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(ABSTRACT)
     The purpose of this study is to analyze the behavior of a reversible two-cylinder

refrigerant compressor manufactured by Bristol Compressor Incorporated.  This

compressor contains a specialized linkage that causes the compressor to transition from a

two-cylinder compressor to a single-cylinder compressor when the direction of rotation

of the crankshaft is reversed.  The linkage accomplishes this by reducing the throw of one

cylinder to zero.  Of interest are the conditions to which this linkage is subjected when

the direction of rotation is again reversed, causing the compressor to return to its two-

cylinder functioning.  When this reversal takes place, a collision occurs within the

linkage.  These repeated collisions are thought to be the cause of fatigue failure of the

linkage in many of these compressors.

     To verify that this collision is the problem, an understanding of the stress state during

the collision is needed.  This thesis begins the work necessary to determine the dynamic

stress state present within the system.

     A FORTRAN program was developed that modeled the kinematic behavior of the

system under operating conditions.  The program predicts the accelerations, velocities,

positions, and internal forces present within the system during startup conditions.

     Also, a method has been developed to model rotary sliding contact between two

cylindrical surfaces.  This method is developed and investigated in hopes that it will

facilitate the modeling of the behavior of the compressor linkage in a dynamic finite

element analysis.
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1 Introduction

     The purpose of this study is to analyze the behavior of a reversible two-cylinder

refrigerant compressor manufactured by Bristol Compressor Incorporated.  This

compressor differs from most compressors in that, attached to one of the two pistons, it

contains a special linkage that allows the compressor to behave as either a one- or two-

piston compressor, depending on the direction of rotation of the crankshaft.  The reversal

of direction can be accomplished simply by reversing the electric motor driving the

compressor.  Therefore, the compressor may be used as a two-stage compressor while

using a standard single-speed electric motor.  The linkage may be seen in Figure 1.1.  As

shown, the linkage folds onto itself when the crankshaft is reversed.  This folding reduces

the throw of the piston to zero length, and, therefore, causes the piston to become

inactive.

     When the direction of crankshaft rotation is reversed a second time, causing it to run

in the “forward” direction, the linkage unfolds, and the compressor returns to standard

two-cylinder operation.  During the unfolding of the linkage, however, a collision occurs

in the linkage between two of its links.  It is believed that the collision, which occurs on a

regular basis during normal operation, may be the cause of fatigue failure experienced in

many of the compressors operating in the field.

     To investigate the possibility that the collision is the cause of fatigue failure, it is

necessary to understand the dynamic stress state present in the linkage during the

collision.  This thesis begins the investigation into the dynamic stress state present within

the system.  Chapter 2 details the geometry and function of the compressor system and
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the specialized linkage within.  Important geometric and mass properties, such as centers

of mass and moments of inertia, will be measured and documented.

Figure 1.1 Function of the special linkage.

     Chapter 3 will use the results of Chapter 2 in the derivation of the equations of motion

for the system so that the system may be modeled.  The equations of motion will take the

form of Newtonian equations of motion, obtained from inspection of free-body diagrams,

to relate internal forces to accelerations.  The completion of these equations of motion

will require knowledge of the torsional stiffness of certain members of the adjustable-

throw linkage.  To determine this torsional stiffness, Algor’s finite element code will be

utilized.  In particular, Chapter 4 will describe a method of modeling the contact between

the crankshaft and throw-block, and Chapter 5 will use this method, and solid models
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built using the results of Chapter 2, to determine the torsional stiffness needed for the

equations of motion.

     When the equations of motion are complete, they will be used in Chapter 6 to develop

a FORTRAN program that will model the kinematic behavior of the system under

operating conditions.  The program will predict the accelerations, velocities, positions,

and internal forces present within the system during startup.  It is hoped that the results

from Chapter 6 may be input into a finite element code in such a way that the collision

may be analyzed using a dynamic finite element analysis.  Such an analysis will allow for

an understanding of the dynamic stresses that arise as a result of the collision.  Before

such an analysis can be run, however, it is necessary to develop a new approach to

modeling dynamic rotary contact within the finite element code.

     Therefore, Chapter 7 will develop a unique method of dynamic contact modeling.  In

the process of developing this new method, the weaknesses and strengths of the method

will become apparent and will be discussed in Chapter 7.  It will be seen that the method

is limited in its application, but it has promise in the area of dynamic contact modeling.

     Before proceeding, it is important to note that the kinematic simulation code

developed in Chapter 6 is not entirely sufficient to accurately model the behavior of the

reversible Bristol refrigeration compressor.  Details such as the effects that valves and

working fluid have on the system are not included in this analysis.  Instead, a basic model

has been developed which analyzes the system kinematically without respect to these

aspects of the operation.  The focus of this work has been to develop the methods needed

for an accurate model, and to begin the work of developing this model.  In particular,

much time has been spent focused on the work of Chapter 7, which will hopefully allow
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researchers in the future to further refine this work and develop a truly accurate model of

the system.  It is left to these future students to continue the work and achieve the goal of

solving the problem of fatigue failure found within the compressor.
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2. System Description

2.1 Introduction

     The Bristol refrigeration compressor that is studied in this thesis differs markedly in

its design from most reciprocating compressors.  Specifically, it contains a linkage that

alters the throw of one of the two pistons when the direction of rotation of the crankshaft

is reversed.   When the crankshaft is rotating in the “forward” direction, both pistons

experience the same throw, and both operate identically as standard slider-crank

mechanisms.  However, when the crankshaft is reversed, the special linkage causes one

piston to become stationary, removing it from operation.  The ability to remove this

piston’s contribution to the overall compression on demand allows the compressor to

behave as a two-stage compressor.  Such versatility is a desirable characteristic in a

compressor that is used in heat pump systems in which the compression requirements

change with changing weather and varying cooling loads.

     This chapter will describe in detail the geometry and function of the compressor

system.

2.2 Compressor system description

     As mentioned above, the Bristol compressor being studied is a two-piston compressor.

The first of these pistons and the associated connecting rod and crankshaft behave as a

standard slider crank mechanism, like the one shown in Figure 2.1.  The behavior of this

mechanism is well understood and documented.  However, the mechanism associated

with the second piston contains an extra link that changes the behavior of this linkage.

This extra link connects the crankshaft and connecting rod, and is referred to as the
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throw-block.  The mechanism is shown in Figure 2.2.  It is this portion of the compressor

system that will be studied in detail in this thesis.

Figure 2.1 Standard slider-crank mechanism.

Figure 2.2 Adjustable throw mechanism (throw-block.)

     When the crankshaft is operating in the forward direction, the throw-block linkage

extends and the throw of the system is r2+r3.  This throw is the same as that of the slider-

crank shown in Figure 2.1.  With the throw-block in the extended position, the piston

experiences the same motion as the other piston in the system, and the mechanism
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behaves as a slider-crank mechanism.  The throw-block is shown in its extended position

in Figure 2.3.

Figure 2.3 Throw-block linkage is extended as the crankshaft rotates forward.

     When the crankshaft direction is reversed, however, the two pistons of the compressor

system behave very differently.  In this case, the throw-block folds onto the crankshaft,

reducing the throw of the system to zero.  As the crankshaft rotates in this reversed

direction, point C is positioned at the center of rotation of the crankshaft as seen in Figure

2.4.  As a result, while the crankshaft and throw-block rotate, the connecting rod, and

therefore the piston, experience no motion.  In this state, this portion of the compressor

system is inactive.
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Figure 2.4 Throw-block linkage is folded as the crankshaft rotates in reverse.

     The addition of the throw-block to the standard slider-crank mechanism introduces

another degree of freedom into the system.  As a result of this extra degree of freedom, a

closed-form solution to the behavior of the system is impossible.  Instead, a numerical

solution must be performed.  Chapter 6: Kinematic Simulation of Compressor System will

describe a FORTRAN program written to perform the solution.  The program utilizes

equations of motion of the bodies in the compressor system (crankshaft, throw-block,

connecting rod, and piston) to arrive at the solution.  Chapter 3: Development of

Equations of Motion for Use in FORTRAN Code will provide the derivation of these

equations of motion.  First, however, it is necessary to identify various geometric and

mass properties of the bodies, such as masses, centers of mass, and moments of inertia.

Section 2.3 will explain how these values were determined.

2.3 System definition

     The geometry of the components of the compressor system was determined by direct

measurement of the components.  The measurements were taken, by hand, using digital

calipers.  Using these measurements, solid models were made of the components.  The
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solid modeler CADKEY 97 was used for this purpose.  When the geometry had been

defined in CADKEY, the program automatically calculated the mass of each body, as

well as centers of mass and moments of inertia.  In addition, the masses of the crankshaft,

throw-block, connecting rod, and piston were measured directly, and compared favorably

with the mass values predicted by CADKEY.  This section documents the results of the

measurements.  Appendix A contains the output from CADKEY documenting the results.

     Figure 2.5 depicts the solid model of the crankshaft.  The effective length of this link

of the mechanism, as seen in Figure 2.2, is

2.02 =r  inches.

This length is the distance from the axis of revolution of the crankshaft to the center of

curvature of surface S.

Figure 2.5 Solid model of crankshaft.
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     The equations of motion derived in Chapter 3: Development of Equations of Motion

for Use in FORTRAN Code relate the motion of the centers of mass of each body in the

system to the forces on those bodies.  However, the center of mass of the crankshaft does

not experience translational motion since it lies on the axis of rotation.  Therefore, neither

the mass nor the position of the center of mass is important.  However, since the

crankshaft will experience rotational motion, a value for the mass moment of inertia

about the axis of rotation is needed.  CADKEY reports this value to be

4
,2 )10(091.9 −=CADKEYJ  lbf-in-s2.

This value for J2, however, is not the value that is used in the FORTRAN simulation

code.  To this value must be added the moment of inertia of the motor rotor:

=rotorJ 0.0271 lbf-in-s2.

Therefore, the effective moment of inertia of the crankshaft is

2
2 )10(799.2 −=J  lbf-in-s2.

     The solid model of the throw-block is shown in Figure 2.6.  The relevant lengths of

this link were found to be

2.03 =r  inches,

328.03 =ar  inches,

128.03 −=br  inches.

It is important to note that the location of the center of mass of the throw-block causes the

length r3b to have a negative value.  This is a result of the convention used to define the

lengths of the bodies in the system and the locations of the centers of mass of those

bodies.  The lengths of both the throw-block and the connecting rod were divided into
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two parts each.  In the case of the throw-block, the first length is measured from the

throw-block center of mass, point B (see Figures 2.2 and 2.3), to the center of mass of the

throw-block.  This length is r3a.  The second length, r3b, is defined as the length from the

center of mass of the throw-block to point B.  By definition, the addition of these two

lengths is equal to the length of the throw-block.  In other words,

.333 ba rrr +=  (Eq. 2.1.)

Since r3a>r3, r3b must have a negative value to satisfy equation 2.1.

     CADKEY reported the important mass properties of the throw-block to be

4
3 )10(152.7 −=m  lbf-s2/in,

3
3 )10(138.1 −=J  lbf-in-s2.
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Figure 2.6 Solid model of the throw-block.
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     Figure 2.7 shows the solid model of the connecting rod.  The relevant lengths of this

link are

000.24 =r  inches,

665.04 =ar  inches,

335.14 =br  inches.

     CADKEY reported the mass properties of the connecting rod to be

4
4 )10(536.2 −=m  lbf-s2/in,

4
4 )10(224.3 −=J  lbf-in-s2.

Figure 2.7 Solid model of the connecting rod.

     Since the piston experiences only translational motion, there is no need to find the

mass moment of inertia.  The only mass property needed is the mass of the piston.
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Therefore, no solid model of the piston was developed.  Instead, the mass of the piston

was measured using a scale.  It was found to be

3
5 )10(245.1 −=m  lbf-s2/in.

2.4 Conclusion

     This chapter has discussed the definition of the geometry and mass properties of the

components of the compressor.  The results will be used in the derivation of the equations

of motion of the system in Chapter 3: Development of Equations of Motion for Use in

FORTRAN Code.  Later, in Chapter 6: Kinematic Simulation of Compressor System,

these equations of motion will be used in the FORTRAN kinematic simulation program

that will predict the behavior of the compressor system under operating conditions.
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3. Development of equations of motion for use in Fortran code

3.1 Derivation of the Newtonian equations of motion

     The equations of motion of the planar system were found by writing Newtonian

equations for each of the bodies listed above.  These equations took the form of three

scalar equations for each body.  In general, these three equations are:

XX maF =∑ , (Eq. 3.1)

YY maF =∑ , (Eq. 3.2)

ZZZ JT α=∑ . (Eq. 3.3)

Below is a list of the variables and notation that will be found in the equations of motion

of following sections with a brief description of their meaning.

kijF : The force applied by body i to body j in the direction k.  (lbf)

mi : The mass of body i.  (lbf-s2/in)

JI : The rotational moment of inertia of body i around the z-axis.  (lbf-in-s2)

ix&&  : The acceleration of body i in the x-direction. (in/sec2)

iy&&  : The acceleration of body i in the y-direction.  (in/sec2)

t : The torque applied to the crankshaft by the electric motor. (lbf-in.)

tk : The torque generated between Bodies 2 and 3 as the stops on the throw-block

react against the stops on the crankshaft. (lbf-in.)

iθ  : The rotation of body i measured counter-clockwise from the horizontal x-

axis. (rad.)

iω  : The angular velocities of body i in the counter-clockwise direction. (rad/sec.)
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iα  : The angular acceleration of body i in the counter-clockwise direction.

(rad/sec2)

Fgas : Force that working fluid in the compressor exerts on the face of the piston.

Assumed to be zero for this analysis. (lbf.)

     It is important to note the equations of motion found in the following sections do not

include references to the weight of the bodies being considered.  This is a result of the

vertical orientation of the crankshaft during normal operation.  The vertical orientation

causes all motions of the bodies to be in the horizontal plane.  Therefore, the weights of

the various bodies do not enter into the calculations.

3.1.1 Equations of motion of the crankshaft

     A free-body diagram of the crankshaft of the refrigerant compressor (Body 2) can be

seen in Figure 3.1.  The forces and torques that act on Body 2 are shown.  The forces are

shown separated into their components in the x- and y-directions.
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Figure 3.1 Free-body diagram of crankshaft.

     Applying Newton’s laws of motion to Body 2, we arrive at Equations 3.4 through 3.6,

the equations of motion for the crankshaft.  The right hand sides of Equations 3.4 and 3.5

are zero because the center of gravity of Body 2 does not experience motion in either the

x- or y-direction.

0222312 ==− xmFF
XX

&& (Eq. 3.4)

0222312 ==− ymFF
YY

&& (Eq. 3.5)

2222232223 )cos()sin( αθθ jrFrFtt
YXk =−++          (Eq. 3.6)

     Equations 3.4 and 3.5 provide no useful information.  Therefore, when incorporating

the system equations of motion in the kinematic simulation program, we will not use
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Equations 3.4 and 3.5.  However, we are interested in the rotational acceleration of Body

2, so we will utilize Equation 3.6.

3.1.2 Equations of motion of the throw-block

     A free-body diagram of the throw-block (Body 3) can be seen in Figure 3.2.  Here, the

external forces and torques that act on Body 3 are shown.

Applying Newton’s laws of motion to Body 3 we arrive at the following equations of

motion for the body.

333423 xmFF
XX

&&=−          (Eq. 3.7)

333423 ymFF
YY

&&=−                              (Eq. 3.8)

333323332333343334 )sin()cos()cos()sin( αθθθθ jrFrFrFrFt aabbk XYYX
=+−−+−       (Eq. 3.9)

Figure 3.2 Free-body diagram of the throw-block
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3.1.3 Equations of motion of the connecting rod

     A free-body diagram of the connecting rod (Body 4) can be seen in Figure 3.3.  Here,

the forces and torques that act on Body 4 are shown.

     Applying Newton’s laws of motion to Body 4 we arrive at the following equations of

motion for the body.

444534 xmFF
XX

&&=− (Eq. 3.10)

444534 ymFF
YY

&&=− (Eq. 3.11)

444434443444454445 )cos()sin()cos()sin( αθθθθ jrFrFrFrF aabb YXYX
=−+− (Eq. 3.12)

Figure 3.3 Free-body diagram of the connecting rod
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3.1.4 Equations of motion of the piston

     A free-body diagram of the piston (Body 5) can be seen in Figure 3.4.  Here, the

forces and torques that act on Body 5 are shown.

Figure 3.4 Free-body diagram of the piston.

     Applying Newton’s laws of motion to Body 5 we arrive at the equations of motion for

the body.

5545 xmFF gasX
&&=− (Eq. 3.13)

551545 ymFF
YY

&&=− (Eq. 3.14)

     The piston does not experience rotation, so the rotational equation of motion has been

omitted.  In addition, because the piston does not experience any motion in the y-

direction, Equation 3.14 will not be used in the kinematic simulation.

3.2    Addition of kinematic and dynamics equations

     Section 3.1 developed eight equations, Equations 3.6 through 3.13, which will be used

in a FORTRAN simulation program to simulate the motion of the system under a known
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torque from the electric motor.  The code performs this simulation by stepping through

time and integrating accelerations to get velocities, and integrating velocities to arrive at

positions.  The accelerations and the forces that cause the accelerations, however, are

unknown and must be solved for at each time step.  Specifically, the unknowns are: the

six force components F23X, F23Y, F34X, F34Y, F45X, and F45Y; the five translational

accelerations 3x&& , 3y&& , 4x&& , 4y&& , 5x&& ; and the three rotational accelerations α2, α3, and α4.

     Obviously, the set of eight Newtonian motion equations cannot be solved for these

fourteen unknowns without the addition of six more equations relating some of the

unknowns listed above.  The six additional equations can be derived by writing:

a. two equations derived from loop closure equations of the linkage, and

b. four dynamics equations from relative acceleration relationships.

The following sections will detail the development of these six additional equations.

3.2.1 Development of two loop closure equations.

     The first two equations that will be solved in conjunction with Equations 6 through 13

are derived from loop closure equations.  The loop closure equations are written around

the kinematic loop comprised of the system being studied.  For a complete explanation of

the loop closure method see Mabie & Reinholtz [2].

     Figure 3.5 shows the system and the vectors that define its geometry.  If we sum the

vector lengths around the loop defined by the vectors, starting and ending at point O, we

obtain the following vector equation.

4325 rrrr ++= (Eq. 3.15)
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Figure 3.5 Loop closure of compressor system

If we express Equation 3.15 in complex polar form we have

432
4325

θθθ iii erererr ++= . (Eq. 3.16)

While this equation is valid, it does not contain any of the unknowns for which we wish

to solve.  However, if we differentiate this equation twice we will arrive at an equation

containing α2, α3, and α4.  One differentiation yields

432
4433225

θθθ ωωω iii eireireirr ++=& . (Eq. 3.17)

Differentiating once more we obtain

443322
44

2
4433

2
3322

2
225

θθθθθθ αωαωαω iiiiii eirereirereirerr +−+−+−=&& . (Eq. 3.18)

     In order to use Equation 3.18 with Equations 3.6 through 3.13 developed in the

previous section, we must rewrite it in scalar form.  Doing so will result in two scalar

loop closure equations.  To convert this one vector equation to two scalar equations, we

use the fact that

[ ])sin()cos( θθθ iaaei += . (Eq. 3.19)

     Applying this identity to Equation 3.18, we obtain Equations 3.20 and 3.21, which

express, respectively, the x- and y-direction components of the vectors in the loop.
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cos()cos()
2

cos()cos( 3333
2

332222
2

2255
πθαθωπθαθω ++−++−== rrrrxr X &&&&

)
2

cos()cos( 4444
2

44
πθαθω ++− rr (Eq. 3.20)

)
2

sin()sin()
2

sin()sin( 3333
2

332222
2

2255
πθαθωπθαθω ++−++−== rrrryr Y &&&&

0)
2

sin()sin( 4444
2

44 =++− πθαθω rr (Eq. 3.21)

By setting the right hand side of Equation 3.21 equal to zero, we have once again

enforced the restraint on the y-direction motion of the piston.

3.2.2 Development of dynamics equations

     We now need four equations to complete the set of fourteen equations in fourteen

unknowns.  Specifically, we wish to find equations for 3x&& , 3y&& , 4x&& , and 4y&& .  The four

equations in question are derived from dynamics equations that relate the relative

accelerations of various points in the system.  For the sake of clarity in the notation that

follows, certain points on the system are assigned letter designations (A, B, C, and D) as

seen in Figure 3.6.

Figure 3.6 Points of interest within the linkage
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     We wish to write equations concerning the accelerations of Bodies 3 and 4.  To do so

we must relate their accelerations to known values of accelerations elsewhere within the

system.  For this case, we will relate the accelerations of Body 3 to the acceleration of

point A, which lies on both Body 2 and Body 3.  Referring to Figure 3.7, which depicts

the crankshaft undergoing plane motion, we can write the scalar Equations 3.22 and 3.23

for the normal and tangential accelerations of point A, which moves on a circular path.

2
22ωra

NA = (Eq. 3.22)

22αra
TA =  (Eq. 3.23)

Figure 3.7 Normal and tangential acceleration of point A on Body 2

Separating these expressions into components in the x- and y-directions, we have:

[ ] [ ] jrira NA  )sin( )cos( 2
2

222
2

22 θωθω −+−= ; (Eq. 3.24)

[ ] [ ] jrira TA  )cos( )sin( 222222 θαθα +−= . (Eq. 3.25)

The i vector is a unit vector in the x-direction, and the j vector is a unit vector in the y-

direction.

     Vectorally summing Equations 3.24 and 3.25, we have
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[ ] [ ] jrrirra A  )sin()cos( )cos()sin( 2
2

222222
2

22222 θωθαθωθα −+−−= . (Eq. 3.26)

     Now that the acceleration of point A is known, we can proceed to write an equation

for the acceleration of points on Body 3 with respect to point A.  In general, dynamics

tells us that for any body in plane motion, to which points M and N are attached, it can be

shown that

NMNM aaa /+= , (Eq. 3.27)

where Ma  is the acceleration of point M, Na  is the acceleration of point N, and NMa /  is

the relative acceleration of point M with respect to point N.  If we replace point M with

point B, and point N with point A, we can relate the acceleration of point B to the

acceleration of point A:

ABAB aaa /+= . (Eq. 3.28)

     We wish to find the accelerations of the center of gravity of Body 3, the throw-block.

The center of gravity lies at point B.  At the moment, both Ba  and ABa /  are unknown.

However, we can easily write an expression for ABa / .  The normal and tangential

components of the acceleration of point B with respect to point A are given in Equations

3.29 and 3.30, and are shown in Figure 3.8.

2
33/ ωra

NAB = (Eq. 3.29)

33/ αra
TAB = (Eq. 3.30)

     Transforming these expressions into the x-y coordinate system and summing yields

[ ] [ ] jrrirra AAAAAB  )cos()cos( )cos()sin( 3
2

333333
2

33333/ θωθαθωθα −+−−=        (Eq. 3.31)

Substituting this expression for ABa /  and the calculated value for Aa  into Equation 3.28,

we solve for Ba  as
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[ ]
[ ] . )sin()cos()sin()cos(

 )cos()sin()cos()sin(

2
2

222223
2

33333

2
2

222223
2

33333

jrrrr

irrrra

AA

AAB

θωθαθωθα

θωθαθωθα

−+−+

−−−−=
(Eq. 3.32)

Figure 3.8 Normal and tangential acceleration of point B on Body 3

     Since 3x&&  is the x-direction component of the acceleration of Point B, and 3y&&  is the y-

direction component of the acceleration of Point B, we see that

)cos()sin()cos()sin( 2
2

222223
2

333333 θωθαθωθα rrrrx AA −−−−=&& (Eq. 3.33)

and

).sin()cos()sin()cos( 2
2

222223
2

333333 θωθαθωθα rrrry AA −+−=&& (Eq. 3.34)



27

     We now need to develop equations for the acceleration of Point D, which is the center

of gravity of Body 4.  These equations can most easily be found by relating Da , the

acceleration of Point D, to Ca , the acceleration of Point C.  Ca  can be found by

inspection of Figure 3.9 by realizing that if we replace r3A in Equation 3.32 with r3, the

result is the expression for Ca .  Therefore,

[ ]
[ ] . )sin()cos()sin()cos(

 )cos()sin()cos()sin(

2
2

222223
2

33333

2
2

222223
2

33333

jrrrr

irrrraC

θωθαθωθα

θωθαθωθα

−+−+

−−−−=
(Eq. 3.35)

Figure 3.9 Normal and tangential accelerations of point C on Body 3

Equation 3.36 provides a way to solve for Da  using the value of Ca  just found.

CDCD aaa /+= (Eq. 3.36)
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     To find CDa / , we refer to Figure 3.10 to write expressions for the tangential and

normal components of the acceleration of point D with respect to point C.

2
44/ ωra

NCD = (Eq. 3.37)

44/ αra
TCD = . (Eq. 3.38)

Figure 3.10 Normal and tangential acceleration of point D on Body 4

     Transforming Equations 3.37 and 3.38 into the x-y coordinate system and summing

we arrive at the expression for the acceleration of point D with respect to point C:

[ ] [ ] jrrirra AAAACD  )sin()cos( )cos()sin( 4
2

444444
2

44444/ θωθαθωθα −+−−= .   (Eq. 3.39)

Substituting into Equation 3.36 this expression for CDa /  and the expression for Ca , we

have

)sin()cos()sin()cos()sin([ 4442
2

222223
2

33333 θαθωθαθωθα AD rrrrra −−−−−=

)sin()cos()sin()cos([ )]cos( 2
2

222223
2

333334
2

44 θωθαθωθαθω rrrrir A −+−+−     

    jrr AA  )]sin()cos( 4
2

44444 θωθα −+ (Eq. 3.40)
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     Since 4x&&  is the x-direction component of the acceleration of point D, and 4y&&  is the y-

direction component of the acceleration of point D, we see that

)cos()sin(

)cos()sin()cos()sin(

4
2

44444

2
2

222223
2

333334

θωθα

θωθαθωθα

AA rr

rrrrx

−−

−−−−=&& (Eq. 3.41)

and

)sin()cos(

)sin()cos()sin()cos(

4
2

44444

2
2

222223
2

333334

θωθα

θωθαθωθα

AA rr

rrrry

−+

−+−=&& . (Eq. 3.42)

     Equations 3.41 and 3.42 are the last two equations needed to allow for the solution for

the unknown forces and accelerations present in the system at any point in time.  With the

addition of these equations, the set of fourteen equations in fourteen unknowns is

complete.  The purpose and use of these equations will be discussed in the next section.

3.3 Solving fourteen equations of motion for the accelerations and forces

     The purpose of developing the equations of motion in the preceding sections was to

find expressions for the translational and rotational accelerations of each body within the

system, as well as expressions for the forces that result from the interaction of the bodies

in the system.

     The FORTRAN simulation program, which simulates the system response by

progressively stepping through time and solving for the position of the system at each

point in time, does so by calculating accelerations at each point in time based upon

known values of position and velocity.  Integrating these accelerations first once, and

then a second time, results in values of velocity and position to be used in the calculation

of new accelerations in the following time step.  Also, the forces must be calculated at

each time step so that they, too, may be used in determining the next acceleration value.
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A more complete description of the algorithm used in the program will be given in

Chapter 6: Kinematic Simulation of Compressor System.

     The next section will describe the process used to solve the fourteen equations

developed above.  The final set of equations and unknowns are listed below.

2222232223 )cos()sin( αθθ jrFrFtt
YXk =−++    (Eq. 3.43)

333423 xmFF
XX

&&=−     (Eq. 3.44)

333423 ymFF
YY

&&=−     (Eq. 3.45)

  )cos()cos()sin( 332333343334 θθθ abbk rFrFrFt
YYX

−−+−           

333323 )sin( αθ jrF aX
=+ (Eq. 3.46)

444534 xmFF
XX

&&=−                     (Eq. 3.47)

444534 ymFF
YY

&&=−       (Eq. 3.48)

              )sin()cos()sin( 443444454445 θθθ abb rFrFrF
XYX

+−

444434 )cos( αθ jrF aY
=−  (Eq. 3.49)

     5545 xmFF gasX
&&=−            (Eq. 3.50)

551545 ymFF
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&&=−       (Eq. 3.51)
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)cos()sin()cos()sin( 2
2

222223
2

333333 θωθαθωθα rrrrx AA −−−−=&&        (Eq. 3.54)

)sin()cos()sin()cos( 2
2

222223
2

333333 θωθαθωθα rrrry AA −+−=&&        (Eq. 3.55)

            )sin()cos()sin()cos()sin( 4442
2

222223
2

333334 θαθωθαθωθα Arrrrrx −−−−−=&&

)cos( 4
2

44 θωAr−  (Eq. 3.56)

)sin()cos()sin()cos( 2
2

222223
2

333334 θωθαθωθα rrrry −+−=&&

)sin()cos( 4
2

44444 θωθα AA rr −+  (Eq. 3.57)

Again, the unknowns are the six forces, F23X, F23Y, F34X, F34Y, F45X, and F45Y; the five

translational accelerations, 3x&& , 3y&& , 4x&& , 4y&& , and 5x&& ; and the three rotational accelerations,

α2, α3, and α4.

3.3.1 Manipulation and solution of the fourteen equations of motion

     The number and complexity of the fourteen equations derived in the preceding

sections prevent solution by hand.  Therefore, a symbolic algebraic manipulator,

DERIVE [3], was used to attempt a solution of the equation set.  However, the nonlinear

equation solver in DERIVE was unable to find a solution to the equation set.

     Manual manipulation of the equations, however, was possible using DERIVE.  This

allowed for the elimination of the force terms, and the set of equations was reduced to a

set of three equations relating only the three angular accelerations of the system.

However, the size and complexity of these equations prevented DERIVE from finding a

solution to this reduced set of equations.  Therefore, again using DERIVE to manipulate

the equations, the equations were rewritten in the following matrix form
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[ ]{ } [ ]CA =α , (Eq. 3.58)
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     This equation is solved for the three angular accelerations using a Gaussian reduction

algorithm [10], which is listed in Appendix A and which was incorporated into the

kinematic simulation program developed in Chapter 6: Kinematic Simulation of

Compressor System.  With these values known, the remaining equations in the original

equation set may be solved for the remaining unknowns.

3.4 Conclusion

     This chapter has developed the equations of motion for the refrigeration compressor

system.  However, the equations cannot be used by the FORTRAN simulation program

of Chapter 6: Kinematic Simulation of Compressor System without knowledge of the term

tk.  This term represents the torque developed between the crankshaft and the throw-block

when the throw-block is in the extended position.  Its value depends on the effective

torsional stiffness of these two bodies under loading.  In Chapter 5: Equivalent Stiffness

Method, a finite element analysis will be performed which will determine the torsional

stiffness.  First, however, Chapter 4: Contact Element Method will describe the method of

contact modeling that will be used in this analysis.
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4 Contact element method

4.1 Introduction

     This chapter will describe the method of using contact elements to model, in a finite

element application, contact between two cylindrical surfaces, such as exist on the

crankshaft and the throw-block.   The method will be used in Chapter 5: Equivalent

Stiffness Method in the determination of the effective stiffness present between the

crankshaft and the throw-block.  In addition, the elements discussed will be modified and

used in an unconventional way in Chapter 7: Bottle-brush Method as a new method of

modeling contact is developed.

4.2 Description of contact element method

     Figure 4.1 shows a portion of a two-dimensional FE model in which the contact

between two surfaces is modeled using contact elements.

Figure 4.1. Two-dimensional model containing contact elements.
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     In general, the contact elements are essentially truss elements (two-force members,

capable of carrying an axial load only) which have nonlinear, user-defined stress-strain

relationships.  The stress-strain relationship typically defines the element to have very

little axial stiffness when the surfaces are not in contact, so that the two nodes connected

by the element do not communicate when they are not in close proximity to one another.

However, the stiffness is defined to be large when the nodes are close, so that the contact

between the two may be represented.

     In Algor, the stress-strain relationship is defined by entering the following parameters:

the element cross-sectional area, the contact distance, the “unlocked” elastic modulus,

and the “contact” elastic modulus.  The cross-sectional area will have a direct impact on

the stiffness of the element through the relation

L
AEK = , (Eq. 4.1)

where A is the cross sectional area of the element, L is its length, and E is the elastic

modulus.

     The contact distance entered by the user defines the length of the element below

which contact is to be modeled.  Ideally, this distance would be zero.  However, as

Equation 4.1 shows, as the length of the element approaches zero, the stiffness of the

element approaches infinity.  This is a desirable result that prevents the element from

attaining a negative length that would cause it to be unstable.  Therefore, a small positive

value is used.

     The “unlocked” modulus entered by the user is the elastic modulus used in the

stiffness calculations whenever the length of the element is greater than the contact
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distance.  Typically, a small positive value is used for this parameter.  Though the value

is ideally zero, using a value of zero can cause the stiffness matrix to be ill-conditioned in

some solutions.

     When the length of the element is less than the contact distance, the user-defined

contact modulus is used.  This contact modulus is by its nature a compressive modulus,

resisting compression of the element, and thereby resisting interference of the two

bearing surfaces that are connected by the contact element.

     The definition of a typical contact element might result in the elasticity relationship

depicted in Figure 4.2.  Here, the modulus of elasticity, and therefore the stiffness of the

element, is zero while its length is greater than 0.001 inches.  When the length becomes

less than 0.001 inches, the element becomes stiff in the axial direction, with an elastic

modulus of 30 Mpsi.

Figure 4.2. Typical user-defined elasticity relationship for a contact element
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     Contact elements should be initially positioned normal to the surfaces.  Therefore,

special care should be taken when meshing the pin and sleeve.  Before applying contact

elements to the finite element models, the surface meshes that are to contact must first be

matched, providing a one-to-one mapping of nodes on the two bearing surfaces.  In other

words, each node on the bearing surface of the pin must have just one corresponding

node on the bearing surface of the sleeve in close proximity.

     The nodes, however, cannot be coincident, because such an arrangement would make

it impossible to place contact elements of finite length between the nodes.  Any contact

element placed between these coincident nodes would necessarily be of zero length.

Since the stiffness of the element is inversely proportional to the length (see Equation

4.1), an element length approaching zero would cause the stiffness of the element to

approach infinity.  Obviously, this presents problems for the FE code in its attempts to

manage a stiffness matrix with infinite (or extremely large) entries, causing the stiffness

matrix to be very poorly conditioned.

     To avoid the problem of zero-length elements, the FE model of the pin must be

modified slightly.  Specifically, the radius of the pin must be scaled down slightly.  This

will provide a small gap between the pin and the sleeve in which contact elements may be

placed, which will have lengths equal to the magnitude of this gap.

4.3 Closing

     The method of modeling described above is a relatively simple way to model the joint

when running a static analysis.  It will be used in Chapter 5: Equivalent Stiffness Method

when a finite element model will be used to find the effective stiffness between the
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crankshaft and throw-block, as mentioned in Chapter 3: Development of equations of

motion for use in Fortran code.

     However, when running a dynamic analysis, such as Algor’s Mechanical Event

Simulator, in which the relative positions of the bodies within the model are continuously

changing, the method described in this chapter is of little or no use.  As discussed above,

for the contact element method to be useful, the two surface meshes (pin and sleeve) must

be mesh-matched, so that each node on the sleeve’s bearing surface corresponds to and is

in close proximity to one node on the bearing surface of the pin, allowing the placement

of a contact element between the nodes.  In any case in which there is large tangential

relative motion of the two surfaces the nodes will not remain in close enough proximity

to maintain the effectiveness of the contact elements.  In addition, under such

circumstances, the contact elements do not remain normal to the surfaces.

     Chapter 7: Bottle-brush Method will discuss an approach developed to overcome the

problem of modeling contact in a revolute joint in Algor’s Mechanical Event Simulator.

The method incorporates contact elements, but no longer uses them to connect one

surface to the other directly.  Instead, force is transferred from one body to the other

indirectly through an intermediate structure.
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5. Equivalent stiffness method

5.1 Introduction

     In Chapter 3: Development of equations of motion for use in Fortran code, the

equations of motion for the refrigerant compressor system were developed.  Some of

these equations contained the term tk, which represents the torque that is developed

between the crankshaft and the throw-block.  It is this interaction between the two bodies

that allows the torque applied to the crankshaft to be passed on to the throw-block.  See

Chapter 2: System Description for a more complete look at the system.

     As mentioned above, the torque tk is dependent on the angular difference between the

crankshaft and the throw-block.  Specifically,

)( 32 θθ −−= Ktk  , (Eq. 5.1)

where





=
0

constant positive
K

otherwise
32 θθ ≥ .

As discussed in Chapter 2: System Description, this stiffness K is created by the geometry

of the crankshaft and throw-block.  As the two bodies collide, the deformation created

acts as a torsional spring between the two.  This spring may be seen in Figure 5.1

between the crankshaft and the throw-block.
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Figure 5.1.  Schematic representation of the system showing the torsional spring K.

     When Equation 5.1 is used in the FORTRAN code developed in Chapter 6, the angles

θ2 and θ3 are known values.  However, to evaluate Equation 5.1, a value for the stiffness

K is needed.  It is the purpose of this chapter to define and evaluate the value of K for use

in Equation 5.1.  Section 5.2 will define the stiffness while Section 5.3 will explain how a

numerical value for K was obtained using the FE code Algor.

5.2 Definition of the stiffness K

     As Equation 5.1 indicates, the stiffness K is dependent on the angular positions of

bodies 2 and 3.  The nature of this dependency is determined by the application to which

the value will be applied.  Specifically, in the FORTRAN simulation code in which the

stiffness value will be used, the system is defined by the equations of motion developed

in Chapter 3.  In these equations of motion, the dynamics of the centers of gravity of the

various bodies in the system are of great importance.  It is the accelerations, velocities,

and positions of these centers of gravity that are tracked throughout the simulation and
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are of interest in the post-simulation analysis.  Therefore, it is helpful to use these special

points in the system to determine the angular positions of the bodies, and, therefore,

whether the stiffness K is zero or nonzero.  To begin, we define how the angles θ2 and θ3

are measured.

     Figure 5.2 shows a close-up view of the throw-block and a portion of the crankshaft at

several points in time as the relative angle between the two approaches zero, that is, as

the difference between θ2 and θ3 approaches zero.  When θ2=θ3, the bodies will collide

with one another, as seen in the final frame of Figure 5.2.  While θ2 is still less than θ3,

the bodies undergo little deformation and can be treated as rigid bodies.  In this state, any

points on the bodies may be used to measure the relative rotations of the bodies.  For

instance, the relative angle between the bodies can most easily be defined as the angle

between faces A and B.

     However, when the angular difference reaches zero, face A on the throw-block and

face B on the crankshaft come into contact.  It is through this contact that torque is

transferred from one body to another.  After the faces have come into contact, inertial

forces, as well as external forces in the system, cause the bodies to deform in an unknown

way.  As a result of the deformation, the centers of gravity of the bodies continue to

experience relative motion even after contact between the two bodies has occurred.  This

relative motion, and the internal forces associated with it, are the defining factors of the

stiffness K for which we wish to solve.



Figure 5.2. Collision of the throw-block with the crankshaft.
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     To better illustrate the conditions discussed above, it is instructive to look at the

throw-block and a limited portion of the crankshaft.  Figure 5.3 shows the portion of the

system to be inspected.  Figure 5.4 is a detailed look at this small area as viewed from

along the crankshaft axis in the –x direction.  Frame A shows the two bodies at the point

of contact, while frame B depicts the deformation that takes place during the collision.

The deformations have been greatly exaggerated for clarity.  In Frame A, as the bodies

come into contact, the value of θ2 is equivalent to that of θ3.  In Frame B, however, θ2

may become greater than θ3.

     To demonstrate this fact, we define a coordinate system y*-z*.  This coordinate system

is attached to body 2 at the point at which the crankshaft attaches to the electric motor, as

seen in Figure 5.5.  We wish to define θ2 as a kinematic value, independent of

deformations in the bodies.  Therefore, we define θ2 as the angle of rotation between the

y* axis, which is attached to the crankshaft, and the y axis, which is global and stationary.

The angle θ3, however, will be defined by the deformation of the crankshaft and throw-

block with respect to the y*-z* axes.

     As Bodies 2 and 3 collide, torsional deformation in the crankshaft, as well as

deformations in the small area of interest in Figures 5.3 and 5.4, cause the throw-block

and the local portion of the crankshaft to experience rotation with respect to the y*-z*

coordinate system.  It is therefore possible to define θ3 with respect to this rotation.  If the

center of gravity of body 3 experiences a rotation ∆θ3 measured in the y*-z* coordinate

system, as shown in Figure 5.6, then

332 θθθ ∆=− . (Eq. 5.2)



A. B.

Figure 5.3. Throw-block and small portion of the crankshaft. A. Exploded view.  B. As assembled.



       A.              B.

Figure 5.4. Throw-block and cross-sectional view of crankshaft.  A. Contact between throw-block and crankshaft.  B. Deformation
in both bodies as a result of the collision.



Figure 5.5. y*-z* axes attached to the crankshaft.



Figure 5.6. Rotation of body 3 (as measured at center of gravity) during the collision of the crankshaft and the throw-block
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     With θ2 and θ3 defined, it is possible to define the stiffness K.  Rearranging Equation

5.1 to solve for K results in

32 θθ −
= ktK . (Eq. 5.3)

The term tk is the torque developed between Bodies 2 and 3 and is dependent on both

applied forces within the system and inertial forces present in the bodies as they collide.

However, since tk is the unknown for which we wish to solve, we cannot use Equation 5.3

to solve for K explicitly.  Therefore, a value for K was determined using finite element

methods.  The following section will describe the method by which a numerical value for

K was obtained.

5.3 Method for determining a numerical value for torsional stiffness, K

     As Equation 5.3 shows, the determination of a numerical value for K requires

knowledge of three other values: tk, θ2, and θ3.  However, in defining the boundary

conditions present in the model, one of these variables may be eliminated from

consideration.  For instance, grounding the crankshaft at Point I removes the kinematic

variable θ2 from consideration since this variable is defined as the rotation of this point in

the stationary y-z coordinate system.  Point I is the point of application of torque from the

motor and the center of mass of the shaft including the motor rotor. Since the y*-z*

coordinate system is tied to Point I, grounding the system at this point also makes the y-z

and y*-z* coordinate axes identical and stationary.  See Figure 5.7.



Figure 5.7. Crankshaft is grounded at Point I, eliminating θ2 from consideration.
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     Equation 5.3 shows that K is dependent on the unknown value of tk, which changes

with time during the collision of the throw-block and the crankshaft.  But, when

determining K with finite element software, the unknown and variable term tk may be

replaced with a known and constant torque, T*, applied directly to the throw-block.  In

Algor, this torque can most easily be represented by a force couple as seen in Figure 5.8.

This torque represents all applied external torques and all torques resulting from inertial

forces during the collision.

     As a result of the torque T*, and as a result of the interaction of the crankshaft and

throw-block, the two bodies experience deformation.  A portion of this deformation

manifests itself as a rotation of the center of gravity of body 3 with respect to the y-z

coordinate system.  This rotation is equal to θ3, as defined in the preceding section.

     With the known torque T* applied in the form of the force couple F, and the rotation

θ2 eliminated from consideration by grounding the system at Point I, the finite element

model seen in Figure 5.9 can be constructed in order to measure θ3.  Note that the portion

of the crankshaft to the right (+x direction) of Point I is not included in the model.  This

portion of the crankshaft does not need to be analyzed, since the nodes near have been

grounded and the only forces applied to the crankshaft are to the left of Point I.  In theory,

this model should allow for the determination of K.  However, in reality the model must

be modified and an approximation made in order to make the problem tractable.  This

process will be discussed in the following section.



Figure 5.8. Force couple applied to the throw-block to simulate a constant, known torque T*.



Figure 5.9. Preliminary solid finite element model for measuring θ3.
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5.3.1 Three-piece approximation to torsional stiffness of crankshaft

     In order to facilitate a tractable solution to the problem of determining K, the solid

model of the crankshaft seen in Figure 5.9 was broken into three parts, as seen in Figure

5.10.  The reason for this division will be discussed below.  Part 1 is comprised of the 3D

elements of the crankshaft that are between Point I and the area of contact between the

throw-block and the crankshaft.  Part 2 is comprised of the 3D elements of the crankshaft

that lie near the area of contact.  Part 3 is made up of the remaining 3D elements of the

crankshaft.

     The separation of the crankshaft into three parts allows the torsional stiffness, K, to be

approximated as the sum of the stiffnesses of the individual parts.  Figure 5.11 shows the

division of the crankshaft stiffness into three stiffnesses in series.  Therefore, each

stiffness may be determined individually and the final stiffness, K, may be found by

summing these three values.  The advantage of separating the stiffness into three parts

lies in the sensitivity of the solution time of Algor’s nonlinear solver to the number of 3D

elements in the analysis.

     For instance, in the model shown in Figure 5.9, the bearing surface contact between

the throw-block and the crankshaft is modeled using contact elements as described in

Chapter 4: Contact element method.  These elements necessitate a nonlinear solution.

Experience with Algor’s nonlinear solver suggests that a large number of 3D elements,

like those present in the crankshaft in Figure 5.9, cause the solution time of a nonlinear

analysis to be very long.  However, by analyzing only Part 2 of the crankshaft, along with

the throw-block, in the nonlinear solution, the number of 3D elements in the analysis has

been greatly reduced.  The stiffness of Part 1 of the crankshaft may then be determined



Figure 5.10. The crankshaft after being separated into three parts.



Figure 5.11. Torsional stiffness of the crankshaft has been broken into three stiffnesses in series.
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by using a linear analysis, since there are no nonlinear elements present in this portion of

the model.

     Part 3 of the crankshaft experiences no external forces, and is not restrained by

boundary conditions with respect to rotation about the x-axis.  For this reason, it

contributes no stiffness to the torsional stiffness of the crankshaft when loaded by the

interaction of the throw-block with the crankshaft.  Since the stiffness of Part 3 has been

determined as

03 =K , (Eq. 5.4)

there is no need to analyze this portion.

     With the elimination of Part 3 from consideration, the analyses required to determine

K are:

Analysis 1: A linear analysis of Part 1 to determine the torsional stiffness of this

portion of the crankshaft, and

Analysis 2: A nonlinear analysis of Part 2 and the throw-block to determine the

stiffness of the combination of these two bodies.

Analyses 1 and 2 will be discussed in Sections 5.3.1.1 and 5.3.1.2, respectively.

5.3.1.1 Linear analysis of Part 1 of the crankshaft

     The model used in the linear analysis of Part 1 of the crankshaft is seen in Figure 5.12.

The nodes near Point I have been grounded.  In addition, two groups of special elements

can be seen at the opposite end of Part 1.  The first of these groups is comprised of 3-D

elements in the shape of a thin disk of material attached to the end of Part 1.  The purpose

of these elements is to allow for a realistic application of torque to the entire cross section



Figure 5.12. Solid finite element model for determining the torsional stiffness of Part 1 of the crankshaft.
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of Part 1.  The elements in the disk are of the same material as the crankshaft (gray cast

iron.)

     The beam elements that pass through the disk are the elements to which the torque is

applied.  Oppositely directed point loads at each end of the set of beam elements

comprise a force couple, or a torque.  Each point load is of magnitude 10 lbf, and is

applied at a distance of 2 inches from the axis of the crankshaft, resulting in a total

torque, *
1T , applied to the crankshaft of 40 lbf-in.  The modulus of elasticity of the beam

elements was modified to be several orders of magnitude higher than that of the other

elements within the model.  In addition, the cross section of the beam elements was

defined to be very thick.  These modifications make the elements very stiff with respect

to the other elements of the model.

     Results of the linear analysis can be seen in Figure 5.13, in which the system is

viewed along the +x axis.  Plotted are the z-displacement values.  The extremely stiff

nature of the beam elements makes it reasonable to assume that bending deformations

within the beam are negligible compared to deformations of other elements within the

model.  That is to say, the beam elements are assumed to remain straight during loading.

Therefore, it is possible to determine the angle through which the crankshaft rotated in

the vicinity of the thin disk by looking at the displacement at the ends of the beam

element set.  Referring to Figure 5.13, it can be seen that the angle of rotation is given by






 ∆= −

beaml
z2tan 1φ . (Eq. 5.5)



Figure 5.13. Displacement results of the linear analysis performed on Part 1 of the crankshaft.
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The value of ∆z returned by Algor was 1.001(10)-3 inches.  Since lbeam=4 inches,

001003.0

2
4

002005.0tan 1 =

























= −φ  radians. (Eq. 5.6)

Knowing both the applied torque and the resulting rotational deformation of Part 1 of the

crankshaft, it is possible to find the torsional stiffness of Part 1.

radian
inlbfTKPart

−=== 40000
001003.0

40*
1

1 φ
 (Eq. 5.7)

5.3.1.2 Nonlinear analysis of the throw-block and part 2 of the crankshaft

     The solid model of the portion of the crankshaft used in the nonlinear analysis can be

seen in Figure 5.14.  Surface A, the yellow-shaded area on the surface of part 2, is the

area through which an imaginary plane was passed to separate part 1 from part 2.  The

nodes within this area have been grounded for this analysis.  All other nodes in part 2

were unrestrained.

     To this model was added the solid model of the throw-block, shown in Figure 5.15.

The throw-block was subjected to boundary conditions in Surface B.  Specifically, the

nodes on this surface were restrained from translational motion in the x direction.  All

other nodes in the throw-block were unrestrained.



Figure 5.14. Solid model of Part 2 of the crankshaft.  Three regions of interest are highlighted.



Figure 5.15. The solid model of the throw-block.  Three regions of interest are highlighted.
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     The contact between Surface C on part 2 of the crankshaft and Surface D of the throw-

block was modeled using contact elements as described in Chapter 4: Contact element

method.  In addition, contact between Surface E of the crankshaft and Surface F of the

throw-block was modeled.  However, this contact was not modeled using contact

elements.  Instead, simple linear truss elements were used.  This is acceptable because

under the loading to be applied to the model it is obvious that the two surfaces will

always be in contact.   Under these conditions, linear truss elements will act exactly as

nonlinear contact elements would act.  It was hoped that using these simpler elements

would simplify and expedite a solution.

     The torque applied to the system was in the form of nodal forces applied to the throw-

block as seen in Figure 5.16.  Each nodal force is of magnitude 0.02 lbf.  There were 16

of these nodal forces in all, each applied at a distance of 0.875 in from the axis of the

crank.  Therefore, the total torque was of magnitude

( )( )[ ]( ) 28.0875.002.016*
2 === FrT  lbf-in. (Eq. 5.8)

     The deformation that the torque *
2T causes is shown in Figure 5.17.  The deformation

has been exaggerated for clarity.  After passing an imaginary line from the center of

rotation of the throw-block through the center of gravity of the body, it is possible to

measure the angular rotation that this line experienced as a result of the torque applied.

Point P is a point that lies on the line through the center of gravity.  The components of

the motion of Point P in the y and z directions are plotted on the deformed model in

Figure 5.17.  These components of motion are

7)10(95083.2 −=∆y  in. and

7)10(79763.1 −−=∆z  in.



Figure 5.16. Torque is applied to the throw-block in the form of a force couple F.



Figure 5.17. Displacement of Point P on throw-block as a result of applied torque.
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This results in a motion of Point P of magnitude

( ) ( ) 722 )10(45527.3 −=∆+∆=∆ zys  in.

Since this motion is tangential to surface B, the angular rotation of Point P, and therefore

of the center of gravity of body 3, can be found.

7
7

* )10(5866.4
75.0

)10(45527.3 −
−

==∆=∆≡
r
sθθ  radians.

Therefore, the stiffness of this system is

610000
)10(5866.4

28.0
7*

*
2

2 === −θ
TKPart  lbf-in/rad.

5.3.2 Results of 3-piece approximation

     Sections 5.3.1.1 ad 5.3.1.2 established stiffness values for the two portions of the

crankshaft that contribute torsional stiffness to the system.  These stiffnesses are

400001 =PartK  lbf-in/rad, and

KPart2 = 610000 lbf-in/rad.

If these stiffness values are summed, as described in Section 5.3.1, the total torsional

stiffness of the crankshaft/throw-block combination is

K = 650000 lbf-in/rad.

5.3.3 Conclusion

     The torsional stiffness, K, which has been developed in the preceding sections will

allow the FORTRAN program to solve for tk at each time step during the kinematic

analysis that the program will perform.  The specific method of solution of the

FORTRAN program will be discussed in the following chapter.



66

6. Kinematic Simulation of Compressor System

6.1 Introduction

     The work of Chapter 3: Development of Equations of Motion for Use in FORTRAN

Code, and Chapter 5: Equivalent stiffness method, has made possible a kinematic

simulation computer program that will simulate the behavior of the refrigeration

compressor system under operating conditions.

     Chapter 3: Development of Equations of Motion for Use in FORTRAN Code

developed the equations of motion of the refrigeration compressor system.  These

equations related the positions, velocities, and accelerations of the various bodies in the

system to the internal forces present in the system.  It was found that a total of fourteen

equations were needed to solve for all of the dynamic unknowns in the system.  These

unknowns are: the six internal forces, the five translational accelerations, and the three

angular accelerations.

     In Chapter 5: Equivalent stiffness method was found the numerical value for the

torsional stiffness, K, present between the crankshaft and the throw-block during

collisions that take place when the direction of the motor is reversed.  This stiffness

value, along with the angular positions of the crankshaft and throw-block, define the

torque term tk, which is found within a number of the fourteen equations of motion

mentioned above.

     The results of Chapter 3: Development of Equations of Motion for Use in FORTRAN

Code and Chapter 5: Equivalent stiffness method are to be used in a FORTRAN

simulation program that will simulate the kinematic behavior of the refrigeration

compressor system.  Among the output of this simulation program will be accelerations
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and velocities of the bodies in the system.  The intended purpose of this simulation is to

provide this velocity and acceleration data so that they may be used in finite element code

to model the dynamics of the system.  Specifically, it is hoped that the collision that

occurs between the crankshaft and the throw-block can be modeled in the finite element

code so that the dynamic stresses involved in the collision may be analyzed.  The data

collected in such a dynamic simulation would facilitate a redesign of the throw-block to

prolong the fatigue life of the part.

     The basic framework of this program was developed by Mitchiner [4] to model

compressors.  For this thesis, the program was significantly modified to apply to this new

system of a convertible mechanism.

     The remainder of this chapter will discuss the code in detail, including these

modifications.  In addition, it will look at the relevant results obtained from the

simulation.

6.2 Discussion of code

6.2.1 Initial conditions and constants

     The kinematic simulation program is designed to provide a time history of the

responses of each member of the system.  In doing so, the program utilizes equations that

define the system to be analyzed.  The definition includes equations that define the

characteristics of the electric motor that drives the system, as well as equations that

define the motion of the system itself.  The motor simulation was developed by Stanley

[5], while portions of the program were based on work from various sources [5,6,7,8].

The system equations, which relate the motions of the bodies in the refrigeration
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compressor to the mechanical input (torque) from the electric motor, were developed in

Chapter 3: Development of Equations of Motion for Use in FORTRAN Code.  These

system equations of motion involve many constants relating to the geometry of the

bodies.  Numerical values for these constants were entered into the program.  The

constants were calculated in Chapter 2: System Description, and are repeated below.

Table 6.1. Geometric and mass constants present in equations of motion.
Polar moment of inertia of body 2 (crankshaft) J2 2.799(10)-2 lbf-in-s2

Polar moment of inertia of body 3 (throw-block) J3 1.138(10)-3 lbf-in-s2

Polar moment of inertia of body 4 (connecting rod) J4 3.224(10)-4 lbf-in-s2

Mass of body 2 m2 5.988(10)-3 lbf-s2/in

Mass of body 3 m3 7.152(10)-4 lbf-s2/in

Mass of body 4 m4 2.536(10)-4 lbf-s2/in

Mass of body 5 (piston) m5 1.245(10)-3 lbf-s2/in

Effective radius of body 2 r2 0.200 in

Effective radius of body 3 r3 0.200 in

Radius from body 2 to center of gravity of body 3 r3a 0.328 in

Radius from center of gravity of body 3 to body 4 r3b -0.128 in*

Effective radius of body 4 r4 2.00 in

Radius from body 3 to center of gravity of body 4 r4a 0.665 in

Radius from center of gravity of body 4 to body 5 r4b 1.335 in

* Note: See Chapter 2: System Description for an explanation of why this value is

negative.

     Also provided to the program are the constants pertaining to the characteristics of the

electric motor.  Table 6.2 lists these motor constants.
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Table 6.2 Electric motor constants

Primary reactance X1 0.7442 Ω

Secondary reactance X2 0.8029 Ω

Magnifying reactance Xm 25.24 Ω

Input voltage (RMS) Vrms 120.09 Vrms

     In addition to these constants, the program was supplied with initial conditions of the

compressor system.  The initial conditions used are:

Table 6.3 Initial conditions of system for FORTRAN simulation.
Body 2 (crankshaft) Body 3 (throw-block) Body 4 (connecting rod)

θ2 = -π rad θ3 = 0 rad θ4 = 0 rad

ω2 = 0 rad/s ω3 = 0 rad/s ω4 = 0 rad/s

α2 = 0 rad/s2 α3 = 0 rad/s2 α4 = 0 rad/s2

     These initial conditions correspond to a system initially at rest and in the position

shown in Figure 6.1.  This start-up position is the position in which the system would be

when the crankshaft direction is reversed so as to turn the refrigeration compressor from a

single-cylinder compressor to a two-cylinder compressor.

Figure 6.1. Initial position of system.  The system is initially at rest.
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6.2.2 Description of algorithm

     With the system and its initial conditions defined, the program generates a time

history of the various positions, velocities, and accelerations of the bodies in the system.

In addition, the internal forces generated in the system are also calculated.  These time

histories will be discussed in the Section 6.3.  This section will discuss the method by

which the code performs the simulation.

     The basic algorithm by which the simulation is performed is shown in a flow-chart in

Figure 6.2.  This flow-chart does not depict the details of the algorithm, but merely shows

the most important and basic steps taken.

     Figure 6.2 refers to several subroutines.  The first of these is the DRV0.  This

subroutine initializes all variables within the system to their starting values, and places

them in a state vector Y.  In addition, the system constants listed in Table 6.1, and the

initial conditions listed in Table 6.2, are initialized.

     The next subroutine called in the simulation is RKG1L.  The heart of this subroutine is

a 4th order Runge-Kutta integration routine that was written by R.G. Leonard [9].   The

purpose of this routine is to integrate the current conditions in Y to calculate the values

for the system variables at the next time step.  To do this, the routine requires the

derivatives of the variables.  Therefore, the subroutine DERIV is called.  DERIV

calculates this derivative vector, DY.
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Figure 6.2. Flow-chart of algorithm in kinematic simulation program.
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     Before DERIV can calculate the derivatives, however, the angular accelerations in the

system must be found.  In Chapter 3: Development of Equations of Motion for Use in

FORTRAN Code, it was found that the equations for the angular accelerations were to

complex to be successfully solved using the algebraic manipulator with which the other

equations of motion were solved.  Therefore, Equation 6.1 was developed which would

allow for the angular accelerations to be solved using a Gaussian elimination procedure.
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Eq. 6.1

The subroutine GAUSS [10] solves this equation, providing numerical values for α2, α3,

and α4.

     When GAUSS has solved for the angular accelerations, DERIV has calculated the

derivative vector DY, and RKG1L has successfully found the state of the system at the

new time, the subroutine FFORCE is called.  This routine uses the results of RKG1L to

calculate the internal forces present within the system.  During the next iteration, these

force values will be used to determine the derivative vector DY.

     When FFORCE has calculated the forces present within the system, if the simulation

is complete, the results are output and the program ends.  If the simulation is not

complete, the time variable is incremented and the algorithm is repeated starting with

RKG1L.  A listing of the code may be found in Appendix B.
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6.3 Results of kinematic simulation

     During the simulation the results are stored to be plotted as time histories.  The user

may observe plots of the x- and y-components of the internal forces of the system.  In

addition, plots of the angular positions, velocities, and accelerations may also be

displayed, as well as the displacement of the piston.  Finally, a plot may be generated

showing the difference between θ2 and θ3 as a function of time.

     There are three time histories generated by the program, however, that are of

particular interest in view of the goals of this thesis.  The first of these is the plot of the

relative angle between the crank and throw-block.  As discussed elsewhere in this thesis,

when θ2=θ3, the crankshaft and throw-block have come into contact, either briefly due to

a collision, or for a longer time at steady-state conditions.  Since the collision between the

two bodies is of utmost concern to this thesis, the plot of θ3-θ2 is of great interest.  Figure

6.3 shows this plot over the span of 0.1 seconds.  As the figure clearly indicates, the

kinematic simulation suggests that during startup the crankshaft and throw-block

experience several collisions before a steady state is reached.  The collisions are evident

in Figure 6.3 at the points in time circled.

     Also of great interest are the time history plots of θ2, θ3, ω2, ω3, α2, and α3.  As

mentioned in Section 6.1, the angular velocities and accelerations of the crankshaft and

throw-block are to be used in a dynamic analysis using Algor’s Mechanical Event

Simulator.  The angular velocities are to be used as initial conditions, while the

acceleration time history is to be imported and applied to the dynamic model.  Figures 6.4

through 6.6 show examples of the output time histories of θ2, ω2, α2, and θ3-θ2.  The

effects of the collisions on these time histories are circled.



Figure 6.3. Time history of the angular difference, θ3-θ2, of the crankshaft and throw-block.



Figure 6.4. Time history of θ2.



Figure 6.5. Time history of ω2.



Figure 6.6. Time history of α2.
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     It should be noted that the time histories shown are examples and not necessarily

accurate representations of what occurs during operation of the refrigeration compressor.

The reason for this lies in the simplistic modeling.  The friction present in the system was

not accurately modeled.  Instead, a small amount of damping was added to the system to

provide stability to the solution.  Also, the effects of the working fluid in the compressor

were not modeled in this simulation.  These effects may be added to the simulation at a

later date by those who continue the work of this thesis.

6.4 Conclusion

     This chapter has presented a program capable of kinematically simulating the behavior

of the refrigeration compressor.  It was the aim of this portion of the work to provide data

that would be used in a dynamic finite element simulation of the system.  The following

chapter will detail the work done to make this finite element simulation possible.
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7 Bottle brush method

7.1 Introduction

     As mentioned in Chapter 6: Kinematic Simulation of Compressor System, the goal of

developing the FORTRAN simulation program was to obtain data on the kinematic

behavior of the refrigerant compressor system.  These data were to be used to generate a

dynamic model of the system for use in Algor’s Mechanical Event Simulator.

Specifically, the velocity and acceleration data pertaining to the motion of the crankshaft

and throw-block during impact were to be used to gain insight into the stresses present in

the system during collision.

     The motivation for developing a new way to model the rotary contact between the

crankshaft and throw-block was a lack of any known alternative that would accurately

model both the kinematic motion and local deformation present in the two bodies.

Literature from the fields of kinematics, machine design, and finite element modeling

was reviewed.  However, no work was found which had addressed the computational

modeling of such contact in a dynamic sense.  Most examples of work related to the

modeling of revolute contact were focused on kinematic modeling, ignoring local

deformations.

     In addition to traditional literature, an electronic public forum [11] devoted to Algor

was consulted in hopes that one of the users had experience in modeling rotary contact.

However, no useful responses were obtained from this resource.

     Therefore, a method must be developed to accurately model the interaction of the

crankshaft and throw-block while the bodies experience relative motion.  The contact

element method developed in Chapter 4 is insufficient for this task, as was discussed in
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that chapter.  Therefore, it was determined that a new method of modeling the surface

contact was needed.  It is the purpose of this chapter to propose, develop, and test such a

method in the hopes of gaining a tool for use in modeling such contact in a dynamic

setting.

     The interaction of the crankshaft and throw-block that is to be modeled is that of two

bodies connected by a revolute joint.  As discussed in Chapter 2: System description, the

throw-block surrounds a portion of the crankshaft and rotates about it.  It is the accurate

modeling of the sliding rotary contact, which results from the rotation, that is the ultimate

goal of this chapter.  Since, however, the examples in this chapter are of a general nature,

the entities involved will not be referred to as the crankshaft and throw-block.  Instead,

each example of the chapter will involve two bodies: the pin and the sleeve.  The former

is the cylindrical body that is surrounded by the other body, and is analogous to the

crankshaft.  The sleeve is a body of general shape, through which the pin passes.  It is

analogous to the throw-block.

     The development of the method, which will be referred to as the “bottle brush”

method of contact modeling, will consider its merits in both static and dynamic analyses.

The ability of the method to model static contact will proceed in the following way.

1. The concept will be introduced in a qualitative fashion and will be considered in

one dimension only.

2. The concept will be extended to two dimensions, and an example problem will be

given to show quantitative results.

3. The concept will be extended to three dimensions, and another example problem

will be given.
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     When the static regime has been treated, the problems associated with using the

method to model dynamic contact will be discussed.

7.2 Description of the “Bottle-brush” Method

     Typically, when there arises in finite element analysis a need to model static contact

between two cylindrical surfaces, such as are found in our model of the revolute joint, the

most natural solution is to model the contact through the use of contact elements.  This

method, which was discussed in Chapter 4, seems natural because it models the contact

of the surfaces by directly tying the two surfaces together using the contact elements, as

shown in Figure 7.1.  However, this method does not allow for a dynamic/event

simulation solution since the surfaces experience constant relative rotation during the

course of such an analysis.

Figure 7.1. Surfaces tied together using contact elements.
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     The method to be developed in this chapter, however, seeks to overcome the

shortcomings of the contact element method by connecting the two surfaces together in

an indirect fashion.  Instead of simply placing contact elements directly between the two

surfaces, pairs of specialized contact elements will transfer force between the surfaces in

an indirect way.  Schematically, this method is shown in a 1-dimensional sense in Figure

7.2.  The contact elements are represented as simple truss elements, capable of carrying

only an axial load and no moment.

     As Figure 7.2 shows, a force is applied in the +x direction at a point on the pin.  It is

the goal of this method for this force to be transmitted to the sleeve.  The force is

transmitted by one contact element, through a node to which both contact elements in the

pair are attached, and through the remaining contact element.  For the loading shown in

Figure 7.2, the load of F applied in the +x direction at node A is transferred by element 1

to node O.  As a result, node O tends to experience a displacement in the +x direction.

This displacement causes in element 2 a negative (compressive) strain, which provides a

mechanism by which the force F, originally applied at node A, is passed to node B.  In

this way, the force has been accurately passed between the surfaces as if there were a

simple contact element between the nodes.
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Figure 7.2: Schematic showing 1-D version of bottle brush method.

     However, if the load F shown in Figure 7.2 is directed in the opposite direction, a

problem arises.  If F is redirected, as shown in Figure 7.3, and applied at node A, it would

be expected that node B would not be directly affected by the load F, since the applied

loading would tend to separate the surfaces in the area of nodes A and B.  However, if

elements 1 and 2 are modeled as simple truss elements that each support both

compressive and tensile loads, this is not the case.  Under such simplistic modeling, the

force F applied at node A would be transferred to node B regardless of the direction of

this force.



84

Figure 7.3: Schematic showing 1-D version of bottle brush method with reversed
force.

     The solution to this problem is the replacement of the simple truss elements by special

“compression” and “tension” elements.  These elements, which are generalized contact

elements, can be defined to support either compressive loads alone, or tensile loads only.

For instance, in Figure 7.4 element 1 has been defined to be a “tension” element, meaning

that it supports tensile, but not compressive, loads.  Also, element 2 has been modified to

be a “compression” element, supporting compressive loads, but not tensile loads.

     In Figure 7.4, the force F has once again been applied at node A in the +x direction.

As a result, element 1, the tension element, is subjected to tensile stress and passes the

force F to node O, displacing it in the +x direction.  This displacement subjects element

2, the compression element, to compressive stress, allowing it to pass the force F to node

B by “pushing” it in the +x direction.  This demonstrates the ability of this method, at
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least on a small local scale, to correctly model the transfer of any forces that tend to press

the two surfaces together.

Figure 7.4: Truss elements have been replaced with tension/compression elements.

     Figure 7.5 depicts the system after the force F has once again been redirected in the -x

direction.  In this case, the force F is unable to be passed from node A to node B.  This is

due to the fact that element 1, which tends to experience a negative strain under this

loading, does not support compression.  That is to say, the compressive stiffness of

element 1 has been defined to be zero.  Therefore, the negative strain does not cause

stress in the element, and no compressive force that could be passed to node B is

developed.  These results, and those associated with the case depicted in Figure 7.4,

suggest that the method being developed in this chapter may be successful, on a local

scale and in a 1-dimensional sense, in modeling the force transfer between the two

surfaces in contact.
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Figure 7.5 The method allows for separation of surfaces.

     This section has looked at the method of this chapter in a qualitative sense, and

suggested that the method may provide a useful way to model contact in a 1-dimensional

sense.  The following section will describe the extension of the method developed above

from one dimension to two dimensions, and will apply it directly to the modeling of a

revolute joint.  In addition, an example problem will be solved and quantitative results

will be generated and analyzed.  Later, in Section 7.3, this process will be repeated for the

modeling of a revolute joint in three dimensions.

7.3 Two-dimensional example

     The 1-dimensional case developed in the preceding section is instructive, but is not

sufficient to model a revolute joint.  For this application, the method must be extended
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into at least two dimensions.  Therefore, the following example is developed and

analyzed.

7.3.1 Two-Dimensional example problem definition

     Figure 7.6 shows a 2-dimensional representation of a revolute joint, in which the

“sleeve” is in the shape of a large rectangular body.  The sleeve is grounded (all 6 degrees

of freedom are restricted) along its bottom edge, and is not subjected to any external load.

The pin, a simple cylinder, is represented as a circular body in this 2-dimensional case

and is subjected to an upward-directed point load of magnitude 2 lbs. at its center.  The

center node to which the force is applied is restricted to have only vertical motion.  All

other in-plane degrees of freedom are free.
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Figure 7.6. A simple 2-dimenional example.

7.3.2 Application of bottle-brush method to the 2-dimensional example

     To model this example using the method being developed in this chapter, the

specialized contact element pairs discussed in Section 8.2 must be applied to the model.

Extending their definition into 2 dimensions results in a radial array of compression

elements attached to the sleeve as seen in Figure 7.7, and a similar array of tension

elements attached to the pin as seen in Figure 7.8.
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Figure 7.7. Sleeve mesh with attached compression elements.
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Figure 7.8. Pin mesh with attached tension elements.

     Under the loading of this example, the pin is pushed in the +z direction by the applied

force of 2 lbs.  While the surface nodes of the pin are not subjected to external loads as

was depicted in the preceding section, they nonetheless experience loading as a result of

the loading of the pin.  The surface nodes of the pin tend to displace in the +z direction.

As a result, the nodes along the upper surface tend to move away from node O.  This

displacement causes the tension elements connected to these upper nodes to be activated,

or experience a positive, tensile strain.  Therefore, the upper tension elements develop a

tensile axial force of magnitude 2 lbf., which is transferred to node O.  The tension

elements connected to the lower half of the pin surface nodes experience negative,
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compressive strain.  Since the tension elements do not support compression, these

elements do not develop a resisting compressive axial force and are inactive.

     The resulting upward displacement of node O can be seen in Figure 7.9.  It is

important to note that node O is not a node in the meshes of either the pin or the sleeve.

Since only the top half of the tension elements are activated, we expect a surface stress to

appear only along the top half of the pin surface, leaving the bottom half of the surface of

the pin free of stress since that portion of the surface would tend to separate from the

nearby surface of the sleeve.

Figure 7.9. Tension Elements Are Activated by Displacement of Pin Mesh Nodes



92

     As a result of the upward force, node O tends to displace in that direction and, in

doing so, activates the compression elements that lie above node O.  That is to say, the

upward displacement of node O causes these compression elements to experience a

negative strain.  Figure 7.10, which depicts the portion of the sleeve that is boxed in

Figure 7.8, shows this process.  As a result of only the top half of the compression

elements being activated, a resulting surface stress will be developed along only the top

portion of the surface of the sleeve hole.  The bottom portion of the surface will

experience no normal surface stress as a result of the loading of the pin.

Figure 7.10. Compression Elements Are Activated By Displacement of Sleeve Mesh
Nodes

     Before proceeding with the example, it is worth noting one important difference

between the 1-dimensional case and its 2- and 3-dimensional extensions.  This difference
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is made clear by inspection of Figures 7.9 and 7.10.  In the 1-dimensional case in Section

8.2, a force F applied at node O on the pin was transferred exclusively to node B.  That is

to say, the force was not transferred to any other nodes on the sleeve.  In the 2- and 3-

dimensional cases, however, this is not the case.  As Figure 7.9 shows, the upward force

applied to the pin causes the tension elements that are positioned above node O to be

activated in tension.  Each of these tension elements is attached to, and therefore exerts

force on, node O.  The force is then passed through node A to each of the compression

elements positioned above node O, as seen in Figure 7.10.  As a result of this effect,

individual nodes on the surface of the pin do not communicate directly with individual

nodes on the surface of the sleeve.  For instance, if a force were applied at only one of the

pin surface nodes in Figure 7.9, the force would not be passed solely to the corresponding

node on the surface of the sleeve.  Instead, the force would be distributed among each of

the compression elements that have been activated in compression, i.e. those lying above

node O in Figure 7.10.

     To proceed with the example, the following section will look at the results of 2-

dimensional example as reported by Algor’s non-linear finite element solver.

7.3.3 Results of two-dimensional example

     Before looking at the results, it should be noted that the stiffness chosen for the

compression and tension elements is not arbitrary.  Ideally, the stiffness of these elements

should be infinite.  That is because the elements are essentially modeling the contact

stiffness between the two surfaces.  Since the material particles of one body cannot pass

through the material particles of the other body, there is essentially an infinite stiffness
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between the particles.  It is this stiffness that the compression and tension elements

attempt to model.  However, in reality, for the 2-dimensional example analyzed here, and

for the 3-dimensional example analyzed in Section 7.4, the elastic modulus chosen for the

elements was approximately one order of magnitude larger than the elastic modulus of

the other bodies in the model.  The reason for this choice is that higher elastic moduli led

to matrix conditioning problems that prevented convergence to a solution.  This rule of

thumb, however, may not apply to all models.  Models with different sized elements will

see different stiffnesses in those elements for the same elastic moduli, and may require

changes to be made to the elastic moduli.

     In an effort to analyze the effectiveness of the method being developed in this chapter,

it is helpful to begin looking at the results in a qualitative way.  Later, the quantitative

results will be compared to an alternate solution that is assumed to be accurate so that the

accuracy of the method in question can be appraised.

     Since the external loading applied to the pin in the example is in the +z direction, it is

helpful to look at the z-component of the normal stress.  Figure 7.11 shows these z-

component results as they appear in the pin.
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Figure 7.11. Stress Results in Pin for 2-Dimensional Analysis

     Figure 7.12 displays the z-component of the normal stress.  There is an area of

compressive stress distributed along the upper half of the sleeve surface and in the area

above the hole.  This is as one would expect for a loading case such as this one, in which

the pin is being loaded in the +z direction.  In addition the bottom portion of the sleeve

surface and the nearby area below the hole experience tensile stress.  Again, this is an

intuitive qualitative result.
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Figure 7.12. Stress Results in Sleeve for 2-Dimensional Analysis

     Though these results seem to match intuition, it is helpful to compare the results with

those obtained using another method of solution.  Chapter 4 discussed a method in which

the contacting surfaces are tied together directly using contact elements for static loading.

Since it is the purpose of this chapter to develop a new method to replace this established

method, and to extend its use to the dynamic regime, it is logical to first compare the

results of one method with the results of the other in a static test.  If the results of the two

methods are found to be consistent in this static case, then it is worthwhile to investigate

whether the new method is sufficiently accurate when applied to the dynamic case.
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7.3.4 Comparison of results of bottle-brush method vs. contact element method

     For the purposes of this chapter, it is assumed that the results obtained from the

contact element method are accurate.  This is a reasonable assumption since the use of

contact elements in this fashion is not a new practice, and the elements themselves are a

reliable means to simulate contact.  It is important to note that the meshes used for the

contact element method are slightly modified versions of those used for the bottle brush

method.  Specifically, the mesh of the pin was altered so that the nodes on the surface of

the pin were coincident with those on surface of the sleeve.  Subsequently, the pin mesh

was slightly scaled down radially (reduced by 1%) about the axis of the pin to provide a

small gap between the surfaces into which the contact elements could be placed.  This

altering of the mesh ensured that each node on the pin surface was connected to one node

on the sleeve surface, and vice versa.  Also, in this way these contact elements were

oriented normal to each surface to which they were attached in the area of their

attachment.  This orientation is critical for their proper function.  It is this orientation

requirement that makes the contact element method unsuitable for dynamic/event

simulation situations and necessitates the development of the new bottle brush method.

     Figure 7.13 is a comparison of the z-component stress in the sleeve as found by the

two methods.  It is obvious that the results of the methods are almost identical, both in

qualitative and quantitative terms.  Virtually the same maximum and minimum stresses

are seen in the output plots.  In addition, a check of the exact values of stress at over

twenty nodes in the sleeve produced results at each node that varied between methods by

less than 5%.
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     Verifying that the pin was modeled correctly, Figure 7.14 shows the z-component

tress developed in the pin using the two methods.  Once again, the results are in very

close agreement.  The results produced by the two methods differ by less than 5% at all

points within the pin.
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Figure 7.13. z-Component Stress in Sleeve for Different Methods
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Figure 7.14. z-Component Stress Results in Pin for Different Methods
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     The results shown in this section seem to imply that the bottle brush method is an

accurate way to model a revolute joint when the following conditions are met:

1. the joint is modeled in 2 dimensions,

2. the load is applied to one body (pin or sleeve) while the other body is

grounded,

3. and a static analysis is run.

     To assess the generality of the method, Section 8.4 will examine the 3-dimensional

analysis of a revolute joint.   In addition, Section 8.5 will subject the joint to a loading

case in which the sleeve is both loaded and grounded, while the pin is neither loaded nor

grounded.  Finally, Section 8.6 will look at the usefulness of the bottle brush method in

dynamic analyses.

7.4    Three-dimensional example

     To examine the applicability of the bottle brush method to a 3-dimensional model of a

revolute joint, an example problem is introduced.  The example consists of a pin (1” long,

0.25” radius) and a cylindrical sleeve (1/2” long, 0.25” inner radius, 1” outer radius).  The

sleeve is loaded by a downward force distributed over a small area at the top of the

sleeve.  The total magnitude of the force is 2.5 lbs. in the –z direction.  The pin is

grounded (all 6 degrees of freedom restrained) at both ends.  See Figure 7.15 for a

diagram of the system.  The restraints on the pin and the loading chosen causes the pin to

be loaded in bending by the force transmitted through the sleeve.
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Figure 7.15. 3-Dimensional Example Problem

7.4.1 Application of the bottle-brush method to 3-dimensional example

     The extension of the bottle brush method from two dimensions to three dimensions is

a simple one.  It requires only that the radial arrays of compression and tension elements

be repeated along the length of the axis of the revolute joint.  The spacing, of course, is

dictated by the mesh size along the axis.  The repeating of the compression and tension

elements results in the collection of elements that give the method its name.  Figure 7.16

shows the resulting collection of compression elements associated with the sleeve.
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Figure 7.17 shows the tension elements associated with the pin in a cut-away view of the

pin.

Figure 7.16. Compression Elements Associated with the Sleeve Mesh
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Figure 7.17. Tension Elements Associated with Pin

     Each set of compression and tension elements distributed along the length of the

revolute joint behaves exactly as the set used in the 2-dimensional example discussed in

Section 8.3 behaved.  Therefore, an understanding of how the elements are activated and

how they transmit forces in the 3-dimensional case may be obtained by referring to the 2-

dimensional description given in Section 8.3.2.
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7.4.2 Results of three-dimensional example

     It is helpful to analyze the three-dimensional example results in the same fashion as

the 2-dimensional example results were examined.  Therefore, the results will be

analyzed in a qualitative sense first, and then the results will be analyzed in a quantitative

sense and compared to a solution that may be assumed to be correct.  This “correct”

solution will once again be obtained using the contact element method, as in the two-

dimensional example.

     Qualitatively, the stress results obtained for the sleeve are predictable.  Figure 7.18

gives the z-component stress results for the sleeve using the bottle-brush method.  As one

would expect, there is a region of large magnitude stress directly under the area of load

application.  The sleeve has very low magnitude stress away from this area.

     The results obtained for the pin, seen in Figure 7.19, are slightly different than might

be imagined from the loading, however.  Since the sleeve had an area of large magnitude

stress directly under the load, one might assume that the pin would also have an area of

large magnitude stress near the center and at the top of its top surface.  This, however,

does not occur.  Instead, the pressure transmitted through the sleeve to the pin seems to

be well diffused across the top of the pin surface.  This effect is not unexpected, however,

given the nature of the bottle brush method.  As was mentioned in Section 8.3.2,

individual nodes on the surface of the pin do not communicate with individual nodes on

the surface of the sleeve.  As a result, the localized force found in the sleeve is distributed

across the face of the pin after being passed through node O, and does not create a

localized force at the top of the pin.
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Figure 7.18. z-Component Stress Results in Sleeve Using Bottle-Brush Method
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Figure 7.19. z-Component Stress Results in Pin Using Bottle-Brush Method

     The following section will compare the results with those obtained using the contact

element method.

7.4.3 Comparison of results to contact element method

     Figure 7.20 shows the z-component stress present in the sleeve as reported from the

two methods of solution.  It can be seen from the results plots that the two methods, the

bottle brush method and the contact element method, give very similar results in the

sleeve.  In the area of high stress under the area of load application, the results of the two

methods differ by less than 10%.
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Figure 7.20. Comparison of z-component stress results in sleeve with different

methods.



109

     When comparing the results of the two methods in the pin, however, a discrepancy

arises.  Figure 7.21 shows the z-component stress present in the pin according to the two

methods.  The results from the contact element method analysis show high magnitude

stress areas near the top center of the surface of the pin.  This matches the sort of result

expected, as discussed in the preceding section.  However, the results of the bottle brush

method do not show such an area of high magnitude stress.  Instead, the stress has been

distributed along the top surface of the pin, as mentioned in Section 8.4.2.  This

unexpected result can be explained by the way in which force is transmitted from the

sleeve to the pin.  While the majority of the concentrated force may be transmitted from

the sleeve to node O by only a few of the compression elements attached to the sleeve,

node O then passes this force to the nodes of the pin through all of the tension elements

which lie above node O.  Since all of the upper tension elements are activated, instead of

only a few, the force is distributed across the entire upper half of the pin, resulting in the

lack of a localized stress concentration at the top of the pin.

     Since we are assuming that the contact element method is an accurate way to model

contact, the discrepancy between the results it generated and those generated using the

bottle brush method suggests a weakness of the latter method.  Specifically, we can say

that the close proximity to the pin of a relatively concentrated load caused the bottle

brush method to incorrectly model the stress distribution in the pin.  This effect was not

seen in the 2-dimensional analysis because the applied load was both widely distributed

and applied at a location relatively far from the pin.

     The results of this example and the 2-dimensional example have shown that the bottle

brush method is effective for both 2- and 3-dimensional static analysis when:
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1. the load is applied to a body (the pin or the sleeve) which is not grounded, while

the other body is grounded;

2. and the load is applied far from the pin and/or is distributed across an area that is

large compared to the pin.

The following section will look at the case where the first condition is no longer valid.
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Figure 7.21. Comparison of z-component stress results in pin with different methods.



112

7.5   Example in which the sleeve is both loaded and grounded

     The examples analyzed in this chapter so far have dealt with situations in which one

body (either the pin or the sleeve) is subjected to external loading, but not grounded,

while the other body is grounded, but not subjected to any external loads.  In this section,

a problem will be analyzed in which the sleeve is grounded and subjected to loads, while

the pin is “free”, that is, it is not directly grounded and is not externally loaded.

Specifically, the problem will involve a pressure loading along the top edge of the sleeve,

while the bottom edge is grounded.  The motion of the pin is not restricted in the y-z

plane.  The geometry of the problem is identical to the 2-dimensional example analyzed

in Section 8.3.  Figure 7.22 shows the example to be analyzed.

     Before analyzing the example problem, it is helpful to look at the mechanisms at work

in this case.  To understand how the nodes on the edge of the hole will tend to displace

under these loading and boundary conditions, we look at the results of loading the sleeve

alone, with no pin present, and with no bottle brush elements included.  The subsequent

deformation can be seen in Figure 7.23.  It is obvious that the hole deforms in a manner

that is symmetric across a horizontal axis passing through node O.  Therefore, in a

coordinate system attached to node O, each of the nodes lying above node O displaces

downward by the same amount as the corresponding node below node O displaces

upward.
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Figure 7.22. 2-dimensional example problem in which the sleeve is grounded and
subjected to a pressure load.



114

Figure 7.23. Hypothetical deformation of sleeve in the absence of a pin

     Returning to the example in which the pin and bottle brush elements are present, a

free-body diagram of node O, the node to which all of the compression and tension

elements are attached, is shown in Figure 7.24.  The series of radial forces arise from

deformations in the shape of the hole in the sleeve, and are transferred to node O by the

compression elements linking the nodes on the surface of the sleeve to node O.  As the

nodes along the edge of the hole are displaced due to the loading on the sleeve, those that

displace toward node O cause the connecting compression element to experience
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negative strain.  This, in turn, generates an axial force in the compression element.  Since

the compression elements lying above node O are strained by the same amount as those

lying below node O, the force exerted on node O by each compression element is exactly

counteracted by the force present in the symmetric compression element.  Therefore, it is

expected that node O will see a net force of zero magnitude.

Figure 7.24. Orientation of Forces on Node O Due to Compression Elements

     Since node O experiences no net force in this loading case it is obvious that the

tension elements, which connect node O and the surface nodes of the pin, are unaffected.

Therefore, the pin should not experience any effects brought about by the loading and
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deformation of the sleeve.  Obviously, if this is the case, it is a failing of the bottle brush

method being developed.

     To confirm that the bottle-brush method is unable to deal with this load case, the

method was tested by analyzing the model in Algor.  The resulting von Mises stress

results for the pin are shown in Figure 7.25, in which it is seen that the pin is essentially

free of stress.  The very small values indicated are merely numerical error encountered by

the software during the analysis.

Figure 7.25. The pin sees no stress for this example.
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     The brief example presented above demonstrates that when one member of the

revolute joint is both grounded and subjected to external loading, the bottle brush method

developed in this chapter is not able to provide an accurate representation of the

conditions present in the revolute joint.

7.6 Dynamic contact modeling using the bottle brush method

     At the beginning of this chapter, it was stated that the purpose of the chapter was to

develop a way of dynamically modeling contact between the crankshaft and the throw-

block.  In the preceding sections a method was developed and tested in a static

environment, and limited success was achieved in this area.  However, success in the

dynamic environment was never achieved.

     The lack of success is not necessarily due to the inability of the method to correctly

model dynamic contact.  Instead, it is believed that the problem lies in the amount of

computational power required to bring about a dynamic solution.  Several dynamic tests

were run using the bottle brush method, but none resulted in a tractable solution.  For

example, both the two-dimensional and three-dimensional examples seen above were

modified slightly to create dynamic models.  Specifically, in each case the dynamic

model was identical to the static model, except that in each case the pin was given an

initial angular velocity.  All other geometry and loading conditions were left the same.

     In each test run, the solution time using Algor’s Mechanical Event Simulator was too

long to be practical.  Each test run was left to run for more than three days and returned

no useful results within that time.  Continually updated temporary files indicated that the

program was indeed still working on the problem throughout the three days of
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computation.  Therefore, the conclusion has been drawn that to dynamically model

contact between the throw-block and crankshaft using the bottle brush method is not

currently feasible with existing computer power.  It is possible that in the future, with

advances in computing technology, the problem may become tractable.

7.7 Conclusions

     In this chapter, a new approach has been developed to model contact between two

bodies connected by a revolute joint.  It was the purpose of this development to arrive at a

method of modeling that would allow the contact between the crankshaft and throw-block

to be modeled under dynamic conditions.  Both static and dynamic testing was performed

to test the method.

     The results of the static testing suggest that the method is able to accurately model a

revolute joint under static conditions only when certain restrictions on the loading

conditions are made.  Specifically, the method is applicable when only one body in the

system is grounded, and that body is not externally loaded.  In addition, concentrated

loads applied near the interface between the pin and sleeve can cause inaccuracies in the

local stress distributions predicted by the method.  These weaknesses of the method are

extremely limiting of the cases to which the method could be applied.

     Under the restrictions mentioned above, the method accurately predicts the behavior

of the pin and sleeve through both 2- and 3-dimensional analyses.  The results have been

favorably compared to those obtained from running a more standard contact element

analysis, which was assumed to be accurate, on the same geometry.
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     The dynamic testing failed to produce useable results.  It is believed that the method is

too complicated to be analyzed with present computer technology.  It is possible that the

problem will become tractable at a later date as computing power increases.

     In general, it can be stated that the bottle-brush method is an interesting alternative

way to model revolute joints.  However, the method is not robust in nature with respect to

loading conditions, and does not live up to the goals set for it in the field of dynamic

analysis.
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8.  Conclusions and recommendations

8.1 Summary

     In this thesis the foundations have been laid for accurately predicting the conditions

present within the reversible Bristol refrigerant compressor during its operation.  It was

the goal of the work to make it possible to predict the dynamic stresses present within the

adjustable-throw mechanism that allows the compressor to act as a two-stage compressor.

Such predictions would facilitate design changes in the throw-block that would make it

more resistant to fatigue failure.

     After the geometric and mass properties of the system were examined and recorded in

Chapter 2, Chapter 3 documented the derivation of the equations of motion for the

compressor system.  These equations took the form of Newtonian equations relating the

internal forces of the system to the accelerations of its members.

     Chapter 5 detailed a method for determining the effective torsional stiffness present in

the system between the crankshaft and the throw-block, while Chapter 4 described a

method of contact modeling that was used in finding this stiffness.  When the effective

stiffness was found, it was used in the kinematic simulation described in Chapter 6.  This

simulation modeled the behavior of the compressor system during startup conditions,

during which the collision between the crankshaft and throw-block occurs.  The results

from the simulation include time histories of the accelerations, velocities, positions, and

internal forces of the system.  Not included in this analysis are the effects of the valves in

the piston, nor are the effects of the working fluid present.  However, future work on this

project may add these effects to refine the simulation program.
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     Chapter 7 developed a unique method of modeling dynamic contact between the

crankshaft and the throw-block.  This method was designed to overcome the limitations

of previous methods of modeling the contact in a dynamic setting.  In the course of

investigating the potential of the new method, it was found that the method possessed

certain weaknesses that make it less robust than originally hoped.  In particular,

sensitivity to loading conditions presented a problem.  In order for the method to

accurately model the contact, severe restrictions were imposed on the model.  Perhaps

more limiting to the applicability of this method to the problem encountered in this thesis,

is the problem of excessive computing time.  In order to use the bottle-brush method of

contact modeling developed in Chapter 7 for dynamic applications, it may require an

advance of computing power to solve the problem in a reasonable time.  Results of the

dynamic testing performed for this thesis suggest that current computing power may be

insufficient for this application.  The problem appears to be completely intractable at the

present time, though it may be that future researchers may refine the method in such a

way as to make a timely solution possible.

8.2 Recommendations for future research

     The kinematic simulation code developed in Chapter 4 is useful for modeling the

compressor system on a basic level.  However, a few details have been left out of the

model.  Future researchers may find it helpful to model the effects of the working fluid.

It is possible that the working fluid may have a significant impact on the behavior of the

adjustable-throw linkage.  It is also possible that under startup conditions the working

fluid may play no part in the dynamics of the linkage.
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     In modeling the working fluid, the future researcher will also need to model the

compressor valves in the simulation.  The addition of the valves will require many more

degrees of freedom be added to the program, and will increase the complexity of the

simulation.  However, the added complexity may be balanced by an increase in realism of

the simulation.

 In addition to the kinematic simulation, much work may also be done on refining and

further developing the bottle-brush method introduced in Chapter 7.  There are two main

areas of work to be done concerning the method.  First, future students may wish to

investigate solutions to the problem of the method’s sensitivity to loading conditions.  A

change in the method that would make it more robust and able to handle various loading

conditions would greatly increase its usefulness.  In particular, an advancement of the

method that would allow the loading and grounding of the same body, while still

accurately modeling the contact between the pin and sleeve, would be very useful in

overcoming the weakness of the method.

     Second, further investigation of the problem of solution time for dynamic modeling

using the method may prove useful.  However, it is suspected that this problem may

disappear as the power and sophistication of computing equipment increases.

     Future researchers may also find it helpful to investigate the benefits of using a

different finite element package than Algor.  Specifically, the latest version of ABAQUS

includes a method for modeling contact that may prove more effective and efficient at

modeling sliding contact.  If this method is used, it will be necessary to use curved finite

elements along the surfaces in contact to avoid high points and to properly model the

surface contact.
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     If the problems associated with the bottle-brush method are solved, or if an alternate

method of modeling the contact is found, then the researchers will be able to dynamically

model the sliding contact between the crankshaft and throw-block.  This ability would

allow for a mechanical simulation of the impact that occurs during startup conditions.

Such a simulation would be capable of predicting the dynamic stress state present in the

system.  With knowledge of the stress state, researchers would have the tools necessary to

investigate the phenomenon of fatigue failure that occurs within reversible Bristol

compressors, and to complete the work begun in this thesis.
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Appendix A: Mass properties of compressor system components

Crankshaft
Object Level: 1   Color: 0
Density 0.00062176
AWD 1.000000
Angular Velocity X 0.000000 Y 0.000000 Z 0.000000
Volume 8.195621
Area 51.229165
Mass 0.00508714
Surface Mass 51.229165
Centroid X 4.744827 Y 0.010403 Z 0.070272
Mass Properties about Centroid:
Moments of Inertia
Ixx 0.000908 Iyy 0.036900 Izz 0.036788
Ixy 0.000114 Iyz 0.000006 Ixz 0.001288
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 0.436016 Ry 2.779241 Rz 2.775028
User Defined Origin X 0.000000 Y 0.000000 Z 0.000000

Mass Properties about User Defined Origin:
Moments of Inertia
Ixx 0.000932 Iyy 0.144476 Izz 0.144341
Ixy -0.000064 Iyz 0.000003 Ixz 0.000083
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 0.441765 Ry 5.499318 Rz 5.496750

Throw-block
Object Level: 1   Color: 0
Density 0.001385
AWD 1.000000
Angular Velocity X 0.000000 Y 0.000000 Z 0.000000
Volume 1.357072
Area 12.666168
Mass 0.00084353
Surface Mass 12.666168
Centroid X 0.175670 Y 0.151050 Z 0.327664

Mass Properties about Centroid:
Moments of Inertia
Ixx 0.001138 Iyy 0.000535 Izz 0.000859
Ixy -0.000150 Iyz 0.000010 Ixz 0.000186
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 0.778240 Ry 0.533474 Rz 0.675942
User Defined Origin X 0.000000 Y 0.000000 Z 0.000000

Mass Properties about User Defined Origin:
Moments of Inertia
Ixx 0.001383 Iyy 0.000795 Izz 0.000960
Ixy -0.000127 Iyz 0.000054 Ixz 0.000238
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 0.857810 Ry 0.650245 Rz 0.714544
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Connecting rod
Object Level: 1   Color: 0
Density 0.000259
AWD 1.000000
Angular Velocity X 0.000000 Y 0.000000 Z 0.000000
Volume 0.978943
Area 12.868152
Mass 0.000254
Surface Mass 12.868152
Centroid X 0.000000 Y -0.664658 Z 0.000001

Mass Properties about Centroid:
Moments of Inertia
Ixx 0.000249 Iyy 0.000084 Izz 0.000322
Ixy 0.000000 Iyz 0.000000 Ixz 0.000000
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 0.990358 Ry 0.576008 Rz 1.127428
User Defined Origin X 0.000000 Y 0.000000 Z 0.000000

Mass Properties about User Defined Origin:
Moments of Inertia
Ixx 0.000361 Iyy 0.000084 Izz 0.000434
Ixy 0.000000 Iyz 0.000000 Ixz 0.000000
Kinetic Energy 0.000000
Angular Momentum Hx 0.000000 Hy 0.000000 Hz 0.000000
Radius of Gyration Rx 1.192719 Ry 0.576008 Rz 1.308764
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Appendix B: FORTRAN source code

Main program:

C     PROGRAM FOR THE DYNAMIC RESPONSE OF A
C     CONVERTIBLE RECIPROCATING COMPRESSOR
C
$LARGE
$DEBUG
      INTEGER JCOUNT
      REAL Y(20),DY(20),ACK
      REAL M2, M3, M4, M5, J2, J3, J4
      COMMON/COMPR/OMEGA, M2, M3, M4, M5, J2, J3, J4, R2,R3,R3A,R3B,
     1  R4,R4A,R4B,TK
C
C       COMMON FOR PLOTTING DATA
C
      COMMON/PLOT/X(1001,18),DYSAV(20)
      CHARACTER*1 ANSWER
C
      DATA TWOPI/6.2831853/
      CALL INITT(10)
      CALL DWINDO(-1.,3.,-1.5,1.5)

      OPEN (UNIT=3, FILE='THETAS.TXT', STATUS='NEW')

      JCOUNT=0

      ACK=0.001

C
C   INTEGRATION TIMER VARIABLES
C
C  STIME - START TIME FOR SIMULATION
C  ENTIME - END TIME FOR SIMULATION
C  TIME   - TIME VARIABLE, UPDATED BY RKG1
C  DELT   - TIME STEP
C
C       THE STARTING TIME FOR THE SIMULATION
C
      STIME=0.
C
C       THE END TIME FOR THE SIMULATION
C
      ENTIME=0.2
C
      DELT=1.25E-7
      CALL ERASE
      CALL ANMODE
C
C       INITIALIZE
C
      NN=0
      CALL DRV0(Y,DY)
      NEQ=20
      TIME=0.



129

C
C    DETERMINE COUNTER FOR OUTPUT
C
      NCNT=1
5     NPLPTS=(ENTIME-STIME)/(FLOAT(NCNT)*DELT)
      IF(NPLPTS.LT.1000) GO TO 4
      NCNT=NCNT+1
      GO TO 5
4     CONTINUE
C
C       INITIALIZE GRAPHICS
C
      NOUT=0
C
C       BEGIN LOOP
C
C       DYNAMIC SECTION
C
1     CONTINUE
      NOUT=NOUT+1
C
C  INTEGRATE INTEGRATE INTEGRATE INTEGRATE
C
      CALL RKG1L(NEQ,TIME,Y,DY,DELT)

      CALL FFORCE(Y,DY)

      IF(TIME.GT.ACK) THEN
            WRITE(*,*) 'TIME = ',TIME
            WRITE(*,*) 'TK = ',TK
            WRITE(*,*) 'THETA2 = ',Y(2)
            WRITE(*,*) 'THETA3 = ',Y(4)
            WRITE(*,*) 'THETA3 - THETA2 = ',Y(4)-Y(2)
            ACK=ACK+0.001
      END IF

C  IF TIME IS PROPER, OUTPUT DESIRED VARIABLES

      IF(NOUT.EQ.1.AND.TIME.GE.STIME) CALL SAVE(NN,TIME,Y,DY)
C
C  TEST TIME TO SEE WHETHER SIMULATION IS COMPLETE
C
      IF(NOUT.EQ.NCNT) NOUT=0

C      IF (MOD(TIME,0.00125).EQ.0)
C      WRITE(*,*) TIME

      IF(TIME.LT.ENTIME) GO TO 1
      CALL MOVABS(0,30)
      CALL ANMODE
      WRITE(*,91)
91    FORMAT('  ENTER A RETURN TO CONTINUE ',$)
      CALL TINPUT(IOP)
      CALL ERASE
      CALL ANMODE
      CALL DISPLAY
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C
999   CALL FINITT(0,0)
      STOP
      END



131

Subroutine DERIV:
SUBROUTINE DERIV(NEQ,X,Y,DY)
C
C      THIS ROUTINE, GIVEN THE FORMATION FOR THE DERIVATIVE, WILL
C      COMPUTE THE DERIVATIVE VECTOR, DY, ON THE BASIS OF THE Y
C      VECTOR AND OTHER PROVIDED VARIABLES.
C
      REAL X,Y(20),DY(20)
      REAL M2, M3, M4, M5, J2, J3, J4
      COMMON/COMPR/OMEGA, M2, M3, M4, M5, J2, J3, J4, R2,R3,R3A,R3B,
     1  R4,R4A,R4B,TK
      COMMON/FORCE/F23X,F23Y,F34X,F34Y,F45X,F45Y
      COMMON/PLOT/XTMP(1001,18),DYSAV(20)
C
      REAL I,IQS,IDS,IDR,L1,L2,LM,IQR,LDSSTAR,LQSSTAR,L3,LQM,LDM,NPOLES
     1,N
      COMMON/ELEC/I(3),V(3),TELEC,X1,X2,RM1,RM2,XM,FREQ,NPOLES,VRMS
     1,FLT,VOLTS,OMEGAS,N,VQS,VDS,IQS,IDS,IDR,IQR,L1,RS,RR,L2,LM

C
      DATA TWOPI/6.2831853/
C
C       SET UP DIFFERENTIAL EQUATIONS
C
C    DY(1) - THETA2-DD - ACCEL OF CRANK 2
C    Y(1)  - OMEGA2    - VELOC OF CRANK 2
C    DY(2) - Y(1) - OMEGA2
C    Y(2)  - THETA2
C
C    DY(3) - THETA3-DD - ACCEL OF CRANK 3
C    Y(3)  - OMEGA3    - VELOC OF CRANK 3
C    DY(4) - Y(3) - OMEGA3
C    Y(4)  - THETA3
C
C    DY(5) - THETA4-DD - ACCEL OF CRANK 4
C    Y(5)  - OMEGA4    - VELOC OF CRANK 4
C    DY(6) - Y(5) - OMEGA4
C    Y(6)  - THETA4
C
C    DY(7) - ACCEL OF PISTON5
C    Y(7)  - VELOC OF PISTON5
C    DY(8) - VELOC OF PISTON5
C    Y(8)  - POSITION OF PISTON5 W/R TDC
C
C    DY(9) - X ACCEL OF CG3
C    Y(9)  - X VELOCITY OF CG3
C
C    DY(10) - X VELOCITY OF CG3
C    Y(10)  - X POSITION OF CG3
C
C    DY(11) - Y ACCEL OF CG3
C    Y(11)  - Y VELOCITY OF CG3
C
C    DY(12) - Y VELOCITY OF CG3
C    Y(12)  - Y POSITION OF CG3
C
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C    DY(13) - X ACCEL OF CG4
C    Y(13)  - X VELOCITY OF CG4
C
C    DY(14) - X VELOCITY OF CG4
C    Y(14)  - X POSITION OF CG4
C
C    DY(15) - Y ACCEL OF CG4
C    Y(15)  - Y VELOCITY OF CG4
C
C    DY(16) - Y VELOCITY OF CG4
C    Y(16)  - Y POSITION OF CG4
C
      Y(2)=Y(2)-(IFIX(Y(2)/TWOPI)*TWOPI)
      Y(4)=Y(4)-(IFIX(Y(4)/TWOPI)*TWOPI)

      CALL GAUSS(Y,DY)

      DY(2)=Y(1)

      DY(4)=Y(3)

      DY(6)=Y(5)

      DY(7)=(F45X-FGAS)/M5

      DY(8)=Y(7)

      DY(9)=-r2*om2**2*COS(th2)+r2*al2*COS(th2+pi/2)+r3a*al3*COS(th3+pi
     $/2)-r3a*om3**2*COS(th3)

      DY(10)=Y(9)

      DY(11)=-r2*om2**2*SIN(th2)+r2*al2*SIN(th2+pi/2)+r3a*al3*SIN(th3+pi
     $/2)-r3a*om3**2*SIN(th3)

      DY(12)=Y(11)

      DY(13)=-r2*om2**2*COS(th2)+r2*al2*COS(th2+pi/2)+r3*al3*COS(th3+pi/
     $2)-r3*om3**2*COS(th3)-r4a*om4**2*COS(th4)+r4a*al4*COS(th4+pi/2)

      DY(14)=Y(13)

      DY(15)=-r2*om2**2*SIN(th2)+r2*al2*SIN(th2+pi/2)+r3*al3*SIN(th3+pi/
     $2)-r3*om3**2*SIN(th3)-r4a*om4**2*SIN(th4)+r4a*al4*SIN(th4+pi/2)

      DY(16)=Y(15)

C
C       SET UP MOTOR DIFFERENTIAL EQUATIONS
C
      DY(17)=VDS-RS*IDS
      DY(18)=VQS-RS*IQS
      DY(19)=Y(1)*N*Y(20)-RR*IDR
      DY(20)=-Y(1)*N*Y(19)-RR*IQR
CCCCCCCCCCCCCCCCCCCCCC      DY(1)=1./J2*(TELEC-TLOAD)
CCCCCCCCCCCCCCCCCCCCCC      DY(2)=Y(1)
C
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      DO 10 IU=1,20
10    DYSAV(IU)=DY(IU)
C
C           IN NEWTON-METERS
      TELEC=1.5*N*(Y(18)*IDS-Y(17)*IQS)
C           IN LBF-IN
      TELEC=TELEC*0.737562149*12
C
      LDSSTAR=1./(1./L1+1./L2+1./LM)
      LQSSTAR=LDSSTAR
      LDM=LDSSTAR*(Y(17)/L1+Y(19)/L2)
      LQM=LQSSTAR*(Y(18)/L1+Y(20)/L2)
      IDS=(Y(17)-LDM)/L1
      IQS=(Y(18)-LQM)/L1
      IDR=(Y(19)-LDM)/L2
      IQR=(Y(20)-LQM)/L2
C
C       GENERATE PHASE VOLTAGES
C
      V(1)=VOLTS*SIN(X*OMEGAS)
      V(2)=VOLTS*SIN(X*OMEGAS-2.094395103)
      V(3)=VOLTS*SIN(X*OMEGAS+2.094395103)
C
      VDS=.577350269*(V(2)-V(3))
      VQS=1./3.*(2.*V(1)-V(2)-V(3))
C
C       CALCULATE ROTOR PHASE VOLTAGES
C
      I(1)=IQS
      I(2)=.5*(1.732050808*IDS-IQS)
      I(3)=-.5*(1.732050808*IDS+IQS)
C
C       ELECTRICAL ANALYSIS COMPLETE
C
      RETURN
      END
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Subroutine FFORCE:
SUBROUTINE FFORCE(Y,DY)
C
C      THIS ROUTINE, GIVEN THE FORMATION FOR THE DERIVATIVE, WILL
C      COMPUTE THE FORCES
C
      REAL Y(20),DY(20)
      REAL M2, M3, M4, M5, J2, J3, J4
      COMMON/COMPR/OMEGA, M2, M3, M4, M5, J2, J3, J4, R2,R3,R3A,R3B,
     1  R4,R4A,R4B,TK
      COMMON/FORCE/F23X,F23Y,F34X,F34Y,F45X,F45Y
      DATA TWOPI/6.2831853/
C
C    DY(1) - THETA2-DD - ACCEL OF CRANK 2
C    Y(1)  - OMEGA2    - VELOC OF CRANK 2
C    DY(2) - Y(1) - OMEGA2
C    Y(2)  - THETA2
C
C    DY(3) - THETA3-DD - ACCEL OF CRANK 3
C    Y(3)  - OMEGA3    - VELOC OF CRANK 3
C    DY(4) - Y(3) - OMEGA3
C    Y(4)  - THETA3
C
C    DY(5) - THETA4-DD - ACCEL OF CRANK 4
C    Y(5)  - OMEGA4    - VELOC OF CRANK 4
C    DY(6) - Y(5) - OMEGA4
C    Y(6)  - THETA4
C
C    DY(7) - ACCEL OF PISTON5
C    Y(7)  - VELOC OF PISTON5
C    DY(8) - VELOC OF PISTON5
C    Y(8)  - POSITION OF PISTON5 W/R TDC
C
C    DY(9) - X ACCEL OF CG3
C    Y(9)  - X VELOCITY OF CG3
C
C    DY(10) - X VELOCITY OF CG3
C    Y(10)  - X POSITION OF CG3
C
C    DY(11) - Y ACCEL OF CG3
C    Y(11)  - Y VELOCITY OF CG3
C
C    DY(12) - Y VELOCITY OF CG3
C    Y(12)  - Y POSITION OF CG3
C
C    DY(13) - X ACCEL OF CG4
C    Y(13)  - X VELOCITY OF CG4
C
C    DY(14) - X VELOCITY OF CG4
C    Y(14)  - X POSITION OF CG4
C
C    DY(15) - Y ACCEL OF CG4
C    Y(15)  - Y VELOCITY  OF CG4
C
C    DY(16) - Y VELOCITY OF CG4
C    Y(16)  - Y POSITION OF CG4



135

C
      TH2=Y(2)
      TH3=Y(4)
      TH4=Y(6)
      OM2=Y(1)
      OM3=Y(3)
      OM4=Y(5)
      AL2=DY(1)
      AL3=DY(3)
      AL4=DY(5)
      Fgas=0

      f23x=-om2**2*r2*(m3+m4+m5)*COS(th2)-al2*r2*(m3+m4+m5)*SIN(th2)-om3
     $**2*(m3*r3a+r3*(m4+m5))*COS(th3)-al3*(m3*r3a+r3*(m4+m5))*SIN(th3)-
     $om4**2*(m4*r4a+m5*r4)*COS(th4)-al4*(m4*r4a+m5*r4)*SIN(th4)+fgas

      f23y=(COS(th2)*(al2*r2*(m3*(r4a+r4b)+m4*r4b)*COS(th4)-om2**2*r2*(m
     $4*r4a+m5*(r4a+r4b))*SIN(th4))-SIN(th2)*(om2**2*r2*(m3*(r4a+r4b)+m4
     $*r4b)*COS(th4)+al2*r2*(m4*r4a+m5*(r4a+r4b))*SIN(th4))+COS(th3)*(al
     $3*(m3*r3a*(r4a+r4b)+m4*r3*r4b)*COS(th4)-om3**2*r3*(m4*r4a+m5*(r4a+
     $r4b))*SIN(th4))-SIN(th3)*(om3**2*(m3*r3a*(r4a+r4b)+m4*r3*r4b)*COS(
     $th4)+al3*r3*(m4*r4a+m5*(r4a+r4b))*SIN(th4))+al4*(m4*(r4a**2+r4a*r4
     $b)+m5*r4*(r4a+r4b))*COS(th4)**2-om4**2*(r4a+r4b)*(m4*r4a+m5*r4)*SI
     $N(th4)*COS(th4)+fgas*(r4a+r4b)*SIN(th4)-al4*(j4+m4*r4a**2+m5*r4*(r
     $4a+r4b)))/((r4a+r4b)*COS(th4))

      f34x=-om2**2*r2*(m4+m5)*COS(th2)-al2*r2*(m4+m5)*SIN(th2)-om3**2*r3
     $*(m4+m5)*COS(th3)-al3*r3*(m4+m5)*SIN(th3)-om4**2*(m4*r4a+m5*r4)*CO
     $S(th4)-al4*(m4*r4a+m5*r4)*SIN(th4)+fgas

      f34y=(COS(th2)*(al2*m4*r2*r4b*COS(th4)-om2**2*r2*(m4*r4a+m5*(r4a+r
     $4b))*SIN(th4))-SIN(th2)*(m4*om2**2*r2*r4b*COS(th4)+al2*r2*(m4*r4a+
     $m5*(r4a+r4b))*SIN(th4))+COS(th3)*(al3*m4*r3*r4b*COS(th4)-om3**2*r3
     $*(m4*r4a+m5*(r4a+r4b))*SIN(th4))-SIN(th3)*(m4*om3**2*r3*r4b*COS(th
     $4)+al3*r3*(m4*r4a+m5*(r4a+r4b))*SIN(th4))+al4*(m4*(r4a**2+r4a*r4b)
     $+m5*r4*(r4a+r4b))*COS(th4)**2-om4**2*(r4a+r4b)*(m4*r4a+m5*r4)*SIN(
     $th4)*COS(th4)+fgas*(r4a+r4b)*SIN(th4)-al4*(j4+m4*r4a**2+m5*r4*(r4a
     $+r4b)))/((r4a+r4b)*COS(th4))

      f45x=-m5*om2**2*r2*COS(th2)-al2*m5*r2*SIN(th2)-m5*om3**2*r3*COS(th
     $3)-al3*m5*r3*SIN(th3)-m5*om4**2*r4*COS(th4)-al4*m5*r4*SIN(th4)+fga
     $s

      f45y=-(COS(th2)*(al2*m4*r2*r4a*COS(th4)+om2**2*r2*(m4*r4a+m5*(r4a+
     $r4b))*SIN(th4))+SIN(th2)*(al2*r2*(m4*r4a+m5*(r4a+r4b))*SIN(th4)-m4
     $*om2**2*r2*r4a*COS(th4))+COS(th3)*(al3*m4*r3*r4a*COS(th4)+om3**2*r
     $3*(m4*r4a+m5*(r4a+r4b))*SIN(th4))+SIN(th3)*(al3*r3*(m4*r4a+m5*(r4a
     $+r4b))*SIN(th4)-m4*om3**2*r3*r4a*COS(th4))+m5*om4**2*r4*(r4a+r4b)*
     $SIN(th4)*COS(th4)+al4*m5*r4*(r4a+r4b)*SIN(th4)**2-fgas*(r4a+r4b)*S
     $IN(th4)+al4*(j4+m4*r4a**2))/((r4a+r4b)*COS(th4))

      RETURN
      END
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Subroutine GAUSS [6]:

SUBROUTINE GAUSS(Y,DY)

      REAL QUOT,Y2STOR,Y4STOR,THDIFF
      REAL Y(20),DY(20),t
      REAL a11al3,a12al3,a13al3,a21al2,a22al2,a23al2,a31al4,a32al4
      REAL a33al4,c1al3,c2al2,c3al4,th2,th3,th4,om2,om3,om4
      REAL telec,tk
      REAL I,IQS,IDS,IDR,L1,L2,LM,IQR,LDSSTAR,LQSSTAR,L3,LQM,LDM,NPOLES
     1,N
      REAL OMEGA,M2,M3,M4,M5,J2,J3,J4,R2,R3,R3A,R3B,R4,R4A,R4B
      COMMON/COMPR/OMEGA, M2, M3, M4, M5, J2, J3, J4, R2,R3,R3A,R3B,
     1  R4,R4A,R4B,TK
      COMMON/ELEC/I(3),V(3),TELEC,X1,X2,RM1,RM2,XM,FREQ,NPOLES,VRMS
     1,FLT,VOLTS,OMEGAS,N,VQS,VDS,IQS,IDS,IDR,IQR,L1,RS,RR,L2,LM

      DIMENSION A(3,4),B(3)

      pi=3.1415926

      Y2STOR=Y(2)
      Y4STOR=Y(4)

C      WRITE(*,*) Y(2),Y(4)

CCCCCCC MAKE SURE THAT THETA3-THETA2 IS NEVER LARGER THAN PI
      IF ((Y(2) .LT. PI/2).AND.(Y(2) .GT. 0)) THEN
            IF ((Y(4) .LT. PI*2).AND.(Y(4) .GT. (6*PI/4))) THEN
                  Y(2)=Y(2)+PI*2
C                  WRITE(*,*) '*****',Y(2),Y(4)
            END IF
      END IF

      IF ((Y(4) .LT. PI).AND.(Y(4) .GT. -1)) THEN
            IF ((Y(2) .LT. PI*2).AND.(Y(2) .GT. PI)) THEN
                  Y(4)=Y(4)+PI*2
C                  WRITE(*,*) '*****',Y(2),Y(4)
            END IF
      END IF
CCCCCCC

      THDIFF=Y(2)-Y(4)

CCCCCCC NORMAL CRANKING WITH LINKAGE EXTENDED.  DAMPING ADDED FOR
CC      STABILITY OF SOLUTION
      IF (THDIFF .GT. 0) THEN
             tk=-655207*(THDIFF) + 50*(Y(3)-Y(1))
      ELSE
            TK=0 + 0.01*(Y(3)-Y(1))
      END IF
C      WRITE(*,*) TK
CCCCCCC

CCCCCCC CRANKING WITH LINKAGE FOLDED
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      IF (THDIFF .LT. -PI) THEN
            TK=655207*(THDIFF-PI) - 0.001*(Y(3)-Y(1))
      END IF
CCCCCCC

      Y(2)=Y2STOR
      Y(4)=Y4STOR

      TH2=Y(2)
      TH3=Y(4)
      TH4=Y(6)
      OM2=Y(1)
      OM3=Y(3)
      OM4=Y(5)
      T=TELEC

CCCCC THESE TERMS ARE THE MATRIX ENTRIES IN THE GAUSS ROUTINE MATRICES
CCCCC  a AND c.

      a31al4=10065359640.*COS(th2)**3*COS(th4)-15127684360.*SIN(th2)*COS
     $(th2)**2*SIN(th4)+COS(th2)*(25193044000.*SIN(th2)**2*COS(th4)+3756
     $83459400.*COS(th3)**2*COS(th4))+SIN(th2)*(747760687200.*SIN(th3)*C
     $OS(th3)*COS(th4)-372077227800.*COS(th3)**2*SIN(th4))

      a32al4=COS(th2)**2*(15274304280.*COS(th3)*COS(th4)-15127684360.*SI
     $N(th3)*SIN(th4))+30401988640.*SIN(th2)*COS(th2)*SIN(th3)*COS(th4)+
     $585797089608.*COS(th3)**3*COS(th4)-372077227800.*SIN(th3)*COS(th3)
     $**2*SIN(th4)+957874317408.*SIN(th3)**2*COS(th3)*COS(th4)

      a33al4=COS(th2)**2*(151276843600.*SIN(th4)**2+2767054397.)-1512768
     $43600.*SIN(th2)*COS(th2)*SIN(th4)*COS(th4)+COS(th3)**2*(3720772278
     $000.*SIN(th4)**2+68057866935.)-3720772278000.*SIN(th3)*COS(th3)*SI
     $N(th4)*COS(th4)+79631550000000.*COS(th4)**2

      c3al4=-15127684360.*om2**2*COS(th2)**3*SIN(th4)+COS(th2)**2*(15127
     $684360.*om2**2*SIN(th2)*COS(th4)-15127684360.*om3**2*COS(th3)*SIN(
     $th4)-15274304280.*om3**2*SIN(th3)*COS(th4)-151276843600.*om4**2*SI
     $N(th4)*COS(th4))+COS(th2)*(SIN(th2)*(30401988640.*om3**2*COS(th3)*
     $COS(th4)+151276843600.*om4**2*COS(th4)**2)-372077227800.*om2**2*CO
     $S(th3)**2*SIN(th4)+747760687200.*om2**2*SIN(th3)*COS(th3)*COS(th4)
     $-284500000000000.*(t+tk)*COS(th4))+SIN(th2)*(375683459400.*om2**2*
     $SIN(th3)**2*COS(th4)+7587471540600.*om2**2*COS(th4))-372077227800.
     $*om3**2*COS(th3)**3*SIN(th4)+COS(th3)**2*(372077227800.*om3**2*SIN
     $(th3)*COS(th4)-3720772278000.*om4**2*SIN(th4)*COS(th4))+COS(th3)*(
     $3720772278000.*om4**2*SIN(th3)*COS(th4)**2+6997500000000000.*tk*CO
     $S(th4))+7963155000000.*om3**2*SIN(th3)*COS(th4)+79631550000000.*om
     $4**2*SIN(th4)*COS(th4)

      a11al3=671103*COS(th2)*COS(th3)*COS(th4)+SIN(th2)*(1335764*SIN(th
     $3)*COS(th4)-664661*COS(th3)*SIN(th4))

      a12al3=-664661*SIN(th3)*COS(th3)*SIN(th4)+664661*SIN(th3)**2*COS(
     $th4)+381785999*COS(th4)/25

      a13al3=6646610*SIN(th3)*SIN(th4)*COS(th4)-COS(th3)*(6646610*SIN(t
     $h4)**2+4863013/40)
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      c1al3=om2**2*COS(th2)*(664661.*COS(th3)*SIN(th4)-1335764.*SIN(th3)
     $*COS(th4))+671103.*om2**2*SIN(th2)*COS(th3)*COS(th4)+664661.*om3**
     $2*COS(th3)**2*SIN(th4)+664661.*COS(th3)*COS(th4)*(10.*om4**2*SIN(t
     $h4)-om3**2*SIN(th3))-10.*COS(th4)*(664661.*om4**2*SIN(th3)*COS(th4
     $)+1250000000.*tk)

      a21al2=COS(th4)*(664661.*SIN(th2)**2+350317239.)-664661.*SIN(th2)*
     $COS(th2)*SIN(th4)

      a22al2=COS(th2)*(671103.*COS(th3)*COS(th4)-664661.*SIN(th3)*SIN(th
     $4))+1335764.*SIN(th2)*SIN(th3)*COS(th4)

      a23al2=6646610.*SIN(th2)*SIN(th4)*COS(th4)-COS(th2)*(6646610.*SIN(
     $th4)**2+4863013./40.)

      c2al2=664661.*om2**2*COS(th2)**2*SIN(th4)-COS(th2)*(664661.*om2**2
     $*SIN(th2)*COS(th4)-664661.*om3**2*COS(th3)*SIN(th4)-COS(th4)*(6711
     $03.*om3**2*SIN(th3)+6646610.*om4**2*SIN(th4)))-2.*COS(th4)*(SIN(th
     $2)*(667882.*om3**2*COS(th3)+3323305.*om4**2*COS(th4))-6250000000.*
     $(t+tk))

      A(1,1)=a11al3
      A(1,2)=a12al3
      A(1,3)=a13al3
      A(1,4)=c1al3
      A(2,1)=a21al2
      A(2,2)=a22al2
      A(2,3)=a23al2
      A(2,4)=c2al2
      A(3,1)=a31al4
      A(3,2)=a32al4
      A(3,3)=a33al4
      A(3,4)=c3al4

      NN=3
      M=4
      L=NN-1
      DO 12 K=1,L
      JJ=K
      BIG=ABS(A(K,K))
      KP1=K+1
C
C SEARCH FOR LARGEST POSSIBLE PIVOT ELEMENT
      DO 7 II=KP1,NN
      AB=ABS(A(II,K))
      IF(BIG-AB) 6,7,7
    6 BIG=AB
      JJ=II
    7 CONTINUE
C
C DECISION ON NECESSITY OF ROW INTERCHANGE
      IF (JJ-K) 8,10,8
C
C ROW INTERCHANGE
    8 DO 9 J=K,M
      TEMP=A(JJ,J)
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      A(JJ,J)=A(K,J)
    9 A(K,J)=TEMP
C
C CALCULATION OF ELEMENTS OF NEW MATRIX
   10 DO 11 II=KP1,NN
      QUOT=A(II,K)/A(K,K)
      DO 11 J=KP1,M
   11 A(II,J)=A(II,J)-QUOT*A(K,J)
      DO 12 II=KP1,NN
   12 A(II,K)=0.
C
C FIRST STEP IN BACK SUBSTITUTION
      B(NN)=A(NN,M)/A(NN,NN)
C
C REMAINDER OF BACK-SUBSTITUTION PROCESS
      DO 14 NNN=1,L
      SUM=0.
      II=NN-NNN
      IP1=II+1
      DO 13 J=IP1,NN
   13 SUM=SUM+A(II,J)*B(J)
   14 B(II)=(A(II,M)-SUM)/A(II,II)
C      DO 15 II=1,NN
C   15 WRITE(*,*) 'ALPHA',II+1,'  =  ',B(II)*180/pi

CCCCC ASSIGN NEWLY-FOUND VALUES TO CORRECT VARIABLES (ALPHAS)

      AL2=B(1)
      AL3=B(2)
      AL4=B(3)

      DY(1)=AL2
      DY(3)=AL3
      DY(5)=AL4

      RETURN
C     STOP
      END
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Subroutine RKG1L [5], the Runge-Kutta integration algorithm

SUBROUTINE RKG1L(NEQ,TIME,Y,DY,H)
C
C    RUNGE-KUTTA 4TH ORDER, FIXED STEP SIZE ROUTINE
C    PROVIDED BY R. G. LEONARD, VPI&SU ME DEPT
C
      DIMENSION A(2),Q(100)
      REAL I,Y(20),DY(20)
      COMMON/FORCE/F23X,F23Y,F34X,F34Y,F45X,F45Y
C
C    REAL*8 CONSTANTS
      A(1)=0.2928932
      A(2)=1.7071068
      H2=0.5*H
      CALL DERIV(NEQ,TIME,Y,DY)
      DO 13 II=1,NEQ
      B=H2*DY(II)-Q(II)
      Y(II)=Y(II)+B
13    Q(II)=Q(II)+3.0*B-H2*DY(II)
      TIME=TIME+H2
      DO 20 J=1,2
      CALL DERIV(NEQ,TIME,Y,DY)
      DO 20 II=1,NEQ
      B=A(J)*(H*DY(II)-Q(II))
      Y(II)=Y(II)+B
20    Q(II)=Q(II)+3.0*B-A(J)*H*DY(II)
      TIME=TIME+H2
      CALL DERIV(NEQ,TIME,Y,DY)
      DO 26 II=1,NEQ
      B=(H*DY(II)-2.0*Q(II))/6.0
      Y(II)=Y(II)+B
26    Q(II)=Q(II)+3.0*B-H2*DY(II)
      RETURN
      END
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