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Chapter  1

Introduction

Improvements in computer performance have traditionally been the result of

higher clock speed, pipelining, cache memories, multiple execution units, hardwired

control units, and RISC. With the appearance of re-configurable devices such as field

programmable gate arrays (FPGAs), a new means for increasing computer performance

has become possible. Systems using these re-configurable devices, such as configurable

computing machines, need compilers to configure their hardware resources into

architectures specialized for the tasks to be executed on them. There is a need for

building compilers that can handle a wide variety of input tasks and at the same time

make use of the available hardware resources in the most efficient manner possible.

High-quality partitioning is necessary to achieve acceptable utilization of the re-

configurable resources [20]. The goal of this thesis is to look at the partitioning problem

for configurable computers (that use re-configurable devices such as FPGAs) and present

algorithms to solve three variants of the partitioning problem specific to configurable

computing machines.

1.1 Motivation

By using architectures that are optimized for a specific task, application specific

computers can provide significant performance improvements over general-purpose

computers. Custom computing machines (CCMs) utilize re-configurable devices such as

field programmable gate arrays (FPGAs) to adapt to new tasks. By programming the re-

configurable resources, CCMs make application specific computers more feasible. Often

CCMs are implemented with static RAM based FPGAs and an inter-connection resource

for a multiple FPGA network. For example, Splash-2 [35] is a CCM containing sixteen

processing elements (PE), each of which contains a Xilinx XC4010 FPGA [33] and an
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SRAM. Each PE is connected to its neighboring PEs and a central crossbar. The crossbar

is configurable and has the capability of allowing any PE to communicate with any other

PE. A CCM may also have a general purpose CPU and perhaps a specialized chip such as

a Digital Signal Processor (DSP). The primary benefit of the re-configurable devices such

as FPGAs is that the resulting hardware is neither rigid nor permanent, and the hardware

is programmable. An alternative to CCMs is Application Specific Integrated Circuits

(ASIC) which are designed for each specific application. An ASIC implementation can

be somewhat faster than the corresponding CCM implementation; however, each ASIC

implementation requires the fabrication of new hardware. A CCM is built with

commercial off-the-shelf (COTS) parts and can be shared by many applications. The

current generation requires only tens of milliseconds to re-configure for a new application

specific computation [33]. Configurable computers based on FPGAs are capable of

accelerating suitable applications by a factor of 10 to 1000 [14, 16, 17] when compared to

traditional processor-based architectures. Further, the use of a conventional RISC

processor with a re-configurable processing element could prove to be more cost-

effective than existing CCMs that have five times as many FPGAs [18] [19].

Examples for contemporary CCMs are the Tower of Power [37] and the SLAAC

project [38]. The structures of these CCMs in general will have heterogeneous and

distributed configurable computing architectures for use in multiple applications. The

general structure of such a CCM is shown in Figure 1.1.

Figure 1.1. General structure of a contemporary CCM.
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Each unit of the CCM in Figure 1.1 contains multiple processing elements (re-

configurable devices, general-purpose CPUs, or special-purpose DSPs in conjunction

with a host PC. There may be several such units connected to each other via a network.

The communication costs between the host PC and the embedded PEs are typically lower

than the communication costs between PEs of different units.

Applications developed on CCMs include RSA cryptography, molecular biology,

video compression, and image classification [17] [34]. There is a need for highly efficient

and optimizing compilers to take advantage of the features of re-programmable hardware

to produce high performance scalar and parallel architectures.  New and complex

intermediate program representations and performance models are needed to identify

when an optimizing transformation is legal and profitable [32]. To capture the complexity

of the target system and to make the right tradeoff decisions, compiler optimization

problems have to be solved using different program models and a very efficient algorithm

[32]. The resulting compiler optimization problems are most likely NP-complete [23].

The design of algorithms, tools, and software to compute efficient realizations of

application programs on CCMs is the goal [17] [20]. This also includes the goal to

automatically partition the modules across the CCM and then intelligently multiplex the

communication links to optimize the throughput and/or total execution time. At the same

time the modules to be executed have to fit onto the limited programmable hardware

resources.

1.2 The problem

In this thesis we address the problem of partitioning the modules onto a

configurable computing system. The problem of optimally assigning the modules of a

parallel program over the processing elements (PE) of a configurable computing system

is addressed. In particular the following problems are solved using a polynomial time

algorithm under certain constraints:

a) The problem of partitioning chain-structured parallel and/or pipelined programs across

chain-structured PEs is solved under area and pin constraints.
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b) The problem of partitioning chain-structured parallel and/or pipelined programs across

a limited number of processing units of a CCM whose units are connected in any pattern

is solved under area, pin, and power constraints. The optimization criteria in these cases

are minimizing execution times and communication times between the communicating

modules. Emphasis is placed on imposing constraints, such as the area occupied by the

partitioned modules, the pin limitation of the individual computing units, and the  power

dissipation of these modules.

c) The problem of partitioning a parallel and/or pipelined program containing a single

fork to be mapped onto a CCM whose units are connected in a chain-like fashion is also

solved under the constraints as mentioned for the previous case. Specifically, the module

graph of the program having a single branch assumes the shape of an inverted Y.

1.3 The approach

These results extend prior research in the area of distributed computing as regards

to the algorithms and solution methods employed. They also permit the efficient

utilization of re-configurable devices for a wide range of problems of practical interest.

The main idea employed in solving these problems comes from Bokhari’s solution

for partitioning problems in parallel, pipelined, and distributed computing [1]. Unless

otherwise stated, all references to Bokhari refer to [1]. A sum bottleneck path algorithm is

developed that permits the efficient solution of many variants of this problem under some

constraints on the structure of partitions for all three cases mentioned in Section 1.3. The

algorithms used for all three cases are based on the same approach.

1.4 Thesis organization

The thesis is organized as follows. Problem formulation, prior research in

partitioning in the case of FPGAs, and background for the research is described in

Chapter 2. This chapter also contains a description and illustration of Bokhari’s algorithm

for solving the chain-structured programs partitioned over processing elements connected
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in a chain-like fashion.  Chapter 3 contains a description of the adaptation of Bokhari’s

algorithm to the case of a chain of processing units, which are part of the configurable

computing machines. Chapters 4 and 5 contain descriptions of the new algorithms

developed for the partitioning problems for CCMs. The algorithm presented in Chapter 4

is used to solve the second problem in Section 1.2. Chapter 5 contains a description of the

algorithm for the third problem in Section 1.2. Chapter 6 contains the results for all three

algorithms. This chapter also has a description of the testing done for verification of the

algorithms that were implemented. The results are obtained for a specific structure of a

CCM shown in Figure 1.1. Chapter 7 contains the conclusions on partitioning in the case

of CCMs and on the algorithms presented in this thesis in particular. Suggestions for

further improvement in the methods for partitioning in the case of CCMs are also

presented.
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Chapter  2

Background

This chapter contains a description of the definitions and terms used in this thesis,

followed by partitioning methods currently used for re-configurable devices. The

partitioning problem in distributed computing is presented. This is followed by a review

of some of the important methods and algorithms for partitioning in the case of

distributed computing systems. Next, the chapter describes in detail Bokhari’s method for

partitioning problems in parallel, pipelined, and distributed computing.. Finally, the

chapter describes why Bokhari’s method has been chosen as the basis for the algorithms

presented in Chapters 4 and 5.

2.1 Definitions, terms, and model used in the thesis

A formal definition of the terms used in this thesis and the graph modeling of the

problem are included in this section. The implementation of an application such as image

and signal processing on a distributed or configurable computer involves partitioning.

These applications are represented as a set of modules, based on their functionality. Each

of these modules has moderate to large granularity. The relationship between these

modules is given by the module graph. The number of modules and the number of

processing elements (PE) are given by m and n respectively. All problems that are dealt

with in this thesis, except the problem in Chapter 5, consist of a chain of modules. Hence,

the model presented will be for a chain of modules. In Chapter 5 of the thesis, the model

will be modified to reflect the change in the module inter-connection pattern.
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Definitions:

Module: Module is a term used to represent the individual smaller components (hardware

or software) of an application with some known granularity. A module graph can be

represented by a directed graph Gm = (V, E), showing precedence relations. The set of

vertices V, each of which represents a single module, is given by V = {v1, v2, v3... vi... vm},

where m is the total number of modules. The set of edges E⊆ V × V represents the inter-

module communication [5].

For example, typical processing steps in a communication system consist of a

Fourier transform, frequency multiplication, and a band-pass filter in a pipelined fashion.

Each step can be viewed as a module. The module graph is connected in series. Another

example consists of modules of smaller granularity connected in a precedence relation as

shown in Figure 2.1. 
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Figure 2.1. A module graph.
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The weights on the nodes of Gm given by Te = {te1, te2, te3... tei... tem} represent the

individual execution times of the modules on a reference processor. The weights on the

edges of Gm given by D = {d1,2, d2,3, d3,4... di-1,i... dm-1,m} represent the amount of data

transferred between the modules; for example,  di-1,i represents the amount of data

transferred between modules vi-1 and vi. For the module graph of Figure 2.1, d1,2=4,

d2,3=2, te1=3, te2=2, and te3=3.

Processing Element (PE): The individual computing units of the CCM such as an FPGA,

a CPU, or a DSP are referred to as processing elements. Similar to the module graph, the

PEs can be represented by a PE graph Gp=(W,F). The vertices of this PE graph are given

by W={w1,w2...wi...wn}. W is a set of vertices each of which represents a single PE, and n

represents the total number of PEs. F ⊆ V × V is a set of edges representing the

communication links between PEs. For example, Figure 2.2 represents a PE graph Gp,

with four PEs connected with links. The weights on the links represent the cost of inter-

PE communication. These are denoted as C ={c1,2, c2,3....ci-1,i...cn-1,n}. For the PE graph of

Figure 2.2, c1,2=5, c1,3=1, c3,4=3, c1,4=3, and c2,4=6.

The weights on the nodes represent the scaling factor to be applied to the

execution times for any module being executed on that PE. The scaling factor represents

1 2

3 4

Figure 2.2. Four PEs connected by links.
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the factor by which this PE’s execution rate differs from the reference PE. These are

given by SF={sf1, sf2...sfi...sfn}.

Partitioning: The process of decomposition of an application into smaller modules and

grouping them in such a way so that they can be mapped onto individual PEs while

satisfying the constraints and meeting objective functions is called partitioning. If n

denotes the number of partitions, then partitioning divides V into n disjoint sets of vertices

such that [5]

i

n

=1

�
  Vi   = V n.                                                        (2.1)

Trail: A trail is a sequence of vertices and alternating edges in the graph G such that each

pair of adjacent vertices in the sequence are adjacent in the graph G and all edges in the

trail are unique [36].

Modeling the problem as a graph:

The partitioning problem is to group all vi into n sets and assign each grouping to

one of the n PEs so as to minimize the computation's completion time. The model of

inter-connection for the PEs will be different for the three different cases considered in

the thesis and will be stated in later chapters. The problem becomes nontrivial when the

modules are allowed to have individual execution times and require an explicit

communication cost for partitioning communicating modules that communicate different

different PEs. A PE's time during the computation is spent executing modules,

communicating results, or waiting for results so that it can continue. Under any

partitioning there will be at least one "bottleneck" PE that limits the computational rate.

We seek the partitioning that maximizes the throughput obtained from the PEs. The other

objective is to minimize the total execution time of all the modules. The weight of the

nodes, which is based on the execution and communication times of the modules in the

assignment graph, is calculated as follows for the case of the FPGA, CPU, or DSP. The

execution of vi needs data from the modules which immediately precede it in the module

graph Gm. In the case of the graph Gm that is a chain, execution of vi requires data only
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from vi-1. Let wk denote some PE and if vi, vi+1…vj are the modules residing on wk, then

the notation <( i, j), k>  represents the modules vi through vj residing on PE wk. The time

cost of   <(i, j), k>  is Si, j, k. If wk is a CPU or if the time cost represents the total execution

time for an FPGA,

Si, j, k =  (∑ =

j

il
  tlk ).                                                (2.2)

Otherwise, if wk is an FPGA for calculation of throughput,

Si, j, k =  ( max
j

il =
  tlk),                                                (2.3)

where, tlk is the time to execute vl on wk and,

                                       tlk = tel × sfk.                        (2.4)

The communication costs for the same <(i, j), k>  are

                       Ci,j,k =di-1, i × ck-1,k,                                                (2.5)

where di-1, i represents the amount of data exchanged between modules vi-1 and vi, and, ck-

1,k represents the cost of the communication link between PEs wk-1 and wk. The term given

by Ci,j,k represents the time taken for communication between modules vI-1 and vI  residing

on PEs wk-1 and wk respectively. Total cost Ti,j,k which includes both execution and

communication cost is

max( Si,j,k , Ci,j,k), for throughput, and                                 (2.6)

                                                Si,j,k + Ci,j,k   for total execution time                               (2.7)

If the assignment is such that <(1,j1),1> , <(i2,j2),2> ... <(in,m),n> , then for some

k, Ti,j,k is largest in this assignment. This is defined as the bottleneck Tb, where

Tb= max( Ti1,j1,1 , Ti2,j2,2  ,…….., Tin,jn,n).                                     (2.8)
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The throughput, which is the rate of receiving the output from the PEs, is determined by

Tb, where

Throughput =  1/ Tb.                                                     (2.9)

The total execution time, the sum of execution times of all modules is

Total execution time =  Ti1,j1,1 + Ti2,j2,2 + ,…….., + Tin,jn,n.                    (2.10)

The area of module vi is denoted by ai. The maximum area allowable on wk is

denoted by Sizek. The important difference between partitioning for only CPUs and

partitioning for PEs that may be CPUs, FPGAs, and DSPs is the requirement of the

imposition of constraints on area, pin, and power as well as the concurrent nature of the

FPGAs.  The total area is the sum of the areas of the modules i through j residing on

processor k. If this area exceeds the area supported by the processor, then that assignment

cannot be made in the assignment graph. In the case of FPGAs the area constraint is

imposed as

Area (i,j)  ≤   Sizek,                                                 (2.11)

 for some PE k, where

Area (i,j) =    ∑ =

j

il
 al.                                    (2.12)

A terminal count or total number of input/output pins is

           Count (i, j).                                                       (2.13)

The maximum number of terminals that a PE can have is denoted as Ti. Pin

constraint is applied by

Count (i, j) ≤ T k.                                                   (2.14)
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The power constraint is similar to area constraint in that the sum of the power

consumption of the modules should not exceed a value on that processor. The power

constraint is applied as

∑ =

j

il
pl  ≤  Pk,                                  (2.15)

where  pl  is power consumed by vI  and Pk is the power limitation of PE wk. The

constraints and objective functions for the partitioning problems considered in this thesis

are listed next:

Objective functions:

1. Throughput: This is an objective function which is to be maximized by the

partitioning algorithm. This objective function can be stated mathematically as [1]

[10].

Obj 1: maximize (Throughput).                                    (2.16)

2. Total execution time: This is, again, an objective function which has to be minimized

by the partitioning algorithm [1] [10] [23]. Total execution time includes the total

time for the execution of all the modules and the time for all communication during

the execution of those modules.

Obj 2: minimize (Total execution time)                             (2.17)

Constraints:

1. Area of each partition: The area of each partition is constrained by the area of the PE

[23]. This is expressed as

 Area (i, j) ≤ Size k,                    (2.18)

 where i through j are some modules residing on PE wk.
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2.  Number of terminals or pin constraint: Partitioning algorithms must partition the

modules so that the number of pins required to connect two communicating modules

residing on two different PEs should not exceed the terminal count of the PEs [23].

This constraint can be expressed as

Count (i,j) ≤ T k,                                                                            (2.19)

      where i through j are some modules residing on PE wk.

2. Power limitation: The sum of the power consumption for each module residing on a

PE should be less than the maximum power capacity of that PE and is expressed as

l i

j

=∑  pi ≤ Pk,                                                      (2.20)

      where pi is the power consumed by vi  and  Pk  is the power limitation of wk.



14

2.2 Past and present par titioning methods used for  FPGAs

Classification of partitioning algorithms:

The general partitioning problem is a well-known NP-complete problem [21]

[22]. Therefore, a number of heuristic algorithms have been proposed, such as the

Fiduccia-Mattheyses (FM) [2] and Kernighan-Lin [24]. In general, the algorithms can be

classified broadly as a) Optimal algorithms that give optimal solutions under certain

conditions and constraints in polynomial time such as [1], and b) Heuristic algorithms

that give near optimal solutions under certain conditions such as [2] [24].

Partitioning algorithms, as classified by Sherwani [23], are presented as follows.

The availability of an initial partition gives rise to the classification of these algorithms as

constructive algorithms. The inputs to a constructive algorithm are the circuit

components and the netlist. The output is a set of partitions and the new netlist.

Constructive algorithms are typically used to form some initial partitions, which can be

improved by using other algorithms. In that sense, constructive algorithms are used as

preprocessing algorithms for partitioning. They are usually fast, but the partitions

generated by these algorithms may be far from optimal. Iterative algorithms [2] [24], on

the other hand, accept a set of partitions and a net-list as input and generate an improved

set of partitions with the modified net-list. These algorithms iterate continuously until the

partitions cannot be improved further.

Another type of classification is based on the nature of the algorithms.

Deterministic algorithms produce the same solutions for the same input every time

[1][2][3][5][24]. Probabilistic algorithms are capable of producing different solutions for

the same problem each time they are used. The reason for this is the use of random

functions as in [25].

Partitioning can also be classified based on the process used for partitioning.

Group migration algorithms [2][24] start with some partitions, usually generated

randomly, and then move components between partitions to improve the partitioning.
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Simulated annealing/evolution algorithms [25] [26] carry out the partitioning process by

using a cost function that classifies any feasible solution. The partitioning process also

uses a set of moves that allows movement from solution to solution.

Kernighan and Lin [5] proposed a graph bi-sectioning algorithm for a graph,

which starts with a random initial partition and then uses pair-wise swapping of vertices

between partitions until no improvement is possible. Schweikert and Kernighan [27]

proposed the use of a net model so that the algorithm can handle hyper-graphs. Fiduccia

and Mattheyses [2] reduced the time complexity of the K-L algorithm to O(t), where t is

the number of terminals (number of links for a node in the graph). Kring and Newton

[28] presented an algorithm using a vertex-replication technique to reduce the number of

nets that cross the partitions. Goldberg and Burstein [29] suggested an algorithm, which

improves upon the original K-L algorithm by using graph matching. One of the problems

with the K-L algorithm is the requirement of pre-specified sizes of partition [23]. Wei

and Cheng [30] proposed a ratio-cut model in which the sizes of the partitions do not

need to be specified. The group migration algorithms are used extensively in partitioning

VLSI circuits.

The most common method used is the Fiduccia-Mattheyses (FM) [2] partitioning.

This method consists of multiple passes. In each pass, random partitions are improved

iteratively by cell  (node) movements from one partition to the other until no further

improvement in cut-set size is observed. Many passes (each begins with a unique random

starting point) are usually needed to produce good results, particularly when circuits are

large. Out of the many passes, only the best pass results are saved. Information captured

by all the other passes is lost.

Many modifications/improvements of the FM method are available.

Krishnamurthy [3] suggested the use of gain vectors instead of single values in order to

reduce ambiguity when choosing cells to move. Hagen et. al [31] introduced locality in

cell selection by using the LIFO queue as the data structure, instead of a simple linked

list. Although each has its own benefit, neither of them improves partitioning

significantly, largely because they do not introduce any means for the algorithm to climb

over steep hills and valleys where local minima reside [32].
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Another partitioning algorithm suggested by Kernighan and Lin [5] is more

successful in improving the results of FM [2]. The KLFM [23] algorithm divides the

partitions {A, B} generated by FM into 4 sub-partitions {A0, A1, B0, B1} by applying FM

partitioning to A and B.  These 4 sub-partitions are swapped and merged to form new

initial partitions {C, D} for another pass of FM, i.e.,

        C=A0 ∪B0, D=A1 ∪ B1 or C= A0 ∪ B1, D=A1 ∪ B0                    (2.21)

This procedure of sub-dividing, swapping and re-partitioning is continued until no

further improvement of the cut-set is observed. This method produces much better results

per iteration because it explores different combinations of sub-partitions to form initial

partitions, instead of just a single trial of random partition assignment. By doing so, this

method is effectively exploring different ways of constructing the partitioning tree at the

top.

2.3 Compar ison of distr ibuted and configurable computing systems

A distributed computing system has processors, which need not be identical.

Some processors have unique capabilities in the network [4]. For example, a specific

processor may have a hardware floating-point unit and thus be able to carry out floating-

point operations with higher speed than a processor without such hardware. Similarly,

some processors may be able to do byte manipulation more efficiently than others.

Although all processors may be dissimilar, each module is able, in general to execute on

any processor. This is possible if all modules are written in a high-level language and

separate object versions of these modules are available for each of these processors.  The

modules of the program are to be assigned to the processing units such that the sum of the

execution and communication costs is minimized [4]. A configurable computing system,

on the other hand, is made to have architectures that are optimized for specific modules.

CCMs usually provide significant performance improvements over general-purpose

computers [15]. CCMs are implemented with re-configurable devices, and an inter-

connection resource for the multiple re-configurable devices. A CCM may also have a

CPU and, perhaps, a specialized chip such as a Digital Signal Processor (DSP).
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The execution time of all the modules on a processor in a distributed system is the

sum of the execution times of each of the modules because they are executed on a time-

sharing basis on the processor. However, the modules executing on a re-configurable

device such as an FPGA will execute concurrently because the FPGA can be configured

to do so. Hence, the total execution time of all the modules on an FPGA is the highest of

the individual execution times of the modules residing on that FPGA. In other words, the

total time of execution is the time of the bottleneck module on that unit and is given by

Equation 2.3.

When dealing with processors, there is no worry about fitting certain modules on

a processor because any number of modules can be executed on a processor on a time-

sharing basis. However, in the case of FPGAs, the modules have to fit inside them so that

they can be configured to be executed concurrently. Hence, the area constraint has to be

applied for CCMs given by Equation 2.11. Note that the method employed by Athanas

[37] can be used to alleviate this constraint.

Another important point to be considered in the case of CCMs is the pin

limitation. Consider the case of a group of modules concurrently executing on an FPGA.

If a majority of these modules have communication outside the FPGA, then there is a

severe pin limitation. Note that the method employed for the virtual wires project at M. I.

T. can alleviate this constraint [14].
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2.4 Related work in distr ibuted computing systems

Configurable computing systems are similar to distributed computing systems

except for the constraint limitations such as the size of the program and the pin limitation.

Hence, we look at some of the mapping and partitioning methods developed for the

distributed processing systems. We look at how and why these apply to CCMs in the next

chapter.

A distributed computing system is made up of various processing units comprised

of several CPUs. The interacting modules comprising a distributed program must be

assigned to the processing units to make use of the resources of the system efficiently. A

distributed computing system has some configuration of processors each with its own

memory, control, and arithmetic capability. The following module assignment problem is

addressed. Given a distributed system of some configuration made up of n processing

units and a program made up of m interacting modules, assign the modules of the

program to the processing units such that the sum of the execution and communication

costs is minimized. In other words, the amount of inter-processor communication is

minimized, while taking advantage of specific powers of some processing units. The

module assignment problem has been shown to be NP-complete for the general n

processing unit system [21] [22].

Stone [6] has suggested an optimal algorithm for the problem of assigning

modules to two processors by making use of the well-known network flow algorithm in

related two-terminal network graphs. He has shown how the network flow model can be

extended to systems made up of three or more processors. For the three-processor case,

an algorithm that finds the optimal assignment has been developed [7]. If the structure of

a distributed program is constrained in certain ways, it is possible to find the optimal

assignment over a system made up of any number or processors in polynomial time.

When the structure is constrained to be a tree, a shortest tree algorithm developed by

Bokhari [8] yields the optimal assignment. Towsley [5] generalized the results of Bokhari

to the case of series-parallel graphs. All these works are well summarized in [9].
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In Stone’s [6] and Bokhari’s [8] model, the distributed computing system is

assumed to be fully interconnected, i.e., there exists a communication link between any

two processors.  If a distributed program is a chain-structured parallel or pipelined

program, it can be optimally partitioned over a chain or ring of processors under the

constraint that each processor is assigned a contiguous sub-chain of modules [1]. In this

case, the objective of the assignment is to minimize the load of a bottleneck processor,

rather than to minimize the total load of the processors. Next, we look in detail at

Bokhari’s solution onto a chain of modules partitioned to a chain of processors.

2.5 Bokhar i’s method for  solving the linear  module and processor  case

This algorithm produces the optimal partitioning of a pipelined program onto a

linear processor network. The problem of optimally assigning the modules of a parallel

program over the processors of a computer system is addressed. A sum-bottleneck path

algorithm is developed that permits the efficient solution of many variants of this

problem. The problem is solved under constraints on the structure of the partitions.

The approach to this problem is to first construct a layered graph that contains all

information about the execution and communication times of the modules. A path in this

graph corresponds to the assignment of subsequences of modules to processors. The

weight of the heaviest edge in a path corresponds to the time required to execute the

assignment in parallel/pipelined fashion. Thus, having constructed the graph, all that

remains is to find the minimum bottleneck path in the graph  (of all the paths, the one on

which the heaviest edge has minimum weight).

Each layer corresponds to a processor and the label on each node corresponds to a

sub-chain of modules. Any path connecting nodes s to t corresponds to an assignment of

modules to processors. The rule for generating this layered graph for a problem with m

modules and n processors is as follows.

Each layer contains all sub-chains of nodes, i.e., all pairs <i, j>  such that 1 ≤ i ≤ j

≤ m.   A node labeled <i, j>  is connected to all nodes <j+1, k> in the layer below it. All

nodes <1, i>  (<i,m>)  in the first (last) layer are connected to node s (t). As stated

previously, each path from s to t represents an assignment of sub-chains to processors
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under the contiguity constraint. If this path contains the node <i, j>  of layer k, then this

represents the assignment of modules i through j to processor k.  There is a path in this

graph corresponding to every possible contiguous sub-chain assignment that utilizes all

processors.

Weights can be now added to the edges of this layered graph as follows. In layer k

each edge emanating downwards from node <i, j>  is first weighted with the time

required for processor k to process nodes i through j. This accounts for the computation

time. The communication time is now included in the graph. To the weight on the edge

joining node <a, b>  in layer k to node <b + 1, d> in layer k + 1 is added the time to

communicate between modules b and b + 1 over the link connecting processors k and

k+1. The influence of both the amount of data transmitted between modules b and b+1 as

well as the speed of the link between processors k and k+1 can be included in the graph.

To consider memory constraints on individual processors, it suffices to add up the

memory requirements of all modules in every sub-chain. If the sum of memory

requirements for nodes i through j exceeds the capacity of processor k, node <i, j>  in

layer k is deleted, along with all edges incident on it [1].

2.5.1 I llustration of Bokhar i’s algor ithm

Illustration of Bokhari’s algorithm: Step 1

Draw a layered graph in which every layer corresponds to a processor and each

node <i, j>  in a layer corresponds to a sub-chain of modules i through j.

1. Layer 1 contains nodes < 1,j> j=1 to m- (n-1)

2. Layers k=2,…n- 1 contain nodes <i,j> where, i =k to m -(n-k),  and  j = i to m -(n-k)

3. Layer n contains nodes <i, m> i=n to m.
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As an example, m=5, n=3 gives the layers as shown in Figure 2.4. The modules

are shown to have execution times as labels in Figure 2.3. Nodes of the assignment graph

are constructed for five modules and three processors in Figure 2.4.

                                                    

Figure 2.4. Nodes of the assignment graph.

Figure 2.3. A module graph with five modules.

  1   2  3  4  5

       3       2      4       3       2
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Illustration of Bokhari’s algorithm: Step 2

1. A node <i, j>  on level k=1,…n- 1 is connected to all nodes <j+1,q> (for any q ) on

level k+1.

2. All nodes <1,j>  in the first layer are connected to a starting node s.

3. All nodes <i, m>  in the final layer are connected to a terminating node t.

Any path connecting nodes s and t corresponds to an assignment of modules to

processors.

Figure 2.5. Edge creation for the assignment graph.
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Illustration of Bokhari’s algorithm: Step 3

In layers k=1,…n each downward edge from node <i, j>  is weighted with the

time required for processor  k to process modules i through j  (this accounts for the total

computation time on processor k) plus the communication time for modules residing on

processor k  to receive data from processor k-1. Figure 2.6 shows the nodes having

weights representing execution times.

The paths in this graph represent every possible contiguous sub-chain assignment

and the weight of the heaviest edge in a path corresponds to the time required by the most

heavily loaded processor. Therefore, to find the optimal assignment we need to find the

path in which the heaviest edge has minimum weight. This path is called the critical path.

Figure 2.6. Weights on the nodes of assignment graph.
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Illustration of Bokhari’s algorithm: Step 4

We find the critical path as follows. The nodes in the first layer are labeled

L(i)=0; all other nodes are labeled L(i)=infinity or a large number. Starting at the top and

working downwards, examine each edge e connecting node a (above) to node b (below)

then replace L(b) by

Min [max (W (e), L (a)), L (b)]                                         (2.22)

where W (e) is the weight of edge. If several edges need to be examined, mark the edge

that contributed to the final label L (b). The critical path is then found by starting at node

T and following the marked edges (where appropriate). This is a modification of the

Dijkstra’s algorithm for finding minimum bottleneck path.

Figure 2.7. Highlighted critical path representing minimum bottleneck
assignment.
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2.5.2 Basis for  using Bokhar i’s method for  CCMs

A common requirement in a communication system is to repeatedly apply a fixed

sequence of operations (or transforms) to an essentially unending series of signals. For

example, each arriving packet (or "window" or "frame") of data may have to be Fourier

transformed, multiplied by a fixed frequency, filtered, clipped, and inverse-transformed

as shown in Figure 2.8. This kind of application has a serial or chain-like structure to it

and naturally lends itself to pipelining [3].

Should all these processes be carried on a uniprocessor, the maximum rate at

which incoming data frames can be processed is determined by the time required for the

processor to apply all the processing steps to each frame.

Putting each process on a separate processor can easily pipeline this computation.

Because the inter-connection pattern of the processes is serial, the processors need only

be connected in a chain. The processor that takes the longest amount of time to execute

the modules (the bottleneck processor) now determines the maximum rate of processing.

This is an expensive solution since it requires as many processors as processes. It is

1 2 3 4

1 3 4 5 6 7 8 9

processors

modules

Figure 2.8. A nine-module chain mapped to a four-processor
chain.

2
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inefficient because many processors may be lightly loaded and spend most of their time

waiting for the bottleneck processor to finish.

The following problem then emerges. Given a set of m modules connected in a

chain-like fashion and a multiprocessor chain of size n < m, find the assignment of sub-

chains of processes to processors that minimize the load on the most heavily loaded

processor. The contiguity constraint ensures that two modules that communicate with

each other lie on directly connected processors. The assumption is that all the processors

are to be utilized. The optimal assignment of sub-chains to processors is influenced by

the following factors: a) the time required to execute each module (which may vary

across processors, if the processors are dissimilar), b) the amount of inter-module

communication (which can be nonuniform; because once a frame of data has been

transformed, it may have a different number of data points), and c) the speeds of the links

between pairs of connected processors.

Very similar problems arise in the field of image analysis, where the requirement

is to take an image or a set of images and to apply various operators to it [12]. In the case

of parallel solutions of partial differential equations, a straightforward technique is to

partition the (possibly nonuniform) mesh into vertical strips. During each iteration, an

estimate is made of the values within the strip. Because strips only influence adjacent

strips, the communication pattern required is chain-like and the problem can be run on a

chain or ring of processors [13]. There again emerges the problem of optimal assignment

of a chain of processors. The structure of this problem is the same as that shown in the

model of Figure 2.8, except that the edges connecting the modules are undirected

(communication takes place in both directions). The time required to complete one step

of the computation is equal to the time required by the most heavily loaded processor to

complete its computation and to communicate with its neighbors. The important

difference between this case and the signal-processing example is that this is parallel not

pipelined processing. The assignment algorithm is insensitive to this difference [1].

In addition, the application of the various constraints such as the area, the pin

limitation, and the power limitation is very conveniently supported by Bokhari’s method.

Any constraint can be applied during the time of creating nodes and edges. Only those
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nodes and edges in the graph that correspond to legal assignment and are within the

limitation of the constraints are created.
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Chapter  3

Generalization of Bokhar i’s Algor ithm for  the Case of CCMs

This chapter deals with the generalization of Bokhari’s algorithm to the case of

CCMs. The chapter contains a description of what changes are to be made to the

algorithms and to the building of the assignment graph. The proof of correctness for the

modified algorithm for CCMs is also presented. Finally, two methods are presented to

reduce the complexity of the algorithm: one is suggested by Nicol [10] and another one is

suggested in this thesis.

3.1 Par titioning chain structured modules onto a chain of PEs

As pointed out by Bokhari [1], the problem of mapping module chains onto

different types of architectures frequently arises in image, signal processing applications,

and parallel solution of partial differential equations. His algorithm has been adapted to

the case when a series task graph is to be mapped onto a series of PEs comprised of re-

configurable devices and CPUs. Let v1, v2…vm denote a series of m modules, which may

be executed concurrently. The graph representing the series of modules is Gm. The n PEs

w1, w2…wn, are also connected in series. We will constrain the space of mappings by

considering only those which satisfy the contiguity constraint; i.e., the set of modules

assigned to a PE forms a contiguous sub-chain of v1, v2…vm. The model of inter-

connection for the PEs is a chain represented by the graph Gp where the cost of

communication for each link may be different. The different PEs have different

capabilities.

3.1.1 The problem

The task is to partition a chain of modules of length m onto a chain of n

processing elements (PEs) which may include CPUs, FPGAs, and DSPs. The partitioning

problem is defined by Equation 2.1



29

3.1.2 Assumptions

The assumptions made for the following sections of this chapter are as follows. a)

The Processing Elements (PEs) are relatively small in number compared to the number of

modules, i.e., the number of PEs is of O(1); b) FPGAs have limited area, so area

constraints have to be applied to FPGAs but not to CPUs and DSPs; c) modules assigned

to FPGAs execute concurrently; and d) a communication link once assigned for

communication in one direction is meant to be that way throughout the phase of

assignment.

3.2 The solution

The objective functions and constraints mentioned in Section 2.1 apply to the

following sections of this chapter. All equations that are mentioned in Section 2.1 are

equally applicable to the following sections.

3.2.1 Layered assignment graph Ga

The layered assignment graph Ga is given by a directed graph Ga= (A, B), where A

is a set of nodes, and B is a set of edges in the assignment graph B ⊆ A × A. The number

of nodes is O(m2n) and the number of edges is O(m3n). Ga is a layered graph of n+2

layers. Hence its nodes are divided into n+2 disjoint sets given by

A= � 1

0

+

=

n

l

  Al.                                                                (3.1)

Similarly all its edges are also divided into n+1 disjoint sets given by

                            B=  � n

l 0=

  Bl.                                     (3.2)

All nodes in layer Ak correspond to PE wk. Note that layer A0 ={s}, where s is the

start node of the graph Ga, and that layer An+1 ={t}, where t is the end node of the graph
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Ga. The nodes in layer Ak have a set of edges Bk connecting them to layer Ak+1 according

to the following rule: if <(i,j),k> ∈ Ak  and <(j+1,b),k+1> ∈ Ak+1 then there exists an

edge e ∈ Bk connecting them. The node s connects to all nodes in layer A1. All nodes in

layer n connect to node t. This rule ensures that the assignment is based on the contiguity

constraint. Also, by varying i and j for each wk as

 k≤ i≤ m and,               (3.3)

  i≤ j≤ m,                                 (3.4)

all possible nodes <(i,j),k> are created in the layer. The assignments made using the rules

in this section apply to the case when assignments are to be made to all PEs for utilizing

all resources. If assignments are to be made for the case when some PEs need not be

assigned modules, the same rules apply with the modification that an additional m-1

empty modules with zero execution and communication times are added at either end of

the chain of the input graph Gm [1]. This is done before the creation of the assignment

graph. Each of these empty modules has zero area and zero power consumption.

3.2.2 Minimum bottleneck assignment

The procedure followed to obtain the minimum bottleneck assignment is obtained

by first constructing a layered assignment graph Ga as follows. First the nodes are built

according to the rules specified in Figure 3.1, then the edges of the graph Ga are built as

specified in Figure 3.2. The weights are assigned as specified in Section 3.2.3. Then the

algorithm as described in Figure 3.3 is executed on the graph Ga to get the minimum

bottleneck path.

Each of the n layers in the graph Ga represents a PE. Each of the nodes in a layer

represents different possible module assignments to the PE of that layer. Any path from s

to t represents a possible assignment of modules to the PEs. The path obtained after the

execution of the algorithm represents the assignment of the modules to the corresponding

processors.  The algorithm is based on finding the shortest paths based on Dijkstra’s
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algorithm, with a slight modification for minimizing bottleneck values. But Dijkstra’s

algorithm can be directly applied to minimize the total execution time. The algorithm

given in Figure 3.3 is for minimizing the bottleneck values. The path obtained by the

execution of the algorithm represents the minimum bottleneck assignment of modules to

PEs, i.e., the assignment with maximum throughput. The algorithm always produces the

best path, and has a run time of O(m 3n).

Create node s

For layer k=1 to n do

For each <(i,j),k> defined in Equations 3.3 and 3.4 do

if (area, pin, and power constraint satisfied for modules <(i,j),k>) then,

 create node<(i,j),k>

end do

Create node t.

Figure 3.1. Node creation for graph Ga.

3.2.3 Assignment of weights to the nodes of graph G

Every node <(i, j), k> is assigned a weight given by Equations 2.6 and 2.7. Every

node in the graph has a label with an initial value of infinity.
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Node s is connected to all nodes in layer 1

For layer k=1 to n-1 do

For all pair of nodes <(i, j), k> and <(j+1, b), k+1> between layers k and k+1,

create an edge between nodes <(i, j), k> and <(j+1, b), k+1> .

end do

All nodes in the layer n are connected to node t.

Figure 3.2. Edge creation for graph Ga.

Input: A weighted assignment graph Ga and starting vertex s. Weight of any node x is

weight(x) and its label is denoted by label(x). Every label is initialized to infinity.

Algorithm: Use a variant Dijkstra’s algorithm to find the minimum bottleneck path from s

to t as follows.

Examine each pair of nodes, (x, y) connected by an edge in layers k and k + 1 and replace

label y by,

min (label (y),  max ( label (x), weight (y)))).

The iteration continues until all pairs of nodes connected by edges are looked at once and

labeled similarly.

For finding smallest total execution time, apply Dijkstra’s algorithm directly.

Output: A minimum bottleneck path from s to t or smallest total execution time.

Figure 3.3. Algorithm 3.1 for finding minimum bottleneck path or minimum total

execution time from the assignment graph Ga.
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3.3 Proof of correctness for  Algor ithm 3.1

Theorem 3.1: Algorithm 3.1 assigns a chain of modules v1, v2…vm to a chain of

PEs w1, w2… wn achieving optimal throughput and total execution time, while meeting

constraints on area, pin, and power.

Proof: All possible module assignments meeting the constraints are given by the

creation of the nodes <(i,j),k>  according to the Equations 3.3 and 3.4. No nodes that

violate constraints are created. The use of the rule given in Section 3.2.2 for creating

edges between any two nodes of layer k and k+1 ensures that any path taken from s to t

gives a contiguous assignment of modules with no duplication of modules.

The constraints given by Equations 2.17, 2.18, and 2.19 are applied during the

creation of the nodes and edges. The assignment graph Ga has a set of nodes and edges

that represents all possible assignments after the constraints have been applied. Any path

from s to t represents a possible valid assignment that satisfies all the constraints.

If the objective is to minimize the total execution time, the weights for the nodes

are given by Equation 2.7. The objective is to minimize these weights. Applying

Dijkstra's algorithm [36] to this graph Ga results in a path from s to t that has minimum

total execution time. This path represents an assignment of modules to PEs such that the

sum of the weights on the nodes is minimum.

If the objective is to maximize throughput, the weights for the nodes are given by

Equation 2.6. Application of Algorithm 3.1 results in a minimum bottleneck path.

Algorithm 3.1 is a modification of Dijkstra’s algorithm to record minimum bottleneck

paths from s to all nodes. This means that the bottleneck values of that assignment are

minimum under the constraints. Hence an optimal assignment of modules to PEs in

which the total execution time is minimum under the various constraints results.€
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3.4 Improvement in the speed of execution

Method 1

The procedure can be accelerated using the method suggested by Nicol [10]. A

simple technique will reduce the number of graph edges for all of these problems without

affecting path costs. For the case of a chain of modules to be assigned to a chain of PEs,

n-2 layers are added, one between each of the layers of the old assignment graph (except

between layers 1 and 2 where an additional layer provides no benefit). Figures 3.4 and

3.5 illustrate the old and the new modified assignment graph.

Figure 3.4. A layered graph for a linear array problem with nine modules and four

processors.

Each new layer has m nodes, labeled 1 through m. To avoid confusion the kth

layer will be referred to in the new graph as being identical to the kth layer in the original

<1,1>  <1,2> <1,3> <1,4> <1,5> <1,6> <1,7>

……<2,2> <2,3> …..……..<3,3>  <3,4> <3,5>.................

     …………<3,8>  ….  <4,6>  <4,7>  <4,8>

…………<4,9> <5,9> <6,9> <7,9> <8,9> <9,9>

<s>

< t >

.
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graph. Node <(i,j),k> in layer k directs a single edge to node <j>  in the new layer

between layers k and k+1. This edge is labeled exactly as before. Node <j>  in the new

layer in turn directs an edge to every node of the form  <(j+1,l),k+1> in layer k+1. Every

such edge is labeled with weight zero. Again, many nodes and edges are not shown in

order to avoid congestion. It is clear that any path from source to sink still defines a legal

assignment and has a weight identical to that of the corresponding path in the original

graph. The number of edges drops from O (nm3) to O (nm2), reducing the complexity by a

factor of m.

Figure 3.5. An improved layered graph for a linear array problem with nine modules and

four processors.

< s >

<1,1>  <1,2> <1,3> <1,4> <1,5> <1,6> <1,7>

……<2,2> <2,3> <2, 4> …..……..<3,3>  <3,4> <3,5>.................

<2>   <3>   <4>   <5>   <6>  <7>

<3,3>  <3,4>  …. <4,4>  <4,5>  …….<5,5>

<3>   <4>   <5>   <6>  <7>  <8>

<4,9> <5,9> <6,9> <7,9> <8,9> <9,9>

New layer

New layer

< t >
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Method 2

In the second method, an array of structures is used to hold the weights of the

execution and communication times. Because the edges join nodes <(i,j),k>  to nodes

<(j+1,l),k+1> , the weights of the communication costs can be included with the

execution weights of the nodes. This makes it possible to not have any edges at all. The

advantage of this method is that it reduces memory storage considerably. Also, the time

to build the edges can be reduced. The disadvantage of this method is that constraints

cannot be imposed on the communication links.
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Chapter  4

Solution to Par titioning Ser ies Module Graphs onto Arbitrary PE
Graphs

This chapter contains a new algorithm, which is based on Bokhari’s algorithm.

The algorithm solves the partitioning problem for the case of an arbitrary PE graph with

the module graph being a chain. The proof of correctness and the complexity of this

algorithm are also presented.

4.1 Mapping chain structured modules onto a general PE graph

As pointed out in Chapter 3, Algorithm 3.1 solves the problem of partitioning a

chain of modules across a chain of PEs. In this chapter that algorithm is modified to

partition a chain of modules across a set of PEs whose inter-connection need not be a

chain. The inter-connection pattern of the PEs can take any shape with the limitation that

the number of PEs is relatively small in number (of order O (1)). Given a small set of PEs

having some inter-connection, the algorithm partitions the modules over the PEs while

applying the constraints and meeting the objective of optimal throughput.

The algorithm presented here is appropriate for a parallel implementation.

Examples for both a module graph and a PE graph are as shown in Figures 4.1 and 4.2.

1 2 3 4

Figure 4.1. A chain module graph.

5
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4.1.1 The problem

The task is to partition a chain of modules of length m onto a set of n processing

elements (PEs) which may include CPUs, FPGAs, and DSPs. These PEs are inter-

connected by a set of communication links whose inter-connection pattern may take any

form such as a ring, star, square or combinations of these. The partitioning is given by

Equation 2.1.1.

4.1.2 Assumptions

All assumptions mentioned in Section 3.1.2 also apply to the following sections in

this chapter. An additional assumption is that the PE graph Gp representing the inter-

connection pattern among PEs can take any shape such as a square, ring, star, or a

combination of such inter-connections.

4.2 The solution

The module graph consists of a set of modules connected in series. To apply

Algorithm 3.1, we need a set of PEs whose inter-connection pattern is linear. The central

1 2 3

9

7 6 5

4

Figure 4.2. A PE graph with nine PEs and its
links.

8
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idea of solving the problem of partitioning a chain of modules onto an arbitrary

connection of PEs is to explore the links of the PE graph Gp using a depth first search to

obtain a linear chain of PEs. The modules are partitioned over each of these chains. The

best partition is the required solution.

Figure 4.3 contains one trail explored from the PE graph of Figure 4.2, starting

from node 1, passing through node 6 and revisiting node 6 at the end to explore the link

between node 9 and node 6. A sequence of depth first searches is performed on the PE

graph starting from each node to enumerate all the trails in the PE graph. This procedure

of depth first search is performed on all the nodes in the PE graph. The nodes in each

explored trail represent the PEs. The edges in that same trail represent the links that have

been encountered in the depth first search. In each of the trail, adjacent PEs are connected

by a unique (to that trail) communication link. In the process of exploring all links

uniquely, a trail may revisit a PE more than once. This is illustrated in Figure 4.3.

The chain of modules is then partitioned over each of these sets of PEs, which are

connected in the trail. Algorithm 3.1 forms the basis for each partitioning of the chain of

modules onto each trail of PEs. Each partitioning gives an assignment under the different

constraints mentioned in Chapter 2. Selecting the best assignment out of the different

assignments will give an optimal minimum bottleneck assignment of modules to the PEs.

Two different possible assignments to the trails of PEs (explored by depth first

search from the original PE graph) are illustrated by Figures 4.4 and 4.5. Figures 4.4 and

4.5 show two possible partitionings of 25 modules over two different trails explored by

depth first search on the PE graph.

1 2 3 4 5 6 7 8 9 6

Figure 4.3. Example of a trail.
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The enumeration of all contiguous links using depth first search on the PE graph

Gp gives a set of graphs given by Gp1, Gp2, Gp3,…Gpq, where q is some finite number.

Each Gpx  =(Wx, Fx) where, Wx ={wx1, wx2, wx3…. wxl}⊆ W and, Fx = {fx1, fx2, fx3…. fxl-1}⊆

Wx× Wx ⊆ F. Each wxi and wxi+1 are connected by a link fxj. The modules vi have to be

partitioned over PEs wxj under the constraints to form

    V n = � xl

i 1=

  Vi                         (4.1)

Definitions:

Dummy PE: A PE wl, may appear more than once in the trail. Any subsequent revisit to

the node is referred to as a dummy PE. A dummy PE of wl is denoted as wd(l,r) where r

1 2 3 4 5 6 7 8 9 6

1 2 13 25…… ….

Figure 4.4. Partitioning problem A.

1 2 3 4 5 6 7 8 9 3

1 2 13 25…… ….

Figure 4.5. Partitioning problem B.



41

denotes the revisit to the PE. For example, in Figure 4.1.3, PE 6 occurs twice in the trail.

The original PE is w6 and the first revisit is wd(6,1). Note that wd(l,0)= wl.

Dummy PE layer: When the chain of modules is partitioned onto PEs in a trail, a layered

assignment graph Ga is created. This layered assignment graph will not only have layers

representing the PEs in the trail, but also will have layers representing the dummy PEs in

the trail. Those layers are referred to as the dummy PE layers. The set of nodes Al

correspond to wl and the set of nodes Ad(l,r) correspond to wd(l,r). Also, the number of

layers h apart from the s and t layers in the assignment graph is equal to the number of

nodes in the trail.

4.2.1 Construction of layered graph for  each of the Gpx

There will be as many layers in the assignment graph as the number of nodes in

the chain graph Gpx, which is a trail. This includes both the PEs wl and their dummy PEs

wd(l,r). Let Ac denote the set of layers in the assignment graph that have dummy layers. Let

Ad denote the set of all layers in the assignment graph that are dummy layers of Ac and Ar

denote the set of all remaining layers. Ar also includes the s and t single node layers. If

the total number of nodes in a trail is h, then the number of layers in the assignment graph

is h+2. The total number of layers A is given by

                A= Ac ∪  Ad  ∪ Ar = 
1

0

+

=

h

l

 Al (4.2)

The main issue for the area constraint in this case is whether the paths in the

assignment graph give legal assignments as regards to the area of the PE. Because all Al

and Ad(l,r) correspond to the same wl, the area constraint to be applied during the

execution of the algorithm is given by

   ∑
=

r

q 0

 Area(iq, jq)d(l,r) ≤ Sizel,                   (4.3)
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where, iq through jq are modules assigned to layer l corresponding to wd(l,q). An area

constraint for the CPU may have to be applied if the memory required to hold all the

modules is limited. The power constraint is implemented in the same fashion as the area

constraint.

Similarly, the pin constraints are implemented as follows. If the different links of

a PE have different limitations on the number of terminals, then each of the inputs and

outputs of the different sets of assignments from the layers Ac and Ad have to be applied

separately as

∑
=

r

q 0

 Count(iq, jq)d(l,r) ≤ Tl,                           (4.4)

where, iq through jq are modules assigned to layer l corresponding to wd(l,q). Tl is the pin

limitation of PE wl.

The contiguity constraint is applied only during creation of edges in the

assignment graph so that any layer in the assignment graph will have only contiguous

sub-chains of modules. The contiguity constraint is applicable only to the assignment

graph and not to the PEs. This is because any PE that appears more than once in the trail

may get an assignment of more than one sub-chain of modules. These sub-chains of

modules assigned to the same PE may be mutually non-contiguous disjoint sets.

4.2.2 Assignments of weights to the nodes of the graph Ga

The weights to be assigned to the nodes vary depending on whether the nodes

belong to layers in Ac or Ad, and on whether they are CPUs or FPGAs. The weight Ti,j,k

for the nodes in both layers in Ac and Ad is

 max( Si,j,k , Ci,j,k),                                         (4.5)

for the case when the PE is an FPGA and the objective is to minimize throughput.
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However, the weight Ti,j,k for the nodes in both layers in Ac and Ad is

Si,j,k + Ci,j,k,                                                    (4.6)

for the case when the PE is either an FPGA or a CPU, and the objective is to minimize

for total execution time.

The weights on the nodes of the assignment graph have to reflect the modified

total time cost in the case of a PE representing a CPU and the objective is to minimize the

throughput. If Si,j,k and Ci,j,k are the execution and communication costs as defined by

Equations 2.3 and 2.5 respectively for a node <(i,j),k> , then

(Si,j,k)d(l,u)= (Si,j,k)d(l,u-1) +  Si,j,k,                               (4.7)

         (Ci,j,k)d(l,u)= max((Ci,j,k)d(l,u-1),  Ci,j,k),                       (4.8)

where (Si,j,k)d(l,u) and (Ci,j,k)d(l,u) represent the modified execution and communication costs

for that node in layer Ad(l,u). Hence the total time cost Ti,j,k of that node is

Ti,j,k =  max((Si,j,k)d(l,u), (Ci,j,k)d(l,u)).                     (4.9)

The modification is not applied for Ad(l,0), and the execution and communication costs are

given by Equations 2.3 and 2.5 respectively.
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Input: Assignment graph Ga.

Algorithm:

For each combination C ∈S do

Remove all nodes temporarily in all layers Ai∈ Ac having dummy nodes,

except for the set of nodes in C.

For each layer Ad(l,r) ∈ Ad do

For each node in layer Ad(l,r) do

if area, or pin, or power constraints not satisfied,

Temporarily remove the node from graph Ga

else, compute weights from Equations 4.5 through 4.9.

end do

end do

Return minimum bottleneck path using Algorithm 3.1

Restore all temporarily removed nodes into Ga

end do

Return

Output: A minimum bottleneck assignment of modules to the trail of PEs

Figure 4.6.  Algorithm 4.1.

Input: PE graph and module graph

Algorithm: For every trail, Gpx, in the PE graph do

Construct assignment graph Gax

Call Algorithm 4.1 on Gax to find the shortest path between s and t.

Store minimum of the bottleneck paths.

      end do

     Return

Output: Minimum bottleneck path under the constraints.

Figure 4.7. Algorithm 4.2
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Algorithm 4.2 uses a recursive depth first search and for each explored trail calls

Algorithm 4.1. A recursive depth first search on the PE graph gives all the trails in the PE

graph. Each trail Gpx consists of the vertices obtained from a recursive depth first search,

and its edges are given by the edges between the corresponding vertices in graph Gp.

A combination, C, is a set of nodes where exactly one node is selected from each

of the layers Al∈ Ac. Let S represent the set of such combinations. For example, let

A1={<(1,1),1>, <(1,2),1>, <(1,3),1>}, A2={<(2,2),2>, <(2,3),2>, <(2,4),2>} and

A3={<(3,3),3>, <(3,4),3>, <(3,5),3>, <(3,6),3>}  be three layers (each assignment

<(i,j),k> is a node). Let Ac include the layers A1, A2 and A3. Let A3 be the dummy layer of

A1. Therefore A3 belongs to both Ac and Ad. One possible combination is

C={<(1,2),1>,<(2,4),2>, <(3,5),3>}. The set S contains a total of 3× 3× 4= 36

possibilities.

4.3 Proof of correctness of the algor ithm

Theorem 4.1: For the assignment graph Ga built for any trail obtained from

Algorithm 4.2, applying Algorithm 4.1 partitions the modules onto the trail of PEs giving

the minimum bottleneck path or minimum total execution time under area, pin, and

power constraints.

Proof: The proof can be stated in three steps. The first step is to prove that only

paths that give valid assignments are considered and that all valid assignments are taken

into account. The second step involves proving that the constraints are satisfied. The final

step is to prove that the best partitioning is obtained under the constraints.

The use of Equations 3.3 and 3.4 for creating assignments to layers ensures that

all possible assignments of modules are created for all layers including the dummy layers

Ad. The use of the contiguity constraint, as mentioned in Section 4.2 on the creation of

edges of the graph G, ensures that any path in the graph Gm having module assignments

from both a layer Ai ∈ Ac and its dummy layer Ad(i) ∈ Ad are disjoint sets of modules with

no modules reassigned to the same PE. By considering each C ∈ S separately, all paths
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from s to t passing through that combination of nodes is considered (if such a path

through C exists). Hence, applying Dijkstra’s algorithm for finding the shortest path from

s to t gives the shortest path through C. Only those paths which are valid are taken into

account. By considering all combinations of C∈ S, it is ensured that paths from s to t

passing through all possible paths through C are considered. The best of the paths gives

the best partitioning under no constraints.

The application of the constraints during the creation of the nodes and edges as

given by Equations 2.16, 2.17, and 2.18 ensures only valid assignments are created in the

layers of the assignment graph. The areas of the modules, number of terminals, and

power consumed by the modules in the layer Al ∈ Ac and that of modules in its dummy

layers Ad(l,r) ∈ Ad should together satisfy the constraints of that PE wi. This is done by

temporarily including only those nodes in the layers Ad(l,r) ∈ Ad that satisfy the area, pin,

and power constraints given by Equations 4.3 and 4.4 for each combination C.  By

applying these constraints for all combinations of C∈ S, all paths considered from s to t

satisfy the constraints.

The assignment of weights to the nodes is given by Equations 4.5 through 4.10.

Applying Dijkstra’s algorithm to find the shortest (minimum bottleneck) path from s to t

gives the best path through each combination C. Repeating this to all C∈ S gives the best

path through each C under constraints. Selecting the best of these assignments gives the

best partitioning of the chain of modules to the trail of PEs. 

Corollary 4.1: Algorithm 4.2 will partition a chain of modules onto the PEs,

which can have any inter-connection pattern to get optimal throughput/total execution

time under the area, pin, and power constraints.

Proof: Algorithm 4.2 uses recursive depth first search to enumerate all possible

trails. It then the uses Algorithm 4.1 to find the best of the minimum bottleneck paths for

each trail under constraints. By choosing the best of the minimum bottleneck paths

obtained from all trails, all possible partitions are considered and they are optimal under

the constraints. 
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4.4 Complexity

Theorem 4.2: Algorithm 4.1 has a complexity of O(mc) where c is a constant

independent of m.

Proof: Algorithm 3.1 is called for all combinations of C. This is equal to the

number of possible combinations for choosing only one node from each of the layers of

Ac. The number of nodes in a layer is O(m2). The number of combinations is bounded by

O((m2)q) where q is the number of layers.

Algorithm 3.1 has a complexity of O(m3n). The total complexity is given by

O(m3n)× O((m2)q).The number of layers is bounded by O(n2). This is because the number

of  times an edge is visited in the PE graph is utmost once and the order of the edges is

O(n2). However, n is assumed to be O(1). Hence the overall complexity is given by

O(mc).
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Chapter  5

Module Graphs with a Fork

In the following sections the algorithm for partitioning a modules graph Gm with a

single fork over a PE graph Gp that is a chain is presented, followed by proof of

correctness for that algorithm and its complexity. The algorithm presented is appropriate

for a parallel implementation.

5.1 Par titioning a module graph having a fork onto a chain of PEs

A module graph Gm with a single fork contains a main set of modules denoted as

VM={v1, v2,…vf}. The fork gives rise to two sets of modules. The two chains of modules

branching from the fork are denoted as Va1={vα1, vα2…vαa1} and Va2={vβ1, vβ2…vβa2}. The

total number of modules is m and therefore we get

f+a1+a2=m.                                                       (5.1)

 Examples of both the module graph and the PE graph dealt with in this chapter

are given in Figures 5.1 and 5.2, respectively. For example, VM={1,2,3,4}, Va1={5,6}, and

Va2={7,8,9} for Figure 5.2.

1 2 3 4 5

Figure 5.1. A PE graph with five PEs connected as a
chain.
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5.1.1 The problem

The problem is to partition a module graph with a single fork onto a set of n

processing elements (PEs) which may include CPUs, FPGAs, and DSPs, where the PEs

are connected by a set of communication links whose inter-connection pattern is a chain.

The partitioning is as described by Equation 2.1.1.

5.1.2 Assumptions

The assumptions are the same as given in Section 3.1.2. An additional assumption

is stated as follows. Communicating modules need not be on adjacent PEs. However,

there is no backward communication allowed. For example, module va has a data

1

2

3

4

5

6

7

8

9

Figure 5.2. A module graph
having a single fork.
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dependency on module va-1; if module va-1 is assigned to PE wk. then module va can be

assigned to any of the Pes following wk but not to its preceding PEs.

5.2 The solution

The module graph has a single fork, which means that both Va1 and Va2 of the

module graph Gm as shown in Figure 5.3 must receive the output of vf before either of

them  can execute. There is no backward communication allowed. Hence if vf is assigned

to PE wf, then all sub-chains of modules of Va1 and Va2 have to be assigned to a PE wk

such that

f   ≤  k ≤   n.                                                      (5.2)

In the following sections the term dummy PE is used to represent the following.

The dummy PE of this section is similar to that in Section 4.1.1. The assignment of

modules might utilize some or all of the resources of a PE. The dummy PEs are those PEs

which have been assigned some set of modules. The dummy PE represents the available

resources such as area, pin, and power of the original PE onto which another set of

modules can be assigned.

The technique used to partition the modules onto the PEs consists of the following

steps. The set of modules of VM and Va1 are regarded as a contiguous chain of modules

VC1. The chain of modules, VC1 is partitioned onto the PEs, while, the other chain of

modules Va2 is partitioned onto the available resources of their dummy PEs. Alternately,

VM and Va1 can be regarded as a contiguous chain VC2 and partitioned onto the PEs. The

set of modules Va2 is then partitioned onto the available area, pin, and power of the

dummy PEs. Both methods are equivalent. The interpretation of VC1 and Va2 of the

module graph Gm1 is illustrated in Figures 5.3 and 5.4. Interpretation of VC2 and Va1 of the

second module graph Gm2 is similar and is not illustrated.
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5.2.1 Construction of the assignment graph

Definition: A fork node af in an assignment graph is defined as a sub-chain of modules

containing vf in the sub-chain.

The modules of the graph Gm have been numbered as shown in Figure 5.4. Once

the module graph Gm1 is identified as illustrated in Figures 5.3 and 5.4, an assignment

graph is built. The same procedure is involved for set of modules in the modules graph

Main set of modules VM

.........

β1

..

..

Set of modules Va1

Set of modules Va2

Figure 5.3. Module graph showing
the set of modules Va1, Va2 , and VM.

1 2 f

β2 βa2

α1 α2 αa1

...

β1

..

..

Set of modules VC1

Set of modules Va2

Figure 5.4. Module graph Gm1

showing the set of modules VC1 and
Va2 .

1 2 f

β2 βa2

f+1 f+2 f+a1
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Ga2. Either of the assignment graphs Ga1 and Ga2 are built for each Gm1 and Gm2 using the

same rules as illustrated in the previous section. The procedure mentioned for Ga1 in the

following sections applies to Ga2 as well.

The assignment graph Ga1 is built as follows. There are n layers, each of them

representing the n PEs. All these layers have module assignments that are sub-chains of

VC1={v1, v2…vf, vf+1…vf+a1}. These assignments are based on exactly the same rules

described in Section 3.2.1. Building of the nodes, the edges, and the assignment of

weights are discussed in the following sections in detail. All modules in the nth layer are

connected to a node t0.

 All layers having only the sub-chains of Vf ={ vf, vf+1…vf+a1} have a dummy layer.

These dummy layers have module assignments that are sub-chains of Va2. The rules for

building the nodes and edges are described in Sections 5.2.2 and 5.2.3.

5.2.2 Construction of nodes in the assignment graph Ga1

Node s is the first node. Nodes in layers 1 to n are created, as in Equations 3.3 and

3.4 with the exception that the number of modules assigned to these n layers is f+a1.

Node t0 is created after the creation of the n layers. Next, the dummy layers in Ad are

built. The number of dummy layers depends on the number of PEs that can have an

assignment of the sub-chains of Vf ={ vf, vf+1…vf+a1}. The first dummy layer contains only

sub-chains of nodes starting with the first module vβ1 i.e., it contains all nodes <(i,j),k>

such that

i= β1, and i ≤ j ≤βa2 .                (5.3)

All the rest of the dummy layers from will contain all sub-chains of modules

<i,j>  such that

            β1  ≤  i  ≤ βa2, and  i ≤ j ≤ βa2 .        (5.4)
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The last dummy layer will contain only the sub-chains of modules, which end

with βa2 given by

β1  ≤ i ≤ βa2 and  j = βa2. (5.5)

Finally node t is created.

5.2.3 Construction of edges for  the assignment graph Ga1

The restriction that all PEs need to be utilized is not applicable to this algorithm.

Hence empty modules are added to the module graph. This makes it possible to have

some PEs not getting any assignment of modules. The set of modules Vc1 is added m-1

number of empty modules at the end. The set of modules Va2 is added m-1 number of

empty modules on both ends of the chain.

The contiguity constraint is applied only during creation of edges in the

assignment graph so that any layer in the assignment graph will have only contiguous

sub-chains of modules. The contiguity constraint is applicable only to the assignment

graph and not to the PEs. The construction of the edges from s to t0 is similar to the edge

creation as described in Figure 3.2.1. The edges are built from node t0 to all nodes in the

first dummy layer. For all other layers, Equations 3.3 and 3.4 are applied in the creation

of edges. All nodes in the last layer are connected to the node t.

5.2.4 Application of constraints

Because both Al and Ad(l,1) correspond to the same wl , the area constraint to be

applied during the execution of the algorithm is given by

                 Area(i, j)l +  Area(a,b)d(l,1) ≤ Sizel        (5.6)            

where, i through j are modules assigned to a layer Al ∈ Ac and a through b are modules

assigned to the dummy layer Al ∈ Ad. The power constraint is implemented in the same

fashion as the area constraint.
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Similarly, the pin constraints are implemented as follows. If the different links of

a PE have different limitations on the number of terminals, then each of the inputs and

outputs of the different sets of assignments from the layers Ac and Ad has to be applied

separately as

                                         Count(i, j)l +  Count(a, b)d(l,1)  ≤ Tl                           (5.7)

where, i through j are modules assigned to a layer Al ∈ Ac and a through b are modules

assigned to the dummy layer Al ∈ Ad. Tl is the maximum number of pin limitation of PE

wl..

5.2.5 Assignment of weights

Weights are applied similarly to Equations 4.5 through 4.9 in Section 4.2.2. In

particular, there can be only one dummy layer for any layer in this case.

Input: Module graph Gm.

Algorithm:

Identify Gm1  as described in Section 5.2.

Construct the assignment graph Ga1 as described in Sections 5.2.1 through 5.2.5.

Find minimum bottleneck path P from s to t using Algorithm 4.1.

Output: An optimal assignment of chain of modules having a fork, to the n PEs under

constraints.

Figure 5.5.  Algorithm 5.1.

The algorithm for finding minimum throughput and minimum total execution

time is based on Algorithm 4.1. The combination of nodes C ∈ S is selected from all the

nodes in Ac, similar to Algorithm 4.1. So this makes it possible to explore all possible

combinations of paths through the assignment graph such that the dummy nodes in the
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dummy layers satisfy the constraints for each of the nodes represented by C.

Consequently, it is possible to assign only valid modules by setting only those modules in

the dummy layers which satisfy all the constraints with the nodes in the combination path

C.

5.3 Proof of Correctness of Algor ithm 5.1

Theorem 5.1: Algorithm 5.1 partitions the modules Gm1 onto the chain of n PEs

giving an optimal throughput and total execution time assignment under area, pin, and

power constraints.

Proof: The proof can be stated in three steps. The first step is to prove that only

paths that give valid assignments are considered and that all valid assignments are taken

into account. The second step involves proving that the constraints are satisfied. The final

step is to prove that the optimal partitioning is obtained under the constraints.

The use of Equations 3.3 and 3.4 for creating assignments to layers ensures that

all possible assignment of modules are created for the first n layers. The use of the

Equations 5.3, 5.4, and 5.5 ensures that all assignments are made to the dummy layers Ad.

The use of the contiguity constraint mentioned in Section 5.2.3 on the creation of edges

ensure that no same modules are reassigned to the same PE. The use of the condition in

Section 5.2.1 that all layers having only the sub-chains of Vf ={ vf, vf+1…va1} have a

dummy layer each ensure that there is no backward communication between Va2 and VM.

Hence applying Algorithm 4.1 results in a shortest path from s to t with only valid

assignments and covering all possible assignments.

The application of the constraints during the creation of the nodes and edges as

given by Equations 2.16, 2.17, and 2.18 ensures only valid assignments are created in the

layers of the assignment graph. The use of the constraints given by Equations 5.9 and

5.10 during the execution of Algorithm 4.1 ensures that all constraints are met for all

paths from s to t.

The assignment of weights to the nodes is given in Section 5.2.5. Applying

Algorithm 4.1 to find the shortest path from s to t gives the optimal partitioning of the
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modules Gm1 to the chain of PEs for either minimum bottleneck or minimum total

execution time.

Note: Algorithm 5.1 can be extended to partition two disjoint sets of chains of modules

on to the same chain of PEs.
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Chapter  6

Results

This chapter contains a description of the experiments that were performed to

illustrate the runtime of the Algorithms 3.1, 4.1, 4.2, and 5.1 with and without the

application of constraints. A description of the verification procedure undertaken to check

the correctness of the implementation of these Algorithms 3.1, 4.2 and 5.1 is also given.

6.1 Implementation of algor ithms 3.1, 4.1, 4.2, and 5.1

Algorithms 3.1, 4.1, 4.2 and 5.1 were implemented in C++ language to run on a

SUN SPARCstation. The program contains three major components. The first component

reads in the number of processors, number of modules, input module graph, and input PE

graph. The input module graph and PE graph were created for each implementation

separately. Other parameters required by the program, such as the time of execution of

the modules, communication times between links, the area limitation of the PEs, and the

area of the modules were either made uniform with some constant value or generated

randomly within a certain range by the program. The second component of the program

builds the assignment graph required for execution of all the algorithms. Building of the

assignment graph consists of building the nodes and edges and then assigning weights.

The third component consists of the shortest path algorithm, which is executed on the

assignment graph and the results obtained.

6.1.1 Results for  Algor ithm 3.1 implementation

The program was executed and results were obtained, as regards to the time taken

to build the assignment graph and the time needed for execution of the algorithm. The
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number of nodes and edges created were also recorded. Timings were taken from the

implementation of Algorithm 3.1 under no constraints and the results are as shown in

Table 6.1. The number of PEs was kept constant at 10. It can be seen that as the size of

the input modules increases, the number of nodes and edges of the assignment graph

increases and so does the runtime.

Table 6.1.  Table containing the results for Algorithm 3.1 implementation.

NUMBER
OF
MODULES

NUMBER
OF
NODES

NUMBER OF
EDGES

TIME FOR NODE
CREATION (SEC)

TIME FOR
EDGE
CREATION
(SEC)

RUNTIME
OF
ALGORITH
M 3.1 (SEC)

10 45 68 ~0 ~0 ~0
15 235 688 2.85 ~0 ~0
20 575 2483 3.06 0.01 ~0
25 1065 6078 3.30 0.02 ~0
30 1705 12098 3.52 0.05 ~0
35 2495 21168 3.77 0.10 0.01
40 3435 33913 4.02 0.17 0.02
45 4525 50958 4.38 0.27 0.02
50 5765 72928 4.81 0.43 0.03
55 7155 100448 5.35 0.63 0.04
60 8695 134143 5.69 0.89 0.07
65 10385 174638 6.14 1.16 0.08
70 12225 222558 6.63 1.63 0.10
75 14215 278528 7.21 2.16 0.13
80 16355 343173 8.16 2.76 0.15
85 18645 417118 8.93 3.60 0.20
90 21085 500988 9.69 4.46 0.23
95 23675 595408 10.72 5.64 0.28

100 26415 701003 11.68 6.96 0.35
130 46005 1604248 15.13 10.3 0.83
140 53735 2023063 27.88 14.56 1.14
150 62065 2509078 49.63 20.40 1.53
160 70995 3067293 82.12 28.67 2.45
170 80525 3702708 126.6 38.72 2.57
200 112715 6122153 315.1 58.70 6.38
225 143665 8800878 556.15 63.87 6.95
250 178365 12165228 907.36 121.72 11.87

The second set of results for the same program recorded the results when a

constraint was implemented. For this purpose the areas of all modules were made the

same. The maximum number of modules 300 was divided by the number of PEs 10 to get

an average of 30. So the limitation of the number of modules on these PEs was varied
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from b to no limitation in four steps as 30, 50, 100, and no limitation. This procedure was

carried out for m ranging from 150 to 300 in steps of 50. These results are shown in Table

6.2. Note that as the limitation value on the number of modules is increased, the number

of nodes and edges created decreased significantly and consequently the runtimes were

reduced as well.

Table 6.2. Results for Algorithm 3.1 under increasing constraints.

NUMBER OF
MODULES

LIMITATION ON
NUMBER OF
MODULES PER PE

NUMBER OF
NODES
CREATED

NUMBER OF
EDGES
CREATED

RUNTIME OF
ALGORITHM
3.1 (SEC)

150   30   30423     707460   0.33

150   50   46703   1615100   0.79

150  100   73403   3184341   1.92

150 None 80373 3360641  2.15

200   30   42423   1022460   0.48

200   50   66703   2490100   1.20

200  100 113403   6460716   4.55

200 None 147073   8294366   6.59

250   30   54423   1337460   0.62

250   50   86703   3365100   1.65

250  100 153403   9960200   7.47

250 None 233773 16893091 41.84

300   30   66423   1652460   0.76

300   50 106703   4240100   2.04

300  100 193403 13460200 18.68

The third set of results consisted of a plot of throughput versus the constraints on

the number of modules on any PE. Throughput values versus the constraint on the

number of modules on any PE were recorded for m=100 with the limitation on the PEs,

tc, ranging from 5 to 50. These results were plotted in Figure 6.1. It can be seen that as the

limitation value on the number of modules residing on any PE is increased, the bottleneck

value increases. And for some value of limitation less than the average, 200/10=20, the
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bottleneck becomes infinity which means that for tc <  10,  no feasible solution exists.

The number of PEs was kept constant at 10.

Figure 6.1. A plot of Bottleneck value versus area limitation of the PE.

Figure 6.1. Plot of bottleneck values versus the limitation of modules on a PE.

Figure 6.2 contains two different implementations of Algorithm 3.1. One of the

implementations is as described in Section 3.2. This consists of building the edges in the

assignment graph. Hence more memory storage is required in this case. Also some time is

required to create the edges. In the other implementation, described in Section 3.4, no

edges are built. Hence there is no overhead in building the edges. It can be seen from

Figure 6.2 that the runtimes of the implementation without the edges are much smaller

than the implementation with edges for the assignment graph.
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Figure 6.2. Comparison of two plots representing the runtimes of two different

implementations of Algorithm 3.1.

Verification procedure for Algorithm 3.1

A procedure for checking Algorithm 3.1 was implemented. This consisted of a

procedure for generating all possible assignments one by one without concern for runtime

efficiency. For each assignment of modules to PEs, the bottleneck value or total

execution time was recorded if that was the minimum.  For the same set of inputs,

Algorithm 3.1 was executed and the bottleneck value or total execution time was

obtained. The results of both were compared. For all cases the bottleneck or total

execution times matched perfectly. For many cases the actual assignments differed, but

the bottleneck values and total execution times matched for all cases. This is because

there can be more than one possible assignment for which the bottleneck values and total

execution times are the same.
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6.1.2 Results for  Algor ithm 4.1 and 4.2 implementation

Algorithm 4.1 was executed for two cases. In the first case, the PEs had an inter-

connection pattern that was a ring. This required the creation of one dummy node in the

assignment graph. The results for the implementation of Algorithm 4.1 are given in Table

6.3. These readings contain the number of nodes and edges created, the time required for

their creation, and the runtime of Algorithm 4.1. These results were recorded for the case

when no constraint was applied and the number of PEs was 10.  It can be seen that as the

size of the graph increases, the runtime also increases.

The second case consisted of four PEs with an inter-connection pattern as shown

in Figure 6.3. This case required two dummy layers in the assignment graph. All PEs

were assumed to be uniform. Only one trail was explored and Algorithm 4.1 was used to

partition chain of modules onto this trail of PEs. The trail chosen was 1, 2, 3, 1, 5, and 3.

The results for this case are given in Table 6.4. It can be observed that for a small trail,

the time for creation of the graph is small, but the runtime of Algorithm 4.1 is large and

the number of times Algorithm 3.1 is called also large for large values of m.

1 2

4 3

Figure 6.3. Directed arrows showing a trail in
a PE graph.

1,4

2

3,6
5
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Table 6.3. Results of Algorithm 4.1 for the case of PE inter-connection being a ring of 10

PEs.

NUMBER
OF

MODULES

NUMBER
OF

NODES

NUMBER
OF

EDGES

TIME FOR
NODE

CREATION
(SEC)

TIME FOR
EDGE

CREATION
(SEC)

RUNTIME OF
ALGORITHM

4.1 (SEC)

NUMBER OF
TIMES

ALGORITHM
3.1 CALLED

25 1113 5710 0.00 0.02 0.03 15

50 7463 93560 3.01 0.39 1.89 40

75 19438 387660 4.17 1.87 12.47 65

100 37038 1013010 7.30 5.6 46.72 90

125 60263 2094610 10.24 10.93 130.92 115

150 89113 3757460 58.37 23.86 336.02 140

175 123588 6126560 198.41 39.9 738.75 165

200 163688 9326910 430.86 65.8 1397.28 190

Table 6.4. Results for the two dummy PE case for the trail shown in Figure 6.3.

NUMBER
OF

MODULE
S

NUMBER
OF

NODES

NUMBER
OF

EDGES

TIME FOR
NODE

CREATION
(SEC)

TIME FOR
EDGE

CREATION
(SEC)

RUNTIME OF
ALGORITHM

4.1 (SEC)

NUMBER OF
TIMES

ALGORITHM
3.1 CALLED

10 73 145 ~0 ~0 ~0 75

15 243 790 2.77 0.01 0.12 550

20 513 2310 2.99 0.01 1.07 1800

25 883 5080 3.24 0.02 5.46 4200

30 1353 9475 3.5 0.05 24.77 8125

35 1923 15870 3.8 0.08 77.72 13950

40 2593 24640 4.04 0.12 235.61 22050

50 4233 50805 4.34 0.12 1121.14 46575

The second set of results for the implementation of Algorithm 4.1 was to record

the results when a constraint was implemented. For this purpose the areas of all modules

were made the same, and the maximum number of modules considered m=200 was

divided by the number of PEs n=10 to get an average of b=20. The limitation of the

number of modules on these PEs was varied from b to no limitation in three steps as 50,

100, and 200. This procedure was carried out for m values of 50, 100, and 200. These

results are shown in Table 6.5. Note that as the limitation on the number of modules
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increased, the number of nodes and edges created decreased significantly with a

corresponding decrease in runtime. The number of PEs was kept constant at 10.

Verification of Algorithm 4.1 was similar to the verification done for Algorithm 3.1.

Table 6.5. Results showing reduction in graph size and execution time of Algorithm 4.1

under increasing constraints.

NUMBER
OF

MODULES

LIMITATION ON
NUMBER OF

MODULES PER
PE

NUMBER OF
NODES

CREATED

NUMBER OF
EDGES CREATED

RUNTIME OF
ALGORITHM 4.1

(SEC)

50 20 5533 68040 0.65

50 50 7463 93560 1.88

50 100 7463 93560 1.88

50 200 7463 93560 1.88

100 20 14533 228040 2.23

100 50 29578 828970 20.07

100 100 37038 1013010 46.74

100 200 37038 1013010 46.74

200 20 32533 548040 5.27

200 50 74578 2825100 68.58

200 100 126653 7301070 517.43

200 200 163688 9326910 1397.28

Algorithm 4.2 was executed for a chain of modules of m=100 and for a PE graph

as shown in Figure 6.4. The results are recorded in Table 6.6. A limitation of 50 modules

per PE is imposed. All PEs are assumed to be uniform. But the links are not uniform. All

unique trails are shown in Table 6.6. We can see that for the sequences where a PE is

revisited, Algorithm 4.1 is called more that once. It can be observed that as the

constraints are increased, the graph size reduces and hence the runtime also reduces.
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Table 6.6. Results for Algorithm 4.2.

TRAIL
SEQUENCE

NUMBER
OF NODES
CREATED

NUMBER OF
EDGES

CREATED

CREATION
TIME FOR

NODES AND
EDGES (SEC)

RUNTIME FOR
ALGORITHM

4.1(SEC)

NUMBER OF
TIMES

ALGORITHM
4.1 CALLED

4,1,2,3,1 10828 2400096 4.3 428.08 3575

1,4 7353 125095 2.4 3.089 1

1,2,3,1,4 10828 240096 4.31 5.45 50

2,1,4 3778 5098 0.39 0.01 1

2,3,1,4 7353 125095 2.33 0.06 1

2,1,3,2 7353 125095 2.33 3.08 50

4,1,2,3,1 10828 2400096 4.35 428.00 3575

1,3,2,1,4 10828 240096 4.32 5.40 50

2,3,1,2 7353 125095 2.33 3.10 50

3,1,2,3 7353 125095 2.32 3.09 50

3,2,1,3 7353 125095 2.32 3.10 50

3,1,4 3778 5098 0.40 0.01 1

3,2,1,4 7353 125095 2.33 0.06 1

4

1

2 3

a

b

c

d

Figure 6.4. A PE graph with four PEs and
four links.
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Results for a CCM of type Figure 1.1:

The structure of the CCM of Figure 1.1 considered for implementation of

Algorithm 4.1 and 4.2 is as follows. Each host PC was a general purpose CPU. The

embedded single PE attached to the host PC was an FPGA. This FPGA was connected to

the host PC with a communication link of cost α.  The number of such units was 8. The

total number of PEs was 16. All the host CPUs and the embedded FPGAs were connected

to each other by a crossbar link with a communication cost of β, where α=β/10. The

constraint on the number of modules per PE was 1/24th the total number of modules in

the chain. There were three types of modules, A, B, and C, whose weights are given in

Table 6.7 for the case of CPUs and FPGAs.

Table 6.7. Weights of the modules.

WEIGHT OF THE
MODULE
ASSIGNED TO
CPU

WEIGHT OF
THE
MODULE
ASSIGNED
TO FPGA

Module A 2 2

Module B 1 4

Module C 4 1

One of the trails for this CCM graph was chosen to demonstrate Algorithm 4.1.

The longest trail containing 8 CPUs and 8 FPGAs in an alternating sequence was

selected. The modules A, B, and C were generated randomly and their average proportion

was 1/3rd of the total number of modules. The runtimes are given in Table 6.8.

A chain of modules was partitioned onto the structure of the CCM using

Algorithm 4.2. For each chain, 256 possible trails were explored using Algorithm 4.2.

Algorithm 4.1 was called for each trail. The total runtime for Algorithm 4.2 was recorded

as 7.84, 9.86, and 15.44 minutes on average for chains of 50, 75, and 100 modules

respectively. It can be observed that the runtimes are tractable for this practical system.
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Table 6.8. Runtimes for implementation of Algorithm 4.1 for CCM of Figure 1.1.

NUMBER OF

MODULES

NUMBER OF

NODES CREATED

NUMBER OF

EDGES CREATED

TOTAL EXECUTION

TIME (SEC)

50 4933 16100 0.19

75 14115 69460 2.83

100 28015 184239 6.51

125 46633 383850 14.73

150 69969 691706 57.92

175 98023 1131220 180.61

200 130795 1725805 395.67

6.1.3 Results for  the implementation of Algor ithm 5.1

The runtimes for the implementation of Algorithm 5.1 are as shown in Table 6.9.

The number of PEs was kept constant at 4. The number of modules was varied from 13 to

23 in steps of 2. As the number of modules increases, it can be seen that the number of

times Algorithm 4.1 called, increases drastically.  The fork was at module number 2. One

of the branches of the fork had 5 modules while the number of modules of the other

branch were varied.

Table 6.9. Results for the implementation of Algorithm 5.1.

TOTAL
NUMBER

OF
MODULES

NUMBER
OF

NODES
CREATED

NUMBER
OF EDGES
CREATED

TIME FOR
CREATION OF

NODES AND
EDGES

RUNTIME OF
ALGORITHM

5.1

NUMBER OF
TIMES

ALGORITHM 4.1
CALLED

13 90 153 ~0 0.29 5625

15 120 232 ~0 1.84 38416

17 158 351 ~0 11.43 164025

19 204 518 ~0 62.50 527076

21 258 741 ~0 211.64 1399489

23 320 1028 0.01 680.36 2400000
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Chapter  7

Conclusions and Suggestions

7.1 Conclusions on the thesis

Adaptation of Bokhari’s algorithm proved to be very useful for partitioning in the

case of CCMs. It has been observed that for the case of a chain of modules partitioned

over a chain of PEs, Bokhari’s algorithm can be applied successfully. The algorithm can

be easily implemented for obtaining optimal throughput and total execution time under

constraints. There is flexibility in the application of the area, pin, and power constraints.

The results for the same show that as constraints are applied, the algorithm takes less time

to execute. In practice, one expects significant constraints, thus these runtimes are more

realistic. A point to be noted is that the model for the modules and PEs is a chain; this

restricts the direct application of the algorithm to fewer cases.

The method of implementing the assignment graph without constructing edges

reduces time to construct the graph and also to execute the algorithm. There is a reduction

in the memory storage because of not creating the edges.

The second algorithm presented in Chapter 4 is quite useful because this

algorithm can handle any inter-connection of the PEs. The complexity of this algorithm is

a relatively large polynomial, but with the application of constraints the practical

execution times are reduced drastically.

The third algorithm presented in Chapter 5 provides an extension in the model of

the module graph to allow branches. A large number of data dependencies come under

this category of module graph and hence it is quite useful. The complexity of this

algorithm is also a very large polynomial, but as the constraints are applied, the practical

execution times are reduced drastically.
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7.2 Suggestions for  future work

A number of improvements can be made to the set of partitioning algorithms in

this thesis in order to solve more general partitioning problems. By developing effective

heuristics based on the results obtained for particular types of data dependencies and PE

inter-connections, the algorithms presented in this thesis would help in obtaining near

optimal solutions to more general partitioning problems which are NP-complete.

Adoption of Bokhari’s [1] doubly weighted graph algorithm for optimizing a

combination of throughput and execution time for the second and the third algorithm

presented in Chapters 4 and 5 respectively, can be done. The doubly weighted graph

algorithm works for the Algorithm 3.1 directly with few changes.

Generalizing the single fork module graph algorithm to work for a PE graph that

is arbitrarily connected, is very similar to the idea presented in Chapter 4. This can be

done by creating more dummy nodes and applying the constraints. However, the run time

of that algorithm will be very high.

As mentioned in Chapter 4 and 5, Algorithms 4.2 and 5.1 have inherent

parallelism. Further work can be done to implement these algorithms in parallel.
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