 

12:38 142.1 1.4476 205.8 21.62 7.49 106.7 36.27 stratified strip 
24:76 140.6 1.4517 204.0 21.41 7.81 105.7 37.80 stratified strip 

47:153 140.7 1.4527 204.3 21.09 7.69 104.1 37.23 stratified strip 
71:229 140.5 1.4563 204.5 20.96 7.79 103.4 37.69 wavy-stratified 

3.324E+05 

94:306 141.2 1.4676 207.2 21.01 7.88 103.7 38.14 wavy-stratified 

12:38 12.28 0.1249 1.533 1.86 0.65 9.16 3.17 stratified strip 
24:76 12.00 0.1238 1.485 1.80 0.66 8.87 3.19 stratified strip 

47:153 17.11 0.1738 2.974 2.60 0.90 12.85 4.37 Plug train 
71:229 17.62 0.1868 3.291 2.57 1.04 12.66 5.04 plug train 

3.324E+04 

94:306 18.95 0.1945 3.687 2.85 1.03 14.06 4.98 plug train 

12:38 1.227 0.0125 0.015 0.19 0.06 0.92 0.31 stratified strip 
24:76 1.200 0.0124 0.015 0.18 0.07 0.89 0.32 stratified strip 

47:153 2.121 0.0187 0.040 0.24 0.11 1.20 0.53 plug train 
71:229 1.234 0.0114 0.014 0.19 0.05 0.96 0.25 plug train 

3.324E+03 

94:306 2.894 0.0275 0.080 0.47 0.13 2.30 0.61 plug train 
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Figure 6.10: The effects of initial flow patterns on flow regimes; The same symbols with “i” 
represent the additional results for new initial conditions; The same symbols without label or 
with “p” represent the previous data in Figure 6.9.  

6.3.5 Comparisons with Other Flow Regime Maps 

In the literature, flow regime maps are often presented in terms of the liquid and gas 

superficial velocities.  Figure 6.11 is our flow regime transition map plotted against the liquid 

and vapor superficial velocities. All the flow regimes encountered in the present study are 

presented in the flow map except the dispersed flow regimes. In the figure, the thick solid line 

is the flow regime transition line between regular interface regimes and irregular interface 

regimes. It is noticed that the transition boundary is expressed as two connected straight lines, 

rather than one straight line in Figure 6.9.  
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Figure 6.11: 25oC CO2 liquid-vapor flow regime map of a microchannel; The thick solid line is 
the flow regime transient line between regular interface regimes and irregular interface 
regimes; The dashed line is the transient boundary deduced from the “universal flow map” by 
Hassan et al. (2005). 

In the studies of flow regime map in minichannels, Hassan et al. (2005) redefined the 

observed flow regimes into four groups: bubbly, intermittent (plug flow, plug-annular flow), 

churn, and annular, as discussed in Chapter 2. Based on their new categorization, they used 

many experimental data available in the literature together with their own data to propose two 

“universal flow regime maps” for both the horizontal tubes with diameters ranging from 1 mm 

to 0.1 mm (Figure 2.14) and for the vertical minichannels with diameters ranging from 1 mm 

to 0.5 mm (Figure 2.15). They found that the universal flow regime maps gave a good 

approximation of the regime transitions for all studies made so far for minichannels. According 

to our categories, we have deduced the boundary between regular interface flow regimes and 

irregular interface flow regimes based on their “universal flow regime map” for vertical flows, 

as shown in Figure 6.10. The thick dashed lines are the “universal transition lines” based on 

Hassan et al. (2005).  The figure shows that both, the present study and that by Hassan et al. 

have the transition boundaries consisting of two straight lines with one being horizontal. This 
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agreement in the general trend between the two implies that our simulations capture the basic 

flow mechanisms for the flow regime transition. While there is good agreement of the 

transition boundary in the liquid superficial velocity JL with our simulations, for the same JL a 

larger gas superficial velocity JG can be sustained before the liquid-vapor interface becomes 

irregular. The difference between the two is not a surprise considering that the “universal flow 

map” is based on the results of minichannels with very different fluid properties (large liquid-

gas density and viscosity ratios) than the current study.   

Serizawa et al. (2002) have also developed a complete flow regime map based on their 

experiments in a 20 µm channel, which is the smallest channel size studied in the literature. 

Their flow regimes include dispersed bubbly flow, slug flow, liquid-ring flow, and liquid lump 

flow, skewed barbecue shaped flow, annular flow, wispy annular flow, and liquid droplet 

flows, as reviewed in Chapter 2. To compare our results with those by Serizawa et al. (2002), 

first, we display our flow regime transition boundary between the bubble flows and the liquid 

strip flows on our flow map in Figure 6.12 in the double lines (a thick with a thin line)  (Figure 

12 is the same flow map as shown in Figure 6.11). It is interesting to notice that this transition 

boundary can be approximated by a straight line in this flow map while the same boundary is 

expressed by three connected straight lines in Figure 6.9.  

Figure 6.13 shows a comparison of this straight line on the flow map of Serizawa et al. 

(2002).  In the figure, the double line is our flow transition boundary from Figure 6.12 and the 

solid line is based on the flow map of Serizawa et al. (2002). It is noted that the transition 

boundary from our results and the experimental results by Serizawa et al. are very similar to 

each other. First, both can be approximated by straight lines. Second, the two straight lines can 

be approximated by the same slope. Third, the absolute locations of the two lines are close to 

each other on the flow map. The close agreement between our study and that by Serizawa et al. 

(2002) validate that our simulations are physically consistent and capture the important 

mechanisms of flow regime transitions from the bubble flow regimes to the strip flow regimes. 

As analyzed earlier, the transition boundary is determined by both We number and vapor 

quality, which includes the inherent effect of liquid-vapor thermodynamics, phase transition, 

viscosity, surface tension, and inertia.  Therefore, we can conclude that the current LBM 

simulations represent the related flow physics quite well.   
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Figure 6.12: 25oC CO2 liquid-vapor flow regime map of a microchannel; The double lines (a 
thick with a thin line) represents the flow regime transition boundary between bubble flows 
and liquid strip flows. 

It is noted that there is a significant difference of the flow conditions between our study and 

that by Serizawa et al. (2002): Our fluid is liquid-vapor CO2 flow near the critical point, while 

their fluid is air-water flow in a circular tube. Even though both studies are at the microscales, 

our channel scale is 0.2 �m and their channel scale is 20 �m, which is different by two orders 

of magnitude. With these large differences in flow conditions, it is noticed that there is still 

much similarity in the flow regimes and transition boundaries. Indeed, Serizawa et al. (2002) 

have shown that their flow regime map in microchannels is also similar to that of Manhane et 

al. (1974) which is obtained for macrochannels.  

6.4 Summary and Conclusions 

In order to include specific physical properties into the LBM simulations, we propose a 

scaling method to scale the LBM system to the physical system.  
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We apply the mean-field free-energy LBM of D2Q9 model to study CO2 flow regimes at 

25oC in a sub-microchannel with 200 nanometers high and 1000 nanometers long. The 

simulated wettability of the channel wall produces the equilibrium contact angle of 45o. Ten 

different vapor qualities are studied, from 0.01 to 0.90. For each vapor quality, four different 

levels of body forces are simulated, each of which is different almost by an order of magnitude, 

yielding that the Weber number varies over five orders of magnitude, from O(10-2) to O(103).  

 

Figure 6.13:  Flow pattern map for air–water in a 20 �m diameter silica channel by Serizawa et 
al. (2002); The thick solid line is the flow regime transition boundary separating the bubble 
flow regimes from the strip flow regimes based on Serizawa et al.; Double lines: the flow 
regime transition boundary by us. 

Under the forty flow conditions, three major types of flow regimes occur, including 

dispersed flow, bubble flow, and liquid strip flow. The dispersed flow includes vapor dispersed 

flow and liquid dispersed flow, which happen at the two extremities of the vapor quality. When 

vapor quality increases beyond a threshold, there is enough vapor composition in the channel 

to form a vapor bubble. The threshold to form a vapor bubble depends on both vapor quality 

and inertia. The bubble/plug flow includes symmetric and distorted, submerged and non-

wetting, and single and train types. The transition boundary between the bubble and strip 

regimes depends mainly on vapor quality. When We<10, the transition occurs between x=0.5 

and 0.6. When We>10, the transition occurs around x=0.10~0.20. When an inertia is large 

enough to destroy the initial flow pattern, the transition boundary between the bubble and strip 
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regimes depends only on vapor quality and exists between x=0.10 and 0.20. The liquid strip 

flow includes stratified strip flow, wavy-stratified strip, intermittent strip flow, liquid lump 

flow, and wispy-strip flow.  

We define the irregular flow regimes as all the flow regimes with a distorted interface, 

including distorted bubble/slug flow, intermittent strip flow, wavy strip flow, wispy-strip flow. 

The rest flow regimes are the regular flow regimes. With this definition, we find that the 

transition from the regular flow regimes to the irregular flow regimes occurs at 

We=500~1000, independent with the vapor quality.  

In addition, we obtain all the detailed transition boundaries of the flow regimes and present 

them in the form of two flow maps. One is in the form of vapor quality versus Weber number. 

The other is in the form of liquid superficial velocity versus vapor superficial velocity. The 

flow maps are compared with both the “universal flow regime map” by Hassan et al. (2005) 

and the most complete flow map for the minimum channel so far by Serizawa et al. (2002). 

Even though both comparisons are not one-to-one, the good agreement between our 

simulations and the experiments gives the evidence to believe that our simulations capture the 

basic and important flow mechanisms for the flow regime transition from bubble flow to strip 

flow and from regular flow regimes to irregular flow regimes.  

To the best of the author’s knowledge, our simulations are the first time to obtain a flow 

map with a numerical method. In addition, our flow map is the first flow map obtained so far 

for submicrochannel flows, both experimental or other. It is also the first iso-thermal flow map 

for CO2 flow near the critical point for mini- and micro-channels.  
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CHAPTER 7 MEAN-FIELD FREE-ENERGY D3Q19 LBM AND 

3D LIQUID-VAPOR FLOWS 

This chapter documents the mean-field free-energy LBM extended to three-dimensional 

(3D) flow fields. It includes details of the 3D implementation of the LBM model and the 

development of a 3D solid-wall boundary condition, including the treatment of duct corner 

points.  In the literature, there are three commonly used lattice configurations: fifteen-velocity 

D3Q15, nineteen-velocity D3Q19, and twenty-seven-velocity D3Q27. While all three lattice 

models can obtain accurate 3D results, D3Q19 configuration is used in our research due to the 

fact that D3Q19 is the best in terms of efficiency, accuracy, and robustness (Mei et al., 2000).  

As shown in Chapter 5, the common bounceback wall boundary treatment at walls leads to 

unphysical velocities at the walls in the presence of surface forces. A new 3D boundary 

condition is proposed which eliminates this problem. The 3D LBM is validated for the Laplace 

law of capillarity, and for static droplets on walls with different wettabilities. Finally, the 3D 

LBM is applied to the study of liquid-vapor flow regimes in a small-scale 3D duct.   

7.1 Mean-Field Free-Energy D3Q19 LBM 

 The geometry of D3Q19 lattice configuration is shown in Figure 7.1. Nineteen vectors of 

the lattice links are listed as follows: 
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where �r and �t are the lattice length and time step, respectively. The sound speed of the 

D3Q19 LBM model is 
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3
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where g R is the gas constant and T is the fluid temperature.  
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Figure 7.1: D3Q19 lattice configuration 

The lattice Boltzmann BGK equation (Qian et al., 1992; Chen et al., 1992) is used: 
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where x and ei represent the lattice site location and the direction vector in the ith lattice link, 

respectively; The lattice length �r and time step �t are set to �r=1 and �t=1; t and τ are the 

time in LBM and the relaxation time of particle collision, respectively. I is the number of the 

total lattice links, which is equal to 18 for D3Q19 configuration. fi(x,t) is the particle 

distribution function and ),( tf eq
i x  is the equilibrium particle distribution, which is given by 

Qian et al. (1992) as 
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u in above equation is the equilibrium velocity and wi (i=0,1, …I) are the weighting factors 

accounting for the variation of the different lengths of the lattice links. The weighting factors 

have the following values to recover the Navier-Stokes-like equations:  
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For liquid-vapor interfaces, the new non-local pressure equation developed in Chapter 3 is 

used as follows: 
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where �(n) is the local free-energy density of the fluid; n is the local fluid density, and � 

represents the total volume of the fluid system. The third and fourth terms are the mean-field 

representation of the interparticle attraction for the inhomogeneities of fluid density across 

liquid-vapor interface. The interparticle pairwise attraction potential )',( rrw−  is everywhere 

non-positive. For a homogeneous fluid system, the last two terms reduce to zero and Equation 

7.10 equates the pressure equation of equilibrium thermodynamics. 

The non-local pressure expressed by Equation 7.10 is incorporated into D3Q19 LBM 

through a fluid-fluid force term ffF defined based on Zhang et al. (2004b):   

    [ ]{ })()( 2 rrF ncnp Sff −−∇=                   (7.11) 

The force F on a fluid particle in multiphase flow includes fluid-fluid interaction ffF , fluid-

solid interaction Fsf, and other possible force Fo such as gravity and electric force.  That is 

     osfff FFFF ++=        (7.12) 

The total force F is incorporated into the LBM through the equilibrium velocity u (Shan & 

Chen, 1993; 1994) as: 
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The fluid density n, velocity v, and viscosity have the following forms:  
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Equations from 7.1 through 7.15 complete the definition of the mean-field free-energy 

D3Q19 LBM for liquid-vapor interfaces. 

7.2 Velocity-Boundary Condition with External Force 

In three-dimensions as in 2D, the widely used common bounceback condition leads to an 

unphysical velocity in the presence of a surface force at wall. As shown by Equation 7.13, an 

external force F inside the domain is incorporated into the LBM through the equilibrium 

velocity u. For the streaming and collision processes of the LBM, as represented by Equation 

7.5, F does not explicitly act on fluid particles. Instead, F is applied on a fluid particle through 

the equilibrium distribution functions ),( tf eq
i x . The fluid particle collision process on a solid 

boundary, on the other hand, is not simulated through the collision process and ),( tf eq
i x  by 

Equation 7.5, instead, it is through the extensively used common bounceback boundary 

condition. Mathematically, the common bounceback boundary condition results in  
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i
if e          (7.17) 

In the presence of external force terms, satisfying Equation 7.17 through the bounceback 

condition does not yield zero velocity on the surface of a wall, but leaves behind an unphysical 

velocity of F/2n in Equation 7.15. The magnitude of this unphysical velocity, based on 

Equation 7.40, is equal to Kw/2. It will be shown later that Kw can be any value from 0.0 to 

0.010 or even larger (depending on the fluid temperature studied). Accordingly, the magnitude 

of the unphysical velocity could be as large as that equivalent to the Mach number Ma=0.1.  
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In addition, this unphysical velocity is not due to the choice of the implementation of the 

external force term, F. In the literature, there are three ways usually to incorporate the force 

term into LBM. One is through Equation 7.15, as used in our present study. Another way is 

adding the force term directly to the lattice Boltzmann Equation 7.5. The third way is a 

combination of the above two, including the force term in Equation 7.5 plus defining an 

equilibrium velocity similar to Equation 7.15. All the three approaches produce a similar 

unphysical velocity on the wall if a surface force is present. Hence the development that 

follows has a broad range of applicability. 

To solve the problem of the unphysical velocity on a solid boundary, the boundary 

condition B2 with mass conservation for D2Q9 is extended to D3Q19 lattice configuration. 

Figure 7.2 shows a bottom wall with D3Q19 lattice configuration. The lattice site “p” on the 

bottom wall has six particle distribution functions come from the outside of the domain, which 

are f0, f3, f7, f10, f15, f17. The additional thirteen functions are known after a streaming step.  

 

Figure 7.2: D3Q19 lattice configuration on a bottom solid wall 

Based on Equation 7.15, we have three equations for the unknowns:  
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2/181614131211651715 zz FffffffffnVff −−+−++−+−=−          (7.20) 
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To guarantee the mass conservation, we impose the mass conservation for every time step 

through the microscopic activities of the fluid particles on the wall. During the time period of 

one time step, the fluid particles f0, f4, f8 f9, f16, and  f18 leave the domain at the instant t+0, while 

the fluid particles f0, f3, f7, f10, f15, f17 enter the domain at the instant (t+1)-0. The mass 

conservation at the lattice site p requires: 

17151073181698400 ffffffffffff tttttt −−−−−+++++=          (7.21) 

On the other hand, due to the non-penatratable solid wall, no energy gain or loss happens 

for the microscale particles on the wall at the iso-thermal process. This energy conservation 

requires: 

ttttt ffffffffff 181698417151073 22222222 ++++=++++          (7.22) 

Similar to the 2D boundary condition, we use the bounceback condition for f3, the particle 

distribution function in the normal direction to the wall. With a fluid velocity v specified on 

the wall (e.g., V=0 for a static solid wall with the non-slip boundary condition) and the 

application of the bounce back condition for f3, we have five Equations 7.18 ~7.22 for the five 

unknowns f0, f7, f10, f15, f17.  We solve the linear equation system and obtain the five unknowns 

as: 
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2/181615141312116517 zz FfffffffffnVf ++−++−−+−+−=          (7.25) 

So far, we complete the definition of the required boundary condition, which eliminates the 

unphysical velocity on the wall boundary condition due to a surface force. With all the particle 

functions defined, the fluid density on the wall is then obtained based on Equation 7.14. 

The new boundary conditions on the other solid walls of a flow domain, such as a top wall, 

left and right side walls, are implemented in a similar way.  
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At the corner of a rectangular duct, the above boundary condition cannot be applied 

directly to the lattice site there and a special treatment is needed. Figure 7.3 shows a lattice site 

p aligned up with a corner point between a top and back walls of a duct.  At this lattice site, ten 

unknown particle distribution functions come from the outside of the domain, which are f0, f4, 

f5, f8, f9, f11, f14, f15, f16, and f18.  The additional nine functions come from inside the domain and 

therefore are known after a convection step.  

 

Figure 7.3: D3Q19 lattice configuration at corner between a bottom and top wall 

Based on Equation 7.15, we have the following three equations:  

2/131210721141189 xx FffffffnVffff −−++−+−=−+−          (7.26) 

2/17107431898 yy FfffffnVfff ++++−+−=++          (7.27) 

2/17131265181411 zz FfffffnVfff −++++−=++          (7.28) 

To guarantee the mass conservation, we impose the mass conservation at every time step 

for the fluid particles at the corner. During the time period of one time step, the fluid particles 

f0, f3, f6, f7, f10, f12, f13 , f15, f16, and f17 leave the domain at the instant t+0, while the fluid particles 

f0, f4, f5, f8, f9, f11, f14, f15, f16, and f18 enter the domain at the instant (t+1)-0. The mass 

conservation at the lattice site on the boundary requires: 
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With the bounceback boundary condition for the particle functions along the directions 

normal to the walls, we have f4 and f5, determined. The remaining eight unknowns include f0, 

f8, f9, f11, f14, f15, f16, and f18 with the four equations 7.26~7.29 plus the energy conservation 

condition. Therefore, there are three free constants which supply us some flexibility in the 

simulation. The three free constants supply us many options to define the boundary condition, 

which all satisfy the flow physics and also eliminate the unphysical velocity in the presence of 

a surface force.  

In this dissertation, we fix the three free constants as: 

tff 00 =          (7.30) 

tff 1515 =          (7.31) 

tff 1616 =          (7.32) 

The above three equations 7.30~7.32 are equivalent to the assumption that the static 

particle f0 and the moving particle outside the domain f15 and f16 remain unchanged before and 

after the particle collision. Consequently, Equation 7.29 becomes  
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Further, the energy conservation requires 
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Now, we have five unknowns f8, f9, f11, f14, and f18 with five equations 7.26~7.28, 7.33 and 

7.34. With the fluid velocity v specified on the wall (e.g., V=0 for a static solid wall with non-

slip boundary condition), we solve the linear equation system and obtain all the unknowns.  

The new boundary condition for the other corners, such as top-front corner, bottom-front 

corner, and bottom-back corner, is implemented in a similar way.   
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7.3 Numerical Implementation 

To implement the LBM numerically, a representation of the local free-energy density )(nψ  

is needed. The form given by van Kamper (1964) is used for this purpose, 

Tnkan
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n
Tnkn bb −−

−
= 2

1
ln)(ψ     (7.35) 

where a and b are the van der Waals constants, which are specified as a=9/49 and b=2/21 in 

the current numerical simulations, bk is the Boltzmann constant, and T is the temperature. 

Equation 7.35 results in the well-known van der Waals equation of state, that is 
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where 0p is the thermodynamic pressure at equilibrium of the bulk phases.  

The attraction potential ),( r'rw−  is approximated as  
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where, the constant -K represents the effective fluid-fluid interparticle attraction potential when 

the attractive range is approximated to one lattice length r'- ∆=xx . Kf is the decay factor of the 

interparticle attraction when the distance changed from r∆ to r∆2 . We use K=0.01 in the 

simulations all through this chapter.  

Similar to the model used for D2Q9 lattice configuration in the last chapters, the solid-fluid 

attraction force Fsf is simulated consistent with the fluid-fluid interaction. That is, the wall is 

considered as a solid phase with a constant “fluid” density sn and the solid-fluid attraction is 

expressed as: 
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where n(xs) is the “fluid” density of the solid wall at the solid location xs, and Ksf is the solid-

fluid attraction coefficient. If we let  

)( sssfW nKK x=       (7.39) 

Then Equation 7.38 becomes 
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The constant Kf in Equations 7.38 and 7.40 is the same as in Equation 7.37 to simulate the 

decay of the attraction between two particles. As a result, Equation 7.40 includes only one 

constant KW to simulate the wetting property of a solid wall.  

7.4 Simulation of the Laplace Law of Capillarity 

The liquid-vapor system at the temperature kbT=0.55 is simulated with the fluid-fluid 

attraction K=0.01 and the particle collision relaxation time 1=τ . In the literature, most authors 

use a different value for the distance decay factor of interparticle attraction Kf, such as Kf=1/2 

or 1/4. For all 3D simulations in this dissertation, we use the fixed value Kf=1/2. The present 

simulations are performed with the domain of 100×100×100 lattice units. The periodic 

boundary condition is applied on the six side surfaces of the cubic domain. We start our 

simulations with a cubic block of liquid located at the middle of the domain surrounded by the 

vapor everywhere else. With the iteration continued, the droplet evolves from the initial cubic 

shape to a spherical one around the time step 5,000. Beyond this time, the droplet radius 

changes little when measured from the center of the droplet in a few different directions. To 

obtain the results with smaller residual spurious velocity, the simulations are continued to the 

time step 10,000, where the residual spurious velocity attains to the order of O(10-11)~O(10-14) 

for all the simulations. In the following presentation, the results at the time step 10,000 are 

taken as the equilibrium results.  

Figure 7.4 plots each iso-density surface of five different droplets at equilibrium obtained 

and Figure 7.5 displays the cross sections of the droplet density contour on the three coordinate 
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planes drawn from the middle of the droplet. The black color of the contour represents the 

liquid density while the white color expresses the vapor density. The different color layers 

between the two represent the density variation of the liquid-vapor interface. The contours on 

the different planes verify the well-developed droplet geometry. Figure 7.6 plots the pressure 

difference inside and outside of each droplet.  The solid line is the linear correlation of the 

LBM results, indicating that the pressure difference across the droplet increases linearly with 

the decrease of the droplet radius. This linear property of our simulation represents very well 

the linear characteristic depicted by the Laplace law.  

 

 
Figure 7.4: Simulated droplets in vapor at kbT=0.55 with 100×100×100 lattice units. 

According to the Laplace law of capillarity, the fluid pressure of a droplet at equilibrium 

satisfies the following equation:  

R
PP outin

γ2=−  (7.41) 

where Pin and Pout are the fluid pressure inside and outside a droplet; � is the surface tension 

and R is the radius of the droplet. Accordingly, the half of the slope of the correlation line in 

Figure 7.6 gives the surface tension of the liquid-vapor system, that is, �=0.007725. As has 

been shown in Chapter 3, the exact solution of the surface tension based on the mean-field 

theory gives 0.00824 for kbT=0.55. Hence, the surface tension of the present simulations is 

consistent with the analytical solution of the mean-filed theory within the uncertainty of 7% .  
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Figure 7.5: Simulated droplets in vapor at kbT=0.55 with 100×100×100 lattice units. 

7.5 Droplets on Walls with Different Wettabilities 

In this section, we examine the capability of the current 3DQ19 model to simulate different 

wettabilities of solid wall. According to the well-known Young’s wetting law, different 

wettabilities of solid walls produce different contact angles at equilibrium. The Young’s law 

governs the theoretical relation between fluid surface tensions and contact angle as: 

slsve γγθγ −=cos  (7.42) 

where eθ is the equilibrium contact angle, andγ , svγ , and slγ are surface tensions of liquid-vapor, 

solid-vapor, and solid-liquid, respectively. For a liquid-vapor system, γ is a constant at a given 

temperature, and svγ and slγ are determined by the molecular attractive characteristics of the 

solid wall to the liquid-vapor system. At present, the wettability is modeled by the parameter 

KW, as shown in Equations 7.38 and 7.40. Therefore, the capability of the current model to 

simulate different wettabilities is expressed by the relation between the equilibrium contact 

angle eθ and the parameter KW from the simulation results. 

The liquid-vapor system is computed at the temperature, kbT=0.55 and with the collision 

relaxation time 1=τ . We study the domain with 100×100×100 units, with a periodic boundary 

condition applied to the left-right and back-front sides of the domain. The non-slip solid 

boundary condition is imposed on the bottom wall while a symmetric boundary condition is 

specified on the top of the domain. The simulations start with the initial velocity of zero 

everywhere over the domain, with a small cubic block of the liquid placed on the bottom and 

the rest of the domain specified as the vapor. The liquid-vapor system attains the equilibrium 
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states at around the time step 6,000, after which the droplet radius changes little. To obtain 

smaller spurious residual velocity, the iterations are continued to the time step 10,000, which 

are taken as the equilibrium results.  
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Figure 7.6: Pressure difference between inside and outside for different droplet sizes, kbT=0.55, 
K=0.01. 

Figure 7.7 shows the iso-density surface at the averaged fluid density of the droplets on a 

few typical solid walls simulated. It shows that the different values of KW produce different 

contact angles, as expected. When the solid-fluid attraction is small, the droplet completely 

detaches from the wall due to the relatively stronger fluid-fluid attraction. As demonstrated in 

Figure 7.7, a dry wall occurs at 02.0=WK , with no liquid wetting the solid surface. When KW 

increases beyond 0.02, the droplet starts to attach the solid wall. With a further increase in KW, 

the contact angle decreases continuously. When KW increases to 0.05 and beyond, the liquid 

wets the wall completely and the droplet becomes a layer of liquid film on the wall.  

To find the contact angle of each droplet on the walls, a plane normal to the solid wall is 

used to bisect the droplet from its middle and the contour line plotted at the averaged fluid 

density on the bisecting plane is shown in Figure 7.8.  The contact angle is then computed 

based on the contour line. For some droplets, it is difficult to obtain the exact contact angle due 

to the irregular shape of the contour lines plotted at some specified value of the fluid density. 

The left plot in Figure 7.9 shows such an example. In this situation, the contour line at a 
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different density value is chosen as a replacement such that the new contour line can be a more 

circular approximation to the contour line, as shown in Figure 7.9.  

 
                      (a)                                             (b)                                            (c) 

 
                      (d)                                              (e)                                            (f) 

 
                      (g)                                                (h)                                           (i) 
 

Figure 7.7: Droplets on wall with different wettabilities. (a) KW=0.01, (b) KW=0.02, (c) 
KW=0.025, (d) KW=0.03, (e) KW=0.035, (f) KW=0.0375, (g) KW=0.04, (h) KW=0.05; (i) KW=0.08.  

Figure 7.10 displays the calculated contact angles at different values of KW, where the solid 

circles are the LBM results and the solid line is the best linear fit to the LBM results. This 

figure shows that the relationship between the contact angle and KW is approximately linear, 

which agrees well with the independent studies by Yang et al. (2001), and Zhang et al. (2004b) 

in the 2D simulations. These results show that the present D3Q19 model can represent the 

whole range of wettabilities, from the completely non-wetting (dry surface), through the 
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partially wetting, and finally to the complete wetting. All the different wettabilities are 

represented through only the variation of the attraction strength KW, which is consistent with 

MD simulations (Barrat and Bocquet, 1999).   

 

Figure 7.8: Interfaces of droplet on wall with different wettabilities, kbT=0.55. 

 

Figure 7.9: Interfaces of droplet on wall with different wettabilities, KW =0.025, kbT=0.55. 

7.6 Liquid-Vapor Flow Regimes in 3D Microducts 
Liquid-vapor flow regimes have been studied in the last chapter for a 2D channel with the 

dimensions of 200×1000 lattice units. It takes about a week to simulate a stationary flow 

regime with the computer system SGI Altix (128 processors each with 1.6 GHz) without 

parallel functions added in the LBM source codes. A computation for a 3D duct flow in 

200×200×1000 lattice units, accordingly, would take approximately three years with the same 

computer system. Considering such a demanding resource for the 3D computation, the current 

study is to compute a 3D square cross section duct with much less lattice units. The purpose for 

the current study is:  
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1. To further test the plausibility of the three dimensional theory and the developed 

computer program for 3D ducted flows;  

2. To augment the conclusions of the 2D flow regime studied in the last chapter 

through the limited studies of the 3D computations; 

3. To maximize the range of the possible applications of the obtained 2D flow regime 

map through examining the similarities and differences between the 2D and the 3D 

results;  

4. To extrapolate the limited 3D information to the possible new 3D flow regimes 

which might occur.   

5. To study the effects of different wettabilities on flow regimes.  
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Figure 7.10: Relation between contact angle and KW, kbT=0.55; Solid points are LBM 
simulations and solid line is their linear correlation. 

7.6.1 Simulation Setup and Procedures 

Liquid-vapor flow regimes are simulated in a square duct with the dimension of 

32×32×160 lattice units. The fluid is studied with the collision relaxation time �=1.0 and at the 

temperature kbT=0.55. The surface tension of the liquid-vapor system at this temperature is 

�=0.00824 as obtained in Chapter 3 and the kinetic viscosity is �=0.166667 according to 

Equation 7.16. The wettability of the wall is firstly simulated with KW=0.04, which gives the 

contact angle 42.80o at equilibrium according to the static droplet test on a solid wall 
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performed in the last section. Periodic boundary condition is applied at both the inlet and outlet 

of the duct and the newly developed non-slip boundary condition is imposed on all solid walls 

of the duct. Initially, an alternating rectangular liquid and vapor columns are distributed along 

the channel, as shown schematically in Figure 7.11. Thus, each simulation has a fixed vapor 

quality x by specifying the lengths of the liquid and vapor columns.  

Figure 7.11: A schematic of simulation setup for 3D square duct flows, Lc and Hc are channel 
length and height, respectively; LL and LV represents liquid length and vapor length, 
respectively. 

Let LL and LV represent the lengths of the liquid and vapor columns of each section, 

respectively, and let Lc be the duct length. For a given vapor quality x, we can define the 

relative length of the vapor and liquid columns according to the following equation obtained in 

the last chapter: 

LV

L

LV

V

xnxn
xn

LL
L

+−
=

+ )1(
 (7.43) 

For the current study, seven vapor qualities are simulated, including x=0.05, 0.1, 0.15, 0.25, 

0.5, 0.7, and 0.8. For each vapor quality, the liquid and vapor column lengths are chosen based 

on Equation 7.43 and are listed in Table 7.1. 

We start each simulation with a uniform velocity distributed over the domain. A body force 

xixF fo =)( is applied in the axial direction to sustain the fluid flow. Different Reynolds 

numbers are simulated through using different force magnitudes f. For each vapor quality x, we 

simulate two different body forces at f =0.00104 and 0.00208. Table 7.2 summarizes the 

computing matrix for the study with the fixed wall wettability. 

... ... L L L V V V 

Lc 

Hc LL LV 
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Table 7.1: LL and LV at a specified vapor quality  x  

Condition x LV/(LV+LL) LL/(LV+LL) LV LL 
1 0.05 0.108 0.892 4 36 
2 0.10 0.203 0.797 8 32 
3 0.15 0.289 0.711 12 28 
4 0.20 0.365 0.635 15 25 
5 0.25 0.434 0.566 17 23 
6 0.50 0.697 0.303 28 12 
7 0.70 0.843 0.157 34 6 
8 0.80 0.902 0.098 36 4 

Table 7.2: Summary of the flows with fixed wettability, KW=0.04, duct 32×32×160  

x f  Re Ca We Regime 
0.05 0.00104 8.43 4.301 36.24 vapor dispersed flow 
0.05 0.00208 16.85 8.602 144.95 vapor dispersed flow 

0.1 0.00104 8.43 4.040 34.06 vapor dispersed flow 
0.1 0.00208 16.86 8.079 136.20 vapor dispersed flow 

0.15 0.00104 8.10 3.621 29.34 corner bubble train 
0.15 0.00208 16.98 7.596 129.00 corner stratified flow 

0.25 0.00104 7.51 3.054 22.93 corner stratified flow 
0.25 0.00208 15.00 6.102 91.56 corner stratified flow 

0.5 0.00104 6.15 1.959 12.05 stratified flow 
0.5 0.00208 12.30 3.916 48.18 stratified flow 
0.7 0.00104 6.41 1.733 11.10 wedging liquid flow 
0.7 0.00208 12.81 3.466 44.40 wedging liquid flow 

0.8 0.00104 6.76 1.728 11.69 wedging liquid flow 
0.8 0.00208 13.53 3.455 46.74 wedging liquid flow 

To study the effects of different wall wettabilities on flow regimes, we perform the 

computations with KW=0.028, 0.04 and 0.07 at the fixed vapor quality x=0.20. The three values 

of Kw, as obtained in the last section, produce the three different contact angles 136.91o, 42.80o, 

and 0o at equilibrium, respectively. For each wetting condition, four different driving forces are 

simulated, including f=5.2E-5, 5.2E-4, 0.00208, and 0.00418. Table 7.3 summarizes the 

simulations for the different wettabilities.  

During LBM iterations, mass flow rates, averaged values of fluid density and velocity on a 

specific cross section of the duct are recorded.  The time data of the mass flow rates are used to 
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indicate if the flow regime arrives at a stationary state. Figure 7.12 is an example of the mass 

flow rate in the case of KW=0.04, x=0.20, and f=5.2E-5. The time evolution of the flow rate 

shows that the flow fluctuates during the first 20,000 time steps. After 20,000, the flow 

approaches a stationary state. To obtain the stationary results in a longer period of time, the 

simulations are continued until the time step 100,000. The mass flow rate, fluid density, and 

velocity at the cross section are then averaged over the whole stationary period in the complete 

cycles. In addition, the flow patterns at the time step 100,000 are also documented as the 

stationary flow regimes.  

Table 7.3: Summary of flow regimes at different wettabilities, duct 32×32×160, x=0.20 

KW/�eq f Re Ca We Regime 
0.00005 0.52 0.222 0.11 stratified flow 
0.00052 5.16 2.218 11.45 stratified flow 
0.00208 19.85 8.521 169.14 corner stratified 

0.028/136.91o 

0.00416 41.24 17.714 730.47 stratified flow 

0.00005 0.38 0.162 0.062 corner bubble train 
0.00052 3.84 1.621 6.22 corner bubble train 
0.00208 15.89 6.721 106.81 corner stratified flow 

0.040/42.80o 

0.00416 31.70 13.409 425.10 corner stratified flow 

0.00005 0.25 0.103 0.026 annular flow 
0.00052 2.49 1.034 2.58 annular flow 
0.00208 9.98 4.134 41.24 annular flow 

0.070/0o 

0.00416 19.95 8.268 164.93 annular flow 

With the overall averaged mass flow rate, fluid density, and velocity obtained, the Reynolds 

number Re, capillary number Ca, and Weber number We  of the duct flow are defined 

according to the following equations: 

AV

CAV VHn
µ

=Re    (7.44) 

γ
µ V

Ca AV=    (7.45) 
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CaWe CAV=⋅=  (7.46) 
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where AVn , AVµ  and V are the overall averaged fluid density, viscosity, and flow velocity; � is 

the surface tension and HC is the height of the square duct. The ratio of the Weber number to 

the capillary number defines the Reynolds number of the flow. Table 7.2 lists the Reynolds 

numbers, capillary numbers, and Weber numbers at the fixed wettability and Table 7.3 displays 

the results at x=0.20 for the three different wettabilities.  
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Figure 7.12: Mass flow rate versus time at KW=0.04, x=0.20, and Ca=0.162.  

Figure 7.13 displays a number of snapshots of the transient flow patterns for the same flow 

condition as presented in Figure 7.12. The characteristic parameters of the flow are KW=0.04, 

x=0.20, Ca=0.162, and Re=0.38. The flow pattern is expressed by the iso-density surface at the 

averaged fluid density. The magnitudes of the capillary and Reynolds numbers indicate that the 

surface tension is the largest and the inertia is the smallest in the order of the magnitude among 

the three forces: capillary, viscous, and inertia. The equilibrium contact angle �eq=42.80o with 

KW=0.04 indicates that the duct wall provides a strong attraction to the fluid, which is 

competitive to the capillarity.  

Under the strong capillary effect, the initial cubic blocks of vapor evolve quickly to form a 

round interface around the time step t=180. The initial rectangular bubble shape is shorter in 

the flow direction, as shown in Table 7.1, with only 15 lattice units. The competitive attraction 

from the walls makes the narrow bubble deviate more from a spherical shape, as shown with 

the flow pattern at t=16,000. On the other hand, the partially wetting wall cannot supply 

enough attraction to maintain a liquid layer between the bubble and the wall. Instead, a dry 
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patch with a specific contact angle forms between the wall and the bubble to satisfy the 

requirement of the equilibrium contact angle �eq=42.80o. Furthermore, two factors determine 

the size of the bubbles. One is the largest capillary force among the three forces, capillary, 

viscous, and inertia, which keeps the bubbles separated from each other and no bubble 

coalescence happens in the flow. The second is the specific vapor quality, which is not large 

enough to form a larger bubble reaching all the walls of the duct. During the competition 

between capillarity, wettability, viscosity, and inertia, the capillary waves of the interfaces 

cause the bubble to lose its symmetric property and attach to a wall or corner of the duct. The 

two walls of a corner supply additional attraction to the fluid near the corner, such that the 

bubble pattern at the corner is formed as a replacement to the bubble on one wall. Under the 

present condition, the bubbles reach the corner between the top and back walls around 

t=18,000. Since then, the flow pattern is then stabilized shortly, as shown in both Figures 7.12 

and 7.13.  

 
                        t=180              t=16,000 

 
  t=20,000      t=22,000 

 
                t=92,000      t=100,000 

Figure 7.13: Snapshots of the flow patterns in the transient process, Kw=0.04, x=0.20, 
Ca=0.162, and Re=0.38. 
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7.6.2 Flow Regimes with Fixed Wettability 

With the fixed wettability KW=0.04, the stationary flow regimes vary only with vapor 

quality and driving force. Table 7.2 displays the stationary flow regimes obtained in the 

simulations. The magnitudes of Ca, Re (or We), and KW (or contact angle) indicate the relative 

effective levels of capillarity, inertia, viscous forces and surface wettability, which determine 

the  stationary flow regimes in the flows.  

For the two lowest vapor qualities x=0.05 and 0.10, the flow regimes change little with the 

driving force. The minor fluid phase, the vapor is dispersed completely in the major phase, the 

liquid, such that the fluid density appears uniformly distributed in the domain as if the flow is a 

single phase one. This is the typical vapor dispersed flow as found in the 2D simulation. 

Similarly to the vapor dispersed flow found in 2D simulations, there is a very thin fluid layer 

on the duct walls, which has the fluid density as small as 82% of that in the core area. This is 

the special property of the partial wetting walls. The reduced density in the thin fluid layer near 

the walls has been described in detail earlier in Figure 4.6.  

When the vapor quality increases beyond some threshold, there is enough vapor 

composition in the duct to form a bubble. As documented in Table 7.4, the bubble appears at 

x=0.15 under the flow condition of Re=8.10, Ca=3.62, and We=29.34. The values of these 

characteristic numbers indicate that the three forces, inertia, viscosity, and capillarity are of the 

same order of magnitude and their relative magnitudes are as: inertia>viscosity>capillarity. In 

fact, such a capillarity is strong enough to keep the bubbles from merging with each other. 

Constrained by the equilibrium contact angle 42.80o, the liquid-vapor interface forms a specific 

moving contact angle on the bottom and back walls, as shown in Figure 7.14.  Between the 

bubble and the walls, there is a dry area due to the partial wetting property. To display more 

details of the bubble pattern, a few plots are displayed in the figure, including the iso-density 

surface from five different points of view and the density contour on four cross section planes. 

The black color of the density contour represents liquid while the white color represents vapor. 

The different grey colors between the two represent the density variation across the phase 

interface. The figure shows that the bubbles appear approximately symmetric against the 

bisectional plane of the corner. The 2D bottom view and back view display the bubbles 

stretched in the flow direction, resulting in the advancing and receding patterns of the 
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interfaces. This type of bubble flow is a special flow regime in a rectangular duct. In this 

dissertation, we call this bubble flow pattern as corner bubble train flow.  

 
                        perspective view from front   perspective view from back 

                             
                flow contour on four cross sections                                2D outlet view                               

 
                              2D bottom view                  2D back view                                    

Figure 7.14: Different points of view for a corner bubble train, x=0.15, Re=8.10, Ca=3.62, 
KW=0.04. 

Figure 7.15 shows a stratified flow regime at higher Reynolds numbers and vapor qualities. 

The flow patterns in the figure happen under three flow conditions: the vapor quality x=0.15 

with the increased Reynolds number, Re=16.98; the increased vapor quality x=0.25 with both 

Reynolds numbers Re=7.51 and 15.00. Due to the partial wetting property of the wall, the 

liquid-vapor interface forms a specific contact angle on the wall. The small amount of vapor 

determines the size of the bubbles and the interfaces cannot reach all the four walls of the duct. 

Because two walls of a corner supply an additional attraction to the bubbles, the bubbles stay at 

a corner of the duct. A bubble can be at any of the four corners, depending on the capillary 

wave motion of the interfaces during the competition between capillarity, wettability, viscosity, 

and inertia. This is why the three interfaces shown in Figure 7.15 occur at three different 

corners. The stratified pattern here at a corner is different from a usual stratified pattern. In this 

dissertation, we call this specific stratified flow as corner stratified flow.  It is noted that the 
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corner stratified flow may be viewed as an annular flow if the thin drying fluid layer on the 

walls are considered as liquid layer.  

 
(a) x=0.15, Re=16.98, Ca=7.596                                 (b) The same as (a) 

 
(c)  x=0.25, Re=7.51, Ca=3.054                      (d) )  x=0.25, Re=15.00, Ca=6.102 

Figure 7.15: Corner stratified flows occurred at the increased x or Re. 

When the vapor quality continues to increase to x=0.50, there is much more vapor quality 

occupying the duct space and the corner stratified flow simply becomes a usual stratified flow, 

as shown in Figure 7.16. Similarly, the usual stratified flow can be a pattern of either top 

vapor-bottom liquid or vice visa due to the effect of interface waves in the competition 

between capillarity, viscosity, inertia, and wettability in the pattern forming process. The cases 

shown in Figure 7.16 are stratified flows in two different styles. It is noted similarly that the 

stratified flow may be viewed as an annular flow if the thin drying fluid layer on the walls are 

considered as liquid layer.  

When the vapor quality continues to increase to x=0.70 and 0.80, there is not enough 

amount of liquid in the duct such that the small amount of liquid is stabilized only on the walls, 

especially at the four corners of the duct. If the drying layer near the walls is not considered as 

the liquid layer, the flow pattern can be viewed as a liquid strip flow at the corner. Thus, every 

corner of the four can have a chance to host a different size of the liquid strip. Under the 

condition of x=0.70, Re=6.41, Ca=1.733, the larger liquid strip occurs at the bottom-front 

corner, as shown in Figure 7.17. In this dissertation, we call this 3D flow pattern as wedging 
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liquid flow. Similarly, the wedging liquid flow may be viewed as an annular flow if the thin 

fluid layer on the walls are considered as a liquid layer. 

 
            (a)  x=0.50, Re=6.15, Ca=1.959                        

  
(b)   x=0.50, Re=12.30, Ca=3.916 

Figure 7.16: Usual stratified flow happened at the increased vapor quality. 

 
    (a)  x=0.70, Re=6.41, Ca=1.733                        

  
(b)   x=0.80, Re=6.76, Ca=1.728 

Figure 7.17: Wedging liquid flow happened at the large vapor quality. 

Table 7.4 summarizes the flow regimes discussed above. The flow regimes with the 

specific 3D patterns are designated with the star symbol. When comparing the 3D flow regimes 
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with the 2D flow regimes summarized in Table 6.5, we find that the flow regimes of both 2D 

and 3D fall in three large categories: Dispersed flow, bubble flow, and liquid strip flow. In 

each of the three categories, there are some similar subdivisions of the flow regimes between 

2D and 3D. In the category of dispersed flow, both 2D and 3D have vapor dispersed flows. In 

the category of bubble flow, 3D flow appears in corner bubble train pattern. In the category of 

liquid strip flow, both have stratified flow with the specific corner stratified and wedging liquid 

flow patterns under 3D conditions.  

Table 7.4: Summary of flow regimes, duct 32×32×(5×32), KW=0.04 

Dispersed Flow Liquid Dispersed Flow 
*  :  Specific for 3D duct only 
 

Bubble Flow Wedging Bubbly Flow or Corner Bubble Train* 

Stratified Flow 

Corner Stratified Flow* 

Annular Flow (KW=0.07) 
Liquid Strip Flow 

Wedging Liquid Flow* 

To further compare the 3D flow regimes with the 2D simulations, we plot the 3D flow 

regimes into the 2D flow map of Figure 6.9.  The major information in the original 2D flow 

map is plotted in Figure 7.18 together with the 3D flow regimes included. In the figure, all 

flow regimes are represented by both symbols and texts. The flow regime transition lines 

between the regular interface flow regimes and the irregular interface flow regimes as defined 

in the last chapter are plotted in thick solid lines. The flow regime transition boundaries 

between the bubble flows and the liquid strip flows are expressed by the double lines (a thick 

line with a thin line). The other details of the flow regime boundaries are represented by thin 

solid lines. The 3D flow regimes are represented by the same or similar symbols of the similar 

2D flow regimes with an additional text label “3d” near the symbols.  

As shown in Figure 7.18, the available 3D flow regimes fit the flow map quite well for the 

transition boundary between the bubble and strip regimes and that between the regular and 

irregular flow regimes.  For the subdivision of the flow regime categories, most 3D flow 
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regimes fit the 2D flow map well.  As shown in the figure, the 3D stratified flow regimes fit the 

flow map very well except one point which deviates to the nearby flow region. In addition, the 

3D liquid wedge flow regime fits the 2D intermittent flow regime well. The 3D corner bubble 

regime occurs at the 2D plug flow regime. This is not a surprise. As discussed earlier, the 3D 

bubble trains are confined at a corner and both the wettability of the two walls and the large 

surface tension prevent them from merging with each other to form a large bubble or a plug. 

Hence, the available results indicate that the flow map obtained from 2D can be generally 

applied to a 3D situation with caution when 3D information is not available.  
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Figure 7.18: 3D flow regimes plotted in the 2D flow regime map. 

7.6.3 Comparisons with Different Wettabilities 

Three typical wettabilities are examined, including partial non-wetting (KW=0.028), partial 

wetting (KW=0.04), and full wetting conditions (KW=0.07). For each wettability, four different 

Reynolds numbers are simulated, as shown in Table 7.3. The two lower Reynolds numbers of 

the four give the capillary numbers in the order of O(0.1) and O(1) and yield the same flow 

regime with each wettability. The two higher Reynolds numbers of the four, on the other hand, 

give the capillary numbers in the order of O(1) and O(10). Similarly, the two higher Reynolds 
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numbers produce the same flow regime at each wettability. Figures 7.19 and 7.20 show the 

typical flow regimes at the two low and two high Reynolds numbers, respectively.  

With the complete wetting wall at KW=0.07, the contact angle is zero and the liquid fully 

covers the surface of the duct walls. Therefore, either a stratified flow or a corner bubble (or 

bubble train) flow is not possible to occur. For all the four Reynolds numbers, the capillary 

numbers are also low enough, mostly in the order of O(0.1) and O(1). The strong attraction 

force inside the fluid bundles each parts of the liquid together. Thus, the liquid phase is 

continuously distributed inside the duct. At this specific vapor quality at x=0.20, only an 

annular flow occurs. When the Reynolds number is increased, the flow inertia becomes large 

enough to disturb the liquid-vapor interface, such that a wavy-annular flow, a wispy-annular 

flow, or a churn flow could happen. On the other hand, some submerged bubbly flow could 

also occur if the vapor quality became smaller.  

With the partial non-wetting condition at KW=0.028, the attraction from the wall is much 

reduced, such that a “drying layer (the fluid density is around 84% of the liquid density in the 

core flow)” forms between the wall and the liquid. This drying layer acts as an additional 

liquid-vapor interface area to the fluid system and hence increases the instability of the fluid 

system. Under this condition, an annular flow with the “drying layers” on the four walls would 

have larger total interface areas than a stratified flow. Therefore, an annular flow could not 

occur under this condition. On the other hand, for a bubble train flow, as shown in Figure 7.19 

(b), having the spherical interface areas of the bubbles, the drying layer interface areas add 

much more additional interface areas to the fluid system as compared with a stratified flow. 

Therefore, only a stratified pattern can occur under such condition. When the Reynolds number 

was increased, the flow inertia became large enough to disturb the liquid-vapor interface and 

could generate a wavy-stratified flow, a wispy-stratified flow, or a churn flow. On the other 

hand, a vapor wedging flow could also occur if the vapor quality became smaller. 

The partial-wetting wall at KW=0.04 is between the above two wettabilities. The liquid 

cannot fully cover the areas of the wall as seen under the full wetting condition and therefore 

an normal annular flow could not happen. Depending on wettability and vapor quality, either a 

stratified pattern or a bubble train flow may occur. The current specific combination of the 
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small contact angle at equilibrium and the certain vapor quality leads to a bubble train pattern 

in the flow.  

 
                                      (a) KW =0.028, Re=5.16, Ca=2.218 

 
                 (b)  KW =0.04, Re=3.84, Ca=1.621 

 
    (d)  KW =0.07, Re=2.49, Ca=1.034 

Figure 7.19: Flow regimes at different wettabilities, x=0.20 at the lower Reynolds numbers 

At the two higher Reynolds numbers, the flow becomes more unstable. The flow regimes 

of the partial non-wetting case (KW=0.028), even though remains as a stratified flow, but 

switches between the corner stratified pattern and the usual stratified pattern, as shown in 

Figure 7.20. On the other hand, the partial wetting case (KW=0.040) changes from the corner 

bubble train flow at the lower Reynolds numbers to the corner stratified flow at the higher 

Reynolds numbers because the bubbles are broken. Only at the fully wetting condition, the 

flow is the most stable one and it remains as an annular flow for all the simulated Reynolds 

numbers.  
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(a) KW=0.028, Re=19.85, Ca=8.521 

 
(b)   KW =0.040, Re=15.89, Ca=6.721 

 
(c ) KW =0.07, Re=19.95, Ca=8.268. 

Figure 7.20: Flow regimes at different wettabilities, x=0.20 at the higher Reynolds number. 

7.6 Summary and Conclusions 

This chapter presents the extension of the mean-field free-energy LBM to 3D flow fields.  

To eliminate the unphysical velocities at the walls in the presence of surface forces, a new 3D 

boundary condition is proposed, including the boundary condition for duct corner points.  The 

3D LBM is successfully validated for the Laplace law of capillarity, and static droplets on 

walls with different wettabilities. In addition, the 3D LBM is applied to the study of liquid-

vapor flow regimes in a small-scale 3D duct and the plausibility of the three dimensional 

theory and computer program have been further validated with the 3D ducted flows.  

The simulation results show that the flow regimes of both 2D and 3D fall in three large 

categories: Dispersed flow, bubble flow, and liquid strip flow. In each of the three categories, 

there are very similar subdivisions of the flow regimes between 2D and 3D. On the other hand, 

we notice that some major differences exist between 2D and 3D flow patterns. The 3D 
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produces an additional subdivision of the flow regimes due to the specific 3D corner geometry.  

The specific 3D flow patterns include corner bubble train, corner stratified flow, and wedging 

flows.  

The comparison between the 2D and 3D results shows that the 3D flow regimes fit the 2D 

flow map quite well for the transition boundary between the bubble and strip regimes and that 

between the regular and irregular flow regimes. For the subdivision of the flow regime 

categories, most 3D flow regimes fit the 2D flow map well.  Hence, we can conclude that the 

flow map obtained from 2D can be generally applied to a 3D situation with caution when 3D 

information is not available.  

Our study shows that different wettabilities generate different flow regimes even with a 

small range of Reynolds numbers. With the complete wetting wall, the flow pattern is very 

steady and only annular flow occurs with different Reynolds numbers. When the wall 

wettability becomes lower, the flow gets more unstable, especially at the higher Reynolds 

numbers. With the partial-wetting wall, either a stratified pattern or a bubble train flow may 

occur, depending on the Reynolds number and vapor quality. With the partial non-wetting 

condition, the flow regimes of the partial non-wetting case witches between the corner 

stratified pattern and the usual stratified pattern.  
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CHAPTER 8 SUMMARY, CONCLUSIONS, AND FUTURE WORK  

8.1 Summary and Conclusions 

The contributions of this dissertation can be divided as two parts. One is theoretical, 

numerical, and program development of a new tool to simulate liquid-vapor interfacial 

flows. The other is the applications of this tool to analyze mainly the liquid-vapor flow of 

CO2 flow near the critical point in microchannels.  

8.1.2 Theoretical Method and Program Development 

Our contributions in this aspect include  

1. We have derived a consistent non-local pressure equation for simulating liquid-

vapor interfaces using mean-field free-energy theory.  

2. We have shown and validated analytically that the non-local pressure equation is 

a general form of the classical van der Waals’ density square-gradient theory.  

3. The new nonlocal pressure equation has been implemented in a D2Q7 LBM for 

simulating liquid-vapor interfaces. The numerical validation for both the 

pressure equation and its LBM method is successfully completed through 

comparison against a series of theoretical solutions, which include the Maxwell 

constructions for liquid-vapor coexistence densities, the variation of surface 

tension with temperature and the density profiles across liquid-vapor interface 

based on mean-field theory, the Laplace law of capillarity, the dispersion 

relationship of capillary wave dynamics, and the frequency equation of 

oscillating droplets in vapor. In particular, the current LBM results agree to 

within 3.4% with Maxwell construction of liquid-vapor densities down to the 

scaled temperature of kbT =0.48. Variation of surface tension with temperature 

obtained by integrating the excess free-energy across the liquid-vapor interface 

is identical to analytical results and agrees to within 7% with surface tension 

calculated by applying Laplace’s law to equilibrium droplets.  Dynamic tests 

conducted on capillary waves and oscillating droplets, show excellent agreement 

with theory.  
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4. We have found that the extensively used common bounceback condition in the 

literature leads to an unphysical velocity at the wall in the presence of surface 

forces. The magnitude of the unphysical velocity is shown proportional to the 

local forces such as those arising from fluid-fluid attraction, fluid-solid 

attraction, and any other surface forces (e.g., gravity). 

5. Based on He and Zuo (1997), a new velocity-boundary condition to deal with 

fluid-wall interaction is proposed for D2Q7, which eliminate the unphysical 

velocities.  

6. The capability of the D2Q7 LBM to simulate different wettabilities is 

successfully demonstrated. In addition, the LBM results are validated by 

comparing with three typical theories or laws for moving contact lines, which 

relate the dynamic contact angle to the capillary number, and the interfacial 

velocity to the dynamic contact angle. It is shown the current LBM can simulate 

the three theories or laws very well.  

7. The new non-local pressure equation and its D2Q7 LBM are extended to D2Q9 

model successfully.  New velocity boundary conditions to deal with fluid-wall 

interaction are also developed for D2Q9, which eliminates the unphysical 

velocity of the commonly used bounceback condition. The D2Q9 model is then 

validated with the Laplace law of capillarity, capillary wave dynamics, static 

droplets on solid walls with different wettabilities, three typical theories of 

moving contact lines, and liquid-vapor two-phase flows in microchannel. It is 

shown that the D2Q9 model have given very good results for all above cases. 

8. The 2D D2Q9 model is then extended to a 3D D3Q19 LBM which is validated 

with the Laplace law of capillarity and with static droplets on solid walls with 

different wettabilities. The 3D code is then applied to liquid-vapor flows in  

square ducts.  

9. In order to include specific physical properties into LBM simulations, we 

propose a scaling method to scale the LBM system to a specific physical system 

and this scaling method has been applied for CO2 liquid-vapor two-phase flows 

in microchannel.  
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8.1.2 Application to Liquid-Vapor Flows 

The mean-field free-energy LBM of D2Q9 model is applied to study CO2 flow 

regimes at 25oC in a sub-microchannel 200 nanometers high and 1000 nanometers long. 

The simulated wettability of the channel wall produces an equilibrium contact angle of 

45o. Ten different vapor qualities are studied, from 0.01 to 0.90. For each vapor quality, 

Weber numbers ranging over five orders of magnitude, from O(10-2) to O(103) are 

simulated.  The following results are obtained: 

1. Three major types of flow regimes occur, including dispersed flow, bubble 

flow, and liquid strip flow.  

a. The dispersed flow includes vapor dispersed flow and liquid dispersed 

flow, which occur at the two extremities of vapor quality, respectively. 

b. When vapor quality increases beyond a threshold, bubble patterns start to 

form in the flow. The threshold to form a vapor bubble depends on both 

vapor quality and inertia.  

c. The bubble/plug flow regimes include several different styles: symmetric 

and distorted, submerged and non-wetting, single and train, and some 

combination of them.  

d. When the Webber number is less than 10, the bubble flow regimes turn to 

strip flow regimes when vapor quality increases to x=0.5~0.6. When 

Weber number is larger than 10, the transition occurs around x=0.10~0.20. 

When an inertia is large enough to destroy the initial flow pattern, the 

transition boundary between the bubble and strip regimes depends only on 

vapor quality and exists between x=0.10 and 0.20. 

e. The liquid strip flow regimes include stratified strip flow, wavy-stratified 

strip, intermittent strip flow, liquid lump flow, and wispy-strip flow.  

2. In addition to the above classification, the flow patterns are further classified 

into regular and irregular flow regimes. Irregular flow regimes are the flow 

regimes with a distorted interface, which include distorted bubble/slug flow, 

intermittent strip flow, wavy strip flow, and wispy-strip flow. It is found that 
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the transition from regular flow regimes to the irregular flow regimes occurs 

at We=500~1000, independent of vapor quality.  

3. We obtain the detailed transition boundaries of the flow regimes and present 

them in two forms of flow regime map:  

a. One is in the form of vapor quality versus Weber number. 

b. The other is in the conventional form of liquid superficial velocity versus 

vapor superficial velocity.  

4. The predicted flow maps are compared with both the “universal flow regime 

map” compiled by Hassan et al. (2005) and that compiled by Serizawa et al. 

(2002) for a microchannel. In spite of the differences in channel size, and 

working fluid properties, the good agreement between our simulations and the 

experiments gives us the reasons to believe that the LBM simulations capture 

the basic and important elements of liquid-vapor flow regimes.  

The 2-D study is then extended to 3D ducts with less lattice units for a square cross 

section. The following results are obtained for the 3D ducts: 

1. The 3D simulation results show that the duct flow regimes are similar to the 

broad categories obtained in 2D channel flow. On the other hand, there are also 

some differences in the specific flow patterns observed, which are strongly 

influenced by the affinity of vapor and liquid to the corners of the 3D duct. The 

specific 3D flow patterns include corner bubble train, corner stratified flow, and 

wedging flows.  

2. A broad comparison between 2D and 3D results shows that the 3D flow regimes 

fit the 2D flow map quite well for the transition boundary between the bubble 

and strip regimes and that between the regular and irregular flow regimes. For 

the subdivision of the flow regime categories, most 3D flow regimes fit the 2D 

flow map well.  Hence, the available 3D results indicate that the flow map 

obtained from 2D can be generally applied to a 3D situation, with caution, when 

3D information is not available.  
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3. It is also shown that different wettabilities generate different flow regimes even 

within a small range of Reynolds numbers studied. With the complete wetting 

wall, the flow pattern is very steady and only annular flow occurs with different 

Reynolds numbers. When the wall wettability becomes lower, the flow gets 

more unstable, especially at higher Reynolds numbers. With the partial-wetting 

wall, either a stratified pattern or a bubble train flow may occur, depending on 

the Reynolds number and vapor quality. Under the partial non-wetting 

condition, the flow regimes switches between a corner stratified pattern and a 

usual stratified pattern.  

It is concluded that the diffuse interface, mean-field free energy LBM method 

provides a theoretical framework for simulating liquid-vapor flows in channels, which 

cannot easily be simulated by conventional discontinuous interface methods. To the best 

of the author’s knowledge, the simulations presented in this dissertation of 2D and 3D 

liquid-vapor flow regimes are the first of their kind in the literature. In addition, the 2D 

flow map is the first flow map obtained so far for submicrochannel flows, experimental 

or otherwise. It is also the first complete adiabatic flow map for CO2 flow in mini- and 

micro-channels.  

8.2 Recommendations for Future Work 

The following recommendations are made for future work: 
 

1. Perform a more thorough analysis of flow in three-dimensional ducts: To do this 

effectively, it is recommended that the 3D LBM code be parallelized. This will 

allow well-resolved calculations with 200×200×1000 lattice units or more; 

2. Extend the current LBM method to that for a high density ratio, such as air-water 

two-phase system; 

3. Include the variation of temperature field in the current LBM, such that boiling 

flow and heat transfer problem can be simulated; 

4. The following physics should be investigated in more detail: 
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a. Simulate and examine the effects of different wettabilities on flow 

regimes; 

b. Study pressure drop characteristics at different flow regimes and develop 

physics based correlations; 

c. Study the heat transfer characteristics of flow regimes. 
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APPENDIX 1: VAN DER WAALS EQUATION AND 

MAXWELL CONSTRUCTION 

The molecular theory for gases is simple and accurate. On the other hand, “there is no 

molecular theory for liquids that is both simple and accurate (Kucernak, 2007)”. Van der 

Walls (vdW) proposed a dramatically simplified model for molecules of real gases or 

fluids in 1873. Researches in the last 30 some years has shown that the vdW model leads 

to the accurate theory for fluids. Based on the vdW model, vdW obtained an equation of 

state for fluids, the vdW equation. With the vdW equation, we can determine the 

equilibrium or saturated liquid and vapor density at each specified temperature with the 

help of Maxwell construction. This section documents the vdW model, his equation, the 

relation between the vdW equation and the critical point of a fluid, and Maxwell 

construction. 

Kinetic molecular theory for gases assumes that a molecule has negligible size in 

space and negligible interaction with its surroundings. Ideal gas is an example, which 

assumes that a molecule has no size in space and no interaction with its surroundings. For 

real fluids, a molecule not only occupies a finite space, but also interacts with its 

surroundings. Two molecules attract each other when they are far from each other and 

they repel each other strongly when they come too close to each other. To represent this 

strong repulsion and the size of a molecule, vdW replaced the molecule with a hard 

sphere in space. For the attractive force, he proposed an averaged or mean background 

force acting on all the molecules. In fact, this is the simplest version of mean-field theory, 

which leads to the accurate theory for fluids.  

According to his simple molecular model, vdW modified the equation of state for an 

ideal gas and obtained the following equation for a real gas or fluid  

2

1
an

bn
Tnk

p b −
−

=
 (A1-1) 

where p is the pressure of fluid; n is fluid density or number of particle per unit volume; 

bk is the Boltzmann constant, equal to 1.3806505×10−23 J/K; T is the temperature; a and b 

are the van der Waals constants: a is a measure of the interparticle attraction and b is the 

hard sphere volume of one particle. When both the molecular size and interaction are 
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neglected, a and b are equal to zero and the vdW equation reduces to the ideal gas 

equation of state. 

When an interest is in a large collection of molecules, such as in most thermal 

engineering, the equation can be written in a slightly different form 

2

2V
N

a
NbV

NRT
p e

e

−
−

=
 (A1-2) 

where N is the number of moles; R is the gas constant; V is the total volume of the fluid; 

ae is, again, a measure of the interparticle attraction; and be is the volume of a mole of the 

particles.   

The relation of the constants between Equations A1-1 and A1-2 are 

aNa
Ae
2=

 (A1-3) 

bNb
Ae =

 (A1-4) 

)/(  3145.8 moleKJNkR Ab ⋅==  (A1-5) 

where NA is the Avogadro’s constant, having the value 6.02214×1023 per mole. 

Because the vdW model includes the essential physics of real fluids, the vdW 

equation can explain both phase transitions and critical phenomena of a fluid. Figure 

A1.1 shows the isothermal relation of Equation A1-2 schematically. In the p-V diagram, 

there exists a specific temperature Tc, at which an inflection point appears on the p-V 

curve. When the fluid is above Tc, the fluid pressure p decreases monotonically with 

increase of fluid volume V with no phase transition happened. When the fluid system is 

below Tc, the relation between pressure and volume is not monotonic. When the fluid 

system stays in the dome area in Figure A1-1, the fluid system becomes unstable and the 

fluid either changes to liquid or vapor toward the equilibrium state (phase separation or 

transitions occur). This inflection point at Tc is the so called critical point of the fluid.  

Because the critical point is a horizontal inflection point, its first and second 

derivatives of pressure to volume should be equal to zero: 
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Figure A1.1: A schematic of the isothermal relation between p and V 

 

Substitution of Equation A1-2 into A1-6 and A1-7 yields 

ec NbV 3=  (A1-8) 

e

e
c b

a
RT

27
8=  (A1-9) 

Substitution of Equations A1-8 and A1-9 back to A1-2 gives 

227
1

e

e
c b

a
p =  (A1-10) 

Therefore, the critical parameters of a fluid can be expressed in term of the vdW 

constants.  We can manipulate Equations A1-8 to A1-10 and express the vdW constants 

in term of the critical parameters of a fluid:   

c

c
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27 22

=  (A1-11) 
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c
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8
=  (A1-12) 

The vdW equation describes the state of fluid, both the equilibrium state and the 

unstable state. To determine the equilibrium state, we need the help of the so-called 

Maxwell construction. The following is a description of Maxwell construction. 

According to the basic Maxwell thermodynamic relation, the isothermal Helmholtz free-

energy H is related to pressure as 

  pdVd −=Η  (A1-13) 

Integration of above equation from vapor to liquid finds: 

  dVp
liquid

vapotvaporliquid �−=Η−Η  (A1-14) 

This equation states that the integration of p along V from one phase to another gives 

just the energy difference between the two phases. Therefore, the result of the integration 

does not depend on the path of the integration, but depends only on the two phase states.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure A1.2: Demonstrate Maxwell construction 

With the equilibrium pressure found, the solution of the vdW equation gives three 

volumes, as shown by the three intersecting points in Figure A1-2. The smallest volume 

among the three is the equilibrium liquid phase and the largest is the equilibrium vapor 

liquid vapor 

Pb 
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phase. The middle one is mostly a mathematical solution of the equation. Connecting the 

equilibrium points at each temperature consequently constitutes the dome boundary of 

the P-V diagram in Figure A1-1.  

Let us firstly integrate p along the p-V curve of the vdW equation and secondly along 

the saturated pressure line p=pb, as shown in Figure A1-2. Since the two integrations give 

the same results, the two shadowed areas in the figure must be equal to each other. With 

the vdW equation, we can find the equilibrium pressure at each specific temperature 

using the equal-area method. This equal-area method is the so-called Maxwell 

construction.  
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APPENDIX 2: CO2 SATURATED PROPERTY 

The saturated property for CO2 comes from the “Thermophysical properties of Fluid 

Systems” by National Institute of Standards and Technology (NIST) on the website: 

http://webbook.nist.gov/chemistry/fluid or “NIST Standard Reference Database 12: NIST 

Thermodynamic and Transport Properties of Pure Fluids Database: Version 5.0”. Here 

are lists of a few parts of the data in the two tables (A2.1 and A2.2).  

Table A2.1: CO2 saturated properties 

T, K 
P  

Mpa 

ρL 

kg/m3 

EL 

kJ/kg 
µL, Pa.s σ, σ, σ, σ, N/m    

ρV 

kg/m3 
µV, Pa.s 

EV 

kJ/kg 

283 4.4855 862 220 8.28E-05 0.0027820 134 1.60E-05 390 

284 4.5978 855 223 8.12E-05 0.0026146 139 1.62E-05 389 

285 4.7123 847 225 7.95E-05 0.0024495 144 1.64E-05 388 

286 4.8289 839 228 7.79E-05 0.0022868 149 1.65E-05 387 

287 4.9478 831 231 7.63E-05 0.0021266 154 1.67E-05 386 

288 5.0688 823 233 7.47E-05 0.0019690 160 1.69E-05 385 

289 5.1921 814 236 7.30E-05 0.0018141 166 1.71E-05 384 

290 5.3177 805 239 7.14E-05 0.0016620 172 1.74E-05 383 

291 5.4457 795 242 6.98E-05 0.0015130 179 1.76E-05 382 

292 5.5761 785 245 6.81E-05 0.0013671 186 1.79E-05 380 

293 5.7089 775 248 6.64E-05 0.0012245 193 1.81E-05 379 

294 5.8443 764 251 6.47E-05 0.0010855 201 1.85E-05 377 

295 5.9822 753 254 6.29E-05 0.0009502 210 1.88E-05 375 

296 6.1227 740 258 6.11E-05 0.0008191 219 1.92E-05 373 

297 6.2660 727 261 5.93E-05 0.0006924 229 1.96E-05 371 

298 6.4121 713 265 5.73E-05 0.0005706 241 2.01E-05 368 

299 6.5611 697 269 5.53E-05 0.0004542 254 2.06E-05 365 

300 6.7131 679 273 5.31E-05 0.0003441 269 2.13E-05 362 

301 6.8683 659 278 5.07E-05 0.0002413 286 2.21E-05 358 
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302 7.0268 634 284 4.79E-05 0.0001474 308 2.32E-05 353 

303 7.1890 600 291 4.44E-05 0.0000654 339 2.48E-05 346 

304 7.3555 530 304 3.80E-05 0.0000040 406 2.88E-05 330 

 

Table A2.2: The critical property of CO2 

Critical temperature (Tc) 304.1282 K 

Critical pressure (Pc) 7.3773 MPa 

Critical density (ρc) 467.600 kg/m3 
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