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Adaptive controllers allow robots to perform a wide variety of tasks, but the 

extensive computations required have generated an interest in developing decentralized 

adaptive controllers.  Horner has designed an adaptive controller for a four-degree-of-

freedom mobile robot and tested it through simulations.  The study described in this 

thesis uses the techniques described by Horner to design and test a decentralized model 

reference adaptive controller (DMRAC) for a physical four-degree-of-freedom mobile 

robot.  The study revealed several difficulties in implementing this design.  Most notably, 

the robot available for the research did not allow for the measurement of joint velocity, so 

it was necessary to estimate the velocity as the derivative of the position measurement.  

The noise created by this estimation made completion of testing impossible.  Future 

research should be performed on a robot that provides joint velocity measurement.  

Alternatively, a study could include state estimation as part of the controller, thus 

reducing and possibly eliminating the need for velocity measurement. 
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Chapter 1 

1Introduction 

1.1 Overview 

Most robots have nonlinear dynamics and are controlled by linear constant-gain 

controllers, such as proportional-integral-derivative (PID) controllers.  Because of the 

nonlinear dynamics of these robots, these simple controllers only perform well with a 

limited range of motion or at slow speeds.  The performance of the system is even further 

degraded if the payload that the robot must carry varies, since linear controllers are 

typically designed using linearized system models that assume constant payloads.  These 

limitations may be acceptable for robots that only perform one set of tasks; however, they 

are unacceptable for robots that require the adaptability to perform multiple tasks, since 

changing conditions result in reduced performance accuracy. 

 These limitations on robot speed, motion, and payload have generated interest in 

adaptive controllers, which allow robots to have a wider range of operation.  Adaptive 

controllers require significantly more computational power than linear constant-gain 

controllers.  This is because adaptive controllers continually update their gains, while the 

gains for constant-gain controllers are calculated prior to operation and are never 

changed.  In an effort to reduce the required computational intensity, research has been 

performed on the use of decentralized adaptive controllers.  These controllers treat the 

robot as a collection of independent subsystems, each with its own controller.  This 

treatment considerably reduces the number of computations, and the controllers for each 

subsystem can be run in parallel, which further increases the processing speed.  Breaking 

the robot into independent subsystems degrades the controller’s performance because the 

interaction between subsystems is ignored.  However, when the gains are updated with a 

high frequency compared to the plant resonances, the performance degradation is 

insignificant.  In the case of a robotic manipulator, motor/drive system within the 

manipulator is considered a subsystem. 
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With improvements in microprocessors and with the ability to make sensors and 

actuators smaller, mobile robots are now being used for a variety of applications.  Many 

of these applications require robots to go to unreachable places, or to perform high-risk 

tasks where human involvement would be extremely dangerous.  Robots have been 

designed to collect scientific data, to work in hazardous conditions, and to perform 

military operations, among many other useful tasks. 

These types of tasks require a wide range of non-repetitive motion, making 

mobile robotics an excellent application for decentralized adaptive controllers.  Little 

research has been done on the use of decentralized adaptive controllers for mobile robots, 

which motivated Horner to investigate their use through MATLAB simulations [1]1.  The 

following research has implemented and tested on a physical mobile robot the model 

referenced adaptive controller simulated by Horner. 

1.2 Objectives 

The primary objectives of this study were to: 

1. Experimentally verify the analytical results obtained on decentralized adaptive 

controllers for mobile robots, 

2. Implement a decentralized model reference adaptive controller (MRAC) on a 

laboratory-scale mobile robot, and 

3. Highlight the difficulties associated with implementing decentralized adaptive 

controllers on practical systems. 

1.3 Approach 

First, an inexpensive articulated-arm mobile robot was modified for use in this testing. 

Then, a decentralized model referenced adaptive controller was implemented using the 

dSpace controller prototyping environment.  Finally, the performance of the 

robot/controller system was tested and compared with the results from an earlier study by 

Horner, described in her thesis Design of a Model Reference Adaptive Control for a 

Mobile Robot. 

                                                 
1 Numbers in brackets indicate references cited at the end of the manuscript. 
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1.4 Outline 

This thesis is described in six chapters.  The next chapter, Chapter 2, provides a 

background on adaptive control, model robot applications, and past studies of 

decentralized model reference adaptive control for a mobile robot.  Chapter 3 provides a 

detailed description of adaptive control theory.  This chapter provides the theory behind 

the constant gain controller, the model reference adaptive controller, the reference 

models, the discrete control law, and some of the methods for optimizing the parameter 

adjustment and decentralized model reference adaptive control methods.  Chapter 4 

describes the experimental setup for the tests performed.  The robot used in the testing is 

described, and the methods used to find the describing parameters of the robot needed for 

the controller are described.  Chapter 5 details the results obtained.  Chapter 6 

summarizes the results, and provides possibilities for future research. 



 

Chapter 2 

2Background 

This chapter gives a brief overview of previous research leading to this study and briefly 

covers work in adaptive control, decentralized adaptive control, mobile robotic 

applications, and decentralized model reference adaptive control for a mobile robot.  

Because of the large body of literature, only work related to robotic manipulators has 

been examined.  Since this research is a continuation of the work done by Horner, the 

background information has been expanded from her research. 

2.1 Adaptive Control 

A number of studies have been performed to examine adaptive control for robotic 

manipulators [2-5].  Craig has examined an adaptive version of the computed torque 

method [2].  The algorithm estimates parameters such as load mass, link mass, and 

friction, which appear in the nonlinear dynamic model of the system, and then uses the 

most recent parameter estimates to calculate the required servo torque.  This control 

method is computationally intensive because it requires a complex and accurate model of 

the system to calculate the necessary torques. 

Dubowsky and DesForges have developed the initial application of model 

reference adaptive control (MRAC) to robotic manipulators [3].  They show that the 

MRAC algorithm originally formalized by Donalson and Leondes can perform well 

compared to non-adaptive controllers over a wide range of motions and payloads [4].  

The advantage of this adaptive controller is that neither a detailed model of the system 

nor detailed information about the system parameters is needed.  Sardar and Ahmadian 

have found the computations required for selecting a gain adjustment mechanism to be 

cumbersome, and have developed a more effective method for selecting the adjustment 

mechanism [5]. 

Slotine and Li have derived an adaptive robot control algorithm that can be 

broken down into two parts: a proportional-derivative (PD) feedback part and a 

feedforward compensation part [6].  The algorithm is computationally simple, but can 
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excite unmodeled high-frequency dynamics if the gains are not carefully selected.  

Mulders et al. have developed an adaptive controller that is the combination of the 

computed torque method and an adaptive PD controller based on the MRAC method [7]. 

Pourbograt has proposed an adaptive algorithm for learning control [8].  This 

algorithm guarantees that the error between the desired trajectory and that of the system 

approaches zero as the number of repetitions increase.  This method does not require any 

knowledge of the system’s dynamic parameters and can be implemented using 

microprocessors.  However, this algorithm has limited application because the motion 

must be repeated for the error to decrease. 

2.2 Decentralized Adaptive Control 

Adaptive controllers tend to be computationally intensive, especially as the controlled 

system becomes more complex [16].  This is because the adaptive gains must be 

continually updated.  The desire to reduce the required computational power for adaptive 

controllers has drawn interest to decentralized adaptive control for robotic manipulators.  

In decentralized control, a system is broken down into smaller subsystems, each with 

their own controller.  This reduces the computational power required by each controller, 

and allows for parallel processing.  Using decentralized controllers also reduces the size 

of the cable bundles and the number of wires required within a robot, which is a major 

issue in robotics. 

A great deal of research has been performed on the development of robust 

decentralized adaptive controllers for robotic manipulators [9-13].  These studies have 

used a Lyopunov design method, which does not require detailed knowledge of the 

system dynamics or of the payload.   

Seraji has demonstrated the feasibility of using decentralized adaptive control for 

robotic manipulators on a PUMA 560 arm [9].  He has found the control scheme to be 

failure tolerant and robust to variations in the manipulators and in the payload.  While the 

controllers used in these studies perform well, the derivation of the Lyopunov functions 

used to determine the adjusting mechanism and to prove stability is a significant task.  

Furthermore, it is difficult to broaden the class of adaptive controllers designed by 
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Lyapunov methods, since only a limited number of Lyapunov function candidates are 

known [14].   

Another technique used in designing of decentralized adaptive controllers is the 

model reference adaptive control method using hyperstability theory [15-18].  This 

method is computationally efficient and does not require a complex system model or 

information about the payload.  Simulations have shown asymptotic trajectory tracking 

for a number of robot configurations implementing this theory [15-16].  Experimental 

studies by Tumeh, Gavel and Hsia [17-18] have shown results comparable to Seraji [9]. 

2.3 Mobile Robotics Applications 

In recent years, mobile robots have been used in a number of different applications.  The 

URSULA robot was designed and built for Framatome Technologies to inspect nuclear 

reactor vessels [25].  IS Robotics, Inc. is developing autonomous legged underwater 

vehicles for hunting and destroying mines close to shore [26].  The NASA Mars 

Pathfinder, probably the most famous example of a mobile robot, collected scientific data 

on the Mars surface and relayed it back to Earth [27].  These are just a few examples of a 

wide variety of mobile robot applications, but they illustrate that mobile robots must be 

able to operate in varying conditions.  This need for flexibility makes mobile robots an 

excellent application for adaptive control. 

2.4 Decentralized Model Reference Adaptive Control for a Mobile Robot 

Horner designed a decentralized model reference adaptive controller for a four-degree-of-

freedom mobile robot [1].  Her simulations have shown that a decentralized model 

reference adaptive controller is efficient, and that its performance is superior to that of a 

constant-gain controller when the robot performs highly nonlinear time-varying tasks. 



 

Chapter 3 

3Decentralized Adaptive Control Theory 

This chapter develops the adaptive controller used in this research. It is included for 

completeness, but does not introduce any new theory.  The initial controller gains have 

been developed assuming a linear system.  Then the adaptive portion has been developed 

to compensate for the system non-linearities.  The reference model whose response is to 

be matched is described, and the continuous controller is transformed into the discrete 

domain.   Finally, the parameters that must be defined during the controller design and 

the decentralizing method are discussed. 

This chapter  

3.1 Constant Gain Controller 

A non-linear dynamic system can be described by the following equations: 

( ) ( ) ( ) ( )txttt NL ,fBuAxx ++=& , 

( ) ( )tt Cxy = , 

(3.1) 

(3.2) 

where A is the n×n plant matrix, B is the n×m plant input matrix, x(t) is the n-

dimensional state vector, u(t) is the m-dimensional control input vector, and fNL(x,t) 

represents the non-linear and time varying terms.  The vector y and the matrix C are the 

output variable and plant output matrix, each having appropriate dimensions. 

A linear system with the same number of states, inputs, and outputs is selected as 

a reference model.  The goal of the controller is for the dynamics of the actual non-linear 

system to match those of the reference model.  The reference model has the following 

form: 

( ) ( ) ( )trtt mmmm BxAx +=& , and (3.3) 

  

( ) ( )tt mmm xCy = , (3.4) 

where Am and Bm are n×n and n×m constant matrices respectively, xm(t) is the model state 

vector, r(t) reference input, and ym(t) is the reference model output.  The error vector, e(t), 
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is defined as the difference between the reference model and the states of the actual 

system: 

( ) ( ) ( )ttt m xxe −= . (3.5) 

The desired result is for the controller to drive ( )( )0lim →
∞→

t
t

e .  Using state feedback, the 

control law is: 

( )trtt rKKxu +−= 





 . (3.6) 

By taking the derivative of the error equation and substituting the state equations 

of the system and the reference model, the error equation becomes (Appendix A.1): 

( ) ( )( ) ( )txfBKxBKABxAe ,NLrmmm rrt −+−−+=& . (3.7) 

Then by adding and subtracting Amx(t), the error equation becomes: 

( ) ( ) ( ) ( )txfBKBxBKAAxxAe ,)()()()()( NLrmmmm trtttt −−++−+−=& . (3.8) 

If: 

( ) 0, =tNL xf , 

0=− rm BKB , and 

( ) 0=+− BKAAm  

(3.9a) 

(3.9b) 

(3.9c) 

are true, then the error equation reduces to: 

( ) ( )tt meAe =& . (3.10) 

This ensures that e → 0 as t → ∞, as long as Am is stable. 

The first condition states that the actual system is linear and time invariant.  The 

last two conditions are used to determine the values of K and Kr.  To satisfy the second 

condition (Appendix A.2): 

mr BBK += . (3.11) 

where the superscript plus sign (+) denotes the psuedo-inverse: ( ) TT BBBB 1−+ = .  To 

satisfy the third condition (Appendix A.3): 

( )mAABK −= + . (3.12) 

These equations for K and Kr assume that the pseudo inverse of B has full rank. 

The values of K and Kr do not guarantee Equation (3.9) unless Erzberger’s 

conditions for perfect model following are met [16].  Erzberger’s conditions are: 
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( )( ) 0=−− +
mn AABBI ,  (3.13a) 

and  

( ) 0=− +
mn BBBI , (3.13b) 

where In is an n × n identity matrix.  These conditions are derived from the same 

equations used to determine the controller gains, and these derivations are shown in 

Appendix A, Section A.4.  If these conditions are met, then the gains calculated will 

provide the desired results.  In general, however 

( ) 0≠− +
mn BBBI ;  (3.14) 

If Erzberger’s conditions are not met, then the reference model needs to be redesigned.  

Landau states that if both the plant and the reference model have Luenberger-type 

controllable canonical structures, then Erzberger’s conditions will be met [14]. 

3.2 Model Reference Adaptive Controller 

The previous section discussed how to determine appropriate values for the controller 

gains when assuming a linear and time invariant plant.  If the plant is non-linear or is time 

varying, then Equation (3.10) becomes: 

( ) ( ) ( )ttt NLm ,xfeAe −=& . (3.15) 

To compensate for the time-varying term, the controller must also be time varying: 

( ) ( )( ) ( ) ( )( ) ( )trtttt rr KKxKKu δδ ++−−= , (3.16) 

where K and Kr are the same as they were previously defined, and δK and δKr are time 

varying gain adjustments.  By substituting the adjusting controller into the error equation, 

the error equation becomes: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )tttrttrtt NLrmrmm ,xfKxKBxBKAABKBeAe −+−+−+−+= δδ& , 

(3.17) 

as is derived in Appendix A, Section A.5.  Again, K and Kr are selected so that the 

second and third terms are canceled out.  The error equation now reduces to: 

( ) ( ) ( ) ( ) ( )( )tttrtt NLrm ,xfKxKBeAe −+−= δδ& . (3.18) 

The values of δK and δKr must be selected for the nonlinear terms to be canceled, which 

will cause the error equation to become the same as for the linear time invariant case. 
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Because ( )tNL ,xf  is unknown, δK and δKr cannot be explicitly solved for.  The 

gain adjustments can be found using Hyperstability theory, which deals mainly with the 

stability of systems that can be broken into a linear time invariant block and a non-linear 

and/or time varying block.  If the linear time invariant block is such that the system is 

globally stable for all non-linear blocks satisfying the Popov integral inequality [14]: 
 

( ) ( ) 2
2

1

γ−≥∫
t

t
e

T
e dttwty  for all 21 tt ≥ , 

(3.19) 

then the feedback system is said to be hyperstable.  The linear block is therefore a 

hyperstable block.  A block diagram of this system is shown in Figure 3.1. 

e(t) ye(t) 

Nonlinear time-
variant system 

Σ 
Linear time-

invariant system 
+ 

- 
Ce 

we(t) 

 

Figure 3.1: Equivalent feedback system used in hyperstability theory 

For model reference adaptive control let: 

( ) ( ) ( ) ( ) ( )trtttt re KxKw δδ += , (3.20) 

so that the dynamic error becomes: 

( ) ( ) ( ) ( )ttftt eNLm BwxeAe −−= ,& , (3.21) 

and the output error is: 

( ) ( )tt ee eCy = . (3.22) 

One of Popov’s main assertions is that if Am, B, and Ce form a hyperstable block and the 

adaptive block satisfies the Popov inequality, then the error will asymptotically approach 

zero. 

The hyperstability problem is solved though the proper selection of Ce, according 

to: 

PBC T
e = , (3.23) 

where the matrix P is found by solving the Lyapunov equation: 
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QPAPA −=+ T
m m , (3.24) 

The coefficient matrices P and Q in (3.24) are both positive definite. 

Satisfying the Popov inequality is a bit more complicated.  Landau has presented 

a solution that yields equations for δK and δKr: 

( ) ( ) ( )tdtK
t

2
0

1 φττφδ += ∫ , and 

( ) ( ) ( )tdtK
t

r 2
0

1 ψττψδ += ∫ , 

(3.25) 

 

(3.26) 

  

where: 

( ) ( ) ( )GxFy τττφ T
e=1 , (3.27a) 

( ) ( ) ( )GxyF tt T
e′=τφ2 , (3.27b) 

( ) ( ) ( )NrMy τττψ T
e=1 , and (3.27c) 

( ) ( ) ( )NryM tt T
e′=τψ 2 ; (3.27d) 

The matrices F, G, M, and N are positive definite, and F′, M′ are positive semi-definite.  

Several simplifications can be made to solve the Lyapunov equation and the equations for 

φ1, φ2 ,ψ1, and ψ2, such as: 

( )ndiag ηηη ,..., 21=Q  with 0>iη , (3.28a) 

ING == , (3.28b) 

IMF α== , (3.28c) 

and 

IMF β=′=′ , (3.28d) 

where 

0>α  and 0≥β , (3.28e) 

The matrix I is an n×n identity matrix.  Using these simplifications, the equations for φ1, 

φ2, ψ1, and ψ2 become: 

( ) ( ) ( )ττατφ T
e xy=1 , (3.29a) 

( ) ( ) ( )tt T
e xyβτφ =2 , (3.29b) 
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( ) ( ) ( )ττατψ T
e ry=1 , and (3.29c) 

( ) ( ) ( )tt T
e ryβτψ =2 . (3.29d) 

The constants α and β must be selected before the above equations can be solved, as will 

be described in more detail in Section 3.5.1. 

3.3 Reference Model 

To ensure the stability of the closed loop system, Am must have eigenvalues in the left-

hand side of the complex plane for stability.  These eigenvalues should be selected to 

provide the desired system performance.  Am should also have a Luenberger-type 

controllable canonical structure to ensure that Erzberger’s conditions are satisfied.  

Once Am has been selected, Bm must be selected to obtain the desired steady state 

value of the plant output.  This is accomplished by assuming that the steady state value 

will be equal to the reference input: 

ryy == ssmss , , (3.30) 

and that the model has reached steady state, 

0, =ssmx& . (3.31) 

In the above equations, the subscript “ss” denotes steady state.  Combining these 

equations with the system equation yields: 

0, =+ rBxA mssmm . (3.32) 

As derived in Appendix A, Section A.6, the above equation can be rearranged to show 
+−= CAB mm . (3.33) 

Therefore, by selecting a stable Am, the model will be stable, and the error will approach 

zero. 

3.4 Discrete Control Law 

Since, the controller for this system has been implemented digitally, the continuous 

controller that has been developed throughout this chapter must be transformed into the 

discrete domain.  The transformation from the continuous domain to the discrete domain 
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is not be derived here, but is detailed by Franklin, et al. [19].  A zero-order hold 

assumption is used for the sampling process. 

The discrete-time form of the reference model is: 

( ) ( ) ( )tkk mmmm rΓxΦx +=+1 , (3.34) 

where 

( )mm tAΦ ∆= exp , (3.35) 

and 

( ) m

t

mm BAΓ ∫
∆

=
0

dexp ττ . 
(3.36) 

The sampling period is ∆t, and the discrete time variable is the integer k.  The equation 

for the controller has no integrals or derivatives, therefore: 

( ) ( )( ) ( ) ( )( ) ( )kkkkk drdrdd rKKxKKu ,, δδ ++−−= . (3.37) 

The zero-order hold equivalent of the adaptive gains are: 

( ) ( ) ( ) ( ) ( ) ( )111 −−−+−= kkkkkk T
e

T
edd xyxyKK σβδδ , and (3.38) 

( ) ( ) ( ) ( ) ( ) ( )111,, −−−+−= kkkkkk T
e

T
edrdr ryryKK σβδδ , with (3.39) 

t∆−= αβσ , (3.40) 

( ) ( )kt ee eCy = , (3.41) 

where 

( ) ( ) ( )kkk m xxe −= . (3.42) 

  

The initial conditions are: 

( ) 01 =−dKδ , (3.43a) 

( ) 01, =−drKδ . (3.43b) 

The control gain Kd, and Kr,d must be determined using the discrete equivalents of 

the matrices A, Am, B and Bm.  The discrete equivalents of Am and Bm are φφφφm and ΓΓΓΓm, and 

are described above.  The discrete equivalents of A and B as φφφφ and ΓΓΓΓ are found similarly.  

The discrete equivalents of K and Kr are: 

md ΓΓK += , (3.44) 
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and 

( )mdr ΦΦΓK −= +
, . (3.45) 

3.5 Optimizing the Control Law 

In the previous sections, several parameters have been used that must be selected as part 

of the controller design.  These parameters include the eigenvalues of the reference 

model, α and β from the adaptation equations, and Q used to determine Ce.  In addition 

to selecting these parameters, the controller must be broken in subsystems for it to be 

decentralized.  These topics are discussed in the following sections. 

 

3.5.1 Parameter Adjustments 

To complete the design of the MRAC, eigenvalues of the reference model, α and 

β from the adaptation equation, and Q used to determine Ce, must be selected.  

The eigenvalues of the reference model must be stable and should be selected so 

as not to exceed the capability of the system.  Performance parameters such as rise time, 

settling time, and overshoot should be considered when selecting the eigenvalues.  The 

eigenvalues for each subsystem should be the same so that movements can be 

coordinated. 

The values of α and β are arbitrary and are selected through trial and error.  

Stoten recommends starting with α = β = 1, then increasing β to reduce the settling time 

of the adaptation, and increasing the ratio β/α to improve damping [16].  At each 

iteration, the system should be simulated to examine the effect of the changes; a ten-fold 

increase at each step is an acceptable adjustment.  The final values of α and β are not 

critical, but they cannot be increased indefinitely because that may magnify noise within 

the loop.  Stoten has drawn an analogy between α and β, and the integral and 

proportional gains of a PI controller, respectively.  Stoten has empirically found that the 

values of 100 for α and 10 for β worked well. 

The selection of Q is also relatively arbitrary.  Q is used in solving the Lyopunov 

equation to find P, which is used to calculate the weighting matrix for the error vector, 

Ce.  Q must be positive definite and symmetric about the diagonal.  Choosing Q to be a 
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diagonal matrix simplifies solving the Lyopunov equation, but the effect that this has on 

the controller is unclear.  Horner has found that increasing the values in Q increased the 

adaptation speed of the controller, but could lead to instability if the update rate was not 

sufficiently high [1].  This suggests that Q and the update rate should not be selected 

independently.  Horner has also found that the values along the diagonal of Q are 

associated with the states of the system.  This means that, if the diagonal value associated 

with position is larger than that with velocity, then the controller will attempt to match 

position more closely than velocity.  The selection of Q is accomplished through trial and 

error. 

3.5.2 Decentralized MRAC 

Stoten originally presented the decentralized controller used in this study [16].  

Breaking the overall system into several subsystems, each with an independent controller, 

creates a decentralized system.  For a mobile robot, each joint should be an independent 

subsystem.  If it is possible to break a system into two subsystems, then: 









=

2221

1211

AA
AA

A , 
(3.46) 

and 









=

2221

1211

BB
BB

B . 
(3.47) 

If the off diagonal terms are ignored, then the system equations become: 

( )tu NL ,1111111 xfBAx ++=& , and (3.48) 

( )tu NL ,2222222 xfBAx ++=& , (3.49) 

where x1 and x2 are the states of each subsystem.  This method of decentralization ignores 

coupling between subsystems.  By ignoring the coupling between the subsystems in the 

design of the controller, they effectively become a part of the non-linear term fNL(x,t).  If 

the controller is properly designed, the adjustable gains should be able to compensate.  

Ignoring the coupling terms has the benefits of reducing the number of computations 

required by the controller and of allowing for parallel processing. 



 

Chapter 4 

4Experimental Setup 

This chapter outlines the steps taken to prepare for testing the model reference adaptive 

controller (MRAC) on the mobile robot.  First, a robot, shown in Figure 4.1, was 

purchased, and then modified to interface with the dSpace controller prototyping 

equipment.  This modification included adding power amplifiers for the motors and 

designing a transducer for measuring the base position and velocity.  Once the robot was 

assembled, specific link parameters were measured for use in determining the initial 

gains and the weighting constants for the adaptive controller.  These parameters included 

the motor constants as well as the moments of inertia for each of the links.  Finally, the 

controller was laid out in Simulink/dSpace.  The dSpace module Trace was used as the 

user interface for the Autobox, and the dSpace module Trace was used to record data for 

future use.  Figure 4.2 shows a block diagram of the test setup. 

 
Figure 4.1: Assembled Robot 
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Trace 
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Start Simulation 
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Figure 4.2: Experimental block diagram 

4.1 Robot Construction 

At the time of selection, the robot used in this research was the only articulated-arm 

mobile robot available that met the cost constraints of the research.  Several 

commercially available mobile robots were considered, but all were beyond the cost 

constraints of this project.  Building a robot to meet the needs of this research was briefly 

considered, but the design and construction of a mobile robot is a research project within 

itself. 

A basic four-axis articulated arm mobile robot platform was purchased from 

Mondotronics, an Internet based hobby robotics supplier.  This particular robot only 

provided position feedback and did not have sufficient structure on the linkages to allow 

for the addition of sensors for providing velocity feedback.  Using the Mondotronics 

robot and calculate the velocity by using the derivative block in Simulink was deem to be 

the most effective research method.   

Once the base robot was selected, it was modified to suit the research purposes.  

The actuators were hobby-type servomotors typically used with remote controlled 

vehicles.   Each actuator had a potentiometer for position feedback, as well as a controller 

to match position reference input.  The controller was removed from each servomotor and 

the actuators were wired to give direct access to the position feedback and to the motor 

input.  Power amplifiers were built to increase the power of the control signal from the 

Autobox.  A new base was constructed for the electronics could be mounted on the robot.  

Figure 4.1 shows the assembled robot. 

Since the actuators for the mobile base of the robot were also hobby-type 

servomotors that allowed the wheels less than a single rotation, the potentiometers could 

not be used to measure the base position relative to its starting position.  Therefore, the 
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potentiometer was removed and a different sensor was used to determine the base 

position.  A Polaroid ultrasonic sensor and a Motorola 68HC11[22-23] based Miniboard 

[24] were used for measuring the base position, calculating the base velocity, and sending 

the output proportional signals for each through 8-bit digital-to-analog converters.  The 

transducer had a positional range of 0.1 to 1.4 meters and a velocity range of ±2.9 meters 

per second.  The velocity was estimated as the position change divided by the time 

change between pings.  The transducer provided relatively clear signals that required no 

further filtering. 

Finally, a panel was mounted on the rear of the robot, providing input/output 

access to the robot.  BNC jacks provided access to the sensors and to the input signals.  

Banana plugs were used to provide ±12 volts, +5 volts, and ground.  Figure 4.3 shows the 

arrangement of connectors on the rear panel of the robot.  The ultrasonic sensor is on the 

left, the BNC connectors for the input and output are in the center, and the power 

connections are on the right. 
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Figure 4.3: Diagram of Robot’s Rear Panel 

4.2 Parameter Identification 

Once the robot was modified, the parameter values were determined.  These parameters 

were necessary to calculate the initial gains and the error-scaling vector for the adaptive 

controller.  The initial gains were calculated to give the desired response for the 

linearized model of the robot as shown in Section 3.1.  It was desired to have the initial 

error to be zero, in order to make only small, incremental gain changes for maintaining 

the desired response.  The error-scaling vector, Ce, was selected so that the 

plant/controller system would be hyperstable, as described in Section 3.2.  The 
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parameters that needed to be determined for each link were the mass, the length, the 

distance from the joint to the center of mass, and the polar and non-polar moments of 

inertia.  In addition, the motor constant and the damping constants for each of the 

actuators were determined.  The determination of these constants is described in the 

following sections. 

4.2.1 Determination of Link Masses, Lengths, and Moments of Inertia 

The masses and lengths for the links were easily measured. Determining the 

distances between the joint and the center of mass and the link moments of inertia was 

only slightly more difficult.  The mass and dimensions of each piece of each link were 

measured.  These pieces were simple, which made their centers of mass and moments of 

inertia easy to calculate.  The only assumptions necessary were that the effect of the 

screw holes and screws could be ignored and that the mass of the motors was uniformly 

distributed throughout its volume.  The first assumption was valid because the mass of 

the screws was small compared to the rest of the link.  The second assumption was valid 

because the motors were densely packed and small relative to the link, so the motors 

could be modeled as uniform masses without having a significant effect on the results.   

The polar moment of inertia was calculated about an axis parallel to the axis of 

rotation through the center of mass of the link, while the non-polar inertia was calculated 

about the axis that runs along the length of the link through its center of mass.  Table 4.1 

lists the values calculated for each of the moments of inertia, and Table 4.2 lists the 

masses and lengths measure for each of the links. 

Table 4.1: Link Moment of Inertias 

 Description  Parameter Value 
Moment of Inertia for link 1 (non-polar axis) J1 9.00 x 10-4 kg m2 
Moment of Inertia for link 1 (polar axis) J1p 1.16 x 10-5 kg m2 
Moment of Inertia for link 2 (non-polar axis) J2 1.25 x 10-5 kg m2 
Moment of Inertia for link 2 (polar axis) J2p 1.45 x 10-5 kg m2 
Moment of Inertia for link 3 (polar axis) J3 2.06 x 10-4 kg m2 
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Table 4.2: Robotic Arm Link Masses and Lengths 

Description Parameter Value 
mass of link 1 m1 0.0167 kg 
mass of link 2 m2 0.1364 kg 
mass of link 3 m3 0.1082 kg 
mass of base m4 0.8924 kg 
Distance from Joint to end of link 1 L1 0.0918 m 
Distance from joint to center of gravity of link 1 l1 0.0459 m 
Distance from Joint to end of link 2 L2 0.0957 m 
Distance from joint to center of gravity of link 2 l2 0.0479 m 

 

4.2.2 Determination of Motor Constants 

The torque and damping motor constants were needed to calculate the initial gains 

and Ce.  It was necessary to measure the motor constants because the manufacturer could 

not provide the information.  This was not surprising since the motors were modified 

actuators normally used for remote controlled vehicles.  Unmodified servos have internal 

controllers that are sufficient for their intended purpose, so the manufacturer would not 

expect a user to need the motor constants and therefore would not have them available. 

Determining of the torque and damping motor constants proved to be considerably more 

difficult than determining the other robot model parameters.  Three different methods 

were used to determine these motor constants, each method giving different results.  The 

three methods used were frequency response matching, component parameter 

measurement, and step response matching.  The frequency response method was used 

first, but the response measured did not fit the motor model, as indicated in Figures 4.4-

4.7.  The component parameter measurement method was used next, but one of the 

parameters could not be measured accurately with the available equipment.  The step 

response matching method was used last, as shown in figures 4.8-4.11, but the motor 

constants varied for each moment of inertia used.  Each of these testing methods should 

have resulted in similar values for the motor constants, with some values more accurate 

than others.  In actuality, each test resulted in values differing from the others by several 

orders of magnitude.  Non-linearities within motor are likely to have caused the motor to 

perform differently for different operating conditions.  Since the operating conditions 

vary depending on joint position, velocity, payload, etc., the parameter values of the order  
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Figure 4.4: Motor Frequency Response with no added inertia 
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Figure 4.5: Motor Frequency Response with 0.0197 kg m2 added 
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Figure 4.6: Motor Frequency Response 0.0431 kg m2 added 
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Figure 4.7: Motor Frequency Response with 0.078 kg m2 added. 
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Figure 4.8: Motor Step Response with no added inertia 
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Figure 4.9: Motor Step Response with 0.0197 kg m2 added 
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Figure 4.10: Motor Step Response with 0.0431 kg m2 added 
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Figure 4.11: Motor Step Response 0.0788 kg m2 added 
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of magnitude found by two of the three tests were used.  These results are detailed in the 

following sections. 

The DC motor model used in Horner’s thesis required the torque and damping 

constants [1].  These constants come from the transfer function of torque as a function of 

input voltage: 

( )bss
K

V
T m

+
= , 

(4.1) 

where T is torque, in N-m, V is voltage, in V, Km is the motor's torque constant, in N-

m/V, b is the motor's damping constant, in N-m/s, and s is the Laplace variable. 

This transfer function could not be measured directly, so the transfer function of 

position, as a function of input voltage was measured instead.  This transfer function for a 

DC motor is:   

( )





 +
+

=

JR
KKFR

ss

JR
K

V

A

BTVA

A

T

θ , 

(4.2) 

and is developed by Franklin and Powell in [19].  In Equation (4.2), θ is the motor’s 

position in radians, V is the voltage applied to the motor in V, J is the inertia of the motor 

and attached mass in kg-m2, KT is the torque constant in N m/A, RA is the armature 

resistance in Ω, FV is the motor viscous damping in N m/s, and KB is the back EMF 

constant in V/radian/s. 

Torque is equal to the angular acceleration multiplied by the moment of inertia; 

therefore, the desired transfer function can be achieved by multiplying this transfer 

function by Js2.  Using this information, and simplifying Equation (4.2) to be in terms of 

Km and b, the position transfer function becomes: 

( )bss
K

V +
=θ . 

(4.3) 

4.2.2.1 Frequency Response Matching 

The first method used for determining the motor constant servomotors was 

matching the motor frequency response under different inertial loading conditions, to a 

simplified version of Equation (4.2).  The frequency response of the motor/amplifier 
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system was collected using an HP35665A Signal Analyzer.  The input signal for the 

frequency response tests was a periodic chirp with amplitude of 1 volt and frequencies 

spanning from 0 to 100 Hz.  Using a Hanning window, the data were collected over a 

four-second sample period, and were averaged over ten tests.  Tests were run with four 

different moment of inertia loads: no added inertia, and 0.0197, 0.0431, and 0.0788 kg-

m2 added.  Once the data was collected, the simplified motor model of Equation (4.3) was 

matched to each data set by adjusting K and b.  After adjusting the model to match the 

data, the inertia of the motor was calculated using the assumption that Km is constant for 

different moments of inertia, and that: 

total

m

J
KK = , 

(4.4) 

where Jtotal is the motor inertia plus the added inertia. 

These collected frequency responses did not match what was expected from the 

DC motor model.  Without added inertia, the frequency response of the motor gave a 

frequency response close to the expected model. With added inertia, the frequency 

responses had large, unexpected changes in both magnitude and phase, as shown in 

Figures 4.4–4.7.  The coherence approached zero at the same frequency that magnitude 

and phase deviated from the expected model.  The frequency at which the dip occurred 

decreased as the inertia increased.  Further tests were run to eliminate the dips in 

coherence, but improving the quality of the data was not possible.  Another method to 

determine the motor constants was needed. 

4.2.2.2 Parameter Measurement 

The second method used for determining the motor constants was measuring the 

parameters that make Equation (4.2).  For this method, FV was assumed to be much less 

than one, and therefore negligible.  KB was measured by driving the motor at a constant 

speed and measuring the voltage generated across the leads.  RA was measured as the 

resistance across the motor leads.  J was estimated by calculating the inertia of a cylinder 

with the size and mass of the motor.  Literature detailing the necessary test for measuring 

KT was not available; therefore, KT was estimated with a static test, measuring the 

necessary current for holding a constant torque stationary.  The motor constants found 



 27 

using this method were small, and resulted in large initial gains, which cause the system 

to be unstable.   

4.2.2.3 Step Response Matching 

The final method used for determining the motor constants was matching the 

motor model to the position step response of the motor.  The step response of the motor 

was measured for input voltages of 0.25, 0.5, and 1 volt with added moments of inertia of 

0.0197, 0.0431, and 0.0788 kg-m2, as shown in Figures 4.8–4.11.  By adjusting K and b, 

the step response of the system described by Equation (4.2) was matched to this data.  

The moment of inertia for the motor was then found by approximating it as a uniform 

cylinder, then Km was found using Equation (4.4).  For a given inertia, the values of Km 

and b were similar between tests, but these constants changed significantly with inertia.   

4.2.2.4 Motor Constant Results 

Each testing method resulted in different values for Km and b; however, the 

frequency method and the step response method gave constants with the same order of 

magnitude.  Why the constants varied so much between tests is unknown, but the motor 

non-linearities are a likely explanation.  Each test examined the motor’s performance 

under different operating conditions, which may have caused the motor to perform 

differently.  This seems likely because the motors were designed for remote control 

vehicles, where linearity was not a necessity.  Actuator non-linearity is included in the 

controller design described in Section 3.2, so the controller should be able to compensate 

for this non-linearity.  Another possibility for the variation of the motor constants 

between tests is that compliance in the added inertia added an additional pole to the 

system that was not accounted for in the system model.  Adding a term for flexibility in 

the inertial load may have improved model matching. 

Values for Km and b were selected to be consistent with the frequency and step 

response methods.  Selecting values for these constants made calculating initial gain 

possible.  The initial gains are not critical to the performance of the controller because 

Horner showed that the controller performs well even if the initial gains are both selected 

to be zero.  

Table 4.3 shows the ranges found for each of the testing methods [1]. 
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Table 4.3: Damping and Motor Coefficients 

Description Frequency 
Response 

Parameter 
Measurement 

Step 
Response 

Link damping (kg-m2/s) 3 to 25 5.1 x 10-9 0.4 to 13 
Link motor constant (N-m/V) 0.03 to 0.7  2.4 x 10-5 0.07 to 1.7 

 
 

4.3 Determination of Controller Values 

After all of the system parameters were defined, the values of K, Kr, and Ce needed to be 

calculated.  These calculations required the values of A and B for each of the subsystems, 

which were calculated using the following equations defined by Horner [1]: 
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where: 
2
1211

~ LmJJ += θθ , 

2
1111 lmJJ +=θ  

2
2222 lmJJ +=θ , and 

where the above constants and parameters are as defined in Tables 4.1– 4.3.   

Using these values for A and B, the equations derived in Section 3.2, the digital 

representation of the continuous system: 
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as the reference model, and a sample time of 0.01 seconds, and  
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for each link, the error weighting matrix and the initial gains for each of the joints were 

found to be: 
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4.4 dSpace Controller Setup 

As the final step in preparing for tests, the model reference adaptive controller was 

implemented on the Autobox in dSpace.  The block diagram performed the following 

functions: scaled the input and output for the Autobox, filtered the input signal, converted 

the input signal from volts into the appropriate units, calculated the velocity for the 

angular position, generated the control signal, and took control signal saturation into 

account.  The dSpace Cockpit application was used to adjust various parameters for the 

adaptive controller, and the Trace application was used to save data. 

The highest level of the block diagram was the input and output of the link 

controllers, and performed the filtering and saturation for the link inputs and outputs, as 
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depicted in Figure 4.12.  The gain blocks immediately after the input and immediately 

before the outputs were required so that the input and output signals recorded by the 

Autobox matched the actual signals.  After the input voltages were properly scaled, they 

were converted from voltage into the units used by the controller: meters for the base 

position, meters per second for the base velocity, and radians for the joint positions.  This 

linear conversion consisted of an offset and a slope variable.  Next, the angular velocity 

of the joint was calculated using the derivative block, so that the controller could use it.  

Each link of the robot had its own decentralized model reference adaptive controller with 

inputs of position, velocity, and step trigger.  The values of the step trigger reinitialized 

the controller and signaled a running test.  When the value was on, a test was running, 

and when the value was zero, a test was not running.  After the signal left the control 

block, it entered a saturation block.  This block saturated the control signal at ±10 volts, 

matching the saturation of the Autobox. 

The next lowest level of the controller was the decentralized model reference 

adaptive controller in Simulink, shown in Figure 4.13.  The link position, velocity, and 

step trigger were input, while the control signal was output from the link controller.  The 

controller was the block diagram implementation of the digital adaptive controller 

described in Section 3.4.  The response of the link was supposed to match the response of 

the reference model mentioned in the previous section.   

The block values highlighted in blue are the adaptive controller variables that 

were adjusted using dSpace Cockpit.  The on/off block was used to isolate joints while 

testing.  When the block was set to off, the control signal from the block was set to zero.   

dSpace modules, Cockpit and Trace, simplified the adjustment of the adaptive 

controller as well as recorded variables from within the controller.  The variables that 

could be adjusted for each link were: Ce, K, Kr, β, σ, the reference angle, and the 

calibration variables.  The Cockpit window also allowed each link and the step-input to 

be turned on and off. 
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Figure 4.12: Top Level Controller Block Diagram in dSpace/Simulink 

 

 
Figure 4.13: Simulink Block Diagram of Model Reference Adaptive Controller 

 



 

Chapter 5 

5Experimental Results 

This chapter outlines the tests that were performed to evaluate the performance of a 

decentralized model reference adaptive controller on a mobile robot.  The response was 

unstable when the robot was first run with the state space controller using the gains that 

were calculated using the theory described in Section 3.1.  Because it was unclear at the 

time why the system was unstable, tests were run beginning with the least complex 

system, then increasing the complexity of the system. 

5.1 Constant Gain Controller without Robot in the Loop 

The first tests were performed to determine stable ranges of gains for the state space 

controller.  These tests had only the state-space controller in the loop, and they helped to 

resolve issues about how the Autobox scaled the input and output signals.   

For these tests, the Autobox outputs were connected directly to its inputs, the 

learning constants were set to 0 (zero) so that the controller was constant-gain, and the 

step response was examined.  These tests confirmed that the Autobox was setup correctly 

and that the constant-gain controller was working properly.  These tests also showed that 

the Autobox scales its inputs and output signals by a factor of 10.  Scaling blocks were 

included to the block diagram in Figure 4.12 so the actual output matched the expected 

output.   

Figure 5.1 shows the position response of the Autobox as the position gain 

increased.  As the position gain increased, the magnitude of the oscillations increased, 

and when the gain is increased beyond 1.0, then the response becomes unstable.  Figure 

5.2 shows the position response of the Autobox as the delayed position gain increased.  

Again, the magnitude of the response increased as the gain increased, and when the gain 

approached 1.0, then the response becomes unstable.  These responses make sense 

because the input for the next iteration is the same as the output of the current iteration, 

and if at each step the output is increased, then the response will become unstable. 
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Figure 5.2 shows the position response, as the delayed position gain was made 

more negative.  This added damping to the system; reducing the overshoot, and 

increasing the rise time.  However, if the gain is increased beyond -0.7, then the response 

becomes unstable. 

These tests showed that the Autobox, and the constant-gain controller were 

working properly, that the position gain for the Autobox only system must be between 

0.0 and 1.0, and that the delayed position gain must be between –0.7 and 1.0. 
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Figure 5.1: Linear Constant Gain Controller Tests Without Robot, Varying K1 

 

 

Figure 5.2: Linear Constant Gain Controller Tests Without Robot, Varying K2 
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Figure 5.3: Linear Constant Gain Controller Tests Without Robot, Varying K1 Negative 
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5.2 Constant Gain Controller with Robot in the Loop 

A second set of tests was run using the state-space controller on a single joint of the 

robot.  These tests were performed to calibrate the sensors, to verify that the robot was 

operational, and to determine stable initial gains for the adaptive controller.   

To calibrate the joint position sensors, each link was attached to the Autobox and 

moved through its entire range of motion.  The voltage range was recorded, and an 

appropriate scaling equation was found for each joint. 

The initial gains calculated in Section 4.3 were tested and found to make the 

system unstable, causing significant damage to the robot.  After the robot was repaired, 

various values for K were tested.  At first, the velocity gain, K2, was set to zero, and the 

position gain, K1, was increased from zero until the response became unstable.  The 

results of these tests can be seen in Figures 5.4 – 5.6.  The position gain was then set to 

0.25, and the velocity gain was increased from zero until the response became unstable.  

The results from these tests can be seen in Figures 5.7-5.9. 

These tests demonstrated the correct operation of the adaptive controller, and 

found that the initial gains calculated in Section 4.3 were unstable.  A suitable stable gain 

of: 

[ ]025.0=K    

was selected as the initial gain for the adaptive controller. 



 37 

 
Figure 5.4: Linear Constant Gain Controller Tests With Robot, Varying K1: Position 

 

 

Figure 5.5: Linear Constant Gain Controller Tests With Robot, Varying K1: Velocity 
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Figure 5.6: Linear Constant Gain Controller Tests With Robot, Varying K1: Control Signal 

 

 

Figure 5.7: Linear Constant Gain Controller Tests With Robot, Varying K2: Position 
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Figure 5.8: Linear Constant Gain Controller Tests With Robot, Varying K2: Velocity 

 

 

Figure 5.9: Linear Constant Gain Controller Tests With Robot, Varying K2: Control Signal 
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5.3 Decentralized MRAC without Robot in the Loop 

The next set of tests was designed to verify that the model reference adaptive controller 

was operating correctly.  Again, the controller was tested without the robot in the loop, 

which simplified the process of debugging the adaptive controller.   

The correct operation of the adaptive controller was validated by comparing the 

response of the Autobox controller to the response of a Simulink simulation of the test, 

and to a MATLAB M-File of the test.   

The simulation of the decentralized model reference adaptive controller system 

almost exactly matched the response of the actual system, as shown in Figures 5.10-5.12.     

Figures 5.13-5.17 show a β/σ of 100 does not provide good model following early in the 

step response if the initial gains are non-zero; however, if the initial gains are set to zero, 

then a β/σ of 100 works well as long as β is sufficiently large, as can be seen in Figures 

5.18-5.22.  It should also be noted that by making β too large, the system will become 

unstable. 

Finally, the effect of varying Ce was examined, as shown in Figures 5.23-5.32.  

First Ce1 was varied while Ce2 was constant at 0.5, shown in Figures 5.23-5.27, then Ce2 

was varied while Ce1 was held constant at 1.5, as shown in Figures 5.28-5.32.  Increasing 

Ce1 improved the ability of the system to match the model, but no values of Ce1 were able 

to make the system follow the model through the transient part of the response.  

Increasing Ce2 improved the ability of the system to match the model slightly, but quickly 

led to oscillations in the response and instability. 

These tests confirmed that the adaptive controller was working properly, allowed 

the selection of a β/σ of 100, showed that initial gains of zeros sometimes provide better 

performance, and gave some indication of how Ce affects system performance. 
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Figure 5.10:  Sample comparison of Autobox Only DMRAC response and MATLAB Simulation: Position 

 

 

Figure 5.11: Sample comparison of Autobox Only DMRAC response and MATLAB Simulation: Scaled 
Error 
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Figure 5.12: Sample comparison of Autobox Only DMRAC response and MATLAB Simulation: K 

 

 

Figure 5.13: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: 
Position 
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Figure 5.14: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: Error 
Signal 

 

 

Figure 5.15: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: Kr 
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Figure 5.16: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: K1 

 

 

Figure 5.17: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: K2 
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Figure 5.18: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: 
Position 

 

 

Figure 5.19: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: Error 
Signal 
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Figure 5.20: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: Kr 

 

 

Figure 5.21: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: K1 
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Figure 5.22: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying β: K2 

 

 

Figure 5.23: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying Ce: 
Position 
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Figure 5.24: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying Ce: Error 
Signal 

 

 

Figure 5.25: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying Ce: Kr 
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Figure 5.26: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying Ce: K1 

 

 

Figure 5.27: Decentralized Model Reference Adaptive Controller Tests Without Robot, Varying Ce: K2 
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Figure 5.28: Decentralized Model Reference Adaptive Controller Test Without Robot, Varying Ce2: 
Position 

 

 

Figure 5.29: Decentralized Model Reference Adaptive Controller Test Without Robot, Varying Ce2: Error 
Signal 
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Figure 5.30: Decentralized Model Reference Adaptive Controller Test Without Robot, Varying Ce2: Kr 

 

 

Figure 5.31: Decentralized Model Reference Adaptive Controller Test Without Robot, Varying Ce2: K1 
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Figure 5.32: Decentralized Model Reference Adaptive Controller Test Without Robot, Varying Ce2: K2 
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5.4 Decentralized MRAC with Robot in the Loop 

For the final set of tests, the decentralized model reference adaptive controller was 

attached to one link of the robot, and its performance was examined.  The controller 

using the K and Kr found in Section 5.2 and the Ce calculated in Section 4.3 was unstable 

for almost all non-zero βs.  Setting the initial gains to zero did not improve the 

performance.  The values of β that did provide a stable response yielded a response 

almost identical to that of the constant-gain controller. 

At this point, the experiments performed to determine the motor constant, 

described in Section 4.2.2, were reexamined, but no error was found.  Since Ce could not 

be found using the method described in Section 3.2, experiments were run to try to find it 

empirically.  This required varying Ce1, Ce2, and β independently.  A samples of the tests 

run can be seen in Figures 5.33-5.54.  After many attempts to find a stable combination 

of β and Ce, a stable response was not found for any non-zero value of β. 

The method of determining the velocity as the derivative of the position 

measurement induced a significant amount of noise.  Because of the robot’s support 

structure limitations, it was not possible to add a velocity measurement sensor to the 

robot.  Therefore, attempts were made to reduce velocity measurement noise by filtering, 

as shown in Figures 5.55-5.60.  A seven-pole Butterworth filter was added to the block 

diagram shown in Figure 4.12.  The cut-off frequency was varied to see if the 

performance could be improved, but filtering the velocity signal only induced lag in the 

controller, which led to oscillations and instability. 
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Figure 5.33: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: Position 

 

 

Figure 5.34: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: Velocity 
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Figure 5.35: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: Control 
Signal 

 

 

Figure 5.36: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: Error 
Signal 
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Figure 5.37: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: Kr 

 

 

Figure 5.38: Decentralized Model Reference Adaptive Controller Test With Robot, Varying I: K1 
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Figure 5.39: Decentralized Model Reference Adaptive Controller Test With Robot, Varying β: K2 

 

 

Figure 5.40: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: Position 
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Figure 5.41: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: Velocity 

 

 

Figure 5.42: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: Control 
Signal 
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Figure 5.43: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: Signal 

 

 

Figure 5.44: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: Kr 
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Figure 5.45: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: K1 

 

 

Figure 5.46: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce1: K2 
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Figure 5.47: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: Position 

 

 

Figure 5.48: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: Velocity 
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Figure 5.49: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: Control 
Signal 

 

 

Figure 5.50: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: Error 
Signal 
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Figure 5.51: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: Kr 

 

 

Figure 5.52: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: K1 
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Figure 5.53: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Ce2: K2 

 

 

Figure 5.54: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: Position 
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Figure 5.55: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: Velocity 

 

 

Figure 5.56: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: Control Signal 
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Figure 5.57: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: Error Signal 

 

 

Figure 5.58: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: Kr 
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Figure 5.59: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: K1 

 

 

Figure 5.60: Decentralized Model Reference Adaptive Controller Test With Robot, Varying Filter Cut-off 
Frequency: K2 
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5.5 Concluding Remarks 

A stable response from the mobile robot with the adaptive controller was not obtained 

using the controller parameters calculated in Chapter 4.  The parameters used to calculate 

the initial gains and Ce were re-examined, but no error was found.  Assuming that the 

instability was due to Ce having been calculated incorrectly, tests were performed to see 

if a value for Ce could be found that matched the model.  These tests did not yield a 

stable response for non-zero values of β. 

Velocity measurement noise was considered the next likely cause of instability, so 

adding joint velocity sensors to the robot was investigated.  However, this was not 

possible because of the limited support-structure on the robot.  Low-pass filtering was 

added to the joint velocity measurement in an attempt to improve the controller 

performance.  Filter cut-off frequencies that were sufficiently low to remove the noise 

from the velocity measurement induced lag that caused the system to be unstable. 

 



 

Chapter 6 

6Conclusions 

6.1 Summary 

The model reference adaptive controller's performance was not fully evaluated because a 

stable response was not obtained.  With a simple state space controller, the robot could be 

made stable; however, the adaptive controller was unstable for all learning constants, β 

and σ, that changed the gains more than a few percent.  Two possible reasons for the 

adaptive controller instability were theorized.  The first involves the determination of the 

error scaling constant, Ce, and the second involves the estimation of the joint velocities 

using the derivative block in Simulink. 

The first possible reason for the adaptive controller instability was the inability to 

obtain correct system identification for the robot.  Incorrect system identification would 

result in the incorrect calculation of the error-scaling vector for each joint.  Hyperstability 

is one of the model reference adaptive controller's requirements for stability, and if the 

error scaling is not appropriate for the system, the adaptive controller is not hyperstable.  

This is a possible explanation for the controller instability since consistent values for the 

motor constants, Km and c could not be obtained.  The three techniques used to determine 

the motor constants resulted in widely varying values, some differing by several orders of 

magnitude.  Within each test method, the motor constants changed with test parameters, 

such as added inertia and input voltage. 

Another possible cause for the adaptive controller's instability was calculating 

joint velocity using the derivative block in Simulink, rather than measuring it.  The 

method of calculating velocity, as the change in position divided by the change in time, is 

very susceptible to noise.  In this case, the noise was so large that the velocity 

measurement appeared random.  In an attempt to get a useable velocity measurement, the 

signal was filtered.  This reduced the noise, but also introduced a phase shift that may 

have contributed significantly to the system instability. 
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6.2 Future Studies 

The analytical and numerical results modeled by Horner for a decentralized model 

reference adaptive controller on a mobile robot could not be verified due to hardware 

limitations.  Future research should seek to resolve the issues encountered in this 

research. 

The first suggestion for future research would be to repeat this research with a 

more suitable robot.  A more suitable robot would have actuators whose torque and 

damping constants could be more accurately measured, or could be provided by the 

manufacturer, which would eliminate the difficulties encountered in this research in 

determining the motor constants.  The robot should also provide a joint velocity 

measurement, which would eliminate the noise induced by calculating the velocity from 

the position measurement.  Purchasing a robot that met these two requirements would 

substantially increase the cost of the project, but would further this research. 

Another possibility for future research would be to develop a state observer for 

estimating velocity.  This was also a topic of future research suggested Horner's thesis, 

the base for this mobile robot research.  Horner suggested using observers to reduce the 

number of required sensors and to reduce the effect of sensor failure.  This particular line 

of research should be simulated before being testing experimentally. 

Other possibilities for future research would be to simulate and then test 

experimentally other adaptive control methods such as Least Mean Squares (LMS), self-

tuning regulators, fuzzy logic controllers, and neural network controllers.  
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Appendix A: Derivations 

This section contains the several derivations that are not necessary to the 

understanding of the adaptive controller, but do assist in understanding how the controller 

was developed.  Appendix A.1 is the derivation of the constant-gain error equation.  

Appendix A.2 is the derivation of Kr. Appendix A.3 is the Derivation of K.  Appendix 

A.4 is the derivation of Erzburger’s Condition for perfect model following [16].  

Appendix A.5 is the derivation of the adaptive controller’s error equation.  Appendix A.6 

is the derivation of Bm to provide zero steady state error. 

A.1 Constant-Gain Controller Error Equation 

Start with the definition of error Equation (3.5), 

)()()( ttt m xxe −= , 

and take its derivative, 

)()()( ttt m xxe &&& −= . 

Then substitute this equation for ( )tx  Equation (3.1) and ( )tmx  Equation (3.3) to get 

( ) ( )txBAxBxAe ,)()()()()( NLmmm ftuttrtt −+−+=& . 

Then substitute the constant-gain control law Equation (3.6) for )(tu , 

( )( ) ( )txKxKBAxBxAe ,)()()()()()( NLrmmm fttrttrtt −−+−+=& , 

and simplify to get: 

( )( ) ( )txBKxBKABxAe ,NLrmmm frr −+−−+=& . 

A.2: Derivation of the Controller Gain Kr  

Begin with the condition Equation (3.9b)  

0=− rm BKB , 

and solve for Kr: 

mr BBK =  

( ) ( ) m
TT

r
TT BBBBBKBBB 11 −− =  
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( ) m
TT

r BBBBK 1−= . 

A.3: Derivation of the Matrix Gain K 

Begin with the condition Equation (3.9c)  

( ) 0=+− BKAAm , 

and solve for K: 

mAABK −=  

( ) ( ) ( )m
TTTT AABBBKBBB −= −− 11  

( ) ( )m
TT AABBBK −= −1 . 

A.4: Erzburger’s Conditions for Perfect Model Following 

For the derivation of the first condition, begin with Equation (3.9b) 

0=−− BKAAm , 

and solve for K: 

AABK −= m  

( )AABBKB −= ++
m  

( )AABK −= +
m . 

Then substitute K back into Equation (3.9b), 

( ) ( ) 0=−−− + AABBAA mm , 

and simplify, 

( )( ) 0=−− +
mn AABBI . 

For the derivation of the second condition begin with Equation (3.9c), 

0=− rm BKB , 

and solve for Kr: 

mr BBK =  

mr BBBKB ++ =  

mr BBK += . 
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Then substitute Kr back into Equation (3.9c), 

0=− +
mm BBBB , 

and simplify: 

( ) 0=− +
mn BBBI . 

A.5: Adaptive Controller Error Equation 

Start with the definition of error Equation (3.5), 

)()()( ttt m xxe −= , 

and take its derivative to get: 

( ) ( ) ( )ttt m xxe &&& −= . 

Then substitute equation for ( )tx  Equation (3.1) and ( )tmx  Equation (3.3) to get 

( ) ( ) ( ) ( ) ( ) ( )( )tftuttrtt NLmmm ,xBAxBxAe ++−+=& . 

Next substitute the adaptive control law Equation (3.16) for )(tu  to get: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )tfttrttrtt NLrrmmm ,xxKKKKBAxBxAe −−−+−−+= δδ& . 

Then simplify: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tftttrtrttrtt NLrrmmm ,xKxBBKxKBBKAxBxAe −−+−−−+= δδ&  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )tfttrttrtt NLrrmmm ,xKxBKBxBKABKBxAe ++−+−+−+= δδ&  
( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )tfttrttrttt NLrmrmmm ,xKxBKBxBKAABKBxxAe −+−+−+−+−= δδ&  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )tfttrttrtt NLrmrmm ,xKxKBxBKAABKBeAe −+−+−+−+= δδ& . 

A.6: Derivation of Model Input Scaling Matrix Bm 

Bm is selected so that at steady state the system out put is equal to the model output, 

which is equal to the reference input. 

At steady state, the state derivatives are zero, as indicated by Equation (3.31), i.e., 

0, =ssmx& .  

Combining the above, along with the model in Equation (3.3) yields: 

0, =+ rBxA mssmm , 
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which can be simplified as: 

rmmssm BAx 1
,

−−=  

rmmssmssm BCACxy 1
,,

−−==  

Then, substituting the desired output from Equation (3.30), i.e., 

ryy == ssmss , , 

results in: 

mm BCA 11 −−= . 

The above can be solved for Bm as follows: 

( ) ( ) mm
TTTT BCACCCCCC 111 −−− −=  

mm BAC 1−+ −=  

+−= CAB mm . 
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