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One-Stage and Bayesian Two-Stage Optimal Designs

for Mixture Models

by

Hefang Lin1, Raymond H. Myers, Keying Ye

In this research, Bayesian two-stage D-D optimal designs for mixture experiments with

or without process variables under model uncertainty are developed.  A Bayesian

optimality criterion is used in the first stage to minimize the determinant of the posterior

variances of the parameters.  The second stage design is then generated according to an

optimality procedure that collaborates with the improved model from first stage data.

Our results show that the Bayesian two-stage D-D optimal design is more efficient than

both the Bayesian one-stage D-optimal design and the non-Bayesian one-stage D-optimal

design in most cases.  We also use simulations to investigate the ratio between the sample

sizes for two stages and to observe least sample size for the first stage.  On the other

hand, we discuss D-optimal second or higher order designs, and show that Ds-optimal

designs are a reasonable alternative to D-optimal designs.

Keywords: Bayesian, Two-Stage, Mixture Experiments, Process Variables, Optimality

                                                
1 If anyone want to use Bayesian two-stage D-D optimal design, please fell free to contact Hefang

lin for the SAS program.  Her email is helin@vt.edu and home address is 10570 Cross Fox Lane, Columbia

MD 21044.



ii

ACKNOWLEDGEMENTS

I would like to express my deepest appreciation to my advisors, Dr. Raymond H. Myers

and Dr. Keying Ye for sharing their knowledge with me.  I have been fortunate to have both of

them as my advisors, because they helped to make my dreams come true.  I am deeply indebted

to their mentoring, encouragement, support, and discipline over these four and half years.  I will

always treasure their friendship.  I would also like to thank my colleagues for many fruitful

discussions I had with them.

I thank my parents for their love and sacrifice over the years of my study abroad.  Finally

and most importantly, I thank my husband Honghui Chen, and my daughter Jessica Chen, whose

constant love, understanding, support made everything possible.



iii

Contents

Page

Abstract i

Acknowledgements ii

List of Tables  vi

List Figures     iv

Chapter 1  Introduction and Motivation 1

1.1 Introduction 1

1.2 D-Optimality Criterion, Bayesian Designs, and Two-Stage Designs 2

1.3 Ds-Optimality Criterion 5

1.4 Outline of the Dissertation 5

Chapter  2  Literature Review 7

2.1 Mixture Experiments         7

2.2 Mixture Experimental Model and Design D-optimality         9

2.3 Bayesian One-Stage D-optimal Design       11

2.4 Two-Stage Designs       13

2.4.1 Non-Bayesian D-D Optimal Design       14

2.4.2 Bayesian Two-Stage D-D Optimal Design       15

Chapter  3  Bayesian One-Stage D-Optimal Design for Mixture Models 20

3.1 The Selection of Design Optimality       20

3.2 Existing Bayesian D-optimal Designs       21



iv

3.3 Modified Bayesian D-optimal Designs       22

3.4 Example of Bayesian D-optimal Designs 23

3.5 Comparisons and Results       27

Chapter  4  Bayesian Two-Stage D-D Optimal Design for Mixture Models 34

4.1 Selection and Analysis for the First Stage D-optimal Design 34

4.2 Uncertainty in 2
�       37

4.3 Selection of the Second Stage Bayesian D-optimal Designs       38

4.4 Examples of Bayesian D-D Optimal Designs       40

      4.4.1 A Linear Primary and Quadratic Potential Model for Three Components       40

      4.4.2 A Quadratic Primary and Cubic Potential Model for Four Components       44

4.5 Two Classes of Potential Terms       48

      4.5.1 The Posterior Density of Mi Given y1       49

      4.5.2 Uncertainty in 2
1� and 2

2�       50

      4.5.3 An Example of A Linear Primary and Both Quadratic and Cubic Potential

               Model for Three Components       52

Chapter  5  Evaluation of Bayesian Two-Stage D-D Optimal Designs 56

5.1 Method of Evaluating Bayesian Two-Stage D-D Optimal Designs       56

5.2 A Example of Results Three Components       58

5.3 The Results of Evaluation for Four Components       61

      5.3.1 A Linear Primary and Quadratic Potential Model       61

      5.3.2 A Quadratic Primary and Cubic Potential Model       64



v

5.4 A Example of the Results of Evaluation for Three Components with Two

      Classes of Potential Terms       66

5.5 Conclusion 69

Chapter  6  Distribution of the Sample Size between Two Stages 70

6.1 A Reasonable Ratio of the Total Size between Two Stages       71

6.2 The Choice of Sufficient Data for the First Stage Design       73

Chapter 7  Application with Restrictions on Component Proportions 76

7.1 Case where Feasible Region is a Simplex 76

7.2 Case in Which the Feasible Region is not a Simplex 78

Chapter 8  Bayesian Two-Stage Designs for Mixture Experiments 81

with Process Variables

8.1 Introduction 81

8.2 Examples of Bayesian Two-Stage Designs 83

8.2.1 Three Components with One Process Variable 84

8.2.2 Three Components with Two Process Variables 87

8.3 Evaluation of the designs 91

8.4 Results of Bayesian Two-Stage D-D Designs 92

8.4.1 Three Components with One Process Variable 92

8.4.2 Three Components with One Process Variable

for Two Classes of Potential Terms 94



vi

8.4.3 Three Components with Two Process Variables 96

8.5 Conclusion 98

Chapter 9  Ds-Optimal Designs for Mixture Models 100

9.1 Criteria for Ds-Optimal designs 101

9.2 Ds-Optimal Designs for Three Components with Second Order Model 101

9.3 Ds-Optimal Designs for Four Components with Second Order Model 105

9.4 Ds-Optimal Designs for Four Components with Special Cubic Model 107

9.5 Comparing Designs between Ds and D through Plots along Prediction Rays 111

Chapter  10  Discussions and Future Research 122

Bibliography 124

Appendix

A. Calculation of p(y| iM ) and p( iM |y) for section 4.1 129

B. Calculation of p(y| iM ) and p( iM |y) for section 4.5.1 132

Vita 135



vii

List of Tables

Table Page

3.1 The determinant of D=(X'X+K/2� ) 27

4.1 Posterior probabilities of candidate models for three components with

linear primary and second-order potential terms model 43

4.2 Posterior probabilities of candidate models for four components with

second-order primary and special cubic potential terms model 47

4.3 Posterior probabilities of candidate models for three components with

two classes of potential terms 55

5.1 Values of D* and A* for three components with only primary terms

in the true model 60

5.2 Values of D* and A* for three components with primary terms and

one potential term in the true model 61

5.3 Values of D* and A* for three components with primary terms and

two potential terms in the true model 61

5.4 Values of D* and A* for three components with primary terms and

three potential terms in the true model 61

5.5 Values of D* and A* (in parentheses) for four components

with linear primary and second-order potential terms model 63

5.6 Values of D* and A* (in parentheses) for four components with

second order primary and special cubic potential terms model 65

5.7 Values of D* and A* (in parentheses) for three components with two

classes of potential terms 68



viii

6.1 Simulation study for data allotment with sample size 24 72

6.2 Simulation study for data allotment with sample size 30 72

6.3 Simulation study for sufficient data in the first stage (n=16) 74

6.3 Simulation study for sufficient data in the first stage (n=12) 74

8.1 Posterior probabilities of candidate models for three components with

one process variable 86

8.2 The values of D* for three components with one process variable 94

8.3 The values of D* for three components with one process variable when

full model contains two classes of potential terms 96

8.4 The values of D* for three components with two process variables 98

9.1 The determinant of D=|X'X| for three components with second-order

model between Ds and D-optimal designs 104

9.2 The determinant of Ds=|M22-M12'M11
-1M12| for three components with

second-order model between Ds and D-optimal designs 104

9.3 The determinant of D=|X'X| for four components with second-order

model between Ds and D-optimal designs 107

9.4 The determinant of Ds=|M22-M12'M11
-1M12| for four components with

second-order model between Ds and D-optimal designs 107

9.5 The determinant of D=|X'X| for four components with special cubic

model between Ds and D-optimal designs 110

9.6 The determinant of Ds=|M22-M12'M11
-1M12| for four components with

special cubic model between Ds and D-optimal designs 110

9.7 D-optimal design for four components with second-order model (n=15) 113



ix

9.8 Ds-optimal design for four components with second-order model (n=15) 113

9.9 D-optimal design for six components with second-order model (n=38) 116

9.10 Ds-optimal design for six components with second-order model (n=38) 117



x

List of Figures

Figure Page

2.1 Constraints factor space for three components 8

3.1 The sequence of designs with n=8 for a linear primary and a quadratic

potential model in an unconstrained region (our designs) 25

3.2 The sequence of designs with n=8 for a linear primary and a quadratic

potential model for three components (Andere-Rendon et al.'s designs) 26

3.3 The sequence of designs with n=12 for a linear primary and a quadratic

potential model for four components 31

3.4 The sequence of designs with n=9 for a linear primary and both a quadratic

and a special potential model for three components 32

3.5 The sequence of designs with n=16 for a quadratic primary and a special

cubic potential model for four components 33

4.1 Bayesian first stage D-D optimal design for three components with a

quadratic full model 41

4.2 The posterior density of 2�  given the true model contains only

primary terms 42

4.3 Bayesian second stage D-D optimal design for three components given

the true model contains only primary terms 43

4.4 The combined two-stage D-D optimal design for three components given

the true model contains only primary terms 44

4.5 Bayesian first stage D-D optimal design for four components with a

special cubic full model 45



xi

4.6 The posterior density of 2�  given the true model contains one of the

potential terms 46

4.7 Bayesian second stage D-D optimal design for four components given

the true model contains a cubic term x1x2x3 primary term 47

4.8 The combined two-stage D-D optimal design for four components given

the true model contains a cubic term x1x2x3 primary term 48

4.9 Bayesian first stage D-D optimal design for three components with

two classes of potential terms 53

4.10 The posterior density of 21�  and 2
2�  given the true model contains one

from each of classes of potential terms 54

4.11 Bayesian second stage D-D optimal design for three components given

the true model contains second order x1x3 and a cubic term x1x2x3

potential term 55

4.12 The combined two-stage D-D optimal design for three components given

the true model contains second order x1x3 and a cubic term x1x2x3

potential term 55

7.1 Example where the feasible region is a simplex 76

7.2 Example where the feasible region is an inverted simplex region 77

7.3 The first stage of Bayesian two-stage design for three constraints

components 79

7.4 A second stage of Bayesian two stage design for three constraints

components 79



xii

7.5 The first stage of Bayesian two-stage design for four constraints 

components 80

7.6 A second stage of Bayesian two stage design for four constraints

components 80

8.1 Bayesian first stage design for three components with

one process variable (n1=12) 85

8.2 The posterior density of 2�  given the true model contains only the

primary terms 86

8.3 A Bayesian second stage design for three components

with one process variable (n2=12) 87

8.4 A Bayesian first stage design for three components with

two process variables (n1=17) 89

8.5 A Bayesian second stage design for three components with

two process variables (n2=17) 91

9.1 Ds- and D-optimal designs for three components with a quadratic model 103

9.2 Ds- and D-optimal designs for four components with a quadratic model 106

9.3 Ds- and D-optimal designs for four components with a cubic model 109

9.4 Plot of prediction variance traces for D and Ds-optimal designs: x1, magnesium;

x2, sodium nitrate; x3, strontium nitrate; x4, binder 114

9.5.1 The prediction variance along X1 118

9.5.2 The prediction variance along X2

9.5.3 The prediction variance along X3 119

9.5.4 The prediction variance along X4 119



xiii

9.5.5 The prediction variance along X5 120

9.5.6 The prediction variance along X6 120



1

Chapter 1

Introduction and Motivation

1.1 Introduction

To develop, improve, and optimize processes, scientists use response surface

methodology (RSM), a collection of statistical and mathematical techniques.  RSM has

important applications in the design, development, and formulation of new products as

well as in the improvement of existing product designs.  The direct interest in RSM for

this research is in regard to the mixture experiment.  A mixture experiment is a special

type of response surface experiment with two primary features: factors that are the

ingredients or components of a mixture, and a response that depends on the proportions

of ingredients (Myers and Montgomery, 1995).  For example, suppose the flavor of a

fruit punch consisting of juices from apples, pineapples, and oranges is studied.  Here, the

flavor of the punch depends on the proportions of the juices in the blend, not on the

amount of punch.  In some mixture experiments, the response depends not only on the

proportion of the components in the blend, but also on the processing conditions.  Process
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variables are factors that do not constitute any portion of the mixture, but whose levels,

when changed, could affect the response (Cornell, 1990).

Regardless of the nature of a model, one can safely assume that cost is an important

factor in most experiments.  Therefore, one should try to find the most efficient design to

estimate parameters in the right model.  In other words, one should try to have designs

that are not only theoretically efficient but attractive to practitioners in their practicality.

The primary objective of this dissertation is to find designs that have a combination of

these attributes.  The particular model in this research is the mixture experiment model

with or without process variables.

1.2 D-Optimality Criterion, Bayesian Designs, and Two-Stage Designs

Out of the variety of alphabetic optimality criteria , D-optimality, dating back to Kiefer

and Wolfowitz (1959), is the most widely known design criterion.  This criterion suggests

one should reduce uncertainty in model coefficient estimates.  The D-optimal design for a

normal linear model is defined as the one that maximizes the determinant of (X’X/n),

where X is the model matrix and n is the sample size.  A design in which X contains too

many regressors (overspecification) could well estimate unimportant parameters (effects),

thus wasting some observations.  On the other hand, a design in which X contains too few

regressors (underspecification) will not allow all necessary parameters to be estimated,

and an inadequate model will result.  Overspecification or underspecification of

regressors is called model misspecification.  Hence, D-optimal design will not give an

explicit provision for diagnosing inadequacies in the model.  Unfortunately,



3

experimenters do not always have adequate information about X.  Therefore, the D-

optimality criterion is often difficult to utilize.

Since the D-optimal design is greatly dependent on the assumed fitting model, a

Bayesian approach is used to reduce this dependency.  DuMouchel and Jones (1994)

proposed a Bayesian approach to obtain a D-optimal design that is less dependent on the

assumed model, and Andere-Rendon, Montgomery, and Rollier (1997) used a Bayesian

modification to study the performance of Bayesian D-optimal design for mixture

experiments.  The important factor of these designs is to use prior distributions of the

coefficients in a model to control the uncertainty of their corresponding variables.

Compared to the standard D-optimal designs, Bayesian D-optimal designs for mixture

experiment models produce significantly smaller bias errors and improve the coverage of

the factor space.  In addition, they still allow the fitting of a larger number of high order

terms and maintain good variance properties.

On the other hand, many authors have discussed Bayesian designs in general

situations.  Covey-Crump and Silvey (1970) introduced the notion of a Bayesian

optimality criterion for the linear model case.  Brooks (1972), Bernardo (1979), Nather

and Pilz (1980), and Chaloner (1984) developed and investigated several Bayesian

optimal designs for the linear model.  Chaloner and Larntz (1989) developed a Bayesian

design procedure for the logistic regression model.

Another way of dealing with model misspecification is to run the experiment in

stages.  Box and Lucas (1959) suggested sequential experimentation.  Abdelbasit and

Plackett (1983) and Minkin (1987) discussed two-stage designs for one variable logistic

regression using the D-optimality criterion.  They found that non-Bayesian two-stage
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D-D optimal designs for the logistic model were more robust to poor parameter guesses

than the single stage equivalent.  Letsinger (1995) combined the Bayesian design with a

two-stage approach to generate an efficient D-optimal design for the logistic model.  This

two-stage approach results in good efficiency and robustness properties.  Myers, Myers,

Carter, and White (1996) developed a two-stage D-Q design for the logistic model.  Both

studies found that the two-stage design is superior to the comparable one-stage design in

most cases where parameter guesses are made.  Neff (1996) developed Bayesian two-

stage designs under model uncertainty for normal linear models.  She found when the

right model is a subset of an assumed full model, designs obtained by using a Bayesian

two-stage procedure are more efficient than traditional designs.

Numerous design procedures have been developed to address the problem of model

misspecification for a normal linear model and a logistic model.  Very little work has

been done to address the problem of model misspecification for mixture experimental

models with or without process variables.  To generate efficient designs with reduced

dependence on regressor specification for mixture experimental models with or without

process variables, Bayesian two-stage D-D optimal designs are developed.  In these

designs, a Bayesian D-optimality criterion is used in the first stage to minimize the

determinant of the posterior variances of the parameters.  The second stage design is then

generated according to a D-optimality procedure that uses the improved model from the

first stage data.
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1.3 Ds–Optimality Criterion

Ds–optimality is an extension to accommodate the situation in which a subset of the

parameter vector (s� ) is of interest, which is defined by minimizing the determinant of

the variance-covariance matrix corresponding to the estimator of subset s� .  Kiefer

(1961) first suggested Ds–optimality.  Hill and Hunter (1974) discussed an application of

the Ds–criterion for a nonlinear regression problem.  Wardrop and Myers (1990) found

that in many response surface studies there is more to be gained by good estimation of the

second-order coefficients. Huffman and Myers (1998) discussed Ds-optimal designs for

exponential models.  Neither of them studied the performance of Ds-optimal design for a

mixture experimental model.  Therefore, this dissertation discusses the Ds-optimal

designs for mixture models and makes comparisons between Ds-optimal designs and D-

optimal designs.

1.4 Outline of the Dissertation

In Chapter 2, a literature review of one-stage D and two-stage D-D optimal designs, and

mixture experiments is provided.  Chapter 3 presents the development of Bayesian one-

stage D-optimal designs for mixture experimental models.  In Chapter 4, Bayesian two-

stage D-D optimal designs for mixture experimental models are developed.  In Chapter 5,

evaluations of Bayesian two-stage D-D optimal designs are made.  In Chapter 6

distribution of the sample sizes between the two stages is considered.  In Chapter 7, the

application of Bayesian two-stage D-D optimal design to the mixture experiment with

constraint region is discussed.  In Chapter 8, Bayesian two-stage D-D optimal designs for

mixture models with process variables are generated.  In Chapter 9, Ds-optimal designs
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for mixture models are generated, and comparisons between Ds-optimal design and D-

optimal design are made.  Finally, in Chapter 10, the work is summarized, and future

research goals are proposed.
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Chapter 2

Literature Review

2.1 Mixture Experiments

Suppose a product is formed by q ingredients or components, and let xi be the proportion

of the ith ingredient or component, then xi must satisfy (1) 10 �� ix , and (2)

121 ������ qi xxxx � .  Because of the latter constraint, the levels of the factor xi are

not independent and mixture experiments are different from the usual response surface

experiments.  The design space for three components is shown in Figure 2.1, which is a

regular-sided hyperplane with only two dimensions rather than a cubic with three

dimensions.  Here, the vertices represent pure blends, the points on the edges represent

binary blends, and the center point represents a mixture with equal proportions of the

three components.  In general, the design space with q components is a simplex, which is

a regular-sided hyperplane with q vertices in (q-1) dimensions.  If there are more

constraints on the proportions, then the factor space is a general convex (q-1) dimensional

polyhedron.
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x2

1

� (1/3,1/3,1/3) 1 x1

  1

x3

Figure 2.1. Constraints factor space for three components

As in standard non-mixture experiments, the choice of a design for a mixture

experiment is also based on the particular assumed fitting model.  Typically, mixture

experimental models are of the Scheffe type models (Scheffe 1958, 1959, 1965 ), which

are called canonical models, where the first-order, second-order and special cubic of a

third-order models are written as

y = � 1x1 + … + � qxq + �  = i

q

i
i x�

�

�
1

 + � ,

y = i

q

i
i x�

�

�
1

 + ji

q

ji
ij xx�

�

� + � ,

and

y = i

q

i
i x�

�

�
1

 + ji

q

ji
ij xx�

�

� + kji

q

kji
ijk xxx�

��

� + � ,

respectively.
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The canonical models can be reparameterized to slack models that contain a

constant term, or intercept � 0 by simply deleting one of the � ixi terms, say � qxq.  Thus,

instead of the linear mixture model

y = � 1x1 + … + � qxq + � ,

we can write

y = � 0 +�
*
1x1 + … + � *

q-1xq-1 + � .

In addition, rather than the following quadratic model

y = i

q

i
i x�

�

�
1

 + ji

q

ji
ij xx�

�

� + � ,

we can write

y = � 0 + i

q

i

i x�
�

�

�
1

1

*  + ji

q

ji
ij xx�

�

� + �

and so on.

In a mixture experiment, the coefficients of a canonical model allow for ease in

interpreting the results of the experiments, while the coefficients of a slack model do not

provide a convenient interpretation.  Therefore, a canonical model is preferred to a slack

model (Cornell, 1990).

2.2 Mixture Experimental Model and Design D-Optimality

A mixture experimental model can also be written in standard form,

y = X�+ �� .

In this model,
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.

.

.
,

where n is the number of experimental runs and k is the number of parameters in the

assumed model.  The error �  is assumed to have a normal distribution with mean zero

and common variance 2� .  Under the assumption that �  is N(0, )2 I� , the least squares

estimator of ��  is equal to the maximum likelihood estimator, b = yXXX '1' )( � , which is

the uniformly minimum variance unbiased estimator of �� .  The variance of b is

1'2 )( ��XX� , which is the inverse of the Fisher information matrix.  Many of the design

criteria have been developed regarding the variance covariance matrix of b.  In this

research, D-optimality is considered.  This criterion suggests that one should make

(X ' X)-1 small or equivalently, make (X' X) large, thus attempting to minimize the

variance of b.  The generalized variance of b is the determinant of the variance

covariance matrix of b, and Wilk (1932) used it as a scalar measure of dispersion.  Thus,

a D-optimal design maximizes the determinant of )/( ' nXX .  The D-optimality criterion is

given by

n

XX
Max

'

D
,

where D is the set of possible designs and n is the total number of runs in the experiment.

where k is the number of the parameters in the full model.  Notice that the determinant

does not depend on the unknown parameter vector �� , only on the location of design

points, assumed model and sample size.
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Once the model form, design space, and sample size have been chosen, it is

relatively easy to select the corresponding design by using “proc optex,” a procedure in

SAS.  The D-optimal design for the mixture experiment consists of the extreme vertices

for a first-order model.  For a second–order model the D-optimal design for the mixture

experiment contains the extreme vertices and the edge midpoints.  Finally, the D-optimal

design with a special cubic model for three components consists of the three vertices, the

edge midpoints, and the overall centroid (Andere-Rendon et al., 1997).

2.3 Bayesian One-Stage D-optimal Design

Andere-Rendon et al. (1997) used a Bayesian modification to reduce the dependency of

D-optimal designs on the assumed models for mixture experiments.  Compared to

standard D-optimal designs, their designs produce significantly smaller bias errors and

improved coverage of the factor space.  In addition, they allow fitting of a large number

of higher order terms and maintain good variance properties.  This section presents the

method of Bayesian D-optimal design.

The regressors believed to be important in modeling the response are called

primary terms, while the uncertain regressors are treated as potential terms.  For example,

the experimenter may know from past experience that linear terms must be included in

the model but is uncertain whether quadratic terms are needed.  In this case, we may treat

linear terms as primary terms and quadratic terms as potential terms.  For this case, the

model can be written as y = Xpri pri�� + Xpot pot�� + �� , where y is the vector of (n 	  1)

responses distributed as N (X�� , 2


 I), X = (Xpri | Xpot) is a matrix of (n 	  (p+r)), pri�� is a

vector of (p 	  1), and pot�� is a vector of (r 	  1).
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To minimize any correlation between primary and potential terms, DuMouchel and

Jones (1994) recommended a scaling convention.  The idea of scaling convention is to

make each potential term and all primary terms orthogonalized.  That is, 21XX� =0, for

each primary term X1 and each potential term X2.  Here, the summation is over the set of

candidate points for the design, which consists of extreme vertices, the midpoint of edges,

constraint plane centroids, the axial check blends, the overall centroid, as well as a lattice

grid where each proportion is a multiple of 0.05.

The method of the scaling is as follows.  Let X = [Xpri|Xpot] be the set of candidate

points in the model space, partitioned by the two sets of terms.  The potential terms are

first regressed on the primary terms, and ��  = potpri
1

pripri X'X)X'X( �  is the alias matrix

measuring the confounding of the primary and potential terms.  Define R = Xpot - Xpri ��

and Z=R/(max{R}-min{R}), where the max{R} and min{R} are taken separately for

each column of R.  The definition of X then becomes (Xpri | Z) or (Xpri | R) instead of

(Xpri | Xpot).  Note that ��  is the least squares regression coefficient of Xpot on Xpri and R

contains the residuals from this regression.  The purpose of this scaling is to make the

primary and potential terms nearly unrelated.

The assumptions for the model are as follows.  The errors are assumed to be

independently and identically distributed (iid) as N (0, 2

 ).  The error variance 2

  is a

known constant.  Since primary terms are usually very important factors to the

practitioners, these terms are assumed to have a normal distribution with an arbitrary

prior mean and prior variance, tending to infinite.  On the other hand, the potential terms

are unknown to the experimenter, and are assumed to have a normal distribution with a

zero prior mean and a finite variance N (0, 
22

�� I).  A large value of 2
�  means that some
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of the potential terms are very likely for the right model.  A small value of 2
�  means that

all of the potential terms are unlikely to appear in the right model.  The value of 2
�  is the

ratio of variance of potential terms and experimental errors.  The parameter 2
��  will

determine the choice of design, since it reflects the degree of uncertainty associated with

potential terms, relative to2


 .

Given the above prior distributions, the posterior distributions for the model

parameters are normal (DuMouchel and Jones (1994), and Pilz (1991)),

])
K

X'X(,y'X)
K

XX[(N~),y|(p 1
2

21
2

'2 ��

�
��

�
��� .

Here, K is a (p+r) 	  (p+r) diagonal matrix, with the p diagonal elements associated with

the primary terms equal to 0 and the remaining r diagonal elements equal to 1 (p and r are

the numbers of primary and potential terms, respectively).  The Bayesian information

matrix is )]/')(/1[( 2
�KXXn �� , where n is the total number of observations in Bayesian D-

optimal design.

DuMouchel and Jones' (1994) D-optimal design was to use a Bayesian D-optimal

approach, which is formed by a subset of candidate points by numerically maximizing the

determinant of (X`X+K/ 2
� ).  Notice that when �  is close to zero, the D-optimal design

for the model of primary terms is obtained, and when �  is large and n� p+r, the D-

optimal design for the full model is generated.

2.4 Two-Stage Designs

A design in which the experiment is run sequentially in two different stages is called a

two-stage design.  The first stage is primarily used to obtain “good” parameter estimates

in order to choose efficiently in the second stage design.  Usually, D-optimality is a
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reasonable choice for the first stage.  The second stage design criterion can be chosen by

the experimenter according to a special goal.  The design type is typically named by both

criteria.  For example, if D-optimality is the criterion used in both stages, the resulting

design is called two-stage D-D optimal design.

Two-stage optimal designs have been investigated for binary data by Abdelbasit

and Plackett (1983), Minkin (1987), Letsinger and Myers (1995), and Myers et al. (1996).

Also, two-stage designs have been investigated by Neff (1996) for a normal linear model.

In this section, non-Bayesian D-D optimal design as well as Bayesian D-D optimal

design are presented for a linear model.

2.4.1 Non-Bayesian D-D Optimal Design

Suppose that y = X�� +�, and let p(y|�� ) be the probability distribution of the response.

The likelihood function for the first stage is

L1(y1, �� |x1) = )|(
1

1

�

�

i

n

i

yp ,

and the Fisher information is

I1(� ) = - E ��
��

��
��
��

��
��
��

��
��
��

��









�

�

�

),(ln 11
'

yL .

Under the assumption that y1 has a normal distribution, the Fisher information for the

first stage design is

I1(� ) = 1
'

12

1
XX

�

,
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where X1 is the n1� k model matrix, k is the number of parameters in the assumed fitting

model, and n1 is the number of runs for the first stage.  The D-optimal design for the first

stage is selected by maximizing the determinant of (1
'

1 XX ) in the model space.

Let n2 be the sample size for the second stage.  The likelihood for the parameter

with two-stage responses is

L1,2(y1,y2, � |X1,X2) = L1(y1,� |X1)L2|1(y2,� |y1,X1,X2), (2.1)

where L2|1(y2,� |y1,X1,X2) = )|(
2

1

�i

n

i

yp

��

.

Taking the log of both sides of (2.1), we have

log L1,2 = log L1 + log L2|1,

and the Fisher information

I1,2(� ) = -E �
�

�
�
�

�
�
�

�
�
�

�

�

�

�

 ),(,ln 21
'

yL .

The combined Fisher information is

I1,2(� ) = I1(� ) + I2|1(� ) = ]''[
1

22112
XXXX ��

�

.

It is clear that the second stage design is chosen by maximizing the determinant of

( 2211 '' XXXX � ) in the model space.  Notice that the non-Bayesian D-D optimal design is

equivalent to the one-stage non-Bayesian D-optimal design for normal linear model.

2.4.2 Bayesian Two-Stage D-D design

Letsinger (1995) developed a two-stage procedure for designing D-optimal designs

for the logistic regression model.  Bayesian D-optimality was used to select the first stage

design but non-Bayesian D-optimality was applied to the second stage.  Neff (1996)
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developed numerous Bayesian two-stage design procedures for normal linear models.

The following describes one of the two-stage Bayesian D-D procedures for the normal

linear model in which one experiences model uncertainty.

The Bayesian D-optimality criterion which maximizes |X1'X1+K/ 2
� | is used to

select the first stage design, according to the method which is presented in Section 2.3.

The parameter � = 5 is recommended in both the first and the second stage in Neff ’s

thesis (1996) because of the ability to produce designs which is most robust to model

misspecification.

Box and Meyer (1993) developed a method of calculating the weights using

posterior probabilities of the candidate models given the first stage data.  Label these

models in order as M0, M1, ..., Mm, where M0 denotes the model containing only the

primary terms and model Mi  contains the parameters ��
��

��
��
��

��
		

)(ipot

pri
i

�

�
� , where pri�  contains

the p primary parameters and )(ipot�  contains a subset of qi  of the q potential parameters.

The density of the predictive y1, given model Mi , p(y1| M i ), is written as

iiiii
B

1i1 d)M|(p),M|y(p)M|y(p
i

���� � . (2.2)

Here, Bi is the set containing all possible values i� , p(y1| M i , i� ) is the sampling

distribution of y1 given the model Mi , and p ( i� |M i ) is the prior probability density of

i� .  Given the first stage data, y1, the posterior probability of the model Mi  becomes

�
��

		
m

j
jj

ii
i

MypMp

MypMp
yMp

0
1

1
1

)|()(

)|()(
)|( ,



17

where p(Mi ) is the prior probability of Mi  and p(Mi  |y1) quantifies the likelihood that

M i  is the model that best describes the relationship between the response and the

regressors, upon observation of the first stage data.

Suppose that the prior probability of each potential term to be active in the true

model is �.  The prior probability of Mi, containing qi active potential terms, can be

expressed by

ii qqq
i )1()M(p ���� , I = 0, 1,…, m.

The value of �  should be chosen to represent the proportion of potential terms believed

to be active or important relative to the primary terms.  Since the experimenter may

expect that only a few potential terms are important, an appropriate value for �  would be

in the range of 0 to 0.5.  Box and Meyer (1993) found that sensible results can be

achieved with a value of � =0.25.  The model posterior probabilities would be

conservatively evaluated by using values of �  such as 0.2, 0.3,and 0.5.  In Neff's (1996)

research, a value of �  =0.33 was used all the time.

Since the error term is assumed to be normal, the density function y1 given Mi can

be expressed as

]2/)()'(exp[),|( 2
111

1 ����� iiii
n

ii XyXyMyp ��������
�� .

We assume that 1)( pri ��� and )I,0(N~ 22
pot ��� , where 0 is a vector of (p+qi).

The form (2.2) can be written as

2/)1n(
ii

'
ii

2/1
i

'
ii

q
i1

1i )ˆTˆ)ˆ(S(|XXT|)M|y(p ����

������� ,
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where Xi  is the first stage design in model Mi  space, 1
1 ')'(ˆ yXXXT iiii

����  for the

model Mi , �̂(S i)=(y1-Xi i�̂ ) ' (y1–Xi i�̂ ) for the model Mi , and Ti= ��
��

��
��
��

��

iii

i

xqqxpq

pxqpxp

I0

001
2

�

.

The resulting posterior probability for model Mi  becomes

2/)1n(
iiii

2/1
iii

qqqq
1i

1iii )ˆTˆ)ˆ(S(|X`XT|)1(c)y|M(p �����

���������� ,

where c is a constant that forces all probabilities to sum to one.

Recall that in the first stage it is assumed that ,1)( pri ���  ),0(~ 22 INpot ��� , and

)I,X(N~,|y 2
1

2
1 ���� , and the resulting posterior distribution of �  for the first stage

is normal,

� |y1,
2

� ~ N(b1, V1),

where

b1=(X'1X1 + K/ 2
� )-1 X'1 y1  and  V1=

2
� ( X'1X1 + K/ 2

� )-1.

Let the second stage prior distribution of �  be the first stage posterior.  It can then be

shown that the second stage posterior distribution of �  is also normal,

� |y1,y2,
2

� ~ N(b2, V2 ),

where

b2=(X'1X1 + X'2X2 + K/ 2
� )-1 X' y  and  V2=

2
� ( X'1X1 + X'2X2 +K/ 2

� )-1
.

Note that for all p+q parameters of the full model, a D-optimal design X2  can be chosen

to minimize |n(X'1X1 + X'2X2 +K/ 2
� )-1| over all possible designs.  Consider any of the

subset models Mi (i=0, 1, 2, …, m) as defined previously, with each model Mi identified

by its parameters � i.  The posterior variance of � i is
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12
)()(2)(2)(1)(1

2
)(2 )/''( ��

������ �� iiiiii KXXXXV ,

where X1(i)
  and X2(i)

  are the first and second stage design matrices, respectively,

expanded to model Mi space (containing only the p+qi regressors in Mi ), and

K(i) = �
�

�
�
�

�

iI0

00

is a (p+qi) 	  (p+qi) matrix.  The second stage design in a Bayesian D-D optimal design

for model Mi is the set of design points X2 that minimizes Di = |V2(i)| over all the possible

designs.

Since the posterior probabilities above reflect the model importance, Neff (1996)

utilized the Box and Meyer posterior probabilities for models M0, M1, …, Mm as weights

to average the D criterion when the second stage design is selected.  This is done by

choosing the second stage design so as to minimize

)y|M(pDMin iM i
XX i

1
2
�

�

.
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Chapter 3

Bayesian One-Stage D-Optimal Design for Mixture Models

DuMouchel and Jones (1994) and Andere-Rendon, Montgomery and Rollier (1997)

use Bayesian modification to reduce the dependency of D-optimal designs on the

assumed mixture experimental models.  Compared to standard D-optimal designs,

DuMouchel and Jones’ approach is superior in terms of smaller prediction errors and

more power to detect lack of fit.  In terms of smaller bias errors and improved coverage

of the factor space, Andere-Rendon et al.’s approach is superior. it also allows the fitting

of a large number of higher order terms and maintains good variance properties.  This

chapter compares the designs of Andere-Rendon et al. (1997) with our Bayesian D-

optimal designs.  Also, several Bayesian D-optimal designs are analyzed and the choice

of �  is discussed.

3.1 The Selection of Design Optimality

Cornell (1986) mentioned four properties that are particularly important in a mixture

experiment.  The design should:

1.  have good coverage of the factor space throughout the region of interest,
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2.  ensure that the predicted ŷ (x) is as close as possible to the true value )x(� ,

3.  provide good detectability of lack of fit, and

4.  provide an internal estimate of error.

Bayesian D-optimal designs are proved to satisfy the above properties well by the

studies of DuMouchel and Jones (1994) in regular linear models and Andere-Rendon et

al. (1997) for mixture models.  In a linear model situation, a Bayesian D-optimal design

is chosen by maximizing the determinant of )/( 2'
�KXX �� .  Here, K is a (p+r) �  (p+r)

diagonal matrix with the p diagonal elements associated with the primary terms equal to

0, the remaining r diagonal elements equal to 1 (p and r are the numbers of primary and

potential terms, respectively), and X is the model matrix (see section 2.3).  Notice that

when �  is close to zero, the D-optimal design of the primary terms alone is obtained, and

when �  is large and n�  p+r, the D-optimal design of the full model is generated

3.2 Existing Bayesian D-optimal Designs.

Andere-Rendon et al. (1997) developed the designs for mixture experiments by using

Bayesian D-optimality.  Their steps to maximize the determinant of )/( 2'
�KXX �� ) were

as follows:

1. The canonical model is transformed to a slack model.

2. When dealing with the Bayesian D-optimal design generation problem, the D-optimal

design augmentation is used.  The design to augment is represented by the matrix

W= ],I,0[
1

�

where 0 is an (r�p) matrix of zeros and I is the identity matrix of order r.  The augmented

design is
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�
�

�
�
�

�
	

W

X
Z ,

where X is the (n �  (p+r)) matrix whose rows are the n augmented points.  The Bayesian

D-optimal design D* is computed as the design that numerically maximizes the

determinant of Z' Z with respect to X.

3. The Bayesian D-optimal designs are generated by using the procedure of OPTEX from

the SAS (1995) system.

3.3 Modified Bayesian D-optimal Designs.

Our steps, which use Fedorov’s Algorithm to maximize the determinant of ( 2' /�KXX 

 ),

are as follows:

1. The Fedorov algorithm starts with an n-points nonsingular design, ][1 n� .

2. Fedorov showed that

),(1
|])[(|

|])[(| 1 xx
nM

nM
ji

i

i
���

�

�

�
.

During the ith iteration a point, say xj , is deleted and another point Xx�  is added if

)x,x( ji�  is maximal.  Here, |])[(| NM i�  is the determinant of 2' /�KXX 

  in ith

iteration.

3. Step (2) is repeated, and the procedure terminates whenever

51 10
|])[(|

|)])[(||])[((|
��

�
�

NM

NMNM

i

ii

�

�� .

We also can use the procedure OPTEX to generate Bayesian D-optimal designs

(see page 695 in SAS/QC Software).
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3.4 Example of Bayesian D-optimal Designs

In this example, it is assumed that the experimenter defines the following regressors to

consider:

x )f(  = {x 1, x2 , x3  ,x1x 2 , x1x 3 , x2 x 3 }.

The primary terms are {x1, x2 , x3 } with p=3 and {x1x 2 , x1x 3 , x2 x 3 } are potential

terms with r=3.  The sample size of eight is used.  Bayesian D-optimal designs for

different �  are developed and are presented in Figure 3.1 along with the designs of

Andere-Rendon (1997) in Figure 3.2.  The distribution of design points for different �  in

Figure 3.1 is following.  When �  is between 0 and 0.499, there are three vertices x1 for

estimating the coefficient 1� , three vertices x2 for estimating the coefficient 2� , and two

vertices x3 for estimating the coefficient 3� .  When �  is between 0.5 and 0.51, there are

two vertices x1 for estimating the coefficient 1� , three vertices x2 for estimating the

coefficient 2� , and two vertices x3 for estimating the coefficient 3� , one binary blend for

estimating the coefficient 13� .  When �  is between 0.52 and 0.71, there are two vertices

for each of three variables x1 x2, x3 for estimating 1� , 2� , and 3� , and two binary blends

for estimating 12�  and 13� .  When �  is between 0.72 and 1.05, there are two vertices x1

for estimating 1� , one vertice x2 for estimating 2� , two vertices x3 for estimating 3� ,

and three binary blends for estimating 12� , 13� , and 23� .  When �  is between 1.06 and

1.11, there are two vertices x1 for estimating 1� , one vertice x2 for estimating 2� , two

vertices of x3 for estimating 3� , three binary blends (where two of the three binary

blends are equal proportion of the mixture) for estimating 12� , 13� , and 23� .  When �  is
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between 1.12 and � , there are two vertices x1 for estimating 1� , one vertice x2 for

estimating 2� , two vertices x3 for estimating 3� , and three binary blends (all equal

proportion of the mixture) for estimating 12� , 13� , and 23� .  Notice that as �  increases,

the design reflects a stronger belief in higher order potential terms.  Here, variables x1, x2

and x3 are interchangeable.
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� = 0 ~ 0.499
                                      X1

                                     3

        3     X2                       2    X3

� = 0.5~0.51
                          X1
                                              2

       X2  3                            X3    2

� = 0.52~0.71

                                 X1     2

     2                                         2
    X2                                       X3

� = 0.72~1.05
 X1     2

0.55

               0.55                         2
        X2                                X3

� =1.06~1.11
                      X1     2

0.45

2
X2 X3

� = 1.12~�
                            X1   2

                                          2
    X2                                                      X3

Figure 3.1. The sequence of designs with n=8 for a linear primary and a quadratic
potential model in an unconstrained region (our designs).
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�  = 0 ~ 0.2
                                      X1

                                     3

         3                                     2
         X2                               X3

�  = 0.4~0.6
                           X1
                                               2

2 3
  X2 X3

�=0.8~1
 X1    2

             2

     2                                        2
     X2                                   X3

�=1.2
                                 X1  2

                                   0.6

    2      0.6
    X2                                    X3

�=1.4~2.2
                      X1  2

                                     0.55

    2           0.55
     X2                                        X3

�=2.4 ~�
                                     X1 2

     2
 X2                             X3

Figure 3.2. The sequence of designs with n=8 for a linear primary and a quadratic
potential model in an unconstrained region (Andere-Rendon et al.’s designs).
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3.5 Comparisons and Results

Since the Bayesian D-optimal design is generated by maximizing D = | )/( 2'
�KXX �� |, a

larger value of D means the design is more efficient to estimate parameters in the

assumed fitting model.  Therefore, the larger D= | )/( 2'
�KXX �� | is preferred.  The

determinant of )(
2

'

�

K
XX 

  for different values of �  is presented in Table 3.1, the best

design in each column is marked with an asterisk.

Table 3.1. The determinant of D= )/( 2'
�KXX ��

� 0.1 0.4 0.6 1 1.2 2 5

Andere-Rendon
et al.’s designs 18 610�� * 3913.17 371.95 28 25.39 9.1 4.7*

Our designs 18 610�� * 4394.53* 373* 50.11* 28.22* 9.45* 4.7*

It is clear to see that our Bayesian D-optimal designs are always at least as efficient

as those of Andere-Rendon, et al. and are better in most cases.  Especially when �  is one,

our design is almost twice better than their design.  By looking at the distribution of

design points, we can also conclude that our designs are more desirable.  For instance,

when � is one, there are two same binary blends in their design.  These points are equal

proportions of the mixture for estimating the second-order term 12� .  Apparently there

are no points to estimate the second-order terms 2313,�� .  This design should not be very

efficient because it emphasizes the second-order term 12�  and ignores the other second-

order terms.  However, in our design, there are three binary blends, one of them is an

equal proportion point and the other two are not equal proportion points, to estimate the
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second-order terms 12� , 13�  and 23� .  This makes perfect sense because there is no

preliminary information for the potential terms.

In DuMouchel and Jones’ paper, they recommended a scaling convention to

eliminate the correlation between the primary and potential terms as much as possible.  In

Andere-Rendon, et al.’s procedure, transformation from canonical model to a slack model

is necessary for the scaling convention.  However, we get the same Bayesian D-optimal

designs by using mixture canonical models and slack variable models.  Therefore, we do

not need to transform the canonical model to the slack model when using the scaling

convention recommended by DuMouchel and Jones.

Figure 3.3 presents the sequence of designs for a linear primary and a second-order

potential model with n=12 for four components.  Figure 3.4 presents the sequence of the

designs for a model that consists of a linear primary and both second order and special

cubic potential terms with n=9 for the three components.  In this case, we treat the linear

terms as primary terms and both second-order and special cubic terms as potential terms.

Figure 3.5 presents the sequence of designs for a second-order primary and a special

cubic potential model with n=16 for the four components.  Notice that all the notations

),,( 321 �XXX  for vertices are interchangeable.

From Chapter 2, the coefficients of the potential terms follow a normal distribution

with ��
2  finite prior variance.  The value of 2�  will determine the choice of design,

since the parameter 2�  reflects the importance of the potential terms, relative to 2
 .

Therefore, it is important for the experimenter to have some ideas about how to pick the

value of � .  From Figures 3.2 to 3.5, we can say that �  from 0 to 0.3 is a small value

since the Bayesian D-optimal design is the D-optimal design for the model of primary



29

terms.  Also �  from 2 to �  is a large value since the Bayesian D-optimal design is the

D-optimal design for the full model.  Notice that there are vertices for estimating all the

coefficients of primary terms and points for estimating part of the coefficients of potential

terms when 1��  in most Bayesian D-optimal designs.

Furthermore, the designs in Figures 3.2 to 3.5 are all quite desirable.  For example,

in Figure 3.3, when the value of �  is between 0~0.5 which means that the potential terms

are almost not present, the design points are all in the vertices to estimate the primary

terms (linear blending).  When the value of �  is among 0.51~0.66, there are eight

vertices to estimate the primary terms (linear blending) and four equal proportion binary

blends to estimate the potential terms (second order terms).  When �  is 0.67, there are

seven vertices points to estimate the primary terms (linear blending) and five binary

blends, two of which are equal proportion points and three of which are not equal

proportion points, to estimate the potential terms (second order terms).  When �  is

between 0.68~1, six vertices points are used to estimate the primary terms (linear

blending effects) and six binary blends, two of which are equal proportion points and four

of which are not equal proportion points, to estimate the potential terms (second order

terms).  Finally, when �  is between 1.1~� , there are six vertices to estimate the primary

terms (linear blending) and six equal proportion binary blends to estimate the potential

terms (second-order terms).  Since an increase in �  necessitates the use of more points to

estimate the potential terms, the designs shown here look very desirable. Similar

discussions can be applied to other designs in the other Figures.

Usually, the parameter� , which reflects the degree of uncertainty of potential

terms, is selected by the experimenter based on the prior information.  If the experimenter
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believes that the potential terms are unlikely to appear in the true model, then a small

value of � should be selected.  If the experimenter believes that some of the potential

terms are possibly more likely to be in the true model, then a large value of �  should be

selected.  If the experimenter has no idea about the importance of potential terms, then a

moderate value of �  should be selected.  The robust value of �  will be discussed in

Chapter 5.
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0.55 X4

 X2  2
0.55

X3

� =1.1~�
      2    X1

                                      

                         X2                                                      X4

                   2     X3    

Figure 3.3. The sequence of designs with n=12 for a linear primary and a second-order
potential model in an unconstrained region
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�  = 0 ~ 0.4
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         3                                            3
         X2                                            X3

�  = 0.49~0.53
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�  = 1.15~�
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                                              2
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                Figure 3.4. The sequence of designs with n=9 for a linear primary and both a
             second-order and a special cubic potential model in an unconstrained region
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        2

                                   2                                                                                               
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X2          (4)�            X4

                                                         2    X3

Figure 3.5. The sequence of designs with n=16 for a second-order primary and a special
cubic potential model in an unconstrained region (1, 2, 3, 4 are the centers of x1x2x4,
x1x2x3, x1x3x4, x2x3x4, respectively).
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Chapter 4

Bayesian Two-Stage D-D

Optimal Design for Mixture Models

Bayesian two-stage D-D optimal design for mixture experiments under model

uncertainty is developed in this chapter.  A Bayesian D-optimality criterion is used in the

first stage to minimize the determinant of the posterior variances of the parameters.  The

second stage design is then generated according to a D-optimality procedure that

combines with the improved model from the first stage data.  Examples of Bayesian two-

stage designs are presented for different situations.

4.1 Selection and Analysis for the First Stage D-optimal Design

Consider the linear model y = X �  + �� , where y = �
�

�
�
�

�

2

1

y

y
 is the n dimensional vector of

responses from a two-stage design, X is the (n1+n2)� (p+r) model matrix for the

combined stage and �
�

�
�
�

�
�

pot

pri

�

�
�  is the p+r vector of the parameters.  It is assumed that
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yi| �� , 2
 ~ N(Xi � , )2I�  for each stage i, with n1 runs for the first stage and n2 runs for the

second stage.

The Bayesian D-optimality criterion that maximizes |X1'X1+K/ 2
� | is used to select

the first stage design, according to the method presented in section 2.3.  Here, K is a (p+r)

�  (p+r) matrix, with p diagonal elements equal to 0 and the remaining r diagonal

elements equal to 1 (p and r are the numbers of primary and potential terms,

respectively).  If the experimenter has no idea about the importance of the potential

terms, then the value of � is recommended to be one for the first stage, which is discussed

in chapter 3 and 5.  In this chapter, the parameter � =1 is used for all of the examples.

Prior to observing the first stage data, a set of p+r regressors is defined by the

experimenter for the full model, which consists of p primary terms and r potential terms.

The model that best describes the relationship between the response and the regressors

could be possibly one of the following three types: (1) primary terms only, (2) full model,

(3) p primary terms and a subset of potential terms.  The total number of possible models

can be calculated by m= 	
�

��
�

�
��
�

�r

i i

r

0

 = r2 .  Each candidate model Mi  contains all primary

terms and ri  (0 rri 

 ) potential terms.

The information from the analysis of the first stage data is used to reduce model

uncertainty in the second stage.  Model knowledge can be gained by scoring each of the

candidate models according to how likely a particular model will predict the response

behavior.  The resulting scores can be used as weights to a second stage criterion,

ensuring that the second stage data points could provide information on important terms.
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The scores are obtained by calculating the posterior probabilities of these possible

models.

The probability density of y1 given Mi is expressed by

p(y1|Mi, ]2/)()'(exp[), 2
11

1 ������ iiii
n

i XyXy ��������
�� .

Assume that p(� pri) 1� , ),0(~ )(
22

)( irpipot IN
�

���  where 0 is a vector of (p+ir ), and

),(~2 ��� IG  with a small value of �  and a large value of � .  Notice that for an

inverse Gamma distribution, 
��

��
)1(

1
)( 2

�

�
, and 

)2()1(

1
)var(

22
2

��

�

���

� .

Therefore, the density of 2�  has a very heavy tail given the assumed values of �  and � .

Under these conditions, the density of y1 given candidate model Mi, p(y1|M i ) can be

written (in the sense of a limiting procedure; see Appendix A)

p(y1|Mi
2/'2/1' 1)ˆˆ)ˆ((||) n

iiiiiii
r TSXXTi ��

� ��� ���� ,

where Xi  is the first stage design in model Mi  space, 1
1 ')'(ˆ yXXXT iiiii

��

�����  for the

model Mi , �̂(S i)=(y1-Xi i�̂ ) ' ( y1 –Xi i�̂ ) for the model Mi , and

Ti= ��
��

��
��
��

��

iii

i

xrrxpr

pxrpxp

I0

001
2

�

.

Suppose that the prior probability of each potential term to be active in the true

model is  .  The prior probability of Mi, containing ri active potential terms, can be

expressed by

ii rrr
iMp ���� )1()( �� , i=0,1,…,m.
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The value �=0.33 is used in our study following Neff’s (1996) suggestion.  The resulting

posterior probability for model Mi  becomes

p(Mi|y1)=c 2/2/1 1)ˆˆ)ˆ((|`|)1( n
iiiiiii

rrrr TSXXTiii ���� ��� ������ ,

where c is the normalization constant.  Note that a large value of p(Mi|y1) means that Mi

is a plausible model and a small value of p(Mi|y1) indicates that the model Mi is not likely

in the presence of the first stage data.  Analytically, the derivation of the parameter � is

not easy so empirical method will be used.  The procedure for selecting the value of �

after first stage is discussed in section 4.2.

4.2 Uncertainty in � 2

In the first stage, the parameter �
2 is unknown to the experimenter.  Once the first stage

data is observed, a convenient and reasonable approximation of a value of �  is obtained

by maximizing the posterior density p(�
2|y1).  It needs to be mentioned that the

estimation of 2
�  is empirical, which means we use a point estimate instead of a formal

Bayesian posterior estimate.  The reason to do this is to reduce the complexity of optimal

procedure.

Setting the prior density p(� 2) to be locally uniform (again, in the sense of using a

limiting procedure), the posterior density p(�
2|y1) is given approximately by

p(� 2|y1)� p(� 2)p(y1|�
2)�p(y1|�

2)= ),|()( 2
1

0

�i

m

i MypMp	

2/

0 0
'

01
'

0
'

01

'
11

2/1'

2/1
0

'
0 1)

)ˆ()ˆ(

ˆˆ)ˆ()'ˆ(
(

||

||
)

)1(
( n

m
iiiiiii

iii

r

XyXy

TXyXy

XXT

XX
i �	

��

���

��
�

��

����

��

�
,
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where X0 is the primary terms matrix and 0�̂ =(T0+X'0X0)
-1X'0 y1.

Since the posterior mode �̂  is the most likely to occur in the posterior density of

� given y1, �̂  is a more reasonable value than the initial �  used in the first stage.

Therefore, the value �̂  is used for all the calculations after the first stage.  Now p(Mi|y1)

becomes

p(Mi|y1)=c 2/2/1' 1)ˆ'ˆ)ˆ((||ˆ)1( n
iiiiiii

rrrr TSXXTiii �������� ������ ������ ,

where c is a constant that forces all probabilities to sum to one, and

.
0

00

ˆ

1
2 ��

��

��
��
��

��
		

����

����

iii

i

rrpr

rppp
i I

T
�

.

4.3 Selection of the Second Stage Bayesian D-optimal Designs

Recall that the first stage posterior distribution of �  is normal (see section 2.3),

� |y1, 2
� ~ N(b1, V1),

where

b1=(X'1X1 + K/ 2
�̂ )-1 X'1 y1  and  V1= 2

� ( X'1X1 + K/ 2
�̂ .) 1

��

Let the second stage prior distribution of �  be the first stage posterior.  It can then be

shown that the second stage posterior distribution of �  is also normal,

� |y1,y2, 2
� ~ N(b2, V2 ),

where
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b2=(X'1X1 + X'2X2 + K/ 2
�̂ )-1 X' y  and  V2= 2

� ( X'1X1 + X'2X2 +K/ 2
�̂ .) 1

��

Note that for all p+r parameters of the full model, a D-optimal design, X2  can be chosen

by minimizing |n(X'1X1 + X'2X2 +K/ 2
�̂ )-1| over all the possible designs.

Consider any of the subset models Mi (i = 0, 1, 2 , …, m) as defined previously,

with each model Mi identified by its parameters � i.  The posterior variance of � i is

V2(i)=
12

)()(2)(2)(1)(1
2 )ˆ/''( ��� �� iiiii KXXXX

where X1(i)
  and X2(i)

  are the first and second stage design matrices for model Mi space,

respectively, and

K(i) = �
�

�
�
�

�

iI0

00

is a (p+ri) �  (p+ri) matrix.  A Bayesian D-D optimal design for model Mi is the set of

design points that minimizes Di = |V2(i)| over all the possible designs.

Since the posterior probabilities by Box and Meyer (1993) in section 2.4.2 reflect

the model importance, we utilize the posterior probabilities for models M0, M1,…, Mm as

weights to average the D criterion when the second stage design is selected.  The

objective is to choose the second stage design points so as to minimize Di for each model

Mi enjoying a high probability of being the best model.  This is done by choosing the

second stage design so as to minimize the average of D criteria

)y|M(pDMin iM i
XX i

1
2
	

�

.
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4.4 Examples of Bayesian D-D Optimal Designs

Examples of Bayesian D-D optimal designs for three and four component models are

presented in this section.  Section 4.4.1 represents the Bayesian D-D optimal design for

three components with the linear primary and second-order potential model.  Section

4.4.2 represents the Bayesian D-D optimal design for four components with second-order

primary and special cubic potential model.  These examples show that if the true model

contains only primary terms, then the value of �̂  is small, while if the true model

contains primary terms and any of the potential terms, then the value of �̂  is large.  They

also show that the true model enjoys the highest posterior probability p(Mi|y1), and the

parameters in the true model are well estimated in the second stage design.

4.4.1 A Linear Primary and Second Order Potential Model for Three components

In this example, it is assumed that the experimenter defines the following regressors to

consider:

x )f(  = {x 1, x2 , x3  ,x1x 2 , x1x 3 , x2 x 3 }.

The primary terms are {x1, x2 , x3 } with p=3 and {x1x 2 , x1x 3 , x2 x 3 } are potential

terms with r=3.  The true model in this example is defined to contain the linear terms,

xt = {x 1, x2 , x3 }.

The first stage data set is simulated from the true model:

y=7.24x1 +9.57x2 +5.66x3 +� ,
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where �  ~ N(0,1).  Note that the values of the coefficients of parameters in the true

model are randomly selected and a large value of the coefficient means that term is very

important, then second stage will provide more runs to estimate these important terms.  In

this example, the values of coefficients of x1, x2, x3 are large since primary terms are

important.  On the other hand, no second-order terms appears in the true model, which

means that second-order is not significantly important in the true model.  Eight runs are

allocated to each stage for the experiment, and the parameter �  =1 is used in the first

stage.

The Bayesian D-optimality criterion presented in section 2.3 is used to select the

first stage design with eight runs that are based on the full model by

x(f) = {x 1, x2 , x3  ,x1x 2 , x1x 3 , x2 x 3 }.

The resulting design is shown in Figure 4.1.

X1   2
   0.45

(1)       (2)

               0.55   (3) 2

X2 X3

Figure 4.1. Bayesian first stage D-D optimal design for
three components with a quadratic full model

This is a desirable design since there are five vertices for estimating the coefficients

of linear blending 321 ,, ���  and three binary blends 1, 2, and 3, where point 2 is equal

proportion binary blend, and 1, 3 are not equal proportion binary blends, for estimating
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the coefficients of second-order terms ,, 1312 �� and 23� .  According to section 4.2, the

response data from the first stage experiment is used to get the value of �̂ , and to

calculate the posterior probabilities associated with each of the candidate models.  The

following results are only for one simulation data set.  Figure 4.2 represents the posterior

density of � 2, which shows that the value of �̂  is close to zero.  This makes good sense

considering that the true data is from the linear blending model and that there are no

potential terms in the true model.  The first stage data and value of �̂  are used to

calculate posterior probabilities to weigh the importance of each candidate model.  The

posterior probabilities are included in Table 4.1.  From these posterior probabilities, we

can see that the true model enjoys the highest probability.

Figure 4.2. The posterior density of 2
�  given the true model contains only primary terms

The posterior density of ��
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Table 4.1. Posterior probabilities of candidate models for three components
                           with linear primary and second-order potential terms model

Posterior Probability Terms included in the candidate model

0.301* x1  x2  x3*

0.148 x1  x2  x3  x1x2

0.148 x1  x2  x3  x1x3

0.148 x1  x2  x3  x2x3

0.073 x1  x2  x3  x1x2  x1x3

0.073 x1  x2  x3  x1x2  x2x3

0.073 x1  x2  x3  x1x3  x2x3

0.036 x1  x2  3  x1x2  x1x3  x2x3

For this simulation data set, eight runs of a second stage design are chosen.  Figure

4.3 represents a second stage design points and shows that the design points are all in the

vertices after the first stage design.  This means that the second stage design is very

efficient in selecting design points based on information from the first stage design,

considering that the true model is a linear blending model.  Combined first and second

stage design is presented in Figure 4.4.

  X1  3

X2    3                      2   X3

Figure 4.3. Second Stage D-D optimal design for three
components given the true model contains only primary
terms
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X1    5

 0.45

4    0.55 4
X2 X3

Figure 4.4. The combined two-stage Bayesian D-D design
for three components given the true model contains only
primary terms

4.4.2: A Second Order Primary and a Special Cubic Potential Model for Four

Components

The experimenter may consider the following regressors:

x(f) = {x1, x2, x3 ,x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4, x1x2x3, x1x2x4, x1x3x4, x2x3x4}.

The primary terms are {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4} with p=10 and

{x 1x2x3, x1x2x4, x1x3x4, x2x3x4} are potential terms with r=4.  The true model in this

example is defined to be a model containing the following regressors:

xt= {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4, x1x2x3}.

The first stage data set is simulated from the true model:

y =17.24x1+19.57x2+16.66x3+16.8x4+17x1x2+18.51x1x3+17.64

+x1x4+18.21x2x3+15x2 x4+17.6x3x4+15x1x2x3+� ,

with �  ~ N(0,1).  Here, the coefficients of primary terms and the special cubic x1x2x3 are

large (again, the coefficients of the parameters are randomly picked), this means that

special cubic term x1x2x3 is significantly important as well as primary terms.  Sixteen
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runs are allocated to each stage of the experiment and the parameter �  =1 is used in the

first stage design in this section.  The Bayesian D-optimality criterion presented in

section 2.3 is used to select the first stage design with sixteen runs that based on the full

model defined by

x(f) ={x1, x2, x3 ,x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4, x1x2x3, x1x2x4, x1x3x4, x2x3x4}.

The resulting design is shown in figure 4.5.

                                   X1   2

                                     �
                  2          �         �
               X2                                     X4

                                 �

                               X3
Figure 4.5. Bayesian first stage D-D
optimal design for four components with
a special cubic full model

In the first stage, six vertices estimate the coefficients of linear blending

321 ,, ��� , 4� ; six equal proportion binary blends estimate coefficients of the second-

order terms 12� , � 13, � 14, � 23, � 24, � 34; four centroid points estimate the coefficients

of all three special cubic terms � 123, � 124, � 134, � 234.  Therefore, in the first stage all

the parameters in the full model can be estimated.  After observing data from the first

stage, we adjust the parameter � .  The following result is only for one simulation set.

The posterior distribution p(2� /y1) is shown in Figure 4.6 and shows the value of �̂  is
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close to 17.  This makes good sense since there is one of the potential terms in the true

model.  The posterior probability of Mi given y1 is presented in Table 4.2, where the true

model has the highest posterior probability.  The design points of the second stage are

shown in Figure 4.7.  Notice that there are two centroid points for estimating the

coefficient of special cubic term x1x2x3, which is contained in the true model.  The

combined design points are represented in Figure 4.8.

Figure 4.6. The posterior density of 2
�  given the true model contains one of potential

                      terms

The posterior density of ��
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          Table 4.2. Posterior probabilities of candidate models for four components
with second-order primary and special cubic potential terms model

Primary terms is in the every model P(Mi|y1)
Primary terms 0
x1x2x3* 0.816*
x1x2x4 0
x1x3x4 0
x2x3x4 0
x1x2x3  x1x2x4 0.053
x1x2x3  x1x3x4 0.052
x1x2x3  x2x3x4 0.066
X1x2x4  x1x3x4 0
x1x2x4  x2x3x4 0
x1x3x4  x2x3x4 0
x1x2x3  x1x2x4  x1x3x4 0.003
x1x2x3  x1x2x4  x2x3x4 0.004
x1x2x3  x1x3x4  x2x3x4 0.004
x1x2x4  x1x3x4  x2x3x4 0
x1x2x3  x1x2x4  x1x3x4  x2x3x4 0.002

X1   2

2
                                       2�    2

  X2     X4

   2

X3

Figure 4.7. Bayesian second stage D-D optimal design
for four components given the true model contains a
cubic x1x2x3 potential term
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                                               X1   4

                                     3               2
                                            3   �
                             3       3�      2  �            2
                           X2                                   X4
                                 2         �

                                   X3     2

Figure 4.8. Combined stage of Bayesian D-D optimal
design for four components given the true model
contains a cubic x1x2x3 potential term

4.5 Two Classes of Potential Terms

Sometimes we may also be interested in knowing if we have more than one class of

potential terms.  Therefore, it is natural to divide potential terms into two categories or

even more.  For example, the experimenter may know from past experience that linear

blending terms must be included in the assumed model but is uncertain whether both of

second-order and special cubic terms are needed for the correct model.  Then we call

linear terms the primary terms, second-order terms the first class of the potential terms,

and special cubic terms the second class of the potential terms.  Now the full model can

be written as

y = Xpri pri�  + Xpot(1) )1(pot�  + Xpot(2) )2(pot�  + � .

Again the prior variances of the coefficients of the primary terms are large, and

variances of the coefficients of the two classes of potential terms are unknown to the

experimenter.  Let 2
1�  be the parameter that reflects the importance of the first class of
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potential terms, and let 2
2�  be the parameter that reflects the importance of the second

class of potential terms.

4.5.1 The Posterior Density of Mi  Given y1

Calculating posterior probabilities for candidate models using the Box and Meyer (1993)

method, is as follows for this situation.  The models can be labeled in order as M0,

M1,…,Mm, with M0 denoting the model containing primary terms only.  Each model Mi

contains the parameters 
�
�
�

�

�

�
�
�

�

	










�


)i(2pot

)i(1pot

pri

i , where pri�  is p primary parameters and )(1 ipot�  is a

subset of r1(i) of the first class r1 of potential parameters and )(2 ipot�  is a subset of r2(i) of

the second class of r2 potential parameters.  Each candidate model Mi contains all primary

terms and ri (0 rri 

 1(i)+r2(i)) two classes of potential terms.

Suppose that the prior probability of each potential term to appear in the true model

is � .  The prior probability of Mi, containing ri active potential terms and (r-ri) inactive,

can be expressed by

p(Mi)= ii rrr �� )1( �� , i=0,1,…,m.

Again the value� =0.33 is used.  We assume the probability density of y1 given Mi to be

the usual normal linear model,

]2/)()(exp[),,|( 2
1

'
11

1 ������ iiii
n

ii XyXyMyp ���� �

.
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We assume 1)( pri ��� , ),0(~ 22
11 INpot ��� , ),0(~ 22

22 INpot ���  and ),(~2 ��� IG

with a small value of �  and a large value of � .  Under these assumptions, the posterior

probability of model Mi given first stage data can be written as (see Appendix B),

p(Mi|y1)=c ,)
)ˆ(

ˆ'ˆ)ˆ(
(|'|)
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Here, ri is the total potential terms in model Mi space such that ri = r1(i)+r2(i) where r1(i) is

the total number of first class of potential terms in model Mi space such that 1)(10 rr i 

 ,

and r2(i) is the total number of second class of potential terms in model Mi space such that

2)(20 rr i 

 , X1(i)= first stage design in model Mi space, iiii XXT '(ˆ
��� )-1Xi

'y1 and

S( i
̂ ) = (y1-Xi i
̂ )'(y1-Xi i
̂ ) for Model Mi, and c is a constant that forces all probabilities

to sum to one.  In the equation for p(Mi|y1), we do not know the values of � 1 and � 2.

The procedure for selecting the values of � 1 and � 2 is discussed in section 4.5.2.

4.5.2 Uncertainty in 2
1�  and 2

2�

Recall in section 4.2 we discussed how to choose the value of�̂ .  In this section, the idea

of the estimations of 1
2

�  and 2
2�  is the same as in estimation of 2

� , except this time we

are discussing about the posterior distribution of 1
2

�  and 2
2� , given the first stage data
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y1.  A convenient and reasonable approximation values of 21 ˆ,ˆ ��  are obtained by

maximizing the posterior density p(12
� , 2

2� |y1).  Setting the prior density p( 2
2

2
1 ,�� ) to be

locally uniform, the posterior density p(12
� , 2

2� |y1) is given approximately by
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After observing data from the first stage, we use the above method to get the most

likely values of 1�̂  and 2�̂ .  The values of 1�̂  and 2�̂  are more reasonable values because

they are updated from the first stage data.  Therefore, the values of 1�̂  and 2�̂  are used in

all the calculations after the first stage.  Now p(Mi|y1) can be written as

p(Mi|y1)=c 2/
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Here, c is a constant that forces all probabilities to sum to one.
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4.5.3: An Example of A Linear Primary and Both Second-Order and Special Cubic

          Potential Model for Three Components

In this example, it is assumed that the experimenter defines the following regressors for

consideration:

x )f(  = {x1, x2, x3 , x1x2, x1x3, x2x3, x1x2x3}.

The terms {x1, x2, x3} are primary terms with p=3, the terms {x1x2, x1x3, x2x3} are the first

class of potential terms with r1=3, and {x1x2x3} is the second class of potential term with

r 2 =1.  The true model in this example is defined to contain the following regressors:

x )(t  = {x1, x2, x3, x1x3, x1x2x3}.

The first stage data set is simulated from the true model:

y1=17.24x1+19.57x2 +15.66x3+10x1x 3+11x1x 2 x 3+ 

with   ~N(0, 1).  Nine runs are allocated to each stage of the experiment.  The

parameters 1,1 21 	
	
  are used in the first stage.  The Bayesian D-optimality criterion

presented in chapter three is used to select the first stage design with nine runs that are

based on the full model, described by

x )f( = {x1, x2, x3 , x1x2,  x1x3, x2x3, x1x2x3}.

The resulting design is shown in Figure 4.9.
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                                        X1  2
                                    0.45

(1)    (2)
                                            � (4)
                                                            2
                                   0.55         (3)
                              X2                          X3

Figure 4.9. Bayesian first stage D-D optimal design for three
components with two classes of potential terms

This is a desirable design since there are five vertices for estimating the coefficients

of linear blending 321 ,, ��� , the three points 1, 2, and 3 for estimating the second-order

terms � 12,� 13,� 23 and one point d for estimating the third-order term 123� .  The

response data from the first stage experiment is used to obtain the most likely values of

�̂ 1 and �̂ 2, and to calculate the probabilities p(Mi |y1) associated with each of the

candidate models.  The following results are only for one simulation set.  Figure 4.10

represents the posterior density of � 1
2 and � 2

2 that show that the value of �̂ 1 is close to

12.01 and the value of �̂ 2 is close to 15.  These values of �̂ 1 and �̂ 2 are quite large.  This

makes good sense considering that the true model includes one term from each class of

potential terms. The posterior probabilities are included in Table 4.3.  From these

posterior probabilities, we can see that the true model enjoys the highest probability.

For this example, nine runs of a second stage design are chosen.  Figure 4.11

represents the second stage design points and shows that there are four vertices to

estimate the coefficients of linear blending 321 ,, ��� , two equal proportion binary

blends to estimate the second-order terms 13� , and three centroid points to estimate the

third-order term 123� .  This means that second stage design is very efficient in the
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selection of design points based on information from the first stage design where one

consider that the true model contains linear blending effects, the second-order x1x3 and

the special cubic x1x2x3.  First stage and second stage design combined is presented in

Figure 4.12.

Figure 4.10. The posterior density of 21�  and 2
2� and given the true model contains

linear primary terms plus one from each of classes of potential terms
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            Table 4.3. Posterior probabilities of candidate models for three components with
                             two classes of potential terms

Posterior Probability Terms included in the candidate model
0 x1  x2  x3

0 x1  x2  x3  x1x2

0 x1  x2  x3  x1x3

0 x1  x2  x3  x2x3

0 x1  x2  x3  x1x2x3

0 x1  x2  x3  x1x2  x1x3

0 x1  x2  x3  x1x2  x2x3

0 x1  x2 x3   x1x2  x1x2x3

0 x1  x2  x3  x1x2  x2x3

0.867* x1  x2  x3  x1x3  x1x2x3*
0 x1  x2  x3  x2x3  x1x2x3

0 x1  x2  x3  x1x2  x1x3  x2x3

0.072 x1  x2  x3  x1x2  x1x3  x1x2x3

0 x1  x2  x3  x1x2  x2x3  x1x2x3

0.052 x1  x2  x3  x1x3  x2x3  x1x2x3

0.009 x1  x2  x3  x1x2  x1x3  x2x3  x1x2x3

X1

2
    3�

          X2    2   X3

Figure 4.11. Bayesian second stage D-D optimal design for
three components given the true model contains second order
x1x3 and cubic x1x2x3 potential terms

                                        X1  3
                                    0.45

                                           � 4      3
                               3                         3
                                   0.55
                              X2                       X3

Figure 4.12. The combined Bayesian two-stage D-D optimal
design for three components given the true model contains
second order x1x3 and cubic x1x2x3 potential terms
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Chapter 5

Evaluation of the Bayesian Two-Stage D-D Design

The method of evaluating a Bayesian two-stage D-D optimal design will be

presented in this chapter, as well as the results of evaluations of the Bayesian two-stage

D-D optimal design versus both the Bayesian one-stage D-optimal designs and the non-

Bayesian one-stage D-optimal designs.  We will show that the Bayesian two-stage D-D

optimal design is the most efficient when the true model contains fewer regressors than

the full model.

5.1 Method of Evaluating Bayesian Two-Stage D-D optimal Designs

In the Bayesian two-stage D-D procedure, the second stage design points x2(s|f), and �2
(s|f)

are random variables depending on the first stage parameter estimates, where x2(s|f) is the

model matrix and 2� (s|f) is the parameter which reflects the importance of potential terms

for the particular second stage design.  Thus, the performance of the Bayesian two-stage

D-D optimal design must take this fact into account.
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By the laws of probability:

Var (�̂ )= )]d|ˆ(Var[E 2d2
� + )]d|ˆ(E[Var 2d2

� ,

where 2d = [x2(s|f), 2
� (s|f)] is a vector of two parameters x2(s|f) and 2

� (s|f).  Here, �̂  is the

maximum likelihood estimate of � , and the expectation of �̂  given d2  is � .

Asymptotically, )]d|ˆ(E[Var 2d2
�  = 0, and

Var(�̂ ) �� )]d|ˆ(Var[E 2d2
� .

Therefore,

|Var(�̂ )| ��  Average of | )]|ˆ([ 2dVar � |.

The covariance matrix Var(�̂ |d2) for the Bayesian two-stage D-D optimal design in Mi is

Var(�̂ |d2) ��  n(X1(i)'X1(i)+X2(i)'X2(i)) 1� .

Therefore, the performance of the Bayesian two-stage D-D optimal design is measured

by

|Var(�̂ )| �average of |n(X1(i)'X1(i)+X2(i)'X2(i)) 1� |� �
m

m 0

1 |n(X1(i)'X1(i)+X2(i)'X2(i)) 1� |.

In the sections that follow, we use

D* ��  |(Var(�̂ )| � �
m

m 0

1 |(X1(i)'X1(i)+X2(i)'X2(i)) 1� |,

since the total sample size n is the same for the comparisons among different methods.

Here, m is the number of simulation sets and the terms X)i(1  and X )i(2  contain the n1 and

n2  points model matrix with traditional scaling (not the model matrix after scaling

convention), expanded to contain only those regressors of the true model.
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The reasonable alternatives to the Bayesian D-D design are the one-stage Bayesian

D-optimal design and the non-Bayesian D-optimal design.  The one-stage non-Bayesian

D-optimal design and the Bayesian one-stage D-optimal design are not data dependent

and can be evaluated by the following D* value for each of the true models.

D* =|(Xi`Xi) 1� |.

To further support of Bayesian two-stage D-D optimal designs, even though the

determinant criteria is used to compute design, A-criteria that deal with the individual

variances of the regression coefficients are included.  A-criteria for the Bayesian two-

stage design and one-stage are defined by

A*= �
m

m 0

1 tr(X1(i)'X1(i)+X2(i)'X2(i)) 1� ,

and

A*=tr((X i’X i)
-1),

respectively.

5.2 An Example of Results for Three Components

In this section, different initial values of �  used in the first stage are examined.  In this

example, the full model defined by the experimenter contains the following regressors:

x )f(  = {x 1, x2 , x3 , x1x 2 , x1x 3 , x2 x 3 }.

The primary terms are {x1, x2 , x3 } with p=3, while {x1x 2 , x1x 3 , x2 x 3 } are the

potential terms where r=3.  Four cases are considered for simulation purposes; the

response data is simulated from each of the true models.  It is assumed that �~ N(0,1).
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Case 1: Primary terms only

y = 7.24x1 + 9.57x2  + 5.66x3  + �

Case 2: Primary terms plus one of potential terms

y = 7.24x1 + 9.57x2  + 5.66x3  + 8x1x 3  +�

Case 3: Primary terms plus two of potential terms

y = 7.24x1 + 9.57x2  + 5.66x3  +6.8x1x 2  + 8x1x 3  +�

Case 4: Full model

y = 7.24x1 + 9.57x2  + 5.66x3  + 6.8x1x 2  + 8x1x 3  + 7x2 x 3  +�

The following three methods are compared.

1. Bayesian two-stage D-D optimal design with 1n = 8 and 2n = 8 is generated by the

method presented in Chapter 4.

2. Bayesian one-stage D-optimal design with n=16 is generated by the method presented

in Chapter 3.

3. Non-Bayesian one stage design with n=16 is generated by using “Proc Optex” from the

candidate points.

Two hundred data sets were simulated from each of the true models for the first

stage data analysis, which leads to the second stage design.  Notice that the design only

slightly difference based on different simulation data set, therefore two hundred sets or

fifty simulation data sets are enough.  Tables 5.1, 5.2, 5.3 and 5.4 present the results of

evaluation for different true models, respectively.  The best design for D and A criterion

in each row is marked with an asterisk, respectively.  These tables show that the Bayesian
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two-stage D-D optimal design is more D-efficiency than the traditional designs for the

true model that contains fewer regressors than the full model when the different initial �

values are used.  If the true model is the full model, then the one-stage non-Bayesian

design is more D-efficiency for all the different �  values used in the first stage.  Notice

that when we increase the assumed value of �  used in the first stage, the D* for the

Bayesian two-stage D-D optimal design comes closer to the one-stage non-Bayesian D-

optimal design, where the full model is the true model.  Also notice that the Bayesian

two-stage D-D optimal designs are the most A-efficiency for all true models when �  is 1

and 5.

The most D-efficient design is marked with # for different values of �  used in the

first stage.  In Tables 5.1 and 5.3, the design for � =1 is more efficient than the design for

� =5 and little bit less efficient than the design for � =0.6.  In Table 5.4, the design for

� =1 is more efficiency than the design for � =0.6, and little less efficient than the design

� =5.  In Table 5.2, the design for � =1 is the most efficient.  Therefore, the value of � =1

is a robust value, and can be recommended for initial �  used in the first stage when the

experimenter has no idea about the importance of the potential terms.

Table 5.1. Values of D* and A* for three components with only primary terms in the true
model

True Model: y�  = 7.24x1+9.57x2+5.66x3

Bayesian D-D Procedure 1-Stage Bayesian D 1-Stage non-Bayesian D
� D* A* D* A* D* A*

0.6 0.0103*# 0.63* 0.013 0.718 0.0147 0.747
1 0.0106* 0.678* 0.0147 0.747 0.0147 0.747
5 0.0114* 0.672* 0.0147 0.747 0.0147 0.747
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Table 5.2. Values of D* and A* for three components with primary terms and one
potential term in the true model

True Model: y�  = 7.24x1+9.57x2+5.66x3+8x1x3

Bayesian D-D Procedure 1-Stage Bayesian D 1-Stage non-Bayesian D
�

D* A* D* A* D* A*
0.6 0.1* 7.478* 0.1312 10.873 0.1513 11.142
1 0.09*# 7.721* 0.1513 11.142 0.1513 11.142
5 0.0926* 7.415* 0.1513 11.142 0.1513 11.142

Table 5.3. Values of D* and A* for three components with primary terms and two
potential terms in the true model

True Model: 
y�
 = 7.24x1+9.57x2+5.66x3+6.8x1x2+8x1x3

Bayesian D-D Procedure 1-Stage Bayesian D 1-Stage non-Bayesian D
� D* A* D* A* D* A*

0.6 0.9064*# 16.8* 1.3333 21.167 1.5802 21.78

1 0.9269* 16.85* 1.5802 21.78 1.5802 21.78

5 0.9337* 16.93* 1.5802 21.78 1.5802 21.78

Table 5.4. Values of D* and A* for three components with full model

True Model: y�  = 7.24x1+9.57x2+5.66x3+6.8x1x2+8x1x3+7x2x3

Bayesian D-D Procedure 1-Stage Bayesian D 1-Stage non-Bayesian D�
D* A* D* A* D* A*

0.6 16.81 35.53 14.2222 32.25 12.642* 30.33*
1 13.9127 29.78* 12.642* 30.33 12.642* 30.33
5 12.71# 29.75* 12.642* 30.33 12.642* 30.33

5.3 The Results of Evaluation for Four Components

5.3.1 A Linear Primary and Quadratic Potential Model

In this section, the full model defined by the experimenter is

x(f) = {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4}.
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The primary terms are {x1, x2, x3, x4} where p=4, and {x1x2, x1x3, x1x4, x2x3, x2x4, x3x4}

are potential terms where r=6.  Five cases are considered for simulation purposes, and the

response data is simulated from each of the true models.  The initial � =1 is used in the

first stage and � ~ N(0,1) is assumed.

Case 1: Primary terms only

y = 17.24x1 + 19.57x2 + 15.66x3 +14.8x4+ �

Case 2: Primary terms plus one of potential terms

y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 +5.5x1x2 +�

Case 3: Primary terms plus two of potential terms

 y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 + 5.5x1x2 + 4.5x1x3+ �

Case 4: Primary terms plus three of potential terms

y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 +5.5x1x2 + 4.5x1x3 + 5x2x3 +6x3x4 +�

Case 5: Full model

y =17.24x1+19.57x2+15.66x3+14.8x4+5.5x1x2+4.5x1x3+5x2x3+5.2x1x4+7x2x4+

6x3x4 +�

In this section, the following three methods are compared:

1. Bayesian two-stage D-D optimal design with n1=12 and n2 =12 is generated by the

method represented in Chapter 4.

2. Bayesian one stage D-optimal design with n=24 is generated by the method which is

presented in Chapter 3.
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3. Non-Bayesian one stage design with n=24 is generated by using “Proc Optex” from the

candidate points.

In this section, fifty data sets are simulated from each of the true models for the

first stage data analysis, which leads to the second stage design.  Table 5.5 presents the

results of the evaluation for five different true models, along the value of A* (in

parentheses).  The table shows that Bayesian D-D optimal design is the best for all

subsets of the full model, but not the full model itself, which is the true model.  If the true

model is the full model, then the one-stage non-Bayesian and Bayesian designs are

somewhat better than the two-stage D-D optimal design.

Table 5.5. Values of D* and A* (in parentheses) for four components with
 a linear primary and a second-order potential terms model

D*
(A*)

Bayesian D-D
Procedure

Bayesian
One-stage D

Non-Bayesian
One-stage D

Case 1 0.0025*
(0.842*)

0.0026
(0.92)

0.0026
(0.92)

Case 2 0.0165*
(7.53*)

0.0263
(11.08)

0.0263
(11.08)

Case 3 0.134*
(16.307*)

0.2689
(21.47)

0.2689
(21.47)

Case 4 16.53*
(36.43*)

28.9
(42.91)

28.9
(42.91)

Case 5 3815
(66.9)

3236*
(65.33*)

3236*
(65.33*)

Case 1: y = 17.24x1 + 19.57x2 + 15.66x3 +14.8x4+�

Case 2: y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 +5.5x1x2 +�

Case 3: y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 +5.5x1x2 + 4.5x1x3+�

Case 4: y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 +5.5x1x2 + 4.5x1 x3 + 5x2x3 +6x3 x4+�

Case 5: y = 17.24x1 + 19.57x2 + 15.66x3 + 14.8x4 + 5.5x1x2 + 4.5x1x3

4.5x1x3 + 5x2x3 +6x3 x4+ 5.2x1x4 + 7x2x4 +�
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5.3.2 A Second-Order Primary and Special Cubic Potential Model

In this section, the full model defined by the experimenter is

x(f) = {x1,x2,x3,x4,x1x2,x1x3,x1x4,x2x3,x2x4,x3x4,x1x2x3,x1x2x4,x1x3x4,x2x3x4}.

The primary terms are {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4} where p=10, and

{x 1x2x3, x1x2x4, x1x3x4, x2x3x4} are potential terms where r=4.  Four cases are considered

for simulation purposes and the response data set is simulated from each of the true

models.  The initial � =1 is used in the first stage and �~ N(0,1) is assumed.

Case 1: Primary terms

y=17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3  + 18.21x2x3

17.64 x1x4 + 15x2x4 + 17.6x3x4 +�

Case 2: Primary terms plus one of the potential terms

y=17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3  + 18.21x2x3 +

17.64 x1x4 + 15x2x4 + 17.6x3x4 +15x1x2x3 +�

Case 3: Primary terms plus two of the potential terms

y = 17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3 +18.21x2x3

17.64 x1x4 + 15x2x4 + 17.6x3x4 +15x1x2x3 + 14.7x2x3x4 + �

Case 4: Full model

y = 17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3

 +18.21x2x3+17.64x1x4 + 15x2x4 + 17.6x3x4 +15x1x2x3

+14x1x2x4+15.7x1x3x4+ 14.7x2x3x4+ �

In this section, the following three methods are compared.
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1. Bayesian two-stage D-D optimal design with n1=16 and n2 =16 is generated by the

method presented in Chapter 4.

2. Bayesian one stage D-optimal design with n=32 is generated by the method presented

in Chapter 3.

3. Non-Bayesian one stage design with n=32 is generated by using “Proc Optex” from the

candidate list.

In this section, fifty data sets are simulated from each of the true models for the

first stage data analysis, which leads to the second stage design.  Table 5.6 presents the

results of the evaluation for the four different true models, along the value of A* (in

parentheses).  The table shows that the Bayesian two-stage D-D optimal design is the

most D-efficiency for all the subsets of the full model, except in case 4, where the two

stage Bayesian D-D optimal design is as efficient as one-stage Bayesian and non-

Bayesian designs.  Notice that the Bayesian two-stage design is always more A-

efficiency than the natural competitors.

Table 5.6. Values of D* and A* (in parentheses) for four components with
 a second-order primary and a special cubic potential terms model

D*

(A*)
Bayesian D-D

Procedure
Bayesian

One-stage D
Non-Bayesian
One-stage D

Case 1 371.1*
(50.2*)

518.41
(50.83)

1330.68
(53.651)

Case 2 202449.1*
(484.65*)

292922.05
(619.19)

587491.68
(499.72)

Case 3 15139146*
(560.5*)

167345430
(1200.217)

263672873
(960.653)

Case 4 5.71e13*
(1888.24*)

5.71e13*
(2423.44)

5.71e13*
(1964.07)
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Case 1: y=17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3  + 18.21x2x3

17.64 x1x4 + 15x2x4 + 17.6x3x4 +�

Case 2: y=17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3  + 18.21x2x3 +

17.64 x1x4 + 15x2x4 + 17.6x3x4 +15x1x2x3 +�

Case 3: y = 17.24x1+ 19.57x2 + 16.66x3 + 14.8x4 + 17x1x2 + 18.51x1x3 +18.21x2x3

17.64 x1x4 + 15x2x4 + 17.6x3x4 +15x1x2x3 + 14.7x2x3x4 + �

Case 4: y=17.24x1+19.57x2+16.66x3+14.8x4+17x1x2+18.51x1x3+18.21x2x3+17.64x1x4+

 15x2x4 + 17.6x3x4 +15x1x2x3 +14x1x2x4+15.7x1x3x4+ 14.7x2x3x4+ �

5.4. An Example of the Results for Three Components with Two Classes of Potential

Terms

In this section, two classes of potential terms are considered for three components.  Also

we show the results of the Bayesian two-stage D-D design vs. the Bayesian one-stage D-

optimal design and the non-Bayesian one-stage D-optimal design.

In this example, the full model defined by the experimenter contains the following

regressors:

x(f) = {x1, x2, x3, x1x2, x1x3, x2x3, x1x2x3}.

The primary terms are {x1, x2, x3} where p=3, the first class of potential terms is {x1x2,

x1x3, x2x3} where r1=3 and {x1x2x3} is the second class of potential terms where r2=1.

Five cases are considered for simulation purposes and the response data set is simulated
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from each of the true models.  The error �~ N(0,1) is assumed and initial � =1 is used in

the first stage.

Case 1: Primary terms only

y = 17.24x1 + 19.57x2 + 15.66x3 + �

Case 2: Primary terms plus one of first class of potential terms

y = 17.24x1 + 19.57x2 + 15.66x3 + 8x1x2 +�

Case 3: Primary terms plus one from each of class of potential terms

y = 17.24x1 + 19.57x2 + 15.66x3 + 10x1x3 +11x1x2x3+ �

Case 4: Primary terms and two of first class of potential terms and one of second class of

             potential term

y = 17.24x1+19.57x2+15.66x3+9.5x1x2+10x2x3 + 9.8x1x2x3 +�

Case 5: Full model

y = 17.24x1+19.57x2+15.66x3+9.5x1x2+8.6x1x3+10x2x3 + 9.8x1x2x3 +�

In this section, the following three methods are compared.

1. Bayesian two-stage D-D optimal design with n1=9 and n2=9 is generated by the

method presented in Chapter 4.

2. Bayesian one stage D-optimal design with n=18 is generated by the method presented

in Chapter 3.

3. Non-Bayesian one-stage design with n=18 is generated by using "Proc Optex" from the

candidate points.
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In this section, two hundred data sets are simulated from each of the true models

for the first stage data analysis, which leads to the second stage design.  Table 5.7

presents the results of the evaluation for three components models with two classes of

potential terms, along the value of A* (in parentheses).  This table shows that the

Bayesian two-stage D-D optimal design is the best for all the subsets of the full model,

but not the full model itself, which is the true model.  If the true model is the full model,

then the one-stage non-Bayesian design and the one-stage Bayesian design are little better

than the Bayesian two-stage D-D optimal design.

Table 5.7. Values of D* and A* (in parentheses) for three components
with two classes of potential terms
D*

(A*)
D-D

Procedure
Bayesian

One-stage D
Non-Bayesian
One-stage D

Case 1 0.009*
(0.632*)

0.014
(0.738)

0.014
(0.738)

Case 2 0.069*
(6.868*)

0.121
(9.79)

0.121
(9.79)

Case 3 24.953*
(279.68*)

41.142
(348.53)

41.142
(348.53)

Case 4 336.12*
(368.11*)

432
(416.44)

432
(416.44)

Case 5 4662.94
(558.16)

4608*
(501*)

4608*
(501*)

Case 1: y = 17.24x1 + 19.57x2 + 15.66x3 + �

Case 2: y = 17.24x1 + 19.57x2 + 15.66x3 + 8x1x2 +�

Case 3: y = 17.24x1 + 19.57x2 + 15.66x3 + 10x1x3 +11x1x2x3+�

Case 4: y =17.24x1+19.57x2+15.66x3+9.5x1x2+10x2x3 + 9.8x1x2x3+�

Case 5: y = 17.24x1+19.57x2+15.66x3+9.5x1x2+8.6x1x3+10x2x3 + 9.8x1x2x3 +�
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5.5 Conclusion

It is expected that the non-Bayesian one-stage D-optimal design is somewhat more D-

efficiency than the Bayesian two-stage D-D optimal design when the true model is the

full model, since the non-Bayesian one-stage design is generated based on the full model.

The Bayesian two-stage D-D optimal design, however, shows more efficient using the D

criterion than one-stage D-optimal designs when the true model contains fewer regressors

than the full model.  Also we see that Bayesian D-D designs are more A-efficient in most

cases.  Therefore, the Bayesian two-stage D-D optimal design is a good choice when one

is uncertain about the right model.
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Chapter 6

Distribution of the Sample Size between Two Stages

A reasonable ratio of the sample sizes between the two stages is discussed in this

chapter.  The sufficient sample size in the first stage is also investigated.  We show that a

ratio of 1:1 between the two stages is quite satisfactory and the sufficient amount of data

for the first stage should be at least p+r+2, where p and r are the numbers of primary and

potential terms, respectively.

Due to the difficulty to reach the goals analytically, simulations are carried out in

this chapter.  The full model is given by the following regressors:

x(f) = {x1, x2, x3, x1x2, x1x3, x2x3}.

The primary terms are {x1, x2, x3} with p=3, and the potential terms are {x1x2, x1x3, x2x3}

with r=3.  In the simulation study, four cases are considered, and the response data is

simulated from each of the following true models.

Case 1: y = 17.244x1 + 19.57x2 +15.66x3 +�

Case 2: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2 +�

Case 3: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2  + 9x1x3 +�
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Case 4: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2  + 10x1x3 + 9x2x3 +�

The initial parameter �=1 is used in the first stage and �~ N(0,1) is assumed.  In this

chapter two hundred data sets are generated from each of the true models for the first

stage data analysis.  The second stage design will be determined by using the first stage

data.  Again the prior probability of activity or importance of any potential terms is

� =0.33 in this chapter.

6.1 Ratio of the Sample Sizes between the Two Stages

The total sample size of 24 is used, and the following five methods are compared:

1. Bayesian two-stage D-D optimal design with n1=12 and n2 =12.

2. Bayesian two-stage D-D optimal design with n1=8 and n2 =16

3. Bayesian two-stage D-D optimal design with n1=16 and n2 =8

4. Bayesian one stage D-optimal design with n=24

5. Non-Bayesian one stage design with n=24

For simplicity, an abbreviation of n1-n2 is used to represent a partition of total size

n, where n1 and n2 are the number of runs in the first stage and second stage respectively.

Table 6.1 shows that the 12-12 design is the most efficient design among the three

partitions of the 12-12, 8-16 and 16-8 designs.  To obtain some indication of the effect of

total sample size, the value of n is increased to 30.  Again the following five methods are

compared:

1.  Bayesian two-stage D-D optimal design with n1=15 and n2 =15

2.  Bayesian two-stage D-D optimal design with n1=10 and n2 =20

3.  Bayesian two-stage D-D optimal design with n1=20 and n2 =10
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4.  Bayesian one stage D-optimal design with n=30

5.  Non-Bayesian one stage design with n=30

Table 6.2 reports the results for the partitions for sample size n=30.  It shows that

the 10-20 design is the most efficient among different partitions for cases 1 and 2, while

the 15-15 design is the most efficient among different partitions for cases 3 and 4.  From

above two studies, we may say that 1:1 is a reasonable ratio between the two stages.  To

have clear picture about a good ratio between the two stages, large sample sizes and small

sample sizes are used for the different ratios between the two stages, all the results show

that a ratio one is robust value between the two stages.

Table 6.1. Simulation study for data allotment with sample size 24
D-D procedure D-D procedure D-D procedure D procedure

D*

n1=12 n2=12 n1=8 n2=16 n1=16 n2=8 n=24

Case 1 0.0026* 0.0027 0.003 0.05

Case 2 0.016* 0.017 0.02 0.029

Case 3 0.116* 0.13 0.131 0.167

Case 4 1* 1.29 1* 1*

Table 6.2. Simulation study for data allotment with sample size 30
D-D procedure D-D procedure D-D procedure D procedure

D*

n1=15 n2=15 n1=10 n2=20 n1=20 n2=10 n=30

Case 1 0.0015 0.0014* 0.0017 0.0026

Case 2 0.0072 0.0071* 0.0079 0.0117

Case 3 0.04* 0.045 0.044 0.0546

Case 4 0.2621* 0.32 0.2621* 0.2621*

Case 1: y = 17.244x1 + 19.57x2 +15.66x3 +�



73

Case 2: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2 +�

Case3: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2  + 9x1x3 +�

Case 4: y = 17.244x1 + 19.57x2 +15.66x3 + 8x1x2  + 10x1x3 + 9x2x3 +�

6.2 Sufficient Sample Size for the First Stage Design

Obviously, in order to obtain accurate information for estimating the parameters, certain

amount of data is necessary for the first stage design.  For this reason, additional

simulations are carried out in this section.  In first simulation, the same full model as in

section 6.1 is used.  Three different true models are considered, and the 8-8 and 9-7 are

partitioned in the sample size n=16.

Case 1: y = 7.24x1 + 9.57x2 +5.66x3 +�

Case 2: y = 7.244x1 + 9.57x2 +5.66x3 + 6.8x1x2  + 8x1x3 +�

Case 3: y = 7.244x1 + 9.57x2 +5.66x3 + 6.8x1x2  + 8x1x3 + 7x2x3 +�

In second simulation, the 6-6. 8-4, and 9-3 are partitioned in the sample size n=12.  Table

6.3 presents the D* for the sample size n=16.  Table 6.4 presents the D* for the sample

size n=12.  Table 6.3 shows that 8 runs in the first stage is more efficient than 9 runs in

the first stage when the true model is any subset of the full model, except in case 3 where

the true model is the full model.  Table 6.4 shows that 9 runs in the first stage is more

efficient than 6 and 8 runs in the first stage when the true model is any subset of the full

model, except in case 4 where true model is the full model.

From this study, we see that 9 runs in the first stage is better than 6 and 8 runs in

the first stage for sample size 12, and 8 runs in the first stage is better than 9 runs in the
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first stage for the sample size 16.  In this example the number of primary terms and

potential terms are p=3 and r=3, respectively.  Therefore, we might say that a reasonable

sample size for the first stage design should be at least p+r+2 (where p and r is the

number of primary and potential terms, respectively).

Table 6.3. Simulation study for sufficient data in the first stage (n=16)
D-D procedure D-D procedure Bayesian D No-Bayesian D

D*
n1=9 n2=7 n1=8 n2=8 n=16 n=16

Case 1 0.012 0.01* 0.0145 0.0145

Case 2 1.2 0.93* 1.58 1.58

Case 3 12.66 13.12 12.642* 12.642*

Case 1: y= 7.24x1 + 9.57x2 + 5.66x3

Case 2: y= 7.24x1 + 9.57x2 + 5.66x3 + 6.8x1x2 + 8x1x3 +�

Case 3: y = 7.24x1 + 9.57x2 + 5.66x3 + 6.8x1x2 + 8x1x3 + 7x2x3 +�

 Table 6.4. Simulation study for sufficient data for the first stage (n=12)
D-D procedure D-D procedure D-D procedure One-stage D

D*

n1=9 n2=3 n1=6 n2=6 n1=8 n2=4 n=12

Case 1 0.027* 0.039 0.029 0.04

Case 2 0.337* 0.369 0.347 0.457

Case 3 4.601* 4.82 4.858 5.333

Case 4 67.4 64.21 72.84 64*

Case 1: y = 17.24x1 + 19.57x2 + 15.66x3 +�

Case 2: y = 17.24x1 + 19.57x2 + 15.66x3 + 5x1x2 +�

Case 3: y = 17.24x1 + 19.57x2 + 15.66x3 + 5x1x2 + 4.5x1x3 +�

Case 4: y = 17.24x1 + 19.57x2 + 15.66x3 + 5x1x2 + 4.5x1x3 + 5.5x2x3+�
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Chapter 7

Application with Restrictions on Component Proportions

We have focused on mixture experiments for simplex regions.  However, in many

mixture experiments there are restrictions on the component proportions, where the

component proportion has lower or upper bound or both )( iii UxL �� .  In this chapter

we discuss the different types of restrictions; we also present two examples for cases

where the feasible region for the design is not a simplex and the design is chosen using

the method of Bayesian two-stage D-D optimality.

7.1 Case where Feasible Region is a Simplex

In this section, we consider a case where the feasible region is a simplex.  The lower

bound constrained mixture models satisfy 121 ����� qi xxxx � , where Li ix� 1� , i

= 1, 2, …, q.  The following is an example of a lower bound case with three components,

where 0.3 1x� , 0.4 2x� , and 0.1 3x� .  The graph is shown in Figure 7.1.
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X1

0.1 3x�                      0.4 2x� ,

X2 0.3 1x�  X3

Figure 7.1. Example where the feasible region is a simplex.

In this case the feasible mixture space for three components with lower bounds is a

simplex, which is always the case under this circumstance (Montgomery and Myers,

1995).  As a result, it seems reasonable to define a new set of components that will take

on the values 0 to 1 over the feasible region.  This will then allow the use of designs in

the metric of those discussed for a standard mixture situation.  These redefined

components are called L-pseudocomponents (Cornell, 1990).  The pseudocomponents Xi

are defined using the following transformation: Xi = 
L

Lx ii

�

�

1
, where L = 1

1

��
�

q

i
iL .  In

this situation, we can treat Bayesian two-stage D-D optimal design points as points of

pseudocomponents.  Using xi = Li + (1 - L)Xi, we can get real design points in the

feasible region by applying Bayesian two-Stage D-D optimal design points.

There are terms when upper-bound constraints of the form xi iU�  may be placed on

the component proportions.  One possible result is that the feasible region is an inverted

simplex.  An example would be the three-component problem x1 ,4.0�  x2 ,5.0�  and

x3 3.0� , shown in Figure 7.2.
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X1 U3=0.3

U2=0.5
U1=0.4

X2 X3

Figure 7.2. Example where the feasible region is an inverted

simplex region.

For this case, we also can treat Bayesian two-stage D-D optimal design points as points

of pseudocomponents.  Using xi = Ui - i

q

i
i uU ��

�

	



�

�
��

�

1
1

, where 1
1

�
�

q

i
iU  and ui is the ith

design point from Bayesian two-stage D-D optimal design, we can get real design points

in the feasible region by applying Bayesian two-stage D-D optimal design points.

7.2 Case in Which the Feasible Region is not a Simplex

Another possible situation is that the feasible region is not a simplex when there are

upper bound constraints.  The candidate points consist of extreme vertices, the middle

points of the edges, the third points of the edges, constraint plane centroids, the axial

check blends, the overall centroid, as well as a lattice grid where each proportion is a

multiple of 0.05.  The following are two examples of Bayesian two-stage D-D optimal

designs for such a case.  In the first example, the constraints on component proportions

are x2 7.0� , x2 5.0� , x3 8.0� .  It is assumed that the experimenter defines the following

regressors:
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x(f) = {
imary

xxx
Pr

321 ,, , 
Potential

xxxxxx 323121 ,, }.

The true model is set to contain all primary terms and x1x2.  The response is simulated

from the true model:

y = 7.24x1+9.57x2+5.66x3+6.8x1x2+� ,

and eight runs are allocated in each stage.  The following result is one possible design.

The results may vary based on different simulated first stage data sets; however, most of

the results observed are the same as this one.  The first stage extreme vertices design is

shown in Figure 7.3, and a second stage design is presented in Figure 7.4.  In the first

stage design, there are points a and c to estimate � 1 and � 2, points b and d to estimate

� 1 and � 3, and points e and f to estimate � 2 and � 3.  Meanwhile, points a and b help to

estimate the coefficients of the second order terms 12�  and 13�  respectively, points d and

f help to estimate the coefficients of second order terms 13�  and 23�  respectively, and

points c and e help to estimate the coefficients of second order 12�  and 23�  respectively.

The first stage seems reasonable, since there is no preliminary information on potential

terms.  In the second stage design, point g helps to estimate 12�  considering that the true

model contains the term x1x2.  Notice that the distance between a and c is too short to

insert a binary blend.
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X1

  a b
(0.7, 0.3, 0) 2 (0.7, 0, 0.3)

c
 (0.5, 0.5, 0)

d
 (0.2, 0, 0.8)

   2
X2        e           f X3

 (0,0.5,0.5) (0,0.2,0.8)

Figure 7.3. The first stage design of Bayesian two-stage design
for three constraints components

a (0.7, 0.3, 0)     b (0.7, 0, 0.3)

  (0.5, 0.5, 0)  c
(0.35, 0.25, 0.4)

g�
    2 (0.2, 0, 0.8)

f

(0, 0.5, 0.5)   d e (0, 0.2, 0.8)

Figure 7.4. A second stage of Bayesian two-stage design
for three constraints components

In the second example, constraints on the four components are chosen to be

0.4�x1 60.� , 0.1�x2 470.� , 0.1�x3 470.� , 0.3�x3 080.� .

It is assumed that the experimenter defines the following regressors:

x(f) = {
imary

xxxx
Pr

4321 ,,, , 434232413121 ,,,,, xxxxxxxxxxxx
Potential

} .

The true model is set to contain all primary terms and potential terms x1x2 and x1x3.  The

response is simulated from the true model:

y = 1717.24x1+19.57x2+15.66x3+14.8x4+15.5x1x2+14.5x1x3+� ,

and 12 runs are allocated in each stage.  The first stage design and one second stage

design are given in Figures 7.5 and 7.6, respectively.  The first stage design allows
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estimation of the coefficients of linear blending terms and second order potential terms.

This makes good sense considering that there is no information on potential terms.  In the

second stage, the new points a* and b* help to estimate 12� , and new points c* and d*

help to estimate 13� .

(0.6,0.22,0.1,0.08) a

(0.6,0.27,0.1,0.03) b
c (0.6,0.1,0.22,0.08)

     d   2 (0.6,0.1,0.27,0.03)

2   e (0.4,0.42,0.1,0.08)
(0.4,0.47,0.1,0.03)  f

2

(0.4,0.285,0.285,0.03)  g i  (0.4,0.1,0.42,0.08)

h  (0.4,0.1,0.47,0.03)

Figure 7.5. The first stage of Bayesian two-stage design
for four constraints components

.
(0.6,0.22,0.1,0.08)

(0.6,0.27,0.1,0.03)
(0.6,0.1,0.22,0.08)

2      (0.6,0.1,0.27,0.03)
(0.5,0.37,0.1,0.03)   a*              b*

�     d* (0.5,0.1,0.345,0.055)
(0.4,0.47,0.1,0.03)

2 c* (0.5,0.1,0.37,0.03)

(0.4,0.1,0.42,0.08)

(0.4,0.1,0.47,0.03)

Figure 7.6. A second stage of Bayesian two-stage design
for four constraints components
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Chapter 8

Bayesian Two-Stage Designs for Mixture Experiments

with Process Variables

8.1 Introduction

Cornell (1990) defined process variables as "factors in an experiment that do not form

any portion of the mixture but whose levels, when changed, could affect the blending

properties of the ingredients".  Two experiments involving process variables from

Cornell's book have been selected to explain what are called process variables.  In the

first example, the goal is to see whether a mixture of fuels A and B result in an increase

in miles per gallon compared to the simple average of the mileage obtained with the

separate fuels.  When we compare miles per gallon between mixed A and B fuel and

separate fuel A or B, usually we are talking about the same automobile driven at a

constant speed.  Now, suppose that, in addition to studying the joint blending of the two

fuels, we are interested in studying the effect of different driving speed and different

automobile sizes, particularly as these two factors (driving speed and automobile size)

influence the blending behavior of the fuels.  These latter two factors are called the
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process variables of the experiment, since they do not form any portion of the mixtures

and are therefore not components.  In the second example, the goal of the experiment is

to find the proportions of three types of fish (mullet, sheepshead, and croaker) that will

give the best texture.  Obviously the texture of the fish patties depends not only on the

proportion of three fish species that are blended but also on cooking temperature, cooking

time, and deep fat frying time.  Here, cooking temperature, cooking time, and deep fat

frying time are viewed as the process variables of the experiment.

The number of process variables can be any positive integer s in most practical

situations.  However, it would be reasonable if we can keep s small (s�6) since the

blending properties of the mixture components are also studied.  Now both the mixture

components and the process variables are simultaneously investigated.  In this chapter,

the process variables are to be studied at low, middle, and high levels.  If quantitative, the

settings of the ith process variable are denoted by zl = -1, zm=0 and zh = +1, respectively,

and the region of interest for the process variables is coded to be a s-dimensional

hypercube.  For the mixture components, the mixture region of interest is the (q-1)-

dimensional simplex (q is the number of mixture components).  Therefore, the combined

region of interest for the mixture components and the process variables is of

dimensionality q-1+s.

Historically, in the literature about mixtures with process variables, the mixture

components have been of the most interest to the researchers, while the process variables

have been treated as "noise" factors.  The primary focus on interactions of the mixture by

process variable has been on the effects of the process variables on the blending

properties of the mixture components.  However, in many industrial situations, the
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interest in the process variables is at least equal to the interest in the mixture components.

This study considers process variables to be as important as mixture components,

therefore, we use Kowalski, Cornell and Vining's (1999) proposed mixture models with

process variables.  For example, the combined second-order model is

ki
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n

k
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n
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ij
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ii
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),( ������ ,

which includes the mixture model, plus pure quadratic as well as two-factor interaction

effects among the process variables, and two-factor interactions between the linear

blending terms of the mixture components and the main effect terms of the process

variables.  To efficiently estimate the coefficients in the mixture models with the process

variables under model uncertainty, Bayesian two-stage D-D optimal designs are

developed.  Examples of Bayesian two-stage D-D optimal designs and comparison of its

design versus both the one-stage D-optimal design and the one-stage Bayesian D-optimal

design are made.

8.2 Examples of Bayesian Two-Stage Designs

Examples of Bayesian two-stage D-D optimal designs for three component models with

one and two process variables are presented in this section.  Section 8.2.1 represents a

Bayesian two-stage D-D optimal design for three components with one process variable,

where x1, x2, x3, z
2, x1x2, x1x3, x2x3 are treated as primary terms and interactions x1z, x2z

and x3z are treated as potential terms.  Section 8.2.2 represents a Bayesian D-D optimal

design for three components with two process variables, where x1, x2, x3, z1
2, z2

2, z1z2,

x1x2, x1x3 and x2x3 are treated as primary terms, and interactions x1z1, x2z1 x3z1, x1z2, x2z2

and x3z2 are treated as potential terms.  These examples show that the second stage design
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provides more points to estimate parameters in the true model.  These results show that

Bayesian two-stage D-D optimal design is very efficient based on the information from

the first stage data.

8.2.1 Three Components with One Process Variable

In this example, it is assumed that the following regressors are used:

x )f(  = {x 1, x2 , x3  , z2, x1x 2 , x1x 3 , x2 x 3 , x1z, x2z, x3z}.

The primary terms are {x1, x2 , x3 , z2, x1x 2 , x1x 3 , x2 x 3 } with p=7 (p is the number of

primary terms) and {x1z, x2z, x3z} are the potential terms with r=3 (r is the number of

potential terms).  The true model in this example is set to contain only the primary terms,

xt= {x 1, x2 , x3 , z2, x1x 2 , x1x 3 , x2 x 3 }.

The first stage data set is simulated from the true model:

Y = 7.24x1+9.57x2+5.66x3+6.8z2+8x1x2+6.5x1x3+7x2x3+� ,

where �  ~ N(0,1).  Twelve runs are allocated to each stage of the experiment, and the

parameter �  =1 is used in the first stage.  Recall that the � =1 is a robust value for the

first stage.

The Bayesian D-optimality criterion is used to select the first stage design with

twelve observations that are based on the full model by

x )f(  = {x 1, x2 , x3  , z2, x1x 2 , x1x 3 , x2 x 3 , x1z, x2z, x3z}.



85

The resulting design is shown in Figure 8.1.  In the first stage design, six points 1, 2, 7, 9,

11, and 12 estimate the coefficients of the linear blending 321 ,, ��� ; six binary blends 5,

6, 3, 4, 8, and 10 estimate the coefficients of second-order terms ,, 1312 �� and 23� ; two

points 9 and 11 estimate the coefficient of interaction x2z; and two points 9 and 12

estimate the coefficient of interaction x3z.  Notice that all the parameters in the full model

are estimated in the first stage.

             X1� (1)                   (2)�
0.45 0.45

                                                                       (3)�   (4)�
                                     (5)�        (6)�
    X2                       X3     0.45      0.45
     �          �            �                �                   �                      �
    (7)        (8)         (9)             (10)               (11)                  (12)

                -1                              0                             1       Z
Figure 8.1. Bayesian first stage design for three components with
one process variable (n1=12)

Recall that the response data from the first stage experiment is used to estimate the value

of � , and to calculate the probabilities/weights associated with each of the candidate

models.  The following results are only for one set of simulation data.  Figure 8.2

represents the posterior density of �
2, which shows that �̂  is close to zero.  This makes

good sense considering that the true data is from the model of the primary terms and that

there are no potential terms in the true model.  The first stage data and �̂  are used to

calculate posterior probabilities to weigh the importance of each candidate model.  The

posterior probabilities are included in Table 8.1.  From these posterior probabilities, we

can see that the true model enjoys the highest probability.
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Figure 8.2. The posterior density of 2
�  given the true model contains the primary terms.

Table 8.1. Posterior probabilities of candidate models for three components
with one process variable

Posterior Probability Terms included in the candidate model

0.3008* x1  x2  x3  x1x2  x1x3  x2x3*

0.1481 x1  x2  x3  x1x2  x1x3  x2x3  x1z

0.1481 x1  x2  x3  x1x2  x1x3  x2x3  x2z

0.148 x1  x2  x3  x1x2  x1x3  x2x3  x3z

0.073 x1  x2  x3  x1x2  x1x3  x2x3  x1z  x2z

0.073 x1  x2  x3  x1x2  x1x3  x2x3  x1z  x3z

0.073 x1  x2  x3  x1x2  x1x3  x2x3  x2z  x3z

0.036 x1  x2  x3  x1x2  x1x3  x2x3  x1z  x2z  x3z

For this set of simulation data, twelve observations of a second stage design are

selected.  Figure 8.3 represents the second stage design points.  Six points 3, 4, 7, and 9

estimate the coefficients of linear blending 321 ,, ��� ; six points 1, 2, 5, 6, 8, and 10
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estimate the coefficients of second-order terms ,, 1312 �� and 23� ; and two points 3 and 4

support estimation of the coefficient of interaction x1z.  Notice that there are more points

to estimate primary terms in the second stage than in the first stage, and no points to

estimate the coefficients of interaction x2z and x3z.  This means that the second stage

design is very efficient in selecting design points based on information from the first

stage design, considering that the true model is a model of primary terms.

             X1                             (3)�                         (4)�

     (1)�         (2) �         (5)�        (6)�
    X2                       X3
                                     �          �           �                 �
                                   2 (7)       (8)    2 (9)                (10)

                -1                              0                             1       Z
Figure 8.3. A Bayesian second stage design given the true model
contains the primary terms (n2=12)

8.2.2 Three Components with Two Process Variables

In this example, it is assumed that the experimenter defines the following regressors to

consider:

x )f(  = {x 1, x2 , x3  , z1
2, z2

2, z1z2, x1x 2 , x1x 3 , x2 x 3 , x1z1, x2z1, x3z1, x1z2, x2z2 x3z2}.

The primary terms are {x1, x2 , x3 , z1
2, z2

2, z1z2, x1x 2 , x1x 3 , x2 x 3 } with p=9, and

{x 1z1, x2z1, x3z1, x1z2, x2z2 x3z2} are potential terms with r=6.  The most natural potential

terms here are the interactions between mixture components and process variables.  Often

an uncertainty exists, and terms are important, because they completely dictate the
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structure of the design.  The true model in this example is set to contain the primary

terms, and potential terms x3z1 and x1z2,

xt = {x 1, x2 , x3  , z1
2, z2

2, z1z2, x1x 2 , x1x 3 , x2 x 3 , x3z1, x1z2}.

The first stage data set is simulated from the true model:

y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2

+28x1x3+22x2x3+20x3z1+22x1z2+� ,

where �  ~ N(0,1).  Seventeen runs are allocated to each stage of the experiment, and the

parameter �  =1 is used in the first stage.

The Bayesian D-optimality criterion is used to select the first stage design with

seventeen observations that are based on the full model by

x )f(  = {x 1, x2 , x3  , z1
2, z2

2, z1z2, x1x 2 , x1x 3 , x2 x 3 , x1z1, x2z1, x3z1, x1z2, x2z2, x3z2}.

The resulting design is shown in Figure 8.4.
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Z2

 (1)  � X1 � (4)

(2)� X2                                 X3 � (3) (5)�    0.55

  (8)�
    �
 (6) 0.55

(7) �   0.45 (9)� � (10)

(11)           �  � (17)

     (14)   � Z1
  (0.45)� (16)

                                    � (12) � (13) � (15)

Figure 8.4. Bayesian first stage design for three components with two process
variables.

In the first stage design, points 1, 2, 3, 4, 9, 10, 11, 12, 13, and 17 support to estimation of

the coefficients of linear blending 321 ,, ��� ; points 5, 6, 7, 8, 14, 15, and 16 support

estimation of the coefficients of the second order terms ,, 1312 �� and 23� ; points 11 and

17 support estimation of the coefficient of z1x1; points 12 and 9 support estimation of the

coefficient of x2z1; and points 13 and 10 support estimation of the coefficient of x3z1;

points 11 and 1 support estimation of the coefficient of x1z2; points 12 and 2 support

estimation of the coefficient of x2z2; points 13, 10, and 3 support estimation of the
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coefficient of x3z2.  Notice that all the parameters in the full model can be estimated.

This is a reasonable design based on no preliminary information in the first stage.

Seventeen runs of a second stage design are chosen.  In this example, the density of

posterior � 2 and posterior probabilities for each possible model are not shown here,

where �̂  is large and the true model has the highest posterior probability.  Figure 8.5

represents the most possible design.  Points 1, 3, 15, 8, 7, 16, 2, 12, and 17 support

estimation of the coefficients of linear blending 321 ,, ��� ; points 4, 6, 14, 13, 9, 10, 5,

and 11 support estimation of the coefficients of second order terms of ,, 1312 �� and 23� ;

points 12, 15 and 16 support estimation of the coefficient of x1z1; points 7 and 8 support

estimation of the coefficient of x2z1; points 1, 3, 2, and 17 support estimation of the

coefficient of x3z1; points 15 and 16 support estimation of the coefficient of x1z2; points 8

and 7 support estimation of the coefficient of x2z2; and points 1, 3, 2, and 17 support

estimation of the coefficient of x3z2.  Notice that in the second stage, the coefficients of

x3z1 and x1z2 are estimated well, since there are lowest and highest points of x3 at lowest

and highest z1, and lowest and highest points of x1 at lowest and highest z2.  This result

suggests that the second stage design is very efficient in selecting design points based on

information from the first stage design, considering that the true model contains the

primary terms and potential terms x3z1 and x1z2.
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Z2

(15)�

0.45 0.45

      (6)� (13)� � (9)
                                                                               (14)�

(1, 3)� (8)�

(16)�

(4) �   0.45 (7) � � (2)

 � (12)

         (10)   � (11))   � Z1
                                        0.55

                           � (5)          � (17)

Figure 8.5. Bayesian second stage design for three components with two process

variables.

8.3 Evaluation of the Designs

We want to evaluate, in general, our designs compared with two natural competitors,

which are Bayesian one-stage D optimal design and one-stage non-Bayesian D-optimal

design.  In this evaluation, the performance of each design was measured by its

determinant of information matrix D*, relative to the true models.  The D* is defined as

D* = det(Xi'Xi).
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Here, the Xi contains the X1(i) and X2(i) for the two-stage design in model Mi with the

traditional scaling, expanded to include only those regressors of the true model.  Notice

that our measurement of performance has been changed here to avoid number that are

exceeding small.  Also note that “best design” is now the value with the largest criteria

value.  The performance of each Bayesian two-stage design is measured by its average of

D* for each of the true models.  Fifty data sets are simulated from each of the true models

for the simulation purpose in this chapter.  Therefore, the reported D* is actually the

average of the D* from the simulation.  Since single stage designs are not data dependent,

they can be evaluated by a single D* for each of the true models.  The results of

evaluation of the Bayesian two-stage designs, one-stage Bayesian D-optimal design, and

one-stage non-Bayesian D-optimal design are given in following sections.

8.4. Results of Bayesian Two-Stage D-D Designs

The results of evaluations of the Bayesian two-stage D-D design versus the Bayesian

one-stage D-optimal designs and the non-Bayesian one-stage D-optimal designs for three

examples of mixture experiments with process variables will be presented in the

following section.  We show that the Bayesian two-stage D-D optimal design is the most

efficient design when the true model contains fewer regressors than the full model.

8.4.1. Three Components with One Process Variable

In this section, the full model defined by the experimenter is

x(f) = {x1, x2, x3, z
2, x1x2, x1x3, x2x3, x1z, x2z, x3z}.
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The primary terms are {x1, x2, x3, z
2, x1x2, x1x3, x2x3} with p=7, and {x1z, x2z, x3z} are

the potential terms with r=3.  Four cases are considered for simulation purposes, and the

response data is simulated from each of the true models.  The initial � =1 is used in the

first stage and �~ N(0,1) is assumed.

Case 1: Primary terms only

y =7.24x1+9.57x2+5.66x3+6.8z2+ �

Case 2: Primary terms and one potential term

y =7.24x1+9.57x2+5.66x3+6.8z2+9x2z+�

Case 3: Primary terms and two of the potential terms

y =7.24x1+9.57x2+5.66x3+6.8z2+9x2z+10x3z+�

Case 4: Full model

y=7.24x1+9.57x2+5.66x3+6.8z2+11x1z+9x2z+10x3z+�

In this section, the following three methods are compared:

1. Bayesian two-stage D-D optimal design with n1=12 and n2 =12,

2. Bayesian one stage D-optimal design with n=24, and

3. Non-Bayesian one stage design with n=24.

Table 8.2 presents the results of the evaluation for four different true models.  The

best design for each row is marked with an asterisk.  The table shows that Bayesian D-D

optimal design is the best for all of the subsets of the full model, but not the full model

itself, which is the true model.  Even if Bayesian D-D optimal design is not the best when

true model is the full model, the Bayesian D-D optimal design is very efficient, since the

D* is very close to the best one.
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          Table 8.2. The values of D* for three components with one process variable
D* Case 1 Case 2 Case 3 Case 4

D-D procedure 2.52* 7.01* 23.16* 69.88
Bayesian D procedure 2.08 6.11 20.04 70.92*

D procedure 2.08 6.11 20.04 70.92*

Case 1: y =7.24x1+9.57x2+5.66x3+6.8z2+ �

Case 2: y =7.24x1+9.57x2+5.66x3+6.8z2+9x2z+�

Case 3: y =7.24x1+9.57x2+5.66x3+6.8z2+9x2z+10x3z+�

Case 4: y=7.24x1+9.57x2+5.66x3+6.8z2+11x1z+9x2z+10x3z+�

8.4.2 Three Components with One Process Variable for Two Classes of Potential

Terms

In this section, two classes of potential terms are considered for three components with

one process variable.  The results of the Bayesian two-stage D-D optimal design vs. the

Bayesian one-stage D-optimal design and the non-Bayesian one-stage D-optimal design

are also shown.

In this section, the full model defined by the experimenter contains the following

regressors:

x(f) = {x1, x2, x3, z
2, x1x2, x1x3, x2x3, x1z, x2z, x3z}.

The primary terms are {x1, x2, x3, z2} where p=4, the first class of potential terms is

{x 1x2, x1x3, x2x3} where r1=3, and {x1z, x2z, x3z} is the second class of potential terms

where r2=3.  Five cases are considered for simulation purposes and the response data set
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is simulated from each of the true models.  The error �~ N(0,1) is assumed and initial

� =1 is used in the first stage.

Case 1: Primary terms only

y=17.24x1+19.57x2+15.66x3+15z2+ �

Case 2: Primary terms and one of the second class of potential terms

 y=17.24x1+19.57x2+15.66x3+15z2+10x1z+�

Case 3: Primary terms and one from each class of potential terms

y=17.24x1+19.57x2+15.66x3+15z2+11x1x3+10x1z+�

Case 4: Primary terms and two terms from each class of potential terms

y =17.24x1+19.57x2+15.66x3+15z2+14x1x2+11x1x3+10x1z+13x3z+�

Case 5: Full model

          y =17.24x1+19.57x2+15.66x3+15z2+14x1x2+11x1x3+12x2x3+10x1z+16x2z+13x3z+�

In this section, the following three methods are compared.

1. Bayesian two-stage D-D optimal design with n1=12 and n2=12

2. Bayesian one-stage D-optimal design with n=24

3. NonBayesian one-stage design with n=24

Table 8.3 presents the D* and D-efficiency for Bayesian D-D optimal design and

two natural competitors.  This table shows that the Bayesian two-stage D-D optimal

design is the best for all of the subsets of the full model, but not the full model itself,

which is the true model.  We can see that even if the true model is the full model, the

Bayesian two-stage D-D design is still very efficient compared to two natural

competitors, since the D-efficiency is close to one.
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   Table 8.3. The values of D* for three components with one process variable
   when full model contains two classes of potential terms

D* Case 1 Case 2 Case 3 Case 4 Case5

D-D procedure 1656.52* 11574.37* 1813.2* 651.257* 430.15

Bayesian D 1190.13 5951.34 874.12 627.71 440.3*

D procedure 1190.13 5951.34 874.12 627.71 440.3*

Case 1: y=17.24x1+19.57x2+15.66x3+15z2+ �

Case 2: y=17.24x1+19.57x2+15.66x3+15z2+10x1z+�

Case 3: y=17.24x1+19.57x2+15.66x3+15z2+11x1x3+10x1z+�

Case 4: y =17.24x1+19.57x2+15.66x3+15z2+14x1x2+11x1x3+10x1z+13x3z+�

Case 5: y =17.24x1+19.57x2+15.66x3+15z2+14x1x2+11x1x3+12x2x3+10x1z+

                  16x2z+13x3z+�

8.4.3. Three Components with Two Process Variables

In this section, the full model defined by the experimenter is

x(f) = {x1, x2, x3, z1
2, z2

2, z1z2, x1x2, x1x3, x2x3, x1z1, x2z1, x3z1, x1z2, x2z2, x3z2}.

The primary terms are {x1, x2, x3, z1
2, z2

2, z1z2, x1x2, x1x3, x2x3} with p=9, and {x1z1, x2z1,

x3z1, x1z2, x2z2, x3z2} are potential terms with r=6.  Five cases are considered for

simulation purposes, and the response data is simulated from each of the true models.

The initial � =1 is used in the first stage and �~ N(0,1) is assumed.

Case 1: Primary terms only:

y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+ �
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Case 2: Primary terms and one potential term:

    y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+18x1z1+ �

Case 3: Primary terms and two of the potential terms:

   y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3

                 +20x3z1+22x1z2+ �

Case 4: Primary terms and two of the potential terms:

     y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+

                 20x3z1+22x1z2+24.5x3z2+ �

Case 5: Full model

      y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+

                 18x1z1+19.8x2z1+20x3z1+22x1z2+21.5x2z2+24.5x3z2+ �

In this section, the following three methods are compared:

1. Bayesian two-stage D-D optimal design with n1=17 and n2 =17,

2. Bayesian one stage D-optimal design with n=34, and

3. Non-Bayesian one stage design with n=34.

Table 8.4 presents the results of the evaluation for five different true models.  The

best design for each row is marked with an asterisk.  The table shows that Bayesian two-

stage D-D optimal design is the best for all of the subsets of the full model, but not the

full model itself, which is the true model.  Even if Bayesian two-stage D-D optimal

design is not the best when true model is the full model, Bayesian D-D optimal design is

still very efficient, since D* is very close to the best one.
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   Table 8.4. The values of D* for three components with two process variables
D* Case 1 Case 2 Case 3 Case 4 Case5

D-D procedure 264.91* 1186.52* 6865.36* 39567.24* 2993950

Bayesian D 153.24 797.9 4094.26 20754.65 2903516

D procedure 153.24 829.87 4249.1 21524.52 3078808*

.

Case 1: y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+ �

Case 2: y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+

                 22x2x3+18x1z1+ �

Case 3: y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3

                 +20x3z1+22x1z2+ �

Case 4: y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+

                 20x3z1+22x1z2+24.5x3z2+ �

Case 5: y=17.24x1+19.57x2+15.66x3+15z1
2+14.2z2

2+20z1z2+23x1x2+28x1x3+22x2x3+

                 18x1z1+19.8x2z1+20x3z1+22x1z2+21.5x2z2+24.5x3z2+ �

8.5. Conclusion

For mixture models with model uncertainty, Bayesian two-stage D-D optimal design is

the best when the true model contains fewer regressors than the full model, and Bayesian

two-stage D-D optimal design is a little less efficient than the non-Bayesian one-stage

design when true model is the full model.  The performance of the Bayesian two-stage D-

D optimal design for a mixture model with process variables is the similar as the
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performance of the Bayesian two-stage D-D optimal design for a mixture model.  If the

experimenter knows the right model, one-stage D-optimal design should be used;

otherwise, it is better to use Bayesian two-stage D-D optimal design, which has been

proven to be a very robust procedure.  Therefore, we believe that Bayesian two-stage D-

D optimal design is a good choice under model uncertainty for mixture experiments with

process variables.
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Chapter 9

Ds-Optimal Designs for Mixture Models

While the effects of individual components are important for mixture models, the

experimenter is often more interested in how the combination of the components works

to produce a particular response.  As a result, second or higher order effects can be more

important than main effects.  This chapter presented a discussion of D-optimal second or

higher order designs, which result in parameter estimates as precise as possible in that the

variance of second or higher order terms estimate is minimized.  Such a D-optimal

second or higher order design is denoted by a Ds-optimal design.  Notice s stands for

“subset” of parameters in the model, and in our case s stands for second-order or higher

order terms.  When the comparisons of the designs are made, the results show that the Ds-

optimal design has almost the same efficiency as the D-optimal design.  Meanwhile, the

Ds-optimal design has a higher Ds-efficiency than the D-optimal design in most cases.

Furthermore, the Ds–optimal design is superior to the D-optimal design in terms of the

prediction variance along certain directions inside the region of the experiment.
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9.1 Criteria for Ds-optimal Designs

Consider a mixture model in standard form, y = X� + � , where

y = 
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Let X=[X1|X2], where X1 contains linear blending terms, and X2 contains second or

higher order terms, then M (� ) = X’X= �
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.  In order to

minimize the generalized variance of the coefficients of second or higher order terms,

M-1( � ) must be found in terms of its partitioned form.  This is given by

M-1( � )= �
�
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�
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22
1

11
1

12
`

22

2212
1

11
1

11

CMMC

CMMC
,

where C11
-1 = (M11-M12M

-1
22M`12)

-1 and C22
-1 = (M22-M

`
12M

-1
11M12)

-1.  Therefore, the Ds-

optimal design is a subset of candidate points by maximizing the determinant of

(M22-M
`
12M

-1
11M12).

9.2 Ds-Optimal Designs for Three Components with Second-Order Model.

In this example, it is assumed that the experimenter defines regressors:

x = { x1, x2, x3 ,x1x2, x1x3, x2x3}.

In this example, the number of parameters for the model k is equal to six, and the number

of parameters of second order s is equal to three.  Different sample sizes 6, 7, 9, 12, 14,

and 16 are used for Ds–optimal designs and D-optimal designs.  The Ds- and D-optimal

designs for different sample sizes are presented in Figure 9.1.  Notice that there are more
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middle points of edges in Ds–optimal designs than in D-optimal designs for some sample

sizes.  This is expected since these types of points are the ones that enhance estimation of

second order terms.
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Ds–optimal designs D-optimal designs
n=6                      X1

        X2                                      X3

n=6                    X1

      X2                                      X3

n=7                  X1

         X2                  2                 X3

n=7                        X1

          2
           X2                                 X3

n=9                 X1

                   2                 2

          X2               2                   X3

n=9                  2    X1

          2                                      2
          X2                                   X3

n=12               2   X1

                2                     2

        2                                     2
         X2               2                X3

n=12                 2   X1

                  2                     2

          2                                     2
           X2               2                X3

n=14                    2 X1

                   3                  3

          2                                      2
          X2                 2                 X3

n=14              X1
                    3

               2                2

      3                                     2
      X2                2               X3

n=16                  2  X1

                 4                       3

           2                   3               2
           X2                                  X3

n=16              3   X1

               2                     2

         3                3                  3
      X2                                      X3

          Figure 9.1. Ds and D optimal designs for three components with a quadratic model.
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Since the D-optimal and Ds–optimal designs are generated by maximizing

D=| )( ' XX | and |(M22-M
`
12M

-1
11M12)| respectively, a larger value of D means the design

is more efficient for estimating parameters.  Therefore, the larger values of |(X’X)| and

|(M22-M12’M 11
-1M12)| are preferred.  Comparisons of |(X`X)| and

|(M22-M12
`M11

-1M12)| are presented in Tables 9.1 and 9.2.  In Table 9.1, the determinants

of the model information matrix are presented.  Note that the best design in the column is

marked with an asterisk.  We can see that there are no differences between Ds–optimal

designs and D-optimal designs for sample sizes 6, 7, 9, 12, and 14, and the D-optimal

design is a little bit more efficient than Ds–optimal design for sample size 16.  Table 9.2

shows the determinants of the second order information matrix.  Notice that there are no

differences between the Ds–optimal designs and the D-optimal designs for sample size 6

and 12, and the Ds-optimal designs are more efficient in second order estimates than the

D-optimal designs for the sample sizes 7, 9, 14, and 16.  For a stronger indication of

which designs should be used between Ds–optimal design and D-optimal design for

mixture experiments, more examples are investigated.  Notice that D-optimal design is

not unique.

Table 9.1. The determinant of D=|(X`X)| for three components with second-order
 model between Ds- and D-optimal designs

n 6 7 9 12 14 16
Ds 0.000244* 0.0005* 0.00195* 0.0156* 0.03515* 0.0703

D 0.000244* 0.0005* 0.00195* 0.0156* 0.03515* 0.079*

Table 9.2. The determinant of |(M22-M12
`M11

-1M12)| for three components with
second-order model between Ds- and D-optimal designs

n 6 7 9 12 14 16
Ds 0.000078* 0.00012* 0.00029* 0.000625* 0.0011* 0.00165*

D 0.000078* 0.00009 0.000128 0.000625* 0.00077 0.00116
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9.3 Ds-Optimal Design for Four Components with Second-Order Model

In this example, it is assumed that the experimenter defines regressors as follows:

x = {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4}.

In this case, the number of parameters in the model k is ten and the number of second

order terms is six.  The Ds and D-optimal designs are presented in Figure 9.2 for different

sample sizes 12, 14, 20 and 40.  Notice that there are more middle points of edges in the

Ds–optimal designs than in D-optimal designs for some sample sizes.
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Ds-optimal designs D-optimal designs
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2 2
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    X2     2             2             2   X4
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             2     X3

n=20                         2    X1

                  2                        2
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    X2     2             2             2   X4

         2                         2

             2     X3
n=40                         3    X1

                   4                       5
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   X2     3               4            3   X4

          5                        5

             3     X3

n=40                         4    X1

                   4                       4
                        4
    X2     4              4            4   X4

          4                          4

             4     X3
  Figure 9.2. Ds- and D-optimal designs for four components with a quadratic model.
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The comparisons of Ds–optimal designs and D-optimal designs are presented in

Tables 9.3 and 9.4.  In Table 9.3, the determinants of the model information matrix are

calculated.  Notice that the best design for each column is marked with an asterisk.  There

are no differences between Ds–optimal designs and D-optimal designs for sample sizes

12, 14, 20, and the D is a bit more efficient for sample size 40.  In Table 9.4, the

determinants of the second order information matrix are presented.  There is no

difference between the Ds–optimal design and the D-optimal design for sample size 20,

and the Ds–optimal designs are more efficient for second order estimates than the D-

optimal designs for the sample sizes 12, 14, and 40.

    Table 9.3. The determinant of D=|(X`X)| for four components with
second-order model between Ds- and D-optimal designs

n 12 14 20 40
Ds 2.384e-7* 9.537e-7* 0.000061* 0.051

D 2.384e-7* 9.537e-7* 0.000061* 0.0625*

    Table 9.4. The determinant of (|(M22-M12’M 11
-1M12)|) for four components

with second-order model between Ds- and D-optimal designs
n 12 14 20 40
Ds 1.78e-8* 4.541e-8* 4.521e-7* 0.000319*

D 1.105e-8 1.74e-8 4.521e-7* 0.0000289

9.4 Ds-Optimal Designs for Four Components with Special Cubic Model

In this example, the experimenter defines model regressors as follows:

x(f) ={x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4, x1x2x3, x1x2x4, x1x3x4, x2x3x4}.

In this example, the number of parameters in the model is equal to 14, and the number of

second and cubic terms is equal to 10.  Figure 9.3 below shows the Ds–optimal designs
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and D-optimal designs for different sample sizes 16, 20, 30 and 40.  Notice that there are

more points of middle points of edges and centroids of planes in Ds-optimal designs than

in D-optimal designs for some sample sizes.
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Ds–optimal designs D-optimal designs
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Figure 9.3. Ds and D-optimal designs for four components with a cubic model.
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The comparisons of Ds-optimal designs and D-optimal designs are presented in

Tables 9.5 and 9.6.  Table 9.5 presents the determinants of the model information matrix.

There are no differences between the Ds and D-optimal designs for sample sizes 16 and

30, and D-optimal design is a bit more efficient than Ds-optimal design for sample size 20

and 40.  Table 9.6 presents the determinants of the second and cubic term information

matrix.  There are no differences between Ds-optimal designs and D-optimal designs for

sample sizes 16 and 30, and Ds–optimal designs are more efficient in higher order

estimates than D-optimal designs for sample sizes 20 and 40.

      Table 9.5. The determinant D=|(X`X)| for four components with special
 cubic model between Ds- and D-optimal designs

n 16 20 30 40

Ds 8.241e-19* 1.319e-17 7.595e-15* 3.46e-13

D 8.241e-19* 1.32e-17* 7.595e-15* 4.38e-13*

    Table 9.6. The determinant D=|(M22-M12
`M11

-1M12)| for four components with
 special cubic model between Ds- and D-optimal designs

n 16 20 30 40

Ds 4.48e-20* 4.01e-19* 2.883e-17* 5.9e-16*

D 4.48e-20* 2.59e-19 2.883e-17* 4.33e-16

Based on the above results, we can see that Ds-optimal design is better than D-

optimal design, since the Ds–optimal design is almost as efficient as the D-optimal design

for model coefficient estimates, and Ds-optimal design is more efficient than D-optimal

design in second or higher order estimates.
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9.5 Comparing Designs between Ds and D through Plots along Prediction Rays

The experimenter is often interested in certain directions inside the experimental region.

In particular, Hare (1985) and Cornell (1990) illustrated this using the response trace,

which is a plot of predicted response values taken along certain directions that

strengthening a 'reference' mixture by increasing the proportion of a single component at

a time in the mixture, i.e. along the so-called Cox (1971) directions.  To illustrate the Cox

directions, Vining, Cornell, and Myers (1993) define a reference mixture s = (s1, s2, ...,

sq)', where 1
1

	

�

q

i is .  Typically, s will be the centroid of the region or the blend whose

co-ordinates are the averages of the co-ordinates of the extreme vertices of the region of

interest.  Suppose that another blend is defined where the proportion of the ith component

is changed by an amount i�  (where i� >0 or i� <0), for example,

xi = si + i� .

Adjusting the proportions of the remaining components in the new blend by using

i

ji
jj s

s
sx

�

�
�	

1
, j = 1, 2, ...., q, j i

ensures that the relative proportions of any two components j and k (j i, k i) in the new

blend remain the same as their ratio at the reference mixture, i.e. xj/xk= sj/sk k i, which

is known as Cox's direction when viewed from s to the xi=1 vertex.  Hereafter, Cox

directions are referred to as 'prediction rays' because points (or blends) inside the

experimental region along these rays are defined and the fitted model is used to predict

the response at the points.  Since there is a prediction ray for each component, there is a

separate response trace for each component.  Therefore, we will study the performance of

Ds–optimal design and D-optimal design through plots along prediction rays.  The
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purpose of Mclean and Anderson’s (1966) flare experiment was to find the combination

of the proportions of magnesium (x1), sodium nitrate (x2), strontium nitrate (x3) and

binder (x4) for creating flares with maximum illumination.  Engineering experience

indicates that the following constraints should be placed on each component:

�4.0 x1 6.0� , �1.0 x2 5.0� , �1.0 x3 5.0� , �03.0 x4 08.0� , and defines the following

regressors with k=10 and s=6:

x = {x1, x2, x3, x4, x1x2, x1x3, x1x4, x2x3, x2x4, x3x4}.

Comparisons of the D-optimal design and Ds–optimal design are presented in Tables 9.7

and 9.8, respectively.  The prediction variance ( 0
1'

0
2 )(' xXXx �� ) along rays at x0 (the

points along the prediction rays) for 15-point design employed by D-optimal design and

Ds-optimal design is presented in Figure 9.4.  In these traces, Ds-optimal design is clearly

superior to the D-optimal design in most values of x's, because the Ds–optimal design

performs significantly better than the D-optimal design over the majority of the ranges of

these traces.  Only at the boundaries of the x4 region does the D-optimal design seem

better, yet the improvement is rather marginal.  Therefore, the Ds –optimal designs

mainly perform better than the D-optimal design in terms of the prediction variance along

rays.
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Table 9.7. D-optimal design for four components with a second-order model (n=15)
x1 x2 x3 x4

0.4 0.1 0.47 0.03
0.6 0.1 0.27 0.03
0.4 0.47 0.1 0.03
0.6 0.27 0.1 0.03
0.4 0.1 0.42 0.08
0.4 0.42 0.1 0.08
0.6 0.1 0.22 0.08
0.6 0.22 0.1 0.08
0.5 0.345 0.1 0.055
0.4 0.285 0.285 0.03
0.4 0.26 0.26 0.08
0.6 0.1 0.245 0.055
0.32637 0.14523 0.4925 0.0359
0.4 0.2725 0.2725 0.055
0.32637 0.4925 0.14523 0.0359

Table 9.8. Ds-optimal design for four components with a second-order model (n=15)
X1 X2 X3 X4

0.4 0.1 0.47 0.03
0.6 0.1 0.27 0.03
0.4 0.47 0.1 0.03
0.6 0.27 0.1 0.03
0.4 0.1 0.42 0.08
0.4 0.42 0.1 0.08
0.6 0.1 0.22 0.08
0.6 0.22 0.1 0.08
0.5 0.345 0.1 0.055
0.4 0.285 0.285 0.03
0.4 0.26 0.26 0.08
0.5 0.1 0.345 0.055
0.32637 0.14523 0.4925 0.0359
0.4 0.2725 0.2725 0.055
0.32637 0.4925 0.14523 0.0359
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Figure 9.4. Plot of the prediction variance traces for the D (------) and
Ds (          )designs: x1, magnesium; x2, sodium nitrate; x3, strontium nitrate; x4, binder.

To further investigate Ds–optimal design and D-optimal designs along prediction

rays, another example is considered.  The purpose of this example is to find the optimal

combination of x1, x2, x3, x4, x5 and x6.  The constraints for each component proportion

are following: x1 2.0� , x2 6.0� , x3 15.0� , x4�0.65, x5�0.15, and x6 75.0� .  The

following regressors are defined:

x = {x1, x2, x3, x4, x5, x6, x1x2, x1x3, x1x4, x1x5, x1x6, x2x3 , x2x4,

 x2x5 , x2x6, x3x4 x3x5, x3x6, x4x5, x4x6, x5x6}.

The designs of D and Ds are presented in Tables 9.7 and Table 9.8, respectively.

The prediction variances along rays for 38-point design employed by D-optimal design
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and Ds-optimal design are presented in Figures 9.5.1, 9.5.2, 9.5.3, 9.5.4, 9.5.5, and 9.5.6,

where (------) represent D-optimal designs and (         ) represent Ds–optimal designs.

Looking at these traces, the Ds–optimal design is clearly superior in terms of the

prediction variance trace.  Only for large values of x2 and x5, the D-optimal design seems

better, yet the improvement is rather marginal.

In sections 9.2, 9.3, and 9.4, we see that the Ds–optimal designs are more efficient

in second or higher order coefficient estimates than the D-optimal designs, without

sacrificing D-efficiency in all coefficient estimates.  Furthermore, in this section we see

that the prediction variances along rays in the Ds–optimal design is smaller than the

prediction variances along rays in the D-optimal designs over the majority of ranges of

these traces.  Also, Wardrop and Myers (1990) found that the prediction variance along

the rays is influenced more by higher order terms than by linear terms.  Therefore, we

may suggest that Ds–optimal designs can be used instead of D-optimal designs for

mixture experiments in terms of variance of coefficients of second or higher order terms

and variance of prediction variance along rays.
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  Table 9.9. D-optimal design for six components with second-order model (n=38)
x1 x2 x3 x4 x5 x6

0 0 0 0.25 0 0.75
0 0 0 0.65 0 0.35
0 0 0 0.65 0.15 0.2
0 0 0.1 0 0.15 0.75
0 0 0.15 0.28 0.08 0.49
0 0 0.15 0.65 0 0.2
0 0.05 0.15 0.65 0.15 0
0 0.1 0 0 0.15 0.75
0 0.1 0.15 0 0 0.75
0 0.25 0 0 0 0.75
0 0.275 0 0.65 0.075 0
0 0.35 0 0.65 0 0
0 0.6 0 0 0 0.4
0 0.6 0 0.25 0.15 0
0 0.6 0.075 0 0.075 0.25
0 0.6 0.075 0.325 0 0
0 0.6 0.15 0 0.15 0.1
0 0.6 0.15 0.25 0 0
0.08182 0.24545 0 0.21364 0.15 0.30909
0.0852 0.22752 0.06835 0.265 0.06835 0.28557
0.1 0 0 0 0.15 0.75
0.1 0 0.15 0 0 0.75
0.1 0.6 0 0 0 0.3
0.125 0 0.075 0.65 0.15 0
0.15 0.6 0.15 0 0.1 0
0.2 0 0 0 0.1 0.7
0.2 0 0 0.05 0 0.75
0.2 0 0 0.65 0.15 0
0.2 0 0.15 0 0.15 0.5
0.2 0 0.15 0.575 0.075 0
0.2 0 0.15 0.65 0 0
0.2 0.15 0 0.65 0 0
0.2 0.25 0.07 0 0 0.48
0.2 0.25 0.15 0.25 0.15 0
0.2 0.6 0 0 0.15 0.05
0.2 0.6 0 0.2 0 0
0.2 0.6 0.05 0 0.15 0
0.2 0.6 0.15 0 0 0.05
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  Table 9.10. Ds-optimal design for six components with a second-order model (n=38)
x1 x2 x3 x4 x5 x6

0 0 0 0.25 0 0.75
0 0 0 0.65 0 0.35
0 0 0 0.65 0.15 0.2
0 0 0.1 0 0.15 0.75
0 0 0.15 0.28 0.08 0.49
0 0 0.15 0.65 0 0.2
0 0.05 0.15 0.65 0.15 0
0.2 0 0.07 0.27 0 0.46
0 0.35 0.15 0 0 0.5
0 0.25 0 0 0 0.75
0 0.275 0 0.65 0.075 0
0 0.275 0.075 0.65 0 0
0 0.6 0 0 0 0.4
0 0.6 0 0.25 0.15 0
0 0.6 0.075 0 0.075 0.25
0 0.6 0 0.4 0 0
0 0.6 0.15 0 0.15 0.1
0 0.6 0.15 0.25 0 0
0.09583 0.24583 0 0.24375 0.07083 0.34375
0.09583 0.24583 0.07083 0.24375 0 0.34375
0.1 0 0 0 0.15 0.75
0.1 0 0.15 0 0 0.75
0.1 0.6 0 0 0 0.3
0.125 0 0.075 0.65 0.15 0
0.1 0.6 0.15 0 0.15 0
0.2 0 0 0 0.1 0.7
0.2 0.05 0 0 0 0.75
0.2 0 0 0.65 0.15 0
0.2 0 0.15 0 0.15 0.5
0.125 0 0.15 0.65 0.075 0
0.2 0 0.15 0.65 0 0
0.2 0.15 0 0.65 0 0
0 0.35 0 0 0.15 0.5
0.2 0.25 0.15 0.25 0.15 0
0.2 0.6 0 0 0.15 0.05
0.2 0.6 0 0.2 0 0
0.2 0.6 0.1 0 0.1 0
0.2 0.6 0.15 0 0 0.05
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Figure 9.5.1. The prediction variance along X1, where ( )�  represents
                           D-optimal design and (         ) represents Ds-optimal design.

Figure 9.5.2. The prediction variance along X2, where ( )�  represents
D-optimal design and (        ) represents Ds-optimal design.
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Figure 9.5.3. The prediction variance along X3, where ( )�  represents
                           D-optimal design and (         ) represents Ds-optimal design.

Figure 9.5.4. The prediction variance along X4, where ( )�  represents
                           D-optimal design and (         ) represents Ds-optimal design.
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Figure 9.5.5. The prediction variance along X5, where ( )�  represents
                          D-optimal design and (      ) represents Ds-optimal design.

Figure 9.5.6. Prediction variance long X6, where ( )�  represents
                           D-optimal design and (         ) represents Ds-optimal design.
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Chapter 10

Discussions and Future Research

The primary goal of this research was to develop and study Bayesian two-stage D-

D optimal designs for mixture models with or without process variables under model

uncertainty.  The secondary goal is to study the performance of Ds-optimal designs for

mixture models.

In this dissertation, the Bayesian two-stage D-D procedure was developed.  The

motivation for the Bayesian approach comes from a need to deal with model uncertainty.

The goal of two-stage design is to gain model information from the first stage data; the

second stage design then takes into account the improved model information gained from

the first stage data.  The benefit of the using the Bayesian two-stage procedure for

mixture models lies in the fact that there is likely more model uncertainty in mixture

models, therefore, the use of prior information through Bayesian approach and an initial

stage can be very beneficial.  The complex model uncertainty results from the fact that

higher order terms in mixture experiments (including cubic terms) are more complicated

in the mixture situation, due to the use of canonical polynomial models.  Thus, a priori
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anticipation of model structure is difficult for users.  We presented the results of an

evaluation of the performance of Bayesian two-stage D-D optimal designs for mixture

models with or without process variables when compared to two natural competitors that

do not involve a two-stage approach.  The results show that the Bayesian two-stage D-D

optimal designs are quite appropriate for mixture models.  We also discussed the idea of a

reasonable ratio between the sample sizes for two stages and what is a sufficient amount

of data for the first stage.  We found that the ratio 1:1 is reasonable for the two stages and

that a sufficient amount of data for the first stage should involve at least p+r+2 design

points, where p and r are the number of primary terms and potential terms, respectively.

In developing Bayesian two-stage designs, we focused on mixture experiments for

simplex regions.  However, in many mixture experiments there are restrictions on the

component proportions.  Therefore, we showed how Bayesian two-stage D-D optimal

designs can be applied in cases with constrained mixture regions.

While the effects of individual components are important for mixture models, the

experimenter is often more interested in how the combination of the components works

to produce a particular response, as a result, second or higher order effects can be more

important than main effects.  Hence, we discussed D-optimal second or higher order

designs.  We showed that Ds optimal designs are a reasonable alternative to D-optimal

designs in terms of variance of parameter estimates and variance of prediction along the

prediction rays.

Ideas for areas of extension and interest that have arisen from this research are

listed below.

1) Extend the application of Bayesian two-stage designs to a nonlinear mixture model
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         with Binary or Poisson responses.  One must first determine the nature of the single

stage optimal design.

2) Multiple stage designs containing three or more stages are natural extensions of the

two-stage design.  The important issue here is whether there is sufficient

improvement to warrant a third stage that may otherwise be impractical.
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Appendix

A. Calculations of p(y|Mi) and p(Mi|y) for section 4.1

The predictive density p(y|Mi) can be obtained by using the following integration,
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where p and ri are the numbers of primary and potential terms in model Mi, respectively,
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Performing the integration with respect to �� ,i ,
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The expression of p(y| iM ) also can be rewritten to the following form
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where yXXXK iiiii `)`(ˆ 1����  and c is a constant that forces all the probabilities to sum to

one.  Notice that �  in the numerator is cancelled out due to the normalization of the

probability.  Letting � ��  in the denominator concludes the formula in section 4.1.
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B. Calculations of p(y| iM ) and p( iM |y) for section 4.5.1

The predictive density p(y|Mi) is derived by using the following integration,
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Performing the integration with respect to �� ,i ,
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����� , and c is the constant that forces all probabilities to sum to

one.  To deal with � , we can use a similar argument as that in Appendix A.
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