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(ABSTRACT)
Active control of sound radiation from vibrating structures has been an area of
much research in the past decade. In Active Structural Acoustic Control (ASAC), the
minimization of sound radiation is achieved by modifying the response of the structure through structural inputs rather than by exciting the acoustic medium (Active
Noise Control, ANC). The ASAC technique often produces global far-field sound attenuation with relatively few actuators as compared to ANC. The structural control
inputs of ASAC systems are usually constructed adaptively in the time domain based
on a number of error signals to be minimized. One of the primary concerns in active
control of sound is then to provide the controller with appropriate “error” information. Early investigations have implemented far-field microphones, thereby providing
the controller with actual radiated pressure information. Most structure-borne sound
control approaches now tend to eliminate the use of microphones by developing sensors that are integrated in the structure. This study presents a new sensing technique
implementing such an approach. A structural acoustic sensor is developed for estimating radiation information from vibrating structures. This technique referred to as
Discrete Structural Acoustic Sensing (DSAS) provides time domain estimates of the
radiated sound pressure at prescribed locations in the far field over a broad frequency
range. The structural acoustic sensor consists of a set of accelerometers mounted on
the radiating structure and arrays of digital filters that process the measured acceleration signals in real time. The impulse response of each filter is constructed from
the appropriate radiation Green’s function for the source area associated with each
accelerometer.
Validation of the sensing technique is performed on two different systems: a baffled rectangular plate and a baffled finite cylinder. For both systems, the sensor is
first analyzed in terms of prediction accuracy by comparing estimated and actual
sound pressure radiated in the far field. The analysis is carried out on a numerical
model of the plate and cylinder as well as on the real structures through experimental
testing. The sensor is then implemented in a broadband radiation control system.
The plate and cylinder are excited by broadband disturbance inputs over a frequency
range encompassing several of the first flexural resonances of the structure. Singlesided piezo-electric actuators provide the structural control inputs while the sensor

estimates are used as error signals. The controller is based on the filtered-x version of
the adaptive LMS algorithm. Results from both analytical and experimental investigations are again presented for the two systems. Additional control results based
on error microphones allow a comparison of the two sensing approaches in terms of
control performance.
The major outcome of this study is the ability of the structural acoustic sensor
to effectively replace error microphones in broadband radiation control systems. In
particular, both analytical and experimental results show the level of sound attenuation achieved when implementing Discrete Structural Acoustic Sensing rivaled that
achieved with far-field error microphones. Finally, the approach presents a significant
alternative over other existing structural sensing techniques as it requires very little
system modeling.
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Chapter 1
Introduction
With the recent interest in environmental issues, noise pollution tends to be a major
concern in modern industrial societies. There are many examples of efforts made
towards reducing unwanted noise in various areas. To prevent noise related health
problems and increase productivity, industries using heavy machinery have tried to
protect the workers usually exposed to very high levels of noise. Other industries
have included the sound radiation of their product as a marketing aid. The best
example can be found in the aircraft and automotive industry, where much research
is performed in order to make interior noise more pleasing to the passengers. Apart
from the interior noise, aircraft builders must also comply with increasingly strict
exterior noise regulations around airports. Last but not least, the military, which has
sponsored a great amount of the research in the field of noise control, is concerned with
the sound discretion of military equipment. In particular, noise control in submarines
and surface vessels has been an area of constant effort.
Much of the noise found in the above applications is created by the vibration
of solid, elastic bodies. This type of noise is referred to as structure borne sound.
Traditionally, the reduction of structure borne sound is achieved by means of passive
methods. These methods use damping materials in order to reduce the structural
vibrations and in turn, the radiated sound. Damping materials can also be used
as acoustic absorbers in order to reduce acoustic reflections inside cavities. In this
case, the absorbers alter the resulting acoustic field where as, in the first approach,
the absorbers alter the structural vibrations, i.e., the source itself. Passive techniques
give good performance in the mid and high frequency range. Unfortunately, the added
mass and/or volume required to reduce low frequency noise is often impractical.
With the advances in digital computers, active control methods have emerged
as practical alternatives to passive methods for reducing unwanted noise in the low
frequency range. Active control is characterized by the introduction of energy into
1
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the system through a set of control inputs. These control inputs, also referred to as
secondary sources, yield a response that adds to the primary disturbance field. It
is then possible to modify the characteristics of the secondary sources appropriately
such that the resulting total response is minimized or altered in the desired way. In
active control, this operation is performed adaptively so that the control inputs adapt
themselves to changes in the disturbance field.
A typical active control system has three main components: (i) error sensors that
provide a signal proportional to the quantity to be minimized; (ii) control actuators
that excite the physical system in order to minimize the error signals; (iii) a control
system that determines the actuator signals from the error signals. When controlling structural vibrations (Active Vibration Control), the error sensors and control
actuators are always structural transducers. In the control of radiated sound pressure
(Active Noise Control), the sensors and actuators are traditionally acoustic transducers, e.g., microphones or hydrophones, and loud speakers. As an alternative to the use
of acoustic transducers, it is possible to reduce the radiated sound pressure by applying mechanical inputs directly to the structure rather than by exciting the acoustic
medium with loud speakers. This technique, referred to as Active Structural Acoustic Control (ASAC), was introduced by Fuller [1]. It often produces global far-field
attenuation with relatively few actuators as compared to Active Noise Control.
One of the primary concerns in the active control of sound is choosing the appropriate sensor in order to provide the control system with “error” information. Error
microphones located in the far field have yielded good results, since the quantity to
be minimized, i.e., acoustic power radiated from the structure, is directly related to
the far-field pressure. However, the solution is often impractical in real applications.
In an attempt to reduce the size of the control system, the current research tends to
develop strategies for Active Structural Acoustic Control where both actuators and
sensors are mounted on the structure. The present study develops a new approach
for sensing in real time radiation information from vibrating bodies.
This introduction chapter first presents a review of past and current work on structural sensing for Active Structural Acoustic Control. The general concepts behind
the new technique proposed in this work are then outlined. Finally, the scope of the
study is defined along with a detailed outline of the dissertation.

1.1

Real time structural sensing for ASAC: Previous and current work

Piezo-electric patches mounted on or embedded in the structure are now widely used
as actuators in ASAC systems [2, 3, 4]. As integrated and distributed actuators, they
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overcome many of the disadvantages of point force shakers. The development of
appropriate structural radiation sensors would in turn create a “smart structure” for
ASAC where all transducers are integrated in the structure. With the emergence of
polyvinylidene fluoride (PVDF) films as a sensor material, the concept of a “smart
structure” has been applied with success in Active Vibration Control. However, the
extension to ASAC poses a number of problems. The following review shows that no
unique solution has yet emerged.
The fundamental requirement for structural sensing applied to noise control is
that the observed information yields a reduction of the radiated sound pressure level
in the far field. Unlike microphones that directly measure the acoustic pressure,
structural sensors measure information related to the structural vibrations. The goal
is then to design a structural sensor whose output is strongly related to radiated
sound pressure, so that minimizing the magnitude of the sensor output signals also
minimizes the total radiated sound power. The most straightforward approach to
this problem is to apply Active Vibration Control (AVC) to the control of radiated
sound. By canceling structural vibrations, and in particular out-of-plane structural
motion, the control system will obviously achieve reduction in the radiated sound
field. A significant drawback of this approach lies in its relative inefficiency compared
to control methods that are specifically designed to reduce low frequency radiated
sound with no constraints on the residual vibrations. In other words, Active Vibration
Control, when applied to noise control, typically requires more control inputs than
an acoustic based control system in order to reach the same level of performances.
The sound power radiation from a given structure is a function of the out-of-plane
velocity distribution over the surface of that structure. An analysis of the relation
between velocity distribution and radiated sound power shows that certain velocity
distributions radiate sound more efficiently than others below the critical frequency of
the structure. For example, a rectangular plate radiates more efficiently when excited
in its odd-odd modes [5]. Therefore, a more practical sensing technique should take
into consideration the structure/fluid interaction so that only the radiating part of
the structural vibrations is observed by the sensor. The principal advantage of this
approach is that it allows “modal restructuring” in the control mechanism. In some
cases, the residual response is not attenuated but rather the structure is forced to
behave like an inefficient radiator, i.e., it vibrates in a set of weak radiating modes.
As a result, the control authority required to achieve sound attenuation is reduced.
The above discussion applies to structures excited below the critical frequency. Above
this frequency, all structural motion couples to far-field sound radiation. ASAC and
AVC approaches then become equivalent in terms of control authority.
Several techniques have been implemented in the past few years to observe the
radiating part of the structural vibrations. Most recently, the use of PVDF materials
have been suggested as an error vibration sensor for ASAC [6]. The output of such
distributed sensors is proportional to the in-plane strain averaged over the surface
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area of the sensor. If the film is bounded to the surface of the structure, i.e., below
or above the neutral axis, it will be sensitive to the in-plane displacement induced by
bending. A PVDF sensor is thus able to observe out-of-plane motion. Moreover, by
shaping the PVDF film, it is possible to apply spatial filtering techniques in order to
observe certain parts of the structural vibration. For ASAC applications, the sensor
should observe motion related to far-field radiation, and filter out the non-radiating
part of the vibrations. For example, Clark [7] showed that two rectangular strips
of PVDF materials positioned along the x and y dimensions of a simply-supported
plate are sensitive to the odd-odd structural modes and in a lesser degree to the oddeven modes of the plate. The configuration was used to actively control the far-field
radiated pressure for harmonic excitations.
The first set of methods based on spatially distributed sensors uses the modal
decomposition of the out-of-plane structural response. The PVDF films are designed
so as to observe the strongest radiating modes of the response. The concepts of modal
sensing with PVDF films were first introduced by Lee and Moon [8]. They demonstrated the use of shaped PVDF films in order to observe only one or several selected
vibration modes of a one-dimensional structure. The approach uses the orthogonal
properties of the normal structural modes. For two-dimensional structures, spatial
filtering with PVDF films requires varying the sensitivity of the film in two directions, which leaves real implementation difficult. This approach was implemented on
a simply-supported plate by Gu et al. [9]. An “approximate” modal sensor for twodimensional structures was designed by combining two perpendicular one-dimensional
modal sensors along each respective dimension of the plate. The resulting error signal
was shown to effectively observe the (3,1) structural mode. This mode is an efficient
radiator and minimization of the error signal therefore yielded sound pressure attenuation in the far field. More recently, the design of shaped PVDF sensors was optimized
by using analytical models of simply-supported beams and plates. Clark [10] proposed
an algorithm which chooses the optimal actuator/sensor configuration for controlling
sound from a baffled simply-supported plate under harmonic excitation. Results from
experiments showed that the optimized adaptive structure performed well in reducing
radiated sound when compared with a system using error microphones and arbitrary
placed actuators. Also, Clark et al. [11] have investigated the possibility of shaping
a PVDF sensor placed on a simply-supported beam in order to replace a microphone
located in a direction perpendicular to the beam. One of the interesting conclusions
of this paper is that structural PVDF sensors are in general unable to completely
model the dynamics of the acoustic medium over a broad frequency range except in
a particular direction of radiation.
The literature on ASAC contains very few reports on the extension of these methods to more complex structures. Clark [12] was one of the first to experimentally
investigate the use of PVDF error sensors in the control of radiated sound from an
enclosed finite cylinder. The results obtained in this study showed the PVDF sensor
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was effective in observing the longitudinal extensional waves of the cylinder (“accordion” modes) and thus, good sound attenuation was obtained for this type of
excitation. However, very little attenuation was achieved for radial excitations due
to the relatively high modal density of the cylinder.
More recently, Burdisso [13] proposed a feedforward control system methodology
where the design of both sensors and actuators is done simultaneously. In this approach, the system is optimized in terms of general modal parameters such that the
controlled system responds with the weakest set of modal radiators. This modelbased approach is valid for both narrowband and broadband excitations, and the
design is independent of the disturbance input location. The task is then to design
physical transducers (sensors and actuators) that yield the desired modal parameters
of the optimal control system. Simulation results demonstrated the potential of such
an approach over other optimization procedures that do not separate physical and
modal parameters. In comparison, the proposed technique requires minimal computational effort. Also, Fuller and Burdisso [14] originally investigated a strategy
to detect only the supersonic components of the structural wave-number spectrum.
For planar radiators, it can be shown that the far-field pressure is directly related to
the wave-number transform of the out-of-plane velocity distribution of the structure.
More precisely, the far-field pressure at discrete radiation angles is proportional to
the supersonic wave-number components (smaller than the acoustic wave-number in
the surrounding medium), while the subsonic wave-number components (larger than
the acoustic wave-number) do not radiate in the far field. Thus minimizing supersonic wave-number components will minimize radiated sound in the far field with no
constraints on the non-radiating part of the vibrations (subsonic wave-numbers).
Another branch of research applied to sensor design for ASAC is based on the
concept of “radiation modes”. Several authors have shown that the sound power can
be expressed as a linear contribution of radiation modes, i.e., some particular out-ofplane velocity distributions [15, 16]. Theses radiation modes correspond to the eigenvectors of the radiation impedance operator. The associated eigen-values measure the
radiation efficiency of each of the radiation modes. The fundamental property of the
radiation modes is that they radiate sound power independently. Snyder et al. [17]
have implemented PVDF films shaped in order to estimate the first three radiation
modes of a simply-supported plate. Despite the difficulties of realization for such a
sensor (to observe the radiation modes in a broadband sense, the output of each PVDF
film needs to be filtered), experimental results on the active control of sound radiation
from the plate show the potential of this approach. A simpler approach consists of
sensing the first and strongest radiating mode among these radiation modes, i.e., the
piston mode. This mode corresponds to the monopole contribution of the structure.
It can be detected by measuring the net volume displacement over the surface of the
structure. Unlike the other radiation modes, the piston mode is independent of frequency. Its estimate is thus greatly simplified. For one-dimensional structures, it is

CHAPTER 1. INTRODUCTION

6

relatively easy to implement such an approach, since the profile of the sensor can be
tailored to obtain the appropriate spatial weighting. Rex and Elliott [18], and later,
Guigou et al. [19] proposed two different design approaches to measure the volume
velocity of one-dimensional structures. For two-dimensional structures, Johnson and
Elliott [16] showed that the volume velocity can be measured by using a PVDF film
covering the entire surface of the structure with quadratically weighted sensitivity.
This solution being impractical, they proposed a design that approximates the desired sensor response. More recently, Guigou et al. [20] investigated another design
approach based on the modal representation of the response to estimate the volume
velocity of two-dimensional structures. Despite its ability to yield good attenuation
of the sound power associated with the strongest radiating modes, i.e., piston modes,
the sensor was found to be very sensitive to inaccuracies in shape and location.
It should be pointed out that all the above sensor design techniques are based on
the modal decomposition of the uncontrolled structural response and thus require an
accurate knowledge of the structure’s dynamic properties. In contrast, the approach
introduced in the next section strictly involves the geometry of the structure.

1.2

Discrete structural acoustic sensor: Main concepts

As mentioned above, distributed sensors such as PVDF films allow selection of particular out-of-plane velocity distributions with a certain degree of accuracy, while filtering out the remaining part of the structural out-of-plane response. This is achieved by
varying the sensitivity of the sensor over its surface. For instance, a shaped uniform
PVDF film bonded to a structure provides a constant non-zero sensitivity distribution
over its surface and a zero sensitivity distribution elsewhere. The concept is attractive due to the fact that such distributed sensors are light, inexpensive, and simple
electrical circuits can be used to measure either the charge (proportional to strain)
or the current (proportional to strain rate) developed across the material. However,
there are still difficulties in implementing such sensors, especially for two-dimensional
structures. An alternative approach that can be used to select part of the structural
vibrations is based on a discrete array of point sensors in series with an array of
analog or digital filters. In this case, the filtering process is implemented in the time
domain as opposed to being implemented in the spatial domain. Also, point sensors
can now measure out-of-plane motion which directly couples to the acoustic medium.
In this respect, when applied to acoustic sensing, they present a definite advantage
over distributed strain sensors that are sensitive only to in-plane motion.
Even though accelerometers are commonly used to provide error signals for monitoring structural motion in Active Vibration Control, very few researchers have in-
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vestigated the use of discrete point sensors in the active control of sound. This is due
in part to the potential of distributed strain sensors demonstrated in many various
investigations (see above). Furthermore, traditional accelerometers are certainly not
as attractive as the so called “smart” materials found in the family of distributed
sensors. There is, however, an intrinsic limitation to the use of distributed sensors.
When the relation between structural information and the quantity to be observed
is frequency dependent, distributed sensors cannot, in general, provide the required
frequency weighting. This is the case when estimating radiation modal amplitudes.
As discussed above, these radiation modes are frequency dependent, and the shape
of the sensor must in turn vary with frequency, which is not realizable. To remedy
this, the use of time domain filters is necessary.
The present work implements digital filters in order to estimate radiation information from discrete point structural measurements. The technique, referred to as
Discrete Structural Acoustic Sensing (DSAS), uses the relation between the structural
out-of-plane vibrations and the far-field sound pressure as defined by the Helmholtz
integral. It provides time domain estimates of the far-field pressure radiated at predetermined angles. In related work, Baumann et al. [21] have developed radiation filters
for use in state feedback approaches to map structural states to radiation states of
the system. In this approach, the structural response is decomposed in the modal
domain. Each radiation filter then provides the contribution of a given mode to the
far-field pressure radiated at a predetermined angle. Time domain simulations on
a clamped-clamped baffled beam excited by impulses showed the potential of this
approach where the acoustic radiation dynamics are implemented directly into the
controller. The present approach does not transform spatial coordinates to modal
coordinates. Instead, radiation filters directly transform the discrete spatial coordinates into far-field pressure estimates. One of the significant advantages of this
strategy lies in its low modeling requirement. It will be shown that no accurate information concerning the dynamics of the structure is required unlike most of the work
referenced above. Therefore, it is particularly well adapted for feedforward control
approaches commonly used in ASAC systems where no analytical system modeling is
necessary. Likewise, the technique has potential for application to complex systems
in cases where analytical modeling is difficult.

1.3

Scope of the work

The primary goal of this work is to develop and test Discrete Structural Acoustic
Sensing. The sensing approach should provide far-field radiation information based on
discrete structural measurements, e.g., acceleration measured at a number of points
on the structure. Even though the technique has potential for other applications,
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the main emphasis is directed towards its use in ASAC systems. In particular, the
structural acoustic sensor is to provide time domain error signals for use in time
domain control algorithms, equivalent to the use of error microphones located in the
far field. The Filtered-x LMS algorithm is considered throughout this work. Also,
the error information must be constructed over a broad frequency range to allow
broadband radiation control.
Two main types of radiating structures are considered. The first type involves
baffled planar radiators and the second type, baffled cylindrical radiators. These
two geometries represent the basis of a large class of potential ASAC systems: real
structures encountered in practical ASAC applications can often be analyzed, as a
first approximation, in terms of either one of these two simple structures.
In addition to the analytical formulation, the approach is tested through numerical simulations as well as experiments carried out on real structures. In both cases,
the sensor performance is first evaluated based on its accuracy to predict far-field
radiation information. Simulation and experimental testing on radiation control then
demonstrate the use of Discrete Structural Acoustic Sensing to provide error information in ASAC control systems.

1.4

Dissertation outline

As mentioned earlier, two geometries are considered in this work: planar and cylindrical radiators. In an effort to present a unified analysis of Discrete Structural
Acoustic Sensing for both geometries, each aspect of the sensing technique is treated
simultaneously for both systems throughout the work.
The dissertation outline is organized as follows:
Chapter 2 first presents the theoretical basis for Discrete Structural Acoustic Sensing. Using well-known results from structural acoustics [22], the Helmholtz equation
is introduced and the assumptions necessary to obtain an analytical solution to the
exterior radiation problem stated. These assumptions determine the different types
of structures for which Discrete Structural Acoustic Sensing can be applied using a
closed-form analytical formulation. As mentioned above, finite plates and cylindrical
shells are the two structures of interest in this work. After discussing the general
formulation, the sensing technique is derived successively for these two systems.
Chapter 3 discusses the practical implementation of the sensing technique. In
particular, the design of the sensor filter array is addressed, and modified sensor
transfer functions are introduced in order to reduce the complexity of the filters for
DSP implementation.
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Chapters 4 and 5 present the test structures and procedures used to validate the
sensing technique. The finite rectangular plate and cylindrical shell are modeled using
the same numerical approach which is discussed in Chapter 4 for both geometries.
Modeling issues specific to each of the geometries are then addressed. Finally, Chapter 4 gives the complete specifications of both systems in terms of dimensions and
material properties, as well as the transducers characteristics. Note that both models are based on the real structures that were tested experimentally. In Chapter 5,
the experimental setup for testing the sensor accuracy and control performance is
described for the plate and cylinder systems. This includes a description of the two
test structures and their electro-mechanical transducers, as well as the sensing and
control arrangements, and the equipment used to perform structural and acoustic
measurements.
Chapters 6 and 7 present all results related to the sensor accuracy and its control
performance, respectively. In Chapter 6, the radiation information predicted by the
sensor is compared to the actual radiated field. The discussion first addresses onedimensional cases based on analytical results in order to demonstrate the fundamental
properties of the sensor estimate. The plate and cylinder systems are then considered
successively based on both analytical and experimental results. Chapter 7 compares
the performances of control systems based on Discrete Structural Acoustic Sensing
with other sensing approaches such as the use of error microphones in the far field.
The discussion covers both analytical and experimental results obtained on the plate
and cylinder systems.
Finally, Chapter 8 summarizes the main characteristics of the sensing technique
and recalls the important conclusions of the study. The chapter also outlines a number
of directions of research for future work.

Chapter 2
Discrete Structural Acoustic
Sensing - Theoretical basis
The first step towards developing the sensing technique introduced in Chapter 1 is
to define a relation between structural information and radiated pressure that can be
implemented in practice. As mentioned previously, a practical implementation implies the use of available vibration sensors and signal processing techniques to obtain
radiated pressure estimates in real time. In this chapter, an analytical formulation
relating discrete structural acceleration and the far-field pressure estimate is derived.
This formulation constitutes the theoretical basis for Discrete Structural Acoustic
Sensing.
A complete discussion of the theory of structure-borne sound is beyond the scope of
the present analysis. It is useful, however, to present the fundamental concepts behind
the proposed formulation, in order to better understand the mechanisms of the sensing
techniques. The first section of the chapter introduces the integral formulation of the
exterior radiation problem and shows its use in solving the problem stated above.
After deriving an analytical formulation for the sound pressure radiated by a given
velocity distribution, a general scheme for estimating the pressure based on discrete
point measurements is proposed. The pressure estimate is then further discussed with
respect to real implementation. The last two sections of the chapter present analytical
expressions that are specific to the two main classes of structures considered in this
work, i.e., planar and cylindrical baffled radiators.

2.1

The exterior radiation problem

Structure-borne sound is generated by the vibration of elastic bodies, or radiators, in
contact with a fluid medium such as air. Let V represent the volume containing the
10
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Figure 2.1: Geometry of the exterior radiation problem.

fluid medium and S the surface enclosing V . For the exterior radiation problem, S is
made of one surface defining the medium boundary at infinity and a set of surfaces
defining each radiator’s boundary. For simplicity, only one radiator is considered
in the following analysis. Figure 2.1 shows the geometry of the exterior radiation
problem where a solid body radiates in the unbounded exterior fluid medium. The
surface S0 represents the radiator’s boundary and S1 , the fluid’s boundary at infinity.
The radiation problem is stated as follows: given a set of boundary conditions
specified on the enclosing surface S = S0 ∪ S1 , find the acoustic pressure generated
in the fluid contained inside the volume V . The boundary conditions on S0 are
determined from the properties of the structure/fluid interface. In the following
analysis, the radiator is assumed to have a rigid boundary in terms of the radiation
field. In other words, the surface impedance seen by the acoustic field is infinity.
Applying the continuity of normal displacements at the interface, the fluid particle
velocity normal to S0 must then equal the normal velocity of the vibrating surface.
For the exterior radiation problem, the boundary condition on the exterior surface S1
at infinity is such that no wave is reflected from the boundary.
For most applications of Active Structural Acoustic Control, the above problem
can be formulated using the assumption of linear acoustics [23]: the ambient pressure,
density, and fluid velocity are constant with respect to the space and time variables
(homogeneous quiescent medium); the acoustic disturbances result in small perturbations of the ambient field variables so that the second- and higher-order terms in
the fluid constitutive equations can be neglected.
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The Helmholtz equation

With the assumptions stated above, the acoustic pressure p(r, t) at field point r and
time t satisfies the homogeneous wave equation [23],
∇2 p(r, t) −

1 ∂p2
(r, t) = 0,
c2 ∂t2

r∈V

(2.1)

along with the boundary conditions specified on the surface S. The symbol c denotes
the wave propagation speed in the fluid and ∇2 is the Laplace operator. Note that the
above equation is general and can be applied to any coordinate systems. For instance,
in a rectangular coordinate system, the field point coordinates are r = (x, y, z) and
the Laplacian takes the form
∇2 =

∂2
∂2
∂2
+
+
∂x2 ∂y 2 ∂z 2

(2.2)

It is convenient to assume a harmonic solution for the acoustic pressure, p(r, t).
Using the complex notation, eωt , where ω is the angular frequency, the pressure is
expressed as
p(r, t) = pω (r)eωt

(2.3)

where pω (r) represents the spatial factor of the harmonic solution at frequency ω.
For simplicity, the rest of the developments will use the symbol p in place of pω
so that p(r) (without the time variable t) represents the complex amplitude of the
harmonic solution. The reason behind the choice of the e+ωt convention rather than
e−ωt will become apparent with the representation of causal filter responses. Using
the e−ωt convention would result in time delays associated with negative numbers.
Also, it should be pointed out that solving for harmonic solutions does not restrict
the radiation problem to harmonic excitation sources. Under the condition that the
Fourier transform exists, the pressure time history can be constructed by taking the
inverse Fourier transform of the harmonic solution evaluated at each frequency of
interest.
Substituting equation (2.3) in equation (2.1), the homogeneous wave equation
becomes an ordinary differential equation in the spatial coordinates,
(∇2 + k 2 )p(r) = 0,

r∈V

(2.4)

where k = ω/c represents the acoustic wave-number. The above equation is commonly
referred to as the homogeneous Helmholtz equation. Note that, in the presence of a
distributed source within the volume V , f (r, t) = f (r)eωt , an inhomogeneous term,
f (r), can be added to the right-hand term of the above Helmholtz equation.
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Two methods are available to solve for the pressure p(r) in equation (2.4) along
with the boundary conditions on S. If there exists a coordinate system suitable to
express the boundary conditions and on which the Helmholtz operator, (∇2 + k 2 ),
is separable, the solution can then be expressed in terms of the eigen-modes of the
operator (∇2 + k 2 ). This is the case when solving for the pressure inside a rigid wall
cavity with simple geometry. This method usually involves infinite series that are
difficult to implement numerically. The second method, on the other hand, expresses
the solution in terms of closed functions integrated over a surface. This method
is general and can be applied to all radiation problems of the type stated above. It
provides the general framework for Discrete Structural Acoustic Sensing. The integral
formulation constructs the pressure field due to a distributed source by summing the
effects of each elementary portion of the source and enclosing boundary. It involves
Green’s functions that relate the effect of a unit point source located within the
distributed source, or on the boundary, and the associated radiated pressure. The
first step in formulating the integral equation is to define an appropriate Green’s
function.

2.1.2

The Green’s function

Green’s functions for the Helmholtz operator are solution of the inhomogeneous
Helmholtz equation [24],
(∇2 + k 2 )G(r|r0 ) = −δ(r − r0 )

(2.5)

along with boundary conditions specified on the enclosing surface S. The inhomogeneous term, δ(r − r0 ), is the three-dimensional Dirac distribution. Physically, the
Green’s function, G(r|r0), represents the acoustic pressure at location r generated
by a unit, simple-harmonic, point source at location r0 . It takes different forms depending on the boundary conditions specified on the surface S enclosing V . For the
exterior radiation problem, the medium surrounding the radiator is unbounded, i.e.,
no reflection occurs on the surface S. The associated boundary condition is referred
to as the Sommerfeldt radiation condition. Using the e+ωt convention, it can be
expressed as


∂G
+ kG = 0, (r, r0) ∈ V
(2.6)
lim |r − r0 |
|r−r0 |→∞
∂|r − r0 |
The Green’s function satisfying equation (2.5) along with the Sommerfeldt radiation
condition is referred to as the free-space Green’s function. It takes the form [23]
g(r|r0) =

exp(k|r − r0 |)
4π|r − r0 |

(2.7)
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The lower-case symbol g is used to differentiate the free-space Green’s function from
other solutions of equation (2.5). Note that the free-space Green’s function only
depends on the distance between source and field point, |r − r0 |, and is not defined
at the source point r0 .
Other solutions to equation (2.5) can be constructed by adding to the free-space
Green’s function any solution, χ(r|r0 ), of the homogeneous Helmholtz equation, (∇2 +
k 2 )χ = 0, i.e.,
G(r|r0 ) = g(r|r0) + χ(r|r0 )

(2.8)

It should also be noted that the Green’s function verifies the reciprocity relation, i.e.,
G(r|r0 ) = G(r0 |r).

2.1.3

Integral formulation

The integral formulation is now obtained by combining the wave equations in equations (2.4) and (2.5). Multiplying equations (2.5) and (2.4) by p(r) and G(r|r0 ),
respectively, and subtracting the two resulting equations yields
G(r|r0)∇2 p(r) − p(r)∇2 G(r|r0 ) = p(r)δ(r − r0 )

(2.9)

After interchanging r and r0 , the above equation is integrated over the entire volume
V with respect to r0 as
ZZZ
ZZZ


2
2
G(r|r0 )∇ p(r0 ) − p(r0 )∇ G(r|r0 ) dV (r0 ) =
p(r0 )δ(r0 − r)dV (r0 )
V

V

(2.10)
From the property of the Dirac distribution, the integral in the right-hand term
reduces to p(r). The quantity in brackets in the left-hand term is the divergence
of the vector G∇p − p∇G where ∇ is the gradient operator. Thus the Green’s
theorem [24] can be applied to replace the left-hand term integral by a surface integral
of the component of G∇p − p∇G along the unit vector η normal to S, and pointing
outward, i.e., away from the medium enclosed in V . If the unit vector η is pointing in
the opposite direction as shown in Figure 2.1, a minus sign must appear in front of the
above quantity. Let ∂p/∂η0 and ∂G/∂η0 represent the components of ∇p and ∇G,
respectively, along η, i.e., ∂p/∂η0 = ∇p · η and ∂G/∂η0 = ∇G · η. These terms are
sometimes referred to as directional derivatives. Applying the above transformations,
equation (2.10) simplifies as

ZZ 
∂p
∂G
G(r|r0)
(r0 ) − p(r0 )
(r|r0 ) dS(r0)
(2.11)
p(r) = −
∂η0
∂η0
S
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Equation (2.11) is commonly referred to as the Kirchhoff-Helmholtz integral equation. It expresses the acoustic pressure p(r) anywhere in the volume V as the contribution from the waves radiated by, or reflected from, the radiator’s boundary, S0 ,
and from the fluid medium’s boundary, S1 . The terms involving G(r|r0) are associated with monopole type waves while the terms associated with ∂G/∂η0 (r|r0 )
are associated with dipole type waves [23]. Therefore, p(r0 ) and ∂p/∂η0 (r0 ) represent a surface distribution of monopoles and dipoles, respectively. Physically, this
means that the boundary conditions on the surface S can be replaced by a layer of
monopoles and dipoles with the appropriate amplitude distribution, as defined by
p(r0 ) and ∂p/∂η0 (r0 ), respectively.
Before introducing the methods available to solve for the pressure p(r), the
Kirchhoff-Helmholtz integral equation is further modified to deal with the exterior
radiation problem of structure-borne sound.
Since the medium is unbounded, no reflection occurs on the surface S1 and the
resulting surface integral needs only to be calculated over S0 . Substituting G(r|r0 ) in
equation (2.11) by the free-space Green’s function and replacing the surface S1 by a
sphere of infinite radius centered on S0 , it can be shown that the surface integral over
S1 is zero if the pressure verifies the Sommerfeldt radiation condition of equation (2.6).
Equation (2.11) can also be expressed in terms of structural vibration information
using the boundary conditions at the interface defined by S0 . Let w(r0 , t) = w(r0)eωt
be the harmonic solution for the radiator’s normal displacement at frequency ω.
More specifically, the normal displacement w(r0 , t) is the component of the total
displacement vector at location r0 along the unit vector η, i.e., it is positive when
oriented towards the volume V . The normal acceleration is given by
ẅ(r0 , t) =

∂2
w(r0 , t) = ẅ(r0 )eωt ,
∂t2

r0 ∈ S0

(2.12)

Note that the symbol ẅ(r0 ) denotes the harmonic factor of the second time derivative
of the normal displacement, i.e.,
ẅ(r0 ) = −ω 2 w(r0 )

(2.13)

From Euler’s equation, the pressure gradient in a given direction is expressed in terms
of the fluid particle acceleration in the same direction, i.e.,
∇p(r) = −ργ(r)

(2.14)

where γ is the particle acceleration vector and ρ is the fluid density. Let γ0 (r0 )
represent the component of the fluid particle acceleration along the unit vector η,
i.e., the particle acceleration normal to S0 . Recalling the displacement continuity at
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the fluid/solid interface, this quantity must equal the radiator normal acceleration,
ẅ(r0 ), i.e., γ0 (r0 ) = ẅ(r0 ). Therefore the pressure gradient normal to the surface S0
can be rewritten as
∂p
(r0 ) = −ργ0 (r0 ) = −ρẅ(r0 )
∂η0

(2.15)

Substituting equation (2.15) in equation (2.11) and restricting the surface integral
over the boundary surface S0 , the Kirchhoff-Helmholtz integral equation becomes

ZZ 
∂G
ρG(r|r0 )ẅ(r0 ) + p(r0 )
p(r) =
(r|r0) dS(r0 )
(2.16)
∂η0
S0
In the above formulation, p(r) represents the sound pressure radiated into an unbounded medium from a non-porous vibrating surface.

2.1.4

Solutions to the Kirchhoff-Helmholtz integral equation

The following section gives a brief overview of the different methods available to solve
for the pressure radiated by the boundary S0 as defined in the Kirchhoff-Helmholtz
integral equation.
In the rare cases where both the surface pressure and normal acceleration distributions are known over the radiator’s boundary surface, S0 , the Kirchhoff-Helmholtz
integral equation provides a direct formulation for the radiated pressure inside V . The
free-space Green’s function is then used. However, surface pressure information is often difficult to obtain experimentally, and a more tractable solution to equation (2.16)
should only involve structural information such as normal acceleration.
A possible approach is to approximate the integrand under the short and long
wavelength assumptions [22]. In the short wave-length limit, the surface pressure approaches locally the plane-wave characteristics. Therefore, the surface pressure term,
p(r0 ), in equation (2.16) can be approximated with ρcẅ0 (r0 ) (plane-wave approximation). In the long wave-length limit, the surface pressure term becomes negligible
compared to its gradient contribution in the far field. In both cases, the pressure
p(r) then becomes function of the surface normal acceleration only. For typical applications of Active Structural Acoustic Control however, these assumptions do not
always hold.
The second approach to solve equation (2.16) is based on the existence of Green’s
functions satisfying appropriate boundary conditions on the radiator’s boundary. For
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certain cases, it is possible to find an analytical solution of equation (2.5) that also
satisfies the Neumann boundary condition
∂G
(r|r0 ) = 0,
∂η 0

r ∈ S0

(2.17)

or the Dirichlet boundary condition
G(r|r0 ) = 0,

r ∈ S0

(2.18)

on the surface S0 . If such a Green’s function exist, then the surface integral in
equation (2.11) simplifies such that only the pressure field (Dirichlet Green’s function)
or its gradient (Neumann Green’s function) on S0 needs to be known to construct the
sound pressure field inside the volume V .
A third approach is available when there is no analytical Green’s function satisfying equations (2.17) or (2.18). In this case, the free-space Green’s function must
be used in equation (2.16). Assuming the surface pressure gradient is given (known
structural velocity for instance), equation (2.16) must then be solved for the surface
pressure p(r0 ). As the field point r tends towards the surface S0 , the integrand of
the surface integral becomes singular. However, it can be shown that the integral
itself remains finite and approaches the sum of its principal values plus p(r)/2. The
resulting equation can then be solved using numerical techniques. Once the surface
pressure term is known, the three-dimensional field inside V is constructed from equation (2.16). This technique is implemented in the Boundary Element Method (BEM).
It is general and can be applied to any geometry. However, solving for the surface
pressure is computationally intensive and impossible to implement in real time.
The second approach is considered in this study as it yields a pressure estimate
that can be constructed in real time with no frequency range limitation. The fundamental requirement of this approach is the existence of a Green’s function satisfying
the Neumann or the Dirichlet boundary conditions on the radiator’s surface, S0 . As
described in [22], such a Green’s function exists if the two following conditions are
satisfied:
• There exists a coordinate system such that the vibrating surface, S0 , is completely defined by specifying a single coordinate;
• The sound wave equation is separable in this coordinated system.
As explained in Sections 2.4 and 2.5, baffled planar and cylindrical radiators belong
to the class of geometries defined above.
As Discrete Structural Acoustic Sensing is based on structural measurements,
Green’s function satisfying the Neumann boundary condition are considered in order
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to cancel the surface pressure term of the Kirchhoff-Helmholtz integral. If G(r|r0 ) verifies equation (2.17), the Kirchhoff-Helmholtz formulation expressed in equation (2.16)
becomes
ZZ
p(r) = ρ
G(r|r0 )ẅ(r0 )dS(r0 )
(2.19)
S0

The above relation constitutes the basis for Discrete Structural Acoustic Sensing: it
relates structural information (out-of-plane acceleration) to radiated sound pressure.
In the remaining of this work, equation (2.19) will be referred to as the simplified
Kirchhoff-Helmholtz integral. It should be pointed out that this formulation introduces no restriction on the location of the field point, r, or the frequency, ω.
The following developments now assume the problem geometry ensures the existence of a Green’s function satisfying the Neumann boundary condition on the radiator’s surface so that equation (2.19) always holds. Given a unit point acceleration
distribution centered at location rs on the surface S0 , the resulting pressure radiated
at location r is then p(r) = ρG(r|rs ). In other words, a Green’s function satisfying the
Neumann boundary condition is obtained from the pressure radiated by a unit point
source located on the radiator’s boundary. This property is used in Sections 2.4 and
2.5 to construct the appropriate Green’s function for planar and cylindrical radiators.

2.2

Pressure estimate

For the sensing approach considered in this work, the structural vibration field is observed by means of acceleration point sensors. Therefore, the continuous acceleration
distribution, ẅ(r0 ), is known over a discrete set of spatial locations and the simplified
Kirchhoff-Helmholtz integral, as expressed in equation (2.19), becomes impractical
for real implementation. This section introduces estimates of the radiated pressure
that are based on discrete point measurements. Following the standard techniques
of discretization found in the Boundary Element Method [25], a general formulation
for estimating the surface integral is first presented. Specific implementations of the
formulation are then introduced. Section 2.3 will consider these various cases for real
implementation.

2.2.1

General formulation

The radiator’s surface, S0 , is first discretized into Ne contiguous elements. Let Sm
be the surface area of the mth element (m = 1, 2, . . . , Ne ). The simplified Kirchhoff-
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Helmholtz integral in equation (2.19) can be replaced by the sum of Ne surface integrals over the area of each element,
p(r) = ρ

Ne Z Z
X

G(r|r0 )ẅ(r0 )dS

(2.20)

Sm

m=1

Assuming the number of elements is large enough, the acceleration distribution, ẅ(r0 ),
can be approximated by using piece-wise interpolation over each element. Using α
nodes per element, the acceleration distribution over a given element is approximated
in terms of its value at the nodes and appropriate shape functions. This is expressed
as
ẅ(r0 ) ≈

α
X

N̄mi (r0 )ẅ(rmi
0 ),

(r0 , rmi
0 ) ∈ Sm

(2.21)

i=1
th
node of element m and N̄mi (r0 ) is the ith interpowhere rmi
0 is the location of the i
lation function of element m.

The above relation is now written in a local coordinate system by mapping, for
each element, the global coordinates (x, y, z) to local coordinates (ξ1 , ξ2 , η) where ξ1
and ξ1 are curvilinear coordinates defining the plane of the element and η is in the
direction of the normal to that plane. For the mth element, the global coordinates
are related to the local coordinates by the following relations,
x = xm (ξ1, ξ2 )
y = ym (ξ1 , ξ2)
z = zm (ξ1 , ξ2 )

(2.22)

Figure 2.2 shows a triangular curved element with 6 nodes along with the global and
local coordinate systems.
In the local coordinate system of element m, the area differential dS can be expressed in terms of the elements of the Jacobian transformation matrix for this element [25],
dS = Jm (ξ1 , ξ2 )dξ1dξ2

(2.23)

where Jm (ξ1 , ξ2 ) is given by
q
Jm (ξ1 , ξ2) =

2
2
2
g1,m
+ g2,m
+ g3,m

(2.24)
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Figure 2.2: Triangular curved element.

and


∂ym ∂zm ∂ym ∂zm
=
−
∂ξ1 ∂ξ2
∂ξ2 ∂ξ1


∂zm ∂xm ∂xm ∂zm
=
−
∂ξ1 ∂ξ2
∂ξ1 ∂ξ3


∂xm ∂ym ∂ym ∂xm
=
−
∂ξ1 ∂ξ2
∂ξ1 ∂ξ2


g1,m
g2,m
g3,m

(2.25)

The surface integral over each element in the global coordinate system now becomes
in the local coordinate system,
ZZ
ZZ
dS =
Jm (ξ1 , ξ2 )dξ1 dξ2
(2.26)
Sm

Sm,ξ

where the symbol Sm,ξ is used to denote the domain of integration in the local coordinate system. For the mth element, the acceleration distribution becomes a function
of (ξ1 , ξ2 ) given by
ẅm (ξ1 , ξ2 ) = ẅ(xm (ξ1 , ξ2), ym (ξ1 , ξ2 ), zm (ξ1 , ξ2 ))

(2.27)

Similarly, the Green’s function, G(r|r0 ), is expressed for the mth element in terms of
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the local coordinates, (ξ1 , ξ2), as
Gm (r|ξ1 , ξ2) = G(r|xm (ξ1 , ξ2 ), ym(ξ1 , ξ2 ), zm (ξ1 , ξ2))

(2.28)

Choosing the same local interpolation functions for each element, the acceleration is
approximated in the local coordinates as
ẅm (ξ1, ξ2 ) ≈

α
X

Ni (ξ1 , ξ2 )ẅmi

(2.29)

i=1

where ẅmi is the acceleration evaluated at the ith node of the current element, m,
and Ni (ξ1 , ξ2 ) is the ith interpolation function.
Using the above relations, the surface integral given in equation (2.20) is now
written in terms of functions expressed in the local coordinate system of each element,
p(r) = ρ

Ne Z Z
X

Gm (r|ξ1, ξ2 )ẅm (ξ1 , ξ2 )Jm (ξ1, ξ2 )dξ1 dξ2

(2.30)

Sm,ξ

m=1

Substituting the approximate expression for the acceleration (equation (2.29)) and
removing the sum operator from under the integral sign, the pressure estimate, pd (r),
takes the form
pd (r) = ρ

Ne X
α
X

ZZ
ẅmi

m=1 i=1

Gm (r|ξ1 , ξ2)Ni (ξ1 , ξ2)Jm (ξ1 , ξ2 )dξ1dξ2

(2.31)

Sm,ξ

The amplitudes, ẅmi , corresponding to nodes that are common to several adjacent
elements can be put in factor to replace the double summation over the acceleration
amplitudes by a single summation. Let Nn be the total number of nodes and Ne(j) ,
the number of elements connected to node j (j = 1, 2, . . . , Nn ). Equation (2.31) is
rearranged as
pd (r) =

Nn
X

ẅj Hj (r)

(2.32)

j=1

where the j th node influence function is expressed as
X ZZ

Ne(j)

Hj (r) = ρ

β=1

Gm(β,j) (r|ξ1 , ξ2 )Ni(β,j) (ξ1 , ξ2)Jm(β,j) (ξ1 , ξ2)dξ1 dξ2

(2.33)

Sm(β,j),ξ

The indexes m(β, j) and i(β, j) refer to the β th element connected to node j, and the
node index of the same element, respectively.
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Figure 2.3: Discretization of the radiating surface.

Equation (2.32) constitutes the basis for implementing Discrete Structural Acoustic Sensing in practice. It expresses the radiated pressure in terms of a finite number
of acceleration amplitudes measured on the radiator’s surface and multiplied by predefined influence functions.
A fundamental characteristic of the pressure estimate derived above needs to be
stressed. The influence functions, Hj (r), are independent of the structural vibration
field. Their only dependence is the fluid characteristics, the radiator’s geometry and
the sensor arrangement in terms of discretization. Assuming the level of discretization
is sufficient, the pressure estimate is then obtained for any acceleration distribution.
As in the Boundary Element Method, several types of discretization strategies
are available based on the number of elements used, their geometry, and the type of
interpolation functions. The most common boundary elements use triangular or rectangular geometries along with constant (zero-order elements), linear (first-order elements), or quadratic (second-order elements) interpolation functions [25]. Figure 2.3
shows an example of surface discretization using zero-order rectangular elements (left
plot), and first-order and second-order triangular elements (middle and right plot, respectively). Note that the constant elements require a single node per element, while
the linear and quadratic elements require 3 and 6 nodes per element, respectively.
Also, in cases where the displacement is known to be zero along the radiator’s edges,
the nodes of linear and quadratic elements which are located on these edges can be
disregarded. The acceleration then needs only to be measured at nodes inside the
radiating surface.
The following section further discusses the piece-wise constant interpolation which
is the type chosen for use in Discrete Structural Acoustic Sensing.
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Piece-wise constant interpolation

In the case of piece-wise constant interpolation based on zero-order elements, the
approximate expression for the acceleration distribution over an element in equation (2.29) simplifies as
ẅm (ξ1 , ξ2) = ẅm

(2.34)

In other words, each element has only one node, usually located at its center, and
the acceleration distribution is assumed constant and equal to the acceleration evaluated at the node. This is the most simple form of interpolation. Substituting
equation (2.34) in equation (2.30), the pressure estimate becomes
pd (r) = ρ

Ne
X

ZZ
ẅm

Gm (r|ξ1, ξ2 )Jm (ξ1 , ξ2 )dξ1 dξ2

(2.35)

Sm,ξ

m=1

The above zero-order pressure estimate can be further simplified by assuming the
Green’s function is constant over each element. This yields the following pressure
estimate
pd (r) = ρ

Ne
X

ẅm Gm (r|ξ¯1 , ξ̄2)Jm (ξ¯1 , ξ¯2 )Sm

(2.36)

m=1

where (ξ¯1 , ξ¯2 ) are the local coordinates of the element’s center node. Note that equation (2.36) could also be obtained by applying the piece-wise constant interpolation
to the whole integrand of each integral in equation (2.20) rather than the acceleration
term only.
In the global coordinate system, the two above equations become respectively,
pd (r) = ρ

Ne
X

ZZ
ẅm

m=1

G(r|x, y, z)dS

(2.37)

Sm

and
pd (r) = ρ

Ne
X

ẅm G(r|xm , ym , zm )Sm

(2.38)

m=1

where (xm , ym , zm ) represents the coordinates of the center of element m.
Equation (2.37) expresses the pressure estimate as the pressure radiated by Ne
pistons vibrating with acceleration ẅm along the normal direction at the center point.
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Similarly, equation (2.38) expresses the pressure estimate as the pressure radiated by
Ne monopole sources with volume acceleration Sm ẅm . The two formulations will be
referred to as the “piston” and the “monopole” approximation, respectively.
Note that these two approximations can be extended to the general case of arbitrary geometries. In this case, no analytical solution exists for the Green’s function
satisfying the Neumann boundary condition. However, the pressure radiated from
a monopole or piston source located on the radiating surface and vibrating with a
unit amplitude can be found numerically using the Boundary Element Method. The
pressure estimate is then obtained by summing the contribution of each monopole or
piston source weighted by the structural acceleration. This is expressed as
pd (r) =

Ne
X

ẅm pm (r)

(2.39)

m=1

where pm (r) represents the sound pressure radiated at location r from a piston or
monopole source centered on the radiating surface at (xm , ym , zm ) and vibrating with
a unit amplitude.
Before further discussing the piston and monopole approximations, an alternative
approach to the discretization based on the Boundary Element Method should be
mentioned. Rather than discretizing the radiating surface and performing a piecewise interpolation over each element, the pressure estimate can also be expressed by
using a global interpolation over the entire radiating surface. Using N interpolation
functions, the acceleration distribution is then written as
ẅ(r0 ) ≈

N
X

N̄m (r0 )ẅ(rm
0 ),

(r0 , rm
0 ) ∈ S0

(2.40)

m=1

Substituting equation (2.40) in equation (2.19), the pressure estimate is expressed as
pd (r) = ρ

Ne
X
m=1

ZZ
ẅ(rm
0 )

G(r|x, y, z)N̄m (r0 )dS

(2.41)

Sm

The above formulation has advantages over the piece-wise interpolation approach in
cases where the acceleration distribution can be expressed as a modal decomposition
of some known eigen-functions. The interpolation functions are then defined in terms
of these eigen-functions. This approach was investigated in analytical work by Baumann et al. [21]. It is not considered in the present work as it makes the sensor design
system dependent in terms of the boundary conditions.
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Practical considerations

This section introduces the practical implementation of the pressure estimate defined
in equation (2.32). Introducing the time dependence, equation (2.32) is written as
ωt

pd (r, t) = pd (r)e

=

Nn
X

ẅ(rj0 , t)Hj (r)

(2.42)

j=1

where ẅ(rj0 , t) = ẅ(rj0 )eωt is the harmonic time varying out-of-plane acceleration at
frequency ω and location rj0 . The influence functions Hj (r) are frequency dependent
and will be referred to as the sensor transfer functions (strictly speaking, Hj (r) represent frequency response functions, the term “transfer function” will be used in the
remaining of this work for simplicity). The multiplication in the frequency domain
becomes a convolution in the time domain. In other words, the pressure estimate can
be obtained in real time by passing the measured acceleration signals through filters
that model each transfer function Hj (r). The acceleration signals are provided by
accelerometers located at points rj0 on the structure (j = 1, 2, . . . , Nn ). Note that the
real time estimate requires the sensor transfer functions to be causal so that it can be
modeled by realizable filters. It should be clear, however, that this requirement is always satisfied since the Green’s function G(r|r0) represents a causal relation between
source and field point, i.e., the acoustic propagation time delay is always positive.
To illustrate the concepts introduced so far, an example of sensor based on Discrete
Structural Acoustic Sensing is shown schematically in Figure 2.4. The sensor is made
of three accelerometers whose outputs are passed through a set of two filter arrays.
The sum of the outputs of each filter array provides a pressure estimate at a fixed
location in the far field.
Some important concepts relevant to the approach presented above are now discussed. The sensing procedure yields a time domain estimate of the radiated pressure
at location r. Provided a Green’s function satisfying the Neumann’s boundary condition on the radiator’s surface exists, the radiated pressure can be estimated anywhere
in the surrounding medium using the above formulation. In the case of arbitrary
geometries, the sensor transfer functions can be obtained numerically by considering
piston or monopole sources with unit strength and solving for the radiated pressure
using a BEM approach (see equation (2.39)). In both cases, the number of spatial
measurement points required to reach a given level of accuracy will be much greater
in the near-field than in the far-field region. Small local perturbations of the radiators such as discontinuities will greatly affect the near-field pressure while canceling
in the far field. Thus, a near-field pressure estimate requires the sensor to observe the
structural motion at a much finer spatial level. For noise control application however,
it is desirable to cancel the radiated sound in the far field where it usually becomes
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Figure 2.4: Discrete Structural Acoustic Sensing - General schematic.

offending to the environment. Therefore, error sensors providing far-field information
rather than near-field information are needed. Note that globally canceling the nearfield pressure would obviously also cancel the far-field pressure. However, it involves
a much higher level of complexity in the control system and it is more efficient to
control the radiated pressure based on far-field information. For example, global radiation control might require the minimization of the far-field pressure at one location
in the far field versus 4 or 5 locations in the near field. For the reasons stated above,
the remaining of this work concentrates on estimating the radiated sound pressure in
the far field only. This assumption greatly simplifies the sensing procedure. First, the
number of measurement points needed to observe the structural motion is reduced,
as explained above. Second, it is possible to modify the sensor transfer functions so
as to simplify their modeling for practical implementation.
In the far field, the pressure field satisfies three main properties [22]: along a radial
direction, the pressure magnitude decreases as the field point moves away from the
source with a spherical spreading loss factor of R−1 ; the dependence of the pressure
amplitude on the radiation angle does not vary with R; and finally, the specific
acoustic impedance equals the characteristic plane-wave impedance, ρc. It can be
shown that the first two properties are satisfied when a/R  1 and ka2 /R  1,
where R is the field point radius, k the acoustic wave-number, and a the source’s
characteristic dimension. The last property is satisfied when the additional constraint,
kR  1, is added to the two previous ones.
Applying the above properties to the general solution of the homogeneous
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Helmholtz equation (equation (2.4)) expressed in spherical coordinates and restricted
to outward traveling harmonic waves, the pressure in the far field takes the general
form
p(R, θ, φ, t) =

A
d(θ, φ)e−kReωt
R

(2.43)

where A is a constant complex amplitude, and d(θ, φ), a complex directivity factor
independent of the field point radius, R. Note that the above expression can be
derived since the wave equation associated with the free exterior radiation problem is
separable in the spherical coordinate system centered on the radiator, i.e., the solution
is written as p(R, θ, φ) = R(R)d(θ, φ)eωt .
From equation (2.43), the pressure at field point (R + ∆R, θ, φ) can be expressed
in terms of the pressure at point (R, θ, φ) as
p(R + ∆R, θ, φ, t) =

R
p(R, θ, φ, t − ∆R/c)
R + ∆R

(2.44)

Two obvious consequences arise from the above equation. First, canceling the pressure
amplitude at location (R, θ, φ) and time t − τ is equivalent to canceling the pressure
at location (R + cτ, θ, φ) and time t. Second, if p(R, θ, φ, t) = 0 at all time, i.e.,
p(R, θ, φ) = 0, then p(R + ∆R, θ, φ, t) = 0, i.e., p(R + ∆R, θ, φ) = 0. In other words,
canceling the pressure amplitude at one far-field location along a given radial direction
will yield cancellation anywhere along this direction, as long as both locations remain
in the far field.
Therefore, error signals based on far-field pressure at a given location can be
shifted in time without loss of performance for the control system. Mathematically,
this is equivalent to multiplying the error signal complex amplitude by a linear phase
term e−jωτ where τ represents a constant delay. It should also be obvious that the
error signals can be multiplied by a constant real factor without affecting the control
system. Applying the above discussion to Discrete Structural Acoustic Sensing, the
pressure estimate pd (r, t) can be replaced in the control system by a modified pressure
estimate,
p̄d (r, t) = αpd (r, t − τ )

(2.45)

where α is a real normalization constant and τ is the constant time delay introduced
by the linear phase term e−jωτ . The modified pressure estimate in equation (2.45)
results in simplified sensor transfer functions and thus allows better filter modeling.
This aspect of the sensing technique is discussed in details in Chapter 3.
Discrete Structural Acoustic Sensing is now specialized to the two main systems
considered in this work, i.e., planar and cylindrical radiators.
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Planar radiators

The exterior radiation problem is now restricted to the case of baffled planar geometries. A closed-form expression for the Green’s function associated with baffle
planar radiators is first derived. It is used to introduce the Rayleigh’s integral along
with an equivalent expression based on the wave-number transform of the acceleration distribution. Several pressure estimates are then discussed based on the general
approximation technique given in Section 2.2. The section ends with an analysis of
some fundamental properties related to the accuracy of the pressure estimate.

2.4.1

Green’s function for baffled planar geometries

Recalling the discussion of Section 2.1.4, a direct analytical relation between structural out-of-plane acceleration and radiated pressure presupposes the existence of a
Green’s function whose normal derivative cancels on the radiating surface (Neumann
boundary conditions). Such a Green’s function exists for planar radiators in the presence of an infinite rigid baffle. Consider the rectangular coordinate system (x, y, z)
shown in Figure 2.5. The radiator’s plane is defined by specifying a single coordinate,
z = 0, and the sound wave equation (equation (2.4)) is separable along the x, y, and
z directions. Thus, the assumption of an infinite baffle ensures the existence of a
Green’s function satisfying the Neumann boundary conditions.
The appropriate Green’s function is constructed from the pressure radiated by a
unit point source located on an infinite rigid plane. The method of images is useful in
this case. Let the infinite plane be defined in a rectangular coordinate system by the
equation z = z0 where z0 is a constant coordinate. This plane is shown in Figure 2.5
with z0 = 0. Consider a unit point source located at point r1 = (x1 , y1 , z1 ) with
z1 > z0 . In an unbounded medium, i.e., with no rigid baffle, the resulting pressure at
point r = (x, y, z) is equal to ρg(r|r1) where g(r|r1) is the free-space Green’s function
(equation (2.7)). With the introduction of the rigid plane at z = z0 , the pressure can
be constructed by replacing the rigid infinite plane with a second point source at point
r01 = (x1 , y1 , 2z0 − z1 ). It can be verified that the resulting pressure field, sum of the
real source at r1 and the image source at r01 , exhibits a zero gradient on the boundary,
in the direction normal to the plane z = z0 . Therefore, the Green’s function satisfying
the Neumann boundary condition on the z = z0 plane is the contribution of the two
unit point sources radiating in an unbounded medium. It can be expressed in terms
of the free-space Green’s function as
G(x1 , y1, z1 |r) = g(x1 , y1 , z1 |r) + g(x1 , y1 , 2z0 − z1 |r)

(2.46)
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Figure 2.5: Geometry of the planar radiator.

The above solution is specialized to the case where the point source is located on the
rigid plane by substituting z1 = z0 in equation (2.46), i.e.,
G(x1 , y1, z0 |r) = 2g(x1, y1 , z0 |r)

(2.47)

Finally, taking r0 = (x0 , y0, z0 ) as the source point located on the rigid plane, z = z0 ,
the associated Green’s function satisfying the Neumann boundary condition on the
plane is expressed as
G(r0 |r) = 2g(r0|r) =

2.4.2

exp(−k|r − r0 |)
2π|r − r0 |

(2.48)

Far-field radiated pressure

Substituting equation (2.48) in the simplified Kirchhoff-Helmholtz integral (equation (2.19)), the pressure radiated by a planar radiator mounted in an infinite baffle
becomes
ZZ
ρ
exp(−k|r − r0 |)
p(r) =
dS
(2.49)
ẅ(r0 )
2π
|r − r0 |
S0
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A simplified expression is obtained in the far field where the distance between the
field point, r, and the center of the radiator is large compared to the characteristic
dimension of the radiator. Taking the origin of the coordinate system near the center
of the radiator, the distance |r − r0 | in the denominator of the Green’s function can
be approximated by R = |r|. The resulting equation is referred to as the Rayleigh’s
integral,
ZZ
ρ
ẅ(r0 ) exp(−k|r − r0 |)dS
(2.50)
p(r) =
2πR
S0

The integral in equation (2.50) usually cannot be solved analytically and must
therefore be evaluated numerically. An analytical solution valid in the far field is
obtained by approximating the distance |r − r0 | with its first order Taylor expansion.
The resulting expression which can also be expressed as the wave-number transform of
the out-of-plane acceleration distribution, will provide a convenient form for studying
the properties of the sensor estimate. Taking the coordinate system (x, y, z) such that
its origin lies at the center of the radiator and the x-y plane coincides with the plane
of the radiator, the distance |r − r0 | is expressed in terms of the source and field point
coordinates, r0 = (x0 , y0 ) and r = (x, y, z), respectively, as
(1/2)

|r − r0 | = (x − x0 )2 + (y − y0 )2 + z 2

(2.51)

Expressing r in spherical coordinates (R, θ, φ) where
x = R sin θ cos φ
y = R sin θ sin φ
z = R cos θ

(2.52)
(2.53)
(2.54)

equation (2.51) becomes after manipulation


 x2 + y 2
y0
|r − r0 | = R 1 − 2
sin θ cos φ + sin θ sin φ + 0 2 0
R
R
R
x

0

(1/2)
(2.55)

For large values of R compared to x0 and y0 , the second order terms
√can be neglected
and the square root replaced by its first order Taylor expansion ( 1 + ε = 1 + 12 ε),
i.e., after simplification
|r − r0 | ≈ R − x0 sin θ cos φ − y0 sin θ sin φ

(2.56)

Substituting equation (2.56) in equation (2.50) yields a simplified expression for the
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Rayleigh’s integral,
ρe−kR
p(R, θ, φ) =
2πR

ZZ
ẅ(x0 , y0 ) exp(k(x0 sin θ cos φ + y0 sin θ sin φ))dS

(2.57)

S0

The solution in equation (2.57) is now expressed in terms of the structural acceleration wave-number transform. Using rectangular coordinates, the spatial response of
a two-dimensional planar source is represented in the wave-number domain in terms
of its acceleration distribution ẅ(x, y) and the components kx and ky of the structural
wave-number in the x and y direction, respectively. This is expressed as
Z Z +∞
˜
ẅ(x, y)e(kx x+ky y) dx dy
(2.58)
ẅ(kx , ky ) =
−∞

˜ x , ky ) represents the wave-number transform of the acceleration
where the symbol ẅ(k
distribution, ẅ(x, y). Note that the above integral is equivalent to a two-dimensional
Fourier transform. In the case of a finite rectangular radiator with surface area S0
located in an infinite rigid baffle, equation (2.58) simplifies to
ZZ
˜
ẅ(kx , ky ) =
ẅ(x, y)e(kx x+ky y) dx dy
(2.59)
S0

Comparing equations (2.59) and (2.57), the far-field pressure can now be expressed
in terms of the wave-number transform of the acceleration distribution as
p(R, θ, φ) =

ρe−kR ˜
ẅ(kx , ky )
2πR

(2.60)

where the structural wave-number in the x and y directions are defined by
kx = k sin θ cos φ
ky = k sin θ sin φ

(2.61)

It should be noted that the same formulation can be obtained through the transform technique which solves the wave equation in the wave-number domain and
then approximates the inverse wave-number transform with the method of stationary
phase [22]. This method is applied to the case of cylindrical radiators in Appendix E.
Equations (2.60) and (2.61) show the fundamental relation between far-field radiated pressure and structural wave-number information: the far-field acoustic energy radiated in the direction defined by θ and φ is determined solely by the single
structural wave-number component evaluated at wave-numbers (kx , ky ) defined in
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equation (2.61). These values of kx and ky satisfy the inequality
(kx2 + ky2 )1/2 ≤ k

(2.62)

Equation (2.62) defines the supersonic region of the wave-number domain. This region
is associated with the radiating components of the structural vibration [26]. The
wave-number components outside the supersonic region, also referred to as subsonic
wave-numbers, only contribute to near-field radiation.
With respect to sensor design, the existence of a supersonic region clearly motivates the use of a wave-number domain sensor in far-field radiation control [14]. A sensor that evaluates wave-number components at prescribed supersonic wave-numbers,
kx and ky , defined in equation (2.61) can effectively replace an error microphone located in the far field at angles θ and φ. Such a sensor is referred to as a structural
wave-number domain sensor.
The above conclusions are consistent with the properties of the time domain farfield error information discussed in Section 2.3. Introducing the time dependence,
˜ x , ky , t) becomes in terms of
eωt in equation (2.60), the wave-number component ẅ(k
the far-field pressure
˜ x , ky , t) = 2πR p(r, θ, φ, t + R/c)
ẅ(k
ρ

(2.63)

In other words, the supersonic wave-number component associated with the direction
(θ, φ) is proportional to a time-shifted version of the far-field pressure in the same
direction. Therefore, it can be used as an error signal to achieve far-field radiation
control in a given direction.

2.4.3

Sensor estimate

The three formulations for the radiated pressure given in the previous section, i.e.,
the simplified Kirchhoff-Helmholtz integral (equation (2.49)), the Rayleigh’s integral (equation (2.50)), and the equivalent wave-number transform formulation (equation (2.60)), can be estimated using the general scheme presented in Section 2.2.
Rather than re-writing the expressions of Section 2.2 in the case of arbitrary elements,
this section only presents pressure estimates based on zero-order approximations. An
analytical study on one-dimensional distributions will show that higher-order elements do not yield significant performance improvements for the systems considered
in this work (see Chapter 6).
Recalling equation (2.42), the pressure estimate for planar radiators is expressed
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as
pd (R, θ, φ, t) =

Nn
X

m
ẅ(xm
0 , y0 , t)Hm (R, θ, φ)

(2.64)

m=1
m
th
where Nn is the total number of nodes and (xm
0 , y0 ) denotes the coordinates of the m
node. In the case of zero-order elements, each node is associated with only one element
and the pressure estimate takes the general forms introduced in equations (2.37) and
(2.38) corresponding to the piston and the monopole approximation, respectively.
The sensor transfer functions, Hm (R, θ, φ) (m = 1, 2, . . . , Nn ), take the following
forms depending on the radiated pressure formulation:

• simplified Kirchhoff-Helmholtz integral
ZZ
ρ
exp(−k|r − r0 |)
dx dy
Hm (R, θ, φ) =
2π
|r − r0 |
Sm

Hm (R, θ, φ) =
• Rayleigh’s integral
ρ
Hm (R, θ, φ) =
2πR

Hm (R, θ, φ) =
• wave-number transform
ρe−kR
Hm (R, θ, φ) =
2πR

ρ exp(−k|r − rm
0 |)
Sm
m
2π
|r − r0 |

(2.65)

(2.66)

ZZ
exp(−k|r − r0 |) dx dy

(2.67)

Sm

ρ
exp(−k|r − rm
0 |) Sm
2πR

(2.68)

ZZ
exp((kx sin θ cos φ + ky sin θ sin φ)) dx dy
Sm

(2.69)

Hm (R, θ, φ) =

ρe−kR
exp((kxm sin θ cos φ + kym sin θ sin φ)) Sm
2πR

(2.70)

For each of the three above formulations, the first expression corresponds to the
piston approximation (equation (2.37)) and the second expression, to the monopole
approximation (equation (2.38)).
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The first class of transfer functions based on the simplified Kirchhoff-Helmholtz
integral provides pressure estimates at any location in the radiating field. Again, it
should be noted however that near-field estimates require a much higher number of
point measurements. The second and third class of transfer functions associated with
the Rayleigh’s integral and wave-number transform formulations, respectively, both
provide far-field pressure estimates and become equivalent as the radius R increases.
For the remaining part of this work, all pressure estimates are based on the wavenumber transform formulation.
It should be pointed out that in all three above cases, the piston and monopole
approximations become equivalent as the term under the integral remains constant
over each element’s surface area, Sm . This condition is verified when ka  1 where
a is the characteristic dimension of Sm , and |r|  |r0 |, i.e., R/a  1. The limiting
value for ka and R/a decreases and increases, respectively, as the angle θ increases.
In other words, monopole and piston approximations yield different results as the
direction of observation moves away from the normal to the radiator.
The last class of sensor transfer functions given in equation (2.70) is associated
with the monopole approximation of the structural wave-number transform. Substituting equation (2.70) in equation (2.64), the resulting estimate is expressed as
pd (R, θ, φ, t) =

ρe−kR ˜
ẅd (k sin θ cos φ, k sin θ sin φ)
2πR

(2.71)

where
ẅ˜d (kx , ky ) =

Nn
X

m
(kx xm +ky ym )
Sm ẅ(xm
0 , y0 , t)e

(2.72)

m=1

The expression in equation (2.72) represents the discrete wave-number transform estimate analogous to the two-dimensional discrete Fourier transform. The next section
uses the analogy to discuss some fundamental properties of the sensor estimate.

2.4.4

Properties of the wave-number based sensor estimate

This section outlines some of the mechanisms involved in the sensor estimate based
on the discrete wave-number transform, as expressed in equation (2.72). For clarity,
the analysis is restricted to one-dimensional distributions. The same developments
are easily extended to the two-dimensional case.
Consider the one-dimensional spatial distribution, f (x), and its wave-number
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˜
transform, f(γ),
defined as
Z
f˜(γ) =

+∞

f (x)eγx dx

(2.73)

−∞

Note that in cases where f (x) is real and symmetric with respect to x = 0, i.e.,
f (−x) = f (x), then its wave-number transform, f˜(γ), is purely real and symmetric
with respect to γ = 0, i.e., f˜(−γ) = f˜(γ). Similarly, if f (x) is real and anti-symmetric
with respect to x = 0, i.e., f (−x) = −f (x), then its wave-number transform is purely
imaginary and anti-symmetric with respect to γ = 0, i.e., f˜(−γ) = −f˜(γ). The above
properties are useful when studying the wave-number transform of structural mode
shapes that are symmetric or anti-symmetric with respect to x = 0.
When dealing with real structures, the distribution f (x) is non-zero over a finite
length interval, e.g., f (x) = 0 for x < −L and x > +L where L is half the length of
the interval. In this case, the wave-number transform, f˜(γ), can be approximated
according to the monopole approximation given in equation (2.72). Specializing
equation (2.72) to one-dimensional systems, the N-point discrete estimate, f˜N (γ),
is expressed as
f˜N (γ) =

N
−1
X

∆xm f (xm )eγxm

(2.74)

m=0

In the above expression, the spatial distribution is evaluated along the x axis at N
locations xm (m = 0, 1, . . . , N − 1). The weighting factors ∆xm represent the spacing
between each sample point. For equally spaced sample points, the factors ∆xm are
constant and equal to the sample period, ∆x. The sample point coordinates can then
be written as
xm = −L + x̄ + m∆x,

m = 0, 1, . . . , N − 1

(2.75)

where x̄ determines the location of the first sample point. Substituting equation (2.75)
in equation (2.74), the N-point discrete estimate becomes
f˜N (γ) = e−γ(L−x̄) ∆x

N
−1
X

f (−L + x̄ + m∆x)eγm∆x

(2.76)

m=0

The general expression of the discrete estimate given in equation (2.74) and its special form based on regular sampling in equation (2.76) are referred to as the discrete
wave-number transform by analogy to the discrete Fourier transform. Note that the
two discrete transforms are not completely equivalent. In particular, the discrete
Fourier transform, by definition, maps a discrete time domain sequence into a dis-
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crete frequency domain sequence [27]. On the other hand, the discrete wave-number
transform maps a discrete sequence into a continuous function of the variable γ. Also,
it should be pointed out that the discrete Fourier transform is usually computed to
estimate the frequency content of a continuous signal infinite in time. Working on
a finite length sample sequence introduces errors in the estimate, and time domain
smoothing windows are implemented to reduce these errors. On the other hand, the
discrete wave-number transform estimates the wave-number content of a continuous
finite length distribution. Therefore, introducing a smoothing window in the discrete
wave-number transform does not improve the accuracy of the estimate. Note that the
above discussion only applies to planar structures mounted in an infinite baffle such
that the far-field radiated pressure can be expressed in terms of the wave-number
transform of the out-of-plane structural motion.
As derived in Appendix G, the discrete wave-number transform can be written
as the convolution product of the continuous wave-number transform with a spectral
window depending solely on the sensor arrangement. This is expressed as
Z +∞
˜
˜ 0 )δ̃N (γ − γ 0 )dγ 0
˜
(2.77)
f(γ
fN (γ) = f(γ) ∗ δ̃N (γ) =
−∞

For regular sampling, the spectral window, δ̃N (γ), takes the form
δ̃N (γ) = eγ(L−x̄)

+∞
X

δ(γ − mKs )

(2.78)

m=−∞

where Ks = 2π/∆x represents the spatial sampling frequency. Substituting equation (2.78) in equation (2.77), the discrete wave-number transform is written as
f˜N (γ) =

+∞
X

f˜(γ − mKs )eγ(L−x̄)

(2.79)

m=−∞

Note that the exponential term in the above equation reduces to (−1)mN for sample
points centered in the interval [−L, +L], i.e., x̄ = ∆x/2.
The discrete wave-number transform as given in equation (2.79) is constructed
by summing the continuous wave-number spectrum multiplied by a unit factor and
shifted on the wave-number axis by mKs where m is an integer from −∞ to +∞. As
the number of sample points increases, the sampling wave-number Ks tends towards
infinity and f˜N (γ) tends towards f˜(γ). In cases where Ks is finite and f˜(γ − mKs ),
˜
|m| > 1, presents a large magnitude relative to f(γ),
the discrete wave-number trans˜
form, fN (γ), varies significantly from the true wave-number transform, f˜(γ). This
phenomenon is commonly referred to as aliasing. Unless the continuous wave-number
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transform has zero amplitude above and below the Nyquist wave-numbers ±Ks /2,
these aliasing errors affect the accuracy of the wave-number component estimate. The
wave-number transform of finite length distributions extends from −∞ to +∞. In
this case, aliasing occurs no matter how large Ks is. However, it is greatly reduced
when the Nyquist wave-number is above the main components of the wave-number
spectrum. It is therefore important to know a priori the shape of the continuous
wave-number transform so as to be able to determine in case of regular sampling the
appropriate number of point sensors. This value should be such that the Nyquist
wave-number is large enough compared to the wave-number content of the spatial
distribution. Note that elastic structures act as low pass wave-number filters at low
frequencies. Consequently, the wave-number content of the spatial distribution becomes negligible above a certain wave-number.
The above analysis is valid for the case of discrete wave-number transforms, i.e.,
for sensor estimates based on the monopole approximation of the structural wavenumber transform (see equation (2.72)). For higher-order approximations such as the
piston approximation, the spectral window δ̃(γ) is no longer expressed as an infinite
summation of Dirac distributions and the relation in equation (2.79) no longer holds.
However, large amplitudes at wave-numbers far away removed from γ = 0 can be
expected in δ̃N (γ) so that similar tendencies are observed. Consequently, the Nyquist
wave-number should always be above the main content of the wave-number spectrum.
One method that has been investigated to reduce aliasing errors is the use of nonregular sampling [28]. In this case, the spectral window is no longer periodic. By
appropriately choosing the sampling locations, it is possible to spread out the first
main peak of the spectral window such as to reduce aliasing errors. This approach is
briefly investigated in Chapter 6 on one-dimensional distributions.

2.5

Cylindrical radiators

The second class of radiators considered in this work involves baffled cylindrical geometries. As mentioned in Section 2.1.4, the pressure radiated from baffled cylindrical
structures can be expressed using the simplified Kirchhoff-Helmholtz integral and the
appropriate Green’s function. This section derives closed-form expressions for the
pressure estimate based on discrete acceleration point measurements. The outline
of the following derivations follows that of Section 2.4. A closed-form expression for
the appropriate Green’s function valid in the far field is first derived. The far-field
radiated pressure is then constructed using the simplified Kirchhoff-Helmholtz integral. Finally, two formulations for the pressure estimate are introduced based on
the monopole and piston approximations as defined in Section 2.2.2. Due to the
increased complexity of the cylindrical geometry, only the main results are included
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Figure 2.6: Geometry of the cylindrical radiator.

in this section for clarity. The reader should refer to Appendix E for the complete
derivations.

2.5.1

Green’s function for baffled cylindrical radiators

The two conditions for the existence of an analytical Green’s function whose normal
derivative cancels on the radiator’s surface require that the radiator’s surface be
completely defined by specifying a single coordinate and that the wave equation be
separable in the associated coordinate system [22]. Consider the vibrating cylinder
shown in Figure 2.6 along with the cylindrical coordinate system (r, φ, z). The z axis
coincides with the cylinder’s axis. The cylinder’s surface together with the infinite
baffle on each side is specified by setting the radial coordinate equal to the cylinder
radius, i.e., r = a. Moreover, the wave equation of equation (2.4) can be separated
along the three cylindrical coordinates (see for instance [23]). Therefore a Green’s
function satisfying the Neumann boundary condition (equation (2.17)) exists.
With the above assumption, the radiated pressure due to an arbitrary acceleration distribution ẅ(φ, z) is given by the simplified Kirchhoff-Helmholtz integral (equation (2.19)) as
Z 2π Z +∞
G(r, φ, z|r = a, φ0 , z 0 )ẅ(φ0 , z 0 )a dφ 0 dz 0
(2.80)
p(r, φ, z) = ρ
0

−∞
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where G(r, φ, z|r = a, φ0 , z 0 ) represents the Green’s function to solve for. Substituting
a point acceleration distribution centered at location (φ0 , z0 ) on the cylinder, i.e.,
1
ẅ(φ, z) = δ(φ − φ0 )δ(z − z0 )
a

(2.81)

the simplified Kirchhoff-Helmholtz integral in equation (2.80) reduces to
p(r, φ, z) = ρG(r, φ, z|r = a, φ0 , z0 )

(2.82)

Consequently, a Green’s function satisfying the Neumann boundary condition on
the cylinder’s boundary is constructed from the radiated pressure due to a point
acceleration distribution. Appendix E derives an expression for the above pressure
term based on the transform solution technique. Dividing this result by the density,
ρ, the Green’s function is found as
Z +∞
+∞
1 X 2
cos [n(φ − φ0 )]
qn (β)e−γ(z−z0 ) dγ
G(r, φ, z|a, φ0 , z0 ) = − 2
4π n=0 εn
−∞

(2.83)

where
(2)

qn (β) =
β

Hn (βr)

(2.84)

(2)0

βaHn (βa)

= (k 2 − γ 2 )

1/2

(2.85)
(2)

(2)0

and εn = 2 for n = 0 and εn = 1 for n > 0. The functions Hn (x) and Hn (x) denote
the nth Hankel function of the second kind and its first derivative, respectively.
As seen in equation (2.83), the Green’s function involves an infinite integral. This
integral is simplified in the far field to a more tractable closed-form expression. Using the method of stationary phase [22], the far-field approximation of the Green’s
function in equation (2.83) becomes
exp [−k(R − z0 cos θ)] X n+1 cos [n(φ − φ0 )]
G(R, θ, φ|a, φo, z0 ) = −
π 2 akR sin θ
εn Hn(2)0 (ka sin θ)
n=0
+∞

(2.86)

Equation (2.86) is more complex than its planar geometry counterpart (equation (2.48)). However, it can be computed numerically with no special difficulties,
especially in the low frequency region where the non-dimensional parameter ka is not
too large. Under this condition, the infinite summation converges relatively fast and
can therefore be truncated to a relatively small number of terms. This is illustrated in
Figure 2.7 where the magnitude of the Hankel derivative is plotted versus ka between
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Figure 2.7: Magnitude of the derivative of the Hankel function of the second
kind.
10−2 and 101 for n = 0, 1, 2, 3, 4.
The main differences with the case of planar geometries are the dependence of the
magnitude of the Green’s function on the frequency as well as its phase delay, i.e.,
the magnitude is no longer constant and the phase does not remain linear. It will
be shown in Chapter 3 that these variations remain small in the frequency region of
interest and do not significantly increase the sensor’s complexity.

2.5.2

Far-field radiated pressure

Using the Green’s function derived in the previous section, the pressure radiated
from baffled cylindrical radiators is given by the simplified Kirchhoff-Helmholtz as
expressed in equation (2.80). For a finite cylinder of length 2L mounted in an infinite
baffle (see Figure 2.6), the acceleration distribution, ẅ(φ, z), is zero for |z| > L
where z = 0 corresponds to the center of the cylinder. Therefore the integral in
equation (2.80) simplifies to
Z

2π

Z

+L

p(r, φ, z) = ρ
0

−L

G(r, φ, z|r = a, φ0 , z 0 )ẅ(φ0 , z 0 )a dφ 0 dz 0

(2.87)
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or
Z

2π

Z

+L

p(R, θ, φ) = ρ
0

G(R, θ, φ|r = a, φ0 , z 0 )ẅ(φ0 , z 0 )a dφ 0 dz 0

(2.88)

−L

using spherical coordinates.
In the far field, the pressure is constructed using the far-field approximation of the
Green’s function. Substituting equation (2.86) in equation (2.88), the final expression
for the far-field radiated pressure is
ρe−kR X
n+1
p(R, θ, φ) = − 2
π kR sin θ n=0 εn Hn(2)0 (ka sin θ)
Z 2π Z +L
×
ẅ(φ0 , z0 ) cos[n(φ − φ0 )] ekz0 cos θ dφ 0 dz 0 (2.89)
+∞

0

−L

Analogous to the case of planar radiators, the far-field radiated pressure in equation (2.89) can be expressed in terms of structural wave-number information. For
cylindrical geometries, the wave-number transform along the circumferential direction maps a periodic spatial distribution with period 2π into two sets of wave-number
components defined over a discrete set of wave-numbers, n = 0, 1, . . . , +∞. This is
expressed as
(
R 2π
ẅnc (z) = εn1π 0 ẅ(φ, z) cos(nφ) dφ
R 2π
(2.90)
ẅns (z) = εn1π 0 ẅ(φ, z) sin(nφ) dφ
The wave-numbers n will be referred to as circumferential wave-numbers. Note that
ẅnc (z) and ẅns (z) correspond to the coefficients of a Fourier series expansion, or inverse
circumferential wave-number transform, defined as
ẅ(φ, z) =

+∞
X
n=0

ẅnc (z) cos(nφ)

+

+∞
X

ẅns (z) sin(nφ)

(2.91)

n=1

The axial and circumferential wave-number transforms are now combined to form the
two-dimensional wave-number transform for cylindrical geometries as
(
R +∞ R 2π
ẅ˜cn (γ) = εn1π −∞ 0 ẅ(φ, z) cos(nφ)eγz dφ dz
R +∞ R 2π
(2.92)
ẅ˜sn (γ) = εn1π −∞ 0 ẅ(φ, z) sin(nφ)eγz dφ dz
Expanding the cosine term, cos[n(φ − φ0 )], in equation (2.89), the radiated pressure
in the far field is expressed in terms of the wave-number components defined in
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equation (2.92) as
ρe−kR
πkR sin θ
+∞
X
n+1

p(R, θ, φ) = −
×

(2)0
n=0 Hn

(ka sin θ)

ẅ˜cn (k cos θ) cos(nφ) + ẅ˜sn (k cos θ) sin(nφ)



(2.93)

Note that the pressure radiated in the far field at a particular angle is associated
with a single axial wave-number component, k cos(θ), within the supersonic region,
[−k, +k], and an infinite number of circumferential wave-numbers, n = 0, 1, . . . , +∞.
In practice, the infinite summation can be truncated based on the highest order of the
circumferential modes included in the response and the range of the non-dimensional
parameter, ka, as the magnitude of the Hankel derivative tends towards infinity as n
increases.

2.5.3

Sensor estimate

As for the case of planar geometries, the pressure estimates based on zero-order approximation are presented. Results for higher-order approximations can be obtained
by applying the general formula given in Section 2.2.
Writing equation (2.42) in spherical coordinates, the pressure estimate takes the
form
pd (R, θ, φ, t) =

Nn
X

ẅ(φm , zm , t)Hm (R, θ, φ)

(2.94)

m=1

where Nn is the total number of nodes, (φm , zm ) are the coordinates of the mth
node, and Hm (R, θ, φ) represents the mth sensor transfer function. For simplicity the
elemental surfaces are assumed to be cylindrical sections aligned with the axial and
circumferential directions. The mth element surface area is then
Sm = a∆zm ∆φm

(2.95)

where ∆zm and ∆φm are the dimensions of the element along the axial and circumferential direction, respectively. Each node is centered within its associated element.
Using the relations in equations (2.38) and (2.37), the sensor transfer functions for
the monopole and piston approximations are expressed, respectively, as
Hm (R, θ, φ) = ρa∆zm ∆φm G(R, θ, φ|a, φm, zm )

(2.96)
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and
Z
Hm (R, θ, φ) = ρ

zm +∆zm /2
zm −∆zm /2

Z

φm +∆φm /2

φm −∆φm /2

G(R, θ, φ|a, φm, zm )a dφ dz

(2.97)

Substituting the far-field approximation of the Green’s function (equation (2.86)),
the final expressions for the sensor transfer functions based on the monopole and
piston approximations are written, respectively, as
!
+∞ n+1
X
ρe−kR

cos [n(φ − φm )]
ekzm cos θ (2.98)
Hm (R, θ, φ) = −∆zm ∆φm 2
π kR sin θ n=0 εn Hn(2)0 (ka sin θ)
and
exp(−kR)
Hm (R, θ, φ) = −ρ 2
π kR sin θ
×

Z

zm +∆zm /2
zm −∆zm /2

+∞ n+1
X



n=0

exp(kz 0 cos θ) dz 0

εn Hn(2)0

Z

1
(ka sin θ)

φm +∆φm /2

φm −∆φm /2

cos[n(φ0 − φm )] dφ0 (2.99)

A closed-form expression of the above transfer function is
ρe−kR
Hm (R, θ, φ) = −∆zm ∆φm 2
π kR sin θ

+∞ n+1
X

cos[n(φ − φm )]
n=0

εn Hn(2)0 (ka sin θ)

!
sinc(n∆φm /2)

× ekzm cos θ sinc(k cos θ∆zm /2) (2.100)
where sinc(x) = sin(x)/x.
Note that the piston based transfer function in equation (2.100) approaches the
monopole based transfer function (equation (2.98)) as ∆zm and ∆φm approach zero.
In other words, the monopole and piston pressure estimates become equivalent as the
number of elements Nn reaches infinity.

2.5.4

Properties of the sensor estimate

Following the discussion of the plate sensor estimate (see Section 2.4.4), this section
outlines similar properties for the cylinder sensor estimate.
The analysis is limited to the monopole approximation given in equation (2.98)
as higher order approximations do not yield simple properties. Furthermore the
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structural measurement points are assumed to be regularly spaced on a rectangular
grid along the axial and circumferential directions, i.e.,
(
m1 = 0, 1, . . . , Nφ − 1, ∆φ = 2π/Nφ
φm1 = m1 ∆φ,
(2.101)
zm2 = −L + z̄ + m2 ∆z, m2 = 0, 1, . . . , Nz − 1, ∆z = 2L/Nz
where Nφ and Nz are the number of points along the axial and circumferential direction, respectively, and 0 ≤ z̄ ≤ ∆z. Substituting equation (2.98) in equation (2.94),
the pressure estimate based on the monopole approximation and the above structural
measurement points is expressed as
ρe−kR
∆φ∆z
π 2 kR sin θ
!
Nφ −1 Nz −1
+∞ n+1
X X
X

cos [n(φ − φm1 )]
ekzm2 cos θ (2.102)
×
ẅ(φm1 , zm2 )
(2)0
ε
n
Hn (ka sin θ)
m1 =0 m2 =0
n=0

pd (R, θ, φ) = −

The pressure estimate in equation (2.102) is also expressed in terms of wave-number
information as
pd (R, θ, φ) = −
×

+∞
X

(2)0

n=0

where

ρe−kR
πkR sin θ
n+1

Hn (ka sin θ)

 c
ẅ˜d,n (k cos θ) cos(nφ) + ẅ˜sd,n (k cos θ) sin(nφ)

(
ẅ˜cd,n (γ) =
ẅ˜sd,n (γ) =

∆φ
πεn
∆φ
πεn

PNφ −1
ẅ˜d (φm1 , γ) cos(nφm1 )
1 =0
Pm
Nφ −1 ˜
m1 =0 ẅ d (φm1 , γ) sin(nφm1 )

(2.103)

(2.104)

and
ẅ˜d (φ, γ) = ∆z

N
z −1
X

ẅ(φ, zm2 )eγzm2

(2.105)

m2 =0

The discrete wave-number components, ẅ˜cd,n (γ) and ẅ˜sd,n (γ), represent the zeroorder approximations of the continuous wave-number components defined in equation (2.90).
Along the axial direction, the discrete wave-number transform defined in equation (2.105) presents the properties previously discussed for planar radiators in Section 2.4.4. To ensure accurate estimates, the number of point measurements along
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the axial direction, Nz , should be such that the Nyquist axial wave-number, Ks /2 =
Nz π/(2L), remains above the main axial wave-number components of the acceleration
distribution.
Similar properties exist along the circumferential direction. Analogous to the
properties discussed in Section 2.4.4, the discrete circumferential wave-number transform can be expressed as an infinite summation over n of the continuous circumferential wave-number transform shifted by nKs where Ks = 2π/∆φ = Nφ represents
the circumferential sampling frequency. In other words, the discrete circumferential
wave-number transform is periodic with period Nφ and non-zero circumferential wavenumber components above the Nyquist circumferential wave-number, Ks /2 = Nφ /2,
will result in aliasing errors. To ensure accurate estimates, the number of measurement points along the circumference should therefore be greater than twice the highest
circumferential order of the modes found in the structural response. This requirement
is a direct consequence of the sampling theorem or Shannon’s theorem commonly applied to the sampling of time domain signals. It should be pointed out that unlike the
axial wave-number transform which extends up to infinity regardless of the spatial
distribution due to the finite cylinder length, the circumferential wave-number transform only contains the components associated with modes found in the distribution.
Therefore, while the axial discrete wave-number transform always result in some level
of aliasing, the discrete circumferential wave-number transform will yield no aliasing,
i.e., perfect estimates, provided all components above the Nyquist wave-number have
zero amplitude.
In addition, all or part of the wave-number components associated with circumferential wave-numbers above the Nyquist wave-number will yield large errors due to
the periodicity of the discrete wave-number transform. Thus, the Nyquist circumferential wave-number should be high enough such that errors associated with higher
wave-numbers are canceled by the large magnitude of the Hankel derivative term (see
Figure 2.7).
To illustrate the properties of the discrete circumferential wave-number transform
discussed above, consider the periodic distribution, f (φ) = cos(pφ), corresponding to
the pth circumferential mode aligned with φ = 0◦ . The circumferential wave-number
components of the above distribution are given by
(
R 2π
fnc = εn1π 0 cos(pφ) cos(nφ) dφ = δpn
R 2π
(2.106)
fns = εn1π 0 cos(pφ) sin(nφ) dφ = 0
where
δpn

(
1, if p = n
=
0, otherwise

(2.107)
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The discrete estimates based on Nφ measurement points are expressed as
(
PNφ −1
c
fd,n
= ε∆φ
m=0 cos(pm∆φ) cos(nm∆φ)
nπ
∆φ PNφ −1
s
fd,n = εn π m=0 cos(pm∆φ) sin(nm∆φ)
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(2.108)

where ∆φ is given in equation (2.101). The orthogonality of the trigonometric functions yield the properties mentioned earlier, i.e.,

c
fd,n
= δpn = fnc
for Nφ > 2p and n ≤ Nφ /2
(2.109)
s
fd,n
= 0 = fns
Note that
in equation (2.109) also hold for distributions of the form
 the relations

f (φ) = cos p(φ − φ̄) . Consequently, the discrete estimate of the circumferential
wave-number components is independent of the orientation of the mode.

2.6

Summary

An analytical formulation for estimating the structure-borne sound pressure based on
discrete point acceleration measurements has been derived. The formulation applies
to cases where the radiator’s geometry yields a Green’s function satisfying the Neumann boundary condition on the radiating surface. When such a Green’s function
exists, the radiated pressure is expressed in terms of the out-of-plane structural acceleration with no dependence on the sound pressure at the structure-fluid interface.
The two main classes of radiators satisfying the above condition involve baffled planar
and cylindrical geometries. In both cases, the radiated pressure is estimated as the
sum of the out-of-plane structural acceleration measured at a finite number of points
and multiplied by appropriate radiation transfer functions.
Two types of estimates are of interest. The first type approximates the radiated
pressure as the contribution from a set of monopole sources centered at the acceleration measurement locations on the rigid baffle defined by the radiator and vibrating
with amplitude proportional to the measured acceleration. It is referred to as the
monopole approximation. The second type replaces the set of monopole sources by
a set of piston sources. It is referred to as the piston approximation. Both approximations are implemented practically by passing the measured acceleration signals
through an array of filters modeling the radiation transfer functions. The next chapter discusses in details the design and implementation of the sensor filter array.

Chapter 3
Practical implementation
Chapter 2 introduced an analytical formulation for baffled planar and cylindrical radiators to construct real time estimates of the sound pressure radiated at prescribed
angles in the far field. In this chapter, the sensing technique is discussed from a practical point of view. Implementing Discrete Structural Acoustic Sensing on real systems
involves the measurement and processing of structural information to construct the
far-field pressure estimate. As mentioned before, the first task is performed by accelerometers measuring out-of-plane acceleration. The processing of the measured
acceleration signals then involves arrays of digital filters.
The chapter first briefly discusses the use of accelerometers as point sensors and
mentions possible alternatives. The remaining four sections concentrate on the design
and implementation of the sensor digital filter array. The sensor transfer functions
are first characterized in order to find the type of digital filter best suited for their
modeling. Modified transfer functions are then introduced to reduce the complexity
of the filters. The last two sections address the design of the digital filters and their
practical implementation on a Digital Signal Processor (DSP).

3.1

Acceleration point measurement

The structural out-of-plane acceleration is evaluated at discrete points by accelerometers mounted on the structure. The choice of accelerometers as point sensors is
motivated by their ability to provide a signal directly proportional to the acceleration at the point of attachment. This makes the use of accelerometers the obvious
choice for implementing Discrete Structural Acoustic Sensing since sound radiation
is directly coupled to out-of-plane structural motion.
47
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As explained in the previous chapter, the sensor transfer functions are independent of the structural dynamics of the system. Therefore, the small changes in the
response due to the added mass of the accelerometers are not likely to affect the sensor
performance provided the number of point measurements ensures accurate estimates
for the modified response. This is in contrast with other sensing methods based on
modal decomposition for instance. In this case, changes in the response introduced
by the added mass of the accelerometers may yield errors in the estimate of the modal
amplitudes.
Other types of acceleration measurement devices have potential to replace accelerometers. In particular, PVDF films could be implemented along with appropriate
signal conditioning to estimate the out-of-plane structural acceleration. This would
result in a more compact sensor which can sometimes be advantageous. Note however
that the estimate of out-of-plane acceleration from in-plain strain or strain-rate measurements (PVDF film charge or current output) is not straightforward, especially
for two-dimensional acceleration distributions. The approach is not investigated in
this study.

3.2

Sensor transfer function characteristics

The sensor transfer functions derived in Chapter 2 present a number of common
properties which will determine the type of filter best suited for their modeling. This
section discusses these properties starting with the case of planar radiators.
The transfer functions based on the zero-order monopole and piston approximations are expressed in terms of the angular frequency by substituting k = ω/c in
equations (2.70) and (2.69), respectively. The resulting expressions take the general
form
Hm (ω) = Am (ω)e−τm (ω)ω

(3.1)

The dependence on the far-field and point sensor measurement locations, (R, θ, φ) and
(xm , ym ), respectively, have been omitted for clarity. For the monopole and piston
approximations, the phase delay is written as
τm (ω) = (R + xm sin θ cos φ + ym sin θ sin φ)/c = τm

(3.2)

The time delay expressed in equation (3.2) is function of the relative distance between
point sensor measurement location and far-field direction. It is constant with respect
to frequency, thus making the phase of both approximations linear with frequency.
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Figure 3.1: Plate sensor transfer function.

Assuming the elemental surface areas, Sm , are rectangles of dimensions ∆x by ∆y in
the x-y coordinate system, the magnitude Am is given by
Am (ω) =

ρ∆x∆y
= Am
2πR

for the monopole approximation and




ρ∆x∆y
∆x sin θ cos φ
∆y sin θ sin φ
Am (ω) =
sinc
ω sinc
ω
2πR
2c
2c

(3.3)

(3.4)

for the piston approximation. The magnitude of the piston transfer functions varies
with frequency unlike the monopole transfer functions. It becomes almost constant
as the argument of the sinc() functions approaches one. This is satisfied for small
values of the non-dimensional parameter ka where, in this case, a = max(∆x, ∆y).
As ka increases, the transfer function’s magnitude moves away from its constant low
frequency value.
To illustrate the above properties, a numerical example based on the plate sensor
implemented in the analytical and experimental results is considered. Figure 3.1
shows the magnitude and phase of one of the sensor transfer functions for both
monopole and piston approximations. This particular transfer function is associated
with the center measurement point of a 3 by 3 point sensor array and the far-field
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direction angle (θ = 45◦ , φ = 60◦ ) (see Figure 2.5). The elemental surface is located at
the origin of the coordinate system, i.e., xm = ym = 0, with dimensions ∆x = 2Lx /3
and ∆y = 2Ly /3 where 2Lx and 2Ly are the length and width of the plate (see Table 4.1). The far-field radius is set to R = 5 m. The speed of sound, c, and mass
density, ρ, of the air surrounding the plate are given in Table 4.11.
Note that the monopole transfer function (solid line) can be interpreted as the
sound pressure radiated at location (R = 5, θ = 45◦ , φ = 60◦ ) from a monopole source
located on a plane baffle at (x = 0, y = 0) and vibrating with a unit acceleration.
Similarly, the piston transfer function (dashed line) corresponds to a ∆x by ∆y piston
source with unit acceleration.
As expected, monopole and piston approximations have identical phase angle,
linear with respect to frequency. Their magnitude is almost identical up to 250 Hz
which corresponds to ka ≈ 0.6. Above this value, the magnitude of the piston approximation starts decreasing while the magnitude of the monopole approximation
stays constant. As the frequency increases, the piston radiation goes through zero
pressure points depending on the far-field direction angle. Note that the above limiting value for ka depends on the direction angle θ. As the direction of radiation tends
towards the normal to the plate, i.e., θ gets smaller, the frequency up to which both
monopole and piston approximations are identical increases. In the direction normal
to the plate, both approximations are identical for all frequencies.
In the case of cylindrical radiators, the sensor transfer functions associated with
the monopole and piston approximations, equations (2.98) and (2.100), do not present
at first look the simple properties exhibited in the case of planar radiators. An analysis
of the various terms involved in the transfer function’s analytical expression reveals
that the phase angle is dominated by the e−kR term and therefore presents a quasi
linear behavior with respect to frequency. Also, in the low frequency range (ka small),
the magnitude of both approximations does not vary significantly.
As a numerical example, Figure 3.2 shows the magnitude and phase of a sensor
transfer function for the monopole and piston approximations. This particular transfer function corresponds to the sensor implemented on the cylinder system presented
in Chapter 4. The cylindrical section area is centered at zm = −L/2 and φm = 0◦ ,
and has dimensions ∆z = L by ∆φ = 60◦ where L is the cylinder half length given in
Table 4.6 along with the outside radius, a. The far-field point is located at R = 6 m,
θ = 45◦ , and φ = 60◦ (see Figure 2.6). The medium is air with the properties specified in Table 4.11. The infinite summation over the order of the Hankel function as
expressed in the sensor transfer functions (see equations (2.98) and (2.100)) is truncated to the first 25 terms. This value was found to be sufficient to reach convergence
within the frequency bandwidth.
As for the plate sensor, the monopole and piston transfer functions correspond to
the sound pressure radiated from a monopole and piston source with unit acceleration
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Figure 3.2: Cylinder sensor transfer function.
and located on a cylindrical baffle. The monopole transfer function presents a quasiconstant magnitude and a linear phase. The piston transfer function exhibits a more
complex behavior due to the presence of a zero pressure point within the frequency
bandwidth.
In conclusion, the properties illustrated above can be directly related to the physical interpretation of the sensor transfer functions. Each transfer function represents
the radiation from a baffled monopole or piston source into an unbounded medium.
For the monopole source, the frequency dependence of the radiated pressure is characterized by a linear phase and constant magnitude. For the piston source, the radiated
pressure goes through zero pressure frequency points as the frequency increases. In
both cases, the transfer function is characterized by the absence of resonance behavior due to the assumption of an unbounded medium. These characteristics directly
motivate the use of Finite Impulse Response (FIR) filters to model the sensor transfer
functions. Note that notches in the transfer functions associated with zero pressure
points are easily modeled by appropriate zeros in the filter’s impulse response.

3.3

Modified sensor transfer functions

From the results discussed in the previous section, the constant, or quasi-constant,
time delay in the sensor transfer functions is directly related to the acoustic path
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propagation time, R/c. As the pressure estimate is only valid in the far field, this
propagation time can become significant compared to the sampling period of the
digital filter, thus increasing its complexity. This section introduces modified transfer
functions with a minimal time delay to reduce the order of the filter required for
accurate modeling.
Recalling the discussion of Section 2.3, the pressure estimate used as an error
signal in the control system can be shifted in time and multiplied by a constant
gain (see equation (2.45)). In other words, an artificial time delay can be included
in the transfer function without affecting the controller performance. This property
allows minimizing the transfer function time delay. In the frequency domain, this is
expressed as
H̄m (ω) = Hm (ω)e+ωτ

(3.5)

where H̄m (ω) is the time-shifted version of Hm (ω) and τ is the time delay. In order to
reduce the delay associated with Hm (ω), τ should be positive. It should be pointed
out that this delay must be the same for all the transfer functions associated with a
given direction of radiation.
The optimal time delay τ for a given direction of radiation is such that all transfer
functions have minimum phase delay and remain causal within the frequency bandwidth of interest. The phase delay is the negative of the phase angle divided by the
angular frequency, i.e., τp (ω) = −ϕ(ω)/ω. Note that this phase delay is equal to the
group delay for linear phase transfer functions. If ϕm (ω) denotes the phase angle of
the mth sensor transfer function, the optimal time delay is given by
τ=

min

m=1,2,... ,N
ω∈[ωmin ωmax ]

{−ϕm (ω)/ω}

(3.6)

where N is the number of point sensors, or transfer functions, and ωmin and ωmax are
the lower and upper bounds of the frequency bandwidth.
The second property of the sensor transfer function introduced in Section 2.3
allows the magnitude of the transfer functions to be normalized. The normalization
factor is found as
α=

3.4

max

m=1,2,... ,N
ω∈[ωmin ωmax ]

{|Hm (ω)|}

(3.7)

Digital filter design

The properties of the sensor transfer functions discussed in Section 3.2 lead to the use
of Finite Impulse Response (FIR) filters. This section first introduces FIR filters, and
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the design method chosen to model the transfer functions. Numerical results then
illustrate the performance of the design algorithm.

3.4.1

FIR filter representation

In their most general form, digital filters are commonly represented by their z-domain
transfer function, H(z), as
P nb
−i
B(z)
i=0 bi z
P
=
(3.8)
H(z) =
a
A(z)
1 + ni=1
ai z −i
where bi (i = 0, 1, . . . , nb ), and ai (i = 1, 2, . . . , na ), are the coefficients of the numerator and denominator impulse response, respectively. With the above notation, the
filter input-output relation is expressed in the z-domain as
Y (z) = H(z)X(z)

(3.9)

where X(z) and Y (z) are the z-transforms of the filter input and output sequence,
x(n) and y(n). In the discrete time domain, the output sequence is expressed as
y(n) =

nb
X
i=0

bi x(n − i) −

na
X

ai y(n − i),

n = −∞, . . . , +∞

(3.10)

i=1

The above equation represents Infinite Impulse Response (IIR) filters. Finite Impulse
Response (FIR) filters do not involve past output samples in the input-output relation,
i.e., A(z) = 1. The FIR filter output thus simplifies to
y(n) =

nb
X

bi x(n − i) = b0 x(n) + b1 x(n − 1) + · · · + bnb x(n − nb )

(3.11)

i=0

The filter frequency response is obtained by substituting z = eωT in the z-domain
transfer function, where T denotes the sampling period of the discrete sequence. For
an FIR filter, the frequency response becomes
H(ω) =

nb
X

bi eT iω

(3.12)

i=0

3.4.2

Frequency domain design

Several FIR filter design techniques are available depending on the type of filter to be
designed [27]. In cases where the filter frequency response is known either analytically
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or from experimental measurements, a complex curve fitting method based on the
solution of a least-square problem is generally used. This method is general as it
applies to the design of arbitrary transfer functions using both FIR and IIR filters. It
is therefore well suited to the design of the transfer functions implemented in Discrete
Structural Acoustic Sensing.
A full derivation of the design algorithm is outside the scope of this work. Only the
general procedure is introduced here. As the design method is also implemented in the
off-line system identification of the control system using IIR filters (see Chapter 5),
the following discussion is not restricted to the case of FIR filters.
Assuming the frequency response function to be modeled, Hd , is known at N
frequencies, ωl (l = 1, 2, . . . , N), the error between desired and modeled response is
at frequency ωl ,
e(ωl ) = Hd (ωl ) − H(z)|z=eωl T = Hd (ωl ) −

B(z)
A(z)

(3.13)
z=eωl T

where H(z) represents the modeled transfer function as given in equation (3.8) and
T = 1/Fs is the sampling period (Fs , sampling frequency). Note that the Nyquist
frequency, Fs /2, should be greater than the highest frequency of the desired frequency
response, Hd . Multiplying both sides of equation (3.13) by the denominator of H(z),
yields
A(z)e(ωl ) = Hd (ωl )A(z) − B(z)|z=eωl T

(3.14)

The square modulus of the expression in equation (3.14) is summed over the N
frequency lines to construct the function to be minimized,
J=

N
X

|Hd (ωl )A(eωl T ) − B(eωlT )|2

(3.15)

l=1

A weighting function can be included in the above cost function in order to improve
the match between desired and modeled frequency response at certain frequencies
while disregarding some other frequencies. The final expression for the cost function
is then
J=

N
X

wl |Hd (ωl )A(eωl T ) − B(eωl T )|2

(3.16)

l=1

where wl is a positive real number specifying the weighting factor of the lth frequency
line.
The cost function in equation (3.16) defines a least-square optimization problem
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in terms of the unknown filter coefficients, ai and bi . Taking the derivatives of J
with respect to each coefficient, and setting the resulting expression to zero yields
a linear system of equations which is solved in the least-square sense for the filter coefficients [29]. The above algorithm is implemented in the Matlab function
invfreqz() [30] which was used for all filter designs in this work.
When designing IIR filter, another step is required to ensure the poles of the
transfer function denominator are stable. The Matlab function invfreqz() referenced above performs in this case a second optimization based on the damped GaussNewton method for iterative search [31], with the output of the first algorithm as the
initial estimate.

3.4.3

Numerical example

To illustrate the design procedure outlined above, this section discusses the modeling
of two of the transfer functions introduced in Section 3.2.
The first transfer function corresponds to the plate sensor transfer function associated with the piston approximation (dashed line shown in Figure 3.1). The transfer
function is first shifted in time as described in Section 3.3. The modified transfer
function is then modeled by an FIR filter using the Matlab function invfreqz().
The desired filter response is known at 500 frequencies between 1 and 990 Hz. The
sampling frequency is set to Fs = 3000 Hz and a unit weighting factor is included over
the entire bandwidth. Note that an equivalent design approach would be to specify
the filter response from 0 up to the Nyquist frequency, Fs /2, and set the weighting
factor to 1 between 1 and 990 Hz, and 0 elsewhere. Figure 3.3 shows the desired
frequency response (solid line) along with the modeled response using 2 (dashed line)
and 3 coefficients (dotted line). As observed on the magnitude and phase angle, perfect modeling is achieved with a three coefficient FIR filter. This is explained by the
small delay exhibited by the phase angle of the modified transfer function (top plot).
Without shifting in time the sensor estimate, the phase delay of the desired response
would be the one shown in Figure 3.1, and a much larger number of coefficients would
then be required for accurate modeling. Assuming the desired response presents a
linear phase with a constant phase delay, τ , accurate FIR filter modeling requires a
number of coefficients greater than τ Fs . With a radius of 5 m and a speed of sound
of 343 m/s, at least 44 coefficients would be needed to model the unmodified sensor
transfer function with a sampling frequency of 3000 Hz.
Figure 3.4 presents another numerical example illustrating the sensor filter design. The desired frequency response corresponds to the piston approximation for
the cylindrical radiator shown in Figure 3.2. The frequency bandwidth, sampling
frequency, and weighting function are the same as in the previous example. The
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Figure 3.3: FIR filter modeling of the plate sensor transfer function.
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Figure 3.4: FIR filter modeling of the cylinder sensor transfer function.
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modeled frequency responses use 6 (dashed lines) and 10 coefficients (dotted lines),
respectively. The main difference with the previous design for planar systems is the
higher order required due to the increased complexity of the cylindrical radiation
transfer functions.
Note that the above results only apply to one particular transfer function of the
sensor. Other transfer functions might present slightly different characteristics requiring more (or less) coefficients for accurate modeling. For DSP implementation,
all FIR filters use the same number of coefficients.

3.5

DSP implementation

This section outlines the implementation of the sensor on a Digital Signal Processor
(DSP). The sensor output is first expressed in the discrete time domain. Some of the
issues that are specific to the particular hardware used in the experimental testing
are then discussed.
Recalling the general form of the pressure estimate given in equation (2.42), the
sensor output, y l (n), associated with the lth direction of radiation (l = 1, 2, . . . , L) is
expressed in the discrete time domain as
l

y (n) =

nb
N X
X

bml
i xm (n − i)

(3.17)

m=1 i=0

where
xm (n)

= mth acceleration signal at sample time n,

bml
i

= ith coefficient of the FIR filter associated with the sensor transfer function between the mth acceleration measurement and
the lth direction,

nb

= order of the FIR filters,

N

= number of acceleration measurements.

The practical implementation of the above equation first involves simultaneous
sampling of the acceleration signals and their analog to digital (A/D) conversion. The
DSP then computes each filter output for all N ×L filters based on the current and nb
past samples of each input sequence and the coefficients of the associated FIR filter.
The outputs of each filter array associated with a given direction are then summed
to construct the pressure estimate (see equation (3.17) and Figure 3.5). Finally, all
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pressure estimates, y l (n) (l = 1, 2, . . . , L), are converted from digital to analog (D/A)
form simultaneously. If τ represents the time interval required by the DSP to perform
the above steps, the maximum sampling frequency allowed for normal operation is
1/τ . Also, it should be noted that the above DSP implementation introduces the same
delay τ in the sensor estimates. As explained previously in Section 2.3, the presence
of this additional delay does not affect system performance when estimating far-field
pressure for use as error information in a control system. In cases where the exact
phase information is needed, the DSP computation time, τ , must be compensated for
by removing it from the sensor transfer functions (see Section 3.3).
For the experimental testing performed on the plate and cylinder systems, equation (3.17) is implemented on a Texas Instrument TMS320C30 DSP (see Chapter 5).
The DSP code which was developed for this work allows up to 12 input and 3 output
signals, corresponding respectively to 12 structural measurement points and 3 pressure estimates. The DSP board manufactured by Spectrum is designed to sample
a single bank of 4 inputs at a time therefore preventing simultaneous sampling of
all 12 input signals. In order to implement a 12 input sensor, the actual sampling
frequency is set to three times the design sampling frequency of the FIR filters. This
over-sampling technique allows sampling of all 12 inputs within a single cycle of the
original sampling frequency. If T = 1/Fs represents the filter design sampling period,
the above sampling scheme introduces a time delay T /3 between the sampling time
of the first and second banks and second and third banks, respectively. This is illustrated in the sensor schematic of Figure 3.5. In this schematic, s = ω represents
the Laplace variable. The correct pressure estimate is constructed by removing the
delays associated with over-sampling from the appropriate transfer functions prior to
the FIR filter design. Consequently, the sensor transfer functions associated with the
second and third banks are multiplied by e+ωT /3 and e+ω2T /3 , respectively. Through
preliminary testing, the over-sampling procedure described above was found to effectively replace a 12 channel simultaneous sampling DSP board.

3.6

Summary

The practical implementation of Discrete Structural Acoustic Sensing involves a set
of accelerometers mounted on the radiator to measure the out-of-plane acceleration
and a digital filter array to construct the pressure estimates in prescribed directions
of radiation. The sensor transfer functions represent the far-field sound pressure
radiated from baffle monopole (monopole approximation) or piston sources (piston
approximation) into an unbounded medium. The resulting characteristics motivate
the use of FIR filters in the sensor filter array as all transfer functions have a linear
phase with constant magnitude (monopole approximation) or anti-resonances (piston
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Figure 3.5: Schematic of a 12 input-1 output filter array implemented on the
TMS320C30 DSP.

approximation). Removing the constant delay associated with the acoustic propagation path from each transfer function also reduces the number of coefficients per FIR
filter required for accurate modeling. This makes the sensor efficient with respect to
DSP implementation.

Chapter 4
Plate and cylinder system
modeling
Before implementing Discrete Structural Acoustic Sensing experimentally, the technique is first tested on a numerical model of the plate and cylinder system. This
numerical validation allows a more thorough study of the mechanisms involved in the
sensor estimate. In particular the influence of the number of point sensors can be
easily investigated on a numerical model while it becomes more difficult to repeat the
same analysis experimentally. This chapter discusses the analytical formulation and
the numerical procedures used in modeling the two systems along with their physical
properties. Simulation results based on the two models are discussed for the plate
and cylinder systems in Chapter 6 and Chapter 7. Since both structures are represented using the same analytical approach, the description of this formulation and
the associated computations is kept to a single chapter.
The chapter is organized into four main sections. The first section discusses the
modeling of the plate and cylinder’s structural vibrations. The structural response
of both systems is derived for steady-state harmonic excitation of point forces and
piezo-electric actuators. In the second section, the acoustic radiation in the far field
is addressed. Expressions for the far-field radiated sound pressure and radiated sound
power are derived. The third section discusses the modeling of the controlled response
based on Linear Quadratic Optimal Control theory. Finally the last section presents
the two models’ parameters. The physical dimensions and material properties are
given along with the locations and properties of the piezo-electric actuators for the
plate and cylinder systems, successively. The associated natural frequencies and mode
shapes are also presented along with the characteristics of the systems’ boundary
conditions.
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Structural response

This section describes the modeling of the plate and cylinder structural response under
point forces and piezo-electric patches excitation. The general numerical approach
is first presented. The cases of a thin rectangular plate and a thin finite cylindrical
shell are then successively described.

4.1.1

Available methods

The numerical methods available to model the vibrations of a given structure can be
separated into two main groups: the modal methods and the discretization methods.
Statistical methods are also useful in cases where no precise modeling is possible
due to the system complexity. The first class of methods uses the decomposition
of the structural response on a modal basis. The associated modal amplitudes are
then solution of a linear system. In cases where the modal basis is made of the
structure’s natural mode shapes or eigen-functions, this system is greatly simplified
due to the properties of orthogonality of the mode shapes. When no closed-form
solution for the eigen-functions is available, the modal basis is replaced by a functional
basis. The associated functions must form a complete basis, i.e., any distribution
satisfying the geometric boundary conditions of the structure can be expressed as
a linear combination of the basis functions. The discretization methods include the
Finite Element Method (FEM) and the Boundary Element Method (BEM). These
methods discretize the volume of the structure (FEM) or its surrounding surface
(BEM) into a set of finite elements on which the mechanical deformations can be
approximated by simple functions. The main advantage of discretization methods is
their ability to model structures with complex shapes.
The systems studied in this work have simple geometries and a modal approach
is therefore adopted. The following paragraphs outline this approach for the case of
electro-mechanical structures, i.e., structures excited by point forces and piezo-electric
actuators.
As mentioned above, modal methods approximate the structural response as a
linear combination of basis functions. The traditional approach for simple structures
like plates or cylinders is to assume they are subject to fixed boundary conditions for
which the natural mode shapes of the system are known analytically. This is the case
for simply-supported uniform plates or cylinders. The mode shapes of the system are
then used to form the modal basis, and the modal amplitudes of the resulting system
become uncoupled due to the orthogonality of the modes. In this work, the less
restrictive case of arbitrary boundary conditions is considered for both the plate and
the cylinder. More specifically, the boundary conditions are modeled using springs
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and dampers along the mechanical boundaries of the system. The associated stiffness
and damping factors can be varied, thus allowing a wide range of boundary conditions
to be considered. Consequently, it is necessary to use a functional basis so that any
distribution satisfying the geometry of the system can be represented.
Due to the presence of piezo-electric actuators, it will be convenient to write the
plate and cylinder’s equations of motion using a variational approach. In this type of
approach, the equations of motion are derived considering energy quantities. This is
in contrast with a Newtonian approach which involves equilibrium of forces, moments,
and inertia terms. This last approach has been traditionally used in modeling the
structural response of various systems excited by piezo-electric actuators. Dimitriadis
et al. derived a simplified formulation for plates where the actuator is modeled by a
line of moments [32]. This model assumes the actuator is double-sided, i.e., two identical actuators are mounted on each side of the plate and wired out of phase. Also, it
is only valid at low frequencies where the mass and stiffness loading of the actuator
can be neglected. A less restrictive model based on the same Newtonian approach
was recently derived by Banks et al. [33] for general thin shells of constant radius of
curvature, including planar structures. The variational approach presents a number
of advantages over the approach used in both works referred to above. First, it leads
to a general formulation valid for both plate and cylinder systems. This facilitates the
numerical implementation of the technique. For complex electro-mechanical systems
such as the cylindrical shell, it is also easier to derive expressions for scalar energy
quantities rather than work on vectorial quantities. Finally, it should be noted that
the approach will take into account the mass and stiffness loading of the actuator and
allow for modeling of single-sided piezo-electric actuators. The effects of mass and
stiffness loading were recently investigated by Charette et al. [34] on a finite beam
excited by piezo-electric actuators. In this study, these effects were noticeable above
the second flexural mode of the beam. The numerical and experimental results obtained on the cylinder system (see Chapters 6 and 7) confirm that the actuators’ mass
and stiffness loading yield significant changes in the characteristics of the structural
response.
Note that while including the dynamics of the piezo-electric actuators, the model
derived in the following sections does not take into account the mass loading of a
shaker attached to the structure. More specifically, the plate model represents the
response of the plate system rather than that of the plate/shaker system.
Using the variational approach, the equations of motion are solution of an integral
equation, which is solved by approximating the system’s response on a functional
basis as mentioned earlier. The associated solution is commonly referred to as the
Rayleigh-Ritz solution [35]. In order to keep the following developments concise,
the complete derivation of the plate and cylinder models is given in Appendices B
and C while Appendix A discusses the case of arbitrary geometries. The following
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discussion introduces the main concepts behind the variational approach. The reader
should refer to Appendix A and [36] for a more thorough discussion.

4.1.2

Variational approach for electro-mechanical systems

The variational method is based on Hamilton’s principle generalized for electromechanical systems [35]. This principle states that the time integral of the Lagrangian
of the system is stationary between the initial and final configurations, at times t1
and t2 , respectively. The stationarity of the Lagrangian is expressed as
Z t2

∂ (T − U − Ue + We − Wm ) + ∂W dt = 0
(4.1)
t1

where ∂ denotes the variational operator. In the above integral, T represents the total kinetic energy, U, the internal potential energy, Ue , the external potential energy
due to the boundary conditions, We , the total electrical energy in the piezo-electric
actuators, and W̄ , the external work due to the applied forces and electrical charges.
The above energy quantities are expressed as given in equations (A.2) to (A.6) of
Appendix A. They involve mechanical displacements, strains and stresses, electrical
displacements and electrical fields, along with the displacements at the boundaries,
the boundary stiffness properties, the applied forces and the applied electrical charges
and voltages. The reader should refer to Appendix A for a complete explanation of
each term. The various mechanical and electrical quantities are written in terms of
the mechanical displacements, u, and the electrical potential, ϕ, using the constitutive relations of the system. In the most general case, u is a three element vector
whose components correspond to the translations along the three directions of a given
coordinate system. Each component is a function of the three spatial coordinates and
the time variable. The electrical potential is a scalar function depending on the same
variables. The constitutive relations involve various assumptions that are specific to
the type of material and geometry for the current problem. They will be detailed for
the case of isotropic thin planar and cylindrical structures in the next two sections.
After substituting the constitutive relations in the Lagrangian, the integral equation
in equation (4.1) involves only two unknown quantities which are the mechanical displacements and the electrical potentials. The remaining terms are function of the
mechanical and electrical properties of the system.
The solution of the integral equation in equation (4.1) is found by approximating the mechanical displacements and electrical potential distributions as a linear
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combination of known basis functions. This is expressed as

r1 (t)
 .. 
 . 

 1


r
(x)
u(x, t) ≈ Ψr (x)r(t) = Ψr (x) · · · Ψjr (x) · · · ΨN
 rj (t) 
r
 . 
 .. 
rNr (t)


(4.2)

for the mechanical displacements and

v1 (t)
 .. 
. 

 1


j
Nv
ϕ(x, t) ≈ Ψv (x)v(t) = Ψv (x) · · · Ψv (x) · · · Ψv (x)  vj (t) 
 . 
 .. 
vNv (t)


(4.3)

for the electrical potential, where rj (t) is the j th generalized displacement coordinate
and vj (t), the j th generalized electrical coordinate. Substituting the above RayleighRitz approximation in equation (4.1), the displacements and potential coordinates
become solution of a coupled linear system (see equations (A.47) and (A.48) in
Appendix A). This system further simplifies for steady-state harmonic excitation
through point forces and voltage driven piezo-electric actuators. In this case, the
electrical potential distribution within the actuators is fixed and is a function of the
voltage applied to the electrodes of the actuators. The remaining unknown variables
are the generalized displacement coordinates, rj (t). Moreover, the time dependence
of the forcing functions and displacement coordinates can be removed using the complex notation. The complex amplitudes of the unknown displacement coordinates,
rj , become solution of the linear system
 2

−ω (Ms + Mp ) + (Ks + Kp + Ke ) r = Bf f + Θv
(4.4)
The various terms in the above equation are explained as follows:
Ms

= mass matrix associated with the structure

Mp

= mass matrix associated with the piezo-electric actuators

Ks

= stiffness matrix associated with the structure

Kp

= stiffness matrix associated with the piezo-electric actuators

Ke

= stiffness matrix associated with the external mechanical
boundary conditions

Bf

= basis function matrix evaluated at each point force location
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Θ

= electro-mechanical coupling matrix relating applied voltages
to displacements

f

= vector of applied external point force complex amplitudes

v

= vector of applied voltage complex amplitudes

r

= vector of generalized mechanical displacement complex amplitudes

The constitutive matrices in equation (4.4) are constructed as described in Appendix A. Solving for the vector of generalized mechanical displacement coordinates
at each frequency of interest, the mechanical displacements, u, are then obtained
according to equation (4.2).
Note that the stiffness matrices become complex when damping is added to the
model. In this model, damping is included in the structure by adding a small imaginary part to the material Young’s modulus, E. This form of damping is referred to
as hysteretic damping. The new Young’s modulus of the damped system is expressed
as
Ē = E(1 + η)

(4.5)

where η represents the total loss factor, or hysteretic damping factor. Likewise, hysteretic damping can also be included in the piezo-electric actuators and boundary’s
stiffness factors. Note that this form of damping is only valid for steady state harmonic excitations [37]. Furthermore, the positive sign in equation (4.5) is consistent
with the e+ωt convention. This results in flexural wave-numbers with a negative
imaginary part, which in turn creates decreasing near-field terms in the direction of
wave propagation.
The next two sections discuss the application of the above general formulation to
the case of a thin rectangular plate and cylindrical shell. The full derivation is kept
in Appendix B and C, respectively.

4.1.3

Plate system

The following summarizes the main characteristics of the plate model presenting
successively the system geometry, the basic assumptions of the constitutive relations,
the form of the structural response, and finally the boundary conditions. A more
detailed description is given in Appendix B.
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Figure 4.1: Plate and piezo-electric actuator geometry.

System geometry

The system considered in this section is a thin rectangular uniform plate excited by
point forces and piezo-electric actuators. The piezo-electric actuators are rectangular
with uniform thickness. They are assumed to be perfectly bounded to the plate so that
the mechanical displacements are continuous across the interface. Figure 4.1 shows
the geometry of the plate and a piezo-electric actuator along with the rectangular
coordinate system, (x, y, z). The origin of the coordinate system is taken at the mass
center of the plate. Consequently, the plate’s volume is defined by


−Lx ≤ x ≤ +Lx
(4.6)
−Ly ≤ y ≤ +Ly


−h/2 ≤ z ≤ +h/2
where Lx and Ly are the half lengths along the x and y directions, respectively, and h
is the plate’s thickness. Likewise, the volume of the piezo-electric actuator geometry
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is defined by


x1 ≤ x ≤ x2
y1 ≤ y ≤ y2


h/2 ≤ z ≤ h/2 + hp

(4.7)

where (x1 , y1 ) and (x2 , y2 ) are the coordinates of two opposite corners and hp is the
actuator’s thickness.

Basic assumptions

The plate structure is assumed to behave according to the general Love assumptions
of the classical theory of thin shells [33]. These assumptions require that the plate
is flat with constant thickness and made of a homogeneous, linear elastic, isotropic
material. If in addition, the thickness is small compared to the other dimensions, the
plate’s deformations can be described as derived in Appendix B. Note that the small
thickness assumption allows the rotary inertia and shear deformation to be neglected.
The piezo-electric actuators are assumed to be thin and uniform so that the mechanical deformations inside the actuator satisfy the same properties as those of the
plate structure. Furthermore, the electrical field across the thickness of the actuator
is assumed constant and oriented along the poling direction which is normal to the
actuator’s mid-plane, i.e., the electrical potential inside the actuator varies linearly
across the thickness and remains constant in planes of constant z coordinate. The
actuator’s bottom electrode in contact with the plate is grounded while a voltage is
applied to the top electrode as shown in Figure B.2.

Structural response

The assumptions for the mechanical displacements stated above lead to a twodimensional plane stress problem, i.e., the plate’s deformations can be written in
terms of its mid-plane displacements, u0 (x, y), v0 (x, y), and w0 (x, y) along the x, y,
and z axis, respectively. As explained in Appendix B, polynomial basis functions
are used along the x and y axis to allow the modeling of arbitrary boundary conditions. The resulting Rayleigh-Ritz approximation of the mid-plane displacements is
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expressed as
u

Nxu −1 Ny −1

u0 (x, y) ≈

X X
p=0

Upq Xp (x)Yq (y)

(4.8)

Vpq Xp (x)Yq (y)

(4.9)

q=0
v

Nxv −1 Ny −1

v0 (x, y) ≈

X X
p=0

q=0

w
Nxw −1 Ny −1

w0 (x, y) ≈

X X
p=0

where

Wpq Xp (x)Yq (y)

(4.10)

−Lx ≤ x ≤ +Lx

(4.11)

−Ly ≤ y ≤ +Ly

(4.12)

q=0

p
x
,
Xp (x) =
Lx
 q
y
Yq (y) =
,
Ly


The generalized mechanical displacement coordinates, Upq , Vpq , and Wpq , are the
elements of the vector r which is solved for according to equation (4.4).

Boundary conditions
As mentioned earlier, arbitrary boundary conditions are included in the model by
attaching translational and rotational springs along each side of the plate’s boundary.
This corresponds to applying variable forces and moments along the boundaries of
the plate’s mid-surface. Figure 4.2 shows the three translational springs along the
x, y, and z axis and the two rotational springs about the x and y axis. Note that
the mid-plane rotation about the z axis is neglected in two-dimensional plane stress
problems and thus no constraints need to be applied for this rotation. The resulting
line force along the x, y, and z axis applied on the boundary can be expressed as

x

fu (x, y) = kt u0 (x, y)
(4.13)
fv (x, y) = kty v0 (x, y)


fw (x, y) = ktz w0 (x, y)
where fu , fv , and fw , are line forces with dimension of force per unit length, and
ktx , kty , and ktz are translational stiffnesses per unit length. The coordinates (x, y)
describe the plate’s mid-plane boundary. Similarly the moments applied along the
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Figure 4.2: Plate boundary conditions schematic.

plate’s boundary are expressed as
(
mu (x, y) = krx τx (x, y)
mv (x, y) = kry τy (x, y)

(4.14)

where mu and mv are line moments with dimension of force, and krx and kry are
rotational stiffnesses per unit length.
It is convenient to express the translational and rotational stiffnesses in terms of
non-dimensional factors κxt , κyt , κzt , κxr and κyr as
(x,y,z)

kt

=

 (x,y,z)
De /L3x κt

kr(x,y) = (De /Lx ) κ(x,y)
r
where De is the plate flexural stiffness,
De =

Eh3
12(1 − ν 2 )

(4.15)

The resulting translation and rotation stiffness factors have dimension of N/m2 and
N, respectively Note that damping can be included in the boundary conditions by
using complex stiffness factors. Also the above stiffness factors do not need to be
constant over the plate’s boundary. The dependence on the coordinates (x, y) has
been omitted for simplicity.

4.1.4

Cylinder system

Following the same outline as in the previous section, the characteristics of the cylinder model are summarized. The reader is referred to Appendix C for a more detailed
description.
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Figure 4.3: Cylinder and piezo-electric actuator geometry.

System geometry

The cylinder system consists of a thin uniform cylindrical shell excited by point forces
and cylindrical piezo-electric actuators mounted on the outside shell’s surface. As for
the plate, perfect bounding between actuators and the main structure is assumed.
The geometry of the system is shown in Figure 4.3. It is convenient to define the two
following coordinate systems: a global rectangular coordinate system, (x, y, z), where
z is oriented along the shell’s axis, and a curvi-linear coordinate system, (x0 , θ0 , z 0 )
local to the shell element, where x0 , θ0 , and z 0 are oriented along the longitudinal,
circumferential, and normal displacements, u, v, and w, respectively. The angle
φ = 2π − θ0 corresponds to the circumferential direction of the cylindrical coordinate
system, (r, φ, z), associated with (x, y, z), and will be used in describing the circumferential dependence of the shell’s motion and sound radiation. Note that different
variable names are used in Appendix C to define the above coordinate systems. In
an effort to simplify the equations derived in this appendix, the global coordinate
system, (x, y, z), is referred to as (X, Y, Z), and the local coordinate system (x0 , θ0 , z 0 )
as (x, θ, z) (see Figure C.1). The above notation conventions are local to Appendix C
and do not appear in the rest of the work.
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a − h/2 ≤ r ≤ a + h/2
0 ≤ φ ≤ 2π


−L ≤ z ≤ +L
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(4.16)

where L is the cylinder half length, a, the mid-plane diameter, and h, the shell’s
thickness. The piezo-electric actuator geometry is defined by


a + h/2 ≤ r ≤ a + h/2 + hp
(4.17)
φ1 ≤ φ ≤ φ2


z1 ≤ z ≤ z2
where (φ1 , z1 ) and (φ2 , z2 ) are the coordinates of two opposite corners and hp is the
actuator’s thickness.

Basic assumptions
The cylindrical shell behaves according to the general Love assumptions of the classical theory of thin shells [33]. This requires a homogeneous, linear elastic, and isotropic
material with constant thickness. Assuming in addition a small thickness compared
to the shell’s radius, the mechanical displacements can be expressed in terms of the
shell’s mid-surface displacements, thereby reducing the elasticity problem to a twodimensional plane stress problem.
The piezo-electric actuators are assumed to be thin and uniform so that the mechanical deformations inside the actuator satisfy the same properties as those of the
shell structure. Furthermore, the electrical field across the thickness of the actuator
is assumed constant and oriented along the poling direction which is normal to the
actuator’s mid-plane, i.e., the electrical potential inside the actuator varies linearly
across the thickness and remains constant in cylindrical planes of constant z coordinate. The actuator’s bottom electrode in contact with the cylinder is grounded while
a voltage is applied to the top electrode. This configuration is shown in Figure C.2.

Structural response
The shell’s longitudinal, circumferential, and normal mid-plane displacements are
denoted as u0 , v0 , and w0 , respectively. The Rayleigh-Ritz approximation for these
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three displacements is defined in the global cylindrical coordinate system as
u

u0(φ, z) ≈

u

c
Upq
Zp (z)Cq (φ) −

p=0 q=1

Nφv

Nz
φ
X
X

XX

v

Vpqc Zp (z)Cq (φ) −

p=0 q=0
w

w0 (φ, z) ≈

Nu

Nz
φ
X
X

p=0 q=0
Nzv

v0 (φ, z) ≈

Nu

Nz
φ
X
X

(4.18)

Vpqs Zp (z)Sq (φ)

(4.19)

Nv

p=0 q=1

Nw

Nz
φ
X
X

s
Upq
Zp (z)Sq (φ)

w

c
Wpq
Zp (z)Cq (φ) −

p=0 q=0

where

Nw

Nz
φ
X
X

s
Wpq
Zp (z)Sq (φ)

 z p

, −L ≤ z ≤ +L
L
Cq (φ) = cos (qφ) , 0 ≤ φ ≤ 2π
Sq (φ) = sin (qφ) , 0 ≤ φ ≤ 2π
Zp (z) =

(4.20)

p=0 q=1

(4.21)
(4.22)
(4.23)

Note that the above displacements are oriented as shown in Figure 4.3 but expressed
in terms of the global cylindrical coordinate system, (r, φ, z). This explains the minus
sign in front of the sine terms as compared to the formulation given in Appendix C.
The use of trigonometric basis functions along the circumferential direction is motivated by the periodicity of the shell’s displacements along this direction. Note that
this set of trigonometric functions forms a complete basis when the number of terms is
infinite. The polynomial basis functions along the axial direction allows the modeling
of arbitrary axial distributions, assuming the number of terms included in this direcc
c
s
, Vpqc , Wpq
, Upq
, Vpqs , and
tion is infinite. The mechanical displacement coordinates, Upq
s
, are the elements of the vector r which is solved for according to equation (4.4).
Wpq

Boundary conditions
Similar to the plate system, arbitrary boundary conditions are included in the model
by attaching translational and rotational springs along each edge of the mid-surface
plane. Figure 4.4 shows the three translational springs along the axial, circumferential, and normal directions and the two rotational springs about the axial and
circumferential directions. No constraint is applied along the rotations about the
direction normal to the shell as these displacements are neglected in the thin shell
theory. Note that different symbols are used in Figure 4.4 compared to Appendix C
due to the differences in coordinate systems’ notations explained earlier. The resulting line force along the axial, circumferential, and normal directions applied on the
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Figure 4.4: cylinder boundary conditions schematic.

boundary can be expressed as

z

fu (φ, z) = kt u0 (φ, z)
fv (φ, z) = ktφ v0 (φ, z)


fw (φ, z) = ktr w0 (φ, z)

(4.24)

where fu , fv , and fw , are line forces with dimension of force per unit length, and
ktz , ktφ , and ktr are translational stiffnesses per unit length. The coordinates (φ, z)
describes the shell’s mid-plane boundary, i.e., 0 ≤ φ ≤ 2π, z = ±L. Similarly the
moments applied along the shell’s boundary are expressed as
(
mu (φ, z) = krz τz (φ, z)
(4.25)
mv (φ, z) = krφ τφ (φ, z)
where mu and mv are line moments with dimension of force, and krz and krφ are
rotational stiffnesses per unit length.

Again, it is convenient to express the translational and rotational stiffnesses in
terms of non-dimensional factors κrt , κφt , κzt , κφr and κzr as

ktr,φ,z = Eh3 /a3 κr,φ,z
(4.26)
t
 φ,z
φ,z
3
= Eh /a κr
(4.27)
kr
where E denotes the shell Young’s modulus. The resulting translation and rotation
stiffness factors have dimension of N/m2 and N, respectively
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Figure 4.5: Plate far-field radiation.

4.2

Acoustic radiation

This section discusses the modeling of radiated sound from the plate and cylinder
systems. Expressions for the far-field radiated pressure and radiated sound power
are given in terms of the structural response discussed in the previous section. The
procedure to obtain the sensor estimates is also briefly outlined.

4.2.1

Plate system

Figure 4.5 shows the plate along with the spherical coordinate system (R, θ, φ) used
in describing the sound radiation in the far field. The plate is assumed to be mounted
in an infinite baffle so that the radiated pressure is expressed in terms of the normal
acceleration distribution and a Green’s function satisfying the Neumann’s boundary
condition (see Section 2.4.1). Recalling the discussion of Section 2.4.2, the radiated
pressure is approximated in the far field as
ρe−kR ˜
p(R, θ, φ) =
ẅ(k sin θ cos φ, k sin θ sin φ)
2πR

(4.28)
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˜ x , ky ) represents the wave-number transform of the plate’s out-of-plane
where ẅ(k
acceleration distribution. Appendix B describes the procedure to obtain the above
wave-number transform in terms of the plate generalized displacement coordinates,
Wmn , along the normal direction. It is expressed as
˜ x , ky ) = −ω 2
ẅ(k

Nxw −1 Nyw −1

X X

m=0

Wmn X̃m (kx )Ỹn (ky )

(4.29)

n=0

where X̃m (kx ) and Ỹn (ky ) represent the wave-number transforms of the mth and nth
basis functions along the x and y directions, respectively.
The plate radiated sound power is computed from the radiation impedance matrix
associated with the out-of-plane displacement coordinates as
1
Π(ω) = ω 2 Wmn t Re {Zmnpq } Wpq ?
2

(4.30)

where Wmn and Wpq represent the vector of generalized normal displacement coordinates and Zmnpq is the radiation impedance matrix associated with the system’s
basis functions. The full derivation of the above formula is detailed in Appendix D.
This approach is shown to be especially attractive for planar systems whose response
is decomposed on a polynomial basis. In this case, the impedance matrix is approximated using a closed-form analytical expression. This results in a more efficient
numerical approach compared to the traditional numerical integration of the far-field
pressure.
As described in Chapter 2, the sensor estimate is computed from the plate normal acceleration evaluated at the point sensor locations and the transfer functions
associated with the particular sensor configuration, i.e., type of approximation and
direction of estimate. The plate normal acceleration is expressed in terms of the
out-of-plane displacement coordinates as (see Appendix B)
ẅ(x, y) = −ω 2 w(x, y =) − ω 2

Nxw −1 Nyw −1

X X

m=0

4.2.2

Wmn Xm (x)Yn (y)

(4.31)

n=0

Cylinder system

The cylinder far-field radiated sound field is described in the spherical coordinate
system, (R, θ, φ) shown in Figure 4.6. The angle θ is measured between the cylinder’s
axial direction (z axis) and the far-field point. The following sound pressure and
sound power expressions assume the cylinder is mounted in an infinite rigid baffle.
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Figure 4.6: Cylinder far-field radiation.

The radiated sound pressure is obtained in the far field by integrating the Green’s
function far-field approximation multiplied by the normal acceleration over the cylinder surface. Substituting the normal acceleration in terms of the generalized normal
c
s
and Wmn
, the far-field radiated pressure can be exdisplacement coordinates, Wmn
pressed as
( ∞ ∞
)
∞ X
∞
X
ρω 2 e−kR X X c
s
W αmn cos(nφ) −
Wmn
αmn sin(nφ)
p(R, θ, φ) =
πkR sin θ m=0 n=0 mn
m=0 n=1
(4.32)
where
αmn =

n+1 Z̃m (k cos θ)
(2)0

Hn (ka sin θ)

(4.33)

The function Z̃m (kz ) represents the wave-number transform of the mth axial basis
function. It is computed as described in Appendix B. For the complete derivation of
the above formulation, the reader should refer to Appendix E. Note that the above
expression is not defined for θ = nπ where n is an integer. This is consistent with the
assumption of an infinite baffle on both sides of the cylinder.

The radiated sound power is obtained by integrating the far-field pressure over
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the sphere surrounding the cylinder. This is expressed as
( ∞ ∞ ∞
)
∞ X
∞ X
∞
X
ρcω 2 X X X c
c?
s
s?
(4.34)
Π(ω) =
Wmn Wpn
εn σmpn +
Wmn
Wpn
εn σmpn
2π
m=0 p=0 n=0
m=0 p=0 n=1
where
Z
σmpn =

π
0

Z̃m (k cos θ)Z̃p? (k cos θ)
(2)0
Hn (ka sin θ)

2

dθ

(4.35)

sin θ

No general closed-form solution exists for the above integral and it must therefore
be computed numerically. Note that the integrand is not defined at θ = nπ, and
the lower and upper limits should be replaced by ε and π − ε, respectively, where ε
represents a small positive number.
The sensor estimate is computed from the cylinder normal acceleration evaluated
at the point sensor locations and the appropriate sensor transfer functions described
in Chapter 2. The normal acceleration is obtained from the generalized displacement
coordinates as
ẅ0 (φ, z) = −ω 2 w0 (φ, z)

 w w
w
Nz Nφ
Nzw Nφ

X
X
X
X
c
s
= −ω 2
Wmn
Zm (z) cos(nφ) −
Wmn
Zm (z) sin(nφ)
(4.36)


m=0 n=0

4.3

m=0 n=1

Controlled response

This section outlines the procedure used to evaluate the controlled response of the
plate and cylinder systems under various control configurations. As mentioned before, both models include point force and piezo-electric patch excitations. To remain
general, the following formulation assumes a set of point force(s) and/or piezo-electric
actuator(s) provides the primary or disturbance inputs while another set provides the
secondary or control inputs. The disturbance inputs have some known complex amplitudes and the amplitudes of the control inputs are to be determined in order to
minimize a given cost function. The controlled response of the system is then obtained from the superposition principle by adding the response due to the disturbance
inputs to that due to the control inputs. Note that the superposition principle is a
direct consequence of the linearity properties inherent to the model.
Active control traditionally requires the cost function to be defined as a quadratic
function of the control input parameters. Based on this requirement and the assumption of linearity mentioned above, the optimal control inputs are found using Linear
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Quadratic Optimal Control theory. In the case of adaptive control, the same requirement also allows the use of simple iterative search algorithms that can be implemented
in the time domain to find the equivalent optimal solution (see Section 5.2.2). For the
plate and cylinder models considered here, the control input parameters are defined
in the frequency domain as the complex amplitudes of the control point forces applied
to the structure and/or control voltages applied to the piezo-electric actuators.
The following discussion starts by describing the general numerical procedure for
finding the optimal control inputs based on Linear Quadratic Optimal Control theory.
The discussion then addresses some of the limitations of the frequency domain optimal control solution when predicting the performances of a time domain controller.
Finally, the various cost functions considered in Chapter 7 are defined for both plate
and cylinder systems.

4.3.1

Optimal control inputs

This section presents the optimal control input solution for an arbitrary linear system
based on Linear Quadratic Optimal Control theory. Further details can be found in
Appendix F.
Let fd and fc represent the column vector of disturbance input and control input
complex amplitudes. For piezo-electric actuators, the complex amplitude represents
the magnitude and phase relative to a specified reference of the voltage signal applied
to the electrode of the actuator. For point forces, it represents the magnitude and
phase of the input force magnitude. The point force components are thus obtained
by multiplying the complex amplitude by each geometric component expressed in the
model’s coordinate system.
Linear Quadratic Optimal Control theory solves for the optimal control input
vector, fc opt , that minimizes the quadratic cost function,
Λ=

Nl
X

|ql |2

(4.37)

l=1

where ql (l = 1, 2, . . . , Nl ) represent complex quantities expressed as linear combinations of the control inputs. This is written in matrix notation as
q = Dfd + Cfc

(4.38)

where
q = q1 q2 · · · ql · · · qNl

t

(4.39)
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Although this is not required, the vector of error amplitudes shown in equation (4.38),
q, is also linear with respect to the disturbance inputs in fd . The matrices C and
D represent the transfer functions between each disturbance and control input and
the error outputs, respectively. They have dimensions Nl by Nd and Nl by Nc ,
respectively, where Nd is the number of disturbance inputs and Nc , the number of
control inputs.
As described in Appendix F, the set of optimal control inputs that minimizes the
cost function defined in equation (4.37) is solution of the linear system

CH C fc opt = −CH Dfd
(4.40)
where ()H represents the Hermitian operator.
When the number of error outputs is greater than the number of control inputs,
i.e., Nl > Nc , the system in equation (4.38) is over-determined. It is then solved in
the least square sense. As a result the optimal control inputs do not necessary yield
a zero cost function. On the other hand, when the number of error outputs is smaller
than the number of control inputs, i.e., Nl < Nc , the system is under-determined. In
this case, the control effort is added to the cost function as [38]
Λ = qH q + αfc H fc

(4.41)

where α is a real positive number. The optimal control inputs become solution of the
system

CH C + αI fc opt = −CH Dfd
(4.42)

Note that the matrix CH C + αI can now be made full rank, i.e., invertible, for α
large enough. This parameter should also be kept small enough in order to keep qH q
as the main contribution to the cost function. In practice,
 α should be determined
such that the condition number of the matrix CH C + αI ensures enough accuracy
for the system’s solution.
The introduction of the control effort in the cost function can also model the
limitations of a real control system in terms of available power. In this work, a
slightly different formulation than that presented by Elliott et al. [38] is adopted
where each control input is weighted individually. The cost function is expressed as
Λ = qH q + fc H wfc

(4.43)

where w is a diagonal matrix given by


w = αdiag CH C

(4.44)
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The matrix diag CH C contains the diagonal terms of CH C. In other words, the
control effort of each control input is weighted proportionally to its contribution to
the cost function. Control inputs with large contribution to the cost functions will
have their input voltage more constrained relative to control inputs with smaller
contribution. In cases where the controlled response is solved for over a number
of frequencies, the above approach also provides uniform weighting of the control
effort contribution over the frequencies. Consequently, on-resonance and off-resonance
frequencies yield the same relative amount of control effort weighting.

4.3.2

Limitations of the frequency domain solution

The control experiments described in Chapters 5 and 7 are based on the Filtered-x
LMS algorithm (see Section 5.2.2). This algorithm provides the control inputs in
the time domain by passing a reference signal correlated with the disturbance inputs
through adaptive digital filters. Therefore the relation between the reference signals
and the control inputs is causal, i.e., the control inputs only depend on past values
of the reference signals (and control inputs when using recursive filters).
Using the frequency domain optimal solution based on Linear Quadratic Optimal
Control theory as described in the previous section, the optimal control inputs are
given in the frequency domain as
fc opt = Afd

(4.45)

where
(−1)

A = − CH C

CH D

(4.46)

The matrix A which is Nc by Nd defines the optimal frequency domain controller. Element Aij represents the optimal transfer function between the j th disturbance channel
and the ith control channel. Unlike the time domain controller transfer functions, the
above frequency domain solution is not constrained to remain causal. In other words,
neglecting the sampling effects, the frequency domain solution represents a good representation of the equivalent time domain controller only if all transfer functions are
causal. Acausal transfer functions will not be accurately modeled by a time domain
controller. As a result, the frequency domain controller may sometimes overestimate
the levels of attenuation achieved by a time domain controller based on the same
system. However it does represent the maximum achievable attenuation if the system is causal. Note that the above discussion only applies to broadband excitations.
For single or multiple frequency excitations, digital filters can model acausal transfer
functions through phase wrapping.
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In addition to the above causality constraint, a time domain controller based on
FIR compensators introduces further constraints on the optimal control transfer functions due to the finite length of the compensator’s impulse response. In particular,
resonances in the control transfer functions are unlikely to be accurately modeled by
FIR compensators. The effect of this additional constraint on the controller performance is illustrated in Chapter 7. Finally, a time domain controller concentrates on
the frequencies that contribute the most to the cost function. This is in contrast
with the frequency domain solution proposed above where all frequencies are treated
equally.

To accurately predict the performances of a time domain controller, a discrete
time domain representation of the plant must be available. The control algorithm
is then simulated in the discrete time domain taking into account the various constraints mentioned above. This approach was implemented by Maillard and Fuller [39]
to simulate the Filtered-x LMS algorithm applied to radiation control of a simplysupported beam. In this case, a z-domain representation of the model’s transfer
functions was available analytically. For the plate and cylinder models considered
in this work however, a discrete time domain representation of the associated plant
transfer functions is not readily available. One possible approach is to write the statespace model associated with the system shown in equations (A.47) and (A.48). For
instance, the actuator equation associated with voltage driven piezo-electric actuators
(equation (A.47)) becomes in terms of state-space variables
ẋr (t) = Av xr (t) + Bv u(t)
y(t) = Cv xr (t)

(4.47)
(4.48)

where




0
I
A =
(−1)
(Ks + Kp + Ke ) (Ms + Mp )(−1) C
(Ms + Mp )

(4.49)


0
0
B =
(Ms + Mp )(−1) Bf (Ms + Mp )(−1) Θ

(4.50)

v

and


v

The state vector ẋr (t) is expressed in terms of the generalized displacement coordinates as


r(t)
ẋr (t) =
(4.51)
ṙ(t)
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and the input state vector as

u(t) =



f(t)
v(t)

(4.52)

The matrix C represents an arbitrary viscous damping matrix and Cv relates the state
vector to the system outputs (far-field pressure for instance). The above continuous
time state-space model is transformed into a discrete time state-space model as [40]
xr k+1 = Ψxr k + Γuk
yk = Cv xr k

(4.53)

where Ψ and Γ are two matrices based on Av , Bv , and the sampling period. Their
construction involves evaluation of a matrix exponential and integration of a matrix
exponential, respectively.
The above approach becomes computationally intensive for models based on modal
methods where the number of elements in the state vector xr is large. For this reason,
it was not carried out in this work.

4.3.3

Cost function definitions

This section introduces the various cost functions which the analytical control results
of Chapter 7 will be based upon. Each cost function is defined in terms of quantities
based on the models described in this chapter and the procedure to construct the
disturbance and control matrices, D and C, is outlined.
The following transformation matrices are first introduced to express the vector of
applied forces, f, and voltages, v, in terms of the vectors of disturbance and control
input amplitudes, fd and fc , respectively (see equation (4.38)). Let Tf d and Tf c be
the transformation matrices relating the disturbance and control inputs to the applied
forces as
f = Tf d fd + Tf c fc

(4.54)

Likewise the matrices Tv d and Tv c relate the disturbance and control inputs to the
applied voltages as
v = Tv d fd + Tv c fc

(4.55)

The above transformation matrices give the vector of applied forces and applied voltages associated to a set of disturbance and control input complex amplitudes. The
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matrices Tf d and Tf c define the orientation of each point force applied to the system while Tv d and Tv c specify the polarity of each actuator. Note also that this
formulation allows various disturbance and control configurations to be selected. In
particular point forces or actuators can be set in parallel, e.g., to distribute a single
control input across several actuators.
Far-field pressure
The cost function based on far-field pressure measurements is defined as the sum of
the pressure square modulus evaluated at specific locations in the far field. This is
expressed in equation (4.37) by defining
t

q = p(R1 , θ1 , φ1 ) · · · p(Rl , θl , φl ) · · · p(RNl , θNl , φNl )

(4.56)

where Nl is the number of error measurements and p(Rl , θl , φl ), the complex amplitude
of the pressure evaluated at location (Rl , θl , φl ) in the far field.
Each element Dlm of the disturbance matrix D is obtained by evaluating the
pressure at the lth error location, (Rl , θl , φl ), due to a unit input applied to the mth
disturbance channel. In other words, the vector of applied forces and voltages are
constructed according to equations (4.54) and (4.55) with all control inputs in fc set
to zero as well as all disturbance inputs in fd except for the mth input which is set to
one. The control matrix C is constructed similarly by setting all disturbance inputs
to zero and successively each control input to one.
Sensor estimate
The second cost function is based on the sensor outputs related to pressure estimates
in prescribed directions. The vector of quantities to minimize, q, is now expressed as
t
(4.57)
q = pd (θ1 , φ1 ) · · · pd (θl , φl ) · · · pd (θNl , φNl )
where pd (θl , φl ) represents the pressure estimate in the lth direction. The procedure
to construct the matrices C and D is similar to the case of the far-field pressure based
cost function described above.
Radiated sound power
The minimization of the radiated power involves integrating the cost function associated with the far-field pressure at location (R, θ, φ) over the surface S surrounding
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the source. This is expressed as
Λ=R

2

ZZ
qH q sin θ dθ dφ

(4.58)

S

where q = p(R, θ, φ). The optimal control inputs then become solution of the system
Z Z

Z Z

opt
H
H
C C sin θ dθ dφ fc = −
C D sin θ dθ dφ fd
(4.59)
S

S

where C and D correspond to the radiated pressure at location (R, θ, φ) due to unit
control and disturbance inputs, respectively. The above approach therefore requires
to compute the radiated sound power due to each disturbance and control channels.
In order to reduce the amount of computations, the results presented in Chapter 7
use a different approach. The cost function defined in equation (4.58) is replaced by
Λ = qH q

(4.60)

where

q = (sin(θ1 ))1/2 p(R1 , θ1 , φ1 )

···

(sin(θl ))1/2 p(Rl , θl , φl )
···

t

(sin(θNl ))1/2 p(RNl , θNl , φNl )

(4.61)

The far-field locations (Rl , θl , φl ) are equally spaced over the surface S surrounding
the source. The C and D matrices are constructed similarly to the case of far-field
pressure minimization, except for the fact that each pressure amplitude is multiplied
by (sin(θl ))1/2 in order to take into account the decreasing elemental surface area
associated with each point as the direction moves closer to θ = 0◦ . This ensures a
non-biased estimate of the radiated power.

Out-of-plane acceleration
A third cost function based on vibration information is defined as the sum of the
square modulus of the normal acceleration evaluated at a set of locations on the
structure. The vector q then becomes
t

l
q = ẅ(r10 ) · · · ẅ(rl0 ) · · · ẅ(rN
0 )

(4.62)

where ẅ(rl0 ) represents the out-of-plane acceleration complex amplitude at location
rl0 .
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Mean-square velocity
The minimization of the mean-square velocity is performed similarly to the radiated
power minimization described earlier. Rather than formulating the problem in terms
of the surface integral of the out-of-plane structural velocity, the cost function is
approximated by the sum of the squared out-of-plane velocity measured at locations
equally spaced over the surface of the radiator. Provided the number of minimization
points is large enough, the resulting control solution is a good estimate of the solution
associated with the actual mean-square velocity cost function.

4.4

System parameters

This section gives the numerical values of the various parameters involved in the two
analytical models described in the previous section. These parameters are chosen
such as to model the structural and acoustic response of the real systems tested
experimentally (see Chapter 5). The motivations behind the choice of geometry,
material, and transducers arrangement are discussed in Chapter 5. The reader is
referred to this chapter for a complete description of the structures modeled with the
parameters that are presented in the following sections.
For both plate and cylinder systems, the dimensions and material properties of
the structure and piezo-electric actuators are first presented along with the boundaries’ stiffness factors. The transducers layout is then characterized by specifying the
point force and actuators locations, as well as the various point sensor arrangements.
Finally, the numerical parameters involved in the computations are specified for completeness as well as the system’s natural frequencies. The last part of this section
gives the characteristics of the surrounding fluid medium.

4.4.1

Plate system

Table 4.1 shows the plate’s dimensions and material properties used in the numerical
simulations. The dimensions were measured from the plate structure tested experimentally. The material properties are estimates based on standard properties of
steel [26].
Table 4.2 gives the same properties for the piezo-electric actuators. Note that all
actuators mounted on the plate are assumed to have the same characteristics. The
actuator’s dimensions and material properties are those provided by the manufacturer [41].
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Table 4.1: Plate dimensions and material properties.
Parameter

Magnitude

length, 2Lx (mm)

380

width, 2Ly (mm)

298

thickness, h (mm)

1.93
2

Young’s modulus, E (N/m ) 2.04 × 1011
Poisson ratio, ν

0.28

mass density, ρs (kg/m3 )

7700

hysteretic damping factor, η

0.0005

Table 4.2: Dimensions and material properties of the plate piezo-electric actuators.
Parameter

Magnitude

length, x2 − x1 (mm)

38

width, y2 − y1 (mm)

32

thickness, hp (mm)

0.1905

Young’s modulus, Ep (N/m2 )
Poisson ratio, νp

6.1 × 1010
0.33

3

mass density, ρp (kg/m )
d31 constant (m/V)
hysteretic damping factor, ηp

7750
171 × 10−12
0

86
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Table 4.3: Translation and rotation stiffness factors of the plate boundaries.
Stiffness factor Magnitude
κxt

0

κyt
κzt
κxr
κyr

0
2000
0.1
0.1

Table 4.4: Center location of the plate transducers.
Transducer type

Relative coordinate, x/Lx

Relative coordinate, y/Ly

disturbance point force

-0.60526

-0.56376

control PZT # 1

0.41579

-0.45302

control PZT # 2

0.41579

0.38926

control PZT # 3

-0.18421

-0.040268

As discussed in Section 4.1.3, the boundary conditions are characterized through
non-dimensional stiffness factors. In the model, uniform stiffness factors are applied
on each side of the plate. The values shown in Table 4.3 were chosen in an attempt
to model the experimental boundary conditions. Comparison results of the numerical
and experimental natural frequencies are presented in Appendix K.
The plate structure is excited through a single point force, normal to the plate,
and controlled through three one-sided piezo-electric actuators. Table 4.4 shows the
point force and actuators’ center coordinates normalized with respect to the plate’s
half length and width. The coordinates are given in the system shown in Figure 4.1.
Figure 4.7 shows the above transducers’ arrangement. As described in Chapter 5, the
point force is applied on the back side of the plate. In other words, the point force
is oriented towards the positive z axis. The matrix Tf d introduced in Section 4.3.3
therefore takes the form
 
0
d

(4.63)
Tf = 0
1
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PZT 2

PZT 3
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x
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Point force

195 mm

195 mm

Figure 4.7: Plate transducer locations.

The piezo-electric actuators are also mounted on the back side of the plate. Recalling
the actuator configuration shown in Figure B.2, the applied voltages should therefore
be multiplied by (−1). Assuming all three actuators are implemented as control
input, the matrix Tv c then takes the form


−1 0
0
Tv c =  0 −1 0 
(4.64)
0
0 −1
The location of the point sensors implemented to measure the plate’s normal
acceleration follows the regular spacing scheme discussed in Section 2.4. This is
written in the plate’s coordinate system as
(
xm = −Lx + ∆x/2 + m∆x, m = 0, 1, . . . , Nx − 1, ∆x = 2Lx /Nx
(4.65)
yn = −Ly + ∆y/2 + n∆y,
n = 0, 1, . . . , Ny − 1, ∆y = 2Ly /Ny
where (xm , yn ) represents the point sensor coordinates and Nx and Ny , the number
of measurements along the x and y direction, respectively.
Finally, the numerical model uses the following orders in the Rayleigh-Ritz ap-
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Table 4.5: Natural frequencies of the plate system.
Mode (m, n)

Natural frequency (Hz)

(1, 1)

86.27

(2, 1)

181.6

(1, 2)

241.7

(2, 2)

333.5

(3, 1)

339.5

(3, 2)

484.9

(1, 3)

495.7

(4, 1)

558.3

(2, 3)

581.3

(4, 2)

696.0

proximation shown in equations (4.8) to (4.10):
Nxu = 10

Nyu = 10

Nxv = 10

Nyv = 10

Nxw

Nyw

= 11

(4.66)

= 11

The above values were found to be suited for accurate modeling of the plate response
up to 1000 Hz. This frequency bandwidth encompasses the first 15 flexural modes
of the plate. The resulting constitutive matrices have dimension 321 by 321. In
addition, 12 terms are included in the Taylor expansion used to approximate the
radiation impedance matrix (Appendix D). Convergence studies showed the above
value was sufficient to estimate the radiated sound power up to 1000 Hz.

For completeness, the plate’s natural frequencies are presented in Table 4.5. The
mode designation uses two indexes associated with the x and y axis, respectively. The
reader is referred to Appendix K for more details on the free vibration characteristics
of the structure and comparisons between the numerical and experimental natural
frequencies.
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Table 4.6: Cylinder dimensions and material properties.
Parameter
length, 2L (m)

0.987425

outside diameter, a + h/2 (m)

0.254

thickness, h (mm)

2.3622

Young’s modulus, E (N/m2 )

7.1 × 107

Poisson ratio, ν

0.31

mass density, ρs (kg/m3 )

2700

hysteretic damping factor, η

4.4.2

Magnitude

0.0005

Cylinder system

The cylinder model has the dimensions and material properties shown in Table 4.6.
As for the plate structure, the dimensions were measured on the actual structure.
The material properties are based on standard values for aluminum [26].
Table 4.7 presents the dimensions and material properties of the piezo-electric
actuators. As it will be discussed in Chapter 5, no curved actuators were available
for the experimental testing and the same flat actuators used for the plate [41] were
mounted on the cylinder by cutting them across their width (see Figure 5.6). The
resulting strips were thin enough to ensure bonding to the cylindrical surface. The
model approximates this configuration as a single curved piezo-electric actuator of
same axial dimension, thickness and material properties. Its length along the circumferential direction is measured based on the extent of the actuator’s strips mounted
next to each other (see Figure 5.6). Note that the model could also include eight separate curved actuators configured as described in Section 5.1.2. However preliminary
numerical studies showed this arrangement yielded equivalent response levels as those
obtained with a single actuator. This result is expected as the moments acting on
the structure along the facing edges of two adjacent actuators have nearly the same
magnitude and opposite phase therefore canceling out.
The translation and rotation stiffness factors introduced in equations (4.26) and
(4.27) are given in Table 4.8. As discussed in Appendix K, these values yield good
correlation between the numerical and experimental natural frequencies of the system
with the exception of the beam mode natural frequency.
The cylinder is excited by four sets of piezo-electric actuators. The corresponding
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Table 4.7: Dimensions and material properties of the cylinder piezo-electric
actuators.
Parameter

Magnitude

length, (φ2 − φ1 )(a + h/2 + hp /2) (mm)

38.1

width, z2 − z1 (mm)

69.9

thickness, hp (mm)

0.1905

Young’s modulus, Ep (N/m2 )

6.1 × 1010

Poisson ratio, νp

0.33
3

mass density, ρp (kg/m )

7750
171 × 10−12

d31 constant (m/V)
hysteretic damping factor, ηp

0

Table 4.8: Translation and rotation stiffness factors of the cylinder boundaries.
Stiffness factor Magnitude
κxt

0

κθt

800

κzt

200

κxr
κθr

0
0
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Table 4.9: Center location of the cylinder actuators.
Actuator

relative axial location, circumferential location,
z/L

φ (degrees)

disturbance PZT

-0.32754

0

control PZT # 1

0.37000

180

control PZT # 2

0.22000

60

control PZT # 2

-0.39500

250

x

x
a

d

d
φ

c2

c2

z
c3

c1
L

y
c3

c1
L

Figure 4.8: Cylinder piezo-electric actuator center locations.

four curve piezo-electric actuators used in the model are located as described in
Table 4.9. The actuators center locations are also shown in Figure 4.8 for clarity.
Note that the disturbance and control matrices, Tv d and Tv c associated with the
actuators (see Section 4.3.3) have positive signs according to the model’s configuration
shown in Figure C.2. For example, Tv c is defined as


1 0 0
Tv c =  0 1 0 
(4.67)
0 0 1
for a control configuration based on all three

1
c

Tv = 0
0

control actuators and

0
1
0

when using the first and second control actuator only.

(4.68)
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The point sensors used to measure the structural out-of-plane acceleration are
located on a rectangular grid along the axial and circumferential direction. Their
coordinates satisfy
(
m = 0, 1, . . . , Nφ − 1, ∆φ = 2π/Nφ
φm = φ̄ + m∆φ,
(4.69)
zn = −L + ∆z/2 + n∆z, n = 0, 1, . . . , Nz − 1, ∆z = 2L/Nz
where Nφ and Nz are the number of points along the axial and circumferential direction, respectively, and 0 ≤ φ̄ ≤ ∆φ. Note that the above locations are centered along
the cylinder’s axial direction.
The Rayleigh-Ritz approximation presented in equations (4.18) to (4.20) uses the
orders shown below:
Nxu = 6
Nxv = 12
Nxw = 12

Nθu = 6
Nθv = 12
Nθw = 12

(4.70)

Preliminary convergence studies showed the above values ensured accurate structural
modeling up to the 12th flexural mode of the cylinder (see Appendix K). Also, the
far-field approximation of the Green’s function is computed using the first 25 terms
of the series showed in equation (2.86). This was sufficient to model the cylinder
far-field radiation up to 1000 Hz.
As for the plate system, the cylinder’s natural frequencies based on the above
characteristics are presented in Table 4.10. The first modal index, m, is associated
with the axial direction, and the second index, n, with the circumferential direction.
Note that each mode of vibration is associated with two distinct natural frequencies
and mode shapes rotated along the circumferential direction by π/(2n) relative to
one another (see Appendix K). This behavior is expected due to the asymmetry
introduced by the added mass and stiffness of the piezo-electric actuators. It should
be mentioned that similar results are observed on real structures. More details on
the system’s modal characteristics can be found in Appendix K. The reader is also
referred to Appendix L for a description of the mechanisms associated with the above
“double” modes.

4.4.3

Fluid medium characteristics

For all analytical results including the sensor transfer functions, the fluid medium
surrounding the plate and cylinder structure was taken as air with characteristics
shown in Table 4.11. These values correspond to an ambient temperature of about
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Table 4.10: Natural frequencies of the cylinder system.
Mode (m, n)

Natural frequency (Hz)

(1, 2)

240.775

(1, 2)?

240.958

(1, 3)

304.923

?

(1, 3)

305.459

(2, 3)

498.78

(2, 3)?

499.153

(1, 4)

547.635

(1, 4)?

547.825

(1, 1)

565.293

?

(1, 1)

565.463

(2, 4)

609.121

(2, 4)?

609.181

(2, 2)

749.113

?

(2, 2)

749.312

(3, 4)

778.943

(3, 4)?

779.031

(3, 3)

874.234

(3, 3)?

874.289

Table 4.11: Surrounding fluid properties.
Parameter

Magnitude

mass density, ρ (kg/m3 )

1.27

sound velocity, c (m/s)

347
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27◦ C (80◦ F) as measured inside the anechoic chamber where the experimental tests
were conducted.

4.5

About the computations

The plate and cylinder models described in this chapter are implemented within
a single program, many of the subroutines being common to both systems. The
entire code is written in Matlab language [42] except for a few functions written in
C language in cases where Matlab vectorized operations are not easily implemented.
The code allows for batch processing as well as visualization of results. All plots
shown in this work were created by Matlab.
As discussed in Chapters 6 and 7, the plate and cylinder’s response is computed
over a number of frequencies within the bandwidth of interest. Solving for the generalized displacement coordinates of the structural response represents the main computational task in terms of computer CPU time. The Rayleigh-Ritz decomposition
described earlier results in a 321 by 321 complex linear system for the plate model,
and a 678 by 678 system for the cylinder model. Assuming there are N frequencies
defined in the bandwidth, the above systems need to be solved N times. Furthermore, the control response of a multi-channel control structure involves solving for
the structural response due to each control input as well as the disturbance input.
It should also be stated that the presence of piezo-electric actuators in the model
makes the constitutive matrices “full”, i.e., having very few zero elements. This is in
contrast with the use of point force which often results in largely “empty” matrices,
thus reducing the amount of computations needed to solve the system.
The large jobs associated with computations of the broadband frequency response
of the system with or without control were run on an IBM Scalable Parallel Processor
(SP2) supercomputer located at Virginia Tech. This SP2 system is composed of 14
nodes which are POWER2 architecture RS/6000 processors with their own memory
and disk running IBM’s AIX Operating System (Unix). Note that the response
of the system due to each control and disturbance input is solved simultaneously
on separate nodes, thereby greatly reducing the overall time of computations. The
smaller jobs associated with post-processing computations (mean-square velocity, farfield radiation, . . . ) and data visualization were performed on a Intel Pentium 90 MHz
system running the Linux Operating System (Unix).
The amount of CPU time required to solve the cylinder structural response due to
a single channel of excitation at 481 frequencies was over 6 hours on the SP2 machine.
A large amount of memory was also needed to perform the computations associated
with the cylinder model.

Chapter 5
Experimental testing
The experimental part of this work is aimed at validating Discrete Structural Acoustic
Sensing on planar and cylindrical baffled radiators. The sensor is first tested in terms
of its accuracy to predict far-field sound radiation information, and then implemented
in a control system to demonstrate its ability to provide appropriate error signals for
Active Structural Acoustic Control. In this chapter, the experimental setup and
procedures used in testing the plate and cylinder systems are presented. The chapter
starts by describing the two structural systems in terms of their geometry, material
characterization, and boundary conditions. The systems of the attached transducers
are also presented. The second part discusses the sensing and control arrangements
including the hardware and software implementation of the control system. Finally,
the third part of the chapter outlines the measurement apparatus for estimating the
system’s performances.

5.1

Test structures

This section introduces the plate and cylinder structures used in the experimental
testing. The motivations behind the choice of dimensions and material properties
are first outlined. The section then describes the attachment of the structure to its
support stand and the resulting boundary conditions for both systems. Finally, the
electro-mechanical transducers used as vibration actuators and sensors are presented.
All tests were conducted in a 4.2 m by 2.2 m by 4.5 m anechoic chamber at
Vibration and Acoustics Laboratories (VAL), Virginia Tech. The chamber has an
approximate cut-off frequency of 250 Hz.
As mentioned earlier in this work, the choice of simple geometries allows modeling
of the structural response based on modal methods rather than more complex Finite
96
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Element Methods. Experimental testing introduces additional requirements related
to the frequency bandwidth of operation. To allow reliable acoustic measurements,
the lower bound of the frequency range should be above the cut-off frequency of
the anechoic chamber. Moreover, the digital signal processing part of the sensing
and control system limits the upper bound of the frequency range relative to the
maximum sampling frequency achievable by a given DSP. Within this frequency
range, the dimensions and material properties of the test structures are determined
based on the type of structural response to be tested. In order to demonstrate the
sensing technique for a relatively large class of vibration patterns, the bandwidth
should include a number of resonance frequencies associated with flexural modes.
The order of these modes should also be low enough such that a simple control and
sensing configuration can be used. Finally, the dimensions of the structure should
not exceed the limits imposed by the dimensions of the anechoic chamber in terms of
far-field measurements.
Based on the above requirements, the dimensions and material designations of
the plate and cylinder structures are given in the following two sections along with a
description of their attachment and electro-mechanical transducers.

5.1.1

Plate structure

The plate structure is made of plain carbon steel and has dimensions 380 × 298 ×
1.93 mm (see also Table 4.1). The above material and dimensions yield several flexural
modes below 1000 Hz while allowing good measurement estimates of far-field radiated
pressure inside the anechoic chamber. The structure is attached to a heavy steel
support stand through thin, flexible metal shims. The shims are attached on each side
of the plate with a set of 6 small screws. Figure 5.1 shows a drawing of the section of
the plate and its support. Note that this drawing is not scaled with actual dimensions.
This type of attachment allows the plate to move along its plane at the boundary
(translation along x and y) as well as to rotate around its edges (rotation about x and
y) while restricting the out-of-plane translation along the edges (translation along
z). The associated natural frequencies and mode shapes are determined through
experimental modal analysis. The results presented in Appendix K show that the
above attachment approaches simply-supported boundary conditions.
To provide the primary disturbance input, a shaker (Ling Dynamic Systems Model 201) is mounted in a direction normal to the plate surface. Note that the
shaker excitation is preferred to a piezo-electric patch excitation as it usually better
represents the type of excitations found in real applications. The shaker is held in
place with elastic cords while a thin steel rod is threaded into a bolt which is glued
to the plate in order to ensure proper excitation. The force is applied to the back
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Figure 5.1: Section of the plate/support stand assembly.

side of the plate, i.e., opposite from the radiation measurement side. The location
of the force shown in Table 4.4 was chosen such that all flexural modes within the
0–1000 Hz frequency bandwidth are excited. The above arrangement can be seen in
the photograph of Figure 5.2. A force transducer (Kistler - Model 9712A500) is also
mounted between the plate and shaker in order to measure the response of the plate
system rather than that of the plate/shaker system (see Appendix K).
The secondary inputs applied to control the plate are single-sided piezo-electric
actuators. All piezo-electric actuators used in the experiments were obtained from
Piezo-Systems, Inc. [41] The ceramics are made of lead zirconate titanate (PSI-5AS2) and have the material properties given in Table 4.2. Note that these values are
only estimates of the actual properties as provided by the manufacturer [41]. The
ceramics have a poling direction along the normal to the actuator’s large plane so that
applying voltage to the bottom and top electrode produces in-plane motion through
the d31 coefficient. The actuators are bounded to the plate according to the following
steps:

1. A thin layer of cyanoacrylate based adhesive (M-Bond 200) is applied to the
plate surface to provide insulation between the actuator’s bottom electrode and
the structure.
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Figure 5.2: Support stand and transducers mounted on the back side of the
plate.
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2. A thin electrical lead made of brass shin stock 25.4 µm (= 1/1000 in) in thickness is soldered to one side of the actuator.
3. The actuator is attached to the plate with the same adhesive (M-Bond 200) and
such that the electrode connected to the electrical lead is against the plate.
4. Thin electrical wire is soldered to the actuator’s top electrode and bottom lead
to apply voltage.
A schematic of the electrical connections presented above is shown in Figure B.2.
One actuator bounded to the plate can also be seen in Figure 5.2. A total of three
single-sided actuators are mounted on the back side of the plate at locations given
in Table 4.4. These locations were determined from an optimization design procedure previously implemented by Song [43]. The actuator locations are optimized to
minimize the total radiated sound power at a number of simultaneous excitation frequencies. The locations given in Table 4.4 were optimized in order to best control the
(1,1) and (3,1) modes of the plate, as these two modes represent the most efficient
radiating modes within the 0–1000 Hz bandwidth.
The structural acoustic sensor is implemented on the plate using a set of nine accelerometers located according to equation (4.65) with Nx = Ny = 3. The accelerometers are mounted with wax on the back side of the plate as shown in Figure 5.2.
The sensor uses 3 B&K mini accelerometers (Model 4374) and 6 BBN accelerometers
(Model 501). Note that the BBN accelerometers are slightly heavier compared to
the B&K models which weigh 0.65 g each. These disparities do not affect the sensor
performances provided the transfer function between measured acceleration and the
input to the digital filter array is kept constant for all point sensors.
As explained in Chapter 2, the sensor is designed to predict far-field sound radiation from baffled structures. In order to evaluate its accuracy and compare its
performance to a control system based on far-field error measurements, a rigid wood
baffle is installed around the plate as shown in the photograph of Figure 5.3.

5.1.2

Cylinder structure

Due to the limited number of accelerometers available for implementing Discrete
Structural Acoustic Sensing on cylindrical geometries, the choice of the cylinder’s
dimensions and materials was made such that the first few flexural modes of the
structure have low modal order in both the axial and circumferential directions. Furthermore, the resonance frequencies of these low order modes should be kept below
the limit set by the maximum sampling frequency of the DSP, as mentioned earlier.
The above requirements led to the choice of an aluminum cylinder, 0.98 m in length,
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Figure 5.3: Front side of the plate and rigid baffle inside the anechoic chamber.

2.36 mm in thickness, and 0.254 m in diameter. The cylinder is constructed from a
flat sheet of aluminum rolled and welded along its main axis. Previous investigations
showed that the discontinuity line introduced by the welding does not significantly
affect the structural vibration of the cylinder’s low order modes and the assumption
of a uniform isotropic thin cylindrical shell still holds. This is confirmed by the free
vibration analysis described in Appendix K.
In order to allow structural vibration measurements over the entire surface of the
cylinder as well as acoustic measurements over the sphere surrounding the structure,
the cylinder’s attachment to its support stand is designed to allow full rotation along
its main axis. To this purpose, the cylinder is closed at both ends by aluminum
end-caps 12.7 mm (= 1/2 in) in thickness. The end-cap diameter is machined to
match the inner diameter of the cylinder except for a 3.18 mm (= 1/8 in) shoulder
which has a diameter matching the outer diameter of the shell. A section of the
cylinder/end-cap assembly is shown in Figure 5.4. Each end-cap is attached to the
cylinder with a set of 12 small screws equally spaced along the circumference. Note
that the end-cap is in contact with the end section of the shell as well as a ring
6.35 mm (= 1/4 in) in width on each side of the inside surface. A steel rod 3.18 mm
(= 1/8 in) in diameter is threaded into each end-cap and mounted on a nylon ring.
The ring is fixed in a 19.05 mm (= 3/4 in) aluminum section which is bolted to a
heavy steel support stand. This configuration as shown in Figure 5.4 allows rotation
of the structure around its main axis. The assembly described above can also be seen
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Figure 5.4: Section of the cylinder/end-cap assembly.
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Figure 5.5: Cylinder end-cap and rotation apparatus.

in the photograph of Figure 5.5.
The attachment of the cylinder to its support stand results in rather complex
boundary conditions. At the boundaries, the shell’s extensional motion along the z
axis is restricted due to the end-cap shoulder. The out-of-plane and circumferential
motion are also somewhat restricted due to the screws. Likewise the rotation about
the axial and circumferential directions have some level of constraints. It should also
be noted that the end-cap itself is not entirely fixed, especially along the axial direction, and in a lesser degree in rotation along its diameter. This motion is likely to
include some level of coupling between the sections of the shell’s end circumference.
However, measurements of the end-cap motion showed levels of vibration at least
20 dB down the averaged out-of-plane motion of the shell. In other words, the coupling effects can be neglected by using uniform and fixed stiffness factors in modeling
the boundary conditions (see Section 4.1.4). The modal analysis performed on the
cylinder and discussed in Appendix K shows good agreement between the analytical
model and the measured natural frequencies of the first four flexural modes. The
mode shapes of the first few flexural modes also suggest that the boundary conditions resulting from the above configuration approach those of a simply-supported
cylinder. This is confirmed by the values of the stiffness factors used in the numerical
model (see Table 4.8). More details can be found in the Appendix referred above.
To allow full rotation of the cylinder around its main axis, all structural vibration
inputs, i.e., both disturbance and control inputs, are applied through single-sided
piezo-electric actuators (attaching shakers to the rotating structure would involve a
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Figure 5.6: Schematic of the configuration of the cylinder actuators.

more complex setup). As no curved piezo-electric actuator matching the cylinder’s
outside radius was readily available, the cylinder’s actuators were constructed from
the same piezo-ceramics implemented on the plate (see Section 5.1.1). To allow
mounting on the cylindrical surface, each actuator is cut along its width into a set
of eight strips of same dimensions. The original actuators are 63.5 mm (= 2.5 in) in
length and 38.1 mm (= 1.5 in) in width, which results in eight 7.9 mm by 38.1 mm
strips. They are mounted on the cylinder’s outside surface side by side with their
length along the cylinder’s axis as shown in Figure 5.6. A gap of approximately 1 mm
remains between each actuator strip to avoid short circuits between the electrodes of
two adjacent actuators. The total surface area covered by the set of eight actuators
is 69.9 mm by 38.1 mm (see Table 4.7). Each actuator is cut with a razor blade and
sanded along its cut edges until smooth. The mounting technique slightly differs from
that used on the plate (see Section 5.1.1). To avoid step one mentioned earlier, each
actuator is bounded to the cylinder with a thin polyester film damped in M-Bond 200
glue. The film (Reemay: Spun Bounded Polyester - Style 2250) achieved electrical
insulation between the structure and bottom electrode while keeping the mounting
interface thin enough such as to insure proper excitation. All eight actuators are wired
in phase such as to approximate the excitation from a single curved piezo-electric
actuator extending over the same surface area of the shell. The above arrangement
is shown in the photograph of Figure 5.7.
Four sets of the actuator arrangement described above are mounted on the cylinder
according to the center locations given in Table 4.9. The center locations are also
shown schematically in Figure 4.8. The disturbance actuator center location serves as
the origin of the circumferential direction, φ = 0◦ . Its axial location, z/L = −0.328,
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Figure 5.7: Piezo-electric actuator mounted on the cylinder.

ensures that all flexural modes present in the 0–1000 Hz bandwidth are excited (see
Table K.3). The three other actuator sets are implemented as control inputs. Their
location was determined such as to allow various control configurations.
The discrete structural acoustic sensor implemented on the cylinder uses 12 accelerometers (PCB Piezo-electric ICP accelerometers - Model 352A10) with mass of
0.7 g. Each accelerometer is wax mounted on the outside surface of the cylinder as
shown in Figure 5.7. The point sensors are arranged as 2 rings of 6 accelerometers
equally spaced according to equation (4.69) where Nz = 2, Nφ = 6, and φ̄ = 0.
Note that the accelerometers are aligned with the disturbance actuator such that the
modes excited by the disturbance input have anti-nodes along the circumferential
directions aligned with the point sensor locations. As discussed in Section 2.5.4, the
sensor accuracy is independent of the point sensor circumferential locations when the
number of sensors along the circumferential direction is greater than the highest circumferential order of the modes present in the bandwidth. When this condition is
not satisfied however, care must be taken so that the point sensors do not coincide
with the nodal lines of a given mode (mode n = 3 in this case). Furthermore, placing
the sensors on anti-nodal lines ensures better signal to noise ratio thus improving the
accuracy of the sensor estimate.
To allow acoustic measurements of the baffled structure, two sections of “rigid”
PVC pipe, 0.254 m (= 10 in) in diameter and 6.35 mm (= 1/4 in) in thickness,
are installed on each side of the cylinder along its main axis. The two pipes extend
in length up to the walls of the anechoic chamber. A picture of the complete rig
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Figure 5.8: Cylinder test rig inside the anechoic chamber.

including the baffle is shown in Figure 5.8. It should be mentioned that the baffle does
not significantly affect the cylinder radiation in the frequency bandwidth considered
in this work, i.e., below 800 Hz. Sound pressure measurements on the 1.85 m radius
sphere centered on the cylinder with and without baffle yield quasi-identical pressure
levels in all directions, except for directions close to the cylinder main axis (θ < 20◦
and θ > 160◦ ).

5.2

Control and sensing arrangement

As mentioned earlier, two sets of experiments were conducted on the plate and cylinder structures described in Section 5.1. The first set is designed to evaluate the
accuracy of the sensor in terms of far-field pressure estimates while the second set
implements the sensor in a feedforward control system to reduce far-field sound radiation. In both cases, the structure is excited by broadband disturbances.

5.2.1

Discrete structural acoustic sensor

This section describes the equipment and settings of the discrete structural acoustic
sensor. The discussion covers successively the plate and cylinder systems for both
sensor accuracy and control tests.
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Digital filter array
The sensor’s array of filters is implemented on a Texas Instrument TMS320C30 digital
signal processor (DSP). The DSP is hosted on a board manufactured by Spectrum.
All inputs and outputs are performed on two separate I/O expansion boards. The
analog to digital (A/D) and digital to analog (D/A) signal converters on the I/O
boards use 12 bit registers, thus providing a dynamic range of 66 dB. The input
board allows simultaneous sampling of a bank of 4 signals, with a total of four banks
(16 inputs), while the output board features a total of 32 outputs. The sensing code
running on the DSP is written in assembly and C language. It implements a 12 input3 output array of FIR filters allowing up to 12 structural measurements and 3 pressure
estimates. The DSP board is hosted in a 386 PC and an interface program running
on the PC is used to download the filter coefficients, set the sampling frequency, and
start or reset the DSP. As mentioned above, the DSP input board samples 4 signals
simultaneously. In order to process all 12 input signals, the DSP is run at 3 times
the filter design sampling frequency. The three banks are then sampled within a full
period of the design frequency. The delay between each bank sampling time is one
third of the full period. This delay is included in the sensor transfer functions to
ensure proper pressure estimates as described in Section 3.5. Preliminary tests using
unit transfer functions (before including the delay due to over-sampling) showed the
above over-sampling procedure does not affect the sensor accuracy. It does however
limit the frequency bandwidth of operation compared to simultaneous sampling of all
input signals.
Signal conditioning and calibration
As detailed in Section 5.1, accelerometers are mounted on the plate and cylinder
structures to provide the discrete acceleration measurements needed to construct the
pressure estimate. The accelerometers output signals are conditioned through charge
amplifiers in order to obtain measurable voltages. The B&K accelerometers mounted
on the plate are connected to B&K charge amplifiers (Model 2635), while the BBN
accelerometers use NASA made conditioning units. The PCB accelerometers mounted
on the cylinder are connected to a 12 channel PCB signal conditioning unit (Model
483B07). All the above charge amplifiers have adjustable gains that were set such as
to use the full dynamic range of the input board A/D converters, i.e., ±2.5 Volts.
In order to ensure accurate pressure estimates, the transfer functions between
the measured accelerations and the inputs to the DSP board must be identical for all
input channels. This was realized through careful calibration of the acceleration paths.
Each accelerometer is mounted next to a reference accelerometer on a rigid vibrating
piston excited by a harmonic signal with frequency varying within the bandwidth
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Figure 5.9: Discrete structural acoustic sensor block diagram.

Table 5.1: Directions of pressure estimate for the plate sensor.
Direction

Angle, (θ, φ)

#1

(−36◦ , 0◦ )

#2

(0◦ , 0◦ )

#3

(36◦, 0◦ )

of operation. The output signals from the charge amplifiers are monitored on an
oscilloscope and the associated gain is adjusted until both signals match. Note that
all monitored signals were in phase so that no phase calibration was necessary.
Finally, the outputs of the DSP board are low-passed filtered using Ithaco filters
(Model 4302) in order to eliminate the high frequency content introduced by the D/A
converters.
The arrangement described above is shown in the schematic of Figure 5.9.
Sensor parameters
The discrete structural acoustic sensor implemented on the plate system uses nine
accelerometers (see Section 5.1.1). The sensor transfer functions are computed based
on the accelerometer locations and the three far-field directions presented in Table 5.1.
Note that the sensor transfer functions are based on the monopole approximation.
Analytical results show that the piston approximation yield almost identical estimates
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Table 5.2: Directions of pressure estimate for the cylinder sensor.
Direction

Set #1

Set #2

#1

◦

(90 , 0 )

◦

#2

(76.8◦ , 0◦ )

#3

◦

Set #3
◦

◦

Set #4

(63.5 , 20 )

◦

(76.8 , 340 )

(70◦ , 0◦ )

(76.8◦, 40◦ )

(63.5◦ , 0◦ )

(90◦ , 0◦ )

(102.2◦ , 20◦ ) (103.2◦ , 60◦ )

(103.2◦ , 0◦ )

(110◦ , 0◦ )

within the frequency range of interest in this study. The FIR filter array is designed
with a sampling frequency, Fs = 2000 Hz, and three coefficients per filter. This
configuration was shown to provide sufficient accuracy in modeling the sensor transfer
functions up to about 800 Hz. The cut-off frequency of the low-pass filters applied to
the sensor output is set to 800 Hz. Note that the above settings apply to both the
sensor accuracy and control tests presented in Chapter 6 and Chapter 7, respectively.
For the cylinder system, several sensor configurations were tested. All configurations use the 12 accelerometers described in Section 5.1.2. Four sets of far-field
directions are investigated. The direction angles are given in Table 5.2. For all four
sets, two different filter arrays are designed based on the monopole and piston approximations. All FIR filters are designed with 22 coefficients and a sampling frequency,
Fs = 6000 Hz. Note that the relatively high number of coefficients compared to the
plate sensor is a direct consequence of the higher sampling frequency. The sensor
transfer functions are accurately modeled up to about 2500 Hz. This wide bandwidth
relative to the actual bandwidth of excitation was found necessary in order to ensure stability for the control system. Cases where the response of the sensor filters
is not constrained at higher frequencies can lead to unwanted amplification of high
frequency content remaining in the system due to the finite roll-offs of the low-pass
filters. The low-pass filters on the sensor outputs are set to a cut-off frequency of
2500 Hz so as to filter out the A/D converter higher frequency content. As for the
plate structure, the same settings were kept for both sensor accuracy and control
tests.

5.2.2

Control arrangement

The control inputs applied to the control actuators of the plate and cylinder systems are constructed in real time on a Texas Instrument TMS320C30 digital signal
processor (DSP). The code implemented on the DSP is based on a multi-channel
broadband Filtered-x LMS algorithm [44]. This section briefly presents the control
algorithm along with its practical implementation on the DSP board. The section
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Figure 5.10: Single-channel feedforward noise canceler.

then describes the control experimental setup for both plate and cylinder systems,
including the control parameters and equipment.
Filtered-x algorithm
The Filtered-x LMS algorithm is based on a modified Least Mean Square algorithm
commonly used in signal cancellation. Consider the single-channel electrical noise
cancellation system shown in Figure 5.10. The system implements an adaptive digital filter, or compensator, to cancel the primary signal, d(n), by feeding forward a
reference signal, x(n), correlated with d(n). The above system represents the simplest form of a feedforward control structure. In contrast, a feedback control structure
generates the control input, u(n), by feeding the error signal, thus eliminating the
reference signal. Several methods based on search gradient algorithms are available to
find the optimal compensator [45]. The Least Mean Square (LMS) algorithm uses a
quadratic function of the error signal and an instantaneous estimate of the associated
gradient to update the compensator weights. The update equation which involves the
error signal, e(n), and reference signal, x(n), is very efficient in terms of computations.
A single-channel feedforward active control system can be seen as a generalization
of the system described above. The disturbance and control signals, d(n) and u(n),
respectively, are now fed through the plant disturbance and control path transfer
functions as shown in Figure 5.11. The plant transfer functions, Tde (z) and Tce (z),
and the compensator transfer function, W (z), are represented in the z-domain for
consistency with the discrete time domain notations.
Applying a regular search gradient algorithm to the control system shown in Figure 5.11 results in a biased gradient estimate which generally causes instability. The
biased estimate is a result of the misalignment of the reference signal, x(n), with the
error signal, e(n), due to the introduction of the control path transfer function. One
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Figure 5.11: Discrete time domain feedforward control structure.

approach to obtain an unbiased estimate was first reported by Burgess in 1981 [46]
and then formerly introduced by Widrow [45] as the Filtered-x LMS algorithm. The
algorithm uses the same update equation as the regular LMS algorithm except that
the reference signal is now filtered through an estimate of the control path transfer
function, T̂ce (z), referred to as the filtered-x path. The above algorithm has been
widely used in active control of infinite and finite systems. It provides fast convergence and increased robustness compared to feedback control techniques in situations
where modeling the plant dynamics becomes difficult. Also the algorithm appears to
be tolerant of errors made in the estimation of the control path.
The control experiments conducted in this study use a multi-channel version of
the Filtered-x LMS algorithm allowing more than one control and one error signal.
Rather than presenting the algorithm itself, some important concepts related to its
practical implementation are discussed in the next section. The reader is referred to
the paper by Elliott and Nelson [44] for a comprehensive description of the algorithm.
Practical implementation
This section gives further details related to the practical implementation of the
Filtered-x LMS algorithm for broadband control experiments.
In all tests conducted in this study, the disturbance input is a stationary bandlimited random process. The signal is constructed in practice by band-pass filtering
the output of a white noise signal generator. The same disturbance input signal is also
fed to the controller to provide the reference signal. In this ideal case, the controller’s
reference is perfectly correlated with the primary disturbance. It should be pointed
out however that this configuration is not always possible for real applications. The
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Figure 5.12: Schematic of the one-channel Filtered-x LMS algorithm.

configuration is shown in the block diagram of Figure 5.12 for the one-channel control
system considered in the previous section.
Early implementations of the Filtered-x LMS algorithm used single- or multiplesinusoidal disturbance signals. In this case, the compensator, W (z), and filtered-x
path transfer function, T̂ce (z), are implemented by FIR digital filters, the number
of coefficients in each filter being twice the number of pure tones contained in the
disturbance. The case of broadband disturbances usually involves more complex
digital filters. In this study, the adaptive compensator(s) and filtered-x path transfer
functions are implemented with FIR and IIR filters, respectively (see Section 3.4.1).
Note that adaptive compensators based on IIR filters involve a more complex adaptive
algorithm in order to ensure stability. The use of FIR filters in the filtered-x path
is traditional in active noise control where the control path transfer functions do not
present sharp resonance behavior. For the plate and cylinder structures studied in
this work however, the resonance peaks found in the control path transfer functions
are not accurately modeled with FIR filters, especially when the order of the filters
is limited by the speed of the DSP. This motivates the use of IIR filters which
allow accurate modeling due to the added poles of the filter’s impulse response. This
configuration was previously applied to broadband control of structural vibrations
of a finite beam [47] and broadband control of far-field radiated noise from a finite
rectangular plate [48].
One advantage of implementing the filtered-x path with FIR filters is to allow
on-line modeling of the filters based on the regular LMS algorithm: the reference
signal is fed through the control path and the LMS algorithm minimizes the error
between the plant output and the output of the filtered-x path filter by updating
its coefficients. On the other hand, the use of IIR filters requires off-line modeling.
This involves measuring the control path transfer functions in the frequency domain.
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The filter’s coefficients are then computed numerically from the frequency domain
transfer functions. In this study, the off-line filtered-x path modeling uses the design
algorithm implemented in the Matlab function invfreqz() (see Section 3.4.2). Note
that the above design algorithm ensures stability for the IIR filter, i.e., all the poles
of the filter are within the unit circle.
Another important aspect related to feedforward control of broadband disturbances as opposed to single- or multi-sinusoidal disturbances is system causality.
Recalling the schematic shown in Figure 5.12, the one-channel feedforward control
system is said to be causal when the propagation time through the control path is
less than or equal to the propagation time through the disturbance path. That is
to say, causality ensures the time for processing and propagating the control signal
through the control path is short enough so that it will meet and cancel at the error
sensor the error due to the disturbance.
In cases where system causality is not satisfied, the control performances decrease.
Burdisso et al. [49] proposed an analytical approach to investigate the control performances of non-causal feedforward control systems. The analysis demonstrates that
some control is always achievable for any degree of “non-causality” and that the performance degradation due to the delay in the control path can be offset by increasing
the order of the compensator FIR filter. Note that increasing the sampling frequency
does not necessarily improve system causality in cases where the physical delay of
the control path dominates the delay introduced by the controller, i.e., one sample
period. It should also be pointed out that system causality is not a constraint for
single- or multi-sinusoidal disturbances under steady-state conditions. In this case,
the deterministic nature of the periodic signals allows the controller to predict future
values of the error signal and generate the control input accordingly, even for noncausal systems. Mathematically, this corresponds to introducing multiples of 360◦
phase shifts in the compensator transfer function.
In practice, the control path propagation time results from the anti-aliasing filters,
the controller sampling process, and the plant itself. In some situations, it is possible
to ensure causality by careful placement of the control inputs and error sensors. Even
so, this approach becomes increasingly complex for finite systems where standing wave
phenomena occur. In this study, the control actuator and error sensors locations do
not account for causality. However, system causality can be improved “artificially”
by including a delay in the disturbance path, i.e., between the signal fed into the
controller reference input and the disturbance input. Note that this procedure is
usually not possible in real applications unless the reference input can be obtained
far enough in advance from the disturbance input.
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Figure 5.13: Block diagram of the three channel Filtered-x LMS controller.

Control experimental setup
This section presents the experimental arrangement used in the control tests performed on the plate and cylinder systems.
The control code used in both the plate and cylinder experiments implements
a three channel Filtered-x LMS algorithm. The code is written in assembly and C
language for the TMS320C30 DSP. The DSP board has the same characteristics
as the one used for the structural acoustic sensor (see Section 5.2.1). An interface
program running on the host PC is used to set the sampling frequency, convergence
parameters, size of the FIR compensators, and download the filtered-x path IIR filter
coefficients, as well as start, reset, hold and unhold the control code.
The controller block diagram is shown in Figure 5.13. The control code features
three separate convergence parameters associated with each control channel. Setting
a convergence parameters to zero disables the corresponding control input, i.e., the
coefficients of the compensator initially set to zero remain unchanged after the control
algorithm is started. This feature is used in the cylinder control experiments where
not all three control actuators are implemented.
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Figure 5.14: Block diagram of the control setup.

The general block diagram shown in Figure 5.14 presents the various types of
equipment used in the plate and cylinder experimental setups. The solid line boxes
denote equipment used in all tests while the dashed line boxes represent equipment
used in some configurations only. All experimental tests use the internal generator of
a B&K analyzer (Model 2032) to provide the disturbance input signal. This signal
is a pseudo-random noise band-limited to the bandwidth selected on the analyzer for
frequency analysis. Even though not found in real applications, pseudo-random noise
as opposed to true random noise increases the coherence obtained in the frequency
analysis of finite length time sequences, thus reducing the number of averages and the
measurement processing time. The output of the signal generator is fed through a
band-pass filter to allow selection of a finer bandwidth within the preset band of the
analyzer. The band-pass filter is implemented by using the two channels of a Ithaco
Dual filter (Model 4302) connected in series. Each channel is setup as a low-pass
and high-pass filter, respectively. The output of the band-pass filter is sampled to
provide the controller with a reference signal, x(n). Rather than feeding the same
signal directly to the disturbance input of the plant, the disturbance input signal is
generated inside the controller by passing the reference signal, x(n), through a variable
delay, z −∆ , where ∆ represents a integer. As explained earlier, this arrangement
introduces an “artificial delay”, (∆ + 1)/Fs , in the disturbance path, thereby making
the system causal if needed. Note that by using a zero delay, i.e., ∆ = 0, the above
setup introduces in the disturbance path a single delay equal to the controller sampling
period, which is almost equivalent to feeding the output of the signal generator directly
to the plant.
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The following paragraphs describe in more details the equipment and settings used
in the plate and cylinder setups, respectively.

Plate system

Disturbance inputs The cut-off frequencies of the band-pass filter applied to
the output of the signal generator are set to 0–630 Hz for the sensor accuracy tests and
0–400 Hz for the control tests. The first bandwidth was chosen in order to evaluate the
sensor accuracy over a bandwidth encompassing several modes of the plate including
the higher order modes for which a 3 by 3 sensor is not expected to perform well.
On the other hand, the control tests are limited to the 0–400 Hz bandwidth in order
to obtain relatively good control performance given the number of control channels
and the sensor discretization level. For all control tests performed on the plate, the
variable delay included in the disturbance path is set to zero. As explained earlier,
the causality of the control system is therefore not guaranteed. The output of the
controller associated with the disturbance signal is low-pass filtered through a Ithaco
Dual 24 dB/octave filter (Model 4302) with a 800 Hz cut-off frequency in order to
eliminate the high frequency content introduced by the D/A converter. This signal
is then amplified through a Rane six channel power amplified (Model MA-6) to drive
the disturbance shaker.

Control inputs The control outputs of the DSP board are low-pass filtered
through Ithaco filters (Model 4302) with a 630 Hz cut-off frequency. The filtered
signals are then amplified through the remaining channels of the Rane power amplifier.
The output of the amplifier is further amplified by using house made transformers
which increase the voltage by a factor 17.1. This arrangement is required in order to
provide sufficient voltage to the piezo-electric actuators (up to ±200 V), as well as to
match their high capacitance.

Error signals The plate control experiments involve two types of error signals:
the outputs of the structural acoustic sensor and the outputs of error microphones
located in the far field. The three sensor outputs, i.e., the filtered outputs of the
sensor DSP board, are fed directly to the controller board. Note that the D/A converters on the sensor board use the same reference DC voltage as the A/D converters
of the controller board in order to provide error signals with appropriate voltages. It
should be mentioned that the sensing and controller code could be implemented on
a single DSP board for efficiency. As the controller code was already implemented
on a single DSP, two separate DSP boards were used in the tests. The far-field error
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measurements use three B&K 1/2 in microphones (Model 4166) along with B&K preamplifiers (Model 2639) and B&K microphone power supply units (Model 5935). The
signals are then high-pass filtered through a Ithaco filter/amplifier (Model 455) with
a cut-off frequency of 10 Hz and amplified in order to use the full dynamic range of
the controller A/D converters. The high-pass filter increases the signal to noise ratio
of the error signals within the bandwidth of audible sound by filtering out the large
amplitudes of external structural noise transmitted inside the chamber. The three
error microphones are located on the horizontal plane at locations (1.85 m, −36◦ , 0◦ ),
(1.85 m, 0◦, 0◦ ), and (1.85 m, 36◦, 0◦ ), respectively. Note that the influence of the
near field on the pressure measured at radius R = 1.85 m can be neglected. Nevertheless, this distance is not sufficient to ensure true far-field conditions over the
entire frequency bandwidth. In particular, the acoustic wave-length at the resonance
frequency of the first mode of the plate (86 Hz) is more than twice the radius R; a
ratio of two between the radius R and the wave-length is only achieved for frequencies
above 370 Hz.

Controller settings All control tests use the same sampling frequency, Fs =
1500 Hz, and FIR filter control compensators with 35 coefficients. The IIR filters
modeling the filtered-x path have 35 coefficients in both numerator and denominator.
This configuration was found to yield accurate modeling of the control path transfer
functions up to the Nyquist frequency, i.e., over the 0–750 Hz bandwidth.

Cylinder system

Disturbance inputs Two frequency bandwidths of excitation are considered
for the cylinder tests. The sensor accuracy tests are performed over a 200–630 Hz
bandwidth while the control tests use a 200–500 Hz bandwidth. As mentioned for
the plate, the reduced bandwidth associated with the control tests ensures that the
2 by 6 sensor implemented on the cylinder yields relatively accurate estimates over
the frequency range. Most of the control tests include an artificial delay, ∆ = 20, in
the disturbance path so as to improve system causality. A few cases were also run
with a zero delay in order to evaluate the influence of system causality on the control
performance. The disturbance input signal coming out of the controller DSP is lowpass filtered at 800 Hz with a Ithaco filter (Model 4302). This signal is then amplified
through a six channel PCB power amplifier (Model 790A04) specially designed for
driving piezo-electric actuators, thus eliminating the need for the transformers used
to drive the plate actuators.
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Control inputs All three control inputs are low-pass filtered through Ithaco
filters (Model 4302) with cut-off frequencies set to 800 Hz and amplified through
three other channels of the PCB power amplifier.
Error signals As for the plate, the cylinder control tests use two sets of error
signals based on the structural acoustic sensor and error microphones located in the far
field, respectively. In both cases, the experimental setup uses the same equipment as
described previously for the plate system. The three pressure estimates are associated
with the directions of radiation shown in Table 5.2. The three error microphones are
located along θ = 70◦ , θ = 90◦ , and θ = 110◦ , in the φ = 0◦ plane at R = 1.85 m
(direction set # 4).
Controller settings Again all control tests use the same settings: the sampling
frequency is set to Fs = 2000 Hz, the FIR compensators have 50 coefficients, and the
IIR filters modeling the filtered-x path transfer functions have 60 coefficients in both
numerator and denominator.

5.3

Measurement setup

This section describes the various equipment and procedures used in measuring the
sensor and control system performance. The discussion considers both the plate
and cylinder systems. The sensor output and error signal measurements are first
presented. All structural vibration measurements are then outlined. Finally, the
sound pressure measurements performed on the two systems are described.
All measured signals are analyzed in the frequency domain using a two channel
B&K analyzer (Model 2032). Auto- and cross-spectra are estimated based on 25 averages with no overlap and a uniform rectangular window. These settings proved to be
appropriate when using the B&K pseudo-random signal generator for the disturbance
inputs. The B&K analyzer is interfaced with a PC through a GPIB interface, thus
allowing full automation of the entire measurement process. A C program running on
the PC selects the analyzer measurement settings, initiates the averaging and then
downloads the two channel auto-spectra and their cross-spectrum to the PC for later
processing.

5.3.1

Sensor output and error signals

The sensor accuracy is studied by comparing the far-field radiated pressure with the
sensor output. For all sensor accuracy tests, the three output signals from the sensor

CHAPTER 5. EXPERIMENTAL TESTING

119

DSP are low-pass filtered as explained in Section 5.2.1 and analyzed in the frequency
domain.
As a first estimate of the control system performance, the controller error signals,
i.e., sensor output or error microphone signals, are also measured before and after
control.

5.3.2

Structural vibrations

In both the plate and cylinder experiments, structural vibrations are measured with a
Politec laser vibrometer (Model OFV-2600, OFV-501). The output of the vibrometer
is directly proportional to the velocity component oriented along the laser beam. As
described below, the laser beam is kept normal to the radiator’s surface in order to
measure out-of-plane structural velocity. The laser head is mounted on a traversing
mechanism to allow measurements over the entire radiating surface. To ensure good
reflection on the surface of the structure, each laser measurement point is covered
with a small piece of light adhesive reflective material. The next two sections further
describe the laser head/traverse assembly for the plate and cylinder systems.

Plate system
The laser head and supporting traverse device can be seen in the photograph of Figure 5.15. The traverse allows translation of the laser head in a plane parallel to the
plate along both the x and y axis. Each translation is performed by a separate stepper
motor. The two stepper motors (Clifton Precision, Model 23-SHAT-14DB/H102) are
controlled by two American Precision Industries (API) controllers (Model CMD-50).
The controllers are operated through the parallel port of a PC. A C program was
written to interface both the laser traverse and the B&K analyzer, allowing full automation of the measurement process. At a given measurement point, the B&K
analyzer starts averaging, then the auto- and cross-spectra are downloaded to the
PC, and the traverse moves to the next point.
All structural velocity measurements performed on the plate are based on a 8 by
7 grid of measurement points. The point locations are given by equation (4.65) where
Nx = 8 and Ny = 7. Preliminary studies showed the above resolution was sufficient
to accurately measure the structural response of the flexural modes included in the
0–630 Hz bandwidth (see Table 4.5).
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Figure 5.15: Plate laser traverse inside the anechoic chamber.

Cylinder system

For the cylinder system, the laser head is mounted on a one-dimensional linear traverse (IDC 5 ft Rodless Actuator, Model R2D) parallel to the cylinder’s main axis.
The traverse is shown along with the cylinder and its baffle in the photograph of Figure 5.16. The linear traverse is driven with a Clifton Precision stepper motor (Model
23-SHAT-14DB/H102). A second stepper motor mounted on the end-cap assembly
described in Section 5.1.2 rotates the cylinder around its main axis, thus allowing
velocity measurements over the entire surface. Both stepper motors are operated
through independent controllers and the measurement process is automated as for
the plate system (see previous section).

The structural velocity measurements performed on the cylinder use a grid of
13 points along the axial direction and 18 point along the circumferential direction.
The measurement point locations are defined by equation (4.69) with Nz = 13 and
Nφ = 18. Again this discretization level proved to be sufficient to accurately measure
the structural response over the frequency bandwidth of excitation.
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Figure 5.16: Cylinder rig shown with laser measurement assembly inside the
anechoic chamber.

5.3.3

Radiated sound pressure

The sound pressure radiated from the plate and cylinder is measured inside the anechoic chamber with a B&K 1/2 in microphone (Model 4166) mounted on a circular
traverse. The microphone uses a B&K pre-amplifier (Model 2639) and a B&K microphone power supply unit (Model 5935). The output of the power supply unit is
passed through a Ithaco high-pass filter (Model 4302) with cut-off frequency set to
10 Hz and 100 Hz for the plate and cylinder measurements, respectively. As mentioned earlier, the high-pass filter eliminates possible overloads on the analyzer A/D
converters due to low frequency structural noise transmitted inside the chamber.
Plate system
The traverse microphone is setup in order to measure the radiation directivity of the
plate in the horizontal plane. Recalling the coordinate system shown in Figure 4.5,
the traverse moves in the x-z plane at a constant radius, R = 1.85 m, from the center
of the plate. The traverse can be seen in Figure 5.15. As mentioned earlier, the
above radius does not correspond to true far-field conditions, especially below 370 Hz
but is limited by the size of the anechoic chamber. However, the measurements still
represent a good estimate of the actual far-field pressure. Using the same arrangement
as for the laser traverse described in the previous section, the microphone traverse
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Table 5.3: Plate fixed microphone locations.
microphone

(R, θ, φ)

#1

(1.19 m, 48◦ , 8◦ )

#2

(1.32 m, 10◦ , 0◦ )

#3

(1.96 m, 53◦, −148◦ )

is driven by a stepper motor operated from a PC. All measurements use 21 points
equally spaced between θ = −90◦ and θ = 90◦ with a 9◦ increment.
In addition to the traverse measurements, three extra microphones (B&K 1/2 in
microphones, Model 4166) are placed inside the chamber to measure the radiated
pressure above and below the horizontal plane. Their exact location is given in
Table 5.3.
Cylinder system
The cylinder far-field measurements use the same traverse as for the plate system. The
traverse microphone is located at a radius of 1.85 m from the center of the cylinder.
Due to the legs of the support stand, the traverse can only move in the x-z plane
from θ = 10◦ to θ = 170◦. The rotation of the cylinder also allows measurements
along the circumferential direction from φ = 0◦ to φ = 360◦ . The traverse can be
seen along with the cylinder in Figure 5.16. Again it should be noted that the radius,
R = 1.85 Hz, only provides an estimate of the actual far-field pressure directivity
pattern.
All far-field measurements use a grid of Nθ = 13 points along the azimuthal
direction, θ, and Nφ = 18 points along the circumferential direction, φ. The point
locations on the sphere of radius R centered on the cylinder are expressed as
(
θm = θ̄ + m∆θ, m = 0, 1, . . . , Nθ , ∆θ = (π − 2θ̄)/(Nθ − 1)
(5.1)
φn = n∆φ,
n = 0, 1, . . . , Nφ − 1, ∆φ = 2π/Nφ
where θ̄ = 10◦ .

5.3.4

Conclusions

To conclude, it is worth mentioning the time involved in the measurements described
in the previous sections. Due to the relatively slow processing speed of the B&K ana-
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Figure 5.17: Equipment used in the cylinder experiments.

lyzer in terms of FFT and averaging operations, a single scan of structural or acoustic
measurements on the cylinder system, i.e., 234 measurement points, takes about 2
hours. Note that the entire process does not require any intervention as the PC
controls both the traverse and the analyzer, including the treatment of unexpected
overloads in the signals. In an attempt to save time, the structural and acoustic scans
before control were not repeated for each control case. All amplifier gains and filter
settings were kept constant throughout the experiments, thus allowing measurements
of the system response after control only. Comparison of the data measured before
control for a few repeated cases throughout the experiments showed excellent consistency. Figure 5.17 shows a picture of the experimental equipment involved in the
cylinder testing.

5.4

Measured data post-processing

This section gives expressions for quantities of interest in terms of out-of-plane structural velocity and sound pressure measurements.
As mentioned earlier, all measurements involve dual channel frequency analysis
between a reference signal and the signal to measure, i.e., laser vibrometer of microphone output. Dual channel frequency analysis is needed in order to retain both
magnitude and phase information in the measured system response. For the plate

CHAPTER 5. EXPERIMENTAL TESTING

124

experiments, the reference signal is the voltage applied to the disturbance shaker. For
the cylinder experiments, the reference signal is the voltage applied to the disturbance
piezo-electric actuator divided by a factor 20, as provided by the auxiliary output of
the piezo-electric actuator power amplifier. Note that the two above reference signals have constant magnitude within the frequency bandwidth of interest. Note also
that the plate measurements include the dynamics of the shaker unlike the analytical
response based on the model introduced in Chapter 4. In both cases, the quantities
downloaded from the frequency analyzer are:
• reference signal auto-spectrum, Gxx (real)
• measured signal auto-spectrum, Gyy (real)
• cross-spectrum between reference and measured signals, Gxy (complex)
The above spectra are estimated by the analyzer at 801 frequencies between 0 and
800 Hz with a one Hertz increment. Only those frequencies within the bandwidth of
interest for the particular test are downloaded. After calibration of the laser vibrometer and traverse microphone outputs, the estimate of the velocity and pressure amplitudes at the k th frequency line are obtained in units of m/s and Pa, respectively, as
(Gyy (k))1/2 (all spectra are given in RMS units). When phase information is needed,
the associated complex amplitude is computed as Gxy (k)/ (Gxx (k))1/2 . Note that the
above complex amplitude corresponds to the H1 estimate [50] of the transfer function
between x and y, Gxy (k)/Gxx (k), multiplied by the RMS value of the input autospectrum, (Gxx (k))1/2 . In other words, the complex amplitude Gxy (k)/ (Gxx (k))1/2
gives an estimate of the coherent part of the system response due to the input signal
assuming all uncorrelated noise is added to the output signal only.

5.4.1

Out-of-plane mean-square velocity

The out-of-plane mean-square velocity is defined as the temporal and spatial average
of the out-of-plane velocity. This is expressed for the plate and cylinder structure
in equations (B.47) and (C.53), respectively. An estimate of the above expressions
based on a finite number of velocity measurements is obtained as
Ny
Nx X
∆x∆y X
|ẇ(xnx , yny )|2
< ẇ > ≈
8Lx Ly n =1 n =1
2

x

y

(5.2)
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for the plate, and
Nφ
Nz
∆z∆φ X X
|ẇ(znz , φnφ )|2
< ẇ > ≈
8Lπ n =1 n =1
2

z

(5.3)

φ

for the cylinder. The plate measurements use a Nx by Ny grid of points, (xnx , yny ),
as given by equation (4.65). The cylinder Nz by Nφ measurement points are defined
similarly in equation (4.69).
Let Gyy (nx , ny , k) be the k th frequency line of the laser output auto-spectrum in
RMS units associated with measurement point (nx , ny ). The estimated mean-square
velocity in equation (5.2) is obtained as
Ny
Nx X
1 X
< ẇ > (ωk ) ≈
Gyy (nx , ny , k)
Nx Ny n =1 n =1
2

x

(5.4)

y

The above expression is also applied to the cylinder system by replacing the x and y
sub-scripts by z and φ, respectively.

5.4.2

Reconstructed sound pressure

As mentioned earlier, the traverse microphone does not provide true far-field pressure
measurements due to the limited size of the anechoic chamber relative to the dimensions of the plate and cylinder structures and the acoustic wave-length within the
frequency bandwidth of excitation. Consequently, the correlation between the measured pressure in a given direction and the associated sensor output only provides a
rough idea of the level of accuracy achieved by the sensor. A more meaningful comparison should include the actual radiated pressure based on true far-field conditions
as well as a perfect baffle. This quantity can be approached by reconstructing the
radiated pressure field from the structural velocity measurements.
Analogous to the real time pressure estimate implemented in the sensor, the pressure field is computed off-line based on the out-of-plane structural velocity measured
by the laser vibrometer over the surface of the plate and cylinder. The resulting pressure estimate is referred to as the “reconstructed pressure” in order to avoid confusion
with the real time pressure estimate of the sensor and the radiated pressure measured
inside the anechoic chamber. Note that the reconstructed pressure introduced above
is similar in concepts to acoustic holography. Provided the structural velocity field
is measured accurately with sufficient spatial resolution, it accurately estimates the
far-field radiated pressure assuming a perfect infinite baffle. The laser measurements
performed on the plate and cylinder were conducted to meet the above requirements.
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Applying the pressure estimate given in equation (2.71) to the velocity measurements at locations (xnx , yny ) (see equation (4.65)), the reconstructed pressure radiated
from the plate at frequency ωk is expressed as
ρωk ∆x∆ye−(ωk /c)R
2πR
Ny
N
x
X X


×
ẇ(xnx , yny , ωk ) exp ωk /c(xnx sin θ cos φ + yny sin θ sin φ) (5.5)

pd (R, θ, φ, ωk ) =

nx =1 ny =1

where the velocity complex amplitude is obtained from the k th frequency line of the
laser output spectra,
Gxy (nx , ny , k)
ẇ(xnx , yny , ωk ) = p
Gxx (nx , ny , k)

(5.6)

Note that the above expression uses the monopole approximation. Given the level of
discretization (Nx = 8, Ny = 7) and the modes included in the frequency bandwidth
of excitation, the higher order piston approximation was found to yield the same
pressure levels.
Similarly, the reconstructed pressure radiated from the cylinder is obtained from
the monopole approximation in equation (2.102) as
pd (R, θ, φ, ωk ) = −
×

ωk ∆φ∆zρe−(ωk /c)R
π 2 (ωk /c)R sin θ


 !
+∞ n+1
X
cos n(φ − φnφ )

e(ωk /c)znz cos θ (5.7)
ẇ(φnφ , znz )
0
(2)
εn Hn ((ωk /c)a sin θ)
=1
n=0

Nφ N z
X
X
nφ =1 nz

where the complex amplitude of the out-of-plane velocity at frequency ωk and location
(φnφ , znz ) (see equation (4.69)) is
Gxy (nφ , nz , k)
ẇ(φnφ , znz , ωk ) = p
Gxx (nφ , nz , k)

(5.8)

As for the analytical results, the infinite summation in equation (5.7) is approximated
by the sum over its first 25 terms (see Appendix E).
To illustrate the above quantities, the reconstructed pressure is compared in the
following two sections to the measured pressure radiated from the plate and cylinder,
respectively, for a number of far-field angles.
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Figure 5.18: Plate reconstructed and measured far-field pressure in direction
(−36◦ , 0◦ ).

Far-field radiation from the plate system
The plate is excited through the disturbance shaker with a band-limited pseudorandom noise over the 0–630 Hz bandwidth. The structural velocity is measured over
the 8 by 7 grid of points defined earlier using the laser vibrometer. Simultaneously,
the traverse microphone measures the radiated pressure at a radius R = 1.85 m for
a number of directions. Figures 5.18, 5.19, and 5.20 present the measured pressure
in directions (−36◦ , 0◦ ), (0◦ , 0◦ ), and (36◦ , 0◦ ), respectively, and the reconstructed
pressure along the same directions based on the structural velocity measurements. As
seen on all three figures, the reconstructed (solid line) and measured pressure (dotted
line) show good agreement over the entire bandwidth with the exception of frequencies
roughly between 240 and 270 Hz. Recalling the system’s natural frequencies given in
Table K.2, these frequencies are near the resonance of the (1, 2) mode of the plate.
The far-field pressure radiated by this mode has the characteristics of a dipole along
the y axis, i.e., the far-field pressure tends to cancel in the horizontal plane. This
explains the lower radiation levels noticed at the corresponding frequencies of the
reconstructed pressure in all three directions. The higher levels associated with the
measured pressure near the resonance frequency of mode (1, 2) are likely to be caused
by misalignments between the traverse microphone and the x-z plane defined by the
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Figure 5.19: Plate reconstructed and measured far-field pressure in direction
(0◦ , 0◦ ).
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Figure 5.20: Plate reconstructed and measured far-field pressure in direction
(36◦ , 0◦ ).
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Figure 5.21: Cylinder reconstructed and measured far-field pressure in direction (76.8◦ , 0◦ ).

plate, i.e., the measured pressure corresponds to an angle φ slightly different from
φ = 0◦ . This results in significant variation in the pressure levels at frequencies
associated with a dipole type velocity distribution along the y axis.

Far-field radiation from the cylinder system
The same type of comparison is now presented for the cylinder system. The structure
is excited over a 200–630 Hz bandwidth with a band-limited pseudo-random signal fed
to the disturbance actuator. The radiated pressure and structural velocity are measured with the traverse microphone and laser vibrometer, respectively, as described
earlier. Figures 5.21 and 5.22 present the magnitude of the reconstructed and measured pressure in directions (76.8◦ , 0◦) and (103.2◦ , 20◦ ), respectively. Both directions
show very good agreement between measured and reconstructed pressure over the
whole bandwidth of excitation. Note that similar tendencies can be observed in other
directions. Moreover, the effects of misalignments between the traverse microphone
and the coordinate system attached to the cylinder are also apparent at frequencies
near resonance of modes with radiation nodal lines in the selected directions.
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Figure 5.22: Cylinder reconstructed and measured far-field pressure in direction (103.2◦ , 20◦).
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Radiated sound power

The radiated sound power is expressed in terms of far-field pressure as (see Section D.1)
ZZ
R2
Π=
|p(R, θ, φ)|2 sin θ dθ dφ , kR  1
(5.9)
2ρc
S
where S describes the hemisphere (0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π/2) for the plate and
the sphere (0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π) for the cylinder. The above double integral
is estimated over a finite set of pressure measurements similarly to the mean-square
velocity estimates defined earlier. Note that the pressure measurements performed
on the plate do not cover the entire hemisphere. Consequently, the sound power
radiated from the plate must be estimated from the reconstructed pressure introduced
above. The sound power radiated from the cylinder can be estimated from either the
measured pressure or the reconstructed pressure.
If Gyy (nθ , nφ , k) represents the k th frequency line of the measured pressure autospectrum in RMS units at angle (θnθ , φnφ ) (see equation (5.1)), an estimate of the
radiated power at frequency ωk is
Nφ
Nθ X
R2 ∆θ∆φ X
Π(ωk ) =
Gyy (nθ , nφ , k) sin (θnθ )
ρc
n =1 n =1
θ

(5.10)

φ

The above formulation assumes R is large enough so that far-field conditions are satisfied. The power estimate based on the reconstructed pressure is obtained similarly
as
Nφ
Nθ X
R2 ∆θ∆φ X
Π(ωk ) =
pd (R, θnθ , φnφ , ωk ) sin (θnθ )
ρc
n =1 n =1
θ

(5.11)

φ

For the plate system, the radiated power is estimated based on a 10 by 18 grid
of far-field angles along the θ and φ directions, respectively. For the cylinder system,
the radiated power is estimated from the pressure radiated over the 13 by 18 grid of
far-field directions defined in equation (5.1). Note that the power estimates based on
the measured and reconstructed sound pressure, respectively, are nearly equivalent.
This is illustrated in Figure 5.23 where the estimated sound power radiated from the
cylinder is shown versus frequency. The solid line represents the estimate based on
the reconstructed pressure, i.e., assuming true far-field conditions, and the dotted
line represents the estimate based on the measured pressure. Both curves match very
closely. The largest variation near resonance frequencies does not exceed 1 dB.
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Figure 5.23: Cylinder radiated sound power based on reconstructed and measured far-field pressure.

Chapter 6
Sensor accuracy
In this chapter, Discrete Structural Acoustic Sensing is studied in terms of its accuracy
to predict far-field sound radiation information. Analytical results first illustrate
the performances of various sensor arrangements when estimating the wave-number
transform of simple one-dimensional spatial distributions. The sensor accuracy is
then discussed for real systems, based on both analytical and experimental results.
The simply-supported plate and cylinder systems presented in Chapters 4 and 5 are
considered successively.

6.1

One-dimensional systems

The purpose of this section is to compare the various sensor arrangements introduced
in Chapter 2 for the case of one-dimensional planar radiators. The wave-number
based sensor is considered in this section, i.e., the sensor provides estimates of sound
radiation in the far field only. Estimates based on the less restrictive Rayleigh’s
integral or the simplified Kirchhoff-Helmholtz integral are also of interest, but the
analytical formulation in these cases is more complex and does not yield simple properties. Moreover, the Rayleigh’s or Kirchhoff-Helmholtz integral based sensors are
only useful when estimating near-field pressure, which is usually not required for
ASAC applications. The following analysis provides the basis for predicting the performances of Discrete Structural Acoustic Sensing applied to two-dimensional planar
and cylindrical radiators.

6.1.1

Test distributions

The wave-number based sensor for planar radiators (see Section 2.4.3) is applied to
one-dimensional spatial distributions. Two sets of distributions are tested, corre134
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Figure 6.1: First four mode shapes of a simply-supported beam.

sponding to the mode shapes of a simply-supported and clamped beam at both ends.
These two sets represent a fairly large class of acceleration distributions encountered
on real structures. Note that the wave-number transform is applied to a single mode
of vibration rather than to the full response of the system which can be modeled as
the superposition of several mode shapes. The accuracy of the sensor applied to a
real structure is determined by its accuracy for each of the structural modes that
are dominant in the frequency bandwidth of interest. This section presents the test
distributions in the spatial and wave-number domains.
Analytical expressions for the eigen-functions associated with the simplysupported and clamped boundary conditions are given in Appendix H. Note
that both sets of eigen-functions are either symmetric (even mode index), or
anti-symmetric (odd mode index). Recalling the symmetry properties introduced
˜
in Section 2.4.4, their wave-number transform, f(γ),
will be either purely real and
symmetric (even modes) or purely imaginary and anti-symmetric (odd modes) with
respect to γ = 0. The following figures thus show positive wave-numbers only.
Figure 6.1 shows the first four flexural mode shapes of a simply-supported beam
as expressed in equation (H.2). The magnitude of the associated wave-number transforms (equation (H.10)) is shown in Figure 6.2 versus the non-dimensional wavenumber γL/π. The wave-number transforms shown in Figure 6.2 present some fun-
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Figure 6.2: Continuous wave-number transform of the first four mode shapes
of a simply-supported beam.
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damental properties which need to be pointed out. Recalling the expression for the
pth mode shape of the simply-supported beam, i.e.,
(
−L ≤ x ≤ +L,
sin(γp (x + L)) ,
(6.1)
fp (x) =
0,
elsewhere
where γp = pπ/(2L), its wave-number transform can be expressed as the transform
of the product of a rectangular window of length 2L centered at x = 0 with the
above sine function extending from −∞ to +∞. As mentioned in Appendix G, the
wave-number transform of the first term is 2L sinc(γL) (see equation (G.9)). The
wave-number transform of the second term is
K {sin(γp (x + L))} =

e−γL
[δ(γ + γp ) − δ(γ − γp )]
2

(6.2)

where K denotes the wave-number transform operator and δ(γ) is the Dirac distribution. Finally, the product in the spatial domain becomes a convolution product in
the wave-number domain so that the wave-number transform of the pth mode shape
is written as
K {fp (x)} =

Le−γL
[sinc((γ + γp )L) − sinc((γ − γp )L)]


(6.3)

Note that this expression is equivalent to equation (H.10). It first confirms a property introduced in Section 2.4.4: the wave-number transform of each eigen-function
extends over the entire wave-number axis. This property is a direct consequence of
the finite length of the spatial distribution, and thus applies to any distribution which
is non-zero over a finite interval. The second property is specific to the spatial distribution associated with simply-supported boundary conditions. The function sinc(x)
is maximum at x = 0 and crosses the x axis at x = nπ (n = 1, 2, . . . , ∞). Therefore,
the magnitude of the transform of the pth mode shape, as expressed in equation (6.3)
and shown in Figure 6.2, presents two maxima around γ = ±γp with the exception of
mode p = 1. In this case, the two maxima at γ = ±π/(2L) add up to yield a single
maximum at γ = 0 (see Figure 6.2).
Figure 6.3 shows the first four mode shapes of a clamped beam. In this case, the
closed-form expressions for the mode shapes involve cosine, sine, hyperbolic cosine,
and hyperbolic sine functions (see equation (H.5)). The analysis done for the simplysupported beam becomes more complex and is omitted here for simplicity. It can
be shown, however, that the wave-number transform of each mode presents a similar
behavior as for the simply-supported case. This is illustrated in Figure 6.4, where the
magnitude of the wave-number transform of each mode p presents a maximum around
the structural wave-number γp . Note that the zeros of the wave-number transform
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Figure 6.3: First four mode shapes of a clamped beam.

no longer occur at multiple integers of L/π. They are further apart compared to the
simply-supported case.

6.1.2

Supersonic region

As explained in Section 2.4.2, the far-field pressure radiated from baffled planar geometries is related to wave-number components within the supersonic region, i.e.,
corresponding to wave-numbers in the interval [−k, +k] where k = ω/c denotes the
acoustic wave-number. More precisely, each supersonic wave-number component is
proportional to the radiated pressure at a given far-field angle (see equation (2.60)).
The wave-number components above the acoustic wave-number on the wave-number
axis (subsonic region) only contribute to radiation in the near-field. Therefore, a
far-field information sensor based on the wave-number transform needs only to be
accurate over the supersonic region between −k and +k.
As mentioned earlier, the wave-number based sensor provides an estimate of structural wave-number components coupled to fixed directions of radiation over a given
frequency bandwidth. Recalling the definition given in equation (2.61), the structural wave-numbers coupled to a given direction vary linearly with the frequency ω
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Figure 6.4: Continuous wave-number transform of the first four mode shapes
of a clamped beam.
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(or acoustic wave-number k). Therefore the discrete wave-number estimate is performed at wave-numbers located along lines in the (kx , ky , ω) three-dimensional space.
For one-dimensional systems, these lines are in the (γ = kx , ω) plane (ky = 0). This
is illustrated in Figure 6.5 where a typical one-dimensional wave-number transform
is plotted versus the wave-number, γ, and frequency, ω. The magnitude of the wavenumber transform is shown at two distinct frequencies, ω1 and ω2 . The area in the
γ-ω plane located between the two lines, γ = −k and γ = +k, represents the supersonic region. The wave-number components located along the line, γ = k sin θ,
are coupled to far-field radiation in the direction (θ, φ = 0). As shown on the plot,
the wave-number transform is varying with frequency as a direct consequence of the
frequency dependency of the structural response of the system. The following results
only consider the accuracy of the wave-number estimate at fixed frequencies, versus
γ, i.e., along lines parallel to the γ axis shown in Figure 6.5. The next section which
deals with real systems will show the wave-number estimate coupled to specific directions of radiation versus frequency, i.e., along straight lines in the (kx , ky , ω) space.
Note that these lines go through the origin of the coordinates at ω = kx = ky = 0.
As mentioned above, the extent of the supersonic region on the wave-number axis
is dependent on the frequency ω. In order to compare various sensing arrangements, it
will be interesting to calculate the error between actual and estimated wave-number
components over the supersonic region. It is therefore necessary to associate the
test distributions introduced in the previous section with specific frequencies. To
this purpose, the test distributions are assumed to represent the mode shapes of
a thin steel beam with characteristics shown in Table 6.1. Assuming the beam is
lightly damped, mode p will dominate the response at frequency ω = ωp where ωp
represents the associated natural frequency. In the following results, the supersonic
region associated with a given spatial distribution is based on the natural frequency
of the corresponding mode. Note that this choice is arbitrary and only serves the
purpose of comparing different sensing arrangements using a consistent criterion.
Using the expressions introduced in Appendix H for the natural frequencies of a
simply-supported and clamped beam, the lower and upper limits of the supersonic
region associated with mode p become ±ωp /c where c = 343 m/s is the speed of
sound. The corresponding numerical values shown in Table 6.1 are normalized by
a factor L/π so they can be related to the non-dimensional wave-number, γL/π,
shown in Figures 6.2 and 6.4. Note that for this particular system, the limit of the
supersonic region is well below the main peaks found in each mode shape’s wavenumber transform.
In the following sections, the wave-number transform of the one-dimensional spatial distributions introduced in Section 6.1.1 are compared to their discrete estimate
using various sensor arrangements. First, estimates based on the monopole approximation are considered. Higher order approximations are then discussed, including
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Figure 6.5: One-dimensional wave-number transform diagram.

Table 6.1: Beam dimensions and material properties.
length, 2L (mm)

380

thickness, h (mm)

1.98
3

mass density, ρ (kg/m )

7700
2

Young’s modulus, E (N/m ) 20.4 × 1010
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Table 6.2: Lower and upper limit of the supersonic region.
non-dimensional wave-number, ±γL/π
mode index

simply-supported

clamped

1

±0.0355

±0.0804

2

±0.1418

±0.2216

3

±0.3191

±0.4343

4

±0.5673

±0.7180

5

±0.8864

±1.0725

constant, linear and quadratic elements. Finally, estimates based on an optimized
non-regular sampling scheme are investigated.

6.1.3

Wave-number transform estimate - Monopole approximation

For the monopole approximation, the continuous one-dimensional wave-number transform (see equation (2.73)) is estimated as
f˜N (γ) = ∆x

N
−1
X

f (xm )eγxm

(6.4)

m=0

where ∆x = 2L/N and xm = −L + ∆x/2 + m∆x (m = 0, 1, . . . , N − 1). Note that
the sample point locations are chosen to be centered between −L and +L. Figure 6.6
shows the above discrete estimate for different levels of discretization (N = 3, N = 5,
and N = 7, corresponding to the dashed, dotted and dash-dotted lines, respectively)
along with the continuous wave-number transform (solid line) obtained on mode 3 of
a simply-supported beam. As mentioned earlier, the wave-number transform of odd
modes is symmetric with respect to γ = 0 and purely real. Therefore, only the real
part of the wave-number transform evaluated at positive wave-numbers is shown in
Figure 6.6.
The variations between continuous and discrete wave-number transforms are a
result of the aliasing effect introduced in Section 2.4.4. Recalling equation (2.79),
the discrete wave-number transform is made of the superposition of the continuous
wave-number transform shifted by nKs = nNπ/L (n = −∞, . . . , +∞), on the wavenumber axis. For instance, the discrete wave-number component based on the three
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Figure 6.6: Continuous and discrete wave-number transform of mode 3 of a
simply-supported beam using the monopole approximation.
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point sensor (N = 3) at γ = 0 is the sum of the continuous wave-number components
evaluated at γ = 0 and γ = 3nπ/L (n = −∞, . . . , +∞). This explains the periodicity of the discrete wave-number transform. The discrete wave-number transform
as defined in equation (6.4) is periodic with period Ks = Nπ/L (Ks L/π = N for
normalized wave-numbers). Due to the relatively large magnitude of the continuous wave-number transform at γ = ±3π/L, the sensor yields an important error at
γ = 0. The continuous wave-number components at higher wave-numbers aliasing
onto γ = 0 (γ = ±3nπ/L, n > 1) are much smaller and therefore do not introduce
significant errors. When increasing the level of discretization, the first and subsequent wave-number components aliasing in the region between −Ks /2 and +Ks /2
become smaller, thus reducing the errors. In particular, the aliasing errors will be
significantly reduced when the Nyquist wave-number, Ks /2, is outside the region including the main wave-number components. It was shown in Section 6.1.1 that the
simply-supported mode shapes present a maximum in the wave-number domain at
γ = ±pπ/(2L). Therefore, the Nyquist wave-number should be greater than pπ/(2L),
i.e., Ks /2 = π/∆x > pπ/(2L) or N > p. That is to say, the number of point sensors
should be greater than the order of the mode to estimate. This is illustrated for mode
p = 3 in Figure 6.6. The N = 3 case yields significant aliasing errors unlike the N = 5
and N = 7 cases. As another example, assuming the response of the simply-supported
beam contains main contributions from modes 3 and 4 at a given frequency, the sensor should have at least 5 sample points to provide good wave-number component
estimates at that frequency. Note that the above rule of thumb does not guarantee
perfect estimates. Aliasing errors always affect the sensor estimate even for large
values of N due to the infinite extent of the wave-number transform of finite length
distributions.

Figure 6.7 shows the same information obtained for mode 3 of a clamped beam.
The continuous wave-number transform (solid line) is plotted along with the discrete
wave-number transforms associated with N = 3 (dashed line), N = 4 (dotted line),
and N = 6 (dash-dotted line) point sensors, respectively. As already mentioned in
Section 6.1.1, the clamped boundary condition also yields a maximum in the wavenumber transform around pπ/(2L) for mode p. Consequently, the same rule of thumb
applies to determine the number of point sensors in order to obtain good levels of
accuracy. In this case (p = 3), the three point sensor results in significant aliasing
errors while the four and six point sensors yield better estimates.

The results presented above involve the monopole approximation of the wavenumber transform, also referred to as the discrete wave-number transform. The
higher-order approximations introduced in Section 2.2.1 are now considered.
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Figure 6.7: Continuous and discrete wave-number transform of mode 3 of a
clamped beam using the monopole approximation.
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Wave-number transform estimate - Higher order approximation

The piston approximation which takes in account the variation of the exponential term
in the wave-number transform across each element is given in the two-dimensional
case by equation (2.69). A closed-form expression associated with the one-dimensional
distributions considered in this section is derived in Appendix I (see equation (I.13)
and equation (I.14)). In the same Appendix, the wave-number transform estimates
based on linear and quadratic elements are also derived. For the piston approximation,
i.e., using constant interpolation elements, the sampling points are located following
the same scheme as for the monopole approximation, i.e.,
xm = −L +

2m + 1
∆x,
2

m = 0, 1, . . . , Ne − 1

(6.5)

where Ne is the number of elements and ∆x = 2L/Ne , the sampling period. On the
other hand, the linear and quadratic elements require more nodes per elements. As
shown in Appendix I, the total number of nodes or sample points, is given as Ne + 1
for linear elements and 2Ne + 1 for quadratic elements. The locations of the nodes is
given in Table I.1. The distributions considered in this section have zero amplitude
at x = −L and x = +L so that the two sample points located on both ends can be
disregarded. The number of point sensors for these distributions is then N = Ne − 1
for linear elements and N = 2Ne − 1 for quadratic elements.
To illustrate the higher-order approximations defined in Appendix I, the continuous wave-number transform of mode 4 of a clamped beam (solid line) is shown in
Figure 6.8 along with estimates associated with the monopole (dashed line), the piston (dotted line), and the linear (dash-dotted line) approximations, respectively. All
three discrete estimates are based on a five point sensor. Note that the imaginary
part of the wave-number transform is plotted for positive wave-numbers due to the
properties mentioned earlier that are associated with even modes (the transform of
even modes is purely imaginary and anti-symmetric with respect to γ = 0).
As explained in Section 6.1.1, the continuous wave-number transform presents a
maximum around γ = 4π/(2L) = 2π/L. Therefore, the Nyquist wave-number associated with the five point discrete wave-number transform and based on the monopole
approximation is above the main peak of the continuous wave-number transform.
This results in a relatively good estimate up to γL/π = 1.5 as seen in Figure 6.8.
Note that the supersonic region in this case is below γL/π = 0.7180 (see Table 6.2).
The piston approximation results in very similar performances below γL/π = 1. In
other words, for this particular beam and sensor arrangement, monopole and piston
approximations are equivalent in the supersonic region. Recalling equation (I.14), this
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Figure 6.8: Continuous and discrete wave-number transform of mode 4 of a
clamped beam using a five point sensor.
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is expressed mathematically as sinc(γ∆x/2) ≈ 1 for |γ| < ω/c. The linear approximation (dash-dotted line) results in the best estimate when considering the entire
wave-number region shown on the plot. However, the associated accuracy for small
wave-numbers, i.e., below γL/π = 1 is not significantly different from the first two
types of approximation.
To better evaluate the performance of the various sensor arrangements considered
in this section, the following quadratic error is defined:
R +k
|f˜(γ) − f˜N (γ)|2 dγ
E = −k R +k
(6.6)
˜ 2 dγ
|f(γ)|
−k

where k is the acoustic wave-number, f˜(γ), the continuous wave-number transform,
and f˜N (γ), its discrete estimate based on N sample points. Note that the error
is normalized with respect to the continuous wave-number transform in order to
facilitate the comparison of different spatial distributions. In the following results,
the error in equation (6.6) is replaced by the numerical estimate
E≈

PNγ

|f˜(γn ) − f˜N (γn )|2
PNγ ˜
2
n=1 |f (γn )|

n=1

(6.7)

The Nγ discrete wave-numbers are given by γn = −k + (n − 1)∆γ, ∆γ = 2k/Nγ
(n = 1, 2, . . . , Nγ ). Note that the above expression gives an estimate of the quadratic
error over the interval [−k − ∆γ/2, +k + ∆γ/2].
Figures 6.9, 6.10, and 6.11 present the error defined above and plotted in dB scale
for the 3 spatial distributions considered in this section, i.e., mode 3 of a simplysupported and clamped beam and mode 4 of a clamped beam. For all cases, the
supersonic region is based on the data given in Table 6.2. The error is computed over
Nγ = 400 points equally spaced between −k and +k. Four types of approximations
are considered as shown in the figure legends: the monopole, the piston, the linear,
and the quadratic approximations, respectively.
For the simply-supported distribution (Figure 6.9), the N = 3 point wave-number
estimate yields similar levels of accuracy for all four types of approximations. Note
that the error obtained for the monopole approximation corresponds to the solid
and dashed lines of Figure 6.6 over the supersonic region, i.e., ±0.0355 in this case.
Likewise, the N = 5 and N = 7 point monopole approximations are associated with
the solid and dotted lines, and the solid and dash-dotted lines, respectively. Therefore,
error levels below 40 dB correspond to fairly accurate wave-number estimates. As
mentioned earlier, the monopole and piston approximations are almost equivalent for
all four levels of discretization. The error associated with the piston approximation is
slightly lower than that corresponding to the monopole approximation though. This
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Figure 6.9: Total quadratic error averaged over supersonic region for mode 3
of a simply-supported beam.
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Figure 6.10: Total quadratic error averaged over supersonic region for mode
3 of a clamped beam.

variation is expected to be greater as the beam characteristics tend to increase the size
of the supersonic region relative to the length of the beam, i.e., as ω∆x/(2c) becomes
larger. Considering the approximation based on the higher-order elements, the linear
case does not yield improvements in the accuracy of the estimate compared to the
monopole and piston approximations. This is true for all four levels of discretization
shown, i.e., N = 3, N = 5, N = 7, and N = 9. However, the quadratic elements
yield a 10 dB decrease and more in the error for the N = 5, N = 7, and N = 9
point sensors. In other words, the linear interpolation does not accurately represent
the spatial distribution, whereas the quadratic elements yield a much closer match
of the sine function associated with mode 3. Note, however, that for small levels of
discretization, the quadratic elements which require 3 nodes per element do not yield
good estimates as shown in the N = 3 case.
Now, examining the distribution associated with the clamped boundary conditions
(Figure 6.10), the tendencies noticed for the simply-supported boundary conditions
no longer hold. In particular, this case results in better estimates using linear elements while the quadratic interpolation yields worse estimates for all four levels of
discretization. The zero-order elements (monopole and piston approximations) give
smaller errors than both linear and quadratic elements for the N = 7 and N = 9

CHAPTER 6. SENSOR ACCURACY

151

60
monopole
piston
linear
quadratic

Total quadratic error (dB, re 0.0006)

50

40

30

20

10

0
5

7

9

11

Number of point sensors, N

Figure 6.11: Total quadratic error averaged over supersonic region for mode
4 of a clamped beam.

point wave-number estimates. As already noticed in the simply-supported case, the
monopole and piston approximations behave similarly relative to one another. Recalling Figure 6.3, the mode shapes associated with the clamped boundary conditions
have a zero slope at each end of the beam unlike the simply-supported mode shapes.
This difference explains the variations in the level of accuracy between linear and
quadratic interpolations obtained in both cases. The quadratic interpolation needs
more elements to accurately represent the clamped mode shapes. On the other hand,
the simply-supported mode shapes better match the shape of the quadratic functions.
Examining the error levels obtained for mode 4 of the same clamped beam (Figure 6.11), the trends noticed in the case of mode 3 in Figure 6.10 still hold. This
suggests that, in general, a linear approximation should be chosen over a quadratic
approximation when dealing with clamped structures. However, this rule is not practical for real structures where the spatial distributions is likely to be more complex,
i.e., not represented in terms of simply-supported or clamped mode shapes, respectively. In this case, the monopole and piston approximations generally yield better
estimates. Also, note that the error obtained with N = 11 sample points follows the
same tendency as with N = 9, i.e., the zero-order approximations (monopole and
piston) result in relatively smaller errors compared to the higher-order approxima-
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tions (linear and quadratic). Note that the interpolation elements considered here
use simple basis functions (see Table I.1). Other types of interpolation functions
based on more complex polynomials might be better suited to a particular spatial
distribution. However, this added complexity might also result in worse estimates
for other distributions. In other words, the simple approximation schemes, such as
the monopole or piston approximations, are better able to deal with a wider range of
spatial distributions.
In conclusion, the zero-order approximations seem to be better suited for the
case of arbitrary spatial distributions where the mode shapes are not known prior
to the sensor design. Implementing higher-order interpolation schemes makes the
accuracy of the estimate highly dependent on the distribution. Moreover, the error levels obtained with the zero-order elements appear sufficient enough to provide
good wave-number estimates compared to the levels of accuracy required in Discrete
Structural Acoustic Sensing. Therefore, the remaining of this work will only consider the monopole and piston approximations. The next section further discusses
the monopole approximation implemented through non-regular sampling.

6.1.5

Wave-number transform estimate - Non-regular sampling

The last type of sensor arrangements investigated on one-dimensional distributions
is based on non-regular sampling. Studies on time domain signals previously showed
how sampling at irregular intervals can reduce aliasing errors in the Discrete Fourier
Transform [28]. The non-regular sampling scheme results in a pseudo-Nyquist wavenumber which can be higher than the Nyquist wave-number associated with regular
sampling. This approach is now applied to the discrete wave-number transform.
Rather than using fixed non-regular sampling schemes, the present study uses an
optimization procedure to determine the best point sensor locations and their associated weighting factors. The cost function to be minimized is based on the error
between continuous and discrete wave-number transforms. Since the optimization is
performed prior to the sensor implementation and based on analytical data, the cost
function should include information based on all possible spatial distributions found
during real on-line implementation. This approach thus makes the sensor design
system dependent.
The cost function to be minimized is defined as the absolute quadratic error between continuous and discrete wave-number transforms averaged over the set of all
modes present in the frequency bandwidth of interest. This is expressed as
X Z +kp
|f˜p (γ) − f˜Np (γ)|2 dγ
(6.8)
J=
p

−kp
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where f˜p (γ) is the continuous wave-number transform of mode p and f˜Np (γ), its discrete estimate defined as
f˜Np (γ) =

N
−1
X

∆xm f p (xm )ejγxm

(6.9)

m=0

In contrast with the discrete wave-number transform of equation (6.4), the above
transform does not present constant weighting factors. The optimization variables
are the sampling locations, xm , and their associated weighting factors, ∆xm (m =
0, 1, . . . , N − 1). The function f p (x) represents the spatial distribution of the pth
mode. Note that the integral limits in equation (6.8) depend on each mode p. As
discussed previously, the supersonic region is frequency dependent. Here, the limits of
the supersonic region are determined for a given mode by its natural frequency. The
same beam presented earlier is considered (see Tables 6.1 and 6.2). The cost function
is estimated using 100 points equally spaced on the wave-number axis between −kp
and +kp . The first five modes of the beam are included in the cost function, i.e.,
p = 1, 2, . . . , 5. Moreover, a single type of boundary conditions is included for the
following analysis. Note that further studies could include several types of boundary
conditions to improve the robustness of the sensor.
As seen in equations 6.8 and 6.9, the cost function is a non-linear function of the
optimization variables (sensor weight factors and point locations). This requires implementing a non-linear parametric optimization procedure. The optimization algorithm used in the calculations is based on Sequential Quadratic Programming (SQP)
techniques, also referred to as constrained quasi-Newton methods. An overview of
SQP is found in [51] and [52]. The algorithm is implemented in the Matlab function
constr() [53]. The initial guess used in the optimization procedure correspond to
the locations and weighting factors associated with regular sampling centered between
−L and +L (see equation (6.5)). The search for a minimum is constrained by setting
upper and lower bounds on xm and ∆xm (m = 0, 1, . . . , N − 1). The sample point
locations are constrained to stay within the length of the distribution, i.e., between
−L and +L, while the weighting factors are constrained between 0 and 2. Note
that these last two bounds were fixed arbitrarily but results showed they were never
reached during optimization.
In the following results, the optimization is performed successively on three different types of boundary conditions, and the accuracy of the wave-number estimate
is then computed for each one of the optimized sensors on mode 4 of a clamped
beam with same characteristics as presented earlier. The three types of boundary
conditions correspond respectively to clamped at both ends, clamped at one end and
simply-supported at the other end, and simply-supported at both ends. The error
is computed according to equation (6.7) over 400 points within the supersonic region. Figure 6.12 shows the accuracy of the estimate for the three optimized sensors
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Figure 6.12: Total quadratic error averaged over supersonic region for mode
4 of a clamped beam (non-regular sampling).

along with the performance of the discrete wave-number transform based on regular
sampling (see Figure 6.11), for various levels of discretization (N = 4, 5, . . . , 9).
For all levels of discretization, the optimized sensor based on the clamped mode
shapes, i.e., including the test mode shape, outperforms the regular sampling estimate by 10 dB at least. In particular, the relative error of the N = 4 point optimized
sensor is only reached by the N = 6 point regular estimate. The same tendencies
are expected for wave-number estimates based on the other modes included in the
cost function (modes 1 to 5). However, when testing the optimized sensor on a distribution not included in the cost function, the accuracy of the estimate significantly
deteriorates. The last two cases (clamped/simply-supported and clamped, respectively) yield relative error levels similar if not higher than the ones obtained with the
regular sampling estimate. This result holds for all six levels of discretization shown
in Figure 6.12.
Figure 6.13 presents the sample point locations and weighting factors obtained
for the four sensing configurations considered above in the N = 5 case. The x and
y axis represent the sample point location and weighting factor associated with a
given sample point, respectively. The circles are associated with the equally spaced
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Figure 6.13: Point sensor locations and weighting factors (non-regular sampling).

sample points, while the other symbols represent the locations and weights of the
three optimized sensors (see legends on the figure).
These results show that the optimized sensor is very sensitive to variations in the
test distributions included in the cost function. This explains the important variations in the sensor performance shown in Figure 6.12. As mentioned earlier, a more
robust design procedure should include several types of boundary conditions in the
cost function defined in equation (6.8). However, the improvements over the regular
estimate for one particular distribution would then further decrease. Moreover, the
actual spatial distributions found on real structures rarely match perfectly the analytical mode shapes. As a result, the optimized sensor based on analytical models is
not always guaranteed to perform better than a sensor based on regular sampling.
For the above reasons, it was decided not to implement the optimized sensor
on real structures in order to keep the sensor design independent of the structural
boundary conditions and thus more robust.

CHAPTER 6. SENSOR ACCURACY

6.1.6

156

Conclusions

The results discussed above provide the basis for evaluating the sensor performance
when applied to finite length one-dimensional distributions. For sensor estimates
based on the monopole approximation, the accuracy of the estimate is directly related
to the position of the Nyquist wave-number relative to the main wave-number content
of the spatial distribution. In particular, for mode shapes associated with simplysupported boundary conditions, accurate estimates are achieved in cases where the
number of point sensors is greater than the mode index. Note that these results are
easily extended to two-dimensional structures with more complex vibration patterns.
The sensor estimate represents a linear operator in terms of the spatial distribution.
In other words, the above results are extended to more complex distributions by
expressing the distribution as a linear combination of elementary functions for which
the properties of the sensor estimate are known. The next two sections apply the
sensor estimate to two-dimensional systems: a finite rectangular plate and cylindrical
shell.

6.2

Planar radiators

To illustrate the performances of Discrete Structural Acoustic Sensing on planar radiators, the technique is applied here to a rectangular baffled plate. The sensor
accuracy is first investigated analytically on the plate system described in Chapter 4.
Experimental results obtained as described in Chapter 5 are then discussed.
In Section 6.1, the sensor accuracy was evaluated by comparing the continuous
wave-number transform of a given one-dimensional spatial distribution with its discrete estimate over a continuous range of wave-numbers. On a real system, this
corresponds to measuring the structural response at a single frequency and evaluating the resulting wave-number transform over the supersonic region. This is in
contrast with the sensor implementation discussed in Chapter 3 where the estimate
of the radiated pressure is performed over a broad frequency range for one or more
directions. Consequently, the analysis of the sensor accuracy for both planar and
cylindrical radiators presents the sensor output in terms of frequency.

6.2.1

Analytical results

The following results were obtained on the analytical model of the plate system described in Chapter 4. The model’s parameters presented in Section 4.4.1 are based
on the characteristics of the real structure tested experimentally (see Chapter 5).
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The plate is excited through the disturbance input force described in Section 4.4.1.
The three control piezo-electric actuators are also included in the model but remain
unexcited. The system’s response is evaluated between 50 and 650 Hz with a one
Hertz increment. This includes the first 9 flexural modes of the plate (see Table 4.5).
Note that the associated mode shapes approach those of a simply-supported plate
(see Section 4.4.1).
The sensor estimate is based on wave-number information as described in Section 2.4.3. Moreover, the analysis is restricted to the monopole and piston approximations, as defined in equation (2.70) and equation (2.69), respectively. The previous
section showed that more complex approximations did not significantly improve the
accuracy of the sensor estimate.
The discussion considers successively the influence of three different parameters
on the sensor accuracy. First the sensor estimate based on the monopole approximation is compared to the actual radiated pressure in a single direction for various
levels of discretization. The influence of the two types of approximation considered,
i.e., monopole and piston approximations, is then presented. The error between the
actual and estimated pressure information is then averaged over the whole frequency
bandwidth and shown versus the far-field direction angle. The last part discusses the
errors introduced by the digital filters used to model the sensor transfer functions.
As mentioned above, the sensor estimates for planar radiators are based on the
structure’s wave-number transform evaluated through the monopole or the piston
approximation (see equation (2.70) and equation (2.69)). In the following results, the
wave-number component sensor estimate is compared to the actual far-field pressure
radiated in the corresponding direction. Recalling the discussion of Section 3.3, a
constant time delay is introduced in the wave-number component estimate in order to
reduce the order of the digital filters used in modeling the sensor transfer functions.
This delay, added to the propagation time associated with the acoustic path, was
removed from the far-field pressure in order to facilitate the phase angle comparison.
Furthermore, the magnitude of the wave-number component estimate is multiplied by
the constant factor ρ/(2πR) to allow comparison with the magnitude of the far-field
pressure.
The sensor accuracy over a given frequency bandwidth, [ωmin , ωmax ], is also evaluated in terms of a global error criterion defined as
Z ωmax
E=
|pd (ω) − p(ω)|2ε(ω) dω
(6.10)
ωmin

where pd (ω) represents the sensor estimate scaled as described above, p(ω), the actual
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pressure, and ε(ω), a weighting factor given by
|p(ω)|
ε(ω) = R ωmax
|p(ω)|2 dω
ωmin

(6.11)

The above weighting factor is introduced in order to better evaluate the influence
of the sensor accuracy on the performance of a control system using the sensor estimate as an error signal. In this situation, the sensor accuracy becomes critical at
frequencies near resonances, while errors in the estimate occurring off-resonance do
not significantly affect the control overall performance. Also note that the weighting factor is normalized with respect to the pressure magnitude averaged over the
bandwidth in order to allow comparisons between different directions of radiations.
The error criterion shown in equation (6.10) is evaluated numerically over a finite
number of equally spaced frequencies using a zero-order interpolation as
PN
|pd (ωi ) − p(ωi )|2 |p(ωi )|
(6.12)
E ≈ i=1 PN
2
|p(ω
)|
i
i=1
The N frequencies are given by ωi = ωmin + (i − 1)∆ω (i = 1, 2, . . . , N), where
∆ω = (ωmax − ωmin )/N. Note that the above expression approximates the error over
[ωmin − ∆ω/2, ωmax + ∆ω/2] rather than [ωmin , ωmax ]. It was chosen for simplicity
and consistency with the power estimates performed on experimentally measured
frequency spectra (see Chapter 5).
Discretization level
According to the natural frequencies of the plate presented in Table 4.5, the highest
order of the modes with resonances within the 50–650 Hz frequency bandwidth is 4
along the length (x axis) and 3 along the width (y axis) of the plate, respectively.
Recalling the results of Section 6.1.3, the sensor should therefore have at least 5 and
4 sample points along the x and y directions, respectively, in order to reduce aliasing
errors. To illustrate the accuracy of the estimate over the above bandwidth, three
different sampling configurations are presented. The point sensor locations are given
by equation (4.65). A 3 by 2, 3 by 3, and 5 by 4 sensor is considered successively. The
first order represents the number of sample points, Nx , along the x direction and the
second order, the number of sample points, Ny , along the y direction. The sample
point locations are shown in Figure 6.14 for the above three sampling schemes.
Figures 6.15, 6.16, and 6.17 show the actual and estimated far-field radiated pressure in direction (36◦ , 60◦) for the three sensor configurations defined above, respectively. Note that this particular angle does not coincide with any radiation nodal
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Figure 6.14: Plate point sensor locations.

lines of the modes included in the bandwidth. According to the system’s natural
frequencies (see Table 4.5), the resonance peaks correspond as frequency increases to
the plate’s flexural modes (1,1), (2,1), (1,2), (2,2), (3,1), (3,2), (1,3), (4,1), (2,3), and
(4,2).
As seen in Figure 6.15, the 3 by 2 sensor provides an accurate estimate for modes
(1,1) and (2,1). The sensor accuracy slightly deteriorates for modes (1,2), (2,2),
(3,1), and (3,2), as the frequency increases. The higher order modes, (1,3), (4,1),
and (2,3), present large estimate errors. These tendencies confirm the phenomenon
of aliasing explained in Section 6.1.3 on one-dimensional systems. A 3 by 2 sensor
configuration yields good estimates at the resonance frequency of modes with order
along the x and y axis less than 3 and 2, respectively. At off-resonance frequencies,
several modes contribute significantly to the response. In other words, the above rule
of thumb should be satisfied for all modes present in the response at these frequencies.
This is illustrated in Figure 6.15 above 200 Hz where large errors occur off-resonance
due to the presence of higher-order modes. Note however, that errors at off-resonance
frequencies are less critical in a control system whose behavior is mainly influenced by
the larger amplitude of the on-resonance frequency content. Note also that the phase
match of actual and estimated pressure exhibits trends similar to those noticed on the
magnitude plot. The same behavior was noticed for all other sensor configurations
and, for clarity, subsequent plots will show magnitude information only.
The 3 by 3 sensor configuration presented in Figure 6.16 shows good accuracy
for the first four modes of the plate. All four modes have indexes smaller than the
number of point sensors along the corresponding directions, thus reducing aliasing
errors. Small variations between actual and estimated pressure can be noticed at the
resonance frequencies of the higher order modes, (3,1), (3,2), (1,3), and (2,3), while
the last mode in the bandwidth, (4,1) presents a larger error. For these higher-order
modes, the Nyquist wave-numbers along the x and y directions are located below or
on the main peak associated with each mode, thus increasing aliasing errors. Note
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Figure 6.15: Plate actual and estimated far-field pressure in direction
(36◦ , 60◦ ) with a 3 by 2 sensor.

that the above variations occur on both magnitude and phase angle of the sensor
response.
As shown in Figure 6.17, the third sensor configuration which implements a 5 by 4
array of point sensors presents an accurate estimate over the entire bandwidth. The
variations between actual and estimated pressure on-resonance do not exceed 3 dB
in magnitude. In this case, all modes included in the bandwidth have orders less
than the number of point sensors along the associated direction. In other words, the
Nyquist wave-numbers are above the main wave-number content of the response over
the entire bandwidth, resulting in a better estimate.
In conclusion, a m by n sensor where m and n are greater than the highest mode
order along the x and y directions, respectively, provides accurate pressure estimates.
Note that cases where m and n are set equal to the highest mode order still provide
relatively good accuracy.

Type of approximation
Figure 6.18 shows the influence of the type of approximation on the sensor estimate.
The magnitude of the actual radiated pressure in direction (36◦ , 60◦) is shown with

CHAPTER 6. SENSOR ACCURACY

161

100
(3,2)
(1,1)
(3,1)

Magnitude (dB, re 2 x 10−5 Pa)

90

(1,3)

(4,1) (2,3)

(1,2)

80

(2,1)

70

(2,2)

60

50

40

30

actual
estimated
100

200

300
400
Frequency (Hz)

500

600

Figure 6.16: Plate actual and estimated far-field pressure in direction
(36◦ , 60◦ ) with a 3 by 3 sensor.
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Figure 6.17: Plate actual and estimated far-field pressure in direction
(36◦ , 60◦ ) with a 5 by 4 sensor.
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Figure 6.18: Plate actual and estimated far-field pressure in direction
(36◦ , 60◦ ) with a 3 by 3 sensor based on the monopole and piston
approximation.
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Table 6.3: Total quadratic error in direction (36◦ , 60◦) for various configurations of the plate sensor.
Sensor configuration

Total quadratic error (dB, re 1)

Nx × Ny

monopole

piston

3 by 2

-0.69

-4.30

3 by 3

-8.60

-11.34

5 by 4

-17.94

-20.89

the sensor estimate based on the 3 by 3 configuration using both monopole (dashed
line) and piston (dotted line) approximations (see equations (2.70) and (2.69)). The
two approximations yield very close sensor response in the lower frequency region
(below 300 Hz), while small variations occur as the frequency increases. This behavior is consistent with the analysis of Section 6.1.4. The monopole and piston
approximations are almost equivalent at low frequencies, while variations occur as
the wave-numbers coupled to far-field radiation increase, i.e., as frequency increases
and the direction of estimate moves away from the normal to the plate.
The influence of the discretization level and type of approximation presented above
is summarized in Table 6.3. The global error criterion defined in equation (6.12) is
computed over 601 frequencies equally spaced between 50 and 650 Hz for the various sensor configurations applied to pressure estimate in direction (36◦ , 60◦ ). The
quadratic error shown in Table 6.3 is given in dB scale with a unit reference. As
mentioned previously, the overall sensor accuracy improves as the level of discretization increases. Furthermore, the piston approximation yields slightly better estimates
compared to the monopole approximation. Again, these results are consistent with
the properties of the sensor estimate discussed in Section 2.4.4.
Far-field direction angle
The previous two sections considered the sensor estimate associated with a single
direction of radiation, (36◦ , 60◦ ). In this section, the sensor accuracy is studied over
the entire hemisphere above the plate. The error criterion defined in equation (6.12)
is computed over 601 frequencies equally spaced between 50 and 650 Hz for a 10 ×25
grid of far-field directions along the θ and φ angles, respectively (see Figure 6.14).
The 3 by 3 sensor based on the monopole and piston approximations is considered.
Figure 6.19 shows the total quadratic error distribution for the monopole and
piston approximations. The error is given in dB scale with a unit reference for con-
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Figure 6.19: Total quadratic error distribution of the 3 by 3 plate sensor.
sistency with Table 6.3. Considering the monopole approximation first, the error
increases as the direction of radiation moves away from the direction normal to the
plate, i.e., as the angle θ increases. Furthermore, the error shows variation along
the azimuthal angle, φ. It is maximum along the x and y directions of the plate
axis. In the case of the piston approximation, the distribution exhibits more complex
tendencies compared to the case of the monopole approximation. As expected, both
monopole and piston approximations yield similar error levels for small values of the
angle θ, i.e., in directions close from the normal to the plate. Note that the above
properties were also noticed on the error directivity associated with different levels of
discretization.
These results show that the accuracy of the sensor estimate is primarily dependent
on the number of measurement points. The variations in the error criterion when
varying the direction angle of the estimate are small compared to those involved with
changes in the discretization level.
Digital filter modeling
This section briefly shows the influence of digital filter modeling on the sensor accuracy. As discussed in Chapter 3, the sensor filtering is implemented on a real system
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Figure 6.20: Plate actual and estimated far-field pressure in direction
(36◦ , 60◦ ) with a 3 by 3 sensor.

by means of digital filters. Each filter is designed to model the analytical transfer
function associated with a given point sensor and far-field direction angle. The sensor
accuracy is influenced by the variations between the desired analytical transfer functions and the actual digital filter response (see Section 3.4.3). The case of the 3 by 3
sensor based on the monopole approximation is considered here. The magnitude of
the far-field pressure radiated in direction (36◦ , 60◦ ) is shown in Figure 6.20 along
with the sensor estimates based on analytical transfer functions (dashed line) and
actual digital filter response (dotted line). The FIR filters use a 3 coefficient impulse
response with a sampling frequency, Fs = 1500 Hz (see Sections 3.4.2 and 5.2.1).
As seen in Figure 6.20, the above filter design introduces very small variations in
the sensor response. The phase angle which is not shown here exhibits similar small
variations. A 4 coefficient impulse response would further reduce these differences. In
practice, other parameters such as the finite length representation of the filter coefficients or the response of the D/A and A/D converters also slightly influence the sensor
estimate. This will be illustrated on the cylinder experimental results presented in
Section 6.3.2.
To summarize the results discussed above, Table 6.4 presents the global error
criterion introduced previously (see equation (6.12)) for all the sensor configurations
considered in Section 6.2.1. Note that the digital filter modeling introduces very little

CHAPTER 6. SENSOR ACCURACY

167

Table 6.4: Total quadratic error in direction (36◦ , 60◦) for various configurations of the plate sensor including FIR based transfer functions.
Sensor configuration

Total quadratic error (dB, re 1)

Nx × Ny

monopole

3 by 2

-0.69

-1.01

-4.30

-4.15

3 by 3

-8.60

-8.17

-11.34

-10.73

5 by 4

-17.94

-16.76

-20.89

-19.06

monopole (FIR) piston

piston (FIR)

performance loss in the sensor estimate.

6.2.2

Experimental results

The structural acoustic sensor is now implemented experimentally on the plate structure as described in Chapter 5. The reader should refer to this chapter for a complete
description of the experimental setup and Appendix K for the plate natural frequencies and associated mode shapes. The sensor is based on the monopole approximation
with a 3 by 3 array of accelerometers (Nx = Ny = 3). The three directions of pressure
estimate are located in the horizontal plane at angles (θ, φ) set to (−36◦ , 0◦ ), (0◦ , 0◦ ),
and (36◦ , 0◦ ), respectively. The array of FIR filters uses 3 coefficients per filter and a
sampling frequency Fs = 2000 Hz. To evaluate the accuracy of the sensor estimates,
the plate is excited by the disturbance shaker over the bandwidth 0–630 Hz. The
transfer functions between the signal generator output and the three sensor outputs
are evaluated in the frequency domain and compared to the reconstructed pressure
based on the laser velocity measurements (see Section 5.4). As mentioned previously
in Chapter 3, the sensor transfer functions are normalized such as to use the full
dynamic range of the DSP D/A converters. Furthermore, no calibration is performed
on the measured acceleration signals after the A/D converters. For these reasons,
the sensor output represents a scaled estimate of the actual radiated pressure. To
facilitate the comparison, the magnitude of the reconstructed pressure is scaled in
order to match the magnitude of the sensor output signals. The results are presented
for the above three directions of estimate in Figures 6.21, 6.22, and 6.23, respectively.
Figure 6.21 shows the magnitude of the reconstructed pressure and sensor output
in the first direction of pressure estimate, (−36◦ , 0◦ ). The sensor estimate shows
excellent accuracy over the first three modes of the plate, i.e., modes (1, 1), (2, 1),
(1, 2). The accuracy slightly deteriorates at higher order modes. The largest error
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Figure 6.21: Plate reconstructed and estimated far-field pressure in direction
(−36◦ , 0◦ ).

is noticed at the resonance frequency of mode (3, 2) where the sensor estimate is
about 6 dB above the actual pressure. Note that these results are consistent with the
tendencies noticed on the analytical model, i.e., aliasing errors occur mainly for modes
with index equal or higher than the number of point sensors along the corresponding
direction and tend to increase the magnitude of the sensor estimate.
The sensor estimate in the second direction of radiation, i.e., (0◦ , 0◦ ), along the normal to the plate, shows similar tendencies (see Figure 6.22). The estimate shows good
overall accuracy over the entire bandwidth. The largest errors occur off-resonance between mode (2, 1) and mode (2, 2). As explained earlier, the acceleration distribution
off-resonance yields rather complex wave-number components due to the presence of
several modes of vibration with comparable amplitudes. In particular, higher order
modes are more likely to introduce relatively large wave-number components above
the Nyquist wave-number associated with the sensor, thus increasing the amount of
aliasing in the discrete wave-number transform. Note that the resulting aliasing errors are highly dependent on the angle of radiation considered. For example, the
directions normal to the plate yield very low pressure levels for even modes (dipole
radiation characteristics). In other words, the corresponding wave-number components have small amplitudes and therefore are more likely to be affected by aliasing
errors. This is clearly the case for the direction (0◦ , 0◦ ) shown in Figure 6.22.
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Figure 6.22: Plate reconstructed and estimated far-field pressure in direction
(0◦ , 0◦ ).

Examining the pressure estimate in the third direction of radiation, (36◦ , 0◦ ),
shown in Figure 6.23, the accuracy of the sensor is comparable to that obtained in
the first direction. This result is expected as these two directions are symmetric with
respect to the plate geometry. The minor variations between the two cases result
mainly from small asymmetries in the plate response due to the added mass of the
shaker, the plate’s attachments to its support stand as well as the presence of piezoelectric actuators, and accelerometers mounted on the structure. Very small changes
in the plate’s response can cause relatively large changes in the pressure radiated in
the far field.

6.3

Cylindrical radiators

The following two sections present successively analytical and experimental results
showing the accuracy of the structural acoustic sensor applied to cylindrical geometries. In both cases, the monopole and piston approximations of the far-field radiated
pressure is implemented on the cylinder system introduced in Chapters 4 and 5.
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Figure 6.23: Plate reconstructed and estimated far-field pressure in direction
(36◦ , 0◦ ).

6.3.1

Analytical results

The sensor performance is investigated on the numerical model of the cylinder system
presented in Chapter 4. As for the case of planar geometries, the following discussion
considers successively the influence of various parameters on the sensor accuracy.
First, the sensor accuracy is investigated in terms of the number of point sensors
or discretization level. The type of approximation, i.e., monopole or piston based
estimates, is then briefly discussed as well as the dependence on the direction of the
estimate. Finally, the influence of digital filter modeling is addressed.
In all the following results, the sensor estimate is compared to the actual sound
pressure radiated in the far field over the frequency bandwidth, 200–680 Hz. This
bandwidth includes the first six flexural modes of the structure (see Table 4.10). The
cylinder is excited through the disturbance piezo-electric actuator (see Section 4.4.2).
Note that the dynamics of the remaining three control actuators is included in the
model. However no voltage is applied and all three control actuators remain unexcited. The sensor response based on the monopole and piston approximations uses
the sensor transfer functions shown in equations (2.98) and (2.100), respectively.
The point sensor locations are based on the regular sampling scheme given in equation (4.69). As for the plate system, the constant delay included in the sensor transfer
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Figure 6.24: Cylinder actual and estimated far-field pressure in direction
(76.8◦ , 40◦ ) (Case 1).

functions to reduce the order of the FIR filters (see Chapter 3) is removed from the
actual far-field pressure in order to facilitate the comparison with the sensor estimate.
Discretization level
Figure 6.24 presents the magnitude of the far-field radiated pressure in direction
(76.8◦ , 40◦) along with the sensor estimate based on the monopole approximation and
three different point sensor configurations. All three estimates use Nz = 8 points along
the axial directions. The number of measurement points along the circumferential
direction is set to Nφ = 6, Nφ = 7, and Nφ = 12, respectively. Recalling the natural
frequencies given in Table 4.10, the resonance peaks in Figure 6.24 correspond, as
frequency increases, to modes (1, 2), (1, 3), (2, 3), (1, 4), (1, 1) and (2, 4) where the
first and second index refers to the axial and circumferential order, respectively.
As seen on the plot, the Nφ = 6 case yields a perfect estimate at the resonance
frequency of modes (1, 2) and (1, 1), while large errors occur over the remaining
frequencies. This result is consistent with the conclusions of Section 2.5.4 discussing
the properties of the cylinder sensor estimate. In this case, the number of point sensors
along the axial direction ensures very small levels of aliasing errors associated with

CHAPTER 6. SENSOR ACCURACY

172

the axial discrete wave-number transform. The associated Nyquist wave-number is
well above the main peak associated with the mode of highest axial order found in the
bandwidth (m = 2). Consequently, the variations noticed between actual pressure and
sensor estimate are mainly due to errors in the estimate of the circumferential wavenumber components. These errors occur whenever the number of measurement points
along the circumferential direction, Nφ , is less or equal to twice the circumferential
order of the modes found in the response at a given frequency. The above property
is clearly illustrated in Figure 6.24. The Nφ = 6 case only yields good estimates
where the response is dominated by modes of circumferential order n = 1 or n = 2.
Similarly, the second pressure estimate based on Nφ = 7 yields accurate estimates of
distributions dominated by modes of orders up to n = 3.
As explained in Section 2.5.4, the circumferential wave-number component estimates are error free as long as the above requirements are satisfied. Considering the
off-resonance frequencies, the first two estimates yield large errors due to the presence
of higher order circumferential modes in the response. The Nφ = 12 case on the other
hand results in very good estimates over the entire bandwidth as all circumferential
modes up to n = 5 are accurately observed.
According to the discussion of Section 2.5.4, the circumferential wave-number
component estimate is independent of the origin of the point sensors locations along
the circumferential direction provided the number of measurement points satisfies the
sampling theorem along this direction. To illustrate this property, Figure 6.25 shows
the magnitude of the far-field pressure in direction (76.8◦ , 40◦) along with the sensor
estimate based on the monopole approximation and Nz = 5 by Nφ = 9 point sensors.
Recalling the point sensor locations as defined in equation (4.69), the first sensor
estimate (dashed line) corresponds to φ̄ = 0◦ , i.e., the point sensors are “aligned”
with the center location of the disturbance piezo-electric actuator, and the second
estimate (dotted line), to φ̄ = 13◦ , i.e., the point sensor locations are shifted by
13◦ along the circumferential direction. Note that the out-of-plane deformation near
resonance is not necessarily “aligned” with the disturbance actuator with a maximum
deformation at φ = 0◦ . This is a direct consequence of the asymmetries introduced
by the added mass and stiffness of the actuators. The “double” modes of the cylinder
are associated with two distinct natural frequencies rather than a single frequency
as for symmetric structures. As a result their relative amplitudes depend on both
the actuator location and the frequency of excitation relative to the two resonances.
The variations introduced by the frequency dependence can therefore yield two new
amplitudes which do not align the deformation with the actuator. The reader is
referred to Appendix L for an illustration of the above property (see Figure L.18).
As seen in Figure 6.25, both estimates perform similarly on resonance, while the
shifted sensor yields slightly better estimates off-resonance. This behavior confirms
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Figure 6.25: Cylinder actual and estimated far-field pressure in direction
(76.8◦ , 40◦ ) (Case 2).
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Figure 6.26: Cylinder actual and estimated far-field pressure in direction
(76.8◦ , 40◦ ) (Case 3).

the property mentioned above. On resonance, the sensor satisfies the sampling theorem (the highest circumferential order observable is n = 4) and therefore yields the
same estimate regardless of the angle φ̄. Off-resonance, higher order circumferential
modes introduce different behaviors depending on the angle φ̄.
Provided the sampling theorem is satisfied along the circumferential direction,
the remaining errors in the estimate result from aliasing in the discrete wave-number
transform along the axial direction. As an example, Figure 6.26 presents the magnitude of the far-field radiated pressure in the same direction as for the two previous
cases along with the monopole estimate based on three different discretization levels. All three sensors have Nφ = 12 measurement points along the circumferential
direction and therefore yield very small errors in the estimate of the circumferential
wave-number components (see Figure 6.24). The first estimate (dashed line) uses
Nz = 2 points along the axial direction. In this case, relatively large aliasing errors
occur for modes of axial index equal or greater than m = 2 as explained earlier on
one- and two-dimensional planar radiators. This is illustrated in Figure 6.26 at the
resonance frequency of modes (2, 3) and (2, 4). The second and third estimates, based
on Nz = 3 (dotted line) and Nz = 5 (dash-dotted line), respectively, improve the estimate at the above resonance frequencies as well as off-resonance. In these two cases,
the Nyquist wave-number along the axial direction is above the main wave-number
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Table 6.5: Total quadratic error for various configurations of the cylinder sensor.
Sensor configuration

Total quadratic error (dB, re 1)

Nz × Nφ

(76.8◦ , 40◦)

(70◦ , 0◦ )

8×6

-28.07

-13.10

8×7

-32.33

-26.27

8 × 12

-66.16

-67.95

2 × 12

-43.97

-39.93

3 × 12

-52.91

-50.94

5 × 12

-61.06

-61.01

-54.97

-56.23

-61.26

-59.77

5×9
◦

5 × 9 (φ̄ = 13 )

components associated with the axial modes of the response, which results in reduced
levels of aliasing.
To summarize the results shown in the three previous figures, the total quadratic
error expressed in equation (6.12) is computed for the various cases discussed so far.
The error is given in Table 6.5 for the far-field direction considered above as well as
an additional direction at angle (70◦ , 0◦ ). As shown in the table, all the tendencies
seen on the plots are confirmed. Also note that the same conclusions apply to the
other far-field directions studied.

Type of approximation
The sensor properties introduced in Section 2.5.4 and illustrated in the previous
section apply to pressure estimates based on the monopole approximation (see equation (2.98)). The piston approximation given in equation (2.100) does not yield the
same simple interpretation in terms of discrete Fourier transforms. However, similar
behaviors are expected since both approximations become equivalent as sinc(n∆φm /2)
and sinc(k cos θ∆zm /2) approach unity. As for the case of planar radiators, this condition is met as the discretization level increases, i.e., ∆φm and ∆zm decrease. Moreover,
the condition will be reached faster as the frequency decreases and the direction of
estimate approaches the normal to the cylinder axis. These properties are illustrated
in the next two figures.
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Figure 6.27: Cylinder actual and estimated far-field pressure in direction
(70◦ , 0◦ ).

Figure 6.27 shows the magnitude of the far-field radiated pressure in direction
(70 , 0◦ ) along with the sensor estimate based on Nz = 2 and Nφ = 6 point measurements. The dashed line corresponds to the monopole approximation and the
dotted line represents the piston approximation. While the piston approximation
yields slightly better estimates over the frequency bandwidth (the total quadratic error associated with this case is −11.82 dB as opposed to −9.06 dB for the monopole
approximation), both approximations follow the properties discussed previously in
terms of aliasing errors. The sensor yields accurate estimate at the resonance frequency of modes (1, 2) and (1, 1) only. Note that this configuration corresponds to
the sensor implemented experimentally (see Section 6.3.2).
◦

Figure 6.28 shows the far-field radiated pressure in the direction normal to the
cylinder axis, (90◦ , 0◦ ), along with the sensor estimate based on the monopole and
piston approximations using Nz = 3 and Nφ = 9 point measurements. As expected
both approximations yield close estimates. The total quadratic error is in this case
−47.79 dB for the monopole approximation and −53.63 dB for the piston approximation. Note that the (2, 3) and (2, 4) modes do not yield zero pressure along the
direction normal to the cylinder axis. The small peak noticed at these two resonance
frequencies is explained by the inclusion in the model of the mass and stiffness loading
of the four piezo-electric actuators mounted on the cylinder. These effects cause small
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Figure 6.28: Cylinder actual and estimated far-field pressure in direction
(90◦ , 0◦ ).

levels of asymmetry in the mode shapes. In particular, the mode shapes with even
order along the axial direction no longer radiate as perfect dipoles.

Far-field direction angle
The total quadratic error defined in equation (6.12) is now presented versus the direction of estimate. The far-field radiated pressure and pressure estimate are computed
over a 10 × 25 grid of far-field direction angles and 481 frequencies equally spaced
between 200 and 680 Hz. The total quadratic error is then evaluated for each angle.
The first pressure estimate uses Nz = 2 by Nφ = 6 measurement points. The
resulting error is shown for both monopole and piston approximations in Figure 6.29.
Both approximations follow the same pattern in terms of accuracy, the piston approximation yielding slightly lower error levels. Figure 6.30 shows the same information
obtained in the case of a Nz = 3 by Nφ = 9 sensor. Again similar trends are observed
on the two types of approximation.
As seen from Figures 6.29 and 6.30, the discretization level is the critical parameter
affecting the accuracy of the sensor estimate. In other words, good sensor accuracy is
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Figure 6.29: Total quadratic error distribution of the 2 by 6 cylinder sensor.

ensured over the entire radiating field as long as the number of measurement points
is high enough relative to the dominant modes of the response. Also note that the
piston approximation yields slightly better overall sensor accuracy.

Digital filter modeling

Figures 6.31 and 6.32 show the far-field radiated pressure in direction (70◦ , 40◦ ) along
with the sensor estimates based on a Nz = 3 by Nφ = 9 sensor and the monopole
and piston approximation, respectively. In both cases, the dashed line corresponds
to ideal sensor transfer functions and the dotted line, to transfer functions modeled
by FIR filters. Each sensor transfer function is modeled as discussed in Chapter 3
with four coefficients per filter and a sampling frequency, Fs = 1700 Hz. As seen on
the two figures, the modeled transfer functions yield very little degradation in the
accuracy of the estimate. This result is expected as the sensor transfer functions are
accurately represented by FIR filters due to their inherent properties associated with
monopole and piston radiation into an unbounded medium (see Section 3.2).
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Figure 6.30: Total quadratic error distribution of the 3 by 9 cylinder sensor.

6.3.2

Experimental results

This section presents the accuracy of the sensor which is implemented experimentally
on the cylinder structure. Following the same approach as for the plate system,
the sensor output is compared to the reconstructed pressure radiated in the far field
versus frequency for a number of directions. The exact test procedures are described
in Chapter 5 along with the experimental setup of the cylinder. The sensor uses
a total of 12 acceleration measurements arranged as two rings of six accelerometers
along the circumference (Nz = 2 and Nφ = 6 in equation (4.69)). The array of FIR
filters uses 22 coefficients per filter with a sampling frequency, Fs = 6000 Hz. The
cylinder is excited through the disturbance piezo-electric actuator with a band-limited
pseudo-random noise over 200–630 Hz. The sensor outputs associated with the three
directions of pressure estimate are compared to the reconstructed pressure based on
the out-of-plane structural velocity over the cylinder’s surface (see Section 5.4.2).
As shown in Table 5.2, a total of twelve far-field directions are considered in the
experimental study, i.e., four sets of three sensor estimates. The following discussion
only presents some of the above cases as the same tendencies are observed in all twelve
directions. This behavior confirms the analytical results showing the normalized
quadratic error of the sensor estimate versus the radiation angle (see Figure 6.30),
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Figure 6.31: Cylinder actual and estimated far-field pressure in direction
(70◦ , 40◦ ) with a 3 by 9 sensor and the monopole approximation.
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Figure 6.32: Cylinder actual and estimated far-field pressure in direction
(70◦ , 40◦ ) with a 3 by 9 sensor and the piston approximation.
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Figure 6.33: Cylinder sensor output and reconstructed pressure estimate in
direction (76.8◦ , 0◦ ).
i.e., the accuracy of the sensor is primarily related to the number of measurement
points which determines the level of aliasing errors in the estimate.
Before discussing the accuracy of the sensor in terms of the actual radiated pressure, the influence of the real time digital implementation on the sensor estimate is
considered. To this purpose, the measured sensor outputs are compared to off-line
pressure estimates based on the outputs of the twelve accelerometers and the analytical sensor transfer functions. This off-line sensor estimate is referred to as the
reconstructed pressure estimate, analogous to the reconstructed pressure based on
the velocity laser measurements. The two quantities involve the same computations
except the set of velocity measurements is replaced by the point sensor acceleration
measurements. Figure 6.33 presents the magnitude of the sensor output along with
the reconstructed pressure estimate introduced above. This case corresponds to a
pressure estimate in direction (76.8◦ , 0◦ ). The actual and reconstructed pressure estimates are nearly identical over the entire bandwidth. In other words, the array of
digital filters implemented on the sensor DSP accurately models the analytical sensor
transfer functions. Note that this result can be observed for all twelve directions
considered in this work. Also, the same level of accuracy appears on the phase angle
of the sensor output.
The results shown above confirm that nearly all errors in the real time pressure
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Figure 6.34: Cylinder reconstructed and estimated far-field pressure in direction (76.8◦ , 0◦ ).

estimates are solely related to the discretization of the structural measurements. The
following discussion interprets these errors for the 2 by 6 sensor implemented on
the cylinder. The first set of results presents the sensor output based on the piston
approximation versus the reconstructed pressure in three directions of radiation. The
cylinder is excited over the 200–630 Hz bandwidth.
Figure 6.34 shows the magnitude of the reconstructed pressure in direction
(76.8◦ , 0◦ ) along with the associated sensor output. The sound pressure level
corresponds to a radius R = 6 m. Again, the output of the sensor is not calibrated
with respect to the radiated pressure. To allow comparison, it is scaled based
on the first resonance peak of the reconstructed pressure. Recalling the system’s
natural frequencies presented in Table K.4, five flexural modes have their natural
frequencies within the 200–630 Hz bandwidth. With increasing frequency, the
five main resonance peaks noticed on the plot correspond to modes (1, 2), (1, 3),
(2, 3), (1, 4), and (2, 4), respectively. Notice that the response also exhibits small
contribution from “double” modes (1, 2)?, (2, 3)? , and (2, 4)? . As explained in
Appendices K and L, asymmetries along the circumference of the cylinder result
in “double” modes with two distinct natural frequencies. These “double” modes
are denoted as (m, n) and (m, n)? , respectively. The associated mode shapes are
identical and rotated by 180◦/(2n) along the circumference relative to one another,
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i.e., the circumferential nodal lines of mode (m, n) correspond to the anti-nodal lines
of mode (m, n)? . In cases where the natural frequency of modes (m, n) and (m, n)?
approach the same value, the two modes combine to form a single resonance. The
resulting modal deformation is then likely to be rotated relative to the orientation of
the two “double” modes based on their relative amplitude. On the other hand, in
cases where asymmetries cause two distinct natural frequencies, the deformation near
resonance is likely to be dominated by a single mode and therefore aligned with the
orientation of this mode. As mentioned in Appendix K, all (m, n) mode shapes have
anti-nodal lines at φ = 0◦ for this particular cylinder. Consequently, the disturbance
actuator primarily excites modes (m, n) while leaving modes (m, n)? unexcited due
to their nodal line at φ = 0◦ . The reader is referred to Appendix L for more details
on the above mechanisms.
Examining the sensor output (dotted line), the pressure estimate shows good
accuracy around the resonance frequency of the (1, 2) mode. A small variation of
about 2 dB is observed at the resonance frequency of mode (1, 3). The reconstructed
pressure is also relatively well estimated on off-resonance frequencies below the (1, 2)
and (2, 3) mode. The sensor accuracy then deteriorates as the frequency increases.
A 6 dB variation between reconstructed and estimated pressure is noticed at the
resonance frequency of mode (2, 3) while the estimated pressure at the resonance
frequencies of the last two modes in the bandwidth (modes (1, 4) and (2, 4)) is off by
more than 20 dB.
The above tendencies confirm the analytical results discussed in the previous section and agree well with the properties of the sensor estimate. As mentioned earlier,
Nz = 2 measurement points along the axial direction yield good estimates for modes
of axial order 1 or less. In the circumferential direction, Nφ = 6 measurement points
ensure accurate estimates of modes up to n = 2. That is to say, spatial distributions
that are dominated by modes with axial and circumferential order larger than one
and two, respectively, do not yield accurate pressure estimates. This is clearly verified
by the pressure estimate shown in Figure 6.34.
Again, it should be mentioned that the above property holds regardless of the
direction of estimate. To illustrate this point, Figures 6.35 and 6.36 shows the magnitude of the reconstructed and estimated pressure based on the same sensor and
associated with directions of radiation, (90◦ , 0◦ ) and (103.2◦ , 20◦ ), respectively. The
tendencies observed for the first direction, (76.8◦ , 0◦ ), also applies to the last two.
Frequencies near resonance of mode (1, 2) show good accuracy while the sensor estimates deteriorate as the structural response becomes more complex. Note that the
direction (90◦ , 0◦ ) corresponds to the normal to the cylinder main axis. This explains
the low radiation levels observed around the resonance frequency of modes (2, 3) and
(2, 4). In the far field, the structural response associated with these two modes has
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Figure 6.35: Cylinder reconstructed and estimated far-field pressure in direction (90◦ , 0◦ ).
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Figure 6.36: Cylinder reconstructed and estimated far-field pressure in direction (103.2◦ , 20◦).
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Figure 6.37: Cylinder reconstructed and estimated far-field pressure in direction (76.8◦ , 40◦).

the characteristics of a dipole source, resulting in a pressure notch in the plane normal to the dipole axis. Also, the resonances associated with “double” modes in the
circumferential direction are clearly visible for modes (1, 2) and (2, 3) in all three
directions.
The pressure estimates discussed above use sensor transfer functions based on the
piston approximation. Figure 6.37 shows the magnitude of the reconstructed pressure
in direction (76.8◦, 40◦ ) along with two pressure estimates. The first estimate (dashed
line) corresponds to the monopole approximation, i.e., the sensor FIR filters model
monopole based transfer functions, and the second estimate (dotted line) uses the
piston based transfer functions. As seen on the plot, both approximations yield
nearly the same pressure estimate over the 200–630 Hz bandwidth. This result is
consistent with the analytical estimates shown in Figure 6.27. As mentioned earlier
(see Section 2.5.3), the variations between the two types of approximation become
larger as the frequency increases and the direction of estimate moves away from the
normal to the cylinder axis. Based on Figure 6.37, it is difficult to assess which type
of approximation yields the best pressure estimate. All control tests performed on the
cylinder implement the piston approximation as it remains theoretically slightly more
accurate than the monopole approximation. This is also observed on the analytical
results discussed in Section 6.3.1. Notice that the contribution of modes (1, 2) and
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(1, 2)? is nearly equivalent in this particular direction of radiation. This result is
explained by the fact that φ = 40◦ is close to the radiation anti-nodal line of mode
(1, 2)? and the nodal line of mode (1, 2) at φ = 45◦ . This compensates for the different
structural amplitudes of the two modes due to the location of the disturbance actuator
which primarily excites mode (1, 2).
The following now briefly investigates the influence of the circumferential locations
of the point sensors on the pressure estimate. It was shown in Section 2.5.4 that the
accuracy of the estimate is independent of the circumferential locations provided
the measurement points are equally spaced and satisfy the sampling theorem, i.e.,
the number of measurement points along the circumference is larger than twice the
highest circumferential order of the modes present in the response. As mentioned
earlier, modes (1, 2) and (1, 2)? are rotated by 45◦ relative to one another. This angle
does not coincide with any of the point sensor locations along the circumferential
direction. That is to say, the point sensor locations are effectively shifted along
the circumferential direction with respect to mode (1, 2)?. Furthermore, the set of
Nφ = 6 point measurements along the circumference satisfies the sampling theorem
near resonance of modes (1, 2) and (1, 2)? as explained earlier (the velocity distribution
on resonance of modes (1, 2) and (1, 2)? is dominated by the associated mode shapes
(see Appendix L)). Examining the sensor output shown in Figure 6.37, the sensor
accuracy is not affected by the rotation of mode (1, 2)? . This confirms the property
of the sensor estimate discussed above and observed on the analytical results (see
Figure 6.25).

6.4

Summary

In this chapter, the sensor accuracy was investigated both analytically and experimentally on planar and cylindrical radiators. Several important results should be
pointed out.
First, the analysis of one-dimensional planar systems shows the zero-order approximations (monopole and piston approximations) are best suited to provide accurate
pressure estimates for a large class of spatial distributions. Furthermore, the piston
approximation yields slightly more accurate estimates compared to the monopole approximation as frequency increases and the direction of radiation moves away from
the normal to the radiating surface.
The analytical and experimental results obtained on the plate system confirm
the properties of the sensor estimate introduced in Chapter 2: the number of measurement points along a given direction should be such that the associated Nyquist
wave-number is above the main content of the wave-number transform of the structural response along this direction. In cases where the response is approaching that of
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a simply-supported rectangular plate, the above condition requires that the number
of structural measurement points along a given direction be greater than the highest order along the same direction of the modes present in the response (the order
represents in this case the number of half sine waves along the given direction). The
same requirement applies along the axial direction of cylindrical radiators. Along the
circumferential direction, the number of measurement points should be greater than
twice the highest circumferential order of the modes dominating the response (the
order represents in this case the number of full sine waves along the circumferential
direction).
It should also be mentioned that the sensor accuracy is primarily related to the
number of acceleration point measurements. Results for both plate and cylinder
systems show that the direction of estimate does not affect significantly the sensor
accuracy as compared to the discretization level. Similarly, the errors introduced by
the digital implementation of the sensor through the FIR filter array are negligible.
The next chapter discusses the influence of the sensor accuracy on the performance
of ASAC control systems using Discrete Structural Acoustic Sensing.

Chapter 7
Application to Active Structural
Acoustic Control
This chapter investigates the use of Discrete Structural Acoustic Sensing to provide
error information to a structure-borne sound control system. The analysis is restricted
to ASAC systems based on a feedforward structure and broadband excitation. As
shown in Chapter 6, the discrete structural acoustic sensor provides error signals related to far-field pressure estimates in prescribed radiation directions. The main goal
of this chapter is then to demonstrate the ability of the sensor to replace error microphones located in the far field along the same directions in an ASAC implementation.
Results are presented successively for planar and cylindrical radiators. In each case,
analytical results based on the models introduced in Chapter 4 are discussed first.
The analysis then addresses the experimental results obtained on the two systems
described in Chapter 5.
For clarity, the discussion only recalls the parameters directly related to the various
control configurations tested in this chapter. The reader should refer to Chapters 4
and 5 for a complete descriptions of the plate and cylinder systems.
Note that the following analysis is primarily aimed at comparing the use of Discrete Structural Acoustic Sensing versus far-field pressure error measurements. In
particular, the plate and cylinder systems are not optimized in terms of control input and/or error measurement locations to achieve the best possible attenuation in
radiated power over the frequency bandwidth of excitation.
The control performance of ASAC systems can be evaluated in several ways depending on the type of control required. If global control is required in all directions
of radiation, the attenuation in radiated power is then a good performance criterion.
On the other hand, when sound attenuation is only needed in some directions of radiation, the pressure distribution constitutes a better criterion as attenuation of the
190
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sound pressure in some directions might be canceled by increases in other directions,
thus resulting in no attenuation of the radiated power. Finally, the two above quantities should be evaluated over the entire frequency bandwidth of excitation in the
case of broadband control. In this study, the control performances are mainly evaluated from the radiated sound power before and after control. Results showing the
far-field pressure distribution versus the direction of radiation at selected frequencies
are also presented in cases where more insight into the control mechanisms is needed
to interpret the results.
As described in Chapter 4, the controlled response of the structure is found analytically in the frequency domain based on Linear Quadratic Optimal Control theory.
Recalling the discussion of Section 4.3.2, this optimal control solution presents a number of limitations when used to predict the performance of a real time domain control
system under broadband frequency excitation. Specifically, the optimal control transfer functions are not constrained to yield realizable FIR filters. This often leads to
over-estimating the controller performance and, in some cases, to control spillover
not observed experimentally due to the finite number of coefficients in the control
compensator among other factors. Consequently, the analytical results presented in
the following sections do not accurately model the performance of the control systems investigated experimentally. However, they still provide insight into the control
performance of Discrete Structural Acoustic Sensing compared to other sensing approaches.

7.1

Planar radiators

The following two sections discuss the control results obtained on the plate system
introduced in Chapters 4 and 5. Analytical results are first presented in order to
investigate different sensing configurations. Results from control experiments based
on the 3 by 3 sensor considered previously are then addressed. In both cases, the plate
is excited through the disturbance shaker, and all three single-sided piezo-electric
actuators are implemented as control inputs. The disturbance shaker and control
actuator locations are given in Section 4.4.1.

7.1.1

Analytical results

All control cases discussed in this section use the same disturbance and control inputs
configuration. The reader is referred to Section 4.1.3 for a complete description of
the plate model and Section 4.4.1 for the relevant parameters. The system’s natural
frequencies are presented in Appendix K. The uncontrolled and controlled response is
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computed as described in Section 4.3 based on Linear Quadratic Optimal Control theory. The bandwidth includes 601 frequencies equally spaced between 50 and 650 Hz
encompassing the first nine flexural modes of the plate (see Table 4.5). The various cases discussed below are ordered based on the type of error information. The
first two sections discuss the minimization of the radiated pressure in three directions based on error microphones and sensor estimates, respectively. For comparison
purposes, the analysis then presents control performances based on other types of
error information, including the sum of the point sensor acceleration signals and the
radiated sound power.
Minimization in directions (36◦, 60◦ ), (10◦ , 10◦), and (20◦ , 200◦)
The first set of control cases involves the minimization of the far-field radiated pressure
in the three directions, (36◦ , 60◦ ), (10◦ , 10◦), and (20◦ , 200◦ ). Recalling the spherical
coordinate system shown in Figure 4.5, the first value represents the azimuthal or
polar angle, θ, and the second value, the circumferential angle, φ. Note that the three
above directions do not coincide with the radiation nodal lines of any of the modes
included in the bandwidth. In other words, all the modes are “observable” in all three
directions. Moreover, the control system associated with the above configuration has
an equal number of control and error signals. The set of optimal control inputs is
therefore the solution of a fully determined system and leads to zero amplitude error
signals after control (see Section 4.3.1).
The following figures present control results based on the minimization of the actual pressure radiated in the three directions defined above. This case corresponds to
the use of error microphones located in the far field along the same directions. The
sound power radiated from the plate before and after control is shown in Figure 7.1.
The modes associated with each resonance peak are indicated as (m, n) on the figure where m and n represent the modal index along the x and y axis, respectively
(see Appendix K). A total sound power attenuation of 21 dB is achieved over the
50–650 Hz bandwidth. The largest levels of attenuation are observed below 300 Hz.
In this frequency region, the response is dominated by the first three modes of the
plate, i.e., modes (1, 1), (2, 1), and (1, 2). The amplitude of each one of these three
modes is entirely canceled, which leads to global sound attenuation. This is illustrated
in Figure 7.2 where the plate out-of-plane mean-square velocity is shown before and
after control. This control mechanism is often referred to as modal reduction.
Around 300 Hz, the radiated power is not attenuated. More specifically, the
controller reduces the radiated pressure near the three directions of minimization,
while increasing the sound pressure in other directions. This is illustrated in Figure 7.3
where the spatial distribution of the radiated pressure at 300 Hz is plotted before and
after control. To help visualize the distribution of Figure 7.3, the same quantity is also
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Figure 7.1: Plate radiated sound power - Minimization of pressure in directions (36◦ , 60◦), (10◦ , 10◦), and (20◦ , 200◦).
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Figure 7.2: Plate out-of-plane mean-square velocity - Minimization of pressure in directions (36◦ , 60◦ ), (10◦ , 10◦ ), and (20◦ , 200◦).
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Figure 7.3: Plate far-field pressure distribution at 300 Hz - Minimization of
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plotted in Figure 7.4 as viewed from above the plate. Note that the sound pressure
level increases in some areas, resulting in no attenuation of the radiated power at this
frequency (see Figure 7.1). The out-of-plane velocity distribution after control at the
above frequency actually presents increased amplitudes compared to the levels before
control. In other words, rather than canceling the modes present in the response, the
controller drives the three actuators such as to combine these modes and create a
velocity distribution resulting in zero pressure in the direction of minimization. This
control mechanism is commonly referred to as modal restructuring.
Modal restructuring can also lead to radiated power attenuation while increasing
the overall vibration level of the structure. This is observed around 400 Hz where
the mean-square velocity of the plate increases while the radiated power decreases.
Therefore, modal restructuring does not necessarily lead to global control spillover,
where sound pressure increases in some directions result in an increase in the radiated
power. Similarly, modal restructuring can lead to strong global control spillover. This
is the case at 358 Hz, where the radiated power is increased by more than 10 dB.
At this frequency, the controller minimizes the radiated pressure in the three error
directions at the cost of large increases in the plate overall radiation level. This is
illustrated in Figure 7.5 where the radiated pressure distribution is shown before and
after control for the above frequency.
The radiated sound power (Figure 7.1) and the mean-square velocity (Figure 7.2)
after control suggest that the above frequency (358 Hz) corresponds to a resonance
of the controlled response. Burdisso [13] recently interpreted the controlled response
of feedforward control systems in terms of controlled modes. These new modes can
be expressed in terms of the natural or uncontrolled modes of the structure. The
associated mode shapes and natural frequencies are also independent of the disturbance characteristics. From a physical point of view, the structural control inputs
modify the dynamics of the uncontrolled system to yield a new system with different
dynamic properties such that the control cost function is minimized. The properties
of the controlled system are expressed in the modal domain in terms of new mode
shapes and natural frequencies. As seen in Figure 7.2, the controlled structural response clearly shows the influence of three dominant controlled modes with resonance
frequency at 358 Hz, 512 Hz, and 361 Hz, respectively.
It should be mentioned that the presence of controlled modes with strong resonances within the bandwidth of excitation is unlikely to occur for broadband disturbances on a real control system based on FIR compensators. FIR filters do not
have poles in their response and thus do not yield sharp resonance peaks. To illustrate this point, Figure 7.6 shows the controller optimal transfer functions associated
with the three control actuators. These transfer functions represent the magnitude
and phase of the optimal voltage driving the piezo-electric actuators mounted on the
plate. All three transfer functions clearly show the resonance peaks associated with
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Figure 7.5: Plate far-field pressure distribution at 358 Hz - Minimization of
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Figure 7.6: Plate optimal control transfer functions - Minimization of pressure
in directions (36◦ , 60◦ ), (10◦ , 10◦), and (20◦ , 200◦ ).

the controlled modes. A resonance in the controller transfer function is very unlikely
to occur on a real control system implemented with FIR filters. The response of
FIR filters is characterized by anti-resonances associated with the zeros of the filter’s
impulse response. Resonances are associated with the poles of the transfer functions
and therefore cannot be accurately modeled by FIR filters. The controller response is
therefore constrained by the type of filter used in the compensator. Also, it should be
noted that assuming the actual compensator is able to model such resonances (using
IIR filters for example), other factors such as the non-linearity of the piezo-electric
actuators above a certain voltage or the finite levels of power amplification are likely
to result in a different controlled response with reduced control spillover.
The results presented above correspond to the minimization of the actual farfield pressure radiated in the three directions, (36◦ , 60◦), (10◦ , 10◦ ), and (20◦ , 200◦),
respectively. The analysis now discusses the minimization of the pressure estimates
associated with these three directions. This corresponds to replacing the error microphones by the structural acoustic sensor. Three different sensor configurations
are considered, based on a 3 by 2, 3 by 3, and 5 by 4 array of point measurements,
respectively. The first number represents the number of acceleration measurements
along the x axis and the second number, the number of acceleration measurements
along the y axis. Note that the point sensors are located according to equation (4.65)
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Figure 7.7: Plate radiated sound power - Minimization of pressure estimate
in directions (36◦ , 60◦ ), (10◦ , 10◦), and (20◦ , 200◦ ).

as for the cases presented in Chapter 6. Furthermore, all sensor transfer functions
correspond to the monopole approximation, with no FIR modeling. Results in the
previous chapter showed that the modeling of the sensor transfer functions by FIR
filters introduced negligible errors in the sensor estimate provided enough coefficients
are implemented in the filters. Therefore, the influence of FIR filter modeling on
the control performance is not considered for the following analytical results. As in
the previous case, the set of optimal control inputs is solution of a fully determined
system (equal number of error and control amplitudes).
Figure 7.7 shows the plate radiated power before and after control for the
three above sensor configurations. The total attenuation in radiated power over
the 50–650 Hz bandwidth is presented in Table 7.1 for the three cases shown in
Figure 7.7 along with the previous case based on error microphones (see Figure 7.1).
As seen in Figure 7.7, the errors in the pressure estimate do not significantly affect
the overall performance of the controller in terms of total radiated power attenuation.
In particular, all three configurations perform well over the first three modes of the
plate. Recalling the sensor accuracy results shown in Figures 6.15, 6.16, and 6.17
for the three above configurations, this result is expected since all three estimates
provide good accuracy over these frequencies. At higher frequencies the performance
of the 3 by 2 sensor deteriorates due to relatively large errors in the pressure
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Table 7.1: Plate total radiated sound power attenuation over 50–650 Hz.
Control case

Attnuation (dB)

Error microphones

21.0

Structural acoustic sensor - Nx = 3 by Ny = 2

12.6

Structural acoustic sensor - Nx = 3 by Ny = 3

20.6

Structural acoustic sensor - Nx = 5 by Ny = 4

21.1

estimates. However, the sensor still leads to global sound pressure attenuation at
the resonance frequency of all modes included in the bandwidth. On the other hand,
some off-resonance frequencies yield a large increase in the radiated sound power.
At these frequencies, the sensor output is no longer related to the radiated pressure.
Note that the resonance behavior of the controlled response observed in the case of
the error microphones also affects the control performance based on the structural
acoustic sensor. Specifically, the large increase noticed for the 3 by 2 sensor at 466 Hz
is likely to be significantly reduced in a real control system as explained earlier. The
higher discretization level of the 5 by 4 sensor results in pressure estimates very close
from the actual radiated pressure over the entire frequency bandwidth. This yields
nearly the same level of power attenuation as for the case of error microphones (see
Table 7.1).
Figure 7.7 shows the influence of the sensor estimates on the radiated power of
the controlled system. To illustrate the influence of the sensor estimates on the
pressure radiated in a particular direction, Figure 7.8 shows the magnitude of the farfield pressure in the first direction of minimization for the three sensor configurations
defined above. Note that the far-field pressure in this direction cancels after control
for the case of error microphones (fully determined system). When minimizing the
sensor estimates instead, the radiated pressure after control does not yield perfect
cancellation in the directions of minimization due to the errors introduced in the
estimate. As seen in Figure 7.8, the 3 by 2 sensor yields good pressure attenuation
up to 450 Hz. The more accurate 3 by 3 sensor further reduces the radiated pressure
levels of the controlled response. Finally, the 5 by 4 sensor only improves the radiation
control at higher frequencies due to its increased accuracy.
The sensor estimates implemented in the above cases are based on the monopole
approximation. Cases based on the piston approximation are not presented here
as they do not improve the control performance in terms of radiated sound power.
Recalling the results discussed in Section 6.2.1, both monopole and piston approximations yield nearly the same pressure estimates over the frequency bandwidth of
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Figure 7.8: Plate far-field pressure in direction (36◦ , 60◦ ) - Minimization
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excitation.
Minimization in directions (−36◦ , 0◦ ), (0◦ , 0◦ ), and (36◦ , 0◦ )
The second set of control cases presented in this section uses the same control and
error configuration as for the experimental tests. All three directions of minimization
are located in the x-z horizontal plane at angles (−36◦ , 0◦), (0◦ , 0◦ ), and (36◦ , 0◦ ) (see
Figure 4.5). The disturbance and control inputs have the same characteristics as in
the previous cases. The frequency bandwidth of excitation is limited to 50–400 Hz as
in the experimental case.
It should be noted that the above directions coincide with the horizontal radiation
nodal line associated with modes of even index along the vertical y axis. In other
words, the far-field pressure radiated from modes (1, 2), (2, 2), (4, 1), and (2, 3) tends
towards zero in all three above directions. As a result, all control transfer functions
between the voltage applied to each piezo-electric actuator and the radiated pressure
evaluated along the directions of minimization become identical and equal to zero at
the resonance frequencies of the above modes. This situation causes ill-conditioning
in the system to solve for the optimal control solution (the matrix CH C in equation (4.40) is close to singular). Note that the system can still be solved as the
radiated pressure is never exactly zero in the horizontal plane due to the contribution
of other non-even modes, as well as the asymmetries introduced in the response by
the added mass and stiffness of the actuators. Nonetheless, the resulting solution
leads to a non-realistic controlled response. To alleviate this problem, the control effort is included in the cost function as described in Section 4.3.1 such as to make the
matrix CH C full rank. In the following results, the parameter α which balances the
contribution of the control effort relative to the error information in the cost function
(see equation (4.44)) is set to 0.001. This value was found to be sufficient to provide
accurate results while still minimizing the three error signals. Note that a non-zero α
no longer yields zero error signals after control. A higher value would further reduce
the amount of attenuation in the cost function. In practice, the above ill-conditioning
is not likely to arise. First, the radiated pressure hardly ever completely cancels in all
directions of error minimization due to measurement misalignments and asymmetries
in the structure’s response. Also, the finite size of the compensator FIR filters adds
another constraint under broadband excitation as discussed previously.
Figure 7.9 shows the radiated power versus frequency before and after control
based on error microphones and pressure estimates. More precisely, the dashed line
corresponds to the use of error microphones in directions (−36◦ , 0◦ ), (0◦ , 0◦ ), and
(36◦ , 0◦ ) while the dotted line corresponds to the use of pressure estimates in the
same directions based on the 3 by 3 structural acoustic sensor considered earlier.
Again, the sensor transfer functions are based on the monopole approximation. The
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Figure 7.9: Plate radiated sound power - Minimization of pressure and pressure estimate in directions (−36◦ , 0◦ ), (0◦ , 0◦ ), and (36◦ , 0◦ ), α =
0.001.
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total attenuation in radiated sound power over the 50–400 Hz bandwidth is 5.99 dB
for the minimization of the actual pressure and 5.48 dB for the minimization of the
pressure estimates. As observed in the previous cases, both sensing techniques yield
very similar levels of sound power attenuation. Note that the even modes along
the vertical y direction are not observed by either one of the error sensors as their
radiation in the far field approaches zero in the horizontal plane. Consequently,
no sound reduction is achieved at the associated resonance frequencies. The slight
increase in radiated power observed in both cases near resonance of the (2, 2) mode
illustrates the effects of the control effort parameter, α, introduced earlier. A larger
value would prevent the above increase by further reducing the control effort, and in
turn the levels of control spillover at this frequency. Note that it would also reduce
the overall attenuation of the cost function.

Minimization of alternate cost functions
Two additional control cases are presented in this section to compare the control
performance of the structural acoustic sensor to other sensing approaches. Again, all
three control actuators are implemented as control inputs.
The first case replaces the sensor transfer functions by unit transfer functions.
This approach is equivalent to minimizing the sum of the acceleration measured at
each point sensor location. The resulting error signal is an estimate of the net volume
acceleration of the structure. The accuracy of the estimate depends on the number
of point sensors implemented. In the following results, the 3 by 3 configuration is
considered as in the previous case. The output of this unit transfer function sensor
also represents the pressure estimate radiated in the direction normal to the plate at
angle (0◦ , 0◦ ). Assuming the number of point sensors ensures enough accuracy over
the frequency bandwidth of excitation, this sensor is equivalent to the net volume
velocity sensor discussed by Guigou et al. [20].
To facilitate the comparison of the above unit transfer function sensor to the
regular structural acoustic sensor based on radiation transfer functions, the results
presented in Figure 7.10 show the sound power radiated from the plate before and
after control for both types of sensor. The dashed line corresponds to the 3 by 3
structural acoustic sensor configured to minimize the pressure in a single direction at
angle (36◦ , 30◦ ). The dotted line shows the radiated power after control based on the
unit transfer function sensor. Note that the two above sensor configurations provide
a single error signal to the controller. Consequently, the three control amplitudes
are solution of an under-determined system. In order to make the matrix CH C
in equation (4.40) full rank, the parameter α introduced previously is set at each
frequency such that the condition number of the above matrix is greater than 10−8 .
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Figure 7.10: Plate radiated sound power - Minimization of pressure estimate
in direction (36◦ , 30◦), sum of structural acceleration, and radiated sound power.
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This value was found sufficient to avoid ill-conditioning when solving for the optimal
control inputs.
Figure 7.10 also presents the radiated power after control for the ideal case of
sound power minimization (see Section 4.3.3). This case corresponds to the use of a
large number of error microphones equally spaced in the far field on the hemisphere
above the plate. A grid of 6 points along the azimuthal angle θ and 15 points along the
circumferential angle φ is implemented here. Note that the set of control amplitudes
is now solution of an over-determined system. As mentioned in Section 4.3.1, this
system is solved in the least square sense.
A close examination of the radiated sound power after control in the case of unit
transfer functions (dotted line) reveals that sound attenuation is only achieved at frequencies where the response is dominated by odd-odd modes. When a mode with an
even index dominates the response instead, the pressure radiated in the far field tends
to cancel in direction (0◦ , 0◦ ). Again, this direction does not necessarily corresponds
to a zero pressure point due to the asymmetries introduced by the three piezo-electric
actuators as well as the presence of other non-even modes in the response. Nonetheless, the unit transfer function sensor does not observe the radiation of even modes.
The total sound power attenuation over the 50–650 Hz bandwidth is only 3.83 dB in
this case.
On the other hand, the pressure estimate along direction (36◦ , 30◦ ) (dashed line)
results in a total power attenuation of 10.82 dB over the same bandwidth. In this
case, the direction of minimization does not coincide with radiation nodal lines, which
ensures good global sound reduction. Note that the small levels of reductions achieved
by the structural acoustic sensor near the resonance frequency of the (2, 2) mode
is a consequence of modal restructuring. The far-field pressure spatial distribution
at this frequency is only slightly modified so that the radiation nodal lines of the
(2, 2) mode go through the direction of minimization, (36◦ , 30◦ ). This is illustrated
in Figure 7.11. In other words, the amplitude of the (2, 2) mode is not reduced.
Indeed, the structural velocity distribution shows hardly any changes between the
uncontrolled and controlled response at this frequency.
Now considering the radiated power after control based on the sound power cost
function (dashed-dotted line in Figure 7.10), global sound attenuation is achieved over
the entire bandwidth. The total reduction across the bandwidth reaches 28.34 dB in
this case. Note that the attenuation levels decrease as frequency increases due to the
increased complexity of the structural response in terms of modal density. More than
three control actuators would obviously improve the control performance at these
higher frequencies.
The last control case is based on the minimization of the out-of-plane acceleration
at three locations on the plate. This sensing approach corresponds to the use of three
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Figure 7.11: Plate far-field pressure distribution at 333 Hz - Minimization of
pressure estimate in direction (36◦ , 30◦ ).
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Figure 7.12: Plate radiated sound power - Minimization of acceleration at
normalized coordinates (0.4, 0.7), (−0.2, −0.4), and (0.1, −0.1),
and pressure estimate in directions (36◦ , 60◦ ), (10◦ , 10◦ ), and
(20◦ , 200◦ ).
accelerometers mounted on the plate to provide the error signals. The three locations are defined in terms of the normalized coordinates, (x/Lx , y/Ly ), as (0.4, 0.7),
(−0.2, −0.4), and (0.1, −0.1), respectively. Note that they were chosen such that all
modes are “observed” by the three accelerometers, i.e., the locations do not coincide
with any of the nodal lines of the modes found in the bandwidth of excitation.
The radiated power of the uncontrolled and controlled response is shown in Figure 7.12. The dashed line corresponds to the radiated power after control using the
three accelerometers. For comparison, the radiated power of the controlled system
using the 3 by 3 structural acoustic sensor considered previously (see Figure 7.7) is
also shown (dotted line). The controlled response associated with the minimization
of the three acceleration signals (dashed line) presents large increases in the radiated sound power compared to the uncontrolled response. As described previously,
the controlled response is dominated in this case by four controlled modes with resonances at 282 Hz, 374 Hz, 453 Hz, and 624 Hz, respectively. All four controlled
modes have nodal lines going through the three minimization points. However, their
amplitude and radiation characteristics result in large increases in the radiated sound
power. This is a clear example of modal restructuring where the minimization of
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the cost function is achieved through the modification of the uncontrolled response
with no attenuation in the overall vibration levels. This particular case yields large
increases in the overall vibration levels due to the resonances of the controlled modes
occurring within the bandwidth of excitation.
Again, it should be noted that the above results represent an ideal case where
no constraints exist on the response of the controller compensators. As explained
previously, a broadband control system based on FIR compensators is likely to significantly alter the controlled response as FIR filters are unable to accurately model
resonances.
Conclusions
The analytical results presented in this section demonstrate the ability of the structural acoustic sensor to effectively replace far-field error microphones. As observed
on the total sound power radiated from the plate, the controlled response presents
similar levels of attenuation for both sensing approaches. In particular, small errors
in the pressure estimates do not significantly affect the performance of the control
system.
The next section discusses the performance of Discrete Structural Acoustic Sensing
applied experimentally to broadband radiation control of the plate system.

7.1.2

Experimental results

This section discusses results from the control experiments performed on the plate
system. Similar to the analytical study presented in the previous section, the following analysis considers two control cases based on Discrete Structural Acoustic Sensing
and far-field pressure sensing, respectively. The first control case implements a 3 by
3 structural acoustic sensor to provide estimates of the pressure radiated along three
directions. In the second control case, three error microphones located along the
same directions provide the error signals to the controller. In both cases, the plate
is excited through the disturbance shaker with a band-limited pseudo-random signal
between 0 and 400 Hz. The control is achieved through the three piezo-electric actuators mounted on the plate. The three directions of minimization are located in the
horizontal plane at angles (−36◦ , 0◦ ), (0◦ , 0◦ ), and (36◦ , 0◦ ), respectively. They will
be referred to as direction # 1, # 2, and # 3 for convenience. Note that the structural acoustic sensor uses the same configuration as that implemented in the sensor
accuracy tests (see Chapter 6). The reader is referred to Chapter 5 for a complete
description of the experimental setup and measurement procedures. The system’s
natural frequencies determined through modal analysis are presented in Appendix K
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Table 7.2: Measured attenuation of the plate error signals.
Error signal

Attenuation (dB)
Structural acoustic sensor

Error microphones

#1

12.0

9.3

#2

12.8

10.4

#3

13.5

12.6

along with the natural frequencies obtained on the numerical model considered in the
previous section. Finally, it should be pointed out that the variable delay included in
the disturbance path is set to zero for all cases presented below (see Section 5.2.2),
i.e., system causality is not improved.
In order to facilitate the comparison between the two sensing approaches, the
following discussion considers both cases simultaneously. The control performance is
analyzed successively in terms of three types of measurements: the error signals, the
sound pressure in the horizontal plane as measured by the traverse microphone, and
additional sound pressure information based on the structural velocity measurements.
Attenuation of error signals
Table 7.2 shows the total attenuation of the three error signals for the two sensing
approaches. These error signals correspond to pressure estimates in the case of the
structural acoustic sensor and measured pressure in the case of error microphones.
In both cases, all three error signals are significantly reduced by the controller. Note
that the structural acoustic sensor yields slightly larger levels of attenuation, possibly
due to better modeling of the filtered-x path transfer functions.
The attenuation of the third error signal is illustrated for the structural acoustic
sensor and error microphone cases in Figures 7.13 and 7.14, respectively. Both figures
show the auto-spectrum of the error signal before and after control. Note that global
signal reduction is achieved over the entire frequency bandwidth. In both cases, the
peaks associated with the plate’s resonances are brought down to the off-resonance
levels. Similar trends can be observed on the two remaining error signals. As expected,
the error signals before control shown in Figures 7.13 and 7.14 present roughly the
same frequency content which results in similar levels of attenuation. Note that
the higher third resonance peak observed on the error microphone signal results from
misalignments between the microphone location and the direction of pressure estimate
as discussed in Section 5.4.2.
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Figure 7.13: Plate error signal # 3 - Structural acoustic sensor.
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Figure 7.15: Plate total sound pressure level attenuation measured in the horizontal x-z plane using structural acoustic sensor (
) and
error microphones (- - - -).

Measured pressure in the horizontal plane
In order to estimate the overall performance of both control systems, the traverse microphone measures the radiated pressure in the horizontal plane (φ = 0◦ ) as described
in Section 5.3.3. In addition, microphones evaluate the pressure attenuation outside
the horizontal plane at the three locations defined in Table 5.3. Figure 7.15 presents
the total attenuation of the traverse microphone signal across the frequency bandwidth based on before and after control measurements. The solid line corresponds to
the total attenuation in sound pressure level achieved in the horizontal plane using
the structural acoustic sensor. The dashed line represents the same quantity using
error microphones. The two dashed-dotted straight lines show two of the directions
of minimizations at θ = ±36◦ (the remaining direction of minimization is normal to
the plate at θ = ±0◦ ). As seen on the figure, both sensing approaches yield nearly
the same levels of attenuation across the horizontal plane. Between 10 and 12 dB
reduction is obtained at all measurement locations. Similar levels of attenuation are
observed at the three additional locations outside the horizontal plane as shown in
Table 7.3.
To further illustrate, the control performance in terms of measured sound pressure,
Figures 7.16 and 7.17 show the auto-spectrum of the radiated pressure measured by
the traverse microphone at angle (−36◦ , 0◦ ) in the horizontal plane for the structural
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Table 7.3: Plate total sound pressure level attenuation measured at the fixed
microphones.
Microphone

Attenuation (dB)
Structural acoustic sensor

Error microphones

#1

12.4

12.2

#2

9.7

10.7

#3

10.7

10.8
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Figure 7.16: Plate measured pressure in direction (−36◦ , 0◦ ) - Structural
acoustic sensor.
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Figure 7.17: Plate measured pressure in direction (−36◦ , 0◦ ) - Error microphones.
acoustic sensor and error microphone case, respectively. As seen on Figure 7.15,
this direction corresponds to a 9.6 dB total attenuation when using the structural
acoustic sensor and 10 dB when using the error microphones. Both plots show very
similar trends. The radiated pressure is attenuated over the entire bandwidth with
the exception of some frequencies between the (1, 2) and (2, 2) modes, where small
levels of control spillover can be noticed. The above results are significant as they
demonstrate the ability of the structural acoustic sensor to replace error microphones
in the far field.
Reconstructed pressure
As mentioned previously, the traverse microphone only allows pressure measurements
in the horizontal plane. This section presents the pressure radiated in the far field
over the entire hemisphere surrounding the plate based on the structural velocity
measured by the laser vibrometer. The pressure is “reconstructed” as described in
Section 5.4.2. The radiated sound power can then be estimated from the reconstructed
pressure evaluated over a grid of points covering the hemisphere (see Section 5.4.3).
Figures 7.18 and 7.19 present the radiated power associated with the structural
acoustic sensor and error microphones control case, respectively. Both sensing ap-
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Figure 7.18: Plate radiated sound power estimate - Structural acoustic sensor.
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Figure 7.19: Plate radiated sound power estimate - Error microphones.
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Figure 7.20: Plate out-of-plane mean-square velocity - Structural acoustic
sensor.
proaches yield excellent global control. The radiated sound power is attenuated near
resonance of all five modes included in the frequency bandwidth of excitation. Moreover, no significant increase is observed at off-resonance frequencies. The total reduction in radiated sound power across the 0–400 Hz frequency bandwidth reaches
10.2 dB in both cases. As seen previously on the far-field radiated pressure at angle
(−36◦ , 0◦ ) (see Figures 7.16 and 7.17), the sound power after control follows approximatively the same levels for the two sensing approaches. In other words, the structural
acoustic sensor is equivalent to the set of error microphones. This result is expected
as the sensor accuracy tests discussed in Chapter 6 demonstrate that the pressure
estimates do not significantly vary from the measured pressure. Furthermore, the analytical results presented in Section 7.1.1 showed small errors in the pressure estimate
do not affect the overall control performance.
To further illustrate the performance of the structural acoustic sensor compared to
the use of error microphones, the spatial response of the system is presented before and
after control at a single off-resonance frequency, 130 Hz. At this particular frequency,
the control mechanism involves modal restructuring. Figure 7.20 shows the magnitude
of the mean-square velocity corresponding to the structural acoustic sensor case as
estimated from the laser measurements (see Section 5.4.1). Recalling the radiated
sound power shown in Figure 7.18, the above frequency is associated approximatively

CHAPTER 7. APPLICATION TO ASAC

218

Before Control

After Control
1

Normalized y−axis location

Normalized y−axis location

1

0

−1
−1

0
Normalized x−axis location

1

2

1

0

−1
−1

0
Normalized x−axis location

3
4
5
6
7
8
Out−of−plane velocity magnitude (m/s)

9

1

10
−5

x 10

Figure 7.21: Plate out-of-plane velocity distribution at 130 Hz - Structural
acoustic sensor.

with a 5 dB decrease in radiated power while the mean-square velocity increases
by 5 dB. In other words, the controller modifies the structural response with a
resulting increase in the overall vibration level in order to reduce the cost function.
This result suggests that the structural acoustic sensor effectively provides sound
radiation information at this frequency. This is confirmed in Figures 7.21 and 7.22
where the velocity and radiated pressure spatial distributions measured at 130 Hz are
plotted before and after control, respectively. As observed on the out-of-plane velocity
distribution, the uncontrolled response presents the characteristics of a monopole
type source while the controlled response tends towards a dipole type source. The
overall vibration level is larger for the controlled response, however the radiated sound
pressure shown in Figure 7.22 is decreased due to the lower radiation efficiency of the
dipole.

Now considering the use of error microphones, the spatial velocity distribution at
130 Hz shown in Figure 7.23 exhibits nearly the same behavior as in the case of the
structural acoustic sensor. Again, these results confirm that the structural acoustic
sensor is equivalent to the three error microphones located in the far field.
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Figure 7.22: Plate far-field pressure distribution at 130 Hz - Structural acoustic sensor.
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Figure 7.23: Plate out-of-plane velocity distribution at 130 Hz - Error microphones.
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Conclusions
The experimental results discussed in this section confirm the tendencies observed
analytically. The structural acoustic sensor implemented on the plate yields control
performances similar to those based on far-field error measurements.

7.2

Cylindrical radiators

The following two sections discuss the analytical and experimental control results
obtained on cylindrical radiators. In both cases, the cylinder system is under broadband excitation through the disturbance piezo-electric actuator. Radiation control is
achieved through all three of the remaining actuators unless otherwise stated. The
reader is referred to Section 4.4.2 for more details on the location and characteristics
of the four piezo-electric actuators mounted on the cylinder. Chapter 4 also gives a description of the numerical model, while the associated experimental setup is detailed
in Chapter 5. Again, the following discussion does not restate the system parameters
that remain constant for both analytical and experimental results. The reader should
therefore refer to the two chapters mentioned above for a comprehensive description
of the system.
For both analytical and experimental results, the analysis compares the use of
different sensing approaches. This includes various configurations of the structural
acoustic sensor previously tested in Chapter 6. In order to evaluate the performance
of the sensor, results also compare its control performances to those obtained with
error microphones located in the far field as well as alternate cost functions based on
the radiated sound power and structural acceleration. Note that the analysis for both
analytical and experimental results focuses on the influence of the “error” information
on the control performance. The configuration of the controller, disturbance and
control inputs is therefore kept constant for all cases unless otherwise stated.

7.2.1

Analytical results

This section presents several control cases based on the analytical model introduced in
Chapter 4. The reader is referred to Appendix K for a description of the free vibration
characteristics of the structure including its natural frequencies and associated mode
shapes. Note that the boundary stiffness factors were chosen such as to best model the
natural frequencies measured experimentally through modal analysis. The cylinder is
excited by the disturbance actuator. Control is applied through all three remaining
control actuators (see Section 4.4.2). The uncontrolled and controlled response of
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the cylinder is evaluated at 481 frequencies between 200 and 680 Hz. Referring to
Table 4.10, the above bandwidth includes the resonance frequencies of the first six
flexural modes of the structure. As for the plate system, the controlled response is
obtained from the frequency domain solution of the optimal control inputs based on
Linear Quadratic Optimal Control theory. The reader is referred to Sections 4.3.1
and 4.3.2 for a description of the frequency domain solution.
It was found through preliminary testing that the overall control performance
of the system improves when including the control effort in the cost function to be
minimized. By introducing a constraint on the frequency domain optimal solution,
the control effort also yields more realistic results when simulating a broadband time
domain controller based on FIR compensators. As mentioned earlier in the case of
the plate system (see Section 7.1.1), including the control effort in the cost function
attenuates the resonances of the controller transfer functions that are associated with
controlled modes. These resonances generally result in large control spillover. On
a real time domain broadband controller based on FIR filters, the resonance peaks
in the controller transfer function are constrained by several factors including the
absence of poles in the FIR filter response, the finite voltage applied to the actuators,
and their non-linear behavior above a certain voltage. For the above reasons, all
control cases use the modified cost function defined in equation (4.43), i.e., the total
control effort is added to the quantities to be minimized. The parameter α weighting
the contribution of the control effort to the cost function (see equation (4.43)) is set
to 0.005 for all cases. This value was found appropriate to reduce possible resonance
peaks in the control transfer functions while still achieving significant attenuation of
the cost function. The influence of the parameter α will be briefly illustrated for the
first control case discussed below.
The analysis first considers a cost function including the actual sound pressure
radiated in three far-field directions, i.e., based on error microphones located in the
far field. The structural acoustic sensor is then implemented to provide estimates of
the sound pressure radiated in the same directions. Several sensor configurations are
considered to show the influence of the sensor accuracy on the control performance.
Finally, two additional control cases based on alternate cost functions are presented
for comparison purpose. This includes the minimization of the acceleration measured
at three locations on the cylinder and the minimization of the radiated sound power.
Minimization of far-field pressure (error microphones)
The first control case corresponds to the use of three far-field error microphones. The
far-field radiated pressure is minimized along the directions given in Table 5.2 for Set
# 3, i.e., (76.8◦ , 340◦), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ). The same radiation angles were
used in the structural acoustic sensor implemented experimentally (see Section 7.2.2).
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Figure 7.24: Cylinder radiated sound power - Minimization of pressure in
directions (76.8◦ , 340◦ ), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).

Figure 7.24 shows the radiated sound power before and after control obtained for
the above configuration. The six resonance peaks observed in the sound power spectrum associated with the uncontrolled response (solid line) correspond to resonances
of flexural modes (1, 2), (1, 3), (2, 3), (1, 4), (1, 1), and (2, 4), as indicated on the figure
(see Table 4.10). As explained previously, the modal deformations approach those of
a simply-supported cylinder, i.e., the first modal index corresponds to the number
of half sine waves along the axial direction, and the second modal index corresponds
to the number of full sine waves along the circumferential direction. Examining the
sound power levels associated with the controlled response (dotted line), between 20
and 35 dB reduction is observed near resonance of all modes except for mode (1, 4).
Note that the radiated sound power of the controlled structure still exhibits resonance
peaks associated with modes (1, 2), and (1, 1). As explained below, this is a direct
consequence of the non-zero α parameter which includes the control effort in the cost
function. Near resonance of mode (1, 4), the reduction in sound power drops to about
4 dB while increasing at frequencies below and above this resonance. Finally, the
sound power increases by about 5 dB off-resonance between modes (1, 3) and (2, 3).
The total sound power reduction achieved over the 200–680 Hz frequency bandwidth
is 16.0 dB.
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Figure 7.25: Cylinder out-of-plane mean-square velocity - Minimization of
pressure in directions (76.8◦, 340◦ ), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).

The above results can be interpreted in terms of the two control mechanisms previously introduced for the plate system (see Section 7.1.1), i.e., modal reduction and
modal restructuring. In the first case, the controller minimizes the pressure radiated
at the error microphones by reducing the overall vibration level of the structure. In
the second case, the radiated pressure is attenuated by modifying the structural response with no reduction (or sometimes an increase) in the overall vibration level. To
illustrate these two mechanisms, Figure 7.25 presents the out-of-plane mean-square
velocity of the cylinder response before and after control. The overall vibration level
of the controlled response is reduced near resonance of all modes included in the bandwidth except for mode (1, 4). In other words, the controller achieves reduction of the
cost function mainly through modal reduction for modes (1, 2), (1, 3), (2, 3), (1, 1),
and (2, 4), while modal restructuring occurs near resonance of mode (1, 4). Note
also that modal restructuring is the dominant control mechanism at off-resonance
frequencies where the mean-square velocity increases after control.
Further illustrating these properties, Figures 7.26 and 7.27 present the out-ofplane velocity and far-field sound pressure distribution, respectively, at 548 Hz for
both uncontrolled and controlled responses. This frequency is near resonance of mode
(1, 4). As observed in Figure 7.26, the velocity distribution is dominated by mode
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Figure 7.26: Cylinder out-of-plane velocity distribution at 548 Hz - Minimization of pressure in directions (76.8◦ , 340◦), (63.5◦ , 0◦ ), and
(103.2◦ , 0◦ ).
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Figure 7.27: Cylinder far-field pressure distribution at 548 Hz - Minimization of pressure in directions (76.8◦ , 340◦), (63.5◦ , 0◦), and
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(1, 4) on both uncontrolled and controlled response. The magnitude at the anti-nodes
of the deformation is only attenuated by about 7 dB as expected from the meansquare velocity (see Figure 7.25). Rather than reducing the amplitude of mode (1, 4),
the controller mainly rotates the deformation in order to achieve sound attenuation
at the error microphones. The sound pressure distribution shown in Figure 7.27 is
dominated by mode (1, 4) before control. After control, the distribution exhibits a
more complex pattern. The pressure magnitude goes through local minima along the
three directions of minimization. Note that the pressure distribution is very sensitive
to small changes in the structural velocity distribution.
The following paragraphs briefly discuss the influence of the control effort on the
control performance presented above. As mentioned earlier, all control cases use a
cost function including the control effort (α = 0.005). Different characteristics are
expected for a cost function solely based on far-field pressure, i.e., with no constraint
on the control effort (α = 0). In this case, the three control inputs completely
cancel the radiated sound pressure at the three error microphones (see Section 4.3.1).
For non-zero values of the α parameter, the cost function is only reduced by a factor
which is inversely proportional to α. Figure 7.28 presents the cost function before and
after control associated with the case discussed above (minimization of the radiated
pressure in directions (76.8◦, 340◦ ), (63.5◦, 0◦ ), and (103.2◦ , 0◦ ) with all three control
actuators and α = 0.005). The cost function represents the square modulus of the
pressure summed over the three directions of minimization. As observed on the
figure, the optimal control solution reduces the cost function by about 25 dB at all
frequencies. Note that the constant level of attenuation achieved over the frequency
bandwidth is consistent with the control effort weighting introduced in Section 4.3.1:
the relative contribution of the control effort to the cost function is kept uniform over
the frequencies, i.e., the control effort is constrained uniformly across the bandwidth.
As a result, the cost function at on- and off-resonance frequencies presents similar
levels of attenuation.
The constraint imposed on the control effort is illustrated in Figure 7.29. The
magnitude of the control effort (sum of the square modulus of the three control input
amplitudes) is shown for the constrained and unconstrained systems. The solid line
corresponds to the case presented above (see Figure 7.28), i.e., the control effort is
included in the cost function (α = 0.005). The dashed line shows the control effort
obtained on the same system with α = 0, i.e., the control effort is not constrained.
In this case, the control inputs are solution of a fully determined system and yield
complete cancellation of the cost function. As expected, the unconstrained control
effort (dashed line) presents larger amplitudes compared to the constrained control
effort (solid line). That is, the control effort is effectively minimized for non-zero
values of the α parameter. However, the levels of reduction in the control effort
significantly varies with frequency. At frequencies associated with large variations
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Figure 7.28: Cylinder cost function - Minimization of pressure in directions
(76.8◦ , 340◦ ), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).
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Figure 7.29: Cylinder control effort - Minimization of pressure in directions
(76.8◦ , 340◦ ), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).
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between constrained and unconstrained control effort, the cost function after control is not significantly influenced by changes in the control inputs. This is observed
near resonances and below 300 Hz. At these frequencies, the controlled response is
dominated by a single mode. On the other hand, the cost function becomes very sensitive to small changes in the control inputs at off-resonance frequencies above 300 Hz
where the structural response is dominated by several modes. As seen in Figure 7.29,
these frequencies yield nearly the same control effort for both constrained and unconstrained systems. The two peaks observed on the unconstrained control effort
(dashed line) are associated with two resonances of the controlled system. The associated deformations yield zero pressure in the directions of minimization. However,
significant levels of control spillover can be observed in other directions. As a result,
the attenuation in total radiated sound power across the bandwidth is only 6.8 dB
in this unconstrained case while the constrained system yield 16.0 dB. As explained
previously for the plate system, new resonances in the controlled system are unlikely
to occur for time domain broadband controllers based on FIR compensators. In this
case, the finite length of the FIR compensators is expected to yield similar constraints
on the control inputs as the control effort weighting considered in this model.

Minimization of pressure estimates (Discrete Structural Acoustic Sensing)
The previous control case uses a cost function based on the far-field radiated pressure
along three directions. In this section, the cost function involves estimates of the radiated pressure along the same directions, i.e., (76.8◦, 340◦ ), (63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).
The three error microphones are replaced by a structural acoustic sensor providing
three equivalent pressure estimates. Using the same disturbance and control inputs
arrangement as in the previous section (three control actuators, α = 0.005), control
results are presented for several configurations of the sensor and compared to the
performance of the previous control system based on error microphones.
The first control case uses a 2 by 6 sensor based on the piston approximation, i.e.,
the structural acceleration is measured at 12 locations given by equation (4.69) with
Nz = 2 and Nφ = 6 and the sensor transfer functions represent far-field radiation
from baffled cylindrical piston sources. This configuration corresponds to the sensor
implemented experimentally (see Section 7.2.2).
The sound power radiated from the cylinder before and after control is shown in
Figure 7.30 for the above sensor configuration (solid and dashed lines). The dotted line
corresponds to the radiated power of the controlled response shown in Figure 7.24, i.e.,
based on three far-field error microphones along the directions of pressure estimates.
As observed on the plot, the 2 by 6 structural acoustic sensor yields important loss
in radiation control performance compared to the three error microphones. The
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Figure 7.30: Cylinder radiated sound power - Minimization of pressure estimate in directions (76.8◦ , 340◦), (63.5◦ , 0◦ ), and (103.2◦, 0◦ ).
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Figure 7.31: Cylinder far-field pressure distribution after control at 241 Hz
- Minimization of pressure estimate in directions (76.8◦, 340◦ ),
(63.5◦ , 0◦ ), and (103.2◦ , 0◦ ).
total attenuation in radiated power across the bandwidth is 5.1 dB for the structural
acoustic sensor (dashed line) and 16.0 dB for the error microphones (dotted line).
This loss in control performance is related to the variations between actual and
estimated pressure. As explained in Section 2.5.4, the pressure estimates of a 2 by 6
sensor show large aliasing errors in cases where the structural response is dominated
by modes of axial and circumferential order greater than 1 and 2, respectively (this
property is also illustrated in the sensor accuracy analysis presented in Section 6.3.1).
Consequently, the sensor may only be accurate near resonance of modes (1, 2) and
(1, 1) (see Figure 6.27). Close examination of the radiated power after control reveals
that the two sensing approaches yield the same level of attenuation near resonance of
mode (1, 2). This is confirmed by the two pressure distributions shown in Figure 7.31.
The left and right plots correspond to the pressure distribution of the controlled
response at 241 Hz based on the structural acoustic sensor and error microphones,
respectively. At this frequency, the two distributions are nearly identical due to the
improved accuracy of the sensor estimates.
While similar tendencies are expected near resonance of mode (1, 1) (565 Hz), the
structural acoustic sensor does not perform nearly as well as the error microphones
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at this frequency. It was found that the sensor estimate in the second direction of
minimization (63.5◦ , 0◦ ) does not accurately predict the radiated pressure. A 4 dB
variation can be observed between the magnitude of actual and estimated pressure in
this direction. This variation results from aliasing errors along the axial direction of
the cylinder. Recalling previous discussions, the two measurement points along the
axial direction ensure that the Nyquist wave-number remains above the main peak
of the axial wave-number transform of mode (1, 1). However, some level of aliasing
is still expected due to the non-zero wave-number components associated with the
secondary lobes of the wave-number transform. This is a direct consequence of the
finite length of the structure. These aliasing errors depend on the axial wave-number
associated with the frequency and direction of estimate relative to the location of
the main and secondary lobes on the wave-number axis. Near resonance of mode
(1, 1), the second direction of estimate is associated with an axial wave-number which
coincides with significant levels of aliasing. This explains the loss in radiation control
performance between the two sensing approaches at this frequency (see Figure 7.31).
The reader is referred to Section 6.1 for a detailed discussion of the above aliasing
mechanism.
It should be mentioned that the errors in the pressure estimates do not yield
increase of the overall radiation levels at on-resonance frequencies. Minimizing the
cost function at these frequencies mainly involves modal reduction. This is in contrast
with off-resonance frequencies where important control spillover is observed across the
entire bandwidth due to modal restructuring. Examining the control effort associated
with the above case also reveals large amplitudes at off-resonance frequencies. Again,
such large amplitudes are unlikely to occur on a time domain broadband control
system and less control spillover is expected.
To further illustrate the control results based on the 2 by 6 structural acoustic
sensor, Figure 7.32 shows the magnitude of the radiated pressure in the first direction
of minimization before and after control. The dashed and dotted lines correspond to
the sound pressure after control based on the minimization of the pressure estimates
(structural acoustic sensor) and the actual pressure (error microphones), respectively.
Again, the structural acoustic sensor yields much smaller levels of attenuation compared to the error microphones except near resonance of mode (1, 2) (241 Hz). At
this frequency, both sensing approaches provide the same “error” information.
As shown previously, the piston and monopole approximations provide nearly
identical pressure estimates within the frequency bandwidth of excitation (see Chapter 6). This is illustrated in Figure 7.33 where the radiated pressure is shown for the
uncontrolled and controlled cylinder response in the second direction of minimization
(63.5◦ , 0◦ ). The dashed and dotted lines correspond to the controlled response based
on a 2 by 6 sensor using the piston and the monopole approximation, respectively.
As expected, the two approximations result in very similar levels of radiated pressure
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Figure 7.32: Cylinder far-field pressure in direction (76.8◦ , 340◦ ) - Minimization of pressure estimate in directions (76.8◦ , 340◦), (63.5◦ , 0◦ ),
and (103.2◦ , 0◦ ).

CHAPTER 7. APPLICATION TO ASAC

235

Sound Pressure Level (dB, re 2 x 10−5 Pa)

60

40

20

0

−20
Before control
After control, 2 by 6 (piston)
After control, 2 by 6 (monopole)

−40
200

250

300

350

400
450
500
Frequency (Hz)

550

600

650

Figure 7.33: Cylinder far-field pressure in direction (63.5◦ , 0◦ ) - Minimization
of pressure estimate in directions (76.8◦, 340◦ ), (63.5◦ , 0◦ ), and
(103.2◦ , 0◦ ).
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Figure 7.34: Cylinder radiated sound power - Minimization of pressure estimate in directions (76.8◦ , 340◦), (63.5◦ , 0◦ ), and (103.2◦, 0◦ ).

after control. In other words, the small variations in the pressure estimates do not
significantly affect the control performance.
The second control case based on Discrete Structural Acoustic Sensing uses a 3
by 9 sensor and the piston approximation. The structural acceleration is measured
at 27 locations over a grid of 3 points along the axial direction and 9 points along
the circumferential direction (Nz = 3 and Nφ = 9 in equation (4.69)). All other control parameters remain unchanged, i.e., all three control actuators are implemented
and the control effort is included in the cost function with α = 0.005. Recalling
Figure 7.24, the highest order mode included in the bandwidth is mode (2, 4). Therefore, the above sensor configuration ensures reduced aliasing errors in the pressure
estimates over the entire bandwidth. The radiated sound power before and after
control is shown in Figure 7.34. For comparison purpose, the radiated sound power
based on the minimization of the actual pressure (error microphones) is also shown
(dotted line).
Unlike the previous case, the above sensor configuration yields overall performances close to those obtained with error microphones. The two sensing approaches
result in the same sound power attenuation at frequencies near the resonance of each
mode included in the bandwidth while the variations observed at off-resonance fre-

CHAPTER 7. APPLICATION TO ASAC

237

quencies do not exceed 4 dB. The total sound power attenuation achieved across the
bandwidth by the structural acoustic sensor is 16.8 dB. Near resonances, the aliasing
errors are small as the structural response is dominated by modes included in the
bandwidth. Off-resonance, higher order modes cause the accuracy of the pressure
estimate to deteriorate. This explains the small variations observed in the radiated
sound power of the control response between the two sensing approaches. These results show that the structural acoustic sensor implemented in this case can effectively
replace the error microphones.
It should be mentioned that the above results are based on the analytical sensor
transfer functions. As shown in Chapter 6, the digital filter modeling of the sensor
transfer functions has very little influence on the accuracy of the pressure estimates
(see Figure 6.32). Therefore, similar control performances are expected.
Alternate cost functions
It is of interest to compare the control results discussed above with alternate sensing
configurations. This section considers two additional cost functions. The first control case minimizes the out-of-plane structural acceleration at three locations on the
cylinder, i.e., the “error” information is provided by three accelerometers mounted on
the structure. As for the previous cases, all three control actuators are implemented
and the control effort is included in the cost function with the same weighting factor
(α = 0.005). The location of the three minimization points is defined in normalized
coordinates, (z/L, φ), as (0.4, 20◦), (−0.3, 0◦ ), and (0.7, 340◦), respectively. These
locations were chosen such as to observe all modes included in the bandwidth. The
second control case minimizes an estimate of the radiated sound power. This cost
function is introduced in Section 4.3.3. Practically, it involves minimizing the radiated
pressure at a large number of far-field points equally spaced on a sphere surrounding
the cylinder. The following results use a grid of 11 by 36 points along the azimuthal
and circumferential angles, θ and φ, respectively.
The radiated sound power associated with the two cost functions defined above is
shown for the uncontrolled and controlled response in Figure 7.35. The dashed line
corresponds to the minimization of the three acceleration amplitudes and the dotted
line, to the minimization of the radiated sound power.
First considering the on-resonance frequencies, both cost functions yield the same
attenuation levels in sound power near resonance of modes (1, 2), (1, 3), (2, 3), (1, 4),
and (2, 4). Examining the velocity distribution before and after control at these
frequencies reveals that both cost functions are minimized through modal reduction.
In other words, the control inputs cancel the overall vibration level which in turn
yields global sound attenuation. This result is expected for the cost function based
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Figure 7.35: Cylinder radiated sound power - Minimization of structural acceleration at normalized coordinates (0.4, 20◦), (−0.3, 0◦ ), and
(0.7, 340◦), and radiated sound power.
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Figure 7.36: Cylinder out-of-plane velocity distribution at 565 Hz - Minimization of structural acceleration at normalized coordinates
(0.4, 20◦ ), (−0.3, 0◦ ), and (0.7, 340◦ ).

on sound power since rotating the on-resonance deformations will not reduce the
overall radiated sound level. In the case of the acceleration based cost function, the
three minimization points do not coincide with nodal lines of rotated deformations
and thus force modal reduction. The control inputs would otherwise rotate the onresonance deformation such as to align its nodal line with the minimization points
resulting in no sound power attenuation. Note that this type of modal restructuring
which occurs on resonance is specific to cylindrical geometries. Modal restructuring
generally does not occur on resonance for non-symmetric geometries. It should also
be mentioned that the control input configuration does not allow strong attenuation
near resonance of mode (1, 4) as observed on the previous control cases.
Near resonance of mode (1, 1) (565 Hz), the cost function based on structural acceleration yields very little attenuation in radiated sound power. Figure 7.36 shows the
out-of-plane velocity distribution associated with the structural cost function at the
above frequency. As expected, the velocity distribution before control is dominated
by mode (1, 1). After control, the distribution peak amplitudes do not significantly
decrease which explains the small attenuation in radiated sound power. Note that the
velocity distribution still shows the presence of mode (1, 1) which is rotated such as to
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locate its nodal line near the minimization points. This is an example of on-resonance
modal restructuring. Similar control mechanisms occur off-resonance for frequencies
below 600 Hz. In this case, the overall vibration levels increase after control which
causes important control spillover. In contrast, minimizing the radiated sound power
prevents control spillover over the entire bandwidth (see Figure 7.35).
To conclude, it should be mentioned that the small level of damping present in
the model (see Section 4.4.2) tends to favor modal reduction. Across the frequency
bandwidth, the structural response is dominated by only a few modes off-resonance
and a single mode on-resonance. As a result, interaction between modes is limited due
to large variations between their relative amplitudes. The results show that modal
restructuring mainly involves rotating the velocity distribution along the circumference. This type of modal restructuring involves two double modes with nearly the
same mode shape and natural frequency but different orientation. A higher level of
damping would allow more interaction between modes of different indices and possibly
improve radiation control for a given configuration of control inputs.
Conclusions
The analytical results presented above suggest the ability of the structural acoustic
sensor to replace far-field error microphones in broadband radiation control applied
to cylinders. It was shown that both sensing approaches yield similar control performances provided that the sensor implements an appropriate number of point sensors
to ensure accurate pressure estimates. The next section attempts to confirm these
results experimentally.

7.2.2

Experimental results

This section presents the control experimental results obtained on the cylinder system.
As for the plate system, the experiments aim to demonstrate Discrete Structural
Acoustic Sensing applied to sound radiation control from a real cylindrical radiator.
In particular, the ability of the structural acoustic sensor to replace far-field error
measurements is investigated by comparing the control performance of the two sensing
approaches.
The characteristics of the system are presented in Chapter 5 along with a complete
description of the experimental setup and measurement procedures. The measured
natural frequencies are given in Appendix K. The reader should also refer to Appendix L for an analysis of the uncontrolled response of the structure. In particular,
the discussion in Appendix L gives further details on the control mechanisms mentioned in this section. The cylinder is excited through the disturbance piezo-electric
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actuator with a band-limited pseudo-random noise between 200 and 500 Hz. Note
that resonances above 500 Hz are also included in the measured response due to the
finite roll-off of the low-pass filters. In order to include all significant frequency content above the measurement noise level, the following analysis considers frequencies
between 220 and 620 Hz. This includes resonance frequencies associated with the
first five flexural modes of the structure (see Table K.3). Control is achieved through
all or some of the control piezo-electric actuators mounted on the cylinder (see Table 4.9) depending on the configuration tested. All cases involve three error signals
corresponding to the outputs of the structural acoustic sensor, error microphones
located in the far field, or accelerometers mounted on the cylinder. As described
in Section 5.2.1, the structural acoustic sensor uses 12 accelerometers (Nz = 2 and
Nφ = 6 in equation (4.69)). Finally all cases, unless otherwise mentioned, use a 20
sample delay in the disturbance path, thus improving system causality as explained
in Section 5.2.2.
The majority of control tests performed on the cylinder involved the structural
acoustic sensor. In particular, several cases used directions of minimization along
distinct circumferential angles. For practical reasons, the cases based on far-field
error microphones only involved directions aligned with φ = 0◦ in the horizontal
plane. Unlike the previous sections, the following analysis therefore considers control
cases based on the structural acoustic sensor first, i.e., minimization of estimated
pressure, as they present an overview of the various control mechanisms involved.
The use of far-field error microphones, i.e., minimization of measured pressure, is
then addressed for comparison. Finally, a control case based on the minimization of
the measured structural acceleration at three locations on the cylinder is presented.

Minimization of pressure estimates (Discrete Structural Acoustic Sensing)
In this section, three control cases are presented successively. All three cases implement the structural acoustic sensor to provide estimates of the far-field radiated
pressure as error signals. In order to fully understand the control mechanisms involved in the attenuation of the error signals and the influence of the sensor estimates
on these mechanisms, the three cases use different control and error configurations
as shown in Table 7.4. The center location of the control actuators referred to in
Table 7.4 are given in Table 4.9. Note that the second and third control case do not
implement control actuator # 3, i.e., zero voltage is applied to this actuator.

Control case 1 The first case uses all three control actuators and error signals associated with radiation angles (76.8◦ , 340◦ ), (63.5◦, 0◦ ), and (103.2◦ , 0◦ ), respectively.
The three error signals (outputs of the structural acoustic sensor) before and after
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Table 7.4: Cylinder control and error configurations.
Control actuators

Angles of pressure estimates

Case 1 # 1, # 2, and # 3 (76.8◦ , 340◦ ), (63.5◦ , 0◦ ), (103.2◦ , 0◦ )
Case 2

# 1 and # 2

(76.8◦ , 340◦ ), (63.5◦ , 0◦ ), (103.2◦ , 0◦ )

Case 3

# 1 and # 2

(70◦ , 0◦ ), (90◦ , 0◦ ), (110◦, 0◦ )
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Figure 7.37: Cylinder error signal # 1 - Minimization of pressure estimates
(Case 1).
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Figure 7.38: Cylinder error signal # 2 - Minimization of pressure estimates
(Case 1).
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Figure 7.39: Cylinder error signal # 3 - Minimization of pressure estimates
(Case 1).
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Figure 7.40: Cylinder out-of-plane mean-square velocity - Minimization of
pressure estimates (Case 1).

control are shown in Figures 7.37 to 7.39. As seen in all three figures, the controller
achieves good attenuation of the error signals across the entire bandwidth of excitation. All peaks associated with the cylinder’s resonance frequencies are reduced
by 30 dB or more, while very little spillover is observed at off-resonance frequencies.
Note however that the response after control as observed by the sensor still exhibits
small resonances. Examining the error signals after control, distinct peaks are noticed
at the resonance frequencies of modes (1, 2), (1, 3), and (2, 3)?, i.e., 241 Hz, 303 Hz,
and 500 Hz, respectively. This last mode is the “double” mode associated with mode
(2, 3). Recalling the analysis of Appendix L, mode (2, 3)? has a slightly different natural frequency from mode (2, 3) and its mode shape is rotated by 30◦ relative to the
(2, 3) mode shape (see Figure L.2).
Before studying the measured pressure in the far-field, the attenuation levels of the
above error signals are interpreted in terms of the structural response before and after
control. To this purpose, the out-of-plane mean-square velocity is estimated from the
laser measurements as described in Section 5.4.1. It is shown for the uncontrolled
and controlled response in Figure 7.40. The solid line associated with the response
before control exhibits resonances at the frequencies of all flexural modes included in
the bandwidth. Note that modes (1, 2)? and (2, 3)? (see Appendices K and L) are
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poorly excited by the disturbance actuator. This result is expected as both modes
have a nodal line along the circumferential direction at angle φ = 0◦ (see Appendix L)
which coincides with the center location of the disturbance actuator. The dotted line
associated with the controlled response shows about 30 dB reduction in the vibration
level at the resonance frequencies of modes (1, 2), (2, 3), and (1, 4). The response
near resonance of mode (1, 3) is only attenuated by about 17 dB, while increased by
about 2 dB at the resonance frequency of mode (2, 3)? . Also note modes (2, 4) and
(2, 4)? still exhibit a resonance after control, as well as mode (1, 2)? in a lesser degree.
Finally, the overall vibration level slightly increases at off-resonance frequencies.
The above properties are now interpreted in terms of the two basic control mechanisms discussed previously for the plate system. As described earlier, the mechanisms
involved in the reduction of the error signals for a control system based on structural
inputs can be separated into two main types depending on the vibration levels of the
controlled response. The first type corresponds to cases where the controller reduces
the error signals by bringing down the overall level of vibration, while the second
type corresponds to cases where the structural response is simply modified such as to
minimize the error signals, i.e., no decrease in the overall vibration levels is observed.
In terms of modal amplitudes, the first mechanism implies reducing the amplitudes
of all modes present in the uncontrolled response, while not increasing the amplitudes
of other modes. It is referred to as modal reduction. The second mechanism referred
to as modal restructuring implies modifying the relative magnitude and phase of the
modal amplitudes contributing to the response.
From the mean-square velocity shown in Figure 7.40, the reduction of the error
signals near the resonance frequency of modes (1, 2), (1, 2)? , (2, 3), (1, 4), and (2, 4)
mainly involves modal reduction. At the resonance frequency of mode (1, 3), both
modal reduction and modal restructuring contributes to the attenuation of the error signals. This is best seen on the out-of-plane velocity distribution at the above
frequency, 303 Hz, presented in Figure 7.41. In order to attenuate the pressure estimates along the directions of minimization (φ = 0◦ and φ = 340◦ ), the (1, 3) mode
shape is rotated by about 35◦ such as to move its nodal lines near the φ = 0◦ angle.
Its amplitude is also attenuated by about one order of magnitude therefore further
reducing its contribution to all three error signals. Note that the rotation of the mode
is entirely caused by the third control actuator. The first two control actuators are
located along the nodal lines of mode (1, 3)? . This double mode is therefore mainly
excited by the third control actuator. Its amplitude relative to that of mode (1, 3) is
such that the resulting velocity distribution has a nodal line near φ = 0◦ .
It is helpful to illustrate the above mechanism mathematically. In its most general
form, the velocity distribution associated with the nth circumferential mode can be
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Figure 7.41: Cylinder out-of-plane velocity distribution at 303 Hz - Minimization of pressure estimates (Case 1).
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represented as
f (φ) = An cos(n(φ − φ0 )) + Bn sin(n(φ − φ0 ))

(7.1)

The cosine function represents circumferential mode n, and the sine function represents the associated double mode, n? . Mode n has an anti-nodal line at φ = φ0 ,
while mode n? has a nodal line at φ = φ0 . The relative values of the modal amplitudes An and Bn determine the orientation of the resulting velocity distribution,
f (φ). Three cases can be identified: (i) if the magnitude of An is much larger than
that of Bn , the velocity distribution is aligned with the deformation of mode n; (ii)
if the magnitude of Bn is much larger than that of An , the velocity distribution is
aligned with the deformation of double mode n? ; (iii) if An and Bn are of the same
order of magnitude, modes n and n? combine to yield a velocity distribution rotated
with respect to φ0 . For a perfectly symmetric structure, the resonance frequencies
of double modes coincide. Therefore, the relative amplitude of each mode depends
solely on the location and amplitude of the structural inputs. On the other hands, in
cases where the natural frequencies of mode n and n? slightly differ due to asymmetries along the circumference, the relative amplitudes also depend on the frequency
considered. For a lightly damped structure, a frequency on-resonance for mode n becomes off-resonance for mode n? . Thus, the amplitude of mode n can be significantly
higher than that of mode n? and the third case mentioned above where both modes
have amplitudes of the same order is less likely to occur. The following paragraph
illustrates this situation for the cylinder system.
As explained in Appendix L, modes (1, 3) and (1, 3)? have nearly the same natural
frequency (see Table K.3). Therefore, the controller is able to rotate the associated
deformation along the circumferential direction by driving both modes with appropriate amplitudes. On the other hand, modes (2, 3) and (2, 3)? have two distinct
natural frequencies. In order to rotate the velocity distribution near the resonance
of mode (2, 3), the controller needs to significantly increase the amplitude of mode
(2, 3)? off-resonance such that it is of the same order of magnitude as the amplitude
of mode (2, 3) on resonance. As a result, the response tends to increase near resonance of mode (2, 3)?. This increase is attenuated here through modal reduction,
i.e., the response near resonance of mode (2, 3) is primarily canceled by decreasing
the amplitude of this mode rather than rotating the associated deformation through
excitation of mode (2, 3)? . As for mode (1, 3)? , the increased vibration level at the
resonance frequency of mode (2, 3)? is entirely caused by the third control actuator,
as the two other actuators do not excite this mode. Also, the slight overall increase
at this frequency does not strongly affect the second and third error signals as they
represent estimates of the radiated pressure at angle φ = 0◦ which corresponds to a
nodal line for mode (2, 3)?. On the other hand, the first error signal associated with
a pressure estimate at angle φ = 340◦ , i.e., not located along a nodal line, is only
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reduced by a few decibels at the same frequency. The mechanisms outlined above
show the importance of the “double” modes of the cylinder on the performance of
the control system. As the natural frequencies of “double” modes move away from
each other due to structural asymmetries, the system complexity increases due to the
added resonances present in the response.
These results are consistent with the control configuration and the expected farfield radiation characteristics of the pressure estimates. In particular, the three pressure estimates are effectively related to far-field radiation in the associated directions
of minimization. This is demonstrated by the modal restructuring mechanism described earlier. Note that while the control actuator arrangement and the directions
of minimization allow interpretation of the general tendencies observed in the error
signals attenuation, a number of other factors should also be considered.
First, unlike a frequency domain algorithm where all frequencies are treated
equally, the time domain Filtered-x algorithm concentrates on the dominant frequency
components present in the error signals. Consequently, the amount of attenuation at
a particular frequency does not only depend on the dynamics of the system at this
frequency but also on the attenuation achieved at other frequencies within the bandwidth of excitation. In other words, it is difficult to further reduce part of the error
signal auto-spectrum if the control system is unable to control other frequencies.
The finite length of the FIR control compensators also creates constraints on the
applied control voltages. Consider two frequencies close to each other relative to the
filter sampling frequency. Assuming these two frequencies do not approach a zero
of the filter, the associated response tends towards the same amplitude as the two
frequencies become closer. In particular, the amplitude of the applied control voltage
is nearly the same at the two resonance frequencies of “double” modes due to their
proximity relative to the system’s sampling frequency. Consequently, the controller is
unlikely to generate the optimal control inputs which would cancel the contribution
of both resonances in the cost function.
Finally, the control performance is also limited by the accuracy of the modeling
of the filtered-x path. In particular, the exact modeling of the “double” resonances
observed in the system response is difficult to realize. The last two factors explain
why the controlled response at the resonance frequency of these “double” modes is
sometimes not significantly reduced as for mode (2, 3)? .
The three error signals analyzed in the above discussion only represent an estimate of the far-field radiated pressure. The performance of the control system is now
investigated in terms of the actual sound pressure reduction achieved in the far field.
Figures 7.42 to 7.44 show the magnitude of the pressure measured by the traverse
microphone in the three directions of minimization. All three directions exhibit excellent sound attenuation at the resonance frequency of modes (1, 2), (1, 2)?, (2, 3),
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Figure 7.42: Cylinder measured pressure in direction (76.8◦ , 340◦ ) - Minimization of pressure estimates (Case 1).
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Figure 7.43: Cylinder measured pressure in direction (63.5◦ , 0◦ ) - Minimization of pressure estimates (Case 1).
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Figure 7.44: Cylinder measured pressure in direction (103.2◦ , 0◦ ) - Minimization of pressure estimates (Case 1).
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(1, 4), and (2, 4). This result is expected as the controlled response at these frequencies is characterized by modal reduction. In other words, the overall vibration level
is brought down which in turns reduces the radiated sound in all directions including
the three directions of minimizations shown above. Off-resonance frequency content
does not exhibit any control spillover. Recalling the mean-square velocity shown in
Figure 7.40, the overall vibration levels at these frequencies increase after control.
This suggests that modal restructuring is the dominant control mechanism at offresonance frequencies in this case. On the other hand, the radiation levels associated
with the resonance frequency of modes (1, 3) and (2, 3)? , i.e., 303 Hz and 500 Hz,
present smaller levels of attenuation. In particular, the attenuation levels are significantly smaller than the ones observed on the error signals at the same frequencies,
especially for the first direction of minimization associated with circumferential angle φ = 340◦. As explained previously, the structural acoustic sensor implemented
on the cylinder provides accurate estimates of the pressure radiated near the resonance frequency of mode (1, 2) only. At other frequencies, higher order modes are
included in the response resulting in aliasing errors. In other words, the error signals
at frequencies above the resonance of the (1, 2) mode do not accurately match the
radiated pressure. Consequently, the level of attenuation achieved on the radiated
pressure may not be as high as that achieved on the corresponding error signal. Note
that the largest variation between the attenuation level of measured pressure and its
estimate at the two above frequencies occurs for the first direction of minimization,
(76.8◦ , 340◦). This suggests that the sensor accuracy further deteriorates at this radiation angle compared to the two other directions of minimization. Such variation in
the sensor accuracy was observed analytically on the same system in Chapter 6 (see
Figures 6.29 and 6.30).
To evaluate the global control performance of the sensor configuration, the radiated sound power is estimated based on the traverse microphone measurements as
described in Section 5.4.3. The resulting estimate is shown before and after control in
Figure 7.45. As expected from the measured pressure shown in Figures 7.42 to 7.44,
the radiated power is well reduced for frequencies near resonance of modes (1, 2),
(1, 2)? , (2, 3), (1, 4) and (2, 4) with levels of attenuation between 20 and 30 dB. At
these frequencies, the residual radiated sound power is close to the off-resonance levels
before control. On the other hand, the attenuation achieved near resonance of modes
(1, 3) and (2, 3)? is significantly reduced. As explained earlier, this loss in performance
is mainly due to the errors in the sensor estimate of the radiated pressure in the first
direction of minimization.
Table 7.5 shows the total attenuation levels achieved for the above configuration
on the three error signals, mean-square velocity and radiated sound power. In order
to further increase the attenuation level in radiated sound power, more acceleration
measurements would be required to obtain more accurate pressure estimates as discussed in Section 6.3.1.
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Figure 7.45: Cylinder radiated sound power - Minimization of pressure estimates (Case 1).

Table 7.5: Cylinder total attenuation levels over the frequency bandwidth of
excitation - Minimization of pressure estimates (Case 1).
Attenuation (dB)
Error signal # 1

22.4

Error signal # 2

18.6

Error signal # 3

20.7

Structural mean-square velocity

15.3

Radiated sound power

12.0
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Figure 7.46: Cylinder error signal # 1 - Minimization of pressure estimates
(Case 2).

Control case 2 The second control case investigated in this section uses the first
two control actuators, leaving the third actuator unexcited, and the same directions
of minimization as in the previous case (see Table 7.4). All other parameters remain
unchanged.
Figures (7.46) to (7.48) present the three error signals before and after control.
Unlike the previous case, the pressure estimate associated with mode (2, 3)? is attenuated in all three directions of minimization. In particular, the first direction of
minimization which does not correspond to a radiation nodal line for this mode does
not exhibit the resonance peak seen in the previous case. The mean-square velocity at
this frequency reveals that this mode is not excited in the controlled response. This
result is expected since the first two control actuators have their center location on
the nodal lines of mode (2, 3)? . Likewise, the error signals at the resonance frequency
of mode (1, 3) are attenuated through modal reduction only. Modal restructuring is
not possible in this case as the control actuators have their center location aligned
with the anti-nodal lines of the (1, 3) mode, thus preventing rotation of the mode
along the circumferential direction. In conclusion, the controller can only reduce the
error signals near the resonance frequency of modes (1, 3) and (2, 3) by canceling the
associated modal amplitudes. This is in contrast with the previous control case where
the third control actuator enabled the controller to rotate these two modes instead.
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Figure 7.47: Cylinder error signal # 2 - Minimization of pressure estimates
(Case 2).
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Figure 7.48: Cylinder error signal # 3 - Minimization of pressure estimates
(Case 2).
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Figure 7.49: Cylinder radiated sound power - Minimization of pressure estimates (Case 2).

Since the control mechanisms involved in this second case are mainly based on
modal reduction, the variations between estimated and measured pressure are no
longer critical to the control performance. In this case, attenuation of the error signals,
i.e., pressure estimates, also yields attenuation of the overall vibration levels which
results in similar levels of attenuation in the far field. This is illustrated in Figure 7.49
where the radiated power estimated from the traverse microphone measurements
is shown before and after control. The dashed line corresponds to the standard
configuration where a 20 sample delay is included in the disturbance path improving
the system causality (see Section 5.2.2). The dotted line corresponds to an additional
case based on the same control and error configuration with no delay included in the
disturbance path. In both cases, the radiated power after control is attenuated by
20 dB or more near all resonance frequencies of the uncontrolled response. Small
increases appear at off-resonance frequencies. Note that the dotted line associated
with a possible acausal system does not show significant loss in performance compared
to the dashed line. In other words, system causality does not appear to be a critical
factor in this case. Due to the small levels of damping present in the system, the
response is largely dominated by the five resonance frequencies of the modes included
in the bandwidth. It is therefore highly predictable allowing control regardless of the
system’s causality.
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Table 7.6: Cylinder total attenuation levels over the frequency bandwidth of
excitation - Minimization of pressure estimates (Case 2).
Attenuation (dB)
20 sample delay

no delay

Error signal # 1

21.2

12.2

Error signal # 2

15.9

10.9

Error signal # 3

18.5

18.3

Structural mean-square velocity

21.5

21.3

Radiated sound power

15.4

15.0

The total reduction levels in radiated power, mean-square velocity, and the three
error signals are given in Table 7.6 for both disturbance path delay configurations.
Again, the main control mechanism for this configuration is clearly modal reduction
as seen from the high levels of attenuation achieved in terms of structural mean-square
velocity.

Control case 3 The third control case based on the structural acoustic sensor uses
the first two control actuators and three pressure estimates in directions (70◦ , 0◦ ),
(90◦ , 0◦ ), and (110◦, 0◦ ). These three directions of minimization correspond to the
locations of the error microphones implemented in the control case discussed in the
next section.
The auto-spectrum of the three error signals is shown in Figures (7.50) to (7.52) for
the uncontrolled and controlled response. The error signals before control exhibit the
expected characteristics of the radiated pressure along circumferential angle φ = 0◦ .
Note that modes (1, 2)? and (2, 3)? do not significantly contribute to the response as
they present a radiation nodal line along φ = 0◦ . This is in contrast with the first error
signal shown in the previous cases corresponding to the pressure estimate at angle
φ = 340◦ . Also, the lower radiation levels at the resonance frequency of the (2, 3)
and (2, 4) modes observed on the second pressure estimate at (90◦ , 0◦ ) is expected
from the dipole characteristics of these two modes along the axial direction. The
three error signals after control show good attenuation near the resonance frequency
of modes (1, 3) and (2, 3) as well as mode (1, 2). The attenuation is not as significant
near resonance of modes (1, 4) and (2, 4) as the controlled response still exhibits a
resonance at these frequencies. Furthermore, the three pressure estimates present no
attenuation at the resonance frequency of mode (1, 2)?.
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Figure 7.50: Cylinder error signal # 1 - Minimization of pressure estimates
(Case 3).
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Figure 7.51: Cylinder error signal # 2 - Minimization of pressure estimates
(Case 3).
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Figure 7.52: Cylinder error signal # 3 - Minimization of pressure estimates
(Case 3).
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Examining the structural mean-square velocity would reveal that the overall vibration levels increase at the resonance frequency of mode (1, 2)?, (1, 4)? and (2, 4)? .
As mentioned earlier, mode (1, 2)? has a radiation nodal line along φ = 0◦ . In other
words, this mode is not effectively observed by any of the three pressure estimates.
As the second control actuator is not located along a nodal line of mode (1, 2)? , it is
likely to excite this mode while the resulting increase in the vibration level is not observed by the controller. Note that this behavior does not appear in the two previous
control cases as the first pressure estimate along φ = 340◦ includes the contribution
from mode (1, 2)? in the cost function. Again, this result demonstrates the accuracy
of the pressure estimates provided by the structural acoustic sensor near resonance
of mode (1, 2).
Now considering the controlled response near resonance of modes (1, 4) and (2, 4),
the second control actuator enables the controller to excite modes (1, 4)? and (2, 4)?
while decreasing the amplitude of modes (1, 4) and (2, 4). As a result, the three
pressure estimates along φ = 0◦ are significantly attenuated compared to the uncontrolled response where φ = 0◦ corresponds to anti-nodal lines. This is illustrated in
Figure 7.53 where the out-of-plane velocity distribution is shown before and after control at 541 Hz, i.e., near resonance of mode (1, 4). Note that the resulting attenuation
is somewhat limited by the poor accuracy of the sensor estimates near resonance of
modes (1, 4) and (2, 4) (see Section 6.3.2). Also, the previous control cases do not allow such modal restructuring as the three error signals do not correspond to pressure
estimates along circumferential angles multiple of 45◦ , i.e., one error signal at least
still observes the rotated mode thereby forcing the controller to cancel it. As for the
second control case discussed previously, the three pressure estimates near resonance
of modes (1, 3) and (2, 3) lead to good attenuation essentially through modal reduction. The two control actuators are aligned with the anti-nodal lines of these two
modes along the circumferential direction, therefore preventing modal restructuring.
The overall performance of the third control case is presented in Figure 7.54 where
the estimated radiated power is shown for the uncontrolled and controlled response.
As expected from the above analysis, the radiated sound power shows excellent reduction levels near resonance of modes (1, 2), (1, 3), and (2, 3). At these frequencies,
modal reduction brings down the overall vibration level which in turn reduces farfield radiation in all directions. On the other hand, the radiated power increases near
resonance of modes (1, 2)? and (1, 4). This behavior is expected since the controller
achieves reduction in the pressure estimates at these frequencies through modal restructuring, i.e., the pressure is not attenuated in all directions. In this case, the
sound pressure actually increases in some directions, resulting in an increased radiated sound power.
For completeness, the total attenuation levels over the frequency bandwidth of
excitation are shown in Table 7.7 for the three error signals, the mean-square velocity
and the radiated sound power.
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Figure 7.53: Cylinder out-of-plane velocity distribution at 541 Hz - Minimization of pressure estimates (Case 3).

Table 7.7: Cylinder total attenuation levels over the frequency bandwidth of
excitation - Minimization of pressure estimates (Case 3).
Attenuation (dB)
Error signal # 1

18.4

Error signal # 2

22.2

Error signal # 3

18.4

Structural mean-square velocity

8.8

Radiated sound power

5.9
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Figure 7.54: Cylinder radiated sound power - Minimization of pressure estimates (Case 3).
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Figure 7.55: Cylinder error signal # 1 - Minimization of pressure at error
microphones.
Minimization of measured pressure (error microphones)
The following results present the performance of the control system based on far-field
error measurements. In this case, the three outputs of the structural acoustic sensor
are replaced by three error microphones located in the far field. To facilitate the
comparison of the two sensing techniques, the case discussed below uses the same
control configuration as for the third control case described above, i.e., control is
achieved through the first and second control actuators and the three error signals
correspond to the far-field pressure radiated in directions (70◦, 0◦ ), (90◦ , 0◦ ), and
(110◦ , 0◦ ).
Figure 7.55 to 7.57 present the auto-spectrum of the three error signals before and
after control. Good sound pressure reduction is achieved for all three error signals
near resonance of modes (1, 2), (1, 3), and (2, 3). First, considering modes (1, 3) and
(2, 3), the first and second control actuators implemented in this case are located on
anti-nodal lines of these modes along the circumference. As a result, modal restructuring is not possible and control is achieved by canceling rather than rotating the
two modes. The (1, 2) mode, on the other hand, does not have anti-nodal lines coinciding with the second control actuator. However, this mode is split into two double
modes and thus cannot be rotated (see previous discussion on page 246). Instead, the
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Figure 7.56: Cylinder error signal # 2 - Minimization of pressure at error
microphones.
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Figure 7.57: Cylinder error signal # 3 - Minimization of pressure at error
microphones.
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controller cancels the amplitude of mode (1, 2) aligned with the disturbance actuator
while increasing the amplitude of mode (1, 2)? through the second control actuator.
This is illustrated on the three error signals where the (1, 2)? mode resonance peak appears on the controlled response resulting in no attenuation at the error microphones.
Again, this behavior is directly related to the location of the mode’s circumferential
nodal lines which coincide with all three directions of minimization. The radiation
of this mode is not effectively observed by any of the three error microphones. Now
examining the controlled response at higher frequencies, the sound pressure at the
three error microphones near resonance of modes (1, 4) and (2, 4) does not exhibit
the same level of attenuation observed for modes (1, 2), (1, 3), and (2, 3). At these
frequencies, the structural velocity distribution would reveal that the control mechanism involves modal restructuring as described earlier for the third control case based
on pressure estimates (see Figure 7.53). The contribution of mode (1, 4) tends to be
reduced while that of mode (1, 4)? increases thus decreasing the radiated pressure at
φ = 0◦ . Note that while the sound pressure associated with mode (1, 4) is reduced by
about 10 dB in all three directions of minimization, the controller appears unable to
achieve reduction near resonance of mode (2, 4) possibly due to the smaller contribution of this mode to the error signals compared to mode (1, 2)? which dominates the
response after control.
Recalling the three error signals shown in Figures 7.50 to 7.52, the controlled response based on pressure estimates in the same three directions and the same two
control actuators exhibits very similar trends as the ones obtained with error microphones. In particular, the structural acoustic sensor yields nearly the same response
near resonance of modes (1, 2) and (1, 2)? which confirms the accuracy of the pressure
estimates at these frequencies.
The radiated sound power estimated from the traverse microphone measurements
is presented before and after control in Figure 7.58. As for the case of pressure estimates (see Figure 7.54), excellent global sound attenuation is achieved near resonance
of modes (1, 2), (1, 3), and (2, 3). Again, modal reduction occurs at these frequencies
therefore canceling the sound pressure radiated over the entire far field. Likewise, the
sound power increases near resonance of mode (1, 2)? . The amplitude of this mode
is increased in the controlled response while not significantly affecting the pressure
measured at the error microphones located along radiation nodal lines.
The total attenuation levels achieved over the frequency bandwidth of excitation
are summarized in Table 7.8 for the three error signals (measured pressure), the
mean-square velocity, and the radiated sound power. Note that similar trends were
observed in the equivalent control case based on pressure estimates (see Table 7.7).
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Figure 7.58: Cylinder radiated sound power - Minimization of pressure at
error microphones.

Table 7.8: Cylinder total attenuation levels over the frequency bandwidth of
excitation - Minimization of pressure at error microphones.
Attenuation (dB)
Error signal # 1

14.7

Error signal # 2

14.3

Error signal # 3

15.2

Structural mean-square velocity

4.8

Radiated sound power

-0.7
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Figure 7.59: Cylinder error signal # 3 - Minimization of measured acceleration.
Minimization of measured acceleration
The last control case considered in this work involves the minimization of the measured acceleration at three locations on the cylinder. This configuration represents
an example of Active Vibration Control. The control input configuration implements
the first two control actuators as for the third control case based on the structural
acoustic sensor and the previous case based on far-field error microphones. The three
error signals are provided by three accelerometers mounted on the structure. Their
location is defined in normalized coordinates, (z/L, φ), as (0.4, 33◦), (−0.3, 33◦), and
(0.7, 213◦), respectively. All other control parameters remain unchanged.
Figure 7.59 shows the auto-spectrum of the third error signal obtained with the
above configuration. This error signal corresponds to the accelerometer located at
(z/L = 0.7, φ = 213◦ ). Examining the solid line associated with the uncontrolled
response, all flexural modes excited by the disturbance actuator exhibit well defined
resonance peaks. In particular, the double modes (1, 2)? and (2, 3)? yield response
levels similar to those of modes (1, 2) and (2, 3). This is explained by the accelerometer
location along the circumferential direction relative to the orientation of the mode
and its amplitude. The velocity distributions presented in Appendix L confirm this
result (see Figures L.9, L.10, L.12, and L.13). Note that the above property is in
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Figure 7.60: Cylinder out-of-plane mean-square velocity - Minimization of
measured acceleration.

contrast with the previous control case where some modes were not observed (all
three error signals were then coupled to φ = 0◦ and thus did not observe modes with
nodal line along φ = 0◦ ). The first two error accelerometers are located 180◦ opposite
from the third accelerometer and therefore exhibit similar properties in terms of
observability. The corresponding error signals are not presented here for brevity. The
dotted line associated with the controlled response shows reduction levels of 20 dB or
more at all resonance frequencies. Good attenuation is also achieved at off-resonance
frequencies. The only increase in the levels after control is associated with an antiresonance frequency of the response before control (280 Hz). Similar results can be
observed on the first two error signals.
The dominant control mechanism involved in the minimization of the three error signals is modal reduction. This is shown in Figure 7.60 where the measured
mean-square velocity is plotted versus frequency for the uncontrolled and controlled
response. The overall vibration levels are attenuated at all resonance frequencies
while no significant change is observed off-resonance. In other words, the attenuation
of all three error signals does not involve modal restructuring. This result is expected
near resonance of modes (1, 2), (2, 3), (1, 4), and (2, 4). As explained earlier, the
associated double modes have distinct natural frequencies which usually prevents the
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Figure 7.61: Cylinder radiated sound power - Minimization of measured acceleration.
rotation of the corresponding deformation. From the location of the minimization
points along the circumference, modal restructuring would otherwise be possible by
aligning the anti-nodal line of each modal deformation along φ = 33◦ . Note that the
first two actuators implemented in this case poorly excite double modes (1, 3)? and
(2, 3)? . Despite the close natural frequencies of modes (1, 3) and (1, 3)?, the controller
is therefore unable to rotate the associated deformation. This explains the modal
reduction occurring near resonance of mode (1, 3).
The radiated sound power of the uncontrolled and controlled response is presented in Figure 7.61. Significant levels of attenuation are achieved near resonance
of all modes included in the bandwidth. Recalling Figure 7.60, the reduction in radiated power near resonance of each mode is roughly equivalent to the corresponding
attenuation observed on the mean-square velocity. This confirms the dominance of
modal reduction as the main control mechanism.
The above results are summarized in Table 7.9 where the total attenuation levels
achieved over the frequency bandwidth is presented for the three error signals, the
mean-square velocity, and radiated sound power, respectively. Note that the total
attenuation in radiated sound power is similar to that achieved with the structural
acoustic sensor and the same control input configuration (see Table 7.6). However, the
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Table 7.9: Cylinder total attenuation levels over the frequency bandwidth of
excitation - Minimization of measured acceleration.
Attenuation (dB)
Error signal # 1

21.9

Error signal # 2

14.1

Error signal # 3

22.3

Structural mean-square velocity

22.5

Radiated sound power

17.5

minimization of the structural acceleration yields significant improvements in terms
of radiation control when compared to the case based on the minimization of the
pressure in the horizontal plane at φ = 0◦ (see Tables 7.7 and 7.8). As explained
earlier, minimizing the pressure along a single circumferential angle yields control
spillover from modes with nodal lines along this direction. It is therefore critical to
observe all modes included in the response when global control is required.
The results presented above show that Active Vibration Control can perform
well compared to ASAC approaches even below the critical frequency. In situations
where modal restructuring is not possible, monitoring the vibrations leads to levels
of attenuation similar to those obtained by monitoring the sound radiation.

7.3

Summary

In this chapter, the structural acoustic sensor was implemented on the plate and
cylinder systems to provide error information for broadband sound radiation control.
In both cases, results show that the sensor effectively replaces far-field error microphones provided that the number of structural measurement points ensures accurate
pressure estimates.

Chapter 8
Concluding discussions and
recommended future work
This final chapter presents the main conclusions of the study as well as a number of
recommendations for possible future work. The principal features of Discrete Structural Acoustic Sensing are first summarized along with the main results from the
analytical and experimental investigation performed on planar and cylindrical radiators. Directions of research for improving and extending the sensing technique to
other types of structures are then suggested.

8.1

Main features of Discrete Structural Acoustic
Sensing

The principle of Discrete Structural Acoustic Sensing is to monitor in real time the farfield sound pressure of a vibrating structure based solely on structural measurements.
While the technique can obviously be utilized in a number of potential applications, it
was developed in this work to provide time domain error signals for far-field structural
radiation control systems. Thus, the implementation of Discrete Structural Acoustic
Sensing allows the replacement of far-field error microphones by a sensing system
integrated into the structure itself.
From a theoretical point of view, the approach is based on the approximation
of the relation between out-of-plane structural motion and radiated sound pressure.
Using the integral formulation of the exterior radiation problem, the sound pressure is
expressed as the surface integral of the out-of-plane structural acceleration weighted
by the appropriate Green’s function. This continuous integral is approximated by a
275

CHAPTER 8. CONCLUDING DISCUSSIONS

276

discrete summation involving the acceleration evaluated at a number of points on the
radiating surface and transfer functions expressed in terms of the Green’s function.
These transfer functions, referred to as the sensor transfer functions, solely depend on
the problem’s geometry and the fluid medium characteristics. They are independent
of the dynamics of the structure.
In practice, the analytical formulation outlined above involves a set of accelerometers mounted on the structure and arrays of digital filters implemented on a DSP
to process in real time the measured acceleration signals. Each digital filter array
models the impulse response of the sensor transfer functions associated with a given
pressure estimate.
The approximation of the continuous surface integral by a discrete summation
has a direct physical interpretation. The radiating structure is replaced by a finite
number of simple sources centered at the acceleration measurement locations. The
strength of each source is proportional to the out-of-plane acceleration evaluated
at each measurement point. The sensor transfer functions then represent the sound
radiation of each source vibrating with a unit strength. The analytical study identified
two types of approximation that are of interest for real implementation. The monopole
approximation considers monopole sources, i.e., the sensor transfer functions represent
the sound radiation from monopoles located on the radiating surface. Similarly, the
piston approximation replaces the radiating structure by a set of adjacent piston
sources vibrating along the normal to the radiating surface with acceleration equal
to that of the radiating structure at the piston center location.
The following is a summary of the main features of Discrete Structural Acoustic
Sensing:
• The design and implementation of the sensor do not require precise knowledge of the vibration characteristics of the structure. While some knowledge
of the structural velocity distributions allows for predicting the accuracy of the
pressure estimate and the appropriate discretization level, the sensor transfer
functions strictly depend on the geometry of the structure and the surrounding fluid properties. This differs from a number of alternative structural sensing
techniques whose design and implementation is directly based on dynamic properties of the structure, such as mode shapes. In comparison, Discrete Structural
Acoustic Sensing provides a more robust error information.
• Discrete Structural Acoustic Sensing also provides broadband frequency pressure estimates. The time domain estimates contain radiation information over
a frequency bandwidth which depends on the number of point measurements
relative to the modal density of the structural response and the sampling frequency of the digital filter arrays. Consequently, the approach is suitable for
broadband radiation control.
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• Discrete Structural Acoustic Sensing can be applied to a large class of vibrating
structures. The theoretical concepts of the approach apply to any vibrating
structure radiating into an unbounded medium. In the case of arbitrary geometries where no analytical solution exists for the appropriate Green’s function,
the radiation from monopole or piston sources located on the structure can be
solved numerically to provide the sensor transfer functions.
• The modeling of the sensor transfer functions involves simple Finite Impulse
Response (FIR) filters. This type of filter is well suited to represent the radiation
of monopole and piston sources into an unbounded medium. In particular,
the sensor transfer functions do not feature resonances, which would otherwise
require the use of the more complex Infinite Impulse Response (IIR) filter model.
• When implemented in a far-field radiation control system, the time delay associated with the acoustic path can be removed from the sensor transfer functions
without affecting the controller performance. This property greatly simplifies
the sensor digital filters by reducing the number of coefficients required for accurate modeling of the sensor transfer functions. The sensor DSP implementation
then becomes very efficient in terms of computations, allowing higher sampling
frequencies or the combination of the sensor and controller code on a single
DSP.

8.2

Summary of the main analytical and experimental results

The main part of this study considered two different types of radiators: planar and
cylindrical structures mounted in an infinite baffle. Discrete Structural Acoustic Sensing was first derived for these two geometries and then validated through analytical
and experimental testing. The test structures were a baffled rectangular thin plate
and a baffled finite cylindrical thin shell. Both analytical and experimental validation involved sensor accuracy tests comparing the estimated and actual radiated
pressure, as well as broadband radiation control tests implementing the structural
acoustic sensor to provide error signals. The control tests also considered error microphones located in the far field in order to compare the performance of both sensing
approaches.
Baffled planar and cylindrical geometries were considered in this work so as to
obtain a closed-form solution for the sensor transfer functions. Interpretation of the
resulting pressure estimate yields a number of fundamental properties for understanding the mechanisms involved in the estimate. These properties also provide the basic
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rules for configuring the sensor and ensuring accurate estimates over a given frequency
bandwidth. They are summarized below along with additional important results from
the analytical and experimental investigation of the sensing technique.
The accuracy of the sensor estimate over a given frequency bandwidth is primarily related to the number of structural measurements implemented in the sensor. In
particular, for equally spaced measurement points and baffled planar or cylindrical geometries, the monopole approximation yields improved accuracy under the following
conditions:
• The number of measurement points along the plate or cylinder main axis is such
that the associated Nyquist wave-number (half the spatial sampling frequency)
is located on the wave-number axis above the main content of the wave-number
transform of the structural out-of-plane motion along this axis.
• In terms of simply-supported mode shapes, the above requirement is satisfied
if the number of measurement points along the main axis is greater than the
highest order along the same axis of the modes which dominate the response.
• The number of measurement points along the circumferential direction of the
cylinder is greater than twice the order of the highest circumferential order of
the modes dominating the response.
These conditions define the frequency bandwidth of accuracy for the structural acoustic sensor. They also provide the basis for determining the discretization level associated with other types of approximation or more complex geometries.
The analytical and experimental results on the sensor accuracy confirmed the
properties outlined above. Furthermore, results showed that the piston approximation slightly improves the accuracy of a sensor based on monopole radiation transfer
functions. In addition, the sensor accuracy does not show strong dependence on the
radiation angle associated with the pressure estimate. Finally, the DSP implementation of the sensor introduces negligible errors in the estimate.
The analytical results on radiation control showed for both plate and cylinder
systems that minimizing a cost function based on sensor estimates yields similar
control performance to that obtained with a cost function based on actual far-field
pressure, provided accuracy is ensured for the sensor. More precisely, the control
performance does not appear sensitive to small variation in the “error” information.
The experimental results on broadband radiation control further demonstrated
the ability of the structural acoustic sensor to replace error microphones in the far
field. Similar control performances were obtained for both types of error information.
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Examination of the system’s response at single frequencies within the bandwidth of
excitation also revealed the controller behaves similarly in each case. This includes
frequencies where modal restructuring is the main control mechanism which confirms
the ability of the sensor to provide accurate radiation information.

8.3

Recommended future work

A number of suggestions for future work are as follows:
• This work was devoted the validation of Discrete Structural Acoustic Sensing
on baffled planar and cylindrical geometries. Other geometries such as nonbaffled planar and cylindrical radiators should be investigated in order to extend
the technique to more complex systems. In these cases, no analytical form
is available to determine the sensor transfer functions. They can be obtained
numerically, however, by computing the sound pressure radiated from monopole
or piston sources located on the structure and vibrating with a unit acceleration.
The Boundary Element Method could provide such information. Again, note
that no modeling of the structural response is required. The numerical approach
to determine the sensor transfer functions only involves the geometry of the
elemental source associated with each measurement point and the characteristics
of the surrounding fluid medium.
• The approach addresses the prediction of radiated sound into an unbounded
medium. Based on the integral formulation of the interior radiation problem, a
similar approach might be applied to estimate sound radiation inside cavities.
The sensor filter array should then implement IIR filters so as to accurately
model the acoustic resonances of the cavity.
• The accuracy of the sensor estimate is mainly related to the number of structural
measurement points implemented in the sensor. To allow greater practicality
in an increased number of accelerometers incorporated in the structure, some
research efforts should be directed towards developing point sensors specifically
designed for Discrete Structural Acoustic Sensing. In particular, such point
sensors do not need the measurement precision and wide bandwidth of operation
generally found in commercially available calibrated accelerometers.
• As mentioned in Chapter 3, the accelerometers could possibly be replaced by
other sensing devices. In particular, the use of piezo-electric material such as
PVDF films should be investigated. Further signal processing could then transform the in-plane vibration information into out-of-plane information. Similarly,
a hybrid sensor implementing both discrete and distributed devices may have
potential for certain applications.
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Appendix A
Structural response of test
structures: Arbitrary geometries

As mentioned in Chapter 4, the structural response of the plate and cylinder systems
is modeled using the same general formulation. To facilitate the presentation of
the approach, the discussion is separated into three distinct appendices. This first
appendix presents the method for the general case of arbitrary geometries. The basic
notations are introduced along with the various steps involved in the formulation of
the equations of motion. The two special cases of a thin rectangular plate and thin
cylindrical shell, will be discussed in Appendices B and C, respectively. The models’
assumptions and analytical formulation will be given in these last two appendices.
The approach introduced in Chapter 4 allows modeling of the structural response
of mechanical systems with piezo-electric inclusions. The formulation is general and
applies to arbitrary geometries. It effectively models the coupling between the structure and piezo-electric inclusions by considering the dynamics of both components.
In particular, the mass and stiffness loading of piezo-electric actuators can be fully
taken into account. In order to solve for the coupled system dynamics, a RayleighRitz formulation is derived based on the generalized form of Hamilton’s principle for
coupled electro-mechanical systems. The first section in this appendix briefly presents
the generalized Hamilton’s principle. The constitutive relations between mechanical
displacements, stresses, and electrical fields are presented in the second section. Finally, the Rayleigh-Ritz approximation is introduced to solve for the response of the
system.
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Figure A.1: Generic elastic body with piezo-electric inclusions.

A.1

Generalized Hamilton’s principle

Consider an elastic body with inclusions of piezo-electric material as shown in Figure A.1. The volume of the piezo-electric and non-piezo-electric structures is denoted
Vp and Vs , respectively. Let Γs be the surface covering the area of the structure where
external mechanical boundary conditions apply. For simplicity, the non-piezo-electric
material will be referred to as the structure while the piezo-electric inclusions will be
referred to as the piezo-ceramics.
The equations of motion of the above coupled electro-mechanical system are solved
using a variational approach based on the Hamilton’s principle. Unlike a Newtonian
approach where the derivation of the equations of motion involves vector quantities
like forces and moments, the variational approach involves kinetic and potential energy which are scalar quantities. This offers advantages over the Newtonian approach,
especially for compound systems with different material properties. Further details
and references on this approach can be found in [36].
Hamilton’s principle states that the motion of an arbitrary electro-mechanical system is such that the definite time integral of the Lagrangian becomes stationary for
all admissible configurations of the system between the initial and final known configurations, at times t1 and t2 , respectively. For coupled electro-mechanical systems,
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this is written as
Z

t2


∂ (T − U − Ue + We − Wm ) + ∂W

dt = 0

(A.1)

t1

where ∂ represents the variational operator. The terms in equation (A.1) are
T

= total kinetic energy,

U

= internal potential energy,

Ue

= external potential energy associated with boundary conditions,

We

= total electrical energy,

Wm

= total magnetic energy,

W

= external work associated with applied forces and electrical
charges.

For piezo-electric material, the magnetic energy, Wm is negligible. It is therefore
omitted in this analysis. The remaining energy quantities can be expressed as
Z
Z
1
1
t
u̇ ρs u̇ dV +
u̇t ρp u̇ dV
(A.2)
T =
2 Vs
2 Vp
1
U=
2

Z

1
S T dV +
2
Vs

Z

t

∂W =

Nf
X
j=1

Et D dV

(A.4)

ue t ke ue dS

(A.5)

Vp

Z
Γs

∂u(xj )fj −

Nq
X

∂ϕj qj

j=1

where
u

(A.3)

Vp

Z

1
We =
2
1
Ue =
2

St T dV

= vector of mechanical displacements,

(A.6)
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ue

= vector of mechanical translational and rotational displacements at the boundaries,

fj

= j th external point force,

xj

= coordinates of the j th point force location,

qj

= charge on electrode j,

ϕj

= electrical potential at electrode j,

S

= mechanical strain tensor,

T

= mechanical stress tensor,

E

= electrical field,

D

= electrical displacements,

ke

= boundary stiffness matrix,

ρs

= structure mass density,

ρp

= piezo-ceramics mass density,

Nf

= number of applied point forces,

Nq

= number of piezo-ceramics electrodes,

()t

= matrix transpose operator,

u̇

= first time derivative of u.

For the general case of three-dimensional arbitrary geometries, the above terms are
further defined as follows:
The vector of mechanical displacements is written as u = (u1 u2 u3 )t where the
components, u1 , u2 , and u3 , are function of the space variables, x1 , x2 , and x3 , and
the time t, i.e.,
 


u1 (x, t)
u1(x1 , x2 , x3 , t)
u = u(x, t) = u2 (x, t) = u2(x1 , x2 , x3 , t)
(A.7)
u3 (x, t)
u3(x1 , x2 , x3 , t)
In terms of their components, the vectors of electrical displacements, electrical
field, mechanical strain, and stress are written respectively as
   
  

S1
T11
T1
S11








 
 
T22  T2 
 S22  S2 
D1
E1
   
 S33  S3 
 =   , T = T33  = T3  (A.8)
D = D2  , E = E2  , S = 
T23  T4 
2S23  S4 
   
  

D3
E3
T13  T5 
2S13  S5 
2S12
S6
T12
T6
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In the above notations, the subscripts 1,2, and 3 refer to the corresponding directions
of the three-dimensional coordinate system, following standard conventions used in
elasticity [54]. These terms also depend on the spatial coordinates, x = (x1 x2 x3 )t ,
and the time variable, t.

The mechanical boundary conditions are modeled by including translational and
rotational springs along the boundary surface, Γs . Let kt1 , kt2 , and kt3 , be the translational stiffness factors per unit surface along the three directions defined by the
coordinate system, and kr1 , kr2 , and kr3 , the rotational stiffness factors per unit
surface along the same directions. The translational and rotational stiffness factors
have units of N/m3 and N/(rad.m), respectively. The vector of translational and
rotational displacements at the boundaries is defined as


u1 (x, t)
u2 (x, t)


u3 (x, t)

(A.9)
ue = 
 θ1 (x, t)  , x ∈ Γs


 θ2 (x, t) 
θ3 (x, t)
where u1 , u2 , and u3 denote the translations, and θ1 , θ2 , and θ3 , the rotations along
directions 1, 2, and 3, respectively. Using the above notation, the matrix ke takes
the form


kt1 0 0
0
0
0
 0 kt2 0
0
0
0



 0 0 kt3 0
0
0

(A.10)
ke = 

 0 0 0 k r1 0
0


0 0 0
0 k r2 0 
0 0 0
0
0 k r3

In order to solve for the structural response of the system excited by point
forces and/or piezo-electric actuators, the quantities defined above must be expressed
in terms of the mechanical displacements, u, the electrical potential, ϕ(x), inside
the piezo-ceramics, the applied external forces, fj (j = 1, 2, . . . , Nf ), and electrical
charges, qj (j = 1, 2, . . . , Nq ). The next section introduces the corresponding relations.
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Constitutive relations

For the structure, the stress-strain relations are expressed as
T = cs S

(A.11)

where cs denotes the stiffness matrix. Using IEEE compact notations [54], the stiffness
matrix for a homogeneous isotropic material takes the form


c11 c12 c13 0
0
0
c12 c11 c13 0
0
0



c13 c13 c33 0
0
0

(A.12)
cs = 
0
0
0
0 c55 0


0
0
0
0 c55 0 
0
0
0
0
0 c66
where the constants cij depend on the material’s properties.
Within the piezo-ceramics, the stress-strain relations couple mechanical and electrical quantities as
 0  s
  0
D

E
e
=
(A.13)
−et cE
T0
S0
where the ()0 symbols denote variables in the local coordinate frame attached to the
poling direction of the piezo-electric material (see Figure A.1). The notations used
in equation (A.13) are explained as follows:
D0

= electrical displacements along the three directions 1, 2, and 3,

E0

= applied electrical field,

0

= stress tensor,

S0

= strain tensor,

s

= matrix of dielectric constants measured at constant strains,

T

c

E

e

= piezo-electric stiffness matrix measured at constant electric
field,
= piezo-electric constants relating stress to applied field.

The constants and clamped dielectric matrices, e and s , can also be expressed in
terms of the d constants matrix and free dielectric matrix, 0 , as [54]
e = dcE
s

(A.14)

 =  − dc d
0

E

t

(A.15)
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The matrix of free dielectric constants is given
 0
ε11 0
0 =  0 ε022
0
0
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by

0
0
ε033

(A.16)

and the d constants matrix by



0
0
0
0 d15 0
0
0 d15 0 0
d= 0
0 0
d31 d31 d33 0

In the main coordinate system, equation (A.13) is expressed as
 
  
E
D
RE t s RE RE t eRS
=
t t
t E
S
−RS e RE RS c RS
T

(A.17)

(A.18)

where RE and RS are the coordinate transformation matrices for E and S, respectively,
E 0 = RE E
S0 = RS S

(A.19)

The electrical field-potential relation is expressed as
E = Lϕ ϕ(x) = −∆ϕ(x)

(A.20)

where ∆ represents the gradient operator. In cases where the electrical field is applied
along the poling direction (x03 direction), the above relation simplifies as




0
0

 0 

 or Lϕ =  0 
E=
(A.21)
 ∂ 
 ∂ϕ 
− 0
− 0
∂x3
∂x3
The strain-displacement relation is given as
S = Lu u

(A.22)

where Lu is the linear differential operator for the particular elasticity problem.
Finally, it will be convenient to define the mechanical translational and rotational
displacements at the boundaries in terms of the vector of mechanical displacements
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taken at the boundary, u(x), x ∈ Γs . This is expressed as
ue = Le u

(A.23)

where Le denotes a linear operator.

It should be noted that the above constitutive relations are general. For a particular problem, they reduce to specific forms based on the geometry and the assumptions
considered. The next two appendices will derive the constitutive relations in the cases
of thin planar and cylindrical structures.

Substituting equations (A.11) and (A.18), and equations (A.20) and (A.22) in
equation (A.3), the total internal potential energy in the structure and piezo-ceramics
becomes expressed in terms of the mechanical displacements and electrical potential
as
Z
Z
1
1
t
t
u Lu cs Lu u dV −
ut Lu t RE t et RS Lϕ ϕ dV
U=
2 Vs
2 Vp
Z
1
+
ut Lu t RS t cE RS Lu u dV (A.24)
2 Vp
Similarly the electrical energy becomes
Z
Z
1
1
t s
t
ϕLϕ RE  RE Lϕ ϕ dV +
ϕLtϕ RE t eRS Lu u dV
We =
2 Vp
2 Vp

(A.25)

and the external potential energy,
1
Ue =
2

Z
Γs

ut Le t ke Le u dS

(A.26)

Substituting the above expressions in equation (A.1), the only unknown variables
in the Lagrangian are the vector of mechanical displacements, u, and the electrical
potential, ϕ. The remaining terms are function of the material properties of the structure and piezo-ceramics, the characteristics of the boundary conditions, the applied
forces and applied charges and/or voltages. The variation operator, ∂, is applied to

APPENDIX A. ARBITRARY GEOMETRIES

294

each term so that the integral equation becomes
Z

t2

"Z

Z

Z
∂ u̇ ρp u̇ dV −

t

∂ u̇ ρs u̇ dV +
t1

Vs

∂ut Lu t cs Lu u dV

t

Vp

Z

Vs

Z

∂u Lu RE e RSLϕ ϕ dV −
t

+

t

t t

Vp

Z

+

∂ut Lu t RS t cE RSLu u dV
V

∂ϕLtϕ RE t s RE Lϕ ϕ dV +

Zp

∂ϕLtϕ RE t eRS Lu u dV
Vp
Vp

Nf
Z
Nq
X
X
∂ut Le t ke Le u dS +
∂u(xj )fj −
∂ϕj qj  dt = 0 (A.27)
−
Γs

j=1

j=1

To solve for the unknown mechanical displacements and electrical potential, a
Rayleigh-Ritz approximation is now introduced.

A.3

Rayleigh-Ritz approximation

The displacement and potential functions can be approximated by linear combinations
of generalized coordinates,


r1 (t)
 .. 
 . 

 1


j
Nr
(A.28)
u(x, t) ≈ Ψr (x)r(t) = Ψr (x) · · · Ψr (x) · · · Ψr (x)  rj (t) 
 . 
 .. 
rNr (t)

v1 (t)
 .. 
 . 

 1


j
Nv
ϕ(x, t) ≈ Ψv (x)v(t) = Ψv (x) · · · Ψv (x) · · · Ψv (x)  vj (t) 
 . 
 .. 
vNv (t)


(A.29)

where rj (t) is the j th generalized mechanical coordinate and vj (t) is the j th generalized electrical coordinate. Note that vj (t) usually represents the physical voltage at
electrode j.
The matrix Ψr has dimensions 3 by Nr , i.e., Ψjr (x) represents a column vector
of the assumed displacement functions along the three axis of the coordinate system.
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The matrix Ψr will be referred to as the displacement basis function matrix. Similarly,
Ψv will be referred to as the potential basis function matrix. Note that this matrix
has dimension 1 by Nv as the electrical potential is a scalar. The only constraint
on the assumed displacement and electrical potential distributions is that they obey
the geometric and voltage boundary conditions, respectively. They must also be
differentiable up to the order of the strain-displacement, boundary displacements and
electrical field-potential constitutive relations represented by the linear differential
operators, Lu , Lϕ , and Le , respectively.

The Rayleigh-Ritz approximations in equations (A.28) and (A.29) are now substituted in equation (A.27) in order to find the solution for the generalized displacement
and electrical coordinates. First, the first two terms in equation (A.27) can be integrated by parts with respect to the time variable. Since the variation of the mechanical
displacements at the initial and final times is zero, i.e.,
∂u(t1 ) = ∂u(t2 ) = 0
these terms become
Z "Z
t2

t

∂ u̇ ρs u̇ dV +
t1

Vs

#

Z

t

(A.30)

∂ u̇ ρp u̇ dV
Vp

Z
−

t2

dt =

"Z

#

Z
t

t

∂u ρs ü dV +
t1

Vs

∂u ρp ü dV

dt

(A.31)

Vp

Using the above relations, the Rayleigh-Ritz approximation of the Lagrangian integral
is written as
Z " Z
Z
Z
t2

−

t1

∂rt Ψr t ρs Ψr r̈ dV −
Vs

∂rt Ψr t ρp Ψr r̈ dV −
Vp

Z
Z

Vs

Z

∂rt Nr t RS t et RE Nv v dV −

+
Vp

∂rt Nr t cs Nr r dV

∂rt Nr t RS t cE RS Nr r dV
V

∂vt Nv t RE t s RE Nv v dV +

Zp

∂vt Nv t RE t eRS Nr r dV
Vp
Vp

Nf
Z
Nq
X
X
−
∂rt Ne t ke Ne r dS +
∂rt Ψr t (xi )fj −
∂vt Ψv t (xi )qj  dt = 0 (A.32)
+

Γs

j=1

j=1
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where the matrices Nr , Nv , and Ne are defined respectively as
Nr (x) = Lu Ψr (x)
Nv (x) = Lϕ Ψv (x)
Ne (x) = Le Ψr (x), x ∈ Γs

(A.33)
(A.34)
(A.35)

Since the generalized displacement and potential coordinates, r and v, solely depend
on the time variable, they can be moved outside each volume and surface integral.
With the variation operators in factor, the above integral equation is re-written as
Z

t2



−∂rt ([Ms + Mp ] r̈ + [Ks + Kp + Ke ] r + Θv − Bf f)

+ ∂vt Θt r + Cp v − Bq q dt = 0 (A.36)

t1

The constitutive matrices in equation (A.36) are expressed as
R
Ms = Vs Ψr t (x)ρs Ψr (x) dV
Mp =
Ks =
Kp =

R
Vp

R

(A.37)

Vp

Ψr t (x)ρp Ψr (x) dV

(A.38)

Vs

Nr t (x)cs Nr (x) dV

(A.39)

Nr t (x)RS t cE RS Nr (x) dV

(A.40)

R

R

Ne t (x)ke Ne (x) dS

(A.41)

Vp

Nv t (x)RE t s RE Nv (x) dV

(A.42)

Vp

Nr t (x)RS t et RE Nv (x) dV

(A.43)

i
h
t
t
Bf = Ψr (xf1 ) · · · Ψr (xfNf )

(A.44)



Bq = Ψv t (xq1 ) · · · Ψv t (xqNq )

(A.45)

Ke =
Cp =
Θ =

R
R

Γs
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Note that the formulation in equation (A.36) uses the symmetry of the electromechanical coupling matrix, Θ,
Z
t
Nv t (x)RE t eRS Nr (x) dV = Θ
(A.46)
Θ =
Vp

Allowing for arbitrary variations of r(t) and v(t), respectively, equation (A.36) is now
replaced by two coupled equations. The resulting system is expressed as
(Ms + Mp ) r̈(t) + (Ks + Kp + Ke ) r(t) − Θv(t) = Bf f(t)
Θt r(t) + Cp v(t) = Bq q(t)

(A.47)
(A.48)

where the time dependence has been reintroduced for clarity. The first equation
is generally referred to as the actuator equation and the second equation, as the
sensor equation of the electro-mechanical system. Note that for voltage driven piezoceramics, only the first equation is needed to solve for the generalized displacement
coordinates. When the piezo-ceramics are used as sensors it becomes necessary to
solve the coupled system in order to find both the generalized displacement and
electrical coordinates.

A.4

Steady-state harmonic response of voltage
driven systems

The system’s structural response is solved by restricting the analysis to steady-state
harmonic excitation. Introducing the time dependence, eωt , in equation (A.47), the
differential equation reduces to a linear system expressed as
 2

−ω (Ms + Mp ) + (Ks + Kp + Ke ) r = Bf f + Θv
(A.49)
where r, f, and v represent the complex amplitude of the generalized mechanical
displacements, point forces and applied voltages. The above linear system is solved
numerically for r at each frequency of interest. The Matlab / operator based on
Gaussian elimination is implemented in this work [42].
The natural frequencies and mode shapes of the coupled structure are obtained
by setting the non-homogeneous terms, f, and v, to zero. The resulting system is
expressed as

 2
(A.50)
−ω (Ms + Mp ) + (Ks + Kp + Ke ) r = 0
It can be solved numerically to extract eigen-values and eigen-vectors. The Matlab
eig() function based on the QZ algorithm is implemented in this work [42].

Appendix B
Structural response of test
structures: Thin rectangular plate
This appendix presents the theoretical model used to evaluate the structural response
of a thin rectangular plate. The general formulation discussed in Appendix A is
specialized to the case of a plate excited by point forces and piezo-electric actuators.
Rather than re-writing the complete derivation given in Appendix A for the special
case of planar geometries, the following developments only derive the expressions
needed to construct the linear system introduced in Section A.4. Therefore the reader
should refer to Appendix A for a comprehensive description of the model.
The constitutive relations between mechanical displacements, stresses, and electrical fields are first presented. The mechanical displacements are then expressed on
a polynomial basis using the Rayleigh-Ritz approximation. Finally, expressions are
given for several structural quantities of interest.

B.1

Constitutive relations

Consider the coordinate system shown in Figure B.1 along with a rectangular plate
of constant thickness. The origin of the coordinate system is located at the center of
the plate such that the x and y axis are parallel to the edges of the plate along its
length and width, respectively. The plate dimensions are defined by the half lengths,
Lx and Ly , along the x and y axis, and the thickness, h. Figure B.1 also shows a
single piezo-electric patch. Its geometry is defined by the corner coordinates, (x1 , y1 )
and (x2 , y2 ), and the thickness hp .
In the following sections, the constitutive relations introduced in Section A.2 are
derived for thin uniform plates. A complete analysis can be found in [55]. The
developments assume the structure satisfies the following four assumptions:
298
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Figure B.1: Geometry of the rectangular plate.

• The thickness h of the plate is small compared with the other dimensions, Lx
and Ly .
• The plate deformations are sufficiently small such as to allow the second and
higher orders in the strain-displacement relations to be neglected.
• The transverse normal stresses are small compared to the other normal stresses
in the plate and thus can be neglected.
• Straight lines normal to the undeformed middle surface remain unstrained and
straight and normal to the deformed middle surface.
Note that the above assumptions must also hold within the piezo-electric actuators,
i.e., the thickness, hp , must be small enough compared to the actuator’s dimensions,
(x2 − x1 ) and (y2 − y1 ).

B.1.1

Mid-plane displacements

Let u0 (x, y), v0 (x, y), and w0 (x, y) represent the 3 displacements of the mid-plane
surface of the plate along the directions x, y, and z, respectively. Using the thin
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plate’s fourth assumption, the mechanical displacements within the structure are
expressed in terms of the mid-plane displacements, u0 , v0 , and w0 as
u(x, y, z) = u0 (x, y) + zτx (x, y)
v(x, y, z) = v0 (x, y) + zτy (x, y)
w(x, y, z) = w0 (x, y)

(B.1)

where τx and τy denote the mid-plane rotations about the x and y axis. They are
given by
τx = −

∂w0
,
∂x

τy = −

∂w0
∂y

(B.2)

Substituting equation (B.2) in equation (B.1), the mechanical displacements are expressed in terms of the mid-plane displacements as
∂w0
(x, y)
∂x
∂w0
(x, y)
v(x, y, z) = v0 (x, y) − z
∂y
w(x, y, z) = w0 (x, y)
u(x, y, z) = u0 (x, y) − z

(B.3)

The above relations allow solving for the mid-plane displacements rather than for the
displacements within the entire volume of the structure. This greatly simplifies the
Rayleigh-Ritz approximation introduced in the section to come.

B.1.2

Strain-displacement relations

From the general strain-displacement equations of the three-dimensional theory of
elasticity, the strain components simplify in the case of thin plates to
∂u
∂x
∂v
εy =
∂y
∂v ∂u
+
γxy =
∂x ∂y
γxz = γyz = εz = 0
εx =

(B.4)

where ε and γ represent normal and shear strain, respectively. The last equality
results from the fourth assumption stated earlier. The strain-displacement relation
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in equation (A.22) now simplifies to
   
 
S1
εx
u
S2  =  εy  = Lu  v 
S6
γxy
w

(B.5)

where the linear differential operator takes the form


∂
0
0

 ∂x


∂
 0
0
Lu = 

∂y 


∂
∂
0
∂y ∂x

B.1.3

(B.6)

Stress-strain relations

From the third assumption, the normal stresses along the normal direction, σz , are
negligible. Also, since γxz = γyz = 0, the shear stresses along the normal direction, σxz
and σyz , cancel as well and equation (A.11) can be transformed into a two-dimensional
plane stress problem as
 
   
εx
T1
σx
T2  =  σy  = cs  εy 
(B.7)
T6
σxy
γxy
where



E
 1 − ν2
 νE

cs = 
 1 − ν2

0

νE
1 − ν2
E
1 − ν2
0


0
0
E
2(1 + ν)








(B.8)

The above reduced tensor depends on the the Young’s modulus, E, and the Poisson’s
ratio, ν, of the plate material characteristics.
Applying the assumptions of the plate deformations to the piezo-electric material,
the stress-strain relations inside the piezo-electric patches is obtained by replacing in
equation (B.7) the plate stiffness matrix, cs , by cE expressed in terms of the Young’s
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Figure B.2: Plate piezo-electric patch configuration.

modulus, Ep , and the Poisson’s ratio, νp , of the piezo-ceramic material, i.e.,


Ep
νp Ep
0

 1 − ν2 1 − ν2
p
p




E
E
ν
p
p
p
E

0
c =

 1 − ν2 1 − ν2
p
p




Ep
0
0
2(1 + νp )

B.1.4

(B.9)

Electrical field-potential relations

The present model assumes the piezo-electric inclusions are planar and of constant
thickness, hp . If the thickness of the piezo-electric patches, hp , is small compared
to its width and length, the electrical field across the thickness can be considered
constant, i.e., the electrical potential varies linearly within the thickness and remains
constant in a plane of constant coordinate z. Each piezo-electric patch is configured
as shown in Figure B.2. The patch is bounded to the side of the plate oriented
towards the positive z direction. A voltage, v(t), is applied to its top electrode while
the bottom electrode touching the plate is connected to the ground. The electrical
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potential within the patch becomes in the local coordinate system
ϕ(x, y, z, t) =

z − h/2
v(t)
hp

(B.10)

where h is the plate’s thickness and hp , the thickness of the piezo-electric patch. The
electric field is then expressed as
E = Lϕ ϕ
where



0

(B.11)




 0 
Lϕ = 

 ∂ 
−
∂z

(B.12)

Using the reduced stiffness matrix of equation (B.9), the matrix of piezo-electric
constants, e, as expressed in equation (A.14), simplifies to


0
0 0
0 0
e= 0
(B.13)
e13 e13 0
where
e13 = (c11 + c12 )d31 =

d31 Ep
1 − νp

(B.14)

Note that the model based on driven voltage piezo-electric patches does not involve
the matrix of clamped dielectric constants, s (see equation (A.47)). Its expression
in the case of planar geometries is therefore omitted. Finally, the poling direction is
normal to the plate and oriented outward. Therefore the coordinate transformation
matrices introduced in Section A.2, RE and RS , reduce to identity matrices.

B.1.5

Boundary displacement relations

The mechanical boundary conditions are modeled by translational and torsional
springs acting along each side of the plate. From the properties stated earlier, the
added translational and rotational stiffnesses should only apply to the plate mid-plane
displacements (displacements within the volume of the plate are function of the midplane characteristics). Furthermore the rotations about the z axis normal to the plate
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Figure B.3: Modeling of the plate’s boundary conditions.

are neglected (γxz = γyz = 0). Hence arbitrary boundary conditions can be modeled
by adding stiffness along the three translations along the x, y, and z axis, and the
two rotations about the x and y axis. This is shown in the schematic of Figure B.3.

The above translations and rotations at the plate’s boundaries are expressed in
terms of the mid-plane displacements as
u(x, y, z = 0) = u0 (x, y)
v(x, y, z = 0) = v0 (x, y)
w(x, y, z = 0) = w0 (x, y)
∂w0
(x, y)
τx (x, y) = −
∂x
∂w0
(x, y)
τy (x, y) = −
∂y

(B.15)

where (x, y) satisfies


x = ±Lx and
or


y = ±Ly and

− Ly ≤ y ≤ Ly
(B.16)
− Lx ≤ x ≤ Lx

The linear operator Le relating the mechanical displacements, u, to the displacements
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along the boundaries (see equation (A.23)), ue , becomes

1

0

0

Le = 

0


0

0

0




0 

0
1 


∂ 
0 − 
∂x 
∂ 
0 −
∂y z=0
1

(B.17)

Let ktx , kty , and ktz , denote the translational stiffness factors along the x, y,
and z axis, and krx and kry , the rotational stiffness factors along the x and y axis,
respectively (see Figure B.3). Note that the above factors represent translational and
rotational stiffnesses per unit length, respectively. The potential energy associated
with the boundary conditions can be defined as shown in equation (A.5) where the
vector of boundary displacements, ue , is given by equation (A.23) and the associated
boundary stiffness matrix, ke , by


ktx 0
0
0
0
 0 kty 0
0
0



0
0
k
0
0
(B.18)
ke = 
t
z


0
0
0 k rx 0 
0
0
0
0 k ry

B.2

Rayleigh-Ritz approximation

To solve for the plate’s response, the mechanical displacements and electrical potential
distributions are approximated by linear combinations of known basis functions. This
section presents both approximations along with the expressions to construct the
constitutive matrices.

B.2.1

Mechanical displacements

For thin plates, the mechanical displacements can be completely specified in terms of
the mid-plane surface characteristics (see equation (B.3)). This important property
yields a two-dimensional rather than a three-dimensional set of basis functions. In
order to model any distribution of mid-plane displacements resulting from arbitrary
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boundary conditions, the set of functions must form a complete basis. This motivates the use of polynomial basis functions. The mid-plane displacement fields are
approximated by the following truncated series
Nxu −1 Nyu −1

X X

u0 (x, y) ≈

p=0

Upq Xp (x)Yq (y)

(B.19)

Vpq Xp (x)Yq (y)

(B.20)

q=0

Nxv −1 Nyv −1

v0 (x, y) ≈

X X
p=0

q=0

Nxw −1

Nyw −1

w0 (x, y) ≈

X X
p=0

where

Wpq Xp (x)Yq (y)

(B.21)

−Lx ≤ x ≤ Lx

(B.22)

−Ly ≤ y ≤ Ly

(B.23)

q=0

p
x
,
Xp (x) =
Lx
 q
y
Yq (y) =
,
Ly


Considering infinite series, the above polynomial basis is complete which ensures
that any distribution can be represented as a linear combination of the basis functions.
In practice, the distribution is estimated with a finite number of terms as shown above.
Note that the use of a polynomial basis may lead to poorly conditioned systems for
high order approximations, i.e., for large values of the order of each displacement
approximations along the x and y directions, (Nxu , Nxv , Nxw , Nyu , Nyv , and Nyw ). This
can be a problem when working in the medium and high frequency range where the
shell’s deformation becomes complex and many terms need to be included in the
above series. For the present work, however, the problem is not relevant since the
frequency range of interest only includes the first few flexural modes of the structure.
More stable series based on trigonometric functions could be implemented in cases
where the mode shapes are linear combinations of the simply-supported and clamped
eigen-functions, i.e., the function basis no longer needs to form a complete basis.
The Rayleigh-Ritz approximation defined in equations (B.19) to (B.21) is now
expressed using matrices in order to simplify subsequent notations. Let U, V, and W,
be column vectors containing the coefficients Upq (p = 0, . . . , Nxu −1, q = 0, . . . , Nyu −
1), Vpq (p = 0, . . . , Nxv − 1, q = 0, . . . , Nyv − 1), and Wpq (p = 0, . . . , Nxw − 1, q =
0, . . . , Nyw − 1), respectively. For each set of coefficients, the associated vector is
ordered according to the summations of equations (B.19) to (B.21), i.e., the first
index p remains fixed while the second index q is incremented. For instance, the
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vector of generalized displacement coordinates along the x axis, U, is ordered as
t
U = U00 U01 U02 · · · U10 U11 U12 · · ·
(B.24)
where ()t denotes the transpose operator. The vector of generalized displacement
coordinates is now defined as
t
(B.25)
r = Ut Vt Wt
This column vector of Nxu × Nyu × Nxv × Nyv × Nxw × Nyw unknown complex amplitudes
is solution of the linear system in equation (A.49).

The vector of displacements along the three directions,


u(x, y, z)
u =  v(x, y, z) 
w(x, y, z)

(B.26)

is approximated as a linear combination of the generalized displacement coordinates
(see equation (A.28)). The associated basis function matrix, Ψr (x, y), is obtained by
substituting equations (B.19) to (B.21) in equation (B.3). The resulting matrix is
written as

w 
∂XYpq
u
XYpq
0
−z

∂x w 


∂XY
(B.27)
Ψr (x, y) = 
pq 
v
−z
XYpq
 0

∂y
w
0
0
XYpq
u
v
w
where XYpq
, XYpq
, and XYpq
are row vectors of length Nxu ×Nyu , Nxv ×Nyv , and Nxw ×
Nyw , respectively. Their dependence on the location (x, y) is omitted for simplicity.
The vector associated with the displacements along the x axis is defined as
u
u
= XYpq
(x, y) =
XYpq

X0 (x)Yqu (y) X1 (x)Yqu (y)

· · · Xp (x)Yqu (y)

···



XNxu −1 (x)Yqu (y)

(B.28)

where

Yqu (y) = Y0 (y) Y1 (y) · · · YNyu −1 (y)

(B.29)

v
w
The remaining two vectors, XYpq
and XYpq
, associated with the v and w component
terms, are constructed similarly by replacing the u superscripts in equations (B.28)
and (B.29) by v and w, respectively.
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Electrical potential distribution

As explained in section Section B.1.4, the electrical potential within the actuators
varies linearly along the z axis and remains constant within planes parallel to the midplane surface. This is a consequence of the assumption of thin uniform actuators. For
the configuration shown in Figure B.2, the electrical potential within a given actuator
is given by equation (B.10). To construct the potential distribution throughout the
volume of all actuators attached to the plate, the vector of applied voltages, v, is
defined as
t
(B.30)
v = v1 v2 · · · vNv
where vj represents the complex amplitude of the voltage applied to the top electrode
of the j th piezo-electric actuator. The potential distribution, ϕ(x, y, z), is now expressed according to equation (A.29) where the matrix of potential basis functions is
constructed as


v
(B.31)
Ψv (x) = Ψv (x, y, z) = Ψ1v (x, y, z) Ψ2v (x, y, z) · · · ΨN
v (x, y, z)
where
Ψjv (x, y, z) =

z − h/2 j
H (x, y, z)
hp

(B.32)

The function H j (x, y, z) is one inside the j th piezo-electric patch and zero elsewhere,
i.e.,
H j (x, y, z) = [H(z − h/2) − H(z − (h/2 + hp ))]



× H(y − y1j ) − H(y − y2j ) H(x − xj1 ) − H(x − xj2 ) (B.33)
where the Heavy-side function, H(x), is defined as
(
1 if x ≥ 0
H(x) =
0 if x < 0

B.2.3

(B.34)

Remaining matrix operators

Recalling the expressions given in equations (A.33) to (A.35), the matrices Nr , Ne ,
and Nv are defined as follows:
The strain basis function matrix, Nr (x), is obtained by multiplying the matrix
Ψr (x) by the strain-displacement operator, Lu , as shown in equation (A.33). The
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resulting matrix is written as


u
∂XYpq
 ∂x


Nr (x) = 
 0

u
 ∂XYpq
∂y

0
v
∂XYpq
∂y
v
∂XYpq
∂x


w
∂ 2 XYpq
−z
∂x2 

2
w 
∂ XYpq

−z
∂y 2 

w 
∂ 2 XYpq
−2z
∂x∂y
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(B.35)

The translations and rotations at the plate’s boundaries are obtained as shown
in equation (A.23). Substituting equation (B.17) in equation (A.35), the associated
basis function matrix is expressed as


u
XYpq
0
0


v
 0

XY
0
pq




w
0
XYpq
 0



(B.36)
Ne (x) = 
w 
∂XY
pq
 0

0
−

∂x w 



∂XYpq 
0
0
−
∂y

Applying the electrical field-potential relation operator, Lϕ , to the potential basis
functions, the matrix of electrical field basis functions, Nv (x) is obtained as


0
0
···
0
1
0
···
0 
Nv (x) = Lϕ Ψv (x) = −  0
(B.37)
hp
1
2
Nv
H (x) H (x) · · · H (x)

Finally the inhomogeneous terms related to the point force disturbances in equation (A.49) are expressed by defining the point force vector, f, as
t

f = f1 f2 · · · fj · · · fNf

(B.38)

where fj represents the three-component vector describing the j th point force applied
to the plate, i.e.,
t
(B.39)
fj = fxj fyj fzj
Note that fxj , fyj , and fzj are complex amplitudes. The associated matrix of the
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displacement basis functions evaluated at each point force location, xfj , is defined as
i
h
t
t
t
(B.40)
Bf = Ψr (xf1 ) · · · Ψr (xfj ) · · · Ψr (xfNf )

B.3

System response

Recalling Section A.4, the structural response of the plate system excited by a set
of steady-state harmonic point forces and voltages through piezo-electric patches is
obtained by solving the linear system in equation (A.49). The constitutive matrices
are first constructed by substituting the expressions derived in the previous section of
this appendix in equations (A.37) to (A.44). The resulting matrix integrands involve
product of polynomial functions that are separable with respect to each integration
variable. All the various matrix integrals can therefore be easily evaluated analytically. The corresponding closed-form expressions are not presented here for brevity.
Recalling the plate and actuator geometry shown in Figure B.1, the limit of the
various integrals involved in the constitutive matrices (see equations (A.37) to (A.43))
are defined as follows:

• integrals over the plate’s volume:
Z

Z

Z

+Lx

dV =

dx
−Lx

Vs

Z

+Ly

+h/2

dy

dz

(B.41)

−h/2

−Ly

• integrals over the piezo-electric actuators’ volume:
Z
dV =
Vp

Nv Z
X

dx

xj1

j=1

Z

xj2

Z

y2j

+h/2+hp

dy

y1j

dz

(B.42)

+h/2

• integrals along the plate’s mid-plane boundary:
Z

Z

+Ly

dl =
Γs

−Ly

Z
dy |x=−Lx +

+Ly

−Ly

dy |x=Lx
Z

+Lx

+
−Lx

Z
dx |y=−Ly +

+Lx
−Lx

dx |y=Ly (B.43)
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Expressions for quantities of interest

This section gives the expressions for various quantities related to the out-of-plane
structural response of the plate. These quantities will be of interest when computing
the sensor estimate and far-field radiated sound information. They are given in terms
of the vector of generalized mechanical displacements, r. Recalling the orientation
of the coordinate system shown in Figure B.1, the out-of-plane structural motion
is solely related to the displacements along the z axis, w. Therefore, the following
expressions only involve the generalized displacement coordinates along the z axis.
Referring to equation (B.25), this corresponds to the last Nxw × Nyw amplitudes of the
r vector, Wmn (m = 0, . . . , Nxw − 1, n = 0, . . . , Nyw − 1). In the following sections,
the vector of out-of-plane displacement coordinates, Wmn , is referred to as Wmn , or
equivalently, Wpq .

B.4.1

Out-of-plane displacement, velocity, and acceleration
distributions

The out-of-plane displacement complex amplitude is obtained from equation (B.21),
which is re-written in matrix form as
w
(x, y)Wmn
w0 (x, y) = XYmn

(B.44)

w
where the row vector XYmn
(x, y) is defined according to equation (B.28). The out-ofplane velocity is the first time derivative of the displacement. Its complex amplitude
is therefore in terms of the displacement, w0 ,
w
ẇ0 (x, y) = ωw0(x, y) = ωXYmn
(x, y)Wmn

(B.45)

Similarly, the acceleration is expressed as
w
ẅ0 (x, y) = −ω 2 w0 (x, y) = −ω 2 XYmn
(x, y)Wmn

B.4.2

(B.46)

Out-of-plane mean-square velocity

The mean-square velocity is defined as the temporal and spatial average of the velocity
over the surface of the plate, i.e.,
Z +Lx Z +Ly
1
2
ẇ ? (x, y)ẇ0(x, y) dx dy
(B.47)
< ẇ > =
2(2Lx )(2Ly ) −Lx −Ly 0
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Substituting equation (B.45), the above expression becomes
ω2
< ẇ > =
8Lx Ly
2

Z

Z

+Lx
−Lx

+Ly

w
XYpq
(x, y)Wpq

−Ly

?

w
(XYmn
(x, y)Wmn) dx dy

(B.48)
This is re-written as
< ẇ >2 = Wpq H Apqmn Wmn

(B.49)

where
Apqmn

ω2
=
8Lx Ly

Z

+Lx

−Lx

Z

+Ly

w t
w
XYpq
(x, y)XYmn
(x, y) dx dy

−Ly

(B.50)

and ()H is the Hermitian transpose operator.

B.4.3

Out-of-plane acceleration wave-number transform

Following the eωt convention used throughout this work, the wave-number transform
of the out-of-plane acceleration distribution is defined as
Z +∞ Z +∞
˜
ẅ0 (x, y)ejγx x ejγy y dx dy
(B.51)
ẅ0 (γx , γy ) =
−∞

−∞

The plate has finite dimensions and the above surface integral can be reduced to the
surface of the plate, i.e.,
Z +Lx Z +Ly
˜
ẅ0 (x, y)ejγx x ejγy y dx dy
(B.52)
ẅ 0 (γx , γy ) =
−Lx

−Ly

Substituting equation (B.46) in the above expression yields
˜ w
ẅ˜0 (γx , γy ) = −ω 2 XY
mn (γx , γy )Wmn

(B.53)

where
˜ w
XY
mn (γx , γy )

Z

+Lx

Z

+Ly

=
−Lx

−Ly

w
XYmn
(x, y)ejγx x ejγy y dx dy

(B.54)

w
in equation (B.28), each term in the above row
Recalling the definition of XYmn
vector is the product of two one-dimensional wave-number transforms along the x
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and y directions, respectively. This is expressed as
Z +Lx
Z
w
jγx x
˜
Xm (x)e
dx
XY mn (γx , γy ) = X̃m (γx )Ỹn (γy ) =
−Lx

+Ly

−Ly

Yn (y)ejγy y dy

(B.55)

where the functions Xm (x) and Yn (y) are given in equations (B.22) and (B.23).
The wave-number transform along the x direction, X̃m (γ), is written using the
change of variable u = x/Lx , i.e.,
Z +Lx  m
x
ejγx dx = Lx Ũm (γLx )
(B.56)
X̃m (γ) =
Lx
−Lx
where
Z
Ũm (γ) =

+1

um ejγu du

(B.57)

−1

Similarly, the wave-number transform along the y direction is expressed as
Ỹn (γ) = Ly Ũn (γLy )

(B.58)

Berry [56] proposed the following recurrence relation to compute the integral in equation (B.57),
 m
1  γ
e + (−1)m−1 e−γ − Ũm−1 (γ),
γ
γ
Ũ0 (γ) = 2 sin(γ) /γ
Ũm (γ) =

for m ≤ 1,

(B.59)

The above relation should only be used for reasonably small values of the wavenumber, γ, e.g., |γ| < 10. For |γ| > 10, large numerical errors occur in the evaluation
of Ũm (γ) and the following inverse recurrence relation is used,
Ũm (γ) =


γ
1  γ
e + (−1)m e−γ −
Ũm+1 (γ)
m+1
m+1

(B.60)

where Ũm (γ) is set to zero for m large enough. In the low frequency range considered
in this work, m = 50 was found sufficient.

Appendix C
Structural response of test
structures: Finite thin cylindrical
shell
In this appendix, the general formulation describing the structural response of electromechanical systems is specialized to finite thin cylindrical shells excited by point forces
and one-sided piezo-electric actuators. The developments follow the same outline as
for the case of planar geometries discussed in Appendix B. The reader should refer
to Appendix A for a detailed presentation of the general approach.

C.1

Constitutive relations

The following derivations assume the structure satisfies the four fundamental assumptions of classic thin shell theory [57, §1.3 p. 6]:
• The thickness of the shell is small compared to the two other dimensions (length
and radius of curvature).
• The shell deformations are sufficiently small so as to allow the second- and
higher-order terms in the strain-displacement relations to be neglected.
• The transverse normal stresses are small compared to the other normal stresses
in the shell and thus can be neglected.
• Straight lines normal to the undeformed middle surface remain straight and
normal to the deformed middle surface and remain unstrained.
314
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Figure C.1: Geometry of the cylindrical shell.

Note that the above assumptions should also hold within the piezo-electric materials.
The shell’s geometry is shown in Figure C.1. For consistency with notations
commonly used in stress analysis, a local coordinate system, (x, θ, z), is defined where
x, θ, and z denote the axial, circumferential, and radial directions, respectively, of
the shell element. The three translation displacements along the above directions
are denoted as u, v, and w. This local coordinate system uses variable names also
used outside this appendix to represent different coordinates. The reader should
therefore keep in my mind that the above definition only holds in this appendix. It
was merely chosen for consistency with the existing conventions of shell theory. The
global rectangular coordinate system, (X, Y, Z), is also shown, as well as the global
cylindrical coordinate system, (Z, φ). Note that the circumferential angle in the global
coordinates is φ = 2π − θ. The shell has length 2L, mid-plane radius a, and thickness
h. For simplicity, the rest of the developments will assume rectangular piezo-electric
patches of uniform thickness, hp , mounted on the external surface of the shell. Their
location is defined by the coordinates (x1 , θ1 ) and (x2 , θ2 ) as shown in Figure C.1.

C.1.1

Strain-displacement relations

The fourth assumption (Kirchhoff’s hypothesis) leads to
γxz = 0,

γθz = 0,

εz = 0

(C.1)
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where ε and γ represent normal and shear strain, respectively.
For cylindrical geometries, the general strain-displacement equations of the threedimensional theory of elasticity can be expressed as
εx =

∂u
∂x



1
1 ∂v 1
+ w
εθ =
1 + z/a a ∂θ a
1
1
∂u ∂v
+
γxθ =
a 1 + z/a ∂θ ∂x

(C.2)

Using the fourth assumption, the displacements are expressed in terms of the midsurface characteristics as
u(x, θ, z) = u0 (x, θ) + zτx (x, θ)
v(x, θ, z) = v0 (x, θ) + zτθ (x, θ)
w(x, θ, z) = w0 (x, θ)

(C.3)

where u0 , v0 , and w0 are the mid-plane displacements along the axial, circumferential,
and radial directions, respectively, and τx and τθ are the mid-plane rotations about x
and θ. They are expressed as
∂w0
∂x
v0 1 ∂w0
−
τθ =
a
a ∂θ

τx = −

(C.4)

Equations (C.2) to (C.4) are the basis for the shell theories of Byrne, Flugge, Lur’ye,
Goldenveizer, and Novozhilov.
Other theories introduce simplifications to the above results. In the LoveTimoshenko theory, the term 1/(1 + z/a) in equation (C.2) is approximated by 1.
The same simplification is made in the Donnell-Mushtari theory. In addition, the
tangential displacements are neglected in the expression for the mid-plane rotation
about θ, i.e.,
τθ = −

1 ∂w0
a ∂θ

(C.5)

After testing the accuracy of the Donnell-Mushtari theory, it was found that neglecting the tangential displacements in τθ gives erroneous natural frequencies and
mode shapes for the case of free-free boundary conditions. These tests motivated
the use of a more general set of equations based on the theory of Byrne. The only
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simplification introduced is the approximation of the term 1/(1 + z/a) by a first order
Taylor series, i.e.,
z
1
≈1−
1 + z/a
a

(C.6)

With the above approximation, the strain-displacement relations in equation (C.2)
become, for the simplified Byrne theory,
∂u
∂x



z  1 ∂v 1
+ w
εθ = 1 −
a
a ∂θ a
εz = 0
γxθ = 0
γxz = 0
z  ∂u ∂v
1
1−
+
γxθ =
a
a ∂θ ∂x
εx =

(C.7)

Substituting equation (C.4) in equation (C.3), the displacements are expressed in
terms of the mid-plane displacements as
∂w0
(x, θ)
u(x, θ, z) = u0 (x, θ) − z
∂x

z
z ∂w0
v0 (x, θ) −
(x, θ)
v(x, θ, z) = 1 +
a
a ∂θ
w(x, θ, z) = w0 (x, θ)

(C.8)

Using the above results, the strain-displacement relations in equation (A.22) simplifies to
   
 
S1
u
εx
S2  =  εθ  = Lu  v 
(C.9)
S6
γxθ
w
where




∂

∂x


Lu = 
0
 
z ∂
1
1−
a
a ∂θ

1

0

z ∂
1−
a
a ∂θ
∂
∂x

0


z 

1−
a
a 

0
1

(C.10)
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Stress-strain relations

From Love’s third assumption, the normal stress along the radial direction, σz , is
negligible. Also, since γxz = γxθ = 0, the shear stresses along the radial direction, σxz = σxθ , cancel as well and equation (A.11) can be transformed into a twodimensional plane stress problem,
 
   
σx
εx
T1
T2  =  σθ  = cs  εθ 
(C.11)
T6
σxθ
γxθ
where



E
 1 − ν2
 νE

cs = 
 1 − ν2

0

νE
1 − ν2
E
1 − ν2
0


0
0
E
2(1 + ν)








(C.12)

The above reduced tensor depends on the the Young’s modulus, E, and the Poisson’s
ratio, ν.
Applying the assumptions of the shell deformations to the piezo-electric material,
the stress-strain relations inside the piezo-electric actuators are expressed similarly
as
   
 
T1
εx
σx
T2  =  σθ  = cE  εθ 
(C.13)
T6
σxθ
γxθ
where



Ep
 1 − ν2
p


E
ν
p
p
cE = 
 1 − ν2
p


0

C.1.3

νp Ep
1 − νp2
Ep
1 − νp2
0


0
0
Ep
2(1 + νp )









(C.14)

Electrical field-potential relations

The configuration of the piezo-electric actuators is shown in Figure C.2. As for the
plate, the actuator’s thickness, hp , is assumed small compared to the other two dimensions so that the electrical potential varies linearly with the thickness and remains
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Figure C.2: Cylinder piezo-electric patch configuration.

constant in a cylindrical plane of constant radius z. Following the wiring configuration shown in Figure C.2, the electrical potential within the patch becomes in the
local coordinate system
ϕ(x, θ, z, t) =

z − h/2
v(t)
hp

(C.15)

where v(t) is the voltage applied to the top electrode. The electric field, E, and the
associated operator, Lϕ , are defined as
E = Lϕ ϕ
and



0

(C.16)




 0 
Lϕ = 

 ∂ 
−
∂z

(C.17)

The piezo-electric constants matrix, e, takes the same form as in the case of planar
geometries (see equations (B.13) and (B.14)). Moreover, the poling direction is radial
and oriented outward such that the matrices RE and RS are identity matrices.
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Figure C.3: Modeling of the shell’s boundary conditions.

C.1.4

Boundary displacement relations

As for planar geometries, arbitrary boundary conditions are modeled by translational and rotational springs acting on the mid-plane displacements at the mechanical boundaries. Since γxz = γθz = 0, the mid-plane displacements at the boundaries
include the three translations along the x, θ, and z axis, and the two rotations about
the x and θ axis. Figure C.3 shows a section of the shell’s mechanical boundary along
with the added translational and rotational stiffnesses. Using the simplified Byrne
equations, the above displacements are expressed as
u(x, θ, z = 0) = u0 (x, θ)
v(x, θ, z = 0) = v0 (x, θ)
w(x, θ, z = 0) = w0 (x, θ)
∂w0
(x, θ)
τx (x, θ) = −
∂x
v0 1 ∂w0
−
(x, θ)
τθ (x, θ) =
a
a ∂θ

(C.18)

where the coordinates (x, θ) satisfies
x = ±L and 0 ≤ θ ≤ 2π

(C.19)

Using the matrix notation introduced in Appendix A (see equation (A.23)), the above
relations become
ue = Le u

(C.20)
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where

1

0

0

Le = 

0


0

0
1
0
0
1
a

0






1 


∂ 

−
∂x 
1 ∂
−
a ∂θ z=0
0

(C.21)

The potential energy associated with the boundary conditions is then given by
equation (A.5) where the boundary stiffness matrix, ke , is written as


ktx 0
0
0
0
 0 kt
0
0
0
θ



0
0
0
0
k
(C.22)
ke = 
t
z


0
0
0 k rx 0 
0
0
0
0 k rθ
In the above matrix, ktx , ktθ , and ktz are translational stiffnesses per unit length along
the x, θ, and z axis, respectively, and krx and krθ are rotational stiffnesses per unit
length associated with the x and θ axis, respectively (see Figure C.3).

C.2

Rayleigh-Ritz approximation

In the following sections, the Rayleigh-Ritz approximation of the shell’s mechanical
displacements and the electrical potential distribution within the actuators is presented along with expressions for the resulting constitutive matrices as defined in
Appendix A.

C.2.1

Mechanical displacements

As shown in equation (C.8), the assumption of thin shell permits to express the
mechanical displacements in terms of the mid-plane characteristics. Therefore, a
two-dimensional set of basis functions can be used in the Rayleigh-Ritz approximation. A complete basis, i.e., representing any distribution resulting for the arbitrary
boundary conditions, is constructed with periodic cosine and sine functions along

APPENDIX C. FINITE THIN CYLINDRICAL SHELL

322

the circumferential direction and polynomial functions along the axial direction. The
mid-plane displacement fields are approximated by the following truncated series
u

u0 (x, θ) ≈

u

Nx Nθ
X
X

u

c
Upq
Xp (x)Cq (θ)

+

p=0 q=0
v

v0 (x, θ) ≈

v

Vpqc Xp (x)Cq (θ)

+

p=0 q=0
w

w0 (x, θ) ≈

(C.23)

Vpqs Xp (x)Sq (θ)

(C.24)

v

Nx Nθ
X
X
p=0 q=1

w

Nx Nθ
X
X

s
Upq
Xp (x)Sq (θ)

p=0 q=1

v

Nx Nθ
X
X

u

Nx Nθ
X
X

w

c
Wpq
Xp (x)Cq (θ)

p=0 q=0

where

+

w

Nx Nθ
X
X

s
Wpq
Xp (x)Sq (θ)

 x p

, −L ≤ x ≤ +L
L
Cq (θ) = cos (qθ) , 0 ≤ θ ≤ 2π
Sq (θ) = sin (qθ) , 0 ≤ θ ≤ 2π

Xp (x) =

(C.25)

p=0 q=1

(C.26)
(C.27)
(C.28)

Note that the above displacements can be expressed in the global coordinate system
(Z, φ) by substituting x and θ by Z and 2π − φ, respectively. The same remarks
made in Section B.2.1 concerning the polynomial series apply here, i.e., the approximation will result in ill-conditioned systems for large values of Nxu , Nxv , and Nxw . This
limitation is not relevant for the low order flexural modes studied in this work.

The series in equations (C.23) to (C.25) are now expressed using the matrix notation of Appendix A. Let Uc , Us , Vc, Vs, Wc , and Ws, be column vectors conc
s
taining the coefficients Upq
(p = 0, . . . , Nxu , q = 0, . . . , Nθu ), Upq
(p = 0, . . . , Nxu , q =
1, . . . , Nθu ), Vpqc (p = 0, . . . , Nxv , q = 0, . . . , Nθv ), Vpqs (p = 0, . . . , Nxv , q = 1, . . . , Nθv ),
c
s
(p = 0, . . . , Nxw , q = 0, . . . , Nθw ), and Wpq
(p = 0, . . . , Nxw , q = 1, . . . , Nθw ),
Wpq
respectively. For each set of coefficients, the associated vector is ordered according to
the summations of equation (C.23) to equation (C.25), i.e., the first index p remains
fixed while the second index q is incremented. For instance, the first elements of Uc
have the form
t
c
c
c
c
c
c
U01
U02
· · · U10
U11
U12
···
Uc = U00
(C.29)
where xt denotes the transpose of x. The vector of generalized displacement coordinates, r, introduced in Section A.3 is constructed as
t
(C.30)
r = Uc t Us t Vct Vst Wct Ws t
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The vector of displacements in the shell material, u, is defined by


u(x, θ, z)
u =  v(x, θ, z) 
w(x, θ, z)

(C.31)

In the approximate relation for the mechanical displacements (see equation (A.28)),
u = Ψr r, the matrix Ψr (x, θ, z) takes the form
Ψr (x, θ, z) =


∂XSw
∂XCw
pq
pq
u
u
−z
0
0
−z
XCpq XSpq
∂x w
∂x w 


∂XC
∂XS
z
z

pq
pq 
v
v
−
0
(1 + z/a) XCpq (1 + z/a) XSpq −
 0

a ∂θ
a ∂θ
w
w
XSpq
0
0
0
0
XCpq
(C.32)
w
The block matrices, XCupq , XSupq , XCvpq , XSvpq , XCw
pq , and XSpq , depend on the
location (x, θ). They can be defined as the following row vectors:

XCupq = XCupq (x, θ) =
X0 (x)Cuq (θ) X1 (x)Cuq (θ) · · · Xp (x)Cuq (θ) · · · XNxu (x)Cuq (θ)



(C.33)

where
Cuq (θ) = C0 (θ) C1 (θ) · · · CNθu (θ)



(C.34)

Similarly, the sine terms become:
XSupq = XSupq (x, θ) =
X0 (x)Suq (θ) X1 (x)Suq (θ) · · · Xp (x)Suq (θ) · · · XNxu (x)Suq (θ)



(C.35)

where
Suq (θ) = S1 (θ) S2 (θ) · · · SNθu (θ)



(C.36)

The other terms associated with v and w are constructed according to the same
conventions.
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Electrical potential distribution

As explained in the case of planar geometries, the potential distribution throughout
the volume of all actuators attached to the shell is expressed in terms of the vector v
of applied voltages,
t
(C.37)
v = v1 v2 · · · vNv
where vj represents the complex amplitude of the voltage applied to the top electrode
of the j th piezo-electric actuator. The potential distribution, ϕ(x, θ, z), is now constructed according to equation (A.29) where the matrix of potential basis functions
is


v
(C.38)
Ψv (x, θ, z) = Ψ1v (x, θ, z) Ψ2v (x, θ, z) · · · ΨN
v (x, θ, z)
and
Ψjv (x, θ, z) =

z − h/2 j
H (x, θ, z)
hp

(C.39)

The function H j (x, θ, z) is one inside the j th piezo-electric patch and zero elsewhere,
i.e.,
H i (x, θ, z) = [H(z − (a + h/2)) − H(z − (a + h/2 + hp ))]



× H(θ − θ1i ) − H(θ − θ2i ) H(x − xi1 ) − H(x − xi2 ) (C.40)
where H(x) is the Heavy-side function defined in equation (B.34).

C.2.3

Remaining matrix operators

The matrices Nr , Ne , and Nv are defined according to equations (A.33) to (A.35) as
follows:
The strain basis function matrix, Nr (x), takes the

α11 α12 0
0

0 α23 α24
Nr (x, θ, z) = 0
α31 α32 α33 α34

form:

α15 α16
α25 α26 
α35 α36

(C.41)
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where
∂XCupq
∂x
∂ 2 XCw
pq
= −z
2
∂x
(a2 − z 2 ) ∂XCvpq
=
a3
∂θ
1
z(a − z) ∂ 2 XCw
pq
= 2 XCw
−
pq
3
2
a
a
∂θ
(a − z) ∂XCupq
=
a2
∂θ
v
∂XC
(a + z)
pq
=
a
∂x
z(2a − z) ∂ 2 XCw
pq
=−
a2
∂x∂θ

∂XSupq
∂x
∂ 2 XSw
pq
= −z
2
∂x
(a2 − z 2 ) ∂XSvpq
=
a3
∂θ
1
z(a − z) ∂ 2 XSw
pq
= 2 XSw
−
pq
3
2
a
a
∂θ
(a − z) ∂XSupq
=
a2
∂θ
v
∂XS
(a + z)
pq
=
a
∂x
z(2a − z) ∂ 2 XSw
pq
=−
a2
∂x∂θ

α11 =

α12 =

α15

α16

α23
α25
α31
α33
α35

α24
α26
α32
α34
α36

The basis function matrix, Ne , associated with the translations and rotations at
the shell’s boundaries (see equation (A.23)) is obtained as


XCupq XSupq
0
0
0
0


0
XCvpq
XSvpq
0
0
 0



 0

w
w
0
0
0
XC
XS


pq
pq
Ne (x, θ, z) = 
w 

∂XS
∂XCw
pq
pq 
 0

−
0
0
0
−


∂x
∂x

w
w 
∂XC
∂XS
1
1
1
1
pq
pq
XCvpq
XSvpq −
−
0
0
a
a
a ∂θ
a ∂θ
(C.42)
According to equation (A.34), the matrix of electrical field basis functions, Nv (x),
is given by


0
0
···
0
1
0
···
0 
Ne (x) = Lϕ Ψv (x) = −  0
(C.43)
hp
1
2
Nv
H (x) H (x) · · · H (x)
Finally the inhomogeneous terms related to the point force excitations in equation (A.49) are expressed by defining the point force vector, f, as

t
f = f1 f2 · · · fj · · · fNf

(C.44)
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where fj represents the three-component vector describing the j th point force applied
to the shell, i.e.,
t
(C.45)
fj = fxj fθj fzj
Note that fxj , fθj , and fzj are complex amplitudes. The associated matrix of the
displacement basis functions evaluated at each point force location, xfj , is defined as
i
h
t
t
t
(C.46)
Bf = Ψr (xf1 ) · · · Ψr (xfj ) · · · Ψr (xfNf )

C.3

System response

The shell’s structural response is obtained by solving the linear system in equation (A.49). The constitutive matrices involved in equation (A.49) are constructed as
shown in equations (A.37) to (A.44), using the expressions derived in this appendix.
Note that the integrals involve simple polynomial and trigonometric functions that
are separable, and can therefore be obtained analytically.
The limit of the various integrals involved in the constitutive matrices (see equations (A.37) to (A.43)) are defined according to the geometry of the shell and actuators
shown in Figure C.1:

• integrals over the shell’s volume:
Z

Z

Z

+L

dV =

dx
−L

Vs

Z

2π

+h/2

a dθ
0

dz

(C.47)

−h/2

• integrals over the piezo-electric actuators’ volume:
Z
dV =
Vp

Nv Z
X
j=1

Z

xj2

xj1

dx

Z

θ2j
θ1j

(a + h/2 + hp /2) dθ

+h/2+hp

dz

• integrals along the shell’s mid-plane boundaries:
Z
Z 2π
Z 2π
dl =
a dθ |x=−L +
a dθ |x=L
Γs

0

0

(C.48)

+h/2

(C.49)
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Expressions for quantities of interest

The sensor estimate and far-field radiated sound information solely depend on the
out-of-plane motion of the shell, i.e., the normal displacement, w, along the z axis.
This section provides expressions for quantities related to the above component. Recalling the definition of the vector of generalized mechanical displacements, r, in
equation (C.30), the out-of-plane structural motion involves the generalized coordic
nates in Wc and Ws. In the following expressions, they will be referred to as Wmn
s
and Wmn , respectively, in order to clarify the matrix notation.

C.4.1

Out-of-plane displacement, velocity, and acceleration
distributions

The out-of-plane displacement complex amplitude is obtained from equation (C.25),
which is re-written in matrix form as
c
w
s
w0 (x, θ) = XCw
mn (x, θ)Wmn + XSmn (x, θ)Wmn

(C.50)

w
The row vector XCw
mn (x, θ) and XSmn (x, θ) are defined according to equation (C.29).
The out-of-plane velocity is the first time derivative of the displacement. Its complex
amplitude is therefore in terms of the displacement, w0 ,
c
w
s
ẇ0 (x, θ) = ωw0(x, θ) = ω (XCw
mn (x, θ)Wmn + XSmn (x, θ)Wmn )

(C.51)

Similarly, the acceleration is expressed as
c
w
s
ẅ0 (x, θ) = −ω 2 w0 (x, θ) = −ω 2 (XCw
mn (x, θ)Wmn + XSmn (x, θ)Wmn )

C.4.2

(C.52)

Out-of-plane mean-square velocity

The mean-square velocity is defined as the temporal and spatial average of the velocity
over the surface of the shell, i.e.,
Z +L Z 2π
1
2
ẇ0? (x, θ)ẇ0 (x, θ) dx dθ
(C.53)
< ẇ > =
8πL −L 0
Substituting equation (C.51), the above expression becomes
c H c
c
s H s
s
< ẇ >2 = Wpq
Apqmn Wmn
+ Wpq
Apqmn Wmn

(C.54)
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where
Acpqmn
Aspqmn

Z +L Z 2π
ω2
t
w
=
XCw
pq (x, θ)XCmn (x, θ) dx dθ
8πL −L 0
Z +L Z 2π
ω2
t
w
=
XSw
pq (x, θ)XSmn (x, θ) dx dθ
8πL −L 0

and ()H is the Hermitian transpose operator.

(C.55)
(C.56)

Appendix D
Radiated sound power from baffled
planar radiators
This appendix presents the numerical approach implemented to calculate the acoustic
radiated power from baffled planar radiators.
A common approach in computing the radiated sound power is to integrate the
intensity vector over a hemisphere in the far field. This approach is computationally
intensive as the resulting integral must be carried out numerically. A more efficient
method suited to the special case of rectangular baffled planar radiators is adopted
here. It expresses the radiated power in terms of the structural displacement amplitudes and the associated radiation impedance matrix.

D.1

Radiated sound power in terms of acoustic intensity

The sound power radiated from a source is defined as the integral, over a surface
surrounding the source, of the component of the time-averaged intensity vector normal
to the surface. For harmonic excitations, the time-averaged intensity at field point r
is defined as
1
I(r) = Re {p(r)v? (r)}
2

(D.1)

where p(r) is the sound pressure complex amplitude and v is the vector of fluid
particle velocity components.
329
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In the far field, the particle velocity tends to become normal to the hemisphere
centered on the source and its amplitude is approximated by p(r)/(ρc) as in the case
of plane waves. Therefore, the time-averaged acoustic intensity becomes in the far
field
I(R, θ, φ) ≈

1
|p(R, θ, φ)|2,
2ρc

kR  1

(D.2)

where the spherical coordinate system, (R, θ, φ), has its origin centered on the source.
An approximate expression for the radiated power based on far-field information is
then
Z 2π Z π/2
Π(ω) =
I(R, θ, φ)R2 sin θ dθ dφ
0
0
Z Z
R2 2π π/2
|p(R, θ, φ)|2 sin θ dθ dφ
(D.3)
≈
2ρc 0
0
For planar radiators, the above surface integral generally needs to be carried out
numerically.
An alternative approach uses the surface normal intensity vector averaged over
time. If (x, y, z) represents the rectangular coordinate system such that z = 0 defines
the plane of the radiator (see Figure B.1), the surface time-averaged intensity is
written as

1
In (x, y, z = 0+ ) = Re p(x, y, 0+ )vn? (x, y, 0+)
2

(D.4)

For rigid structures, the surface particle normal velocity, vn (x, y, 0+ ), is equal to the
structural out-of-plane velocity, ẇ(x, y). Thus, the radiated power is expressed as
ZZ
Π(ω) =
In (x, y, z = 0+ ) dx dy
S0
Z Z

(D.5)
1
+
?
= Re
p(x, y, 0 )ẇ (x, y) dx dy
2
S0
where S0 denotes the radiator’s surface area. For baffled planar radiators, the radiated pressure is expressed in terms of the Green’s function satisfying the Neumann
boundary condition (see equation (2.19)) as,
ZZ
+
G(x, y, 0+ |x0 , y 0)ẅ(x0 , y 0) dx 0 dy 0
(D.6)
p(x, y, 0 ) = ρ
S0

Substituting equation (D.6) in equation (D.5), the radiated power now becomes a
function of the Green’s function, G(x, y, 0+|x0 , y 0), and the out-of-plane structural
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Z Z Z Z
1 3
Π = − ρω Im
2

D.2

331


0

0

+

0

0

0

w(x , y )G(x, y, 0 |x , y )w (x, y) dx dy dx dy
?

0

(D.7)

S0

Radiation impedance matrix

Recalling the formulation introduced in Appendix B, the plate’s displacement is expressed in terms of generalized coordinates as shown in equation (B.21),
w
w(x, y) ≈ XYmn
Wmn

(D.8)

w
where the row vector XYmn
contains the basis functions evaluated at location (x, y)
and the column vector Wmn contains the displacement generalized coordinates. After
substitution of the above expression in equation (D.7), the radiated power becomes

1
Π(ω) = ω 2 Wmn t Re {Zmnpq } Wpq ?
2

(D.9)

where Zmnpq represents the radiation impedance matrix. It is expressed as the following integral
ZZZZ
w t 0
w
Zmnpq = ρω
XYmn
(x , y 0)G(x, y, 0+|x0 , y 0)XYpq
(x, y) dx dy dx 0 dy 0
S0

(D.10)
Several approaches are available to compute the radiation impedance matrix in
equation (D.10). The method considered here was introduced by Berry [58]. It is
well adapted to the case of radiators whose response is approximated in terms of
polynomial basis functions (see equations (B.19) to (B.21)).
Substituting the Green’s function introduced in equation (2.48), the radiation
impedance matrix can be written for the plate system considered in Appendix B as
Zmnpq

ρωk
=
2π

Z

+Lx

−Lx

Z

+Ly

−Ly

Z

+Lx
−Lx

Z

+Ly

−Ly


w t 0
XYmn
(x , y 0)

e−k|r−r0|
−k|r − r0 |



w
(x, y) dx dy dx 0 dy 0 (D.11)
× XYpq

where
|r − r0 | = (x − x0 )2 + (y − y 0)2

1/2

(D.12)
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and Lx and Ly are the plate’s half length and width along the x and y axis, respectively. The approach is based on the approximation of the exponential term in the
Green’s function by its Taylor development. This is expressed as
X (−k|r − r0 |)k−1
e−k|r−r0|
=
−k|r − r0 | k=0
k!
+∞

(D.13)

Substituting the above approximation in equation (D.11) and using changes of variables α = x/Lx , β = y/Ly , α0 = x0 /Lx , and β 0 = y 0/Ly , the elements of the impedance
matrix are written as
k−1
ρωk L4x X
k−1 (kLx )
(−)
2π γ 2 k=0
k!

 k−1
Z Z Z Z +1
0 2
2
(β
−
β
)
m
n
×
α0 β 0 (α − α0 )2 +
αp β q dα dβ dα 0 dβ 0 (D.14)
γ2
−1
+∞

{Zmnpq } =

where γ = Lx /Ly . The above summation can be separated into real and imaginary
parts as

+∞ 
2k
2k−1
ρωk L4x X
k (kLx )
(k)
k (kLx )
(k)
J
Imnpq
(−1)
+ (−1)
{Zmnpq } =
2π γ 2 k=0
(2k + 1)! mnpq
(2k)!

(D.15)

where
(k)
Imnpq

ZZZZ

+1

=

(k)
Jmnpq

0m

α β

0n

−1

ZZZZ

+1

=

0m

α β
−1



(β − β 0 )2
(α − α ) +
γ2
0 2

0n



k−1/2

(β − β 0 )2
(α − α ) +
γ2
0 2

k

αp β q dα dβ dα 0 dβ 0 (D.16)

αp β q dα dβ dα 0 dβ 0

(D.17)

The radiated power expressed in equation (D.9) involves the reactive part of the
(k)
impedance matrix. In other words, only the terms Jmnpq need to be computed. From
the symmetry of the polynomial functions over the [−1, 1] interval, the following
properties can be shown:
(k)
(k)
(k)
(k)
Jmnpq
= Jpnmq
= Jmqpn
= Jpqmn

(D.18)

(k)
Jmnpq
= 0 if (m + p) is odd or (n + q) is odd

(D.19)

After carrying out the integrals, and some algebraic simplifications, the non-zero
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terms are expressed as [58]
(k)
Jmnpq

=

k
X
i1 =0

×

2i1
X
i2 =0
(m + i2 ) even

2(k−i1 )

X

i3 =0
(n + i3 ) even

γ 2 (k

1
C i1 C i2 C i3
(−1)m+n
− i1 ) k 2i1 2(k−i1 )

16
(D.20)
(m + i2 + 1)(n + i3 + 1)(p + 2i1 − i2 + 1)(q + 2(k − i1 ) − i3 + 1)

n
where Cm
denotes the binomial coefficients,
n
Cm
=

m!
n!(m − n)!

(D.21)

In practice, the infinite summation in equation (D.15) is truncated to the first
kmax + 1 terms, i.e., k = 0, 1, . . . , kmax . Convergence studies showed that kmax = 12
was sufficient for the frequency bandwidth and the characteristic dimensions of the
plate system considered in this work (see Chapter 4).

Appendix E
Sound radiation from baffled
cylindrical radiators
This appendix presents the analytical solutions of the exterior radiation problem
applied to a finite baffled cylindrical shell. The sound field is expressed in terms of
the acceleration distribution prescribed over the radiator’s boundary and a closedform solution is derived in the far field along with an expression for the radiated
sound power.
Two techniques are generally available to solve this problem. The first one is
based on the Kirchhoff-Helmholtz integral equation (equation (2.16)). In the case
of a cylindrical shell mounted in an infinite baffle, it is possible to find a Green’s
function satisfying the Neumann boundary condition so that equation (2.19) holds.
The other approach, also referred to as the transformed solution technique, solves
the wave equation along with the boundary conditions prescribed over the radiator’s
surface in the wave-number domain. The sound field is then reconstructed by means
of an inverse wave-number transform. A closed-form solution to the inverse transform
can be found in the far field using the stationary phase approximation [22].
The first method is considered here as it also provides the analytical solution for
the cylindrical Green’s function which the sensing approach is based upon. Note that
the transformed solution technique will also be used to find the appropriate Green’s
function.

E.1

Green’s function for cylindrical geometries

In this section, an expression for the Green’s function satisfying the Neumann boundary condition is derived for cylindrical geometries. A Green’s function satisfying the
334

APPENDIX E. BAFFLED CYLINDRICAL RADIATORS

335

x
r
vibrating cylinder
rigid baffle

φ

R

a

θ

z

y

Figure E.1: Geometry of the cylinder radiation problem.

Neumann (or Dirichlet) condition can be determined by expressing the free-space
Green’s function in cylindrical coordinates and then finding the appropriate function
χ(r|r0 ) which, added to the free-space solution, makes the particular solution satisfy
the boundary condition. In the case of cylindrical geometries, however, it is more convenient to directly solve for the pressure due to a point source located on an infinite
cylindrical baffle using the transformed solution technique mentioned above [22]. The
resulting expression is directly related to the desired Green’s function. Note that, in
this approach, the Green’s function satisfying the Neumann condition is assumed to
exist, i.e., the cylindrical radiator is mounted in an infinite baffle.

E.1.1

Transformed solution of the pressure radiated from a
point source

The cylinder geometry is presented in Figure E.1. On the cylindrical surface S0 of
radius a, consider the point acceleration distribution of the form
1
ẅ(r0 ) = δ(φ − φ0 )δ(z − z0 )
a

(E.1)

The above distribution is zero everywhere on S0 except at the location (z0 , φ0 ). The
simplified Kirchhoff-Helmholtz integral (equation (2.19)) becomes in the geometry

APPENDIX E. BAFFLED CYLINDRICAL RADIATORS

336

defined above,
Z

2π

Z

+∞

p(r, φ, z) = ρ
0

G(r, φ, z|r = a, φ0 , z 0 )ẅ(φ0 , z 0 )adφ0 dz 0

(E.2)

−∞

If there is a Green’s function satisfying the Neumann boundary condition, then equation (E.2) holds and by substituting equation (E.1), the pressure becomes
Z 2π Z +∞
G(r, φ, z|r = a, φ0 , z 0 )δ(φ0 − φ0 )δ(z 0 − z0 )dφ0 dz 0
(E.3)
p(r, φ, z) = ρ
0

−∞

Using the integral properties of the Dirac distribution, the above integral simplifies
as
p(r, φ, z) = ρG(r, φ, z|r = a, φ0 , z0 )

(E.4)

It follows that a Green’s function satisfying the Neumann boundary condition can be
found by solving the wave equation (equation (2.4)) expressed in cylindrical coordinates,
 2

1 ∂
1 ∂2
∂2
∂
2
+ k + 2 2 + 2 p(r, φ, z) = 0
(E.5)
+
∂r 2 r ∂r
r ∂φ
∂z
along with the boundary condition,
ρẅ(φ, z) = −

∂
p(r, φ, z) at r = a
∂r

(E.6)

where ẅ(φ, z) is given in equation (E.1), and the Sommerfeldt radiation condition
(equation (2.6)).

The cylindrical geometry imposes a periodicity along the circumferential axis,
therefore the solution is separable along φ, i.e.,
p(r, φ, z) =

+∞
X

pn (r, z)enφ

(E.7)

n=−∞

where pn (r, z) represents the radial and axial dependence of circumferential mode
n. Along the axial direction, however, the solution is not periodic since a finite
cylinder is considered. This suggests the use of a wave-number transform along the
z axis. Substituting equation (E.7) in equation (E.5) and applying the wave-number
transform to the resulting expression, the wave equation is now expressed in the
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wave-number domain as

+∞  2
X
 n2
1 ∂
∂
2
2
+ k − γ − 2 p̃n (r, γ)enφ = 0
+
2
∂r
r
∂r
r
n=−∞
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(E.8)

where the wave-number transform of the pressure term, pn (r, z), is defined as
Z +∞
pn (r, γ)e+γz dz
(E.9)
p̃n (r, γ) =
−∞

in order to be consistent with the e+ωt convention. From equation (E.8), each circumferential wave-number pressure component must satisfy

 2
 n2
1 ∂
∂
2
2
+ k − γ − 2 p̃n (r, γ) = 0
+
(E.10)
∂r 2 r ∂r
r
Equation (E.10) is a Bessel’s differential equation. The solutions that represent outward traveling waves, i.e., satisfying the Sommerfeldt radiation condition, are expressed using Hankel function of the second kind [59] as
h
1/2 i
r
(E.11)
p̃n (r, γ) = An Hn(2) k 2 − γ 2
(2)

Note that Hn (x) is defined as the complex conjugate of the Hankel function of the
first kind. The transformed pressure field can now be expressed as
p̃(r, φ, γ) =

+∞
X

An Hn(2) [βr] enφ

(E.12)

n=−∞

where
β = k2 − γ 2

1/2

(E.13)

Applying the wave-number transform to equation (E.6), the boundary condition
becomes in the wave-number domain,
˜
ρẅ(φ,
γ) = −

∂
p̃(r, φ, γ) at r = a
∂r

(E.14)

Substituting equation (E.12) in equation (E.14) yields
˜
ρẅ(φ,
γ) = −

∞
X
n=−∞

0

An βHn(2)

h

k2 − γ 2

1/2 i nφ
a e

(E.15)

APPENDIX E. BAFFLED CYLINDRICAL RADIATORS
(2)0

338

(2)

where Hn (x) is the first derivative of Hn (x) with respect to x. Now, recalling
equation (E.1), the wave-number transform of the assumed solution for the cylinder
radial displacement is written as
+∞
1 X n(φ−φ0 ) z0 γ
1
z0 γ
˜
=
e
e
ẅ(φ, γ) = δ(φ − φ0 )e
a
2πa n=−∞

(E.16)

From equation (E.15) and equation (E.16), an expression for the unknown circumferential pressure coefficients is found as
An = −

ρ −nφ0 z0 γ
1
e
e
0
(2)
2π
βaHn (βa)

(E.17)

Finally, the transformed pressure field is expressed by combining equations (E.12)
and (E.17),
p̃(r, φ, γ) = −

+∞
(2)
ρ z0 γ X −nφ0 Hn (βr) nφ
e
e
e
(2)0
2π
βaH
(βa)
n
n=−∞

(E.18)

To obtain the pressure field in terms of the spatial variables, the inverse wavenumber transform of equation (E.18) is performed,
Z +∞
1
p̃(r, φ, γ)e−γz dγ
(E.19)
p(r, φ, z) =
2π −∞
Dividing equation (E.19) by ρ yields the final expression for the Green’s function in
cylindrical coordinates,
Z +∞
+∞
1 X 2
G(r, φ, z|a, φ0 , z0 ) = − 2
cos [n(φ − φ0 )]
qn (β)e−γ(z−z0 ) dγ
4π n=0 εn
−∞

(E.20)

where
(2)

qn (β) =

Hn (βr)
(2)0

βaHn (βa)

β = k2 − γ 2
and εn = 2 for n = 0 and εn = 1 for n > 0.

1/2

(E.21)

(E.22)
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Far-field approximation

In the far field, the Green’s function, G(r, φ, z|a, φ0 , z0 ), defined in equation (E.20),
can be approximated using the method of stationary phase [22]. This method is used
to approximate integrals of the form
Z +∞
Ψ(γ) exp [Φ(γ)] dγ
(E.23)
I=
−∞

where the modulus Ψ(γ) and the phase Φ(γ) are such that the principal contribution
to the integral arises from the region where the phase varies slowly with respect to γ.
If the modulus varies slowly with γ outside this region, rapid fluctuations of the phase
will result in cancellation between adjacent regions of opposite phase and nearly equal
amplitude. The point of stationary phase, denoted as γ̄, is defined by
∂Φ
= 0,
∂γ

γ = γ̄

(E.24)

The stationary phase approximation to equation (E.23) is expressed as [60]
I≈

(2π)1/2 Ψ(γ) exp [±(π/4) + Φ(γ)]
,
|∂ 2 Φ/∂γ 2 |1/2

γ = γ̄

(E.25)

The alternative positive and negative signs in the exponential term are associated
with the sign of the second partial derivative ∂ 2 Φ/∂γ 2 .
The integral in equation (E.20) is now rewritten in a form suitable for the stationary phase approximation. First, the cylindrical coordinate system (r, φ, z) is replaced
by a spherical coordinate system (R, θ, φ) as
r = R sin θ
z = R cos θ

(E.26)
(E.27)

With the above transformation, the integral becomes
Z

+∞

I=
−∞

(2)

Hn [βR sin θ]
(2)0
βaHn [βa]

eγ(z0 −R cos θ) dγ

(E.28)

A large asymptotic expression for the Hankel function is given by [59]

Hn(2) (x)

=

2
πx

1/2

n e−x eπ/4 ,

x  n2 + 1

(E.29)

The above approximation can be applied to equation (E.28) in the far field where
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kR  1. The resulting expression is written as

I=

2
πx

1/2

n eπ/4 ¯
I
a

(E.30)

where I¯ now takes the form of equation (E.23). The modulus and phase terms are
defined, respectively, as
eγz0

Ψ(γ) =

(E.31)

(2)0

β 3/2 Hn (βa)
Φ(γ) = −R [γ cos θ + β sin θ]

(E.32)

The first derivative of the phase with respect to γ can be found as


γ sin θ
∂Φ
= −R cos θ − 2
∂γ
(k − γ 2 )1/2

(E.33)

Solving ∂Φ/∂γ = 0 yields the point of stationary phase,
γ̄ = k cos θ

(E.34)

The second derivative of the phase with respect to γ is evaluated at γ = γ̄,
∂2Φ
R
(γ̄)
=
∂γ 2
k(sin θ)2

(E.35)

It is positive, therefore a positive sign should be used in equation (E.25). Substituting equations (E.31), (E.32), and (E.35) in equation (E.23), the stationary phase
approximation of I¯ becomes
I¯ ≈ (2π)1/2

eγz0
(2)0

β 3/2 Hn (βa)



k(sin θ)2
R

1/2
e(π/4−R)

(E.36)

The above expression is further simplified by substituting the coefficient β (equation (E.22)) evaluated at γ = γ̄. After simplification the integral I given in equation (E.30) is approximated as
I≈

ekz0 cos θ
2n+1e−kR
akR sin θ Hn(2)0 (ka sin θ)

(E.37)

The final expression for the approximation of the Green’s function in the far field
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is obtained by substituting the above result in equation (E.20),
exp [−k(R − z0 cos θ)] X n+1 cos [n(φ − φ0 )]
G(R, θ, φ|a, φo, z0 ) = −
π 2 akR sin θ
εn Hn(2)0 (ka sin θ)
n=0
+∞

E.2

(E.38)

Radiation from a baffled cylinder with arbitrary velocity distribution

In this section, an expression for the far-field sound pressure radiated from a cylinder
mounted in an infinite baffle is derived. The closed-form solution for the Green’s
function in the far field (equation (E.38)) is multiplied by the cylinder’s acceleration
distribution and integrated over the radiator’s surface according to the simplified
Kirchhoff-Helmholtz equation (equation (2.19)). It should be noted that the same
results can be obtained by applying the technique of the transform solution to the
acceleration distribution in the same manner as in Section E.1.1.
The cylinder acceleration distribution can be represented in its most general form
as
ẅ(φ, z) =

∞
X

Ẅnc cos(nφ) +

n=0

∞
X

!
Ẅns sin(nφ) f (z)

(E.39)

n=1

where f (z) represents an arbitrary axial distribution. Substituting the above distribution and the Green’s function approximate solution given in equation (E.38) into
the simplified Kirchhoff-Helmholtz integral in equation (E.2), the far-field pressure is
expressed as
q+1
ρe−kR X
p(R, θ, φ) = − 2
π kR sin θ q=0 εq Hq(2)0 (ka sin θ)
"∞
Z 2π
X
c
cos(q(φ − φ0 )) cos(nφ0 ) dφ0
Ẅn
×
∞

n=0
∞
X

+

n=1

0

Z

Ẅns

2π
0

#
cos(q(φ − φ0 )) sin(nφ0 ) dφ0 f˜(k cos θ) (E.40)

where the function f˜(γ) is the axial wave-number transform of the spatial distribution
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f (z) (equation (E.9)). Using the orthogonality relations,
Z

2π
0

Z

0

2π

cos(q(φ − φ0 )) cos(nφ0 ) dφ0 = cos(qφ) δnq εq π

(E.41)

cos(q(φ − φ0 )) sin(nφ0 ) dφ0 = sin(qφ) δnq (2 − εq )π

(E.42)

where δnq is given by
(
δnq =

1 if n = q,
0 otherwise

(E.43)

the far-field pressure in equation (E.40) simplifies as
#
"∞
∞
n+1
X
sin(nφ)

ρe−kR X c cos(nφ) n+1
f˜(k cos θ)
Ẅ
Ẅ s
+
p(R, θ, φ) = −
πkR sin θ n=0 n Hn(2)0 (ka sin θ) n=1 n Hn(2)0 (ka sin θ)
(E.44)
The above expression is now specialized to the thin cylindrical shell’s model discussed in Appendix C. In this model, the out-of-plane acceleration distribution is
expressed in terms of the generalized displacement coordinates as defined in equation (C.52). Rewriting this equation in the global cylindrical coordinate system of
Figure E.1, the normal acceleration is expressed as
!
∞ X
∞ X
∞
∞
X
X
2
c
s
ẅ(φ, z) = −ω
Wmn Zm (z) cos(nφ) −
Wmn Zm (z) sin(nφ)
(E.45)
m=0 n=0

m=0 n=1

where Zm (z) = (z/L)m and L is the cylinder’s half length. Substituting equations (E.45) and (E.38) in equation (E.2), the far-field pressure is written as
( ∞ ∞
)
∞ X
∞
X
ρω 2 e−kR X X c
s
p(R, θ, φ) =
W cos(nφ) αmn −
Wmn sin(nφ) αmn
πkR sin θ m=0 n=0 mn
m=0 n=1
(E.46)
where
αmn =

n+1 Z̃m (k cos θ)
(2)0

Hn (ka sin θ)

(E.47)

The wave-number transform, Z̃m (k cos θ), of the axial basis functions is obtained as
described in Section B.4.3 for the case of planar geometries.
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Radiated sound power

Recalling the discussion of Section D.1 in Appendix D, the sound power is expressed
in terms of far-field pressure information as
Z Z
R2 2π π
Π(ω) =
p(R, θ, φ)p(R, θ, φ)? sin θ dθ dφ , kR  1
(E.48)
2ρc 0
0
where the integral is evaluated over the sphere surrounding the cylinder. To obtain the radiated power for cylindrical shell’s with the acceleration distribution of
equation (E.45), the far-field pressure in equation (E.46) is substituted in the above
integral. After simplifications and use of the orthogonality relations,
Z 2π
cos(nφ) cos(qφ) dφ = δnq εn π
(E.49)
0
Z 2π
sin(nφ) sin(qφ) dφ = δnq (2 − εn )π
(E.50)
0
Z 2π
cos(nφ) sin(qφ) dφ = 0
(E.51)
0

the radiated power is expressed as
( ∞ ∞ ∞
)
∞ X
∞ X
∞
X
ρcω 2 X X X c
?
?
c
s
s
Π(ω) =
(E.52)
Wmn Wpn
εn σmpn +
Wmn
Wpn
εn σmpn
2π
m=0 p=0 n=0
m=0 p=0 n=1
where
Z
σmpn =

π
0

Z̃m (k cos θ)Z̃p? (k cos θ)
(2)0

2

dθ

(E.53)

Hn (ka sin θ) sin θ

This last integral must be evaluated numerically by replacing the lower and upper
limits by ε and π − ε, respectively, where ε is a small positive number.

Appendix F
Linear Quadratic Optimal Control
theory
This appendix outlines the procedure to solve for the controlled response of a system
excited by steady-state harmonic disturbances using the Linear Quadratic Optimal
Control theory. Here the optimal control solution is solved for in the frequency
domain. Therefore the approach is usually not suitable for practical implementations
where discrete time domain algorithms are preferred (see Section 5.2.2). However,
it provides a good simulation tool for predicting the control performances of control
systems modeled in the frequency domain.
For single tone harmonic disturbances, the frequency domain solution yields the
same optimal control inputs as a discrete time domain solution assuming the sampling
effects are negligible. When applied to broad-band harmonic disturbances however,
the frequency domain solution does not constrain the controlled system to be causal.
In other words, the solution may not be implemented in real time and sometimes
overestimates the control performances of a time domain implementation. More details on the limitations of this approach can be found in Section 4.3.2. Note that the
frequency domain solution based on Linear Quadratic Optimal Control still provides
a useful estimate of controlled system performances and remains easier to implement
in terms of computations compared to discrete time simulations.
A control system is specified in terms of disturbance input signals, control input
signal and error signals. Consider a set of Nl steady-state harmonic error signals
at frequency ω represented by their complex amplitude, ql (l = 1, 2, . . . , Nl ). The
frequency dependence is omitted for clarity. Let q be the column vector define as
t
(F.1)
q = q1 q2 · · · qNl
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Similarly, let fd denote a column vector of Nd disturbance input complex amplitudes
and fc , a column vector of Nc control input complex amplitudes. Linear Quadratic
Optimal Control is based on the assumption that each error signal can be expressed
as a linear combination of the control input signals. Assuming the error signals are
linear combinations of the disturbance inputs as well (this is not a requirement), the
vector of error amplitudes is written as
q = Dfd + Cfc

(F.2)

where D and C are two complex matrices. Each column of C and D is associated
with a control and disturbance input, respectively. Each row is associated with a
quantity to minimize.
Linear Quadratic Optimal Control minimizes the cost function
Λ=

Nl
X

|ql |2 = qH q

(F.3)

l=1

where ()H denotes the Hermitian operator. Substituting equation (F.2) in equation (F.3), the cost function is expanded as
Λ = fd H DH Dfd + fc H CH Dfd + fd H DH Cfc + fc H CH Cfc

(F.4)

It now takes the form of a quadratic function of the control amplitudes. Provided
the matrix CH C is positive definite, Λ describes a bowl-shaped surface in terms of
the real and imaginary components of fc with a unique global minimum. Nelson and
Elliott [61] developed a general solution giving the optimal solution for the above
minimization problem. By setting the derivative of the cost function with respect
to the real and imaginary components of the control amplitudes equal to zero, the
optimal control vector is found as
(−1)

fc opt = − CH C

CH Dfd

The unique minimum of the cost function is given by
h
(−1) H i
Λmin = fd H DH I − C CH C
C Dfd

(F.5)

(F.6)

where I is the unity matrix.
Three cases of interest should be pointed out:
• If the number of quantities to minimize is greater than the number of control inputs, i.e., Nl > Nc , the system of equations in equation (F.2) is over-determined.
As a result, the minimum of the cost function may not be zero after control.
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• If the number of quantities to minimize equals the number of control inputs, i.e.,
Nl = Nc , the system is fully determined and the minimum of the cost function
is zero after control.
• If the number of quantities to minimize is smaller than the number of control inputs, i.e., Nl < Nc , the system of equations in equation (F.2) is underdetermined and the optimal control does not lead to a unique minimum.

In the case of under-determined systems, the matrix CH C is not full rank and
thus cannot be inverted. In order to obtain a unique minimum, additional quantities
need to be included in the cost function. Elliott et al. [38] proposed a solution for
the control of under-determined systems where the control effort is added to the cost
function defined in equation (F.3), i.e.,
Λ = qH q + αfc H fc

(F.7)

where α is a real positive scalar. Substituting equation (F.2) into equation (F.7), the
cost function can be expressed as


Λ = fd H DH Dfd + fc H CH Dfd + fd H DH Cfc + fc H CH C + αI fc
(F.8)
The optimal control inputs are now given by
fc opt = − CH C + αI

(−1)

CH Dfd

and the minimum of the cost function becomes
h
(−1) H i
Λmin = fd H DH I − C CH C + αI
C Dfd

(F.9)

(F.10)

In order to obtain good control performance, the parameter α should be taken small.
However, it should still be large enough for the control matrix not to be singular.
This procedure is discussed in more details in Section 4.3.1.

Appendix G
Spatial sampling analysis
This appendix presents analytical expressions for the discrete wave-number transform,
which are useful when studying the accuracy of the wave-number transform estimate.
The following derivations apply to one-dimensional spatial distributions for clarity.
They can easily be extended to two-dimensional distributions.

G.1

Discrete wave-number transform

Following the same conventions as in Chapter 2, the wave-number transform of the
spatial distribution f (x) is defined as,
Z +∞
˜
f (x)eγx dx = K {f (x)}
(G.1)
f (γ) =
−∞

where K denotes the wave-number transform operator and γ is the wave-number
variable. Note that the above wave-number transform is equivalent to the Fourier
transform. The term wave-number transform is kept here for consistency with the
discussion of Chapter 2. The continuous wave-number transform in equation (G.1) is
approximated by the discrete summation,
f˜N (γ) =

N
−1
X

∆xm f (xm )eγxm

(G.2)

m=0

where the spatial distribution, f (x), is evaluated at N locations along the x axis, xm
(m = 0, 1, . . . , N − 1). The weighting factors ∆xm represent the spacing between
each sample point. The function f˜N (γ) is referred to as the discrete wave-number
transform by analogy with the discrete Fourier transform.
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Using the properties of the Dirac distribution, equation (G.2) is rewritten as the
wave-number transform of the distribution, f (x), multiplied by a sampling window,
δN (x),
Z +∞
˜
f (x)δN (x)eγx dx
(G.3)
fN (γ) =
−∞

where
δN (x) =

N
−1
X

∆xm δ(x − xm )

(G.4)

m=0

From a well-known property of the Fourier transform, equation (G.4) can also be
expressed as the convolution product,
Z +∞
˜
˜ 0 )δ̃N (γ − γ 0 )dγ 0
˜
(G.5)
f(γ
fN (γ) = f(γ) ∗ δ̃N (γ) =
−∞

where δ̃N (γ) is the wave-number transform of the sampling window δN (x). The
discrete wave-number transform is now expressed as the convolution product of the
actual wave-number transform and the influence function δ̃N (γ). This function solely
depends on the sensor arrangement, i.e., the number and location of sample points,
and the weighting factors, ∆xm . Its general closed-form expression is
δ̃N (γ) =

N
−1
X

∆xm eγxm

(G.6)

m=0

G.2

Ideal sampling window

In cases where f (x) is non-zero over [−∞, +∞], a perfect estimate will be obtained
for a sampling window equal to unity over [−∞, +∞], which corresponds in the wavenumber domain to a Dirac impulse centered at γ = 0. The distributions of interest
in this work are finite in length, i.e., f (x) = 0 for x < −L and x > L, assuming the
origin of the x axis is taken at the middle of the non-zero part of the distribution.
For these distributions, the wave-number transform of f (x) defined in equation (G.1)
simplifies as
Z +L
˜
f (x)eγx dx
(G.7)
f (γ) =
−L
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The ideal sampling window, δN (x), can then be any function equal to unity in the
interval [−L, +L]. In particular, the rectangular window of length 2L and centered
at x = 0 will yield a perfect estimate. This window is defined as
(
1, −L ≤ x ≤ +L
δN (x) = ΠL (x) =
(G.8)
0, otherwise
Its wave-number transform is
δ̃N (γ) = 2L sinc(γL)

(G.9)

where sinc(x) = sin(x) /x. The above window will be reached as the number of sample
points, N, in the interval [−L, +L] tends towards infinity.

G.3

Regular sampling

When N is finite, the wave-number transform of the sampling window in equation (G.6) can be further simplified in the case of regular sampling. Under this
restriction, the window exhibits a fundamental property which will explain the phenomenon of aliasing. The sampling points are given by
xm = −L + x̄ + m∆x,

m = 0, 1, . . . , N − 1

(G.10)

where ∆x is the constant sampling period, ∆x = 2L/N, and x̄ is the location of
the first sampling point, 0 ≤ x̄ ≤ ∆x. Using the above definitions, equation (G.4)
becomes
δN (x) = ∆x

N
−1
X

δ(x − m∆x + L − x̄)

(G.11)

m=0

Since f (x) is zero outside the interval [−L, +L], the sampling window in equation (G.11) can be extended over the interval [−∞, +∞] as
δN (x) = ∆x

+∞
X
m=−∞

δ(x − m∆x + L − x̄)

(G.12)
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Using standard properties of Fourier transforms, the distribution in equation (G.12)
is rewritten in the wave-number domain as
( +∞
)
X
δ(x − m∆x)
δ̃N (γ) = ∆xeγ(L−x̄) K
m=−∞
+∞
Ks γ(L−x̄) X
δ(γ − mKs )
= ∆x e
2π
m=−∞
+∞
X

γ(L−x̄)

= e

δ(γ − mKs )

(G.13)

m=−∞

where Ks = 2π/∆x = Nπ/L is the spatial sampling frequency. Substituting equation (G.13) in equation (G.5), the wave-number transform estimate is expressed in
terms of the true wave-number transform as
f˜N (γ) =

+∞
X

f˜(γ − mKs )emKs (L−x̄)

(G.14)

m=−∞

Note that the exponential term becomes (−1)mN when the sample points are centered
at x = 0, i.e., x̄ = ∆x/2. As discussed in Section 2.4.4, the errors in the discrete wavenumber transform are directly related to the above formulation. They are commonly
referred to as aliasing errors.

Appendix H
One-dimensional test distributions
Analytical forms for the two spatial distributions chosen for testing the sensor accuracy on one-dimensional systems (see Section 6.1) are given along with the closedform expression of their wave-number transform. These expressions correspond to
the mode shapes of a finite thin beam with simply-supported and clamped boundary
conditions, respectively. The full derivation of the mode shape analytical expressions
can be found in many standard books on vibrations (see for instance [62]).

H.1

Spatial distributions

Consider a finite thin beam of length 2L, thickness h, and width b centered at x = 0
along the x axis of a rectangular coordinate system. The out-of-plane displacement
of the beam along the z axis is represented by the spatial distribution f (x), −L ≤
x ≤ +L. The thickness h is assumed to be small compared to the length of the beam.

H.1.1

Simply-supported beam

The simply-supported (or pinned-pinned) boundary condition prevents displacement
but allows rotation at x = ±L, i.e.,
f (x) =

∂2f
(x) = 0,
∂x2

x = ±L

(H.1)

The eigen-function of the pth mode of a simply-supported beam is expressed as
fp (x) = sin[γp (x + L)] ,
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−L ≤ x ≤ +L

(H.2)
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where
γp =

H.1.2

pπ
2L

(H.3)

Clamped beam

The clamped boundary condition prevents both displacement and rotation at x = ±L,
i.e.,
f (x) =

∂f
(x) = 0,
∂x

x = ±L

(H.4)

For the clamped beam, the pth eigen-function is given as
fp (x) = (cosh[γp (x + L)] − cos[γp (x + L)])
− σp (sinh[γp (x + L)] − sin[γp (x + L)]) ,

−L ≤ x ≤ +L (H.5)

where the structural wave-numbers, γp , are solution of the transcendental equation,
cos γ cosh γ = 1

(H.6)

The coefficients σp are expressed in terms of γp as
σp =

cosh γp − cos γp
sinh γp − sin γp

(H.7)

The solutions to equation (H.6) and the resulting σp coefficients can be approximated
by the values given in table H.1.
Note that the two boundary conditions considered above yield symmetric or antisymmetric mode shapes with respect to x = 0, i.e.,
(
for p odd
fp (x)
(H.8)
fp (−x) =
−fp (x)
for p even

H.2

Wave-number transform

Following the complex exponential sign convention used throughout this work, the
wave-number transform of the spatial distributions introduced above is found as
Z +L
˜
fp (x)eγx dx
(H.9)
fp (γ) =
−L
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Table H.1: Values of γp and σp for a clamped-clamped beam.
mode p

γp

σp

1

4.73004074

0.982502215

2

7.85320462

1.000777312

3

10.9956079

0.999966450

4

14.1371655

1.000001450

5

17.2787597

0.999999937

p>5

π(2p + 1)/(4L)

1.0

Substituting equations (H.2) and (H.5) in equation (H.9), closed-form expressions for
the wave-number transform of the simply-supported and clamped beam mode shapes
are written after simplifications as


e−γL e(γp +γ)2L − 1 e−(γp −γ)2L − 1
˜
+
(H.10)
fp (γ) = −
2
γp + γ
γp − γ
and
e−γL
f˜p (γ) =
2


e(γp +γ)2L − 1
e(−γp +γ)2L − 1
(1 − σp )
+ (1 + σp )
γp + γ
−γp + γ

(γp +γ)2L
e
e−(γp −γ)2L − 1
−1
− ( + σp )
(H.11)
+( − σp )
γp + γ
γp − γ

respectively.

H.3

Natural frequencies

The beam natural frequencies are given in radians per seconds as
s
EI
ωp = γp2
ρS

(H.12)

where EI is the bending inertia, ρ, the mass density, and S the cross section area, i.e.,
S = bh for a beam of thickness h and width b. The bending inertia is EI = Ebh3 /12
where E denotes the Young’s modulus.
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At resonance frequency of mode p, the ratio of the acoustic wave-number over the
structural wave-number becomes
s
γp EI
ωp
k0
=
(H.13)
=
γp
γp c
c
ρS

Appendix I
Discrete estimate of the
one-dimensional wave-number
transform
Closed-form expressions for the discrete estimate of the one-dimensional wave-number
transform are derived for constant, linear, and quadratic elements. The approach
follows the general formulation presented in Section 2.2.
˜
Consider the one-dimensional wave-number transform, f(γ),
of the spatial distribution, f (x),
Z +∞
˜
f (x)eγx dx
(I.1)
f (γ) =
−∞

Assuming f (x) is non-zero over a closed interval of length 2L centered at x = 0, the
wave-number transform reduces to
Z +L
˜
f (x)eγx dx
(I.2)
f (γ) =
−L

A discrete estimate to the above integral is constructed as follows. The domain
[−L, +L] is discretized into Ne contiguous elements so that equation (I.2) is rewritten
as
f˜(γ) =

Ne Z
X
m=1

x2m

x1m
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f (x)eγx dx

(I.3)
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where x1m and x2m are the coordinates of the two end-points of the mth element. The
integrals in equation (I.3) are evaluated in the local coordinate system of each element
by introducing the change of variable,


x1m + x2m
2
x−
(I.4)
ξ= 2
(xm − x1m )
2
The discrete estimate becomes

 Z +1

 2
Ne
2
1
1
2
1
X
x
x
x
−
x
+
x
−
x
m
m
m
m
m
m
˜ =
f(γ)
exp γ
γξ dξ
fm (ξ) exp 
2
2
2
−1
m=1
where


fm (ξ) = f

x2 − x1m x1m + x2m
+
ξ m
2
2

(I.5)


,

ξ ∈ [−1, 1]

(I.6)

For each element, the function fm (ξ) is interpolated over α nodes as
fm (ξ) ≈

α
X

Ni (ξ)fm (ξi )

(I.7)

i=1

where Ni (ξ) and ξi are the interpolation function and the local coordinate for node
i, respectively. Table I.1 give Ni (ξ) and ξi for the three elements considered in this
work, i.e., constant, linear, and quadratic elements.
Substituting equation (I.7) in equation (I.5), the discrete wave-number estimate,
f˜d (γ), takes the general form

X
Ne
α
2
1
1
2
X
x
x
−
x
+
x
m
m
m
m
˜
exp γ
fm (ξi )Γmi (γ)
fd (γ) =
2
2
m=1
i=1

(I.8)

where
Z
Γmi (γ) =

+1
−1


 2
xm − x1m
γξ dξ
Ni (ξ) exp 
2

(I.9)

The above formulation is further simplified when the Ne elements have same
length, i.e.,
x1m = −L + m∆x and x2m = −L + (m + 1)∆x

(I.10)

where m = 0, 1, . . . , Ne − 1 and ∆x = 2L/Ne . Substituting the above relations in

APPENDIX I. WAVE-NUMBER TRANSFORM DISCRETE ESTIMATE

357

Table I.1: Discretization elements.
Interpolation functions
Element

(−1 ≤ ξ ≤ 1)

Node coordinate

N1 (ξ) = 1

ξ1 = 0

(first-order)

N1 (ξ) = (1 − ξ)/2

ξ1 = −1

α=2

N2 (ξ) = (1 + ξ)/2

ξ2 = 1

quadratic

N1 (ξ) = ξ(ξ − 1)/2

ξ1 = −1

(second-order)

N2 (ξ) = (1 − ξ)(1 + ξ)

ξ2 = 0

α=3

N3 (ξ) = ξ(ξ + 1)/2

ξ3 = 1

constant
(zero-order)
α=1
linear

equation (I.8), the wave-number estimate simplifies as
X

N
α
e −1
X
∆x
∆x
exp(−γL)
exp γ(2m + 1)
fm (ξi)Γi (γ)
f˜d (γ) =
2
2
m=0
i=1

(I.11)

where
Z
Γi (γ) =

+1

−1



∆x
γξ dξ
Ni (ξ) exp 
2

(I.12)

The double summation in equation (I.11) is transformed into a single summation
by grouping the nodes that are common to two adjacent elements. Furthermore,
the integrals Γi (γ) are solved analytically by substituting the interpolation functions
defined in Table I.1. Finally, the value of the spatial distribution at each node is
written in terms of the global coordinates. The resulting expressions for the wavenumber estimate associated with the constant, linear, and quadratic elements are
given below.
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1. Constant element:
 


N
e −1
X
2m + 1
∆x
2m + 1
˜
exp(−γL)
γ∆x f −L +
∆x Γ1 (γ)
exp 
fd (γ) =
2
2
2
m=0
(I.13)
where



∆x
4
Γ1 (γ) =
sin γ
γ∆x
2

(I.14)

2. Linear element:
(N −1
e
X
∆x
exp(−γL)
f˜d (γ) =
f (−L + m∆x)
2
m=1


 


2m − 1
2m + 1
γ∆x Γ2 (γ) + exp 
γ∆x Γ1 (γ)
× exp 
2
2



2Ne − 1
γ∆x f (L) Γ2 (γ)
+f (−L)Γ1 (γ) + exp 
(I.15)
2
where
2
Γ1 (γ) =
γ∆x


 



2
∆x
∆x
1−
sin γ
+ j cos γ
γ∆x
2
2

(I.16)

2
Γ2 (γ) =
γ∆x


 



2
∆x
∆x
1+
sin γ
− j cos γ
γ∆x
2
2

(I.17)

3. Quadratic element:
(N −1
e
X
∆x
f˜d (γ) =
exp(−γL)
f (−L + m∆x)
2
m=1


 


2m − 1
2m + 1
γ∆x Γ3 (γ) + exp 
γ∆x Γ1 (γ)
× exp 
2
2
 


N
e −1
X
2m + 1
2m + 1
γ∆x f −L +
∆x Γ2 (γ)
exp 
+
2
2
m=0



2Ne − 1
γ∆x f (L) Γ3 (γ)
+f (−L) Γ1 (γ) + exp 
(I.18)
2
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where
2
Γ1 (γ) =
γ∆x



2
1−
γ∆x



4
+
γ∆x






∆x
sin γ
2

 

∆x
2
+
+  cos γ
(I.19)
γ∆x
2






∆x
∆x
16
2
Γ2 (γ) =
sin γ
− cos γ
(γ∆x)2 γ∆x
2
2

2
Γ3 (γ) =
γ∆x



2
1−
γ∆x



4
−
γ∆x



(I.20)



∆x
sin γ
2

 

∆x
4
+
−  cos γ
(I.21)
γ∆x
2

Appendix J
Improved Modal Parameter
Estimation
This appendix presents the theory behind the modal analysis performed on the plate
and cylinder as discussed in Appendix K. To this purpose, the code modhan originally
written in Fortran [63] was ported to Matlab in order to increase the allowable problem
size and improve the user interface. The method implemented in modhan is based on
a frequency domain curve-fit algorithm [64, 65]. After recalling the general concepts
of modal analysis, the program algorithm will be introduced.

J.1

Concepts of modal analysis

The primary goal of modal analysis is to model the dynamic behavior of a given structure from experimental measurements. Assuming the structure behaves linearly, its
response can be approximated by a lumped-parameter system [66] with the following
equations of motion,
Mẍ(t) + Cẋ(t) + Kx(t) = f(t)
where:
M

= positive definite, symmetric mass matrix,

C

= non-proportional viscous damping matrix,

K

= symmetric stiffness matrix,

f(t)

= applied forcing function vector, f(t) ∈ Rp ,
360

(J.1)
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= resulting displacement vector, x(t) ∈ Rp .

Taking the Laplace transform of the above system of equations, and assuming zero
initial velocities and displacements, i.e., x(t = 0) = ẋ(t = 0) = 0, the equations of
motion become


(J.2)
Ms2 + Cs + K X(s) = F(s)
where X(s) and F(s) are the Laplace transforms of x(t) and f(t), respectively, and s is
the Laplace variable. From equation (J.2), the Laplace transform of the displacement
vector can be expressed as a linear combination of the forcing function vector, i.e.,
X(s) = H(s)F(s)

(J.3)

where H(s) denotes the transfer function matrix of the lumped-parameter system,

−1
H(s) = Ms2 + Cs + K

(J.4)

It can be shown [66] that the above transfer function matrix also takes the following
partial fraction form,

n 
X
A?r
Ar
+
H(s) =
s − pr s − p?r
r=1

(J.5)

where:
Ar

= complex residue matrix,

pr

= r th pole of the system,

n

= number of conjugate pairs of poles,

?

= conjugate operator.

Each pole can be expressed in terms of a resonant natural frequency and damping
factor as
p
(J.6)
pr = σr + ωr = −ζr Ωr + Ωr 1 − ζr2
where
σr

= damping coefficient,

ωr

= damped natural frequency,

Ωr

= resonant (undamped) natural frequency,
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ω
pr
ωr
Ωr

βr
σ

σr

Figure J.1: Natural frequency and damping factor in the s-plane.

ζr = cos βr = damping factor (or percent of critical damping).
Figure J.1 shows the above quantities in the s-plane.
For an applied force at spatial location l and a response measurement at location
k, equation (J.3) becomes
? 
n 
X
Ak,l
Ak,l
xk
r
r
(s) =
+
fl
s
−
p
s − p?r
r
r=1

(J.7)

t
where the residues are related to the eigen-vectors φr = (φ1r · · · φ2r · · · φN
r ) by

Ak,l
r =

φkr φlr
2mr ωr

(J.8)

Using the residues obtained from the drive point transfer function, i.e., k = l, the
normalized eigen-vectors or mode shapes become
Ak,l
φ̄kr = p r = αr φkr
Al,l
r

(J.9)

where
αr = √

1
2mr ωr

(J.10)
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For parameter estimation, the transfer function matrix needs only to be evaluated
along the imaginary axis of the complex plane (see Figure J.1), i.e., s = ω where ω
denotes the angular frequency (rad/sec). The resulting Frequency Response Function
(FRF) can be estimated from measurements using spectral analysis [50]. Experimental modal analysis consists in fitting a set of FRF estimates with the analytical form
of equation (J.7). From equation (J.7), the rth structural mode shape is proportional
to a row or column of the residue matrix Ar . Therefore, only a row or column of the
residue matrix needs to be estimated, i.e., the mode shapes can be extracted either by
fixing the driving point and moving the measurement point or fixing the measurement
point and moving the driving point.
When dealing with continuous linear structures, the number of poles in equation (J.5) required to exactly model the response is infinite. For lightly damped
structures, however, the response can be accurately represented in a given frequency
bandwidth with a finite number of poles.

J.2

Curve fitting algorithm

Several approaches are available to find the poles and residues of a set of measured
FRF’s. The algorithm implemented in modhan is based on previous work by M. C.
Han [63]. The fit is performed in the frequency domain and therefore allows for
qualifying the measured FRF data. Also, it uses a polynomial representation which
enables fit of non-equally spaced frequency domain data. The following section briefly
introduces the theory behind the algorithm implemented in modhan.
Recalling equation (J.7), the FRF analytical form is written as

n 
X
A?r
Ar
+
H(ω) =
s
−
p
s − p?r s=ω
r
r=1

(J.11)

The partial fraction form in equation (J.11) can be transformed into a rational fraction
form of ordinary polynomials,
Pm
ak sk
(J.12)
H(ω) = Pk=0
n
k
k=0 bk s s=ω
The above expression can also be written in terms of orthogonal polynomials as
Pm
ck Φk (ω)
H(ω) = Pnk=0
(J.13)
k=0 dk Θk (ω) s=ω
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As it will become apparent later, the use of orthogonal polynomials in the modal
parameter extraction results in a reduced system of equations.
Let hi denote the ith frequency line of the measured FRF. The curve-fitting
algorithm minimizes the difference between the measured FRF, hi , and the analytical
representation, H(ωi), over the frequencies, i = 1, 2, . . . , L. The following error
definition results in a least square problem:
" m
!#
n−1
X
wi X
ck Φk (ω) − hi
dk Θk (ω) + Θn (ω)
(J.14)
ei =
εi
k=0

k=0

Note that replacing the factor wi by the inverse of the characteristic polynomial, i.e.,
1
k=0 dk Θk (ω) + Θn (ω)

wi = Pn−1

(J.15)

the above error definition reduces to
ei = H(ωi) − hi

(J.16)

In addition, the weighting factor εi is introduced as a mean to qualify the FRF data.
For example, εi can be set to one for frequency lines whose coherence is greater than a
given limit and zero for the remaining frequency lines. Another example uses variance
weighting by defining εi as
p
1 − γi2
√
(J.17)
εi =
|γi| 2nd
where γi2 denotes the coherence value at frequency ωi and nd is the number of averages
used in the FRF estimates. Note that such data qualifying scheme is not possible
when using time domain curve fit algorithm such as the Prony method.
The global error to be minimized is defined as
J=

L
X

e?i ei = eH e

(J.18)

i=1

where
e = e1 e2 · · · eL

t

(J.19)

Substituting equation (J.14) in the above expression yields
e = Pc − Qd − r

(J.20)
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c0
 
c =  ...  ,
cm


w1 /ε1 Φ0 (ω1 )
 w2 /ε2 Φ0 (ω2 )

P=
..

.


d0


d =  ... 
dn−1 ,
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···
···


w1 /ε1 Φm (ω1 )
w2 /ε2 Φm (ω2 ) 


..

.

(J.21)

(J.22)

wL /εL Φ0 (ωL ) · · · wL /εL Φm (ωL )


w1 h1 /ε1 Θ0 (ω1 )
 w2 h2 /ε2 Θ0 (ω2 )

Q=
..

.

···
···


w1 h1 /ε1 Θn−1 (ω1 )
w2 h2 /ε2 Θn−1 (ω2 ) 


..

.

(J.23)

wL hL /εL Θ0 (ωL ) · · · wL hL /εL Θn−1 (ωL )
and,



w1 h1 /ε1 Θn (ω1 )


..
r=

.

(J.24)

wL hL /εL Θn (ωL)
The set of numerator and denominator coefficients that minimize the error criterion
is found by setting the derivative of the cost function, J, with respect to the real
and imaginary part of each one of the coefficients to zero. The following system of
equation results:



  


c
−2Re  PH Q
2Re  PH r
2Re PH P
(J.25)
=
d
−2Re QH P −2Re QH Q
2Re QH r
The use of ordinary polynomials (see equation (J.12)) often makes the above system ill-conditioned and numerically unstable even for low-order polynomials. To alleviate this problems, orthogonal polynomials are usually implemented. Among them,
the Forsythe polynomials [67] allow the use of arbitrary weighting for individual data
points while retaining its orthogonality properties. Also, the Forsythe polynomials
do not require the data points to be equally spaced. These features are not found in
other orthogonal polynomials such as Chebyshev, Legendre, or Hermite polynomials.
Using the symmetry properties of the FRF measured on real structures, the
Forsythe polynomial formulation [67] can be simplified as follows [64]:
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Let qi denote the weighting factor of frequency i. The complex Forsythe polynomial of degree k evaluated at frequency ωi is expressed as
Pk (ωi ) = Pi,k = k Ri,k

(J.26)

where Ri,k is the k th order real polynomial evaluated at ωi . It is found from the
recurrence relation,
Ri,−1 = 0
Ri,0 = 1/ 2

!1/2

L
X

qi

(J.27)
(J.28)

i=1

Si,k = ωi Ri,k−1 − βk−1 Ri,k−2
L
X
βk−1 = 2
ωi Ri,k−1 Ri,k−2 qi

(J.29)
(J.30)

i=1

Ri,k = Si,k /Dk
Dk =

2

L
X

!1/2

2
Ri,k
qi

(J.31)
(J.32)

i=1

The relation between the Forsythe polynomial coefficients and the ordinary polynomial coefficients satisfying
m
X
k=0

k

ak x =

m
X

āk Pk (x)

(J.33)

k=0

can be found as
a = Tā
where the transformation matrix T has the

b00 b10
 0 b1
1

T =  ..
.
0 ···

(J.34)

form


· · · bm
0

· · · bm
1 
.. 
. 
· · · bm
m

(J.35)
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The coefficients bm
k satisfy the recurrence relation

0



0
bm
k =

1/D0



 m−1
bk−1 + βm−1 bm−2
/Dn
k

if
if
if
if

k < 0,
k > m,
k = m = 0,
0 ≤ k < m.

(J.36)

From the Forsythe’s polynomial recurrence relations in equations (J.27) to (J.32),
the polynomials Φk (ωi ) and Θk (ωi ) (equation (J.14)) are obtained by substituting the
weighting factors qi by |αi |2 and |αi hi |2 , respectively, where αi = wi /εi. The resulting
orthogonality properties can be expressed as
(
L
X
0
if k 6= j,
|αi |2 Φk (ωi )? Φj (ωi ) =
(J.37)
1/2 if k = j,
i=1
(
L
X
0
if k 6= j,
|αi |2 |hi |2 Θk (ωi )? Θj (ωi ) =
(J.38)
1/2
if
k
=
j.
i=1
Using the above orthogonality conditions, the system in equation (J.25) becomes
   

c
Im+1 X
g
=
(J.39)
Xt In d
0
where In is the n × n identity matrix, and

X = −2 Re PH Q

g = 2 Re PH r
The system in equation (J.39) can be decoupled as


In − Xt X d = −Xt g,
c = g − Xd

(J.40)
(J.41)

(J.42)
(J.43)

Once the Forsythe polynomials coefficients, c and d are solved for, the ordinary
polynomial coefficients in vectors a and b can be obtained using the linear transformation matrices, Tc and Td ,
a = Tc c and b = Td d

(J.44)

Let Tb be the inverse of Td . Substituting d = Tb b in equation (J.42), the coefficients of the denominator ordinary polynomial can first be solved for. The numerator
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coefficients can then be obtained by substituting d = T̄b b in equation (J.43) as

a = Tc g − XT̄bb
(J.45)
where T̄b is the n by m + 1 matrix containing the first n rows of Tb .
The above procedure can also be extended to global modal parameter estimation.
Since the natural frequencies and damping factors can be assumed to be global properties of a linear structure, the system in equation (J.42) can be extended to a set of
P FRF’s. The resulting over-determined system is expressed as
 


v1
U1 Tb1
 v2 
 U2 Tb2 
 . 


..
 . 


.
 . 


(J.46)

b =  
 vp 
 Up Tbp 
 . 


..
 .. 


.
UP TbP
vP
where


Uk = I − XTk Xk
vk
= −XTk gk

(J.47)
(J.48)

for k = 1, 2, . . . , P .
In order to take advantage of the weighting vector, wi , introduced in the fit error
(see equation (J.14)), the program modhan implements the iterative process shown in
Figure J.2. The weighting vector is first initialized with ones or some initial poles
found from previous fits. After solving the system in equation (J.46), the new set of
poles is used to initialize wi for the next iteration. Note that the successive set of
poles is not guaranteed to converge and the criterion to stop iterating is based on the
convergence of the fit error instead.
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initialize weighting vector wi

start iteration

loop over FRF’s

generate Forsythe’s polynomials,
Φk (ωi ) and Θk (ωi ),
build P, Q, and r

invidual solution?

solve for denominator, bp

store Up and vp

next FRF

initialize wi with new poles

solve for global denominator, b
find residues for each FRF
compute fit error

continue?

final solution = best fit

Figure J.2: Block diagram of the curve fitting algorithm.
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Appendix K
Free vibration characteristics
This appendix describes the finite rectangular plate and cylindrical shell in terms
of their free vibration characteristics. For both structures, the natural frequencies
and associated mode shapes are first presented based on results from experimental
modal analysis. The experimental characteristics are then correlated with the numerical solution of the eigen-value problem associated with the model introduced in
Chapter 4.

K.1
K.1.1

Plate system
Experimental modal analysis

The modal analysis performed on the plate uses a frequency domain curve-fitting algorithm. The program modhan described in Appendix J identifies the zeros and poles of
Frequency Response Functions (FRF). The experimental FRF’s are obtained by exciting the plate through the disturbance input force with a band-limited pseudo-random
noise between 0 and 630 Hz. The out-of-plane structural velocity is measured over a
8 by 7 grid of points equally spaced on the plate with a laser vibrometer mounted on
a two-dimensional traverse. A B&K analyzer then estimates auto- and cross-spectra
between the output signal of a force transducer mounted on the disturbance shaker
(see Figure 5.2) and the output of the laser vibrometer. More details on the above
measurement setup can be found in Section 5.3.2. Note that all three piezo-electric
actuators were mounted on the plate during measurement as well as the nine accelerometers of the structural acoustic sensor. The curve fit algorithm uses coherence
blanking to qualify each frequency line in the bandwidth (see Appendix J): frequency
lines with coherence lower than 0.975 are discarded from the fit. The poles of the
370
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Table K.1: Plate natural frequencies - Experimental modal analysis.
Mode (m, n)

Frequency (Hz)

Damping factor

(1, 1)

87.19

7.60e-03

(2, 1)

183.50

2.66e-03

(1, 2)

243.93

3.40e-03

(2, 2)

330.28

3.84e-03

(3, 1)

342.34

4.18e-03

(3, 2)

474.50

3.84e-03

(1, 3)

489.51

7.71e-03

(4, 1)

557.03

5.17e-03

(2, 3)

569.03

7.05e-03

(4, 2)

655.24

7.32e-03

system, i.e., natural frequencies and damping factors, are first solved for based on
the entire set of FRF’s. The natural mode shapes of the structure are then identified
from the modal residues associated with each FRF.
Table K.1 shows the undamped natural frequencies and damping factors of the
first ten modes identified in the 0–680 Hz bandwidth. The associated mode shapes
(not shown here for conciseness) reveal that the system approaches the free vibration
characteristics of a simply-supported plate. Consequently each mode is identified
in terms of the double index notation (m, n) commonly used to represent the mode
shapes of simply-supported rectangular plates. The indexes m and n correspond to
the number of half sine waves along the x and y axis, respectively (see Figure K.2).
The values presented in Table K.1 result in relatively good fits of all 58 FRF’s over
the entire bandwidth. As an example, Figure K.1 shows the magnitude and phase of
the measured FRF # 48 along with the synthesized FRF obtained from the zeros and
poles identified by modhan. Note that finer analysis would be required to improve the
fit and thus the accuracy of the natural frequencies and damping factors.

K.1.2

Numerical model

This section presents the natural frequencies of the plate system based on the numerical model described in Chapter 4. The undamped natural frequencies and associated
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Figure K.1: Fit of the plate Frequency Response Function # 48.

mode shapes are obtained by solving the eigen-value problem of equation (A.50),
taking the real part of the stiffness constitutive matrices. The model parameters are
given in Section 4.4.1 along with a detailed description of the modeling of the structure’s boundary conditions. The translational and rotational factors associated with
the modeling of the boundary conditions along the edges of the plate (see Table 4.3)
were determined such as to obtain good overall match between numerical and experimental natural frequencies of the first 10 modes of the plate. No damping is included
in the boundary stiffness factors (see Section 4.4.1). Note that the plate model includes all three piezo-electric patches, but neglects the mass loading introduced by
the accelerometers placed on the structure.
Table K.2 shows the natural frequencies of the first ten flexural modes of the plate
obtained from the numerical model along with the frequencies obtained from experimental modal analysis (see Table K.1). Relatively good match between numerical and
experimental natural frequencies is achieved for all ten modes included. Note that
the correlation between numerical and experimental results could be improved by
including the mass loading of the accelerometers and further adjusting the boundary
stiffness factors.
To illustrate the modal deformations of the plate, Figure K.2 shows the first six
mode shapes of the system as obtained from the solution of the numerical eigenvalue problem. Note the effect of the finite boundary stiffness factor along the z axis
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Table K.2: Comparison of the numerical and experimental natural frequencies
of the plate system.
Numerical frequency (Hz)

Experimental frequency (Hz)

(1, 1)

86.27

87.19

(2, 1)

181.6

183.50

(1, 2)

241.7

243.93

(2, 2)

333.5

330.28

(3, 1)

339.5

342.34

(3, 2)

484.9

474.50

(1, 3)

495.7

489.51

(4, 1)

558.3

557.03

(2, 3)

581.3

569.03

(4, 2)

696.0

655.24

f = 181.560 Hz

z−axis
y−axis

y−axis

x−axis

y−axis

x−axis

y−axis

x−axis

f = 339.549 Hz

z−axis

z−axis

f = 333.473 Hz

f = 241.671 Hz

x−axis

f = 484.876 Hz

z−axis

z−axis

f = 86.267 Hz

z−axis

Mode (m, n)

y−axis

x−axis

y−axis

x−axis

Figure K.2: First 6 mode deformations of the plate.
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(κzt = 2000) which yields small out-of-plane motion along the edges of the plate. This
can be observed for the higher order modes shown in Figure K.2.

K.2
K.2.1

Cylinder system
Experimental modal analysis

The experimental modal analysis performed on the cylinder uses a different approach
than that of the plate system. The cylinder is excited through a piezo-electric patch
rather than a shaker. The resulting excitation no longer has the characteristics of a
point force. Therefore, the modal analysis method presented in Appendix J does not
strictly apply to this case since it assumes the measured FRF’s represent transfer functions between force and structural motion (displacement, velocity, or acceleration).
However, this method is still appropriate for determining the poles of the system.
Different types of excitation will only affect the zeros of the system. In other words,
FRF’s based on piezo-electric patch excitation contain the same information as point
force FRF’s in terms of natural frequencies and damping factors. It was also found
that the mode shapes obtained from the modal analysis performed on piezo-electric
patch FRF’s were very close to those obtained from point force FRF’s, and easily
identified in terms of the deformations associated with simple boundary conditions.
In order to excite all flexural modes of the cylinder and obtain good coherence
for all resonances included in the measured response, FRF measurements involve two
different actuators. The cylinder is first excited by applying a band-limited pseudorandom noise between 200 and 630 Hz to the disturbance piezo-electric actuator. The
structural out-of-plane velocity is measured according to the procedure described in
Section 5.3.2 at 234 points equally spaced over the cylinder. The same measurements
are then repeated by applying the above signal to the third control actuator. Located
at a different circumferential angle on the cylinder (see Table 4.9), this actuator
ensures modes with nodal lines near the disturbance actuator are well excited and
appear in the FRF data. The set of FRF’s processed in modhan is obtained from
the auto- and cross-spectra between the input voltage to the two actuators and the
output signal of the laser vibrometer. Note that all four piezo-electric actuators were
mounted on the cylinder as well as the twelve accelerometers implemented in the
structural acoustic sensor.
Rather than fitting poles for the entire set of FRF’s, a first fit was performed on five
FRF’s with good coherence to identify the poles of the system, i.e., natural frequencies
and damping factors. These poles were then fixed and a second fit involving all 234
FRF’s solved for the residues of each FRF to identify the mode shapes. Note that
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Table K.3: Cylinder natural frequencies - Experimental modal analysis.
Mode (m, n)

Frequency (Hz)

Damping factor

241.15

3.75e-04

244.18

9.02e-04

(1, 3)

302.85

3.93e-04

(1, 3)?

303.06

4.33e-04

(2, 3)

497.02

7.04e-04

(2, 3)?

500.28

2.11e-04

(1, 4)

540.58

2.13e-04

541.09

4.29e-04

(2, 4)

601.72

3.00e-04

(2, 4)?

604.64

3.07e-04

(1, 2)
(1, 2)

(1, 4)

?

?

this approach is justified since the system modal characteristics are not influenced
by the measurement procedures and therefore can be assumed to remain constant for
all FRF’s. This is in contrast with measurements involving moving accelerometers.
Finally, all frequency lines with coherence value below 0.985 were discarded from the
fits through coherence blanking.
The undamped natural frequencies and damping factors identified by modhan
within the 200–630 Hz bandwidth are presented in Table K.3. As for the plate
system, the mode shapes are easily identified in terms of the modal characteristics
associated with simply-supported boundary conditions. The modal indexes m and n
represent here the number of half sine waves along the axial direction and the number
of full sine waves along the circumferential direction, respectively.
As shown in Table K.3, the same modal deformation is associated with two close
but distinct natural frequencies. These “double” modes, identified with a star, are a
consequence of the symmetry of the structure along its circumference. Examining the
mode shapes would reveal that the deformation of mode (m, n)? is rotated by π/(2n)
relative to that of mode (m, n). In other words, the nodal lines of mode (m, n) along
the circumference correspond to the anti-nodal lines of mode (m, n)? and vice versa.
This orthogonality property will be illustrated on the forced response presented in
Appendix L. In the ideal case of perfectly symmetric structures, the “double” modes
have equal natural frequencies. The variations observed in Table K.3 are directly
related to asymmetries in the system. The added mass and stiffness of the four
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Figure K.3: Fit of the cylinder Frequency Response Function # 37.

piezo-electric actuators attached to the cylinder can introduce such asymmetries (see
Section K.2.2) as well as non-uniform attachments at the cylinder’s boundary, nonconstant thickness or non-homogeneous material properties. Note that all modes are
not affected equally. In particular mode (2, 3) presents two very close natural frequencies therefore suggesting it is not strongly influenced by the system’s asymmetries.
An important characteristics of the “double” modes introduced above is the fixed
orientation of all associated mode shapes along the circumferential direction, i.e., the
orientation of each mode shape is independent of the excitation. In this analysis,
the FRF measurements based in the disturbance actuator excitation yield the same
mode shapes as the measurements based on the third control actuator. All identified
mode shapes satisfy the property of orthogonality mentioned above and are aligned
with the same circumferential angle near φ = 0◦ . This value is an estimate based on
the 18 measurement points along the circumference. In other words all modes have
a nodal line or anti-nodal line located near φ = 0◦ . This particular angle is related
to a number of factors including the location of the piezo-electric actuators. Again
the above modal characteristics will be confirmed from the measured forced response
presented in Appendix L.
Figures K.3 and K.4 present the measured FRF # 37 and 130 respectively along
with the synthesized FRF based on the poles and zeros identified by modhan. Good fit
is achieved over the entire bandwidth. Note that similar fits can be observed on the
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Figure K.4: Fit of the cylinder Frequency Response Function # 130.

remaining FRF’s. This validates the modal characteristics presented in Table K.3.

K.2.2

Numerical model

As for the plate system, the eigen-value problem associated with the free vibrations
of the cylinder system (see equation (A.50)) is solved to determine the natural frequencies and associated mode shapes of the structure. The system’s characteristics
are presented in Section 4.4.2. The reader should also refer to this section for a
description of the modeling of the boundary conditions.
Recalling the experimental natural frequencies shown in Table K.3, the beam
mode of the cylinder, i.e., mode (1,1), does not appear in the 200–630 Hz bandwidth.
Preliminary modal tests performed on the same cylinder with an impact hammer
and a moving accelerometer identified the beam mode of the cylinder with a natural
frequency of 708 Hz. In an effort to match the natural frequencies of Table K.3 and
the above (1,1) mode, the eigen-value problem was solved for several cases associated
with various combinations of boundary stiffness factors. The natural frequencies
corresponding to two of these cases are presented in this section. Table K.4 shows
the numerical natural frequencies for two different set of boundary stiffness factors
along with the natural frequencies obtained from modal analysis (see Table K.3).
The stiffness factors associated with case 1 and 2 are shown in Table K.5. As for
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Table K.4: Comparison of the numerical and experimental natural frequencies
of the cylinder system.
Mode (m, n)

Numerical frequency (Hz)

Experimental frequency (Hz)

Case 1

Case 2

240.775

263.432

241.15

240.958

263.611

244.18

(1, 3)

304.923

309.029

302.85

(1, 3)?

305.459

309.563

303.06

(2, 3)

498.78

514.886

497.02

499.153

515.288

500.28

(1, 4)

547.635

548.415

540.58

(1, 4)?

547.825

548.607

541.09

(1, 1)

565.293

656.503

708

(1, 1)?

565.463

656.687

–

(2, 4)

609.121

612.765

601.72

609.181

612.826

604.64

(2, 2)

749.113

816.862

–

(2, 2)?

749.312

817.12

–

(3, 4)

778.943

791.027

–

(3, 4)?

779.031

791.11

–

(3, 3)

874.234

921.852

–

(3, 3)?

874.289

921.901

–

(1, 2)
(1, 2)

(2, 3)

(2, 4)

?

?

?
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Table K.5: Cylinder translation and rotation stiffness factors.

κxt
κθt
κzt
κxr
κθr

Case 1

Case 2

0

200

800

106

200

0

0

0

0

0

the plate system, the translational and rotational stiffnesses do not include damping
(see Section 4.4.2). Again, note that the numerical model yields two distinct natural
frequencies for each mode. This behavior also observed on the experimental results
(see Table K.3) is a result of the slight asymmetry introduced by the added mass and
stiffness of the four piezo-electric actuators included in the model.
Disregarding the mismatch of mode (1,1), the first set of stiffness factors results
in the best overall correlation between numerical and experimental natural frequencies. In particular, the first four flexural modes of the cylinder are very accurately
modeled. The second set of stiffness factors improve the match for the (1,1) mode by
increasing its natural frequency. However, the accuracy of the natural frequencies of
the remaining modes deteriorates. Despite a great number of test cases, it was not
possible to find a closer match “by hand”. An optimization procedure could possibly improve these results. However, the modeling of the boundary conditions itself
is more likely to cause the above mismatch. In particular, the current model does
not account for the external coupling along the cylinder’s boundary introduced by
the aluminum end-caps. For the numerical study of the cylinder, it was decided to
retain the first set of stiffness factors, since the experimental testing is limited to the
200–630 Hz bandwidth.
Figure K.5 presents the mode shapes associated with the first six modes of the
cylinder as obtained from the first set of boundary stiffness factors (Case 1). As
mentioned earlier the above deformation are close to the mode shapes of a simplysupported cylinder. They correspond to modes (1,2), (1,3), (2,3), (1,4), (1,1), and
(2,4), respectively. Again due to the asymmetries introduced in the system by the
actuators, the orientation of the mode shapes is independent of the excitation. All
modes are found to be aligned with an approximate circumferential angle φ ≈ 30◦ .
Note that this value is solely related to the location of the actuators. Consequently
it does not match the angle observed experimentally as the other possible factors of
asymmetry mentioned earlier are not included in the model.
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Figure K.5: First 6 mode deformations of the cylinder.
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As mentioned in Section 4.4.2, the numerical model of the cylinder uses Nxu =
Nθu = 6, Nxv = Nθv = 12, and Nxw = Nθw = 12 terms in the Rayleigh-Ritz decomposition of the structural response (see equation (4.70)). The above orders were found
to be sufficient to achieve convergence of the solution over the bandwidth of interest.
This is illustrated in Table K.6 where the natural frequencies of the first nine modes
of the cylinder are shown for three Rayleigh-Ritz decompositions, Nxu = Nθu = 6,
Nxv = Nθv = 12, and Nxw = Nθw = 12, Nxu = Nθu = 9, Nxv = Nθv = 12, and
Nxw = Nθw = 12, and Nxu = Nθu = 12, Nxv = Nθv = 12, and Nxw = Nθw = 12, respectively. As seen from the values in Table K.6, the (6, 12, 12) case appears to be
sufficient for frequencies up to about 650 Hz. Note that the orders along the circumferential and normal displacements, Nxv , Nθv , Nxw , and Nθw , were also found to be
sufficient to reach convergence of the natural frequencies within the above bandwidth.
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Table K.6: Influence of the modal decomposition on the natural frequencies
of the cylinder system.
Mode (m, n)

Frequency (Hz)
(6,12,12) (9,12,12) (12,12,12)

(1, 2)

240.775

240.704

240.673

240.958

240.868

240.836

(1, 3)

304.923

304.877

304.874

(1, 3)?

305.459

305.342

305.338

(2, 3)

498.78

497.36

497.32

499.153

497.684

497.643

(1, 4)

547.635

547.473

547.472

(1, 4)?

547.825

547.658

547.657

(1, 1)

565.293

565.065

564.949

(1, 1)?

565.463

565.226

565.109

(2, 4)

609.121

608.571

608.564

609.181

608.646

608.639

(2, 2)

749.113

746.46

746.292

(2, 2)?

749.312

746.683

746.516

(3, 4)

778.943

773.999

773.929

(3, 4)?

779.031

774.08

774.009

(3, 3)

874.234

865.486

865.18

(3, 3)?

874.289

865.545

865.236

(1, 2)

(2, 3)

(2, 4)

?

?

?
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Appendix L
Measured on-resonance structural
response
This appendix presents the out-of-plane structural response of the plate and cylinder
systems at the first few resonance frequencies observed within the bandwidth of excitation. The knowledge of the on-resonance response will facilitate the interpretation
of the sensing and control results discussed in Chapters 6 and 7, respectively.

L.1

Plate system

The plate is excited with a band-limited pseudo-random signal between 0 and 630 Hz
through the disturbance shaker. The out-of-plane structural velocity is then measured
over a 8 by 7 grid of points equally spaced as described in Section 5.3.2. Figure L.1
shows the plate mean-square velocity estimated from the laser measurements (see
Section 5.4.1). The first six resonance frequencies observed on the plot are given in
Table L.1.
Recalling the natural frequencies and damping factors of the plate as obtained from
experimental modal analysis (see Table K.1), the resonance frequencies in Table L.1
clearly show the influence of the disturbance shaker attached to the plate. The modal
analysis is based on transfer functions between the input force, as measured by the
force transducer, and out-of-plane velocity, therefore estimating the characteristics of
the plate itself. On the other hand, the transfer functions between the input voltage
to the shaker and the laser output signal or similarly the auto-spectrum of the laser
output signal correspond to the response of the plate/shaker system. This new system
exhibits different modal characteristics due to the addition of the mass of the shaker
383
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Figure L.1: Plate out-of-plane mean-square velocity.

Table L.1: Plate system resonance frequencies.
Frequency (Hz)
#1

86

#2

181

#3

241

#4

318

#5

340

#6

461
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Figure L.2: Plate out-of-plane velocity distribution at 86 Hz.

as well as the stiffness of the stinger connecting the mass to the plate. In particular,
the added mass causes all resonances to be shifted down on the frequency axis.
The influence of the shaker is also visible on the out-of-plane velocity distribution
shown in Figures (L.2) to (L.7). Despite the fact that the above velocity distributions only represent an estimate of the mode shapes of the plate/shaker system due
to the contribution of other modes, the deformations slightly differ from the mode
shapes of the plate system identified through modal analysis. Note that some modes
are more affected than others depending on the location of the shaker’s attachment
point relative to the mode’s nodal lines. For example, the plate’s deformation at the
resonance frequency of mode (2, 2) is no longer symmetric with respect to the x and
y axis. This is consistent with the greater variation of the resonance frequency for
this mode.

L.2

Cylinder system

This section presents the on-resonance structural response of the cylinder. In order
to better understand the concept of “double” modes introduced in Appendix K, the
following results show the response of the system excited by two different actuators.
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Figure L.5: Plate out-of-plane velocity distribution at 318 Hz.
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Figure L.6: Plate out-of-plane velocity distribution at 340 Hz.
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Figure L.7: Plate out-of-plane velocity distribution at 461 Hz.

The cylinder is excited successively through the disturbance piezo-electric actuator
and the third control actuator. As shown in Table 4.9, the two actuators have two
distinct circumferential locations at φ = 0◦ and φ = 250◦ , respectively. In both cases
the voltage applied to the actuator is a band-limited pseudo-random noise over the
200–630 Hz bandwidth and the laser vibrometer measures the out-of-plane velocity
over a grid of 13 points along the axial direction, and 18 points along the circumferential direction (see Section 5.3.2).
Figure L.8 presents the mean-square velocity estimated from the laser measurements for both types of excitation. The nine resonance peaks observed on the plot
correspond to the frequencies given in Table L.2. As seen on the mean-square velocity, the cylinder response clearly exhibits the resonances associated with the “double”
modes of the structure (see Appendix K). Two distinct resonance frequencies are visible near all main peaks except for the second peak where the two resonances are
within the frequency resolution of the analyzer (1 Hz). Note that the resonance
frequencies observed on the forced response match the natural frequencies obtained
from modal analysis (see Table K.3). This result is expected as the modal analysis
involves the same transfer functions between applied voltage and structural velocity.
This is in contrast with the plate system where the addition of the shaker in the forced
response yields different dynamics. The match between the resonance frequencies of
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Figure L.8: Cylinder out-of-plane mean-square velocity.

Table L.2: Cylinder system resonance frequencies.
Frequency (Hz)
#1

241

#2

244

#3

303

#4

497

#5

500

#6

540

#7

541

#8

602

#9

605

APPENDIX L. MEASURED STRUCTURAL RESPONSE
Third control actuator

350

350

300

300
Circumferential location (deg)

Circumferential location (deg)

Disturbance actuator

390

250
200
150
100
50

250
200
150
100
50

0
−1

0

0
1
Normalized axial location (z/L)

1
2
Magnitude (m/s)

3

0
−1

0
−3

x 10

0
1
Normalized axial location (z/L)

5
10
Magnitude (m/s)

−4

x 10

Figure L.9: Cylinder out-of-plane velocity distribution at 241 Hz.
the forced response and the natural frequencies obtained from modal analysis is also
explained by the small levels of damping of the system. As a result, the variations
between natural and resonance frequencies are negligible compared to the frequency
resolution of the forced response measurements. The response is now analyzed at
each of the resonance frequencies shown in Table L.2.
Figure L.9 presents the out-of-plane velocity distribution obtained for the disturbance and third control actuator excitation at the first resonance frequency of the
cylinder. The response is dominated by the (1, 2) mode in both cases. This result is
expected as 241 Hz corresponds to the natural frequency of mode (1, 2). Furthermore
this frequency is about 3 Hz off-resonance of mode (1, 2)? which, considering the small
amount of structural damping (see Figure L.8), yields a contribution negligible compared to mode (1, 2). As explained in Appendix K, all modes have nodal or anti-nodal
lines coinciding with φ = 0◦ . In this case φ = 0◦ corresponds to an anti-nodal line.
Consequently, the disturbance actuator excitation results in larger levels of vibration
compared to the excitation through the third control actuator. This actuator is 20◦
off the mode’s anti-nodal line. Examining the velocity distribution at the second resonance frequency 244 Hz (see Figure L.10), the response is now dominated by mode
(1, 2)? for both types of excitation. As explained in Appendix K, the (1, 2)? mode
is shifted by 180◦ /(2n) = 45◦ relative to mode (1, 2). In this case, the disturbance
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Figure L.10: Cylinder out-of-plane velocity distribution at 244 Hz.
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Figure L.11: Cylinder out-of-plane velocity distribution at 303 Hz.

actuator is located at a nodal line of the mode which results in smaller levels of vibration compared to the third control actuator. Again, the distinct natural frequency of
mode (1, 2) causes the response to be dominated by mode (1, 2)? only.
The velocity distribution at 303 Hz shown in Figure L.11 further illustrates the
mechanisms involved with “double” modes. This frequency is near resonance of modes
(1, 3) and mode (1, 3)?. Note that the two associated natural frequencies are now
close to each other. As a result, the contribution of the two modes presents similar
amplitudes. The main variations in each modal amplitude are solely related to the
relative location of the two actuators. As observed on the figure, the distribution
associated with the disturbance actuator is aligned with φ = 0◦ . Moreover, unlike the
previous resonance cases, the distribution associated with the third control actuator
is no longer aligned with φ = 0◦ or φ = 30◦ but rather exhibits an anti-nodal line
close to the center location of the actuator at φ = 250◦. In both cases, modes (1, 3)
and (1, 3)? combine each other to yield a rotated mode aligned with the excitation.
The velocity distribution at 497 Hz and 500 Hz is shown in Figures L.12 and
L.13. As expected, the response at these two frequencies is dominated by mode (2, 3)
and (2, 3)?, respectively. In this case, the resonance frequencies of the two modes
are relatively far apart which results in one single mode dominating the response.
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Figure L.12: Cylinder out-of-plane velocity distribution at 497 Hz.
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Figure L.13: Cylinder out-of-plane velocity distribution at 500 Hz.
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Figure L.14: Cylinder out-of-plane velocity distribution at 540 Hz.
Again note the 30◦ rotation of mode (2, 3)? relative to mode (2, 3): mode (2, 3) has
an anti-nodal line at φ = 0◦ while mode (2, 3)? has a nodal line at φ = 0◦ .
As seen in Figures L.14 and L.15, the response near resonance of modes (1, 4)
and (1, 4)? exhibits a different behavior than in the previous cases. At 540 Hz, the
disturbance actuator is aligned with the anti-nodal line of mode (1, 4) which dominates
the response. On the other hand, the third control actuator is close to a nodal line for
this mode and close to an anti-nodal line for mode (1, 4)? . As both natural frequencies
are only one Hz apart, mode (1, 4)? tends to dominate the response. The opposite
situation occurs near resonance of mode (1, 4)? (see Figure L.15).
The response near resonance of modes (2, 4) and (2, 4)? as shown in Figures L.16
and L.17, respectively, can be interpreted based on the same mechanisms described
in the previous cases.
The above results show that the small asymmetries of the structure strongly influence the characteristics of the structural response. In particular, the distinct natural
frequencies associated with the “double” modes of the cylinder prevent in most cases
the rotation of the velocity distribution along the circumference. In these cases, different types of excitation alter the amplitudes of each mode without modifying their
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Figure L.15: Cylinder out-of-plane velocity distribution at 541 Hz.
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Figure L.16: Cylinder out-of-plane velocity distribution at 602 Hz.
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Figure L.17: Cylinder out-of-plane velocity distribution at 605 Hz.
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Figure L.18: Cylinder out-of-plane velocity distribution at 241 Hz (analytical
model).

circumferential orientation. As discussed in Chapter 7, this property has important
consequences on the control performance of the cylinder system.
It should be mentioned that similar behaviors can be observed on the analytical
model. As shown in Appendix K, the added mass and stiffness of the four piezoelectric actuators included in the model cause asymmetries and distinct “double”
natural frequencies (see Table K.4). While the natural frequencies associated with
“double” modes are closer compared to the experimental case, the variations still yield
unexpected rotation of the deformation along the circumferential direction. This is
illustrated in Figure L.18 where the out-of-plane velocity distribution due to the
disturbance actuator is shown at 241 Hz. This frequency is near resonance of mode
(1, 2)? and, in a lesser degree, mode (1, 2) (see Table K.4). As observed on the
figure, the deformation is not aligned with the disturbance actuator. Again this is
a consequence of the frequency dependence of the relative amplitude of modes (1, 2)
and (1, 2)? . In this case, the relative contribution of mode (1, 2)? is slightly higher
than that of mode (1, 2) due to the closer resonance frequency.
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