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The Clarke Derivative and Set-Valued Mappings
in the Numerical Optimization of

Non-Smooth, Noisy Functions

Andreas Krahnke

(ABSTRACT)

In this work we present a new tool for the convergence analysis of numerical opti-
mization methods. It is based on the concepts of the Clarke derivative and set-valued
mappings. Our goul is to apply this tool to minimization problems with non-smooth
and noisy objective functions.

After deriving a necessary condition for minimizers of such functions, we examine two
unconstrained optimization routines. First, we prove new convergence theorems for
Implicit Filtering and General Pattern Search. Then we show how these results can
be used in practice, by executing some numerical computations.
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Chapter 1

Introduction

Every math student knows that the derivative f ′ of a function f : IR → IR at a point
x ∈ IR is given by

f ′(x) = lim
h→0

f(x + h)− f(x)

h
.

This concept is fundamental for the analysis of functions. In particular it provides
the classical necessary condition for a critical point in optimization.

However, in the applications of contemporary optimization this concept is not always
appropriate. If we want to use the first order necessary condition, we have to re-
quire that the function under discussion actually has a derivative. Recent research is
concerned with problems, that do not have this property. In Chapter 2 we present
several alternative concepts of generalized directional derivatives, that allow to estab-
lish an analysis for non-smooth functions. There we also justify why we focus in the
subsequent chapters on the so called Clarke derivative a term that was introduced by
Frank H. Clarke in the seventies.

But there is another problem one encounters frequently in the complex applications
nowadays. Values of the objective function we want to optimize cannot be calculated
exactly. In Chapter 3 we introduce a way to take this fact into account. Instead of
looking at a single-valued function, we examine a set-valued mapping surrounding
this function. We show how a minimizer of such a mapping can be characterized. In
addition we present a necessary condition for it, that involves a set-valued version of
the Clarke derivative. We are aiming at an application of this tool in the convergence
analysis of numerical optimization algorithms.

Before we can pursue this goal, we have to provide the necessary background in
numerical analysis. Chapter 4 comprises the ideas behind the algorithms we want
to explore. Namely we take a closer look at Implicit Filtering and a general Pattern
Search method later.

We examine the former in Chapter 5. There we show how the existing convergence
results can be generalized from functions that are at least smooth in a whole region

1
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to functions that are only locally Lipschitz continuous. Also the effect of inexact
function values is covered in this exposition.

In contrast to Implicit Filtering, there has been done some research in connection
with Pattern Search methods that aims for a non-smooth analysis using the Clarke
derivative. We extend and complete this development by taking advantage of the
necessary condition of Chapter 3. This is part of Chapter 6. In addition we explicitly
incorporate the idea of inexact function evaluations in our analysis.

The two algorithms we discussed theoretically are examined in practice in Chapter 7.
We use MATLAB implementations of them for the optimization of a model-function
that is a random perturbation of a locally Lipschitzian function. The previously de-
duced theory helps to adjust the parameters for the particular minimization problem.
The MATLAB files used are listed in the appendix.

We finish our elaborations with some concluding remarks about the current work and
possible future projects in Chapter 8.

1.1 Notation

Before any confusion can arise, we address some notational issues. Most of the sym-
bols used are defined and explained when we need them. However, there are some
fundamental conventions we want to clarify at the very beginning. From this common
basis we can then start to develop our theory.

Since throughout this work we will encounter point-valued functions and set-valued
mappings simultaneously, we have to distinguish them somehow. In general we denote
functions by small letters, e.g. f : IRn → IR. In contrast to this we use capital letters,
for example F : IRn → 2IR, for set-valued mappings. Analogously we name single
elements x ∈ IRn by small letters, whereas whole sets are capitalized, e.g. S ⊂ IRn.
Especially, we denote the ith canonical basis vector in IRn by ei and use O for the
origin of IRn in the case n ≥ 2. We follow common notation by writing ∂S for the
boundary of a set S ∈ IRn.

We also need several norms in this text. For a vector x = (x1, . . . , xn)T ∈ IRn we
denote the Euclidean norm by

‖x‖ := ‖x‖2 =

√√√√
n∑

i=1

x2
i .

In addition we use the following abbreviation for the supremum-norm for real-valued
functions f that are defined on a set S ⊂ IRn

‖f‖S := sup
x∈S

|f(x)| .
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Crucial for the understanding of the Clarke derivative is the notation used for gener-
alized limits. We postpone the rigorous introduction of this concept until Chapter 2
where this idea is needed first. But before going too much into the details, we give a
brief description of the main matter and important results of this work.

1.2 Scope

This work is concerned with two main issues. Recent research in optimization tries
on the one hand to analyze non-smooth objective functions, because this problem is
encountered in modern applied mathematics. On the other hand it is of interest to
allow inexact function evaluations. The need for simplified and thus inexact models
is, for example, one of many sources of inaccuracy and a reason for this interest.

As examples, we present and examine two algorithms that are subject of recent re-
search. Implicit Filtering was especially designed to handle the problem of inaccurate
function evaluations about ten years ago, compare [7], [15]. Since this time its use-
fulness was explored for numerous applications. Some of them can be found in [4],
[6], [14]. Another method, which is employed in particular for the optimization of
non-smooth objectives, is General Pattern Search (GPS). There exist various algo-
rithms belonging to this class of optimization routines. Some of them are known
for some time, like [17]. However, contemporary research is still concerned with the
convergence analysis of this method, see [20], [26]. Especially, the case of non-smooth
objective functions is investigated at present, compare [2], [3].

Within this work we suggest an analysis that takes both problems into account. It
can handle non-smoothness and inexactness simultaneously. We show how this tool is
applied to produce new results for the unconstrained versions of Implicit Filtering as
well as Pattern Search. The results are very promising and motivate possible further
research in this direction.

1.2.1 The Problem of Non-smooth Objective Functions

First, we discuss several possibilities to generalize the concept of a directional deriva-
tive to a larger class of functions in Chapter 2. For this purpose we have to define
broader notions of tangent vectors. If C is a nonempty subset of IRn and x ∈ ∂C,
then a vector t ∈ IRn is called a

• Bouligand tangent vector to C at x, if ∃ {hk}∞k=1 ⊂ IR+ , {sk}∞k=1 ⊂ IRn such
that hk ↓ 0 , sk → t and ∀ k ∈ IN : x + hksk ∈ C ,

• Clarke tangent vector to C at x, if ∀{hk}∞k=1 ⊂ IR+ , {xk}∞k=1 ⊂ C such that
hk ↓ 0 , xk → x ∃ {sk}∞k=1 ⊂ IRn with sk → t and ∀ k ∈ IN : xk + hksk ∈ C ,

• hypertangent vector to C at x, if ∀{hk}∞k=1 ⊂ IR+ , {xk}∞k=1 ⊂ C such that
hk ↓ 0 , xk → x ∃N ∈ IN such that ∀ k ≥ N : xk + hkt ∈ C .
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The entire sets of those vectors are called Bouligand contingent cone, Clarke tangent
cone and hypertangent cone and are denoted by K(C, x) , T (C, x) and H(C, x),
respectively. Since the Clarke tangent cone has the most interesting properties, we
focus subsequently on the so-called Clarke derivative. It is induced by this cone in
a natural way as we show in Section 2.3. For any function f : IRn → IR and any
point x ∈ IRn this generalized directional derivative, denoted by Df(x, ·), exists and
satisfies

epi
(
Df(x, ·)) = T

(
epi(f), [x, f(x)]T

)
. (1.1)

Here epi(g) denotes the epigraph of a function g : IRn → IR, compare Definition 2.3.
Equation (1.1) allows to transfer the advantageous properties of the Clarke tangent
cone to the Clarke derivative and could also be used as a definition. Because we are
interested in this concept as a tool for the convergence analysis of optimization algo-
rithms, we prefer an alternative definition via generalized limits. The exact meaning
of the following expression is explained in Section 2.1. For f and x as mentioned
above and d ∈ IRn we define

Df(x, d) := lim sup
xk→x

yk→f(x),yk≥f(xk)
hk↓0

inf
dk→d

f(xk + hkdk)− yk

hk

. (1.2)

Although this expression looks complicated and probably not very useful, the Clarke
derivative inherits some nice properties from it. The function Df(x, ·) is for example
lower-semicontinuous; moreover it is sublinear. The latter property is the crucial
advantage of the Clarke derivative over other generalized derivatives. It is central
in the reasoning for our new convergence results. Especially, the following related
inequality turns out to be very helpful. For a sublinear function f : IRn → IR it can
be established that

∀ xi ∈ IRn, λi > 0 (i = 1, . . . , m) : f
( m∑

i=1

λixi

)
≤

m∑
i=1

λif(xi) . (1.3)

However, in order to obtain an expression for the Clarke derivative we can handle,
we have to restrict our attention to functions f : IRn → IR that are at least Lipschitz
continuous around a point x ∈ IRn. Then equation (1.2) simplifies to

Df(x, d) = lim sup
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

.

We explain how to exploit the features of this equality in a while. But we also want
to incorporate the possibility of inexact function evaluations. This is the topic of
Chapter 3.
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1.2.2 The Problem of Inexact Function Evaluations

Inexactness is frequently modelled by adding an error-function ϕ to the objective f
that we want to optimize. As a result we get computable function values fc of the
form, compare [19, Sec. 6.1],

∀ x ∈ IRn : fc(x) = f(x) + ϕ(x) .

Since the so-called noise ϕ need not be a deterministic function, but may have ran-
domly distributed values ϕ(x), we prefer an alternative model. We think of the values
fc(x) to be elements of the image set of some envelope mapping Ff surrounding f .
Where for some functions f−, f+ : IRn → IR satisfying f−(x) ≤ f(x) ≤ f+(x) for all
x ∈ IRn, we define the set-valued envelope mapping Ff to be

∀ x ∈ IRn : Ff (x) := {y ∈ IR | f−(x) ≤ y ≤ f+(x)} . (1.4)

More details on this issue can be found in Sections 3.1 and 5.3. We transfer the
concept of the Clarke derivative from the point-valued to the set-valued setting by
using Equation (1.1) and Definition 3.4. We define for Ff the Clarke derivative
DFf : IRn → IR at x ∈ IRn to be the function satisfying

epi
(
DFf (x, ·)) = T

(
epi(Ff ), [x, f−(x)]T

)
.

After verifying the existence and uniqueness of such a function in Section 3.2, we
observe the equality DFf (x, ·) = Df−(x, ·) . Also, in the special case f− = f = f+,
we find out that the two derivatives DFf (x, ·) and Df(x, ·) coincide. Thus, the
Clarke derivative for envelope mappings is an extension of the corresponding concept
for functions. It enables us to analyze functions that are not smooth and additionally
cannot be evaluated exactly.

In order to make use of this concept to its full extent, we present a necessary condition
for a minimizer based on the Clarke derivative. This tool plays a central role in
establishing a really non-smooth analysis and is based on the next theorem. It is
presented and proven later in this thesis as well as the other results that are quoted
throughout the remainder of this section.

Theorem.
Let f : IRn → IR, x∗ ∈ IRn and Ff an envelope mapping around f given by (1.4). If
the vector z−(x∗) =

( x∗
f−(x∗)

)
is a local minimizer of Ff and DFf (x∗, ·) exists, then

∀ d ∈ IRn : DFf (x∗, d) ≥ 0 . (1.5)

We note that the above holds especially for Ff (·) = {f(·)} and DFf (x, ·) = Df(x, ·).
This result is a generalization of the classical necessary conditions, which require a
stronger notion of differentiability. The consequence of this generalization is that the
new necessary condition is weaker than the classical ones. This topic is discussed in
detail in Section 3.3.
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1.2.3 New Convergence Results

Our new tool wants to be applied. We do so after presenting in Chapter 4 some
theoretical background from numerical analysis and linear algebra. This is necessary
for the proper understanding of our subsequent reasoning. Especially, the idea of a
positive spanning set has to be clarified. It is a set of vectors {pi}m

i=1 ⊂ IRn that has
the property

∀ x ∈ IRn ∃ {λi}m
i=1 ⊂ IR+

0 such that x =
m∑

i=1

λipi . (1.6)

Our first result is a broader convergence statement for Implicit Filtering presented in
Section 5.3. We basically make the same assumptions that Kelley needs in [19]. We
only have to modify the finite-difference approximations used within the algorithm
to obtain the following theorem, compare Theorem 5.4.

Theorem.
Let f−, f, f+ : IRn → IR such that f− is bounded below on IRn and let Ff be the
envelope mapping around f given by (1.4). In addition let {hk}∞k=0 be a sequence of
scales such that hk ↓ 0 and {xk}∞k=0 be the sequence produced by the modified Implicit
Filtering algorithm using simplex gradient approximations on Sk = S(xk, hk) and
computed function values fc(·) ∈ Ff (·). If we assume that there are at most finitely
many line search failures and

lim
k→∞

‖f+ − f−‖Sk∪R(Sk)

hk

= 0 (1.7)

holds, then any limit point x∗ of {xk}∞k=1, around which f is Lipschitz continuous, is
a critical point of f , i.e.

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

As claimed before, this is a convergence result that simultaneously treats non-smooth-
ness and the difficulty of inexact function evaluations. It generalizes the results of [8]
and [19] for a larger class of functions. For this we do not even need to impose
additional prerequisites. We only have to change to a weaker necessary condition.

A similar observation can be made for General Pattern Search (GPS). There already
exist propositions for this method that aim for the analysis of the non-smooth case.
We first contribute to these efforts by incorporating our necessary condition (1.5) in
this context. This leads to an interim result, compare Theorem 6.11, that is designed
for non-smooth functions with exactly available function values. The term refining
subsequence, which we use soon, is defined in Subsection 6.2.2.

Theorem.
Let x0 ∈ IRn be the starting point for a GPS method and f : IRn → IR be such that
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L(x0) := {x ∈ IRn | f(x) ≤ f(x0)} is bounded. Let {xk}∞k=0 be the sequence of iterates
produced by the GPS method with objective f and let x∗ be the limit of a refining
subsequence. If f is Lipschitz continuous around x∗, then

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

But we can do better than that and additionally handle the problem of inexact-
ness. For this purpose we formally surround the function of interest by an envelope
mapping. By doing so we are able to prove the following, see also Theorem 6.12.

Theorem.
Let x0 ∈ IRn be the starting point for a GPS algorithm and f : IRn → IR. Let
f−, f+ : IRn → IR and Ff be the envelope mapping around f given by (1.4). Let
{xk}∞k=0 be the sequence of iterates produced by the GPS method with objective function
values fc(·) ∈ Ff (·). Let Lc(x0) := {x ∈ IRn | fc(x) ≤ fc(x0)} be bounded and x∗ be the
limit of a refining subsequence {xj}j∈J with associated positive spanning set {pi}2n

i=1 .
For j ∈ J let denote Bj(xj) the smallest ball around xj containing the set of vectors
{xj + hjpi}2n

i=1. If f is Lipschitz continuous around x∗ and

lim
j→∞
j∈J

‖f+ − f−‖Bj(xj)

hj

= 0 (1.8)

holds, then

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

This theorem and the result we established for Implicit Filtering are both based on
the same mechanism. At first we use the specifics of the algorithms to show for the
computed function values and some positive spanning set {pi}m

i=1 that

∀ i ∈ {1, . . . ,m} : lim sup
k→∞

fc(xk + hkpi)− fc(xk)

hk

≥ 0 .

Then we use the assumed accuracy of the envelope mapping to get for the Lipschitzian
objective f

∀ i ∈ {1, . . . ,m} : Df(x∗, pi) ≥ 0 .

Finally we use the sublinearity of the Clarke derivative together with the specifics of
a positive spanning set, compare (1.3) and (1.6), to conclude

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .
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1.2.4 Implications and Conclusions

These results are not only of theoretical interest. In fact they justify the application of
both algorithms to noisy, non-smooth problems. Furthermore, they can help to choose
suitable parameters for a practical application. In Chapter 7 we show how especially
the Equations (1.7) and (1.8) provide information for this task. We use a locally
Lipschitz continuous test function for the exemplary calculations. This objective is
perturbed by some randomly generated noise. Thus, the optimization routines can
really be presumed to use arbitrary elements of the image set of some surrounding
envelope mapping.

Even though we restrict our attention in this basic work to unconstrained minimiza-
tion problems, the results we get are remarkable. They encourage further work, which
can be directed into various fields of interest. First of all, it seems to be possible to
extend the new analysis to the constrained setting. Of course it is also reasonable to
try to use this tool to find convergence results for other algorithms as well. Another
attractive task are further relaxations of the prerequisites. Maybe, one can weaken
the assumption of local Lipschitz continuity. Alternatively, we could allow a higher
level of noise. It is likely that we cannot guarantee convergence to a minimum under
these circumstances. But it is a challenge to search for an upper bound for the differ-
ence between the practically computed and the theoretically exact minimum value.
However, before we discuss these future plans any further, we have to manage the
details of the current work.



Chapter 2

Generalized Derivatives

In this chapter we present generalized definitions of the derivative of a real-valued
function f : IRn → IR. First we state some basic definitions in Section 2.1. Then we
introduce various geometrical concepts of tangents and tangent cones in Section 2.2.
After this groundwork we are well prepared to explore the various generalized ways
of differentiation in Section 2.3.

By abstracting and modifying the basic idea of a tangent vector, new concepts are
created. This assures the usefulness for optimization, since the tangent property of
the classical derivative is the key for proving necessary conditions. However, not all
of the concepts are equally promising. For example in general we cannot guarantee
the linearity of the directional derivative, because the new concepts do not attempt
to approximate the function f locally by linearization.

Later, we focus on the so-called Clarke derivative, which was introduced by Frank H.
Clarke in the seventies (see [9]). Instead of linearizing f , it is convexified. By this we
are able to guarantee at least sublinearity for this directional derivative. This feature
is crucial for the proofs of Chapters 5 and 6. It is also the reason why we prefer this
concept to the others presented in this chapter.

But other generalized derivatives are also used successfully. For example the contin-
gent epiderivative plays an important role in set-valued optimization. It opens up the
possibility to establish new necessary and sufficient conditions (see for example [16],
[18], [21]). Likewise we introduce in Chapter 3 a necessary condition involving the
Clarke derivative.

2.1 Basic definitions

Since all concepts we present in Section 2.3 are based on a geometric approach, we
first define convex cones. This geometric construction is essential for our further
elaborations, but we do not introduce much more geometric background. For an
introduction to this matter we refer the interested reader to [23].

9
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Definition 2.1.
Let C ⊂ IRn and C 6= ∅. If it has the properties

i) ∀ x ∈ C , α ∈ IR+
0 : αx ∈ C and

ii) ∀ x, y ∈ C : x + y ∈ C,

then C is called a convex cone. If it has in addition the property

iii) x ∈ C and − x ∈ C ⇒ x = O ,

then it is called a pointed convex cone. ¤

Of course this definition, as most of the following, could be generalized, but we refrain
from doing so. This is because our application is also set in IRn and we do not need
more than the above. Before we proceed, we take a look at an example in IR2.

Example 2.2.
In Figure 2.1 below we see on the left a convex cone that is not pointed. In contrast
to this the shaded area on the right is a pointed convex cone. ¤
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Figure 2.1: Nonpointed (left) and pointed cone (right) in IR2

Another special set we have to talk about is the epigraph of a function. It is the
connection between abstract geometry and the functions of which we want to create
a derivative.

Definition 2.3.
Let f : IRn → IR be a real-valued function. Then the set

epi(f) :=
{(

x
y

) ∈ IRn × IR| y ≥ f(x)
} ⊂ IRn+1

is called the epigraph of f . ¤
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Of course the properties of the epigraph, epi(f), depend on the properties of the
function f and vice versa. The next definition is an example of this correlation. We
already mentioned the sublinearity of a function. Since this notion is necessary for
our later proofs, we already introduce it now at the very beginning.

Definition 2.4.
A function f : IRn → IR is called sublinear, if its epigraph is a convex cone containing
the origin. ¤

This definition might look not very telling. But it helps to establish Corollary 2.22
in Section 2.3, which is indispensable for our work. However, to get a better idea
of what sublinearity means we mention an equivalent formulation. A function f is
sublinear if and only if f is convex, satisfies f(0) < ∞, and for all λ > 0 , x ∈ IRn we
find f(λx) = λf(x). This immediately implies Inequality (2.1), which motivates the
name sublinearity and is crucial for the results of the subsequent chapters.

∀ xi ∈ IRn, λi > 0 (i = 1, . . . , m) : f
( m∑

i=1

λixi

)
≤

m∑
i=1

λif(xi) . (2.1)

There is one last topic left that we have to introduce, generalized limits. In IRn we
are used to writing for x ∈ IRn and a converging sequence {xk}∞k=1 ⊂ IRn

lim
k→∞

xk = x :⇔ ‖xk − x‖ → 0 .

For a continuous function f : IRn → IR and any sequence {xk}∞k=1 ⊂ IRn converging
to x we know that the sequence of function values also converges to f(x) and write

lim
k→∞

f(xk) = f(x) :⇔ |f(xk)− f(x)| → 0 .

We note that this limit does not depend on the choice of the sequence and define in
general:

Definition 2.5.
Let f : IRn → IR, x ∈ IRn and y ∈ IR, then we write in the case of existence

lim
xk→x

f(xk) = y :⇔ ∀ {xk}∞k=1 ⊂ IRn with xk → x : |f(xk)− y| → 0 .

¤

At this comprehensible level we want to mention that there exists a topological equiv-
alent to Definition 2.5.

Lemma 2.6.
Let f : IRn → IR, x ∈ IRn and y ∈ IR. For δ > 0 let Bδ(x) denote the ball with radius
δ around x. Then the following are equivalent:
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i) lim
xk→x

f(xk) = y ,

ii) ∀ ε > 0 ∃ δ = δ(x, ε) > 0 such that ∀ x′ ∈ Bδ(x) : |f(x′)− y| < ε ,

iii) sup
δ>0

inf
x′∈Bδ(x)

f(x′) = inf
δ>0

sup
x′∈Bδ(x)

f(x′) = y .

The last characterization motivates the following definition of a limes inferior and
limes superior.

Definition 2.7.
Let f : IRn → IR, x ∈ IRn and y ∈ IR. For δ > 0 let Bδ(x) denote the ball with radius
δ around x. Then we write:

i) lim inf
xk→x

f(xk) = y :⇔ sup
δ>0

inf
x′∈Bδ(x)

f(x′) = y ⇔ lim
δ→0

inf
x′∈Bδ(x)

f(x′) = y ,

ii) lim sup
xk→x

f(xk) = y :⇔ inf
δ>0

sup
x′∈Bδ(x)

f(x′) = y ⇔ lim
δ→0

sup
x′∈Bδ(x)

f(x′) = y .

¤

Note that the last equivalences are true, because

inf
x′∈Bδ(x)

f(x′) and sup
x′∈Bδ(x)

f(x′)

are monotonic in δ. Also be aware of the following fact

lim inf
xk→x

f(xk) = y < ∀ {xk}∞k=1 ⊂ IRn with xk → x : lim inf
k→∞

f(xk) = y .

Obviously the ”⇐” direction is true. We give an example to show that the other
implication is wrong. This is why Definition 2.7 is based on topological concepts and
not on sequential limits.

Example 2.8.
Let f : IR → IR be defined by f(x) := δIR+(x), the indicator function of IR+, compare
Figure 2.2 on the next page. Clearly we find

lim inf
xk→0

f(xk) = 0.

But for xk = 1
k

(k ∈ IN) we observe xk → 0 and

lim inf
k→∞

f(xk) = lim
k→∞

f(xk) = 1 .

¤
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Figure 2.2: Graph of f(x) = δIR+(x)

To be able to talk about generalized derivatives in Section 2.3 in a rigorous and un-
ambiguous way, we have to extend our definitions in the following way, compare [24].

Definition 2.9.
Let f : IRn×IRm → IR, x ∈ IRn, y ∈ IRm and z ∈ IR. For δ > 0 let Bδ(x) and Bδ(y)
denote the balls with radius δ around x and y, respectively. Then we write

i) lim sup
xk→x

inf
yk→y

f(xk, yk) = z :⇔ sup
δ1>0

inf
δ2>0

sup
x′∈Bδ2

(x)

inf
y′∈Bδ1

(y)

f(x′, y′) = z

⇔ lim
δ→0

sup
x′∈Bδ(x)

inf
y′∈Bδ(y)

f(x′, y′) = z ,

ii) lim inf
xk→x

sup
yk→y

f(xk, yk) = z :⇔ inf
δ1>0

sup
δ2>0

inf
x′∈Bδ2

(x)

sup
y′∈Bδ1

(y)

f(x′, y′) = z .

⇔ lim
δ→0

inf
x′∈Bδ(x)

sup
y′∈Bδ(y)

f(x′, y′) = z

¤

In Section 2.3, slight variations of the above notation occur. But once the above
definitions are understood, it is intuitive and obvious how to modify them correctly.
For example we would define for a function f : IR → IR

lim inf
hk↓0

f(hk) = y :⇔ lim
δ→0

inf
h′∈(0,δ)

f(h′) = y .

Before we use these generalized limits for the definition of derivatives, we present the
geometric concepts that they are based on. Namely these are tangents and tangent
cones.
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2.2 Tangents and Tangent Cones

Suppose we are given a ball B in IR2. Suppose in addition that we are also given a
point x on its boundary. Then we can think of the tangent line to B at x as the limit
of secant lines. This idea is displayed in Figure 2.3 below.

x
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secants

Figure 2.3: The tangent to a ball as the limit of secants

If we abstract this two-dimensional picture to IRn and think of secants as vectors that
when added to x, lie within the set B, we are close to a definition for general tangent
vectors. They can be perceived as a limit of these secants. What the set of all those
tangents looks like and what properties it possesses, depends on how we take the limit
of the secant vectors.

2.2.1 The Contingent Cone

At first we introduce a notion of tangent vectors, which establishes that set of all such
vectors is closed.

Definition 2.10.
Let C ⊂ IRn be a nonempty set and x ∈ ∂C. Then a vector t ∈ IRn is called
a Bouligand tangent vector to C at x, if there exist sequences {hk}∞k=1 ⊂ IR+ and
{sk}∞k=1 ⊂ IRn such that

hk ↓ 0 , sk → t and ∀ k ∈ IN : x + hk sk ∈ C .

The set of all those tangent vectors t is called the (Bouligand) contingent cone to C
at x and we denote it by K(C, x). ¤

In the literature, x is often not required to be on the boundary of C (see e.g. [25]). We
make this restriction, since it is the only interesting case for us. Note that otherwise
the contingent cone would equal the whole of IRn, if x were in the interior of C. We
now describe some of the characteristics of K(C, x) by looking at a simple example
in IR2.

Example 2.11.
Figure 2.4 on the next page comprises the graph of the function f(x) := 1−e|x| (black
line) and the contingent cone to its epigraph at the origin O (shaded in grey). Notice
that the boundary of the grey area belongs to the contingent cone as well. Thus the
latter is a closed set. Also the origin belongs to K(epi(f),O). ¤
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Figure 2.4: Contingent cone to the epigraph of f(x) := 1− e|x| at O

In fact it can be shown that K(C, x) is always a closed cone containing the origin.
Figure 2.4 also demonstrates that in general the contingent cone fails to be convex.
This property, which is desirable for optimization purposes, cannot in general be
assumed. Of course, we want to find a set of tangents that is convex in every case.
We soon examine the Clarke tangent cone. It does exhibit this property.

We want to mention the existence of other formulations for the contingent cone.
Our definition is based on the limits of sequences. For example there also exists
a topological equivalent which is given in (2.2). There Bδ(t) denotes the ball with
radius δ around t.

K(C, x) = { t ∈ IRn | ∀ δ > 0 ∃ h′ ∈ (0, δ), s′ ∈ Bδ(t) : x + h′s′ ∈ C}. (2.2)

Depending on the context in which one uses the contingent cone, one might prefer
the sequential or the topological definition. The same holds for the other cones to
which we turn our attention now.

2.2.2 The Clarke Tangent Cone

Next we take a look at the construction that is most interesting and valuable for us.
The Clarke tangent cone convexifies any nonempty set at one of its limit points.

Definition 2.12.
Let C ⊂ IRn be a nonempty set and x ∈ ∂C. Then a vector t ∈ IRn is called a Clarke
tangent vector to C at x, if for all {hk}∞k=1 ⊂ IR+ , {xk}∞k=1 ⊂ C such that

hk ↓ 0 and xk → x
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there exists a sequence {sk}∞k=1 ⊂ IRn that satisfies

sk → t and ∀k ∈ IN : xk + hk sk ∈ C .

The set of all those tangent vectors is called the Clarke tangent cone to C at x and
denoted by T (C, x). ¤

Obviously, the two definitions we gave so far are closely related. Going more into detail
we soon find out that the Clarke tangent cone is always a subset of the contingent
cone:

Let t be a Clarke tangent vector to C at x, i.e.

∀ {hk}∞k=1, hk ↓ 0 ∀ {xk}∞k=1 ∈ C, xk → x ∃ {sk}∞k=1 ∈ IRn, sk → t and

∀ k ∈ IN : xk + hk sk ∈ C .

In particular if we pick for all k ∈ IN : xk = x, then we know that

∃ {hk}∞k=1, hk ↓ 0 ,∃ {sk}∞k=1 ∈ IRn, sk → t and ∀ k ∈ IN : x + hk sk ∈ C .

Thus t is by definition a Bouligand tangent vector.

We again want to look at an example in IR2 to get a better idea of what the given
definition means.

Example 2.13.
To make our two examples comparable, we choose the same set C – the epigraph of
the function f(x) := 1− e|x| (black line) – and the same point x, i.e. the origin.
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Figure 2.5: Clarke tangent cone to the epigraph of f(x) := 1− e|x| at O
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We observe the just proven relation T (C, x) ⊂ K(C, x) by comparing Figures 2.4
and 2.5. Again the boundary belongs to the gray cone, which makes T (epi(f),O) a
closed set containing the origin. In the above graph the Clarke tangent cone is clearly
convex, too. ¤

However, convexity is not so easy to deduce in general from the definition via sequen-
tial limits. That is why we now examine some alternatives, first of all the topological
one. It can be shown that

T (C, x) = { t ∈ IRn | ∀ δ1 > 0 ∃ δ2 > 0 s.t. ∀ x′ ∈ C ∩Bδ2(x), h′ ∈ (0, δ2)

∃ s′ ∈ Bδ1(t) : x′ + h′s′ ∈ C} . (2.3)

We use here Bδ(x) in the same way as we did in (2.2). Again this shows the inclusion
of the Clarke tangent cone in the Bouligand tangent cone. But to see where the
convexity comes from, we have to consider yet another, indirect definition via normals
and polar cones. A well motivated approach to this can be found in the book of Clarke
[10, Ch.1]. We outline the basic ideas.

Instead of taking tangent vectors as a starting point, one can also begin with an
abstraction of what it means for a vector to be perpendicular to a set. By using
the projection theorem we define in very general terms for any convex subset C of a
Hilbert space (H, 〈·, ·〉) and any point p outside C a unique point xp on the boundary
of C closest to p. We then call p− xp perpendicular to C at xp.

&%

'$
qq - pB x

Figure 2.6: Perpendicular vector to the ball B at x

However, for an arbitrary set C and x ∈ ∂C there may be multiple p /∈ C such that
x is closest to p in C. We call the collection of all perpendicular vectors at a point
x ∈ ∂C and their nonnegative multiples the set of proximal normal vectors. Note
that points in the interior of C only have O as trivial proximal normal. This justifies
once more our focus on points x ∈ ∂C. For them the proximal normal vectors are
used to define a closed convex cone containing the origin. It is called the normal cone
and usually denote by N(C, x). Finally we can apply polarity to define T (C, x) to
be the polar cone of N(C, x). Since the polar of a closed convex cone is again closed
and convex, the desired property of T (C, x) is built into this indirect definition. One
may ask why this definition coincides with the one given at the beginning. We do not
prove this fact, but only refer to [9, Prop. 3.7].

Having Definition 2.4 in mind, it is clear what the convexity of the Clarke tangent cone
will be used for. It will establish sublinearity for the Clarke derivative in Section 2.3.
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2.2.3 The Hypertangent Cone

Before we advance to the next section, we want to present a third kind of tangent
cone.

Definition 2.14.
Let C ⊂ IRn be a nonempty set and x ∈ ∂C. Then a vector t ∈ IRn is called a
hypertangent vector to C at x, if for all {hk}∞k=1 ⊂ IR+ , {xk}∞k=1 ⊂ C such that

hk ↓ 0 and xk → x

there exists a positive integer N ∈ IN such that

∀ k ≥ N : xk + hk t ∈ C .

The set of all those tangent vectors is called the hypertangent cone to C at x and
denoted by H(C, x). ¤

Directly by the definition we can see that this is an even more restrictive character-
ization of a tangent vector than the one of Clarke. The before arbitrary sequence
{sk}∞k=1 converging to the tangent vector t is now replaced by a sequence that is even-
tually equal to t. This implies: H(C, x) ⊂ T (C, x). This difference is apparent in our
example below, too.

Example 2.15.
Again we plotted the function f(x) := 1− e|x|. This time we added the hypertangent
cone H(epi(f),O). Note that now the boundary does no longer belong to the cone.
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Figure 2.7: The function f(x) := 1− e|x| and H(epi(f),O)

Consequently H(C, x) in general can fail to be a closed set. However, it can be shown
that every hypertangent cone is a convex cone. ¤
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Another way of thinking about hypertangents and what their restrictive definition
means is suggested by the topological expression

H(C, x) = { t ∈ IRn | ∃ δ > 0 s.t. ∀ x′ ∈ C ∩Bδ(x), h′ ∈ (0, δ) : x′ + h′t ∈ C}.

Thus nonzero vectors in H(C, x) are directions for “moving uniformly” from x into
the set C.

Before we conclude this section about tangent cones, we summarize the presented
results in a small table.

type of cone K(C, x) ⊃ T (C, x) ⊃ H(C, x)

closed in general yes yes no
convex in general no yes yes

Table 2.1: The different tangent cones and their properties

Table 2.1 confirms once more the outstanding properties of the Clarke tangent cone.
It seems most promising for the definition of a generalized derivative that allows to
state and prove at least a useful necessary condition.

2.3 Derivative Concepts

In this section we define two types of generalized derivatives. Although we have
already picked the Clarke derivative as our favorite, it makes sense to present the
contingent epiderivative as an additional concept. Not only that it gained much
attention in set-valued optimization (see [16], [18], [21]), but it also makes a pattern
for the definition of generalized derivatives apparent. Compared with the Clarke
derivative it suggests how to define similar concepts. We briefly discuss the idea that
any kind of tangent cone seems to induce a more or less useful generalized derivative
at the end of Subsection 2.3.2.

2.3.1 The Contingent Epiderivative

One of the more useful concepts is definitely the contingent epiderivative.

Definition 2.16.
Let f : IRn → IR be a function and x, d ∈ IRn, then the contingent epiderivative Ef
at x with respect to the direction d is defined as

Ef(x, d) := lim inf
dk→d
hk↓0

f(x + hkdk)− f(x)

hk

. (2.4)

¤
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When reading Definition 2.16, one should be aware of the exact meaning of the used
liminf -expression. We introduced this kind of limit in Definition 2.7. It guarantees
that the function Ef(x, ·) for any f : IRn → IR is well defined. However, it is not
necessarily real-valued. There are instances where the contingent epiderivative is an
extended real-valued function with values in IR ∪ {±∞}.
Note that this definition is a generalization of the Fréchet derivative f ′ of a function
f : IRn → IR at the point x ∈ IRn in the direction d ∈ IRn, which is in the case of
existence given by

f ′(x, d) = lim
dk→d
hk↓0

f(x + hkdk)− f(x)

hk

.

Further on we also refer to the function f ′(x, ·) as the classical derivative. It is well
known that f ′(x, ·) is a bounded linear functional. Since IRn is a Hilbert space, we
find by the Riesz representation theorem

∃ g ∈ IRn such that ∀ d ∈ IRn : f ′(x, d) = dT g .

The vector g is called the gradient of f at x and usually denoted by ∇f(x). We
cannot guarantee anything like linearity for the contingent epiderivative. This is its
main failing and the reason why we prefer the Clarke derivative. For the latter we
can prove at least sublinearity.

But to get a better notion of the contingent epiderivative first, we state the following
basic fact.

Lemma 2.17.
Let f : IRn → IR and x ∈ IRn. Define z(x) :=

( x
f(x)

)
, then the following equation holds

epi (Ef(x, ·)) = K (epi(f), z(x)) . (2.5)

We omit the proof, because this result is only presented for the understanding of the
concept and not used later on. It can be found in [22, Sec.3,Thm.1]. This theorem
allows us to quickly explore the following helpful example.

Example 2.18.
Let f : IRn → IR be defined by f(x) := 1 − e|x|. Obviously f is not differentiable at
x = O in the classical sense. However, we have introduced this function already in
Section 2.2. We were even able to draw K (epi(f),O) in Figure 2.4. From there we
immediately observe – using Theorem 2.17 – that Ef(O , d) = −|d|. ¤

The theorem above can also be seen as an alternative definition of the contingent
epiderivative. It is then defined to be the function Ef(x, ·) : IRn → IR that satisfies
(2.5). This is an appropriate way to transfer the idea of a derivative from functions
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to set-valued mappings, as we see in Chapter 3. This has already been done for the
contingent epiderivative in for example [16],[18]. We now look at the Clarke derivative
and find a similar theorem. This motivates a general way of defining generalized
derivatives by tangent cones.

2.3.2 The Clarke Derivative

As in the previous subsection, we introduce a new kind of derivative via a sequential
limit. After that we give an alternative definition and discuss the advantageous
properties of the Clarke derivative. Finally, we suppose a way to define other types
of generalized derivatives.

Definition 2.19.
Let f : IRn → IR be a function and x, d ∈ IRn, then the Clarke derivative Df at x
with respect to the direction d is defined as

Df(x, d) := lim sup
xk→x

yk→f(x),yk≥f(xk)
hk↓0

inf
dk→d

f(xk + hkdk)− yk

hk

. (2.6)

¤

This somewhat unhandy expression can be simplified under additional assumptions.
We make use of these simpler forms in the later chapters, especially of (2.9). If we
assume f to be lower semicontinuous for example, then

Df(x, d) = lim sup
xk→x

f(xk)→f(x)
hk↓0

inf
dk→d

f(xk + hkdk)− f(xk)

hk

. (2.7)

In the case of a continuous function f we can clearly simplify Equation (2.7) to

Df(x, d) = lim sup
xk→x
hk↓0

inf
dk→d

f(xk + hkdk)− f(xk)

hk

. (2.8)

The next step is to look at functions f that are Lipschitz continuous around x. To
see how this affects (2.8), one has to go more into detail. The result is

Df(x, d) = lim sup
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

. (2.9)

This important and last simplification turns out to be very useful in the field of
numerical optimization. We can observe this in Chapters 5 and 6. A complete and
rigorous treatment of how Equation (2.9) is justified can be found in [24, Thm.3].
From there we also cite the theorem that connects the Clarke derivative and the
Clarke tangent cone [24, Thm.2]. It is a result comparable to Theorem 2.17.
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Lemma 2.20.
Let f : IRn → IR and x ∈ IRn. Define z(x) :=

( x
f(x)

)
, then the following equation holds

epi (Df(x, ·)) = T (epi(f), z(x)) . (2.10)

This new formulation enables us to employ the concept of the Clarke derivative for
set-valued mappings in Chapter 3. But we can benefit from it in various ways. First,
we want to look again at an example.

Example 2.21.
Let f : IRn → IR be defined by f(x) := 1 − e|x|. This by now familiar function was
already introduced in Section 2.2. There we were able to graph T

(
epi(f), z(x)

)
in

Figure 2.5. From this picture we can immediately observe – using Lemma 2.20 –
Df(O , d) = |d|. ¤

Second, we can combine Lemma 2.20 with the fact that T
(
epi(f), z(x)

)
is a closed

convex cone containing the origin (see Subsection 2.2.2). With our definition of
sublinearity we directly find the next corollary.

Corollary 2.22.
Let f : IRn → IR and x ∈ IRn, then Df(x, ·) is sublinear.

Finally, we get an idea of how to define further generalized derivatives. Assume we
have a somehow defined cone of tangents for arbitrary points x on the boundary
of a set S and denote it by C(S, x). Then we can define for arbitrary functions
f : IRn → IR a derivative Cf(x, ·) : IRn → IR by requesting of it

epi
(
Cf(x, ·)) = C

(
epi(f),

( x
f(x)

))
.

For example we could according to Subsection 2.2.3 define a hyperderivative. Instead
of doing so, we concentrate on the Clarke derivative now. We exploit its properties,
especially the sublinearity, in the following chapters.



Chapter 3

Set-Valued Analysis

We now focus on set-valued mappings and their analysis. Bearing in mind the ap-
plications of Chapters 5 and 6, we soon limit our point of view to special kinds of
set-valued mappings in Section 3.1. These are generated from a single-valued func-
tion by surrounding each of its function values with an ε-interval. We then define for
these set-valued mappings a modified version of the Clarke derivative that is consis-
tent with the single-valued case. After that we show existence and uniqueness for it in
Section 3.2. Then we define a minimizer for set-valued mappings as well as state and
prove a necessary condition for it in Section 3.3. Finally, in Section 3.4 we transfer
these results back to the single-valued case and discuss the relationship between the
new and other classical necessary conditions.

3.1 Basic Definitions

In order to lay a foundation we have to clarify what a set-valued mapping is. Then
we have to redefine some concepts from the single-valued framework in this setting.

Definition 3.1.
Let S and T be sets and 2T denote the power-set of T , then a mapping F : S → 2T

is called a set-valued mapping. The set

F (S) :=
⋃
x∈S

F (x)

is called the image set of F . ¤

We concentrate on the special case S = IRn and T = IR. Furthermore we turn
our attention to only one special class of set-valued mappings that turns out to be
very useful for the numerical optimization of noisy functions. It is created by taking
single-valued functions and surrounding them with a (small) ε-envelope.

23
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Definition 3.2.
Let f : IRn → IR and f−, f+ : IRn → IR be functions such that f− ≤ f ≤ f+; then the
set-valued mapping Ff : IRn → 2IR defined by

∀ x ∈ IRn : Ff (x) := {y ∈ IR
∣∣ f−(x) ≤ y ≤ f+(x)} (3.1)

is called an envelope mapping around f . ¤

Equivalently we could have defined Ff as

Ff (x) = {y ∈ IR
∣∣ f − ε−(x) ≤ y ≤ f + ε+(x)} (3.2)

for a pair of functions ε−, ε+ : IRn → IR+
0 . They are obviously related to f− and f+

by ε− = f − f− and ε+ = f+ − f , respectively. This alternative formulation points
out the ε-envelope character of Ff . We illustrate this idea by giving an example.

Example 3.3.
Let f(x) := x2, f−(x) := 1

2
x2, f+(x) := 2x2 and Ff be given by (3.1). While the

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
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0.8

1

1.2

1.4

1.6

1.8

2

Figure 3.1: Example for an envelope mapping around f(x) = x2

image set of the mapping Ff is shaded in grey, the graph of the underlying function
f is plotted in black in Figure 3.1. We observe that f(x) ∈ Ff (x) is always true.
Especially, at x = 0 where the set-valued mapping Ff has only one single value, this
means Ff (0) = {f(0)}. ¤

After having clarified the idea of a set-valued mapping, we want to generalize the
definition of an epigraph given in Section 2.1. Note that this generalization reduces
in the special case of a point-valued mapping to Definition 2.3 and thus is consistent
with it.
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Definition 3.4.
Let F : IRn −→ 2IR be a set-valued mapping, then the set

epi(F ) :=
{(

x
y

) ∈ IRn × IR
∣∣ ∃ ŷ ∈ F (x) s.t. y ≥ ŷ

} ⊂ IRn+1

is called the epigraph of F. ¤

We notice that the epigraph of the mapping Ff described by (3.1) equals the epigraph
of the function f− . Thus the corresponding Clarke tangent cones are also equal. This
means if we define

∀ x ∈ IRn : z−(x) :=
( x

f−(x)

) ∈ IRn+1 , (3.3)

then

T
(
epi(Ff ), z−(x)

)
= T

(
epi(f−), z−(x)

)
. (3.4)

The result of Lemma 2.20 now motivates the generalized definition of the Clarke
derivative for set-valued mappings.

Definition 3.5.
Let f : IRn → IR, x ∈ IRn and Ff be an envelope mapping around f given by (3.1),
then a single-valued function DFf (x, ·) that satisfies

epi
(
DFf (x, ·)) = T

(
epi(Ff ), z−(x)

)
(3.5)

is called the Clarke derivative of Ff at x . ¤

This definition brings up two questions. First, one has to ask if such a function exists.
In the case of existence, we conclude

epi
(
DFf (x, ·)) (3.5)

= T
(
epi(Ff ), z−(x)

)
(3.4)
= T

(
epi(f−), z−(x)

)
(3.6)

(2.10)
= epi

(
Df−(x, ·)) .

From this observation the question of uniqueness arises. Can we conclude from Equa-
tion (3.6) that DFf (x, ·) = Df−(x, ·)? There is a positive answer to both questions.
We can prove existence and uniqueness and we do this in the next section. Thus,
(3.6) has some fruitful implications, which we reveal after the proofs and use in the
subsequent chapters.
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3.2 Existence and Uniqueness Issues

We certainly want to know under which circumstances we can take the existence of
the Clarke derivative of an envelope mapping for granted. In the case of existence
we additionally want to prove the uniqueness of this derivative. Let us start with the
latter.

Theorem 3.6.
Let f : IRn → IR be a function, Ff : IRn → 2IR be an envelope mapping around f given
by (3.1) and x ∈ IRn. If the Clarke derivative DFf (x, ·) exists, then it is unique.

Proof:
Assume DF 1

f (x, ·), DF 2
f (x, ·) are Clarke derivatives and DF 1

f (x, ·) 6= DF 2
f (x, ·), then

∃ d ∈ IRn such that DF 1
f (x, d) 6= DF 2

f (x, d) .

Definition 2.3 and Definition 3.5 then yield the following contradiction

T
(
epi(Ff ), z−(x)

)
= epi

(
DF 1

f (x, ·))

6= epi
(
DF 2

f (x, ·))

= T
(
epi(Ff ), z−(x)

)
.

Thus, we have established uniqueness. ¥

We want to remark that this uniqueness proof is also possible in a more general setting.
We could define the Clarke derivative for a larger class of set-valued mappings. We
would not even have to restrict the range of our mappings to IR. Any partially ordered
real normed space is sufficient. Such a proof not for the Clarke derivative, but for a
set-valued version of the contingent epiderivative can be found in [18].

Also the following existence statement could be generalized. But since Theorem 3.8
together with the assumptions made in Chapters 5 and 6 will guarantee the desired
existence, we refrain from doing so. At first we show a lemma that will shorten our
existence proof.

Lemma 3.7.
Let f : IRn → IR, x ∈ IRn and define z(x) :=

( x
f(x)

)
. Then for all

(
d
y

) ∈ IRn×IR with(
d
y

) ∈ T
(
epi(f), z(x)

)
, the following holds

ȳ > y ⇒ (
d
ȳ

) ∈ T
(
epi(f), z(x)

)
.
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Proof:
Let

(
d
y

) ∈ T
(
epi(f), z(x)

)
and δ1 > 0 be arbitrary. Then by (2.3) we find

∃ δ2 > 0 ∀ (
x′
f ′
)∈ epi(f) ∩Bδ2

(
z(x)

)
, h′ ∈ (0, δ2) ∃ (

d′
y′
)∈ Bδ1

((
d
y

))
:

(
x′
f ′
)

+ h′
(

d′
y′
) ∈ epi(f) .

This can be rewritten as

∃ δ2 > 0 ∀ (
x′
f ′
)∈ epi(f) ∩Bδ2

(
z(x)

)
, h′ ∈ (0, δ2) ∃ (

d′
y′
)∈ Bδ1

((
d
y

))
:

f ′ + h′y′ ≥ f(x′ + h′d′) .

Now define for an arbitrary ȳ > y

ȳ′ := y′ + (ȳ − y) > y′

to conclude
(

d′
ȳ′
) ∈ Bδ1

((
d
ȳ

))
and

∀ (
x′
f ′
) ∈ Bδ2(z(x)) ∩ epi(f), h′ ∈ (0, δ2) :

f ′ + h′ȳ′ > f ′ + h′y′ ≥ f(x′ + h′d′) .

Thus by (2.3) we have shown that
(

d
ȳ

) ∈ T
(
epi(f), z(x)

)
. ¥

We are now prepared to prove the following existence statement.

Theorem 3.8.
Let f : IRn → IR, x ∈ IRn and Ff be an envelope mapping around f given by (3.1),
then DFf (x, ·) exists and for z−(x) defined by (3.3) it is given by

∀ d ∈ IRn : DFf (x, d) = inf
{
y ∈ IR | (d

y

) ∈ T
(
epi(f−), z−(x)

)}
. (3.7)

Proof:
Equation (3.4) implies T

(
epi(Ff ), z−(x)

)
= T

(
epi(f−), z−(x)

)
. Thus, by Defini-

tion 3.5 we have to show for DFf (x, ·) defined by (3.7) and all d ∈ IRn that

E(d) := {y ∈ IRn | y ≥ DFf (x, d)}

is equal to

T (d) :=
{
y ∈ IR | (d

y

) ∈ T
(
epi(f−), z−(x)

)}
.

For this purpose let d ∈ IRn be arbitrary. We have to distinguish the following three
cases:
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i) @ y ∈ IR such that
(

d
y

) ∈ T
(
epi(f−), z−(x)

)

This directly implies

DFf (x, d) = ∞

and thus

E(d) = ∅ = T (d) .

ii) ∃ y∗ ∈ IR such that y∗ = inf T (d)

By the definition of the infimum there exists {yi}∞i=1 ⊂ T (d) such that yi ↓ y∗.
This implies

(
d
yi

) → (
d
y∗

)
and ∀ i ∈ IN :

(
d
yi

) ∈ T
(
epi(f−), z−(x)

)
.

Since T
(
epi(f−), z−(x)

)
is a closed set, we find

(
d
y∗

) ∈ T
(
epi(f−), z−(x)

)
and

DFf (x, d) = y∗ = min T (d) .

By Lemma 3.7 we conclude

E(d) = T (d) .

iii) ∀N ∈ IN ∃ y ∈ T (d) such that y < −N

Again the definition of the infimum tells us

DFf (x, d) = −∞ .

We use Lemma 3.7 once more to establish

E(d) = IR = T (d) .

Since these are all possible cases, we are finished with the proof. ¥

Immediately following the definition of the Clarke derivative for an envelope mapping
in Section 3.1, we already realized the connection to the Clarke derivative of f− .
Equation (3.6) and Theorem 3.8 together imply that the existence of Df−(x, ·) is
equivalent to the existence of DFf (x, ·). Furthermore, if one of them exists, then
Theorem 3.6 tells us that the two functions are equal. This observation enables us to
transfer all results of Chapter 2 to the set-valued environment. We will make use of
this immediately in the next section as well as in the oncoming chapters.
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3.3 Clarke Derivative Based Necessary Condition

In order to make full use of the concept we just developed, we are interested in
a necessary condition for optimization. In the corresponding theorem the Clarke
derivative should play the central role normally taken by the classical directional
derivative. Once we have derived this necessary condition, its usefulness has to be
evaluated. We do this by comparing it with other necessary conditions that are
based on strict differentiability, Fréchet differentiability, and the one-sided directional
derivative, respectively.

Since we are concerned with set-valued mappings, we should first state how a mini-
mizer of a set-valued mapping is defined in general. Afterwards we take a closer look
at what this means for the special case of an envelope mapping.

Definition 3.9.
Let F : IRn → 2IR be a set-valued mapping, x∗ ∈ IRn and y∗ ∈ F (x∗). Then the
vector z(x∗) :=

(
x∗
y∗

)
is called a global minimizer of F , if

∀ y ∈ F (IRn) : y∗ ≤ y . (3.8)

In this case y∗ is called a global minimal element of the image set F (IRn).

Let Bδ(x∗) denote the ball with radius δ around x∗, then the vector z(x∗) is called a
local minimizer of F , if

∃ δ > 0 such that ∀ y ∈ F (Bδ(x∗)) : y∗ ≤ y (3.9)

and y∗ is called a local minimal element of the image set F (IRn). ¤

For an envelope Ff defined by (3.1), this means that the global/local minimal element
has to be a function value of f− and even more it is clearly also a global/local minimum
of this function.

Our aim is to use well-known facts about the single-valued function f− to deduce
facts about the corresponding envelope mapping – and at a later stage about the
function f . To do so we need the results of the previous section. We discovered that
if for an envelope mapping Ff defined by (3.1) the Clarke derivative exists, then

DFf (x, d) = Df−(x, d) (3.10)

holds for all vectors d in IRn. These are nearly all ingredients we need to prove the
next theorem.

Theorem 3.10.
Let f : IRn → IR, x∗ ∈ IRn and Ff an envelope mapping around f given by (3.1). If
z−(x∗) defined by (3.3) is a local minimizer of Ff and the Clarke derivative DFf (x∗, ·)
at x∗ exists, then

∀ d ∈ IRn : DFf (x∗, d) ≥ 0 . (3.11)
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Proof:
We prove the theorem indirectly by assuming

∃ d ∈ IRn such that y := DFf (x∗, d)
(3.10)
= Df−(x∗, d) < 0 . (3.12)

Let δ > 0 be arbitrary. With the remarks directly following Definition 3.9, it is
sufficient to show that

∃ x̄ ∈ Bδ(x∗) : f−(x̄) < f−(x∗) . (3.13)

For this purpose we notice that (3.12) implies via (3.6)

(
d
y

) ∈ T (epi(f−), z−(x∗)) .

This means by (2.3) that

∀ δ1 > 0 ∃ δ2 > 0 ∀ z′∈ epi(f−) ∩Bδ2

(
z−(x∗)

)
, h′∈(0, δ2)

∃ (
d′
y′
)∈Bδ1(

(
d
y

)
) : z′ + h′

(
d′
y′
) ∈ epi(f−) .

If we rewrite z′ =
(

x′
f ′
)
, this means by the definition of an epigraph that

∀ δ1 >0 ∃ δ2 >0 ∀ (
x′
f ′
)∈epi(f−) ∩Bδ2

(
z−(x∗)

)
, h′∈(0, δ2)

∃ (
d′
y′
)∈Bδ1(

(
d
y

)
) : f ′ + h′y′ ≥ f−(x′ + h′d′) . (3.14)

We now choose δ1 < |y| to guarantee

∀ (
d′
y′
) ∈ Bδ1(

(
d
y

)
) : y′ < 0 . (3.15)

Next we pick
(

x′
f ′
)

= z−(x∗) ∈ epi(f−) ∩Bδ2

(
z−(x∗)

)
and find due to (3.14) that

∀ h′ ∈ (0, δ2) ∃
(

d′
y′
)∈Bδ1(

(
d
y

)
) : f−(x∗)

(3.15),(3.14)
> f−(x∗ + h′d′) .

Finally we choose h′ ∈ (0, δ2) small enough such that

x̄ := x∗ + h′d′ ∈ Bδ(x∗) .

Thus, we have shown (3.13) and our proof is complete. ¥

Note that although we stated this necessary condition with the Clarke derivative of
the set-valued envelope mapping Ff , within the proof we only used the equivalent
Clarke derivative of the single-valued function f− . This technique shows up again
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in the succeeding chapters. It also tells us that there is a close relation between the
envelope mapping Ff and its lower boundary function f− . Especially we notice that
Theorem 3.10 still holds if we replace the set-valued Clarke derivative by Df− .

Of course this necessary condition is also true for the special case of point-valued
mappings, i.e. single-valued functions. The functions only need to have a Clarke
derivative. However, in order to use the Clarke derivative as a tool for convergence
analysis we have to require the objective function to be Lipschitz continuous around
the point x∗. This allows us to benefit from the simplified expression given in Equation
(2.9). But first, we discuss what Theorem 3.10, in the special case of a single-valued
function, can and cannot achieve in comparison with other necessary conditions.

3.4 Comparison of Necessary Conditions

We now want to examine how our new necessary condition performs when it is com-
pared with others. To be precise: If in addition to Clarke derivative there exists
another derivative, which of the corresponding necessary conditions is stronger, i.e.
which of them does disqualify more candidate minimizers?

The first and strongest notion of differentiability we want to compare with the Clarke
derivative is strict differentiability. A function f : IRn → IR is said to be strictly
differentiable at x ∈ IRn, if

∃ g ∈ IRn ∀ d ∈ IRn : lim
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

= dT g . (3.16)

The vector g is called the gradient of f at x and usually denoted by ∇f(x). We
already used this symbol in Section 2.3 in connection with the Fréchet derivative. In
fact it can be shown that if f is strictly differentiable, then f is Fréchet differentiable
and the two derivatives are equal. Furthermore, in this case the Clarke derivative,
which is

Df(x, d) = lim sup
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

= lim
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

(3.17)

= dT ∇f(x) ,

coincides with the other notions, too. Thus, if we assume strict differentiability for
a necessary condition, then we can state it with either the gradient or the Clarke
derivative. It makes no difference, because the concepts are equivalent.

On the other hand if we only require Fréchet differentiability, then the accompanying
necessary condition is as follows.
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Theorem 3.11.
Let f : IRn → IR, x∗ ∈ IRn be a local minimizer of f . If the Fréchet derivative f ′(x∗, ·)
of f at x∗ exists, then

∀ d ∈ IRn : f ′(x∗, d) = 0 or equivalently ∇f(x∗) = O .

By the definition of Fréchet and contingent epiderivative (compare Subsection 2.3.1)
we find for x, d ∈ IRn

f ′(x, d) = lim
dk→d
hk↓0

f(x + hkdk)− f(x)

hk

= lim inf
dk→d
hk↓0

f(x + hkdk)− f(x)

hk

= Ef(x, d) .

The results of Chapter 2 lead us to the conclusion

epi
(
Ef(x, ·)) Lem. 2.17

= K
(
epi(f), z(x)

)
Tab. 2.1⊃ T

(
epi(f), z(x)

)
Lem. 2.20

= epi
(
Df(x, ·)) .

But this implies for all d ∈ IRn that

Df(x, d) ≥ Ef(x, d) = f ′(x, d) .

Consequently Theorem 3.10 could be a weaker necessary condition. There might be
an example where for all d ∈ IRn we have Df(x, d) ≥ 0 but for at least one d0 ∈ IRn

we find f ′(x, d0) < 0. Thus, x would be a candidate minimizer of f after testing it
with the Clarke derivative, but Theorem 3.11 would rule it out. There really are such
examples. However, they are not easy to find.

Example 3.12.
Define the function, compare Figure 3.2

f(x) :=

{
x2 x ∈ IQ

−2x− 1 x ∈ IR \ IQ
.

We first explain why f is Fréchet differentiable at x = −1 and f ′(−1, 1) = −2. Note
that both parts of f have the same slope of −2 at x = −1. Thus the difference
quotient

(
f(x + hkdk) − f(x)

)
/hk converges to −2 as hk ↓ 0 and dk → 1, no matter

whether we evaluate the function at rational or irrational points.

On the other hand we can show that Df(−1, 1) = +∞. Since f is continuous at
x = −1, we can use Equation (2.8) for that purpose. Further, we notice that for all
{dk}∞k=1 such that dk → 1, there exist {xk}∞k=1, {hk}∞k=1 such that

xk → −1 , hk ↓ 0 , xk ∈ IR \ IQ , xk + hkdk ∈ IQ
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Figure 3.2: Graph of the function f, used in Example 3.12

and hk is small enough to make the corresponding difference quotient monotonically
increasing to infinity. ¤

This shows that the Clarke derivative in fact produces a weaker necessary condition.
Another necessary condition involving the one-sided directional derivative does not
require as much of the function f as Fréchet differentiability.

Theorem 3.13.
Let f : IRn → IR, x∗ ∈ IRn be a local minimizer of f . Then in the case of existence,
the following holds

∀ d ∈ IRn : lim
hk↓0

f(x∗ + hkd)− f(x∗)
hk

≥ 0 . (3.18)

We want to compare this necessary condition with Theorem 3.10 too. The existence
of the directional derivative implies Lipschitz continuity around x∗ for the function
f . Thus, Equations (3.18) and (2.9) yield

Df(x∗, d) = lim sup
xk→x∗
hk↓0

f(xk + hkd)− f(xk)

hk

≥ lim sup
hk↓0

f(x∗ + hkd)− f(x∗)
hk

≥ lim
hk↓0

f(x∗ + hkd)− f(x∗)
hk

.

Again the Clarke derivative seems to induce a weaker necessary condition. This time
we can find a less pathological example to confirm this conjecture.
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Example 3.14.
In Chapter 2 we used the function g : IR → IR defined by g(x1) = 1−e|x1| to illustrate
the different tangent cones. By rotating this function around the vertical axis, we get
for x =

(
x1
x2

) ∈ IR2 the function f(x) = 1− e‖x‖.

−1 0 1 −1
0

1−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

||x||             
1−e

||x||

Figure 3.3: Graph (blue) and Clarke derivative at O (red) of f(x) = 1− e‖x‖

The Clarke derivative at the origin can be determined to be, compare Example 2.21,

∀ d ∈ IRn : Df(O , d) = ‖d‖ ≥ 0 .

However, Figure 3.3 shows that f has no local minimum at the origin. In fact we find
a local maximum there. This is confirmed by the directional derivative. Applying
l’Hospital’s rule we find

∀ d ∈ IRn : lim
hk↓0

f(hkd)− f(O)

hk

= −‖d‖ ≤ 0 .

¤

These are so far the bad traits of the Clarke derivative. We have seen that in some
cases the Clarke derivative is not as helpful as the classical notions of differentiation.
However, this trade-off has to be expected, if one wants to take a more general
approach. The new non-smooth convergence results, which we prove in the Chapters
5 and 6, compensate for this imperfection.



Chapter 4

Numerical Concepts

We now present the theoretical background from numerical analysis and linear algebra
that is necessary for the following chapters. First, we introduce the idea of a positive
spanning set in Section 4.1. Then we discuss various concepts of finite-difference
approximations for the gradient of a function in Section 4.2. Namely these are the
forward, backward and central simplex gradient. Finally, in Section 4.3 we present a
particular line search procedure involving the steepest descent direction.

All these concepts help to understand the optimization routines we present in the
Chapters 5 and 6. The Implicit Filtering algorithm, which is discussed in Chapter 5,
is based on the ideas of finite-difference approximations and line search methods. The
properties of a positive spanning set are important for the analysis of the Pattern
Search methods of Chapter 6 as well as for Implicit Filtering. In combination with
the sublinearity of the Clarke derivative, they are crucial for our ‘derivative-free’
convergence results.

4.1 Positive Spanning Sets

Positive spanning sets are related to the familiar idea of a general spanning or gen-
erating set. We remember that a generating of IRn set needs to consist of at least n
vectors that are linearly independent. If we denote such a set by {vi}m

i=1 (m ≥ n), we
know that

∀ x ∈ IRn ∃ {λi}m
i=1 ⊂ IR such that: x =

m∑
i=1

λivi .

Note that the coefficients {λi}m
i=1 need not be unique. This is only the case, if m = n

and the vectors {vi}m
i=1 form a basis of IRn. With this is mind we can understand the

definition of a positive spanning set.

35
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Definition 4.1.
A set {pi}m

i=1 ⊂ IRn is called a positive spanning set of IRn, if

∀ x ∈ IRn ∃ {λi}m
i=1 ⊂ IR+

0 such that: x =
m∑

i=1

λipi .

¤

This means that {pi}m
i=1 ⊂ IRn is a special type of spanning set, i.e. the entire IRn

is spanned by nonnegative linear combinations of this set. Obviously, a positive
spanning set has to consist of at least n+1 vectors. Note that if we have a generating
set {vi}m

i=1, then {vi,−vi}m
i=1 is automatically a positive spanning set. We also want

to mention that the coefficients {λi}m
i=1 are never unique, because a positive spanning

set is always linearly dependent. But this fact does not cause any problems for the
later applications.

Positive spanning sets are important for us, because they allow to generalize inequal-
ities for sublinear functions like the Clarke derivative. If f : IRn → IR is a sublinear
function and {pi}m

i=1 ⊂ IRn is a positive spanning set such that

∀ i ∈ {1, . . . ,m} : f(pi) ≥ 0 ,

then by equation (2.1) we find

∀ x ∈ IRn : f(x) = f(
m∑

i=1

λipi) ≥
m∑

i=1

λif(pi) ≥ 0 .

We make use of this fact quite frequently. Why it is so useful becomes clearer in
the subsequent chapters. It especially helps to show that the necessary condition of
Theorem 3.10 is satisfied by a limit point x∗. The general idea for the proofs is that
an algorithm provides a sequence of trial points and an associated positive spanning
set. Assuming that a limit point x∗ of the sequence exists, we first prove Equation
(3.11) for the positive spanning set. Then the properties of sublinear functions and
positive spanning sets enable us to deduce that x∗ is a critical point.

4.2 Finite-Difference Gradients

In the next chapters we will analyze two special optimization algorithms. They have
in common thatthey do not evaluate the exact gradient of the objective function.
However, the Implicit Filtering method presented in Chapter 5 uses finite-difference
approximations of the gradient. For the convergence analysis it is important to know
how exact these approximations are. Thus, we now introduce this concept and exploit
its accuracy. Most of the time we follow Kelley [19], who gives a good introduction to
this matter. Before we attempt to define gradient approximations, we need to clarify
some basic notions. We start with the convex hull of a set in IRn.
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Definition 4.2.
Let S ⊂ IRn, then the set

conv(S) :=
⋂
T⊃S

T convex

T

is called the convex hull of S. ¤

We need the convex hull to define a simplex in IRn.

Definition 4.3.
Let {xi}n+1

i=1 ⊂ IRn, then the set

S = S(x1, . . . , xn+1) := conv({xi}n+1
i=1 ) ⊂ IRn

is called the simplex with vertices x1, . . . , xn+1 and

V = V (S) = (v1, . . . , vn) := (x2 − x1, . . . , xn+1 − x1) ∈ IRn,n

is called the matrix of simplex directions. The vi (i = 1, . . . , n) are the simplex
directions. The simplex S is said to be nonsingular, if V is nonsingular. Furthermore,
we define

diam(S) := max
1≤i,j≤n+1

‖xi − xj‖ as the diameter of S,

σ+(S) := max
1≤i≤n

‖vi‖ as the oriented length of S,

κ(V ) := ‖V ‖‖V −1‖ = ‖V ‖‖V −T‖ as the simplex condition and

R = R(S) := conv({x1;−x2, . . . ,−xn+1}) as the reflected simplex.

¤

After all these definitions some remarks are appropriate:

• Note that a simplex is singular, if and only if it has an n-dimensional volume
of zero. As an example we present the two cases in IR2 in the figure below.

x1

x3

x2

r

r

r

@
@

@
@

@
S

x3 x1 x2

r r r

Figure 4.1: Nonsingular (left) and singular (right) simplex in IR2
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• The diameter is related to the oriented length by the following inequality

σ+(S) ≤ diam(S) ≤ 2σ+(S)

What follows is an example that should help to get an idea of this basic concept.

Example 4.4.
Let h > 0 and consider the simplex S = conv({O , he1, . . . , hen}), where the ei denote
the canonical unit vectors of IRn. It is clearly nonsingular and σ+(S) = h. Moreover
if we denote the identity matrix in IRn,n by In, then

κ
(
V (S)

)
= ‖V ‖‖V −1‖ = h‖In‖ h−1‖In‖ = ‖In‖2 = 1 .

¤

Now we are well equipped to define various approximations for the gradient of a
smooth function.

Definition 4.5.
Let f : IRn → IR, {xi}n+1

i=1 ⊂ IRn and S = conv({xi}n+1
i=1 ), then the vector of function

differences ∆(f, S) of f on S is defined by

∆(f, S) :=




f(x2) − f(x1)
...

f(xn+1) − f(x1)


 ∈ IRn .

Furthermore define

D+(f, S) := V −T ∆(f, S) ,

D−(f, S) := D+(f,R) and

Dc(f, S) :=
1

2

(
D+(f, S) + D−(f, S)

)
= Dc(f,R) .

We call D+(f, S) the forward finite-difference approximation of ∇f(x1) on the simplex
S or, shorter, the forward simplex gradient. Likewise, D−(f, S) and Dc(f, S) are called
backward and central simplex gradient, respectively. ¤

At this point we want to draw the reader’s attention to two facts. First, we always
think of the gradient as a column vector. Second, the forward, backward and central
simplex gradient are not the exact gradient or some other notion of a gradient as these
short forms of their names might suggest. They are only attempts to approximate it.
Again some examples shall illustrate the last definition.
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Example 4.6.
If n = 1, we observe for h > 0, x1 ∈ IR and x2 = x1 + h that our definitions coincide
with the well-known one-dimensional finite-difference approximations for the first
derivative.

D+(f, conv({x1, x2})) =
f(x1 + h)− f(x1)

h

D−(f, conv({x1, x2})) =
f(x1 − h)− f(x1)

−h
=

f(x1)− f(x1 − h)

h

Dc(f, conv({x1, x2})) =
1

2

(
f(x1 + h)− f(x1)

h
+

f(x1)− f(x1 − h)

h

)

=
f(x1 + h)− f(x1 − h)

2h

¤
Example 4.7.
To get a first intuition why for example D+(f, S) is a good approximation for the gra-
dient, we set for h > 0: x1 = O , xi = h ei−1 (i = 2, . . . , n+1) and S = conv({xi}n+1

i=1 ).
From this we get, compare also Example 4.4,

V (S) = hIn , V −T = h−1In , κ(V ) = 1 and

∆(f, S) =




f(he1) − f(O)
...

f(hen) − f(O)


 .

Finally the forward simplex gradient is

D+(f, S) = V −T ∆(f, S) =




1
h

(
f(he1)− f(O)

)
...

1
h

(
f(hen)− f(O)

)


 .

Thus, D+(f, S) is a componentwise approximation of ∇f(O). ¤

As a next step we examine the accuracy of the forward and backward simplex gradient.

Lemma 4.8.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex and f : IRn → IR. If ∇f
is Lipschitz continuous in a neighborhood of S ∪ R(S), then there exists a constant
K > 0 such that

‖∇f(x1)−D+(f, S)‖ ≤ K κ
(
V (S)

)
σ+(S) and (4.1)

‖∇f(x1)−D−(f, S)‖ ≤ K κ
(
V (S)

)
σ+(S) . (4.2)
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Proof:
We prove (4.1) first, then (4.2) is a direct consequence of Definition 4.5.

i) the forward simplex gradient
Let L denote the Lipschitz constant of ∇f , then we find for all i ∈ {1, . . . , n}

|f(xi+1)− f(x1)− vT
i ∇f(x1)|

Taylor

≤ L‖vi‖2 ≤ L
(
σ+(S)

)2
,

where vi are the columns of V = V (S). This implies by the definition of the
Euclidean norm

‖∆(f, S)− V T∇f(x1)‖ ≤ √
nL

(
σ+(S)

)2
. (4.3)

The last step is now

‖D+(f, S)−∇f(x1)‖ = ‖V −T ∆(f, S)− V −T V T∇f(x1)‖
≤ ‖V −T‖‖∆(f, S)− V T∇f(x1)‖

(4.3)

≤ L
√

n ‖V −1‖ (
σ+(S)

)2

σ+(S)≥‖V ‖
≤ L

√
nκ

(
V (S)

)
σ+(S) ,

which yields (4.1) by setting K = L
√

n.

ii) the backward simplex gradient
Since D−(f, S) = D+(f,R) and ‖V (R)‖ = ‖ − V (S)‖ = ‖V (S)‖, inequality
(4.2) follows immediately from the results of i).

¥

A similar result can be shown for the central simplex gradient by using Taylor’s
formula for twice continuously differentiable functions. We only state the lemma and
omit the proof, which can be found in [19, Lemma 6.2.5].

Lemma 4.9.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex and f : IRn → IR. If ∇2f
is Lipschitz continuous in a neighborhood of S ∪ R(S), then there exists a constant
K > 0 such that

‖∇f(x1)−Dc(f, S)‖ ≤ K κ
(
V (S)

) (
σ+(S)

)2
.

However, these results are not enough to make use of the approximations in the
convergence analysis of Implicit Filtering in Chapter 5. This is based on the fact that
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the algorithm is designed for the optimization of noisy functions fc : IRn → IR of the
form

fc = fs + ϕ . (4.4)

Here fc represents a function, whose values can be calculated. But actually we want to
optimize the function fs, which is supposed to be sufficiently smooth. The remaining
ϕ can be thought of as some bounded function that resembles the existing error or
noise. See Chapter 5 for more details. The next theorems provide suitable results for
such a situation.

Theorem 4.10.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex and fc : IRn → IR be given by
(4.4). If ∇fs is Lipschitz continuous on a neighborhood of U := S ∪R(S), then there
exists a constant K > 0 such that

‖∇fs(x1)−D+(fc, S)‖ ≤ K κ
(
V (S)

) (
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)
and (4.5)

‖∇fs(x1)−D−(fc, S)‖ ≤ K κ
(
V (S)

) (
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)
. (4.6)

Proof:
We only show (4.5), because then Definition 4.5 again implies immediately (4.6).

‖∇fs(x1)−D+(fc, S)‖ = ‖∇fs(x1)−D+(fs, S) + D+(fs, S)−D+(fc, S)‖

(4.4)

≤ ‖∇fs(x1)−D+(fs, S)‖+ ‖D+(ϕ, S)‖

(4.1)

≤ K1 κ
(
V (S)

)
σ+(S) + ‖V −1‖ ‖∆(ϕ, S)‖

σ+(S)≤‖V ‖
≤ K1 κ

(
V (S)

)
σ+(S) + κ

(
V (S)

) 2
√

n ‖ϕ(x)‖U

σ+(S)

≤ K κ
(
V (S)

)(
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)

For the last inequality we have to choose K ≥ max{K1, 2
√

n}. ¥

There exists an analogous version for the central simplex gradient. Since for its proof
we would have to use Lemma 4.9, the result is slightly different from (4.5) and (4.6).
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Theorem 4.11.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex and fc : IRn → IR be given
by (4.4). If ∇2fs is Lipschitz continuous on a neighborhood of U := S ∪ R(S), then
there exists a constant K > 0 such that

‖∇fs(x1)−Dc(fc, S)‖ ≤ K κ
(
V (S)

) ((
σ+(S)

)2
+
‖ϕ(x)‖U

σ+(S)

)
. (4.7)

Besides a better accuracy, the central simplex gradient has yet another advantage over
the other approximations. Since none of them is equal to the exact gradient, they may
fail to provide a descent direction like the gradient does; compare Section 4.3. But in
various algorithms, like for example Implicit Filtering, this is what the approximations
are used for. One wants at least to be warned if such a problem is encountered. Using
the central simplex gradient, we can characterize one such situation and check if it
occurs.

Definition 4.12.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex with simplex directions {vi}n
i=1

and f : IRn → IR be given. If

∀ i ∈ {1, . . . , n} : f(x1) < f(x1 ± vi) (4.8)

holds, then this situation is called a stencil failure. ¤

In this case none of the directions vi (i = 1, . . . , n) is likely to provide a descent
direction. But the following theorem shows that by using central finite-difference
approximations we can conclude more than this.

Theorem 4.13.
Let S = conv({xi}n+1

i=1 ) ⊂ IRn be a nonsingular simplex with a matrix of simplex
directions V = V (S) such that

∃ µ ∈ (0, 1) ∀ x ∈ IRn : xT V V T x ≥ µ
(
σ+(S)

)2 ‖x‖2 . (4.9)

Let fc : IRn → IR be given by (4.4). If ∇fs is Lipschitz continuous on a neighborhood
of U := S ∪R(S) and (4.8) holds, then there exists a constant K > 0 such that

‖∇fs(x1)‖ < K
κ(V )

µ

(
σ+(S) +

supx∈U |ϕ(x)|
σ+(S)

)
.

Proof:
By looking at (4.8) we find that each component of ∆(fc, S) and ∆(fc, R(S)) is
positive. Since V = V (S) = −V (R(S)) =: −V (R) holds, we have

0 < ∆(fc, S)T ∆(fc, R)

=
(
V T V −T ∆(fc, S)

)T (
V (R)T V (R)−T ∆(fc, R)

)

= −D+(fc, S)T V V T D−(fc, S) .
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Lemma 4.10 can now be used to find

0 < −(∇fs(x1) + E+)T V V T (∇fs(x1) + E−) ,

where

‖E±‖ ≤ K1 κ(V )

(
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)
. (4.10)

The former inequality can be rearranged to

(∇fs(x1)
)T

V V T ∇fs(x1) < −E+V V T∇fs(x1)− E+V V T E−

−∇fs(x1)V V T E−

≤ ‖∇fs(x1)‖ ‖V ‖2 (‖E+‖+ ‖E−‖)
+‖V ‖2 ‖E+‖ ‖E−‖ .

Now the well-known fact that ‖V ‖ ≤ √
n σ+(S) shows us together with (4.9) applied

for x = ∇fs(x1)

µ
(
σ+(S)

)2 ‖∇fs(x1)‖2 < n
(
σ+(S)

)2
(‖E+‖+ ‖E−‖) ‖∇fs(x1)‖

+n
(
σ+(S)

)2 ‖E+‖ ‖E−‖ .

Since the quantities
(
σ+(S)

)2
can be omitted, we can use (4.10) to get

µ ‖∇fs(x1)‖2 < 2n K1 κ(V )

(
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)
‖∇fs(x1)‖

+n

(
K1 κ(V )

(
σ+(S) +

‖ϕ(x)‖U

σ+(S)

))2

.

Finally we can use the formulas for a perfect square and a little arithmetic to find

‖∇fs(x1)‖ <
3 n

µ
K1 κ(V )

(
σ+(S) +

‖ϕ(x)‖U

σ+(S)

)
.

If we choose K > 3 nK1, the proof is complete. ¥

This also concludes the section about finite-difference approximations and we now
turn our attention to line search methods.
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4.3 A Line Search Method

It is a well-known fact that the efficient Newton method only converges locally. Line
search methods are a way to globalize convergence. We encounter a practical im-
plementation of this procedure in Chapter 5. Before that, we want to discuss the
theoretical issues. A very general approach to this matter can be found in the book
of Dennis and Schnabel [11]. We just look at a particular example that is necessary
to understand the Implicit Filtering algorithm in the next chapter. However, our
reasoning follows mainly the ideas of [11, Ch. 6]. The problem we are concerned with
in this section is

min
x∈IRn

f(x) .

We are looking for an iterative method that, given any initial x0 ∈ IRn, converges to
a minimum of f . However, in general it is impossible to find such a method. Our
expectations have to be lowered as we will see in this section.

Since we are looking for a minimizer, it seems appropriate to require for any two
subsequent iterates xk, xk+1 that

f(xk+1) ≤ f(xk) . (4.11)

In order to find xk+1 knowing only xk, we search on a line segment containing xk,
along which f is supposed to decrease locally. The name line search method arose
from this idea. We can enforce local decrease following a so-called descent direction
of f .

Definition 4.14.
Let x, p ∈ IRn and f : IRn → IR continuously differentiable around x. If

pT∇f(x) < 0 ,

then p is called a descent direction of f at x. ¤

It is an easy application of Taylor’s formula to justify the name descent direction. If
there exists a descent direction p1, then there are infinitely many of them, because
pT∇f(x) is a continuous function of p. There also exist several different strategies
for the line search along one of those directions. To make the transfer to the special
algorithm in Chapter 5 easier, we focus here explicitly on the so-called steepest descent
direction p = −∇f(xk). Thus, our new iterate will be of the form xk+1 = xk−λ∇f(xk)
for some step size λ > 0. The name steepest descent originates from the fact that

−∇f(xk)
T

‖∇f(xk)‖ ∇f(xk) = min
p∈IRn

‖p‖=1

pT∇f(xk) .

To pick in addition a suitable line search procedure, we first mention the two problems
that can occur:



Andreas Krahnke Chapter 4. Numerical Concepts 45

1. The decrease we find may be too small.

2. The step size we choose may be too small.

Examples for both failures can be found in [11]. We take care of the latter by testing
a sufficiently large stepsize λ first. If we do not find the desired decrease, we reduce λ
successively. Then the first step size that yields a sufficient decrease is large enough.
The last question that is left is: “What do we mean by sufficient decrease?” We do
not accept just any xk+1 satisfying (4.11). Instead we require for some α ∈ (0, 1):

f(xk − λ∇f(xk))− f(xk) < −α λ ∇f(xk)
T∇f(xk) . (4.12)

This so-called sufficient decrease condition can be interpreted as follows. The right
hand side of (4.12) is nothing else than a fraction of the decrease of the linearization
of f in the steepest descent direction. We want the absolute value of the actually
observed decrease f

(
xk − λ∇f(xk)

) − f(xk) to be greater than that. Figure 4.2
illustrates this idea. While for λ1 (4.12) is not satisfied, reducing the step size to

decrease of

linearization

sufficient
decrease line

actual

decrease

λ
1

λ

λ
2

x
k

Figure 4.2: Visualization of the sufficient decrease condition

λ2 yields sufficient decrease. The following lemma assures that we can always find
a λ > 0 such that (4.12) is satisfied. Thus, our strategy is well-defined and can be
applied to practical problems.

Lemma 4.15.
Let x ∈ IRn, f : IRn → IR continuously differentiable around x, then for any α ∈ (0, 1)
there exists a step size λ > 0 that satisfies (4.12).

The proof is again no more than a corollary of Taylor’s theorem. Now that we know
about all the details, it is time to present the whole algorithm.
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Algorithm: Line Search

Set α, β ∈ (0, 1)
Set τ, the termination parameter

Set λ, the initial step size

Set k = 0

Initialize a starting point x0
Compute the gradient ∇f(x0)

While ‖∇f(xk)‖ < τ

For l = 0, 1, 2, . . .

If f(xk − λβl∇f(xk))− f(xk) < −α λ βl ∇f(xk)
T∇f(xk): Exit For

End For

Update xk+1 = xk − λβl∇f(xk)

Compute the gradient ∇f(xk+1)

Set k = k + 1

End While

For this algorithm we can prove the following convergence result. Most of the ideas
for the proof are the same as in [11]. However, we present the whole derivation since
it contains some concepts that we need again in the next section.

Theorem 4.16.
Let f : IRn → IR be bounded below and Lipschitz continuously differentiable on IRn

with Lipschitz constant L. If {xk}∞k=0 is the sequence of iterates produced by the line
search algorithm for f , then there exists an f∗ ∈ IR such that

i) lim
k→∞

f(xk) = f∗ and

ii) lim
k→∞

‖f(xk)‖ = 0 .

Thus every limit point of {xk}∞k=0 is a critical point of f .

Proof:
We prove the two parts of the theorem separately.

i) {f(xk)}∞k=0 is monotonically decreasing because of (4.12). By the boundedness
of f we already find ∃ f∗ := lim

k→∞
f(xk) .

ii) We have to distinguish two cases. On the one hand the step size in iteration
k, call it λk, could be λ; on the other hand it could be λβl (l ∈ IN) as well.
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Assume first that λk = λβl, then

−α
λk

β
‖∇f(xk)‖2 = −α

λk

β
∇f(xk)

T∇f(xk)

(4.12)
< f

(
xk − λk

β
∇f(xk)

)− f(xk)

F.L.o.C.
= −

∫ 1

0

λk

β
∇f(xk)

T∇f
(
xk − t

λk

β
∇f(xk)

)
dt

±0
= −λk

β

∫ 1

0

∇f(xk)
T
[∇f

(
xk − t

λk

β
∇f(xk)

)−∇f(xk)
]
dt

−λk

β
∇f(xk)

T∇f(xk)

C.S.I.≤ λk

β

∫ 1

0

‖∇f(xk)‖ ‖∇f
(
xk − t

λk

β
∇f(xk)

)−∇f(xk)‖dt

−λk

β
‖∇f(xk)‖2

Lip.

≤ λk

β
‖∇f(xk)‖

∫ 1

0

t L ‖λk

β
∇f(xk)‖dt− λk

β
‖∇f(xk)‖2

=
L

2

(λk

β
‖∇f(xk)‖

)2

− λk

β
‖∇f(xk)‖2 .

If we now multiply both ends with 2β2

L λk ‖∇f(xk)‖2 and rearrange the inequality, we
find

λk >
2(1− α)β

L
.

If we consider in addition the second case λk = λ, we find in general

λk ≥ min
{

λ,
2(1− α)β

L

}
. (4.13)

Now the result from i) yields

0 > −α
λk

β
‖∇f(xk)‖2

(4.12)
> f(xk+1)− f(xk)

k→∞−→ 0 .

Since (4.13) holds, we can finally conclude that

lim
k→∞

‖f(xk)‖ = 0 .

¥
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We want to end this chapter with a warning. The sequence of iterates does not
necessarily converge. We only know that if it does, then the limit point is a critical
point of f . One has to pay even more attention in the analysis of the Implicit Filtering
method, which is presented next. We learn in Section 5.2 that there is no guarantee
for the success of the line search within this method. We have to turn this into an
assumption and hope that the algorithm performs well.



Chapter 5

Implicit Filtering

The previous chapters equipped us with the necessary tools in optimization. Now the
time has come to explore possible applications. The analysis of numerical algorithms
for solving minimization problems for complex systems is such a field. The first
algorithm we want to examine is called Implicit Filtering. It was originally formulated
in [6], [14], [15] and has been developed for the optimization of a particular type of
function fc. The function can be split up into a smooth part fs ∈ C1(IRn) and a
bounded non-smooth part ϕ : IRn → IR. Their relation is modelled by the following
equation

∀ x ∈ IRn : fc(x) = fs(x) + ϕ(x) . (5.1)

The idea is that fs describes the exact behavior of the quantity we want to optimize.
However, due to some error – also referred to as noise – we can only compute function
values of the perturbed function fc. An example for such a situation is the remediation
of ground water contaminations presented in [5]. The bounded function ϕ describes
the immanent noise, which may be caused by various reasons. Namely they can be

• inaccurate models of the real situation,

• an insufficient amount of empirical data and/or

• inexact numerical computations.

This allows fc to have several local minima, even if fs is a convex function. Thus,
conventional algorithms for smooth optimization are not appropriate. In addition it
is presumed that ϕ may not return the same value when called twice with the same
argument (see [19]). This complicates the situation even more. It also suggests the
use of set-valued optimization techniques as described in Chapter 3. We justify this
approach in Section 5.3.

Implicit Filtering is an attempt to handle the mentioned problems. At first we de-
scribe the basic algorithm in Section 5.1. Then we present the known convergence

49
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results in Section 5.2. They are based on assuming Fréchet differentiability for fs.
We discuss this and various other assumptions. Finally, we show in Section 5.3 that
one of them can be dropped. The Fréchet differentiability becomes superfluous, when
we use the set-valued approach of the previous chapters.

5.1 Description of the Algorithm

The basic unconstrained form of Implicit Filtering can be seen as a repeated call of
the steepest descent line search described in Section 4.3. It uses one of the simplex
gradients we discussed in Section 4.2 to calculate an approximation for the steepest
descent direction. For every iterate we use the simplex directions he1, . . . , hen and/or
−he1, . . . ,−hen (depending on the implemented approximation). The so-called differ-
ence increments or scales h are positive and decrease while the algorithm progresses.
Their variation is an attempt to filter the high frequency noise, introduced by the
function ϕ, at different levels (compare [13]). This idea motivates the name Implicit
Filtering.

What follows is the schematic description of a prototype algorithm. Since the finite-
difference approximations only depend on the objective function f , the current iterate
x and the used scale h, we denote them by Dhf(x). Note that we also test for stencil
failure, if the used simplex gradient allows to do so, compare Section 4.2.

Algorithm: Basic Implicit Filtering

Set MINH, MAXH as limits for the scales h

Set MAXIT for the admissible number of line search iterations

Set MAXCUT for the admissible number of line search backtracking steps

Set α, β, λ as additional line search parameters

Set τ as termination tolerance for ‖Dhf(x)‖ ≤ τ · h
Initialize the starting point x

Initialize the first scale h=MAXH

While h ≥ MINH do

For1 m = 1, . . . , MAXIT

Compute the finite difference approximation Dhf(x)

If possible test for stencil failure:

If stencil failure occurs: Exit For1

If ‖Dhf(x)‖ ≤ τ · h is satisfied: Exit For1

For2 l = 0, . . . , MAXCUT

Set λl = λβl

If f(x− λlDhf(x))− f(x) < −αλl‖Dhf(x)‖2:
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Update x = x− λlDhf(x)

Exit For2

Else: If l = MAXCUT: Exit For1

End For2

End For1

Reduce h

End While

This is just the basic algorithm. There exists an implementation for constrained
optimization: Implicit Filtering for constrained optimization (IFFCO). More details
about that can be found in [7], [13]. There the authors also describe another feature
of Implicit Filtering. It can use quasi-Newton updates to find a descent direction.
This accelerates the convergence in the terminal phase of the iteration. We do not go
into these details, but they document the successful application of this algorithm for
noisy functions.

5.2 Classical results

The theoretical convergence results that have been achieved so far for the basic version
are presented next. In Section 5.3 we compare them with the results we can produce
by approaching this topic from another point of view.

Before we state the central theorem, we have to introduce some notational conven-
tions. If we have a vector x ∈ IRn and a positive scalar h ∈ IR+, then we define

S(x, h) := S(x, x + he1, x + he2, . . . , x + hen) (5.2)

to be the simplex generated by {x, x + he1, . . . , x + hen}, see Section 4.2. We also
recall the supremum norm for functions ϕ : IRn → IR on a set S ⊂ IRn

‖ϕ‖S = sup
x∈S

|ϕ(x)| .

Now we are ready to take a look at the classical convergence result for Implicit
Filtering. It is classical in so far as it requires the existence of the gradient of the
smooth function fs. In the following theorem we assume the central simplex gradient
to be the used approximation within the algorithm like Kelley does in [19].

There also exists a version using the forward simplex gradient, which employs the
same ideas and techniques for the proof. A corresponding theorem can be found
in [8]. However, in this case we cannot use the additional stencil failure test. On
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the other hand the differentiability assumption can be lowered. Only the Lipschitz
continuity of ∇fs is needed. But we reduce this restriction in Section 5.3 anyway to
local Lipschitz continuity of fs.

Theorem 5.1.
Let fc satisfy (5.1), be bounded below and ∇2fs be Lipschitz continuous on IRn. In ad-
dition let {hk}∞k=1 be a sequence of scales such that hk ↓ 0, {xk}∞k=1 be the sequence pro-
duced by Implicit Filtering using a central difference simplex gradient approximation
on Sk = S(xk, hk). Let Rk = R(Sk) denote the reflected simplex and Uk := Sk ∪ Rk.
If we assume that there are at most finitely many line search failures and

lim
k→∞

(
h2

k +
‖ϕ‖Uk

hk

)
= 0 (5.3)

holds, then any limit point of {xk}∞k=1 is a critical point of fs, i.e.

lim
k→∞

∇fs(xk) = 0.

Proof:
Since the previously described algorithm involves numerous termination criteria, we
have to take care of several cases. We show that in any case the gradient converges
to zero.

i) infinitely often stencil failure
There exists a subsequence {xkj

}∞j=1 such that for every element of this sub-
sequence stencil failure occurs. In Example 4.4 we showed for j ∈ IN that
σ+(Skj

) = hkj
and κ

(
V (Skj

)
)

= 1. We want to use Theorem 4.13 and mention
that the prerequisite (4.9) is satisfied for all j ∈ IN with µ = 1

2
. Thus we find

∀ j ∈ IN : ‖∇fs(xkj
)‖ < 2 K

(
hkj

+
‖ϕ‖Ukj

hkj

)
.

We note that (5.3) and hk ↓ 0 imply
(
hkj

+
‖ϕ‖Ukj

hkj

)
→ 0 to conclude

‖∇fs(xkj
)‖ → 0 .

ii) infinitely often ‖Dhf(x)‖ ≤ τh
Since in the theorem we specified the used finite-difference approximation to be
the central simplex gradient, we know that Dhf(x) = Dc

(
fc, S(x, h)

)
. The case

we are now investigating guarantees the existence of a subsequence {xkj
}∞j=1

such that for every j

‖Dc(fc, Skj
)‖ ≤ τhkj
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holds. By the assumption that hk ↓ 0, this implies

‖Dc(fc, Skj
)‖ → 0 .

In i) we already observed that σ+(Skj
) = hkj

and κ
(
V (Skj

)
)

= 1. This enables
us together with (5.3) and Theorem 4.11 to conclude

‖∇fs(xkj
)‖ → 0 .

For the iterates that are not covered by the above two cases, there is only one possi-
bility left.

iii) Always but finitely often the line search succeeds
A successful line search is the only case in which there is an updated iterate
xk+1 = xk − λβlkDc(fc, Sk) that differs from the old iterate. Thus we may
assume without loss of generality that there are no other iterates between two
successful line searches. Then there exists an N ∈ IN such that ∀k ≥ N the line
search succeeds. We denote the accompanying stepsize by λk := λlk = λβlk to
find

fc(xk+1)− fc(xk) < −α λk‖Dc(fc, Sk)‖2 .

By the algorithm λk is bounded below by λβMAXCUT . This implies

−fc(xk+1)− fc(xk)

α λ βMAXCUT
> ‖Dc(fc, Sk)‖2 > 0 .

In analogy to the prove of Theorem 4.16, we now use the fact that {fc(xk)}k≥N

is monotonically decreasing and by assumption bounded below. This guarantees
that the left hand side of the above equation is converging to zero and thus

‖Dc(fc, Sk)‖ → 0 .

Like in ii) Theorem 4.11 and (5.3) finally yield

‖∇fs(xk)‖ → 0 .

In any of the above cases we deduced that the limit of the exact gradients is zero.
Thus the sequence {xk}∞k=1 might be created by any collection of these cases. The
limit of the corresponding gradients is always zero and our proof is finished. ¥



Andreas Krahnke Chapter 5. Implicit Filtering 54

Some comments about this theorem and its assumptions are necessary. First note
that if we assume hk ↓ 0, then the conditions

lim
k→∞

‖ϕ‖Uk

hk

= 0 , (5.4)

lim
k→∞

(hk +
‖ϕ‖Uk

hk

) = 0 and (5.5)

lim
k→∞

(h2
k +

‖ϕ‖Uk

hk

) = 0 (5.6)

are all equivalent. They describe a restriction on the possible noise. If the error
introduced by ϕ is above the upper bound given by these formulas, then its influence
is too big. A complete analysis of the behavior of the smooth part fs is no longer
possible. In the next section we encounter a modified version of (5.4), which is
necessary for the analysis.

An obviously very restrictive requirement is the Lipschitz continuity of ∇2fs. So
actually we want fs to be more than just in C1(IRn). However, there are applications
that do not have objective functions with a Lipschitz continuous Hessian. Even more
there exist cases where fs is not differentiable at all. For those cases we would like to
be able to state convergence theorems as well. Section 5.3 is dedicated to this goal
and the results contained therein open the door for a new kind of numerical analysis
for noisy and non-smooth functions.

The last remaining assumption of at most finitely many line search failures sounds
reasonable. Otherwise the finite differences are no accurate approximations. Conse-
quently the whole algorithm would have to fail. But who guarantees the sufficient
accuracy of our estimates?

An attempt could be to put more restrictions like (5.4) – (5.6) on the error introduced
by the noise ϕ. We then might be able to transfer the implemented version of the line
search method back to the smooth case and use the results from Section 4.3. But we
now show that this attempt has to fail. Thus, the assumption of only finitely many
line search failures has to remain an assumption.

We would like to guarantee for a fixed iterate xk ∈ IRn and all following iterates
that no line search failure occurs. In the following argumentation we use the forward
simplex gradient. But a similar reasoning holds for the central and backward simplex
gradient too. At first we have to show for xk and some lk ∈ {1, . . . , MAXCUT} that

fc

(
xk + λβlkD+(fc, Sk)

)− fc(xk) < −α λ βlk‖D+(fc, Sk)‖2 (5.7)

is definitely true. To shorten the notation we define λk = λβlk . By the definition of
fc , (5.7) is equivalent to

fs(xk + λkD
+(fc, Sk))− fs(xk) < −α λk‖D+(fc, Sk)‖2

−ϕ(xk + λkD
+(fc, Sk)) + ϕ(xk) .
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Since we want to get a sufficient condition involving fs for this inequality, we use
(4.5) twice to find that

fs(xk + λk∇fs(xk))− fs(xk) < −α λk‖∇fs(xk)‖2

−2 α λk‖∇fs(xk)‖K
(
hk +

‖ϕ‖Uk

hk

)

−α λkK
2
(
hk +

‖ϕ‖Uk

hk

)2

−LλkK
(
hk +

‖ϕ‖Sk

hk

)

−ϕ
(
xk + λkD

+(fc, Sk)
)

+ ϕ(xk)

has to be satisfied. Here L denotes the Lipschitz constant of fs . Note that we again
used the facts σ+(Sk) = hk and κ

(
V (Sk)

)
= 1. We want to make use of Theorem 4.15

and thus have to require for α̃ := 1− α that

−α̃ λk‖∇fs(xk)‖2 < −2 α λk‖∇fs(xk)‖K
(
hk +

‖ϕ‖Sk

hk

)

−α λkK
2
(
hk +

‖ϕ‖Uk

hk

)2

−L λkK
(
hk +

‖ϕ‖Sk

hk

)

−ϕ
(
xk + λkD

+(fc, Sk)
)

+ ϕ(xk) .

We now define δk = λk‖D+(fc, Sk)‖ and denote the ball around xk with radius δk by
Bδk

(xk). Using for the supremum norm of ϕ to get an estimate for the last line, we
find (multiplying the above with -1) our final inequality

α̃ λk‖∇fs(xk)‖2 > 2 α λk‖∇fs(xk)‖K
(
hk +

‖ϕ‖Uk

hk

)

+α λkK
2
(
hk +

‖ϕ‖Uk

hk

)2

+LλkK
(
hk +

‖ϕ‖Uk

hk

)

+2‖ϕ‖Bδk
(xk) .

Assume we could require hk, ‖ϕ‖Uk
and ‖ϕ‖Bδk

(xk) to decrease fast enough in relation
to ‖∇fs(xk)‖. Then the above inequality would be true for xk and all the following
iterates. That this problem can be solved in a sensible way is questionable. Even
if it were solved, then we would be in the case of Theorem 4.15. It only guarantees
that for some λ > 0 Equation (5.7) holds. But we cannot be sure that one of our
finitely many λk = λβlk (lk ∈ {1, . . . , MAXCUT}) is small enough to be one of them.
And in order to keep the Implicit Filtering algorithm well defined, we have to insist
on testing only finitely many lk.
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However, there are theorems that provide intervals for every iteration, from which
the stepsize can be chosen to find sufficient decrease. But upper and lower bounds
of those intervals depend on ‖∇fs(xk)‖ and the Lipschitz constant of ∇fs. Since
none of them is known to us, the assumption: “There are at most finitely many line
search failures”, has to remain an assumption. We now turn our attention to another
requirement that can be relaxed. To get rid of the necessity of smoothness for fs, we
use the methods and techniques introduced in the Chapters 2 and 3.

5.3 Nonsmooth convergence analysis

In this section we relax the requirement of Fréchet differentiability for the convergence
analysis. To do so we use set-valued mappings and the necessary condition for the
Clarke derivative of Theorem 3.10. Since we only have to assume local Lipschitz
continuity for the function we denoted so far by fs, we change the notation to fL.

First, we have to justify the set-valued approach. For this purpose remember that
the function fc that we can compute is of the form

∀ x ∈ IRn : fc(x) = fL(x) + ϕ(x) . (5.8)

Also the bounded function ϕ is allowed to produce different outcomes when evaluated
twice with the same argument. Consequently the value fc(x) is somehow randomly
distributed. We only know that it lies somewhere within an interval around fL(x).
The size of this interval is determined by the bounds of ϕ. If we now think of this
interval to be a part of the image set of an envelope mapping around fL, then fc(x)
is an arbitrary element of this image set. To be more precise let FfL

be an envelope
mapping around fL given by (3.1), then we require

∀ x ∈ IRn : fc(x) ∈ FfL
(x) = {y ∈ IR | f−(x) ≤ y ≤ f+(x)} .

The following example illustrates this thought.

Example 5.2.
Figure 5.1 on the next page displays several perturbations of the function fL : IR → IR
defined by fL(x) := x2. They are all of the kind described in [13]. We plotted their
graphs on top of an envelope mapping (grey area). Note that its image set contains
the entire graphs of all of the noisy functions. If we only know about a computed
function value fc(x) that it is a value of one of the perturbations, then we know it is
an element of the image set of the envelope mapping and vice versa. ¤

The next lemma prepares us for the proof of the main convergence theorem. It tells
us how to draw conclusions about the existence of critical points of fL , if we only
have information about its envelope mapping. Especially, we need information about
the lower bound f− . As in the previous section, we recognize that the magnitude of
the possible noise is crucial for this step. It must not be too large.
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Figure 5.1: Perturbations and envelope mapping of a quadratic function

Lemma 5.3.
Let x ∈ IRn and f−, fL, f+ : IRn → IR such that fL is Lipschitz continuous around x.
Let FfL

be the envelope mapping around fL given by (3.1) and {pi}m
i=1 be a positive

spanning set of IRn. In addition let {xk}∞k=1 ⊂ IRn with xk → x and {hk}∞k=1 ⊂ IR+

with hk ↓ 0 such that

i) ∀ i ∈ {1, . . . ,m} : lim sup
k→∞

f−(xk+hkpi)−f−(xk)
hk

≥ 0 and

ii) lim
k→∞

f+(xk)−f−(xk)
hk

= 0

hold, then

∀ d ∈ IRn : DfL(x, d) ≥ 0 .

Proof:
Since fL is Lipschitz continuous around x, we know by Equation (2.9) that

∀ d ∈ IRn : DfL(x, d) = lim sup
xk→x
hk↓0

fL(xk + hkd)− fL(xk)

hk

.

We use this equation to observe for any pi (i ∈ {1, . . . , m}) that
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DfL(x, pi) = lim sup
xk→x
hk↓0

fL(xk + hkpi)− fL(xk)

hk

≥ lim sup
k→∞

fL(xk + hkpi)− fL(xk)

hk

f+≥fL≥ lim sup
k→∞

f−(xk + hkpi)− f−(xk) + f−(xk)− f+(xk)

hk

= lim sup
k→∞

[f−(xk + hkpi)− f−(xk)

hk

− f+(xk)− f−(xk)

hk

]

i),ii)

≥ 0 .

But {pi}m
i=1 is a positive spanning set of IRn, i.e.

∀ d ∈ IRn ∃ {λi}m
i=1 ⊂ IR+

0 : d =
m∑

i=1

λipi .

The sublinearity of DfL(x, ·), compare (2.1) and Theorem 2.22, now yields

∀ d ∈ IRn : DfL(x, d) = DfL

(
x,

m∑
i=1

λipi

)

≥
m∑

i=1

λiDfL(x, pi) ≥ 0 .

¥

The last lemma showed us that f− is not only closely related to FfL
. If the allowed

tolerance for the values of FfL
around fL is small enough, then we can also draw

conclusions about fL itself. Condition i) of the lemma implies on the one hand
for Lipschitz continuous f− that Df−(x, pi) ≥ 0 and thus DFfL

(x, pi) ≥ 0 for all
i ∈ {1, . . . , m}. On the other hand we have shown that it implies in conjunction with
ii) also DfL(x, pi) ≥ 0. Using the sublinearity of the Clarke derivative we finally
generalized the last inequality for all vectors d ∈ IRn. Thus, the concepts of an
envelope mapping around a function and the Clarke derivative for envelope mappings
work together hand in hand for this proof.

In order to use Lemma 5.3 in the prove of our convergence result, we need a positive
spanning set of IRn. However, for this purpose we have to modify the basic algorithm
we stated in Section 5.1 slightly. We cannot simply use one of the simplex gradient
approximations as we did in the previous section. We have to use a combined version
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of the forward and backward simplex approximation. The basic idea is to average
them. This leads within the algorithm to the use of

1

2
(‖D+(f, S)‖+ ‖D−(f, S)‖)

instead of just one of the norms. We also use the average of both approximations as
anticipated descent direction. This is by Definition 4.5 the central simplex gradient,
which appears in the sufficient decrease condition of the algorithm below.

Algorithm: Modified Implicit Filtering

Set MINH, MAXH as limits for the scales H

Set MAXIT for the admissible number of line search iterations

Set MAXCUT for the admissible number of line search backtracking steps

Set α, β, λ as additional line search parameters

Set τ as termination tolerance for 1
2
(‖D−f(x, S)‖+ ‖D+f(x, S)‖) ≤ τ · h

Initialize the starting point x

Initialize the first scale h=MAXH

While h ≥ MINH do

For1 m = 1,...,MAXIT

Compute the simplex gradients D−f(x, S), D+f(x, S)

If stencil failure occurs: Exit For1

If 1
2
(‖D−f(x, S)‖+ ‖D+f(x, S)‖) ≤ τ · h : Exit For1

For2 l = 0,...,MAXCUT

Set λl = λβl

If f(x− λlD
cf(x, S))− f(x) < −α

2
λl (‖D−f(x, S)‖2 + ‖D+f(x, S)‖2) :

Update x = x− λlD
cf(x, S)

Exit For2

Else: If l = MAXCUT: Exit For1

End For2

End For1

Reduce h

End While

In the above algorithm we used the symbol S for the simplex defined in Equation (5.2).
It is also specified more precisely in the following convergence theorem.



Andreas Krahnke Chapter 5. Implicit Filtering 60

Theorem 5.4.
Let f−, fL, f+ : IRn → IR such that f− is bounded below on IRn and let FfL

be the
envelope mapping around fL given by (3.1). In addition let {hk}∞k=1 be a sequence of
scales such that hk ↓ 0 and {xk}∞k=1 be the sequence produced by the modified Implicit
Filtering algorithm using simplex gradient approximations on Sk = S(xk, hk) and
computed function values fc(·) ∈ FfL

(·). If we assume that there are at most finitely
many line search failures and

lim
k→∞

‖f+ − f−‖Sk∪R(Sk)

hk

= 0 (5.9)

holds, then any limit point x∗ of {xk}∞k=1, around which fL is Lipschitz continuous,
is a critical point of fL, i.e.

∀ d ∈ IRn : DfL(x∗, d) ≥ 0 .

Proof:
Let x∗ be a limit point of {xk}∞k=1 around which fL is Lipschitz continuous. Then
there exists a subsequence {xkj

}∞j=1 =: {x′j}∞j=1 converging to x0. We denote the
corresponding subsequence of {hk}∞k=1 by {h′j}∞j=1. We want to use Lemma 5.3, so we
check its prerequisites. The functions f−, fL, f+ are already defined the way we need
them. The positive spanning set is given by the simplex directions of Sk and R(Sk).
It is the set of unit vectors {e1,−e1, . . . , en,−en} =: P . We also know that x′j → x∗
and h′j ↓ 0. Also condition ii) of the lemma is satisfied, because of (5.9). The only
thing we are left with to show is

∀ p ∈ P : lim sup
j→∞

f−(x′j + h′jp)− f−(x′j)

h′j
≥ 0 .

This is equivalent to

∀ p ∈ P ∀ ε > 0 ∀N ∈ IN ∃ j ≥ N :
f−(x′j + h′jp)− f−(x′j)

h′j
> −ε .

Thus let p ∈ P , ε > 0, N ∈ IN be arbitrary. Since there are only finitely many line
search failures, we can find an M ∈ IN such that for all j ≥ M one of the following
cases occurs:

i) fc(x
′
j + h′jp) ≥ fc(x

′
j) ,

ii) 1
2

(‖D−fc(x
′
j, S

′
j)‖+ ‖D+fc(x

′
j, S

′
j)‖) ≤ τ h′j or

iii) fc(x
′
j+1)− fc(x

′
j) < −α

2
λl′j (‖D−fc(x

′
j, S

′
j)‖2 + ‖D+fc(x

′
j, S

′
j)‖2) .

We examine these cases separately.
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i) stencil failure
Since f+ ≥ fc ≥ f− holds, we find

f−(x′j + h′jp)− f−(x′j)

h′j
≥ f−(x′j + h′jp)− fc(x

′
j)

h′j

≥ f−(x′j + h′jp)− f+(x′j + h′jp)

h′j

+
fc(x

′
j + h′jp)− fc(x

′
j)

h′j

≥ f−(x′j + h′jp)− f+(x′j + h′jp)

h′j

≥ −ε

2
> −ε .

Because of (5.9), there exist a constant M1 ∈ IN such that the last line of the
above inequalities is true for all j ≥ M1.

ii) termination criterion
By the definition of the Euclidean norm we can find constants K,M2 ∈ IN such
that

fc(x
′
j + h′jp)− fc(x

′
j)

h′j
≥ −Kh′j > −ε

2

holds for all j ≥ M2. Like in i) we can use Equation (5.9), to conclude for all
j ≥ max{M1,M2}

f−(x′j + h′jp)− f−(x′j)

h′j
> −ε .

iii) successfull line search
We observe by looking at the algorithm that the sequence {fc(x

′
j)}∞j=1 is

monotonically decreasing. It is bounded below because of the boundedness
of f− . Thus the sequence converges and we find |fc(x

′
j+1) − fc(x

′
j)| → 0. The

successful line search implies

(‖D−fc(x
′
j, S

′
j)‖2 + ‖D+fc(x

′
j, S

′
j)‖2) < −2(fc(x

′
j+1)− fc(x

′
j))

α λl′j

.

The algorithm also guarantees the boundedness of λl′j . Like in ii) we can find

constants K̃, M3 ∈ IN such that

fc(x
′
j + h′jp)− fc(x

′
j)

h′j
≥ K̃(fc(x

′
j+1)− fc(x

′
j)) > −ε

2
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holds for all j ≥ M3. Similarly to ii) we find for all j ≥ max{M1,M3}

f−(x′j + h′jp)− f−(x′j)

h′j
> −ε .

Now we pick any j ≥ max{N,M,M1,M2,M3} and conclude that

f−(x′j + h′jp)− f−(x′j)

h′j
> −ε .

Consequently

lim sup
j→∞

f−(x′j + h′jp)− f−(x′j)

h′j
≥ 0

and we can apply Lemma 5.3. This yields the desired result. ¥

To see the power of this theorem and to compare it with Theorem 5.1, we make some
concluding remarks.

The applications of the algorithm are often very complex. Because of this it can be
assumed that the main computational expense is caused by the evaluations of the
objective function. The modified Implicit Filtering algorithm and the basic version
using the central simplex gradient require the same number of function evaluations.
Thus both would be approximately of the same expense.

The advantage of the modified algorithm lies in the fact that Theorem 5.4 now guar-
antees for any locally Lipschitz continuous function to produce a critical point in the
case of convergence. The basic version with the central simplex gradient only provides
theoretical results for functions in C2(IRn), which is a much smaller class of functions.

But there is a weakness of the critical point produced by the modified algorithm. We
showed in Section 3.4 that the necessary condition involving the Clarke derivative is
not as strong as the gradient based version. However, we also saw that it is not easy
to find examples, for which this failure occurs.



Chapter 6

Pattern Search Methods

The next class of algorithms we examine are Pattern Search algorithms. Torczon
[26] introduced the term General Pattern Search (GPS) for a class of algorithms
that contains for example the Pattern Search algorithm of Hooke and Jeeves [17]
or the Multidirectional Search algorithm of Dennis and Torczon [12]. In contrast to
Implicit Filtering and other gradient based methods, they do not compute or explicitly
approximate any derivatives. So actually these methods are a special kind of direct
search algorithms. Their common basis is the way they perform their search for a
better iterate. It is carried out on a pattern of points that is independent of the
objective function f .

Like in the previous chapter we first give a brief description of the basic algorithm.
Doing so, we mostly follow [26] in Section 6.1. Then we present some of the known
convergence theory in Section 6.2, starting with the purely gradient based results
of Torczon. In this section we also have to talk about recent results by Audet and
Dennis [2], [3], who have already introduced the Clarke derivative in the context of
GPS algorithms (see Subsection 6.2.2). Although originally this generalized derivative
concept and Pattern Search methods were developed independent of each other, the
two concepts seem to harmonize and work together very well. We see this especially
in Subsection 6.2.3. There we go one step further than Audet and Dennis and use our
necessary condition from Theorem 3.10. This is the first new result of this chapter and
in contrast to [2], totally free of any classical differentiation assumption. Crucial for
our innovative results is – like in Chapter 5 – the sublinearity of the Clarke derivative.
To our knowledge, this feature has not been recognized and exploited in this context
so far. In addition we extend the convergence theory to the case of noisy functions.
Like in Chapter 5 we use the Clarke derivative of an envelope mapping that surrounds
the inexact function values.

63
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6.1 The Basic Algorithm

Since these methods do not depend on any derivative information, they are predes-
tined for minimization problems

min
x∈IRn

f(x) (6.1)

where this information is hard to obtain or not to obtain at all. A practical example
for such a situation is the optimal design of a thermal insulation system as it is
described in [1]. To explain how GPS works, we have to answer two main questions:

1. What is the so-called pattern and how is it generated?

2. How do we have to proceed on this pattern to be successful in finding a critical
point of (6.1)?

Both tasks are described in detail in [26]. From there we outline the important facts.
To answer the first question, we have to define several matrices.

Definition 6.1.
Let M⊂ Zn,n be a finite set of nonsingular matrices, Mk ∈M and Lk ∈ Zn,m. Then
for p := 2n + m the matrix

Gk :=
[
Mk −Mk Lk

]
=

[
Γk Lk

] ∈ Zn,p (6.2)

is called a generating matrix.

Any nonsingular matrix B ∈ IRn,n is called a basis matrix.

The set of columns of the matrix

Pk := BGk =
[
BΓk BLk

] ∈ IRn,p (6.3)

is called a pattern. ¤

Note that the column vectors of BΓk, and thus the entire pattern, form a positive
spanning set of IRn, because B and Mk are both nonsingular. This observation is
important for the convergence analysis. The matrix Lk is not important for the theory.
In the application it reflects a heuristic search method based on some experience with
the practical problem. It is designed to take advantage of specific knowledge about
the particular situation and to accelerate the computational progress.

The pattern determines the directions in which one is allowed to search for new
iterates. How this has to be done is the next question. In order to be able to answer
it, we have to make some more definitions.
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Definition 6.2.
Let B ∈ IRn,n be a basis matrix, Gk ∈ Zn,p be a generating matrix and for i = 1, . . . , p
let gi

k denote the column vectors of Gk. Then for a positive hk ∈ IR the vectors si
k

defined by

∀ i ∈ {1, . . . , p} : si
k := hkBgi

k (6.4)

are called trial steps with step size parameter hk and direction Bgi
k.

For an iterate xk ∈ IRn any point of the form

xi
k := xk + si

k (6.5)

is called a trial point. ¤

The search on the pattern is performed by carrying out so-called exploratory moves
about the current iterate xk. These moves test new iterates of the form xk+1 = xk +sk

to find a lower function value. How this procedure is done exactly depends on the
respective special algorithm. But there are some basic rules that must be obeyed.
They are

1. sk has to be of the form (6.4) and

2. If min
i∈{1,...,2n}

f(xk + hkBgi
k) < f(xk), then f(xk+1) = f(xk + sk) < f(xk) .

The first rule is the more precise form of saying that the search is only performed on
a special pattern of points. To understand the second rule one has to recognize that
the minimum is only taken among the columns of hkBΓk. It means if we can find
a simple decrease in one of the directions of our positive spanning set, then the new
iterate must lead to an improvement in the function value. Or formulated indirectly:
If the new iterate brings no improvement, then

∀ i ∈ {1, . . . , 2n} : f(xk) ≤ f(xk + hkBgi
k) .

In Chapter 4 we called such a situation a stencil failure, compare Definition 4.12. In
order to be able to state a GPS algorithm we need to know one more detail. How
are the values of xk, hk and Gk updated from one iteration to the next iteration? We
have to distinguish two cases depending on the success of the pattern search.

If we find a better iterate xk + sk on the pattern, then we update xk+1 = xk + sk.
Otherwise the current iterate remains unchanged. The update of Gk depends on
the pattern search method. It only has to follow Definition 6.1, i.e. Gk ∈ Zn,p and
the submatrices Mk must be chosen from a finite set of nonsingular matrices. The
change of the step length parameter is a little more complicated. In general we can
say that hk has to be reduced, if the search for a better iterate fails. Otherwise it
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stays unchanged or is increased. The exact procedure is as follows. Given τ ∈ IQ with
τ > 1, L ∈ IN and {ωi}L

i=0 ⊂ Z such that ω0 < 0 ≤ ω1 ≤ ω2 ≤ · · · ≤ ωL, we update
for some i ∈ {1, . . . , L}

hk+1 =





τωihk , if f(xk + sk) < f(xk) for one sk

τω0hk , otherwise
. (6.6)

Collecting all the presented details together, we are able to state a GPS algorithm.

Algorithm: General Pattern Search

Set M the finite set of nonsingular integer matrices

Set B the basis matrix

Set τ, ω0, . . . , ωL the parameters for the step length update

Choose M0 ∈M and an L0
Initialize the pattern matrix P0
Initialize the starting point x0
Initialize the first step length h0

For k = 0, 1, . . .

Compute the function value f(xk)

Determine a step sk from the set of trial steps

If f(xk + sk) < f(xk) :

Update xk+1 = xk + sk

Update hk+1 = τωihk for some i ∈ {1, . . . , L}
Update Gk

Else

Update xk+1 = xk

Update hk+1 = τω0hk

Update Gk

End For

Based on this framework we can now start to examine the various possible convergence
theorems.
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6.2 Convergence Analysis

Our convergence analysis starts with some important lemmas. Their proofs can be
found in [26]. From there we also cite the main convergence theorem of Torczon. It
assumes smoothness for the function f in Equation (6.1) on a neighborhood of the
entire investigated domain. Next we turn our attention to the results of Audet and
Dennis [2]. They were able to relax this assumption drastically to strict differentiabil-
ity only at special limit points by incorporating the concept of the Clarke derivative.
After that we present our own results. They do not depend on any differentiability
assumption. We only need to require the Lipschitz continuity of the objective f .

6.2.1 Gradient based analysis

The first lemma we present is a justification for the name step length parameter
for hk.

Lemma 6.3.
Let si

k ∈ IRn \ {O} be a trial step produced by a GPS method, then there exists a
constant c > 0 such that

‖si
k‖ ≥ c · hk .

Thus, hk prevents the algorithm from making excessively short steps. Note that
under additional assumptions we could formulate the inequality in the other direction
as well. What we would need is an upper bound for ‖gi

k‖. Since the set of integer
matrices M is finite, we only have to worry about the columns of Lk. They have to
be bounded above. Torczon needs this other inequality to prove stronger convergence
results, see [26, Thm 3.7].

The next lemma reveals an interesting fact about the structure of the iterates.

Lemma 6.4.
Let x0 ∈ IRn be the starting point of a GPS method, h0 the initial step length parameter
and B the basis matrix. Let α, β ∈ IN such that τ = α

β
and xk be the kth iterate

produced by GPS, then there exist rk, sk ∈ Z and zi ∈ Zn (i = 0, . . . , k − 1) such that

xk = x0 +
αrk

βsk
h0 B

k−1∑
i=0

zi . (6.7)

This means that for a fixed k all iterates lie on an integer grid around x0 generated by
the columns of αrk β−sk h0 B. This structural result can be used to prove the following
lemma.
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Lemma 6.5.
Let x0 ∈ IRn be the starting point for a GPS method and h0 the initial step length
parameter. Let f : IRn → IR be such that L(x0) := {x ∈ IRn | f(x) ≤ f(x0)} is
bounded and {hk}∞k=0 be the sequence of step length parameters produced by the GPS
method for f , then

lim inf
k→∞

hk = 0 . (6.8)

This last result can be strengthened. If we assume {hk}∞k=0 to be nonincreasing, then
it is an easy corollary to show that

lim
k→∞

hk = 0 . (6.9)

We can achieve this by choosing ω0 = 0 for the update of hk.

Note that so far the only assumption we had to make about the objective function f
was the boundedness of L(x0) := {x ∈ IRn | f(x) ≤ f(x0)}. However, in order to get
the following convergence theorem, compare [26, Thm. 3.5], from Lemma 6.5 Torczon
has to impose much stronger restrictions on the objective.

Theorem 6.6.
Let x0 ∈ IRn be the starting point for a GPS method. Let f : IRn → IR be such that
L(x0) := {x ∈ IRn | f(x) ≤ f(x0)} is compact and f is continuously differentiable on
a neighborhood of L(x0), then we find for the sequence of iterates {xk}∞k=0 produced
by the GPS method with objective f that

lim inf
k→∞

‖∇f(xk)‖ = 0 .

We want to mention that by restricting the algorithm, one can obtain the stronger
result

lim
k→∞

‖∇f(xk)‖ = 0 .

Among other things we would have to assure the already mentioned boundedness
of the columns of the generating matrices Gk and (6.9). Looking back at the listed
lemmas and theorems, it seems unsatisfactory to restrict f that much just to be able
to do the last step of the convergence analysis. That is why we turn our attention
now to the work of Audet and Dennis.

6.2.2 Mixed analysis

In [2] Audet and Dennis already employ the concept of the Clarke derivative. But
they do not use it to the full extent. In the end they prove a necessary condition
that is again based on the gradient of the objective function. In this Subsection we
present their argumentation. At first they define a refining subsequence.
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Definition 6.7.
Let {xk}∞k=0 be a sequence of iterates produced by a GPS method, {hk}∞k=0 the corre-
sponding sequence of step length parameters and J ⊂ IN be an infinite set of indices.
Then a subsequence {xj}j∈J with the properties

i) lim
j→∞
j∈J

hj = 0 and

ii) ∃ x∗ := lim
j→∞
j∈J

xj

is called a refining subsequence. ¤

In fact, if we assume the set

L(x0) := {x ∈ IRn | f(x) ≤ f(x0)} (6.10)

to be bounded, then it is easy to prove the existence of a refining subsequence.

Lemma 6.8.
Let x0 ∈ IRn be the starting point for a GPS method. Let f : IRn → IR be such that
L(x0) := {x ∈ IRn | f(x) ≤ f(x0)} is bounded. If {xk}∞k=0 is the sequence of iterates
produced by the GPS method with objective f , then there exists a refining subsequence
of {xk}∞k=0.

Proof:
By Lemma 6.5 we know that there exists a subsequence of the step length parameters
{hk}∞k=0 converging to zero. Since the corresponding iterates are in the bounded set
L(x0), the theorem of Bolzano & Weierstraß guarantees the existence of a converging
subsequence. This is obviously a refining subsequence. ¥

Next we state and prove a theorem that is close to [2, Thm 3.5]. The introduced
modifications allow us to make use of this result in Subsection 6.2.3.

Theorem 6.9.
Let f : IRn → IR and x∗ be the limit point of a refining subsequence of a GPS method
with objective f . If f is Lipschitz continuous around x∗, then there exists a positive
spanning set {pi}2n

i=1 of IRn such that

∀ i ∈ {1, . . . , 2n} : Df(x∗, pi) ≥ 0 . (6.11)

Proof:
Let x∗ be the limit point of a refining subsequence, i.e.

x∗ = lim
j→∞
j∈J

xj and lim
j→∞
j∈J

hj = 0 . (6.12)
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Since the step length parameter is reduced only if an iteration is unsuccessful, we
may assume without loss of generality that {xj}j∈J is a subsequence of unsuccessful
iterations. But this means for the trial steps denoted by si

j

∀ j ∈ J , i ∈ {1, . . . , 2n} : f(xj) ≤ f(xj + si
j) . (6.13)

Remember that by Definition 6.2 the set {si
j}2n

i=1 is a positive spanning set of IRn for
all j ∈ J . Furthermore, since the set M of Definition 6.1 is finite, at least one of them
occurs infinitely often for j ∈ J . We denote this positive spanning set by {pi}2n

i=1 and
the corresponding subset of indices by J̃ . Now the additionally assumed Lipschitz
continuity of f around x∗ yields

∀ i ∈ {1, . . . , 2n} : Df(x∗, pi)
(2.9)
= lim sup

xk→x∗
hk↓0

f(xk + pi)− f(xk)

hk

(6.12)

≥ lim sup
j→∞
j∈J

f(xj + pi)− f(xj)

hj

(6.13)

≥ 0 .

¥

Based on this theorem Audet and Dennis are able to show that the limit point of a
refining subsequence satisfies the following necessary condition.

Theorem 6.10.
Let x0 ∈ IRn be the starting point for a GPS method and f : IRn → IR be such
that L(x0) is bounded. Let {xk}∞k=0 be the sequence of iterates produced by the GPS
method with objective f and let x∗ be the limit of a refining subsequence. If f is strictly
differentiable at x∗, then

∇f(x∗) = O .

Proof:
First of all we want to mention that the above assumptions assure the existence of
a refining subsequence with a limit point x∗. By (3.17) we know that in the case of
strict differentiability:

∀ d ∈ IRn : Df(x∗, d) = dT∇f(x∗) .

Theorem 6.9 now guarantees the existence of a positive spanning set {pi}2n
i=1 so that

∀ i ∈ {1, . . . , 2n} : pT
i ∇f(x∗) ≥ 0 .
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By Definition 4.1 we find

∀ d ∈ IRn ∃ λ1, . . . , λ2n ≥ 0 : d =
2n∑
i=1

λipi .

Finally, we can conclude ∀ d ∈ IRn

dT∇f(x∗) =
2n∑
i=1

λip
T
i ∇f(x∗) ≥ 0

−dT∇f(x∗) =
2n∑
i=1

λ̃ip
T
i ∇f(x∗) ≥ 0




⇒ ∇f(x∗) = O .

¥

The final conclusion of this proof takes advantage of the linearity that is given by the
strict differentiability. However, remembering our strategy of Chapter 5 the sublin-
earity of the Clarke derivative should be sufficient to proof the necessary condition
we introduced in Chapter 3.

6.2.3 Analysis based on the Clarke derivative

At first we present another version of Theorem 6.10 that assures the necessary con-
dition (3.11). We can do this by only assuming Lipschitz continuity of f around x∗.
This is not just a relaxation of the requirement of strict differentiability. Actually it
is the first convergence theorem in the context of GPS methods free of any classical
differentiability assumption. What we loose by this generalization has been analyzed
in Section 3.4.

Theorem 6.11.
Let x0 ∈ IRn be the starting point for a GPS method and f : IRn → IR be such
that L(x0) is bounded. Let {xk}∞k=0 be the sequence of iterates produced by the GPS
method with objective f and let x∗ be the limit of a refining subsequence. If f is
Lipschitz continuous around x∗, then

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

Proof:
This proof works out analogously to the one before. At first Theorem 6.9 guarantees
the existence of a positive spanning set {pi}2n

i=1 such that

∀ i ∈ {1, . . . , 2n} : Df(x∗, pi) ≥ 0 .
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By Definition 4.1 we can find for any vector d ∈ IRn nonnegative constants λ1, . . . , λ2n

such that

d =
2n∑
i=1

λipi .

Now by the sublinearity of Df(x∗, ·) we can conclude

∀ d ∈ IRn : Df(x∗, d) = Df
(
x∗,

2n∑
i=1

λipi

) (2.1)

≥
2n∑
i=1

λiDf(x∗, pi) ≥ 0 .

¥

But this is not all we can achieve. We are even able to allow inexact function evalu-
ations by taking the set-valued approach.

We assume to be in a situation where we want to minimize a function f : IRn → IR.
However, we can only compute function values fc that are elements of the image set
of an envelope mapping Ff around f given by (3.1), compare Section 5.3. If the
inexactness is not too big, we can preserve our convergence result of Theorem 6.11.
To be more precise assume that {pi}2n

i=1 is a positive spanning set associated with a
refining subsequence {xj}j∈J and step size parameters {hj}j∈J . Let for j ∈ J denote
Bj(xj) the smallest ball around xj containing the set of vectors {xj + pi}2n

i=1. We
then have to require for the lower and upper bounds f−, f+ of the envelope mapping,
compare with Equation (5.9),

lim
j→∞
j∈J

‖f+ − f−‖Bj(xj)

hj

= 0 . (6.14)

Theorem 6.12.
Let x0 ∈ IRn be the starting point for a GPS algorithm and f : IRn → IR. Let
f−, f+ : IRn → IR and Ff be the envelope mapping around f given by (3.1). Let
{xk}∞k=0 be the sequence of iterates produced by the GPS method with objective function
values fc(·) ∈ Ff (·). Let Lc(x0) := {x ∈ IRn | fc(x) ≤ fc(x0)} be bounded and x∗ be
the limit of a refining subsequence with associated positive spanning set {pi}2n

i=1. If f
is Lipschitz continuous around x∗ and (6.14) holds, then

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

Proof:
In order to apply Lemma 5.3, we especially have to show

∀ i ∈ {1, . . . , 2n} : lim sup
j→∞
j∈J

f−(xj + pi)− f−(xj)

hj

≥ 0 .
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The remaining prerequisites of the lemma are already contained in the assumptions
of our theorem. For this purpose let i ∈ {1, . . . , 2n} be arbitrary, then

lim sup
j→∞
j∈J

f−(xj + pi)− f−(xj)

hj

fc≥f−≥ lim sup
j→∞
j∈J

f−(xj + pi)− fc(xj)

hj

f+≥fc≥ lim sup
j→∞
j∈J

[f−(xj + pi)− f+(xj + pi)

hj

+
fc(xj + pi)− fc(xj)

hj

]

(6.13)

≥ lim sup
j→∞
j∈J

f−(xj + pi)− f+(xj + pi)

hj

(6.14)

≥ 0 .

Thus, we can apply Lemma 5.3 to conclude

∀ d ∈ IRn : Df(x∗, d) ≥ 0 .

¥

At this point we want to stop our theoretical discussion. The time has come to check
the gained results in practice. In the following chapter both algorithms, Implicit
Filtering and Pattern Search, are tested with a specially designed objective function.



Chapter 7

Numerical Computations

In the last two chapters we have analyzed the theoretical convergence issues of Implicit
Filtering and Pattern Search. We now want to confirm them by some numerical
computations. They also allow us to interpret the necessary theoretical assumptions
and see how they can be used in practice.

In Section 7.1 we test an MATLAB implementation of the modified Implicit Filtering
method of Section 5.3. After that we do the same with a simple Pattern Search
method. The numerical results produced by the corresponding MATLAB-code are
presented in Section 7.2. In both cases we use the same sample function fc. It is the
sum of a function fL, which is locally Lipschitz continuous around the origin and a
randomly generated additional term ϕ. The latter shall mimic the possible noise and
converges to zero at the origin, where fL attains its global minimum. In the symbols
of Equation (5.8) the functions are for x =

(
x1
x2

) ∈ IR2 given by

fL(x) :=





‖x‖ if ‖x‖ < 1

1.5 +
√
‖x‖ − 1 if ‖x‖ ≥ 1 , x1 · x2 > 0

1 + |x1|+|x2|
2

if ‖x‖ ≥ 1 , x1 · x2 ≤ 0

(7.1)

ϕ(x) ∈
[
− fL(x)

10
,

fL(x)

10

]

fc(x) := fL(x) + ϕ(x) .

Note that minx∈IR2 fL(x) = fL(O) = 0 and fL is really just Lipschitz continuous
around the origin. It is not differentiable there. In addition we observe that this
function is discontinuous on the unit circle and on the axes outside the unit circle.
Figure 7.1 shows a graph of fL and a possible realization of fc .

It is easy to see that the noise decreases as we approach the origin. However, the
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Figure 7.1: Graph of the underlying locally Lipschitzian objective function fL (left)
and some randomly perturbed function values fc (right)

random perturbation has obviously a strong effect outside the unit circle. Both algo-
rithms can deal with this problem, if the parameters are chosen carefully.

7.1 Modified Implicit Filtering

In this section we discuss the numerical results produced by an implementation of
the modified Implicit Filtering method. The plain MATLAB-Code can be found in
the appendix and an outline of the algorithm is provided in Section 5.3. There we
also proved its theoretical convergence to a critical point under certain assumptions.
Namely we had to require that

• fL is Lipschitz continuous around a limit point of the sequence of iterates,

• there are at most finitely many line search failures and

• for the error ϕ, the sequence of scales {hk}∞k=1 and the simplices {Sk}∞k=1 we
had to insist on

lim
k→∞

‖ϕ‖Sk∪R(Sk)

hk

= 0 . (7.2)

We already mentioned that the function fL we use for our computations is Lipschitzian
around its global minimizer. In Chapter 5 we learned that there is not much to do
about the second assumption. Thus, we now focus on the third assumption and how
it can determine the success of Implicit Filtering. Soon we learn how to adjust the
parameters of the algorithm so that this last requirement is fulfilled. As a first guess
we choose the following parameters for the optimization:
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• MAXH = 2−1 and MINH = 2−8 as bounds for the scales h,

• MAXIT = 6 as maximum number of line search iterations,

• MAXCUT = 8 as maximum number of backtracking steps,

• α = 10−4, β = 0.6 and λ = 1 as parameters for the sufficient decrease condition,

• τ = 10−1 as tolerance for the termination criterion.

Since our objective function is defined in two different ways in the quadrants of the
x1, x2-plane, we compare the different starting points x1

0 =
(−20

20

)
and x2

0 =
(
20
20

)
, see

Figure 7.2. Obviously in both cases the algorithm fails to find the global minimum.
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Figure 7.2: Results produced by the modified Implicit Filtering algorithm with a bad
choice for the parameters and the starting iterates x1

0 (top row) and x2
0 (bottom row)

The traces of the iterates show that the search was conducted in the right direction.
It looks like it just stopped too early. But if we look at the evolution of the function
values, another problem can be noticed. Especially for the starting point x1

0 we
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recognize that the function values do not change significantly throughout the last 150
function evaluations. The reason for this behavior is a violation of Equation (7.2).
The ratio of the magnitude of the error and the scale does not approach zero. Thus
the finite-difference approximations are not controlled by the behavior of fL. Instead
the noise ϕ has a major influence and misleads the algorithm. A lot of stencil failures
are the consequence as one can easily detect by creating an additional output.

To avoid this failure, we might start with an augmented initial scale MAXH. This
should help to reduce the effect of the noise. For basically the same reason we use a
bigger initial step size λ for the line search. In order to maintain small step sizes for
the final iterations, we increase the number of backtracking steps MAXCUT . Since
we start with large scales, we have to take special care of the termination criterion. A
smaller value of τ avoids an accumulation of false terminations. Altogether we made
the following changes to get the results of Figure 7.3: MAXH = 12, MAXCUT = 12,
λ = 8, τ = 0.005.
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Figure 7.3: Results produced by the modified Implicit Filtering algorithm with care-
fully chosen parameters and the starting iterates x1

0 (top row) and x2
0 (bottom row)
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Now the algorithm produces as a limit point a minimizer of our objective function.
This happens for both initial iterates x1

0 and x2
0. But Figure 7.3 shows more than

that. There seem to be different levels of difficulty in finding the minimizer. Obviously
starting at x2

0 causes more problems. This becomes apparent when we compare the
development of the function values in Figure 7.3 (left column). Starting at x1

0 we have
immediately a fast progress, while starting at x2

0 leads to a plateau of stagnation first.
The reason for that behavior is the structure of the objective fL . The starting points
we picked are in different regions of the domain of fL. For the initial iterate x2

0 we first
have to deal with the function g(x) = 1.5+

√
‖x‖ − 1 . For x = x2

0 =
(
20
20

)
this function

has a relatively small slope. Consequently in this region the error introduced by ϕ
has a perceptible effect. We observe this as well from the trace of the iterates (right
column of Figure 7.3). While for the initial iterate x1

0 we proceed directly towards the
origin, starting at x2

0 results in a zigzag path. This unpredictable behavior is caused
by the random influence of the error function. Also, if we restart the algorithm with
the same parameters and the same initial iterate, the path of the iterates would
change due to the randomly produced noise. It may even occur that the algorithm
gets stuck on some plateau. But by changing the parameters once more in the same
direction we did before, we can ensure the convergence towards the origin.

One might ask what happens if we enlarge the possible error. If we also adjust the
parameters of the algorithm, it stays stable at first. This is possible up to a noise
ϕ(x) that makes up a quarter of the difference between the actual value fL(x) and
the minimum value fL(O) = 0. In other words we only have to require ϕ(x) to be

in [−fL(x)
4

, fL(x)
4

]. For the starting point x1
0 we can allow even more noise. The

algorithm still finds its way to the origin, if we allow an error with a magnitude
of up to 1

2
(fL(x) − minx∈IR2fL(x)). But we have to make the right choice for the

parameters. Figure 7.4 shows a landscape of computed function values and a trace
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Figure 7.4: Extremely noisy function and trace of iterates produced by the modified
Implicit Filtering algorithm with starting iterate x1

0
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of iterates for this extreme case. The effect of the noise is clearly visible in the trace
of the iterates. At first they are jumping back and forth, but finally they converge
towards the minimizer.

However, the adjustments we have to make slow down the algorithm, because more
computations are needed. This can already be observed by comparing the total
number of function evaluations of Figure 7.2 and 7.3. A similar phenomenon can be
expected for the Pattern Search method. In the next section we point out that the
choice of the parameters is even more crucial for our GPS-method. Pattern Search
methods in general do not use specific information about the function to generate the
trial steps. Thus, it becomes more important to adapt the parameters according to
the problem to solve.

7.2 A Pattern Search Method

We now discuss the numerical results produced by a self-programmed Pattern Search
method. It is simple in the way that it only uses a minimum of parameters. For
example, we only use one factor ω1 for the expansion of the step size h and our
pattern just consists of the necessary positive spanning set and no additional vectors.
We also use only one positive spanning set. The update of the pattern is nothing more
but a permutation of its columns such that the last successful direction is investigated
first in the next iteration. This may reduce the number of function evaluations and
thus accelerate the algorithm. The corresponding MATLAB-code can be found in the
appendix. For further information we refer to Chapter 6. The assumptions needed
for the proofs of that chapter help to understand the numerical results presented now.
We recall that

• fL has to be Lipschitz continuous around the limit point of a refining subse-
quence of iterates {xj}j∈J ,

• Lc(x0) = {x ∈ IR2 | fc(x) ≤ fc(x0)} has to be bounded and

• for the error ϕ, the sequence of step size parameters {hj}j∈J and some balls
{Bj(xj)}j∈J around the iterates we had to insist on

lim
j→∞
j∈J

‖ϕ‖Bj(xj)

hj

= 0 . (7.3)

The first assumption is satisfied because of (7.1). Since we choose the same start-
ing points x1

0, x2
0 as for the Implicit Filtering method in the previous section, the

boundedness of Lc(x0) is assured as well. Thus, again everything boils down to the
fulfillment of (7.3). In this section we explain how the algorithm has to be adjusted
according to this observation. For the first optimization runs, we choose the following
parameters:
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• M = {all nonsingular combinations of ± e1, ±e2} as finite set of nonsingular
integer matrices and B = I2 as basis matrix,

• h0 = 1 as initial stepsize as well as τ = 1.5 and −ω0 = ω1 = 1 as parameters
for the step size update,

• MAXIT = 60 as maximum number of Pattern Search iterations.

The results, which are displayed in Figure 7.5, do not look very promising. In fact
the algorithm gets trapped immediately in one of the local minima created by the
noise. The reason for that failure is our bad choice of parameters. At first our initial
step size is too small to filter the noise. Second the step size reduction of τω0 = 1

1.5

is too big. After only a few unsuccessful iterations the step size is so small that the
algorithm gets stuck in one of the fake local minima. Also the very limited set of
only 4 search directions is probably not the best choice. Especially, because it is not
designed for this particular objective function.
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Figure 7.5: Results produced by our Pattern Search implementation with starting
iterates x1

0 (top row) and x2
0 (bottom row) and badly chosen parameters
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Despite these facts the evolution of the function values (left column in Fig. 7.5) looks
like a typical successful Pattern Search output as we detect later. The fast progress
of the initial phase slows down throughout the optimization process. However, since
we know what our objective looks like, we are well aware of how far away we are
from the actual minimum. This is confirmed by the trace of iterates (right column
in Fig. 7.5). To improve the performance of our algorithm, we have to change just
a single parameter. If we augment the initial step size parameter h0 from 1 to 10,
the optimization routine finds the minimum located at the origin. The reason for
this success as well as for the failure before can be revealed by looking at Equation
(7.3). A bigger initial step size causes bigger steps throughout the iterations. This
helps to prevent the fraction in (7.3) from heading towards infinity. In addition
promise these larger steps a faster progress towards the minimizer. Figure 7.6 shows
the corresponding numerical results. Like for Implicit Filtering we detect that the
stronger influence of the error in the region surrounding the starting iterate x2

0 slows
down the Pattern Search method.
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Figure 7.6: Results produced by the Pattern Search implementation with the same
starting iterates but a bigger initial step size
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Naturally, the same question arises that we already asked in Section 7.1. How much
noise can the algorithm handle, if we choose the parameters carefully? Similar to
Implicit Filtering there seems to be a limit for the success of our Pattern Search
implementation. It is reached when the magnitude of the noise ϕ(x) is about 1

2
(fL(x)−

fL(O)). To get the results of Figure 7.7, we have to adjust several parameters. First of
all, we increase the initial step size to h0 = 20. In addition we lower the step size factor
to τ = 1.1. This slower adaption of the step size reduces the risk of getting stuck in
a local minimum. But on the other side this change makes more iterations necessary.
Thus we allow the algorithm to do more computations by shifting MAXIT to 200.
Once more we observe that an increasing level of noise slows down the algorithm.
Another way to enhance the performance of the algorithm would be to use more
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Figure 7.7: Results produced by the Pattern Search implementation with an extreme
level of noise and carefully chosen parameters for our standard starting iterates

search directions than just one positive spanning set. This can extend the limits for
the admissible noise a little more, but only at the expense of a slower algorithm. In
general it depends on the specifics of the application, how far one wants or needs to
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decelerate the Pattern Search method.

This chapter has shown that both methods, Implicit Filtering and Pattern Search,
can handle the optimization of a noisy and non-smooth function. But it is important
to adjust the parameters of the algorithms according to the problem. We have also
learned how the necessary theoretical assumptions of the Chapters 5 and 6 affect
the practical performance of the routines. This new knowledge encourages testing
the algorithms in further applications. Also the correspondence between theory and
practice motivates extending the presented theory involving the Clarke derivative to
the constrained case. There the algorithms are already in use and produce reasonable
results.



Chapter 8

Conclusions and Outlook

In this work we developed a new tool for the convergence analysis of optimization
routines. It is particularly designed for objective functions that are neither smooth
nor can be evaluated exactly. Both phenomena are the subjects of active research
and individually lead to interesting scientific discussions. In order to handle the non-
smooth case, we introduced the Clarke derivative. Additionally, we used set-valued
mappings to take care of the possible inaccuracy. This led to an alternative necessary
condition for a minimizer.

We successfully applied this tool to prove new convergence results for the uncon-
strained versions of Implicit Filtering and General Pattern Search. We showed for a
limit point of the sequence of iterates produced by either of the two methods that it
satisfies our alternative necessary condition. This is in so far remarkable as we al-
lowed the objective function to be both noisy and non-smooth at once. We only had
to assume local Lipschitz continuity of the unperturbed function and some limiting
behavior of the noise.

It was the latter that came in handy when we looked at practical applications of the
algorithm. For Implicit Filtering we had to require that

lim
k→∞

‖f+ − f−‖Sk∪R(Sk)

hk

= 0 . (8.1)

A similar condition had to be imposed for the Pattern Search methods. We found
out that the key to a successful optimization run is a reasonable choice for the initial
value h0 and the parameters involved in its update. We were able to deduce this rule
from our convergence theorems. In addition, the executed numerical computations
confirmed this observation.

We also found out in practice that there are boundaries for the permissible inaccuracy.
When we raised the noise above a certain level, the algorithms did not produce the
actual minimizer as a limit point. However, the methods were able to move from
the initial iterate towards the minimizer. They made some progress, but could not
accomplish the whole process of finding a minimum.

84
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It would be helpful to know how big the difference between computational output and
the actual optimal value is at most. This question motivates further work. It might
be possible to replace (8.1) by some weaker condition and then make some statement
about the worst error that can happen.

Alternately we could focus on objective functions that are not even Lipschitz contin-
uous. We only needed this property to obtain an expression of the Clarke derivative
that we could handle numerically, namely

Df(x, d) = lim sup
xk→x
hk↓0

f(xk + hkd)− f(xk)

hk

.

This basically depended on the algorithms we examined. Probably we can find other
optimization routines that can cope with more complicated expressions of the Clarke
derivative. Apart from this it should in general be possible to apply our new analytical
tool to some other optimization methods.

Last but not least we should be interested in developing this tool a little further. The
results we presented for the unconstrained case in this text encourage future work
towards a generalization for the constrained case. Even though it seems likely that
efforts in this direction can be successful, there is no guarantee for that. Thus, we
can only hope for the best, but have to expect the worst.
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Appendix A

MATLAB-Files

As announced in Chapter 7 we now list the computer codes used in this thesis.
Both were programed by the author himself. However, without the previous work
of other mathematicians this would not have been possible. Especially, the articles
of V. Torczon were helpful to gain an insight into Pattern Search methods. We also
want to mention C. T. Kelley and his publications on Implicit Filtering. In addition
he has downloadable MATLAB-files for this optimization method on his webpage
(http://www4.ncsu.edu/~ctk/matlab_darts.html). They are the basis on which
our modified version was built.

The listings of this appendix only display the executed numerical computations. To
create the output of Chapter 7, additional lines have to be fitted into the codes. The
listed programs are also not totally documented. However, the purpose and use of all
variables should be clear after the expositions of Chapter 5 and 6. Their actual values
on the next pages represent the successful tuning for the extremely noisy test-function
of Chapter 7. The MATLAB-file for simulating this perturbed locally Lipschitzian
objective is also listed at the end of this appendix.
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Modified Implicit Filtering Version

function xend = modimfil(f,x_0);

n = length(x_0); % Dimension of the input vector

maxh = 20; % Size of the first scale h

minh = 2^(-8); % Lower bound for the scales

maxit = 3*n; % Number of line search iterations

maxcut = 30; % Number of line search backtracking steps

alpha = 10^(-3); % Fraction for sufficient decrease (in (0,1))

lambda = 40; % Initial step size for the line search

beta = .75; % Reduction parameter for the step size

tau = .001; % Error tolerance for the termination criterion

h = maxh; % First scale for the finite-diff. approx.

V = eye(n); % Matrix of simplex directions

x = x_0; % Starting point for the algorithm

f_x = feval(f,x); % Function value at current iterate

% Main Implicit Filtering loop

while h > minh;

% Loop for Line Searches

for m = 1:maxit;

% necessary function evaluations

for i = 1:n;

f_for(i,1) =feval(f,x+h.*V(:,i));

f_back(i,1)=feval(f,x-h.*V(:,i));

end

% test for stencil failure

min_for = min(f_for);

min_back = min(f_back);

if f_x < min(min_for, min_back);

break;

end

% Calculation of the simplex gradients and their norms

D_plus = (f_for - f_x*ones(n,1))/h;

D_minus = (f_back - f_x*ones(n,1))/(-h);

D_central = (D_plus + D_minus)/2;

norm_plus = norm(D_plus);

norm_minus = norm(D_minus);
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% test for termination criterion

if .5*(norm_plus + norm_minus) <= tau*h;

break;

end

% Line Search backtracking loop

sufficient = 0;

for l=0:maxcut;

step = lambda*(beta^l);

test = feval(f,x - step*D_central)-f_x;

if test < -alpha*step*(norm_plus^2 + norm_minus^2)/2;

sufficient = 1;

x = x - step*D_central; % update the iterate x

f_x = f_x+test; % update function value

break;

end

end

% Test for Line Search failure

if sufficient == 0;

break;

end

end

h = .9*h; % reduction of the scale

end

xend = x;
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Simple Pattern Search Version

function xend = simplegps(f,x_0);

n = length(x_0); % Dimension of the input vector

maxit = 200; % Maximum number of GPS iterations

M = sparse(eye(n)); % The first used nonsingular integer matrix

B = sparse(eye(n)); % The basis matrix

tau = 1.1; % The basic step length factor

omega0 = -1; % The exponent for step size reduction

omega1 = 1; % The exponent for step size prolongation

x = x_0; % Starting point for the algorithm

h = 15; % Initial step size parameter

G = [M -M]; % Initial positive spanning set

P = B*G; % Initial pattern matrix

f_x = feval(f,x); % Function value at current iterate

% Main loop for the Pattern Search

for k = 0:maxit;

% Performing the exploratory moves

for i = 1:2*n;

f_trial = feval(f,x+h*P(:,i));

if f_trial < f_x;

x = x+h*P(:,i); % update the iterate x

f_x = f_trial; % update function value

h = h*tau^omega1; % update the step size h

% Permute the matrix G so that in the next iteration

% the last successful direction is searched first

d1 = [1;zeros(2*n-1,1)];

d2 = [0;ones(i-1,1);zeros(2*n-i,1)];

d3 = [zeros(i,1);ones(2*n-i,1)];

PERMUT = spdiags([d1 d2 d3],[-(i-1) 1 0],2*n,2*n);

G = G*PERMUT;

P = B*G; % update pattern matrix

break;

elseif i == 2*n

h = h*tau^omega0; % update the step size h

end

end

end

xend = x;
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Locally Lipschitz continuous objective function with high-level noise

function z=err(x);

% 2 variable test function

% for the numerical computations.

if norm(x) <= 1

z = norm(x);

else

if x(1)*x(2) > 0

z = 1.5 + sqrt(norm(x)-1);

else

z = 1 + (abs(x(1))+abs(x(2)))/2;

end

end

z = z*(1 + (rand-.5));
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