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Chapter 7: Application Issues

This chapter will briefly summarize several of the issues that arise in implementation of the
Carpal Wrist.  The specific issues involved in putting this wrist into production are both task and
manipulator dependent, and are, therefore, unique to the desired application of the overall
manipulator system.  However, general approaches to modeling and solving task-dependent
operations are necessary.  This chapter will focus on manipulator systems topics that are general
in nature and that can be  addressed using  the kinematic and dynamic wrist model developed in
this dissertation.

The  following four topics will be discussed in this chapter:  1) Methods for providing full
orientational control on the Wrist structure.  2) Redundancy resolution through optimal
performance requirements in dexterity, mechanical advantage, and dynamic response. 3)  Path
planning or trajectory synthesis  4) Trajectory synthesis based on input torque requirements or
other dynamic constraints.  While not exhaustive, these topics represent a variety of the issues
critical to manipulator application.  Performance of a manipulator through advanced control
results from accurate modeling of the robot architecture, its environment, and task.  The topics
demonstrate how the Wrist model can be incorporated with its intended task to provide the
performance required in application.

7.1 Full Orientational Capability of the Carpal Wrist

The Carpal Wrist is a three degree-of-freedom device, providing two orientational degrees of
freedom, pitch and yaw, and a third translational degree of freedom, called plunge.  These three
degrees of freedom result from the kinematic constraints of its parallel architecture and are fully
controlled through the three input joint angles.  A typical manipulator consists of two sections or
structures, one the arm (called regional structure) which is used to generally position the tool and
the other the wrist (called the local structure) which provides the required orientation of the tool.
In application, the Carpal Wrist can be mounted on the end of a robotic arm to become the local
structure.  The most general robotic manipulator provides full pose control of its tool, a six
degree of freedom (dof) task.  Here, the arm of a six degree-of-freedom robot should provide full
three dof position capability,  while the wrist should provide complete orientation capability, also
a three-dof task.

When mounted on a typical three dof manipulator arm, the added Carpal Wrist would make the
robot a six degree of freedom device.  The Carpal Wrist, however, lacks full orientational control
since it cannot provide roll motion between its basal and distal plates.  Depending on the choice
of arm capabilities and application needs, a number of possible arrangements could exist:

The first possible arrangement is to mount the Wrist on an arm that provides two positional
and one orientational degrees of freedom.  This would result in a six dof manipulator that
provides full pose control of the tool.  However, there are several factors that may limit or
prevent this form of application.  First, the type of arm specified in this system is non-standard,
since current robotic systems expect roll orientation to be performed by the wrist structure rather
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than the arm.  Also, this arrangement requires the Carpal Wrist to provide one of the positioning
degrees of freedom for the manipulator. The plunge or translation motion of the Carpal Wrist is
limited in range of travel, however, and would not satisfy the positioning requirements of a
typical manipulator.

A second arrangement could consist of the Wrist mounted on a standard three degree of
freedom positioning arm.  This arrangement results in a six dof manipulator that is not capable of
providing tool roll but with one redundant degree of positional freedom..  This arrangement has
many advantages that would encourage its use in production.  It is similar to the typical
manipulator systems that use a three dof positioning arm.  Also, this arrangement does not alter
the Carpal Wrist structure.  Finally, the redundant degree of freedom can be used to increase
manipulator performance through a refined control algorithm.  The drawback of this arrangement
is obviously its lack of ability to provide tool roll.  However, many applications do not require
orientation of the tool about its pointing direction.  These applications or tasks are called axis-
symmetric and include processes such as arc welding, spot welding, deburring, applying
adhesives, polishing, grinding, drilling, spray-painting, scanning, many pick-and-place jobs, and
mounting and fixturing tasks.  In applications that do not require orientation about the tool axis
(or orientation about any axis fixed relative to the tool), this arrangement provides the best
combination of arm and Wrist capabilities.

The third arrangement proposed is to mount the Wrist on a standard, three dof positioning arm
and provide an extra roll degree of freedom to the manipulator.  This results in a system with full
pose control (6 dof) plus a redundant degree of freedom (for a total of 7 dof).  However,
complications arise in providing the additional dof in such a way that it does not limit the
advantages provided by the Carpal Wrist.  Adding the roll degree of freedom can be
accomplished in a number of ways.  The strongest and least complicated approach is to provide  a
rotational degree of freedom located between the manipulator arm and the Wrist.  This would
rotate the basal plate normal as:

θroll
B �Z (7.1)

where  θroll is the input roll angle, and B �Z  is the z axis of the basal frame, the frame of the Wrist
base.  In order to provide pure roll about the distal plate, extra orientation control must be

provided by the Wrist such that only the component of θroll about the D �Z  axis is seen by the tool
and the D �X  and D �Y  components are removed.  Given an input θroll at the base, the tool would
be rotated by:

D
i roll B

D
j

B
rollθ θ, ,= R 3 3 (7.2)

where:

B
D

jR 3 is the rotation between the basal and distal plates expressed in tensor notation, and
D

i rollθ , are the components of orientation at the distal plate, for i = 1-3.

The negative i =  1,2 components of D
i rollθ , are included in the path planning requirements and

are sent through the inverse kinematics of the Wrist.  The advantage of this form of roll control is



Stephen L. Canfield Chapter 7: Application Issues 71

primarily the location of the roll axis.  Locating it at  the base of the Wrist minimizes the size and
weight constraints that are placed on the Wrist components, resulting in a stronger joint and
lighter Wrist.  The primary disadvantage is that the arm architecture must be modified, an option
that is not attractive to companies who would adapt the Carpal Wrist to current robotic arms.

To avoid modifying the arm requirements, the roll axis can be integrated with the Carpal Wrist
architecture.  This approach seems to be the most acceptable to robot manufacturers for
applications requiring the full six dof pose control, since it provides a wrist with full orientational
control.  A conceptual design of this four-degree-of-freedom Wrist has been prepared in response
to requests from several robot manufacturers.  The conceptual design is shown on the Wrist in
Fig. 7.1 and in an exploded view in Fig. 7.2.  This arrangement provides a compact, high-
strength, high-resolution roll axis that maintains the hollow tunnel characteristics of the Carpal
Wrist.  Kinematically, the conceptual design consists of adding a roll axis on the distal plate
directed along the distal plate normal (DZ).  The forward and inverse kinematics of this four
degree-of-freedom arrangement have been presented in the positional kinematic analysis and
demonstrate no additional difficulty in control.  The conceptual design  for the added roll dof
consists of four basic elements: a motor, a drive-shaft, a gear reducer, and a bearing support
structure.  A hollow-shaft, pancake-type DC servo motor is mounted on the bottom of the distal
plate.  A pancake-type 1000:1 harmonic-drive gear reducer is mounted on the opposing side of
the distal plate  along with a flange-type bearing retainer that carries all axial and radial loads.  A
hollow drive shaft running through the distal plate connects the motor to gear reducer.

Figure 7.1: Conceptual Roll Axis Design
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Adding a roll axis to the Wrist creates a unique kinematic device, in that the structure is no
longer parallel, but a hybrid parallel-serial device.  Hybrid manipulator devices have been
discussed in  the literature, primarily in devices that employ in-parallel actuation.  Since the
advantages of the Carpal Wrist stem from its parallel architecture, adding an axis in series would
create a potential limiting factor.  However, this hybrid arrangement avoids the major
disadvantage of serial manipulators; accumulating moment loads on joint axes due to links
farther along the chain.  In the proposed Wrist hybrid arrangement, the roll axis is placed at the
end of the manipulator and thus does not see moment loads from any other link.

A final approach to providing full pose control with the Wrist is to require the tool to provide
the roll motion.  This would be logical in many applications, for example a drilling tool, or a
rotary driving tool.  In effect, this approach is similar to adding the roll on the distal plate.

7.2 Redundancy Resolution

When mating the Carpal Wrist with a typical three degree-of-freedom positioning arm, one
redundant degree of freedom will result due to the Wrist’s plunge capability.  In this case, the
redundancy is apparent from physical considerations of the manipulator system dof’s, which can
be thought of as positioning and orienting components.  Mathematically, redundancies are
demonstrated in the system Jacobian matrix, J, where the rows of J represent output degrees of
freedom (a maximum of six) of the manipulator and the columns represent system inputs or
controlled joints.  Thus, a square, n x n Jacobian of full rank represents a non-redundant system
with n degrees of freedom while a non-square, n x m with m>n (“short”) Jacobian represents a
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Figure 7.2: Exploded View of Roll dof
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redundant manipulator system with (m-n) redundancies.  For a manipulator that does not require
roll,  the Carpal Wrist can be attached to a three dof arm, and the resulting Jacobian would be a 5
x 6 matrix, demonstrating 6-5 = 1 redundant degree of freedom.

The redundancy resulting in this system is of interest since it provides a “free” degree of
freedom, (i.e., one that is not rigidly defined from the kinematic path specifications) that can be
used to improve the kinematic and dynamic performance of the system.  The general approach
for taking advantage of this “free” dof is to specify some performance criteria that provides an
additional constraint on the system at the kinematic level, thus resolving the redundancy.  This
will be demonstrated on three levels for a Wrist-integrated manipulator system:  One approach
will optimize on dexterity characteristics at the instantaneous kinematics level, another will
provide a desired mechanical advantage or force control output, also at the velocity level. The
final approach  will optimize on dynamic performance at the acceleration level.

7.2.1 Redundancy Resolution Literature Review

Using manipulator system redundancies to enhance kinematic and dynamic performance has
been studied by many researchers.  One of the most common uses for redundancies in robotic
systems is obstacle-avoidance. This area has been studied by a number of researchers, including
Maciejewski and Klein, 1985, Kircanski and Vukobratovic, 1986, Nearchou and Aspragathos,
1996 and McLean and Cameron, 1996.  Whitney, 1969, demonstrated improvements in rate
resolution based on the pseudo-inverse of the Jacobian matrix.  This approach has been refined
and improved by several other researchers including Hollerbach and Suh, 1985, Nakamuraa and
Hanafusa, 1987, Klein et al., 1995, and Roberts and Maciejewski, 1996.  Using the system
redundancy to minimize the required actuator input energy was demonstrated by Vukobratovic
and Kircanski, 1984, while using the system redundancy to minimize instantaneous joint torques
was studied by Hollerbach and Suh, 1985.  Using redundancy to optimize the mechanical
advantage of the manipulator was demonstrated by Dubrey and Luh, 1986, and Park et al., 1996.
Finally, Kim and Rastegar, 1997, used  redundancy in avoiding actuating torques that may excite
the natural modes of vibrations of the manipulator system.

7.2.2 Optimizing on Dexterity

In this section, an approach for redundancy resolution of the Carpal Wrist based on dexterity
criteria is demonstrated.  The dexterity criteria used in this technique is formulated from the
dexterity definitions presented by Soper et al., 1997, Canfield et al., 1997, and the instantaneous
kinematic analysis developed for the Carpal Wrist in Canfield et al., 1996 and the material
presented  in Chap. 4.  The dexterity definition presented in this work is based on the idea of the
relative stretching between the input and output velocity vectors defined by the Jacobian matrix:

D = =
v
ω µ

1
(7.3)
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where D is the dexterity,  µ is the mechanical advantage, and the input and output velocities are
related through the Jacobian as:

v J= ω . (7.4)

Expanding D:

( ) ( )D T T=
−

v v
1
2

1
2ω ω (7.5)

and then solving for ω from Eq. 7.4,

ω = −J v1 (7.6)

Substituting this result in Eq. 7.5 gives:

( )( )D T T T
= − −

−
v v v J J v1 1

1

. (7.7)

This equation gives a  general equation for the dexterity of a manipulator as a function of
workspace position in a desired direction.  Note that it assumes a square, full rank (non-
redundant, non-singular) Jacobian.

When m>n, a non-singular Jacobian requires the rank of J to equal n.  In order for the output
velocity to be consistent in Eq. 7.4, it must be in the column space of J.  When this system of
equations is consistent, the input velocity is given by the pseudo-inverse of J as:

( )ω =
−

J J J vT T1
(7.8)

The dexterity D is then found by substituting Eq. 7.8 into Eq. 7.5:

( )[ ] ( )D T T T
T

T T= 


− −
−

v v v J J J J J J v
1 1

1

. (7.9)

Looking at Eq. 7.4, a polar decomposition can be used to decompose the Jacobian into two
matrix operators: a matrix R which stretches and a matrix Q which rotates the input velocity
vector.  This is demonstrated for the m x n   Jacobian for two cases (Soper et al., 1997):

m ≥≥ n:
J QR= (7.10)

where  R is positive definite, ( )R J J= T
1
2
 and Q is orthonormal, Q JR= −1.

m << n:
J RQ= (7.11)

where R is positive definite, ( )R JJ= T
1
2
 and Q is orthonormal, Q R J= −1 .

The matrix R is of primary interest for the dexterity definition because it contains the relative
stretching information between the input and output velocities.  Consider the eigenvalue
decomposition of R:

R L L= ∑ T (7.12)
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where Σ is the diagonal matrix of the eigenvalues of R.  The elements of Σ represent the
extremes in stretching v relative to ω, and will be called the principal dexterities.  The associated
eigenvectors will be called the principal directions.

for m ≥ n:

QR vω =  (7.13)

defining y as y = QTv gives:

R yω = (7.14)

and Eq. 7.3 becomes:

D =
y

ω
 (7.15)

which is the ratio of maximum to minimum principal dexterities.  The directions associated with
these principal dexterities, �y principal , are the eigenvectors of R, (ui)rotated by Q:

�y Quprincipal i= (7.16)

Finally, for the case where m<n, the same approach is applied:

RQ vω = (7.17)

and defining y = Qω gives:

Ry v= (7.18)

and Eq. 7.3 becomes

D =
v

y
(7.19)

which is again the ratio of maximum to minimum principal dexterities.  Now the directions of
the principal dexterities are the directions of the eigenvectors, ui.

The polar decomposition for the case m<n allows the dexterity to be calculated as given in
Eqs. 7.5 and 7.9:

( )( )D T T T
= − −

−
v v v R R v1 1

1

. (7.20)

With the dexterity equations developed, dexterity can be optimized to resolve the redundant
plunge degree of freedom in the Wrist.  The approach will proceed as follows.  First, the optimal
dexterity will be quantified, for example as the largest stretching possible between the output and
input velocities, which is given in the maximum principal dexterity.  The above dexterity
definitions will then be used to find the maximum principal dexterity and its direction.  With this,
Eq. 7.18 determines the plunge velocity component of the vector v, which is then imposed on the
kinematics to provide the additional constraint needed for redundancy resolution.
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7.2.3 Optimizing for Mechanical Advantage

Using mechanical advantage as the criteria in eliminating redundancy follows the procedure
for maximizing dexterity.  From the dexterity definition proposed by Soper et al., 1997, and
repeated in Eq. 7.3 above, the mechanical advantage is inversely related to dexterity.  Therefore,
the greatest mechanical advantage will occur in the direction of minimum principle dexterity.
Equation 7.18 is used again to determine the plunge velocity component of v which is then added
as a constraint equation in the kinematics providing fully defined joint parameter specifications.

7.2.4 Optimizing for Dynamic Performance

Optimizing the manipulator dynamic performance provides a third method of redundancy
resolution.  This approach consists of expressing the joint space coordinate motions as
trajectories.  These trajectories are a function of time and coefficients known as trajectory
parameters.  The trajectory parameters are determined from the kinematic and dynamic
constraints of the user-specified tool-task and path.  For joint space trajectories containing k
trajectory parameters, one degree of redundancy adds an additional k parameters that can be used
to satisfy path/task requirements.  To optimize on dynamic performance, there must be a
sufficient number of total parameters to exceed the kinematic motion requirements.  The
remaining parameters are available to satisfy dynamic requirements.  This is demonstrated in full
detail in the following sections.

7.3 Path Planning

In operation, a manipulator  typically moves through a specified path or trajectory.  The
trajectory defines the time history of position, velocity, and acceleration of the manipulator.  The
trajectory exists in both tool space and joint space (which are related through the manipulator
kinematics) but is generally specified in tool space.  The tool space specifications are commonly
user specified in terms of goal poses with some added path criteria.  For example, a simple pick-
and-place task has an initial “pick” pose specified as a goal, a final “place” pose specified as a
goal, and path criteria which may include the speed of travel, general obstacle avoidance, and
timing events.

A general approach to path planning applied to the Carpal Wrist is presented that can be
extended to include the arm kinematics and thus the entire manipulator.  This approach is
described in the following eight steps:

1) The desired output path is given in tool-space coordinates.  This includes the path criteria,
event timing, etc.

2) The output path is described with a finite set of precision positions, called via points (Craig,
1989).

3) The precision positions or via points are described in joint space as:

( ) ( )ϑ θ θ α β1 2 3, , , ,= f p (7.21)
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where the joint angles, θ1-θ3 are determined from α, β, and p (the tool-space Wrist
coordinates) through the function f which represents the inverse kinematics presented in
Chap. 2.

4) With the precision points specified in joint space, trajectories for the joints between the
precision positions can be described using trajectory curves to meet the specific trajectory
criteria.

5) The trajectory curves are written as a function of their trajectory parameters and time:

( )θi ij j
j

n

k f t=
=

∑
1

(7.22)

where n represents the degree, order, or number of harmonics, depending on the type of
path chosen.

6) Motion criteria are then given as parameters on the trajectory, posed as equations.  The type
of motion and degree of criteria determine the type and degree of the trajectory path and its
parameters.

7) The joint trajectory equations (Eq. 7.22) are substituted into the motion criteria equations
and the resulting system of equations is solved for the trajectory parameters.

8) With the trajectory parameters, the joint trajectories are known and are ready to be sent to
the control system to result in the desired tool path.

For example, a specified path and set of precision positions can be given requiring continuous
position, velocity, and acceleration values between all via points with specific end conditions.
This criteria can be expressed as:

( ) ( ) ( )
( ) ( ) ( )

θ θ θ θ θ θ

θ θ θ θ θ θ

t t t

t t t

fk k fk k fk k

fk k fk k fk k

= = =

= = =+ + + + + +

� � �� ��

� � �� ��
1 1 1 1 1 1

(7.23)

The joint space angles can be sufficiently described using a fifth-order polynomial:

( )θi i i i i i it a t a t a t a t a t a= + + + + +5
5

4
4

3
3

2
2

11 0 (7.24)

Solving for the kth interval gives:
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7.4 Path Planning Based on Input Torque Requirements / Constraints

Trajectory synthesis has been demonstrated in meeting the kinematic requirements of the
desired tool path.  The general procedure consisted of describing the joint space variables as a
functions of time and trajectory parameters.  Then, the kinematic requirements were cast as
constraint equations and used to solve the trajectory parameters thus describing the joint space
trajectories.  In this discussion, this general approach will be extended to include dynamic / input
actuation requirements as well as the kinematic requirements placed on the joint space
trajectories.

Summarizing the results from Chap. 5, the equations of motion of the Carpal Wrist
manipulator can be written as:

( ) ( ) ( )Mi i i= + +A B Cθ θ θ θ θ θ�� , � � (7.26)

where:

Mi is the ith input motor moment,

A(θ) is the mass matrix representing inertial components of the wrist and tool,

( )B θ θ θ, � �
i represents the Coriolis and centrifugal inertia terms, and

C(θ) represents the gravitational terms.

Let the joint space trajectories be described as:

( )θi k i k i
k

k

r

f a t=
=

∑ , ,
0

(7.27)

in general, or for example, as a polynomial:

θi k i
k

k

r

a t=
=

∑ ,
0

(7.28)
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where:

θi are the joint space coordinates cast in the form of a polynomial (in this example),

ak,i, k=0-r, are the r+1  trajectory parameters, and

t is time.

Let s be the number of kinematic constraints or requirements given by the specified tool path.
Thus, s trajectory parameters are required to satisfy the s specified end conditions.  Since a total
of r+1  trajectory parameters are available in Eq. 7.27 or 7.28 above, the extra (r+1 - s) trajectory
parameters can be used to satisfy dynamic / motor torque requirements.  The torque requirements
can be represented as:

( ) ( )M f p t l r ki l j i j i
j

m

, , , , ;= = − + −
=

∑
1

1 1 (7.29)

where

Mi,l is the iih torque constraint, for l = 1 -> (r+1-k), of the ith motor,

( )f p tj i j i, , , represents the m functions making up the ith order torque constraint equation, and are

given along with the tool-path specifications.

All that remains is solving the r+1  trajectory parameters, ak,i.  The solution is relatively
straightforward.  It consists of taking the first and second derivatives of Eqs. 7.27 (or 7.28):

( ) ( )

( )( ) ( ) ( ) ( )[ ]

�

��

, , ,

, , , , , ,

θ

θ

i k i
k

k i k i
k

k
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i k i
k

k i k i
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k i
k

k i k i
k

k

r

ka t f a t

k k a t f a t ka t f a t
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−

=
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∑
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(7.30)

in general, or, the derivatives of the polynomial example:
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2
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(7.31)

and then substituting these into Eq. 7.26.  The moments in Eq. 7.26 are also replaced with the
motor torque requirements, Eq. 7.29.  Finally, the resulting system of equations is solved for the
(r+1-k) trajectory parameters giving the joint space trajectories.

7.5 Optimal Path Planning Based on Input Torque Requirements

The procedure demonstrated above can be altered to generate an optimization algorithm.  The
value of this lies in meeting general motor torque requirements that are not easily satisfied with a
finite number of constraint equations.  Thus, the procedure above is altered at Eq. 7.29 to write
the motor requirements as a function to be optimized, followed by a given set of constraint
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equations.  Optimization follows, yielding a set of trajectory parameters to best meet the desired
motor torque profile while  satisfying kinematic motion constraints.

7.6 Summary of Application Issues

This chapter has addressed several of the issues that will arise in application of the Carpal
Wrist.  This chapter is not intended to cover all implementation issues  Rather, its purpose is to
demonstrate the application of the Carpal Wrist model, kinematics and dynamics in resolving
application conflicts and in improving performance.

A fourth degree of freedom can be added to the Carpal Wrist to provide full orientational
capabilities The solutions presented, however, will increase costs and are thus intended only in
applications requiring the additional degree of freedom.

Redundancy resolution techniques were demonstrated at both the instantaneous kinematic and
the dynamic level.  Results from the application of one of these specific techniques can be seen
in Fig. 4.8, a minimum dexterity plot of the Carpal Wrist.  Section 4.6.3 and Table 4.3
demonstrate the significant improvement in Wrist dexterity due in part to the redundant degree of
freedom.  This improvement in dexterity over conventional robotic wrists (or the Carpal Wrist
operated in fixed-plunge mode) is provided at the cost of one additional actuator.

Trajectory Synthesis approaches for the Carpal Wrist, and associated arm were presented.  Path
planning is required in all manipulator systems.  The techniques given in this section demonstrate
how the kinematics and dynamic equations of motion can be derived to optimize Wrist and
manipulator performance under various operating criteria.
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