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Chapter 6

Estimation of Confidence Intervals for

Nodal Maximum Power Consumption per Customer

The aim of this chapter is to calculate confidence intervals for the maximum power
consumption per customer where it is not measured. The motivation behind this computation is to
size with more accuracy, distribution transformers. Indeed, losses by hysteresis and by eddy
currents being proportional to the volume of the magnetic circuit, it would be interesting to
reduce the transformers size. But, distribution transformers must also be kept from being
damaged due to overloading by approximately chose their size.

 In planning, the largest consumption value must be considered to keep transformers out
of damages. In order to find this value, the basic sample used for the estimation as well as the
estimator must be chosen correctly. First, the data sample will consist of values of maximum
power consumption per customer recorded for the given period. Second, the maximum likelihood
estimator will represent the load distribution in this study. The way to create the basic sample was
explained in Chapter 3. The maximum likelihood will be calculated for each resample by picking
up the largest value in this resample. From the relative frequency distribution of these values, the
confidence interval will be inferred by using the percentile method explained in Chapter 4.

An important question arises here: is it possible to apply the nonparametric bootstrap
method presented in the previous chapter. The answer is negative. As it will be explicated in the
next paragraph, the results obtained by using this method may provide inaccurate answers.
Another method had to be found to calculate confidence intervals for maximum power
consumption per customer. This method is the parametric bootstrap. It will be explained why it is
a reliable method to infer results in this case. This method will be used through three examples to
calculate the 95% confidence intervals for maximum power consumption per customer, for a
given node and a given month.
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6.1-Nonparametric Bootstrap Failure

Let us suppose that we have a data sample { 1 2x x xn, ,..., } drawn from a uniform
distribution (0,1). A sample of size n = 50 is created by means of S-PLUS. The maximum
likelihood estimate is the largest sample value and the estimator in which we are interested with. It
is equal for the sample to 0.9824393. The left panel of Figure 6.1 shows an histogram of 2000
bootstrap replications of the estimator calculated on resamples obtained by sampling with
replacement from the data. The right panel shows 2000 parametric bootstrap replications obtained
by sampling from the uniform distribution on (0, 0.9824393). It is evident that the left histogram
is a poor approximation to the right histogram. What goes wrong with the nonparametric
bootstrap in this case? The difficulty occurs because the empirical distribution function is not a
good estimate of the true distribution in the extreme tail. Either parametric knowledge of the
distribution is needed to rectify matters. The parametric bootstrap method discussed in the next
paragraph can be adopted in order to solve this problem.

Fig 6.1 An Example of Nonparametric Bootstrap Failure
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6.2-The Parametric Bootstrap

As substitute for the empirical distribution used in the nonparametric bootstrap method
(see Step 1, Paragraph 4.2), we estimate a given parametric density function for the basic sample.
Then, instead of sampling with replacement from the basic data sample, B samples of size n are
drawn from this density function. After generating the bootstrap resamples, Steps 3, 4, 5 of the
nonparametric bootstrap algorithm of Section 4.2 are strictly followed.

The difficulty here is to estimate the parametric distribution which comes closest to the
empirical distribution. A measure of closeness or distance between distributions is needed to solve
this problem. An often used measure of closeness is Kullback-Leibler’s measure. This measure is
sometimes called entropy and can be defined in the following way. Let ƒ be a parametric density
and G a distribution function. If G is descrete, set

K-L (ƒ, G) = ln(i∑ ƒ( ix )) * g( ix ) (3)

where G has jumps of size g( ix ) at ix . When ƒ and g are of the same type one can show that, for

G and g fixed, the measure is maximized when ƒ = g. In this particular study, G is the empirical
probability distribution Ω and the formula can be written as

K-L ( ƒ, Ω) = ln∑ ƒ( ix ) * (1/ n) (4)

since Ω has jumps of size (1/ n) at each observation (see Section 4.2).

This method are now going to be applied in our specific problem. First, a basic sample is
created as explained in Chapter 3, for a given node and a given month. Second, the empirical
distribution will be compared to classic parametric distributions by using the Kullback-Leibler’s
criteria in order to find the closest distribution to Ω. The tested parametric distributions are the
beta distribution (a, b), the lognormal distribution (µ, σ) and the chi-square distribution (k). For
each distribution, parameters have to be estimated. These parameters are related to the mean and
the variance of the basic sample ( ix ) by the following formulas

Beta distribution MEAN =  
a

a b+
 (5)

VAR = 
a b

a b a b

*

( ) * ( )+ + +1 2 (6)
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Lognormal Distribution MEAN = exp µ σ+
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Chi-square distribution  k = MEAN (16)
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Now that the parametric distributions are estimated, it is possible to compare each one
with the sample distribution by using the Kullback Leibler’s measure. The criterion (4) is applied
for the three forementioned distributions ƒ. The parametric distribution that is chosen is the one
that maximizes this criterion. Once the closest parametric distribution is chosen, two thousand
resamples of size n will be drawn from this distribution estimate. For each one, the largest value
will be isolated. From the relative frequency histogram of these two thousand values, the 95%
confidence interval for the maximum power consumption per customer will be inferred by using
the percentile method.

REMARK: other measures could be used to determine the closest parametric distribution to the
sample’s distribution. One of them is the ‘least square method’. It is a measure of closeness. The
basic idea of this method is to calculate the percentiles for both the sample and the parametric
distribution considered. The measure is then defined by

2

1

100
( ), ,sample i distribution iPercentile Percentile

i
−∑

=
(17)

This calculation is carried out for each of the three forementioned parametric distributions. The
distribution that is chosen is the one that minimizes the criterion (17).

6.3-Examples

Three examples are now presented to illustrate the confidence intervals estimation for the
nodal maximum power consumption per customer. The Examples 1 and 2 will use the basic
samples created in Paragraph 3.3.2 Chapter 3.

Example 1

The next calculation will be carried out for a node made up of two hundred customers
(HR=120, NHR=80, CL=0) and for the month of April. A program presented in Appendix G
allows us to find the lower and upper bounds of the basic sample. First,  these values will be used
to normalize the data sample. Second, the parameters for the three parametric distributions will be
calculated. The following results are obtained

SAMPLmin = 144.0 // Lower bound of the basic sample
 SAMPLmax = 27468.0 // Upper bound of the basic sample

MEAN = 2.937037E-01 // Sample’s mean
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VAR = 2.457966E-02 // Sample’s variance
 

BETA DISTRIBUTION a = 2.185030
 b = 5.254543

LOGNORMAL DISTRIBUTION µ = -1.350541
σ = 5.007133E-01

CHI-SQUARE DISTRIBUTION k = 2.937037E-01

Now that the three parametric distributions are estimated, it is possible to compare them
with the distribution sample in order to define the one which comes the closest. The comparison is
carried out by using the Kullback-Leibler’s measure. The program KULLBACK, implemented in
the S-PLUS environment and proposed in Appendix H, calculates the value of K-L (ƒ, Ω) for a
given parametric density ƒ. The following results are obtained

KULLBACK(spbeta) = 0.9023601
KULLBACK(splogn) = 0.2584897
KULLBACK(spchisq) = 0.0892506

where spbeta, splogn and spchisq are vectors made up of the ƒ( ix ) values for the beta, lognormal
and chi-square distributions. The parametric distribution that is chosen is the one that maximizes
the criterion (4). From the results above, the beta distribution is chosen as substitute for the
empirical distribution. The second part of the program proposed in Appendix H creates first 2000
samples of size 200 from the parametic distribution. The largest sample value is then isolated for
each one. From these 2000 values of maximum likelihood, the relative frequency histogram is
inferred. Finally the 95% confidence interval is calculated. The relative frequency histogram is
displayed in Figure 6.2. The 95% confidence interval for the maximum power consumption per
customer, for the month of April and the given node, is equal to [ 18261.88 ;  23943.37 ].

Example 2

In this second example, the method used to calculate confidence intervals is the same but
the conditions chosen are different. The node consists of 280 customers (N1 = 120, N2 = 120, N3
= 40) in this case. The sample was created for the month of April. The parameters for the 3
parametric distributions were calculated, yielding

SAMPLmin = 144.0
 SAMPLmax = 202032.0
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 MEAN = 5.704465E-02
 VAR = 1.131188E-02
 
 BETA DISTRIBUTION a = 2.142157E-01
 b = 3.541012
 
 LOGNORMAL DISTRIBUTION mu = -3.613308
 sigma = 1.224244

 CHI-SQUARE DISTRIBUTION k = 5.704465E-02

The Kullback-Leibler’s results are KULLBACK(spbeta) = 1.067773
KULLBACK(splogn) = 1.984796
KULLBACK(spchisq) = 0.0315118

The lognormal distribution maximizes the criterion (4) in that case. It is chosen as substitute for
the empirical distribution. The relative frequency histogram is displayed in Figure 6.3.

Fig 6.2 Relative Frequency Distribution of the Maximum Likelihood for Example 1



41

Fig 6.3 Relative Frequency Distribution of the Maximum Likelihood for Example 2

From the little program presented in Appendix H, the relative frequency distribution of the
maximum likelihood estimator was computed. The 95% confidence interval for the nodal
maximum power consumption per customer for the Example 2 is equal to [ 82289.1 ;  435488.7].

Example 3

In this last example, the node consists of one hundred customers (HR=60, NHR=35,
CL=5). The calculation is still carried out for the month of  April. The main results are

 BETA DISTRIBUTION: a = 5.079613E-01
b = 4.830466

 LOGNORMAL DISTRIBUTION: mu = -2.810486
sigma = 9.572926E-01
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KULLBACK(spbeta) = 1.181452
KULLBACK(splogn) = 1.476962
KULLBACK(spchisq) = 0.0525156

 
The lognormal distribution is chosen as substitute for the empirical distribution. The 95%

confidence interval obtained is equal to [ 37258.83 ;  184154.6 ].

Fig 6.4 Relative Frequency Distribution of the Maximum Likelihood for Example 3

6.4-Conclusion

Three different examples were presented in the previous paragraph. As shown in the
figures above, the parametric bootstrap distributions for the maximum likelihood are very
different from one case to another one. In the first example, the parametric distribution chosen to
represent the basic sample distribution is the beta distribution. The sampling distribution shape is
quite symmetrical with a small confidence interval. In the Examples 2 and 3, the parametric
distribution which comes the closest to the empirical distribution is the lognormal distribution.
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The sampling distribution in the two cases is skewed to the left and the confidence intervals have
a very large range.

In fact, the result of each study is closely related to the composition of the load. In the first
example, the load only consists of customers from the Heat Residential and Non Heat Residential
classes. In the second and third example, customers lying in the Commercial Load class were
added. In the second example, this number is more important than in the third one. Now, let us
recall two important things about the typical values of maximum power consumption. First, they
are much larger for the customers from the CL class than for the customers from the Heat
Residential or Non Heat Residential class. Second, these values are quite similar for the customers
from the Heat Residential and Non Heat Residential classes. Thus, when the load consists of
customers from the three classes, the distribution of the basic sample is very asymmetric with a
long tail due to the customers from the CL class . The distribution is then close to a lognormal
distribution. The maximum likelihood estimates, inferred from the parametric bootstrap study
spread over a large range. Consequently, the 95% confidence interval is very large. It is the case
in the second and third examples. If the load only consists of customers from the HR and NHR
classes, the distribution of the basic sample is more symmetrical with data more gathered around a
central value. The beta distribution is in general the closest one to the empirical distribution in that
case. The two thousand values of maximum likelihood inferred from the parametric bootstrap
study are then more gathered. The resulting confidence interval has a range much smaller than in
the previous case. This situation is illustrated in Example 1 presented in the last chapter.


