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Abstract 

THE FLUID-COUPLED MOTION OF MICRO AND NANOSCALE 

CANTILEVERS 

 

BY 

 

CARLOS CARVAJAL 

 

An understanding of the fluid coupled dynamics of micro and nanotechnology has the 

potential to yield significant advances yet many open and interesting questions remain. As an 

important example we consider the coupling of two closely spaced cantilevers immersed in a 

viscous fluid subject to an external driving. While one cantilever is driven to oscillate, the 

adjacent cantilever is passive. This system is modeled as two simple harmonic oscillators in 

an array whose motion is coupled through the fluid. Using simplified geometries and the 

unsteady Stokes equations, an analytical expression is developed that describes the dynamics 

of the passive cantilever. Full numerical simulations of the fluid-solid interactions that 

include the precise geometries of interest are performed. The analytical expressions are 

compared with the numerical simulations to develop insight into the fluid-coupled dynamics 

over a range of experimentally relevant parameters including the cantilever separation and 

frequency based Reynolds number. In addition, a shaker-based actuation device is 

investigated in order to demonstrate its feasibility for use with micro and nanoscale systems.  
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1 General Overview 

The dynamics of an array of cantilevers in fluid can be exploited to make measurements with 

unprecedented sensitivities. Studying the dynamics of single molecules in their natural 

environment is one exciting possibility. In order to accomplish such a possibility, it is 

important to first understand the fluid-coupled dynamics of an array of cantilevers, which 

will benefit both biological and medical applications. As a result, new knowledge about these 

interactions needs to be developed.  

 

To increase our understanding of the fluid-coupled dynamics of an array of cantilevers, an 

analytical expression is developed to predict the amplitude and phase of a fluid-coupled 

cantilever. The case of interest is an array of two cantilevers immersed in a viscous fluid 

separated by a known distance. One cantilever is driven to oscillate causing the surrounding 

fluid to move. The moving fluid then causes the neighboring cantilever to oscillate. Using 

both analytics and finite element numerical simulations we build an understanding of the 

fluid-coupled dynamics. The work presented here is summarized below. 

 

1. Modeling the behavior of a single driven cantilever. The first part of this thesis 

considers a single cantilever immersed in a stationary, unbounded fluid. The 

cantilever is driven to oscillate sinusoidally. An analytical solution to the unsteady 

Stokes equations is used to provide a basic understanding of the fluid dynamics and 

the force that is exerted on the cantilever. 

 

2. The fluid coupling between a single cantilever and a piezoshaker. We study the 

dynamics of a single cantilever immersed in fluid that is driven to oscillate by placing 

the cantilever and liquid on a piezoshaker. We determine the usefulness and 

efficiency of a piezoshaker device when the elastic objects are micro and nanoscale.  
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3. Analytical modeling of an array of cantilevers in fluid. We study the dynamics of an 

array of two cantilevers immersed in a fluid. One cantilever is driven externally and 

the adjacent cantilever oscillates because of the resulting fluid motion. An analytical 

expression is developed to predict the amplitude and phase of the fluid-coupled 

cantilever.  

 

4. A numerical investigation of an array of cantilevers in fluid. We have performed 

finite element numerical simulations for the precise geometries of interest to validate 

our analytical predictions. The numerical simulations solve the complete fluid and 

solid equations and include the resulting fluid-solid interactions. 

 

The overall contribution of this work is that we have shown that the piezoshaker method is 

promising for the actuation of micro scale systems that are immersed in a viscous fluid. Also, 

we have provided an analytical expression that describes the fluid-coupled dynamics of an 

array of cantilevers immersed in a viscous fluid, where one cantilever is driven externally 

and the adjacent cantilever oscillates because of the resulting fluid motion. The analytical 

expressions are validated using finite element numerical simulations for the precise 

geometries of interest and are anticipated to be of broad interest.  

 

 

 

 

 

 

 

 

 



 

 3 

2 Introduction 

Richard Feynman’s famous talk “There is plenty of room at the bottom” in the 1960’s 

encouraged people to explore the interesting and challenging world at small scales where 

new and exciting phenomena can be discovered (1) (2). In order to have a better 

understanding of the length scales under study: a human hair has a diameter of about 0.1 mm, 

and a nanotube has a diameter of about 1nm . This implies that 10 

billion nanotubes can be placed up against a single human hair. Other examples of objects of 

various length scales are illustrated in Figure 1.  

 

 

 

 

 

 

 

Figure 1 - Some illustrative examples of objects over a large range of length scales (shown in 

meters).  

 

Technologies at the micro and nanoscales are known as Micro-Elecromechanical Systems 

(MEMS) and Nano-Electromechanical Systems (NEMS). These systems are still in their 

infancy. As technology improves and smaller devices are created the complexity of these 

devices increases. Having a basic understanding of the physics describing these systems is 

necessary for the new technology being developed.  

    

In the last few decades, several methods have been developed to study single molecules. The 

Atomic Force Microscope (AFM) invented by Binnig, Quate, and Gerber in 1986 is capable 

of imaging, measuring, and manipulating matter with atomic precision (3). An important 

component of the AFM is an oscillating cantilever. Cantilevers are commonly fabricated 
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Diameter 
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Diameter 

of a proton 
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from silicon (Si), silicon nitride (SiN), or polymer (4). A weakness of the AFM is that it 

sometimes causes damage to samples. Methods utilized to displace the cantilever include: 

thermoelastic, magnetomotive, optical interferometric, and piezoelectric actuation. 

 

 In thermoelastic actuation, a gold layer is attached to the top of the beam which is heated by 

means of local Joule heating causing elastic expansion (5) (6). Magnetomotive actuation is a 

method where a doubly-clamped beam is placed in a uniform magnetic field and by applying 

a current to the beam, a driving force is generated causing the beam to displace (7). Optical 

interferometric actuation uses an amplitude-modulated driving diode laser to drive the beam 

and a continuous wave detection laser to read out the data (8) (9).  A challenge that the 

optical interferometric method faces is the difficulty in aligning the laser as well as accessing 

dimensions far below the diffraction limit (10).  

 

Lastly, the piezoshaker method uses a cantilever which is mounted onto a piezoelectric 

ceramic actuator disk (11) (12). The disk is excited by an input voltage causing the cantilever 

to displace. Current research shows that this method can be extended into the nanoscale (11). 

The piezoshaker method not only eliminates difficulties such as laser alignment, but is 

capable of accessing dimensions far below the diffraction limit. Also, the piezoshaker is a 

much simpler method for instrumentation design.  

 

An array of cantilevers operating simultaneously will lead to more powerful, faster, and 

efficient technologies. An advantage is the ability to make multiple measurements 

simultaneously and to process the information in real time.  

 

Cantilever arrays can be used as biosensors for medical diagnostic applications. Such 

applications include: protein detection, DNA hybridization, and drug discovery. Monitoring 

physiological parameters simultaneously and in real time like protein biomarkers can save 

lives. Experiments have demonstrated the ability to measure multiple label-free proteins by 

means of a cantilever beam array sensor in real-time (13). Another application is DNA 
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hybridization. DNA hybridization quantifies the efficiency and speed of two single strands of 

DNA to reassociate and form a double-stranded DNA. DNA hybridization is a fundamental 

application for studying the biological process of replication, transcription, and translation 

(14) (15).  

 

Examples of cantilever arrays can also be observed in nature such as cilia and a gecko’s 

setae. In the human lung cilia are little hairs that act like tiny brooms to push the bacteria 

from the lungs out into the throat, preventing illness. It is fascinating the way cilia work 

together in a cooperative matter to protect the human body. Gecko’s setae are adhesive foot 

hairs which allow geckos to climb on vertical surfaces. A single toe can support the entire 

body weight. An example of an array of setae is shown in Figure 2. 

 

 

Figure 2 - A micrograph of the setae of a gecko. In the box on the lower left individual setae are 

visible (image reprint from ref. (16)). 

  

Previous work includes the study of the hydrodynamic interaction between two micron sized 

beads immersed in fluid which were held at varying distances in optical traps. The bead 

displacements were then measured to quantify the Brownian dynamics (17). The study 

showed that the cross-correlations of the bead positions have time delayed anticorrelations. 
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Furthermore, it provides a framework for modeling the dynamics of microscopic biological 

systems such as proteins, organelles, and even cells.  

 

The coupled motion of two micron sized beads immersed in fluid which were tethered 

together by an extended piece of DNA was also considered (18). This was done by using 

femtonewton force spectroscopy (FFS) to measure the thermal fluctuations of different DNA 

molecules at different extensions. FFS is a technique that allows the study of molecules and 

chemical bonds. This study showed unequal physical properties along the longitudinal and 

transverse axis of the DNA molecule, which may reveal exciting new physics.  

 

The dynamics of single micro-cantilevers oscillating in fluid has been considered (19) (20) 

(21).  This has been examined analytically and numerically by solving the incompressible 

Navier-Stokes equations coupled to the beam equation. The numerical calculations were 

conducted using fully finite element-based fluid structure interaction model. Results have 

shown that the force acting on the micro beam is a combination of viscous dissipation and an 

added mass effect, which corresponds to the mass of the cantilever and the mass of the fluid. 

The dissipation arises from localized fluid shear near the edges of the vibrating micro-

cantilever. Furthermore, it is shown that existing two-dimensional analytical models tend to 

over predict the added mass effect (21).  

 

The hydrodynamic coupling between micro-cantilevers which are driven coherently with the 

same frequency oscillating in viscous fluid has been investigated (22) . The unsteady Stokes 

equations are solved using a boundary integral technique. This study shows that the 

hydrodynamic coupling depends on the following parameters: the Reynolds number, 

separation between the beams, and the relative phase between the two microbeams. This 

implies that the hydrodynamic coupling between micro-cantilevers can be controlled by these 

parameters in a collective manner in order to minimize or maximize the loading on individual 

microbeams. 
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The stochastic dynamics of micron and nanoscale oscillators immersed in a viscous fluid has 

been studied (23)(24).  The dynamics are dominated by the thermal bombardment of fluid 

molecules by Brownian motion. A thermodynamic approach based on the fluctuation-

dissipation theorem is applied in order to quantify the stochastic dynamics of closely spaced 

micron and nanoscale objects. Results suggest that one can improve force resolution using 

correlated measurements. These results will help the design of future micro and nanoscale 

technologies that utilize thermal fluctuations. 

 

The Brownian motion of a pair of silica particles trapped by a pair of laser traps was studied 

in order to measure the viscoelastic properties of the fluid (25).  The cross-correlations of the 

particles displacement were used to analyze the experimental data. It was shown that the 

trapping causes anticorrelations in the motion of the two particles at low frequencies, which 

depends on trap strength and the shear modulus of the viscoelastic media.  
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3 Analytical solution for an oscillating cantilever in fluid 

Determining the fluid-coupled dynamics of an array of micro-scale cantilevers is challenging. 

In order to understand the fluid-coupled dynamics, it is appropriate to first study the 

dynamics of a single cantilever in fluid.  

 

3.1 Flow field 

 

Consider a long slender cantilever  that is fixed at the base and free at the tip as 

shown in Figure 3. The cantilever is driven externally such that the time dependent 

displacement of the cantilever tip is given by  

 

                                                   (1) 

 

where  is the amplitude and  is the driving frequency. 

 

 

 

 

 

 

 

 

 

 

Figure 3 - A cantilever of length L, width w, and height h immersed in a viscous fluid. The cantilever 

is driven with a displacement given by x1(t).  
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The properties of the beam used here are summarized in Table 1 (this is the C2 cantilever of 

Ref. (26)). 

 

Table 1 - The beam geometry: length L, width w, thickness h. The resonant frequency in fluid  and 

spring constant k. The beam is made of silicon with Young’s modulus Ec = 1.74 10
11

 N / m
2
, and 

density c = 2320 kg / m
3
. The fluid is water with density f  = 997 kg / m

3
, and dynamic viscosity µ = 

8.59  10
-4

 kg / m
 
s. 

 

     

     

 

 

For long and slender beams most of the fluid flows around the sides. Overall, the flow over 

the cantilever tip has little effect on the dynamics. We assume that the cantilever is infinite in 

length and study a two dimensional cross section (20). We approximate the rectangular cross 

section of the cantilever to be cylindrical with a radius given by  (19) (20). Tuck 

demonstrated that the hydrodynamic functions for a circular cylinder and an infinitely thin 

rectangular beam are approximately identical. The difference between the two never exceeds 

15% over the range of four orders of magnitude of the frequency based Reynolds number.  

 

We will use cylindrical coordinates , where  is the radial coordinate,  is the angular 

coordinate, and  is the axial coordinate. The cylinder radius  and is shown in 

Figure 4. 

 

It is worthwhile to briefly justify the use of continuum hydrodynamics. The assumption can 

be discussed using the Knudsen number , where  is the mean free path of a 

molecule between collisions and  is a characteristic length scale.  For  the 

continuum hypothesis is valid because the mean free path between the molecules is much 

smaller than the characteristic length scale. Furthermore, comparison between experiment 
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and theory has shown that for values  the fluid can be treated as a continuum 

without introducing significant error (27). The mean free path in a liquid is approximately the 

diameter of a single molecule. For water  and if we take  to be the cylinder 

radius  this yields  and the continuum assumption is valid.   

 

 

 

 

 

 

 

Figure 4 - An infinite cylinder of radius a oscillating in a viscous fluid with a prescribed 

displacement x1(t). The coordinate r is measured from the center of the cylinder and  is the 

clockwise angle measured with respect to the vertical.   

 

The equations governing the fluid motion are the incompressible Navier-Stokes equations 

 

                                         (2) 

                                                                 (3) 

 

Where  is the fluid velocity,  is the pressure,  is the fluid density,  is time, and  is the 

dynamic viscosity. Eq. (2) represents the conservation of momentum (where the body forces 

have been neglected). Eq. (3) represents the conservation of mass for an incompressible fluid.  

 

Using   and  as the characteristic length, time, velocity and pressure (a 

viscous based pressure) scales the nondimensional equations are 

  

                                         (4) 

  

  

  

  

  



 

 11 

 

                                                                      (5) 

 

where  and   are the velocity and frequency based Reynolds numbers, respectively. The 

velocity based Reynolds number is given by 

 

                                                            (6) 

 

where  is the kinematic viscosity.  is a ratio of convective inertial forces to viscous 

forces. Since both the characteristic length and the velocity scales are small, it implies that 

the system is viscosity dominated. This means the nonlinear convective inertia term  

becomes negligible when . Setting the characteristic length scale equal the radius of 

the cylinder , and the characteristic velocity scale as  (where we 

have chosen  to represent the small deflections characteristic of these systems) 

yields . Therefore the nonlinear term will make a small contribution. 

  

The frequency based Reynolds number is given by 

 

                                                                   (7) 

 

which is the ratio of  local inertial acceleration forces to viscous forces. For the case of 

interest here . This indicates that the local inertial term  in Eq. (4) is 

significant, making the analysis more difficult. The simplified equations become 

 

                                                            (8) 

                                                                    (9) 
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which are the unsteady Stokes equations. The analytical solution for the flow field was given 

by Stokes in 1850 (28).  The details of this derivation are given in Appendix A. The solution 

to Eq. (8) and Eq. (9) are  

 

                          (10) 

 

                          (11) 

 

where  ,  is the modified Bessel function of the second kind, and  is the 

derivative of .  and  are the radial and angular flow field velocities, respectively.   

 

A slice of interest of the flow field is at  (see Figure 4), where the velocity in the 

radial direction  . This is relevant to the study of the fluid-coupling of cantilevers 

when they are separated by a distance  along the  axis (illustrated in Figure 11).  

is complex and the real and imaginary parts represent a phase shift of  in time. The case 

of sinusoidally driven displacement corresponds to the real part of the complex velocity field. 

The imaginary part would correspond to a cosine driven displacement.  

 

Near the oscillating cylinder a viscous layer develops called the Stokes layer. The Stokes 

layer  describes the distance from the oscillating cylinder over which the bulk of the fluid 

momentum is able to diffuse. The Stoke layer is given by , or  

 

                                                          (12) 

 

For the case of interest here (shown in Table 1) .  

 

To have a better understanding of the flow field,  is evaluated for a single period of 

oscillation, , at times T/4, T/2, 3T/4, and T as shown in Figure 5.  
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Figure 5 - The flow field caused by an infinite cylinder with radius a oscillating in fluid. (Dashed 

Line) Normalized Stokes layer with radius a. (Left axis) Normalized real part of the flow field 

velocity with the maximum velocity U0. (Bottom axis) Normalized radial distance.   

  

Figure 5 shows waves of momentum propagating in the radial direction and dissipating as 

time increases. The flow field is different when the cylinder is moving up (i.e. for time T) or 

down (i.e. for time T/2). It is clear that in the radial distance of  the flow is in the 

viscous regime as expected.  

 

An additional diagnostic of interest is the quality factor . The quality factor is the ratio of 

the energy stored in a simple harmonic oscillator to the dissipated energy for a single 

oscillation. When  is high, the system has little energy dissipation. When  is low, the 
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system has significant energy dissipation. The expression of  for an infinite cylinder is 

given by (20) 

                                                 (13) 

 

where  and  are the real and imaginary parts of the hydrodynamic function 

 that is given by  

                                  (14) 

 

The hydrodynamic function is a complex function. The real part denotes the added mass, 

which corresponds to the mass of the cylinder and the mass of the fluid  (29).  is given 

by 

                                                (15) 

 

where  is the actual cantilever mass and for the fundamental mode of oscillation for a 

beam . The constant  is the mass loading parameter (29), which is the ratio of 

the mass of a cylinder of fluid with radius  to the actual mass of the cantilever, 

given by   

                                                               (16) 

 

The imaginary part denotes the viscous damping  (29), given by  

 

                                                      (17) 

3.2 The force acting on an oscillating cylinder in fluid 

 

 The force acting on an oscillating cylinder in fluid is derived in detail in Appendix B 

following the work of Stokes (28). The final expression is  



 

 15 

  

                                   (18) 

 

where  is the mass per unit length of the fluid displaced by the cylinder and 

 is the hydrodynamic function given in Eq. (14).  can also be expressed as a damping 

force that is proportional to the relative velocity  and the viscous damping 

. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 16 

4 The fluid coupled motion of a single cantilever and a piezoshaker 

The piezoshaker method is an attractive method of actuation. For micro a nanoscale systems 

 is small implying that the system is dominated by viscous forces. Determining how low 

of a Reynolds number it is still possible to see any significant oscillation of the beam is 

important for the usage of this method. This is of importance to our experimental 

collaborators because it is a readily available actuation mode for use with their current 

generation of NEMS devices. We emphasize that the rest of this thesis is valid for any 

actuation method and that this chapter stands alone as a study of one particularly interesting 

actuation mechanism. 

 

Consider a cantilever with mass  and spring constant  that is immersed in a viscous fluid 

and placed on a piezoelectric actuator. Figure 6 illustrates a piezoshaker where the 

displacement of the cantilever and the displacement of the actuator are represented by  

and , respectively.  

 

 

 

 

 

 

 

 

 

 

 

Figure 6 - A cantilever of mass m and spring constant k immersed in a viscous fluid. The beam is 

excited by a piezoelectric shaker which has a prescribed harmonic displacement y(t). The 

displacement of the cantilever is given by x(t). 
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Again we consider the flow over a two dimensional cross section of the beam which is 

modeled as a cylinder (20) and is shown in Figure 7.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7 - An infinite cylinder of mass per unit length m with spring constant k immersed in a 

viscous fluid. The cylinder is excited by a piezoelectric shaker which has a prescribed harmonic 

displacement y(t). The displacement of the cylinder is given by x(t). 

 

 

 

 

 

  

 

 

 

 

Figure 8 - Free body diagram of the forces acting on the mass m.  

   

    

  

 

 

 

  

 

  

 

 

  



 

 18 

The forces acting on the mass  are shown in Figure 8, where the viscous fluid damping is 

denoted by . The governing equation of motion is given by:    

 

                                        (19) 

 

where the piezoshaker displacement is given by, 

 

                                                      (20) 

                                                              

where  is the amplitude of the piezoshaker and  is the driving frequency. Substituting 

 in Eq. (19) yields, 

 

                     (21) 

 

Eq. (21) is a linear second-order ordinary differential equation with solution (30)  

 

                    (22) 

where 

 

 

 

and the natural frequency is . Noting that 

    

                                                            (23) 

yields 

                            (24) 
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where, 

 

 

 

and  When the cylinder is driven at its resonant frequency . Assuming 

that both the shaker and the cylinder are in phase; Eq. (24) simplifies to, 

 

                                                    (25) 

 

Eq. (25) represents the maximum displacement of a simple harmonic oscillator with respect 

to the maximum amplitude of the shaker . Note that for any given , this equation yields 

. When  = 0 (i.e.  = 0), , implying that both the cantilever and the shaker are 

moving as a solid body. In order to understand if the cantilever has any significant 

displacement relative to the piezoshaker, the normalized displacement of the cantilever is 

shown in Figure 9.  

 

Since some micron and nanoscale systems of interest have spherical geometries (17) 

(18).  It is interesting to include  for a sphere of radius ,  

 

                                                        (26) 

 

where the Stokes drag law for a sphere is given by .  

 

Figure 9 shows that the piezoshaker method is promising. For a better perspective of the 

usefulness and the efficiency of the piezoshaker method for the systems of interest, a 

microscale cantilever (the C2 cantilever (26)), and a nanoscale cantilever (29) were used as 

representative examples in Figure 10.  for these devices are given in Table 2. 
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Figure 9 - Normalized displacement of an infinite cylinder and a sphere immersed in a viscous fluid 

utilizing a piezoshaker as the actuation method; (Solid Line) infinite cylinder; (Dashed Line) sphere. 

(Left axis) Normalized displacement of the cantilever beam with the maximum amplitude of the 

shaker A.  

Table 2 - Frequency based Reynolds number Rω  for a microscale cantilever (the C2 cantilever) and a 

nanoscale cantilever. 

 

 Microscale cantilever Nanoscale  cantilever 

 38.7 0.026 
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Figure 10 - The maximum amplitude of oscillation of an infinite cylinder and a sphere using the 

piezoshaker method with water as the working fluid: (Solid Line) infinite cylinder; (Dashed Line) 

sphere. (DashedDotDot Line) Representation of a nanoscale cantilever. (DashedDot Line) 

Representation of the microscale cantilever. (Left axis) Normalized displacement of the cantilever 

beam with the maximum amplitude A of the shaker.   

 

Figure 10 shows that for the nanoscale cantilever the displacement is approximately a tenth 

of the actuators displacement. Likewise, for a nanoscale spherical geometry, the 

displacement is ten-thousandths of the actuators, implying that the piezoshaker method is not 

suitable for nanoscale systems. However, for the micron cantilever of interest, the 

displacement is slightly greater than the piezoshaker. Similarly, for micron scale spherical 

geometries the displacement is greater than the piezoshaker. It can be shown that for the 

system of , a system will have a greater displacement than the piezoshaker because 

the damping acting on the system is small and the system is oscillating at its resonance 
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frequency. As a result, the piezoshaker method is promising for the actuation of micro scale 

systems that are immersed in fluid.  
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5 The fluid-coupled dynamics of an array of two cantilevers 

We now study the fluid-coupled dynamics of an array of two micro-scale cantilevers 

immersed in fluid. We will develop an analytical expression that governs the dynamics of the 

fluid-coupled cantilever. The expression determines the amplitude and phase of the fluid-

coupled cantilever. 

 

Consider two cantilevers immersed in fluid that are separated by a distance , illustrated in 

Figure 11. The driven cantilever on the left has a displacement given by  

 

                                                   (27) 

 

where  represents the amplitude of oscillation. The beam motion causes the fluid to move 

which causes the right cantilever beam to move.  

 

 

 

 

 

 

 

 

 

 

 

Figure 11 - An array of two cantilevers of length L, width w, and height h that are separated by a 

distance s, which are immersed in a viscous fluid. The left cantilever has a displacement given by 

x1(t). The right cantilever beam has a displacement represented by x2(t), which is being moved by the 

fluid motion caused by the left cantilever. 
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As before, the cantilevers are modeled as infinite cylinders as shown in Figure 12. 

 

 

 

 

 

 

 

  

 

 

 

 

Figure 12 - An array of two infinite cylinders of radius a, separated by a distance s which are 

immersed in a viscous fluid. The left cylinder has a prescribed displacement given by x1(t). The right 

cylinder of mass m has a displacement x2(t) caused by the fluid motion. The right cylinder has a 

spring constant k.  

 

A free body diagram of the forces acting on the right cylinder is shown in Figure 13.  

 

 

  

  

 

 

 

  

Figure 13 – Free body diagram for the right cylinder. 
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, is the fluid force acting on the right cylinder. The equation of motion for the right 

cylinder is  

                                                  (28) 

 

The fluid force, , acting on a single oscillating infinite cylinder immersed in an 

unlimited mass of fluid is given by  

 

see Appendix B for more details. The fluid force acting on an oscillating cylinder can be 

expressed as, 

                                                         (29) 

 

where the viscous damping is  

                                                   (30) 

and velocity of the cylinder is, 

                                                          (31) 

 

The fluid force acting on the right cylinder is   

 

                                                     (32) 

 

where the velocity of the flow field,  for . The velocity  

is relative to the right cylinder. The equation of motion is  

 

                                           (33) 

where the natural frequency is given by , and the mass normalized viscous 

damping is . Eq. (33) is a linear second-order differential equation. We solve this 

using the Fourier transforms. We define the transform pair as, 
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                                               (34) 

 

                                                (35) 

 

Transforming into Fourier space Eq. (33) becomes 

 

                               (36) 

Where  can be written as,  

 

 

and 

 

                                   (37) 

 

The Fourier transform of  is  

  

              (38) 

 

which yields  

                                             (39) 

 

where  is the Dirac delta function. The solution for  is 

 

                                                (40) 
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where    is the left cylinder’s driving frequency. Assuming that the right cylinder’s 

frequency is equal to the left cylinder’s (i.e. ), Eq. (39) simplifies to 

 

                                         (41) 

where 

                                                 (42) 

 

to yield 

                                            (43) 

 

 If the right cylinder is driven at its resonance frequency (i.e. ); this simplifies to  

 

     (44)  

 

The right cylinder’s displacement will be of the form 

 

                                              (45) 

 

 The amplitude of oscillation for the right cylinder is given by, 

 

                                              (46) 

 

where the * represents the complex conjugate. The phase of oscillation with respect to the 

driving cylinder is given by 

                                                 (47) 
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The effects of the driven cylinder on a adjacent cylinder in terms of the amplitude, , and 

the phase, , are illustrated in Figures 14 and 15 for a range of frequency based Reynolds 

number with specific values given in Table 3. 

 

Table 3 - The five different frequency based Reynolds number explored. 

 

 0.026 1 10 38 100 

 

Figure 14 illustrates that the amplitude of oscillation decays quadratically as the normalized 

separation, , increases, as expected from Eq. 44. As  decreases the amplitude of 

oscillation for the right cylinder increases. This is because viscous forces increase with 

decreasing . Similarly, as  decreases the Stokes length increases as .   

Figure 15 shows that for  the phase of oscillation with respect to the driving cylinder 

is nearly constant and out of phase by ~ 2.8 radians (160
o
) as the normalized separation, , 

increases. For  an interesting phase variation occurs due to the fact that   is 

increasing making the flow dominated by viscous effects. Therefore for  the fluid 

coupling can be controlled by the varying normalized separation, . 
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Figure 14 - The amplitude of oscillation, Eq. (46), for a range of frequency based Reynolds number 

Rω. (Left axis) Normalized amplitude of oscillation of the right cylinder, A02,with amplitude of 

oscillation of the left cylinder A01. (Bottom axis) Normalized separation. 
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Figure 15 - The phase of oscillation, Eq. (47), for a range of frequency based Reynolds number Rω. 

(Left axis) Normalized amplitude of oscillation of the right cylinder, A02, with amplitude of oscillation 

of the left cylinder A01. (Bottom axis) Normalized separation. 
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6 A numerical investigation of an array of cantilevers in fluid 

  

In order to validate the analytical expressions developed and the assumptions we have made, 

full finite element numerical simulations are conducted of the fluid-coupled dynamics of an 

array of two infinite cylinders. We have simulated the time-dependent, three-dimensional, 

fluid solid interaction problem using the finite element solver CFD-ACE+ (31). The code 

solves the fluid dynamics utilizing a finite volume technique with first order Euler 

differencing in time that is coupled to a structural solver utilizing a finite element technique 

(32). This technique uses a pressure-based method to solve the incompressible Navier-Stokes 

equations. The fluid-structure interaction is coupled through the no-slip assumption so that 

the velocity of the fluid and solid mesh are equal at the interfaces.  

6.1 Size of the numerical domain 

 

In order to determine the size of the fluid domain where wall effects are negligible a series of 

tests were conducted using a single cylinder. The domain size was increased until the flow 

field far from the cylinder approached zero at the walls in a smooth manner. 

 

Numerical results illustrated in Figure 24 show that the domain should be at least  to  

away from the cylinder to be able to neglect wall effects. This is approximately 125 . In 

general, as the  decreases the domain size increases, therefore increasing the number of 

Stokes lengths is required. The details of this validation are given in Appendix C. The 

normalized spatial-resolution chosen is  and the normalized time-resolution is 

. The simulations were conducted on a 3.2 GHz Xeon processor with 4GB of 

DDR memory. For a single cylinder oscillating in a viscous fluid, it takes approximately 3 

hours to run a 200 time step simulation to obtain the steady oscillating solution.   

 



 

 32 

6.2 Validation of results  

 

 It is important to validate the analytical predictions with the numerical simulations in 

order to verify the accuracy of the derived expressions. The two cylinders are separated by a 

distance  with specific values given in Table 4. 

 

Table 4 - The ten different cylinder separations explored numerically.  

 

 2.2 2.3 2.4 2.5 3 3.5 4 6 8 10 

  

 Figure 16 shows that the analytics predicts higher amplitudes than the numerics. As 

the separation increases the analytics and numerics show good agreement. A reason that the 

analytics predicts higher amplitudes is because Eq. 44 does not include the back action of the 

adjacent cylinder on the driven cylinder. Moreover, the numerical solution solves the full 

Navier-Stokes equations. Lastly, it is important to recall that , which implies that 

the convective nonlinearity has a small contribution not captured by the analytics, therefore 

the analytics predicts higher amplitudes.  

 

As expected from Eq. 44, the amplitude of oscillation decays quadratically as shown in 

Figure 17, where the numerical results yield , and the theoretical results yield 

. 

 

Figures 18-20 illustrate a comparison between a single cylinder flow field and the flow field 

of two cylinders for numerics and theory for s/a = 2.5, 4, and 8. The two cylinder theory is 

the superposition of the flow field caused by each cylinder. The two cylinder theory is 

predicting higher fluid velocities produced by the right cylinder. This is expected because the 

analytics are predicting higher amplitudes in comparison with the numerics as shown in 

Figure 16. Also, the back action caused by the adjacent cylinder is not captured by the 
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analytics in comparison with the numerics, which can be illustrated in the flow field profile 

between the two cylinders. Again we note that , which implies that the convective 

nonlinearity has a small contribution not captured by the theory.  Moreover, for large 

distances of separation, the flow field is similar to that for a single cylinder as expected. 

 

Figure 16 - Comparison between the analytics Eq. (46) and the numerical simulation for the 

amplitude of oscillation: (Dashed Line) analytics; (Solid Line) numerics. (Left axis) Normalized 

amplitude of oscillation of the right cylinder, A02,with amplitude of oscillation of the left cylinder A01. 

(Bottom axis) Normalized separation. 
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Figure 17 - Analytical and numerical data fitted with a power-law; (dashed line) analytics; (solid 

line) numerics. (Left axis) Normalized amplitude of oscillation of the right cylinder, A02,with 

amplitude of oscillation of the left cylinder A01. (Bottom axis) Normalized separation. 

 



 

 35 

 

Figure 18 - Comparison between a single cylinder flow field and the flow field of two cylinders for 

s/a = 2.5; (Dashed Line) Single cylinder theory; (Solid Line) numerics; (DashedDot Line) Two 

cylinder theory.  (Left axis) Normalized real part of the flow field velocity with the maximum 

velocity U0. (Bottom axis) Normalized separation.  
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Figure 19 - Comparison between a single cylinder flow field and the flow field of two cylinders for 

s/a = 4; (Dashed Line) Single cylinder theory; (Solid Line) numerics; (DashedDot Line) Two cylinder 

theory. (Left axis) Normalized real part of the flow field velocity with the maximum velocity U0. 

(Bottom axis) Normalized separation.  

 

 



 

 37 

 

Figure 20 - Comparison between a single cylinder flow field and the flow field of two cylinders for 

s/a = 8. ; (Dashed Line) Single cylinder theory; (Solid Line) numerics; (DashedDot Line) Two 

cylinder theory. (Left axis) Normalized real part of the flow field velocity with the maximum velocity 

U0. (Bottom axis) Normalized separation.  

  

 Figure 16 shows that analytics predicts a higher amplitude in comparison with the 

numerics. Therefore, it is expected that the fluid force acting on the right cylinder, , 

predicted by analytics is less than the one calculated by numerics as shown in Figure 21. 

Again this is due to the effect of numerical damping from the numerical solutions and the 

back action effect not captured by the analytics. 
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Figure 21 - Comparison between the analytics and the numerics. (Dashed Line) Results based upon 

the analytics for Ff 2. (Solid Line) Results from the numerical simulation for Ff 2. (Left axis) 

Normalized real part of the force of the right cylinder with the maximum force calculated from 

numerics F’f 2. (Bottom axis) Normalized separation.  

 

 A comparison between analytics and numerics for the phase of oscillation is shown in 

Figure 22. 
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Figure 22 - Comparison of the analytics Eq. (45) and numerical predictions of the phase : (Dashed 

Line) analytics; (Solid Line) numerics. (Left axis) The phase of oscillation for the right cylinder (rad). 

(Bottom axis) Normalized separation.  

 

Figure 22 shows that the displacement of the right cylinder is nearly out of phase with the left 

cylinder by ~ 2.8 radians (160
o
) for the case studied. Since  is small in comparison to the 

cylinder radius , it is expected that the right cylinder is driven by pressure for larger 

separations therefore causing the right cylinder to be completely out of phase by  with the 

left cylinder. Again this is not captured here due to the effect of numerical damping from the 

numerical solutions and the back action effect is not captured by the analytics.  
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7 Conclusion 

The dynamics of a single cantilever immersed in fluid that is driven to oscillate by means of 

a piezoshaker method was studied. It was shown that this method is promising for micro 

scale systems.  Furthermore, the fluid-coupled dynamics of an array of two cantilevers 

immersed in fluid was considered. One cantilever was driven externally and the adjacent 

cantilever oscillated because of the resulting fluid motion. An analytical expression was 

developed for the amplitude and phase of a fluid-coupled cantilever. Full finite-element 

numerical simulations of the fluid-solid interactions for the precise geometries of interest 

were performed in order to validate the analytical expression. It was shown that the 

amplitude decays quadratically with increasing separation and that the fluid-coupled 

cantilever is nearly out of phase for any separation. The analytical expression provides 

important insight into analyzing and designing future micro and nanoscale technologies that 

are immersed in viscous fluids.  
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Appendix A 

Derivation of the analytical solution for the flow field caused by an oscillating cylinder in 

fluid studied by Stokes in 1850 (28)(33).  The unsteady Stokes equations are given by 

 

                                                   (A.1) 

                                                             (A.2) 

 

The x-momentum and the y-momentum equations for a Cartesian coordinate system are  

 

                                         (A.3) 

The pressure gradient term , , can be eliminated by taking the partial derivative the of the 

x-momentum and y-momentum with respect to  and , repectively and by subtracting both 

equations as follows, 

 

                                 (A.4) 

yielding,  

            (A.5) 

 

Using a stream function, , where  and  this becomes   
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                               (A.6) 

Using 

 

Eq. (A.6) becomes 

                                               (A.7) 

 

Eq. (A.7) represents the governing equation of the fluid motion in terms of the stream 

function. Eq. (A.7) is satisfied by , where 

 

                                                     (A.8) 

 

                                                   (A.9) 

 

Notice that  represents the potential part of the flow field and  the represents the viscous 

part of the flow field. Closer to the oscillating cylinder, both components will contribute, but 

further away from the cylinder the flow field will only be potential.  The solutions to Eq. 

(A.9) are   

                                                 (A.10) 

                                                  (A.11) 

 

where 

                                                         (A.12) 

                                               (A.13) 
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 is the modified Bessel function of the second kind and  can be written as  

                              (A.14) 

 

In cylindrical coordinates the components of the fluid velocity field is and 

, where  represents the radial velocity and  represents the angular 

velocity. By means of Eq. (A.14), the resulting flow field for a cylinder of radius  is given 

by, 

 

                     (A.15) 

                       (A.16) 

 

and  is the derivative of . The constants A and B are found from the boundary 

conditions on the cylinder, where  and 

, which gives 

                                      (A.17) 

 

                                            (A.18) 
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Appendix B 

The fluid force, , acting on an infinite cylinder. This was also studied by Stokes in 1850. 

The force is given by,  

                                        (B.1) 

 

 where  and  are components of the stress tensor, which are defined as 

 

                                                          (B.2) 

                                               (B.3) 

 

Eq. (B.1) can also be expressed using the stream function, 

 

                                  (B.4) 

 

the first term of Eq. (B.4) can be simplified using the product rule of differentiation, which 

can be integrated by parts as   

 

                                (B.5) 

where  

                                               (B.6) 

 

 Notice that the first term of Eq. (B.5) vanishes at both limits by substituting Eq. (B.6) 

into the remainder of Eq. (B.5) and using Eq. (B.4). The force can be expressed as  

 

                               (B.7) 
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Using the definitions of , , and integrating this becomes 

 

                                                (B.8) 

 

where  is the mass per unit length of the fluid displaced by the cylinder and 

 is the hydrodynamic function,  

 

                                          (B.9) 
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Appendix C 

 A spatial-resolution  and time-resolution  study of the finite-element 

numerical procedure was conducted for the values used are shown in Table 5. 

 

Table 5 - Values of spatial, x, and temporal, t, discretization used in the convergence study, where 

a is the cylinder radius and T is the period of oscillation, T = 2/ f. 

 

Spatial-resolution study Time-resolution study 

Δx/a Δt/T Δx/a Δt/T 

0.14 0.05 0.14 0.05 

0.2 0.05 0.14 0.025 

0.28 0.05 0.14 0.0125 

0.34 0.05 0.14 0.00625 

 

The error  was calculated by comparing the numerical flow fluid  with the exact analytical 

solution  given by Eq. (11) using  

 

                                                      (C.1) 

 

where  is the number of data points . The error as a function of spatial and time resolution 

is shown in Figure 23.   
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Figure 23 - Panel (a), the error as a function of spatial-resolution. (Left axis) Normalized absolute 

error with the maximum absolute error Emax. (Bottom axis) Normalized  spatial resolution x with the 

maximum spatial-resolution xmax. Panel (b), the error as a function of time-resolution. (Left axis) 

Normalized absolute error with the maximum absolute error Emax. (Bottom axis) Normalized  time-

step t with the maximum time-step tmax. 
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A power-law fit to the data yields   and  The slopes of the 

power fitted curves are ~1, which implies that the simulations are approximately first order 

accurate. For the time resolution we expected the slope to be linear because the time accuracy 

used for the simulation is first order Euler. For the spatial resolution we expected the slope to 

be linear because the stress solver is first order elements by default. This implies that the 

convergence of the error is not decreasing as expected, therefore making the numerical 

calculations converge slower. Considering these results, it was decided to use  

and , in the following studies. A comparison between the numerical solution 

and the analytical expression given by Eq. (11) is illustrated in Figure 24.  

 

Figure 24 - Comparison between analytics given by Eq. (11) and the numerical simulation: For u  (r, 

 = /2) (dashed line) analytics; (solid line) numerics. (Left axis) Normalized real part of the flow 

field velocity with the maximum velocity of the cylinder U0. (Bottom axis) Normalized radial 

distance, where a is the cylinder radius. 
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The fluid force, , is compared with analytical results given by Eq. (18) illustrated in Figure 

25. 

 

Figure 25 - Comparison between the analytics given by Eq. (18) and the numerical simulation; 

(dashed line) analytics; (solid line) numerics. (Left axis) Normalized force with the maximum force 

Ffmax. (Bottom axis) Normalized time t with the maximum time tmax.    

 

 Figure 25 shows that the force from the numerical simulation is slightly out of phase with 

the analytical prediction. This deviation can be reduced by decreasing the time step. 

However, we have found that the increased computational cost is prohibitive.  
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