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Optimum Actuator Grouping in
Feedforward Active Control Applications

G. Clark Smith

(ABSTRACT)

Previous work has demonstrated the benefit of grouping actuators to increase the control-
lability of an active control system, without increasing the number of control channels. By
driving two or more secondary sources with the same control input, one is also able to reduce
the hardware cost and complexity. In this work, a time domain cost function is developed
for on-line actuator grouping and active structural acoustic control (ASAC) of a simply-
supported beam excited with a broadband disturbance. Three PZT actuators are mounted
on the beam structure to control the wavenumber components corresponding to five radia-
tion angles. The propagation angles are selected to represent the total radiated sound power.
The point force disturbance is bandlimited random noise which encompasses the first three
modes of beam vibration. Actuators are considered grouped when their compensators are
equal. Therefore, the cost function presented here incorporates an additional non-quadratic
term which penalizes the controller for differences between the feedforward compensator co-
efficients. The backpropagation neural network algorithm provides the proper procedure to
determine the minimum of this cost function.

The main disadvantage of using a stochastic gradient technique, while searching the pre-
scribed control surface, is convergence to local minima. In this thesis, a resolution to this
problem is suggested which incorporates using a variety of initial conditions. Two initial-
ization conditions are considered: grouping actuators based upon weights determined by
converging the filtered-x LMS algorithm and simultaneously grouping and controlling with
the compensator weights initialized to small arbitrary numbers. Test cases of heavy and light
grouping parameters were evaluated from both initial conditions. The computer simulations
demonstrate the ability of this new form of the cost function to group actuators and control
the error response with either initial condition. The heavy grouping cases achieved the same
one channel control system from both initial conditions. The performance of the one channel
solution was 1.5 dB lower than the performance of the ungrouped filtered-x LMS solution.
The ability to select the different levels of grouping was demonstrated when the algorithm
was initialized with the filtered-x LMS weights and run with light grouping parameters. For
this case, the on-line algorithm grouped two actuators, but allowed the third actuator to ex-
ist independently. The performance of the two channel control system was only 0.6 dB less
than the performance of the filtered-x LMS solution. In all grouping cases investigated, the
convergence times of the grouping algorithm were within the same order as for the filtered-
x LMS algorithm. The effect of uncorrelated error sensor noise on the actuator groupings is
also briefly discussed.

This research was funded by NASA grant number NAG-1-391.
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Chapter 1

Introduction

In many areas of our engineered society, noise created by structural vibration is a persis-

tent problem. Traditional techniques to reduce this noise involve modifying the structure’s

design or placing transmission barriers between the structure and listening source. These

passive means of noise control are working well in many applications, but are known to be

severely limited when dealing with low frequency vibration and sound.

The concept of using active control techniques to suppress noise of low and mid frequency

was presented over 60 years ago by Paul Lueg [1]. The practical application of active control

of sound and vibration has received considerable attention in recent years, primarily due to

the development of computationally fast digital signal processors (DSPs) during the 1980s

[2]. Much of this recent work has focused on active control techniques, algorithms and

transducers. Building upon these many developments, this thesis demonstrates a method to

enhance the overall performance of active control systems.

The specific goal is to optimize the grouping of control actuators in time domain appli-

cations. Through the use of neural networks, the actuator arrangement that produces the

greatest noise reduction with the least number of control channels is determined. Limiting

the number of control channels decreases the hardware requirements and cost of an active

control system. Control system performance is also enhanced by the increase in controlla-

bility resulting from driving multiple actuators with a single control channel. The actuator

grouping method presented here is computationally simple and applicable to all active con-

trol techniques that use a gradient-based adaptive control algorithm. This method is also

not limited to one type of control actuator or error sensor.

1
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To truly introduce this topic, a brief summary of the previous work in active control

techniques, algorithms and transducers must first be given. This discussion will focus pri-

marily on advancements in the active control of structure-borne sound. Sound fields caused

by vibrating structures are usually very complex and one of the most challenging areas to

apply active control. Following the background introduction are specific details related to

the motivation for determining optimum actuator groupings and the objectives of this work.

1.1 Active Control Techniques

The most common technique of active control involves the use of acoustic sources (loud-

speakers) to cancel a sound field measured by error sensors (microphones). This approach is

termed Active Noise Control (ANC) and has been the focus of much of the previous work in

active control [3, 4, 5, 6]. ANC has a history of being very successful in controlling the sound

fields in ducts [7] and providing localized control of a three-dimensional sound [8]. However,

investigations have shown that, when the sound field is complex, ANC requires many acous-

tic sources and error sensors to achieve a global reduction of the noise field [9, 10, 11]. For

instance, a recent commercial ANC system for the interior of a Saab 340B turboprop aircraft

required 26 loudspeakers and 48 microphones to meet an overall 6 dBA sound pressure level

abatement [12].

An alternative technique, which has been shown to greatly lessen the number of con-

trol sources necessary to obtain significant noise reduction, is Active Structural Acoustic

Control (ASAC) [13, 14, 15, 16, 17]. ASAC was first demonstrated by C. R. Fuller in the

mid 1980s [18, 19]. ASAC involves the use of secondary or control force inputs applied di-

rectly to a structure vibrating under the excitation of a disturbance force. The secondary

forces are applied with the objective of reducing the noise radiated by the structure. It has

been analytically and experimentally demonstrated that the sound transmission into a model

elastic fuselage can be globally reduced with a small number of point force inputs applied to

the fuselage structure [20, 21].

The goal of ASAC is to control the noise generated by the vibrating structure. To do this,

the secondary force inputs must temporally and spatially combine with the disturbance force

on the structure in a way that attenuates structural acoustic radiation. An initially obvious

technique to achieve this goal would be to reduce the structural response of the vibrating
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surface. Such methods are called Active Vibration Control (AVC). The disadvantage of

using AVC to control structure-borne sound is that, in practical application, it is possible to

decrease the measurement of structural vibration and at the same time increase the acoustic

response [22].

Since AVC is not an effective method to reduce noise created by vibrating structures,

much of the recent work has focused on investigating the performance and stability charac-

teristics of ASAC in various control configurations. These are discussed in more detail in

the following section.

1.2 ASAC Algorithms

ASAC has been implemented using many different control approaches. The goal of each

control algorithm is to provide structural force inputs that reduce the radiated sound. These

algorithms can be divided among the two main control strategies: feedback and feedforward.

Feedback control of structural vibration has a rich history in the controls field; ASAC has

been implemented using similar strategies. In reference [23], Meirovitch and Thangjitham

used a Linear Quadratic Regulator (LQR) feedback compensator to reduce the sound radi-

ation from a plate. A Linear Quadratic Gaussian (LQG) compensator has been shown to

control persistent broadband disturbances on a clamped-clamped beam [24]. In addition,

Baumann, et al., [25] demonstrated suppression of the acoustic radiation due to a transient

input using classical feedback methods. In fact, the main advantage of using a closed-loop

strategy is the ability to control transient or unknown disturbances. However, as discussed

in [26], closed-loop ASAC is highly limited by the bandwidth of hardware and the robust-

ness/stability problems associated with even the slightest modeling uncertainty. For noise

control of occupied environments, such as the interior of passenger aircraft, unstable control

algorithms are of utmost concern and must be avoided.

The control algorithm that has been most widely used for ASAC is adaptive feedforward

control. The advantages of adaptive feedforward control are [26]: (1) large stability bounds;

(2) an error signal that is typically driven to zero; (3) none or very little modeling required;

and (4) robustness to model errors [27]. The main disadvantage of using feedforward control

is the requirement of a reference signal that is coherent with the disturbance input and

obtainable at a point in time which allows a causal control system. However, in many
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practical situations a causal signal coherent with the disturbance input is readily measured

or monitored (e.g. engine tachometer signal) and the dominant noise field is created by

vibration that is highly coherent with the available signal (e.g. engine drone). By design, a

feedforward control is able to suppress only the disturbances that are included in the reference

signal. This attribute can be considered an advantage when one recognizes that speech and

other desired transient signals propagating in the noise field (e.g. warning messages) are not

affected by the controller [28].

In adaptive feedforward control, the control input is created by passing the measured

reference signal through a compensator to form the control signal. Figure 1.1 shows a block

diagram of the most common realization of this system. The controller is called adaptive

because the error signal, e, is used by an update routine to alter the form of the compensator

Gc, with the goal of minimizing some cost function. Due to the fact that the control input, u,

is created from the measured reference signal, this error signal can, theoretically, be driven to

zero [30]. Feedback active noise control systems have also been realized as adaptive routines

[29]; the primary advantage being increased performance, not an increase in system stability.

In any adaptive control algorithm, the cost function is the quantitative measure of per-

formance of the controller. With ASAC, the form of the cost function is determined by the

type of sound reduction desired. For instance, free-space sound reduction is accomplished

by minimizing a measure equal to the total radiated acoustic power from the structure [6].

Minimizing a cost function, which equals the acoustic power radiated towards a selected area,

achieves directional sound reduction; further, quieting an enclosed space is accomplished by

minimizing a cost function equal to the acoustic potential energy [31].

In practical applications, it has been shown that the minimization of these cost functions

is accomplished by minimizing the average squared outputs of a number of sound pressure

sensors [32]. By skillfully positioning microphones in the noise field, a reasonable approxima-

tion to each cost function is created. For control of radiation in a free-field, the microphones

are positioned over a surface enclosing the source. Microphones placed in a desired direction

from the source form a measure of the acoustic power radiated toward that selected area.

The average squared pressure from microphones placed throughout an enclosed volume form

the cost function for the case of sound transmission into an enclosure. All these power-related

cost functions are determined by squaring the error signal in Fig. 1.1 and taking its average.

This type of cost function is commonly referred to as the mean-square error (MSE).
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Figure 1.1: Block diagram of adaptive feedforward control.

It is expected that it will require more than one microphone to properly represent the

radiated acoustic power or acoustic potential energy and more than one control actuator to

fully control the structure-borne sound. As detailed in [33], the adaptive feedforward control

system can have multiple-inputs and multiple-outputs (MIMO) with the cost function formed

as the sum of the MSE of each error signal.

As shown in Fig. 1.1, an adaptive feedforward control strategy alters the compensator

through the use of a specific update algorithm. If number of applications is any mea-

sure of success, then the most successful routine for updating feedforward compensators is

the filtered-x LMS algorithm. Presented by Widrow and Stearns in [30], the algorithm was

extended to MIMO active noise and vibration control systems by Elliott, et al., [32]. Filtered-

X LMS is a stochastic gradient-based algorithm known for its robustness and simplicity. The

algorithm does not require a matrix inversion and is easily realizable on a digital signal pro-

cessing board (DSP). ASAC using the filtered-x LMS algorithm has been demonstrated on

many structures excited by a single-frequency harmonic disturbance [2]. Attenuation of

acoustic radiation from structures subject to broadband disturbances has also been accom-

plished using filtered-x LMS [34, 35].

Along with developments in the filtered-x LMS adaptive feedforward control algorithm,

much of the recent work in active control has focused on novel sensors and actuators to

provide the desired error signals and control inputs [36]. A summary of some of the most

recent developments in sensors and actuators for ASAC are described in the next section.
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1.3 ASAC Sensors and Actuators

The type and number of error signals needed to properly represent the cost function

can greatly influence the customer acceptance of an ASAC system. Placing an obtrusive

array of microphones in the noise field may be necessary to achieve the desired reduction,

but can limit the practical installation of the system. Recent work has been devoted to

the development of structural sensors designed to eliminate the use of microphones while

providing the proper error signals to form the desired cost function.

Recalling analytical techniques for calculating sound fields from structural vibration using

Rayleigh’s integral or a wavenumber transform [37], a cost function based upon squared

pressure measurements can be replaced by a cost function based on wavenumber information

[36, 38]. Also, recognizing that for ASAC in free-field conditions only the modes of vibration

that are efficient radiators need to be controlled (i.e., supersonic wavenumbers), Clark and

Fuller [39] have considered the use of advanced shaped piezoelectric PVDF films as error

sensors. The PVDF sensors act as structural wavenumber filters. The output of the sensor

is proportional to the integral of mechanical strain over the area of application. Therefore,

by selecting the proper mounting location and shape, the sensor will observe only those

structural motions that are recognized as significant radiators of sound [40].

While distributed transducers such as PVDF films provide information related to the

acoustic power radiated by the structure, they may not be practical in many applications.

For example, it is not feasible to put large PVDF films on aircraft panels due to many

difficulties associated with the numerous stiffeners, frames, and rivets. Several alternative

wavenumber sensing schemes have been proposed that are based on measured signals from

accelerometers mounted in selected locations on the structure’s surface.

Unlike AVC, in this approach the point accelerometer signals are first transformed by

on-board computations to provide an error signal which corresponds to sound radiation. As

discussed by Fuller and Burdisso in [41] and demonstrated in [42], the wavenumber spectrum

of structural vibration can be computed by performing a discrete wavenumber transform (a

technique analogous to a discrete Fourier transform) on accelerometer signals. The disad-

vantage of this technique is that current application is limited by the computational effort

required to determine the wavenumber spectrum.
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An alternative broadband, time domain sensing technique that also uses multiple ac-

celerometers mounted on the structure, but is computational efficient, has been presented

by Maillard and Fuller [43, 44]. In this case, the accelerometer outputs are passed through

an array of discrete linear filters and summed to estimate far-field pressure or wavenumber

information. The filtered accelerometer signals provide accurate sound radiation information

over a broad frequency range and, when minimized, correspond to sound reduction [43, 44].

This technique has been termed Structural Acoustic Sensing (SAS) and is feasible when

implemented on a DSP board. Also, since the accelerometers are small, point sensors, the

mounting issues associated with PVDF films are avoided.

Like sensing techniques, actuators for ASAC have seen many advancements over the

past decade. The traditional approach to controlling structural vibration uses point force

actuators as transducers. Such devices, commonly referred to as shakers, are cumbersome

and require a restraining back support or large inertial mass. Developments in advanced

materials have led to a replacement for the shaker: the piezoceramic or lead zirconate-

titanate (PZT) actuator. PZT materials are lightweight, compact, and inexpensive. They

couple very efficiently into the vibration of a structure, have a quick response time, and

a large linear range of operating frequencies (100-2000 Hz) [45]. PZTs are activated by

applying a voltage along their polarization direction, which causes the material to strain

normal to the direction of polarization [46]. For use as an actuator, one surface of a thin

PZT patch can be bonded to the structure. An oscillating voltage applied to the patch will

then apply oscillating strain on the structure. Much of the previously cited work used PZT

actuators to control the structurally radiated sound [16, 38, 39, 42, 43, 44].

The developments in ASAC control algorithms and transducer technology discussed above

have not occurred asunder. Advancements in MIMO filtered-x LMS control were being made

at the same time as novel sensing strategies and advanced actuators were being identified. All

of these developments resulted from a synthesis of three primary fields: adaptive feedforward

control, advanced transducers, and structural acoustics. It is felt that by continued investi-

gation and exploitation of the interrelationships of these three fields, further developments

and even greater control performance is possible. The next section gives specific details

related to reducing the cost and increasing the performance of ASAC systems by grouping

actuators. Through a pointed discussion of some of the previous efforts in this area, the

motivation for this work is also given. (A more thorough review of the previous research in

optimizing actuator placement and groupings for ASAC is presented in section 2.3.)
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1.4 Grouping Actuators for Enhanced Control Perfor-

mance

A MIMO filtered-x LMS algorithm was recently shown to control the cabin noise in a

full scale DC-9 aircraft fuselage excited with multiple frequencies [47]. On the fuselage test

structure, both airborne noise and structural vibration disturbance sources were used to

replicate the interior noise field created by an operating jet engine. These experimental tests

on an actual fuselage revealed several areas where an ASAC system can be augmented for

better control performance. One of these areas was the grouping of control actuators.

The active control system assembled for the DC-9 tests incorporated the state-of-the-art

in ASAC. A MIMO feedforward filtered-x LMS algorithm was designed to excite sixteen

PZT control actuators. Over thirty-five microphones were distributed inside the aircraft

to form a cost function representing the interior acoustic potential energy. However, during

installation of the ASAC control system in the fuselage, difficulty arose in trying to determine

the best locations to mount the PZT actuators. It has been previously shown that affixing

PZT actuators, in locations that do not couple well into the strongest radiating modes of

vibration, is ineffective at controlling the disturbance noise [2].

To overcome this actuator selection problem, a large number of PZTs were first mounted

on the fuselage. By exciting each actuator individually with the frequencies of interest and

observing the interior noise response levels, the most effective actuator array was identified.

The actuators which produced the largest response levels were then selected for use.

The goal of this lengthy selection process was to determine the optimum sixteen ac-

tuators. However, it was also noted that some actuators, placed in different locations on

the fuselage, provided similar interior noise patterns. These results were explained by rec-

ognizing the symmetry of the fuselage modal response at the disturbance frequencies [47].

The authors suggested that the actuators with similar response patterns could be wired or

grouped together and driven through a single control channel. It was then found that a set of

grouped actuators provided higher interior noise levels than a single actuator and, therefore,

better controllability of the disturbance response. The control system was still fixed at the

initial sixteen output channels, but enhanced control performance was realized with the use

of more than sixteen PZT actuators.
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This actuator grouping technique also reduced the final hardware requirement and cost

of the ASAC system. To reach this level of noise reduction without grouping actuators

would have required additional digital to analog signal converters (D/A), lowpass filters,

and power amplifiers. Therefore, by recognizing the relationship between the modal nature

of the structural-acoustic system and transducer placement, the authors in [47] developed a

method to reduce the cost and enhance the performance of their ASAC system.

The number of control channels of a system is equal to the degrees of freedom of the

controller. As discussed in [6], the complexity of the filtered-x LMS algorithm is determined

primarily by the controller degrees of freedom. It is known that to have a determined

optimum compensator the number of error signals must be greater than or equal to the

degrees of freedom [6]. Therefore, while not discussed in [47], the grouping of actuators also

enhances the control system by decreasing the number of required error sensors.

As discussed above, it has been shown that the noise control performance of the ASAC

system can be strengthened by simply comparing actuator response patterns and grouping

actuators. Further investigation in grouping actuators on the DC-9 fuselage was also con-

ducted by Cabell, et al., [48]. This work realized even greater performance augmentation by

implementing a numerical procedure to determine the optimum actuator array and group-

ing patterns. Using experimentally measured actuator interior response level data from the

fuselage, Cabell, et al., [48] calculated the complex transfer function between each actua-

tor and microphone. Then, the optimum grouping arrangement was obtained by forming a

cost function defined as the sum of squared complex microphone pressures plus an actuator

penalty term. The actuator penalty term was a measure of the difference between the control

signals to each actuator.

A quasi-Newton optimization routine then used this new cost function to obtain the so-

lution that achieved the best possible noise reduction with the smallest differences between

control signals. After determining the largest noise reduction and minimum difference ar-

rangement, a clustering algorithm was used to create the actuator grouping for the sixteen

control channels. Four individual excitation frequencies were studied to evaluate the per-

formance of the actuator grouping optimization/clustering routine. Comparing the interior

noise control performance of the optimized groupings with the arrangement handpicked in

reference [47], showed the ability of the optimization scheme to yield groupings that provided

even greater interior noise reduction in the DC-9 fuselage.
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A modified or alternate cost function is not a new concept in the field of active control.

Much previous work has been dedicated to minimizing a cost function that includes both

squared sound pressure level terms and a penalty term proportional to the squared actuator

effort [6, 32]. This effort penalty term restricts the controller from overdriving the actuators

with a large signal to achieve a small amount of additional error reduction. As shown in ref-

erence [32] and appendix A, the squared actuator effort penalty term is a quadratic function

with respect to the controller weights and has a single global minimum. Therefore, as will

be discussed in chapter 2, the filtered-x LMS algorithm is a robust and stable procedure to

determine the optimum compensator that minimizes this alternate cost function.

The penalty term, used in [48] to group actuators, could not be formed as a quadratic

function with respect to the controller weights. The only possible solution would have been

zero differences between the output signals and all actuators grouped together. The actuator

penalty term needed to allow large control signal differences to exist while grouping actuators

with similar signals. The goal was to only group actuators that are coupling into the structure

with similar dynamics.

Earlier work by Cabell, et al., [49], presented a technique where a cost function (formed as

the sum of squared complex microphone pressures and a non-quadratic effort penalty term)

was used with the complex backpropagation neural network routine [50]. This effort penalty

turned off actuators not contributing significantly to the reduction of radiated noise. The

purpose of turning off actuators was to reduce the controller degrees of freedom and limit

control spillover. Continued work in this area by Cabell and Lester [51] expanded frequency

domain investigation into the non-quadratic effort penalty term and introduced the actuator

grouping penalty term for complex backpropagation neural networks. It is this grouping

penalty term, first presented in [51], that Cabell, et al., utilized in [48] to group actuators

on the DC-9 fuselage.

As such, it is easy to recognize the benefits of optimizing actuator groupings. Although

it has been shown that a reduction in control system complexity and cost can be obtained by

simply wiring actuators with similar response patterns together, even greater performance

augmentation is achieved when a non-quadratic grouping penalty term is incorporated into

the cost function of an adaptive algorithm. Difficulty arises because the filtered-x LMS algo-

rithm is derived for quadratic cost functions. However, in previous work the backpropagation

neural network optimization routine has been shown to converge to the desired balance of

control and actuator grouping.
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1.5 Objectives of Work

The previous work into the non-quadratic grouping penalty term has been conducted

assuming single-frequency excitation in the frequency domain. The objective of this work is

to demonstrate that actuator grouping can be achieved on a reverberant structure excited

with a time domain, broadband disturbance. Two scenarios are investigated: grouping

actuators after initial convergence of the controller, and then simultaneously grouping and

controlling from the start of the control system.

The grouping term in this study is an altered version of the original grouping penalty

function first presented in reference [51]. The adaptive feedforward control algorithm used

with the grouping cost function is the time domain backpropagation neural network [52].

It is shown that a modification of the grouping penalty term and backpropagation update

algorithm is required to allow for time domain grouping of the actuators. This new compen-

sator update routine is designed to work with multiple real coefficient compensators, not a

compensator consisting of a single complex value. These developments represent a significant

advancement of the techniques for actuator grouping.

The demonstration platform for this study is a lightly damped, simply-supported beam.

A point force disturbance is exciting flexural bending motion in the beam structure. The

disturbance has a bandlimited input frequency spectra, which encompasses the first three

modes of vibration. Three PZT actuators are mounted on the beam surface to control the

acoustic response of the vibrating beam. The goal of the ASAC system is to control the

total acoustic power radiated by the beam into the free-field. The cost function is configured

using the SAS technique discussed in [43, 44], with the addition of the time domain grouping

penalty term. Time-series wavenumber components are minimized for five angles off the

beam center axis, thus, approximating the total acoustic power radiated into the free-field.

This thesis is organized with theoretical developments discussed in the leading chapters

followed by a presentation of numerical simulation results. Chapter 2 contains an investi-

gation into the foundation theory of feedforward ASAC and the filtered-x LMS algorithm.

Then, the time domain grouping penalty function and grouping cost function are derived.

Examples of cost function surfaces and actuator grouping in a simple controller are also

given to highlight basic characteristics of the adaptive grouping algorithm. Further, it is

demonstrated why it is necessary to use the more advanced backpropagation technique to
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solve for the actuator groupings. Chapter 3 is a discussion of the backpropagation neural net-

work paradigm for adaptive feedforward control and its implementation for on-line actuator

grouping and control. An example of a single frequency controller is given to investigate the

influence of grouping penalty function parameters on the multimodal nature of the grouping

cost function surface. Time domain modeling of the test structure and the SAS technique

are detailed in chapter 4, followed by the simulation results in chapter 5. The conclusions

from this research and recommendations for future work are found in chapter 6.

Details concerning the alternate cost function that includes both squared sound pressure

level terms and a penalty term proportional to the squared actuator effort are given in

appendix A. Appendix B contains the equations for analytical computation of the far-

field radiation, total sound pressure level, and radiation efficiency of modal vibration of a

simply-supported beam. Appendix C gives the filtered-x reference signal models used to

form a measure of the instantaneous gradient for the filtered-x LMS and backpropagation

algorithms.



Chapter 2

Control Approaches and Actuator

Grouping

This thesis is concerned with demonstrating a time domain actuator grouping technique

to augment the performance of feedforward active control systems. It should be noted, that

while the algorithms presented here are readily applicable to ANC and AVC, the focus of this

work will be on the most successful approach for canceling structure-borne sound, ASAC.

Before the cost function and update routine for time domain actuator grouping can be

discussed, it is necessary to present a brief synopsis of the control theories and efforts that

have led to this state. A MIMO feedforward control system is the foundation upon which

the actuator grouping techniques presented here are built. Therefore, section 2.1 presents a

summary of the control of vibrating structures and section 2.2 details the MIMO filtered-x

LMS algorithm. After the background theories are reviewed, section 2.3 contains a discus-

sion on the benefits of determining proper actuator mounting locations and groupings. In

addition, a review of the prior work in this area is given. This discussion is greatly aided by

the understanding from sections 2.1 and 2.2.

Almost all of the earlier techniques in actuator grouping are based upon extensive system

modeling and off-line optimization searches. Motivated by the desire for a computationally

efficient on-line optimization routine, a cost function is presented in section 2.4 which, when

utilized with a gradient-based update algorithm, groups actuators in the time domain. This

time domain grouping cost function is based upon the non-quadratic difference penalty

13
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term first introduced in [48, 49, 51]. However, it is shown that the grouping cost function

presented in the earlier work does not provide the proper updates for compensators with

multiple real-valued coefficients. Thus, a new grouping cost function for time domain active

control applications is presented in section 2.4. This technique is based upon minimizing

the differences between the individual compensator coefficients. Finally, examples of cost

function surfaces and actuator grouping in a simple controller are given in section 2.5 to

highlight basic characteristics of the adaptive algorithm.

2.1 Feedforward Control of a MIMO ASAC System

The physical arrangement for ASAC of a 1-D simply-supported beam is shown in Fig. 2.1.

Please note that the structure presented in this section to elaborate the foundation theory

is also the platform used later to investigate the time domain actuator grouping algorithm.

In Fig. 2.1, it is assumed that there is only one harmonic point force disturbance, fd, ex-

citing flexural bending motion in the beam structure. This vibration couples well into the

surrounding acoustic medium. Three PZT actuators are mounted on the beam surface to

control the acoustic response of the disturbed beam. Each actuator consists of a pair of PZT

patches located on each side of the beam. One patch in each actuator is electronically wired

180◦ out-of-phase from the other. This actuator patch arrangement induces pure bending

moments in the thin beam [45]. It is assumed that a reference signal, coherent with the dis-

turbance input, is observable by the compensators at such a time as to allow a casual control

system. The reference signal is fed through an array of three compensators, {Gc1 , Gc2 , Gc3},
to form the control signal to the PZT actuators. Five error microphones are positioned over

a hemispherical surface surrounding the vibrating beam. The location and number of error

microphones were selected to reasonably approximate a measure of the total radiated sound

power.

In general, a MIMO active control system is written as having M actuators and L error

sensors. For a mathematically determined control system, it is required that there are more

knowns (error signals) than degrees of freedom (actuator inputs) or L ≥ M [6]. As shown

in Fig. 2.1, for this test structure the number of error signals, L, is greater than the number

of actuator inputs, M , and a unique set of input signals, {u1, u2, u3}, that minimizes the

microphone responses exists.
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Figure 2.1: Physical arrangement for ASAC of a simply-supported beam using three control

actuators and five error microphones.
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Figure 2.2: Block diagram of ASAC with one disturbance source, three control actuators,

and a single error microphone.

By modeling the simply-supported beam structural acoustic response and controller hard-

ware dynamics as digital filters, the effective block diagram for the disturbance and control

inputs to one error microphone, l, can be drawn as in Fig. 2.2. Here Tdel(z) is the system

function [53] representing the structural acoustic dynamics from the point force disturbance

to the lth microphone. The term Tcmel(z) is the system function representing the dynamics

from the mth actuator to the lth microphone. The system function is the z-transform of the

system impulse response and equals the frequency response of the system when z is evaluated

on the unit circle [53].

In Fig. 2.2, the control signal input to PZT actuator m is computed by passing a refer-

ence signal, x(n), through the respective digital compensator. This procedure is written in

equation form as

um(n) = Gcm(z)x(n). (2.1)

The sampled output from the lth error sensor, el(n), is equal to the linear superposition of

the disturbance response and the response due to each actuator. From Fig. 2.2, the response

at microphone l is written as

el(n) = dl(n) +
M∑
m=1

Tcmel(z)Gcm(z)x(n). (2.2)

Let the quantitative measure of the controller performance be defined as the total mean-
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square error (MSE) from the microphone array. Then, in discrete-time the MSE cost function

is written as

J = E

{
L∑
l=1

e2
l (n)

}
, (2.3)

where E{•} is the statistical expectation operator.

From equation (2.2) and equation (2.3), it is recognized that the value of J can be reduced

if x(n) is at least partly correlated with each dl(n). This formulation also requires that the

reference signal is unaffected by the action of the control sources: which is true for the system

shown in Fig. 2.1.

Analysis of the complete MIMO feedforward control system is simplified by writing the

microphone error equations in vector form as

e = d + TceGc x(n) (2.4)

where the error response vector is

eT = [e1(n), e2(n), . . . , eL(n)], (2.5)

the disturbance or uncontrolled response vector is

dT = [d1(n), d2(n), . . . , dL(n)], (2.6)

the actuator input to acoustic response matrix is defined as

Tce =


Tc1e1(z) Tc2e1(z) · · · TcMe1(z)

Tc1e2(z) Tc2e2(z) · · · TcMe2(z)
...

...
. . .

...

Tc1eL(z) Tc2eL(z) · · · TcMeL(z)

 , (2.7)

the vector of discrete compensator filters is

Gc
T = [Gc1(z), Gc2(z), . . . , GcM (z)], (2.8)

and T is the transpose operator. Since x(n) is a single value, the reference signal can be

combined with equation (2.7) to form

R =


Rc1e1(n) Rc2e1(n) · · · RcMe1(n)

Rc1e2(n) Rc2e2(n) · · · RcMe2(n)
...

...
. . .

...

Rc1eL(n) Rc2eL(n) · · · RcMeL(n)

 . (2.9)
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The L ×M matrix R is often called the filtered-x reference signal matrix. The value of

the element Rcmel is equal to the output of error sensor l at discrete-time n, if the reference

signal was directly applied to actuator m.

The complete system of equations describing the feedforward controlled system is now

written concisely as

e = d + RGc (2.10)

where the dependence upon the discrete-time variable n and the z-domain operator have been

dropped for notation convenience. Using equation (2.10) and assuming Gc is time-invariant,

equation (2.3) can be expanded to

J = E{eTe} = E{dTd}+ 2GT
c E{RTd}+ GT

c E{RTR}Gc. (2.11)

Assume, for now, that each compensator is a digital finite impulse response (FIR) transversal

filter written as

Gcm(z) = wm,0 + wm,1z
−1 + wm,2z

−2 + . . . + wm,Ncompz
−Ncomp (2.12)

where Ncomp is the size or order of the FIR filter [30]. The vector form of the compensator

array, equation (2.8), can be rewritten as

GT
c = DT [w1,w2, . . . ,wM ] (2.13)

where

wm = [wm,0, wm,1, . . . , wm,Ncomp] (2.14)

and

DT = [1, z−1, z−2, . . . , z−Ncomp]. (2.15)

If Gc has the form of equation (2.13), then J is a quadratic function of the compensator

coefficients. The MSE cost function surface, defined by combining equation (2.11) with

equation (2.13), has a single minimum, as verified by examining the positive definiteness of

E{RTR}. The matrix [RTR] plays the same role here as the Hessian in a real matrix

quadratic form [33]. The interested reader is encouraged to see part II of Widrow and

Stearns [30] for a thorough discussion on the relationship between FIR transversal filters

and quadratic error surfaces.

As previously stated, the goal of the ASAC control system is to minimize the cost function

that relates to a desired measure of noise. The system described in Fig. 2.1 is designed to
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minimize the total sound power radiated by the beam. Equation (2.11), with equation (2.13),

define the total radiated sound power error criterion as a quadratic function of the structural

acoustic plant system functions and the FIR compensator weights. Thus, the maximum

sound reduction is achieved when the compensator weights correspond to the point on the

performance surface of minimum J . The optimum compensator weights, defined here as G∗c ,

can be found by taking the partial derivative of equation (2.11) with respect to the weight

vector, setting the result equal to zero, and solving for Gc. This least squares estimate of

G∗c is written in equation form as

G∗c = −
[
E
{
RTR

}]−1
E
{
RTd

}
. (2.16)

The least squares estimate of G∗c can be difficult to solve by direct numerical computation

because the inverse of E{RTR}may be ill-conditioned [6]. This occurs whenever one or more

filtered-x reference signals are not mutually orthogonal. For example, if two actuators are

mounted very closely together, they will have nearly identical actuator input to acoustic

response system functions. On any realistic structure, the system functions will rarely be

perfectly orthogonal to each other; therefore, the inverse of the Hessian matrix will always

be ill-conditioned to some degree.

Interestingly, it is this ill-conditioning that allows for actuator grouping. The actual goal

here is to group columns of R that have similar eigenvectors [30]. If the principal axes of

the cost function surface were orthogonal (and L ≥ M), all the control inputs would be

independent signals and grouping would be impossible.

Using the least squares estimate [equation (2.16)] to determine the optimum compensator

weights for an ASAC system is not practical in actual implementation. Besides computa-

tional difficulty in performing the matrix inverse, exact knowledge of E{RTR} and E{RTd}
over the complete operating bandwidth is required. Any system identification errors will

lead to G∗c not corresponding to the maximum sound reduction. Also, it is common for the

structural acoustic plant characteristics to vary during use. Slight temperature and pressure

variations in the structure material and acoustic medium can greatly influence the response

characteristics. The problem is that the compensator weights have been pre-determined and

cannot be adjusted during use to meet the new minimum. Extensive modeling of the system

over all operating conditions can be performed and it may be possible to solve equation

(2.16) for an overall G∗c . However, the disadvantage of this approach is a loss in performance

because the controller weights are set to minimize J over a wide variety of conditions. A
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better approach would be to continuously solve for the optimum compensator weights dur-

ing use of the control system. This technique, as discussed in more detail in the following

section, allows the compensator weights to adapt during a variety of operating conditions.

2.2 The Filtered-X LMS Algorithm

Practical implementation of an ASAC system required a technique that determines the

optimum compensator weights on-line without extensive computational effort. By taking

advantage of the fact that J is a quadratic function of the compensator weights, optimization

algorithms have been developed which determine the optimum weights by moving along the

negative gradient of the cost function.

Broadly defined as the method of steepest descent or the stochastic gradient algorithm,

this procedure is written in equation form as

Gc(n+ 1) = Gc(n)− µ∇(J) (2.17)

where µ is called the convergence coefficient and ∇(J) is the gradient vector of the quadratic

cost function with respect to the compensator weights. When Gc(n) = G∗c , the gradient

of the cost function is zero, weight adjustments stop and the control system is considered

converged. The convergence coefficient, µ, controls the rate that Gc(n) approaches G∗c

and the stability of the minimization process. The upper bound on the value of a stable

convergence coefficient can be estimated from the power of the filtered-x reference signal

[30].

Unlike equation (2.16), the steepest descent algorithm does not require a matrix inver-

sion to solve for the optimum compensator weights. The compensators are initially set to

small random values or zero and equation (2.17) is iterated to determine G∗c . The update

computations are relatively simple, occur on-line, and Gc can adjust as the plant character-

istics vary. For active control applications, determining the optimum compensator on-line

by stepping down the gradient of the cost function is a superior approach.

The steepest descent update routine can be derived for control of the test structure shown

in Fig. 2.1. Again, assume for now that each Gcm(z) has the form of equation (2.12). Starting

with equation (2.3), the differential of the total error with respect to one FIR filter coefficient



21

is
∂J

∂wm,i
= 2E

{
L∑
l=1

el(n)
∂el(n)

∂wm,i

}
(2.18)

where i is an integer from 0 to Ncomp. Restricting Gc as time-invariant, the partial derivative

of the lth error signal with respect to one of the compensator coefficients is

∂el(n)

∂wm,i
= Tcmel(z)x(n− i) = Rcmel(n− i). (2.19)

The steepest descent routine to adjust the coefficient wm,i at every sample step is now written

as

wm,i(n+ 1) = wm,i(n)− 2µE

{
L∑
i=1

el(n)Rcmel(n− i)
}
. (2.20)

Equation (2.20) assumes knowledge of the true gradient vector to update each coefficient

of Gc(n). Obtaining exact information of ∇(J) within the timescale of one system response

is impossible. To alleviate this problem, a subset of the steepest descent method, called

the filtered-x LMS algorithm [30], uses an instantaneous approximation of ∇(J). The gradi-

ent vector is estimated at every time step, with the current value of the error signal and the

reference signal filtered by T̂cmel(z). The term T̂cmel(z) is a discrete model representative of

the dynamics from the respective actuator input to the acoustic response. Approximating

∇(J) using instantaneous signal values is only possible when Gc changes slowly compared

to the dynamics of the system being controlled. This requirement is met by ensuring that

the compensator convergence coefficient, µ, is set sufficiently small [30, 32].

To form the filtered-x LMS algorithm, equation (2.18) is rewritten as

∂J

∂wm,i
≈ 2

L∑
l=1

el(n)T̂cmel(z)x(n− i). (2.21)

Combining the multiplication factor 2 into the convergence coefficient, the filtered-x LMS

update equation for coefficient wm,i is written as

wm,i(n+ 1) = wm,i(n)− µ
L∑
l=1

el(n)T̂cmel(z)x(n− i). (2.22)

To demonstrate the flow of information in the algorithm, a block diagram representation

of ASAC with filtered-x LMS is given in Fig. 2.3. The thick lines signify the passing of

vector quantities and the thick boxes signify matrices. Note that the reference signal x(n)
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Figure 2.3: Block diagram of filtered-x LMS feedforward control.

is passed to both the compensator and the model of actuator to error dynamics. The error

signal e(n) is used by the LMS update routine, along with the filtered reference signal, to

adapt the compensator Gc(n).

It has been previously shown that the filtered-x LMS algorithm is very robust to errors

in the generation of each filtered reference signal, R̂cmel(n) [27, 54]. For single-frequency

excitation of a SISO system, the controller weights will converge when the phase of T̂cmel(z)

is within ±90◦ of the actual system and an arbitrary magnitude is specified.

In review, the feedforward filtered-x LMS algorithm is the most widely used ASAC con-

trol strategy. Using a steepest descent approach, the algorithm determines the optimum FIR

compensator weights while the control system is operating. The on-line algorithm tracks

slight changes in the structural acoustic plant. Error signals are fed back to the feedforward

control system to form the instantaneous estimate of the gradient of a MSE cost function.

When the control system performance degrades, the error signals increase and the compen-

sator weight values are adjusted back towards the minimum of J . The main disadvantage

of the filtered-x LMS algorithm is that models of the actuator input to acoustic response

dynamics are needed when calculating the weight updates. However, because the filtered-x

LMS algorithm is quite robust to errors in these plant models, the algorithm has a wide range

of stability and convergence. Finally, by analyzing the components of the update equation

[equation (2.22)], it is seen that the algorithm is computationally simple and, therefore, can

easily be efficiently implemented on a DSP board.
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2.3 Determining Actuator Placement and Groupings

Successful demonstration of the MIMO filtered-x LMS algorithm has produced a great

interest in applying this technology to even more complicated systems and structures. It has

been shown that such developments are not without their own set of technological hurdles.

One of the primary challenges is determining the ideal mounting location and arrangement of

ASAC control actuators; thus, much recent work has been focused on this area. This section

presents a summary of the prior work in optimizing actuator placement and groupings. The

motivation for creating the time domain grouping cost function is also given.

It is easily accepted that an active control system designer wants to use the minimum

number of secondary sources and locate them at the point of maximum controllability of the

disturbance response [36, 55]. The point of maximum controllability provides the greatest

sound reduction with the least effort. The designer does not want to position actuators in

locations that do not couple efficiently into the response to be controlled. Therefore, for

any modal system, the ideal situation is to locate point force or moment actuators at the

antinodes of the disturbance structural response. Figure 2.4a shows the optimum actuator

placement for ASAC of a simply-supported beam vibrating in the second mode of bending.

If the actuator was mistakenly placed at the center of the beam, the vibration node, the

disturbance response would be uncontrollable.

As discussed in the introduction, the performance of the control system can be aug-

mented by grouping actuators. The control system designer may place multiple actuators

on the structure in different locations and treat them as one group. Thus, increased con-

trollability of the disturbance response is obtained without having to increase the controller

complexity. Also, the control system has attained a level performance that would normally

require additional control channels and, therefore, an increased hardware cost.

Figure 2.4b shows an example of grouping actuators for an active control system. Here,

two actuators are placed at the in-phase antinodes of a simply-supported beam. The beam

is vibrating in the 3rd bending mode and actuators on the antinodes are grouped. When

using this grouped arrangement, the controllability of the structure is increased by a factor

of 2.

Previously, intuition and simple plant analysis techniques have been the basis of most de-

cisions concerning proper actuator arrangement [47]. Much recent work has been dedicated
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Figure 2.4: Diagram of (a) ideal actuator placement and (b) actuator grouping for SISO

control of a simply-supported beam.
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to devising an efficient numerical procedure for determining the optimum actuator arrange-

ment a priori. Generally, these techniques involve analytically or experimentally modeling

equation (2.7) or (2.9) and then numerically searching for the arrangements that provide

maximum controllability.

References [21] and [39] detail the optimization of the actuator mounting locations to con-

trol the acoustic radiation from a cylinder and rectangular plate, respectfully. The actuator

positions, treated as continuous functions in space, are included as optimization parame-

ters in a nonlinear optimization routine. With the proper search routine, this continuous

approach is almost guaranteed to determine the best location for each individual actuator.

However, the computational expense of repeated response evaluations limits this method to

single-frequency disturbances of relatively small systems with simple analytical solutions.

Another disadvantage of solving continuous analytical functions is that it is almost compu-

tationally impossible to group actuators with similar response characteristics at the same

time as one searches for the optimum mounting locations.

In [56] and [57], a computationally efficient technique to determine optimum actuator

positions and groupings a priori is described. With this approach, the system designer

selects a large number of candidate actuator mounting locations. Then, a search technique

selects the optimum arrangement from the candidate set. To reduce the computational load

of repeated evaluations of the feedforward control system, a complex form of equation (2.11)

is formulated as a multiple linear regression problem. The search technique selects the

actuator locations with the smallest residual values of the cost function, and groups actuators

with similar residual values of J . Results presented by Ruckman and Fuller [57], show the

optimum actuator groupings and locations for the control of total acoustic power radiated

by a fluid-loaded cylindrical shell vibrating under a single-frequency disturbance. For this

structure, the determined optimum mounting locations and grouping defied any intuition

and, as with the optimum groupings on the DC-9 fuselage discussed in [48], these results

demonstrated the necessity for an actuator arrangement optimization scheme.

An efficient procedure for selecting the optimum actuator locations for controlling multi-

frequency disturbances has been presented by Heck and Naghshineh [58]. A complex form

of equation (2.7) is rewritten as a three dimensional matrix, in which the third dimension is

a vector of frequency. The multidimensional Householder QR decomposition technique then

determines the residual values of each actuator arrangement. Again, the actuator locations

selected for use are those with the smallest residual values. The grouping of actuators was
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not considered in [58].

The techniques discussed in references [56, 57, 58] can be viewed as analogous to the

grouping approach used by Cabell et al., in [48]. First, the control system designer obtains

models of the actuator input to error sensor dynamics for specified actuator positions. Then,

an off-line optimization technique eliminates and/or groups actuators to achieve the best pos-

sible performance. For large complicated systems and broadband excitation, the enormous

computations required for system identification and solving the selected optimization routine

place these techniques beyond practical consideration.

A better approach would be to identify a candidate set of actuator locations, mount actu-

ators, and then, optimize Gc and the actuator arrangement on-line during use of the control

system. The goal is to use a computationally simple procedure similar to the filtered-x LMS

algorithm. The procedure must also be stable and converge to the optimum solution. Can-

didate actuator mounting positions can be selected by creating simplified models and using

one of the off-line optimization approaches discussed above. After convergence, actuators

can be left as independent channels or hardwired as groups to reduce the final system cost

and complexity.

Recently, such an on-line technique has been presented by Fuller and Carneal [59, 60]

to determine an actuator arrangement for controlling the response of a simply-supported

beam. Modeled after natural biological systems, the suggested procedure is to determine

G∗c for a few selected main actuators and then, distribute these main control signals by

local rules to other actuators. The control system designer selects the mounting locations

of the main and local actuators. Simple rules distribute the main actuator control signals,

thereby, creating an input signal to each individual local actuator. Thus, the complexity of

the control system is significantly reduced at the compensator level. However, control system

complexity increases as each main output signal is passed through the distribution stage to

create all the control signals. To reduce the control system hardware cost, the distribution

stage may be realized in wiring or analog hardware.

The simple distribution rule used by Fuller and Carneal in [59, 60] was to either wire a

local actuator in-phase, ±180◦ out-of-phase, or unconnected with one of the main control

actuators. After the main compensators converged for maximum noise reduction, a linear

search optimization routine stepped through each connection arrangement evaluating the

additional reduction in J . The phase/wiring arrangement selected for use was the one
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with the largest reduction in the cost function. Experimental tests were conducted to show

the optimum arrangement for a variety of main actuator locations. The distribution rule

selected the unconnected option for most cases. This is especially true if the main actuator

was located at an optimum location with respect to the disturbance input position and

antinodes of the excited response. These results show that when using the simple phase-

variation technique, only actuators with very similar coupling into the acoustic response of

the structure, i.e. a response exactly in-phase or out-of-phase with the main actuator, are to

be grouped. All other actuators would be turned off and unavailable for use.

Another distribution rule studied in both [59] and [60] involved numerically solving for

optimal filters to convert the main control signals into the local signals. The proper filters

were determined a priori with a method based upon the least-squares solution [equation

(2.16)]. Experimental results, obtained when using the optimal filter method, demonstrated

excellent controllability of the structure. The disadvantage of this technique is that for

broadband applications it will be extremely difficult to realize the optimal filters in analog

hardware; therefore, any desired reduction in hardware cost and complexity would never

be realized. Also, the optimal filter method does not remove ineffective actuators or group

similar actuators.

The importance of the phase-variation distribution technique presented by Fuller and

Carneal [59, 60] is that actuator grouping took place on-line without significant system

modeling or computational expense. Basically, an elementary optimization routine was ap-

plied, after convergence of the filtered-x LMS algorithm, to augment the performance of the

control system. It is felt that even greater performance enhancement may be realized if a

more advanced technique that optimizes the actuator arrangement intelligently was put to

use. Instead of augmenting the performance of a few main actuators, the routine would

search for the optimum compensators and groupings for all the actuators. The ultimate

goal would be to determine a single compensator that can properly actuate all the control

sources and provide the desired level of sound reduction. In most applications this goal is

unrealizable. However, an acceptable solution is for the routine to determine a limited num-

ber of compensators that control a few actuator groups. The idea here is that all actuators

are given the chance to contribute to noise reduction. Actuators are grouped when such

action does not significantly degrade the performance of the active control system. If an

actuator, which cannot be grouped, contributes significantly to the noise reduction it is not

left unconnected, but allowed to exist independently. Also, in this approach the maximum
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noise reduction and optimum arrangement are not being limited by the initial choice of main

actuators or control channels. Thus, the optimum level of noise reduction is achieved, while

still keeping with the desired goal of using a minimum number of control channels.

2.4 A Time Domain Cost Function for Optimum Ac-

tuator Grouping

As discussed in section 1.4, previous work by Cabell and Lester [51] demonstrated an

iterative, on-line method for simultaneous interior noise reduction and actuator grouping on

an enclosed cylinder. The optimum compensators and groupings were achieved through a

cost function formed as the sum of squared acoustic pressure terms plus a grouping penalty

term. Their work was based upon single-frequency excitation and complex domain trans-

fer functions. In this case, the on-line update algorithm was derived assuming that each

compensator was realized as a single complex value and the grouping term penalized the dif-

ference between control signals to each actuator. However, practical applications of ASAC

are concerned with broadband time domain excitation and compensators are usually real-

ized as multiple coefficient FIR filters. The goal of this work is to demonstrate that actuator

grouping can be achieved in such a scenario. Therefore, while starting with the grouping

cost function first presented in [48, 49, 51], advancements are made here to properly converge

time domain, multiple coefficient compensators.

Actuators are considered grouped when the control signals to each actuator are the same.

Recalling equation (2.1), it is realized that actuators are effectively grouped when their

compensators are equal. For compensators with multiple coefficients, the desired goal is to

make each ith coefficient equal, at the same time as providing sufficient noise reduction. To

make each ith coefficient equal, the update routine should minimize the differences between

the individual coefficients, not between the output control signals.

This distinction with the approach taken in previous work is elaborated by considering

the fact that at time-step n, the difference between the control signal to actuator m and

actuator v is a single signed value. This single value is related to the discrete convolution of

each compensator with the reference signal. Unless each compensator has been realized as a

single coefficient (as done in [48, 49, 51]), the output signal difference is not directly related

to the differences between the individual compensator coefficients. If only the output signal
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difference is used to update FIR compensator coefficients, convergence to the maximum noise

reduction and optimum grouping arrangement is impossible.

Recognizing that actuator grouping occurs over compensator coefficients, the cost func-

tion for time domain grouping and control is now formed as the mean-square sum of the error

signals and a penalty for the difference between compensator coefficients. This modified cost

function, which will be called the grouping cost function, is written in equation form as

Jp = E
{
eTe

}
+ λPT

c O, (2.23)

where P defines the grouping penalty term for each of the M compensators,

PT
c = [Pc1(n), Pc2(n), . . . , PcM (n)] , (2.24)

and O is a vector of ones with dimension (M×1). The grouping penalty function coefficient,

λ, is specified by the control system designer. The value of the grouping coefficient determines

the importance of the grouping actuators with respect to the control of the error signals.

A larger coefficient value increases the percentage of Jp relating to the grouping penalty

term and, therefore, places more emphasis in the gradient-based update routine on grouping

actuators. Examples of the influence λ on weight convergence and grouping are given in the

following section.

The time domain grouping penalty term for compensator m is written as

Pcm(n) =
M∑

q=1,q 6=m

Ncomp∑
i=0

Φ [dm,v,i(n)] . (2.25)

The function Φ[dm,v,i(n)] determines the penalty for the difference between the ith coefficient

of actuator m and actuator v at discrete-time n. This coefficient difference is defined as

dm,v,i(n) = wm,i(n)− wv,i(n). (2.26)

The non-quadratic penalty function Φ[x] was initially introduced and described by Chau-

vin [61] as a method for paring hidden units from a neural network. As stated previously,

Cabell, et al., [49] were the first to present the use of Φ[x] for grouping actuators. The

function is again discussed here, as it applies to time domain actuator grouping. The form

of the grouping penalty function Φ[dm,v,i(n)] for different values of the function order, β, is

given in Table 2.1.
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Table 2.1: Grouping penalty function (From Chauvin [61] and Cabell and Lester [48]).

β 0 1 2 n

Φ (dm,v,i)
2 log

[
1 + (dm,v,i)

2
]

(dm,v,i)
2

1+(dm,v,i)
2 1− 1

(n−1)[1+(dm,v,i)
2]

(n−1)

For notational simplicity, the dependence upon the discrete-time n has been dropped.

The value of β influences the shape of the penalty function and, as shown in the following

examples, the grouping behavior of the control system. Figure 2.5 shows the shape of the

function for different values of β. It is easy to see that the functions defined in Table 2.1

are all symmetric and positive. If β = 0, the penalty function is quadratic. However, when

β > 1 the shape of the grouping penalty function changes, the function approaches a limit

value of one as |dm,v,i(n) | increases.

Remembering that the goal here is to use a computationally efficient, gradient-based

update algorithm and that such algorithms optimize the control system by adapting the

compensator weights towards the point of zero gradient, it is important to investigate the

derivative of Φ[dm,v,i(n)]. The derivative of Φ[dm,v,i(n)], with respect to the coefficient dif-

ference, is
∂Φ

∂dm,v,i
=

2dm,v,i[
1 + (dm,v,i)

2
]β . (2.27)

A plot of equation (2.27) for β = 2 and β = 3 is shown in Fig. 2.6. The unique characteristic

of the penalty function that allows on-line grouping is now recognized. When β > 1 and

the coefficient difference is sufficiently large or zero, the derivative of the penalty function is

approximately zero or zero. Therefore, a gradient descent update algorithm only influences

the compensator weights when the magnitude of their difference terms are within certain

ranges. For non-zero weight differences, it is recognized that as the function order increases

the effective grouping range tightens. The exact weight difference value that does not cause

grouping (i.e., where the penalty function derivative is sufficiently small) is also dependent

upon the shape of the MSE cost function surface at the current weight location, the nu-

merical precision of the digital computer, and the values of the grouping coefficient and the

convergence coefficient. The examples given in section 2.5 and section 3.3 address this issue

in greater detail.
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Finally, by combining equations (2.22), (2.25), and (2.27), the time domain control and

grouping update equation for coefficient wm,i is written as

wm,i(n+ 1) = wm,i(n)

− µg

 L∑
l=1

el(n)T̂cmel(z)x(n− i) + λ
M∑

q=1,q 6=m

Ncomp∑
i=0

2dm,v,i(n)[
1 + (dm,v,i(n))2

]β
.(2.28)

The parameter µg in the above equation is the convergence coefficient for the time domain

control and grouping update algorithm and has the same properties as µ.

At this point, it should be recognized that equations (2.25) and (2.28) are evaluating

the grouping penalty for all actuators. Every actuator is being considered for grouping with

every other actuator. If the control system designer was interested in grouping actuators over

a localized area or a selected set, the summation over q could readily be changed. In fact,

the constant grouping penalty function coefficient, λ, could also be formatted as a vector,

instead of a single parameter. The terms of the coefficient vector could then be tailored by

the control system designer to emphasize certain grouping arrangements. For this study,

the grouping of all the actuators attached to the structure is considered and the grouping

coefficient is assumed to be a single signed value. Grouping actuators over a selected area

or with a tailored weighting vector may be the focus of future work.

For the sake of clarity, remember that G∗c represents the value of the compensator at the

minimum of J . Also, define G∪c as the value of the coefficients at the minima of Jp that

represents the grouped solution.

2.5 A Simple Example of Control and Actuator Group-

ing

An example is used here to illustrate the most basic cost function surfaces that are

described by equation (2.23). Also discussed are the convergence properties of compensator

weights being updated with equation (2.28). The goal here is to develop some understanding

of how the grouping parameters λ and β influence the control of the mean-square error and

grouping of actuators. This understanding will serve as a guide to parameter specification

for the single frequency example given in section 3.3 and for the simply-supported beam

structure in chapter 5.
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Figure 2.7: Block diagram of DC controller.

Consider a DC controller, as shown in Fig. 2.7. The system has two input signals with

corresponding single weights, one disturbance signal and one error signal. The goal of the

control system is to minimize the mean-square of the error signal. This system is underde-

termined (i.e., has more actuators than error sensors,M > L) and, therefore, has multiple

solutions.

A plot of the MSE cost function surface, equation (2.3), for this system is shown in

Fig. 2.8. The surface is a bent sheet with zero value along the line 2w1 + 5w2 + 6 = 0.

The important property of this simple system is that there are only two weights to plot and

group. At this lowest dimension, it is much easier to analyze the effects that the grouping

parameters have on convergence.

Figure 2.9 shows a plot of the modified cost function for control and actuator grouping,

i.e., equation (2.23). In this plot, the grouping parameters are selected as β = 2 and

λ = 30. Comparing Fig. 2.8 and Fig. 2.9 shows that the grouping penalty term has altered

the original cost function in such a way as to cause a single global minima at the solution

[w∪1 , w
∪
2 ]T = [−0.86,−0.86]T . Therefore, the optimum solution for this set of parameters is

the grouped solution.

The shape of the grouping cost function surface will change as the parameters λ and β

are varied. Figure 2.10 shows the grouping cost function surface when the function order,

β, is held constant, but the grouping coefficient, λ, is doubled to 60. Comparing Fig. 2.10

with Fig. 2.9 shows that increasing the grouping coefficient, λ, increases the curvature of the

cost function surface around the grouped solution. This increase in curvature is associated
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Figure 2.8: MSE cost function surface of DC controller.
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Figure 2.9: Grouping cost function surface of DC controller with β = 2 and λ = 30.
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with the larger contribution of the grouping penalty term and, as shown in subsequent

plots, increases the rate that the gradient-based update algorithm converges to the grouped

solution.

Figure 2.11 shows the grouping cost function surface when the function order, β, has been

increased to 30 and λ = 30. Note the change in the scale of the z-axis from the previous

cost function plots. The surface for increased function order has a similar shape as the MSE

cost function surface given in Fig. 2.8. The main difference being that the grouping cost

function surface has been raised by a value of 30. This is due to the fact that the large order

of β = 30 ensures that Φ [d1,2,1(n)] = 1 for most weight differences. As shown in the contour

curves at the bottom of the figure, there is a small dip in the cost function surface along

the line w1 = w2. Numerically, the optimum solution for this set of parameters is still the

grouped solution. However, the difference penalty derivatives are negligible outside of the

region w1 = w2. For any case where the initial weights are outside this region, a gradient-

based update algorithm will not converge to the grouped solution within a reasonable time

period. Thus, the function order is setting the effective range of coefficient grouping and

increasing β tightens this range. Further discussion on this issue is given at the end of this

section and in section 3.3. To demonstrate the convergence properties of the error signal and

weight difference for varying values of λ and β, equation (2.28) is now applied to this simple

control system.

Figures 2.12 and 2.13 show the influence of the grouping coefficient, λ, on the error signal

convergence and weight difference convergence, respectively. For all simulations given in this

section, the starting weights are [w1(0), w2(0)]T = [0.0, 0.0]T , µg = 0.01, and the sampling

frequency is Fs = 2000 Hz. In Figs. 2.12 and 2.13, the function order is held fixed at β = 2,

while λ is varied from 0 to 60. Note that the time scale of Fig. 2.12 is 10 times smaller

than the time scale in Fig. 2.13. These curves show that increasing the value of the grouping

coefficient causes the error signal to converge slower. This is due to the fact that larger values

of λ increase the contribution of the grouping penalty function derivative to the compensator

coefficient update, which emphasizes faster reduction of the weight difference. Similarly, this

result can be explained by the increase in curvature of the grouping cost function surface

around the grouped solution with increasing λ. In most situations, it will be desirable to

select a relatively small grouping penalty weighting because a small λ denotes the desire to

group actuators only when (or if) noise cancelation performance has been achieved.
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Figure 2.10: Grouping cost function surface of DC controller with β = 2 and λ = 60.
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Figure 2.11: Grouping cost function surface of DC controller with β = 30 and λ = 30.
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Figure 2.12: Error signal convergence for DC controller with varying values of λ when β = 2

and µg = 0.01.
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Figure 2.13: Weight difference convergence for DC controller with varying values of λ when

β = 2 and µg = 0.01.
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The ringing phenomena for the λ = 60 case in Figs. 2.12 and 2.13 is analogous to

specifying too large of value of µg; the difference penalty term is causing weight updates

that are overstepping the optimum solution [62]. In fact, because µg is multiplying the

weight penalty derivative in equation (2.28), lowering the value of the grouping coefficient

will also eliminate this ringing.

In Figs. 2.12 and 2.13, it was shown that the grouping coefficient specifies the importance

of grouping with respect to controlling the error signal and, thus, the rate of coefficient group-

ing. Here it is shown that the penalty function order influences both the range and rate of

coefficient grouping. From Figs. 2.5 and 2.6 in section 2.4, it is seen that increasing β tight-

ens the curvature of Φ [dm,v,i(n)] and, thus, the effective range of coefficient grouping. Since

the grouping cost function is a result of the superposition of both the MSE and difference

penalty terms, this range also depends upon the curvature of the MSE cost function surface.

In fact, β can be increased to the point where the group solution is no longer a minima on

the grouping cost function surface. This result is more clearly shown in section 3.3.

Figure 2.14 shows the weight difference convergence as β is increased from 2 to 30. As the

penalty function order increases, the rate of grouping convergence slows until β = 30 where

grouping does not occur. The convergence lines overlay for the λ = 0 (no grouping) case and

for the β = 30 case. Convergence of the β = 10 and β = 20 cases is not complete in the time

scale show, but the weights are being converged to the grouped solution. When coefficient

differences are greater than 0.6 and β ≥ 30, the difference penalty derivative is effectively

zero and, as shown in Fig. 2.14, weights are not grouped. Error signal convergence for these

cases is not shown because there is little variation in convergence due to the fact that λ is

held constant at a relatively small value. The λ = 1 curve from Fig. 2.12 is representative

of the error signal convergence for these cases.

The value of β influences the rate of coefficient grouping in two ways. First, as the

grouping range tightens, the area on the grouping cost function surface that the grouping

penalty term influences decreases. Thus, during convergence, more time is spent in the low

gradient tails of the grouping cost function. The second way that β influences the rate of

convergence is due to the fact that a larger value of β results in a decrease in the magnitude

of the grouping penalty derivative (see Fig. 2.6). Overall, the influence of the change in

function magnitude on the rate of convergence is small compared to the influence of the

change in grouping range and the value of λ.
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Figure 2.14: Weight difference convergence for DC controller with varying values of β when

λ = 1 and µg = 0.01.

One interesting point to note is that if the convergence algorithm was allowed to converge

for a sufficiently long duration (e.g., 2-3 sec) or if λ was increased significantly, the weights

of this system would group, even for cases where β À 30. This phenomena results from

two facts. First, the value of the difference penalty derivative approaches zero in the limit

as the magnitude of dm,v,i approaches positive or negative infinity. Large weight difference

values always have some finite amount of difference penalty. A high numerical precision

computing environment, like Matlab, is able to calculate and apply these small difference

penalty updates. It is envisioned that application of this approach will involve the use of

DSP boards and look-up tables to compute the difference penalty terms. The lower precision

of these techniques will provide a realistic, finite value of zero penalty.

The second reason that weights are being grouped for large values of β, is that, for this

simplistic system, the MSE cost function surface is a bent sheet. As the weights are slowly

being grouped, they are following the line of zero error on the grouping cost function surface

(see Fig. 2.11) and there is no increase in the MSE gradient term. On a more realistic system,

this phenomena would not occur because at some point the grouping weight updates would

cause an increase in the error signal.
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The above example demonstrated how the grouping parameters λ and β influence the

shape of the grouping cost function surface and convergence of a simple DC control system.

Some basic conclusions can be drawn from this example. In general, the penalty function

order, β, is setting the range of coefficient grouping; while the grouping coefficient, λ, is

specifying the importance of grouping with respect to controlling the error signal. Both

parameters are influencing the rate of coefficient convergence. The grouping coefficient does

this by setting the relative magnitude of the grouping penalty function derivative with respect

to the gradient of the MSE term. The function order does this by setting the size of the area

that the grouping penalty term influences on the grouping cost function surface. The change

in difference penalty magnitude with function order also influences the rate of convergence,

but this effect is relatively small.

A technique must now be presented which allows one to properly update the compensator

coefficients based upon the gradient of the squared sound pressure error and the derivative

of the compensator difference penalty term. The simplified example above used the LMS

algorithm to provide such updates. However, this work is concerned with broadband ac-

tive structural acoustic control in the time domain, and the dynamics of such structures

are much more complicated. Unlike Figs. 2.8 - 2.11, the grouping cost function surfaces of

more realistic systems are not always unimodal. The filtered-x LMS technique defined in

section 2.2 is not completely applicable because the algorithm is only derived for quadratic

cost functions. When the function order is greater than zero, the grouping penalty Φ[dm,v,i]

is a nonlinear function. Difficulty lies in determining the optimum compensator coefficients

with this non-quadratic term. The hope is to utilize a technique that is as computationally

simple and robust as filtered-x LMS. Previous work by Cabell, et al., [49] used the com-

plex backpropagation neural network to minimize the output signal difference cost function.

Also, as stated previously, the non-quadratic penalty term was initially derived for pruning

backpropagation neural networks [61]. Based upon these earlier works, the time domain

backpropagation neural network algorithm is presented in the next chapter.



Chapter 3

A Neural Network Paradigm for

On-Line Actuator Grouping and

Control

Neural networks have been developed and successfully applied to difficult engineering

problems for the past 40 years [64]. Their use as an active control algorithm has been

previously demonstrated in [65] and [66]. Both of these works looked at using neural networks

to cancel the output of a nonlinear plant in real-time.

The goal of this work is to determine the optimum compensators for ASAC with the

smallest number of control channels. The non-quadratic difference penalty term presented

in section 2.4 necessitates the use of a neural network technique over the filtered-x LMS

algorithm. Since neural networks have been derived to model complicated nonlinear func-

tions, they also provide a method to optimize the grouping of control actuators. Previous

work by Cabell and Lester [51] demonstrated this ability for single-frequency excitation in

the complex domain.

There exist an enormous variety of approaches which fall into the category of neural

networks. As discussed in the introduction, the work here is interested in approaches that fit

into a feedforward control strategy and can be optimized on-line. Thus, the present discussion

is limited to nonrecurrent neural networks trained with the time domain backpropagation

algorithm.

41
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3.1 Introduction to Neural Networks

Neural networks were named from the fact that they were initially based upon rudimen-

tary models of neurological computation. In different engineering fields, neural networks

often go by another name, parallel distributed processors (PDP). Both of these labels focus

on one distinctive aspect of this technology, information flows from input to output through

a set of highly interconnected simple processing elements. The network models a difficult,

nonlinear relationship by combining functions of lower-dimension tractable form. The power

of neural networks is obvious when one realizes that, with the proper structure, they can

replicate any nonlinear function. Also, to model this arbitrary function, an extensive amount

of system analysis does not have to occur. Like the filtered-x LMS algorithm, neural networks

adapt or learn by being exposed to the operating system.

A neural network is composed of simple processing elements called neurons. A block

diagram of a typical neuron is given in Fig. 3.1. Here the Q individual weighted inputs are

summed to form the input to the activation function F . The single parameter b(n) is called

the neuron bias and influences the execution of the activation function. The operation of

the neuron is mathematically written as

y(n) = F (f(n)) (3.1)

where the term input to the activation function is

f(n) = WX + b(n). (3.2)

The weight vector is defined as

W = [w1(n), w2(n), w3(n), . . . , wQ(n)] (3.3)

and the vector of inputs is

XT = [x1(n), x2(n), x3(n), . . . , xQ(n)]. (3.4)

In Fig. 3.1, the output of the neuron fans out from the activation function to serve as

inputs to other neurons or the network output. A complete neural network is created by

connecting a large number of these neurons together. The neurons transmit information to

each other via the weighted inputs, which excite or inhibit the transmitted signal depending

upon the corresponding weight value.
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Figure 3.1: Block diagram of a typical network neuron.

Neural networks are placed into three classes depending upon the method used to connect

the neurons together: recurrent, locally recurrent, or nonrecurrent. If the output of the

network is passed back and serves as a network input, the system is called recurrent or

dynamic. Hopfield neural networks are a popular example of a recurrent network [67]. The

feedback connections can also be local to each neuron, such local recurrent networks have

been called cellular neural networks [68]. Both recurrent and local recurrent networks are

comparable to AR models [69]. The feedback connections provide a basis for temporal

retention of information and are known to learn difficult transfer functions in a very efficient

manner. However, as with AR modeling, there are serious stability issues associated with

using a recurrent or locally recurrent neural network as a control compensator.

Therefore, this discussion focuses solely upon the nonrecurrent class of neural networks.

It is assumed that the only direction of information flow in the compensator is from the

reference signal input to the control signal output. To add the ability to process temporal

information, delayed values of the reference signal are fed as separate input signals to the

network. Upon consideration, it is easy to recognize that this technique is similar to creating

a MA model or FIR filter.

The ability of a neural network to model complex multivariable functions is derived from

the layout of the network architecture. As information flows through a neural network it

passes through layers of neurons. Weighted links are connecting the outputs of neurons in

one layer to the inputs of neurons in the next layer. Figure 3.2 shows the block diagram of
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a three-layer nonrecurrent network. The neurons for each layer are labeled with the indices

(l, q). The first index refers to the network layer where the neuron exists; the second index

designates the number of the neuron in the layer. The maximum number of neurons in each

layer is noted as Ql.

Notice that the outputs of each intermediate layer, yl,q(n), are the inputs to the following

layer. For nonrecurrent networks, it is generally assumed that all neurons in an individual

layer have the same activation function. As shown in Fig. 3.2, the first layer of a neural

network is usually referred to as the input layer. Layers whose outputs become the network

result are called the output layer. In most neural network paradigms, it is also assumed that

the number of input signals equals the number of neurons in the input layer; the number

of outputs equals the number of output layer neurons. All other layers, between the input

and output layers, are termed hidden layers. In most cases, the number of neurons in each

hidden layer is specified by the system designer. The network in Fig. 3.2 has one input layer,

one hidden layer, and one output layer.

The complete equation that maps the network inputs to one network output is written

in summation form as

y3,q = F3

Q3∑
i=1

w3,q,i

F2

Q2∑
j=1

w2,i,j

F1

 Q1∑
k=1

w1,j,kx1,k + b1,k

+ b2,j

+ b3,q

 . (3.5)

In equation (3.5), the neuron weights are labeled by (l, q) and a third index that signifies the

neuron that the weight influences. Equation (3.5) shows how the complete neural network

creates a complex function by connecting together simple processing elements.

The network in Fig. 3.2 is considered fully connected, meaning all the outputs from one

layer are inputs to each neuron of the following layer. This is the most common method

of connecting layers of neurons. Other nonrecurrent connection architectures have been

discussed [70], but it is generally believed that if a neuron does not need or want an input,

the connecting weight value will be set to zero during training.

The best network architecture depends on the complexity of the problem that is being

solved. Usually, the network structure is preset before weight adaptation begins. This means

that some knowledge of the level of complexity of the signal that is being modeled is required.

If the designer specifies a structure without a sufficient number of layers and neurons, the

network cannot model the difficult mapping. However, if too many layers and neurons are

specified, convergence time can be extensive.
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Figure 3.2: Block diagram of a nonrecurrent neural network with three layers.
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Along with architecture, neural networks are also characterized by their neuron activation

functions. Throughout the history of neural networks a large number of functions have been

considered. Three of the most famous activation functions are shown in Fig. 3.3. The earliest

networks of McCulloch and Pitts [64] were based on the binary neuron. The output of a

binary neuron is either on (1) or off (0). These activation functions are most applicable to

classification or associate memory tasks [69].

One of the first successful neural networks for control applications was based upon the

linear activation function. This function is written as

Flinear(f) = f (3.6)

where f is the input to the activation function (see Fig. 3.1). An adaptive linear element

(ADALINE) neural network was developed by Widrow and Hoff using linear activation

functions [67]. They can linearly approximate any reasonable function. It is interesting

to note that an ADALINE is an adaptive FIR filter written in the terminology of neural

networks [52].

It is generally accepted that the field of neural networks exploded around the use of

non-decreasing differentiable functions like the sigmoid in Fig. 3.3. The reason is that a

neural network, built using sigmoid neurons, can approximate any nonlinear function [71].

The sigmoid activation function is written as

Fsigmoid(f) =
1

1 + e−f
(3.7)

This function is a limiter which bounds the incoming signal and serves as the nonlinear

aspect of the neuron. The weights of a neuron with a linear or sigmoid activation function

are updated using the backpropagation procedure, which is discussed in the next section.

Backpropagation was developed by expanding the LMS algorithm for a highly connected

neuron architecture.

3.2 Backpropagation Update Routine for Control and

Optimum Actuator Grouping

Consider the neural network shown in Fig. 3.2 and equation (3.5). Assume this network

is being used as an ASAC compensator for a broadband disturbance. Also assume, that
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Figure 3.3: Three of the most common activation functions used for neural networks.

the goal of the control system is to minimize the error signal and group actuators. Each

output from the network is being used to drive a single actuator. The network inputs are

the current and delayed values of the reference signal. Using the notation from section 2.1,

the number of output layers equals the number of actuators, Q3 = M ; the number of input

layer neurons is equal to the number of weights in each compensator, Q1 = (Ncomp + 1).

Temporal information is being fed to the network through the use of delayed input values.

The current reference value and Ncomp delayed values are the network input. Assume the

activation functions of both the input and output layer are linear with a bias and F2 is

a sigmoid with a bias. As stated previously, a neural network with this structure can be

trained to approximate any arbitrary nonlinear function.

As detailed in [69], the backpropagation update routine relates the negative of the in-

stantaneous cost function gradient to each neuron bias and weight. The algorithm computes

the new value of the neuron using the current value minus the derivative of the cost function

with respect to the parameter being updated. Signifying a neuron bias or weight as ϕ, the
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backpropagation update for this parameter is

ϕ(n+ 1) = ϕ(n)− µg
∂Jp
∂ϕ

(3.8)

where µg is also the convergence coefficient for the backpropagation algorithm. Comparing

equations (3.8) and (2.17), it is seen that backpropagation is also a stochastic gradient

algorithm based upon the Widrow-Hoff learning rule [72].

Assuming each parameter is time-invariant, the differential of the time domain grouping

cost function, equation (2.23), with respect to ϕ is

∂Jp
∂ϕ

= 2

{
L∑
l=1

el(n)
∂el(n)

∂ϕ

}
+ λ

∂
(
PTO

)
∂ϕ

. (3.9)

Specifying ϕ as a neuron weight and starting at the linear output layer of the example

network in Fig. 3.2, the backpropagation update equation for this layer is written as

w3,q,i(n+ 1) = w3,q,i(n)− µgδ3
q,i(n)y2,i(n) (3.10)

where

δ3
q,i(n) =

dFlinear(f)

df

 L∑
l=1

(el(n)T̂cqel(z)) + λ


Q3∑

v=1,v 6=q

d3
q,v,i(n)[

1 + (d3
q,v,i(n))2

]β

 (3.11)

and, for a linear activation function, dFlinear(x)/dx = 1 [73]. The superscript on the com-

pensator difference term signifies that the penalty is being formed with coefficients from

the third layer only, i.e., d3
q,v,i = w3,q,i − w3,v,i. The sound pressure error notation in equa-

tion (3.11) is from section 2.1 and the expression δlqi is called the delta of the coefficient [71].

The delta defines the portion of total error created by the coefficient (l, q, i). Using the chain

rule, the update equation for the sigmoid hidden layer is

w2,q,j(n+ 1) = w2,q,j(n)− µgδ2
q,j(n)y1,j(n), (3.12)

where

δ2
q,j(n) =

dFsigmoid(f)

df

Q3∑
s=1

δ3
s,q(n)w3,s,q(n) + λ


Q2∑

v=1,v 6=q

d2
q,v,i(n)[

1 + (d2
q,v,i(n))2

]β

 . (3.13)

Finally, for the linear input layer, the update equation is

w1,q,k(n+ 1) = w1,q,k(n)− µgδ1
q,k(n)x1,k(n), (3.14)
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where

δ1
q,k(n) =

dFsigmoid(f)

df

Q2∑
s=1

δ2
s,q(n)w2,s,q(n) + λ


Q1∑

v=1,v 6=q

d1
q,v,i(n)[

1 + (d1
q,v,i(n))2

]β

 . (3.15)

By viewing the neuron bias as a weight term, with the input fixed at the value of one, the

backpropagation update equation for the bias of neuron h in layer l is written as

bl,q(n+ 1) = bl,q(n)− µgδlq,h (3.16)

where the difference penalty term is formed over the bias coefficients in the specific layer.

As stated in chapter 2, a gradient descent routine to minimize a cost function with the

non-quadratic difference penalty term was not immediately obvious. However, the backprop-

agation routine presented here has defined a method to achieve our desired goal: a proper

update routine to provide time domain control and actuator grouping on a structure being

excited with a broadband disturbance.

The physical layout of the neural network controller used for the example given in this

work is shown in Fig. 3.4. In this arrangement, one neural network with three outputs

is used to form the input signals to the PZT control actuators. The electronic hardware

[analog-to-digital converters (A/D), digital-to-analog converters (D/A), lowpass filters (LP),

and power amplifiers (AMP)] used to create the control signal input to the actuator are also

shown in this detail. The neural network structure chosen for this work is an ADALINE

where Q3 = (Ncomp + 1). The backpropagation update routine, equation (3.10), is used to

converge the weights. It is assumed that the biases, bl,q, are nulled.

An ADALINE structure is used, instead of a more complicated sigmoid network, because

the structural acoustic system is linear and the minimum compensator convergence time is

desired. This neural network structure is a feedforward controller with three FIR compen-

sators and the backpropagation routine as an update procedure. Programmatically, there

is no difference between weight updates applied using equation (2.28) or equation (3.10).

What is different is the theoretical justification for applying weight updates with the non-

quadratic difference penalty term; backpropagation neural network theory provides us with

this justification.

The robustness of the backpropagation algorithm is highly related to the complexity of

the neural network structure. Forgoing the network’s structural dependence, one should
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realize that the introduction of the difference penalty term into the update routine changes

the robustness of the control system. Consider equation (3.11), the delta rule for l = 3, the

squared sound pressure error terms were formed by assuming that the compensator coeffi-

cients are time-invariant. However, the grouping penalty function is varying the coefficients

when a difference within the grouping range exists. For the filtered-x LMS algorithm, the

upper stability bound on the convergence parameter µ is selected based upon the power

of the filtered reference signal [30]. For the backpropagation algorithm with the difference

penalty, µg must be selected based upon the power of the filtered reference signal plus the

magnitude of the derivative of the grouping penalty term and the weighting parameter λ.

The coefficient variance, introduced by the difference penalty update, means that the stabil-

ity bound on µg will not equal that for µ. As previously shown in the simple example given

in section 2.5, to ensure stability of the control system, both µg and λ must be selected such

that the neural network coefficients change slowly compared to the response of the structural

acoustic system.

Implementation of the ADALINE backpropagation neural network algorithm is altogether

computationally simple. All the grouping update computations use immediate compensator

coefficient values and are internal to the controller algorithm. Also, the computational load

of the updates is divided in half by realizing that ∂Φ/∂dm,v,i = −∂Φ/∂dv,m,i. This update

routine is analogous to the filtered-x LMS and, as desired, is quite fast when implemented

on a DSP board. Thus, the overall goal of identifying an adaptive algorithm, that allows

one to properly update the compensator coefficients based upon the gradient of the squared

sound pressure error and the compensator difference penalty term, has been realized with a

backpropagation neural network.

3.3 Determining the Global Minimum of the Grouping

Cost Function

The ability to adaptively group actuators has been derived from the fact that a stochas-

tic gradient optimization routine updates the compensator weights with the cost function

gradient. The shape of the non-quadratic penalty function Φ [dm,v,i(n)], given in Table 2.1,

was chosen knowing this update property. As demonstrated in section 2.5, the LMS update

routine is valid for determining the minimum of unimodal cost function surfaces. However,
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Figure 3.5: Block diagram of single frequency controller example.

for more realistic systems than the DC controller given by Fig. 2.7, the grouping cost func-

tion surface may have multiple minima. This section discusses the use the backpropagation

neural network optimization routine to determine the global minimum of multimodal cost

function surfaces.

The concern here is not the exact origin of the example system, only the resulting per-

formance surfaces and its properties. The first investigation undertaken is to analyze the

quadratic MSE cost function surface and verify global convergence of the backpropagation

algorithm. Then, the grouping penalty term is introduced and the multimodal grouping

cost function surface is investigated. Convergence of the backpropagation algorithm to local

minima is shown for different starting points in the weight space. It is then shown that

the grouping parameters λ and β control the minima of the grouping cost function surface.

Finally, this influence is characterized by plotting cost function curves and their derivatives

for a wide range of parameters. Comments reflecting upon the results from section 2.5 are

also given.

The increased dimension, associated with the more realistic example here, also means

that it is much more complicated to plot meaningful cost function surfaces. To do so, for

this example, requires that some weights are held constant. This plotting technique is valid

for the system and cost functions discussed in this work.
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Table 3.1: System functions and response signals for multimodal grouping cost function.

Disturbance Path

Path System Function Disturbance Response Signal

Tde1(z)
[

0−0.0590z−1

1−0.9544z−1

]
d1(n) = 0.20 cos(2πωn/Fs)

Tde2(z)
[
−0.3078+0.5435z−1

1−0.9544z−1

]
d2(n) = −0.90 sin(2πωn/Fs + 70◦)

Control Path

Path System Function Controller Response Signal

Tc1e1(z)
[

0.0433−0.0487z−1

1−0.9544z−1

]
c11(n) = 0.05 sin(2πωn/Fs + 30◦)

Tc1e2(z)
[

0.2958−0.4696z−1

1−0.9544z−1

]
c12(n) = 0.70 sin(2πωn/Fs + 70◦)

Tc2e1(z)
[

0.6364−0.7952z−1

1−0.9544z−1

]
c21(n) = 0.90 sin(2πωn/Fs + 45◦)

Tc2e2(z)
[

0.0207−0.0426z−1

1−0.9544z−1

]
c22(n) = 0.08 sin(2πωn/Fs + 75◦)

Consider the active control system shown in Fig. 3.5. For this system, the distur-

bance/reference signal is a sampled sine wave with a frequency of ω = 100 Hz. Assume

that the signal is sampled at a rate of Fs = 2000 Hz. The time domain control system has

two actuators, two error sensors, and an ADALINE neural network compensator with four

weights. The values of the system functions shown in Fig. 3.5 are given in Table 3.1. Also

given is the disturbance response signal at each error sensor and the controller response sig-

nals. The system function and signal notation used in Fig. 3.5 and Table 3.1 was previously

presented in section 2.1.

Figure 3.6 shows a portion of the MSE cost function surface, equation (2.11), for this

system. The mean-square error from the error sensors is plotted vertically, while w1,1,1 varies

from −3 to 3 and w1,2,1 varies from −3 to 3. To obtain this plot, the compensator weights for

the x(n−1) input are assumed fixed at w1,1,2 = −0.4 and w1,2,2 = 0.5. These constant weight

values are the optimum weights for this system. That is, the weight vectors that provide

the minimum MSE are w∗1,1 = [1.7,−0.4] and w∗1,2 = [−0.7, 0.5]. These values were obtained

by solving equation (2.16) with the signals given in Table 3.1. The optimum compensator

weights correspond to a 33 dB reduction in mean-square error from the uncontrolled case.

The optimum weights obtained from equation (2.16) can be verified by examining the

minimum of the cost function surface. Figure 3.7 is a contour plot of the MSE cost function
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surface. The ellipses are contours of constant cost from the surface given in Fig. 3.6. Arrows

of the negative gradient of the surface are also shown in Fig. 3.7. The point of zero gradient

is noted with an ∗ and, as expected, has a value of {w∗1,1,1, w∗1,2,1} = {1.7,−0.7}.

As detailed in sections 2.2 and 3.2, the optimum weights can also be obtained, without

computing a matrix inverse or plotting the error surface, by applying the filtered-x LMS or

ADALINE backpropagation neural network algorithm. Starting the control system in Fig. 3.5

with compensator weights initially set to {w1,1,1(0), w1,2,1(0)} = {3, 2.5} and setting µg =

0.05, the backpropagation update routine determines the optimum compensator weights

within 4,000 sample steps or 2 seconds of simulated operation. The convergence path of the

compensator weights for this first case is drawn on Fig. 3.7. The starting point is noted with

a numbered bullet, •1. For these simulations, the weights for the x(n − 1) input are again

assumed fixed at w1,1,2 = −0.4 and w1,2,2 = 0.5 and λ = 0. Each T̂cqel model, needed to

implement the update algorithm [see equation (3.11)], is assumed equal to the exact system

function given in Table 3.1. Another starting point is also being tested and is shown in

Fig. 3.7 as •2. Here the starting point is {w1,1,1(0), w1,2,1(0)} = {−3, 2.5} and the optimum

compensator weights are again obtained within 4,000 sample steps. For both cases shown,

the convergence of the compensator weights follows the negative gradient of the cost function

surface and is perpendicular to the contour lines of constant cost. This is a characteristic

property steepest descent or stochastic gradient update routines.

The surface in Fig. 3.6 and contour curves in Fig. 3.7 show the unimodal shape of the MSE

cost function surface. If the difference penalty Φ [dm,v,i(n)], first presented in section 2.4, is

now incorporated into the cost function, the modified surface shown in Fig. 3.8 results. For

this plot, the grouping parameters are set as λ = 2 and β = 10. The grouping cost function,

equation (2.23), is plotted vertically, while w1,1,1 varies from −3 to 3 and w1,2,1 varies from

−3 to 3. Again, to obtain this plot the compensator weights for x(n − 1) are held fixed at

w1,2 = −4.4 and w2,2 = 1.2. A view of the cost functions surface from an elevation of 0◦

is also shown in Fig. 3.8. From this standpoint, it is clear that the grouping cost function

surface has multiple minima.

Figure 3.9 shows a contour plot of the grouping cost function surface, along with arrows

of negative gradient. Here the points of zero gradient are again noted with the ∗ symbol.

For this system, there are two points of zero gradient. The global minima is located at

{w∗1,1,1, w∗1,2,1} = {1.7,−0.7} and, from Fig. 3.8, has a value of Jp = 8.0. The other minima

represents the grouped solution and is located at {w∪1,1,1, w∪1,2,1} = {0.3, 0.3}. The grouped
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Figure 3.9: Contour plot of grouping cost function surface of single frequency controller with

β = 10 and λ = 2.

solution has a cost function value of Jp = 8.4 and provides a −2 dB reduction of the mean-

square error from the uncontrolled case. Finally, a dashed line is plotted on Fig. 3.8 that

intersects the two points of zero gradient. This line will be used at the end of this section to

help characterize the influence of the grouping parameters on the existence of local minima.

The ADALINE backpropagation algorithm is now applied in an attempt to adaptively

determine the minimum of the grouping cost function surface. As shown in Fig. 3.9, when

starting with compensator weights initially set to {w1,1,1(0), w1,2,1(0)} = {3, 2.5} [starting

point •1 in Fig. 3.9] and µg = 0.01, the converged solution corresponds to the global minimum

of the surface. A second convergence run is again conducted with {w1,1,1(0), w1,2,1(0)} =

{−3, 2.5} [starting point •2 in Fig. 3.9] and µg = 0.01. For this set of initial weights, the

algorithm converges to the grouped solution and the global minimum is not achieved. In

fact, any adaptation starting with weights to the right of the line w1,1,1 = w1,2,1 will not

converge to the global minimum.

In section 2.5, it was stated that the range of coefficient grouping also depends upon

the curvature of the MSE cost function surface. Two convergence examples are included in

Fig. 3.9 to demonstrate this property. In case A, the two starting points of the backpropaga-
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tion algorithm are {w1,1,1(0), w1,2,1(0)} = {3, 2.7} and {w1,1,1(0), w1,2,1(0)} = {3, 2.8}. They

have a coefficient difference of d2,1,1 = −0.3 and d2,1,1 = −0.2, respectively. As shown in

Fig. 3.9, the starting point with a coefficient difference of d2,1,1 = −0.3 converges to the

optimum (ungrouped) solution; while the starting point with d2,1,1 = −0.2 converges to the

grouped solution. For case B, the initial starting points are {w1,1,1(0), w1,2,1(0)} = {0.5, 0.0}
and {w1,1,1(0), w1,2,1(0)} = {0.5, 0.1}, with a coefficient difference of d2,1,1 = −0.5 and

d2,1,1 = −0.4, respectively. For this case, the starting point with d2,1,1 = −0.4 converges

to the grouped solution and the starting point with d2,1,1 = −0.5 converges to the un-

grouped solution. A plot of the difference penalty derivative analogous to Fig. 2.6 sets the

grouping range for β = 10 at weight differences less than approximately 1.2. Clearly, the

cases presented here demonstrate that the grouping range is influenced by the curvature of

the MSE cost function surface.

It is now interesting to investigate the influence of the grouping parameters λ and β on

the existence of local minima. As an initial test, contour plots of the cost function surface

can be created for different values of the grouping parameters. Figure 3.10 is a contour plot

of grouping cost function surface when the grouping coefficient, λ, is held constant at a value

of 2 and β is lowered to 2. For this case, the cost function surface is unimodal, with a minima

at the grouped solution {w∪1,1,1, w∪1,2,1} = {0.3, 0.3}. The convergence of the backpropagation

algorithm for {w1,1,1(0), w1,2,1(0)} = {−3, 2.5} and {w1,1,1(0), w1,2,1(0)} = {3, 2.5} are shown

in Fig. 3.10 to support this fact.

If the grouping coefficient, λ, is now decreased to 0.5 and β = 10, the contour plot

shown in Fig. 3.11 results. The cost function surface is also unimodal, but here the minima

is at the non-grouping solution, {w∗1,1,1, w∗1,2,1} = {1.7,−0.7}. Again, convergence of the

backpropagation algorithm from the two different starting points supports the existence of

a single minima.

Comparing Figs. 3.9, 3.10, and 3.11 shows that lowering either of the grouping parameters

can eliminate the existence of multiple minima. As expected from the guidelines given in

section 2.5, lowering β emphasizes the grouped solution by increasing the effective grouping

range; lowering λ emphasizes the ungrouped solution by increasing the relative importance

of the MSE in the cost function.

To further characterize the influence of grouping parameters on the existence of local

minima, plots of cost function curves and their directional derivatives for a wide range
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Figure 3.10: Contour plot of grouping cost function surface of single frequency controller

with β = 2 and λ = 2.
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Figure 3.11: Contour plot of grouping cost function surface of single frequency controller

with β = 10 and λ = 0.5.
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of grouping parameters can be made. Changes in the zero crossings of the derivatives, as

parameters are varied, demonstrate the influence of β and λ on the existence of local minima.

Figure 3.12 is the value of the MSE cost function taken from a cut of the surface along

the line connecting the two minima in Fig. 3.9. The two minima are the ungrouped solution

and the grouped solution for λ = 2 and β = 10. The abscissa in this plot is the coefficient

difference d2,1,1 = w2,1,1 − w1,1,1 as w1,1,1 varies from -3 to 3 and w2,1,1 varies from -1.5 to

2.4 (see the line connecting the two minima in Fig. 3.9 for setting the weight ranges). As

expected, this curve has a minimum at a coefficient difference of −2.4 = −0.7 − 1.7. The

directional derivative of the MSE cost function along the line connecting the two minima

is shown in Fig. 3.13. The derivative is a straight line with a zero crossing at the point

representing the minima of the MSE cost function surface.

The local minima of the grouping cost function surface will vary slightly with the grouping

parameters. This is a result of the fact that varying parameters also changes the curvature of

the surface. Therefore, to create a valid plot of curves of the grouping cost function surface as

β and λ are modulated, each surface cut must be made over the line connecting the minima

for the respective parameter values. Figure 3.14 gives curves of the grouping cost function

surface along the lines connecting the minima as β is varied from 2 to 40 and λ = 2. The

curves for β = 2, β = 3, and β = 40 are dashed to highlight the fact that, since their cost

function surface has only one minima, the surface cut is taken along the line connecting the

minima for the closest multimodal case. For β = 2 and β = 3, the closest case is β = 4; for

β = 40 the closest case is β = 10. The curves shown in Figs. 3.12 and 3.13 were also dashed

to note the fact that the cuts were taken from the β = 10 and λ = 2 case.

The directional derivative of the curves in Fig. 3.14 are given in Fig. 3.15. For cases where

β < 40, one zero crossing of the derivative occurs at a small coefficient difference value. This

represents the grouped solution minima. For 3 < β < 40, two other zeros crossings can also

be identified in Fig. 3.15. One zero crossing occurs at the ungrouped solution and represents

another local minima on the surface. The third zero crossing occurs between the ungrouped

and grouped minima. This point represents a maxima of the surface cut. The x-axis value of

the maxima zero crossing decreases as β is increased. Again, demonstrating that the range

of coefficient grouping tightens as β is increased.

Comparing Figs. 3.13 and 3.15 shows that the existence of local minima for varying β

is dependent upon two factors. First, a minima at the ungrouped solution does not occur
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when the grouping range is greater than the Euclidean distance between the ungrouped and

grouped solution. This distance is noted as xg in Fig. 3.13. Second, the minima at the

grouped solution does not occur when the height of the difference penalty derivative is less

than the magnitude of the derivative of the MSE cost function at the grouped solution. This

height is noted as yg in Fig. 3.13.

Figure 3.16 gives curves of the grouping cost function surface along lines connecting the

minima, as λ is varied from 3 to 0.1 and β is held constant at 10. In Fig. 3.16, it is seen

that increasing the grouping coefficient increases the contribution of the grouping penalty

term to the grouping cost function. For λ greater than 3, the grouped solution becomes the

optimum solution. However, as shown in Fig. 3.17, when the magnitude of the grouping

penalty derivative reaches its threshold value, multiple zero crossings of the derivative occur

and local minima are formed. The threshold value to form local minima is the magnitude of

the derivative of the MSE cost function surface at the grouped solution. From Fig. 3.13, the

threshold value is yg = 0.6. Further, Fig. 3.17 shows that this value is reached for β = 10

when λ > 1.0. Once the threshold value has been reached, local minima exist for increasing

values of λ, until the increase in the width of the weighted grouping derivative is sufficiently

large so as to no longer cross the zero axis at the ungrouped solution. For this controller,

when β = 10 it takes a 106 increase in the dimension of λ to form a unimodal surface centered

on the grouped solution. The curve for λ = 1.0× 106 in Fig. 3.17 has only one zero crossing.

Due to its large value, the cost function value of this surface cut was not shown in Fig. 3.16.

This curve represents a case where the cost function surface is dominated by the grouping

penalty function term. Finally, note that in Fig. 3.17 the value of the coefficient difference

at the surface’s local maxima (middle zero crossing) varies as λ is varied. Therefore, this

example also shows that the value of λ has influence over the range of coefficient grouping.

As seen from section 2.5 and the example just presented, there can be some difficulty

in selecting grouping parameters due to the mutual influence of λ and β on the grouping

cost function surface. However, the results here provide a general understanding of how

the grouping parameters influence the coefficient convergence and existence of local minima.

From these general trends, it should be possible for the control system designer to determine

a set of parameters that lead to the desired control and actuator grouping solution.

A summary of the general trends, presented in the results above and in section 2.5, is given

here. It is first recognized that both grouping parameters control the range of coefficient

grouping. Increasing the function order, β, decreases the range of coefficient grouping.
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Whereas, increasing the grouping coefficient, λ, increases the range of coefficient grouping.

It is also noted that both parameters influence the existence of local minima. Local minima

exist on the grouping cost function surface when λ increases the maximum peak of the

grouping penalty derivative above the magnitude of the derivative of the MSE cost function

at the grouped solution. Local minima will also exist when β is within a certain range of

values. This range is set by the relative width and height of the weighted derivative of the

grouping penalty term with respect to the derivative of the MSE cost function. Finally, the

results in this section demonstrate that the range of values of λ and β that cause local minima

is quite large and it is likely that the grouping cost function surface will be multimodal.

The fact that stochastic gradient algorithms converge to local minima creates difficulty

in the application of the actuator grouping approach presented in this work. The grouping

parameters λ and β are being set to group actuators within weight ranges and error levels

acceptable to the control system designer. With local minima, the designer loses a certain

amount control over when the system does or does not group.

At first, one may question why backpropagation neural networks have been so successful

when they are susceptible local minima. The reasons for their success is the same reasons that

are being used here: the backpropagation algorithm provides a simple and computationally

efficient method of performing the desired updates. More elaborate optimization algorithms,

such as simulated annealing or a gradient descent random search technique, may have a

higher probability of adapting to the optimum solution, but their convergence time is much

larger and they are computationally costly [62, 63]. Also, practical MIMO application of

more sophisticated search routines are severely limited by the memory and throughput of

current DSP hardware.

The ADALINE backpropagation algorithm presented in section 3.2 is computationally

simple. As shown in Fig. 3.9, the difficulty associated with local minima can be abated by

starting the control system with either of two initialization conditions: initial weights equal

to the ungrouped minima [w(0) = G∗c ] or initial weights equal to small arbitrary values.

The second condition represents starting the control system near the grouped solution. It is

easy to see that the scenario of starting the algorithm at the ungrouped solution is grouping

after control and starting the algorithm with small arbitrary values is grouping with control.

By comparing the grouping and performance results obtained by each grouping run, the

global minimum of the cost function surface can then be determined. More importantly, the

designer can select the result with the desired level of performance and actuator grouping.
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Restarting the control system with multiple initial points may not be so applicable to a

real working system. However, through investigation and tests, one can determine an appro-

priate initial point to start the control system and consistently reach the desired grouping-

control arrangement. After sufficient testing, the actuators may be wired together to reduce

the control system cost and complexity, or left fully wired to continue grouping and control

updates during changes in the structural acoustic plant. It is felt that such an approach to

actuator grouping will provide better results than simple plant analysis techniques and will

be less expensive than off-line modeling and optimization schemes.



Chapter 4

Response of a Simply-Supported

Beam and Structural Acoustic

Sensing

This chapter summarizes the equations governing the computation of the structural and

acoustic response of a 1-D simply-supported beam vibrating in flexural (also called bend-

ing) wave motion. For calculating the acoustic response, it is assumed that the beam is

surrounded by an infinite, rigid baffle. In section 4.1, analytical equations are presented to

define the system function [53] from the point force disturbance and PZT actuator inputs to

the beam acceleration response. Then, in section 4.2, the wavenumber transform of the beam

acceleration response is used to define the far-field acoustic response. From this viewpoint, it

is easily recognized that minimizing the squared wavenumber transform of structural accel-

eration is equivalent to minimizing squared sound pressure at a far-field microphone location

[41]. This leads to a discussion in section 4.3 of the Structural Acoustic Sensing (SAS) tech-

nique first presented by Maillard and Fuller [43, 44]. SAS is used in this study, instead of

microphones, to form the acoustic component of the grouping cost function. The advantage

being the elimination of sensors placed in the far-field, away from the vibrating source.
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Figure 4.1: Diagram of simply-supported beam.

4.1 Vibrational Response

Figure 4.1 shows a simply-supported beam with length Lx, width Ly, and height Lz.

The physical characteristics of the beam modeled in this study are given in Table 4.1. The

beam is a lightly-damped, reverberant structure and a good candidate for the application of

ASAC.

As shown in Fig. 4.1, the beam is being excited by a harmonic point force disturbance,

fd(t) = Fd(ω)ejωT , applied at point (x= xd, y = 0, z = 0). The term Fd(ω) is the complex

amplitude of the disturbance force and t represents continuous time. It is assumed that the

input is oscillating with angular frequency ω and the beam response is constant in the y-

direction. The beam is surrounded in the xy-plane by a rigid baffle and in all other directions

by homogeneous fluid (air) at rest. The acoustic radiation of interest is into the half-space

above the beam.
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Table 4.1: Beam physical characteristics.

Lx 0.38 m

Ly 0.04 m

Ss = LyLz 0.0002 m2

ρs 3132 kg/m3

EI 5.3290 Nm2

ζp 1 %

Following Bernoulli-Euler beam theory, (i.e., neglecting rotary inertia and shear defor-

mation effects) the beam displacement component in the z-direction, denoted as wz, can be

expressed by a linear combination of modes as [74]

wz(x, t) = Wz(x)ejωt =
+∞∑
p=1

qp(ω)ψp(x)ejωt, −Lx
2
≤ x ≤ Lx

2
(4.1)

where Wz(x) is the complex amplitude of the displacement, qp(ω) is the pth generalized

modal coordinate, and ψp(x) is the pth characteristic equation or eigenfunction.

For a beam with simply-supported boundary conditions and the coordinate system shown

in Fig. 4.1, the pth characteristic equation or eigenfunction, normalized with respect to the

mass m of the beam, is given as

ψp(x) =
(

2

m

)1/2

sin(kf,p(x+ Lx/2)). (4.2)

The term kf,p = pπ/Lx is known as the flexural wavenumber. The modal displacement for a

point force excitation at xd is defined as

qdp(ω) = Hp(ω)ψp(xd)Fd(ω), (4.3)

where Hp(ω) is the pth modal frequency response function of the beam. The pth modal

frequency response function for a simply-supported beam is [74]

Hp(ω) =
1

ω2
p − ω2 + 2jζpωpω

. (4.4)

The term ζp defines the proportional damping ratio for the pth mode, which is given in

Table 4.1 as 1% for all modes. The pth natural frequency, ωp, is defined as

ω2
p = k2

f,p

EI

ρsSs
, (4.5)
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where ρs is the beam density, Ss is the beam section area and EI is the bending stiffness.

As discussed in chapter 2, a PZT actuator for controlling flexural bending consists of a

pair of piezoelectric patches bonded symmetrically to the front and back of the beam and

driven 180◦ out-of-phase. Excitation from this type of actuator is modeled as a line bending

moment, with complex amplitude Mc(ω), located at the end of the patches [45]. The modal

displacement equation for bending moment excitation is written as

qcp(ω) = Hp(ω)
d

dx
{ψp(xc + cc)− ψp(xc − cc)}Mc(ω), (4.6)

where xc is the coordinate of the center of the actuator and 2cc is the actuator length in the

x-direction.

The beam acceleration response can be obtained by taking the second partial derivative

of the displacement response with respect to time. Having assumed a harmonic solution in

equation (4.1), this simplifies as

ẅz(x, t) = Ẅz(x)ejωt = −ω2Wz(x)ejωt. (4.7)

Combining equation (4.1) with equations (4.3) and (4.7), the beam acceleration component

in the z-direction is written as

ẅz(x, t) = −ω2
+∞∑
p=1

Hp(ω)ψp(xd)Fd(ω)ψp(x)ejωt. (4.8)

Pulling the −ω2 inside the summation, the acceleration frequency response function of the

pth mode can be defined as

Ha,p(ω) =
−ω2

ω2
p − ω2 + 2jζpωpω

. (4.9)

A digital filter representing the acceleration response of the beam is determined by taking

the z-transform of Ha,p(ω). Using a ramp invariance approximation [75], the z-transform of

equation (4.9) is

Hd
a,p(z) =

αz2 − 2αz + α

z2 − 2ze−ζpωpTs cos(ωd,pTs) + e−2ζpωpTs
, (4.10)

where

α =
sin(ωd,pTs)

ωd,pTs
e−ζpωpTs (4.11)
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and ωd,p = ωp
√

1− ζ2
p is the damped natural frequency. The discrete-time sample period

is denoted Ts = 1/Fs. Stability of the beam response is ensured because the roots of the

denominator in equation (4.10) lie inside the unit circle, as one would expect from a damped

mechanical system.

Finally, the system function, or z-transform of the system impulse response [53] between

the excitation inputs and the beam acceleration response at a point x = xa, is written as

T ddẅ(xd, xa, z) =
pmax∑
p=1

ψp(xd)ψp(xa)H
d
a,p(z), (4.12)

for the point force disturbance, and

T dcẅ(xc, xa, z) =
pmax∑
p=1

d

dx
{ψp(xc + ca)− ψp(xc − ca)}ψp(xa)Hd

a,p(z), (4.13)

for the PZT control actuator. The integer value pmax is the number of modes included in

the representation.

Since the beam’s acceleration response can be described by a linear constant-coefficient

difference equation [see equation (4.10)], the individual second-order polynomials from each

of the pmax modes in equation (4.12) or equation (4.13) can be convolved and simplified into a

rational transfer function of the form B(z)/A(z) [53, 44]. Thus, the system functions, given

by equation (4.12) and equation (4.13), represent the point force disturbance vibrational

response and the PZT actuator vibrational response, respectively, of a simply-supported

beam in the form of recursive or Infinite Impulse Response (IIR) digital filters. The linear

superposition of the output of these filters corresponds to the total vibrational response of

the beam at the arbitrary point x = xa.

4.2 Acoustic Response

Calculating the sound field generated by a harmonically vibrating beam over which the

acceleration distribution has been specified is now discussed. It is shown that the wavenum-

ber transform of the beam acceleration response analytically defines the sound level at an

arbitrary field point.

Assume that the harmonic solution for the pressure field is written as pr(r, t) = Pr(r)ejωt.

From Fig. 4.1, the field point r can be expressed in rectangular coordinates as (x, y, z) or
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in spherical coordinates as (r, θ, φ). In Junger and Feit [76], the solution for the complex

pressure field, generated by a planar structure surrounded by an infinite, rigid baffle, is given

in spherical coordinates as

Pr(r, θ, φ) =
ρ

2πr
e−jkor ˜̈W z(kx), (4.14)

where ko is the acoustic wavenumber, ρ is the density of the surrounding fluid and ˜̈W z(kx)

is the wavenumber transform of the surface acceleration response in the z-direction. The

acoustic wavenumber is defined as ko = ω/c, where c is the speed of sound in the acoustic

medium (343 m/sec for air). The value kx is defined as kx = ko sin θ cosφ. Note that the

radiating acoustic wavenumber, kx, is defined to be always less than ko. Therefore, the

pressure field from a planar radiator is created solely by supersonic or low wavenumber

values.

Equation (4.14) is called the stationary-phase approximation of the pressure field and is

only valid in the far-field [76]. The stationary-phase wave is defined by kx and is a function

of the spherical angles of the field point location. It is assumed that the stationary-phase

wave on the radiating surface is the motion best coupled to the acoustic medium; all other

structural motion is ignored. Therefore, the estimate of sound radiation at a particular angle

corresponds to kx, the unique wavenumber value used to evaluate the wavenumber transform

of the structural vibration [41].

From Junger and Feit [76], the wavenumber transform of the acceleration response of a

1-D surface is defined as

˜̈W z(kx) = Ly

∫ Lx/2

−Lx/2
Ẅz(x)ejkxxdx. (4.15)

The acceleration response of a 1-D simply-supported beam excited by a harmonic point

source disturbance was written as a modal expansion in equation (4.8). Ignoring harmonic

time-dependence, the wavenumber transform of equation (4.8) is [43]

˜̈W zd(kx) =
+∞∑
p=1

Ha,p(ω)ψp(xd)ηp(kx)Fd(ω) (4.16)

where

ηp(kx) = Ly

∫ +Lx/2

−L−x/2
ψp(x)ejkxxdx. (4.17)
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Similarly, the acceleration wavenumber component, generated by a PZT actuator pair, is

written as

˜̈W zc(kx) =
+∞∑
p=1

Ha,p(ω)
d

dx
{ψp(xc + cc)− ψp(xc − cc)} ηp(kx)Mc(ω). (4.18)

In equations (4.16) and (4.18), the term ηp(kx) is the wavenumber transform of the pth

eigenfunction of the beam response. Substituting the expression for the beam eigenfunction

given by equation (4.2) and evaluating the integral, equation (4.17) is analytically defined

as [77]

ηp(kx) = Ly

(
2

m

)1/2 2kf,p
(k2
f,p − k2

x)

 cos(kxLx/2), p is odd

−j sin(kxLx/2), p is even

 . (4.19)

Again, the beam’s flexural wavenumber is kf,p = pπ/Lx.

The total wavenumber transform of the structural vibration, ˜̈W z(kx), is the superposition

of the disturbance and controller response:

˜̈W z(kx) = ˜̈W zd(kx) + ˜̈W zc(kx). (4.20)

Using equations (4.14) and (4.20), one can analytically determine the complex acoustic

pressure at field point r = (r, θ, φ) generated by a 1-D simply-supported beam. Specific

details concerning this computation are given in appendix B. Finally, note that, for practical

realization, the infinite summation in equations (4.16) and (4.18) will be limited to pmax.

As discussed in the chapters 1 and 2, for ASAC of free-field radiation, the goal is to

minimize the average squared sound pressure over a surface enclosing the vibrating source.

Multiplying the far-field pressure, equation (4.14), by its complex conjugate yields an ex-

pression for the acoustic energy radiated to field point r = (r, θ, φ), which is written as

| Pr(r) |2=
(
ρ

2πr

)2

| ˜̈W z(kx) |2 . (4.21)

From equation (4.21), it is easy to see that minimizing the squared sound pressure at the

field point is equivalent to minimizing the squared wavenumber transform of the structure’s

acceleration response. Since acoustic radiation at a particular angle corresponds directly

to a unique wavenumber value [43], minimizing the average squared error over an array

of microphones enclosing the source is accomplished by minimizing | ˜̈W z(kx)|2 for multiple

values of kx.
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4.3 Structural Acoustic Sensing

Placing a large number of microphones in the listening field may lessen the customer

acceptance of a noise control system. Since this work is concerned with a technique to

augment the performance of modern active control systems, it is felt that an advanced

structural sensing method should also be incorporated into the demonstration platform.

The sensing method used in this study is based upon accelerometers mounted on the

vibrating surface and simple digital signal processing. This computationally fast technique

was derived by Maillard and Fuller [43, 44] and is called Structural Acoustic Sensing (SAS).

In this approach, structural accelerometer signals are digitally sampled and passed through

an array of Finite Impulse Response (FIR) filters, to create an estimate of the wavenumber

information corresponding to a particular direction of sound radiation. SAS does not de-

termine the exact wavenumber at time t, but estimates a time-shifted wavenumber value.

For feedforward adaptive control, time-shifted wavenumber information provides the same

controller performance as actual wavenumber information or far-field microphone signals

[43, 44]. A summary of the SAS technique used to create the acoustic MSE term in the

grouping cost function is given below.

The first step in developing the SAS technique is to recognize that the acceleration

response of the 1-D simply-supported beam can be approximated by a finite summation of

Nd smaller surfaces, Si [43]. Here it is assumed that point accelerometers, placed at the

center of each smaller surface, are being used to sense the structural motion. The number

of smaller surfaces is selected such that the desired acceleration distribution over the entire

surface is approximated by the union of the set of accelerometer signals. For structural

acoustic sensing, this requires that the acoustic wavenumber of interest is much larger than

the characteristic dimension ∆xi of the smaller surfaces (i.e., ko∆xi ¿ 1).

If each of the Nd rectangular elements has the same size and dimension (∆x×Ly), then

the discrete wavenumber transform of the beam acceleration response can be written as [43]

˜̈W z(kx) ≈ ∆xLy

Nd∑
nx=1

Ẅz(xnx)e
j(kxxnx) (4.22)

where ∆x = Lx/Nd is the spatial sample period, which must be a constant for all the Nd

accelerometer signals. For this 1-D case, Nd is the number of sensors placed along the x-axis.
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The equally spaced sensor points (xnx, 0) are defined by

xnx = −Lx
2

+
∆x

2
(2nx − 1), (4.23)

where nx = 1, 2, . . . , Nd. As shown in [43, 44], the discrete wavenumber transform is

analogous to a discrete Fourier transform. Therefore, the spatial sampling frequency is

Ks = 2π/∆x and KNyquist = ±Ks/2 is the Nyquist wavenumber. The Nyquist wavenumber

must be selected such that it is greater than the largest flexural wavenumber, kf,pm , found

in the beam response or simply, Nd > pm. The variable pm is the highest mode excited by

the disturbance input.

In [43, 44], Maillard and Fuller showed that, by creating a z-domain approximation of

the discrete wavenumber transform, a FIR filter can be formed which converts sampled

acceleration measurements into the proper error signal to update the feedforward ASAC

compensators. The frequency response function (FRF) of the discrete wavenumber transform

in equation (4.22) is

Hnx(ω) = ∆xLye
jωτnx . (4.24)

This FRF is a constant magnitude and linear phase filter with a time delay of

τnx =
xnx sin θ cosφ

c
. (4.25)

Therefore, creating the discrete wavenumber transform for the radiation direction (θ, φ)

simply involves summing the Nd accelerometer signals after they are passed through a filter

with the same frequency response as given in equation (4.24). Each filter is specified by the

angle of radiation, the accelerometer location, xnx, and the frequency, ω.

To create the FIR filters that model the constant magnitude and linear phase impulse

response of equation (4.24), the time delay given by equation (4.25) must always be negative

[53]. Since the coordinate axis has been placed at the center of the beam (refer to Fig. 4.1),

the time delay of equation (4.24) can have both positive and negative values. To overcome

the causality problem, Maillard and Fuller [43, 44] introduced a modified time delay, τ̄nx =

τnx −∆t, where the value of ∆t is selected to always make τ̄nx negative.

The frequency response function of the modified discrete wavenumber transform is now

written as

H̄nx(ω) = ejωτ̄nx , (4.26)
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where the constant dimension terms are now also being neglected. If ∆t is selected such that

it is equal to the largest positive time delay, τmax, one of the FRFs becomes equal to unity

for all frequencies and the amount of digital filtering computations is reduced. Also, when

using the smallest possible time delay, i.e., ∆t = τmaxnx , the size of the FIR filters used to

model each frequency response function has been optimized. A rule-of-thumb for selecting

the order of the FIR filter is given in [43, 44] as NFIR,nx = R(τ̄nx/Ts) + ε, where R(x) rounds

x to the next integer towards +∞, Ts is the digital signal processor sampling period, and ε

is a small integer. It has been shown that time-shifted error information provides the same

controller performance as the actual microphone error signal [44]. The only requirement is

when using multiple microphone locations (i.e., multiple values of kx), ∆t must be the same

for each filter.

A set of modified FRFs, for the simply-supported beam modeled for this study, is shown

in Fig. 4.2. The specified direction of radiation is (θ=60◦, φ=0◦). The test structure is being

sensed with 7 accelerometers at locations defined by equation (4.23); the discrete sampling

rate is set at 2000 Hz. The accelerometers are sequentially labeled 1 through 7, starting with

the sensor at the largest negative x coordinate. In Fig. 4.2, the magnitude of each of the

FRFs is equal and appears on the Bode plot as a single line. Note, that each filter, except

the one corresponding to τmaxnx (the accelerometer with the largest positive x coordinate),

has a negative phase lag. For Ts = 5× 10−4 sec, the rule-of-thumb states that the maximum

order of the FIR filters, needed to accurately model each FRF, is 4.

As discussed above, the number of sensing locations must also be selected such that

the number of accelerometers is greater than the number of modes excited by the input

disturbance or Nd > pm. Therefore, for the example given in Fig. 4.2, it is being assumed

that far-field pressure created by any structural response above the beam’s 6th natural

frequency is negligible.

FIR filters, that model the modified FRFs given by equation 4.26, must be created to

implement the SAS approach in an actual control scheme. The modeling procedure chosen

for this work is based upon minimization of the Euclidean norm between the modified FRF

and the FIR filter’s FRF [78]. This technique is implemented in the MATLAB function

invfreqz.m [79]. The Remez exchange algorithm is another method that can be used to

create a FIR filter that models a constant magnitude and linear phase frequency response

function [63, 80]. However, the function invfreqz.m was chosen for this work because it is

also capable of creating the IIR filters that generate the filtered-x reference signals.
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Figure 4.2: Bode plot of time-delayed discrete wavenumber transform for the (θ = 60◦, φ =

0◦) direction of sound radiation.
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Figure 4.3: Block diagram representing ASAC of simply-supported beam using three control

actuators and the SAS technique with one accelerometer and one minimization angle.

A block diagram, representing the computation of the lth wavenumber error signal for

the test structure diagrammed in Fig. 2.1, is given in Fig. 4.3. For simplicity, only the path

for the accelerometer at point (xnx1
, 0) is shown. The system functions, T dxẅ, represent the

use of equations (4.12) and (4.13) to compute the acceleration response due the disturbance

and control actuators, respectively. After the individual acceleration responses are summed,

the accelerometer signal, ẅnx1
(n), is then passed through the FIR filter, H̄nx1,l(z). This filter

represents the SAS technique for the direction defined by the placement of microphone l. At

the last stage, the filtered signal is being fed back to adapt the compensators.

The actual test structure used to demonstrate time domain actuator grouping includes

seven accelerometers and five error microphone locations. This means that there are a

total of thirty-five wavenumber filters for this system. The distinct advantage of using

a computationally efficient wavenumber estimation technique to form the error signal is

now recognized. Since the maximum order of each SAS wavenumber filter is a fixed, small

number, this approach is much less prone to the computational overloads that would affect

other algorithms.



Chapter 5

Analytical Investigation of Time

Domain Actuator Grouping During

Broadband Excitation

To investigate on-line, time domain actuator grouping on a finite structure excited with

a broadband disturbance, the control system in Fig. 3.4 is implemented in simulation. A dis-

crete time domain simulation demonstrates the convergence process of the optimum actuator

grouping algorithm and takes into account the causality constraint inherent to a real-time

implementation on a DSP [81].

The setup of the control system and analytical beam is first presented in section 5.1,

which follows from the theoretical developments given in chapter 2 and chapter 4. Active

control is then applied to the structural acoustic system using the MIMO filtered-x LMS

algorithm. These results are given in section 5.2. As discussed in section 2.3, previous work

in ASAC enhanced controller performance by simply viewing actuator response patterns and

hardwiring actuators with similar patterns together [42]. A similar approach is taken in sec-

tion 5.3 to set a baseline of performance with forced actuator groupings. After establishing

the base levels of performance, the methods and guidelines discussed in sections 2.4 and 3.3

are used to select parameters which intelligently group actuators on the vibrating beam.

Section 5.4 considers grouping actuators after convergence of the filtered-x LMS compen-

sators. In section 5.5, the second case is considered: controlling and grouping actuators from

the start of the control system. Finally, in section 5.6, results from both cases are presented
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where random noise is added to the error sensor signals; the goal of this analysis being to

determine the effect of the sensor noise on the actuator groupings. Throughout this chapter,

convergence characteristics of the time domain actuator grouping algorithm are discussed,

in conjunction with performance comparisons.

5.1 Test Structure and Active Control System Setup

The setup of the simply-supported beam test structure and active control system is pre-

sented in this section. The platform to demonstrate on-line, time domain actuator grouping

has been used throughout the earlier sections of this work to illustrate the foundation theory.

Therefore, in describing the test structure here, specific attention is given to the parameters

of the beam model, the creation of the bandlimited disturbance input signal, and the posi-

tioning of the transducers. The observability and controllability of the beam response is also

discussed. In addition, to setup the adaptive feedforward active control system discussed in

chapters 2 and 3, it is necessary to obtain models of each actuator input to acoustic response

frequency response function, T̂cmel(z). Details concerning the procedure chosen to obtain

these models are given at the end of this section.

The physical layout of the beam structure is shown in Fig. 4.1. The physical charac-

teristics of the beam modeled in this study are given in Table 4.1. For these simulations,

it is assumed that the number of modes included in the modal series representation of the

beam is pmax = 10. Using equation (4.5), the first ten analytical natural frequencies of the

simply-supported beam test structure are given in Table 5.1. It is assumed that the beam

has a constant proportional damping ratio of ζp = 1% for all modes. The beam is a lightly-

damped, reverberant structure, for which ASAC is an ideal way to control the low frequency

structural acoustic response.

Since this study is interested in demonstrating control and actuator grouping over a wide

range of frequencies, both the disturbance location and frequency range are selected to ensure

excitation of the first three modes of beam vibration. The point force disturbance is located

on the beam at xd = 0.53Lx/2 = 0.1 m. The disturbance input signal is bandlimited white

noise between 25 and 400 Hz. The mean magnitude of the input force is set as Fd = 1 N.

The bandlimited disturbance signal is obtained by convolving Gaussian white noise

through a highpass FIR filter (Nhighpass = 300 Hz , Fcutoff = 25 Hz) and, then, through
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Table 5.1: Beam analytical natural frequencies.

Mode Natural Frequency (Hz)

1 31.73

2 126.9

3 285.6

4 507.7

5 793.2

6 1142

7 1554

8 2030

9 2570

10 3170

a lowpass FIR filter (Nlowpass = 300 Hz, Fcutoff = 400 Hz). Both filters are created using

the classical Hamming-windowed FIR filter design approach [53]. It is necessary to limit the

low frequency content of the disturbance input because the phase of a small number of the

T̂cmel(z) models is inaccurate (greater than ±30◦ modeling error) below 10 Hz.

The power spectral density (PSD) of the bandlimited input signal is shown in Fig. 5.1.

All PSDs presented in this work are calculated using the Welch method of power spectrum

estimation [53]. To create Fig. 5.1, the sampled disturbance signal was divided into 48 sec-

tions of 1024 data points. The successive sections were Hanning-windowed, transformed with

a FFT, squared and accumulated. Comparing the natural frequencies given in Table 5.1 with

Fig. 5.1, shows that only the first three modes of beam vibration will be excited by the input

disturbance. Thus, the system parameter pm is equal to 3.

Using the coordinate system given in Fig. 4.1, the placement of the disturbance and con-

trol actuators is shown in Fig. 5.2(a). There are three control actuators mounted on the beam

structure, with each distributed patch having a half-length of cc = 0.025Lx = 9.5× 10−3 m

and a thickness of Lcz = 0.2 ×10−3 m. For this 1-D beam, it is assumed that each actuator

completely covers the beam in the y-direction. The surface-bonded piezoceramic patches are

assumed to be lead zirconate-titante (PZT PSI-5A-S3) [83]. The following parameters are

specified for the PZT material: ρc = 7650 kg/m3, νc = 0.3, and Ec = 4.9 ×1010 N/m2.
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Figure 5.1: PSD of disturbance input signal (48 avg., bin = 1024 pts.).
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In Fig. 5.2(a), the control actuators have been labeled 1 through 3 from −x to +x and the

point force disturbance (acting into the page) is labeled as fd. PZT actuator 2 is centered on

the middle of the beam and can only couple into odd structural modes. Actuator 3 is placed

in such a way as to provide control of the second mode of beam vibration, but not strong

coupling into the third mode. Actuator 1 is located at a position that couples into all modes

of beam vibration with as close to the same level efficiency as possible. The positioning of

these control actuators does not easily lend itself to grouping by simple, a priori inspection;

thus, it is a good arrangement to test the time domain actuator grouping algorithm.

As discussed in section 4.3, a computationally efficient estimate of sound pressure level

error signals can be formed using the SAS technique. For this work, the number of accelerom-

eter sensors is Nd = 7. This number is clearly within the prescribed limit of Nd > pm [43, 44].

The equally spaced accelerometer mounting locations are calculated using equation (4.23)

and are shown in Fig. 5.2(b). Again, the accelerometers have been labeled 1 through 7 from

−x to +x.

Each bank of SAS filters uses the seven accelerometer signals to create an estimate of

the time-shifted wavenumber information corresponding to a particular direction of sound

radiation. To form a measure of the total acoustic sound power radiated by the beam,

multiple directions of sound radiation must be considered. The radiation directions given in

Fig. 5.3 define the five wavenumber components, kx = ko sin θ, that form an estimate of the

total radiated sound power for this work. Here the radiation angles are labeled 1 through

5 from −θ to +θ. As shown in Fig. 5.3, radiation in the xz-plane is only being considered.

Since radiation by the 1-D beam is symmetric about the x-axis [see equation (4.14)], control

for φ = 0 and multiple values of θ corresponds to global sound reduction.

For active control, it is desirable to position control actuators and sensors in such a

way that all modes excited by the input disturbance are controllable and observable [82].

Figure 5.4(a) shows the structural mode shapes versus the x-axis of the beam. Vertical lines

have been drawn on this plot to signify the positions of the point force disturbance and PZT

actuator line moments [74]. From the line crossings in Fig. 5.4(a), it is easy to see that all

the structural modes excited by the input disturbance are controllable.

As stated above, the five radiation angles selected in Fig. 5.3 correspond to sensor lo-

cations that observe all the radiation modes excited by the input disturbance. However,

the acoustic error signals here are being estimated from structural measurements. It is also
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necessary to verify the observability of the structural sensors. In Fig. 5.4(b), the beam mode

shapes are shown with vertical lines are drawn at the locations of the SAS accelerometers.

The line crossings in Fig. 5.4(b) show that all the structural modes excited by the input

disturbance are also observable. The accuracy of using seven accelerometers to form a dis-

crete measurement of the wavenumber response over the excitation bandwidth is verified in

section 5.2.

For this simulation, the sampling frequency is set at Fs=2000 Hz. It is assumed that the

digital-to-analog (D/A) and analog-to-digital (D/A) converters are first-order hold devices

[see equation (4.10)]. It is also assumed that the disturbance and PZT actuators ideally

couple into the test structure and that the reference signal is sensed without any distortion.

Finally, for computational simplicity, the power amplifiers and accelerometer sensors have a

unity transfer function.

Extending the single channel example presented in Fig. 4.3, for the full simulation there

are seven T ddẅ(xd, xa, z) system functions, twenty-one T dcẅ(xc, xa, z) system functions, and five

SAS filter banks, each with seven FIR filters. These system functions and discrete filters

completely describe the time-shifted estimate of wavenumber error for active control of the

simply-supported beam.
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As stated in sections 2.2 and 3.2, to form a measure of the instantaneous gradient for

the filtered-x LMS algorithm and backpropagation neural network, models of the transfer

function from the actuator control input to the wavenumber error response are required. Each

model is used to generate the filtered reference signals in equation (2.20). An obvious method

to obtain these models is to convolve the IIR filters representing the beam acceleration

response system functions with the SAS FIR filters. This technique would give the exact

Tcmel(z) model for each path on the simulated beam. However, pole instability results when

combining multiple IIR filters [53]. Furthermore, because it is impossible to obtain such

exact models in a practical application, this approach is not realistic [34, 35].

The method used here is to determine the analytical frequency response function (FRF)

of each control to error response path, by evaluating each system function and SAS filter on

the unit circle. Then, IIR models are created that approximate these FRFs. By removing

the time-dependence from equation (4.8) and multiplying by equation (4.26), one can obtain

the desired response functions over the frequency range of interest. The IIR filters modeling

these FRFs are then determined by implementing the MATLAB function invfreqz.m [78, 79].

The function invfreqz.m has the ability to create a stable IIR filter representing any stable,

arbitrary FRF. The function uses a curve-fitting iteration routine to minimize the Euclidean

norm between the desired FRF and the FRF of the IIR filter [78]. In this work, invfreqz.m

is set to always create a stable IIR filter. In addition, the curve-fitting routine is iterated

until the phase matches desired response within ±30◦ over the bandwidth of interest.

The coefficients of the numerator and denominator of the fifteen filtered-x reference signal

models created for this work, T̂cmel(z) = B(z)/A(z), are given in appendix C. It should be

noted that the phase of the filters for T̂c1e2 , T̂c1e4, T̂c3e2 , and T̂c3e4 is inaccurate below 10 Hz,

which is outside the frequency range of interest. As a result, this inaccuracy requires that

the reference signal be highpass filtered to remove any content in this region.

With the setup of the demonstration platform and active control system thoroughly

discussed, the filtered-x LMS controller and ADALINE backpropagation neural network can

now be applied to the beam. The goal of first applying the filtered-x LMS algorithm is

to further specify some control system parameters and determine the maximum level of

performance without actuator grouping. The optimum filtered-x LMS compensator weights

will also be used as an initial starting point for actuator grouping with the backpropagation

algorithm.
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5.2 Baseline of Control Using The Filtered-X LMS Al-

gorithm

To establish a baseline of controller performance, ASAC of the simply-supported beam

is first implemented using the MIMO filtered-x LMS algorithm. The algorithm parameters

and simulation results are presented here. The performance and compensator convergence

of the time domain actuator grouping algorithm will be compared with these results in the

following sections. Since many of the parameters will be held constant when implementing

the grouping algorithm, sufficient detail is also given here to justify the selection of each

algorithm parameter.

Before implementing the filtered-x LMS algorithm, the convergence coefficient, compen-

sator order, and simulation runtime must be chosen to provide a stable control system with

satisfactory levels of controller convergence and performance. Except for the convergence

coefficient, these parameters will be held constant when implementing the grouping algo-

rithm. In addition, an effort penalty term is being added to the MSE cost function to ensure

reasonable levels of actuator input signals. The effort penalty weighting selected here is also

held constant for the actuator grouping runs. As shown in appendix A, the effort penalty is

quadratic with respect to the compensator weights and, unlike the grouping penalty function,

does not change the global convergence property of a stochastic gradient update algorithm.

The convergence coefficient of the filtered-x LMS algorithm is first selected such that

the control system is both stable and as rapidly convergent as possible. For compensator

updates without grouping or effort penalty terms, the maximum value of the convergence

coefficient is approximated as half the inverse power of the filtered-x reference signals [6, 32].

Using this approach for the simply-supported beam structure presented in section 5.1, gives

a coefficient value of µ = 5.2 × 10−5. However, test runs are performed here to verify the

stability of the adaptive control system. From these test cases, a µ = 1.0× 10−5 is selected.

Runs show that with µ = 1.0× 10−4, the filtered-x LMS control system is unstable and with

µ = 5.2× 10−5, the error signal began to ring as it converged [32].

The control signals for each actuator are determined by filtering the reference signal

through the respective compensator. The order of the compensators is selected by performing

test runs, where the number of coefficients is steadily increased until the level of noise

reduction achieved does not increase significantly after convergence [53]. For this work, the
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compensator order is set to Ncomp = 20. Performance results for cases where Ncomp = 30

and Ncomp = 50 are also given later in this section.

The effort penalty weighting is selected such that the control signals input to the actuators

are within a reasonable range. By again performing test runs, an effort weighting of βe = 0.4

is chosen here. This limits the root mean square (rms) level of the control signals to within

a range of ±0.35 Nm, which corresponds to a control voltage range of approximately ±45 V

[84]. Such control signal levels are realistic for the piezoceramic material and patch dimension

considered in this work [83].

The 3I5O filtered-x LMS control system being implemented is diagrammed in Fig. 2.3.

The full simulation is run to replicate 400 seconds of disturbance excitation and controller

convergence. With a sampling frequency of 2000 Hz, this represents 800,000 time steps

and compensator updates. To start the control system, the compensator coefficients are first

initialized to small arbitrary values. Then, during each time-step, the following computations

take place: (1) input the bandlimited disturbance signal, x(n), and compute the vector of

control signals, u(n); (2) determine the structural response at the accelerometer locations;

(3) compute the vector of estimated wavenumber error signals, e(n); (4) filter the current

reference signal through each T̂cmel(z); and (5) update each compensator using the filtered-x

LMS algorithm with the actuator effort penalty term, equation (A.3).

The convergence of the cost function J over the duration of the 3I5O filtered-x LMS

simulation run is shown in Figure 5.5. Note that the vertical axis is the MSE cost function,

not the effort penalty cost function. The solid (light blue)† series represents the sum of

the mean-square of the SAS outputs, if the beam is uncontrolled. The dotted (red) series

represents the controlled response. These curves were created by averaging the squared

outputs of the SAS filters for every 1000 iterations or half-second of simulation.

Figure 5.5 clearly shows that the 3I5O filtered-x LMS algorithm is effective at minimizing

the power of the estimated wavenumber error signals. After convergence, the controlled re-

sponse is an average of 12.4 dB less than the uncontrolled response. The sum of the squared

error signals is reduced 11.0 dB in the first 50 seconds of controller operation. The following

200 seconds of convergence represent an additional 1.4 dB of error reduction. Therefore, as

discussed in reference [32], weight convergence initially descends the steep slopes associated

†Line type is most important to those reading printed versions of this thesis. However, to aid those
reading the electronic version, both the line type and line color of figures are being reported.
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with the larger eigenvalues of the Hessian matrix, and then travels along narrow valleys asso-

ciated with the smaller eigenvalues. For this feedforward control system, some system modes

not only converge slowly, but also require unreasonable effort for complete convergence. This

is the reason that the quadratic effort penalty weighting is also incorporated into the cost

function.

More in-depth understanding of controller performance can be gained by looking at the

individual SAS error signals in the frequency domain. Figures 5.6(a) through 5.6(e) show

power spectral density plots (PSDs) of the controlled and uncontrolled beam response for

the five respective propagation angles. These PSDs were calculated from time-series created

by saving the output of each SAS filter bank during the last 10 seconds of simulation. For

each PSD calculation here, the bin size is 1024 samples for 19 averages. Again, the solid

(light blue) lines represents the uncontrolled response and the dotted (red) lines represent

the controlled response. The three structural acoustic modes are clearly visible in the uncon-

trolled spectra, except for the θ = 0◦ direction [Fig. 5.6(c)]. The p = 2 mode is a symmetric

dipole for propagation along the z-axis (θ = 0◦, φ = 0◦). As each of the out-of-phase acoustic

pressure waves spread into the far-field, they cancel each other along this coordinate sur-

face. From each curve shown in Fig. 5.6, it recognized that the 3I5O filtered-x LMS control

system is capable of effectively reducing the structural acoustic disturbance. However, as

discussed in reference [81] and as shown in Figs 5.6(a) through 5.6(c), the filtered-x LMS

controller is behaving as a wide-band controller, rather than a broadband controller. That

is, the controller is attenuating the large responses that occur near structural resonances,

while adding spillover at antiresonances and outside the range of excitation.

Figure 5.7 gives a directivity plot of the uncontrolled and controlled total sound pressure

level, averaged over the frequency range 25-500 Hz. Also noted are the SPL reductions at

the five discrete radiation angles that form the mean-square error signal. The SPL values

in Fig. 5.7 are calculated using the procedure outlined in appendix B, with r = 10Lx. This

figure is shown to illustrate that minimizing the square of the estimated wavenumber domain

information for the five directions approximates minimization of the total radiated acoustic

sound power. The accuracy of the discrete SAS technique with seven accelerometers is also

being considered.

It is clear from Fig. 5.7 that the filtered-x LMS algorithm is minimizing the beam ra-

diated sound power and global noise control is achieved. At the five error sensor locations,

the controller is reducing the far-field acoustic pressure an average of 12.4 dB. This agrees
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with the reduction in the mean-square of the SAS error signal in Fig. 5.5. Therefore, for

the disturbance frequency range considered here, the estimated wavenumber domain error

information from seven accelerometers yields the same control performance as the far-field

pressure. These results are consistent with previous work in using the SAS technique for

time domain ASAC of a simply-supported beam [43, 44].

Averaged over all the radiation angles shown in Fig. 5.7, the controller is reducing the

total radiated acoustic sound power by 12.7 dB. Thus, the five radiation angles are forming

a reasonable approximation of the total radiated sound power cost function. Future results

of controller performance will be reported simply as the reduction in power of the SAS error

signals, due to their similarity.

The optimum coefficients of each filtered-x LMS compensator are shown in Fig. 5.8(a)

through Fig. 5.8(c). The compensator coefficients have the greatest value for the most recent

values of the delayed reference signal, x(n − i). As i increases, the weights decay to small

values. Therefore, it is demonstrated that 20 coefficients are adequate to model the necessary

compensator transfer functions. Since the coefficient values for each compensator are not

zero as i increases, the number of coefficients is not over specified. Test simulations are

also run with 30 and 50 coefficients. Controller performance is 12.6 dB and 12.9 dB for

the Ncomp = 30 and Ncomp = 50 cases, respectively. Convergence time, however, increased

by approximately 100,000 iterations for the 30 weight case and 250,000 iterations for the

50 weight case. Thus, the Ncomp = 20 case provides the best balance between controller

performance and rate of convergence.

The concern in actuator grouping is minimizing the difference between the compensator

coefficients. Using equation (2.26), the final compensator differences for this control system

are given in Fig. 5.9. Figure 5.9(a) is the difference between the optimum compensators

for actuator 1 and actuator 2. The curve in Fig. 5.9(b) is the compensator difference for

actuators 1 and 3, and Fig. 5.9(c) is for actuators 2 and 3. Of the three curves, the smallest

difference is between the compensators for actuators 1 and 2. It can be expected that these

actuators will be the first candidates for grouping.

As stated previously, the main goal of this work is to demonstrate on-line, time domain

actuator grouping on a structure excited by a broadband disturbance. In section 2.4, it

was shown that for time domain applications, actuators are grouped by minimizing the

differences between individual compensator coefficients. Yet, it is difficult to present the
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convergence of compensator coefficients and coefficient differences with a manageable set

of figures. The analysis in section 2.4 also shows that grouping compensator coefficients is

the same as making the control signals equal. Furthermore, plotting and analyzing the rms

level of control signals and control signal differences over the duration of the simulation is

relatively easy. This is the approach taken here to investigate the compensator convergence

and grouping of actuators.

Figures 5.10(a) through 5.10(c) show the convergence of the three control signals, over

the duration of the filtered-x LMS simulation. Figure 5.10(a) gives the rms level of the

control signal to actuator 1. The control signal levels to actuator 2 and actuator 3 are shown

in Fig. 5.10(b) and Fig. 5.10(c), respectively. Each curve is created by taking the square root

of the average of the squared compensator output for every 1000 iterations or half-second of

simulation. As shown in Fig. 5.10(c), a maximum control signal level of 0.31 Nm is realized

with actuator 3. Figure 5.10(b) shows that the compensator for actuator 2 converges in

approximately 20 seconds. The compensator for actuator 3 converges in 150 seconds and

the compensator for actuator 1 takes 300 seconds to converge. The fast convergence of

compensator 2 is due to the fact that this transducer couples strongly into the odd structural

modes and is independent from the even modes [see Fig. 5.4(a)]. Finally, Figure 5.10(a)

clearly shows that the slowly converging system modes are associated with actuator 1.

More interesting for actuator grouping than the control signals, is the convergence of the

control signal differences. Figures 5.11(a) through 5.11(c) give the rms level of the difference

between the control signals, over the 400 second filtered-x LMS run. Figure 5.11(a) shows

the rms level of the difference between the control signals for actuator 1 and actuator 2.

Figure 5.11(b) is for actuators 1 and 3 and Figure 5.11(c) is for actuators 2 and 3. These

curves are created by taking the square root of the average difference between the squared

compensator output for every 1000 iterations or half-second of simulation. With a final level

of 0.04 Nm, the minimum difference is between the control signals for actuators 1 and 2. The

final difference is 0.18 Nm and 0.20 Nm between the control signals for actuators 1 and 3

and the control signals for actuators 2 and 3, respectively. It is again predicted that the first

candidates for grouping are actuator 1 and actuator 2.

In summary, the filtered-x LMS algorithm parameters have been selected to provide a

stable control system with a balance between controller performance and rate of convergence.

An effort penalty term was also added to the cost function to restrict the controller from

overdriving the actuators with unreasonably large control signal levels. The simulation
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results presented above show that the 3I50 filtered-x LMS algorithm reduces the sum of the

squared SAS error signals 12.4 dB from the uncontrolled response. This corresponds to a

12.7 dB reduction in the total radiated sound power level.

Due to their similarity, future performance results will be reported only in terms of

reduction in SAS error signals. The following algorithm parameters will be held constant for

the actuator grouping runs: Ncomp = 20, βe = 0.4, and runtime = 400 seconds. However, to

ensure a stable control system, the convergence coefficient µg will need to be appropriately

adjusted.

5.3 Forced Actuator Groupings

To start this analogical discourse, the performance of the filtered-x LMS algorithm is first

compared to a case of forced actuator grouping. Previous work on a DC-9 fuselage demon-

strated actuator grouping by simply viewing transducer response patterns and hardwiring or

forcing actuators with similar patterns together [42]. An equivalent approach is to compare

the coefficient difference results given in Fig. 5.11 and group actuators with small difference

levels. From Fig. 5.11(a), it is concluded that actuators 1 and 2 are coupling into the beam in

a similar way. These two actuators can be wired together and the filtered-x LMS algorithm

rerun with this 2I5O control system. In the following sections, the results from this case

of force grouping will also be compared to the time domain actuator grouping algorithm.

The specific goal being to determine if adaptively grouping actuators during compensator

convergence provides better performance than simple a priori inspection.

Actuator 1 and 2 are forced together by appropriately rewiring the control system and

converging the control system for another 400 seconds. It is assumed that the initial com-

pensators are set as the optimum filtered-x LMS values from Fig. 5.8. More specifically,

the initial weights for the forced grouping case are Gc12(0) = G∗c1 and Gc3(0) = G∗c3 . Runs

are also conducted with Gc12(0) = G∗c2 and the same results that are presented below are

obtained.

To properly update the control system with one compensator for two actuators, it is

necessary to obtain a new set of T̂cmel models. These models represent the frequency response

function from both actuators 1 and 2 to the respective error sensors and are obtained here

by using the same procedure outlined in section 5.1. The coefficients of the numerator
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and denominator of the models for the forced grouping case are given in appendix C. The

convergence coefficient for the forced grouping runs is also reset. Test cases show that

µ = 1.0 × 10−7 provides a stable control system. This convergence coefficient value is

significantly reduced from the 3I5O filtered-x LMS setting. The reduction is a result of the

increased response from the two actuator control path.

Figure 5.12 shows the convergence of the cost function J over the 400 second forced

grouping simulation run. The solid (light blue) series is the uncontrolled beam response. The

dashed (blue) series represents the controlled response of the beam when actuator 1 and 2 are

driven with the same control signal. For comparison purposes, the 3I5O filtered-x LMS con-

trolled response previously given in Fig. 5.5 is re-plotted here as the dotted (red) series. The

small amount of forced grouping convergence is due to the fact that the compensators start at

the optimum values from the filtered-x LMS runs. The 2I5O forced grouping control system

reduces the mean-square SAS error signals an average of 11.1 dB from the uncontrolled case.

The 3I5O ungrouped controller achieved 12.4 dB of noise control performance. Therefore,

reducing the controller degrees of freedom by one decreases the controller performance by

1.3 dB.

The optimum compensators for the forced grouping case are given in Fig. 5.13. Compar-

ing the coefficients in Fig. 5.13 with the filtered-x LMS coefficients in Fig. 5.8, shows that

hardwiring actuators 1 and 2 together does not significantly alter the optimum compensators.

The rms levels of the difference between the control signals for the forced grouping case

are given in Fig. 5.14, where it is understood that ū1 = ū2. For comparison purposes,

the curves for the ungrouped filtered-x LMS case are also shown. Since the control signal

for actuator 1 is equal to the control signal for actuator 2, the forced grouping curves in

Fig. 5.14(b) and Fig. 5.14(c) are equal. It is clearly shown that the forced actuator grouping

has not significantly changed the compensator difference for actuator 3.

At this point, two other test runs are conducted to verify a fundamental premise of this

work: enhanced controller performance is realized by grouping actuators. As a first case, the

control system is run with just actuator 1 and actuator 3 in operation. The second case is

with just actuator 2 and 3 in operation. For both test runs, the compensators are initialized

to small arbitrary values and the convergence parameter is set at µ = 1.0× 10−5.

Figure 5.15 shows the convergence of the cost function J over the 400 second 2I5O

simulation with only actuator 1 and 3. The dotted (orange) curve is the controlled beam
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Figure 5.12: MSE cost function convergence over the 400 second forced grouping control

simulation (11.1 dB reduction).
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control simulation.
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response with just the two actuators in operation. Again, the solid (light blue) series is the

uncontrolled beam response and the dashed (blue) series is the forced grouping response. The

range of the MSE ordinate in Fig. 5.15 is narrowed to reveal more detail of the convergence.

The full range of the uncontrolled response has been shown in Figs. 5.5 and 5.12. Comparing

the two controlled responses in Fig. 5.15 shows that the two actuator control system provides

less control than the forced grouping system. When converged, actuators 1 and 3 achieve

only 10.9 dB of error reduction. The grouped control system achieves 11.1 dB of error

reduction.

Another control system is also built using just actuator 2 and actuator 3. The convergence

of the cost function J for this control system is given in Fig. 5.16. Here the dash-dot (gray)

series is the controlled beam response with just actuator 1 and actuator 2 in operation. This

second control system shows even less reduction of the beam response. The 2I5O control

system using actuators 2 and 3 only obtains 10.6 dB of error reduction. These results verify

that, for this demonstration platform and active control system, a 2I5O control system with

grouped actuators provides greater performance than a 2I5O control system with only two

actuators.

Further investigation of the output signal differences shown in Fig. 5.11 and Fig. 5.14 does

not suggest any other actuator grouping arrangements. This leads to the initial conclusion

that the best actuator grouping arrangement has two control channels, with actuator 1 and

actuator 2 acting together. Such a grouping gives a 11.1 dB reduction in the error response.

These results will now be compared to the optimum actuator arrangements determined using

the on-line, time domain grouping algorithm. The first scenario being considered is grouping

after control.
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5.4 Grouping After Control

Determining the optimum performance and actuator grouping on-line is achieved by

minimizing the grouping cost function with the backpropagation neural network algorithm.

As discussed in section 3.3, a variety of initial conditions are being considered here to avoid

local minima problems associated with the non-quadratic grouping penalty function. The

case shown in this section is applying weight updates after the compensators have been

originally converged to the minimum of the MSE cost function.

Actuator grouping after control is realized by initializing the network neurons with the

filtered-x LMS compensator values from Fig. 5.8, and then applying the backpropagation

optimization routine given by equation (3.11). The backpropagation routine determines the

optimum compensators for both grouping and control, G∪c . However, as before, an effort

penalty term is also added to ensure reasonable levels of actuator input signals. Details

concerning the addition of the effort penalty to the cost function and update equation are

given in appendix A.

During each grouping simulation time-step, the following computations take place: (1) in-

put the bandlimited disturbance signal, x(n), and compute the vector of control signals, u(n);

(2) determine the structural response at the accelerometer locations; (3) compute the vector

of estimated wavenumber error signals, e(n); (4) filter the current reference signal through

each T̂cmel(z); (5) determine the current compensator coefficient differences, dm,v,i(n), and

corresponding penalty gradient, ∂Φ/∂dm,v,i; and (6) update each compensator using the

backpropagation neural network algorithm with the additional actuator effort penalty term.

Except for the convergence coefficient, µg, the control system parameters for these runs are

set as in sections 5.1 and 5.3.

To start the grouping simulations, a rough estimate of the function order, β, is first

determined by viewing the coefficient differences in Fig. 5.9(a). In this figure, the maximum

difference between the coefficients for actuator 1 and actuator 2 is shown as d1,2,1 = 0.03. If

the desire is to group actuators 1 and 2 together without decreasing performance greatly, then

β should be set such that the grouping range is slightly larger than this coefficient difference.

In section 3.3, it was shown that the range of coefficient grouping also depends upon the

grouping coefficient, λ, and the curvature of the MSE cost function surface. However, a

nominal grouping range can be set by analyzing the difference penalty function derivative
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for selected values of β, i.e., by viewing plots analogous to Fig. 2.6. Such analysis sets the

nominal grouping range at less than approximately 0.04 when β = 45. It should be noted

that, with the current analysis, it is impossible to predict the exact grouping that β = 45

will induce; although, this is a reasonable procedure to start the investigation.

The grouping coefficient for the first set of grouping runs is arbitrarily selected as λ =

1.0 × 10−3. Test runs show that a value of µg = 5.5 × 10−6 provides a stable and rapidly

convergent control system. The active control simulations are being run for 400 seconds of

actuator grouping convergence.

Figure 5.17 gives the convergence of the differences between the control signals for this

first case of grouping after control. The dashed (cyan) series is the rms level of the control

signal differences when β = 45 and λ = 1.0×10−3. The dotted (red) series is a re-plot of the

control signal differences for the filtered-x LMS convergence. As expected, the control signal

differences for the grouping after control case start at the final values of the filtered-x LMS

differences. However, the grouping algorithm rapidly converges the coefficients to a point of

zero differences. Past 2 seconds of controller convergence, the rms differences are less than

1.0× 10−5 Nm. After being grouped, slight coefficient adjustments are made to obtain the

optimum solution. The coefficients are converged to their optimum grouped values within an

additional 2 seconds of controller adaptation. The optimum compensators for this case are

given in Fig. 5.18(a) through Fig. 5.18(c). It is shown that each compensator has the same

set of coefficients. Thus, the control system can be hardwired together and driven with only

one control channel. This unexpected result will be called the heavy grouping after control

solution.

The value of the MSE cost function over the duration of the heavy grouping after control

run is shown in Fig. 5.19. The dashed (cyan) series represents the sum of the mean-square of

the SAS outputs during convergence of the grouping algorithm. The solid (light blue) series is

the uncontrolled response and the dotted (red) series is a re-plot the filtered-x LMS controller

convergence. The heavy grouped solution achieves 10.9 dB of reduction in the power of the

SAS error signals. This is a 1.5 dB performance decrease from the ungrouped, filtered-x

LMS solution and a 0.2 dB decrease from the 2I5O forced grouping solution.

Further insight into actuator grouping with only one control channel is gained by looking

at the PSD of the beam response during the last 10 seconds of the 400 second simulation.

Figure 5.20 shows these spectra for the five radiation angles being monitored. In each set of
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after control simulation when β = 45 and λ = 1.0× 10−3.
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curves shown, it is seen that the one channel solution is not controlling the acoustic response

associated with the p = 2 structural mode. This result is best understood by two physical

phenomena. First, consider the ability of the one channel grouping to control the p = 2

mode. The spatial distribution of the actuators with respect to the beam mode shapes was

previously shown in Fig. 5.4(a). As stated, actuator 2 cannot couple into even structural

modes. This is due to the fact that the edges of actuator 2 are located on regions of the

beam having an exact 180◦ phase difference. The spatial aperature of actuators 1 and 3 are

not symmetrically positioned with respect the beam central axis. However, with respect to

the response of the second beam mode, there is a large phase difference between these two

actuators. Thus, the spatial distribution of the three grouped actuators does not couple well

with the p = 2 structural mode.

The second point to consider is the acoustic response of the p = 2 structural mode.

As shown above, the MSE performance of the heavy grouping solution is not significantly

reduced from the filtered-x LMS and forced grouping results. This is explained by recognizing

that, for a simply-supported beam in an infinite baffle, the p = 2 mode is an inefficient

radiator over the entire hemisphere and a significant portion of the excitation frequency

range. A plot of the radiation efficiency of the simply-supported beam is shown in Fig. 5.21.

The creation of this plot is detailed in appendix B. This figure shows that, for the entire

range of excitation, the radiation efficiency of the p = 2 mode is less than the p = 1 mode.

The difference in radiation efficiency varies from a maximum of 64.0 dB at 25 Hz to a

minimum of 15.8 dB at 400 Hz. Comparing the radiation efficiency of the p = 2 mode with

the p = 3 mode shows that, for most of the excitation range, the p = 3 mode is a more

efficient radiator; only above approximately 250 Hz are the modes radiating with similar

efficiency. Therefore, the inability of the grouped control system to affect the p = 2 mode

does not greatly influence the overall performance of the control system. The odd modes are

the most efficient radiators over most of the excitation range and they are being controlled

by this one channel system.

A main point of this work is to show the ability of the time domain grouping algorithm

to intelligently group actuators. The results presented above have achieved the ultimate goal

of a single compensator to properly actuate all the control sources and provide an acceptable

level of sound reduction. It is important to also show that the algorithm can allow some

actuators to exist independently. By appropriately varying the grouping parameters, it is

hoped that the grouping algorithm will form a control system with two control channels.
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grouping after control simulation when β = 45 and λ = 1.0×10−3 (19 avg., bin = 1024 pts.).
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This case will be called the light grouping after control solution. It is expected that the

performance of the light grouping after control solution will fall between the heavy grouping

after control and the filtered-x LMS performance. The increase from the heavy grouping

case being a result of the lightly grouped solution controlling the acoustic response of the

p = 2 mode.

As detailed above, the heavy grouping after control results show a one channel solution,

which indicates that the parameters β = 45 and λ = 1.0 × 10−3 form a cost function

with a large range of coefficient grouping. The preliminary analysis in sections 2.5 and 3.3

demonstrated that the range of coefficient grouping can be decreased by increasing the

function order, β, and decreasing the grouping coefficient, λ. Both changes are made here

to achieve the light grouping after control results.

With the grouping parameters set as β = 300, λ = 1.0 × 10−5 and µg = 9.0 × 10−6,

the control signal differences converge as shown in Fig. 5.22(a) through Fig. 5.22(c). In

these figures, the dash-dot (green) curves represent the convergence for the light group-

ing after control case and the dotted (red) series is a re-plot of the ungrouped, filtered-x

LMS results from Fig. 5.11. Comparing the two curves in Fig. 5.22(a) shows that actua-

tors 1 and 2 are being grouped together by the grouping algorithm. However, the curves

in Figs. 5.22(b) and 5.22(c) do not show grouping convergence and actuator 3 is not being

grouped with the other two actuators. The final difference level between actuators 1 and 2

is (u1 − u2)
∪

= 1.1 × 10−4 Nm. The final difference level between actuators 1 and 3 is

(u1 − u3)
∪

= 2.0× 10−1 Nm and between actuators 3 and 2 is (u3 − u2)
∪

= 2.1× 10−1 Nm.

Thus, the light grouping after control solution represents a control system with two control

channels: one channel for actuators 1 and 2 and one channel for actuator 3.

The control signal difference levels in Figs. 5.22(b) and 5.22(c) for actuator 3 show very

little change from the filtered-x LMS results. However, for the light grouping after control

case, comparing the optimum coefficient differences allows a more accurate interpretation of

the influence of the grouping algorithm. The optimum light grouping after control compen-

sator coefficients are shown in Fig. 5.23 and the optimum coefficient differences are shown in

Fig. 5.24. Comparing the optimum coefficient differences for the light grouping after control

case with the optimum filtered-x LMS coefficient differences given in Fig. 5.9, shows that the

grouping algorithm has altered the coefficient differences for all the actuators. The small dif-

ference levels that exist for the optimum filtered-x LMS compensators are minimized in the

light grouping after control compensators. The influence of the grouping algorithm has been
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Figure 5.22: RMS level of the control signal differences over the 400 second light grouping

after control simulation when β = 300 and λ = 1.0× 10−5.
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to minimize all the coefficient differences that are within the range of grouping. The effect of

this change is not seen in Figs. 5.22(b) and 5.22(c) because the compensator for actuator 3 is

not grouping with actuators 1 and 2. More specifically, the difference for the i = 0 coefficient

is not decreased by the grouping algorithm because this difference level is outside the range

of grouping. In fact, the grouping algorithm has increased the d3,2,0 and d1,3,0 differences,

which gives the equal control signal difference levels in Figs. 5.22(b) and 5.22(c).

The value of the MSE cost function over the duration of the light grouping after control

simulation is given in Fig. 5.25. The dash-dot (green) series represents the controlled response

for this case and the solid (light blue) series is the uncontrolled response. For comparison

purposes, the convergence from the heavy grouping after control case is also plotted as the

dashed (cyan) series. The light grouping after control solution reduces the error response an

average of 11.8 dB from the uncontrolled response. This is a 0.9 dB increase in performance

over the heavy grouping after control solution and only a 0.6 dB decrease from the filtered-

x LMS performance (compare with Fig. 5.5). Therefore, as expected, the performance of

the two channel control system falls between the performance of the heavy grouping and

ungrouped solutions.

Figure 5.26 gives the PSD of the estimated wavenumber error responses during the last

10 seconds of the light grouping after control simulation. This figure shows that this 2I5O

control system is able to control the response of the p = 2 mode. Comparing Fig. 5.26 with

the frequency plots in Figs. 5.6 and 5.20, shows that the two channel control system is acting

most like the ungrouped, filtered-x LMS controller. However, differences exist in the high

frequency end of the response range. This difference is most noticeable in the curves for the

θ = −30◦ direction [compare Figs. 5.26(b) with Fig.5.6(b)]. The filtered-x LMS controller is

providing better control of the response in the 300-400 Hz range. As discussed above, this

increase in high frequency performance is most likely a result of the smaller spatial aperature

of the ungrouped solution [49, 85].

For the sake of completeness, the light grouping after control system is run with the com-

pensator for actuator 1 controlling both actuator 1 and actuator 2, i.e, G∪c12
= G∪c1. This case

is run without adaptation and represents the hardwiring of actuators after having optimized

their grouping arrangement. This hardwired control system also achieves 11.8 dB of MSE

reduction. The case of G∪c12
= G∪c2 is also tested and achieves the same performance.
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Figure 5.23: Optimum light grouping after control compensator coefficients.
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grouping after control simulation when β = 300 and λ = 1.0 × 10−5 (19 avg., bin = 1024
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It is interesting to compare the performance of the intelligently grouped two channel

solution with the case of forced actuator grouping. Figure 5.12 in section 5.3 shows that the

2I5O forced grouping solution achieves 11.1 dB of error signal reduction. Thus, adaptively

grouping actuators during convergence provides 0.7 dB better performance than simple, a

priori inspection. This result is contrary to what was expected. Both the light grouping

after control and the forced grouping case are being initialized with the same compensator

weights and converged for sufficient duration. Comparing the optimum coefficients for the

light grouping after control case given in Fig. 5.23 with the optimum coefficients for the

forced grouping case given in Fig. 5.13, shows that both routines obtain different solutions.

This difference is most likely a result of the use of the adjusted filtered-x reference signal

models for the forced grouping case. However, further investigation into this area is needed.

The grouping after control scenario has resulted in two distinct solutions. The first, the

heavy grouping after control result, is a one channel controller that achieves 10.9 dB of

error reduction. This solution is obtained when the grouping parameters are initially set as

β = 45 and λ = 1.0 × 10−3. The feasibility of this one channel system is best understood

by recognizing the relationships between the transducer aperature and the response of the

structural acoustic system. The range of coefficient grouping is then reduced to obtain an

optimum grouping with two channels. This second solution is called the light grouping

after control result. With β = 300 and λ = 1.0 × 10−5, the light grouping after control

solution achieves 11.8 dB of error reduction. The next scenario considered is starting the

backpropagation algorithm with small arbitrary values. The parameter sets for both the

light and heavy grouping cases will be considered.

5.5 Grouping With Control

Due to the multimodal nature of the grouping cost function surface in conjunction with

the backpropagation algorithm being susceptible to local minima, it is necessary to run

the grouping algorithm with a variety of initial conditions. Such analysis will determine

the global minimum of the cost function surface and achieve the specified level of grouping

and control. In the section above, the compensators were initialized to the optimum filtered-

x LMS coefficient values. The second scenario considered is initializing all the neural network

weights to small arbitrary values. It is recognized that this grouping with control.
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For comparison with the results above, the first case considered is heavy grouping with

control. The parameters for the heavy grouping simulation are set as: β = 45, λ = 1.0×10−3,

and µg = 5.5× 10−6.

Figures 5.27(a) through 5.27(c) give the convergence of the control signal differences, over

the 400 second heavy grouping with control run. The dashed (dark blue) curves represent the

convergence of the control signal differences with the heavy grouping parameters. The dotted

(red) curves are the convergence curves from the ungrouped, filtered-x LMS algorithm. As

when grouping after control, the compensators for the heavy grouping with control case

converge rapidly to a zero difference solution and form a system with one control channel.

The optimum compensators for the heavy grouping with control case are shown in

Fig. 5.28. Comparing the compensator coefficients in Fig. 5.28 with the optimum coefficients

for the heavy grouping after control case in Fig. 5.18, shows that both initial conditions have

obtained the same minimum. It is concluded that when β = 45 and λ = 1.0 × 10−3 the

grouping cost function is a unimodal surface. As discussed in section 3.3, this represents a

case where cost function surface is dominated by the grouping penalty function term.

The values of the MSE cost function over the duration of the heavy grouping with control

simulation are shown in Fig. 5.29. The dashed (dark blue) series represents the sum of

the mean-square of the SAS outputs during convergence of the grouping algorithm. The

solid (light blue) series is the uncontrolled response and the dotted (red) series is a re-plot

the filtered-x LMS controller convergence. As expected, the heavy grouped solution achieves

10.9 dB of reduction in the error signal response. The MSE curve shows that the control

system is converged in approximately 50 seconds.

The convergence of the three control signals over the heavy grouping simulation are shown

in Figs. 5.30(a) through (c). The dashed (dark blue) series is for the heavy grouping with

control case and the dotted (red) series is a re-plot of the filtered-x LMS results from Fig. 5.10.

Figure 5.28 shows that the compensator weights for both cases start at small arbitrary values.

However, all three compensators for the heavy grouping with control case are converged in

approximately 50 seconds. The compensator for actuator 1 is converging much faster for the

heavy grouping case than for the filtered-x LMS case. The rapid convergence of the heavy

grouping case is a result of the strong grouping penalty function term. More specifically,

in both cases, the compensators of actuator 2 and actuator 3 are rapidly converging due

to the fact that they are associated with the larger eigenvalues of the Hessian matrix (see
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Figure 5.27: RMS level of the control signal differences over the 400 second heavy grouping

with control simulation when β = 45 and λ = 1.0× 10−3.
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previous discussion in section 5.2). However, for the heavy grouping case, the compensator

for actuator 1 is also converging rapidly because the dominating grouping penalty term holds

it together with the other compensators.

The heavy grouping parameters achieved the same one channel solution from both initial

conditions. It is recognized that when β = 45 and λ = 1.0× 10−3 the grouping cost function

is a unimodal surface and the global minimum of this surface is an all actuators grouping

solution. It is also interesting to investigate the cost function surface created by the light

grouping parameters. In section 5.4, the light grouping after control results demonstrated

the ability of the grouping algorithm to obtain a two channel control system. The same

grouping parameters are tested here to explore a light grouping solution when the actuators

are initialized to small arbitrary numbers.

For next case shown, the grouping parameters are set as β = 300 and λ = 1.0 × 10−5.

Test runs show that a convergence coefficient of µg = 1.0×10−5 provides a stable and rapidly

convergent control system.

Figure 5.31(a) through 5.31(c) show the convergence of the control signal difference levels,

over the duration of the grouping with control simulation when β = 300 and λ = 1.0 ×
10−5. The convergence of the grouping algorithm is given as the dashed-dot (pink) curves

and the filtered-x LMS results are shown as the dotted (red) curves. The light grouping

parameters have reduced the control signal difference levels between all three actuators, but

none of difference levels are reduced to the point where actuators can be hardwired together.

The optimum coefficients for this case are given in Fig. 5.32. The optimum compensators

are very similar to the heavy grouping compensators shown in Figs. 5.18 and 5.28. This also

indicates that they are not similar to the optimum compensators for the filtered-x LMS and

the light grouping after control results (compare Fig. 5.32 with Figs. 5.8 and 5.23).

Figure 5.33(a) through (c) shows the optimum coefficient differences for the light grouping

with control case. The differences are at small levels and have a similar trend. As shown

in section 3.3, in some cases the local minima of the grouped solution is not a point of zero

differences. The zeros crossings in Fig. 3.17 demonstrate that this is specifically true for

relatively small values of λ. The results for the light grouping with control scenario can be

interpreted as a case where the compensators are converged to a grouped solution minima,

where the minima is at a point of nonzero differences.
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The values of the MSE cost function over the duration of the light grouping with con-

trol case are shown in Fig. 5.34. The dashed-dot (pink) series represents the sum of the

mean-square of the SAS outputs during convergence of the grouping algorithm. The solid

(light blue) series is the uncontrolled response and the dashed (dark blue) series is a re-plot

of the heavy grouping with control convergence. The light grouping with control solution

achieves 12.2 dB of reduction in the power of the SAS error signals. This is a 1.3 dB per-

formance increase from the heavy grouping solution and a 0.2 dB decrease from the filtered-

x LMS solution.

In an effort to show a 2I5O light grouping with control solution, the function order

and the grouping coefficient were varied over a large range of values. In all cases, one of

three solutions was obtained: the all grouped solution; the nonzero differences light grouping

solution; or an ungrouped solution similar to the filtered-x LMS results. As expected from

the analysis of section 3.3, the grouping coefficient λ had the most control over which solution

was obtained. Consistently, with λ greater than approximately 5.0× 10−4, the one channel

grouped solution was obtained. When λ was less than approximately 5.0×10−7, the filtered-

x LMS solution was obtained. For values of λ between these two points, the solution was the

nonzero differences light grouping. Therefore, for this demonstration platform, starting the

compensators at small arbitrary numbers does not achieve a two channel control system.

A summary follows of the important results from the analytical investigation of time

domain actuator grouping during broadband excitation. The ungrouped, filtered-x LMS

algorithm has set the baseline of controller performance at 12.4 dB. For both of the initial

conditions considered, the heavy grouping parameters form a control system with one control

channel. This heavy grouping solution achieves 10.9 dB of error reduction. As shown in the

results above, the same one channel solution is obtained from both initial conditions. There-

fore, with heavy grouping parameters, the grouping cost function is a unimodal surface, with

a minimum at the all actuators grouped solution. The light grouping after control solution

is a two channel control system that achieves 11.8 dB of error reduction. Most importantly,

this solution demonstrates the ability to select the desired level of grouping by appropriately

varying the grouping parameters. The control system initialized to small arbitrary num-

bers does not converge to the two channel solution. Thus, the cost function surface for the

light grouping parameters is multimodal. The light grouping with control solution is a three

channel system with small control signal difference levels. This solution achieves 12.2 dB

of error reduction. Further analysis of the compensator coefficient differences for the light
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grouping with control solution show that it is actually a grouped solution. Where, for this

case of relatively small λ, the grouping minimum of the cost function surface is at a point

of nonzero coefficient differences.

It is now the responsibility of the control system designer to select the solution with

the desired level of performance and actuator grouping. The one channel control solution

reduces the hardware complexity by a factor of two, but also reduces the control system

performance by 1.5 dB from the ungrouped case. The heavy grouped solution is also unable

to control the structural acoustic response of the p = 2 mode, which is more important if

the frequency of excitation increases. The two channel control solution is able to control the

response of all modes and only reduces the control system performance by 0.6 dB. The three

channel, light grouping with control solution decreases the performance by 0.2 dB and does

not offer any reduction in hardware cost.

5.6 Grouping With Sensor Noise

The grouping cost function is formed as a weighted sum of the mean-square of the error

signals and the grouping penalty function. In the simulation results presented above, the

error signals are assumed to perfectly represent the SAS responses. Experimental implemen-

tation of active control approaches usually involve sensor signals with some level of noise.

Common examples of noise sources are electrical ground loops, stray electromagnetic fields

and imperfect hardware mountings. This section considers the effect of uncorrelated sensor

noise on the actuator groupings. The goal of the analysis being to determine if additional

noise on the error signals alters the convergence of the actuator grouping algorithm.

A diagram of the demonstration platform with a corrupted error signal for one radiation

direction l is given in Fig. 5.35. As shown, a noise signal, sl, is added to the estimated

wavenumber response signal coming from the SAS filter bank. The added signal is assumed

to be uniform random noise, with a mean level of approximately 15% of the uncontrolled

SAS response level. For the complete system, it is assumed that each of the five error signals

is corrupted by sensor noise. It also assumed that the sensor noise for each direction is

uncorrelated with the disturbance input and the other sensor noise signals.

The filtered-x LMS algorithm is run to set a baseline of control signal differences with

the corrupted error signals. Using the parameters selected in section 5.3, the control system
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is simulated for 400 seconds of operation. The rms level of the control signal differences over

the corrupted filtered-x LMS simulation are shown as the dashed (gray) curves in Fig. 5.36.

The uncorrupted filtered-x LMS simulation results are re-plotted in Fig. 5.36 as the solid

(red) curves. Except for very small deviations, the control signal differences for both cases

overlay each other. The additional error sensor noise has negligible influence on the control

signal differences for the filtered-x LMS algorithm and the baseline difference levels have not

changed.

The first grouping case considered with the corrupted error signals is heavy grouping. For

heavy grouping after control, the grouping algorithm is initialized with the optimum com-

pensators from the corrupted filtered-x LMS results. The dashed (gray) curves in Fig. 5.37

are the control signal differences for the heavy grouping after control simulation. The con-

trol signal differences for the uncorrupted heavy grouping after control case are re-plotted as

the solid (cyan) curves. Both the corrupted and uncorrupted heavy grouping after control

results overlay each other and form a one control channel solution. The next heavy group-

ing case considered is the heavy grouping with control. For this case, the compensators

are being initialized with the small arbitrary values. The control signal differences for the

heavy grouping with control case are shown as the dotted (gray) curves in Fig. 5.38. The

uncorrupted results are shown as the solid (dark blue) curves. Again, both the corrupted

and uncorrupted curves overlay each other and form a one channel control system. The

addition of uncorrelated, random noise to the sensor signals has no influence of the actuator

groupings for the case of heavy grouping parameters.

The cases with the light grouping parameters are also run with the corrupted error signals.

The control signal differences for light grouping after control case are given in Fig. 5.39. The

dotted (gray) curves are for the corrupted simulation and the solid (green) curves are from

the uncorrupted simulation. Again, both the corrupted and uncorrupted results overlay

each other. The control signal differences for the grouping with control case with β = 300

and λ = 1.0 × 10−5 are given in Fig. 5.40. The dotted (gray) curves are for the corrupted

simulation and the solid (pink) curves are from the uncorrupted simulation. As with the

light grouping after control case, the convergence of the control signal differences for the

corrupted and uncorrupted nonzero differences case are equal.

The preliminary results presented above show that error sensor noise has no effect on

the grouping convergence. For these test cases, it is assumed that the additional noise has a

mean level of approximately 15% of the uncontrolled SAS response level. There is very little
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Figure 5.36: RMS level of the control signal differences over the 400 second 3I5O filtered-x

LMS control simulation with corrupted error sensor signals.
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Figure 5.37: RMS level of the control signal differences over the 400 second heavy grouping

after control simulation with corrupted error sensor signals.



140

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

Corrupted
Uncorrupted

)(c
Time (sec)

Time (sec)

Time (sec)
)(a

)(b

-0.2
-0.1

0
0.1
0.2

-0.2
-0.1

0
0.1
0.2

-0.2
-0.1

0
0.1
0.2

(u
 -

 u
 )

 (
N

m
)

1
2

(u
 -

 u
 )

 (
N

m
)

1
3

(u
 -

 u
 )

 (
N

m
)

2
3

Figure 5.38: RMS level of the control signals over the 400 second heavy grouping with control

simulation with corrupted error sensor signals.
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Figure 5.39: RMS level of the control signal differences over the 400 second light grouping

after control simulation with corrupted error sensor signals.



142

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

0 50 100 150 200 250 300 350 400

Corrupted
Uncorrupted

)(c
Time (sec)

Time (sec)

Time (sec)
)(a

)(b

-0.2
-0.1

0
0.1
0.2

-0.2
-0.1

0
0.1
0.2

-0.2
-0.1

0
0.1
0.2

(u
 -

 u
 )

 (
N

m
)

1
2

(u
 -

 u
 )

 (
N

m
)

1
3

(u
 -

 u
 )

 (
N

m
)

2
3

Figure 5.40: RMS level of the control signal differences over the 400 second nonzero grouping

with control simulation with corrupted error sensor signals.



143

change in convergence of the control signal difference levels between the uncorrupted and

corrupted grouping case. This behavior is promising for the application of on-line actuator

grouping to practical systems.



Chapter 6

Conclusions

This chapter summarizes the main conclusions of this work and provides a list of recom-

mendations for future research in optimum actuator grouping for feedfoward active control

applications.

6.1 Summary of Conclusions

This work has established that the time domain actuator grouping algorithm is effective

at providing an on-line solution for optimizing actuator groupings on a structure excited

with a broadband disturbance. Other contributions include the development of a grouping

cost function for compensators with multiple coefficients, demonstration of the influence of

the grouping parameters on the local minima of the grouping cost function surface, and

investigation into the effects of error sensor noise on the actuator groupings.

Initial efforts concentrated on the development of a grouping cost function which pro-

vided proper updates for feedforward compensators with multiple coefficients. A time do-

main cost function was developed that incorporates the traditional mean-square error term

and an additional non-quadratic term which penalizes the controller for differences between

the compensator coefficients. The time domain backpropagation neural network algorithm

was shown as the proper procedure to apply weights updates that minimize this cost func-

tion. The time domain update equation for grouping and control was recognized as being

computationally simple.

144
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The main disadvantage of using a stochastic gradient update routine with the multimodal

grouping cost function surface is the chance of converging to local minima. Analysis of the

grouping cost function surface demonstrated the influence of the grouping parameters on the

range of coefficient grouping and existence of local minima. Increasing the function order,

β, decreased the range of coefficient grouping. Whereas, increasing the grouping coefficient,

λ, increased the range of coefficient grouping. The existence of local minima was shown

to depend upon the relative width and height of the weighted derivative of the grouping

penalty term with respect to the derivative of the MSE cost function. Finally, the analysis

also demonstrated that the local minima associated with the grouped solution may exist at

a point of nonzero differences.

Two cases of heavy and light grouping parameters were investigated on an analytical

simply-supported beam excited with time domain bandlimited random noise encompassing

the first three modes of beam vibration. Starting the control system at different initial condi-

tions and comparing the resulting groupings and performance was shown to resolve the local

minima issue. The results for the light and heavy grouping cases were evaluated from two

initial conditions. Starting the grouping algorithm at the optimum filtered-x LMS weights

was called grouping after control and starting the algorithm with small arbitrary values was

called grouping with control. Both the heavy grouping after control and heavy grouping with

control cases achieved the same one channel control system. It was shown that the cost

function for the heavy grouping parameters was a unimodal surface. The performance of the

one channel solution was 1.5 dB lower than the performance of the three channel filtered-

x LMS solution. The ability to select the different levels of grouping was demonstrated with

the light grouping after control results. For this case, the algorithm grouped two actuators,

but allowed the third actuator to exist independently. The performance of the two channel

control system was only 0.6 dB less than the performance of the three channel filtered-x LMS

solution. The light grouping with control solution was a three channel system with small

control signal difference levels. This solution achieves 0.2 dB less performance than the

filtered-x LMS solution. Analysis of the compensator coefficients for the light grouping with

control case showed that it is a grouped solution at a point of nonzero differences. In all four

cases investigated, the convergence times of the grouping algorithm were within the same

order as for the filtered-x LMS algorithm.

The final investigation undertaken was to determine if additional noise on the error signals

altered the convergence of the actuator grouping algorithm. The four grouping cases were
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re-evaluated with uncorrelated noise added to the error response signals. The results showed

that error sensor noise has little effect on the grouping convergence.

6.2 Recommendations

On-line actuator grouping has been presented in this work as a method to augment the

performance of a feedforward active control system. Several suggested areas of future work

are listed below.

• In section 3.3, demonstration of the influence of the grouping parameters on local

minima was accomplished by analyzing cuts of grouping cost function surface. While

this approach is valid for the conclusions drawn, more understanding and insight may

be gained from the derivation of the gradient of the grouping cost function with respect

to the compensator coefficients. Knowing the analytical gradient would also allow

direct calculation of the minima and optimum compensator weights.

• The stochastic gradient optimization technique utilized in this work, while proven

robust, is susceptible to local minima. Further investigation of optimization techniques

would certainly uncover new methods and strategies which might be less susceptible

to local minima, and possibly as computationally simple.

• The 1-D simply-supported beam is a simplified system. It was utilized in this work to

demonstrate the on-line optimization of actuator groupings. The application and in-

vestigation of the grouping cost function toward more realistic active control situations

is suggested.

• Finally, the results presented in chapter 5 demonstrated that the two channel light

grouping solution performed better than the two channel forced grouping solution. The

relative tradeoffs in control system performance between ungrouped, forced grouping,

optimum grouping, and hardwired grouping systems should be further investigated.
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Appendix A

Effort Penalty Cost Function

The alternate cost function that includes both mean-square error terms and a penalty

term proportional to the squared actuator effort is given in this appendix. In section 1.4,

it was stated that such a cost function provides a balance between reducing radiated noise

and incurring too high a control effort. The effort penalty restricts the controller from

overdriving the actuators with a large control signal to achieve a small amount of additional

error reduction. The cost function is presented here because the effort penalty term is utilized

in chapter 5 to ensure reasonable control signal levels on the 1-D simply-supported beam

demonstration platform. It is also shown here the effort penalty term is quadratic with

respect to the compensator weights.

If Gc is assumed to be time-invariant, the effort penalty cost function can be written as

Je = E{eTe}+ βeG
T
c Gc, (A.1)

where the term βe is the effort penalty weighting. The effort weighting, βe, is a user defined

constant and governs the balance between reducing the mean-square error and actuator effort

[32]. Increasing βe places more emphasis on limiting the control signal levels and decreasing

βe places more emphasis on reducing mean-square error.

Following the theoretical developments in section 2.1, equation (A.1) can be expanded as

Je = E{eTe} = E{dTd}+ 2GT
c E{RTd}+ GT

c

[
E{RTR}+ βeI

]
Gc. (A.2)

The matrix
[
E{RTR}+ βeI

]
is equal to the second derivative of Je with respect to the

compensator weights. Assuming that L ≥ M , this matrix will be positive definite and
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the error surface is quadratic for all values of βe. Therefore, unlike the grouping penalty

function, the effort penalty term will not change the quadratic/unimodal nature of the MSE

cost function surface. The only effect of the effort penalty is to increase the curvature of the

cost function surface around the origin [32].

From reference [32], the filtered-x LMS update equation for the effort penalty cost func-

tion is written as

wm,i(n+ 1) = (1− µβe)wm,i(n)− µ
L∑
l=1

el(n)T̂cmel(z)x(n− i), (A.3)

where the terms in equation (A.3) have been defined in section 2.2. In implementation, the

effort penalty reduces the value of the current compensator coefficient by the factor µβe

during each time step. This effectively sets a minimum value of mean-square error that

causes weight convergence. Thus, limiting the ability of the update routine to push the

coefficients to large values to achieve a small amount of additional error reduction.



Appendix B

Far-Field Radiation, Sound Pressure

Level, and Radiation Efficiency of a

Simply-Supported Beam

In this appendix, specific details as to the analytical calculation of the far-field pressure,

total sound pressure level, and radiation efficiency are presented.

B.1 Far-Field Radiation

Expressions for the sound field generated by a harmonically vibrating beam are presented

in chapter 4. Using equation (4.14), the complex far-field pressure at a field point (r, θ, φ) is

determined from the wavenumber transform of the acceleration distribution over the beam,

the wavenumber value, ko, and the properties of the acoustic medium. The wavenumber

transform of the acceleration response of a harmonically excited finite beam is written as

˜̈W z(kz) =
pmax∑
p=1

Ha,p(ω)ψp(xd)ηp(kx)Fd(ω). (B.1)

The continuous acceleration frequency response function, Ha,p(ω), and the characteristic

equation, ψp(xd), are defined in equations (4.9) and (4.2), respectively. The wavenumber

transform of the pth characteristic equation, ηp(kx), is given in equation (4.19). The term

Fd(ω) is the complex amplitude of the disturbance input. The integer value pmax is the
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number of modes included in the representation.

In this work, it is assumed that the disturbance signal is discrete uniform white noise

that has been passed through a set of lowpass and highpass FIR filters to remove all spectral

content below Fmin and above Fmax. The values of Fmin and Fmax were chosen as 25 Hz and

400 Hz, respectively. Figure 5.1 shows the autospectra of the filtered input signal. Each FIR

filter has 301 coefficients to provide the sharp roll-off rate.

The frequency response function (FRF) of a FIR filter is determined by evaluating z

around the unit circle. For a general FIR filter, G(z) = g0+g1z
−1+g2z

−2+. . .+gNFIRz
−NFIR ,

this is written as

G(ω) =
NFIR∑
i=0

gie
−(jωTs)i, (B.2)

where NFIR is the order of the FIR filter and Ts is the sampling period [69]. Since, as stated

above, the disturbance input is filtered white noise, Fd(ω), in equation (B.1), is simply equal

to the multiplication of the FRF of the lowpass filter and the FRF of the highpass filter.

For the control system diagrammed in Fig. 2.1, the complex amplitude of the control

signal input to each piezoelectric actuator, Ucm(ω), is equal to Fd(ω) multiplied by the

frequency response function of the respective compensator. For this study, each neural

network compensator is equivalent to a FIR filter of order Ncomp. Using equations (2.12)

and (B.2), the complex input to actuator m is

Ucm(ω) = Fd(ω)
Ncomp∑
i=0

wm,ie
−(jωTs)i. (B.3)

Therefore, by using equations (B.2) and (B.3) to determine necessary the input signals,

the complex far-field acoustic pressure, Pr(r, θ, φ, ω), can be obtained by evaluating equa-

tion (4.14) and equation (B.1) over the frequency range of interest.

B.2 Sound Pressure Level

Complex far-field acoustic pressure can have a large range of realistic values and is com-

monly reported using a logarithmic scale. The sound pressure level at point (r, θ, φ), in

decibels (dB), is defined as

SPL ≡ 20 log10

(
| Prms |
Po

)
(B.4)
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where Po is the reference sound pressure level, which, for these tests, equals 20 µpascal =

20× 10−6 N/m2, and Prms is equal to Pr(r, θ, φ)/
√

2.

To quantify the total sound pressure level at a particular far-field location over a frequency

range of interest, it is necessary to integrate the pressure spectra. The mean-square pressure

value at point r, averaged over the desired bandwidth, is written as

P̄r(r, θ, φ) = (ωmax − ωmin)−1
∫ ωmax

ωmin
P (r, ω, φ, ω)P ∗r (r, ω, φ, ω) dω. (B.5)

The circular frequency range values are defined by ω = 2πFs and ∗ represents the complex

conjugate. The integral in equation (B.5) can be approximated using the classical Simpson’s

Integral Rule [63]. Then, the total sound pressure level at point r is expressed as

Tspl(r) = 10 log10

(
P̄r(r)

2P 2
o

)
. (B.6)

Using equation (B.6), the performance of the broadband ASAC system can be expressed as a

directivity plot of total sound pressure level versus the far-field sensing location coordinates.

B.3 Radiation Efficiency of a Simply-Supported Beam

The radiation efficiency of a simply-supported beam is theoretically determined from

the total acoustic power radiated into the far-field. Its value is defined as the ratio of the

radiated acoustic power from one side of the baffled beam to the mean-square structural

velocity averaged over the beam surface. From Wallace [77], the radiation efficiency for the

pth mode of a simply-supported beam is given by

Sp =
32k2

oLyLx
p2π4

∫ π/2

0

∫ π/2

0


cos
sin

(
α
2

)
sin

(
τ
2

)
[
1−

(
α
pπ

)2
]
τ


2

sin θ dθdφ (B.7)

where α = koLx sin θ cosφ and τ = koLy sin θ sinφ. The angles (θ, φ) are defined in Fig. 4.1.

The cosine function is used when the integer p is odd and the sine function is used when p

is even. The double integral in equation (B.7) can be evaluated using a Gauss quadrature

rule. Such routines are provided in the standard IMSL Library [80].



Appendix C

Filtered-X Reference Signal Models

To form a measure of the instantaneous gradient for the filtered-x LMS and backpropa-

gation algorithms, the reference signal must be filtered through models of the control-error

response path. In this work, the MATLAB function invfreqz.m is used to create the IIR fil-

ters that estimate this path [78, 79]. The numerator B and denominator A of each T̂cmel(z)

model for this work are given here.

Table C.1 shows the order of the numerator and denominator of each filter representing

the response path from actuator cm to error sensor el. The coefficients of the numerator of

each filter are given in Table C.2. Each numerator is shown as a vector of length NB, whose

elements are the coefficients of the filter. The coefficients of the denominator of each filter

are given in Table C.3, where the length of each vector is NA. Using Table C.1 through

Table C.3, the standard difference equation for each filter can be written as

Acmel(1)Rcmel(n) = Bcmel(1)x(n) +Bcmel(2)x(n− 1) + . . .+Bcmel(NB + 1)x(n−NB)

− Acmel(2)Rcmel(n− 1) + . . .+Acmel(NA + 1)Rcmel(n−NA) (C.1)

where x(n) is the reference signal and Rcmel(n) is the filtered-x reference signal.

In section 5.3, actuator 1 and 2 are forced together by rewiring the control system.

The filtered-x LMS algorithm is then rerun to determine the performance of this baseline

grouping case. To properly update the control system with one compensator for two actua-

tors, it is necessary to obtain a new set of filtered-x reference signal models.
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Table C.1: Order of the numerator B(z) and denominator A(z) of each T̂cmel(z) model from

invfreqz.m.

Model NB NA

T̂c1e1 10 8

T̂c1e2 10 8

T̂c1e3 6 6

T̂c1e4 10 8

T̂c1e5 10 8

T̂c2e1 6 6

T̂c2e2 6 6

T̂c2e3 6 6

T̂c2e4 6 6

T̂c2e5 6 6

T̂c3e1 8 8

T̂c3e2 9 8

T̂c3e3 6 6

T̂c3e4 8 8

T̂c3e5 8 8
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Table C.2: Coefficients of the numerator B of each T̂cmel(z) model from invfreqz.m.

Model Numerator, B(z)

Bc1e1 [−1.2, 8.5,−27.2, 53.1,−69.6, 63.4,−40.1, 17.0,−4.7, 0.8,−0.1]

Bc1e2 [−1.2, 8.1,−25.8, 50.7,−67.9, 64.1,−42.5, 19.3,−5.8, 1.1,−0.1]

Bc1e3 [−1.2, 5.1,−10.0, 12.1,−9.9, 5.0,−1.1]

Bc1e4 [−0.1, 0.1, 2.8,−11.4, 23.0,−28.9, 24.2,−13.6, 4.7,−0.8, 0.1]

Bc1e5 [0.1,−1.6, 7.6,−19.2, 30.0,−30.4, 19.7,−7.0, 0.2, 0.8,−0.2]

Bc2e1 [−0.6, 3.3,−8.0, 10.5,−7.8, 3.1,−0.5]

Bc2e2 [−1.1, 6.1,−15.0, 19.6,−14.6, 5.8,−1.0]

Bc2e3 [−1.3, 7.2,−17.8, 23.6,−17.7, 7.2,−1.2]

Bc2e4 [−1.1, 6.1,−15.0, 19.6,−14.6, 5.8,−1.0]

Bc2e5 [−0.6, 3.3,−8.0, 10.5,−7.8, 3.1,−0.5]

Bc3e1 [0.4,−2.7, 7.7,−12.5, 12.5,−7.7, 2.5,−0.2,−0.1]

Bc3e2 [0.6,−4.6, 14.7,−27.5, 32.9,−32.9,−25.8, 12.8,−3.7, 0.5]

Bc3e3 [1.9,−10.9, 26.0,−34.0, 25.9,−10.9, 1.9]

Bc3e4 [1.7,−12.4, 41.3,−79.7, 98.1,−79.2, 40.9,−12.4, 1.7]

Bc3e5 [1.2,−8.8, 29.8,−58.1, 72.4,−59.2, 31.1,−9.6, 1.3]
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Table C.3: Coefficients of the denominator A of each T̂cmel(z) model from invfreqz.m.

Model Denominator, A(z)

Ac1e1 [1.0,−5.0, 12.1,−19.1, 22.0,−19.0, 12.0,−4.9, 1.0]

Ac1e2 [1.0,−4.9, 11.4,−17.4, 19.8,−17.3, 11.2,−4.8, 1.0]

Ac1e3 [1.0,−2.0, 1.6,−1.1, 1.5,−1.9, 0.9]

Ac1e4 [1.0,−5.1, 12.2,−18.8, 20.8,−17.1, 10.4,−4.1, 0.8]

Ac1e5 [1.0,−5.1, 12.5,−19.6, 21.9,−18.1, 10.9,−4.3, 0.8]

Ac2e1 [1.0,−2.8, 3.1,−1.6, 0.1, 0.1, 0.1]

Ac2e2 [1.0,−2.2, 1.3, 0.7,−1.2, 0.2, 0.3]

Ac2e3 [1.0,−2.0, 1.0, 0.9,−1.2, 0.1, 0.3]

Ac2e4 [1.0,−2.2, 1.3, 0.7,−1.2, 0.2, 0.3]

Ac2e5 [1.0,−2.8, 3.1,−1.6, 0.1, 0.1, 0.1]

Ac3e1 [1.0,−5.4, 13.5,−21.0, 22.5,−17.2, 9.3,−3.3, 0.6]

Ac3e2 [1.0,−5.1, 11.7,−16.3, 15.2,−10.1, 5.0,−1.8, 0.3]

Ac3e3 [1.0,−1.9, 0.5, 1.6,−1.8, 0.3, 0.3]

Ac3e4 [1.0,−3.7, 5.6,−4.4, 3.1,−4.4, 5.5,−3.6, 1.0]

Ac3e5 [1.0,−4.4, 8.9,−11.9, 12.7,−11.9, 8.8,−4.3, 1.0]
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Table C.4: Order of the numerator B(z) and denominator A(z) of each forced grouping

T̂c1,2el(z) model from invfreqz.m.

Model NB NA

T̂c1,2e1 10 8

T̂c1,2e2 10 8

T̂c1,2e3 10 8

T̂c1,2e4 10 8

T̂c1,2e5 10 8

Table C.4 shows the order of the numerator and denominator of each filter representing

the response path from actuators 1 and 2 to the respective error sensors. The coefficients of

the numerator of each forced grouping model are given in Table C.5 and the coefficients of

the denominator of each forced grouping model are given in Table C.6. Again, equation (C.1)

is used to determine the filtered-x reference signal from each filter.
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Table C.5: Coefficients of the numerator B of each forced grouping T̂c1,2el(z) model from

invfreqz.m.

Model Numerator, B(z)

Bc1,2e1 [−0.5, 3.7,−11.7, 22.0,−27.0, 21.0,−9.0, 0.5, 1.4,−0.6, 0.1]

Bc1,2e2 [−0.5, 3.5,−11.2, 22.4,−30.8, 29.4,−19.0, 7.5,−1.6, 0.1,−0.1]

Bc1,2e3 [−0.5, 1.3,−0.7,−0.7, 0.6, 0.3,−0.3,−0.1, 0.1, 0.1,−0.0]

Bc1,2e4 [0.1,−1.3, 7.0,−18.1, 28.7,−30.4, 22.3,−11.2, 3.6,−0.6, 0.1]

Bc1,2e5 [0.1,−1.5, 6.4,−14.3, 18.5,−14.0, 4.6, 2.0,−3.0, 1.4, 0.3]

Table C.6: Coefficients of the denominator A) of each forced grouping T̂c1,2el(z) model from

invfreqz.m.

Model Denominator, A(z)

Ac1,2e1 [1.0,−5.0, 11.9,−18.6, 21.1,−18.1, 11.4,−4.7, 0.9]

Ac1,2e2 [1.0,−5.0, 11.9,−18.6, 21.2,−18.3, 11.5,−4.8, 0.9]

Ac1,2e3 [1.0,−2.1, 0.8, 1.3,−1.4,−0.1, 0.3, 0.3,−0.2]

Ac1,2e4 [1.0,−5.0, 11.9,−18.6, 21.2,−18.3, 11.5,−4.8, 0.9]

Ac1,2e5 [1.0,−5.0, 12.1,−18.9, 21.4,−18.2, 11.3,−4.6, 0.9]
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