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(ABSTRACT)

In this paper we present an exponential stability result for a diffusion equation arising from

dumbbell models for polymer flow. Using the methods of semigroup theory, we show that the semi-

group U(t) associated with the diffusion equation is well defined and that all solutions converge

exponentially to an equilibrium solution. Both finitely and infinitely extensible dumbbell models

are considered. The main tool in establishing exponential stability is the proof of compactness of

the semigroup.
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Chapter 1

Introduction

1.1 Prevailing Theories

In this section we will present four prevailing theories on polymer fluid dynamics from a mathe-

matical perspective. This will provide a backdrop on which the mathematical portion of this paper

will build.

Understanding polymer fluid dynamics is important in connection with plastics manufacture,

performance of lubricants, application of paints, processing of foodstuffs, and movement of biolog-

ical fluids. Both experiment and theory in this field have undergone significant development over

the past fifty years ([3, pages 471–495]). Except for a few papers of historical interest, much of the

research in the field has been done since 1950. Many key experimental facts, continuum theories,

and molecular theories were developed during the 1960s and 70s. In this dissertation we will be

utilizing the so-called elastic dumbbell model for flexible polymers, which is a simplified version of

other types of models, for example the chainlike bead-spring models of Rouse and Zimm [31], [34],

the Kramers freely jointed “pearl necklace” [20], the Kirkwood-Riseman partially stiff chain [19],

the elastic rhombus, and others ([12, pages 1–4]). In the model used in this paper, there are only

two beads connected by a single springlike connector, whereas the more complex models mentioned
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above allow for more than two beads, with a varying number of connectors.

Polymer theories can be regarded as falling into one of two categories. The first is polymer

solutions and the second is polymer melts. Each of these two categories can be further divided into

two further categories. In the case of polymer solutions, we have firstly the elementary dumbbell

models, and secondly the freely jointed chain models. For melts we have the Gaussian network

theories, and then the newer reptating chain theories. Each of these four basic categories has their

own strengths and weaknesses, both from a theoretical and mathematical standpoint.

Let us first talk about dilute polymer solutions. One of the advantages of these models, as we

will see, is that a considerable amount of information can be provided about nonlinear rheological

behavior without much expenditure of mathematical or computational effort. One of the disadvan-

tages of this approach is the considerable simplification and large number of assumptions which

must be made from a theoretical standpoint. This paper will be dealing with the dumbbell models

in particular, hence the derivation of the underlying equations will be provided in the following

sections. For now, however, we will look at the equations and some possible approaches for solution.

Dumbbell Models

In the dumbbell models, we consider the macromolecule to be two beads joined by a connec-

tor. These dumbbells are considered to be floating in a Newtonian solvent. In a solution of elastic

dumbbells (two beads joined by a spring), the two basic equations of the kinetic theory are

Stress tensor

τ = ηsγ̇ + n < F(c)R > −nkTδ(1.1)

Configurational distribution function ψ(R, t)

∂ψ

∂t
= −

(
∂

∂R
·
{

[κ ·R]ψ − 2kT

ζ

∂

∂R
ψ − 2

ζ
F(c)ψ

})
.(1.2)
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Here R is the end-to-end vector of the dumbbell, F(c) is the tension in the spring connector,

n is the number of dumbbells per unit volume, ηs is the solvent viscosity, ζ is the friction coef-

ficient describing the Stokes law drag on one bead, and kT is Boltzmann’s constant multiplied

by the absolute temperature. The tensor κ is the transpose of the velocity gradient tensor [i.e.,

κij = (∂/∂xj)vi], γ̇ is the rate-of-strain tensor, ˙γij = (∂/∂xi)vj+(∂/∂xj)vi, and δ is the unit tensor.

The angular brackets denote an average value calculated using the distribution function ψ(R, t).

When the flow field is specified so that κ(t) is known, and when the spring force is known, then in

principle one can solve (1.2) to get ψ(R, t). Once this is known, it is relatively straightforward to

evaluate the stress tensor by calculating the average < F(c)R >, which appears in (1.1).

If we consider the Hookean dumbbell, the spring force law is given by F(c) = HR. For this

case Giesekus( [14]) showed that the solution to these equations is given by

τ = ηsγ̇ + τp(1.3)

τp + λHτp(1) = nkTλH γ̇(1.4)

The quantity λH is defined to be ζ/4H, and τp(1) = Dτp/Dt− κ · τp− τp · κT . D/Dt represents the

substantial (or material) time derivative. The equation involving τp and τp(1) is sometimes referred

to as the “upper convected Maxwell equation.” The Hookean dumbbell constitutive equation can

also be written as

τ(t) = ηsγ̇ +

∫ t

−∞

{
nkT

λH
e−(t−t′)/λH

}
γ[0](t, t

′)dt′.(1.5)

The quantity γ[0] is a finite strain tensor (see [3]). The exponential factor has the effect of bringing

in the past history of the strain and including it in the stress tensor. This indeed is one of the

definitions of a viscoelastic fluid. The fact that more emphasis is placed on recent history than

the past history of the strain is an example of “fading memory.” The Hookean dumbbell is also an

example of an infinitely extensible dumbbell.
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We will now look at the Finitely Extensible Nonlinear Elastic, or FENE dumbbell model. In

this model the spring force law is given by the expression F(c) = HR/(1 − ( RR0
)2). When this

function is substituted into equation (1.2), the resulting equation is very difficult, if not impossible,

to solve in closed form. If (R/R0)2 is replaced by < (R/R0)2 >, an approximation known as the

“Peterlin assumption”, we obtain what is known as the FENE-P model. From this it is possible to

get a complete constitutive equation( [4]):

Zτp + λHτp(1) − (τp + nkTδ)λHD lnZ/Dt = nkTλH γ̇,(1.6)

Z(trτp) = 1 + (3/b)(1 + trτp/3nkT ).(1.7)

b = HR2
0/kT is a dimensionless parameter which goes to infinity in the limit of Hookean dumb-

bells; in that limit Eq. (1.4) is recovered. From this representation many desirable qualities can be

derived concerning various viscoelastic quantities associated with the flow. One final note before

we move on: the FENE model can also be used for developing a crude kinetic theory for melts,

by incorporating a nonisotropic Stokes law and reptational Brownian motion [5]. There are other

modifications of these two results which allow for greater generalization as far as the underlying

theoretical assumptions are concerned. However, we will not go into them here. There are also

possible routes one can take if instead of using a springlike connector between the beads, one uses

a rigid connector. Again, we will not go into these here.

Freely Jointed Chain Models

These models are very similar mathematically to the dumbbell models with a single connector.

Here instead we have N beads and N − 1 springs, and the basic equations are

Stress Tensor

τ = ηsγ̇ + n < Σ3
j=1F

(c)
j Qj > −(N − 1)nkTδ.(1.8)
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Configurational distribution function ψ(Q1,Q2, ...,QN−1, t)

∂ψ

∂t
= −ΣN−1

j=1

(
∂

∂Qj
·
{

[κ ·Qj]ψ −
1

ζ
ΣN−1
k=1 Ajk

[
kT

∂

∂Qk
ψ + F

(c)
k ψ

]})
.(1.9)

These equations are analagous to Eqs. (1.1) and (1.2). The vectors Qk give the orientation and

length of the N−1 springs in the chain, and the Ajk are the elements of the Rouse matrix (Ajk = 2

if j = k,Ajk = −1 if j = k± 1, and zero otherwise). The Ajk account for the coupling between the

motions of the various beads in the chain.

For Hookean springs we have the linear force law F
(c)
k = HQk (the “Rouse model”) and we

can actually obtain a solution to these two equations ( [23]):

τ = ηsγ̇ + ΣN−1
j=1 τj(1.10)

τj + λjτj(1) = nkTλj γ̇.(1.11)

Here λj = ζ/2Haj , where the aj are the eigenvalues of the Rouse matrix. This is identical in

form to the solution for the Hookean dumbbell model, with the exception of the summation. Thus

each bead-spring connection is seen to contribute to the constitutive equation in the same manner

as the individual dumbbells in the Hookean dumbbell model. These results can also be extended to

the “Zimm model” which incorporates equilibrium averaged hydrodynamic interaction. It should

be noted that these two models suffer the same defects as the Hookean dumbbell model, such as

infinite extensional viscosity and absence of shear thinning.

The results of the FENE-P model can also be generalized to this context ([32]). This general-

ization results in the identical mathematical generalization as seen above. We also draw attention

to other models, for example the “Kramers model” chain, which consists of freely jointed bead-rod

chains. No closed form constitutive equation has been obtained for this model ([16], [7]).
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Polymer Melts

The theories on polymer melts can be divided into two basic categories. The first category

includes the older theories which are know as Gaussian Network Models. These models were moti-

vated by analogies with theories for rubber; basically one thinks of the melt as forming a temporary

structure which is like the permanent one which exists in rubber. The second category is a relative

newcomer to the scene, and is commonly referred to as the reptation theories. These theories were

first proposed in the papers of Doi and Edwards [10] in 1978 and 1979. As before, each of these

theories has their own set of advantages and disadvantages. The network theories have been around

for a fairly long time, contrasted to the reptation theories, which have appeared on the scene in

the past 20 years. We will examine each of these at a cursory level.

Gaussian Network Models

The Gaussian Network Models consider the polymer as a temporary network formed by physi-

cal entanglements([6]), and owe their origin to a publication by Green and Tobolsky([15]). A fuller

development of this idea, along with examples of its usage in making rheological calculations, can

be found in [24] - [33]. It has been pointed out in [27] that these theories are hybrid theories, in the

sense that they “invoke certain additional ad hoc assumptions about the response of the molecules

to macroscopically imposed disturbances, instead of deriving these responses from a clearly defined

model.” However, they have also managed to provide polymer fluid dynamicists with some useful

constitutive equations.

In [27] it is pointed out that all the Gaussian network theories have the following two equations

as their starting point:

Stress Tensor

τ = ΣnΣiHn < RR >in .(1.12)
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Strand distribution functions fin(R, t)

∂fin
∂t

= −
(
∂

∂R
· [κ ·R]fin

)
+ Lin(R, t)− fin

λin(t)
.(1.13)

Here the distribution function has the following meaning: fin(R, t)dR is the concentration at time

t of strands of complexity i and composed of n equivalent random links (of length l) with ensemble-

averaged end-to-end vectors with the range R to R + dR. The symbol Hn = 3kT/nl2 is the

effective Hookean spring constant of an n-link strand, so that HnR can be interpreted as a force

in the strand. The Lin are strand creation rates, and the λin are functions with dimension of time.

The angular brackets indicate an average value calculated with respect to fin.

These two equations can be manipulated to give a constitutive equation for the fluid which is

presumed to be a network of temporary physical junctions:

τ =

∫ t

−∞
m(t, t′)γ[0](t, t

′)dt′,(1.14)

m(t, t′) = ΣnΣiHnLin(t′)exp
[
−
∫ t

t′
dt′′/λin(t′′)

]
(1.15)

Here Lin(t) = (4π/3)
∫∞

0 R4Lin(R, t)dR. If the Lin and λin are taken to be constants, and if all the

strands have the same complexity, then the result of the previous two equations gives the equation

τ =

∫ t

−∞

{
Σj
Gj
λj
e−(t−t′)/λj

}
γ[0](t, t

′)dt′(1.16)

where Gj and λj are sets of constants. Note the similarity of this result to that obtained for dilute

solutions of bead-spring chains.

Many modifications of the preceding theory have appeared in print, with varying degress of

success as far as empirical fitting is concerned. One important alteration allows for nonaffine motion

(see [18] and [28]). In conclusion we note that these modified network theories have produced some

useful closed form constitutive equations that lend themselves nicely to numerical fluid dynamicists
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for the purposes of computing flow patterns.

Reptation Models

One of the major differences between the reptation models and the network theories is that the

reptation models, like dilute solution theories, focus attention on the motions of a single macro-

molecule. The motion of this molecule is restricted by the other molecules surrounding it, and this

constraint is taken into account in setting up the theory.

We will give the results for the Curtiss-Bird reptation theory for melts ([9]) which was devel-

oped by starting with a general phase-space formalism ([8]). They modeled the macromolecules

as Kramers freely jointed bead-rod chains (with N beads and N − 1 rods of length a) and used a

nonisotropic version of Stokes’ law to describe the force on a bead as it moves through the melt.

The two basic kinetic theory equations are

Stress Tensor

τ = NnkT [

∫ 1

0
< uu− 1

3
δ > dσ(1.17)

+ελκ :

∫ 1

0
< uuuu > σ(1− σ)dσ].

Chain segment orientation distribution function f(u, σ, t)

∂f

∂t
=

1

λ

∂f

∂σ2 −
(
∂

∂u
· Gt(u)f

)
.(1.18)

Here f(u, σ, t) gives the probability that at a fractional distance σ along the chain, the local chain

orientation is given by a vector u at time t, and Gt(u) is the same quantity defined earlier. The

angular brackets are averages with respect to the distribution function f(u, σ, t) and λ is a time

constant defined by λ = N3+βζa22kT . The model contains four parameters: the number of beads,

N , a drag coefficient ζ, a “link coefficient,” ε which lies between 0 and 1, and a “chain constraint
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exponent” β.

When the solution to (1.18) is inserted into (1.17) the following constitutive equation is ob-

tained [9]:

τ = −NnkT
[

1

3
δ −

∫ t

−∞
µ(t− t′)Adt′ − ε

∫ t

−∞
ν(t− t′)Bdt′

]
,(1.19)

where

ν(t− t′) =
16

π2λ
Σα,oddα

−2e−π
2α2(t−t′)/λ(1.20)

and µ(t − t′) = (λ/2)dν(t − t′)/dt′; note that here the sum is on odd values of α, whereas in the

Rouse theory the relaxation modulus contains a sum on all values of α. The tensors A and B are

given as

A =
1

4π

∫
[1 + (γ[0] : uu)]−3/2uu du,(1.21)

B =
1

4π
λκ :

∫
[1 + (γ[0] : uu)]−3/2uuuu du(1.22)

where γ[0] is a finite strain tensor (see [3]).

Numerical Simulation of Molecular Models

Since the 1980s numerical approaches have been used to solve rheological flow problems. At

first, these efforts were limited to closed form constitutive laws, but more recently, direct molecular

simulations have become possible. The idea here is to solve the stochastic differential equation

which is equivalent to the diffusion equation. In the early 90s, a method was developed for this

which became known as the CONNFFESSIT approach. This method combined standard finite

element techniques for solving the momentum and continuity equations with stochastic simulation

techniques. One of the clear advantages of this combined approach is that CONNFFESSIT allows
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one to use models from polymer kinetic theory without having to derive an equivalent closed-form

constitutive equation, for example, it is possible to study the true FENE dumbbell model without

the artifact of the Peterlin approximation. For examples of this, see e.g. [22] and [11]. In [22] he

applies this method to solving plane Couette flow for the upper-convected Maxwell, Oldroyd-B,

FENE-P and FENE models. In [11] he uses this approach to solve the flow in two dimensions for

the Oldroyd-B model.

1.2 Derivation of Relevant Equations

In this section we present a sketch of the kinetic theory for both infinitely extensible and finitely

extensible dumbbells and subsequent derivation of the equation for the stress tensor and rheologi-

cal equation of state used in this model of polymer flow. At the molecular level, the molecules of

the fluid are modelled as elastic dumbbells. These dumbbells are seen as floating in a Newtonian

solvent. Particular assumptions follow:

a. The macromolecule is idealized as an “elastic dumbbell,” consisting of two spherical “beads”

joined by a nonbendable “spring.” The beads have masses m1 and m2, and radii a1 and a2. The

locations of the centers of beads “1” and “2” are given by position vectors r1 and r2 with respect

to the origin of a fixed coordinate frame. The “configuration vector,” R = r2 − r1, specifies the

instantaneous distance between the bead centers and the angular orientation of the dumbbell in

space.

b. There are n dumbbells per unit volume, suspended in a Newtonian solvent with viscosity

ηs, and there are no concentration gradients. The solution is presumed to be sufficiently dilute that

dumbbells do not interact with each other.
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c. As they move through the solvent, the beads experience a hydrodynamic drag given by

Stokes’ law. This law states that the drag force on the νth bead is proportional to the relative

velocity of the bead and solvent with the proportionality constant (the “friction coefficient”) ζν

being given by ζν = 6πηsaν where ν = 1, 2. The hydrodynamic forces will tend to orient and

stretch the dumbbells in a flow field.

d. The effect of hydrodynamic interaction will be ignored, i.e., it is assumed that the effect

of one bead does not affect the flow of the solvent in the neighborhood of the other bead on a

particular dumbbell.

e. It will be assumed that the dumbbells are so small that they experience “Brownian mo-

tion” forces, the wildly fluctuating random forces that are associated with thermal motion. We will

assume that these forces can be accounted for by using a smoothed-out Brownian motion force,

such that the force on the νth bead will be −kT (∂/∂rν)lnΨ, where the quantity Ψ(r1, r2, t)dr1dr2

represents the number of dumbbells that will be found within the configuration range dr1dr2 about

r1, r2. Brownian motion forces are “randomizing forces” that act to oppose the orienting action of

the hydrodynamic forces and the stretching of the spring. More will be said about the distribution

function Ψ later.

f. The force law for the spring in the model will be of the form F(R) = γ(|R|2)R. The

function γ will fall into one of two categories, depending on the type of dumbbell being used. If

the dumbbell is finitely extensible, then it has a maximum length R0 to which it can be stretched.

Hence the domain of the function γ will be [0, R2
0). If the dumbbell is infinitely extensible, then

there is no upper limit on how long the dumbbell can be extended, hence the domain of γ is [0,∞).

g. It will also be assumed that inertial forces can be neglected in writing the equation of

motion for the beads. That is, the “mass × acceleration” of the beads will be orders of magnitude
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smaller than the hydrodynamic, Brownian motion, and spring forces.

h. The velocity gradient of the solvent in which the dumbbells are suspended will be consid-

ered to be homogeneous on the scale of a dumbbell. Therefore in the neigborhood of a dumbbell,

the velocity field can be represented by the expression v0 + [κ · r], where v0 is a constant, r is the

position vector, and κ is a traceless tensor that is independent of position, but that may depend

on the time t.

i. It is assumed that the velocity distribution for the beads is Maxwellian and that it is inde-

pendent of the configuration distribution; it is further assumed that the configuration distribution

function is independent of the location of the center of resistance of the molecule.

This last assumption is modelled mathematically as follows:

Consider a suspension of a large number of dumbbells and introduce a “distribution function”

f(r1, r2, ṙ1, ṙ2, t) such that f(r1, r2, ṙ1, ṙ2, t)dr1 dr2 dṙ1 dṙ2 is the number of dumbbells in the posi-

tion range r1 to r1 +dr1 and r2 to r2 +dr2, and with the bead velocities in the range ṙ1 to ṙ1 +dṙ1

and ṙ2 to ṙ2 + dṙ2, at time t. Note that f is so defined that
∫ ∫ ∫ ∫

fdr1 dr2 dṙ1 dṙ2 equals the

number of dumbbells in the solution. We also have the following:

f(r1, r2, ṙ1, ṙ2, t) = Ψ(r1, r2, t)Ξ(ṙ1, ṙ2)(1.23)

and further that Ξ can be written as a Maxwellian distribution about the solution velocity v.

It is the function Ψ that we are interested in here. We have assumed that the configuration

distribution function is independent of the center of resistance. Therefore we can write Ψ as only

a function of R = r2 − r1 and t. For homogeneous flow of a dilute solution with no concentration

gradients, it is expected that the distribution of configurations of the dumbbells will be independent
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of the locations of the dumbbells:

Ψ(r1, r2, t) = nψ(R, t),(1.24)

in which n is the (constant) number density of dumbbells and ψ(R, t) is the distribution function

for the internal configuration; ψ(R, t)dR is the probability that a randomly selected dumbbell in

the suspension will be in the configuration range R to R + dR.

We will now concentrate on deriving the so-called “diffusion equation” for the configuration

distribution function. First of all, we know that the dynamical state of a single dumbbell can be

specified by giving the position vectors r1 and r2 and the two velocities ṙ1 and ṙ2. Instead of giving

the position vectors r1 and r2, we can also give a linear combination of these vectors; in particular,

R = r2 − r1 : Configuration vector;(1.25)

rc = ζ1r1 + ζ2r2
ζ1 + ζ2

: Position vector of center of resistance.(1.26)

It turns out that the center of resistance moves with the velocity of the solution, so this combination

is physically meaningful. Furthermore, ψ(R, t) is normalized so that∫
ψ(R, t)dR = 1.(1.27)

Because of the simplifications resulting from the previous discussion, all our attention can now be

focused on the function ψ(R, t). Hence we will now turn our attention to deriving a differential

equation for ψ which will be referred to as the “diffusion equation”. The reason for this name is

that it deals with the diffusion of system points in the configuration space. Let us now examine

these equations:

1.3 Equation of Motion for the Dumbbell

For each bead of the dumbbell we may write an equation of motion, indicating that the mass-times-

acceleration equals the sum of the hydrodynamic bead force, the Brownian motion force, and the
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force through the spring:

m1r̈1 = −ζ1(ṙ1 − v1)− kT ∂

∂r1
ln Ψ + F1(1.28)

m2r̈2 = −ζ2(ṙ2 − v2)− kT ∂

∂r2
ln Ψ + F2.(1.29)

Here vν = v0 + [κ · rν ] is the fluid velocity at the location of the νth bead, and Fν is the force on

the νth bead through the connector (of course, for a dumbbell F1 = −F2). As mentioned earlier, it

is convenient to neglect the acceleration terms in these equations since they are known to be small

compared with the other terms.

Equations (1.28) and (1.29) can now be rewritten in terms of r̃c and R, after the acceleration

terms have been dropped. This gives

˙̃rc = v0 + [κ · r̃c](1.30)

Ṙ = [κ ·R]− 2kT

ζ

∂

∂R
lnψ − 2

ζ
F(c).(1.31)

Here the expression 2/ζ replaces the grouping (1/ζ1) + (1/ζ2), and we have used the fact that(
∂
∂r1

+ ∂
∂r2

)
lnψ(R, t) = 0 .

1.4 The “Diffusion Equation” for ψ(R, t)

The equation for continuity for ψ is given by:

∂ψ

∂t
= −

(
∂

∂R
·Ṙψ

)
.(1.32)

Substitution of Ṙ from Eq. (1.31) into Eq. (1.32) gives:

∂ψ

∂t
= −

(
∂

∂R
·
{

[κ ·R]ψ − 2kT

ζ

∂

∂R
ψ − 2

ζ
F(c)ψ

})
.(1.33)

This is the second-order partial differential equation that describes the way in which the distribu-

tion of configurations changes with time when the time-dependent homogeneous velocity field is
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described by κ(t). κ(t) is a traceless tensor. Note that Eq. (1.33) can be rearranged as:

∂ψ

∂t
+

(
[κ ·R]· ∂

∂R
ψ

)
=

2kT

ζ

∂

∂R
·
(
∂

∂R
ψ

)
+

2

ζ

(
∂

∂R
·F(c)ψ

)
.(1.34)

In moving the first term in (1.33) to the left hand side, we have taken advantage of the fact that

κ(t) is traceless:

∂

∂R
· {[κ ·R]ψ} = [Σ3

i=1κii]ψ + [κ ·R]
∂

∂R
ψ(1.35)

=

(
[κ ·R]· ∂

∂R
ψ

)
.(1.36)

Equation (1.34) is similar in form to a diffusion equation (see, e.g. [17]) with the “convective” terms

on the left, and the “diffusive” and “source” terms on the right; in the diffusive term the diffusivity

or diffusion coefficient is given by:

D =
2kT

ζ
(1.37)

with dimensions (length)2/time. This is the reason why Eq. (1.34) is called the diffusion equation

for ψ. Our next step will be to obtain an expression for the stress tensor for a dilute solution of

elastic dumbbells.

1.5 Equation for the Stress Tensor

The total stress tensor π is presumed to be the sum of a contribution from the solvent πs, and

another, πp, resulting from the presence of the polymer molecules:

π = πs + πp

= (−psδ + τs) + (−ppδ + τp)

= −pδ + τ(1.38)

where p = ps + pp and τ = τs + τp = ηsγ̇+ τp; here ηs is the solvent viscosity, and γ̇ = ∇v + (∇v)T

is the rate of strain tensor. δ stands for the unit tensor, hence the term pδ is the stress tensor in
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the absence of velocity gradients.

Contribution to the stress tensor comes from two primary sources: (1) an arbitrary plane in

the suspension may at any moment be straddled by the two beads of a dumbbell, and there will

be a contribution due to the force of tension or compression transmitted through the spring, and

(2) the beads themselves may cross the arbitrary plane and bring with them a certain amount of

momentum. The resulting connector and bead contributions to the stress tensor will be labelled

π
(c)
p and π

(b)
p .

We first derive the expression for contribution from tension in the connectors. Consider an

arbitrary plane in the solution moving with the local solution velocity v, with orientation given by

a unit normal vector n. Construct a cube of volume 1/n; i.e., just large enough to, on the average,

contain the center of mass of one dumbbell. The arbitrary plane will cut through this cube, parallel

to one of the faces.

If we put one dumbbell into this cube, the probability that it cuts through the plane is given

by:

(Projection of R on n)

(Length of edge of the cube)
=

(n ·R)

(1/n)1/3
.(1.39)

Furthermore the probability of finding the dumbbell with an orientation dR = dX dY dZ about R

is:

ψ(R, t) dR.(1.40)

Hence the probability that a dumbbell in the cubical volume will cut an arbitrary plane passing

through the cube and be within a specified orientation range is given by the product of the above

two expressions:

(n ·R)n1/3ψ(R, t) dR.(1.41)
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If in the connector there is a tension F(c), then the resulting contribution by the dumbbell to the

force across the plane will be:

n1/3
∫

(n ·R)F(c)ψ(R, t)dR.(1.42)

The corresponding expectation value of the force per unit area is obtained by dividing the above

expression by the area of the plane, which is (1/n)2/3:

n

∫
[n ·RF

(c)

]ψ(R, t) dR = n

[
n ·
∫

RF
(c)

ψ(R, t) dR

]
.(1.43)

But this expectation value is identically equal to [n · π(c)
p ]; hence the contribution of the connectors

of the dumbbells to the stress in the solution is:

π(c)
p = n

∫
RF(c)ψ(R, t) dR(1.44)

=: n < RF(c) > .(1.45)

As far as the term π
(b)
p is concerned, it can be shown that this amounts to an isotropic contribution

of the form −2nkTδ, which can be absorbed in the pressure. This is the contribution due to the

bead motion. We now combine the contributions from the solvent and polymer, hence obtaining:

π = πs + n < RF(c) > − 2nkTδ.(1.46)

It can be shown that at equilibrium the term n < RF(c) > becomes nkTδ, with the result that

p = ps − nkT . Therefore from Eq. (1.38) we see that:

τ = ηsγ̇ + n < RF(c) > −nkTδ.(1.47)
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Chapter 2

Preliminaries

2.1 Statement of the Problem

The equations of motion for an incompressible fluid are

ρ

(
∂v

∂t
+ (v · ∇)v

)
= div T−∇p+ f ,(2.1)

div v = 0.

Here v denotes the velocity, p the pressure, T the extra stress tensor, ρ the density (assumed

constant), and f is a given body force.

In our model, the polymer molecules are taken to be dumbbells consisting of two beads con-

nected by a spring and floating in a Newtonian solvent. The vector R will be used to denote the

orientation of a given molecule in the solvent. The variable x denotes the position of the center

of resistance of the molecule (measured in Eulerian coordinates), and t denotes time. ψ(R,x, t)

denotes the probability density for dumbbells in R-space. Since ψ is a probability density, it will

always be nonnegative and
∫
ψ(R,x, t)dR = 1. The spring force is given by F(R) = γ(|R|2)R, and

the stress is given by

Tij(x, t) = n

∫
RiFj(R)ψ(R,x, t)dR.(2.2)
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Dumbbells fall into one of two categories: finitely extensible and infinitely extensible. In the first

case, the spring potential associated with F(R) becomes infinite at a finite value R0 of |R|. Hence

the integral used in defining Tij extends only over the ball |R| ≤ R0. In the second case, γ is finite

for any value |R| ≥ 0. Concerning the spring force, we shall make one of the following assumptions:

(F) The function γ is C∞-smooth from [0,∞) to (0,∞), γ′ ≥ 0, and there exist numbers σ > 0

and k > 0 such that lim|R|→∞ γ(|R|2)/|R|σ = k. Moreover, lim sup|R|→∞ γ
′(|R|2)/|R|σ−2 is finite

and higher derivatives of γ have at most polynomial growth as |R| → ∞.

(F’) For some R0 > 0, the function γ is C∞-smooth from [0, R2
0) to (0,∞), γ′ ≥ 0, and

there exist numbers σ > 1 and k > 0 such that lim|R|→R0
γ(|R|2)(R0 − |R|)σ = k. Moreover,

lim sup|R|→R0
γ′(|R|2)(R0 − |R|)σ+1 is finite and higher derivatives of γ grow at most like powers

of (R0 − |R|)−1 as |R| → R0.

In the first case, the dumbbell is infinitely extensible, in the second case it is finitely extensi-

ble. The assumption γ′ ≥ 0 means that the spring gets stiffer as the dumbbell is extended; this

assumption is usually made in molecular models.

The parameter n is the number density of the dumbbells, assumed constant. The probability

density ψ(R,x, t) obeys the diffusion equation(
∂

∂t
+ (v · ∇x)

)
ψ = α∆Rψ + div R(−(∇xv) ·Rψ + βF(R)ψ).(2.3)

The terms in the previous equation each come from different considerations in the kinetic the-

ory: α∆Rψ comes from Brownian motion, div R((∇xv) · Rψ) from hydrodynamic forces, and

div R(βF(R)ψ) from the connecting spring force. The subscripts R and x indicate the variables

with respect to which derivatives are being taken. Our convention for the gradient of a vector is

that the first index refers to the component of the vector and the second index to the direction of

differentiation. The quantities α and β are positive constants. Equation (2.3) was derived in the
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previous section, with α replacing the quantity 2kT
ζ , and β replacing the quantity 2

ζ .

2.2 Definition of Function Spaces

Since ψ has the meaning of a probability density, L1-spaces are natural for R-dependence. However,

the definition of T in (2.2) involves integrals of ψ against increasing functions of R, and we shall

therefore use weighted L1-spaces. We define

Xn,0 = {ψ : IR3 → IR|
∫

IR3
(1 + |R|n)|ψ(R)|dR <∞}(2.4)

in the case of infinitely extensible dumbbells, and

Xn,0 = {ψ : BR0 → IR|
∫
BR0

(R0 − |R|)−n|ψ(R)|dR <∞}(2.5)

in the case of finitely extensible dumbbells. Here BR0 denotes the ball of radius R0. Moreover, we

let Xn,k be the space of all ψ whose derivatives up to order k lie in Xn,0. Finally, let

Xk =
∞⋂
n=0

Xn,k.(2.6)

The space Xk consists of functions which, together with their derivatives, vanish at infinite order

as |R| → ∞ or |R| → R0, respectively.
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Chapter 3

Our Main Result

3.1 Introduction

In this paper, we focus on the linearized diffusion equation

∂ψ

∂t
= α∆Rψ + div R(βF(R)ψ).(3.1)

Since this equation does not involve x except as a parameter, we shall regard ψ as a function of t

and R. We prescribe an initial condition

ψ(R, 0) = ψ0(R).(3.2)

We shall use semigroup theory to establish the existence, uniqueness, and asymptotic decay of

solutions to (3.1). Specifically, the function space we use is L1(Q), where Q = IR3 for the infinitely

extensible case, and Q = B for the finitely extensible case. We note that, at least formally,

∫
Q
ψdR(3.3)

is a conserved quantity. Physically, ψ is a probability density, i.e. ψ ≥ 0 and

∫
Q
ψdR = 1.(3.4)
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Indeed, it follows from the maximum principle that ψ ≥ 0 if the initial condition ψ0 ≥ 0. As t→∞,

we expect ψ to approach the equilibrium solution

ψeq(R) = Ke−
β
α
V (R)(3.5)

where V is the potential for F : F = ∇V , and K is the appropriate normalization constant. We

can subtract ψeq from ψ and obtain a function of zero mean. Hence we define

L̃1(Q) = {ψ ∈ L1(Q)|
∫
ψdR = 0}.(3.6)

The goal of this thesis is the following result:

Theorem 1 The operator

ψ 7→ α∆Rψ + div R(βF(R)ψ),(3.7)

defined on C∞0 (Q) and extended by closure, is the infinitesimal generator of a C0-semigroup T (t)

on L̃1(Q). Moreover, T (t) is compact for every t > 0, and there are constants M and ω > 0 such

that

‖T (t)‖ ≤Me−ωt.(3.8)

In Michael Renardy’s paper [29], he proves local existence for the coupled momentum and

diffusion equations. In this paper we will be presenting a result on exponential stability for the

diffusion equation on its own. The method he uses is to approximate the equation by a sequence of

problems which have bounded coefficients. Each of these problems is known to possess a unique so-

lution in the specified domain. He then derives uniform bounds on the solutions to these problems,

and extracts a convergent subsequence which converges in the sense of distributions to a solution

of the original problem. Regularity of the limit function is also proven in this fashion. In this paper

we plan to use Renardy’s result in conjunction with the methods of semigroup theory to obtain

Theorem 1 as mentioned above.

22



We hence present the special case of Renardy’s result which is relevant for the current discus-

sion:

Theorem 2 Consider the following IVP:

∂ψ

∂t
= α∆Rψ + div R(βF(R)ψ),(3.9)

ψ(R, 0) = ψ0(R),(3.10)

with ψ0(R) ∈ X8, and posed on the domain Q. This problem has a unique solution ψ ∈⋂3
k=0C

k([0, T ′];X8−2k) for any T ′ ≥ 0.

We define the operator A acting on ψ via

Aψ = α∆Rψ + div R(βF(R)ψ).(3.11)

The general structure of the proof is as follows:

1. A generates a C0-semigroup T (t).

Here we prove existence of the semigroup T (t) and characterize its infinitesimal generator.

2. T (t) is a contraction semigroup.

This follows directly from the fact that
∫
Q ψdR is a conserved quantity.

3. T (t) is a compact semigroup.

T (t) is shown to be a compact operator from L1(Q) to L1(Q) for all t > 0.

3.2 Existence of the Semigroup

From here to the end of Section 3.5 we will be concerned strictly with the infinitely extensible case.

The finitely extensible case will be dealt with in Section 3.6. The first thing we need to show is
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that A indeed generates a semigroup. By U(t) let us denote the evolution operator

U(t) : X8 → ∩3
k=0C

k([0,∞);X8−2k)(3.12)

where U(t)ψ0 = ψ(t), i.e. U maps the initial datum to the corresponding solution of the initial value

problem (3.1). We wish to show that U(t) is well-defined on X8. Well-definedness is equivalent to

existence and uniqueness of solution to (3.1). Existence has already been proven in [29]. The fact

that solutions to (3.1) are unique stems from the following modification of the maximum principle:

Let ψ be a solution to the following initial value problem:

∂ψ

∂t
= α∆Rψ + div R(βF(R)ψ)(3.13)

ψ(R, 0) = 0.(3.14)

Consider the following problem on the finite ball {|R| ≤ k}:

∂φ

∂t
= α∆Rφ+ div R(βF(R)φ)(3.15)

α
∂φ

∂n
+ (βFφ) · n = α

∂ψ

∂n
+ (βFψ) · n on {|R| = k}.(3.16)

This problem has a maximum principle, since all coefficients are now bounded and the problem is

posed on a bounded domain. Thus if we replace the right hand side of the boundary condition with

the expression

f = (
∂ψ

∂n
+ (βFψ) · n)+,(3.17)

i.e. the positive part of the original boundary condition, the maximum principle would tell us that

the corresponding solution will also be positive. If we then integrate the differential equation with

respect to R, we obtain:

∂

∂t

∫
|R|≤k

φdR =

∫
|R|≤k

α∆Rφ+ div R(βF(R)φ) dR(3.18)

=

∫
|R|=k

α
∂φ

∂n
+ (βF(R)φ) · n dS(3.19)

=

∫
|R|=k

f dS.(3.20)
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Here dS denotes the surface of the sphere {|R| = k}. The argument now proceeds as follows: If ψ

is in C3([0, T ];X2) then R-derivatives up to order 2 vanish at infinite order as |R| → ∞. Note that

as k approaches infinity, the integral on the right hand side of (3.20) approaches zero. If we take k

arbitrarily large, then the growth of
∫
|R|≤k φdR is arbitrarily small, hence equal to zero. Since at

t = 0 we will be forcing φ to be zero, we then see that φ must be zero for all t.

Now suppose there were two solutions to the original initial value problem, u and v. Then

u− v is a solution to the IVP

∂ψ

∂t
= α∆Rψ + div R(βF(R)ψ)(3.21)

ψ(R, 0) = 0(3.22)

on the domain IR3 × (0, T ] for any T . Then the previous argument tells us that u − v = 0, hence

u = v. 2

The three properties of a semigroup are:

1. U(0) = I

This is trivially true.

2. U(s+ t) = U(s)U(t)

One way to interpret this is as follows: Consider the initial value problem started at time t = 0.

This has a solution ψ(t). Now suppose we start the initial value problem at some positive time

t = s. The initial data we will use will be ψ0(R, s) = ψ(R, s), where ψ is the solution to the

problem started at t = 0. The semigroup property tells us that the new solution obtained must

agree with the old solution for all t > s. Uniqueness of solution to the IVP suffices to show this

property.

3. limt→0+ U(t)ψ0 = ψ0 ∀ ψ0 ∈ L1(IR3).

This we show on a dense subset of L1. In particular, suppose that ψ0 ∈ X8. In [29] Renardy shows
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that the corresponding solution ψ(t) will be in the space ∩3
k=0C

k([0, T ′];X8−2k). Continuity in t

gives us strong continuity of the semigroup, and the boundedness of U(t) allows us to extend this

result to all of L1.

3.3 Characterization of A and Boundedness of U(t)

In this section we will characterize the infinitesimal generator of the semigroup. It will be shown

that this can be considered to be the closure of (A,D(A)), where D(A) is the space X8.

We will argue via set inclusion. We already know that X8 must be contained in the domain of

the infinitesimal generator. What we would like to show is that the infinitesimal generator is not a

proper extension of the closure of A defined on this set. In order to do this, we will show that for

suitably large λ, the operator A−λ, defined on X8, has dense range and an inverse that is bounded

from L1 to L1. Hence A− λ cannot have a proper extension.

Hence we have reduced the problem to an existence result for the equation (A − λ)x = y.

Our approach will be to approximate the problem by one with bounded coefficients. We show that

(A− λ) has a bounded inverse defined from X8 to X8. This will suffice, since X8 is dense in L1.

An essential step in the argument will be to know that if y does not change sign then x does

not either. The argument for this will be based on an application of the maximum principle for the

adjoint of A. Since A has unbounded coefficients, we need to consider an approximating problem

on a bounded region and apply the maximum principle there, and then consider the limit.

Let us begin:

We wish to solve the equation (A − λ)x = y for arbitrary y ∈ X8. We need to know that if y

does not change sign, then x doesn’t either. First note that the adjoint problem has a maximum
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principle. Now suppose that y ≥ 0 and x changes sign. Pick v such that (v, x) = 0 and v ≥ 0.

Let w be a solution of (A× − λ)w = v. Since, as previously noted, this problem has a maximum

principle, we know that w ≤ 0 and

((A− λ)x,w) = (y,w) 6= 0(3.23)

since neither y nor w changes sign. However, formally we have

((A − λ)x,w) = (x, (A× − λ)w) = (x, v) = 0.(3.24)

Hence we arrive at a contradiction, so xmust not change sign. We now need to justify the integration

by parts in equation (3.24). We proceed formally:

((A− λ)x,w) =

∫
BN

(A− λ)x(R)w(R) dR(3.25)

=

∫
BN

(α∆Rx+ div R(βF(R)x) − λx)wdR(3.26)

=

∫
BN

αx(R)∆Rw(R) − λx(R)w(R)dR(3.27)

+

∫
BN

div R(βF(R)x(R))w(R)dR

+

∫
∂BN

α

(
w(R)

∂x

∂n
− x(R)

∂w

∂n

)
dS

=

∫
BN

αx(R)∆Rw(R) − λx(R)w(R)(3.28)

−βx(R)F(R) · ∇Rw(R)dR

+

∫
∂BN

α

(
w(R)

∂x

∂n
− x(R)

∂w

∂n

)
+βγ(|R|2)|R|x(R)w(R) dS

=

∫
BN

x(R)(A× − λ)w(R)dR(3.29)

+

∫
∂BN

α

(
w(R)

∂x

∂n
− x(R)

∂w

∂n

)
+βγ(|R|2)|R|x(R)w(R) dS.

If we can show that x ∈ X8, then the fact that x decays faster than any power of |R| will cancel

out any reasonable amount of growth in w or first derivatives of w as R approaches infinity. This

will justify the integration by parts, since the boundary terms will then vanish as N →∞. Hence
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we have two issues to address. First, the existence of solutions to the equation (A× − λ)w = v.

This will be addressed in Lemma 1. Second, the fact that x ∈ X8. The necessary estimates will be

presented after the proof of Lemma 1.

Lemma 1 Let A be as defined in (3.11), and suppose that v ∈ X8 (and hence v ∈ L∞(IR3)).

Assume v ≥ 0. Then the following equation has a solution w ∈ L∞(IR3)
⋂
W 2,1
loc (IR3) such that

w ≤ 0:

(A× − λ)w = v.(3.30)

Proof. We first approximate the problem by one on a bounded domain satisfying Dirichlet

boundary conditions. The domain will be the N-sphere BN = {R ∈ IR3| |R| ≤ N}. In this domain

we obtain an L∞ bound on the solution to the problem. This will give us an Lp bound on BN

for any p ≥ 1 as well. We then use a combination of Schauder estimates derived in [2] and an

interpolation inequality to push the solution into W 2,p
loc (IR3).

Let us begin. The problem is of the form:

α∆RwN − (βF(R)) · ∇RwN − λwN = v onBN(3.31)

wN (R, t) = 0 on ∂BN .(3.32)

We can refer to [13, pages 25,29] and see that this problem has a unique solution. Furthermore,

since v ≥ 0, the maximum principle tells us that wN ≤ 0 on BN . At a negative minimum, we know

that ∆RwN ≥ 0, ∇RwN = 0, and wN < 0. Hence the following is true:

α∆RwN − λwN = v(3.33)

−λwN ≤ v(3.34)

−wN ≤ v

λ
.(3.35)

Hence ‖wN‖∞ = lub|wN | ≤ maxBN v
λ .
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This gives us a bound on the L∞ norm of wN in BN . We can then use this to obtain a bound

on the Lp norm for 1 ≤ p <∞:

‖wN‖p =

(∫
BN

|wN (R, t)|pdR
) 1
p

(3.36)

≤
(∫

BN

‖wN‖p∞dR
) 1
p

(3.37)

=

(
4

3
πN3

) 1
p

‖wN‖∞(3.38)

≤ C(N
3
p )maxBN

v

λ
.(3.39)

We would now like to concentrate on the regularity of wN . To accomplish this, we will first refer

to [2, page 702] which gives us an estimate of the form:

‖wN‖2,p ≤ C1(N)‖wN‖1,p + ‖wN‖p + ‖v‖p.(3.40)

Here C1 depends on a bound on the coefficients of the operator A, in particular, the quantity

sup|R|≤N |F(R)| = Nγ(N2). We now utilize an interpolation inequality (see, e.g., [1, page 79]), to

obtain the following estimate:

‖wN‖1,p ≤ C2(N)ε‖wN‖2,p + ε−1‖wN‖p.(3.41)

Here C2 depends on the diameter of the domain, in particular, 2N . If we combine these two

estimates, we get:

‖wN‖2,p ≤ C1(N)
(
C2(N)ε‖wN‖2,p + ε−1‖wN‖p

)
(3.42)

+‖wN‖p + ‖v‖p

(1− C3(N)ε) ‖wN‖2,p ≤ C1(N)ε−1|‖wN‖p + ‖wN‖p + ‖v‖p(3.43)

‖wN‖2,p ≤
(C1(N)ε−1 + 1)‖wN‖p + ‖v‖p

1− C3(N)ε
.(3.44)

We can now choose ε so that the quantity 1− C3(N)ε is positive. This leads to the following:

‖wN‖2,p ≤
(C1(N)ε−1 + 1)‖wN‖p + ‖v‖p

1− C3(N)ε
(3.45)

≤ c1(ε,N)‖wN‖p + c2(ε,N)‖v‖p(3.46)

≤ c3(ε,N, λ)‖v‖∞.(3.47)

29



Hence we unfortunately do not obtain a uniform bound on the wN independent of N . However, we

have shown that each wN lies in L∞(IR3)
⋂
W 2,p
loc (IR3), and we know that W 2,p

loc (IR3) ⊂ W 2,1
loc (IR3).

Hence wN ∈ L∞(IR3)
⋂
W 2,1
loc (IR3). Furthermore, the wN are uniformly bounded in L∞(IR3) by the

quantity 1
λ‖v‖∞. Therefore wN has a weak-* convergent subsequence (see [30, page 203]). Since

this is true, we can pass through the weak-* limit to obtain a function w ∈ L∞(IR3)
⋂
W 2,1
loc (IR3)

which satisfies equation (3.30). 2

Now we know that solutions to (A× − λ)w = v exist. Hence we move on to the fact that

x ∈ X8. To remind the reader, x was the solution to the equation (A − λ)x = y, where y ≥ 0. If

we can show that x ∈ X8, then the fact that x decays faster than any power of |R| will cancel out

any reasonable amount of growth in w or first derivatives of w as |R| approaches infinity. This will

justify the integration by parts, since the boundary terms will then vanish as N →∞. To this end,

let us assume y ≥ 0, and concentrate on the following problem:

α∆RxN + div R(χN (R)βF(R)xN )− λxN = y(3.48)

defined on all of space. Here χ(R) is a function satisfying the following conditions:

1. χ(0) = 1

2. χ is a monotone decreasing function of |R|.

3. χ(R) = |R|−ν for large |R|, where ν is a sufficiently large number.

We then define χN (R) = χ(R/N) ∀N > 1. Since equation (3.48) has bounded coefficients, we can

refer to the literature for standard existence and uniqueness results (see, e.g. [13, pages 25, 29]).

Our immediate concern will be to obtain an estimate on ‖xN‖2n for every n. With this goal in

mind, we multiply both sides of (3.48) by (1 + |R|2n) and integrate:

‖y‖2n =

∫
IR3

(1 + |R|2n)|y(R)| dR(3.49)
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=

∫
IR3

(1 + |R|2n)(α∆RxN (R, t) + div R(βχN (R)F(R)xN (R, t))(3.50)

−λxN (R, t)) dR

= α(4n2 + 2n)

∫
IR3
|R|2(n−1)xN (R, t) dR(3.51)

−2nβ

∫
IR3
|R|2(n−1)χN (R)R · F(R)xN (R, t) dR

−λ
∫

IR3
(1 + |R|2n)xN (R, t) dR

≥ α(4n2 + 2n)

∫
IR3

[ε(1 + |R|2n) + ε−n+1]xN (R, t)dR(3.52)

−2nβ

∫
IR3

γ(|R|2)|R|2nχN (R)xN (R, t)dR

−λ
∫

IR3
(1 + |R|2n)xN (R, t) dR

≥ (λ− αε(4n2 + 2n))‖xN‖2n − αε−n+1(4n2 + 2n)‖xN‖0(3.53)

= (λ− αε(4n2 + 2n))‖xN‖2n −
αε−n+1

λ
(4n2 + 2n)‖y‖0.(3.54)

In the previous estimates keep in mind that xN is negative. We know this is true since equa-

tion (3.48) has bounded coefficients, hence the maximum principle applies. Therefore we obtain

the following estimate:

(λ− αε(4n2 + 2n))‖xN‖2n ≤ ‖y‖2n +
α(4n2 + 2n)

λεn−1
‖y‖0(3.55)

‖xN‖2n ≤ λεn−1‖y‖2n + α(4n2 + 2n)‖y‖0
λ2εn−1 − αλεn(4n2 + 2n)

(3.56)

= c1(α, λ, ε, n)‖y‖2n + c2(α, λ, ε, n)‖y‖0 .(3.57)

Again we must be selective in our choice of ε. We can choose ε dependent on n so that αε(4n2 +2n)

is less than some fixed number, and then the λ we seek is simply anything larger than that fixed

number. This will retain the positivity in the denominator of (3.56), preventing any sign problems.

This estimate we have obtained on ‖xN‖2n is sufficient. What we have shown is that for any fixed

n, the sequence ‖xN‖2n is bounded above by a linear combination of ‖y‖2n and ‖y‖0, independent

of N .

We will now turn to bounds on the derivatives. To this end, we first differentiate both sides
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of (3.48):

∂y

∂Ri
=

∂

∂Ri
(α∆RxN + div R(χN (R)βF(R)xN )− λxN )(3.58)

= α∆R
∂xN
∂Ri

+ div R(χN (R)βF(R)
∂xN
∂Ri

)(3.59)

+div R(
∂

∂Ri
(χN (R)βF(R)) xN )− λ∂xN

∂Ri
.

The problem here is that nothing is known about the sign of either
∂y
∂Ri

or ∂xN∂Ri
. To overcome this

difficulty, we will mimic a procedure found in [29]. The procedure works as follows: First we break

the inhomogeneous term in the diffusion equation down into its positive and negative parts. Each

part satisfies a similar diffusion equation, and each resulting equation is shown to have a solution

with the desired regularity. The two solutions have maximum principles, hence retain their sign,

and the solution to the original equation is obtained through subtraction. Estimates for each part

are then obtained.

In the following s+
i and s−i denote the positive and negative parts of the expression

div R( ∂
∂Ri

(χN (R)βF(R))x) − ∂y
∂Ri

, which is the analogous inhomogeneous term:

λπ+
i = α∆Rπ

+
i + div R(χN (R)βF(R)π+

i ) + s+
i(3.60)

and the negative part,

λπ−i = α∆Rπ
−
i + div R(χN (R)βF(R)π−i ) + s−i .(3.61)

An analogous estimate to (3.57) can now be obtained for each of π+
i and π−i , hence ∂xN∂Ri

= π+
i −π−i

also has the same regularity. We first multiply by |R|2n and integrate:

λ

∫
IR3
|R|2nπ+

i (R, t) dR = α(4n2 + 2n)

∫
IR3
|R|2n−2π+

i (R, t) dR(3.62)

−2nβ

∫
IR3
|R|2(n−1)χN (R)R ·F(R)π+

i (R, t) dR

+

∫
IR3
|R|2ns+

i (R, t) dR.

The last integral can be estimated as follows:∫
IR3
|R|2ns+

i dR ≤
∫

IR3
|R|2nxN (R)|div R

(
∂

∂Ri
(χN (R)βF(R))

)
| dR(3.63)
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+

∫
IR3
|R|2nβ(π+

i + π−i )[|∂χN
∂Rj
||Fj(R)| + χN (R)|∂Fj

∂Ri
|] dR

+

∫
IR3
|R|2n| ∂y

∂Ri
| dR.

The first integral on the right-hand side of (3.63) involves only xN and no derivatives of xN ; it

can hence be estimated using (3.57) above. The integrand in the second integral can be estimated

for large |R| by a constant times χN (R)(M |R|2n + |R|2n−1|F(R)|)Σj(π
+
j + π−j ). From (3.62) we

therefore obtain an estimate of the form

λ

∫
IR3
|R|2nπ+

i (R, t) dR ≤ α(4n2 + 2n)

∫
IR3

(1 + |R|2n)π+
i (R, t) dR(3.64)

−2nβ

∫
IR3
|R|2(n−1)χN (R)R ·F(R)π+

i (R, t) dR

+c1(α, λ, ε, n)‖y‖2n + c2(α, λ, ε, n)‖y‖0

+

∫
IR3

(1 + |R|2n−1χN (R)|F(R)| +MχN (R)|R|2n)

·Σj(π
+
j (R, t) + π−j (R, t))dR +

∫
IR3
|R|2n| ∂y

∂Ri
| dR

To avoid a seemingly circular argument, we sum the estimates for π+
i and π−i over all choices of i

and + or −. This eliminates the circular dependence of π+
i on π−i and vice versa. Bounds for the

higher derivatives with respect to R are obtained in an analogous fashion, after differentiating (3.48)

with respect to R. Hence we see that whatever regularity we impose on y will be reflected in xN as

well, so in particular let y ∈ X8 and then xN ∈ X8, which is the desired regularity. We now have

a sequence of functions xN ∈ X8. Since the norms of these functions are uniformly bounded, we

can extract a subsequence which converges in the sense of distributions. Because of the uniform

bounds, the limit x also lies in X8.

We next need to see that (A − λ)−1 (as an operator from L1 to L1) is bounded on X8. This

is a straightforward estimate which runs the same as for xN , with the χN (R) function eliminated.

Since (A−λ)−1 is bounded on a dense subset of L1, we can extend it to all of L1 without changing

its norm.

This concludes the characterization of the infinitesimal generator. 2
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In order to prove boundedness of the operator U(t), we first use the fact that in [29] Renardy

derives uniform bounds on the solution ψ(t) corresponding to initial data in X8. The space X8 is

dense in L1(IR3), and the operator U(t) is bounded on X8. Hence U(t) can be extended to all of

L1(IR3) without increasing its norm.

3.4 U(t) is a Contraction Semigroup

The next thing we know is that U(t) is a contraction semigroup. This follows from the fact that∫
Q ψdR is a conserved quantity, as previously mentioned. Thus ‖U(t)‖ ≤ 1∀ t > 0, where U(t)

denotes the semigroup in question. Let us now investigate the nature of the spectrum of U(t). First

of all, we know that the value 1 is in the discrete spectrum, since
∫
ψ dR is a conserved quantity.

This eigenvalue corresponds to the equilibrium solution. Next we know that U(t) cannot have any

other eigenvalues on the unit disk. To see this, consider any initial condition ψ0 which changes

sign, i.e. it has nontrivial positive and negative parts. Then we have:

‖ψ‖L1(IR3) = ‖U(t)ψ0‖L1(IR3)(3.65)

= ‖U(t)(ψ+
0 + ψ−0 )‖L1(IR3)(3.66)

< ‖U(t)ψ+
0 ‖L1(IR3) + ‖U(t)ψ−0 ‖L1(IR3)(3.67)

= ‖ψ+
0 ‖L1(IR3) + ‖ψ−0 ‖L1(IR3)(3.68)

= ‖ψ0‖L1(IR3).(3.69)

Here ψ+
0 and ψ−0 denote the positive and negative parts of ψ0, respectively. The first two equalities

are simply identities. Note that the L1 norms of the positive and negative parts are also conserved

quantities, since they also satisfy the differential equation. The inequality starts out as less than or

equal to (due to the triangle inequality), then becomes strict as a direct consequence of the strong

maximum principle. In particular, if we consider problem (3.1) with initial condition ψ(R, 0) = ψ+
0 ,
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then the strong maximum principle tells us that ψ cannot attain an interior minimum, in this case

zero. Hence the support of U(t)ψ+
0 is all of IR3, which is true for U(t)ψ−0 as well. Since the supports

of U(t)ψ+
0 and U(t)ψ−0 overlap, we know that equality in (3.78) is impossible. The next equality is

justified by the fact that U(t)ψ+
0 and U(t)ψ−0 are also conserved quantities, since they satisfy the

differential equation. Therefore the L1 norm of the solution will be strictly less than that of the

initial data at any finite time t. This tells us that the semigroup cannot have any eigenvalues other

than 1 on the unit disk. As far as the rest of the spectrum is concerned, we will show that the

semigroup is actually compact. Thus the Fredholm alternative theorem tells us that the continuous

and compression spectra will be empty.

3.5 U(t) is Compact

The first step in showing compactness is to show that if the initial data is in L1(IR3), then the

solution is eventually in L1
α(IR3), where L1

α(IR3) denotes the space Xα,0. For the following, we

define the norm ‖ψ‖n =
∫

IR3 |R|2n|ψ(R, t)| dR. We first multiply (3.1) by |R|2n and integrate:

∂

∂t
‖ψ‖n =

∂

∂t

∫
IR3
|R|2nψ(R, t)dR(3.70)

=

∫
IR3
|R|2n(α∆Rψ(R, t) + div R(βF(R)ψ(R, t))) dR(3.71)

= α(4n2 + 2n)

∫
IR3
|R|2(n−1)ψ(R, t)dR(3.72)

−2βn

∫
IR3
|R|2(n−1)R · F(R)ψ(R, t)dR

= α(4n2 + 2n)

∫
IR3
|R|2(n−1)ψ(R, t)dR(3.73)

−2βn

∫
IR3
|R|2nγ(|R|2)ψ(R, t)dR

≈ α(4n2 + 2n)

∫
IR3
|R|2(n−1)ψ(R, t)dR(3.74)

−2βn

∫
IR3
|R|2nk|R|σψ(R, t)dR.

35



In the previous calculations, keep in mind that ψ(R, t) ≥ 0. Hence

∂

∂t
‖ψ‖n ≈ α(4n2 + 2n)‖ψ‖n−1 − 2βnk‖ψ‖n+σ

2
.(3.75)

In the following define γ = n
n+ε , where ε = σ

2 . We obtain the following interpolation inequality

(assume ψ ≥ 0):

‖ψ‖n =

∫
IR3
|R|2nψ(R, t)dR(3.76)

=

∫
IR3
|R|2nψ(R, t)γψ(R, t)1−γdR(3.77)

≤
(∫

IR3
(|R|2nψ(R, t)γ)

1
γ dR

)γ (∫
IR3

ψ(R, t)dR

)1−γ
(3.78)

=

(∫
IR3
|R|2(n+ε)ψ(R, t)dR

)γ (∫
IR3

ψ(R, t)dR

)1−γ
(3.79)

= ‖ψ‖γn+ε‖ψ‖
1−γ
L1 .(3.80)

The use of Hölder’s inequality in (3.78) is justified by the fact that γ < 1. We now have

∂

∂t
‖ψ‖n = α(4n2 + 2n)‖ψ‖n−1 − 2βnk‖ψ‖n+σ

2
(3.81)

≤ α(4n2 + 2n)‖ψ‖n−1 − 2βnk‖ψ‖
γ−1
γ

L1 ‖ψ‖
1
γ
n(3.82)

= c1‖ψ‖n−1 − c2‖ψ‖
1
γ
n(3.83)

where c1 and c2 are positive constants depending on α, β, n, k, and ‖ψ‖L1 . Now let n = 1.

Then (3.83) becomes

∂

∂t
‖ψ‖1 ≤ c1‖ψ‖L1 − c2‖ψ‖1+ε

1 .(3.84)

In order to study this differential inequality, we will first study an associated initial value problem:

∂

∂t
‖ψ‖1 = c1‖ψ‖L1 − c2‖ψ‖1+ε

1(3.85)

ψ(R, 0) = ψ0(R)

or

y′(t) = c1 − c2y(t)1+ε(3.86)

y(0) = y0.
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The solution to this equation has the property that if y(t) > ( c1c2 )
1

1+ε ≡ K then y′(t) < 0 and if

y(t) < K then y′(t) > 0. Hence any finite initial condition y0 > K will immediately be pushed

down as time increases. We also know that y(t) will never be less than K, for if it were, it

would first have to equal K, where y′(t) would have to equal zero. Call this point t0. Now sup-

pose y(t1) < K, t1 > t0. Then the Mean Value Theorem tells us that there exists some point

t2, t0 < t2 < t1, where y′(t2) < 0. However, if y(t2) < K then y′(t2) > 0, a contradiction. Thus y(t)

is monotone decreasing and bounded below by K, as long as y0 <∞.

Now we know that all the solutions to (3.86) are monotone decreasing as long as y0 > K. In

fact, we can say more. Consider the equation (3.86) with initial condition y(0) = y0 and see what

happens as y0 approaches ∞. The claim is this: given any δ > 0, there is a bound on y(δ) which is

independent of y0. To see this, we take the equation (3.86) and separate variables and integrate:

∫ y(δ)

y(0)

dy

c1 − c2y1+ε
=

∫ δ

0
dt(3.87)

= δ.(3.88)

However,

∫ y(δ)

y(0)

dy

c1 − c2y1+ε
≤ −

∫ y(δ)

y(0)

dy

c2y1+ε
(3.89)

=
c2
ε
y−ε|y(δ)

y(0)(3.90)

=
c2
ε

(
y(δ)−ε − y(0)−ε

)
(3.91)

≤ c2
ε
y(δ)−ε.(3.92)

Hence we see that y(δ) ≤
(
c2
εδ

) 1
ε , which demonstrates our claim.

We know that the solution operator U(t) maps L1
1(IR3) to L1

1(IR3). The above estimate now

shows that, for any positive t, the norm of U(t)ψ in L1
1(IR3) has a bound which depends only on

the norm of the initial condition ψ0 in L1(IR3). By density, we can therefore argue that U(t) is

bounded from L1(IR3) to L1
1(IR3).
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As far as n > 1 is concerned, first consider n = 2. The analogue of inequality (3.83) is then

∂

∂t
‖ψ‖2 ≤ c1‖ψ‖1 − c2‖ψ‖

1+ ε
2

2(3.93)

which can be analyzed by comparing with the equation

∂

∂t
‖ψ‖2 = c1‖ψ‖1 − c2‖ψ‖

1+ ε
2

2(3.94)

ψ(R, 0) = ψ0(R)

or

y′(t) = c1f(t)− c2y(t)1+ ε
2(3.95)

y(0) = y0.

Now we take the initial condition y(0) ∈ L1
2(IR3), and the solution y(t) will be in L1

2(IR3). Here

f(t) is the solution to (3.86) with initial condition y(0) ∈ L1
1(IR3). Let η > 0, where η is arbitrarily

small. In order to get a bound on y(η), we use the bound on f(η), and then start the initial value

problem at time t = η. This problem now exhibits the same properties as (3.86). Since f(t) is

positive, we can obtain a bound on y(η) in the same fashion as before which is independent of y0.

We can recursively repeat the argument for each value of n.

We now return our attention to the compactness of U(t). To this end, let us first consider the

following problem posed on all of space:

∂ψ

∂t
= α∆Rψ + div R(βF(R)ψ)(3.96)

ψ(R, 0) = ψ0(R).

We define a sequence of operators UN (t) = ΦN (R)U(t), where ΦN (R) is the characteristic function

of the ball of radius N centered at the origin, i.e. ΦN (R) = 1 for |R| ≤ N and ΦN (R) = 0 for

|R| > N . The effect of this operator is it takes an initial condition ψ0(R) ∈ L1(IR3) and maps

it to the truncated solution of (3.96) restricted to the ball of radius N . We wish to show that
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UN (t)→ U(t) in L(L1(IR3)). We see this by the following estimate:

‖UN (t)ψ0 − U(t)ψ0‖L1(IR3) =

∫
|R|>N

|ψ(R, t)|dR(3.97)

=

∫
|R|>N

(1 + |R|α)−1(1 + |R|α)|ψ(R, t)|dR(3.98)

≤ N−α
∫
|R|>N

(1 + |R|α)|ψ(R, t)|dR(3.99)

≤ N−α‖ψ(R, t)‖L1
α(IR3)(3.100)

→ 0 asN →∞(3.101)

If we can show that UN (t) is compact for all N , then the fact that the limit of a sequence of compact

operators is compact (see, e.g. [30, page 261]) tells us that U(t) is compact. The way we will see

this is to characterize UN (t) as follows:

UN (t) : L1(IR3)→W 2,1(BN )→ L1(BN ).(3.102)

The first inclusion follows from a regularity estimate; the second inclusion is a compact embedding

( [30, page 217]). This will give us the desired result. To obtain the regularity estimate, we refer

to [21, page 144]. The following holds for any p:

supt∈[ε,T ]‖ψ(R, t)‖W 2,p(BN ) ≤ C(ε)supt∈[0,T ]‖ψ(R, t)‖L1(BN+1),(3.103)

where ε is any positive number. As before, we use the fact that ‖ψ(R, t)‖W 2,1(BN ) ≤

‖ψ(R, t)‖W 2,p(BN ). The parameter T only needs to satisfy the requirement 0 < T .

3.6 The Finitely Extensible Case

In this section we will concentrate on adapting the proof for the infinitely extensible dumbbells to

the case of finitely extensible dumbbells (FENE). Much of the same argument carries over here,

and we will present the analogous estimates where needed.
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First of all, we remind the reader of the new space and domain. Here the domain changes from

IR3 to BR0 = {R ∈ IR3||R| ≤ R0}. The related space and norm are as follows:

L1
α(BR0) = {u ∈ L1(BR0) |

∫
BR0

(R0 − |R|)−α|u|dR <∞}.(3.104)

In section 3.2 (Existence of the Semigroup) the changes are as follows:

• For the modified maximum principle, change the domain in the modified problem to {R ∈

IR3||R| ≤ R0− 1
k}. The corresponding integrals should be over this new domain as well. The

argument remains intact otherwise.

• In the third property of a semigroup, the domain should be changed to BR0 .

Section 3.3 (Characterization of A and Boundedness of U(t))

Changes to the proof of Lemma 1 are as follows:

• In the proof of Lemma 1, the second sentence should read “The domain will be the sphere

BN = {R ∈ IR3||R| ≤ R0− 1
N }.” and the fifth sentence should end “...push the solution into

W 2,p
loc (BR0).”

• The second set of estimates in Lemma 1 change to the following:

‖wN‖p = (

∫
BN

|wN |p dR)
1
p(3.105)

≤ (

∫
BN

‖wN‖p∞ dR)
1
p(3.106)

≤ (
4

3
πR3

0)
1
p ‖wN‖∞(3.107)

≤ C‖v
λ
‖∞.(3.108)
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• The regularity estimates in Lemma 1, corresponding to (3.40) ff. are as before. The only

difference is that the coefficients in the equation now involve inverse powers of (R0 − |R|)2n

rather than powers of |R|. Hence the inequality (R0 − |R|)−1 < N replaces the inequality

|R| < N .

This brings us to the end of the proof of Lemma 1. We are now back into the proof of the

proposition, where there are some further changes. The formal manipulations justifying integration

by parts remain unchanged, with the exception of the boundary term argument. The changes are

as follows:

Let χ be a C∞-function [0, 1]→ [0, 1] such that χ(s) = 1 in a neighborhood of 0 and χ(s) = 0

in a neighborhood of 1. Let χε(R) = χ(2
ε (|R| −R0 + ε)). Then we define

γε(|R|2) =



γ(|R|2) if |R| ≤ R0 − ε,

γ((R0 − ε
2)2) if |R| ≥ R0 − ε

2 ,

χε(R)γ(|R|2) + (1− χε(R))γ((R0 − ε
2)2) ifR0 − ε < |R|

< R0 − ε
2 .

(3.109)

We first define

wε(R) =


1

R2
0−|R|2

if |R| ≤ R0 − ε,
1

ε(2R0−ε) + 2(R0−ε)
ε2(2R0−ε)2 (|R| −R0 + ε) if |R| > R0 − ε.

(3.110)

The function wε and its gradients are continuous at |R| = R0 − ε, and wε has linear growth

at infinity. We now repeat the estimates above, but instead of multiplying the equation by powers

of |R|, we multiply by powers of wε(|R|). The resulting estimates turn out to be uniform in ε as

ε→ 0, and Lemma 1 follows by passing to the limit.

We now consider the problem (Aε − λ)xε = y, where the operator Aε has the spring constant

γ replaced by γε. This problem has an infinitely extensible spring and satisfies the assumptions

which we require for the infinitely extensible case. We can utilize the results from Section 3.3 to
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see that this problem has a unique solution. What we need to know is some estimate in the ball

BR0 , which persists in the limit ε → 0. To this end, we multiply our equation on both sides by

(wε(R))n and integrate over IR3:

‖y‖n =

∫
IR3

(wε(R))n|y(R)| dR(3.111)

=

∫
R3

(wε(R))n(α∆Rxε(R)(3.112)

+div R(βFε(R)xε(R)) − λxε(R)) dR

=

∫
IR3

[α[(n2 − n)(wε(R))n−2|∇wε(R))|2 + n(wε(R))n−1∆wε(R)](3.113)

−β[n(wε(R))n−1(R · ∇wε(R))γε(|R|2)]

−λ(wε(|R|))n]xε dR

(3.114)

First note that there are no boundary terms, since the integral extends over all of IR3. Secondly,

in order to evaluate this integral we must first break it up into three areas depending on the domain

of definition of the functions wε and γε. We therefore break the integral up into:

(1) Over the domain |R| ≤ R0 − ε

(2) Over the domain R0 − ε < |R| < R0 − ε
2

and

(3) Over the domain |R| ≥ R0 − ε
2 .

We start with integral (1):∫
[4α[n(n + 1)(wε(R))n+2|R|2(3.115)

+6n(wε(R))n+1]

−β[2n(wε(R))n+1|R|2γε(|R|2)]− λ(wε(R))n]xε dR.

For integral (2), the same formula applies, only the expression for γε is different. Finally integral

(3): ∫
[α

[
4n(n− 1)(R0 − ε)2

ε4(2R0 − ε)2
wn−2
ε +

4n(R0 − ε)
ε2(2R0 − ε)2

wn−1
ε

]
(3.116)
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− 2n(R0 − ε)
ε2(2R0 − ε)2

β|R|wn−1
ε γ((R0 −

ε

2
)2)− λwnε ]xε dR.

We now use the fact that the spring constant behaves like (R0 − |R|)−σ . In the first two

integrals, this makes wn+1
ε γε dominant over wn+2

ε if R0−|R| is small; in the third integral the term

from the spring force behaves like wn−1
ε |R|ε−2−σ and this dominates over wn−2

ε ε−4. We conclude

that in all the integrals positive terms dominate over negative ones (note that xε is negative) if

‖R‖ is close to R0 or larger. The rest now follows as in Section 3.3.

Section 3.4 remains unchanged, hence we now move to section 3.5 (U(t) is Compact).

First of all we define the norm ‖ψ‖n =
∫
BR0

(R2
0 − |R|2)−n|ψ(R, t)| dR. In the regularity

estimates following the proof of Theorem 3.1, we first multiply by (R2
0 − |R|2)−n and integrate:

∂

∂t
‖ψ‖n =

∂

∂t

∫
BR0

(R2
0 − |R|2)−nψ(R, t)dR(3.117)

=

∫
BR0

(R2
0 − |R|2)−n(α∆Rψ(R, t) + div R(βF(R)ψ(R, t))) dR(3.118)

= 4α(n2 + n)

∫
BR0

(R2
0 − |R|2)−(n+2)|R|2ψ(R, t)dR(3.119)

+6nα

∫
BR0

(R2
0 − |R|2)−n−1ψ(R, t)dR

−2nβ

∫
BR0

(R2
0 − |R|2)−n−1R ·F(R)ψ(R, t)dR

= 4α(n2 + n)

∫
BR0

(R2
0 − |R|2)−(n+2)|R|2ψ(R, t)dR(3.120)

+6nα

∫
BR0

(R2
0 − |R|2)−n−1ψ(R, t)dR

−2nβ

∫
BR0

(R2
0 − |R|2)−n−1|R|2γ(|R|2)ψ(R, t)dR.

Noting that the spring constant behaves like k(R0 − |R|)−σ , we find an estimate of the form

∂

∂t
‖ψ‖n ≤ C1‖ψ‖n+2 − C2‖ψ‖n+σ+1.(3.121)

We would now like to enlist the aid of the following interpolation inequality concerning the norm

‖ · ‖n:
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‖ψ‖n+2 ≤ ε‖ψ‖n+σ+1 + C(ε)‖ψ‖0(3.122)

Hence

∂

∂t
‖ψ‖n ≤ C1C(ε)‖ψ‖0 + (C1ε− C2)‖ψ‖n+σ+1(3.123)

Note that we can control the coefficient on ‖ψ‖n+σ+1 so that it is always negative, regardless of

our choice of n. The remainder of the analysis is similar to that for the infinitely extensible case.
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