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3.1   Walker’s approach to the inverse method 

As an improvement on the Cook-Felderman technique used in chapter 2, the inverse method, 

used by Walker [5] drew some attention.  Part of his thesis was the development and application 

of an inverse method for the estimation of heat fluxes. 

 

The problem considered is not a true inverse problem, the reason being that the temperature in 

this case is measured on the surface.  In a true inverse approach, the temperature is measured a 

known distance beneath the surface, as demonstrated in figure 3.1. 

 

      

 

 

 

 

 

 

Figure 3.1 True inverse approach with the temperature measured a distance X1 below the 

surface. 

In the case where the temperature is measured on the surface, the problem is not a true inverse 

one anymore, but the inverse method can be used when the backside boundary condition is 

known, i.e. temperature, heat flux, semi-infinite solid, etc.  In a true inverse problem, the 

temperature is measured some distance below the surface and this temperature can not be used as 

the boundary condition. [13] 

 

The Walker method is more stable than the Cook-Felderman technique, because we do not take 

the derivative the of the temperature distribution.  The method is statistical in nature, which 

means that we can reduce the effects of noise on the data.  The Walker inverse method uses the 



Chapter 3 Walker’s inverse method.  34

temperature that was measured on the surface and calculates the temperature on the surface by 

guessing the flux and iterating.  This is basically done in the following way: 

Using an objective function (equation 3.1) and introducing a bias term, also known as a 

regularization term, the minimum of this objective function is calculated.  Note that matrixes and 

vectors are used in the equations.  

 

S = [Y – T(q)]Tψ-1[Y-T(q)] + α(Hq)T(Hq)   (3.1) 

   

Here α(Hq)T(Hq) is the regularization term, with H the matrix with first order finite difference 

scheme coefficients.  T(q)’s are the calculated temperatures and Y’s are the measured 

temperatures.  The matrix of measurement variances (ψ-1 ) is included as described by Beck[6].  

α is the regularization parameter.  This is necessary because all inverse problems are ill-posed.  

A consequence of this is that arbitrarily small changes in the data may lead to arbitrarily large 

changes in the solution.  Therefore it is important to use some stabilizing procedures. These 

procedures are called regularization methods.  To solve for this estimate, the temperature profile 

T(q) can be obtained with any appropriate forward conduction solution.  If it is required to 

include temperature dependent properties the solution will be non-linear.  The solution will be 

formulated in terms of the flux correction ∆q.  This means that q = qo + ∆q, where qo is the flux 

at the previous iteration and q is the new guess.  Using a Taylor series expansion of temperature 

and then equating to zero the differentiated objective function, a linear set of equations can be 

found.  ∆q can then be found from: 

 

∆q = [XTψ-1X + αHTH]-1[XTψ-1(Y-To) - αHTHqo ]  (3.2) 

 

Here X is the sensitivity matrix that is defined as the derivative of the temperature with respect to 

the boundary flux.  An iterative approach is used to calculate the flux correction (equation 3.2) 

based on an initial guess (this initial guess can be zero) and then updating the guess until the 

correction is arbitrarily small.  To achieve biasing one must examine future time steps.  In this 

case a first order regularization method is used and the minimum number of future time that can 
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be used is two.  More than two future time step evaluations will add too much bias.  The 

regularization parameter also adds bias.  The optimum can be determined when changing the 

parameter until the function value of the objective function is in the same order as the noise on 

the experimental data.  A value of α = 0.00001 K2m4/W2 was found to work best.     

 

Thus, assume that the true surface heat flux at a certain point in time is x.  See figure 3.2.  The 

code assumes that the flux is zero in the beginning.  With this zero flux, the temperature profile 

through the material is generated by the code.  The temperature profile will  be a constant. 

 

 

 

 

 

 

 

 

Figure 3.2 Schematic inverse approach after one step. 

Comparison of the calculated surface temperature to the temperature measured by the surface 

thermocouple shows that it is necessary to correct the guessed flux.  During the next iteration a 

new flux is estimated.   

 

 

 

 

 

 

 

Figure 3.3 Schematic inverse approach after a subsequent step. 
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This process is repeated until the calculated surface temperature history matches the true history.  

All the temperature profiles in the solid have the same temperature at infinity, the original 

temperature of the object, because the object is assumed to be semi-infinite.  This creates a 

problem when the duration of the experiment is too long for a given thickness of material, and 

that assumption is not valid any more.  This does not mean that the inverse technique is the 

problem, but only the fact that this specific program does not make provision for a transient 

temperature at the interior boundary.  To see the effect that this will have on the solution, see 

Chapter 6.  The final flux is the flux that matches up the temperature histories the best i.e. the 

best guessed flux, for a specific point.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.4 Flowchart showing the logic behind the inverse approach. 
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Time restriction 

It is important to remember that the code presented by Walker is unable to accommodate a time 

dependent temperature at the interior boundary.  The idea in the new code is to move away from 

this restriction.  This will be discussed in detail in the following chapter.  If the original code is 

used, the heat flux will diverge from the real flux through a finite thickness surface after a few 

seconds.  

 

According to Diller and Kidd [2] the limiting time is calculated as follows: 

( )
8.1≤

t
L
α

      (3.3) 

This is not a universal value and some researchers quote values of 1, 2 or sometimes 5.  A 

average value of 2 will be used in this text.  This relation should hold to keep the percentage 

error less than one percent.  If, for example, the length is 0.025m and the thermal diffusivity, α is 

74.404 x 10-6 m2/s, the time will be:   

 

t ≤ 2.10s     (3.4)  

 

This means that for any time longer than 2.1s, the semi-infinite approximation will no longer be 

valid.  The run time in most cases considered here is much longer.  This means that a second 

boundary condition at a finite depth in the body needs to be included.   


