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ABSTRACT
A three-dimensional finite element code to analyze coupled thermomechanical
deformations of composites has been developed. It incorporates geometric nonlinearities,
delamination between adjoining layers, and damage due to fiber breakage, fiber/matrix
debonding, and matrix cracking. The three damage modes are modeled using the theory
of internal variables and the delamination by postulating a failure envelope in terms of
the transverse stresses; the damage degrades elastic moduli. The delamination of
adjoining layers is simulated by the nodal release technique. Coupled nonlinear partial
differential equations governing deformations of a composite, and the pertinent initial and
boundary conditions are first reduced to coupled ordinary differential equations (ODEs)
by the Galerkin method. These are integrated with respect to time with the Livermore
solver for ODEs. After each time step, the damage in an element is computed, and
material properties modified. The code has been used to analyze several static and
transient problems; computed results have been found to compare well with the
corresponding test results. The effect of various factors such as the fiber orientation, ply
stacking sequence, and laminate thickness on composite’s resistance to shock loads
induced by underwater explosions has been delineated.
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1. Introduction
The development of composite materials has attracted scientists’ and technologists’
interest over the past several years. The goal for composite developments has been to
achieve a combination of material properties not attainable by any of the constituents
alone. Recent breakthroughs include the development of composite materials with a high
strength to weight ratio for aerospace structures, and a class of potential materials for
designing light anti-armor systems and vehicles. A major step forward in the protection
of personnel against ballistic threats, particularly irregular fragments, has been through
the introduction of glass fibers impregnated into synthetic textiles. Due to this increased
use, researchers have focused on analyzing deformation mechanisms of composite
materials under impact loads. In particular, they have examined the fiber response, load
transfer between fibers and matrix, and failure and energy absorption mechanisms.
Although considerable work has been done on finding the response of composite
materials under low velocity impacts, information on the hypervelocity impact response
of composites is scarce.
Under the application of an impact load, a complex distribution of stresses and strains is
produced in a composite. This is because the body is heterogeneous (reinforcement,
matrix and interface) with diverse mechanical properties of the phases, which may
remain constant or degrade during service. The fracture behavior of composite materials
is an important technological area to be investigated and understood if these materials are
to be used efficiently. The effect of damage on the residual strength of a composite can
be determined through testing; however, it is time consuming and expensive. Thus, there
is a need to predict the damaged region, its evolution due to applied loads, and the
consequent degradation of material properties. Different theories to describe the strength
and the fracture of composites have been developed, and failure mechanisms of
composites have also been studied experimentally. Some of these mechanisms like
matrix cracking, fiber-matrix debonding and fiber pullout occur at a micro-scale level.
These failure mechanisms and other macro-scale failure modes like delamination interact
with each other, and alter the mechanical behavior of a composite material; they thus
need to be considered in the constitutive relation that relates stresses at a point to a
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measure of deformation there. Finding a composite material’s constitutive equation is a
non-trivial task due to several mechanisms occurring simultaneously. Several models
have been proposed to homogenize a composite material. For precise representation of
the material behavior, the effect of failure modes needs to be integrated into them to give
an overall representative material constitutive behavior.
The present work

•

simulates the effect of major micro- and macro-level failure modes that occur
under different thermomechanical loads. That is, it includes the overall
degradation in material behavior due to the initiation of failure modes and the
progressive damage accumulation until total failure of the composite. The micromechanical failure modes considered are fiber breakage, matrix cracking and
fiber-matrix debonding, and the macro-mechanical failure mode considered is
delamination.

•

determines a constitutive relation that represents the overall behavior of the
composite.

•

uses the homogenized material properties to solve equations governing
deformations of a composite for different loading conditions (load-unload and
reload, cyclic loading, blast loading) and compares, whenever possible, computed
results to experimental data available in the literature.

•

includes a case study investigating the behavior of a composite structure exposed
to an underwater explosive shock load. Detailed analysis of the effect of different
factors on the composite structure’s impact resistance is included. Factors
examined include stacking sequence, material properties, orientation angles, etc.
Computed results are synthesized to propose ways to improve the composite
structure’s resistance to a prescribed blast load.

1.1. Preliminaries
The fiber-laminated composite, shown in Figure 1.1, of thickness th and comprised of nlamina is considered to be an anisotropic material with respect to the global rectangular
Cartesian coordinate axes X1, X2 and X3.
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Figure 1.1: Choice of global rectangular Cartesian coordinate axes in a composite.

We use a set of local rectangular Cartesian coordinates, Xl, for the lth lamina to describe
its material principal directions. The X 1l - axis is parallel to the fiber, and the X 2l -, and
the X 3l - axes are perpendicular to the fiber; see Figure 1.2. We interchangeably use the
index and the direct notations, and sometimes use X-, Y- and Z- axes instead of the X1-,
X2-, and X3- axes. We assume that each lamina is transversely isotropic (i.e. exhibits
isotropic properties in the X 2l X 3l - plane).

Figure 1.2: Choice of rectangular Cartesian coordinate axes in a composite lamina.

The global rectangular Cartesian coordinate axes are used to describe the position X of a
material point in the reference configuration. The current position x of the material point

X at time t is given by
x i = x i ( X α , t ), i = 1,2,3; α = 1,2,3.

(1.1)

Here we have denoted the function and its value by the same symbol x. Latin indices are
used to describe components of a vector or a tensor with respect to coordinates in the
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present configuration and Greek indices with respect to coordinates in the reference
configuration.
An infinitesimal vector dX originating from the point X is deformed into the vector dx
originating from x, and the two are related by

dxi =

∂xi
dX α ≡ Fiα dX α ,
∂X α

(1.2)

where Fiα is the deformation gradient. A necessary and sufficient condition for the
motion (1.1) to have a differentiable inverse is that J ≡ det Fiα ≠ 0; J is called the
Jacobian of deformation. Henceforth, we assume that J > 0 .
(n )
, introduced by Seth (1964) and Hill (1968), is defined by
A general strain tensor, Eαβ

(n)
Eαβ
=

1
2n
(U αβ
− δ αβ ); Fiα = Riβ U βα ,
2n

(1.3)

where n is a nonzero integer, U the right stretch tensor, δ the Kronecker delta, and R an
orthogonal matrix. The matrix U is symmetric and positive definite. For n = 1, eqn. (1.3)1
gives the Green-St. Venant strain tensor E(1) henceforth written as E. Thus

Eαβ =

1 2
1
(U αβ − δ αβ ) = (Cαβ − δ αβ ); Cαβ = Fiα Fiβ .
2
2

(1.4)

The tensor C = U2 is called the right Cauchy-Green tensor.
Since the current position x and the deformation gradient F can be described in terms of
the displacement vector u by

x i = ( X α + uα )δ iα ; Fiβ =

∂x i
∂u i
= (δ iβ +
),
∂X β
∂X β

(1.5)

the Green-St. Venant strain tensor given by eqn. (1.4) has the expression

Eαβ =

∂u β
∂u i ∂u i
1 ∂uα
(
+
).
+
2 ∂X β ∂X α ∂X α ∂X β

(1.6)

For small displacement gradients, we neglect terms in eqn. (1.6) that are quadratic in
displacement gradients and arrive at the linear deformation theory in which

∂u β
1 ∂uα
+
) δ iα δ jβ ,
2 ∂X β ∂X α

ε ij = (
gives small strains.

(1.7)
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According to Hooke’s law,

σ ij = C ijkl ε kl ,

(1.8)

where Cijkl is a fourth order elasticity tensor with 21 independent components, called
elastic constants.

In the contracted notation, sometimes also referred to as Voigt’s

notation, eqn. (1.8) can be rewritten as

σ i = Cij ε j

(i, j = 1,2, K ,6),

(1.9)

ε 1 ≡ ε 11 ,
ε 2 ≡ ε 22 ,
ε 3 ≡ ε 33 ,
ε 4 ≡ 2ε 23 ,
ε 5 ≡ 2ε 31 ,
ε 6 ≡ 2ε 12 .

(1.10)

where

σ 1 ≡ σ 11 ,
σ 2 ≡ σ 22 ,
σ 3 ≡ σ 33 ,
σ 4 ≡ σ 23 ,
σ 5 ≡ σ 31 ,
σ 6 ≡ σ 12 ,

We note that, in the contracted notation, the shear strain terms are the engineering shear
strains, e.g., ε 4 ≡ 2ε 23 = γ 23 , etc.
The time derivative of eqn. (1.1) gives the velocity v of the material point X at time t.
That is,

vi = x& i ( X α , t ),

(1.11)

where a superimposed dot indicates the material time derivative. Solving eqn. (1.1) for
Xα in terms of xi and t, and substituting the result into eqn. (1.11) we get

vi = vi ( x j , t ),

(1.12)

where we have denoted the function and its value by the same symbol v. Differentiation
of both sides of eqn. (1.2) with respect to time t gives
•

dxi =

∂x& i
∂v ∂x j
∂v
dX α = i dx j ≡ Lij dx j ,
dX α = i
∂X α
∂x j ∂X α
∂x j

(1.13)

where L is the velocity gradient or gradient of the velocity field with respect to
coordinates in the present configuration. Equation (1.13) implies that

Lij = F&iα ( F −1 )αj

or

L = F& F −1 .

(1.14)
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The second-order tensor L may be written as

Lij = Dij + Wij ; Dij =

1
1
( Lij + L ji ), Wij = ( Lij − L ji ).
2
2

(1.15)

The tensor D is called the strain-rate tensor, and W the vorticity or the spin tensor.
Differentiation of eqn. (1.4) with respect to time t gives

2 E& αβ = F&iα Fiβ + Fiα F&iβ = Lij F jα Fiβ + Fiα Lij F jβ ,

(1.16)

= Fiα ( Lij + L ji ) F jβ = 2 Dij Fiα F jβ ,
or

E& = F T DF ,

(1.17)

which relates the rate of change of E to the strain-rate tensor D.
The first and the second Piola-Kirchhoff stress tensors T and S are related to the Cauchy
stress tensor σ by
Tiα = Jσ ij ( F −1 )αj , Sαβ = J ( F −1 )αi σ ij ( F −1 ) β j .

(1.18)

Sαβ E& αβ = J ( F −1 )αi σ ij ( F −1 ) β j ( Fkα Dkl Fl β ),

(1.19)

Note that

= Jδ kiσ ij Dkl δ lj = Jσ ij Dij ,
or
& ) = J tr (σ D).
tr (S E

(1.20)

The quantity tr(σ D) gives the working per unit present volume of internal stresses σ, and
tr(S E& ) equals the working of internal stresses per unit volume in the reference configuration.
Also,
Tiα F&iα = Jσ ij Lij = Jσ ij Dij ,

(1.21)

which when combined with eqn. (1.20) gives
Tiα F&iα = Sαβ E& αβ .

(1.22)

1.2. Evaluation of Effective Properties
Several methods have been proposed to find effective properties of a composite lamina; a
brief survey of some of these methods is given below. Most of the material in this section
is taken from Chamis and Sendeckyj (1968), Garg et al. (1973), Christensen (1979),
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Aboudi (1991), Noor and Shah (1993), Daniel and Ishai (1994), Herakovich (1998) and
Rodopoulos (2000). Expressions for the composite lamina’s effective properties are given
along the material’s principal directions. E1i is the axial modulus along the fiber
direction, and E 2i and E3i are the transverse moduli along the X2- and the X3- directions
respectively; ν 12i and ν 13i are Poisson’s ratios in the X2- and the X3- directions due to
loading in the X1- direction; G12i and G13i are shear moduli due to shear loading along the
i
i
and ν 23
are Poisson’s ratios in the X1- and the
X1- axis on the X2- and the X3- planes; ν 21
i
i
and G23
are shear moduli due to
X3- directions due to loading in the X2- direction; G21

i
i
shear loading along the X2- direction on the X1- and the X3- planes; ν 31
and ν 32
are

Poisson’s ratios in the X1- and the X2- directions due to loading in the X3- direction; and

G31i and G32i are shear moduli due to shear loading in the X3- direction on the X1- and the
X2- planes. The superscript i = m, f and C refers to material properties of the matrix, the
fiber, and the composite respectively. For isotropic constituents subscripts will be
dropped, e.g., G i is the shear modulus of the isotropic constituent i.

1.2.1.

Bi-Phase Composite Material Model

The Bi-Phase composite material model is applicable to unidirectional long fiber
reinforced lamina or fabrics. Its main feature is to distinguish between the behavior of the
fiber and the matrix. The stiffness and the strength of its elements are calculated by
superimposing the effect of a transversely isotropic phase (matrix with fibers replaced by
matrix with voids) and a unidirectional phase (fibers only) as shown schematically in
Figure 1.3.

Figure 1.3: Schematic sketch of the Bi-Phase composite material model.
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The advantage of using this model is that each phase (fiber or matrix) possesses its own
rheological law. While the matrix phase is assumed to be transversely isotropic,
elastoplastic (von Mises) or micro-fracturing brittle material, the fibers are modeled as
unidirectional elastic, brittle or ductile by using a damage law. Upon incremental loading,
stresses are calculated separately in each phase. The damage and fracture (matrix
cracking and fiber fracture) can propagate independently based on the criterion chosen
for each phase (Haug and Jamjian, 1996).

1.2.2.

Homogenized Composite Material Models

“It would be an unthinkable task to analyze composite materials by keeping track of the
strains, strain rates and strain gradients within and around each and every inclusion in the
material. At the other end of the scale, we could simply pretend that the individual phases
do not exist, measure the macroscopic properties and proceed with the structural design
task. This approach, while practical, ignores the main opportunity and challenge of
composite materials, namely to tailor the microscale features and characteristics to
achieve certain desired or optimal macroscopic behavior. Thus, we are naturally led to
the problem of averaging the microscale effects and characteristics to predict the
macroscopic behavior” (Christensen, 1982). Different models have been adapted to
obtain a homogeneous material approximately equivalent in mechanical response to a
composite material.

1.2.2.1. Simple Analytical Models
The basic assumption here is of uniform stresses and strains in the constituents. It is
adequate when properties are not sensitive to fiber shape and distribution. Cox (1952)
published the first analytical model, “Netting analysis”, to predict the stress-strain
behavior of composite systems. It assumes that fibers are thin, long and straight (the
effect of the fiber diameter is minimal), the load is applied to end points of fibers and
there are no interfacial stresses. In addition, the bending stiffness of fibers and any
contribution made by the matrix phase are negligible. Cox (1952) considered a twodimensional (2-D) system made of planar mats of fibers, as shown in Figure 1.4, and
subjected it to tensile strains ε11 and ε22, and to shear strain γ12. The axial stress in the
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fiber is assumed to be proportional to the axial strain. Consequently, the effective elastic
constants are derived.

Figure 1.4: The planar mat of fibers.

The netting analysis for a 3-D system can be performed in a manner similar to the 2-D
case. It has a number of drawbacks. By ignoring the contribution of the matrix phase, it
neglects load transfer from fibers to the matrix and vice-a-versa. The fiber length is not
considered since the load is assumed to be carried only by the fibers’ end points.
Additionally, it predicts zero strength transverse to the fibers. However, it is still used in
the design of filament wound pressure vessels since the geometry of the filament wound
structure eliminates major drawbacks of the netting analysis (Rodopoulos, 2000). The
filament is in the direction of principal loads and thereby utilizes most of the potential
strength of the material (Garg et al., 1973).
The “Law/Rule of Mixtures” (LOM or ROM) was proposed by Gordon (1952) and
Arridge (1963) to correct weaknesses of the netting analysis. They proposed several
modifications to account for the matrix fiber interaction. The fundamental assumption is
that when an external strain is applied to a multiphase system, and all phases respond
evenly by producing a strain equal to the applied one, then this strain can be taken as an
average strain. They considered a composite made of a cylindrical fiber surrounded by a
tubular matrix, and argued that when an axial stress σ 11C is applied parallel to the fibers a
mechanical coupling exists between the matrix and the fiber to make them elongate
equally. We can thus assume strain compatibility between the two phases (often referred
to as the Voigt model or the isostrain analysis). The axial stress in the composite material
can be approximated by the weighted sum of the axial stress in each phase as
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N

N

σ 11C = ∑ V iσ 11i

where

i =0

∑V

i

= 1,

(1.23)

i =0

Vi is the volume fraction of phase i, and N is the number of phases present in the
composite. For a two phase system

σ 11C = σ 11f V f + σ 11mV m ,

where V m = 1 − V f .

(1.24)

Equation (1.25) gives the axial composite modulus, E1C :
E1C = E1f V f + E1mV m .

(1.25)

1.2.2.2. Mechanics of Materials Models
A typical model in this category is that of Ekvall (1961); the analysis in it is more
sophisticated than that in the rule of mixtures, and it derives values for the four
independent material constants: E1C , E 2C ,ν 12C and G12C . It assumes that the composite is
made of unidirectional layers one fiber diameter thick, the fibers in each layer are evenly
spaced, the matrix and the fiber are securely bonded together, and both the fiber and the
matrix obey Hooke’s law (Garg et al., 1973). Upon considering properties of the
composite in the longitudinal (parallel to fibers) direction we arrive at the same equation
as that derived from the LOM. The effective axial modulus, E1C , is given by eqn. (1.25),
and the effective Poisson’s ratio by

ν 12C =

C
− ε 22

ε

C
11

= (ν 12f V f + ν 12mV m ) .

(1.26)

That is, ν 12C also obeys the LOM. For the composite subjected to a uniform average
C
transverse normal stress, σ 22
, we assume that the transverse stress in the composite is
C
m
uniform, i.e., σ 22
= σ 22
= σ 22f , and obtain the following expression for the transverse

modulus E 2C .
V f Vm
1
=
+
.
E 2C E 2f E 2m

(1.27)
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The effective shear modulus, G12C , is obtained in a manner similar to the transverse
modulus E 2C , i.e., the shear stress is assumed to be same in the fiber and the matrix. Thus
the shear modulus G12C is given by
1
V f Vm
=
+
.
G12C G12f G12m

(1.28)

1.2.2.3. Elasticity Theory Models
The above-described models considered simple external loads, resulting 1-D
deformations, and neglected deformations in the other two directions; however, models
based on the elasticity theory overcome these shortcomings. Hashin and Rosen (1964)
have proposed a “Concentric Cylinder Assemblage” model (CCAM), which is a 2-D
counterpart of their (1962) 3-D “concentric spheres assemblage” model. The CCAM is
comprised of an assemblage of infinitely long circular cylinders representing a
unidirectional continuous fiber composite, each composite consisting of a fiber core
surrounded by a matrix annulus, such that this combination fills the entire volume and the
fiber volume fraction remains constant in all cylinders; one member of this assemblage is
exhibited in Figure 1.5. The two constituents and the composite are assumed to be
isotropic. The axial force P applied to the assemblage is assumed to produce a constant
axial strain in the composite.

Figure 1.5: Concentric cylinder assemblage.

A modified plane strain problem is then solved, where it is assumed that the radial and
the tangential displacements are functions of r and θ only, while the axial displacement is
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a linear function of the axial co-ordinate X1. Here r and θ denote, respectively, the radial
and the circumferential coordinates of a point. The problem can alternatively be solved
by assuming it to be axisymmetric and using the Airy stress function. The longitudinal
elastic modulus E1C is obtained by equating the strain energy of the homogeneous
cylinder to the sum of the strain energies of the fiber and the matrix. The derived
effective elastic constants are given below.
E1C =

[2(ν f −ν m ) 2 E f E m (1 − V f )V f ]

(1.29)

[ E m (1 − V f )(1 −ν f − 2(ν f ) 2 ) + [V f (1 −ν m − 2(ν m ) 2 ) + (1 −ν m )]E f ]

+ E m + ( E f − E m )V f ,

ν 12C =
ν −

[2(ν m −ν f )(1 − (ν m ) 2 ) E f V f ]

m

[ E (1 − V )(1 −ν − 2(ν ) ) + E [V (1 −ν − 2(ν ) ) + (1 + ν )]]
m

f

f

f

E 2C =

2

f

f

m

C
C
E1C (1 −ν 23
2 K 23
)
,
C
C 2
C
E1 + 4(ν 12 ) K 23

⎛ (G f + G m ) + (G f − G m )V
G =G ⎜ f
⎜ (G + G m ) − (G f − G m )V
⎝
C
12

m 2

m

,

(1.30)

(1.31)
f

m

f

⎞
⎟,
⎟
⎠

(1.32)

C
where K 23
is the effective bulk modulus.

Avery and Herakovich (1986), Knott and Herakovich (1988, 1991), and Hashin (1990)
have presented CCAMs for orthotropic material phases. An inelastic response using
CCAM was considered by Pindera et al. (1993). The “Three Phase composite cylinder
model” was proposed by Christensen and Lo (1979) to give a closed form expression for
C
the effective transverse shear modulus G23
that could not be obtained by using the

original CCAM.

The “Three Phase composite cylinder model” is based on three

concentric cylinders in which the fiber and the matrix are embedded in the annulus of the
equivalent homogeneous material. For small fiber volume fractions the expression for
C
given by Herakovich (1998) is
G23
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⎛
⎞
⎜
⎟
⎜
⎟
⎜
⎟
⎜
⎟
Vf
C
m
G23 = G ⎜1 +
.
7 m ⎟⎟
m
⎜
(K + G )
Gm
3
⎜
⎟
+
f
m
⎜
⎟
8
G −G
(2 K m + G m ) ⎟
⎜
3
⎝
⎠

(1.33)

Adams and Tsai (1969) studied the composite material by assuming it to be composed of
a random array of two types of representative volume elements (RVEs); square and
hexagonal. Results for the hexagonal array agreed better with experimental values than
those for the square ones. The “Self consistent model” employs Eshelby’s (1957) solution
to the problem of a single ellipsoidal inclusion embedded in an infinite medium. Perfect
bonding is assumed between the inclusion and the infinite medium resulting in
displacement and traction continuity at the interface. Uniform stresses or strains are
applied at infinity to determine stresses and strains in the inclusion. Hill (1965) and
Budiansky (1965) applied it to unidirectional composites. The average stress and the
average strain in the fiber are taken to equal those in the inclusion. The infinite medium is
homogeneous and has properties of the composite. The effective moduli so obtained are
given by the following equations.

Vf
1
1−V f
=
+
,
2G12C G12C − G m G12C − G f
⎛ V f Gm
(1 − V f )G f
(1 − V f ) K m
V fKf
⎜
+
=2 m
+
C
C
C
⎜ G − GC
K f + G23
K m + G23
G f + G23
23
⎝

⎛ Vf
(1 − V f ) K m
K = ⎜⎜ f
+
C
C
K m + G23
⎝ K + G 23
C

(1.34)
⎞
⎟,
⎟
⎠

−1

⎞
C
⎟ − G23
,
⎟
⎠

4(ν m − ν f ) 2 ⎛ V f (1 − V f )
1 ⎞⎟
⎜
+
−
E = V E + (1 − V ) E +
,
2
f
Km
K C ⎟⎠
⎛ 1
⎞ ⎜⎝ K
1
⎜
⎟
−
⎜Km K f ⎟
⎝
⎠
C
1

f

f
1

f

(1.35)

(1.36)

m

(1.37)
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= V f ν f + (1 − V f )ν m +

(ν m − ν f ) ⎛ 1
(1 − V f ) V f ⎞
⎜
+
− m ⎟.
C
f
⎜
K
K
K ⎟⎠
⎞
⎛ 1
1 ⎟⎝
⎜
−
⎜Km K f ⎟
⎠
⎝

(1.38)

Mori and Tanaka (1973) proposed that the average strain in the fiber (inclusion) is related
to that in the matrix by a fourth-order tensor T (not to be confused with the Cauchy stress
tensor) when the composite is subjected to a uniform strain at infinity; the tensor T
accounts approximately for the interaction among adjacent fibers. Herakovich (1998) has
given the following explicit expressions for the effective properties of a unidirectional
composite with transversely isotropic constituents.
⎛ 1
4(ν 12C ) 2
k f k m + m m [V f k f + V m k m ]
4
⎜
=
−
−
+
k =
⎜ GC EC
V f k m + V mk f + mm
E1C
2
⎝ 23
C

lC =

−1

⎞
⎟ ,
⎟
⎠

V f l f (k m + m m ) + V m l m (k f + m m )
= 2k Cν 12C ,
V f (k m + m m ) + V m (k f + m m )

l f −lm
n = V n + V n + (l − V l − V l ) f
k −km
C

f

f

m

m

C

f

f

2

mC =

C

C 2
12

(1.40)

m m

lC
= E + 4k (ν ) = E + C ,
k
C
1

(1.39)

(1.41)

C
1

m f m m (k m + 2m m ) + m m k m (V f m f + V m m m )
C
= G 23
,
m m k m + (k m + 2m m )(V f m m + V m m f )

(1.42)

2

p =
C

2V f p f p f + V m ( p f p m + p m )
2V p + V ( p + p )
f

m

m

f

m

= G12C .

(1.43)

Here (ki,li,mi,ni,pi) are Hill’s moduli for the constituent i.
Another analytical method for finding the approximate elastic and inelastic response of
fibrous composites is the “Method of Cells” (MOC) developed by Aboudi (1991) for 2-D
(continuous fibers) or 3-D (e.g. short fibers or inclusions) composites. The analysis is
limited to a RVE that includes one fiber and the surrounding matrix. For the MOC, a
RVE consists of four rectangular subcells; the first subcell is fiber and the remaining
three subcells are matrix. The averaging procedures for the stress and the displacement
continuity mask the actual shape of the fiber. The final results for the effective elastic and
inelastic response of fibrous composites are a function of the constituent properties and
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the fiber volume fraction, and correlate well with those obtained numerically and
experimentally. However, effective properties of the unidirectional composite are not
transversely isotropic unless an additional step is taken to average them about the fiber
axis. The “generalized method of cells” (GMOC) developed by Paley and Aboudi (1992)
extends the original MOC to any number of rectangular sub-cells, permits improved
modeling of the specific fiber shape in the composite, and the inclusion of interfacial
regions or gradations of properties in the fiber or the matrix. The GMOC gives improved
prediction of the inelastic response of composites

1.2.3.

Semi-empirical Models

Halpin and Tsai (1967) developed the following widely used equation:
pC 1 + ξ η V f
=
,
pm
1−η V f

(1.44)

( p f / pm ) −1
.
( p f / pm ) + ξ

(1.45)

where

η=

i
i
The parameter pi represents one of the moduli, i.e., E11i , E 22
of the constituent
, G12i or G23

i, and ξ is an empirical parameter derived by curve fitting. It can be obtained by
comparing eqn. (1.44) with experimental values. Typical values of ξ for the five moduli
of a uniaxial composite are listed in Table 1.1.
Table 1.1: Typical values of ξ for different moduli of a uniaxial composite.

*

Modulus

ξ

E11C

2(L/d)*

C
E 22

0.5

G12C

1.0

C
G 23

0.5

KC

0

L/d is the ratio of the length, L, to the fiber diameter, d.
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Nielsen (1974) hypothesized that the Halpin-Tsai (HT) eqn. (1.44) should incorporate the
maximum packing parameter, φmax, for the reinforcement to distinguish between different
fiber packing configurations, and proposed the following equations.
pC 1+ ξ η V f
=
,
p m 1 − ηψ V f

(1.46)

( p f / pm ) −1
,
( p f / pm ) + ξ

(1.47)

η=

1 − φ max

ψ ≈ 1+ (

φ

2
max

)V f .

(1.48)

Values of the maximum packing parameter as a function of the packing configuration
are: for square packing of fibers, φmax = 0.785; for hexagonal packing, φmax = 0.907; and
for random packing, φmax = 0.82.
Chamis (1968, 1984) presented the following unified set of semi-empirical
micromechanics equations for the mechanical, the thermal, and the hygral properties of a
unidirectional composite ply transversely isotropic about the X1 - axis.
E1c = V f E1f + V m E m ,

E =
c
2

G12c =

Em
1 − V (1 − E
f

m

f
2

E )

m

f
12

(1.49)
= E 3c ,

(1.50)

= G13c ,

(1.51)

,

(1.52)

Gm
1 − V (1 − G
f

c
G23
=

G )

G12m
1 − V f (1 − G m G23f )

ν 12c = V f ν 12f + V mν f ,

ν

c
23

E 2c
=
−1,
c
2G 23

(1.53)
(1.54)

cc ρ c = V f c f ρ f + V mc m ρ m ,

(1.55)

K 1c = V f K 1f + V m K m ,

(1.56)
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K 2c = (1 − V f ) K m +

α 1c =
α 2c = α 2f V

f

Km V

f

1 − V (1 − K
f

m

V f α 1f E1f + V mα m E1m
E1c

+ (1 − V f )(1 + V f ν m

f
2

K )

= K 3c ,

,

E1f
E1c

(1.57)

(1.58)
)α m = α 3c ,

(1.59)

where for β = 1, 2, 3 , α βi and K βi are, respectively, coefficients of thermal expansion
and thermal conductivities of the constituent i along the X β - direction. The subscript β
is dropped for matrix since it is assumed to be isotropic. Furthermore, c i is the specific
heat and ρ i the mass density of constituent i. We note that eqns. (1.49) and (1.53) for the
longitudinal modulus and Poisson’s ratio of the composite are identical to eqns. (1.25)
and (1.26) respectively. Equations (1.27) and (1.28) for the transverse modulus and the
shear modulus of the composite reduce to eqns. (1.50) and (1.51) if the fiber volume
fraction V

f

1.2.4.

Numerical Methods

in them is replaced with V f .

Micromechanics of composite materials has been studied extensively using numerical
techniques such as the finite elements (FEs) and the finite differences to find a
homogenized material, and compare its effective properties to those found by other
theoretical and experimental methods. Numerical analysis is time consuming and does
not yield closed form expressions. However, for elasto-plastic composites, it may be the
only way to find their effective properties.

1.3. Damage Analysis
Damage development in composite laminates is a complicated process. Even when it
does not cause catastrophic failure, it reduces structure’s stiffness. The failure of
composites under different loading conditions has been studied experimentally,
numerically and analytically.
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Failure Modes

The four main failure modes recognized to occur upon loading a composite structure are
fiber breakage, matrix cracking, debonding and delamination. It should be noted that
although these failure mechanisms are common in most composites, the sequence in
which they occur and the interaction among them depend on the type of loading and
properties of the constituents. Also, the damage generally progresses with increasing
load. Studies of the progressive degradation of the material as a consequence of growth
of internal damage are of utmost importance for the understanding of failure and
determining the service life of the structure.

1.3.1.1. Fiber Breakage
The strength of composites is determined by that of fibers. In designing for fiber fracture
we should keep in mind that a fiber can break many times inside a composite material
system; this is a major advantage of fibrous composites. The matrix material around a
fiber holds onto its ends by shear forces along the length of the fiber over a distance that
is usually called the “ineffective length”. The “ineffective length”, δ, is that portion of
the fiber length which is not fully effective in carrying the load, and is a fundamental
characteristic of a fiber-reinforced material. Fiber failures occur at imperfection points in
a fiber. As the applied load increases, a fiber breaks into additional pieces until the length
of each piece is less that the ineffective fiber length, and the composite fails. The local
failure modes around a fiber break depend on properties of the fiber and the matrix, and
the interfacial shear strength between them.
Statistical analysis has been used to capture the cumulative behavior of fibers. Assume
that a single fiber of length, l , follows a statistical Weibull cumulative probability of
failure. At the same time, the matrix can hold the fiber together after one breakage, so
the fiber breaks more than once before total failure of the composite occurs. From these
two assumptions, the probability of failure, P (σ 11C ) , at axial stress σ 11C is computed to be
(Reifsnider and Case, 2002):
P (σ 11C ) = 1 − exp(−

l σ 11f α
(
) ),
l 0 σ 0f

(1.60)
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where σ 0f is the axial stress required to cause one fiber failure, on average, in a fiber of
length l 0 , and the parameter α is the Weibull modulus. It describes the variability
(scatter) in the strength values about the average (large values of α correspond to small
scatter in the data). Values for σ 0f and α must be determined for a reference value of l 0 .
Rosen (1964) analyzed the strength of composite materials reinforced by fibers with a
statistical strength distribution by use of a RVE that includes one broken fiber surrounded
by several unbroken ones; e.g., see Figure 1.6.

Figure 1.6: Rosen’s RVE for the analysis of tensile failure.

The broken fiber causes redistribution of stresses around the fracture points. Loads must
then pass from one end of the broken fiber past the break to the other end. The
mechanism for accomplishing this load transfer is the development of high shear stresses
in the matrix over a short distance from the fiber break. The longitudinal fiber stress is
thereby increased from zero at the break to the stress level σ 11f of any other fiber in the
composite material far from the break. Thus, the fiber tension problem is transformed
into a fiber pull out problem after the fracture. Failure of the composite material can then
occur in two ways. First, the shear stress in the matrix around the fiber could exceed the
allowable shear stress. More precisely, the bond between the fiber and the matrix might
be broken due to high shear stress in the aforementioned mechanism for transfer of load
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between broken fibers; this mode of failure is “debonding”. Second, the fiber fracture
could actually propagate across the matrix through other fibers, and hence cause overall
fracture of the composite material (Jones, 1999).
In numerical simulations, a failure criterion is used to determine when and where the
damage can initiate in the composite structure. Luo et al. (2001) used the FE package
ABAQUS to simulate their experimental setup of a steel ball freely dropped from a 0.5 m
height to hit the centroid of the upper surface of the (04/904)s carbon-epoxy composite
plate. They assumed that the fiber breakage occurred when the axial tensile stress σ 11C in
the composite along the fiber direction satisfies
Df =

σ 11C
≥ 1,
[σ 11C ]

(σ 11C ≥ 0) ,

(1.61)

where [x] denotes the limiting value of quantity x, e.g., [σ 11C ] is composite’s strength.
When Df = 1 at a point, the axial stress σ 11C at that point is assumed to drop to zero.
Langlie et al. (2000) numerically simulated, with the FE code DYNA2D, their ballistic
tests for various woven fiber reinforced polymeric composites at impact velocities above
2000 ft/s. They assumed the tensile fiber breakage to occur when
Df =

σ 11C
[σ ]

f
11 tension

≥ 1,

(σ 11C ≥ 0) ,

(1.62)

where [σ 11f ]tension is the fiber breaking strength in tension. They also assumed that at the
failed point not only σ 11C but σ 12C also vanish. This was achieved by modifying the
compliance matrix Q (i.e., the inverse of the elasticity matrix C) as follows:
⎧ 1
⎪ C
⎪ E11
⎪ ν 12C
⎪⎪ − C
E11
⎨ UC
⎪− ν 13
⎪ E11C
⎪
⎪ 0
⎪⎩

−

ν 21C
C
22

E
1
C
E 22

−

−
−

ν 31C
C
33
C
32
C
33

E

ν

E

E
1
E 33C

0

0

ν

UC
23
C
22

⎫
0 ⎪
⎪
0
⎪ ⎧
0 ⎪ ⎪0
⎪ ⎪
⎬⇒ ⎨
0 ⎪ ⎪0
⎪ ⎪0
⎩
1 ⎪⎪
G12C ⎪⎭

The Cauchy stress vector was also modified as:

0
1
C
E 22
0
0

0 0⎫
⎪
0 0⎪
⎬.
0 0⎪
0 0⎪⎭

(1.63)
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⎧σ 11C ⎫ ⎧ 0 ⎫
⎪ C⎪ ⎪ C⎪
⎪σ 22 ⎪ ⎪σ 22 ⎪
⎨ C ⎬ ⇒ ⎨ ⎬.
⎪σ 33 ⎪ ⎪ 0 ⎪
⎪⎩σ 12C ⎪⎭ ⎪⎩ 0 ⎪⎭

(1.64)

Here, the symbol => implies that the left-hand side is replaced by the right-hand side.

1.3.1.2. Matrix Cracking
This is the most pervasive damage mode in composites. During this mode of failure,
cracks are densely distributed, i.e., they occur in great numbers throughout the specimen.
The cracks do not develop and grow independently since stress fields associated with
them interact with each other.
Highsmith (1981) studied the effect of transverse cracking on laminate stiffness, and
proposed a 1-D shear lag model to predict the longitudinal stiffness as a function of crack
density. Reifsnider and Case (2002) investigated the effect of matrix cracking through
extensive experiments under quasi-static loading. As the axial load applied to the
composite increases, the axial stress, σ 11C , in a ply increases in proportion to the volume
fraction of that ply. A strain based failure criteria is used, i.e., when the axial strain in a
certain ply reaches, ε 11C , at which the matrix cracks, that ply cannot support any axial
load. The resulting bilinear stress-strain curve matches well the experimental one for
laminates that develop matrix cracking. Reifsnider and Case (2002) also estimated the
axial stress in a broken ply as a function of the distance from a crack. This concept is
similar to that of the ineffective length for fiber fracture. However, in this case, a matrix
crack in one ply causes increased normal and shear stresses in the neighboring plies
influencing the next event in the sequence of damage development.
In numerical simulations, Luo et al. (2001) assumed the following ellipsoidal failure
envelope for the matrix:
Dm = (

C
C
σ 22
σ 12C 2 σ 23
2
)
+
(
)
+
(
) 2 ≥ 1,
C
[τ ]
[τ ]
[σ 22
]

C
(σ 22
≥ 0) ,

(1.65)

where [τ ] is the composite’s shear strength. They assumed that the strength components
C
] of the material are the same, and equal the composite’s shear strength
[σ 12C ] and [σ 23
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C
[τ ] , which is not necessarily the case and all three stress components [σ 22
] , [σ 12C ] and
C
[σ 23
] are assumed to act on X1 X2- plane. Failure occurs when Dm reaches 1. At failure,
C
, σ 12C and
the local stiffness matrix is modified to reduce the three stress components, σ 22

σ 23C to zero.

1.3.1.3. Fiber/matrix Debonding
Interfaces in composite materials play a major role in determining their mechanical and
thermal properties. Good properties of the composite can be realized only if loads and the
heat flux are effectively transferred among the constituents. Load transfer between the
phases of a composite material depends on the degree of contact and cohesive forces at
the interface. Even though the knowledge of properties of the interfacial zone is
necessary to predict the overall composite response, there is a lack of information on the
exact behavior at the interface. The existence of a perfect bond is actually an idealization
of the complex situation that occurs at the interface where an interphase is known to exist
between the two phases. The nature of the bond is affected by many factors including
thermal treatment, fabrication process, the fiber shape and material, and the matrix.
Interfacial damage can be expressed by the loss of displacement and/or temperature
continuity at the interface, and can be simulated by a lubricated interface, a free interface,
a flexible interface, or by sliding at interface that is controlled by friction (Aboudi, 1991).
An intermediate layer between the constituents of a composite may be introduced to
represent the effect of interfacial damage. The effect of degree of adhesion is determined
by a proper choice of material constants and thickness of the interface. It is easier to
represent the interfacial damage by an elastic flexible interface. In such a representation,
the effect of partial adhesion is considered using a thin film with shear stress taken to
depend on the relative tangential displacement at the interface, and the normal bond stress
to depend on the relative normal displacements. Thus this model contains two parameters
that represent the degree of adhesion in tangential and normal directions at the interface.
Perfect bonding and complete debonding are obtained as special cases by a proper choice
of values of the two parameters (Aboudi, 1991).
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Coulomb’s friction law gives another method for representing an interfacial debonding
damage. A perfect bond is assumed up to a critical shear stress above which the
constituents are allowed to slide along the interface. The sliding is controlled by friction
force which is governed by the coefficient of friction. The critical interfacial shear stress
is determined by normal stresses acting there and depends on whether these stresses are
tensile or compressive. Coulomb’s friction law involves two parameters: the coefficient
of cohesion, which accounts for the shear strength of the bond, and the coefficient of
friction. Coulomb’s interfacial damage is more realistic than the flexible interface model,
and it introduces a nonlinear behavior because the response in tension is different from
that in compression. It also leads to load dependent anisotropy (Aboudi, 1991).

1.3.1.4. Delamination
Delamination is very frequently treated as an independent damage mode and is usually
nucleated by matrix cracking (O’Brien, 1982; Reifsnider et al., 1979). It is an important
failure mode observed in laminated composites subjected to impact loads, and is
governed by the transverse shear and the transverse normal stresses occurring at the
interlaminar planes of a laminate. Thus, the prediction of delamination requires a detailed
knowledge of the transverse shear and the transverse normal stresses. Different authors
employed distinct delamination failure criteria in their analyses. Sierakowski and
Chaturvedi (1997) assumed that delamination in a given composite plate occurs when the
transverse shear stress exceeds a threshold value while others also considered the
transverse normal stress. In numerical simulations, Luo et al. (2001) described
delamination failure criterion by the following ellipsoidal failure envelope:
Dd = (

σ 33C 2 σ 13C 2 σ 23C 2
) +(
) +(
) ≥ 1,
C
[τ ]
[τ ]
[σ 33
]

C
(σ 33
≥ 0) .

(1.66)

C
C
Here σ 13C , σ 23
and σ 33
are the transverse shear and the transverse normal stresses. They
C
] of the material are the same, and
assumed that the strength components [σ 13C ] and [σ 23

equal the composite’s shear strength [τ ] , which is not necessarily the case. Langlie et al.
(2000) ignored the transverse shear stresses and considered the delamination progressive
failure to occur when
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Dd =

σ 22C
[σ ]

d
22 tension

≥ 1,

C
(σ 22
≥ 0) ,

(1.67)

d
where [σ 22
]tension is the tensile delamination strength. Once delamination occurs at a

material point, the compliance matrix Q and the Cauchy stress vector there are modified
as follows:

⎧ 1
⎪ C
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⎪⎪− E C
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ν 31C

E33C
0
1
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⎫
0⎪
⎪
0⎪ ,
⎬
0⎪
⎪
0⎪⎭

⎧σ 11C ⎫ ⎧ 0 ⎫
⎪ C⎪ ⎪ C⎪
⎪σ 22 ⎪ ⎪σ 22 ⎪
⎨ C ⎬ ⇒ ⎨ ⎬.
⎪σ 33 ⎪ ⎪ 0 ⎪
⎪⎩σ 12C ⎪⎭ ⎪⎩ 0 ⎪⎭

(1.68)

(1.69)

Stresing et al. (2000) analyzed, numerically and experimentally, the damage induced by
birds striking lightweight composite structures. A bird was modeled as an elastic-plastic
material with negligible strain hardening. The piecewise linear rate-independent stressstrain curve was used in the FE code DYNA3D. The material comprising the bird was
assumed to have failed when the effective plastic strain exceeds 125%, and failed
elements were deleted from the analysis. For the structure a shear stress or strain based
failure criterion was considered.

Discrepancies existed between numerical and

experimental results which Stresing et al. (2000) attributed to inadequate damage models,
like delamination failure modes, that the code did not reproduce well.

1.3.2.

Damage Mechanics

Jovicic et al. (2000) suggest the following three methods to incorporate damage in the FE
simulation. First, a ductile/brittle interface where the connectivity of elements is allowed
to change during impact via a force-displacement law for element boundaries that include
separation criterion based on the maximum force or the maximum displacement; this is
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usually called the cohesive zone model. In these models, usually no interaction between
elements is allowed after they separate. Second, an element is assumed to have failed
when a pre-assigned combination of stresses and strains reaches a critical value, and the
failed element is eliminated from the analysis. A key disadvantage of this method is that
in real life the material contained in the damaged area still participates in the damage
resistance after initial failure. Third, a continuum damage mechanics approach wherein
an evolution equation for damage is necessary and must be integrated together with the
equilibrium equations.
Luo et al. (2001) have analyzed, by the FE method, the damage initiation and
propagation in composite panels impacted by a steel ball. They assumed that nodes on the
contact surface between the plate and the ball can only slide by a small amount on that
surface, and the non-interpenetration condition was enforced through a Lagrange
multiplier that represents the interface pressure between the steel ball and the composite
structure. The effect of material damage was simulated by reducing values of elastic
constants in failed elements.
Haug and Jamjian (1996) used the following affine relation to degrade the elastic
modulus of the fiber and the matrix with the evolution of damage and implemented it in
the Bi-phase composite material model:
E (d t ) = (1 − d t ) E 0 ,

(1.70)

where E stands for the current elastic modulus, E0 is the initial modulus, and the damage
parameter, dt, varies from 0 to 1. The damage parameter, dt, equals the sum of the
volumetric strain damage, dv, and the shear strain damage, ds. Whereas dv is a function of
the volumetric strain, ε v = tr (ε ) , the shear strain damage, ds, is a function of the

1
1
equivalent strain, ε s = ( tr (ε − ε v δ) 2 ) 1 2 . The damage modulus continues to vary with
2
3
equivalent strain till an ultimate strain value, ε u , is reached. At this point the stress and
the modulus have reached very small values due to the damage parameter becoming
almost 1. Subsequently, the stress remains constant at this very small value, while the
damage tends asymptotically to one for a fully damaged material.
Iannucci et al. (2001) categorized four methods for predicting damage in advanced
composite materials. First, a failure criterion based on the equivalent stress or strain; this
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method has been developed and applied to the analysis of static problems. Second, a
fracture mechanics approach that is based on the energy release rate; this cannot be easily
incorporated into a progressive failure methodology. However, the use of a stress or a
strain based approach to initiate damage followed by a fracture mechanics approach,
which requires an initial flaw size, may be a realistic solution. Third, a plasticity or a
yield surface approach. Fourth is the damage mechanics approach that can determine
reasonably well the full range of deterioration of material properties of a composite
material. In addition this method can predict different failure modes in composites, and
include energy dissipation mechanisms due to the formation of microcracks and
microvoids within the composite.
Williams and Vaziri (2001) have suggested that the damage growth in the vicinity of a
crack tip or a fracture site in a polymeric composite softens the material there. Strain
softening behavior can be more easily incorporated through models based on continuum
damage mechanics (CDM) initiated by Kachanov (1958) and Rabotnov (1963). Their
work has been followed and continued by many researchers. The CDM aims to predict
the response of the material in the presence of damage that initiates at some stress state
and generally increases with increasing stresses up to a macroscopic crack initiation or
failure; prediction of conditions for failure is another goal of CDM. The key assumption
in CDM is that a micromechanical process can be treated at a macro level by
homogenizing the damage over a RVE. We have adopted this approach in characterizing
damage and failure of composites under static and dynamic loads.
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2. Damage development in polymeric composites
2.1. Abstract
We postulate that dominant damage modes in a fiber-reinforced laminated composite are
the fiber breakage, fiber/matrix debonding, matrix cracking, and delamination. The first
three damage modes are represented by internal variables, and their development is
governed by constitutive relations. The delamination failure mode is presumed to initiate
at a point on an interface between adjoining layers when the transverse shear and the
transverse normal stresses there satisfy a failure surface in the stress space. Equations
expressing the balance of mass, the balance of linear momentum, the balance of internal
energy, constitutive relations, and those giving the development of damage are
simultaneously solved numerically to find an approximate solution of a transient 3-D
initial-boundary-value (IBV) problem. Values of material parameters for the AS4/PEEK
composite are determined from experimental data available in the literature.

The

developed mathematical model has been validated by comparing computed results for
several IBV problems with the corresponding experimental values available in the
literature.

Keywords: Composite, Failure, Inelastic behavior, Continuum damage mechanics.

2.2. Background
Damage development in composite laminates is a complex process. Damage, which often
is undetectable, includes matrix cracks, fiber breakage, and fiber/matrix debonding. Even
when it does not cause catastrophic failure, it significantly reduces structural stiffness.
Many researchers, for example VinÇon et al. (1998), Vogler and Kyriakides (1999),
Stout et al. (1999), Gilbert et al. (2002), Steeves and Fleck (2004), have performed
experiments to study the failure behavior of polymeric composites. Other investigators,
like Matzenmiller et al. (1995), Zhu and Cescotto (1995), Voyiadjis and Deliktas (2000),
Zhu and Sun (2000), Espinosa et al. (2000), Williams and Vaziri (2001), Tang et al.
(2002), Maa and Cheng (2002), have employed numerical and analytical methods to
predict the damage initiation and propagation in composite structures. A common
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technique for predicting damage initiation is to define a failure criterion/envelope based
on the equivalent stress or the equivalent strain, or their combination. Upon initiation of
failure, the moduli are assumed to degrade with the progression of damage till they
become zero and the material point is taken to have failed completely. Other criteria for
predicting damage include a fracture mechanics approach based on the energy release
rate, or a distributed damage approach involving an evolution equation for damage that
must be integrated together with the equations of motion. Continuum Damage Mechanics
(CDM), which is a distributed damage mechanics approach, outweighs other approaches
because of its flexibility and the ease with which it can describe physical phenomena
associated with damage.
CDM was initiated by the work of Kachanov (1958), and Rabotnov (1963). The key
assumption in CDM is that a micro-mechanical process can be treated at a macro level by
homogenizing the damage over a Representative Volume Element (RVE) since the
damage manifests itself as a distribution of voids in the material. Coleman and Noll
(1959) developed a thermodynamic theory of materials with internal variables; an
internal variable is non-observable, is obtained from an evolution law, and may be
associated with a damage variable. Talreja (1985) discussed a CDM approach to describe
constitutive relations for composite materials. The concepts of RVE and tensor internal
variables have been invoked and incorporated in a formulation to describe the thermomechanical response of a material. For isothermal deformations specific relations
between stiffness changes and damage have been derived. Talreja (1985) identified
damage with the gradual deterioration of a material due to the initiation and growth of
micro-cracks and micro-voids. Ladveze (1992) followed a similar approach and used
CDM to describe the deterioration of a material’s strength. In addition, an elasto-plastic
material behavior with no coupling between the damage and the plastic deformations was
assumed with elastic deformations obeying Hooke’s law. Zhu and Cescotto (1995)
developed a CDM theory for anisotropic elastoviscoplastic materials undergoing finite
strains and studied their ductile fracture.
For analysis of nonlinear composites, Matzenmiller et al. (1995) proposed for a lamina a
CDM based model with three damage parameters; two associated with the in-plane
principal lamina directions and the third representing the effect of damage in shear.
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Barberis et al. (2000) implemented CDM in an existing finite element (FE) code to
predict progressive damage growth in laminated composites. The damage was assumed to
reduce mechanical properties of the material. Two damage variables d and d’ with (d,d’)
∈ [0,1] were introduced in the constitutive equation of the material to express the
reduction in its stiffness. A value of 0 for the damage parameter corresponds to
undamaged state and a value of 1 to fully damaged or failed material. Evolution laws for
the damage variables were obtained from experimental observations and the general
framework of thermodynamics.
Voyiadjis and Deliktas (2000) developed a coupled incremental damage and plasticity
theory for rate independent composites. A von Mises yield criterion and the associated
flow rule are used to describe the plastic deformation, and a similar approach is used to
describe the onset of damage and its evolution. Four internal state variables are
introduced to describe isotropic and kinematic hardening in plasticity and in damage.
One-second order tensor is introduced to simulate damage due to micro-cracks, porosity
and crack density.
To describe the rate dependent behavior of a polymeric composite during loading and
unloading, Zhu and Sun (2000) proposed an overstress viscoplastic constitutive relation
with the strain rate expressed as the sum of an elastic part and a viscoplastic part. A threeparameter function is used to describe the viscoplastic strain rate. A multi-step relaxation
procedure was used to establish the equilibrium stress for both loading and unloading.
The model was used to predict the rate dependent loading and unloading behavior of the
IM7/5260 composite. A 3D finite deformation anisotropic viscoplasticity model for fiber
composites in total Lagrangian description of motion was proposed by Espinosa et al.
(2000). The plastic potential is given by a quadratic function of the second PiolaKirchhoff stress tensor. The anisotropic yield function involves two coefficients (the nine
coefficients in the yield function reduce to two when axially loaded fibers are assumed to
deform linear elastically up to failure, and the fiber volume fractions in the principal 1
and 2 directions are the same). Values of these constants were experimentally determined
through off axis tension tests and out of plane shear tests. A power law rule was used to
account for the effect of strain rate and temperature by defining the material strength in
terms of an effective stress that includes temperature and strain rate terms. They also
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conducted various tests to determine parameters of the viscoplastic model, and found that
the composite exhibited complex behavior after first failure that could not be described
by the postulated constitutive relations.
First (Krajcinovic and Fonseka, 1981) and second order damage tensors (Carol et al.
(1998, 2001), Chaboche et al. (1995), Lemaitre et al. (2000),Voyiadjis and Guelzim
(1996), Voyiadjis and Park (1999)) have been proposed to account for the anisotropy of
damage. More formal mathematical analyses led to fourth (Krajcinovic (1989), Simo and
Ju (1987), Ortiz (1985)) and even eighth order tensor representations, which can account
for the effect of crack shape and orientation (Williams and Vaziri, 2001). Tang et al.
(2002) derived a constitutive equation for damaged anisotropic elastic materials
undergoing isothermal and infinitesimal deformations with damage functions in
constitutive equations determined from micro-mechanics principles. An example was
given for the problem of distributed needle-shaped micro-voids, and the solution of the
micro-mechanical problem was obtained by employing the Eshelby-Mori-Tanaka’s
scheme. However, the effects of micro-crack closure, and coupling of damage with
plastic deformations were not considered. Maa and Cheng (2002) developed a CDM
failure model for predicting the strength of notched composite laminates. They
considered damage due to fiber breakage, matrix cracking, and fiber/matrix debonding. In
this study associative flow rules were adopted, i.e., the damage surface was taken to be
the same as the damage dissipation potential, and the yield surface coincident with the
yield dissipation potential. The material was assumed to be linear elastic and deformed in
a plane stress state of deformation. Two terms were added to the free energy to describe
the effect of accumulated matrix damage and accumulated plastic shear strain. This
model was used to predict the ultimate failure loads of laminates containing a circular
hole.
The failure mechanisms and processes on a micro-mechanical scale vary with the type of
loading, and are intimately related to properties of its constituents, i.e. matrix, fiber and
interface. Micro-level failure mechanisms include fiber fracture, fiber buckling, fiber
splitting, fiber pullout, fiber/matrix debonding and matrix cracking. For accurate
numerical simulation of composite materials capturing the failure behavior under
different loading conditions is essential.
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Here, a CDM approach with 3 scalar internal variables, φ f , φ m , and φ d , denoting the
damage accumulation in fiber (fiber fracture, fiber buckling, fiber pullout), matrix
cracking, and fiber/matrix debonding respectively, is used. The scalar variables are
related to the overall composite constituent properties using a mechanics of materials
approach. Values of material parameters are determined for the AS4/PEEK composite by
using test data available in the literature. Different case studies are run to predict
qualitatively and quantitatively the failure modes. Computed numerical results are
compared to experimental data available in the literature. The objective is to develop and
validate a simple mathematical model for analyzing thermomechanical deformations of a
composite that can predict reasonably well different failure modes.

2.3. Problem Formulation
2.3.1.

Balance laws

In the referential description of motion, the balance of mass, the balance of linear momentum, and the balance of internal energy are

ρ ( X , t ) J ( X , t ) = ρ R ( X ),

(2.1)

ρ R v&i = Tiα ,α + ρ R bi ,

(2.2)

~

ρ R e& = −Qα ,α + Tiα F&iα + ρ R s,

(2.3)

where ρ is the mass density of the material particle X at time t, ρ R its mass density in
the reference configuration, F the deformation gradient, J ≡ det Fiα ≠ 0 the Jacobian of
deformation, T the first Piola-Kirchhoff stress tensor,

Tiα , β ≡ ∂Tiα / ∂X β , b the body

force per unit mass, a superimposed dot indicates the material time derivative, e is the
~
specific internal energy, Q the heat flux per unit area in the reference configuration, and
s the specific supply of internal energy. We assume that the constitutive relation for T

identically satisfies the balance of moment of momentum. Equations (2.1) - (2.3) are to
be supplemented by constitutive relations, initial conditions and boundary conditions.
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Constitutive relations

We use the theory of internal variables to describe damage evolution in rate and
temperature dependent bodies. Let

ξ = {φ m , φ f , φ d ) ,

(2.4)

be the ordered set of internal variables, and

ω = {Υ m , Υ f , Υ d } ,

(2.5)

be the ordered set of the corresponding conjugate forces. We follow Coleman and Noll’s
(1959) approach for deriving constitutive relations from the second law of
thermodynamics. We thus assume that the constitutive relations are such that when they
are substituted into the balance laws, and the resulting field equations solved for the
position x and the absolute temperature θ , x and θ satisfy the Clausius-Duhem
inequality:

ρ Rη& + (

~
Qα

θ

) ,α −

ρRs
≥ 0.
θ

(2.6)

Here η is the specific entropy. The elimination of s from eqns. (2.3) and (2.6) gives the
following reduced entropy inequality:
~
Qα θ ,α
ρ R (e& − θη& ) +

θ

− Tiα F&iα ≤ 0.

(2.7)

Let

ψ = e − θη ,

(2.8)

denote the specific Helmholtz free energy. In terms of ψ , inequality (2.7) becomes

ρ R (ψ& + θ&η ) +

~
Qα θ ,α

θ

− Sαβ E& αβ ≤ 0 ,

(2.9)

where E is the Green-St. Venant strain tensor defined by eqn. (1.6), E& the rate of change
of E , S the second Piola-Kirchhoff stress tensor, and Grad θ denotes the gradient of θ
~
with respect to coordinates in the reference configuration. We postulate that ψ, S, Q, η
and e are functions of E , E& , θ , G = Grad θ, and ξ. That is,
f = f ( E , E& ,θ , G , ξ ),

(2.10)
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~
where f is one of the variables ψ, S, Q, η and e. Substitution from eqn. (2.10) into eqn.
(2.9) gives
∂ψ
∂ψ
∂ψ &
∂ψ &&
Gα + ρ R
Eαβ
+ η )θ& + ( ρ R
− S αβ ) E& αβ + ρ R
∂θ
∂Gα
∂Eαβ
∂E& αβ
~
3
∂ψ & ( i ) Qα Gα
+ ρ R ∑ (i ) ξ +
≤ 0.
θ
i =1 ∂ξ

ρR (

(2.11)

& . Because the left-hand side of
&& and G
We assume that ξ& does not depend upon θ& , E
&& and G& , therefore,
inequality (2.11) is “linear” in θ& , E

∂ψ
= 0,
∂Gα

(2.12)

∂ψ
,
∂θ

(2.13)

∂ψ
= 0.
∂E& αβ

(2.14)

η=−

Thus, the Clausius-Duhem inequality (2.11) rules out the dependence of ψ upon G
and E& , and ψ serves as a potential for the specific entropy.
Let

S ( E , E& , θ , G , ξ ) = S e ( E ,0 , θ ,0 , ξ ) + S ne ( E , E& , θ , G , ξ ),
e
( E ,0 , θ ,0 , ξ ) ≡ ρ R
S αβ

∂ψ
,
∂Eαβ

(2.15)
(2.16)

and

ω( E , E& , θ , G , ξ ) = ω e ( E ,0 , θ ,0 , ξ ) + ω ne ( E , E& , θ , G , ξ ),
ω e ( E ,0 ,θ ,0 , ξ ) ≡ − ρ R

∂ψ
,
∂ξ

(2.17)
(2.18)

where S e (equilibrium stress) denotes the value of the stress tensor S at zero strain rate
and zero heat flux, and ω e denotes the value of the thermodynamic force ω at zero strain
rate and zero heat flux. Substituting from eqns. (2.12)-(2.18) into inequality (2.11) we get
the following dissipation inequality:
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~
Qα Gα
e & (i )
&
≥ 0.
Den ≡ S αβ Eαβ + ∑ ω(i)ξ −
ne

(2.19)

θ

i

Here, Den is the rate of energy dissipated per unit volume in the reference configuration.
It is evident that Den is minimum when E& αβ = 0 , ξ& = 0 and G= 0. Therefore,
~
Q
where f

e

= 0,

K αβ

~
∂Qα
=−
∂Gβ

≥ 0,

(2.20)

e

indicates the value of f when E& = 0 , ξ& = 0 and G = 0 , usually called an

e

equilibrium state. That is, the heat flux vanishes in the absence of temperature gradient.
The tensor K is called the thermal conductivity tensor, and is positive semi-definite.
Differentiating both sides of eqn. (2.8) with respect to time t, substituting from it, eqns.
(2.12), (2.13) and eqn. (2.14) into eqn. (2.3), we arrive at the following equation:
~
ne &
ρ Rη&θ = −Qα ,α + S αβ
Eαβ + ∑ ω(i)e ξ& ( i ) + ρ R s .
(2.21)
i

Thus the energy dissipated due to damage, as represented by the term

∑ω

e
(i)

ξ& (i ) on the

i

right-hand side of eqn. (2.21), contributes to the rate of change of entropy. We note that
the term

∑ω

ne
(i)

ξ& (i ) does not appear on the right-hand side of eqn. (2.21). Thus it does

i

not contribute to the rate of change of entropy or the temperature. Numerical results
presented in chapter 3 indicate that

∑ω

e
(i)

ξ& (i ) equals a small fraction (≈ 10-20 %) of the

i

work done by external forces. In order to complete the constitutive theory, we need
evolution laws for ξ& and explicit forms of constitutive relations.
Let W = ρ R ψ and

1
c
0
1
W = Cαβ
Eαβ + Cαβγδ Eαβ Eγδ − θ 0 c0T − θ 02 T 2 − θ 0 Cαβ
Eαβ T ,
2
2

(2.22)

where
0
0
1
1
Cαβ
= C βα
, Cαβγδ = C γδαβ = C βαγδ , Cαβ
= C βα
, T = (θ − θ 0 ) / θ 0 ,

(2.23)

θ 0 is the temperature of a material point in the reference configuration, and C 0 , C , c 0 , c
and C 1 are functions of ξ . Equation (2.22) provides a reasonable estimate of the strain
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energy density W for small values of the non-dimensional temperature change T. C 0
equals the stress in the reference configuration, C’s are the elastic moduli of the damaged
material, C 1 ’s are the stress-temperature moduli of the damaged material, and ρ R c is
related to the specific heat of the damaged material. Because of symmetries exhibited in
relations (2.23), there are twenty-one independent elastic moduli C. C 1 is related to

C and the thermal expansion tensor α t by
1
Cαβ
= Cαβγδ α γδt .

(2.24)

Substitutions from eqn. (2.22) into eqns. (2.16), (2.13) and (2.18) gives
e
0
1
Sαβ
T,
= Cαβ
+ Cαβγδ Eγδ − θ 0 Cαβ

ω (i ) ∂ξ (i )
,
∂θ
i =1 ρ R
3

1
ρ Rη = θ 0 c0 + θ 02 cT + θ 0 Cαβ
Eαβ − ∑

ω =Y
e
(i )

+ θ0

e (i )

1
∂Cαβ

∂φ (i )

= (−

0
∂Cαβ

∂φ ( i )

Eαβ T ),

Eαβ −

∂c
1 ∂Cαβγδ
1
∂c
Eαβ Eγδ + θ 0 (0i ) T + θ 02 ( i ) T 2
(i )
2 ∂φ
2 ∂φ
∂φ

(2.25)

i = m, f , d .

Equation (2.25)1 accounts for geometric nonlinearities and generalizes Hooke’s law valid
for infinitesimal thermomechanical deformations of an elastic material to finite
mechanical but infinitesimal thermal fluctuations of an elastic material. A material
described by constitutive relation (2.25)1 is called a neo-Hookean solid.
We assume the following expression for the heat flux:
~
Qα = − K αβ θ , β ,

(2.26)

where K is a positive definite matrix that depends only upon the damage ξ . Even though
the entropy inequality does not require that it be symmetric, we will assume it to be
symmetric. Equation (2.26) is the Fourier law of heat conduction.
Values of material parameters for a neo-Hookean material are the same as that for a
Hookean material. Thus when deducing values of material parameters from the
experimental data we assume that the composite material can be modeled as Hookean.
0
Henceforth we assume that the body is initially stress free; thus Cαβ
= 0 . Furthermore,
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we set c 0 = 0 . Thus the entropy vanishes in the configuration held at a uniform
temperature θ 0 .

2.3.2.1. Constitutive Relations for a Unidirectional Lamina
We now develop constitutive relations for a lamina reinforced with unidirectional fibers,
and assume that it can be modeled as transversely isotropic with the axis of transverse
isotropy being perpendicular to the plane of the lamina. As shown in Figure 2.1, we use
rectangular Cartesian coordinates to describe lamina’s deformations, and choose the X1axis aligned with the fibers and the X2- and the X3- axes perpendicular to the fibers; these
are usually referred to as the material principal directions. Thus there are five
independent elastic constants out of the eighty one components of Cαβγδ , two independent
1
, and two independent components out of
components out of nine components of Cαβ

nine components of the thermal conductivity tensor K αβ .

Figure 2.1: Choice of rectangular Cartesian coordinate axes in a composite and a lamina.

Using Voigt’s notation, we write S and E as 6-dimensional vectors, i.e.,

S = {S11 , S 22 , S 33 , S 23 , S 31 , S12 }, E = {E11 , E 22 , E 33 ,2 E 23 ,2 E 31 ,2 E12 },

(2.27)

and Cαβγδ as a 6 x 6 matrix [C]l where the subscript l is a reminder that the matrix [C]l is
for a lamina.
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⎡C11
⎢C
⎢ 12
⎢C12
[C]l = ⎢
⎢ 0
⎢
⎢ 0
⎢ 0
⎣

C12

C12

0

0

C 22

C 23

0

0

C 23

C 22

0

0

0

0

0

0
C 22 − C 23
2
0

C55

0

0

0

0

0

0 ⎤
0 ⎥⎥
0 ⎥
⎥,
0 ⎥
⎥
0 ⎥
C55 ⎥⎦

(2.28)

Here
1 − ν 32ν 23
),
∆
ν + ν 31ν 23
ν + ν 32ν 13
C12 = E1 ( 21
) = E 2 ( 12
)
∆
∆
ν + ν 21ν 32
ν + ν 12ν 23
= E1 ( 31
) = E3 ( 13
),
∆
∆
C11 = E1 (

1 − ν 13ν 31
1 − ν 12ν 21
) = E3 (
),
∆
∆
ν + ν 12ν 31
ν + ν 21ν 13
= E 2 ( 32
) = E3 ( 23
),
∆
∆
= G12 = G13 ,

C 22 = E 2 (
C 23
C 55

(2.29)

ν 13 = ν 12 , ν 31 = ν 21 , E 2 = E3 ,
ν 21 =ν 12 ( E 2 / E1 ),ν 32 = ν 23 ,
and
∆ = 1 − ν 12ν 21 − ν 13ν 31 − ν 32ν 23 − 2ν 13ν 21ν 32 .
Here E1 is Young’s modulus of the lamina in the fiber or the X1- direction, E2 and E3 are
Young’s moduli in directions perpendicular to the fibers, ν 12 is Poisson’s ratio in the X2direction when the lamina is loaded axially along the X1-axis and G12 is the shear
modulus for deformations in the X1X2- plane.
The stress- temperature moduli {C1}l are given by
⎧ C111 ⎫
⎧α 1t ⎫ ⎧ C11α 1t + C12α 2t + C12α 2t ⎫
⎪ 1 ⎪
⎪ t⎪ ⎪
t
t
t ⎪
⎪C 22 ⎪
⎪α 2 ⎪ ⎪C12α 1 + C 22α 2 + C 23α 2 ⎪
1 ⎪
⎪⎪C 33
⎪⎪α 2t ⎪⎪ ⎪⎪C12α 1t + C 23α 2t + C 22α 2t ⎪⎪
⎪
⎨ 1 ⎬ = [C] l ⎨ ⎬ = ⎨
⎬,
0
⎪C 23 ⎪
⎪0⎪ ⎪
⎪
1 ⎪
⎪C 31
⎪0⎪ ⎪
⎪
0
⎪ 1 ⎪
⎪ ⎪ ⎪
⎪
⎪⎩ 0 ⎪⎭ l ⎪⎩
⎪⎭
⎪⎩C12 ⎪⎭ l
0

(2.30)
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where α 1t is the coefficient of thermal expansion along the fibers, and α 2t and α 3t in
directions perpendicular to the fibers.
The thermal conductivity tensor K for a transversely isotropic lamina has the form
⎡ K 11
[ K ] l = ⎢⎢ 0
⎢⎣ 0

0
K 22
0

0 ⎤
0 ⎥⎥
K 33 ⎥⎦

(2.31)

where K11 is the thermal conductivity along the fibers, and K22 and K33 perpendicular to
the fibers. Note that K22 = K33. We write thermal conductivity tensor K as a 6dimensional vector:
K = {K 11 , K 22 , K 33 ,0,0,0}.

(2.32)

In a lamina, shear stresses (S12)l, (S23)l, and (S31)l induced by a temperature change
identically vanish. For a fiber reinforced polymer matrix lamina, the elasticities [C]l, the
thermal expansion coefficients { α t }l, the thermal conductivities[K]l , the constant c, and
the mass density ρ R will depend upon the volume fraction of constituents.

2.3.2.2. Transformation of Material Parameters from Local to Global
Axes
In general, the material principal coordinate axes will not coincide with the global
coordinate axes. We use a local set of rectangular Cartesian coordinates, Xl, for the lth
lamina to describe its material principal directions. Referring to Figure 2.1, we take the
X 1l - axis parallel to the fiber, and the X 2l - and the X 3l - axes perpendicular to the fiber.
The stress {S}l , the strain {Ee }l, and the coefficient of thermal expansion { α t }l vectors
that refer to the local lamina coordinate system can be expressed in terms of the global
coordinate axes through following transformations:

= [T1 ]{S},

{S}l

{E }l = [T2 ]{E e },
e

{α }
t

l

{K}l
where

{ }

= [T2 ] α t ,

= [T1 ]{K},

(2.33)
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⎡ m2
n2
⎢ 2
m2
⎢ n
⎢
[T1 ] = ⎢ 0 0
0
⎢ 0
⎢ 0
0
⎢
⎣⎢− mn mn

2mn ⎤
⎥
− 2mn ⎥
0 0 0
1 0 0
0 ⎥
⎥,
0 m −n
0 ⎥
0 n m
0 ⎥
⎥
0 0 0 m 2 − n 2 ⎦⎥
0

⎡ m2
n2
⎢ 2
m2
⎢ n
⎢
0
[T2 ] = ⎢ 0
0
⎢ 0
⎢ 0
0
⎢
⎢⎣− 2mn 2mn

0

0

⎤
⎥
− mn ⎥
0 0 0
1 0 0
0 ⎥
⎥,
0 m −n
0 ⎥
0 n m
0 ⎥
⎥
0 0 0 m 2 − n 2 ⎥⎦
0

0

mn

0

(2.34)

m = cos(γ ),
n = sin(γ ),
and the angle γ is the rotation around the X3- axis measured positive counterclockwise
from the global to the local axes.
Equation (2.25)1 relating the stress tensor, the strain tensor and the temperature can be
rewritten in the local coordinate system as
1
{S αβ }l = [Cαβγδ ] l {E γδe }l + θ 0 {Cαβ
}l T .

(2.35)

Substituting from eqn. (2.33) into eqn. (2.35) we arrive at

{ }

[T1 ]{S} = [C] l [T2 ]{E} + θ 0 [C] l α t l T ,

{ }

{S} = [T1 ] −1 [C]l [T2 ]{E} + θ 0 [T1 ] −1 [C] l [T2 ] α t T .

(2.36)
(2.37)

We set

[C] = [T1 ] −1 [C]l [T2 ],

{ }

{ }

[C1 ] = [C] α t = [T1 ] −1 [C]l [T2 ] α t ,

(2.38)

and write eqn. (2.37) as

{S} = [C]{E} + θ 0 [C1 ] T .

(2.39)
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2.3.2.3. Dependence of Material Parameters upon Damage Variables
We employ the mechanics of materials approach to derive the dependence of material
parameters upon damage variables. Note that values of material parameters for a NeoHookean and a Hookean material are the same and the constitutive relation for the latter
is obtained from the former when the infinitesimal strain tensor in Hooke’s law is
replaced by the finite strain tensor. Thus without any loss of generality, for finding
values of material parameters from the test data, we assume that strains involved are
infinitesimal.
The RVE, shown in Figure 2.2 and composed of a single fiber embedded in a matrix, is
used to find the dependence of material parameters of a lamina upon the three-scalar
damage variables φ f , φ m , φ d by using a mechanics of materials approach. The failure
behavior under simple loading conditions observed experimentally is first reviewed, and
is then used to find the dependence of material parameters upon the damage variables.
For simplicity, the rectangular Cartesian coordinate axes are assumed to be aligned with
the material principal directions.

Figure 2.2: Representative Volume Element (RVE) of a single fiber embedded in a polymeric matrix.

2.3.2.3.1.

Longitudinal tension and compression

a. Experimental observations

The axial strength of a unidirectional lamina with fibers aligned along the loading
direction is typically controlled by the fiber’s ultimate strain/stress. Under longitudinal
tension, the phase with lower ultimate strain will fail first (Daniel and Ishai, 1994).
According to Daniel and Ishai (2006) unidirectional polymeric matrix composites under
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axial tensile loading typically fail along lines parallel to the fibers representing the
debonding at the interface between the matrix and the fiber. Herakovich (1998) has
pointed out failed tensile specimens of T300/934 carbon epoxy and Celion 6000
carbon/polyimide (Pindera and Herakovich, 1981) show this failure. The unidirectional
specimens exhibit fiber breakage in addition to failures parallel to the fibers. Agarwal and
Broutman (1990) have stated that in a unidirectional composite subjected to increasing
longitudinal tensile load, failure initiates by fiber breakage at the weakest cross section.
As load increases additional fibers break.
Under longitudinal compression, failure is assumed to be associated with micro-buckling
or kinking of fibers within the matrix. As the fiber volume fraction, Vf, increases
debonding precedes inphase micro-buckling and failure results from the 3-D state of
stress (Daniel and Ishai, 1994). Agarwal and Broutman (1990) stated that for Vf > 40%,
fiber microbuckling is generally preceded by constituent debonding and matrix
microcracking. Failure of unidirectional composites loaded in the fiber direction may be
initiated by transverse splitting/debonding. The transverse tensile strain resulting from
Poisson’s effect can exceed the ultimate transverse strain capability of the composite
resulting in cracks at the interface (Agarwal and Broutman, 1990).
b. A model for failure under axial loading

Under longitudinal loading, we assume that fibers are the main load carrier, and failure is
determined by the breakage of fibers in tension or their micro-buckling in compression.
Accordingly fiber breakage is represented by the reduction in the load carrying crosssectional area of the fiber (i.e. cross sectional area perpendicular to the direction of the
applied load) at the point of failure; an RVE having a broken fiber is evinced in Figure
2.3. The effective area of fibers in the X2 X3- plane is assumed to equal ( 1 − A bf ), where
the area of broken fibers, A bf , is given by A bf = φ f A f , A f is the total cross sectional
area of all fibers, φ f = 0 for undamaged fibers, and φ f = 1 for totally damaged fibers.
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Figure 2.3: Composite RVE with a broken fiber.

We adopt the mechanics of materials approach and consider the infinitesimal
deformations for which

∂u β
1 ∂uα
) δ iα δ jβ ,
+
2 ∂X β ∂X α

ε ij = (

(2.40)

defines small strains. For infinitesimal deformations, the three stress tensors namely, the
first Piola-Kirchhoff stress tensor T, the second Piola-Kirchhoff stress tensor S, and the
Cauchy stress tensor σ are equal.
We assume strain compatibility between the two phases; it is often referred to as the
Voigt model or the isostrain analysis. That is,

ε 11C = ε 11m = ε 11f ,

(2.41)

where superscripts c, m and f on a quantity signify its value for the composite, the matrix
and the fiber respectively. It is equivalent to assuming that all points on the two end faces
of the RVE move axially by the same amount. The axial stress in the composite material
is given by the following weighted sum of the axial stress in each phase.
f f
C
m m
σ 11
= σ 11
V (1 − φ f ) + σ 11
V ,

where V m = 1 − V f .

(2.42)

Using Hooke’s law, we get
E1C = E1f V f (1 − φ f ) + E1mV m ,

(2.43)

where E1 is Young’s modulus in the axial (or the fiber) direction. Equation (2.42)
represents the rule of mixture when the effective longitudinal Young’s modulus of the
fiber is taken to be E1f (1 − φ f ) .
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In Figure 2.4, the composite RVE is assumed to be represented by an equivalent fiber of
height Hf, width W and length L such that its volume remains unchanged.

Figure 2.4: Composite under axial loading.
C
, caused by the applied axial stress σ 11C , equals the transverse
The transverse strain ε 33

deformation δH per unit height H = 2Hm +Hf. In terms of the fiber height H f , the matrix
height 2 H m , and their respective Poisson’s ratios ν 13f and ν 13m , we have

ε =
C
33

δH
H

=

δH f + 2δH m
H

= −(ν 13f ε 11f V f + ν 13m ε 11mV m ) .

(2.44)

Since eqn. (2.41) still holds, the effective axial Poisson’s ratio becomes

ν =
C
13

C
− ε 33

ε

C
11

= (ν 13f V f + ν 13mV m ) .

(2.45)

Thus ν 13C is independent of the damage induced in the fiber and the matrix, and follows
the rule of mixtures. Similarly, ν 12C is also given by the rule of mixtures, and is
independent of the damage induced in the fiber and the matrix.

2.3.2.3.2.

Transverse tension and compression

a. Experimental observations

A critical loading for a unidirectional composite is transverse tensile loading. It results in
high stress and strain concentrations in the matrix and at the matrix/fiber interface. As in
the case of longitudinal tensile loading, failure takes place in the form of isolated
interfacial micro-cracks that increase in number and finally coalesce into a catastrophic
micro-crack (Daniel and Ishai, 1994). Fiber breakage is minimal in this case.
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Under transverse compression, a unidirectional composite may fail due to compressive
failure in the matrix and/or fiber crushing (Daniel and Ishai, 1994).

b. A model for failure under transverse loading

Matrix cracking is represented by the reduction in the cross-sectional area of the matrix
perpendicular to the applied load; e.g, see Figure 2.5. The effective area of the matrix in
the X1 X2- plane / X1 X3- plane is assumed to equal ( 1 − A bm ), where the area of cracked
matrix, A bm , is given by A bm = φ m A m , A m is the cross sectional area of the matrix in the
X1 X2- plane / X1 X3- plane, φ m = 0 corresponds to undamaged matrix, and φ m = 1 to the
totally damaged matrix.

Figure 2.5: Composite RVE with cracked matrix.
C
, the
Assuming that the composite is under a uniform average transverse normal stress σ 22
C
m
balance of forces requires that σ 22
A = σ 22
A(1 − φ m ) = σ 22f A . From Hooke’s law, the

transverse strains in the fiber and the matrix are given by

ε 22f =

σ 22f
E 2f

=

σ 22C
E 2f

;

ε 22m =

σ 22m
E 2m

=

σ 22C
E 2m (1 − φ m )

.

(2.46)

The total transverse deformation of the composite is

δ 2 = ε 22C H = ε 22f V f H + ε 22m V m H .

(2.47)

Dividing throughout by H, we get

ε 22C = ε 22f V f + ε 22m V m .
Substituting from eqn. (2.46) into (2.48) yields

(2.48)
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ε

C
22

=

σ 22C
E

f
2

V +

σ 22C

f

E (1 − φ )
m
2

m

V m.

(2.49)

Thus, the transverse modulus, E 2C , is given by
1
Vf
Vm
=
+
.
E 2C E 2f E 2m (1 − φ m )

2.3.2.3.3.

(2.50)

In- plane shear

a. Experimental observations

Under in-plane shear, a high stress concentration develops at the fiber matrix interface
that can cause shear failure in the matrix and / or fiber/matrix debonding (Daniel and
Ishai, 1994).
b. A model for failure under in-plane shear

We assume that the damage parameter corresponding to the fiber/matrix debonding
equals the length, Ldf , of the fiber that is separated from the matrix material (e.g. see
Figure 2.6) divided by the total length of the fiber. That is, Ldf = φ d L f , where L f is the
length of the fiber, φ d = 0 for the undamaged fiber/matrix bond, and φ d = 1 for the
totally damaged fiber/matrix interface.

Figure 2.6: Composite RVE with debonded fiber/matrix

The effective axial shear modulus defined by
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C
σ 12

C
G12
=

C
γ 12

,

(2.51)

is obtained in a manner similar to the transverse modulus E 2C ; here γ 12 = 2ε 12 . In this
case, we assume that the shear force in the composite is uniform; that is,

σ 12C WL = σ 12mWL = σ 12f W ( L − Ldf ); σ 12C = σ 12m = σ 12f (1 − φ d ) . The shear strains in the
matrix and the fiber are given by
m
=
γ 12

m
σ 12

C

σ
= 12 ,
m
m
G12
G12

γ 12f =

σ 12f
G12f

=

σ 12C
G12f (1 − φ d )

.

(2.52)

Recall that
tan γ 12C ≅ γ 12C =

δ
H

=

δ f +δm
H

.

(2.53)

Since,

δ = γ 12f V f H + γ 12mV m H ,

(2.54)

substituting (2.52) into (2.54) we obtain

δ=

σ 12C
G (1 − φ )
f
12

V H+
f

d

σ 12C
m
12

G

V mH .

(2.55)

Substitution for δ from eqn. (2.55) into eqn. (2.53) and the result into eqn. (2.51) gives

1
C
G12

2.3.2.3.4.

=

Vf
G12f (1 − φ d )

+

Vm
m
G12

.

(2.56)

Other elastic parameters

In order to find the effective shear modulus in the X2 X3- plane, we assume that the shear
forces applied on the X1 X3- and the X1 X2- planes are uniform. Since the fiber is
embedded in the matrix and the applied force is perpendicular to the debonded length of
the fiber (cf. Figure 2.7), it is postulated that all of the applied force is transmitted to the
C
m
matrix and the fiber since no slippage may occur in this case; σ 23
= σ 23
= σ 23f . Therefore,

the effective shear modulus in the X2 X3- plane is assumed to be independent of the
debonding damage variable.
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Figure 2.7: Cross section in X2 X3- plane.

We thus have
1
C
G23

=

Vf
f
G23

+

Vm
m
G23

.

(2.57)

c
, is given by
We assume that Poisson’s ratio, ν 23

ν 23c =

2.3.2.3.5.

E 2c
−1.
c
2G 23

(2.58)

Thermal parameters

a. Coefficient of thermal expansion

For deriving the effective thermal parameters, we consider a unidirectional composite
constrained between rigid plates perpendicular to the fiber axis as shown in Figure 2.8,
and apply a uniform temperature change T. Because of the constrained end faces, the
axial strain in the fiber, the matrix, and the composite vanishes.

Figure 2.8: Composite heated through a uniform temperature T.

Using Hooke’s law we get
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0=

σ 11f

E (1 − φ )
f
1

0=
0=

f

σ 11m
E

+ α 1m T ,

m
1

σ 11C
E

+ α 1f T ,

C
1

(2.59)

+ α 1C T .

Consistent with the assumption of subsection 2.3.2.3.1, we have assumed that damage
occurs only in the fiber under longitudinal tensile/compressive loads, and have taken the
effective Young’s modulus of the damaged fiber to be E1f (1 − φ f ) . The equilibrium of
the body gives

σ 11C = σ 11f V f + σ 11mV m .

(2.60)

Substituting for σ 11f , σ 11m and σ 11C from eqn. (2.59) into eqn. (2.60), we get

α1c

V f (1 − φ f )α1f E1f + V mα1m E1m
=
.
E1c

(2.61)

Since the composite is free to expand in the X2-direction, therefore
C
σ 22m = σ 22f = σ 22
= 0.

(2.62)

From Hooke’s law we get

ε 22f = −ν 12f (

σ 11f
E (1 − φ )
f
1

f

σ 11m

ε

m
22

= −ν (

ε

C
22

= −ν (

m
12

C
12

E

m
1

σ 11C
E

C
1

) + α 2f T ,

) + α 2m T ,

(2.63)

) + α 2C T .

m
C
Substitution for ε 22f , ε 22
and ε 22
from eqn. (2.63) into eqn. (2.48), and for

σ 22f , σ 22m and σ 22C from eqn. (2.59) into the resulting equation yields
α 2C = −ν 12C α 1C + V f (α 2f + ν 12f α 1f ) + V m (α 2m + ν 12mα 1m ) .

(2.64)
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b. Thermal conductivities

To compute K 11C we apply a uniform temperature gradient, g , in the X1- direction, and
equate the thermal energy conducted through the composite to the sum of the thermal
energies conducted through the matrix and the fiber. Thus
gAK 11C = gA f (1 − φ f ) K 11f + gA m K 11m ,

(2.65)

where we have assumed that the effective area of cross-section of the fiber, A f (1 − φ f ) ,
for the heat conduction is the same as that for the mechanical problem. Recalling that
Af/A = Vf and Am/A = Vm, we conclude the following from eqn. (2.65):
K 11C = V f (1 − φ f ) K 11f + V m K 11m .

(2.66)

For heat flow in the X3- direction, the temperature gradient in the X3-direction cannot be
uniform because of different thermal conductivities of the fiber and the matrix, and the
requirement that the thermal energy flowing through them must be the same. As for the
mechanical problem, we presume that the damage in the fiber does not influence heat
transfer in the X3- direction but the damage in the matrix does. Referring to Figure 2.4,
we note that the total temperature change in the composite equals the sum of the
temperature change in the matrix and the temperature change in the fiber. That is,
QH
QH f
QH m
=
+
,
A K 33C A K 33f A K 33m (1 − φ m )

(2.67)

where Q is the total thermal energy transferred in the X3-direction, and A is the area of
the composite perpendicular to the X3- axis. Thus
1
Vf
Vm
=
+
.
K 33C K 33f K 33m (1 − φ m )

(2.68)

c. Specific heat

The specific heat capacity follows the rule of mixtures
cc ρ c = V f c f ρ f +V mc m ρ m ,

(2.69)

from which one can compute the specific heat, c c , of the composite.
Henceforth, we drop the subscript “C” used to signify the effective properties of the
composite, for example, we write K 11 instead of K 11C .
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d. Stress- temperature moduli

Substitution for E1, E2, ν 12 , G12 and G23 from eqns. (2.43), (2.50), (2.45), (2.56), and
(2.57) into eqn. (2.29), and the resulting expressions for C11, C12, C22, C23 and C55 into
eqn. (2.25) gives expressions for the stress-temperature moduli in terms of damage
parameters and the coefficients of thermal expansion.

2.3.2.4. Conjugate variables
Recalling that the specific heat given by eqn. (2.69) is independent of the damage, and we
0
= 0 and c 0 = 0 , eqn. (2.25)3 simplifies to
have assumed that Cαβ

Y

e (i )

1
∂Cαβ
1 ∂Cαβγδ
=−
Eαβ Eγδ + θ 0
Eαβ T ,
2 ∂φ ( i )
∂φ ( i )

i = m, f , d .

(2.70)

1
As stated in Section 2.3.2.3.5.e we know the dependence of Cαβγδ and Cαβ
upon φ f ,

φ m and φ d . Thus expressions for Y e

(i )

in terms of the damage parameters, the strain

tensor E, and the temperature T can be derived from eqn. (2.70).

2.3.2.5. Damage variables
We postulate that

φ f = φ f (Y f ),

(2.71)

φ m = φ m (Y m ),

(2.72)

φ d = φ d (Y d ),

(2.73)

where the functional dependence is to be determined from the test data.
It is reasonable to assume that the damage at a material point does not increase while the
material there is unloading as indicated by a decrease in a suitable scalar measure of
stresses and/or strains. Here we have assumed that in the material principal
axes, φ f , φ m and φ d depend, respectively, on ε 11 , ε 22 and ε 12 . Furthermore, we presume
that a material point is unloading if d| ε 11 |, d| ε 22 | and/or d| ε 12 | there is negative. For
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max
and ε 12max , we postulate
unloading from the state of deformation with strains ε 11max , ε 22

that
dφ f = 0

if either d| ε 11 | < 0 or | ε 11 | < | ε 11max |,

dφ m = 0

max
if either d| ε 22 | < 0 or | ε 22 | < | ε 22
|,

dφ d = 0

if either d| ε 12 | < 0 or | ε 12 | < | ε 12max |,

(2.74)

Theses assumptions imply that the evolution of a damage variable is being treated in a
way analogous to that of incremental plastic strains for elastoplastic materials.
Furthermore, during unloading from and reloading to the state of deformation
max
and ε 12max , elastic constants are kept constant at their
corresponding to strains ε 11max , ε 22
max
values for the state of deformation represented by ε 11max , ε 22
and ε 12max .

2.3.2.6. Failure criterion
It is assumed that the failure due to fiber breakage, matrix cracking and fiber/matrix
m
d
and Ycrit
debonding occurs when Yf, Ym and Yd reach their critical values Ycritf , Ycrit
m
d
respectively. Values for Ycritf , Ycrit
and Ycrit
depend upon the materials of the fiber and the

matrix, sizing of fibers, and possibly on the fabrication process; these are to be
determined from the experimental data.
In order to simulate the delamination behavior, cracks are allowed to propagate in an
interface between adjoining laminae. A perfect bond is assumed between the laminae
until a damage surface, defined by
Dd = (

σ 33 2
σ
σ
) + ( 13 ) 2 + ( 23 ) 2 = 1,
[σ 33 ]
[σ 13 ]
[σ 23 ]

(σ 33 ≥ 0) ,

(2.75a)

is reached; [x] denotes the ultimate value of the quantity x. The failure envelope (2.75a)
depends on the transverse normal and the transverse shear stresses at the lamina’s
interface. When stresses at a point(s) on the interface satisfy eqn. (2.75a), the adjoining
layers are allowed to separate there as described in section 2.3.4.4. However, when σ33 <
0, the failure envelope (2.75) is modified to
Dd = (

σ 13 2
σ
) + ( 23 ) 2 = 1,
[σ 13 ]
[σ 23 ]

(σ 33 < 0) ,

(2.75b)
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In this case there is no separation of adjoining plies but there is relative sliding between
points on the two sides of the contacting surface.

2.3.2.7. Values of material parameters
The composite material used for case studies is AS4/PEEK with Vf = 0.6. Materials of the
fiber and the matrix are assumed to be isotropic. Values of the fiber and the matrix
material parameters taken from Kyriakides et al. (1995) and used in this work are given
in Table 2.1. Substitution of values from Table 2.1 into eqns. (2.43), (2.50), (2.45), (2.56)
and (2.57) at φ f = φ m = φ d = 0 gives values of elastic constants E1, E2, ν 12 , G12 and G23
for the undamaged composite listed in Table 2.2. Values of thermal material properties
for the fiber and the matrix are taken from a composite material database1. The procedure
for deriving expressions for the damage variables in terms of the conjugate forces from
experimental stress-strain curves is described below.
Table 2.1: Values of material parameters of the fiber and the matrix2

Matrix (PEEK)

Carbon fiber (AS4)

Poisson’s ratio

0.356

0.263

Young’s modulus (GPa)

6.14

214

Shear modulus (GPa)

2.264

84.7

Mass density (g/cm3)

1.44

1.78
-6

Coefficient of thermal expansion (/K)

22 x10

2.45 x10-6

Thermal conductivity (W/m-K)

0.24

24

Specific heat (J/g-K)

1.85

0.69

Melting temperature (K)

413

4300

1

www.matweb.com

2

The fiber and the matrix are assumed to be isotropic.
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Table 2.2: Values of material properties of the undamaged 00 lamina with Vf = 0.6

Composite AS4/PEEK
ν12

0.3

E1 (GPa)

130.86

E2 (GPa)

14.7

G12 (GPa)

5.44

G23 (GPa)3

5.44

α1 (/K)

2.81 x10-6

α2 (/K)

12.9 x10-6

K11 (W/m-K)

14.5

K22 (W/m-K)

0.59

c (J/g-K)

1.1

ρ (g/cm3)

1.64

The experimental stress-strain curves for AS4/PEEK are also taken from Kyriakides et al.
(1995). The response of the composite under tensile and compressive axial load in the
fiber direction obtained from flat coupons 12.7 mm wide, 1.27 mm thick, and a gage
length of 152.4 mm, is depicted in Figure 2.9. The compression data is obtained from a
square cross section specimen of side 1.27 mm, and having a gage length of 152.4 mm.

3

G23=G12 due to the assumption that the fiber and the matrix are isotropic.
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Figure 2.9: Measured uniaxial stress-strain response of APC-2/AS4 composite lamina loaded in the
fiber direction (Kyriakides et al., 1995).

The material response in the transverse direction, i.e., perpendicular to fibers was
obtained from a flat coupon 15.88 mm wide, 2.54 mm thick, and a gage length of 83.8
mm, while the specimen tested in compression had a square cross section of side 6.733
mm, and 76.2 mm length. Each specimen was loaded uniaxially in a direction
perpendicular to the fibers, and the test data is exhibited in Figure 2.10.
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Figure 2.10: Measured uniaxial stress-strain response of AS4/PEEK composite loaded in the
transverse X2 direction (Kyriakides et al., 1995).

The shear response of the composite was obtained from an off-axis tension test with
fibers oriented at 150 to the loading direction, and the specimen having a width of 10.26
mm, thickness of 2.54 mm, and a gage length of 196 mm; the corresponding shear stressshear strain curve is depicted in Figure 2.11.

Noha M. Hassan

56

Figure 2.11:Shear stress-shear strain curve of the AS4/PEEKcomposite lamina computed from the
test data on an off-axis loaded specimen (Kyriakides et al., 1995).

Kyriakides et al. (1995) reported that the material failed at the last value of the strain
plotted in Figures 2.9, 2.10 and 2.11.
We assume that during uniaxial loading along the fiber direction, all stress components
except σ 11 identically vanish. The longitudinal modulus of the composite, E1, can thus be
computed from the axial stress-axial strain curve. The axial stress versus the axial strain
curve in uniaxial tension is nearly linear but that in uniaxial compression is nonlinear.
Using values of material parameters listed in Table 2.1, eqn. (2.43) that relates the
composite longitudinal modulus E1 to that of the fiber and the matrix, the volume
fractions of constituents, and assuming no damage (i.e., φ f = 0 ) at ε 11 = 0 , we get the
composite’s longitudinal modulus E1= 130.86 GPa. It is higher than the 120.65 GPa
computed from the slope of the stress-strain curve of Figure 2.9 at ε 11 = 0 . Possible
sources of this discrepancy are that φ f ≠ 0 at ε 11 = 0 , and one or more of the
assumptions made to derive eqn. (2.43) is invalid. Here we assume that φ f = 0 initially,
and upon loading the longitudinal modulus drops from the theoretical value of 130.856
GPa more or less instantaneously to 120.65 GPa. However, for computational purposes,
the latter value of the longitudinal modulus is assigned to an axial strain of 0.002. Figure
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2.12 shows the longitudinal secant modulus, E1, (= σ 11 / ε 11 ) as a function of the axial
strain ε 11 and computed from the axial stress versus the axial strain curve of Figure 2.9. It
is not clear why the composite exhibits stiffening behavior in tension beyond an axial
strain of 0.007 till an axial strain of 0.011 when it suddenly fails. At failure, the secant
modulus is assumed to drop to zero within an infinitesimal increment in the axial strain.
The decrease in the secant modulus in compression with increasing axial compressive
strain is possibly due to the microbuckling of fibers. The magnitudes of the axial strain at
failure in uniaxial tension and in uniaxial compression are nearly the same.

Figure 2.12: Longitudinal secant modulus of AS4/PEEK composite versus the axial strain.

For the specimen loaded in the transverse direction, we assume that the only nonzero
component of the stress tensor is σ 22 . Young’s modulus, E2, computed from eqn. (2.50)
and values of material parameters listed in Table 2.1, equals 14.7 GPa, but the slope at
zero strain of the transverse axial stress versus the transverse axial strain curve of Figure
2.10 is 11.7 GPa. As for the uniaxial loading in the fiber direction, we assume that E2 =
14.7 GPa and φ d = 0 at ε 22 = 0 . The plot of Figure 2.13 reveals that, both in tension and
compression, the transverse secant modulus decreases with an increase in the magnitude
of the transverse axial strain.
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Figure 2.13: Transverse secant modulus of AS4/PEEKcomposite versus the transverse strain.

From the shear stress- shear strain curve of Figure 2.11, the shear modulus, G12, of the
composite is computed using Hooke’s law. Equation (2.56) that relates the composite
transverse modulus, G12, to that of the fiber and the matrix, and the assumption that

φ d = 0 at ε 12 = 0 yield G12 = 5.44 GPa, that is slightly higher than the initial slope, 5.3
GPa, of the shear stress-shear strain curve of Figure 2.11.
The remaining two elastic constants of the lamina are assumed not to depend upon the
damage in the composite. Thus their values remain unchanged during deformations of the
lamina.
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Figure 2.14: Shear modulus, G12, of AS4/PEEK composite versus the shear strain.

Solving eqn. (2.43) for φ f , eqn. (2.50) for φ m , and eqn. (2.56) for φ d , we arrive at

φ f = 1 − (( E1 − E1mV m ) E1f V

f

),

(

(2.76)

)

φ m = 1 − V m E 2 E 2f E 2m ( E 2f − E 2V f ) ,

(

)

φ d = 1 − V f G12 G12m G12f (G12m − G12V m ) .

(2.77)
(2.78)

In eqns. (2.76) - (2.78), E1, E2 and G12 vary with the corresponding strain component.
Kyriakides et al.’s (1995) experiments were performed at a uniform temperature; thus T=
0. The expression (2.70) for the conjugate force Ye (i) simplifies to

Y (q) = −

1 ∂σ ij
ε ij ,
2 ∂φ ( q )

q = m, f , d ,

(2.79)

For uniaxial loading in the fiber direction, only σ 11 ≠ 0, and eqn. (2.79) reduces to

Y

f

=−

2
2
1 ∂σ 11
1 ∂E1
1
ε 11 = −
ε 11 = E1f V f ε 11 ,
f
f
2 ∂φ
2 ∂φ
2

(2.80)

2
1 ∂σ 11
1 ∂E1
ε 11 = −
ε 11 = 0,
m
m
2 ∂φ
2 ∂φ

(2.81)

Ym =−
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Yd =−

2
1 ∂σ 11
1 ∂E1
ε 11 = −
ε 11 = 0.
d
d
2 ∂φ
2 ∂φ

(2.82)

Equation (2.80) states that the variable conjugate to the fiber breakage parameter depends
upon the elastic modulus of the fiber, its volume fraction, and the composite strain in the
fiber direction. Thus the fiber-matrix interaction affects Y f only through the normal
strain along the fiber, and is a quadratic function of this strain.
For a given value of ε 11 , we compute Y f from eqn. (2.80), read E1 from the curve plotted
in Figure 2.12, and then find φ f from eqn. (2.76). Values so obtained are depicted in
Figure 2.15 as filled diamonds. Note that units of Y f are the same as that of energy
density, i.e., J/m3 which can also be written as Pascals. The curve, obtained by the least
squares fit to these data points till Y f reaches its critical value Ycritf is given by

φ f = A f (1 − e

(−Bf Y f )

),

(2.83)

where values of constants Af and Bf are listed in Table 2.3.

Figure 2.15:Fiber damage conjugate variable versus fiber damage variable for uniaxial compression.

Following the procedure analogous to that adopted to deduce eqns. (2.80) and (2.83), we
obtain the following from uniaxial tests in the transverse direction, and the off-axis
loading in the X1X2- plane.
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2

Y

m

2
2
1 ∂σ 22
1 ∂E 2
1
E f E mV f
=−
=
−
=
ε
ε
ε 22 ,
22
22
m
m
m
f
m
f
m 2
2 ∂φ
2 ∂φ
2 ( E V (1 − φ ) − E V )

(2.84)

⎛ Am Bm + C m (Y m ) Dm
m Dm
⎝ Bm + (Y )

(2.85)

φ m = ⎜⎜

⎞
⎟,
⎟
⎠
f 2

∂G12
G12 G12 V f
2
2
1 ∂σ 12
=
Y =−
=
−
2
ε
ε
ε
,
12
12
12
d
d
m
f
2 ∂φ
∂φ
(G12 V f − G12 (1 − φ d )V m ) 2
d

⎛ Ad Bd + C d (Y d ) Dd
d Dd
⎝ Bd + (Y )

φ d = ⎜⎜

⎞
⎟.
⎟
⎠

m

(2.86)

(2.87)

We note that eqns. (2.85) and (2.87) represent, respectively, curves in Figures 2.16 and
2.17 that are least squares fit to the data shown with filled diamonds. Values of constants
Am, Bm, Cm, Dm, Ad, Bd, Cd, Dd are listed in Table 2.3. Constants in eqn. (2.83)
expressing the damage variable due to fiber breakage have different values for tensile and
compressive loading along the fiber direction. For a general loading and/or when fibers
are not aligned with the loading axis, we first analyze the problem in the global
coordinate system and then compute the normal strain along the fiber. The sign of

ε 11 dictates which values of Af, Bf and Ycritf to use in eqn. (2.83). We follow a similar
m
in eqn. (2.85).
procedure for selecting appropriate values of Am, Bm, Cm, Dm and Ycrit

Figure 2.16: Matrix damage conjugate variable versus matrix damage variable
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Figure 2.17: Fiber/matrix debonding damage conjugate variable versus fiber/matrix damage variable

m
d
and Ycrit
equal values of conjugate variables corresponding
In Table 2.3, Ycritf , Ycrit

respectively to φ f , φ m and φ d equaling 1.0, i.e., failure of the material point due to fiber
breakage, matrix cracking and fiber/matrix debonding. We have also listed, in Table 2.3,
values for ultimate strengths [σ 33 ] , [σ 13 ] and [σ 23 ] ; these appear in eqn. (2.75) and
determine when and where delamination occurs.
Table 2.3: Values of constants in eqns. (2.83), (2.85), (2.87), and (2.75)

Damage properties
Fiber Breakage

Matrix Cracking

tension

compression

Af

1.931 GPa

0.197 GPa

Bf

1.931497

558

Ycritf

0.0075 GPa

0.007535 GPa

Am

1.356 x 10-10 GPa

0.01207 GPa

Bm

0.00193

174

Cm

0.37239 GPa

241 GPa

Dm

0.43665

0.195

m
Ycrit

0.0005 GPa

0.011 GPa
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Fiber/Matrix debonding

Interfacial strength4

Ad

0.1437 GPa

Bd

0.00762

Cd

1.0022 GPa

Dd

0.37714

d
Ycrit

5.48 x 10-2 GPa

[σ 33 ]

0.078 GPa

[σ 13 ]

0.157 GPa

[σ 23 ]

0.157 GPa

2.3.2.8. Strain rate effect
Equations (2.83), (2.85) and (2.87) when solved for the conjugate variables in terms of
the damage parameters give the following:

⎛ A −φ f
− Log ⎜ f
⎜ A
f
⎝
Yf =
Bf
Y

m

⎛ B (− Am + φ m ) ⎞
⎟
= ⎜⎜ m
m
⎟
⎝ Cm −φ
⎠

⎛ B (− Ad + φ d ) ⎞
⎟
Y = ⎜⎜ d
d
⎟
⎝ Cd −φ
⎠
d

⎞
⎟
⎟
⎠,

( 2.88)

1 Dm

,

(2.89)

.

(2.90)

1 Dd

Recalling eqn. (2.17), we now postulate the following functional dependence of
conjugate damage variables Ym and Yd upon ε&22 and γ&12 respectively:

Ym

4

⎛ ⎛
⎞⎞
⎜ B ⎜ − A + φ m ⎛⎜1 − s m log ⎛⎜ ε&22 ⎞⎟ ⎞⎟ ⎟ ⎟
m
10 ⎜ 0 ⎟ ⎟
⎜
⎜ m⎜
⎝ ε&22 ⎠ ⎠ ⎟⎠ ⎟
⎝
⎝
⎟
=⎜
⎛
⎞
⎜
⎟
&
⎛
⎞
ε
⎟⎟
C m − φ m ⎜⎜1 − s m log10 ⎜⎜ 22
⎜
⎟
0 ⎟⎟
⎜
⎟
ε&22 ⎠ ⎠
⎝
⎝
⎝
⎠

1 Dm

,

(2.91)

Values for the ultimate interfacial strength were obtained from a composite data base site

http://composite.about.com/library/data/blc-as4apc2-1.htm
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⎛ ⎛
⎞⎞
⎜ B ⎜ − A + φ d ⎛⎜1 − s d log ⎛⎜ γ&12 ⎞⎟ ⎞⎟ ⎟ ⎟
10 ⎜ 0 ⎟ ⎟
d
⎜
⎜ d⎜
⎝ γ&12 ⎠ ⎠ ⎟⎠ ⎟
⎝
⎝
d
⎟
Y =⎜
⎛
⎞
⎜
⎟
⎞
⎛
&
γ
C d − φ d ⎜⎜1 − s d log10 ⎜⎜ 120 ⎟⎟ ⎟⎟
⎜
⎟
⎜
γ&12 ⎠ ⎠ ⎟
⎝
⎝
⎝
⎠
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1 Dd

,

(2.92)

0
Here ε&22
and γ&120 represent, respectively, values of the reference transverse and the

reference shear strain rates. Equation (2.88) is assumed to be independent of strain rate; it
is based on the observation that the experimental stress-strain curve for AS4/PEEK in
longitudinal tension and compression is essentially insensitive to the axial strain rate.
We now discuss the determination of material constants s m and s d from the test data. The
transverse compression, and in-plane shear experimental stress-strain curves for
AS4/PEEK at various strain rates, taken from Vogler and Kyriakides (1999), are shown
in Figures 2.18 and 2.19 respectively. We note that for the transverse compression tests,
1.6 x 10-5 ≤ ε&22 ≤ 1.6 x 100 /s, and for the in-plane shear tests, 1 x 10-5 ≤ 2ε&12 ≤ 1 x 10-1
/s.

Figure 2.18: At six different values of the strain rate, ε& 22 , transverse stress versus transverse strain
for a 900 laminate loaded along the x-axis.
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Vogler and Kyriakides (1999) reported that the material failed at the last value of the
strain plotted in Figures 2.18 and 2.19.

Figure 2.19: At five different values of the shear strain rates, γ&12 , shear stress versus shear strain.

For each strain rate, we follow the procedure described in section 2.3.2.7 to obtain curves
describing the dependence of the transverse modulus upon the transverse strain, the inplane shear modulus upon the in-plane shear strain, the variable conjugate to the matrix
cracking parameter upon the matrix cracking damage, and the variable conjugate to the
fiber/matrix debonding upon the fiber/matrix debonding parameter. These curves are
depicted in Figures 2.20 through 2.23.

Noha M. Hassan

66

Figure 2.20: Transverse modulus of AS4/PEEK composite versus transverse strain at different values
of the strain rate ε& 22 .

Figure 2.21: Shear modulus, G12, of the AS4/PEEK composite versus shear strain at different values
of shear strain rate.

Noha M. Hassan

67

Figure 2.22: Matrix damage conjugate variable versus matrix damage parameter at different values
of the strain rate ε& 22 .

Figure 2.23: Fiber/matrix debonding damage conjugate variable versus fiber/matrix debonding
parameter at different values of the strain rate γ&12 .
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Analogous to the plots of Figures 2.16 and 2.17 we obtain curves plotted in Figures 2.22
and 2.23 respectively that depict the variation of the variables conjugate to the damage
parameters.
By comparing eqns. (2.89) and (2.91), we conclude that eqn. (2.91) is obtained from eqn.

⎛
⎛ ε& ⎞ ⎞
⎟ ⎟ . Similarly, eqn.
(2.89) when φ m in eqn. (2.89) is replaced by φ m ⎜⎜1 − s m log10 ⎜⎜ 22
0 ⎟⎟
&
ε
⎝ 22 ⎠ ⎠
⎝
(2.92) can be gotten from eqn. (2.90) when φ d in eqn. (2.90) is replaced by

⎛
⎛ γ& ⎞ ⎞
φ d ⎜⎜1 − s d log10 ⎜⎜ 120 ⎟⎟ ⎟⎟ . Value of the material parameters sm is found by plotting in
⎝ γ&12 ⎠ ⎠
⎝
⎛
⎛ ε& ⎞ ⎞
⎟ ⎟ versus φ m at Ym = 0.006 and setting the reference
Figure 2.24 ⎜⎜1 − s m log10 ⎜⎜ 22
0 ⎟⎟
⎝ ε&22 ⎠ ⎠
⎝
0
, equal to 1.6 x 10-5 /s. It is found that the least squares fit to the
transverse strain rate, ε&22

data points is a straight line passing through the origin. The slope, 0.0361, of this line
equals the value of sm. A similar procedure is adopted to find the value 0.0013 of the
material constant sd; in this case the data is plotted for Yd = 0.03 and the reference shear
strain rate, γ&120 , of 1 x 10-5 /s.

Figure 2.24: Variation of (1- φ /φ
m

m
0
ε& 22

(

)

0
0
) with log10 ε&22 / ε&22 at Ym = 0.006 for ε&22 =1.6 x 10-5 /s.
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Figure 2.25: Variation of (1-
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φ d /φ d

0
γ&12

) with

(

)

log10 γ&12 / γ&120 at Yd = 0. 03 for γ&120 =1 x 10-5 /s.

Strain rate dependence of various thermo-physical parameters is obtained by changing

⎛
⎛
⎛ ε& ⎞ ⎞
⎛ γ& ⎞ ⎞
φ m and φ d in their expressions to φ m ⎜⎜1 − s m log10 ⎜⎜ 220 ⎟⎟ ⎟⎟ and φ d ⎜⎜1 − s d log10 ⎜⎜ 120 ⎟⎟ ⎟⎟
⎝ ε&22 ⎠ ⎠
⎝ γ&12 ⎠ ⎠
⎝
⎝
respectively. Results plotted in Figures 2.24 and 2.25 reveal that damage variables

φ m and φ d depend upon strain rates. This is inconsistent with the assumption made to
derive eqn. (2.14). A possibility is to hypothesize that the Helmholtz free energy has
additive decomposition into two parts – one that is independent of strain rates and the
other depends upon strain rates. One can then postulate the constitutive relation (2.16).
In either case, one needs a constitutive relation for Sne. For the work presented here, the
constitutive relation for S is obtained from that for Se with φ m and φ d replaced,

⎛
⎛
⎛ ε& ⎞ ⎞
⎛ γ& ⎞ ⎞
⎟ ⎟ and φ d ⎜1 − s d log10 ⎜⎜ 120 ⎟⎟ ⎟ and Sne = S - Se. A
respectively, by φ m ⎜⎜1 − s m log10 ⎜⎜ 22
0 ⎟⎟
⎜
⎟
⎝ ε&22 ⎠ ⎠
⎝ γ&12 ⎠ ⎠
⎝
⎝
similar interpretation holds for other constitutive variables. One may interpret
constitutive relations presented here as being physical relations since they are derived
from experimental data.
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i
(i = f , m, d ) , was assumed to be independent of the strain rate
The material constant, Ycrit

because failure strains in Figures 2.18 and 2.19 do not exhibit any clear dependency upon
the strain rate. Similarly, for a lack of test data, the interfacial strengths [σ 33 ] , [σ 13 ] ,

[σ 23 ] of the composite are also assumed to be strain rate independent.

2.3.2.9. Temperature effect
Due to the difficulty in finding the axial, the transverse, and the shear stress-strain curves
at different uniform temperatures, we utilize the variation of the initial elastic moduli
with temperature for AS4/PEEK given by Uematsu et al. (1995) to derive the temperature
dependence of variables conjugate to material damage parameters. The variation of
moduli E1, E2 and G12 with temperature, taken from Uematsu et al. (1995), is depicted in
Figure 2.26 where we have set θ r = the room temperature (293 K), and θ m = the melting
temperature of the matrix (413 K). Values of damage variables at different temperatures,
computed from eqns. (2.76)-(2.78), are plotted in Figure 2.27.

Figure 2.26: Dependence of the initial elastic moduli upon temperature.
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Figure 2.27: Dependence of the damage parameters upon temperature.

We then postulate that the conjugate damage variables depend upon the temperature θ ,
and eqns. (2.88)-(2.90) are given by:
1.5
⎛
⎛
⎞⎞
⎜ − A + φ f ⎜1 + t f ⎛⎜ θ − θ r ⎞⎟ ⎟ ⎟
f
⎜θ −θ ⎟ ⎟ ⎟
⎜
⎜
r ⎠
⎝ m
⎝
⎠⎟
⎜
− Log −
⎟
⎜
Af
⎟
⎜
⎟
⎜
⎠,
⎝
Yf =
Bf

( 2.93)

1 Dm

1.5
⎛ ⎛
⎛
⎞⎞ ⎞
⎜ ⎜
m⎜
m ⎛ θ − θr ⎞ ⎟⎟ ⎟
⎜
⎟
1
B
A
t
φ
−
+
+
⎜ θ − θ ⎟ ⎟⎟ ⎟
⎜ m⎜ m
⎜
r ⎠
⎝ m
⎝
⎠⎠ ⎟
⎜
⎝
m
Y =⎜
1.5
⎟
⎛
⎞
m⎜
m ⎛ θ − θr ⎞ ⎟
⎟
⎜
⎟⎟
Cm − φ 1 + t ⎜⎜
⎟⎟
⎜⎜
⎜
⎟
⎝ θm − θr ⎠ ⎠
⎝
⎠
⎝

,

( 2.94)

,

(2.95)

1 Dd

0.5
⎛ ⎛
⎛
⎞ ⎞ ⎞⎟
⎜ ⎜
d⎜
d ⎛ θ − θr ⎞
⎟⎟
⎜
⎟
B
A
t
φ
1
−
+
+
⎜θ −θ ⎟ ⎟⎟ ⎟
⎜ d⎜ d
⎜
r ⎠
⎝ m
⎝
⎠⎠ ⎟
Y d = ⎜⎜ ⎝
0.5
⎟
⎛
⎞
d⎜
d ⎛ θ − θr ⎞
⎟
⎜
⎟
⎟⎟
Cd − φ 1 + t ⎜⎜
⎟⎟
⎜⎜
⎜
⎟
θ
θ
−
r ⎠
⎝ m
⎝
⎠
⎠
⎝
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⎞
⎛ (i )
⎛ θ −θr
⎟
⎜ φ
Figure 2.27 represents variation of ⎜ (i ) − 1⎟ versus ⎜⎜
⎟
⎜φ θ
⎝θm −θr
r
⎠
⎝

⎞
⎟⎟ . Dotted curves in
⎠

Figure 2.27 are the best fit for data points, for which constants in eqns. (2.93)-(2.95) are

t f = 0.042, t m = 0.348, t d = 0.8.
i
For a lack of experimental data, Ycrit
(i = f , m, d ) and [σ 33 ] , [σ 13 ] , [σ 23 ] are assumed to

be temperature independent.

2.3.3.

Mathematical Model

2.3.3.1. Governing equations
Substitutions from eqns. (2.25) and (2.26) into eqns. (2.2) and (2.21) give the following
coupled nonlinear field equations for the determination of the displacement u and the
temperature θ .

1
T )], β + ρ Rbi ,
ρ R u&&i = [(δ iα + ui ,α )(Cαβγδ Eγδ − Cαβ

cθθ& = (Kαβ θ , β ),α
−

∑

θ(

i = f , m, d

1
ne &
Eαβ + ρ R s − Cαβ
θE&αβ +
+ Sαβ

∑

i = f ,m,d

(i)
Y e ξ& ( i )

(2.96)

1
∂Cαβ
Eαβ )ξ& ( i ) .
∂ξ (i )

Since the AS4/PEEK composite fails at relatively small values of strains, the effect of
geometric nonlinearities on the computed solution will be essentially negligible except in
buckling problems where the present formulation will enable one to compute the postbuckled response. However, buckling problems have not been studied here.

2.3.3.2. Initial and Boundary conditions
In the total Lagrangian description of motion, the independent variables are X and t, and
the dependent variables are x or u and θ since knowing x, the present mass density can
be computed from eqn. (2.1). Let Ω be the region occupied by the body in the reference
configuration at time t = 0. A general form of boundary and initial conditions is
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xi ( X , t ) = xi ( X , t ),

~
X ∈ ∂ X Ω, t ∈ (0, T ) ,

Tiα ( X , t ) N α ( X ) = f i ( X , t ),

~
X ∈ ∂ f Ω, t ∈ (0, T ) ,

~
Qα ( X , t ) N α ( X ) = Q ( X , t ),

~
X ∈ ∂ Q Ω, t ∈ (0, T ) ,
~

θ ( X , t ) = θ ( X , t ), X ∈ ∂ θ Ω, t ∈ (0, T ) ,

(2.97)

x i ( X ,0 ) = X α δ i α ,

x& i ( X ,0) = vi0 ( X ) ,

θ ( X ,0 ) = θ 0 ( X ) .
Here ∂ X Ω and ∂ f Ω are parts of the boundary ∂Ω of Ω where final positions (or
equivalently, displacements) and surface tractions are prescribed, respectively, as x and f;

∂ Q Ω and ∂ θ Ω are parts of the boundary of Ω where the heat flux and the temperature
are prescribed, respectively, as Q and θ . Note that ∂ X Ω and ∂ f Ω need not be disjoint
since linearly independent components of displacements and surface tractions may be
specified at the same point on ∂Ω . However, for the sake of simplicity, they are assumed
to be disjoint in the following discussion. Instead of the boundary conditions (2.97)2 and
(2.97)3, heat flux may be prescribed as a function of the temperature.
Initial values of the internal variables representing the fiber breakage, fiber/matrix
debonding, and matrix cracking are taken to be zeros.

2.3.4.

Numerical Solution

2.3.4.1. Weak Formulation of the problem
~ : Ω → ℜ 3 be a smooth function defined on Ω that vanishes on ∂ Ω , and
Let φ
X

~ and ψ are test
ψ : Ω → ℜ be a smooth function defined on Ω that vanishes on ∂ θ Ω ; φ
~ , and of (2.96) with
functions. Taking the inner product of both sides of eqn. (2.2) with φ
2

ψ , integrating the resulting equations on Ω , using the divergence theorem and boundary
conditions (2.97)2,3 we get
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~

∫

~

ρ R v&i φ i dΩ =

Ω

∫φ

i

∂fΩ

~
~
f i dΓ − ∫ φ i ,α Tiα dΩ + ∫ ρ R bi φ i dΩ,
Ω

Ω

cθ
~
∫ θ&ψ dΩ = − ∫ ψ Q dΓ + ∫ψ ,α Qα dΩ + ∫ hψdΩ + ∫ ρ R sψ dΩ,

Ω

θ0

∂QΩ

Ω

Ω

(2.98)

Ω

where
1
ne & e
e
h = Sαβ
Eαβ − Cαβ
θE&αβ
+

∑Y

e (i )

ξ& ( i )

i = f , m, d

(2.99)

∂C 1 e & ( i )
Eαβ ) ξ ,
− ∑ θ ( αβ
∂ξ (i )
i = f ,m, d

is the rate of energy dissipated per unit reference volume. Terms in eqn. (2.98) involve
~ and ψ , and of the trial solutions v
first order spatial derivatives of the test functions φ
and θ . Thus Lagrange basis functions can be employed to find an approximate solution
of the initial boundary value problem specified by eqns. (2.1), (2.2), (2.25)1, (2.96)2 and
(2.97).

2.3.4.2. Matrix Formulation of the problem
N el

Let Ω = U Ω e , where Ω1 , Ω 2 , K are disjoint parts of Ω , usually called finite elements.
e =1

Recall that
N el

∫ (.)dΩ = ∑ ∫ (.)dΩ .

Ω

(2.100)

e =1 Ω e

Let N 1 , N 2 , K , N node be the Lagrange shape functions defined on Ω e ; here N node equals

~ and ψ on Ω by
the number of nodes on Ω e . We approximate v, θ , φ
e
v i ( X, t ) =

θ ( X, t ) =

N nodes

N nodes

A =1

A =1

∑ N A (X) d iA (t ), φi (X) =

N nodes

∑N
A =1

A

(X)θ A (t ), ψ i (X) =

∑N

A

(2.101)

N nodes

∑N
A=1

(X ) ciA ,

A

(X) ciA ,

Substituting from (2.101) into (2.98) and exploiting the fact that the resulting equation
must hold for all choices of c ' s and c ' s , we get
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Md& = F d , Hθ& = F θ ,

(2.102)

where
e
e
M AB = ∑ M AB
=
, M AB

∫ρ

e

H AB = ∑ H

e
AB

, H

N A N B dΩ,

Ωe

= ∫ cθ N A N B dΩ,

e
AB

e

FiAd =

R

Ωe

∫ N A f i dΓ − ∫ N A,α Tiα dΩ + ∫ ρ R N Abi dΩ,

∂ f Ω∩Ω e

Ωe

(2.103)

Ωe

~
FAθ = − ∫ N A Q dΓ + ∫ N A,α Qα dΩ + ∫ hN A dΩ + ∫ ρ R N A s dΩ.
∂ Q Ω ∩Ω e

Ωe

Ωe

Ωe

Equations (2.102) are coupled nonlinear ordinary differential equations because F d , H
and F θ depend on d and θ . Pertinent initial conditions are deduced from (2.97)5-(2.97)7
as follows. Taking the inner product of both sides of eqns. (2.97)5 and (2.97)6 with ρ 0ψ ,

~ , integrating the resulting equations on Ω , substituting from (2.101)
and of (2.97)7 with φ
and exploiting the fact that the resulting equations must hold for all choices of c ' s and
c ' s , we arrive at
~
Md( 0 ) = F0d , Md&( 0 ) = F0d , Hθ( 0 ) = F0θ ,

(2.104)

where

F0diA = ∑
e

F0diA = ∑
e

F0 A = ∑
θ

e

~
H AB = ∑
e

∫ x (X,0) N
i

A

dΩ,

Ωe

∫v

0
i

N A dΩ,

Ωe

∫ θ (X,0) N A dΩ,

(2.105)

Ωe

∫N

A

N B dΩ.

Ωe

Equations (2.102) subject to initial conditions (2.104) are integrated with respect to time t
by using the subroutine LSODE (Livermore Solver for Ordinary Differential Equations)
that adaptively adjusts the time step size in order to compute the solution within the
prescribed accuracy.
In addition to solving eqn. (2.102) for the velocity v and the absolute temperature θ , we
solve for the current displacement u from
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u& = v

(2.106)

where v is the velocity field.
A 3-D FE code based on the afore-stated problem formulation has been developed in
Fortran. Degrees of freedom at each node are the three components of displacement, the
three components of velocity, and the temperature rise θ. The code employs 8-node brick
elements, and various domain integrals involving integration on Ωe that appear in the
weak formulation of the problem are evaluated by using the 2 x 2 x 2 Gauss quadrature
rule. During the time integration of the coupled ODEs with the subroutine LSODE,
absolute and relative error tolerances in LSODE were each set equal to 1 x 10-9, and MF
was assigned the value 10. The parameter MF determines the integration method in
LSODE, and MF = 10 implies the use of the Adam-Moulton method. After having
computed nodal displacements and temperatures, values of conjugate variables and
damage parameters (or internal variables) φ f , φ m and φ d at each integration point are
computed and are used to update elastic constants and other thermophysical parameters
for computing results at the next time step.

2.3.4.3. Simulation of Material Failure
When an internal variable φ f , φ m and/or φ d equals 1.0 or the corresponding conjugate
variable Y f , Y m and Y d equals its critical value, then the material there is taken to have
failed due to fiber breakage, matrix cracking and/or fiber matrix debonding respectively.
Even if the material at all of the eight integration points within an element has failed, that
element is not removed from the analysis. As mentioned above, values of material
elasticities and other thermophysical parameters at the integration points are updated after
each time step. Once all elastic constants at each one of the eight integration points in an
element have been reduced to zero, all stress components in that element will
subsequently be zero, and for all practical purposes that element will represent a hole or a
void.
In order to simulate crack initiation and propagation due to delamination, we assume that
when the stress state at a node N has reached the failure envelope represented by eqn.
(2.75), an additional node N* coincident with N but not connected to it is added there.
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The nodal connectivity of elements sharing the node N is modified in the sense that one
or more of these elements is now connected to the newly added node N* rather than the
node N. However, no new element is created in this process. We note that delamination
may ensue simultaneously at several nodes. If subsequent deformation of the body move
nodes N and N* apart and create new surfaces, then these surfaces are taken to be traction
free and thermally insulated. The non-interpenetration of nodes N and N* into the
material is avoided by connecting these two nodes with a 1-D two-node spring element,
that is weak in tension but stiff in compression.
The constitutive relation for the stiff-spring is taken to be
F = k zn ,
where
⎛
0,
z n / z 0 ≥ 0,
⎜
2
⎜
⎡
⎛z ⎞ ⎤
k = ⎜ E3 l ⎢1 + (ηE3 − 1)⎜⎜ n ⎟⎟ ⎥,
⎜
⎢
⎝ z 0 ⎠ ⎥⎦
⎣
⎜
⎜ ηE l ,
z n / z 0 < −1.
3
⎝

(2.107)
− 1 ≤ z n / z 0 < 0,

Here F is the normal force between nodes N and N*, E3 Young’s modulus of the
composite in the X3-direction, zn the relative displacement between nodes N and N*
normal to the interface, l a characteristic length, and η a constant.

2.3.4.4. Verification of the computer code
Figure 2.28 shows a schematic of the problem analyzed to verify the part of the computer
code that analyzes mechanical deformations of a structure without the damage evolution.
Deformations of an isotropic and homogeneous 50 mm x 1 mm x 1 mm steel bar with
Young’s modulus = 200 GPa and Poisson’s ratio = 0.3, clamped at X1=50 mm, and a
velocity boundary condition prescribed at X1= 0, with a uniform 100 x 2 x 2 FE mesh
were computed, and compared with those obtained from another FE computer code5,
capable of analyzing coupled thermoelastoviscoplastic deformations, that had been
thoroughly tested and validated.
5

This code was developed by Dr. Bryan M. Love, former doctoral student in Engineering

Mechanics Department, Virginia Polytechnic Institute and State University.
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Figure 2.28: Schematic of elastic rod with prescribed velocity boundary condition.

For the point X1 = 30 mm, X2 = 1 mm, X3 = 1 mm, Figures 2.29 and 2.30 show,
respectively, time histories of the axial velocity and of the axial stress. The computed
wave speed is close to the analytical wave speed in a bar of E ρ = 200 8 = 5 km/s.
Also, the presently computed time histories match well with those obtained from the
other code.

Figure 2.29: Comparison of the presently computed time history of the axial velocity at the point X1 =
30 mm, X2 = 1mm, X3 = 1mm with that obtained from Love’s code.
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Figure 2.30: Comparison of the presently computed time history of the axial stress at the point X1 =
30 mm, X2 = 1mm, X3 = 1mm with that obtained from Love’s code.

For a material with no evolving damage, the code has been verified by using the method
of “fictitious” body forces. That is, for a given body and analytical expressions for the
displacement field u, the field of body force b is derived from eqn. (2.2). Also, the initial
and boundary conditions corresponding to the presumed field are deduced. These side
conditions and field b is inputted into the computer code to find the corresponding
displacement u. If the so computed values of u match with those obtained from their
presumed analytical solutions, then the computer code has been verified. A similar
procedure was used by Batra and Liang (1996); e.g. see the material following eqn. (30)
of their paper.

2.3.4.5. Validity of the Proposed Model
The proposed model is validated by comparing computed results for different test
configurations with the corresponding experimental data. The AS4/PEEK composite has
60% volume fraction of fibers. Values of thermophysical parameters for the constituents
and the 0-degree undamaged lamina are listed in Table 2.2. Twenty-six test
configurations, including two involving uniaxial loading, unloading and reloading, have
been simulated.
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Unless specified otherwise, the body is taken to be initially at rest, stress-free, and at a
uniform temperature.

2.3.4.5.1.

Uniaxial tensile/compressive or in-plane shear loads

Five test configurations employed by Kyriakides et al. (1995) were numerically
simulated. The specimen dimensions, the prescribed speed at the two opposite end faces,
and the number of elements employed in the FE mesh are listed in Table 2.4; in each case
the average axial, transverse or shear strain rate equals 10-5 /s. Also, each one of the four
plies in the composite had fibers oriented along the X1- axis; thus it can be viewed as a
single lamina made of a homogeneous transversely isotropic material with the X1- axis as
the axis of transverse isotropy.
Table 2.4: Parameters for the five uniaxial loading tests simulated

Loading

Specimen size (mm)

⎯v (mm/min)

FE mesh

Longitudinal tension

152.4 x 12.7 x 1.27

0.045

120-12-4

Longitudinal compression

31.8 x 9.53 x 9.53

-0.01

40-12-12

Transverse tension

83.8 x 15.8 x 2.54

0.025

30-8-4

Transverse compression

76.2 x 6.73 x 6.73

-0.02

40-8-8

Shear

196 x 10.26 x 2.54

0.006

80-8-4

Computed stress-strain curves for these five cases are compared in Figures 2.31 through
2.33 with the experimental ones of Kyriakides et al. (1995). In each case, the computed
results agree well with the test data as should have been expected since experimental data
from these tests were used to deduce values of material parameters. We note that the
maximum strain at any point is about 4%; thus the geometric nonlinearity has a negligible
effect on the computed deformations. In order to economize on the CPU time, mass
densities of the fiber and the matrix were reduced to 0.1% of their actual values. It
increases the wave speed thereby making transients propagate faster in the specimen.
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Figure 2.31: Comparison of the computed axial stress-axial strain curve at the specimen centroid
with experimental data of Kyriakides et al. (1995).

Figure 2.32: Comparison of the computed transverse stress-transverse strain curve at the specimen
centroid with experimental data of Kyriakides et al. (1995).
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Figure 2.33: Comparison of the computed shear stress-shear strain curve at the specimen centroid
with experimental data of Kyriakides et al. (1995).

Figures 2.34, 2.35 and 2.36 depict, respectively, the evolution of the three damage
variables with the axial strain, which may be interpreted as non-dimensional time since
the nominal axial strain rate is kept constant at 10-5 /s. For longitudinal and transverse
loading, the only active damage modes are the fiber breakage and the matrix cracking
respectively. Under longitudinal loading, the fiber breakage damage variable begins to
evolve at essentially a constant rate at an axial strain of 0.001 till an axial strain of 0.007
is reached. It subsequently evolves very slowly until the axial strain equals 0.011 when it
rapidly increases to its maximum value of 1.0. The time evolution of the matrix cracking
damage variable can be divided into three distinct parts, each with a different rate of
evolution, between transverse strains of 0 and 0.001, 0.001 and 0.00825, and between
0.00825 and the final strain where it equals its maximum value of 1.0. Under shear loads
both fiber/matrix debonding and matrix cracking damage variables begin to evolve
simultaneously but at quite different rates. The rate of evolution of the matrix cracking
damage variable increases with an increase in the axial strain till the axial strain equals
0.006; subsequently its rate of evolution slows down. Whereas at low values of the axial
strain, the matrix cracking damage variable is less than the fiber/matrix debonding
variable, the reverse occurs for axial strains exceeding 0.0035. The computed failure
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modes agree qualitatively with those observed experimentally by Diao et al. (1997) who
tested [0]16 laminate in longitudinal and transverse tension. They found that the fiber
breakage failure mode was dominant in laminates loaded longitudinally, and the matrix
cracking mode in laminates pulled in the transverse direction. For all the three loading
cases, computed deformations are nearly homogeneous. The material fails at an axial
strain of 1.09 % for the longitudinal tensile loading, at a transverse strain of 0.825 % for
the transverse tensile loading, and at an axial strain of about 4 % for the shear loading.

Figure 2.34: Evolution of the fiber breakage damage variable with the axial strain for longitudinal
tensile loading of AS4/PEEK composite.
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Figure 2.35: Evolution of the matrix cracking damage variable with the transverse strain for
transverse tensile loading of AS4/PEEK composite.

Figure 2.36: Evolution of the fiber/matrix debonding damage variable with the shear strain for shear
loading of AS4/PEEK composite.

In Figures 2.37 and 2.38 we have compared the computed axial stress versus axial strain
curves with the corresponding experimental ones of Kyriakides et al. (1995) for
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specimens deformed either in transverse compression or in simple shear at a strain rate of
0.1/s. The 76.2 mm x 6.73 mm x 6.73 mm specimen deformed in transverse compression
was divided into a uniform 40 x 8 x 8 FE mesh, and the other 196 mm x 10.26 mm x 2.54
mm specimen into 80 x 8 x 4 FE mesh. In each case, the computed and the experimental
axial stress versus strain curves are very close to each other.

Figure 2.37: Comparison of computed compressive transverse stress versus transverse strain for
AS4/PEEK composite deformed at a strain rate of 0.1/s with the experimental data of Vogler and
Kyriakides (1999).
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Figure 2.38: Comparison of the computed shear stress versus shear strain curve for AS4/PEEK
composite deformed at a strain rate of 0.1/s with the experimental data of Vogler and Kyriakides
(1999).

2.3.4.5.2.

Off-axis loads

Four-ply composites of over-all dimensions 216 mm x 15.9 mm x 2.54 mm, divided into
a uniform 84 x 6 x 4 FE mesh, were loaded along the global X1-axis by pulling the
opposite end faces at an equal and opposite axial speed of 0.065 mm/min or equivalently
at an average axial strain rate of about 10-5/s. For five configurations simulated,
identically oriented fibers in each ply made an angle of 150, 300, 450, 600 or 750
counterclockwise with the X1-axis. Weeks and Sun (1998), and Jen and Lee (1998) have
experimentally tested these specimens.
Computed axial stress-axial strain curves for fiber orientation angles of 150, 300 and 450
are compared with the corresponding experimental ones in Figure 2.39; it is evident that
the two sets of curves match very well. The dependence of the ultimate axial tensile stress
and the axial failure strain upon the fiber orientation angle is shown in Figures 2.40 and
2.41 respectively. Whereas the ultimate tensile strength has the maximum value for the 00
fiber orientation, the axial failure strain has the maximum value for a fiber orientation of
450. The ultimate tensile strength drops off very rapidly as the fiber orientation angle is
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increased from 00 to 150; however, the further decreases in the tensile strength with
subsequent increases in the fiber orientation angle by 150 are quite small.
We did not conduct numerical experiments for fiber orientations between 00 and 150, and
therefore cannot decipher whether the drop in the tensile strength is asymptotic or linear.

Figure 2.39: Comparison of the computed axial stress versus axial strain curve of AS4/PEEKwith
experimental data of Weeks and Sun (1998) for three fiber orientations.

Figure 2.40: Dependence of the ultimate axial tensile strength upon the fiber orientation angle for
unidirectional quasistatic loading of a composite.
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Figure 2.41: Dependence of the axial strain at failure upon the fiber orientation angle for
unidirectional quasistatic loading of a composite.

For the uniaxial loading, stresses at a point for the 150 and the 750 fiber orientations are
quite different. Thus plots of the ultimate axial tensile stress versus the fiber orientation
angle,θ, need not be symmetric about θ = 450; the same holds for the plot of the axial
strain at failure versus the fiber orientation angle. Jen and Lee (1998) did not plot the
axial stress versus the axial strain curve; thus our computed curves for θ = 600 and 750
laminate cannot be compared with the corresponding experimental ones. However, their
tabulated values 115 MPa and 96 MPa, respectively, for the ultimate strength of 600 and
750 laminate agree well with our computed values of 103 MPa and 83 MPa. They found
the ultimate tensile strength of a [45]16 composite to be 151.0 MPa; our results plotted in
Figure 2.40 gives a value of 129 MPa. They stated that the failure surface was parallel to
the fibers and was roughed by matrix cracks, implying thereby that the fiber/matrix
debonding failure mode was predominant.
Time histories of evolution of the three damage variables for the 600 and the 750 laminate
are exhibited in Figure 2.42; the damage due to fiber breakage was negligible. Note that
values of the debonding damage variable are higher than those of the matrix cracking
except when the material is about to fail.
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Figure 2.42:Evolution of damage variables in off-axis tests with 600 and 750 plies.

2.3.4.5.3.

Balanced plies

For the sixth configuration, fiber orientation in plies 1 (the bottom-most), 2, 3, and 4 (the
top-most) equaled 300, -300, -300 and 300 respectively; this lay-up is referred to as
balanced plies, [+30/-30]2s. A 216 mm x 15.9 mm x 2.54 mm specimen, divided into a
uniform 84 x 6 x 4 FE mesh, was loaded along the global X1-axis by pulling the opposite
end faces at an equal and opposite axial speed of 65 mm/min or equivalently at an
average axial strain rate of about 10-2/s. A seventh configuration with same dimensions
and a fiber orientation of [+60/-60]2s was loaded along the global X1-axis by pulling the
opposite end faces at an equal and opposite axial speed of 65mm/min or equivalently at
an average axial strain rate of about 10-2/s. Results of those two configurations were
compared to experimental data from Weeks and Sun (1998). Figure 2.43 shows the
stress-strain response of the two balanced plies at two different strain rates, and the
experimental data from Weeks and Sun (1998). It is evident that the computed results are
close to those obtained experimentally with a maximum of 4% difference in ultimate
stress and 20 % in failure strain values.
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Figure 2.43: Comparison of the computed axial stress versus axial strain curve of AS4/PEEKwith
experimental data of Weeks and Sun (1998) for 2 balanced plies; [+30/-30]2s at strain rate of 0.01/s,
and [+60/-60]2s at strain rate of 0.01/s.

2.3.4.5.4.

Strain-rate effects

Weeks and Sun (1998) tested 8 mm x 8 mm x 8 mm 32- ply [30/-30]16s laminated
composites in a split Hopkinson pressure bar at nominal strain rates of 300/s and 1000/s.
We simulate these tests by assuming that deformations are symmetrical about the
midsurface, and the pressure loads on the left and the right faces of the specimen can be
replaced by the prescribed axial velocity that increases from 0 to 4ε& in 0.1 µs where ε&
equals the nominal axial strain rate. A sketch of the problem studied is shown in Figure
2.44. Each specimen was discritized with a uniform 16 x 16 x 16 FE mesh. Computed
axial stress versus axial strain curves for the two different strain rates are compared with
the corresponding experimental ones in Figure 2.45. It is clear that the fiber orientation
angle affects significantly the axial stress induced in the specimen for a given value of the
axial strain. For specimens with identical layout of fibers the axial stress at a given value
of the axial strain will be higher in the specimen deformed at an axial strain rate of 103/s
than that in the specimen deformed at an axial strain rate of 300/s. However, here the
reverse occurs because of the differences in the fiber layout. Whereas the [300/-300]16s
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laminate deformed at an axial strain rate of 300/s failed at t = 19.7 µs, the [600/-600]16s
laminate deformed at an axial strain rate of 1000/s failed at t = 21.8 µs. The axial strain at
failure for each specimen matches well that observed experimentally.

Figure 2.44: Schematic of specimen dimensions, loads and boundary conditions applied to simulate
the split Hopkinson pressure bar (SHPB) test.

Figure 2.45: Comparison of the computed axial stress versus axial strain curve of AS4/PEEKwith
experimental data of Weeks and Sun (1998) for [+30/-30]16s at strain rate of 300/s, and [+60/-60]16s at
strain rate of 1000/s.

This simulation provides a severe test of the proposed model since material constants
were found from tests on a single lamina deformed at strain rates of 10-5 /s to 10-1/s, and
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here computed results have been compared for a 16-ply laminate deformed at axial strain
rates of 3 x 102 /s and 1x103 /s. Furthermore, plies in the two laminates had different fiber
orientations.

2.3.4.5.5.

Low Velocity Impact loads

Schoeppner and Abrate (2000) have experimentally determined damage induced in a
laminated composite impacted by a 2.54 cm diameter hemispherical hardened steel ball
dropped from a certain height. The load applied by the steel ball is numerically simulated
by applying a pressure field distributed over a circular cross-section of radius R, where
the value of R depends upon the applied load, and the elastic constants of the laminate
and the steel. The value of R is found from the following Hertz’s (1882) relations:
3
R 3 = π aP (ς steel _ sphere + ς composite ),
4
ς = (λ + 2µ ) / 4πµ (λ + µ )
P' =

x2 y2
3P
−
−
1
,
R2 R2
2πR 2

(2.108)

(2.109)

where λ and µ are first and the second Lame’ constants, P’ is the pressure acting at a
point, a is the radius of the sphere, and P equals the total applied load. Values of λ and

µ for the composite were calculated using material properties at each integration point
and the following relations:

λ=

0 .3 E 3
,
(1 + 0.3)(1 − 2(0.3))
E3
µ=
,
2(1 + 0.3)

(2.110)

where E 3 is the modulus of the composite in the X3- direction and Poisson’s ratio is
taken to be 0.3. P is assumed to increase linearly with time at the rate of 0.75 kN/µs.
Figure 2.46 evinces a schematic sketch of the specimen, the loading, and fiber
orientations in the 9 plies of the laminate. The thickness of the laminate in the five
simulations equaled 1.27 mm, 4 mm, 7 mm, 11 mm, and 13 mm. For each thickness, the
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laminate was divided into 20 x 20 x 9 8-node brick elements with a finer mesh in the
impacted area; the FE mesh for one configuration is shown in Figure 2.47.

Figure 2.46: Schematic sketch of specimen dimensions, loads and boundary conditions applied to
simulate impact loading of a composite.

Figure 2.47: Finite element discretization of the specimen of Figure 2.46.

For a 1.27 mm thick laminate, time histories of evolution of the three damage variables,

φ f , φ m and φ d , at the laminate centroid are depicted in Figure 2.48. The Damage
Threshold Load (DTL) is the load at which damage increases quickly, and the load drops
rapidly. We took it to be the load when the three damage variables reach 1 at the
specimen centroid. As can be seen from the results plotted in Figure 2.48, for the 1.27
mm thick laminate, this occurred at time = 1.48 µs, giving DTL = 1.11 kN. The DTL for
laminates of different thicknesses has been normalized by the DTL for the 7-mm thick
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laminate since for it the experimental and numerical values equaled 12.5 kN. As shown
in Figure 2.49, the numerically computed DTL matches well with that found
experimentally. Fringe plots of φ f , φ m and φ d at t = 1.48 µs are exhibited in Figure 2.50.

Figure 2.48:Time histories of evolution of the three damage variables,
centroid of 1.27 mm thick specimen.

φ f , φ m and φ d , at the

Figure 2.49: Comparison of the dependence upon the laminate thickness of the numerically
computed and the experimentally observed (Schoeppner and Abrate, 2000) normalized DTL.
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Figure 2.50: Fringe plots of the damage variables at time =1.48 µs.

2.3.4.5.6.

Loading, unloading and reloading

Instead of applying a constant velocity on the opposite edges of the 750 laminate , we first
prescribed an alternating velocity, and then an oscillating tensile-compressive surface
traction to the opposite edges of a 1 mm x 0.1 mm x 0.1 mm specimen to simulate
loading, unloading and reloading; schematics of these problems are shown in Figures
2.51 and 2.52 respectively.

Noha M. Hassan

96

Figure 2.51: Top: schematic sketch of the problem studied; Bottom: time history of the axial velocity
prescribed at the opposite edges.

Figure 2.52: Top: schematic sketch of the problem studied; Bottom: time history of the axial surface
traction (GPa) prescribed at the opposite edges.
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For axial velocity prescribed at the opposite faces, Figures 2.53 and 2.54 depict,
respectively, the axial stress-axial strain and time histories of evolution of the three
damage variables at the center of left edge (i.e., the point X1 = 0, X2 = 0.05, X3 = 0.05) of
the specimen. The stress-strain curve during unloading of the specimen differs from that
during initial loading due to the difference in the elastic moduli caused by the damage
developed during loading. As can be seen from the plots of Figure 2.54, there is virtually
no fiber breakage, and for t > 0.5 µs, the debonding damage variable has a considerably
higher value than the matrix cracking damage variable. Furthermore, for t > 2 µs, these
damage variables have constant values since then either the material is unloading or
strains induced in the material are below their previously reached limiting values for the
additional damage to develop. Thus during repeated loading and unloading under
prescribed axial velocity of constant amplitude, there will be no additional damage
developed, and our model predicts a rather unrealistic result of infinite life of the
laminate.

Figure 2.53: Axial stress-axial strain for a specimen loaded on opposite edges with prescribed equal
and opposite alternating axial velocity at X1=0, X2=0.05 and X3=0.05.
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Figure 2.54: Time histories of evolution of the three damage variables at X1 = 0, X2 = 0.05 and X3 =
0.05, for alternating equal and opposite axial velocity prescribed on opposite edges of a rectangular
specimen.

Figures 2.55 and 2.56 depict, respectively, the axial stress – axial strain and time histories
of evolution of the three damage variables at the center of left edge (i.e. X1 = 0, X2 = 0.05
and X3 = 0.05) of the laminate when equal and opposite axial tractions are applied on its
opposite edges. There is essentially no fiber breakage induced, and the dominant damage
modes are debonding and matrix cracking. The damage variables remain unchanged
during unloading of the material point but evolve during reloading because of the higher
strains induced in the damaged material. Thus, the proposed model can be used to
predict fatigue life of the specimen.
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Figure 2.55: Axial stress – axial strain at the point X1 = 0, X2 = 0.05 and X3 = 0.05 of the laminate
loaded on opposite edges by equal and opposite oscillating tractions.

Figure 2.56: Time histories of evolution of the three damage variables at X1 = 0, X2 = 0.05 and X3 =
0.05 of the laminate for alternating equal and opposite axial tractions prescribed on opposite edges.
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Temperature effects

Four-ply composites of over-all dimensions 100 mm x 10 mm x 2 mm, divided into a
uniform 84 x 6 x 4 FE mesh, were loaded along the global X1-axis by pulling the opposite
end faces at an equal and opposite axial speed of 0.01 mm/min or equivalently at an
average axial strain rate of about 10-5/s. An absolute temperature of 393 0K was
prescribed at all nodes to impose a temperature rise of 100 0K. For four configurations
simulated, identically oriented fibers in each ply made an angle of 100, 300, 450, and 900
counterclockwise with the X1-axis. Kawai et al. (2001) have experimentally tested these
specimens.
Computed axial stress-axial strain curves for different fiber orientation angles are
compared with the corresponding experimental ones of Kawai et al. (2001) in Figure
2.57; the maximum difference in the two stress values is 9.8 %. The ultimate strain values
at failure were computed to be 0.02, 0.023, 0.021, 0.007 for the 100, 300, 450, 900
laminates while the corresponding experimental values were 0.025, 0.026, 0.029 and
0.006. The larger error in this case could be due to the inaccurate dependence of material
parameters upon the temperature calculated from the dependence of the initial modulus
upon temperature. We could not find in the open literature stress-strain curves for
AS4/PEEK at different temperatures. Figure 2.58 shows the evolution with the axial
strain of three-damage variables at the centroid of the specimen. For 100, 300, 450 and 900
laminates, there is practically no fiber breakage damage, therefore it has not been plotted.
For the 900 laminate matrix cracking is the only mode of failure to occur and it reached 1
at an axial strain of 0.007 leading to the failure of the specimen. The fiber/matrix
debonding variable stayed close to zero; its evolution is not shown in Figure 2.58. For the
100, 300 and 450 laminates, the debonding damage variable equaled almost 2.5 times the
matrix-cracking damage variable and it reached 1 first.
It should be noted that we have studied the effect of increasing the temperature uniformly
by 100 0K. In a dynamically loaded structure, the temperature is very likely to be
nonuniform throughout the body resulting in thermal stresses and variation in values of
material parameters from point to point.
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Figure 2.57: Comparison of the computed axial stress versus axial strain curve of AS4/PEEKwith
experimental data of Kawai et al. (2001) for off-axis laminates with a temperature increase of 1000C
and axially loaded in tension.

Figure 2.58: Damage evolution for off-axis laminates with a temperature increase of 100 0C, and
pulled axially at 10-5/s.
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2.4. Conclusions
In order to obtain accurate results, the simulation of deformations of fiber-reinforced
polymeric materials under different loading conditions should account for various factors
such as geometric nonlinearities, inelastic material behavior, damage, delamination, and
frictional forces at contact surfaces. In this study, equations governing finite
thermomechanical deformations of an anisotropic composite have been derived. The
evolution of damage and its influence on the degradation of material parameters have
been considered. The present value of a damage variable representing fiber breakage,
fiber/matrix debondng, or matrix cracking at a material point is assumed to depend upon
the state of deformation at that material point. The delamination failure is considered by
allowing the adjoining two laminas to either locally separate from or locally slide over
each other whenever the failure criterion at a point on the interface has been satisfied.
The elastic response of the material is modeled by assuming it to be neo-Hookean, and
the strain-rate response by assuming that the evolution of damage variables also depends
upon the strain rate.
A FE code for analyzing 3-D transient thermomechanical deformations employing 8node brick elements has been developed in modular form, and used to analyze various
initial-boundary-value problems for the AS4/PEEK composite laminates.

Computed

results have been found to compare well with the corresponding experimental results
available in the literature.
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3. Response of fiber reinforced composites to
underwater explosive shock loads
3.1.

Abstract

A three-dimensional finite element code, with rate and temperature dependent damage
evolution equations for anisotropic bodies, is used to numerically ascertain the damage
developed in a fiber reinforced composite due to shock loads representative of those
produced by an underwater explosion. Three internal variables are used to characterize
damage due to fiber/matrix debonding, fiber breakage, and matrix cracking.

The

delamination and relative sliding of adjoining layers has been simulated by the nodal
release technique. The effect of different factors such as the fiber orientation angle, layup sequence, target thickness, constituents’ properties, and volume fractions of
constituents on the damage development and propagation has been examined. Results
give preliminary information on how composite structure’s design can be altered in order
to maximize the energy absorption and hence increase structure’s resistance to blast
loads.
Keywords: Composite failure, Impact loads, Energy absorption, Numerical solution

3.2. Introduction
One of the greatest threats to ship structures and marine vessels is being exposed to
severe shock loads (Mouritz, 1995a,b) which could be due to underwater explosion of a
mine or torpedo, the structure striking a partially submerged object in water, and/or the
slamming pressure that occurs at high sea states when the forefront of the vessel rises
above the water surface and then reenters the water. These shock waves generally
generate impulses of high pressures and very short durations, resulting in very high strain
rates, which may cause severe structural damage.
In order to increase payload and thus decrease weight of the empty ship, there is
significant interest to develop lightweight structures for replacing conventional plate–
beam metallic components in selected areas of ships. For such structures to provide
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adequate protection against underwater blast, they must have high resistance to impulsive
loads and good residual (post-impact) strength (Mouritz, 1996). Estimation of service
life requires knowing the progressive degradation of material properties as a consequence
of growth of the internal damage. The absorption of energy in ballistic situations depends
on the evolution of damage in the target that progressively degrades its material
properties. Although several models have been developed to describe the deformation
mechanisms of composite materials, no one model adequately characterizes the entire
process due to numerous factors like the difference in behavior between fiber types,
fabric and composite constructions, the diversity in thermomechanical properties,
ductility, anisotropy, rate sensitivity of composite materials, and the fact that composite
materials respond differently from monolithic materials (e.g., a metal) upon which
fundamentals of the mechanics of high strain rate deformation are based (Gellert et al.,
2000).
The initiation and propagation of damage in composites due to impulsive loads has been
studied experimentally, analytically and numerically. For underwater shock and air blast
loading, tests are usually performed by subjecting large composite panels (up to 3 m x 3
m in size) or full scale sections of a ship to increasing levels of shock loads and then
examining the laminate for evidence of gross structural damage (Mouritz, 1995a) which
could be in the form of fiber breakage, matrix cracking, fiber/matrix debonding and
delamination. Luo et al. (2001) conducted drop weight tests on 16 - 60% fiber volume
fraction symmetric cross-ply carbon/epoxy composite plates clamped to a steel ring with
eight equally spaced bolts. The maximum impact speed attained in this experimental
setup was 8.58 m/s. After each impact test, the specimen was inspected under an optical
microscope and in an X-ray chamber. The damage was identified as matrix failure
coupled with delamination, but no fiber breakage was observed. Furthermore, cracks
were found to have propagated in the matrix along the fiber direction in the bottom layer.
Langlie et al. (2000) performed ballistic tests at impact speeds between 2,000 and 6,000
ft/sec, and found that tensile fiber breakage and delamination were the major energy
absorption mechanisms during the penetration process.
Roy et al. (2001) conducted impact fatigue tests on pre-notched glass fiber reinforced
vinyl ester resin ( V

f

= 0.635 ) composites. They noticed that, upon impact, one half of
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the sample was stressed in tension while the other half in compression. The loaddisplacement curve was found to be essentially a straight line till the maximum load was
reached when the load dropped suddenly due to matrix cracking and debonding. A close
examination of the microstructure of the fractured surfaces revealed severe debonding,
with fiber pullout and fracture in the tensile zone, and shear fracture of the fiber bundles
in the compressive zone. A few large cracks at high impact loads, and a large number of
microcracks in the matrix with damaged fibers at low impact loads were found during the
post-mortem studies of the tested specimens.
Mouritz (1996) used the four-point bend test to measure the residual flexural strength of a
glass reinforced polymer (GRP) laminate after it had been impulsively loaded by an
underwater shock wave produced by an explosion. The examination by a Scanning
Electron Microscope (SEM) of the laminate tested at a shock pressure of 8 MPa revealed
that damage was confined to some cracking of the polymer matrix and a small number of
short delaminations; consequently, the flexural strength remained essentially unchanged.
However, when the peak pressure of the shock wave exceeded 8 MPa, the laminate was
severely damaged by cracking of the polymer, failure and buckling of fibers, and large
delamination zones. High compressive stresses in the area near the impacted surface
buckled glass fibers there, and high tensile stresses near the back surface caused cracking
of the polymer and glass fibers there. Throughout the laminate, extensive delamination
occurred at many interfaces between adjoining plies. The extent of damage, as evidenced
by the progressive deterioration of the residual flexural strength and stiffness, increased
with an increase in the intensity of the shock pressure from 8 to 28 MPa. Will et al.
(2002) have pointed that for high velocity impacts the structure responds in a local mode,
a little energy is used to deform fibers and the structure, and a significant amount of
energy is dissipated in mechanisms such as delamination, debonding and fiber pull-out.
We delineate below effects of different material, geometric and loading parameters on the
structural response to impulsive loads.

3.2.1.

Target thickness

Thick laminates respond differently to external applied loads than thin laminates (Wen,
2001) as also evidenced by results presented in subsections 2.3.4.5.5 and 3.4.4. Morais et
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al. (2005) studied the effect of the laminate thickness on the resistance of 12.5 cm x 12.5
cm carbon, glass and aramid fabric composites to repeated low energy drop weight
impacts with the weight being dropped from a height of 0.5 to 1.0 m at the specimen
center. For impact energies below 3.7 J, the resistance to repeated low energy impacts
increases with laminate thickness, irrespective of the type of fiber used to reinforce the
composite. However, for high impact energies, the resistance of the laminate to repeated
impacts depends not only on its thickness but also on the type of fibers and their spatial
distribution (Morais et al., 2005). Gellert et al. (2000) studied experimentally the effect
of the target thickness on the ballistic perforation of GRPs. For thin targets the damage
was in the form of a delamination cone opening towards the exit side as shown
schematically in Figure 3.1a; its diameter and height increased with an increase in the
target thickness, until for sufficiently thick targets the delamination cone opened towards
the impact side as depicted in Figure 3.1b. The diameter of the delaminated zone on the
target impact side was found to increase linearly with the target thickness from when it
first appeared there, and that on the target exit side increase with the target thickness until
it plateaued. Gellert et al. (2000) also observed a transition in energy absorption, which
they postulated being due to a change in perforation mechanism from largely dishing in
thin targets to a combination of indentation and dishing in thick targets. The target
thickness at which this transition occurs depends on the projectile diameter, the nose
geometry and the target material; it can be used to differentiate between thin and thick
targets. They also found that for thick GRP targets less energy is absorbed for conical
nosed projectiles showing they are more effective as penetrators, but the energy absorbed
is essentially independent of the projectile nose geometry for thin GRP targets. They also
noted that when computing the work done to perforate a target all deformation
mechanisms should be included. In their analysis the kinetic energy due to moving layers
at the rear of the target and the ejected debris was not accounted for, as they require
specialized instruments for characterization.
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Figure 3.1: Illustration of delamination in (a) thin target, (b) thick target, after being impacted by a
conically nosed projectile.

3.2.2.

Constituents’ properties

Various investigators, including Sierakowski and Chaturvedi (1997), Espinosa et al.
(2000), Mouritz (1995b) and Fu et al. (1999), have studied the effect of constituents’
properties on failure modes. Whereas delamination and matrix cracking are influenced by
matrix properties, fiber breakage depends upon fiber properties (Sierakowski and
Chaturvedi, 1997). Attempts have been made to improve the delamination resistance of
laminates by using thermoplastics and toughened polymer matrices. While these matrices
increase the interlaminar strength of the laminate, they do not improve the damage
resistance under extremely severe shock loads (Mouritz, 1995b). The matrix properties
govern the damage threshold and the extent of impact damage while fiber properties
govern the resistance to penetration (Espinosa et al., 2000). Performance of composites
when subjected to impact loads can be enhanced through improvements in the toughness
of the resin systems; the toughness is a measure of the material’s ability to absorb strain
energy, resist shear cracking and reduce effects of stress concentrations (Sierakowski and
Chaturvedi, 1997). Higher fiber strength provides better impact resistance (Espinosa et
al., 2000).

3.2.3.

Fiber length and fiber volume fraction

Fu et al. (1999) studied effects of fiber volume fraction and fiber length on the energy
absorbed during notched Charpy impact tests on both single (glass or carbon) and hybrid
(glass and carbon) short-fiber-reinforced polypropylene (PP) composites. They attributed
the increase in the fiber damage with an increase in the larger fiber volume fraction to the
greater fiber-fiber interaction. It was found that the impact energy absorbed by the
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laminate increases with an increase in the glass fiber volume fraction, and decreases with
an increase in carbon fiber volume fraction. This suggests that the cheaper glass fiber is
more efficient in enhancing the fracture toughness of PP than the more expensive carbon
fiber. Also, Morais et al. (2005) found that glass fiber composites provided better
resistance to compressive impact loads than carbon and aramid fibers; they attributed this
to the fine structure of glass fibers and the resulting higher fiber/matrix contact area.

3.2.4.

Fiber/matrix interface

For continuous fiber composites, the introduction of a material interface can increase the
impact resistance of the composite (Sierakowski and Chaturvedi, 1997). Roy et al. (2001)
stated that a strong interfacial bond between the fiber and the resin matrix delayed the
occurrence of fiber/matrix debonding and longitudinal matrix cracking, thus improving
the overall performance of the composite.

3.2.5.

Ply stacking sequence

The ply stacking sequence in laminated composites has been shown to play an important
role in the damage tolerance of composites (Sierakowski and Chaturvedi, 1997). Sjogren
et al. (2001) experimentally determined elastic properties of impact damaged carbon
fiber/epoxy laminates. They found that the stiffness reduction of an impact damaged
composite laminate is controlled mainly by the amount of fiber breakage, which depends
upon the stacking sequence. Will et al. (2002) experimentally studied the effect of the
change in the laminate stacking sequence on its ability to dissipate kinetic energy of a
projectile. The laminates were subjected to impacts up to and beyond their ballistic limits;
the ballistic limit of a laminate equals the speed of a standard projectile at which it just
perforates the target. The dominant energy dissipating mechanism was found to be
delamination followed by shear fracture, and matrix cracking accounted for a small
portion of the energy dissipated. Hull and Shi (1993) proposed that delaminations are
caused by interlaminar cracks. Since both transverse shear stresses and delaminations
depend upon the laminate stacking sequence (Hitchen and Kemp, 1995), therefore
interlaminar cracks depend on the stacking sequence also (Will et al., 2002). The
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laminate stacking sequence influences the total delamination area, the delamination
location, and the shear fracture area.

3.2.6.

Impact energy

At low impact velocities, matrix cracking and delamination are usually the dominant
damage processes. As the impact energy increases, the damaged area increases up to the
ballistic limit when the damage tends to level off (Habib, 2001). The total energy
dissipated by material failure varies linearly with the impact energy up to the ballistic
limit; however, it does not correlate well with the impact energy for impact speeds above
the ballistic limit. Thus the ballistic limit is regarded as a threshold in the development of
material damage (Will et al., 2002). Iannucci et al. (2001) have stated that when the
kinetic energy of a projectile is increased to ballistic levels, damage could result in
through-the-thickness penetration and generally only local delaminations. The material at
the impact site may additionally fail due to the localized shock created by the impact
which suddenly raises the temperature of the material, and may induce a phase change.
The residual compressive strength of the laminate was found to decrease indicating
enhanced damage with an increase in the impact energy (Habib, 2001).
Shikhmanter et al. (1995) studied the fractography of a quasi-isotropic, i.e,. a laminate
whose in-plane properties are nearly isotropic, tape first damaged by low energy level
impacts and then loaded very slowly to failure in tension or compression. It was found
that a distinction could be made between the damage caused by the impact, and that due
to the two modes of subsequent loading. Tested specimens were examined with a naked
eye, an optical microscope, and a SEM to detect fracture surfaces. There was no visible
sign of damage to the plate on the impacted side for impact energies of 20 and 30 ft-lbs
(27 and 40.7 J respectively). However, in both cases a few cracks up to 20 mm in length
and parallel to fibers in the outermost ply were visible on the rear side of the plate. In
progressing from the impacted face to the opposite free face, delaminations were
observed between every 90° and 0° plies, but not between 0° and 90° plies. With the
exception of plies immediately adjacent to the impacted side, delaminations were also
found between every - 45° and + 45° plies, and also between every + 45° and - 45 ° plies.
The delamination area tended to increase in going from the impacted side to the free
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major surface of the laminate. Transverse cracks occurred predominantly in the double +
45 ° plies and were fairly uniformly spaced around the axis of impact; they appeared to
connect the + 45°/ - 45° delamination zones, with the latter possibly preceding the
former.

3.2.7.

Homogenization of material properties

Parga-Landa et al. (1999) studied the effect of slamming pressure on the intralaminar
behavior of composite panels by assuming that the slamming pressure can be modeled as
triangular pulses. When a wave crosses the boundary between layers of sharply different
acoustic impedances, it is partially reflected and partially transmitted that may lead to
strong shock wave dispersion causing loss of spall strength in some cases. Their analysis
of the problem indicates that using properties of a homogenized material is not a good
way to study dynamic loading of a heterogeneous body. Espinosa et al. (2000) have
suggested that dispersion effects may become more pronounced if voids are considered in
the analysis.

3.2.8.

Composite’s heterogeneity

Espinosa et al. (2000) have examined the effect of the waviness of fibers on the
interlaminar shear failure of fiber reinforced plastics (FRPs) under impact loading. The
fabrication of composites introduces waviness in the interface between adjoining laminas
which may induce local shear stresses. Dandekar and Beaulieu’s (1991) experimental
observations show that local shear stresses generated due to geometric heterogeneity of
FRPs may cause delamination even under compressive loading.

3.2.9.

Composite structures

Schonberg (2000) investigated experimentally the impact resistance of several dual wall
systems. A dual wall system is composed of an outer bumper that is subjected to impact
loads, a pressure wall which is a layer on the exit side, and an inner layer between the
two; there is empty space between every two adjoining layers. The laminate was used as
one of the three layers in the dual wall system. Under equal impact energies, these
systems performed no better than an aluminum dual wall system with each layer having
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the same specific strength. However, the composite used as an inner layer or as a pressure
wall provided greater protection to spacecraft occupants against damage caused by highspeed impacts.

3.2.10. Stitching composites
Mouritz (1995a, 2001) compared the damage resistance of stitched and unstitched GRP
laminates loaded by an underwater shock wave produced by an explosion. The laminates
were tested at low and high blast loads. It was found that unstitched and stitched
laminates suffered the same types of damage that included cracking of the polymer
matrix and glass fibers, small debonded lengths between the polymer and the glass fibers,
and large delaminations between adjoining plies. However, the delaminated area was
reduced by stitching with the greatest reduction occurring at a higher stitch density and
when the stitches were along the fibers; it was attributed to stitching increasing the modeI intralaminar fracture toughness. For ballistic projectiles, stitching slightly reduced the
damage due to delamination of adjoining plies.

3.2.11. Boundary conditions
Boundary conditions at the edges of a composite laminate determine the tearing
mechanism encountered (Nurick and Shave, 1996), and noticeably affect the onset of
failure and its subsequent propagation.

3.3. Brief Description of the Analysis Technique
A 3-D FE code6, with strain rate dependent damage evolution equations, is used to
numerically investigate the damage induced in fiber reinforced composite marine
structures due to underwater explosive shock loads. The effect, if any, of temperature
changes on structure’s response has been neglected, and a mechanical problem has been
analyzed. Figure 3.2 schematically depicts a ship structure subjected to a blast load due
to an explosive charge of weight, W (Kg) positioned at a stand-off distance, R (m), and
an angle, θ, from the ship structure. A 10 mm thick, 220 mm x 220 mm square,
6

Governing equations, constitutive relations and damage evolution equations are given in

Chapter 2.
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composite panel is considered for the analysis. These dimensions were chosen to match
with those of the test specimen used by Turkmen and Mecitolu (1999) who studied the
dynamic response of a laminated composite subjected to air blast loads, and are of the
same order of magnitude as those employed in other tests; e.g, Comtois et al. (1999) used
a 216 mm diameter, 2.1 mm thick circular plate, Langdon et al. (2005) a 220 mm x 220
mm x (1.6 mm - 2.62 mm) plate, and Mouritz (1995a) a 270 mm x 70 mm x 6.1 mm
rectangular plate.

Figure 3.2: Schematic of a ship structure subjected to an underwater explosive load.

The panel is assumed to be made of AS4/PEEK with the fiber volume fraction, Vf , of
0.6. Mechanical properties of the fiber and the matrix are given in Tables 2.1 and 2.2
respectively; values of parameters in damage relations (2.83), (2.85) and (2.87) for the
composite are listed in Table 2.3.
Figure 3.3 is a schematic sketch of the problem analyzed. The panel is made of 4 plies,
and is divided into 8-noded brick elements with finer elements in the central portion; e.g.,
see Figure 3.4.

Figure 3.3: Schematic sketch of the problem analyzed.
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Figure 3.4: Discretization of the panel into a FE mesh of 20 x 20 x 4 elements.

All four edge surfaces of the specimen are fixed; i.e., u1= u2 = u3 = 0 on surfaces X1 = 0,
X1 = 220 mm, X2 = 0, and X2 = 220 mm. The load due to underwater explosion is
simulated by applying a time-dependent pressure field on the top surface of the specimen;
the pressure also varies with the distance, r, from the centroid of the top surface of the
panel. The peak pressure is assumed to occur at r = 0, and decrease exponentially with
the passage of time as given by Cole (1948).

P (t ) = Pmax e − t / λ .

(3.1)

In eqn. (3.1), Pmax is the peak pressure in the shock front, t the time elapsed since the
arrival of the shock wave, and λ the decay time constant. The peak pressure, Pmax, and the
decay constant, λ, are given by

⎛ W 1/ 3 ⎞
⎟⎟ ,
= K 1 ⎜⎜
⎝ R ⎠

(3.2)

A2

(3.3)

A1

Pmax

λ = K 2W

1/ 3

⎛ W 1/ 3 ⎞
⎜⎜
⎟⎟ ,
⎝ R ⎠

where constants K1, K2, A1 and A2 depend upon the explosive charge; their values for
four explosives, taken from Liang and Tai (2005), are listed in Table 3.1. Figure 3.5
exhibits a typical pressure-time variation at r = 0.
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Table 3.1: Values of constants in eqns. (3.2) and (3.3) for various explosives (Liang and Tai, 2005).

Explosive type

TNT

HBX-1

PETN

Nuclear

K1

52.12

53.51

56.21

1.06x104

A1

1.18

1.144

1.194

1.13

K2

0.0895

0.092

0.086

3.627

A2

-0.185

-0.247

-0.257

-0.22

Figure 3.5: Variation at r = 0 of pressure with time for TNT explosive with W= 64 Kg and R=10 m.

Turkmen and Mecitolu (1999) experimentally analyzed the dynamic response of a
stiffened laminated composite plate subjected to air-blast loading. They also studied the
effect the distance, R, between the charge and the target has on the pressure distribution
over the specimen. For large values of R, the shock wave is planar and the pressure
distribution on the specimen is nearly uniform. However, we consider here the case of
the pressure being non-uniform over the specimen with its peak value occurring at the
centroid of the impacted surface. The polynomial function obtained by using a least
squares fit to the pressure distribution over the 220 mm x 220 mm specimen found by
Turkmen and Mecitolu (1999) is
P (r , t ) = (-0.0005r 4 + 0.01r 3 - 0.0586r 2 - 0.001r + 1) P (t ),

(3.4)
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where r is the distance, in cm, from the center of the specimen. For a fixed value of time
t, Figure 3.6 shows the variation of the pressure with radius. We have tacitly assumed
here that the spatial variation of the pressure exerted on a flat plate by a shock wave
traveling in water and in air is the same.

Figure 3.6: For a fixed value of time t, pressure distribution over the specimen’s top surface.

The shock factor is a measure of the severity of the attack, and relates the charge weight
to the distance between the point of ignition and the target plate; the shock wave pressure
varies with the charge weight, the standoff distance, and the relative attack orientation. A
higher value of the shock factor implies that a larger proportion of energy of the
underwater explosion is imparted to the ship. For submarines, this factor is called the
Hull Shock Factor (HSF) (Bishop, 1993; Reid, 1996; O’Hara and Cunniff, 1993), and is
given by
⎛ W 1/ 2 ⎞
⎟⎟.
HSF = ⎜⎜
⎝ R ⎠

( 3.5)

For a surface ship, it is necessary to correct eqn. (3.5) for the angle at which the shock
wave strikes the target; the corrected value, termed the Keel Shock Factor (KSF) (Bishop,
1993; Reid, 1996), is given by
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⎛ W ⎞⎛ 1 + cos(θ ) ⎞
⎟⎟⎜
KSF = ⎜⎜
⎟.
2
⎠
⎝ R ⎠⎝
1/ 2

( 3.6)

In order to assess a structure’s resistance to impact loads, the following quantities are
computed: work done due to applied loads by eqn. (3.7); energies dissipated due to fiber
breakage, matrix cracking, debonding, and delamination via eqns. (3.8), (3.9), (3.10) and
(3.13) respectively; work done to deform the body via eqn. (3.11), and the kinetic energy
of the body at the terminal value of the time t via eqn. (3.12).
t

Work done by external forces = ∫ ∑ F3n
0 n

du3n
dt.
dt

( 3.7)

The summation is eqn. (3.7) is over all nodes on the top surface of the laminate where
pressure is applied.
dφ f
Energy dissipated in fiber breakage = ∫ ∫ Y
dV dt ==
dt
0V
t

f

t

Energy dissipated in matrix cracking = ∫ ∫ Y

m

0V

dφ m
dV dt ==
dt

φf

∫ ∫Y

f

dφ f dV .

( 3.8)

dφ m dV .

( 3.9)

0V

φm

∫ ∫Y

m

0V

Energy dissipated in fiber / matrix debonding =
t

∫ ∫Y
0V

d

dφ
dV dt ==
dt
d

φd

∫ ∫Y

d

( 3.10)

dφ d dV .

0V

t

Work done to deform the body = ∫ ∫ Sαβ
0V

Kinetic energy = ∫
V

ρ
2

dEαβ
dt

dV dt .

(v x2 + v y2 + v z2 )dV .

Energy dissipated in delamination = Work done by external forces- Work
done to deform the body- Kinetic energy- Energy dissipated due to other three
failure modes

( 3.11)

( 3.12)

( 3.13)
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3.4. Computed Results and Discussion
3.4.1.

Mesh effect

For one loading, the following four mesh densities were considered: 20 x 20 x 4 (1600
elements, 2205 nodes), 20 x 20 x 8 (3200 elements, 3969 nodes), 40 x 40 x 4 (6400
elements, 8405 nodes), and 40 x 40 x 8 (12800 elements, 15129 nodes), with each mesh
being fine in the central portion of the specimen; e.g. see Figure 3.4. These are identified
as meshes 1, 2, 3 and 4 in Figure 3.7. For W = 64 Kg of TNT explosive, and R=10 m,
Pmax was calculated from eqn. (3.3) and its spatial distribution over the top surface from
eqn. (3.4). Computations were stopped at time = 230 µs, since then each one of the three
damage variables had reached 1.0 at the centroid of the laminate. For the four meshes,
Figure 3.7 shows time histories of the vertical displacement of the specimen centroid
located at X1 = 110 mm, X2 = 110 mm and X3 = 5 mm. It is clear that the maximum
difference in the centroidal displacement computed with any two meshes is about 4.8%.
At time = 152 µs, the maximum of the tensile principal stresses at all nodes equaled
1.39331, 1.32323, 1.23361, and 1.24554 GPa, for meshes 1, 2, 3, and 4 respectively,
while that in compression equaled - 0.885363, - 0.893707, - 0.916503, - 1.02709 GPa.
The maximum percentage difference is about 11% for the tensile principal stresses, and
13.7 % for the compressive ones. The work done to deform the body, calculated using
eqn. (3.11), was found to be 378.13, 408.19, 397.91 and 405.15 J, respectively, for
meshes 1, 2, 3, and 4. The maximum difference in these four values is about 7%. Thus,
we will use the 20 x 20 x 4 elements mesh for the remaining analyses in order to save on
computational resources. It will help identify quickly variables to which the impact
damage is most sensitive. If desired, subsequent computations can be performed with a
finer mesh to obtain improved results.
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Figure 3.7: For the four meshes, time histories of the vertical displacement of the specimen centroid
(X1 = 110 mm, X2 = 110 mm, and X3 = 5mm).

3.4.2.

Fiber orientation

In order to examine the effect of the fiber orientation on the impact resistance of the
composite structure all four plies were assumed to have the same fiber orientation, and
seven different fiber orientations, θ, namely, θ = 00, 100, 300, 450, 600, 750 and 900 were
considered. For θ = 00, Figure 3.8 exhibits time histories of the vertical displacement of
five points of the mid-surface X3 = 5 mm; locations of these points are depicted in the
Figure inset. As expected, the maximum deflection occurs at the centroid of the
specimen. Note that the applied pressure has the highest value at the centroid of the top
surface. Vertical displacements at locations 2 and 3 are nearly the same, and those at
points 1 and 4 are essentially equal to each other, but deflections at points 2 and 3 are
higher than those at points 1 and 4; this difference is attributed to fibers being oriented
along the X1 –axis. Although the body is assumed to be initially homogeneous, the
difference in the evolution of damage along the X1- and the X2- directions, and the
dependence of material properties upon the damage evolved annihilates the uniformity of
material properties. It is evident from the time histories of the vertical displacements at
centroids of planes X3 = 0 (bottom surface), X3 = 5 mm (mid-surface), and X3 = 10 mm
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(top surface) exhibited in Figure 3.9 that the vertical displacements at these three points
are very close to each other implying thereby negligible transverse normal strains.

Figure 3.8: Time histories of the vertical displacements of five different points of the midsurface X3 =
5 mm with fibers oriented along the X1-axis.

Figure 3.9: Time histories of the vertical displacements of the centroids of planes X3 = 0 (bottom), X3
= 5 mm (center), and X3 = 10 mm (top) with fibers oriented along the X1-axis.
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Figure 3.10 depicts the evolution of the fiber-matrix debonding at the same five points
where time histories of the evolution of the vertical displacement were plotted in Figure
3.8. The two plots are qualitatively similar in the sense that, at any time, damages
evolved at points 1 and 4 are nearly the same, and those at points 2 and 3 are close to
each other. Furthermore, the damage begins to evolve sooner at points 2 and 3 than that at
points1 and 4, and its rate of growth is also higher at points 2 and 3 than that at points 2
and 4. This is reasonable because debonding between fibers and the matrix occurs along
fibers rather than in a direction perpendicular to the fibers. The debonding damage
variable at the center does not equal the average of those at points 1 through 4.

Figure 3.10: Time histories of evolution of the debonding damage variable at the five points on
specimen’s mid-surface with fibers oriented along the X1 –axis.

One can conclude from fringe plots of the debonding damage variable at four different
times, shown in Figure 3.11, that the debonding starts from the edges perpendicular to the
fibers and propagates, along the fibers, towards the center.
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Figure 3.11: Fringe plots of the debonding damage variable at four different times; PD stands for the
debonding damage variable.

Figure 3.12 represents time histories of evolution of the debonding damage variable at the
centroids of the top, the middle, and the bottom surfaces of the laminate. It is clear that at
any time t, values of the debonding damage variable at these three points are nearly the
same implying that debonding propagates in the thickness direction instantaneously.

Figure 3.12: Time histories of evolution of the debonding damage variable at centroids of planes X3
= 0 (bottom), X3 = 5 mm (center), and X3 = 10 mm (top) with fibers oriented along the X1-axis.
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At time t = 160 µs, Figure 3.13 exhibits fringe plots of the debonding damage variable,
the Figure on the left depicts the damage distribution on the top surface, and that on the
right the damage distribution on the bottom surface. It is evident that the damage
distributions on the top and the bottom surfaces are nearly identical. Fringe plots of the
in-plane shear stress S12 are evinced in Figures 3.14, and those of the transverse shear
stress S13 in Figure 3.15. The maximum magnitude of the in-plane shear stress S12 occurs
at centroids of regions in the four quadrants, the shear stress is positive at points in the
first and the third quadrants, and negative at points in the second and the fourth
quadrants. The in-plane shear stress is nearly zero in the central portion of the specimen.
We conclude from fringe plots of Figure 3.15 that the maximum magnitude of the
transverse shear stress S13 occurs at points on the edges X1 = 0 and X1 = 220 mm where
the delamination initiated. The magnitude of the shear stress is nearly symmetric about
the midsurface with positive values occurring at points above it, and negative values at
points below it. The maximum magnitudes of the in-plane and the transverse shear
stresses are nearly equal to each other even though they occur at different points.

Figure 3.13: Fringe plots of the debonding damage variable in the specimen at t = 160 µs.
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Figure 3.14: Fringe plots of the shear stress (GPa), S12, in the specimen at t = 160 µs.

Figure 3.15: Fringe plots of the shear stress (GPa), S13, in the specimen at t = 160 µs.

Fringe plots of the matrix cracking damage variable, at four times, given in Figure 3.16
show that the matrix begins to crack at about 108 µs at the centroid of the bottom surface;
the matrix cracking propagates faster along the fibers (i.e., X1 – axis) than in the
transverse direction (i.e., X2 –axis). This agrees with Luo et al.’s (2001) results who
observed, in their experiments, that matrix cracks propagated along the fibers in the
bottom layer.
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Figure 3.16: Fringe plots of the matrix cracking damage variable at four times; PM stands for the
matrix cracking damage variable.

Time histories of evolution of the matrix cracking damage variable at five points on
specimen’s midsurface, exhibited in Figure 3.17, reveal that the matrix begins to crack
rapidly at specimen’s centroid at about 125 µs, and has cracked at all five points
considered when t = 170 µs. It instantaneously increases from 0.3 to 1.0 indicating that
the matrix cracks suddenly rather than gradually. Fringe plots of Figure 3.16 signify that
the cracked region in the bottom surface is not circular.
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Figure 3.17: Time history of evolution of the matrix cracking damage variable at five points on
specimen’s mid-surface with fibers oriented along the X1-axis.

Fringe plots of Figure 3.18 reveal that matrix cracking on the top surface ensues from
points on clamped edges that are also on the plane X1 = 0, and propagates inwards.
Furthermore, at least at time = 160 µs, the cracked matrix region in the top surface is
quite different from that in the bottom surface; this region is centered about the X2 –axis
on the top surface but around the centroid in the bottom surface. Figure 3.19 exhibits at
time = 100 µs fringe plots of the normal stress S22; the stress distributions around the
centroids of the top and the bottom surfaces are nearly identical except that it is
compressive at points on the top surface, and tensile at points on the bottom surface. The
magnitudes of the normal stress at corresponding points on the top and the bottom
surfaces are nearly the same. On the top surface, large positive values of S22 also occur at
points near the edges that are close to the X2 – axis. Time histories of evolution of the
matrix cracking damage variable at the centroids of the top, the middle, and the bottom
surfaces, plotted in Figure 3.20, imply that the matrix cracks simultaneously and
instantaneously at the centroids of the bottom and the middle surfaces but much later at
the centroid of the top surface. Our results agree qualitatively with Mouritz’s (1996)
experimental observations of cracking of the polymer matrix on the back surface of the
laminate; Mouritz attributed it to high tensile bending stresses developed there.
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Figure 3.18: Fringe plots of the matrix cracking damage variable in the specimen at t = 160 µs.

Figure 3.19: Fringe plots of the normal stress (GPa), S22, in the specimen at t = 100 µs.

Figure 3.20: Time histories of the matrix cracking damage variable at centroids of planes X3 = 0
(bottom), X3 = 5 mm (middle), and X3 = 10 mm (top) with fibers oriented along the X1-axis.
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Figures 3.21 and 3.22 depict, respectively, fringe plots of the fiber breakage damage
variable at four times, and time histories of evolution of the fiber breakage damage
variable at five points on the specimen’s midsurface. They reveal that the fiber breakage
is concentrated at points near the specimen’s center that are along the X2-axis.
Furthermore, the fiber breakage variable, like the matrix cracking variable, also increases
suddenly from essentially 0.0 to 1.0. Time histories of evolution of the fiber breakage
damage variable at centroids of the top, the middle, and the bottom surfaces are given in
Figure 3.25; these suggest that the fiber breakage damage variable at the centroid of the
top surface first develops gradually, and after it has reached the value 0.2 it grows very
rapidly to 1.0. We emphasize that the quick growth of the fiber breakage and the matrix
cracking variables depends upon the damage evolution equations derived in Chapter 2
from the experimental data.

Other damage evolution equations will give results

quantitatively different from but most likely qualitatively similar to those presented here.
Fringe plots, exhibited in Figure 3.23, imply that the fiber breakage damage variable has
high values at points of the top surface that are near the center, and at points near the
edges that are also on the X1-axis; however, the maximum value at any of these points at t
= 160 µs is only about 0.15.

Figure 3.21: Fringe plots of the fiber breakage damage variable at four different times; PF stands for
the fiber breakage damage variable.
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Figure 3.22: Time histories, at five points on the middle surface, of evolution of the fiber breakage
damage variable with fibers oriented along the X1-axis.

Figure 3.23: Fringe plots of the fiber breakage damage variable at time = 160 µs.

We conclude from fringe plots of the longitudinal stress, S11, exhibited in Figure 3.24,
that equal and opposite values of S11 occur at corresponding points of the top and the
bottom surfaces. The maximum magnitude of the longitudinal stress occurs at points
near the centroids of these surfaces, and also at points on the edge surfaces that are close
to the X1-axis. Whereas the axial stress is compressive at points near the centroid of the
top surface, it is tensile at points close to the edge surfaces.
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Figure 3.24: Fringe plots of the longitudinal stress (GPa), S11, at t = 100 µs.

Figure 3.25: Time histories of the fiber breakage damage variable at centroids of planes X3 = 0
(bottom), X3 = 5 mm (middle), and X3 = 10 mm (top) with fibers oriented along the X1-axis.

For the 00 plies and time t = 220 µs, Figures 3.26, 3.27 and 3.28 show, respectively,
fringe plots of the fiber/matrix debonding, fiber breakage, and the matrix cracking
damage variables on planes X1 = 110 mm, and X2 = 110 mm; the delaminations between
adjoining layers are depicted as lines. Since these lines indicating the delamination are
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not always continuous, the delamination initiates from more than one point, not
necessarily instantaneously, on an interface between two adjoining layers. At t = 220 µs,
one or more of the three damage variables equal nearly 1 at every point of these two
cross-sections.

Figure 3.26: Delamination/sliding between adjoining plies, and fringe plots of the fiber/matrix
debonding damage variable on cross-sections X2 = 110 mm (left Figure), and X1 = 110 mm (right
Figure) at t = 220 µs.

Figure 3.27: Delamination/sliding between adjoining plies, and fringe plots of the fiber breakage
damage variable on cross-sections X2 = 110 mm (left Figure), and X1 = 110 mm (right Figure) at t =
220 µs.
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Figure 3.28: Delamination/sliding between adjoining plies, and fringe plots of the matrix cracking
damage variable on cross-sections X2 = 110 mm (left Figure), and X1 = 110 mm (right Figure) at t =
220 µs.

Figure 3.29 shows the delaminated areas in all layers as seen from the top if the
composite were transparent. The area was approximated as rectangles, and its magnitude
was calculated to be 6,977 mm2 and 4,550 mm2 for fiber orientations of 00 and 450
respectively.

Figure 3.29: Delaminated area as seen from the top surface of the composite; Left Figure has fibers
oriented at 00, and the right Figure has fibers oriented at 450.

For each one of the four failure modes, Figure 3.30 displays the total energy dissipated as
a function of the fiber orientation angle. For all fiber orientation angles, the energy
dissipated due to matrix cracking is miniscule as compared to that in any of the other
three damage mechanisms. With an increase in the fiber orientation angle from 00 to 450,
the energy dissipated due to delamination increases but that due to fiber/matrix
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debonding and matrix cracking decreases. An examination of the delamination initiation
time revealed that it ensued earliest at 128 µs for fiber orientation of 00 or 900, and latest
at 140 µs for fiber orientation of 450.

Figure 3.30: Energy dissipated in different failure modes versus the fiber orientation angle.

Figure 3.31 exhibits, for different fiber orientations, the total work done by external
forces, the strain energy consumed to deform the body, and the kinetic energy of the body
calculated by using eqns. (3.7), (3.11) and (3.12) respectively. The balance of energy
requires that the total work done by external forces equal the sum of the energy required
to deform the body, strain energy of the body, kinetic energy of the body, and the energy
dissipated in all of the failure mechanisms.

For different fiber orientations, the

percentage of work done by external forces dissipated in all failure modes is shown in the
bar chart of Figure 3.32; a high value of this ratio signifies that more of the total work
done by external forces is dissipated in all of the failure modes. We note that the total
work done by external forces is virtually independent of the fiber orientation angle. With
an increase in the fiber orientation angle from 00 to 450, the energy required to deform the
body decreases and the kinetic energy increases monotonically. The fraction of the total
work done by external forces dissipated due to various failure mechanisms has the
maximum value of nearly 22% for fiber orientations of 300 and 600; thus plies with
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clamped edges and fiber orientations of 300 to 600 are good choices for optimizing the
energy dissipation due to all failure modes. For these fiber orientations in the AS4/PEEK
laminated composite clamped at all edges subjected to a pressure load on the top surface,
the energy dissipated due to delamination exceeds that in each of the other three failure
modes considered.

Figure 3.31: Total work done, strain energy, and kinetic energy versus the fiber orientation angle.

Figure 3.32: For different fiber orientation angles, percentage of the work done by external forces
dissipated in all failure modes.
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Another quantity of interest for dynamically loaded structural composites is the
maximum lateral deflection. For five fiber orientations considered in this work, Figure
3.33 shows time histories of the vertical displacement of the specimen centroid. At t =
220 µs, the centroidal deflection is maximum for the 300 plies, and minimum for the 00 or
the 900 laminates.

Figure 3.33: For five fiber orientations, time histories of the deflection of the specimen centroid.

The preceding discussion of the damage evolution indicates that critical points to
examine are centroids of the top and the bottom surfaces, and centers of the edges of the
top and the bottom surfaces. In order to examine which failure mode initiates first in
plies of different fiber orientations, we have plotted in Figures 3.34 - 3.36 time histories
of evolution, at specimen’s centroid, of the three damage variables for different fiber
orientation angles mentioned above.

It is clear that the time of initiation of the

fiber/matrix debonding is affected most by the fiber orientation, and that of fiber
breakage least by the fiber orientation angle. The time of initiation and complete failure
due to fiber breakage at specimen’s centroid is virtually independent of the fiber
orientation angle.
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Figure 3.34: Time histories of evolution of the fiber breakage damage variable at specimen’s centroid
for different fiber orientation angles.

Figure 3.35:Time histories of evolution of the matrix cracking damage variable at specimen’s
centroid for different fiber orientation angles.
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Figure 3.36: Time histories of evolution of the fiber/matrix debonding damage variable at specimen’s
centroid for different fiber orientation angles.

At time = 188 µs, Figure 3.37 illustrates distributions of fiber breakage, matrix cracking
and debonding variables in laminates with fiber orientation angles of 300, 450 and 750.
The fiber breakage damage variable is spread perpendicular to the fibers, while the matrix
cracking and debonding damage variables along the fibers.

Thus the direction of

propagation of the damage variables depends upon the fiber orientation angle.
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Figure 3.37: At t=188µs, distribution of fiber breakage, matrix cracking and debonding variables in
300, 450 and 750 laminates.

From a thorough examination of results computed for the present problem, one can draw
the following conclusions regarding the order and the location of initiation of different
failure modes: (i) fiber/matrix debonding both at sides of the bottom and the top surfaces
that are perpendicular to fibers, (ii) matrix cracking at the centroid of the bottom surface,
and at sides of the top surface that are perpendicular to fibers, (iii) fiber breakage at sides
of the top surface that are parallel to fibers, and then at the centroid of the bottom surface,
(iv) debonding at the centroids of the bottom and the top surfaces, (v) fiber breakage at
the centroid of the top surface, (vi) fiber breakage at sides of the bottom surface, and (vii)
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matrix cracking at the centroid of the top surface. This information can be exploited in
the design of laminates for attaining a designated functional objective.

3.4.3.

Lay-up sequence

We first analyze deformations of two-ply, and then four-ply laminates. For the two-ply
laminated composites, we have examined the following eight lay-up sequences: 00/900,
900/00, 450/-450, -450/450, 00/450, 450/00, 900/450 and 450/900; these are called lay-ups 1 to
8 respectively in the following discussion. Also, several results including those involving
time histories of the deflection of the specimen centroid, and of the damage evolution at
some points have been omitted.
For the eight stacking sequences, Figure 3.38 shows the energy dissipated in the four
failure modes; it is evident that for each lay-up of the two plies most of the input energy
is dissipated in delamination, and the least in breaking the fibers. The 450/00 sequence
has the most energy dissipated due to delamination, and energy dissipated due to matrix
cracking is essentially the same for the 00/900, 900/00, 450/-450 and -450/450 laminates.
However, the energy dissipated due to matrix cracking in the 00/450, 450/00, 900/450 and
450/900 laminates is nearly one-fifth of that in the other four laminates studied.
For the eight lay-ups of plies, we have plotted bar charts in Figure 3.39 for the total work
done by external forces, the energy required to deform the body, and the kinetic energy of
the body at the terminal value of the time t. The total work done in each one of the first
four sequences is essentially the same, and is a little higher than that in each one of the
last four sequences. The strain energy required to deform the body for the first two layup of plies is slightly higher than that for the remaining six lay-ups, and the change in the
kinetic energy for the 450/-450 and the -450/450 laminates is a little higher than that for the
other six lay-ups of plies.
In Figure 3.40, we have compared the fraction of the interface area delaminated to the
portion of the total work done by external forces that is dissipated due to delamination
failure. It is apparent that the two do not correlate well with each other. Whereas the
delaminated area is largest for the 00/450 laminate, the energy dissipated due to
delamination is greatest for the 450/00 laminate. Recalling that the total work done by
external forces is essentially independent of the stacking sequence, the energy dissipated
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due to delamination is not proportional to the delaminated area. This could possibly be
due to different contributions from the transverse normal and the transverse shear stresses
to the delamination failure envelope, and varying magnitudes of jumps in the tangential
and the normal displacements of points on the interface that got separated during the
delamination process.

Figure 3.38: Energy dissipated in the four failure modes for different stack up sequences.

Figure 3.39: Total work done, strain energy, and kinetic energy for different stack up sequences.
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Figure 3.40: For the eight stacking sequences, 100 (the delaminated area) / area of the interface, and
100 (the energy dissipated due to delamination) / total work done by external forces.

Figure 3.41 depicts time history of the energy dissipated due to delamination for the
[450/900] stack-up sequence. After the initial parabolic increase, the energy dissipated due
to delamination increases essentially linearly.

Figure 3.41: Evolution of energy dissipation due to delamination for [45/90] stack-up sequence.
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For the four-ply laminates, we examined the following nine sequences: [00/450/900/-450],
[-450/00/450/900], [900/-450/00/450], [450/900/-450/00], [00/450/-450/900], [00/900/450/-450],
[00/900/-450/450], [00/-450/450/900] and [00/-450/900/450]; fiber orientations in plies are
given in going from the top ply to the bottom ply. Time histories of the deflection of the
specimen centroid, not included herein, indicated that deflections for the [00/900/450/-450]
and [00/900/-450/450] laminates are nearly the same, and they are smaller than those for
the other seven lay-ups. The centroidal deflections for the [00/450/-450/900] and [00/450/450/900] laminates are larger than those for the remaining seven laminates.
From plots of Figure 3.42, we deduce that the energy dissipated in the delamination
failure mode is maximum for the [00/450/900/-450] laminate, and for this laminate it is
significantly more than that dissipated in the other three failure modes, namely, fiber
breakage, matrix cracking and fiber/matrix debonding. However, for the [-450/00/450/900]
laminate, the energy dissipated due to delamination of plies is negligible as compared to
that in other modes of failure, and is the least of the energies of delamination failures for
the nine laminates. The energy dissipated due to matrix cracking is very high for the [450/00/450/900] and [450/900/-450/00] laminates; it is comparable to the energies of
delamination failures in several other laminates.
For the nine laminates, we have plotted in Figure 3.43 the total work done by external
forces, the strain energy required to deform the body, and the kinetic energy of the body
at the terminal time t of 220 µs. We see that the total work done by external forces is
maximum for the [00/450/900/-450] laminate, and the kinetic energy is minimum for the
[00/900/-450/450] laminate.
In order to delay all failure modes the 450 plies should be at the bottom of the laminate to
resist fiber fracture, and the 00- or the 900- plies at the top of the laminate to resist
delamination. The fiber/matrix debonding damage variable developed the last for the
[00/900/-450/450] and the [00/900/450/-450] laminates, and the earliest for the [00/450/450/900] composite (Figures 3.44). The time of initiation of the matrix cracking
damage variable for the [00/900/-450/450] and [00/900/450/-450] laminates is the
maximum, and it is minimum for the [450/900/-450/00] and the [-450/00/450/900] laminates
(Figure 3.45). The fiber breakage damage variable developed the last for the [00/450/450/900] and [00/-450/450/900] laminates and soonest for the [00/-450/900/450] and
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[00/450/900/-450] laminates (Figure 3.46). In each case, the failure mode that initiated
earliest caused the maximum energy dissipation.

Figure 3.42: For the nine stack-up sequences of four-ply laminates, energy dissipated in different
failure modes.

Figure 3.43: For the nine stack-up sequences of the four-ply laminates, total work done by external
forces, strain energy required to deform the body, and the change in the kinetic energy.
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Figure 3.44: Time histories of evolution of the fiber breakage damage variable at specimen’s centroid
for different stack-up sequences.

Figure 3.45: Time histories of evolution of the matrix cracking damage variable at specimen’s
centroid for different stack-up sequences.

Noha M. Hassan

144

Figure 3.46: Time histories of evolution of the fiber/matrix debonding damage variable at specimen’s
centroid for different stack-up sequences.

3.4.4.

Target Thickness

When studying the effect of target thickness in resisting a shock load, we assumed that it
is comprised of four uniform 00 plies and varied the thickness of each layer. In each case
results were computed for load duration of 220 µs, and the maximum centroidal
deflection occurred at t = 220 µs. It is clear from the maximum centroidal deflection for
different target thicknesses plotted in Figure 3.47 that the centroidal deflection decays
exponentially with an increase in the target thickness. Results plotted in Figures 3.48 and
3.49 show that the energy dissipated due to delamination failure mode also decreases
exponentially and is maximum for the thinnest target; however, the work done by
external forces is not a monotone function of the target thickness – it first increases with
an increase in the target thickness, and then decreases as the target is made thicker. For
25-mm and thicker targets, the applied load is not sufficient to cause rapid deformations
of material particles; thus the total kinetic energy of the target is miniscule as compared
to the work done by external forces nearly all of which is used to deform the laminate.
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Figure 3.47: Vertical displacement of the specimen centroid versus the normalized target thickness.

Figure 3.48: Energy dissipated in different failure modes versus the target thickness.
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Figure 3.49: Total work done, strain energy, and kinetic energy versus the target thickness.

3.4.5.

Elastic moduli of the fiber and the matrix

We analyze deformations of a [00]4 composite and assess the effect of changing only one
of the following material moduli at a time: (i) fiber’s Young’s modulus, (ii) matrix’s
Young’s modulus, (iii) fiber’s shear modulus, and (iv) matrix’s shear modulus. Recall
that the elastic moduli of the composite are computed from those of its constituents; thus
one or more of five elastic constants of the composite will alter even if one of the elastic
moduli of either the fiber or the matrix is modified.
Time histories of specimen’s centroidal deflection, plotted in Figure 3.50, reveal that an
increase in fiber’s Young’s modulus decreases noticeably the vertical displacement of
laminate’s centroid. With an increase in fiber’s elastic modulus to five times its original
value, the shape of the centoidal deflection versus time curve changes from concave
downwards to concave upwards. Also, for the stronger fibers the vertical deflection
plateaus at about 180 µs as opposed to continuing to increase with time for the regular
fibers.
Time histories of evolution at laminate’s centroid of the damage variables corresponding
to the fiber breakage, fiber/matrix debonding, and matrix cracking are exhibited,
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respectively, in Figures 3.51, 3.52 and 3.53. For fibers with the higher Young’s modulus,
there is virtually no fiber breakage damage induced till t = 220 µs, whereas that for the
regular fibers it suddenly evolves at t = ~ 170 µs. The increase in the fiber’s Young’s
modulus results in slightly different rates of evolution of the fiber/matrix debonding
damage variable, and delays the initiation of the matrix cracking damage by about 25 µs.
These results are in qualitative agreement with those of Sierakowski and Chaturvedi
(1997) who stated that the fiber breakage damage is mainly related to the fiber properties.

Figure 3.50: For two values of fiber’s elastic modulus, time histories of evolution of laminate’s
centroidal deflection.
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Figure 3.51: For two values of fiber’s elastic modulus, time histories of evolution of the fiber
breakage damage variable at the laminate centroid.

Figure 3.52: For two values of fiber’s elastic modulus, time histories of evolution of the fiber/matrix
debonding damage variable at the laminate centroid.
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Figure 3.53: For two values of fiber’s elastic modulus, time histories of evolution of the matrix
cracking damage variable at the laminate centroid.

From results presented in Figures 3.54, 3.55 and 3.56, we conclude that decreasing
Young’s modulus of the matrix material to one-fifth of its value has virtually no effect on
the time history of evolution of specimen’s centroidal deflection, and evolution there of
the fiber breakage and the fiber/matrix debonding variables. However, it delays the
initiation of the matrix cracking damage variable (Figure 3.57). These results agree
qualitatively with the experimental observations of Mouritz (1995b) who found that a
toughened polymer matrix increases the interlaminar strength of the laminate but does not
increase much its resistance to impact loads. We note that Sierakowski and Chaturvedi
(1997) found that the matrix properties influence delamination and matrix cracking.
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Figure 3.54: For two values of the matrix elastic modulus, time histories of evolution of specimen’s
centroidal deflection.

Figure 3.55: For two values of the matrix elastic modulus, time histories of evolution of the fiber
breakage damage variable at specimen’s centroid.
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Figure 3.56: For two values of the matrix elastic modulus, time histories of evolution of the
fiber/matrix debonding damage variable at specimen’s centroid.

Figure 3.57: For two values of the matrix elastic modulus, time histories of evolution of the matrix
cracking damage variable at specimen’s centroid.

Whereas increasing fiber’s Young’s modulus significantly reduces laminate’s deflection,
as can be seen from the plots of the time histories of the centroidal deflection given in
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Figure 3.58, increasing fiber’s shear modulus by a factor of 5 has virtually no effect on
the centroidal deflection. For the two values of the shear modulus of the fiber, time
histories of evolution of the three damage variables at the specimen centroid are plotted
in Figures 3.59 through 3.60. These reveal that increasing fiber’s shear modulus to five
times its original value does not affect the evolution of the matrix cracking damage
variable; however, from the results plotted in Figures 3.60 and 3.61, we conclude that it
delays the initiation of the fiber breakage variable and enhances the initiation of the
fiber/matrix debonding damage variable.

Figure 3.58: For two values of fiber’s shear modulus, time histories of evolution of the deflection of
specimen’s centroid.
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Figure 3.59: For two values of fiber’s shear modulus, time histories of evolution of the matrix
cracking damage variable at specimen’s centroid.

Figure 3.60: For two values of fiber’s shear modulus, time histories of evolution of the fiber breakage
damage variable at specimen’s centroid.
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Figure 3.61: For two values of fiber’s shear modulus, time histories of evolution of the debonding
damage variable at specimen’s centroid.

Results for changing the matrix shear modulus to five times its original value are depicted
in Figures 3.62 through 3.65. These suggest that increasing the matrix shear modulus
reduces noticeably specimen’s centroidal deflection, and enhances both the time of
initiation and the rate of growth of the fiber/matrix debonding damage variable. It has
virtually no effect on the evolution of the matrix cracking damage variable, but it delays
the initiation of the damage due to fiber breakage damage.
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Figure 3.62: For two values of the matrix shear modulus, time histories of evolution of the deflection
of specimen’s centroid.

Figure 3.63: For two values of the matrix shear modulus, time histories of evolution of the matrix
cracking damage variable at specimen’s centroid.
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Figure 3.64: For two values of the matrix shear modulus, time histories of evolution of the fiber
breakage damage variable at specimen’s centroid.

Figure 3.65: For two values of the matrix shear modulus, time histories of evolution of the
fiber/matrix debonding damage variable at specimen’s centroid.
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Volume fraction

For the [00]4 composite, Figures 3.66 and 3.67 present the effect of the fiber volume
fraction on the total work done by external forces, energy required to deform the body,
kinetic energy of the body at the final time, and energies dissipated in different damage
modes. It is evident that with an increase in the fiber volume fraction the total work done
by external forces decreases affinely, the kinetic energy decreases quadratically, and the
energy required to deform the body stays virtually unchanged. The energy dissipated in
the matrix cracking failure mode is essentially zero except when the fiber volume fraction
equals 0.8. Whereas the energy required to debond fiber and matrix increases
monotonically with an increase in the fiber volume fraction, that for delamination first
decreases, attains a minimum value when the fiber volume fraction equals 0.6, and then
increases. The energy required to break fibers has a maximum value at fiber volume
fraction of 0.45 and has a parabolic variation.

Figure 3.66: Total work done, strain energy and kinetic energy for different volume fractions.
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Figure 3.67: Energy dissipated due to different failure modes versus the fiber volume fraction.

3.4.7.

Boundary conditions

In an attempt to assess the effect of boundary conditions on deformations of a composite
laminate, we have analyzed the response of [00]4 and [450]4 laminates that are either
clamped at the edge surfaces or have null deflections at the boundaries of the bottom
surface (i.e., u3 = 0 for points on the plane X3 = 0 that are on the lines X1 = 0, X1 = 220
mm, X2 = 0, and X2 = 220 mm); the latter are called simply supported edges below. As
can be seen from the delaminated areas at different times exhibited in Figure 3.69, for
clamped edges the delamination begins at the edges and subsequently occurs at the
laminate centroid. However, for a simply supported laminate, delamination starts at the
specimen centroid. Furthermore, delamination initiates earlier for the clamped edges as
compared to that for simply supported edges. For each one of the two laminates and the
two boundary conditions, the total work done by external forces, strain energy required to
deform the body, and the kinetic energy of the body at the terminal time of 220 µs are
depicted in Figure 3.68 as bar charts. These reveal that the total work done by external
forces and the final kinetic energy of the body are lower while the strain energy of the
laminate is higher for a simply supported composite than those for a clamped one. The
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energy dissipated in each one of the four failure modes for a simply supported laminate is
lower than that for a clamped laminate; e.g. see Figure 3.70. Also, in each case, the
energy dissipated due to delamination is considerably higher than that in any of the other
three failure modes. Only about 12% of the total work done by external forces is
dissipated in the four failure modes.

Figure 3.68:Total work done, strain energy, and kinetic energy for the two laminates, and for the two
types of boundary conditions.
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Figure 3.69: Delaminated area in the [00]4 composite at four times for simply supported and clamped
edges.
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Figure 3.70: Energy dissipated in different failure modes for the two laminates, and for the two types
of boundary conditions.

3.4.8.

Sandwich structures

We now delineate benefits, if any, of sandwich construction for resisting impact loads by
studying the response of four isotropic core materials embedded between 00 fiberreinforced face sheets. For comparison purposes, we also study the response of a [00]4
laminate. Figure 3.71 is a schematic sketch of the problem studied. All edge surfaces of
the specimen are clamped. Properties of materials of the core, borrowed from the
literature, are obtained from test data derived from either split Hopkinson pressure bar
tests or uniaxial compression tests conducted at different strain rates. Axial stress versus
axial strain curves for the three foams deformed in uniaxial compression are exhibited in
Figure 3.72. Due to lack of information about the behavior of the foams in tension and
under other loading conditions that is needed to find values of material parameters of
anisotropic foams, we assume that the foam structure is homogeneous and isotropic.
Poisson’s ratio for each of the foams is taken to be 0.22, and Young’s modulus of the
foam to be given by E = E1 = E2 = E3 = Em(1-φm) where values of Em and φm at different
value of the axial strain are determined from the slope of the axial stress-axial strain
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curve depicted in Figure 3.73. For the numerical simulation, the core structure is modeled
as a composite material with Vf = 0, and the degradation in its modulus is due to the
evolution of the (fictitious) matrix cracking variable. Note that the axial strain at failure
for two of the three foams is greater than 0.6. However, we have modeled structure’s
response till an axial strain of 0.6 and assumed that the foam then fails. The strain energy
density till failure of the high-strength carbon foam is much higher than that of the other
two foams. We also consider a hypothetical isotropic foam having Young’s modulus =
0.1 GPa, and Poisson’s ratio = - 0.6. We assume that the delamination between a face
sheet and the core occurs at a point on the interfaces when the state of stress there
satisfies the failure envelope (2.75). Furthermore, values of strength parameters in the
failure envelope are taken to be the same as those between two adjoining layers of a
laminate. Thus, computed results are very approximate and provide preliminary
information regarding the performance of different cores.

Figure 3.71: Schematic of a sandwich structure.
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Figure 3.72: Axial stress – axial strain curves of three foams for compressive axial loading.

Figure 3.73: Moduli variation with axial strain curves of three foams.
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Figure 3.74: Matrix cracking damage variable evolution with axial strain.

Time histories of specimen’s centroidal deflection plotted in Figure 3.75 till t = 220 µs
show that the final deflection is the same for the four sandwich structures, and it is lower
than that for the [00]4 laminate. However, as can be seen from time histories of evolution
of the matrix cracking damage variable at the specimen centroid plotted in Figure 3.76,
the core material noticeably influences the growth rate of the matrix cracking and also
when it initiates. Whereas the damage variable due to matrix cracking suddenly increases
to 1.0 at t = 130 µs for the [00]4 laminate, it grows gradually in the sandwich structures.
The plots included in Figure 3.76 reveal that the total the work done by external forces,
the strain energy required to deform the body, and the final kinetic energy are the same
for all five structures. The balance of energy implies that the total energy dissipated in the
four failure modes is also the same for the five structures. However, energies dissipated
in different failure modes vary widely for them. For the structure without a core, and for
structures with low and high-strength carbon cores, most of the energy is dissipated in
delamination, while for the structure with the aluminum foam core, energies dissipated
due to delamination and matrix cracking are nearly the same.
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Figure 3.75: For the five structures, time histories of the deflection of structure’s centroid.

Figure 3.76: For the five structures, time histories of evolution of the matrix cracking damage
variable at structure’s centroid.
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Figure 3.77: Total work done, strain energy, and the final kinetic energy for five different sandwich
structures.

Figure 3.78: Energy dissipated in different failure modes for five different sandwich structures.
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3.4.9 Composite Laminates Bonded to a Steel Plate
In an attempt to see how deformations of the laminate and energy dissipated in it is
affected in applications where it is likely to be bonded to a metallic plate, we have
investigated the response of a hybrid structure comprised of either the [0/90/45/-45] or
the [-45/0/45/90] laminate bonded to a homogeneous and isotropic steel plate having
Young’s modulus = 200 GPa, and Poisson’s ratio = 0.3. The afore-given results show
that the [0/90/45/-45] laminate had the maximum and the [-45/0/45/90] the minimum
energy dissipated in all failure mechanisms. The total thickness of the hybrid structure
was taken to be either 10 mm or 30 mm with the ratio of the thickness of the steel plate to
that of the composite laminate equal to 2. It was assumed that the delamination strength
between the composite and the steel equaled that between two plies of the laminate.
There is no damage evolution in the steel plate. Figure 3.79 shows that for the same
applied pressure load, adding a steel plate to the bottom layer of the laminate decreases
the total work done, the strain energy required to deform the body, and the kinetic energy,
and increasing the target thickness further reduces them.

The energy dissipated in

different failure modes, plotted in Figure 3.80, also decreases with the addition of the
steel plate. This is because the stiffer steel plate drastically reduces deflections of the
hybrid structure, and energy required to deform the steel plate consume most of the work
done by external forces which is also substantially decreased because of very little
displacements of the point of application of the loads.
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Figure 3.79: Total work done, strain energy, and the final kinetic energy for laminates bonded to a
steel plate.

Figure 3.80: Energy dissipated in different failure modes for laminates bonded to a steel plate.
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Explosive type

We now investigate transient deformations of the clamped [00]4 laminate exposed to
underwater shock loads induced by three explosives, HBX, PETN and nuclear, each
having a mass of 64kg, and detonated at the same distance R (= 10 m) and angular
position θ (= 00). With values of parameters appearing in eqns. (3.1) and (3.2) taken from
Table 3.1, the decay with time of the pressure acting at the centroid of the top surface of
the laminate is exhibited in Figure 3.81 for TNT, HBX and the PETN explosives; the
corresponding plot for the nuclear explosive is given in Figure 3.82. It is clear that the
peak pressure induced by the nuclear explosive is nearly 200 times that for the other three
explosives. Also, for the nuclear explosive the pressure stays almost constant for the time
duration of interest here.

Figure 3.81: The decay with time of the pressure acting at the centroid of the top surface of the
laminate for TNT, HBX, and PETN explosives with W = 64 Kg and R = 10 m.
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Figure 3.82: The decay with time of the pressure acting at the centroid of the top surface of the
laminate for the nuclear explosive with W = 64 Kg and R=10 m.

Computed time histories of the specimen’s centroidal deflection, and of the evolution of
the three damage variables there, depicted in Figures 3.83 through 3.86, show that the
response of the laminate to loads produced by the HBX and the PETN are the same but
are quite distinct from that produced by the nuclear explosion. For loads produced by the
HBX, the PETN and the TNT, Figure 3.87 compares the total work done by external
forces, the strain energy required to deform the laminate, and its final kinetic energy.
Whereas the work done by external forces is the same for the three explosives, the other
two energies are different. The kinetic energy and the total strain energy of the laminate
are equal to each other for the TNT explosive. However, for the HBX and the PETN
explosives, the final kinetic energy equals about 75% of the energy required to deform
the laminate.

For deformations caused by the explosion of the nuclear device, the

composite fails very quickly due to complete delamination coupled with early initiation
and rapid growth of the fiber/matrix debonding and matrix cracking, and very little
centroidal deflection and fiber breakage. For the laminate subjected to loads produced by
the nuclear explosion, Figure 3.88 shows at two times the delaminated area and fringe
plots of the matrix cracking damage variable.
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Figure 3.83: Time histories of the deflection of laminate’s centroid for three explosives.

Figure 3.84: Time histories of evolution of the debonding damage variable at laminate’s centroid for
three explosives.
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Figure 3.85: Time histories of evolution of the matrix cracking damage variable at laminate’s
centroid for three explosives.

Figure 3.86: Time histories of evolution of the fiber breakage damage variable at laminate’s centroid
for three explosives.
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Figure 3.87: Total work done by external forces, strain energy, and the final kinetic energy for three
explosives.

Figure 3.88: Delaminated area, and fringe plots of the matrix cracking damage variable in the
laminate subjected to loads caused by nuclear explosion.
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3.4.10. Hull shock factor
Equation 3.5 represents the Hull Shock Factor (HSF), which indicates the severity of the
attack. The HSF was varied by taking the charge mass W as 0.01, 6.25, 100 and 225 Kg
that produced HSF values of 0.01, 0.25, 1 and 1.5 for R =10 m. Figures 3.89 and 3.90
show the effect the HSF has on laminate’s centroidal deflection. For HSF > 0.25, the
centroidal deflection increases almost linearly with the HSF.

Figure 3.89: Centroidal deflection of the laminate at time = 100 µs versus the HSF.
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Figure 3.90: For different values of the HSF, time histories of evolution of laminate’s centroidal
deflection.

3.4.11. Stand off distance
The standoff distance, R, represents how far the explosive is from the target, and for a
given weight of an explosive, affects the peak pressure exerted on the target and the
decay rate of the pressure through eqns. (3.2) and (3.3). Even though the shock wave
profile also varies with the distance R, we have presumed that it is planar for R =1, 10,
100 and 1000 m. As expected, results plotted in Figure 3.91 show that smaller values of
R result in higher values of the laminate’s centroidal deflection. However, for R > 200 m,
the variation of the centroidal deflection with R is nearly affine.

Time histories of the

damage variables plotted in Figures 3.92, 3.93 and 3.94 show that the value of R
significantly affects when and how fast the damage variables evolve. For R = 1 and 10
m, the damage due to the TNT explosive is similar to that produced by the nuclear
explosive.
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Figure 3.91: Variation with the stand-off distance, R, of laminate’s centroidal deflection.

Figure 3.92: Time history of the fiber breakage damage variable at laminate’s centroid for four
values of the stand-off distance, R.
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Figure 3.93: Time history of the fiber/matrix debonding damage variable at laminate’s centroid for
four values of the stand-off distance, R.

Figure 3.94: Time histories of the matrix cracking damage variable at laminate’s centroid for four
values of the stand-off distance, R.
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3.4.12. Peak Load
Deformations of the clamped laminate due to peak loads of 5, 40, 80 and 160 MPa
produced, respectively, by 2.5 Kg, 64 Kg, 550 Kg, 3000 Kg and 17500 Kg have also been
studied, and the results are depicted in Figures 3.95 -3.97. It can be seen that the vertical
displacement increases nonlinearly with an increase in mass of the TNT explosive, and
linearly with the peak pressure.

Figure 3.95: Time histories of laminate’s centroidal deflection for five masses of the TNT; values of
the peak pressure are listed in the Table inserted in the Figure.
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Figure 3.96: Variation of the normalized centroidal deflection with the charge mass.

Figure 3.97: Variation of the normalized centroidal displacement with the peak pressure.

For different mass of the TNT explosive, Figures 3.98, 3.99 and 3.100 exhibit time
histories of the three damage variables at the laminate’s centroid. It can be seen that for
peak pressures exceeding 0.04 GPa, the failure modes are similar to those induced by
nuclear loading for which the structure failed primarily due to delamination. This agrees
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qualitatively with Iannucci et al.’s (2001) observation that as the impact energy increases
to ballistic levels, generally only local delamination occurs.

Figure 3.98: Time histories of the fiber breakage damage variable at laminate’s centroid for different
values of the charge mass and the peak pressure.

Figure 3.99: Time histories of the matrix cracking damage variable at laminate’s centroid for
different values of the charge mass and the peak pressure.
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Figure 3.100: Time histories of the debonding damage variable at laminate’s centroid for different
values of the charge mass and the peak pressure.

3.5. Conclusions
We have developed a mathematical model for analyzing transient deformations of a
composite subjected to shock loads produced by an underwater explosion, and a modular
computer code, in Fortran, to find numerically an approximate solution of the pertinent
initial-boundary-value problem. The problem formulation includes evolution of damage
due to fiber breakage, fiber/matrix debonding, matrix cracking, and delamination.
Energies dissipated in these failure modes are computed, and the effect on them of
various geometric, material, and loading parameters has been examined.
It is found that approximately 14% of the total work done by external forces is dissipated
in the four failure modes. Both for the clamped 00 and the 450 laminated composites, the
energy dissipated due to delamination for clamped edges is nearly twice of that for
simply supported edges. About 43% of the energy input into the structure is used to
deform it, and the remaining 43% is converted into the kinetic energy. For simply
supported laminates, these proportions strongly depend upon the fiber orientation angle.
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The fiber orientation influences when and where each failure mode initiates and its
direction of propagation. Debonding between fibers and the matrix occurs along the
fibers rather than in a direction perpendicular to the fibers. For clamped edges, the
debonding damage variable starts from the edges perpendicular to the fibers and
propagates, along the fibers, towards the center; it propagates in the thickness direction
instantaneously most likely due to thin laminates studied herein. Matrix cracking damage
variable initiates first at the center of the back surface, where there are high tensile
stresses developed, and propagates faster along the fibers than in the transverse direction.
Fiber breakage is concentrated at points near the specimen’s centroid that are along the
X2-axis.

For all fiber orientations, the energy dissipated due to matrix cracking is

miniscule as compared to that in any of the other three damage modes. The fraction of
the total work done by external forces dissipated due to various failure mechanisms has
the maximum value of nearly 22% for fiber orientations of 300 and 600, of which ∼ 10%
is due to delamination. The stacking sequence also strongly influences energies dissipated
in different failure modes.
The target thickness plays a role in determining which mode of failure is dominant. The
energy dissipated due to delamination failure mode decreases exponentially with an
increase in the target thickness, and is maximum for the thinnest target.
Varying constituents’ properties affects the initiation time of the damage modes.
Increasing fiber’s Young’s modulus results in slightly different rates of evolution of the
fiber/matrix debonding damage variable, and delays the initiation of the matrix cracking
damage. Decreasing Young’s modulus delays the initiation of the matrix cracking
damage variable. Increasing fiber’s shear modulus delays the initiation of the fiber
breakage variable and enhances the initiation of the fiber/matrix debonding damage
variable. Increasing the matrix shear modulus reduces noticeably specimen’s centroidal
deflection, enhances both the time of initiation and the rate of growth of the fiber/matrix
debonding damage variable, and delays the initiation of the damage due to fiber breakage
damage.
An increase in the fiber volume fraction decreases affinely the total work done by
external forces, decreases parabolically the kinetic energy, and has virtually no effect on
the energy required to deform the body.
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For deformations caused by the explosion of a nuclear device, the composite fails very
quickly due to complete delamination coupled with early initiation and rapid growth of
the fiber/matrix debonding and matrix cracking, and very little centroidal deflection and
fiber breakage.
Laminate’s deformations for small values of the stand off distance are similar to those
induced by a nuclear explosion.
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