
 

CHAPTER 2 

DISCRETE WAVELET TRANSFORM 
 

 

Recently, wavelet transforms have been introduced to solve frequency-dependent problems in 

many areas. This is because the wavelet transform has many advantages over the traditional 

Fourier transform. However it is still believed that the wavelet transform will never replace 

the Fourier transform in many specific applications.  One of the advantages that a wavelet 

transform has over the Fourier transform is its ability to identify the locations containing 

observed frequency content. This property is called locality. While the Fourier transform can 

extract pure frequencies from the signal, it cannot indicate the locations of the extracted 

frequencies. This chapter will give a brief introduction to the Fourier transform and present 

how wavelet transforms can be applied to triangulation applications. The possibility of 

wavelet-based multiresolution analysis (MRA) will be presented before the choice of 

wavelets is discussed at the end of the chapter. 

 

 

2.1 Fourier Transform 

The Fourier transform, which is widely known as a transform that converts time or space 

domain data into frequency representation form, is the integral of a signal function projected 

onto sine and cosine functions at different frequencies [O’Neil 95]. This can be 

mathematically defined as  

{ }( ) ( )( ) i tf t f t e dtωω
∞ −

−∞
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    (2.1) 

Although the Fourier transform has many useful properties such as linearity, time shifting, 

frequency shifting, scaling and many more, it does not support locality. Figure 2.1 shows the 

result from the two-dimensional discrete Fourier transform, which can be defined as 
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where  is the original signal function in two dimensions. ( ,x m n

 7 



CHAPTER 2. DISCRETE WAVELET TRANSFORM 

  
(a) (b)  

  
(c) (d)  

Figure 2.1 – Example of Fourier transforms of two-dimensional signals. (a-b) Original Elaine 
and Mandrill images respectively. (c-d) Result of Fourier transform of Elaine and Mandrill 
images respectively. For each resulting value, the logarithm of the magnitude is shown for 
improved display. 
 

Each location from the Fourier transform result shows the magnitude of each 

frequency component in the image. Observe that the result from the Elaine image shows 

some prominent white regions. This indicates that the image contains large frequency 

components in those frequency ranges. This redundancy can be used for data compression. 

On the other hand, the result from the Mandrill image does not show any obvious peaks. This 

means that the image consists of many different equally important frequency components. 

This is not a good sign for obtaining a high compression ratio. Notice that although it is 

possible to know the magnitude of each frequency component, it is not possible to locate its 
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occurrence in the original image. The lack of this locality property has made the wavelet 

transform preferable to the Fourier transform in many applications. 

 

 

2.2 Wavelet Transform 

Developed by a Hungarian mathematician, Alfred Haar, in 1909, the wavelet transform did 

not gain much popularity until 1980. There are many reasons that the wavelet transform has 

become popular over the last two decades. First, many applications can take advantage of the 

locality property, which is supported by the wavelet transform. Because of its orthogonality 

property, a change of coefficients in one level would not affect the coefficients in the other 

level. The other advantage that the wavelet transform has over the Fourier transform is its 

utility in multiresolution analysis (MRA). This property will be discussed in Section 2.2.2. 

 

Mathematically, the wavelet transform of a function  can be defined as the 

integral of the projection of the function onto the complex conjugate of the wavelet basis 

function 

( )f t

( ),a b tψ , which is generated from a mother wavelet basis function ( )tψ  through 

dilation and translation. This can be expressed as 

( ) (,fW a b f t
∞

−∞
= ∫ ) ( )*

,a b t dtψ    (2.3) 

while the generation of the wavelet basis function can be defined by  

( ),
1

a b
t bt

a a
ψ ψ −= 
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     (2.4) 

where a and b are the scaling and translation factors respectively [Poularikas 99]. Meanwhile, 

in order to perfectly recover the original signal, the mother wavelet basis has to satisfy some 

conditions: 

( )tψ
∞

−∞∫ 0dt =      (2.5) 

( ) 0|ωω =Ψ       (2.6) 

where  is the Fourier transform of ( )ωΨ ( )tψ . While the Fourier transform needs two 

orthogonal functions (sine and cosine) to extract frequency information at different phases, 

two orthogonal functions (scaling and wavelet functions) are needed to extract low and high 

frequency components in the wavelet transform. These functions will be discussed in the next 

section. 
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2.2.1 Separability Property 

Normally, during a wavelet transform, a signal is decomposed into its low and high frequency 

components. This can be done by projecting the signal onto a scaling function, , to 

extract its low frequency approximation and onto a wavelet function, 

( )xφ

( )xψ , to extract its 

high frequency detail. However, to achieve desirable frequency extraction, perfect recovery 

and locality property of the wavelet, these two functions should be carefully designed so that 

they are orthogonal to each other in all of its dilations and translations. For a two-dimensional 

signal, the scaling function is defined as 

, ,
1 1 1( , ) ( ) ( )

2 2 2m i j m m mx y x i y jφ φ φ= − −

)

   (2.7) 

Likewise, the corresponding wavelet function, that must satisfy the orthogonal basis within a 

set of finite energy function , is defined as (2 2L R

, ,
1 1 1( , ) ( ) ( )

2 2 2
k k k
m i j m m mx y x i y jψ ψ ψ= − − , for  1    (2.8) 3≤≤ k

In the 2D analysis of an image signal, an approximation and three wavelet functions of 

different orientations result from projecting the signal onto these scaling and wavelet 

functions. These functions can be combined and defined as: 

  ( , ) ( ) ( )x y x yφ φ φ=  
       (2.9) )()(),(1 yxyx φψψ =
   )()(),(2 yxyx ψφψ =
    )()(),(3 yxyx ψψψ =

where  is the scaling function and ( ,x yφ ) ( )1 ,x yψ , 2 ( , )x yψ and (3 ,x y)ψ are the horizontal, 

vertical and diagonal wavelet function respectively. It can be observed that all of these 

functions are separable, which is another good property of the wavelet transform. Figure 2.2 

below illustrates the separability property of the discrete wavelet transform. The final wavelet 

transform can be achieved by performing either a row transform followed by a column 

transform, or vice versa. 
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(a) (b) 

   
 (c) (d) 
 
Figure 2.2 – Separability property of the wavelet transform. (a) Original image of the letter A. 
(b) The result of a wavelet transform on each row of A (vertical coefficients).  (c) The result 
of a wavelet transform on each column of A (horizontal coefficients). (d) Final result of 
wavelet transform of A.  
 

 

2.2.2 Multiresolution Analysis 

A common technique in multiresolution analysis is to transform an original signal into a 

hierarchical representation at different scales. The wavelet transform fulfills this 

multiresolution property by decomposing the original signal into its approximation and 

details and iterates the decomposition process on these approximation signals. Given any 

function that lies in the set of finite energy functions, satisfying , the signal 

can be discretely represented as  

( ) (2 2,f x y L R∈ )
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where , , , ,,M i j M i ja f φ=   and , , , ,,k
M i j M i jψ= kd f  are the approximation and wavelet detail 

coefficients respectively while ⋅⋅,  is the inner product that orthogonally projects the signal f 

onto the scaling or wavelet basis. M represents the highest decomposition level or the 

coarsest level of the wavelet transform. The first term in (2.10) is the approximation of the 

signal at level M while the second term represents all of the wavelet detail coefficients from 

level 1 to M, which can be orthogonally added to the approximation to produce a finer 

approximation at the next level. In the same way, the approximation function can be 

alternatively defined as 
3

, , , , , , , ,
( , ) 1 ( , ) 1

( , ) ( )
M

k k
M i j M i j m m i j m i j

i j m i j k
f x y a dφ χ

= =

= +∑ ∑∑∑ ψ    (2.11) 

where  for k
jim

k
jimm dd ,,,, )( =χ m

k
jimd τ>,, , and 0 otherwise while  is the threshold value for 

detail coefficients at level m. An approximation at level M-1 can be obtained by orthogonally 

adding the wavelet coefficients at level M to the approximation of the same level. This 

iteration goes on until the finest resolution at level 0 is obtained. Figure 2.3 (b) shows the 

transform result of the Lena image at level 2. The subimage 1 corresponds to the 

approximation of the original signal at level 2 while the subimages 2, 3 and 4 represent the 

vertical, horizontal and diagonal coefficients at level 2 respectively. The coefficients with 

large absolute magnitude indicate the occurrence of a large change in signal intensity. 

mτ

 

When these four subimages 1, 2, 3 and 4 are orthogonally added, the approximation at 

level 1 is recovered. Orthogonal addition is the projection of the signal onto its wavelet basis 

at that scaling and translation level before performing normal mathematical addition. In the 

same way, when vertical, horizontal and diagonal coefficients at level 1 in subimages 5, 6 and 

7 are orthogonally added to this approximation, the reconstructed image is obtained.  
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 (a) (b) 

  
(c) (d)  

Figure 2.3 – Discrete wavelet transform at different levels. (a) The original image of Lena. 
(b) Each subimage of the discrete wavelet transform at level 2. (c) The discrete wavelet 
transform of Lena at level 2. (d) The approximation of Lena at level 1 is obtained when the 
subimages 1-4 are orthogonally added. 
 

 

2.2.3 Signal Decomposition  

Decomposing a signal by a wavelet transform can be achieved by using filter banks with 

appropriate scaling and wavelet functions. For a two-dimensional (2D) signal, it is necessary 

to perform both row and column decomposition to obtain the final approximation and its 

horizontal, vertical and diagonal wavelet coefficients. Figure 2.4 shows the filter banks used 

to decompose and reconstruct a 2D signal.  
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Figure 2.4 - Filter banks used for decomposition and reconstruction. (a) Filter bank used to 
decompose a 2D signal into its approximation and its vertical, horizontal and diagonal 
coefficients. (b) Filter bank used to reconstruct a 2D signal from its approximation and 
wavelet details. 
 

The boxes with symbol A and B represent the scaling and wavelet functions respectively. 

Different types of scaling and wavelet functions are shown in Figure 2.5. These filters are 

called analysis filters because they are used to decompose the signal into its approximation 

and detail coefficients while the box with C and D are called synthesis filters because they are 

used to reconstruct the original signal from those approximation and detail result. The boxes 

with  and  are the downsampling and upsampling operators respectively. They are 

also called decimators and expanders. The results obtained are an approximation of a 2D 

signal , vertical coefficient d , horizontal coefficient  and diagonal coefficient d . The 

result space  and can be interchanged if the order of row and column transform is 

switched. With the help of orthogonal addition, shown as the symbol ⊕ , the original signal 

can be recovered by the inverse process of expander and synthesis of the scaling and wavelet 

functions. 
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Figure 2.5 – Discrete wavelet signals. Haar, Daubechies9 and biorthogonal6/8 are shown in 
the first, second and third row respectively. The left and right columns show the 
decomposition and reconstruction filters respectively while the red and blue lines show the 
scaling and wavelet functions accordingly. 
 

 

2.2.4 Requirements for Multiresolution in Wavelet Transform 

To exhibit the multiresolution property, a wavelet basis function has to satisfy some wavelet 

conditions. First let V  be the scaling spaces at the highest level, M, which should 

completely cover the  space, and let W  be the difference between V  and V . In other 

words, the orthogonal sum of V and W  must lead to V .  

M

2L j j 1j+

j j 1j+

1j jV W V +⊕ = j

M

L

      (2.12) 

Each  must be contained in the next subspace V , which means a function in one 

subspace must be found in its higher subspace: 

jV 1j+

0 1 2 1... ...j jV V V V V V+⊂ ⊂ ⊂ ⊂ ⊂ ⊂     (2.13) 

Therefore, to completely cover the whole defined space, the condition below must also be 

satisfied [Strang and Nguyen 96]. 

2
0

0
j

j
V W

∞

=

⊕ =∑      (2.14) 
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Figure 2.6 illustrates the concept of multiresolution analysis. Since multiresolution involves 

dilation (scaling) and translation, extra conditions on dilation to and translation to t k  

must be met. The dilation requirement states that if  is in V , then  must be in 

 while the translation requirement demands the shift-invariance, which states that if 

 is in V , so are all its translates .The requirements for multiresolution 

analysis can be summarized as: 

2t

j

−

( )f t

)

( )2f t

1jV +

(jf )t j (jf t k−

1.  , V  and  (emptiness and completeness). 1j jV V +⊂ { }−∞ =
2

jV L=∪

2. Scale Invariance: f t . ( ) ( ) 12j jV f t V +∈ ⇔ ∈

3. Shift Invariance: f t . ( ) ( )0 0V f t k V∈ ⇔ − ∈

4. Shift-invariant Basis: V  has an orthogonal or stable basis { } . 0 ( )t kφ −

The definition for stable basis is uniformly independent. Practically, a convenient basis, 

whether orthogonal or not, must satisfy the condition ( ) (22 2
j

j
jk t tφ φ= )k−

j

. A signal 

function  can be related to subspace V  by projecting the signal function onto the basis. 

The signal function of subspace j can be defined by: 

( )f t j

( ) ( )jk jk
k

f t a tφ
∞

=−∞

= ∑      (2.15) 

Like the subspace, the signal function can be decomposed into its approximation and detail,  

( ) ( ) ( )1j jf t f t f t+ = + ∆     (2.16) 

where  is the detail function of function . Therefore, the signal function that 

completely defines the whole space can also be expressed as: 

( )jf t∆ ( )1jf t+

2L

( ) ( ) ( )0
0

j
j

f t f t f t
∞

=

= + ∆∑     (2.17) 

Figure 2.7 demonstrates the concept of multiresolution by showing the approximations of the 

tire image at different levels. Observe that the higher the level, the lower the resolution of the 

approximation.  
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Figure 2.6 - Space and subspaces represented in multiresolution.  space represents the 
completeness of the space. Each V  represents each subspace while each W  represents its 
details. 
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(a) (b)  

   
(c) (d)  

Figure 2.7 – Approximations at different levels. (a) The original image of a tire.  (b-d) 
Approximations of the tire image at level 1, 2 and 3 respectively. 
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2.2.5 Choice of Wavelets 

There are many types of wavelets and each has its own significance and drawbacks. 

Therefore the choice of wavelet usually depends on the application. This section will give a 

brief discussion on the choice of wavelets among Haar, Daubechies (orthogonal) and 

biorthogonal wavelet.  

 

One of the simplest wavelets, which will give a good understanding of other wavelets, 

is known as the Haar wavelet. Some of the advantages of the Haar wavelet are that it is 

orthogonal and compact in support. Due to its very short support, it is the only wavelet that 

allows perfect localization in the transform. 

 

Figure 2.8 shows the magnitude responses and the absolute magnitude responses of 

the wavelet functions – Haar, Daubechies9 and Biorthogonal6/8. Notice that, in Figure 2.8(a), 

the lowpass filter (blue line) does not completely eliminate the midband to high frequency 

component but only attenuates it. Likewise the highpass filter (red line) is not capable of 

removing the low frequency as well as midband frequency component. This is due to the 

short support of Haar wavelet. Therefore, in some applications where total elimination of 

some frequency components is necessary, a longer support of the wavelet is required. 

Possible solutions are Daubechies (orthogonal wavelet) and biorthogonal wavelets. 

 

Figure 2.8 (c-d) show the magnitude response of Daubechies and its absolute 

magnitude response. Observe that these lowpass and highpass filters resemble more ideal 

filters than those of Haar wavelet. This proves to be a better frequency extractor. However 

the study has proved that an orthogonal wavelet is not suitable in some applications because 

of its weight shifting property, which causes imprecision in locality.  
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(a) (b)  

   
 (c) (d) 

   
(e) (f)  

 
Figure 2.8 - Magnitude response and its absolute magnitude response. Magnitude response of 
(a) Haar, (c) Daubechies9 and (e) Biorthogonal6/8 respectively. Lowpass and highpass filters 
are shown in red and blue respectively. Absolute magnitude response of (b) Haar, (d) 
Daubechies9 and (f) Biorthogonal6/8 respectively. 
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Figure 2.9 compares the shifting property between the orthogonal and biorthogonal 

wavelets. It can be observed that, in the orthogonal wavelet case, the approximation at the 

higher level is shifted to the lower right corner. This can be explained from the time-domain 

perspective. This orthogonal signal can be viewed in Figure 2.5 (Daubechies9). It can be 

clearly seen that this function is not symmetric. The projection of the signal onto this biased 

function leads to the information shift. This shifting is an undesirable property in applications 

where locality analysis is required. This is because it might lead to inaccuracy in the locations 

of wavelet coefficients. 

 

One of the solutions to this problem is to choose a symmetric wavelet signal. 

Examples of these are the biorthogonal, Coiflet and Meyer wavelets. The symmetric wavelet 

will not weight the signal to any direction and, thus, no shifting will occur. This can be 

observed in Figure 2.9 (e-h). 

 

       
 (a) (b) (c) (d) 
 

       
 (e) (f) (g) (h)  
Figure 2.9 – Shifting comparison between orthogonal and biorthogonal wavelets: (a-d) 
Approximations using the orthogonal wavelet on the Mandrill image at levels 1 to 4 
respectively. (e-h) Approximations using the biorthogonal wavelet on the Mandrill image at 
levels 1 to 4 respectively. 
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However, there are still some controversies for the imperfect absolute magnitude 

response of the biorthogonal wavelet. Figure 2.8 (f) shows the absolute magnitude response 

of a biorthogonal wavelet signal. The biorthogonal wavelet does not satisfy the Parseval 

theorem [Strang and Nguyen 96], which states that the energy in the time domain and the 

frequency domain are preserved. The biorthogonal wavelet does not produce a perfect 

absolute magnitude response. It amplifies or attenuates most frequency components. 

However, this ripple ranges within five percent of the magnitude response. Although the 

change in information can lead to error, the deviation is somehow tolerable in many 

applications.  
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