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Recycling Bi-Lanczos Algorithms: BiCG, CGS, and BiCGSTAB

Kapil Ahuja

Abstract

Engineering problems frequently require solving a sequence of dual linear systems. This paper

introduces recycling BiCG, that recycles the Krylov subspace from one pair of linear systems

to the next pair. Augmented bi-Lanczos algorithm and modified two-term recurrence are

developed for using the recycle space. Recycle space is built from the approximate invariant

subspace corresponding to eigenvalues close to the origin. Recycling approach is extended

to the CGS and the BiCGSTAB algorithms. Experiments on a convection-diffusion problem

give promising results.
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Chapter 1

Introduction

We focus on solving a sequence of dual linear systems defined as follows:

A(j)x(j) = b(j), A∗(j)x̃(j) = b̃(j), (1.1)

where the matrix A(j) ∈ Cn×n and the right hand sides b(j), b̃(j) ∈ Cn vary with j. These

systems are large and sparse. Krylov subspace methods for solving such systems outperform

direct methods, both in terms of the amount of storage and the computational cost [8]. In

many practical applications, the change from one pair of systems to the next is small. An

important example arises while using the Iterative Rational Krylov Algorithm (IRKA) [9] for

model reduction. While solving a pair of systems we store the Krylov subspace generated,

and use a selected part of this space for solving the next pair. This process is called “Krylov

subspace recycling”, and leads to faster convergence for the new pair of systems. The con-

vergence of Krylov subspace methods for solving a linear system, to a great extent, depends

on the spectrum of the matrix. Moreover, the deflation or removal of the eigenvalues close

to the origin improves the convergence rate [12]. Eigenvalues can be deflated by including

1
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the corresponding eigenvectors in the Krylov subspace. Therefore, we use the approximate

invariant subspace corresponding to the small eigenvalues (in absolute value) as our recycle

Krylov subspace.

For solving a single linear system, this idea has been used in the GCROT [4] and the GMRES-

DR [12] algorithms. For solving a sequence of linear systems, this idea was first proposed

in [13] where it is applied to the GCROT and the GCRO-DR algorithms. The idea is further

adapted in the RMINRES [19] algorithm. GCROT as in [13], GCRO-DR, and RMINRES

all focus on solving a sequence of single systems and not on a sequence that contains a pair

of systems. For a comprehensive discussion of recycling algorithms see [13].

Since the most relevant Krylov subspace method for solving systems of the type (1.1) is the

BiConjugate Gradient (BiCG) algorithm [7], we focus on Krylov subspace recycling for BiCG

in this thesis. We use RBiCG to indicate the recycling BiCG method. To simplify notation,

we drop the superscript j in (1.1). At any particular point in the sequence of systems, we

refer to Ax = b as the primary system and A∗x̃ = b̃ as the dual system. Throughout the

thesis, || · || refers to the two-norm, (·, ·) defines the standard inner product, and ei is the i-th

canonical vector. Next, we briefly describe Krylov subspace methods, in particular, BiCG.

For the primary system, let x0 be the initial solution vector with r0 = b − Ax0 as the

corresponding residual. Krylov subspace methods find approximate solutions by projections

onto the Krylov subspace associated with A and r0 [18]. The i-th solution iterate is given by

xi = x0 + %i, (1.2)

where %i ∈ Ki(A, r0) ≡ span{r0, Ar0, A2r0, · · · , Ai−1r0} would be defined by some pro-

jection. Before computing the solution over the Krylov subspace, we need to find a suitable

basis for this subspace. Using r0, Ar0, · · · , Ai−1r0 as the basis for K i(A, r0) is not good
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numerically. Successive basis vectors point more and more in the direction of the dominant

eigenvector, leading to dependence between them in finite precision arithmetic [18]. The

solution is to find an orthogonal basis for the Krylov subspace. For Hermitian matrices, the

Lanczos method is used to construct an orthogonal basis using a three-term recurrence [8].

For non-Hermitian matrices, the orthogonal basis is typically generated using the Arnoldi

method which is expensive because of the lack of a short-term recurrence. Alternatively,

one can generate bi-orthogonal basis, which avoids the cost of the full recurrence by using a

pair of three-term recurrences. This method is called the bi-Lanczos method [11]. Next, we

derive the bi-Lanczos method. First we initialize the Lanczos vectors as follows:

v1 = r0/||r0||, ṽ1 = r̃0/||r̃0||. (1.3)

The bi-Lanczos method computes the subsequent Lanczos vectors as follows:

vi+1 ∈ Ki+1(A, r0) s.t. vi+1 ⊥ ṽ1, . . . , ṽi and

ṽi+1 ∈ Ki+1(A∗, r̃0) s.t. ṽi+1 ⊥ v1, . . . , vi.
(1.4)

We define Vi = [v1 v2 . . . vi] and Ṽi = [ṽ1 ṽ2 . . . ṽi], and use the above orthogonality condition

to compute the (i + 1)-th Lanczos vector for the primary system by v̂i+1 = Avi − Viτ ⊥ Ṽi.

This implies

Ṽ ∗
i Avi − Ṽ ∗

i Viτ = 0. (1.5)

Using (1.4), we get the following equation:

Diτ = Ṽ ∗
i Avi, (1.6)
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where Di = Ṽ ∗
i Vi is a diagonal matrix. The above construction relies on (vi, ṽi) 6= 0. If

either vi = 0 or ṽi = 0, then the bi-Lanczos algorithm has found an invariant subspace,

and this is referred to as “regular termination” [8]. If (vi, ṽi) = 0 but neither vi = 0 nor

ṽi = 0, then the algorithm breaks down and this is referred to as “serious breakdown” [8].

There exist look-ahead Lanczos methods that avoid this breakdown (for details see [10]).

Since the diagonal matrix Di is assumed to be nonsingular, the above linear system has a

unique solution. Therefore, substituting this unique τ in v̂i+1, gives us our (i+1)-th Lanczos

vector. The Lanczos vectors obtained are uniquely defined up to a scalar, and there is a

degree of freedom in choosing the scaling for them [8, 10, 14]. One choice requires ||vi|| = 1

and ||ṽi|| = 1. The other choice is to make ||vi|| = 1 and (vi, ṽi) = 1. Using the first scaling

we get the following:

vi+1 = v̂i+1/||v̂i+1||,
ṽi+1 = (A∗ṽi − Ṽiτ̃)/||(A∗ṽi − Ṽiτ̃)||,

(1.7)

where τ̃ is computed by following the analogous steps as for computing τ . The bi-orthogonality

condition (1.4) converts the pair of full recurrences above to a pair of 3-term recurrences

(see [14]) such that computation of the (i + 1)-th Lanczos vector requires only the i-th and

the (i− 1)-th Lanczos vector. These pair of 3-term recurrences in the matrix form are called

bi-Lanczos relations, and are given as follows:

AVi = Vi+1T i = ViTi + ti+1,ivi+1e
T
i ,

A∗Ṽi = Ṽi+1T̃ i = ṼiT̃i + t̃i+1,iṽi+1e
T
i ,

(1.8)

where ti+1,i is the last element of the last row of the tridiagonal T i, and similarly, t̃i+1,i is

the last element of the last row of the tridiagonal T̃ i. To summarize, in exact arithmetic,
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the bi-Lanczos method computes columns of Vi and Ṽi such that

Vi ⊥b Ṽi, (1.9)

where ⊥b denotes bi-orthogonality and implies that Ṽ ∗
i Vi is a diagonal matrix. Now that we

have a good basis for our two Krylov subspaces K i(A, r0) and K i(A∗, r̃0), the next step is

to find approximate solutions by projections. Two standard ways of finding an approximate

solution over the Krylov subspace include the Ritz-Galerkin approach and the minimum

norm residual approach [18]. The CG algorithm is an example of Ritz-Galerkin approach

where the residual is orthogonal to the the current Krylov subspace. The GMRES algorithm

is an example of minimum norm residual approach and corresponds to solving a least squares

problem. Since we don’t have an orthogonal basis, we utilize the bi-orthogonality condition

to define a cheap projection. This leads to a non-optimal solution, and is an example of the

Petrov-Galerkin approach. From (1.2) we know %i ∈ K i(A, r0). With columns of Vi denoting

the basis of Ki(A, r0), we get %i = Viyi. The Petrov-Galerkin condition implies

ri = b− A(x0 + %i) = r0 − AViyi ⊥ Ṽi. (1.10)

Similarly, for the dual system we get

r̃i = r̃0 − A∗Ṽiỹi ⊥ Vi. (1.11)

Next, we use the initial Lanczos vector (1.3), the bi-orthogonality condition (1.4), the bi-

Lanczos relation (1.8), and the Petrov-Galerkin condition (1.10) to derive the expression for
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yi.

Ṽ ∗
i r0 − Ṽ ∗

i AViyi = 0 ⇒
Ṽ ∗

i Vie1||r0|| − Ṽ ∗
i ViTiyi − Ṽ ∗

i vi+1e
T
i ti+1,i = 0 ⇒

Die1||r0|| − DiTiyi = 0 ⇒
yi = ||r0||T−1

i e1.

(1.12)

The steps are similar for computing ỹi. If the Ti’s become singular at any iterative step, then

we get a breakdown of the second kind [8]. The previous breakdown was in the underlying

bi-Lanczos algorithm. Extensive experiments show that BiCG works well, and these break-

downs do not happen often in practise. Next, we do a LDU decomposition of the tridiagonal

matrix Ti, to obtain a two-term recurrence that has numerical advantages [10]. Note that

we can do Ti = LiDiRi because all leading principal submatrices of Ti are nonsingular (since

Ti has Ti−1 as a leading principal submatrix, and at all steps, the tridiagonal is assumed to

be nonsingular) [6]. If

Ti = LiDiRi,

Gi = ViR
−1
i , and

ϕi = ||r0||D−1
i L−1

i e1,

(1.13)

then the two-term recurrence for the primary system solution update is given by [5]

xi = xi−1 + ϕi,igi, (1.14)

where gi is the last column of Gi and ϕi,i is the last entry of the vector ϕi. It is similar for

the dual system. The above two-term recurrence can be made more elegant. The solution

(x) is now updated using standard iteration vectors p and r, and scalars α and β. We skip

the derivation of this elegant expression, and state the final result in Algorithm 1. The
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Algorithm 1. BiCG
1. Choose initial guesses x0 and x̃0. Compute r0 = b− Ax0 and r̃0 = b̃− A∗x̃0.
2. if (r0, r̃0) = 0 then initialize r̃0 to a random vector.
3. Set p0 = 0, p̃0 = 0, and β0 = 0. Let tol be the convergence tolerance, and itn be the
maximum iterative steps the algorithm can take.
4. for i = 1 . . . itn do
¦ pi = ri−1 + βi−1pi−1.
¦ p̃i = r̃i−1 + β̄i−1p̃i−1.
¦ qi = Api.
¦ q̃i = A∗p̃i.
¦ αi = (r̃i−1, ri−1)/(p̃i, qi).
¦ xi = xi−1 + αipi.
¦ x̃i = x̃i−1 + ᾱip̃i.
¦ ri = ri−1 − αiqi.
¦ r̃i = r̃i−1 − ᾱiq̃i.
¦ if ||ri|| ≤ tol and ||r̃i|| ≤ tol then break.
¦ βi = (r̃i, ri)/(r̃i−1, ri−1).
5. end for.

analogous derivation is done for RBiCG in Chapter 2. Algorithm 1 solves both the systems

(primary and dual) in the pair of systems. The traditional BiCG algorithm available in the

literature solves only the primary system. This is because most of the time one is required

to solve the primary system only.

The remainder of this thesis consists of six chapters. In Chapter 2, we derive the RBiCG

iteration that uses an existing recycle space. Computing a recycle space cheaply is covered

in Chapter 3. In Chapters 4 and 5, we extend the recycling approach to Conjugate Gradi-

ent Squared (CGS) [16] and its smoothly converging variant BiCGSTAB [17] respectively.

For these two algorithms, we only focus on using the recycle space (generated by BiCG).

Computing the recycle space within CGS and BiCGSTAB is future work. We give imple-

mentation details and results in Chapter 6. Chapter 7 provides conclusions and discusses

future work.



Chapter 2

Recycling BiCG: Using a Recycle

Space

In this chapter we modify the BiCG algorithm to use a given recycle space. First, we briefly

describe the recycling idea used in the GCRO-DR algorithm. This is because we closely

follow this idea for our RBiCG. After solving the j-th primary system in (1.1), GCRO-DR

retains k approximate eigenvectors (wi’s) of A. It then computes matrices U, C ∈ Cn×k from

W = [w1, . . . , wk] such that AU = C and C∗C = I (where A is the matrix for the (j + 1)-th

system). It then adapts the Arnoldi process to compute the orthogonal basis for the Krylov

subspace such that each new Krylov vector v is orthogonal to range(C). This produces the

Arnoldi relation

(I − CC∗)AVi = Vi+1H i,

where H i is (i + 1)× i upper Hessenburg matrix. GCRO-DR finds solution over the recycle

space range(U) and the new Krylov space generated range(Vi).

For our BiCG too, we let the columns of matrix U define the basis of the primary system

8
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recycle space, and define C = AU . A is the matrix from the (j + 1)-th linear system and

U available from the approximate right eigenvectors of the j-th system. Similarly, we let

columns of matrix Ũ define the basis of the dual system recycle space, and define C̃ = A∗Ũ .

Ũ is computed from the approximate left eigenvectors of the j-th system. As in GCRO-DR,

the number of vectors selected for recycling is denoted by k such that U , Ũ , C, and C̃ are

n× k matrices. We define columns of C and C̃ as follows:

C = [c1 c2 . . . ck], C̃ = [c̃1 c̃2 . . . c̃k].

C here is no longer an orthogonal matrix. Rather we build bi-orthogonality between C and

C̃. An alternative choice is discussed later in the chapter.

The rest of this chapter is divided into four sections. In Section 2.1, we derive augmented

bi-Lanczos algorithm that computes basis for our two Krylov subspaces that satisfy an

augmented bi-orthogonality condition. The two-term recurrence for the solution update

in RBiCG is derived in Section 2.2. In Sections 2.3 and 2.4, this two-term recurrence is

formulated into an elegant expression.

2.1 Augmented Bi-Lanczos Algorithm

The standard bi-Lanczos algorithm computes columns of Vi and Ṽi such that, in exact arith-

metic, Vi ⊥b Ṽi; see (1.9). Since we recycle spaces U and Ũ , the bi-Lanczos algorithm can

be modified to compute the columns of Vi and Ṽi such that either

[U Vi] ⊥b

[
Ũ Ṽi

]
(2.1)
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or

[C Vi] ⊥b

[
C̃ Ṽi

]
. (2.2)

We decided to build bi-orthogonality given by (2.2) because this leads to simpler algebra. It

also has the advantage that the RBiCG algorithm has a form similar to the standard BiCG

algorithm. Next, we derive the recurrences that build the above bi-orthogonality (2.2). We

assume

C ⊥b C̃.

We show how to enforce this bi-orthogonality in Chapter 3 (where we build the recycle

space). As in the standard BiCG algorithm, we assume v1 and ṽ1 are available from the initial

residuals r0 and r̃0. We make this statement more precise later in the chapter. The (i+1)-th

Lanczos vector for the primary system is computed by v̂i+1 = Avi − Viτ − Cρ ⊥
[
C̃ Ṽi

]
.

This implies




C̃∗

Ṽ ∗
i


 (Avi − Viτ − Cρ) = 0. (2.3)

Using (2.2), we get the following equations:

Dcρ = C̃∗Avi,

Diτ = Ṽ ∗
i Avi,

(2.4)

where Dc = C̃∗C and Di = Ṽ ∗
i Vi. As in the standard BiCG algorithm we assume Di is

nonsingular (“serious breakdown” does not occur). We ensure Dc is nonsingular in Chapter

3. Substituting τ and ρ from (2.4) into (2.3) gives the (i + 1)-Lanczos vector. The type of

scaling used for the Lanczos vectors, analogous to (1.7), is discussed later in this chapter. As

in the standard bi-Lanczos algorithm, the bi-orthogonality condition (2.2) converts the full
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recurrence of v̂i+1 to a (3+k)-term recurrences where k is the number of columns of C. This

implies the computation of the (i+1)-th Lanczos vector require the i-th and (i−1)-th Lanczos

vectors and k columns of C. Similarly, we get a (3 + k) term recurrence for computing the

Lanczos vectors for the dual system. These pair of (3 + k)-term recurrences in the matrix

form are termed as augmented bi-Lanczos relations. The augmented bi-Lanczos relation for

the primary system is given as follows:

(I − CĈ∗)AVi = Vi+1T i, (2.5)

where Ĉ =
[

c̃1
c∗1 c̃1

c̃2
c∗2 c̃2

· · · c̃k

c∗k c̃k

]
and T i is the (i + 1)× i tridiagonal matrix. Similarly, we get

the augmented bi-Lanczos relation for the dual system as follows:

(I − C̃Č∗)A∗Ṽi = Ṽi+1T̃ i, (2.6)

where Č =
[

c1
c̃∗1c1

c2
c̃∗2c2

· · · ck

c̃∗kck

]
. One drawback of the current form of the augmented bi-

Lanczos relations, (2.5) and (2.6), is that the two matrices, (I−CĈ∗)A and (I−C̃Č∗)A∗, are

not conjugate transpose of each other as in the standard BiCG algorithm. This complicates

the algebra while deriving the RBiCG solution update recurrence. This problem is solved if

we use (2.2) and write the the two relations in the following form:

A1Vi = Vi+1T i, where A1 = (I − CD−1
c C̃∗)A(I − CD−1

c C̃∗), (2.7)

A∗
1Ṽi = Ṽi+1T̃ i, where A∗

1 = (I − C̃D−∗
c C∗)A∗(I − C̃D−∗

c C∗), (2.8)

with C̃∗C = Dc. Dc is a diagonal matrix and so D∗
c = D̄c. The next step is to obtain

the solution update recurrence that utilizes the recycle space. This is described in the next

section.
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2.2 Updating the Solution Using the Recycle Space

In the standard BiCG algorithm, the i-th solution iterate is given by (1.2). That is,

xi = x0 + Viyi, x̃i = x̃0 + Ṽiỹi.

The i-th solution iterates in the RBiCG algorithm, as in the GCRO-DR and the RMINRES

algorithms, are given as follows:

xi = x0 + Uzi + Viyi, x̃i = x̃0 + Ũ z̃i + Ṽiỹi. (2.9)

In the standard BiCG algorithm, yi and ỹi are computed by (1.10) and (1.11). That is, by

enforcing the following orthogonality conditions (Petrov-Galerkin approximation):

ri = r0 − AViyi ⊥ Ṽi, r̃i = r̃0 − A∗Ṽiỹi ⊥ Vi.

With recycling, the Petrov-Galerkin approximation gives

ri = r0 − AUzi − AViyi ⊥
[
C̃ Ṽi

]
, r̃i = r̃0 − A∗Ũ z̃i − A∗Ṽiỹi ⊥ [C Vi] . (2.10)

For the primary system, the above orthogonality condition leads to the following:




C̃∗

Ṽ ∗
i





 r0 − A[U Vi]




zi

yi





 = 0. (2.11)
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The steps are similar for the dual system. The actual computation is somewhat more efficient

than the above equation. Lets first look at r0. Defining ζ = ||(I − CĈ∗)r0|| we get

r0 = CĈ∗r0 + r0 − CĈ∗r0,

= CĈ∗r0 + ζv1, taking v1 = (I−CĈ∗)r0

ζ
,

= CĈ∗r0 + ζVi+1e1,

= [C Vi+1]




Ĉ∗r0

ζe1


 .

(2.12)

It is here that we define our first Lanczos vector v1. Note that v1 is obtained from the

initial residual r0. Now let’s look at the second term of (2.11). For the following derivation,

augmented bi-Lanczos relation (2.5) is used.

A [U Vi]




zi

yi


 = [AU AVi]




zi

yi


 ,

=
[
C CĈ∗AVi + Vi+1T i

]



zi

yi


 ,

= [C Vi+1]




I Ĉ∗AVi

0 T i







zi

yi


 .

(2.13)

Substituting (2.12) and (2.13) in (2.11) gives




C̃∗

Ṽ ∗
i


 [C Vi+1]







Ĉ∗r0

ζe1


−




I Ĉ∗AVi

0 T i







zi

yi





 = 0. (2.14)
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Using the bi-orthogonality condition (2.2) in the above equation we get1




Ĉ∗r0

ζe1


−




I Ĉ∗AVi

0 Ti







zi

yi


 = 0. (2.15)

Therefore, the equations for finding yi and zi are given by

yi = ζT−1
i e1,

zi = Ĉ∗r0 − Ĉ∗AViyi.

As in the standard BiCG algorithm, the algorithm here fails if a singular tridiagonal is

encountered [8] (breakdown of the second kind discussed in Chapter 1). For clarity of

exposition we assume this does not occur. Substituting the above expressions in (2.9) leads

to the following solution update for the primary system:

xi = χ0 + (I − UĈ∗A)Viyi, (2.16)

where χ0 = x0 + UĈ∗r0 and yi = ζT−1
i e1. Next, as in the standard BiCG algorithm, we

compute LDU decomposition of the tridiagonal matrix Ti to get a two-term recurrence. If

Ti = LiDiRi,

Gi = (I − UĈ∗A)ViR
−1
i , and

ϕi = ζD−1
i L−1

i e1,

(2.17)

then the two-term recurrence for the solution update of the primary system is given by

xi = xi−1 + ϕi,igi, (2.18)

1Note that the dimension of e1 in (2.15) is one less than that of e1 in (2.14), although both denote the
first canonical vector.
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where gi is the last column of Gi and ϕi,i is the last entry of the vector ϕi. It is similar

for the dual system. We now do a slight change of notation to make the future derivations

simpler. Let x−1 be the initial guess and r−1 = b− Ax−1 the corresponding initial residual.

We define

x0 = x−1 + UĈ∗r−1 and r0 = (I − CĈ∗)r−1. (2.19)

Similarly, for the dual system, let x̃−1 be the initial guess and r̃−1 = b̃ − A∗x̃−1 the corre-

sponding initial residual. We define

x̃0 = x̃−1 + Ũ Č∗r̃−1 and r̃0 = (I − C̃Č∗)r̃−1. (2.20)

x0 in (2.18) is defined by (2.19). We follow this convention for x0, x̃0, r0, and r̃0 for the

rest of the thesis. Note that in (2.17) we never compute any explicit matrix inverse. The

matrices under consideration are either diagonal, or lower triangular, or upper triangular.

Moreover, we can obtain the required information even without generating the tridiagonal

matrix explicitly. In the next section we do simplifications to this solution update recurrence

leading to a form similar to the standard BiCG algorithm. That is, we derive the analogous

version of the standard iteration vectors: x (solution), p, and r (residual). The corresponding

scalars, α and β, are derived in Section 2.4.

2.3 Iteration Vectors for the Elegant Expression: x, p,

and r

We first develop the recurrences for x, followed by recurrences for p, and finally for r. The

main idea is to simplify the notation, and use the orthogonality condition of the bi-Lanczos
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method. For the x recurrences, we write (2.18) in the following form:

xi = xi−1 + αiZpi, (2.21)

where αi =
ϕi,i

||ri−1|| , Zpi = ||ri−1||gi, and Z = (I − UĈ∗A). For the dual system, solution

update is given by

x̃i = x̃i−1 + α̃iZ̃p̃i, (2.22)

where Z̃ = (I − Ũ Č∗A∗). If the recycle space does not exist, then the above solution update

recurrences are the same as in the standard BiCG (see Algorithm 1).

Next, we find the relationship between the residual and the Lanczos vectors. This relationship

is described by Theorem 2.1 and is used in computing the p vector. Theorem 2.1 also indicates

how to compute the Lanczos vectors that are used in building of the recycle space (Chapter

3).

Theorem 2.1. Prove that ri = νivi+1 and r̃i = ν̃iṽi+1, where νi and ν̃i are scalars.

Proof. Using augmented bi-Lanczos relation (2.5), the first Lanczos vector (2.12), the solu-

tion update expression (2.16), and the initial residual (2.19), we get

ri = b− Axi,

= r0 − A(I − UĈ∗A)Viyi,

= r0 − Vi+1T iyi,

= r0 − Vi+1T iT
−1
i ζe1,

= r0 − ζv1 − (tTi+1Ti
−1ζe1)vi+1, where ti+1 is the last column of T T

i ,

= νivi+1,

where νi is a scalar. We can prove r̃i = ν̃iṽi+1 in a similar fashion.
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As discussed in Chapter 1, there is a degree of freedom in choosing the scaling of the Lanczos

vectors vi and ṽi [8, 10, 14]. The following scaling ensures that the computation of the recycle

space stays cheap:

||vi|| = 1, (vi, ṽi) = 1. (2.23)

This is discussed more in Chapter 3. Hence, the Lanczos vectors are computed as follows:

vi =
ri−1

||ri−1|| , ṽi =
r̃i−1

(vi, r̃i−1)
. (2.24)

Now we find the recurrence for the p vector. From the LDU decomposition in (2.17), we know

Gi = ZViR
−1
i , where, as before, Z = (I − UĈ∗A). Taking ZVi = Fi we get the following:

Fi = GiRi ⇒

[
f1 f2 · · · fi

]
=

[
g1 g2 · · · gi

]




1 ε1

. . . . . .

. . . εi−1

1




.

Ri above is bidiagonal because it is the upper triangular matrix from the LDU decomposition

of a tridiagonal matrix. By using the x recurrences, (2.21) and (2.22), and Theorem 2.1 we

get

gi = fi − εi−1gi−1 ⇒
gi = Zvi − εi−1gi−1 ⇒

Zpi

||ri−1|| = Zri−1

||ri−1|| − εi−1
Zpi−1

||ri−2|| ⇒
pi = ri−1 − εi−1||ri−1||

||ri−2|| pi−1.

In the above derivation, we assume Z is nonsingular. Taking βi−1 = − εi−1||ri−1||
||ri−2|| , the p
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recurrences are given by the following equations:

pi = ri−1 + βi−1pi−1, (2.25)

p̃i = r̃i−1 + β̃i−1p̃i−1. (2.26)

The above p recurrences are the same as in BiCG (see Algorithm 1). These recurrences need

the residual recurrences. The residual recurrences are obtained from the recurrences for the

solution update i.e. (2.21) and (2.22), and are given as follows:

ri = ri−1 − αi(I − CĈ∗)Api, (2.27)

r̃i = r̃i−1 − α̃i(I − C̃Č∗)A∗p̃i. (2.28)

If these recurrences are used for further derivations, then the expressions for the iteration

scalars α and β are not as simplified as in the standard BiCG algorithm. However, if the

augmented bi-Lanczos relations of the form in (2.7) and (2.8) are used, then we get simpler

algebraic relations. Using these different form of augmented bi-Lanczos relations, we get the

residual recurrences as follows:

ri = ri−1 − αiA1pi, (2.29)

r̃i = r̃i−1 − α̃iA
∗
1p̃i. (2.30)

If we replace A1 by A above, then these recurrences are the same as in the standard BiCG

algorithm (see Algorithm 1). For theoretical purpose, these new recurrences are ideal. While

for implementation, we still use the old residual recurrences i.e. (2.27) and (2.28). This is

because, working with A1 and A∗
1 is more expensive than working with (I − CĈ∗)A and

(I − C̃Č∗)A∗. With iterations vectors at hand, we next find expressions for α’s and β’s.
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2.4 Scalars for the Elegant Expression: α and β

First we prove a result that is central to CG and its derived algorithms. In CG, this result

states that the p vectors are A-orthogonal. For BiCG, the equivalent result is that p and p̃

are A-orthogonal. Theorem 2.3 below, gives the analogous result for RBiCG. Theorem 2.3

uses a result that is derived in Theorem 2.2 below.

Theorem 2.2. If Ti = LiDiRi and T̃i = L̃iD̃iR̃i, then show that R∗
i = L̃i and L∗i = R̃i.

Proof. We know from (2.8) that the augmented bi-Lanczos relation for the dual system is

given by

A∗
1Ṽi = Ṽi+1T̃ i ⇒

V ∗
i A∗

1Ṽi = T̃i, since V ∗
i Ṽi = I from the choice of scaling (2.23).

Similarly, for the primary system, we get the following:

A1Vi = Vi+1T i ⇒
V ∗

i A∗
1Ṽi = T ∗

i , again using (2.23).

Equating the two V ∗
i A∗

1Ṽi, we get that T ∗
i = T̃i. LDU factorization of the two tridiagonals

implies R∗
i D

∗
i L

∗
i = L̃iD̃iR̃i. As the LDU factorization is unique, we get that R∗

i = L̃i and

L∗i = R̃i.

Next, we define Pi = [p1 p2 . . . pi], and find a relation between the matrices Pi and Vi. From
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the LDU decomposition in (2.17) and the x recurrence (2.21) we know

GiRi = ZVi, with Z = (I − UĈ∗A) ⇒
Z[ p1

||r0||
p2

||r1|| . . . pi

||ri−1|| ]Ri = ZVi ⇒
Pi = ViR

−1
i Yi,

(2.31)

where Yi = diag(||r0||, ||r1||, . . . , ||ri−1||). As earlier, we assume Z is nonsingular. Similarly,

for the dual system, this relation is defined by the following equation:

P̃i = ṼiR̃
−1
i Ỹi, (2.32)

where Ỹi = diag((v1, ||r̃0||), (v2, ||r̃1||), . . . , (vi, ||r̃i−1||)). Now the main A-conjugation result:

Theorem 2.3. Show that p̃∗i A1pj = 0 for i 6= j.

Proof. We equivalently prove that P̃ ∗
i A1Pi is a diagonal matrix. The proof below uses

Theorem 2.2, (2.31) and (2.32).

P̃ ∗
i A1Pi = Ỹ ∗

i R̃−∗
i Ṽ ∗

i A1ViR
−1
i Yi,

= Ỹ ∗
i R̃−∗

i TiR
−1
i Yi,

= Ỹ ∗
i R̃−∗

i LiDiRiR
−1
i Yi,

= Ỹ ∗
i R̃−∗

i R̃∗
i DiYi,

= Ỹ ∗
i DiYi.

Ỹ ∗
i DiYi is a product of diagonal matrices, and hence, is a diagonal matrix.

With the entire framework ready, we now find expressions for α’s and β’s. First we show

how to compute α. For this we use the bi-orthogonality condition (2.2), Theorems 2.1 and

2.3, the recurrences for the p vectors (2.25)-(2.26), and the recurrences for the residuals
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(2.29)-(2.30). That is,

ṽ∗i vi+1 = 0 ⇒
r̃∗i−1ri = 0 ⇒
r̃∗i−1ri−1 − αir̃

∗
i−1A1pi = 0 ⇒

r̃∗i−1ri−1 − αi(p̃i − β̃i−1p̃i−1)
∗A1pi = 0 ⇒

r̃∗i−1ri−1 − αip̃
∗
i A1pi = 0.

Thus, the expressions for the α’s are given as follows:

αi =
r̃∗i−1ri−1

p̃∗i A1pi

, and α̃i = ᾱi. (2.33)

As discussed before for the residual recurrence, for theoretical purpose, (2.33) is ideal. For

implementation, following version of (2.33) is better suited:

αi =
r̃∗i−1ri−1

p̃∗i (I − CĈ∗)Api

. (2.34)

Similarly, β’s are given by the following equation:

βi =
r̃∗i ri

r̃∗i−1ri−1

, and β̃i = β̄i. (2.35)



Chapter 3

Recycling BiCG: Computing a

Recycle Space

In this chapter we are concerned with how to build U and Ũ . As mentioned in Chapter 2,

the columns of U define the basis of the primary system recycle space, and the columns of

Ũ define the basis of the dual system recycle space. In GCRO-DR [13] and RMINRES [19],

approximate invariant subspaces have been successfully used to build the recycle space. It has

been demonstrated there (in [13] and [19]) and in [12] that using the approximate invariant

subspace corresponding to small eigenvalues (in absolute value) is effective. For RBiCG we

follow the same strategy. For a detailed discussion on the choices for computing a recycle

space see [13].

Harmonic Ritz vectors provide an approximate invariant subspace cheaply, and are defined

using the theorem below (see Theorem 5.1 from [15]).

Theorem 3.1. Let S be a subspace of Cn. A value λ ∈ C is a harmonic Ritz value of A

22
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with respect to the subspace W = AS if and only if

(Au− λu) ⊥ AS for some u ∈ S, u 6= 0.

In Theorem 3.1, u is called the harmonic Ritz vector associated with the harmonic Ritz value

λ. Typically, we compute the harmonic Ritz values (and vectors) with respect to the current

Krylov subspace [13, 19]. Working directly with the above orthogonality condition is hard.

We first convert this orthogonality condition into a generalized eigenvalue problem in Section

3.1. This eigenvalue problem is of much smaller dimension than the dimension of matrix A.

The first system in our sequence of linear systems requires special attention since there is no

recycle space available at the start. This is covered in Section 3.2. After obtaining the U and

Ũ , we build C and C̃ that need not satisfy the bi-orthogonality condition (2.2). We explicitly

build bi-orthogonality between them in Section 3.3. Although, the generalized eigenvalue

problem developed in Section 3.1 is of smaller dimension, it is still expensive to solve. The

bi-orthogonality condition (2.2) and the choice of scaling (2.23) can be exploited to reduce

the cost further. This is covered in Section 3.4. The generalized eigenvalue problem of

Section 3.1 requires the tridiagonals of the bi-Lanczos method explicitly. These tridiagonals,

as in the CG algorithm [14], can be built inexpensively using α and β derived in the previous

chapter. Section 3.5 gives such a derivation.

3.1 Using Harmonic Ritz Pairs

Until now in the discussion, we did not need the Lanczos vectors vi and ṽi explicitly. However,

these Lanczos vectors are needed to build the recycle space. Instead of using all the Lanczos

vectors to build the recycle space, we update the recycle space periodically to keep the
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memory requirements modest [19]. The iteration process between two updates of the recycle

space is referred to as a “cycle”. The length of the cycle “s” refers to the number of iterations

between updating the recycle space. Let Vj and Ṽj contain the Lanczos vectors generated

during the jth cycle. That is,

Vj =
[
v(j−1)s+1 . . . vjs

]
and Ṽj =

[
ṽ(j−1)s+1 . . . ṽjs

]
.

Let Υj and Υ̃j be Vj and Ṽj respectively with one previous and one subsequent Lanczos

vector. That is,

Υj =
[
v(j−1)s . . . vjs+1

]
and Υ̃j =

[
ṽ(j−1)s . . . ṽjs+1

]
.

The augmented bi-Lanczos relations for the jth cycle are now given by

(I − CĈ∗)AVj = ΥjΓj and

(I − C̃Č∗)A∗Ṽj = Υ̃j Γ̃j,
(3.1)

where Γj and Γ̃j are the tridiagonals from (2.5) and (2.6) with an extra row at the top

(corresponding to v(j−1)s and ṽ(j−1)s) and at the bottom (corresponding to vjs+1 and ṽjs+1).

To be precise, the new tridiagonals have the non-zero pattern shown in Figure (3.1).

We now discuss how to build the recycle space. The discussion in this paragraph concerns

only the primary system (Ax = b). Similar results hold for the dual system (A∗x̃ = b̃). Let

columns of Uj−1 denote the recycle space generated at the end of the (j − 1) cycle for the

current linear system, and columns of U be the recycle space available from the previous

linear system. We want to obtain Uj from Vj, Uj−1, and U . It is important to note that Uj is

not used for solving the current linear system (for that U is used). The final Uj here (at the

end of solving the current linear system) would be the U matrix for the next linear system.
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∗
∗ ∗
∗ ∗ ∗

. . . . . . . . .

∗ ∗ ∗
∗ ∗

∗




Figure 3.1: Non-zero pattern of Γj and Γ̃j.

There are many options for selecting Uj [19]. For RBiCG we build Uj from range([Uj−1 Vj])

because it keeps the algebra simple. Let

Φj = [Uj−1 Vj] , Ψj = [C Cj−1 Υj] , and Hj =




0 Bj

I 0

0 Γj




,

where Bj = Ĉ∗AVj. The augmented bi-Lanczos relation for the primary system (3.1) leads

to

AΦj = ΨjHj. (3.2)

Similarly, let

Φ̃j =
[
Ũj−1 Ṽj

]
, Ψ̃j =

[
C̃ C̃j−1 Υ̃j

]
, and H̃j =




0 B̃j

I 0

0 Γ̃j




,

where B̃j = Č∗A∗Ṽj. The augmented bi-Lanczos relation for the dual system (3.1) gives

A∗Φ̃j = Ψ̃jH̃j. (3.3)
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In RMINRES [19] harmonic Ritz pairs of A with respect to the subspace range(AΦj) have

been successfully used to build the recycle space. Since here we work in a Petrov-Galerkin

framework, using harmonic Ritz pairs with respect to the subspace range(A∗Φ̃j) is more

intuitive. This leads to simpler algebra and cheaper computations later. Let (λ, u) denote

the harmonic Ritz pair of A we are interested in. Then, using Theorem 3.1 and the above

discussion, λ and u are defined by the condition

(Au− λu) ⊥ range
(
A∗Φ̃j

)
, (3.4)

where u ∈ range(Φj) (since we build Uj from range([Uj−1 Vj])). Using u = Φjw and (3.2) -

(3.3) in (3.4) gives

(
A∗Φ̃j

)∗
AΦjw = λ

(
A∗Φ̃j

)∗
Φjw ⇒

(
Ψ̃jH̃j

)∗
ΨjHjw = λ

(
Ψ̃jH̃j

)∗
Φjw.

Thus, condition (3.4) is equivalent to the following generalized eigenvalue problem:

H̃∗
j Ψ̃∗

jΨjHjw = λH̃∗
j Ψ̃∗

jΦjw. (3.5)

Let the k chosen right eigenvectors of the above generalized eigenvalue problem form the

columns of matrix Wj. As discussed at the start of this chapter, we choose eigenvectors cor-

responding to the eigenvalues close to the origin because deflating these eigenvalues improves

the convergence rate [12, 13, 19]. Thus, Uj = ΦjWj (since u = Φjw). Let columns of W̃j

denote the k chosen left eigenvectors of the generalized eigenvalue problem, then Ũj = Φ̃jW̃j.

The following derivation confirms this. Let (µ, ũ) denote the harmonic Ritz pair of A∗ we
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need. These harmonic Ritz pair are given by

(A∗ũ− µũ) ⊥ range (AΦj) , (3.6)

where ũ ∈ range(Φ̃j). Using ũ = Φ̃jw̃ and (3.2) - (3.3) in the above condition leads to the

following:

(AΦj)
∗ A∗Φ̃jw̃ = µ (AΦj)

∗ Φ̃jw̃ ⇒
(ΨjHj)

∗ Ψ̃jH̃jw̃ = µΦ∗
j

(
Ψ̃jH̃j

)
w̃.

The generalized eigenvalue problem that is equivalent to condition (3.6) is given by

w̃∗H̃∗
j Ψ̃∗

jΨjHj = µ̄w̃∗H̃∗
j Ψ̃∗

jΦj. (3.7)

Hence, (3.5) and (3.7) are the same except that the former computes the right eigenvectors,

while the later computes the left eigenvectors (note that λ = µ̄ since the eigenvalues of A∗

are the complex conjugates of the eigenvalues of A). The first linear system and the first

cycle of all linear systems needs special attention since either U (and Ũ) or Uj−1 (and Ũj−1)

or both are unavailable. We discuss these cases in the next section.

3.2 The First Linear System and the First Cycle

For the first cycle of the first system neither U (and Ũ) nor Uj−1 (and Ũj−1) are available.

Thus, instead of solving the generalized eigenvalue problem, Ritz pairs are computed as

follows:

T1w = λw and T̃1w̃ = µw̃.
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Note that the tridiagonals, T1 and T̃1 in the above equations, are s × s instead of usual

(s + 1) × s. From Theorem 2.2 we know T̃1 = T ∗
1 , and hence, we just need to solve one

system for both the left and the right eigenvectors. Also, as in (3.5) and (3.7), λ and µ are

complex conjugate of each other. Now the recycle space is given by

U1 = V1W1 and Ũ1 = Ṽ1W̃1.

During the second and subsequent cycles of the first linear system, Uj−1 and Ũj−1 are available

but U and Ũ not. Thus, the following variables are used in the generalized eigenvalue problem

(3.5):

Φj = [Uj−1 Vj] , Ψj = [Cj−1 Υj] , and Hj =




I 0

0 Γj


 ,

Φ̃j =
[
Ũj−1 Ṽj

]
, Ψ̃j =

[
C̃j−1 Υ̃j

]
, and H̃j =




I 0

0 Γ̃j


 .

For the first cycle of each of the subsequent linear systems (i.e. j = 1), U and Ũ are

available, while Uj−1 and Ũj−1 are not. Thus, the generalized eigenvalue problem (3.5) uses

the following variables:

Φ1 = [U V1] , Ψ1 = [C V 1] , and H1 =




I B1

0 T 1


 ,

Φ̃1 =
[
Ũ Ṽ1

]
, Ψ̃1 =

[
C̃ Ṽ 1

]
, and H̃1 =




I B̃1

0 T̃ 1


 ,

where V 1 and Ṽ 1 denote V1 and Ṽ1 with one subsequent Lanczos vector. T 1 and T̃ 1 are the
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corresponding tridiagonals (with one extra row at the bottom). The final Cj and C̃j of the

current linear system are the C and C̃ for the next linear system, and thus, need to satisfy

the bi-orthogonality condition (2.2). The Cj and C̃j as obtained from the previous derivation

need not be bi-orthogonal. We discuss how to satisfy this requirement in the next section.

3.3 Building Bi-orthogonality between the C’s

As seen in Section (3.1), Uj and Ũj are given by the following equations:

Uj = ΦjWj and Ũj = Φ̃jW̃j.

Also as seen before, Cj and C̃j are given by

Cj = AUj and C̃j = A∗Ũj.

To construct bi-orthogonal Cj and C̃j, we use the singular value decomposition (SVD) of

C̃∗
j Cj

C̃∗
j Cj = MjΣjN

∗
j . (3.8)

Next we define

Uj = ΦjWjNj = [Uj−1 Vj]WjNj and Ũj = Φ̃jW̃jMj = [Ũj−1 Ṽj]W̃jMj. (3.9)

The new C’s are given as follows:

Cj = AUj = A[Uj−1 Vj]WjNj and C̃j = A∗Ũj = A∗[Ũj−1 Ṽj]W̃jMj. (3.10)
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Note that these new C’s are bi-orthogonal (i.e. C̃∗
j Cj = Σj). We build this bi-orthogonality

at the end of each cycle. To solve the generalized eigenvalue problem (3.5), we need matrices

H̃∗
j Ψ̃∗

jΨjHj and H̃∗
j Ψ̃∗

jΦj. Computing these matrices explicitly is expensive. However, with

algebraic simplifications, these matrices can be built cheaply. We discuss this aspect in the

following section.

3.4 Simplification of Matrix Blocks

The main cost of building H̃∗
j Ψ̃∗

jΨjHj and H̃∗
j Ψ̃∗

jΦj for (3.5) is in computing matrices Ψ̃∗
jΨj

and Ψ̃∗
jΦj (cross product of two dense matrices). We can simplify these matrices as follows

(using bi-orthogonality condition (2.2) and the choice of scaling (2.23)):

Ψ̃∗
jΨj =




C̃∗

C̃∗
j−1

Υ̃∗
j




[
C Cj−1 Υj

]
=




Dc C̃∗Cj−1 0

C̃∗
j−1C Σj−1 C̃∗

j−1Υj

0 Υ̃∗
jCj−1 I




,

Ψ̃∗
jΦj =




C̃∗

C̃∗
j−1

Υ̃∗
j




[
Uj−1 Vj

]
=




C̃∗Uj−1 0

C̃∗
j−1Uj−1 C̃∗

j−1Vj

Υ̃∗
jUj−1 I




,

where Dc = C̃∗C is a diagonal matrix independent of the cycle, and I is an identity matrix

with an extra row of zeros at the top and at the bottom. Most of the blocks above can

be simplified further. Before doing more simplifications, it is important to point out that

because of the bi-orthogonality condition (2.2) and the SVD relations (3.8)-(3.10), we get

the following orthogonality conditions on the side:

C̃j−2 ⊥ Υj and (3.11)
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Cj−2 ⊥ Υ̃j. (3.12)

We now simplify the blocks of the above two matrices (going from top-to-bottom and left-

to-right). For this we use the bi-orthogonality condition (2.2), the augmented bi-Lanczos

relations (3.1), the SVD relations (3.8)-(3.10), and the new orthogonality conditions (3.11)-

(3.12).

• C̃∗Cj−1 = C̃∗AUj−1 =

[
C̃∗AUj−2 C̃∗AVj−1

]
Wj−1Nj−1,

=

[
C̃∗Cj−2 C̃∗

[
CĈ∗AVj−1 + Υj−1 Γj−1

] ]
Wj−1Nj−1,

=

[
C̃∗Cj−2 DcBj−1

]
Wj−1Nj−1,

where C̃∗Cj−2 is available from the previous cycle, and Bj−1 is computed during the iterations

of the bi-Lanczos method (see Chapter 6).

• C̃∗
j−1C = Ũ∗

j−1AC = M∗
j−1W̃

∗
j−1




Ũ∗
j−2

Ṽ ∗
j−1


 AC,

= M∗
j−1W̃

∗
j−1




C̃∗
j−2C

Ṽ ∗
j−1AC


 ,

= M∗
j−1W̃

∗
j−1




C̃∗
j−2C[

C̃Č∗A∗Ṽj−1 + Υ̃j−1Γ̃j−1

]∗
C


 ,

= M∗
j−1W̃

∗
j−1




C̃∗
j−2C

B̃∗
j−1Dc


 .
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As in the previous block, C̃∗
j−2C is available from the previous cycle, and B̃j−1 is computed

during the iterations of the bi-Lanczos method.

• C̃∗
j−1Υj = Ũ∗

j−1AΥj = M∗
j−1W̃

∗
j−1




Ũ∗
j−2

Ṽ ∗
j−1


 AΥj,

= M∗
j−1W̃

∗
j−1




0

Ṽ ∗
j−1AΥj


 ,

= M∗
j−1W̃

∗
j−1




0
[
C̃Č∗A∗Ṽj−1 + Υ̃j−1Γ̃j−1

]∗
Υj


 ,

= M∗
j−1W̃

∗
j−1




0

Γ̃∗j−1Υ̃
∗
j−1Υj


 ,

where

Γ̃∗j−1Υ̃
∗
j−1Υj = Γ̃∗j−1




ṽ∗(j−2)s

ṽ∗(j−2)s+1

...

ṽ∗(j−1)s

ṽ∗(j−1)s+1




[
v(j−1)s v(j−1)s+1 · · · vjs vjs+1

]
,

= Γ̃∗j−1




0 0 · · · 0 0

...
...

...
...

...

0 0 · · · 0 0

1 0 · · · 0 0

0 1 · · · 0 0




.
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• Υ̃∗
jCj−1 = Υ̃∗

jAUj−1,

= Υ̃∗
jA

[
Uj−2 Vj−1

]
Wj−1Nj−1,

=

[
0 Υ̃∗

jAVj−1

]
Wj−1Nj−1,

=

[
0 Υ̃∗

j

[
CĈ∗AVj−1 + Υj−1Γj−1

] ]
Wj−1Nj−1,

=

[
0 Υ̃∗

jΥj−1Γj−1

]
Wj−1Nj−1,

where

Υ̃∗
jΥj−1Γj−1 =




ṽ∗(j−1)s

ṽ∗(j−1)s+1

...

ṽ∗js

ṽ∗js+1




[
v(j−2)s v(j−2)s+1 · · · v(j−1)s v(j−1)s+1

]
Γj−1,

=




0 0 · · · 1 0

0 0 · · · 0 1

0 0 · · · 0 0

...
...

...
...

...

0 0 · · · 0 0




Γj−1.

• C̃∗Uj−1 = C̃∗
[

Uj−2 Vj−1

]
Wj−1Nj−1 =

[
C̃∗Uj−2 0

]
Wj−1Nj−1,
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where C̃∗Uj−2 is available from the previous cycle.

• C̃∗
j−1Uj−1 = M∗

j−1W̃
∗
j−1




Ũ∗
j−2

Ṽ ∗
j−1


 A

[
Uj−2 Vj−1

]
Wj−1Nj−1,

= M∗
j−1W̃

∗
j−1




C̃∗
j−2Uj−2 C̃∗

j−2Vj−1

Ṽ ∗
j−1Cj−2 Ṽ ∗

j−1AVj−1


 Wj−1Nj−1,

where C̃∗
j−2Uj−2 and C̃∗

j−2Vj−1 are available from blocks of Ψ̃∗
j−1Φj−1. Ṽ ∗

j−1Cj−2 is a subset

of Υ̃∗
j−1Cj−2, and hence, is available from Ψ̃∗

j−1Ψj−1. Ṽ ∗
j−1AVj−1 can be simplified as follows:

(
A∗Ṽj−1

)∗
Vj−1 =

[
C̃Č∗A∗Ṽj−1 + Υ̃j−1Γ̃j−1

]∗
Vj−1 = Γ̃∗j−1Υ̃

∗
j−1Vj−1,

= Γ̃∗j−1




0

I

0




= T̃j−1.

• C̃∗
j−1Vj is a subset of C̃∗

j−1Υj, and hence, is available from Ψ̃∗
jΨj.

Thus, only Υ̃∗
jUj−1 needs to be computed explicitly. For solving the generalized eigenvalue

problem (3.5) we need the tridiagonals Ti and T̃i explicitly. Only the tridiagonal for the

primary system (Ti) needs to be computed since the tridiagonal for the dual system (T̃i) is

its conjugate transpose (from Theorem 2.2). The α’s and β’s, as derived in the previous

chapter, help in cheaply computing the tridiagonal. Hence, we discuss this aspect in the

next section.
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3.5 Computing Tridiagonal from α’s and β’s

We derive the expression of the tridiagonal for our RBiCG on the same lines as the derivation

of the tridiagonal for CG [14]. Giving this derivation here is advantageous for two reasons.

Firstly, here we work with A1 instead of A so the steps are not the same. Secondly, in the

literature for BiCG, the derivation of the expression for the tridiagonal is hard to find. We

start with the augmented bi-Lanczos relation (2.5) to compute the terms of the tridiagonal.

That is, writing (I − CĈ∗)AVi = Vi+1T i in the expanded form gives the following:

(I − CĈ∗)A[v1 v2 · · · vi] = [v1 v2 · · · vi−1 vi vi+1]




δ1 η2 0 · · · 0

ξ1 δ2 η3
...

0
. . . . . . . . . 0

... ξi−2 δi−1 ηi

0 · · · 0 ξi−1 δi

0 · · · 0 0 ξi




.

Equating the ith column above implies

(I − CĈ∗)Avi = ηivi−1 + δivi + ξivi+1 ⇒
ξivi+1 = Avi − δivi − ηivi−1 − CĈ∗Avi.

Therefore the “central” equation here is

ξivi+1 = Avi − δivi − ηivi−1 − c1ĉ
∗
1Avi − c2ĉ

∗
2Avi · · · − ckĉ

∗
kAvi, (3.13)

The above equation is called “central” because it is the starting point of deriving expressions

for δi, ηi, and ξi. We now construct the expression for δi. This is followed by the derivation

of the expression for ηi and ξi. Taking the dot product of the above equation with ṽi, and
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using the bi-orthogonality condition (2.2) along with the relation between the residual and

the Lanczos vector (Theorem 2.1), leads to the following:

0 = ṽ∗i Avi − δiṽ
∗
i vi − 0− 0− 0 · · · − 0 ⇒

δi =
ṽ∗i A1vi

ṽ∗i vi
⇒

δi =
r̃∗i−1A1ri−1

r̃∗i−1ri−1
.

The numerator of the above expression can be simplified further using the p recurrences

(2.25)-(2.26) and A-orthogonality of the p vectors (Theorem 2.3) as follows:

r̃∗i−1A1ri−1 = (p̃i − β̃i−1p̃i−1)
∗A1(pi − βi−1pi−1),

= p̃∗i A1pi + β2
i−1p̃

∗
i−1A1pi−1.

Substituting this numerator back in δi and using expressions for β (2.35), gives the following:

δi =
p̃∗i A1pi

r̃∗i−1ri−1

+ βi−1

r̃∗i−1ri−1

r̃∗i−2ri−2

· p̃∗i−1A1pi−1

r̃∗i−1ri−1

.

Therefore the δi, using expressions for α’s (2.33), is given by

δi =
1

αi

+
βi−1

αi−1

. (3.14)

For i = 1, the second term in the expression should be omitted. Next we work on the

expression for ηi. Taking the dot product of (3.13) with ṽi−1, and using the bi-orthogonality

condition (2.2) along with the Lanczos vector expressions (2.24), leads to the following:

0 = ṽ∗i−1Avi − 0− ηiṽ
∗
i−1vi−1 − 0− 0 · · · − 0 ⇒

ηi =
ṽ∗i−1A1vi

ṽ∗i−1vi−1
⇒

ηi = ||ri−2||
||ri−1|| ·

r̃∗i−2A1ri−1

r̃∗i−2ri−2
.
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As in the case of δi, we simplify the numerator of the ηi above using the bi-orthogonality

condition (2.2), Theorem 2.1, p recurrence (2.25), and the residual recurrence (2.29).

r̃∗i−2A1ri−1 = r̃∗i−2A1(pi − βi−1pi−1),

= r̃∗i−2
(ri−1−ri)

αi
− βi−1r̃

∗
i−2

(ri−2−ri−1)
αi−1

,

= 0− βi−1

αi−1
(r̃∗i−2ri−2)− 0.

Substituting this numerator back in ηi leads to the following:

ηi = −||ri−2||
||ri−1|| ·

βi−1

αi−1

. (3.15)

Note that η1 above does not exist. We now derive the expression for ξi. This derivation

follows the same steps as the derivation for ηi except that here we start by taking a dot

product with ṽi+1 instead of ṽi−1. That is,

ξi =
ṽ∗i+1A1vi

ṽ∗i+1vi+1
= ||ri||

||ri−1|| ·
r̃∗i A1ri−1

r̃∗i ri
.

Consider the numerator of the second fraction above.

r̃∗i A1ri−1 = r̃∗i A1(pi − βi−1pi−1),

= r̃∗i
(ri−1−ri)

αi
− βi−1r̃

∗
i

(ri−2−ri−1)
αi−1

,

= − r̃∗i ri

αi
.

Substituting this simplified numerator back in ξi above, gives the following:

ξi = − ||ri||
||ri−1|| ·

1

αi

. (3.16)
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The tridiagonal is given as follows:

Ti =




1
α1

− ||r0||
||r1|| ·

β1

α1

− ||r1||
||r0|| · 1

α1

1
α2

+ β1

α1
− ||r1||
||r2|| ·

β2

α2

· · ·
. . . − ||ri−2||

||ri−1|| ·
βi−1

αi−1

− ||ri−1||
||ri−2|| · 1

αi−1

1
αi

+ βi−1

αi−1




.

As discussed before, for computing the tridiagonal of the dual system, Theorem 2.2 is used.

That is, T̃i = T ∗
i .



Chapter 4

Recycling CGS

If the problem at hand requires solving both the primary system and the dual system, then

BiCG (or RBICG here) is the best choice. However, if only the primary system is to be

solved, then two other bi-Lanczos based algorithms, namely, Conjugate Gradient Squared

(CGS) [16] and BiCGSTAB [17], might be better. In this chapter we extend recycling to the

CGS algorithm. We apply the recycling approach to the BiCGSTAB algorithm in the next

chapter.

The BiCG algorithm has a number of drawbacks. It requires the matrix transpose, which

may be expensive or in some cases not available. Another disadvantage is that it requires two

matrix-vector products to extend the Krylov subspace for the solution xi by one vector [2].

This lead to the development of the CGS algorithm [16]. In addition, the CGS algorithm

often converges faster. We now derive the Recycling Conjugate Gradient Squared (RCGS)

algorithm from our RBiCG in the same way as the CGS algorithm is derived from BiCG

in [16].

In the next section we describe the polynomial representation of the RBiCG iteration vectors.

39
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We exploit this to develop the polynomial representation of the RCGS iteration vectors in

Section 4.2. In Section 4.3, iteration scalars and vectors of the RCGS algorithm are derived.

Here we assume the recycle space to exist. One way to generate a recycle space for RCGS

is to solve every kth linear system by RBiCG. Computing the recycle space within RCGS is

an area of future work. As previously emphasized, r0 and r̃0 are given by (2.19) and (2.20).

4.1 Polynomials in RBiCG

Here we derive the polynomial representation of the p and r vectors. For this we use (2.25)

and (2.29).

Theorem 4.1. For the primary system

ri = Θi(A1)r0, pi = Πi−1(A1)r0, (4.1)

where Θi(A1) and Πi−1(A1) are i-th and (i−1)-th degree polynomials in A1 with the following

polynomial recurrences:

Θi(A1) = Θi−1(A1)− αiA1Πi−1(A1), Πi−1(A1) = Θi−1(A1) + βi−1Πi−2(A1). (4.2)

Proof. We prove this by induction. The hypothesis is true for i = 1 because

p1 = r0 = Π0(A1)r0 and

r1 = r0 − α1A1p1 = (I − α1A1)r0 = Θ1(A1)r0.
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Assume the hypothesis is true for i. Then

pi+1 = ri + βipi,

= (Θi(A1) + βiΠi−1(A1))r0,

= Πi(A1)r0,

where Πi(A1) = Θi(A1) + βiΠi−1(A1). Also,

ri+1 = ri − αi+1A1pi+1,

= (Θi(A1)− αi+1A1Πi(A1))r0,

= Θi+1(A1)r0,

where Θi+1(A1) = Θi(A1)− αi+1A1Πi(A1). Thus the hypothesis is true for i + 1 and so the

proof is complete.

Similarly, for the dual system

r̃i = Θ̄i(A
∗
1)r̃0, p̃i = Π̄i−1(A

∗
1)r̃0, (4.3)

where Θ̄i(·) and Π̄i(·) are obtained from Θi(·) and Πi(·) respectively after complex conju-

gation of the polynomial coefficients (the scalars α and β). Next, we use this polynomial

representation to develop the polynomial representation in RCGS.

4.2 Polynomials in RCGS

From the orthogonality condition (2.10) we know that ri ⊥ Ṽi. This along with Theorem 2.1

gives ri ⊥ r̃j for j < i. The polynomial representation of the ri and the r̃j vectors from (4.1)
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and (4.3) lead to the following:

(Θ̄j(A
∗
1)r̃0, Θi(A1)r0) = 0 for j < i ⇔

(r̃0, Θj(A1)Θi(A1)r0) = 0 for j < i.

The latter form of the inner product contains no matrix transpose, and can be used to com-

pute the iteration vectors of RBiCG. This idea was first proposed in [16] and is fundamental to

the CGS algorithm. Consider the numerator and denominator of αi = (r̃i−1, ri−1)/(p̃i, A1pi)

from (2.33).

(r̃i−1, ri−1) = (Θ̄i−1(A
∗
1)r̃0, Θi−1(A1)r0) = (r̃0, (Θ̄i−1(A

∗
1))

∗Θi−1(A1)r0) = (r̃0, Θ
2
i−1(A1)r0),

(p̃i, A1pi) = (Π̄i−1(A
∗
1)r̃0, A1Πi−1(A1)r0) = (r̃0, A1Π

2
i−1(A1)r0).

In the above expressions we need vectors Θ2
i−1(A1)r0 and Π2

i−1(A1)r0. Squaring the polyno-

mial recurrences in (4.2) leads to the following recurrences:

Θ2
i (A1) = Θ2

i−1(A1) + α2
i A

2
1Π

2
i−1(A1)− 2αiA1Θi−1(A1)Πi−1(A1),

Π2
i−1(A1) = Θ2

i−1(A1) + β2
i−1Π

2
i−2(A1) + 2βi−1Θi−1(A1)Πi−2(A1).

In order to compute the above recurrences, we need two more recurrences as follows:

Θi−1(A1)Πi−1(A1) = Θ2
i−1(A1) + βi−1Θi−1(A1)Πi−2(A1),

Θi−1(A1)Πi−2(A1) = Θi−2(A1)Πi−2(A1)− αi−1A1Π
2
i−2(A1).

Based on the above idea, we now find the RCGS iteration scalars and vectors.
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4.3 Iteration Scalars and Vectors

Analogous to CGS, in RCGS we interpret the vectors Θ2
i (A1)r0 as the residuals for the

solution estimates xi. That is,

ri = Θ2
i (A1)r0 and

pi = Π2
i−1(A1)r0.

The iterations scalars, α and β, are now given by

αi =
(r̃0, ri−1)

(r̃0, A1pi)
, βi =

(r̃0, ri)

(r̃0, ri−1)
.

Using the vectors ui = Θi−1(A1)Πi−1(A1)r0 and qi = Θi(A1)Πi−1(A1)r0, iteration vectors for

the RCGS algorithm are defined as follows:

ui = ri−1 + βi−1qi−1,

pi = ui−1 + βi−1(qi−1 + βi−1pi−1),

qi = ui − αiA1pi,

ri = ri−1 − αiA1(ui + qi).

Next, we derive the recurrence for the solution update from the recurrence for the residual.

That is,

ri = ri−1 − αiA1(ui + qi) ⇒
b− Axi = b− Axi−1 − αiA1(ui + qi) ⇒
Axi = Axi−1 + αi(I − CĈ∗)A(I − CĈ∗)(ui + qi) ⇒
xi = xi−1 + αi(I − UĈ∗A)(I − CĈ∗)(ui + qi).
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Until now for theoretical derivations we have worked with matrix A1 = (I−CĈ∗)A(I−CĈ∗).

As in the RBiCG algorithm, the computations in RCGS can be performed with A0 = (I −
CĈ∗)A instead of A1. This is because A1pi = A0pi, A1ui = A0ui, and A1qi = A0qi. Therefore

the iteration scalars and vectors used in computation are

αi = (r̃0, ri−1)
(r̃0, A0pi)

,

βi = (r̃0, ri)
(r̃0, ri−1)

,

ui = ri−1 + βi−1qi−1,

pi = ui−1 + βi−1(qi−1 + βi−1pi−1),

qi = ui − αiA0pi,

ri = ri−1 − αiA0(ui + qi),

xi = xi−1 + αi(I − UĈ∗A)(ui + qi).



Chapter 5

Recycling BiCGSTAB

In general, the CGS algorithm has irregular convergence behavior, and this sometimes leads

to cancellation errors [2]. This drawback lead to the development of BiCGSTAB [17]; a

smoothly converging variant of CGS. Next, we extend our recycling CGS to the recycling

BiCGSTAB algorithm (RBiCGSTAB).

With recycling, the columns of Vi define the basis for K i(A1, r0) and the columns of Ṽi define

the basis for Ki(A∗
1, r̃0). As emphasized earlier, r0 and r̃0 are given by (2.19) and (2.20).

Again, in this section we assume that the recycle space has been computed previously.

From the orthogonality condition (2.10) and the above result, we get that ri ⊥ K i(A∗
1, r̃0).

Using the polynomial representation of ri (4.1), we get that Θi(A1)r0 ⊥ Ki(A∗
1, r̃0). In

BiCG, Ki(A∗
1, r̃0) = span{r̃0, Θ̄1(A

∗
1)r̃0, · · · , Θ̄i−1(A

∗
1)r̃0}. This leads to the orthogonality

condition of the form

(Θ̄j(A
∗
1)r̃0, Θi(A1)r0) = 0 for j < i. (5.1)

As observed in [17], the above orthogonality condition must be satisfied by other basis of

45
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Ki(A∗
1, r̃0) too. So, other polynomials can be used as well [20]. If

Ki(A∗
1, r̃0) = span{r̃0, Ω̄1(A

∗
1)r̃0, · · · , Ω̄i−1(A

∗
1)r̃0}, then

(Ω̄j(A
∗
1)r̃0, Θi(A1)r0) = 0 for j < i. (5.2)

As in the BiCGSTAB algorithm we define

Ωi(A1) = (I − ω1A1)(I − ω2A1) . . . (I − ωiA1), (5.3)

where ωi is selected by minimizing the residual ri with respect to ωi, and

Ω̄i(A1) = (I − ω̄1A1)(I − ω̄2A1) . . . (I − ω̄iA1). Next, we apply the same technique as in the

CGS algorithm to get the iteration parameters. We replace expression (5.2) by

(r̃0, Ωj(A1)Θi(A1)r0) = 0 for j < i. (5.4)

Using the recurrence for the p vector in RBiCG (2.25) and it’s corresponding polynomial

representation (4.1), we now derive the recurrence for the p vector in RBiCGSTAB.

pi = ri−1 + βi−1pi−1 ⇒
Ωi−1(A1)pi = Ωi−1(A1)(ri−1 + βi−1pi−1) ⇒
Ωi−1(A1)Πi−1(A1)r0 = Ωi−1(A1)Θi−1(A1)r0 + βi−1(1− ωi−1A1)Ωi−2(A1)Πi−2(A1)r0.

Analogous to BiCGSTAB, in RBiCGSTAB we interpret the vectors Ωi(A1)Θi(A1)r0 as

the residuals for the solution estimates xi. Hence, taking ri = Ωi(A1)Θi(A1)r0 and pi =

Ωi−1(A1)Πi−1(A1)r0, the recurrence for the p vector is given by

pi = ri−1 + βi−1pi−1 − βi−1ωi−1A1pi−1. (5.5)
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Using recurrence of the residual in RBiCG (2.29) and it’s corresponding polynomial repre-

sentation (4.1), we derive the recurrence for the residual in RBiCGSTAB below.

ri = ri−1 − αiA1pi ⇒
Ωi(A1)ri = Ωi(A1)(ri−1 − αiA1pi) ⇒
Ωi(A1)Θi(A1)r0 = (1− ωiA1)Ωi−1(A1)(Θi−1(A1)r0 − αiA1Πi−1(A1)r0).

Therefore, the residual recurrence is given by

ri = ri−1 − αiA1pi − ωiA1(ri−1 − αiA1pi). (5.6)

The derivation of α and β in (5.5) and (5.6) closely follows the derivation of BiCGSTAB [2].

αi =
(r̃0, ri−1)

(r̃0, A1pi)
, (5.7)

βi =
(r̃0, ri)

(r̃0, ri−1)
.
αi

ωi

. (5.8)

Next, we show how to compute the coefficients ωi’s. From (5.6), we have ri = s−ωit, where

s = ri−1 − αiA1pi and t = A1s. To minimize ri with respect to ωi, we need

(ri, t) = 0 ⇒
(s, t)− ωi(t, t) = 0 ⇒
ωi = (s,t)

(t,t)
.

The last step is to develop the recurrence for the solution update. The residual from (5.6)
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is given by

ri = ri−1 − αiA1pi − ωiA1(ri−1 − αiA1pi) ⇒
b− Axi = b− Axi−1 − αiA1pi − ωiA1(ri−1 − αiA1pi) ⇒
Axi = Axi−1 + αiA1pi + ωiA1(ri−1 − αiA1pi).

Using A1 from (2.7), and taking s = ri−1 − αiA1pi, we get the following:

Axi = Axi−1 + αi(I − CĈ∗)A(I − CĈ∗)pi + ωi(I − CĈ∗)A(I − CĈ∗)s,

= Axi−1 + αi(A− AUĈ∗A)(I − CĈ∗)pi + ωi(A− AUĈ∗A)(I − CĈ∗)s.

Therefore, the solution update is given as follows:

xi = xi−1 + αi(I − UĈ∗A)(I − CĈ∗)pi + ωi(I − UĈ∗A)(I − CĈ∗)(ri−1 − αiA1pi). (5.9)

As stated earlier for RBiCG and RCGS, for theoretical derivations it is convenient to work

with A1 = (I − CĈ∗)A(I − CĈ∗) because it emphasizes the symmetry in the bi-Lanczos

relations (Section 2.1). For computations, we work with A0 = (I − CĈ∗)A instead of A1

because it is cheaper. Therefore, the iteration scalars and vectors used in computation are

as follows:

αi = (r̃0, ri−1)
(r̃0, A0pi)

,

βi = (r̃0, ri)
(r̃0, ri−1)

.αi

ωi
,

ωi = (s,t)
(t,t)

, with s = ri−1 − αiA0pi and t = A0s,

pi = ri−1 + βi−1pi−1 − βi−1ωi−1A0pi−1,

ri = ri−1 − αiA0pi − ωiA0(ri−1 − αiA0pi),

xi = xi−1 + αi(I − UĈ∗A)pi + ωi(I − UĈ∗A)(ri−1 − αiA0pi).

(5.10)



Chapter 6

Implementation and Results

This chapter starts with a discussion on code optimizations and other implementation details

in Section 6.1. Section 6.2 provides results for numerical experiments on RBiCG, RCGS,

and RBiCGSTAB for a convection-diffusion problem and IRKA. Until now we have worked

in a complex framework. However, our implementation is only for reals. That is, matrix

A(j) ∈ Rn×n and the right hand sides b(j), b̃(j) ∈ Rn.

6.1 Implementation

First we discuss efficient implementation of some vector updates and matrix compositions.

Preconditioning is briefly discussed towards the end of the section. The optimizations are

done for all the algorithms described (RBiCG, RCGS, and RBiCGSTAB), however, we

demonstrate them here for RBiCG.

For updating the solution and residual as in (2.21) and (2.27), vectors (I − CĈT )Api and

(I−UĈT A)pi are required. The implementation below requires only matrix-vector products,

49
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and hence, keeps the cost low. The solution vector is not used during the iterative steps of

the algorithm. Hence, to reduce the cost further, a cumulative update is done to the solution

vector.

During the iterations:

1. hi = Api, κi = ĈT hi, hi = hi − Cκi,

2. αi =
r̃T
i−1ri−1

p̃T
i hi

,

3. xi = xi−1 + αipi, ς = ς + αiκi,

4. ri = ri−1 − αihi.

At the end of all iterations:

xi = xi − Uς.

Solution and residual updates for the dual system have a similar form. For (3.2) and (3.3),

computing matrices Bj = ĈT AVj and B̃j = ČT AT Ṽj is an expensive operation. κi at the ith

iteration, as computed above, can be utilized to cheaply build Bj as follows (pi used below

is defined by (2.25)):

κi = ĈT Api = ĈT A(ri−1 + βi−1pi−1) ⇒
κi = ĈT Ari−1 + βi−1κi−1.

Hence the ith column of Bj is given by

ĈT Avi =
κi − βi−1κi−1

||ri−1|| , (6.1)

since vi = ri−1

||ri−1|| from (2.24). Similarly, the ith column of B̃j is given by

ČT AT ṽi =
κ̃i − βi−1κ̃i−1

(vi, r̃i−1)
, (6.2)
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where κ̃i = ČT h̃i with h̃i = AT p̃i. (6.1) and (6.2) are not exact dual of each other because

the scaling for ṽi is different from that for vi in (2.24). For some “hard” problems, the

algorithm at hand does not converge or takes too much time. In these cases, preconditioning

the linear system helps. If preconditioning is used, then the generated recycle space pertains

to the preconditioned linear system. We have implemented split preconditioning inside the

recycling algorithms. This type of preconditioning is defined as [1, 14]

M−1
2 AM−1

1 χ = M−1
2 b, x = M−1

1 χ.

6.2 Results

For testing our algorithms, we use the linear system obtained by finite difference discretiza-

tion of a partial differential equation. The partial differential equation used is [17]

−(Aϑx)x − (Aϑy)y + B(x, y)ϑx = F ,

with A as shown in Figure 6.1, B(x, y) = 2e2(x2+y2), and F = 0 everywhere except in a small

square in the center (see Figure 6.1) where F = 100. The domain is (0, 1) × (0, 1) with

Dirichlet boundary conditions

ϑ(0, y) = ϑ(1, y) = ϑ(x, 0) = 1,

ϑ(x, 1) = 0.

The standard second order central difference scheme is used for the discretization, and the

mesh width is taken as 1/128. This leads to a nonsymmetric linear system of 1272 unknowns.

The linear system is preconditioned by a Crout version of ILUT factorization [14] with a
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Figure 6.1: Coefficients for the PDE.

drop tolerance of 0.2.

The results are summarized in Figures 6.2 and 6.3. Figure 6.2 shows the benefit of recycling

in BiCG. The linear system is solved twice with RBiCG1. The subspace is recycled from the

first run to the second. This is the “ideal” case for recycling; “We do this to exclude the

effects of right-hand sides having slightly different eigenvector decompositions” [13]. Note

that the second solve uses 25% fewer iterations than the first solve. For this experiment

we take s = 80 and k = 20. These are chosen based on experience with other recycling

algorithms [13, 19]. We do a third run too (that uses the recycle space generated in the

second run) to show that the recycle space gets accurate with more runs. This is evident in

the figure (the algorithm converges fastest in the third run).

The benefit of recycling in CGS and BiCGSTAB algorithms is shown in Figure 6.3. The

1The current implementation scales the Lanczos vectors as follows: ||vi|| = 1 and ||ṽi|| = 1 instead of
(2.23). This leads to some extra work in computing T̃i because now T̃i 6= TT

i . Overall, this doesn’t affect
the results because we are not doing timing comparisons here.
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Figure 6.2: Recycling in BiCG.

linear system is first solved with the standard CGS and BiCGSTAB algorithms. After that,

the same linear system is solved with RCGS and RBiCGSTAB (using the recycle space

developed during the second run of RBiCG in Figures 6.2). As evident in the figure, the

recycling algorithms converge much faster. Generating recycle space within RCGS and

RBiCGSTAB is an area of future work. This is because real deflation of the primary system

residual is done by the left eigenvectors [3], and these left eigenvectors not available during

the RCGS and RBiCGSTAB iterations.

Next, we briefly show the application of RBiCG in IRKA [9] that is used for model reduction.

IRKA requires linear solves for building matrices

Vi = [A(σi1)
−1b, . . . , A(σij)

−1b],

Wi = [A(σi1)
−T b̃, . . . , A(σij)

−T b̃],

where A is a matrix that depends on the scalar σ. This is a good example to show the



Kapil Ahuja Chapter 6. Implementation and Results 54

0 50 100 150
−6

−4

−2

0

2

4

6
Convergence curves

Number of iterations

lo
g1

0 
||r

||

 

 
CGS
BiCGStab
RCGS
RBiCGStab

Figure 6.3: Recycling in CGS and BiCGSTAB.

usefulness of RBiCG because of the following reasons. A column of Vi denotes the primary

system and the corresponding column of Wi denotes the dual system. The change in σ,

both horizontally (along the columns of Vi and Wi) and vertically (with change in i), is not

substantial.

We apply the RBiCG algorithm to the above solves as follows. While solving the system

A(σi+1m
)−1b (also the dual system), with m = 1, . . . , j, we pick the recycle space generated

in the previously solved system that has σ closest to σi+1m
. The pool for picking σ currently

is σi1 , . . . σij , σi+11
, . . . , σi+1m−1

.

Our 1357 × 1357 test dynamical system comes from the rail models (courtesy: Dr. Peter

Benner). We take j = 6 and initialize the σ’s as logspace(−5, 0.7, 6). We do the linear solves

both with RBiCG and the standard BiCG algorithm. Figure 6.4 shows the convergence

curves at i = 3. This is for the primary systems (the columns of Vi). Similar graph exists for

the dual systems (the columns of Wi). The curves in bold are corresponding to the systems
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Figure 6.4: Using RBiCG in IRKA.

without recycling, and the dashed curves are corresponding to the systems that use recycling.

It is evident that the systems that use a recycle space converge in fewer iterations as compared

to the systems that do not use recycling. Note that only three systems use recycling. This

is because the other three converge fast, and applying recycling to them is not useful. To

summarize, RBiCG works well in IRKA for small models. For larger models, deterioration of

the space range
(
A∗

[
Ũj−1 Ṽj

])
makes the algorithm converge poorly. Having a good basis

for this space fixes the problem, and we are currently working to obtain such a basis cheaply.



Chapter 7

Conclusion

In this thesis, we apply Krylov subspace recycling to the BiCG, CGS, and BiCGSTAB

algorithms. For BiCG, we first assume the recycle space exists and modify the algorithm to

utilize this space. Second, we show how to build the recycle space cheaply. The resulting

algorithm is termed RBiCG. For the recycling version of CGS and BiCGSTAB (RCGS and

RBiCGSTAB respectively), we assume that the recycle space is present. Computing the

recycle space within RCGS and RBiCGSTAB is an area of future work.

We test our algorithms on a linear system arising from the finite difference discretization

of a PDE. To simulate slowly changing linear systems, we solve our linear system twice

where-in the subspace is recycled from the first run to the second. This example is an

“ideal” case of recycling because it best exemplifies the usefulness of the recycling algorithms.

The results indicate that these recycling bi-Lanczos based algorithms can help solve slowly

varying sequence of dual linear systems faster. A “real life” example for RBiCG arises while

performing model reduction using IRKA [9]. Utilizing RBiCG inside IRKA is currently being

researched upon.
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