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Abstract 
 

 
 Lean premixed fuel-air conditions in large gas turbines are used to improve 

efficiency and reduce emissions.  These conditions give rise to large undamped pressure 

oscillations at the combustor’s natural frequencies which reduce the turbine’s longevity 

and reliability.  Active control of the pressure oscillations, called thermoacoustic 

instabilities, has been sought as passive abatement of these instabilities does not provide 

adequate damping and is often impractical on a large scale.  Phase shift control of the 

instabilities is perhaps the simplest and most popular technique employed but often does 

not provide good performance in that controller induced secondary instabilities are 

generated with increasing loop gain. 

 This thesis investigates the general underlying cause of the secondary instabilities 

and shows that high average group delay through the frequency region of the instability is 

the root of the problem.  This average group delay is then shown to be due not only the 

controller itself but can also be associated with other components and inherent 

characteristics of the control loop such as actuators and time delay, respectively.  An 

“optimum” phase shift controller, consisting of an appropriate shift in phase and a low 

order, wide bandwidth bandpass filter, is developed for a Rijke tube combustor and 

shown to closely match the response of an LQG controller designed only for system 
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stabilization.  Both the optimal phase shifter and the LQG controller are developed based 

on a modified model of the thermoacoustic loop which takes into account the change in 

density of the combustion reactants at the flame location.  Additionally, the system model 

is coupled with a model of the control loop and then validated by comparison of 

simulated results to experimental results using nearly identical controllers.  
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1.  Introduction 
 
 An increasing level of environmental awareness arose in the latter part of the 

twentieth century.  With this awareness came new laws regarding emissions that have 

impacted continuous combustion processes in power generation and propulsion systems.  

In accordance with the requirements of the Clean Air Act, as amended in 1990, 

environmental restrictions have been implemented to reduce these emissions, in 

particular, nitrogen oxides (NOx) emissions from gas turbines.  The California Air 

Resources Board (CARB), developed a guidance document dated May 18, 1992 and 

entitled “Determination of Reasonably Available Control Technology and Best Available 

Retrofit Control Technology for the Control of Oxides of Nitrogen from Stationary Gas 

Turbines.”  The Environmental Protection Agency has used CARB’s guidance document 

in evaluating its Rule 1134, “Emissions of Oxide Nitrogen from Stationary Gas 

Turbines,” which provides federal regulations for reducing NOx emissions.  

 Increased performance of combustion processes is also being demanded to meet 

today’s energy needs and to propel modern, faster aircraft.  In addition, better fuel 

economy is desired for more affordable energy in the case of industrial gas turbines and 

longer range in the case of jet aircraft.  Non-optimal combustion temperatures and larger 

air/fuel ratios have been used to achieve the sometimes-contradictory goals of lower 

emissions, increased performance, and improved fuel economy at the expense of 

combustion stability.  Modern automatic control systems can make an unstable 

combustion process meet unprecedented performance and environmental goals (Carson, 

2001). 
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1.1 Background (Origins of Thermoacoustic Instabilities ) 
 

Historically gas turbines have created air pollutants, in particular, nitrogen oxides 

(NOx) emissions which form in high temperature environments.  Many gas turbine 

manufacturers have developed lean, pre-mixed combustor designs, especially for 

industrial applications, as a way of reducing the levels of NOx pollutants created by gas 

turbine combustors (Banaszuk et al., 1999).  Specifically, “using a lean pre-mixed flame 

rather than the standard diffusion type flame reduces the flame temperature and thus 

reduces the high-energy environment conducive to forming NOx.  Moreover, premixing 

large amounts of air with the fuel prior to its injection into the combustor greatly reduces 

peak temperatures within the combustor and leads to lower NOx emissions” (Banaszuk et 

al., 1999).   

 Pre-mixed flames have reduced NOx emissions to acceptable levels, but, in the 

process, have generated large undamped pressure oscillations inside the combustor liner 

for certain operating conditions.  The pressure oscillations have been found to generally 

occur at frequencies associated with the natural acoustic resonances of the combustion 

chamber.  These instabilities have been designated as thermoacoustic (TA) since it 

became apparent that the characteristics of a pre-mixed flame excited the natural acoustic 

modes of the combustion chamber.  In practice, TA instabilities are quite undesirable.  

They can lead to increased noise, excessive mechanical loads, vibrations, thermal 

damage, reduced performance and decreased durability, and, in extreme cases, system 

degradation and combustor failure.  Pressure oscillations can generate high-cycle fatigue 

on the combustion liner, which also reduces the gas turbine’s longevity and reliability.  

Also, the unsteady heat release makes the temperature profile entering the turbine section 
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uncontrollable, thus reducing the turbine’s efficiency and the life span of the turbine 

blades.  Thus, research has been ongoing to reduce or control the generation of large 

amplitude pressure oscillations in gas turbine combustors.  Collaboration between 

industry, government, and university resources has been important in the process of 

understanding the physical nature of the problem and developing solutions.  Before 

solutions can be developed, the problem of TA instabilities must be understood. 

 

1.2 Rayleigh’s Criterion 
 

Combustion-driven acoustic oscillations were recognized as early as the 

beginning of the nineteenth century (Higgins, 1802).  An experiment that involved 

placing a flame inside an open-ended or close-ended tube was utilized to produce sound.   

This phenomenon was called the “singing flame” (Raun et al., 1993).   In 1859 the Rijke 

tube was invented by placing a hot gauze in the lower half of an open-ended vertical tube.  

Placing the heat source at different locations resulted in stronger or weaker sound 

oscillations.   Lord Rayleigh described the interaction between heat release and pressure, 

which is the most common interaction causing acoustic instability.  In 1878, he proposed 

a criterion for the development or presence of these heat-driven oscillations, now termed 

TA instabilities, which involved unsteady pressure oscillations and the rate of change of 

heat release.  He determined that if heat is added during the compression cycle of a 

standing acoustic wave or removed during expansion, the oscillations are amplified.  If, 

however, the heat is added during expansion or removed during compression, the 

oscillations are discouraged.  Simply stated, TA instabilities are dependent on the relative 

phase between heat release rate and pressure oscillations. 
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Putnam (1971) gave the same kind of description as Rayleigh’s criteria for the 

explanation of pressure oscillations within a combustion chamber.  Later, Culick (1987) 

gave a review of Rayleigh’s criteria and derived an elegant proof.  Practically, if the heat 

release rate responds instantaneously to incoming velocity fluctuations, then the heat 

release rate changes will be exactly 90° out of phase with the acoustic pressure.  This 

phase will neither drive nor damp the oscillations.  However, the heat transfer and the 

combustion chemical process (assuming it is not infinitely fast) introduce time delays, 

which vary the phase relationships between the heat source and acoustic oscillations. 

Rayleigh’s criterion can be expressed mathematically as an integration of the 

product of the oscillatory pressure p(x,t) and unsteady heat release energy e(x,t) over the 

time period under consideration (Kailasanath & Gutmark, 1998).   

∫=
T

dttxptxe
T

xR ),(),(1)(  

 
If the integral R(x) is positive, then oscillations are amplified.  If R(x) is negative, 

damping occurs.  In other words, the phase difference or time lag τ between the heat 

release rate and the pressure oscillation determine whether the instability grows or 

decays. 

 

1.3 Research Goals 

Most of the work involved with eliminating TA instabilities has been focused on 

developing both passive and active control strategies.  Early passive control approaches 

attempted to prevent combustion instabilities by modifying the combustion process to 

reduce its driving, changing the combustor geometry to prevent the excitation of unstable 

modes, and increasing the combustor’s damping.  Unfortunately, passive control 
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approaches have generally not been satisfactory.  Lack of adequate understanding of the 

fundamental processes that drive the instability has resulted in costly attempts at solutions 

that were only applicable to a specific combustor design over a limited range of operating 

conditions (Zinn & Neumeier, 1997).  In general, researchers have concluded that passive 

techniques are inadequate because they cannot adapt to changing operating conditions, 

they compensate for only a particular instability, and they are unable to eliminate other 

instabilities as they arise. 

The limitations of passive controls strategies along with “technological 

advancements such as the availability of high-power/low-cost computing, smart 

materials, and advanced control techniques” have led researchers to pursue active 

combustion control strategies (Kashani, AVC, p. 1).  Tsien (1952) first proposed active 

control of combustion instabilities more than 40 years ago in a theoretical investigation of 

chugging combustion instability in liquid rockets.  Marble and Cox (1953) and Lee et al. 

(1953) performed subsequent theoretical studies of active control of such instabilities in 

the 1950s.  The field remained dormant until the 1980s when renewed interest in the 

subject was stimulated, in part, by the latest developments in sensors, actuators, data 

acquisition and handling systems and related control approaches.  These studies 

demonstrated for the first time the feasibility of active control of combustion instabilities 

and brought to light the problems to be addressed in the development of practical active 

control systems. 

Zinn & Neumeier (1997) presented an overview of active control of combustion 

instabilities.  They discuss the “design and performance of investigated active controllers 

with the objective of identifying control system components and control approaches that 
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offer the most promise for practical applications.”  In contrast to a passive solution 

approach, an active control system controls the instability by continuously sensing and 

evaluating the state of the combustor and forcing it to perform in a desired manner.  An 

active control system also curtails the pressure growth by introducing continuously 

modulated external input in the combustion process (Annaswamy et al., 1997).  The main 

advantages of active control systems appear to be flexibility that will permit their 

effective operation over wide ranges of engine operating conditions and the possibility of 

using a given active control system (probably with some modifications) to control 

instabilities in different combustors.  This, in turn, will significantly reduce the cost of 

assuring the stability of existing and new combustors. 

Chapter 2 provides a review of some active control studies that are representative 

of the current state of the field.  While research to date has demonstrated the potential of 

active controllers to dampen instabilities, the development of practical active controllers 

requires additional research and development efforts.  For example, these efforts should 

focus on the development of simplified models of unstable combustors for control 

applications, development of fuel injector actuators for full scale combustors, the 

determination of the numbers and locations of sensors and actuators that optimize the 

controller’s performance, the integration of the control system with the engine, and the 

exploration of other sensors, actuators, and control approaches for application in active 

control systems.  Specifically, future work in this area will have to focus on the 

integration of these sensors in practical systems, focusing on their survivability in the 

harsh combustor environment, and the practicality of using windows or optical fibers to 

transmit the radiation signals to photomultipliers (Zinn & Neumeier, 1997). 
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Relative to the topic of this thesis, active strategies often suffer from a lack of 

detailed acoustic and heat release models.  Modeling the physical phenomena associated 

with TA instabilities has proven very difficult due to the complexity of the system and 

the highly non-linear elements associated with certain components.  Many of the models 

developed to date involve only specific components of the entire system.  Controls, 

combustion, and acoustics are vastly different research areas; therefore it has been 

difficult for researchers specialized in one field to generate an all-encompassing system 

model and controls scheme.  Two major issues must be addressed in order to solve this 

problem.  First, detailed analytical models must be created to facilitate better control 

schemes, and increase the physical understanding of the problem.  Secondly, there must 

be a collaborative effort among researchers from each discipline so that any model 

developed incorporates the expertise of each group. 

One of the goals of the Virginia Active Combustion Control Group (VACCG) has 

been to study advanced control methods and to examine their usefulness in eliminating 

these combustion instabilities.  Other institutions and industry have done work on control 

systems, but most of the researchers studying this problem have been looking at the 

problem from a combustion engineer’s perspective.  The goal of VACCG is to allow 

control system engineers to examine the problem and develop innovative ways to control 

combustion systems.  First it was necessary to examine what had been done in the past 

and ensure that it can be explained from a controls perspective. 

 The objective of this research will be to investigate the application and 

performance limitations of phase shift controllers with respect to TA instabilities.  In 

order to accomplish this goal, a model of an unstable TA loop was constructed for a pre-
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mixed methane-air laminar flat-flame tube combustor using the physical parameters of an 

actual combustor built for lab experimentation by the VACCG.  Rayleigh’s criterion was 

used in the design and implementation of the tube combustor involved in this work.  

Specifically, the combustor is a pre-mixed methane-air Rijke tube that is acoustically 

closed at the bottom and open at the top.  The flame in this combustor is located at one-

half the length of the tube, as consistent with Rayleigh’s criterion.  The control loop for 

the tube consists of a pressure transducer located at the closed end of the tube, signal 

amplifier, an anti-aliasing filter, a dSpace 1003 DSP control prototyping board, power 

amplifier and 3” speaker for actuation. The tube and control loop is described in further 

detail in Chapter 3.   

A model of the entire system including the control loop hardware was developed 

and verified experimentally.  The validated model was then used to test various phase 

based feedback control strategies to investigate the performance limitations of phase shift 

controllers.  Specific attention was given to investigating the causes of secondary peak 

and peak splitting phenomena.  Also investigated were the effects of time delay on 

overall control system performance.   

 

1.4  Thesis Outline 

The remainder of this document will describe the overall research endeavor from 

beginning to end.  Chapter 2 provides a review of the work conducted in this area by 

other researchers.  Specifically the literature review presents information on the active 

control strategies that others have utilized to control the problem of TA instabilities in 

combustors.  These strategies inform the work of all subsequent research studies, 
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including the work presented here. Chapter 3 provides background on the models that 

were utilized as a theoretical base for this study.  Chapter 4 presents the concepts behind 

phase shift control and investigates the conditions under which this form of control 

experiences performance limitations.  Chapter 5 provides the details of the experimental 

set up and validation of the simulation model.  Finally, Chapter 6 presents a summary of 

the results, conclusions, and suggestions for future work.  Appendix A contains tabulated 

data from all combustion control experiments.  Appendix B includes the various 

MatLab® files used in developing and running simulations of the TA system under 

various control schemes.   Finally, Appendix C includes the C-code and other setup files 

used to conduct control experiments on a dSpace DS1003 DSP board. 
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2.  Literature Review 

 Lean premixed combustors, such as those used in industrial gas turbines to 

achieve low emissions, are often susceptible to thermoacoustic (TA) combustion 

instabilities.  TA instability arises due to the two-way coupling between the unsteady heat 

release dynamics and the acoustic field in continuous combustion systems and manifests 

itself as pressure and heat release oscillations.  These oscillations can have adverse 

effects on system performance.  Specifically, they can result in increased noise and 

decreased durability due to vibration and flame motion.  This chapter provides an 

overview of the research relevant to the modeling and control of TA instabilities in lean 

pre-mixed combustors.  Emphasis is placed on phase shift control and its limitations as 

this is the focus of this thesis.  

To date, combustion instabilities in real, complex combustors cannot be predicted 

analytically during the design phase (Baumann et al, 2001).  While the designed 

suppression or damping of oscillations is possible under some circumstances, active 

control promises to provide more flexibility in terms of design, operating conditions, and 

robustness.  Furthermore, application of active control techniques to mitigate instabilities 

has assumed greater significance with the ever-increasing demand for high efficiency, 

low NOx emission, compact combustors, as well as the availability of technology such as 

sensors, actuator and microprocessors.  However, despite the success reported in 

experimental investigations of active control techniques, a systematic procedure by which 

active control can be designed and implemented is currently not available. 

 



11 

McManus (1992) states that the main goal of research into active combustion 

control systems is to develop practical systems for use in commercial devices.  To this 

end McManus notes that the combustor is a harsh environment, and that the selection of 

sensors and actuators must take this into account.  The general concept is that exotic 

measuring devices and procedures and multiple actuators are likely ill suited for practical 

control systems.  This would tend to corroborate the favor shown toward simple phase 

shift controllers for use on practical systems as they are not only simple to tune but take 

advantage of the fact that little in the way of control hardware is needed for stability 

control other than a pressure sensor, the actuator and the controller. 

Two important topics of concern for phase shift control are performance 

limitations and the system models used for analysis and design.  Section 2.1 will take a 

look at the literature that discusses some of the performance problems associated with 

phase shift controllers.  Section 2.2 will investigate the current thoughts presented in the 

literature concerning modeling of TA systems.  Finally, Section 2.3 will relate the 

contributions of this work to the field of active combustion control. 

 

2.1  Performance Issues of Phase Shift Control 

The drawback to phase shift control is typically reported as secondary peaks or 

instabilities at frequencies other than that of the original instability.  This limits the 

amount of suppression that can be achieved by phase shifters at the unstable frequency as 

these additional peaks, which increase in magnitude with an increase in loop gain, soon 

surpass the noise level associated with the original instability. 
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Several authors have investigated this secondary peak phenomenon.  While 

secondary peaks are generally considered to be controller induced, there are two basic 

types of secondary instabilities.  First, there are instabilities that appear at frequencies 

relatively far from the original instability and typically only arise after substantial 

suppression of the original unstable acoustic mode.  Then there are those instabilities that 

arise almost immediately after stabilization of the unstable acoustic mode and appear 

very close to the original instability frequency and on both sides of it.  Two papers, 

Hathout et al (1997) and Fleifil et al (1999), provide explanations for the first type of 

secondary peaks.  Saunders et al (1999) addresses the second phenomenon. 

Both Fleifil and Hathout attribute the widespread secondary peaks to the 

broadband nature of analog phase shift controllers.  Their conclusion was that, in 

focusing on correcting the phase at the instability frequency, the fact that the phase shift 

controller, by nature, shifts the phase of frequencies over a very wide band is ignored.  

This added phase in other parts of the system couples with other dynamics of the TA 

loop.  Namely, on the low frequency side there is typically a resonance associated with 

the flame dynamics and in certain instances lower order acoustic modes.  These low 

frequency resonances can enter into a positive feedback regime if the phase and gain at 

these modes are not given careful attention in the controller design.  In the frequency 

range extending above the original instability, additional acoustic modes can be driven 

unstable in the same manner as those in the low frequency range.  The conclusion then of 

these two research groups is that care must be taken to look at the characteristic behavior 

of the combustor over a broad frequency range.  They call for the development of better 

system models which can predict the combustor characteristics over a broader range of 
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frequencies.  For the purposes of their study, a first order model of the flame 

characteristics which behaved like a lowpass filter was provided and used to show the 

secondary peaking problem. 

The control system Saunders focuses on contains a high order, tight bandwidth 

bandpass filter at the input to a phase shift controller, the phase shifter with proportional 

gain adjustment and a smoothing filter at the controller output.  The presumption is that 

the input filter is intended to isolate the area around the unstable frequency so that once 

the phase is adjusted and fed back to the plant, the majority of the control effort will be 

directed at this narrow range of frequencies only.  This is undoubtedly an attempt to 

correct the secondary peaks noted by Hathout and Fleifil by ensuring that the loop gain is 

reduced for those frequencies far away from the instability such that even if the phase is 

such that positive feedback could occur, the gain is not greater than unity and thus a 

secondary instability in this frequency range cannot occur. 

An evaluation of the system from a frequency response standpoint was conducted 

to show that in order to stabilize the system’s unstable pole pair, two counterclockwise 

encirclements of the negative one point on a Nyquist plot of the open loop frequency 

response of the system must occur.  This analysis showed that as the loop gain is 

increased the gain margin of frequencies close to the original instability drops resulting in 

lightly damped system poles at these frequencies.  Further gain increase will eventually 

drive these lightly damped sets of poles unstable. 

Two controllers were used to test this theory on a Rijke tube combustor.  The 

essential difference between the two controllers was the difference in bandwidth of the 

included bandpass filter.  Analysis of the system for the two different bandwidths 
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revealed that the frequency at which the secondary peaks will occur can be shown by the 

Nyquist plot of the open loop system. 

The conclusion of this study was that the secondary peaks were due to the rapid 

phase delay associated with the steep skirts of the bandpass filter and that the entire 

response of the control loop needs to be accounted for in analysis of phase shift 

controllers.  It should be noted that the analysis of this study was conducted using 

empirical data gathered from a measurement of the frequency response of the system via 

a sine dwell technique.  Thus an analytical model was not used to predict the frequencies 

at which these instabilities would occur. 

It can be seen then from the reporting of the two different secondary instability 

phenomena, that good models, whether analytical or empirical, are important in analyzing 

the characteristic behavior of the combustor under phase shift control.   

 

2.2  Modeling TA Systems 

A great deal of research has been undertaken to develop models of the acoustics 

of tube combustors, the flame dynamics and unsteady heat release in the combustor and 

the coupling between the two.  Culick (1976) said the acoustics are, in general, linear in 

nature and can be modeled as such.  Annaswamy et al (1997) developed a 1-D acoustic 

model of a Rijke tube based on conservation equations and ideal boundary conditions.  

This acoustic model does a good job of predicting the frequencies of acoustic modes for 

the simple geometry of the tube combustor and is linear.  It should be noted that this 

particular model has been used in a great many dissertations, theses and papers as the 

starting point in developing a closed-loop model of TA systems.  Typically, new flame 
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models have been the focus of subsequent of research efforts in modeling as the 

accompanying flame model presented in Annaswamy et al (1997), though capturing 

enough of the flame dynamics to present a rough basis for analytical control design, is 

only first order and does not match the real world behavior of Rijke tube combustors for 

all conditions. 

 Flame models abound within this field of research.  These range from simple first 

order models that assume the flame acts as a lowpass filter (Annaswamy et al, 1997, 

Hathout et al, 1997, Fleifil et al, 1999) to theoretical reduced order nonlinear models 

(Huang, 2001) to sets of frequency responses resulting from extensive finite difference 

simulations (Haber and Losh, 2003) to empirical models derived from measurement of 

the system for which control is being designed or analyzed (Saunders, 1999).  The 

conclusion of nearly all literature reviewed by this researcher concerning active 

combustion control contains some statement regarding the need for better models of the 

combustion process and the coupling between heat release and the acoustics of the 

combustor.   

 Haber and Losh (2003) did work on flame modeling for lean premixed laminar 

flat flame burners.  They noticed that prior models which assume the major contributor to 

heat release rate (HRR) of the flame is the chemical heat release (CHR) fail to provide 

the phase required to drive a system unstable when coupled with the 1-D acoustic model 

presented by Annaswamy et al (1997).  Acting under the assumption that other factors 

were playing a role in the HRR, they modified a version of Premix software to include 

simulations for not only CHR but also convective heat transfer, radiative heat transfer and 
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heat diffusion.  This software is essentially a finite difference simulation of flame 

kinematics developed at Sandia National Lab. 

Their findings revealed that while radiative heat transfer and heat diffusion were 

relatively small contributors to the overall HRR, the convective heat transfer played a 

role equally as important as CHR in the broadband response of the combustor.  In fact, at 

higher frequencies this term serves as the single most important term in the acoustic 

coupling.  The phase characteristics of these models proved to provide the correct phase 

in the TA loop for the prediction of instability when coupled with the 1-D acoustic model 

mentioned previously.  This finding is important in that flame models that rely on CHR 

as the only dominant source term will often predict stable conditions where experimental 

results clearly prove otherwise.  This model, however, does have a tendency to 

overpredict instability when experimental results clearly show a system is stable.  Thus, 

more work has to be done to determine the reason for this discrepancy.  

 

2.3  Contribution 

One goal of this work is to provide a more accurate model of the Rijke tube 

combustor and show that this model can be used in the analysis of the system a priori, 

with simulated results matching closely in frequency, magnitude and phase those found 

by experimentation.  Given that the most accurate model to date of the flame kinematics 

is that given by Haber and Losh, a method of coupling this model to the acoustic model 

such that it portrays the system accurately is required.  In other words, this work seeks to 

eliminate the discrepancy in the coupling of the Haber and Losh flame model and that of 
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the Annaswamy et al 1-D acoustic model such that the total closed-loop system 

accurately predicts the system’s real world behavior. 

With a more accurate model built, phase shift control and its performance 

limitations can be investigated from a global perspective, providing a closer look at 

phenomena already investigated and expanding on these to fill the remaining gaps in the 

knowledge base of this control scheme.  Simply put, much of the work revolving around 

phase shifters that discusses how secondary peaks arise approach the problem from one 

isolated view point, i.e. broadband phase shift causes the problem or  BP filters cause the 

problem.  No generalized reason is given.  This thesis will show that the general problem 

does exist and that the secondary instability problem is a result of the sum total of phase 

delays through the control loop not just any one piece of hardware or the control law.  To 

this reseacher’s knowledge, a complete study of the generalized performance limitations 

due to total phase lag in the control loop has not been done. 

A final contribution of this thesis is the investigation as to where the balance is in 

the tradeoff associated with using bandpass filters in conjunction with simple phase 

shifters.  This tradeoff is between suppressing gain in frequencies around a TA instability 

so as to prevent the wider secondary instabilities discussed by Hathout et al and Fleifil et 

al from occurring and inducing the phase lag that creates the peak splitting referred to by 

Saunders et al.  Additionally, no one has addressed the fact that if the proper balance is 

achieved with the aforementioned tradeoff, a phase shift controller can approach near 

optimal stabilizing control of TA instabilities.  This will be shown through a comparison 

of the controller response of an optimal stabilizing controller and that of properly tuned 

phase shift control with a “balanced” bandpass filter. 
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3.  Modeling 
 

The focus of this chapter is the development of the various models that represent 

both the unstable TA loop and the outer control loop.  These models are developed for 

the purpose of using the overall model to analyze the behavior of the unstable system, to 

determine the optimal shift for a linear phase shifter, and to determine the predicted 

performance of the phase shift control when bandpass filters are added to isolate the 

unstable frequency being stabilized. 

To produce a workable model of the TA loop, a model of both the acoustic 

dynamics of the combustor and a model of the flame dynamics must be developed and 

coupled.  The interaction of the flame dynamics and the combustor acoustics is inherently 

nonlinear, and under appropriate conditions, unstable.  However, for the purpose of 

stabilization via linear phase shift control, a reasonably accurate linearized model of the 

loop and the coupling of the acoustic and flame dynamics will suffice.  The assumption is 

that as appropriate control effort is applied the system can be forced off its limit cycling 

regime and move toward a stable, slowly varying, linearizable regime, and thus a linear 

model can describe the system dynamics at this operating point. 

The combustor used for the experimental and thus theoretical work of this thesis 

is a simple closed-open Rijke tube.  Use of a simple pre-mixed methane-air Rijke tube 

provided an acceptable level of model complexity and practicality.  The Rijke tube 

manifests the TA instabilities found in more complex combustors without having the TA 

dynamics obscured by other types of instabilities such as those related to fluid flow.  The 

physical parameters of the tube and the operating conditions investigated for this project 

will be given in Section 3.1 which covers the development of the TA loop. 
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A great deal of literature exists which describes the development of an acoustic 

model for a Rijke tube type combustor from first principles.  As such, only a brief 

discussion of this development will be included in this thesis.  The development will 

result in a set of transfer functions that will be used both to form an unstable closed-loop 

plant with the flame dynamics and to provide input and output points for coupling with 

the control loop. 

The development of simplified linear “flame transfer functions” has also been 

shown in previous works by several authors.  Some of these models assume the flame 

acts as a lowpass filter with a cutoff frequency that is low relative to the natural 

frequencies of the tube acoustics.  More sophisticated models take a first principles 

approach and develop a model starting with conservation equations.  These models are 

generally simplified by assuming that chemical heat release (CHR) is the only significant 

contributor to the flame dynamics.  The model used for this research effort will be that 

recently developed by other members of the VACCG and refined by this researcher to 

match operating conditions found experimentally.  This model was developed from a 

finite difference simulation of the tube by a modified version of Premix software.  Only a 

cursory presentation of the development process is given here as the resultant “flame 

transfer function” and its use in the closed-loop TA plant model is of primary concern for 

the control system development. 

In addition to the unstable TA loop, models of the hardware in the control loop 

are also presented.  These additional models will be shown later to have a great deal of 

impact on the stability of the overall system.  Hardware that is covered by these models 

includes the time delay associated with the zero order hold sampling required for digital 
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implementation of the controller, an anti-aliasing filter ensuring only the appropriate 

frequencies pass to the digital controller, the time delay associated with the A/D and D/A 

conversion, the power amplifier used to provide the control signal, and finally the 

actuator used to control the instability. 

For simulation purposes all of the presented models are continuous time.  The 

actual experimental setup is a hybrid mixed signal system with both continuous and 

discrete portions.  The simulations can be carried out solely in continuous time given that 

models of the sampling delay and conversion times have been added and pre-warped 

Tustin transforms were used on the discrete portions of the control loop before using 

them in the continuous model. 

 

3.1 The Thermoacoustic Loop 

As in Losh (2003), the general setup of the experimental combustor consisted of 

an approximately five foot long open-closed tube, with a ceramic honeycomb flame 

stabilizer inserted approximately halfway in the tube.  A pre-mixed methane-air mixture 

was injected into the bottom of the tube and ignited from the top; the flame was stabilized 

above the honeycomb.  This section introduces a closed-loop model of the TA 

combustion process and is represented schematically in the block diagram in Figure 3-1.  

A summary of the geometry and assumed operating conditions of the Rijke tube is given 

in Table 3.1 
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Figure 3-1.  Systems block diagram of thermoacoustic loop. 

 

Section 3.1.1 provides the abbreviated derivation of the acoustic model of the open-

closed tube, and thus the acoustic transfer function, G1(s).  Section 3.1.2 covers the 

development of the acoustic forcing term, or flame transfer function, G2(s).  Section 3.1.3 

provides the closed TA loop and the final system transfer function. 

 
Table 3.1.  Summary of the geometry and assumed operating conditions of the Rijke tube combustor.  

Length of open-closed tube combustor l = 1.52 m 
Flame holder location from closed end xf = 0.76 m 
Diameter of tube combustor d = 0.072 m 
Flame holder blocking ratio 25% 
Damping ratio ζ  = 1.474%  
Inlet stagnation temperature T0 = 323 K 
Mean density ρ = 1.21 kg/m3 
Mean pressure p  = 1.01325 x 105 Pa 
Heat capacity γ  = 1.4 
Mean speed of sound c  = 361 m/s 

 

 

G1(s), Acoustics 

G2(s) 
Flame Transfer 

Function 
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3.1.1  Acoustic Model 

Given the relatively simple geometry of the tube combustor, an acoustic model 

can readily be derived from conservation equations assuming the following conditions: 

the flow is one-dimensional; the methane-air mixture acts as an ideal gas; transport 

mechanisms are insignificant; and the flame zone is thin enough that it can be 

approximated spatially by a Dirac delta function.  Using Annaswamy et al. (1997), the 

following equations represent the beginning conservation equations with respect to the 

conditions provided above.   
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where t is time, x is the spatial dimension, xf is the flame location, ρ denotes the density, u 

denotes the velocity, p is the pressure and )(tq ′′  is the heat release rate per unit area.  As 

shown by Huang (2001), by expanding ρ, p and u into mean and perturbation variables, 

where mean flow is negligible and xf  is the flame location, equations (2) and (3) can be 

simplified as 
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where a tilde indicates a perturbation variable and an overbar indicates a mean variable.  

Further manipulation of (4) and (5) result in a 1-D wave equation with heat release rate as 

a source term, 
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The oscillatory pressure can be expanded in orthogonal acoustic modes, 
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Using the boundary conditions of the open-closed tube, we can compute the wave 

number as 2 1
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orthonormality of the mode functions, equation (6) can be solved as, 
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At location x < xf upstream, equation (5) can be integrated with the consideration of the 

closed end boundary condition to yield,  
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Two combustor acoustic models can be constructed from equations (7), (8) and (9).  The 

first model, using (8) and (9), relates the input, seen as the change in heat release rate per 

unit area, to the output, seen as a velocity perturbation.  The second model, built from (7) 

and (8), relates the input, change in heat release rate, to a pressure perturbation output.  

The second acoustic transfer function, though not necessary for the TA feedback loop, is 

required experimentally due to the fact that pressure perturbations are the measured 

variable.  Equations (7)-(9) are now transformed into the Laplace domain.   The 
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transformation of (8) and (9) will be used to describe the acoustic block, G1(s), of the 

block diagram shown in Figure 3-1.  The transformation of (7) and (8) and the 

accompanying transfer function will be used to aid in describing the input-output 

relationship of the overall TA loop as seen by the control loop.  Using the Laplace 

operator these three equations become 
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Solving for the transfer function ( ) / ( )U s Q s′′&%%  with n modes yields 
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Solving for the transfer function ( ) / ( )P s Q s′′&%%  with n modes gives 
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where x = 0 is the location of the pressure sensor on the Rijke tube.  The number of 

modes, n, can be selected based on the frequency range of interest.  It should also be 

noted that a damping term, sζω2 , has been added to both transfer functions, equations 

(13) and (14).  This has been added as it is a well-known phenomenon that there is 

acoustic damping which is not reflected in a 1-D model.  The damping for this Rijke tube 

was measured by Huang, and is included here, 0.01474=ζ .  In order to ensure that the 

acoustic model was relatively accurate to a frequency at least several hundred Hertz 
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beyond the predicted instability frequency, eight modes were generated for the transfer 

function used throughout the rest of this work.  Given that eight modes produces transfer 

functions of 16th order, the poles and zeros of the transfer functions are provided in 

Tables 3.2 and 3.3 rather than two unwieldy rational functions. 

 
Table 3.2.  Zeros of TFs from change in HRR to velocity and change in HRR to pressure. 

Zeros from Change in HRR to Velocity Zeros from Change in HRR to Pressure 
0 -2787.82 

-0.82 ± 1520.00i 3059.71 
-27.99 ± 3026.32i -22.39 ± 1491.22i 
-42.90 ± 1464.59i -43.88 ± 2986.75i 
-59.95 ± 2943.29i -65.92 ± 4467.35i 
-57.65 ± 4551.16i -2652.88 ± 2942.21i 
-74.45 ± 4406.13i 2561.27 ± 2965.60i 
-88.13 ± 5804.53i  

 

 

Table 3.3.  Poles of TFs from change in HRR to velocity and change in HRR to pressure. 

Poles of Both TFs are Identical 
-5.49 ± 373.02i 

-16.49 ± 1119.07i 
-27.49 ± 1865.11i 
-38.49 ± 2611.16i 
-49.49 ± 3357.21i 
-60.48 ± 4103.25i 
-71.48 ± 4849.30i 
-82.48 ± 5595.35i 

 

 

 

Dimensional analysis of the equations used to derive the transfer functions, 

assuming the use of SI units, requires that the input to the acoustic TF is given in Watts 

per square meter per second (W/m2/s) or in base units as kilograms per seconds to the 

fourth power (kg/s4).  The velocity output is given in meters per second (m/s) and the 

pressure output is given in Pascals or in base units as kilograms per meter per seconds 
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squared (kg/m/s2).  The units then for the transfer function from change in HRR per unit 

area to velocity is given in cubic meters per Watt (m3/W) or in base units as meters times 

seconds cubed per kilogram (ms3/kg). Likewise, the units for the transfer function from 

change in HRR per unit area to pressure are given in base units as second squared per 

meter (s2/m) or the reciprocal of acceleration.  The frequency responses of the acoustic 

transfer functions with eight modes can now be obtained and are shown in Figure 3-2. 

 

Frequency Response of Acoustic Model

Frequency (Hz)

P
ha

se
 (d

eg
)

M
ag

ni
tu

de
 (d

B
)

10
2

10
3

-900

-720

-540

-360

-180

0

Q"dot to Velocity
Q"dot to Pressure

-250

-200

-150

-100

-50

 

Figure 3-2.  Frequency response of acoustics model for eight modes.  Magnitudes are given in dB re 1ms3/kg for 

q′′&% to v and dB re 1 s2/m for q′′&%  to p. 
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3.1.2 Flame Model 

The “flame transfer function” used for this research is taken from the work 

performed by Haber and Losh (2003).  Their finite element simulation of the Rijke tube 

revealed that convective heat transfer of energy back into the reactants plays an important 

role in the fluctuation of HRR.  This model has been used in lieu of a simplified model 

which assumes CHR is the only dominant forcing term as this model correctly predicts 

instabilities for various operating conditions of an open-closed tube combustor using 

open-loop frequency response functions.  Models that assume the acoustic forcing term is 

solely due to CHR predict a stable system where experimental results have clearly shown 

that instability occurs (Huang, 2001).  Below is a cursory look at the development of 

Haber’s and Losh’s model and the fifth order fit of the model this researcher used in 

further investigation of the TA loop. 

Haber and Losh begin with a complete derivation of the heat addition term, )(~ tq ′′ , 

starting with the conservation equation, (15), shown below.  It should be noted that q′′′ is 

the HRR per unit volume and that )(~ tq ′′ , the perturbation about the mean HRR per unit 

area, is given by the assumption that the flame is infinitely thin and can be thought of as 

the HRR per unit volume multiplied by a Dirac delta function at the flame location, xf, as 

in the derivation of the acoustic model  .  Substituting the definition of internal energy, 

ρPhe −= , into equation (15) gives 
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Using the chain rule, and noting that Tch p∂=∂ , equation (16) becomes 
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Grouping terms in equation (17) gives 
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From continuity, equation (1) in section 3.1.1, we see that  
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Substituting equation (19) into (18), yields 
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Assuming that pressure is approximately constant, both 0=∂∂ tp  and 0=∂∂ xp , thus 

equation (20) becomes 
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When multiplied by the area, (21) then gives 
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Finally, equation (22) shows that the heat addition term, q’ is related to both the 

spatial and time rate of change of the temperature.  A modified version of Premix 

software was used to simulate the combustion process.  This combustion simulation 

could report the entire temperature profile, and thus made it possible to calculate the 

actual value of the dynamic heat addition term.  The full calculation allowed the 

investigation of which facets of the combustion process actually contribute to the 

dynamic acoustic forcing instead of assuming that chemical heat-release is the 

dominating contributor as is normally done.  The four major components that the 

software was modified to investigate were heat transfers due to diffusion, radiation, 

convection and, of course, chemical heat release.  The modified software model was 

verified by comparison with the experiment in Haber (2003). 

The frequency response of the flame as well as the various components that make 

up the model, was generated using the modified program.  One of the open loop 

frequency responses of the flame dynamics is shown in Figure 3-3, for the case of a total 

mass flow rate of 145 cc/sec and an equivalence ratio of 0.55=Φ .  This particular case 

is that used as the flame model for this thesis.  This transfer function gives the input-

output relationship of the flame dynamics from mass flow rate in kilograms per second to 

HRR given in Watts.  Since no first principles constructive model of this result yet exists, 

this thesis uses a fifth order fit of the frequency response data provided by Haber and 

Losh for their acoustic forcing term model.  Figure 3-4 shows the comparison of the data 

provided to the fitted transfer function.  
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Frequency Response of Flame Dynamics (Haber and Losh)
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Figure 3-3.  Frequency response of acoustic forcing term as determined by Haber and Losh for the case of a total 
flow rate of 145 cc/sec and an equivalence ratio of 0.55=Φ . 
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5TH Order Fit Compared to Haber and Losh Data
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Figure 3-4.  Frequency response of fitted 5th order flame transfer function compared to that of Haber and Losh for 
the case of a total mass flow rate of 145 cc/sec and an equivalence ratio of 0.55=Φ .  

 

The poles and zeros of the transfer function of the fitted model are given in Table 3-4.  

 
Table 3-4.  Poles and zeros of the TF for the fitted flame model based on flame dynamics data from Haber and 
Losh. 

Poles and Zeros of 5th Order Fitted TF of Flame Model 
Poles Zeros 
-59.53 -53.26 

-62.31 ± 303.29i  -383.08 ± 438.90i 
-1166.87 -3973.86 
-5668.29  

 

 

The next section will show how the flame dynamics are coupled with the acoustic 

transfer function to close the TA loop.  
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3.1.3 Closing the Thermoacoustic Loop 

The closed loop TA process can be represented by the block diagram in Figure 3-

1, shown here in Figure 3-5.  Since the output of the TA feedback loop version of the 

acoustic model is a velocity given in meters per second and the input of the flame model 

is a mass flow rate given in kilograms per second, a conversion of units is necessary.  

This conversion from acoustic output to flame input is simply the density of the gas times 

the area of the flame in square meters, as seen in Figure 3-5.  On the other end of the 

loop, we need to convert from heat release rate to heat release rate per unit area and then 

again to change in heat release rate per unit area.  This conversion is accomplished by 

dividing the output of the flame model by the area of the flame in square meters and then 

taking the derivative with respect to time.  This conversion is also shown in Figure 3-5.   

 

Figure 3-5.  Corrected systems block diagram of closed-loop TA process. 

 

During experimental validation of the entire system model, it was found that the 

flame model as is predicts the system to be more unstable than it actually is.  This led to 
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an investigation as to why a model that was developed from extensive computer 

modeling of flame kinematics and verified by experimentation did not produce expected 

results.  Since the phases of the model and those of the experiment matched quite well, it 

was assumed that a gain term was the culprit of the discrepancy. 

In order to produce a feedback loop between the velocity perturbations of the 

acoustic model and the unsteady mass flow rate input of the combustion process, the 

velocity has to be transformed into mass flow by multiplying by the density of the 

reactants and the cross-sectional area of the tube, Figure 3-5.  On the output of the flame 

model, q% , is then divided by cross-sectional area to get HRR per unit area, thus the area 

cancels out when looking at the TF from velocity to change in HRR per unit area. This 

leaves the density term as a likely source of the errant gain. 

Since the density of a gas at constant pressure is dependent on temperature, the 

temperature at the thermoacoustic interface was examined.  It was found that, when 

exposed to a methane-air flame, glass and ceramic materials will typically achieve a 

temperature of 900 -1000° C.  Since the reactants must pass through the ceramic flame 

holder to reach the reaction site, it is theorized that they will achieve a temperature close 

to this value through conduction as the gases pass through the narrow passages of the 

honeycomb material of the flame holder before combustion occurs.  When the density of 

air at 900° C, approximately 0.3 kg/m3, was substituted into the closed TA loop structure 

an instability that closely matched those of experimental results was found. 

While a change in density appears to allow the model results to match 

experimental results quite well, as will be seen in Chapter 5, a further investigation of the 

true interaction between the acoustic model and flame model that takes into account 
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additional dynamics, particularly those related to density and temperature along the tube 

should be undertaken.  Since no such complete acoustic model exists at present, the 

assumed density change at the flame location has been used as the sole corrective factor 

throughout the rest of this work. 

Assuming that the input-output relationship of the TA loop that can be acted upon 

by a controller is represented by the total transfer function from q′′&%  to u% , i.e. a controller 

acts on the TA loop as if it were a single plant, the loop transfer function can be stated as  

 1

1 2

( )( )
1 ( ) ( )( )

G sU s
sG s G sQ s ρ

=
−′′

%

&%
 

 

using G1(s) and G2(s) as shown in Figure 3.5.  The frequency response of this transfer 

function is shown in Figure 3-6.  The increasing phase associated with the set of poles at 

approximately 180 Hz is indicative of these poles being in the RHP and thus the plant 

itself can be seen to be initially unstable. 
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Frequency Response of TA Loop from CHange in HRR to Velocity
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Figure 3-6.  Frequency response of closed TA loop from change in heat release rate to velocity. 
 

 As was mentioned earlier, the control system for the experimental tube measures 

pressure and effects change in the heat release rate via a speaker.  Thus, the actual plant 

model must have a transfer function from change in heat release rate to pressure.  While a 

transfer function from velocity to pressure could be generated from equations (10) and 

(12) in Section 3.1.1, the more practical approach is to realize that the two systems are 

virtually identical when placed in state-space.  Once the system is computed in state-

space, the difference between change in HRR to velocity and change in HRR to pressure 

is simply the difference in the output matrix.  The closed TA loop from change in HRR to 

pressure results in the frequency response shown in Figure 3-7.  The transfer function of 

this loop depends on the number of modes investigated.  The MatLab® code used to 
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generate the transfer function of the acoustics and TA loop for both outputs in provided 

in Appendix B. 

Frequency Response of TA Loop from Change in HRR to Pressure
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Figure 3-7.  Frequency response of TA loop from change in HRR to pressure. 

 

3.2  The Control Loop 

Models of the hardware in the control loop were required to ensure accurate 

prediction of the overall system performance.  Often the control loop has been treated 

much like the flame dynamics discussed in Section 3.1.2, with an oversimplification of 

the major contributors, resulting in system models that do not produce predicted outputs 

that are comparable to those found experimentally.  With prior knowledge of the intended 

experimental setup for this project, models of the other system hardware were readily 

constructible. The absence of these models in simulation resulted in a much more narrow 
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region of controllability via phase shift control than did the actual experimental setup.  

The additional gain and phase of the control system components drastically changes the 

behavior of the entire system and leads to some interesting conclusions about the 

applicability and performance limitations of phase shift controllers.  A block diagram of 

the TA plant and the intended control loop is shown in Figure 3.8 below. 

 

Figure 3-8.  Complete system diagram including control loop components and TA inner loop. 

 

It should be mentioned at this point that the gain, K, in the system block diagram 

of Figure 3.8 represents the aggregate loop gain and in simulation is a single value 

though, experimentally, it is the sum of the gains from the power amplifier, the sensor, 

the signal conditioner and the speaker.  Thus, the following models were built only with 
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concern to the shape of their respective frequency response magnitude and phase 

curves—the peak gain of each curve being set to 0 dB.  The value for the loop gain, K, 

was then picked such that with an optimal phase shift selected for the compensator, C(s), 

and a compensator gain of one, the system would be just barely unstable.  Throughout the 

simulation phase of this project the particular value of gain assigned to K was 1.00 x 105.  

This value for K makes a good deal of sense in that places the gain from the control loop 

or the output level of the control loop on the same order of magnitude as that of the flame 

dynamics which is about 100 dB at the instability frequency. 

 

3.2.1 Sensor and Signal Conditioner 

The sensor for the experimental rig, as noted previously, is a pressure transducer 

located at the closed end of the Rijke tube.  The sensor is a SenSym SLP004D, 

piezoresistive bridge type sensor distributed by Honeywell Inc. The manufacturer’s data 

sheet notes a response time of about 100 microseconds, thus the sensor itself can be 

modeled as a lowpass filter with a high frequency cutoff of about 10 kHz.  The signal 

amplifier to which the sensor is attached is designed to power the resistive bridge of the 

sensor and provide for a variety of voltage outputs.  For the experimental setup the 

absolute gain of the amplifier is not as important as the shape of the frequency response.  

For this work, the amplifier’s frequency response is assumed flat to at least the high 

frequency cutoff of the sensor.  Since the high frequency cutoff of the sensor is more than 

a decade beyond the highest frequency of interest on the combustor, it can and will be 

approximated as simply a gain term with no associated phase. 
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3.2.2 Anti-Aliasing Filter   

An integral part of the control loop for the experimental setup was an anti-aliasing 

(AA) filter.  This filter ensures that reflections of higher frequency harmonics are not 

inadvertently acted upon by the controller by suppressing the measured signal’s gain 

prior to the Nyquist frequency, or half the sample rate, of the digital controller.  Had a 

digital controller for this system not been used, this filter would not have been necessary 

and would not have been used.   

The AA filter model was taken directly from a curve fitting of the frequency 

response of the filter as measured by a Hewlett-Packard FFT analyzer.  Since it is 

essentially nothing more than a lowpass filter, a series of Butterworth lowpass filters 

were compared to the measured frequency response of the AA filter.  The filter was 

determined to be equivalent to an 8th order Butterworth lowpass filter.  The filter’s 

transfer function was constructed in MatLab®, compared with the measured data and 

found to be a very accurate match.  The only noticeable difference was a slight deviation 

in the phase due to the fact that the actual filter used was digital and the model is analog 

in design.  Figure 3-9 shows the frequency response of the AA filter model used.  The 

cutoff frequency of the filter was set to 675 Hz such that there was a 20 dB suppression in 

the magnitude response by 800 Hz, the Nyquist frequency of the controller. 
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Frequency Response of Anti-Aliasing Filter Model
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Figure 3-9.  Frequency response of anti-aliasing filter used for experimental setup.  Model is 8th order Butterworth 
lowpass filter with 675 Hz cutoff frequency. 

 

3.2.3 Actuator Model 

The actuator model is based on assumptions made from compiled speaker data 

and the experimental setup.  For the experimental portion of the project a speaker was 

used to create the pressure changes required to effect control of the TA instability.  In 

order to mate the speaker with the Rijke tube, an enclosure for the speaker was built 

using a small length of  aluminum pipe, approximately 4”, that was roughly the same 

diameter as the nominally 3” speaker.  The speaker was then affixed to the pipe on one 

end and the other end was blanked off with an 1/8” aluminum plate.  A hole was bored in 

the center of the blanking plate to accommodate a 1/4” brass national pipe thread (NPT) 

close nipple.  A small bit of ceramic honeycomb similar to that used as the flame holder 
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in the main tube was inserted into the end of the nipple and cemented in place.  The 

purpose of the honeycomb was to provide some semblance of an anti-blowback device 

such that a flame should not be able to propagate back into the speaker enclosure.  A 

drawing of the enclosure is provided for clarity in Figure 3-10, as the enclosure and 

speaker combine to form the actuator as a whole. 

 
 

Figure 3-10.  Drawing of speaker and enclosure as control actuator.  The threaded pipe nipple on blank end of enclosure is not 
shown. 

 

The only available data for the speaker used was found on a website for 

audiophiles as the manufacturer of the speaker had since discontinued production of that 

speaker model.  Original equipment manufacturer (OEM) information concerning its 

physical characteristics was not available.  The most relevant data available for the 

speaker was its resonant frequency of 90 Hz.  Acting under the assumption that this is a 

very low frequency for such a small speaker to deliver any useful power and the fact that, 

in getting to the tube for action upon the TA loop the sound waves must pass through a 

very small duct, a reasonable guess was made to model the speaker and enclosure as a 

bandpass filter with a 2nd order cutoff at either end and a BW of 90 Hz to 20 kHz. 
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After consulting additional websites dedicated to audiophiles, it appeared that an 

approximation of the speaker and enclosure as a 4th order bandpass filter is quite 

reasonable and conservative.  The typical speaker and enclosure combination drops off at 

least 40 dB per decade below the speaker’s resonance frequency.  The frequency 

response of the speaker model is shown in Figure 3-11.  It should be noted that the TF for 

a speaker relates a current input to a volume output.  Since this cannot be readily 

measured, the model of the actuator serves only to show the rough shape of the frequency 

response and does not provide a measured gain value.  Thus, the gain through the 

passband of the speaker response has been set to unity, with any actual gain or 

attenuation getting lumped in with the gain of the power amplifier.   

Frequency Response of Speaker Model

Frequency (Hz)

P
ha

se
 (d

eg
)

M
ag

ni
tu

de
 (d

B
)

-40

-30

-20

-10

0

10

10
2

10
3

10
4

10
5

-180

-135

-90

-45

0

45

90

135

180

 
 

Figure 3-11.  Frequency response of model of speaker and enclosure as 4th order Butterworth bandpass filter with 
cutoff frequencies of 90 Hz and 20 kHz.  
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As a final note about the actuator model, the power amplifier used to provide gain 

to the control signal from the controller also represents a bandpass filter of no less than 

second order with a bandwidth specified by the manufacturer as 15 Hz – 30 kHz.  Since 

the response through the passband is relatively flat in magnitude (data sheet specifies ±3 

dB throughout the frequency range), it has been treated as a simple gain term similar to 

that of the amplifier used with the pressure sensor. 

  

3.3 Summary 
 

This chapter has addressed the various models constructed for the purpose of 

evaluating the applicability and performance limitations of phase shift controllers.  

Building on the work of Annaswamy, Haber, Losh and others, a model of the TA loop 

was constructed from fundamental laws of physics, extensive simulation and reasonable 

assumption.  This model correctly predicts the frequency of unstable acoustic modes in 

the experimental methane-air Rijke tube combustor and was found experimentally to 

match the phase of the instability as well.  The results of the experiment and a 

comparison to the results found through simulations using the model are presented in 

Chapter 5. 

The acoustic model, while simplified for practicality, takes into account the 

dominant dynamics and geometry of the combustor.  It is noted though that some form of 

discrepancy arises in the coupling between the acoustics and the flame.  For this project, 

the anomaly was corrected by adjusting the density term between the acoustic model and 

the flame model; however, the underlying assumption is that the acoustic model, while 
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relatively accurate on its own, is oversimplified when coupled with a large temperature 

gradient in the tube.  The flame dynamics, or acoustic forcing term, though not presented 

in a closed form constructive manner like the acoustic model, provides the correct phase 

and magnitude at the appropriate frequencies and was reported by Losh to be 

experimentally validated by Haber. 

Models of the control loop hardware have also been presented in this chapter.  In 

order to provide good control of a system the dynamics of the physical control loop from 

sensor to actuator need to be taken into account.  Failing to do so will result in a poor 

design since the hardware adds phase and magnitude characteristics to the closed loop 

system.  Chapter 4 delves into the control of the TA loop with linear phase shifters.  It 

will discuss, among other things, how the addition or omission of several of the hardware 

models drastically changes the predicted performance of phase shift controllers.  The 

models of the control hardware were derived through measurement when possible.  For 

those models where measurements were not possible, reasonable assumptions were made 

and then validated through experimentation.   
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4. Phase Shift Control 

Chapter 1 discussed the importance of control of thermoacoustic (TA) instabilities 

from both environmental and economic standpoints.  These TA instabilities arise directly 

from the lean pre-mixed fuel/air conditions brought about by a need to reduce NOx 

emissions and other pollutants that can result in significant negative impact upon the 

environment.  While many control schemes have been suggested and implemented in 

regard to these TA instabilities, linear phase shift controllers are the simplest, and 

therefore most popular, form of closed-loop active control strategies.  

Despite their value, linear phase shift controllers have often been rejected as a 

feasible control method for TA instabilities in lieu of more complex control strategies.  

Though these more complex strategies promise greater performance, they often do not 

deliver.  This less than optimal performance is due to a purposeful detuning of the 

controller to ensure robustness when confronted with the inherent inaccuracy of models 

for complex real world combustors.  Section 4.1 will discuss why phase shift control, 

despite its inherent limitations, can be an equally viable tool for control of TA 

instabilities. 

To investigate the applicability that phase shift control can have with regard to 

TA instabilities, it is first necessary to understand the basics of how phase shift control is 

implemented.  Section 4.2 will briefly discuss the basic concepts behind simple closed-

loop phase shift control and the ways it can be implemented. 

Section 4.3 will discuss the approach taken in developing the phase shift control 

for the combustor model presented in Chapter 3.  The intricacies involved in trying to 

achieve the best possible performance from a phase shift controller were only revealed by 



46 

looking at the system and the control loop from three different frequency domain 

perspectives.  The tools available for this type of classical inspection of the system are 

root locus, Bode plots and Nyquist plots.  Each technique displayed aspects of the system 

dynamics and possible control solutions that were hard to determine via the other two 

methods.  Thus, by using all three techniques, a more thorough understanding of the TA 

system and hints as to the best possible solution with regard to phase shift control was 

obtained. 

The multiple technique approach sought to determine an appropriate range of 

phase shift and gain that would allow for stabilization of the instability by first 

investigating the TA loop’s root locus.  The results of this analysis were then compared to 

open-loop frequency responses or Bode plots.  The results of both the root locus 

technique and frequency response technique were then compared with analysis of the 

system using the Nyquist stability criteria.  The Nyquist analysis proved to be the most 

demonstrative in showing the range of stabilization and the limitations of phase shift 

control.  Finally, as a verification step, an LQG controller was built for the model.  The 

input-output characteristics of the LQG controller were then compared to those of the 

phase shifter to ensure similar performance was achievable when the goal of the LQG 

controller is stabilization only.  Once the phase shift control was developed, some of its 

limitations were investigated. 

  Phase shift control does exhibit some inherent limitations.  A linear phase shifter, 

regardless of implementation, will shift the phase of every frequency of the system.  

Thus, in an effort to cancel an unstable frequency by adjusting the phase of the feedback 

signal of that frequency to yield purely negative feedback, other frequencies which were 
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previously stable will then be forced to have positive feedback in the closed-loop and 

become unstable with an increase in loop gain.  BP filters are often used to suppress the 

loop gain in all frequencies except for those immediately surrounding the unstable 

frequency such that the frequencies made in-phase by the phase shifter will not have 

enough gain to produce secondary instabilities.  However, the phase characteristic of 

these BP filters can cause problems in the vicinity of the frequency of the original 

instability.  In particular, BP filters can cause the average group delay in the surrounding 

frequency range to be so high as to effectively make the system unstabilizable via phase 

shift control.  Other hardware in the system, such as actuators and sensors, can also 

contribute to the average group delay throughout the instability’s frequency range and 

thus cause difficulty in stabilizing the system.  Ignoring BP-like, high average group 

delay characteristics of control loop hardware can be just as detrimental as an 

inappropriate BP filter in the system.  Section 4.4.1 will discuss in more detail the 

problems associated with BP filters in phase shift control systems.  As with BP filters, 

time delay can cause large average group delay across the entire frequency spectrum.  

 Time delay or transport delay is an inherent problem of any control system, and 

can be particularly problematic in controlling a continuous combustion process.  Actions 

of the controller do not necessarily take effect instantaneously.  For example, depending 

on the frequency of the oscillation that is to be controlled, in an attempt to control heat 

release by secondary fuel injection, the time delay between determining how much fuel is 

to be injected and when this fuel actually contributes to heat release can represent a very 

significant shift in phase.  When the time delay in a system is severe, large average group 

delay through the frequency range of the instability causes problems very similar to that 
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of BP filters.  Section 4.4.2 will discuss the limitations of phase shift control schemes 

when acting upon a system with significant transport delay. 

 Finally, section 4.5 will summarize the important results of both the development 

of the phase shift controller used in this work and the limitations of this control strategy 

with respect to BP filters and time delay. 

 

4.1  Applicability to TA Instabilities 

Certain generalities can be made about the TA loop.  Presumably, the hardware in 

the control loop can be readily measured and modeled with good accuracy.  Once the 

frequency response of the various control loop components is known, reasonable limits 

can be placed on the type of instability that can be stabilized via phase shift control.  As 

such, if the characteristics of the combustor to be stabilized fit within the capabilities of 

the controller, the controller can be applied and tuned online quite rapidly.  This rapid 

implementation is due to the fact that little in the way of system knowledge is necessary 

other than the frequency of the instability. 

Unlike more complex control schemes, such as LQG-LTR, an accurate system 

model or system identification is not necessary for adequate control with a phase shifter.  

While detailed measurements of various system parameters can be made online in a 

laboratory setting, this is not always practical or even possible in a real combustor.  

Limiting factors that rule out such measurements can include cost, size and accessibility.  

Additionally, the performance of complex model-based controllers is limited by the 

accuracy of the model on which they are based.  Given the same rough system 

knowledge, model-based control strategies may not be able to achieve any better results 
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than phase shift control.  Since real-world combustors exhibit different system 

characteristics and TA coupling even when comparing two apparently identical 

combustors, any control scheme that can feasibly operate without an accurate system 

model has clear advantages. 

Rapid implementation and viable control with limited system knowledge aside, 

another benefit of phase shift control is the ease with which it is tuned.  Under the 

assumption that only one unstable frequency is to be stabilized, phase shift control 

presents the simplest type of control possible.  Achieving stabilization is merely a matter 

of setting an appropriate phase and then increasing gain until the system becomes stable.  

Needing only two parameters adjusted to achieve stability, phase shift control also 

represents the easiest type of control to make adaptive.  This quality is particularly 

important for TA instabilities as the continuous combustion process is known to vary 

unpredictably with changes in operating conditions.  Thus, a two parameter controller can 

adapt more quickly to a changing system than would a more complex control strategy.  

This is a clear advantage for phase shift control, as a changing system will require system 

identification and controller design online in real time for complex optimal controllers – a 

daunting task even for today’s high speed computational tools and digital signal 

processing hardware.  

 

4.2  Stabilizing TA Instability with Phase Shift Control 

Given the intended simplicity of the controller design, i.e., two tunable 

parameters, frequency domain analysis and design techniques were initially used in the 

investigation of the TA loop.  The two main tools that are used for frequency domain 
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analysis are root locus and frequency response.  Root locus provides a graphical 

representation of a system’s closed-loop poles on the complex plane.  Though the aim of 

design techniques based on root locus analysis are more suited for low order linear 

systems in which transient behavior is the important parameter being controlled, the 

visually intuitive look at the system’s closed-loop poles can give insight into the direction 

a control design should take even if it is not the optimal tool for actually creating the 

design.  In other words, the root locus easily shows the path the closed-loop poles will 

take with increasing gain, but it fails to give an intuitive picture as to what additional 

poles and zeros will force the system poles to move in the desired direction.  This is 

especially true in high order systems – the TA model with its eight acoustic modes and 

fifth order flame model is a 21st order system – it would be almost impossible to design a 

control system of this order strictly via root locus. 

Frequency response techniques are not as visually intuitive as the root locus, from 

a pole-zero perspective, but provide a different view of the system that has some 

advantages over the root locus.  In the case of the TA loop being investigated, frequency 

response techniques have the advantage of directly showing the gain and phase of the 

system with respect to frequency.  This makes it much easier to see what general shape 

the controller should take in magnitude and phase to provide stabilization via a shift in 

phase.  Two different ways of looking at the frequency response of the system were used 

to investigate the nature of the TA loop and provide insight into the effectiveness of 

phase shift control.  The first are Bode plots.  The Bode plot displays magnitude and 

phase separately with respect to frequency and was the most useful in designing the 

controller.  The other visual technique is the Nyquist plot which displays the magnitude 
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and phase on a polar plot.  Though Nyquist plots can show general ideas as to what a 

controller needs to do, they are much more useful in determining if a system is stable and, 

if so, how stable. 

Since the building of the system models allowed for the construction of a transfer 

function (TF) of the TA loop, a root locus of the system was plotted to take a look at the 

closed-loop poles.  The control loop is closed around the TA loop taking pressure as the 

output variable as in Figure 3-8; however, the control hardware shown in the figure is 

replaced with a straight feedback gain of one for the purposes of looking strictly at the 

TA loop’s root locus.  The upper half of imaginary axis of the TA loop root locus is 

shown in Figure 4-1 as the complex poles occur in conjugate pairs and all pertinent data 

can be seen in the upper portion of the locus.  It can be seen from the plot that there are 

two complex poles (only upper one visible) in the right-half plane (RHP).  The locus also 

shows that an increase in gain will cause these poles, which are associated with the 

second, or three-quarter wave, acoustic mode of the model, to continue moving into the 

RHP along with the poles associated with the sixth acoustic mode at higher levels of gain.  

The goal then of a phase shifter would be to add or subtract enough phase to cause the 

pole pair to move back toward the left-half plane (LHP).  A reasonable first assumption 

would be to adjust the phase such that the departure angle of the second mode poles is 

180°.  Visual inspection of the locus shows that the departure angle is approximately -

70°.  This matches the calculated value of -74.78° reasonably well.  Thus the expected 

phase shift that would stabilize the system by forcing the locus to move into the LHP 

most directly would be about -105° or the difference between the current departure angle 

and 180°.   
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Root Locus of TA Loop
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Figure 4-1.  Portion of root locus of TA loop taking pressure as output and increasing q′′&% .  This plot displays only 
the positive half of the imaginary plane since the lower half displays the complex conjugates of what is currently 
shown and provides no additional information.  The obviously unstable pole in the RHP is associated with the 
second acoustic mode. 

 

The first order allpass filter used in the experimental setup was used to provide the 

required phase shift in the feedback path of the control loop.  Figure 4-2 shows the phase 

versus frequency characteristics of the allpass filter.  The allpass filter coefficient is 

calculated to give a desired phase angle between 180° and -180° at the instability 

frequency without providing any more than this range of phase angle to other 

frequencies. 
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Figure 4-2. Phase versus frequency characteristics of the allpass filter used in phase shift controller. 

 

  

The fact that the phase of the allpass filter is warped to provide a desired phase at a 

desired frequency without causing more than a 180° shift to any frequency in the system 

is contrasted by the use of a time delay based phase shifter which provides a strictly 

constant slope phase shift over all frequencies.  While an appropriate delay can be 

specified to provide a desired phase shift at a desired frequency, that delay will cause a 

shift in phase at every frequency with a constant slope with respect to frequency of  

-2πfTd, where f is frequency and Td is the time delay in seconds.  The locus of the system 

with a phase shift of -105° placed in the feedback path is displayed in Figure 4-3. 
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Root Locus of TA Loop after -105o Phase Shift
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Figure 4-3.  A phase shift of -105° was added to the feedback path of the control loop around the TA instability.  
This phase angle provides the unstable second acoustic mode with a departure angle of 180° and stabilizes the mode 
with an increase in loop gain.  This phase shift also causes the fourth acoustic mode and poles associated with the 
flame resonance to head toward the RHP.  Thus, the level of suppression available for the second mode has to be 
balanced with the need to keep the fourth mode stable. 
 

As can be seen in Figure 4-3, the closed-loop pole associated with the second 

mode now moves straight back across the jω-axis with an increase in gain.  The other 

effects of the phase shift are that now the fourth mode acoustic poles are shifted such that 

they will move towards the RHP, additionally a set of low frequency poles associated 

with the resonant peak of the flame model will also tend toward the RHP with increasing 

gain.  Thus, while solving the problem of stabilizing the second mode, the fourth mode 

and flame resonance will now become very lightly damped or unstable as the gain is 

increased in an effort to go beyond just stabilizing the second mode. 
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Though not visually obvious, if the gain could be lowered at the sets of poles that 

are heading to the LHP then the gain for the second mode could be increased further 

without fear of causing the other poles to go unstable.  This need for gain suppression 

both above and below the frequency of the second mode would suggest the use of a BP 

filter to improve performance beyond that of a straight phase shift alone.  It should be 

noted, however, that even with gain suppression in the surrounding frequencies, an 

increase in gain will eventually cause the second mode to shift in frequency and become 

more lightly damped though still stable.  This fact can be seen in Figure 4-3 by the way 

the locus of the second mode pole comes back toward the RHP at high values of gain 

before settling in on the lightly damped zero.   

Though setting the departure angle of the unstable pole to 180° brings the pole 

back into the LHP most directly, other angles of departure were investigated to determine 

the effects.  Figure 4-4 shows the trajectory of the locus for the second and third modes of 

the system for five different phase shifts.  It was noted that the possible level of damping 

that could be achieved for the second mode poles increases with decreasing phase angle.  

However, at a phase angle of less than -25°, or a departure angle of the pole of about 

-100°, the second mode fails to cross into the LHP.  At phase angles greater than -135°, 

the second mode poles still move to the LHP, but no gain adjustment leaves both the 

second mode and the fourth mode in the LHP simultaneously.  Thus, there is a bound of 

useful phase shifts beyond which stability cannot be achieved with a simple phase shifter. 
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Figure 4-4.  Root locus of 2nd and 3rd acoustic modes with varying amount of phase shift in the feedback loop.  As 
phase shift differs from -105°, the shift required to cause a departure angle of 180° for the 2nd mode, it would appear 
that less phase would allow the 2nd mode pole to move back further with added gain.  However, the opposite is 
actually true with slightly better performance being achieved through more phase.  This phenomena is best seen in 
the Nyquist plots of the frequency response of the system. 

 

 The phases at which the second mode appear to be able to be suppressed 

indefinitely, i.e., the locus of the second mode continues deep into the LHP rather than 

stopping at the local zero, do not actually provide such results, as again the surrounding 

modes cross into the RHP very quickly.  Any phase that provides less than that required 

to ensure a 180° departure angle of the second mode poles will yield less suppression in 

the second mode before the other modes start to cross into the RHP.  Adding more phase 

provides more damping when the loop gain is set such that the damping of the second and 

fourth mode is equal. The peak damping of the two acoustic modes occurred at a phase 

shift of -129°.  This shift was found to provide a damping of 0.485 percent for both the 

second and the fourth modes when the gain was adjusted such that the damping of the 
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two modes was equal.  As the phase was increased past this point the low frequency poles 

of the flame resonance quickly become lightly damped and unstable.  A measurement of 

the damping for the 180° departure angle case yielded a damping of 0.446 percent when 

the loop gain was set such that the damping of the second and fourth mode poles was 

equal. Though larger absolute phase angles provide more damping of the acoustic poles, 

the region of stability, best seen on a Nyquist plot of the system and covered later in this 

section, decreases with phases greater than the -105° needed to create a 180° departure 

angle from the second mode pole.  Also displayed by a Nyquist plot of the system, but 

not seen in a cursory examination of the root locus, is the fact a phase shift of -100° 

appears to provide the largest envelope of stability as opposed to the -105° found in the 

root locus analysis.  A further investigation of this phenomenon is covered later in this 

section.  

To better demonstrate that phase shifts other than that required to create a 

departure angle of 180° from the unstable mode can cause problems with the stability of 

other modes, frequency response analysis is necessary.  Figure 4-5 shows the open-loop 

Bode plot of the TA loop.  A close inspection of this plot shows the instability as a 

magnitude peak at 181 Hz and an associated sharp rise in phase at the same frequency 

that would be indicative of RHP poles.  While this interpretation of the frequency 

response is not necessarily intuitive at showing the instability, with the prior knowledge 

gleaned from the root locus analysis it can provide insight as to what needs to be done in 

order to correct the instability.  Acting under the assumption that the magnitude peak at 

181 Hz is due to RHP poles, it can be seen from the plot that in order for a phase shift in 

the feedback path to be most effective at the instability frequency, a shift of 
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approximately -105° is required.  This shift will place the phase of the unstable poles at 

180° yielding pure negative feedback at the unstable frequency and thus eliminating the 

instability with an appropriate value of gain. 

The desire to have a 180° crossing in the open loop response is somewhat 

counterintuitive from a typical interpretation of the open loop response of an oper-loop 

stable system.  The typical line of reasoning with an open loop Bode plot is that 180° 

crossings indicate the possibility of creating an instability with increasing gain due to the 

assumption of negative feedback and initially stable system poles.  However, since the 

second acoustic mode poles of the TA loop are unstable to begin with, in a negative 

feedback control loop, a 0° crossing will indicate positive feedback for RHP poles and 

continued instability with increasing gain.  Thus, in order to stabilize the RHP poles, a 

180° crossing at the unstable frequency is desired to achieve negative feedback at that 

frequency with an increase in gain. Figure 4-6 shows the open-loop Bode plot of the 

system with the required phase shift in the loop. 
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Figure 4-5.  Open-loop frequency response of TA loop.  Departure angle of -75° noted in root locus analysis is 
clearly visible as is the need to shift the phase of the system by -105° to achieve negative feedback at the unstable 2nd 
mode poles. 
 

 

Figure 4-6.  Open-loop frequency response of TA loop with phase shift of -105° in feedback path. 
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It can be seen from the magnitude plot in Figure 4-6, that if the loop gain is increased to 

be on the order of 105, the unstable poles will have a gain of greater than 0 dB.  With this 

gain and the 180° phase at this frequency, the closed-loop system will be stable, though 

the 181 Hz or second acoustic mode pole will still be lightly damped.  It is not difficult to 

see from the open-loop plot in Figure 4-6 that the fourth acoustic mode will become 

unstable as the gain increases as, for this set of originally stable poles, a 180° crossing is 

indicative of positive feedback with gains of greater than one.  Thus, when the loop gain 

becomes high enough for the fourth mode to have a value of greater than 0 dB, this mode 

will become unstable due to positive feedback.  The gain required to stabilize the second 

mode is 1.2 x 105 and the gain necessary to cause the fourth mode to go unstable is 3.7 x 

105. A gain of 1.2 x 105 was placed in the control loop and the closed-loop response was 

plotted and is shown in Figure 4-7.  The closed-loop response depicted in the figure is 

from a noise input to a pressure output.  This relationship is the same as that shown 

previously in Figure 3-8. 
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Closed-Loop Bode Plot of TA Instability with -105o Phase Shift and Gain of 1.2 x 105
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Figure 4-7.   Lightly damped 2nd mode visible as loop gain increased to point where mode just becomes stable. 

 
 

As was predicted, the gain stabilized the second mode poles but left them very lightly 

damped.  Lightly damped poles in the system are problematic from the standpoint that the 

combustor is excited by broadband noise as shown in Figure 3-8.  Thus the power 

spectrum inside the combustor will have the shape shown in Figure 4-7 if just barely 

stabilized.  So is can be seen that additional damping is quite important and desirable to 

avoid large stable pressure oscillations.  Figure 4-8 shows both the initially stabilized 

closed-loop response and that of the system with the gain set to 2.45 x 105 which 

balances the damping of the second and fourth modes.  The gain of 2.45 x 105 reduces the 

magnitude response of the stabilized poles while unfortunately decreasing the damping in 



62 

and increasing the magnitude response of the fourth mode poles.  As can be seen in 

Figure 4-8, only about 20 dB of suppression is possible in the second mode before the 

fourth mode’s damping decreases to the point where it is the more significant resonance.  

Closed-Loop Bode Plots of TA Instability with -105o of Phase Shift and Gains of 1.2 x 105, 2.45 x 105
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Figure 4-8.  Limited suppression of 2nd mode due to decreased damping in 4th mode as loop gain increases. 
 

This limit on simple phase shift control in its ability to stabilize and damp an unstable 

acoustic mode agrees with the findings of the root locus analysis.  The presented 

frequency responses also suggest that were the magnitude of the surrounding frequencies 

to be suppressed, the gain at the unstable mode could be increased further to achieve 

better system performance.  Suppression of the surrounding frequencies could be 

accomplished with a BP filter. 
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 A more intuitive look at the limited damping achievable with a phase shift control 

can be seen by looking at Nyquist plots of the frequency response of the system under 

varying conditions.  The Nyquist stability criterion states that the number of closed-loop 

poles in the RHP equals the number of open-loop poles in the RHP minus the number of 

counter-clockwise encirclements of -1 point on the real axis of a polar plot of the open-

loop frequency response (Nise, 1994).  Figure 4-9 depicts the Nyquist plot of the TA 

plant with the -105° phase shift producing a 180° departure angle and the gain of 1.2 x 

105 needed to stabilize the second acoustic mode specified by the two other analysis 

methods.  

 
 
Figure 4-9.  Nyquist plot of open-loop frequency response with phase shift of -105° and stabilizing gain of 1.2 x 105. 

 

It is clear that the -105° phase shift produces a relatively large envelope of stability.  

However, the largest intersection of the two CCW loops occurs at a phase of -100°.  This 
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could be indicative that the optimum phase shift might not be that which produces a 

departure angle of 180°.  Figure 4-10 shows the TA loop shifted by -100°.  Clearly, 

moving away from this phase angle will cause the CCW loops to have a smaller 

intersection and thus have a smaller region of stability.  A close-up look at the root locus 

of the second mode with a phase shift of -100° is shown in Figure 4-11.  The optimum 

 

 Figure 4-10.  Nyquist plot of open-loop frequency response with phase shift of -100° and stabilizing gain of 1.2 x 105. 

 

phase shift then appears to be the one which causes the tangent of the root locus of the 

unstable pole to be perpendicular to the jω-axis rather than just a departure angle of 180° 

at the pole. 

 As mentioned during the discussion on the limits of useful phase shifts at the end 

of the root locus analysis, improved performance of the phase shifter comes at the price 

of a decreasing region of stability.  This fact is quite apparent when looking at the 
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Nyquist plots of other phase shift angles.  Previously, the limits of acceptable phase shift 

were stated to be -25° to -135° since beyond these angles stability of the second mode, 

though possible, could not be achieved without allowing the fourth mode or the flame 

resonance to become unstable or reducing the gain at these surrounding frequencies with 

a BP filter.  Figure 4-12 provides a series of Nyquist plots for several different phase shift 

angles.  It is clear that moving away from the optimum angle reduces the region of 

stability created by the CCW loops around the -1 point. 

 
Figure 4-11.  Close-up view of 2nd mode root locus with phase shift of 100° in feedback path.  Shows that phase at 
which CCW loop on Nyquist plot intersect fully is the phase at which the tangent of the root locus is perpendicular 
to the jω-axis. 

 

Once again, the evidence points to the limitation of a simple phase shifter’s ability to do 

much more than stabilize the instability.   

Taking the -120° shift case shown in Figure 4-12, it can be seen that not only are 

the CCW loops around the instability frequency beginning to separate but the larger CW 
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loops of the flame resonance are moving together such that, even if the gain is adjusted so 

stability is achieved, the gain margin will be extremely small for a number of frequencies.  

Though an increase in gain will undoubtedly further suppress the response of the original 

instability at 181 Hz, it will also cause the flame poles to begin to become lightly 

damped.  Further increases in gain will end up causing positive feedback where the flame 

loops cross 180° and the system will then be unstable again with the only difference 

being the frequency of the instability.  As was noted earlier, given the broadband noise 

driven nature of the system, performance of the control system will suffer to the point of 

being useless well before the flame becomes unstable.  Clearly, without suppressing the 

gain in surrounding frequencies and making their CW loops small relative to the CCW 

loops of the instability, other poles of the system will become lightly damped or unstable 

before adequate damping of the original instability is achieved.  The most obvious way of 

providing this gain suppression is through the use of a BP filter around the unstable 

second mode. 
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Phase Shift -135o: No Region of Stability,
 CCW loops canceled by CW loops
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Figure 4-12.  Nyquist plots of four different phase shifts showing region of stability gets smaller as phase changed 
from optimum of -100°.  

 

 

4.3  Bandpass Filter Augmented Phase Shift Control 

From Figure 4-5, it can be seen that the fourth mode frequency is approximately 

420 Hz.  Also, it is evident that any additional suppression garnered by a BP filter at this 

frequency will at best be split between damping the second mode and damping the fourth 

mode if the maximum suppression of the two modes is the goal.  In other words, a BP 

filter that suppresses the gain by 20 dB at 420 Hz, will presumably, when the loop gain is 

increased, at best split this difference with the second mode yielding an additional 10 dB 

of suppression to the second mode and 10 dB of suppression to the fourth mode.  Since 

the optimal phase shift found by Nyquist analysis is assumed to be used, there should be 
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no immediate concern about the flame resonance as it only comes into play with sizable 

absolute phase shifts greater than -100°. 

For proof of concept the algorithm was applied to the TA loop.  Assuming that the 

center frequency of the BP filter should be the frequency of the second mode and 

attempting to have at least a 20 dB attenuation by 420 Hz, the following BP filter was 

created using MatLab® (Figure 4-13). 

2nd Order Butterworth BP FIlter with Center Frequency of 180 Hz and BW of 30 Hz
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Figure 4-13. Frequency response of 2nd order Butterworth bandpass filter with 180 Hz center frequency and 30 Hz 
bandwidth. 

 

When placed in the feedback path along with the allpass filter, the BP filter had the 

following effect.  The predicted split of suppression failed in that it was assumed that the 

added suppression of the BP filter, 20 dB at 420 Hz, could be split evenly between the 

second and fourth modes.  Or, in other words, since the poles of the second and fourth 
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modes are directed in opposite directions it seemed as though, with the additional 

suppression at the fourth mode, more gain could be added to the second mode and that 

the suppression at the second mode could be set such that it would be equal to the added 

spillover in the fourth mode.  The gain, however, could not be adjusted such that the 

second and fourth modes had equivalent damping without causing peak splitting to occur 

on either side of the second mode.  The additional peaks growing on either side of the 

original instability are shown in Figure 4-14.   

Closed-Loop Bode Plot of TA Loop with -95o Shift, 2nd Order BPF with 30 Hz BW and a Gain of 4.2 x 105
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Figure 4-14.  Peak splitting occurs with relatively tight 2nd order Butterworth BP filter and sufficient gain.  Plot 
shows zoomed in closed-loop frequency response from 100 to 500 Hz. 
 
 

Adjusting the gain such that the response around the second mode was flat, the overall 

added suppression to the system in the second mode was 6 dB and 9 dB for the fourth 

mode.  This can be seen by comparing the equalized modes in the closed-loop Bode plot 
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of Figure 4-8 to that of the closed-loop Bode plot of Figure 4-15 shown below.  With just 

phase shift control, the two modes equalized at -100 dB whereas with the added 

suppression of the BP filter they now settle at -106 dB for the second and -109 dB for the 

fourth.  Additionally, the phase shift had to be changed to -95° to cause the CCW 

encirclements of the Nyquist plot to fully intersect.  This change in phase shift to return 

to full intersection of the CCW loops is due to the fact that the Butterworth BP filter’s 

phase angle at the instability frequency is approximately -5°.   This offset is due to the 

fact that the BW of the filter was centered at 180 Hz rather than precisely on the 

instability frequency in order to match the BW used experimentally and an additional 

offset exists since the midpoint of the BW is not the geometric center frequency, 

c l hω ω ω= .  The offset in phase then is handled by simply adjusting the phase of the 

allpass filter. 
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TA Loop with 2nd Order BPF, -95o Phase Shift and Gain of 3 x 105
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Figure 4-15. Closed loop response of system with -95° phase shift, 2nd order BP filter with 30 Hz BW, and total loop 
gain (includes both base gain, K, and controller gain) of 3 x 105. 

 

Looking at the Nyquist plot of the new open-loop system, a significant change in shape 

can be seen.  Figure 4-16 shows that the CW loops associated with both the flame 

resonance and the fourth acoustic mode have been significantly suppressed as compared 

with Figure 4-10.  Figure 4-16 also shows that the system will become unstable at a 

frequency close to the second mode as the gain is increased, in this case approximately 

158 Hz.  This is due to the fact that as the gain increases, the -1 point will leave the CCW 

encirclement at a frequency close to 158 Hz. 
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2nd Order BP Filter, -95o Phase Shift and Gain of 3x105 in FeedBack Path
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Figure 4-16.  Nyquist plot of system with -95° phase shift, 2nd order BP filter with 30 Hz BW, and total loop gain 
(includes both base gain, K, and controller gain) of 3 x 105. 

 

A quick look at the root locus of the new system, shown in Figure 4-17, with the BP filter 

installed reveals that the BP filter has a set of poles located in the LHP directly opposite 

the unstable second mode poles.  With the phase shift set such that the second mode poles 

come back into the LHP, the BP poles are now directed into the RHP.  It is also noted 

that the third acoustic mode also directed into the RHP rather than the fourth mode; 

however, the poles of the BP filter cross in to the RHP well before those of the third 

mode.  The frequency at which the BP poles cross into the RHP also agrees with the prior 

Nyquist plot that shows the system becoming unstable at a frequency near 158 Hz.   
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Root Locus of TA Loop with -95o Shift and BPF with 30 Hz BW
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Figure 4-17.  Close up view of root locus of TA loop with BP filter installed and appropriate phase shift.  While 
unstable 2nd mode poles come back into LHP, BP and 3rd mode poles head into the RHP. 
 
 

Some added suppression is achieved due to the initial higher damping of the BP poles 

than the light negative damping of the second mode poles.  This would seem to suggest 

then a wider BP filter with more damped poles would work better.  Of course a more 

heavily damped BP filter will not provide as much suppression for the fourth mode.  This 

lack of suppression can be counteracted by increasing the order of the filter. 

 A fourth order Butterworth BP filter was constructed with a center frequency of 

180 Hz and a bandwidth (BW) of 100 Hz.  This structure should be more damped 

than the previous second order filter (Figure 4-18) and still provide at least a 20 dB 

attenuation by 420 Hz at the fourth acoustic mode.  Figure 4-19 displays the frequency 

response of this BP filter. 



74 

Root Locus of 4 BPFs: 2 - 2nd Order, 2 - 4th Order

Real Axis

Im
ag

 A
xi

s

-350 -300 -250 -200 -150 -100 -50 0
0

200

400

600

800

1000

1200

1400

1600

1800

2000
300

250

200

150

100

500.7

0.42

0.28

0.2

0.15 0.1 0.065 0.03

 
Figure 4-18.  Root locus of four BP filters, two 2nd order and two 4th order.  As the BW is increased poles of the 
filters become more damped.  The set of poles closest to the jω-axis represent 2nd and 4th order filters with a BW of 
30 Hz while the more damped set of poles are for filters with a BW of 100 Hz. 
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4th Order Butterworth BP with 180 Hz Center Frequency and BW of 100 Hz
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Figure 4-19.  Frequency response of 4th order Butterworth BP filter with 100 Hz bandwidth and 180 Hz center 
frequency. 

 

The fourth order BP filter was placed in the feedback path of the closed-loop system and 

the gain was adjusted for nearly equal suppression in both the second and fourth acoustic 

modes.  As can be seen in Figure 4-20, both acoustic modes are now at -110 dB.  As was 

noted for the second order case, the phase of the BP filter was not precisely 0° at the 

instability frequency.  Adjusting the phase of the phase shifter to -88° in order to realign 

the CCW loops of the Nyquist plot shown in Figure 4-21 compensated for this phase 

offset. 
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Closed-Loop Response with 4th Order BP (180 Hz center, 100 Hz BW), -88o Phase Shift and gain of 5x105 in Feedback Path
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Figure 4-20.  Closed loop response of system with -88° phase shift, 4th order BP filter with 100 Hz BW, and total 
loop gain (includes both base gain, K, and controller gain) of 6 x 105. 

Open-Loop Nyquist with 4th order BP (180Hz center, 100 Hz BW), -88o Phase Shift and Gain of 5x105 in Feedback
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Figure 4-21.  Nyquist plot of system with -88° phase shift, 4th order BP filter with 100 Hz BW, and total loop gain 
(includes both base gain, K, and controller gain) of 6 x 105. 
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Though it would seem logical that even higher order filters would produce increasingly 

better performance, this is simply not the case.  A look at the original closed-loop 

response of the TA loop with no compensation in Figure 4-22, reveals that the level of 

the magnitude of the fourth acoustic mode is -110 dB. 

Frequency Response of Closed-Loop System with No Compensation
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Figure 4-22.  Uncompensated, closed loop frequency response of system. 

 

In order to drive the unstable second mode into the LHP the phase shift for the overall 

frequency range is such that at least one other set of system poles will be directed into the 

RHP.  Thus, using a single BP filter and first order phase shifter to further suppress the 

response at the fourth mode while simultaneously stabilizing and suppressing the 

magnitude of the second acoustic mode is unachievable.  In order to go beyond 

stabilizing the second acoustic mode and attempt to suppress the entire magnitude floor 
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of the closed-loop response, more degrees of freedom are required in the phase shifter 

such that the phase’s other modes such as the fourth mode or flame resonance which 

typically end up directed to the RHP can be directed back into the LHP. 

Additional variations of BP filters were tested.  Higher order filters performed no 

better, and more often worse, than that of the relatively wide fourth order BP discussed 

above.  To corroborate these findings a LQG controller was designed for the TA loop.  

The purpose of looking into this type of control was to determine what the optimal 

controller does when presented with the TA system.  The frequency response of the LQG 

compensated TA loop is shown in Figure 4-23. 

Frequency Response of Closed-Loop System with Minimal Control Effort LQG Soln
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Figure 4-23. TA system with LQG controller optimized for minimum control effort 
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In designing the LQG controller, the control effort was heavily penalized such 

that the minimum control effort would be applied and a controller whose only goal was 

stabilization would be generated.   An integrator block diagram of the system with the 

LQG controller in place is shown in Figure 4-24.  In this figure, the transfer function of  

the TA loop was transformed to the equivalent state space system with the matrices A, B, 

and C such that the following state equation holds. 

 x Ax Bq
p Cx

′′= +
=

&& %

%
 

 

 

Figure 4-24.  Integrator block diagram of TA system with LQG controller.  
 

MatLab® was then used to calculate the feedback matix, F, and the estimator gain matrix, 

L, with a very heavy control penalty.  The controller was then considered to be its own 

system by looking at the system from the output pressure to the change in HRR input. 
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  A block diagram of the controller itself is shown in Figure 4-25 and satisfies the state 

equation given below. 

 
( )x A BF LC x Lp

q Fx
= − − +
′′ =

& %

&%
 

 

 
 Figure 4-25.  Integrator block diagram of LQG controller separated form TA system. 
 

The frequency response of the controller is shown in Figure 4-26. 

Frequency Response of LQG Controller with Minimal Control Effort
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Figure 4-26.  Frequency response of LQG controller separated from TA system. 
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As can be seen in the figure, aside from some interesting phase and magnitude 

manipulation around the flame resonance, the LQG controller places a BP-like filter 

around the instability frequency and shifts the phase by -100° such that the unstable pole 

comes back into the LHP.  Further investigation revealed that the LQG solution cancelled 

all of the original system poles other than the unstable set and replaced them with its own 

poles.  The seemingly smooth low order response shown in Figure 4-26 is due to the fact 

that the controller was optimized for minimum control effort and thus only the unstable 

set of poles was moved significantly.  Though the controller cancelled the other system 

poles with appropriately placed zeros, it also added poles at these locations so that the net 

effect is the reduction of the controller response from a 21st order system to that of an 

essentially 3rd order system.  When the control penalty of the LQG solution is decreased, 

the controller moves the newly created poles further into the LHP thus lowering the 

magnitude response of the entire system simultaneously.  This provides some validation 

of the concept that a simple phase shifter and BP filter is incapable of providing the same 

type of broadband magnitude suppression without additional degrees of freedom.  The 

added complexity of the extra degrees of freedom would also tend to defeat the simplicity 

of phase shift control.  It should be noted, however, that as the control penalty of the 

LQG solution is decreased, the frequency response of the controller appears to be nothing 

more than an appropriate phase shift and additional BP filter at the next dominant 

resonance with this process continuing until all peaks are eliminated. 

The benefit of looking at the LQG solution is that it provides insight into the fact 

that, with an arbitrarily complex multi-degree of freedom phase shifter, a solution that 
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approaches optimal could be reached with much less system knowledge than required for 

a workable LQG solution.  This could conceptually be accomplished if a multi-degree of 

freedom phase shifter could be sequentially and adaptively adjusted to shift the phase of 

the resonant peaks of the TA loop one at a time in order of magnitude dominance and 

then increasing the loop gain.  This would approach a similar controller frequency 

response as that of the optimal solution without having to know the pole locations of the 

system, as determining which frequency or resonance needed to be adjusted next would 

be a matter of determining at what frequency the next highest magnitude spike was in the 

power spectrum.  The other benefit of looking at the optimal solution is that it shows a 

simple phase shifter and BP filter combination is near optimal for a stabilizing controller.  

When looked at in relation to the above proposed multi-degree of freedom phase shifter, 

since one resonance is compensated before attempting to improve the next, the lowest 

level of performance should be that of a near optimized stabilizing control.  

 

4.4  Limitations of Augmented Phase Shift Control Due to Excessive Group Delay 

The frequency response of the LQG controller presented in the last section 

displayed a lightly damped, second order, BP-like filter at the instability frequency.  Also 

presented in the last section is the fact that higher order BP filters do not increase 

performance and often do worse.  What then is the limiting factor involved in decreasing 

performance as the order of the BP filter is increased?  The supposition of this thesis is 

that the main factor hampering performance improvements via high order BP filters is 

excessive group delay. 
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In order for the instability frequency to be further attenuated after stabilization, 

the gain in the surrounding frequencies needs to be reduced, preferably before reaching 

the fourth acoustic mode on the high end and the flame resonance on the low end.  

Otherwise, as the overall loop gain is increased, these surrounding frequencies will 

eventually be driven unstable.  This ultimately limits how wide the BP filter can be and 

still achieve some level of magnitude attenuation in the surrounding resonances. 

A bound is also placed on how narrow the filter can be made.  As the filter’s BW 

is decreased, the frequency span of the CCW loop required for stability by the Nyquist 

criterion shrinks.  Though stability is achievable for relatively high order, narrowband BP 

filters, the suppression of the system diminishes with both increasing order and 

decreasing BW.  Figure 4-27 shows this performance limiting phenomena for increasing 

filter orders while the BW and loop gain are held constant.  The results are similar if the 

BW is decreased incrementally for a relatively high order BP filter. 
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Closed-Loop Plot of TA Loop with 4 Different BPFs of Equal BW (30 Hz) and Constant Gain
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Figure 4-27.  Close in view of closed-loop response around instability frequency when BP filters of increasing order 
but constant BW and loop gain are applied.  Peak splitting is evident with filters having orders as low as 6th. 

 
 

Both decreased BW and increased order can be summed up as an increase in average 

group delay through the original instability region. 

As the group delay increases the CCW loop of the Nyquist plot tightens around 

the -1 point with a decreasing span of frequencies.  Since the frequencies immediately 

surrounding the instability still have fairly high gain relative to those further away from 

the instability but not as far away as the other modes of the system, a phase swing of 

more than 180° will put these close frequencies in the position of becoming lightly 

damped or unstable with an increase in gain well before the other modes.  While a second 

order filter can be used fairly effectively since its total phase lag is 180° over the 
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passband, orders of four or more will necessarily add 180° to the lag with each increase 

in order. 

The TA loop has a triple crossing of 180° mod 360 phase around the instability 

frequency.  This is easy to see via the Nyquist plots as the CCW loop has a maximum at 

180° and then closes back around on either side at 180°.  The higher the average group 

delay through the instability region, the closer these 180° crossings get to the original 

instability frequency – the frequency range where the most gain is added.  Thus, since 

these other crossings have relatively high gain, the frequencies at which they occur will 

be lightly damped and then become unstable as the gain is increased.  This is due to the 

fact that suppression through the feedback loop is equal to the reciprocal of the distance 

from the Nyquist curve to the -1 point.  Thus, as the average group delay increases, the 

CCW loops associated with the unstable poles on the Nyquist plot tighten, decreasing in 

magnitude such that eventually, even when stable, the system “suppression” becomes 

gain since the distance between the curve and the -1 point become less than one.  While 

getting the original RHP poles to come back into the LHP by a phase shift that directs 

them back at close to 180° is a good thing, any other crossing of 180° represents positive 

feedback if the gain is greater than one at that point and light damping if the gain is 

approaching one.  It should be noted though that with the extra 180° crossings in close 

proximity to the instability due to high average group delay, the performance of the 

control will suffer (peak splitting) well before the system becomes unstable as shown in 

Figure 4-27. 

A plot of the open-loop system with five different BP filters shows that the 

average group delay caused by the filters increases faster than the attenuation in 
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magnitude.  In other words, the 180°crossings on either side of the stabilizing crossing 

move in towards the unstable frequency faster than the gain gets reduced at these 

crossings by the filter.  This can be seen graphically in Figure 4-28. 

Frequency Response of 5 Different BP FIlters with Identical 30 Hz BWs in Feedback Path
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Figure 4-28. Frequency response of five different BP filters with identical 30 Hz BWs in feedback path 

 

Clearly, the gain can be increased significantly more for the lower order filters before the 

other 180° crossings get enough gain to become lightly damped or unstable.  Then the 

limit falls back to a performance issue in ensuring that there is adequate gain attenuation 

before the other acoustic mode and flame resonance start to become lightly damped or 

unstable. 
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 Decreasing the BW of the filters only exacerbates the problem, as this will make 

the phase lag even more pronounced and still leave the gain unattenuated where the 

problem 180° crossings occur. 

4.5  Limitations of Phase Shift Control Due to Time Delay 

 Time delay can be a significant problem in more complex combustors, especially 

those using liquid fuels rather than premixed fuel-air.  Often these liquid fuel systems 

have long fuel lines which cause time delay in the system response.  Additionally, liquid 

fuel, once atomized into the airstream, needs to evaporate before combustion can occur.  

This vaporization process necessarily means that there is a delay from the time fuel is 

injected until the heat release rate can be affected by ignition and burning of the fuel.  

Time delay can become a factor from the controller as well, since one popular phase shift 

technique is the use of a digital sample delay phase shifter.  As opposed to the first order 

allpass filter proposed and used in this work, a sample delay phase shifter adds time delay 

to the system in order to adjust the phase at a given frequency.  

Time delay in a system serves to cause similar problems to that of BP filters.  In 

addition to adding to the average group delay through the instability frequency, time 

delay provides no attenuation in the surrounding frequencies.  Thus, time delay represents 

a lose-lose situation – all the drawbacks of narrow, high order BP filters with none of the 

benefits, however meager! 

As can be seen in Figure 4-29, time delay is just as bad as narrow, high order BP 

filters.  If the transport delay in the system were on the order of 5 full cycles of delay (for 

example, the evaporation times are likely 3 to 30 milliseconds for a liquid fuel TA system 

and could thus range from one cycle to almost 6 cycles of delay) it would be the 
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equivalent of adding a tenth order BP filter with a 30 Hz BW without providing any 

suppression in the higher order acoustic modes or the flame resonance. 

 

Frequency Response of Open-Loop System with Various Full
 Cycles of Delay at Instability Frequency
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Figure 4-29. Frequency response of open-loop system with various full cycles of delay at instability frequency 

  

Though a system with time delay or BP filters can be stabilized in most cases, the 

performance of the stable system may be no better than that of the unstable system due to 

the peak splitting phenomena addressed in the section on BP filters where additional 180° 

crossings of phase near the instability frequency result in lightly damped peaks with an 

increase in gain.  A system can be stable and still have extremely lightly damped poles.  

If the damping is light enough, then a stable system can appear to be unstable or have 

resonant peaks with magnitudes equivalent to those of the unstable system.  Only when 
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the damping of the stabilized poles is increased such that the poles move away from jω-

axis will some semblance of performance improvement be reached.  Thus, an effort must 

be made to ensure that the average group delay, or phase lag, through the frequency range 

surrounding the instability is minimized.  This includes looking for phase lag in the 

system components as well as the control law. 

 One recent example of excessive average group delay due to an actuation scheme 

with both BP-like characteristics and significant time delay was discovered at the 

VACCG.  Control of a liquid fuel combustor via primary fuel modulation was 

investigated by Schiller (2003).  He designed a fuel injection system to provide a 

proportional actuation over a wide range of flow rates.  In order to stabilize the TA 

instability in the combustor, it was theorized that tuning the fuel system to match the 

resonance of the combustor would provide the most loop gain at the instability frequency 

being stabilized.  While this is true, the tuning created a sharp BP-like resonance and thus 

excessive average group delay through the frequency range of the combustor instability.  

This in turn caused difficulty in stabilizing the unstable acoustic poles of the TA loop 

despite having plenty of control authority available.  Figure 4-30 shows the frequency 

response of the tuned fuel system. 
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Figure 4-30.  Resonance of fuel system for primary fuel modulation control of liquid fuel rig at VACCG tuned to 
combustor instability frequency of 120 Hz shows significant phase lag throughout frequency range.  

 

The BP-like characteristics of the tuned fuel system when coupled with additional 

filtering in the control law and the time delay present in the fuel system likely led to 

difficulty in stabilizing the rig at high global fuel-air ratios.  Schiller’s conclusion was 

that the ability to produce large gains via the fuel system was not sufficient to stabilize 

the system.  By looking at this experiment from the perspective of the phase lag induced 

by developing this large gain and the additional time delay throughout the frequency 

range shown, it would also be reasonable to conclude that the problem may rest with the 

sharp phase characteristics of the fuel system through the instability frequency rather than 

being a function of gain. 
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4.6  Summary 

This chapter has looked at the benefit of phase shift control from the stand point 

that it is inherently simple, can be rapidly implemented and is readily made adaptive.  

The process of controlling a TA instability via phase shift was then addressed.  A 

classical control approach was taken in this investigation.  The methodology for 

determining the appropriate phase shift for the studied system was based on the transform 

technique of root locus analysis and on frequency response techniques of Bode plot and 

Nyquist plot analysis.  These three techniques worked well in displaying the various 

aspects of the system that needed to be accounted for in the design of a useful phase shift 

control. 

Upon completion of the initial analysis of the system with just a phase shift 

control, an attempt at improving the performance of this control scheme was investigated.  

The premise of this investigation was that higher performance could be achieved by 

attenuating the loop gain everywhere except for the immediate frequencies around the 

original instability by using a BP filter.  Initially, low order, relatively wideband BP 

filters showed some measure of success in increasing the performance of the closed-loop 

system.  However, a limit to the success of using BP filters as performance augmenting 

devices in the closed-loop was reached when it was found that the phase lag caused by 

increasing the order of the filters grew more rapidly than did the attenuation of the 

surrounding frequencies.  Also noted was the fact that shifting the phase of the unstable 

frequency to drive it into the LHP necessarily set the departure angle of the flame 

resonance and the fourth acoustic mode to move into the RHP with increasing loop gain.  

Thus, since these other two sets of poles are pointing in the “wrong” direction, increasing 
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the attenuation in these modes will only prevent them from becoming less damped.  The 

attenuation cannot cause them to become more damped.  The conclusion then is that there 

is also a limit to the usefulness of higher order BP filters from the standpoint that very 

high levels of suppression are unnecessary to maintain the highest level of performance 

possible with a simple single frequency phase shifter. 

Given that high order BP filters cause problems in the closed-loop performance of 

the phase shift control system, an investigation as to the reason for this was undertaken.  

The determination of the analysis was that excessive group delay is the culprit.  This 

phase lag causes the CCW encirclement of the -1 point required by Nyquist’s stability 

criterion to close in on itself and eventually disappear altogether.  The end result is that in 

order to achieve stability via phase shift control, a “triple” crossing of 180° is created by 

the phase shifter to effect the aforementioned CCW loop.  While the center crossing is 

necessary to stabilize the unstable pole, any other crossing of 180° in a negative feedback 

closed-loop will effectively cause positive feedback.  As the loop gain is increased at the 

instability frequency, it is also increased at these other two crossings.  As the gain gets 

closer to 0 dB, the poles at these frequencies will become less and less damped, 

`eventually becoming unstable as the gain becomes greater than or equal to 0 dB.  High 

average group delay through the frequency range of the original instability causes these 

other crossings to move closer to center frequency and the area of the highest gains.  

Thus, while the system actually remains stabilizable for relatively high levels of phase 

lag, the performance drops very quickly with the closed-loop developing peak-splitting 

and secondary peaks almost immediately after stability is achieved. 
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Finally, the source of excessive average group delay was found to be irrelevant, as 

BP filters, time delay and resonances in actuators near the TA instability frequency can 

all cause similar problems.  Though time delay is not necessarily a problem with 

acoustically actuated premixed fuel-air combustors, it is very likely a significant 

contributor to the control loop of more complex liquid fuel combustors. 
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5.  Experimental Setup and Results 

 Chapter 3 described models of the TA loop and the associated control hardware 

for a Rijke tube combustor.  Chapter 4 showed how these models are used to apply phase 

shift control in stabilizing TA instabilities, how the closed-loop performance of this 

control system can be improved and, finally, what limitations exist for phase shift 

controllers.  The purpose of this chapter will be to show the steps undertaken to validate 

the models presented in Chapter 3 and the analysis presented in Chapter 4. 

 The details of the physical hardware involved in the experimental setup of the 

Rijke tube and the associated control hardware were discussed in Chapter 3 during the 

explanation of the development of the models for these pieces of equipment.  As such, 

the physical parameters of the hardware will not be readdressed here.  The general 

experimental setup is shown in block diagram form in Figure 3-8 minus the addition of 

the anti-aliasing filter between the pressure sensor and the phase shifter blocks.  Section 

5.1 will discuss the remaining details of the experimental setup.  Specifically, this section 

will address the details of the code used to provide digital control of the Rijke tube 

combustor.  The code used to implement the digital controller is provided in Appendix C. 

 Section 5.2 will cover the results of the control experiments.  An account of the 

data collection process will be covered first.  Then graphical representations of aggregate 

data will be used in conjunction with simulation results to validate the average group 

delay hypothesis presented in Chapter 4.  Finally, a series of simulations will be 

presented where the density correction posed in Chapter 3 will be varied to illustrate the 

requirement for this correction to the Haber and Losh closed TA loop model.  The 

simulations will show that should the assumed density of 1.21 kg/m3 used for the acoustic 
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model development be used in the unit matching block of the closed TA loop, Figure 3-5, 

the system is unstabilizable via simple phase shift control.  This is contrary to 

experimental results where relatively large regions of stability can be attained in practice 

with phase shift controllers.  The accurate predictions of the TA loop model used in this 

thesis then serve to validate the low-density hypothesis presented in Chapter 3.   

 Finally, Section 5.3 will summarize the presented data and findings in section 5.2 

and give a consolidated summary of the experimental setup. 

 

5.1 Experimental Setup 

The code used to digitally control the experimental Rijke tube combustor was 

implemented on a dSpace DS1003 DSP prototyping board and PC running the required 

interfacing software.  The program consisted of two main portions.  The main loop of the 

program calculated the coefficients for digital IIR BP and allpass (AP) filters when 

provided with a series of defining parameters and commanded to update.  The other 

portion of the code was the interrupt service routine (ISR) which accomplished the actual 

filtering of the input signal using the coefficients calculated in the main routine. 

A sample rate of 1600 samples per second was found to be the highest rate 

possible that provided adequate resolution and still gave the ISR enough time to perform 

the calculations required for higher order filters used in the experiment.  This relatively 

low sample rate was the primary driving factor behind the use of a digital AP filter for 

phase shifting rather than using discrete sample delays as is typical for digital phase shift 

control.  The AP filter allowed the use of arbitrarily accurate phase shifts rather than the 

rather crude phase adjustments achievable by sample delay.  For example, at a sample 
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rate of 1600 Sa/sec, a one sample delay is equivalent to a phase shift of 40.5° at 180 Hz.  

Given the proposed optimum phase shifts and shrinking regions of stability predicted in 

Chapter 4, this step size in phase was considered far too crude. 

In order to test the validity of the benefits and drawbacks of BP filters in phase 

shift control, the code was capable of building digital Butterworth filters of any order or 

BW up to an arbitrary maximum of 20th order.  The processor speed of the DSP board, 

however, was too slow to implement filters of order higher than 12 during the ISR cycle 

and, as such, the experimental results are limited to this order of filter. 

Since the ISR essentially only received input, performed the multiplicative and 

additive steps required for digital filtering and then produced an output, a thorough 

discussion of the process will not be discussed.  Likewise, the main routine served only to 

call the two subroutines required to create the BP and AP filters when commanded and 

return to an infinite loop while the ISR was continuously called.  The code used to 

implement the digital controller is provided in Appendix C.  The focus of the remainder 

of this section will be on explaining the two subroutines which created the digital filters 

and the subsequent difference equations. 

 

5.1.1 Digital BP Filter Code 

To begin, the algorithm used to create the digital BP filters for the experiment will 

be outlined.  As shown in most any introductory textbook on digital signal processing, the 

design of a digital Butterworth BP filter begins with an analog design that is then 

transformed into the discrete domain.  First, an analog lowpass (LP) Butterworth filter of 

the desired order and an arbitrary BW is created using the standard Butterworth LP filter 
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algorithm.  This LP filter can then be transformed into a BP filter of twice the order of the 

LP filter by the following nonlinear frequency transformation. 

 2( )
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For this transform HBP (ω) is the transfer function of the resultant BPF and HLP (ωL) is the 

transfer function of the LP filter.  Also, ωc is the LPF cutoff frequency whereas ωu and ωl 

are the desired upper and lower cutoff frequencies of the BPF, respectively.  The resultant 

analog BPF can then be transformed to discrete time using a prewarped Tustin transform. 

 The C code required to perform these calculations on the DSP board was written 

by another member of the VACCG, Dr. William T. Baumann, and was used “as is” for 

this research effort.  Verification of the operation of the code was carried out by 

comparing the BPF coefficients generated by the C code to those found by using 

MatLab®’s Butterworth filter design commands.  While the algorithm for performing 

these calculations is relatively straight forward, the coding itself is not trivial in nature. 

 

5.1.2  Digital Allpass Filter Code  

In order to effectively shift the phase of the instability frequency arbitrarily, an 

allpass (AP) filter was used.  A digital AP filter has a magnitude equal to one for all 

frequencies and, in general, will have a monotonically decreasing phase that will change 

by 180° for each order of the filter as the frequency changes from zero to the Nyquist 

frequency or half the sampling rate.  In order to ensure that a full 360° of phase shift was 

possible for stabilization of the TA loop, it would seem that at least a second order filter 

would have been required.  However, only a first order AP filter was used.  To 

accomplish the full 360° of shift, 180° of phase was added where required by simply 
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changing the sign of the filter gain from 1 to -1 when needed.  Thus, an algorithm was 

developed to construct first order AP filters which could provide phase shifts from 180° 

to -180° at a specified frequency between 0 and half the sampling frequency with an 

arbitrarily chosen level of accuracy. 

The transfer function of the APF is given by 
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( )
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r z
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with z=ejωt, ],0[ πω ∈ .  The phase provided by the filter at a given frequency is found by 

subtracting the angle of the pole from the angle of the zero.  It can be seen from the 

transfer function that as r approaches either 1 or -1, the angle of pole and zero will 

become equal and thus the filter will have a contribution of 0° throughout the frequency 

range.  As r approaches zero from the right, the phase contribution at a given frequency is 

given by 180° minus the given frequency times 360 divided by the sampling frequency.  

This is due to the fact that as r  0+ , the zero of the filter approaches infinity and thus 

provides a phase of 180° while the angular contribution of the pole becomes that of the 

angle of z at the given frequency.  If r approaches zero from the left the zero of the filter 

will be at negative infinity and thus the angular contribution of the zero will be 0° while 

the angle from the pole will be the same as above, the angle of z.  Figure 5-1 shows the 

range of possible shifts of the first order AP filter for all allowable values of r. 
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 Figure 5-1.  Range of phases for AP filter assuming 1600 Hz sampling frequency. 
 

 To produce phase angles at a given frequency that are not in the range shown in 

Figure 5-1, it should be clear that the addition or subtraction of 180° from the filter angle 

and then wrapping the phase at ±180° will result in the filter having a range of phases that 

is the complement of that shown in Figure 5-1.  Adding 180° of phase to the filter is 

simple to accomplish by changing the sign of the gain.  Thus, any phase from 180° to -

180° is possible to achieve for any desired frequency with a first order AP filter. 

 Due to the transcendental nature of the functions involved in solving for the phase 

angle of the APF, no closed form function could be developed that could find the lone 

filter coefficient, r, provided a desired angle at a desired frequency.  However, the filter’s 

phase angle could be calculated given a desired frequency and a value for r.  Thus, in 
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order to find the value of r required to provide the desired angle a simple bisection search 

was performed.  An initial value of r was chosen and used to calculate the angle of the 

filter.  This angle was then compared to the desired angle.  If the difference between the 

actual angle and the desired angle was less than a specified margin of error then the 

current value of r was used.  If error between the two angles was too large, a different 

value of r was determined by adding or subtracting a given step size to the previous value 

and the angle of the new filter was calculated then the comparison process was repeated.  

The new value of r was determined based on whether or not the error was positive or 

negative and the step size between subsequent values of r reduced by half for each new 

value.  Thus, for a given desired phase angle the bisection search would converge to an 

appropriate value of r which would produce an angle that was within a user-specified 

margin of error of the desired phase angle.  Figure 4-2 provided an example of the phase 

characteristic of the AP filter for a series of desired angles at 180 Hz. 

 

5.2  Experimental Results 

The experimental results of this project matched the predicted results extremely 

well.  The correlation between the model and the experiment serves to validate the two 

main thrusts of this thesis.  First, correlation between experimental and theoretical data 

serves to validate the average group delay hypothesis presented in Chapter 4.  Second, the 

correlation between the experimental results and simulations serves to validate the 

assertion that the density of the air-fuel mixture at the actuation location needs to be 

corrected to account for temperature at that location.  By assuming a reasonably high 

temperature at this location, 900° C, and lowering the density to match this condition, the 
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gain in the TA loop drops (see Figure 3-5) such that the region of stability for the model 

increases dramatically and correlates very well with that found experimentally.  Given 

that the experimental and theoretical data correlates exceptionally well, it will be used to 

show both the validation of the average group delay hypothesis and the low density 

hypothesis. 

A description of the data collection process will be presented in Section 5.2.1.  

Section 5.2.2 will provide graphical representations of the experimental data in 

comparison with results using the low density model that show the collapse of the 

stability region as the order and BW of the BP filter in the control loop is varied.  Finally, 

Section 5.2.3 will display a sample of the same data compared to models with 

increasingly larger values of density to show the dramatic effect this has on the predicted 

stability region which eventually collapses completely for the combustor conditions 

studied. 

 

5.2.1 Data Collection Procedure 

The data for the experiment was logged manually while running the digital 

controller on the dSpace DS1003 DSP board.  The AP filter was adjusted in 5° 

increments at a frequency of 180 Hz and an error tolerance of 0.01°.  At each phase 

increment the loop gain was increased from zero until the system stabilized and this gain 

was recorded.  The system was deemed stable once it dropped off its limit cycle by ~30 

dB and remained at that level or below for a reasonable amount of time.  The gain was 

then increased until the system became unstable and this gain was recorded.  The system 

was considered to have gone unstable when the magnitude at any frequency of the power 
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spectral density rose more than ~20 dB off the noise floor and remained there in a limit 

cycle or lightly damped regime for a reasonable period of time. 

Using this phase-gain stepping methodology, a region of stability map was 

constructed that plots the values of phase and gain where the system is stable.  The region 

of stability for BP filters of various orders and BW were mapped.  Table 5-1 shows 

which filters were tested in the control loop. 

 

 
Table 5-1.  BP filters for which region of stability was mapped experimentally.  The following legend applies: ‘x’ = 
mapped, ‘ns’ = not stabilizable, ‘nt’ = not tested. 

 Filter Order 
BW 2 4 6 8 10 12 

165 - 195 Hz x x x ns  ns  ns  
155 - 205 Hz x x x x ns ns  
145 - 215 Hz x x x x x ns  
130 - 230 Hz x x x x x ns  
115 - 245 Hz nt  nt  nt  nt  nt  x 
100 - 260 Hz nt nt  nt  nt  nt  x 

 
 

Similar maps were built using the models developed in Chapter 3 and Nyquist 

plots.  The raw data is tabulated in Appendix A while plots of the mappings are shown in 

the next section. 

 

5.2.2 Results for Validation of Average Group Delay Hypothesis 

 The following plots represent the data gathered during the experimentation on the 

Rijke.  The plots depict the measured envelope of stability for the combustor with respect 

to phase shift angle and loop gain.  Results obtained by completing an identical mapping 

using the models of Chapter 3 are shown beside the experimental results for comparison. 
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 Initially, the regions of stability have been plotted while holding the order of the 

BP filter constant and varying the BW.  Figures 5-1 through 5-6 display the resultant 

decrease of the region of stability as BW is decreased for a BP filter in the control loop.  

These six figures are then followed by two additional sets of plots which display the data 

according to a constant BW and changing order.  Figures 5-7 and 5-8 show that the 

region of stability also decreases as the order of the BP filter is increased while the BW is 

held constant.  The bandwidths for the last two figures were specifically chosen for the 

fact that they represent the largest sets of data at constant order.  Five different orders of 

filter were tested for these bandwidths.  Tighter bandwidths were unstabilizable for at 

least tenth order filters and in some cases the eighth order filters as well, as can be seen in 

Table 5-1.  Of course, twelfth order filters have not been included since data was not 

collected for any of the other filters at these wide bandwidths.  Further collection of data 

for low order filters at these wider bandwidths was not deemed necessary as the objective 

was to see the envelope of stability shrink with bandwidth, a pattern that had already been 

well established by the series of tighter bandwidths before the twelfth order experiment 

was conducted. 
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Figure 5-2.  2nd order BP filter region of stability plotted for four different bandwidths. 

 



104 

0 1 2 3 4 5 6 7 8 9 10
-120

-100

-80

-60

-40

-20

0

20

40

60

Loop Gain

P
ha

se
, D

eg
re

es

4th order BP (experimental)

BP4_BW195_165
BP4_BW205_155
BP4_BW215_145
BP4_BW230_130

0 1 2 3 4 5 6 7 8 9 10
-120

-100

-80

-60

-40

-20

0

20

40

60

Loop Gain

P
ha

se
, D

eg
re

es

4th order BP (simulation)

BP4_BW195_165_sim
BP4_BW205_155_sim
BP4_BW215_145_sim
BP4_BW230_130_sim

 
 Figure 5-3.  4th order BP filter region of stability plotted for four different bandwidths. 
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 Figure 5-4.  6th order BP filter region of stability plotted for four different bandwidths. 
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 Figure 5-5.  8th order BP filter region of stability plotted for three different bandwidths. 
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 Figure 5-6.  10th order BP filter region of stability plotted for three different bandwidths. 
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 Figure 5-7.  12th order BP filter region of stability plotted for two different bandwidths. 
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Figure 5-8.  Regions of stability for a constant 70 Hz BW for five orders of BP filter in the control loop. 
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Figure 5-9.  Regions of stability for a constant 100 Hz BW for five orders of BP filter in the control loop. 

 
  

Though the experimental and simulated results match exceptionally well, there 

are some anomalous results that should be addressed.  The discrepancies between the 

model-based results and those found through experimentation can be attributed to three 

main causes: error in the control loop model’s constant gain term, inaccuracies in the 

acoustic model and measurement error. 

 In most of the cases presented, the width of the region of stability with respect to 

gain is larger for the simulation than for the experiment.  Close inspection of the plots 

shows that the gains where the system is initially stabilized by increasing gain at a 

particular phase shift are lower for the experimental plots than is for the simulations.  The 

experimental setup of the combustor and controller is such that a power amplifier 

provides most of the gain and is assumed constant.  The gain adjustment via the 

controller then served as a multiplier.  This arrangement of a constant gain and a 

multiplier was also used in the simulations.  The reported gains are then the value of the 

multiplier and not the total loop gain.  Thus, if the initial stabilizing gain for a given 

phase shift is off by ten percent when compared to the simulation, as is the case for most 
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of the test runs, then the high end gains will also be off by ten percent.  In other words, if 

the constant gain deviates ten percent between the experiment and the simulation, then all 

of the gains in the region of stability plots will deviate by ten percent which, in absolute 

terms, means that the lower gains, those around one, will deviate only by a magnitude of 

0.1 while the higher gains, e.g. a gain of ten, will deviate by a magnitude of 1.0. 

An example would be the -40° case for a sixth order BP filter with a BW of 100 

Hz (Figure 5-3).  The multiplier gain for the experimental measurement of the initial 

stabilizing gain is 1.18 whereas the multiplier for the simulation at this point is 1.31, an 

eleven percent difference.  This difference of about eleven percent is noticeably present 

in all plots, i.e., the minimum stabilizing experimental gain is lower than the minimum 

stabilizing simulated gain by a factor of about eleven percent, and is assumed to be the 

result of an error in the constant gain term.  Thus, when the gain where this particular 

case becomes unstable experimentally is multiplied by this difference, 6.52 x 1.11 = 7.24, 

a much tighter agreement between the simulation and the experiment is found in an 

absolute gain sense – the simulation value of gain at this point is 7.8.  This represents a 

reduction in absolute gain error on the high end gains of about 40%. 

 Modeling errors also play a part in the discrepancies between the measured results 

and the simulated results.  The simplified acoustic model does not take into account many 

of the dynamics which has effects on the coupling with the flame.  Examples of the 

simplifications include the assumption of an infinitely thin flame, the assumption of a 

step change in temperature at the flame holder location, the exclusion of the heat 

reradiated from the flame holder into the reactants, and the assumption of perfect 

boundary conditions.  These discrepancies lead to, among other things, the instability 
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frequency of the model to vary from that of the real combustor by about 3 Hz.  This can 

affect the comparability of the results by causing an overall shift in phase of the region of 

stability.  Additionally, the speed of sound changes with temperature and thus a change in 

average tube temperature can affect both the phase and gain characteristics of the 

acoustic model.  Experimentation with different mean values of the speed of sound in 

simulation revealed that the phase response varied more significantly than did the 

magnitude response.  Thus, inaccurate or an oversimplified model for the speed of sound 

throughout the tube is most likely the cause of the width of the region of stability with 

respect to phase being greater for the experimental combustor than the simulation. 

Errors that do not appear to be systematic in nature are likely attributable to 

general measurement error.  The most vivid of these errors in shown in Figure 5-2 where 

the 70 Hz BW case of the experimental data extends past the 100 Hz BW data.  A look at 

the laboratory notebook in which the data was tabulated revealed that the 70 Hz case was 

recorded on a different date than the other three cases, was the only data recorded on that 

date and was the last data set recorded for the entire experimental phase of the project.  

Thus, there is the possibility that one of two factors caused the anomalous result.  First, 

the combustor may not have thoroughly warmed up when the data was taken as it was the 

first and only data set to be taken at that time.  Thus the error could fall back to a 

temperature related systematic error.  The other possibility, given the time dependent 

criterion for determining stable and unstable conditions in the combustor and the 

circumstances of the measurement, is that impatience may have won out and caused an 

error in the measurements do to an inadvertent change in the stability criterion.  Of 

course, a combination of these two errors is also possible. 
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Finally, it should be mentioned that the density used for the unit matching gain 

term in the TA loop is just an hypothesis and was not measured but rather assumed.  The 

likelihood that the change in this term is the sole parameter that affects the 

thermoacoustic coupling in the TA loop is remote.  Since this term is temperature 

dependent, it is more likely that while being a major contributing factor to the loop 

coupling some of this temperature dependency should be taken into account in the 

acoustic model itself as in the speed of sound mentioned above.  Changing the density 

provides a good first cut at fixing the modeling problems, but it should not be assumed to 

be the only problem with the simplified acoustic model and its coupling with the flame. 

 

5.2.3 Results of Density Variation Simulations 

Since the experimental results from the sixth order BP filter cases represent the 

middle of the spectrum with respect to filter orders studied, the sixth order cases will be 

used to show the validity of the low density hypothesis.  As the experimental data agrees 

quite well with the simulation when a value of 0.3 kg/m3 is used for the density in the TA 

loop, the simulated results will be used in place of the experimental data to compare the 

simulation of the model with differing values of density.  To show the effects of changing 

the density term in the TA loop, four sets of simulations are displayed in Figure 5-9.  For 

each set of simulations, a sixth order BP filter was placed in the control loop and its BW 

was varied.  The first case is a repeated display of the simulated results shown in Figure 

5-3 and is considered the baseline case since it uses the value of density used throughout 

the experimental validation of the average group delay hypothesis.  It can be seen quite 

readily from the additional three plots in Figure 5-9 that as the density is increased, the 
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region of stability collapses quite rapidly in phase.  It should be noted that the mean 

density used in the acoustic model development was 1.21 kg/m3.  When this value of 

density was used in the model, no case tested had a region of stability.  This comes as no 

big surprise since a look at the root locus of the TA loop with a density of 1.21 kg/m3 in 

Figure 5-10 reveals that with this value of density both the second and fourth acoustic 

modes are unstable.  Thus, it stands to reason that the simple, single degree of freedom, 

phase shifter employed in this study has little or no chance of stabilizing the system.   

It is noted that in order to have all of the initial stabilizing gains to have an 

approximate value of one for the stability region plots, the base control loop gain had to 

be increased with each increase in density.  This base gain can be thought of as the K 

block in Figure 3-8, the constant gain of the power amplifier, as opposed to the variable 

gain multiplier of the digital controller.  Table 5-2 provides the base gains used for each 

value of density in Figure 5-9.  If the constant gain had been left at its original value, the 

plots with subsequently higher values of density would shift to the right and expand in 

magnitude but would still collapse in phase nonetheless.  It was the opinion of this 

researcher that displaying the curves comparatively on different scales to preserve the 

shape of the curves was more explanatory and intuitive than displaying the curves with 

the shift caused by a change in the constant gain.  The objective was to display how they 

collapse in phase. 

The control authority needed to effect stability in the TA loop increases rapidly as 

the density term increases.  This is due to the fact that as the density term increases the 

loop gain in the unstable TA loop increases and thus requires additional controller gain to 

force the unstable poles back into the LHP. 
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Figure 5-10.  Region of stability plots for 6th order BP filters in control loop as density in TA loop is varied.  As 
density increases region of stability decreases rapidly in phase and the required stabilizing gain increases (See Table 
5-2). 
 

Root Locus of TA Loop with Density of 1.21 kg/m3

Real Axis

Im
ag

 A
xi

s

-150 -100 -50 0 50 100 150
0

500

1000

1500

2000

2500

3000

400

300

200

100

0.5

0.26

0.17

0.115

0.085

0.056

0.036 0.016

 
Figure 5-11.  Root locus of TA loop with density term set to 1.21 kg/m3, the mean density given in the acoustic model 
parameters.  High loop gain in the closed TA loop results in two unstable sets of poles rather than just one. 
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Table 5-2.  Controller gains required for stability increase as density term in TA loop is increased. 

Base Gains Used for Varying Densities 
Density, ρ kg/m3 0.3 0.45 0.6 0.75 
Base Gain, K 1.00E+052.00E+053.00E+05 4.00E+05 

 
 

5.3 Summary 

This chapter has covered the remaining details of the experimental setup not 

previously covered in Chapter 3, namely the coding and algorithms used to provide 

digital control of the experimental combustor.  A discussion of the manner in which the 

digital BP filters were generated was provided, and the method by which 360° of 

arbitrarily accurate phase shift at a desired frequency was accomplished with a first order 

AP filter was covered. 

Experimental data was provided in the form of plots that mapped regions of 

stability for the phase shift controller as controller gain versus phase angle.  These 

experimental mappings were compared with similar mappings created through simulation 

using the models presented in Chapter 3.  The strong correlation between the 

experimental data and the simulation results served to validate the average group delay 

hypothesis presented in Chapter 4 which states that high average group delay through the 

range of frequencies surrounding the unstable acoustic mode of the TA loop will cause 

performance limitations for phase shift controllers. 

The strong correlation between the experimental data and the simulated results also 

served to validate the low density hypothesis of Chapter 3.  It was shown that as density 

increases at the flame location the region of stability collapses.  If this density is high 

enough, the gain in the TA loop will cause the system to become so unstable that it 

cannot be stabilized via simple phase shift control.  Since it has been shown that the 
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system is quite readily stabilizable, the gain of the TA loop must be lower than predicted 

by the Haber and Losh model.  Thus, changing the density term is a reasonable place to 

start given its dependence on temperature which should is significantly higher around the 

flame location than at any other point in the combustor. 
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6  Conclusions and Future Work 

 

6.1 Summary and Conclusions 

 In this work a model of a premixed laminar flat-flame Rijke tube combustor and 

control loop was developed that built on and refined the work of previous researchers. 

This model was then used to thoroughly investigate the effective limits of phase shift 

controllers with respect to TA instabilities in a Rjike tube using several classical control 

analysis techniques.  The model and resultant hypotheses developed during theoretical 

work based on the model were then validated experimentally. 

 The model developed for use in analyzing the behavior and ultimately the 

limitations of phase shift control of TA instabilities was based on the work of others, 

system measurements and some insight into an overlooked dynamic in the closed TA 

loop.  Specifically, a simplified acoustic model of the Rijke tube was taken from the first 

principles approach given in Annaswamy et al (1997).  The acoustic forcing term was 

taken from a new flame model proposed by Haber and Losh (2003).  This flame model, 

developed through extensive finite difference simulations, accounts for combustion 

dynamics previously ignored in simpler models using ideal assumptions.  The acoustic 

model and the flame model were then joined in a self-excited feedback loop.  Unlike 

previous simplified flame models, the one proposed by Haber and Losh provided 

adequate gain and phase at the second acoustic resonance to predict an instability without 

any further manipulation. 

Once coupled, the closed TA loop displayed an instability much greater than that 

experienced experimentally.  This led to an investigation as to why a model that was 
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developed from extensive computer modeling of flame kinematics and verified by 

experimentation did not produce expected results.  This investigation led to the 

hypothesis that the coupling between the acoustic and flame models was the culprit and 

not the models themselves.  In order to produce a feedback loop between the velocity 

perturbations of the acoustic model and the unsteady mass flow rate input of the 

combustion process, the velocity had to be transformed into mass flow by it by the 

density of the reactants.  Since the density of a gas at constant pressure is dependent on 

temperature, a look at the temperature at this thermoacoustic interface was examined.  It 

was found that, when exposed to a methane-air flame, glass and ceramic materials will 

typically achieve a temperature of 900 -1000° C.  Since the reactants must pass through 

the ceramic flame holder to reach the reaction site, it was theorized that they would 

achieve a temperature close to this value before combustion occurs.  When the density of 

air at 900° C, approximately 0.3 kg/m3, was substituted into the closed TA loop structure 

an instability that closely matched those of experimental results was found. 

With the TA loop model displaying behavior surprisingly similar to that found 

experimentally, attention was turned to analyzing the control loop.  Models of the 

complete control loop were developed from manufacturer’s specifications and frequency 

response measurements for the hardware in the loop. 

 Once the full system model had been built, it was analyzed using classic control 

techniques including root locus, Bode plots and Nyquist plots to determine the effect of 

phase shift control on the system as a whole.  It was determined that simple phase shift 

control was incapable of providing much more than stability—secondary peaks arise 

when gain is increased.  In an effort to improve performance of the simple phase shifter 
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by achieving more suppression in the unstable mode without creating secondary peaks, 

BP filters that reduced the gain in areas where these secondary peaks can arise were 

investigated. 

 Thorough simulated testing of BP filters in the control loop revealed that while 

some improvements can be made to the system’s performance by dropping gain in 

frequencies around the original instability, there is a limit to this performance gain.  It 

was found that when shifting the phase of the original instability to direct its root locus 

into the LHP, other system poles are shifted such that their loci are directed into the RHP.  

Thus, no matter how much suppression is provided by the magnitude roll-off of the BP 

filter at the poles directed into the RHP, additional damping cannot be created here, i.e. 

one cannot move the poles further into the LHP via gain suppression if they are directed 

into the RHP by the phase shifter.  It was also found that the level of suppression 

available to these poles is also limited. 

 In order to effect more gain suppression at the poles which are directed into the 

RHP either the BW of the BP filter must be reduced, the order of the filter must be 

increased or both.  In doing this the average group delay through the instability frequency 

range is increased dramatically.  This radical phase change through the instability region 

causes the CCW loops of an open loop Nyquist plot of the system, required by Nyquist 

stability criterion to stabilize the original RHP poles, to collapse.  Thus, eventually the 

ability to stabilize the system via phase shift will become impossible as the order of the 

BP filter increases or its BW decreases.  This eventual complete loss of stability is not the 

real problem though.  Long before the inability to stabilize the system occurs, the 

performance of the controller will become so degraded as to be useless. 



117 

 As the average group delay through the instability region increases and the 

stabilizing CCW loops of the system’s Nyquist plot shrink, the gain margin for 

frequencies surrounding the instability drop rapidly, eventually becoming less than one, 

and spillover begins to occur.  This phenomenon is seen as peak splitting – performance 

gained by added suppression at the instability frequency is offset by added gain in 

frequencies very close to the instability resulting in resonant peaks at these locations.  

Since this lowering of performance is related to the average group delay through the 

instability region, it was concluded that BP filters used in many controllers are not the 

only things that cause peak splitting, but rather it is this aggregate phase lag through the 

instability region due to the entire control loop. 

 This total average group delay is a sum of all the component’s phases in the 

control loop.  Thus, while the controller may be designed to eliminate this excessive 

phase lag, a failure to account for other component’s phases can still result in peak 

splitting.  Time delay, as well as actuator design, can be big contributors to this problem.  

Simulations were conducted that vividly displayed the very similar problems that arise 

from time delay in the control loop – delay that is a large problem in more complex liquid 

fuel combustors where the delays are associated with droplet evaporation and typically 

hard to determine accurately.  An example of one such combustor and the actuator used 

in its control was shown.  In this example the fuel line had been tuned to have a 

resonance at the combustor instability frequency in order to achieve higher gain.  The 

frequency response of this actuator shows that the large phase lag due to the resonance at 

the instability frequency can be a contributing factor to a lack of control if this lag is not 

taken into account during control law design.  The conclusion of the work done with this 
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combustor and actuator was that the ability to have large pressure fluctuations in the 

primary fuel line, i.e., high loop gain, is not sufficient for active combustion control.  

Several theories for this lack of control were posed and are under investigation; however, 

the work accomplished in this thesis would suggest that at least some of the problem with 

achieving stability with this actuator maybe related to its phase characteristics. 

 The conclusions of this work then are two-fold.  First, when modeling the TA 

loop the temperature of the tube cannot be assumed constant throughout as this has 

bearing on the density of the reactants as they enter into the reaction area.  Since the 

density at the reaction area plays a very important role in the coupling between the 

combustor acoustics and the flame, it cannot be ignored.  Otherwise the resultant loop can 

have too high a loop gain and the model will be significantly more unstable than the 

actual combustor which in turn will make simulations and offline analysis based on such 

models essentially useless.  Second, while single mode unstable combustors should be 

readily stabilizable via phase shift control, attempts to improve performance of these 

controllers with BP filters can actually result in worse performance due to excessive 

average group delay through the instability frequency range.  This is due to the fact that 

arbitrarily large magnitude peaks can be induced by the controller in a stable system.  

Furthermore, if excess average group delay is not accounted for in the rest of the control 

loop, stability may not be able to be achieved at all.  Thus, a holistic look at the phase 

characteristics of the entire control loop must be used when working with phase shift 

control.  
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6.2 Future Work 

While the average group delay hypothesis was shown to hold quite well for the 

addition of BP filters in the control loop, no experimental validation of the peak splitting 

phenomenon caused by time delay was undertaken.  A successful endeavor to show this 

experimentally would further corroborate the theory that phase lag through the instability 

region, regardless of source, is the main performance limiting factor in phase shift 

controllers. 

It is quite evident that a good model of the TA loop was crucial to the ability to 

predict experimental results via simulation for this work.  Though the model used in this 

research provided very good results, more detailed models that account for additional 

dynamics in the combustor would significantly improve the ability to analyze the system 

as a whole and to predict the outcome of physical control experiments.  The assumption 

of the reactant’s temperature at the site of the flame led to a change in density at that 

location in the model and improved the model’s predictive qualities significantly.  It is 

naïve to assume that this change in density, an initial first estimate of the role that 

temperature gradients play throughout the combustor, adequately portrays all of the 

interrelated dynamics of the flame and acoustic models.  Further research is necessary to 

find improved acoustic models that take into account the varying temperatures 

throughout the combustor along with other unmodeled dynamics not found in the 

simplified first principles model presented in this thesis.  It is likely that attributing all of 

the gain attenuation in the TA loop to the density term is not accurate and that some of 

the loss of gain in the conversion from velocity to mass flow rate should be attributed to 

the other aspects of the acoustic model. 
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 Research into methods for counteracting excessive average group delay through 

the frequencies around an instability without affecting the rest of the closed-loop system 

should be undertaken.  While the hardware in the loop should be able to be designed such 

that the individual component’s contributions to the phase lag is small, time delay 

inherent in the overall system is hard to eliminate.  Thus, finding a way to counteract the 

phase lag due to time delay, at least in the local area of the instability frequency, could 

further extend the performance of linear phase shift control. 

  Finally, when compared to the frequency response of a stabilizing LQG 

controller, a phase shift and low order, relatively wide BW, bandpass filter appears to be 

near optimal.  For the model of the Rijke tube used in this work, simulations based on the 

hypotheses presented in Section 4.3 yield the best case result as a 4th order BP filter with 

a 100 Hz BW which provides a 20 dB reduction in gain at the fourth acoustic mode at 

420 Hz (see Figure 4-20) while the LQG controller appears to be 2nd order and 

approximately 30 Hz BW.  It was noted, though, that the response of the LQG controller 

matched very closely with the initial BP filter trial with a 2nd order filter and 30 Hz BW 

(compare Figures 4-15 and 4-26).  Since the 4th order filter provided superior 

performance at a cost of added control effort, it is surmised that should the control 

penalty of the LQG algorithm be reduced appropriately, a response similar to the 4th order 

BP filter will be the solution.  Further reduction of the LQG control penalty results in 

similar phase shifts and bandpass-like structures around the subsequent resonances in the 

system, typically in order of least damped, highest magnitude to most damped, lowest 

magnitude.  This could suggest the possibility of the development of a near optimal 

LQG-like control response being derived from the cascade of multiple phase shifters and 
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bandpass filters.  Research into the viability of such a controller should be done.  If made 

adaptive and sequential in its tuning, i.e., tune the phases and eliminate or damp 

resonances one at a time, this multi-degree of freedom phase shifter could produce the 

high performance of optimal control strategies without the overhead of constant system 

identification  
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Appendix A 
Experimental Data 

 
Table A-1. Data for 2nd order BP filter experiment with 30Hz BW 

Bp Order: 2 HF Cutoff:  195 LF Cutoff:  165 Date:  10/9/2003 
Phase Gain 

Low 
Gain High Freq High 

(high mag/low mag if split)
Comments 

10 None none   
5 1.8 3.44 175   
0 1.72 4.22 173   

-5 1.34 5 171   
-10 1.24 5.74 171   
-15 1.1 6.14 170   
-20 1.08 7.92 168   
-25 1.06 8.92 167   
-30 1 10.46 165   
-35 1.1 12.44 164   
-40 1.08 14 163   
-45 1.06 15.62 162   
-50 1.1 16.88 159   
-55 1.12 17.22 151   
-60 1.12 14.3 195   
-65 1.3 9 193   
-70 1.6 6.02 190   
-75 1.94 4.08 187   
-80 None none   
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Table A-2. Data for 2nd order BP filter experiment with 50Hz BW 
Bp Order: 2 HF Cutoff:  205 LF Cutoff:  155 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

20 None       
15 2.38 175 3.34 177   
10 1.9 176 4.1 172   
5 1.55 178 4.65 171   
0 1.35 177 4.55 170   

-5 1.28 178 6.27 168   
-10 1.12 178 7.48 165   
-15 1 179 7.89 165   
-20 0.96 180 8.85 164   
-25 1.06 179 9.5 160   
-30 0.95 180 10.3 165   
-35 1.05 180 11 153   
-40 1.1 180 11.6 150   
-45 1.15 180 12.5 150   
-50 1.18 180 13.2 143   
-55 1.27 180 13.9 146   
-60 1.28 180 14.7 144   
-65 1.41 177 15.5 137   
-70 1.54 183 10 194   
-75 1.75 183 7 194   
-80 2.42 184 4 188   
-85 None     

 



132 

 
Table A-3. Data for 2nd order BP filter experiment with 70Hz BW 

Bp Order: 2 HF Cutoff:  215 LF Cutoff:  145 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

25 None        
20 2.25  3.66 172   
15 2.06  4.45 175   
10 1.55  4.62 172   
5 1.4  5.7 169   
0 1.34  6.7 167   

-5 1.26  7.44 163   
-10 1.18  7.92 164   
-15 1.1  8.4 162   
-20 0.96  8.92 157   
-25 1  9.62 153   
-30 1  10.16 148   
-35 1.05  10.48 147   
-40 1.05  10.68 143   
-45 1.08  11.08 141   
-50 1.08  12 143   
-55 1.12  12.4 139   
-60 1.2  10.12 126   
-65 1.42  10.04 125   
-70 1.5  9.92 124   
-75 1.66  9.96 124   
-80 1.9  6.1 191   
-85 None  none   
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Table A-4. Data for 2nd order BP filter experiment with 100Hz BW 

Bp Order: 2 HF Cutoff:  230 LF Cutoff:  130 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 2.8   2.8 175   
25 2.3   3.94 175   
20 1.9   4.4 176   
15 1.6   5.3 172   
10 1.44   6.1 170   
5 1.48   6.7 165   
0 1.4   7.02 151   

-5 1.34   7.14 149   
-10 1.24   7.44 147   
-15 1.18   7.74 145   
-20 1.13   8.12 143   
-25 1.08   8.54 142   
-30 1.1   8.86 139   
-35 1.04   9.24 137   
-40 1.12   9.66 134   
-45 1.14   9.64 124   
-50 1.28   8.04 129   
-55 1.26   8.2 129   
-60 1.24   10.3 125   
-65 1.36   9.56 129   
-70 1.62   7.66 122   
-75 1.9   8.26 122   
-80 2.55   8.06 122   
-85 None   none    
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Table A-5. Data for 4th order BP filter experiment with 30Hz BW 
Bp Order: 4 HF Cutoff:  195 LF Cutoff:  165 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

0 none   none    
-5 1.74   2.74 176   

-10 1.36   3.05 174   
-15 1.24   3.3 173   
-20 1.3   3.56 172   
-25 1.24   3.78 171   
-30 1.2   4.08 171   
-35 1.08   4.34 170   
-40 1.08   4.56 169   
-45 1.1   5.02 169   
-50 1.1   4.5 189   
-55 1.34   3.75 186   
-60 1.52   3.14 187   
-65 none   none    
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Table A-6. Data for 4th order BP filter experiment with 50Hz BW 
Bp Order: 4 HF Cutoff:  205 LF Cutoff:  155 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

15 none   none    
10 1.78   3.08 172   
5 1.48   3.42 174   
0 1.37   3.88 172   

-5 1.36   4.12 170   
-10 1.38   4.25 168   
-15 1.36   4.42 166   
-20 1.36   4.54 166   
-25 1.22   5.18 167   
-30 0.98   5.6 166   
-35 1.04   5.94 165   
-40 1.1   6.26 163   
-45 1.14   6.64 163   
-50 1.24   7.7 161   
-55 1.34   7.52 162   
-60 1.52   6.2 191   
-65 1.6   3.9 188   
-70 1.84   3.6 188   
-75 none   none    
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Table A-7. Data for 4th order BP filter experiment with 70Hz BW 
Bp Order: 4 HF Cutoff:  215 LF Cutoff:  145 Date:  10/9/2003 
Phase Gain 

Low 
Freq 
Low 

Gain 
High 

Freq High 
(high mag/low mag if 

split) 

Comments 

25 none   none       
20 1.58   4.9 169     
15 1.38   5.54 168     
10 1.26   6.1 165     
5 1.28   6.54 162     
0 1.22   6.68 152     

-5 1.18   6.78 150     
-10 1.12   6.88 150     
-15 1.04   6.98 147     

-20 1.06   7.02 146   
Heard 4th mode go unstable 
briefly 

-25 1.06   7.18 144     
-30 1.08   7.44 143     
-35 1.06   7.54 141     
-40 1.08   7.66 140     
-45 1.08   7.76 139     
-50 1.2   7.88 138     
-55 1.22   7.96 135     
-60 1.3   8.14 136     
-65 1.4   8.38 133     
-70 1.64   8.56 130     
-75 2.16   8.64 129     
-80 none   none       
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Table A-8. Data for 4th order BP filter experiment with 100Hz BW 
Bp Order: 4 HF Cutoff:  230 LF Cutoff:  130 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 None   none    
25 2.54   3.56 175   
20 1.98   4.15 175   
15 1.74   4.32 172   
10 1.54   5 172   
5 1.48   5.5 167   
0 1.28   6 165   

-5 1.2   6.32 162   
-10 1.16   6.5 155   
-15 1.1   6.64 152   
-20 1.12   6.6 150   
-25 1.12   6.8 148   
-30 1.14   6.8 146   
-35 1.1   7.2 146   
-40 1.06   7.28 145   
-45 1.2   7.38 145   
-50 1.22   7.5 143   
-55 1.34   7.7 143   
-60 1.48   7.93 142   
-65 1.55   8.12 138   
-70 1.8   8.26 139 193  
-75 2.08   5.5 191   
-80 None  none  
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Table A-9. Data for 6th order BP filter experiment with 30Hz BW 

Bp Order: 6 HF Cutoff:  195 LF Cutoff:  165 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

-5 None       
-10 1.5   2.06 171   
-15 1.1   2.42 175   
-20 1.06   2.62 174   
-25 0.96   2.86 174   
-30 0.98   3.04 172   
-35 0.9   3.18 173   
-40 1   3.36 173   
-45 1.08   3.5 170   
-50 1.18   3.1 187   
-55 1.28   2.74 186   
-60 None   none    
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Table A-10. Data for 6th order BP filter experiment with 50Hz BW 

Bp Order: 6 HF Cutoff:  205 LF Cutoff:  155 Date:  10/9/2003 
Phase Gain 

Low 
Freq 
Low 

Gain 
High 

Freq High 
(high mag/low mag if 

split) 

Comments 

5 2.1   2.5
Not quite stable by -38 dB 
def. 

0 1.58   2.92 174    
-5 1.40   3.14 171    

-10 1.34   3.34 172    
-15 1.22   3.5 171    
-20 1.14   3.8 170    
-25 1.22   4.06 170    
-30 1.12   4.14 165 189   
-35 1.1   4.2 165 188   
-40 1.08   4.42 166 188   
-45 1.14   4.66 167 186   
-50 1.18   4.72 165 187   
-55 1.24   4.86 164 189   
-60 1.28   4.6 188 163   
-65 1.54   4.22 187    
-70 1.7   3.42 186    
-75 2   2.88 185    
-80 none   none     
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Table A-11. Data for 6th order BP filter experiment with 70Hz BW 

Bp Order: 6 HF Cutoff:  215 LF Cutoff:  145 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

15 None   none    
10 1.78   3.32 172   
5 1.66   3.64 173   
0 1.38   4 172   

-5 1.24   4.16 169   
-10 1.22   4.32 167   
-15 1.18   4.76 166   
-20 1.12   4.88 164   
-25 1.1   5.06 164   
-30 1.1   5.3 162   
-35 1.1   5.6 160   
-40 1.16   5.76 159   
-45 1.22   6.06 159   
-50 1.24   6.22 160   
-55 1.34   6.38 156   
-60 1.42   5.74 190   
-65 1.5   4.24 188   
-70 1.8   3.64 188   
-75 None  none   
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Table A-12. Data for 6th order BP filter experiment with 100Hz BW 

Bp Order: 6 HF Cutoff:  230 LF Cutoff:  130 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 none   none    
25 2.25   3.06 173   
20 2   3.66 173   
15 1.7   4.12 170   
10 1.6   4.3 169   
5 1.38   4.74 168   
0 1.32   5.08 166   

-5 1.26   5.35 160   
-10 1.24   5.6 159   
-15 1.2   5.86 158   
-20 1.2   6.06 156   
-25 1.18   6.14 155   
-30 1.12   6.28 154   
-35 1.12   6.42 154   
-40 1.18   6.52 152   
-45 1.24   6.66 152   
-50 1.34   6.88 150   
-55 1.4   6.9 149   
-60 1.64   7.02 148   
-65 1.84   5.4 190   
-70 2.14   3.46 187   
-75 none   none    
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Table A-13. Data for 8th order BP filter experiment with 50Hz BW 

Bp Order: 8 HF Cutoff:  205 LF Cutoff:  155 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

5 None   none    
0 1.68   2.36 175   

-5 1.38   2.7 174   
-10 1.3   2.86 173   
-15 1.18   3.16 172   
-20 1.18   3.4 172   
-25 1.24   3.64 172   
-30 1.2   3.76 170   
-35 1.18   3.9 170 188  
-40 1.18   3.96 168 190  
-45 1.2   3.8 189 169  
-50 1.28   3.5 188 170  
-55 1.68   2.74 185 165  
-60 None   none    
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Table A-14. Data for 8th order BP filter experiment with 70Hz BW 

Bp Order: 8 HF Cutoff:  215 LF Cutoff:  145 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

20 none   none    
15 1.94   2.66 175   
10 1.54   2.9 174   
5 1.44   3.32 173   
0 1.4   3.62 172   

-5 1.3   3.72 171   
-10 1.24   3.96 170   
-15 1.2   4.08 170   
-20 1.14   4.12 167   
-25 1.1   4.3 166   
-30 1.06   4.62 166   
-35 1.14   4.94 165   
-40 1.2   5.1 164   
-45 1.3   5.24 163   
-50 1.34   4.9 190   
-55 1.62   3.72 188   
-60 none   none    
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Table A-15. Data for 8th order BP filter experiment with 100Hz BW 

Bp Order: 8 HF Cutoff:  230 LF Cutoff:  130 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 None   none    
25 2.42   2.8 172   
20 1.82   3.36 174   
15 1.6   3.72 172   
10 1.42   4.22 171   
5 1.32   4.28 167   
0 1.26   4.74 166   

-5 1.22   4.96 165   
-10 1.18   5.34 164   
-15 1.14   5.52 163   
-20 1.1   5.78 162   
-25 1.1   5.96 160   
-30 1.14   6.18 159   
-35 1.18   6.3 156   
-40 1.26   6.42 155   
-45 1.44   6.48 154   
-50 1.48   6.48 152   
-55 1.7   4.9 190   
-60 2.12   3.4 188   
-65 None  none   
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Table A-16. Data for 10th order BP filter experiment with 70Hz BW 
Bp Order: 10 HF Cutoff:  215 LF Cutoff:  145 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 none   none    
25 1.8   2.3 175   
20 1.7   2.58 174   
15 1.5   2.75 174   
10 1.38   2.9 172   
5 1.38   3.02 170   
0 1.24   3.02 169   

-5 1.2   3.06 169   
-10 1.26   3.12 168   
-15 1.24   3.14 167   
-20 1.24   3.06 166   
-25 1.32   3.06 166   
-30 1.4   3.14 166   
-35 1.48   3.2 165   
-40 1.72   3.28 164   
-45 1.92   3.34 163   
-50 none   none    
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Table A-17. Data for 10th order BP filter experiment with 100Hz BW 

Bp Order: 10 HF Cutoff:  230 LF Cutoff:  130 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

30 None   none    
25 2.2   2.95 171   
20 1.58   3.48 174   
15 1.44   3.84 173   
10 1.34   3.96 171   
5 1.26   4.12 168   
0 1.2   4.18 167   

-5 1.22   4.56 166   
-10 1.18   4.82 166   
-15 1.14   5.04 164   
-20 1.12   5.06 163   
-25 1.18   5.36 162   
-30 1.2   5.6 160   
-35 1.3   5.68 159   
-40 1.48   5.7 159 190  
-45 1.72   3.94 189   
-50 2.48   3.5 187   
-55 None   none    
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Table A-18. Data for 12th order BP filter experiment with 130Hz BW 

Bp Order: 12 HF Cutoff:  245 LF Cutoff:  115 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

45 none   none    
40 2.06   3.18 176   
35 1.8   3.68 171   
30 1.58   4.2 170   
25 1.52   4.42 170   
20 1.3   4.54 168   
15 1.2   5.04 167   
10 1.1   5.36 166   
5 1.12   5.5 165   
0 1.1   5.84 163   

-5 1.12   6.08 161   
-10 1.1   6.24 156   
-15 1.14   6.22 155   
-20 1.14   6.4 154   
-25 1.2   6.4 153   
-30 1.22   6.52 152   
-35 1.32   6.52 152   
-40 1.48   5.68 148   
-45 1.64   4.8 188   
-50 2.1   4.22 188   
-55 none   none    
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Table A-19. Data for 12th order BP filter experiment with 160Hz BW 

Bp Order: 12 HF Cutoff:  260 LF Cutoff:  100 Date:  10/9/2003
Phase Gain 

Low 
Freq Low Gain High Freq High 

(high mag/low mag if split)
Comments 

55 none   none   
50 1.8   3.2 175  
45 1.54   3.6 173  
40 1.34   4.14 172  
35 1.28   4.32 170  
30 1.12   4.7 166  
25 1.08   5.14 165  
20 1.04   5.5 164  
15 1.04   5.9 162  
10 1.06   6.3 161  
5 1.06   6.68 157  
0 1.04   6.76 155  

-5 1.12   6.76 154  
-10 1.1   6.82 153  
-15 1.1   6.88 152  
-20 1.26   6.94 151  
-25 1.32   7.08 150  
-30 1.38   7.12 149  
-35 1.48   7.12 147  
-40 1.86   6 190  
-45 none   none   
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Appendix B 

MatLab® Code for Simulations 
 

DEVAC : DEVelop ACoustic model 
 
function [A,B,Cv,Cp,D] = devac(modes) 
% devac: Function develops acoustic model from HRR to velocity and from HRR to pressure 
% Output will consist of SS matrices for model with Cv representing velocity output and Cp 
% as the pressure output matrix 
 
 
%************************************************************************************
************ 
%   Step 1: Define physical constants related to Rjike tube geometry and physical conditions    * 
%   Constants taken from  Huang (2001) dissertation, Table 6.1, page 118                        * 
%************************************************************************************
************ 
 
L = 1.52;               % Tube length in meters 
d = 0.072;              % Diameter of tube combustor in meters 
xf = 0.76;              % Flame holder location from closed end of tube 
x0= 0; 
 
zeta = 0.01474;          % Damping ratio - Check to see where this number comes from in rest of dissertation 
 
T0 = 323;               % Inlet stagnation temperature in degrees Kelvin --> deviates from stated temp of 298K 
in XinMing's paper 
gamma = 1.4;            % Ratio of heat capacities 
rho_bar = 1.21;         % Mean density of air in kg/m^3 at 20C 
 
                        % Density of air at temp, rho = 360.77879*T0^-1.00336 (T0 in K) 
                         
P_bar = 1.01325e+5;     % Mean pressure of air in Pascals --> pressure used in XinMing paper assumed 
1.01325e-01; this is incorrect conversion 
                        % Proper conversion used here.  Gain difference fixed in flame model to produce instability 
                         
c = 343+.6*(T0-293);    % Speed of sound in air at 20C - May need to change to match inlet stagnation 
temp 
                        % via c = 343 +.6(T - 293), T in degrees K 
 
                         
%************************************************************ 
%   Step 2: Find wave numbers for desired number of modes   * 
%************************************************************ 
 
maxk=modes;               % Number of desired modes to compute 
 
for ind = 1:maxk 
    Ki(ind) = (2*ind - 1)*pi/(2*L);  % Derived from B.C.'s -- Pmax @ x=0; P=0 @ x=L 
end 
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%************************************************************************************
************************ 
%   Step 3: Build Transfer function of acoustic model                                                       * 
%   Derived by taking Laplace transform of equations 6.8 and 6.9, p 121-2 [Xin-Ming ...], solving for eta   
* 
%   then finding transfer function from change in rate of heat release, q'_dot, to velocity, u'_vel         * 
%************************************************************************************
************************ 
 
C1 = -(gamma-1)/(gamma*P_bar*L);    % Constant gain of each mode 
 
w_mode = Ki.*c;                     % Modal frequencies 
 
%************************************************************************************
******************** 
%   Step 4: Build state space representation of both acoustic model and flame model then close loop     * 
%************************************************************************************
********************  
 
% Set constants and variables 
 
a0 = rho_bar*(gamma-1); 
a1 = 1./(gamma*P_bar*Ki.^2); 
 
psi_xf = sqrt(2/(rho_bar*L)).*cos(Ki.*xf); 
psi_xf_prime = -Ki.*sqrt(2/(rho_bar*L)).*sin(Ki.*xf); 
psi_x0 = sqrt(2/(rho_bar*L)).*cos(Ki.*x0); 
ind = 1; 
 
%************************************************************ 
%   ACOUSTIC MODEL SS SETUP --> NO FEEDTHROUGH TERM!!!!     * 
%************************************************************ 
 
 
A = [ 0 1; -w_mode(ind)^2 -2*zeta*w_mode(ind)]; 
B = [ 0; a0*psi_xf(ind)]; 
Cv = [ 0 a1(ind)*psi_xf_prime(ind)]; 
Cp = [psi_x0(ind) 0]; 
D = 0; 
 
for ind = 2:maxk 
    A_temp = [ 0 1; -w_mode(ind)^2 -2*zeta*w_mode(ind)]; 
    B_temp = [ 0; a0*psi_xf(ind)]; 
    Cv_temp = [ 0 a1(ind)*psi_xf_prime(ind)]; 
    Cp_temp = [psi_x0(ind) 0]; 
     
    A = blkdiag(A, A_temp); 
    B = vertcat(B, B_temp); 
    Cv = horzcat(Cv, Cv_temp); 
    Cp = horzcat(Cp, Cp_temp); 
     
end 
 
return 
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DEV_INNERLOOP: DEVelop Inner Loop produces state space models of q_dot to 
velocity and q_dot to pressure. 
 
% dev_innerloop - Builds internal loop of thermoacoustic model and spits out SS representation of system 
% that has Q-dot as input and Pressure as an output 
 
function [SS_acfl_CLpout,SS_acfl_CLvout] = dev_innerloop() 
 
 
% Necessary setup of TF variables and other useful constants 
 
sample_rate = 1600; 
z = tf('z',1/sample_rate); 
s = tf('s'); 
 
 
% Pull in Acoustic Model 
 
modes=8;  % Number of acoustic modes desired, is passed to DEVAC which uses number to build model 
of appropriate number of modes 
 
[A_ac,B_ac,C_ac,C_pr,D_ac]=devac(modes);    % Generates SS matrices of acoustic model based of 
physical geometry of tube and assumed physical constants 
 
SS_ac = ss(A_ac,B_ac,C_ac,D_ac);    % Build SS LTI model of acoustic transfer function from Q-dot to 
velocity 
SS_acp = ss(A_ac,B_ac,C_pr,D_ac);   % Build SS LTI model of acoustic transfer function from Q-dot to 
pressure 
TF_ac = tf(SS_ac);                  % Restate as TF model for use later *** DELETE IF NOT NECESSARY 
*** 
 
% Pull in Flame Model 
 
load flame_model.mat                    % Loads flame TF 'flame55eq2', is a 5th order fit of Losh's data for the 
145 cc/s 0.55 eq ratio case 
TF_fl = flame55eq2;                 % Stores flame TF in new variable that is compatible with previous code 
written 
 
Gain_fl = 1.21;                        % Temporary added gain term to determine need of extra gain in flame 
model for instability 
TF_fl_temp = s*Gain_fl*TF_fl;       % Note: Necessary derivative term added to transfer function to match 
output of flame TF 
 
SS_fl = ss(TF_fl_temp);             % Make SS representation of flame model 
[A_fl,B_fl,C_fl,D_fl] = ssdata(SS_fl); % Get the SS matrices that form the model for putting together with 
the acoustic model 
 
 
% Build closed-loop matrices --> feedback command will work too but need matrices later so building 
them now 
 
A_acfl = [ A_ac+B_ac*D_fl*C_ac B_ac*C_fl; B_fl*C_ac A_fl]; 
B_acfl = vertcat(B_ac, zeros(length(B_fl),1)); 
C_acfl = horzcat(C_ac, zeros(1,length(B_fl))); 
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C_acflpr = horzcat(C_pr, zeros(1,length(B_fl)));      %   Different C matrix for pressure output 
D_acfl = 0; 
 
 
SS_acfl_CLpout = ss(A_acfl,B_acfl,C_acflpr,D_acfl); 
SS_acfl_CLvout = ss(A_acfl,B_acfl,C_acfl,D_acfl); 
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BPfilt : Produces BP filter for simulation 
 
 
omega = [flow fhigh]*2*pi;  % Freq must be in radians for BUTTER command 
 
 
[BPnum,BPden]=butter(order/2,omega,'s'); 
BPfilt =tf(BPnum,BPden); 
 
 
APfilt:  
 
% This program will develop phase plots of my 180 to -180 degree first order 
% allpass digital filter.   
% 
% Input arguments are desired_phase, desired_frequency, tolerance, sample_rate 
 
 
function [allpass_filter]=APfilt(desired_phase,desired_frequency,tolerance,sample_rate) 
 
 
% ***  Conversion Factors *** 
 
rad2deg = 180/pi;        
deg2rad = pi/180; 
w2f = 1/(2*pi); 
f2w = 2*pi; 
 
% *** End Conversion Factors *** 
 
 
z = tf('z',1/sample_rate);  % Sets variable 'z' as discrete Z-domain variable with appropriate sample time 
 
theta = 2*pi*desired_frequency/sample_rate; 
% Theta equals the angle of normalized frequency about the unit circle. 
% Values range from 0 to 180 (or 0 to pi) degrees (or radians)as frequency 
% ranges from 0 to sample_rate/2 (Nyquist frequency) 
 
 
 
% Algorithm below develops coefficient for digital allpass filter with transfer function given by 
% r(z - 1/r)/(z - r) for phase angles greater than zero at the desired frequency and 
% -r(z - 1/r)/(z - r) for phase angles less than zero for the desired frequency 
 
Phi_desired = desired_phase; 
tol = tolerance; 
stepsize = 1/2; 
 
if Phi_desired > 0 
     
    Phi_min = 180-theta*rad2deg; 
     
    Phi_temp = 180; 
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    if Phi_desired >= Phi_min 
        r = -1; 
        offset = pi; 
    else 
        r = 1; 
        offset = 0; 
    end 
     
else 
    Phi_min = -theta*rad2deg; 
     
    Phi_temp = 0; 
  
    if Phi_desired >= Phi_min 
        r = -1; 
        offset = 0; 
    else 
        r = 1; 
        offset = -pi; 
    end 
end 
 
Phi_temp = offset + atan2(sin(theta),(cos(theta)-1/r)) - atan2(sin(theta),(cos(theta)- r)); 
 
while abs(Phi_temp - Phi_desired*deg2rad)*rad2deg > tol 
     
    if Phi_temp >  Phi_desired*deg2rad 
        r = r + stepsize; 
    else 
        r = r - stepsize; 
    end 
      
    stepsize=stepsize/2; 
     
    Phi_temp = offset + atan2(sin(theta),(cos(theta)-1/r)) - atan2(sin(theta),(cos(theta)- r)); 
     
end 
 
% Create transfer function of digital allpass filter 
 
if Phi_desired > 0  
    allpass_temp = r*(z - 1/r)/(z - r); 
else 
    allpass_temp = -r*(z - 1/r)/(z - r); 
end 
 
allpass_filter = d2c(allpass_temp,'prewarp',desired_frequency*2*pi); 
 
 
 
EXPERIMENT_SIM_AUTO: 
 
%Creates phase and magnitude data points used to make region of 
%stability plots for a control system with a BP filter in the feedback loop. 
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%The order of the filter and the bandwidth are specified by the variables: 
%order, fhigh and flow 
clear all 
 
TA_tf = dev_innerloop;  % Gets thermoacoustic model, model is in SS format but can be multiplied by TF 
type functions 
 
fhigh = 230; 
flow = 130; 
order = 6; 
desired_freq = 180; 
tolerance = .1; 
sample_rate = 1600; 
 
[b,a] = butter(2,[90 20000]*2*pi,'s'); 
spkr = tf(b,a); 
[b,a]=butter(8,675*2*pi,'s'); 
AA_tf=tf(b,a); 
BP_tf = BPfilt(fhigh,flow,order); 
tdelay = tf(1,'inputdelay',(.5/1600+2*38e-6));    % Ts/2 delay for ZOH c2d approximation 
Gain = 4e5; 
 
 
 
 
k=1; 
for desired_phase = 179.9:-5:-175.1 
     
    AP_tf = APfilt(desired_phase, desired_freq, tolerance, sample_rate); 
    open_loop = TA_tf*AA_tf*BP_tf*AP_tf*Gain*spkr*tdelay; 
 
    [ind,frq,mags,dir]=n_checker(open_loop); 
    if dir(1) == -1 
        data(k,1:5) = [desired_phase -1/mags(1) -1/mags(2) frq(1)/(2*pi) frq(2)/(2*pi)]; 
        k=k+1; 
    end 
end 
     
 
 
N_CHECKER: 
 
% Nyquist checker: LTI system 
% Outputs arrays containing the phase, magnitude and direction information 
% of imaginary axis crossings of Nyquist plot of input LTI system; 
 
function [N_index,N_freqs,N_mags,N_dirs]=N_checker(sys) 
 
[Re_temp,Im_temp,W_temp] = nyquist(sys); 
 
vec_leng = length(W_temp); 
 
Re(1:vec_leng) = Re_temp(1,1,1:vec_leng); 
Im(1:vec_leng) = Im_temp(1,1,1:vec_leng); 
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% Search for zero crossings in Im vector 
 
k=1; 
test = sign(Im(1)); 
 
for ind = 2:vec_leng 
    if sign(Im(ind))~=test 
        N_index(k) = ind; 
        N_freqs(k) = (W_temp(ind-1) + W_temp(ind))/2; 
        N_mags(k) = (Re(ind-1) + Re(ind))/2; 
        if Im(ind-1) < Im(ind) 
            N_dirs(k) = 1; 
        else 
            N_dirs(k) = -1; 
        end 
        test = sign(Im(ind)); 
        k=k+1; 
    end 
end 
 
zero_vec_leng = length(N_index); 
 
for ind1 = 1:1:zero_vec_leng-1 
    for ind2 = zero_vec_leng-1:-1:1 
        if N_mags(ind2+1) < N_mags(ind2) 
            temp = N_mags(ind2); 
            N_mags(ind2) = N_mags(ind2+1); 
            N_mags(ind2+1) = temp; 
             
            temp = N_freqs(ind2); 
            N_freqs(ind2) = N_freqs(ind2+1); 
            N_freqs(ind2+1) = temp; 
             
            temp = N_index(ind2); 
            N_index(ind2) = N_index(ind2+1); 
            N_index(ind2+1) = temp; 
             
            temp = N_dirs(ind2); 
            N_dirs(ind2) = N_dirs(ind2+1); 
            N_dirs(ind2+1) = temp; 
             
        end 
    end 
end 
 
 
FIXDATA_SIM: 
 
%Takes data generated by experiment_sim_auto and reconfigures into plottable format 
%saving the reformatted data in a *.mat file specified by order and BW of the filter 
%used to generate the data 
 
function [plottable_data] = fixdata2(data,order,fhigh,flow,version) 
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bp='BP'; underscore='_'; bw='BW';sm='sim';   % Strings to build *.mat filename with 
 
filename1 = 
strcat(bp,num2str(order),underscore,bw,num2str(fhigh),underscore,num2str(flow),unders
core,sm,num2str(version)); 
 
 
 
column_length = size(data,1); 
 
new_data(1:column_length,1) = data(1:column_length,1); 
new_data(column_length+1:2*column_length,1) = flipud(data(1:column_length,1)); 
 
new_data(1:column_length,2) = data(1:column_length,2); 
new_data(column_length+1:2*column_length,2) = flipud(data(1:column_length,3)); 
 
new_data(1:column_length,3) = data(1:column_length,4); 
new_data(column_length+1:2*column_length,3) = flipud(data(1:column_length,5)); 
 
 
new_data(2*column_length+1,1) = new_data(1,1); 
new_data(2*column_length+1,2) = new_data(1,2);  
new_data(2*column_length+1,3) = new_data(1,3);  
 
 
 
plottable_data = new_data; 
% 
save(filename1,'plottable_data','-ascii'); 
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Appendix C 
Main Code for Running Experiments on dSpace DSP Board 

 
 
PS_w_BP.c : C code compiled onto DSP board to perform digital control of Rijke 
tube 
 
#define SIM_ON 0 
 
#if !SIM_ON 
#include <brtenv.h> 
#endif 
 
#include <math.h>           
 
#if SIM_ON 
#include <stdio.h> 
#endif 
 
float u, input, output,DT;     /* initialize vars */ 
int didbp=0,didap=0; 
 
#if !SIM_ON 
/* error flag for CHKERR at last dual-port memory location */ 
volatile int *error = (int *) (DP_MEM_BASE + DP_MEM_SIZE - 1); 
 
/* Input macros via DS2201 ADC channels 1 and 2 */ 
#define Input_Chan1(u)   \ 
  start_ds2201ad(DS2201_1_BASE);  \ 
  u = ds2201ad(DS2201_1_BASE, 1)   
 
/* Output via DS2201 DAC channel valid channels from 21 to 28 (1-8)*/ 
#define Output_Chan1(output) ds2201da(DS2201_1_BASE, 21, output); 
#endif 
 
 
#define MAXBP 20 
 
/* DECLARE ALL VARIABLES */ 
const double Pi = 3.14159265358979323; 
 
int SampleRate = 1600; 
int BpOrder = 0; 
int ind; 
int Phzsign = -1; 
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volatile int reset = 1; 
volatile int control = 0; 
 
double SamplePeriod; 
double numbp[MAXBP]; 
double denbp[MAXBP]; 
double flow; 
double fhigh; 
double BPinhist[MAXBP] = {0}; 
double BPouthist[MAXBP] = {0}; 
double BPupdate = 0; 
double Phi_desired = -0.10; 
double Phi_actual = 0; 
double tolerance = .01; 
double APcoeff = 1; 
double Fa = 180; 
double BPoutput = 0; 
double BPinput = 0; 
double APinput = 0; 
double APoutput = 0; 
double APupdate = 0; 
double Gain = 1; 
 
void bandpass(void); /*bandpass filter design*/  
void allpass(void); 
void convolve(double x[],int nx,double h[],int nh); /*convolution*/ 
void BPpostupdate(void); 
 
#if SIM_ON 
void isr_t0(void); 
#endif 
 
/*---------------------------------------------------------------------*/ 
 
main() 
{ 
int index; 
 SamplePeriod = 1./(double)SampleRate; 
#if !SIM_ON 
 
  DT = 1.0/SampleRate;     /*finds sampling period for interrupt routine*/ 
 
  init();                                /* initialize hardware system */ 
 
  *error = NO_ERROR;                          /* initialize error flag */ 
  start_isr_t0(DT);                 /* initialize sampling clock timer */ 
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  while (1){                     /* background process */ 
     
  if(reset == 1){ 
    control=0;      /*turn off control*/ 
    bandpass(); 
                  didbp=didbp+1; 
    allpass(); 
                  for (index=0; index<=BpOrder; index++) {  /*clear variables*/ 
   BPinhist[index]=0; 
   BPouthist[index]=0; 
   BPupdate=0; 
   APupdate=0; 
    } 
    reset = 0; 
   } 
 
        
   service_cockpit();                           /* call COCKPIT code */ 
  } 
#else 
  SamplePeriod = 1./(double)SampleRate; 
  while (1){ 
   if (reset == 1){ 
     
  printf("Enter BP filter parameters.\n"); 
  printf("BPorder: "); 
  scanf("%d", &BpOrder); 
  printf("High frequency cutoff: "); 
  scanf("%lf", &fhigh); 
  printf("Low frequency cutoff: "); 
  scanf("%lf", &flow);     
 
  bandpass(); 
 
  printf("Exiting BP coeff array generator successfully.  New coeffs 
are:\n"); 
  printf("numbp = \n"); 
  for(ind = 0;ind <= BpOrder; ind++){ 
   printf("numerator coeff %d is %e\n",ind,numbp[ind]); 
   } 
 
  printf("\n"); 
  printf("denbp = \n"); 
   
  for(ind = 0;ind <= BpOrder; ind++){ 



161 

   printf("denominator coeff %d is %e\n",ind,denbp[ind]); 
   } 
   
  printf("\n"); 
 
  printf("Enter AP filter parameters.\n"); 
  printf("Desired phase in degrees (must be negative): "); 
  scanf("%lf", &Phi_desired); 
  printf("At what frequency in Hz: "); 
  scanf("%lf", &Fa); 
  printf("And to what tolerance: "); 
  scanf("%lf", &tolerance); 
 
  allpass(); 
  reset = 0; 
   } 
   isr_t0(); 
  } 
#endif 
} 
 
 
 
/*---------------------------------------------------------------------*/ 
 
#if !SIM_ON 
isr_t0()                           /* timer0 interrupt service routine */ 
{ 
 
  begin_isr_t0(*error);                              /* overload check */ 
 
  service_trace();                                  /* call TRACE code */ 
 
  Input_Chan1(input);    /*reads chan1 and saves as input */ 
 
#else 
 
void isr_t0(void)                           /* simulated timer0 interrupt service routine */ 
{ 
 int choice,check = 0; 
 while (check == 0){ 
   
  printf("Hit 'r' to recalc BP and AP parameters,'c' to turn on control\n"); 
  printf("or 'y' to provide input.\n"); 
  choice = getchar(); 
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  switch (choice){ 
   case 'R': case 'r': 
    reset = 1; 
    check = 1; 
    break; 
   case 'C': case 'c': 
    control = 1; 
    check = 1; 
    break; 
   case 'Y':case 'y': 
    printf("Enter value for input.\n"); 
    scanf("%f",&input); 
    check = 1; 
    break; 
   default: 
    printf("Improper character entered.  Try again.\n"); 
    break;} 
 } 
 
 
    
#endif 
 
  if (control == 1){ 
      BPoutput = numbp[0]*input + BPupdate; 
      APoutput = Phzsign*APcoeff*BPoutput + APupdate; 
      output = Gain*APoutput; 
 
#if !SIM_ON 
      Output_Chan1(output);    /*adds and sends out dac1 */ 
#endif 
 
      BPinput = input; 
      BPpostupdate(); 
 
      APinput = BPoutput; 
      APupdate = (APcoeff*APoutput - Phzsign*APinput);} 
   
 
#if !SIM_ON 
   else{ 
   output = 0; 
   Output_Chan1(output);} 
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  end_isr_t0();                    /* end of interrupt service routine */ 
} 
#else 
   else{ 
  output = 0;} 
 
 printf("Output = %.4f\n",output); 
 
} 
#endif 
 
 
 
 
/*Bandpass Butterworth Filter Design*/ 
/*  Input: Global variables for BPlfco, BPhfco, and BpOrder*/ 
/*  Output:  Global numerator and denominator arrays numbp, denbp*/ 
/*  Algorithm:  Build analog LP butterworth filter, convert to */ 
/*  discrete time using bilinear transformation, and then*/ 
/*  use LP to BP transformation to get final filter.  The*/ 
/*  transformations are done by mapping the poles and zeros*/ 
/*  and keeping track of the gain.*/ 
void bandpass(void) { 
  
 int N,order,ind; 
 double T,wcut,gain,ra,ia,rd,id,denom,mag2,factor[5],arg,alpha; 
 double zpoly[]={1, 0, -1}; 
   
 T=SamplePeriod; 
 if (BpOrder > MAXBP-1) BpOrder=MAXBP-1;  /*dont overflow order*/ 
  
 N=BpOrder/2; /*order of underlying LP filter*/ 
 BpOrder=N*2; /*require BP filter to be of even order*/ 
  
 wcut=2./T*tan((fhigh-flow)*T*Pi); /*Prewarped cutoff freq*/ 
 alpha=cos((fhigh+flow)*T*Pi)/cos((fhigh-flow)*T*Pi); 
 numbp[0]=1; 
 factor[0]=1; 
  
 if ((N/2)*2==N) { /*even case*/ 
  denbp[0]=1; 
  gain=1; 
  order=1; 
 } 
 else {    /*odd case -- do real axis pole here*/ 
  rd=(1-T*wcut/2.)/(1+T*wcut/2.); 
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  denbp[0]=1.; 
  denbp[1]=-alpha*(1+rd); 
  denbp[2]=rd; 
  gain=fabs(rd-1.)/2.; 
  order=3; 
 } 
  
 if (N<1) return;  /*if N=0 we are done.  If N=1, we just need 
numbp*/ 
  
 for (ind=0; ind<=(N/2)-1; ind++) { 
   
  /*map the complex poles*/ 
  /*since they occur in conjugate pairs, do upper half plane*/ 
  /*poles only, and take conjugates into account when doing*/ 
  /*bandpass mapping.  Get 4 poles for each one.*/ 
   
  arg=Pi*((.5+(double)ind)/(double)N+.5); 
  ra=wcut*cos(arg);  /*analog prototype poles*/ 
  ia=wcut*sin(arg); 
  denom=(1.-T*ra/2.)*(1.-T*ra/2.)+T*T/4.*ia*ia; 
  rd=(1-T*T/4.*(ra*ra+ia*ia))/denom; /*digital LP poles*/ 
  id=T*ia/denom; 
  mag2=rd*rd+id*id;  /*square magnitude*/ 
   
  /*accumulate gain 2 poles at a time*/ 
  gain *= ((rd-1.)*(rd-1.)+id*id)/4.; 
   
  /*build denominator coefficients for 4 complex poles at a time*/ 
  factor[1]=-2.*alpha*(1.+rd);   
  factor[2]=2*rd*(1+alpha*alpha)+alpha*alpha*(1+mag2); 
  factor[3]=-2.*alpha*(rd+mag2); 
  factor[4]=mag2; 
  convolve(denbp,order,factor,5); 
  order += 4; 
 } 
  
 /*do numerator (all zeros are at +1 and -1)*/ 
  
 order = 1; 
 for (ind=1; ind<=N; ind++) { 
  convolve(numbp,order,zpoly,3); 
  order += 2; 
 } 
  
 for (ind=0; ind<=BpOrder; ind++) 
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  numbp[ind] *= gain;  /*fix up gain;*/ 
} 
 
 
/*convolution of two vectors, x and h, of lengths nx and nh*/ 
void convolve(double x[],int nx,double h[],int nh) { 
 
 double temp[MAXBP]; 
 int k,j; 
 
 for (k=0; k<=nx+nh-2; k++) { 
 
  temp[k]=0; 
  for (j=0; j<=k; j++) { 
    
   if ((j<nx) && (j>=k-nh+1)) /*if we have a non-zero factor*/ 
    temp[k] += x[j]*h[k-j]; 
  } 
 } 
 
 /*put result in x*/ 
 for (k=0; k<=nx+nh-2; k++) 
  x[k]=temp[k]; 
} 
 
void allpass(void){ 
 
double stepsize,ThetaAP,Phi_min,Phi_temp,offset; 
 
#if SIM_ON 
 int APloopcounter = 0; 
    double test; 
 printf("Entered AP coeff array generator successfully\n"); 
#endif 
 
stepsize = 1./2; 
ThetaAP = 2*Pi*Fa/SampleRate; 
 
if(Phi_desired > 0){ 
    
   Phi_min = 180 - Fa*360/SampleRate; 
   Phi_temp = 180; 
   Phzsign = 1; 
 
   if(Phi_desired >= Phi_min){ 
      APcoeff = -1; 
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      offset = Pi; 
   } 
   else{ 
      APcoeff = 1; 
      offset = 0; 
   } 
} 
else{ 
 
   Phi_min = -Fa*360/SampleRate; 
   Phi_temp = 0; 
   Phzsign = -1; 
 
   if(Phi_desired >= Phi_min){ 
      APcoeff = -1; 
      offset = 0; 
   } 
   else{ 
      APcoeff = 1; 
      offset = -Pi; 
   } 
} 
 
Phi_temp = (offset + atan2(sin(ThetaAP),(cos(ThetaAP)-1/APcoeff)) - 
atan2(sin(ThetaAP),(cos(ThetaAP)- APcoeff)))*180/Pi; 
 
#if SIM_ON 
 printf("Results of first decision are:\n"); 
    printf("Phi_min = %lf deg, APcoeff initial = %lf, offset = %lf\n", Phi_min, APcoeff, 
offset); 
 printf("Phi_temp = %.2lf\n",Phi_temp); 
 test = fabs(Phi_temp - Phi_desired); 
 printf("Phi_temp = %.2lf, Phi_desired = %.2lf and test = 
%.2lf\n",Phi_min,Phi_desired,test); 
#endif 
 
while( (fabs(Phi_temp - Phi_desired)) > tolerance){ 
 
 if(Phi_temp > Phi_desired){ 
  APcoeff = APcoeff + stepsize; 
 } 
    else{ 
  APcoeff = APcoeff - stepsize; 
 } 
 
#if SIM_ON 
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 if(++APloopcounter >= 30) 
  break; 
 printf("The new value of APcoeff is: %.4lf",APcoeff); 
#endif 
 
 stepsize=stepsize/2; 
    Phi_temp = (offset + atan2(sin(ThetaAP),(cos(ThetaAP)-1/APcoeff)) - 
atan2(sin(ThetaAP),(cos(ThetaAP)- APcoeff)))*180/Pi; 
  
} 
 
Phi_actual = Phi_temp; 
 
#if SIM_ON 
 
if(APloopcounter >= 30){ 
 printf("While loop executed %d times.  Loop stopped via 'break'\n", 
APloopcounter); 
 printf("Current variables are:\n"); 
 printf("APcoeff = %.4f, Phi_actual = %.2f\n", APcoeff, Phi_actual);} 
 
#endif 
} 
 
 
 
void BPpostupdate(void){ 
 
 int ind; 
 BPupdate=0; 
  
 for (ind = BpOrder-1; ind >= 1; ind--){ 
          
  BPinhist[ind]=BPinhist[ind-1]; 
  BPouthist[ind]=BPouthist[ind-1]; 
 } 
     BPinhist[0]=BPinput; 
  BPouthist[0]=BPoutput; 
 
      
 for(ind = 0; ind<= BpOrder-1; ind++) 
 
  BPupdate = BPupdate + BPinhist[ind]*numbp[ind+1]-
BPouthist[ind]*denbp[ind+1];        
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} 
 
PS_w_BP.trc : Trace file for use with TRACE40.exe 
 
sampling_period = 1.0e-04 
 
-- signals available for TRACE 
-- 
--  signal name         type  address 
 
input   float 
output   float 
 
BpOrder   int 
reset   int 
control   int 
SampleRate   int 
didbp   int 
didap   int 
 
Gain   float 
flow   float 
fhigh   float 
Phi_desired   float 
Phi_actual   float 
tolerance   float 
Fa   float 
APcoeff   float 
 
 
PS_w_BP.stp :  STP file for PS_w_BP program 
 
DS1003 
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