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Chapter 5 Sliding Mode Control

5.1. Introduction

In this chapter, controllers are designed which achieve wheel-slip control  for vehicle

motion.  Control schemes developed in this chapter are based on controlling wheel slip.

Control of braking force is attained by controlling the wheel slip because of the relationship

between wheel slip and adhesion coefficient caused by road-tire interaction.  Wheel slip

dynamic equations are given by which show the nonlinearities and uncertainties of the

system (see chapter 3).  Hence, a nonlinear control strategy based on sliding mode, which is

a standard approach to tackle the parametric and modeling uncertainties of a nonlinear

system, is chosen for slip control.  For sliding mode controller, Lyaponov stability method

is applied to keep the nonlinear system under control.  The sliding mode approach is

method which transformed a higher-order system into first-order system.  In that way,

simple control algorithm can be applied, which is very straighforward and robust.

5.2. Background

5.2.1. Modeling inaccuracies

Nonlinear system model imprecision may come from actual uncertainty about the

plant (e.g., unknown plant parameters), or from the purposeful choice of a simplified

representation of the system’s dynamics.  Modeling inaccuracies can be classified into two

major kinds: structured (or parametric) uncertainties and unstructured uncertainties (or

unmodeled dynamics).  The first kind corresponds to inaccuracies on the terms actually

included in the model, while the second kind corresponds to inaccuracies on the system

order.

Modeling inaccuracies can have strong adverse effects on nonlinear control systems.

One of the most important approaches to dealing with model uncertainty are robust control.
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The typical structure of a robust controller is composed of a nominal part, similar to a

feedback control law, and additional terms aimed at dealing with model uncertainty.

Sliding mode control is an important robust control approach.  For the class of

systems to which it applies, sliding mode controller design provides a systematic approach

to the problem of maintaining stability and consistent performance in the face of modeling

imprecision.  On the other hand, by allowing the tradeoffs between modeling and

performance to be quantified in a simple fashion, it can illuminate the whole design process.

5.2.2. Sliding surfaces

This section investigates variable structure control (VSC) as a high-speed switched

feedback control resulting in sliding mode.  For example, the gains in each feedback path

switch between two values according to a rule that depends on the value of the state at each

instant.  The purpose of the switching control law is to drive the nonlinear plant’s state

trajectory onto a prespecified (user-chosen) surface in the state space and to maintain the

plant’s state trajectory on this surface for subsequent time.  The surface is called a

switching surface.  When the plant state trajectory is “above” the surface, a feedback path

has one gain and a different gain if the trajectory drops “below” the surface.  This surface

defines the rule for proper switching.  This surface is also called a sliding surface (sliding

manifold).  Ideally, once intercepted, the switched control maintains the plant’s state

trajectory on the surface for all sebsequent time and the plant’s state trajectory slides along

this surface.

The most important task is to design a switched control that will drive the plant state

to the switching surface and maintain it on the surface upon interception.  A Lyapunov

approach is uesd to characterize this task.

Lyapunov method is usually used to determine the stability properties of an

equlibrium point without solving the state equation.  Let V(x) be a continuously

differentiable scalar function defined in a domain D   that contains the origin.  A function

V(x) is said to be positive definite if V(0)=0 and V(x)>0 for x.  It is said to be negative

definite if V(0)=0 and V(x)>0 for x.  Lyapunov method is to assure that the function is
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positive definite when it is negative and function is negative definite if it is positive.  In that

way the stability is assured.

A generalized Lyapunov function, that characterizes the motion of the state trajectory

to the sliding surface, is defined in terms of the surface.  For each chosen switched control

structure, one chooses the “gains” so that the derivative of this Lyapunov function is

negative definite, thus guaranteeing motion of the state trajectory to the surface.  After

proper design of the surface, a switched controller is constructed so that the tangent vectors

of the state trajectory point towards the surface such that the state is driven to and

maintained on the sliding surface.  Such controllers result in discontinuous closed-loop

systems.

Let a single input nonlinear system be defined as

x
n

f t b t u t
( )

( , ) ( , ) ( )= +x x (5.1)

Here, x (t) is the state vector, u(t) is the control input (in our case braking torque or pressure

on the pedal) and x is the output state of the interest (in our case, wheel slip).  The other

states in the state vector are the higher order derivatives of x up to the (n-1)th order.  The

superscript n on x(t) shows the order of differentiation.  f( x ,t) and b( x ,t) are generally

nonlinear functions of time and states.  The function f( x ) is not exactly known, but the

extent of the imprecision on f( x ) is upper bounded by a known, continuous function of x ;

similarly, the control gain b( x ) is not exactly known, but is of known sign and is bounded

by known, continuous functions of x .  The control problem is to get the state x  to track a

specific time-varying state x d in the presence of model imprecision on f( x ) and b( x ).  A

time varying surface s(t) is defined in the state space R
(n)

by equating the variable s t( ; )x ,

defined below, to zero.

s t d
dt

n x t( ; ) ( ) ~( )x = + −δ 1 (5.2)

Here, δ  is a strict positive constant, taken to be the bandwidth of the system, and

~( ) ( ) ( )x x xt t d t= −  is the error in the output state where xd t( ) is the desired state. The

problem of tracking the n-dimensional vector xd t( )  can be replaced by a first-order

stabilization problem in s. s t( ; )x  verifying (5.2) is referred to as a sliding surface, and the

system’s behavior once on the surface is called sliding mode or sliding regime.  From (5.2)
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the expression of s contains ~ ( )
x

n−1
, we only need to differentiate s once for the input u to

appear.  Furthermore, bounds on s can be directly translated into bounds on the tracking

error vector ~x , and therefore the scalar s represents a true measure of tracking performance.

The corresponding transformations of performance measures  assuming ~x (0)=0  is:

∀  t ≥ 0 , s t( )  ≤  φ  =>  ∀  t ≥ 0,  ~( ) ( ) ( )x i t i≤ 2δ ε (5.3)

i=0,...,n-1

where ε φ δ= −/ n 1 (Slotine and Li 1990 ).   In this way, an nth-order tracking problem can

be replaced by a 1st-order stabilization problem.

The simplified, 1st-order problem of keeping the scalar s at zero can now be

achieved by choosing the control law u of (5.1) such that outside of S(t)

1

2

2d

dt
s s≤ −η (5.4)

where η  is a strictly positive constant.  Condition (5.4) states that the squared “distance”

to the surface, as measured by s
2

, decreases along all system trajectories.  Thus, it

constrains trajectories to point towards the surface s(t).  In particular, once on the surface,

the system trajectories remain on the surface.  In other words, satisfying the sliding

condition makes the surface an invariant set (a set for which any trajectory starting from an

initial condition within the set remains in the set for all future and past times).  Furthermore

(5.4) also implies that some disturbances or dynamic uncertainties can be tolerated while

still keeping the surface an invariant set.
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Figure 5.1: Graphical interpretation of equations (5.2) and (5.4) (n=2)

(Resource: Slotine and Li 1991)

Finally, satisfying (5.2) guarantees that if x(t=0) is actually off xd(t=0), the surface

S(t) will be reached in a finite time smaller than s t( ) /= 0 η .  Assume for instance that

s(t=0)>0, and let treach  be the  time required to hit the surface s=0.

Integrating (5.4) between t=0 and treach leads to

0-s(t=0)=s(t= treach)-s(t=0) ≤ -η ( treach -0)

which implies that

treach ≤  s t( ) /= 0 η

The similar result starting with s(t=0)>0 can be obtained as

treach ≤  s(t = 0) /η

Starting from any initial condition, the state trajectory reaches the time-varying

surface in a finite time smaller than s(t = 0) /η , and then slides along the surface towards

x d t( )  exponentially, with a time-constant equal to 1 / λ .

In summary, the idea is to use a well-behaved function of the tracking error, s,

according to (5.2), and then select the feedback control law u in (5.1) such that s2  remains

characteristic of a closed-loop system, despite the presence of model imprecision and of

disturbances.
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5.2.3. Controller Design

The controller design procedure consists of two steps.  First, a feedback control law

u is selected to verify sliding condition (5.4).  However, in order to account for the presence

of modeling imprecision and of disturbances, the control law has to be discontinuous across

S(t).  Since the implementation of the associated control switching is imperfect, this leads to

chattering(see figure 5.2), chattering is undesirable in practice, since it involves high control

activity and may excite high frequency dynamics neglected in the course of modeling.

Thus, in a second step, the discontinuous control law u is suitably smoothed to achieve an

optimal trade-off between control bandwidth and tracking precision.  The first step achieves

robustness for parametric uncertainty, the second step achieves robustness to high-

frequency unmodeled dynamics.  This section discuss the first step.

Consider a simple second order system

&&( ) ( , ) ( )x t f x t u t= + (5.5)

where f(x,t) is generally nonlinear and/or time varying and is estimated as $ ( , )f x t , u(t) is

the control input, and x(t) is the state to be controlled so that it follows a desired trajectory

x d t( ) .  The estimation error on f(x,t) is assumed to be bounded by some known function

F=F(x,t), so that

$ ( , ) ( , ) ( , )f x t f x t F x t− ≤ (5.6)

we define a sliding variable according to (5.2)

s t
d

dt

x t x t x t( ) ( ) ~ ( ) ~& ( ) ~ ( )= + = +γ γ   (5.7)

Differentiation of the sliding variable yields

&( ) &&( ) && ( ) ~& ( )s t x t x d t x t= − + γ  (5.8)

Substituting Equation (4.5) in Equation (4.8), we have

&( ) ( , ) ( ) && ( ) ~& ( )s t f x t u t x d t x t= + − + γ (5.9)

The approximation of control law $( )u t  to achieve &( )s t =0 is
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$( ) $ ( , ) && ( ) ~& ( )u t f x t xd t x t= − + − γ (5.10)

$( )u t can interpreted as the best estimate of the equivalent control.

To account for the uncertainty in f while satisfying the sliding condition

1

2

2d

dt
s t s t( ( ) ) ( ) ,≤ −η η > 0 (5.11)

take the control law as:

u t u t k x t s t( ) $( ) ( , ) sgn( ( ))= − (5.12)

By choosing k(x,t) large enough, such as

k x t F x t( , ) ( , )= + η

ensures the satisfaction of condition (5.11), since

1

2

2d

dt
s t s t s t f x t f x t s t k x t s t( ( ) ) &( ) ( ) ( ( , ) $ ( , )) ( ) ( , ) ( )= = − − ≤ −η s t( ),

η  >0. (5.13)

Hence, by using (5.12), we ensure the system trajectory will take finite time to reach the

surface S(t), after which the errors will exponentially go to zero.

From this basic example, we can see the main advantages of transforming the

original tracking problem into a simple 1st-order stabilization problem in s.  In first-order

systems, the intuitive feedback control strategy “if the error is negative, push on the positive

direction; if the error is positive, push on the negative direction” works.  The same

statement is not true in higher-order system.

Now consider the second order system in the form of

&&( ) ( , ) ( , ) ( )x t f x t b x t u t= + (5.14)

where b(x,t) is bounded as

0 ≤ ≤ ≤b x t b x t b x tmin ( , ) ( , ) max ( , )

The control gain b(x,t) and its bound can be time varying or state dependent.  Since the

control input is multiplied by the control gain in the dynamics, the geometric mean of the

lower and upper bound of the gain is a reasonable estimate:
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$( , ) min ( , ) max ( , )b x t b x t b x t=

Bounds can then be written in the form

β β− ≤ ≤1 $b

b
where β = ( max / min )b b

1/2

since the control law will be designed to be robust to the bounded multiplicative uncertainty,

β  is called the gain margin of the design.

It can be proved that the control law

u t b x t u t k x t s t( ) $( , ) [ $( ) ( , ) sgn( ( ))]= − −1
(5.15)

with

k x t x t F x t x t u t( , ) ( , )( ( , ) ) ( ( , ) ) $( )≥ + + −β η β 1      (5.16)

satisfies the sliding condition.

The control law for higher order system can be deducted based on similar approach.

5.2.4. Chattering Reduction

An ideal sliding mode exists only when the state trajectory x(t) of the controlled

plant agrees with the desired trajectory at every t t≥ 1  for some t1 .  This may require

infinitely fast switching.  In real systes, a switched controller has imperfections which limit

switching to a finite frequency.  The representative point then oscillates within a

neighborhood of the switching surface.  This oscillation, called chattering, is illustrated on

figure 5.2.
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Figure 5.2: Chattering as a result of imperfect control switchings

(Resource: Slotine and Li 1991)

Control laws which satisfying sliding condition (5.4) and lead to “perfect” tracking

in the face of model uncertainty, are discontinuous across the surface S(t), thus causing

control chattering.  Chattering is undesirable, since it involves extremely high control

activity, and furthermore may excite high-frequency dynamics neglected in the course of

modeling.  Chattering must be reduced (eliminated) for the controller to perform properly.

This can be achieved by smoothing out the control discontinuity in a thin boundary layer

neighboring the switching surface

{ }B t x s x t( ) , ( ; )= ≤ φ φ > 0 (5.17)

where φ  is the boundary layer thickness, and ε φ λ= −
/

n 1
 is the boundary layer width.  In

other words, outside of B(t), we choose control law as before which guarantees that the

boundary layer is attractive, hence invariant; all trajectories starting inside B(t=0) remain

inside B(t) for all t ≥ 0 ; and then u is interpolated inside B(t).  For example, sgn(s) in

(5.12) can be replaced by 
s

φ
 inside B(t).

This approach leads to tracking to within a guaranteed precisionε  (rather than

perfect tracking), and more generally guarantees that for all trajectories starting inside

B(t=0)

∀  t ≥ 0,  ~ ( )
( ) ( )x

i
t

i≤ 2λ ε i=0,...,n-1 (5.18)
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5.3 Summary

Due to its robustness properties, sliding mode controller can solve two major design

difficulties involved in the design of a braking control algorithm:

1. the vehicle system is highly nonlinear with time-varying parameters and uncertainties;

2. the performance of the system depends strongly on the knowledge of the tire/road

surface condition;

For the class of systems to which it applies, sliding controller design provides a

systematic approach to the problem of maintaining stability and consistent performance in

the face of modeling imprecision.

For wheel slip control system, the vehicle and brake system are highly nonlinear and

time-varying systems.  That makes sliding mode controller ideal candidate for the

application


