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(ABSTRACT)
An analysis is presented on the use of a proof-mass actuator as a regenerative force
actuator for the mitigation of earthquake disturbances in civil structures. A proof-mass actuator is
a machine which accelerates a mass along a linear path. Such actuators can facilitate two-way
power flow. In regenerative force actuation, a bi-directional power-electronic drive is used to
facilitate power flow both to and from the proof-mass actuator power supply. With proper
control system design, this makes it possible to suppress a disturbance on a structure using mostly
energy extracted from the disturbance itself, rather than from an external power source.
In this study, three main objectives are accomplished. First, a new performance measure,
called the "required energy capacity," is proposed as an assessment of the minimum size of the
electric power supply necessary to facilitate the power flow required of the closed-loop system
for a given disturbance. The relationship between the required energy capacity and the linear
control system design, which is based on positive position feedback concepts, is developed. The
dependency of the required energy capacity on hybrid realizations of the control law are
discussed, and hybrid designs are found which minimize this quantity for specific disturbance
characteristics.
As the second objective, system identification and robust estimation methods are used to
develop a stochastic approach to the performance assessment of structural control systems, which
evaluates the average worst-case performance for all earthquakes "similar" to an actual data
record. This technique is used to evaluate the required energy capacity for a control system
design.
In the third objective, a way is found to design a battery capacity which takes into
account the velocity rating of the proof-mass actuator. Upon sizing this battery, two nonlinear
controllers are proposed which automatically regulate the power flow in the closed-loop system
to accommodate a power supply with a finite energy capacity, regardless of the disturbance size.
Both controllers are based on a linear control system design. One includes a nonlinearity which
limits power flow out of the battery supply. The other includes a nonlinearity which limits the
magnitude of the proof-mass velocity. The latter of these is shown to yield superior performance.
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Chapter 1. Introduction
1.1: A Brief History
It has been said that efforts toward the protection of civil structures from seismic
disturbances can be partitioned into roughly three eras [1]. The first of these, called the classical
era, states the problem as an assessment of the survivability of a civil structure, subjected to static
loads. During the first half of the twentieth century, this line of thinking slowly gave way to the
modern era, which embraced the research directions of the control, system theory, and vibrations
commentates. In the modern era, the endurance of a structure in the face of seismic disturbances
was measured by its dynamic response. During this time, it was recognized that the damping and
mode shapes in a structure were integral to its survivability. Frequency response and transient
specifications became common design criteria for civil structures.
This led the way toward the premeditated mitigation of wind and earthquake disturbances
in buildings, through explicit preventative design strategies. The first step toward such ideas
actually dates back more than 100 years, when a professor from Japan demonstrated that a small
house could be isolated from earthquakes by placing it on ball bearings. Since that time, and with
the aid of developing theory in vibrations and applied mechanics, many modern structure around
the world have been designed, or retro-fitted with effective base isolation systems which
fundamentally accomplish this task, for much larger buildings. During the modern era, it was
proposed that structures could also protected, mainly from anticipated wind disturbances, by the
placement of tuned mass dampers at the top of the structure. Such a damper, which resonates at
the structure's fundamental frequency, has also found numerous successful applications around
the world. In addition to these methods, a host of novel, passive devices have been developed for
the purpose of making a civil structure more robust to earthquakes and high winds.
In the last twenty years, the approach to structural protection has started into a postmodern era, in which the requirements placed on structures are so rigorous that they may only be
achieved through the implementation of active control. This trend has opened up an area of
research which is highly multidisciplinary, potentially involving expertise from the mechanical,
aerospace, and electrical engineering communities. There are many dimensions to such design
problems, including sensory issues, actuator design approaches, control system formulation, and
performance assessment, among others.
In the last few decades, the idea of actively controlling of civil structures has given birth
to a sizable amount of research. It has been shown in countless studies that active control can
provide a level of protection to civil structures which is very difficult, if not impossible, to
achieve with passive techniques. To a large degree, the dominant constraining issues which have
come to fore in such control system applications concern two major factors.
The first of these has to do with robustness. One of the appealing features of passive
structural protection, besides its low cost and simplicity, is that a structure cannot be destabilized
by the installation of passive systems. This is important because civil structures, like all real
systems, cannot be identified precisely. Moreover, their characteristics are time-varying. The
implementation of active control systems for civil structures opens up the door to stability
robustness issues. With so much at stake, the potential for instability renders such active control
rather unsavory in civil engineering.
The other constraining issue in the application of active control for civil structures is the
power and energy demands that such a system would have to have in order to operate

successfully. This is an important issue for obvious reasons. If we intend to protect a structure
from an earthquake, all the components and requirements of such the protection mechanism must
be reliable during the earthquake as well. Clearly, systems which rely on external power from a
power grid will not be reliable. Quite simply, if the power system fails during an earthquake,
which is not unreasonable to expect, the control system must continue to operate in at least some
capacity.
The existence of these issues has led to a number of general approaches to civil structure
control which have been deemed viable. The first of these involves the implementation of
actuators which employ both active and passive systems, to form a hybrid actuator. Such
approaches have the appeal of providing some level of structural protection, even in the face of
power system blackouts, due to the passive element of the actuator. The second approach
involves the use of passive devices with controllable properties, called semi-active devices, which
can selectively dissipate energy. This kind of control implementation is newer, and has the
advantages of being totally robust to instability, as well as usually requiring a very small amount
of energy for operation.
Another interesting approach has been investigated [2] which exploits the use of
regenerative force actuation. Such an actuator is characterized by its ability to facilitate two-way
power flow. If used properly, regenerative actuation may be used to successfully, actively control
a civil structure using almost entirely energy which has been captured from the disturbance itself.
Such energy-scavenging control would make it possible to implement active control schemes
with a local power supply, and would lead to a kind of "self-powered" active control which could
provide formidable protection to a structure, while at the same time yielding a system with
bounded energy. Such systems cannot be destabilized.
The present state of civil structure control research is centered upon finding low-power
ways of effective closed-loop control, which have guaranteed stability. Inside this area, most of
the research community is concentrated in the area of semi-active control strategies.
Parallel to the developments in the civil structure control has been a wealth of research on
vibration suppression in flexible space structures. Here, the goals of the structural control system
designs are somewhat different. Unlike aerospace structures, civil structures are anchored to the
ground, which results in a somewhat different design problem. However, some of the research
findings from the aerospace community to transfer easily to civil structures. Particularly
applicable is the application of a type of linear machine, called a proof-mass actuator, for
vibration suppression.

1.2: Objectives of This Study
For this study, we will look at proof-mass actuator applications to civil structures, for the
purpose of rejecting earthquake disturbances. We would like to do this using regenerative
actuation, with a local battery power supply. The research here will focus ultimately on energy.
We would like to develop some methods for the design of a control system, and actuator, keeping
in mind the fact that the actuator has only a finite reservoir of energy which it may store. The
specific goals of this study are to address two questions concerning the use of regenerative
actuation for such control.
The first of these concerns performance assessment. We would like to have a good way
of measuring the performance of a given control system from the standpoint of regenerative
actuation. For this, we will introduce the performance measure of required energy capacity,
which signifies the minimum energy capacity of a power supply which would be required to
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realize the forces commanded of the regenerative actuator by a control system. This performance
measure will be an assessment of the quality of a control system.
This energy capacity will be evaluated for specific earthquake cases. In addition, we will
develop a stochastic technique whereby performance of the system for all earthquakes "like" a
given case may be assessed. This technique involves first the parameterization of an earthquake
acceleration record, where the extracted parameters represent the dominant characteristics of the
data. Following this, a multitude of acceleration records are created which have this same
parameterization. The result of this is a set of acceleration records which are all "similar" to each
other. Over this set, this method then evaluates the average and worst-case performance of the
system.
This kind of performance assessment makes it possible for us to make more
generalizations about the performance of a control system. It allows us to state that if a future
disturbance has characteristics like the one used in the performance assessment, we know the
worst, and expected response behavior. This technique, which we shall call "stochastic
assessment" will be used to evaluate hybrid control systems which use proof-mass actuators.
Within this context, we will seek to find a hybrid actuator which yields low values for the
required energy capacity.
For the control system design, we will use a positive position feedback design
methodology which is popular in aerospace and vibrations applications. We will show that such
control is effective at earthquake mitigation. No original contribution will be claimed in the
control system design. Rather, the design methodology, as developed in the literature, will be
presented. For this control system structure, we will show that there are an infinite number of
hybrid actuator and control system designs which yield effectively the same closed-loop
behavior. Within this set of designs, we will find the one which minimizes the required energy
capacity, and show that the design solution is quite close to an active control system.
The second goal of this study builds on this idea of required energy capacity. In the
design of the actuator and control system, we will ultimately have to specify an energy capacity
for the battery. This energy capacity is the maximum energy that the actuator may be able to
store and use again, and we will assume it to be fully charged upon the outset of a disturbance.
We will concern ourselves with methods of energy management for this supply.
Toward this end, we will develop a few ideas. First, we will conduct a study of the
power flow behavior in the closed-loop system, and the way that the actuator and structure
interact. We will show that, for positive position feedback, power flows almost exclusively from
the structure to the actuator in closed-loop. This property then leads to some very convenient
design procedures for active control. One of these is a design relationship between the energy
capacity of the actuator power supply and the rated velocity of the proof-mass actuator.
Having described in some detail the nature of the power flow between the actuator and
structure, and having come up with mathematical expressions for the required energy capacity,
our final task in this study will be to develop nonlinear control system designs, based off of these
principles, which ensure that the actuator battery power supply is never fully drained of its
energy. We will call such methods "energy management" techniques.

1.3: Scope
We are placing several limitations on this study, in the interest of brevity. Most
importantly are the restrictions on the actuator and control system types we will be considering.
For the actuator, we will always use a mass damper, mounted at the top of a structure. The mass
3

of this actuator will be held constant throughout the study. We will assume that the overall
efficiency of the proof-mass actuator and the associated power electronics is high enough that
losses can be disregarded in the analysis of power flow and energy for the system. Although this
may seem like a particularly lofty assumption, we are here concerned with very basic principles
of power flow in the structure/actuator system. Inclusion of actuator losses in the model would
complicate the analysis and would become potentially cumbersome.
For the control system design, we will only consider positive position feedback design.
Although there is no proof that this design is optimal for our purposes, it has certain practicalities
which make it appealing. One of these is that it requires only one structural sensor. Also,
positive position feedback systems are extremely robust (in the stability sense) to changes in
structural parameters when they are configured with the actuator and sensor collocated.
All examples will be carried out on a single, three-story structural model. This model,
which represents a scale model of a structure, is a canonical model proposed by the Earthquake
Engineering and Seismology Lab at the University of Notre Dame.
The disturbance to be used will be the El Centro 1940 earthquake, which is the most
popular earthquake transient record for this kind of research.

1.4: Organization
The organization of this thesis into chapters is done in the following way. In Chapter 2,
we first outline in more detail what the main objectives of this study are, and how we intend to
accomplish these. This leads to the basic dynamic system modeling issues involved in this
problem. We will also present the example structural model to be used throughout the analysis.
Chapter 3 develops the theory concerning the power flow in proof-mass actuators. The
main purpose of this chapter is to define the required energy capacity, and show how to find it. In
the process, we will also present some basic theory of machines and power electronics, and will
discuss the way in which power flows between the battery power supply of the proof-mass
actuator and the rest of the system.
Chapter 4 develops the methods of performance assessment which we will use. These
two methods, called "case" and "stochastic" assessment, will first be explained. Then, the
stochastic performance assessment procedure will be developed in detail. To do this, first a
procedure for parameterizing earthquakes is presented. Robust estimation methods are
incorporated into this parameterization, and their effectiveness is discussed. Then, using this
parameterization, the procedure for the generation of a set of "similar" earthquakes is presented.
Following that, case and stochastic performance assessments are exemplified for a passive tuned
mass damper application.
Chapter 5 deals with the design of the control system for the structure using a proof-mass
actuator. Positive position feedback control is discussed, and we explain how it is applied to this
problem. Characteristics of the linear, closed-loop system are discussed. First, performance of
the structure is evaluated using case and stochastic performance assessments. Then, the
performance of and actuator is evaluated. There, we will look at how performance differs
between hybrid equivalent actuator designs.
In Chapter 6, we will conduct an in-depth analysis of the power flow in the closed-loop
system designed in Chapter 5. For this analysis, we will use an active control system. First, we
will find a mathematical definition for the required energy capacity. Then, we will develop some
properties concerning the power flow between the structure and the actuator which make it
possible to express the required energy capacity by a conservative approximation. Using this
4

approximation, we will find a way to size the energy capacity of the battery power supply in
accordance with the velocity rating of the proof-mass actuator.
Chapter 7 will present energy management techniques which build on the definitions and
analysis from Chapter 6. We will propose methods of nonlinear control which limit the required
energy capacity for an arbitrary disturbance to an upper bound. We will demonstrate both
controllers, and will show that one performs in a superior fashion.
Finally, in Chapter 8, we will draw some conclusions on the study, and suggest items of
future research.

5

Chapter 2. The Dynamic System Model
The first step we will take in approaching this structural control problem is to define the
system to be studied, and come up with a clear idea of the objectives of the control system design.
This is the goal of this chapter.
Toward this end, we will first describe the design approach to be used throughout the
study. Here, we will places some confines on the scope of the study. We will also talk briefly
about the nature of the control system to be designed. We will narrow the focus of the study by
only considering one general kind of linear force actuator, call a mass damper. This actuator will
be placed at the top floor of the structure.
Following this, we will specify in clear terms what it is we expect the structural control
system to do. This amounts to the designation and discussion of some numerical quantities,
called performance functions, which describe the quality of a given control system design. Later,
in Chapter 5, it will be a requirement that an acceptable control system design be one which
yields acceptable values of these performance functions.
With a clear idea of the scope and goals of the study, we will then present the mechanical
system dynamic model. To do this, we will first talk about the structural dynamics, and present
the linear, state-space model of a civil structure which we shall use. Following this, we will talk
in detail about the dynamics of the different types of linear force actuators which are commonly
used to control civil structures. We will present a brief survey of past approaches to civil
structure control. Then, we will draw some similarities between the different approaches from a
modeling perspective. We will arrive at a unified, generalized model for a linear force actuator
which represents all of these approaches.
Lastly, we will present the specific structural model to be used in the examples in this
study. This model is a three-story benchmark structural model widely used in earthquake
engineering.

2.1: Problem Formulation
Figure 2.1 shows a simplistic snapshot of a structure with NF stories, experiencing a
deformation due to a lateral ground acceleration disturbance a(t). The resultant dynamics, which
for civil structures are almost entirely manifest in the fundamental vibrational mode, yields interstory displacements, related to one another by the elasticity and damping of the vertical members
of the structure. As the strain of the structural members are only elastic within a range of
displacement, it is the maximum magnitude these oscillations which determine the survival of the
structure.
The idea behind the control of civil structures is to apply forces at strategic locations in
the structure to enhance its survivability and, less immediately, its occupants' comfort. Thus, one
of the first major issues we must address is where and how we wish to apply these control forces.
For this study, the structure will be controlled by a linear force fst(t) which acts on the top floor of
the structure, as shown in Figure 2.1.
This control force must be applied to the structure by a mass damper. Dynamic models
of different kinds of these actuators will be presented later in this chapter. However, all of the
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mNF

fst(t)

mNF-1

m2

m1

a(t)
Figure 2.1: Snapshot of a building subject to ground acceleration
actuators we will be discussing operate on the same principle, illustrated in Figure 2.2. As
shown, a free-moving mass md is placed at the top of the structure. A force fd(t) is applied
between this mass and the structure, which accelerates the mass. The opposing force on the top
floor, -fd(t), is equal to the structural control force fst(t), as
f st (t ) = − f d (t )

(2.1)

The term "mass damper" refers to the mass md and the mechanism which applies the
force fd(t) to this mass. Types of linear force actuators differ in the way in which fd(t) is realized.
One of the most important properties of a force actuator for a civil structure is the amount
of external power it must consume in order to operate. Resultantly, linear force actuators have
been categorized by their properties in this respect. Some actuators are entirely passive and
require no power source at all. Others require significant electrical power to operate. Actuators
which require external power for operation make use of a linear electric machine called a proof-

fd(t)

md

floor NF

Figure 2.2: General strategy for linear force actuators
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mass actuator. This machine, its power electronics, and its power flow behavior, are discussed in
Chapter 3.
In this study, the power consumption of mass dampers will be of key interest. Our goal
here is to design an actuator and control system which operates on battery power. If a particular
linear force actuator consumes a large amount of power continually, it will exhaust the limited
energy supply of the battery, and will fail to operate.
For the approach outlined above, we will evaluate the performance of the closed-loop
control system by exciting the structure with an acceleration record a(t) and observing several
characteristics of the system response. Specifically, we will use the variables below as measures
of performance.
Structure:
max
y rst

: Maximum sway of the top story of the structure

max
yst

: Maximum absolute acceleration of the top story of the structure

Actuator:
Ec
Pamax
f amax

: Required energy capacity of the actuator battery power supply
: Maximum electrical power required of the actuator
: Maximum electrical force required of the actuator

We will discuss two performance assessment procedures which use these measures. The
first of these, which we will call a "case assessment" consists of evaluating the performance of a
control system for a measured earthquake transient record a(t). The second method is what we
will term "stochastic assessment" and consists of finding the average and worst-case performance
for all disturbances similar to a(t). This involves a stochastic parameterization of a(t). A detailed
discussion of this technique is presented in Chapter 4.
An acceptable design would show a reasonable trade-off of the structural performance
(signified by the first two quantities) and the actuator requirements (signified by the last three).
We will be most interested in the trade-off between the maximum structural displacement and the
required energy capacity of the actuator power supply. This trade-off is discussed in later
chapters.

2.2: The Structural Model
The basic structural model we will use is the multiple degree-of-freedom (MDOF) model,
which takes into account the inter-story drift of the building, as well as the influence of higher
modes. We will in this section develop a state space for the open loop structural response of the
form
x st (t ) = A st x st (t ) + B st f st (t ) + H a(t )

(2.2)

where xst is the structure state space, a(t) is the ground acceleration, and fst(t) is the control force.
We will assume that this control force is applied to this structural model in the horizontal
direction which includes the ground acceleration a(t), as well as the structure's motion. Thus, we
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Figure 2.3: MDOF model
will consider the motion of the structure in only one dimension. We will, for example, not
consider the motion of the building in the vertical direction, and furthermore will assume the
torsional effects on the building to be negligible.
For now, we will not specify a control law for the formulation of fst(t), leaving it in
generalized variable form. We will expand the state space of the system to include the actuator
model in the next section. For now, we focus solely on the open-loop response of the building.
The structural model can be represented by Figure 2.3, which shows a NF-story structure,
with each story related to each of its neighbors by a stiffness and damping. Here, we will present
the model with our floor position variables as the displacement of each story of the structure
relative to the ground. This vector shall be denoted yrst. The control force input is a vector of
dimension NF, with each element corresponding to the control force acting on its respective floor.
Given the displacement vector
y

[

(1)
= y rst
rst



]

(N ) T

y rst F

(2.3)

The equations of motion for yrst are
M y

rst

(t ) = − K y rst (t ) − C y rst (t ) + Γ f st (t ) − N a(t )

where
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(2.4)

k1 + k 2
 −k
2

K = 0


 0


− k2
k 2 + k3
− k3

k3 + k 4

0

0



0



− k3



− kNF

0
−c2
c1 + c2
 −c
− c3
c2 + c3
2

− c3
c3 + c4
C= 0


 0
0
0

0 
 m1 
0
m 
 
0 
 N = 2  Γ= 



0



 
mN F 
1
mN F 

0 
0 

0 

− kNF 
k N F 



m1 0
0 m
2
M =


0
0





 







− cN F

0 
0 

0 

− cN F 
c N F 

(2.5)



The system state space will be chosen as

[ rst

x st = y T

T
]
rst

y T

(2.6)

yielding the matrices
0

A st = 
−1
− M K

I
−M

−1


,
C 

−1
B st = M Γ,

0 N ×1 
H st =  F 
1 N F ×1 

(2.7)

It is, of course, possible to present state space equations with the displacements measured
relative to the ones beneath them, or to the inertial reference frame. We will not present those
here.

2.3: A Survey of Force Actuation Techniques
In the design of a control system for a civil structure, the question of external power
requirements is a dominant preoccupation. It is thus not surprising that the various methods of
control have historically been partitioned into several groups based on the external power
characteristics they each require. For the moment we will present the actuators within this
framework, and talk about how each actuator might interact with the structure by developing a
feedback configuration which, along with the state-space descriptions given in the last section,
will complete the system model which we will use. We will consider four groups of control
systems; active, hybrid, semi-active, and passive, with the power requirements for the control
decreasing in that order.
2.3.1: Passive Actuators
Passive systems are by far the most simplistic, and cheapest. In all passive systems, the
fundamental characteristic in their performance is that they manage and dissipate energy in an
entirely mechanical way. They have several important advantages. As the systems are purely
mechanical and often simplistic, they are usually highly reliable. Because they cannot in realtime actively alter their parameters, passive systems are guaranteed to be absolutely stable.
Additionally, they require no external power at all for operation, which is of vital importance, as
external power may not be available during disturbances.
Most often, these actuators simply consist of a tuned mass damper (TMD). A TMD,
placed at the top of a structure, is designed to dissipate energy in a purely mechanical way. A
diagram of a typical tuned-mass damper system is shown in Figure 2.4. The damper, whose mass
is typically around 1% of the total structural mass, is attached to the structure via a spring and
damper, kd and cd respectively, in such a way that it resonates at the structure's fundamental
natural frequency. This resonance results in energy transferal from the building to the TMD,
which is then dissipated by the damping term cd.
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md

yst(NF)
floor NF
Figure 2.4: Model of a tuned mass damper (TMD)
First conceived in the 1940's [3], the first operational TMD was installed in the
Centerpoint Tower in Sydney Australia. In the United States, there are two applications of
TMD's to date; one in the Citicorp Center in New York City, and one in the John Hancock
Building in Boston. In Japan, the use of TMD's is much more frequent, and the specific
applications are too numerous to mention. Almost all of these were implemented in the interest
of suppressing wind disturbances, and for this they are widely successful [3-6].
Only recently has the performance of a TMD's been studied in the context of earthquake
mitigation. Studies seem to indicate [5] that the performance varies from effective to
insignificant for the same structure under varying excitations, and for separate structures under
the same excitation. The results indicate a strong correlation between the performance of the
TMD and the characteristics of the earthquake. Intuitively, a TMD does not seem appealing for
earthquakes because it takes a certain amount of time to resonate fully, making it more
appropriate for steady-state disturbances than for impulsive ones.
A tuned-mass damper results in a force of
f d (t ) = m d yd (t ) = − k d y r (t ) − c d y r (t )

(2.8)

resulting in a force fst(t) on floor NF of
f st (t ) = − f d (t ) = k d y r (t ) + c d y r (t )

(2.9)

For reasons which will be apparent later, we will use separate state spaces for the actuator
and structure, which are coupled through the force function fst(t). The actuator state space and
dynamics are
x d = [yr
0

x d = 
− k d m d − k d m N F

y r ]T

(2.10a)

01×2 N



F
x d +  −1
 x st

1
−
− cd md − cd m N F 
 M K row N F M C row N F 
1

(

)

(

)

(2.10b)

or
x d = A d x d + A ds x st

(2.10c)

As mentioned previously, these actuators have the advantages of being highly reliable
and unconditionally stable. However, it they have several distinct disadvantages. One of these is
that the actuator is simply not robust to changes in the structure's modal characteristics. TMD's
also tend to be ineffective at suppressing vibration in the higher modes of the structure (although
some study has been done into methods of alleviating this deficiency [4]). But there is a more
fundamental disadvantage in the system's energy management capabilities. As the system is
passive, and linear, control over its ability to store and dissipate energy in the structure is limited
to the assignment of its mass md and its second-order damping constant. The only viable option
for an increase in damping with a TMD is to increase its mass md. It is understandable to expect
that advantages might be had by resorting to an active mass damper, where the force acting on the
11

mass and the structure is realized by an electric or hydraulic actuator. This is the basis for the
active structural control.
2.3.2: Active Actuators
In truth, the term "active" implies a formidable class of actuators for buildings, but we
will limit our characterization here to active systems which generate forces by way of a mass
damper. The reason for this is simply that these methods are by far and away the dominant ones
used in practice to date. Other methods, most notably active tendon systems, constitute a very
different approach to structural control, many of which suffers from impracticalities. Mainly,
they have yet to be shown as cost-effective solutions, and their designs are more difficult to retrofit to existing buildings. They are typically much complicated, and thus raise issues of reliability.
On the other hand, active mass dampers are rather simple, compact ways of applying
compensational forces to a structure.
In Figure 2.5, the basic concept of an active mass damper (AMD) is illustrated. The
force fd(t) for this actuator is created by a machine which is rigidly mounted to the top floor.
Here, this machine is represented by a circle with an "A" inside.
The AMD may be simply thought of as a generalization of the passive mass damper,
where the nature of the compensational force fd is generalized to be some function of the states in
the system. The AMD employs an electric machine to apply a force fa(t) on the structure. Thus,
the force fst(t) on the top floor by an active mass damper is
f st (t ) = − f d (t ) = f a (t )

(2.11)

The force fd(t) on the mass damper md is
f d (t ) = m d yd (t ) = − f a (t )

(2.12)

The state space and forcing function for the mass damper can be expressed as
x d = [yr
0

x d = 
− 1 m d − 1 m N F

or

y r ]T

(2.13a)

01×2 N


F
 f a (t ) +  M −1 K
−1
M
C row N

row N F

F

(

)

(

)

x d = B d f a (t ) + A ds x st


 x st


(2.13b)

(2.13c)

Note that we have not mentioned anything concerning the dynamic model of the electric
machine used to generate fa(t). From a modeling standpoint, we will, at least for the time being,
not concern ourselves with these dynamics. Rather, we will assume the time constants for the

yd
yr
fa(t)
A

md

yst(NF)
floor NF
Figure 2.5: Model for an active mass damper (AMD)
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actuator are small, from the standpoint of the time period of the oscillations of the building. This
makes the machine dynamic model virtually transparent in the dynamic behavior of the structure.
There are inherent advantages in having an active system. Most notably, the inter-story
drift and overall acceleration of the building can be made extremely small, at the expense of
increased external power demand. Additionally, the system can be made robust to changes in the
building's characteristics. On the downside, the most notable disadvantage is that stability of the
closed-loop system is no longer a triviality, and in fact is a vital design issue. It is imperative that
control solutions be robust both to unmodeled dynamics in the structure as well as to
nonlinearities and noise in the actuators and sensors. There are also issues of reliability which
arise from a more complicated actuation system.
Almost the entirety of the active control system design is contained in its control law.
Starting with [7], extensive work over the last two decades has resulted in a gamut of approaches
to active control design for civil structures, and host of methods including H2 and H∞ control [811], sliding mode control [12-15], saturation (bang-bang) [16, 17] and nonlinear control [18-22],
as well as neural [23-25] and fuzzy [26-30] approaches. These methods are too numerous and too
extensive to address each in detail here. Attention has mostly been placed on assuring stability of
the structure, and on reducing the control force, power, and energy requirements necessary to
obtain a given degree of protection.
2.3.3: Hybrid Actuators
Historically, hybrid control has received the most attention, for it blends and
compromises elements of passive and active control. As of 1998, of the twenty-five civil
structures employing some kind of non-passive control, twenty used hybrid actuators, while the
remaining five used active actuators. More than any other control strategy, hybrid methods
consist largely of ad-hoc methods to structural control which are somewhat case-specific.
However, there are some basic modeling techniques which hold for most hybrid systems, and
these we will explain here. In the interest of brevity, the more exotic approaches will not be
explored. Here, we will talk only about hybrid mass damper (HMD) systems.
The purpose of a hybrid mass damper is to use an active control force fa(t) to enhance the
performance of a TMD. Compared to active actuators, such hybrid methods can sometimes
decrease the force magnitudes required of fa(t). They are also typically more reliable in the
absence of external power, as the passive system will still be operational. They are typically also
more robust than their purely active counterparts, making them much more appealing.
From a modeling point of view, hybrid control starts with a passive mass damper. To this
damper, an active force fa(t) is applied. This can be done in several ways, resulting in a host of
hybrid actuator configurations such as the DUOX configuration [31] in which the active force
element is mounted onto the tuned mass damper, exciting a smaller active mass damper to effect
a force on the main mass. Other examples include pendulum-based hybrid dampers [32]. For
simplicity, we will here use the most basic model for a hybrid mass damper (HMD) system. This
system is illustrated in Figure 2.6.
We have the following forcing function for the HMD.
f d (t ) = m d yd (t ) = − f a (t ) − k d y r (t ) − c d y r (t )

(2.14)

and the following compensational forces on the structure
f st (t ) = − f d (t ) = f a (t ) + k d y r (t ) + c d y r (t )
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(2.15)

yd
yr
kd

fa(t)

md

A

cd

yst(NF)
floor NF
Figure 2.6: Model for a hybrid mass damper (HMD)
For the same state spaces used for active control, the closed loop system is simply a union of the
active and passive mass damper systems.
x d = [yr

y r ]T

(2.16a)

01×2 N



F
x d +  −1
 x st

1
−
− cd md − cd m N F 
 M K row N F M C row N F 
(2.16b)
0


+
 f a (t )
− 1 m d − 1 m N F 

0

x d = 
− k d m d − k d m N F

or

1

(

)

x d = A d x d + A ds x st + B d f a (t )

(

)

(2.16c)

Compared with passive actuators, hybrid control systems which use mass dampers have
been demonstrated to be reasonably effective at decreasing the size of the actuator. The most
famous example of this would be the V-shaped HMD used in the Rainbow Suspension Bridge,
which decreased the necessary mass from 1% for a TMD design to 0.14% with a HMD in its
place. A similar actuator was used in the Shinjuku Park Tower, the largest building in Japan.
Furthermore, a pendulum-based hybrid damper, which follows a slightly more complicated
model, was installed in the Yokomama Landmark Tower, which is the tallest building in Japan.
Various control methods have been developed which are tailored to the behavior of the
HMD. Most notably, optimal control methods [33-35] have been investigated, as well as
techniques of stroke and force limitation [13, 14].
2.3.4

Semiactive Control

A semiactive control device is one which cannot inject mechanical energy into the
controlled structural system (including the actuator and structure) but which has properties which
can be controlled to optimally reduce the response of the system [1]. These devices have only
come into their own in the last several years, and have yet to see an implementation in a nonexperimental structure. Examples of actuators which are semiactive are variable-orifice fluid
dampers, variable-stiffness and controllable friction devices, controllable tuned liquid and fluid
dampers, and controllable impact dampers. Of these, the most promising appears to be
controllable fluid dampers, consisting of electrorheological (ER) and magnetorheological (MR)
fluids. These actuators consist of fluid dampers which drastically change their viscosity upon the
application of an electric or magnetic field, respectively. Part of the appeal of these actuators is
their favorably low power requirements. In fact, it is feasible that such systems could operate
entirely off of a small battery. Both have reaction time constants in the milliseconds, making
their use in low frequency structural vibrations very appealing.
14

Of these two actuators, MR fluids have been shown to be superior [36-38]. They have
higher maximum yield stresses, larger operable temperature ranges, more robustness to
impurities, and more reasonable power supply requirements. While ER fluids require a small
current, they require a DC supply voltage in the kilovolts. MR fluids, on the other hand, require
about 1-2 Amps at 2-25 Volts.
In the control of structures with such a damper the main approach has been to incorporate
the semiactive device into a base isolation system for the structure, rather than with a mass
damper system. Although semiactive control is an emerging, significant area of earthquake
engineering, we will not consider it in this study, as its applications are more suitable more for
base isolation than for mass damper designs.

2.4: Equivalent Mass Damper Designs
At this point, we have described several different force actuators, in different "classes" of
civil structural control. Typically, a control system design consists of first choosing one of these
four classes ahead of time, choosing the actuator specifically, and then designing a control law
which balances structural displacement, along with any other structural performance parameters,
with energy consumption and actuator size and cost. The important element in the design process
here is that the actuator is most often chosen first, followed by the control system design. This is
the reason why different types of control (i.e. active, hybrid, and semi-active) are divided by
actuator type, not by the nature of the control law.
Here, we will show that the influence of a passive or hybrid mass damper on the structure
can be replicated by an active mass damper. This will simplify the design of control systems in
future chapters.
To show this, we first represent the structural dynamics as
x st = A st x st + B st f st (t ) + H st a(t )

(2.17)

x d = A d x d + A ds x st + B d f a (t )

(2.18)

For the linear force actuator,

The force fst(t) is expressed by
f st (t ) = [k d

c d ]x d + f a (t )

(2.19)

We can separate the actuator force fst(t) into two forces; the active force fa(t) and a passive force
fp(t). The passive force constitutes the force on the structure by a spring and damper connected to
the mass as in the case of passive or hybrid control. We can generalize this force as
f p (t ) = [k d

c d ]x d = K p x d

(2.20)

Let us suppose we have designed a control system which employs a hybrid linear force
actuator with an arbitrary stiffness kd and arbitrary damping cd. The force on the structure from
this actuator would then be
hybrid

f st

(t ) = K p x d + f ahybrid (t )

(2.21)

Now, let us suppose we have designed a control system which employs an active mass
damper. For such a design, fp(t) would be zero. We would then have the force fst(t) on the
structure as
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f stactive (t ) = f aactive (t )

(2.22)

We wish for both these designs to have an equal effect on the structure. To do this,
suppose we equate the hybrid and active fa(t) forces by
f aactive (t ) = f ahybrid (t ) + [K p

K v ]x d (t )

(2.23)

where
K p = kd
K v = cd

(2.24)

Then, we would have equal fst(t) signals for both the hybrid and active cases. Thus, any hybrid
control system can be imitated by a fully active system through appropriate design of feedback
gains for the position and velocity of the mass damper.
Similarly, any two hybrid systems may be made to possess the same dynamics through
such position and velocity feedback. To see this, consider two hybrid mass dampers, which have
passive stiffness coefficients of kd1 and kd2 and damping coefficients cd1 and cd2. The forces for
these designs are

[
2
2
f st = f a + [k d2
f st1 = f a1 + k d1

]
]x d

c1d x d
c d2

(2.25)

These two hybrid actuators will have exactly the same closed-loop effect on the structure if we
equate their fa(t) forces by

[(

f a2 = f a1 + k d1 − k d2

) (c1d − c d2 )]x d

(2.26)

We will refer to all hybrid control systems with common dynamics as "hybrid
equivalents." The recognition of the existence of these hybrid equivalents can greatly simplify
control system design. It allows us to design the structural dynamics, using only the AMD
actuator model, to achieve desired structural performance measures. Then, afterwards, we can
find the hybrid equivalent actuator which yields the best actuator performance measures.

2.5: The Example Model
We will for this study use a model of a three-story structure, shown in Figure 2.7. The
actual structure from which the model parameters were derived exists at the Notre Dame
Earthquake Engineering and Seismology Laboratory. This structure is scaled, standing 157.7 cm
tall, and having natural frequencies of 5.7 Hz, 17.3 Hz, and 28.3 Hz [36-38]. These natural
frequencies are five times what they would be for an equivalent building of realistic size. For this
structure, the various matrices in (2.5) have the forms
0
0 
98.3
98.3
0  kg
M = 0


0
98.3
 0

0 
 175 −50
Ns
C = − 50 100 − 50 
 m

− 50 50 
 0

0 
−6.84
 12
N
K = 10 5  − 6.84 13.7 − 6.84
m

− 6.84 6.84 
 0

(2.27)

The mass md will always be designed to be 1% of the total mass of the structure; equal to
2.95 kg.
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Figure 2.7: Three-story structural model

2.6: Conclusions
At the beginning of this chapter, we presented qualitatively the problem definition and
design specifications which will define the scope of this study. We narrowed the choice actuators
to be used in this study to the mass damper type, and decided that these actuators would always
be placed at the top of the civil structure. We also briefly discussed the methods by which we
will determine the quality of the control system to be designed, and presented the performance
measures for the closed-loop system.
Following this, we discussed the basic system dynamics. First, we discussed the multidegree-of-freedom model of a civil structure. We have also presented, in some detail, models and
discussions of mass dampers associated with civil structure control. We have attempted to show
that there is a degree of freedom in force actuator design, by which an active mass damper may
be designed to have identical dynamics to a set of hybrid mass dampers, called "hybrid
equivalents." This property of hybrid equivalents has implications for control system design,
because the same active control law can be realized by many different hybrid actuators.
Finally, we presented the benchmark structural model which we will use for all the
examples throughout this study.
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Chapter 3. The Proof-Mass Actuator
In Chapter 2, we discussed different kinds of linear force actuators called mass dampers.
We separated them into categories based on their electric power requirements. Passive, or tuned
mass dampers was described as requiring no external power. For active and hybrid mass
dampers, the linear force actuators to be used require a significant force fa(t) on the structure, to
be provided by an electric machine. Resultantly, the electric power requirements are significant.
In presenting the dynamic models for hybrid and active mass dampers in Chapter 2, we
did not model the machine which would supply the force fa(t) to the system, because the internal
dynamics of such a machine are well beyond the bandwidth of the structural response.
Resultantly, they do not contribute significantly to the dynamics of the structure.
However, the internal behavior of the machine for these actuators is of capital importance
from the perspective of the power flow in the system. As our goal is to design a control system
for a civil structure which is capable of operating on battery power, we will be particularly
interested in the power flow to the power supply for the machine.
In this chapter, we will discuss in detail the kind of machine to be used for the hybrid and
active mass dampers already described. This machine is called a proof-mass actuator, or PMA.
We will discuss the power flow in the proof-mass actuator by first discussing the basics operation
of the machine, and its associated power electronics. Then, we will talk about the resultant power
flow in the machine, and will relate this to the actuator dynamics.
Following this, we will discuss how a proof-mass actuator might be driven off of a local
battery supply, and will exemplify two difficulties with this operation. The first of these, which
we will call "energy saturation" occurs when the battery supply is required to store more energy
than it physically can. We will show a simple power electronic solution to this problem. The
second difficulty, which we will call "energy exhaustion," occurs when the battery is fully
drained of its stored energy, rendering the proof-mass actuator ineffective.
Finally, we will qualitatively develop a performance measure called "required energy
capacity" which assesses the minimum size battery required to avoid energy exhaustion for a
given disturbance. This performance measure will be used in later chapters to assess the viability
of a control system design.

3.1: The Electromechanical Proof-Mass Actuator
A self-powered proof-mass actuator is illustrated in Figure 3.1. It is composed of a
stator, or base, and a freely moving proof-mass which slides inside the stator. The stator is
mounted rigidly to a structure, and contains three distinct coils; coils A, B, and C. When excited
with electric currents ia(t), ib(t), and ic(t), these coils create an electromagnetic field between the
stator and the proof-mass. The currents themselves are generated by a power electronic
converter, which is powered by a battery supply. This supply has a voltage Vs.
The physical size and weight of the proof-mass is characterized by its mass md and its
maximum possible displacement, d. This is called the stroke of the proof-mass. Embedded in the
proof-mass are permanent magnets. Through electromagnetic field coupling between these
permanent magnets and the field in the stator, a linear force fpm(t) may be imparted on the proof-
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Figure 3.1: Illustration of a proof-mass actuator
mass by the stator. Such a force is realized on the proof-mass through proper control of the
power electronic converter. This controller takes as its input the force command vpm(t).
The application of such a force fpm(t) on the proof-mass results in an equal and opposite
force on the structure. Thus, a proof-mass actuator may be used to produce linear control forces
on a structure and, through closed-loop control design, may be used to damp out structural
vibrations [39-50].
Consider the application of a proof-mass actuator for a hybrid mass damper for a civil
structure, as shown in Figure 3.1. This application has the dynamics discussed in Chapter 2, as
shown in Figure 2.6, where we have
f pm (t ) = − f a (t )

(3.1)

In this way, proof-mass actuators can be used to generate the active force fa(t) in all hybrid as
well as active mass dampers.
Here, we will be interested in the power flow properties of proof-mass actuators. Later in
this study, these properties will be used to assess the size battery required for operation of the
PMA. To understand the power flow in proof-mass actuators, however, we require some
background in the theory of electromechanical motion, as well as some basic power electronics
concepts. Sections 2 and 3 deal with these topics, respectively.
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Figure 3.2: Implementation of a PMA in a hybrid linear force actuator
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3.2: Linear Permanent Magnet DC Machines
A proof-mass actuator as described here is a type of linear, permanent magnet brushless
DC (PMBDC) machine. There is extensive literature concerning the modeling of these machines,
and it will here only be reviewed. For a more extensive description of their modeling and
operation, see [51-53]. The actual machine itself, illustrated in Figure 3.3 consists of a stator and
a proof-mass, or translator. The iron stator is typically wound with three distinct wires, labeled as
A, B, and C in the diagram. At one end, these wires are excited with currents ia(t), ib(t), and ic(t)
respectively. At the other ends, they are connected together at node N. Where the current
direction is into the page, the wires are labeled with an 'x'. Likewise, where the current direction
is out of the page, the wires are labeled with a dot.
These currents are sinusoidal, and are three-phase. This means that they can be
represented at any time by
i a (t ) = I (t ) sin (φ I (t ))

ib (t ) = I (t ) sin (φ I (t ) + 120° )

(3.2)

i c (t ) = I (t ) sin (φ I (t ) − 120° )

A property of three-phase currents is that they at all times sum to zero, leading to the convention
of tying the coils together at node N, as shown in Figure 3.3. Together, these currents create a
vertical magnetic field with intensity ΦI(t) between the stator and proof-mass, as illustrated in
Figure 3.4. Upon the proof-mass are placed permanent magnets. These also create a vertical
magnetic field, with intensity Φpm(t), also illustrated in Figure 3.4.
Note that in Figure 3.4 there are many more slots in the stator, and many more permanent
magnets in the proof-mass, than are shown in Figure 3.3. In truth, Figure 3.3 would only be a
small section of the stator and proof-mass, which is repeated many times.
The magnitude of both of these magnetic field intensities varies along the axis of motion
of the proof-mass. The magnitude of the stator field intensity is related to the phase φI(t) in (3.2).
This relationship is shown graphically in Figure 3.5. The effect of the stator currents is a
sinusoidal field intensity. Also shown in Figure 3.5 is the magnitude of the proof-mass field,
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Figure 3.3: Hardware diagram of a proof-mass actuator
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Φpm(t). The permanent magnets which create the field are placed such that the sinusoidal shape
of Φpm(t) is of the same wavelength as ΦI(t).
Thus, the sinusoidal field ΦI(t), created by the stator, and Φpm(t), created by the proofmass, are juxtaposed in the air gap between the proof-mass and stator. They are related to one
another spatially by a phase φ(t). This phase is illustrated in Figure 3.5, and represents a
mismatch in the magnetic fields.
The effect of this mismatch is that these two fields will tend to align, resulting in a phase
φ(t) of zero. If they are not aligned, the effect of the misaligned field coupling is an
electromagnetic force between the stator and proof-mass, opposing the mismatch, and attempting
to decrease φ(t). It is this electromagnetic force in the field coupling which enables the proofmass actuator to operate as a linear force actuator.
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From the point of view of the electrical system, this mismatch of the stator and proofmass fields results in what is called a "back EMF" voltage across the terminals of the machine.
To understand this, consider the electrical schematic of the machine, shown in Figure 3.6. Here,
we see the three stator currents sent into terminals A, B, and C as already discussed. Each of the
coils is then modeled as an inductance L, a resistance R, and a voltage E, each with subscripts
corresponding to their phases.
Usually, the resistance R is quite small, as it only reflects the losses in the coils. The
inductors represent both the inductance in the coil, as well as the inductance in the air gap
between the stator and the proof-mass, and is of significant magnitude. These are parameters of
the machine, and are thus time-invariant. The back EMF terms are described by
E a (t ) = K v y r (t ) sin (φ pm (t ))

E a (t ) = K v y r (t ) sin (φ pm (t ) + 120°)

(3.3)

E a (t ) = K v y r (t ) sin (φ pm (t ) − 120°)

where Kv is a constant.
An important feature of this actuator arises from the fact that the back EMF voltage is
created by the physical motion of the proof-mass alone. Under proper conditions, current can be
made to flow to these voltage sources, corresponding to power flow to the kinetic energy of the
proof-mass. However, these sources can also be made to generate current, resulting in power
flow out of the proof-mass. Thus, the machine is capable of not only injecting mechanical energy
into the proof-mass, but also extracting mechanical energy from it.
The total power delivered to these EMF voltages represents the mechanical power Pm(t)
transferred to the proof-mass by the stator. It is equal to
Pm (t ) = i a (t )E a (t ) + ib (t )E b (t ) + i c (t )E c (t )

(3.4)

which, given the definitions in (3.2), is
Pm (t ) = 3 K v I (t ) y r (t ) sin (φ (t ))

(3.5)

But, from basic kinematics, we know that this mechanical power is also equal to the force fpm(t)
on the proof-mass by the stator, multiplied by its absolute velocity, y d (t ) . Thus, we have
Pm (t ) = f pm (t ) y d (t )

(3.6)

Equating these two equations gives us the mechanical force fpm(t) on the proof-mass in terms of
the electrical current magnitude I(t), and the field phase φ(t), as
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Figure 3.6: Schematic of the machine
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N

f pm (t ) = 3 K v I (t ) sin(φ (t ))

(3.7)

Thus, from an electrical current excitation, we get a proof-mass force. We now describe the way
in which these currents are created.

3.3: A Basic Power Electronics Overview
The currents required of the stator must be generated through power electronics. Figure
3.7 shows how this might be done between terminals A and N, using a DC voltage Ve, together
with a configuration of transistor switches commonly referred to as an ”H-bridge" which works
in the following manner. Transistors switches 1 through 4 are controlled such that either 1 and 3
are closed (position a), 2 and 4 are closed (position b), or none are closed. During times when 1
and 3 are closed, the current from the voltage source, ie(t), is equal to the coil current, ia(t).
Likewise, where 2 and 4 are closed, ie(t) is the opposite polarity of ia(t).
Operation in this manner creates a voltage vAN(t) across teminals A and N, as shown in
Figure 3.8, with the polarity of the voltage being determined by the switches. The converter
alternates between position a and position b every Ts seconds, as shown in the figure. The value
Ts is called the "switching time" of the converter. The ratio of the time spent in position a to the
total switching time Ts is D(t), called the "duty cycle".
The switching time Ts is quite small, usually below a millisecond. Thus, the alternations
between ±Ve occur extremely rapidly. Because the inductance L of the coils is significant, such
high-frequency phenomena are filtered, and do not produce significant current. Only the DC, or
time-averaged, voltage is significant to the production of ia(t). This DC voltage, vavg(t) in the
diagram above, is equal to
v avg (t ) = (2 D(t ) − 1)Ve

(3.8)

By controlling D(t), we can control vavg(t). This is illustrated in Figure 3.9. During
periods when D(t) is high, vavg(t) is positive. Where D(t) is low, vavg(t) is negative. Near D(t)
0.5, vavg(t) is close to zero. It is this voltage which creates the current ia(t), approximately by
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Figure 3.7: Single-phase power electronic drive
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Figure 3.8: Voltage at terminals A-N
i a (t ) ≈

v avg (t ) − E a (t )

(3.9)

Ra

By increasing vavg(t), we increase the current in the coil. Thus, by controlling the duty cycle D(t),
we can develop a current feedback controller which controls ia(t) from the DC voltage Ve.
Now, consider the power electronic drive shown in Figure 3.10, which shows the
generation of all three current phases from the DC voltage Ve. Compared to the switching routine
described above for the generation of the single-phase current ia(t), this drive topology uses a
routine which is somewhat more complex. However, the fundamental concepts are the same.
The important point here is that the current through the coils are created from the DC voltage Ve
without the use of resistors in the power converter. This yields a highly power-efficient
electromechanical system, with the only losses being concentrated in the coil resistances.
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Figure 3.9: Variation of DC voltage vavg through the control of duty cycle D
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The control system used to create the currents in the coils necessary to realize a force
fpm(t) from a force command vpm(t) is shown in Figure 3.11. The general philosophy is as follows.
The stator currents and proof-mass position are provided as sensory outputs. From these, the
actual force on the proof-mass by the stator can be found from equation (3.7). Subtracting this
value from the desired force gives an error. This is then sent through a control system, whose
outputs are the duty cycles, D(t), for the converter switches. Using these to trigger the converter
gives the currents to the machine.

3.4: The Dynamic Model
The design of the controller in the forward loop of Figure 3.11 is quite complicated.
However, we can get away without modeling it at all, because of the nature of this problem. As
we mentioned before, the switching time Ts of the converter is very small, and in very close
approximation, the machine behaves as if only the average voltage from the switching converter
were applied across its terminals. Because the structural control problem here is of such a low
bandwidth, the switching dynamics are not important at all. Moreover, the entire current control
system typically has extremely small closed-loop time constants, and its dynamics can be
designed to be well beyond the bandwidth of this problem [2, 14, 54]. Therefore, it is actually
acceptable not to model the current control system at all, and simply assume that a commanded
force can be instantaneously realized as the actual force on the proof-mass.
We will, however, require one nonlinearity in the modeling of the current control system.
This nonlinearity arises from the fact that the machine has a force rating, Fmax, beyond which it
cannot be safely operated. Thus, we will limit our force command vpm(t) to ± Fmax. This is
represented by the saturation function
where

+
vpm

_

f pm (t ) = sat (v pm (t ), Fmax )

(3.10)

v pm (t ) > Fmax
 Fmax

sat (v pm (t ), Fmax ) =  v pm (t ) − Fmax < v pm (t ) < Fmax
− F
− Fmax < v pm (t )
 max

(3.11)
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Figure 3.11: Force control system for a proof-mass actuator
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Figure 3.12: Dynamic model of the machine, from force command vpm(t) to position yd(t)
Assuming that the magnitude of fpm(t) is less than Fmax, the force command and the actual force
are identical. This is because we are assuming that the power electronic controls in the converter
are fast-acting, and may be considered instantaneous.
The dynamics of the machine are expressed simply by
yd

(t ) =

1
f pm (t )
md

(3.12)

From the force command vpm(t) to the proof-mass absolute position, then, we have the simple
system represented in Figure 3.12.
The system thus described represents the dynamics accurately under the assumption that
the proof-mass is not saturated in stroke. However, when stroke saturation does occur, the system
looks quite different. The reason for this is that the force signal fpm(t) represents the
electromagnetic force applied to the proof-mass only. It does not reflect any mechanical force of
the base of the PMA on the proof-mass (i.e. friction effects). In stroke saturation, the base of the
PMA enacts a sizable mechanical force on the proof-mass. Here, we will not consider these
dynamics.

3.5: Actuator Power Flow
With the power electronics established, we can represent the self-powered proof-mass
actuator system described thus far by the diagram in Figure 3.13. Here, we have the converter
voltage Ve being connected to the power electronic drive system to create the stator currents in the
machine necessary to realize the force fpm(t) on the proof-mass, given a force command vpm(t).
This voltage is created using a battery power supply with voltage Vs, together with some power
supply electronics. These electronics have not been described yet, but will be soon.
As discussed, the mechanical power flow to the proof-mass is Pm(t), and is the product of
the force fpm(t) on the proof-mass and its relative velocity, y r (t ) . The electrical power flow to the
power electronic drive is Pe(t), and is the product of the current ie(t) and the voltage Ve, as
Pe (t ) = ie (t )Ve (t )

(3.13)

Because we have assumed zero losses in the converter and machine, we have the relationship
Pm (t ) = Pe (t )

(3.14)

The power flow Ps(t) out of the battery supply is equal to the product of the supply current is(t)
and its voltage Vs. Because we have not described the supply electronics, we do not make the
assumption that the losses are negligible. Thus, we draw no relationship yet between Pe(t) and
Ps(t). This will be done later.
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Figure 3.13: Power flow diagram of a self-powered proof-mass actuator
For now, we concentrate on the power flows Pe(t) and Ps(t). As we discussed in section
2, power can be made to flow into the power electronic drive, signified by Pm(t) negative, as well
as out of the drive, signified by Pm(t) positive. This kind of behavior indicates that this power
converter may be used with the machine as a motor or as a generator, and may alternate
seamlessly between the two. This kind of converter is said to facilitate bi-directional power flow.
When power flow is toward the supply, the machine is generating power, whereas when the
power flow is away from the supply the machine is operating as a motor.
The common terminology for a bi-directional drive is "four-quadrant," referring to the
partitioning of the speed and force capabilities of the drive into four quadrants, as shown in
Figure 3.14. As illustrated here, quadrants I and III have the actuator force and velocity with the
same sign, resulting in power flow away from the power supply. Likewise, quadrants II and IV
show the force and velocity of the actuator with opposite signs, resulting in power flow toward
the supply.
So we have an important relationship between the electrical and mechanical behaviors of
the actuator. Where the product of force and velocity of the actuator is positive, the product of
voltage Ve and current ie(t) is also positive, and the power flow is out of the machine. Likewise,
the negative products imply that power flow is from the machine, through the power converter,
and to the voltage supply.
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3.5.1: The Power Supply Energy
So far we have not discussed the nature of the power supply. We have only mentioned
that the converter voltage Ve is manufactured from this supply through some undefined
electronics. To see why these electronics are necessary, we will show what could happen if we
simply connected a battery power supply directly to the converter, yielding
V s = Ve
Ps (t ) = Pe (t )

(3.15)

Consider that this battery power supply, at time t, has some potential energy Es(t),
representing the amount of energy stored in the supply, which may be expended on the control.
Furthermore, suppose that at time t = 0 the battery starts at some initial energy Es(0) = E0. Then,
for all time, the energy Es(t) may be expressed as
E s (t ) = E 0 −

t

∫0 Pe (t )dt

(3.16)

This energy is limited by two factors. The first of these is the fact that the battery can
only hold a finite amount of energy. Thus, Es(t) has an upper limit of Emax. Furthermore,
obviously, Es(t) has a lower limit of 0, signifying that the battery has totally discharged its stored
energy. We will call these two limits "energy saturation" and "energy exhaustion." For now, we
will discuss the effect of energy saturation.
To illustrate this concept, we resort to a steady-state example. Assume that the force on
the proof-mass is equal to
f pm (t ) = 1000 sin(2π t )

(3.17)

Furthermore, assume that the proof-mass is subjected to some external load such that its relative
velocity is equal to
y r (t ) = sin (2π t + 2π 3)

(3.18)

Because we have equated Ps(t) to Pe(t) in (3.15), we have that
Ps (t ) = f pm (t ) y r (t )

(3.19)

This product is shown in Figure 3.15a. There is a negative DC term, as well as a term at a
frequency of 4π rad/s.
But this power is also equal to
Ps (t ) = i s (t )V s

(3.20)

From (3.16), the energy Es(t) would thus have to be as in Figure 3.15b in order to realize the
necessary force on the proof-mass (here, we have assumed that E0 is equal to Emax). Note that this
presents a problem, as in steady state Es(t) eventually surpasses Emax. But we have established
that this is not physically possible, as the energy will saturate. Thus, the power flow into the
supply must be managed in some way. We will here propose one method of doing this, whereby
regenerative energy is dissipated in the converter at certain times, rather than being used to
recharge the power supply. This involves the aforementioned power supply electronics.
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Figure 3.15: Example power flow and battery energy
3.5.2: Managing Energy Saturation
So far we have assumed the battery voltage Vs to connected directly to the power
electronic drive, making Ve equal to Vs. Now, consider that Ve is realized as shown in Figure
3.16. Here, the value of Ve depends on the position of a switch S1. In position 1, Ve is connected
to the battery supply voltage Vs. In position 2, Ve is connected to a resistive load. The current out
of the load is equal to iL(t). At any time, the power PL(t) dissipated by the load is equal to
PL (t ) = − i L2 (t ) R L

(3.21)

As this is a purely dissipative load, this power is always negative, implying that if the switch is in
position 2, power flow is necessarily into the machine (quadrants II and IV) and the machine is
regenerating.
Incorporating this power supply model into the whole system, Figure 3.16 shows the
power-electronics as we have described thus far for the proof-mass actuator, including the
machine, current coils A, B, and C, the transistor bridge, the voltage Ve, and its generation from
either the battery voltage Vs or the load resistor RL. In quadrants I and III, the switch S1 must be
connected to position 1, because the load resistor cannot facilitate the positive power flow of Pe(t)
which these quadrants imply. In quadrants II and IV, switch S1 may be in either position to
realize the stator currents.
We will now discuss the control of switch S1in somewhat more detail, and will address
how it may be employed to ensure that the battery energy Es(t) does not exceed Emax. During
times when the power flow is into the converter (i.e. Pe(t) is negative) and Es(t) is at its maximum
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energy capacity Emax, the switch is changed from position 1 to position 2. Then, power flowing
into the converter is dissipated through the electrical load RL rather than being used to recharge
the battery.
With this in mind, we establish the following mode of operation for the switch S1.
2
S1 position = 
1

E s (t ) = E max , Pe (t ) < 0
otherwise

(3.22)

For the previous example, Figure 3.17 shows the resultant history for the power flow Ps(t) to the
battery is shown, as well as the power PL(t) in the load. Remember that the sign conventions are
that positive power flow is out of the actuator. Thus, it makes sense that PL(t) is exclusively
negative, as this denotes power flow into the load, or dissipation. Figure 3.17 also shows the
resultant energy Es(t) for this configuration. Note that, as expected, the energy never exceeds
Emax, and exhibits a steady-state behavior.
It is important to note that the force fpm(t) and velocity y r (t ) of the machine for this case,
and for the hypothetical case in Figure 3.15 are exactly the same. The difference is that for this
case, there is a bound on the required energy capacity Emax of the battery for the successful
realization of the force. Thus, the control of switch S1 in (3.22) presents an appealing attribute
for the proof-mass actuator; the ability to operate on a local power supply. This capability
renders the actuator capable of storing and managing a fixed amount of energy. This results in a
self-powered actuator which is capable, in steady state, of applying large forces in quadrants II
and IV of Figure 3.14, and which is also capable of continuously releasing a fixed amount of
energy, Emax, in quadrants I and III. Furthermore, this actuator has the capability of recovering
lost energy through regeneration.
3.5.3: Managing of Energy Exhaustion
So far we have shown a way to enable an actuator, in steady state, to discharge and
recharge a local battery supply, and to manage excess regenerative energy through the control of
switch S1, therefore avoiding energy saturation. However, we have not discussed what to do in
the event of the battery energy Es(t) is fully exhausted. Nor have we addressed ways of
modifying the power electronic design to ensure that this does not happen. It turns out that this
effect is more difficult to deal with. Whereas the energy saturation problem simply requires that
energy be dumped somewhere instead of being used to recharge the battery, energy exhaustion
implies that in order to realize the force f(t) an actuator must produce energy from the local
supply which simply isn't there.
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Figure 3.17: Example power flow and battery energy, with switch S1 controlled as in (3.22)
To exemplify this, consider a similar example to the one given previously, this time
where we have the force and velocity equal to
f pm (t ) = 1000 sin(2π t )

(3.23)

y r (t ) = sin (2π t + π / 3)

(3.24)

For these relationships, the power Ps(t) is shown in Figure 3.18a. Note that, unlike the previous
example, the DC component of the power is positive here, indicating that the DC power flow is
out of the actuator. This means that the machine is motoring more than generating, and that the
supply is therefore discharging more than it is recharging.
Examine the plot in Figure 3.18b of an energy time history of Es(t). The plot shows
ideally what the control system for this time history would yield for Es(t). However, because Es(t)
cannot be negative, the resultant history, represented by the solid line, is the result. This lower
clipping on Es(t) results in a performance degradation compared to the case represented by the
dotted line.
Thus, this lower limit of Es(t) = 0 is a performance limitation of the actuator, which must
be accommodated in control system design, which is the goal of this research. Our approach will
be to find a way to size the battery capacity Emax such that the problem of energy exhaustion does
not become a factor in closed-loop operation.
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Figure 3.18: Problem with energy exhaustion

3.6: Required Energy Capacity
In order to design a control system which is not highly susceptible to energy exhaustion,
we must have a performance measure which indicates the demands which a control system places
on the battery power supply. For this performance measure, we will find the minimum size
battery, as measured by its energy capacity Emax, which is required so as to avoid energy
exhaustion. We will call this quantity the required energy capacity.
Figure 3.19 shows a power supply energy Es(t) for a hypothetical closed-loop system
subjected to an earthquake. Note that, as expected, this energy only varies when the switch S1 is
in position 1. We want to be able to extract, from this plot, the minimum energy capacity Emax
required such that the closed-loop operation will not result in energy exhaustion through the
duration of the disturbance. In the plot, this is simply the maximum drop in the energy level
throughout the disturbance.
This quantity Ec is of critical importance, because it can be used as a performance
measure, for the closed-loop system, and for a specific disturbance a(t), of the size battery which
is required for the control. Obviously, if two control system designs yield the same level of
structural protection, and one has a lower value of Ec than another, then we can view that design
as having superior energy management characteristics.
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Figure 3.19: Energy in the battery for a hypothetical disturbance and control system

3.7: Conclusions
In this chapter, we have discussed in detail the nature of the power flow in the actuator.
First, we talked about the power flow in the machine itself, as well as the associated power
electronics. Then, we talked about the power flow to and from the battery power supply, and
discussed how it relates to the power flow in the machine. We discussed two undesirable
phenomena which arise due to the limitations of the battery. The first of these, called energy
saturation, was remedied through a simple power electronic switching device. The second
phenomenon, called energy exhaustion, did not have such a straight-forward solution. However,
we concluded that a control system's susceptibility to energy exhaustion could be gauged by a
performance function, which we called the required energy capacity.
The major idea developed in this chapter is the method by which we determine the
required energy capacity, for a given control system. This performance measure represents the
minimum size battery required of the actuator supply, such that energy exhaustion is avoided for
a particular disturbance. In future chapters, we will focus heavily on this performance measure.
Not only will we use it to compare the quality of control solutions and actuator designs, we will
also, in Chapter 7, develop nonlinear control to ensure that the required energy capacity for an
arbitrary disturbance is guaranteed to be less than the actuator battery energy capacity.
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Chapter 4. Performance Assessment
In the first section of Chapter 2, we mentioned two methods by which we will evaluate
the performance of a control system for a building. We called the first of these case assessment,
which consists of evaluating the various performance measures listed in Section 2.1 for the
transient response of a building for a given earthquake acceleration record a(t). This method is
the dominant one used in earthquake engineering, and the worth of a control system for a building
is typically evaluated based on its performance for several of these cases.
Through the use of case assessment, the control system design relies heavily on measured
acceleration data. This is a problem because there is sometimes not an abundance of acceleration
data for a given geographic location. Here, we will combine case-oriented performance
assessment with stochastic methods, in an effort to alleviate this problem. We will start with a
measured accelogram a(t). For this accelogram, we will then evaluate the performance of the
closed-loop control system for all disturbances a*(t) which have characteristics which are similar
to the original case. We can then find what the expected and worst-case scenarios are for the
various measures of performance in the system for the set of all disturbances with the same
general characteristics as a(t). This idea is summarized in Figure 4.1.
The motivation behind this more complicated approach to performance evaluation lies in
an effort to make more confident conclusions about the effectiveness of a given control strategy
by testing it on a much larger set of earthquake records. It was mentioned in the previous chapter
that the effectiveness of passive TMD-based systems for earthquake disturbances is still an item
of research, and that studies have shown it to be fairly case-sensitive. This method is an attempt
to alleviate such ambiguities which can arise with case assessment. In fact, at the end of this
chapter, we will use this method of performance on a passive TMD system and draw some
interesting conclusions about its effectiveness and reliability. In future chapters, we will use this
method to evaluate control system designs with hybrid and active mass dampers as well.
In the first section of this chapter, we will to define rigorously what "characteristics" for
the disturbance a(t) are important, if we are to generate other hypothetical disturbances a*(t) with
these same characteristics. The general approach toward this idea has been adapted from [55]. In
the next section, we will discuss some general robust estimation techniques we will use
throughout the chapter. In sections 3 and 4 we will explain in detail how to obtain and
parameterize the characteristics of a(t). The ideas in these sections are from [55] and [56]
respectively. Section 5 compares the characteristics obtained by traditional and robust estimation
methods. In section 6, we will develop the parameter space for the disturbance characteristics,
and will show how to use this parameterization to generate a hypothetical disturbance a*(t).
Section 7 will show how this stochastic treatment may be used in performance evaluation, and
will exemplify this for a passive TMD system. Finally, section 8 will bring together some
conclusions for the chapter.

4.1: Characterizing an Earthquake
An example earthquake accelogram, taken from the El Centro earthquake of 1940, is
shown in Figure 4.2. This accelogram shall be the example for the various techniques we will use
throughout this paper. Its characteristics can be described reasonably well as a non-stationary
random process, meaning a process with a time-varying variance. This non-stationarity makes
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Figure 4.1: Diagram showing case and stochastic performance assessment procedures
any direct modeling of the random process rather difficult. Thus, the first thing we wish to
characterize about the signal is this variance. Assuming the random process to be weakly
correlated, we can write
a(t) = σ(t)α(t)

(4.1)

where σ (t) is the time-varying variance, σ(t) is the standard deviation, and α(t) is a stationary
random process with an autovariance equal to unity, sampled at time T.
2

Once σ(t) is found, we wish to identify the stationary process α(t). This is done by first
dividing a(t) by σ(t) to get α(t), a procedure commonly called the "variance stabilization" of α(t).
As α(t) is a stationary signal, we can characterize it as a white noise ε(t) passed through some
filter G(s). However, as the acceleration record is composed of sampled data, resulting in
sampled data for α(t), it is easier to handle the parameterization as a discrete random process,
rather than a continuous one.
To do this, we first represent the sampled signals a(t), α(t) and ε(t) as the data vectors a,
α, and ε each of length N. Furthermore, we will refer to the digital filter G(z), which has a causal
impulse response vector γ. Denoting the elements of the vectors by subscripts, we then have the
convolution representation
αi =

i

∑ γ i− j ε j

(4.2)

j =0

With some abuse of notation, we can write this as
α = G ( z )ε

(4.3)

It is important to note here that the coefficients which describe the digital filter G(z) depend on
the sampling period T for the accelogram, which we have not specified. For the accelogram in
Figure 4.2, the sampling period was T = 20 ms. In recent years sampling times have increased to
10 and 5 ms, depending on the measuring station, and there does not appear to be a standard.
We can now describe the accelogram a(t) by three characteristics; a standard deviation
σ(t), a digital filter G(z), and a noise vector ε. We now wish to identify each of these using finiteparameter descriptions. In section 3.2, we will discuss robust identification techniques used as a
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Figure 4.2: Example Accelogram (El Centro Earthquake, 1940)

means to this end. In section 3.3, we will discuss a tenth-order polynomial fitting for σ(t). In
section 3.4 we will identify the filter G(z) using a low-order auto-regressive moving-average
(ARMA) model. In section 3.5 we will discuss a characterization of the noise ε as Gaussian with
a variance σε2, and will discuss robust identification methods which account for outliers in the
noise vector. With this completed, we can assemble a 16-element parameter vector θ which
reflects these characterizations.

4.2: Linear Regressions and Robust Estimation
Before we begin the process of treating earthquake data, it will be beneficial to first
establish a general framework for robust estimation, and its applications in linear regressions.
Suppose we have a data vector z of length N. We can express z as a linear regression of a
parameter vector x of length n, and an innovations vector e of length N, as in the form
z = Hx+e

(4.4)

where H is a known, time-invariant matrix of size N ×n. We will establish that the elements in
the innovations vector e are independent, identically distributed (i.i.d.) data with
E[e] = 0

(4.5)

E[z] = H x

(4.6)

This results in the expectation
Given access to the measured data z, we wish to estimate the parameter vector x. We will call
this estimate x̂ . With this estimate, we can find the corresponding estimate of the data vector as
ẑ = H x̂

(4.7)

We can express the residuals of an estimation ẑ as
r = z − zˆ = z − H xˆ

(4.8)

We can measure the accuracy of our estimator in (4.7) by the size of the residuals. An optimal
estimator will yield the smallest residuals. Much of estimation theory, and indeed the difference
between classical and robust estimation methods, concerns the definition of what a "small"
residual data vector entails. Here, we will first present classical estimation methods, and then
discuss robust estimators.
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4.2.1: Classical Estimation
In solving for the parameter estimate x̂ , what we inevitably want to do is minimize some
scalar function J(r) of the residuals, called an objective function. An estimator which
accomplishes this is typically called an M-estimator. Mathematically, we will express this
objective function as
J (r ) =

N

∑ ρ (ri )

(4.9)

i =1

The two classical estimation methods which accomplish this are the L2, or "least squares"
method, and the newer L1 "median" method. In the least-squares paradigm this function is the
aggregate sum of all the squared residuals. The ρ function then becomes

ρLS(ri) = ri2

(4.10)

Thus, the solution xL2 would be that solution which minimizes this sum. In the L1 norm sense, we
would find the solution xL1 which minimizes the sum of the absolute values of the residuals. The
ρ function for L1 estimation is then

ρL1(ri) = |ri|

(4.11)

We can think of different objective functions as functions which weigh residuals
differently. For instance, an abnormally large residual magnitude has less influence on its
corresponding L1 norm than on its L2 norm. Thus, the objective function evaluated with L2 norms
will be made larger by outliers one evaluated with L1 norms. We can say that the L1 norm
assigns a lower priority to a large residual than does the L 2 norm.
Defining these ideas concretely, let us assume that objective function J(r) is convex, and
that the problem we wish to solve is to find a parameter estimate x̂ which makes the derivative of
the objective function equal to zero, as

 N

 N d
xˆ = sol 
ρ (ri ) = 0 = sol  ψ (ri ) = 0

 i =1

 i =1 dri

∑

∑

(4.12)

In most cases (including the L1 and L2 norms) it is convenient to think of ψ(ri), called the score
function, as being equal to the residual ri multiplied by some function of that residual, q(ri). This
is then expressed as
q (ri ) =

ψ (ri )
ri

(4.13)

q(ri)

LS
L1
0

Figure 4.3: Weight functions for the LS and L1 estimators
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ri

Expressing the treatment of the residuals by the objective function J(r) in terms of q(ri), called its
weight function is convenient. Figure 4.3 shows this weight function for the LS and L1
estimators. Using this weight function, we can find x̂ as

 N
xˆ = sol  q(ri )ri = 0

 i =1

∑

(4.14)

For the L2 norm objective function, the corresponding weight function qLS(ri) is simply 1.
This means that the solution x̂ is that parameter vector which causes the residuals to have zero
mean. For the L1 norm objective function, the corresponding weight function qL1(ri) is |ri|-1. As
the residual magnitude becomes larger, the weight function becomes smaller. As the residual
function goes to zero, the weight function becomes infinitely large. The use of the L1 norm
objective function results in a solution x̂ which yields in a median value of zero for the residuals.
If the innovations e are precisely Gaussian distributed and as N approaches infinity, the
estimations of x̂ for the two estimators will converge to x. However, for a finite data length N,
the resultant estimations of x̂ using the L1 and L2 norm methods will most likely be noticeably
different. Both estimators will yield respective variances in their residuals which diminish
asymptotically as N becomes arbitrarily large. The product of N times this variance, however,
does not diminish as N goes to infinity, but approaches an asymptotic value. This value can be
used to assess the efficiency of the estimator, referring to an estimator's ability to obtain the
smallest variance on its solution as possible given a specific sample size. The variance on the LS
estimate achieves the lowest asymptotic variance possible for Gaussian innovations, referred to as
the Cramer-Rao lower bound. All other estimators' variances are compared to this lower bound
to obtain their efficiencies. Thus, the LS estimator is said to be 100% efficient. The asymptotic
variance of the L1 norm estimator is greater that of the LS estimator, yielding only 64%
efficiency.
4.2.2: Robust Estimation
In general, the worth of an estimator is measured in two quantities. On one hand, the
efficiency of the estimator is considered at the Gaussian distribution. On the other hand, the
robustness of the estimator is considered. In general, this involves assessing the sensitivity of the
resulting estimate if a single sample from the sample set is designated an outlier and driven to
infinity. This measure of sensitivity is reflected in a scalar quantity called the Gross Error
Sensitivity for the estimator. A lower value for this sensitivity indicates a more robust estimator.
The concept of "robust estimation" implies the design of an estimator which compromises these
two properties well.
We can think of robust estimation as a re-assessment of the assignment of a weight
function q(ri) for this problem. Classical methods mostly concern themselves with LS and L1
norm-based objective functions. The LS estimator provides the highest efficiency of any Mestimator for Gaussian-distributed processes, achieving the Cramer-Rao lower bound. However,
this estimator also has absolutely no robustness at all [57], yielding a gross error sensitivity of
infinity. The L1 norm is popular because it possesses the lowest gross error sensitivity and
therefore the best robustness properties of any M-estimator [57], but it suffers from low
efficiency for the Gaussian distribution.
Earthquake analysis is perhaps one of the most immediate examples of an estimation
problem with inflexible constraints on sample set size. So it makes sense that the development of
a highly efficient estimator is of prime importance. While earthquake disturbance innovations
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typically are roughly Gaussian, they are contaminated with large outliers, as we will see later in
this chapter. Hence, the need for a robust estimator, which compromises efficiency with
robustness.
One of the results of non-Gaussian errors in estimation theory is that the measure of the
scale of the innovations, the standard deviation, can be deceptive. To understand this, consider an
innovations vector e with a distribution that is approximately Gaussian, but which also contains
one extremely large outlier. As the magnitude of this outlier is made larger and larger, the
calculated standard deviation
1 T
e e
N −1

SD(e ) =

(4.15)

becomes larger, without bound. Thus, if we increase the magnitude of this outlier to infinity, the
magnitude of the standard deviation approaches infinity as well. Resultantly, we can say that the
standard deviation has infinite sensitivity to outliers.
Next, consider another measure of scale, called the Median Absolute Deviation (MAD)
[57]. This measure is calculated as
MAD(e) = 1.4842 × med | e – med(e) |

(4.16)

For purely Gaussian innovations, the MAD is equal to the standard deviation. However, suppose
we introduce a single outlier into the innovations vector e. Furthermore, suppose we increase the
magnitude of this outlier to infinity. The value of the MAD remains bounded. In fact, it would
take half of the data to be infinite outliers for the MAD to approach infinity. Thus, we can say
that the MAD has a breakdown point of 50%.
Using the MAD as a measure of scale, consider the most popular robust M-estimator, the
Huber estimator, which has a weight function shown in Figure 4.4, expressed mathematically by
 1
q Huber (ri ) = 
b s ri
s = MAD(r )

ri s < b
ri s > b

(4.17)

This function is thus a tradeoff between L2 and L1 norms, in that it weighs data near the center of
the data set equally, while placing less weight on outliers in the population. The Huber estimator,
with a b value of 1.5, has about 95% efficiency, while enjoying much higher robustness than the
least-squares estimator [57].
Regardless of the estimator, a general algorithm, called the Iteratively Reweighted Least
Squares (IRLS) algorithm [57], can be used to arrive at a solution x, given the data set z and
matrix H, and given the assumption that the innovations e are i.i.d. For the kth iteration, this
algorithm is represented in matrix form as
qHuber(ri/s)

b

0

b

Figure 4.4: Weight function for Huber estimator
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ri/s

r ( k ) = z − H xˆ ( k )
  ri( k )  

Q ( k ) = diag  q
  s 
 


(

xˆ ( k +1) = H Q( k ) H

(4.18)

)−1 H T Q(k ) z

For the least-squares solution, this iterative routine will converge in one step. For other
estimators with nontrivial weight functions, convergence is guaranteed so long as the function
ρ(ri/s) is convex. This condition has the effect of ensuring that the objective function has a
single, global minimum for any sample set.
With the inclusion of the IRLS algorithm, we have all the tools for robust estimation we
will need for the purposes of this study. We will next apply these techniques to identifying the
signal σ(t), the parameterization of G(z), and the pdf of the noise ε. For both σ(t) and G(z), we
will first designate the design matrix H, which is a function of the model structure which we will
use to relate the parameters to the data. Then, we will fashion the parameter estimation problem
into the form of (4.4) and solve for a parameter vector which best approximates the data. In the
case of the identification of the variance σε2 of the noise, we will show how the use of the MAD
as a robust measure of scale can clearly improve the accuracy of this characterization.

4.3: Characterization of the Variance σ(t)
In the estimation of σ(t), we will assume for the time being that the elements of the
accelogram a(t) are weakly correlated. Then, we can approximate the samples of a(t) as
independent, and distributed identically with the exception that their variances obey a transient
function σ2(t). We then first note that, for a sampling time T

σ(iT)2 = E[ai2]

(4.19)

2

2

We would like to estimate E[a (t)]. For the transient record shown in Figure 4.2, a plot of a (t) is
shown in Figure 4.5. We can express this signal as
ai2 = σ2(iT) αi2

(4.20)
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Figure 4.5: Squared accelogram
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In order to estimate σ2(t) using the methods outlined in the previous section, we require
some transform ℑ for equation (4.20) which will yield a separation of σ2 and α2, as

( ) (

) ( )

ℑ a i2 = ℑ σ 2 (iT ) + ℑ α i2

(4.21)

Furthermore, we require that the function ℑ be invertible, such that

((

))

σ 2 (t ) = ℑ −1 ℑ σ 2 (t )

(4.22)

For a signal µ(t), such a transform can be found in the Box-Cox transformation [58], as
 µ λ (t ) − 1

(λ ≠ 0 )
µ bc (t ) =  λm gλ −1
m log(µ (t ))
 g
(λ = 0)

1

 N
N
mg = 
µ (t )


 t =1


∏

(4.23)

Note that this transform involves an unspecified exponent λ. The choice of λ will be shown
shortly.
After performing the Box-Cox transformation ai2, we have a relationship in the form of
(4.21) for the transformed data, given by
ai2bc = σ2(iT)bc + αi2bc

(4.24)

The value of λ is optimally chosen such that the expectation of αi2bc is zero, and such that its
variance is minimal.
With this transformed data, we can use estimation techniques shown in the previous
section to find σ2(t)bc in the following way. First, we will specify that what we want to do is
approximate σ2(t)bc as a 10th order polynomial, as

σ2(t)bc = h0 + h1t + h2t2 + h3t3 + ... + h10t10

(4.25)

So for a given Box-Cox exponent λ, we have eleven parameters in (4.25) to estimate, namely,
h = [h0 ... h10]T

(4.26)

The problem we are then solving is represented in compact form by

σ2bc = Hbch

(4.27)

where the ith element of σ2bc is σ2(iT), and
 10

H bc =  
N 0






110 

 
N 10 

(4.28)

We can thus express
a2bc = Hbch + α2bc

(4.29)

This equation is in the form of (4.4), indicating that we can now use robust estimation
methods to find h which best approximates a2bc. Using the ideas in section 3, we are now in
familiar territory. We can find a solution h by the following algorithm.
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1)

Start with LS solution of
h(1) = (HbcTHbc)-1HbcT a2bc

(4.30)

(1)

2)

If using the LS estimator, stop here, as h is the solution. Recall that the IRLS algorithm
converges in one step for the LS estimator. For the Huber estimator, then, starting with
k=2,
Compute the residuals as
r(k) = (I – Hbc(HbcTHbc)-1Hbc)a2bc

3)

4)

5)

6)

(4.31)

as in (4.8).
Compute the estimation of scale s as
s = MAD(r(k))

(4.32)

Q(k) = diag(q(ri/s))

(4.33)

h(k+1) = (HbcTQ(k)Hbc)-1HbcTQ(k) a2bc

(4.34)

as in (4.16)
Compute the matrix Q(k) as
according to (4.17) and (4.18).
Compute h(k+1) as
as in (4.18)
Repeat steps 2 through 5 until convergence in h is reached.

This procedure finds the approximation for h, given a specified value for λ. However, we have
not yet specified the optimal value for λ. For the purposes of this paper, this value is chosen by
finding the value of λ which results in the least mean square values of the residuals r for the final
solution of h. Said mathematically, this is

( )T α bc2 

2
λ = arg min  α bc
λ >0 

(4.35)

The solution to this can be solved by a nonlinear least squares algorithm. There are numerous
numerical optimization functions which accomplish this algorithm. As the code for most of these
simulations was completed in MATLAB, the function "fmin" was used to solve for λ on a range
between 0 and 1. The function "fmin" uses a Nelder-Mead type simplex search algorithm.
Extensive data analysis [55] has shown this variable to be extremely consistent for a given
geographic region.
With σ2bc(t) found, we must now transform this signal back into σ2(t). This can be done
by the transformation

[

]
]

 σ 2 (t )λm λ −1 + 1 1 λ
g
σ (t ) =  bc
2
()
exp
σ

bc t m g
2

[

(λ ≠ 0)
(λ = 0 )

(4.36)

With this transformation, we have fitted a variance envelope σ2(t) to the accelogram. Taking the
square root of this to get the standard deviation σ(t), Figure 4.6 shows the original accelogram
with the standard deviation superimposed, for the case of the Huber estimator.
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Figure 4.6: Accelogram (light) with fitted time-varying standard deviation σ(t) (dark)
This completes the identification of the variance σ2(t). We can represent this variance by
the h parameters used, as well as the value of λ used in the Box-Cox transformation. Bringing
these terms together into a single parameter vector for σ2(t), we have the parameter vector

[hT λ ]T
which identifies the variance function in twelve parameters.

4.4: Characterization of the Filter G(z)
So far we have established the variance σ2(t) as a characteristic of the disturbance, and
have parameterized it. In equation (4.1) we expressed a stationary signal α(t) in terms of σ(t) as
α (t ) = a(t ) σ (t )

(4.37)

For the accelogram presented thus far, this stationary signal is presented in Figure 4.7. It is
obvious from the transient plot that the variance is at least somewhat consistent in time,
suggesting that the computation of σ(t) was successful.
The next issue is to identify the transfer function between the sampled sequence α and a
white noise sequence ε, characterized as a Gaussian noise N(0,σe2) with possible outliers. This
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Figure 4.7: Accelogram after variance stabilization
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transfer function, G(z), will here be modeled as an auto-regressive, moving average (ARMA)
process. Discrete ARMA processes are represented by
αi = -φ1αi-1 – φ2αi-2 – ... φpαi-p – εi – ϕ1εi-1 – ... – ϕqεi-q

(4.38)

Typically the notation ARMA(p,q) is used to specify the order of regression (p) and averaging (q)
which is performed to construct α. We will here deal with ARMA(2,1) processes. Equating p
and q to 2 and 1 respectively, we have
αi = -φ1αi-1 – φ2αi-2 + εi – ϕεi-1

(4.39)

The resultant transfer function G(z) is
G(z ) =

z 2 − ϕz

(4.40)

z 2 + φ1 z + φ 2

With this model structure, we can conclude that our objective is to identify the parameter vector
hARMA = [φ1 φ2 ϕ]

(4.41)

σε2 = E[ε i2]

(4.42)

as well as the noise variance

4.4.1: Identifying Auto-regressive (AR) processes
Before proceeding with the procedure for finding hARMA, let us first digress for a while
and talk about AR processes, which are represented by
αi = -φ1αi-1 - φ2αi-2 - .... -φpαi-p + εi

(4.43)

Suppose that we wish to identify the parameter vector for this model structure, and we have
access to the output signal α. The resultant parameter vector is
hAR = [φ1 φ2 .... φp]

(4.44)

We first construct the design matrix HAR as
 −α p −1
 −α
p
H AR = 
 

− α N −1

−α p−2



− α p −1







− α N −2



−α 0 
−α1 




− α N − p 

(4.45)

Then, we can write an equation in the form of (4.4), as

[α p

α

N

]T = H AR h AR + [ε p

ε

N

]T

(4.46)

As the elements of ε are i.i.d. with a zero expected value, we can solve this using the IRLS
algorithm in (4.18), and it is never necessary to have information about ε.
4.4.2: Identifying ARMA processes
Now, we return to our ARMA(2,1) filter from (4.39). Our parameter set becomes (4.41),
and our design matrix becomes
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 −α 1
 −α
2
H ARMA = 
 

− α N −1

−α 0

−α1


− α N −2

−ε 1 
−ε2 




− ε N −1 

(4.47)

Note that, unlike in the case of the AR filter, elements of the noise vector ε appear directly in the
design matrix. This presents a problem for our data analysis, because ε is not measurable. Thus,
we must observe it. To do this, we use the following basic method. First, we will model G(z) as
an AR process of an order much higher than that of the ARMA process we plan on ultimately
modeling. Here, we will use an AR(10) model. This will give us a parameter vector as in (4.44).
A very convenient property of AR processes is that any linear system can be modeled to arbitrary
accuracy as an AR process of arbitrarily high order, and with an arbitrarily large number of data
points. Thus, we will reason that a high enough order will give us a highly accurate model for the
~
system, G ( z ) . Recall that this can be done without requiring any information regarding ε.
~

With G ( z ) this way, we then find a close approximation for the noise as
~
ε~ i = G −1 ( z )α i

(4.48)

~

This inverse is guaranteed to be stable, as the zeros in G ( z ) are by definition located at the origin
for AR processes. With ε~ found, we can use these approximations of the white noise input to the
system to estimate the ARMA parameters hARMA in (4.41) by inserting them as ε in (4.47). With
this done, we once again arrive at the same regression equation with different parameters,

[α 2 α N ]T

= H ARMA h ARMA + [ε 2  ε N ]T

(4.49)

Thus, using (4.17) and (4.18), we can solve hARMA. This solution gives us a description of the
filter G(z), characterized by three parameters.
We can define the variance of the white noise, σe2, as simply

σe2 =

1 ~T ~
e e
N −1

(4.50)

This is the standard calculation of the variance. But as explained in section 3.2, this evaluation is
lacking in robustness. For a purely Gaussian noise (4.50) provides the most efficient measure of
scale available, but in the presence of outliers, it quickly loses its accuracy.
The alternative would be to calculate the noise via the MAD, as in

σε2 = ( MAD(ε) )2

(4.51)

While this evaluation is more robust, it is not as efficient as (4.50). In the next section, we will
compare the results of these two calculations.

4.5: System Parameterization and Estimator Comparisons
What we will do in this section is compare the parameterizations obtained with the Least
Squares estimator to those obtained using robust estimation. This comparison will consist of two
sections; a time-domain comparison, and a frequency-domain comparison.
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4.5.1: Time-domain comparisons
Applying this technique to the accelogram shown in Figure 4.2, we end up with the
following filter and white noise parameters for the least-squares and Huber estimators
.
LS:

θ = 0.0163

ϕ1 = -1.0663

ϕ2 = 0.2544

σε = 0.7646

Huber:

θ = 0.0496

ϕ1 = -1.0387

ϕ2 = 0.1992

σε = 0.5935

A comparison of σ2(t) for the Huber and Least Squares estimators is shown in Figure 4.8a.
Figure 4.8b shows the transient plots for the stabilized signals α(t). These two pairs of plots each
appear to be very similar. The effect of the Huber estimator on these transient effects is small
Beyond these transient plots, it is very difficult to determine whether or not the variance
is indeed stabilized. One thing we can do is perform a moving-average on the two respective
(supposed) white noise signals ε2(Ti), as
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Figure 4.8: Time-domain simulations showing the σε(t) for the LS (a) and Huber (b)
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σε2(Ti) = E[ε2(Ti)] ≈

1
M

t+M

∑εi2

for i between M and N-M, where 1<<M<<N

(4.52)

β =t − M

This approximation should give us an idea for the variance of the signal in time. If the variances
of the α(t) signals are indeed stabilized, the variance of ε(t) should certainly be fairly constant in
time. Here we will choose a more robust method. Instead of finding a measure of the white noise
variance this way, we will instead find it for time Ti as

σε2(Ti) ≈ [MAD(ε(i-M...i))]2

(4.53)

Thus, starting with i = M, and moving to the end of the record for ε, we can find an
approximation of the noise variance.
The transient plots for this variance estimate were computed for M = 100. For
comparison with the magnitude of ε(t), we have plotted the square root of this variance estimate
(the standard deviation estimate) in Figure 4.8c. Note that this estimate is by no means constant.
However, also note that it does oscillate at a low frequency throughout the time record, and that
with this oscillation removed, the overall trend in the variance estimate is a little less than is
evident here.
A pdf of the data points for ε(t) is shown in Figure 4.9. Along with this pdf is a
Gaussian pdf with a variance equal to that calculated by (4.50). The variance estimate obtained
by finding E[ε2(t)] is about 0.76 for both the LS and Huber estimators. This is considerably odd
since, the magnitude of the noise signal seems to extend beyond 2.5 at times. If this error signal
were truly Gaussian, this would not happen more than once or twice in a data record. The pdf's
presented imply that the noise is close to Gaussian, but with a slightly less mass in the tails than
we would expect. The pdf also indicates (you have to look closely) that what mass is in the tails
of the noise signal is spread out over a wide range. There is a higher probability of outliers for
the true signals than there is for the Gaussian equivalent, with the Gaussian pdf being greater than
the true pdf for ε(t) magnitudes in a range from about 0.7 to 2.
The reason for this is that this Gaussian pdf was created by finding the variance of the
true pdf, which was found as E[ε2(t)], which is a least-squares optimization. From our
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Figure 4.9: pdf of noise signal ε(t) (Huber and LS are dark) and approximation (light)
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Figure 4.10: pdf of noise signal e(t), with Gaussian variance found using robust techniques
discussions in Section 3, we know that outliers play a more significant approach in variance
calculated the classical way as in (4.50) than in the MAD, as in (4.51). Figure 4.10 shows
another set of pdf's similar to that of Figure 4.9, but this time with a scale estimate found as s,
where s is the MAD. This scale estimate was found to be smaller, at 0.5935. The corresponding
pdf's match up much more closely. What this shows us is that if we stabilize the variance of an
accelogram, pass the result through a linear filter, and throw away the outliers, we have an almost
perfectly Gaussian distribution on the noise input.
4.5.2: Frequency-domain comparisons
The second study we shall do to compare the signals estimated through LS and Huber
techniques is to compare their ARMA processes. Here, it is difficult to conclude which process is
"more" correct. Rather, we will simply point out the differences between their amplitude
spectrums. For the parameters identified above, the power spectral densities are shown in Figure
4.11, for the signals α(t) . Note that the PSD's of the sequences, obtained by the LS and Huber
estimators, yield quite similar spectral densities.
The theoretical PSD's, shown by the dotted lines, were computed from the ARMA
process parameters and noise variances for the two estimators. These plots are also quite similar
for the two estimators. The notable difference seems to be that the Huber estimator yields a
theoretical PSD which seems to fit the high-frequency region better, whereas the LS estimator fits
the low-frequency spectrum more closely. It is also interesting that although the ARMA filters
found for the two estimators are noticeably different, the filtering characteristics they have on the
data are almost identical. This can be seen through the PSD's obtained for α(t) for the two cases.
4.5.3: General observations about the two estimators
It is fairly obvious from this analysis that, at least the accelogram in Figure 4.2, the
difference between Huber and LS estimators as reflected in the characterization of the process are
not terribly noticeable. The variance envelopes fitted are almost very close. Although the
transfer function θ coefficients do vary between the two estimators, their effect on the filter
characteristics are minimal. The noise characterization, however, gains a high level of accuracy
by utilization of robust estimation methods, as shown by the contrast between Figure 4.9 and
48

psd of α(t)
psd of α(t)

LMS
estimator
LS estimator

10

2

10

0

10

-2

10

2

10

0

10

0

20

40

60

80

100

120

60
80
frequency (Hz)

100

120

Huber estimator

-2

0

20

40

Figure 4.11: Computational (solid) and theoretical (dotted) PSDs for α
Figure 4.10. We therefore conclude that in the characterization of accelograms, robust estimation
techniques are highly beneficial only for characterizing the noise variance σε.

4.6: Parameterizing Earthquakes
At this point, we have successfully characterized the accelogram a(t) as a variance
function σ(t), a digital filter G(z), and a white noise vector ε. Furthermore, we have described
each of these three characteristics by a finite set of parameters. Grouping these together, we have
the following 16-parameter vector θ which describes a(t).

[

θ = hT

λ φ1 φ 2 ϕ σ ε

]T

(4.54)

We will define any two accelograms which have the same parameter vector θ to have identical
characteristics. To denote this whole estimation process, we will introduce the projection
function
θ = gθ (a(t ))

gθ : ℜ N → ℜ n

(4.55)

where N is the data record length for a(t) and n is 16, the length of the parameter vector θ.
Now consider a random noise sequence ε* generated by a random number generator to
have the Gaussian distribution N(0,1), meaning zero mean and unity variance. From this
randomly generated sequence, we can create an accelogram a*(t) with characteristics dictated by
(4.54) by
a*i = σi G(z) σε ε*i
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(4.56)

where

σ*i = σ*(Ti)

a*i = a*(Ti),

and σ(t) and G(z) possess the model structures found in (4.25), (4.36), and (4.40). Expressing this
in function form, we can say that

(

a* = g a θ , ε *

)

ga : ℜ N ,ℜn → ℜ N

(4.57)

In this fashion, we can create, from an arbitrary N(0,1) sequence a fictitious accelogram
a*(t) with characteristics identical to those of a real accelogram a(t) with a parameter vector θ.
We will refer to this whole process by

(

a * = g a, ε *

)

g : ℜ N , ℜn → ℜ N

(4.58)

Figure 4.12 summarizes the steps taken to get a*(t) from a(t).
For example, take the accelogram from Figure 4.2, repeated in Figure 4.12 for
convenience. Parameterizing this accelogram gives us a standard deviation σ(t) and a transfer
function G(z). Furthermore, the resultant white noise sequence ε can be found, with variance σε.
Generating a new white noise sequence ε* with this same variance, we then filter this noise to get
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Figure 4.12: Process of creating accelogram a*(t) from case data record a(t)
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the signal α*. Finally, multiplying it back through the envelope σ(t), we arrive at the accelogram
a*(t), an imitation of a(t).

4.7: Stochastic Performance Assessment
In the previous section, we established a method for generating new accelograms a*(t)
with the same characteristics as an original case a(t). What we now wish to find is, for all
possible cases with characteristics identical to those of a(t), signified by the parameter vector θ,
what are the expected and worst-case scenarios for the various performance measures which we
developed at the end of the previous chapter.
This can be accomplished very simply, given the parameterization method we have thus
far outlined, through Monte-Carlo analysis. We first parameterize the characteristics of the
original case a(t). Then, we need only generate a large number of sequences a*(t) with these
same characteristics, perform simulations to find the measures of performance for the structural
system with these disturbances, and develop the resultant probability density functions (pdf's)
which describe these results.
As a basic example, consider the three-story structural model from chapter 2, illustrated
in Figure 2.7, equipped with a TMD mounted on the top. The mass damper for the system is
designed to be 1% of the total mass of the building, spring is designed to resonate with the mass
at the fundamental frequency of the building, and the damper is designed for a 0.707 damping
coefficient.
Suppose that our case for this analysis is the earthquake shown in Figure 4.2. Figure 4.13
(3)
shows the transient responses of y rst
(t ) and yst(3) (t ) for this disturbance with and without the
TMD. If we were using case assessment to measure the worth of the TMD, we would probably
max
conclude that the TMD was not beneficial, hardly reducing y rst
and ystmax at all.
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Figure 4.13: Transient responses with (light) and without (dark) the TMD
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Now, let us implement the stochastic performance assessment we have developed in this
chapter. Performing the Monte-Carlo analysis with 2000 accelograms a*(t), we end up with 2000
transient results, which we can analyze. Suppose we want to find out what are the expected and
worst-case scenarios for the maximum displacement of the structure relative to the ground. We
can represent the peak displacement yrstmax as a pdf based on this data.
Suppose we do an equal number of simulations with and without the TMD in tact. We
can then see what effect the TMD has on the structure for disturbances with characteristics
identical to a(t). This can be done by comparing their pdf's, as in Figure 4.14. Table 4.1 also
includes a numerical comparison. The first thing we notice, of course, is the surprisingly large
spread of the pdf, even though the transient and frequency-domain characteristics of the
disturbance are identical. For both situations we see a minimum displacement of about 0.15 cm.
However, the TMD reduces the maximum displacement of the structure from 1.20 cm to 1.09 cm.
Furthermore, the TMD concentrates more of the mass of the pdf near the peak, at about 0.52 cm.
Similar conclusions can be drawn from the acceleration pdf plots. These two pdf comparisons
show where some of the ambiguity of case assessment may occur. Clearly, using stochastic
assessment, the worst-case scenario for disturbances with characteristics identical to a(t) is
reduced with the TMD, and the behavior of the system is improved noticeably. However, this is
cannot be reflected in case assessment.
Of course, these pdf's can also be generated for hybrid and active control. In addition to
and ystmax , pdf's can be generated which will indicate expected and worst-case scenarios
for the actuator performance measures of maximum force, maximum power, and required energy
capacity. In the next chapter, we will use stochastic assessment for these variables to compare
control system designs. However, because Monte-Carlo analysis is a time-consuming process,
this kind of analysis is ill-suited for preliminary design techniques. Our methodology here will be
to use case assessment preliminarily, yielding a design in which we have confidence. Then, using
stochastic assessment, we will re-evaluate the effectiveness of our controller and develop a better
understanding for what the worst-case scenario might be.
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Figure 4.14: pdf's for structural performance measures with (dotted) and without (solid) a TMD
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Table 4.1: Mean, standard deviation, and worst-case values for pdf's in Figure 4.14
max
y rst

max

yst

mean

tmd
0.5109

no tmd
0.5648

tmd
7.3091

no tmd
8.0311

st. dev.

0.1658

0.2007

1.9629

2.2649

worst case

1.0891

1.2002

15.5927

16.0956

4.8: Conclusions
It is very important to have reliable, meaningful ways of evaluating the worth of a control
system. In some cases, such as this, such evaluation is not trivial. Here, we have in the last
section shown that a single case evaluation gives us only some insight into the system's
performance, but does not reflect nearly as much information as can be reflected by stochastic
methods, using the data from that same case.
We have also shown that such stochastic analysis is unfortunately complex. Nonetheless,
we have developed a method of projecting the accelogram data into a parameter space which is
indicative of the dominant characteristics of the data. Then, we have shown how to generate an
infinite number of cases with characteristics identical to the original case using this parameter
space. With this capability, we have shown a way to create probability density functions for the
performance measures which correspond to the characteristic parameters of the original case. We
incorporated robust estimation into this process, and showed where it appears to be effective.
This results in a method which indicates much more information than case assessment,
without requiring any additional measurement data. We can now gain more of a sense of what
the worst case scenario is for our performance measures, for disturbances constrained to the
characteristics of the original case. This gives us a more conservative assessment of the system's
performance than does case assessment, which in the protection of civil structures, is appealing.
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Chapter 5. The Control System Design
In Chapter 2, we developed the basic model for the dynamics of a civil structure. We
then discussed the implementation of three basic kinds of mass dampers; passive, active, and
hybrid, and talked briefly about fundamental modeling issues concerning each. We also
discussed the concept of "hybrid equivalents," as different hybrid control systems which all
realize the same effective force on the structure. We showed that a hybrid control system could
always be mimicked by an active system.
Following this, in Chapter 3, we talked about the power flow in a proof-mass actuator,
which we designated as the electromechanical force actuator to be used in hybrid and active mass
damper designs. There, we explained in detail the implications of operating such an actuator on
battery power. At the end of the chapter, we illustrated the use of a performance measure called
the required energy capacity, Ec. This quantity, which is measured for a particular disturbance
a(t), represents the minimum energy storage capacity Emax of the actuator battery supply which is
required such that the control system does not exhaust the power supply.
In Chapter 4, we discussed, at length, the methods by which we will assess the quality of
a control system. We outlined two performance assessment procedures; case and stochastic
assessment. Both procedures evaluate a set of performance measures for the structure and
actuator. Case assessment involves simulating the response of the system to a single, measured
earthquake record, and extracting the performance measures from the simulated structural and
actuator behavior. Stochastic assessment involves generating a set of all acceleration data records
which are similar to a measured case, performing case assessment on each of these records, and
observing the trends in the system performance over the whole set.
Now, we will bring Chapters 2 through 4 together to design a control system and evaluate
its performance. For the control system design, we will present an established method for the
control of structures with proof-mass actuators, where the structure's fundamental mode is highly
dominant. This design approach, called "positive position feedback" (PPF) is an idea present in
the literature.
For this control system design, we will concern ourselves mainly with the issue of hybrid
control design. We will find the hybrid equivalent actuator, as described in Chapter 2, which
yields the lowest required energy capacity for the closed-loop system. We will employ stochastic
performance assessment for this.

5.1: The Control System Structure
Figure 5.1 shows a block diagram illustrating a standard control scheme for a proof-mass
actuator [44-50, 59]. Note several features about the system, to be inferred from the block
diagram. First, we are using a proof-mass actuator to realize a control force at the top floor of a
( NA )
building. The displacement of the top floor, y rst
(t ) , is our only feedback signal from the
structure. We justify this simple feedback solution in a few ways. First, we cite research in [60],
in which it is shown that co-location of actuator and sensor (as done here) yields highly favorable
robustness properties for the system, in the face of structural uncertainties. Although this result
was shown for space structures, the same basic theory applies here.
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Figure 5.1: Block diagram of a PPF control system
Secondly, we cite results in [48] which indicate that, given actuator/sensor collocation,
optimal damping may be achieved using only structural position feedback (rather than both
position and velocity) for the closed loop control. Furthermore, [59] illustrates that the benefits
of structural velocity feedback for structures with one dominant mode are only manifest in the
nonlinear behavior of the proof-mass actuator, when operating near stroke saturation. As we are
not concerned with stroke saturation here, these benefits are not relevant.
From a pragmatic point of view, there is an additional benefit in the resultant structural
position feedback scheme, in that extensive sensory requirements can be expensive and elaborate
to implement. They may be especially true for retro-fitting applications.
Together with the structural feedback signal, we are feeding back the position and
velocity of the proof-mass. The actuator control loop gains Kp and Kv can be realized either
through passive means (through a spring and damper respectively), through active control loop
gains, or through some combination of the two. From the perspective of the closed-loop
dynamics, the specific implementation does not matter, and we will designate the gains in the
abstract. In the next section, we will concern ourselves with differences in performances arising
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from various hybrid realizations of these gains. In general, using terminology from chapter 2, we
have expressions for these gains as
K p = K pa + k d
K v = K va + c d

(5.1)

where kd and cd are the passive spring and damper in the system, and the gains Kpa and Kva are
feedback gains in the active control loop.
This feedback configuration is addressed in the literature [44] for structures with a single
dominant mode, such as a civil structure. Fairly universal design techniques for the control loops
have been established. Here, these will be summarized and somewhat modified to meet the needs
of the present problem. The general philosophy behind the control system design has been
decoupled into the design of the actuator feedback gains (Kv and Kp) and the vibration
suppression feedback gain K. The actuator gains are typically designed based on the physical
properties of the structure. We will discuss this design procedure first. The position feedback
gain, which we will discuss afterward, is designed to meet a specification of closed-loop
performance.
5.1.1: Actuator Control Loop Design
The following actuator design criteria are based on the work in [44]. Design rules are
simply presented here, and their justification is only briefly discussed. For this discussion, we
assume that the system is operating at essentially the fundamental frequency of the structure, ωst,
implying that all higher modes are insignificant. We will also assume that the mass of the proofmass is significantly smaller than the mass of the building, yielding the generalization
( NA )
(t )
y r (t ) >> y rst

(5.2)

The actuator control loops are composed of gains Kp and Kv, feeding back the relative
position and velocity, respectively, of the PMA for closed loop operation. For this closed loop,
under the assumptions made above, the transfer function from the position feedback signal, rd(t)
to the total force on the proof-mass, fd(t) is approximately
Fd ( s )
s2
s2
≈
=
= H (s )
Kp
Rd (s)
Kv
s 2 + 2ς a ω a s + ω a2
2
s +
s+
md
md

(5.3)

resembling the form of a high-pass filter with a corner frequency ωa and a damping coefficient
equal to ζa. In designing the actuator control loops, these two variables will be convenient design
parameters.
In [44], a design method is established for the actuator, in which ωa is equated to the
fundamental frequency of the structure. Using a technique called “phase compensation,” in
which the phase of the controller is designed explicitly to realize specified angles of departure for
the closed-loop poles in root-locus design, this is shown in [48] to give a 180° angle of departure
for the poles of the fundamental mode, optimizing its closed-loop damping. Here, we will adhere
to this design technique, giving the relationship
ωa =
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Kp
md

= ω st

(5.4)

Methods proposed in [46] also propose that the actuator damping coefficient ζa be
designed to equal 0.707. The reasons for this have to do with a proposed coupling of the control
loop designs with the steady-state force limitations of the proof-mass actuator. Here, we will
include this designation, yielding
ζa =

Kv
= 0.707
2m d ω a

(5.5)

With this designation, we have determined the gains Kv and Kp, and the characteristics filter H(s).
Note that this was done using only information concerning the natural frequency of the structure
ωst, and the mass md of the proof-mass. No specifications concerning the closed-loop behavior of
the system was used in the formulation. We will now design for this closed-loop behavior
through the position feedback gain K.
The design of the system is incomplete without designating the attributes of the linear
force actuator. This requires designating the mass md and stroke d of the proof-mass, the force
limit Fmax, and the battery energy capacity Emax. In Chapter 2, we designated the mass md to be
2.95 kg. However, none of the other variables have thus far been defined. For the purposes of
this chapter, we will not define d, Fmax, or Emax. Rather, we will simply assume that the stroke and
force limit are both large enough that they will not saturate. Furthermore, we will, for the time
being only, assume that the battery will have an energy capacity Emax which is large enough to
avoid energy exhaustion. Under these assumptions, the system will behave linearly, and the
designations of d, Fmax, and Emax will not affect the closed-loop dynamics.
5.1.2: Positive Position Feedback Control
The control law associated with positive position feedback for structural control is
( NA)
(s )
Fd (s ) = K H (s )Yrst

(5.6)

where K is some positive gain, and H(s) is defined in (5.3). This narrowband feedback scheme
has been used extensively in vibrations and acoustics [60-62], and has seen a wide degree of
success. To see the influence of this filter on the closed-loop system, examine the root-locus
diagram in Figure 5.2, which plots the closed-loop poles for a PPF control system for the example
structure from the last section of chapter 2. The open-loop poles and zeros close to the imaginary
axis are those of the structure. The second-order open-loop poles well into the left-half plane are
those of the filter H(s), designed in the manner just discussed.
From the plot, note the closed-loop poles labeled "1", "2" and "3". These are three
different closed-loop designs, each designated by a different gain, K. From these designs, we can
see the narrowband nature of the control. Clearly, in each design, the poles of the fundamental
mode are changed much more severely than those of the higher modes.
For the control system design for this chapter, we will choose the gain K corresponding to
design number 2 in the root-locus design. Figure 5.3 shows a frequency response of the closedloop system for this design, together with the response for the uncompensated system. Here
again, we see heavy suppression of the first mode, with only moderate suppression of the higher
modes. For our controller design, the maximum magnitude of the transfer function from ground
acceleration to third-floor displacement is reduced from -36 to -122 dB.
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5.2: Closed-Loop Structural Performance Assessment
We now examine the performance of this controller on the structure, for the El Centro
(3)
(t ) of the third floor, relative to the
1940 earthquake studied in Chapter 4. The displacement y rst
ground, is shown in Figure 5.4. The absolute acceleration of the third floor is given as well. The
resultant compensated (dark) and uncompensated (light) performance of the structure is shown
for these two signals. These results show a considerable decrease in the reduction of the
(3)
(t ) for the
earthquake’s effect on the structure. The maximum amplitude of oscillation of y rst
max
structure, denoted as y rst
, was reduced from 0.953 cm for the uncompensated case to 0.241 cm.

Furthermore, the maximum third-floor acceleration amplitude, denoted as ystmax , was reduced
from 14.1 to 4.93 m/s2.
With the design of the control system established, we will now demonstrate the use of the
stochastic performance assessment ideas, presented in Chapter 4, for this control system. Figure
5.5 shows density functions illustrating the probabilities of maximum position and acceleration.
These pdf’s represent responses for all disturbances with identical characteristics to the El Centro
1940 earthquake. The light lines in the structural performance measures are the uncompensated
case, and the dark lines are for the closed-loop system.
What we wish to do is use this kind of analysis for a conservative estimate of the kind of
performance which can be expected for a set of similar earthquake disturbances. To do this
quantitatively, we will define the “worst-case” scenario for this set of disturbances to be
represented by the value in the tail of each pdf which signifies 99% of the mass of the pdf as
being below that value. This will be deemed the “worst-case” scenario. Using this notation,
max
and ystmax , given this controller.
Table 5.1 shows the worst-case scenarios for y rst
0.8
0.4
(3)
(t )
y rst

0

(cm)

-0.4
-0.8
15
10
5
(3)

yst

(t )

(cm/s2)

0
-5

-10
-15
0

0.5

1

1.5

time (s)

2

Figure 5.4: Position and acceleration of the top floor
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Figure 5.5: Density functions for the closed (dark) and open (light) loop systems
This data illustrates an example of where stochastic assessment can be helpful in gaining
a better understanding of the level of protection which a control system provides to a structure.
Table 1 indicates that the case assessment shown in Figure 5.4 provides a somewhat optimistic
forecast for the protection of the structure. While case assessment suggests that the closed-loop
max
, the stochastic assessment indicates that, on average,
system yields a 74% reduction in y rst
max
earthquakes similar to the El Centro earthquake will yield reductions in y rst
which are closer to

58%. Similar observations can be made for the case and stochastic assessments of ystmax . Also,
max
note that, for y rst
, the mean and worst-case scenarios are reduced by about one half. However,
max
the standard deviation for y rst
for the compensated system is less than a third of what it is for
the uncompensated system. This implies that the closed-loop system yields peak magnitudes of
third-floor displacement which are not only lower, but also more consistent.

Table 5.1: Stochastic Worst-Case Values for Position and Velocity
max
y rst

max

yst

mean

comp.
0.2374

uncomp.
0.5648

comp.
4.7930

uncomp.
8.0311

st. dev.

0.0651

0.2007

1.0774

2.2649

worst case

0.5461

1.2002

9.7937

16.0956
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5.3: Closed-Loop Actuator Performance Assessment
Note that the closed-loop performance described thus far reflects the design of the control
gains Kp, Kv, and K. The gains Kp and Kv were chosen to realize a specific filter H(s), in (5.3).
However, as expressed in (5.1), Kp and Kv are composed of active elements Kpa and Kva, as well as
passive elements kd and cd. The closed-loop behavior of the structure (i.e. the positions,
velocities, and accelerations of each floor in the structure) will not change based on how Kp and
Kv are separated into active and passive elements. However, the electrical force, power, and
energy requirements of the proof-mass actuator will be quite different for various hybrid
equivalents. Thus, the closed-loop performance measures for the actuator (i.e. its maximum
electrical force, power, and the required energy capacity) depend on the specific hybrid
realization for the filter H(s).
To see this, suppose we were to compare a totally active filter H(s), represented by the
equations
K pa = K p
K va = K v

kd = 0
cd = 0

(5.7)

with the totally passive filter, represented by the designations
kd = K p

K pa = 0

cd = K v

K va = 0

(5.8)

In both cases, Kp and Kv are designed as outlined in section 5.1. Both realizations yield exactly
the same closed-loop structural dynamics.
For these active and passive filter realizations, Figure 5.6 shows the proof-mass force
fpm(t) and power Pe(t), as well as the power supply energy Es(t). Here, it is presented as Es(t)-Emax,
because we have not yet designated the battery capacity Emax. There is a distinct difference for
each of these signals.
In terms of force requirements, we see that the active filter requires a 374 N maximum
force, as opposed to a 419N maximum force for the passive filter. Furthermore, the maximum
power magnitude required of the actuator for the active filter is 0.548 kW, as opposed to 1.17 kW
for the passive filter case. Thus, the active filter realization actually requires lower force and
power requirements than the passive filter realization.
Consider the power flows for the passive and active filter cases. The passive filter yields
a power flow which is almost exclusively one-directional, out of the actuator. This results in the
time history for the supply energy Es(t), which for the passive filter case continually decreases.
On the other hand, the active filter design yields power flow behavior which is oscillatory, with
power being continually channeled in and out of the power supply. Resultantly, the supply
energy Es(t) is stabilized, continually being recharged.
These observations bring to light an interesting question concerning actuator design. We
would like to investigate what hybrid filter realization, given the PPF control design framework,
tends to yield the most favorable energy supply requirements. Specifically, we would like the
required energy capacity Ec for the control to be as small as possible, to minimize the local power
supply size. Recall from Chapter 3 that we defined this required energy capacity as the minimum
energy which must be stored in the actuator power supply necessary to realize the proof-mass
force fpm(t) for a given disturbance. This is found as the maximum drop in Es(t) form Emax over
the duration of the disturbance.
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Figure 5.6: Force, power, and supply energy for designs in (5.7) (solid) and (5.8) (dotted)

5.3.1: Required Energy Capacity for Hybrid Control
In order to minimize the energy required of the electric supply, it makes sense that we
would wish to recover as much energy as possible from the disturbance. From the point of view
of the hybrid realizations in (5.1), this makes a nonzero choice of cd wasteful, as the placement of
a passive damper in the actuator would only serve to dissipate power that would otherwise flow to
the power supply. Thus, for this study we will always take cd = 0 in the actuator design. The
designation for the spring, kd, which stores energy rather than dissipating it, is not so clear. This
will be the focus of this discussion.
Using the example from the previous section, Figure 5.7 shows the energy Es(t)-Emax for
the actuator, with cd =0, and with varying kd values. Note that the underlying difference in the
energy histories lies in the magnitudes of the oscillations. All designs require a very large
amount of energy from the supply at the outset of the disturbance, and they all regenerate energy
over the duration of the disturbance.
To present a more precise representation of the effect of a hybrid filter realization on the
energy capacity Ec, Figure 5.8 plots the energy capacity for the control versus the spring constant
kd for the El Centro earthquake. This plot suggests that, by assigning a small fraction of Kp to be
passive, the energy capacity is minimized. This plot also shows that active control, denoted as
having kd = 0, yields the highest required energy capacity.
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Figure 5.7: Supply energy Es(t) for different hybrid designs
We can gain a clearer perspective of the influence of kd on Ec through stochastic
performance assessment. For this study, we will assume that cd = 0, vary kd, and observe the
effects on the density functions for the energy capacity Ec As usual, the set of disturbances shall
be all disturbances similar to the El Centro 1940 earthquake. Figure 5.9 shows the expected
values, and worst-case values (signified by the 1% tail in the distributions), for these
disturbances. The plots show that the expected and worst-case values for Ec are minimized by a
hybrid realization with a small value of kd relative to Kp.
Thus, we can conclude that hybrid actuators which yield low actuator energy capacities
have zero cd values, and kd/Kp fractions which are very small (below 0.1). Further, the results
from stochastic performance assessment show that active realizations of the filter H(s), while not
yielding optimal required energy capacities, do result in fairly low values. For instance, where
the optimal expected value of Ec was found to be 8.25J, for a kd value of 0.074Kp, the active filter
realization (with kd = 0) yielded an expected value of Ec of 8.65J. This is contrary to the
conclusions obtained from case assessment.
11.8
11.6
11.4
11.2

optimal
design

Ec 11
10.8
10.6
10.4
10.2
0

0.1

0.2

0.3

0.4

0.5

kd / Kp

0.6

0.7
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These results illustrate a circumstance in which stochastic assessment can be very useful.
Stochastic performance evaluation can give much more information about a control system than
can case assessment. Case assessment can be susceptible to the highly particular nature of a
given earthquake disturbance. A look at a large set of earthquakes similar to that case, however,
gives a more conclusive assessment of the performance of the closed-loop system. This is useful
for two major reasons. First and foremost, it enables us to get a more conservative idea for what
the worst possible response of the building could be for an earthquake like El Centro, which gives
us more confidence in the control system. Secondly, though, we also have a better idea of the
requirements necessary of the actuator, as shown in this section. This procedure gives us a better
idea of the size battery, and the ratings of the machine, which are required for a control system to
suppress disturbances similar to a case study. It also can be used, as illustrated above, to find
hybrid realizations which tend to minimize Ec.
5.3.2: Other Performance Measures
In a fashion similar to that already described for the evaluation of energy capacity,
stochastic performance assessment can be used to gain a better understanding for the
requirements of force and power for actuator. Figure 5.10 shows the average and worst case
force requirements, as a function of the spring constant kd used in the realization of the hybrid
filter H(s).
Note that the minimum force for the actuator is achieved with a spring constant slightly
more than half the total actuator position feedback gain Kp. Thus, if we were to find the optimal
hybrid filter realization for force minimization, the design would be very different from the
problem of energy capacity minimization.
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Figure 5.10: Average and Worst-Case fdmax vs. kd (Stochastic Assessment)
Similarly, Figure 5.11 shows the average and worst-case requirements for the power of
the actuator, as a function of the spring constant kd used in the realization of the hybrid filter H(s).
Here, the minima for the expected and worst-case values of the maximum power are significantly
different. Once again, the optimal hybrid actuator, taken with respect to the minimum power,
would be significantly different from the hybrid design obtained by the minimization of the
energy capacity.
These examples bring out an interesting point concerning hybrid actuator design. Hybrid
realizations in (5.1) which minimize Ec are not at all the realizations which minimize the force
and power ratings required of the proof-mass actuator. For this application, the minimization of
the energy capacity is considered of primary importance. Therefore low kd values are seen as
being preferable hybrid filter realizations.
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5.4: Conclusions
In this chapter, we showed that positive position feedback control can be used as an
effective means of protection of civil structures against earthquake disturbances. We outlined a
design routine for this control system which was derived from existing literature. The
performance of the resultant closed-loop system was examined, using both case and stochastic
performance assessment. It was shown how stochastic performance assessment could be used to
obtain a clearer picture of the performance of the system, by evaluating performance over a very
large set of transient records, rather than a single one.
We then addressed the fact that the same PPF control system could be realized with one
of many hybrid equivalent actuators. It was shown that the choice of the particular hybrid
actuator had a distinct impact on the performance criteria for the actuator, which consist of the
electrical force and power requirements for the control, as well as the required energy capacity of
the actuator power supply.
Using stochastic performance assessment, the hybrid actuator was found which tends to
minimize the required energy capacity for disturbances similar to the El Centro 1940 earthquake.
It was found to posses no passive damping, and a very low passive stiffness. The stochastic
performance assessment results presented here also indicate that active control, while not
achieving the lowest required energy capacity of any of its hybrid equivalents, does come close to
this minimum.
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Chapter 6. Battery Sizing for Active Control
In the previous chapter, we used stochastic performance assessment to analyze the effect
of different hybrid equivalent actuator designs on the required energy capacity Ec for disturbances
similar to the El Centro 1940 earthquake. We were able to conclude that, on the average, designs
which yield the lowest values of Ec have no mechanical damping and very low mechanical
stiffness. We also observed that, with zero mechanical stiffness, the required energy capacity is
close to its minimal value over the set of all hybrid equivalent actuator designs. But zero
mechanical stiffness and zero damping implies an active mass damper model. Thus, we can
conclude that active control, with no passive elements in the actuator design, tends to yield a
favorable required energy capacity.
This observation tells us that if we wish to make the battery energy capacity Emax as small
as possible for the actuator, it behooves us to design an active force actuator, not a hybrid one
with significant passive elements. However, this observation does not tell us how large to make
the battery energy capacity Emax in the design. This chapter addresses this question, for an active
mass damper design.
Here, we will find a way to relate the battery energy capacity Emax to the ratings of the
proof-mass actuator used in the active mass damper. Specifically, we will relate Emax to the rated
linear velocity, vrat of the proof-mass actuator. This involves a number of steps. First, we will
establish some definitions for various energies and power flows in the system which we will
need. We will use these definitions to define the required energy capacity Ec in a more formal
way than has been done thus far. Following that, we will point out a property of the PPF control
system that allows us to place an upper bound on the value of Ec. This property is related to the
power flow between the proof-mass actuator and the structure. The resultant upper bound on Ec,
which we will derive in the last section, is a function of the rated velocity of the proof-mass.

6.1: Power Flow and Energy Definitions
In Chapter 3, we discussed the power flow Pe(t) into the power electronic converter. We
defined how this power flow as the product of the current ie and the voltage Ve. This converter
power flow Pe(t) represents the total power which, at time t, is flowing to the converter, from the
power supply voltage Vs or the resistor RL, depending on the position of switch S1 in Figure 3.16.
The integral of this power, represented as
E e (t ) =

t

∫0 Pe (t )dt

(6.1)

represents the net electrical energy injected into the system. We will call this energy the active
energy. If Ee(t) is positive, this implies that the actuator has, over the duration of the disturbance,
expended a net amount of energy. Likewise, if Ee(t) is negative, this implies that more electrical
energy has been generated than expended by the actuator.
In addition, we defined the mechanical power input Pm(t) to the proof-mass. This power
is the product of the force fpm(t) on the proof-mass by the stator and the velocity y r (t ) of the
proof-mass. We can split this up by separating y r (t ) into absolute structural and proof-mass
velocities, as
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Pm (t ) = f pm (t )y r (t )
= f pm (t )y d (t ) − f pm (t )y st

( NF )

(t )

(6.2)

We will define the two quantities on the right as
Ppm (t ) = f pm (t ) y d (t )
Pas (t ) = − f pm (t ) y st

( NF )

(t )

(6.3)

The first term, Ppm(t) is the power flow into the proof-mass. The second term, Pas(t), is the power
flow from the actuator to the structure. Using these terms, (6.2) becomes
Pm (t ) = Ppm (t ) + Pas (t )

(6.4)

In Chapter 3, we noted that because we are ignoring losses in the actuator, Pe(t) is equal
to Pm(t) at all times. Substituting this equality into (6.4), we can write the power flow equation
Pe (t ) = Ppm (t ) + Pas (t )

(6.5)

Integrating this, we get the energy equation
E e (t ) =

t

t

∫0 Ppm (t )dt + ∫0 Pas (t )dt

(6.6)

We will now define the integrals in the above expression. The first integral is the total
energy at time t which has been injected into the proof-mass by machine. For active control, this
is the kinetic energy Ek(t) of the proof-mass, and shall be defined as
E k (t ) =

t

∫0 Ppm (t )dt

(6.7)

The second integral represents the total energy at time t which has been transferred from the
actuator to the structure. We shall call this quantity the actuator-to-structure energy transferal,
Eas(t), defined as
E as (t ) =

t

∫0 Pas (t )dt

(6.8)

Thus, we arrive at system energy equation
E e (t ) = E k (t ) + E as (t )

(6.9)

This equation relates the active energy Ee(t) of the actuator, an electrical characteristic, to relevant
mechanical energies in the system. What we wish to do now is find a way to relate the active
energy Ee(t) to the required energy capacity Ec for a disturbance. In doing this, using the equation
above, we will have found a way to relate the required energy capacity entirely to mechanical
phenomena in the system.

6.2: Defining the Required Energy Capacity
Consider a hypothetical time history of the active energy Ee(t), as well as the resultant
power supply energy Es(t), shown in Figure 6.1. Here, we can see visually a relationship between
Ee(t) and Es(t) as in the examples from Chapter 3, with the shaded areas showing the times when
switch S1 is in position 2.
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Figure 6.1: Hypothetical example for Ee(t), and the resultant Es(t)
On the plot of Es(t), the required energy capacity, Ec is labeled. So far, we have defined
Ec as the maximum drop of Es(t) from Emax throughout the duration of the disturbance. We now
note that this can be expressed as
E c = max(E max − E s (t ))

(6.10)

t

We would like to express Ee(t) in terms of the term in the parentheses above. This can be
done by first referring to Figure 3.16, showing the design of the power supply electronics,
complete with switch S1. The operation of this switch results in power flow Ps(t) from the
battery, and power flow PL(t) from the load resistor RL. Of course, because the resistor can only
dissipate power, PL(t) is exclusively negative.
We can express Pe(t) as the summation of these two power flows, as
Pe (t ) = Ps (t ) + PL (t )

(6.11)

Both Ps(t) and PL(t) have been defined in Chapter 3. Integrating this relationship, we get
E e (t ) =

t

t

∫0 Ps (t )dt + ∫0 PL (t )dt

(6.12)

Using (3.16) to resolve the first integral, we get
E e (t ) = E max − E s (t ) +

t

∫0 PL (t )dt

(6.13)

The remaining integral represents the negative of the net energy dissipated in the resistor.
We will term this as
E L (t ) =

t

∫0 PL (t )dt

which gives us the expression
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(6.14)

E e (t ) − E L (t ) = E max − E s (t )

(6.15)

Now, to obtain an expression for Ec, we take the maximum in time t of this expression, as in
(6.10). The result is
E c = max[Ee (t ) − E L (t )]

(6.16)

t

For the example at hand, Emax-Es(t) and EL(t) are shown in Figure 6.2. From Figure 6.2,
we can see a convenient property of EL, in that the following relationship is always true.
E L (t ) = min E e (τ )

(6.17)

E c = max  E e (t ) − min Ee (τ )

τ ≤t
t 

(6.18)

E c = max max[E e (t ) − E e (τ )]

(6.19)

τ ≤t

Inserting this into (6.16), we get

which is equivalent to
t

τ ≤t

With this, we have found a way to express the required energy capacity Ec entirely in terms of the
active energy, Ee(t).
This expression for Ec is important because Ee(t) can also be expressed in terms of the
mechanical behavior of the proof-mass actuator, as we have already shown with (6.9). Inserting
this definition here gives us
E c = max max[(E k (t ) + E as (t )) − ( E k (τ ) + E as (τ ))]
t

(6.20)
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We know from basic kinematics that the kinetic energy of the proof-mass has a closed
form, as
E k (t ) =

t

∫0 Ppm (t )dt = 2 md y d (t )
1



2

(6.21)

Thus, the expression above for Ec becomes

(

)

1
E c = max max  m d y d2 (t ) − y d2 (τ ) + (E as (t ) − E as (τ ))
t τ ≤t  2


(6.22)

The expression Eas(t) for the actuator-to-structure energy does not have such a convenient
closed form. However, we will show next that it does exhibit certain tendencies for specific
feedback designs which can be used to simplify the above expression. To do this will require a
more detailed analysis of the actuator-to-structure power flow, Pas(t), which we will present next.
We will show that the behavior of Pas(t) depends on the control system design, and that certain
designs will result in a simplification of the above expression for Ec.

6.3: Actuator-to-Structure Power Flow
For active control, the force on the structure by the proof-mass is fst(t). This force is the
negative of the force fpm(t) on the proof-mass. Thus, we place (6.3) in terms of fst, as
( NF )
Pas (t ) = f st (t ) y st
(t )

(6.23)

Assuming the ground velocity amplitude to be significantly less than that of the top floor
of the structure, this absolute velocity is close to the velocity of the top floor relative to the
( NF )
ground, y rst
(t ) . So we have the approximate relationship
( NF )
Pas (t ) ≈ f st (t ) y rst
(t )

(6.24)

This power signal has a frequency distribution given by the convolution
( NF )
Pas (ω ) ≈ Fst (ω ) * Yrst
(ω )

(6.25)

To find this frequency distribution, we first denote the transfer functions from the
( NF )
disturbance a(t) to fst(t) and y rst
(t ) as

F (ω )
G af = st
A(ω )

Y ( NF )
G ay = rst
A(ω )

(6.26)

Assuming A(ω) > 0, we can write
G fy =

Y ( NF ) (ω )
= rst
G af (ω )
Fst (ω )
G ay (ω )

(6.27)

We can get this relationship by first finding the relationship between the structural
( NF )
velocity y rst
(t ) and the signal rd(t), shown in Figure 5.1, as
R d (s ) =

1
[(K − K pa )− sK va ]Yrst( NF ) (s )
s
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(6.28)

Then, we repeat from our discussion of the actuator control loop design that the relationship
between the command rd(t) to the actuator control loops and the force fpm(t) is
F pm (s ) =

md s 2
m d s 2 + K va s + K pa

R d (s )

(6.29)

This gives us the Laplace-domain relationship
2

(s )  K pa + sK va + m d s  
1

=

F pm (s ) 
  (K − K pa ) − sK va 
md s 2
( NF )

Yrst



(6.30)



As Fst(s) is simply the negative of Fpm(s), we can arrive at the Laplace domain
( NF )
relationship between fst(t) and y rst
(t ) by negating the above expression. Then, substituting in jω
for s, we have the relationship we are after, as
G fy (ω ) =

(

)

2

1  K pa − m d ω j − K vaω  
1



md 
ω
  (K − K pa ) − jωK va 


(6.31)

With this function, we can see easily the influence that the control gains have on its
behavior. The vibration suppression loop gain K shows up only in the second term. The first part
of the function is entirely dependent on the actuator gains. An interesting property of the
frequency distribution Gfy(ω) is that, although it relates the actuator force to the structural velocity
in closed-loop, the function does not depend directly on any structural parameters. Rather, it is
only a function of the mass md, as well as the control gains.
Using the frequency distribution Gfy(ω), we can find the frequency distribution of the
( NF )
velocity of the top floor of the structure, Yrst
(ω ) , in terms of the force Fst(ω) on the structure as
( NA)

Yrst

(ω ) = G fy (ω )Fst (ω )

(6.32)

Substituting this into (6.25) gives
Pas (ω ) = (G fy (ω )Fst (ω )) ∗ Fst (ω )

(6.33)

With this, we have found a way to represent the actuator-to-structure power flow spectrum in
terms of only the force spectrum Fst(ω).
Let us assume the force fpm(t) be expressed as
f pm (t ) = Fm sin (ω st t )

(6.34)

In this case, the force on the structure, fst(t) will have an approximate frequency distribution of
Fst (ω ) ≈ Fm [δ (ω − ω st ) + δ (ω + ω st )]

(6.35)

In this case, the power flow spectrum in (6.33) is
Pas (ω ) ≈ Fm2 [G fy (ω st )δ (ω − 2ω st ) + G fy (− ω st )δ (ω + 2ω st )] + 2 Re{G fy (ω st )}Fm2δ (ω )

(6.36)

Thus, the power spectrum consists of a sinusoidal term at twice the frequency of fst(t), together
with a DC term.
In the time domain, this makes Pas(t) equal to
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Figure 6.3: Actuator-to-structure power flow for different phases of Gfy(ωst)
Pas (t ) = 2 Fm2 [G fy (ω st ) cos(2ω st t + ∠G fy (ω st )) + Re{G fy (ω st )}]

(6.37)

The nature of this power flow depends on the phase of Gfy(ωst), which we will denote as
∠Gfy(ωst). Power flows for different phases are shown in Figure 6.3. The underlying trend is that
at ∠Gfy(ωst) = 180°, the power flow Pas(t) is exclusively negative, whereas for other phases, there
is power flow in both directions between the structure and the actuator.
The phase for Gfy(ω) is shown in Figure 6.4. At the fundamental frequency of the
structure, this phase is very close to 180°. Observing the frequency-domain plot for the closed
loop system in Figure 5.3, as well as the transient plot of the closed-loop system response in
Figure 5.4, we note that the dominant frequency band of the closed-loop system appears to be
close to the fundamental frequency of the structure for PPF designs. Thus, in closed-loop, the
( NA )
oscillations in the system tend to yield a 180° phase between the fst(t) and Yrst
(ω ) . This is an
260
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Figure 6.4: Phase of Gfy(ω) for the PPF control design
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important property from the point of view of power flow, as we have already shown that such a
phase yields a power flow Pas(t) which is negative, indicating that the power is flowing
exclusively from the structure to the actuator
To exemplify this, Figure 6.5 shows Pas(t) and Eas(t) for the control system designed in
Chapter 5, subject to the El Centro 1940 earthquake. This plot indicates power flow which is
always negative. Resultantly, energy is almost exclusively extracted from the structure, resulting
in a decreasing function for Eas(t).
The developments in this section can be summarized quite simply. For PPF control
systems, power tends to flow exclusively from the structure to the actuator, resulting in an
actuator-to-structure transferal Eas(t) which is negative, and decreasing.

6.4: Solving for the Required Energy Capacity
In the previous section, we concluded that for the PPF control system we have designed,
the power flow Pas(t) between the actuator and the structure is negative semi-definite. Thus,
Pas (t ) ≤ 0 ∀t

(6.38)

This has important implications for the actuator-to-structure energy transferal, Eas(t). As Eas(t) is
just the integral of Pas(t), we have
d
Eas (t ) ≤ 0
dt

(6.39)

This will help us simplify our expression of Ec, in (6.22). We first point out that (6.22) leads to
the inequality

(

)

1
E c ≤ max max m d y d2 (t ) − y d2 (τ )  + max (E as (t ) − E as (τ ))
t  τ ≤t  2

 τ ≤t

(6.40)
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Figure 6.5: Pas(t) and Eas(t) for the El Centro 1940 earthquake
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However, because Eas(t) is continually decreasing, we know that
max{E as (t ) − E as (τ )} = 0

(6.41)

τ ≤t

Substituting this into (6.40) yields

(

)

1
E c ≤ max max  m d y d2 (t ) − y d2 (τ ) 
t τ ≤t  2


(6.43)

But we know that y d2 (τ ) is positive semidefinite, and zero at τ = 0, so we have
1
E c ≤ max  m d y d2 (t )
t 2


or

{

(6.44)

}

2E c
≤ max y d2 (t )
md
t

(6.45)

With this, we have related the required energy capacity Ec of the actuator battery to the
maximum absolute velocity of the proof-mass.
For the same example used thus far in this chapter, Figure 6.6 shows graphically the
summation of the actuator-to-structure transferal energy Eas(t), and the proof-mass kinetic energy
Ek(t), to form the actuator energy Ea(t) for the active control system. The approximation of Ec is
labeled on the plot of Ek(t). The actual energy capacity Ec is labeled on the plot of Ea(t). Note
that, as Eas(t) varies slowly compared to the oscillatory period of Ek(t), the bound of Ec as in
(6.44) is fairly close at 12.14J, yielding only a 5.1% error to the true value of Ec.
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Figure 6.6: Plots of Ea(t), Ek(t), and Eas(t) for the El Centro 1940 Earthquake
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To further our confidence in the approximation of Ec as the maximum kinetic energy of
the proof-mass, consider the percent to which the bound in (6.44) is conservative, found through
the expression
E cerror

=

{

}

max y d2 (t ) − Ec
t

Ec

* 100%

(6.46)

We wish to see how large Ecerror is. To do this, we again resort to stochastic performance
assessment. Figure 6.7 shows a probability density function of Ecerror, for all earthquakes similar
to the El Centro 1940 earthquake. Note that, as the percentage error is strictly positive, (6.44) is
indeed correct. Furthermore, the error in the approximation has an expected value of about 5%,
with a rather consistent degree of accuracy.

6.5: Sizing the Actuator With the Battery
Required of a proof-mass actuator design for a civil structure control system would be the
rated velocity vrat of the machine. Typically, nonlinear control is used to ensure that the velocity
rating is not surpassed in closed-loop. So far we have related the required energy capacity Ec for
a disturbance on the system to the maximum absolute proof-mass velocity. Having done this, we
can use this result to find an energy capacity Emax for the battery power supply based on the
velocity rating of the machine.
If we assume the relative position yr(t) of the proof-mass to be significantly larger than
the oscillations of the building, then we can make the approximation
2Ec
≤ y rmax
md

(6.47)

where y rmax is the maximum relative velocity of the proof-mass. Thus, for a given disturbance,
there is a relationship between the required energy capacity of the actuator power supply and the
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Figure 6.7: Probability density function for Ecerror (stochastic assessment)
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1
m y rmax
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feasible
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y rmax
Figure 6.8: Feasible Ec and maximum velocities for an arbitrary disturbance
maximum relative velocity of the proof-mass actuator. This is shown in Figure 6.8. As shown,
only the scenarios which result in the inequality above are feasible.
Now, suppose we have a velocity rating on the machine of vrat, beyond which we cannot
allow the machine to operate. In this circumstance, we would instigate some kind of nonlinear
control such that y r (t ) does not at any time exceed vrat. This would result in a limit on the
maximum velocity y rmax which is feasible in Figure 6.8. This is shown below, in Figure 6.9.
As Figure 6.9 illustrates, there is a maximum feasible Ec, given this velocity rating. This
would indicate that it would be wasteful to design an energy capacity Emax which was larger than
this limit, as it would never be used to its full capacity. Thus, we arrive at a coupling between the
values of Es and vrat, as
E max =

1
2
m d v rat
2

(6.48)

This concept is illustrated in Figure 6.10.
Thus, in this analysis we have been able to locate a coupling between the design of the
rated velocity and the energy capacity Emax for the proof-mass actuator power supply.

Ec

Ec ≤

(

1
m d y rmax
2

)2
Velocity Limit:

feasible
scenarios

y rmax ≤ vrat

vrat
Figure 6.9: Feasible scenarios with rated velocity regulation
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Figure 6.10: Coupling of Energy Capacity Es on Rated Velocity vrat Specifications

6.6: Conclusions
The main result of this chapter concerns the design of the energy capacity Emax of the
power supply for the proof-mass actuator used in active control. Through power flow and energy
analysis for the active system, we showed that this energy capacity can be determined from the
rated velocity of the proof-mass actuator design.
This result has implications for the actuator design because it ensures that we do not
over-design either the machine or the power supply. For instance, it will ensure that the designed
proof-mass actuator does not have a battery which can store twice as much energy as it will ever
be required to store during operation. This is cost-effective.
The results found here also have implications for protection from energy exhaustion, a
problem discussed in Chapter 3. This will be investigated in the next chapter, which deals with
nonlinear control system designs for the purpose of power supply energy management.
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Chapter 7. Energy Management
Through the course of this study, we defined three important energy quantities
concerning the actuator power supply. We defined the energy capacity Emax of the actuator power
supply to be the maximum energy which the supply is capable of storing. This energy capacity is
a design parameter for the proof-mass actuator system. We also defined the power supply
energy, Es(t), to be the energy stored in the supply at time t. We noted that Es(t) must always lie
between zero and Emax. Finally, for a given acceleration record a(t), we defined the required
energy capacity, Ec, to be the minimum energy capacity Emax of the actuator supply which is
necessary to realize the force fpm(t) on the proof-mass through the duration of the disturbance.
This required energy capacity is a performance measure for a control system design.
Chapter 3 developed the concept of the required energy capacity Ec. In Chapter 6, we
found way to design the energy capacity Emax in accordance with the rated velocity of the proofmass actuator. However, we have yet to talk about how to handle disturbances which are large
enough that Ec for the linear system design is larger than Emax. This scenario, which fully drains
the actuator supply, is called energy exhaustion, and is a situation we wish to avoid.
In this chapter, we will discuss nonlinear controller design methods, for the purpose of
preventing Ec from exceeding the power supply capacity Emax, for any ground acceleration a(t) of
arbitrary magnitude. Thus, we will be discussing what are effectively energy management
controls for the actuator power supply. We would like to incorporate what we know about the
structural dynamics into the design of these nonlinear controllers.
Specifically, we will discuss two designs. Both of them use fully active control, meaning
that the linear force actuator possesses no passive damping or stiffness elements. Both are also
modifications to the PPF control system designed in Chapter 5. They exploit what is known
about the power flow between the structure and the actuator for PPF control, as explained in
Chapter 6. The first controller involves the design of a one-sided power flow limiter for the
actuator. The second controller a nonlinearity which limits the proof-mass absolute velocity. The
differences between these controllers lie in the way they manage the supply energy during large
disturbances.
Both controllers will be explained and demonstrated. Then, their performances will be
compared, and it will be shown that the proof-mass velocity limiter tends to yield superior
performance.
These nonlinear control solutions will be analyzed here in a very fundamental way. We
will not, for instance, incorporate the more practical issues of actuator modeling, such as the
dynamics of the power supply voltage and the modeling of the machine. Furthermore, we will
assume here that the actuator is 100% power-efficient. Although this may seem like an
unrealistic assumption, we are here concerned about very basic properties of power flow and
energy in the system.

7.1: The Design Approach
Consider the control system design example in Chapter 5, which uses positive position
feedback. For this design, we have a vibration suppression gain K = 1.7×105. In our analysis of
this system, we never specified an energy capacity Emax for the proof-mass actuator. Instead, we
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talked about the required energy capacity Ec for the actuator to operate. We assumed throughout
that chapter that Emax was greater than Ec for all the examples at hand.
Now, we specify a value of Emax in the design. For this analysis, we will designate
E max = 5 J

(7.1)

Thus, the system will only behave linearly for a disturbance if the required energy capacity Ec for
that disturbance is below 5 Joules. For the linear system simulations from Chapter 5, the resultant
energy Es(t) of the battery for closed-loop operation is then shown in Figure 7.1. Note that this
plot of Es(t) drops below zero numerous times. This is impossible, as it would require that the
battery supply more energy than it possesses.
Thus, we have the problem of energy exhaustion. Here, we present two solutions that
avoid this problem. These solutions differ in the way they manage the battery energy during
large disturbances. The first solution, called "positive power limiting" places a strong limit on the
power flow magnitude out of the battery. The second solution, which is a proof-mass velocity
limiter, will make it impossible for the absolute velocity of the proof-mass to exceed a certain
amount. Because of system properties discussed in Chapter 6, both of these nonlinearities result
in a limit on the required energy capacity Ec for any disturbance.

7.2: Positive Power Limiting
7.2.1: Periodic Regeneration
In Chapter 6, we showed examined the power flow in the system for active control. We
found that the polarity of the actuator power flow Pe(t) tends to oscillate, with a small, negative
DC component of the power flow. The resultant supply energy Es(t) exhibits an oscillatory
behavior. We can see this effect, for example, in Figure 7.1. Note that the supply energy Es(t)
fully recharges at a fairly regular frequency.
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Figure 7.1: Hypothetical Es(t) for closed-loop linear system with Emax = 5J
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To understand reason for this periodic regeneration, we must consider the active energy
Ee(t), defined in (6.9), repeated here as
E e (t ) = E as (t ) + E k (t )

(7.2)

where Eas(t) is the energy transferred from the actuator to the structure, and Ek(t) is the kinetic
energy in the proof-mass. In Chapter 6, the breakdown of Ee(t) into these two elements is shown
in Figure 6.6. We showed two traits associated with Ee(t), for PPF control, which of which we
will now make use.
First, we showed that the Eas(t) term decreases continually, indicating that energy is
transferred from the structure to the actuator throughout the duration of the disturbance. The
kinetic energy is the whole contributor of the oscillations in Ee(t).
But this kinetic energy is proportional to the square of the proof-mass velocity. Since the
proof-mass velocity tends to oscillate at the fundamental frequency ωst of the structure, the kinetic
energy therefore oscillates at twice this frequency. Thus, oscillations in Ee(t) tend to occur at a
frequency of twice ωst.
Furthermore, Ek(t) is periodically zero, at times when the proof-mass has zero velocity.
This leads to periodic minima in Ee(t). At these minima, Ee(t) is equal to Eas(t). As Eas(t) is
known to decrease continually, we know that each successive minimum in Ee(t) will be less than
the one before it. This successively decreasing behavior, together with the periodicity of the
minima of Ee(t), is illustrated in Figure 7.2a.
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Figure 7.2: Successive minima and periodicity of Ee(t)
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The second trait of Ee(t) we discussed in Chapter 6 is that the active energy Ee(t) can be
expressed in terms of electrical energies, as
E e (t ) = E max − E s (t ) + E L (t )

(7.3)

where EL is the negative of the energy dissipated in the load resistor RL. Recall from Chapter 3
that this resistor was put in place to dissipate excess regenerative energy during periods when the
battery supply was fully recharged. The important point is that, with the control of switch S1
described in (3.22) we know that the resistor RL will only dissipate energy when Es(t) is equal to
Emax.
Observe again Figure 7.2, which shows times at which energy is dissipated in the resistor
RL. Energy dissipation in RL is signified by switch S1 being in position 2. We can make the
generalization that this energy dissipation occurs just before each local minimum in Ee(t). The
dissipation starts when Ee(t) becomes lower than its previous local minimum.
As we have already shown that these minima are periodic at a frequency of 2ωst, we can
conclude that the battery power supply is periodically recharged at this frequency. Visually, we
can see this in Figure 7.2b, which shows the time history for Es(t). Here, we can see a cyclical
behavior for the battery energy Es(t), consisting of energy discharge, followed by recharge, and
then dissipation.
7.2.2

The Power Limiting Scheme

The periodicity of the energy cycle described above has convenient implications for
limiting the required energy capacity Ec for any disturbance, through a method called Positive
Power Limiting. To illustrate this method, we resort to a qualitative, steady-state example.
Consider a steady-state case which results in the actuator power Pe(t) and supply energy
Es(t) shown in Figure 7.3. Here, we wish to limit the power Pe(t) when it is positive, denoting
power flow out of the battery, to some value P+. This limit is shown in the plot of Pe(t).
We can limit the power Pe(t) by limiting the proof-mass force fpm(t) such that Pe(t) never
becomes greater than P+. Consider the force command vpm(t) to the actuator. In Chapter 3, this
force command was related to the actual force fpm(t) on the proof-mass by
f pm (t ) = sat (v pm , Fmax )

(7.4)

where
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0
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Es(t)
0

0
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Figure 7.3: Actuator Power and Supply Energy, Showing Positive Power Limit P+
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v pm (t ) < − F pm
− Fmax if

sat (v pm (t ), Fmax ) =  v pm (t ) if − F pm < v pm (t ) < F pm
 F
F pm < v pm (t )
 max if

(7.5)

The power Pe(t) is the product of fpm(t) and the relative velocity y r (t ) of the proof-mass. Thus,
we can limit Pe(t) by adding a condition to the force nonlinearity above, as
P+ y r (t )
if sat (v pm (t ), Fmax )y r (t ) > P+

f pm (t ) = 
otherwise
sat (v pm (t ), Fmax )

(7.6)

With this nonlinearity introduced into the formulation of the proof-mass force fpm(t), we
return to the steady state example, shown in Figure 7.4. Now, the power Pe(t) and battery energy
Es(t) look very different. The immediate observation we can make is that the power Pe(t) is
indeed limited to a positive value of P+, verifying that (7.6) performs its intended task.
With the addition of positive power limiting, the supply energy still obeys the cycle of
discharge, recharge, and dissipation, taking place at a regular frequency. However, now, in each
of these cycles, the battery is only permitted to discharge its energy at a maximum rate of P+,
while its recharge rate remains unregulated. As the period of the cycle is known, and the
maximum discharge rate is known, we can find the maximum overall power supply energy which
can be discharged in each of these energy cycles.
Let the period of the energy cycle be Te. We know from our analysis of the energy cycle
that Te is equal to
Te =

π
2π
=
2ω st ω st

(7.7)

Then, the maximum energy which could be discharged in that cycle would be equal to TeP+. But
we also know that the battery is fully recharged upon each cycle. Therefore, this quantity is in
actuality the maximum energy which can ever be discharged from the battery. This is the
required energy capacity. Thus, we have
Pπ
Ec ≤ +
ω st

(7.8)

Thus, we arrive at the conclusion that positive power limiting may be used to limit the required
energy capacity which can exist for any disturbance.
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Figure 7.4: Actuator Power and Supply Energy, with Positive Power Limiting
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7.2.3: Protection from Energy Exhaustion
Now, we wish to accomplish the task specified at the outset of this chapter. We wish to
limit the required energy capacity for the active PPF control system, as designed in Chapter 5, to
Emax, which we have designed to be 5J. Furthermore, suppose we wish to do this by instigating
the positive power limiter P+.
To do this, we first need to find the value of P+ to use in the force limiting equation (7.6).
We want this limit to ensure that
E c ≤ E max

(7.9)

P+ π
= E max
ω st

(7.10)

Using (7.8), we know that

accomplishes this. The appropriate value of P+ for this purpose is therefore equal to
P+ =

(35.81 rad / s )(5 J )
π

= 57 W

(7.11)

Inserting this into (7.6) and executing simulations for the system will result in the power Pe(t) and
battery supply energy Es(t) shown in Figure 7.5. Clearly, we can see in the plot of Pe(t) the effect
of the positive power limiter. In the time history for Es(t), we do indeed avoid energy exhaustion
using this approach.
Of course, by accepting that the actuator possesses only a finite energy storage capability
Emax, we will see a detrimental impact on the structural response compared to the ideal case with
an Emax value of infinity. This can be seen for the same example in Figure 7.6. This figure shows
the sway of the top floor of the building for three cases. The dotted line is case with no control at
all. The solid, light line is the ideal case, in which we assume that Emax is sufficiently large for the
disturbance, and in which there is no velocity regulation. Finally, the bold line is the case we
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Figure 7.5: Effect of Positive Power Limiting for the El Centro 1940 earthquake
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Figure 7.6: Depreciation in Structural Performance with Positive Power Limiting
have just described, with Emax = 5J, and with the velocity regulator active. The structural
protection is reduced here, and the maximum sway is only reduced by 57 percent, as opposed to
74 percent for the ideal case.

7.3: Velocity Limiting
In the previous chapter, we developed the idea that it is possible to define the limit on the
required energy capacity Ec for any disturbance as
Ec ≤

(

)

1
m d max y d2 (t )
2
t

(7.12)

where y d (t ) is the absolute velocity of the proof-mass, and md is its mass. The assumptions
made on this relationship were that the control system design is positive position feedback, and
that the actuator contains no passive elements.
In this section, we will design a nonlinear control scheme which will limit the absolute
velocity y d (t ) for an arbitrary disturbance to a certain magnitude. This will have the effect of
also placing a bound on the required energy capacity Ec which may exist for any disturbance.
7.3.1: Velocity Regulation
Consider the force command vpm(t) to the actuator. As we have discussed, this force
command is related to the actual force fpm(t) on the proof-mass by (7.4). This force results in an
absolute velocity y d (t ) of the proof-mass. The two are related quite simply by
f pm (t ) = m d
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d
y d (t )
dt

(7.13)
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Figure 7.7 : Proof-mass force and velocity in steady state
Examine the plots in Figure 7.7, which show fpm(t) and y d (t ) in steady state. Note in the
diagram the dotted line labeled y dmax . It is our wish to find a way of limiting this absolute
velocity such that it is always at or below this magnitude.
This can be accomplished using the simple relationship in (7.13). Suppose the force
command vpm(t) sent to the actuator would cause y d (t ) to exceed its limit of y dmax . In this case,
we simply make fpm(t) equal to zero, thus causing y d (t ) stay constant. The only question, then,
concerns knowing when the force command vpm(t) will cause y d (t ) to increase beyond y dmax .
To find, this, consider the proof-mass kinetic energy, Ek(t), which is equal to
E k (t ) =

1
m d y d2 (t )
2

(7.14)

Note that if we limit the velocity y d (t ) to some maximum magnitude y dmax , we are in effect
limiting the kinetic energy to some magnitude E kmax as well, equal to
E kmax =

(

)

2
1
m d y dmax
2

(7.15)

Suppose the kinetic energy is at its maximum allowable level of E kmax . We can
determine whether or not the force command vpm(t) intends to increase or decrease Ek(t) from this
maximum level by looking at the power which the command vpm(t) would inject into the proof*
(t ) , and shall define it as
mass. We will call this the commanded proof-mass power, Ppm
*
(t ) = v pm (t ) y d (t )
Ppm

(7.16)

If this power is positive, this implies that Ek(t) would increase if such a force were applied. If this
power is negative, this implies that the force vpm(t) would remove power from the proof-mass,
decreasing Ek(t), and therefore decreasing the magnitude of y d (t ) .
This results in a simple rule for a nonlinear controller to regulate the velocity y d (t ) . If
the velocity is less than some limit y dmax , the force fpm(t) shall be determined as in (7.4). If the
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*
velocity is equal to this limit, then we will look at the commanded proof-mass power Ppm
(t ) . If

this power is positive, the actuator will ignore the force command vpm(t) and make the force fpm(t)
*
equal to zero. If Ppm
(t ) is negative, the actuator will realize the force command and thus vpm(t)
will be made equal to fpm(t). Mathematically, this makes fpm(t) equal to
0
if y d (t ) = y max , v pm (t ) y d (t ) > 0

d
f pm (t ) = 
otherwise
sat (v pm (t ), Fmax )

(7.17)

Illustrating this with the previous steady state example, Figure 7.8 shows the force
command vpm(t), the actual force fpm(t), and the proof-mass velocity y d (t ) . As we can see, the
force command is equal to the actual force (we will the magnitude of vpm(t) is well within the
limits of the maximum allowable force Fmax) except when the velocity reaches its maximum, and
*
the actuator would otherwise inject energy into the proof-mass, signified by Ppm
(t ) being
positive. Then, fpm(t) is set equal to zero until the conditions no longer hold true. Thus, the
velocity y d (t ) is regulated.
Let us now take a more realistic example. Suppose for the structure and control system
used throughout this study, we were to instigate a maximum proof-mass absolute velocity equal
to 1.84 m/s. Thus, we have
y dmax = 1.84 m s

(7.18)

Then, using the nonlinearity above in simulations, we end up with a time history for the y d (t )
shown in Figure 7.9.
As in the previous example, we see that the absolute velocity of the proof-mass is indeed
limited by the nonlinear controller. Also note the chopped proof-mass force fpm(t). As in the
previous example, fpm(t) is zero whenever y d (t ) is saturated.

vpm(t)

fpm(t)

y dmax

yd (t)

− y dmax
0

1

time (s)
Figure 7.8 : Steady state example of velocity limiting
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Figure 7.9: Velocity limiting for earthquake example
7.3.2: Protection Against Energy Exhaustion
Now, the next step is to show that by regulating the proof-mass absolute velocity to some
maximum value y d (t ) we also keep the required energy capacity within bounds. However, given
our previous development, this result is immediate. We have, from previous sections, that
Ec ≤

(

)

1
m d max y d2 (t )
2
t

(7.19)

But we have regulated the velocity to some value y dmax , so we can say
Ec ≤

(

)

2
1
m d y dmax
2

(7.20)

This is a hard limit, which can be designed. Thus, in this fashion, we can ensure that for any
disturbance, Ec will be below some bound. In designing a battery power supply with energy
capacity Emax, we can be assured that the designation
E max =

(

)

2
1
m d y dmax
2

(7.21)

will not result in energy exhaustion.
To test this let us consider the case above, with y dmax = 0.45 m/s. With m = 2.95kg, we
have a resultant limit on Ec of
Ec ≤

1
(2.95kg )(1.84m / s )2 = 5 J
2

(7.22)

This is the limit we desire. Suppose we were to design a battery with Emax = 5 J, and test this
limit on the bounds of Ec. If true, Es(t) should never become zero. Indeed, Figure 7.10 shows a
time history for Es(t) in this case, and it does, in fact, remain above zero for all time.
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Figure 7.10: Time history of battery energy for example velocity limit
This phenomenon has a detrimental impact on the structural response. This can be seen
for the same example in Figure 7.11. This figure shows the sway of the top floor of the building
for three cases. The dotted line is case with no control at all. The solid, light line is the ideal
case, in which we assume that Emax is sufficiently large for the disturbance, and in which there is
no velocity regulation. Finally, the bold line is the case we have just described, with Emax = 5J,
and with the velocity regulator active. Here, the structural performance is slightly reduced, with
the maximum sway reduced from the uncompensated case by 67 percent, as opposed to 74
percent for the ideal case.
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Figure 7.11: Effect of energy saturation on structural response
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7.4: A Comparison of Methods
To further explore the effect of the two nonlinearities on the performance of the structure,
we now perform a parametric study in which we observe the response of the structure as we
reduce the value of Emax in the actuator design.
In each case, the positive power limit will be found by rearranging (7.10) into
E max ω st
π

P+ =

(7.23)

Similarly, the velocity limit will be found by rearranging (7.21) into
y dmax =

2 E max
md

(7.24)

We will vary the value of Emax and for each value, observe the structural performance with these
two nonlinearities. We will assess this structural performance by the decrease in the maximum
displacement of the structure compared to the uncompensated case.
Suppose that the uncompensated case yields a maximum third-floor displacement as
(N )

max
y uc
= max y rst F (t ) , uncompensated case

(7.25)

t

Then, we can express the reduction in maximum swing of the building for a control system as
y red =

1
max
yuc

(N )

max y rst F (t )

(7.26)

t

This gives us a basic measure of the degree of protection brought to the structure by the control
system.
Evaluating the quantity yred for structural responses for different values of Emax, Figure
7.12 shows a clear picture of the effect of the velocity limiter on the performance of the control
system. For values of Emax which are above the required energy capacity Ec for the linear system
(without the velocity regulator), the designated value of Emax is not very noticeable. However, for
values of Emax which are below the linear system Ec value, the performance decreases
considerably.
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Figure 7.12: Maximum swing (relative to uncompensated case) for various battery capacities
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Now, consider the positive power limiter. For battery energy capacities above the
required energy capacity Ec for the disturbance, we see that the positive power limiter still has a
detrimental impact on the structural performance. We can conclude that, although the positive
power limiter does protect the system from energy exhaustion due to large disturbances, it also
depreciates the structural performance for disturbances which could be handled by the linear
system alone. Velocity limiting does not require this trade-off.
For the velocity limiter, note that at Emax = 0 the control system does not provide any
protection. This is because the value of y dmax is equal to zero. Resultantly, the maximum kinetic
energy which the control system will allow the proof-mass to possess is also zero. This results in
a force fpm(t) which is zero all the time. However, the positive power limiter does provide some
protection for Emax = 0, reducing the maximum sway of the structure by 10 percent, compared to
the uncompensated response.
From Figure 7.12, it is clear that, if we wish to protect the system from energy
exhaustion, the better nonlinear control is the velocity limiter. Only for very small values of Emax
does the positive power limiter give better performance. For most values of Emax, the
performance of the structure with velocity limiting is far superior to that of the positive power
limiter.

7.5: Conclusions
In this chapter, we have addressed an issue which arises in structural control, concerning
the operation of control systems off of a local supply with a finite energy storage capacity. In
such applications, linear control system design will inevitably result in situations where the
required energy capacity for a disturbance is larger than the actual energy storage capacity of the
supply. To accommodate these disturbances, it is necessary to implement some form of energy
management.
Here, we have shown that in such instances, we can take advantage of the cyclical nature
of the power flow to the actuator supply. Such cyclical power flow leads to discharge and
recharge periods which are somewhat regular. For this behavior, we have demonstrated that the
power flow in the actuator may be limited in such a way as to prevent energy exhaustion.
We also showed that it is possible to take advantage of energy properties of the closedloop system by limiting the absolute velocity of the proof-mass. This has the effect of limiting
the maximum kinetic energy of the proof-mass, which in turn affects the maximum energy which
the power supply can be expected to discharge.
In a comparison of the performances of these two approaches on the structure, we found
that velocity limiting tends to yield superior structural performance, except for extremely low
battery energy capacities, in which case the positive power limiter provides more protection to the
structure.
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Chapter 8. Conclusions
Over the course of this study, we have developed a number of results. In the first section
of this chapter, these results will be summarized. Then, we will discuss some items of current
and future research which relate to the ideas presented here. Following that are some final
thoughts on the work contained within this thesis.

6.1: Summary
In this study, we first laid down the very fundamental ideas of structural control using
proof-mass actuators. We discussed several kinds of control, including passive, active, and
hybrid techniques. Within the framework of this approach to earthquake engineering, we then
discussed the issue of performance measures for control systems. From the point of view of the
structure, we noted that the most important characteristics of the closed-loop response are the
maximum displacement and acceleration of the structure. From the point of view of the proofmass actuator, we explained that the dominant issues are the power, force and energy
requirements demanded for the control system for a given disturbance.
All these issues are very straight-forward, with the exception of the performance measure
for the energy requirements of the actuator. In this problem, we assumed that the system design
was to use a local battery power supply. Resultantly, the issue of "energy requirements," in this
context, means the minimum size of the battery required for the control of a given disturbance.
To reflect this measure, we defined the required energy capacity for the control to be this
minimum battery energy storage capacity. For the rest of the study, this was deemed the
dominant actuator performance measure.
In Chapter 4, we developed a stochastic performance assessment procedure for use in
evaluating the worth of control systems. This procedure was created in an attempt to draw
conclusions about the response of the system for all earthquakes similar to a real case which had
occurred in the past. The stochastic assessment does the following. First, a specific earthquake
data record is parameterized. Then, a host of earthquake records are synthesized which have the
same characteristics as the original record. Finally, over these cases, the average and worst-case
values for system performance are found. The incorporation of robust estimation techniques into
this process were discussed, and it was shown that they were effective in one stage of the
earthquake parameterization process. The result of the method is that we are able to make a
statement about what the worst, and expected values are for performance of the system, given a
disturbance with particular characteristics.
Following the development of this procedure, we began discussing, in Chapter 5, control
system design for this application of proof-mass actuators. We decided at the outset that we
would use positive position feedback for the control, as it required one structural sensor, and has
been shown to be rather robust to changes in the structural model. We applied stochastic
performance assessment to the closed-loop design and showed how it might be used to glean
more insight into the quality of the control system that would a more simplistic case assessment.
Furthermore, we used stochastic assessment to examine how the hybrid design of the proof-mass
actuator affects the actuator performance measures. It was shown that different hybrid designs
lead to minimal power, force, and energy capacity requirements for the actuator. Furthermore, it
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was shown that the energy capacity is minimized by a hybrid actuator which is almost totally
active.
In Chapter 6, we took a look at the power flow and energy behavior for the linear, closedloop system. Of note, we showed that, for PPF control, power flows almost exclusively from the
structure to the actuator. For active control, this power is directed either to the electrical supply
or to the kinetic energy of the proof-mass. It was shown that, due to this effect, the only
requirement of a local supply, used for active control, is that it be large enough to deliver the
required kinetic energy to the proof-mass during the disturbance. This observation led to a
relationship between the energy capacity of the battery supply and the rated velocity of the proofmass actuator. We showed that this relationship can be used in proof-mass actuator design to size
power supply with the machine.
Finally, in Chapter 7, we set out to answer one question. For active control, we wanted to
find a good way of managing the local actuator supply energy for large disturbances. For such
disturbances, the linear control system design discussed in Chapter 5 would totally drain the
supply. We found that the best structural protection, given a large disturbance and a fixed
actuator supply energy capacity, is obtained by a nonlinear controller which limits the absolute
velocity of the proof-mass.
From all of this research, the underlying theme is energy. We have attempted here to find
ways of assessing the amount of energy required of a control system for successful operation, as
well as ways of managing that energy. The goals of this research are directed toward the
development of a good way of controlling structures off of a local power supply.

6.2: Future Work
The work presented in this thesis represents ongoing research. There are several areas of
note which have the potential for vast expansion and in-depth investigation.
The stochastic performance assessment method presented here is based off of a single
disturbance. Although the method can be used to gain more insight into the control system
performance, its overall application has not yet seen its full potential. Ideally, we would like to
find a performance assessment method which does not depend on disturbances at all, but which
still provides meaningful results. This may be possible with stochastic assessment. For instance,
it may be possible to find the overall worst-case scenario for the performance of a control system,
given certain bounds on disturbance characteristics. It may, in addition, be possible to do this in a
computationally efficient way. These issues were not addressed here, but they are certainly
legitimate areas for future research.
In this study, we used positive position feedback throughout. However, there is no proof
which shows that PPF control yields optimal required energy capacities. An interesting line of
future research would be to find formal ways of minimizing the required energy capacity for an
arbitrary disturbance through optimal control. Also in this vein, a more formal study into the
optimal hybrid actuator design for required energy capacity minimization, given a specified linear
control law, would be interesting.
We have not performed an investigation here of the required energy capacity for active
base isolation systems. This may provide very promising results, for the following reason. Here,
it was noted that the purpose of the actuator battery supply was to provide the necessary kinetic
energy for the proof-mass. However, for active base isolation, there is no proof-mass, per se, as
the actuator is attached rigidly to the first floor and the ground. Thus, it may be true that for these
systems, the required energy capacities are much less for the realization of control laws.
93

Finally, there is a very vital issue which has not been addressed here, concerning the
verification of these ideas through hardware implementation. The testing of these ideas, and in
particular the nonlinear control ideas from chapter 7, are certain to provide additional dimensions
to the problem.
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