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Total Energy System 
 

Nikolaos G. Georgopoulos 
 

Abstract 
 

A decomposition methodology based on the concept of �thermoeconomic 

isolation� applied to the synthesis/design and operational optimization of a stationary 

cogeneration proton exchange membrane fuel cell (PEMFC) based total energy system 

(TES) for residential/commercial applications is the focus of this work. A number of 

different configurations for the fuel cell based TES were considered. The most promising 

set based on an energy integration analysis of candidate configurations was developed 

and detailed thermodynamic, kinetic, geometric, and economic models at both design and 

off-design were formulated and implemented. A decomposition strategy called Iterative 

Local-Global Optimization (ILGO) developed by Muñoz and von Spakovsky was then 

applied to the synthesis/design and operational optimization of the fuel cell based TES. 

This decomposition strategy is the first to successfully closely approach the theoretical 

condition of �thermoeconomic isolation� when applied to highly complex, non-linear 

systems. This contrasts with past attempts to approach this condition, all of which were 

applied to very simple systems under very special and restricted conditions such as those 

requiring linearity in the models and strictly local decision variables. This is a major 

advance in decomposition and has now been successfully applied to a number of highly 

complex and dynamic transportation and stationary systems. This thesis work presents 

the detailed results from one such application. 
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Chapter 1 
 

Introduction 
 

 

The fuel cell is an electrochemical device, which converts the chemical energy of 

a fuel and an oxidant into electric power. Its benefits are that the electric power is 

generated at high energy efficiency and with very low environmental emissions. For the 

last thirty years, federal and private industrial support to develop fuel cell technologies 

has been considerable. The use of fuel cell systems has been strongly promoted in the 

United States and in Japan for medium scale cogeneration plants. Nowadays, this interest 

has been extended to a smaller scale, namely that at the residential level. At the same 

time, increased interest has arisen for the application of fuel cell systems to automotive 

propulsion, although there is not yet a clear choice on the direct use of hydrogen stored 

on board or the installation of a hydrogen generating plant on board (Azevedo et al., 

2000). The present research work is focused on the use of this newly emerging 

technology for stationary cogeneration applications, in particular residential/commercial 

applications. 

 

 

1.1 Historical Development of Fuel Cell Technology 
 

In 1839, William Robert Grove, a British jurist and amateur physicist, first 

discovered the principle of the fuel cell. Grove utilized four large cells, each containing 

hydrogen and oxygen, to produce electric power which was then used to split the water in 

the smaller upper cell into hydrogen and oxygen. However, it was Ludwig Mond and 

Charles Langer who first used the term "fuel cell" in 1889, when they tried to build a 
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power generating device using air and industrial coal gas. It was not until 1932 that 

Francis Bacon developed the first successful fuel cell. It would take another 27 years to 

apply their invention to a practical application, a 5 kWe system capable of powering a 

welding machine. More recently, NASA used fuel cells during the 1960�s to power on-

board electronics for the Gemini and Apollo spacecraft. In fact, NASA still uses fuel cells 

to provide electricity and water for its space shuttle missions. 

Today, fuel cells are on a trajectory to break through economic and technical 

barriers in a multitude of applications ranging from portable devices to homes and 

vehicles. For energy providers, fuel cells offer a safe, efficient, and reliable power 

solution that addresses critical issues such as deregulation, rising energy costs, increasing 

load factors, severe power outages, and increasing power consumption. For vehicle 

manufacturers, fuel cells represent the single greatest technology advancement in the last 

100 years to replace the internal combustion engine and address growing environmental 

concerns over issues such as global warming and air pollution. 

 

 

1.2 Fuel Cells for Stationary Power Applications 
 

In the recent years more awareness has been given to clean energy concepts. Fuel 

cells � with their dramatically reduced emissions, few moving parts, and high electric 

energy conversion efficiency at full and especially at partial load � seem to be ideally 

suited for a variety of stationary applications in urban centers and metropolitan areas. The 

stationary applications that are of greatest interest today concern small- and medium-

scale plants for combined heat and power generation, especially in situations where 

reliability of supply is important (i.e. hospitals, hotels, etc). 

The four major fuel cell technologies for stationary power generation are the 

following: 

• Phosphoric Acid Fuel Cell (PAFC) systems. 

• Molten Carbonate Fuel Cell (MCFC) systems. 

• Solid Oxide Fuel Cell (SOFC) systems. 

• Polymer Electrolyte Membrane Fuel Cell (PEMFC) systems. 
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At present, the most developed or mature of them is the PAFC system, which has 

reached the stage of commercial use for stationary applications. For example, 

International Fuel Cells, with its subsidiary ONSI, began manufacturing 200 kWe PAFC 

stationary cogeneration systems in 1992 (Kordesch and Simader, 1996). Such a system is 

shown in Figure 1.1. In Europe, at least 11 PAFC plants of about 200 kWe capacity each 

and 4 plants of 50 kWe capacity each have been installed. 

 

 
 

Figure 1.1 200 kWe PAFC power plant by ONSI Corporation (Fuel Cells 2000, 2001). 

 

The MCFC system represents a potentially less expensive solution, with costs that 

can be one third or one fourth of those for the PAFC (Escombe, 1995). The main problem 

presently being investigated is the durability of the electrodes and of the cells, which is 

still about 8000 hours against a target of at least 20,000 hours. Investigations on 

alternative cathode materials and on doping of the electrolyte are being carried out (Lane 

et al., 1995). A 250 kWe MCFC power plant (also called �Direct Fuel Cell power plant�) 

produced by the Energy Research Corporation is presented in Figure 1.2. 

The SOFC systems have some strategic interest especially because their operation 

at high temperature (1000°C) allows the use of a wide variety of fuels (Escombe, 1995). 

In the U.S., they follow essentially three paths. The tubular design of Siemens 

Westinghouse (Figure 1.3) with 1 to 2 m long tubes, external fuel gas feed (anode), an 

internal cathode, and yttrium-stabilized zirconium forming the solid electrolyte structure. 
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A monolithic design (a corrugated sequence of electrodes and electrolyte) is used by 

Allied Signal Corporation (now General Electric). Other companies are developing a thin 

planar disk arrangement. 

 

 
 

Figure 1.2 250 kWe MCFC power plant by Energy Research Corporation (Fuel Cells 2000,2001). 

 

 
 

Figure 1.3 Tubular SOFC power plant by Siemens Westinghouse (Fuel Cells 2000, 2001). 

 

PEMFC technology has had a very rapid development in the last several years. It 

has been successfully implemented for aerospace applications (Kordesch and Simader, 
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1996) and is seen now as potentially interesting for the stationary power generation 

applications. While large utility applications are envisioned as belonging to the MCFC 

and SOFC, there are many applications such as utility peak power generation and 

dispersed distributed power generation for which the PEMFC will probably compete 

directly with the PAFC. In the long term and in light of recent advancements, the life-

cycle cost of the PEMFC system could be more favorable (Wilson et al., 1996). Ballard 

Power Systems Inc. has developed PEMFC demonstration units of 30 kWe (hydrogen 

fueled) and 10 kWe (natural gas fueled). The 10 kWe PEMFC unit with compact natural 

gas reformer was the first integrated PEMFC unit to be operated with natural gas 

(Wurster, 1997). Until recently, large-scale production of PEMFCs was inhibited by the 

large amounts of high cost materials required. However, due to design and integration 

improvements, overall PEMFC system costs have as of today been substantially reduced, 

making commercialization feasible. Plug Power�s 7000 residential fuel cell system 

(Figure 1.4) is scheduled for mass production towards the beginning of 2002 (Plug 

Power, 2001). 

   

 
 

Figure 1.4 Plug Power's 7 kWe residential PEMFC power plant (Fuel Cells 2000, 2001). 

 

The electric efficiencies of these four different types of fuel cell technologies can 

be considerably higher than those achievable with gas motors or gas turbines, an aspect 
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especially important for power production with the lowest emissions of pollutants and 

noise. The following table provides an overview of the fields of application foreseen for 

the four types of fuel cells as well as a comparison of the electric, thermal and total 

system efficiencies that can be achieved. 

 
Table 1.1 Comparison of fuel cell technologies for stationary applications (Wurster, 1997).   

Criterion PAFC PEMFC MCFC SOFC 

Utilizable Type of 

Energy 

- Electricity 

- Heat 

- Electricity 

- Heat 

- Electricity 

- Heat 

- Steam 

- Electricity 

- Heat 

- Steam 

Electrical Efficiency 40% � 45% ≤ 50% 50% � 55% 50% � 60% 

Thermal Efficiency 45% ≤ 40% > 40% > 40% 

Utilization Ratio 85% � 90% 80% � 90% > 90% > 90% 

Electric to Thermal 

Energy Ratio 
≈ 1 ≈ 1.2 ≈ 1.4 ≈ 1.5 

Application 
Commercial 

Cogeneration 

Domestic and 

Commercial 

Cogeneration 

Commercial and 

Industrial 

Cogeneration 

 

Power Plants 

Domestic, 

Commercial and 

Industrial 

Cogeneration 

 

Power Plants 

 

 

Commercial and industrial facilities will probably take the lead in implementing 

fuel cell systems. According to the Gas Research Institute (GRI), approximately 18,000 

MWe of the power market in the U.S. should be economical for fuel cell cogeneration 

systems, provided the installed cost is $1000/kW. The industrial sector is similar to the 

commercial sector in size and required fuel cell characteristics. Approximately 10% of 

this potential market is for small (less than 1 MWe) cogeneration systems. Since waste 

heat is at a premium in these applications, fuel cells may need to operate as a 

cogeneration system in order to be competitive (Cleghorn et al., 1996). 
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1.3 Thesis Objectives 
 

In this research work, it is envisioned to use a fuel cell sub-system, which itself is 

based on PEMFC technology, as the basis for a total energy system (TES) for stationary 

cogeneration applications, in particular residential/commercial applications. The major 

objectives of this thesis are the following:  

• Gain a fundamental understanding of how PEMFC stacks, sub-systems, and 

systems operate and a general comprehension of the fundamental phenomena 

present in each part of the process (i.e. electrochemical conversion, fuel processing, 

air delivery, stack cooling, and load management). 

• Establish the entire load/environmental profile for the TES, i.e. the various 

environmental conditions under which the system is required to operate and the 

different types of the residential load demands that it must meet. 

• Create the thermodynamic and geometric models for the components of the sub-

systems comprising the TES configuration. Include models for off-design behavior, 

which will make possible the simulation and optimization of the system over an 

entire operational cycle (i.e. four seasons). 

• Develop appropriate component cost functions, which relate cost to appropriate 

decision (synthesis/design and operational) variables. 

• Demonstrate the feasibility of applying the Iterative Local-Global Optimization 

(ILGO) method to the thermoeconomic optimization of the TES over the entire 

load/environmental profile. This requires the application of a decomposition 

strategy, which permits both local/unit (i.e. component and sub-system) and 

global/system (i.e. TES) optimizations and provides for an on-going communication 

between these levels of optimization. 

• Define the computational tools necessary for solving the set of mathematical 

optimization problems created. 

As to the ILGO decomposition technique, which in fact consists of two versions 

(ILGO-A and ILGO-B), this is a completely original development by Muñoz and von 

Spakovsky (2000a). In particular, they have developed a general methodology for the 

decomposed synthesis/design optimization of highly coupled, highly dynamic energy 
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systems. Their work shows that the decomposition technique is an extremely useful tool 

that not only permits the solution of the overall synthesis/design optimization problem for 

highly complex systems by dividing the problem into smaller sub-problems but also 

facilitates the difficult task of sub-system integration. A detailed description of the 

different decomposition approaches for the optimization of an energy system�s 

synthesis/design is given in Chapter 4. In the present work, the ILGO-B decomposition 

technique is used. 
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Chapter 2 
 

Total Energy System Description 
 

 

A literature review was performed prior to selecting the most promising total 

energy system (TES) configuration for detailed modeling and performance evaluation. 

The results of this study are discussed in this chapter and include a thorough presentation 

of the PEMFC technology and the steam reforming process of the natural gas as well as a 

discussion of four different residential TES concepts. This chapter also gives an in-depth 

description of the sub-systems comprising the aforementioned configuration and points 

out important features of thermal integration and system efficiency. 

 

 

2.1 Hydrogen Production by Steam Reforming of Natural Gas 
 

Many hydrocarbons and alcohols can be considered as candidate fuels for 

stationary applications of fuel cells. The fuel considered in this research work is natural 

gas, which is a naturally occurring gas mixture, consisting mainly of methane. Table 2.1 

outlines the typical components of natural gas in the Union Gas system and the typical 

ranges for these values allowing for the different sources. Based on this table, the 

assumption of natural gas consisting of 100% methane was made for this study. 

Due to its low electrochemical reactivity, methane as indeed any other 

hydrocarbon is typically not to be used directly in the fuel cells, an exception, of course, 

being Direct Methanol Fuel Cells (DMFCs). A process such as steam reforming1 is 

                                                 
1 Steam reforming involves catalytic conversion of the hydrocarbon and steam to hydrogen and carbon 
oxides. The process works only with light hydrocarbons that can be vaporized completely without carbon 
formation (Kordesch and Simader, 1996).   
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required to convert this fuel to a hydrogen-rich gas appropriate for the operation of the 

fuel cell. A simplified flow diagram of such a process is shown in Figure 2.1. In order to 

protect the catalysts used in the reactors, the methane must be desulfurized before being 

fed to the steam methane reformer. 

 
Table 2.1 Chemical composition of natural gas (Union Gas, 2001). 

Component 
Typical Analysis 

(mole %) 

Typical Range 

(mole %) 

Methane 94.69 88.3 � 96 

Ethane 2.58 2.20 � 4.32 

Propane 0.20 0.16 � 0.98 

iso-Butane 0.03 0.01 � 0.12 

normal-Butane 0.03 0.01 � 0.18 

iso-Pentane 0.01 trace � 0.06 

normal-Pentane 0.01 trace � 0.03 

Hexanes plus 0.01 trace � 0.03 

Nitrogen 1.60 1.38 � 5.50 

Carbon dioxide 0.81 0.50 � 0.92 

Oxygen 0.02 0.01 � 0.05 

Hydrogen trace trace � 0.02 

 

 
 
Figure 2.1 Flow diagram of hydrogen production by catalytic steam reforming (Kordesch and 

Simader, 1996). 

 

A schematic diagram of a steam methane reformer (SMR) reactor, similar to that 

developed by United Technologies Corporation for fuel cell applications, is shown in 

Figure 2.2. The SMR consists of a pressure shell, a catalyst basket, and a combustion 

chamber with a burner. The pressure shell is equipped with a flanged cover to facilitate 
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the installation of the catalyst basket. The catalyst consists of two catalyst beds in series 

and a number of annuli for the process mixture flow. The catalyst beds have a 4-hole 

cylindrical shape (Figure 2.3) and normally contain nickel oxide dispersed on a calcium 

aluminate ceramic support promoted with alkali. Combustion takes place at the burner 

outside the reformer tubes. 

 

              
 
Figure 2.2 Schematic diagram of a steam methane reformer reactor (Kordesch and Simader, 

1996). 

 

 
 
Figure 2.3 Shape of the catalyst particles inside the tubes of the steam methane reformer reactor 

(Synetix Product Brochure, 2001). 
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The SMR reactor uses a combination of co-current and counter-current heat 

exchange between the process gas and the flue gas in order to maximize thermal 

efficiency and to optimize usage of construction materials. In particular, the process feed 

is passed downwards through the first catalyst bed receiving heat from the partly cooled 

combustion gas and the product gas, both in counter-current flow with the process feed. 

The process gas is then transferred from the first catalyst bed to the top of the second 

catalyst bed through a number of tubes or a channel, where it flows down through that 

bed receiving heat from the hot combustion gas in co-current flow with the process gas. 

The product gas from the second catalyst is finally passed through an annular space 

supplying part of its heat back to the process gas flowing in the first catalyst bed in 

counter-current flow. 

There are up to eleven possible reactions that can take place between the 

constituents of the process gas2 inside the reformer tubes (Xu and Froment, 1989). 

However, due to the presence of the catalysts listed in Table 2.2, two out of the eleven are 

favored and therefore chosen to describe the steam reforming of methane. They are as 

follow: 

• Demethanation reaction (endothermic): 

4 2 2 2983      ( 206 kJ/mol)CH H O CO H H+ + ∆ =�       (2.1) 

• Water gas shift (WGS) reaction (exothermic): 

2 2 2 298     ( 40.6 kJ/mol)CO H O CO H H+ + ∆ = −�       (2.2) 

 

Table 2.2 Characteristics of the commercially available catalysts used in the steam methane 

reformer reactor (Synetix Product Brochure, 2001). 

Catalyst 25 – 4M 57 – 4M 25 – 4 57 – 4 

Form 
Optimized        

4-hole shape 

Optimized        

4-hole shape 

Optimized        

4-hole shape 

Optimized        

4-hole shape 

Length                        (mm) 15 15 19.3 19.3 

Outer diameter           (mm) 11 11 14 14 

Hole inner diameter   (mm) 4x3 4x3 4x4 4x4 

Bulk density              (kg/lt) 1.0 0.9 0.9 0.85 

 
                                                 
2 From this point forward it will be referred to as reformate gas. 
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Both of the above reactions are reversible at reforming temperatures. It is evident 

that at higher temperatures, less methane and more carbon monoxide (CO) is present in 

the reformate gas, and that methane content increases with pressure and decreases with 

increasing steam to carbon ratio (He, 1997). 

In order to increase the amount of hydrogen produced at the SMR, the reformate 

gas undergoes the WGS reaction in two stages inside two adiabatic shift reactors. The 

first stage reactor is called the high temperature shift (HTS) reactor. Most HTS reactors 

operate with inlet temperatures ranging from 320-450°C and lower the CO level from 10-

15 dry mol% to 1-2 dry mol%. The HTS stage is carried out over a catalytic fixed bed of 

chromium-promoted iron oxide, commercialized as hematite (α-Fe2O3). This compound 

is reduced in-situ to produce magnetite (Fe3O4), which is found to be the active phase. 

This reaction is highly exothermic and should be controlled to avoid the production of 

metallic iron, which may catalyze undesirable reactions such as hydrocarbon generation. 

In industrial processes, large amounts of steam are usually used to reduce the risk of 

metallic iron formation (Quadro et al., 1999). Table 2.3 lists some size characteristics for 

various HTS catalysts. 

 
Table 2.3 Characteristics of the commercially available catalysts used in the high temperature 

shift reactor (Synetix Product Brochure, 2001). 

Catalyst KATALCO 71-5M KATALCO 71-5 KATALCO 71-5G 

Form Pellets Pellets Domed pellets 

Diameter               (mm) 5.4 8.5 14.2 

Height                   (mm) 3.6 4.9 6.0 

Bulk density        (kg/lt) 1.25 1.23 1.22 

 

The second stage reactor is called the low temperature shift (LTS) reactor. This 

reactor operates with inlet temperatures ranging from 190-210°C and further lowers the 

CO level to 0.1-0.2 dry mol% by using a copper-zinc oxide catalyst supported on alumina 

(Arthur D. Little, 1994). The characteristics of different LTS catalysts are outlined in 

Table 2.4. The copper based LTS catalyst has operational limits. Firstly, the inlet gas 

temperature must be above its dew point by a reasonable margin as water condensation 

damages the catalyst. This limits the minimum inlet temperature to around 190°C. 
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Secondly, the LTS catalyst is affected by traces of poisons such as sulfur and chloride 

which pass through the upstream SMR and HTS sections at sub-ppm levels (Synetix 

Product Brochure, 2001). Different series of commercially available catalysts for both 

HTS and LTS reactors are shown in Figures 2.4 and 2.5. 

 
Table 2.4 Characteristics of the commercially available catalysts used in the low temperature 

shift reactor (Synetix Product Brochure, 2001).  

Catalyst 
KATALCO 

83-3 

KATALCO 

83-3M 

KATALCO 

83-3X 

KATALCO 

83-3XM 

Form 
Cylindrical 

pellets 

Cylindrical 

pellets 

Cylindrical 

pellets 

Cylindrical 

pellets 

Length                  (mm) 3.0 3.2 3.0 3.2 

Diameter              (mm) 5.2 3.1 5.2 3.1 

Bulk Density       (kg/lt) 1.35 ÷ 1.40 1.35 ÷ 1.40 1.51 ÷ 1.56 1.51 ÷ 1.56 

 

 

 
 
Figure 2.4 Shape of the catalyst particles filling the high temperature shift reactor�s catalyst bed 

(Synetix Product Brochure, 2001). 

 

 
 
Figure 2.5 Shape of the catalyst particles filling the low temperature shift reactor�s catalyst bed 

(Synetix Product Brochure, 2001). 
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Since even 0.1% CO (1000 ppm) is enough to thoroughly poison the fuel cell 

anode, the reformate gas from the LTS reactor is sent to a preferential oxidation (PROX) 

reactor. Here, the CO is selectively oxidized with injected air on a noble-metal catalyst to 

CO2. Depending on the selectivity of the catalyst, hydrogen is also oxidized. The Fuel 

Cell Engineering Team at Los Alamos National Laboratory fabricated the PROX reactor 

shown in Figure 2.6. It is a four-stage device with an inlet gas conditioning stage and 

three active catalyst stages. Each of the four stages has its own air injection manifolds 

and cooling water loops necessary for heat removal from the reactor. The flanged design 

allows the catalysts and their configurations to be changed and the internal geometry to 

be reconfigured (Inbody et al., 1998). 

 
First

Catalyst
Stage

Second
Catalyst

Stage

Third
Catalyst

Stage

Reformate
Gas Inlet

Inlet Gas
Conditioning

Stage

Clean
Reformate
Gas Outlet

 
 
Figure 2.6 The 50 kWe modular PROX test reactor assembled by the Fuel Cell Engineering Team 

at the Los Alamos test facility (Inbody et al., 1998). 

 

There are several other technologies that could be used in lieu of the PROX 

reactor for further removal of carbon monoxide from the reformate gas, either with or 

without chemical reaction. Some of these alternative technologies are presented below:  

• Methanation: Carbon monoxide can be removed through catalytic reaction with 

hydrogen to methane. The reaction takes place at approximately 200-250°C. At 

higher temperatures the reaction of carbon dioxide with hydrogen to methane, 
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which is a strongly exothermic, becomes important. Therefore, an efficient 

temperature control of the methanation reactor is necessary (Synetix Product 

Brochure, 2001) 

• Gas-separation through membranes: Polymer and Pd-Ag membranes are relevant 

for this application. A big advantage of membranes is that in addition to carbon 

monoxide other reformate gas components such as steam and carbon dioxide may 

also be separated from the hydrogen. Maximum operating temperatures are about 

120°C for polymer membranes and approximately 600°C for the Pd-Ag 

membranes. Both membrane types still suffer from low mechanical stability and 

relative low flow rates (Tosti et al., 2000) 

• Gas separation through pressure swing adsorption (PSA): The PSA process is based 

on the selective adsorption of gaseous compounds on a fixed bed of solid adsorbent 

using a series of identical adsorption beds, each of which undergoes a repetitive 

cycle of adsorption and regeneration. Feed flow is sequentially directed to each bed, 

maintaining a continuous flow of purified product. As the feed gas passes through a 

clean bed, the impurities are adsorbed and purified hydrogen exits the bed. The 

contaminated beds are regenerated and re-pressurized with a portion of the product 

hydrogen in preparation for accepting fresh feed. Average operating conditions are 

20-60°C and 3-10 bar, where very high purities can be achieved (Air Products and 

Chemicals, Inc., 2001). 

 

 

2.2 Polymer Electrolyte Membrane Fuel Cell Stacks 
 

The operating principle of a polymer electrolyte membrane (PEM) fuel cell can be 

summarized as follows. Hydrogen flows over the anode and splits into positively charged 

hydrogen ions (H+) and electrons (e-). The electrons flow through the anode to the 

external circuit, performing useful work (i.e. DC electricity generation) while the H+ ions 

pass through the anode and into the polymer electrolyte, moving towards the cathode, 

which is supplied with oxygen. The electrons eventually return to the cathode and 

together with the H+ ions and the oxygen react to produce water and heat. 
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The combination of the anode, the polymer electrolyte membrane, and the 

cathode is referred to as the membrane electrode assembly (MEA) and is shown in Figure 

2.7. The most prevalent material for the polymer electrolyte membrane is Nafion� 

(produced by DuPont). It is both an excellent ionic conductor and an electronic insulator. 

 

 
 

Figure 2.7 Overview of a membrane electrode assembly (Thomas and Zalbowitz, 2000).  

 

The primary function of the membrane is to keep the hydrogen fuel separate from 

the oxidant air and to ensure the transport of the H+ ions from the anode to the cathode. 

The two electrodes (i.e. anode and cathode) consist of a conducting catalyst support 

material (a porous carbon cloth with a hydrophobic coating), which is mixed or 

impregnated with a platinum or platinum alloy catalyst and applied to the opposite sides 

of the membrane. The functional advantages of such a structure include (Kordesch and 

Simader, 1996):  

• Short diffusion paths of the air and fuel gas to the electrochemical reaction sites 

• Intimate contact of the electrodes with the polymer electrolyte 

• Low ionic resistance of the membrane.  

Two graphite bipolar plates are pressed against each MEA, forming a cell. These 

bipolar plates facilitate the gas supply to the electrodes and electrically connect the single 

cells. A technically desirable output voltage can be achieved by assembling single cells in 

series. Usually single MEAs and bipolar plates are piled up one on the other in the form 
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of sandwiches and fixed between two end plates. Such piles make up a fuel cell stack as 

shown in Figure 2.8. In order to extract the reaction heat a certain number of cooling 

plates are usually inserted into the stack. Some stack designs accomplish cooling within 

each bipolar plate and do not require separate cooling plates (Kordesch and Simader, 

1996). The gas supply as well as the supply and removal of the cooling liquid is 

accomplished either through the end plates (serial, parallel or cascaded media circulation) 

or directly at the side of each single cell (parallel media circulation). 

 

 
 

Figure 2.8 A three-cell fuel cell stack with two bipolar plates and two end plates (3M, 2001). 

 

Maintaining a high water content in the membrane is one of the critical issues in 

the performance of PEM fuel cells. Dehydration of the membrane reduces proton 

conductivity while an excess of water can lead to flooding of the electrodes. Such 

conditions result in degradation of cell performance. Both the anode and cathode streams 

must be humidified to prevent the membrane from drying out which could result, in 

addition to the reason mentioned above, in the crossover of hydrogen and/or oxygen and 

irreversible stack damage due to the heat generated. The water produced on the cathode 

side is another means of keeping the membrane hydrated. However, any excess liquid 

water must be removed from the cathode with the oxidant gas stream as it exits the fuel 

cell stack in order to prevent flooding. 

The performance of a MEA is characterized by what is called a polarization 

curve. An example of a polarization curve is given in Figure 2.9. The polarization curve 
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shows the typical shape of the relationship between cell potential and current density for 

a given temperature, pressure, and composition of the reactant streams. 

 

 
 

Figure 2.9 Example of a fuel cell polarization curve (Fuel Cell Handbook, 2000).  

 

In general, it is desirable to move the curve vertically (i.e. to higher cell voltage) 

over the entire area of the curve since operating a PEMFC at higher voltage leads to 

higher efficiencies for the cell. However, it also requires a larger cell because the power 

density is lower. This increases the capital cost of the cell but results in a lower operating 

cost. Operating a PEMFC at lower voltage generally leads to lower efficiency, but 

requires a smaller cell due to the higher power density, resulting in lower capital costs but 

higher operating costs. The vertical position of the curve is strongly influenced by a 

number of material and operating factors including platinum loading, temperature, gas 

composition and gas utilization all of which influence the cost of the PEMFC. The goal in 

designing a MEA is to maximize the vertical position of the polarization curve while 

minimizing the capital and operating costs (Hampden-Smith et al., 2000). 

 

 

2.3 Fuel Cell Based Configurations 
 

The total energy system, as used in the context of this research, is defined as a 

grid-independent, energy generation system able to meet the electrical load demands of a 
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residential set of buildings and at the same time satisfy (in part or in total) the complex�s 

space heating (or cooling) and hot water requirements by using the thermal energy 

available from the electric power generation process. The TES may consist of several 

different sub-systems, such as a fuel cell sub-system, a vapor compression and/or 

absorption heat pump sub-system, a thermal storage sub-system, and an electric storage 

sub-system, whose appropriate parallel operation is of great importance to the 

functionality of the TES. 

Total energy systems based either on renewable energy sources (e.g., geothermal, 

wind, and solar energy) or on fossil fuels (e.g., diesel generators and fuel cells) are only a 

few of the possibilities for small-scale residential applications. This literature review is 

focused on fuel cell based total energy systems since they appear to be a very good 

alternative to conventional residential energy systems due to their high efficiency, 

excellent part load performance, and small-scale applicability. The results of this 

literature survey are discussed in the following paragraphs. 

Four different residential TES concepts developed by Gunes and Ellis (2001) are 

illustrated in Figures 2.10 through 2.13. The first TES option (Figure 2.10) consists of a 

fuel cell sub-system (FCS) and a vapor compression heat pump sub-system. The FCS 

provides the electricity needed to power the lights and appliances of the residence as well 

as the compressor of the heat pump sub-system by consuming a certain amount of fuel. 

The electric power produced by the FCS is accompanied by rejection of thermal energy 

that is used to fully meet the domestic water heating demand as well as part of the space 

heating load. The vapor compression heat pump sub-system supplies the portion of the 

space heating requirement that cannot be provided by the FCS. Finally, the space cooling 

is satisfied electrically by the vapor compression heat pump. 

The second TES option shown in Figure 2.11 includes an absorption cooling sub-

system in addition to the vapor compression heat pump. Absorption cooling systems 

based on the lithium bromide/water cycle are suitable for residential applications and can 

be operated with thermal energy at temperatures as low as 80°C. Therefore, in this TES 

configuration, the total thermal energy available from the FCS during the cooling hours is 

primarily used to completely satisfy the domestic water heating demand while the 

remaining is supplied to the absorption cooling sub-system. The space cooling 
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requirement is then met by the combined effort of the vapor compression heat pump and 

the absorption cooling unit. During the heating hours, the FCS thermal energy is used as 

described in the first TES concept. As to the electric power produced by the FCS, it is 

used to meet the same kind of loads as those mentioned in the first TES configuration 

during both heating and cooling hours. 
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Figure 2.10 Total energy system concept with fuel cell and vapor compression heat pump. The 

heat recovered from the fuel cell sub-system is used for water heating and space heating (Gunes 

and Ellis, 2001). 
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Figure 2.11 Total energy system concept with fuel cell, vapor compression heat pump, and 

absorption cooling unit. The heat recovered from the fuel cell sub-system is used for water 

heating, space heating, and absorption cooling (Gunes and Ellis, 2001). 
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The third TES option considered is shown in Figure 2.12. It consists of a 

combined absorption/vapor compression heat pump sub-system. Both the space heating 

and cooling loads are exclusively supplied by the two heat pumps by using electricity and 

thermal energy available from the FCS. The electrical and hot water residential load 

requirements are met in exactly the same way as explained in the previous two concepts. 

Parallel operation of the vapor compression heat pump and the thermally driven 

absorber/generator can provide flexibility to coordinate energy demands with the 

electrical and thermal outputs of the FCS. The challenges in this design are the sizing of 

the space conditioning equipment, the selection of an absorber/generator cycle, and the 

control mechanism related to the parallel operation of the space conditioning equipment 

(Gunes and Ellis, 2001). 
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Figure 2.12 Total energy system concept with fuel cell and combined absorption/vapor 

compression heat pump. The heat recovered from the fuel cell sub-system is used for the 

operation of the absorber/generator cycle and for water heating (Gunes and Ellis, 2001). 

 

The fourth TES option depicted in Figure 2.13 is slightly different from the 

simplest conceptual design, i.e. the first TES option, shown in Figure 2.10. In this 

concept, a thermal storage tank is added to the system for better use of the available 

thermal energy. In particular, the thermal energy obtained from the FCS is transferred to 

the thermal storage tank, which in turn will supply the space and domestic water heating 

loads. The excess of thermal energy during periods of low thermal energy demand is 
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stored in the tank and is supplied to the residences during periods of high demand. 

However, the total thermal energy available from the storage tank may not be always 

sufficient for the residential space heating and hot water load demands. The space heating 

requirement will, therefore, be met by a combination of the electric heat pump and the 

thermal energy available from the tank while the domestic water heating that cannot be 

met thermally, will be satisfied electrically. The space cooling load is met entirely by the 

electric heat pump whereas the lights and appliances of the residence are powered by the 

FCS electric output. 

 

 
 
Figure 2.13 Total energy system concept with fuel cell, vapor compression heat pump, and 

thermal storage tank. The tank is added for better use of the heat recovered from the fuel cell sub-

system (Gunes and Ellis, 2001). 

 

As mentioned at the beginning of this section, the fuel cell based TES can be 

broken down into several sub-systems one of which is the FCS. There are a wide variety 

of FCS configurations in the literature. The present research work is focused on fuel cell 

sub-systems where the PEMFC technology described earlier in this chapter is coupled to 

the steam reforming of natural gas. 

A conceptual depiction of such a FCS configuration is shown in Figure 2.14. 

Based on this conceptual depiction, two of the numerous FCS configurations found in the 

literature are summarized below. 
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Figure 2.14 Conceptual illustration of a fuel cell sub-system configuration (Wilson et al., 1999). 

 

The configuration illustrated in Figure 2.15 is found in Kordesch and Simader 

(1996), and it gives an example of a PEMFC sub-system for cogeneration purposes. The 

heat needed to drive the endothermic reforming reaction is provided via the external 

combustion of fuel. The combustion gases leaving the reformer contain appreciable heat 

energy and are, therefore, used to provide the required steam for the reforming process 

and to preheat the fuel feed used in the reforming line as well as the reformate gas 

entering the reformer reactor. 

A significant characteristic of this configuration is that the waste heat available 

from the exothermic WGS reactions inside the HTS and LTS, in addition to that from the 

cooling of the selective oxidation unit and the hot reformate gas in the heat exchangers 

following both shift reactors, is not used for energy recovery purposes within the 

configuration. On the contrary, the possibility of coupling the PEMFC sub-system with 

other sub-systems, such as an absorption heat pump, using these medium-grade and low-

grade heat sources is suggested. Furthermore, the waste heat available from the 

conditioning of the anode gas and the cooling of the fuel cell stack is used for domestic 

water heating purposes. 

Finally, the option of purifying the excess of hydrogen-rich gas (produced during 

off-peak hours) using a perm-selective hydrogen separation process and storing the 

purified hydrogen in a tank is presented. The advantage associated with this option is that 

stored hydrogen can be supplied directly to the fuel cell anode and thus improve the 

transient response of the PEMFC sub-system during cold start-up and to changes in load. 

 



 25

 
 
Figure 2.15 Example of a PEM fuel cell sub-system for cogeneration purposes (Kordesch and 

Simader, 1996). 

 

The PEMFC sub-system configuration developed by Arthur D. Little (1994) is 

shown in Figure 2.16. Although based on the same conceptual depiction (see Figure 2.14) 

as the configuration presented by Kordesch and Simader (1996), certain differences 

concerning the thermal management within the sub-system are observed. For example, 

the heat required for the endothermic reforming reaction is provided by a burner. The 

combustion mixture supplied to the burner consists of compressed air and the hydrogen 

depleted anode exhaust both preheated by making use of heat recovered in the 

exothermic WGS reaction inside the HTS. It should be noted that no heat recovery is 

done in the LTS reactor of this configuration. Supplemental fuel is used in the burner 
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when the residual hydrogen in the stack tail gas is not sufficient. Contrary to the 

configuration described in the previous paragraph, the combustion gases exiting the 

reformer reactor are only used to preheat and vaporize the mixture of fuel and water 

before they are expanded and exhausted to the environment. However, the resulting 

steam-methane mixture is still preheated prior to entering the reformer reactor by 

recovering heat from the reformate gas leaving the same reactor. In this PEMFC sub-

system configuration, no information is given as to the use of the available waste heat 

sources for cogeneration purposes. 

 

 
 

Figure 2.16 The PEM fuel cell sub-system configuration presented by Arthur D. Little (1994). 

 

 

2.4 Proposed Fuel Cell Based Total Energy System 
 

The total energy system described in this research work is synthesized/designed to 

satisfy both the electrical and thermal load requirements of a residential complex 
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consisting of fifty residences. Its proposed configuration is based on a combination of 

features included in the two PEMFC sub-system designs discussed in the preceding 

section. Thus, the TES has been divided into the following five sub-systems: 

• Fuel processing sub-system (FPS) 

• Stack sub-system (SS) 

• Thermal management sub-system (TMS) 

• Electric heat pump sub-system (EHPS) 

• Load management sub-system (LMS) 

The configuration of each of the sub-systems mentioned above along with 

important aspects of thermal integration and system efficiency is discussed in detail in the 

following sub-sections. However, the present work is focused on the modeling, 

simulation, and optimization of the FPS, the SS, and the EHPS. The conceptual depiction 

of this simplified breakdown of the TES with the material and energy streams entering 

and exiting the three sub-systems as well as the TES interactions with the environment is 

shown in Figure 2.17. The corresponding system flow diagram is shown in Figure 2.18. 
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Figure 2.17 Material and energy streams crossing sub-system and system boundaries. 
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Figure 2.18 System flow diagram of the proposed fuel cell based total energy system. The thermal management sub-system is not shown here. 
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2.4.1 Fuel Processing Sub-system Description 
 

The main objective of the fuel processing sub-system (FPS) is to convert the 

natural gas, obtained from a natural gas pipeline, to the hydrogen-rich reformate gas that 

will provide the hydrogen fuel required for the operation of the PEMFC stack. The FPS 

configuration (see Figure 2.18) developed for the processing of this hydrocarbon 

feedstock is described in detail below. 

The necessary amount of fuel feed, consisting primarily of methane as shown in 

Table 2.1, is first compressed and then a part of it is supplied to the reforming line while 

the remaining fuel is intended for combustion. The methane flowing down the reforming 

line is mixed with steam produced in a steam generator. This steam-methane mixture is 

preheated before entering the SMR reactor by passing through a compact plate-fin type 

heat exchanger. This preheating is a very good example of the thermal integration applied 

to the FPS configuration since the considerable thermal energy contained in the reformate 

gas exiting the SMR reactor is used to preheat the steam-methane mixture. 

The reforming of the above mentioned mixture into hydrogen and carbon 

monoxide is carried out inside the SMR reactor. The heat needed to drive the 

endothermic reforming reaction is provided by the combustion gases leaving the burner. 

In order to reduce the substantial amounts of carbon monoxide produced in this stage, the 

SMR outlet reformate stream is processed with excess steam in the two shift reactors, 

namely the HTS and the LTS, located downstream of the SMR reactor. However, the 

carbon monoxide content of the reformate gas stream is still far above the approximately 

10 ppm tolerance limit of a typical anode catalyst. For that reason, the reformate gas 

stream is treated in the PROX reactor, where a selective catalytic oxidation of the trace 

amount of carbon monoxide to carbon dioxide is performed by using air. The details 

concerning the geometry of the four FPS reactors (i.e. SMR, HTS, LTS, and PROX) as 

well as the chemical reactions taking place inside them and the appropriate catalysts used 

are given in Section 2.1. Before being delivered to the fuel cell stack, the hydrogen-rich 

reformate gas is brought to the desired anode inlet conditions. 

The combustion mixture supplied to the burner consists of bleed air taken from 

the SS, the hydrogen-depleted anode exhaust gas, and the compressed methane that 
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bypasses the reforming line. Burning the residual hydrogen in the stack tail gas translates 

to decreased consumption of additional methane in the burner and, therefore, to increased 

efficiency of the configuration. Two plate-fin heat exchangers positioned upstream and 

downstream of the LTS help preheat the combustion mixture by recovering the heat 

generated in the shift reactors. This feature improves thermal management within the 

configuration and contributes to further increasing its efficiency. After providing the 

required thermal energy for the endothermic reforming reaction, the combustion gases are 

passed through the steam generator, where they supply the necessary heat for producing 

the steam consumed in the reforming process. Finally, prior to being expanded and 

exhausted to the atmosphere, the combustion gases are used to heat up the air stream that 

enters the fuel cell cathode. 

 

 

2.4.2 Stack Sub-system Description 
 

The major component of the stack sub-system (SS) is the PEMFC stack. The 

details of its geometry along with its operating principle and performance issues are 

described in Section 2.2. The gross power produced by the fuel cell stack must satisfy 

both the electrical load demand of the residential complex and the parasitic power 

requirements, i.e. the electrical energy needed to run the sub-systems of the TES 

configuration. Moreover, the SS includes the air management equipment (i.e. 

compressor, expander, and electric drive motor for the compressor) of the pressurized 

PEMFC sub-system3. The high operating pressure in the stack is beneficial in 

maintaining a sufficiently high humidity without overly reducing the hydrogen and 

oxygen partial pressure and, therefore, reducing the fuel cell efficiency. Currently, 

operation of the fuel cell stack at elevated pressure (approximately 3 atm) is favored by 

most developers of fuel cell systems (Arthur D. Little, 1994). 

The hydrogen-rich gas exiting the FPS is introduced into the anode of the fuel cell 

as shown in Figure 2.18. It is essential that the above-mentioned stream enter the anode at 

the same pressure as the air stream entering the cathode. Pressure differences between the 

                                                 
3 The PEMFC sub-system considered in this thesis work consists of the SS, the FPS, and the TMS. 
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two electrodes result in normal forces applied to the membrane that can cause its 

structural failure. The air is supplied to the fuel cell cathode after being brought to the 

desired cathode inlet conditions. In particular, the compressed air stream is first passed 

through a plate-fin heat exchanger, where it receives heat from the combustion gases 

exiting the FPS and then through a humidifier, where it is humidified with de-ionized 

water. After exiting the fuel cell stack, the residual air still has sufficient mechanical 

energy as well as thermal energy (i.e. the heat from the losses associated with the 

reactions inside the stack) that can be recovered in the expander. The recovered power 

from the expander is used directly to supplement the air compressor power requirement 

through a common shaft, saving additional energy in the steam reforming process. 

Finally, a water separator positioned downstream of the expander recovers any liquid 

water in the air stream. 

 

 

2.4.3 Thermal Management Sub-system Description 
 

In the PEMFC sub-system, the temperatures of a number of critical components 

(particularly the PEMFC stack and the different reactors of the FPS) have to be carefully 

controlled, and the flow and utilization of heat from several sources within the 

configuration has to be managed efficiently to achieve high overall efficiency. 

Therefore, the thermal management sub-system (TMS) plays a significant role in 

the operation of the PEMFC sub-system. Its major functions include maintaining a 

constant stack operating temperature, bringing the hydrogen-rich reformate gas to the 

desired anode inlet conditions before it exits the FPS, and cooling down the PROX 

reactor. A number of high performance heat exchangers are used within the configuration 

in order to meet these objectives. The isothermal operation of the PEMFC stack is 

ensured by using de-ionized water as the coolant to transfer the heat released in the stack 

to a radiator. Since the PEMFC typically operates at a relatively low temperature (65°C 

to 90°C), this low-grade waste heat is of limited use in the FPS. However, it can be used, 

in conjunction with the thermal energy available from the conditioning of the reformate 

gas and the cooling of the PROX reactor, to meet the space heating and/or the hot water 
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loads of the residences. Thus, the TMS performs the very important task of cogeneration 

in addition to the ones mentioned at the beginning of the paragraph. 

 

 

2.4.4 Electric Heat Pump Sub-system Description 
 

The electric heat pump sub-system (EHPS) is responsible for meeting the space 

cooling loads and providing part of the space heating load requirement when the heat 

available from the other two sub-systems (i.e. the FPS and the SS) is not sufficient. It 

consists of a heat pump that works on the principle of the vapor compression cycle. 

The main components in such a heat pump sub-system are the compressor, the 

expansion valve and two heat exchangers referred to as evaporator and condenser. The 

components are connected to form a closed circuit as shown in Figure 2.18. A liquid 

working fluid (refrigerant) circulates through the four components. In the evaporator, the 

temperature of the liquid working fluid is kept lower than the temperature of the heat 

source, causing heat to flow from the heat source to the liquid; and the working fluid 

evaporates. Vapor from the evaporator is compressed to a higher pressure and 

temperature. The hot vapor then enters the condenser, where it condenses and releases 

useful energy. Finally, the high-pressure working fluid is expanded to the evaporator 

pressure and temperature in the expansion valve. The working fluid is returned to its 

original state and once again enters the evaporator. 

The power required to operate the EHPS in either the heating or cooling mode is 

supplied by the SS. The EHPS components that need to be powered throughout the 

operation of the heat pump cycle are the condenser and evaporator fans as well as the 

compressor, all driven by electric motors. During heating hours though, additional 

electrical energy is required to periodically activate the defrost cycle when the outdoor 

dry bulb temperature is below 40°F. In addition, the lower the outdoor dry bulb 

temperature, the lower the heating capacity of the heat pump. In fact, the compressor is 

not operated for temperatures less than 10°F because the efficiency and the capacity of 

the heat pump cycle turn out to be very low at such low ambient temperatures. 

Supplemental resistive heating coils placed next to the condenser are, thus, used 



 33

whenever the capacity of the heat pump and the remaining available heat4 from the FPS 

and the SS is insufficient for meeting the total space heating demand. 

 

 

2.4.5 Load Management Sub-system Description 
 

The load management sub-system (LMS) is comprised mainly of the power 

electronics necessary for converting the fuel cell stack output into useful electrical energy 

for the residential complex. These power electronics, in particular, consist of a DC/DC 

boost converter followed by a DC/AC inverter. The former transforms the fuel cell low 

voltage, high current power to a high voltage, low current output, while the latter 

converts this output to the appropriate AC voltage required for powering the lights and 

appliances of the residences. The LMS, furthermore, includes a substantial number of 

sensors, valves, and microprocessors for the numerous control functions, a computer 

based master control, and the mechanical and electronic hardware required for connecting 

all of these components with the appropriate sub-systems. Controls are critically 

important ingredients of each of the TES sub-systems as well as of the integrated system. 

Parameters which need to be controlled include various mass flow rates, temperatures, 

pressures, and turbine shaft speeds. These control functions need to be provided not only 

over a wide range of system power levels but also for different system conditions, i.e. 

cold start-up, rapid load transients, and system shut-down. 

                                                 
4 The hot water load demand has already been satisfied. 
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Chapter 3 
 

The TES Thermoeconomic Model 
 

 

This chapter deals with the mathematical modeling of the proposed TES and the 

residential energy requirements that it must satisfy. The present research work is focused 

on the detailed modeling of three out of five sub-systems presented in the previous 

chapter, namely, the FPS, the SS, and the EHPS. The thermodynamic, kinetic, geometric 

and cost models of their components along with the assumptions associated with them are 

described in detail in the following sections. 

 

 

3.1 Residential Load Requirements 
 

In order to synthesize and design the proposed TES, the energy requirements for a 

representative residential building5 must be established. The types of residential loads 

considered are the following: 

• Electrical load. 

• Space heating load. 

• Space cooling load. 

• Hot water load. 

The electrical load, in particular, includes the electricity needed to power the 

lights and appliances of the residence as well as the fans of the HVAC equipment. The 

profiles of those four different loads depend greatly on the geographical location of the 

                                                 
5 Based on the work by Gunes and Ellis (2001), a representative residential building is a 195 m2 typical 
single-family residence for the United States. Residential energy surveys indicate that a typical family 
includes four members, i.e. two adults and two children. 
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residence and the corresponding weather conditions. The residential energy demands as 

well as the environmental conditions given in Tables 3.1 and 3.2 are representative of 

northeastern U.S. locations and are based on an analysis of detailed load profile data 

obtained from Gunes and Ellis (2001). It should be pointed out that, for purposes of this 

thesis work, the entire load/environmental profile has been simplified into four time 

segments, i.e. winter, spring, summer and autumn. 

 
Table 3.1 Environmental conditions and maximum residential load requirements over the entire 

load/environmental profile for northeastern locations (Gunes and Ellis, 2001). 

Time Segment 

Winter Spring Summer Autumn Residential Load Type 
o

ambT 4 C= −  o

ambT 8 C=  o

ambT 20 C=  o

ambT 11 C=  

Electrical load              (kWe) 1.758 1.758 1.746 1.758 

Space heating load      (kWth) 11.105 8.090 2.619 5.977 

Space cooling load      (kWth) 0.000 3.316 5.961 4.862 

Hot water load             (kWth) 1.315 1.312 1.076 1.104 

 

The residential electrical, heating, and cooling demands appearing in Table 3.1 

are the highest ones for each of the time segments considered. It is evident that the most 

stringent or demanding time segment cannot be selected based on the maximum electrical 

loads. The winter time segment though, appears to be the one with the most stringent 

space heating and hot water loads. Synthesizing and designing the proposed TES with 

respect to the winter load conditions guarantees that all electrical, hot water, space 

heating and cooling loads over the entire load/environmental profile will be satisfied. 

Therefore, from now on, the winter time segment will be referred to as the 

synthesis/design point. However, for reasons explained in subsequent chapters, it is 

necessary that the remaining time segments be taken into account in the identification of 

the final synthesis/design of the total energy system.  

The residential load requirements considered in this research work are presented 

in Table 3.2. The synthesis/design time segment is characterized by the winter load 

conditions shown in Table 3.1 with the only exception the space heating load. Analysis of 

the detailed load profile data found in Gunes and Ellis (2001) showed that the maximum 
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space heating load appears no more than 20 out of the 2160 hours comprising the winter 

time segment (i.e. less than 1% of the segment�s duration). Therefore, the next more 

frequently observed load, with a value as close to the maximum as possible, is chosen as 

the space heating load for the synthesis/design point. 

 
Table 3.2 Residential load requirements for the synthesis/design and off-design time segments.  

Time Segment 
Residential Load Type 

Winter Spring Summer Autumn 

Electrical load              (kWe) 1.758 0.959 0.559 0.581 

Space heating load      (kWth) 8.880 5.344 0.000 3.878 

Space cooling load      (kWth) 0.000 0.000 3.769 0.000 

Hot water load             (kWth) 1.315 0.765 0.548 0.588 

 

The loads describing the three off-design conditions are based on the average (or 

fairly close to the average) values obtained from the study of the respective load profiles. 

Allowing for average rather than maximum load values to characterize the off-design 

time segments, gives the opportunity to better investigate the total energy system�s off-

design behavior. 

 

 

3.2 Thermodynamic, Kinetic, and Geometric FPS Models 
 

The mathematical model of the fuel processing sub-system (FPS) consists of a set 

of equations that describe mass and associated energy flows in each of the lines of the 

sub-system, based on the chemical reactions inside each reactor and on the laws of 

conservation of mass and energy for each component in the sub-system. In the case 

where the sub-system is in steady state, namely a state such that the value of no property 

changes with time, the conservation of molar mass and energy for each component can be 

written as follows:    

0mix mix
in out

n n− =� �� �                         (3.1) 

0q mix mix mix mix
q in out

Q W n h n h− + − =� � �� � � �           (3.2) 
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where the indices in  and out  refer to the inlet and outlet flow streams, respectively, and 

q  to the number of heat interactions qQ�  of the component with other components or sub-

systems. Moreover, W�  represents the work done by the component, mixn�  the inlet or 

outlet mixture molar flow rate, and mixh  the corresponding specific enthalpy. 

The mixture�s molar flow rate, mixn� , is defined as the sum of the molar flow rates 

of its constituents, while the corresponding specific enthalpy, mixh , is given by the 

following relation 

( ) ( )
7

1
,mix p p

p
h T y h T

=
=�y                   (3.3) 

which is valid for a Gibbs-Dalton (ideal gas) mixture. In the above equation, py  

represents the mole fraction of the pth constituent and ph  its corresponding partial 

enthalpy. Since there are chemical reaction mechanisms that are active within the system, 

the constituent�s partial enthalpy is expressed as 

( ) ( ) ( ) ( )' 'o
p f p p op

h T h h T h T= ∆ + −            (3.4) 

where ( )o
f p

h∆  is the enthalpy of formation of constituent p at standard temperature oT  

and pressure oP . The value of the enthalpy '
ph  of the pth constituent is determined by the 

approximate expression   

( ) 5 3 7' 4 2 44 2 4
5 3 7p p p p ph T a T b T c T d T= + + +           (3.5) 

which is based on regression of data from the JANAF Thermochemical Tables (1971). 

The values of the constants pa , pb , pc , and pd  in the above equation are tabulated in 

Gyftopoulos and Beretta (1991). 

Chemical equilibrium calculations are necessary in the modeling of the FPS 

reactors in order to determine the composition of their inlet and outlet streams. The 

equilibrium constant of the reaction, ( )K T , is defined as 

( ) ( )
exp

og T
K T

RT
� �∆

= −� �
� �

            (3.6) 
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where ( )og T∆  is the Gibbs free energy of reaction at temperature T  given by 

( ) ( ) ( )o o og T h T T s T∆ = ∆ − ∆                        (3.7) 

with the function ( )oh T∆  referring to the enthalpy of reaction at temperature T  and 

pressure oP , and ( )os T∆  to the entropy of reaction at the same conditions. The values of 

these functions can be determined by using the following two relations 

( ) ( ) ( )
7

' '

1
, ,o o

p p o p o o
p

h T h h T P h T Pν
=

� �∆ = ∆ + −� ��          (3.8) 

( ) ( ) ( )
7

1
, ,o o

p p o p o o
p

s T s s T P s T Pν
=

� �∆ = ∆ + −� ��          (3.9) 

where 

( ) 31 1
4 2 44, ln 4 2 ln

3p p p p ps T P a T b T c T d T R P= + + + −       (3.10) 

and pν  are the stoichiometric coefficient of the pth constituent in the reaction. The term 

oh∆ , appearing in equation (3.8), is called the enthalpy of reaction at standard conditions, 

i.e. 25oT = °C and 1oP =  atm, and is expressed as    

( )
7

1

o o
p f p

p
h hν

=
∆ = ∆�            (3.11)

while the term os∆ , appearing in equation (3.9), is called the entropy of reaction at 

standard conditions and is given by 

( )
7

1

o o
p f p

p
s sν

=
∆ = ∆�            (3.12) 

where ( )o
f p

s∆  is the entropy of formation of constituent p at standard temperature oT  and 

pressure oP . Finally, one more variable appearing in the chemical equilibrium 

calculations is the degree of reaction, ξ , which is defined as 

,mix in
ξ =

�

є             (3.13) 

where є  is the reaction coordinate and ,mix in�  is the molar flow rate of the mixture 

entering the reactor. 
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To perform the necessary heat transfer calculations of the FPS component models, 

thermophysical property data is required. This is included in the simulation code as fitted 

correlations of data obtained directly from the Engineering Equation Solver (EES) 

software (1995). In particular, the EES software contains subroutines for calculating the 

thermophysical properties of various substances assuming either ideal or real gas 

behavior. Therefore, appropriate correlations for the specific heat pc , thermal 

conductivity k , and dynamic viscosity µ  of the seven different mixture constituents (i.e. 

4CH , 2H O , CO , 2CO , 2H , 2O , and 2N ) are extracted from the software based on the 

temperature and pressure ranges of interest. The thermophysical properties of the ideal 

gas mixture are then determined by using the following relation: 

( ) ( )
7

1
,mix p p

p
Z T y Z T

=
=�y           (3.14)

for pZ c= , k , and µ . All thermophysical properties are evaluated at the arithmetic mean 

of the inlet and outlet mixture temperatures unless otherwise specified. As to the thermal 

analysis of the heat exchangers included in the FPS configuration, two different methods 

are applied, namely the log mean temperature difference (LMTD) method and the 

number of transfer units (NTU) method based on the concept of a heat exchanger 

effectiveness. The effectiveness, ε , of a heat exchanger is the ratio of the actual heat 

transfer rate to the thermodynamically limited maximum possible heat transfer rate if an 

infinite heat transfer surface area were available in a counter-flow heat exchanger. The 

actual heat transfer is obtained either by the energy given off by the hot fluid or the 

energy received by the cold fluid. Therefore, 

( ) ( ) ( ) ( ), , , ,
h h h c c c
mix mix h i mix h o mix mix c o mix c iactual

max max max

n h T h T n h T h TQ
Q Q Q

ε
� � � �− −� � � �= = =

� ��

� � �
    (3.15) 

The fluid that might undergo the maximum temperature difference is the fluid having the 

minimum heat capacity. Thus, in this thesis work, the maximum possible heat transfer is 

expressed as 

( ) ( ), ,
h h h

max mix mix h i mix c iQ n h T h T� �= −� �
� �  if ( ) ( )h c

p pmix mix
nC nC<� �      (3.16) 

or 
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( ) ( ), ,
c c c

max mix mix h i mix c iQ n h T h T� �= −� �
� �  if  ( ) ( )c h

p pmix mix
nC nC<� �      (3.17) 

What follows is a description of the models developed for the reactors, the steam 

generator, and the compact heat exchangers included in the FPS configuration. 

 

 

3.2.1 Modeling of the SMR Reactor 
 

A number of simplifying assumptions are introduced to facilitate the modeling of 

the SMR reactor described in Chapter 2. These are outlined below. 

• A single reactor tube is analyzed. Thus, all the tubes in the reactor behave 

independently of one another. 

• Reforming and combustion gases behave ideally in all sections of the reactor. 

• The gas flow pattern through the channels is assumed to be plug flow.  

• Both the demethanation and the water gas shift reactions are considered to be the 

equilibrium controlled. 

• The reaction kinetics are adequately described by a pseudo-first-order rate equation. 

• A uniform temperature exists throughout each catalyst particle, and it is the same as 

the gas temperature in that section of the catalytic bed. 

• No carbon deposition is allowed in the SMR reactor. 

• Bed pressure drops are neglected. 

The two reactions chosen to describe the steam reforming of methane are the ones 

presented in the previous chapter, i.e. the endothermic demethanation reaction and the 

exothermic water gas shift one. By combining these two partial chemical reaction 

mechanisms as shown below 

4 2 2              3CH H O CO H+ +�       (3.18) 

1 1 1 1
2 2 2 22 2 2    CO H O CO H+ +�       (3.19) 

 
the following overall reaction mechanism is found 

 
3 71 1

2 2 2 24 2 2 2       CH H O CO CO H+ + +�     (3.20) 
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The stoichiometric coefficients pν  and compositions of the inlet and outlet SMR reactor 

streams, ,
SMR
p iy  and ,

SMR
p oy , respectively, are listed in Table 3.3. 

 
Table 3.3 Compositions of the inlet and outlet SMR reactor streams. 

p  
pF  pν  

,

SMR

p iy  ,

SMR

p oy  

1  4CH  1−  
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1 H O
CH

ζ+
 

2
4

1

1

1 2

H O
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ξ
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−
+

+
 

2  2H O  
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2
4

2
4

1

H O
CH

H O
CH

ζ

ζ+
 

2
4

2
4
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1 2
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H O
CH

H O
CH

SMR

SMR

ζ
ξ

ζ

ξ

−
+

+
 

3  CO  
1

2
 ― 

1

2
1 2

SMR

SMR

ξ

ξ+
 

4  2CO  
1

2
 ― 

1

2
1 2

SMR

SMR

ξ

ξ+
 

5  
2H  

7

2
 ― 

7

2
1 2

SMR

SMR

ξ

ξ+
 

5

1p=

�  2  1  1  

 

It is evident that all five chemical equilibrium mole fractions, ,
SMR
p oy , are expressed 

in terms of the steam-to-methane ratio, 2
4

H O
CH

ζ , and the degree of reaction, SMRξ , only. 

Thus, given the temperature and the pressure of the mixture at chemical equilibrium in 

addition to its initial composition, the value of the degree of reaction, SMRξ , can be 

determined by substituting the expressions for the equilibrium mole fractions, ,
SMR
p oy , into 

the chemical equilibrium equation given by 
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( ) ( ) ( ) ( )
( ) ( )

711 2 22

2 2
3

2

4 2

2
, , ,

1

, ,

SMR
CO o CO o H o eqSMR

SMR eq
oCH o H O o

y y y P
K T

Py y

� �
= � �� �

� �
         (3.21) 

where SMR
eqP  is the equilibrium pressure of the SMR reactor�s mixture and ( )SMR

SMR eqK T  

the equilibrium constant of the overall reaction calculated as described at the beginning 

of Section 3.2. 

Once the chemical equilibrium composition and the corresponding flow rates of 

the mixture�s constituents have been determined, the geometric and kinetic models 

presented in Tables 3.4 and 3.5, respectively, are used in order to specify the geometric 

characteristics of the SMR reactor displayed in Figure 2.2. 

 

Table 3.4 Geometric model of the SMR reactor. 

Variable Description Model Equation 
SMR

tubesn  Number of tubes Assigned value 

SMR

id  Tube inner diameter Assigned value 

SMR

crA  Cross-sectional area (single tube) ( )2

4

SMR

iSMR

cr

d
A

π
=  

wt  Tube wall thickness 

SMR

od  Tube outer diameter 
2SMR SMR

o i wd d t= +  

SMR
TP  Pitch 1.2SMR SMR

T oP d=  

SMR

sD  Shell diameter ( )2
0.661SMR SMR SMR

s tubes TD n Pπ=  

 

Among the different rate equations found in the literature for the demethanation 

reaction, the one developed by Bodrov et al. (1964, 1967) was selected to represent the 

demethanation reaction rate in the kinetic modeling of the SMR reactor. The values of the 

frequency factor SMR
ok  and the activation energy SMREA , appearing in the reaction rate 

expression, were determined experimentally by Bodrov et al. (1964, 1967) and are given 

in Table 3.6 together with the values of the remaining kinetic model parameters 

considered fixed. The methane partial pressure is written in terms of the total pressure, 
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the steam-to-methane ratio, and the actual (kinetic) methane conversion. Finally, the 

SMR reactor length is determined by using the plug flow design equation shown in Table 

3.5 and the chemical equilibrium composition of the reformate gas mixture listed in Table 

3.3. Achieving equilibrium at the exit of the SMR reactor is desired since it translates to 

maximum conversion of the methane to hydrogen. 

 

Table 3.5 Kinetic model of the SMR reactor. 

Variable Description Model Equation 

2
4

H O
CH

ζ  Steam-to-methane ratio Assigned value 

4 ,CH in�  Inlet methane molar flow rate  

4 ,CH on�  Outlet methane molar flow rate  

4CHX  Actual (kinetic) methane conversion 

4 4

4

4

, ,

,

CH i CH o

CH

CH i

n n
X

n

−
=

� �

�

 

4 ,CH eqX  Equilibrium methane conversion ( )24
4

2
4

,

1
1 1

1
H O

CH
H O

CH

CH eq SMRX ξ ζ
ζ

= − − +
+

� �
� �
� �
� �

 

4CHP  Methane partial pressure 

SMRP  Reformate gas mixture pressure 

4

4 4

24
4

1

1 2 H O
CH

CH

CH CH SMR SMR

CH

X
P y P P

X ζ

−
= =

+ +
 

SMR

avgT  Average reformate gas temperature 

4CHr  Demethanation reaction rate 
4 4

expSMR SMR
CH o CHSMR

avg

EA
r k P

RT
− = −

� �
� �
� �

 

SMRL  SMR reactor length 
( ) ( )

,4

4 4

4

,

0

CH eq

CH i CH

SMR

tubes cr B CHSMR

Xn dX
L

n A rρ
=

−�
�

 

 
Table 3.6 Fixed parameters in the kinetic modeling of the SMR reactor. 

Fixed Parameter Description Value 

SMREA  Arrhenius activation energy (kJ/kmol) 41900 

SMR

ok  Arrhenius frequency factor (kmol/kg h) 0.0987 

SMR
Bρ  Catalyst bulk density (kg/m3) 1200 

ambP  Ambient pressure (Pa) 101325 

R  Ideal gas constant (kJ/kmol K) 8.3145 
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3.2.2 Modeling of the Shift Reactors 
 

The assumptions included in the modeling of the high temperature shift (HTS) 

and low temperature shift (LTS) reactors are as follows: 

• Adiabatic packed bed reactors of cylindrical shape. 

• Reforming gases behave ideally in all sections of the reactors. 

• The gas flow pattern through the channels is assumed to be plug flow. 

• The reaction kinetics are described by a power-law rate equation. 

• A uniform temperature exists throughout each catalyst particle, and it is the same as 

the gas temperature in that section of the catalytic bed. 

The kinetic model of the shift reactors is presented in detail in Table 3.7. In 

contrast to the one for the SMR reactor described in the previous sub-section, the 

geometry of the HTS and LTS is considered known6 and the actual (kinetic) conversion 

to hydrogen-rich reformate gas is evaluated. The expression for the temperature of the 

reformate gas at the exit of both the HTS and the LTS reactors is derived from an energy 

balance on the reactors by taking into account their adiabatic operation. The equations for 

the equilibrium constant and the heat of the WGS reaction are given by Moe (1962) and 

Ettouney et al. (1995), respectively. The experimental work of Keiski et al. (1993) 

showed that the WGS reaction is not a simple first order reaction in carbon monoxide 

activity. For this reason, the power-law rate equation along with the appropriate steam 

and carbon monoxide concentration exponent values (see Table 3.8) reported in their 

publication are used in the kinetic modeling of the shift reactors. 

The plug flow design equation, shown in Table 3.7, relates the shift reactor�s 

geometric variables (i.e. length and diameter) and the packing of catalyst particles in the 

reactor (i.e. catalyst bulk density) to thermodynamic and kinetic variables such as molar 

flow rate and actual conversion of the carbon monoxide as well as the steam-to-carbon 

monoxide ratio. The values of the Arrhenius frequency factor ok , the activation energy 

                                                 
6 As will be seen in subsequent chapters, the geometry is known due to the fact that fixed geometric 
parameters in the models are decision variables during the optimization process. In general, values 
designated as �assigned� in the tables may be either fixed permanently or have their values determined by 
the decision variables of the optimization procedure. 
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EA , and the WGS catalyst bulk density Bρ  are given in Table 3.8 for both the HTS and 

the LTS reactors. 

 
Table 3.7 Kinetic model of the shift reactors. 

Variable Description Model Equation 

L  Shift reactor length Assigned value 

D  Shift reactor diameter Assigned value 

crA  Shift reactor cross-sectional area 
2

4cr

D
A

π
=  

avgT  Average reformate gas temperature 

wgsH∆  Heat of the WGS reaction 
9.883 44754wgs avgH T∆ = −  

P  Reformate gas mixture pressure 

COC  Carbon monoxide concentration 

,CO i

CO

i

y P
C

RT
=  

,p avgC  Average specific heat , ,

, 2
p i p o

p avg

C C
C

+
=  

oT  Outlet shift reactor temperature 
,

,

CO i wgs

o i CO

p avg

y H
T T X

C

∆
= −  

K  Equilibrium constant of the WGS reaction 
4577.8

exp 4.33
avg

K
T

= −
� �
� �
� �

 

wgsβ  Reversibility factor of the WGS reaction  

COr  CO reaction rate 

( ) ( ) ( )
2

exp 1wgswgs
CO o CO H O wgs

avg

mnEA
r k C C

RT
β= −

� �
� �
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,CO in�  Inlet CO molar flow rate  

2H O
CO

ζ  Steam-to-carbon monoxide ratio 

COX  Actual (kinetic) CO conversion 
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Table 3.8 Fixed parameters in the kinetic modeling of the HTS and LTS reactors. 

Fixed Parameter Description Value HTS Value LTS 

EA  Arrhenius activation energy (kJ/kmol)  66583 42620 

ok  Arrhenius frequency factor (m3)m+n/(kmolm+n-1 kg s) 308.6613 131.9265 

Bρ  Catalyst bulk density (kg/m3) 1250 1400 

wgsm  Steam concentration exponent 0.1 0.15 

wgsn  CO concentration exponent 0.54 0.78 

 
Table 3.9 Inlet and outlet stream compositions for the HTS and LTS reactors. 
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The following reaction mechanism is assumed as the basis for the molar mass 

balance on both shift reactors 

2 2 2CO H O CO H+ +�        (3.22) 
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All molar flow rates of the mixture�s constituents can be expressed as a function 

of only five model parameters, i.e. the steam-to-methane ratio, 2
4

H O
CH

ζ , the degree of 

reaction, SMRξ , the initial methane molar flow rate, 
4 ,CH in� , and the kinetic conversions of 

carbon monoxide, HTS
COX  and LTS

COX , inside the HTS and LTS reactors, respectively. The 

reformate gas mixture composition at the entrance and exit of both shift reactors is listed 

in Table 3.9. 

 

 

3.2.3 Modeling of the Steam Generator 
 

The steam generator (SG) considered in this thesis work, consists of an 

economizer, an evaporator and a superheater. These three different component parts have 

been modeled as a cross-flow, shell-and-tube heat exchanger with a single-pass shell and 

two tube passes. An example of such a heat exchanger is shown in Figure 3.1. 

 

 
 

Figure 3.1 Example of a two-pass tube, baffled, single-pass shell, shell-and-tube heat exchanger 

(Kakaç and Liu, 1998). 

 

Since the same type of shell-and-tube heat exchanger is taken into account to 

describe the economizer, evaporator, and superheater geometries, the geometric models 

developed are identical. The necessary equations are obtained from Kakaç and Liu (1998) 

and are the appropriate ones for this particular shell-and-tube configuration. The 

geometric model of the steam generator is presented in Table 3.10. 
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As far as the heat transfer analysis of the steam generator is concerned, three 

different heat transfer models are developed and presented in the following pages due to 

the fact that different convection heat transfer coefficients as well as methods are 

considered in the design of its three parts. 

 
Table 3.10 Geometric model of the steam generator. 

Fixed Parameter Description Value Fixed Parameter Description Value 

wt  Tube wall thickness (mm) 1.5 CTP Tube count calculation constant 0.93 

SG

passesn  Number of passes 2 CL Tube layout constant 1 

Variable Description Model Equation 
SG

id  Tube inner diameter Assigned value 

SG

tubesn  Number of tubes Assigned value 

SGL  Length Assigned value 

SG

od  Tube outer diameter 2SG SG

o i wd d t= +  

SG
TP  Pitch 1.25SG SG

T oP d=  

SG

sD  Shell diameter ( )2
0.637SG SG SG

s tubes T

CL
D n P

CTP
π=  

B  Baffle spacing 0.6 SG

sB D=  

 

The LMTD method is applied to the thermal analysis of the economizer. Two 

different expressions for the tube-side heat transfer coefficient are given depending on 

whether the water flow inside the tubes is fully developed laminar or turbulent. The 

correlation used for the shell-side heat transfer coefficient is the one suggested by Kern 

(1950). The details of the economizer�s heat transfer model are given in Table 3.11. 

For saturated convective boiling prior to dryout, relations to predict the heat 

transfer coefficient have typically been formulated to impose a gradual suppression of 

nucleate boiling and a gradual increase in liquid film evaporation heat transfer as the 

quality increases. A number of correlations based on this approach have been developed. 

The one recently developed by Kandlikar (1989), which has been fit to a broad spectrum 

of data for both horizontal and vertical tubes, is used to calculate the tube-side heat 
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transfer coefficient for the evaporator. The values of the constants appearing in the 

Kandlikar correlation are given in Table 3.12. 

 
Table 3.11 Heat transfer model of the economizer. 

Variable Description Model Equation 

ecoRe  Tube-side Reynolds number 

ecoPr  Tube-side Prandtl number 
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ecoU  Overall heat transfer coefficient 

ecoA  Heat transfer area 
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1
1 1eco
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U

h h

=
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ecoQ�  Heat transfer rate ( ), ,

eco eco eco eco
eco gas p gas i gas o eco eco lmgas

Q n C T T U A T= − = ∆� �  

 

The equations of the evaporator�s heat transfer model are presented in detail in 

Table 3.14 and the values considered for the liquid and vapor water densities as well as 

for the mass quality are given in Table 3.13. 
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Table 3.12 Constants for the correlation of Kandlikar (1989) appearing in Table 3.14. 

Constant 
< 0.65Co  

(Convective Region) 

0.65≥≥≥≥Co  
(Nucleate Boiling Region) 

1C  1.136 0.6683 

2C  -0.9 -0.2 

3C  667.2 1058 

4C  0.7 0.7 

5C  0.3 0.3 

 

Table 3.13 Values of the evaporator�s heat transfer model parameters.  

Parameter Description Value 

2

liq

H Oρ  Liquid water density (kg/m3) 928.22 

2

vap

H Oρ  Vapor water density (kg/m3) 1.755 

χ  Mass quality 0.5 

 

As to the heat transfer model of the superheater, this is presented in Table 3.15. 

The correlations used to calculate the tube-side and shell-side heat transfer coefficients 

are the same as those appearing in the model for the economizer. The main difference, 

however, between the two heat transfer models is that the thermal analysis of the 

superheater is based on the effectiveness-NTU method and not on the LMTD one. The 

reason why the latter is used to relate the geometric variables of the economizer to its 

thermodynamic ones is explained below. 

Let us assume that the effectiveness-NTU method is applied to the modeling of 

the economizer and that the cold fluid (i.e. the water) is found to have the minimum heat 

capacity. According to the expression for the maximum possible heat transfer given by 

equation (3.17), the water stream would then exit the economizer at the inlet temperature 

of the combustion gases. It is highly likely though that the resulting inlet pressure and 

temperature of the combustion gases would correspond to a water state at the exit of the 

economizer different from that for a saturated liquid (e.g., superheated vapor). Such an 

inconsistency is not desired in the design of the economizer. For that reason, the LMTD 

method, which does not introduce a discrepancy of this kind, is used. 
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Table 3.14 Heat transfer model of the evaporator. 

Variable Description Model Equation 
evap

crA  Cross-sectional area 

evap

tubeG  Tube-side mass velocity 
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Table 3.15 Heat transfer model of the superheater. 

Variable Description Model Equation 

superRe  Tube-side Reynolds number 

superPr  Tube-side Prandtl number 

2

2

4 H O

super

i H O tubes super

n
Re

d nπ µ
=
� �
� �
� �

�

, 2 2

2

H O H O
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pC
Pr

k

µ
=
� �
� �
� �
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3.2.4 Modeling of the Compact Heat Exchangers 
 

As indicated in Chapter 2, the heat exchangers used in the FPS configuration are 

all plate-fin type compact heat exchangers with a single-pass, cross-flow arrangement. 



 53

Table 3.16 Geometric and heat transfer models of a plate-fin heat exchanger. 

Variable Description Model Equation  

hL  Hot-side length Assigned value 

cL  Cold-side length Assigned value 

H  Height 

platesn  Number of plates 
( )2 2h plates h cH b a n b b a= + + + +  
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2f f

b
l t= −  
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4
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Their modeling details are presented in Table 3.16. The heat transfer and pressure 

drop models used are based on the work of Shah (1981) and Kays and London (1998). 

The effectiveness-NTU method is applied in order to relate the geometric models of the 

heat exchangers to the thermodynamic ones. The expression for the heat exchanger 

effectiveness is obtained from Incropera and DeWitt (1990) and is valid for single-pass, 

cross-flow arrangements with both fluids unmixed.  

The fixed geometric parameters for the selected plate-fin heat exchangers as well 

as the fin material thermal conductivity are given in Table 3.17. It should be made clear 

that the equations appearing in Table 3.16 are valid for both the hot and the cold stream 

sides. Therefore, they should be taken into account twice in order for the heat exchanger 

model to be complete. Exempt are the equations that refer to the height and number of 

plates of the heat exchanger, the volumes of the hot and cold sides, as well as the overall 

heat transfer coefficient and the heat exchanger effectiveness. 

 

Table 3.17 Fixed parameters in the plate-fin heat exchanger model.  

Fixed Parameter Description Value 

hD  Hydraulic diameter (mm) 3.08 

ft  Fin thickness (mm) 0.152 

b  Plate spacing (mm) 6.35 

a  Plate thickness (mm) 0.254 

β  Heat transfer area density (m2/m3) 1204 

fk  Fin material thermal conductivity (W/mK) 35 

 

 

3.3 Cost Models of the FPS 
 

The FPS capital cost model is based on the development of appropriate cost 

functions for its components that relate cost to appropriate geometric variables (e.g., 

volume, heat transfer area, mass). The expressions for the cost functions comprising the 

FPS purchase cost model are given in Table 3.18. 
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The main sources of component purchase cost information used to obtain the 

desirable FPS cost correlations are summarized below. The cost functions of the FPS 

reactors and their catalyst beds are derived from data found in James et al. (1997), Peters 

and Timmerhaus (1980), and Sinott (1994). James et al. (1997) provide unit prices of the 

most commonly used catalysts as well as detailed material and manufacturing costs for 

the multiple reactor parts. Sinott (1994) and Peters and Timmerhaus (1980) suggest the 

form that a reactor�s cost correlation should have, i.e. a power function of its volume, and 

give the appropriate values of the exponent for different reactor types. 

 
Table 3.18 The FPS purchase cost model. 

Variable Description Model Equation 

SMRV  SMR reactor volume 

HTSV  HTS reactor volume 

LTSV  LTS reactor volume 

 bare reactorsC Bare reactors purchase cost  

( )0.4

 3240bare reactors SMR HTS LTSC V V V= + +  

catalystC  Catalyst beds purchase cost 21, 280.5 8816.4 19300.5catalyst SMR HTS LTSC V V V= + +  

gross

stackE�  Stack gross power produced 

PROXC  PROX reactor purchase cost 
7.335 gross

PROX stackC E= �  

reactorsC  Reactors purchase cost ( ) 1.54reactors bare reactors catalyst PROXC C C C= + +  

SGA  Steam generator heat transfer area 

SGC  Steam generator purchase cost 

0.71486.8SG SGC A=  

HXn  Number of compact heat exchangers 

HXm  Compact heat exchanger mass 

HXC  Compact heat exchangers purchase cost 

111.6HX HX HXC n m=  

MCW�  Methane compressor duty 

MCC  Methane compressor purchase cost 
162 5.746MC MCC W= + �  

purchase

FPSC  FPS purchase cost purchase

FPS reactors SG HX MCC C C C C= + + +  
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The purchase cost model of the steam generator is obtained by applying 

regression analysis to data found in Sinott (1994) while the purchase cost information on 

compact heat exchangers is obtained from correlations developed in the early 1970�s by 

Dieckmann et al. (1972). Finally, the purchase cost of the methane compressor is based 

on data found in James et al. (1997). A markup factor of 1.54 (James et al., 1997) that 

accounts for overhead is applied to all the cost models mentioned above. Moreover, these 

cost equations have been updated to reflect 2001 U.S. dollars by using the Chemical 

Engineering Plant Cost Index (2001). 

 
Table 3.19 Economic assumptions included in the cost models of the total energy system. 

Parameter Description Value Parameter Description Value 

unitsn  Number of units manufactured 1482 maintf  Maintenance factor  0.06 

opert  Operating hours per year 8000 i  Capitalization ratio (per year) 10% 

yearsn  Number of years  10 Τ  TES lifetime (years)  9.13 

 

The economic assumptions made in the evaluation of the FPS capital cost are 

presented in Table 3.19. The capitalization ratio includes return on investment, federal, 

state and local income taxes as well as depreciation and property insurance. Since the 

component purchase cost information is based on a production volume of 500,000 units 

per year, the effect of a change in the production volume on the unit cost is taken into 

account by applying an appropriate scale factor to the FPS capital cost (see Table 3.20). 

This scale factor is derived using information available on the Directed Technologies 

website (2001). The tabulated values for the number of units manufactured and the 

lifetime of the TES equipment have been developed to agree with those considered in 

previous research work done by Oyarzabal (2001) for reasons of comparability. The 

estimate for the FPS capital cost includes the FPS purchase cost together with its 

amortization costs as well as a maintenance cost. The FPS maintenance cost is assumed 

to be constant and equal to 6% of the FPS purchase cost. 

The FPS operating cost (or TES operating cost) is associated with the 

consumption of natural gas throughout the lifetime of the total energy system. The unit 

cost of natural gas over a twelve-month period is given in Table 3.21 and is based on 
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available data from the Energy Information Administration website (2000). The method 

used to express the capital and operating costs is the method of annualized cost. 

 
Table 3.20 The FPS capital cost estimation model. 

Variable Description Model Equation 

maint

FPSC  FPS maintenance cost maint purchase

FPS maint FPSC f C=  

amort

FPSC�  FPS annual amortization cost amort purchase

FPS FPSC iC=�  

FPSC  FPS capital cost ( )
0.362

500, 000
purchase maint amort units

FPS FPS FPS FPS

n
C C C C

−

= + + Τ � �
� �
� �

�  

 
Table 3.21 Natural gas unit prices per month (Energy Information Administration, 2000). 

Month 
Natural gas price 

($/kft3) 
Month 

Natural gas price 

($/kft3) 

January 6.72 July  9.07 

February 6.62 August 9.07 

March 6.85 September 8.72 

April 7.40 October 8.14 

May 8.10 November 7.52 

June 8.72 December 7.02 

 

 

3.4 Thermodynamic and Geometric SS Models 
 

3.4.1 Modeling of the PEMFC Stack 
 

The model of the PEMFC stack is a steady state model that consists mainly of the 

set of equations presented in Table 3.22. The expression for the polarization curve used to 

characterize cell performance is based on Geyer et al. (1998). It is assumed that the fuel 

cell stack has a pressure drop of 10% of the inlet air absolute pressure at full load and 

falls linearly as the air molar flow rate is reduced. The additional assumptions made in 

the modeling of the PEMFC stack are shown in Table 3.23. 
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Table 3.22 The PEM fuel cell stack model. 

Variable Description Model Equation 

cellsn  Number of cells Assigned value 

actA  Cell active area Assigned value 

FC

iT  Inlet stack temperature Assigned value 

FC

oT  Outlet stack temperature Assigned value 

FC

iP  Inlet stack pressure Assigned value 

FC

avgT  Average stack temperature 
2

FC FC
FC i o

avg

T T
T

+
=  

2H

'n�  Hydrogen molar flow rate (consumed) 
2 2

anode act
H cells stoich

' JA
n n

F
ζ=�  

FC

avgP  Average stack pressure 

2OP  Average oxygen partial pressure 

J  Current density 

maxJ  Limiting current 

cellV  Cell voltage 

actual

cellV  Actual cell voltage 

21.4 3.924 0.21 0.2 3
101, 325

FC
O avg

max FC

avg

P P
J

P
= + − + −

� � � �
� � � �

� �� �
 

 

0.1log 1actual

cell cell

max

J
V V

J
= + −

� �
� �
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gross

stackE�  Stack gross power produced gross actual

stack cells cell actE n V JA=�  

( ) ( ) ( )
2

2If     0.001      and     303.15 

1.05 0.055 log 1000 1.0604 0.002493 0.055 log

FC
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cell avg O

AJ T K
cm

V J T J P

≥ >
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( ) ( ) ( )
2
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1.05 0.055 log 1000 8.966 0.02857 0.055 log
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Table 3.23 PEM fuel cell stack model assumptions.  

Parameter Description Value 

Fη  Faradaic efficiency  100% 

cathode

iφ  Relative humidity of inlet cathode stream 75% 

cathode

oφ  Relative humidity of outlet cathode stream 100% 

anode

iφ  Relative humidity of inlet anode stream 75% 

cathode

stoichζ  Cathode stoichiometric ratio 2.5 

2Hf  Hydrogen utilization factor 0.85 

 

The required inlet flow rate of the cathode stream as well as the flow rate of the 

water produced from the reaction in the stack can be determined from the molar flow rate 

of the hydrogen consumed and stoichiometric calculations. The average oxygen partial 

pressure for the fuel cell stack air is found from the cathode inlet and outlet conditions 

along with psychrometric calculations. Finally, the rate of the heat rejected to the fuel cell 

coolant, rejQ� , is calculated by performing an energy balance on the fuel cell stack. 

 

 

3.4.2 Other SS Components Modeling 
 

Specific details concerning the modeling of the additional SS components, i.e. the 

air compressor, gas expander, heat exchanger, humidifier and water separator, are 

presented in Tables 3.24 through 3.26. 

 

Table 3.24a Modeling details of the air compressor.  

Model Assumptions 

• Ideal gas mixture 

• Isentropic efficiency 70%ACη =  

• 1.4airγ =  
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Table 3.24b Modeling details of the air compressor. 

Variable Description Model Equation 

,AC oP  Air compressor outlet pressure 

ACPR  Air compressor pressure ratio 

,AC o

AC

amb

P
PR

P
=  

,AC oT  Air compressor outlet temperature ,

,

1

1

air

airAC oamb
AC o amb

AC amb

PT
T T

P

γ
γ

η

−

= + −
� �
� �� �
� �� �	 

� �

 

Comments 
An energy balance is performed on the air compressor in order to determine the input power 

required for a certain pressure ratio ACPR  

 

Table 3.25 Modeling details of the gas expander. 

Model Assumptions 
• Ideal gas mixture 
• Isentropic efficiency 85%expη =  

• 1.33gasγ =  

Variable Description Model Equation 

,exp iP  Gas expander inlet pressure 

expPR  Gas expander pressure ratio ,

amb
exp

exp i

P
PR

P
=  

,exp iT  Gas expander inlet temperature 

,exp oT  Gas expander outlet temperature 
, , ,

,

1

1

gas

gas
amb

exp o exp i exp exp i

exp i

P
T T T

P

γ
γ

η

−

= − −

� �
� �� �
� �� �	 
� �� �

 

Comments 
An energy balance is performed on the gas expander in order to determine what percentage 

of the power consumed for air compression is recovered. 

 
Table 3.26 Comments on the modeling of the additional SS components.    

Heat Exchanger – Humidifier Model Description 

Model Assumptions 
• Negligible pressure drop 
• Ambient relative humidity 50%ambφ =  

Comments 

Psychrometric calculations along with an energy and mass balance are performed on the heat 

exchanger � humidifier in order to calculate the necessary heat transferred to the air stream 

and the flow rate of the water evaporated to produce the stack inlet cathode condition.  

Water Separator Model Description 

Comments 
Calculation of the water balance is based on an assumed efficiency for the process, i.e. 90% 

of the liquid water is assumed removed. 
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3.5 Cost Models of the SS 
 

The SS purchase cost is broken down into the fuel cell stack purchase cost, the SS 

auxiliary equipment (i.e. heat exchanger, humidifier, water separator, sensors and control 

valves) purchase cost, and the turbo-machinery (i.e. air compressor and gas expander) 

purchase cost. The fuel cell stack, which dominates the SS purchase cost, undergoes a 

further cost breakdown. In particular, it is comprised of the following costs: 

• Membrane electrode assembly (MEA) purchase cost. 

• Bipolar plates purchase cost. 

• Cooler plates purchase cost. 

• Endplates, collectors, insulators and tie bolts purchase cost. 

• Stack assembly cost. 

As with the FPS capital cost model, the objective is to come up with cost 

functions that relate the above mentioned stack costs to appropriate geometric variables, 

i.e. cell active area and total number of cells. The detailed fuel cell stack purchase cost 

model, presented in Table 3.27, is derived from analyzing the cost information found in 

Oei et al. (1997) and in Arthur D. Little (2000). The turbo-machinery purchase cost is 

based on data found in James et al. (1997) while the SS auxiliary equipment purchase 

cost is assumed to be equal to 10% of that for the fuel cell stack. Since the above 

information is based on a production volume of 500,000 units per year, the same scale 

factor as the one appearing in the FPS cost model is applied to the SS capital cost to 

account for the SS unit cost variation due to a change in production volume. Furthermore, 

the SS cost models have been appropriately adjusted for inflation by using the Chemical 

Engineering Plant Cost Index (2001). 

The SS capital cost estimate is based on the same economic assumptions as those 

made in the calculation of the FPS capital cost and includes the SS purchase cost as well 

as amortization and maintenance costs (both given as a percentage of the purchase cost). 

There are no SS operating costs since the only resource consumed in the SS is the 

hydrogen-rich reformate gas produced by the FPS. The expression for the SS capital cost 

is given in Table 3.27. 
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Table 3.27 Cost models of the stack sub-system. 

Variable Description Model Equation 

MEAC  Membrane electrode assembly purchase cost 

( )0.021756 0.17248MEA act cellsC A n= +  

 bipolar platesC Bipolar plate purchase cost 

( ) 0.00387548 0.4312bipolar plates act cellsC A n= +  

 cooler platesC Cooler plates purchase cost 

( ) 0.0012456 0.2772cooler plates act cellsC A n= +  

 extra materialC Endplates, collectors, insulators, and tie bolts 

 248.96extra materialC =  

assemblyC  Stack assembly cost 

stackC  Fuel cell stack purchase cost 

30.8 0.3465assembly cellsC n= +  

auxC  Auxiliary equipment purchase cost 0.1aux stackC C=  

turboC  Turbo-machinery purchase cost  1052.058 2.74113 gross

turbo stackC E= + �  

purchase

SSC  SS purchase cost purchase

SS stack aux turboC C C C= + +  

maint

SSC  SS maintenance cost maint purchase

SS maint SSC f C=  

amort

SSC�  SS annual amortization cost amort purchase

SS SSC iC=�  

SSC  SS capital cost ( )
0.362

500, 000
purchase maint amort units

SS SS SS SS

n
C C C C

−

= + + Τ � �
� �
� �

�  

 

 

3.6 Electric Heat Pump Sub-system Models 
 

As indicated in Chapter 2, the electric heat pump sub-system (EHPS) satisfies the 

space cooling demand and part of the space heating demand when the heat available from 

the other two sub-systems (i.e. the FPS and the SS) is not sufficient. The EHPS empirical 
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thermodynamic models that describe the sub-system�s operation in the heating and 

cooling modes as well as the EHPS cost model are presented in detail in the following 

sub-sections. 

 

 

3.6.1 Empirical Thermodynamic Model for the Heating Mode 
 

In order to simulate the behavior of the EHPS in the heating mode, the empirical 

thermodynamic model appearing in Tables 3.28 and 3.29 is used. In particular, Table 

3.28 gives a description of the model�s variables and equations while Table 3.29 provides 

the required values for its fixed parameters. 

 
Table 3.28 Empirical thermodynamic EHPS model in the heating mode. 

Variable Description Model Equation 

dbT  Outdoor dry bulb temperature (°F)  

heat

eirf  Heating electric input ratio (eir) 

( )21
2.057025 0.0332229 0.0002284heat

eir db db

heat

f T T
COP

= − +

 

capf  Heat pump capacity correction factor 20.313927 0.0118416 0.0000586cap db dbf T T= + +  

heat
HPQ�  Actual heat pump heating capacity 

( )If   10º F             min ,

otherwise                   0

heat heat

db HP EHPS cap rsd cap

heat
HP

T Q Q f n Q

Q

> =

=

� � �

�

 

EHQ�  Electric resistive heating load 

heat

EHPSQ�  EHPS total heating load  

heat heat

EHPS HP EHQ Q Q= +� � �  

heat
HPE�  Compressor power consumption heat heat heat

HP eir HPE f Q= ��  

EHE�  Electric heater power consumption EH
EH

EH

Q
E

η
=

�
�  

defrostE�  
Electric power consumption for 

defrost 

3.5
If   40º F           0.7

60

otherwise                 0

heat

HP
db defrost

cap

defrost

Q
T E

f

E

< =

=

�
�

�

 

heat

EHPSE�  EHPS total parasitic power  heat heat

EHPS HP EH defrostE E E E= + +� � � �  

 



 64

Table 3.29 Fixed parameters of the EHPS model in the heating mode.  

Fixed Parameter Description Value 

rsdn  Number of residences 50 

EHη  Electric heater efficiency 100% 

heatCOP  Heating COP 3.2 

capQ�  Heat pump heating capacity at 8.3°C  (kWth) 6.565 

 

The heating electric input ratio (eir), heat
eirf , is defined as the total power input7 to 

the heat pump over the heating capacity and can be represented as a function of the 

heating coefficient of performance, heatCOP , and the dry bulb temperature. The 

expression of the heating electric input ratio shown in Table 3.28 is based on empirical 

data and reflects the fact that increasing the outdoor temperature leads to reduced power 

consumption by the compressor. The actual heat pump heating capacity is greatly 

affected by the given outdoor dry bulb temperature. This detail is taken into consideration 

by using the heating capacity correction factor, capf , given in Table 3.28. Its expression is 

also based on empirical data and reflects the fact that decreasing the outdoor temperature 

leads to decreased heating capacity by the heat pump. Both of the above-mentioned 

expressions are extracted from the PowerDOE (2000) building energy simulation 

program. 

When the outdoor dry bulb temperature is less than 10°F, the compressor is not 

operated for the reason that the efficiency and the capacity of the heat pump become 

extremely low. It is obvious that the outside dry bulb temperature poses a limitation on 

the space heating load that the heat pump cycle can satisfy. In case the heating load 

provided by the heat pump and the remaining available heat8 from the FPS and SS cannot 

meet the space heating demand, an electric heater (resistive heating coil) is used to satisfy 

the rest of the space heating requirement. Finally, the variable defrostE� , shown in Table 

3.28, refers to the power required to periodically activate the defrost cycle when the 

outside dry bulb temperature is below 40°F. This power is calculated as the product of 

                                                 
7 It includes compressor and outdoor coil fan power but not indoor supply fan power.  
8 The hot water load demand has already been satisfied.  
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the peak defrost power, 0.7 capQ� , the defrost runtime fraction (3.5 minutes per hour of 

operation), and the heat pump runtime fraction, 
heat
HP

cap cap

Q
f Q

�

�
. 

 

 

3.6.2 Empirical Thermodynamic Model for the Cooling Mode 
 

In the case of the cooling mode, the empirical thermodynamic model presented in 

Table 3.30 is used. 

 

Table 3.30 Empirical thermodynamic EHPS model in the cooling mode. 

Variable Description Model Equation 

dbT  Outdoor dry bulb temperature (°F)  

wbT  Indoor wet bulb temperature (°F)  

Tf  Temperature correction factor 

2 2

1 1 1 1 1 1T wb wb db db wb dbf a b T c T d T e T f T T= + + + + +  

PLζ  Partial-to-full load ratio 

PLf  Part-load ratio correction factor 
( ) ( )2 3

2 2 2 2PL PL PL PLf a b c dζ ζ ζ= + + +  

cool

eirf  Cooling electric input ratio (eir) 0.36cool

eir T PLf f f=  

cool

EHPSQ�  Heat pump cooling capacity 

cool
HPE�  Compressor power consumption 

cool cool cool

HP eir EHPSE f Q= ��  

cool

EHPSE�  EHPS total parasitic power  cool cool

EHPS HPE E=� �  

 

The conditions that strongly affect the efficiency and the capacity of the cooling 

cycle are, in addition to the cooling part-load ratios, the outdoor dry bulb temperature and 

the indoor wet bulb temperature. Similarly to the heating electric input ratio (eir), the 

cooling one is defined as the ratio of the total electric power input9 to the rated cooling 

capacity. In this model, a correlation obtained from the PowerDOE (2000) building 

energy simulation program is used to calculate the cooling electric input ratio, cool
eirf . This 

                                                 
9 See footnote 7. 
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correlation is shown in Table 3.30 and expresses the above-mentioned ratio as a function 

of the factors that affect the cooling cycle. In particular, the cooling electric input ratio is 

equal to a default value, i.e. the cooling electric input ratio at ARI (American 

Refrigeration Institute) rated conditions10, corrected for temperature and cooling part-load 

ratio. The expressions for the temperature and part-load ratio correction factors are 

presented in Table 3.30 while their coefficients are given in Table 3.31. 

 
Table 3.31 Coefficients of the temperature and part-load ratio correction factors.   

Temperature Correction Factor Coefficients 

1a  -1.0639311 1d  0.0154213 

1b  0.0306584 1e  0.0000497 

1c  -0.0001269 1f  -0.0002096 

Part-Load Ratio Correction Factor Coefficients 

2a  0.2012301 2c  1.9504979 

2b  -0.0312175 2d  -1.1205103 

 

 

3.6.3 Cost Model 
 

The EHPS capital cost model is based on Boehm (1987) and is described by a 

power function that relates cost to the size parameter of the EHPS. Since the winter time 

segment is selected as the synthesis/design point, it is the total heating load, heat
EHPSQ� , that 

characterizes the size of the EHPS. The capital cost function has been updated to reflect 

2001 U.S. dollars by using the Marshall and Swift Equipment Cost Index (2001). The 

estimate for the EHPS capital cost includes the EHPS purchase cost together with its 

amortization costs as well as a maintenance cost. The latter is equal to 6% of the EHPS 

purchase cost. As far as the model�s economic assumptions are concerned, they are the 

same as those made for the FPS and SS cost models and are presented in Table 3.19. The 

equations representing the EHPS cost model are given in Table 3.32. 
                                                 
10 The ARI rating point for cooling equipment is 67°F indoor wet bulb entering temperature and 95ûF 
outdoor dry bulb temperature.  
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Table 3.32 Cost model of the electric heat pump sub-system. 

Variable Description Model Equation 
heat

EHPSQ�  EHPS total heating load 

purchase

EHPSC  EHPS purchase cost 
( )

0.9

1.631 4900
10.55

heat
purchase EHPS

EHPS

Q
C =

� �
� �
� �

�

 

maint

EHPSC  EHPS maintenance cost maint purchase

EHPS maint EHPSC f C=  

amort

EHPSC�  EHPS annual amortization cost amort purchase

EHPS EHPSC iC=�  

EHPSC  EHPS capital cost purchase maint amort

EHPS EHPS EHPS EHPSC C C C= + + Τ�  

 



 68

  

 

 

Chapter 4 
 

Decomposition Techniques for the Synthesis/Design 
Optimization of Energy Systems   
 

 

As the level of interaction between the various sub-systems of an energy system 

becomes more and more complex, the need to carry out the system�s synthesis/design in 

an integrated fashion in order to accommodate the demands imposed by its sub-systems 

becomes extremely important. Unfortunately, when developing new systems or operating 

existing ones, the lack of comprehensive synthesis/design tools forces today�s engineers 

to rely heavily on rules-of-thumb, individual experience, and a fairly non-integrated, non-

interdisciplinary approach of basic calculations, i.e. simple trade-off analysis. In cases 

where optimization is considered, partially due to the fact that new and more powerful 

computers have become available and optimization tools more popular, it is seen as a 

straightforward mathematical problem, which for large-scale, highly non-linear 

optimization problems can be very limiting to say the least. Even significant increases in 

computational power are not sufficient to offset the ever-increasing complexity of energy 

systems and the ensuing synthesis/design problem. Therefore, the need for methods that 

permit effective solutions of large-scale optimization problems is still an area of research, 

which generates great interest. 

This chapter outlines two different decomposition strategies, i.e. time 

decomposition and physical decomposition, that address this need for large-scale, non-

linear optimization. In the case of physical decomposition, two specific approaches are 

presented, namely, Local-Global Optimization (LGO) and Iterative Local-Global 

Optimization (ILGO). A number of versions of LGO can be found in the aerospace and 

thermoeconomics literature including the one presented in Muñoz and von Spakovsky 
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(2000a). ILGO, which in fact consists of two versions, ILGO-A and ILGO-B, is a 

completely original development by Muñoz and von Spakovsky (2000a).  

 

 

4.1 The Mixed Integer Non-linear Programming Problem 
 

The modeling of an energy system typically begins with the selection of a number 

of degrees of freedom represented by parameters which can be varied at will within 

acceptable limits. These independent parameters or variables are then used to create two 

systems of equations to represent the energy system, i.e. 

( )
1

2, 0

n

h

hH X Y

h

� �
� �
� �= =� �
� �
� �
� �

�

�
�� � �

�
�

                        (4.1) 

( )
1

2, 0

n

g
g

G X Y

g

� �
� �
� �= ≤� �
� �
� �� �

�

�
� �� �

�
�

                        (4.2) 

Vector X
�

 represents the set of independent synthesis/design variables of the energy 

system while Y
�

 represents its set of operational or control variables. The synthesis/design 

variables typically correspond to geometric parameters (physical dimensions of 

components), design flow rates, design pressure ratios, and in a wider sense some discrete 

(e.g., material or technology choice) or binary (e.g., existence or nonexistence of a unit in 

the system configuration) parameters. Operational or control variables can be continuous 

variables (flow rates, valve settings) or binary variables (e.g., units on or off). The vector 

of equality constraints, ( ),H X Y
� � �

, represents the mass and energy balances as well as the 

performance constraints that the energy system must obey. The vector of inequality 

constraints, ( ),G X Y
� � �

, represents physical or artificial limitations imposed upon the 

system. 
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The synthesis/design optimization of an energy system in its most general form is 

a mixed integer non-linear programming (MINLP) problem with equality and inequality 

constraints. In general terms, this is expressed as 

Minimize ( ),f X Y
� �

             (4.3) 

w.r.t. ,X Y
� �

 

subject to 

( ), 0H X Y =
�� � �

         (4.3.1) 

( ), 0G X Y ≤
� �� �

            (4.3.2) 

where ( ),f X Y
� �

 represents the objective function of the optimization which for energy 

systems might, for example, be the thermodynamic efficiency or the total cost of the 

system11. 

The MINLP problem can be a highly complex problem which may not just be 

difficult to solve but may in fact be impossible to solve given the usual techniques of 

applied optimization. The complexity arises by virtue of the fact that a large number of 

degrees of freedom (both synthesis/design and operational variables) might be involved 

due to a desire to simultaneously optimize not only at a system level but at a detailed 

component/sub-system level. The complexity also arises because of detailed load 

profiles, of highly non-linear models, and of a mix of discrete and continuous variables. 

One option is to simplify the MINLP problem greatly by, for example, reducing the 

number of independent variables, considering only a single instant in time (i.e. only part 

of the load profile) or perhaps even linearizing certain or all the aspects of the problem. 

The drawback, of course, to any of the measures mentioned above is a loss of 

information, which may in fact be avoided if the problem can be decomposed into a set of 

smaller problems, the solution to which closely approximates the solution to the 

combined problem. The types of decomposition considered here are time decomposition 

and physical decomposition. Both techniques are explained in some detail in the 

following sections. 

                                                 
11 In this work, the optimization problems are defined using the total cost of the system (or sub-system) as 
the objective function. 



 71

4.2 Time Decomposition 
 

It is essential that the synthesis/design optimization of an energy system be done 

in such a way that the system is always able to meet a certain set of loads (e.g., electrical 

and thermal) over a long period of time characterized by varying environmental 

conditions, and to meet these loads in the most efficient and cost effective manner. 

However, the already complex optimization problem gets further complicated when a 

very detailed load/environmental profile is considered. The technique of time 

decomposition facilitates the solution of such a problem by dividing the time period of 

the entire load profile into small time segments, each one representing a particular set of 

loads and its corresponding environmental conditions (e.g., ambient temperature and 

pressure). The most stringent time segment, segment δ , which is selected as the 

synthesis/design point, is initially used to optimize the energy system�s synthesis/design 

by solving the following problem: 

Minimize 
1 1 1

M R

m r r t
m r t

C C c R t
τ

δ
δ= = =

� �= + ∆� �
� �

� � ��                       (4.4) 

w.r.t. { }1 2, , , nX x x x=
�

� � �

�  and { }1 2, , , nY y y y
δ δ δδ =

�

� � �

�  

subject to 

( )
1

2, 0

n

h

h
H X Y

h

δ

δ

δ

δ δ

� �
� �
� �� �= =� �
� �
� �
� �� �

�

�
�� � �

�
�

       (4.4.1) 

( )
1

2, 0

n

g
g

G X Y

g

δ

δ

δ

δ δ

� �
� �
� �= ≤� �
� �
� �
� �

�

�
� �� �

�
�

       (4.4.2) 

where Cδ  is the total cost of the energy system, mC  the capital cost of the mth unit (sub-

system or component), M  the number of units, tt∆  the length of time considered for 
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time segment t , τ  the number of time segments, rR�  the rate of consumption of the rth 

resource, and rc  its unit cost. 

In order to obtain the synthesis/design that minimizes the total cost of the energy 

system over the entire load/environmental profile, the following off-design optimization 

problem needs to be defined and solved for each time segment t  where t δ≠  

Minimize 
1 1

R M
maint

t r r t m
r m t

C c R t C
= =

� � � �= ∆ +� � � �
� � � �
� ��           (4.5) 

w.r.t. { }1 2, , ,
t t tt nY y y y=

�

�  

subject to 

( )
1

2, 0

t

t

t

t t

n

h

h
H X Y

h

� �
� �
� �� �= =� �
� �
� �
� �� �

�

�
�� � �

�
�

         (4.5.1) 

( )
1

2, 0

t

t

t

t t

n

g
g

G X Y

g

� �
� �
� �= ≤� �
� �
� �
� �

�

�
� �� �

�
�

         (4.5.2)   

and 

0pfX X− =
�� �

           (4.5.3) 

where tC  is the operational cost of the system, maint
mC  the maintenance cost of the mth unit 

(sub-system or component), and tY
�

 the set of system operational variables associated with 

the particular off-design time segment t  of the load/environmental profile. Initially, the 

off-design optimization problem has to be solved for the 1τ −  off-design time segments 

with values of the synthesis/design independent (decision) variable vector X
�

 equal to 
bestX

�

, where bestX
�

 is the vector of the independent synthesis/design variables 

corresponding to the best (from the standpoint of the system-level cost objective) solution 

obtained by solving Problem (4.4). The solution to Problem (4.4) is actually a family of 
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feasible solutions12 that satisfy the constraints given by equations (4.4.1) and (4.4.2). 

However, the best solution, i.e. ( ), ,best best bestX Y Cδ δ

� �

, is not necessarily the best when the 

various off-design conditions are taken into account. The vector pfX
�

, appearing in 

equation (4.5.3), indicates that the 1τ −  off-design optimization problems have to be 

solved for each one of the promising feasible solutions obtained from Problem (4.4), i.e. 

( ), ,pf pf pfX Y Cδ δ

� �

. 

This procedure results in a set of optimum values C ∗  for the total cost of the 

energy system over the entire load/environmental profile given by  
1

1
t

t
C C C

τ

δ

−
∗ ∗ ∗

=

= +�              (4.6) 

where 

1 1

M R

m r r
m r

C C c R tδ δ
δ

∗ ∗ ∗

= =

� �= + ∆� �
� �

� � �             (4.7)

The minimum among these optimum values is the one that will determine the final 

synthesis/design of the energy system. 

The technique of time decomposition transforms the overall time-dependent 

problem, consisting of d oτ+  independent variables ( d  synthesis/design variables, o  

operational variables, and τ  time segments), into two separate problems, i.e. Problems 

(4.4) and (4.5), with d o+  and ( )1o τ −  variables, respectively. 

After decomposing in this fashion, it is still possible that the complex problem of 

energy system synthesis/design optimization remains difficult or impossible to solve 

without further decomposition. In this case, an additional decomposition technique, 

namely physical decomposition may be required. 

 

 

 

 

                                                 
12 This family consists of the global minimum solution bestCδ  with corresponding decision variable vectors 

bestX
�

 and bestYδ

�

, plus a set of near global minimum solutions pfCδ  with corresponding vectors pfX
�

 and pfYδ

�

.  
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4.3 Physical (Unit) Decomposition 
 

For optimization purposes, most energy systems can be divided into components 

or sub-systems with a clearly defined set of coupling functions13. The result of such a 

physical decomposition is a set of unit sub-problems with a much smaller size than the 

overall problem, making it possible to take into account a larger number of decision 

variables (degrees of freedom). Two approaches can be considered for solving the overall 

optimization problem using physical decomposition. The first is the Local-Global 

Optimization (LGO) approach and the second the Iterative Local-Global Optimization 

(ILGO) approach. For a deeper understanding of the concepts presented in this section, 

the reader is referred to the work by Muñoz and von Spakovsky (2000a,b,c,d; 2001a,b). 

 

 

4.3.1 Local-Global Optimization Approach 
 

In the LGO technique, two levels of optimization instead of one are used. At the 

local or unit level, an optimization for each unit and each set of values of the coupling 

functions between units is carried out. These optimum results are then used at a global or 

system level at which the system synthesis/design is optimized with respect to the 

coupling functions values. In order to get a better understanding of the LGO approach, let 

us consider the following optimization problem applied to a system decomposed into two 

units as shown in Figure 4.1. 

Minimize 

( ) ( )( ) ( ) ( )( )1 1 1 12 1 2 21 1 2 2 2 2 12 1 2 21 1 2, , , , , , , ,C c R Z u Z Z u Z Z c R Z u Z Z u Z Z= +
� � � � � � � � � �

                     (4.8) 

w.r.t. 1 2,Z Z
� �

 

subject to the primary constraints 

                                                 
13 In an energy system, the coupling functions can be considered as products, resources, and/or feedbacks 
going to or coming from its sub-systems. The sub-systems can then be optimized independently while 
maintaining the energy and cost flow connections between them.   
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Unit 2

2R�

{ }2Z
�

12u

21u

System

 

 

 

Unit 1

1R�

{ }1Z
�

 
 

Figure 4.1 Physical decomposition of a two-unit energy system. 

 

1

2

0
h

H
h

� �
= =� �
� �� �

�

��

�
          (4.8.1) 

1

2

0
g

G
g
� �

= ≤� �
� �

�

� �

�
           (4.8.2) 

and to the additional (secondary) constraints 

( )12 1 2, 0u Z Z ξ− =
� �

        (4.8.3) 

( )21 1 2, 0u Z Z ψ− =
� �

        (4.8.4) 

where 1R  and 2R  are the resources used by units 1 and 2, respectively, 1c  and 2c  their 

respective unit costs, and 1Z
�

, 2Z
�

 the set of independent variables for each unit used in 

the optimization of the system. Constraints (4.8.3) and (4.8.4) require that the coupling 

functions take on values of ξ  and ψ  such that 

max min12 12u uξ≤ ≤           (4.8.5) 

max min21 21u uψ≤ ≤           (4.8.6) 

The cost of operating each unit is clearly identified in Problem (4.8). The 

contribution of each unit to the overall objective C  is a function of the variables of each 

unit and the values ξ  and ψ  of the coupling functions. Therefore, for a given set of 

values ξ  and ψ  of the coupling functions, Problem (4.8) can easily be decomposed into 

two local sub-problems, one for each of the units, i.e. 
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Local sub-problem for unit 1: 

Minimize ( )1 1 1 1, ,C c R Z ξ ψ=
�

            (4.9) 

w.r.t. 1Z
�

 

subject to 

1 0h =
� �

          (4.9.1) 

1 0g ≤
�

�            (4.9.2) 

Local sub-problem for unit 2: 

Minimize ( )2 2 2 2 , ,C c R Z ξ ψ=
�

                    (4.10) 

w.r.t. 2Z
�

 

subject to 

2 0h =
� �

                   (4.10.1) 

2 0g ≤
�

�                     (4.10.2) 

The dimensionality of Problems (4.9) and (4.10) is much smaller than that of the 

original Problem (4.8). The local sub-problems need to be solved several times for 

different values of ξ  and ψ  of the coupling functions 12u  and 21u . The values selected 

for the coupling functions must be within the limits expressed by equations (4.8.5) and 

(4.8.6). It is assumed in using LGO that it is possible to find different sets of values for 

the independent variable vectors 1Z
�

 and 2Z
�

 which correspond to particular values ξ  and 

ψ  of 12u  and 21u . 

The different solutions to Problems (4.9) and (4.10) for the various combinations 

of the coupling function values lead to a set of optimum solutions with corresponding 

optimum values of the sub-problem objectives which can be written in the following 

form: 

( )( )1 1 1 1min , ,C c R Z ξ ψ∗ =
�

          (4.11)   

( )( )2 2 2 2min , ,C c R Z ξ ψ∗ =
�

           (4.12) 

The set of unit optimum independent variable vectors 1Z ∗
�

 and 2Z ∗
�

 are such that 
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( )1 1 1 1 , ,C c R Z ξ ψ∗ ∗=
�

           (4.13) 

( )2 2 2 2 , ,C c R Z ξ ψ∗ ∗=
�

           (4.14) 

Each set of optimum values of the local objectives 1C  and 2C  can be plotted versus the 

coupling functions 12u  and 21u . The surface created in this way is called the unit-level 

optimum response surface (ORS). A vector of optimum values for the system-level 

objective function results from combinations of the sum of the optimum solutions found 

by solving the local sub-problems, Problems (4.9) and (4.10), i.e. 

1 2C C C∗ ∗ ∗= +             (4.15)

The graphical representation of the set of system-level optimum values versus the 

coupling functions is called the system-level optimum response surface14 of the overall 

synthesis/design problem. Both the unit-level and the system-level ORSs are shown in 

Figure 4.2.  

  

 

 Unit-level optimization

System-level optimization

Local (Unit) Optimum

ORS for Unit 1 ORS for Unit 2

1C ∗ 2C ∗

12u
12u

12u

21u

21u
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1 2C C C∗ ∗ ∗= +

System-level ORS

12
u ξ=

21
u ψ=

1

2Z
2

2Z

{ }1 2

2 2 2,Z Z Z=
�

2C

( ), ,Cξ ψ∗ ∗ ∗∗

 
 

Figure 4.2 Unit-level and system-level optimizations and optimum response surfaces. 

                                                 
14 For a system with more than two coupling functions, the ORS is in fact a hyper-surface. 
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The system-level ORS defines the global or system-level problem given by 

Minimize ( ) ( )1 1 2 2, ,C c R c Rξ ψ ξ ψ∗ = +         (4.16) 

w.r.t. ,ξ ψ  

subject to 

 

max

min

max

min
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12
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21

  

0
 

u

u
G

u

u
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ξ
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ψ

−� �
� �− +� �= ≤� �−
� �
� �− +� �

� �

                       (4.16.1) 

This system-level optimization problem consists of finding the optimum values of the 

coupling functions that minimize the global or system-level objective. At the system-

level, the independent variable vectors 1Z
�

 and 2Z
�

 of each unit do not appear. This is 

because of the assumption made earlier that there are a unique set of local or unit 

optimum values 1Z ∗
�

 and 2Z ∗
�

 for every combination of ξ  and ψ . 

 

 

4.3.2 Iterative Local-Global Optimization Approach A 
 

The Iterative Local-Global Optimization (ILGO) approach eliminates the need for 

implicitly or explicitly (Muñoz and von Spakovsky, 2000a,b,c,d; 2001a,b) creating the 

optimum response surfaces by using a first order Taylor series expansion to approximate 

the local behavior of the system-level response surface. A formal presentation of 

Approach A of this method (i.e. ILGO-A) is given below. 

Consider a modified version of Problems (4.9) and (4.10), where the two sub-

problems are now solved for particular values oξ  and oψ  of the coupling functions 12u  

and 21u , i.e. 

Local sub-problem for unit 1: 

Minimize ( )1 1 1 1, ,o oC c R Z ξ ψ=
�

         (4.17) 

w.r.t. 1Z
�

 

subject to 
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1 0h =
� �

                    (4.17.1) 

1 0g ≤
�

�                     (4.17.2) 

Local sub-problem for unit 2: 

Minimize ( )2 2 2 2 , ,o oC c R Z ξ ψ=
�

         (4.18) 

w.r.t. 2Z
�

 

subject to 

2 0h =
� �

                    (4.18.1) 

2 0g ≤
�

�                     (4.18.2) 

The resulting values for the optimum solutions are ( )1 o
C ∗  and ( )2 o

C ∗  with corresponding 

independent variable vectors ( )1 o
Z ∗
�

 and ( )2 o
Z ∗
�

. The subscript o  that accompanies the 

optimum solutions serves as a reminder that they are calculated at the initial or reference 

point. At this point, a Taylor series expansion of the unit-level objective functions is 

performed about the ORS reference point and the linear term is taken so that 

( ) 1 1
1 1 12 21

12 21
o

o o

C CC C u u
u u

∗ ∗
∗ ∗ � � � �∂ ∂= + ∆ + ∆� � � �∂ ∂� � � �

        (4.19) 

( ) 2 2
2 2 12 21

12 21
o

o o

C CC C u u
u u

∗ ∗
∗ ∗ � � � �∂ ∂= + ∆ + ∆� � � �∂ ∂� � � �

        (4.20) 

Using a more compact notation, equations (4.19) and (4.20) can be written as follows:   

( ) 1 1
1 1 12 12 21 21o

C C u uλ λ∗ ∗= + ∆ + ∆            (4.21) 

( ) 2 2
2 2 12 12 21 21o

C C u uλ λ∗ ∗= + ∆ + ∆            (4.22) 

The partial derivatives appearing in equations (4.19) and (4.20) (or the λ �s in equations 

(4.21) and (4.22)) are called shadow prices (von Spakovsky and Evans, 1993) and 

indicate the relative importance of the coupling functions in terms of the overall system-

level objective. Geometrically, the shadow prices represent the slopes of the unit-level 

ORSs at the local (unit) optimum points, as indicated in Figure 4.3, in the directions of 

the coupling functions.     
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Depending on the sign and absolute value of the shadow prices for units 1 and 2, 

an improved optimum value of the system-level objective given by 

 

 
 

12u
12u

21u
21u

1C ∗
2C ∗

( )( )1, ,o o o
Cξ ψ ∗ ( )( )2, ,o o o

Cξ ψ ∗

 
 

Figure 4.3 A first order Taylor series expansion about the initial local (unit) optimum points is 

used to approximate a reference point on the system-level ORS. 

 

( ) ( ) 1 2 1 2
1 2 12 21
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∗ ∗ ∗ ∗
∗ ∗ ∗ � � � �∂ ∂ ∂ ∂= + + + ∆ + + ∆� � � �∂ ∂ ∂ ∂� � � �

     (4.23) 

can be obtained by changing the values of the coupling functions in the directions and 

with the magnitudes indicated by the partial derivatives. For example, negative shadow 

prices indicate that an increase in the corresponding coupling functions will result in an 

improvement of the system-level objective function, i.e. in a reduction of the total cost of 

the system. The optimization progresses by selecting a new combination of values ξ  and 

ψ  for the coupling functions that guarantees an improved optimum system-level 

solution. Therefore, an iterative procedure called ILGO-A is established which makes it 

possible to move towards a global system-level optimum without having to actually 

generate the system-level ORS or the unit-level ORSs. 
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4.3.3 Iterative Local-Global Optimization Approach B 
 

The feasibility of the ILGO-A approach presented above is based on the existence 

of a set of vectors 1Z ∗
�

 and 2Z ∗
�

 for each set of values ξ  and ψ  that minimize equations 

(4.17) and (4.18) and satisfy the unit constraints. However, this assumption, that every 

combination of ξ  and ψ  leads to a feasible solution, may not be warranted for some 

systems. In fact, it is possible that the ILGO-A approach points towards simultaneous 

increases in 12u  and 21u , which due to the characteristics of the units are not physically 

possible. For such cases, Muñoz and von Spakovsky (2000a,b,c,d; 2001a,b) propose an 

alternative version of ILGO-A called ILGO-B. The latter redefines the local or unit 

objectives so that each sub-problem is formulated as follows: 

 

Sub-problem for unit 1: 

Minimize ( )(1) (1) (1)2 2
1 2 12 21

12 21
o

o o

C CC C C u u
u u

∗ ∗
∗ � � � �∂ ∂= + + ∆ + ∆� � � �∂ ∂� � � �

      (4.24) 

w.r.t. 1Z
�

 and subject to the same constraints as in Problem (4.17)  

Sub-problem for unit 2:     

Minimize ( )(2) (2) (2)1 1
2 1 12 21

12 21
o

o o

C CC C C u u
u u

∗ ∗
∗ � � � �∂ ∂= + + ∆ + ∆� � � �∂ ∂� � � �

      (4.25) 

w.r.t. 2Z
�

 and subject to the same constraints as in Problem (4.18) 

The above sub-problems have the advantage that only values of the independent 

variables close to ( )1 o
Z ∗
�

 and ( )2 o
Z ∗
�

, which lead to feasible solutions, are allowed to 

participate in the optimization, thus, circumventing the physically infeasible solutions 

which the ILGO-A approach could produce in its search for the global optimum. The 

expressions for the objective functions (1)C  and (2)C , i.e. equations (4.24) and (4.25), 

take into account the fact that variations in the independent (decision) variables of the 

unit being optimized has an impact on the local objective function of both units. For 

example, variations in the decision variables of unit 1, namely, 1Z
�

, causes changes (1)
12u∆  
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and (1)
21u∆  in the coupling functions 12u  and 21u , respectively, according to the following 

relationships 

(1) 12
12 1

1

uu Z
Z

∂∆ = ∆
∂

�

�             (4.26) 

(1) 21
21 1

1

uu Z
Z

∂∆ = ∆
∂

�

�            (4.27) 

where the superscript (1) indicates that the changes in the coupling functions are due to a 

variation in 1Z
�

 only15. These changes translate into a variation in the optimum value of 

the local objective function of unit 1 and unit 2. The impact on the local objective 

function of unit 2 (when solving Problem (4.24)) is taken into consideration through the 

shadow prices (the λ�s), i.e. 

2 2
12

12 o

C
u

λ
∗� �∂= � �∂� �

            (4.28) 

2 2
21

21 o

C
u

λ
∗� �∂= � �∂� �

             (4.29) 

Therefore, Problems (4.24) and (4.25) are not strictly speaking local sub-problems. In the 

work of Muñoz and von Spakovsky (2000a,b,c,d; 2001a,b) such problems are called unit-

based system-level optimization problems. 

In the work presented in this thesis, the ILGO-B decomposition technique is used 

to resolve the complex problem of optimizing the synthesis/design of a fuel cell based 

TES. The algorithm for this version of the ILGO approach is as follows: 

1. Obtain an initial point of the optimum response surface with initial reference values 

for the coupling functions equal to oξ  and oψ  by solving the optimization sub-

problems (4.17) and (4.18). 

2. Calculate the shadow prices (the λ�s) of the optimum local objective functions 1C ∗  

and 2C ∗  with respect to the coupling functions 12u  and 21u  at the reference point. 

                                                 
15 In the same fashion, superscript (2) indicates that the changes in the coupling functions are due to a 
variation in 2Z

�

 only. 
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3. Estimate the maximum allowable values of the coupling functions 12u  and 21u . If 

no information is available, assume that the partial derivatives are constant over 

most of the optimum response surface. 

4. Solve the unit-based system-level optimization problems, i.e. Problems (4.24) and 

(4.25), subject to the additional constraint that there is a maximum value that the 

incremental change in each of the coupling functions 12u  and 21u  is allowed to take. 

5. Use the solutions from the previous step to update 1Z ∗
�

 and 2Z ∗
�

 as well as oξ  and oψ . 

Go back to step 2 and repeat the procedure until no further improvement is achieved 

or until the coupling functions have reached the minimum or maximum allowable 

values. 

 

 

4.4 Comments on the Physical Decomposition Techniques 
 

In the previous section, the presentation of the two different physical 

decomposition approaches is only given for a two-unit system. However, both 

approaches are completely general and applicable to any multiple unit system. In 

addition, they are applicable whether a system is hierarchical or not. 

The LGO decomposition strategy has the advantage of breaking a large problem 

into smaller sub-problems that can be solved simultaneously. Furthermore, if a 

sufficiently large number of combinations of the coupling functions are used to solve the 

unit optimizations, the optimum response surface constitutes a true representation of the 

optimum synthesis/design space. The drawback is the computational burden that this 

decomposition approach has for large, complex systems since each sub-problem must be 

solved independently many times in order to generate the ORS (whether implicitly or 

explicitly). This is further compounded by the need for heuristic algorithms to deal with a 

mix of real and integer variables in the optimization and by the use of computationally 

expensive unit analyzers. 

The ILGO decomposition strategy, on the other hand, gets around the 

computational burden of having to generate the ORS implicitly or explicitly by using 
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shadow price information. ILGO, furthermore, makes possible the decentralized, 

integrated synthesis/design optimization of systems by allowing multiple platforms and 

software tools as well as geographically dispersed and discipline diverse teams of 

engineers to effectively interact both at the unit (local) and the system (global) levels. 

One of the most appealing features of ILGO is its ability to provide the information 

necessary to simply improve an existing synthesis/design. In fact, in engineering practice, 

the word �optimization� is often used not to indicate the search for an absolute global 

optimum but rather to find a solution that is better than some existing one. Any of the 

versions of ILGO excels at this task since one could use an existing synthesis/design 

(which is assumed to be �optimized�) as the reference condition and start the iterative 

process from there. Thus, the ILGO decomposition approach is a significant advance over 

LGO in that it 

• Eliminates the nested optimizations required in standard Local-Global 

decomposition approaches. This in fact leads to what in the thermoeconomic 

literature is called a close approach to �thermoeconomic isolation� (Frangopoulos 

and Evans, 1984; von Spakovsky and Evans, 1993), which is defined as the ability 

to optimize independently each unit of a system and yet still arrive at the optimum 

for the system as a whole. 

• Uses an intelligent search based on shadow prices to effectively search the system-

level optimum response surface without having to actually generate it or the unit-

level ORSs. 

• Assures consistency between all local objectives and the system-level objective. 

• Introduces no constraint inconsistencies from one sub-problem to another. 

• Is conducive to the parallelization of the various sub-problem optimizations. 
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Chapter 5 
 

Optimization Strategy for the Proposed TES 
 

 

This chapter presents in detail the procedure followed for the synthesis/design 

optimization of the proposed TES. Both the time and physical decomposition techniques 

are used for this purpose. In the case of physical decomposition, three different sub-

systems within the TES, namely the SS, the FPS, and the EHPS, are taken into account 

and their coupling functions are described. The decomposed optimization problems for 

the two units considered, i.e. the SS and the combined FPS/EHPS, are defined and the 

ILGO-B approach presented in the previous chapter is applied. 

 

 

5.1 Synthesis/Design Optimization Problem Definition Using 
Physical Decomposition 

 

As indicated in Chapter 2, the fuel cell based TES can be divided into the 

following five sub-systems: 

• Fuel processing sub-system (FPS) 

• Stack sub-system (SS) 

• Thermal management sub-system (TMS) 

• Electric heat pump sub-system (EHPS) 

• Load management sub-system (LMS) 

In order to simplify at least somewhat the complex problem of synthesis/design 

optimization for the TES, only three of these five sub-systems, namely the FPS, the SS, 

and the EHPS, are taken into account in the present thesis work. At this point, it should 
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be noted that the focus is on the detailed modeling of the SS and the FPS. The details of 

the EHPS design are not considered of primary interest for the reason that the electric 

heat pump is a more conventional technology than fuel cells and, therefore, quite mature. 

However, the EHPS participates in the search for the optimum synthesis/design of the 

TES with its thermodynamic and cost models described in Chapter 3.  

Based on the above remarks, the system-level synthesis/design optimization 

problem for the proposed TES configuration is defined as    

Minimize TES SS FPS EHPS fuelC C C C C= + + +           (5.1) 

w.r.t. { } { }, ,  ,TES SS FPS TES SS FPSX X X Y Y Y= =
� � � � � �

 

subject to 

0
SS

TES FPS

EHPS

h

H h

h

� �
� �

= =� �
� �
� �� �

�

� ��

�

         (5.1.1) 

 

0
SS

TES FPS

EHPS

g
G g

g

� �
� �= ≤� �
� �� �

�

� �

�

�

         (5.1.2) 

where TESC  is the total cost of the energy system, while SSC , FPSC , and EHPSC  are the 

capital costs of the stack, fuel processing, and electric heat pump sub-systems, 

respectively. The expressions for the capital costs of each one of the three sub-systems is 

presented in detail in Chapter 3 (see Tables 3.20, 3.27, and 3.32). Finally, the remaining 

term of the system-level objective function (i.e. fuelC ) represents the cost of the fuel 

consumed over the entire load/environmental profile. The total cost or system-level 

objective function is minimized with respect to the independent synthesis/design 

variables, TESX
�

, and operational variables, TESY
�

, of the total energy system. The vector of 

equality constraints, TESH
�

, represents the thermodynamic and geometric models of the 

TES described in Chapter 3, while the vector of inequality constraints, TESG
�

, represents 

physical limitations imposed upon the system. 
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5.1.1 The Appropriate Coupling Functions Selection 
 

One of the major objectives of this thesis is to demonstrate the usefulness of 

applying the ILGO-B method to the optimization problem described above. In order to do 

this, it is required that the total energy system be broken down into the three sub-systems 

mentioned earlier, i.e. the SS, the FPS, and the EHPS. This simplified breakdown of the 

TES, as well as its interactions with the environment and the material and energy streams 

connecting its three sub-systems are shown in Figure 2.17. However, since the EHPS is 

not synthesized/designed (i.e. it does not have any decision variables being modified16), it 

is found appropriate and convenient to merge the EHPS and FPS simulation codes. 

Therefore, the physical decomposition of the proposed TES configuration into three units 

leads to the decomposition of the system-level synthesis/design optimization problem 

(Problem (5.1)) into two optimization sub-problems, one for the SS unit and one for the 

combined FPS/EHPS unit.  

The material and energy streams linking the above two units are identified as the 

coupling functions of the TES. The application of the ILGO-B decomposition technique 

makes it necessary to define the five coupling functions shown in Figure 5.1. A more 

detailed description of these five linking functions is given below. 

The SS must satisfy (apart from its internal parasitic power demand and the 

residential total electrical load) the power demand, parE� , required to run the FPS and the 

EHPS. In order for the SS to produce the required gross power, the necessary molar flow 

rate of the hydrogen-rich gas stream, 
2Hn� , must be supplied by the FPS. In addition, the 

FPS must provide the heat transfer rate, airQ� , needed to produce the desired inlet air 

condition (temperature and humidity) at the fuel cell stack cathode. Moreover, the 

pressure of the hydrogen-rich gas stream, FPSP , exiting the FPS must match the inlet 

stack pressure of the SS. Finally, the heat rejected from the fuel cell stack, rejQ� , and 

calculated by the SS simulation code is a necessary input for the combined FPS/EHPS 

simulation code since the latter includes the thermal load balance on the total energy 

                                                 
16 Its size, i.e. capacity, does change with varying system and load/environmental conditions. However, this 
change in capacity and, thus, cost depends on changes in the decision variables of the SS and the FPS. 
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system. In addition to the five coupling functions mentioned above, the hydrogen and 

oxygen utilization factors can be defined as functions linking the SS and combined 

FPS/EHPS units. In this thesis work, however, these two factors are treated as fixed 

parameters in both the SS and combined FPS/EHPS models for reasons of simplicity. 

 

FPS

SS

parE�

airQ�

2Hn�

rejQ�

FPSP

EHPS

 
 

Figure 5.1 Products and feedbacks of the SS and combined FPS/EHPS units. 

 

The coupling functions presented in Figure 5.1 are considered as intermediate 

products and/or feedbacks going to or coming from the units in the following sense. The 

variables parE�  and FPSP  are at the same time the output of the combined FPS/EHPS 

simulation code and required input for the SS code. Therefore, they are called either 

FPS/EHPS intermediate products or SS intermediate feedbacks depending on which is 

the unit of reference. In the same fashion, the variables 
2Hn� , rejQ� , and airQ� , which are the 

output of the SS simulation code and the required input for the combined FPS/EHPS 

code, are called either SS intermediate products or FPS/EHPS intermediate feedbacks. 

What follows is the formulation of the unit-based, system-level optimization 

problems (see Chapter 4 for a detailed explanation) for the two units considered, namely 

the SS and the combined FPS/EHPS, along with a detailed description of their 

independent (decision) variables and a definition of their shadow prices. 
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5.1.2 SS Unit-Based System-Level Optimization Problem Definition 
 

The SS unit-based, system-level optimization problem is formulated as follows 

Minimize 
2 2

'
SS SS FPS EHPS fuel H H rej rej air airC C C C C n Q Qλ λ λ∗ ∗ ∗= + + + + ∆ + ∆ + ∆� ��       (5.2) 

w.r.t. ,cells actn A   

subject to 

0SSh =
� �

          (5.2.1) 

0SSg ≤
�

�          (5.2.2) 

0par par

FPS FPS

E E

P P

∗

∗

� �−
=� �

−� �� �

� � �
         (5.2.3) 

where the vector of equality constraints, SSh
�

, represents the thermodynamic model of the 

SS while the vector of inequality constraints, SSg� , represents physical limitations 

imposed upon the sub-system. Equations (5.2.3) indicate that the coupling functions parE�  

and FPSP  must take the proper values dictated by the solution of the combined FPS/EHPS 

unit-based, system-level optimization problem described in the following sub-section. 

The synthesis/design and operational decision variables for the SS along with their 

ranges, as well as the physical constraints imposed upon the sub-system, are shown in 

Table 5.1. 

 

Table 5.1 SS independent and principle dependent optimization variables and constraints. 

Synthesis/Design Decision Variable Description Constraints 

cellsn  Number of cells 200 1300cellsn≤ ≤  

actA  Cell active area (cm2) 150 800actA≤ ≤  

Operational Decision Variable Description Constraints 
FC

operT  Stack operating temperature (ºC)  70FC

operT =  

Dependent Variable Description Constraints 
actual

cellV  Actual cell voltage (V) 0.4actual

cellV ≥  

,exp oT  Gas expander outlet temperature ,exp o ambT T≥  
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Problem (5.2) represents the minimization of the system-level objective function, 

i.e. the total cost of the TES, TESC , by varying the local (SS unit) decision variables only. 

Apart from the local objective function SSC  and the optimum values for the FPS and 

EHPS capital costs as well as the optimum operating cost, the expression for the unit-

based, system-level objective function, '
SSC , includes the shadow prices of the three 

coupling functions 
2Hn� , rejQ� , and airQ� . These shadow prices are defined as 

2

2

/FPS EHPS
H

H

C
n

λ
∗∂=
∂ �

             (5.3) 

/FPS EHPS
rej

rej

C
Q

λ
∗∂=
∂ �

             (5.4) 

/FPS EHPS
air

air

C
Q

λ
∗∂=
∂ �

             (5.5) 

where /FPS EHPS FPS EHPS fuelC C C C∗ ∗ ∗ ∗= + +           (5.6) 

and they represent the marginal changes in the optimum value of the FPS/EHPS total cost 

solely due to marginal changes in the value of the coupling functions 
2Hn� , rejQ� , and airQ� , 

respectively. Finally, the terms 
2Hn∆ � , rejQ∆ � , and airQ∆ �  characterize the effect that the 

variation in the SS decision variables has on the above mentioned coupling functions and 

are given by 

( )2 2 2

o

H H Hn n n∗∆ = −� � �                         (5.7)

( )o

rej rej rejQ Q Q∗∆ = −� � �              (5.8) 

( )o

air air airQ Q Q∗∆ = −� � �              (5.9) 

where the superscript o  refers to the optimum coupling function value obtained in the 

previous optimization iteration. 
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5.1.3 Combined FPS/EHPS Unit-Based System-Level Optimization 
Problem Definition 

 

The unit-based, system-level optimization problem for the combined FPS/EHPS 

is defined as 

Minimize '
/ FPSparFPS EHPS FPS EHPS fuel SS par P FPSEC C C C C E Pλ λ∗= + + + + ∆ + ∆�

�     (5.10) 

w.r.t. { },FPS FPSX Y
� �

 

subject to 
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where the vector of equality constraints, /FPS EHPSH
�

, represents the thermodynamic, 

kinetic, and geometric models of the combined FPS/EHPS unit while the vector of 

inequality constraints, /FPS EHPSG
�

, represents physical limitations imposed upon the two 

sub-systems. Equations (5.10.3) indicate that the coupling functions 
2Hn� , rejQ� , and airQ�  

must take the appropriate values provided by solving the SS unit-based, system-level 

optimization problem described in the previous sub-section. Problem (5.10) represents 

the minimization of the system-level objective function exclusively due to variations in 

the local (FPS unit) decision variables. The unit-based, system-level objective function, 
'

/FPS EHPSC , is now comprised of the local contributions (i.e. the FPS and EHPS capital 

costs as well as the cost of the fuel consumed), the optimum value for the capital cost of 

the SS obtained from solving Problem (5.2), and two additional terms that indicate the 

impact that the variation in the FPS decision variables has on the local objective of the SS 
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unit. This variation in the local decision variables propagates into the SS unit by means of 

the following shadow prices: 

SS
par

par

C
E

λ
∗∂=

∂ �
            (5.11) 

FPS

SS
P

FPS

C
P

λ
∗∂=

∂
            (5.12) 

whose sign and absolute value dictate the appropriate incremental change in the two 

coupling functions parE�  and FPSP  given by 

( )o

par par parE E E ∗∆ = −� � �            (5.13) 

( )o

FPS FPS FPSP P P∗∆ = −            (5.14) 

so that an improved optimum value of the system-level objective function is guaranteed. 

The synthesis/design and operational decision variables for the FPS along with their 

ranges are presented in Tables 5.2 and 5.3. 

 

 

5.2 Off-design Optimization Problem Definition 
 

The solution to the synthesis/design optimization problem for the TES is, thus, far 

determined by taking into consideration only the most demanding load/environmental 

condition, the so-called synthesis/design point. The result obtained from solving 

Problems (5.2) and (5.10) is actually a set of feasible solutions that includes the best 

synthesis/design, i.e. the one corresponding to the global minimum solution17 for the total 

cost of the TES at the synthesis/design point, plus a number of promising feasible 

syntheses/designs, i.e. solutions that are close to the global minimum. However, as 

mentioned in Chapter 4, the global minimum based solely on the synthesis/design point is 

not necessarily the overall optimum for the TES when the various off-design conditions 

are taken into account (e.g., Oyarzabal, 2001). 
                                                 
17 The assumption that a global minimum is found is not based on mathematical proof but on knowledge of 
the solution space and observation of the genetic algorithm�s behavior during the optimization process. 
Even if it is only a local optimum, there is a high degree of assurance that it is one of the best that could be 
found. 
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Table 5.2 FPS synthesis/design decision variables and constraints. 

Component Synthesis/Design Decision Variable Description Constraints 

SMR

id  SMR reactor tube diameter (m) 0.012SMR

id =  
SMR reactor 

SMR

tubesn  Number of SMR reactor tubes 20 60SMR

tubesn≤ ≤  

HTSL  HTS reactor length (m) 0.05 1HTSL≤ ≤  
HTS reactor 

HTSD  HTS reactor diameter (m) 0.05 0.5HTSD≤ ≤  

LTSL  LTS reactor length (m) 0.05 1LTSL≤ ≤  
LTS reactor 

LTSD  LTS reactor diameter (m) 0.05 0.5LTSD≤ ≤  

eco

id  Economizer tube diameter (m) 0.012eco

id =  

eco

tubesn  Number of economizer tubes 10 50eco

tubesn≤ ≤  

ecoL  Economizer length (m) 0.1 1ecoL≤ ≤  

evap

id  Evaporator tube diameter (m) 0.012evap

id =  

evap

tubesn  Number of evaporator tubes 10 50evap

tubesn≤ ≤  

super

id  Superheater tube diameter (m) 0.012super

id =  

super

tubesn  Number of superheater tubes 10 50super

tubesn≤ ≤  

Steam generator 

superL  Superheater length (m) 0.1 1superL≤ ≤  

finN  Fin type number 11finN =  

hL  Hot-side length (m) 0.05 1.5hL≤ ≤  Compact heat exchangers 

cL  Cold-side length (m) 0.05 1.5cL≤ ≤  

 

Therefore, in order to obtain the synthesis/design that minimizes the total cost of 

the TES over the entire load/environmental profile, the following off-design optimization 

problem needs to be defined and solved for each one of the three different off-design time 

segments presented in Table 3.2, i.e. 

Minimize ( )oper fuel fuelC c n t= ∆�                                  (5.15) 

w.r.t. operY
�

 

subject to 



 94

Table 5.3 FPS operational decision variables and constraints.  

Component Operational Decision Variable Description Constraints 

Methane compressor MCPR  Methane compressor pressure ratio 2.4 4.8MCPR≤ ≤  

SMR reactor SMR

oT  SMR reactor outlet temperature, ºC 550 900SMR

oT≤ ≤  

HTS reactor HTS

oT  HTS reactor outlet temperature, ºC 727HTS

oT ≤  

LTS reactor LTS

oT  LTS reactor outlet temperature, ºC 130 250LTS

oT≤ ≤  

Reformate mixer 2
4

H O
CH

ζ  Steam-to-methane ratio 2
4

2 10H O
CH

ζ≤ ≤  

f
r

ζ  Fuel-to-reformate ratio 0.01 0.8f
r

ζ≤ ≤  
Combustion mixer 

a
f

ζ  Air-to-fuel ratio  10 70a
f

ζ≤ ≤  

 

 

0operh =
� �

                  (5.15.1) 

0operg ≤
�

�                   (5.15.2) 

0pfX X− =
�� �

                     (5.15.3) 

where operC  is the operating cost of the TES and operY
�

 its set of operational variables 

associated with a particular off-design time segment of the load/environmental profile. 

The only contribution to the objective function of the off-design optimization problem is 

the cost of the fuel consumed during the time period t∆  of the off-design segment. 

Constraint (5.15.3) indicates that Problem (5.15) has to be solved with values of the 

design variable vector X
�

 equal to pfX
�

, where pfX
�

 is the vector of the design variable 

values corresponding to one of the promising feasible solutions (including the global 

minimum found at the synthesis/design point) obtained by solving Problems (5.2) and 

(5.10). The synthesis/design variables that remain fixed during the off-design 

optimizations are shown in Tables 5.1 and 5.2 while the set of operational variables, operY
�

, 

used to minimize the operating cost of the TES at the three different off-design conditions 

are given in Table 5.4 along with their ranges. 
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Table 5.4 Off-design independent optimization variables and constraints. 

Component Operational Variable Description Constraints 

Reformate mixer 2
4

H O
CH

ζ  Steam-to-methane ratio 2
4

2 20H O
CH

ζ≤ ≤  

2Hf  Hydrogen utilization factor 
2

0.01 1Hf≤ ≤  

FC

iP  Inlet stack pressure, atm 1 3FC

iP≤ ≤  Fuel cell stack 

FC

operT  Stack operating temperature, ºC  70FC

operT =  

 

 

5.3 Solution Approach 
 

The application of time decomposition and physical decomposition (ILGO-B in 

particular) to the complex problem of the synthesis/design optimization of the proposed 

TES requires a certain optimization procedure. The necessary steps for this procedure 

leading to the identification of the final synthesis/design that minimizes the total cost of 

the TES over the entire load/environmental profile are summarized below. 

1. Solve the unit-based, system-level optimization problem for the stack sub-system, 

i.e. Problem (5.2). Since no information about the FPS exists in the first iteration of 

ILGO-B, set the shadow prices 
2Hλ , rejλ , and airλ  equal to zero and use initial 

estimates for the parasitic power demand, parE� , and the inlet stack pressure, FPSP . 

2. Calculate the shadow prices based on the optimum SS capital cost, SSC ∗ , by using 

equations (5.11) and (5.12). Make sure that the ranges within which the coupling 

functions parE�  and FPSP  are allowed to vary, preserve the validity of the first order 

Taylor series expansion. 

3. Solve the unit-based, system-level optimization problem for the combined 

FPS/EHPS, i.e. Problem (5.10), by using as values for the coupling functions and 

the shadow prices the ones calculated in steps 1 and 2, respectively.   

4. Calculate the shadow prices based on the optimum FPS/EHPS total cost, /FPS EHPSC ∗ , 

by using equations (5.3) through (5.5). Make sure that the ranges within which the 
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coupling functions 
2Hn� , rejQ� , and airQ�  are allowed to vary, preserve the validity of 

the first order Taylor series expansion. 

5. Repeat steps 1 through 4 until no further improvement in the system-level objective 

function, i.e. TESC , is achieved or until the coupling functions have reached the 

minimum or maximum allowable values. 

6. Identify the most promising syntheses/designs from the set of feasible solutions as 

well as their corresponding decision variables, which will be fixed during the off-

design optimization. 

7. Solve the off-design optimization problem (Problem (5.15)) for all the remaining 

time segments of the load/environmental profile. Repeat the current step for each 

one of the most promising feasible solutions identified in step 6. 

8. Calculate the total cost of the TES taking into account the optimized operating costs 

of the various off-design time segments. 

9. Identify the synthesis/design that minimizes the total cost of the proposed TES over 

the entire load/environmental profile. 

The commercial optimization package iSIGHT (2000) was used to solve 

optimization problems (5.2), (5.10), and (5.15). This software provides a number of 

different optimization algorithms from gradient-based methods such as the method of 

feasible directions and sequential quadratic programming to heuristic based methods such 

as simulated annealing and genetic algorithms. The latter are more advantageous even 

though more computationally intensive when optimizing with a large number of degrees 

of freedom and when the solution space is highly non-linear and/or a mix of discrete and 

continuous decision variables are employed. 

In order for iSIGHT to start solving the problems mentioned in the previous 

sections, an optimization plan that guides the software through the optimization 

procedure needs to be defined. This plan typically consists of two steps. The first one 

uses a genetic algorithm (GA) in order to effectively deal with possible local minima 

problems. Each GA optimization run has a minimum population size equal to four times 

the number of independent variables with a minimum of 50 and a maximum of 150 to 

200. The number of generations for the GA is set to 10 for the SS, between 200 and 500 

for the combined FPS/EHPS, and to 250 for the off-design optimization problems, 
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respectively. Once the GA has found a solution, the second step of the optimization 

procedure for iSIGHT is to use a gradient-based algorithm, i.e. sequential quadratic 

programming, to refine the top two or three solutions obtained with the GA to the best 

solutions from which the optimal is chosen. 
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Chapter 6 
 

Results and Discussion 
 

 

The results for the synthesis/design optimization of the proposed PEM fuel cell 

based TES are discussed in this chapter. The thorough presentation of the solution 

obtained using the ILGO decomposition technique is followed by a comparison of this 

solution with the one found without decomposition as well as a detailed description of the 

system-level ORS in addition to the SS and combined FPS/EHPS unit-level ORSs. The 

most promising TES syntheses/designs along with their off-design performance results 

are presented next and the final optimum TES synthesis/design is identified. Finally, the 

unique component geometries, the most interesting thermodynamic properties over the 

entire load/environmental profile, and the various cost estimates for the final optimum 

TES synthesis/design are presented and discussed in the last section of this chapter. 

 

 

6.1 Synthesis/Design Optimization Problem Results Using the 
ILGO Approach 

 

As indicated in Chapter 5, the ILGO physical decomposition technique is used in 

order to optimize the total energy system�s synthesis/design for the time segment with the 

most stringent load/environmental conditions, i.e. the synthesis/design point. The 

solutions to the SS and combined FPS/EHPS unit-based, system-level optimization 

problems, i.e. Problems (5.2) and (5.10), for each iteration of the ILGO approach as well 

as the corresponding total cost of the TES are presented in Table 6.1. A graphical 

representation of this tabulated data is given in Figures 6.1 through 6.3. 
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Table 6.1 Optimum values of the SS, combined FPS/EHPS, and TES total costs at the 

synthesis/design point for each iteration of the ILGO approach. 

ILGO 

Iteration No. 
SSC  

($) 

FPS/EHPSC  
($) 

TESC  
($) 

Percentage 

Improvement 

1 350,820 2,435,774 2,786,594 � 

2 241,371 1,625,816 1,867,187 -32.99% 

3 279,977 1,545,142 1,825,119 -2.25% 

4 329,997 1,393,873 1,723,870 -5.55% 

5 374,017 1,326,874 1,700,891 -1.33% 

6 376,662 1,313,928 1,690,590 -0.61% 

7 377,469 1,305,722 1,683,191 -0.44% 

8 377,000 1,306,089 1,683,089 -0.01% 

 

An optimum value for the total cost of the TES, TESC , is obtained in seven 

iterations of ILGO. A remarkable improvement in the value of the system-level objective 

function is observed upon completion of the second ILGO iteration. In particular, the 

total cost of the TES is lower by $919,407 than that of the first iteration, which translates 

to a 32.99% decrease. Noticeable improvements are still achieved in the next three runs. 
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Figure 6.1 Evolution of the total cost of the TES at the synthesis/design point as the ILGO 

scheme progressed. 
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Figure 6.2 Evolution of the total cost of the SS unit at the synthesis/design point as the ILGO 

scheme progressed. 
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Figure 6.3 Evolution of the total cost of the combined FPS/EHPS unit at the synthesis/design 

point as the ILGO scheme progressed. 

 

The flat behavior exhibited after the fifth iteration indicates that the overall 

iterative optimization scheme has practically converged. However, a total of seven ILGO 
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iterations have been performed in order to meet the method�s convergence criterion for 

the total cost of the TES set at 0.5%. The purpose of the eighth iteration is to verify that 

no further improvement in the system-level objective function can be achieved and, 

therefore, gain confidence in the solution as an optimum one. 

The important feature of the ILGO decomposition technique, i.e. its ability to find 

the optimum value for the total cost of the proposed TES (at the synthesis/design point) 

without having to generate either the system-level or the unit-level optimum response 

surfaces (ORSs), involves the calculation of the five shadow prices defined in Chapter 5, 

namely 
FPSPλ , parλ , rejλ , 

2Hλ , and airλ . Geometrically, these shadow prices represent the 

slopes of the SS and combined FPS/EHPS unit-level ORSs at the local (unit) optimum 

points in the directions of the coupling functions FPSP , parE� , rejQ� , 
2Hn� , and airQ� , 

respectively. The five shadow prices calculated at the seventh ILGO iteration and a brief 

explanation of their behavior are given below. 

The shadow price 
FPSPλ  of the inlet stack pressure, FPSP , (i.e. the slope of the SS 

unit-level ORS in the FPSP  direction) is shown in Figure 6.4. 

 

y = -0.129x + 273637.016
R2 = 1.000

234,000

235,000

236,000

237,000

238,000

275000 285000 295000 305000

PFPS (Pa)

C S
S 

($
)

 
 

Figure 6.4 The slope of this line is the local slope of the SS unit-level ORS in the direction of the 

inlet stack pressure. It is represented by the shadow price of the coupling function FPSP  at the 

synthesis/design point for the seventh ILGO iteration and is given by 0.129
FPSPλ = −  $/Pa. 
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Its negative sign indicates that, for a certain amount of stack gross power 

required, an increase in the inlet stack pressure will result in a decrease in the total cost of 

the SS. This behavior can be explained in terms of the power density of the fuel cell 

stack. The variation of this power density with respect to the current density is illustrated 

in Figure 6.5 for two different inlet stack pressures. It is obvious that, for a specified 

gross power output and a fixed value of the current density (i.e. fixed hydrogen-rich 

reformate gas feed), the higher the inlet stack pressure, the higher the stack power density 

and, therefore, the smaller the size of the fuel cell stack and the lower the total cost of the 

SS. 
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Figure 6.5 Fuel cell stack power density vs. current density for two different values of the inlet 

stack pressure.  

 

Given that the residential total electrical load is fixed, the power demand, parE� , 

required to run the FPS and the EHPS has a predictable effect on the total cost of the SS. 

In particular, an increase in the power demand, parE� , translates to a higher stack gross 

power requirement, which in turn points towards a larger fuel cell stack and, thus, to an 

increased total cost for the SS. The positive shadow price parλ  of the power demand 

parE� , for a set value of the inlet stack pressure, is shown in Figure 6.6. 
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Figure 6.6 The slope of this line is the local slope of the SS unit-level ORS in the direction of the 

parasitic power demand for the combined FPS/EHPS unit. It is represented by the shadow price 

of the coupling function parE�  at the synthesis/design point for the seventh ILGO iteration and is 

given by 1004.22parλ =  $/kWe. 

 

Figure 6.7 shows the shadow price rejλ  of the fuel cell stack heat rejection, rejQ� , 

for a given value of the coupling functions 
2Hn�  and airQ� . The negative slope of the 

combined FPS/EHPS unit-level ORS in the rejQ�  direction is justified by recalling the 

expressions for the EHPS capital cost and the thermal load balance for the TES 

configuration. The latter can easily be written, in looking at Figure 2.17, as follows: 

TES sph hw FPS EHPS rejQ Q Q Q Q Q= + = + +� � � � � �                  (6.1) 

where TESQ�  is the total amount of the heat available from the several sources within the 

configuration that must meet both the space heating and the hot water loads ( sphQ�  and 

hwQ� , respectively) of the residential complex consisting of fifty residences. Additionally, 

FPSQ�  represents the waste heat available from the cooling of the PROX reactor and the 

conditioning of the reformate gas before it enters the fuel cell stack, while EHPSQ�  is the 

total heating load that must be supplied by the EHPS. 
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Figure 6.7 The slope of this line is the local slope of the combined FPS/EHPS unit-level ORS in 

the direction of the fuel cell stack heat rejection. It is represented by the shadow price of the 

coupling function rejQ�  at the synthesis/design point for the seventh ILGO iteration and is given by 

964.47rejλ = −  $/kWth. 

 

The fact that in the current shadow price calculation the coupling function 
2Hn�  

has been set to a given value, fixes the values of the FPS capital cost, FPSC , the TES 

operating cost, fuelC , and the waste heat FPSQ� . Since the residential load demands and the 

waste heat available from the FPS remain unchanged, equation (6.1) indicates that a 

higher fuel cell stack heat rejection will automatically mean a lower heating load 

requirement for the EHPS. On the other hand, by fixing the value of the terms FPSC  and 

fuelC , it becomes obvious (see equation (5.6)) that the total cost of the combined 

FPS/EHPS unit, /FPS EHPSC , is solely affected by the term EHPSC , namely the capital cost 

of the EHPS. According to the expression for the EHPS purchase cost (see Table 3.32), 

the lower the heating load EHPSQ� , the lower the purchase and, consequently, the capital 

cost of the EHPS. With the above observations in mind, the negative sign of the shadow 

price rejλ  comes as no surprise. 
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The effect of the hydrogen-rich gas molar flow rate, 
2Hn� , on the total cost of the 

combined FPS/EHPS unit, for fixed values of the coupling functions rejQ�  and airQ� , is 

graphically represented in Figure 6.8. The positive value of the shadow price 
2Hλ  shows 

that a higher production rate of hydrogen-rich reformate gas by the FPS corresponds to an 

increased total cost for the combined FPS/EHPS unit. This tendency can be readily 

explained by taking into consideration equations (5.6) and (6.1) as well as the remarks 

made in the previous paragraph regarding the EHPS capital cost. 
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Figure 6.8 The slope of this line is the local slope of the combined FPS/EHPS unit-level ORS in 

the direction of the hydrogen-rich gas molar flow rate. It is represented by the shadow price of the 

coupling function 
2Hn�  at the synthesis/design point for the seventh ILGO iteration and is given by 

2
1, 639,832,163Hλ =  $/(kmol/s). 

 

Let us first reveal how a higher hydrogen-rich gas molar flow rate results in an 

increased EHPS capital cost, EHPSC . Since the terms TESQ�  and rejQ�  for this case are fixed, 

a change in the value of the term FPSQ�  will obviously have the opposite effect on the term 

EHPSQ� . At this point, it should be noted that the heat available from the cooling of the 

PROX reactor is the major contributor to the waste heat FPSQ� . In addition, the higher 
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molar flow rate of the hydrogen-rich gas stream exiting the FPS indicates that less 

hydrogen has been burned inside the PROX reactor and, consequently, less thermal 

energy has been released. This observation undoubtedly leads to a smaller value for the 

waste heat FPSQ� , which in turn translates into a higher EHPSQ�  and, therefore, to an 

increase in the capital cost of the EHPS. 

As to the cost terms FPSC  and fuelC  appearing in equation (5.6), an increase in the 

production rate of the hydrogen-rich reformate gas will mean an increase in both cost 

terms or at least one of them. That is to say, a higher molar flow rate of the hydrogen-rich 

reformate gas can be achieved by only supplying more fuel to the FPS or by only 

increasing the size of the FPS reactors or by both. In the first case, an increase is only 

observed in the term fuelC , i.e. the operating cost of the TES, since in an FPS 

configuration with fixed component geometries and catalyst bulk densities, a higher 

hydrogen-rich gas production corresponds to a higher amount of methane feed flowing 

down the reforming line. In the second case, an increase is solely observed in the capital 

cost of the FPS, FPSC , since increasing the geometry of the FPS reactors and, thus, the 

amounts of the different catalysts used translates, apart from higher hydrogen 

productions, to higher FPS purchase costs. 

Finally, the shadow price airλ  of the coupling function airQ� , is displayed in Figure 

6.9, for a given value of the coupling functions 
2Hn�  and rejQ� . Its zero value indicates that 

a change in airQ� , i.e. the required heat transfer rate in order to produce the desired inlet 

air condition (temperature and humidity) at the fuel cell stack cathode, has absolutely no 

effect on the total cost of the combined FPS/EHPS unit. This behavior can be justified by 

bearing in mind that the coupling function airQ�  does not appear in any of the expressions 

for the cost functions comprising either the FPS or the EHPS cost models. Moreover, a 

change in its value brings about changes in certain FPS thermodynamic variables, which 

in turn do not either explicitly or implicitly affect the value of the cost term /FPS EHPSC . 
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Figure 6.9 The slope of this line is the local slope of the combined FPS/EHPS unit-level ORS in 

the direction of the coupling function airQ� . It is represented by the shadow price airλ  at the 

synthesis/design point for all ILGO iterations and its zero value indicates that the coupling 

function airQ�  has absolutely no effect on the total cost of the combined FPS/EHPS unit. 

 

The shadow prices of the coupling functions FPSP , parE� , rejQ� , and 
2Hn�  at the 

synthesis/design point for the first six ILGO iterations are given in Figures 6.10 through 

6.13. Their linear behavior is clearly evident. In addition, the fact that these four shadow 

prices, i.e. 
FPSPλ , parλ , rejλ , and 

2Hλ , remain basically constant during the entire 

optimization process is believed to be a significant contributing factor to the relatively 

fast overall convergence of the ILGO approach. 
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3rd  ILGO Iteration
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5th  ILGO Iteration
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Figure 6.10 The slopes of these lines are the shadow prices of the inlet stack pressure at the 

synthesis/design point for the first six ILGO iterations. 
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3rd  ILGO Iteration
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5th  ILGO Iteration
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Figure 6.11 The slopes of these lines are the shadow prices of the parasitic power demand for the 

combined FPS/EHPS unit at the synthesis/design point for the first six ILGO iterations. 
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3rd  ILGO Iteration
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5th  ILGO Iteration
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Figure 6.12 The slopes of these lines are the shadow prices of the fuel cell stack heat rejection at 

the synthesis/design point for the first six ILGO iterations. 
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Figure 6.13 The slopes of these lines are the shadow prices of the hydrogen-rich gas molar flow 

rate at the synthesis/design point for the first six ILGO iterations. 
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The evolution of the five coupling functions (intermediate products and/or 

feedbacks), i.e. FPSP , parE� , rejQ� , 
2Hn� , and airQ� , going to or coming from the units is 

illustrated in Figures 6.14 through 6.18. Their exact values obtained at each iteration of 

the optimization procedure are given in Table 6.2. 

 
Table 6.2 Coupling function values at the synthesis/design point for each iteration of the ILGO 

approach. 

ILGO 

Iteration No. 
FPSP  

(Pa) 

�
parE

 
(kWe) 

�
rejQ

 
(kWth) 

�
2Hn
 

(kmol/s) 

�
airQ  

(kWth) 

1 202650 180.00 299.96 0.00253890 73.21 

2 253329 101.00 265.50 0.00202616 35.13 

3 273579 117.51 226.63 0.00192777 26.42 

4 295732 126.70 213.84 0.00191442 19.44 

5 289789 130.23 201.60 0.00187468 20.75 

6 288339 130.48 201.08 0.00187329 21.16 

7 288776 130.54 201.16 0.00187396 21.04 

8 290523 130.36 201.19 0.00187353 20.52 
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Figure 6.14 Behavior of the inlet stack pressure at the synthesis/design point throughout the 

optimization procedure. 
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Figure 6.15 Behavior of the parasitic power demand for the combined FPS/EHPS unit at the 

synthesis/design point throughout the optimization procedure. 
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Figure 6.16 Behavior of the fuel cell stack heat rejection at the synthesis/design point throughout 

the optimization procedure. 
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Figure 6.17 Behavior of the hydrogen-rich gas molar flow rate at the synthesis/design point 

throughout the optimization procedure. 
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Figure 6.18 Behavior of the coupling function airQ�  at the synthesis/design point throughout the 

optimization procedure. 

 

The change in values of a selected set of the SS and FPS independent (decision) 

variables as the ILGO scheme progressed is shown in Figures 6.19 through 6.21. In 
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particular, the values of the number of cells, the cell active area, the lengths of the 

economizer, the superheater, and the FPS reactors (i.e. SMR, HTS, and LTS) as well as 

the values of two FPS operational decision variables, namely the methane compressor 

pressure ratio and the steam-to-methane ratio, are given for the eight optimization 

iterations. Quite clearly, all of the above-mentioned variables become stable after the 

sixth ILGO iteration. This observation in addition to the flat behavior of the coupling 

functions in the last three iterations (see Figures 6.14 through 6.18) confirms the 

convergence of the iterative optimization approach used. 
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Figure 6.19 Behavior of the number of cells and the cell active area (SS synthesis/design decision 

variables) at the synthesis/design point as the ILGO scheme progressed. 



 116

0.00

0.10

0.20

0.30

0.40

1 2 3 4 5 6 7 8
ILGO Iteration No.

Le
ng

th
 (m

)

Economizer Superheater

 

1

1.5

2

2.5

3

3.5

4

1 2 3 4 5 6 7 8

ILGO Iteration No.

L S
M

R
 (m

)

 
 

0

0.2

0.4

0.6

0.8

1

1 2 3 4 5 6 7 8

ILGO Iteration No.

L r
ea

ct
or

 (m
)

HTS LTS

 
 

Figure 6.20 Behavior of selected FPS synthesis/design decision variables at the synthesis/design 

point as the ILGO scheme progressed. 
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Figure 6.21 Behavior of selected FPS operational decision variables at the synthesis/design point 

as the ILGO scheme progressed. 

 

 

6.2 Comparison of Results with and without Decomposition 
 

The synthesis/design optimization problem for the TES, i.e. Problem (5.1), was 

also solved without using physical decomposition. The optimum solution found for the 

total cost of the TES is based solely on the most stringent time segment, i.e. the 

synthesis/design point, and can, therefore, be compared with the solution obtained with 

the ILGO method. In addition, the synthesis/design and operational decision variables for 
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the problem without decomposition as well as their ranges are exactly the same as those 

considered for the SS and combined FPS/EHPS units and are presented in Tables 5.1 

through 5.3. 

The comparison of the results obtained from solving Problem (5.1) with and 

without decomposition is presented below. Table 6.3 compares the optimum values of the 

system-level objective, i.e. the total cost of the TES, and the corresponding total costs of 

the SS and the combined FPS/EHPS obtained from both approaches. The tabulated 

results indicate that the ILGO solution is in very good agreement with the solution found 

without decomposing the problem. Additionally, a very interesting thing observed is that 

the ILGO decomposition technique led to a slightly better optimum value for the total 

cost of the TES than the approach without decomposition. 

 

Table 6.3 Comparison of the SS, combined FPS/EHPS, and TES optimum total costs obtained 

with and without decomposition. The total cost values given here are based solely on the 

synthesis/design point. 

Cost Description 
ILGO Solution 

(Decomposition)

Solution without 

Decomposition 

Deviation of the 

ILGO Solution 

SSC  SS total cost ($)18 377,000 378,327 -0.35% 

/FPS EHPSC  FPS/EHPS total cost19  ($)  1,306,089 1,314,116 -0.61% 

TESC  TES total cost ($) 1,683,089 1,692,443 -0.55% 

 

The resulting values of a selected set of independent and dependent geometric 

variables for both the ILGO approach and the full-scale optimization are given in Table 

6.4. Furthermore, the optimum values of the TES operational decision variables as well 

as the values of several interesting dependent optimization variables are compared in 

Tables 6.5 and 6.6, respectively. 

 

 
                                                 
18 Since the SS has no operating cost, its total cost is equal to its capital cost. 
19 The TES operating cost included in the expression for the total cost of the combined FPS/EHPS unit is 
overestimated here due to the assumption made at the synthesis/design point that the TES has to satisfy the 
electrical and thermal load demands corresponding to the most stringent time segment (see Table 3.2) 
throughout its lifetime. 
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Table 6.4 Comparison of the optimal component geometries obtained with and without 

decomposition. The optimum values of the FPS and SS geometric variables shown here are based 

solely on the synthesis/design point. 

Geometric Variable Description 
ILGO Solution 

(Decomposition)

Solution without 

Decomposition 

Deviation of the 

ILGO Solution 

SMRL  SMR reactor length (m) 2.03051 2.03542 -0.24% 

HTSL  HTS reactor length (m) 0.19971 0.20000 -0.15% 

HTSD  HTS reactor diameter (m) 0.08860 0.08862 -0.02% 

LTSL  LTS reactor length (m) 0.59589 0.60000 -0.69% 

LTSD  LTS reactor diameter (m) 0.10126 0.10105 0.21% 

Steam generator    

ecoL  Economizer length (m) 0.26283 0.26005 1.07% 

evapL  Evaporator length (m) 0.47862 0.46160 3.69% 

superL  Superheater length (m) 0.10378 0.10470 -0.88% 

Combustion mixture preheater 1    

hL  Hot-side length (m) 0.62589 0.62589 0.00% 

cL  Cold-side length (m) 0.75261 0.75261 0.00% 

H  Height (m) 0.00915 0.00916 -0.10% 

Combustion mixture preheater 2    

hL  Hot-side length (m) 0.52492 0.52492 0.00% 

cL  Cold-side length (m) 0.87524 0.89001 -1.66% 

H  Height (m) 0.01380 0.01363 1.21% 

Reformate preheater    

hL  Hot-side length (m) 0.16101 0.16000 0.63% 

cL  Cold-side length (m) 0.36590 0.37000 -1.11% 

H  Height (m) 0.03305 0.03293 0.36% 

Fuel cell stack    

cellsn  Number of cells 888.040 888.040 0.00% 

actA  Cell active area (cm2) 762.525 765.600 -0.40% 
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Table 6.5 Comparison of the TES optimum operational decision variable values obtained with 

and without decomposition. The results for the operational variables presented here are based 

solely on the synthesis/design point. 

Operational Decision Variable Description 
ILGO Solution

(Decomposition)

Solution without 

Decomposition 

Deviation of the 

ILGO Solution 

SMR

oT  SMR reactor outlet temperature (ºC) 1132 1132 0.00% 

HTS

oT  HTS reactor outlet temperature (ºC) 850 850 0.00% 

LTS

oT  LTS reactor outlet temperature (ºC) 485 485 0.00% 

MCPR  Methane compressor pressure ratio 3.44169 3.43629 0.16% 

2
4

H O
CH

ζ  Steam-to-methane ratio 2.84540 2.84540 0.00% 

f
r

ζ  Fuel-to-reformate ratio 0.32820 0.32827 -0.02% 

a
f

ζ  Air-to-fuel ratio  13.57939 13.57939 0.00% 

 

 
Table 6.6 Comparison of some interesting TES dependent optimization variable values obtained 

with and without decomposition. The results for the various optimization variables presented here 

are based solely on the synthesis/design point. 

Dependent Optimization Variable Description 
ILGO Solution

(Decomposition)

Solution without 

Decomposition 

Deviation of the 

ILGO Solution

fueln�  Fuel feed molar flow rate (kmol/h) 2.57261 2.58030 -0.30% 

Produced hydrogen molar flow rate 
2Hn�  

(kmol/h) 
6.74471 6.75146 -0.10% 

actual

cellV  Actual cell voltage (V) 0.76896 0.76936 -0.05% 

gross

stackE�  Stack gross power produced (kWe) 236.30 236.67 -0.15% 

parE�  FPS/EHPS parasitic power (kWe) 130.67 148.77 -12.17% 

airQ�  Stack preheater heat transfer rate (kWth) 20.52 20.61 -0.42% 

rejQ�  Stack heat rejection (kWth) 201.19 201.25 -0.03% 

heat

EHPSQ�  EHPS total heating load (kWth) 233.80 233.74 0.03% 
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Quite clearly, all of these values are basically the same for both approaches except 

for the length of the evaporator, evapL , and the parasitic power demand, parE� . However, 

only the deviation of the parE�  from the corresponding solution without decomposition is 

believed to be quite significant. 

The above-mentioned deviation should by no means be thought of as a drawback 

of the ILGO method. Such a result for the parasitic power demand was actually expected 

due to a small inconsistency in the way that the expander is treated in the case of the 

decomposed optimization. In particular, the expander of the TES configuration is 

conceptually divided into an air expander assigned to the SS unit and a gas expander 

assigned to the FPS/EHPS unit, in order to avoid introducing a sixth coupling function 

(which could have been done) that would certainly have complicated and slowed down 

somewhat the decomposed optimization procedure. Obviously, the power recovered by 

expanding the mixture resulting from the adiabatic mixing of the air and combustion gas 

streams (problem without decomposition) does not equal the power recovered by 

expanding the combustion gases exiting the FPS and the air stream leaving the fuel cell 

cathode in separate expanders (problem with decomposition). 

The fact that the solution to the synthesis/design optimization problem for the 

TES obtained with ILGO precedes the solution obtained without decomposition could 

raise the concern that the results of the full-scale optimization are prejudiced. That is to 

say, once the optimum results for the ILGO approach are known, convergence of the 

solution without decomposition can possibly be guaranteed by supplying the optimizer 

with a workable starting point (i.e. feasible synthesis/design) close to the optimum one 

already found. This, however, was not done as is seen by the selected initial and optimum 

sets of the synthesis/design and operational decision variable values for the problem 

without decomposition presented and compared in Tables 6.7 and 6.8, respectively. 

Based on the nature of the mathematical problem to be solved20 and on our 

knowledge of the TES configuration�s solution space, the initial values of the 

                                                 
20 The fact that mostly geometric instead of thermodynamic variables are allowed to vary at the 
optimization level renders the final system of equations that needs to be solved highly non-linear. The 
solution to such a system of equations requires the implementation of non-linear equation solvers that are 
both robust and relatively fast. It also requires initial guesses for all of the variables in order to provide the 
solution algorithm with a starting point. 



 122

independent optimization variables given in Tables 6.7 and 6.8 are considered quite 

different from the resulting optimum ones. It can, therefore, be asserted with confidence 

that the solution of the full-scale optimization is in fact unbiased. 

 

Table 6.7 Comparison of the selected set of initial and optimum synthesis/design decision 

variable values for the synthesis/design optimization problem without decomposition. The results 

for the geometric variables presented here are based solely on the synthesis/design point. 

Synthesis/Design Decision 

Variable Description 

Initial 

Feasible 

Solution 

Optimum 

Feasible 

Solution 

Percentage 

Difference 

cellsn  Number of cells 1000 888.040 -11.20% 

actA  Cell active area (cm2) 550 765.600 39.20% 

HTSL  HTS reactor length (m) 0.15 0.20000 33.33% 

HTSD  HTS reactor diameter (m) 0.14049 0.08862 -36.92% 

LTSL  LTS reactor length (m) 0.45 0.60000 33.33% 

LTSD  LTS reactor diameter (m) 0.39925 0.10105 -74.69% 

ecoL  Economizer length (m) 0.14867 0.26005 74.92% 

superL  Superheater length (m) 0.13533 0.10470 -22.63% 

Combustion mixture preheater 1    

hL  Hot-side length (m) 1.4 0.62589 -55.29% 

cL  Cold-side length (m) 1.1 0.75261 -31.58% 

Combustion mixture preheater 2    

hL  Hot-side length (m) 0.35 0.52492 49.98% 

cL  Cold-side length (m) 0.78 0.89001 14.10% 

Reformate preheater    

hL  Hot-side length (m) 0.8 0.16000 -80.00% 

cL  Cold-side length (m) 0.3 0.37000 23.33% 

 

Finally, it is important to note that the genetic algorithm (GA) used had a 

population size equal to 100 and that the number of generations was set to 600. 

Therefore, the full-scale optimization ran for almost one week on a machine equipped 
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with an Intel® Pentium® III processor at 700 MHz, resulting in an overall reduction in the 

value of the total cost of the TES of 14.19%, as indicated in Table 6.9. At this point, it 

should be noted that the above-mentioned decrease was achieved after approximately 480 

generations of the GA and that no further significant improvement in the value of the 

system-level objective function was obtained after this point. 

 

Table 6.8 Comparison of the selected set of initial and optimum operational decision variable 

values for the synthesis/design optimization problem without decomposition. The results for the 

operational variables presented here are based solely on the synthesis/design point. 

Operational Decision Variable Description 

Initial 

Feasible 

Solution 

Optimum 

Feasible 

Solution 

Percentage 

Difference 

SMR

oT  SMR reactor outlet temperature (ºC) 960 1132 17.91% 

HTS

oT  HTS reactor outlet temperature (ºC) 849 850 0.09% 

LTS

oT  LTS reactor outlet temperature (ºC) 490 485 -1.06% 

MCPR  Methane compressor pressure ratio 2.39881 3.43629 43.25% 

2
4

H O
CH

ζ  Steam-to-methane ratio 3.6 2.84540 -20.96% 

f
r

ζ  Fuel-to-reformate ratio 0.53 0.32827 -38.06% 

a
f

ζ  Air-to-fuel ratio  20 13.57939 -32.10% 

 

 

Table 6.9 Comparison of the initial and optimum values for the SS, combined FPS/EHPS, and 

TES total costs obtained without decomposition. The total cost estimates given here are based 

solely on the synthesis/design point. 

Cost Description 
Initial 

Feasible Solution 

Optimum 

Feasible Solution 

Percentage 

Difference 

SSC  SS total cost ($) 318,775 378,327 18.68% 

/FPS EHPSC  FPS/EHPS total cost21  ($)  1,653,427 1,314,116 -20.52% 

TESC  TES total cost ($) 1,972,202 1,692,443 -14.19% 

 

                                                 
21 See footnote 19. 
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6.3 Unit-Level and System-Level Optimum Response Surfaces 
 

In order to verify some of the theoretical foundations for the ILGO approach and 

the reasons for its convergence, both the unit-level and the system-level ORSs were 

generated. The solutions obtained from the necessary calculations of the shadow prices at 

each iteration of ILGO made it possible to create the SS and the combined FPS/EHPS 

unit-level ORSs. The sufficiently large number of feasible solutions obtained from 

solving Problem (5.1), i.e. the TES synthesis/design optimization problem, without 

applying physical decomposition made it possible to plot the six-dimensional system-

level ORS. The convex and planar behavior of both the unit-level ORSs and the system-

level ORS presented below is clearly evident. 

The SS unit-level ORS shown in Figure 6.22 is the three-dimensional graphical 

representation of the optimum values of the total cost of the SS (at the synthesis/design 

point) versus the coupling functions FPSP  and parE� . It is obvious that the minimum total 

cost of the SS corresponds to the maximum possible inlet stack pressure and the 

minimum possible parasitic power demand of the combined FPS/EHPS unit. The slopes 

of the SS unit-level ORS in the FPSP  and parE�  directions serve as a confirmation of the 

sign of the shadow prices 
FPSPλ  and parλ , respectively, while the almost flat behavior of 

the surface is consistent with the fact that the values of the above-mentioned shadow 

prices remain effectively constant during the optimization process. 

The combined FPS/EHPS unit-level ORS shown in Figure 6.23 is in fact a four-

dimensional hyper-surface that represents the set of optimum values of the total cost of 

the combined FPS/EHPS unit (at the synthesis/design point) plotted versus the coupling 

functions rejQ�  and 
2Hn�  for a fixed value of the intermediate feedback airQ� . As with the 

SS unit-level ORS, the slopes of the combined FPS/EHPS unit-level ORS in the rejQ�  and 

2Hn�  directions serve as verification of the sign of the shadow prices rejλ  and 
2Hλ , 

respectively. 
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Figure 6.22 The three-dimensional SS unit-level ORS at the synthesis/design point. 
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Figure 6.23 The combined FPS/EHPS unit-level ORS at the synthesis/design point in the rejQ�  

and 
2Hn�  dimensions for a fixed value of the coupling function airQ� . The combined FPS/EHPS 

unit-level ORS is in fact a four-dimensional hyper-surface. 
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These slopes also show that the molar flow rate of the hydrogen-rich reformate 

gas, 
2Hn� , has a much greater impact on the local objective function, i.e. the total cost of 

the combined FPS/EHPS unit, /FPS EHPSC , than the fuel cell stack heat rejection, rejQ� . 

Moreover, the linear behavior of the combined FPS/EHPS unit-level ORS indicates that 

the local objective function /FPS EHPSC  is linear with respect to the two intermediate 

feedbacks 
2Hn�  and rejQ� . This important feature justifies the approximately constant 

values of the corresponding shadow prices as the ILGO scheme progressed. 

Since the graphical representation of the system-level ORS in six dimensions is 

impossible to create, the optimum values of the system-level objective function, i.e. TESC , 

are plotted against the coupling functions FPSP  and parE�  for fixed values of the 

intermediate products and/or feedbacks rejQ� , 
2Hn� , and airQ�  (see Figure 6.24) and against 

the coupling functions rejQ�  and 
2Hn�  for fixed values of the intermediate products and/or 

feedbacks FPSP , parE� , and airQ�  (see Figure 6.25). The convexity of the system-level 

objective function TESC  with respect to the five intelligently selected coupling functions 

is clearly evident. 

Figure 6.24 indicates that the optimum system-level solution is the one with the 

maximum possible inlet stack pressure, FPSP , and the minimum possible power demand, 

parE� , required to run the FPS and the EHPS. Obviously, the shadow prices 
FPSPλ  and parλ  

calculated at each ILGO iteration do show the directions in which a decrease in the total 

cost of the TES can be achieved. However, the relative importance of these two coupling 

functions in terms of the overall system-level objective cannot be easily deduced from the 

slopes of the system-level ORS in the FPSP  and parE�  directions. At this point, it should be 

recalled that the ILGO scheme indicates that the effect of FPSP  on the total cost of the 

TES is higher than that of parE� , i.e. the slope in the FPSP  direction is steeper than in the 

parE�  direction. In addition, the fact that the feasible solutions of the problem without 

decomposition correspond to a range for the parE�  between 148 and 200 kWe, does not 
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allow one to examine the behavior of the system-level objective function TESC  with 

respect to the parE�  in the desirable range of 100 to 130 kWe for which the ILGO 

approach provides optimum system-level solutions. The inconsistency mentioned in the 

preceding section regarding the gas expander is believed to be the reason why the 

solution range of the parasitic power demand, parE� , for the ILGO approach is different 

from that without decomposition. 
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Figure 6.24 The system-level ORS at the synthesis/design point in the FPSP  and parE�  dimensions 

for fixed values of the coupling functions rejQ� , 
2Hn� , and airQ� . The system-level ORS is in fact a 

six-dimensional hyper-surface. 

 

The surface plot of the system-level ORS against the intermediate products and/or 

feedbacks rejQ�  and 
2Hn�  (see Figure 6.25) is indicative of a very important feature 

concerning the convergence of the ILGO method. In particular, the clear parabolic shape 

of the system-level ORS in the 
2Hn�  direction makes it necessary to impose an additional 
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constraint22 on the coupling function 
2Hn�  in order to guarantee that the iterative 

optimization scheme used will converge. This constraint (relaxation factor) was added to 

the SS unit-based, system-level optimization problem (see Chapter 5) at the beginning of 

the third ILGO iteration after noticing that this specific optimization approach (without 

imposing any constraints on the appropriate coupling functions) resulted in an optimum 

value of the overall system-level objective higher than that of the second ILGO iteration. 

It should be pointed out that once such a difficulty arises in the application of the ILGO 

method, the correct choice of the coupling function on which to impose the constraint is 

of vital importance to the convergence of the ILGO algorithm. 
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Figure 6.25 The system-level ORS at the synthesis/design point in the rejQ�  and 

2Hn�  dimensions 

for fixed values of the coupling functions FPSP , parE� , and airQ� . 

 

The shape of the system-level ORS shown in Figure 6.25 validates our decision to 

put a constraint on the coupling function 
2Hn� . This decision was made based on 

observation of the genetic algorithm�s behavior during the optimization process and 
                                                 
22 Apart from the constraints representing the ranges of the independent optimization variables for the sub-
systems and the physical limitations imposed upon the TES. 
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analysis of the results obtained without imposing any constraints on the intermediate 

products and/or feedbacks. Moreover, the estimated value for the coupling function 

constraint23 turns out to be in perfect agreement with the optimum value of the hydrogen-

rich gas molar flow rate given in Table 6.6 for the solution without decomposition. 

In contrast to the coupling functions FPSP  and parE�  discussed above, the relative 

importance of the coupling functions 
2Hn�  and rejQ�  in terms of the overall system-level 

objective can be readily deduced by observing the slopes of the system-level ORS in the 

2Hn�  and rejQ�  directions. These slopes show that the molar flow rate of the hydrogen-rich 

reformate gas, 
2Hn� , has a much greater effect on the system-level objective function TESC  

than the fuel cell stack heat rejection, rejQ� . This can be better observed by considering 

Figure 6.26, which is a contour plot of the total cost of the TES versus the coupling 

functions rejQ�  and 
2Hn�  for fixed values of the intermediate products and/or feedbacks 

FPSP , parE� , and airQ� . 

The relatively minor impact of the fuel cell stack heat rejection may explain its 

evolution during the optimization process (see Figure 6.16), which is in fact inconsistent 

with the tendency described by its corresponding shadow price if it were considered in 

isolation. Furthermore, Figure 6.26 clearly shows that combinations of relatively low 

production rates of hydrogen-rich reformate gas and small amounts of heat rejected from 

the stack lead to very high TES total costs. In particular, the lower right corner of the 

contour plot is indicative of the highest possible ones. However, the lowest possible TES 

total costs (including the optimum one24) are found for relatively medium hydrogen-rich 

reformate gas productions and medium to large amounts of stack heat rejection as 

indicated by the purple region of the contour plot. 

 

 

 

 

                                                 
23 The molar flow rate of the hydrogen-rich gas was constrained to be greater than or equal to 6.73 kmol/h. 
24 At the synthesis/design point. 
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Figure 6.26 Contour plot of the total cost of the TES at the synthesis/design point vs. the 

coupling functions rejQ�  and 
2Hn�  for fixed values of the intermediate products and/or feedbacks 

FPSP , parE� , and airQ� . 

 

 

6.4 Most Promising TES Syntheses/Designs and their Off-
design Behavior 

 

As mentioned in Chapter 4, the TES synthesis/design corresponding to the global 

minimum solution for the total cost of the TES at the synthesis/design point (i.e. the 

solution discussed in the preceding sections) is not necessarily the optimal 

synthesis/design when the various off-design conditions are taken into consideration. At 

this point, it should be recalled that the result obtained from solving the synthesis/design 

optimization problem for the TES at the synthesis/design point is actually a family of 

feasible solutions that includes, apart from the global minimum solution mentioned 

above, a set of near global minimum solutions, i.e. a number of promising feasible TES 

syntheses/designs. It is, therefore, possible that one of these promising feasible 
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syntheses/designs is the optimal for the TES when the optimal off-design behavior is 

taken into account (e.g., Oyarzabal, 2001). 

In order to choose the most promising syntheses/designs of the proposed TES 

configuration, the top fifteen feasible solutions to the synthesis/design optimization 

problem for the TES at the synthesis/design point were compared in terms of fuel cell 

stack size and the geometry of the FPS components. As a result of this comparison, three 

out of the top fifteen syntheses/designs were selected as the most promising TES 

syntheses/designs, namely the optimal, the 8th best, and the 13th best syntheses/designs, 

and their optimal off-design performance was taken into account in order to identify the 

synthesis/design that minimizes the total cost of the proposed TES over the entire 

load/environmental profile. The SS, combined FPS/EHPS, and TES total cost estimates 

for the three most promising TES syntheses/designs are given in Table 6.10. Moreover, 

their different fuel cell stack sizes as well as the geometric characteristics of the FPS 

components are presented in Tables 6.11 and 6.12, respectively. 

 
Table 6.10 Values of the SS, combined FPS/EHPS, and TES total costs for the three most 

promising TES syntheses/designs at the synthesis/design point. 

Cost Description 
Optimal TES 

Synthesis/Design

8th Best TES 

Synthesis/Design

13th Best TES 

Synthesis/Design

SSC  SS total cost ($) 377,000 397,997 429,876 

/FPS EHPSC  FPS/EHPS total cost ($)  1,306,089 1,296,670 1,312,287 

TESC  TES total cost ($) 1,683,089 1,694,667 1,742,162 

 

Table 6.11 Fuel cell stack sizes for the three most promising TES syntheses/designs at the 

synthesis/design point. 

Variable Description 
Optimal TES 

Synthesis/Design

8th Best TES 

Synthesis/Design 

13th Best TES 

Synthesis/Design

actA  Cell active area (cm2) 763 696 605 

cellsn  Number of cells 888 1030 1274 

gross

stackE�  Stack gross power produced (kWe) 236.30 220.23 229.44 

max

stackE�  Stack maximum gross power (kWe) 386.17 409.59 438.03 
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In order to perform system efficiency calculations, the lower heating value of the 

fuel is used in the internal combustion engine industry while the higher heating value is 

used in the heating and power generation industries. In the present thesis work, the 

different energy efficiencies are calculated on a lower heating value basis for reasons of 

comparability with previous research work done by Oyarzabal (2001). 

 

Table 6.12 FPS component geometries for the three most promising TES syntheses/designs at the 

synthesis/design point. 

Geometric Variable Description 
Optimal TES 

Synthesis/Design

8th Best TES 

Synthesis/Design 

13th Best TES 

Synthesis/Design

SMRL  SMR reactor length (m) 2.031 2.076 1.885 

HTSL  HTS reactor length (m) 0.200 0.200 0.227 

HTSD  HTS reactor diameter (m) 0.089 0.071 0.071 

LTSL  LTS reactor length (m) 0.596 0.622 0.903 

LTSD  LTS reactor diameter (m) 0.101 0.101 0.103 

Steam generator    

ecoL  Economizer length (m) 0.263 0.270 0.254 

evapL  Evaporator length (m) 0.479 0.467 0.454 

superL  Superheater length (m) 0.104 0.103 0.105 

Combustion mixture preheater 1    

hL  Hot-side length (m) 0.626 0.653 0.199 

cL  Cold-side length (m) 0.753 0.713 0.713 

H  Height (m) 0.009 0.010 0.020 

Combustion mixture preheater 2    

hL  Hot-side length (m) 0.525 0.525 0.525 

cL  Cold-side length (m) 0.875 0.898 0.886 

H  Height (m) 0.014 0.011 0.020 

Reformate preheater    

hL  Hot-side length (m) 0.161 0.160 0.303 

cL  Cold-side length (m) 0.366 0.370 0.394 

H  Height (m) 0.033 0.022 0.016 
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The definitions of the various efficiencies appearing in subsequent tables are 

given below: 

• Electrical PEMFC sub-system efficiency: It is defined as the sum of the total 

electrical demand for the residential complex, netE� , and the electric power required 

to run the EHPS25, EHPSE� , divided by the amount of chemical energy available in 

the total fuel (methane) entering the FPS, 
4fuel CHn LHV� . 

• Cogeneration PEMFC sub-system efficiency: It is defined as the sum of the two 

electric power outputs described in the above-mentioned efficiency (i.e. netE�  and 

EHPSE� ) and the waste heat available from the FPS and the SS, FPSQ�  and rejQ� , 

respectively, divided by the amount of chemical energy available in the total 

methane entering the FPS, 
4fuel CHn LHV� . 

• Fuel processing efficiency: It is defined as the ratio of the amount of chemical 

energy available in the hydrogen-rich reformate gas exiting the FPS, 
2 2H Hn LHV� , to 

the amount of chemical energy available in the total methane entering the FPS, 

4fuel CHn LHV� .  

• Voltage efficiency: It is defined as the fraction of the actual cell voltage, actual
cellV , to 

open circuit voltage, ocV . 

• Fuel cell stack efficiency: It is described as the amount of chemical energy available 

in the hydrogen-rich reformate gas entering the anode, 
2 2H Hn LHV� , divided into the 

stack gross power, gross
stackE� . 

The corresponding exergetic efficiencies with the exception of the exergetic cogeneration 

PEMFC sub-system efficiency can be easily calculated by replacing the lower heating 

values of the methane and the hydrogen (
4CHLHV  and 

2HLHV ) appearing in the above 

efficiency definitions with the corresponding exergy values per unit mass, i.e. 
4CHω  and 

                                                 
25 The EHPS components that need to be powered throughout the operation of the heat pump cycle are the 
compressor as well as the condenser and evaporator fans. However, depending on the load/environmental 
conditions, additional electrical energy may be required to operate the resistive heating coils and activate 
the defrost cycle. 
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2Hω . This is because the electric power outputs in the form of a work interaction are 

equivalent to exergy26 in every respect. However, the thermal energy delivered in the 

form of a heat interaction is not equivalent to its exergy. In particular, the exergy of a 

heat interaction, qΩ� , is related to its thermal energy, qQ� , through the Carnot factor 

1 R

q

T
T

∗−  in the following way: 

1 R
q q

q

T
Q

T
∗� �

Ω = −� �� �
� �

��              (6.2) 

where RT ∗  is the temperature of the environmental reservoir (dead state) and qT  the 

temperature at which the thermal energy is delivered. Therefore, the exergetic 

cogeneration PEMFC sub-system efficiency is defined as the sum of the two electric 

power outputs ( netE�  and EHPSE� ) and the exergy of the available FPS and SS waste heat 

sources ( FPSΩ�  and SSΩ� ) divided by the exergy of the methane fuel entering the FPS, 

4fuel CHn ω� . 

These efficiencies and a cost summary for the optimal, the 8th best, and the 13th 

best syntheses/designs at the synthesis/design point along with selected characteristics of 

their operation and performance over the entire load/environmental profile are presented 

in Tables 6.13, 6.14, and 6.15, respectively. 

                                                 
26 Exergy is defined as maximum work potential. 
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Table 6.13 Efficiencies, costs, and selected characteristics of operation and performance for the 

optimal TES synthesis/design (at the synthesis/design point) over the entire load/environmental 

profile. 

Optimum TES at the Synthesis/Design Point 

Variable Description Winter Spring Summer Autumn 

Total electrical load (kWe) 87.9 47.95 27.95 29.05 

Total space heating load (kWth) 444 267.2 0 193.9 

Total space cooling load (kWth) 0 0 188.45 0 

Total hot water load (kWth) 65.75 38.25 27.4 29.4 

Stack gross power produced (kWe) 236.30 130.58 83.84 88.57 

FPS/EHPS parasitic power (kWe) 130.67 82.63 55.89 59.52 

FPS waste heat (kWth) 74.76 10.52 3.53 3.94 

SS waste heat (kWth) 201.19 89.65 51.68 55.57 

EHPS total heating/cooling load (kWth) 233.80 205.27 188.45 163.79 

Fuel feed molar flow rate (kmol/h) 2.573 1.456 0.965 1.035 

Produced hydrogen molar flow rate (kmol/h) 6.745 4.217 2.251 2.348 

Hydrogen utilization 85.00% 68.91% 80.07% 81.04% 

Electrical PEMFC sub-system efficiency 37.42% 34.69% 32.79% 33.64% 

Exergetic electrical PEMFC sub-system 

efficiency 
36.41% 33.76% 31.91% 32.74% 

Cogeneration PEMFC sub-system efficiency 85.56% 65.57% 58.45% 59.43% 

Exergetic cogeneration PEMFC sub-system 

efficiency 
41.67% 35.94% 34.23% 34.31% 

Fuel processing efficiency 79.03% 87.29% 70.30% 68.34% 

Exergetic fuel processing efficiency 74.71% 82.52% 66.46% 64.61% 

Voltage efficiency 78.46% 85.89% 89.25% 89.00% 

Fuel cell stack efficiency 61.37% 66.91% 69.25% 69.31% 

Seasonal operating cost ($) 236,098 160,039 139,432 126,751 

     

SS purchase cost ($) 191,056    

FPS purchase cost ($) 46,092    

EHPS purchase cost ($) 129,921    

TES maintenance cost ($) 22,024    

TES amortization cost ($) 335,224    

TES operating cost ($) 662,320    

TES total cost ($) 1,386,637    
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Table 6.14 Efficiencies, costs, and selected characteristics of operation and performance for the 

8th best TES synthesis/design (at the synthesis/design point) over the entire load/environmental 

profile. 

8th Best TES at the Synthesis/Design Point 

Variable Description Winter Spring Summer Autumn 

Total electrical load (kWe) 87.9 47.95 27.95 29.05 

Total space heating load (kWth) 444 267.2 0 193.9 

Total space cooling load (kWth) 0 0 188.45 0 

Total hot water load (kWth) 65.75 38.25 27.4 29.4 

Stack gross power produced (kWe) 220.23 130.81 85.48 97.52 

FPS/EHPS parasitic power (kWe) 132.33 82.86 57.53 68.47 

FPS waste heat (kWth) 115.27 45.40 4.45 5.20 

SS waste heat (kWth) 176.78 88.57 52.31 61.65 

EHPS total heating/cooling load (kWth) 217.70 171.48 188.45 156.45 

Fuel feed molar flow rate (kmol/h) 2.588 1.445 1.062 1.098 

Produced hydrogen molar flow rate (kmol/h) 6.119 3.615 2.285 2.790 

Hydrogen utilization 85.00% 80.00% 80.23% 75.36% 

Electrical PEMFC sub-system efficiency 34.41% 31.64% 29.79% 30.83% 

Exergetic electrical PEMFC sub-system 

efficiency 
33.48% 30.79% 28.99% 30.00% 

Cogeneration PEMFC sub-system efficiency 85.05% 73.24% 53.77% 58.14% 

Exergetic cogeneration PEMFC sub-system 

efficiency 
39.01% 33.73% 31.16% 31.66% 

Fuel processing efficiency 71.27% 75.39% 64.82% 76.58% 

Exergetic fuel processing efficiency 67.37% 71.27% 61.27% 72.39% 

Voltage efficiency 80.59% 86.41% 89.49% 88.70% 

Fuel cell stack efficiency 63.04% 67.34% 69.43% 69.05% 

Seasonal operating cost ($) 237,505 158,874 153,452 134,446 

     

SS purchase cost ($) 201,697    

FPS purchase cost ($) 46,501    

EHPS purchase cost ($) 121,842    

TES maintenance cost ($) 22,202    

TES amortization cost ($) 337,936    

TES operating cost ($) 684,277    

TES total cost ($) 1,414,455    
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Table 6.15 Efficiencies, costs, and selected characteristics of operation and performance for the 

13th best TES synthesis/design (at the synthesis/design point) over the entire load/environmental 

profile. 

13th Best TES at the Synthesis/Design Point 

Variable Description Winter Spring Summer Autumn 

Total electrical load (kWe) 87.9 47.95 27.95 29.05 

Total space heating load (kWth) 444 267.2 0 193.9 

Total space cooling load (kWth) 0 0 188.45 0 

Total hot water load (kWth) 65.75 38.25 27.4 29.4 

Stack gross power produced (kWe) 229.44 124.99 85.62 96.67 

FPS/EHPS parasitic power (kWe) 141.54 77.04 57.67 67.62 

FPS waste heat (kWth) 100.69 50.14 4.23 4.55 

SS waste heat (kWth) 181.80 81.84 51.63 59.93 

EHPS total heating/cooling load (kWth) 227.26 173.47 188.45 158.82 

Fuel feed molar flow rate (kmol/h) 2.582 1.577 1.120 1.276 

Produced hydrogen molar flow rate (kmol/h) 6.342 3.899 2.395 2.945 

Hydrogen utilization 85.00% 70.40% 76.31% 70.50% 

Electrical PEMFC sub-system efficiency 36.15% 29.19% 28.26% 26.78% 

Exergetic electrical PEMFC sub-system 

efficiency 
35.18% 28.41% 27.50% 26.06% 

Cogeneration PEMFC sub-system efficiency 85.25% 66.76% 50.63% 49.46% 

Exergetic cogeneration PEMFC sub-system 

efficiency 
40.54% 31.06% 29.52% 27.45% 

Fuel processing efficiency 74.04% 74.55% 64.46% 69.58% 

Exergetic fuel processing efficiency 69.99% 70.48% 60.93% 65.77% 

Voltage efficiency 81.04% 87.28% 89.93% 89.21% 

Fuel cell stack efficiency 63.37% 67.79% 69.73% 69.31% 

Seasonal operating cost ($) 236,940 173,277 161,801 156,185 

     

SS purchase cost ($) 217,852    

FPS purchase cost ($) 50,772    

EHPS purchase cost ($) 126,648    

TES maintenance cost ($) 23,716    

TES amortization cost ($) 360,979    

TES operating cost ($) 728,203    

TES total cost ($) 1,508,170    



 138

An important conclusion drawn from the analysis of the optimal off-design 

performance of the most promising TES syntheses/designs is that the optimal 

synthesis/design at the synthesis/design point is the final optimum synthesis/design for 

the TES configuration after the off-design conditions are taken into account since its TES 

total cost estimate calculated over the entire load/environmental profile is lower than that 

for the 8th and 13th best syntheses/designs. This result can be easily justified by 

considering the lower seasonal operating costs of the final optimum TES configuration, 

especially during the summer and autumn time segments, in addition to its smaller fuel 

cell stack size, which obviously translates to a lower SS capital cost. As far as the 

seasonal operating costs are concerned, it is observed that the highest ones correspond to 

the winter time segment while the lowest ones correspond to the autumn time segment. 

Furthermore, it is clearly evident that the electrical PEMFC sub-system efficiency 

of the optimal TES synthesis/design is higher than those for the 8th and 13th best 

syntheses/designs at both the synthesis/design point and the three off-design time 

segments. This is due to the fact that much less heat is rejected from the FPS 

configuration of the optimum TES than from the FPS configuration of either the 8th or the 

13th best TESs, which in turn is indicative of the much more efficient management of the 

flow and utilization of heat within the optimal TES configuration. Therefore, the more 

efficient the thermal management within the PEMFC sub-system configuration, the 

greater the contribution of the EHPS to the supply of the residential space heating load 

and, consequently, the higher the electrical efficiency of the PEMFC sub-system. 

However, the very small amounts of heat rejected from the FPS heat sources during the 

summer and autumn time segments for all of the three TES syntheses/designs are a very 

good example of the appropriate thermal integration applied to the FPS configuration. 

An additional interesting thing to note based on an analysis of the data in Tables 

6.13 through 6.15 is the considerable difference between the values of the first law 

cogeneration PEMFC sub-system efficiency and the corresponding exergetic one. It is 

obvious how misleading the high values of the former can be in measuring what the 

PEMFC sub-system delivers electrically and thermally. This is because energy is a 

conserved quantity and, therefore, unable to capture the �losses� within the system or the 
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�quality� of the energy delivered by the system. The exergetic efficiency, however, 

accurately reflects how well the potential in the fuel has been utilized. 

As to the final optimum TES synthesis/design, a very important conclusion drawn 

from the study of the results presented in Table 6.13 is that the PEMFC sub-system is 

able to operate at relatively low partial loads without decreasing its electrical efficiency 

significantly. During the summer time segment, for example, although the electric power 

that the fuel cell stack is required to produce is approximately 35% of the optimal 

synthesis/design load (or 22% of the maximum gross power), the observed drop in the 

electrical efficiency is only 4.63%. 

The unique component geometries, the most interesting thermodynamic 

properties at both the synthesis/design and off-design time segments as well as the 

various costs for the final optimum TES synthesis/design are presented in detail in the 

following section. 

 

 

6.5 Results for the Final Optimum TES Synthesis/Design 
 

6.5.1 Optimal Component Geometries 
 

The optimal geometric characteristics of the major components included in the SS 

and FPS configurations are presented in detail in Tables 6.16 through 6.19. It should be 

pointed out that this is a unique geometry since geometric as opposed to thermodynamic 

variables were used as the independent variables of the synthesis/design optimization 

problem for the TES. 

 
Table 6.16 Optimal fuel cell stack geometry. 

Geometric Variable Description Value 

cellsn  Number of cells 888 

actA  Cell active area (cm2) 763 
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Table 6.17 Optimal geometry for the reactors of the FPS configuration. 

Component Geometric Variable Description Value 
SMR

id  SMR reactor tube inner diameter (m) 0.012 

SMR

od  SMR reactor tube outer diameter (m) 0.015 

SMR

tubesn  Number of SMR reactor tubes 50 

SMR
TP  SMR reactor pitch size (m) 0.018 

SMR

sD  SMR reactor shell diameter (m) 0.149 

SMR reactor 

SMRL  SMR reactor length (m) 2.031 

HTSL  HTS reactor length (m) 0.2 
HTS reactor 

HTSD  HTS reactor diameter (m) 0.089 

LTSL  LTS reactor length (m) 0.596 
LTS reactor 

LTSD  LTS reactor diameter (m) 0.101 

 

Table 6.18 Optimal geometry for the steam generator of the FPS configuration. 

Component Geometric Variable Description Value 
SG

id  Steam generator tube inner diameter (m) 0.012 

SG

od  Steam generator tube outer diameter (m) 0.015 

SG

passesn  Number of steam generator tube passes 2 

SG
TP  Steam generator pitch size (m) 0.019 

SG

sD  Steam generator shell diameter (m) 0.076 

B  Steam generator baffle spacing (m) 0.046 
eco

tubesn  Number of economizer tubes 12 

ecoL  Economizer length (m) 0.263 

evap

tubesn  Number of evaporator tubes 12 

evapL  Evaporator length (m) 0.479 

super

tubesn  Number of superheater tubes 12 

Steam generator 

superL  Superheater length (m) 0.104 
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Table 6.19 Optimal geometry for the plate-fin heat exchangers of the FPS configuration. 

Component 
Geometric Variable 

Description 
Reformate 

Preheater 

Combustion Mixture 

Preheater I 

Combustion Mixture 

Preheater II 

hL  Hot-side length (m) 0.161 0.626 0.525 

cL  Cold-side length (m) 0.366 0.753 0.875 

H  Height (m) 0.033 0.009 0.014 

 

 

6.5.2 Optimal Thermodynamic Properties 
 

The optimum thermodynamic results presented below allow us to have some 

insight into the optimal operation of the final optimum TES configuration over the entire 

load/environmental profile. In particular, the optimum values of selected TES operational 

variables at both the synthesis/design and off-design time segments are given in Table 

6.20. 

 
Table 6.20 Optimum values of selected operational variables for the final optimum TES 

synthesis/design over the entire load/environmental profile. 

Operational Variable Description Winter Spring Summer Autumn 

actual

cellV  Actual cell voltage (V) 0.769 0.838 0.868 0.869 

FC

iP  Inlet stack pressure (atm) 2.87 2.47 2.15 2.45 

FC

operT  Stack operating temperature (ºC) 70 70 70 70 

SMR

oT  SMR reactor outlet temperature (ºC) 859 897 823 830 

HTS

oT  HTS reactor outlet temperature (ºC) 577 600 573 579 

LTS

oT  LTS reactor outlet temperature (ºC) 212 176 202 206 

2
4

H O
CH

ζ  Steam-to-methane ratio 2.845 5.462 8.887 9.016 

f
r

ζ  Fuel-to-reformate ratio 0.328 0.359 0.714 0.763 

a
f

ζ  Air-to-fuel ratio  13.579 28.536 14.494 13.450 

2Hf  Hydrogen utilization factor 0.85 0.6891 0.8007 0.8104 
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The conversion of the methane to the hydrogen-rich reformate gas that will 

provide the hydrogen fuel required for the operation of the PEMFC stack is indicative of 

FPS performance. Figure 6.27 shows the chemical composition of the reformate gas 

mixture as it flows down the reforming line of the FPS configuration. At this point, it 

should be noted that this particular composition is associated with the most stringent time 

segment, i.e. the winter time segment. 
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Figure 6.27 Chemical composition of the reformate gas at different stages of the final optimum 

FPS reforming line for the winter time segment. 

 

Obviously, almost all of the methane entering the steam methane reformer (SMR) 

reactor is converted to hydrogen-rich reformate gas. The high temperature shift (HTS) 

contributes significantly both to a reduction in the considerable amounts of carbon 

monoxide produced inside the SMR reactor and to an increase in the hydrogen content of 

the reformate gas mixture. On the other hand, the minor contribution of the low 

temperature shift (LTS) reactor to a further decrease in the carbon monoxide 

concentration makes the existence of the preferential oxidation (PROX) reactor in the 
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FPS configuration necessary. It is clearly evident though that a further removal of carbon 

monoxide from the reformate gas stream entering the PROX reactor is done at the 

expense of a substantial decrease in the maximum amount of hydrogen produced in the 

reforming line. In fact, as shown in Figure 6.27, most of that hydrogen production is 

achieved in the SMR reactor. 

The electrical/mechanical load requirements and the thermal energy exchanges 

within the final optimum TES configuration as well as the heat sources used for meeting 

the space heating and hot water load demands are illustrated in Figure 6.28 for the time 

segment with the most stringent load/environmental conditions, i.e. the winter time 

segment. These thermodynamic results point out important features of thermal integration 

and system efficiency and are discussed in detail below. 

The total electrical demand for the residential complex (consisting of fifty 

residences) represents 37.2% of the optimal fuel cell stack gross power produced 

(236.305 kWe). The parasitic power required to optimally run the methane and air 

compressors as well as the pumps of the PEMFC sub-system27 amounts to 52.758 kWe. 

However, the presence of the expander in the TES configuration helps recover a 

significant part (30.661 kWe) of the aforementioned parasitic power, which ends up 

representing 9.35% of the optimal stack gross power output. The remaining 53.45% 

corresponds to the parasitic power required for the optimal operation of the EHPS. The 

considerable amounts of electric power required to operate the supplemental resistive 

heating coil (22.523 kWe) and to periodically activate the defrost cycle (13.097 kWe), i.e. 

17.83% and 10.37% of the total parasitic power for the EHPS, respectively, can be 

explained by taking into consideration the very low average ambient temperature for the 

selected time segment ( o
ambT 4 C= − ) and the fact that the actual heat pump heating 

capacity is greatly decreased at such a low ambient temperature (see Chapter 3 for a 

detailed explanation). 

                                                 
27 The PEMFC sub-system considered in this thesis work consists of the SS, the FPS, and the TMS. 
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Figure 6.28 Electrical/mechanical load requirements and thermal energy exchanges within the final optimum TES configuration for the winter 

time segment. The heat sources used for meeting the space and domestic water heating loads during this particular time segment are also shown. 
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In addition to the electrical load requirements, the TES described in this research 

work is synthesized/designed to satisfy the space heating and hot water demands of the 

residential complex. The total hot water load, which for the winter time segment is equal 

to 65.75 kWth, is met by using a portion of the total thermal energy available from three 

different components within the PEMFC sub-system, i.e. the fuel cell stack, the PROX 

reactor, and the reformate conditioner. The amount of heat required to fully satisfy the 

domestic water heating demand represents 23.83% of the total waste heat available from 

the PEMFC sub-system (275.952 kWth). The remaining 76.17% is used to satisfy part of 

the total space heating load, which amounts to 444 kWth. That is to say, the PEMFC sub-

system provides 47.34% of the above-mentioned load for the residential complex. 

Moreover, due to the reason mentioned in the previous paragraph concerning the heat 

pump heating capacity, the heat pump cycle is able to satisfy only 47.58% (instead of the 

remaining 52.66%) of the total space heating requirement making it necessary to supply 

the remaining 5.08% of it electrically, i.e. by operating the supplemental electric heater 

placed next to the condenser. 

 

 

6.5.3 Optimal Costs 
 

The optimal costs for the proposed TES configuration are presented in this sub-

section. The details of the cost models used and the economic assumptions associated 

with them are described in Chapter 3. However, it should be emphasized that the costs 

given below are based on a production volume of 1482 PEMFC sub-system units per year 

and on a stack gross power output of 236.305 kWe. Obviously, a significant increase in 

the number of units produced per year could significantly drop these costs. 

The optimum values for the purchase costs of the FPS components are presented 

in Table 6.21. A graphical representation of the sub-system purchase cost breakdown is 

given in Figure 6.29. It is obvious that the FPS reactors and their catalyst beds dominate 

the purchase cost of the FPS, which is approximately equal to 195 $/kWe. 
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Table 6.21 Optimum purchase costs of the FPS components (1482 PEMFC sub-system units per 

year, 236.305 kWe gross). 

Cost Description 
Value 

($) 

 bare reactorsC  Bare reactors purchase cost 8,140 

catalystC  Catalyst beds purchase cost 4,408 

PROXC  PROX reactor purchase cost 12,067 

SGC  Steam generator purchase cost 11,260 

HXC  Compact heat exchangers purchase cost 8,752 

MCC  Methane compressor purchase cost 1,465 

purchase

FPSC  FPS purchase cost  46,092 

 

 Methane 
Compressor

3.18%
Compact Heat 
Exchangers

18.99%

 Steam 
Generator
24.43%

Reactors and 
Catalyst Beds

53.40%

 
 

Figure 6.29 FPS purchase cost breakdown. 

 

The optimum purchase cost of the fuel cell stack and its breakdown in addition to 

the turbo-machinery equipment and the auxiliary equipment (i.e. heat exchanger, 

humidifier, water separator, sensors, and control valves) optimum purchase costs are 

presented in Table 6.22. The fact that the cost of the membrane electrode assembly 

(MEA) represents 76.06% of the fuel cell stack purchase cost comes as no surprise taking 
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into account its costly polymer electrolyte membrane and the platinum loading of the 

electrodes. Furthermore, the SS purchase cost breakdown displayed in Figure 6.30 clearly 

shows that the fuel cell stack dominates the SS purchase cost, which adds up to 809 

$/kWe. As to the estimate for the fuel cell stack purchase cost, this is at least 681 $/kWe. 

 
Table 6.22 Optimum purchase costs of the SS components (1482 PEMFC sub-system units per 

year, 236.305 kWe gross) and the fuel cell stack cost breakdown. 

Cost Description 
Value 

($) 

Fuel Cell Stack 

Cost Breakdown 

MEAC  Membrane electrode assembly purchase cost 122,444 76.06% 

 bipolar platesC Bipolar plate purchase cost 24,737 15.37% 

 cooler platesC Cooler plates purchase cost 8,963 5.57% 

 extra materialC Endplates, collectors, insulators, and tie bolts 2,048 1.27% 

assemblyC  Stack assembly cost 2,784 1.73% 

stackC  Fuel cell stack purchase cost 160,976 100% 

auxC  Auxiliary equipment purchase cost 16,098 

turboC  Turbo-machinery purchase cost  13,982 

purchase

SSC  SS purchase cost  191,056 

 

Fuel Cell 
Stack

84.26%

 Turbo-
machinery 
Equipment

7.32%

 Auxiliary 
Equipment

8.43%

 
Figure 6.30 SS purchase cost breakdown. 
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Table 6.23 lists the optimum capital costs of the three sub-systems considered in 

this research work, namely the FPS, the SS, and the EHPS. The capital cost of each of 

these sub-systems is comprised of the corresponding purchase cost together with its 

amortization cost and the maintenance cost of the sub-system. Apart from the capital 

costs of the three aforementioned sub-systems, the value for the TES total cost given in 

Table 6.23 includes the operating cost of the TES over the entire load/environmental 

profile, which is in fact the sum of the optimum values for the natural gas cost obtained at 

the synthesis/design point and the three off-design time segments. 

 
Table 6.23 Optimum total cost for the proposed TES and optimum capital costs for its sub-

systems (1482 PEMFC sub-system units per year, 236.305 kWe gross). 

Cost Description 
Value 

($) 

purchase

FPSC  FPS purchase cost  46,092 

amort

FPSC  FPS amortization cost  42,094 

maint

FPSC  FPS maintenance cost  2,766 

FPSC  FPS capital cost  90,952 

purchase

SSC  SS purchase cost  191,056 

amort

SSC  SS amortization cost  174,481 

maint

SSC  SS maintenance cost  11,463 

SSC  SS capital cost  377,000 

purchase

EHPSC  EHPS purchase cost  129,921 

amort

EHPSC  EHPS amortization cost  118,649 

maint

EHPSC  EHPS maintenance cost  7,795 

EHPSC  EHPS capital cost  256,365 

fuelC  TES operating cost  662,320 

TESC  TES total cost  1,386,637 
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Figure 6.31 indicates that the cost associated with the consumption of natural gas 

throughout the lifetime of the TES is the major contributor to the total cost of the TES 

and that the SS and EHPS capital costs are approximately four and three times, 

respectively, the capital cost of the minor contributor to the optimum TES total cost, 

namely the FPS. At this point, it should also be mentioned that the estimates for the 

capital costs of the FPS and the SS are 385 and 1596 $/kWe, respectively. Finally, the 

capital cost of the EHPS is quite clearly half the capital cost of the PEMFC sub-system as 

shown in Figure 6.32. 

 

SS
27.19%

FPS
6.56%

EHPS
18.49%

Natural Gas
47.76%

 
 

Figure 6.31 TES total cost breakdown. 

 

 EHPS
35.39%

PEMFC    
Sub-system

64.61%

 
Figure 6.32 Comparison of the EHPS and PEMFC sub-system optimum capital costs. 
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Chapter 7 
 

Conclusions 
 

 

A number of conclusions on the usefulness of the two different decomposition 

techniques for the synthesis/design optimization of complex systems outlined in this 

thesis as well as the main conclusions drawn from the results of this research are 

summarized below. 

 

1. The technique of time decomposition facilitates the solution of the complex 

problem of synthesis/design optimization for the proposed fuel cell based TES by 

dividing the time period of the entire load/environmental profile into four time 

segments, i.e. winter, spring, summer, and autumn, each one representing a 

particular set of loads and its corresponding environmental conditions (e.g., ambient 

temperature and pressure). In addition to simplifying the complexity of such a 

problem, time decomposition greatly decreases the time required for the overall 

optimization procedure by allowing the various off-design optimization problems to 

be solved simultaneously once the most promising TES syntheses/designs have 

been identified. Moreover, this particular decomposition strategy gives the 

opportunity to better investigate the total energy system�s off-design behavior and, 

therefore, evaluate the significance of key synthesis/design decision variables. 

 
2. By dividing the total energy system into sub-systems, the technique of physical 

decomposition has the advantage of breaking the overall optimization problem into 

a set of much smaller unit sub-problems, which simplifies a highly complex non-

linear problem of synthesis/design optimization and allows one to take into account 

a larger number of decision variables (degrees of freedom) than would otherwise be 
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possible. Therefore, the physical decomposition strategy makes it possible to 

simultaneously optimize not only at a system level, i.e. with respect to the system�s 

performance and configuration, but also at a detailed component/sub-system level, 

i.e. with respect to the detailed geometry of the components. 

 
3. Although the above-mentioned unit sub-problems make the synthesis/design 

optimization problem for the fuel cell based TES less difficult to solve, there is a 

trade-off in terms of computational burden. For a sufficiently large number of 

coupling functions and a mix of real and integer decision variables requiring 

algorithmic approaches based on heuristics, a decomposition technique such as 

LGO renders the overall optimization procedure computationally expensive. ILGO, 

on the other hand, significantly reduces this computational burden by using shadow 

price information to effectively search the system-level ORS without having to 

actually generate it or the unit-level ORSs. ILGO, furthermore, ensures that 

constraints are strictly local, eliminating the need for constraint coordination 

between sub-problems. In addition, ILGO eliminates the nested optimizations 

inherent to LGO and provides the first general close approach in complex systems 

to the theoretical condition called �thermoeconomic isolation�, which in effect 

states that if this condition is met each decomposed part of a system can be 

individually and simultaneously optimized, automatically resulting in the optimum 

for the system as a whole. 

 
4. The mixed integer non-linear programming (MINLP) problem for the fuel cell 

based TES was solved and the global convergence of the ILGO method was 

verified. The large number of feasible solutions to the MINLP problem for the fuel 

cell based TES permitted the generation of the system-level ORS from which two 

very important conclusions are drawn. The first one is that the convexity of the 

system-level ORS is a significant contributing factor to the relatively fast 

convergence of the ILGO approach. The second conclusion is that when the shape 

of the system-level ORS in the direction of any of the system�s coupling functions 

is other than linear (e.g., parabolic), an additional constraint imposed on these 

particular coupling functions may be required for convergence of the ILGO 
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algorithm. However, the appropriate values for the constraints are based on 

knowledge of the solution space and on observation of the optimization algorithm�s 

behavior. 

 
5. The convex and smooth behavior of both the unit-level ORSs and the system-level 

ORS follow quite naturally, provided that the appropriate selection of the functions 

coupling the units has been made. However, this kind of behavior is not limited to 

fuel cell based energy systems only. The properties that Muñoz and von Spakovsky 

(2000a,b,c,d; 2001a,b) used to represent the intermediate products and/or feedbacks 

when optimizing a completely different set of energy sub-systems, namely the 

propulsion sub-system and the environmental control sub-system of an advanced 

military aircraft, led to a highly linear behavior of the system-level ORS. 

 
6. The fuel cell based TES optimally synthesized/designed in this study and consisting 

of a PEMFC sub-system and an electric heat pump sub-system is able to meet both 

the electrical and thermal load demands of a residential set of buildings over the 

entire load/environmental profile without being connected to the utility grid. The 

hot water demand, in particular, is satisfied in total by using part of the thermal 

energy available from the PEMFC sub-system. As to the total space heating load, 

this is provided by using the heat pump and the supplemental electric heater in 

addition to low-grade waste heat available from the PEMFC sub-system. Finally, 

the total space cooling load is met electrically by the vapor compression heat pump 

whose compressor runs off of the electricity generated by the fuel cell stack. 

 
7. The geometry of the final optimum fuel cell based TES configuration is unique 

since geometric as opposed to thermodynamic variables were used as the 

independent variables of the synthesis/design optimization problem. The fact that 

these geometric variables become fixed parameters at the simulation level in 

addition to the kinetic modeling of the FPS reactors and the presence within the 

configuration of a mixture of molar flow rates consisting of seven different 

chemical species are some of the reasons why the final system of equations is 

highly non-linear. The solution of such a system of equations requires the 
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implementation of non-linear equation solvers that are both robust and relatively 

fast. For that reason, the gPROMS (2000) environment, a very powerful general-

purpose process modeling and simulation software, was used to implement all the 

cost, thermodynamic, kinetic, and geometric models. 

 
8. The PEMFC sub-system of the final optimum fuel cell based TES configuration is 

able to operate at relatively low partial loads (approximately 22% of the maximum 

stack gross power) with minor decreases in its performance. In particular, the 

electrical PEMFC sub-system efficiency drops from 37.42% at the synthesis/design 

point to 32.79% at the most stringent off-design conditions investigated, i.e. the 

summer time segment. Furthermore, the relatively small amounts of heat rejected 

from the FPS heat sources over the entire load/environmental profile are indicative 

of the efficient thermal management within the PEMFC sub-system configuration. 

 
9. Based on the component cost functions developed and the economic assumptions 

made in this thesis work, the fuel cell stack with a purchase cost estimate of at least 

681 $/kWe (1482 PEMFC sub-system units per year, 236 kWe gross) clearly 

dominates the capital cost of the stack sub-system, which in turn is the principal 

contributor to the capital cost of the fuel cell based TES. This fact points to the need 

for advances in fuel cell technology in terms of manufacturing methods, platinum 

loading of the electrodes, and membrane material that will result in substantial 

capital cost reductions. 

 
10. The observation that the consumption of natural gas throughout the fuel cell based 

TES�s lifetime represents almost half of the total cost indicates that the proposed 

fuel cell based TES is theoretically more attractive at locations where natural gas 

prices are relatively low. 
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