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Ultra-High Performance Concrete and Lattice Models
Karthik Kumaresan
(Abstract)
Ultra-High Performance Concrete (UHPC) is an evolving structural material that has
attracted interest in the civil engineering industry recently. Currently, it is being used mainly for
highway infrastructure in the US and also being explored for various other applications. The
existing design guides on UHPC in countries like Japan, Australia and France are not as detailed
as the concrete or steel guides. Most of the sections made of UHPC are slender due to its
superior mechanical properties which are expected to simplify construction. Being an expensive
material to use, making slender sections also helps to minimize the overall cost of the structure
and makes it competitive with that of high strength steel and prestressed concrete. It has also
been demonstrated to have very high compressive strength and considerable tensile strength.
To begin with, an introduction on UHPC and its current applications around the world is
presented, followed by a review of the existing design guides on UHPC. The importance as well
as the methodology to measure fracture energy of concrete with factors to be considered for fiber
reinforced concrete is discussed in detail. The main motive of this research is to introduce a
creative modeling concept which served as the theoretical basis for the development of a
computer program called Lattice 3D. The program is a modeling tool for engineers studying the
behavior of UHPC, and in the future will be developed into a finite element protocol for
analyzing complex structures made of UHPC. Parametric studies on lattice models of thin simply
supported plates in compression and three-point bending of beams have been demonstrated in
this research. Experimental tests conducted on briquette specimens under uniaxial tension are
also discussed.
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CHAPTER 1. INTRODUCTION
1.1 Objective
Being a relatively new material in the industry, this research begins by illustrating the
properties, characteristics and applications of Ultra-High Performance Concrete, popularly
known by its abbreviation as UHPC. With mechanical properties superior to that of normal
concrete and the ease in constructability, employability of creative design concepts and
minimum maintenance requirements make it a worthy competitor for steel. Engineers are
encouraged to design thin cross-sections with UHPC since it is a strong material, and by doing
so, they will also be able to reduce the high initial costs. This research began with a preliminary
focus on developing a design methodology for thin walled structures made of UHPC and later
streamlined into an idea to develop a simulation capability for structures made of UHPC. To
demonstrate the existing design concepts, an overview of the existing design guides on UHPC is
presented. The objective of this research is also to give an insight into the procedure and
necessity for measuring fracture energy of fiber reinforced concrete and at the same time educate
the reader about tessellations and lattice modeling concepts and demonstrate the capabilities of
the program Lattice 3D, in fracture modeling of cement based composites.

1.2 Evolution of UHPC
Concrete and steel are the two most widely used materials as far as highway infrastructure in
the United States is concerned. The main challenge that engineers have been facing for a long
time is to come up with technological knowhow to build long lasting, resilient structures. Recent
1

strides in the field of cementitious composites have opened up a vast field of engineering that
many are taking interest to explore what is in store.
The material that has attracted interest is UHPC. The development of this new type of
concrete as a construction material has opened up several avenues for engineers. UHPC has been
demonstrated to have compressive strengths more than seven times and tensile strengths greater
than three times that of conventional concrete (Graybeal and Hartmann, 2003).
Many bridges in the United States are nearing the end of their lifespan and need immediate
replacement with a highly durable material. Today’s engineers also face the challenge of
completing this replacement task in a short span of time without disrupting daily traffic for a
long period of time. This can be made possible only by using precast construction materials
which also need to be light in weight for ease in handling. UHPC has shown to meet most of
these requirements quite comfortably and is heavily touted as the material of the future.
To date there have been five bridges in the US constructed with UHPC and there are many
more being planned. Worldwide, the material is being quite extensively used in France,
Australia, Japan, Germany and many other countries. Design codes were developed in France,
Australia and Japan almost a decade ago and there have been very few revisions since. Still the
need for a comprehensive guide like the one we have for concrete and steel is necessary to make
the material user friendly and popular. Some notable projects worldwide where UHPC was used
are discussed in the following pages.
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Figure 1-1: World's first UHPC Bridge - The Sherbrooke pedestrian bridge, Quebec (1997)
(Blais and Couture, 1999)
The Sherbrooke Bridge spans 197ft (60m) and it has a space truss with 6 precast
segments each 10m long and 3m high and a top deck which is 30 mm thick. The cross section of
the bridge is given in Figure 1-1 (Blais and Couture, 1999).

Figure 1-2: World's first UHPC Bridge for normal highway traffic - Shepherds Creek
Road Bridge, NSW, Australia (Rebentrost and Wight, 2009)

3

The Shepherds Creek Road Bridge was also the first bridge to be constructed with UHPC
in Australia. The bridge spans 15m with a 16˚ skew. The bridge has four lanes for traffic and a
walkway and it was built with 16 precast pre-tensioned UHPC beams. The cross section of the
bridge and the girders are shown in Figure 1-2 along with the installed beams and formwork
slabs at bottom left and the completed bridge, open to traffic in 2005, on the bottom right
(Rebentrost and Wight, 2009).

Figure 1-3: (Anti-clockwise from top) Elevation of a 20.4m -shaped UHPC beam, cross
section of the beam, the cast beam in a production facility (Rebentrost and Wight, 2009)
Figure 1-3 shows new innovative UHPC beams with holes, developed by VSL Australia
and deployed in two foot bridges in New Zealand. Both the bridges shown in Figure 1-4 have
mostly 20m spans of the same beam with the same cross section (Figure 1-3). The deck is 50mm
thick and has no reinforcement. The beam is however post-tensioned with ten strands at the
bottom and six strands at the top with 12.7mm dia. strands in each leg (Rebentrost and Wight,
2009).
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Figure 1-4: The -shaped UHPC beams installed in footbridges in Auckland, New Zealand,
(Left) Papatoetoe footbridge, (Right) Penrose footbridge during construction (Rebentrost
and Wight, 2009)

Figure 1-5: Sunyudo (Peace) footbridge in Seoul, South Korea (Ricciotti, 2002)
The Sunyudo footbridge is the largest known UHPC Bridge to date with two steel
approach spans and a central arch (UHPC) of 120m that consists of a -shaped cross section
(Figure 1-5) (Ricciotti, 2002).

5

Figure 1-6: Sakata-Mirai footbridge, Sakata, Japan (Tanaka, Musya, Ootake, Shimoyama
and Kaneko, 2002)
The Sakata-Mirai footbridge has a span of 50m and a deck 2.4m wide and 50mm thick
with a hollow cross section (Figure 1-6) (Tanaka, Musya, Ootake, Shimoyama and Kaneko,
2002).

Figure 1-7: Mars Hill Bridge, Ottumwa, Iowa, first UHPC Bridge built in the US (2006)
(Bierwagen, Abu-Hawash and Abu, 2005)
The Mars Hill Bridge in Wapello County, Iowa was the first UHPC Bridge built in the
US (2006) apart from the -girder installed in (FHWA) Federal Highway Administration’s lab in
6

Virginia in 2003. The -girder is however being used for long-term and destructive testing. The
bridge is a simple, single-span structure with a three-beam cross section (Figure 1-7) with a span
of 33.5m and without shear stirrups (Bierwagen, Abu-Hawash and Abu, 2005).

Figure 1-8: Jakway Park Bridge, Buchanan County, Iowa (Keierleber, 2008)
The Jakway Park Bridge, the first bridge in North America to be constructed with UHPC
-girders and also the first to use UHPC batched in a ready mix concrete truck. The cross section
(Figure 1-8) of the bridge consisted of three UHPC -girders (Keierleber, 2008).

Figure 1-9: (Left) The Village of Lyons Bridge, New York (2009), (Right) Oneonta, New
York (2009) (Perry and Royce, 2010)
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The Village of Lyons Bridge (Perry and Royce, 2010) was a bridge built with a single span
Deck Bulb-Tee girder placed side by side and the joint was cast with UHPC. Figure 1-9 shows
the quality of the joint. The bridge in Oneonta was built with 22 precast slabs each 200mm thick
made of UHPC. The slabs were jointed on top of five steel girders. A report released recently by
the Federal Highway Administration (Graybeal, 2010) illustrates the behavior of these field-cast
UHPC bridge deck joints under cyclic and static structural loading.
These projects demonstrate the versatility of UHPC with regard to construction. There are
other bridges like the Cat Point Creek Bridge in Virginia built in 2008 (Graybeal, 2009) and
many others in Canada and worldwide that are not shown here. Also, there are a number of
projects in the US that are in the planning stages and will be using UHPC as the main
construction material. With all this, one can say that UHPC is definitely drawing everyone’s
attention.
UHPC has different trade names around the world. Ductal, the name under which Lafarge
markets UHPC and CoreTUFF, product of US Army Corps of Engineers are quite common.
Several other names like BSI, Densit, Cemtec and UHPFRC (Ultra-high performance fiber
reinforced concrete) are used in Europe. In Australia, it is referred to as Reactive Powder
Concrete (RPC) and Ductal. In Japan, they call it UHSFRC (Ultra-high strength fiber reinforced
concrete).
Some of the potential applications of UHPC in highway infrastructure are as prestressed
girders, precast deck panels, deck joints and composite connections as we have seen already.
Other applications such as columns, piles, claddings, overlays, noise barriers in highways and
also as decorative elements in some cases are being evaluated. Several other applications are
listed by Naaman (2007) and on the webpage of Lafarge (Lafarge North America Inc., 2011).
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1.3 UHPC Characteristics & Constituents
UHPC can be described in a general sense as an advanced cementitious material which has
steel fiber reinforcement that provides additional ductility. It is self-consolidating and has high
strength, high stiffness and is exceptionally durable. Normally, steel fibers constitute 2% by
volume which is approximately 6% by weight and the water/cement ratio is less than 0.2.
The typical constituents of UHPC are given in Table 1-1 (Graybeal, 2006).
Table 1-1: UHPC Constituents
Material

Amount (kg/m3 (lb/yd3)) Percent by Weight

Portland Cement

712 (1200)

28.5

Fine Sand

1020 (1720)

40.8

Silica Fume

231 (390)

9.3

Ground Quartz

211 (355)

8.4

Superplasticizer

30.7 (51.8)

1.2

Accelerator

30 (50.5)

1.2

Steel Fibers

156 (263)

6.2

Water

109 (184)
3

1 kg/m = 1.686 lb/yd

4.4
3

Coarse and fine aggregates are the two major constituents of normal concrete, about 35% and
25 to 35% respectively, together they add up to about 60 to 70% most of the times. All
percentages described here are percent by weight. It should be noted that UHPC does not contain
coarse aggregates and has about 6.2% steel fibers instead, while the percentage of fine
aggregates is about 41%. Percentage of Portland cement in normal concrete is about 9 to 18%
compared to 28.5% in UHPC. The percentage of water is about 6 to 9% in normal concrete as
opposed to just 4.4% in UHPC. This explains the reason for the low water/cement ratio of about
0.2 in UHPC compared to about 0.4 to 0.5 in normal concrete. UHPC also has other important
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additional components which aid in binding all the materials together and in reducing the
percentage of air voids. Superplasticizer of about 1.2% helps in binding the materials together.
Ground quartz and silica fume reduce the number of air voids and make the material denser.
Normal concrete has almost 2 to 6% air voids by volume.
Depending on the proportion of its constituents and the curing method applied, the following
ranges of values are observed for the properties of UHPC:


Compressive strength varies from 18 to 35 ksi (124 to 241 MPa)



Modulus of elasticity varies from 6200 to 8000 ksi (42747 to 55158 MPa)



Creep coefficient from 0.3 to 0.8



Sustained tensile capacity varies from 0.9 to 1.5 ksi (6.2 to 10.3 MPa)

A significant amount of research has been performed on tensile creep of UHPC by Garas
(2009) and on short-term tensile creep and shrinkage by Garas, Kahn and Kurtis (2009). There
have been other full-scale structural testing carried out on UHPC by Harris (2005), Graybeal
(2006), (2008) and (2009), Degen (2006), Crane (2010) and Voo, Poon and Foster (2010).

1.4 Research Motivation and Summary of Approach
By looking at all the applications of UHPC shown so far, the common perception is that the
structures are predominantly very thin and new, innovative concepts are being implemented. The
availability of design methodologies, reliable test data and computer tools would encourage
engineers to use the material more frequently and on a wide variety of applications since its
growth has been relatively slow right from the construction of the first bridge in the year 1997.
This research began with a detailed literature review of the existing design codes on UHPC. An
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initial idea of coming up with a design framework for thin-walled structures made of UHPC,
sparked into developing a computational modeling tool for analyzing fiber reinforced concrete
specimens. This phase initially started by analyzing fiber reinforced models in ABAQUS, after
little success, a new finite element methodology and a new tool to analyze such specimens was
explored. Once an authentic tool and methodology was discovered, the task of validating the
models with experimental tests was set forth. The experimental phase of the program included
tests on briquette specimens. Significant amount of time was spent on reading and understanding
the codes written in FORTRAN and MATLAB which were the backbone of Lattice 3D
modeling. A number of models were created after the code was made suitable for this kind of
research after a number of modifications. A typical model of a cube created using the program is
shown in Fig. 1-10.

Figure 1-10: Lattice model of a cube
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An irregular lattice model was developed by several researchers to simulate the failure
analysis of fiber reinforced cement matrix composites and some of them have been referenced in
Chapter 3. The models consist of irregular lattice elements constructed from a random set of
points defined within a 3-Dimensional domain as shown in Fig. 1-11 (a). The advantage of this
method is that, the randomly positioned nodes offer freedom in domain discretization with the
associated Delaunay (Fig. 1-11 (b)) and Voronoi (Fig. 1-12 (a)) tessellations compared to
traditional finite element meshes. These lattice elements provide a true energy pathway for
element breaking, and therefore, can strongly simulate the real cracking direction.

Figure 1-11: (a) Randomly generated set of points for a cube, (b) Delaunay Tessellation of
the random set of points
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Figure 1-12: (a) Voronoi Tessellation of the random set of points, (b) Delaunay + Voronoi
Tessellation depicted together
The models were studied extensively and their behavior was replicated with that similar to
other published research results. Understanding of the finite element methodology took
considerable amount of time and the concepts have been explained here quite comprehensively.
Also, Lattice 3D (Bolander, 2011) is a new tool that needs further research as there are many
promising features shown by the program. The ability to model fiber reinforced specimens quite
easily and also analyze them quite accurately including random cracking is a tremendous leap as
far as finite element modeling of fiber reinforced concrete is concerned. These areas are briefly
looked upon in this research and a detailed procedure on how to use the FORTRAN and
MATLAB codes are presented. It should be noted that there has been considerable amount of
research done on fracture mechanics of normal concrete but seldom on fiber reinforced concrete.
All these open up potential areas for further research. Due to time constraints and limited
availability of funds, the research has been limited to certain important aspects of all areas
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explored here. An online reference list for UHPC compiled by Portland Cement Association
(2011) provides information on all aspects of research carried out with UHPC.

1.5 Overview of Thesis
This thesis is segregated into six chapters. Chapter 1 gives an introduction about UHPC.
Chapter 2 gives a brief review of the existing design codes on UHPC along with important
conclusions at the end. In Chapter 3, concepts about tessellations are discussed and then lattice
modeling is introduced and its resourcefulness which can be exploited to analyze UHPC
specimens is elucidated. Chapter 4 gives an insight into the methodology and necessity of
measuring fracture energy of concrete and UHPC, which is essential for studying its behavior
using the program Lattice 3D. In Chapter 5, a few parametric studies conducted on lattice models
of plates and beams are discussed. Chapter 6 presents the conclusions of this research. Finally,
the appendices give a detailed procedure for carrying out an analysis with Lattice 3D along with
the user manual and the experimental results and also Lattice 3D fiber modeling is demonstrated
in detail with an example.
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CHAPTER 2. EXISTING DESIGN GUIDES
2.1 Outline
The following sections give an insight into the existing design codes that were developed in
France, Australia and Japan. The issues related to UHPC that have been addressed by the design
guides have been discussed below along with necessary referencing and concluding remarks
summarizing the aspects that have and have not been addressed by the respective design guides.
It is to be noted that the following section only gives a brief overview of the issues related to
UHPC that have been considered in developing the design guides by these nations and there is no
detailed explanation of the specifications and procedures as given in guides. The purpose of this
is to serve as a preliminary tool that can initiate ideas and put forth possible avenues that need to
be explored, and eventually aid in coming up with a comprehensive outline for developing the
North American Guide for UHPC. It is recommended to go through the respective design guides
itself in case there is any need for detailed understanding of a particular section discussed.

2.1.1 Eurocode (Association Française de Génie Civil) (BFFUP, 2002)
The Eurocode was a document created based on feedback from industrial applications
and 10 years of research on UHPFRC (Ultra-high performance fiber reinforced concrete). The
recommendations are given in three parts. The first part pertains to characterization of UHPFRC
with specifications based on mechanical performance that is to be achieved, along with some
checks and procedures to be followed for UHPFRC placement. Design and analysis of UHPFRC
structures are dealt with in the second part. Finally, the third part deals with durability of
UHPFRC.
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Part one in the code begins with a flow chart describing the overall design approach for
any project. Heat treatment is recommended for UHPFRC in order to increase strength,
durability and delay the onset of shrinkage and creep effects on concrete. Determination of
compressive strength, tensile behavior, direct tensile strength and flexural tensile strength are all
illustrated with tests described in the annexes.
The guide recommends batching of concrete in the laboratory in order to attain the
characteristics specified by the designer. The guide specifies two ways in which this can be done.
One of them is by recreating the structural effects and the effect of placement methods by using
mockups of the final structure or by conducting standard tests on specimens such as thin slabs,
thick slabs, beams and shells. It is believed that the mix design is developed economically by
following these methods.
Thin slabs are defined such that their thickness e

, where Lf =length of individual

fibers and L/e ≥ 50, where L=span of slab. The orientation of fibers plays a very important role
depending on the method in which the slab was cast. Bending tests are performed on rectangular
prisms which are sawn from bigger slabs that are thin and cast industrially. The tests are
performed according to the procedure described in Annex 3 of the code. In order to obtain
characteristics of punching behavior, three types of tests are recommended for thin slabs, they
are French Tunneling Association test (BFFUP, 2002), flexural test with a point load centered on
the slab and raised flooring test. The reader is advised to refer to the guide for a detailed
description of each of these tests.
Thick slabs are defined such that their thickness e

, where Lf =length of individual

fibers and L/e ≥ 10, where L=span of slab. At least six specimens are to be tested and three types
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of tests are recommended. They are center-point flexure test and direct tensile-strength tests on
notched and un-notched specimens.
For beams, a number of load cases are considered and a detailed procedure is described in
Section 1.4.5 of the code. Some of the factors considered for beams are longitudinal bending,
transverse bending, shear strength, torsion, distribution of prestress and influence of localized
forces. There isn’t any detailed description for analyzing shells. The guide does not consider
shells as separate structural elements. Thick shells are to be designed like beams and thin shells
like thin slabs.
The guide recommends that tests need to be performed in order to obtain modulus of
elasticity accurately, in case nothing is known at the beginning of design stage a guideline value
of 55 GPa is to be used. Annex 7 specifies Poisson’s ratio and thermal expansion coefficients for
different known UHPFRC mixes. If nothing matches, a value of 0.2 and 1.1  10-5 m/m/˚C is
recommended for Poisson’s ratio and thermal expansion coefficient respectively. Shrinkage and
creep coefficients are influenced by the type of treatment applied. Heat treated UHPFRC is
assumed to have no further shrinkage, also, a guideline value of 550 µm/m is specified in case
nothing is known at the beginning of design stage. Annex 4 gives a detailed example of
characterization. Guideline values for long-term creep coefficient ϕ are given as 0.8 for no heat
treatment and 0.2 with heat treatment.
Methods to determine impact strength of UHPFRC is specified along with tests. Energydissipating capacity of UHPFRC is specified to be high just like other fiber-reinforced concretes.
This becomes useful when UHPFRC is subjected to dynamic loading. In case of strong impact,
cracking and structural integrity are also believed to be controlled due to its high tensile strength.
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Guidelines for design, mixing, production, transportation and placement of UHPFRC are
given along with general requirements. The guide proposes that design tests have to be carried
out after fabrication for determining the compressive strength curve, tensile strength curve,
density, thermal expansion coefficient, creep and shrinkage values. The tests that are to be
carried out are given in Table 3 in Annex 6. Acceptance guidelines for the values obtained from
tests are also specified in the code.
Part two of the code talks about structural design methods. Partial safety factors are also
specified. It has guidelines for determining characteristic length of a section and minimum fiber
content in order to guarantee sufficient flexural ductility. It also talks about the serviceability
limit state checks and the different checks that are to be carried out for standard sections with
pre-tensioned and post-tensioned prestressing reinforcement. There are some additional rules
concerning fibers and also a check known as non-brittleness check. The stress-strain diagram for
concrete is given. There are also checks for ultimate limit state, buckling analysis limit state and
fatigue limit state for which mostly no changes have been prescribed to the original section.
Shear force verifications are important as they determine the amount of shear reinforcement to be
included. Shear verifications have been specified in the guide and it has been deduced that the
density of fibers should be more than sufficient to do away with transverse and shear
reinforcement (BFFUP, 2002). Specifications for other important parameters like anchoring
length of prestressing reinforcement, end-block compression strut check have also been
mentioned. Torsion is another important factor to be considered and no changes to original
design have been specified based on torsion. There is a separate section which talks about the
design of the zone subjected to concentrated loads based on surface effects and bursting effects.
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Durability of UHPFRC is discussed in the third part of the code as mentioned earlier. In
this section, the damage to be considered, along with some conventional damage mechanisms
and associated durability indicators that can be studied in order to better characterize UHPFRC
are discussed. Durability indicators such as water porosity, oxygen permeability, chloride-ion
diffusion factor and portlandite content are considered and methods to measure these values for
UHPFRC and thresholds for defining UHPFRC classes are described. Based on the values
obtained and comparing them with other types of concrete, a significant improvement in
durability was observed for UHPFRC. Other indicators which bring out the special features of
UHPFRC are also discussed in this section. Aspects such as stability of admixtures and hydration
resumption and the effects these can have on UHPFRC are addressed. Corrosion of steel fibers
has been addressed along with proof from experimental tests. Factors such as carbonation,
electrical resistivity have also been addressed. A brief discussion on the durability of polymer
fibers is also included. Like normal concrete, UHPFRC is also non-combustible and fire
performance of UHPFRC is discussed.
Annex 1 has a discussion about tests to be conducted to determine modulus of elasticity.
Annex 2 describes the experimental procedure for flexural tensile tests on prisms and their
analysis method. Characterization of UHPFRC used for thin slabs using flexural tests are given
in annex 3 and details on shrinkage and creep in annex 4 with some experimental validation.
Annex 5 talks about impact strength of UHPFRC. Tests required as design testing on a specific
nuclear power plant project are given in annex 6. Discussion on the characteristics of some
UHPFRC mixes are given in annex 7, proposed design safety factors for UHPFRC in annex 8
and finally annex 9 gives procedures to determine the portlandite content in different types of
concrete.
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2.1.2 Japanese Code (Uchida, Tanaka, Katagiri and Niwa, 2005)
In Japan, UHPC is known as UHSFRC (Ultra-high Strength Fiber-reinforced Concrete)
and they refer to it as UFC in the code for simplicity. The Japanese came up with a document
called “Recommendations for design and construction of UHSFRC Structures, -Draft” in 2004
based on guidelines from the French Code developed in 2002. The Sakata Mirai Bridge, the first
prestressed concrete bridge constructed with UFC in Japan underwent technical examination and
the results were used to prepare recommendations for design and construction.
The code starts with a general chapter which discusses the scope for application of UFC
by enlisting some properties. It is followed by some definitions and notations used in the code.
Behavior and mechanical properties are described based on tests conducted on cylindrical
concrete specimens 100mm in diameter. The characteristic compressive strength of UFC was
found to be 180N/mm2. The first cracking strength, which is defined, as the point on the stressstrain curve where the assumption of linear elasticity is no longer applicable is determined based
on various tests like direct tensile tests, split-cylinder tests and flexural tensile tests. A direct
tension test is performed to obtain the tensile strength and tension softening characteristics.
Tensile strength and tension softening characteristics are described with the help of a tension
softening diagram. Some tests that were carried out to measure tensile strength and flexural
strength are also described and the relationship between the two is analyzed. Due to insufficient
data on bond strength and bearing strength of UFC, they have not been addressed and the code
recommends that appropriate tests need to be carried out to determine them. The stress-strain
curve for compression is given along with results from tests carried out on cylinders with an
assumption that the force acting is uniaxial. Idealized stress-strain curve for tension is also given
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in the code. Relationship between tension softening diagram and tensile stress-strain curve is
discussed.
The code recommends a value of 5  104 N/mm2 for Young’s modulus in compression
and it also says that the Young’s modulus in tension can be taken to be the same within the
elastic range. However, it has been mentioned that appropriate tests need to be carried out in
order to get an accurate value. For Poisson’s ratio, the code recommends a value of 0.2 within
the elastic range. In order to determine thermal characteristics, code recommends that
appropriate tests need to be carried out since they change with water content, temperature and
other factors. Guideline values are given for a specific condition. Guideline values are given for
shrinkage, however, tests are recommended in order to get accurate values as shrinkage is
affected by a lot of factors like the quality of materials, mix proportions, curing conditions and
dimensions of the member. Creep is given by an equation under the assumption that creep strain
is in direct proportion to elastic strain. Tests are recommended as many factors influence creep.
A value of 0.4 is recommended for creep in case tests are not performed. Fatigue strength, which
is greatly influenced by the exposure conditions, needs to be determined by performing tests.
Equations are given to calculate the design fatigue strength in compression, tension and flexure.
The equations are applicable for up to N = 2  106 (Load Cycles) with little safety margin
beyond. If the fatigue life of a structure is expected to be more, then the code recommends
appropriate tests to determine fatigue strength.
The next chapter in the code covers loads. UFC with 2% steel fiber by volume is reported
have a unit weight of 25.5 kN/m3. The code recommends the chapter on loads from the concrete
guide since UFC is treated as nothing different from conventional concrete when it comes to the
loading to be considered. The next chapter is on structural analysis, where again the code
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recommends to follow the concrete guide by the Japan Society of Civil Engineers (2010) which
was also updated recently, except for a few changes that are mentioned. Moment redistribution
ratios need to be calculated based on tests. For seismic effects, corresponding chapter in the
standard specifications for verification of seismic performance is to be followed. In order to
calculate response values to ultimate limit states, section 5.2 in the standard specification for
structural performance verification (Japan Society of Civil Engineering, 2002) is to be followed.
The code recommends a linear analysis of the cross section when using stress resultants
for evaluating serviceability limit state. The deformation and displacement of a structure made
with UFC is to be evaluated assuming the structure to be elastic. Shrinkage and creep also have
to be considered in the design life of the structure.
The next chapter talks about the verification of structural safety. Code recommends
chapter 6 of the standard specifications for structural performance verification on structural
safety unless any listed changes. Recommendations for safety verification of flexural moment
and axial forces are given along with equations. Equation for determining maximum axial
compression capacity is given. Reasons for choosing particular values for strength reduction
factor, member factor and material factor are discussed. Table with results from tests conducted
to verify calculation methods of flexural strength is given. Code recommends consideration of
secondary moment since UFC members have a greater slenderness ratio than conventional
concrete. No minimum requirements as far as steel reinforcement and prestressed concrete
tendons are specified.
Safety against shear for structures made of UFC is to be followed based on Section 6.3 in
the standard specifications for structural performance verification. Equations are given for
obtaining design shear capacity of members. It is to be noted that there is no shear reinforcement
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provided in the members checked and the entire shear resistance is from the fibers in the
specimen. A discussion on how to incorporate the resistance offered by the fibers in shear into
the design equations is also presented. The basic principles of the recommendations on shear
along with comparisons to the French guide are also presented separately. In order to verify the
equation to obtain shear capacity, a table comparing the values from tests, design values and
calculated values is presented.
Safety against torsion is to be determined based on Section 6.4 of standard specifications
for structural performance verification. Tests are recommended for determining design punching
shear capacity of planar members. If tests are not possible, an equation is given to determine
design punching shear capacity. Checks for rigid body stability are also to be performed based on
Section 6.5 of standard specifications.
Chapter 7 talks about verification of serviceability. Serviceability checks are performed
in order to ensure that the structure remains serviceable for its entire design life. Sections talk
about the procedure to calculate stresses, about limiting value of stresses and examination of
tensile stresses. Examination of displacement and deformation is based on Section 7.5 of
standard specification. Examination of vibration is to be done with appropriate tests. Fatigue
resistance is verified based on Chapter 8 of standard specification which also includes a section
on examination of safety for fatigue. A flowchart describing the workflow for evaluation of
fatigue limit state is given. Tests are recommended for determining fatigue resistance of
structural members to shear.
Chapter 9 gives specifications for general structural details, details that need to be
followed when designing any structure with UFC. Specifications for details such as concrete
cover, clear distance of reinforcing steel, minimum distance for bevels are described.
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Chapter 10 provides specifications for prestressed concrete members made of UFC. Some
general specifications from Section 10.1 of standard specifications shall be followed. Guidelines
for prestressing force to be applied and examination for serviceability limit state, for shear and
torsion, for ultimate limit state, for fatigue limit state, during construction, for durability are
described. The code goes back to certain structural details for tendons like vertical and horizontal
clear distance and concrete cover for post-tensioning and pre-tensioning. Section 10.9.4 of the
standard specification is to be followed for precast concrete members.
Chapter 11 deals with verification of durability. One hundred years is the standard design
life designated for any structure made of UFC. Examination for durability is made using
appropriate methods considering the structure’s condition in service. A table summarizes by
comparing the physical properties of UFC with that of conventional concrete. The code
recommends examination for carbonation, for corrosion of reinforcing fibers and steel from
chloride ion ingress, for freeze and thaw action, for chemical attack, for alkali-aggregate reaction
and for fire resistance along with procedures for each.
There is a chapter which talks about construction with UFC. This mainly deals with
specifications on constituent materials with separate sections describing the materials to use for
the matrix, water, admixtures and reinforcing fiber. Sections on mix proportions to be followed
and a flowchart representing the workflow of specified mix are given. The consistency of the
mix is determined from flow table tests. Equations for determining compressive and tensile
strength of UFC are also given. List of guidelines for storage, batching, mixing, transportation,
casting, finishing, curing and for formwork and support are given in detail. Final sections talk
about inspection procedures that are to be carried out at different stages of the project. They are
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inspection for receipt of materials, production, construction, inspection of UFC, inspection of
products.
The final two chapters of the code talk about cold weather and hot weather concreting
along with guidelines for materials and mix proportions, transportation, placement and curing
procedures to be followed in each case.

2.1.3 Australian Code (Gowripalan and Gilbert, 2000)
In Australia, UHPC is referred to as either RPC (Reactive Powder Concrete) or Ductal.
The guidelines which were published in 2000 were based on existing literature, research done at
University of New South Wales, Australia and information from performance of existing RPC
structures constructed overseas. The guidelines are for design of longitudinally prestressed
concrete beams manufactured with RPC. It adopts a limit states approach consistent with the
requirements of the Australian standard for concrete structures (Standards Australia
International, 1994). Research into the properties and behavior of RPC are still in the initial
stages. Existing literature indicates that RPC can be used in a wide variety of structural
applications, including bridges, highway structures, pipes, culverts and precast members. It also
appears to be an ideal material for prestressed concrete construction. The code also includes
guidelines for the design of non-prestressed elements of the beam transverse to the direction of
prestress. Ductal as defined in the code is a material developed by Bouygues, S.A., in Paris and
made from particles smaller than 800µm. The typical components of Ductal are given in Table
2.1 (Dallaire, Aitcin and Lachemi, 1998).
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Table 2-1: Typical Composition of Ductal as given in Australian Code
Component
Material

Quantity
(kg/m3)

Cement

705

Silica fume

230

Crushed quartz

210

Sand

1010

Superplasticizer

17

Steel fibres

190

Water

195

Certain specifications of prestressed members for which the guidelines are intended to be
applied are also given. The design requirements and procedures to be followed are given next.
General requirements as far as a design is concerned are discussed. Step by step procedure on
how to design a beam for strength is described. The guidelines are mostly consistent with
AS3600-1994 which is the Australian Standard for Concrete Structures (Standards Australia
International, 1994). The code recommends that the design of a beam for serviceability has to be
performed by limiting deflection, cracking and vibration according to the requirements given in
Section 2.4 in AS3600. Design for durability is specified to be done in accordance with Section 4
of AS3600.
The next section talks about the design properties of Ductal. The stress-strain curve,
equation for obtaining characteristic compressive strength and the idealized stress-strain
relationship in compression are given. The strength of Ductal in flexural tension is mentioned to
be higher than in direct tension and also the characteristic flexural tensile strength is given as 8
MPa. The idealized stress-strain relationship in tension is also given in the code. Values of 50
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GPa for modulus of elasticity, between 2400 kg/m3 and 2650 kg/m3 for density, between 0.16
and 0.24 for Poisson’s ratio are specified. It is mentioned that creep values entirely depend on the
type of curing method applied and a curve showing creep plus elastic strain versus time
elaborates the behavior. Shrinkage again depends on the type of curing method applied.
Strength in flexure is discussed next, beginning with theoretical moment capacity. The
assumptions are stated and the stress-strain distributions for the ultimate limit state for a singly
reinforced section are given. The code also mentions some requirements for minimum strength
of RPC. Specifications for ductility requirement, equations for checking shear strength of a
prestressed concrete section are given. The critical section to be considered for shear in beams is
also specified in the code. Guidelines for determining the strength of slabs in shear, equations for
determining the design torsional strength and equation for checking strength in combined shear
and torsion are also given.
The next section talks about controlling cracks in flexure at service loading and
guidelines are given for both non-prestressed and prestressed elements. Guidelines for
determining short-term and long-term deflections under service loading, fire performance and
curves for determining fatigue life are discussed. Losses of prestress, both instantaneous and
time-dependent are discussed along with equations. Strut and tie models for analyzing and
designing the anchorage zone are recommended and an example is also given.
Appendix A gives a summary of the technical characteristics of Ductal. Appendix B gives
an insight into the flexural behavior of RPC along with three examples. In the first example, a
non-prestressed, rectangular section is considered and the relationship between moment and
curvature is obtained based on the code specifications. In the second example, a prestressed,
rectangular section is considered and four different areas for the prestressing tendons are
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assumed and the moment versus curvature curve is plotted for all the four different beams. It was
found that the beam with the largest area of prestressing tendons had the highest moment
capacity and also ductility decreased with increasing area of prestressing tendons. In the third
example, a prestressed, rectangular section with three levels of prestressing force was
considered. It was seen that there was very little effect on ultimate strength by varying level of
prestress but a significant effect on the cracking moment and the post-cracking stiffness of the
section. Finally, Appendix C gives a detailed design example by going through all the
specifications described in the code.

2.2 Conclusions
The recommendations were prepared based on feedback from significant projects and
information available in the public domain. Some concluding remarks based on observations and
areas that need to be addressed are discussed below.


Information with regard to optimization of mixing process, effect of flow on fiber
distribution and orientation is insufficient. Research is being done on developing a tool
for checking fiber distribution and orientation. Local reinforcement deficiencies pose a
great risk on structures made with UHPC.



Data on shrinkage and creep is relatively limited and both can depend on the physical
environment and as a result, the long-term behavior can be affected significantly. Projects
need to be monitored and data from them along with laboratory tests can aid in coming
up with a more reliable design criterion.
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Availability of limited data on bonding of UHPC to active and passive reinforcement
raises some concerns. Modifications need to be done to the formulae based on results
from observations made on performance of UHPC on the field.



Energy dissipation and fire performance of structures made with UHPC need to be
addressed with more reliable data.



Concerns related to durability and stability of admixtures needs to be investigated and
addressed with results from real time performance.



Design with regard to connection of components has not been studied and this needs to
be explored and addressed to make sure they are consistent with the performance of
concrete components.



The Japanese code (Uchida, Tanaka, Katagiri and Niwa, 2005) specifies that tests need to
be performed in order to calculate the various properties of UHPC on many occasions;
this shows the lack of reliable experimental data on UHPC.



On many instances, reference has been made to standard specifications which were
developed for concrete (Japan Society of Civil Engineers, 2010) as the standards to be
followed while designing structures made with UHPC. This may not be true in most
cases as the application of concrete standards has not been verified for UHPC.



Most of the codes specify that UHPC has self-compacting ability and therefore vibration
for compaction during casting and molding is not required.



Procedures to determine bond strength and bearing strength have not been addressed
anywhere in the Japanese code.
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The Australian code (Gowripalan and Gilbert, 2000) has specifications just for design of
non-prestressed and prestressed members using UHPC, which is very limited and not
extensive.



The French guidelines (BFFUP, 2002) specifies that design for shear needs to be checked
at both the serviceability and ultimate limit states but the Australian code assumes that
shear cracking does not occur under service conditions when considering sections

that

do not contain transverse shear reinforcement. Hence, the Australian code specifies
checks for shear only in the strength limit states.


The validity of the checks for shear in both service and strength limit states specified in
the Australian code needs to be addressed in depth and supplemented with an extensive
analysis in order to establish these checks.



Design guidance is provided in some areas of the Australian code, but they are claimed to
be based on the authors’ experience rather than on well-documented and independently
verified research.



The superlative properties of UHPC give us the freedom to build really slender members,
for example, in the case of bridge decks and webs of bridge girders. This can become an
issue when the slenderness ratio becomes really high and none of the codes address the
implications due to such design practices.



Slenderness effects need to be taken into account and limits have to be set on these ratios
and implemented in the design equations in order to come up with safe and reliable
designs.
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Along with these, there are other codes and documents that are prevalent now and were
developed more recently and they have not been reviewed in depth here. For example, Canada
has developed specifications (Habel, Charron, Braike, Hooton, Gauvreau and Massicotte, 2008)
for mix design of UHPC. Japan has recently published recommendations for design and
construction of high performance fiber reinforced cement composites with multiple fine cracks
(Japan Society of Civil Engineers, 2008). Researchers at Massachusetts Institute of Technology,
USA (Park, 2003) have come up with an optimized shape (Pi-girder) for a bridge girder and it
has already been put to use by the Federal Highway Administration in the US as shown earlier in
the Jakway Park Bridge in Chapter 1. Also, tests on reinforced ultra-high performance fiber
reinforced concrete (UHPFC) members in tension (Redaelli, 2006) have been conducted and
their behavior in the serviceability and ultimate limit states have been studied.
These codes are a prodigious database of available technology and specifications with regard
to construction with UHPC. Although it has been shown with a few demonstrations that the
material is commercially viable, the belief about high initial costs is still prevalent and that is the
reason for the slow propagation of the material and its uses. Engineers need to look at the
lifetime cost of projects rather than capital costs because UHPC saves money when it comes to
maintenance and repair costs because it has been shown that UHPC is highly durable and also
less prone to damages.
Now that we have seen what the existing design guides on UHPC offers design engineers, we
will now see the theory behind lattice modeling and its resourcefulness in analyzing fracture of
cement based composites discussed in detail in the next chapter on lattice models.
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CHAPTER 3. LATTICE MODELS

This chapter begins with a brief introduction about tessellations and a few important
definitions that are necessary to understand the lattice modeling concept, followed by a
discussion on why lattice modeling is preferred over traditional finite element methods for
studying fracture behavior of quasi-brittle materials. Finally, the theory and concepts behind
lattice modeling are also discussed in detail.

3.1 Introduction
A random pattern of polygons that fill an empty space without overlapping each other and
without any gaps is called a tessellation. Tessellations occur randomly in many natural situations
and depending upon the situation, the sets are called cells, crystals, regions or tiles (Møller,
1994). This research mainly focuses on Voronoi and Delaunay tessellations of cement matrices,
which are classified under spatial random tessellations. The random point generation process
follows a rule which will be explained in the following paragraphs. Voronoi and Delaunay
tessellations are also explained in detail.
Fiber reinforced cement (FRC) or concrete composites are defined to have two main
components, namely fiber and matrix (Fig. 3-1), for mechanical modeling purposes (Naaman,
2007). Fibers can be of different materials, size, shape and surface texture (Fig. 3-2) (Naaman,
2008). The type of fibers used in this study is described along with the experimental tests in
Appendix D.
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Figure 3-1: Two components of a composite (Naaman, 2007)

Figure 3-2: Types of fibers used in cement composites (Naaman, 2008)
Since UHPC has steel micro fibers and a cement matrix bonded together, it is also classified
as a composite material. This chapter deals with the fracture modeling of these composites.
Generally, cracks propagate in a direction which is perpendicular to the maximum tensile
stress. The cracks follow the weakest links in heterogeneous materials like concrete and therefore
the crack pattern is never straight and continuous (Schlangen and van Mier, 1992). Failure
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analysis of quasi-brittle materials and fiber reinforced cement matrix composites (FRCC) can be
performed with irregular lattice models. The model consists of irregular lattice elements that are
formed from randomly positioned nodes and offers freedom in domain discretization with
Delaunay (Fig. 3-3) and Voronoi (Fig. 3-4) tessellation compared to traditional finite element
meshes as explained in the following paragraphs.

3.1.1 Delaunay Tessellation
Delaunay tessellation of a set of points can be defined as a triangulation such that the
three points of a triangle define a circumcircle and no other points from adjacent triangles lie in
this circumcircle (Fig. 3-3) (Sukumar and Bolander, 2003). The advantage of this type of
triangulation is that it maximizes the minimum angles in a triangle and therefore small angled
triangles can be avoided (George and Borouchaki, 1998).

Figure 3-3: Delaunay Triangulation of a set of points
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3.1.2 Voronoi Tessellation
Given a set of nodes N = [n1, n2,….nm] in space, the Voronoi diagram V(N) of the set N
is a subdivision of the domain into regions Vi, such that any point in Vi is closer to node ni than
any other node nj ϵ N (j ≠ i) (Sukumar and Bolander, 2008). In other words, it can be explained in
the following manner. In two dimensions, the sides of the Voronoi cells (Fig. 3-4) are equidistant
from the two points (Voronoi Nodes) they separate, thus forming the perpendicular bisectors of
the edges of the triangulation (George and Borouchaki, 1998). The Voronoi vertices also
coincide with the center of the circumcircle of the respective Delaunay triangles.

Figure 3-4: Voronoi tessellation of a set of points
Thus, there is an orthogonal relationship between the Voronoi cell and the Delaunay
triangles in any dimension (George and Borouchaki, 1998). Lattice 3D utilizes a dual tessellation
for simulating fracture of quasi brittle materials. A typical dual tessellation of a set of points is
shown in Fig. 3-5. The formulation of a two-dimensional random lattice and its dual is explained
by Christ, Friedberg and Lee (1982).
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Figure 3-5: Dual tessellation of a set of points (Bolander and Sukumar, 2005)
In traditional finite element analysis, cracks and discontinuities are represented along the
boundaries between elements and in order to do that, the mesh has to be regenerated to simulate
arbitrary crack trajectories. Also, refined meshes are required at the crack tip to replicate
precisely the singular stress fields according to linear elastic fracture mechanics (Sukumar and
Bolander, 2008). This led to the development of mesh-independent modeling of cracks and has
gained popularity recently. Thomure, Bolander and Kunieda (2001) have discussed how this is
achieved in detail. This approach is referred to as the extended finite element method (X-FEM),
which was originally introduced for triangular and quadrilateral elements (Moes, Dolbow and
Belytschko, 1999) and later extended to polygonal and quadtree meshes (Tabarraei and Sukumar,
2008). By introducing this method, no remeshing was required in crack propagation simulation
and no mesh conformity with crack geometry was necessary. Thus, the above explained
polygonal tessellations (Fig. 3-3 & Fig. 3-4) were put to use for creating the meshes. The
methodology of how this is integrated with the finite element analysis is explained in the
following sections. A Voronoi/ Delaunay dual triangulation applet has been developed by Chew
(1997), which demonstrates the dual relationship between them.
36

3.2 Lattice Model Formulation
The introduction given about the tessellations were in two-dimensions and from this section
onwards, there is a transition to three-dimensions. However, the same ideology applies to both 2D and 3-D tessellations.

3.2.1 Delaunay to Voronoi formulation (Yip, Mohle and Bolander, 2005)
There are methods to generate the Voronoi tessellation for a set of points directly, but in
order to achieve efficiency and the availability of routines for Delaunay tessellation, the Voronoi
diagram is constructed from it as explained here. In the Delaunay tetrahedron shown (Fig. 3-6),
each edge of the tetrahedron corresponds to a Voronoi facet between its end points as explained
later in section 3.2.3.

Figure 3-6: Delaunay Tetrahedron with its circumcenter (Yip, Mohle and Bolander, 2005)
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In order to define the circumcenter of the tetrahedron, three of the possible six plane
perpendicular bisectors are required (Fig. 3-6). The intersecting point of these three
perpendicular plane bisectors is the circumcenter. The plane perpendicular bisectors do not meet
at a point if all the three edges assumed for constructing them are common to a single face of the
tetrahedron. The circumcenter becomes a Voronoi vertex for all the Voronoi facets constructed
from the tetrahedron edges. When this process is repeated for all the tetrahedrons that share edge
i-j, we get the Voronoi vertices associated with the Voronoi facet i-j.

3.2.2 Formulation and discretization of Model (Sukumar and Bolander, 2008)
The Delaunay and Voronoi, dual tessellation of a set of points define the topology and the
properties of lattice models. The following steps describe the discretization process.
1. Inside a defined domain, points or lattice nodes are added using a process called Random
Sequential Addition (RSA) (Widom, 1966). In order to obtain a domain saturated with
points, a minimum allowable distance between points is specified and maintained. A
function can be defined for the minimum allowable distance in order to vary the density
of points and this enables mesh gradation.
2. The boundaries of the domain are constructed by associating each lattice node with a set
of auxiliary points. The surface Voronoi facet is constructed by introducing points that
are at a distance d from the surface and also on a line normal to the surface (Fig. 3-7). If a
domain has N surfaces, then each of the surfaces has a corresponding auxiliary point.
Finally, only a fraction of the auxiliary points aid in constructing the domain.
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Discretization of non-convex features is achieved by the introduction of nodes and
auxiliary points before the random process of filling the domain.
3. In this method, the domain surface is defined by the Voronoi facets and not the nodal
points and lattice elements. If required, points can be placed very close to the domain
surfaces until the corner, edge and surface regions are saturated with points and then the
interior can be filled. This enables Delaunay triangulation to also define the surfaces and
can be used as tetrahedral finite element modeling.

Figure 3-7: Domain surface with auxiliary and interior point (Yip, Mohle and Bolander,
2005)

3.2.3 Lattice element material model (Bolander and Berton, 2006)
Irregular lattice models are a combination of the Delaunay tessellation and the Voronoi
tessellation of a set of points. The Delaunay tessellation is made up of lattice elements. Fig. 3-8
shows the Delaunay tessellation and a typical lattice element i-j.
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Figure 3-8: Delaunay tessellation showing a lattice element

Figure 3-9: Lattice element showing its centroid constraints (Sukumar and Bolander, 2008)
Any two adjacent nodes or points among the set of points generated, for example i and j
(Fig. 3-8) and their common Voronoi facet define a lattice element (Fig. 3-9). The area centroid
of the facet, denoted as C (Fig. 3-9) has a zero-sized spring set which can be visualized as shown
magnified in the figure. The flexibility of the lattice element is assigned to this spring set. Each
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node or point has three translational and three rotational degrees of freedom along x,y and z. The
spring set has three uniaxial springs which are oriented normal (n) and tangential (t) to the facet,
and three rotational springs about the same n-s-t axes. The uniaxial springs are assigned equal
stiffness values

k n  k s  kt  E

Aij
hij

(3-1)

the stiffness for the rotational springs vary

k n  E

JP
hij

(3-2)

k s  E

I11
hij

(3-3)

k t  E

I 22
hij

(3-4)

where Aij is the area of the Voronoi facet, hij is the distance between the nodes i and j, E is the
elastic modulus, JP is the polar moment of inertia of the facet area, I11 and I22 are the two
principal moments of inertia of the area of the Voronoi facet. The directions s and t are aligned
with the principal axis of the polygonal Voronoi facet. Also, the element local axes x,y and z
(Fig. 3-9) are aligned in the same directions for simplicity. The spring displacements are stored
in a 6 x 1 column vector matrix d, and the generalized nodal displacements in local coordinates is
stored as a 12 x 1 column vector matrix ue. The relation between the two can be expressed as
follows
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d  Bu e

(3-5)

Where B is a 6 x 12 matrix given by

 I B12 I
B
 0 I 0

B14 
I 

(3-6)

Submatrices B12 and B14 are defined by

 0
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(3-7)

Where yc and zc are offsets of the facet area centroid C from the y and z axis of the element (Fig.
3-9) and I is the identity matrix. Using the principal of virtual work, the element stiffness matrix
with respect to the local-coordinates of the element is derived in the following manner

K e  BT D B

(3-8)

Where D is the material matrix and is given as



D  1   diag kn , ks , kt , k n , k s , k t



(3-9)

Where ω is a scalar damage parameter which is used for modeling the material fracture and ω=0
before fracture initiates. The value ω takes once fracture occurs is explained in the following
section. For determining the nodal displacements u, the system of linear equations from the
following matrix formulation is solved

K u 
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(3-10)

where K is the system stiffness matrix containing the elemental components and ϕ is the vector
of the difference between the internal and external nodal force vectors (Yip, Li, Liao and
Bolander, 2006). More information on how the rigid-body-spring-network (Fig. 3-9) is
formulated is given by Bolander and Berton (2006).

3.2.4 Criteria for Fracture (Bolander and Berton, 2006)
The crack band concept of Bazant and Oh (1983) is used for fracture modeling of the
rigid-body-spring-network (RBSN). For understanding, let us assume tensile loading is applied
on the lattice element i=j. The normal and tangential springs are activated and the normal spring
is in tension.

Figure 3-10: (a) Planar crack band parallel to boundary segment, (b) Crack band defined
at an angle θ (Landis and Bolander, 2009)
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The energy consumption per unit area of crack formation is known as the specific
fracture energy, GF, which is explained in detail in the next chapter. Damage is assumed to be
distributed uniformly over the element length in order to achieve constant fracture energy
consumption (Thomure, Bolander Jr and Kunieda, 2001). Crack strain, ϵcr is dependent on crack
band width, hij (Fig. 3-10 (a)) which is also the distance between the cell nuclei, by the following
relation

 cr 

w
hij

(3-11)

This shows that the crack band is formed parallel to the boundary segment (Fig. 3-10 (a)).
Fracture is modeled based on the criteria of measured stress σR (Eq. 3-12). The forces in the
uniaxial springs are calculated every time Eq. 3-10 yields a solution. The resultant of these forces
is denoted by FR (Eq. 3-13).

R 



FR
AijP

FR  Fn2  Fs2  Ft 2

(3-12)



0.5

(3-13)

FR is the resultant force acting on the element facet and AijP is the facet area projected on a
plane perpendicular to the direction of FR (Fig. 3-11). In the case of two-dimensions (Fig. 3-10),

AijP is given as sij cos  R t , where t is the structural component thickness. hij cos  R is the crack
band width which can also be defined as the distance between the cell nuclei in the direction
which is at an angle θ. Fracture propagates perpendicular to the direction of major principle
tensile stress and therefore angle θ can be determined. The normal and tangential spring set
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forces are shown for a two-cell assembly in Fig. 3-10. It is assumed that the crack band is formed
perpendicular to the resultant FR, of this force pair.

Figure 3-11: Facet and Lattice element projection (Bolander and Berton, 2006)
Fracture is simulated through a number of steps. In every step, the ratio σR/σ(w) is
computed for all the elements. σ(w) is the cohesive stress which is a prescribed function of the
crack opening displacement w (Fig. 3-12). ft is the uniaxial tensile strength of the material and wc
is the crack opening displacement. Two parameters β and η determine the location of break in
slope in the bilinear softening diagram. The element which has the ratio max (σR/σ(w)) > 1, a
prismatic crack zone with width hij cos θR (Fig. 3-11) is initiated or continues to develop. The
crack opening displacement w is related to fracture strain εR in the direction of FR by
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R 

w
hi j cos  R

(3-13)

The ratio σR/σ(w) is determined for all the lattice elements in each iteration of the analysis
and only one lattice element is modified in every computational cycle. The fracture of lattice
elements is achieved through an isotropic reduction of spring stiffness, which is performed by
increasing ω in Eq. (3-9), it is also associated with a release of the spring forces since σR is
forced to follow the softening relation (Fig. 3-12). In Eq. (3-9), ω has a range between 0 and 1,
and 1 signifies that element has been damaged completely. Once the forces in the spring are
released, a difference emerges between the internal and external nodal force vectors, i.e. a nonzero matrix ϕ in Eq. 3-10. This again restarts the iteration process since a new set of nodal
displacements have to be computed using Eq. 3-10 and this serves as the starting point for
subsequent fracture occurrences.

Figure 3-12: Softening curve for modeling crack
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Simulation of tensile fracture in notched beam specimens has been illustrated by
Bolander and Hikosaka (1995) with the help of a nonlocal smeared-crack finite element model.
Now that we have seen how the nodal forces and displacements are calculated and fracture is
modeled, in the next section we will see how the nodal stresses are computed. The bilinear
softening curve is discussed in detail in Section 3.4.
3.2.5 Calculation of Nodal Stresses (Yip, Mohle and Bolander, 2005)
As we have seen earlier, the lattice element forces are calculated from the nodal
displacements u (Eq. 3-10). Each lattice element is associated with three forces corresponding to
the spring stiffnesses in Eq. 3-1 and these forces act at point C (Fig. 3-13), one normal to the
facet and the other two along the principal axes of the facet in the plane of the facet. In the
Voronoi cell in Fig. 3-13 (a), each facet corresponds to a lattice element as discussed earlier.
There is a force equilibrium among the system of forces acting on each cell node and its facets.
This information is utilized to compute the nodal stresses in the following manner
1. The Voronoi cell is sectioned through its nodal point by a plane defined by the unit
normal vector n as shown in Fig. 3-13 (b).
2. A weighting factor Rk which denotes the proportion of the facet area on the negative
side of the cut plane (assumed with respect to its unit normal n) is determined for
each facet k in the cell. Determining Rk has three possible cases
a. When all vertices of a facet are on the negative side of the cut plane, Rk = 1.
b. When all vertices of a facet are on the positive side of the cut plane, Rk = 0.
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c. When vertices of a facet are on both sides of the cut plane, 0 < Rk = Ak' / Ak <
1, where Ak' is the area of the portion of facet k on the negative side of the cut
plane and Ak is the total area of the facet k.
3. For the unknown forces on the cut face, a local coordinate system is established.
4. The unknown forces acting on the cut face are determined using force equilibrium.
Each facet of the cell is looped over
N

Fnn   Rk Fkn nk  Fks s k  Fkt t k   n
k 1

(3-14)

N

Fns   Rk Fkn nk  Fks sk  Fkt t k   s
k 1

(3-15)

N

Fnt   Rk Fkn nk  Fks sk  Fkt t k   t
k 1

(3-16)

Where the number of cell facets is denoted as N, and (n,s,t) is the coordinate system
local to the cut plane and (nk,sk,tk) is the coordinate system for the set of forces on
facet k.
5. Normal and tangential stresses acting on the cut plane are determined from

 nn 

Fnn
An

(3-17)

 ns 

Fns
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(3-18)

 nt 

Fnt
An

(3-19)
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where An is the cross sectional area of the cut plane (Fig. 3-13 (b)).
The accuracy of these calculations have been verified with up to five digits of precision
with an example (Yip, Mohle and Bolander, 2005).

Figure 3-13: (a) lattice element forces on Voronoi facets, (b) force components on cut
face, (c) typical stress element at nodal point (Yip, Mohle and Bolander, 2005)
Now that we have seen how the forces, displacements and stresses are calculated for the
Voronoi facets, we shall now see how these facets are connected to each other and how they
behave together as an entity while performing finite element analysis.

3.2.6 Lattice Element Elastic Model (Bolander and Berton, 2004)
As seen earlier the lattice model utilizes a beam-type element with the additional axial
degree of freedom for each node and the properties of the Voronoi facets are used to develop the
elemental stiffness. The facets are tied together with a spring set that is connected to the lattice
nodes via rigid arms (Fig. 3-14). A spring set is located at the midpoint of the Voronoi edge
common to adjacent facets. Each spring set consists of normal, kn, tangential, kt and rotational, kϕ
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stiffness that are defined as local to the common edge (Fig. 3-14). The stiffnesses are defined by
the distance between the nuclei, h and the length of the common edge, l and are given by the
following equations

Et l
kn  e
h

Et l
kt  e
h

k nl 2
k 
12

(3-20)

where E is elastic modulus of the continuum material and te the element thickness in 2-D.

Figure 3-14: Basic element of the spring network model (Bolander and Berton, 2004)
The lattice model approach is unique due to the fact that it explicitly models the
heterogeneous feature of FRCC. It can simulate the micromechanics of cement matrix cracking,
fiber debonding, and fiber pullout (Bolander and Saito, 1997) which are considered as an
important advancement over existing FRCC modeling approaches. Most of the existing
approaches rely on finite element smeared crack theory by considering the composite material as
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a homogeneous material with composite mechanical properties. In the next section, fiber
modeling is discussed.

3.3 Fiber Modeling (Li, Perez Lara and Bolander, 2006)
Another unique feature of the lattice model approach is its ability to model and incorporate
fibers in its analysis. Once a volume fraction or a prescribed number of fibers are defined, they
are generated inside the domain. The midpoint of the fiber and the Euler angles of its orientation
with the global axes are determined by a pseudo random number generator. They are placed
randomly inside the domain of the model and fibers that extend beyond the boundaries of the
domain are neglected. Since the generation of fibers is a phased process, and takes place one by
one, redundant fibers can be easily neglected. Three possible cases arise when fibers are
generated. Fibers can pass through the Voronoi facets or can cross the boundaries of adjacent
facets or both can happen together. All three cases are discussed here.
The first case, when fibers intersect with a Voronoi facet, at each intersection of an
individual fiber with a facet (Fig. 3-15), the fiber contributes to the pre-cracking and postcracking stiffness of the model by associating with the stiffness terms corresponding to nodes i
and j. A zero-length spring is modeled at P where the fiber intersects the facet and element
stiffness is associated with this spring set (Fig. 3-15 (b)) (Bolander and Yun Mook, 2008). The
axial stiffness assigned to the spring oriented in the direction of the fiber (Bolander, Choi and
Duddukuri, 2008) is given by

kf 

A f  f  P 

hv / cos   m
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(3-21)

where Af is the cross sectional area of the fiber, θ is the angle between the direction of
loading and the axis of the fiber, εm is the matrix strain in the fiber direction, hv is the distance
between nodes i-j in the direction of loading (Fig. 3-15 (a)) and σf (ξP) is the axial stress in the
fiber (Fig. 3-16) at the intersection point with the facet which is at a distance ξP from the fiber
end (Fig. 3-15 (a)).

Figure 3-15: (a) Fiber Lattice element i-j, (b) spring set of zero-length (Li, Perez Lara and
Bolander, 2006)
The fiber axial stress varies with the orientation of the fibers with respect to the direction of
loading with the maximum stress for those parallel to direction of loading and decreasing as the
inclination increases (Fig. 3-16). The stiffness in the spring is transferred to the computational
degrees of freedom defined at i and j in a similar manner described in Section 3.2.3.
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Due to the additional degrees of freedom associated with the spring set for fibers, the total
number of degrees of freedom in the system is not increased because the fiber element is
designed to act parallel to the matrix element of i and j and does not modify the stiffness matrix
associated with the lattice model. Due to this reason, it is called a semi-discrete approach of
modeling fibers (Li, Perez Lara and Bolander, 2006). The advantage of this is that, it enables
modeling a large number of fibers without significant change in computational demands. The
expression for σf(ξP) is based on a shear lag theory and is given by


 lf

 cosh  1    P   


 2
 f  P   E f  m 1 
cosh 1l f / 2 







for

0  P  l f

(3-22)

where Ef is the modulus of elasticity of the fiber, lf is the length of the fiber and β1 depends
on a number of factors such as Ef, radius of the fiber, shear modulus at the interface, the
arrangement of fibers and the volume fraction of fibers (Bentur and Mindess, 2006). It is
assumed that no relative displacement occurs at the interface between fiber and the matrix and
they are elastic. It should also be noted that kf can be modified to account for interfacial
debonding and frictional slip which should be considered once crack initiates within the
composite (Bolander and Saito, 1997).
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Figure 3-16: Fiber axial stress with respect to loading direction (Bolander and Saito, 1997)
In the case of fibers crossing boundaries of adjacent facets, the stiffness of the fiber is
modeled as a zero-length spring connecting the two cells at the boundary crossing. The axial
stiffness is assigned in the fiber direction (Fig. 3-17) and linked to the computational degrees of
freedom which are defined at the lattice nodes by assuming the cells to be rigid. The stiffness is
given by an equation similar to Eq. 3-21

kf 

A f  f  xc 

hv / cos  m

(3-23)

where xc here is the distance from the fiber end to the point of intersection with the common
edge and ψ is the orientation of the fiber with respect to the loading direction (Fig. 3-17) and the
other variables in the equation are similar to the ones defined before. Perfect bonding is assumed
between the fiber and matrix and an elastic shear lag theory is employed.
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Figure 3-17: Fiber crossing common boundary of adjacent Voronoi facets (Bolander and
Sukumar, 2005)
In the case of long fibers, both cases described above may be experienced and in such cases
both theories are implemented for modeling the fiber. This explains the modeling of lattice
elements with fibers. Now, in the final section we will see how the bilinear softening curve is
defined as said earlier.

3.4 Bilinear Softening (Bolander and Le, 1999)
A bilinear softening curve (Fig. 3-18) is input as a material parameter for the analysis in
order to simulate cement matrix stress-strain behavior. Four parameters define the bilinear
softening curve, described more in detail in Chapter 4. One parameter being ft, the other three
parameters are related to ft and fracture energy Gf as discussed in the following paragraphs. The
determination of these parameters have also been discussed by Wittmann et al. (1988). Tensile
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strength ft can be determined by performing split cylinder tests or uniaxial tension tests on
briquette specimens as illustrated in Appendix D. Fracture energy can be determined as
illustrated in Chapter 4 from experimental tests. These values are then used for modeling cement
composites accurately using lattice models. In order to maintain constant fracture energy during
analysis, the strain values have to be related to Gf and h (Bazant and Oh, 1983). For the rigidbody-spring network, the break points in the bilinear softening curve shown in Fig. 3-12 are
determined as follows (Rokugo, Iwasa, Suzuki and Koyanagi, 1989).
In Fig. 3-18, the stress-strain curve has been decomposed into an elastic portion εe which
pertains to the undamaged concrete and a softening portion εcr pertaining to crack opening. The
fracture energy Gf which pertains to crack opening normal to boundary segment is given as

Gf  g f h

(3-24)

Where h is the distance between the cell nuclei (Fig. 3-14) and gf is the area under the
softening diagram in Fig. 3-18. The fracture energy associated with cracking has to be
maintained a constant for all cells in the lattice model. The softening is thus related to Gf and h
(Bazant and Oh, 1983). The break points in Fig. 3-12 and the softening parameters in Fig. 3-18
are determined as follows (Rokugo, Iwasa, Suzuki and Koyanagi, 1989)

 f t   1  0.25 f t
wc   1cr  0.75

wc   ocr  5
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Figure 3-18: Bilinear softening for concrete (Bolander and Le, 1999)
The crack width which is measured normal to boundary segment that is common is given
as

w   cr h

(3-28)

Crack initiation of the element occurs once the tensile stress in the element exceeds the
element fracture criterion given by the softening curve. The element breaking is gradual,
producing an unbalanced force that would be carried to the next load step during the analysis.
A cohesive zone model with four stages namely, elastic material behavior, initiation of
crack, evolution of failure and finally, occurrence of local failure is used (Roesler, Paulino, Park
and Gaedicke, 2007) for predicting crack propagation by means of numerical simulations.
Similarly, the four stages are also evident in the bilinear softening curve (Fig. 3-18) used here.
The simplified version of the softening curve which is used as input for the lattice model
and used in the Lattice 3D manual in Appendix B is shown in Fig. 3-19. Here in this curve
different notations are used and they are related as follows

w   cr

w1   1cr
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w2   ocr

(3-29)

Figure 3-19: Bilinear Softening Curve
Fig. 3-20 shows the simplified uniaxial stress-strain curve for concrete. In the curve, ft
and fc are the direct tensile and compressive strengths respectively.

Figure 3-20: Effective uniaxial stress-strain curve for concrete (compression positive)
(Bolander, Hong and Yoshitake, 2000)
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Fracture energy, as we have seen, is essential for determining the parameters of the bilinear
softening curve used as input for the lattice models. In the next chapter, the methodology and the
necessity of determining fracture energy of concrete and UHPC from experiments is discussed in
detail as it is important for simulating discrete cracking of cement based composites. Methods to
determine the softening curve parameters from experimental measurements on notched beam
tests are also explained.
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CHAPTER 4. FRACTURE ENERGY OF CONCRETE

4.1 Introduction
If concrete did not possess any tensile toughness, it would behave like a perfectly brittle
material. A small crack can develop and become larger in a short period of time and can
eventually lead to failure. Tensile strength is another important property which aids in holding
the particles of concrete together and enables them to behave as a whole. Methods to determine
fracture toughness are in existence and are based on the ones used to determine strength. By way
of determining fracture energy GF, we can quantify toughness. Fracture energy is defined as the
amount of energy required to produce a crack of one unit area. Fracture energy serves as an
important parameter for defining the softening curve of concrete as discussed in the next
paragraph. The influence of toughness is therefore indirectly implemented by means of fracture
energy to simulate tensile fracture behavior using finite element methods. It is important to
replicate the behavior of concrete in the real world, as closely as possible with the finite element
methodologies in order to develop a reliable tool that can be utilized by engineers for designing
complex and safe structures.
In order to model the fracture of concrete, a softening function is typically employed. A
bilinear softening curve is the simplest function that describes concrete behavior reasonably well
(Guinea, Planas and Elices, 1994). Four parameters are required to define the bilinear softening
curve. They are tensile strength ft, specific fracture energy GF, and two others which characterize
the shape of this function. Tensile strength can be determined from routine tests like split
cylinder tests. The softening curve is one of the main inputs which define the behavior of
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concrete in lattice modeling. In this chapter, experimental determination of fracture energy and
the four softening curve parameters are discussed. Tests to determine fracture energy of normal
concrete have been in practice for quite some time, but determining fracture energy of fiber
reinforced concrete has not been explored and can be different from the procedure applied for
normal concrete. This chapter discusses the methodology for determining the fracture energy of
normal concrete and also discusses certain aspects that need to be addressed while determining
fracture energy for fiber reinforced concrete.

4.2 Determining Fracture Energy
4.2.1 Conventional Fracture Mechanics Approach
For analyzing tensile toughness of concrete, a fracture mechanics approach might be the
most suitable method. Conventional fracture mechanics may not be suitable for analyzing
concrete due to the following reasons as stated by Hillerborg (1985).


In concrete structures, the fracture process zone is comparable to the size of the structure,
contrary to the assumption that the fracture process zone is relatively small compared to
the size of the structure.



As the load increases, the stresses within the fracture zone either increase or remain
constant unlike in concrete where they decrease. The behavior is even more different in
case of fiber-reinforced concrete due to the presence of steel fibers.



In case of concrete, it is necessary to deal with formation of new cracks and conventional
methods can only deal with already existing cracks.
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These factors made the application of conventional fracture mechanics inappropriate for
concrete structures and new theoretical methods had to be developed in order to analyze the
behavior of concrete structures. The new methods are described in the following paragraphs.

4.2.2 Uniaxial Tension Test (Hillerborg, 1985)
Fracture energy of concrete as defined earlier is the amount of energy required to produce
a crack of one unit area, where the area of crack is calculated as the projected area of the crack
on a plane parallel to the main crack direction or perpendicular to the stress direction. The easiest
method to obtain fracture energy is from a direct tensile test as shown in Fig. 4-1.

Figure 4-1: (a) Specimen under uniaxial tension, (b) Load-deformation response for the
uniaxial test (Hillerborg, 1985)
The area under the load-deformation curve in a tensile test to failure represents the
amount of total energy absorbed by a specimen. The load-deformation curve in Fig. 4-1 (b) can
be divided into two curves as shown in Fig. 4-2.
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Figure 4-2: (a) Stress-strain curve including unloading branch, (b) Stress-deformation
curve for the additional deformation w within the damage zone (Hillerborg, 1985)
By normalizing the force F with the cross sectional area of the crack and deformation ΔL
with the length of the specimen we obtain the σ-ε curve shown in Fig. 4-2 (a). Area under the σ-ε
curve represents the energy per unit volume absorbed by the entire specimen, whereas, the area
under the σ-w curve (Fig. 4-2 (b)) denoted as GF represents the energy absorbed within the
damage zone (Fig. 4-1 (a)). The stress σ for this curve is obtained similarly by normalizing the
force F with the area of crack surface and the deformation w is obtained by subtracting the
deformation ΔL for the initial elastic portion of the curve from the deformation beyond the elastic
portion. The area under this curve is the fracture energy GF which has the units N/m (poundforce/ft). It is also known as the energy per unit area of the fracture surface since ft is determined
by dividing the force F (N/kN or lbs/kips) by the fracture surface area which can be either in
m2/cm2/mm2 or ft2/in2. Tensile fracture behavior of quasi-brittle materials like concrete can be
quantified by means of fracture energy GF and therefore, it is considered as a useful design
parameter.
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By performing direct tensile tests, one can determine the tensile strength ft, the modulus
of elasticity E, fracture energy GF, and also the shape of the tail of the load-deformation curve.
Therefore, a uniaxial tensile test was regarded as the most appropriate method to determine
fracture energy. But, direct tensile tests need to be very accurate and it is important to do a very
stable test. Performing one such test is very difficult and therefore uniaxial tensile tests are not
recommended unless a stable test can be performed. For this reason, RILEM committee
(Reunion Internationale des Laboratoires et Experts des Materiaux) (RILEM) recommended
three-point bend tests on notched specimens for determining fracture energy since it is a simple
test that can be performed in all laboratories. In three-point bend tests, the load-CMOD (Crack
mouth opening displacement) curve more accurately quantifies fracture energy than the loaddeformation curve since it is not affected by the test setup (Long and Marian, 2008). But
measuring CMOD requires a complicated and stable testing apparatus that is uncommon in all
laboratories. Therefore, the load-deformation curve from a three-point bend test is used to
measure the fracture energy of concrete in the following manner.

4.2.3 Methodology (RILEM, 1985)
The three-point bending test adopted for determining fracture energy is described in the
following paragraphs. Fracture energy can be determined by plotting the force vs displacement
curve for a beam under three-point bending and calculating the area under the curve.
Since it is much easier to perform bending tests on notched specimens, the RILEM
committee put forth a proposal for a recommendation for determining fracture energy of
concrete. The methodology was first proposed by Hillerborg (1985). Hillerborg compared results
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conducted on 700 concrete beams in 14 different laboratories (Hillerborg, 1985) and proposed
that the bending tests on notched specimens was quite suitable for laboratories with normal
equipment at least for the smallest standard beams with aggregate size up to 16 mm. This also
falls within the range for fiber-reinforced concrete. The RILEM committee, therefore, proposes a
three-point bend test on a notched specimen to determine fracture energy.
The stability of these types of tests need to be assured as small variations in displacement can
affect the fracture energy significantly and therefore a really stiff loading frame and reaction
frame was required. The energy calculated can not only be the energy dissipated in fracturing the
concrete but also energy absorbed in compression deformation. Local crushing can occur at the
point of load application and at the supports of the beam. Also, in the case of fiber-reinforced
concrete, the pull out of fibers dissipates more energy than that required for a crack formation.
Some energy loss occurs due to these extraneous effects. The energy absorbed (energy
transferred from the loads) by the specimen until it breaks into two halves is measured and this is
divided by the fracture surface area and the resulting value is known as fracture energy.
There are recommendations for design of the test specimen and also for the test procedure to
be followed. The size of the beam (Fig. 4-3) depends on the maximum size of the aggregate.

Figure 4-3: Test Beam dimensions (RILEM, 1985)
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Table 4-1 is given in the recommendations for choosing the size of the beam based on the
maximum size of the aggregate. However, this size dependency on aggregate is not applicable
for fiber reinforced concrete as described later.
Table 4-1: Selecting the size of specimen (RILEM, 1985)
Dmax (mm) Depth d (mm) Width b (mm) Length L (mm) Span l (mm)
1 - 16

100 ± 5

100 ± 5

840 ± 10

800 ± 5

16.1 - 32

200 ± 5

100 ± 5

1190 ± 10

1130 ± 5

32.1 - 48

300 ± 5

150 ± 5

1450 ± 10

1385 ± 5

48.1 - 64

400 ± 5

200 ± 5

1640 ± 10

1600 ± 5

The depth of the notch ‘a’ is equal to half the beam depth ±5 mm. The notch should be sawn
under wet conditions one day before the test or it can be cast if a suitable saw is not available.
The notch width at the tip is to be less than 10 mm. Methods to determine the fracture energy of
concrete from an existing structure are also given in the recommendations. During curing, the
temperature is to be maintained at 20 ± 2˚C. The specimen is to remain in the mould for 16 hours
at least to protect it from shock, vibrations and drying. The specimen is to be stored in limesaturated water after removing from the mould until 30 minutes before testing.
In order to perform a stable test, the testing equipment needs to be stiff enough or should be
equipped with a closed-loop servo control. The load and deformation should be recorded for the
entire duration of the test and they should change slowly without any irregularities in
measurement. The supports and loading are as shown in Fig. 4-4. The deformation has to be
measured with an accuracy of at least 0.01mm.
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Figure 4-4: Standard test setup (RILEM, 1985)
The tests should be performed with a constant rate of deformation chosen in such a way
that the maximum load is reached within about 30-60 seconds after the commencement of the
test. The load and the deformation at the center of the beam are recorded until the beam is
completely separated into two halves. The load has to be measured with an accuracy of at least
2% of the maximum value. Both, the weight of the beam and the weight of the part of the
loading arrangement which is not attached to the testing machine have to be determined. The
area of the ligament, defined as the projected area of the fracture zone on a plane perpendicular
to the beam axis is measured. The length of the beam ‘L’ and the distance between the supports
‘l’ has to be measured with an accuracy of at least 1mm. The load-deformation curve is corrected
for eventual non-linearities at small loads (Region circled in red in Fig. 4-5).
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Figure 4-5: Typical Load-Deformation curve (RILEM, 1985)
Unlike in the uniaxial tension tests where transformation of curves had to be made, the
fracture energy per unit area can be calculated directly from the load-deformation curve using the
following equation proposed by the RILEM committee

GF 

Wo  mgo 
Alig

 N m J

m

2



(4-1)

where Wo (N.m) is the area under the load-deformation curve, mass m (kg), given by
m1+2*m2, where m1 is the weight of beam between the supports, given by beam weight * 1/l, m2
is the weight of loading arrangement which are not a part of the machine, g is the acceleration
due to gravity with a value of 9.81 m/s2, δo(m) is the deformation at the final failure of the beam
and finally, Alig (m2) is the area of ligament (projection of fracture zone on a plane perpendicular
to beam axis) (Fig. 4-6).
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Figure 4-6: Axis of a cracked beam

4.2.4 Requirements for the Test
A few essential requirements have been formulated by Hillerborg (1985) for conducting
this type of test.


Upper limit on the weight of specimen has been set at 20kg to enable ease in handling
them.



Weight of the specimen imposes a net stress at the notched section which needs to be less
than 20% of net stress at failure and this is possible if the specimens are built according
to the dimensions specified by the committee.



The width and depth of the fracture area should not be smaller than 3 times the maximum
aggregate size.



Influence of energy absorbed by the region outside the fracture zone should be limited.
The influence increases if the size of the beam increases and also if the size of the notch
decreases.
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Demand on machine stiffness should be limited to enable less equipped laboratories to
perform stable tests. As the beam size increases, the demand on machine stiffness
increases.

Most of these requirements hold good for fiber-reinforced concrete too. The third case is
however satisfied since maximum size of aggregates in fiber-reinforced concrete is the size of
the fiber which is very small compared to the size of coarse aggregates in normal concrete. By
performing these tests, there seemed to be an influence of the size of the specimen on fracture
energy obtained.

4.3 Factors Influencing Fracture Energy
The measurement of the fracture energy is done using three-point bend tests and several
factors have an influence on the measured value. The size of the sample tested seems to have an
influence on the measured values of fracture energy and this raises a debate as to whether
fracture energy can be regarded as a material parameter or not. The factors causing this
abnormality have been studied in depth and discussed by Guinea, Planas and Elices (1992). They
are discussed in brief in the following sections.

4.3.1 Influence of Experimental Procedures
While performing the tests, there are several ways in which energy is dissipated. All these
factors have to be taken into account since they affect the measured value of fracture energy
significantly. Some of these factors (Guinea, Planas and Elices, 1992) are discussed here.
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The contribution from energy dissipation due to hysteresis in the testing equipment which
depends on the specimen size was determined to be close to 0.6% from a series of tests.



The difference between values for notched beams and pre-cracked beams was not
significant and the same applies to molded beams and for beams sawn from a larger plate.



Tests should be performed with rolling supports, since fixed supports can have frictional
dissipation and this may affect the measured values.



Even in the case of rolling supports, the energy dissipated was substantial and could not
be neglected and this was due to local crushing of the specimen near the supports which
again depended on the size of the specimen. Energy dissipated due to rolling friction also
had a non-negligible value.



It was found that when the size of the specimen was increased three times, the measured
fracture energy increased by 50%. This shows that there is size effect and there can also
be other means by which energy is dissipated and fracture energy could not be considered
as a material property.

4.3.2 Influence of Bulk Energy Dissipation
As described in the earlier section, the other means by which energy is lost was evaluated
and described by the same authors (Planas, Elices and Guinea, 1992). The influence of size of
the specimen on the energy lost was also determined.


The regions near the supports are under highly localized compressive stresses and regions
close to the tip near the crack path are under high tensile stresses.
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The dissipated energy at the central support demonstrates a dependence on the size of the
specimen and accounts for almost 10% of the fracture energy for the largest specimen.



The dissipated energy in the tensile regions also demonstrates a dependence on size of
specimen and accounts for 2% of the fracture energy for the largest specimen.



Even if all these contributions to energy dissipation are added up along with those
described earlier, the sum cannot be accounted for the 50% increase in fracture energy for
a three-fold increase in specimen size. Therefore, more detailed analysis of the results of
the RILEM method should be performed in order to consider fracture energy as a
material parameter.

4.3.3 Influence of Cutting the P - δ Tail
The same authors (Elices, Guinea and Planas, 1992) worked further to determine the
possible sources of energy dissipation in addition to that essential for the fracture process which
are not taken into account when determining fracture energy based on RILEM recommendations.
Several sources were detected and even after adding up all the sources, the final value of specific
fracture energy still exhibits a marked difference.


Tests are stopped at a certain value of displacement beyond which the energy dissipated
is neglected. Attention was focused on this energy dissipated at the very end of weight
compensated tests.



After taking into account this energy, the final value of fracture energy appears to be
independent of the size of the specimen and therefore it can be considered as a material
parameter.
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Therefore, the energy enclosed in the P-δ region explains the missing fracture energy and
the energy is equivalent to the energy one would obtain if a portion of the ligament was
destroyed prior to the start of the test.

In another investigation of the RILEM fracture energy, where two new quantities known as
stable and unstable fracture energy (Xu, Zhao and Wu, 2006) were introduced, revealed that,
stable fracture energy remained a constant irrespective of the specimen size and unstable fracture
energy increased with increasing ligament length. The RILEM fracture energy exhibited size
dependency and this difference was explained by considering the boundary effect of the
specimen. Thus, it was finally concluded that if all these factors were accounted for while
calculating the fracture energy, the corrected value of fracture energy was independent of size
and proves that it is a material property.

4.4 Softening Curve Parameters (Bažant and Planas, 1998)
We have seen how fracture energy of concrete is determined, now we will see how the
parameters of the softening curve are determined from experimental results.
The tensile strength ft can be determined from split cylinder tests as stated earlier. Using ft,
fracture energy Gf and certain other variables discussed here can be determined. Fig. 4-7 shows
the bilinear softening curve that shows the parameters that need to be determined.
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Figure 4-7: Bilinear softening curve (Bažant and Planas, 1998)
An assumption that the two halves of the beam shown in Fig. 4-8 are rigid and they are
connected by a cohesive zone is made.

Figure 4-8: Rigid body of the beam after the test (Bažant and Planas, 1998)
The width of crack opening is given by the formula

w  2 x

74

(4-2)

where x is the distance from the top of the beam to the point where the width of crack is being
calculated and θ is the angle of rotation of each half of the specimen with the horizontal and
therefore the angle of crack opening becomes 2θ as shown in Fig. 4-8. Using equilibrium of
moments with respect to load points, we get
d

Pl
  x b dx
4 0

(4-3)

where d is the depth of the beam, b is the width, l is the distance between the supports as
shown in Fig. 4-4 and σ is the cohesive stress given by σ = f(w). Substituting for x from Eq. 4-2
after differentiating and simplifying, we get

P

wT

b

 f (w) w dw

l 2

(4-4)

0

where wT is the opening of the notch tip. If there is a large enough rotation, which means wT > wc
and the integral becomes the first order moment of the softening curve, which is nothing but the
abscissa w to the centroid of the area times the area, which is GF. Also, θ can be written as u /
(l/2) and Eq. 4-4 becomes

P

bl
GF w
4u 2

(4-5)

The centroid of area can be written as

w

 GF
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ft

(4-6)

where α is a dimensionless parameter which depends on the shape of the softening function.
For bilinear softening, it takes a value of 0.987.

wk  w1

 k  ft

wc  2 GF / f t 
wc  w1

(4-7)

2 GF / f t   w1
wc  w1

(4-8)

where wc is the critical opening, given by the quadratic equation

6w GF / f t   2w1 GF / f t  6w w1 GF / f t   4w1 GF / f t 
w  wc

 0 (4-9)
2(GF / f t )  w1
2GF / f t   w1
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Thus the softening curve parameters are determined from experimental tests. Now, we will
see certain essential factors that need to be considered while determining fracture energy of fiber
reinforced concrete from experiments.

4.5 Fiber Reinforced Concrete
Fracture energy of fiber reinforced concrete can also be determined by employing the same
methods described above for plain concrete. But, attention has to be paid on certain aspects that
are a little different when it comes to fiber reinforced concrete. Experimental studies have been
performed on fiber reinforced concrete by Long and Marian (2008) and Barros and Cruz (2001).
It has been shown that, due to ductility and greater deformability of fiber reinforced concrete, the
effects due to compression and local crushing near supports can be greater than that seen for
normal concrete.
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Due to crushing near the supports, the part of the beam near the supports tends to displace in
the vertical direction. This displacement has to be measured and appropriate corrections have to
be made to the displacement recorded at the center. Or a Japanese Yoke (Fig. 4-9) could be used
since it reduces the error to a certain extent by measuring the displacement at the center relative
to the centerline of the beam near the supports.

Figure 4-9: Japanese Yoke and the beam specimen

Fibers contribute effectively in the post-peak period and therefore the energy dissipated in
this region is considerably higher than that seen for normal concrete. This is due to fiber pull out.
The effect of volume fraction of fibers and relative notch depth (a/d) on fracture energy of
concrete have been studied (Zhang, Wang and Gao, 2011) more recently. Also, there is a
significant difference between hooked-end fibers and plain fibers as studied by Long and Marian
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(2008). It was also seen that the plain fibers contribute effectively in the pre-peak stage and also
increase the first crack load. Specimens with a combination of both types of fibers showed
overall improvement. Thus, fiber reinforced concrete demonstrates to have greater fracture
energy than that of normal concrete and determining it can be very useful for studying other
material parameters which depend on fracture energy.
Now that we have seen how fracture energy of concrete can be measured, in the next chapter,
some parameter studies carried out with lattice models of plates and beams are discussed. The
study with lattice models was initiated by an idea to come up with a design methodology for thin
walled structures. Since UHPC exhibits very high strength and is extremely durable, structures
made of UHPC are predominantly slender. So, studying the behavior of plates would be an ideal
start to evaluate the robustness of the lattice model program. Existing experimental data on
buckling of a thin plate under compression was gathered as shown in Appendix E. The same was
tried to be replicated using the lattice model program.
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CHAPTER 5. LATTICE MODEL PARAMETER STUDIES

This chapter presents a few parameter studies performed with lattice models. Analysis of a
thin, simply-supported plate under uniaxial compression, three-point bending of a beam were
performed. The stress distribution along the edge of the plate and the bending behavior of the
beam were studied in detail.

5.1 Uniaxial Compression of a Simply-Supported Plate
In order to study the behavior of a thin, simply supported plate under uniaxial compression, a
plate model was generated using the lattice 3D program (Fig. 5-1). The dimensions of the plate
were assumed to be a = 96 cm (37.8 in.), b = 48 cm (18.9 in.) and h of 2 cm (0.78 in.). These
dimensions are proportional to the dimensions of the concrete panels tested for buckling capacity
by Swartz, Rosebraugh and Berman (1974). All dimensions entered in Lattice 3D program have
to be in metric units. The plate model was formed from 500 nodes and about 5540 lattice
elements.

Figure 5-1: Plate model considered for analysis
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No minimum distance between points was specified and 10 nodes on each far end of the
plate and 22 nodes on each near end of the plate was manually specified in order to define the
boundary conditions and loads. These points are shown in blue along the boundary of the plate in
Fig. 5-2.

Figure 5-2: Point set for the plate showing the boundary points distinctly

Figure 5-3: Lattice 3D model of the plate used for analysis
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Fig. 5-3 shows the boundary conditions that were applied to the plate model. The left end of
the plate was fixed in all three translational degrees of freedom and the other edges were fixed in
direction 3. The characteristics of concrete were assumed as follows: modulus of elasticity E was
taken as 30 GPa (4350 ksi), the four softening curve parameters: tensile strength of 2.76 MPa
(0.4 ksi), σ1 as 0.69 MPa (0.1 ksi), w1 as 0.01 cm and w2 as 0.04 cm.

5.1.1 Without Initial Imperfections
For the first case, no initial imperfections were imposed on the plate and a displacement
of 0.1 cm (0.039 in.) was applied in the negative 2 direction on the 10 nodes at the right end of
the plate as shown in Fig. 5-2. This is equivalent to a stress of 31.25 MPa (4.53 ksi) applied at
each node. The deformed configuration (Fig. 5-4) looked more like crushing and this did not
seem realistic since, initial imperfections do exist in the real world and they cannot be neglected
when performing an analysis.

Figure 5-4: Lattice 3D model of a deformed simply supported plate without initial
imperfections
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5.1.2 With Initial Imperfections
Initial imperfections for a plate with the same dimensions (Fig. 5-5) were obtained by
performing eigen-buckling analysis in ABAQUS (2010). As expected, the critical buckling
shape was a double half sine wave for a simply supported plate (Fig. 5-6). The nodal
displacements for the first buckling mode was obtained from ABAQUS and the
corresponding nodal displacements for the nodes in the lattice model were interpolated and
input as initial imperfections for the plate in Lattice 3D.

Figure 5-5: ABAQUS model of a simply supported plate

82

Figure 5-6: Buckling mode of a plate in ABAQUS
The fundamental buckling mode (Fig. 5-6) was used because it would result in the
smallest peak load and the softest load-deformation response which makes the approach
conservative since the actual imperfection shape is unknown. Generating random imperfection
shapes and studying the load-deformation response sensitivity would be another approach to this
modeling.

Figure 5-7: Lattice 3D model of plate with initial imperfections
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Fig. 5-7 shows the Lattice 3D model of the plate after the initial imperfections were
applied to the respective nodes. The magnitude of imperfections had a range from a maximum of
0.9806 cm (0.386 in.) to a minimum of -0.9849 cm (0.387 in.). Figure 5-7 is scaled up to show
the imperfections clearly. The same displacement of 0.1 cm (0.039 in.) was applied in the
negative 2 direction. Analysis was performed with Lattice 3D for this plate and the deformed
configuration is shown in Fig. 5-8.

Figure 5-8: Lattice 3D model of a deformed plate with simply supported edges and initial
imperfection at the end of load step 20
The arrows in the right end of the plate show the direction of imposed displacement applied
on the plate. It can be seen from Fig. 5-8 that the cracks appear all over the plate and they are not
uniformly distributed. This led to further investigation of the stress distribution along the edge of
the plate where the imposed displacement is applied.
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5.2 Stress Distribution in a Plate
In this section, the same rectangular simply supported plate along with initial imperfections
used in the previous study was used for determining the stress distribution along the edge where
the imposed displacement was applied.
The stress along the edge of the plate is computed by determining the reaction forces in
each of the nodes where the imposed displacement is applied (Fig. 5-2) at different load steps
and divided by the respective cross-sectional areas of the 10 small segments around the nodes
which is 9.6 cm2 (1.49 in2) for each node. Fig. 5-9 shows the plot of stress versus width. The 10
nodes along the width forms the ordinate in the plot and the stress values at different load steps is
along the abscissa.

Figure 5-9: Stress distributions along the edge of a plate at different load steps
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It can be observed from the plot (Fig. 5-9) that the stress pattern does not appear to be
symmetric along the edge. The expected pattern of stress distribution is shown in Fig. 5-10. The
uneven stress distribution at different load steps along the edge of the plate demonstrates the
inability of Lattice 3D to perform a second order elastic analysis of a simply supported plate in

 

compression because of the missing geometric stiffness matrix K g which accounts for finite
deformations.

Figure 5-10: Actual stress distribution in a plate
The next step in the study was to investigate how well tension behavior is simulated into
the program. But before that, since tension is associated with cracking in concrete, it was
important to reduce the mesh bias in simulating the cracking behavior. The procedure followed
to reduce mesh bias on cracking is discussed in the next section.

5.3 Reducing Mesh Bias on Cracking (Bolander, Hong and Yoshitake, 2000)
The propagation of a crack in any finite element analysis approach is constrained to follow
the boundaries of the cells likewise in Lattice 3D.
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Figure 5-11: (a) Mesh with no minimum distance specified, (b) mesh with minimum
distance specified between nodes (Bolander, Hong and Yoshitake, 2000)
In Fig. 5-11 (a), a Voronoi tessellation constructed with about 100 randomly generated
points in a square domain without any minimum distance criteria between adjacent points is
shown and in Fig. 5-11 (b), a Voronoi tessellation constructed from a set of points for which a
minimum distance proportionate to a side of the square domain was specified between adjacent
points. It can be seen that the square domain is almost saturated with points and very few
additional or probably no more points can be placed in the domain that satisfies the minimum
distance criteria specified. This methodology of generating points reduces the bias on crack
directions due to minimum variance between angles θi formed at Voronoi junctions (Bolander
and Saito, 1998) as shown distinctly in green in Fig. 5-11 (b) compared to the angles formed in
Fig. 5-11 (a). This reduces the dependence on predictable crack directions which is a remarkable
advantage of using random tessellations. Decreasing the minimum distance between points
creates finer meshes which increases the precision of crack directions.
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The above described strategy is employed for studying the three-point bending behavior of
beams. The beam specimens used further in this research had a minimum distance criterion
specified while the points were being generated.

5.4 Three-Point Bending
Three-Point bending behavior of a beam is discussed in this section. The beam considered for
analysis had the following dimensions (Fig. 5-13): Length (L) = 16 in. (40.64 cm), width (b) =
0.75h = 3 in. (7.62 cm), height (h) = 4 in. (10.16 cm). The concrete properties were assumed
from the characteristic values given in the Material Characterization Report by Graybeal (2006).
Modulus of Elasticity of 55 GPa (7980 ksi), softening curve parameters as follows: tensile
strength of 5 MPa (0.725 ksi), σ1 as 1.25 MPa (0.181 ksi), w1 as 0.083 mm (0.00327 in.) and w2
as 0.332 mm (0.0131 in.). A displacement of δ = 0.003 mm was applied on five nodes across the
width of the beam at the center and the beam is simply supported with a pinned support at one
end and rollers at the other as shown in Fig. 5-12 and Fig. 5-13.
In order to study the bending behavior of the beam, an imposed displacement was applied
instead of forces since Lattice 3D does not yet have the capability of applying loads on nodes.
The beam was analyzed for a total of 20 load steps i.e. the imposed displacements are divided
equally into 20 steps and applied slowly step by step at different load steps just like we would do
in an experimental test where the load is applied slowly. This is done because the exact load at
which the beam cracks is not known and in order to determine it, the displacement is divided.
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Figure 5-12: Point set for the beam used for three-point bending

Figure 5-13: Voronoi Tessellation of the beam showing the supports and imposed
displacements
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The reactions at the five nodes in Fig. 5-13 where the imposed displacement is applied is
computed using Lattice 3D and the sum of these reactions has been plotted with the total vertical
deflection of the beam. The deflection has been normalized with the length of the beam and the
forces with Pcr, which is the critical load at which the first crack appears i.e. the peak load at
which the beam cracks which was obtained from Lattice 3D. From the following equations for
moment of inertia (Eq. 5-1), bending moment at the center (Eq. 5-2) and bending stress (Eq. 53),

I
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I
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the expression for flexural stress as shown in Eq. 5-4 can be obtained by substituting for I
and M in Eq. 5-3 from Eq. 5-1 and Eq. 5-2 and taking y = h/2.

f 

3Pcr L
2bh 2
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P in Eq. 5-2 is substituted as Pcr in Eq. 5-4 since flexural stress is the highest stress
experienced by a member and this corresponds to the load at which the beam cracks. The
flexural strength was calculated for the beam under study from Eq. 5-4 and it was found to be
about 5.2 MPa (0.754 ksi) against a predicted value of 40-50 MPa (5.8-7.25 ksi) in the report
(Graybeal, 2006). The difference in values even though the same material properties of UHPC
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were assumed for the lattice model as described earlier is due to several assumptions made in the
lattice model as listed below.


The main factor is due to the absence of steel fibers in the lattice models and this can
significantly reduce the predicted flexural strength since the interstitial bonds they
create between the cement matrices is absent.



The fibers bridge the small micro cracks that appear in the cement matrix and may
not be visible to the naked eye and this increases the load carrying capacity until the
first major crack appears.



A lot of other characteristics such as fiber debonding, pullout can contribute in a
minute way to the load carrying capacity before the first major crack and beyond
which they do play a significant role.



The assumption of concrete as a perfectly brittle material in the lattice model even
though the material properties of UHPC were used, the ductile behavior of UHPC is
neglected and this can result in even higher Pcr due to strain hardening which can take
place after the first crack.

Without considering these effects, the value of 5.2 MPa (0.754 ksi) obtained for plain
concrete without fibers is quite reasonable. In the following figures (Fig. 5-14 to Fig. 5-23) and
paragraphs the bending behavior of the beam at different load steps is illustrated.
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Figure 5-14: P/Pcr versus δ/L plot and crack pattern at the end of load step 1

Figure 5-15: P/Pcr versus δ/L plot and crack pattern at the end of load step 2
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Figure 5-16: P/Pcr versus δ/L plot and crack pattern at the end of load step 5

Figure 5-17: P/Pcr versus δ/L plot and crack pattern at the end of load step 10
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Figure 5-18: P/Pcr versus δ/L plot and crack pattern at the end of load step 11

Figure 5-19: P/Pcr versus δ/L plot and crack pattern at the end of load step 12
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Figure 5-20: P/Pcr versus δ/L plot and crack pattern at the end of load step 13

Figure 5-21: P/Pcr versus δ/L plot and crack pattern at the end of load step 16
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Figure 5-22: P/Pcr versus δ/L plot and crack pattern at the end of load step 18

Figure 5-23: P/Pcr versus δ/L plot and crack pattern at the end of load step 20
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By looking at the plots (Fig. 5-14 to Fig. 5-23), we can conclude that the bending behavior of
a beam analyzed for three-point bending is consistent with prediction. Once the first crack forms
at the end of load step 12 (Fig. 5-19), the plot shows a sudden decrease in capacity. This
behavior was expected since the beam considered for analysis does not have fibers and therefore
the reduction in capacity can be a sudden phenomenon since there are no fibers to bridge the
cracks and provide post-cracking strength. Beyond this, no increase is expected in load carrying
capacity due to the absence of fibers and this can be seen from the plots as well, (Fig. 5-20 to
Fig. 5-23) as the curve seems to be predominantly a straight line from load step 13 to 20.
Now, this behavior needs to be verified for different aspect ratios of beams as there can be
slight discrepancies in the results due to shear deformations if the aspect ratios of beams are very
small. For this purpose, a study was conducted where beams of different aspect ratios were
analyzed for examining the convergence of the ratio of maximum deflection from Lattice 3D
analysis at which they crack, with that computed from deflection equation.

5.5 Aspect Ratio Convergence Study
In this study, beams with aspect ratios 1, 2, 4, 5, 8, 10 and 20 were considered. The same
concrete properties as described in the previous section were assumed for all cases in order to
make a comparison. Each beam was analyzed until failure occurred in order to obtain the
cracking load Pcr for each case and the corresponding displacement denoted as δlattice along with
their respective aspect ratios in the following paragraphs. The maximum deflection for a simply
supported beam due to bending and shear at mid-span is given by the formula:
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(5-5)

where L is the length, h is the height, E is the modulus of elasticity and I is the moment of
inertia as given in Eq. 5-1. Shear deformation is also included since beams with very small
aspect ratios were analyzed under three-point bending and effect due to shear on deformation
could not be neglected. In the following sections, the specimens with different aspect ratios
which were analyzed and their P/Pcr versus δ/L plots are shown.

5.5.1 Aspect Ratio 1
Dimensions of specimen are L = 51 mm, b = 51 mm and h = 51 mm (2 in. x 2 in. x 2 in.).
There are about 570 nodes and 4973 lattice elements.

Figure 5-24: (a) Point set for a specimen with aspect ratio 1, (b) Voronoi tessellation of the
point set
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Figure 5-25: P/Pcr versus δ/L plot for a specimen with aspect ratio 1 and the crack pattern
as an insert at the end of load step 20

5.5.2 Aspect Ratio 2
Dimensions of specimen are L = 102 mm, b = 51 mm and h = 51 mm (4 in. x 2 in. x 2
in.). There are about 1055 nodes and 9078 lattice elements.
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Figure 5-26: (a) Point set for a specimen with aspect ratio 2, (b) Voronoi tessellation of the
point set

Figure 5-27: P/Pcr versus δ/L plot for a specimen with aspect ratio 2 and the crack pattern
as an insert at the end of load step 20
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5.5.3 Aspect Ratio 4
Dimensions of specimen are L = 406 mm, b = 76 mm and h = 101 mm (16 in. x 3 in. x 4
in.). There are about 1637 nodes and 14079 lattice elements.

Figure 5-28: (a) Point set for a specimen with aspect ratio 4, (b) Voronoi tessellation of the
point set
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Figure 5-29: P/Pcr versus δ/L plot for a specimen with aspect ratio 4 and the crack pattern
as an insert at the end of load step 20
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5.5.4 Aspect Ratio 5
Dimensions of specimen are L = 254 mm, b = 51 mm and h = 51 mm (10 in. x 2 in. x 2
in.). There are about 776 nodes and 6832 lattice elements.

Figure 5-30: (a) Point set for a specimen with aspect ratio 5, (b) Voronoi tessellation of the
point set
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Figure 5-31: P/Pcr versus δ/L plot for a specimen with aspect ratio 5 and the crack pattern
as an insert at the end of load step 20
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5.5.5 Aspect Ratio 8
Dimensions of specimen are L = 406 mm, b = 51 mm and h = 51 mm (16 in. x 2 in. x 2
in.). There are about 1220 nodes and 10733 lattice elements.

Figure 5-32: (a) Point set for a specimen with aspect ratio 8, (b) Voronoi tessellation of the
point set
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Figure 5-33: P/Pcr versus δ/L plot for a specimen with aspect ratio 8 and the crack pattern
as an insert at the end of load step 20
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5.5.6 Aspect Ratio 10
Dimensions of specimen are L = 508 mm, b = 51 mm and h = 51 mm (20 in. x 2 in. x 2
in.). There are about 1493 nodes and 13092 lattice elements.

Figure 5-34: (a) Point set for a specimen with aspect ratio 10, (b) Voronoi tessellation of the
point set
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Figure 5-35: P/Pcr versus δ/L plot for a specimen with aspect ratio 10 and the crack pattern
as an insert at the end of load step 20
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5.5.7 Aspect Ratio 20
Dimensions of specimen are L = 1016 mm, b = 51 mm and h = 51 mm (40 in. x 2 in. x 2
in.). There are about 1700 nodes and 15192 lattice elements.

Figure 5-36: (a) Point set for a specimen with aspect ratio 20, (b) Voronoi tessellation of the
point set
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Figure 5-37: P/Pcr versus δ/L plot for a specimen with aspect ratio 20 and the crack pattern
as an insert at the end of load step 20
The ratio of δlattice/δf+s is plotted against aspect ratio. The peak load at which the beam
cracks is obtained from each plot for the respective aspect ratios and this corresponds to P in Eq.
5-5 and the other variables are substituted accordingly. The deflection δlattice for all peak loads
are also obtained from Lattice 3D. Fig. 5-38 shows the plot of Aspect Ratio versus δlattice/δf+s.

110

Figure 5-38: Aspect Ratio versus δlattice/δf+s plot showing the convergence
It can be noticed from the plot (Fig. 5-38) that the ratio of δlattice/δf+s, calculated from
Lattice 3D analysis at which the beam cracks, and deformation corresponding to peak load
calculated from deflection equation (Eq. 5-5) is lesser than unity for beams with higher aspect
ratios. This shows that analysis with Lattice 3D is accurate and conservative for three-point
bending of beams with aspect ratios greater than 5. For low aspect ratios, even after including
shear deformations, there seems to be a slight discrepancy in the values.
This brings the parametric studies to an end. In the final chapter, the conclusions,
summary and some ideas for future work are presented.
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CHAPTER 6. CONCLUSIONS
6.1 Summary
This research study started with an extensive literature review performed in order to
understand the properties, characteristics and applications of UHPC. The current applications of
the material all around the world was studied in detail. The existing design codes that were
developed by countries like France, Australia and Japan were reviewed and their advantages and
shortcomings were identified. Methods to determine fracture energy of concrete were studied
and suitable procedures to implement the same for fiber reinforced concrete were researched and
presented.
This study also investigated the possibility of developing a computational tool to study the
behavior of specimens made of UHPC. The tool used is called Lattice 3D, which was made
available to us by Dr. John E. Bolander, Associate Professor, University of California at Davis,
the architect behind the program. The first step was to understand the theoretical background of
the Lattice 3D program and then interpret how to use the programs written in FORTRAN and
MATLAB. The parameter studies started with the modeling of thin plates and analyzing their
buckling behavior. The distribution of stress along the edge of the plate at different load steps
was also studied. After which, three point bending of beams was simulated and the load versus
deformation curve was plotted at different load steps by normalizing the load with peak cracking
load Pcr and the deformation with the length of the beam. Also, beams of different aspect ratios
were studied under three point bending to ensure the accuracy of the analysis by checking the
convergence of the deformation from Lattice 3D with that calculated from standard deflection
equation for a simply supported beam.
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A few experimental tests were conducted on briquette specimens to understand the behavior
of UHPC under uniaxial tension. Beam specimens and cylinders were also cast with the intention
of performing flexure tests on beams and split cylinder tests on cylinders, but, due to limited
resources in the laboratory to perform a stable and accurate test, the tests were not conducted.
However, the specimens will be used for future research.

6.2 Conclusions
A literature survey on the properties, characteristics and applications of UHPC revealed that
the material is being considered as an alternative for concrete by many engineers around the
world and is currently being used mainly for highway infrastructure around the world.
Countries like France, Australia and Japan already have design codes for UHPC and North
American engineers are working to come up with a design guide very soon. A literature review
of the existing design codes revealed that each code has its own advantages as well as
disadvantages. In general, most of the specifications were prepared based on experience from
existing projects and information available in the public domain at that point of time. There have
been many experimental tests carried out since then and the codes need to be updated based on
recent results and experience. In most cases, reference has been made to the respective countries
design code for concrete and in some cases, the code specifies that tests need to be performed in
order to determine the properties of UHPC.
The theory behind the Lattice 3D program is discussed in detail in Chapter 3 beginning with
a new concept called Delaunay and Voronoi tessellations that is being used widely now. In the
next section, the importance of determining fracture energy of concrete is discussed. Fracture
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energy is defined as the amount of energy required to produce a crack of one unit area. Since
UHPC demonstrates to have a significant amount of post-cracking capacity which can be
exploited to an extent while formulating design specifications, understanding the importance of
fracture energy of concrete and the necessity to come up with an accurate procedure to determine
the fracture energy of fiber reinforced concrete was studied. Fracture energy is also an important
parameter that is required to determine and define the four parameters for the softening curve of
concrete input into the program Lattice 3D. The analysis results can vary by a considerable
amount if the defined softening curve parameters are not accurate.
A few parametric studies that were performed with lattice models are discussed in chapter 5.
To start with, buckling of a simply supported thin plate is modeled and studied and it was
observed that, though Lattice 3D was able to replicate the physical shape of buckling; the results
did not match theoretical concepts. Investigating further, the stress distribution along the edge of
the plate was plotted at different load steps and a non-uniform stress distribution revealed that
the program could not perform a second order analysis involving geometric stiffness effects at
this time. This feature of the program needs to be developed so that a wider range of analysis
could be performed using the program.
The three-point bending of a beam analyzed in Lattice 3D generated realistic results. The
decrease in load carrying capacity of the beam once it cracks was reflected in the loaddisplacement curve. However, the beam analyzed did not include fibers and this was reflected in
the plot as the line had a steep slope beyond the first cracking load and remained to be a straight
line once it reached a very low value. The inclusion of fibers would have produced a more
gradual decrease in the load carrying capacity as the fibers increase the post-cracking capacity of
the beam by bridging the micro cracks.
114

From the aspect ratio study, the ratio between δ from Lattice 3D at which beam cracks and
the δ calculated from deflection equation with the corresponding peak load was less than unity
for beams with aspect ratio greater than five. For smaller aspect ratios, the ratio was greater than
one even after including shear deformations. This invites the need for further research and
validation with experimental results as to whether the deformation from Lattice 3D or standard
deflection equation is accurate.
From all these conclusions, Lattice 3D seems to be an ideal modeling and analysis tool for
studying fiber reinforced concrete. Fiber modeling capabilities have not been demonstrated by
any other software until now and this capability makes it a one-of-a-kind and versatile tool.
Lattice 3D also has the provision to include any kind of reinforcement. Either steel reinforcement
or prestressing strands (Bolander Jr and Hong, 2002) can be modeled, but these aspects of the
program need to be researched upon in depth. Dr. John E. Bolander at University of California at
Davis has been doing research in these areas along with his research group (Bolander, 2011).
Uniaxial tension tests were conducted on briquette specimens to determine the tensile
strength of UHPC and the load versus extension curve was plotted. The plots shown in Appendix
D indicate linear elastic behavior of UHPC until the first crack is formed and beyond this,
significant post-cracking capacity is also observed. This was because of the fibers bridging the
micro-cracks and thereby increasing the load carrying capacity. The locations where the cracks
appeared on the briquette specimens were not the same in all specimens. This is due to the
internal defects in each specimen caused due to both, variable distribution and non-uniform
orientation of fibers at different locations. Load carrying capacity also depends on various other
factors like the orientation of the fibers at the crack location with respect to the crack direction
and the length each fiber extends on each side of the crack. Therefore, tests need to be conducted
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on a large number of specimens before accurate conclusions can be made and used for
formulating design specifications.

6.3 Insight for Future Research
As we have seen, UHPC seems to be a very promising material and opens up unlimited
avenues for further research. Around the world, experimental tests to understand the properties
of the material are being conducted. The Federal Highway Administration (FHWA) in the US is
exploring the possibility of using the material on a regular basis for highway construction. A
wide range of applications in prestressed bridge girders, precast deck panels, deck joints and
composite connections are currently being tested by FHWA. Sometime in the immediate future,
attention may divert to more sophisticated applications such as piers for bridges, piles and deck
overlays. Due to the general notion among engineers, about the high construction costs of
UHPC, minimum possible use of the material would be the only alternative. The obvious logical
solution to this would be to make the sections hollow; as it reduces the self-weight as well as the
amount of material used would be the least minimum. When hollow structures are designed, the
walls are usually very thin, slenderness issues and knowledge about thin walled structures would
come into foray. Thus, it would be beneficial in the future to have an understanding of thin
walled structures made of UHPC. A design methodology for thin walled structures made of
UHPC would be all the more apposite.
Once a wide usage of the material is conceived, a finite element modeling software to
analyze the behavior of complex structures made of UHPC would become a necessity. Since,
UHPC contains fibers, modeling and analyzing specimens with fibers would become a requisite.
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As Lattice 3D has so far demonstrated that fiber modeling and analyzing is quite possible, more
research can be done in this area. Developing accurate fiber models and the implementation of a
tri-linear softening curve (Kang, Lee, Park and Kim, 2010) or an exponential softening curve
(Gopalaratnam and Shah, 1985) instead of a bilinear one for the lattice models can be explored.
As demonstrated, the program does not have adequate features to analyze buckling of thin plates.
This feature of the program can be developed. The provision to perform a second order analysis
can be included.
Buckling tests on UHPC thin plates would be valuable data to understand the behavior of
thin structures made of UHPC. The data can also be used to validate the computer models once
they are developed. Also, the development of a graphical user interface for the program Lattice
3D would make it more user-friendly for engineers in the future.
The modeling of reinforcement bars and prestresssing strands using Lattice 3D can also be
studied in depth and used for validating test results. Modeling of bond strength of deformed bars
(Ichinose, Kanayama, Inoue and Bolander Jr, 2004) and deflection of a prestressed concrete
beam with a double-tee cross section (Yip, Mohle and Bolander, 2005) have been demonstrated
successfully so far.
When the internal assembly of steel is refined to the microstructure level, it appears very
similar to a really fine Voronoi type meshing (Jandová, Divišová, Skálová and Drnek, 2006) of
the substructure, and this can be modeled using Lattice 3D and studied in depth. Grain structure
modeling has been demonstrated for concrete by Schlangen and van Mier (1992) and
implementing similar methodologies for studying steel would enable better understanding of the
influence of material substructure composition on its behavior while fracture occurs.
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APPENDIX A

In this section, procedure to use the Lattice 3D program has been documented. The
program, as described earlier is a collection of codes written in FORTRAN and MATLAB. The
program has separate codes for each step in the process right from creating a model, until
viewing the results in a graphical environment.
There are certain computer requirements before one can begin using the program.
 MATLAB 7.0 or a later version is required to successfully run the codes and view the
graphics.
 A FORTRAN editor is required to view the codes and edit the same.
 A FORTRAN compiler & debugger is required if any changes are made to the code. The
compiler used in this study is Absoft v11.1 Pro FORTRAN for Windows.
 A text editor like TextPad or WordPad maybe required for making modifications to the
input files.
Below is a flow chart (Fig. A-1) which describes the step by step process involved in any
analysis associated with Lattice 3D. It should be noted that, PointGen, MeshGen and vPlot are
just temporary names assigned to the programs by the author and they can be changed as per the
user’s interest and this will not affect the analysis in any manner. However, the names should be
remembered and associated with the respective input and output files as described here.
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Figure A-1: Flow Chart for Lattice 3D Analysis
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A.1 Pointgen
The file pointgenerator.f (Fig. A-2) is opened in Absoft and then compiled after making
necessary changes if any. Once it is compiled, it generates an executable file called pointgen.exe
(Fig. A-3) based on the name of the project, which can be changed by the user. This file is
executed and then it asks the user to input the dimensions of the specimen the user is trying to
generate, namely the x, y & z dimensions of the model. Once these are specified, the user is
asked to enter a minimum allowable distance between points which is normally a whole number
and proportional to the beam dimensions that have been entered. The user has to perform several
trials of the minimum allowable distance to make sure a sufficient number of points are
generated. To start with, the number is always smaller than the least dimension of the model.
This is done to create a uniform looking mesh for the study intended.

Figure A-2: Program pointgenerator.f opened in Absoft compiler
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Figure A-3: Pointgen program is being executed

Figure A-4: Subroutine to insert desired points
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After this, a random number generator seed is requested from the user to start the random
number generation sequence. This number is usually a whole number. The user is advised to
enter a three-digit number to get a well dispersed set of points. Once all these values are entered,
the point.in file is generated and stored in the same folder where the pointgen.exe file is located.
The point.in file has the node numbers and the x, y, z coordinates of all the points generated from
the random sequence and they are arranged column wise. In order to apply loads and boundary
conditions later, the node numbers are required and also specific points where the user wants to
apply loads and boundary conditions can be generated and viewed separately. This is done either
by specifying the exact coordinates of the points if known or by writing routines if there are
groups of points to be generated. This is done in the SPOINT subroutine shown in Fig. A-4, the
format is similar to how it is shown and the required points should be specified towards the end
of the routine.

Methodology used for generating points:
When creating a point set for any specimen, the following are the sequence of steps by which the
points are generated and checked:


The corners are defined and they are saturated such that there is a point available at every
corner of the specimen under consideration.



The edges of the specimen are saturated with randomly generated points and these points
are checked in such a way that the distance between them is greater than the minimum
distance specified by the user during execution. Points that do not satisfy the rule are
neglected.
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The surfaces are saturated using the same minimum distance rule. This ensures a uniform
mesh for the boundaries of the model.



Finally, the volume is saturated with points, again following the same minimum distance
rule to ensure uniformity in the volumetric mesh.

These rules are applicable whatever the geometry of the structure maybe. The generated file
point.in is copied and transferred to the meshgen folder. A folder in the name of meshgen should
be created and this folder contains the files meshgen.exe, point.in and input.in. Meshgen is
explained in the next section.
A.2 Meshgen
Once the required files are transferred to the meshgen folder, the user is ready for creating
the files required for analysis. The program meshgen.exe was mostly written in C++ and
compiled and it does not require any changes in order to run. However, modifications need to be
made to the input.in file. The input.in file has information as shown is Fig. A-5:

Figure A-5: Contents of input.in file opened in TextPad
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Here, the user need not worry about the first 8 lines and line 10 in the program. Line 9 which
says MIN DISTANCE is also redundant since we already specified the minimum distance while
generating points. The program does not consider this value since the points are already
generated using the minimum distance value specified earlier. Line 11 which says
DIMENSIONS, needs to be modified and the user has to enter the exact same dimensions of the
model that was entered for x, y, and z values when generating the set of points. The file has to be
saved after that. Now, the meshgen.exe program has to be executed.

Figure A-6: Meshgen program is being executed
The runtime window is as shown in Fig. A-6. Here, the user needs to enter “9 input” next to run
type as shown, and then press enter. The program executes and generates a bunch of files which
will be used for the analysis part. The user also needs to check if the execution was successful by
checking the number of points that were read successfully.
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Figure A-7: Runtime window of Meshgen program
The user has to scroll up to the lines which read POINT GENERATION as shown in Fig. A-7
once the analysis is completed and the last three lines in the runtime window highlighted in red
need to be checked if the numbers next to total points read and successful match. If there is a
number indicated next to failed, then the user has to go back to the input.in file and check if the
dimensions of the model were entered properly and if the problem persists, user has to go back to
pointgen.exe and generate the set of points again or increase the dimensions of the model
specified in input.in file (Fig. A-5) to be fractionally greater than the actual model. Once this
check is done, the user can press enter and exit the meshgen command prompt window. The next
step in the analysis is to transfer the necessary files.

134

A.3 File Transfer
A bunch of files (Fig. A-8 & Fig. A-9) are generated by the meshgen.exe program which are
required for the analysis part (Highlighted ones in Fig. A-9) and also for viewing the graphics
later (Highlighted ones in Fig. A-8).

Figure A-8: Highlighted files required for viewing graphics
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Figure A-9: Highlighted files required for analysis
The three files highlighted in Fig. A-9 are copied and transferred to another folder named
analysis which should also contain the analysis.exe program. The name “analysis” can again be
changed by the user and it depends on the name of the project that the user defines when the
source files for creating this analysis program are compiled in Absoft. The three highlighted files
in Fig. A-9 are pasted in the analysis folder. Two other files namely z.lat and z.exc (text
document) should be created by the user.
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A.4 File Creation

Figure A-10: Files required for running analysis
The filenames here are again random and can be changed as per the user’s wish. But it is
necessary that all files have the same filename except the different file extensions. The z.lat
which was copied from the meshgen folder is opened. The contents of the file are as shown in
Fig. A-11. The exact relation as to what each value signifies can be referred to in the Lattice 3D
manual in Appendix B which contains a list defining all the variables and their positions clearly.
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Figure A-11: Contents of the z.lat file opened in TextPad
Only important parameters that are required to run a basic analysis are described here. Values
highlighted in red define the properties of material #1, normally concrete. The values highlighted
in green are the four parameters required for defining the softening curve of material #2. The
same four values in the row above define the parameters for softening curve of concrete. The
numbers in the second column (10000) in both rows define the Young’s modulus of the
respective materials. The third column in both rows denotes the total number of fractures for
each material. These are the only values that need to be modified by the user in z.lat file
according to his analysis requirements.
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Figure A-12: Contents of the z.lbc opened in TextPad
The z.lbc file has to be created by the user according to the template shown in Fig. A-12. The
exact format is given in the Lattice 3D manual in Appendix B. The values inside the yellow box
define different parameters like number of time sequences, number of loading steps within a time
sequence, output print increment, time step size, etc. The values inside the green box are the
boundary conditions for the nodes. The values inside the red box are the nodal displacements. It
is not necessary that the node numbers should be arranged in ascending order. The spacing
between values should be exactly as specified in the manual as otherwise the analysis may not
run completely.
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A.5 Analysis

Figure A-13: Contents of z.exc file opened in TextPad
The last file that needs to be created to perform the analysis is the z.exc file which has important
information like the number of iterations that need to be carried out. Line 1 is just the title which
has no significance. Column 2 in Line 2 denotes the number of element groups. Lattice 3D can
analyze four types of elements namely lattice, frame, link and fiber. Value in column 4 in Line 2
denotes the number of iterations that the program can run up to before terminating. Once all
these files are ready, the analysis program can be executed.

Figure A-14: Runtime Window of analysis program
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The analysis runtime window is as shown in Fig. A-14 and the user needs to input the filename
as requested by the program and it is the name given to all the files in the analysis folder by the
respective user. Once the filename is entered, the user can hit the enter key and analysis would
begin. The analysis takes time proportionate to the complexity of the model being analyzed.

A.6 Output
Once analysis is completed, output files are generated as shown in Fig. A-15. The z.OUT
file contains the input data, convergence summary and other information which are all selfexplanatory. The z.REA file contains the node numbers and the nodal reaction forces. The z01.m
file contains information related to nodal displacements and this file is required for viewing the
graphics using vPlot. This file contains the nodal displacement at the final step of the analysis.
But information after each step in the analysis can also be printed out by modifying the values in
the z.lbc file. By printing the output after each time step, the model can be studied more closely.

141

Figure A-15: List of files generated from analysis

A.7 vPlot
It is a program written in Matlab that is used for viewing the plots and graphics associated
with the analysis. The program reads information from the files created from meshgen.exe, and
the output files created from the analysis and plots the model, the nodal displacements and
various other results as requested by the user. The program requires the files shown in Fig. A-16.
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Figure A-16: List of files required for vPlot
For viewing just the pointset, Delaunay and Voronoi tessellations for the model created
by the user, the highlighted files shown in Fig. A-8 from the meshgen folder need to be
transferred to the vPlot folder and the folder should be made as the current folder in Matlab. The
first line in the file named iseed.m is deleted before proceeding further. The program
vSetConrolParameters.m is opened in Matlab (Fig. A-17).
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Figure A-17: Program vSetControlParameters.m opened in Matlab
To plot the model, changes need to made to the values of different variables in
vSetControlParameters accordingly and the file needs to be saved, after which the user should
run vPlot in Matlab. The value of plotPatch is always set to 1. To plot the pointset of the model,
plotPoint is defined as 1. To plot the Delaunay Tessellation, plotTetra is made 1. To view the
Voronoi Tessellation of the exterior surfaces, plotExterior is made equal to 1. Similarly, to view
the interior Voronoi tessellation, plotInterior is made equal to 1. The scale size of the models can
also be increased or decreased by changing the scale factors in vSetControlParameters.
Now, to view the analysis results, checking the deformed configuration for example, the
file z01.m should be copied and transferred from the analysis folder to the vPlot folder and it has
to be renamed as nodeDisp.m. Once it has been renamed, isDeformed in vSetControlParameters
should be assigned the value 1 and normally plotExterior is also assigned a value of 1. This
enables us to view the deformed configuration of the model clearly.
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This explains the procedure involved in analyzing a simple model in Lattice 3D. There
are many other features and concepts associated with Lattice 3D that have not been explained
here as they are beyond the scope of this study.
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APPENDIX B
B.1 Lattice 3D Manual Notes (Bolander, 2011)
1. The program names (in bold font) are temporary. Please help us think of appropriate and
attractive names. There is no hurry.
2. The source code for each program is: pointGen (Fortran77); meshGen (C++); lattice3D
(Fortran77); and vPlot (Matlab).
3. meshGen requires two text files: input.in and point.in. Amongst other things, input.in
defines the physical dimensions of the model. Point.in provides the nodal coordinates
and can be generated with pointGen or by some other means.
4. Enter option 9 at the first prompt in meshGen and type input at the second prompt.
meshGen then produces two sets of text files:


z.nod, z.ver, z.lat for the lattice3D analysis program. The base name z can be
changed to keep the groups of input files to lattice3D separate; and



elemdat.m, elemdatext.m, facet.m, facetext.m, iseed.m for the graphics program
vPlot. These files are sufficient for plotting the undeformed configuration of the
model. Rename one of the nodal displacement files (*01.m through *n.m) output
from lattice3D to nDisp.m for seeing the model deformed configuration.
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B.2 Input and Output files

Figure B-1: Input and Output files for Lattice 3D
INPUT FILES:
1. Executive control data
2. Nodal coordinates
3. Vertex coordinates
4. Load (force, displacement and/or potential) boundary conditions
5. Lattice element data
6. Frame element data
7. Link element data
8. Fiber element data
OUTPUT FILES:
1. Echo of input data, convergence summary and array storage information
2. Nodal force reactions
3. Lattice element output
4. Frame element output
5. Link element output
6. Fiber element output
7. Nodal displacements and/or potentials (up to 20 files)
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B.3 Input file Data Formats
*.exc1
Executive Control Data
TITLE
IEXEC

NUMEG

IDIFF

ITERMX

IMODE

NTYPE(1) … NTYPE(NUMEG)5
TITLE

Title of less than 80 characters length (including spaces)

IEXEC

Execution Control Code
.Eq.0: data check (analysis routines not called)
.Eq.1: full run -- analysis routines called

NUMEG

Number of Element Groups2

IDIFF

Displacement/Diffusion Analysis Switch
.EQ. 0: displacement analysis
.GT. 0: coupled displacement-diffusion analysis
.LT. 0: diffusion analysis

ITERMX

Maximum Iterations3

IMODE

Output Mode4

1. Here and elsewhere, * indicates base file name.
2. NUMEG indicates the number of element types to be used in solving a particular problem
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3. ITRMX specifies the maximum allowable number of equilibrium iterations. If convergence
is not obtained within ITRMX iterations, the solution process is terminated.
4. IMODE.EQ.0 suppresses some of the output to screen
5. List of required element types (Lattice =1; Frame = 2; Link = 3; Fiber = 4)

*.lbc

*NSEQ

Load (force, displacement and/or potential) Boundary Conditions data
NSEQ

NLTF 1

NLTP

NS

NSTEP

NPLOT

NL

GF (I, 1, L)

GF (I, 2, L)

N

NE

NG

IB (6)

?2

N

NODE1

NODE2

NDIF

PN (6)

NSEQ

Number of Time Sequences

NLTF

Number of Load-Time Functions

NLTP

Number of Load-Time Points

NS

Time Sequence Number

NSTEP

Number of loading steps within time sequence N

NPLOT

Output Print Increment

DTIME

Time Step size within time sequence N
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DTIME

NL

Load-Time Function Number

GF (I, 1, L)

Time I for Load Function L

GF (I, 2, L)

Load Factor at Time I for Load-Time Function L

N

Node Number

NE

End node in generation sequence

NG

Generation increment3

IB(I) I = 1,6 Nodal Boundary Condition Codes4
.EQ. 1, Displacement specified (fixed if displacement is zero)
.EQ.0, Free
NODE1

Initial Node

NODE2

Final Node

NDIF

Nodal Number Increment

PN(I) I=1,6

Nodal load or displacement components

1. Set NLTF = 1 for current program implementation
2. Not used! Remove?
3. Boundary codes may be generated by specifying, along with the initial node number N, an
end node number to the generation sequence and a generation increment. For example, the
following line would assign nodes 12, 17 and 22 the same boundary codes given to node 7
(the boundary codes given here, 1 1 0, simulates a hinge support)
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7

22

5

1

1

0

4. Degrees of freedom which either are restrained (fixed) or are the dependent variable in a
constraint equation must be given a boundary condition code IB = 1. By default, all degrees
of freedom are given a boundary condition code IB = 0 (free) and therefore only the
restrained/constrained degrees of freedom must be explicitly identified. Translatory degrees
of freedom precede rotational degrees of freedom.

*.nod
Nodal Coordinates
NNOD
IDUM

XN(3)

ICODE

CVOL

NNOD

Total number of nodes

IDUM

Node number

XN

Nodal Point coordinates (x y z)

ICODE

Node Type1

CVOL

Volume of cell associated with node

Note:
1. See routine INELE in rbsn.f for meaning of ICODE. It is used to set element material type
and also for use in graphics post-processing
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*.ver
Vertex Coordinates
NVER
N

VER(3)

NVER Total number of vertices
N

Vertex number

VER Vertex Coordinates (x y z)
*.lat (read in RBSN)

*NUMAT

Lattice element material ID, element connectivity, and facet connectivity
NTYPE

NUMEL

NUMAT

N

EM

NFRAC

SCURV (4)

K

MAT

IEN (2)

N

NTYPE

Element Type Number

NUMEL

Number of Elements

NUMAT

Number of Element Material Sets

N

Material Number

EM

Young’s Modulus

NFRAC

Total number of fractures = Usually equal to one…

SCURV

Material Properties of Softening Curve (ft 1 w1 wc)2
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IJK(N)

K

Element number

MAT

Material Type1

IEN

Element Connectivity

N

Number of facet vertices

IJK

Vertex node numbers for each facet (facet connectivity)3

1. Usually this is over written through use of ICODE
2. The following figure shows the bilinear softening curve where w represents crack opening
and  represents stress

Figure B-2: Bilinear Softening Curve
3. This figure shows the representation of vertex node numbers. The vertices can be numbered
starting from any vertex but should be in a continuous counter clockwise order.
i and j are nodes.
I J K L M…. are Voronoi Vertices.
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Figure B-3: Voronoi facet along with lattice element

B.4 Output file Data Formats
*.OUT
Echo of input data, convergence summary and array info
Self explanatory

*.REA
Nodal Reaction Forces
N

REAC(6)

N

Node Number

REAC

Nodal Reactions
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*.DSP
Nodal Generalized Displacements
N

U(6)

N

Node number

U(1,2,3)

Displacement in the x ,y and z axes.

U(4,5,6)

?
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B.5 Information Manual
List of Programs, Inputs and Outputs

OBJECTIVE

PROGRAM
NAME

INPUT

OUTPUT

Point
Generation

point Gen

Dmin=minimum distance,

point.in file

Random seed







Delaunay/
Mesh Gen
Voronoi
1) meshgen_KSF
Tessellation of
30
point Set
2) meshgen_KSF
50

This file
contains all
the (x,y,z)
coordinates
of the
tessellated
points.
Group to
which they
belong such
as 1 or 2.
The number
of points in
each group.

point.in file

elementdat.m

input.in file

elementdatext.m
facet.m
facetext.m
iseed.m
files are
generated

Multi-physics
analysis

lattice3D

graphics
preprocessor

vplot

vplot
it already contains following files
1)
2)
3)
4)
5)
6)

vCutPlaneFacetCoordinates.m
vFacetCoordinates.m
vLoadDataArrays.m
vplot.m
vPlotDataStructures.m
vSetControlParameters.m
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it updates all the
input files every
time you change
the point.in file

graphics post- vplot
processor

elementdat.m
elementdatext.m
facet.m
facetext.m
iseed.m

nExteriorelemen
ts
nInteriorelemets
graph of the
voronoi cells

Details of the Program
1. POINT GENERATION:
It is a Matlab program used to generate random points using density function. In this
program minimum distance (dmin) is the input, which is used to as seed to generate
random points. The output file generates point.in file. It contains co-ordinates of all the
random points generated by the program arranged in the proper groups. It also contains
the information regarding the number of the points in each group.

2. MESH GEN:
It is the Matlab program used for:
1) Point Generation
2) Delaunay Generation
3) Voronoi Generation
4) Reinforcement
5) Delaunay - Voronoi
6) Delaunay – Voronoi- Reinforcement
7) Point-Delaunay-Voronoi

Point.in and input.in are the input files for this program.
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Input.in has information regarding the dimensions of the cube or box in which the point
are to be tessellated.

Meshgen generates following output files
1) elementdat.m: It has information regarding the element size
2) elementdatext.m: It has information regarding element size
3) facet.m: It has the information regarding the element facets
4) facetext.m: It has the information regarding the element facets
5) iseed.m: It has information regarding element co-ordinates.

GRAPHIC PREPROCESSOR:
It already contains following files
1)

vCutPlaneFacetCoordinates.m

2) vFacetCoordinates.m
3) vLoadDataArrays.m
4) vplot.m
5) vPlotDataStructures.m
6) vSetControlParameters.m
It has the information regarding the color and section of the graphic generated.
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GRAPHIC POSTPROCESSOR:
It uses output from mesh gen as input. It then along with the Graphic Preprocessor helps to
generate 3D graphic image of the cube with the Voronoi Cells. Each group of point is
represented in separate color. Also the interfacial cells are represented in different colors.

GENERAL STEPS INVOLVED IN TESSELLATION OF POINTS IN A BOX USING
POINT.GEN PROGRAM:
1. Specify the minimum distance (dmin) to obtain the point.in file.
2. Input the dimensions of box in input.in file.
3. Run the mesh gen program. There are various option available in this program.
According to the requirement type the number in front of the option and then ‘input’
and enter to run the program.
For Ex: 9 input will generate Point-Delaunay-Voronoi Tessellation.
4. This will generate elementdat.m, elementdatext.m, facet.m, facetext.m, iseed.m
5. Copy these 5files and paste them in the folder vplot.
6. Open the iseed.m file and edit the first line. Save the file.
7. Open the vplot.m file. Run the file in order to generate 3D Graphic view of the box
with the Voronoi Cells.
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APPENDIX C

In this section, the diverse capabilities of modeling with Lattice 3D is illustrated along with
the procedure to create fiber models using the program. The models shown below were
generated by improving the modeling parameters and with an idea to improve the meshing
features of the program.

C.1 Improving Meshing Capabilities
For any finite element program, meshing is important as it affects the results significantly.
The meshing in Lattice 3D can be improved by changing the minimum distance specified
between nodes or points. While creating the point set for any model, a user can strategically
place points inside the domain of the model if he wishes to. This is required because, the points
needed for applying the boundary conditions and loads on the models need to be placed
accurately and their node numbers need to be known while assigning the loads and boundary
conditions before the analysis stage of the program. This can be achieved by modifying the
SPOINT subroutine shown in Fig. A-4. The node numbers of the desired points can be displayed
by modifying the vPlotDataStructures.m file in the vPlot folder (Fig. A-16) under the plot points
routine. The coordinates of the points manually entered by the user in the SPOINT subroutine
have to be entered or a general mathematical expression can be defined. They have to be plotted
with a different color and their numberlabels in order to differentiate from the rest of the points.
Once this is done, the model can be viewed and it displays the points assigned by the user as
shown in blue along with their node numbers in Fig. C-1. The node numbers have to be noted
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down as they are required for defining the boundary conditions and the loads as shown in the
z.lbc file (Fig. A-12).

Figure C-1: Point set for three-point bending of a beam showing nodes of interest
Once this is done, the minimum distance between the points can also be specified by the
user to be uniform throughout the beam while running the pointgen.exe file (Fig. A-3). The
Delaunay and Voronoi tessellation for the point set shown in Fig. C-1 are shown in Fig. C-4 and
Fig. C-5 respectively.
In order to perform an accurate fracture analysis, the density of the set of nodal points can
also be varied across the span to obtain a fine discretization towards the mid-span region where
we expect the fracture to occur. This is an important feature of lattice models which is quite
similar to the mesh variability that we can achieve using traditional finite element meshes. Fig.
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C-2 shows the point set for a beam used for four-point bending analysis with a fine discretization
towards the mid span along with the points for applying loads and boundary conditions in blue.

Figure C-2: Random set of points for a beam under four-point bending
The Voronoi tessellation for the point set is shown in Fig. C-3 which more clearly shows
the graded mesh across the span of the beam. It should be noted that there are about 2000 nodes
in the figures displayed here and they require significant computational demand.

Figure C-3: Voronoi Tessellation for the beam with mesh gradation from center to the ends
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The graded mesh was achieved by specifying a linear equation for the minimum distance
criteria as a function of the length of the beam. This varies the minimum distance between the
nodes as they are being generated across the span of the beam assigning different minimum
distances for the checks at different points across the beam.
C.2 Fiber Modeling
As described in Chapter 4, the inclusion of fibers in lattice models is what makes the
program unique for modeling fiber reinforced cement composites. Lattice 3D can not only model
fibers, but also reinforcement of any type, for example steel reinforcing bars, prestressing
strands, wires etc. can be included in the models. They are defined as either frame elements or
link elements as shown in Section B.2 under the input files. However, this thesis discusses only
fiber elements since it is relevant to the main area of study which is on UHPC. The procedure for
generating fiber models is discussed in the following paragraphs.
The same set of points shown in Fig. C-1 is used to demonstrate fiber modeling. The
Delaunay and Voronoi tessellation of the set of points are required for running the fiber analysis
of the model and they are as shown in Fig. C-4 and Fig. C-5 respectively. The procedure is the
same until the File Transfer part described in Section A.3. Fibers are generated and analyzed
simultaneously in the analysis stage of the program and therefore no separate nodes or points
have to be generated for creating fibers. In the File Creation stage described in Section A.4,
another file which has the common name z.fib has to be created by the user according to the
format specified in Fig. C-6. This file is the main input file for creating fibers as shown in
Section B.2.
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Figure C-4: Delaunay Tessellation of the point set

Figure C-5: Voronoi Tessellation of the point set
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Figure C-6: Contents of z.fib opened in TextPad
The format of this file is as follows
1st Row:
2nd Row:

Element Type
Prop.curve

NFiber
EMf

NUMAT
EM

Dum Dum

Dia.

Vf

The element type should be 4 for fiber elements because it has been predefined in the
code. The NFiber refers to the number of fibers which has to be calculated manually by the user
and entered as the closest whole number. NUMAT which is number of material property should
be 1. The last two are dummy values. The property curve in the second row should be specified
as 1. The second number EMf is the elastic modulus of the fiber and EM is the elastic modulus of
concrete, Dia. is the diameter of the fibers and Vf is the volume fraction of fibers. Once the
values are entered in the specified format, the file has to be saved in the same folder along with
the analysis files (Fig. A-10). It should be noted that all values are in SI units.
The number of fibers is calculated based on the following formula

NFiber 
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l  b  h V f
v1 f

(C-1)

Where l,b and h are the length, breadth and height of the specimen or the volume of the
specimen if it is a different solid type, Vf is the volume fraction of fibers which is normally taken
as 1% or 2% and has to be substituted as 0.01 or 0.02 and v1f is the volume of one fiber which
can be calculated based on the formula

v1 f 

 d f 2l f
4

(C-2)

where df is the diameter and lf is the length of a single fiber. Along with this z.fib file, the
z.exc file (Fig. A-13) has to be modified as shown in Fig. C-7. The same values are input for
diameter and Vf in the z.fib file.

Figure C-7: z.exc file used for fiber analysis opened in TextPad
Here, the number 2 in second row signifies the number of element types and it has to be
entered as 2 since we have two types of elements now, namely fiber and concrete. The number 1
in the second row refers to the type of element which we are going to define by the number 4 in
the second column in second row. So, number 4 assigns type 4 element which is predefined as
fiber to the type of material 1. After this, the user can run the analysis along with the other files.
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Figure C-8: Runtime window of analysis program with fibers
The analysis window is as shown in Fig. C-8, the user needs to enter the filename at the
first prompt and then a random number generator seed at the second prompt which is used to
generate the random midpoint coordinates and the angle of orientation for the fibers. Once the
text COMPLETED FIBER GENERATION and a few lines of text after it props up, the user needs
to enter a random number at the third prompt and then at the fourth prompt, the user is asked for
the bond strength TAUF which again can be a random number within 10 if the exact value is not
known by the user. Once all these values are entered, the analysis of the beam is performed along
with the fibers and the results are generated with the set of files similar to the one shown in Fig.
A-15. The only difference is that, the analysis with fibers generates data and stores in the file
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named as z.092 and the results such as nodal forces and displacements are modified accordingly
for an analysis with fibers. The z.092 is as shown in Fig. C-9.

Figure C-9: z.092 file opened in TextPad showing information related to fibers
The last line of the z.092 file has to be checked by the user to see if there is any
incomplete data and if so, it must be deleted until the previous fiber data. The numbers 6095,
6096 signify the number of fibers and the incomplete data for the rest of the fibers have been
deleted since we had a total of 6111 fibers at the start of the analysis. The program omits a few
fibers in the end since it has an inbuilt calculator that calculates the number of fibers based on the
Dia., Vf and specimen dimensions entered by the user and cross checks with NFiber. The z.092
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has information such as the coordinates of the different points of the fibers, the fiber number, its
orientation angle etc. Now, in order to view the graphics, the z.092 file has to be renamed as e.m
and copied on to the vPlot folder (Fig. A-16) along with all other files. In vPlotDataStructures.m
file (Fig. C-10), under the subroutine plot fibers, the number for if command has to be changed to
1 to run this routine and nfibers has to be the same as the total number of fibers in the z.092 file
in Fig. C-9. The file is saved after this.

Figure C-10: vPlotDataStructures.m file opened in MATLAB
The graphics can be viewed similar to the procedure described in Section A.7. The
cracked configuration of the specimen is as shown in Fig. C-11. The fiber distribution in the
beam is as shown in Fig. C-12.
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Figure C-11: Voronoi model showing the crack pattern

Figure C-12: Random Fiber Distribution in the beam
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Figure C-13: Fibers bridging the crack
The user can also view both the Voronoi tessellation and the fibers together and see the
fibers bridging the cracks as shown in Fig. C-13. It should be noted that viewing these graphics
requires significant computational demand and can be very slow at times. This explains the
modeling of fibers in Lattice 3D. In the next Appendix, the experimental program is discussed in
detail.
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APPENDIX D
EXPERIMENTS

An approximate value for the tensile strength of UHPC was determined by testing briquette
specimens in tension according to the specifications in AASHTO T 132-87 (2004) standards.
The tensile strength from these tests was used to arrive at an approximate value which was used
as input in the lattice models. In this section, the method of preparation of UHPC, the test setup
and the test results are discussed.

D.1 UHPC Preparation
UHPC is prepared in a different fashion unlike normal concrete. One of the largest
manufacturers of UHPC is Lafarge North America, who call it Ductal and it is their trademark
product. UHPC is known by different names in different places around the world as described in
the first chapter.
UHPC was prepared in the exact same manner as described in the Material Property
Characterization Report published by FHWA in 2006 (Graybeal, 2006) . The mixing procedure
is explained in detail in the report. The constituents were added in the same ratio as described in
the report except that the accelerator was replaced by water. This was because the addition of
accelerator did not affect the behavioral properties of UHPC as investigated and concluded in the
report. The fibers used in this study had a diameter of 0.008 in. (0.2 mm) and a length of 0.5 in.
(12.7 mm).
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D.2 Constituents and their proportions
Following are the mix proportions that were used for this study:
Premix:
Portland Cement

44.44 lb/ft3 (712 kg/m3)

Fine Sand

63.7 lb/ft3 (1020.53 kg/m3)

Silica Fume

14.44 lb/ft3 (231.4 kg/m3)

Ground Quartz

13.14 lb/ft3 (210.63 kg/m3)

Total Premix

135.72 lb/ft3 (2174.5 kg/m3)

Final UHPC mix proportions
Premix

135.72 lb/ft3 (2174.5 kg/m3)

HRWA

1.92 lb/ft3 (30.8 kg/m3)

Steel Fibers

9.74 lb/ft3 (156 kg/m3)

Water

8.68 lb/ft3 (139.05 kg/m3)

D.3 Mixing Procedure
Once all the constituents were weighed, the premix was placed in the mixer pan and mixed
for 2 minutes. Half of HRWA was added to water. This water was added to the premix slowly
over a period of 2 minutes. After waiting for 1 minute, remaining HRWA was added over a
period of 30 seconds. Again, after a 1 minute gap, accelerator was added over the duration of 1
minute. Then, the mixing was continued until the UHPC turned from a dry powder into a thick
paste which took about 20 minutes. Once the paste was formed, fibers were added to the mix
over a period of 2 minutes. After the fibers are added, mixing was continued for a minute to
ensure that the fibers get dispersed well.
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Once the UHPC mix was ready, standard test for determining the flow of hydraulic cement
mortar, ASTM C 1437-01 (2001) was performed. The test is intended to verify if the mortar has
the specified flow level which depends on the water content of the mix. Once the flow test was
completed, the mix was ready to be placed into dog bone shaped molds and allowed to set. A
total of 12 briquettes were cast along with beams, cylinders and cubes. The specimens were
covered with plastic for a period of 48 hours and then removed from their respective moulds
after the 48 hour period. All specimens were allowed to cure in ambient air. The briquette
specimens were tested at the end of Day 2, Day 7, Day 14 and after 8 months. UHPC cubes were
tested on Day 2, Day 7, Day 14 and Day 28 to determine compressive strength of UHPC. Three
cubes were tested on each of the four days. The strengths are given in the section where results
for the briquette specimens are discussed.

Figure D-1: Beams, cylinders and cubes
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D.4 Testing
a) Test Setup
Figure 4.1 shows the test setup for the briquette specimens. The specimens are tested in
uniaxial tension by the standard test procedure according to AASHTO T 132-87 (2004)
specifications. The test method specified is specifically for hydraulic cement mortars. However,
the same method was employed for testing of briquettes made of UHPC. The briquettes are 3 in.
(76 mm) long, with a 1 in2 (645 mm2) cross section at the center.
The loading was applied at a constant rate as specified for cement mortars. In order to
observe the post cracking behavior, the displacement of the crosshead of the MTS was
controlled. The recommended loading rate as per AASHTO T 132-87 of 600 lb/min (2.7
kN/min) was modified and a displacement rate of 0.001 in/sec (0.025mm/s) as specified in
(Graybeal, 2006) was employed.

Figure D-2: Test setup of the briquette specimen
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Figure D-3: (Left) Specimen before the test, (Right) Specimen after the test
b) Specimens Tested
AASHTO T 132-87 (2004) recommends three or more specimens to be tested for each
test. Since only a total of 12 briquettes were cast and the intention was to test specimens on Day
2, Day 7, Day 14 and after a long period of time, only three specimens could be tested for each
case. AASHTO T 132-87 recommends that faulty specimens and those that provide strengths
differing by more than 15 percent from the average value of all briquettes tested at the same
period should not be considered in determining the tensile strength. One specimen each on Day
2, Day 7 and after 8 months was not considered based on these recommendations. AASHTO also
recommends that, after discarding specimens, if the number of specimens remaining is less than
two, a retest should be performed. Since we were left with minimum two specimens on each of
the four days, the calculation of tensile strength was executed.
c) Results
The following figures show the test results for briquette specimens tested at different time
periods after they were cast. Two specimens were tested on Day 2, two on Day 7, three on Day
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14 and two after 8 months. The plots show the load vs extension behavior of the specimens and
the figures below them show the crack location and direction of crack. Certain important
conclusions were drawn from the results of these tests.

Figure D-4: Load vs Extension Plot for Specimens tested on Day 2 after casting

Figure D-5: Crack location on the specimens tested on Day 2 after casting
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Figure D-6: Load vs Extension Plot for Specimens tested on Day 7 after casting

Figure D-7: Crack location on the specimens tested on Day 7 after casting
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Figure D-8: Load vs Extension Plot for Specimens tested on Day 14 after casting

Figure D-9: Crack location on the specimens tested on Day 14 after casting
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Figure D-10: Load vs Extension Plot for Specimens tested 8 months after casting

Figure D-11: Crack location on the specimens tested 8 months after casting
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Table D-1: Compressive Strength of cubes
Day 2

Day 7

Day 14

Day 28

Compressive

Compressive

Compressive

Compressive

Strength (ksi) Strength (ksi) Strength (ksi) Strength (ksi)
Specimen 1

6.875

17.250

17.500

18.125

Specimen 2

7.750

19.375

16.750

17.250

Specimen 3

8.125

16.250

-

17.375

Average Strength

7.58

17.625

17.125

17.583

1 ksi = 6.89 MPa
The tensile strength of the briquette specimens were calculated based on the procedure
specified in AASHTO T 132-87. The total maximum load (lbs) for each specimen was divided
by the corresponding cross sectional area at which the crack occurs. Wherever the area varied
more than 2 percent from the nominal value of 1 in2, the actual area was considered for
calculation. The resulting value of tensile strength was in pounds-force per square inch or
kilopascals. The values are converted to kilo pounds per square inch and given in Table D-2.
Table D-2: Tensile Strength of Briquette specimens
Day 2

Day 7

Day 14

8 Months

Tensile

Tensile

Tensile

Tensile

Strength (ksi) Strength (ksi) Strength (ksi) Strength (ksi)
Specimen 1

0.478

0.963

1.24

1.306

Specimen 2

0.630

1.143

1.1

1.019

Specimen 3

-

-

0.962

-

Average Strength

0.554

1.053

1.1

1.163

1 ksi = 6.89 MPa
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D.5 Conclusions
By looking at the location where the briquettes crack, it can be concluded that the place of
crack initiation and direction of propagation of a crack are highly uncertain and they entirely
depend on small internal defects. The defects can be due to two main reasons, (1) either due to
the orientation of fibers which may not be uniform at the place where the cracks occur and (2)
the distribution of fibers which may not be abundant at that location. These factors serve as
internal defects inside the specimen and influence the location of the crack. It can also be seen
that the specimens exhibit linear elastic behavior until the first crack is formed. Then, there is a
marginal decrease in load carrying capacity after the first crack and in some cases there is a
slight increase in the load carrying capacity to a value near or slightly less than the cracking load.
The compressive strength of UHPC seems to increase significantly from Day 2 to Day 7 and
beyond which it remains almost the same. In the case of tensile strength, the behavior is quite
similar, though there is a marginal increase in the values from Day 7 to 8 Months. It can be
concluded that UHPC attains much of its strength in the initial days after it has been cast.
However, it is recommended that a large number of cubes and briquette specimens be tested to
determine more accurately the strength values and the gain in strength beyond Day 7.
All the specimens demonstrate significant post-cracking capacity and there is gradual
decrease in the load carrying capacity beyond the first crack unlike normal concrete. This is
mainly due to the fibers bridging the micro-cracks and thereby increasing the load carrying
capacity of the specimens.
None of the specimens where steam treated and as said earlier, steam treatment can increase
the load carrying capacity of UHPC significantly. Steam treated specimens can also be tested and

182

the effect of increase in strength and load carrying capacity can be compared and studied. It
should also be noted that, due to variability between specimens, a large number of specimens
need to be tested to draw conclusions that can be relied upon. The material characterization
report describes a number of such tests. However, not many tests have been performed to study
the effect of fiber orientation and influence of the number of fibers crossing the failure surfaces.
Many factors such as the orientation of fibers with respect to the crack direction, length each
fiber extends into each side of the crack, should be considered in order to come to an accurate
conclusion. While casting, some external methods can be employed to align the majority of the
fibers in a particular direction and their influence on the strength can be studied.
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APPENDIX E

This section discusses some existing experimental data on buckling of a thin reinforced
concrete panel. An equation proposed for concrete plates for predicting the loads at which the
onset of buckling occurs is also discussed (Swartz, Rosebraugh and Berman, 1974).

E.1 Average Stress Equation
The dimensions of the plate (Fig. E-1) are a = 96 in. (243.8 cm), b = 48 in. (121.9 cm), and
the thickness h was varied between ¾ in. (1.9 cm), 1 in. (2.54 cm) and 1¼ in. (3.18 cm) with 8
plates for each thickness. Tests were carried out on a set of 24 plates (Swartz, Rosebraugh and
Berman, 1974). Reinforcement used was #12 steel wires placed in a two-way mesh pattern with
the same steel ratio in each direction. Four different steel ratios were used and the reinforcement
was placed in two different fashions, as a single layer at the middle of the plate and as two layers
with a cover of one bar diameter. The authors also proposed the following formulae for
generating the strength curve and to check if the test data coincides with the curve. The test
results are plotted alongside a buckling curve (Fig. E-2).



f cr  0.425 f c' B  B  4  B 2

2

2

1   h 
B
 l  
6  o 1     l   b 
Where, l = a/b if a/b < 1 and l = 1 if a/b



(E-1)

2

(E-2)

1 & a, b and h are the plate length, width and

thickness respectively (Fig. E-1). fcr is the concrete buckling stress and B is a geometric
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parameter which also takes the steel ratio into account. The formula was derived based on a few
assumptions made by the author. Initial imperfections in the plate are neglected & small
deflection theory is used. Plate is simply supported along all edges and the loads are applied at an
eccentricity. At the onset of buckling, concrete is assumed to be free of cracks and the stressstrain relationship is taken as parabolic for a concrete fiber in the plate. The material behavior is
assumed to be isotropic and tangent-modulus plate buckling theory (Timoshenko and Gere,
1961) is used.

Figure E-1: Plate model showing the dimensions
The variables in the equation are substituted as per the specified plate dimensions. Value of ρ
(steel ratio) was taken as 0.01 and f’c (28 day cylinder compressive strength) as given in Table E1 by the authors for the plate data and an average value of 3000 psi for generating the strength
curve. The measured plate thickness t is considered for plotting plate data and is given in Table
E-1. Fig. E-2 shows the strength curve along with the plate data.
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E.2 Strength Curve
Table E-1: Plate Test Data (Swartz, Rosebraugh and Berman, 1974)
Plate
Plate Thickness

b/t

Concrete

28 Day

Buckling

Compressive

fcr/f’c

Stress, fcr (psi) Strength, f’c (psi)

t (in.)
1

1.000

48.000

2575

3896

0.661

2

1.000

48.000

2065

3802

0.543

3

1.010

47.525

1806

3156

0.572

4

1.000

48.000

2530

3430

0.739

5

1.000

48.000

2550

3298

0.773

6

1.040

46.154

2470

3546

0.696

7

0.990

48.485

2590

3688

0.702

8

0.970

49.485

2050

3201

0.641

9

1.250

38.400

1908

2564

0.745

10

1.250

38.400

2295

2653

0.866

11

1.260

38.095

1922

2414

0.798

12

1.240

38.710

1924

2600

0.74

13

1.250

38.400

1565

2546

0.614

14

1.270

37.795

2027

2873

0.706

15

1.280

37.500

2265

2882

0.785

16

1.240

38.710

2030

2590

0.784

17

0.757

63.408

2185

3272

0.668

18

0.763

62.910

2160

3386

0.638

19

0.757

63.408

1872

3448

0.543

20

0.747

64.257

2040

3546

0.575

21

0.760

63.158

2070

3626

0.572

22

0.758

63.325

1854

3590

0.516

23

0.763

62.910

1805

3396

0.531

24

0.782

61.381

2010

3917

0.513
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Figure E-2: Plot of buckling curve and data for 24 plate specimens
It can be seen from the plot that the proposed formulae for onset of buckling (Eq. E-1 &
E-2) are conservative and can be used for design puposes. The author also mentioned that the
plates exhibited some post-buckling strength, which is a very important conclusion since UHPC
is also expected to have significant post-buckling strength as seen from the briquette tests in
Appendix D. The equations proposed by the authors for predicting the loads at which buckling
occurs in simply supported plates can be implemented in the Lattice 3D program in future
studies.
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