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(ABSTRACT) 

An inversion method is developed to estimate the P- and S-wave velocities and density ratio 

of two elastic, isotropic, and homogeneous media separated by a plane, horizontal boundary from 

P-wave reflection amplitude-versus-offset (AVO) data recorded at the surface. The method has for 

its basis the inversion of the plane wave Zoeppritz. equations by generalized linear inversion (GLI) 

and bootstrapping. The Zoeppritz equations are converted into the time-offset domain by using 

Snell’s law, common mid-point (CMP) geometry, and two-way travel (twt) time. The equations 

in the time-offset domain have five independent variables that enable estimation of P- and S-wave 

velocities and density ratio for the upper and lower layers. The linearity and uniqueness of the in- 

version are investigated by residual function maps (RFMs). The RFMs show closed elliptical 

contours around the true values of the seismic parameter pairs except in the case of S-wave velocity 

pair for which the open contours imply a linear correlation. However, the RFMs of S-wave ve- 

locities with the other model parameters show well defined minima, indicating the uniqueness of 

the inverse problem in the absence of noise. The estimation of seismic parameters is constrained 

by physical considerations and the results are enhanced statistically by bootstrapping to obtain the 

most likely solutions, i.e., the mode values of the distribution functions of solutions, and the con- 

fidence limits of the most likely solutions. 

The inversion method is tested using model AVO data with and without random noise. The 

tests show that the model parameters are exactly recovered when offset-to-depth (O/D) ratio 1s 

about 2 or larger, depending on the contrast among the seismic parameters of the media. The re- 

sults for small O/D ratios (< 1) diverge from the true values, especially for S-wave velocities, and



indicate the importance of the O/D ratio in the AVO data inversion. The parameters are not re- 

covered correctly in the case of noisy model AVO data because of the degrading effect of noise in 

the inversion. However, the model parameters fall into the confidence limits of the estimated pa- 

rameters when tight constraints are imposed on the solutions, and the signal to noise (S/N) ratio 

is high. The inversion method is sensitive to auxiliary parameters such as the root-mean-square 

(rms) velocity and zero-offset twt time which are used in the adjustments of observed or calculated 

reflection amplitudes to compensate for the effects of wave propagation. Because the plane wave 

Zoeppnitz equations define the variation in reflection amplitude with offset for a single boundary, 

the method is limited to isolated reflections in the CMP gathers. 

The AVO inversion is applied to field data from the Atlantic Coastal Plain in South Carolina 

to show the feasibility of the method. The first example is from Charleston, S.C. where the esti- 

mated seismic parameters from adjacent CMP gathers are in close agreement demonstrating the 

stability of the AVO inversion. The second example is a data set that crosses the border fault of 

the Dunbarton Triassic basin, S.C. For this data set common offset stacked CMP gathers are used 

to increase the S/N ratio and minimize the surface coupling effects. The inversion results show that 

the seismic parameters are greater north of the border fault indicating crystalline basement while 

smaller parameters to the south represent the Triassic basin. P-wave velocities estimated for the 

crystalline basement (6.4 km/s) and the Triassic basin (4.8 km/s) are in good agreement with the 

computed refraction velocities and support the interpreted location of the Dunbarton Triassic bor- 

der fault.
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Introduction 

The estimation of P- and S-wave seismic velocities and densities of earth layers from the data 

sets recorded at the surface has long been one of the main research interests in reflection seismology. 

Although structural interpretations of the subsurface from seismic data using sophisticated data 

processing and interpretation techniques have been facilitated, considerable work remains to be 

done toward obtaining quantitative information from the data that will lead lithological interpreta- 

tions. Knowledge of lithology will open the ways to direct hydrocarbon exploration, groundwater 

exploration, and understanding of the earth crust. 

The estimation of P- and S-wave velocities and density ratio of elastic media separated by a 

flat, horizontal boundary poses itself as a major research topic because the quantitative knowledge 

of these elastic parameters will significantly contribute to direct energy exploration as well as 

understanding of the earth crust. Therefore, the estimation of elastic parameters is one of the spe- 

cific research topics in geophysics recently. This study is significant in that it contributes to the 

interpretation of P-wave amplitude-versus-offset (AVO) data by developing the fundamentals of 

an inversion theory to estimate the P- and S-wave seismic velocities and density ratio of elastic 

media. 

The reflection, transmission and mode conversion of the plane P-waves at a boundary as a 

function of incidence angle have been extensively investigated in the geophysical literature. The 

mathematical description of this energy partitioning at a boundary is summarized in the Zoeppritz 

equations (e.g., Waters, 1987; Berkhout, 1987). Curves and values of the P-wave reflection coeffi- 

cients obtained from the Zoeppritz equations were tabulated for different models by several authors, 

e.g., Koefoed, 1955, 1962; and Tooley et al., 1965. In the case of small incidence angles and seismic 

parameter contrasts, various approximations to the Zoeppritz equations have been developed by 

Bortfeld (1961), Hilterman (1983), Shuey (1985), and Lortzer et al. (1988) to make interpretations 

about the contribution of seismic parameters in the reflection process. Forward and inverse mod- 
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eling methods were developed by several researchers, including Rosa (1976), Hilterman (1983), 

Gelfand et al. (1986), Balogh et al. (1986), Macdonald et al. (1987), Lértzer et al. (1988), De Haas 

and Berkhout (1988, 1989), and Kindelan et al. (1989). 

In this study, an inversion method is developed to estimate the P- and S-wave velocities and 

density ratio of two elastic media separated by a flat, horizontal boundary. The method has for its 

basis the inversion of the Zoeppritz equations by the generalized linear inversion (GLI) scheme, and 

operates on P-wave reflection AVO data. The Zoeppritz equations (Waters, 1987) were converted 

into the time-offset domain by using Snell’s law, time-offset relation, and common mid-point 

(CMP) geometry (CMP and common depth-point (CDP) geometries are equivalent in the case of 

horizontal layering which is assumed here). This approach differs from standard AVO inversion 

formulation in that here the P-wave velocity for the upper layer and depth to the boundary are not 

assumed. The estimation of seismic parameters is controlled by physical constraints, and the results 

are enhanced statistically by the bootstrapping method to obtain the most likely solutions, i.e., the 

mode values of the distribution of solution functions, and the confidence limits of the most likely 

solutions. 

To justify the proposed method, the linearity and uniqueness of the inversion was investigated 

by residual function maps (RFM) by changing two parameters at a time while the others are kept 

constant. The inversion method presented was tested using model AVO data with and without 

random noise. In a noise free model, the model parameters are exactly recovered when offset to 

depth (O/D) ratio is about 2 or larger, depending on the contrast among the seismic parameters of 

the media. The results for smaller O/D ratios (O/D~1) diverge from the true values, especially for 

S-wave velocities, and indicate the importance of the O/D ratio in the AVO data inversion. Tests 

with noisy AVO data indicate that noise is the most disturbing factor influencing the inversion 

method. In the case of noisy model AVO data, the parameters are not recovered correctly because 

of degrading effect of noise; however, the true parameters fall into the confidence limits of the esti- 

mated parameters if tight constraints are imposed on the solutions and signal to noise (S/N) ratio 

is high. In addition to the O/D ratio and noise, the inversion method is also sensitive to the aux- 

iliary parameters, such as root-mean-square (rms) velocity and two-way travel (twt) time, when the 
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amplitude adjustments are applied on the AVO data to match the data and forward model response. 

This inversion method is limited to isolated reflection events on the CMP gathers because the 

Zoeppritz equations define the variation in reflection amplitude with offset for a single boundary. 

Furthermore, only the ratio of densities can be estimated because the densities appear only through 

their ratio in the Zoeppritz equations. 

Use of Amplitude-Versus-Offset Data 

The field of application of AVO analysis has been expanding in the last decade to include the 

estimation of lithology, groundwater exploration by detecting and mapping the porosity variations, 

estimation of the elastic moduli of rocks, direct hydrocarbon exploration, reservoir delineation, 

monitoring hydrocarbon production, and estimation of the physical properties of deep crust. 

Ostrander (1984) showed the feasibility of direct detection of gas saturated sands in sand/shale 

series using monotonically increasing AVO responses due to the significant contrast between the 

Poisson’s ratios of gas sand (0.1) and shale (0.4). Rutherford and Williams (1989) classified the 

gas-sands on the basis of their acoustic impedances and AVO responses for a shale/gas sand model, 

and gave examples of field data for each class. Forward AVO modeling was extensively applied 

by Chacko (1989) to distinguish between the tight and porous facies in Lembak field, Indonesia, 

and by Mazzotti (1990) to investigate the bright spots caused by water and gas saturated sediments 

in the Po valley of Italy. An excellent example of AVO analysis is given by Vandenberghe et al. 

(1986) in ground water exploration. They were able to map the karst intensity of water-bearing 

Dinantian limestones in northern Belgium using the effect of changing Poisson’s ratio in the energy 

partition process and its empirical and theoretical relations to porosity. Bulk, shear, and Young’s 

moduli were calculated by Pigott et al. (1989) using the estimated seismic parameters from the AVO 

analysis to show the potential use of these elastic modules in discriminating the lithology and fluid 

content in reservoirs. Silva and Ahmed (1989) applied the AVO analysis to monitor the change in 

the seismic parameters of a reservoir formation due to the movement of pore-fluid and/or fluid-fluid 
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contacts during the production of gas and oil after the injection of steam to increase production. 

Louie (1990) examined the linear trends in gross AVO data from a crustal data set in California. 

The mid-crustal and Moho reflections were analyzed, and the change in the reflection amplitude 

with offset was quantified for crustal models. Louie suggested that the unusually high amplitude 

reflections from the mid-crust and Moho may be caused by changes in Poisson’s ratio in contrast 

to the layered transition zones. 

The inversion method developed in this study was applied to the field data from the Atlantic 

Coastal Plain in South Carolina to show its feasibility. The values of the estimated seismic pa- 

rameters from CMP gathers of a data set near Charleston, S.C. are in good agreement with each 

other within the average percentile confidence limits of + 6%, + 22%, + 14%, + 5%, and + 27% 

for a,, B,, a, B,, and Ap, respectively, showing the feasibility of the developed inversion 

method. The AVO inversion was also applied to a data set to verify a Triassic border fault inter- 

preted from reflection seismic data. The common offset stacked CMP gathers were used in the 

inversfon to increase the S/N ratio and minimize the surface coupling effects. The inversion results 

show that the interpreted fault is the border fault because of the change in estimated seismic pa- 

rameters. The estimated P-wave velocities for the basement to the northwest and southeast blocks 

of the fault (about 6.4 km/s and 4.8 km/s, respectively) are in good agreement with the refraction 

velocities obtained from the first arrivals. 
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Literature Review 

In this chapter, the fundamentals of the energy partitioning process by the Zoeppritz 

equations and their approximations are reviewed. General characteristics of reflection amplitude- 

versus-offset (AVO) curves and factors affecting the amplitudes are summarized. Development of 

inversion methods for the estimation of seismic parameters from AVO data and examples of the 

application of AVO analyses are discussed. 

Energy Partitioning and Zoeppritz Equations 

A seismic wave field generated at the surface propagates downward, and reflects and transmits 

at interfaces. The reflected part then propagates upward and is recorded at the surface. In this chain 

of physical processes, reflection and transmission depend on the incidence angle of the seismic wave 

upon the interfaces as well as the P- and S-wave velocities and densities of the layers. The math- 

ematical description of the reflection and transmission of seismic waves in the case of plane P-wave 

incidence was first given by Knott (1899). Knott’s work was followed by the four equations given 

by Zoeppritz (1919) and later by Muskat and Meres (1940) to relate the wave amplitudes to the 

seismic parameters. Ergin (1952) developed the energy partitioning equations for a fluid-solid 

boundary, for example sea floor, for plane P-wave incidence. Costain et al. (1963) calculated the 

energy ratios from Knott’s energy equation and amplitude ratios and phase angles from the 

Zoeppritz equations for plane SV waves and applied the resulting equations to multilayer modeling 

of the earth crust. An algorithm was presented by Young and Braile (1976) to calculate the 

Zoeppritz’s equations for given model parameters. The Zoeppritz equations in matrix notation are 

given by Waters (1987) and Berkhout (1987). Brekhovskikh (1960) formulated the spherical wave 
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reflection and transmission process for a fluid-fluid interface in the case of spherical P-wave inci- 

dence upon a reflector. His work was extended to a solid-solid interface by Krail and Brysk (1983). 

To review the Zoeppritz equations, an elastic medium separated by a plane boundary is 

considered with constant seismic parameters on each side. In Figure | on page 7, «,, B,, p, rep- 

resent the P- and S-wave velocities and density of the upper medium, respectively, and «,, 62, p, 

represent the same parameters for the lower medium. Furthermore, 6, 6@,, @,, ¢,, and ¢, rep- 

resent the angles between the normal to the boundary and the rays of incident P-, reflected P-, 

transmitted P-, reflected S- and transmitted S-waves, respectively. The angles are related by Snell’s 

law 

sn6; sind, sind, = sing, sin d, 
ay ~ a) ~ a4 ~ By = By (1) 
      

Using the continuity of displacements and stresses at the boundary for a plane P-wave incidence 

with unit amplitude, the Zoeppritz equations are obtained as a system of equations in matrix form 

(modified from Waters, 1987): 

  

                

sin 0; cos ¢, sin 6, cos ¢, Ry — sin 0; 

— cos 8, sin d, — cos 0, — sin ¢, R, — cos 6; 

o Bro Bro ~ ?) 
sin 20; — cos 2¢, pee sin 20, - feet cos 2¢, || Tp sin 260; 

By pBy02 p18; 
Ox 

cos 2¢, — fi sin 26, — _ cos2¢, — pal sin 2d, || T; — cos 2¢, 
; Tr 1%] fg ot | 

In this matrix equation, the coefficient matrix includes various combinations of seismic parameters 

and trigonometric functions of the angles related to the reflected and transmitted ray paths of dif- 

ferent modes. The column matrix on the left side includes the amplitude coefficients for the re- 

flected (R,) and transmitted (T,) P-waves, and for the reflected (R,) and transmitted (T,) S-waves. 

Closed form solutions are given, for example, by Aki and Richards (1980, p.150) and by Berkhout 

(1987, p.218). 
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Figure {. CMP and Ray Geometry: Four elastic waves, reflected and transmitted P- and S-waves, 
result from the energy partitioning process. CMP geometry is basic to the development of 
the trigonometric relations in conversion of Zoeppritz equations and their approximation 
into the time-offset domain. Half the source-receiver offset and zero-offset twt time are used 
as independent variables in the converted equations in the third chapter. 
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The amplitude of reflected P-waves has been given the most of attention in reflection 

seismology over the years because P-wave recording is the dominant method in the field work. 

Given the seismic parameters, the P-wave reflection amplitude, R,, can be calculated as a function 

of incidence angle using equation (1). If a, > a,, there exist an angle of incidence, critical angle 

6., for which a total reflection occurs, and the critical angle is defined by Snell’s law as 

sin 0, = a,/a,. The reflection amplitude is a real number for 6; < 8, and a complex number for 

6,26,. The critical angle does not exist If «,<«,. Because of the limited range of source-receiver 

offsets in data acquisition, only the reflection amplitudes for 6,< 6, are considered for AVO analy- 

sis. 

Approximations to the Zoeppritz Equations 

Although the so-called full Zoeppritz equations do not introduce any computational difficulty 

on computers, it is difficult to make general conclusions about the role of individual or various 

combinations of individual parameters in the reflection process. In some special angles of incidence, 

such as normal and critical incidence, the behavior of reflection is easy to describe. For normal 

incidence, the reflection amplitude depends on the P-wave velocity and density of the upper and 

lower media and is independent of S-wave velocity. The reflection amplitude has a maximum at 

the critical incidence. Besides these special angles, there exist angles of incidence at which the re- 

flection amplitude changes polarity. Levin (1986) and Keys (1989) gave combinations of the pa- 

rameters which can cause a change in the polarity, and discussed the geological implications. These 

cases may be used to draw general conclusions to help in interpretation. To make general conclu- 

sions about the role of the seismic parameters in the reflection process, and in estimation of the 

parameters or their combinations from the observed reflection amplitudes, approximations to the 

full Zoeppritz equations were developed in the time-offset domain. All of these approximations 

apply only to pre-critical angles of incidence. 
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Aki and Richards’ approximation: Aki and Richards (1980, p.153-154) defined the ratios 

dala, dB/B, and dp/p, and substituted them into the exact equations to obtain an approxi- 

mation to the reflection coefficient. It is given as 

(3) 
Bp? . 2, \ 9p sec’-0 ba 4p? 2, Of 

n’0 4+ ——- — sin“ @ —— p 7 o 2 p R(0) ~ $(1-4 fs oP TE 
a 

where 

6a = a, — ay, Op = By — B,, Op = pr — PI 

w=4(ayt0;), B=+(B +8) 

(8, + 8;) 

N
|
—
 1 

p= zlerztei), O= 

This approximation closely follows equation (9) in Bortfeld (1961). However, it includes the second 

order terms 

2 2 
(4 ~ @1) 1 (B,—B;) 1 N27 1) i 

ay ay+o, ° By, prt B, 
’ 

which are not introduced in equation (9) in Bortfeld (1961). Moreover, the incidence angle in 

Bortfeld (1961) is 6 = 6, , and in Aki and Richards (1980) and Shuey (1985) is 6 = + (6,+ 8,) which 

results in the first order difference + (9¢,;-6,) . When the contrast between the P-wave velocities 

is small and for small angles of incidence, 1.e., in the case of assumptions in developing these 

equations, this should be a small difference. This approximation gives some insight into the sepa- 

rate contributions to the reflection coefficient by differential changes in the corresponding parame- 

ters of the lower and upper media. 

Shuey’s approximation: Shuey’s approximation is a modified form of equation (3) (Shuey, 

1985). In equation (3), mean and differential S-wave velocities are replaced by mean and differential 
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Poisson’s ratios by using the Poisson’s relation. Furthermore, the normal incidence was factored 

out to arrive at the following equation 

R(8) = Ro + (of + =z} sin?9 +5 2% (tan?@ ~ sin’) (4) 
—o 

where o, 60, R, and A, are 

  

ba 6a 12 

Ay = & ~2] 14+ S — <0 
o ba, 5p ba . Op l—o 

a +p “a tp 

This approximation differs from Aki and Richards’ approximation in grouping the terms. In Aki 

and Richards’ approximation the relative contributions of differential changes in the corresponding 

parameters are observed, while in Shuey’s approximation the contribution of different range of in- 

cidence angles are observed. First, second and third terms correspond to normal, intermediate and 

wide angle incident contributions to the reflection process. 

Bortfeld’s approximation: This approximation has for its basis the small changes in seismic 

parameters from one medium to another across an interface. Bortfeld began with an approximation 

equation (equation (9) in Bortfeld, 1961) which is to the first order of equation (3) above. As- 

suming a finite thickness transition layer in which the seismic parameters change continuously with 

depth, the response of this layer to an incidence plane P-wave is calculated in terms of zero, first, 

second etc., orders of internal differential multiples. In this method, the odd order of internal dif- 

ferential multiples corresponds to reflected P-waves and the even order of internal differential mul- 

tiples corresponds to the transmitted portion of the incident P-wave. Letting the thickness of the 

transition layer go to zero, assuming the relative change in density be proportional to relative 

change in P-wave velocity, and taking the integral of all of the internal differential multiples, the 
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following approximation (equation (18) in Bortfeld, 1961) was developed for the P-wave reflection 

coefficient 

    

P2 
7) In{ — 

a%p7 cos 0; sin’6; (3) 
a “| (By — B3)\ 2+ (5) + 

ap; cos 0, a? in( $n oo B 
Oy af, 

Notice that the first term in this equation contributes to reflection for both solid and fluid media. 

RO)™ = n( 
  

However, the second term contributes to reflection only for solid media because the S-wave velocity 

is zero for fluids. 

Hilterman’s approximation: This approach is a modification of the Bortfeld’s approximation 

and uses the same assumptions. The Hilterman approximation (Hilterman, 1983) is given by 

2 
0; 

+ ( sin) (6, + pa 3h — Ba) + 
~ 4202 COS 8; — «19; COs O, 

RO) =   
2(B2p1 — BiP2) 6) 

ayp7 cos 0; + a)p; cos, Pat PI 

The interpretation of this equation is similar to the Bortfeld’s approximation. 

Trigonometric polynomial approximations: These are the simplest approximations to the 

Zoeppritz equations. Their development was motivated by linear inversion of the AVO curves for 

seismic interpretation. Assuming small contrast in the seismic parameters and small to moderate 

angles of incidence, the reflection AVO curves can be approximated by trigonometric polynomials 

with linear coefficients. The linear coefficients in the polynomials correspond to various combina- 

tions of the seismic parameters (Shuey, 1985; Balogh et al., 1986; Lortzer et al., 1988; Hilterman, 

1989). The two-term trigonometric polynomial approximation is given by Lin (1989), 

RO) =a+b sin’G, (7) 

where a and 4 are 

%2P2— %1P 1 = R(0) =—2 
a= R(0) HP. + 1p; 
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The three-term trigonometric polynomial approximation is given by Lortzer et al. (1988), 

R(O,) = a+ b sin’6; +c tan’6, (8) 

where a, b, and c are 

a= R00) = ( op +) 7 

4. 
a N

|
—
 p(B 

p= (Fs 

Oo 
“a N

|
—
 

a 

where «a, B, p, d« , 68, and dp are as defined for Aki and Richards’ approximation. 

Examples of amplitude-offset curves are shown in Figure 2 on page 13, Figure 3 on page 

14, Figure 4 on page 15, and Figure 5 on page 16. These curves were generated by using the 

Zoeppritz equations and their approximations for the model parameters shown in Table 1. The 

depth of the boundary and far-offset were chosen as 2000 and 5000 m, respectively. Note from 

Figure 1 on page 7 that offset x and incident angle 0, are related by x =dtan@, Therefore, the 

maximum angle of incidence is about 51.34° for the maximum offset 5000 m which is less than the 

critical angle of 53.13° for the first and 57.36° for the third model in Table 1. 

Table 1. Model Parameters for Reflection Coefficient Curves. 

  

Type Oy B, P1 m2 B, P2 

Figure 2 4000 2000 2465 5000 2500 2607 

Figure 3 | 4000 2000 2465 3000 1500 2294 

Figure 4 | 4000 1750 2465 4750 3000 2573 

Figure 5 | 4000 2250 2465 3250 1250 2341 
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Figure 2. All-Positive Amplitudc-Offset Curves: Amplitude-offset curves calculated by using the 

Zoeppritz equations and approximations to them. Model parameters are shown in the first 
line of Table 1. Note that reflection amplitudes are all positive for every offset. In the lower 
diagram, the change in the amplitude of a 25 Hz Ricker wavelet is seen for curve (I). 
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Figure 3. All-Negative Amplitude-Offset Curves: Amplitude-offset curves calculated by using the 

Zoeppritz equations and approximations to them. Model parameters are shown in the 
second line of Table 1. Note that reflection amplitudes are all negative for every offset. In 
the lower diagram, the change in the amplitude of a 25 Hz Ricker wavelet is seen for curve 
(1). 
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Figure 4. Positive-to-Negative Crossing Amplitude-Offset Curves: Amplitude-offset curves calculated 

by using the Zoeppritz equations and approximations to them. Model parameters are 

shown in the third line of Table 1. Note that reflection amplitudes are all positive for 

near-offsets and negative for far-offsets. In the lower diagram, the change in the amplitude 
of a 25 Hz Ricker wavelet is seen for curve (1). 
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Figure 5. Negative-to-Positive Crossing Amplitude-Offset Curves: Amplitude-offset curves calculated 

by using the Zoeppritz equations and approximations to them. Model parameters are 
shown in the fourth line of Table 1. Note that reflection amplitudes are all negative for 
near-offsets and positive for far-offsets. In the lower diagram, the change in the amplitude 
of a 25 Hz Ricker wavelet is seen for curve (1). 
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In Figure 2 on page 13, the reflection amplitude curves show positive polarity at all offsets con- 

sidered. Note that the trigonometric approximations are good only at small to moderate offsets. 

The other approximations (Aki and Richards’, Shuey’s, Hilterman’s, and Bortfeld’s) follow the 

exact curve at all offsets. Similar conclusions can be made for the curves in Figure 3 on page 14 

where the reflection amplitude has negative polarity for all the offsets considered. Polarity reversals 

from positive to negative and negative to positive are observed in Figure 4 on page 15 and 

Figure 5 on page 16, and they are predicted by all of the approximations. Model CMP gathers 

without normal-move-out (NMO) are displayed in these figures to show the change in the ampli- 

tude and polarity of reflected wavelets with offset. The model gathers were generated using curve 

(1) in these figures obtained from the full Zoeppritz equations and a 25 Hz Ricker wavelet. The 

amplitude changes with offset are obvious on the wavelets in all cases. 

General Characteristics of Reflection Amplitude-Offset Curves 

General characteristics of reflection amplitude-offset curves can be observed from model 

studies and interpretation of the approximate equations. The general characteristics include the 

magnitude, polarity, polarity reversals, and the role of individual seismic parameters or various 

combinations of them in the reflection process. 

The contrast between the upper and lower medium parameters is the most important factor 

in determining the magnitude of the reflection coefficient at a fixed incidence angle. This is true for 

the normal incidence at which magnitude and polarity of the reflection coefficient is determined by 

P-wave velocities and densities. For this case, the full Zoeppritz equations reduce to the following 

simple form 

RQ) = 2 
+1 ?) 

where r = a,9,/a,p,. However, for non-normal angles, the magnitude and polarity of the reflection 

coefficient depend upon the density ratio plus three independent ratios from among the four ve- 
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locities for input incident angle, and upon the density ratio plus the four seismic velocities for input 

offset in the time-offset domain. Because the analytical solutions are complicated, model studies 

have played an important role in understanding the general behavior of reflection amplitude-offset 

curves (Koefoed, 1955 and 1962; Bortfeld, 1961; Tooley, 1965). It is observed from modeling 

studies that when there is a critical angle, the polarity of the reflection curves are positive; the curves 

appear to be smooth with one minimum at a moderate incidence angle followed by a rapid increase 

near the critical angle as shown in Figure 2 on page 13. When there is no critical angle, the polarity 

is negative and there is a maximum at a moderate incidence angle followed by a moderate to rapid 

decrease near the grazing angle as shown in Figure 3 on page 14. However, there are many ex- 

ceptions to this general behavior, such as monotonically increasing or decreasing curves and mul- 

tiple polarity reversals. 

A polarity reversal may be from positive to negative or vice versa as shown in Figure 4 on 

page 15 and Figure 5 on page 16, and reversals may occur more than once (Koefoed, 1962; Levin, 

1986; Keys, 1989). The polarity reversals and the angle they occur contain information about the 

seismic parameters (Keys, 1989). Levin (1986) analyzed the seismic parameter space and made 

contour plots for combination of seismic parameters which causes polarity reversal. Keys (1989) 

discussed the conditions for which the reflection coefficients exhibit a positive or negative polarity 

at normal, critical, and grazing angles. Keys defines two special cases that cause an odd number 

of polarity reversal: i) a,/a,< 1 and Z,/Z, > 1; and ii) o,/a, > 1 and Z,/Z, < 1 where Z is the acoustic 

impedance. In general, P-wave velocity is directly proportional to density. When «,/a,>1 and 

Z,{Z, > 1 or a«,fa,<1 and Z,/Z, < 1, the interaction between S-wave velocities and remaining seis- 

mic parameters may also cause polarity reversals. In this case, polarity reversals occur an even 

number of times. As reported by Coruh and Demirbag (1989) and Poley et al. (1989), the polarity 

reversals can cause deterioration of the stacked seismic traces and result in incorrect velocity deter- 

minations. 

First Koefoed (1955 and 1962), later Ostrander (1984) and Shuey (1985) noted the strong ef- 

fect of Poisson’s ratio in the reflection process. The S-wave velocities in the full Zoeppritz 

equations and their approximations can be replaced by Poisson’s ratio using the relation 
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Shuey (1985) interpreted Koefoed’s results about the role of Poisson’s ratio in the reflection process 

within a pre-critical angle range as follows: 

(i) When «,>,, p,=p, and o, =o,, an increase in o, causes an increase in the reflection 

amplitude at larger angles of incidence. 

(1) For the same conditions, an increase in o, causes a decrease in reflection amplitude at 

larger angle of incidence. 

(iit) In case (1), when Poisson’s ratios are kept equal and increased together, the reflection 

amplitude increases at larger angles of incidence. 

(iv) The effect in (i) becomes more pronounced as the velocity contrast becomes smaller. 

Factors Affecting Observed Reflection Amplitudes 

It is obvious from the previous discussions that the change of reflection amplitude with inci- 

dence angle (or offset) contains information about the lithology. Unfortunately, a simple observa- 

tion of reflection amplitude with offset at the surface is not possible due to a number of disturbing 

factors summarized in this section. Some of these factors are time, space and frequency dependent, 

and can cause apparent changes in reflection amplitude with offset. Therefore, it is necessary to 

remove or reduce their effects before an attribution is made to the lithology or fluid content using 

the reflection amplitudes. The following list compiled from O’Doherty and Anstey (1971), Sheriff 

(1975), Hilterman (1983), Ostrander (1984), and Neidell (1987) classifies the factors which disturb 

the reflection amplitudes; 

« Spherical divergence 

« Transmission at interfaces 

¢ Inelastic attenuation 
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¢ Source-receiver array attenuation 

- Vertical geophone response 

« Reflector curvature 

¢ Random noise 

- Source and receiver ground coupling 

- Interference of events 

- Instrumentation 

- Data processing 

« Theory used: plane versus spherical wave theory 

Some of these factors, such as spherical divergence, transmission at interfaces, inelastic at- 

tenuation, source-receiver array attenuation, and vertical geophone response, can be predicted and 

removed by appropriate models and relations. However, unpredictable effects such as source- 

receiver ground coupling, random noise, interference of reflection events are difficult to remove and 

can cause the deterioration of the amplitude-offset information. Detailed analysis of amplitude 

adjustments applied to AVO data or forward modeling in this study is given in the fifth chapter. 

Theory of the AVO Data Analysis 

Estimation of seismic parameters from the amplitude-offset data as an inverse problem is a 

relatively new field of study in reflection seismology. Various methods have been formulated and 

applied to field data in the last decade. These methods have their basis on the Zoeppritz equations 

or one of the approximations to them. 

Hilterman (1983) gave a complete discussion on AVO analysis including a modified form of 

Bortfeld’s approximation, the factors affecting the observed reflection amplitudes, and lithological 

modeling using the Zoeppritz equations. Because the Poisson’s ratio has the most important effect 

on the reflection amplitudes in hydrocarbon exploration, and Koefoed’s rules defines the role of 

Poisson's ratio in the reflection process, Hilterman developed a simple inversion procedure to estt- 
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mate the Poisson’s ratios for the lower and upper media by lithological modeling. The procedure 

is as follows: 

(i) amplitudes of a target reflection event are measured and plotted as a function of offset. 

(i1) P-wave velocities of the upper and lower media are obtained by some other method, e.g., 

velocity analysis or travel time inversion. 

(itt) densities of the lower and upper media are estimated by Gardner’s relation (Gardner et 

al., 1974) p=aa> where a and 5b are real number coefficients (for sediments usually 

a= 0.31, b=0.25 in MKS units). 

(iv) using these pre-estimated P-wave velocities and densities, the normal incidence (zero- 

offset) reflection coefficient R(0) is calculated. 

(v) AVO data obtained in the first step are normalized by R(0). 

(vi) changing the values of Poisson’s ratio of the lower and upper media and keeping the 

Koefoed’s rules in mind, a match between the calculated and observed AVO curves is sought by 

trial and error. 

The rules described by Koefoed (1955) was given analytical basis by Shuey’s work (1985). 

Shuey modified Aki and Richards’ approximation to develop simple but efficient equations to an- 

alyze the role of the Poisson’s ratio contrast in the reflection process. 

Macdonald et al. (1987) analyzed the linearity of seismic inversion and proposed a method 

to invert the reflection travel times and amplitudes. They considered two different formulations of 

inversion problem of seismic amplitudes. The first formulation considers the full CMP section and 

uses the seismic traces as an input data. The second one considers only a selected reflection event 

on the seismic traces and uses the amplitudes and arrival times on each trace as an input. The ex- 

amination of these formulations showed that the first approach is highly nonlinear due to many 

Jocal minima while the second approach is linear with only one minimum. Their inversion method 

has its basis on a spherical-wave model and least-square minimization of the difference between the 

model response and data. Furthermore, the result was constrained by supplying a pre-estumated 

solution and uncertainties. Data include the reflection amplitudes of post-critical as well as the 

pre-critical parts of primary and first order multiples and their arrival times. This required form of 

Literature Review |



the data is the major difficulty with inversion procedure. One often does not have post-critical re- 

flection data, and it is difficult to identify the first order multiples when the considered primary re- 

flections are weak, signal to noise (S/N) ratio is low, and the different reflection events interfere with 

each other. 

De Haas and Berkhout (1988) discussed the information content of P-P and P-SV reflections. 

They investigated the quality of inversion and simultaneous use of the different modes of reflection 

data. They concluded that the quality of inversion results is greatly increased due to simultaneous 

use of different modes of reflection data. But the acquisition of different modes of reflection data 

has not been a common practice in exploration seismology; therefore, the method has limited 

promise. De Haas and Berkhout (1989) described another approach in which a priori information 

is used for stability of the inversion. The uncertainty in the data, i.e., the deviation from an a priori 

model, is estimated and a nonlinear least square minimization procedure is used to obtain the 

seismic parameters of a multilayer model. They also showed that the wavelet interference in the 

target zone should not be a difficulty if the wavelet can be extracted for forward modeling. The 

forward model in the inversion is based upon a convolutional reflection process integrated with the 

Zoeppritz equations. The angles of incidence are found by ray-tracing and the resulting reflectivity 

is convolved with the extracted or known wavelet. The difficulty with the method is the ambiguity 

in the number of layers for a chosen target zone. However, the method may be quite useful in 

testing certain multilayer models against AVO data. For example, Fuller et al. (1989) gave a dis- 

cussion of detecting thin sand beds sandwiched in marine shales in the Powder River Basin of 

Wyoming using forward modeling. In this case, the sand bodies are usually thinner than 10 m and 

located at 2500 m depth. They are not associated with any structural feature, so their detection 

becomes a real challenge to a seismic interpreter. Fuller et al. gave the ratios of P-wave to S-wave 

velocity for clean and fluid-filled sands. There is a significant difference between two models, and 

therefore, the fluid-filled sands in shales can be detected using increasing reflection amplitude re- 

sponse with offset. Forward model studies for shale-sand-shale models with clean and fluid-filled 

sands in the middle verified their conclusion and matched the observed AVO response from the 

Powder River Basin. 
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Lértzer et al. (1988) approached the inversion of AVO data by a linear least square minimi- 

zation procedure. The forward model in this study is an approximate Zoeppritz equation which 

is linear in the seismic parameter contrast. The assumptions are the small contrasts in the seismic 

parameters of lower and upper layers, constant wavelet shape for all offsets, and moderate angles 

of incidence. The advantages of the linear method to a nonlinear one are that the former is much 

faster to implement and it does not suffer from local minima. However, the method is able to es- 

timate only the relative seismic parameter contrasts, da/a«, 58/8, and dp/p where «, B, and p 

denote the average, and 6a, 68, and dp denote the differences in the corresponding parameters 

of lower and upper medium. Lé6rtzer and Berkhout (1989) extended this study to simultaneous 

inversion of P-P and S-S AVO data using a Bayesian inversion scheme. 

The simplest approximation to the Zoeppritz equations used by Shuey (1985), Gelfand et al. 

(1986), Hilterman (1989), and Nelson (1989) is a trigonometric polynomial in incidence angle with 

two linear coefficients and is valid for small contrasts in the seismic parameters and small angles 

of incidence. The use of this simple equation opened a new way to produce zero-offset or normal 

incidence seismic sections although the approach does not give any quantitative information about 

the seismic parameters explicitly. A linear least square procedure gives the estimates of a and b 

coefficients from AVO data corrected for the disturbing effects listed in the previous section. The 

interpretation of coefficient a is important. When the offset is zero, coefficient a corresponds to a 

relative zero-offset reflection amplitude. The estimation of coefficient a for every vertical two-way 

travel time generates a coefficient-a trace which corresponds to a relative amplitude zero-offset 

seismic trace. The ensemble of coefficient-a traces corresponds to a relative amplitude zero-offset 

seismic section comparable to a conventional relative amplitude stacked seismic section. However, 

a coefficient-a section is a better approximation to a zero-offset seismic section because of the ex- 

trapolation to zero-offset and absence of deteriorating effects of the stacking process, such as NMO 

stretching and statics. A special, but more cautious interpretation can be given for the coefficient 

b. Under the assumption of small contrast in seismic parameters, the second term becomes more 

significant in controlling the reflection process (Hilterman, 1989). The coefficient b in the second 
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term corresponds to the difference in the Poisson’s ratio of lower and upper layers; therefore, 

coefficient-b sections may be regarded as relative Poisson’s ratio contrast sections. 

Kindelan et al. (1989) formulated a computational elastic wave modeling by a spectral method 

and applied it to AVO analysis. The results of forward modeling for thin bed AVO response are 

important. In AVO analysis, the reflection from the top and bottom of a thin bed interfere with 

each other constructively or destructively depending on the thickness of the thin bed and the angle 

of incidence. When a wavelet is incident upon a thin layer whose thickness is smaller than 1/2 of 

the wavelength corresponding to the fundamental period of the wavelet, the resulting composite 

reflected wavelet is the derivative of the incident wavelet (Sengbush et al., 1961). Therefore, the 

main difference in the AVO responses of a single reflector and a thin bed is that the first one is in- 

dependent from the fundamental period of the wavelet while the second one is dependent on it. 

Kindelan et al. pointed out that the AVO response of a thin layer is more complicated, and the 

estimation of seismic parameters and inferences about the lithology becomes difficult. Thus, it still 

remains a challenging task to modify the multilayer inversion method by De Haas and Berkhout 

(1989) to satisfy the result of Kindelan et al.. 

Krail and Brysk (1983) developed the spherical wave or the curvature-corrected Zoeppritz 

equations by adding a pure imaginary correction term to the plane wave Zoeppritz equations. The 

correction term consists of the derivative of the plane wave Zoeppritz equations with respect to 

incidence angle and a scaling factor 1/krsin @ where k& is the wavenumber, r is the radius of the 

spherical wave, and @ is the incidence angle. The plane wave Zoeppritz equations consist of com- 

plicated trigonometric expressions, and their derivatives with respect to incidence angle are more 

complicated. However, important observations can be made by the forward modeling of shallow 

reflectors. Because the correction term is a pure imaginary number, the magnitudes of the spherical 

wave reflection coefficients are larger than their plane wave counterparts. The model studies show 

that this effect becomes more significant with increasing velocity and density contrasts. On the 

other hand, as the radius of curvature of spherical waves gets larger and larger, the wavefronts be- 

come more like plane waves. For the P-wave velocities, wavelengths, and distances encountered 
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in the reflection seismology, the difference between the spherical and plane wave reflection coeffi- 

cients is not significant especially in the presence of noise. 

Recently, Pica et al. (1990) approached the inversion of the waveforms using a two- 

dimensional simplified wave equation. This approach has the potential for interpreting waveforms 

in the scismic traces whereas the AVO analysis has only the potential for interpreting amplitude 

variations with offset. The inverse problem is based on the two-dimensional acoustic wave 

equation. Moreover, the density term is replaced by the P-wave velocity by Gardner’s relation so 

that it can be solved only for the P-wave velocity, or equivalently for the bulk modules, for a lat- 

erally stratified medium. The inverse problem is formulated to minimize 

S(K) = > [Poss ~~ Peal y 

where K is the bulk modules as a function of depth and P.,, and P,,, are the observed and calculated 

wave fields for a fluid model, respectively. The summation is taken over the time and distance. 

S(K ) is minimized iteratively until the observed and calculated P-wave fields are matched. The 

inversion is initialized with a starting model which is determined by the travel time inversion of the 

data. This starting model corresponds to the low frequency band of the data and helps the stability 

of the numerical calculations. As the iterations proceed, the frequency content of the observed and 

calculated data is extended to cover the full frequency band of the data. The final P-wave model 

was used to generate a model sonic well-log to be compared with a sonic log from a nearby well. 

Comparison shows a good match between the observed and calculated sonic logs demonstrating the 

feasibility of the inversion of waveforms (Pica et al., 1990). This method has the full potential of 

inverting the reflection data when the formulation is extended to an elastic model. However, the 

computational volume is already large even for an acoustic model due to the solution of the wave 

equation over and over as the iteration proceeds. Nevertheless, the development and practical ap- 

plications of similar inversion methods are expected in the near future, facilitated by the availability 

of high speed and large memory computing systems. 
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Applications of the AVO Data Analysis 

AVO analysis has been applied to various problems in solid earth and exploration geophysics. 

These applications include estimation of lithology, detecting and mapping the porosity and porosity 

variations in formations, estimation of elastic moduli of rocks, hydrocarbon exploration as both a 

direct hydrocarbon indicator and a verification method, reservoir delineation and monitoring, and 

analysis of physical properties of the earth crust. 

Ostrander (1984) discussed the effects of Poisson’s ratio in the reflection process in the case 

of gas sand-shale series. He showed that for a typical shale-gas sand-shale model, the absolute value 

of the reflection coefficient increases monotonically with offset as much as 70% from near to far 

offset. This monotonic increase is caused by the significant contrast in the Poisson’s ratios of gas 

sands (0.1) and shale (0.4), and it 1s in agreement with the second rule of Koefoed (1955). 

An example of AVO analysis is given by Vandenberghe et al. (1986). The purpose of this 

analysis was to map the karst regions of Dinantian limestones in northern Belgium. The top of the 

Dinantian limestones form a water-bearing reservoir and may include other economic interests, 

such as natural gas and geothermal energy. The karst nature of the limestones can be related to 

Poisson’s ratio empirically and theoretically. Both studies indicated that porosity is directly related 

to Poisson’s ratio. Using influence of Poisson’s ratio on the energy partitioning process, the AVO 

response from the top of the karst formation along the seismic section was investigated and the 

most karst dominated regions of the Dinantian limestones were mapped. 

Pigott et al. (1989) used Shuey’s equations to obtain the Poisson’s ratio of the layers in much 

the same way as did Hilterman (1983). The bulk, shear, and Young’s moduli were calculated using 

estimated seismic parameters and relations in classical continuum mechanics. Moreover, the po- 

tential use of the Young modulus and the ratio of the bulk modulus to the shear modulus was 

pointed out and exemplified in discriminating the lithology and fluid content. 

Amplitude-versus-offset modeling was extensively used by Chacko (1989) to distinguish be- 

tween the tight and porous facies of Baturaja limestones in the Lembak field, Indonesia. The re- 

flections from the Baturaja limestones and overlying Telisa shales are located at 1.3 sec and show 
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polarity reversal on the stacked seismic section. An AVO modeling study was performed to in- 

vestigate the cause of the reversal. The modeling parameters were obtained from acoustic and 

density logs taken in a nearby well. Three most likely models, shale-porous limestone (brine-filled), 

shale-porous limestone (oil-filled), and shale-tight limestone, were postulated in the investigation. 

The S-wave velocities were assigned using appropriate «/f ratios for the considered lithologies. For 

each model, an AVO response was calculated using Bortfeld’s approximation and compared to the 

field AVO data. The comparisons confirmed quite different behavior of the AVO responses for the 

tight and porous limestones regardless of the fluid content of the latter, and established a basis for 

porosity identification using AVO analysis. 

The change in the seismic parameters of a reservoir formation due to the movement of 

pore-fluid and/or fluid-fluid contacts during production and/or injection may cause significant var- 

iations of the AVO responses over time. The monitoring of changing conditions in the reservoir 

requires repeated collection and interpretation of seismic data. Silva and Ahmed (1989) applied the 

AVO analysis to this problem to highlight the changes within the reservoir formation. A third de- 

gree polynomial approximation to the Zoeppritz equations was used to avoid the difficulty of using 

explicit values for the seismic parameters. After the removal of disturbing effects, the three coeffi- 

cients of the polynomial were estimated from AVO data for a particular event on the CMP gather 

by linear least squares inversion. Application of the same procedure to all vertical twt times gen- 

erated the so-called coefficient stacks which are comparable to the conventional stacked seismic 

sections. The interpretation of the coefficient section along with the classical stacked seismic section 

was proved to have potential in identifying the changes in the reservoir formation by this integration 

of synthetic and field seismic data. 

Rutherford and Williams (1989) classified the gas sands on the basis of their acoustic 

impedances and AVO responses for a shale-gas sand model, and gave examples of field data for each 

class. Three types of gas sands were identified as high, near-shale, and low impedance gas sands. 

High impedance gas sands, usually moderately compacted and found in hard rock onshore explo- 

ration areas, show a positive polarity at small offsets, and the reflection amplitudes decrease with 

offset. Near-shale impedance gas sands, usually moderately compacted and consolidated, show 
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small negative or positive polarity at small offsets which may not be noticed due to background 

noise. The reflection amplitudes increase in negative polarity with offset. Low impedance gas 

sands, usually undercompacted and unconsolidated and found in offshore exploration, are com- 

monly encountered in AVO analysis. They show a negative polarity, and the magnitude of the 

reflection amplitude increases with offset. 

Mazzotti (1990) gave an example of distinguishing between the bright spots of water and gas 

saturated sediments in the Po valley of Italy. He distinguished and verified the fluid content of the 

layers on the basis of observed AVO curves and forward AVO modeling. The AVO response of 

gas saturated sand layers show monotonic increase in amplitude with offset. Conversely, the AVO 

response of water bearing gravel layers show, first, a gradual decrease at small and middle offsets 

and then a sharp increase at large offsets as the critical angle is approached. Mazzotti concluded 

that the AVO analysis may be used effectively to distinguish the seismic bright spots of gas from 

the water bearing sediments. Moreover, the polarity of the normal incidence reflection must be 

defined precisely by detecting the critical angle reflections using large offsets. 

Hilterman (1990) investigated the relation of seismic parameters to lithology in terms of the 

AVO responses of layers from offshore Louisiana. P-wave velocity and density logs from 97 wells 

were compiled in a Ship Shoal South Addition field and analytical expressions were formulated for 

the seismic parameters as a function of depth for sand and shale above geopressure. The lithology 

prediction accuracy of the AVO signature was tested extensively by using well log data and AVO 

modeling. Hilterman underlined the following conclusions: i) accurate AVO modeling can be 

achieved by considering in-situ lithological conditions. A simple blocking of well logs generates 

sharp boundaries between the layers. As a result, the AVO responses may show high amplitudes 

and different curve shapes. When in-situ conditions are considered, the boundaries are more realis- 

tically defined and the AVO model responses match the expected lithologies better; 11) AVO syn- 

thetic traces are a good alternative to single trace synthetics when seismic data are correlated to well 

information for lithological interpretation; iit) AVO modeling by ray tracing is a good alternative 

to elastic wave AVO modeling for the areas where the velocity gradient is small. 
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Louie (1990) applied the AVO analysis to deep crustal data from southern California to esti- 

mate the physical properties of deep crust. Louie proposed that the reflections observed in the deep 

crust may result from a variation in Poisson’s ratio rather than layered transition zones. The 

analysis is based on the relation between the slope of linear AVO trend and Poisson’s ratio. Given 

an increase in Lame’s parameter J accross a reflector, an increase in the reflection amplitude with 

offset results from an increase in Poisson’s ratio across the reflector, and a decrease in the reflection 

amplitude with offset results from a decrease in Poisson’s ratio. These relations were verified and 

quantified for crustal models by calculating the reflection amplitudes at pre-critical angles by using 

the approximate Zoeppritz equations given in Aki and Richards (1980 p.153-154). The reflections 

from Moho show an increasing trend in amplitude with offset. Because the P-wave velocity in- 

creases with depth, Louie suggested that the Poisson’s ratio may increase at least 10 percent to show 

the observed AVO trends at Moho depths. 
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Inversion of Amplitude-Versus-Offset Data 

In this chapter the fundamentals of the inversion of amplitude-versus-offset data by general- 

ized linear inversion are established. The underlying assumptions of the forward modeling, con- 

version of the Zoeppritz equations and their approximations into the time-offset domain, and 

parameterization, uniqueness and linearization of the inverse problem are discussed in detail. In 

addition, the physical constraints on the solutions, estimation of the most likely parameters, i.e., the 

mode values of the distribution of solution functions, the confidence limits of the most likely pa- 

rameters, and the amplitude measurements of the reflected wavelets are formulated. 

Zoeppritz Equations in the Time-Offset Domain 

Forward modeling is used to determine the response of a physical system using mathematical 

relations. The variables in the relations can be classified as: 1) controlled variables to be adjusted 

by the user; 11) dependent variables to be observed as the response of the physical system; iii) the 

model parameters that summarize the system in terms of physical quantities. The modeled physical 

process in this study is the process of energy partitioning at a boundary that separates two elastic 

media. The Zoeppritz equations and their approximations are the mathematical relations that 

predict the partitioning of energy between reflected and transmitted waves. The controlled variable 

is the angle of incidence (or offset) of the arriving P-wave upon the boundary, the dependent vari- 

ables are the reflection and refraction amplitudes of the resulting P- and S-waves, and the model 

parameters are the P- and S-wave velocities and densities of the media. When the Zoeppritz 

equations are expressed in the time-offset domain, the controlled variables become the offset at the 

surface and zero-offset and offset twt times instead of incidence angle. 
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Inverse modeling, on the other hand, operates on the response of a physical system to esti- 

mate the model parameters. However, it requires the knowledge of its counterpart forward operator 

to relate the observations and controlled variables to the model parameters. Therefore, the inver- 

sion of AVO data using this method requires the Zoeppritz equations or one of the approximations 

to them serve as the forward operator. 

Conversion of the Zoeppritz Equations into the Time-Offset Domain 

In reflection seismology, a CMP gather is the most suitable form of data to observe the var- 

jation of reflection amplitude with offset (CMP and CDP geometries are equivalent in the case of 

horizontal layering which is assumed here). The recording geometry for a CMP gather is well 

known, and the depth of reflectors can be identified by zero-offset twt times and average velocities. 

To use CMP gathers as input data in the inversion, the classical form of the Zoeppritz equations 

(Waters, 1987) and their approximations were converted into the time-offset domain. As a result 

of this conversion, the controlled variables in the forward model became half the source-receiver 

offset and the zero-offset twt time. 

The model considered in this chapter is a two-layer elastic medium with a single horizontal 

interface simulating two half space to give an isolated single interface. Each medium is homogenous 

and isotropic. Formulation for a multilayer model is given in Appendix A. In Figure I on page 

7, «,, B,, and p, represent the P- and S-wave velocity, and density for the upper medium, respec- 

tively; and «,, B,, and p, represent the same parameters for the lower medium. d and x are the 

depth of the reflector and half the source-receiver offset, respectively. From Figure 1 on page 7, 

the simple time-offset relation for P-waves is 

2 \1/2 
(de | (11) 

&} 

where ¢, 1s the zero-offset twt time defined by 4, = 2d/a,. In addition to the time-offset equation, 

Snell’s law (equation (1)) and the ratio of densities Ap = p,/p, are used to convert the Zoeppritz 
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equations into the time-offset domain. The conversion is achieved by replacing the trigonometric 

functions in equation (2) with the following derived relations: 
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Then, the Zoeppritz. equations in the time-offset domain has the following form: 
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where R,, R,, T, and T, are the amplitudes of the reflected P- and S-waves and transmitted P- and 

S-waves, respectively. Depending on the type of survey R, or R, or both might be obtained from 

Inversion of Amplitude-Versus-Offset Data 32



the observed data. The entries of the matrices are combinations of the controlled and known var- 

iables (x, 4, and ¢,) and model parameters (a,, 8,, «2, B,, and Ap). The elements of the matrices 

are 

ay 
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Using the same approach, the approximate forms of the Zoeppritz equations discussed previously 

were also converted into the time-offset domain and are given below. 
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Aki and Richards’ approximation: 
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Shuey’s approximation: 
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Bortfeld’s approximation: 
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Hilterman’s approximation: 
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Amplitude Measurements of Reflected Wavelets 

Determination of the offset dependent reflection amplitudes is the most critical stage. Am- 

plitude measurements of the reflected wavelets from trace to trace on a CMP gather may be ob- 

tained in a variety of ways. Among these are the rms amplitude of the reflected wavelet, peak 

amplitude of the reflected wavelet, peak-to-trough amplitude of the reflected wavelet, and rms am- 

plitude of the crosscorrelation function of the reflected wavelet with a reference wavelet. The main 

task for these techniques is to measure the AVO reflection amplitude with highest possible S/N 

ratio by reducing the effect of noise. For this inversion, the rms amplitudes of the reflected wavelets 

are measured by the Euclidean norm (Stoer and Bulirsch, 1980). If u(t, x) 1s the reflected wavelet 

with a specified length 7 in a seismic trace, then its mean energy at time ¢, is defined as 
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E(t, x) = 

3
)
-
 

t, +7/2 

| | u(t, x) (dt (17) 
t -T)2 

where u(t, x) = w(t)*R(t,, x) is represented by the convolution process which can be reduced to 

multiplication for a single interface model, w(é) is the downward traveling wavelet, and R(t, , x) is 

the reflection coefficient at time ¢, and offset x. Then, the rms amplitude of the reflected wavelet 

is 

; i, +T/2 1? 

amp, (tz, x) = (Bt, x))'" = +( J u(t, x) "dt (18) 
t, —T}2 

So, 

, t, +7/2 2 

ampy(t;, x) = [| Rl x) | | w(t) de (19) 
t, ~T]2 

Assuming that the shape of the downward traveling wavelet does not change with offset (Q-factor 

corrected), its rms amplitude is defined by using the integral term in the last equation as follows: 

1 f&t7P > 1/2 
amp, = +| | w(t) |“de (20) 

t T/2 

Then, the equation (19) simplifies to 

ampy(é, x) = | R(t, x)| ampy (21) 
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Because the downward traveling wavelet and the absolute value of the zero-offset reflection ampli- 

tude are not available, the normalized or relative AVO can be defined as 

amp,(t, , x) _ [R(t,, x)| 

ampy(tx, 9) | R(t, , 0)| 
  [Rite x) = (22) 

where amp,(t, , 0) can be obtained by the extrapolation of the measured AVO curve to zero-offset. 

Using the sign of the maximum value of u(t, x) the polarity of the measured reflection can be re- 

covered by 

Ry(ty x) = sign{max lt, x) Teer! Rute » 20! (23) 

An example for measurement of offset dependent reflection amplitude is shown in Figure 6 on page 

38. Because the zero-offset amplitude R(t, , 0) is not always available, a curve fitting scheme is 

developed using the three-term linear approximated Zoeppritz equation (equation (8)) and observed 

corrected data for extrapolating the zero-offset reflection amplitude. The details of derivations are 

given in the fourth chapter. 

Generalized Linear Inversion of Amplitude-Versus-Offset Data 

The generalized linear inversion (GLI) has been extensively used in the solution of inverse 

geophysical problems. Aspects of the GLI method relevant to this study are discussed in detail by 

Jackson (1972, 1979), Lines and Treitel (1984), Tarantola (1987) and Menke (1989). The 

FORTRAN codes of the method can be found in Press et al. (1988) and Van Heeswijk and 

Christopher (1988). Recently, the inversion of AVO data on the basis of GLI method has been 

formulated by several authors, e.g., Macdonald et al. (1987), Russell (1988), De Haas and Berkhout 

(1988, 1989), and Demirbag and Coruh (1988, 1989). 
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Amplitude Measurements of Reflected Wavelets: The amplitude of the reflected wavelets 

are measured within a time window covering the specified length of the reflected wavelet by 
using equation (23). 

Figure 6. 
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Parameterization, Linearization and Uniqueness of the Inverse Problem 

The Zoeppritz equations represent nonlinear functions; therefore, the linearity and uniqueness 

of solutions of the inverse problem depend upon the selection of the model parameter vector as 

well as suitability of the nonlinear functions for linearization. In the time-offset domain, the con- 

trolled variables are the source to receiver offset and zero-offset twt time. The model parameters 

are P- and S-wave velocities and density of the lower and upper media. The inverse problem is to 

find the model parameters given by the source-receiver offsets and zero-offset twt time. Because 

densities of the layers appear only through their ratio in the Zoeppritz equations, the following 

parameter vector was chosen; 

P = (a1, By, a, Ba, Ap) (24) 

The linearity and uniqueness of the inversion of the Zoeppritz equations by the GLI method 

for the above model parameter vector was investigated using residual functions following 

Macdonald et al. (1987) and Menke (1989). The residual error function is 

Ez») =) [f-fFenl (25) 

where fis the exact forward model solution for the chosen model parameters and f is the response 

of the same function to different values of the chosen parameter pair (z and y) while the other model 

parameters are kept at their original values. The summation is taken over the controlled variable 

which is the offset in our case. RFMs are used in the investigation of linearization of nonlinear 

functions in a large neighborhood of the chosen model parameters. Because the inversion by a 

linear function results in a residual function map where the contours are closed always elliptically 

around the true parameter, the residual function maps are used to determine if the nonlinear func- 

tion is eligible for linearization. Closed contours of RFMs justify the use of a nonlinear function 

to formulate the generalized linear inversion scheme where the function is usually given by its 

two-term Taylor expansion. If the RFMs show no closing contours or irregular contours with 
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many local minima implying a nonunique solution, then the inverse problem is nonlinear; and 

therefore, a nonlinear inversion method must be considered. 

The linearization and uniqueness of the inversion of the Zoeppritz equations were investigated 

for many two-layer models. An example is given here for the model parameters shown in 

Table 2 where the units are in MKS. S-wave velocities were chosen to be half of the P-wave ve- 

locities (o = 0.33), and the densities were assigned using Gardner’s relation (Gardner et al., 1974). 

Table 2. Model Parameters for RFMs. 

  

Type B p 
Layer 1 | 3000 1500 | 2294 

Layer 2 | 4000 | 2000 | 2465 

  

  

            

The boundary between the layers is located at a depth of 2000 m. The maximum source to receiver 

offset is 4000 m with an offset increment of 100 m, hence the angle of incidence spans 45° from zero 

to maximum offset. To generate a RFM, first the model response was calculated for a set of source 

to receiver offsets using the full Zoeppritz equations and equation (22). This response corresponds 

to the function fin equation (25) and it is shown in Figure 7 on page 4]. The parameter vector 

has five elements; therefore, there are 10 combinations of model parameter pairs. For each of these 

combinations, the parameters in the chosen pair were assigned new values around a large neigh- 

borhood of their original values while the remaining three parameters were fixed at their original 

values. For each new value of the chosen parameter pair, the model response was calculated to 

obtain the function f in equation (25) again using equation (22). Having obtained the functions 

fand f in this way, the residual function was calculated and contoured as a RFM. The results of 

the RFMs are shown in Figure 8a through 8) on pages 42 through 46. Note that the contours close 

smoothly around the original values of model parameters marked by the crosses in the RFMs. The 

contour interval is 0.1 unit. However, this is not the case for the contours generated using the S- 

wave velocity pair in Figure 8j on page 46 in which a long valley is observed instead of a well de- 

fined minimum around the original values. Additional calculations indicated that when the contrast 

between the S-wave velocities is increased, a minimum appears around the original values of the 

S-wave velocities. However, the relation of S-wave velocities with the other model parameters 
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Figure 7. Two-Layer Model for Investigation of Linearity and Uniqueness: The model response for 
the model parameters shown in Table 2 is seen in this figure. The response was calculated 
using the full Zoeppritz equations in the time-offset domain and equation (22). The gener- 

ated RFMs are seen in Figure 8 on page 42. 
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Figure 8. Residual Function Maps (RFMs): The RFMs were calculated for two selected parameters 
at a lime while keeping the remaining parameters at their original values. The RF Ms (a to 
j) show well defined minima around the exact values of selected parameter pairs in a large 
neighborhood of the exact values except for the S-wave velocity pair (j). The cross marks 
the exact values of the selected parameters in each map. The elliptical contours indicate 
linearity hence the eligibility of linearization of Zoeppritz equations while a single minimum 
indicates the uniqueness of the solution to the inverse problem. 
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shows well defined minima on the RFMs. An important suggestion from these results is that the 

S-wave velocities can be recovered from the inversion of the Zoeppritz equations. Because of the 

near linear shape of the contours in Figure 8} on page 46, an alternative parameterization could also 

be chosen for S-wave velocities to be AB = B,/B, which might bring more stability to the solution 

of the inverse problem. 

In general, the RFMs display well defined closing contours around the original values of the 

model parameters when there exists a critical angle (a, >a,) because the model response changes 

rapidly as the angle of incidence gets closer to the critical angle. This rapid change causes function 

f to differ significantly from function fin equation (25). As a result, a well defined minimum is 

observed at the exact values of the considered parameter pair. For model responses where there is 

no critical angle («,<.«,), the functions show little change with offset; therefore, RFMs exhibit 

minima which are not well defined. However, a smaller contouring interval can be chosen to close 

the contours around the exact values of parameters to indicate a unique solution. The shape of the 

contours also indicates a trade off between the parameters. For example, in Figure 8j on page 46 

the contours indicate that the upper layer S-wave velocity is more likely to have larger errors than 

the lower layer S-wave velocity which is consistent with the results given in Table 3. Inspection 

of the residual function maps for many different models indicated that the Zoeppritz equations can 

be inverted by generalized linear inversion to obtain the model parameters defined in the model 

parameter vector P. 

Formulation of the Generalized Linear Inversion 

Inversion schemes require the knowledge of a forward operator that relates the model pa- 

rameters to the model response through an equation or set of equations that are usually nonlinear 

in model parameters and controlled variables. It is important that the forward operator simulates 

the modeled physical process and is parsimonious in the number of model parameters. 

If f represents the forward operator as a function of model parameter vector Pu and con- 

trolled variable vector X, and y represents the observed data as the outcome of the corresponding 
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physical process for the chosen controlled variables, then the inverse problem is to determine the 

model parameter vector Py given the observed data y and controlled variable vector X. The for- 

ward model can be expanded into a truncated Taylor series around P= P, where P, is called the 

initial parameter vector (Lines and Treitel, 1984) 

ook Da Phy LO S(P .X) = f(Po X) + (P — Pe) Sl (26) 

In matrix notation this equation can be given by 

F= ih+Jé (27) 

where F is a column matrix and represents the linearized general model response, F, is the column 

matrix and represents the model response to the initial parameter vector Py, J is the Jacobian matrix 

of the partial derivatives of the forward operator evaluated at the initial parameter vector and con- 

trolled variables at which the data were observed, and 6 = (P — P,) is the parameter change column 

matrix. The other step in the GLI scheme is to minimize the sum of the squares of the differences 

between the model response and the data. If £ is the error function which represents the difference 

between the model response and the observed values, then 

E= Y—F or E= Y—(fo+J5) or E+J5= Y-—Fyo or E= D—-JO 

where Y is the column matrix containing the observed data and D= Y — F, is the discrepancy 

vector, or the difference between the observed data and the initial model response. 

In the simplest least-squares solution, the cumulative squared error function G(5) = E’E is 

minimized with respect to the parameter change vector 6; however, this simple minimization pro- 

cedure often runs into difficulties due to the singularity of the matrix J’J . Singularity or near 

singularity of the matrix /”/ causes the elements of the matrix 6 to grow without bounds. There- 

fore, the procedure may diverge from the correct solution. To avoid this difficulty, a damped least 

square minimization method, the Levenberg-Marquardt method (Lines and Treitel, 1984), is used. 

In this scheme the solution is obtained in such a way that a cost function is minimized with respect 
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to 6 subject to the constraint 5'6 < 62 where 6, is a finite quantity. The cost function is defined 

by 

G(6,n) = ETE + (675 — 66) (28) 

where y is a Lagrange multiplier. Using the equality E = D—J6 , 

E'E =(D —J6)'(D — J6) =(D" — 6"J"\(D —J6) 

=D'p—py5—6's"D + 67s I5 

Then the cost function can be written as 

Gn, 6)= D'D — D145 — 5" I'D + 57 IIS + y5"5 — 62 

The derivative of the cost function with respect to 6 is set to zero for minimization 

dG(n, 5 
ano) =-J7D + 57777 4457 =0 

Utilizing the rules of matrix algebra, 

sty 4 6  =s'D 

J7IJ5 +67'1=J'D 

JTI5 + 15 = I'D 

(774 y1)6=J'D 

Finally, the solution for 6 is given by 

6= J J4nly sD (29) 

where / is the identity matrix. This equation is used to solve for the parameter change vector from 

which 

_ 

(P — Py) = 6 or P =5+Po 
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is obtained. The model response is calculated by using the parameter vector P , controlled variable 

vector Y and the forward operator. If the discrepancy between the model response and the ob- 

served data is acceptable, the parameter vector P is declared to be Pup the result of the inversion 

procedure. Otherwise, P is taken as the initial model parameter vector P, , and the minimization 

procedure is repeated until an acceptable model parameter vector is found when a predefined drop 

in the error levels of two successive iterations is obtained. Adaptation of the GLI method to the 

inversion of AVO data is straightforward. The forward model is the Zoeppritz equations or one 

of the approximations to them. The controlled variables correspond to the source to receiver offset 

and twt times. The model parameter vector consists of the seismic parameters and/or various 

combinations of them for a two layer elastic model. 

Derivatives of the Forward Operator and Construction of the Jacobian Matrix 

One of the critical points in the inversion operation using the Zoeppritz equations is to find 

the Jacobian matrix of the partial derivatives of the forward operator. The Jacobian matrix for the 

chosen model 1s 

~ oo 

Oa, P=Pp5, xX=X op P=Py, xX =X da P=Py5, x =X Of, P=Py5, x=X, dAp P=Py, xX =X, 

  OR OR |. | ) an OR |. .. OR yj. . 

OR OR OR _ OR yy. 1 OR |; = cl me —~ = 

da, P=Pq, x =X2 Op, P=Poy, x=} da» P=Py),x=% AB, P=Py, x =x, dAp P=fPo9, x =x, 
    

OR OR oR OR |. 4 OR |- = > ~~ —_~ = 

Ba P=Py5, x =X), op, P=P 9, x=X, da, P=Pq, X=, 6B, P=Po, x=, dAp P=Py, — 

        
where R = RP, t,, x). This is an (nx 5) rectangular matrix where n is the number of traces in a 

CMP gather. The partial derivatives of the Zoeppritz equations and their approximations with re- 
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spect to P- and S-wave velocity and density ratio are determined numerically by a finite difference 

scheme built into the GL] algorithm used. 

Physical Constraints on the Solutions 

The inversion of AVO data by the GLI method for seismic parameters is formulated in a 

statistical sense, because it is affected by noise present in the data. Therefore, the solutions from 

inversion might be quite different from the true values or they may make no physical sense if some 

physical constraints are not imposed on the solutions. Three physical constraints were imposed 

on the solution in this study. 

Positive value solutions: The solutions cannot be zero or negative because they correspond to 

physical qualities, i.e., P- and S-waves propagation velocities, and density ratio of rocks. Therefore, 

any zero or negative value solution is rejected. 

P-wave velocity and density: To include all possible relations between the P-wave velocity and 

density the zero-offset amplitude is defined by 

Apay — a RO) = eo 

If the polarity of the reflection at the zero-offset is assumed to be positive then Apa, > a, otherwise 

Apa, <a. 

Poisson’s ratio constraint: The range of Poisson’s ratio for natural materials, such as rocks, 

is assumed to be [0.05, 0.45]. Therefore, the solutions for P- and S-wave velocities are expected to 

give a Poisson’s ratio which fall into this range. 

Notice that the last two constraints are related to all of the five parameters to be inverted. 

Inversion of Amplitude-Versus-Offset Data 5!



The Most Likely Solutions and Confidence limits by Bootstrapping 

The GLI method is combined with the bootstrapping method to estimate the most likely 

model parameters and their confidence limits. As discussed in the previous sections, the GLI 

method uses an underlying mathematical model that represents the corresponding physical process 

and the observed data to arrive at a solution through a minimization and a constraint satisfaction 

procedure. After the application of adjustments for amplitude disturbing factors such as spherical 

divergence, intrinsic damping, transmission, source-receiver array response, and vertical geophone 

response, the observed data can be viewed in two parts: 1) the AVO signature related to the seismic 

parameters; and i) the part related to noise. The effect of noise on the inversion by the GLI 

method is unpredictable; therefore, the resulting solutions for the seismic parameters can be con- 

sidered to be random variables clustering around the true seismic parameters. For a given AVO 

data set there exists only one true set of underlying seismic parameters that is unknown to us. If 

the data acquisition experiment were repeated many times with the same recording configuration, 

the noise on the acquired data would have been different. Then the inversion of each of these data 

sets would have given a different seismic parameter solution, each of which is a random variable 

around the true solution. Therefore, distribution functions of solutions could have a shape influ- 

enced by the distribution function of noise and its variance, both of which are unknown. But, the 

most likely solutions could be assigned as statistical measures of the distribution of solutions such 

as the mean or mode value. 

To simulate the repetition of the same data acquisition procedure a large number of times 

with different noise, we take advantage of the computation power of computers using 

bootstrapping. Bootstrapping, introduced by Efron (1979, 1982) and Efron and Gong (1983), is a 

computational method to obtain statistical measures in a nonparametric statistical sense. What 

makes the bootstrapping method a nonparametric method is that it assumes neither the distribution 

type of noise nor its statistical measures, such as mean value and variance, nor any specific relation 

tying the modeled physical process to any statistical measures. The bootstrapping method is tied 

to the inversion of AVO data by coupling it with the GLI method using the following steps (Efron, 
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1982, pages 35-36). Let Rand R represent the real and model AVO data, respectively, and « re- 

presents the noise with unknown distribution function and variance. Then 

R=f(tyx,P) +e (30) 

R =f (tex, P) (31) 

can be written for the real and model AVO data in the time-offset domain. An estimation of the 

seismic parameter vector P is obtained by 

—h 

P” such that (R-R y is a Minimum, and the imposed constraints are satisfied. 

The summation is taken over the number of data points available. The next step is to estimate the 

noise from the data. Let R’ represents the model response to the seismic parameter vector P°. 

Then, 

R* =f(t,x,P") and ©” =R—R® (32) 

Having estimated the noise ¢’, the observed AVO data can be simulated many times by the addition 

of resampled noise from «° as if each trial corresponded to one repetition of data acquisition in a 

real experiment. This is achieved by, first, assigning the probability of 1/n to each estimated random 

number in «° where 7 is the number of data points, ie., the number of traces in a CMP gather, and 

then resampling as many as n times from the estimated noise «° by replacement at a time. Then, 

the simulated data R; for the ith experiment can be written as 

Ri =f (te XP) +6 (33) 

where ¢; is the simulated noise for the ith experiment. Notice that the simulation is achieved 

without an assumption about the distribution type and variance of the noise, because the distrib- 
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ution type and variance of the resampled noise are automatically determined from the real data it- 

self. Having simulated the data in this way, the inversion is applied to obtain a new estimate of the 

seismic parameters for the ith experiment by 

_ 

P, such that ya —R y is a minimum, and the imposed constraints are satisfied. 

Repeating the noise resampling and inversion procedure for a large number of times, a collection 
— 

. 

i of estimated seismic parameter vectors P,” is obtained. The projection of the vector P,” onto its 

five dimensions, namely upper and lower layer P- and S-wave velocities and density ratio, gives the 

distribution of solutions for each seismic parameter. From these distributions the most likely sol- 

utions are determined as the mode values along with their 90% confidence intervals. 

Extended Model 

The two-layer-model AVO inversion procedure is inadequate when a target reflector beneath 

a number of overlying reflectors is considered. In this case, a straight line ray tracing approach 

deviates from the actual crooked ray tracing through the layers; consequently, the angles of inci- 

dence to the target reflector, take-off and emergence angles at the surface, and the lengths of the 

travel paths are erroneously calculated. An extended model-based inversion procedure of the AVO 

data is developed considering the macro velocity model of the study area. The macro velocity 

model usually results from a detailed conventional rms velocity analysis. Then, the rms and/or 

average velocities and zero-offset twt times of reflectors constitute an approximate extended model. 

If accurate internal P-wave velocities can be obtained from the rms velocities, ray tracing 

through the extended model generates the necessary and sufficient information to determine an 

approximation to the angles of incidence to the target reflector, take-off and arrival angles at the 

surface, and the lengths of the travel paths. A simple ray tracing method was developed and used 
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Figure 9. Extended Model: The extended model is constructed by considering the conventionally 
determined interval P-wave velocities between the reflectors and their zero-offset twt times. 
It is used to make more realistic estimations of the angles of incidence to the target reflector, 
take-off and arrival angles at the surface, and the lengths of the travel paths. 
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in this study (Appendix B). Following the application of ray tracing, an amplitude adjustment to 

AVO data or forward modeling may be considered for transmission losses through the extended 

model. However, this application needs the S-wave velocity and density information within the 

macro model because the Zoeppritz equations are used in determining the transmission coefficients. 

In addition, a relation between the P- and S-wave velocities (for instance, the Poisson solid for 

o = 0.25) and P-wave velocity and density (e.g., Gardner’s relation) might be assumed in order to 

operate. The extended model can also be used with Haskell-Thompson layer matrices for a more 

realistic calculation of the reflection amplitudes as a function of offset and frequency through a 

layered earth model (Haskell, 1962). In summary, the application of amplitude adjustment for 

transmission losses or application of Haskell-Thompson forward modeling is questionable under 

the assumptions and approaches discussed above. On the basis of a detailed analysis of trans- 

mission losses given by O’Doherty and Anstey (1971), the transmission losses may be ignored under 

favorable circumstances such as only a few overlying reflectors even with high reflectivity or a 

number of layers with small reflectivity above the target reflector. A target reflector located at rel- 

atively shallow depths in a sedimentary section can be considered suitable for such an assumption 

to be held. Nevertheless, the amplitude adjustment for transmission losses or forward modeling 

with Haskell-Thompson layer matrices may be applied in AVO analysis when one considers the 

macro model a reliable one. 
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Model Studies and Error Analysis 

In this chapter examples of the application of AVO inversion to model data are given. The 

primary sequence of the inversion procedure is highlighted and inversion by approximate Zoeppritz 

equations are investigated. The required form of the AVO data, sources of error in the estimated 

parameters, and limitations of the proposed inversion method are discussed. 

Estimation of Zero-Offset Reflection Amplitude 

The measured AVO data display the relative change in amplitude with offset. On the other 

hand, Zoeppritz equations give the change in reflection amplitude with offset in response to a unit 

amplitude incident wave. Therefore, it is necessary two relate these two data sets for comparisons 

in forward and inverse modeling. If the near field wavelet were known, then it would be possible 

to obtain the change in the reflection amplitude in absolute sense. However, the near field wavelet 

is not available, and one needs to refer to equations (22) and (23). It is easy to find the zero-offset 

amplitude in forward modeling by calculating the amplitude for x = 0, and then the amplitudes at 

other offsets can be adjusted with respect to it. Doing so, the zero-offset amplitude becomes unity. 

In field AVO data, however, the zero-offset amplitude is not available from the field data and must 

be found by extrapolation. The extrapolation cannot be based on an arbitrary polynomial because 

such a polynomial may not carry energy partitioning information. The trigonometric polynomial 

approximations, equations (7) and (8), are well suited to this purpose because they don’t require 

the knowledge of model parameters and they are proven to be reliable for small to moderate offsets 

(Lértzer, 1988). A procedure based on the linear least squares method and equation (8) was derived 

to estimate the zero-offset reflection amplitude from observed AVO data. 
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Let R(@,) and R(@,) represent the model and observed reflection amplitudes, respectively. 

Beginning with the equation (8) after Lértzer (1988), the derivatives of the sum of the squares of 

differences between the data and model response with respect to coefficients are set to zero 

E= ) [R) — ROP = > (RO) — (a+ bsin’o, + ctan’o) 7 

This leads to a system of linear equations which can be formulated into the following matrix 

equation 

Ly >, sin”9; >, tan”6, lay | >, R@) 

>, sin’, +) sin*a, +) tan*0, sino, |] b| =| 9° RO) sin’, 

>; tan’9, SY" tan29,sin’9, +) tan*a, |] c} |)” Ro) tan’,         
The trigonometric functions are replaced by the following relations 

sin 0, = and tan 0, = 2 
at, aly 

where « is the upper layer P-wave velocity for a two layer model and rms velocity for a multilayer 

model. However, the correctness of the value of « is not significant because the extrapolation is 

based on the best fit approximate Zoeppritz curve to the AVO data. Therefore, a conventional es- 

timation of « is good enough for the extrapolation purpose. The matrix equation in the time-offset 

domain is expressed as 
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Coefficients a, b, and c can be determined from this equation. Note that when x = 0 (@ = 0), 

R(0) = a is obtained which corresponds to the zero-offset reflection amplitude. Having obtained 

R(0) = a, the observed AVO data are scaled with respect to coefficient a so that the zero-offset re- 

flection amplitude becomes unity and the amplitudes at other offsets are adjusted accordingly. 

Procedures for AVO Data Inversion 

Two alternative inversion procedures of the AVO data are shown in Figure 10 on page 60. 

The fundamental difference between the two alternative procedures is in the step to apply amplitude 

adjustments. In the first alternative, the observed AVO data are corrected for the time and offset 

dependent amplitude losses due to wave propagation before inversion so that the observed data are 

adjusted to the calculated AVO data. In the second alternative, the amplitude adjustments are done 

within the forward modeling steps; the calculated AVO data are adjusted to the observed AVO data. 

The first method needs the rms velocity as a priori information so that the reflection amplitudes 

can be corrected before the inversion is applied. The second method, however, adjusts the rms 

velocity while the inversion is in progress; the rms velocity is integrated into the forward modeling 

via amplitude adjustments. In either alternative, the outline of the inversion procedure is similar. 

The AVO data, CMP geometry, zero-offset twt time, and the rms velocity (in the case of second 

procedure) are input to the GLI scheme to obtain an initial solution vector satisfying the imposed 

physical constraints. This initial solution vector provides a basis to calculate a model AVO re- 

sponse which is used in the estimation of noise on the AVO data by equation (32). A new noise 

series is then resampled from the estimated random noise and added to the model AVO response 
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Figure 10. Diagrams of AVO Data Inversion Procedures: The amplitude adjustments are carried out 

either before the inversion is applied or during the inversion procedure. Estimation of an 

initial model and random noise in the AVO data are followed by bootstrapping. 
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to simulate the AVO data. The simulated AVO data is again inverted to find a solution vector that 

satisfies the imposed physical constraints. This simulation-inversion loop is repeated as indicated 

in Figure 10 on page 60 by a backward branch until a predetermined number of solution vectors 

are obtained. The distribution function of solutions are generated for each dimension of the solution 

vector, and finally, the mode values of the distribution of solution functions are declared as the most 

likely seismic parameters. 

Inversion of Model AVO Data and Discussions 

The first example is the inversion of a two-layer model AVO data without noise. The pa- 

rameters of the two-layer model are given in Table 2 on page 40. The maximum offset was chosen 

to be 4000 m long and the boundary was located at 2000 m depth giving an O/D ratio of 2. The 

model AVO data fall in the precritical region of offsets with the maximum angle of incidence of 

45° (the critical angle is about 48°). The model geometry is shown in Figure 11 on page 63. First 

the offset dependent reflection coefficients were calculated using the full Zoeppritz equations in the 

time-offset domain, including the effects of spherical divergence and vertical geophone response for 

single source-receiver pairs. These coefficients were used to obtain the model CMP gather using a 

25 Hz Ricker wavelet. This model CMP gather was used in the inversion procedure as follows. 

The amplitudes of the reflections were measured using equation (22) in a 150 ms window centered 

at the peak of the reflection. The relative AVO data modeled are shown in Figure 13 on page 65 

where the reflection amplitudes are normalized by the zero-offset reflection amplitude. Because the 

measured reflection amplitudes are relative values, this simulates a normalized field data case. The 

zero-offset relative amplitude was also included in the inversion for the examples given here al- 

though it is not necessarily needed in the inversion. Using the relative AVO data along with the 

zero-offset twt time, source-receiver geometry, and upper layer P-wave rms velocity as input, the 

inversion was applied. The relative AVO data were inverted using both alternative inversion pro- 

cedures. The parameters in Table 2 on page 40 were exactly recovered by both of the inversion 
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procedures in the absence of noise. However, the first inversion procedure required the definition 

of rms velocity which is equal to the upper layer P-wave velocity in this case. After the model 

parameters are recovered, the zero-offset reflection amplitude is calculated to scale the input model - 

relative AVO data. The AVO curve calculated from the recovered model parameters and the model 

AVO data scaled by the estimated zero-offset reflection amplitude are shown in Figure 13 on page 

65. Notice the exact match between the input and output data sets. 

Table 3. O/D Ratio Test Results. 

  

  

  

  

  

  

  

  

O/D ratio om, B, ot, B, Ap 

2.0 3000 1501 4000 2001 1.07 

1.75 3000 1500 4000 2000 1.07 

1.5 3000 1500 4000 2000 1.07 

1.25 2995 1447 3990 1962 1.07 

1.0 3030 1920 4066 2320 1.08 

0.75 3010 1627 4022 2094 1.08 

0.5 2714 859 3761 1634 1.36                 

The effect of the O/D ratio on the inversion was tested using the same model AVO data with 

different O/D ratios. As the O/D ratio is decreased, the resolving power of the inversion method 

decreases and the estimated results differ from the model parameters. The inversion results for O/D 

ratios between 0.5 and 2.0 are shown in Table 3 where the velocities are in MKS units. When 

O/D > 1.5, the model parameters were fully recovered in contrast to the results for O/D < 1.5. 

Table 3 also indicates that for the smaller O/D ratios, the estimated S-wave velocities have larger 

errors than the other parameters. This is a direct consequence of the fact that the inversion method 

is formulated for only the P-wave input AVO data. Additional results from other models suggest 

that an O/D ratio of about 2 is necessary to obtain satisfactory results with the S-wave velocities 

from the inversion of the P-wave reflection data, depending on the contrast among the parameters 

of layers. 

AVO data with small O/D ratios give unsatisfactory results because the change in the shape 

of the AVO curve is not significant when there is a small change in the parameters. An example 

is given in Figure 17 on pages 70 and 71. This figure is produced using the model parameters in 

Table 2 on page 40. Similar to the generation of RFMs, one parameter was changed 5% at a time 
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Figure 11. Two-layer Model and CMP Ray Tracing: The parameters of a two-layer model are 

shown in MKS units in the figure. CMP ray tracing was applied to calculate the angles 

of incidence. 
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Figure 12. CMP Gather for Two-layer Model: The synthetic CMP gather was generated trace by 
trace by convolving the angle dependent reflection coefficients from the Zoeppritz 
equations with a 150 ms long, 25 H1z Ricker wavelet for single source and receiver couples. 
Spherical divergence and geophone response effects are included in the forward modeling. 
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Figure 13. Synthetic AVO Data and Inversion Output: The amplitudes of the reflections in the CMP 

  
  

  
  

gather in Figure 12 on page 64 were measured using a 150 ms time window. They were 
scaled with respect to the zero-offset amplitude by equation (22) and arc shown as a 
function of offset in the upper diagram. The scaled model AVO data with respect to 
zero-offset reflection amplitude from estimated parameters and the calculated AVO curve 
using the estimated model parameters by inversion are seen in the lower diagram. 
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Figure 14. CMP Gather with -20 db Random Noise: -20 db normal random noise relative to the 
average signal level was added to the CMP gather in Figure 12 on page 64. Although the 
S/N ratio is still high, the effect of random noise on the change of reflection amplitude with 
offset is deteriorating as seen in Figure 15 on page 67. 
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Figure 15. Synthetic AVO Data and Inversion Output: The amplitudes of the reflections in the CMP 

gather in Figure 14 on page 66 were measured using a 150 ms time window. They were 
scaled with respect to the zero-olfset amplitude and are shown as a function of offset in the 
upper diagram. Random noise causes deterioration of the amplitude information. The 
synthetic AVO data corrected for spherical divergence and geophone response and the 
calculated AVO curve using the estimated model parameters by inversion are seen in the 
lower diagram. The parameters were obtained from the distribution functions of solutions 
shown in Figure 16 on page 68. 
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Figure 16. Distribution Functions of Solutions: The parameters of layers were assigned as peak val- 
ues (modes) of the distribution functions in this figure. The star at the peak value indicates 
the most likely parameter and the stars at both sides indicate 90% confidence limits for the 
most likely parameter. The calculated AVO curve using the most likely parameters is 
shown in the lower part of Figure 15 on page 67. 
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while the other parameters are kept constant at their original values. The change in the reflection 

amplitude with the change in the corresponding parameter is not significant at small offsets. The 

change in the shape of the curve due to the variation of the corresponding parameter becomes more 

significant at larger offsets. 

Generation of the model AVO data was repeated with random noise. Computed Gaussian 

random noise and the noise free model CMP gather were summed to obtain a noisy CMP gather 

shown in Figure 14 on page 66, and the reflection amplitude on each trace was subsequently cal- 

culated using equation (22). The resulting noisy model relative AVO data is shown in Figure 15 

on page 67. In spite of the noise, the trend in the AVO data is easily noticeable due to high S/N 

ratio. The S/N ratio for this example is 20 db relative to the highest amplitude in the CMP gather. 

Because AVO data with low S/N ratio are not suitable for this inversion, a high S/N ratio was 

chosen. The distnbution functions of solutions from the inversion are seen in Figure 16 on page 

68, and the results are summarized in Table 4. 

Table 4. Inversion Results for Noisy Model Data 

  

  

  

  

  

  

Parameter | Lower | Estimated | Actual Upper 
Limit Limit 

Oy 2895 3013 3000 3091 

B, 1424 1571 1500 1690 

a, 3804 3967 4000 4161 

B, 2012 2046 2000 2071 

Ap 1.01 1.05 1.07 1.19               
The actual parameters are marked by a solid triangle on the horizontal axis in the distribution 

functions of solutions. The estimated values of parameters and 90% confidence limits are marked 

by asterisks. The actual parameters were not exactly recovered by the inversion due to the random 

noise; however, the actual parameters are still within the confidence limits for this example because 

of the high S/N ratio and tight physical constraints on the solutions. The inversion with loose 

constraints and small O/D ratios gives unsatisfactory results when noise is introduced. The model 

response for the estimated parameters and the scaled model AVO data are displayed in Figure 15 

on page 67 where the calculated AVO curve shows a satisfactory fit to the model AVO data. 
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Figure 17. Parameter Sensitivity Curves: The parameter sensitivity curves were obtained using a 
similar process as in RFMs. One parameter was varied while the others were kept at their 
original values and reflection amplitude were calculated as a function of offset. The model 
response for the entries of Table 2 is shown by the dashed line. Note that due to scaling 
with respect to the zero-offset amplitude, the shape of the curves are similar at small offsets 

and becomes significantly different only at larger offsets. 
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Inversion by the Approximate Zoeppritz Equations 

Approximations to the Zoeppritz equations were developed to understand the contribution 

of the different seismic parameters to the reflection process and to estimate the parameters or their 

various combinations from the AVO data. These approximations were developed for the pre- 

critical angle of incidence and are usually valid for small to medium offsets and small parameter 

contrasts. The approximation equations are widely used in industrial applications because they are 

easy to handle (Hilterman, 1983; Balogh et al., 1986). Results to illustrate the reliability of using 

these approximate equations in the inversion of seismic parameters are included here. 

A model AVO data set was calculated from the seismic parameters of Table 2 on page 40 

using the full Zoeppritz equations. Then the data set was inverted for the seismic parameters using 

the approximate Zoeppritz equations (Aki and Richards’ equation (13), Shuey’s equation (14), 

Bortfeld’s equations (15), and Hilterman’s equation (16)). The results of the inversions are sum- 

marized in Table 5, and the percentage errors in the estimated parameters are shown in figure 

Figure 18 on page 73. 

Table 5. Inversion Results by Exact and Approximate Equations. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

Parameter | Model | SHY | AKI |HLT | BRT | ZOE 

ay 3000 | 3196 {3195 | 3296 | 3210 | 3000 

Error (%) | - 6.5 6.5 9.9 7.0 0.0 

B, 1500 | 1615 | 1447 | 1562 | 1661 | 1500 

Error (%) | - 7.7 3.5 4.1 10.7. |0.0 

a; 0.33 [0.33 {0.37 [0.36 |0.32 | 0.33 

Error (%) | - 0.0 12.1 9.1 3.0 0.0 

a, 4000 | 4409 | 4406 | 4643 | 4383 | 4000 

Error (%) | - 10.2 10.2 16.1 9.6 0.0 

B, 2000 | 2152 | 2038 |2197 | 2179 | 2000 

Error (%) | - 7.6 1.9 9.9 9.0 0.0 

a, 0.33 {0.34 |0.36 |0.36 |0.34 | 0.33 

Error (%) | - 3.0 9.1 9.1 3.0 0.0 

Ap 1.07 1.06 1.06 1.03 1.06 1.07 

Error (%) | - 0.9 0.9 3.7 0.9 0.0       
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Figure {8. Percentage Errors in Inverted Parameters: The percentage errors were calculated for the 
inverted parameters and Poisson's ratios obtained from the inverted P- and S-wave veloc- 
ities. Note that the density ratio was estimated with the smallest percentage errors. 
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The model parameters were recovered with some errors where the smallest errors are associated 

with the inverted density ratios. The inversion by the full Zoeppritz equations gives the exact pa- 

rameters because the forward and inverse models are the same, and the solution is unique. The 

inversion based on the approximate Zoeppritz equations results in large errors depending on the 

model, and they are not considered reliable to use in the inversion procedures, especially when long 

offsets are available and large contrasts in the estimated parameters are expected. 

Error Sources in the Estimated Parameters 

Errors in the estimated parameters result from several sources such as small S/N and O/D 

ratios, inaccurate amplitude adjustments due to incorrectly estimated zero-offset twt time and rms 

velocity, sensitivity of the GLI method to estimated parameters via the Jacobian matrix and the 

type of data used in the inversion, and approximation to the reflection and emergence angles to fit 

a two-layer model. 

When S/N and O/D ratios are small, the noise obscures the information content of the AVO 

data. This degrades the estimation of seismic parameters. 

Depending on the chosen inversion procedure, the observed amplitudes are adjusted either 

before or within the inversion process. Both procedures require the knowledge of zero-offset twt 

time which can be read directly from the stacked sections with high certainty. However, twt time 

variations resulting from static corrections cause changes in the estimated parameters. If the am- 

plitude adjustments are applied before the inversion, then a priori knowledge of rms velocity be- 

comes critical. 

The dependence of P-wave reflection amplitude on the S-wave velocities is smaller than the 

P-wave and density ratio dependence. This observation was made earlier with the RFMs in Figures 

8a through 8} on pages 42 through 46, and parameter sensitivity curves in Figure 17 on pages 70 

and 71. This dependence difference of the reflection amplitude to different parameters comes into 

play when the partial derivatives of the reflection amplitude are taken with respect to the parameters 
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to construct the Jacobian matrix while the inversion is in progress. Because of the small range of 

changes in the S-wave derivatives of the P-wave reflection amplitude, the outcome of the inversion 

is dominated by the P-wave velocity and density ratio derivatives rather than S-wave velocities. 

The target reflector is located at some depth and may be overlaid by other reflectors above 

it. A two-layer approximation or, equivalently, a straight ray theory approach results in error in 

estimation of the reflection angles which are implicitly in effect in the inversion procedure. If the 

variation of the parameters with depth is dramatic, then the two-layer reduction of overlying layers 

or the straight ray approach would affect the accuracy in determination of the calculated reflection 

angles and lead to incorrect estimation of the parameters. 

Limitations of the Proposed Method 

There are theoretical and practical limitations of the developed inversion method. Use of the 

plane wave Zoeppritz equations imposes theoretical limitations, and interference of reflection 

wavelets from different boundaries imposes practical limitations. The plane wave Zoeppritz 

equations are not adequate for the modeling of a boundary located at shallow depths; therefore, 

AVO data from the boundaries at very shallow depths may be inverted by using the spherical wave 

Zoeppritz equations. The practical limitations are directly related to the measurement of reflection 

amplitude. The reflection amplitude on each trace is measured by the square root of the Euclidean 

norm within a time window covering the reflected wavelet. Interference of overlapping reflected 

wavelets from two or more consecutive reflectors modifies the amplitude information of individual 

reflections. Hence the reflections to be used should free from the effect of major interference. 

Model Studies and Error Analysis 75



Applications with Real Seismic Data 

Derivation of RMS Velocity by Linearized Travel Time Inversion 

The rms velocity has an important role in AVO analysis, such as in the estimation of cor- 

rection factors when amplitude adjustments are applied to the AVO data. Therefore, the accurate 

estimation of rms velocity becomes a necessity. Usually, these velocities are determined from 

stacking velocity analyses, and the term “rms velocity” is used as a synonym for “stacking velocity”. 

The stacking velocities are usually obtained using the simple time-distance relation for a reflection 

2 1/2 
= ( + A ) 

hrs 

which simulates a two-layer model with constant velocity. X is the offset between the source and 

ray-path 

  

receiver. This equation results from the expansion of the parametric form of the time-distance re- 

lation into a power series and truncating the series after the second term, Taner and Koehler (1969). 

Al-Chalabi (1973; 1974) showed that an estimation procedure based on this two-term expansion 

overestimates the rms velocity as much as by 5%, and truncation after the third term improves the 

estimate greatly. A linearized travel time inversion is developed herein based on a three-term ex- 

pansion. 

Let 7, and ¢, represent the three-term approximation to rms velocity and observed travel 
x 

times, respectively 

2 = C + 0X? + ¢,X* 
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where c, = @, c, = |/a2,, , and c, is a term that is not directly used but significantly improves the 

estimation of a,,,, from time-distance curves. The derivatives of the sum of the squares of the dif- 

ferences between the data and model response with respect to the coefficients are set to zero for 

minimization, 

B=) (R-T2 =) (8-4 - @X* — GX4P 

OE _ OE 4 
0c, Oe; 

There is no need to take the derivative with respect to c, because it is obtained from the data. As 

a result, the following two linear equations are obtained from which coefficient c, can be solved. 

a) Xtq) +a) =) Xe 

x + cy) x° + cg) x" = a 

solving for c, 

ol Ed 0H) - DL) 
] Erbe (a) 
  

Finally, substituting for c, = @ and c, = 1/«2,,, 

28 Dx" - QD) rms Xe - 6%) - 2x OE ~ DX ’) 

  (35) 

which is a better approximation to the rms velocity than a two-term expansion equation. 
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Amplitude Adjustments Applied to Field Data or Forward Modeling 

Spherical Divergence 

The decrease in the amplitude of seismic waves due to purely geometrical conditions is 

knowns as spherical divergence, and it is discussed in detail in the literature, e.g., O’Doherty and 

Anstey (1971) and Sheriff (1975). Seismic waves generated at a point source propagate as spherical 

wavefronts in a homogeneous and isotropic medium. As the distance travelled increases or the ra- 

dius of the wavefront increases, the energy in a unit area on the wavefront decreases according to 

familiar principles of conservation of energy for an absorption-free medium. There is a simple re- 

lation between increased distance and decreased energy. The energy is decreased as the squared 

distance increases. Because the amplitude is defined as the square root of the energy, amplitude 

decreases as the distance increases. AJthough this simple relation is true for a homogenous, 

isotropic earth model, most of the time the velocity change with depth is significant in a layered 

earth. As a result, the spherical divergence factor is also affected by the refractions at the interfaces. 

For example, for a layered earth model in which velocity increases with depth, the amplitudes of 

seismic waves diminish faster than they would for a homogeneous earth. This is true because of 

the refraction of the seismic waves or ray paths away from the normal at every interface. The re- 

verse is also true for an earth model in which the velocity decreases with depth, i.e., the amplitudes 

of seismic waves diminish slower than they would for a homogeneous earth. 

For a solution to the divergence problem at an arbitrary offset, Newman (1973) considered 

a horizontally layered earth model in which each layer had a constant thickness and P-wave veloc- 

ity. Using the ratio of energy intensities in the incident and reflected wavefront surface annular area 

and reflected wavefront surface annular area, he arrived at the following equation for spherical di- 

vergence 

, 1/2 ax th gsind   Dy = (36) 
2 3 

tan 0; j=l cos 4; 
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where X 1s the offset between the source and receiver, 8, is the emergence angle, d; is the thickness 

of each layer, and @; 1s the incidence angle in each layer. Equation (36) was used to calculate the 

amplitude adjustments applied to field AVO data for spherical divergence in this study. 

Transmission at Interfaces 

The transmission coefficient is also a function of the P- and S-wave velocities and the density 

ratio of the upper and lower layers, and the angle of incidence. O’Doherty and Anstey (1971) and 

Sheriff (1975) discussed the effect of transmission losses in a layered earth and they concluded that 

the larger the reflection coefficient the greater the transmission loss. Also, as the number of layers 

increases above a deep reflector, the transmission losses have more influence on the reflection am- 

plitudes from the deep reflector. Referring to the argument given in the extended model section in 

the third chapter, the application of a transmission adjustment for the AVO data is questionable 

due to the detailed information needed regarding the seismic parameters of the subsurface. There- 

fore, on the basis of a detailed analysis of transmission losses given by O’Doherty and Anstey 

(1971), the transmission losses may be ignored under favorable circumstances. Such circumstances 

include few overlying reflectors even with high reflectivity or a number of layers with small 

reflectivity above the target reflector. Nevertheless, the amplitude adjustments for transmission 

losses need to be applied when the macro model is considered a reliable one. 

Anelastic Attenuation 

Anelastic attenuation is the loss of energy of seismic waves due to the conversion of wave 

energy into heat energy by internal friction of the material in which the seismic waves propagate. 

For any sinusoidal component, it is common to accept that the proportional loss over one wave- 

length is constant. This implies that for a constant velocity medium and a given distance the high 

frequencies are attenuated faster than the low frequencies because there are a greater number of 

wavelengths of high frequencies than low frequencies. The loss of energy or the decrease in am- 
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plitude of a sinusoid are defined in a variety of ways, e.g. quality factor Q (Aki and Richards, 1980; 

De Bremaecker, 1985; Ecevitoglu and Costain, 1988). Materials that absorb little energy have high 

quality factors. One may define the quality factor Q such that 1/Q is proportional to the amplitude 

loss per wavelength. A change in the shape of a seismic wavelet due to the effects of intrinsic 

damping can be given by a filtering operation (Coruh et al., 1990) 

Af) =A, FalD) (37) 

where A,, and 4,, are the frequency dependent, complex amplitude functions at distances 7, and r,, 

respectively. The function /,,(f) can be solved to obtain 

af 
Q 

wf At + i(-—5 Faff) = exp(— Ad) (38) 

where At = (7, — 7,)/a,,, and # stands for the Hilbert transform (Coruh et al., 1990). Equation (38) 

was used to calculate the amplitude adjustments applied to field AVO data for anelastic attenuation 

in this study. 

Source-Receiver Array Response 

Seismic reflection data is collected by source and receiver arrays to attenuate the undesirable 

effects of organized noise, such as surface and air waves, in records. The response of a linear array 

with N elements and element spacing d is given by 

._, Nad sin @ 
sin( 7 ) 

A(o) = Ap nd sin 0 09) 
ini 

where J is the wavelength of the seismic wave and @ is the emergency angle. A, is the initial am- 

plitude which may be taken as unity. The response of a weighted array is given by (Holzman, 

1963), 
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m[2 

A(y) = Ao) stm ay, cos (mn — 2k) 4 (40) 

where m= N — 1, a, are the weighting coefficients of the elements, y = (27/1)d sin 0, and «, is the 

Nuemann number defined by ¢, = | if?= Oand ¢, = 2 if i 0. 

When 6 = 0 or is very small, the response of a linear array is NA,, and the response of a 

weighted array is 254, When @ # 0, the array applies attenuation not only to surface waves but 

also to P-wave seismic arrivals. The attenuation is stronger for shallow interfaces and large offsets 

and smaller for deep reflectors and small offsets (Hilterman, 1983, and Ostrander, 1984). However, 

the forms of the array responses given in equations (39) and (40) are not suitable in the time-offset 

domain. Therefore, they were converted into the time-offset domain following Ursin (1978). The 

differential normal move out across an array is given by 

1/2 
_{ 2 x? 

&rms 

The derivative of differential normal move out with respect to offset is defined by 

  

d(t, ~ &) _ Xx 

dX by ons 

The following relations can be derived between the apparent velocity and velocity of the uppermost 

layer, 

_ dsin®@ and __d 
AE “app ~ Ag 

where At is the common time for which the apparent incident wavefront sweeps the surface from 

one receiver element to next while the true incident wavefront travels to reach the next receiver el- 

ement. Eliminating At, 
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1 ! 

Oy Oanp Sin 8 

Also, from the definition of apparent velocity, 

2 
_ dt, \~! _ bx rms 

“app \ dx J xX 

Combining the last two equations, we have a relation between rms and uppermost layer velocity. 

I xX 3 (41) 2. 
tyOrms 8in 8 

Substituting 1/1 = f/a, where fis the frequency of the arriving waves, the relation w = 2zf, and 

equation (41) into equation (39), the following is obtained 

_ [ N2nfXd sin 6 
sy > 

2ty Om, Sin A 

; anf Xd sin 6 nf Xd 
sin} ——>-——_ sin 5 

Ql, Xms Sin 8 ty Ors 

  A(f )=Ao 
  

Using the following equality, 

  2 x? 1? 2 / 2 2 2.4 2 1/2 
 Oms =|  +—Z Ooms = (Co¢rms + X & rms) 

hems 

the linear array response equation in time-offset domain is obtained in the following form, 

( Naf Xd 
sin 

(Gotms +X? atts) 
nf Xd 

sin 

(16 rms + X ams) [2 
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  A(f) = Ao (42) 
 



Similar steps are followed to express the response of a weighted array in the time-offset domain. 

First, the quantity y is rewritten using previously developed relations between the apparent, rms, 

and uppermost layer velocity as follows, 

  

  

  

2 anf Xd 
y= onf dsin@ = nf 

a t a 
x “rms 

_ anf Xd 

(1 yms* + x? arms) 

Substituting the last equation into equation (40), 

m2 Yd 

A(f )= Ao) tm2k ay COs| (mm — 2k) 5 al 22 Ip (43) 

k=0 (0%ms +X” &ms) 

is obtained which is the weighted array response in the time-offset domain. Equations (42) and (43) 

can be used to generate the array responses as a function of frequency for a selected array geometry, 

offset, vertical twt time, and rms velocity. However, in practice, one looks for the response corre- 

sponding to an offset and vertical twt time pair; therefore, it is useful to treat the offset and vertical 

twt times as independent variables, and to average the responses of the arrays to the frequency range 

of interest. Let A(X, &) represents this averaged response. Then, 

M 
> J 
A(X, 0) LA lo) lap, (44) 

i= 

where M is the number of discrete frequencies over which the average response is found. Equations 

(42), (43), and (44) were used to calculate the amplitude adjustments applied to field AVO data for 

source-receiver array attenuation in this study. 
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Vertical Geophone Response 

A geophone used in reflection seismology is designed to be sensitive to the vertical component 

of the seismic arrivals. When the emergence angle @ 40, a geophone responses to the vertical 

component of the amplitude of seismic arrivals. Geophone attenuation increases with increasing 

offset, and it is given by 

cos # = £ (45) 

where A and A, are the recorded and arriving amplitudes at a geophone, respectively. Equation 

(45) was used to calculate the amplitude adjustments applied to field AVO data for vertical 

geophone response in this study. 

Data from Charleston, South Carolina 

The inversion method introduced here was first applied to a vibroseis data set from 

Charleston, S.C. The data were collected over the Atlantic Coastal Plain by V.P.I. & S.U. Regional 

Geophysics Laboratory personnel in 1980-81. 

The Atlantic Coastal Plain extends from the Appalachian Piedmont to Atlantic Ocean. The 

Coastal Plain sediments overlay the crystalline basement and dip seaward at angles of about 1°. 

Triassic and Jurassic basins are also located in some parts of the crystalline basement. The thick- 

ness of the Coastal Plain sediments increases toward the ocean and the ages range from Early 

Cretaceous to Holocene. A continuous velocity log from a corehole at Clubhouse Crossroads in- 

dicates interval velocities of 1400 to 5000 m/s and rms velocities of 1900 to 2200 m/s down to about 

0.7. s. The high interval velocity of 5000 m/s at about 0.7 s corresponds to a basalt flow (Yantis 

et al., 1983). 
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The data were acquired using a vibroseis source with 80 to 20 Hz downsweep and 19 s sweep 

length. The sampling rate was 2 ms. The receiver array was designed to suppress the organized 

noise, such as surface waves, using a weighted array geometry. The receiver array consisted of 20 

elements and the weighting factors of the elements were symmetric with respect to the center of the 

array as follows: 0.12, 0.17, 0.26, 0.38, 0.51, 0.65, 0.77, 0.88, 0.96, 1.00, 1.00, 0.96, 0.88, 0.77, 0.65, 

0.51, 0.38, 0.26, 0.17, 0.12. The element spacing within the array was 3.45 m. The source array 

design corresponds to an 8 vibroseis linear array with a source element spacing of 5 m. Each ele- 

ment had the same weighting factor. 

Data Analysis and Processing Before Inversion 

Selected CMP gathers of the data were used in the inversion procedure. A portion of the 

stacked seismic section between CMP gathers 120 to 160 is shown in Figure 19 on page 86 

(Domoracki, 1990). The high amplitude reflections at about 0.7 s result from a basalt flow and are 

seen as a composite wavelet of the individual reflections from the top and bottom of the flow. The 

reflection at about 0.45 s appears isolated with no interference with the other reflection events from 

top or bottom. Therefore, the reflections at about 0.45 s were chosen for the inversion. 

An example of CMP gathers, CMP 142, is displayed in Figure 20 on page 87 with a cor- 

rection for spherical divergence and mute on the plot. The basic seismic signal processing of this 

and the other CMP gathers includes vibroseis correlation, editing, datum statics, and sorting. At 

this stage, this gather and the others carry the effects of intrinsic damping, spherical divergence, 

source-receiver array attenuation, and vertical geophone response attenuation. 

A spectrum analysis test was carried out to investigate the amplitude-frequency content of the 

traces in the CMP gathers. An example of the amplitude spectrum is shown in Figure 21 on page 

88 for trace number 3 of CMP gather 142. There is a notch filter employed centered at 60 Hz which 

we do not correct for. The amplitudes at high frequencies are smaller due to the effects of intrinsic 

damping and source-receiver array attenuation. Amplitude adjustments to the reflection events for 

the source-receiver array attenuation were carried out in the inversion program using the measured 

Applications with Real Seismic Data 85



  

COP COP 
Bc
l 

Or
t 

Q9
T 

8.28 

  

  

sc 
  

A
u
 

a
Q
O
 
o
o
r
 

co 

A
n
 

z
Z
z
o
c
w
m
c
o
 

  

      

1.80       1.88 
  

Figure 19. Seismic Section from South Carolina: A portion of the stacked seismic section between 
CMP gathers 120 and 160. The data were recorded over the Atlantic Coastal Plain in 
South Carolina. The upper part of the section displays the reflections from young sediments 
and a basalt flow located at about 0.7 s (Domoracki, 1990). 
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Figure 20. CMP Gather 142 from South Carolina Data: The reflections from a boundary are 

aligned on a hyperbola according to the normal-move-out relation. 
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Figure 21. Amplitude Spectrum of Trace 3 in CMP gather 142: In the upper part of the figure, the 
seismic trace and its amplitude spectrum are shown before the effect of intrinsic damping 
is removed. In the lower part, the seismic trace and its amplitude spectrum are shown after 
application of the correction for intrinsic damping with Q= 50. 
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Figure 22. Distribution Functions of Solutions: © Shown are the distribution functions of solutions for 
the reflection event at about 0.45 s in CMP gather 142. Notice that there is only one mode 
value in the distributions. The mode values were taken as the solution to the inverse 
problem. 
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Observed and Calculated AVO Data: The mode values of the distribution of solution 
functions were chosen as the solutions to the inverse problem. The observed and calcu- 
lated AVO data are scaled with respect to the estimated zero-offset reflection coefficient. 
Notice the excellent fit between the observed and calculated AVO data. 
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Figure 24. Distribution of Inversion Results in Space: The results from the inversion of side-by-side 
CMP gathers are summarized in this figure. Notice that the change in the estimated pa- 
rameters is not dramatic although a slight increase in the value of parameters is observed 
from CMP 140 to CMP 151. 
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AVO data. Using the design of the source-receiver arrays and twt time, the source-receiver array 

attenuation was compensated in the inversion program along with the spherical divergence and 

vertical geophone response by applying equations (42), (43), (44), (36), and (45) to either the AVO 

data or during forward modeling. However, the correction for intrinsic damping was carried out 

on the CMP gathers by applying a damping removal operator because the shape of the wavelet 

must be used for proper the application of this correction. A method developed by Coruh et al. 

(1990) was used in removing the intrinsic damping from the CMP gather using equation (38) with 

the reversal of the sign of time ¢, and a Q-factor value of 50 determined from the Q-panels and 

spectrum analyses of the traces. The amplitude spectrum of trace 3 in CMP gather 142 is shown 

in the lower part of Figure 21 on page 88 after correction for intrinsic damping. The amplitudes 

at the higher frequencies were recovered. 

Results and Discussions 

The selected CMP gathers of the stacked seismic section shown in Figure 19 on page 86 were 

inverted for the seismic parameters. Among the others, CMP gathers 140, 14], 142, 147, 148, and 

151 were used because they have better S/N ratio for the selected reflection event at about 0.45 s. 

The first guess to initialize the inversion process was chosen with the consideration of the fact that 

the data came from a region where young sedimentary layering is a characteristic. Also, the results 

of conventional velocity analysis show a rms velocity range of 1800 to 2500 m/s. However, there 

could be layers with higher or lower internal velocities than rms velocity range due to the smoothing 

effect of rms velocity calculation over the interval velocities. For this reason, the initial range was 

selected as 2000 to 3000 m/s for P-wave velocities and S-wave and density ratios were adjusted ac- 

cordingly. For the same reason, the range for the upper and lower limits of the solutions were also 

chosen large. An example of the inversion of AVO data from CMP gather 142 is shown in 

Figure 22 on page 89 and Figure 23 on page 90. In Figure 22 on page 89, the distribution of 

solutions for the inverted P- and S-wave velocities and density ratio are displayed. Notice that the 

distribution functions are all show a single maximum which substantiates the high probability of 
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occurring of the most likely parameters all together. The number of occurrences of a particular 

solution for the corresponding seismic parameter is shown in the vertical axis and the solutions 

found by inversion are shown on the horizontal axis. The stars at the edges mark the 90% confi- 

dence limits for the mode value, which is marked by a star at the center. The mode values were 

taken as the solutions to the inverse problem. For this particular example the values of the seismic 

parameters are as follows: 2276 and 1082 m/s for upper layer P- and S-wave velocities, 2638 and 

1295 m/s for lower layer P and S-wave velocities, and 1.03 for the density ratio. Because the P- 

and S-wave velocities and the density ratio were already estimated by the inversion, the zero-offset 

reflection coefficient and Poisson’s ratios of the layers can be calculated. The zero-offset reflection 

coefficient is calculated as 0.09, and Poisson’s ratios are calculated as 0.35 and 0.34 for upper and 

lower layers, respectively. The model response for this solution was calculated and is displayed in 

Figure 23 on page 90. Since the zero-offset reflection coefficient has now been estimated, the ob- 

served and calculated AVO data are scaled with respect to it. Notice the excellent fit between the 

observed and calculated AVO data. 

The inversion of the other selected CMP gathers were completed in the same way. The re- 

sults are summarized in Figure 24 on page 91. Because the CMP gathers are side-by-side or very 

close to each other, the consistency of the 90% solution ranges can be a measure of the quality of 

the inversion results. Note from Figure 24 on page 91 that the change in the estimated seismic 

parameters is not dramatic although a slight increase is observed in the estimated values. The av- 

erage values of the estimated seismic parameters in Figure 24 on page 91 are 2272 m/s, 1225 m/s, 

2674 m/s, 1429 m/s, and 1.03 for a,, B,, «,, B,, and Ap, respectively. The average values of the 

estimated seismic parameters have +6%, +22%, +14%, +5%, and +27% average confidence 

limits for a,, B;, a. B,, and Ap, respectively. 

Applications with Real Seismic Data 93



Data from the Dunbarton Triassic Basin, S.C. 

The AVO inversion was also applied to a vibroseis data set that crosses the border fault of 

the buried Dunbarton Triassic Basin. The data were collected and originally processed by Conoco 

Inc. in 1987-88 (Chapman and DiStefano, 1989). Reprocessing of this data set is continuing at 

V.P.I. & S.U. Regional Geophysics Laboratory to provide detailed information about the structures 

within the Atlantic Coastal Plain sediments and crystalline and Triassic basements. The data from 

two seismic lines which cross the Dunbarton fault were considered in this application. Line-1 was 

used to calculate the refraction velocities of the crystalline and Triassic basements across the border 

fault, and Line-2EXP was used for AVO inversion because of its shorter group interval of 6 m. 

The location map of the lines is shown in Figure 25 on page 96. 

Data Preparation for Inversion 

The data set for Line-1 was collected with longer offsets (~830 m) relative to the depth of the 

crystalline and Triassic basements (~300m) in order to obtain refraction velocity information for 

the basement while the short offsets (< 150m) were for imaging the crystalline and Triassic base- 

ments using reflections. The data were acquired using a 96 channel MDS-10 recording system and 

three vibrators employing a 10 second 20 to 120 Hz linear upsweep. The sampling rate was 2 ms 

and the total record length before correlation was 14 sec. The recording geometry was symmetric 

split-spread with near and far offsets of 42 and 830 m respectively. Receiver groups were at 17 m 

intervals and consisted of 14 elements arranged in a 17 m linear array. Every station was used as 

a source point to obtain 48-fold CMP data, and the source arrays consisted of six sweep points over 

27 m. The Line-2EXP data were collected to obtain higher resolution data to better define the 

geometry of the shallower structures. This data set was collected using a single vibrator source with 

a linear 30 to 150 Hz upsweep with 8 s sweep length. The sampling rate was 2 ms, and the near 

and far offsets for the split-spread geometry were 15 and 300 m with a receiver group spacing of 6 
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m. To increase resolution of this 48-fold data, point sources and receivers were used which resulted 

in noisy near traces because of air waves (Chapman and DiStefano, 1989). 

The stacked seismic section of Line-2EXP with an interpreted fault is shown in Figure 26 

on page 97. The crystalline and Triassic basements are marked by the highest amplitude reflection 

events on the section, and they are located at about 386 ms twt time on the northwest and about 

340 ms twt time on the southeast, respectively. The offset in the reflection at about CMP 1450 

marks the border fault which separates the crystalline basement from the Triassic basement. 

Refraction velocities were computed from the shot gathers of Line-1 which extends parallel 

to Line-2EXP and crosses the Dunbarton border fault. The refraction velocity profile is shown in 

Figure 27 on page 98. The hatched line marks the smoothed refraction velocities and the vertical 

line indicates the location of the Dunbarton border fault. Notice that the refraction velocity of the 

crystalline basement is about 5500 to 6000 m/s to the north of the fault, and that of the Triassic 

basement is about 4500 to 5000 m/s to the south of the fault. The calculated dip angles from the 

split-spread shot records fluctuate between + 2.5° and indicate a subhorizontal crystalline and 

Triassic basement tops. The refraction velocity profile provides information about the P-wave ve- 

locity which indicates lateral change in the physical properties of the basement rocks across the 

Dunbarton fault. The velocity of direct waves were also determined from the same shot gathers 

and indicates a P-wave velocity of about 1700 m/s. The stacking velocity analysis by constant ve- 

locity panels and three-term stacking velocity determination by equation (33) indicate a stacking 

velocity of about 1800 m/s to the crystalline and Triassic basement depths. Analyses of data indi- 

cate that the crystalline and Triassic basements are sharp, horizontal discontinuities causing the 

strongest reflection events on the seismic data. 

The AVO inversion was applied to provide information about the P-wave velocities as well 

as the S-wave velocities and density ratio above and below the crystalline and Triassic basements. 

CMP gathers 1400 to 1410 on the northwest and 1600 to 1655 on the southeast of the Line-2EXP 

were chosen for the AVO inversion because the continuity of the reflections is well defined at these 

CMP locations. A correction for intrinsic damping was applied to gathers by using equation (38) 

to remove the attenuation effects on the amplitudes at higher frequencies. A Q-factor value of 60 
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Figure 25. Location Map of Line-] and Line-2EXP: Line-1 and Line-2EXP extend from northwest 
to southeast, and they are marked by darker lines in the diagram. Line-1 was used for 
refraction velocity analysis and |Line-2EXP was used for AVO analysis. 
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Partial Stacked Section of Line-2EXP: Seismic data from Line-2EXP were processed to 
obtain the partial stacked relative amplitude section shown in this figure. The highest 
amplitude reflection events located horizontally in the lower part mark the crystalline and 
Triassic basements. The Dunbarton fault is marked by an offset in the reflections between 
CMP locations 1440 and 1450. Crystalline basement is located on the northern side of the 
fault, and the Triassic basement is located on the southern side of the fault. 
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Figure 27. Refraction Velocity Profile from Line-1: The refraction velocities were measured from the 

shot gathers of Line-] which is parallel to Line-2EXP. The hatched line marks the 

smoothed refraction velocities and the vertical line indicates the approximate location of 

the Dunbarton fault. Note that to the northwest the refraction velocities are about 5500 

to 6000 m/s, and to the southeast about 4500 m/s. 
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was used in this correction which was determined from the Q-panels of the gathers and spectral 

analysis. The reflected wavelets from the crystalline and Triassic basements were interpreted as the 

reflections at about 386 ms twt time in CMP gathers 1400 to 1410, and at about 340 ms twt time 

in CMP gathers 1640 to 1655, respectively. To increase the S/N ratio and minimize the source- 

receiver ground coupling effects, common offset stacks of the CMP gathers were prepared after the 

twt times of the reflected wavelets were fine tuned by application of the surface inconsistent 

coherency statics which had maximum magnitude of + 10 ms. After a band pass filtering of 30 to 

120 Hz, the resulting common offset stacked CMP gathers are shown in Figure 28 on page 100. 

The reflections from the crystalline basement are brighter than the reflections from Triassic base- 

ment, especially in far offsets. This is indeed evidence for the conclusion that the velocity and/or 

density of the crystalline basement to the northwest of the Dunbarton fault is higher than that of 

the Triassic basement to the southeast of the fault, assuming that there is no lateral change in the 

properties of the overlying sediments. 

The amplitudes of the reflected wavelets from the crystalline and Triassic basements were 

measured by using equation (23). The polarity of the measured AVO data was assumed to be 

positive. A source and receiver array correction for this data was not necessary because single point 

sources and receivers were used during acquisition. However, the signal at short offsets was ob- 

scured due to interference from air waves, and attempts to remove this interference were not satis- 

factory; therefore, the short offset traces were edited out from the gathers along with a few noisy 

mid-offset traces. The application of spherical divergence and vertical geophone response cor- 

rections were made after the measurement of the reflection amplitude with offset by using the 

equations (36) and (45) before the inversion. The measured reflection amplitudes as a function of 

offset are shown in Figures 29 and 30. 

Results from AVO Inversion and Discussion 

The AVO data from common offset stacked CMP gathers were inverted to estimate the 

seismic parameters of the crystalline and Triassic basements located on each side of the Dunbarton 
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The selected CMP gathers of Line-2EXP were 
common offset stacked to increase the S/N ratio. CMP gathers from 1400 to 1410 resulted 
in the common offset stacked CMP gather shown on the left side, and CMP gathers from 
1640 to 1655 resulted in the common offset stacked CMP gather shown on the right side. 
The strongest reflections at about 386 ms in CMP gather in the left, and 340 ms in CMP 
gather on the right were interpreted as the reflections from the crystalline and Triassic 
basements, respectively. Individual CMP gathers were corrected for intrinsic damping and 
spherical divergence before common offset stacks obtained for this figure. 
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fault, and the overlying sediments. From the refraction velocity analysis, a critical angle of about 

20° and 26° were estimated for the crystalline basement to the northwest and Triassic basement to 

the southeast of the Dunbarton fault, respectively. Given the vertical twt times to the basements 

on each side of the fault (340 and 386 ms), and an average velocity of about 1800 m/s, the critical 

distances are expected to be roughly around 250 m and 300 m. Therefore, the traces with larger 

offsets than these estimated critical distances were dropped from the common offset stacked CMP 

gathers. The distribution of solution functions from the AVO inversion are shown in Figure 29 

on page 103 and Figure 30 on page 104. The stars on the edges indicate the 90 % confidence limits 

and the star in the center marks the most likely value, i.e., the mode value of the distribution sol- 

ution function, of the considered seismic parameter. The observed and calculated AVO data from 

the most likely parameters are shown in Figure 31 on page 105 and Figure 32 on page 106. The 

estimated values (or the most likely values) of the seismic parameters and their 90 % confidence 

limits are summarized in Table 6 on page 102 and Table 7 on page 102. The following conclusions 

can be given from the tables; 1) the P-wave velocities show the largest contrast on each side of the 

fault, and may be the most contributing factor to the contrast in the brightness of the reflections 

observed. The P-wave velocities are in good agreement with the velocities obtained from the refr- 

actions; ii) estimated density ratios of the crystalline and Triassic basement rocks to overlying 

sediments indicate a slight increase in the density from southeast to northwest across the fault; 1ii) 

the estimated S-wave velocities also show an increase across the border fault from southeast to 

northwest. From the RFMs, it is concluded that the least reliable estimation is expected for the 

S-wave velocity, especially the upper layer S-wave velocity while P-wave and density ratio esti- 

mations are the more reliable. The interpretation of the results of the AVO inversion is that the 

fault shown in Figure 24 represents the border fault. 
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Table 6. Inversion Results for Crystalline Basement 

  

  

  

  

  

            
  

  

  

  

  

  

  

Parameter | Lower | Estimated | Upper 
Limit Limit 

Oy 1989 1995 2003 

B, 896 1298 1364 

o> 6306 6417 6490 

B 3235 3434 3516 

Ap 1.01 1.06 1.29 

Table 7. Inversion Results for Triassic Basement 

Parameter | Lower | Estimated | Upper 
Limit Limit 

Oy 1984 1997 2013 

Bi 1056 1203 1325 

3 4642 4758 4910 

B, 2150 2248 2278 

Ap 1.01 1.03 1.25           
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Figure 29. Distribution Functions of Solutions: Shown are the distribution functions of solutions for 
the crystalline basement to the northwest of the Dunbarton fault. Notice that there is only 
one mode value in the distributions. The mode values were taken as the solution to the 
inverse problem. 
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Figure 30. Distribution Functions of Solutions: Shown are the distribution functions of solutions for 
the Triassic basement to the southeast of the Dunbarton fault. Notice that there is only 
one mode value in the distributions. The mode values were taken as the solution to the 
inverse problem. 
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Figure 31. Observed and Calculated AVO Data: The inverse solution of the AVO data for the 
crystalline basement to the northwest of the Dunbarton fault. The mode values of the 
distribution of solution functions were chosen as the solutions to the inverse problem. The 
observed and calculated AVO data are scaled with respect to the estimated zero-offset re- 
flection coefficient. 
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Figure 32. Observed and Calculated AVO Data: The inverse solution of the AVO data for the 
Triassic basement to the southeast of the Dunbarton fault. The mode values of the dis- 
tribution of solution functions were chosen as the solutions to the inverse problem. The 
observed and calculated AVO data are scaled with respect to the estimated zero-offset re- 
flection coefficient. 

Applications with Real Seismic Data 106



General Discussion and Conclusions 

The densities of the media appear in the ratio p,/p, in the plane wave Zoeppritz equations; 

therefore, the developed inversion method is capable of estimating the density ratio only. 

Input data to the inversion scheme is in the form of the reflection amplitude which is meas- 

ured on each trace using the square root of the Euclidean norm within a time window covering the 

reflected wavelet. Interference of overlapping reflected wavelets from two or more consecutive re- 

flectors deteriorates the amplitude information of individual reflections. Hence, it is required that 

the reflections under consideration be free from the effects of major interference. 

The amplitude adjustments such as spherical divergence, intrinsic damping, source-receiver 

array response, vertical geophone response and transmission effects, are time and space dependent 

and require auxiliary information such as a rms velocity function, twt time, quality factor Q, and 

the parameters of the layers above the target layers. If the amplitude adjustments are applied using 

inaccurate auxiliary information, the observed or the calculated reflection amplitudes are either over 

or under adjusted; therefore, the parameters are estimated erroneously. 

Using the Zoeppritz equations in the time-offset domain five variables are estimated, namely 

P- and S-wave velocities and density ratio for the upper and lower layers which define the seismic 

boundary. One of the important advantages of the inversion in the time-offset domain is that all five 

parameters, velocities and density ratio, can be estimated. 

The feasibility of the inversion method developed in this work was checked by RFMs show 

minima around the true parameters except in the case of the S-wave velocity pair; however, the 

RFMs of the S-wave velocities with other parameters show closing contours around the true pa- 

rameters, and the minima are better defined when the contrast between the parameters of layers 

increases, suggesting the uniqueness of the inverse problem in the absence of noise. The shape of 

the contours also indicates a trade off between the parameters. For example, in the RFM for the 

S-wave velocity pair the contours indicate that the upper layer S-wave velocity is more likely to 
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have larger errors than the lower layer S-wave velocity which is consistent with the results obtained 

in the model studies. 

The formulation of the inversion method for AVO data and the algorithm developed are 

based on precritical reflection data. Therefore, the maximum offset should be long enough to ob- 

serve a significant change in the AVO data while it falls in the pre-critical offset range. Model tests 

indicated that an O/D ratio of about 2 is necessary to obtain satisfactory results, depending on the 

impedance contrasts between the parameters of layers. AVO data with a small O/D ratio (O/D < 1) 

give unsatisfactory results because of the uncertainty in the definition of the AVO curve. 

Besides the smal! O/D ratio, noise is the most degrading factor in the inversion of AVO data. 

When S/N and O/D ratios are small, the noise obscures the change in amplitude with offset and 

makes the data unsuitable for inversion. This effects are noticeable in the RFMs, and move the 

location of minima around the true parameters. As a result, parameter estimation by minimization 

troubles and requires tight constraints on the solutions, otherwise the parameters are estimated with 

large errors. When AVO data with high S/N ratio and sufficiently large offsets are available and 

tight constraints are imposed on the solutions, the inversion scheme presented here estimates the 

seismic parameters, P- and S-wave velocities and density ratio, satisfactorily. 

The S-wave velocities are usually estimated with larger errors than other parameters when the 

O/D ratio is less than 2. This is because the inversion method is based only on the P-wave re- 

flection data and the weak dependence of the P-wave reflection amplitudes on the S-wave velocities. 

The approximate Zoeppritz equations are widely used for forward and inverse modeling in 

the industry. However, the inversion procedure based on these approximation equations gives 

unsatisfactory results for the estimated parameters. The most reliable estimation is for the ratios 

of the layer densities. P- and S-wave velocities were estimated with similar errors and the Poisson’s 

ratios calculated from them carried the similar level of error. Moreover, none of the approximate 

Zoeppritz equations showed a significant advantage over the others. Model studies also showed 

that unpredictably large errors may result in the estimations. For this reason, the approximate 

equations are not suggested for the inversion of AVO data to estimate the seismic parameters al- 

though they are suitable for linearization. 
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The developed inversion method was applied to field data sets to show the feasibility and 

potential of using AVO inversion in the solution of geological problems. The feasibility of the 

method was shown by using the adjacent CMP gathers from the Atlantic Coastal Plain near 

Charleston S.C. The estimated seismic parameters from the adjacent CMP gathers show consist- 

ency within tolerable average percentile confidence limits of + 6%, + 22%, + 14%, + 5%, and + 

27% for a,, B,, «,, B,, and Ag, respectively. Source of errors might be from several factors 

such as source-receiver ground coupling, interferences from the other primary reflection events or 

direct waves, interferences from the converted waves, and inaccurate amplitude adjustments. The 

method was applied to data sets from the Dunbarton Triassic basin to verify a border fault inter- 

preted from seismic reflection data. Because: i) the P-wave velocity of the basement to the 

northwest of the fault is higher than that of the basement to the southeast of the fault; 11) the esti- 

mated density ratios show a similar trend to P-wave velocity variation although the change in the 

density ratio across the fault is not as significant as P-wave velocity; ii1) S-wave velocities also show 

similar trend to P-wave velocity and density ratio, it was concluded that the interpreted fault re- 

presents the border fault. The confidence limits for the estimated S-wave velocities were found to 

be larger than the P-wave velocities, especially for the upper layer S-wave velocity. This is due to 

less sensitivity of the AVO curves to the upper layer S-wave velocity which can be observed from 

the parameter sensitivity curves in Figure 17 on pages 70 and 71. 

General Discussion and Conclusions 109



Bibliography 

Al Chalabi, M., 1973, Series approximation in velocity and traveltime computations: Geophys. 
Prosp., 21, 783-795. 

Al Chalabi, M., 1974, An analysis of stacking, RMS, average, and interval velocities over a hor- 
izontally layered ground: Geophys. Prosp., 22, 458-475. 

Aki, K., and Richards, P.G., 1980, Quantitative seismology: Theory and methods, I: W.H. 
Freeman and Co. 

Backus, M.M., 1987, Amplitude versus offset: A review: 57th Ann. Internat. Mtg., Soc. Explor. 
Geophys., Expanded Abstracts, 359-364. 

Balogh, D., Snyder, G., and Barney, W., 1986, Examples of a new approach to offset-amplitude 
analysis: 56th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 350-351. 

Bortfeld, R., 1961, Approximations to the reflection and transmission coefficients of plane longi- 
tudinal and transverse waves: Geophys. Prosp., 9, 485-502. 

Berkhout, A.J., 1987, Applied seismic wave theory: Elsevier Science Publ. Co., Inc. 

Carrion, P.M., and Foster, D.J., 1985, Inversion of seismic data using precritical reflection and re- 
fraction data: Geophysics, 50, 759-765. 

Carrion, P.M., 1989, Generalized non-linear elastic inversion with constraints in model and data 
spaces: Geophysical Journal, 96, 151-162. 

Chacko, S., 1989, Porosity identification using amplitude variations with offset: Examples from 
South Sumatra: Geophysics, 54, 942-951. 

Chapman, W.L., and DiStefano, M.P., 1989, Savannah River Plant Seismic Survey, 1987-1988. 
Research report 1809-005-006- 1-89, Conoco Inc. 

Cordier, J.P., 1985, Velocities in reflection seismology: D. Reidel Publ. Co. 

Costain, J.K., Cook, K.L., and Algermissen, S.T., 1963, Amplitude, energy, and phase angles of 
plane SV waves and their application to earth crustal studies: Bull. of the Seism. Soc. of 
America, 53, 1039-1074. 

Coruh, C., and Demirbag, E., 1989, Zoeppritz amplitude correction: Is it needed?: 59th Ann. 
Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 1160-1163. 

Coruh, C., Saatgilar, R., Demirbag, E., and Costain, J.K., 1990, Estimation of Q-factor for spectral 
whitening: Submitted to 60th Ann. Internat. Mtg., Soc. Explor. Geophys. to be published in 
Expanded Abstracts. 

De Haas, J.C., and Berkhout, A.J., 1988, On the information content of P-P, P-SV, SV-SV, and 
SV-P reflections: 58th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 
1190-1194. 

Bibliography 110



De Haas, J.C., and Berkhout, A.J., 1989, Practical approach to nonlinear inversion of amplitude 
versus Offset information: 59th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Ab- 
stracts, 839-842. 

Demirbag, E., and Coruh, C., 1988, Inversion of Zoeppritz equations and their approximations: 
58th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 1199-1203. 

Demirbag, E., and Coruh, C., 1989, Inversion of multilayer amplitude-versus-offset data: 59th Ann. 
Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 709-712. 

Demirbag, E., and Coruh, C., 1989, Inversion of reflection amplitude-offset data, AGU Spring 
meeting, EOS, 70, 391. 

Demirbag, E., Coruh, C., and Costain J.K., 1990, Estimation of seismic parameters by generalized 
linar inversion of amplitude-versus-offset data, AGU Spring meeting, EOS, 71, 567. 

Demirbag, E., Coruh, C., and Costain J.K., 1990, Inversion of P-wave reflection amplitude- 
versus-offset data, paper invited for publication in SEG Geophysical Developments, 
Volume:2, Amplitude-versus-Offset. 

Domoracki, W.J., 1990, Personnel communication on the seismic signal reprocessing of VT! line, 
Charleston, South Caroline. 

Duijndam, A.J.W., 1988, Bayesian estimation in seismic inversion, Part-1: Principles: Geophys. 
Prosp., 36, 878-898. 

Ecevitoglu, B.G., and Costain, J.K., 1988, New look at body wave dispersion: 58th Ann. Internat. 
Mtg., Soc. Explor. Geophys., Expanded Abstracts, 1043-1045. 

Efron, B., 1979, Computers and the theory of statistics: Thinking the unthinkable: Society for 
Industrial and Applied Mathematics, 21, 460-480. 

Efron, B., 1982, The Jackknife, the Bootstrap and Other Resampling Plans: Regional Conference 
Series in Applied Mathematics: Society for Industrial and Applied Mathematics, No:38. 

Efron, B., and Gong, G., 1983, A leisurely look at the bootstrap, the jackknife, and cross-validation: 
American Statistician: 37 36-48. 

Ergin, K., 1952, Energy ratio of seismic waves reflected and refracted at a rock-water boundary: 
Bull. of the Seism. Soc. of America, 42, 349-372. 

Fuller, B.N., Iverson, W.P., and Smithson, S.B., 1989, AVO for thin sand bed detection: 59th Ann. 

Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 826-828. 

Gardner, G.H.F., Gardner, L.W., and Gregory, A.R., 1974, Formation velocity and density: The 
diagnostic basics for stratigraphic traps: Geophysics, 39, 770-780. 

Gassaway, G.S., Brown, R.A., and Bennett, L.E., 1986, Pitfalls in seismic amplitude versus offset 
analysis: Case histories: 56th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Ab- 
stracts, 332-334. 

Gelfand, V., Ng, P., Nguyen, H., and Larner, K., 1986, Seismic lithologic modelling of amplitude 

versus offset data: S6th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 
334-337. 

Bibliography 111



Goldin, S.V., 1986, Seismic travel time inversion: Investigations in geophysics, 1: Society of Ex- 
ploration Geophysicists. 

Haskell, N.A., 1962, Crustal reflection of plane P and SV waves: Journal of Geop. Res., 67, 

4751-4767. 

— > Hilterman, F.J., 1983, Seismic Lithology: Presented as a continuing education course at the 53rd 
Ann. Internat. Mtg., Soc. Explor. Geophys. 

~>Hilterman, F.J., 1989, Is AVO the seismic signature of rock properties?: 59th Ann. Internat. Mtg., 
Soc. Explor. Geophys., Expanded Abstracts, 559. 

Hilterman, F.J., 1990, Is AVO the seismic signature of lithology? A case history of Ship Shoal- 
South Addition: The Leading Edge, 9, No: 6, 15-22. 

Holzman, M., 1963, Chebyshev optimized geophone arrays: Geophysics, 28, 145-153. 

— > Hubral, P., and Krey, T., 1980, Interval velocities from seismic reflection time measurements: The 
Society of Exploration Geophysicist. 

Jackson, D.D., 1972, Interpretation of inaccurate, insufficient and inconsistent data: Geophys. J. 
Roy. Astr. Soc., 28, 97-109. 

Jackson, D.D., 1979, The use of a priori data to resolve non-uniqueness in linear inversion: 

Geophys. J. Roy. Astr. Soc., 57, 137-157. 

Keys, R.G., 1989, Polarity reversals in reflections from layered media: Geophysics, 54, 900-905. 

Kindelan, M., Seriani, G., and Sguazzero, P., 1989, Elastic modelling and its application to ampli- 

tude versus angle interpretation: Geophys. Prosp., 37, 3-30. 

Knott, C.G., 1899, On the reflexion and refraction of elastic waves with seismological applications: 
Phil. Mag., 5th. ser., 48, 64-97. 

Koefoed, O., 1955, On the effect of Poisson’s ratios of rock strata on the reflection coefficients of 

plane waves: Geophys. Prosp., 3, 381-387. 

Koefoed, O., 1962, Reflection and transmission coefficients for plane longitudinal incident waves: 
Geophys. Prosp., 10, 304-351. 

Krail, P.M., and Brysk, H., 1983, Reflection of spherical seismic waves in elastic layered media: 
Geophysics, 48, 655-664. 

Levin, F.K., 1986, When reflection coefficients are zero: Geophysics, 51, 736-741. 

Lin, Tzeu-Lie, 1989, AVO modeling by domain classification: 59th Ann. Internat. Mtg., Soc. 
Explor. Geophys., Expanded Abstracts, 702-705. 

Lines, L.R., and Treitel, S., 1984, Tutorial: A review of least squares inversion and its application 
to geophysical problems: Geophys. Prosp., 32, 159-186. 

Louie, J.N., 1990, Physical properties of deep crustal reflectors in southern California from multi- 
offset amplitude analysis: Geophysics, 55, 670-681. 

Bibliography 112



Lértzer, G.J.M., De Haas, J.C., and Berkhout, A.J., 1988, Evaluation of weighted stacking tech- 
niques for AVO inversion: 58th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Ab- 
stracts, 1204-1208. 

Lértzer, G.J.M., and Berkhout, A.J., 1989, Linear AVO inversion of multicomponent seismic data: 
59th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 967-972. 

Macdonald, C., Davis, P.M., and Jackson, D.D., 1987, Inversion of reflection travelttmes and am- 
plitudes: Geophysics, 52 606-617. 

Mazzotti, A., 1990, Prestack amplitude analysis methodology and its application to seismic bright 
spots in the Po Valley, Italy: Geophysics, 55 157-166. 

McQuillin, R., Bacon, M., and Barclay, W., 1984, An introduction to seismic interpretation: Gulf 
Publishing Company. 

Menke, W., 1989, Geophysical data analysis: Discrete inverse theory: Revised edition, Academic 
Press, Inc. 

Muskat, M., and Meres, M.W., 1940, Reflection and transmission coefficients for plane waves in 
elastic media: Geophysics, 5, 115-155. 

Neidell, N.S., 1987, Geophysical determination of lithology using shear waves and amplitudes with 
offsets: A progress update: AAPG Continuing Education Course Note Series No:29. 

Nelson, V., 1989, Display Techniques for AVO Analysis: 59th Ann. Internat. Mtg., Soc. Explor. 
Geophys., Expanded Abstracts, 447-448. 

Newman, P., 1973, Divergency effects in a layered earth: Geophysics, 38, 481-488. 

O'Doherty, R.F., and Anstey, N.A., 1971, Reflection on amplitudes: Geophys. Prosp., 19, 
430-458. 

Ostrander, W.J., 1984, Plane wave reflection coefficients for gas sands at nonnormal angles of in- 
cidence: Geophysics, 49, 1637-1648. 

Pica, A., Diet, J., and Tarantola, A., 1990, Nonlinear inversion of seismic reflection data in a lat- 

erally invariant medium: Geophysics, 55, 284-292. 

Pigott, J.D., Shrestha, R.K., and Warwick, R.A., 1989, Young’s modules from AVO inversion: 
59th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 832-835. 

Poley, D.F., Lawton, D.C., and Blasco, $.M., 1989, Amplitude-offset relationships over shallow 
velocity inversions: Geophysics, 54, 1114-1122. 

Press, W.H., Flannery, B.P., Teukolsky, S.A., and Wetterling, W.T., 1988, Numerical recipes: The 
art of scientific computing: Cambridge Univ. Press. 

Russell, B.H., 1988, Introduction to seismic inversion methods: SEG Continuing Education 
Course Note Series, Vol:2. 

Rosa, A.L.R., 1976, Extraction of elastic parameters using seismic reflection amplitude with offset 
variations: M.Sc. thesis, Univ. of Houston. 

Rutherford, S.R., and Williams, R.H., 1989, Amplitude-versus-offset variations in gas sands: 
Geophysics, 54, 680-688. 

Bibliography 113



Scales, J.A., Gersztenkorn, A., Treitel, S., and Lines, L.R., 1988, Robust optimization methods in 
geophysical inverse theory: 58th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded 
Abstracts, 827-830. 

Sengbush, R.L., Lawrence, P.L., and McDonal, F.J., 1961, Interpretation of synthetic 
seismograms: Geophysics, 26, 138-157. 

Sheriff, R.E., 1975, Factors affecting seismic amplitudes: Geophys. Prosp., 23, 125-138. 

Shuey, R.T., 1985, A simplification of the Zoeppritz equations: Geophysics, 50, 609-614. 

Silva, R., and Ahmed, H., 1989, Application of the AVO Technique in Production Geophysics: 
59th Ann. Internat. Mtg., Soc. Explor. Geophys., Expanded Abstracts, 836-838. 

Silverman, B.W., 1986, Density estimation for statistics and data analysis: Chapman and Hall. 

Slotnick, M.M., 1959, Lessons in Seismic Computing: The Society of Exploration Geophysicists. 

Stoer, J., and Bulirsch, R., 1980, Introduction to numerical analysis: Springer-Verlag New York, 
Inc. 

Taner, M.T., Koehler, F., 1969, Velocity spectra: Digital computer derivation and applications of 
velocity functions: Geophysics, 34, 859-881. 

Tarantola, A., 1987, Inverse problem theory: Methods for data fitting and model parameter esti- 
mation: Elsevier Science Publ. Co., Inc. 

Treitel, S., 1989, Quo vadit inversio?: The Leading Edge, 8, No: 9, 38-42. 

Treitel, S., and Lines, L., 1988, Geophysical examples of inversion (with a grain of salt): The 
Leading Edge, 7, No: 11, 32-35. 

Tooley, R.D., Spencer, T.W., and Sagico, H.F., 1965, Reflection and transmission of plane 

compressional waves: Geophysics, 30, 552-570. 

Ursin, B., 1978, Attenuation of coherent noise in marine seismic exploration using very long arrays: 
Geophys. Prosp., 26, 722-749. 

—y Van Heeswijk, M., and Christopher, G.F., 1988, Iterative method and FORTRAN code for non- 

linear curve fitting: Computers and Geosciences, 14, 489-503. 14, 489-503. 

Vandenberghe, N., Poggiagliolmi, E., and Watts, G., 1986, Offset-dependent seismic amplitudes 
from karst limestone in northern Belgium: First Break, 4, No:5, 9-27. 

Waters, K.H., 1987, Reflection seismology: A tool for energy source exploration, 3rd ed.: John 
Wiley & Sons, Inc. 

Wiggins, R.A., Larner, K.L., and Wisecup, R.D., 1976, Residual statics analysis as a general linear 

inverse problem: Geophysics, 41, 922-938. 

Yantis, B.R., Costain, J.K., and Ackermann, H.D., 1983, A reflection seismic study near 
Charleston, South Carolina: Studies related to the Charleston, South Carolina, Earthquake 
of 1886- tectonics and seismicity: Geological Survey Professional Paper 1313, G1-G20. 

Bibliography 
114



Young, G.B., and Braile, L.W., 1976, A computer program for the application of Zoeppritz’s am- 
plitude equations and Knott’s energy equations: Bull. of the Seism. Soc. of America, 66, 
1881-1885. 

Yu, G., 1985, Offset-amplitude variation and controlled-amplitude processing: Geophysics, 50, 
2697-2708. 

Zoeppritz, K., 1919, Uber Erdbebenwellen: Géttingen Nachrichten der Kénigl: Gesells. Wissen., 
66-84. 

Bibliography 115



Appendix A. Multilayer model 

The Zoeppritz equations in the time-offset domain are also developed for a multilayer model 

shown in Figure 33 on page 118. The model 1s a stack of horizontal, linear elastic, homogeneous, 

and isotropic layers. In this case the rms and average velocities appear in the equations. Let 

Ane: Sms, anda,,, be the average depth, rms velocity, and average velocity to the considered 

boundary, respectively. The other variables and seismic parameters are the same as those of the 

two-layer model defined in the third chapter. Using the straight ray tracing, Snell’s law, CMP ge- 

ometry as well as the following relations for time-distance and average depth-velocity 

  
2 \1/2 tha 

t= (a ax and dave = OP ave. > , 

“rms 

the Zoeppritz equations were converted into the time-offset domain for the multilayer model. In 

this case, the entries of equation (12) are given as follows: 
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where A = a,4,,,,¢,. Notice that when a,,,, = rms"x* 

two-layer model given in the third chapter. 
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Figure 33. Multilayer model: In multilayer model the considered boundary is at some depth below 
a stack of horizontal layers. The definitions of seismic parameters, angles, and CMP ge- 
ometry are the same as those of the two-layer model defined in the third chapter. The 
average depth d,,, , rms velocity a,,,, and average velocity «,,. are also used in the con- 
version of the Zoeppritz equations into the time-offset domain in this case. 
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Appendix B. Ray Tracing by Linearized Back Projection 

A straight method is defined to find a ray passing through specified end points at the surface 

of a horizontally layered medium. Although there are more sophisticated methods for ray tracing 

(Hubral, 1980), the method defined herein is simple and efficient for the earth model considered. 

The knowns are the P-wave velocity, thickness of the layers, and the offset between the specified 

end points; the unknown is the take-off angle (the angle between the downgoing ray and normal 

to the surface) at the beginning end point. For an earth model with 7 horizontal layer, the relation 

between the ray parameter p and offset X between the source and receiver is given by (Slotnick, 

1959, p.195) 

n 

pda; X(p) =2 ) a (Al) 
(1 pay? 

j=l 

where d, and a, are the thickness and P-wave velocity of the jth layer, respectively. The ray pa- 

rameter p is given by 

  p= % for j=1, 2, 3,..., 

Let 0, be the take-off angle. If 8, is known, then a ray can be traced through the layers between 

the two end points at the surface using Snell’s law. The following steps are applied to solve the 

problem: 

(i) Equation (A1) is modified using the relation p = sin 6,/a, so that equation (41) is now a 

function of take-off angle @, 
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X(0,) = 2sin 0 a5 1) =2sin 4, ———— 
(aj — a} sin’9,)' 

j=l 

(ii) Note that for each selection of 6,, there exists only one XY because X(@,) is monotonically 

increasing, i.e., 

0X(6,) 

30, °° 
  

(1) Calculate the X(@,) curve using small increments of the take-off angle (A@,) 

(iv) Define a desired offset X,. The desired offset X, will fall in between two X(0,) values. 

To project X, back onto the 0, axis, that is, to find what value of @, corresponds to the desired offset 

X,, it is assumed that A@, is small enough so that the part of the X(@,) curve between two successive 

samples can be approximated by a line as shown in Figure 34 on page 121. The slope of the line 

is given by 

where AX = X(6?) — X(@}). Then the corresponding value of 6, is obtained from 

iq 46; | 

Modeling studies indicate that A@, = 0.1° is good enough to keep the percentage error smaller than 

0.1% at a 20 km offset, disregarding the number of layers. The percentage error becomes smaller 

if A@, < 0.1° is chosen. 
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Figure 34. Linearized Back Projection: The take-off angle is obtained by projecting the desired offset 
X,0n the ordinate axis back onto the abscissa via the calculated travel distance versus the 
take-off angle curve. 
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