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Optimal Blocking for Three Treatments and BIBD
Robustness

Two Problems in Design Optimality
Valentin Parvu

Abstract

Design optimality plays a central role in the area of statistical experimental design. In gen-
eral, problems in design optimality are composed of two vital, but separable, components.
One of these is determining conditions under which a design is optimal (such as criterion
bounds, values of design parameters, or special structure in the information matrix). The
other is construction of designs satisfying those conditions. Most papers deal with either
optimality conditions, or design construction in accordance with desired combinatorial prop-
erties, but not both. This dissertation determines optimal designs for three treatments in the
one-way and multi-way heterogeneity settings, first proving optimality through a series of
bounding arguments, then applying combinatorial techniques for their construction. Among
the results established are optimality with respect to the well known F and A criteria. A-
and F-optimal block designs and row-column designs with three treatments are found, for
any parameter set. FE-optimal hyperrectangles with three treatments are also found, for
any parameter set. Systems of distinct representatives theory is used for the construction
of optimal designs. Efficiencies relative to optimal criterion values are used to determine
robustness of block designs against loss of a small number of blocks. Nonisomorphic bal-
anced incomplete block designs are ranked based on their robustness. A complete list of

most robust BIBDs for v < 10, » < 15 is compiled.
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Chapter 1

Introduction

1.1 The Field of Experimental Design

The field of experimental design as a branch of statistics is said to have been introduced
by Sir Ronald A. Fisher. In one of his most enduring works ([11]), Fisher discussed the
experiment that probably is the most famous in statistics. A certain lady from Rothamsted
Experiment Station claimed that she could distinguish between cups of tea and milk mixed
in different ways. Whether or not she could, is not the purpose of an experiment designer;
how to construct an experiment which would give us the most information about the lady’s
capabilities is. Even a simple question, as this one about tea tasting, requires some thinking,
and the statistics involved is not trivial. For further discussion on this experiment see

Hinkelmann and Kempthorne [14].

Another pioneer who set the foundations for this field, introducing many of the classical
designs, is Frank Yates, also a British statistician, and a collaborator of Fisher’s for many
years. He was one of the first to apply statistical methods to experimental biology (see
Yates [34]). Two more giants need to be mentioned here, whose far-reaching contributions are
foundational not only for this research, but for entire areas in experimental design. R.C. Bose,
starting at the Indian Statistical Institute in the late 1930’s, published widely influential

work in combinatorial mathematics and design of experiments spanning five decades. His
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ideas in [4] for constructing balanced incomplete block designs are used today in every
conceivable discrete design situation. For a survey of the relations between statistical design
and combinatorics see Bose [6]. Jack Kiefer developed the fundamental ideas of optimal
design, ideas upon which most of the work in this dissertation is based ([16], [17], and [18]
are three of his major papers). His model-based optimality approach has been criticized
over the years, and rightly so in situations where models change depending on experimental
results. However, in the area of block designs for discrete treatments (as opposed to regression
designs or response surface designs for continuous variables), the regular additive model (1.1)
is used in most situations, and there are no major concerns about the validity of the assumed

model.

Over the years, the field of experimental design has continually grown because of the new
problems brought to the fore by researchers in domains varying from agriculture to jet-engine

construction.

1.2 Block Designs

Block designs originated in agricultural experiments. Suppose a study on the effects of
different nutrients on turf grass is conducted on a hill with a certain slope. A safe assumption
would be that turf plots grown at the top of the hill are more like each other and less like the
plots at the bottom of the hill. A large study on the efficacy of different gasoline additives can
require sampling cars in more than one city. Due to traffic and environmental similarities,

performances of cars in the same city are likely to be more homogeneous than the entire
group.

In such cases, experimental units are naturally divided into a few sets with systematic vari-
ation from set to set. This fact must be taken into account when analyzing the experiment,
of course, but also before running the experiment, that is, when designing it. If ignored, this
systematic variation can lead to an inability to detect differences among treatments, or in the

best case reduce the precision with which the treatment effects are estimated. The groups
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of homogeneous units are called blocks. In the gasoline additive example, the cities from
which cars are sampled would represent the blocks. In the turf grass example, one should
consider the hill gradient as a blocking factor; if ignored, large variability in response due to

the slope of the hill could prevent the experimenter from detecting differences in nutrients.

In general, the experimenter should only use blocking if the groups are more homogeneous
than the entire collection of experimental units. Otherwise, tests for comparisons of treat-

ment effects will be less powerful, due to an over-parameterized model.

1.3 Model and Estimation

Let there be v treatments to be compared in b blocks of k£ experimental units each, hence
having a total number of n = bk units. The model for the response will depend on the way
the treatments are assigned to the experimental units in the various blocks, in other words
the design d. The design is incorporated into the model through the design matrix A4, which
is an n X v plot-treatment incidence matrix specifying the assignment of treatments to each

experimental unit. Given Ay, the usual model is
Y =pl+Aim+ L3 +¢, (1.1)

where Y is the n x 1 vector of yields, 1 is a vector of ones, L is the n x b plot-block incidence
matrix, and ¢ is a vector of uncorrelated random errors with zero means and equal variances.
Randomization theory says that in reality the errors of observations from the same block
are correlated; however, the result of the least-squares equations are the same under the
assumption of uncorrelated errors (see [14]). More general models might include a variance
matrix for the errors, blocks with not all their sizes being equal, or more than one blocking

factor.

The overall mean response, p, the vector of treatment effects, 7, and the vector of block
effects, (3, are the unknown parameters in the model. The interest is in estimating treatment

contrasts of the form ¢’7, where ¢ is a v X 1 vector such that ¢'1 = 0. Let the i¢th treatment
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be replicated rg4; times in the design, and occur ng;; times in block j. The matrix Ny = (n4;)
of order v x b is called the treatment-block incidence matrix and plays an important role in
the analysis of designs; its elements ng;; are called block-wise replication numbers. If T is the

estimate of the treatment effects vector, the normal equations for 7 are given by:

C7 = Qu, (1.2)
where
1
Qu = (A= T NL)Y. (1.3)
and
. 1
Cq = diag [ra1,raz, - Taw) — ENsz;- (1.4)

The matrix C,; defined in (1.4) is in fact the information matrix, and is commonly called the

C-matrix of the design. The contrast ¢'7 is estimated by ¢'7, where
T=0C;Qq (1.5)
and C; is any generalized inverse of the Cg-matrix. The variance of this estimate is:
Vary(dT) = o*dCje, (1.6)

where o is the constant variance of the observations. Clearly this is a function of the design

d because of C;’s dependence on Ay.

In order to ease notation, the subscript d (for the C-matrix, the replication numbers, etc.)

will be dropped when the design is clear.

1.4 Optimality of Block Designs

The main purpose of any block design is to estimate treatment contrasts of the form 7, as
discussed in the previous section. A design which can estimate all such contrasts is said to

be connected. Thus, connectedness is the first requirement of any design, and disconnected
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designs will not be evaluated in terms of optimality criteria here. That is not to say that
there are no cases in which disconnected designs are used. There are situations when treat-
ment structure can make disconnected designs advantageous, such as designs with certain
treatment interactions confounded with block effects. However, in this dissertation we deal
with problems where all treatment contrasts are of interest, which certainly is true for most

experiments with unstructured treatments, and for many with factorial structure.

Consider a (v — 1) x v matrix P whose rows are orthonormal and orthogonal to constant
vectors; then P7 consists of v —1 linearly independent contrasts which can be estimated, and
any other contrast ¢’7 can be written as a linear combination of contrasts belonging to P.
Note that for a connected design C,; has rank v —1 because it has zero row and column sums.
It follows from (1.6) that the variance-covariance matrix of the least squares estimators of
Pt is 0*PC; P' = o*(PC,P')~'. Thus, it is natural to specify some optimality criteria as

functions ¢ on the (v — 1) x (v — 1) covariance matrices, and to pose the problem:
Find d to minimize v ((PCyP')™!). (1.7)

A design solving this problem is said to be ¢ —optimal. Moreover, if 1) is orthogonal invariant
(i.e. Y(AX) = (X) for any orthogonal matrix A), the solution has the desirable advantage
of not depending on the choice of P. In fact, functions ¢) which are orthogonal invariant are
most common when designing practical experiments. For a more in depth discussion on the

foundations of optimality and classes of optimality functions, see [16] and [18].

When ¢ is orthogonal invariant, the optimality criterion can be written as a real function ®

of the vector of v — 1 nonzero eigenvalues of Cy:

za = (Zd1, - Zdw-1)); Where zg1 > 2g2 > +++ > Zgp-1) > 20 = 0.

Definition 1.1 (Kiefer, 1975). A design d* € D is universally optimal in the class D if its

information matrix Cy« minimizes every function ®(Cy) satisfying:
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(a) ®(Cy) = ®(P'CyP), where P is any v X v permutation matrix,
(b) @ is a convex function,

(c) ®(bCy) is nonincreasing in the scalar b > 0.

There are other classes of functions which encompass a large number of criteria, but the
universal optimality paradigm is well known, and induces one of the larger such classes.
Another important, closely related class consists of sums of non-decreasing, convex functions

of the eigenvalues. To work with this class, the following definition is needed.

Definition 1.2. Let x,y € R" be two v-dimensional vectors with coordinates written in

decreasing order. Then x is weakly majorized by y (written as x <" y) if:

! l
E Tygi—i = g Yo+1—i
i—1 i—1

foreachl =1,2,...,0.

Weak majorization and affiliated, other concepts of majorization are very useful and powerful
tools in the study of inequalities. Many applications in mathematics and statistics are given

in Marshall and Olkin [20].

Definition 1.3. A design d* is said to be Majorization-optimal (in short, M-optimal) in a
class D if ®(C,) is minimal among all designs d € D, for every ® : Cy — S.0_ ¢(z4) for

convex, decreasing ¢.

The relationship of this optimality concept with weak majorization is provided by the next
result, proof for which can be found in [20].

Theorem 1.1. z <* y if and only if Zf;ll f(z) < Zf;ll f(y) for every convezx, decreasing

function f : R — R

We will often use the simpler term “majorization” to mean “weak majorization,” for it is

the only form of majorization considered here. In certain optimality problems, the notion of
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majorization is useful in proving that one design is better than another. Suppose p; and s
are the vectors containing the eigenvalues of designs d; and ds respectively. Then, p; <" o
implies @ (1) < P(ug) for every @ as specified in Definition 1.3. Any such ® we call a

majorization criterion, and we say that dy is M-better than d,.

Next we introduce some individual optimality criteria. The most widely used criteria are E-,

A-, and D- optimality, which all satisfy the conditions of definitions 1.1 and 1.3.

Definition 1.4. A design d* € D is E-optimal in the class D if —— < —1— for any

Zd*(v—1) — Rd(v—1)

design d € D.

This is a mini-max criterion, because it minimizes the maximum eigenvalue of the variance-
covariance matrix (PCyP’)~!, which is equivalent to maximizing the smallest nonzero eigen-
value of the C-matrix. The FE criterion is statistically meaningful because an E-optimal

design minimizes the maximum variance over all normalized contrasts.

Definition 1.5. A design d* € D is A-optimal in the class D if 3207 -1 < 07" L for

=1 zgx; =1 zg;

any design d € D.

Designs which are A-optimal minimize the trace of the variance-covariance matrix for es-
timating P7. Thus, A-optimal designs minimize the average variance for a set of v — 1
normalized and linearly independent contrasts. A-optimality is also equivalent to minimiz-

ing the average of the variances of the (”) elementary treatment contrasts i — T,

2

Definition 1.6. A design d* € D is D-optimal in the class D if []'- =— < [, - for

i=1 zge, — Lli=1 2

any design d € D.

Designs which are D-optimal minimize the determinant of the variance-covariance matrix
(PCyP')~! for estimating the complete set of orthonormal contrasts Pr. D-optimal designs

also minimize the volume of the confidence hyper-disc for estimating Pr.

It is not unusual to find that there is more than one optimal design with respect to a specific

criterion. In such cases, one may wish to determine the “best of the best,” that is, find the
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1o-best design amongst all ¢1-optimal designs for selected primary and secondary criteria
11 and 1. Such a design would be said to be 11-1)9-optimal. We will encounter a variant of

this in Chapter 4.

1.5 Some Classes of Block Designs

In this section, classical block designs most commonly used in practice are introduced. For

an extensive review of the construction and analysis of these designs, see [14] and [28].

The simplest block design is the randomized complete block design (RCBD), where the block
size k is equal to the number of treatments v. Within each block the v treatments are
randomly assigned to the experimental units. Thus each treatment is replicated r; = b

times, where b is the number of blocks in the design.

An extension of the RCBD is the generalized randomized block design (GRBD), where the
block size is a multiple of the number of treatments (i.e. k = sv). Each treatment is

replicated r; = bs times, this being a random assignment to s experimental units in each

block.

Incomplete block designs are designs where the number of treatments is larger than the block
size. One such design is the balanced incomplete block design (BIBD), which satisfies the

following conditions:

(a) Each treatment occurs at most once in each block.
(b) Each treatment occurs in exactly r blocks.

(c¢) Each pair of treatments occurs together in A blocks.

The parameters of the BIBD are v, b, r, k, and A and satisfy:

vr = bk
AMv—1)=rk—-1) (1.8)
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A BIBD with v = b, and thus » = k is called a symmetrical BIBD. A special property of a
symmetrical BIBD is that any two blocks intersect in A common treatments. Important early
contributions to balanced incomplete block designs were made by Yates [33], Fisher [12], and
Bose [4]. Experimental design texts with good accountings of BIBDs from a combinatorial

perspective, and containing many references, are Raghavarao [28] and Street and Street [31].

An extension of the BIBD is the balanced block design (BBD), which is not necessarily

incomplete, and satisfies the following incidence matrix conditions:

(a) Replication numbers are equal: r; = ) n;; constant.
(b) Ain = Zj nijnp; is constant for any i # h.

(c) |nij — k/v| <1 for any i, j.

Note that an incomplete block design is a BIBD if it satisfies the above conditions. The last
condition can be described as “all n;; as nearly equal as possible.” As discussed in Chapter
2, a design which satisfies this condition will be called generalized binary. Further properties

of BBDs and their C-matrices will be discussed in later chapters.

In some cases, designs for the elimination of two-way heterogeneity, where two blocking
factors enter the model, are needed. These are called row-column designs, where the rows
and columns represent the two blocking factors. The model for such a design is similar to
the one given in (1.1):

Y =pl+ Ay + Rp+ Ly + ¢, (1.9)

where p and v are the vectors of row and column effects respectively. A very useful design
in this class is the Latin square design (LSD), which has the following property: The v
treatments are arranged in a v X v square such that every treatment occurs exactly once in
each row and in each column. If in two Latin squares of the same order, when superimposed
on one another, every ordered pair of symbols occurs exactly once, the two Latin squares

are said to be orthogonal, and their superimposition is called a Graeco-Latin square. A set
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of Latin squares where any two are orthogonal, is called a set of mutually orthogonal Latin
squares (MOLS). For a given order v, the set of MOLS contains at most v — 1 elements,
and their superimposition is called a Hyper-Graeco-Latin square. MOLS are useful in the
elimination of multi-way heterogeneity (i.e. more than two blocking factors). An interesting
fact about MOLS is that Euler conjectured in 1782 that when v = 2 (mod 4) two orthogonal
Latin squares cannot be constructed. After decades of effort with no counterexamples to
this conjecture, it turned out to be false. Bose, Shrikande and Parker [5] presented methods

of constructing MOLS that disprove FEuler’s conjecture for every v > 6.

All the designs described above are universally optimal. Another class of designs, which
are either universally optimal, or at least A—, D—, and E'— optimal, are the Youden type
designs. A Youden Design (YD), is a p X ¢ row-column design, where the columns form a
BIBD, and the rows form a RCBD. As an example, consider the following Youden design,
with v = 5:

1 4
2 )
3 1

O W N
— O W
W N = Ot

4 2

The Generalized Youden Design (GYD) is a p x g row-column design, where the columns
form a BBD, and the rows also form a BBD. Cheng [7] introduced a further extension of the
Youden designs: the Youden hyperrectangle (YH), which is a generalization of the GYDs for
elimination of n-way heterogeneity, n > 2. For optimality characteristics of Youden designs

see Cheng [7] and Kiefer [18].

1.6 Scope and Structure of Dissertation

Over the years, mathematicians as well as statisticians have worked countless hours to con-
struct designs which envelop a certain number of symmetries. Problems like finding complete
sets of orthogonal Latin Squares have been attacked by numerous authors in the last decades.
Multiple papers have been written on necessary or sufficient conditions for the existence of

BIBDs and special subclasses such as quasi-symmetric designs (BIBDs with only two block



Valentin Parvu Chapter 1. Introduction 11

intersection numbers). Topics like these are so endearing to specialists in combinatorics,
that they feel the fundamental question in design theory is: Given v, k, A, does there exist a

balanced block design with these parameters?

The experimental design literature is generally split into two camps: one finds designs with
nice combinatorial properties (many mathematicians, but statisticians also), while the other
studies optimality properties (chiefly statisticians). There is no doubt that the contribution
of combinatorialists to the field of statistical design is crucial; compiling tables of classical
designs is of major importance. It is also true that, when available, these elegant designs are
used in practice. However, there is an area which needs more attention than it now receives.
Further research is needed for finding designs that are useful in discriminating among treat-
ments, or optimizing levels in a response surface setting, and where classical, elegant designs
cannot be used due to economical or technical reasons. Optimal designs should be found for

parameters which do not allow a BIBD, or a GYD, or even an equireplicated design.

Much of this work is left to statisticians, because of their closer relationship to the ideas of
information matrix and statistical optimality. The work of Wald [32], Kiefer [18], and Cheng
[7], proving optimality of classical designs, the work of Jacroux [15] and others, finding

optimality bounds, must be continued.

Some of the work in this dissertation is to find optimal designs which do not necessarily
have nice combinatorial properties. The problem is therefore stated: Can optimal block
designs be found for any set of parameters (v, b, k)? Part of this research will be on optimal
designs for different blocking schemes, when the number of treatments is three. Robustness

of designs when a small number of observations is lost will also be studied.

The dissertation is organized in the following fashion: Chapter 2 gives the set of optimality
tools which will be needed in later chapters. Chapter 3 contains some results on the A-
optimality of block designs with three treatments in one- and two-way heterogeneity settings.
Chapter 4 studies the F-optimality of block designs with three treatments in one- and multi-
way heterogeneity settings. Chapter 5 pertains to robustness of BIBDs to the loss of a small



Valentin Parvu Chapter 1. Introduction 12

number of observations, including constructing robust designs using the computer. Finally,

Chapter 6 contains conclusions and an overview of a multitude of future research topics in

optimal block design.



Chapter 2

Review of Optimality Tools

A few general definitions and general results will be presented in this chapter. Also, this
chapter will review literature which is pertinent to the subjects treated in the chapters that

follow.

2.1 Binarity and Uniformity of treatments

Definition 2.1. In a block design setting, the assignment of treatment ¢ is binary if n;; €
{0,1} for all j. In general, the assignment of treatment i is generalized binary, if its block-wise

replication numbers satisfy |n;; — k/v| < 1 for all j.

As a verbal shorthand, “treatment i is binary” will be used for “the assignment of treatment
i is binary.” A block design is said to be binary (generalized binary) if all the treatments are
binary (generalized binary). The notion of generalized binarity can be extended to designs
with multiple blocking factors. For instance, a treatment can be generalized binary in the
rows of a p X g row-column design, if it is generalized binary when rows are considered as
blocks. Generalized binary designs maximize the trace of the C-matrix in the class of designs

with one blocking factor:

trace(Cy) = bk — h(bk,b), (2.1)

for any generalized binary design d, for function h defined below in (2.4).

13
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Definition 2.2. In a block design, the assignment of treatment i is said to be uniform if

[nij — nijr| < 1 for any blocks j and j'.

As before, “treatment ¢ is uniform” is shorthand for “the assignment of treatment ¢ is uni-
form.” A design is said to be uniform if all the treatments are uniform. The above definition
can be extended to designs with multiple blocking factors. Note that if treatment 7 is gen-
eralized binary, it is automatically uniform as well. Also, if treatment ¢ is uniform with a
replication number such that b[int(%)] < r; < blint(%) + 1] and v { k, treatment ¢ is also
generalized binary. When v|k, a uniform treatment i is generalized binary if and only if its

replication is r; = bk /v.

2.2 Information Matrix of Designs for Elimination of
Multi-Way Heterogeneity

The material in this section, along with more detailed derivations of the results can be found

in Cheng [7]. The notation is also taken from the same paper.

In settings with multiple blocking factors, the experimental units are arranged in an n-
dimensional hyperrectangle (n > 2) of size by X by X - -+ X b,,, where b; is the number of levels
of the 7th factor, and by < by < --- < b,. The total number of experimental units to be
assigned to treatments is m = b1by ... b,. The size of each block in direction j is mbj_l. Let

N; be the v x b; incidence matrix between the v treatments and the b; levels of factor j.

By Theorem 2.1 in [7], we have:

n —

, 1 < 1
Cq = diag(ri,...,1y) — . z; ijjN; + rr’, (2.2)
]:

m

where r is the v x 1 replication vector. From the above equation it follows that the ith

diagonal element of C,; can be computed as:

n b;
1 - n—1
G =T — m E (b; E n?jl) + 7, (2.3)
1=1

. m
J=1
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where n;;; is the number of times treatment ¢ occurs in block [ of factor j.

If 2?7: Lt = 15 is fixed, then Z?J: 1 nfjl is minimized when the n;;’s are as close to each
other as possible (i.e. treatment i is uniform in direction 7). Thus, given that treatment ¢
has replication r;, the diagonal element ¢; will be maximized if treatment ¢ is uniform in all

directions. Define the function
T T
h(r,b) =r+ (2r — b)mt(g) — b[mt(g)] ) (2.4)

The function h(r,b) gives us the minimum of Z?Zl a? subject to 23:1 a;j = r and a;’s

nonegative integers. For any design where treatment 7 is uniform in all directions, we’ll have

S nZ; = h(r;, b;) for each j, and

n—1,

1 n
G =T m;(J (ri; b;)) + m (2.5)

The nonuniformity of treatment i (NU;), is defined as the difference between the diagonal

element of a uniform treatment with the same replication and its actual diagonal element:

n bj n
1 1
NU; = oy E (b; E n?jl) T § bih(ri,b;). (2:6)
=1 Jj=1

j=1
Another useful quantity defined in Morgan [23] is Ah, the difference between h(r + 1,b) and

h(r,b). Simple manipulation of function h(r,b) gives:

AR(r,B) = h(r+1,b) — h(r,b) = 1+ %(7‘ . (2.7)

where 73y = r mod b. If we let r be any positive real number, h(r,b) is continuous and an
increasing function of r. It is also differentiable at all points, except r = sb, for integers s. It
is easy to see that h is increasing and differentiable in any open interval (sb, (s + 1)b), where

int[7] is just a constant. To show continuity, the next identity may be checked:

: T _ 2
£1TI£ h(r,b) = lllrsré h(r,b) = s°b (2.8)

Thus, ¢; given in (2.5) is also a continuous function of r;, differentiable at all points, except

r; = sb;, for integers s, and b;’s the dimensions of the hyperrectangle.
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mAn—1-37"_ b;
2

Lemma 2.1. Ifr; < ~ the function c;(r;) is an increasing function of r;.

Proof. Using (2.5) and (2.7), one gets:

n

mle;(ri +1) — ¢;(r)] = m— Z(bjAh(ri, b;)) + (n —1)(2r; + 1)

Jj=1

= m+n-— 1—2ri—ij+22(ri)(bj)
j=1 j=1

b(k—1)

For regular block designs, if r; < ==

, then ¢; is an increasing function of r;.

2.3 On Completely Symmetric Designs and Averaging
of Information Matrices

An important class of designs is the class of completely symmetric designs, also referred to
as variance balanced designs. The C-matrix of these designs can be written as «(I, — %Jv),
where « is a constant, and .J is a matrix of ones. The following result is Proposition 1 from

Kiefer [18], and it is useful in proving optimality of many designs in this class.

Theorem 2.1 (Kiefer 1975). Suppose a design d* in the class D of designs has information

matrix Cyg« for which

(a) Cy= is completely symmetrical

(b) tr Cg- = maxgep tr Cy.
Then d* is universally optimal in D.

A useful technique for finding optimality bounds was introduced by Constantine [9]. This
technique involves averaging the information matrix using permutations. We present this

result below.
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Let C be the v x v information matrix of a design with eigenvalues z; > 29 > --- > 2,1 >
2, = 0. Define C as: .
c-1 > PpCp, (2.9)
53
where the P,’s are a collection of s < v! permutation matrices. The eigenvalues of C' are
21> > 2> 1 > 2y = 0.

Note that the trace of C' is equal to the trace of C. Also any matrix P/CP; has the same
eigenvalues as C. By 9.G.1 in Marshall and Olkin [20] the eigenvalues of C' majorize the

eigenvalues of C. So for any ® specified in Definition 1.3:
P(C) < 9(0). (2.10)

That is, d is M-better than d.

One implication of this averaging technique is z,_; > z,_1, and thus C' is E-inferior, or
at best F-equal, to C. A common use of the technique is to average (or symmetrize) the
C-matrix over a subset of p treatments. To do this use the p! permutation matrices that

operate on treatments 1,2,...,p.



Chapter 3

Some A-optimal Designs with Three
Treatments

3.1 Eigenvalues of a 3 x 3 Information Matrix

In general, the C-matrix for block designs in one-way, as well as in multi-way heterogeneity
settings, is a symmetric, non-negative definite matrix. It also has the property that each
row and column sum to zero. Thus, the C-matrix of a design with three treatments can be

written in terms of its diagonal elements:

¢ %(—cl — o+ c3) %(—01 +co —c3)
Ci=|3(—c1 — 2+ c3) ©2 e —e-a) |, (3.1)
%(—01 + co — 63) %(01 — Cy — 03) e3

where c1, co, and c3 correspond to treatments 1, 2, and 3. The eigenvalues of the matrix

given in (3.1) are the roots of the following equation:

det(Cy — 3) = 0, (3.2)

18
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where I3 is the 3 x 3 identity matrix. Simple algebra gives:

1
det(Cy — MI3) = Z}\(?)C% + 3¢ + 303 — 6c1Cy — 6cacs — 6ercg + Ao\ + deg + desh — 4N,

) 1
with roots z; = 5 Zci + 22(01- -¢)?|,

1<j

1
w= Zci — QZ(CZ- —¢j)?|, and 23 = 0. (3.3)
1<j

3.2 The A-value of a 3 x 3 Information Matrix

An A-optimal design minimizes the quantity i %, where z; and 2 are given in (3.3).

Thus, a design d* € D must be found to minimize:

1 4 A+B+d,

1
A—value=—+ —=-(c1+ca+c3—2 3.4
z1 29 3<1 2 3 C1+ Co+C3 ( )
which is equivalent to maximizing the quantity A given below:
A+ci+cl
A:cl+02+03—2$ (35)

1+ cy+c3

To find such designs, several lemmas are needed. In this section d(z,y, z) will denote a design
whose C-matrix has diagonal elements ¢; = x, co = y, and ¢3 = z. Note that z, y, and z are

non-negative numbers, because the C-matrix of any design is non-negative definite.

Lemma 3.1. Given a design d*(z*,y*, z*), consider a competitor d(z,y,z). If

(a) x*+y*+2*>x+y+ 2, and

(b) 22 +y? + 272 < 2? +y? + 27
then d* is A-superior to d.

The above lemma follows directly from (3.5).
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Lemma 3.2. If v > y > z, then A increases as x increases if and only if v < —(y +

2) +24/y? +yz + 22. A sufficient condition for this is x < (v/3 —1)(y + 2). Also, A is an

increasing function of y and z for x >y > z,

Proof. The partial derivative of A with respect to x is:

0A | J2ue+y+z) -’ —y? =2t Ayt 442 +dyz— (e +y+2)
o @ryrsP Gryrer

(3.6)

The partial derivative is positive if and only if the numerator is positive, which is equivalent

to:

i + 422 +dyz > (v+y+2)? &
r+y+z < 2Vy:+yz+ 22 &
r < —(y+2)+2Vy?+yz+ 2% (3.7)

Since y* + yz + 22 > %(y + 2)?, with equality when y = z, a sufficient condition for the
numerator to be positive is z < (v/3 — 1)(y + 2).

Next, consider the partial derivative of A with respect to y:

0A  Ar®+42% + 4wz — (x+y+ 2)°
oy (x+y+2)? '

(3.8)

The numerator can be rewritten as: (2 — y?) + 2z(z — y) + 22(x — y) + 3z%, which is
obviously positive because x > y. Therefore A is an increasing function of y; similarly, it

can be checked that A is an increasing function of z. ]

Lemma 3.3. Given a uniform design d*(z* > y* > 2*), consider a nonuniform design
d(z,y, ) with the same treatment replications as d*. If x* < (v/3 — 1)(y* + 2*), then d is

A-inferior to d*.

Proof. Since uniform designs maximize the diagonal elements of the C'-matrix among designs
with same replications, we have z* > x, y* > y, and z* > z, with strict inequality for at

least one element. The result follows immediately from lemma 3.2. [
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Lemma 3.4. Given a design d*(z*,y*,y*) with z* > y*, consider a competitor d(x,y,y). If

(a) x* < 2(/3 — 1)y,
(b) x+2y < z*+2y*, and
(c)y<y

then d is A-inferior to d*.

Proof. If x < y*, then d(z,y,y) is A-inferior to d(y*,y*,y*) because the latter is completely
symmetrical and of higher trace by (¢). Also, by (a) and lemma 3.2, d(y*, y*,y*) is A-inferior
to d*.

If y* < & < ¥, then by (¢) and lemma 3.2 d(z,y,y) is A-inferior to d(z,y*,y*), which is

A-inferior to d*.
If © > 2%, write z = 2* + a, and y = y* — 2. From (b) and (c) it follows that b > a > 0.
We need to show that A* — A > 0, where A* and A are computed as in (3.5) for designs

d*(x*,y*, y*) and d(x,y,y):

2(2*? + 2y*?) 2[(z* + a)® 4+ 2(y* — b/2)?
T* + 2y* ¥4+ 2y*+a—>b
2(x** + 2y 2(x*? + 2y*% + 22%a — 2y*b + a® + b /2)
x* + 2y* + ¥+ 2y*+a—0>
*?(a + 3b) — 8y*%a + 4x*y*a + x*(a® + 2ab) + y* (2a* + 4ab)
(x* +2y*)(x* +2y* +a — b)

A"—A = (" +2y") — — (" +2y"+a—-0b)+

= b—a-—

Note that the denominator is positive. Since b > a > 0 and z* > y*, it follows that

2**(a + 3b) > 4ay* and 4x*y*a > 4ay*?, and thus:

z*(a® + 2ab) + y*(2a* + 4ab)
(x* +2y*)(z* +2y* +a —b)

A=A > >0
O

Lemma 3.5. Given a design d*(x*, z*,y*) with x* > y*, consider a competitor d(z,x,y). If
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(a) 2z +y < 2z* +y*, and
(b) y <y

then d is A-inferior to d*.

Proof. First note that x < —(z+y)+2+/2% + zy + y? for any z and y. Thus, if x < z*, then
by lemma 3.2, d(z, x,y) is A-inferior to d(z*, z*, y), which by (b) and lemma 3.2 is A-inferior
to d*.

If z > z*, then write z = 2* + %, and y = y* — b. By (a) and (b), we have b > a > 0.

29

Similarly to the proof of lemma 3.4, A* — A will be shown to be positive:

22072 + y*?)  2(22** + y** + 22%a — 2y*b + b* + a?/2)
2z* + y* 20 +y*+a—>b

8bx*? — (3a + b)y** — 4bx*y* + x*(20* + 4ab) + y*(b* + 2ab)

(2z* +y*)2z* +y* +a—b)

A~ A = b—a—

Since b > a > 0 and x* > y*, it follows that (3a + b)y** < 4bx*?* and 4bx*y* < 4bzx*?, and

thus:
x*(20% + 4ab) + y* (b* + 2ab)

A* —
(22" +y*) (22" +y*+a —b)

>0

3.3 A-optimal Designs with One Blocking Factor

This section will find A-optimal designs in the regular (v, b, k) setting, where the number of
treatments is v = 3, for any number of blocks b, and any block size k. We make the general

assumption ry > r9 > r3. The diagonal elements of the C-matrix can be written as:

b
> ni, (3.9)
j=1

Ci =T; —

| =

and if treatment ¢ is uniform,

1
Ci =T; — Eh(?"i, b), (310)
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where h is defined in (2.4). The problem will be divided into three cases, depending on the

value of bk mod 3. The main result of this section is stated below.

Theorem 3.1. A block design with three treatments is A-optimal in the class D(3,b,k) if

and only if it s generalized binary and has the following replication numbers:

(a) rlzrgzrgz%kwhenbk:EO mod 3,

(b) r =2 and ry = ry = Y51 when bk =1 mod 3,

(c) i =19 = kaH, and r3 = == when bk = 2 mod 3.

3.3.1 Case 1: bk =0 mod 3

For this setting we can create a generalized binary balanced design (BBD), which is univer-

sally optimum by Theorem 2.1. The C-matrix of this type of design is given by:

Cop = ol — hir, B]Is — 5fr — (D)5 (3.11)
where r = bk/3. To eliminate other competitors, note that Cgpp is completely symmetric
and of maximum trace in the class D(3,b, k). Since universal optimality implies maximal
trace, any design that is not generalized binary cannot be universally optimal. Likewise
a generalized binary design with unequal replications cannot have complete symmetry of
its information matrix, so does not have equality of its nonzero eigenvalues, implying (by

majorization) that it is not universally optimal.

3.3.2 Case 2: bk =2 mod 3

First consider a generalized binary design d°(c{,c,c3), with replications r; = ry = r + 1,

and r3 = r, where r = 1’1“3—_2 It will be shown that d° is A-optimal.

Consider a design d(cy, 2, c3) with r3 < r. Symmetrize d on treatments 1 and 2 as in (2.9)

to produce d(¢;, e, c3), where ¢ = 952, Since tr(Cy) = tr(Cy) and ¢} + ¢ > 263, it follows
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from lemma 3.1 that A; < A;. Treatment 3 is generalized binary and has higher replication
in d° than in d, so ¢ > c3. Also, Cyp has maximum trace, so the conditions of lemma 3.5

are satisfied. Therefore d° is A-superior to d, which is A-superior to d.

Since designs with 73 < r are A-inferior to d°, the only candidates left are designs with
replications 11 = r+2 and 19 = r3 = r, or r1 = ro = r+ 1 and r3 = r. Note that for
generalized binary designs with these replications, ¢; is maximum when r; = r + 2 and
Co + 3 is minimum when ro = r3 = r. Hence, if we can show that ¢; < 2(\/§ — 1)cy for a
generalized binary design with replications 7, = r + 2 and ry = r3 = r, then by lemma 3.3

the nonbinary competitors are eliminated. Using (3.10) we obtain:

2(k—1) (bk+b+2) e
¢ = bk3+4 _ %h<bk;r4’ b) = {2(k+1)?l§€kb+2) ifk=1 mod 3 and
—— if k=2 mod3
9k

2(k—1)(bk+b—1) ifk=1 mod3

i _ bk— bk— _
62—03—_32_%“ 3276)_{Ml5’“‘1) ifk=2 mod3
ok -

So ¢1 < 2(v/3 — 1)cy if and only if a< 2(v/3 — 1), which can be easily checked. Therefore,
by lemma 3.3, the only two designs left to consider are d° and a generalized binary design
d' with replications 7 = r + 2 and 7 = r3 = r. These designs have equal trace, so by (3.5)
the better design is the one which minimizes Y, ¢f = 3[(32; &) + >, ;(ei — ¢;)?]. For d°

3
we have 37, _.(c; — ¢;)* = 2(c} — ¢3)?, and for d' we have 3=, _.(¢c; — ¢;)* = 2(¢} — ¢;)*. Since

i<j
dy =) < <d, it follows that d° minimizes Y, c7.
In conclusion, d° is A-optimal in the class D(3,b, k), with bk = 2 mod 3. Also, it has been

shown that other designs (i.e. with different replications, or nonbinary) are strictly A-inferior

to d°.

3.3.3 Case 3: bk=1 mod 3

The arguments of this case are similar to the ones in the previous case. We start off with a

generalized binary design d°(c{, 9, cy) with replications r; = r + 1 and ry = r3 = r, where

r = Y%L Tt will be shown that d° is A-optimal.
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First we eliminate designs with r, > r + 1. Consider a competitor design d(cy, ¢z, c3) with
replications (r; > r 4 1,75, 73). Symmetrize d over treatments 2 and 3 to obtain d(¢,, &, ¢2),
where ¢, = ¢; and & = % As discussed in Section 2.3, d is A-superior to d. To show

that d° is A-superior to d, we verify the three conditions of Lemma 3.4.

The first condition requires 2(v/3 — 1)c — ¢ > 0. Using (3.10), we get:

0o o JEk-Dpbk+1)(2vV3-3)—V3], ifb=k=1 mod3;
2(\/5_1)62_61_{glk(k+1)[b(k—1)(2\/§—3)—\/§], ifb=k=2 mod 3.

Both expressions are positive for any b > 2, k > 2, except b = k = 2. There is only one

(3.12)

connected design with v = 3, b = k = 2, and that design is d°. The second condition of
Lemma 3.4 is satisfied, since d° is generalized binary, and thus of maximal trace. To verify

the third condition, we need ¢§ > . So,

b
_ 1 1
20 = bh—ri -2 ;(ngj +n3,) <bk—r — h(bk —71,20),
1 1
2¢ = bk—10— . Z[(ng’j)2 +(ny;)?] = bk — 1) — Eh(bk — 19, 2b),

1

<
Il

the latter being true since d° is generalized binary with ) = rJ = r, and 2h(r,b) = h(2r, 2b).
These expressions have the form of the diagonal element of an information matrix for a
uniform treatment with replications bk —r; and bk — r{ times, respectively, in a block design
with b = 2b, k' = k. Note that bk —r < bk — 10 < b(k — 1) = ZE=U for any k > 3, and

thus by Lemma 2.1, 2¢, < 2¢J for any k > 3. If k = 2:

ry—r?

2

1 1
2c) — 26, > 1 — 1Y + §h(zb —71,2b) — §h(zb — 7Y 2b) = >0

and so all designs with r; > r 4+ 1 are eliminated by Lemma 3.4.

The remaining competitors must have either ry = ro =r+1, r3 =r —2, or ry = r + 1,
ro = r3 = r. Nonuniform designs with these replications are eliminated using Lemma 3.3 and
after averaging over treatments 2 and 3 for the former case, (3.12). Comparing the uniform

design d' with r =ry =r 4+ 1, r3 = r — 2 versus d°, we get:

Ap — Ay = {3bk(i+1)(k_ 1), ?szk:z 1 mod 3;
3bk(k1(k+1) ifb=k=2 mod 3.
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Both expressions are positive for any b > 2, k > 2, and so d° is A-superior to d'.

3.4 A-optimal Row-Column Designs

Designs with two blocking factors are called row-column designs. The parameters of these
designs are p, the number of rows in the design, ¢, the number of columns in the design,
and v, the number of treatments. In our case v = 3, and it will be assumed without loss of
generality that p < ¢. The model for such a design is given in (1.9). The information matrix

can be found as the special case of (2.2) with n = 2:
. [ po L
Cq = diag(ry,...,1y) — —NgNj — =MyM}, + —rr’, (3.13)
p q pq

where N; and M, are the column-treatment and row-treatment incidence matrices, respec-

tively. The diagonal element of C; corresponding to a uniform treatment ¢ can be written

as:
1 1 r?
Cii = T; — -h Ti,q) — -h i, D -+ —l, 3.14
5 (ri q) . (ri; p) o (3.14)

where h(r;,q) is as defined in (2.4). For given p and ¢, the function ¢;(r;) is a continuous
function of r;. The function is not differentiable at r; = sp or r; = sq for positive integers s;
at these points the values of int[**] and int[*}] in the component functions h change. In the
following sections, the quantity A defined in (3.5) will be differentiated with respect to r; and

the derivative will take several forms depending on int[*] and int[*]. The integer values at
boundary cases when r; = sp or r; = sq, will be treated the same as when (s —1)p < r; < sp

or (s — 1)g < r; < sq, respectively, since ¢;(r;) is continuous.

Note that the matrix X = %MdMé - piqrr’ is a non-negative definite matrix. When the rows
in the design are permutations of each other, X is the null matrix. Further, if the design is

generalized binary in columns, then trace of Cy is maximum. In fact, for any design d

1
@(diag(’l“l, s 7T'U) - ENdN(/i) S q)(cd)7 (315)

for any majorization preserving function ® of the eigenvalues of C;. The eigenvalues of

the information matrix for the column component design majorize the eigenvalues of the
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information matrix for the row-column design. This makes sense, because eliminating only
one blocking factor results in more information available for estimating the treatment effects.
Similar to the previous section, the task of finding A-optimal row-column designs can be
divided into several parts based on the values of p mod 3 and ¢ mod 3. A-optimal designs

maximize the quantity A defined in (3.5).

3.4.1 Case 1: pg=0 mod 3

When the number of experimental units in the row-column design is a multiple of v with v
prime, a Generalized Youden Design (GYD) is universally optimal (see Cheng [7]). When
v = 3 and 3|pg, a GYD can always be constructed. The information matrix of such a
design is completely symmetrical and of maximum trace. In our case, assume without loss of
generality that 3|p. Cy can be written as the information matrix of a balanced block design

with b = ¢ and k = p:
3 1
Cayp = 5[7“ — h(r,q)| 15 — 5[7’ — h(r,q)]Js, (3.16)

where r = %.

3.4.2 Case2: p=1 mod3and g=1 mod 3

When equireplicated designs do not exist, as in this case, the general strategy for finding

A-optimal designs is:

(1) reduce the range of possible replication numbers to a small interval in the neighborhood

of r = int[E!] by eliminating competitors outside of this given range,
(2) eliminate nonuniform designs with replications in the given range,

(3) find the uniform A-optimal design with replications in the given range.

Assume that ¢ = p+ 3m, for integer m > 0. Construct design d* as follows. In a p x p Latin

square, replace all copies of 1%2 of the symbols with treatment 1, all copies of ’%1 of the
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symbols with treatment 2, and all copies of the remaining ;%1 symbols with treatment 3.
For m > 0, adjoin to this a p X 3m generalized Youden design with three treatments. Thus

the resulting design is generalized binary, and has replications:

. plg+2) . . plg=1)

. (3.17)

For d*, rows are permutations of each other, and thus the matrix Cz can be written as
the information matrix of a block design with v = 3,0 = ¢, and k = p. Also, since d* is
generalized binary, Cy is of maximal trace both among row-column designs, and among

block designs with v =3,b = ¢, and k£ = p.

Theorem 3.2. The design d* is A-optimal.

Let d be any competitor design with r;y > ro > r3. The proof of this result will be accom-
plished by adopting the general strategy outline above to eliminating all competitors in 4

steps:

(1) Eliminate all designs with r; > p—(q; 2),

(2) Eliminate all nonuniform designs with r; € [’#, I@],

(3) Eliminate all designs with r3 < p—(q; 1),

(4) Show that among uniform designs with replications r; € [’M, ’@

3 ], d* is A-optimal.

> Z@. Using the averaging technique described

Step 1. Let design d have replication r;
in Section 2.3, let ¢y, ¢, o be the diagonal elements of the information matrix for the column
component design, after averaging on treatments 2 and 3. In order to show that design d*
is superior to d, we will use Lemma 3.4 for designs d*(c}, cj, c5) and d(¢1, ¢, ). Note that
averaging of information matrices with identical trace results in a matrix with the same trace.
Since d* is of maximal trace among column component designs, condition (b) of Lemma 3.4

is satisfied.
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p—1

To verify part (¢) of Lemma 3.4, we must show that ¢} > ¢. Note that int[”(%—gl)] = ==, s0
. 2plg—1) 2, plg—1
e WD 2,000
3 P 3
49 2p(¢—1) 2p(g—1) _plg—1) p—1 (p—1)°
= _z 9 _ _
3 p[ 7+ 05—~ 45
2(p—1
= %[p@q — 1) +2¢] (3.18)
P
_ 1, s 2
20, = pg—r1— ]—)Z(”Qj + n3;)
j=1

1
< pq—ﬁ—gh(pq—ﬁﬂfﬁ

The last quantity is the same as the diagonal element of a information matrix corresponding
to a uniform treatment replicated pg — r; times in a block design with b = 2¢q and k& = p.
Therefore, it is decreasing in r; by lemma 2.1, and its maximum is achieved when r; =

202 4 1. Thus,

_ +2 1 +9
200 < pq—]M—l—];h(pq—%—L?q)
w(q —1 1 2p(qg—1
_ 2p(q )_1__h(p(q )—1,2q)
3 P 3
p=lif g <
Note that mt[%(qgﬁ]—{ 34%]9 1 . Using (2.4), for p = g we have:
! Hifp=gq
_ 2p(p — 1) 1 2p(p—1) dp(p — 1) p—4 (p—4)?
20, < M) AT (2T 9 9 9
&y < 3 p[ 2 + ( D) 3 - ]
B 4p® — 2p® — 5p — 15
— 5
< 2c,
sincchngwhenp:q. If p < q
_ 2p(q — 1) 1.2p(q—1) Ap(q — 1) p—1 (p—1)
2%, < —1-= 1+ (21— 9 9 —9
Gy < 3 p[ 3 + ( 3 q) 3 A ]
2(p—1) 3
— 2 —1)+2¢— 2>
% [p(2¢ — 1) 4+ 2q 2]
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Next we need to show part (a) of Lemma 3.4, ¢f < 2(v/3 — 1)¢;. Note that int[%] =

P2 Sf o —
int[p(%—f)] = {pil 1 P=2 por p = q we have:

= lfp <q

. plp+2) 1, plp+2)
o pp+2) 1[p(p+ 2) (2p(p+ 2) _pPt? G, 2)2]
3 » 3 3 3 9
_ 2p—D(p+2)
9

Since 2(v/3—1)c} (19 2(v/3— 1)% if p = g, inequality (a) holds if (v/3—1)(2p+1) >

p + 2. This is true for any p > 4. Now, if p < ¢:

oo Par2 1, 0a+?)
1 3 p 3 7
2 p(qu) _%[mq;m +(2p(q;r2) _q>p;1 _q(p—91) ]
_ 2(p—Y(pg+p+a)
9p

Using (3.18), 2(\/5 — 1)cb > ¢f if and only if (\/§ —1)(2pqg —p+2q) > pg+p+q, or
p[(2v/3 — 3)q — /3] + ¢(2v/3 — 3) > 0. This is true for any p > 4,q > 4.

We have shown parts (a), (b), and (c) of Lemma 3.4. So d* is A-superior to d, which is an

p(g+2)
3

averaged version of any design d with r; > . All remaining competitors must have

ry < p(q;-2)’ which also implies ry > p(qg—4).

Step 2. In this step of the proof we eliminate all nonuniform designs with r; € [’#, M].

Using Lemma 3.3, we will show that (v/3 — 1)(cy + ¢3) — ¢; > 0, for all uniform designs

d(cy, co, c3) with replications in this range.

First, if r3 > @, ¢; is an increasing function of r;, for by (3.14), (2.7), and in this range

Ah(r,q) = 22, Ah(r,p) = 2,

(p—1)(qg—3)
3pq

1
C[T+1]—C[7“]Z%(6T—pq—p—q+3)Z > 0.
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Therefore, when r3 > (q , for uniform designs we must have ¢; < ¢}, co > ¢, and c3 > cj,

since r; < rf, ro > 13, and r3 > ri. Thus:
(V3=1)(ca+e3) —c1 > (V3—=1)(cs+¢5) — i >0,
as shown in the previous step of the proof.

Next we eliminate all nonuniform designs with 2 (q D < gy < Bl ( U Let ry =2 (qg_ Y _ 2 for

213‘1+I7+333 p(q+2)
6 ' 3

some 0 < z < p and ry = pg —r; —r3, where r; € | |, since 9 < ry. The values

of int[**] and int[%] are:

LA ) q— T T2 p—1
mt|—| = wmt|—| = ——, mt|—| = wmt|—|) = ——
5] Sl==3 ! =3
—4 p=lif < 4P
2] =12 a2 ={ 3, = (3.19)
p 3 q B2 if o > 422

Note that when r = p(qTH) we actually have int[%] = %. However, since the function

h defined in (2.4) is continuous in r, we do not need to use a different value for int[*}] at

the boundary point r; = M (i.e. in (2.4), h(@,p) yields the same result whether

E (q+2)] — at2 E (q+2)] — g1
3p 3p

= = £=). This is our first example illustrating the

or nt 3

we set int
general discussion following (3.14). From now on, when looking at ¢;(r;) on an interval with
sp < r; < (s + 1)p for some positive integer s, we will consider int[%:] = s for the entire
interval for computational purposes. This will eliminate the need for special consideration

of boundary points where int[%] (or int[]) changes value.

We now return to step 2 of the proof. We will show that (v/3 —1)(cy+c3) — 1 > 0 separately

forx<qpandq:> . First, if 0 < o < L2

9pgl(v/3 — 1)(ea + ¢5) — ea] "= 18(v/3 — 1) — [18r (V3 — 1) — 6pg(v/3 — 1) + 6p(V3 — 1]z
+9r2(\/3 — 2) — 3pgri(3v/3 — 4) + 3v/3qr; — 3pri(vV3 — 2)
+[4 = 2v3+ (V3 —=2)qg+ (6v3 = 8)¢’Ip* — v3pg® — (4v3 — 6)¢ (3.20)

The above expression is a quadratic in z, with positive coefficient for z2. We will show that

s2 — 4s183 < 0, where s, s9, and s3 are the coefficients of 22, z', and 2° respectively, thus
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forcing the entire expression to be positive.

L (83 —4s153) = 9(2v3 = 3)r? + 3[p(q + 1)(9 — 5v/3) — ¢(3 — V3)|r
+P?[12 = V3 + (5v3 = 9)g + (13v3 — 24)¢%) — pg*(v/3 — 3) — 10vV/3¢* + 18¢>

The above expression is an increasing function of r; for any positive r1, and p > 4. We will
show that it is negative at the largest value of 71, thus forcing the expression to be negative
in the entire range. Setting r; = i@:

%sg — 45153 = 2pq(V/3 — 3) 4+ 2¢%(9 — 5V3) + p*[2¢*(5v/3 — 9) — 2¢(V/3 — 3) — 9(v/3 — 2)].

The coefficients of p and p? are negative for all ¢ > 7, and since 0 < x < 4P, we must have
q > 7. The above expression is thus decreasing in p. Setting p = 4 we obtain a quadratic in g,

negative for all ¢ > 7. Hence, s3 — 45,53 < 0, which in turn implies (v/3 —1)(cy+c3) —¢1 > 0.

Next we show that the inequality holds when z > %2, using a similar strategy as before. In
this case the value of c¢3 changes, and:

(3.14)

Ig[(V3 — 1)(ca +c3) —c1] = 18(/3 — 1)a® — [18r1(v/3 — 1) — 6pq(v/3 — 1) + 6p(v/3 — 1)
+18Q(\/§ — Dz + 97"%(\@ —-2)- 317617”1(3\/g —4) + 3\/§qr1 - 3137"1(\/g —2)
+4 = 2v3 4+ (V3 = 2)g + (63 — 8)¢*]p* — V3pg® + 2v/3¢* — 6pg(v/3 —1).  (3.21)

Again, the expression is a quadratic in x, with a positive coefficient for z2.

(53 — 4s153) = 9(2v/3 = 3)r? — 3(pg +p + @) (5v3 — 9)r1 + pg?(5v/3 — 9) — (7V/3 — 12)¢?
+p?[12 = TV3 + (5v3 — 9)g + (13v/3 — 24)¢°] — (18v/3 — 36)pq

The above expression is increasing in 71, because r; > 0 and the coefficients of 7% and r; are

both positive. Setting r = w:

flp,q) = %(33—43153) = —2pq(14v/3-27)—¢*(7V3-12)+p°[2¢° (5v/3—9)—2¢(v/3-3)—9(v3-2)].

The function f is decreasing in ¢ because in:

10f

59 = 27 14v/3 + p(3 — V3) + 2pq(5v/3 — 9)]p + [12 — 7V/3]g,
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both terms in square brackets are negative for p > 4 and ¢ > 4. Now, setting ¢ = 7,
2
52—2 — 25153 = 588 — 343+/3 + (378 — 196v/3)p + (467v/3 — 822)p? < 0, when p > 4.
We have thus shown that when ¢ > 7 and p > 4, s3 — 4s;s3 < 0, which in turn forces
(vV3—1)(ca+c3) —c1 > 0. When p = g = 4, it can be shown that d* is indeed the A-optimal

design by enumerating all possible competitors.

p(g—4) p(q+2)]

Step 2 of the proof is finished. We have so far eliminated all designs with r; ¢ [%5—= B4

and all nonuniform designs with replications in the above range.

Step 3. In this step of the proof we further restrict the replication range, by eliminating all

( n

designs with r3 < 24 The competitors being considered must be uniform with 2 (q D <

ry < %. The notation used here is the same as in the previous step, and the problem
will be divided into two subparts, with r5 = 2 (q; D_ 2. 0<2<%2and &2 < 2 < p. The
function A defined in (3.5) is a continuous function of z, and the only pomts where it is not

differentiable are x = 0, v = 5P and x = p. The strategy is to show that the derivative of

A with respect to x is negative, thus forcing r3 > 2D for A- optimal designs.
04 _ (&, + ) — 2 (220 + 2c3¢5) (30 i) — (ch + ) (3 ¢F)
O N (e

szﬁn 8].]93(]3

g e Q) +2) ] —deady + )Y )} (3.22)

. 1p3g3 . T . . . . .
where ¢, = %Cl, and M is a multiplication constant which will make computations easier.

dc1
Bz

(2.4), (3.14), and (3.19) in Mathematica, (3.22) reduces to a quadratic function of x, which

Note that ¢; does not depend on z, and thus = 0. We start with the case z > 45F. Using
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can be written as syx? + s + 59, where:

s2 = 9pg(p+q+4)[2p(q+1) +2¢ —3r1],

s = —6{p'(4¢" +10¢° + 7¢* — 2¢ — 4) — q(2q — 3r1)*(q + 3r1)
—9pr1[2¢° — 5%y + 3r? + qri(3r1 — 2)] + p*q[—8 + 10¢°® + ¢*(8 — 18r1) — 6q(5ry + 2)
—15r1] + p*[9¢* + 27r — 2¢3(15r1 + 1) + 3qri(15r1 + 4) + ¢*(—16 — 9ry + 27r7)]},

so. = —p°(4—6g—11¢° +7¢" + 14¢" + 4¢°) — 3q(2q — 31)*(¢* + 4qr1 + 3r})
+pldq® 4+ 36¢°r% + 27qr (2 — 3r1) — 81rf + 9¢*r? (121, + 1) — 2¢* (2771 + 2)]

+p*[—6¢° — 121 + 6¢* (5r1 — 3) + 3¢*(9r, +4) — q(21r1 + 4) + ¢*(667r; + 7))

+p*[13¢° + 27r% — 6gr1(9r1 + 2) + ¢*(30r; + 7) — 3¢°r1 (4871 + 7) + ¢*(10 + 42r; — 8177)]

+3p°[9¢° — 11g*r; + 1872 + 9qri(6ry + 1) — 2¢° (1507 + 71 + 4) + 2¢°r1 (1817 — 9ry — 4)].

Note that the coefficient of 2?2 is positive; by showing that the expression is negative at both

the minimum and the maximum value of z, it will mean that it is negative in the entire range

(2p+1)
6

Y

of . To make computations easier, we reparameterize (3.22) by letting r; = u +

where 0 < u < @T_q since r; > P > Q(Q%H). Note that 52 < 2 < 2u + 32, since
r3 > pq— 2r; = ’@ —2u — 5P Setting ¥ = 4P, expression (3.22) becomes a quartic

polynomial in u, with the coefficients s; for u’ given below:

ss = —8llpg+p+q), s3=0,

Sy = —g(6p3q3 +8p°¢° + 8p°¢* — 8p’q — 3pg® —18p” — 9¢° — Ipg® — 2p°q)

s1 = =3p*(=pq" +20°¢ + ¢" — 4pg® + 3p°¢ + ¢ — Apg® + T¢* — Ipg + 4p°)

so = —1%(16194(]5 +16p°q* — 32p°¢® + 48p*q* + 4p*¢® — 32p¢* — 40p*¢° — 24p* ¢ — 96p° ¢

—40p*q* — Ipg® — 16p°¢® + 27pg* + 27¢° + 20p¢* + 116p°¢* + 32p*q + 64p°)

All nonzero coefficients of powers of u are negative for all ¢ > p > 4, except s;, which is

positive for some values of p and q. However, when we set u to its maximum value, which is

413%17 the expression sg + syu is still negative for any values of p > 4 and ¢ > 4. Hence, when

r = 5P the expression is negative for any value of u. In general, the sign of coefficients was
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found by checking numerically for a few values of p and ¢, and then using algebra to verify
it for all values of p and ¢q. The sign of a coefficient (if it has the same sign for all p and q)
is given away by the sign of the term of largest order in the (p, ¢) polynomial, where if there

are several terms of largest order, among them choose the term with largest exponent in q.

Next, we set © = 2u + %P, and obtain another quartic expression in u for (3.22), with the

coefficients s; for u’ given below:

sa = 243(pg+p+q), s3 = —162(2p+ q)(pg + p + q),

27
ss = —(pqg+p+q)(6p°¢* +2pg* + 2p°q — 3¢* + 8pq + 6p°),

2
9
s = —5(6p3q4 +12p'¢® 4+ 10p°¢* + 12p°¢° + 18p*¢® — 3pg* — 18p°¢* — 8p°¢?
—9q¢* — 15pg® — 36p*q® — 6p°q — 8p*),
3
sy = —E(lfip‘lq5 +16p°¢* + 4p>¢° + 48prq* — 32p°¢® — 40p?¢° — 32p% ¢t — 24p*q® — 96p° ¢

—9pq® — 40p*q* — 16p°¢® + 27¢° + 2Tpg* + 20p*¢> + 116p>¢* + 32p*q + 64p°).

Simple algebra can show that coefficients sy, s; and s3 are negative, and coefficients s, and
s4 positive, for any ¢ > p > 4. However, s3+s4u < 0, and s1+ sou < 0, for any 0 < u < %,
making u®(ssu + s3) + u(sau + s1) + 5o negative. Hence, when = 2u + 2 the expression
(3.22) is negative for any value of u. Remember that % is a quadratic function of z, with a

positive coefficient for 2. We have shown that % is negative for all x > 2, because it is

always negative at both the largest, and the smallest value of .
Now, moving on to the case 0 < x < &P, equation (3.22) reduces to another quadratic of

the form so2? + s12 + so, where:

ss = 9pq(p—1)(2pg + 2p — 3r1 — q),
s1 = —6{p*(—4 —2¢+7¢* +10¢® + 4q¢*) — q(2¢ — 3r1)(q + 3r1)* + p[5¢* + 9¢*r1 (1 — 3r1)
—277‘? — 9qr%(3r1 +2)+ q3(97“1 +4)] — pgq[—2 + 6% + 15r + 6q2(37“1 +1)

+3¢(10r, — 1)] + p*[—¢* + 27r2 + 3qri(15r, — 1) + ¢ (18r, — 7) + ¢*(27r? + 12r, — 7)]},
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so = —p°(4—6q—11¢* +7¢> + 14¢* + 4¢°) — 3qr1(2q — 3r1)(q + 3r1)* + p[2¢° — 81r}
—27qr¥(3ry + 2) — 18¢%r3(6r1 — 1) + 3¢°r1 (9ry +4) + ¢*(24r, + 1)] + p*[6¢° — 121,
+64¢* (571 + 2) + 3¢*(9r1 — 1) — (2171 + 2) + 2¢°(33ry + 1)] + p*[—5q° + 547} + 162¢r°
—4q* (3r1 +2) + 9¢%r1 (127 + 8ry — 1) + ¢*(81rF — 24ry — 2)] + p°[¢° + 4¢" (2 — 9r1)

+3qri(1 — 187r1) + 27r? + ¢*(—81r7 — 42r; +5) — ¢*(144r? + 5)].

Similar to the previous case, the coefficient of 22 is positive for any ¢ > p > 4 and r; < w.

p(2q+1) > pg=r3 > P(2¢+1)
Z T3 = 6 -

We reparameterize, by letting ry = u + 5=, with 0 < u < £ since 7

The minimum value of z is 0, and its maximum value is 2u. We will show that (3.22) is
negative at x = 0 and x = 2u, thus making it negative in the entire range of x. Setting

x = 0, expression (3.22) becomes a quartic polynomial in u with coefficients:

sy = —8l(pg+p—q), s3 =10

Sy = —g(ﬁp?’ff’ — 6p°¢° + 8p°* — 6pg® — 4p*¢® — 3pq + 64 — dpg® + 3p>q — 9p°),
s1 = =3¢ (p— 1)’ (2p¢® — P’ + 2¢° — pg+ p?),

so = —%p2(16p3q4 — 16p%¢" + 4p°¢> — 16pq* — 4p*® — 40p°¢* + 164" — 4pq’

+8p°q% — 9p°q + 4¢° + 32pg® + Ip*q + 27p°%)

All coefficients are negative, for any p > 4, ¢ > 4. Next, ¢ = p implies x = 0, so for z = 2u
assume that ¢ > p+3. Setting x = 2u, expression (3.22) becomes another quartic polynomial

in u with coefficients:

s = 243(pg+p—q),  s3=—162p(pq+p—q),

27
s = —(pq+p—q)(6p°q° +2p°q — 64> — 2pq — 3p?),

2
9
51 = —5(—4193614 + 6p*q® + 4p°q* — 6p°¢® + 10p*q® + dpg* — 6p*® + 4p*q® — 3p'q
—4q* + 6pg® — 14p°¢° + 3p°q — "),
3
so = —Ep2(16p3q4 — 16p*q" + 4p°¢® — 16pq* — 4p°q® — 40p*¢® + 16¢" — 4pq®

+8p¢? — 9piq + 4¢® + 32pg® + Ip*q + 27p?).
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The coefficients s3 and sy are negative for any ¢ > p > 4. Coefficient s4 is positive, but
usy + s3 is negative since u < . Coefficient s, is also positive, but the remaining quadratic
sou? + s1u + so < 0 is negative at u = 0 for any ¢ > p > 4, and it is also negative at u = £
for any ¢ > 10. Therefore, the entire expression is negative for any w if ¢ > 10. The only
competitor designs left to consider are the uniform row-column designs with p =4 and ¢ = 7,

and replications r3 = 7, ro = 10, 1, = 11 (call it d'), or r3 =7, 79 = 9, r; = 12 (call it d").

Both designs can be eliminated by the numerical computation of (3.5):
Agr = 575714, Ay = 5.65238, Agr = 5.65289.

With this we have concluded step 3 for the proof of Theorem 3.2. The only remaining

competitors are uniform designs with r; € [@, ’%].

Step 4. This step will be divided into two parts. First it will be shown that for a given rj,

the A-best design has ro = r3 and r; = pq?m. Assuming ry = r3, we will then show that

A is a decreasing function of ry. Note that when r; € [’@, @], we take (by the earlier
3 : N Tyl —1 . T3 _ —1

discussion) int[*] = 13- and int[%] = 5.

Let 79 = r3 4+, and ry = pg— 19 — 13 = pq — 2r3 — x, where 0 < z < memsince

ry > 1y > r3. Also, p(qT_l) <rs< qu_l. The function A defined in (3.5) is differentiable in

the entire interval, except at x = 0, when r3 = ’%. Just like in the previous step, we will

show that the derivative of A with respect to = is negative. Analogous to step 3,

O L (e 2 ek (Sl 6329

dc

. 3,3
where ¢; = 57, and 2
x

< 1s a multiplication constant which will simplify computations. Note

that c3 does not depend on z, and thus % = 0. Using (2.4), and (3.14) in Mathematica,

(3.23) reduced to a linear function of x, which can be written as sy + sg, where:
s1 = —=2[=2p" = 2p°q + Bp'q — ¢ + 5p° — ' — 2pg® + 5p° + 2p°¢® — 6p'’
—2¢" + 5pq* — p*q* — 6p°q* + 4p*q" + Irs(—p® — p’q + pPq — pa® + 2p°¢°

—¢* 4+ pg’ + 20°¢° = 2p°¢°) + 27r3(—p*q — pa® + P°¢*) + 27r3(p + ¢ — pq)),
pq — 33

9 S1.
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At the maximum value of z, which is 25*%  (3.23) reduces to 0. We next show that the

expression is negative at the minimum value of x, which is 0. Rewriting r3 = u + Z@ with

0<u< ;%17 and setting z = 0, we get:

(3.23) = 8lu'(pg —p— q) — 108u*p(pg — p — q) + 27u*(pg — p — @) (P*¢* + p* — ¢*)
—6ug®(p — 1)(—p*¢* + ¢* + 2p°q — 2pq — 2p° — p?)
—pg*(p — 1)2(2pq* + 2¢° — p*q — pq + p?)

Now, 81u*(pg—p—q) — 108u*p(pg—p—q) < 0 for all 0 < u < 21, The remaining quadratic

in u has a positive coefficient for u?, but is negative at both v = 0 and u = p%l, and thus
negative in the entire range of u. We have thus shown that (3.23) is linear in z and negative
at the maximum and the minimum of x, and therefore in the entire range of . Hence A is

a decreasing function of x.

. . . : —1 2
Now consider designs with ro = r3, and write r, = r3 = % +x,r = % — 2z, for some

0<z< ’%1. We will now show that A is a decreasing function of z, by showing that the

derivative of A with respect to = is negative. Since ¢y = c3 we have:

OA sign 27p°¢° / 2 2 / /
i T (G 2)[(> ) +2> ] —Alerdy + 20265) () i)}, (3.24)

3,3
where ¢; = 5%, and 2711';6‘1

Using (2.4), and (3.14) in Mathematica, (3.24) reduces to:

dc;

is a multiplication constant which will simplify computations.

(3.24) = 8la*(pg —p —q) — 1082°p(pg — p — q) + 272*(pq — p — Q) (P*¢* + P> — ¢°)
—62¢°(p — 1)(—p*¢* + ¢* + 2p°q — 2pq — 2p° — p?)
—pg*(p — 1)*(2pq* + 2¢° — p*q — pq + p*).

Interestingly enough, this is the same as the quartic function in u obtained when we set

x = 0 in (3.23). As shown in the previous paragraph, it is negative for any u € |0, p%l],

which is the same as the range for x in (3.24). Therefore (3.24) is negative, and so A is a
decreasing function of x; the A-best design must have x = 0, and this is a characteristic of

d-.
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This concludes the proof of Theorem 3.2. We have shown that when p = ¢ =1 mod 3, the

. . . . . 2 1
uniform design with replications r]j = p(at2) Ty =15 = ’%

3 is A-optimal.

3.4.3 Case 3: p=2 mod3and g=2 mod 3

Finding A-optimal designs in this case follows the strategy described in the p = ¢ = 1
mod 3 case. However, the results differ from that case. The nearly equireplicated uniform
design, and not the maximal trace design, will be shown to be A-optimal. Construct d* as
the uniform design with replications:

. Dbq+2

, Ty =Ts = . (3.25)

Theorem 3.3. The design d* is A-optimal.

Let any competitor design d have replications r; > ro > r3. The proof of this theorem will

be divided into the following steps:

(1) Eliminate all designs with r3 < p—(qg_ 2),

(2) Eliminate all nonuniform designs with r; € [’@, ’%],

(3) Eliminate all designs with r; > p—(qgl),

(4) Show that among uniform designs with replications r; € [7@, %], d* is A-optimal.

Before we get into the first step of the proof, we introduce an additional uniform design, d°

with the following replications:

o plg+1) o plg—2)
2= T 5 3= g

(3.26)

This design has maximal trace and will be used to eliminate some of the competitor designs.
A special case which will be studied at the end is the p = 2 case. This is studied separately

because some of the inequalities in the proof do not hold for p = 2. From now on assume
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q > p > 5. The 4-step proof is similar in many ways to the one for the p=¢ =1 mod 3

case, and some of the details will be left out.

(

Step 1. Consider a design d with r3 < . Create the symmetrized design d with ¢ = c3

and ¢; = ¢ = % Design d is A-lnferlor to d° by Lemma 3.5, since c3 < ¢§ by Lemma
2.1, and d° is of maximal trace. As discussed in Section 2.3 design d is A-inferior to d. All

p(g—2) p(q+4)]
3 3 I

remaining competitor designs must have r; € |
Step 2. In this step we eliminate all nonuniform designs with replications in the remaining
range. In order to use Lemma 3.3, we must show that (/3 — 1)(ca+c3)—cp > 0 where the ¢;’s
are the diagonal elements of a uniform design. Write r, = % — x, for some 0 < x < 22

rg =L (q 2 4 u, for some 0 < u < 7. For these replications, there are three subcases for x

J

depending on int[7}] and int[7].

r qul1fO<:1:<p o Zillf4p2qand0§x§$
int[—] = 4p ,  int[—=] = o dpg
p 2ifp<a < 2 if g > min[0, 2]
-2 -2
int[2] = int[ 2] = L2 int] 2] = it 2] = 22 (3.27)
p p 3 q q 3
Suppose 4p > ¢ and 0 < < 24 making int[7] = 24l and int["] = 21 Using (3.14), in
conjunction with the fact that int[2] = int[=] = 222 and int[2] = int[22] = L2
q q 3 p P 3

Ia[(V3 = 1)(ca + ¢5) — 1] = 2(12pg — 2v/3pg — 2v/3p*q — 2v/3¢* — 3p°¢* + 2V/3p°¢* — 9u”
+9v/3u?) + 3(6p — 3v3p — 6¢ + V3q + V3pg + 6u — 6/3u)x — 9(2 — V3)2z2  (3.28)

The coefficient of 22 is negative. Setting # = 0 we obtain an increasing function of ¢, which
is positive for any ¢ > 8. If p = ¢ = 5 nonuniform designs can be eliminated numerically,
p

by noting that when ¢; becomes nonuniform it decreases by at least % Setting x = % we

obtain a quadratic expression in u with coefficients:
s, = 18(V3—-1), s1=—-12(vV3-1)(2p—1),
so = —22-V3)(p—2)(2p— 1) — 2(V3p + V3 — 6)q + 2(2V/3p* — 3p* — 2V3)¢%.

This is a decreasing function of u because 2sou + s; < 0 since u < 3 < 2222 The intercept

So is increasing in ¢, and is positive for any ¢ > p > 5. In fact, it is positive even if p = 4
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and ¢ > 5. This will be used in the future to show that other expressions are positive. In

M].

conclusion, (3.28) is positive for any z € [0,

If@ < x < p, then:

Ipq[(vV/3 — 1)(c2 + ¢3) — e1] = 2(—2v/3pq — 2v/3p*q + 3¢ — 2/3¢* — 3p*¢* + 2V/3p*? — 9u?
+9v/3u?) + 3(6p — 3v/3p + V3¢ + V3pg + 6u — 6v/3u)z — 9(2 — V3)z>. (3.29)

Note that (3.29)—(3.28)= 6¢(—4p + ¢ + 3z) > 0, for any = > 2=%. Thus (3.29) is also

2

L. . Ap—2 . . . . r —
positive. Finally, suppose p < z < #=, which implies mt[;l] = ==,

Ipg[(V/3 — 1)(ca + ¢3) — c1] = 2(—=9p® — 2v/3pg — 2/3p?q + 3¢* — 2v/3¢% — 3p*¢* + 2V/3p*¢?

—9u? + 9v/3u?) + 3(12p — 3v/3p + V3¢ + V3pgq + 6u — 6+/3u)r — 9(2 — V/3)22.  (3.30)

Note that (3.30)—(3.29)= 18p(z —p) > 0, for any = > p. Therefore (v/3—1)(ca+c3)—c; > 0

for any replications r; € [M7 p(‘l;'4)]

3 , and so nonuniform designs are eliminated.

Step 3. In this step we further restrict the replication range from step 1, by eliminating all

designs with r; > 7@. For a fixed r3 = ’@ +u with 0 <u < £ (since r3 < P57 ), write

r = p—(qgrl) +x,and ro = pg—1r1 —1r3 = p(q3+1)_ — 2 —u. Note that 0 < < p — 2u since
r2 2 r3. The values of int[**] and int[?] are given below:
T +1 T P2 if g < L2
intl )= o, it =05 5
p 3 q B if g > 2P
T2y T3 T2y T3 P —2
int[—=] =int[—] = ——, int[—] = int[—] = ——. (3.31)
p p 3 q q 3

The function A defined in (3.5) is differentiable in  everywhere except at x = 32, Just like

in (3.23), we have:

0A sign 27p3 ¢

g g ta+ A el +2) ¢l —dlere) + each) (Y e)h (3.32)

where ¢, = %f;j. We will show that the partial derivative of A with respect to x is negative

separately for v < &2 and x > P, First, if v < 52, (3.32) is a quadratic function in
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with coeflicients:

ss = 3pq(p+1)(pq +q — 3u)

s1 = —2¢°(p+1)*[-p" + 2pq(p — 1) + 2¢°(p — 1)] + 18¢(p + 1)[pg — ¢*
+0°(¢° — ¢+ 1)Ju — 18p[—3p + 4q(p + 1)]u* + 54[p(q — 1) + ¢Ju®

so = —p¢*(p+1)*(p+q—pq)* — qlp+ D{=8pg* — 2¢* + p*¢(2¢° + 5)
+p°[9 4 q(8¢ — 13)]}u + 3[-9p° + 12pq(p + 1) — 2pg*(2p° + p — 1)

+3¢°(p — 1)(p + 1)%)u® — 5dp[p(q — 1) + qlu® + 27[p(q — 1) + qlu’

The coefficient of z? is positive. We will show that (3.32) is negative at the minimum and

maximum values of z. If z = 0, (3.32) becomes a quartic polynomial in u with coefficients:

sg = 21(pg—p+4q),  s3=—2psy,
sy = 3(=9p° +12p%q + 12p°q + 2p¢® — 2p°¢* — 4p°¢* = 3¢° — 3pq® + 3p°¢° + 3p°¢?),
s1 = —q(p+1)(9p° + 5p*q — 13p°q — 8pg® + 8p°¢* — 2¢° + 2p°¢?),
so = —pg*(p+1)*(pg—p—q)°
Coefficients s4 and s, are positive. However, s u* + szu® < 0 because u < g. The remaining

quadratic is negative both at v = 0 and u = £, and thus in the entire range of u since sy > 0.

Setting x = p — 2u results in another quartic polynomial in u with coefficients:

4
ss = —8l(pg—p+q), 83 = —Ds4,
ss = —9(pg —p+q)(3p* — pqg — p*q — 3¢*> + 3p°¢*),

s1 = 3¢ (p+ 1)(—p* — 7p* — 6pq + 6p°q — 2¢* + 2p*¢),

so = —pg*(p+ 1)*(—4p® — 2pq + 2p°q — 3¢* + 2pg® + P*¢).

Coefficients s4, s9, and sg are negative, while the others are positive. Using the fact that

u < £, some algebra will show that the quantities sy + syu and sy + s3u are negative, making

the entire quartic polynomial negative for any v € [0,£]. In conclusion % is negative for
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any < L2 If x > 2P, (3.32) becomes another quadratic function in x with coefficients:

s2 = 3pq(p+q—4)(pq —2q — 3u)

s1 = —2{p"¢*(2¢ — 1) — qlq — 3u)(2q + 3u)* + P*[2¢*(3¢* + ¢ — 2) + 9¢*u(q + 3)
+9u?(4q — 3)] — Ipu(2q + 3u)[g(u + 2) — u] + p*q[—9u + ¢(—9qu + 9u — 4¢* + ¢ — 2)]}

so = {=p’[plp+2) + 4]+ p*alp(2p* +p — 6) + 4] — p’[pP*(p — 4) + 4] — ¢*[P*(p* + 2p — 6)
+4]} — ¢{9p" — p*qlp(13p — 1) + 4] + 4pg°[2p(p — 2)(p + 1) + 9] + ¢*(p — 2)(2p° +p
+2)}u + 3{—9p° + 3p’q(4p — 3) — pg®(4p° — 1) + ¢’[p(p — 2)(3p + 2) + 9] }u?

—54p[p(q — 1) — glu’ + 27[p(q — 1) — gJu’

Again, the coefficient of 22 is positive, and we will show that the expression is negative at the
minimum and maximum values of x. Setting = %%, (3.32) becomes a quartic polynomial

in u with coefficients:

2
Sq4 = 27(pq—p—q), 53:_5(4p_q>547

sy = 3(—=15p° — 11p*q + 20p°q + 15pg® — 12p°¢ — 4p°¢* + 3¢° — 4p°¢* + 3p°¢%)

s1 = —q(—4p® + 16p* 4 28p*q — 24p°q — 19p"q + 8p® + p°¢® — 8p°¢* + 14p*¢* — 4¢° + pg’
+3p°¢° — 4p°¢°)

Sp = —éff(p +1)(12p° + 4p* — 4p*q + 4p°q — 10p*q + 12p¢® — 6p°¢° — 3p°°

+3p*q® + 4¢® — 2pg® — 5p°¢® + 3p°¢?)

Here, s4 and s, are positive. Note that x > 22 implies u < % since ¢ < p — 2u. For u in

this range, squ* + s3u® is negative. The remaining quadratic in u is negative at both u = 0

q—p

5 Next, we set © = p — 2u,

Ap— . . . .
and u = “F=4. Hence the entire expression is negative at x =
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and again obtain a quartic polynomial in u with coefficients:

4
sy = —8l(pg—p—q), S3 = 5(61-19)84,

sy = —9(pg—p— q)(3p* — 14pq — p’q + 3¢* — pg® + 3p°¢%),
s1 = 3q(12p° — 12p°q — Tp'q — 12pg° 4 16p°¢* — 6p°¢* + 6p'q® — 4¢° + 9p°¢* — 6p°¢?),
so = —q*(=28p” + 16p" — 4p° — 4p*q + 16p°q — 2p'q + 2p°q — 4pg® + 12p°¢* — 12p"¢”
+1°¢% +4¢° — 6p°¢* + 2p°¢° + p*¢%)
Here all coefficients except s; are negative for any ¢ > p > 5. Also, sju + so < 0 for any

u < %. Thus (3.32) is negative at 2 = p — 2u, and as shown earlier at z = 2 as well,

LP] interval. Thus (3.32) is negative for any x. This implies that for

(q+1)

and in the entire [0,

any 73, x should be set to 0 to maximize A, which eliminates all designs with r; > 2

p(g—2) plg+1) ]

Step 4. The remaining competitors must be uniform and have replications r; € [%5=, 54

_ g=2

In this range int[%] = %3 — p=2

and int[?] = P5= (except at boundary points). Similar to step
4 of the p = ¢ = 1 mod 3 case, we will divide the problem into two parts. First it will
be shown that for any 7, the best design has ro = r3. Assuming ro = rs3, it will then be
shown (unlike the previous case) that A is a decreasing function of ry, thus making d* the

A-optimal design.

Suppose that r, = % — u for some u € [0, ’%2] since r; > M. Also let ry = P51 4 £ =

21 _ 21
%jtu—;””andrg:’%—%:%—i—“f where 0 < z < p — 3u since r; > 19 > 13.

We will show that A is a decreasing function of x. Just like in (3.22):

814 sign 27 303 /
oo (4 IO ) +2 Y ) — dleach + eadh) (D i)}, (3.33)

where ¢ = 24, Using (3.14), we obtain:

(3.33) = z[—¢*(p+ 1)*(=p* +pq — p’q — 2¢° + 2pq*) — 9¢*(p — 1)(p + 1) (pqg + p + q)u

+27p(pq + p + Q)u’* — 27(pq + p + q)u’] (3.34)

The linear coefficient of x is negative for any u € [0, 7%2] Therefore, A is a decreasing

function of z, and for a given 71, the A-best design must have x = 0, that is, 7y = r3 = H.
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Now, in order to show that for designs with ro = 73, A is decreasing in r1, let r =

p(g+1)
3 L

where z € [0, 222], and 7, = ry = 2L We will show that A is increasing in 2. Just like in

(3.24), we have:

O 54 (e 42X ) 4230 )~ endh 4 200)(Y )} = (), (335)
where ¢, = %. Using (3.14), f(x) becomes a quartic polynomial in x with coefficients:

ss = 8lpg+p+aq), 53——§p54

s = 54(pg+p+a)2°¢ — 20" - p).

s1 = —12(=9p" — 9p°q — 9p'q — 14p°¢® — 4p°¢* + 10p* > — 10pg® — 10p%¢” + 10p°¢”

+10p*q® — 4¢* — 4pg* + 4p%¢* + °¢"),
so = p[=27p" = 27q(p® + p*) + 4¢°(—11p* — 4p* + Tp*) + 28¢°(—p — p* + p* + p?)
+16¢* (=1 — p+p* +p°)].

For 0 <z < 7%2, we have f”(z) > 0 and thus f'(z) is increasing in z. At x = 7%2 we have

p—2
f’(T) = —48(p+1)(q+1)(2p—2p*—p*+2q—2pq—p*q—2¢"—p*+20° >+’ > —*+p°¢®) < 0,

for any ¢ > p > 5. Hence f'(x) is negative in the entire range of x, and thus f(z) is minimum
2

. Since f(£2) > 0, it follows that A is increasing in z, and d* is A-optimal because

p=2

5 and rp =13,

it has ¢ =

To end the proof of Theorem 3.3, we must analyze the special case p = 2, for which ¢ > 5

since there is no connected 2 x 2 design. Step 1 above works for p = 2 if we can show that

¢; defined in (3.14) is an increasing function of r;, for r; < @. Indeed, when r; < @:
r2 1 1 o if r; is even

Clril =1 + < — —h T, — —h T, 2) = 2 ! 3.36

ig 2g 2 @) = hri2) {5—% if 7, is odd (3:36)

2(¢—2)
3

Both are increasing functions of r;, and so designs with r3 < need not be considered.
2(q+1) 2(q—2)
3

3 , and again Lemma 3.5 can be used to eliminate such

designs. The only replication numbers left to consider are (1 = ry = %77'3 = @),

Also, ry >

implies r3 <
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which are the replications for d°, and (r; = 2("—;1), ry =13 = QQT_I), which are the replications

for d*. Nonuniform designs with these replications can be eliminated with Lemma 3.3.
Finally, to show that d* is A-superior to d°, use (3.5) and (3.14) to get:

2(q — 2)
3q(¢ — 1)
Thus, d* is A-optimal for p = 2. With this we conclude the proof of Theorem 3.3.

Age — Ap = > 0. (3.37)

3.4.4 Case4: p=1 mod3 and g =2 mod 3

Remember that the overall assumption in this section is that p < g. Therefore the cases (p =
1 mod 3, ¢ =2 mod3) and (p =2 mod 3, ¢ =1 mod 3) must be analyzed separately.

The strategy used for finding A-optimal designs is the same here as in cases 2 and 3.

If ¢ > 2p, let d* denote a uniform design with replications:

+1 —2
oy = P Ts:p(qg )

. (3.38)

If ¢ < 2p, let d* denote a uniform design with replications:

2 1 —1
rlerZQ( p6+ )’ ng—Q(pS ),ifqiseven,
2 1 3 2 1) -3 —1
o d@rrEs e =3 = e oaa (3.39)

6 ’ 6 ’ 3

Theorem 3.4. The design d* is A-optimal.

The proof of this result will be divided into two parts, depending on the ratio %, and each

part will be further divided into several steps, similar to previous cases.

Part I. Assume ¢ > 2p. Note that in this case d* is of maximal trace (i.e. rows are
permutations of each other, and the design is generalized binary in columns). Let any
competitor design d have replications r; > ro > r3. In this part, the steps are the same as

in the p=q¢ =2 mod 3 case:

(1) Eliminate all designs with ry < 222

Y
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(2) Eliminate all nonuniform designs with r; € [’@, I@],

(3) Eliminate all designs with r; > p_(q;—l)’

(4) Show that among uniform designs with replications r; € [@, %], d* is A-optimal.

Step 1. Consider a design d with r3 < @, and c1, ¢o, c3 the diagonal elements for

the column component design’s information matrix. Create the symmetrized design d with

c1tce2
2

C3 = c3 and ¢ = Gy = . Design d is A-inferior to d* by Lemma 3.5, since ¢z < cs by

Lemma 2.1, and d* is of maximal trace. As discussed in Section 2.3 design d is A-inferior to
d. All remaining competitor designs must have r; € [’@, M]. Note that in this step it

is not necessary to have g > 2p.

Step 2. In this step we eliminate all nonuniform designs with replications in the above

range. In order to use Lemma 3.3, we must show that (v/3 — 1)(cy + ¢3) — ¢; > 0 where

the ¢;’s are the diagonal elements of a uniform design. Write r; = % — z, for some

0<z< 4”7_1, 7"3:@—1—% for some 0 < u < £, andr2:@+x—u. Depending

on int[%], the problem will be divided into two cases. For these replications, note also that
r<p+ 3 and

— dlifg <z <
int[2] = p_3 . int[] = {qgQ BU=Es ?Zp_l ’
q p —§—1f13<:$ S;—T;—
—1 —2
int[2] = int[2] = 2=, int[2] = int[ 2] = L2,
q q 3 p p 3

except at boundary points. First, assume that 0 < 2 < p. Using (3.14):

Ipg[(V3 — 1)(c2 + ¢3) — 1] = 2(2v/3pq — 2v/3p*q + 3¢* — 2/3¢* — 3p*¢* + 2V/3p*¢* — 9u?
+9v/3u?) 4+ 3(6p — 3v/3p — V3¢ + V3pg + 6u — 6v/3u)x — 9(2 — V/3)z?.  (3.40)

4Ap—2

This expression is similar to (3.28), which was shown to be positive for any 0 < z < 3

and ¢ > 2p > 8. In fact,

(3.40) — (3.28) = 2q(—12p + 4V/3p + 3¢ + 9z — 3v/3x) > 0, (3.41)



Valentin Parvu Chapter 3. Some A-optimal Designs with Three Treatments 48

since z > 0 and ¢ > 2p. Hence 3.40 is also positive for any = € |0, %] since (3.41) is

increasing in x. Next, assume that = > p. In this case:

Ig[(V3 = 1)(ca + ¢5) — 1] = 2(=9p” + 2V/3pg — 2V3p’q + 3¢* — 2v/3¢* — 3p°¢” + 2V/3p*¢°
—9u? + 9v/3u?) + 3(12p — 3v3p — V3¢ + V3pq + 6u — 6/3u)xr — 9(2 — V/3)x?.  (3.42)

It is easy to see that (3.42)—(3.40)= 18p(x —p) > 0 since x > p. Thus, (3.42) is also positive,

and so all nonuniform designs are eliminated.

Step 3. In this step we further restrict the replication range from step 1, by eliminating all

designs with r{ > %. For a fixed r3 = ’@ +u with 0 < u < B (since r3 < PI57), write

7‘1:%4—1‘, andrgzpq—rl—r;g:%—x—u. Note that 0 < z < p — 2u since

r9 > r3. The function A defined in (3.5) is differentiable in x everywhere. Just like in (3.32),

we have:

5 G I er 2 Y e ) (L (4)

where ¢, = %Caj. We will show that the partial derivative of A with respect to = is negative.
The values of int[*] and int[™] are:
p q
1 —2 -1
it 2 = T2 a2 = i) = L2 it = i3] = e = P2
p 3 p P 3 q q q 3
plg+4)

except at the boundary point r; = #4=. Using (3.14), (3.43) becomes a quadratic function

in x with coefficients:

s2 = 3pq(p—1)(pg — ¢ — 3u),

s1 = —2¢°(p—1)*[-p* + 2pa(p + 1) — 2¢°(p + 1)] + 18¢(p — Dp* — pa(p + 1) + ¢*(p* — D]u
—18p[=3p + 4q(p — 1)]u* + 54(pg — p — g)u’,

so = —pg*(p—1)*(pg —p+q)° +qlp — D[8pg® — 2¢° + p* (=9 + 13¢ — 8¢°) + p*q(2¢* + 5)]u
+3[-9p° + 12p%¢(p — 1) = 2p¢*(p — )(2p + 1) + 3¢°(p + 1) (p — 1)*]u?

—54p(pq — p — q)u® + 27(pg — p — QJu*.
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Coefficients s, and s; are positive for any 0 < u < £ and ¢ > 2p > 8. Thus the derivative
of this quadratic is an increasing function of x. Setting x at its maximum value, which is

p — 2u, we obtain a quartic polynomial in u with coefficients:

4 1
si. = —8lpg—p—aq), s =—gpss, s2= 5(3qu2 —3¢° — p*q + pq + 3p*)s4,
s1 = 3¢ (p—1)(p* —7p* — 6pg + 6p°q + 2¢> — 2p°¢%)
so = —pg°(p—1)*(—4p® + 2pq + 2p°q — 3¢* — 2pq® + p°¢*)

Note that coefficients sg, s9, and s4 are negative for any ¢ > 2p > 8. Also, so + ssu < 0

p

so + s1u < 0 since u < £. Therefore, the derivative of A with respect to x is negative,

and thus designs with x = 0 (i.e. 1 = %) are A-better than designs with x > 0. The

p(g—2) p(q+1)]
3 3 I

remaining competitor designs are uniform and have r; € |
Step 4. Now we must show that among uniform design with replications in the above range,
d* is A-optimal. This final step of part I of the proof will be handled in two stages. First,
for a fixed r; = p(q3+1) wwith 0 < u < 22 let rg = p(q pa=2) 4 o and s0 1y = (q+1) +u—

with 2u < z < ’%, since 1y > 19 > r3. We will show that A is a decreasing function of

x. Note that when p(q3_2) <r< p(qH) , we have int[%] = 22 and nt[%] = 1. Similar to
(3.33), we have:

aA sign 27 3¢3

I <k ];q {(ch+4)| ZCZ + 22 4(cody + 6363)<Z ¢}, (3.44)

where ¢} acl Using (3.14), the above equation becomes a linear function of z, which can

be written as (p +u — 2x)S, where S is a cubic polynomial in u with coefficients:

1
s = 21(pg+p—q), s2=-pss, s1==¢(p—1)(p+1)ss,

3
so = —¢*(p—1)%(2pg® + 2¢* +p*q + pg + p°).
Simple algebra can show that sy + sju and sy + s3u are negative for any u € [0, & ] Thus

S is negative, and since p + u — 2x > 0, (3.44) is negative for any x. This means that A is

a decreasing function of x, and so the A-best designs, for a fixed 71, have x = 2u, and so

p(g+1)
3

—2
rL="ry = —u, rgzp—(qS ) 4+ 2u.
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The next stage is to show that among all such designs, the best one is d*, which has u = 0.
However, simply taking the derivative of A with respect to u does not yield the result because
g—ﬁ changes sign for some values of p and ¢ inside the interval u € |0, ’%1] The strategy is to
show that the second derivative of A with respect to u is positive, thus making A a convex
function of w in the given interval. Then it will be shown that A is larger at u = 0 than at
u =22 Similar to (3.35), we have

g—u = ;%p?’q?’{(zca Q) 2 dl —42ad +epd) (Do)} = fu),  (3.45)

where ¢, = %. Using (3.14),

27 9
flu) = —< (pg+p- q)u' + 18p(pq + p — q)u® — Q(pzq2 +p°—)(pg+p—Qu* + ¢ (p° +2p°
1
—2pq +2p°¢ — ¢* + p*¢*)(p — V)u — =pg*(p — 1)*(p* + pq + p*q + 2¢°* + 2pq®)  (3.46)

6
Taking the derivative of f with respect to u, we get a cubic polynomial in u with coefficients:

1
s3 = —HApa+tp—a), s=-pss, 5=+ ),

so = ¢ (p— 1P’ — ¢ +20°q — 2pg + 2p° + p*).
Note that s+ sju and ss+ s3u are positive for any 0 < u < ’%1. Therefore (3.46) is positive,
which means that A is a convex function of u. Next, let A* and A’ denote the function A at
u =0, and at u = 2%, respectively. By (3.5) and (3.14):

g M= —pta (3.47)

Ipg(p+1)(g —1)

Since A is convex inside [0, 75=], its maximum is achieved at one of the endpoints; as shown

above A* > A’, so A is maximum at © = 0. Hence, the design d* with replications ry = ry =

p(g—

I@ 3 2 is A-optimal. With this we conclude part I of the proof.

and r3 =

Part II. Assume p < ¢ < 2p. In fact, it must be that p+1 < ¢ < 2p — 3 because p = 1 and
g =2 mod 3. In order to eliminate some of the competitor designs, we introduce a uniform

design d° with replications:

2 —1
?:q(p+ )7 ngrg:qw )

. (3.48)

r
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and ¢}, ¢y, &§ = ) the diagonal elements of its information matrix. Note that Cyo is the

same as the row component information matrix since in d° columns are permutations of each
other. Let any competitor design d have replications r; > ro > r3. From step 1 of part I, we

This part of the proof will be again divided into the following

know that r; € [P(q?:?) p(q+4 platd))

steps, similar to the case p=¢=1 mod 3.

(1) Eliminate all designs with r; > q(p+2),

[p(qf2) Q(P+2)]

(2) Eliminate all nonuniform designs with r; € [P5=, £&

(3) Eliminate all designs with r3 < a(p— 1),

q(p—1) q(p+2)

——, T, d* is A-optimal.

(4) Show that among uniform designs with replications r; € |

( , and ¢y, cg, c3 the diagonal elements

Step 1. Consider a design d with replication r; > %2
of the row component design’s information matrix. Create the symmetrized design d with
¢ =cpand ¢y = ¢3 = % We know that d is A-inferior to d since d is an averaged version

of d. We will show that d is A-inferior to d° using Lemma 3.4.

First, to show part (a) of Lemma 3.4, compute:

2(v3 —1)cY (\/_q +vV3-6)+ 2[(2v3 _Q?QQ — 2V (3.49)

This is positive for any ¢ > p > 4. To show part (b) of Lemma 3.4, we need trace[Cqp] >
trace[Cgl = c1 + ¢ + c3. By (3.9):

1 p
€1+ Ca+ 3 =pq— aZ(”iu + n?l?j + n?lsj)>
j=1
1 p
C(i + 2Cg = pq — 5 Z(nzolj + nflij + 71303]‘)7
j=1

where n;; is the number of times treatment ¢ occurs in row j. To maximize trace[Cy], assume

[q(ng?) _I_Lp(q;rﬁl)] {‘1+1 ‘1+4} Also, since

d is uniform in rows. Since ry € , we have ngi; €

r; > Z@, we must have r3 < ry < %, and thus ng; € {%, %1} for i = 2,3. Similar,
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for d° we have ngoy; € qT, QT} and ngo;; € {QT, %} for i = 2,3. In a generalized binary

design in rows, n;; € {2, 22} and > DY n?; = p[h(q,3)]. For designs d and d’:

plg+1)

ME

)7

=1 =1

.

3
3
n’du - )] + Q(frl
3

>SSl = plh(a,3)] + 208 p(qT“)).

=1 =1

.

This implies ¢; + ¢ + ¢3 < ¢ + 2¢9 because ry > r.

Condition (c) of Lemma 3.4 requires ¢y > &. The quantity 2¢; = ¢ + c3 is maximized if d

is uniform in rows, and then

1 b 2 pg—r pqg 12
Cﬁ%zW‘“‘gZZ”izjSpq—m—;p( - = .

i=1 j=1 2p 2 2pq
If ry > 7Y+ 2, then
2 3)2 + 2pq — 2p?
9pq

If r; =% + 1, then

1

2c) — 26, > 2¢) — (pg — 1% — 1) + h[pq—rl 1,2p| = q;:] > 0.
(p+2)

Thus, all conditions of Lemma 3.4 are met, so all designs with r; > are eliminated.

p(g—2) q(p+2)]
3

T . In this step we

Step 2. The remaining competitor designs must have r; € |
eliminate all nonuniform designs with replications in the above range. In order to use Lemma

3.3, we need to show that for any uniform design d, (v/3—1)(cy+c3)—c; > 0. First, note that

< CI(P

when r; < ) <r < q(p3+2)

, then ¢; is an increasing function of r; by Lemma 2.1. If q(p !
then ¢; is still an increasing function of r; as shown below. Using (3.14):

(6Tz pg—q+p+ 3) if Q(P?)*l) < r < p(q;rl)

5o (6r; —pg—q—5p+3) if p—(q;rl) <r < _q(p;r2)

ci(ri +1) —ci(ry) = {3pq

Both expressions are positive, and so ¢; is an increasing function of r; in the entire interval
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[zp(qg—Q)7 q(ng?)]_ Thus, ¢y > ¢3 > cl-[p(qf)] and ¢; < ¢ [‘l(pJr2 |. Using (3.14) again:

2(v/3 — 1)(;1-[1’(‘17_2)] _ ci[@] _ _g(_w +10V3 — 2p + 2v/3p) — 3—7;

L 20(-4+ 4v/3 — p — 3p* + 2/3p?)
I '

This is an increasing function of ¢. It is positive if ¢ > p+ 4 or if p > 7. The only (p, q)
pair that does not yield a positive number is p = 4 and ¢ = 5. However, in this case all

nonuniform designs can be eliminated numerically.

Step 3. In this step we further lower the number of competitors, by eliminating all designs

with r3 < @. For a given r; = M—uwithO < u < 4 write rg = @—x and
=pg—11 —Ty= q(p Dy o+uwitho<az< mm[q —2u, 2 4], where the restrictions for
u and z follow directly from r; > ry > r3 > L (q . Similar to previous cases, we will show

that the derivative of the function A defined in (3.5) with respect to x is negative.

8_A sign 27p3q3

or 8 (e +ec Z )’ +2 Z ey + 0303)(2 ci)}y (3.50)

801

where ¢, = Depending on the value of mt[ L], there are two forms that (3.50) can take.

Ifr > p(q;”, which is true when u < q P then (3.50) is a quadratic function of z with

coefficients:

s2 = 3pq(q+1)(pg +p + 3u),

s1 = —2{p’[—¢* (¢ —5)° — 2pq(¢’ — 4¢° +4g — 9) + p*(¢ — 2)(2¢° + ¢ + 2)]
+3p[—9p? + 2pq(2p + 13) — ¢*(2p* + 16p 4+ 15) +3¢3(p* +p + D]u
+9[pq(9 — 4q) — 3¢° + p*(5q — 6)]u® + 27(pg — p + q)u’},

so = —p'a(pg® +¢° —5q + 2p)* — p{—4p° + 48p’q — pg* (3p” + 14p + 112) + ¢*[45 + 2p(p”
+10p 4 23)] — ¢*(8p* + 13p + 9) }u — 3{—9p® + 4p*q(p + 12) — pg*(2p? + 26p + 45)

+@%19 + p(3p* + 4p + 12)]}u® — 9[—6p® + pg(5p + 13) — 6¢°(p + 1)]u® — 27(pg — p + q)u*

The coefficient of 22 is positive. We will show that (3.50) is negative both at z = 0 and at
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x = q — 2u. First, if x = 0, then (3.50) becomes a quartic polynomial in u with coefficients:

sa = —27(pg—p+4q), s3=9(6pg” + 64" —5p*q — 13pq + 6p?),

sy = —3(3p°¢° +4p’¢> + 12p¢° + 9¢° — 2p°¢* — 26p°¢° — 45pq® + 4p>q + 48p*q — 9p?),

s = —p[—4p® +48p*q — (112p + 14p* + 3p°)¢* + (45 + 46p + 20p° + 2p”)¢* — (9 + 13p + 8p?)q"],
so = —p’a(pg® +¢° —5q + 2p)*.

Coefficients sy, s9, and s are negative. Furthermore, s+ ssu and sg+ s1u are also negative at

the maximum value of w, which is @. Hence, (3.50) is negative at x = 0 for any r; > @.

Setting = ¢ — 2u, (3.50) becomes another quartic polynomial in u with coefficients:

si = 8l(pg—p+q), s3=—27(4pq’ +4¢° — 5p°q — 11pg + 6p*),
so = 93P’ + *¢* + dpg® + 3¢° — 2p°> — 20p°¢® — 2Tpg® + 4p°q + 32p°q — 9p°®),
s1 = —=3p(6p’q* + Tpg* — 2p°¢® — 8p°¢® — 22pg® — 18¢° + 3p*¢® + 14p*¢® + 52pg® — 26p*q + 4p°),

so = —p’q°q" — 2pq" — 4¢" + 4p°¢® + 6pg® + 4¢° — 2p°* — 12pg® — 28¢° + 16pq — 4p?).

Note that s4 is positive, and also sy 4+ 3sgu > 0 since 0 < u < @. Thus, the second

derivative of the above polynomial is positive. Also, the polynomial is negative both at

w=0and u = 222, Thus, if r; > M, then A is decreasing in z, so A-best designs have

3 3
s Z q(p;l) .

Next, if r| < ’@, then (3.50) becomes another quadratic function of x with coefficients:

s2 = 3pq(q+1)(pg +p + 3u),

si = =2{p’(¢+ 1’2" = pg)(q = 1) = ¢’] + (¢ + 1)[pg(qg — 1) + ¢* + p*(¢* = D]u
—9q[3q + 4p(q + 1)]u* + 27(pg + p + q)u’},

so = —27q(q —w)*u® — p*(q — 1)(g + 1)*[a(g — 1) + 2u] — p*q(q + 1) (g — w)(¢* + ¢ + 6u

—12qu) + 9pu(q + 1)(g — u)(¢* — 3qu + 3u?) — p*(¢ — 1)(¢ + 1)*(2¢° — 8qu + 9u®).

Again, the coefficient of 22 is positive, and it will be shown that the quadratic is negative
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both at x = 0 and x = ¢—2u. At x = 0, we obtain a quartic polynomial in u with coefficients:

s = —27(pg+p+4q), s3=—2gs4,

sy = —33p°¢ + 4’ + 12p¢° + 9¢° + 3p°¢* + 2p°¢* + 12pg° — 3p’q — 2p°q — 3p?),
s1 = —plg+1)(=8p¢" — 13pg® — 9¢° + 2p°¢* + 5pq® + 8p°q — 2p°),

so = —pqlg+1)*(pg —p+q)°.

Coefficients s4, s9, and sy are negative. Also sy + sju and sy + ssu are negative at the

maximum value of u, which is Z. Thus, (3.50) is negative at x = 0 for any r; < @.

Setting x = g — 2u, we obtain another quartic polynomial in u with coefficients:

4 1
si.= 8lpg+p+a), s3=—3a4s1, s = 5(3172(12 +pg* + 3¢* + pg — 3p®)su,
s = —3p°(q+ 1)(6pg® + 7¢° — 2p°¢* + ¢* — 6pq + 2p?),
so = —pqlq+1)*(p°¢ — 2pq® — 4¢° + 2p°q + 2pq — 3p?).

Note that s4 is positive, and also sy 4+ 3sgu > 0 since 0 < u < @. Thus, the second

derivative of the above polynomial is positive. Also, the polynomial is negative both at

u = 0 and at u = Z. Thus, (3.50) is negative at x = ¢ — 2u for any r; < %

, and by
the earlier discussion, (3.50) is in fact negative for any x and u. Henceforth, only uniform

designs with r; € [@, @] need to be considered.

Step 4. In this step we will show that among the remaining competitors, d* is A-optimal.
The problem will be divided into two subparts. First, for a given ry it will be shown that
the A-best design is the one with the minimum r3. Then it will be shown that among such

designs, the A-best design is d*.
Similar to the previous step, write r; = @ —u with 0 < u < %, r3 = @ + x,
ro=pq—11 —T3= @ —z4+uwith) <z < 5 Also, for any given u we must also have

x > 2u—q. Restrictions for u and z follow directly from r1 > ro > r3 and r; € [@, @].

We will show that A is a decreasing function of z. By (3.5) and just like in (3.50):
0A sign 27p3¢3

2o ZBL (el +2) @) - dled +ad) (Y w)  (35])
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where ¢, = %. Similar to the previous step, (3.51) has two different forms depending on

int[2]. I ry > B (q;r Y which is equivalent to u < 2P (3.51) becomes a linear function of x

with coeflicients:

s1 = —2p(—4p® + 18p*q — 13pq® — 8p*¢* — 3p°¢® — 18¢° + 22p¢® + 2p°¢ + 2p°¢° + 8pq”* — 8p°q*)
—6(—9p3 +20p%q + 4p°q + 12pg® — 22p¢* — 2p°¢® — 9¢° + Ipg® — 3p? > + 3p3q3)u

—18(—6p* + pg + 5p*q + 6¢> — 6pg*)u® — 54(pg — p — q)u®

u
So — ——=<S1.
2

When z is at its maximum of §, (3.51) becomes 0, and when z = 0, (3.5 ) is —%s;. The

coefficient s; is decreasing in u for u € [0, 222] and is positive at u = 222, Thus (3.51) is

increasing in x, and is negative for any x. Thus, when r; > % the A-best designs have

q(p—1) p(g+1)
3 3

ry = . Next, suppose r; < & . In this case (3.51) is another linear function of z

with coefficients:

s1 = —4p*(q+ 1)(—p* +4dpq — 5q* + p*¢* + 4¢° — 4pg®) — 18(pq + p — @) (P*¢* — p* + 3¢*)u

+108¢(pq + p — q)u* — 54(pg + p — q)u?

u
So = ——=<S1.
2

Again, (3.51) is 0 at © = §. The coefficient s, is decreasing in u and is positive at the
maximum value of u, which is 221 making s, positive everywhere. Hence (3.51) is negative

3
plgtl)

for any 71 < BL—= as well. Thus, for given ry, A-best designs are the ones with minimum

5 = L8 and r3 = pg — 21 if r; < q(2p+1)

r3; that is r3 = @ if pp > 2aza@=1)/3 _ aCp+l)

—z. It

To find the A-optimal design among the remaining competitors, write r; = @

will be shown that A is an increasing function of  for x < , and a decreasing function of

v for v > 1.

. —1 —1 . . .
First, for v < 1, ry = % + 2 and ry = 12 3 ) similar to previous cases we have:

5 F 2”; LDt 2D -t e (Te)  65)
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BCZ

where ¢, = Again, this equation takes two forms depending on int[*]. If z < ?, then

1
p
(3.52) becomes a quadratic function of x with coefficients:

s = —3p’q(p —1)(q - 2),

suto= 2p[4p" + (T —dp — 6p")* + (=4 +p + 4p")¢’ + (1 — p)q)],

so = plAp* —4p*qg+ Bp—6p°) + (—T+2p+ 7" +20°)¢° + (4 — 6p° + p*)¢* + (p — 1)¢°).

The coefficient of z? is negative, and this quadratic is positive both at z = 0 and z = 1. So
(3.52) is positive for any x € [0, 222]. If z > 222 then (3.52) becomes a linear function of
x with coefficients:
q
s1==2%(¢+1)’(pe’ = ¢* +20° —pa = 2%),  s0= 551
This is decreasing in x and it equals 0 at x = £. Hence (3.52) is positive for any z < 1.
Now suppose x > 1, and so r; = 1, = @ —x, T3 =pq— 2r; = @ + 2x, and also
¢1 = co. We will show that A is a decreasing function of x. Similar to previous cases:
GA sign 27p3q3
% - 16 [c5(8¢F — dejes — c3) + 6c3c)], (3.53)
where ¢, = dc’ Using (3.14) this becomes a quartic function of x with coefficients:
- _ _ __8 P 2 2
s = —8lpg+p—aq), s5=-34sa, 2= 3(0°¢ +T¢ —p)ss,
si = —6[=p" + (70" = p")a+ (=8p" + 70" +p")¢* + (=9 —p* — TP’ +p")¢’
+9 =9+ T — T%)q'],
so = —4p*q(q+1)(dpg® — 4¢® — p** + 5¢° — dpg + p*).
Note that s, is negative, and sy + 3s3z < 0 for any = € [4, M] and ¢ > p+ 1 > 5. Hence,
the above polynomial must be concave; also its first derivative is posmve at x = 3 , and so

2q

the polynomial is increasing in x. The polynomial is negative at x = , and so negative

for any x in the above interval. Hence, A is a decreasing function of x.

We have shown that for a given 7, the A-best design has r3 minimum (with the restriction

ry > @). Among these designs, A increases as r; goes from pq;r L to q(Q%H) and it
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q(2p+1) q(p+2)
6 0 T3

. It is then clear that when ¢ is even, d* is A-

q(p—1)
6

decreases as r; goes from

optimal (remember that 1} = r5 = 2&H o —

S when ¢ < 2p and ¢ even). Note

however that if ¢ is odd, one cannot in fact have r; = @ because r; must be an integer.

So, when ¢ is odd there are two competitor designs:

q2p+1)—3 q(p—1)

d with 7 =ry= — 5 r3 = 3 + 1, and
2 1)+3 2 1) -3 —1
& owith ¢ = 2P EDE 7 py = 122+ 1) | py = A1)
6 6 3
To show that d* is in fact A-superior to d’, use (3.5) and (3.14) to compute Az — Ay,
2

Ad* — Ad’

3pq(4p? — 3)(q — D[4p*(¢ + 1) — 3(q + 3)] [p(2p +3)"(4p — 3) — (2p + 3)(14p
—3p — 9)q — (16p* + 36p* — 80p> — 27p + 54)¢> + (p — 1)(28p* — 27)¢"]

The numerator and the denominator of the above fraction are both positive for any 5 <
p+1<q<2p—3. Thus d* is A-superior to d’. With this we conclude the proof of Theorem
3.4.

3.4.5 Caseb: p=2 mod3and g=1 mod 3

In this case, a strategy similar to previous cases is employed for finding the A-optimal design.

Depending on how large ¢ is relative to p, the replications for the A-optimal design change.

Theorem 3.5. The uniform design d* with replications

2q + 1 -1 3
ry=ry = %, ry = %, if p is even, and q < ?p’
2¢+1)+3 2¢+1)—3 —1 3(p—1
o PRaH D+ L pCet ) =3 L pla=) e g < 2P
! 6 2 6 3 3 2
« o« Dbgt+1 . Pqg—2 ,
T =Ty = 3 rg = 3 otherwise.

is A-optimal.

The proof of this theorem will be presented in two parts, with each part divided further into
several steps. For the first part of the proof assume p < ¢ < 2p, while for the second part

assume ¢ > 2p. Each part will be divided as follows:
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(1) Eliminate all designs with r3 < @ orry > p—(q; 2)>

(2) Eliminate all nonuniform designs with replications inside the interval determined in
step (1),

(3) Eliminate all designs with 73 < p—(q; L

(4) Reduce the competitors to three possible replication sets among remaining uniform

designs,

(5) Find the relations between p and ¢ which dictate which replication set yields the A-

optimal design,

Part I. In this first part of the proof assume p < g < 2p. For p = 2, under the restriction
q < 2p, the only viable parameters are p = 2 and ¢ = 4. It has been shown numerically
that d* is A-optimal by going through all possible 2 x 4 row-column designs. So also assume

p = o.

Note that ¢; is an increasing function of r; by Lemma 2.1 for any uniform treatment ¢ with

r; < @. Also, for uniform treatments, if r; < w, we have from (2.5) and (2.7):

3—p+q—pg+6r if BN <y < d2HD

a 3 (3.54)
3—p—5q—pq+6r; if T <p, < BLE

3pq(cilri + 1] — cilri]) = {

Both are positive for p > 5, so ¢; is an increasing function of r; for all r; < Z@.

)

Step 1. We start by eliminating all designs with r; > p(qT” using Lemma 3.4. First,

construct the uniform design d° with replications:

2 ~1
T?:p(q;r ), rg:rg:p(qg )

We will show that any design d(cy, cg, c3) with replication r > ’@ is A-inferior to d°. To

do this create the symmetrized design d(cy, Co, C2), where ¢y = % Now

2(V3—1)§ — ) = glp[—2p(\/§p +v/3—6) +2¢(2v3p* — 3p* — 2V3)].
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This is positive, and thus condition (a) of Lemma 3.4 is met. The trace of d is no more than
the trace of its column component design, which for fixed replications is maximized when d
is uniform in columns. Let n;; denote the number of times treatment 7 occurs in column j.

Then:

3

1 q
trace(Cy) < Pq——z ny

L
1 2 q(p+1)

< pg— ~h(pg,3q) — =fry - TL2

< - (pq,3q) p[m 3
1 2 qp+1

< g h(pa.3g) = I - %] = trace(Ca),

since 11 > 77, and Y71 DY n?; increases by at least 2 above h(pq, 3q) for each unit ry is

q(p+1)

53— S0 condition (b) of Lemma 3.4 is met as well.

above

To show condition (c), we need ¢y + c3 < 2¢5. Note that

cy+c3 < q—rl——Zan

jl’LQ

1
< pg—r— ]gh(pq —r1,2q) <pg—r]— 5h(pq —r?,2q) = 263,

where the last inequality follows directly from an application of Lemma 2.1 for a treatment

replicated pq — r; times in a block design with 2¢ blocks of size p, since pg — r; < @.
Hence, all conditions of Lemma 3.4 are met, and so any design d with r; > 24 ( ) is A-inferior

to d°.

a(p—2)

Next, consider a design d with r3 < L2 3 < Bare) q+2

) and . We will show that such a design

is A inferior to dy, the uniform design with replications

+1 -2
7”01:7”02:—Q(p ), T03 —q(p3 )

3

c1tc2
2

Again, we symmetrize d(ci, ¢z, c3) to obtain d(éy, ¢, c3), with & = . An upper bound

for the trace of Cyis found when columns of d are permutations of one another. Letting n;;
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denote the number of times treatment i occurs in row j of d, we have:

3

trace(Cy) = trace(Cy) < pg— - Z Z n;;

] 1 =1
1 2 p(qg—1)
< pg— ~hpg,3p) — 2|22
< - (pq, 3p) q[ 3 T3]
1 2 —1
< pq— 5h(pqa 3p) — 5[% — 1o3) = trace(Cy,),

since r3 < 1p3 and Z§:1 Z?:1 nfj increases by at least 2 above h(pq, 3q) for each unit r3 is
under ’@. Condition (a) of Lemma 3.5 is met, and by Lemma 2.1 we also have condition
(b), that is, c3 < co3. Thus dy is A-superior to d, which in turn is better than d, and so all

( 2)

designs with r3 < are also eliminated.

Step 2. In this step we eliminate all nonuniform designs with replications not shown in-
admissible in the previous step. To apply Lemma 3.3, we will verify that the inequality
(v/3 — 1)(cy + c3) — ¢; > 0 holds for any uniform design d(cy, ¢z, c3) with these replica-

tions. As discussed in the previous step ¢; is an increasing function of r; for r; < BEL= q+ CIf

ro > 1y > p(qg_l), then ¢y > ¢3 > ¢ and ¢; < . Since 2(v/3 — 1)¢) — ¢ > 0, it follows that

(V3 —1)(ca +¢3) — ¢ > 0 for any r3 > @.

Next, let r3 = 7@ — z, with 0 < o < 222 < p. The difference (vV3 —1)(c2 +¢3) — ¢ is a
decreasing function of 7, and will be minimized when r; = 2 (q+ and 7y = B (q D 1 2. With

these replications we have:

2 — —4
int(2] = T2 i) = T, e = L
p b p
LA p+1 . r . T3 p—2
mt|—| = ——, int|—| = int|—| = ——, 3.55
=12 2] = int] 2] = Lo (3.55)

since ¢ < 2p. At the boundary point (¢,z) = (2p,p) we have ro = 71, but the value of ¢,

can be computed with the above values of int[*2] and int["

“2] since h(r,b) is a continuous

function of r. Thus, for fixed z, the minimum of (v/3 — 1)(cy + ¢3) — ¢; is

i[18(\/§ — 1)z — 18p(V/3 — 1) + 2¢(2v/3p*q — 3p°q — 2v/3q — V/3p* — V/3p + 6p)]

9pq
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P

which itself is minimized at x = §. Setting # = £, we have an increasing function of p,

positive for any p > 5. With this, all nonuniform designs are eliminated.

Step 3. In this step we further restrict the replication range by eliminating all designs

Withr3<@. Foraﬁxedm:p(qTH)—uwithOgugg, letrgzw—:vand

p(q3—1) + x4+ u. Since r; > 19 > 13, we have 0 < z < p — 2u. Also, since r3 > Q(PB—Q)

o =
it must be that z < @ as in the previous step. We will show that A defined in (3.5) is a

decreasing function of z. Similar to (3.50):

D2 TV (4 ) (D e + 23 @)~ dleds t esc)(De)), (8.50)

: , . ptl 2p— —2 2p—
where ¢, = %%. The value of int[7] is P22 when u < %52, and 252 when u > 272, The

value of int[%] is % for u > 0, and when u = 0 this value can still be used since h(rq, ) is a
continuous function of u. All the other integer parts values are given in (3.55). If u < @,

then (3.56) becomes a quadratic function in x with coefficients:

Sy = 3p(1+p)q(q+ pg + 3u),
S = 2{p*¢*(2¢ + 1) + q(q + 3u)*(4q + 3u) + p*q[—2q¢(¢* + 4q +5) — Yu(¢* + q +1)]
—3p(q + 3u)[6¢® + 4qu(q + 2) + 3u?(q + 1)] + p*[¢*(3¢* + 8¢ + 25)

+3qu(2¢® + 16q + 15) + 9u*(4q + 3)]},

So

—pg*(p°q + 2q + p* — 5p)? — qu(45p® — 9p* — 112p%q + 46pq — 13p*q + 48pq® — 8p*q® — 4¢®
—14p*q* + 20p°¢* — 3p°¢® + 2p°¢%) — 3uP(9p® — 45p°q + 12p°q + 48pg” — 26p°q* + 4p°q°

—9¢° + 4pq® — 2p*¢® + 3p*¢*) — uP(—6p* + 13pq — 6p°q — 6¢° + Bpg*) — 27u’ (pg + p — q).

The coefficient of 22 is positive. To show that the expression is negative, consider its values
at the maximum and minimum of . At z = 0, it reduces to Sy = squ*+s3u+sou?+s1u+ 50,
where s; are as shown above. Note that sy, so, and sg are negative for any 7 < p+2 < ¢ < 2p.

Also, sg + sju and sy + szu are negative at v = £, and so for any 0 < u < &; thus (3.56)

29—p

is negative at © = 0. At z = =5,

(3.56) reduces to another quartic function in u with
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coefficients:
si = —27(pg+p—1q), s3=—9(—8p"+ 19pq — 8p°’q — 10¢> + Ipg°),
sy = —3(15p° — TBp*q + 20p°q + 96pg” — 52p*q” + 4p°q® — 33¢° + 24pg® — 2p°¢° + 3p°¢?),

s1 = q[—T74p* + 16p* + ¢(220p* — 94p® + 19p*) + ¢*(—166p + 90p* — 36p° + 14p*)

+¢*(40 — 16p + 11p* — 14p*)],

_q_[

s o= —3 124p% — 52p* + 4p° + q(—192p* + T6p> — 46p* + 10p°) + ¢°(88p — 40p* + 46p°

—12p* 4 3p°) + ¢3(—16 — 12p* + 8p®)].

Here all coefficients are negative, so again (3.56) is negative. Hence, when u < @, the

function A is decreasing in x.

Next, suppose u > 2p—;q, In this case (3.56) becomes a similar quadratic function of x with

coeflicients:

Sy = 3pg(p+1)(pg +q+ 3u),

S = 2+ 1P +24(p — 9)(p — D] = Yug(p + V)[p* +pa(p — 1) + ¢*(p* — 1)]
+9u?p[3p + 4q(p + 1)] = 274’ (pg + p + q)},

So = —pd*(p+1)*(pg+p— @) +uglp+1)(9° - 5p*q + 13p°q — 8pg® + 8p°¢* + 2¢°
—2p°¢%) — 3u?(9p° + 12p°q + 12p°q — 2pg® + 2p°¢° + 4p°¢* — 3¢° — 3pq”

+3p%¢* + 3p°¢*) + 54u’p(pg + p + q) — 27u*(pg + p + q).

The coefficient of z? is positive. Consider this quadratic at x = 0 and x = p — 2u. When
x = 0, it reduces to Sy = squ* + ssu® 4 su? 4+ s;u + s9. Note that s4, 59 and sy are negative,
as are so + s1u and sy + s3u at u = £, so the quadratic is negative at x = 0. At x = p — 2u,

(3.56) becomes a quartic polynomial in u with coefficients:

4 1
sio= S8lpg+p+a), ss=—gpss, s2= 530" +pa+p'a— 3¢ +3")ss,
s1 = =3¢ (p+ 1)(p* + 7* — 6pq + 6p°q + 2¢° — 2p° ),

so = —pg*(p+1)*(=4p® + 2pg — 20°q — 3¢ + 2pg* + P*¢°).
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The second derivative of this polynomial with respect to w is positive because 3s3u + s > 0
for any 0 < u < . Also, the polynomial is negative both at u = 0 and at u = £, and thus
negative everywhere in this interval. Therefore (3.56) is negative and A is decreasing in z

for any u, implying A-best designs have r3 > p—(qg_ )

Step 4. All remaining competitors are uniform and have r; € [B24—= (q; 1), (q+2 BLEZ. Construct the

uniform designs d**, d*, and d’ with replications:

2+ 1 1
o _ o _PRat1) o plg—1)

P =l == = T if p is even,
2 1 3 2 1)—3 —1
T*_p(q+)+7 ;*:M, r;*:M, if p is odd,
6 6 3
r*:r*_pQ+1 r*_pq—Q
1 2 3 3 3
2 1)—3 —1
7"/1:T/2:p(q+6> 7 ré:%jtl, if p is odd.

Note that d' is defined only for p odd. In this step we show that one of the three designs
(d**, d* or d') is A-optimal. The problem will be divided into two subparts. First, it will be
shown that for any given r3, the function A is decreasing in x, where x = r; — ro. Then,
among designs with minimum z, it will be shown that one of the three designs is A-optimal.

For a fixed r3 = ( D 1y with 0 < u < 222 et vy = p(2q+1)6—3u+3x and ry = p(Q‘I+1)6—3u—3z’

for some z € [0,p — 3u]. For these rephcatlons

~1 —1 —1
i) = 120, (2] = T e = L2
p p 3 p 3
ptl iy > aptl) _9
(2] =93, VS Gy D] =) =P (3.57)
q QDT if ry < 3 q q 3

We will now show that A is decreasing in z. Similar to (3.52), we have:

aA sign
o L 212 { () + &) Zc, + QZ 4(erc) + 0202)(2 ¢}, (3.58)

where ¢, = 2% Again, (3.58) takes two forms depending on int[7] given in (3.57). If
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ry > @, then (3.58) becomes a quadratic function of z with coefficients:

S2 = 3pqlq —1)(pg — 2q — 3u),

Si = =2¢°[-8p” +5p° — 2p" + q(2p° + p” + 2p") + ¢* (=8 + 12p” — 8p°)] + 6pg(9p + q(10 — 8p
—6p%) + ¢*(2 = Tp + 6p°)Ju — 18(=6p” — pq + 6p°q + 6¢° — 5pg”)u* +108(pg — p — q)u?,

So = —¢*[=6p” +3p* +q(12p* — 2p° + p*) + ¢*(4p” — 8p") + ¢*(16 — 24p* + 8p” + 4p”)]
—3pq(—3p® + 12pq + 5p°q + 24¢° — 12pg* — 10p*q* — 12pg® + 8p*¢*)u
—9¢(10p* + 6pq — 11p*q — 12¢* + 6pg* + p*¢*)u® — 27q(3pq — 3p — 4q)u>.

The coefficient Sy of 22 is positive. Also, Sy is negative since it is a cubic polynomial in u

with all coefficients negative, so (3.58) is negative at x = 0. At the maximum value of z,

which is p — 3u, (3.58) becomes a quartic polynomial in u with coefficients:

4 1

s1.= =32pg—p—q), ss=5@—p)si, = 5(3192 — 11pq + 3¢° — pg® + 3p°¢°)sa,

s1 = 12q(6p° — 5p*q — 2p°q — 4p*q — 6pg® + 8p*¢* — 2p°¢* + 4p*¢® — 4¢° + W ¢® — 6p°¢°),
so = —4¢*(—Tp* +4p* — p° + 3p’q + 2p%q + p°q — 4pg® + T*¢* — 6p'q* + 4¢°

—6p°¢" +20°¢° + p'¢®).
All coefficients are negative, except s; for some values of p and q. However, sq+s;u is negative

even at the maximum value of u, which is 22, implying (3.58) is negative at maximum x

3
and so at all . Therefore, A is a decreasing function of x when r; > i) Next, suppose

3
r < @. In this case, (3.58) becomes a linear function of z with intercept 0 and slope

S1 = szud + sou® + syu + sg, where:

1
s3=108(pg —p+4q), S2= —ps3, s = §q2(p2 — 1)s4,

so = —4¢*(p + 1)*(—=p* — pq + p°q — 2¢° + 2pq°).

Coefficients s, and sy are negative. Also, for any u < 222, we have sy + s;u < 0 and

3
s9 + ssu < 0. Therefore, S; is negative and A is a decreasing function of x when r; < @

as well as when r; > ‘1(’)—;1). So for a given r3, we now know that the A-best design will have

T = r1 — ro minimized.
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Now we move on to showing that the A-optimal design is one of the three competitors d**,

d* and d'. First, we need the following result about continuous differentiable functions.

Lemma 3.6. Let g(t) : [a,b] — R be a continuous, three times differentiable function. If

g"(t) <0 for allt € (a,b), and ¢'(b) > 0, then the maximum value of g is g(a) or g(b).

Proof. Suppose there exists a local maximum of g at some £ € (a,b). Then ¢'(¢§) = 0 and

g"(€) < 0. Since ¢"(t) < 0, it follows that ¢”(t) < 0 for any ¢ > £. However, this implies

that ¢'(t) < ¢’'(§) = 0 for any t > &, which contradicts ¢’(b) > 0. O]
Now consider uniform designs d(cy, ¢y, c3) with r3 = % + u where 0 < u < ’%2, and
=1y = W#. We do not require r; and 75 to be integers at this point (the word

“design” is used loosely here). For such replications, A is a continuous differentiable function

of w. Similar to (3.53):

2 o7pRg [ch(8¢F — dejes — c3) + 6c3c)], (3.59)

where ¢, = %%, Using (3.14) and (3.57) with r; < %, this becomes a quartic function of

u with coeflicients:

81 4 2
si = ——(pg—p+q), s3=—=pss, S2==(—p> —2¢" +2p°¢")su,

9 3 3
s1 = 6(9" — 9’ — Ip'q+ 14p°¢* + 4p’° ¢ — 10p*¢® — 10pg® — 10p°¢® + 10p°¢® + 10p*q®
+4q* + 4pg* — Ap*q* — 4pPq*),
1
Sg = —§p(27p4 — 2Tp3q — 27pq + 44p%¢® + 16p° ¢ — 28p*¢® — 28pq® — 28p% ¢ + 28p°¢>

+28p*¢® + 16¢* + 16pq* — 16p°¢* — 16p3¢*).

First, note that A”(u) = 12s4u® + 6s3u + 25, < 0 since 12s4u* and 2s, + 6s3u are both
negative for any 0 < u < 1%2. Also,

p—2
A=) =80+ 1)%(q — 1)*(p — 2p® — q + 3pq — 2p*q — 2¢* + 2pq?) > 0,

since 7 < p+ 2 < ¢. Hence, by Lemma 3.6, A is maximum at u = 0 or at u = 22
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Design d* has the replications corresponding to u = ’%2. If p is even, design d** has repli-

cations corresponding to u = 0. However, if p is odd and u = 0, there is no design with

p(2¢+1)
6

r3 = ’@ and r; =1y = since 7% is not an integer. But by Lemma 3.6 we still

know that any design with r3 > ]@ + 1 (i.e. with u > 1) is A-inferior to d’ which has

u = 1. We also know that when p is odd, for fixed r3 = £ (q; DN since

A is a decreasing function of x = r; —ry and ri* —r3* = 1.

In conclusion, we have shown that when p is even, d* or d** is A-optimal, and if p is odd,
the three competitors are d*, d**, and d’. In the next step of the proof we eliminate d’, and

establish the conditions under which d* is A-superior to d**.

Step 5. First, assume that p is even. To determine which design between d* and d** is
A-optimal, simply compute Az — Age. Using (3.5) and (3.14), we have:

A*—AM:2(P2—P—2)[2q3(p—1)<p+2)—pq( p—1)(3p+4) — 3% + 3"
’ ! Ipq(p — 1)(q + 1)(4p*q* — 3p* — 4¢?)

Note that the denominator is positive, and

Ag = Az 2263 (0 = 1) (p+2) — p*(p — 1)(3p + 4) — 3p%q + 3p°. (3.60)

Equation (3.60) tells us when d* is A-optimal for even p. First, (3.60) is increasing in ¢ since
7T<p+2<q. Setting q= M , (3.60) becomes a quartic polynomial in p, positive for any

p > 2. Setting g = (3 60) becomes a similar quartic polynomial in p, negative for any

3p+2

p > 2. Note that we cannot have 22 < ¢ < since ¢ =1 mod 3. Therefore, for even p

3p+2
2

we can say that if ¢ > , then d* is A-optimal, and otherwise d** is A-optimal.

Now suppose p is odd. We will eliminate design d’ by showing that A4z — Ay > 0 for any
q> %p — 1, and Ay~ — Ay > 0 for any ¢ < %p — 1. First, note that if p = 5, then d* and d’
are in fact the same design, so assume p > 11. Using (3.5) and (3.14), we have:

Apdy — 2= 5)BP(” ~ 2 +3) ~34p® —2p +3) — P+ V(3p* —8p+9) +2¢°(p* ~ 1)]

Iq(p — 1)(q +1)(4¢%p — 3p + 4¢> - 9)

The denominator is positive, and so

Ag- — Ay "2 3p(p® — 2p+3) — 3q(p® — 2p+3) — *(p+ 1) (3p° — 8p+9) + 2¢° (p* — 1). (3.61)
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Now, (3.61) is increasing in ¢, and it can be checked that it is positive for any ¢ > % -

and p > 11. Next, comparing d' to d**:

p
 3pg(p — 1)(4¢% — 3)(4¢%p — 3p + 4¢> - 9)
x[27p(p —1)* = 27q(p — 1)*(p + 1) — 4¢°p(7p* — 20p + 9) + 4¢°(p* — 1)(7p — 9) — 164" (p* — 1)].

Ad** — Ad’

The denominator is positive, and the numerator is a concave function in ¢, its second deriv-
ative being strictly negative in ¢ > p. The numerator is positive for any ¢ € [p + 2, % —1]
because it is positive both at ¢ = p + 2, and at ¢ = 37” — 1, for any p > 11. Therefore d’ is

A-inferior to either d* or d**.

Finally, we compare designs d* and d** for p odd and p > 5. Using (3.5) and (3.14), we have:

2(p + 1)(—6p + 3p* 4+ 6q — 3pq + 6¢* + 5pg* — 3p*q* — 2¢° + 2pq°)
Ipg(p — 1)(q + 1)(4¢> — 3) ’
and so Ag: — Age 2" —6p 4 3p* 4+ 6¢ — 3pq + 6¢% + 5pg® — 3p*¢* — 2¢° + 2pg°. (3.62)

Ad* — Ad** =

Analogous to the p even case, (3.62) is increasing in ¢. Setting ¢ = 3’2—71, (3.62) becomes
a cubic polynomial in p, positive for any p > 5. Setting q = 3p—2_7, (3.62) becomes another

cubic polynomial in p, negative for any p > 5. Also, since ¢ = 1 mod 3, we cannot have

3p—7

5 <q< 3p2_71' Therefore, when p is odd, design d* is A-optimal if and only if g > 3p—;1.

Part II. We now move on to the second part of the proof, where the assumption is ¢ > 2p.
First, we show that d* is A-optimal when p = 2. Create the uniform design d°(c?, ¢, ¢3) with
replications:

o 2q+4 2 — 2

3 0 2 TTsE o (3.63)

Note that d° is of maximal trace because the two rows are permutations of each other,
and the design is generalized binary in columns. Similar to step 1 below, all designs with
ry > 22 are not A-superior to d°, provided that 2(v/3 —1)c3 — ¢} > 0. This inequality holds

for any ¢ > 10. Indeed, we have

2(V3 -1 - &0 = i(2q —qV3-2).

S
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By the same inequality, nonuniform designs can be eliminated using Lemma 3.3 when r; <
2'13—+4 and g > 10. The only designs with ¢ > 10 left to consider are uniform designs with
replications as in d” or d*. Using (3.5) and (3.14), we get:

2(q +2)
3q(q+1)

and so d* is A-optimal. For 2 x 7 row-column designs, it can be shown that d* is A-optimal

Ad* - AdO - > O,

by enumeration.

So for steps 1 through 5 take p > 5. Most calculations needed in this part of the proof were

performed in part I.

Step 1. In this step we eliminate all designs with r; > pat?) - Gince q > 2p this will also

q(p—2)

eliminate designs with r3 < £ 5. We will again use lemma 3.4 to show that design d°

defined in part I is A-superior to any competitor d with r; > 24 ( 2), First,
1
2(V3-1) - = 9p[—2¢3p(p +1) +29(2v3 = 3)(p = )(p + 1)].

This is positive, and thus condition (a) of Lemma 3.4 is met. Conditions (b) and (c) of

(q+ )

Lemma 3.4 are also satisfied (see part I), so all designs with r; > 2 are eliminated.

Step 2. In this step we eliminate all nonuniform designs with replications not shown inad-

( D

missible in the previous step. Nonuniform designs with r3 > 24—~ are eliminated same way

as in part I.

For designs with q(p 2 < py < ’@ we apply lemma 3.3. By (3.54), ¢; is an increasing

function of r; for r; < 2 q+2) So for fixed r3 ) _ 2, the difference (v3—1)(ca+¢3) — 1

plq

p(q+ 3_1) + x (see part I). For these replications,

is minimized when we set r; and ry =

the difference (v/3—1)(cy+c3) —¢; changes from that computed in part I, because for ¢ > 2p
we have int["1] = 22 We are interested in the minimum of
1
(V3—1)(cates)—c1 = %[18(\/3—1)332—1819(\/5—1)x+2Q(p+1)(2\/§pq—3pq—2\/§q+3q—\/§p)]-

Just as before, the difference is minimum at x = £, where it becomes an increasing function

27

of p, positive for any p > 5. By lemma 3.3, all nonuniform designs are eliminated.
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Steps 3 through 5. These steps are covered in part I of the proof. All arguments deal with
maximizing the quantity A given in (3.5), as a function of the replication numbers r;. The
subcases that appeared in part I were due to mt[%] taking two different values depending
on r;. When ¢ > 2p, we have mt[%] = 7%1 for all designs with r; < p(qTH). Therefore, all the
forms that A can take for uniform designs with replications in the ranges considered were

included in part I. O

3.4.6 Discussion

One common characteristic of A-optimal designs with three treatments is that they are all
uniform. In fact, there are no known non-uniform A-optimal block or row-column designs.
This seems to be due to the relationship between the diagonal elements and the inverses
of eigenvalues of the information matrix. Distributing a treatment replicated r; times uni-
formly throughout the design maximizes the diagonal element of the information matrix
corresponding to that treatment. That is, for fixed replications, uniformity maximizes trace.
As it can be seen from the form of A given in (3.5), in the case of three treatments, an ideal
design would maximize > ¢;, while minimizing >~ ¢?. Naturally, this cannot be achieved
simultaneously, and so the A-optimal design is in many cases a compromise between the

two.

We now summarize the main results in this section. Under the general assumptions p < ¢,
and r; > r9 > r3, replications for all A-optimal designs are given in Table 3.1. The proofs of
the main results in this section eliminate all other designs from consideration. As discussed

earlier, all A-optimal designs are uniform.

In some cases, treatments are as nearly equireplicated as possible, but in other cases not.
For example, when p = ¢ =1 mod 3, treatment 1 is replicated p more times than the other
two treatments. This is against the “conventional wisdom” that optimal designs should have

replications as close as possible.

Knowing the replications for a design with three treatments, and the fact that it is uniform,
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Table 3.1: Replications for A-optimal row-column designs (under the assumption p < q)

p mod 3 | ¢ mod 3 | Additional Information T To r3 Source
0 0,1,2 - B B g (GYD)
0,1,2 0 - Bl Bl Bl (GYD)
1 1 - p(q;rQ) plg—1) p(q?jl) Theorem 3.2
q>2p plg+1) plg+1) p(g—2)
= 3 3 3
1 2 q < 2p, q even aCptl) q(2%+1) q(p?:l) Theorem 3.4
qa@p+1)+3 | ¢Cp+1)=3 | qlp—1)
q < 2p, qodd 5 G 3
q> #, p even, or
g >332 podd pgtl pgtl pg—2
= o2 3 3 3
2 1 q< #, p even p(2q6+1) p(2¢é+1) p(qg_l) Theorem 3.5
q< 3p—1 p odd p2g+D)+3 | p2¢+1)=3 | plg—1)
2 6 6 3
2 2 - quH qu_l qu_l Theorem 3.3

is sufficient for obtaining the design’s information matrix.

This is not true in general for

designs with more than three treatments, where uniform designs with the same replications

might have different information matrices, based on treatment concurrences (i.e. the number

of times two treatments occur together in the blocks of a blocking factor). An algorithm for

constructing uniform designs with three treatments and given replications is developed in

Section 4.4.




Chapter 4

F-optimal Designs with Three
Treatments

4.1 The E-value of a 3 x 3 Information Matrix

As discussed in section 3.1, the C-matrix of a design with three treatments can be written in

terms of its diagonal elements (cy, ¢z, ¢3). The C-matrix has two non-zero eigenvalues which

can be written as Z1» = 3(3> ¢; & \/2 >icj(ci —¢;)?). From now on Z will only refer to the

Z = %(Zc,- - 2 ;(Ci —¢)?). (4.1)

FE-optimal designs maximize Z. The expression for Z simplifies when some of the ¢;’s are

smaller non-zero eigenvalue:

equal:

3
€1 = ¢y > c3 implies Z = 503 (4.2)

1
c1 > ¢y = c3 implies Z = ¢y + ¢3 — ! (4.3)

In some cases there are multiple designs which are E-optimal. One way to discriminate

among them is to find the design which is M-optimal in the entire class of E-optimal designs.

Definition 4.1. A design d* is said to be £ — M-optimal in D, if d* is M-optimal in the

class of E-optimal designs in D.

72
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Note that when v = 3, it is sufficient to show that the trace of Cy for an E-optimal design
d* is maximal among all F-optimal designs, in order to say that d* is E — M-optimal.

The next result by Morgan and Reck [24] is very useful in finding upper bounds for the

smallest eigenvalue of the C-matrix.
Theorem 4.1. Consider a design d with information matriz Cy partitioned as
Car Carz
Cy= ,
¢ <0d21 Claza

where Cg1p and Cgos are square matrices of orders p and v — p. Let w be any normalized

vector of length p, and x = w'l. Then Z, the smallest non-zero eigenvalue of Cy, satisfies

v
Z <
v — 12

U/Oduw.

Two relevant lemmas, which follow immediately from the above result are given below. First

let p=1and w =1 in theorem 4.1.

Lemma 4.1. For a design d with information matriz Cy, the minimum non-zero eigenvalue
Z of Cy4 satisfies:
7 <

v .
— min(cg;;)-

Next, let p =2 and v’ = (\/Li, —%) in theorem 4.1.

Lemma 4.2. For a design d with information matriz Cy, the minimum non-zero eigenvalue

7 of Cy satisfies:
7z < Caii + Cdz"2i’ - QCdn"’

for any i and 7.

The bounds given in the above two lemmas can also be obtained by the averaging technique
of Constantine [9], symmetrizing on p = 1 and p = 2 treatments, respectively. Similar
bounds were developed by Jacroux [15], using other methods. In the following sections,
FE-optimal designs will be found for different blocking schemes. Throughout this chapter, it

will be assumed, without loss of generality, that r; > ry > 3.
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4.2 FE-optimal designs with One Blocking Factor

The block design setting {v, b, k} denotes:

e v treatments to be compared, using
e b blocks of experimental material, each composed of

e [ experimental units

Associated with the setting, define two auxiliary parameters as follows:

bk

e 7 = int(2') = maximized minimum replication

e p = bk — vr = excess plots over those needed for equal replication

In a block design d(v, b, k), suppose treatment ¢ has replication r;, with block-wise replications

nyg, | = 1,2,...,b. Then the diagonal elements of the design, Cy, are given by ¢; = r; —

%Z?:l(nil)Q. If treatment i is uniform, then ¢}; = r; — £h(r;,b). The nonuniformity of

treatment 7 is defined as NU; = ¢, — ¢;; > 0 (see section 2.1).

The E-optimal designs will be found based on the different values of b and k£ mod 3.

4.2.1 Case 1: bk =0 mod 3

In this case we can see that r = %, and p = 0. For this setting we can create a generalized

binary balanced design (BBD), which is universally optimal. The diagonal elements of Cy

for such a design will be ¢; = b(kT_l) The E-value can be computed to be Z = b(k2—1).

To build a BBD, follow these steps:

(a) If 3 1 k, then build a GRBD (generalized randomized block design) which has each

k

treatment occurring 3 times in each block.
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(b) If 31k, then we must have 3 1b. Create an equireplicated, generalized binary design.

Because there are only 3 treatments, and the design is generalized binary, Cy is completely

symmetrical and of maximum trace. Therefore it is universally optimal by theorem 2.1.

4.2.2 Case 2: bk =2 mod 3

Theorem 4.2. A design in D(3,b,k) with bk = 2 mod 3, is E-optimal if and only if it

satisfies one of the following conditions:

(a) r1 =1y = ka+17 ry = %, treatment 3 uniform and treatments 1 and 2 nonuniform in

any way such that ¢, = co > cs.

(b) int(3) > int(%), 1 = %5 ry = ry = Y22 treatments 2 and 3 uniform, and treatment

1 nonuniform in x = int(=L) blocks.

The E — M -optimal design is uniform and has replications r1 = ro = ka+17 ry = ka’Q Such

a design is generalized binary, and thus of higher trace than the other E-optimal designs.

Proof. In this case we have r = I”“T’Q, and p = 2. First create a generalized binary design d°
with 7y =79 = r+1, and 73 = r. For this design ¢ = § > ¢}, and the E-value of this design
is Zgp = %cg by (4.2). Any design d with r3 < r will have ¢3 < ¢J, and therefore Z; < Zp,
by lemma 4.1. Also note that any other design with r; = r must be binary in treatment
i, otherwise it would be E-inferior to d. In general, any design will have r3 < r, and so

Zy < Zgp, because Zy < 3y < 2. So d” is E-optimal.

Now consider designs with same replications as d°, but not necessarily uniform in treatments
1 and 2. Obviously, in order for such a design to have the same E-value as d°, it needs to
have ¢; > c¢3, and also ¢y > ¢3. Furthermore, if ¢; # ¢o, then Z; < Z3, where C; has diagonal
elements (%, %, c3). This is true by majorization: the sum of the two eigenvalues is

equal for d and d, but they have different sum of squares.
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Let’s now consider a design d with r; = r + 2, and ro = r3 = r. In order for this design to
have Z; = Zp, treatments 2 and 3 will have to be uniform, while treatment 1 will have to
be nonuniform in such a way that ¢; = co = ¢3. Otherwise Z; = 2¢co — & < 02 Zgo. Since

treatments 2 and 3 are uniform, the nonuniformity of treatment 1 will be NU; = 2z, where

k
x will be the number of blocks in which treatment 1 is nonuniform. In general, maximum
nonuniformity for treatment 1 with treatments 2 and 3 forced to be uniform, will be obtained

by the following block assignments:

b=1and k=2 b=2and k=1

nij M9 mng; no. of blocks nij n9j mng; no. of blocks
k§4 k§2 kgz b—g2 — rmaz kg4 k:—g? k;rz b52 — rmaz
k22 kRl kT 2b—2 kr2 ko1 kD1 2b+2

3 3 3 3 3 3 3 3

In the above display, xmaz denotes the maximum number of blocks in which treatment 1 can

be nonuniform, while keeping treatments 2 and 3 uniform. Using the formula for ¢; for a uni-
0 {2(k+1), when b =1 and k = 2;

form design with replications (r+ 2,7, 1), we get ¥ —cJ = ¢, 2F .
& P ( ) s aTa 2(];;1), when b=2and k=1

In order to make ¢; = ¢y, we need to make treatment 1 nonuniform in

3

%, whenb=2and k=1

k1 _ — 9.
x:{ when b= 1 and k = 2 4)

blocks. By the above discussion about maximum nonuniformity of treatment 1, we can see

that this will be possible if and only if int(2) > int(£). O

4.2.3 Case 3: bk=1 mod 3

bk

In this case r = T_l, and p = 1. Create the generalized binary design d°, with replications

(r 4+ 1,7,7). Computing the values of the diagonal elements of Cy, we get:

1
A=r+1——h(r+1,b) =

Z(bk* —b+k—1), whenb=1and k= 1;
k 2

= (bk?> —b+k+1), whenb=2and k= 2;
20k — 20—k + 1
20k* — 2b — k

/—’H

9k
D0 lh( b) = ik( ), whenb=1andk = 1;
2 3 k i( —1)

ok

, when b =2 and k = 2;
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The E-value of this design will be:

A :{i(bk2—b—k+1), when b=1 and k = 1;

Zgo =25 — 2
PTIETY T L0k —b—k—1), whenb=2and k=2

Suppose a design d has r3 < r — 1. Then by (3.10):

3 {i(bk2—6—2k+2), whenb=Tand b=1; _

i< —c3 <
TS T\ L2 —b—2k—2), whenb=2and k=2
Therefore all the E-optimal designs must have same replications as d°, (i.e. they must have

replications as close as possible, called replication balanced designs). From now on we’ll only

consider this type of designs.

However, d° will not be in general E-optimal, because we can create designs with treatment
1 nonuniform, while keeping treatments 2 and 3 uniform with replication r, in such a way
that Zg < 2c; — 4. Let Dg denote the subclass of D(v,b, k) replication balanced designs,
which are also generalized binary in treatments 2 and 3. Note that in this subclass the
diagonal elements ¢, and c3 are c; = c3 = . Below are the block assignments which obtain

maximum nonuniformity of treatment 1, within Dg:

b=land k=1 b=2and k=2
niy; MNg; N3; 1NO. of blocks niy;  MNg; N3; 1NoO. of blocks
k+2 k-1 k-1 20+1 k=2 k+1  k+1 2b—1
3 3 3 3 3 3 3 3
k—4 k42 k42 b—1 __ k+4 k=2 k=2 b4+1 __
3 3 3 = = rmax 3 3 3 3 = rmax

Again, just like in case 2, rmax denotes the maximum number of blocks in which treatment
1 is nonuniform, given that the design is in Dg. In order to see how nonuniform we should

make treatment 1 and get ¢; as close as possible to ¢y, compute:

k-1 hen b=k =1;
d. _ 0 (): 3k w 7.
f=d-a {kH when b=k =2

3k 7

(4.5)

Create design d* by making treatment 1 nonuniform in z* = min(zmaz, mt(dz’f,f )) blocks.

Theorem 4.3. In the class D(3,b, k) with bk =1 mod 3, consider a design d* that satisfies:
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(a) ri =22 ry = rg = UL

(b) treatments 2 and 3 are uniform
(c) treatment 1 is nonuniform in z* blocks, where x* = min[*5t, int(51)] if b=k =1

3
mod 3, and z* = min[*}, int(5:1)] if b=k =2 mod 3;

then d* is E-optimal. A mecessary, but not sufficient condition for other E-optimal designs

to exist 1s xmaxr + 2 < mt(dg/fg) When other E-optimal designs exist, d* is E— M -optimal.

Proof. Designs which are not replication balanced have already been ruled out, so all com-

petitors have ry =r+ 1, ro =rg =r.

First let’s look at settings where

xmax > int(

Y

dz’ff)_ int(%1), when b=k =1;
2/k 7 Vint(EL)) when b=k =2

diff
2/k

in less than z* blocks will have ¢; > ¢f. So Zy = 2¢) — ¢ < 2d) — % = Z4+. Note that

and so z* = int(52%L). Under this setting, any design d in Dg with treatment 1 nonuniform

ct=c+dif f— %znt(‘%f), and any other design in Dy will have ¢; = &S +dif f — %x, where

x is the number of blocks in which treatment 1 is nonuniform, z* < r < zmazx.

In order to compare d* to other designs which are nonuniform in treatments 2 or 3, or

nonuniform in treatment 1 in more than * blocks, let’s compute Zg using (4.2) and (4.3):

(a) b=k =1, and k even. In this case z = ** and Zy = 3¢ — ..

(b) b=k =1, and k odd. In this case z = ¥}, and Z = 3¢}
(¢) b=k =2, and k even. In this case z = 522 and Zg = 2§ — .

(d) b=k =2, and k odd. In this case v = ¥ and Z4 = 3¢}

k?

Looking at the definition of i f f in (4.5), we can see that di f f— 2int (L .
& Jin (4.5) JI=int(5 0, when k is odd

fé‘):

{l when k is even
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If z > 2* for a design d in Dy, then ¢; < ¢f — 2 =S +dif f — %(mt(‘%f)—i—l) < —1. By

lemma 4.1 Z; < %cg — % < Lygx.
Any design which is nonuniform in treatment 3 (similarly for 2), will have ¢z < ¢§ — %, and

hence Z,; < 303 < %cg - % < Zg« (for any of the values Z; takes from the above list).

Next, suppose int(‘?/—fg) —2 < axmax < mt(‘?f,f) We have z* = zmaz and ¢ < G+ dif f —

%mt(d;fg) + £ < )+ 2; then by (4.3), Zg = 2¢) — 3¢ > 25 — 2 > Z, for any design d

nonuniform in treatment 2 or 3. Therefore, when xmax > mt(d;fg ) — 2, d* is E-optimal,

and there are no other F-optimal designs (i.e. with treatments 2 or 3 nonuniform, or with

treatment 1 nonuniform in x # x* blocks). The condition zmax > znt(‘é’f,f ) —2, under which

all F-optimal designs have x = x* as identified in the theorem statement, is equivalent to:

(a) b>EZ1 when b=k = 1 and k even;
(b) b> %1 when b=k =1 and k odd;
(c) b> %216 when b = k = 2 and k even;

(d) b > *213 when b=k =2 and k odd.

dif f
2/k

Finally let’s look at settings where xmaz < int(55L) — 2, so z* = zmazx, and Zy; =
268 — () — amaz) = Zyp + 209t = Pl (this is easy to check by the formulas given at the
beginning of the section). We’ll show that d* is E-optimal, and also state some characteristics

of the other F-optimal designs in this class.

By (3.1) and lemma 4.2, it is known that Z; < co+c3— S = ubg, where ubg denotes the upper
bound for design d. As usual, let n;; denote the number of times treatment ¢ appears in block
j. Now, let ny; = ni+e;, where ny = int(%) = int(*32), and 2?21 e; =ri—bny = r+1-bn,.
The e;’s are the deviations from equal block-wise replications for treatment 1. For a given
set of e;’s, ub will be maximized when we maximize ¢y + ¢3 = 2r — %Z?zl(ngj +n3;). The

following assignment pattern for ny;’s and ns;’s maximizes ¢y + c3 for a given c;:
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Noj = N3j = kiinj = %(k’ — Ny — 6]')

J nij N2 13

1 ni + e %(k‘—nl—el) %(l{:—nl—el)
2 7’Ll+€2 %(k—nl—eg) %(k—nl—eg)

b ni+ep %(k—nl—eb) %(k—nl — eyp)
Note that when x* = xmazx, d* is a special case of this assignment pattern (see the block-wise
replications of d* at the beginning of this section). In general, call this assignment pattern
d; a design with these block-wise replications does not exist if k — n; — e; is odd for some j.

However, the bound ub will be useful in showing the optimality of d*. Cj; has the following

diagonal elements:

ca=r+1- %Z?:l(nl + 6]')2

Cy = C3 :T—ﬁzsﬂ(k_nl_ejy

Next we’ll show that ub does not actually depend on the values of the e;’s:

ub = 20— % =3%r—-1-4 Z?Zl[(k‘ —ny — €)% — (n1 + ¢;)?
(

k—2ny —2e;) = 2r — 5 — 3[bk — 2(r 4 1)]

pr— =r — B

= po= bkl
First, note that Zs = ub, which means that d* is E-optimal. The only question left to
answer is which are the other E-optimal designs. Note that for any design Z3 < co+c3— 5 =
ubg. However, uby does not reach its upper bound ub for most designs. For a given block
assignment of treatment 1, if ny; # ng; for some j, then it follows that ub < ub. Also, if

ng; = ng; for all j’s, then ¢y = ¢3. If ¢; < ¢ = ¢3, then Zg = 3% < uby. Therefore, when

rmaxr < mt(d;/fg) —2 a design will be E-optimal if and only if ny; = ng; for all j, and ¢; > ¢

(i.e. treatment 1 cannot be made nonuniform in such a way that its diagonal element falls

under the diagonal elements of treatments 2 and 3).

If zmax < znt(‘?f,f ) — 2 and other F-optimal designs exist, d* is ' — M-optimal because it

has higher trace than other F-optimal design, and C,; only has two non-zero eigenvalues. []

As a simple example of a design, other than d*, which is E-optimal, consider the setting
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b =2, k = 50. The block assignments are given below for designs d* and d’, both of them
being F-optimal with Zg = Zy =r = 33:

d* d

Joomay Mgj mypo 0 nay Mgy Ny

1 16 17 17 1 14 18 18
2 18 16 16 2 20 15 15

4.3 FE-optimal Designs with Three Treatments in Set-
tings with Multiple Blocking Factors

As discussed in section 2.2, in settings with multiple blocking factors, the experimental units
are arranged in an n-dimensional hyperrectangle (n > 2) of size by X by X -+ X by, where
b; is the number of levels of the i¢th factor, and b < by < --- < b,. The total number of
experimental units to be assigned to treatments is m = bibsy ... b,. The size of each block in
direction j is mbj_l. Let N; be the v x b; incidence matrix between the v treatments and the

b; levels of factor j.

By Theorem 2.1 in [7], we have:

n—1

! 4.6
- rr’, (4.6)

. 1 ¢
Cd = dzag(?“l, PN ,TU> — E ijN]N], =+

j=1
where r is the 3 x 1 replication vector. From the above equation it follows that the ith

diagonal element of C); can be computed as:
1, & 1
n —
)M F) (47
j=1  I=1

where n;;; is the number of times treatment ¢ occurs in block [ of factor j. Formulas for

¢; when treatment ¢ is uniform, as well as the nonuniformity of a treatment, are given in

section 2.2.

The problem is divided in two main parts - first the replication numbers are found for E-
optimal designs, then the uniformity characteristics are studied. Both parts are further

divided into cases, depending on the value of m mod 3.



Valentin Parvu Chapter 4. E-optimal Designs with Three Treatments 82
4.3.1 FE-optimal Designs when m =0 mod 3

Under this setting, r = %, and we can create design d’ which has r; = ro = r3 = r, and is

generalized binary in all n directions (factors). Note that C° is completely symmetrical, and

3

0
thus Zp = g . Since any other design will have either r3 < r, or will be nonbinary in some

0

treatment, at least one diagonal element will be less than ¢;. Therefore any other design

would have Z < % = Zup, and thus be E-inferior to d°.

In fact, d° is a Youden hyperrectangle, or YHR, which is universally optimal (see Corollary

3.1.2 in Cheng [7]).

4.3.2 Replication Numbers for F-optimal Designs when
m =1 mod 3

Under this setting, r = mT_l, and we can create design d° which has 1 = r + 1, and
ro = r3 = r, and is binary in all directions. We’ll use the inequality Z; < gci to show that
d° with E-value

Zgp = 2¢) — —= (4.8)

is E-superior to any design which has r3 < r — 1. So E-optimal designs will be shown to

have same replication numbers as d°.

We'll show that Zg — 303 > 0, where c3 is the diagonal element of a generalized binary
treatment with replication r3 = r — 1. This implies that Z; — %Cg >0 for any r3 < r — 1,

and thus by Lemma 4.1, d° is E-superior to any design which has 73 < r — 1.

To do this, we’ll need the following identities:

b—1
r modty, = ey = LT when b; mod 3; (4.9)
— when b; = 2 mod 3.
b—4
< —  when b; =1 mod 3;
r—1 modb;, = (r—1),)= ; ’ | 10
j ( )y) {217]3—4 when b; = 2 mod 3. ( )
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Note that (r —1)@,) = r@e,) — 1, so

1 3 1 3
bi[2h(r,bj) — §h(7" +1,b;) — §h(7" —1,b;)] = —bj[gAh(T, b;j) — §Ah(7° —1,0)]
1 1 3 1
= —b][§ + E(T — T’(bj)) — 5 — —](T’ —1- (7" - 1)(%))]

= bj + 2(7’ — T(bj)) (411)

Now, we are ready to compute Zgp — 3¢3, using equations (4.8) and (2.5):

3 1 3(r—1 -1 1 3
Zp -5 = 2r—r; - (7“2 )+”m 2 = S+ 1) = S(r = 1)’

=" 1+ %(n— Dr—1)— %Z(bj +2r —2—=2(r —1)@,))

= Lmtom-e-1- S by =20+ 20423 (r = 1))

_ %(m—QT—i—Z =) b2 (r—1)g,)
= %(m+8—326j—|—62(7“—1)(bj)), (4.12)

since r = L. We'll show that y = [Tb; +8 =33 b;+ 6> (r —1),) > 0 by induction. For

the first induction step, check inequality for n = 2, with the two cases:

(a) by = by =1 mod 3. In this case y (419) (by — 1)(be — 1) — 9 > 0 with equality if and

only if b1 = b2 = 4.

(b) by = by =2 mod 3. In this case y (41 (by +1)(by + 1) — 9 > 0 with equality if and

Ol’lly if b1 = b2 = 2.

From (4.10) we can say that (r — 1)p,) > bj;l, with equality when b, = 1 mod 3, so

y =116, —>2b; —8(n—1).
For the second induction step, assume for n > 3 that y > 0 for n—1 factors, that is, H;:ll b; >
Z;:ll bj +8(n—2). This implies that [[_, b; > [Z?;ll bj+8(n—2)b, > > 77 bj+8(n—1).
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Therefore we have y > 0 for any n > 2, and y = 0 if and only if n = 2 and b; = by = 4 or
bl - bg - 2

As a conclusion, when m =1 mod 3 and n > 2, any design with r3 < r—1 will be E-inferior
to d’. When n = 2 and b; = by, = 4, or by = by = 2, other designs with different replications
than d° which are E-equal to d° might exist. When b, = b, = 2, there is no connected design,
and when by = by = 4, we have an F-optimal design with ry = ry = 6, and r3 = 4, different

than d°, with r, = 6, ro = r3 = 5, which is also E-optimal.

4.3.3 Replication Numbers for F-optimal Designs when
m =2 mod 3

Under this setting, r = mT’z, and we can create a design d° which has 7 = 7y = 7 + 1,

and r3 = r, and is generalized binary in all directions. For this design Z;, = %cg. Note
that any other design will have some 7; < r, which implies ¢; < ¢J, and hence will have

Zg < %Ci < Zgp. Therefore d° is E-optimal.

Designs that have r3 < r, will have ¢3 < ¢J, and hence by Lemma 4.1, Z; < Zgp. Since
rs > r, the only replication assignment different than d° is 1 = r + 2, and ry = r5 = 7.
Section 4.3.5 gives the conditions under which a design with those replications can also be

FE-optimal.

4.3.4 Uniformity of Treatments for F-optimal Designs when
m =1 mod 3

As shown in section 4.3.2, the replications of E-optimal designs for this case are ry =r + 1,
and 7 = r3 = r. The only special case when a design with different replications may be

E-optimal is n = 2, and b = by = 4.

Let’s look at the design with n = 2, by = by, = 4. The two candidate designs are d; and

ds, which are both generalized binary, and have replications r; = 6,7y = r3 = 5 for d;, and
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ry =1y = 6,r3 = 4 for do. Both designs have the same E-value, Z;, = 2¢, — ¢ = 4.5, and

L, = 3% = 4.5, where the ¢;’s are the diagonal elements for their respective designs. The

two designs are given below (up to column or row permutations):

dy da
1 2 31 32 11
2 31 2 1 3 21
31 2 3 21 3 2
1 2 31 21 2 3

For uniform designs with replications 71 = ry = 6,75 = 4, we have ¢; = ¢ = 6—2h(6,4)+3 =

13
e

and c3 =4 — %h(4,4) + % = 3. In general, if any binary treatment is made nonbinary
in factor j, then the diagonal element corresponding to that treatment decreases by at
least % = 3 when by = by = 4 (this is because ZZQI nz,. increases by at least 2). Note
that ¢; — ¢33 = %. Hence if treatment 1 (or 2) is non-binary, then ¢; < ¢z, which implies
Zg < %cl < Zg,, by lemma 4.1. Obviously, if treatment 3 is nonbinary, then the E-value
would be less than that for ds, also by lemma 4.1. For the same reasons no treatments can

be made nonbinary in designs with same replications as d;.

Now consider designs with replications (7,5,4) or (8,4,4). By the same argument as above,
treatments 2 and 3 must be kept generalized binary, which will also force treatment 1 to
be generalized binary. A generalized binary design with replications (7,5,4) or (8,4,4) is
E-inferior to d; and ds because ¢; # ¢y, and so Z3 < 303. Design ds is the only F-optimal

design which is not nearly balanced (for the case m =1 mod 3).

With the exception of the special case described above, all E-optimal designs have replica-
tions r1 = r 4+ 1, and ro = r3 = r. It turns out that E-optimal designs have treatments 2
and 3 generalized binary, while treatment 1 is nonbinary in such a way that the C-matrix is
made as close as possible to a completely symmetrical matrix (i.e. ¢; will be brought down

close to ¢ = ¢3).

Suppose b; = 1 mod 3, which means that mbj_1 = 1 mod 3. Every block of factor j

has mbj_1 cells. Since treatments 2 and 3 must be uniform, their block-wise replications
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-1
mbj -1

are ngj, na; € {int(L),int(F) + 1}, and by (4.9) int(f) = Treatment 1 will be

mb !
nonuniform in block [ of factor j if and only if ng; = ng; = b33 2 which would make
mb; 14

nyji = —%—. Define the nonuniformity (NU) of treatment 1 due to factor j as #xj,
J

—1
mbj —4
3

where z; is the number of blocks of factor j in which ny; = . Note that for any design
which is uniform in treatments 2 and 3, ¢; = ¢§ — NU. We need to find what the maximum
nonuniformity of treatment 1 in factor j is, when treatments 2 and 3 are constrained to be
uniform. The maximum nonuniformity for treatment 1 is obtained with the following block

assignments:

b =1 mod 3
n]_ijl nglﬂ nglﬂ no. of blocks
mb]. +2 mbj -1 mbj -1 2b;+1

El E} El 3
mbj —4 mbj +2 mbj +2 bj—1
3 3 3 3

= rmax;

xmax; denotes the maximum number of blocks in which treatment 1 can be nonuniform in
factor j. Similar, when b; = 2 mod 3 we define the nonuniformity of treatment 1 due to

mbrl—4
. We

;r ! when b; =2 mod 3. This is obtained with the following block

factor j as #xj, where x; is the number of blocks of factor j in which n,; =
J

bj

can see that xmax; =

assignments:
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b; =2 mod 3
N1 Naji N3 no. of blocks
mb;1—2 mb;1+1 mb;1+1 2,1
3 3, 3 3
mb; +4 mb; -2 mb; -2 bj+1
3 3 3 5 = Tmax,

Design d° was defined in section 4.3.2 as the generalized binary design with replications

rp =r+1, and r, = r3 = r. Let D denote the difference between ¢? and .
_ 0 0 _ 1 ¢ A n—1 _
D =c]—c _1_E.Zlbj h(r,bj)—i-T(Zr#—l) =
‘]:

_ 2mn+m—+n—1
N 3m

1 n

- ;[bj +2(r =7y (4.13)
The next step is to create designs d* and d, generalized binary in treatments 2 and 3, and
nonuniform in treatment 1 in such a way that ¢, gets as close as possible to ¢J; for d*
we have ¢} > ¢), and for d, we have ¢, < 3. To find the number of blocks r; and z .
of factor ¢ in which treatment 1 should be made nonuniform, solve the following integer

minimization/maximization problems:

2 2
maximize — Z(bjx;‘-), subject to 0 < 27 < xmaxr; and — Z(bjxj) <D (4.14)
m m
j=1 j=1
minimize 2 i(b zjx), subject to 0 <z, < zmaz; and 2 i(b Tj) > D (4.15)
7€ — Lg% )y -~ E 1 - jLgx ) .
m 2 R J j j m 2 i

Note that (4.15) may not have a solution. This occurs exactly when 2 > i1 (bjzmaz;) < D.

Theorem 4.4. For any setting with multiple blocking factors and m =1 mod 3, the E— M-
optimal designs have the same block assignments as either d* or d.. Furthermore, d* is

E — M-optimal if and only if £ 37" b;(3xj. — ) < D or 237" (bj xmax;) < D.

When n = 2,b; = by = 4, an E — M-optimal design different from d* and d, exists, as

discussed at the beginning of this section.
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Proof. The E-values for the two designs are

7% =2 — % and Z, = ;cl*, (4.16)

where ¢f = )+ D — 237" (bja}), and ¢ = ¢ + D — 237" (bjaj). It can be easily seen
that Z* > Z, if and only if D > - > =1 bj(3zj. — 7). In case of equality, design d* is £~ M

better because ¢} > c1,. When ¢, and c3 are fixed to be equal to ¢, the F-value of any design

3 : 0
sc1 if 61 < 5

c1 > ¢)and Z, > %cl if ¢; < ). We need to show that any design nonuniform in treatments

26 — 2 if ¢ > Y
is 7, = { 22 t=" By the conditions on d* and d,, we have Z* > 2¢) — & if

2 or 3 will not have a higher E-value than both d* and d,, so that for £ — M-optimal designs
Cy = C3 = Cg.

First, note that by the conditions on d*, ¢ — ¢ > % implies that =7 = rmax;, otherwise

treatment 1 could have been made nonuniform in 1 more block of factor j. Also ¢} —c) > %

implies one of the following two statements are true:

(a) zj. =0, for otherwise making treatment 1 nonuniform in z;, — 1 blocks in direction j,

would have brought ¢; closer to ¢ than at least one of ¢} or cyy;

(b) 2} = xmax; for all j and equation (4.15) has no solution.

In the latter situation, d* will be shown to be £ — M-optimal (see the last paragraph of this

proof). Now suppose

¢ — > forall j<s
cg—cy < tforalyj>s
for some s < n. It follows that
x; = xmaz; and zj, = 0 for all j < s. (4.18)

This implies that Z* = 2c)— % > 35— % for all j > s. Then any design which has treatment

2 nonuniform in any direction j > s will have ¢y < ¢ — %, and so by Lemma 4.1, (4.16)
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and (4.17), Zy < %CQ < %cg - % < Z*; this also applies for any design that has treatment 3

nonuniform in any direction j > s.

Thus, E-optimal designs have treatments 2 and 3 uniform in any direction j > s. Let NUsg

denote the nonuniformity of treatment 1 in directions 5 > s.

n b; n
NUs, = %Z(bj > niy) - %Z bih(r +1,b;) (4.19)
j=s =1 j=s

Similarly, define NU_, as the nonuniformity of treatment 1 in directions j < s. Also let NUZ,
and NUsg,. represent treatment 1 nonuniformity in directions j > s in designs d* and d,.
By (4.14) and (4.15) there is no design d uniform in treatments 2 and 3 with ¢1. < c¢g < ¢f.
Suppose there exists a design d’ uniform in treatments 2 and 3 in directions j > s which has
NU%, < NUL, < NUs,,.. We claim that this is not possible because it would contradict the

latter statement:

a) If NUL. > D, arranging treatments 1, 2 and 3 uniformly in directions j < s of d’, will
( ) >s ) ging ) y J )

result in c1, < 4 <& — D < ¢ since NU_,, = 0 by (4.18).

(b) If D — Qb‘T‘l < NUL, < D, arranging treatments 1, 2 and 3 uniformly in directions
j < s of d, will result in ¢, < ¢! — D < ¢} < ¢}, since by (4.17), ¢} — 3 > 24 for all
7 <s

(c) ENUL, <D~ zbm—‘l then ¢} — § > % for all j < s if all treatments of d’ are uniform

in all directions j < s. Note that ¢f — ¢§ > % for all 7 < s, as well. Now, keeping
treatments 2 and 3 uniform in all directions, take x; = zmax; = x; for all j < s, where
treatment 1 of d’ is nonuniform in z blocks of direction j < s. Then ¢} < ¢} — D by
definition of ¢} and the fact that NUZ, < NUL,, and so ¢] < c;. by definition of cy..
Now decrease x| one unit at a time down to 0, then decrease zf, one unit at a time
down to 0, and so on, stopping as soon as ¢, > ¢J — D is achieved. Due to the ordering
on the b;’s and consequently on the step sizes this procedure takes in changing ¢}, and

since NUZ, < NUL,, the ending value must satisfy ¢} < cj.
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Under all possibilities, we obtained ¢, < ¢] < ¢} with a uniform arrangement of treatments
2 and 3 in d’, which contradicts (4.14) and (4.15). Hence, there is no competitor design,
uniform in treatments 2 and 3 in directions j > s, which has NUL, < NUss < NUsg..
Also, any design which has NUsg > NUsg,, will have ¢; < ¢;« by (4.18), and thus Z,; < Z..
Therefore any competitor must have treatments 2 and 3 uniform in directions j > s, and

the nonuniformity of treatment 1 in directions j > s must be NU>;, < N U;S.

By lemma 4.2, it is known that for any design we have the inequality Zg < ¢z +¢c3 — 5.
Call this upper bound uby. Using (2.3) and (2.5), for the competitor designs remaining, the

above upper bound can be computed as:

n b;
r+1 n—1, , (r+1)> 1 N, s M
ubg = 2r— 5 + - (2r° — T) T ;[bj 2 (na; +ny; — 7)]
18 & nia
= const — p” Z[bj Z(ngﬂ + ngﬂ — Tj)]
=1 =1
I & h(r+1,b;), 1
- jzs[%jh(ﬂ b) = by—— =1+ 5 NUz,
1S Y n?, 1
_ 2 2 j
= consty — E ;[bj £ (nzﬂ + N3y — 7)] + §NU25, (420)

where const; and const, are constants, depending only on s and the dimensions of the
hyperrectangle. Expression (4.20) depends on the nonuniformity of treatment 1 in every
direction, and of treatments 2 and 3 in directions j < s. Note that d* reaches its bound
since Z* = 2¢) — %1 = ub*. Next we show that the ub; for any other design uniform in
treatments 2 and 3 in directions j > s and with NU>, < NUZ, cannot be higher than ub*.
Since NU>, < NUZ,, it is sufficient to show that d* minimizes Z?il(n%jl +n3; — %) for
each j < s — 1. Given a set of block assignments for treatment 1, (n1;1, 112, ..., 15, ), the

above sum is minimized if we force ny; = ng; = %(mbj_1 — ny;;) for all [. Then the above

sum becomes:
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b 2 b;
151
(”gjz + ngjl - TJ) =
=1 =1
m? ) i m? L
—1

<
<

[(mb; " — nyj)? — ny)

(NN

Note that the above minimum is the same for any (nq;1, nijo, ...,nljbj), as long as ng; =
ngji = 5(mb; " — nyy) for all I. For d* this is achieved (see (4.18) and block assignments in

direction j when z} = zmaz; at the beginning of this section). Thus ub is maximized by d*.

This also proves that d* is E-optimal when (4.15) has no solution (i.e. when r} = ¥max; for
all j). In this case d* reaches the absolute maximum of (4.20) because nj; = n3; for any j

and /. O

In some cases, other E-optimal designs might exist, by making treatments 2 and 3 nonuni-
form. However, Cy or Cy, will have higher trace, and thus one of them will be £ — M-optimal.
Equations (4.14) and (4.15) must be solved numerically, for any given hyperrectange of size
b1 X by X --- x b,. The computer is always a valuable tool when dealing with such problems.
ESolver [26] is a program written in Mathematica that computes 2} and z;, for all j, and it

also decides whether d* or d, is the F — M-optimal design.

4.3.5 Uniformity of Treatments for F-optimal Designs when
m =2 mod 3

As discussed in section 4.3.3, there are two possible replications for F-optimal designs: d;
with (r + 1,7 + 1,7) and dy with (r + 2,7,7). The design d° has same replications as dj,
and is generalized binary in all directions. The E-value of design d, is Zy = %cg. Since
Zg < 303, E-optimal designs must be generalized binary in treatment 3. Also, by Lemma
4.1, for d; we must have ¢; = ¢y > ¢3, and for dy treatment 1 should be nonuniform in such

a way that ¢; = ¢g = ¢3, in order for the E-value to reach this bound. In some cases, due to
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the discrete nature of the problem, design 2 cannot be constructed such that ¢; = ¢ = c3.
Also, the E — M-optimal design in this case is d° (i.e. Cj has highest trace when ¢; and
¢y are maximized, which is achieved by making treatments 1 and 2 uniform). We give this

result in the form of a theorem.

Theorem 4.5. For any setting with multiple blocking factors and m =2 mod 3, the E— M -

optimal design s generalized binary with replications ry = ry = mT“, r3 = ’”T_z

4.4 Construction of A- and F-optimal Designs

In this section we will give methods for constructing designs with three treatments. In the
construction of designs with more than one blocking factor, the theory of Systems of Distinct
Representatives (SDR) proved to be useful in many situations. If Sy, Ss, ..., S, are n subsets
of a finite set S then we say that (aj,as,...,a,) is an SDR for the sets S, Sy, ..., 5, if a;
is an element of S; and all a;’s are distinct. The necessary and sufficient condition in order
that S1,9,...,5, possess an SDR is that the union of any k of the sets contain at least &

distinct elements, for every k < n. A natural generalization of this was given by Agrawal in
[1].

Definition 4.2. If 51, 95,,...,S, are n subsets of a finite set S, then (O1,0s,...,0,) will
be called an (mq,ms,...,m,) SDR if:

(a) O0; C S,
(b) |Oz| = m;,

(c) O;NO; =0, for any i # j,

where |0;] is the number of elements in set O;.
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Theorem 4.6 (Agrawal, 1966). A necessary and sufficient condition for sets Sy, Sa, ..., S,

to possess an (my, ma, ..., my,) SDR is that
k
j=1

foranyk <nand1 <1 <isg <--- <ip <n.

4.4.1 Construction of Designs with One Blocking Factor

As discussed in earlier sections, when bk = 0 mod 3 the universally optimal design is a
BBD. For A- and FE-optimal block designs with bk = 1 mod 3 and bk = 2 mod 3, the
replications and uniformity of treatments are given in theorems 3.1, 4.3, and 4.2. Knowing
the replications and uniformity characteristics of treatments gives us the values of ng4;;’s, the

elements of the block-treatment incidence matrix of a design d.

Example 4.1. Construct the A-optimal and E-optimal designs with v = 3 treatments in

b = 5 blocks of size k = 8.

By Theorem 3.1, the A-optimal design is uniform and has replications r; = 14, ro = r3 = 13.
Thus n;; € {2,3}, and we also know the number of blocks in which each treatment occurs 2
or 3 times (e.g. treatment 2 must occur 2 times in 2 blocks and 3 times in 3 blocks). The 3

candidate blocks are:

S
[y

=
[\V]

S
w

W NN DN - ==
W WN N - ==
W W W NN~

In order to obtain the desired replications, one must use two copies of by, two copies of by,

and one copy of bs.
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By Theorem 4.3, the F© — M-optimal design must have ry = 14, ro = r3 = 13, treatments
2 and 3 uniform, and treatment 1 nonuniform in one block. Hence, n;; = 4 in one block
(say block 1), ny; € {2,3} for j > 1, and ngj,ng; € {2,3} for any j. To obtain the desired
replications, one must therefore use one copy of by, one copy of by, two copies of b3, and
the additional block with n;; = 4 and ng; = ns; = 2. The A-optimal design d4 and the

FE-optimal design dg can also be represented as:

ni; ng; ns; no. of blocks mj nzj naj no. of blocks
4 2 2 1
3 3 2 2
d: , dg: 3 3 2 1
3 2 3 2
9 3 3 1 3 2 3 1
2 3 3 2

The above display basically gives the block-treatment incidence matrix N, up to permuta-

3 3
tions of blocks. For dy4, two columns of N will be | 3 |, another two columns will be | 2 |,
2 3
2
and one column | 3 |. O
3

A-optimal designs with three treatments are uniform, and so n;; € {n1,n1 + 1}, ny; €
{ng, g + 1}, and ng; € {ng, 73 + 1}, where n; = int[%]. Since ), % = k, it must be that
Yini=k—=>, frac(}) > k — 2, where frac(%) stands for the fractional part of 7. Thus,
k—2 <> .n; <k, and there will always be at most three candidate blocks. We state this

in the form of a lemma.

Lemma 4.3. Let design d be a uniform block design with v = 3 treatments in b blocks of
size k with replications r1, r9, and r3. Also, let N denote the v X b block-treatment incidence

matriz and n; = int[F]. Then

n
(a) if > n; =k, the only candidate column of N is | ng | ;
n3
n+1 ny
(b) if Y.n; = k — 1, the three candidate columns of N are ne |, | ne+1], and

n3 ng
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Mo 5

1 np+1
(c) if Y.n; = k — 2, the three candidate columns of N are | na+1 |, no |, and
ng+1 ng + 1
ny+1
ﬁQ +1 5y
ng
Obviously, when there is only one candidate column for N, the design is clear. When there
are three candidate columns, let s1, s9, and s3 denote the multiplicities of the three candidate
columns uy, ug, and ug respectively. These multiplicities can always be found by solving the
simple system of equations:
™
S1Uy + Solg + s3uz = | o | . (4.21)
T3
In the above example, with b = 5 and k£ = 8, the following system of equations was solved

to find d4:

3 3 2 14
S1 3|+ So 2]+ S3 3 = 13
2 3 3 13

As discussed throughout this chapter, treatments 2 and 3 of E— M-optimal designs are also
uniform, but sometimes treatment 1 must be made nonuniform in z number of blocks to
obtain the E-optimal design. This happens in the case bk = 1 mod 3. Here, the problem
changes only slightly. E-optimal designs have | = kaH, ro =13 = ka—1’ andso Y n; =k—1
if k=1 mod 3,or > n; =k —2if k=2 mod 3. Beside the three candidate columns of N

ny — 1
described earlier, it will be required that N contain s, = x copies of either column | ns + 1
ng+1
ny + 2
if Y n; = k—1, or column ny |, if > n; = k—2. Letting uy denote this column which
n3

appears x times in N, the multiplicities of the other columns will be again found by solving
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the similar system of equations:

1
S1uUy + Solg + Sgus = | ro | — Uy, (4.22)
T3

In the above example, dg had to have x = 1 block in which treatment 1 was nonuniform,

4
and that block corresponded to column uy = | 2 | . The multiplicities of the other columns
2
were found by solving:
3 3 2 10 14 4
S1 3|+ S9 21 + S3 3] = 11 = 131 — |2
2 3 3 11 13 2

To summarize, the A-optimal designs and F-optimal designs for all cases except bk = 1

mod 3 can be constructed following these steps:

(a) Determine replication numbers 71, 79, and rj,
(b) Determine the candidate columns for NV, knowing that the designs must be uniform,

(c) Solve (4.21) to determine the multiplicity of each candidate column.

For E-optimal designs with bk =1 mod 3, one must also determine x, the number of blocks
in which treatment 1 is to be made nonuniform, and w4, the column of N corresponding to
the block with treatment 1 nonuniform. Then equation (4.22) must be solved to determine
the multiplicities of the other columns in N. Once the columns of N are known, the design

is unique up to block permutations.

4.4.2 Construction of Row-Column Designs

We start by building row-column designs which are uniform in columns. Suppose we want to
build d, a p X ¢ row-column design uniform in columns, with replications 7y, 79, r3. Start by
constructing dg, the column-component design with the v x ¢ column-treatment incidence

matrix N = (n;;). Then select one treatment from each column to form row 1; after deleting
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the selected treatments, the remaining column-component design d(cl) will have ¢ columns of
size p— 1. For row 2, select one treatment from each column of dg), and repeat the procedure
until all p rows are formed. Below we describe a method which guarantees this can be done

in a way that yields the desired row-treatment incidence M = (m;;).

Lemma 4.4. Let do be the column-component design of a p X q row-column design uniform
in columns. One treatment from each column of dc can be selected such that we select mqy

Is, mo1 2s, and mgy 3s, with Y . m;; = ¢, and d(cl) 1S uniform.

Proof. Let NV denote the incidence matrix of the resulting column-component design after
deleting one treatment from each column. We need to verify that |nz(]1) — nl(;,) | <1, for any
i and any (j,j'). As described in Lemma 4.3, there are three possibilities for the type of

columns in N. We will verify the claim for each possibility.

ny
(a) All columns of N are of the form [ 7y |. In this case it doesn’t matter from which
ng
(1)

columns we select the treatments; obviously, n;;" € {n; — 1,n;} for all i and j.

ny+1 nq nq
(b) The columns of N are M9 w.m. S1, | e+ 1| w.m. so, and Mo w.m. S3
N3 n3 ng+1

with > s; = ¢. Let g; = min[s;, mu]. If g; = s; for all i or g; = m;; for all 4, it follows
that s; = m;;. In this case select symbol i from all columns of type i, and N® will

have columns as in case (a) of Lemma 4.3.

If g1 = s1, g2 = s9, and g3 = mgy, then select the required ms; 3’s from columns of
type 3, select 1’s from all columns of type 1, select 2’s from all columns of type 2, and
select the remaining my; — s; 1’s and mg; — s9 2’s randomly from the columns of type
3 from which symbol 3 was not already chosen. In this case NV will have columns of

the same form as those in (¢) of Lemma 4.3, but with incidence numbers ﬁgl) =n;—1,

A =y — 1, and A = ns.
If g1 = s1, go = Moy, and g3 = mg; select 1s from all columns of type 1, select 2s from

moy columns of type 2, select 3s from mg; columns of type 3, and select 1s from the
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remaining Ss + S3 — My — m3; = mq; — S1 columns of types 2 and 3. In this case, NO

will have columns of the same form as those in (b) of Lemma 4.3, with ﬁgl) =n — 1,
Al = gy, and Y = n.
ny n+1 ng+1
(c) The columns of N are | ne + 1 | w.m. sy, g w.m. Sp, and [ 72 + 1 | w.m. s3.
ng+1 ng+ 1 N3

Now let g; = min[g — s;, m;1]. Suppose we could have ¢ — s; < my; and ¢ — s3 < mo;.
This would imply 2q — s1 — s9 < mq; + may, which is equivalent to ¢ 4+ s3 < ¢ — ms;.

This is not possible, and so for any i, ¢ — s; < m;; implies ¢ — s > my for all i # 1.

If g1 = q—s1, g2 = moy, and g3 = Mgy, then select 1s from all columns of types 2 and 3
and my; — $o — s3 columns of type 1, select 2s from msy; columns of type 1, and select 3s
from the remaining ms; columns of type 1. In this case N will have columns of the

same form as those in (¢) of Lemma 4.3, with ﬁgl) =n; — 1, ﬁgl) )

= Ry, and 7y = 7.
If g; = my for all 4, then let S; = {j: column j of N is of type 2 or 3}, Sy = {;:
column j of N is of type 1 or 3}, S5 = {j: column j of N is of type 1 or 2}. Note that
|S;US;| = ¢ for any i and j. Then by Theorem 4.6, Sy, S3, S5 possess some (Oq, Oz, O3)
as an (myy, ma1, ms1) SDR. Select symbol ¢ from column j if j € O;. Hence treatment

¢ will be selected only from columns with n;; = 7; 41, and so d(cl) will remain uniform.
O

The next theorem is an important result that follows directly from the above lemma.

Theorem 4.7. Let de be the column component design of a p X q row-column design uniform
in columns. The treatments can be arranged in columns to obtain a row-column design with

any row-treatment incidence matrizc M = (m;;) consistent with the given replications.

Proof. Start by selecting the first row with mq; 1s, mg; 2s, and mg; 3s as described in
Lemma 4.4. Since dg) is uniform, we can select another row, with mis 18, mos 28, and mgs

3s, the left-over symbols forming another uniform column-component design d(g). Using the



Valentin Parvu Chapter 4. E-optimal Designs with Three Treatments 99

procedure described above repeatedly, we can construct all p rows with any row-treatment

incidence matrix M = (m;;). O

All A-optimal row-column designs given in Table 3.1 are uniform both in rows and in columns,
as are the ' — M-optimal row-column designs with p¢g = 0 mod 3 or pg = 2 mod 3. To
construct such designs, first find the incidence matrices N and M. Then construct deo and

build one row at a time, with row counts given in M.

Example 4.2. We give an example of how to build a uniform row-column design, in partic-

ular the A-optimal 4 x 5 row-column design, using the method given in Lemma 4.4.

As given in Table 3.1, the A-optimal design will be uniform with replications r, = 8, 1o = 7,
and 73 = 5. The columns of the column-component (N), and row-component (M), incidence

matrices are:

2 11 2 21
1 21 2 1 2
N 11 2 M 1 2 2
wm. 3 2 0 wm. 3 1 0
We first write the column component design d¢:
11111
1112 2
2 2 2 2 2
33 3 3 3

Now select the rows one at a time such that d(cl), dg), and dg’) are uniform. One possible

choice of rows gives us the desired uniform row column design d:

W N = =
W = N =
N — = W
— W NN
_— N W N
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The columns of the incidence matrices N and M are as given two paragraphs earlier, ordered
from left to right. Also, note that if we delete the first [ rows of d 4 for any [ < 3, the remaining

(4 — 1) x 5 row-column design is uniform in columns. a

Next, we give a method for building the F-optimal row-column designs for the cases pg = 1

. . . . . 2 -1
mod 3, as given in Theorem 4.4. These designs have replications r; = %, Ty =13 = P—

and are uniform for treatments 2 and 3. However, treatment 1 is non-uniform in x; columns

and x; rows, where xy(3) < %

ifp=¢g=1 mod 3 and z,() S%iprqEQ mod 3.
The columns of N and M are found by solving equation (4.22). The columns of N are:

p—4 p+2 p—1 p=l
pi2 po1 pie P21
3 3 3 3
2 =1 —1 2 i
et e = — ifp=¢g=1 mod 3,
2 =1 —1
w.m. T qT-i—% q3 — X q3 — 21
Type 1 II 111 A%
and
ptd p—2 p+1 ptl
p§2 p-:‘?-l P§2 p_":?'l
3 3 3 3
=2 1 1 —2 fp=qg=
P 2t prl — if p=¢g=2 mod 3.
wm. z LZ4x g gy
Type 1 11 117 1V

Interchanging p and ¢, and replacing x; with x5 gives the columns of the row incidence
matrix M. We use a similar method of constructing such designs as for uniform designs. In
fact, when x;(9) = 0, we can construct the uniform column(row)-component design, and then
select one row(column) at a time as described in Lemma 4.4. From now on assume x; > 1

and zo > 1.
First consider the case p = ¢ =1 mod 3, and start by constructing the column component

design. We can construct two rows corresponding to two columns of type | &= | of M in

such a way that d(CZ) is uniform. We do this by carefully selecting 1s, 2s, and 3s from the
target columns of N shown above. For row 1 select 2s from the z; columns of type I and

from the % — 21 columns of type III, select 3s from z; columns of type II and from the
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% — x1 columns of type IV, and select 1s from the remaining %2 columns of type II. For

row 2 select 2s from x; columns of type II from which we selected 1s for row 1, and from the

% — x1 columns of type III, select 3s from the x; columns of type I and from the % — 1

columns of type IV, and select 1s from the remaining % columns of type II. After removing

these treatments, the columns of N® are:

p—4 p=1 p-1
P51l ph
Popi pia
3 3 3

Thus d(g) is uniform, and the remaining rows can be formed by the procedure described in

Lemma 4.7.

When p = ¢ = 2 mod 3, start again by building the column-component design do. Let
S1 ={all columns of d¢ of types III or IV}, Sy ={all columns of d¢ of types II or IV}, and
S3 ={all columns of d¢ of types II or I11}.

If 29 < ’%1, we can select one row corresponding to one column of type | &= | of M in such

a way that d(cl) is uniform. To achieve this, first select 1s from the x; columns of type I. Next

obtain an (£ — zy, 2, £1)-SDR from Sy, Sz, S5, call it Oy, Oa, O3, which is possible by

Theorem 4.6. Now remove ¢ from all columns in O; for ¢ = 1,2, 3. The remaining treatments

form d(cl) which is uniform with the columns of NW:

p+l p—2 p=-2
3 3 3
p—=2 pfl p—2
3 3 3
p=2 p=2 ptl
i
g+l gri g—=
w.m. & 3 3
q—2
3
If 2o = *’%1 and r; < %, select a row corresponding to one column of type %1 of M in
e

such a way that dg) is uniform. To achieve this, select 1s from all x; columns of type I and

then select an (% — 1, %1, %)—SDR from 57,55, 53. In order for such an SDR to exist
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one must have |S>(J S5| > 22, which is equivalent to z; < 2. The remaining treatments

form d(cl), which is uniform, with n;; € {1%2, ]%1}

The only designs left to build have z; = &31 and xy = 1%1, in which case column types III

and IV have multiplicity 0. The columns of N and M for such designs are

ptd  p—2 gtd g2

3 3 3 3
p=2 p+l q=2 g+l

3 3 3 3

N - p—=2 ptl M - =2 g+l
' T ' ot
gri 29—1 prl zp—1

w.m. 3 w.m. = 3

Type [ 11 Type 1 17

It turns out that such a design can be built only if ¢ > p > 5. If p = 2 then only %1 columns
contain 1s, and thus a row of type I cannot be created. In conclusion, when p = 2 only

designs with z; < % or 9 = 0 can be constructed.

If p > 2 we can select two rows of type I such that d(g) is uniform in columns. For both rows
select 1s from the %1 columns of type I. For row 1 select an additional 1 from column 1 of
type II, and for row 2 select an additional 1 from column 2 of type II. Treatments 2 and 3

can then be selected from columns of type II such that a symbol is not selected twice from

the same column. For instance, with columns of Type I numbered %, ..., q, select:
Row 1 Row 2
Treatment columns columns
1 1, @ throug}i q 2, qu“ througzh c1]
2 2 through % % through ==
3 % through qTfl 1,3 through %

After these two rows are selected, the columns of Néz) will be:

p—2 p=5 p=5
3 3 3
p=2 ptl p=2
3 3 3
p=2 p=2 ptl
3 3 3

Note that d(CQ) is uniform in columns, and thus the remaining rows can be selected by Lemma

4.7.
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Example 4.3. We demonstrate the construction method by building a 5 X 5 row-column
design with replications r; = 9, ro = r3 = 8, nonuniform in 2 columns and 2 rows. Such a

design is not F-optimal, but we present it here to aid in the discussion.

The column component design d¢ is given below.

W N = = =
WK — —
W W NN =
W W NN
W W NN

Treatment 1 is not uniform in the first two columns. Next, select the first two rows such
that 1 appears three times in each row, while 2 and 3 appear once in each of them. Finally,
select the remaining three rows in which 1 appears once in each of them, while 2 and 3 each

appear twice in a row. The resulting row-column design is:

W N = =
N = W= =
W NN W
MO O O = R
W NN W

The above design has the required replications with treatment 1 nonuniform in the first two

columns and the first two rows. O

Remember that the number of rows and columns in which treatment 1 should be made

nonuniform is determined by the difference D = ¢} — ¢, where ¢? and ¢} are the diagonal

elements of a uniform treatment replicated qu“ and 1%*1 times, respectively. Whenp = ¢ = 2
mod 3, this difference reduces to D = %, which becomes D = %}1 when p = 2.

When p = 2, each row in which treatment 1 is made nonuniform reduces ¢; by %, while each
column in which treatment 1 is made nonuniform reduces ¢; by % = 1. Making treatment 1
nonuniform in one column already brings ¢; under ¢§. Thus, to obtain d*, make treatment 1
nonuniform in one row and zero columns, and to obtain d,, make treatment 1 nonuniform in

zero rows and one column. Therefore, all F-optimal row-column designs can be constructed.
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4.4.3 Construction of F-optimal Hyperrectangles

Consider a hyperrectancle of size by x by X --- X b, with m = [] b; total experimental units.
The construction is divided into cases according to the value of m mod 3. Unlike in sections

2.2 and 4.3, we no longer require by < by < --- < by,.
Case 1: m =0 mod 3

When v = 3 and 3|m, a Youden hyperrectangle is universally optimal and can always
be constructed as given in Corollary 2.1.1 of Cheng [8]. We present a simple method for

constructing a YHR with 3 treatments.

Without loss of generality assume 3|b;. Start by constructing a hyperrectangle of size by X
bs X - - - x b, with b; experimental units per cell, each treatment occurring %1 times in each cell.
This design reduces to GRBDs in each direction 7 > 2. Order the cells 1 to by X b3 X - -+ X b,,.
Next, select treatment i from cell j if i = j mod 3 (e.g. select treatment 3 from cells
3,6,...). These will represent the first block in direction 1. For block 2 of factor 1, select
treatment ¢ from cell j if 1 +1 = 5 mod 3. Continue the procedure to build the remaining
by —2 blocks of direction 1. For block w of factor 1, select treatment ¢ from cell j if i+w—1 = j
mod 3. After selecting 3s blocks, each cell will contain %” — s copies of each treatment. In

this fashion each block in direction 1 will be generalized binary, and since v = 3 and the

design is equireplicated, it reduces to a BBD in direction 1.

Case 2: m=2 mod 3

In this case, the E-optimal hyperrectangle is uniform with replications r; = ry, = mTH and

r3 = mT_Q Such a design can be constructed cyclically. Number the cells of the hyperrectangle

as follows:

n—1 n
coordinate (a; X ag X -+ X a,) — cell number Z [(aj - 1) H be| + an (4.23)

k=j+1

Jj=1

For example, if n = 3 this numbering system will order the cells as:

(]_,]_,1) - (1,1,2) g (1,17b3) - (1,2,1) —> e (bl,bg,bg— 1) - (bl,bg,bg)
1 2 b3 bs+1 b1bobs—1 b1b2b3



Valentin Parvu Chapter 4. E-optimal Designs with Three Treatments 105

Assigning treatment (5 — 1 mod 3) + 1 to cell j yields a uniform design with the desired
replications. In other words, assign treatment 1 to cells (1,4,7,...), treatment 2 to cells
(2,5,8,...), and treatment 3 to cells (3,6,9,...). It is easy to see that such an assignment
yields r1 > ry > r3 and |r; — ry| < 1 regardless of m. When m = 2 mod 3 the resulting
replications are r; = ry = mTH, ry = mT’Q To see that the design is uniform, consider a block
[ in direction j. Since 3 { [}, bk, block [ in direction j will constitute a piece of either

sequence

.3,1,2,3,1,2,3,1,... if [[}5,, bx =1 mod 3 or,
.2,1,3,2,1,3,2,1,... if [[fs, b =2 mod 3.

Thus the design is generalized binary. This method can be used to construct generalized
binary hyperrectangles with v > 3 treatments. However, when v > 3 treatment concurrences
are not determined only by the number of times each treatment appears in each block, as is

the case with v = 2 or v = 3, so there is no guarantee of a good design.

Example 4.4. We construct the E-optimal hyperrectangle of size 4 x 5 x 4 by the above
method. This design has replications r; = ro = 27, r3 = 26, and is uniform in all directions
(see Theorem 4.5). To better visualize the design, consider the slices as factor 1, the rows as
factor 2, and the columns as factor 3. Note that the 4 slices below are crossed, not nested.
Column 1 of the hyperrectangle is the union of the first columns in each of the slices, and

the same applies to the rest of the columns and the rows.

Slice 1 Slice 2 Slice 3 Slice 4
112131 3111213 2131112 1121311
213112 112311 31111213 213112
3111213 21312 112131 311123
112131 3111213 2131112 1121311
213|112 112131 311123 21312

Case 3: m=1 mod 3
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In this case, E-optimal designs have replications r; = mT“ and ro = rg = mT_l As given in

Theorem 4.4, E-optimal designs must be uniform in treatments 2 and 3, but nonuniform in

bl if by =1 mod 3,

b if b =2 mod 3

1 will be made nonuniform in block [ of direction j, by permuting treatments in the design

. Treatment

treatment 1 in z; blocks of direction j, where x; < {

mb A by =1 mod 3, , ,
such that n.; = mbf’l +4 . We will construct such a hyperrectangle in
= if b =2 mod 3
several steps.
Let the first s; dimensions of the hyperrectangle be by = by =--- =bs;;, =2 mod 3, and the
last n — s; dimensions be b, 11 = --- = b, =1 mod 3. Since m =1 mod 3, s; must be

even. Start by constructing the uniform by x by X - -+ X bs, hyperrectangle ds by the cyclical

(<., b)+2 (ITj<s, b)-1

: and ry = r3 = :

method described earlier. In this hyperrectangle, r; =
Now take the b; x by row-column design formed by fixing b3 = by = --- = bs, = 1. Following

directly from the construction, the b; x by row-column design is:

1 2 31 1 2
31 2 3 3 1
2 31 2 2 3
31 2 3 . 3 1

Furthermore, if these treatments are deleted from d,, each treatment will appear the same

number of times in each block of direction 1 and in each block of direction 2. The above

_ bibo+2

b1 X by Tow-column design is uniform with replications 71 = *22== and ry = r3 = bibp—l

3

We fix position (1,1) in the b; X by row-column design, and by permuting treatments within

rows and within columns we can make treatment 1 nonuniform in x; < bl; L columns and 5 <

bo+1

= We know about the existence of these types of row-column designs from section 4.4.2.

After these permutations, design ds is still uniform in treatments 2 and 3, but nonuniform

in treatment 1 in x; blocks of direction 1 and xs blocks of direction 2.

Next, select the b3 x by row-column design by fixing by = by = b; = --- = b, = 1. Make

the b3 x by design nonuniform in x3 columns and x4 rows, again fixing the element in the
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(1,1) position. Note that the only position from dy selected here, as well as in the b; X by
row-column design is the (1,1,...,1) position occupied by treatment 1. This guarantees
that the nonuniformity achieved for the first two directions is not disturbed. The procedure

can be repeated until the final two dimensions b, ; and by, .

We now have a by x by X - - - x by, hyperrectangle nonuniform in «; blocks of direction j. Let
this hyperrectangle represent the last block of factor s; + 1. To this last block, prepend a
by X by X -+ X bs, X (bs;+1 — 1) Youden hyperrectangle to form a new by X by X - -+ X bs, X by, 11
hyperrectangle, uniform in direction s; + 1. The YHR is to be constructed cyclically such
that blocks 1,4,...,bs,+1 — 3 of direction s; + 1 contain one more 1’ than the other blocks.
In this YHR, 3|(bs,+1 — 1) and thus each treatment appears an equal number of times in each
block of direction j for all j < s;. Thus, treatments 2 and 3 are still uniform in directions

J < s1, while treatment 1 is nonuniform in x; blocks of direction j for all j < s;.

The block-treatment incidence matrix in direction s; + 1 of the by X by X -+ X bs, X bs, 41
hyperrectangle is Ny, 11 = (ni)s,+1, where:
(Hj§51 bj+27Hj§51 bj—l’Hj§51 b]—l) ifl=1 mod 3,

(Hj§31 bj_17Hj§sl bj‘FQ,ngslbj—l) ifl=2 mod 3,
3(H]§slbj_17Hj§81b]_17nj§slb]+2) lflEO mod 3.

The next step is to make treatment 1 nonuniform in xg, 11 blocks of direction s; +1. This will

(nu, N, n3l) =

= W= Wl

be achieved by performing several permutations of treatments among blocks in this direction.
Take for instance blocks 2 and 3 of factor s; + 1. Positions (1,1,...,1,2), (1,1,...,2,2),
(1,1,...,1,3), and (1,1,...,2,3) in the hyperrectangle are occupied by treatments 2,3,3,
and 1, respectively. Interchanging (1,1,...,1,2) with (1,1,...,1,3) and (1,1,...,2,2) with
(1,1,...,2,3) will not affect the block-wise replication numbers in directions j < s;. How-

ever, after these permutations, we will have

HJSSl bj +2 Hj§81 bj -1
Ni(s141)2 = —3 y o M2(s14+1)2 = N3(s141)2 = Ta

Hj§51 bj —4 ngsl bj +2
Ni(s141)3 = T’ N2(s141)3 = N3(s1+1)3 = T

Treatments 2 and 3 remain uniform, while treatment 1 is made nonuniform in block 3 of
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direction s; + 1. In a similar way, treatment 1 can be made nonuniform in any block [ = 0
mod 3, and so it can be made nonuniform in any number z,, 11 < bﬁTﬁl of blocks in direction
s1+1. Now pad the by x by X - - - X bs, 11 hyperrectangle with a by X by X - - - X by, 11 X (bg; 12— 1)
YHR. The resulting by X by X - - - X bg, 11 X bs, 12 hyperrectangle can then be made nonuniform
in x5 40 < bs”TTl blocks of direction s; + 2. This padding procedure can be used repeatedly

to create hyperrectangles of higher dimensions, ending with the desired b; X by X --- X b,

FE-optimal hyperrectangle.

If b, = 1 mod 3 for all 7 < n, the construction starts with a b; x by row-column design
nonuniform for treatment 1 in x; columns and x5 rows. The padding procedure can then be

used to build the by x by x --- x b, E-optimal hyperrectangle, one dimension at a time.

Example 4.5. We construct the E-optimal 5 X 5 x 4 hyperrectangle. By Theorem 4.4 the
E — M-optimal design has replications r = 34, r, = r3 = 33, and treatment 1 nonuniform
in z; blocks of direction j, where j = 1,2,3. Solving (4.14) and (4.15) gives z; = 1, x5 = 2

and z3 = 0.

We start with a 5 X 5 row-column design with replications r, = 9, r = r3 = 8, and with
treatment 1 nonuniform in column 1 and in rows 1 and 2. This will represent the last block

in direction 3 of the 5 x 5 x 4 hyperrectangle.

Slice 4
111111213
1121311
1131232
211131213
312111312

Pad this row-column design with the following 5 x 5 x 3 YHR. Since 3 = 0, no permutations

are needed to make treatment 1 nonuniform in direction 3.
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Slice 1 Slice 2 Slice 3
11213112 21311123 3111231
3111231 112131112 21311123
21311123 3111231 112131112
11213112 213[112|3 31112131
31112131 112131112 21311123

Note that if we would have had x3 = 1, treatment 1 could be made nonuniform in slice 3 by
interchanging position (1,1,2) with (1,1,3) and position (1,2,2) with (1,2,3). This would
not affect the uniformity in the incidence matrices in directions 1 and 2, and it will also keep

treatments 2 and 3 uniform in direction 3. O

Example 4.6. We next construct an £ — M-optimal 5* hypercube with v = 3 by the
above method. By Theorem 4.4 the £ — M-optimal design has replications r; = 209, and
ro = r3 = 208, and treatment 1 is nonuniform in 2 blocks of each direction. Start by
building the uniform design with r; = 209, and ro = r3 = 208 as shown in Table 4.1. Large
rows, large columns, small rows, and small columns represent blocking factor 1,2,3, and 4
respectively. Remember that the factors are crossed; for instance, the first block in direction

4 is comprised of the union of all first columns of the 25 smaller row-column designs.

Note that when we fix by = by = 1, the design reduces to a 5 x 5 uniform row-column design,

same as when we fix b3 = by = 1. The row-column design

| | DN Lo
=N W =N
DN QO —| D W
|| DN W —
N W DN

can be rearranged as in Example 4.3 to be make treatment 1 nonuniform in 2 rows and 2

columns:
11111123
1/1]3]1]2
11312132
211121313
312131211
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Perform this operation both for the row-column design determined by a; = as = 1 and
by the row-column design determined by as = a4, = 1. After these rearrangements, the 5
hypercube will have treatment 1 nonuniform in 2 blocks of each direction, while treatments
2 and 3 will still be uniform. Note that the block-treatment incidence matrices are

43 43 41 41 41
N; =41 41 42 42 42,
41 41 42 42 42

for y =1,...,4. The EF — M-optimal design summarized by the above incidence matrices is

displayed in Table 4.2.
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Table 4.1: A 5* uniform hypercube

™M |AN [— [0 |ON AN [ [ OV | — | AN [ | ™M AN [— [0 AN AN | [ OV |
A [ [ OV | — | [N [— [ M AN [— [0 AN AN |— [ OV | — | AN [ |
— (D[N [ | ™M (AN [ D | AN | — [ [CON | — | AN [ | ™| [ [0 |AN
™M (A [ D | AN | [ [N [ — [ [N [ D M AN [— [0 AN AN [ [ [N [+
AN [ [0 | AN [ — ||| [ A [— |D AN AN | DA | — AT [ |
AN [ D |ON [ — | A | [ A [— |0 AN AN | [ [ON | — | AT [ D
— ||| D M| [— |0 AN AN [ [ |ON [+ — DA | [ N [— |0 AN
AN [— |0 AN AN [ [ [CON | — | A [ D M [N [— [0 AN AN | [ [CON |
AN [ [ [CON | — (DA [ | ™M (AN [— [0 |[AN AN | [ AN | — | A [ |
— (DA [ | ™M | [— [0 |[AN AN | [ OV | — | A [ | ™M AN [— [OD AN
— (DA [ | M| [— [0 |[AN AN | [ OV | — | A [ D ™M AN [— [ [CAN
M |AN [ [ |AN AN [ [ OV | — | AN [ | ™M (AN [— [0 AN AN | [ OV |
AN [ [ OV | — [ [AN [ | ™M AN [— [0 AN AN | [ OV | — | AN [ |
— (D [AN [ | ™M |AN [ [0 AN AN | [ AN | — | AN [ | ™M AN [— [ AN
™M (AN [ D | AN [ [ AN | — | AN [ | ™A [ [0 | AN |— [ OV |
™M (AN [ D | A [ [ OV | — | AN [ | ™A [ [0 | AN |— [ [N |
AN [ [ [CON | — (DA [ | ™A [ [0 | AN [ [ [N [+ — [ AN [ [
— ||| D AN [— [N AN AN [ D |ON [ — DA | [ M [— D [N
AN [— |0 AN AN [ [ [ON | — | AT [ | ™| [ DAY A |~ [ |
AN | [ [N [ — | AN [— D o AN | (DA A [ [ [N [ — [ AN [ (D
AN [ [ [CON | — (DA [ | M AN [— [0 |[AN AN | [ [CON | — | A [ |
— (DA [ | ™M |AN [— [0 [AN AN | [ OV | — | A [ D ™M AN [— [ |EAN
™M | [— [0 |AN AN [ [ OV | — | A [ D M (AN [— [0 AN AN | [ [N |
AN [ [ [ON | — (DA [ | D M AN [— [0 AN AN | [ OV | — | A [ |
— (DA [ | ™M |AN [ [0 AN AN | [ AN | — | AN [ | ™M AN [ [OD [CAN
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Table 4.2: A 5* E — M-optimal hypercube

M| [— [ AN AN | [0 [N [+ — [ [N [ D M (AN [— [D AN AN [ [ [N [+
AN | [ [N [+ — (D |AN [ | M (AN [— [0 AN AN [ [ [N [+ — [ AN [+ D
— | [N [ D ™M |AN [~ [0 AN AN [ [ [N [ — [ AN [ D ™M AN [~ [OD [AN
oA | (D | AN [ | [N | — D |AN [+ | ™ | | (D[N AN [ | [N |
o [ [0 [AN | AN (AT [ | AN A [ [ | | | A | — AT [ |
AN | [0 [N [ — | AN [— D M [N [— [0 AN A [ [ [N [ — [ [N [— (D
— | A [— D M| [— [0 AN A [ [ [N [ — [ [— D M AN [— [ AN
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4.5 Deciding between the F-optimal and A-optimal De-
signs

A comparison of A-optimal and E-optimal designs with three treatments will be performed
in this section. The purpose of this comparison is to facilitate the choice for a good design.
Such a choice will be made easier by having the E-efficiency of the A-optimal design for a
given setting, as well as the A-efficiency of the F — M-optimal design for that setting. These
efficiencies will answer the questions: “How much will the average variance of all contrasts
increase if I guard against a very large variance for some contrast versus minimizing the
average variance?” and “How much does the largest variance increase if I minimize the
average variance of all contrasts versus guarding against a very large variance for some
contrast?”. The comparison will be performed for simple block designs and row-column
designs. Throughout this section let E.rr(d4) denote the E-efficiency of the A-optimal
design, and A.ss(dg) denote the A-efficiency of the E-optimal design. In some of the cases
there exists a design d* that is both A-optimal and £ — M-optimal, and so E.f¢(da) =

Acss(dp) = 1.

We start by comparing block designs. If bk = 0 mod 3 or bk = 2 mod 3 both the A-
optimal and E — M-optimal designs are generalized binary and have the same replications.

This also happens if b=k =1 mod 3 and min[%3}, int(¥1)] =0, or b=k =2 mod 3 and

min[%t int(2H1)] = 0. A comparison of A-optimal and E — M-optimal block designs with

4 < b <20 blocks of size 5 < k < 20 and 3t bk is given in Table 4.3.

Table 4.3: Comparison of A-optimal and E— M-optimal block
designs with 3 { bk

k b
4 5 7 8 10 11 13 14 16 17 19 20
5 |Eepf(da)| 1 10.9744| 1 ]0.9841 1 ]0.9885| 1 ]0.9910] 1 0.9926] 1 ]0.9937
Acpp(de)| 1 09774 1 |0.9853] 1 |0.9891) 1 10.9914| 1 ]0.9929] 1 ]0.9939
T |Eepr(da)]0.9841) 1 ]0.9910] 1 ]0.9937] 1 0.9952| 1 ]0.9961 1 ]0.9967| 1
Acrr(dp)]0.9853) 1 [0.9914| 1 [0.9939] 1 0.9953| 1 ]0.9962| 1 |0.9968| 1
8 |Eepf(da)| 1 109903 1 ]0.9940) 1 ]0.9956] 1 0.9966] 1 ]0.9972| 1 [0.9976
Acpp(dg)] 1 109912 1 (09943 1 ]0.9958 1 ]0.9967| 1 [0.9973] 1 |0.9977
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Table 4.3: (continued)

k b

4 ) 7 8 10 11 13 14 16 17 19 20

10| By 0.9923] 1 10.9956) 1 (0.9970| 1 (09977 1 09981 1 1]0.9984| 1

0.9929) 1 ]0.9958] 1 ]0.9970| 1 |0.9977| 1 (09981 1 (0.9984| 1

11|\ Eeyy 1 109899, 1 109937 1 ]0.9954] 1 |0.9964| 1 10.9971| 1 ]0.9975

1 709904, 1 ]0.9939] 1 109955 1 10.9965| 1 |0.9971] 1 ]0.9975

0.9955| 1 ]0.9949] 1 109964 1 09972 1 (09978 1 (0.9981| 1
0.9958| 1 ]0.9950] 1 ]0.9965| 1 |0.9973| 1 (09978 1 (0.9981| 1

13[Ees s

14|\ Ecyy 1 109938 1 ]0.9961f 1 ]0.9972] 1 |0.9978| 1 ]0.9982| 1 ]0.9985

0.9972) 1 ]0.9967] 1 ]0.9977] 1 10.9982| 1 ]0.9985 1 [0.9988| 1

17\ Ecyy 1 109958, 1 10.9961) 1 (0.9972] 1 |0.9978| 1 [0.9982| 1 ]0.9984

1 109960, 1 10.9962) 1 (0.9972] 1 |0.9978| 1 (0.9982| 1 ]0.9984

19| Eerp(da)|0.9979) 1 10.9976] 1 0.9975 1 ]0.9981| 1 0.9984| 1 ]0.9987| 1

09980 1 109977 1 10.9975| 1 |0.9981] 1 ]0.9984| 1 1]0.9987| 1

20| Ecyy 1 109970 1 109972 1 09979 1 10.9984| 1 (0.9987| 1 ]0.9989

)
)
)
)
)
)
)
Agr(dp)| 1 [0.9941] 1 [0.9962] 1 ]0.9973] 1 [0.9978] 1 [0.9982| 1 [0.9985
)
)
)
)
)
)
)
)| 1 Jo.9971] 1 |0.9972] 1 0.9980] 1 |0.9984] 1 0.9987] 1 |0.9989

(
(
(
(
(
(
E
16| E.;r(d4)[0.9970) 1 [0.9966] 1 [0.9976] 1 [0.9982] 1 [0.9985] 1 [0.9988] 1
(
(
(
(
(
(
(

One can see that both the A-optimal and E — M-optimal block designs have a high efficiency
with respect to the other criterion. The A-efficiency of ' — M-optimal designs is in general
slightly higher than the F-efficiency of A-optimal designs. Also, as the size of the designs

increases, these efficiencies get closer to each other, and closer to 1.

We now move on to p X ¢ row-column designs, with the general assumption p < q. As
discussed in earlier sections, If pg = 0 mod 3, an universally optimal GYD exists. If p =
q=2mod3orp=2 mod3, ¢ =1 mod3 and g > p, a generalized binary design
with r; € {int[&], int[B] + 1} is A-optimal as well as I/ — M-optimal. In these cases
Ecrr(da) = Acss(dg) = 1. Similar to the comparison for block design, we present the E-
efficiency of A-optimal row-column designs and the A-efficiency of E-optimal row-column

designs in Table 4.4 for p x ¢ row-column designs with 4 < p < ¢ <20 and 3 1 pgq.
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Table 4.4: Comparison of A-optimal and E— M-optimal row-
column designs with 3t pq
p
5 7 8 10 13 14 16 17 19 20
2 0.9 1 10.9642| 1 1 ]0.989 1 ]0.9926/ 1 1]0.9947
0.9697| 1 (09818 1 1 10.9924| 1 1]0.9946|] 1 (0.9959
4 0.9332|0.9274(0.9412]0.9388 0.9531]0.9625| 0.962 [0.9684(0.9681|0.9726
0.9975(0.9919|0.9935(0.9883 0.9931/0.9979|0.9954[0.9986|0.9968| 0.999
5 0973 | 1 (0.9838| 1 1 109909, 1 ]0.9926] 1 |0.9937
0.9777) 1 (0.9854| 1 1 ]0.9914| 1 ]0.9929| 1 (0.9939
7 - 10.9038|0.9545]0.9282 0.9435|0.9515|0.9528(0.9593|0.9601| 0.965
- 10.9861|0.9993|0.9932 0.9938/0.9987(0.9957(0.9991|0.9961|0.9994
8 - - 10.9939|0.9649 1 109946/ 1 (0.9958| 1 |0.9966
- - 10.9943|0.9999 1 109947, 1 ]0.9959] 1 |0.9967
10 - - - 10.9231 0.9395|0.9624|0.9497(0.9616|0.9575|0.9615
- - - 10.9952 0.9966|0.9996|0.9969(0.9996 |0.9971|0.9995
11 - - - - 0.9697(0.9964, 1 [0997| 1 |0.9974
- - - - ~1 109965 1 (0.9971| 1 [0.9974
13 - - - - 0.9371/0.9696{0.9477(0.9689|0.9557|0.9689
- - - - 0.9964/0.9999(0.9974(0.9999| 0.998 [0.9998
14 - - - - - 10.9978/0.9745|0.9976|0.9781|0.9981
- - - - - 10.9978| ~1 [0.9976] ~ 1 |0.9982
16 - - - - - - 10.9467| 0.974 {0.9547(0.9739
- - - - - - 10.9981/0.9999(0.9984(0.9999
17 - - - - - - - 10.9982|0.9776|0.9984
- - - - - - - 109982 ~1 [0.9984
19 - - - - - - - - 0.954 10.9776
- - - - - - - - 109984 ~1
20 - - - - - - - - - 10.9989
- - - - - - - - - 10.9989

4.6 Conclusions

In some situations there are circumstances where the estimation of certain treatment con-

trasts is more important than the estimation of others. For instance, if treatment 1 is a

control, then we might be interested in the difference between treatments 1 and 2, treat-

ments 1 and 3, and maybe not as interested in the difference between treatments 2 and

3. However, when the estimation of all possible contrasts between treatments is equally
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important to the researcher, one should use some optimality criteria ® which are invariant
to permutations of the treatment set (i.e. ®(Cy) = ®(P'CyP) for any permutation matrix
P). Also, if all contrasts are equally important and the optimality criteria are functions
of the eigenvalues of C,, then the functions should preserve the majorization ordering, as
described in Definition 1.2. The A and E criteria have been used so much in literature for
good reason: A guarantees minimization of the average variance of all contrast estimates,

while F minimizes the largest variance among all variances of contrast estimates.

In the previous section we presented a method of comparing the F-optimal and A-optimal
designs, in settings with one and two blocking factors. In the one blocking factor case, the A
and E optimal designs are either the same, or very close to each other. For that reason, their
efficiencies with respect to the other criterion are very close to 1. The situation is different
in the two blocking factor case. In general, E-optimal row-column designs have A-efficiency
that is larger than the E-efficiency of A-optimal designs. By this metric, if one is undecided

about the optimality criterion to use, the E-optimal design should be chosen.



Chapter 5

Robustness of BIBDs to the Removal
of Observations

5.1 Introduction

Balanced incomplete block designs are commonly used in experiments, which is not surpris-
ing, for being universally optimal they are the incomplete block design of choice whenever
available. BIBDs have been extensively studied by both mathematicians and statisticians, so
that much is known about their construction and existence (a good starting point to explore
mathematical properties of BIBDs is Mathon and Rosa [22]). Frequently there is more than
one isomorphically distinct BIBD for given v, b, and k; in such cases, is there some advantage
to selecting one over another? To distinguish between BIBDs with the same parameters, a
statistically sensible approach is to look at their robustness against missing data. In this
chapter, a BIBD with v treatments having concurrence A, in blocks of size k, will be denoted

by (v, k, \).

A fundamental requirement for a design to be robust is that it remain connected after the
removal of either a small number of plots or a small number of blocks. It was shown by Ghosh
[13] that a BIBD remains connected after the removal of any r — 1 observations, where 7 is
the replication number for the original BIBD. Baksalary and Tabis [2] also showed that a

BIBD remains connected after the removal of any r» — 1 blocks. These facts are true for all

117
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BIBDs, and thus offer no help in choosing among nonisomorphic (v, k, \) competitors.

In any case, when a small number of observations or blocks are lost, BIBDs remain connected.
Another approach for judging robustness is to measure the efficiency of the residual design
with respect to the original design. One such criterion of robustness, called Criterion 2 in
the literature, is the A-efficiency of the residual design given by:

Sum of reciprocals of non-zero eigenvalues of C

Eff

(5.1)

~ Sum of reciprocals of non-zero eigenvalues of C,
where Cy and C; are the information matrices of the original design and the residual design

respectively.

The paper by Lal et. al. [19] gives a comprehensive study on the A-efficiency of residual
designs from several classes of block designs. The efficiencies are computed for the loss
of all observations in one or two blocks, and also for the loss of two observations. In the
following sections, their work is extended to calculating robustness values of symmetric
balanced incomplete block designs (SBIBDs) to the loss of all observations in three blocks.
The greater scope of this work, which has not yet appeared in the literature, is to compare

nonisomorphic BIBDs and SBIBDs via robustness criteria.

For example, there are 4 nonisomorphic (7,3,2) designs as shown in Table A.1. It makes
sense to ask whether one of them is superior to another based on some robustness measure.
If we consider the loss of two blocks, there are (g) possible residual designs for each original
design. Comparisons among nonisomorphic designs will be made based on the efficiencies
of all their possible residuals. The minimum and average A-efficiency of all residuals of a
design, and the minimum and average FE-efficiency of all residuals of a design, will be the
criteria used to distinguish among the nonisomorphic competitors. In order to compute these

efficiencies, the eigenvalues of the information matrices of residual designs are needed.
The C-matrix of a residual design can be computed as follows:
Cy = Cy— Cy, (5.2)

where Cy, Cy, and Cy are the information matrices of the residual design, of the original
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design, and of the blocks removed, respectively.

5.2 The information matrix of ¢t = 3 blocks from a
SBIBD
The information matrix of a SBIBD is given by:
1
Co=(k—1+ E)\)Iv — A\, (5.3)

Now, suppose 3 blocks are removed from a SBIBD. Without loss of generality assume that:

(a) treatments 1 through ns occur 3 times in the removed blocks
(b) treatments ng + 1 through ng + ny occur 2 times in the removed blocks
(c) treatments ng + ng + 1 through ns + ny + ny occur 1 time in the removed blocks

(d) treatments nz + ng + ny + 1 through ng + ns + ny + ng occur 0 times in the removed

blocks
The following conditions hold for the n;’s:

(a) n;, >0
(b) ny+mng +ny+ng="v
(c) 3ng+2ny +ny = 3k

(d) 37’L3 + ng = 3\
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The last condition follows from the fact that any two blocks in a SBIBD have A\ treatments

in common. If we set n3 = ¢, from the above conditions, we have:

ny = dq
ni = 3k—06A+3¢q

ng = v—3k+3\—¢q (5.4)
Because n; > 0, a necessary condition for ¢ is:
max(0, 2\ — k) < ¢ < min(\, 3k — 3\ +v) (5.5)

Depending on which n;’s are strictly positive, there are eight possible values that the matrix
Cy, can take. Note that out of the 16 possibilities of choosing n; = 0 or n; > 0, only eight
can actually occur (for instance we cannot have ng = ny = 0, since that would mean that

g =X =0). Following is a list of the 8 cases that cannot take place:

Q
I
)
@

0| ~1| o] | x| co| po| =
+l+|olojo|olololS
olo|+|+|ololo|lolS
olo|+|o|+|+ o3
+lo|lolo+|ol+| o3

Note that n3 = ng = 0 implies v = 3k — 3\, which can be rewritten as 3k(v — k) = v(v —1).
However 3k(v — k) < 3% < wv(v—1) for any v > 5 (designs with v = b < 5 will not be
considered since three missing blocks will cause such a design not to be connected). Also,
we could not have ny = n; = 0 because that would imply & = A, which is not possible in a

SBIBD.

For the remaining 8 cases the information matrix of the residual design, along with its

eigenvalues will be computed. To compute the information matrix, the following well known
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expression will be used:

Cyp = D(E)

1

k

N3 N3,

121

(5.6)

where N3 is the 3-block incidence matrix, and D(r) is the diagonal matrix formed from the

replication vector:
3
2

Case 1. n; > 0 for all i’s. The incidence matrix N of the three blocks is:

1n3
1n2/3
1n2/3
0n2/3
1,3
0n1/3
0n1/3

OTLO

&
I

1,
1,
1,
0,

1n3
1n2/3
0n2/3
1,3
0n1/3
1,3
On1/3

077«0

The v x v matrix N3N; can be partitioned in the

Jmxn stands for an m x n matrix of ones):

B naxns 2 Jngxz 20 Jgme 2 Jpum
2o Tpny 20T gy
20Tz, Jozym 2-Jmm Juaon
2 Jn3—2><n3 J%X% J%XnQ 2 J%X%
0710 Xng Ono x 2 Ono x 52 Ono x 52

1n3
On2/3
1n2/3
Loy/s
0n1/3
0n1/3
1n1/3

0710

following constant matrices (note that

0n3 Xno
0% Xn0
O% X710
O% X710
0% X710
0% Xn0
O% X710

0’!7,0 X1no

(5.7)

For the other seven cases, N3V will be same as above, with some rows and columns deleted.

For instance, if ny = 0, rows and column partitions 2, 3, and 4 are deleted from the par-

titioned matrix N3N§ of (5.7). Using equation (5.6), the information matrix of S5 can be

found.
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Case ii. n3 =0, n; > 0 for i < 3. Delete first row and column of N3N} from (5.7).

Case iil. n3 =n; =0, ny > 0 and ng > 0. This can occur in SBIBDS with k = 2\. Delete
rows and columns 1, 5, 6, and 7 of N3N} from (5.7).

Case iv. ny =0, n; > 0 for i # 2. Delete rows and columns 2, 3, and 4 of N3N} from

(5.7).

Case v. ny =ng =0, n3 > 0 and ny > 0. This can occur in SBIBDS with v = 3k — 2.
Delete rows and columns 2, 3, 4, and 8 of N3Vj from (5.7).

Case vi. n; =0, n; > 0 for i # 1. Delete rows and columns 5, 6, and 7 of N3N} from
(5.7).

Case Vvii. ny =ng =0, n; > 0 for ¢ > 1. This can occur in SBIBDS with v = 2k — \.

Delete rows and columns 5, 6, 7, and 8 of N3Vj from (5.7).

Case viii. nyg =0, n; > 0 for i # 0. Delete last row and column of N3N} from (5.7).

5.3 Eigenvalues of the information matrices of residual
designs

In this section, the eigenvalues of a residual design formed by removing 3 blocks from a
SBIBD are computed. Also, the eigenvalues of a residual design formed by removing 2
blocks from a BIBD are given. These were computed by Bhaumik and Whittinghill IIT in
[3]. These eigenvalues are needed for computing the efficiency of a residual design. It will
be shown that they are functions of the original design parameters (v, k, A), and ¢, which is
the number of treatments in the intersection of the 3 removed blocks from a SBIBD, or the

2 removed blocks from a BIBD.

Definition 5.1. A symmetric matrix X will be called a generalized block-diagonal matrix
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if it can be partitioned as follows:

An1 Xn1 ClQJnl Xng " ClpJn1 XNp
C21 Jn2><n1 Angxnz Tt CQpanxng
3
Cp1 anxnl Cp2=]np><n2 e Anpxnp

where all matrices A, x,, are completely symmetric matrices (i.e. constant on the diagonal,

and constant off the diagonal).

The following two lemmas are needed to compute the eigenvalues of a generalized block-
diagonal matrix.
Lemma 5.1. Let A be a completely symmetric matrix which can be written as:

A=zl, +yJ,

Then the eigenvalues of A are x with multiplicity n — 1 and x + ny with multiplicity 1.
The proof of this lemma requires checking the following identities:

(a) A-cp = zCy

(b) A-1, = (z+ny)l,

where the c,;’s are a complete set of orthonormal contrasts. This also gives the spectral

decomposition of a completely symmetric matrix A:

A= chmc;n- + (% +y)Jy

Lemma 5.2. Let X be a generalized block-diagonal matriz as given in Definition 5.1. Also
let matrices A, xn, have eigenvalues 0; with multiplicity n; — 1 and a; with multiplicity 1.
Then the eigenvalues of X are 0; with multiplicity n; — 1, and the right eigenvalues of the

(not necessarily symmetric) matriz:



Valentin Parvu  Chapter 5. Robustness of BIBDs to the Removal of Observations — 124

The eigenvectors corresponding to eigenvalues 6; are of the form (0, c;,, 0,)", where the
cp,’s are a set of n; — 1 orthonormal contrasts, f = Zj<i n; and g = ZJM n;. Now, let
z = (21,22, -+, %) be an eigenvector of X, corresponding to an eigenvalue . Then 7 is also

an eigenvalue of X, with the eigenvector z = (21 - 1, 22 - Ly, - -+, 2p - 1p,)"

From (5.3) and (5.6), the information matrix of the residual design of a SBIBD when three

blocks are removed is:

1
Com (h—1+ %)]U D) — %Jv F NN (5.8)

Note that C; is of rank v — 1, since the residual design is connected. Also, C} is a generalized
block-diagonal matrix with number of partitions p < 8, depending on the structure of N3/Vj.
Thus, Lemma 5.2 can be used to find the eigenvalues of C;. Using the notation of Definition

5.1, the matrix C; has the following sub-matrices on the diagonal when n; > 0 for all + > 0:

A 3—A
Ai=(k—4+ E)]ng + T‘]”3
n A
aq :k—4+3f—(n3—1)E
A 2—A
Ay = A3 = A, = (/C -3+ E)Im/g + TJM/S
a2:a3:a4:k—3—|—2§—2—(n2/3—1)%
A 1—A
As=Ag=A7r=(k—2+ E)[nl/S + Tjnl/?)
nq A
as ag ar k + 3k (n1/3 )/{
A —A
Ag - (k - 1 + E)Ino + TJnO
A
The eigenvalues of C originating from the matrices given above are: % -3, % -2, % -1,

and % with multiplicities ng — 1, ny — 3, ny — 3, and ng — 1 respectively. Note that some

of these eigenvalues do not appear in cases ii. through viii. The other eigenvalues of C} are
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computed from the matrix X, (see Lemma 5.2) given below:

kear (2-0)%2 2-02 2-02 (1-0)% (1-0)2 (1-X02 —ng
2 — ns a9 1-— 2 1-— 2 1-— o 1-— o — )\ — Ao
A k )% ) AL A AL A
_ N3 _ na2 - as _ n2 _ ni —\n1 _ ni No
2-Nng (1-AN2 & 1— M) (1-))5 AL (1 A)m A
TfEe-—Mn 0-N2 1-N2  k-a AL (1= (1 A)E —Ang
(1=Nng (1-AN)% (1-)\%2 )= k- as AL Y
1-— ns 1-— 22 —A\2 1-— =2 — A\ * Qg -\ — Ao
(1—Nng (1 — M) A2 (1) AL 3 1 A
(1—XNng A2 (1-\)2 (1-)% )\ —_ k-ar  —Ang
—Ans —y —y A AL AL AL keag

Next, we give the v — 1 non-zero eigenvalues of C} in terms of ¢, v, A, and k for the eight
cases described in the previous section. Note that some rows and columns of X, are deleted
for cases ii. through viii. before computing its eigenvalues. Remember that ¢ denotes the

number of treatments that occur in all 3 blocks removed.
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Case i. ¢ ¢ {0,\, 2\ — k,v — 3k + 3\}

Eigenvalues With Multiplicity
% -3 qg—1

B — 3\ —3¢—3
v — 3k — 6\ + 3¢ —3
v v—3k+3\—¢q
% 9 k—2)\+\/(§;-2)\)2—8kq 1

% 9 k—2>\—\/(§;-2)\)2—8kq 1

oA A/ (2k—N)2—4k(A—q)

K 1 - 2k 2

v g A=/ (2k—X)2—4k(A—q) 9
K- 2k

Case ii. ¢ =0, k # 2\

Eigenvalues With Multiplicity
w2 30 =3

v 1 3k —6A—3
v v — 3k + 3\
X 2X

o) A/ (2k—A)2—4kX

E 1- 7 2k 2

o) A—/(2k—X)2—4kX

&k 1- 2k 2

Case iii. ¢ =0, k =2\

Eigenvalues | With Multiplicity
% 3\ —3

v—3

7 2

5 v— 3\

Case iv. ¢ =\, v # 3k — 2\

Eigenvalues | With Multiplicity

23 A—1
VA 2\

?—34—? 1

v — 3k — 3\ —3
VA A

i 2

v v — 3k + 2)
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Eigenvalues | With Multiplicity
v _ A—1

VA 2

T -3+7 1

Dy v A3

VA A

&k 2

Case vi. ¢ =2\ —k >0, v # 2k — )

Eigenvalues | With Multiplicity
23 2 —k—1
VA 2

v — 3k —3X—3
VA A

T-1-17 2

% v—2k+ A

Case vii. ¢=2\—k>0,v=2k -\

Eigenvalues | With Multiplicity
v _3 22—k —1
VA 2

v — 3k—3\—3
2NN T 2

k k

Case viil. 0 <g=v—-3k+3X <\, v#2k—\

2k

Eigenvalues With Multiplicity
B — v—3k+3\—1
v — 9k —3v — 61— 3
%—1 3v—6k+3\—3
N k—2X+1/(5k—2))2—8kv
T2 2k 1

—oN\— —9)\)2—8kv
v]? g k=2 \/(512 2))2—8k 1
v AV —8k2+-4kv+4kA+)2 9
k 2k
VA _ | _ A=V=BRPHAkuHARAEN 9
k
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Note that the trace of C; is vA\(v — 1)/k — 3(k — 1), and it does not depend on ¢g. Next, we
present the eigenvalues of a residual design formed by removing 2 blocks from a BIBD. Here,

q denotes the number of treatments in common in the 2 blocks. Obviously, 0 < ¢ < k.
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Case i. ¢=0

Eigenvalues | With Multiplicity
22 v—2k+1
v — 2(k — 1)

Case ii. 0 <g<k

Eigenvalues | With Multiplicity
[N

vA g 1

D

E -1 2(k—q—1)
= 2+ 1 1

T2 q—1

Case iii. ¢ =k

FEigenvalues | With Multiplicity
Y —k

. v

VA

z - k—1

Again, note that the trace of Cy is vA(v — 1)/k — 2(k — 1), and it does not depend on g.

5.4 Comparison of nonisomorphic designs

Now, we have the tools needed for computing the efficiencies of different residual designs.
However, finding all nonisomorphic designs for a given set of parameters (v, k, \) is quite a
difficult task in many cases. Using a new package in GAP (see [29]), developed by Leonard H.
Suicher [30], one can perform an exhaustive computer search for these designs. Unfortunately,
the job may take days even for a relatively small design. An additional obstacle is the fact
that for some parameter sets, the number of nonisomorphic designs is extremely large. For
instance, it is known that there are more than 1.25 x 10® nonisomorphic (9, 4,6) designs. A
good reference containing parameter sets of BIBDs, as well as the number of nonisomorphic

designs for each parameter set is Table 1.28 in [10].
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The eigenvalues of a BIBD are vA/k with multiplicity v — 1, and 0 with multiplicity 1. The
v—1 non-zero eigenvalues of residual designs for connected BIBDs with 2 blocks removed, and
connected SBIBDs with 3 blocks removed are zy, 29, . . ., 2,_1, as given in the previous section.

Using these eigenvalues, the following efficiencies of a residual design can be computed:

k(v—1)
A —ef ficiency = —2- - (5.10)
Zi:l Zi
k min(z;
E —ef ficiency = %(zl) (5.11)
v

For each nonisomorphic design, the average and minimum A— and E— efficiencies of all
its residual designs are reported. When ¢ blocks are removed from a design there are (lt’)

possible residuals.

The third criterion which will be computed is the average and minimum MV — efficiency.

This criterion minimizes the maximum variance of pair-wise treatment differences.

Definition 5.2. A design d* € D is MV-optimal in the class D if maxg[Var(7;, — 7;)] <

max,y[Var(7; — 7;)] for any design d € D.

The maximum variance of pair-wise treatment differences for a BIBD is %02. For each

possible residual design d of a BIBD, the MV -efficiency can be computed as:
2k /v
+

MV —ef ficiency = ,
1 Y max|c; + ¢f; — 2¢]

(5.12)

where the ¢}’s are elements of C;", and C; is any generalized inverse of C;.

5.4.1 A generalized inverse of ()

C5 is the information matrix of a BIBD with two blocks removed, and the two blocks’

intersection number is ¢. When 0 < ¢ < k, C5 has the following form:

1 A %qu(k_q) %JqX(k—q) 0q><(v—2k:+q) \
T+ (k— Ok—q)xi— Ok—q)x (v—

C2 = i(](k? Q)><q 0 2 (k‘ ;il)Xk q O(k? q)><( 2k+q) _ EJUXU, (513>
kY (k—q)xq (k—q)x(k—q) 3 (k—q) x (v—2k+q)

0(v72k+q)><q 0(v72k+q)><(qu) 0(1;72k+q)><(k7q) A4
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where A; are the nonsingular completely symmetric matrices given below.

VA 2
VA 1
Ay = Az = (? — DIp—g) + Ej(k—q) (5.15)
VA
Ar =7 lw-2049) (5.16)

In order to better compare two residuals obtained by removing two blocks from a BIBD, a

generalized inverse of 'y will be found. The following results are needed for this.

Lemma 5.3. Let A,x, be a matriz with 1, as an eigenvector and corresponding eigenvalue

Q.

(a) If A is nonsingular then (A —xJ,) ' = A™1 + Jo, for any v # <

a(a— zv)

(b) If « =0 and A is of rank v —1, then (A —xJ,)~" is a generalized of A, for any x # 0.

The proof is straightforward, using the spectral decomposition of A.

Lemma 5.4. Let A,, = xI, + yJ, be a nonsingular completely symmetric matriz. Then

A =1, o

_ Yy
z(x+yv)

Simple algebra gives the above result. Now let

A
T4 = CQ + EJUX’U' (517)

The matrix T} is nonsingular, and T, ' is a generalized inverse of Cy. Let

L A %qu(’f—Q) %JqX(k—q)
By = %J(k—q)Xq Ay Ok—q)x (k—q) | (5.18)
E‘](qu)xq O(ka)X(k’fq) As
1
T3 = B3 — EJ(%—q)x(Qk—q)- (5.19)

T3 has 1(;_q) as an eigenvector with corresponding eigenvalue ag = ”)‘_kﬂ. Now let

By= (% ka axt-0)  ~xHk-x-a) (5.20)
J x (k—q) Az — Ej(qu)X(qu) 7
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1

Ty = By + kj(2k72q)><(2k72q)- (5.21)
T5 has 1(2;—24) as an eigenvector with corresponding eigenvalue ay = ”’\k_ 1. Thus, by Lemma
5.3:
A1 0
-1 _ (A2
By'=Ty" + i Jiok (5.23)
2 2 (VA =2k + q)(v\ — q) (2k=2q)- '
Repeating the process:
1 (A= %Jq)_1 0
Byl =Tyt — r J (5.25)
3 3 (oA =2k + q)ur O '
Finally,
By' 0
-1 _ (D3
T, = < 0 All) . (5.26)
Plugging in the inverses of the completely symmetric matrices A; — %Jq, As, and Az, we get:
k 2k(vA—Fk) —k k
m—%]q - u,\(m—zkv)(vx—2k+q) Jq oA (VA—2k+q) Jox(k—q) v)\(v)\—k?k—i-q) Jox (k—q)
—1 —k
By = oA(WA—2k+q) Jk—a)xq Mk—g)x (k—q) U/\(v)\—q)(g)\—Zk‘—i-q) Jh-q) |
—k J kq J M,
oA (VA—2k+q) ¥ (kF—a)xq VA (0A—q) (VA—2k+q) “ (k—a) (k—q) % (k—q)
(5.27)

k E[v2 A2 —k(2uA— . 1
where M—q)x(k—q) = sal(k—q) — m(m[—k)(m—(q)(w\zgmq) J(k—q)- Adding the fact that A" =
& J(v—2k+q), We have a generalized inverse of Cy given in (5.26). The variance of a pairwise

treatment comparison is
V(ZT’[’]A'Z' o ’,A_]']/O—2 = T4u‘ + T4jj - 2T4ija (528)

and is displayed in Table 5.1. The variances in Table 5.1 also apply for ¢ = 0 and ¢ = k, but

some of the cases cannot occur in these situations.

5.4.2 Robustness of BIBDs to the removal of two blocks

First, note that when one block is removed from a BIBD, all the information matrices

of residual designs are the same up to row and column permutation. Thus, if we want to
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Table 5.1: Variance of pairwise treatment contrasts when two blocks are removed from a
BIBD

Case Var|s;, — 7;]/0?
¢ and j occur in both blocks Vi = vf_k%
1 occurs in both blocks, j occurs in one block Vi
¢ and 7 both occur once, in the same block Vi = vffk
¢t occurs in both blocks, j does not occur in either block Vi
i and j both occur once, in different blocks Vs = %
¢ occurs in one block, 7 does not occur in either block Vs
¢ and j do not occur in the removed blocks Vi = %
Va = sdoo + gt + s mg t m e e

_ k(2k—q+1) k(g—1) 2% (k—q)
Vi= 12/\(2’:1—11)) + Q(U(g\—%) j_ q(%—q)(v)\z%—i-q)
_ k(2k—q+1 k(k—q—1 k kq
Vo = 3@-0 T gk T 30—0ig T 2—a) @) wr—2kTq)

distinguish between two nonisomorphic designs, the robustness against the loss of two blocks
must be studied. Further, as discussed in a previous section, the information matrix Cs of a
residual design depends only on ¢, the intersection number of the two removed blocks. Since
for a SBIBD ¢ is the constant A not depending on the pair of blocks removed, robustness of

designs against loss of two blocks will not discriminate amongst SBIBDs.

This section presents comparisons of nonisomorphic designs for several parameter sets of
non-symmetric BIBDs. Besides the average and minimum efficiencies of the residual designs,
the block intersection numbers for each design, labelled ¢ in the previous section, are also
presented. For each ¢, the number of pairs of blocks that intersect in ¢ treatments are given.
Note that 0 < ¢ < k. An ordering of BIBDs will be developed based on this vector of

intersection numbers.

Let D(v, k, A) be a class of BIBDs with the specified parameters. For every d € D, we have
R(d,2), the set of (g) designs derived from d by removing two blocks (see [3]). We are

interested in comparing the minimum ®-efficiency of residuals designs of d;

min ()

deRr(d;2)" P(d) )
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and the average ®-efficiency of residuals designs of d;

deR(d;,2)

where d; € D(v,k, A), and ® is some optimality criterion.

133

Table 5.2: Comparison of (7,3, 2) designs robustness against loss of 2 blocks

Design | Int. numbers A-efficiency E-efficiency MV-efficiency
no. 0] 1| 2 |3| average min average min average min
1 018 | 0 |7]0.833134 0.8 0.637363 | 0.571429 | 0.69172 | 0.571429
2 4172112 |3 0.833073 0.8 0.637363 | 0.571429 | 0.683955 | 0.571429
3 6166 |18 |1 0.833042 0.8 0.637363 | 0.571429 | 0.680072 | 0.571429
4 7163|2101 0.833027 | 0.820046 | 0.637363 | 0.571429 | 0.678131 | 0.571429

Table 5.3: Worst case scenarios of (7,3,2) designs robustness against loss of 2 blocks

Maximum Impact of MIA design
q Designs | A-impact | E-impact | MV-impact
2 4 (MIA) - - -
3 1-3 0.933333 0.8 0.816667

Example 5.1. Consider the BIBD with parameters v =7, k = 3, A = 2, and thus b = 14.

The four nonisomorphic BIBDs with these parameters are given in Table A.1.

Efficiencies of the four nonisomorphic designs are displayed in Table 5.2. First note that

design 2 is uniformly better than design 3, the only differences between them occurring in

the average A-efficiency and average MV -efficiency of their residuals. Design 1 is better

than the rest if we are interested in minimizing the average variance of pair-wise treatment

differences (see average A-efficiency), while design 4 is best if we want to guard against worst

case scenarios (see minimum A-efficiency). The design that maximizes average A and MV

efficiency (design 1 here), does not do very well in worst case scenarios. This will be a feature
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in future examples as well; also, designs that perform best in worst case scenarios (such as
design 4 here), do not have high average efficiencies. The following result by Bhaumik and

Whittinghill [3] will give some clarification on this phenomenon.

Let Cy(q) denote the information matrix of a design obtained by removing 2 blocks with
intersection number ¢ from a BIBD. Also, let u{C>(q)} denote the vector of eigenvalues of

the matrix Cy(q).

Theorem 5.1 (Bhaumik and Whittinghill 1991). The vectors of eigenvalues of residual

designs obtained by removing 2 blocks from a BIBD satisfy:

p{C2(0)} < p{Ca(D)} < --- < pu{Ca(k)}, (5.29)

and thus
P{C(0)} < Y{Ca(1)} < -+ < D{Ca(k)}, (5.30)

for any majorization criterion ®.

For the A— and D— optimality criteria ®4 and ®p respectively, we have ®,4{C2(0)} <
D4{Cs(1)} < -+ < D4{Cs(k)}, and Pp{C5(0)} < Pp{Cs(1)} < --- < Pp{Cs(k)}.

The above result orders the residual designs of a BIBD based on the intersection numbers

of the removed blocks. This explains why design 4 in Example 5.1 maximizes the minimum

A-efficiency. Note that design 4 does not contain any identical blocks, and thus its minimum
P4{Co} P4{Co}

A-efficiency is TGO while for the other designs the minimum A-efficiency is TGO

Building on the previous theorem, we present a way to differentiate between designs, without
having to compute efficiencies of majorization criteria. Let n = [no(d),m(d), ..., ne(d)]
denote the k£ + 1 x 1 vector of intersection numbers of a BIBD d, where 7); gives the number
of pairs of blocks whose intersection number is j. For instance, in d; of example 5.1, 84 of
the 91 pairs of blocks intersect in one treatment, while the other seven pairs each intersect

in 3 treatments, so n(d;) = [0,84,0,7)". We define the following aberration criterion, based
on 7(d).
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Definition 5.3. Let d; and dy be two balanced incomplete block designs, and ¢ be the largest

integer such that 7,(d;) # n:(d2). Then design d; is said to have less intersection aberration

than dy if m(d1) < mi(dy). A design d € D(v, k, \) has minimum intersection aberration

(MIA), if no other design in D(v, k, A) has less intersection aberration than d.

The next result follows immediately from Theorem 5.1.

Theorem 5.2. Let dy and dy be two nonisomorphic BIBDs with the same parameters. If d;

has less intersection aberration than do then

min

for any majorization criterion ®.

®(dy)
deR(d1,2)[ d(d)

-
Iz min 50

®(d)

Table 5.4: Comparison of (8,4, 3) designs for robustness against loss of 2 blocks

Design Int. numbers A-efficiency E-efficiency MV-efficiency
no. 0| 1|2 |34 average min average min average min
1 31121721410 0.841905 | 0.832737 | 0.677656 | 0.666667 | 0.684874 | 0.666667
2 1]18]66 |6 |0]|0.841908 | 0.832737 | 0.67674 | 0.666667 | 0.687568 | 0.666667
3 0121163 |70 0.84191 | 0.832737 | 0.676282 | 0.666667 | 0.688915 | 0.666667
4 710 |8 |0]0|0.841897 | 0.840917 | 0.679487 | 0.666667 | 0.679487 | 0.666667

Table 5.5: Worst case scenarios of (8,4, 3) designs for robustness against loss of 2 blocks

Maximum Impact of MIA design
q Designs | A-impact | E-impact | MV-impact
2 4 (MIA) 1.0 1.0 1.0
3 1-3 0.983332 | 0.888889 | 0.874242

Example 5.2. Consider the BIBD with parameters v = 8, k = 4, A = 3, and thus b =

14. The four nonisomorphic BIBDs with these parameters are given in Table A.2, and a

comparison of their robustness against the loss of two blocks is presented in Table 5.4. Note
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that design 4 has no blocks intersecting in more than two treatments, while designs 1, 2,
and 3 contain blocks intersecting in 3 treatments. Therefore, design 4 has MIA, and thus

maximizes the minimum efficiency of its residuals with respect to all majorization criteria.

Next, note that the minimum F-efficiency, as well as the minimum MV -efficiency is common
to all 4 designs. The smallest nonzero eigenvalue of a residual design is % — 2, unless ¢ < 1.
We will next concentrate our attention on further analysis of the worst case scenarios for each
design. Since most of the eigenvalues of Cy(q) are the same as the eigenvalues of Cy(q + 1),
it is reasonable to compare the different eigenvalues of two such residuals, and not the entire

sets of eigenvalues. This is formally defined below.

Definition 5.4. Consider d; and dy whose information matrices have eigenvalues u(d;) and
w(ds). Let p~(dy) denote the eigenvalues in p(d;) after removing the common eigenvalues
in p(dy) and p(dy). Also, let = (dy) represent the same for dy. Define the ®-impact of using
design dy over dy, as the ®-efficiency of design dy to design d;, where ® is a majorization

criterion defined on p~(dy) and p=(ds).

The MV-impact will be computed in a similar manner, as the ratio of the two minimum and
non-equal variances of pairwise treatment contrasts. For a BIBD with two blocks removed,
these variances are given in Table 5.1. The above technique allows to better differentiate
between designs. Eliminating the common eigenvalues from the comparison is statistically
equivalent to comparing only variances of contrasts which are indeed different, while throwing
away the contrasts that have equal variances in the two designs. For instance, instead of
comparing the minimum eigenvalues of two designs (as the E-criterion does), the E-impact

will give a comparison of the two minimum and non-equal eigenvalues.

Returning to example 5.1, an analysis of worst case scenarios for (7,3,2) BIBDs is presented
in Table 5.3. The worst case residuals for designs 1, 2 and 3 have ¢ = 3, while the worst case
residual for design 4, the MIA design, has ¢ = 2. Thus, the table presents a comparison of

the non-common eigenvalues of residuals Cy(3) and Cy(2) for (7, 3,2) designs. The numbers
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in this table show that there is indeed a lot to be gained in using design 4. For instance, in
the worst case scenario, even though the largest variance of pairwise treatment comparison
is 0.571429 for all designs, the ratio of the first non-equal variances of design 4 worst residual

and other designs’ worst residuals is 0.816667. The same can be said about design 4 of

(8,4,3) BIBDs, as shown in Table 5.5.

Table 5.6: Comparison of (9,4, 3) designs robustness against loss of 2 blocks

Design Int. numbers A-efficiency E-efficiency MV-efficiency

no. 0] 1 2 | 3|4 average min average min average min

1 1160 | 8 | 8|0 087746 | 0.870097 | 0.719196 | 0.703704 | 0.738631 | 0.703704
2 51481 96 | 4]0 | 0.877458 | 0.870097 | 0.720165 | 0.703704 | 0.735713 | 0.703704
3 2|57 87 | 71010877459 | 0.870097 | 0.719438 | 0.703704 | 0.737902 | 0.703704
4 31541 90 | 6|0 0877459 | 0.870097 | 0.71968 | 0.703704 | 0.737172 | 0.703704
5 31541 90 | 6|0 0877459 | 0.870097 | 0.71968 | 0.703704 | 0.737172 | 0.703704
6 51481 96 | 4]0 0.877458 | 0.870097 | 0.720165 | 0.703704 | 0.735713 | 0.703704
7 1160 | 8 | 8|0 087746 | 0.870097 | 0.719196 | 0.703704 | 0.738631 | 0.703704
8 1160 | 8 | 8|0 087746 | 0.870097 | 0.719196 | 0.703704 | 0.738631 | 0.703704
9 0[63] 8 | 9]0/ 0877461 | 0.870097 | 0.718954 | 0.703704 | 0.739361 | 0.703704
10 1160 | 8 | 8|0 087746 | 0.870097 | 0.719196 | 0.703704 | 0.738631 | 0.703704
11 9136|108 | 0| 0| 0.877456 | 0.875792 | 0.721133 | 0.703704 | 0.732794 | 0.703704

Table 5.7: Worst case scenarios of (9,4, 3) designs robustness against loss of 2 blocks

Maximum Impact of MIA design
q Designs | A-impact | E-impact | MV-impact
2 11 (MIA) - - -
3 1-10 0.987475 | 0.904762 | 0.890807

Example 5.3. Consider the BIBD with parameters v =9, k = 4, A = 3, and thus b = 18.
The 11 nonisomorphic BIBDs with these parameters are given in Table A.3, and a comparison
of their robustness against the loss of two blocks is presented in Tables 5.6 and 5.7. Design

11 has minimum intersection aberration, since any two blocks of this design intersect in
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no more than 2 treatments. Again, the MIA design performs about the same as others on

average, but in worst case scenarios it outperforms its competitors.

Table 5.8: Comparison of (10,5, 4) designs robustness against loss of 2 blocks

Design Int. numbers A-efficiency E-efficiency MV-efficiency

no. 0111 2 3 |45 | average min average | min | average | min
1 0[4] 96 [48 |5 |0 |0.880536 | 0.874841 | 0.750654 | 0.75 | 0.751848 | 0.75
2 0[61] 90 [543 |0 0.880536 | 0.874841 | 0.75098 | 0.75 | 0.752772 | 0.75
3 0[8] 8 (60|10 0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
4 0[8] 8 (60|10 0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
D 0[41] 96 [48 |5 |0 | 0.880536 | 0.874841 | 0.750654 | 0.75 | 0.751848 | 0.75
6 0[4] 96 [48 |5 |0 | 0.880536 | 0.874841 | 0.750654 | 0.75 | 0.751848 | 0.75
7 0[61] 90 [54]3|0|0.880536 | 0.874841 | 0.75098 | 0.75 | 0.752772 | 0.75
8 0[0]108 36|90/ 0.880536 | 0.874841 0.75 0.75 0.75 0.75
9 O[71] 8 [57]2|0|0.880536 | 0.874841 | 0.751144 | 0.75 | 0.753234 | 0.75
10 014] 96 [48 5|0 | 0.880536 | 0.874841 | 0.750654 | 0.75 | 0.751848 | 0.75
11 O[7] 8 |57 2|0 0.880536 | 0.874841 | 0.751144 | 0.75 | 0.753234 | 0.75
12 019] 8 [63]0|0|0.880535 | 0.878427 | 0.751471 | 0.75 | 0.751848 | 0.75
13 0[8] 8 [60]1|0/|0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
14 0[8] 8 (60|10 0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
15 0[4] 96 [48 |5 |0 | 0.880536 | 0.874841 | 0.750654 | 0.75 | 0.751848 | 0.75
16 0[6] 90 [54]3|0|0.880536 | 0.874841 | 0.75098 | 0.75 | 0.752772 | 0.75
17 019] 8 [63]0|0|0.880535 | 0.878427 | 0.751471 | 0.75 | 0.754158 | 0.75
18 0[8] 8 [60]1|0/|0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
19 0[6] 90 [543 |0 0.880536 | 0.874841 | 0.75098 | 0.75 | 0.752772 | 0.75
20 0[8] 8 [60]1|0/|0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75
21 0[8] 8 (60|10 0.880535 | 0.874841 | 0.751307 | 0.75 | 0.753696 | 0.75

Example 5.4. Consider the BIBD with parameters v

= 10, £k = 5, A = 4, and thus

b = 18. The 21 nonisomorphic BIBDs with these parameters are given in Table A.4, and a

comparison of their robustness against the loss of two blocks is presented in Tables 5.8 and

5.9. Designs 12 and 17 have minimum intersection aberration, since any two blocks of these

designs intersect in no more than 3 treatments. Kither of these designs is preferable to the

others.
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Table 5.9: Worst case scenarios of (10, 5,4) designs robustness against loss of 2 blocks

Maximum Impact of MIA design
q Designs A-impact | E-impact | MV-impact
3 12, 17 (MIA) - - -
4 1-11, 13-16, 18-21 | 0.990911 | 0.909091 0.914122

In order to differentiate between designs 12 and 17, their robustness against the loss of more
than two blocks must be studied. However, there is no clear way to determine a worst case
scenario when three or more blocks are lost. Average and minimum efficiencies of residual
designs for three and four blocks removed were computed numerically, and the results are
given in Appendix B and Appendix C, respectively. The tables, similar to the ones in this
section, show no major differences between designs 12 and 17. Appendices B and C contain
comparisons of the other designs in this section, in terms of their robustness to the removal
of more than two blocks. Since these tables do not show major differences between the
nonisomorphic BIBDs, it seems that looking at design robustness to the removal of two

blocks is sufficient.

5.4.3 MIA balanced incomplete block designs

The minimum intersection aberration criterion gives us a clear method of differentiating
between designs. Obviously, finding the block intersection numbers for a design is not com-
putationally intensive. One easy way to do it is to compute the block intersection matrix as
N’'N, where N is the block-treatment incidence matrix. However, finding all nonisomorphic
BIBDs for a parameter set is no easy task, even with the aid of computers. Better software,
and more importantly, much faster computers are needed to make the search for BIBDs with

larger parameters possible.

There are a couple of conditions on the values of block intersection numbers for a BIBD

that we will invoke here. Let ¢; denote the number of treatments in common for a pair j of
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blocks, with j =1,...,(3). Then

(2)

1., bk(r — 1
ZQjZE[lb(NN_k]b>1b] ZQ-
j=1

> (5.31)

Note that any BIBDs with A = 1 must have identical distributions of block intersection
numbers, since ¢; € {0,1} and ) ¢; is constant. Therefore only nonisomorphic BIBDs with

A > 2 should be compared in terms of their robustness to the loss of two blocks.

Another property refers to the block intersection numbers for the complement of a BIBD. If
we let By, By, ..., B, denote the b sets forming a BIBD, and B, = {1,2,...,v} — B;, then the
b sets B, form another BIBD called the complement of the original design. The new BIBD

has parameters
vw=v, bp=b, rn=b—r, k=v—k M=b—2r+A\

All nonisomorphic BIBDs with parameters vy, by, 71, k1, and A; can be found as the comple-
ments of the nonisomorphic BIBDs with parameters v, b, 7, k, and \. Also, if |B; () B;| = ¢,
then |B;( Bj| = v — 2k + q. Therefore, if a BIBD has minimum intersection abberation,

then its complement also has minimum intersection abberation.

Hence, only nonisomorphic BIBDs with A > 2 and k& < 7 need to be enumerated in order to
find MIA designs. Admissible parameter sets of such BIBDs with the bounding restrictions
v < 10 and r < 15 are given in Table 5.10. The column “N;” contains the number of
nonisomorphic BIBDs with parameters v, b,r, k, A\, while “Ny;74” contains the number of
MIA nonisomorphic BIBDs. Only parameter sets with N; > 1 are included in the table.
One MIA design for each parameter set is given in Appendix D.

5.4.4 Robustness of SBIBDs to the removal of three blocks

Any two blocks in a SBIBD intersect in A treatments. Therefore, all nonisomorphic SBIBDs
are equally robust against the loss of two blocks, and so their robustness against the loss of

three or more blocks must be studied.
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Table 5.10: Parameters of BIBDs with v <10, r <15, A > 2, k < 5
(% b T k| A Nd NMIA
6 (20103 |4 4 1
6 |30[15|3]|6 6 1
711416 |32 4 1
71211933 10 1
7128112134 35 1
7135115135 109 1
8 (14| 7 |43 4 1
8 28114416 2310 1
9 (24| 8 |32 36 13
9 (3612|313 22521 332
9 |18 8 |43 11 1
10130 9 |32 960 394
1015 6 [4]2 3 3
10(30]124]4|>1.7x10° 1
1018 9 |54 21 2

Let ¢ denote the number of treatments in common in the three blocks removed. As shown
in sections 5.2 and 5.3, the information matrix of a residual design obtained by removing
three blocks from a SBIBD and its eigenvalues depend only on ¢q. If we write this matrix as
Cs(q), intuitively it would seem that u{Cs(q)} < u{Cs(q¢ + 1)}, similar to the result given
in Theorem 5.1. Unfortunately, majorization does not hold in this case. For a numerical
counterexample see Example 5.5 below. Thus, one cannot say that one residual is worse than
another with respect to all majorization criteria, and so an undisputed worst-case scenario
does not exist here. However, C3(q + 1) is inferior to C5(q) under a criterion that will be

discussed in this section.

Example 5.5. Consider the SBIBD with parameters v = b = 15, k = 7, A = 3. The 5
nonisomorphic SBIBDs with these parameters are given in Table A.5, and a comparison of
their robustness against the loss of three blocks is presented in Table 5.11. For each design
there are (g) possible residuals; the column containing the intersection numbers gives the

number of block triplets that intersect in ¢ treatments for ¢ € {0, 1,2, 3}.
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Table 5.11: Comparison of (15,7, 3) designs robustness against loss of 3 blocks

Design Int. numbers A-efficiency E-efficiency MV-efficiency

no. 0 1 2 | 3 | average min average min average min

1 0 1420 0 | 35 ]0.779886 | 0.775591 | 0.55764 | 0.533333 | 0.607253 | 0.533333
2 16 | 372 | 48 | 19 | 0.779886 | 0.775591 | 0.560332 | 0.533333 | 0.604275 | 0.533333
3 28 1336 | 84 | 7 | 0.779886 | 0.775591 | 0.562351 | 0.533333 | 0.602042 | 0.533333
4 24 1 348 | 72 | 11 | 0.779886 | 0.775591 | 0.561678 | 0.533333 | 0.602786 | 0.533333
5 28 1336 | 84 | 7 | 0.779886 | 0.775591 | 0.562351 | 0.533333 | 0.602042 | 0.533333

The minimum eigenvalue of any residual obtained by removing three blocks from a SBIBD,

A 3 with multiplicity ¢ — 1. Thus C3(g¢ + 1) has one

with their intersection ¢ > 1, is %

additional minimum eigenvalue. In statistical terms, a residual obtained by removing three
blocks intersecting in ¢ + 1 treatments has one additional contrast of maximum variance,
compared to a residual obtained by removing three blocks intersecting in ¢ treatments. This
justifies using the minimum intersection aberration criterion to differentiate between designs.
In this example, designs 3 and 5 have MIA, because only 7 block triplets have intersection
number ¢ = 3. This means that designs 3 and 5 are less likely than the others to produce a

residual with ¢ = 3.

Next, let’s look at the eigenvalues of possible residual designs, displayed in Table 5.12. We
have four possible vectors of eigenvalues. There is no majorization relation between any two
of the four vectors. Thus, there is no worst residual with respect to all majorization criteria.
However, a residual with ¢ = 3 is A-inferior to all other residuals, and it has two eigenvalues
equal to the overall minimum eigenvalue 3.42857, while other residuals have either one or
no eigenvalues less than or equal to 3.42857. In conclusion, designs 3 and 5 are preferable

because they have a smaller chance of yielding a residual with ¢ = 3.

Due to the lack of a definite majorization ordering among residuals, one should always look
at the eigenvalues of possible residuals, not only at the number of different possible residuals

yielded by each nonisomorphic SBIBD.
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Table 5.12: Eigenvalues (¢) of possible residuals obtained by removing 3 blocks from a
(15,7,3) SBIBD

Intersection number (q)
0 1 2 3
L multiplicity L multiplicity L multiplicity L multiplicity

4.42857 6 3.59785 1 3.42857 1 3.42857 2
4.7798 2 4.42857 3 3.81787 1 4.28571 1
5.28571 1 4.63841 2 4.52545 2 5.42857 9
5.64877 2 5.11644 1 4.89642 1 6 2
6.42857 3 5.42857 3 5.42857 6

5.79016 2 5.90312 2

6.42857 2 6.42857 1

Table 5.13: Comparison of (19,9, 4) designs robustness against loss of 3 blocks

Design Int. numbers A-efficiency E-efficiency MV-efficiency

no. 0 1 2 3 | 4 | average min average min average min

1 12 1 363 | 549 | 45| 0 | 0.8308 | 0.829846 | 0.651796 | 0.644737 | 0.895585 | 0.818936
2 9 | 3721540 | 48 | 0 | 0.8308 | 0.829846 | 0.651568 | 0.644737 | 0.89538 | 0.818936
3 33 1300 | 612 |24 | 0| 0.8308 | 0.829846 | 0.653391 | 0.644737 | 0.895971 | 0.818936
4 0 1399 | 513 | 57 | 0| 0.8308 | 0.829846 | 0.650884 | 0.644737 | 0.895235 | 0.818936
5 9 | 372 | 540 | 48 | 0 | 0.8308 | 0.829846 | 0.651568 | 0.644737 | 0.895488 | 0.818936
6 211336 | 576 | 36 | 0 | 0.8308 | 0.829846 | 0.65248 | 0.644737 | 0.89573 | 0.818936
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Example 5.6. Consider the SBIBD with parameters v = b =19, k = 9, A = 4. The 6
nonisomorphic SBIBDs with these parameters are given in Table A.6, and a comparison of
their robustness against the loss of three blocks is presented in Table 5.13. Note that none

of the designs have three blocks intersecting in ¢ = A = 4 treatments.

The eigenvalues of residuals with ¢ € {0, 1,2, 3} are presented in Table 5.14. Just like in the
previous example, there is no majorization ordering between any two of the four possible
vectors. However, a residual with ¢ = 3 can be considered worst because it has most
eigenvalues (2) equal to the overall minimum eigenvalue, which is 5.44444. Furthermore, a
residual with ¢ = 3 is also A-worst among the four possible residuals. By the MIA criterion,
design 3 is the most robust out of the 6 nonisomorphic SBIBDs. Also, residuals derived from

design 3 have the highest E- and MV- averaged efficiencies, compared to residuals derived

from the other designs (see Table 5.13).

Table 5.14: Eigenvalues (¢) of possible residuals obtained by removing 3 blocks from a
(19,9,4) SBIBD

Intersection number (q)
0 1 2 3
L multiplicity L multiplicity L multiplicity L multiplicity
6.44444 9 5.5705 1 5.44444 1 5.44444 2
6.82161 2 6.44444 6 5.71991 1 5.91422 1
7.33333 1 6.70106 2 6.44444 3 6.51949 2
7.62284 2 7.20727 1 6.60358 2 6.86356 1
8.44444 4 7.44444 3 7.05787 1 7.44444 9
7.74338 2 7.44444 6 7.92495 2
8.44444 3 7.84086 2 8.44444 1
8.44444 2

An analysis of the robustness of the SBIBDs with the parameters of examples 5.5 and 5.6
is given in Appendix C. The efficiencies shown in Table C.5 and C.6 are quite close. When
the number of blocks removed is increased, it becomes computationally intensive to compare

the designs, and it must be done numerically, due to the many different possible information
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matrices. Even though it might seem that it is not as easy to differentiate between SBIBDs
under loss of 3 blocks as between BIBDs under loss of 2 blocks, sometimes one design proves
to perform better overall than the other designs. This is the case with design 3 of the six
nonisomorphic (19,9,4) designs. Therefore, one should take robustness into consideration

when trying to decide on one of several nonisomorphic designs with the same parameters.



Chapter 6

Conclusions and Future Research

6.1 Optimality of designs with small number of treat-
ments

A-optimal designs with three treatments in settings with one or two blocking factors were
found in Chapter 3. The common characteristic of all these designs is uniformity. Until
now, the only designs that have been found in the literature to be A-optimal, are designs
which have number of experimental units a multiple of 3 - such designs are in fact universally

optimal. The replication numbers of A-optimal row-column designs are given in Table 3.1.

FE-optimal designs with three treatments in settings with any number of crossed blocking
factors were found in Chapter 4. All F-optimal designs are equireplicated, or as close to
being equireplicated as possible. As mentioned earlier, when the number of experimental
units in the design setting is a multiple of 3, universally optimal designs exist. When the
number of experimental units in the design is m = 1 mod 3, E — M-optimal designs are
in general nonuniform in the treatment replicated » + 1 times. When m = 2 mod 3, the

E — M-optimal designs are uniform with replications r; =ro =r + 1, and r3 = r.

Chapter 4 also contains a section dedicated to the construction of A and E optimal designs.
Systems of distinct representatives theory was used for the construction of some of the

designs with multiple blocking factors. Section 4.5 presents comparisons between A-optimal

146
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and F-optimal block designs, as well as row-column designs. For block designs, the A-
optimal and F-optimal designs are very similar, and thus their efficiencies with respect to
the other criterion are close to 1. For row-column designs, some of the A-optimal designs
perform poorly under the E criterion because of imbalance in their replication numbers. The
FE-optimal row-column designs have in general A-efficiency close to 1. Therefore, we think
that when faced with a choice between A-optimal and E-optimal row-column designs, one

should choose the F-optimal design, given no other outside considerations.

The search for optimal designs with 3 treatments could be extended to include some of the

following settings:

e designs with correlated errors

e designs with nested blocking factors

e block designs with two or three block sizes
Extending this work to 4 treatments is possible, even though some settings where the problem
was solved for 3 treatments might prove to be very complex. When moving from 3 treatments
to 4 treatments, the number of variables that define the information matrix changes from

3 to 6. When finding optimal designs with 4 treatments, some concurrences must also be

taken into account, which was not the case with 3 treatment designs.

When moving to larger number of treatments, the problem becomes increasingly complicated,
but the search could be performed for useful and/or promising subsets of the parameter space.

Some of these could be:

e restrict search to incomplete block settings
e restrict search to equireplicated designs

e restrict search to uniform designs
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6.2 Robustness of designs to loss of data

In the last few years robustness has become a popular research topic in different areas of sta-
tistics. Robustness of models to changes in the assumed distribution of data and robustness
of designs to changes in the underlying model are only two of the many examples. For block
designs, many authors have studied robustness of different combinatorial designs to loss of
data. Chapter 5 builds on a result in [3] and gives a method for selecting among noniso-
morphic BIBDs and SBIBDs via robustness criteria. The minimum intersection aberration
criterion (MIA) was introduced to help in choosing robust designs. To find MIA BIBDs, one
must look at the intersection numbers of every pair of blocks in the design, while for MIA

SBIBDs one must look at the intersection numbers of every block triplet.

All MIA BIBDs with v < 10 and r < 15 were found using the computer. The MIA BIBDs are
displayed in Appendix D. This work can be extended to build tables of MIA BIBDs for larger
parameters. Also, another natural extension would be to look at other widely used classes of
designs such as partially balanced block designs, group divisible designs, generalized Youden
designs, and others. It is expected that robustness to loss of data can be used for these other

classes as well, to help select among nonisomorphic designs.



Glossary

Acronym or Term Description

A number of times each pair of treatments appears together
in a balanced block design

A-optimality optimality criterion: minimizes ) le

b number of blocks in a block design

BBD Balanced Block Design

BIBD Balanced Incomplete Block Design

binary design each treatment appears no more than once in a block
C-matrix Information matrix of a design

¢ i-th diagonal element of the information matrix

(corresponds to treatment 7)

D-optimality optimality criterion: minimizes [] zi

FE-optimality optimality criterion: minimizes Zi

generalized binary design elements of the block-treatment incidence
matrix satisfy |n;; — k/v| <1

GRBD Generalized Randomized Block Design
GYD Generalized Youden Design: row-column design whose
rows and columns both form BBDs

149
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k size of blocks in a block design
LSD Latin Square Design
m total number of experimental units in designs

with more than one blocking factor

M row-treatment incidence matrix of a row-column design
MIA minimum intersection aberration criterion
n (1) number of blocking factors in designs with more than one

blocking factor
(2) total number of experimental units in designs with one
blocking factor

N block-treatment incidence matrix of a block design; also, the
column-treatment incidence matrix of a row-column design

N5 element of N: how many times treatment
appears in block j

N; block-treatment incidence matrix of factor j in a design
with multiple blocking factors
N4j1 element of N;: how many times treatment %
appears in block [ of factor j
P number of rows in a row-column design
q number of columns in a row-column design
ij number of common treatments in blocks ¢ and j of a BIBD
T replication number of treatment ¢
RCBD Randomized Complete Block Design
SBIBD Symmetric Balanced Incomplete Block Design (BIBD with v = b)

SDR System of Distinct Representatives



uniform design

YD

YHR

Zi
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elements of the block-treatment incidence matrix
satisfy |n;; —r;i/b| <1

number of treatments (varieties) in a design

Youden Design: row-column design with rows forming
an RCBD and columns forming a BIBD

Youden Hyper-Rectangle: design with multiple blocking factors
which reduces to a BBD in any factor

i-th non-zero eigenvalue of the C-matrix
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Appendix A

Nonisomorphic Designs for Several

Balanced Incomplete Block Settings

Table A.1: The 4 nonisomorphic (7,3, 2) designs
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Table A.2: The 4 nonisomorphic (8,4, 3) designs
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Table A.3: The 11 nonisomorphic (9,4, 3) designs

< 10 O || 10 O =< 10 O = f|H 10 O -0 © 0| 0 © 0
M IO O© DN 1O = DN © I~ 0[N O© - DM 10 = DM O D~ O
MO © V[N 1O © WO |M 1O © DM 1O © 0 ||M 1O © =M 10 © b-
N <HF - ||N <F - 0N <F b= O||M <f b= 0| <F D= 00| <F D~ 00
N FH - 0[N FH O DM <10 0 <10 DM O DM FH 1o D
AN 1O - AN 1O D= 0[N 1O D= 0[N 1O D= 0[N © - 00 ||V O b~ 00
AN 1O - 0|V 1O © DAV 1O © DAV 1O © DDA 1O © OO 1O © D
AN <FHF O DN F - DDA <HF O DN <O DN F - <FH DO
AN FH O 0| F O 0| <f © 0N <f © 0N < 10 00N < © 00
AN MO DN MO AN M- DA MDA M 0 [N M o D
— I~ 00 OV || D~ 00 Oy ||+ D= 00 O+ D= 00 O ||+ D~ 00 OV || I~ 00 O
— O 00 O © 00 O 1O 0 D[ 1O 0 O [ 1O 0 O [ 1O 0 O
— 0 D O D O DD O D[ O D[ O D
— <t 1O 0|~ <H 1O O |[— <H 1O D=~ <H 1O D~ <F O D~ < O D~
— N O =M O D= MO 0| MO D[ MO 0| N O O
— AN O M~ AN O D~ O DN O DO DA O D~
— AN M D AN MO AN M| AN MO~ AN MO |~ A MO
— AN F— AN FH— AN F|— AN F— AN <F = AN <




158

Appendix A

Valentin Parvu

<t 1O O I~ |[H O O I~ |[F 1O © OV|F 1O © 0| O I~ D
M 1O D~ DM 1O 00 DM 1O D~ 0[N © I~ S|t D I~ 0
M 1O © VM 1O O© I~-|M 1O O I~-[M 1o O© DH||Mm © I~
M <t 00O H|™M H - DH||W HF - [N < I~ 0||lon <t o0 O
N < O I~-|M H O 0|M F O D[N O D-|n <t 1O O
AN © 0 DN|ANW © 0O DN ©O - D[N © - 0[N © 0 D™
AN 1O O DH|ANW 1O © DH||AN 1O 0 D[N 1O - H||AN < © I~
AN <t D~ 0N <t I~ 0|/ <t I~ 0[N <f O & ||AN <f O D
AN <t 1O 0N <f 1O 0| <H 1O O <t 1O O]l N - D
AN NI~ MDD D|AN M OO D[N M O DA D 1O 0
— D~ 00 OO || I~ 00 || © 0 DD 1D 0 || 1O 0O O
— 1O D~ 0| 1D D~ 0| 1O D~ D DO D~ 0| <t I~ O
— <f O D|H O DA <D~ O0[H <D D|H O 0
— <t 1O | FH O D F O D FH O DY DO D
— N O 0| DO 0| DO O N O O N LO I~
— AN O I~ AN O I~ AN O I~ AN O I~ A I~ 0
— AN MO AN N O AN MO~ AN M IO|[— AN 1O O
— NN FH AN M FH|H NN F[HNNMN FH[|—H NN <FH
e & & S -

Table A.4: The 21 nonisomorphic (10, 5,4) designs
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Table A.5: The 5 nonisomorphic (15,7, 3) designs
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4111111122 (223|334
201212314166 |3]4]|5|5 44|55
3|3 (4|5 |5 | 7| 7|66 |7 |7 | T7T]|T7T|6]|6
4181819110/ 8|10[10]9 |89 |89 |88
519 (12 (12|11 9 (11 (12|11 |11 }10 10|11 |11} 9
61013 (13|14 |14 |12 (14|13 |12 |13 |13 12| 13| 10
7111114 (15|15 |15 |13 (15|15 |15 |14 |15 14|14 | 12
sof1ryp1r |11 (11|14} 222|2]3|3]|3]4
2122341663455 [4]4|5]|5
3/3(4 55| 7| 7|6|7|6|7|6|7|7|6
4181819110/ 8|10[10{9 (8|99 |8]|8]38
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Table A.6: The 6 nonisomorphic (19,9, 4) designs
111|111 y1 112222233 |3]3|4
212121234467 ]3[4 4|55 4]4|5]6]5
3/3[3 |5 |5|5|6|7|8|6|6 7| 7|8|5|7|6]8]6
4141771681918 191919[8]9[8[9][9/|8|7|9]|7
5110112101012 |11 (10|11 |13 |12 (10 11| 10|11 10| 11| 10| 10
6|11 |15 (1113|1414 |13 12|14 |13 |11 13|12 |13 |14 |12 |11 |12
7112116 |15 | 17|16 |15 (14|13 |15 |16 |17 |14 |14 |15 |15 |14 |12 | 13
8| 13|18 16|18 (17|18 |16 15|17 |17 |18 |16 15|16 |16 |17 |16 |15
91141191719 18|19 19|17 |18]19]19 |18 19|19 |17 |19 | 18| 18
2241|111 }1 1111222223 ]3]3]3]|4
21221234457 ]3[4 4> 6 4]4]|5]6]5
3/3 3|5 |56 |8|6|8|8|5|6|7 |7 |5 |6|6/|T7|T7
414,716 (8719191919198 9 |8, 7|9]|8|9]|328
5110121010 |11 |11 (12|10 |11 }10 (12 11|10 |13 |10 |11 | 10| 10
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Appendix B

Robustness of Non-Symmetric BIBDs
against Removal of 3 Blocks

Table B.1: Comparison of (7,3,2) designs robustness against loss of 3 blocks

Design A-efficiency E-efficiency MV-efficiency

no.

average

min

average

min

average

min

0.749314

0.718759

0.563039

0.449888

0.596607

0.486322

0.749122

0.718759

0.553776

0.443479

0.580014

0.484457

0.749025

0.718759

0.549144

0.443479

0.571718

0.484457

= W DN =

0.748977

0.7229

0.546828

0.443479

0.56757

0.484457
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Table B.2: Comparison of (8,4, 3) designs robustness against loss of 3 blocks

Design A-efficiency E-efficiency MV-efficiency
1no. average min average | min | average | min
1 0.762486 | 0.74708 | 0.582121 | 0.5 | 0.609594 | 0.5
2 0.762498 | 0.74708 | 0.58252 | 0.5 | 0.609619 | 0.5
3 0.762504 | 0.74708 | 0.58272 | 0.5 | 0.609632 | 0.5
4 0.762462 | 0.754163 | 0.581322 | 0.5 | 0.609544 | 0.5

Table B.3: Comparison of (9,4, 3) designs robustness against loss of 3 blocks

Design A-efficiency E-efficiency MV-efficiency

no.

average

min

average

min

average

min

0.816031

0.802708

0.645385

0.555556

0.665621

0.555556

0.816024

0.802708

0.644657

0.555556

0.665102

0.555556

0.816029

0.802708

0.645203

0.555556

0.665491

0.555556

0.816027

0.802708

0.645021

0.555556

0.665361

0.555556

0.816027

0.802708

0.645021

0.555556

0.665361

0.555556

0.816024

0.802708

0.644657

0.555556

0.665102

0.555556

0.816031

0.802708

0.645385

0.555556

0.665621

0.555556

0.816031

0.802708

0.645385

0.555556

0.665621

0.555556

O| 0| | OY| U | W[ DO —

0.816033

0.802708

0.645567

0.555556

0.665751

0.555556

0.816031

0.802708

0.645385

0.555556

0.665621

0.555556

[EY N
= o

0.816017

0.807853

0.64393

0.555556

0.664583

0.555556
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Table B.4: Comparison of (10,5, 4) designs robustness against loss of 3 blocks

Appendix B

Design A-efficiency E-efficiency MV-efficiency

no. average min average | min | average | min
1 0.820697 | 0.812197 | 0.666057 | 0.625 | 0.690907 | 0.625
2 0.820696 | 0.812197 | 0.666119 | 0.625 | 0.690698 | 0.625
3 0.820696 | 0.812197 | 0.66618 | 0.625 | 0.690489 | 0.625
4 0.820696 | 0.812197 | 0.666307 | 0.625 | 0.690283 | 0.625
5 0.820697 | 0.812197 | 0.666309 | 0.625 | 0.690495 | 0.625
6 0.820697 | 0.813478 | 0.666562 | 0.625 | 0.690082 | 0.625
7 0.820696 | 0.813478 | 0.666497 | 0.625 | 0.690079 | 0.625
8 0.820698 | 0.812197 | 0.666312 | 0.625 | 0.690706 | 0.625
9 0.820696 | 0.812197 | 0.666339 | 0.625 | 0.690284 | 0.625
10 0.820697 | 0.812197 | 0.666436 | 0.625 | 0.690288 | 0.625
11 0.820696 | 0.812197 | 0.666276 | 0.625 | 0.690387 | 0.625
12 0.820695 | 0.812197 | 0.666211 | 0.625 | 0.690385 | 0.625
13 0.820696 | 0.812197 | 0.666307 | 0.625 | 0.690283 | 0.625
14 0.820696 | 0.812197 | 0.66637 | 0.625 | 0.69018 | 0.625
15 0.820697 | 0.812197 | 0.666183 | 0.625 | 0.690701 | 0.625
16 0.820696 | 0.812197 | 0.666245 | 0.625 | 0.690492 | 0.625
17 0.820695 | 0.813791 | 0.666401 | 0.625 | 0.690075 | 0.625
18 0.820696 | 0.812197 | 0.666307 | 0.625 | 0.690283 | 0.625
19 0.820696 | 0.812197 | 0.666371 | 0.625 | 0.690286 | 0.625
20 0.820696 | 0.813478 | 0.666433 | 0.625 | 0.690077 | 0.625
21 0.820696 | 0.812197 | 0.666244 | 0.625 | 0.690386 | 0.625
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Robustness of BIBDs against
Removal of 4 Blocks

Table C.1: Comparison of (7,3,2) designs robustness against loss of 4 blocks

Design A-efficiency E-efficiency MV-efficiency

no.

average

min

average

min

average

min

0.665062

0.590164

0.460458

0.285714

0.501619

0.360902

0.664658

0.590164

0.451309

0.285714

0.486507

0.360902

0.664457

0.597015

0.446798

0.285714

0.478807

0.362812

WD =

0.664356

0.610869

0.444558

0.298764

0.474921

0.367498
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Table C.2: Comparison of (8,4,3) designs robustness against loss of 4 blocks

Appendix C

Design
no.

A-efficiency

E-efficiency

MV-efficiency

average

min

average

min

average

min

0.68269

0.658258

0.494199

0.391767

0.512322

0.426032

0.682717

0.658258

0.49431

0.391767

0.513411

0.426032

=W N =

0.68273

0.658258

0.494391

0.391767

0.513959

0.426032

0.682636

0.668678

0.494177

0.401883

0.510176

0.426471

Table C.3: Comparison of (9,4,3) designs robustness against loss of 4 blocks

Design
no.

A-efficiency

E-efficiency

MV-efficiency

average

min

average

min

average

min

0.754457

0.728374

0.566397

0.457154

0.586938

0.491362

0.754442

0.728374

0.565929

0.457154

0.586307

0.491362

0.754453

0.732467

0.566286

0.459349

0.586771

0.491694

0.754449

0.732467

0.566162

0.459349

0.586615

0.491694

0.754449

0.732467

0.566161

0.459349

0.586615

0.491694

0.754442

0.732467

0.565921

0.459349

0.586305

0.491694

0.754457

0.732467

0.566407

0.459349

0.586938

0.491694

0.754457

0.732467

0.566411

0.459349

0.586932

0.491694

O| 0| | OY| U | W[ DO —

0.75446

0.732467

0.566544

0.459349

0.587086

0.491694

0.754457

0.732467

0.566413

0.459349

0.586929

0.491694

[EY N
= o

0.754427

0.739735

0.565478

0.46834

0.585691

0.491918
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Table C.4: Comparison of (10,5,4) designs robustness against loss of 4 blocks

Appendix C

Design A-efficiency E-efficiency MV-efficiency
1no. average min average | min | average | min
1 0.760761 | 0.745618 | 0.598158 | 0.5 | 0.613604 | 0.5
2 0.76076 | 0.745618 | 0.597849 | 0.5 | 0.613194 | 0.5
3 0.760758 | 0.745618 | 0.597546 | 0.5 | 0.612601 | 0.5
4 0.760758 | 0.745618 | 0.597443 | 0.5 | 0.612366 | 0.5
5 0.760761 | 0.745618 | 0.597881 | 0.5 | 0.613477 | 0.5
6 0.760761 | 0.746976 | 0.597597 | 0.5 | 0.613351 | 0.5
7 0.76076 | 0.746697 | 0.597423 | 0.5 | 0.613003 | 0.5
8 0.760764 | 0.745618 | 0.598325 | 0.5 | 0.614782 | 0.5
9 0.760759 | 0.745876 | 0.597489 | 0.5 | 0.612804 | 0.5
10 0.760761 | 0.745618 | 0.597712 | 0.5 | 0.613592 | 0.5
11 0.760759 | 0.745876 | 0.597556 | 0.5 | 0.612834 | 0.5
12 0.760758 | 0.745876 | 0.597405 | 0.5 | 0.612308 | 0.5
13 0.760758 | 0.745618 | 0.597394 | 0.5 | 0.612534 | 0.5
14 0.760758 | 0.745876 | 0.59734 | 0.5 | 0.612508 | 0.5
15 0.760761 | 0.745618 | 0.598006 | 0.5 | 0.613724 | 0.5
16 0.76076 | 0.745618 | 0.597704 | 0.5 | 0.61313 | 0.5
17 0.760758 | 0.747282 | 0.597195 | 0.5 | 0.612213 | 0.5
18 0.760758 | 0.745876 | 0.597441 | 0.5 | 0.612366 | 0.5
19 0.76076 | 0.745876 | 0.597561 | 0.5 | 0.613066 | 0.5
20 0.760758 | 0.746976 | 0.597262 | 0.5 | 0.612473 | 0.5
21 0.760758 | 0.745876 | 0.597478 | 0.5 | 0.61257 | 0.5

Table C.5: Comparison of (15,7, 3) designs robustness against loss of 4 blocks

Design

0.

A-efficiency

average

min

E-efficiency

average

min

MV-efficiency

average

min

0.705949

0.70179

0.498281

0.415302

0.520952

0.45598

0.705948

0.70179

0.495927

0.414923

0.515866

0.4559

0.705948

0.70179

0.494162

0.414923

0.512051

0.4559

0.705948

0.70179

0.49475

0.414923

0.513323

0.4559

QY = | W DN —

0.705948

0.70179

0.494162

0.414923

0.512051

0.4559
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Table C.6: Comparison of (19,9,4) designs robustness against loss of 4 blocks

Appendix C

Design
no.

A-efficiency

E-efficiency

MV-efficiency

average

1min

average

1m1in

average

min

0.774243

0.77209

0.587875

0.526316

0.804336

0.686037

0.774243

0.77209

0.587874

0.526316

0.803831

0.686037

0.774243

0.77209

0.587877

0.526316

0.805341

0.686037

0.774243

0.77209

0.587873

0.526316

0.803481

0.686037

0.774243

0.77209

0.587874

0.526316

0.804031

0.686037

O O | W N —

0.774243

0.77209

0.587876

0.526316

0.804686

0.686037

170



Appendix D

MIA Designs

Table D.1: A MIA (6,3,4) balanced incomplete block

design

N}

1

4

1

w
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w

NN

~ DN

ot

-~ w

NNYIU

ot

(@4

Table D.2: A MIA (6,3,6) balanced incomplete block

design
Tj1f{1 (1111 {1j1rfrj{rj1{1y11
2021222233334 |4]4|5]|5
313[4(4]5|6|4[5[5[6]|5|6|6]6/6
2021222222233 |3]3|3]4
3133344455444 /4]5]5
415(6[(6|5|5|6[6[6[H]|[5|6|6]6]6

Table D.3: A MIA (7,3,2) balanced incomplete block

design

\V)

—_

(@)

w

N

ot

ot

W

~ w

(@}

ot
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Table D.4: A MIA (7,3,3) balanced incomplete block

design
11y y1rp1{1j1ry112(2}2(2|2/2(3[3[3[|3|4/|4
2121233455 |6|3|3|4|4[5]6[4[4[5|6|5]|5

31454676 [7T|T7T|d5|T7T|6|7[6[7|d5|6[7|T7|6]|7

Table D.5: A MIA (7,3,4) balanced incomplete block

design
11111 {ry1y1y1(1(1}{1{2(2(2|2(2(2(2]2[3[3|3|3|3|4
2 31414 5 31313[4|4[5[5(6|4(4|/5]|5|6]5

314151645 |7[6|7|6|7|7[4]6|T|5|7[6|7|7T|5|6[6]|7|T7]|6

ot
D

Table D.6: A MIA (7,3,5) balanced incomplete block
design

w

N W N W N =
U N B DN =
S = DOt DN =
N B~ NN =
Sy O N N~
- O N > W
- O N[Ot W
T WO W =
S W W =
J B~ WO & =
S O WO = =
~ Ot W[ & =
- O WO Ot =
O U= ot —
EN IS BTN | I B I
-1 O [ w o
~ O O Tt W N

Table D.7: A MIA (8,4,3) balanced incomplete block

design
{11111 (1}{2(2{2|2[3|3]|5
2121233443344 |14]4/|6
3157565656565 |7]7
416 (8|78 |8|7[8|7T|7|8|6|8]8
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1121212222223 |3[3|3|4|5

1121212 (2(2)|2

1

1

1

1

1121212222333 |3|3(4[4/4]4|4

1

Table D.8&: A MIA (8,4,6) balanced incomplete block

design

1

1

Table D.9: A MIA (9,3,2) balanced incomplete block

design

Table D.10: A MIA (9, 3,3) balanced incomplete block

design

212121334 (6[(6]6|7|7|8[3[3[4|4|5]|5
31415145 |5|7(8]9]8[9/19/6|7]6|7|8/9
2021213333333 (4|4(4]4[4|5|5]|5
678144 |5|5(6|7|8|5|5[|6[6]T7T|6|6/|7
8191918916 |7(8[9]9[819|7[9]8|7]|9/8

Table D.11: A MIA (9,4, 3) balanced incomplete block

design

2121212121233 |3|3[4(44|5|3[3[3]3[4|4|4|5]4(4,4|5|6]6

313145674 (5[6|6[5|5[7|6[4|5[6|7[5|5]6|6|5|5|6|7|7|7

4151678 |8[7|8|7T|8|6[8[8|7T[8|6|7[8|7T[8|7|8[6]|7|8|8|8|8

212135567 |8[3|5[5|6|7[8|5|5|6|6|7[5]|5[6]|6]|7

31414167 1819[9[4]6|7|8[9[9[8|9|7[9|8[8|9|7[9]8
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Appendix D

Valentin Parvu

4 (4] 4

71719 (8

>

78

4

9

7

3

9

7
9

6

8

10110/ 8110191010 |8 109

8

5

7

bt

Table D.12: A MIA (10, 3,2) balanced incomplete block

design
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Table D.13: A MIA (10,4, 2) balanced incomplete block

design

2121314]6
315|958

416719110/ 10|9]10110|9]10|10|819]8

2

Table D.14: A MIA (10,4, 4) balanced incomplete block

design
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Table D.15: A MIA (10, 5,4) balanced incomplete block

design

2

2

3133 4

4168 6

5/719(10[1019(9]10
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