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(ABSTRACT) 

When using control charts to monitor a process it is frequently necessary to simultaneously 

monitor more than one parameter of the process. Multivariate control charts for monitoring the 

mean vector , for monitoring variance-covariance matrix and for simultaneously monitoring the 

mean vector and the variance-covariance matrix of a process with a multivariate normal distribution 

are investigated. A variable sampling interval (VSI) feature is considered in these charts. 

Two basic approaches for using past sample information in the development of multivariate 

control charts are considered. The first approach, which is called the combine-accumulate ap- 

proach, reduces each multivariate observation to a univariate statistic and then accumulates over 

past samples. The second approach, which is called the accumulate-combine approach, accumu- 

lates past sample information for each parameter and then forms a univariate statistic from the 

multivariate accumulations. 

Multivariate control charts are compared on the basis of their average time to signal (ATS) 

performance. The numerical results show that the multivariate control charts based on the 

accumulate-combine approach are more efficient than the corresponding multivariate control charts 

based on the combine-accumulate approach in terms of ATS. Also VSI charts are more efficient 

than corresponding FSI charts.
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Chapter 1 

Introduction 

Control charts are used to monitor quality variables from a process to detect changes in the 

parameters of the distribution of these variables. A control chart is maintained by taking samples 

from a process and plotting in time order on the control chart the relevant statistic computed from 

the samples. Control limits are chosen so that if the process is in control, nearly all of the control 

statistics will fall within the control limits. As long as the control statistic plots within the control 

limits, the process is assumed to be in control, and no action is necessary. However, when a statistic 

plots outside of the control limits, the chart then signals and rectifying action is taken to detect the 

cause of changes and bring the process back into control. 

The standard Shewhart control chart uses the information about the process contained in the 

current sample and, unless runs rules are used, does not formally use the information in past sam- 

ples. This chart is easy to construct and good at detecting large shifts from the target value. The 

cumulative sum (CUSUM) control chart has been used as an alternative to the Shewhart control 

chart. It directly incorporates all of the information in the sequence of sample values by plotting 

the cumulative sums of the deviations of the sample values from the target value. The CUSUM 

chart is efficient in detecting small and moderate shifts from the target value. The exponentially 
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weighted moving average (EWMA) chart uses a weighted average of observations where the most 

recent observation is assigned the greatest weight, and all previous observations have weights de- 

creasing in exponential progression from the most recent back to the first. Like the Shewhart chart, 

the EWMA control chart is easy to use and interpret. 

The standard practice in maintaining the control chart is to take samples from the process at 

fixed-length sampling intervals, say, every hour. However, if a control statistic is close to but not 

actually outside the control limits, one might want to take the next sample in less than the regular 

time unit to see if a process change has occurred. Or, if the control statistic is very close to the 

target value, a time longer than the regular time unit may be used to decrease the amount of samples 

taken unnecessarily. Whenever the control statistic falls outside the control limits, the chart signals. 

This logical extension of fixed sampling interval (FSI) control charts is called variable sampling 

interval (VSI) control charts. 

There are many situations in which the simultaneous control of two or more related quality 

characteristics is necessary. Quality control problems in which several related variables are of in- 

terest are sometimes called multivariate quality control problems. The monitoring of p quality 

characteristics can be done by using p quality control charts or by using a single control chart which 

uses an appropriate univariate statistic for controlling multivariate data. 

Most work on multivariate control charts has been concerned with monitoring the 

multivariate mean vector. The objective of this dissertation is to investigate multivariate control 

charts for monitoring the mean vector, for monitoring the variance-covariance matrix and for si- 

multaneously monitoring the mean vector and covariance matrix. It will be assumed that the 

process quality variables have a multivariate normal distribution. The VSI feature will be considered 

in each case. Multivariate control charts using the VSI idea have been studied by Hui (1980) and 

Chengalur-Smith et al. (1990) but this work was only for Shewhart control charts. We will be 

looking at multivariate Shewhart, CUSUM and EWMaA charts. 

Chapter 2 gives a review of the literature that is related to the dissertation. Chapter 3 gives the 

notation and properties of the FSI and VSI procedures. Chapter 4 gives the properties of the FSI 

and VSI univariate Shewhart, CUSUM and EWMaA charts. The Markov chain approach and the 
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integral equation approach for evaluating properties of control charts is also discussed in Chapter 

4. 

In Chapter 5, we discuss ways to use past sample information in multivariate control charts 

and present and evaluate the performance of FSI and VSI multivariate Shewhart, CUSUM and 

EWMaA control charts for monitoring the mean vector. In Chapter 6, we develop three different 

univariate statistics for monitoring the covariance matrix and discuss the FSI] and VSI multivariate 

Shewhart, CUSUM and EWMaA charts for each proposed statistic. In Chapter 7, we study three 

different statistics for simultaneously monitoring the mean vector and covariance matrix and discuss 

the FSI and VSI multivariate Shewhart, CUSUM and EWMA charts for each proposed statistic. 

Chapter 8 gives guidelines for the design of VSI EWMA charts, a summary and topics for future 

research 
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Chapter 2 

Literature Review 

Shewhart (1931) first proposed control charts. If the objective is to control the process mean 

p, the Shewhart ¥ chart uses the sample mean as the control statistic and usually has control limits 

set at uw. + 3 standard errors, where po is the target value of the mean. This chart is easy to imple- 

ment and is good at detecting large shifts from the target value. If the objective is to control the 

process variability or dispersion o?, the S$? -chart or R-chart can be used. The S?-chart uses the 

sample variance as the control statistic. The R-chart uses the sample range as the control statistic. 

Page (1955) investigated the properties of warning lines used within the control limits of a Shewhart 

chart in order to incorporate the information from the past few samples. He suggested that if r out 

of the last N points fell between the warning and action lines, an action should be taken. He 

showed that the Shewhart control chart with warning lines is more efficient in detecting small shifts 

than the standard Shewhart chart since the control chart with warning lines uses information from 

the last few samples instead of using only the last sample. Weiler (1953) and Moore (1958) sug- 

gested that the chart should also signal if r consecutive points fall above (below) the target value. 

Page (1962) showed that the control charts with warning lines are generally better than Moore’s 
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runs rules. Champ and Woodall (1987) developed a Markov chain model for the case in which 

several runs rules are used simultaneously. 

A more recent and often more efficient procedure is the cumulative sum (CUSUM) control 

chart. The CUSUM chart directly incorporates all of the information in the sequence of sample 

values by using a control statistic which is a cumulative sum of statistics computed from each 

sample. A control chart procedure based on cumulative sums was originally introduced by Page 

(1954). Page (1954,1961) and Barnard (1959) developed the CUSUM procedure as a sequential 

likelihood ratio test for testing the hypothesis that the process mean is equal to the target value 

against the alternative that it is not. 

In general, the exact determination of the run length distribution of the CUSUM chart is 

difficult. Ewan and Kemp (1960) used integral equations for the approximations of the run length 

distribution and recommended approximating the run length distribution by a geometric distrib- 

ution when the average run length (ARL) is large. Van Dobben de Bruyn (1968) recommended 

using Monte Carlo methods to estimate the run length distribution when the ARL is not large. A 

nomogram that is useful in the design of CUSUM control charts was proposed by Goel and Wu 

(1971). Johnson and Bagshaw (1974), Bagshaw and Johnson (1975), and Reynolds (1975) gave 

asymptotic methods based on approximation of the CUSUM chart by a Wiener process. 

Brook and Evans (1972) used a Markov chain approach to get the run length distribution for 

a discrete one-sided CUSUM chart and to approximate the run length distribution for a continuous 

one sided CUSUM chart by discretizing the continuous state space so that the CUSUM is restricted 

to a finite set of values. A method for approximating the run length distribution of one sided 

CUSUM procedures for continuous random variables was given by Woodall (1983). This method 

is more accurate in the continuous case than that of Brook and Evans (1972) since it takes advan- 

tage of numerical quadrature techniques. Bounds for the run length distribution of both the one- 

sided and two-sided CUSUM schemes were derived by Waldmann (1986). Yashchin (1985) 

obtained the expression for the Laplace transform of the run length distribution and developed a 

method of analysis for general two-sided CUSUM schemes. Woodall (1984) used a Markov chain 

approach to determine the ARL for a two-sided CUSUM chart. 
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Lucas and Crosier (1982a) showed that a fast initial response (FIR) feature is useful for 

CUSUM control schemes because processes are more likely to be away from the target value when 

a control scheme is initiated due to start-up problems or because of ineffective control action after 

the previous out-of-control signal. Lucas (1982) introduced a combined Shewhart-CUSUM chart 

that provides protection against both large and small shifts in the process. Lucas and Crosier 

(1982b) developed a more robust CUSUM procedure that provides extra protection against 

outliers. A new two-sided CUSUM quality control scheme using two one-sided CUSUM schemes 

was proposed by Crosier (1986). Champ and Woodall (1987) showed that the runs rules cause the 

Shewhart X chart to be more sensitive to small shifts in the mean, but not as sensitive as the 

CUSUM chart. Properties of control charts are usually developed under the assumption that the 

observations from the process are independent, but closely spaced observations from many types 

of processes will exhibit serial correlation. Several studies have shown that serial correlation has a 

major influence on the ARL of the CUSUM procedure ( Goldsmith and Whitfield (1961), Johnson 

and Bagshaw (1974), Bagshaw and Johnson (1975), and Kartha and Abraham (1979) ). 

Roberts ( 1959 ) first introduced the exponentially weighed moving average ( EWMA ) con- 

trol scheme in which the most recent point is assigned a weight r, 0< r < 1, and every other point 

is assigned a fraction (1-r) of the weight of its immediate successor. Like the Shewhart control 

scheme, an EWMA control scheme is easy to implement and interpret. Roberts (1959) showed 

by using simulation that the EWMA is useful for detecting small shifts in the mean of a process. 

The EWMA was shown to have optimal properties in some forecasting and control applications 

by Box, Jenkins, and MacGregor (1974), and Muth (1960). By writing the current EWMA as the 

previous EWMA plus a fraction of difference between the current observation and the previous 

EWMaA, Hunter (1986) showed that the EWMA can be viewed as a one-step-ahead forecast for the 

process. Robinson and Ho (1987) numerically evaluated the ARL’s of EWMA control schemes 

using an Edgeworth series expansion. Crowder (1987) evaluated the properties of EWMA’s by 

formulating and solving a system of integral equations. Lucas and Saccucci (1990) used a Markov 

chain approach to evaluate the run length properties of the EWMA scheme used to monitor the 

mean of a normally distributed process. The results showed that the properties of EWMA’s are 
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very close to those of CUSUM schemes. They also considered several enhancements to EWMA 

control schemes such as a FIR feature, a combined Shewhart/EWMA, and a robust EWMA. 

These enhancements work as well for EWMA control schemes as they do for CUSUM control 

schemes. 

There are many situations in which the simultaneous control of two or more related quality 

characteristics is necessary. The original work in multivariate quality control was introduced by 

Hotelling (1947). Jackson (1956) and Ghare and Torgerson (1968) presented control ellipses for 

the case where means of two variables are being controlled simultaneously. Jackson and Morris 

(1957) extended Hotelling’s procedure for use with principal components when the dispersion ma- 

trix is near singular. Jackson (1959) extended the method of principal components for the bivariate 

case to the multivariate case. A detailed description of the method of principal components and its 

relationship to quality control was given by Jackson (1981la, 1981b, 1981c). Jackson and Bradley 

(1961a, 1961b) showed that a sequential test can be constructed to achieve specified Type I and 

Type II error probabilities and that the sequential test terminates with probability one. When the 

covariance is known, they developed a sequential x? - test; when the covariance matrix is estimated 

from the sample, they developed a sequential TJ? - test. They also developed a sequential procedure 

for monitoring process dispersion parameters. Jackson and Mudholkar (1979) proposed alternative 

procedures for the residual analysis. Hui (1980) examined the monitoring and diagnostic procedures 

in multicharacteristic quality control, maintaining the efficient use of resourses in a production 

process, and a VSI inspection policy. Reynolds and Ghosh (1981) suggested several procedures of 

the Shewhart type for monitoring the mean and variance simultaneously. They also discussed ex- 

tensions to the multivariate case. The problem of monitoring a process that can be defective on 

more than one quality attribute was examined by Marcucci (1982). Alt (1984) discussed 

multivariate control charts for the mean vector and variance-covariance matrix. Jackson (1985) 

discussed multivariate control charts and some of the techniques currently available. A Shewhart- 

type scheme for simultaneous control of the standard deviations of two variables with a joint 

bivariate normal distribution was constructed by Tuprah and Woodall (1986). 
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Woodall and Ncube (1985) suggested extending the univariate CUSUM procedure to the case 

of multivariate means. Woodall and Ncube (1985) obtained the run length distribution for inde- 

pendent and dependent quality characteristics. On the basis of sequential probability ratio tests, a 

method of constructing CUSUM control charts for multivariate data was derived by Alwan (1986). 

Healy (1987) showed that CUSUM formed as a sum of the 7? statistics is the appropriate sequential 

theory test for an inflation of the covariance matrix. Crosier (1988) proposed two heuristically de- 

rived multivariate CUSUM procedures that have ARL’s that depend on the noncentrality param- 

eter. A multivariate extension of the EWMA control chart was presented by Lowry et al. (1989). 

By using simulation, Lowry et al. (1989) showed that the ARL performance of the multivariate 

EWMA (MEWMA) chart is better than that of other existing multivariate control charts in de- 

tecting a shift in the mean vector of a multivariate normal distribution. Two new multivariate 

CUSUM charts for controlling a multivariate normal process were presented by Pignatiello and 

Runger (1990). 

In a number of contexts efficient quality control procedures have been developed by allowing 

the sampling interval or time between samples to vary depending on what is being observed from 

the data. Variable sampling rates have been used in the context of acceptance sampling. In ac- 

ceptance sampling, a sample from each lot is inspected, and on the basis of the data provided by 

the sample it is decided whether the lot as a whole shall be accepted or rejected. There are several 

ways that variable sampling rates are used in lot acceptance sampling, for example when the sample 

is sequential, when rejected lots are 100 % inspected, and when skip-lot plans are used. 

Continuous sampling plans were developed for use when it is not convenient to group items 

into lots for one reason or another. A continuous sampling plan, which was proposed by Dodge 

(1943) and later labeled CSP-1, inspects all or a fraction of items in the sequence of their production 

depending on the observed quality. Wald and Wolfowitz (1945) discussed a similar sampling in- 

spection plan that was more effective in quickly detecting a long sequence of low quality items. 

Lieberman and Solomon (1955) introduced a multi-level sampling plan which was designed to 

correct for the abrupt change between partial inspection and 100 % inspection and switching could 

only occur between adjacent levels. Three generalizations of the Lieberman-Solomon multi-level 
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plan were given by Derman, Littauer, and Solomon (1957). These plans made it possible to switch 

back more than one level at a time, producing plans with an increased sensitivity to large process 

shifts. 

Acceptance sampling plans and continuous sampling plans are designed for accepting or re- 

jecting product that has either been produced or is at an intermediate stage of production. However, 

the control charts are designed to be used to continuously monitor the production process to 

quickly detect any deterioration in quality so that the problem that caused the deterioration in 

quality can be found and eliminated. 

A sampling procedure which uses variable sampling intervals for monitoring the amount of 

dissolved oxygen in streams was introduced by Arnold (1970). He used the Markovian structure 

of the scheme and developed the expected sample size required for various sampling plans. Crigler 

(1973) derived an economically optimal sampling policy using Arnold’s model. The results were 

extended by Crigler and Amold (1979, 1986). Smeach and Jernigan (1977) extended Arnold’s work 

and derived equations for the variance of the sample size. They also developed simple approximate 

formulae for the expected sample size and its variance that could greatly enhance the implementa- 

tion of this sampling procedure. Hui (1980) and Hui and Jensen (1980) extended this problem to 

the multivariate case. They also extended the model of Arnold (1970) for the specific purpose of 

monitoring a production process, and extracted more information about the process from this ex- 

tension. In particular, their model allows for adjusting the process when it is out of control, but they 

did not explicitly consider the properties of the procedure when the process is out of control. They 

used Markov processes to obtain the expected values and the variances of the number of samples 

and the numbers of various types of adjustments to the process during any given time period. 

The basic idea of using the variable sampling interval (VSI) is that the sampling interval 

should be short if there is some indication of a change in the process and long if there is no indi- 

cation of a change. Reynolds and Arnold ( 1989 ) developed general expressions for properties of 

a VSI Shewhart chart such as the average time to signal and the average number of samples to signal 

when the process is in control and when it is out of control. Other properties of the VSI Shewhart 

charts had been studied by Hui (1980). Reynolds and Arnold ( 1989 ) and Reynolds ( 1989 ) 
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showed that the optimal VSI chart uses only the shortest possible interval and the longest possible 

interval from a range of possible sample intervals. A chart is said to be optimal if it minimizes the 

time required to detect a shift in a process parameter subject to a given false alarm rate and a given 

average sampling rate. This optimality result applies to Shewhart charts and to any other chart 

which can be modeled as a Markov chain. They showed that the VSI chart will detect changes in 

a process much faster than the corresponding FSI chart. Reynolds et al. (1988) considered details 

of the application of the VSI feature to the Shewhart Y chart for monitoring the process mean and 

showed that it was more efficient than the corresponding FSI X chart. Amin (1987) and Reynolds 

et al. (1990) considered VSI CUSUM charts and Cui and Reynolds (1988) considered VSI 

Shewhart X charts with runs rules. Saccucci, Amin and Lucas (1990) investigated the properties 

of the univariate EWMA chart and showed that VSI EWMA charts have similar properties to VSI 

CUSUM charts. Chengalur-Smith et al. (1989) considered VSI Shewhart control charts for si- 

multaneously monitoring the mean and variance from a univariate normal distribution. 

Chengalur-Smith et al. (1990) considered the use of VSI Shewhart charts for the simultaneous 

monitoring of several means from a multivariate normal distribution. 
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Chapter 3 

Notation and Properties 

Suppose that the process of interest has p quality characteristics represented by the random 

vector X= (X,...,X,), p = 2, 3,... and the family of the distributions for X is indexed by a set 

of parameters 0, for example 0 = (y, Z) where y is the mean vector and & is the variance-covariance 

matrix. Let 0 be the target value for @ and assume that any deterioration in quality is reflected by 

changes in 6. The process operates over time and thus @ is actually a function of time, but the above 

notation is used for simplicity. 

A control chart is used to detect any departure by @ from the target value 4, Let the sample 

of n observations taken at the i* sampling point be represented by X;= (Xi, ..., Xin), where 

Xy = (Xin, - » Xp) 18 the j* observation vector among n observation vectors taken at the i* sampling 

point. Thus, X; is an 1 x np vector. It will be assumed that the observation vectors within and 

between samples are independent. Even though most control charts make this assumption, one 

should note that this is perhaps not very realistic, since production processes are inherently time- 

dependent. 

The operation of a control chart in detecting process changes can be described simply in terms 

of a control statistic and two disjoint regions, the signal region and the in-control region. If the 
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control statistic computed from a sample falls in the signal region, the process is deemed to be out 

of control. Otherwise, the process is allowed to continue to the next sample. For a FSI-control 

chart, the random number of samples required to produce a signal is called the run length and the 

expected value of run length is called the average run length (ARL). For an FSI control chart, the 

expected time to signal can be obtained by multiplying the ARL by the fixed sampling interval, so 

the ARL can be thought of as the expected time to signal where a time unit 1s taken as the fixed 

sampling interval. A good control chart should quickly detect changes in the process while 

producing few false alarms. Thus, when the process is in control the ARL should be large so that 

the frequency of false alarm is low, and when the process changes the ARL should be small so that 

the change will be detected quickly. 

It is known that using two sampling intervals is optimal in VSI control charts. Formulas for 

properties of VSI control charts can be given for more than two sampling intervals, but for sim- 

plicity, two sampling intervals will be considered here in the formulas and numerical results. As- 

sume that the VSI control chart uses two sampling intervals d, and d, such that 4 < d, <d@ < h, 

where /, is the shortest time required to take a sample and & is the longest time that is reasonable 

to allow the process to run without sampling. Let d(w) be the sampling interval to be used when 

the control statistic W = w is observed, and let s(w) be a signal function such that 

l if the chart signals 
S(w) = { 

oO otherwise 

For VSI control charts the sampling interval is a random variable and thus the time required 

for the chart to signal is not a constant multiple of the run length. Thus separate measures for the 

time to signal and number of samples are needed to evaluate the performance of a VSI control 

chart. Following the same notation as introduced by Reynolds et al. ( 1988 ) the time to signal (TS) 

is defined to be the length of tume required for the chart to signal and the average time to signal 
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( ATS ) is defined to be the expected value of the time to signal. Also the number of samples to 

signal ( NSS ) is defined to be the number of samples required for the chart to signal and the average 

number of samples to signal ( ANSS ) is defined to be the expected value of the NSS. Let 

N = number of samples to signal 

T = time to signal 

R,; = length of sampling interval used before the i sample is taken 

Thus, the time to signal can be expressed as 

T=) R (3.1) 

The ATS is E(T ) and using (3.1) and Wald’s identity, the ATS can be written in terms of E( N ) 

and E( R,). For Shewhart charts it is relatively easy to evaluate E(N) and E( 2; ) 

Reynolds and Arnold (1989) showed that using two sampling intervals spaced as far apart as 

possible is optimal for VSI charts. Following Reynolds et al.( 1990 ), when two sampling intervals 

d, and d, are used, let 

p: = the long run proportion of sampling intervals which are d, 

1 — p,; = the long run proportion of sampling intervals which are d, 

Then, the ATS can be written as 

ATS = (ANSS)(d) 

where 

d= dp; + d,(1 — p;) (3.2) 
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For CUSUM and EWMaA charts methods for finding the ANSS and p; can be developed. Fora 

VSI chart d can be interpreted as the average sampling interval and for FSI charts d will be used 

as the fixed sampling interval. 

The ATS when the process goes out of control is computed under the simplifying assumption 

that the process goes out of control at time zero. A more realistic model is that the process may 

begin in control and then shift at a random time to an out-of-control state, where the time of shift 

may fall between samples. In this case, the detection time that is of interest is the tume from the 

process shift to the point at which the chart signals. The expected value of the time from the process 

shift until a signal is called a steady state ATS. To develop a model let 

T = steady state time to signal 

Y = time from the process shift until the next sample (3.3) 

Z = time from the next sample after the process shift until a signal 

N number of samples after the shift until a signal 

It is clear that 

T=Y+Z (3.4) 

Methods for finding E(Y ) and E(Z ) will be given in later Chapters. 

In order to evaluate the performance of the VSI chart it seems reasonable to compare it to 

the corresponding FSI chart. As long as the VSI chart and the FSI chart have the same parameters 

which determine when the charts signal, then both procedures will have the same ANSS. If two 

regions J; and /, and the corresponding sampling intervals d, and d, are selected so that the two 

charts have the same ATS when @ = @, then both charts will have the same average sampling rate 

when @ = 6). If the expected sampling interval of the VSI chart is equal to the sampling interval of 

the FSI chart when @ = @, then both charts will have the same ATS at @ = 6). When the VSI and 

FSI charts are matched in this way, the performance of the two charts can be evaluated by com- 
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puting the ATS values at various values of @; # @) to determine which chart detects changes in @ 

in the process more quickly. 
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Chapter 4 

Review of FSI and VSI Univariate Control Charts 

4.1 Univariate Shewhart Control Charts 

4.1.1 FSI Shewhart Charts 

The Shewhart control chart is one of the most widely used control charts for monitoring the 

parameters of a process. Consider the case where the process of interest has only one quality char- 

acteristic X whose distribution is represented by the density f(x | @), where @ is a parameter. Let 

X; = (Xn, ..., Xin) be the random sample of n observations taken at sampling point i. A standard 

Shewhart control chart for @ has a target value 8), and control limits which are usually set at 

8) + y standard errors of the control statistic, where y is frequently taken to be 3. If the control 

statistic computed at the 7» sample falls the outside of the control limits, the chart then signals. 

For successive random samples of size n, the control chart can be viewed as repeated tests of sig- 

nificance of the form Hp: @ = 8) vs. H,:@ #6. The standard Shewhart chart, although simple to 

construct and understand, uses only the information in the current sample and is thus relatively 

inefficient in detecting small or moderate changes in the parameter. 
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The ATS is used as the major criterion for evaluating and comparing control charts. When 

the ATS is reasonably large, the distribution of the time to signal will be roughly exponential and 

thus other properties of the distribution such as the standard deviation can be obtained approxi- 

mately from the ATS. To get the properties of the FSI Shewhart control charts, let 

= the probability that a control statistic falls outside the control limits (4.1) 

Since N has a geometric distribution with parameter g, when the process does not change the ANSS 

is 

l 

EN) = 

Thus, the ANSS is the reciprocal of signal probality of the procedure and is independent of the 

sampling interval. The variance of N is 

l— 

Var(n) = —* 
q 

  

For simplicity it is assumed that the process starts at time zero and that the fixed sampling interval 

is d. The ATS can be expressed as 

d 
E(T) = dE(N) =o 

and the variance of 7 is 

Var(T) =a2VarN) = a2 9 
q 
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4.1.2 VSI Shewhart Charts 

In the standard Shewhart chart, the length of the time interval between samples is fixed, but 

in the VSI Shewhart chart, the interval between samples X; and X;,, will depend on the value of 

di. Thus, when the current sample X; =x is observed, a signal function and a sampling interval 

function can be expressed as s(x) and d(x) respectively. Let the in-control region {x; s(x) = 0} be 

partitioned into y regions |, ..., J,, where J, is the region in which the sampling interval d; is used. 

Thus the sampling interval used between X; and X,, is d(X)). 

As in the FSI Shewhart chart, the ANSS is 

EN) =<, 

where q 1s defined as in ( 4.1 ). The distribution of R; is the conditional distribution of d(x) given 

that the chart does not signal at the previous sample. It is assumed that the first interval is a fixed 

constant, say ad, which could be d,, d,, or d ( or any other value). Using Wald’s identity and 

equation ( 3.1 ), the ATS can be expressed as 

E(T) = dy + E(N — 1) E(R) = dy + (ANSS — 1) E(R)), 

assuming that the process parameters remain constant. Reynolds and Arnold ( 1989 ) showed that 

the expected value of R; is 

n d; Py is 4.2 AR)= 2, ima’ (4.2) 

” 

where p; = P(d(X;) = d) = P(X, ef) and S* p= 1—q< 1. Thus the ATS is 
i=} 

" d; p 

ET) = + Y= (4.3) 
j=l 
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Note that g and p; are functions of 8. When 6 = @,, the ATS is the expected time to the first false 

alarm, but when @ + @,, the ATS is the expected time to detect this deviation from target. 

Reynolds and Arnold ( 1989 ) showed that using two sampling intervals spaced as far apart 

as possible is optimal for the VSI Shewhart chart. If two sampling intervals are used and E( R;)= 1 

when @ = @,, fixing the in-control ATS and specifying the two sampling intervals determines the 

probabilities of sampling intervals and then /, and J. Alternatively specifying J, and J, determines 

the probabilities of the two sampling intervals and then d, and d). 

4.1.3 Steady State Time to Signal 

If the ATS is computed for some @ # 6) then equation ( 4.3 ) assumes that 6 = @, from time 

zero. But in practice the process may start out with @ = @) and then shift from @) to @; at some 

random time in the future, where the time of shift may fall between samples. An expression for the 

steady state time to signal 7 is given by ( 3.4 ) and the distribution of Z in ( 3.3 ) is the same as 

"SR, where the distribution of each R; is the conditional distribution of d(X;) given no signal when 
i=] 

the process has shifted. Hence 

E(T") = E(Y) + E(Z) = E(Y) + E(N — 1) E(R) 

The distribution of N is still geometric with parameter g and an expression for E(R)) is given by 

( 4.2). In order to determine E(Y) it is assumed that when the shift falls in an interval between 

samples, the position in the interval is uniformly distributed over the interval, and the probability 

of falling in an interval of particular length depends on this length and on the frequency with which 

intervals of this length occur when the process is in control. Using such a model, Reynolds and 

Arnold (1988) showed that the steady state ATS is 
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" P " 
* > 2 Oj 1 > 

a 
, 2)) 4Py 

jai 

where i= P[s(X) = 1| 61], Py = PLAX) = d, s(X) =0| 6] and Py = Pld(X) = dy s(X) = 0| A]. 
For a FSI Shewhart chart, the steady state ATS reduces to ANSS - 4. 

4.2 Univariate CUSUM Control Charts 

4.2.1 FSI CUSUM Charts 

The standard Shewhart control chart uses only the information in the current sample, but the 

CUSUM chart is an attempt to make use of all information. It is well known that the CUSUM 

chart is much more efficient than the standard Shewhart chart in detecting small and moderate shifts 

in the process. A standard CUSUM chart for @ is maintained by taking samples from the process 

at fixed time intervals and plotting a control statistic based on a cumulative sum of scores computed 

for each sample. 

The CUSUM chart for detecting a shift from the target value 6 to a specified alternative 4; 

can be considered as a sequence of independent tests where each test is a sequential probability ratio 

test (SPRT) for testing Ho: @ = 4 vs. H,: @ = @,, and each test has a lower boundary at 0 and upper 

boundary at, say b. If the test statistic crosses below 0 ( accept H,) a new test is started with the 

next sample. Tests are applied sequentially until a test crosses b ( reject H,). This sequence of 

SPRT’s is equivalent to using the CUSUM statistic 

Y= max{Y",_ + z;, 0} 
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where 

AX; | 91) 
z,=ln-— 
I ft& | 9%) 

The chart signals whenever Y; > 6. 

As an example consider the problem of controlling the normal mean pz when o;,? is known. 

For detecting positive shifts in 1 the CUSUM statistic that is usually used at the j*® sample can be 

written as 

A A 

Y¥;=max{Y;_ , + (2; — k), 0} 

Jn (Xj — 0) ; 
where Z; = ———4,—. For adding the VSI feature to the CUSUM chart, Reynolds et al. 

( 1990 ) proposed the modified CUSUM statistic. 

Y;=max{Y;_ ,, 0} + (Z;—k) (4.4) 

where Yy=w(w2>0). The CUSUM control chart signals whenever Y; >A ( which is equivalent 

to Y, >h) where h is called the decision interval. The difference between Y, and Y; is that Y, is 

never negative while Y; records negative values. Except for recording of negative CUSUM values, 

y, and Y, are equivalent. These negative values may be needed to specify the sampling interval. The 

parameter k which is called the reference value is determined by the shift in the mean which the 

Jn (11 — po) 
CUSUM is designed to detect. The value of k is usually taken as k = a where jp; re- 

presents the value of y that should be detected quickly. The parameter A is chosen to give a spec- 

ified ANSS and ATS to signal when pu = po. 

4.2.2 VSI CUSUM Charts 
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For VSI control charts, Amin (1987), Reynolds et al. (1988), Reynolds and Arnold ( 1989 ), 

and Reynolds ( 1988a ) showed that the use of two sampling intervals spaced as apart as possible 

is optimal. Intuitively, a short sampling interval d, should be used when the CUSUM statistic Y, 

is close to the signal region; a long sampling interval d, should be used when the CUSUM statistic 

Y, is close to the target value. For detecting positive shifts in 8, suppose that 

d, is used when Y; e (g, A] 

d, is used when Y; € (— co, g] (4.5) 

where — co < g <Aand YI, is given by (4.4). Thus g is the boundary between the regions specifying 

d, and ad. 

4.2.3. The Markov Chain Approach 

One method for numerically evaluating the properties of the CUSUM chart is based on a 

Markov chain approximation. Brook and Evans ( 1972 ) developed a Markov chain approach for 

a one-sided FSI CUSUM chart. The Markov chain approach can be utilized to calculate the exact 

ANSS for a CUSUM chart with a discrete state space and yields good approximations when the 

state space is continuous. In the continuous case, the continuous state space of the CUSUM sta- 

tistic is partitioned into a finite number of discrete class intervals and the probability distribution 

of the CUSUM is discretized. 

A modification of the Brook and Evans model ( 1972 ) which is appropriate for the VSI 

CUSUM chart will be considered. Suppose that the in-control region C=(-—oo,A) for the 

CUSUM statistic Y; is partitioned into r subintervals Fi, ..., £, where each subinterval corresponds 

to a state of the Markov chain, one absorbing state A corresponding to the region [h, co ). Y; is 

discretized into a statistic such that Y; e £; corresponds to the discrete version of Y; equal to the 
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midpoint of E;. We will be using Y, for both continuous and discrete versions of the control sta- 

tistic. Let 

5; = the sampling interval used when Y,e E; 

b= (b,, sony b,)’ 

py (k)=PYei=j|%e=)  forij=1,2,...,7+1andk=0,1,2,.. 

Then the transition matrix P = [p,] has the following forms: 

Q (U-Q)l 

Q’ l 

where Q is the r x r transition matrix corresponding to the transient states, 0 is an r x 1 vector of 

0’s and 1 is an rx 1 vector of 1’s. Define the fundamental matrix M as 

M=([-Q)' =[my], 

where m, is the expected number of times that the process is in transient state j before being ab- 

sorbed, given that the process starts in state i. For each possible value je {1, 2, ... ,r} for Yo, let 

N; = number of samples to signal when Yp =/ 

T; = time to signal given that Y¥) =/ 

N = (M,, seey N,)’ and T= (T1, sony T,)’ 

Then, E(N;) = x my, is the ANSS when the process starts in state i. The vector of ANSS values 
j=l 

iS 

EW) = M1 

and the variance vector of the NSS is 
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var(N) = (2M — 1) E(N) — (E(N)) 

where (£(N))® is a vector whose 7» component is the square of the i#* component of E(N). Fol- 

lowing Amin ( 1987 ), £(7)) = mb; is the ATS when the chart starts in state ii The ATS vector 
j=l 

is 

EDQ=Mb 

and the variance vector of J is 

var(T) = MB E(2M — 1) — (Mb) 

where B is a diagonal matrix with elements 4,,... , b, and (Mb)® is a vector whose i component is 

the square of the ** component of Mb. 

Let ATS(r) be the ATS calculated using r states. Similar to the procedure of Brook and Evans 

(1972), the continuous-state ATS can be approximated as the least squares intercept A of the 

quadratic equation in the reciprocal of r’, 

SB 
r’ 

ATS() = A + + & , 

The approximation A is sometimes called the asymptotic ATS. 

4.2.4 The Steady State ATS 

As in the VSI Shewhart chart, a steady state ATS is needed for the VSI CUSUM chart as a 

measure of detection time for shifts that occur after the chart has been running for some time. In 

order to determine the distribution of the steady state time to signal (7") the distribution of the 

point of the shift within the sampling interval and the distribution of the CUSUM statistic at the 

time of the shift must be determined. A stationary distribution can be obtained by assuming that 
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no false alarms occur before the shift and that the time to shift is long enough for the control sta- 

tistic to reach a stationary distribution. 

The conditional stationary distribution, say z = (7, ... , 2,), is the normalized left eigenvector 

corresponding to the largest eigenvalue of Q ( Darroch and Seneta 1965 ). Following the develop- 

ment in Reynolds et al.(1990), assume that the probability of a shift falling in an interval of a par- 

ticular length is proportional to the product of the length of this interval and the frequency with 

which this interval is used when the Markov chain is in its steady state. The probability, say «,, that 

the Markov chain is in state i at the sample immediately before the shift is 

w iD; 
=F 

» yy 
j=l 

ay 

It is also assumed that the distribution of the shift within an interval is uniform within this interval. 

Thus the expected time from the shift to the next sample is 3. if the Markov chain is in state i 

immediately before the shift. If the Markov chain is in state / at the first sample after the shift, the 

additional random time required to signal is 7;. Therefore the ATS when the Markov chain was 

in state i immediately before the shift is 

b; = 
= +), AT). 

j=) 

where pj; is as defined earlier. Taking a weighted average, the steady state ATS is 

e(T')=al2£49em)=«lL+QMib=alM-4115 

where a = (a,...,a,) Also, Reynolds ( 1988b ) showed that 
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V(T")=alom—n( 2-28) eM—y-2 10 

4.2.5 The Integral Equation Approach 

Integral equations can be used to approximate the ATS when the control statistic is a con- 

tinuous random variable. Page ( 1954 ) developed the integral equations for the FS] CUSUM chart. 

Since Z; in ( 4.4 ) is continuous, the control statistic Y; in ( 4.4) will be continuous. For continuous 

Markov process let f(y,u) be the one-step transition density from a point y at time S; to a point u 

at time S;,,, where it is assumed that the process is time homogeneous when @ is constant. Let 

A(y) = ATS given that Yo = y. 

Reynolds (1988b) showed that the ATS satisfies the integral equation 

h 

AQ) = dy) + | A) fru du, (4.6) 

where d(y) is the sampling interval function. Following the development in Reynolds (1988b), if f 

and F represent the density and cdf, respectively, of (Z — k) for applying the integral equation (4.6) 

to the CUSUM chart (4.4), then 

flu-y) y20 

Sonu) ={ flu) y<O 

Suppose that we use two sampling intervals d; and d, and the CUSUM chart uses the decision 

rule ( 4.5). Reynolds (1988b) showed that the ATS satisfies the following integral equations. 

For the case OS y Shand O<g<A, 
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& A 

Ay) = 10) + 400) l=) + | Ata uy) dc | AQ lu 7) au 

where ((y) is 

d, O<g<ysh 

w) ={ d, O<ysesh 

d,\(1—Fig—y)) + d,F(g—y) Osysgesh 

If g>0 then 

A(y) = A(0) for all y<0 

If g< 0 then 

(d, —d,) + A(0) ysg<0 

Ay) = 4 
A(0) g<ys0 

Thus, A(y) for y < 0 can be obtained from A(0). 

Suppose that the integrals are approximated using Gaussian quadrature with m points. Let 

a, and y,,, j= 1, 2, ..., m, be the weights and roots, respectively, for the interval (0,g), and let a, 

and y2;,j=1, 2, ...,m, be the weights and roots, respectively, for the interval (g,h). Let 4 (y) be the 

approximate solution. Then A(y) satisfies 

2 =m 

A(0) =4, + A(0) FO) + > >. ay AVy) foy) (4.7) 
i=lj=1 

and for i=1, 2, and j=1, 2, ... .m 
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2 m 

A(y) = 10) + AO) F—yy) + YY ay AVd Mu-Iy) (4.8) 
k=l{[=1 

Solving the 2m + 1 equations given by ( 4.7 ) and ( 4.8 ) gives A(0), A(yi1), wees A(vam)- Then for any 

O<y<h, 

~ ~ 2 m ~ 

A(y) =Iy) + AO F(-y) + >. DY ay AQ) fy -Y) (4.9) 
i=Y=] 

If g < 0 then there is no need to break the integral on (0,h) into two parts and thus in this case there 

are only m + 1 equations to be solved. 

4.3 Univariate EWMA Control Charts 

4.3.1 FSI EWMA Charts 

The exponentially weighted moving average (EWMA) chart for 6 is based on the statistic 

i= 1, 2,..., where Y) = @) and 0<1< 1 and Z, is a function of the current sample X;. For example, 

an EWMA chart for the mean yz is based on the statistic 

Y,=(1—A) ¥,_,+AX, 

— a, ¢ 
where Yp = po and X, = > . Equation ( 4.10 ) can be written as 

j=1 

i-] 

Y¥,=(1—ay' Yo +4 > (1-aVZ_, 
J=0 
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If Z,,Z2, ... are independent with common mean @ and variance o7’, it is easy to show that the 

mean of Y, is E(Z;) and the variance of Y; is 

2. A ay! 2 oy, = 5 L1-d- a" Jez 

Unless A is small, the variance quickly converges to its asymptotic value 

  

Cy “2-7 %% 

Thus the control limits of the EWMA chart for the mean are often set at 69+ y oy, where y is 

frequently taken to be 3. In general, the EWMA control chart signals whenever | Y;| >A, where 

h>0. 

4.3.2 VSI EWMA Charts 

For adding the VSI feature to the FSI EWMA chart, suppose that we use only two sampling 

intervals d; and d, with d,;<d,. The in-control region (—A,A) is partitioned into three regions 

I_, =(—A, —g), 1, = (g, A) and J, = [ —g, g) such that if Y, e J, or 4 then use a short interval d, and 

if Y;e J, then use a long interval d,. The parameters A and g are chosen to give a specified ATS 

when the process is in control. The properties of EWMA control charts can be evaluated by using 

the Markov chain approach or the integral equation approach. For the FSI EWMA chart, a de- 

tailed discussion of the Markov chain approach is given by Lucas and Saccucci (1990). VSI EWMA 

charts for the mean were investigated by Saccucci, Amin, and Lucas (1990). The properties of 

EWMaA charts can be evaluated using the Markov chain approach or the integral equation ap- 

proach similar to what was done for CUSUM charts. 

Review of FSI and VSI Univariate Control Charts 29



Chapter 5 

Multivariate Control Charts for the Mean Vector 

5.1 Introduction 

There are various approaches to constructing control charts for multivariate data. For moni- 

toring the mean using the Shewhart chart we could have a separate Y —chart for each parameter 

and then look at the joint properties of these p charts, or construct a univariate statistic such as 

Zj = (Xj — We)Eo (Xj — Ho)’: (5.1) 

and use one chart in which Z; is plotted, where X, is the sample means vector of the n observations 

On occasion i, yo is the target means vector, and 2 is the known variance-covariance matrix. 

CUSUM and EWMA charts are more efficient than Shewhart charts in detecting small 

changes in @ because the CUSUM and EWMA charts accumulate past sample information. For 

multivariate CUSUM and EWMA charts, there are several ways to use the past sample informa- 

tion. The two basic approaches are defined as follows: 

The “combine-accumulate” approach : combine the multivariate data into a univariate statistic 
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and then accumulate over past samples. 

The “accumulate-combine” approach : first accumulate past sample information 

for each parameter and then 

(1) use separate charts for each parameter 

or 

(2) combine the separate accumulations into a univariate statistic. 

Under the combine-accumulate approach, the multivariate COSUM (or EWMA ) procedure 

reduces each multivariate sample to a univariate statistic and then forms a CUSUM (or EWMA ) 

of the univariate statistics. For example, to monitor the p components of yu, X; could be reduced 

to a univariate statistic Z and then past sample information could be accumulated by forming an 

EWMaA of 22, Z22,_1, Z%,-2, ..... Under the accumulate-combine approach, after the past sample 

information is accumulated for each parameter, we could (1) use p separate CUSUM (or EWMA) 

charts and look at joint properties or (2) form a univariate CUSUM (or EWMAY statistic from the 

multivariate accumulations. 

Constructing p separate Shewhart, CUSUM, or EWMA charts for p-variate data, one for 

each parameter, is common in industry and it is easy to identify which of the p quality character- 

istics caused the signal when the control chart indicates that the process is out of control. One 

disadvantage to this method is that properties are difficult to find when the quality characteristics 

are not mutually independent. For multivariate data, it is relatively easy to evaluate the properties 

of a single Shewhart, EWMA, or CUSUM chart which uses the combine-accumulate approach to 

form a univariate control statistic. Properties of charts based on the accumulate-combine approach 

are usually more difficult to evaluate. One disadvantage to reducing multivariate data to a univariate 

statistic is that when the process is out of control, it may be difficult to determine which combina- 

tion of variables caused the signal. 
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5.2 Shewhart Control Charts for the Mean Vector 

Suppose that the objective is to monitor y for the multivariate normal distribution when the 

target value for the mean vector, po, is given and the covariance matrix is known as Zp. Assume that 

any deterioration in quality is reflected by a change in yu. The likelihood ratio test statistic 

( Anderson 1958 ) of H,: w = wo vs. Hi: uw # wo is given by (5.1). For arbitrary values of u, Z? has 

a non central chi-squared distribution with p degrees of freedom and noncentrality parameter 

2 -1 , 
T= MU Up)hg (U— Ho) 

The null hypothesis will be rejected if Z,;? > y?,_. (p). Thus, the likelihood ratio test statistic Z? can 

be the Shewhart control statistic for » and the control limits would be set at (0, y7,_, (p)}. Ifa 

control statistic plots above the control limit, the process mean is deemed to be out of control and 

assignable causes of variation are sought. Chengalur-Smith et al. ( 1990 ) worked on the VSI 

Shewhart control charts for the mean vector. 

5.3 Multivariate CUSUM Charts for the Mean Vector 

The most direct and obvious method of replacing the multivariate Shewhart chart by a 

CUSUM procedure is to form a CUSUM of the scalars Z;? ( j= 1, 2, ... ). As in the univariate case, 

the FSI and VSI multivariate CUSUM statistic for » at the j*” sample is 

¥)=max{Y¥,_ ,,0}+(Z’—), (5.2) 

where y= w(w2>0), k>0, and Z;? 1s defined in ( 5.1 ). The multivariate CUSUM control chart 

signals whenever Y; >A. For the VSI multivariate CUSUM charts, suppose that 
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d, is used when Y; ¢€ (g, A] 

d, is used when Y; € (—k, g] 

where —k< g<h. The properties of the multivariate CUSUM chart can be evaluated by using the 

Markov chain approach or integral equations. 

Charts which accumulate past sample information for each parameter and then form a 

univariate CUSUM statistic from the multivariate data were considered by Crosier (1988) and 

Pignatiello and Runger (1990). The multivariate CUSUM chart (MCUSUM) proposed by Crosier 

(1988) is based on the following statistics. Let 

C= (m(Sy— 1 +X) — Bo) Zo! (Sp + Xj — oo)'}” 

and 

{" if Gk 

if 
sj= > k 

(S;_,+X)- Ho) (1-——) 
J 

i= 1, 2,..., where Sy = 0’ andk > 0. Let 

=1 61/2 Y= {nSjZ_' S;'}"! 

j= 1, 2, ... , Crosier’s MCUSUM scheme signals when Y, >A, where h > 0. 

The multivariate CUSUM chart, MC1, proposed by Pignatiello and Runger (1990) is based 

on the following statistics. Let 

j 

D= >, &i-bo) 
t=j—U4+1 

and 
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MC1,= max{0, (nD,Z,' D/')'? — kh} 

where k > 0 and 

5 = 

1 otherwise 

An out-of-control signal is given when MC1,>A where h>0. Pignatiello and Runger(1990) found 

that an MC1 chart based on the accumulate-combine approach does much better than a chart 

(MC2) which forms a univariate statistic and then accumulates. 

5.4 Multivariate EWMA Charts for the Mean Vector 

Consider first the chart which reduces the multivariate data to Z;? and then forms an EWMA: 

¥,=(1-a) Yj, +42? i= 1,2,... 

where Yo = 0,0< 1 < 1, and Z? is given by (5.1). The EWMA chart based on the control statistic 

Y; signals that the process is out-of-control when Y;>A. As in the univariate VSI EWMA chart, 

suppose that 

d, is used when Y;e (g, A] 

d, is used when Y;, e« (0, g] 

The ATS of this chart can be obtained using a Markov chain approach or integral equations. 
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Another EWMA chart can be constructed by forming a_ univariate statistic from a 

multivariate EWM<A statistic. The vectors of EWMA’s are defined as 

Y=eU-A Yj, + AX! i= 1,2,.., 

where Yo = po, A = diag(Ay,..., 4p), O0< Ay <1, j=1, 2,..., p. The control statistic is 

Ty = (Yj — wo) Ly, (¥; — Ho)" (5.3) 

This multivariate extension of the EWMA chart is referred to as the MEWMA chart by Lowry et 

al. ( 1989 ). 

Under the assumption that 4, = 4, =...=A, =A, Lowry et al. (1989) showed that the dis- 

tribution of 7? depends on u and £ through the noncentrality parameter tr. The MEWMA vectors 

can then be written as 

Y=(L-A Yt aX’ i=1,2,.. (5.4) 

and the covariance matrix of Y, is 

  

j x Ly =5c5 [1-0-4] + 

which is derived by Lowry et al. ( 1989). Also they showed that the ANSS performance of the 

MEWMA chart depends on the mean vector y and covariance matrix Z only through the value of 

the noncentral parameter tr. The MEWMA chart signals that the process is out-of-control when- 

ever 7? > h. 

As in the univariate VSI EWMA chart, suppose that 

d, is used when 77 € (g, A] 

d, is used when 7/ e¢ (0, g] 

The MEWMA ATS can be obtained using simulation. 
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5.5 Numerical Results for Charts for the Mean Vector 

When comparing VSI and FSI charts, some kind of standard for comparison is necessary. 

The charts are matched for ANSS and ATS when the process is in control. This enables the per- 

formance to be evaluated when the process has shifted away from its target value. For convenience 

the unit of time was chosen as the sampling interval of the FSI chart so that d= 1. When d= 1 

the ANSS and ATS of the FSI chart have the same value. By using the relationships between FSI 

and VSI sampling intervals, two sampling intervals d, and d, for the VSI charts can be chosen so 

that two charts have the same ATS when the process is in control. In our computation, the ANSS 

in control was fixed to be 200 and all of the VSI charts used d, = 0.1 and d = 1.9. 

5.5.1 Multivariate CUSUM Charts for the Mean Vector 

In order to calculate the ATS for the VSI multivariate CUSUM charts with control statistic 

given by (5.2), the parameters h, g and k should be determined first. By using m= 400 in the ap- 

proximate solution ( 4.9 ) to the integral equation ( 4.6 ), the parameters h and g for four different 

k-values were determined so that the ANSS at » = jo is 200. Table 5.1 gives the values of A and 

& for various values of p and k when the ATS at yu = po is 200. The ATS and steady state ATS 

values for the FSI chart were calculated by using Markov chains with r= 100 ; values for the VSI 

chart were calculated using Markov chains with r= 200. For p = 2-10 and 20, the ATS values for 

matched FSI and VSI multivariate CUSUM charts are given in Tables 5.2-5.11, respectively. Ta- 

bles 5.12-5.18 give the steady state ATS values for p= 2, 3, 4, 5, 8, 10, and 20, respectively. The 

results in Tables 5.2-5.18 show that the ATS values for large k are much larger for small shifts and 

only slightly smaller for large shifts when compared to the ATS values for small k. From Tables 

5.2-5.18, k = p+ 1 seems to work well over a range of different shifts. If we are concerned primarily 
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well small shift, k = p+ 0.5 works well. Also, Tables 5.2-5.18 show that the VSI CUSUM charts 

for » are more efficient than the corresponding FS] CUSUM charts. 

5.5.2 Multivariate EWMA (MEWMA) Charts for the Mean Vector 

The MEWMA ATS values and parameters A and g were obtained using 10,000 simulations, 

where the sample size used for each sample observation was one. Table 5.19 gives the values of A 

and g for p=2 and 4 = 0.05, 0.1, 0.3 and for p= 3-5 and 4=0.05 when the ATS at pu = pp is ap- 

proximately 200. For p=2 and 5S, Tables 5.20-5.21 give ATS values for matched FSI and VSI 

MEWMA charts for yu. The standard errors are given in parentheses. 

As shown in Tables 5.20 and 5.21, for p= 2 smaller values of A are more effective in detecting 

all shifts in the mean vector. The VSI MEWMA chart has smaller ATS values than corresponding 

FSI MEWMaA charts. Tables 5.2, 5.5, 5.20, and 5.21 show that the MEWMA seems to be much 

better than the multivariate CUSUM. This may be because the CUSUM chart uses Y; in (5.2) 

which reduces information to a univariate statistic before accumulating. This suggests that it may 

be better to accumulate information in the CUSUM chart before reduction to a univariate statistic. 

Crosier (1988), and Pignatiello and Runger (1990) investigated multivariate CUSUM charts based 

on the accumulate-combine approach. Lowry, Woodall, Champ, and Rigdon (1989) showed that 

the MEWMA procedure performs better than the multivariate CUSUM procedures of Crosier 

(1988), and Pignatiello and Runger (1988) in terms of the ARL. Recommendations for the se- 

lection and design of VSI charts for the mean vector will be given in Chapter 8. 
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Table 5.1: Values of h and g for CUSUM Charts for Various Values of p and k when the ATS at 

  

  

LH = Ho is 200 

p k=p+0.5 k=p+1.0 k=p+1.5 k=p+2.0 

2 13.4621 10.2324 8.5913 7.5031 
0.5342 -0.8231 -1.6531 -2.3220 

3 17.4075 13.0612 10.8589 9.4290 
1.2865 -0.3626 - 1.3720 -2.1345 

4 20.9317 15.6823 12.9450 11.1957 
1.1078 0.0343 - 1.0764 - 1.9298 

5 24.1993 18.1482 14.9293 12.8698 
2.8120 0.0476 -0.7782 - 1.7164 

6 27.2542 20.4950 16.8320 14.4779 
3.4929 0.8945 -0.4788 - 1.4982 

7 30.1362 22.7435 18.6689 16.0348 
4.1451 1.3136 -0.1799 - 1.2774 

8 32.8734 24.9079 20.4495 17.5493 
4.7732 1.7255 0.0482 - 1.0549 

9 35.4871 26.9989 22.1811 19.0272 
5.3795 2.1305 0.3385 -0.8316 

10 37.9939 29.0248 23.8689 20.4729 
5.9679 2.5288 0.6269 -0.6077 

20 59.1303 46.7630 39.0027 33.6415 
11.0832 6.2133 3.3999 1.4870     

The top number in each cell is h 

The bottom number in each cell is g 
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Table 5.2: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 2) 

  

  

  

h= 13.4621 h= 10.2324 h= 8.5913 h= 7.5031 
g = 0.5341 g=— 0.8231 g=— 1.6532 g = — 2.3220 
k=2.5 k = 3.0 k=3.5 k= 4.0 

shift 
7? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 47.21 33.27 54.23 39.58 60.20 46.36 64.71 51.43 
1.0 22.10 13.08 24.84 13.71 28.28 16.91 31.39 19.85 
1.5 13.89 7.83 14.77 6.53 16.59 7.90 18.52 9.43 
2.0 10.09 5.72 10.22 3.82 11.18 4.39 12.37 5.17 
2.5 7.94 4.62 7.75 2.55 8.26 2.77 9.00 3.17 
3.0 6.56 3.96 6.25 1.84 6.50 1.91 6.97 2.11 
3.5 5.61 3.51 5.24 1.41 5.35 1.40 5.65 1.50 
4.0 4.92 3.20 4.53 1.12 4.55 1.08 4.74 1.13 
4.5 4.39 2.96 4.00 0.91 3.97 0.86 4.09 0.88 
5.0 3.97 2.79 3.59 0.76 3.53 0.71 3.60 0.71     
Table 5.3: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 3) 

  

  

  

h= 17.4075 h= 13.0612 h= 10.8539 h = 9.4290 
g = 1.2865 g = — 0.3626 g=— 1.3720 g=— 2.1345 
k=3.5 k= 4.0 k= 4.5 k= 5.0 

shift 
7 FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 55.82 40.32 62.60 47.32 69.08 54.64 74.24 60.43 
1.0 27.04 16.36 29.68 17.36 33.49 20.10 37.13 24.53 
1.5 17.13 9.72 27.82 8.49 19.80 10.05 22.04 11.91 
2.0 12.45 6.99 12.35 5.03 13.35 5.66 14.70 6.61 
2.5 9.79 5.57 9.37 3.38 9.84 3.59 10.67 4.07 
3.0 8.08 4.70 7.54 2.46 7.73 2.49 8.23 2.73 
3.5 6.90 4.12 6.31 1.89 6.35 1.84 6.65 1.95 
4.0 6.03 3.70 5.44 1.51 5.39 1.42 5.56 1.47 
4.5 5.37 3.40 4.48 1.24 4.69 1.14 4.78 1.15 
5.0 4.85 3.16 4.29 1.03 4.15 0.94 4.19 0.92     
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Table 5.4: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 4) 

  

  

  

h= 20.9317 h= 15.6823 h = 12.9450 h= 11.1957 
g = 1.1078 g = 0.0343 g=— 1.0764 g = — 1.9298 
k=45 k= 5.0 k=5.5 k= 6.0 

shift 
a? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 62.45 46.80 69.10 54.58 75.58 60.84 81.01 66.98 
1.0 31.22 19.63 33.82 22.11 37.74 24.45 41.67 28.35 
1.5 19.95 11.64 20.53 11.95 22.56 11.98 24.99 14.07 
2.0 14.54 8.30 14.28 7.88 15.27 6.83 16.72 7.91 
2.5 11.43 6.54 10.84 5.92 11.27 4.37 12.14 4.91 
3.0 9.43 5.47 8.72 4.81 8.85 3.05 9.36 3.31 
3.5 8.05 4.75 7.29 4.13 7.26 2.26 7.55 2.37 
4.0 7.03 4.23 6.28 3.67 6.15 1.75 6.30 1.70 
4.5 6.24 3.85 5.52 3.33 5.34 1.41 5.41 1.40 
5.0 5.63 3.55 4.93 3.08 4.73 1.16 4.74 1.13     
Table 5.5: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 5) 

  

  

  

    

h = 24.1993 h= 18.1482 h= 14.9293 h= 12.8698 
g = 2.8120 g = 0.0476 g = — 0.7782 g=- 0 7164 
k=5.5 k=6.0 k=6.5 k=7 

shift 
7? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 68.03 51.86 74.37 59.52 80.75 65.85 86.25 72.15 

1.0 34.93 22.40 37.44 24.94 41.41 27.49 45.49 31.64 
1.5 22.51 13.32 22.99 13.60 25.04 13.75 27.59 16.03 
2.0 16.44 9.46 16.06 8.95 17.03 7.94 18.55 9.12 
2.5 12.94 7.41 12.21 6.67 12.59 5.12 13.49 5.71 
3.0 10.68 6.16 9.82 5.39 9.89 3.59 10.40 3.87 
3.5 9.10 5.32 8.20 4.57 8.11 2.67 8.39 2.79 
4.0 7.94 4.71 7.06 4.03 6.87 2.08 7.00 2.11 
4.5 7.05 4.26 6.20 3.63 5.96 1.67 6.00 1.65 
5.0 6.35 3.91 5.54 3.34 5.27 1.38 5.25 1.34 
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Table 5.6: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p = 6) 

  

  

  

h = 27.2542 h = 20.4950 h = 16.8320 h= 14.4779 
g = 3.4929 g = 0.8945 g = — 0.4788 g=— 1.4982 
k=6.5 k=7.0 k=7.5 k= 8.0 

shift 
7? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 72.79 56.33 78.81 63.75 85.04 70.05 90.50 76.39 
1.0 38.26 25.00 40.68 27.54 44.65 30.23 48.81 34.55 
1.5 24.84 14.93 25.25 15.16 27.30 15.41 29.92 17.83 

2.0 18.20 10.25 17.72 9.97 18.67 9.00 20.23 = 10.27 
2.5 14.34 8.25 13.49 7.39 13.84 5.85 14.75 6.48 
3.0 11.84 6.82 10.85 5.93 10.88 4.12 11.38 4.41 
3.5 10.08 5.86 9.08 5.01 8.93 3.08 9.18 3.19 
4.0 8.80 5.18 7.80 4,38 7.56 2.40 7.66 2.42 
4.5 7.81 4.66 6.85 3.94 6.56 1.94 6.57 1.91 
5.0 7.03 4.26 6.12 3.60 5.79 1.60 5.74 1.54   
  

Table 5.7: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 7) 

  

  

  

h = 30.1362 h = 22.7435 h = 18.6689 h= 16.0348 
g=4.1451 g= 1.3136 g=—0.1799 g=— 1.2774 
k=7.5 k= 8.0 k=8.5 k=9.0 

shift 
zt? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 76.93 60.29 82.65 67.45 88.70 73.67 94.09 79.99 
1.0 41.28 27.41 43.61 29.94 47.56 32.72 51.75 37.16 
1.5 27.00 16.44 27.34 16.65 29.40 16.98 32.06 19.50 
2.0 19.84 11.63 19.27 10.96 20.21 10.02 21.80 11.35 
2.5 15.64 9.05 14.70 8.10 15.02 6.55 15.94 7.22 
3.0 12.91 7.46 11.84 6.47 11.82 4.64 12.32 4.94 
3.5 11.01 6.39 9.90 5.44 9.70 3.47 9.95 3.59 
4.0 9.60 5.63 8.51 4.74 8.22 2.72 8.30 2.73 
4.5 8.52 5.05 7.47 4.23 7.12 2.20 7.11 2.15 
5.0 7.66 4.60 6.67 3.85 6.29 1.82 6.21 1.75     
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Table 5.8: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 8) 

  

  

  

h = 32.8734 h = 24.9079 h = 20.4495 h= 17.5493 
g = 4.7732 g = 1.7255 g = 0.0482 g=-— 1.0549 
k=8.5 k= 9.0 k=9.5 k = 10.0 

shift 
7? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 80.58 63.84 86.03 70.74 91.89 77.86 97.18 83.12 
1.0 44.04 29.66 46.30 32.17 50.21 36.43 54.40 39.53 
1.5 29.02 17.89 29.30 18.06 31.35 20.05 34.04 21.07 

2.0 21.37 12.64 20.74 11.91 21.67 12.67 23.28 12.40 
2.5 16.86 9.82 15.86 8.79 16.15 8.95 17.07 7.94 
3.0 13.93 8.08 12.78 6.99 12.73 6.88 13.22 5.46 
3.5 11.88 6.90 10.69 5.86 10.45 5.62 10.68 3.98 
4.0 10.36 6.06 9.19 5.08 8.85 4.80 8.91 3.03 
4.5 9.19 5.43 8.07 4.53 7.67 4.23 7.63 2.40 
5.0 8.27 4.94 7.19 4.11 6.77 3.81 6.67 1.95   
  

Table 5.9: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 9) 

  

  

  

h = 35.4871 h = 26.9989 h= 22.1811 h = 19.0272 
g = 5.3795 g = 2.1305 g = 0.3385 g = — 0.8316 
k=9.5 k= 10.0 k= 10.5 k= 11.0 

shift 
12 FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 83.86 67.05 89.04 73.71 94.72 80.68 99.89 85.88 

1.0 46.59 31.78 48.78 34.27 52.64 38.54 56.81 41.71 
1.5 30.90 19.28 31.14 19.42 33.18 21.44 35.89 22.55 
2.0 22.82 13.62 22.14 12.83 23.05 13.61 24.67 13.40 
2.5 18.04 10.56 16.96 9.46 17.23 9.62 18.15 8.64 
3.0 14.90 8.67 13.69 7.51 13.59 7.37 14.08 5.97 
3.5 12.70 7.40 11.45 6.27 11.17 6.00 11.38 4.36 
4.0 11.08 6.48 9.84 5.42 9.46 5.10 9.51 3.34 
4.5 9.83 5.80 8.64 4.81 8.20 4.48 8.14 2.64 
5.0 8.84 5.26 7.70 4.36 7.24 4.03 7.1 2.15   
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Table 5.10: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 10) 

  

  

  

h = 37.9939 h= 29.0248 h = 23.8689 h = 20.4729 
g = 5.9679 & = 2.5288 g = 0.6269 g = — 0.6077 
k = 10.5 k=11.0 k=11.5 k= 12.0 

shift 
7 FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
i) 86.81 70.00 91.76 76.40 97.26 83.21 102.31 88.35 
1.0 48.96 33.79 51.09 36.24 54.89 40.51 59.03 43.74 
1.5 32.67 20.60 32.88 20.73 34.91 22.77 37.62 23.95 
2.0 24.20 14.57 23.47 13.73 24.37 14.52 26.00 14.36 
2.5 19.14 11.28 18.01 10.11 18.26 10.26 19.19 9.32 
3.0 15.83 9.25 14.54 8.01 14.43 7.86 14.91 6.47 
3.5 13.49 7.88 12.18 6.67 11.86 6.38 12.07 4.74 
4.0 11.77 6.89 10.47 5.76 10.05 5.41 10.08 3.63 
4.5 10.44 6.15 9.20 5.10 8.7] 4.73 8.64 2.88 
5.0 9.39 5.58 8.19 4.60 7.69 4,24 7.55 2.35   
  

Table 5.11: ATS Values for Matched FSI and VSI CUSUM Charts for the Mean Vector (p= 20) 

  

  

  

  
  

h = 59.1303 h = 46.7630 h = 39.0027 h= 33.6415 
g = 11.0832 g = 6.2133 g = 3.3999 g = 1.4870 
k = 20.5 k= 21.0 k=21.5 k= 22.0 

shift 
t FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
i) 106.42 90.22 109.78 94.83 113.88 100.22 117.88 105.29 
1.0 66.36 49.36 68.00 51.43 71.21 55.38 74.89 59.77 
1.5 46.42 31.57 46.47 31.59 48.30 33.68 50.90 36.57 
2.0 35.16 22.61 34.28 21.56 35.07 22.39 36.70 24.07 
2.5 28.13 17.49 26.78 15.98 26.90 16.08 27.82 16.96 
3.0 23.39 14.27 21.83 12.61 21.55 12.30 21.99 12.68 
3.5 20.01 12.07 18.37 10.40 17.86 9.90 17.98 9.98 
4.0 17.48 10.49 15.84 8.87 15.20 8.28 15.11 8.19 
4.5 15.52 9.29 13.91 7.76 13.20 7.13 12.99 6.94 
5.0 13.96 8.36 12.41 6.92 11.66 6.29 11.37 6.05 
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Table 5.12: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 
Vector (p= 2) 

  

  

  

k=2.5 k = 3.0 k=3.5 k= 4.0 

shift 
z FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 44.03 31.94 52.56 40.25 59.08 47.09 63.85 52.20 
1.0 19.85 11.86 23.53 14.42 27.33 17.66 30.62 20.63 
1.5 12.10 6.68 13.65 7.28 15.74 8.67 17.80 10.21 

2.0 8.57 4.60 9.22 4.58 10.39 5.17 11.68 5.96 
3.0 §.36 2.88 5.40 2.62 5.79 2.70 6.33 2.91 

— 4.0 3.88 2.15 3.76 1.91 3.89 1.88 4.14 1.93 
5.0 3.04 1.75 2.87 1.55 2.90 1.51 3.01 1.51 
8.0 1.83 1.24 1.67 1.14 1.62 1.11 1.61 1.10 
10.0 1.44 Ll 1.30 1.05 1.24 1.02 1.23 1.02   
  

Table 5.13: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 
Vector (p= 3) 

  

  

  

k=3.5 k=4.0 k=4.5 k=5.0 

shift 
7? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 

3 51.44 38.71 60.28 47.90 67.56 $5.32 73.12 61.16 
1.0 23.99 14.96 27.91 18.02 32.24 21.72 36.16 25.28 
1.5 14.74 8.43 16.36 9.19 18.72 10.80 21.17 12.68 
2.0 10.47 5.76 11.08 5.76 12.27 6.42 13.89 7.38 
3.0 6.55 3.54 6.49 3.22 6.89 3.27 7.50 3.52 
4.0 4.74 2.59 4.52 2.28 4.63 2.21 4.89 2.26 
5.0 3.71 2.08 3.45 1.82 3.44 1.73 3.55 1.72 
8.0 2.23 1.40 2.00 1.26 1.92 1.20 1.90 1.18 
10.0 1.55 1.21 1.47 1.12 1.47 1.08 1.44 1.06     
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Table 5.14: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 
Vector (p= 4) 

  

  

  

k= 4.5 k=5.0 k= 5.5 k= 6.0 

shift 
T FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 57.06 44.93 66.17 53.29 73.66 61.47 79.61 67.68 

1.0 27.45 18.02 31.61 20.92 36.20 25.14 40.50 29.09 
1.5 17.02 10.18 18.73 10.81 21.25 12.70 23.96 14.82 
2.0 12.11 6.93 12.74 6.79 14.11 7.57 15.78 8.67 
3.0 7.59 4.21 7.48 3.75 7.88 3.81 8.53 4.09 
4.0 5.49 3.04 5.21 2.62 - 5.29 2.53 5.55 2.58 
5.0 4.30 2.40 3.98 2.06 3.94 1.95 4.04 1.93 
8.0 2.58 1.56 2.30 1.37 2.19 1.29 2.15 1.26 
10.0 2.04 1.32 1.79 1.19 1.68 1.14 1.63 1.11   
  

Table 5.15; Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 

  

  

  

Vector (p=5) 

k=5.5 k= 6.0 k=6.5 k=7.0 

shift 
co FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
i) 61.73 49.74 70.88 58.15 78.45 66.44 84.58 72.82 

1.0 30.50 20.60 34.82 23.69 39.58 28.15 44.11 32.35 
1.5 19.07 11.70 20.86 12.42 23.51 14.45 26.38 16.76 
2.0 13.61 7.95 14.26 7.81 15.69 8.66 17.47 9.87 
3.0 8.54 4.79 8.39 4.29 8.79 4.34 9.48 4.64 
4.0 6.18 3.44 5.85 2.97 5.91 2.85 6.18 2.89 
5.0 4.84 2.70 4.47 2.30 4.40 2.16 4.49 2.13 
8.0 2.91 1.71 2.59 1.48 2.45 1.38 2.40 1.34 
10.0 2.30 1.42 2.01 1.26 1.87 1.20 1.81 1.16     
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Table 5.16: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 
Vector (p= 8) 

  

  

  

k=8.5 k= 9.0 k=9.5 k= 10.0 

shift 
z? FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 72.11 61.03 81.08 69.10 88.57 76.53 94.75 83.70 

1.0 37.95 27.30 42.56 30.71 47.59 35.20 $2.42 40.17 

1.5 24.26 15.80 26.29 16.71 29.18 18.87 32.36 21.75 

2.0 17.47 10.73 18.21 10.63 19.80 11.54 21.80 13.11 
3.0 11.01 6.40 10.82 5.80 11.24 5.80 12.00 6.21 
4.0 7.99 4.53 7.57 3.94 7.58 3.74 7.86 3.80 
5.0 6.25 3.51 5.78 3.00 5.65 2.77 5.72 2.72 
8.0 3.76 2.13 3.35 2.81 3.15 1.66 3.06 1.59 
10.0 2.97 1.72 2.61 1.49 2.41 1.38 2.31 1.32 

    
Table 5.17: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 

Vector (p= 10) 

  

  

  

k= 10.5 k=11.0 k= 11.5 k= 12.0 

shift 
2 FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
5 77.19 66.79 85.99 74.57 93.32 81.79 99.42 88.88 
1.0 41.95 31.09 46.69 34.62 51.78 39.21 56.68 44.34 
1.5 27.17 18.22 29.34 19.24 32.34 21.55 35.63 24.60 

2.0 19.67 12.40 20.50 12.33 22.17 13.34 24.26 15.04 
3.0 12.45 7.37 12.26 6.73 12.69 6.74 13.50 7.A9 
4.0 9.04 5.19 8.59 4.54 8.59 4.32 8.87 4.38 
5.0 7.08 4.00 6.57 3.43 6.41 3.18 6.47 3.11 

8.0 4.26 2.39 3.81 2.03 3.57 1.85 3.46 1.76 
10.0 3.36 1.92 2.96 1.64 2.74 1.51 2.62 1.43     
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Table 5.18: Steady State ATS Values for Matched FSI and VSI CUSUM Charts for the Mean 
Vector (p= 20) 

  

  

  

k = 20.5 k=21.0 k= 21.5 k= 22.0 

shift 
7 FSI VSI FSI VSI FSI VSI FSI VSI 

0 200.00 200.00 200.00 200.00 200.00 200.00 200.00 200.00 
3 92.87 85.54 100.94 92.13 107.57 98.31 113.11 103.73 
1.0 56.00 45.36 61.04 49.06 66.12 53.67 70.96 58.34 
1.5 38.08 28.02 40.77 29.45 44.05 32.10 47.56 35.23 
2.0 28.20 19.40 29.49 19.58 31.43 20.90 33.80 22.79 
3.0 18.16 11.53 18.13 10.84 18.71] 10.93 19.69 11.48 
4.0 13.26 8.06 12.82 7.26 12.85 6.99 13.19 7.04 
5.0 10.41 6.16 9.85 5.40 9.65 5.06 9.70 4.93 
8.0 6.28 3.57 5.73 3.04 5.41 2.76 5.24 2.58 
10.0 4.96 2.79 4.47 2.37 4.16 2.14 3.97 2.00   
  

Table 5.19: Values of h and g for MEWMA Charts for Various Values of p and A when the ATS 
at “= Mo is approximately 200 

  

  

  

p=2 p=3 p=4 p=5 

A=0.3 A=0.1 A= 0.05 A= 0.05 A=0.05 A= 0.05 

h 10.1480 8.7730 7.6800 9.8050 11.6782 13.4072 

gz 1.3090 1.3250 1.2550 2.1890 3.1050 4.1440   
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Table 5.20: ATS Values for FSI MEWMA Charts for the Mean Vector 
  

  

  

  
  

  

  

  

p=2 p=d 
shift h = 7.680 h = 8.773 h= 10.148 h= 13.4072 
t A= 0.05 A=0.1 A=0.3 A= 0.05 

0 199.060 200.174 199.979 199.586 
(2.134) (2.058) (1.994) (2.138) 

5 20.829 24.671 43.433 27.379 
(0.168) (0.203) (0.408) (0.214) 

1.0 6.806 7.771 10.621 8.823 
(0.047) (0.051) (0.082) (0.058) 

1.5 3.634 4.026 4.912 4.609 
(0.022) (0.023) (0.031) (0.027) 

2.0 2.349 2.603 2.988 2.937 
(0.013) (0.014) (0.016) (0.016) 

2.5 1.738 1.893 2.100 2.139 
(0.008) (0.009) (0.010) (0.010) 

3.0 1.385 1.496 1.632 1.672 
(0.006) (0.007) (0.007) (0.008) 

Table 5.21: ATS Values for VSI MEWMA Charts for the Mean Vector 

p=2 p=5 
h = 7.680 h = 8.773 h= 10.148 h = 13.4072 

shift g=1.255 g = 1.325 g= 1.309 g=4.144 
t A= 0.05 A=0.1 A=0.3 A= 0.05 

0 201.010 199.806 199.819 199,992 
(2.252) (2.118) (1.989) (2.305) 

5 11.715 14.645 30.740 15.919 
(0.121) (0.145) (0.300) (0.157) 

1.0 3.458 3.744 5.008 4.417 
(0.031) (0.033) (0.044) (0.040) 

1.5 1.903 1.970 2.152 2.331 
(0.014) (0.015) (0.015) (0.019) 

2.0 1.378 1.421 1.464 1.587 
(0.008) (0.008) (0.008) (0.010) 

2.5 1.158 1.190 1.212 1.289 
(0.004) (0.005) (0.005) (0.006) 

3.0 1.066 1.079 1.093 1.139 
(0.002) (0.003) (0.003) (0.004)   
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Chapter 6 

Multivariate Control Charts for the 

Variance-Covariance Matrix 

6.1 Introduction 

Suppose that the objective is to monitor Z where the target values Lp and yy are known. It 

is assumed that the in-control process covariance matrix is 

T 7 

Go11 [012 + + + FOlp 

021 F022 - - - Fo2p 

Xo = 

| Op! Fop2 - SOpp     
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We will consider the case in which the primary objective is to detect changes in the variances, not 

in the correlation coefficients. 

Several different control charts for = will be presented since different statistics can be used to 

describe variability. In the univariate case, the S? - chart is used to control the variance under the 

normality assumption. The S? - chart signals for large values of S? or equivalently for large values 

of V; where 

where S? = x (Xy — X;)?/(n — 1) and o;? is the target value for o?. One possible multivariate version 
j=l 

of V; is 

Vi = DY) (Xy— Xp) Bo | Xy— Xp’ = oA Eq), 
j=) 

where 

(6.1) 

When 2 =X», V; has a chi-squared distribution with (n-1)p degrees of freedom. Hotelling (1947) 

proposed the use of the Lawley-Hotelling V; statistic in monitoring the process variance-covariance 

matrix. The distribution of V, was studied by Lawley (1938) and Hotelling (1951). 

Hui (1980) studied the use of the sample generalized variance in monitoring the process 

variance-covariance matrix using the following statistic 

A, \ 
— _na-ie 

4 = 155] 
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It is known that (nm — 1)'/2 (L,; — 1) is asymptotically normal with mean 0 and variance 2p (Anderson 

(1958)). 

Another chart can be constructed by using the likelihood ratio statistic for testing 

Hy: 2 =Xq vs. Hy: & # Xp. For the i” sample (i= 1, 2, ... ), the likelihood ratio statistic is (Anderson, 

1958, p.265) 

1 1 
= np —-1;47% 1 —_ A= (4)? 1A)Zq 1? exp{— > trBy'A)} 

This likelihood ratio test is not unbiased. If this likelihood ratio statistic is modified by changing 

the sample size n to the degrees of freedom N=n-1, then the test is unbiased. Let 

er aN 1 -1 
4, = (a) |A;Zp |? exp{— =z Zo Ad} 

be the modified likelihood ratio statistic, then 

W, = —2lnd, = tr(&)' A) — Nin|A,| + NIn|EQ| + NplnN — Np (6.3) 

Nagarsenker and Pillai (1973) developed a method for obtaining the exact null distribution of 

L=A,/* in a series form and computed percentage points of L to any degree of accuracy even for 

small sample size. Thus the statistic W; can be a control statistic for 2. 

Thus, three different control statistics for Z are as follows: 

lL VW= ¥ (Xy—X) Bot (Xp —H" = tA, Do) 
j=] 

| Adl(n— 1) | 
|| 

3. W= ~2Ind = try IA) — NIn|A;| + NIn|Zol + NplnN — Np 

2 L= 

In general, if the process shifts from Zp to 2, then it is difficult to obtain the distributions of 

V,, L, and W,. Thus, in order to evaluate the properties of the charts for L it is necessary to use 

computer simulations. 
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6.2 Shewhart Charts for the Covariance Matrix 

The control limits for a Shewhart chart based on the control statistic L; would be set from the 

distribution of L;. The control limits for a Shewhart chart based on the control statistic V; would 

be set at {0, y7,_, ((”— l)p)}. The control limits for a Shewhart chart based on the control statistic 

W, would be set by using percentage points of W;. The VSI versions of these charts can be con- 

structed by using the distributions of these control statistics. 

Montgomery and Wadsworth (1972) suggested the use of the logarithm of the sample gener- 

t 

n—-1 
  alized variance, log | |, in monitoring the process variance-covariance matrix. 

6.3 CUSUM Charts for the Covariance Matrix 

As in the multivariate CUSUM charts for y, the multivariate CUSUM charts for £ are as 

follows: For the statistic V; given by (6.1), the FSI and VSI multivariate CUSUM control statistic 

for Z at the j** sample is 

Yi; = max {Yj ,_ ,,0} + (Vj—&) 

The multivariate CUSUM chart signals whenever Y,,>,. For the statistic L, given by (6.2), the 

FSI and VSI multivariate CUSUM control statistic for X at the j** sample is 
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Yoy = max {¥,)_ 1,0} + (Ly—4) 

The multivariate CUSUM chart signals whenever Y2;>/). For the statistic W; given by (6.3), the 

FSI and VSI multivariate CUSUM control statistic for X at the j** sample is 

Yu, = max {Y3 ;_ ;,0} + (W)— k) 

The multivariate CUSUM chart signals whenever Y3;> Ay 

For the VSI multivariate CUSUM charts for Z, suppose that 

d; is used when Yi; € (g4, Ax] 

d, is used when Y;; € (—k, gx] 

k=1,2,3 where -—kK<g,</,. The parameters g, and A, are chosen to give specified ANSS and 

ATS values when the process is in control. These parameters can be obtained by using a Markov 

chain approach or integral equations. 

6.4 Multivariate EWMA Charts for the Covariance Matrix 

We will discuss multivariate EWMA charts based on the combine-accumulate approach, and 

multivariate EWMA charts based on the accumulate-combine approach for monitoring the 

variance-covariance matrix. 
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6.4.1 Multivariate EWMA Charts Based on the Combine-accumulate 

Approach. 

Multivariate EWMA charts based on the combine-accumulate approach can be constructed 

by combining multivariate data into a univariate statistic and then forming a univariate EWMA 

Statistic. For the statistic V; given by (6.1), the EWMA chart is based on the control statistic 

Yy, = (1-4) ¥%,;_,4+4V; (6.4) 

where Yip = 0,0<2< 1. This chart signals when Y;,>A,. For the statistic L; given by (6.2), the 

EWMaA chart 1s based on the control statistic 

Y3; = (1 — A) Y4,-1t 44 

where Y29=0,0<A< 1. This chart signals when ¥2;>/). For the statistic W; given by (6.3), the 

EWMaA chart is based on the control statistic 

Y3, = (1-4) ¥3,;_,+4W, 

where Y3) = 0,0< A < 1. This chart signals when Y3; > A;. 

As in the VSI multivariate CUSUM charts for u, suppose that 

d,; is used when Yi; € (2, Ax] 

d, is used when Y;,; € (0, 2] 

k=1,2,3 where 0<9,<hA,. The parameters gi, 2, 23, Ai, 4», and A; can be obtained by using 

Markov chain approach or integral equations. 
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6.4.2 A Multivariate EWMA Chart Based on the Accumulate-combine 

Approach 

Multivariate EWMA charts based on the accumulate-combine approach can be constructed 

by forming a univariate statistic from a multivariate EWMaA statistic. In the univariate case, an 

EWMaA chart for o? can be constructed by using the statistic 

2 

a Xy— Xp, 
Y= (1- AY +4 (A) (6.5) 

j=1 

By repeated substitution in (6.5), it can be shown that 

=> 2 
—X 

¥,= (1-2) yy Ya 2) x as i) (6.6) 
i=] 

k=1,2,.. and0<A<1. 

In the multivariate case, we define vectors of EWMA’s 

Pf : Ye | | U-a*Yiot D aU-a ta ~) —(n-1)] 
iad _ 2 

X}9 

Yan (1 — a) Faq + Sal - 4) 4S act, —(n—1)] 
i=1 

(6.7) = f u 

X, 
Yep (1— a)" ¥59 + saa te —(n—-1)] 

i=]         
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k=1,2,... where Yo = Oand0</1,<1,/ =1, 2,... p.. A multivariate EWMA chart for © is based 

on the statistic 

Ty” = YyZy, "Ly (6.8) 

where Ly, is the variance-covariance matrix of Y, which will be given in (6.14) in Theorem 1 below. 

Vector Y, is one possible multivariate extension of Y; in (6.6). In general the distribution of Y; is 

difficult to obtain, but the asymptotic distribution will be obtained for the case in which the process 

is in control. To simplify notation, let 

2 

Zi = ye nue ny —(n—1), andZ,=(Zy,..,2)' for/=1,2,...,p,i=1,2,... (6.9) 
= | 

then the multivariate EWMA vectors can be expressed as 

Y,=(1— AY, + ALN (6.10) 

By repeated substitution in (6.10), it can be shown that 

k 

Yy= Da at 'Z, (6.11) 
i=] 

It is easy to show that 

E(Zy)| a= 9,01 = on) = (n— YES Ly 1 [= 1, 2,..5p (6.12) 
a 

Thus, under the assumption that u = po and X =X), the expected value of the random vector Z; 

denoted by yz is 

1p 2 
=n] ayy, (22) 1, (ZB) -1| (6.13) 
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If & = Xp, then pz = 0 

THEOREM 6.1 

The variance-covariance matrix of Y, when a process is in control and ¥) = 0 is 

a1 —(a— ay** 
Ly,= ayo (6.14) 

where, Ez = 2(n— 1)R (6.15) 

where R® is used to denote the matrix whose (4,7) element is the 2! power of the (/,/)'" compo- 

nent of R which is the correlation matrix of X = (X, ... , X;). 

PROOF. The proof is similar to that of THEOREM 7.1! except n-1 is used instead of n. 

The following theorem gives the asymptotic distribution of Y, given by (6.11) when some 

conditions are satisfied. 

THEOREM 6.2 

Let p-component vectors Xj, X3, ... be independently identically distributed according to 

N,(u,%). Then (Ly,-'/? Y,,k => 1} converges in distribution to a multivariate normal distribution 

with mean vector Q and variance-covariance matrix [, as k + co,A > Oandki— 1 

PROOF. The proof is similar to that of THEOREM 7.2 except n-1! is used instead of n. 

COROLLARY 6.2 

{T,?, k = 1} converges in distribution to a chi-squared distribution with p degrees of freedom 

ask—oo,A>Oandki— 1 

PROOF. The proof is similar to that of the COROLLARY 7.2 except n-1 is used instead of n. 
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The multivariate EWMA chart signals that the process is out-of-control whenever T;,? > h. 

For the VSI multivariate EWMA chart, suppose that 

d; is used when 7;? € (g, h) 

d, is used when T;? € (0, g] 

The ATS and parameters h and g can be obtained by using simulations. 

6.5 Numerical Results 

In this Section the following control procedures are compared on the basis of their ATS 

performance. 

1. Multivariate EWMA charts with control statistic given by (6.4) 

2. Multivariate EWMA charts with control statistic given by (6.8) 

The performance of the charts for monitoring a variance-covariance matrix depends on the 

value of 2. It was not possible to investigate all of the different ways in which Z could change, but 

the following types of shifts were considered: 

(V1) all variances and covariances change by a constant factor i.e. 2, = c Xp 

(V2) one variance increased to ci oo, and the other variances remain on target 

(V3) approximately half of the variances and covariances change by a constant and there are 

no shifts in the rest 
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In order to compare a VSI chart with a FSI chart, the standard for comparison is the same as that 

used in Section (5.5). The sample size used for each sample observation was five. It is assumed that 

the correlation coefficient p is the same for all variables. Table 6.1 gives the values of A and g for 

p= 2-5 and A when the ATS at Z = Zy is approximately 200. In Tables 6.2-6.8, the standard errors 

are shown in parentheses. and ci represents the constant factor by which oo, changes. ATS values 

for the EWMA charts based on the combined-accumulate approach depend only on + and c when 

ZX; = cL. 

For the multivariate EWMA chart using (6.4) based on the combine-accumulate approach, 

the parameters A and g were obtained to give specified ANSS and ATS values when the process is 

in control. These parameters were obtained using Markov chains with r= 100, and the ATS values 

for various shifts in Z were calculated by using 10,000 simulations. For p=2, and three different 

correlation coefficients p = 0.0, 0.5, 0.8, Tables 6.2-6.4 give FSI and VSI ATS values. The results 

in Tables 6.2-6.4 show that except for a very small shift in 2, larger values of A are more effective 

in detecting shifts in the variance-covariance matrix. The VSI multivariate EWMA chart has smaller 

ATS values than the corresponding FSI multivariate EWMA chart except for 1 = 0.05 and 0.1. 

For the multivariate EWMA chart using (6.8) based on the accumulate-combine approach, 

ATS values and parameters A and g were calculated by using 10,000 simulations. For p= 2, and 

three different correlation coefficients p = 0.0, 0.5, 0.8, Tables 6.5-6.7 give FSI and VSI ATS values. 

As shown in Tables 6.5-6.7, smaller values of 4 are more effective in detecting all shifts in © for 

p=2. Tables 6.2-6.7 show that the multivariate EWMA chart using (6.8) seems to be much better 

in detecting all shifts in 2 than the multivariate EWMA chart using (6.4). For p= 5, Table 6.8 give 

FSI and VSI ATS values for two different EWMA procedures mentioned above. The common 

correlation coefficient is given by p = 0.5. 

The results in Table 6.2-6.8 show that The multivariate EWMA chart based on the 

accumulate-combine approach is better than the multivariate EWMA chart based on the 

combine-accumulate approach in terms of ATS. For p=2,5 and two different EWMA procedures, 

the results showed that ATS values for p =—0.5, and —0.8 are very close to those for 

p = 0.5, and 0.8, respectively. 
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Table 6.1: Values of h and g for Various Values of 1 and p= 2-5 when the ATS at £ = Xp is 
approximately 200 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

P p A EWMA EWMA 
using (6.4) using (6.8) 

0.30 12.8840 14.0154 
° 7.7161 1.2730 

2 0.0 0.10 10.0348 9.4105 
7.6788 1.2790 

0.05 9.0620 7.7675 
5.5198 1.2390 

0.30 12.8840 14.3502 
7.7161 1.2560 

2 0.5 0.10 10.0348 9.5307 
7.6788 1.2710 

0.05 9.0620 7.8020 
7.5198 1.2210 

0.30 12.8840 14.3502 
7.7161 1.2560 

2 0.8 0.10 10.0348 9.5307 
7.6788 1.2710 

0.05 9.0620 7.8020 
7.5198 1.2210 

0.10 14.4509 
3 0.5 11.5882 

0.05 10.0917 
2.1340 

0.10 18.8011 
4 0.5 15.5040 

0.05 12.1742 
3.0670 

0.10 23.1094 
5 0.5 19.4234 

0.05 14.0632 
3.9810       

  

The top number in each cell is h 

The bottom number in each cell is g 
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Table 6.2: ATS Values for Matched FSI and VSI EWMA Charts Using (6.4) for the Covariance 
Matrix (p= 2, p = 0.5) 

  

  

  

  

  

  
  

shift A= 0.05 A=0.10 A = 0.30 

FSI VSI FSI VSI FSI VSI 

c= 1.00 200.000 200.000 200.000 200.000 200.000 200.000 

c= 1.21 50.848 60.522 36.746 35.189 33.363 22.316 
(0.156) (0.137) (0.180) (0.124) (0.271) (0.161) 

c= 1.44 30.885 41.284 19.667 22.030 13.342 9.139 
(0.069) (0.083) (0.066) (0.063) (0.087) (0.048) 

c= 1.69 22.482 31.513 13.728 16.538 7.951 6.010 
(0.045) (0.061) (0.039) (0.046) (0.043) (0.029) 

c= 1.96 17.645 25.292 10.585 13.161 5.683 4.591 
(0.034) (0.050) (0.029) (0.037) (0.027) (0.022) 

c= 2.25 14.444 20.911 8.572 10.868 4.430 3.781 
(0.028) (0.042) (0.023) (0.031) (0.020) (0.018) 

c= 2.56 12.851 18.671 7.585 9.669 3.877 3.372 
(0.025) (0.039) (0.017) (0.028) (0.108) (0.016) 

cl=1.21 77.011 82.373 63.823 56.383 66.471 51.262 
(0.329) (0.239) (0.404) (0.279) (0.596) (0.440) 

cl= 1.44 47.921 58.403 34.045 33.565 29.052 19.886 
(0.139) (0.134) (0.162) (0.117) (0.235) (0.141) 

cl=1.69 35.458 46.330 23.180 25.072 16.384 11.401 
(0.087) (0.099) (0.089) (0.076) (0.116) (0.067) 

cl= 1.96 27.940 38.206 17.534 20.434 11.144 8.160 
(0.063) (0.079) (0.058) (0.060) (0.070) (0.044) 

cl =2.25 23.100 32.251 14.152 17.071 8.226 6.412 
(0.050) (0.068) (0.044) (0.051) (0.048) (0.033) 

cl=2.56 18.960 27.142 11.497 14.240 6.248 5.114 
(0.040) (0.059) (0.035) (0.044) (0.033) (0.026) 
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Table 6.3: ATS Values for Matched FSI and VSI EWMA Charts Using (6.4) for the Covariance 
Matrix (p=2,p = 0.0) 

  

  

  

shift 1 = 0.05 1 =0.10 1=0.30 
FSI VSI FSI VSI FSI VSI 

cl=1.21 77.943 82.969 64.785 57.050 67.667 52.291 
(0.336) (0.243) (0.415) (0.283) (0.612) (0.453) 

cl=1.44 48.973 59.331 34.892 34.252 30.538 20.750 
(0.148) (0.136) (0.166) (0.120) (0.248) (0.149) 

cl = 1.69 36.464 47.415 24.035 25.784 17.336 11.916 
(0.090) (0.101) (0.093) (0.079) (0.125) (0.071) 

cl = 1.96 29.070 39.420 18.326 21.047 11.964 8.548 
(0.067) (0.081) (0.062) (0.062) (0.077) (0.046) 

cl = 2.25 24.194 33.685 14.876 17.795 8.862 6.736 
(0.052) (0.070) (0.047) (0.052) (0.052) (0.035) 

cl =2.56 20.596 29.240 12.547 15.364 7.014 5.627 
(0.044) (0.062) (0.038) (0.046) (0.038) (0.028)   

Table 6.4: ATS Values for Matched FSI and VSI EWMA Charts Using (6.4) for the Covariance 
Matrix (p= 2,p = 0.8) 

  

  

  

  

shift 1=0.05 1=0.10 1=0.30 
FSI VSI FSI VSI FSI VSI 

cl=1.21 73.906 80.205 60.264 53.804 61.324 47.036 
(0.308) (0.228) (0.374) (0.259) (0.543) (0.397) 

cl= 1.44 44.316 55.184 30.542 31.152 24.520 17.051 
(0.128) (0.126) (0.137) (0.105) (0.194) (0.117) 

cl = 1.69 31.609 42.246 20.233 22.685 13.347 9.755 
(0.077) (0.092) (0.073) (0.069) (0.089) (0.055) 

cl = 1.96 24.265 33.859 14.953 17.947 8.790 6.881 
(0.054) (0.073) (0.049) (0.055) (0.052) (0.036) 

cl =2.25 19.415 27.677 11.764 14.645 6.445 5.361 
(0.043) (0.062) (0.037) (0.046) (0.035) (0.028) 

cl = 2.56 14.296 20.736 8.531 10.890 4.446 3.927 
(0.032) (0.049) (0.026) (0.036) (0.022) (0.021) 
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Table 6.5: ATS Values for Matched FSI and VSI EWMA Charts Using (6.8) for the Covariance 
Matrix (p= 2,p = 0.5) 

  

  

  

  

  

  
  

shift A= 0.05 A=0.10 A= 0.30 

FSI VSI FSI VSI FSI VSI 

c= 1.00 200.558 199.270 200.502 199.998 200.228 199.762 

(2.214) (2.299) (2.094) (2.135) (2.035) (2.043) 

c= 1.21 24.945 19.367 27.844 22.507 38.632 33.480 

(0.260) (0.229) (0.281) (0.251) (0.383) (0.347) 

c= 1.44 8.659 5.990 9.835 6.621 13.496 9.368 

(0.085) (0.068) (0.093) (0.072) (0.127) (0.096) 

c= 1.69 4.720 3.337 5.267 3.500 6.911 4.252 

(0.043) (0.035) (0.047) (0.035) (0.060) (0.041) 

c= 1.96 3.097 2.286 3.438 2.361 4.392 2.646 

(0.026) (0.022) (0.028) (0.022) (0.036) (0.024) 

c= 2.25 2.330 1.775 2.558 1.833 3.119 1.956 

(0.018) (0.015) (0.020) (0.015) (0.024) (0.018) 

c= 2.56 1.901 1.509 2.052 1.551 2.428 1.614 

(0.013) (0.011) (0.015) (0.012) (0.017) (0.012) 

cl=1.21 37.399 29.779 42.487 35.674 61.724 55.716 

(0.385) (0.351) (0.422) (0.390) (0.614) (0.572) 

cl=1.44 13.541 9.471 15.273 10.772 22.353 16.927 

(0.129) (0.107) (0.143) (0.116) (0.215) (0.173) 

cl= 1.69 7.381 5.085 8.249 5.465 11.403 7.570 

(0.068) (0.055) (0.074) (0.057) (0.103) (0.075) 

cl= 1.96 4.865 3.456 5.396 3.650 6.978 4.403 

(0.043) (0.035) (0.046) (0.036) (0.060) (0.042) 

cl =2.25 3.564 2.627 3.939 2.741 4.918 3.077 

(0.029) (0.025) (0.032) (0.025) (0.041) (0.028) 

cl=2.56 2.849 2.145 3.110 2.217 3.789 2.412 

(0.023) (0.019) (0.025) (0.020) (0.030) (0.021) 
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Table 6.6: ATS Values for Matched FSI and VSI EWMA Charts Using (6.8) for the Covariance 
Matrix (p= 2,p = 0.0) 

  

  

  

  

shift 1=0.05 1=0.10 1=0.30 
FSI VSI FSI VSI FSI VSI 

c= 1.00 199.456 200.004 199.637 199.941 199.531 200.003 
(2.182) (2.288) (2.070) (2.120) (2.018) (2.040) 

c=1.21 21.652 16.497 24.391 19.176 34.406 29.361 
(0.220) (0.194) (0.240) (0.213) (0.332) (0.298) 

c= 1.44 7.573 5.214 8.472 5.630 11.742 7.923 
(0.073) (0.057) (0.077) (0.059) (0.109) (0.080) 

c= 1.69 4.112 2.930 4.595 3.065 5.965 3.588 
(0.036) (0.030) (0.039) (0.031) (0.051) (0.034) 

c= 1.96 2.718 2.016 3.009 2.097 3.790 2.297 
(0.022) (0.018) (0.024) (0.018) (0.030) (0.020) 

c= 2.25 2.416 1.853 2.620 1.906 3.192 2.043 
(0.019) (0.016) (0.020) (0.016) (0.025) (0.017) 

c= 2.56 2.074 1.640 2.237 1.671 2.716 1.753 
(0.015) (0.013) (0.016) (0.013) (0.020) (0.013) 

cl=1.21 38.427 31.516 42.903 36.657 60.711 55.717 
(0.395) (0.369) (0.431) (0.404) (0.594) (0.562) 

cl=1.44 14.012 10.121 15.778 11.332 22.489 17.650 
(0.136) (0.118) (0.150) (0.124) (0.215) (0.180) 

cl = 1.69 7.671 5.409 8.499 5.860 11.717 8.030 
(0.072) (0.060) (0.077) (0.062) (0.108) (0.081) 

cl = 1.96 5.043 3.683 5.586 3.852 7.165 4.648 
(0.045) (0.039) (0.048) (0.039) (0.063) (0.046) 

cl=2.25 3.701 2.732 4.055 2.839 5.067 3.248 
(0.031) (0.027) (0.034) (0.027) (0.042) (0.030) 

cl = 2.56 2.918 2.239 3.180 2.316 3.863 2.510 
(0.024) (0.021) (0.025) (0.021) (0.031) (0.022)   
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Table 6.7: ATS Values for Matched FSI and VSI EWMA Charts Using (6.8) for the Covariance 
Matrix (p= 2,p = 0.8) 

  

  

  

  

  
  

shift A= 0.05 A=0.10 A = 0.30 

FSI VSI FSI VSI FSI VSI 

c= 1.00 200.052 198.690 201.711 201.220 200.830 200.663 

(2.197) (2.289) (2.131) (2.172) (2.044) (2.054) 

c= 1.21 28.528 23.204 31.513 26.442 41.983 36.865 

(0.305) (0.281) (0.328) (0.302) (0.422) (0.386) 

c= 1.44 10.123 7.126 11.410 7.910 15.456 11.148 

(0.104) (0.084) (0.111) (0.088) (0.149) (0.116) 

c= 1.69 5.437 3.815 6.048 4.063 7.908 5.054 

(0.053) (0.041) (0.056) (0.042) (0.072) (0.050) 

c= 1.96 3.545 2.581 3.968 2.731 4.991 3.057 

(0.032) (0.026) (0.035) (0.027) (0.043) (0.028) 

c= 2.25 2.625 1.997 2.887 2.058 3.547 2.223 

(0.022) (0.018) (0.024) (0.018) (0.029) (0.019) 

c= 2.56 2.118 1.666 2.295 1.709 2.737 1.786 
(0.016) (0.014) (0.018) (0.014) (0.021) (0.014) 

cl=1.21 27.927 20.171 33.019 25.001 52.016 43.931 

(0.276) (0.236) (0.326) (0.275) (0.513) (0.447) 

cl=1.44 9.862 6.390 11.325 7.164 17.006 11.205 

(0.090) (0.070) (0.100) (0.074) (0.159) (0.113) 

cl= 1.69 5.434 3.600 6.107 3.848 8.259 4.818 

(0.047) (0.036) (0.051) (0.037) (0.072) (0.046) 

cl=1.96 3.632 2.526 4.032 2.639 5.206 3.009 

(0.030) (0.024) (0.032) (0.024) (0.042) (0.026) 

cl=2.25 2.743 1.967 3.001 2.049 3.697 2.221 

(0.021) (0.017) (0.023) (0.017) (0.028) (0.018) 

cl=2.56 2.222 1.697 2.410 1.744 2.844 1.818 

(0.016) (0.014) (0.017) (0.014) (0.021) (0.014) 
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Table 6.8: ATS Values for Three Matched FSI and VSI EWMA Charts for the Covariance 
Matrix (p=5, p = 0.5) 

  

  

  

  

  

shift EWMA using (6.4) EWMA using (6.8) 

A=0.10 A=0.05 

FSI VSI FSI VSI 

c= 1.00 200.000 200.000 200.402 199.428 
(2.269) (2.353) 

c= 1.21 27.849 32.032 18.562 12.969 
(0.087) (0.070) (0.202) (0.162) 

c= 1.44 16.149 21.330 5.997 3.876 
(0.034) (0.040) (0.062) (0.044) 

c= 1.69  —- 11.626 16.103 3.223 2.164 
(0.021) (0.029) (0.030) (0.021) 

c= 1.96 9.121 12.846 2.147 1.550 
(0.016) (0.023) (0.017) (0.012) 

c= 2.25 7.468 10.612 1.654 1.228 
(0.013) (0.020) (0.011) (0.008) 

c= 2.56 6.314 8.958 1.383 1.158 
(0.011) (0.018) (0.008) (0.005) 

cl= 1.21 90.194 80.812 46.265 35.662 
(0.615) (0.426) (0.485) (0.414) 

cl=1.44 51.934 50.209 16.063 10.734 
(0.267) (0.171) (0.151) (0.119) 

cl= 1.69 35.733 38.429 8.525 5.701 
(0.139) (0.101) (0.076) (0.060) 

cl= 1.96 27.196 31.992 5.572 3.847 
(0.087) (0.075) (0.048) (0.038) 

cl = 2.25 22.132 27.479 4.027 2.950 
(0.062) (0.061) (0.033) (0.028) 

cl = 2.56 18.647 24.079 3.185 2.413 
(0.048) (0.053) (0.025) (0.022)   
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Table 6.8: (continued) 

  

c1-3= 1.21 40.811 41.820 22.734 15.553 
(0.174) (0.116) (0.233) (0.181) 

c1-3= 1.44 22.836 27.963 7.474 4.839 
(0.061) (0.059) (0.071) (0.053) 

c1-3= 1.69 16.373 21.589 4.052 2.705 
(0.036) (0.042) (0.036) (0.027) 

cl-3= 1.96 12.789 17.511 2.680 1.895 
(0.025) (0.034) (0.021) (0.016) 

c1-3= 2.25 10.454 14.602 2.031 1.532 
(0.020) (0.028) (0.014) (0.011) 

cl-3 = 2.56 8.812 12.478 1.665 1.340 
(0.016) (0.025) (0.011) (0.009)   
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Chapter 7 

Multivariate Control Charts for the Mean Vector 

and Variance-Covariance Matrix 

7.1 Introduction 

Suppose that the objective is to monitor both » and Z, where the target values Xp and py are 

known. There are several ways of monitoring p and Z simultaneously. In practice, the usual pro- 

cedure is probably to use separate charts for each individual mean and variance. 

The control procedure using separate charts for each individual parameter may not be optimal 

for detecting simultaneous changes in » and XZ. As an alternative to using separate charts for each 

individual parameter, Reynolds and Ghosh (1981) proposed using a single chart based on the fol- 

lowing statistic. 

n 

D= )) (Xy — wodEo (Xy — wo)" 
j=l 
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When p = po and Z = Xp, D, has a chi-squared distribution with np degrees of freedom. This statistic 

thus includes information about y and Z. This procedure has the practical advantage that only one 

chart needs to be plotted. The statistic D; can be interpreted as the sum of control statistics that have 

been proposed for y and Z. 

Dy= (Xj — wo)Eq' (Ay — Ho)’ + tA Eq!) =Z" + V 

The chart for y signals for large values of Z,? and the chart for Z signals for large values of V;. Thus 

D, combines the information in Z;? and V, through the sum 

2 
D; = Zi + V; 

Note that Z? and V, are independent and when yp = po and & = Xo, Z? is x7(p) and V, is x?(n — 1)p. 

Another single chart to simultaneously monitor both yp and Z can be constructed using the 

likelihood ratio statistic for testing Ho: w = po and Z = Lp vs. Hy: p # wo Or LZ # Xp. For the i** sample 

(i=1, 2, ... ), it is expressed as (Anderson, 1958 ) 

ey” -1yy" I -1 a => 
A= (47)? 1A;ZQ 1? expl — yz Zo fA + Ay — Ho)" — Lo)} 

Let 

U, = — 21nd = tr{(Zy 1A) + (Xj — Yo)"Eq'(X) — wo)} — 2In || + nln [Zp] + np in n— np 

The exact null distribution of 2 was obtained as a chi-square series or as a beta series by 

Nagarsenker and Pillai (1974). From these, percentage points of 2 can be computed to any degree 

of accuracy even for small sample sizes. Thus, the statistic U; can be used as a control statistic for 

B and =. Thus three different control statistics for ue and Z are as follows: 

1. D,= > (KX _ Ho)do'(Xy ” Ho)’ 
j=l 

2. U, = tr{(o! A) + n(X, — po)!Zo(X, — po)}— nln |A,| + nln [Zo] + nplnn — np 

3. (Z?, Vi) 
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In general, if a change in 2 occurs then it is difficult to obtain the distributions of D, and U;. 

Thus, simulations are needed to evaluate the properties of the charts for p and Z. 

7.2 Shewhart Charts for the Mean Vector and Covariance Matrix 

The control limits for a Shewhart chart based on the control statistic D, would be set at 

{0, x71-. (“p)}. The control limits for a Shewhart chart based on the control statistic U; would be 

set by using percentage points of W;. A Shewhart chart based on the control statistic ( Z,?, V;) uses 

separate charts for yp and & ( Z? for yw, and V; for X) and signals if either the chart for p or & signals. 

The signal probabilities of the charts for pand Z are denoted by «a,anda; when 

p=poand L=X). Since Zand V, are independent under the assumption of multivariate 

normality, the overall probability is a = 1 — (1 —«,)(1 — az). To achieve an overall signal proba- 

bility of a, the control limits for yp can be set at {0, x7; ~ ey (p)} and the control limits for E can be 

set at {0, x71-., (”— 1)p}, where x?,(p) denotes the « quantile of the y(p) distribution. The VSI 

version of these charts can be constructed by using the distributions of these control statistics. 

7.3 CUSUM Charts for the Mean Vector and Covariance Matrix 

As in the multivariate CUSUM charts for porZ, the multivariate CUSUM charts for 

wand & are as follows: For the case of using D,, the FSI and VSI multivariate CUSUM control 

statistic for » and Z at the j* sample is 
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Yy = max {Y; ;_ 1:0} + (D; — k) 

The multivariate CUSUM chart signals whenever Y;,>A,. For the case of using Uj, the FSI and 

VSI multivariate CUSUM contro! statistic for » and Z at the j** sample is 

Yj = max {Y. ;_ 1:0} + (U;- k) 

For the VSI multivariate CUSUM charts for u and Z, suppose that 

d, is used when Yi, € (g:, Ax] 

d, is used when Y,,; € (—k, &%] 

k=1,2 where —k<g,</,. As stated in the VSI multivariate CUSUM charts for Z, the param- 

eters g, and A, can be obtained. 

7.4 Multivariate EWMA Charts for the Mean vector and Covariance Matrix 

We will discuss multivariate EWMA charts based on the combine-accumulate approach, 

multivariate EWMA charts based the accumulate-combine approach, and separate EWMA control 

charts for each of the means and variances. 
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7.4.1 Multivariate EWMA Charts Based on the Combine-accumulate 

Approach 

Multivariate EWMA charts based on the combine-accumulate approach can be constructed 

by combining multivariate data into a univariate statistic and then forming a univariate EWMA 

statistic. As in the MEWMaA charts for 2, for the case of using D;, the EWMA chart is based on 

the control statistic 

Y= (L-A %,;-1,+ 4D, (7.1) 

where Yip =0,0<1< 1. This chart signals when Y,;>/;. For the case of using U;, the EWMA 

chart is based on the control statistic 

Y5; = (1- A) Y,;-,+ 4 U; 

where Yu = 0,0<A< 1. This chart signals when Y2; > /p. 

For the VSI multivariate EWMA charts for » and Z, Suppose that 

d, is used when Yj; € (g;, Ax] 

d, is used when VY, € (0, x] 

As stated in the VSI multivariate EWMA charts for © the parameters g, and A, can be obtained to 

give a specified ANSS and ATS values when the process is in control by using a Markov chain 

approach or integral equations. 
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7.4.2 Multivariate EWMA Charts Based on the Accumulate-combine 

Approach 

Multivariate EWMA charts based on the accumulate-combine approach can be constructed 

by forming a univariate statistic from a multivariate EWMA statistic. In the univariate case, 

Reynolds and Ghosh (1981) proposed a single chart based on the statistic 

noy _ 2 
ii — #o 

D; = dC Bo ) 

J=1 

which is the statistic D,; considered in Section 7.1 in the special case of p=1. When 

pt = wo and o = oo, C; has a chi-squared distribution with n degrees of freedom. This sum statistic 

includes information about p and o. The statistic D; can be interpreted as the sum of statistics used 

by the X and S? - charts. 

    

” Xy— ty 7 WX — wo) (n—-1)S/ 
D; = y( r ) = e + =Z; + V, 

0 2 2 
j=1 So Go 

Note that Z;? and V; are independent and when p = po and o = op, Z;7 is x7(1) and V;is y2(n — 1) 

An EWMaA chart for u and o can be constructed by using the statistic 

2 
", Xgy— Uo 

¥y=(1-A)Yy_ 1 +4) (ay) (7.2) 
j=i 

By repeated substitution in (7.2), it can be shown that 

k “ k-1t , SY Ho ° Yy=(1— AY + DAL aye! D(a) (7.3) 
f=1 j=l 

k=1,2,..and0<A<1. 
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In the multivariate case, we define vectors of EWMA’s 

, 

] k & k-i ‘ Xi — #01 ? Yin | | (-ay*%yo+ DA - aT) (a) 2 
i=1 j=1 

k n 2 

Veg (1— a) ¥ag + a — ak LS ( 
i=1 j=1 

= (7.4) 

        
Y= = 

k k-1 \ Xtip — Hop ; Yep | | (-A*¥po + DAA aF~'E D(a) ma 
L J =1 j=! | 

k=1,2,..., where Yn = Oand0<A<1,1~1, 2,... p. 

A multivariate EWMA chart for » and Z can be based on the control statistic 

Ty? = Yy'Zy, "Ye (7.5) 

where Zp, is the variance-covariance matrix of Y, which will be given in (7.12) in THEOREM 7.1 

below. The vector Y; is one possible multivariate extension of Y; in (7.3). In general the distrib- 

ution of Y, is difficult to obtain, but the asymptotic distribution will be obtained for the case in 

which the process is in control. To simplify notation, let 

RX —p 2 

Zy= LAS =n, andZ)=(Zy, Zp)’ for!=1,2,..,pi= 1,2, (7.6) 
j=l 

then the multivariate EWMA vectors can be expressed as 

Yp=(1—A)Yy 1 + AZy (7.7) 
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By repeated substitution in (7.7), it can be shown that 

k 

y= > Alar 'z, (7.8) 
i= 1 

Ls 

It is easy to show that 

ElZnl up en oi + (ut — Hod” _ 
( tl ee = By o1 = Oy) = | —— .———__- 1] l= 1, 2, soey D (7.9) 

Fo! 

If oj = oo, then the right hand side of (7.9) is 

2 

pp ta Hol” 1= 1,2, 4p (7.10) 
Fol 

Thus, under the assumption that yp = pi = (11, ... , Mp)’ and Z = Xp, the expected value of the ran- 

dom vector Z; denoted by yz is 

’ 2 2 2 
(411 — Ho) (412 — Ho2) (Hip — Hop) uz = co He (7.11) 

501 02 0p 

  

THEOREM 7.1 

The variance-covariance matrix of Y, when a process is in control and Y, = 0 is 

ati — (1 — a)** 

where, Lz = (2n) R 

where R® is used to denote the matrix whose (/,/)* component is the 2" power of the (//)* 

component of R which is the correlation matrix of X = (Mj, ... , X,). 
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PROOF. It is easy to show that 

tm
 

_ ati-— aq = 9) cola — a)*~'Z)] = (9-3 *z 

When a process is in control, the mean vector and variance -covariance matrix of Z; is derived 

 Xy— po ? , oe ; 
as follows: recall that Z,+2= (a) has a chi-squared distribution with n degrees of 

j=1 

freedom because Xj, ..., Xin iS a random sample taken at the i* sampling point from a multivariate 

normal distribution with mean vector u and variance-covariance matrix 2. Thus 

E(Z,) = 0 

Var (Z);) = 2n for /=1,2,...,p, i=1,2,... 

Now 

Cov [Zy Zip J = Cov [Zit n, Zip + nj 

2 
= cal $i Sey ye ~ Por fy 

2 2 
Xt — Bot “No — Hop 

=n Col (ay) (age) 

For simplicity, let 

Xi — we Xv — pb ijl Ol and V= ijt or 
U= 

S01 , Cor 

Then, it can be expressed that (U, V) ~ Nz (0,0, 1, 1, pi). Thus 

Cov (Zy Zip) = n Cov (U’, V*) 

= n[ E(U*V?) — E(U’) E(V’) ] 
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By using the moment generating function of the bivariate normal distribution, it can be shown that 

E(U*V) =1+2p7,y 

Therefore 

E(Z)) = 0 
7.13 

Lz = Cov(Z)) = (2n)R on) 

The following theorem gives the asymptotic distribution of Y, given by (7.7) when the process 

is in control. 

THEOREM 7.2 

Let the p-component vectors X, X3, .... be independently identically distributed according to 

N,(u0%0). Then {Zy,-/? Y,,k = 1} converges in distribution to a multivariate normal distribution 

with mean vector Q and variance-covariance matrix I, as k + co,A + OandkiA— 1 

PROOF. Recall that Y, is 

Yy=(l-AYy i t+4Z, k= 1,2,... 

where Yyo=Q, and0<A<1. Y, can also be expressed as 

k 
k-i Yym Da By 

For k> 1, let 

M
s
 Ay =~ Cov (A(1 = ak-'Z) 

1 

8, is the symmetric, positive definite matrix satisfying B,? = A,“ 
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yx = smallest eigenvalue of A, 

By the corollaries 18.2 and 18.3 of Bhattacharya and Rao (1975), if 

k 

@,(a) =k? YE Ba — a* ZIP 0 as k00,430 andkl 1 —__—_— 
i=] 

then 

d 
k 

k"? BS aad — at 'z, Ny (0,1) ask—0o,A—+0 andki—> 1 
i=1 

The inequality given in equation ( 17.63 ) of Bhattacharya and Rao (1975) is 

Bx Zi Syg PZ lsisk 

and this gives 

By Zi <yg ZAP ,lsisk 

Thus 

k 

@,(a) =k? 5" EBA — aye ‘ZyP 
i= 1 k 

= R32 23 » (1 _ Ipe-E B.ZAP (7.14) 

is 1 

<P BY 1 aye OPE ZIP 
i=1 

Now 

1 1. ati-d— 4" 
ie eae | 2 
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Let y = smallest eigenvalue of Zz, then the smallest eigenvalue of A, can be expressed as 

1 AtI-a-4") 
mal ——B=p 

Thus, the right hand side of inequality (7.14) is less than or equal to 

3/2, 

yyy BY a—ape-ezyp (7.15) 
i=] 

aa -—(1— a)**) 
(B= 

By using the inequality given by Chung (1974, p.48), it is easy to show that 

3/2 
P 

EZ = ELD, 27) 
(=1 

P 
i 

<pz ) E|Zy\' 
i=} 

=p? EZ, f= 1,2,..,p 

Let m = E | Z|} < co, 1=1, 2, ..., p. Thus, the quantity (7.15) is less than or equal to 

  

1 

p3lz = axa—(i—ay’y (2-ay 3? 
(>) m3 (23443) 1a Oask—+co,iA—Oand ki > 1 

Therefore 

d k 

k"? BY) a - ay 'Z, = Ey,” Yy Ny (0,1) ask—oo,dA+Oandkal 
i=1 

COROLLARY 7.2 

{T,?, k = 1} converges in distribution to a chi-squared distribution with p degrees of freedom 

ask—>oo,A—>Oandki- 1 
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PROOF. Recall that the control statistic 7;,? is 

2 | 
Ty = X,'Ly, Ly 

which can be expressed as 

2 —1/2 y \ipp—l/2 Ty’ = Cy,” Yp)'@y,? Ys) 

By THEOREM 7.2 and the corollary of Serfling (1980, p.25), 

d 

Ty? = Yy'Sy,' Yu ¥7(p) ask 00,4 + 0andki 1 

The multivariate EWMA chart signals that the process is out-of-control whenever 7,2 > A. 

For the VSI multivariate EWMA chart, suppose that 

d, is used when T,? e (g, A) 

d, is used when 7,’ € (0, g] 

The ATS and parameters h and g can be obtained by using simulations. 

Since the distribution of the vector Y, given by (5.4) is multivariate normal, the ATS per- 

formance of the MEWMA chart for » depends on the mean vector » and variance-covariance 

matrix Z only through the value of the noncentrality parameter tr. In THEOREM 7.2, we proved 

that the asymptotic distribution of Y, given by (7.8) is multivariate normal under conditions givn 

by THEOREM 7.2. The parameters A and g for (7.5) which give a specified large ATS are close 

to A and g for the MEWMA based on numerical results under conditions given by THEOREM 

7.2. This result means that the A and g values for the MEWMA charts can be used as approximate 

h and g values for the multivariate EWMA chart using (7.5) under large in-control ATS values and 

conditions given by THEOREM 7.2. These numerical results will be given in Section 7.6. 
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7.4.3 Separate Charts for Each of the Means and Variances 

Consider a procedure which uses separate EWMA charts for each of the means and variances 

( 2p EWMA charts, one for each yw, and one for each o? ,1=1, 2, ..., p ) and signals if any of the 

individual charts signal. An FS] EWMA chart for each py, gives an out-of-control signal as soon 

as 

X; ¥4) =|(1— a) Fey” wy 4, ln Aura Hod) an Hoi) |> a 

An FSI EWMaA chart for each o? gives an out-of-control signal as soon as 

n—1) Sj" Y= (1-2) Yy@_ y+ peor > A 
Fol 

Xi — Xi, 
i= 1, 2, ..., where S;? = yun A? x 0<A<1,and1=1, 2,...,p 

j=l —_— 

For the VSI EWMA charts for each yz, suppose that 

d; is used when | Y;,“) | € (g, A) 

d, is used when | Y;“"| € (0, g] 

For the VSI EWMA charts for each o7, suppose that 

d; is used when Y;" € (g/, Aj) 

d, is used when Y; € (0, 2/] 

If the desired ANSS and ATS values of each EWMA chart are specified, then the parameters 2, 

gi, h, and h/ can be obtained by using the Markov chain or integral equation approach. 

If the VSI feature is to be applied using 2p separate EWMA charts, there are several sampling 

interval functions that are viable. It is assumed that the sampling interval used is the minimum of 
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the sampling intervals assigned by the 2p individual charts. The performance of the separate charts 

depends on the value of pand<Z. Therefore various ways in which the shifts in means and 

variance-covariance matrix might take place, will be considered in Section 7.5. 

If 4 =1, then each EWMA chart is a Shewhart chart. If a= P ( signal for the separate 

shewhart charts), then the probability that any of the 2p Shewhart charts signal is denoted by a, 

where az, = 1 — (1 — «)('/) when the p variables are independent. Thus, let 

ATS (ind) = ATS for each chart 

ATS (joint) = ATS for the separate charts used simultaneously. 

Then, the ATS (ind) is approximately the product of 2p and ATS (joint) when a process is in 

control. If p variables are correlated and a process is in control then the ATS (ind) can be ap- 

proximately calculated to get a given ATS (joint) by the Bonferroni’s inequality. In the EWMA 

chart, it may be difficult to calculate an exact ATS (ind) to get a fixed ATS (joint) when a process 

is in control. Under certain conditions, it is possible to calculate an exact ATS (ind) to get a fixed 

ATS (joint) by using simulations when a process is in control. For simplicity, when a process is 

in control it is assumed that 

(1) all individual EWMA charts used have the same ATS. 

(2) all individual EWMA charts for » and o have the same control limits, respectively. 

(3) all individual VSI EWMA charts for » and o have the same g; and g:, respectively. 

Under the above conditions, the ATS (joint) will be estimated. 
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7.4.4 Multivariate EWMA Charts Based on both MEWMA and EWMA 

using (7.5) 

Consider a procedure which uses separate multivariate EWMA charts for u and Z ( 2 EWMA 

charts, one for » and one for £) and signals if either of these two EWMA charts signals. From the 

numerical results of Chapters 5 and 7, the MEWMA chart and multivariate EWMA chart using 

(7.5) perform well in detecting shifts in the mean vector and variance-covariance matrix, respec- 

tively. Thus two separate EWMA charts based on the accumulate-combine approach, which are 

the MEWMA chart for » and multivariate EWMA chart using (7.5) for Z, are used to simultane- 

ously monitor the mean vector and variance-covariance matrix. 

The MEWMA chart for y gives an out-of-control signal as soon as 

T= (Yy— wp)Zy (Xi — bo)’ > Al 

where Y; was given by (5.4). The multivariate EWMA chart for 2 gives an out-of-control signal 

aS SOON as 

Ty? = Yy'Zy,'Yy> h2 

where Y, was given by (7.7). 

For the VSI MEWMA chart for , suppose that 

d; is used when Y; € (g], Al) 

d, is used when Y,e« (0, g1] 

For the VSI multivariate EWMA chart using (7.5) for 2, suppose that 

d, is used when Y; € (g2, A2) 

d, is used when Y, € (0, 92] 
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For simplicity, when a process is in control it is assumed that these two EWMA charts mentioned 

above have the same ANSS and ATS. When using the VSI feature, there are several possible de- 

cision rules that could be used. If shifts in » are more likely than shifts in 2, the sampling interval 

could depend only on the chart for y. If the sampling interval is to depend on both charts then the 

minimum of the two sampling intervals assigned by separate charts for » and Z could be used. The 

ATS and parameters Al, h2, g1 and g2 can be obtained by using simulations. 

7.4.5 MEWMA Charts 

In the univariate case, the Y -chart signals for large values of |X;— | which is equivalent 

to signaling for large values of Z? where 

_ 0X ~ Ho)” 
2 

%9 

z 

has a chi-square distribution with | degree of freedom. If 4 changes, the distribution of Z? depends 

nu — Mo)? 
7 But if o? increases then the distribution of 

oo 
only on the noncentrality parameter 2 = 

Z? changes as a function of =. Z? is quite sensitive to changes in yp but is also somewhat sensitive 

to changes in o?. Control charts are frequently used to monitor means without directly monitoring 

corresponding variances. In practice there is usually no way to guarantee that the variance will re- 

main constant and thus it would be interesting to determine how well Z? works for detecting o. 

One possible multivariate version of Z? is the chi-squared statistic 

2 yy “Ly ’ 
Zp = MX; — uo) Xp (A; — bo) 

which is the same as (5.1) used for monitoring yp. The statistic Z; has a central chi-squared dis- 

tribution with p degrees of freedom when 2 = Xp. Although the statistic Z is designed for moni- 
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toring y it should show some sensitivity to changes in Z. Thus the control statistic 7;? given by (5.3) 

for the MEWMA chart based on the accumulate-combine approach to monitor p will be evaluated 

for the case in which both means and variances can change. 

7.5 Diagnostic Procedures 

Diagnostic procedures are needed to help identify the cause of changes in parameters after a 

chart signals. For the separate EWMA charts for each parameter, it is easy to investigate which of 

the quality variables caused the signal. For other EWMA charts for » and Z mentioned previously, 

it may be hard to set up a specific rule as a formal diagnostic procedure for deciding whether there 

has been a change in each parameter. 

Let’s consider an informal procedure. If we get a signal by the MEWMA or EWMaA chart 

given by (7.1) or (7.5), then look at individual EWMA’s to suggest where the problem may be. 

For each one we may not need extremely strong evidence to suggest that we look at that parameter. 

To identify any potential parameters that may have changed first standardize individual variables. 

Then compute and plot in order of magnitude 

EWMA for pu; 

EWMA foro, 1=1,2,...,p 

Suppose we have two cutoff values at 3 and 2 standard deviations of the EWMA statistic for de- 

ciding the level of evidence of changes in parameters. The cut off values at 3 and 2 standard devi- 

ations of the EWMA statistic stand for strong and some evidence of changes in parameters, 

respectively. Thus, the search for the cause of the signal can be undertaken based on the quality 

variables identified according to the decision rule mentioned above. 
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7.6 Numerical Results for the Mean vector and Covariance Matrix 

In this Section the following control procedures are compared on the basis of their ATS 

performance. 

1. The MEWMA chart 

The Multivariate EWMA chart with control statistic given by (7.1) 

The Multivariate EWMA chart with control statistic given by (7.5) 

Separate EWMA charts for each of the means and variances. 

vw 
FSF 
Y
 

NSN 

The MEWMA and the EWMA using (7.5) simultaneously. 

In order to cover various ways in which the shifts could take place, the following types of shifts 

given noncentrality parameter t were considered: 

Shift in Means 

(M1) One mean shifted and the others remain constant 

(M2) Equal shifts in all the means 

(M3) Equal shifts in the positive direction in approximately half 

the means and equal shifts in the negative direction in the rest 

(M4) Equal shifts in the positive direction in approximately half the means and no shifts in 

the rest 

Shift in Variance-Covariance Matrix 
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Three different types of shifts (V1), (V2) and (V3) were given in Section (6.5). 

Shift in Means and Variance-Covariance Matrix 

The shifts in both uw and £ that were considered are (M1,V1), (M1,V2), (M2,V2), (M3,V2) 

and (M4,V3). 

In order to compare VSI with FSI charts, the standard for comparison is the same as that 

used in Section (5.5). Except for the MEWMA chart, the sample size used for each sample ob- 

servation was five. For p= 2-5, Table 7.1 gives the values of A and g for various values of J and p 

when the ATS at p = po and Z = Xy is approximately 200. In Tables 7.2-7.17, the standard errors 

are shown in parentheses, and +, - and 0 in parentheses refer to the positive , negative and no mean 

shifts for the corresponding component, respectively. ATS values for the MEWMA and EWMA 

charts based on the combine-accumulate approach depend only on +t and c when 2%; = cXp. Other 

EWMaA charts except for the MEWMA and EWMaA chart based on the combine-accumulate ap- 

proach depend on p and Z. For the separate EWMA charts, the parameters h™, g), h{°) hi) were 

determined so that the ANSS at p= yoand£=, is 200. These parameters were calculated by 

using the Markov chain approach with r= 50 and integral equation procedures for the individual 

EWMaA charts. The ATS values for the separate EWMA charts used together were calculated by 

using 10,000 simulations. 

For the MEWMA and Multivariate EWMA charts using (7.5) based on the accumulate- 

combine approach, the parameters h and g were also determined so that the ANSS at 

He = po and L = Ly is the same as that of the separate EWMA charts. These parameters and the 

ATS for various shifts in » and 2 were calculated by using 10,000 simulations. 

For p= 2, Tables 7.2-7.5 give ATS values for matched FSI and VSI MEWMA charts for p, 

x, and yw and 2. As shown in Table 7.2-7.5, MEWMA charts perform well in detecting all shifts in 

p, and yp and &, but not in Z. The ATS values for y are almost the same as those for » and Z. This 

means that the ATS values for » and £ are almost determined by shifts in the mean vector. Smaller 

values of 2 are more effective in detecting all shifts in the mean vectors. This result is the reverse 

Multivariate Control Charts for the Mean Vector and Variance-Covariance Matrix 87



of the MEWMA chart for £. The VSI MEWMA charts are more efficient than the corresponding 

FSI MEWMA charts. 

For p=2 and three different correlation coefficients p = 0.0, 0.5, 0.8, the ATS values for 

matched FSI and VSI multivariate EWMA charts using (7.1) based on the combine-accumulate 

approach are given in Table 7.6-7.9. The results in Tables 7.6-7.9 show that multivariate EWMA 

charts using (7.1) based on the combine-accumulate approach do not perform well in detecting all 

shifts in », Z, and » and XY compared to the other two EWMA charts based on the accumulate- 

combine approach. But this EWMA chart is better than the MEWMA chart for 2. 

For p=2 and three different correlation coefficients » = 0.0, 0.5, 0.8, the ATS values for 

matched FSI and VSI multivariate EWMA charts using (7.5) based on the accumulate-combine 

approach are given in Tables 7.10-7.12. The results in Tables 7.10-7.12 show that multivariate 

EWMaA charts using (7.5) based on the accumulate-combine approach perform well in detecting 

all shifts in £, and p and Z, but not in wy. The ATS values for Z are almost the same as those for 

p and Z. This means that the ATS values for » and Z are almost determined by shifts in the 

variance-covariance matrix. Smaller values of 2 are more effective in detecting all shifts in mean 

vector and variance-covariance matrix. The VSI multivariate EWMA charts using (7.5) based on 

the accumulate-combine approach are more efficient than the corresponding FSI charts. Also this 

EWMaA chart is better than the EWMA chart based on the combine-accumulate approach. 

For p=2 and three different correlation coefficients p = 0.0, 0.5, 0.8, the ATS values for 

matched FSI and VSI separate EWMA charts are given in Tables 7.13-7.15. The results in Tables 

7.13-7.15 show that separate EWMA charts do not perform well in detecting all shifts in » and £. 

Smaller values of A are more effective in detecting smaller shifts and larger values of 1 are more ef- 

fective in detecting larger shifts. 

For p=2, 4 = 0.05 and p = 0.5, the ATS values for matched FSI and VSI procedures based 

on both the MEWMA and the EWMA using (7.5) simultaneously are given in Table 7.16. The 

results in Table 7.16 show that using these two charts simultaneously gives good performance in 

detecting all shifts in », 2, and p and Z. This chart is the best in detecting shifts in » and Z among 

these five different EWMA charts. The VSI chart is more effective than the corresponding FSI 
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chart. The results show that for five different EWMA procedures mentioned above, ATS values 

for p = —0.5, —0.8 are almost the same as those for p = 0.5, 0.8, respectively. 

For p=5 and p = 0.5, Table 7.17 gives matched FSI and VSI ATS values for these five dif- 

ferent EWMA procedures mentioned above. The results are the same as those of p=2. Tables 

7.2-7.10 show that among these five different EWMA charts the MEWMA chart is best in detecting 

all shifts in », and the multivariate EWMA chart using (7.5) based on the accumulate-combine 

approach is best for £, and both the MEWMA and EWMaA using (7.5) simultaneously is best in 

detecting shifts in » and L among these five different EWMA charts. There is no definite winner 

among these five different EWMA charts but the following general recommendations can be given. 

If we are interested mainly in changes in » then use the MEWMA chart. If we are interested mainly 

in changes in & then use the multivariate EWMA chart using (7.5). If we are interested in changes 

in both yp and £ use both the MEWMA chart and the EWMA charts using (7.5). 

Table 7.1 shows that A and g values for MEWMA charts with 4 = 0.05 are very close to those 

of multivariate EWMA charts with A= 0.05 using (7.5). If we use larger in-control ATS and 

sample size than what we used, the difference will be smaller. This means that if we use small / 

and large in-control ATS and large sample size, the A and g values for the MEWMA chart can be 

used as approximate A and g values for the multivariate EWMA chart using (7.5). So the 

asymptotic distribution is useful for designing control charts. The design recommendations will be 

given in Chapter 8. 
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Table 7.1: Values h and g for Various Values of 4 and p= 2-5 when the ATS at y = wo and 
x = Lp is approximately 200 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          
  

P |e a MEWMA Separate EWMA EWMA_ both MEWMA 
EWMAs using(7.1) — using(7.5) and (7.5) 

0.30 10.1480 1.3302 8.7756 15.3656 13.4376 
1.3090 0.5846 5.0902 9.6952 1.2237 

2 0.0 10.10 8.7730 0.6782 6.0548 12.2535 9.3192 
1.3250 0.3156 4.5030 9.6323 1.2463 

0.05 7.6800 0.4370 5.2055 11.1765 7.7599 
1.2550 0.2426 4.1762 9.4715 1.2220 

0.30 10.1480 1.3286 8.7689 15.3656 13.6861 
1.3090 0.5662 5.0154 9.6952 1.2840 

2 0.5 {0.10 8.7730 0.6740 6.0353 12.2535 9.3950 
1.3250 0.3065 4.4704 9.6323 1.2690 

0.05 7.6800 0.4342 5.1924 11.1765 7.8020 9.2854 9.6327 
1.2550 0.2290 4.1528 9.4715 1.2210 2.2596 2.2547 

0.30 10.1480 1.3147 8.6877 15.3656 13.6861 
1.3090 0.5273 4.8504 9.6952 1.2840 

2 0.8 10.10 8.7730 0.6636 5.9858 12.2535 9.3950 
1.3250 0.2845 4.3890 9.6323 1.2690 

0.05 7.6800 0.4261 5.1542 11.1765 7.8020 
1.2550 0.2083 4.1079 9.4715 1.2210 

0.10 0.7038 6.1756 17.7181 
3 0.5 0.3472 4.6166 14.5247 

0.05 9.8050 10.0515 
2.1890 2.1240 

0.10 0.7240 6.2704 23.1094 
4 0.5 0.3755 4.7142 19.4234 

0.05 11.6872 12.0593 
3.1050 3.0380 

0.10 0.7389 6.3403 28.4540 
5 0.5 0.3958 4.7822 24.2104 

0.05 13.4072 13.9860 15.4070 16.3663 
4.1440 3.9580 5.7556 5.8435 

The top number in each cell is h 

The bottom number in each cell is g 
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Table 7.2: ATS Values for Matched FSI and VSI MEWMA Charts (p= 2) 

  

  

  

  

  

h= 10.148 h=8.773 h= 
g= 1.309 g= 1.325 ge 338 

shifts 1=0.3 1=0.1 1 = 0.05 
FSI VSI FSI VSI FSI VSI 

0 199.979 199.819 200.174 199.802 199.060 —- 200.015 
(1.994) (1.989) (2.058) (2.118) (2.134) (2.252) 

1=0.5 43.433 30.740  —-24.671 14.645 20.829 11.715 
(0.408) (0.300) (0.203) (0.145) (0.168) (0.121) 

t= 1.0 10.621 5.008 7.771 3.744 6.806 3.458 
(0.082) (0.044) (0.051) (0.033) (0.047) (0.031) 

r= 1.5 4.912 2.152 4.026 1.970 3.634 1.903 
(0.031) (0.015) (0.023) (0.014) (0.022) (0.014) 

1=2.0 2.988 1.464 2.603 1.421 2.349 1.378 
(0.016) (0.008) (0.014) (0.008) (0.013) (0.008) 

r=2.5 2.100 1.212 1.893 1.190 1.738 1.158 
(0.010) (0.005) (0.009) (0.005) (0.008) (0.004) 

1=3.0 1.632 1.093 1.496 1.079 1.385 1.066 
(0.007) (0.003) (0.006) (0.003) (0.006) (0.002) 

c=1.21 90.554 77.513 100.868 91.503 105.800 97.474 
(0.918) (0.802) (1.055) (1.016) (1.192) (1.201) 

c= 1.44 47.441 38.460 57.611 48.858 60.882 54.101 
(0.487) (0.401) (0.625) (0.580) (0.748) (0.738) 

c= 1.69 28.839 21.477 36.298 29.521 40.328 32.382 
(0.295) (0.229) (0.411) (0.373) (0.519) (0.479) 

c= 1.96 19.425 13.407 24.352 18.803 26.736 21.383 
(0.199) (0.146) (0.286) (0.255) (0.365) (0.337) 

c= 2.25 13.800 9.457 17.922 12.768 18.368 14.377 
(0.143) (0.104) (0.216) (0.179) (0.263) (0.237) 

c= 2.56 10.522 6.716 13.120 9.303 13.585 10.233 
(0.082) (0.076) (0.051) (0.133) (0.047) (0.176) 
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Table 7.3: ATS Values for Matched FSI and VSI MEWMA Charts (p= 2, p = 0.5) 

  

  

  

  

  

  

shifts 1=0.3 1=0.1 1 = 0.05 
FSI VSI FSI VSI FSI VSI 

cl=1.21 126.410 117.520 133.003 128.959 137.868 133.658 
(1.241) (1.178) (1.386) (1.407) (1.529) (1.590) 

cl=1.44 80.123 70.988 91.439 85.353 98.363 92.307 
(0.803) (0.731) (0.967) (0.960) (1.149) (1.171) 

cl = 1.69 52.978 45.120 64.895 58.512 70.870 64.692 
(0.533) (0.472) (0.702) (0.681) (0.855) (0.859) 

cl = 1.96 36.422 30.008 46.861 41.132 53.247 47.419 
(0.374) (0.324) (0.520) (0.497) (0.665) (0.655) 

cl =2.25 27.000 21.618 35.007 30.124 39.908 34.887 
(0.276) (0.234) (0.398) (0.377) (0.518) (0.506) 

cl =2.56 20.663 16.125 27.233 23.074 30.946 26.712 
(0.208) (0.174) (0.318) (0.298) (0.415) (0.401) 

7=0.5 29.663 20.443 21.237 13.060 18.370 10.908 
c= 1.21 (0.277) (0.203) (0.184) (0.138) (0.163) (0.123) 

t=1.0 8.184 4.374 6.820 3.635 6.220 3.375 
c= 1.44 (0.065) (0.041) (0.053) (0.035) (0.050) (0.034) 

r=1.5 4.166 2.164 3.700 2.041 3.314 1.956 
c= 1.69 (0.030) (0.018) (0.027) (0.017) (0.025) (0.017) 

1=2.0 2.728 1.536 2.460 1.518 2.251 1.465 
c= 1.96 (0.018) (0.010) (0.016) (0.010) (0.015) (0.010) 

1=2.5 2.038 1.299 1.864 1.284 1.727 1.252 
c= 2.25 (0.012) (0.005) (0.011) (0.005) (0.010) (0.004) 

t= 3.0 1.640 1.172 1.547 1.166 1.447 1.146 
c= 2.56 (0.009) (0.005) (0.009) (0.005) (0.007) (0.005) 
7=0.5 34.047 24.561 22.932 14.448 19.712 11.951 
cl= 1.21 (0.329) (0.254) (0.198) (0.152) (0.171) (0.131) 

= 1.0 9.120 5.009 7.373 4.004 6.652 3.744 
cl=1.44 (0.074) (0.047) (0.054) (0.038) (0.051) (0.037) 

r= 1.5 4.564 2.461 3.988 2.272 3.635 2.178 
cl = 1.69 (0.032) (0.020) (0.028) (0.020) (0.026) (0.019) 

1=2.0 2.981 2.719 2.694 1.655 2.473 1.607 
cl = 1.96 (0.019) (0.012) (0.018) (0.012) (0.017) (0.012) 

r= 2.5 2.204 1.399 2.017 1.368 1.886 1.337 
cl = 2.25 (0.013) (0.008) (0.012) (0.008) (0.011) (0.008) 

1=3.0 1.777 1.242 1.663 1.230 1.564 1.209 
cl = 2.56 (0.010) (0.006) (0.009) (0.006) (0.009) (0.006) 
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Table 7.4: ATS Values for Matched FSI and VSI MEWMA Charts (p= 2, p = 0.0) 

  

  

  

  

  

shifts A 1 1 =0.05 
FSI VSI FSI VSI FSI VSI 

cl=1.21 128.593 119.535 133.929 129.849 139.241 134.924 
(1.280) (1.213) (1.395) (1.417) (1.545) (1.605) 

cl=1.44 83.493 73.910 93.432 87.043 100.178 93.826 
(0.835) (0.761) (1.006) (0.995) (1.151) (1.171) 

cl = 1.69 56.427 47.983 68.306 61.454 74.074 67.415 
(0.569) (0.502) (0.740) (0.713) (0.889) (0.889) 

cl = 1.96 40.008 32.835 50.324 44.072 55.558 49.390 
(0.404) (0.347) (0.552) (0.525) (0.692) (0.680) 

cl = 2.25 29.592 23.579 37.895 32.448 42.681 37.229 
(0.302) (0.254) (0.422) (0.400) (0.547) (0.530) 

cl = 2.56 22.897 17.787 29.872 25.059 33.450 28.759 
(0.231) (0.191) (0.343) (0.319) (0.441) (0.426) 

1=0.5 34.350 24.774 22.967 14.449 19.726 11.998 
cl=1.21 (0.331) (0.257) (0.198) (0.152) (0.170) (0.131) 

t= 1.0 9.117 5.002 7.356 4.017 6.648 3.733 
cl=1.44 (0.074) (0.047) (0.054) (0.038) (0.051) (0.037) 

r=1.5 4.590 2.468 4.012 2.278 3.624 2.169 
cl = 1.69 (0.032) (0.021) (0.028) (0.019) (0.026) (0.019) 

2=2.0 2.972 2.719 2.683 1.655 2.472 1.605 
cl = 1.96 (0.019) (0.012) (0.017) (0.012) (0.016) (0.012) 

r=2.5 2.198 1.402 2.021 1.373 1.878 1.340 
cl = 2.25 (0.013) (0.009) (0.012) (0.008) (0.011) (0.008) 

1=30 1.767 1.240 1.646 1.227 1.556 1.210 
cl =2.56 (0.010) (0.006) (0.009) (0.006) (0.009) (0.006) 
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Table 7.5: ATS Values for Matched FSI and VSI MEWMA Charts (p= 2, p = 0.8) 

  

  

  

  

  

shifts 1=0.3 1=0.1 1 =0.05 
FSI VSI FSI VSI FSI VSI 

cl=1.21 119.294 110.894 ~—-:127.098 += «123.312» s:133.724 ~~ 129.726 
(1.182) (1.123) (1.330) (1.356) (1.489) (1.549) 

cl= 1.44 68.545 60.768 82.049 72.631 89.251 84.103 
(0.690) (0.633) (0.886) (0.883) (1.042) (1.068) 

cl = 1.69 41.225 35.237 54.067 49.136 60.036 55.252 
(0.424) (0.378) (0.597) (0.586) (0.744) (0.755) 

cl = 1.96 27.282 22.636 36.284 32.221 40.987 37.013 
(0.277) (0.242) (0.416) (0.405) (0.535) (0.534) 

cl = 2.25 19.371 15.663 26.309 23.030 29.596 26.352 
(0.195) (0.169) (0.312) (0.301) (0.402) (0.399) 

cl =2.56 14.505 11.526 19.589 16.914 21.727 19.152 
(0.149) (0.127) (0.238) (0.228) (0.306) (0.305) 

1=0.5 33.362 24.131 22.793 14.404 19.629 11.883 
cl=1.21 (0.322) (0.249) (0.199) (0.152) (0.171) (0.131) 

= 1.0 8.988 4.991 7.354 4.035 6.618 3.709 
cl = 1.44 (0.073) (0.046) (0.055) (0.038) (0.052) (0.037) 

r=1.5 4.548 2.467 3.993 2.289 3.637 2.186 
cl = 1.69 (0.032) (0.020) (0.028) (0.020) (0.026) (0.019) 

t= 2.0 2.997 2.738 2.722 1.667 2.512 1.616 
cl = 1.96 (0.020) (0.013) (0.018) (0.012) (0.017) (0.012) 

r=25 2.229 1.408 2.052 1.388 1.914 1.356 
cl =2.25 (0.014) (0.008) (0.013) (0.009) (0.012) (0.008) 

r=3.0 1.813 1.248 1.701 1.238 1.612 1.217 
cl = 2.56 (0.010) (0.006) (0.010) (0.006) (0.009) (0.006) 
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Table 7.6: ATS Values for Matched FSI and VSI EWMA Using (7.1) Charts (p= 2) 

  

  

  

  

  

h= 15.3656 h = 12.2535 h= 11.1765 
g = 9.6952 g= 9.6323 g=9.4715 

shifts 1=0.3 14=0.1 1 = 0.05 
FSI VSI FSI VSI FSI VSI 

0 200.000 200.000 200.000 200.000 + ~—«- 200.000 ~—S> 200.000 

1=0.5 64.434 48.495 61.737 54.997 75.668 83.505 
(0.585) (0.419) (0.381) (0.254) (0.298) (0.221) 

r=1.0 13.038 8.803 19.659 22.642 31.460 43.263 
(0.080) (0.041) (0.059) (0.056) (0.060) (0.075) 

r= 1.5 5.345 4.488 10.388 13.312 17.757 25.993 
(0.021) (0.018) (0.022) (0.029) (0.027) (0.040) 

1=2.0 3.128 2.807 6.577 8.636 11.387 16.993 
(0.010) (0.012) (0.013) (0.019) (0.016) (0.026) 

1=2.5 2.194 1.890 4.597 5.993 7.940 11.807 
(0.006) (0.010) (0.008) (0.013) (0.011) (0.018) 

1=3.0 1.689 1.283 3.431 4.370 5.884 8.619 
(0.005) (0.006) (0.006) (0.010) (0.008) (0.013) 

c= 1.21 28.838 19.195 34.125 33.849 48.534 60.917 
(0.229) (0.129) (0.151) (0.105) (0.132) (0.127) 

c= 1.44 11.718 8.350 18.576 21.712 29.912 41.501 
(0.071) (0.040) (0.056) (0.056) (0.059) (0.074) 

c= 1.69 7.102 5.757 13.077 16.269 21.928 31.659 
(0.035) (0.025) (0.034) (0.040) (0.039) (0.056) 

c= 1.96 $.130 4.436 10.093 12.995 17.246 25.337 
(0.022) (0.019) (0.024) (0.032) (0.030) (0.045) 

c= 2.25 4.030 3.609 8.206 10.703 14.133 20.934 
(0.016) (0.016) (0.020) (0.028) (0.025) (0.038) 

c= 2.56 3.360 3.076 6.872 9.057 11.914 17.786 
(0.013) (0.014) (0.016) (0.024) (0.021) (0.034) 
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Table 7.7: ATS Values for Matched FSI and VSI EWMA Using (7.1) Charts (p=2 , p = 0.5) 

  

  

  

  

  

  

shifts 1=0.3 1=0.1 1 =0.05 
FSI VSI FSI VSI FSI VSI 

cl= 1.21 59.252 45.450 59.566 53.107 73.966 81.929 
(0.526) (0.380) (0.364) (0.239) (0.286) (0.219) 

cl= 1.44 25.587 17.381 31.807 32.475 46.164 58.827 
(0.200) (0.113) (0.134) (0.100) (0.123) (0.122) 

cl = 1.69 14.650 10.281 21.729 24.785 34.229 46.555 
(0.098) (0.054) (0.074) (0.069) (0.075) (0.090) 

cl = 1.96 9.776 7.518 16.601 20.115 27.221 38.402 
(0.057) (0.056) (0.050) (0.054) (0.055) (0.073) 

cl=2.25 7.250 6.041 13.489 16.819 22.495 32.418 
(0.038) (0.028) (0.038) (0.045) (0.043) (0.062) 

cl =2.56 5.880 5.085 11.257 14.414 19.056 27.767 
(0.028) (0.024) (0.031) (0.040) (0.037) (0.054) 

7=0.5 25.318 16.615 30.914 31.684 45.270 57.518 
c= 1.21 (0.198) (0.105) (0.127) (0.095) _ (0.116) (0.117) 

t= 1.0 9.201 6.922 15.851 19.225 26.035 36.820 
c= 1.44 (0.050) (0.031) (0.044) (0.047) (0.048) (0.065) 

r=1.5 5.383 4.610 10.466 13.462 17.862 26.179 
c= 1.69 (0.024) (0.020) (0.025) (0.033) (0.031) (0.046) 

t= 2.0 3.749 3.364 7.658 10.066 13.226 19.672 
c= 1.96 (0.015) (0.015) (0.018) (0.026) (0.023) (0.036) 

1=2.5 2.864 2.633 5.962 7.856 10.283 15.313 
c= 2.25 (0.011) (0.013) (0.014) (0.021) (0.018) (0.029) 

= 3.0 2.332 2.116 4.812 6.282 8.264 12.289 
c= 2.56 (0.009) (0.011) (0.012) (0.018) (0.015) (0.025) 
7=0.5 48.661 34.865 50.111 46.183 64.815 74.851 
cl=1.21 (0.423) (0.276) (0.283) (0.186) (0.227) (0.182) 

= 1.0 16.380 11.329 23.415 26.199 36.495 48.993 
cl=1.44 (0.111) (0.063) (0.083) (0.073) (0.082) (0.096) 

t= 1.5 8.329 6.664 14.877 18.301 24.559 35.115 
cl = 1.69 (0.044) (0.031) (0.042) (0.048) (0.047) (0.065) 

1=20 5.421 4.723 10.571 13.613 17.988 26.372 
cl = 1.96 (0.025) (0.022) (0.027) (0.036) (0.034) (0.050) 

r=2.5 3.957 3.609 8.014 10.512 13.812 20.536 
cl=2.25 (0.017) (0.017) (0.020) (0.029) (0.026) (0.040) 

1 =3.0 3.072 2.872 6.363 8.395 10.940 16.332 
cl = 2.56 (0.013) (0.015) (0.017) (0.025) (0.021) (0.034) 
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Table 7.8: ATS Values for Matched FSI and VSI EWMA Using (7.1) Charts (p=2 , p = 0.0) 

  

  

  

  

  

shifts 1=0.3 2=0.1 1=0.05 
FSI VSI FSI VSI FSI VSI 

cl=1.21 61.041 46.655 60.339 53.649 74.603 82.536 
(0.546) (0.392) (0.370) (0.243) (0.291) (0.223) 

cl=1.44 26.812 18.053 32.734 33.006 47.098 59.579 
(0.213) (0.118) (0.141) (0.102) (0.127) (0.125) 

1 = 1.69 15.474 10.711 22.488 25.358 35.247 47.547 
(0.105) (0.057) (0.078) (0.070) (0.078) (0.091) 

cl = 1.96 10.363 7.809 17.374 20.692 28.208 39.688 
(0.060) (0.037) (0.053) (0.055) (0.057) (0.074) 

cl =2.25 7.784 6.341 14.129 17.545 23.556 33.837 
(0.041) (0.029) (0.039) (0.045) (0.045) (0.064) 

cl =2.56 6.307 5.297 11.909 15.137 20.098 29.195 
(0.031) (0.024) (0.032) (0.041) (0.038) (0.056) 

1=0.5 49.648 35.393 50.545 46.586 65.392 75.215 
cl=1.21 (0.437) (0.281) (0.287) (0.189) (0.228) (0.183) 

t= 1.0 16.846 11.555 23.910 26.506 37.080 49.524 
cl= 1.44 (0.117) (0.065) (0.086) (0.074) (0.084) (0.097) 

r= 1.5 8.620 6.746 15.191 18.624 25.042 35.677 
cl = 1.69 (0.046) (0.031) (0.043) (0.048) (0.048) (0.066) 

1=2.0 5.600 4.815 10.811 13.899 18.408 26.940 
cl = 1.96 (0.026) (0.022) (0.028) (0.037) (0.033) (0.050) 

r=2.5 4.058 3.682 8.232 10.810 14.514 20.994 
cl = 2.25 (0.017) (0.017) (0.021) (0.030) (0.026) (0.041) 

7=3.0 3.156 2.922 6.535 8.637 11.259 16.783 
cl = 2.56 (0.013) (0.015) (0.017) (0.025) (0.021) (0.034) 
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Table 7.9: ATS Values for Matched FSI and VSI EWMA Using (7.1) Charts (p=2 , p = 0.8) 

  

  

  

  

  

shifts 1=0.3 1=0.1 1 =0.05 
FSI VSI FSI VSI FSI VSI 

cl=1.21 54.868 41.560 55.964 51.038 71.004 79.553 
(0.484) (0.345) (0.330) (0.224) (0.269) (0.208) 

cl=1.44 21.759 15.064 28.766 30.374 42.742 55.581 
(0.164) (0.093) (0.116) (0.093) (0.109) (0.115) 

cl = 1.69 11.864 8.926 18.976 22.316 30.620 42.553 
(0.073) (0.045) (0.061) (0.062) (0.066) (0.083) 

cl = 1.96 7.750 6.450 14.226 17.636 23.611 33.967 
(0.042) (0.032) (0.042) (0.048) (0.047) (0.067) 

cl =2.25 5.835 5.105 11.187 14.391 18.930 27.643 
(0.029) (0.024) (0.031) (0.041) (0.038) (0.056) 

cl =2.56 4.610 4.232 9.157 11.939 15.626 23.114 
(0.022) (0.021) (0.025) (0.036) (0.032) (0.049) 

1=0.5 45.181 32.637 47.893 44.271 62.681 73.328 
cl=1.21 (0.388) (0.258) (0.264) (0.175) (0.214) (0.175) 

t= 1.0 14.625 10.459 21.822 24.901 34.507 46.884 
cl=1.44 (0.096) (0.056) (0.075) (0.070) (0.076) (0.092) 

t= 1.5 7.400 6.171 13.714 17.098 22.883 32.900 
cl = 1.69 (0.038) (0.029) (0.038) (0.045) (0.044) (0.063) 

r= 2.0 4.875 4.341 9.624 12.517 16.490 24.269 
cl = 1.96 (0.022) (0.021) (0.026) (0.035) (0.031) (0.047) 

1=2.5 3.588 3.308 7.251 9.589 12.484 18.673 
cl =2.25 (0.015) (0.017) (0.019) (0.028) (0.024) (0.039) 

2=3.0 2.798 2.630 5.733 7.624 9.798 14.655 
cl = 2.56 (0.012) (0.014) (0.016) (0.024) (0.020) (0.033) 
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Table 7.10: ATS Values for Matched FSI and VSI EWMA Charts Using (7.5) (p= 2, p = 0.0) 
  

  

  

  

  

  

  

h= 13.4376 h=9.3192 . h= 7.7599 
= 1.224 = 1.244 = 1,222 

shifts = 0.3 = 0.1 = 0.05 

FSI VSI FSI VSI FSI VSI 

0 200.370 199.924 199.812 200.376 199.455 200.028 
(2.017) (2.037) (2.062) (2.167) (2.158) | (2.306) 

one mean 
+=0.5 146.864 141.321 133.403 129.674 131.227 128.476 

(1.480) (1.444) (1.399) (1.412) (1.449) (1.509) 

t= 1.0 59.677 52.309 41,523 33.832 36.428 28.500 
(0.591) (0.536) (0.409) (0.370) (0.368) (0.333) 

t=1,5 19.867 13.689 13.286 8.582 11.727 7.773 
(0.188) (0.140) (0.117) (0.090) (0.106) (0.086) 

t=2.0 7.940 4.437 5.813 4.523 5.211 3.398 
(0.067) (0.042) (0.047) (0.034) (0.044) (0.034) 

t=2.5 4.098 2.231 3.213 2.051 2.902 1.982 
(0.031) (0.018) (0.023) (0.017) (0.022) (0.017) 

+= 3.0 2.516 1.520 2.078 1.469 1.922 1.449 
(0.016) (0.010) (0.013) (0.010) (0.012) (0.010) 

two means (+ 2 
+=0.5 156.764 145.710 140.760 138.251 141.673 142.691 

(1.526) (1.492) (1.464) (1.490) (1.567) (1.649) 

t= 1.0 73.035 67.018 55.544 49.139 51.090 43.934 
(0.725) (0.683) (0.570) (0.545) (0.539) (0.519) 

t=1.5 28.655 22.266 19.445 13.653 17.144 11.897 
(0.277) (0.229) (0.183) (0.149) (0.167) (0.136) 

t=2.0 12.044 7.371 8.319 5.172 7.326 4.829 
(0.108) (0.073) (0.073) (0.054) (0.067) (0.052) 

tT=2.5 5.921 3.195 4.455 2.742 3.963 2.631 
(0.048) (0.028) (0.036) (0.025) (0.033) (0.025) 

t=3.0 3.467 1.918 2.741 1.776 2.485 1.746 
(0.025) (0.015) (0.019) (0.014) (0.018) (0.014) 

two means (+ -) 
+=0.5 , 151.185 146.073 141.672 139.168 142.812 146.073 

(1.532) (1.497) (1.479) (1.506) (1.550) (1.630) 

t+=1.0 73.282 67.198 55.245 48.981 50.831 43.900 
(0.734) (0.686) (0.571) (0.545) (0.538) (0.524) 

tT=1,.5 28.770 22.309 19.433 13.802 17.231 12.118 
(0.279) (0.231) (0.184) (0.154) (0.168) (0.141) 

+=2.0 12.063 7.390 8.404 5.174 7.447 4.858 
(0.109) (0.074) (0.074) (0.054) (0.068) (0.053) 

t=2.5 5.944 3.193 4.428 2.711 3.945 2.621 
(0.049) (0.029) (0.036) (0.025) (0.033) (0.025) 

t=3.0 3.474 1.899 2.745 1.783 2.480 1.743 
(0.025) (0.015) (0.019) (0.014) (0.018) (0.014) 
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Table 7.10: (Continued) 

  

  

  

  

  

  

shifts 1=0.3 1=0.1 2 = 0.05 
FSI VSI FSI VSI FSI VSI 

c= 1.21 30.076 23.976 21.083 15.410 18.714 13.494 
(0.289) (0.244) (0.204) (0.171) (0.186) (0.159) 

c= 1.44 9.798 6.108 7.180 6.559 6.393 4.280 
(0.088) (0.061) (0.064) (0.048) (0.059) (0.046) 

c= 1.69 4.977 1.907 3.918 1.792 3.515 1.767 
(0.024) (0.015) (0.019) (0.014) (0.018) (0.014) 

c= 1.96 3.183 1.907 2.601 1.792 2.379 1.767 
(0.024) (0.015) (0.019) (0.014) (0.018) (0.014) 

c= 2.25 2.323 1.528 1.975 1.474 1.835 1.452 
(0.016) (0.010) (0.013) (0.010) (0.012) (0.010) 

c= 2.56 1.860 1.325 1.626 1.295 1.538 1.283 
(0.012) (0.008) (0.010) (0.008) (0.009) (0.008) 

cl=1.21 54.051 46.911 37.884 30.721 33.901 26.373 
(0.536) (0.482) (0.377) (0.341) (0.345) (0.311) 

cl=1.44 19.037 13.685 13.611 9.142 12.121 8.354 
(0.179) (0.139) (0.127) (0.099) (0.115) (0.095) 

cl = 1.69 9.707 6.105 7.260 4.653 6.508 4.377 
(0.088) (0.061) (0.063) (0.047) (0.059) (0.047) 

cl = 1.96 5.952 3.603 4.749 3.137 4.311 3.056 
(0.050) (0.034) (0.039) (0.030) (0.037) (0.031) 

cl =2.25 4.227 2.605 3.455 2.381 3.174 2.332 
(0.033) (0.023) (0.027) (0.022) (0.026) (0.022) 

cl = 2.56 3.255 2.068 2.736 1.970 2.520 1.928 
(0.024) (0.017) (0.021) (0.017) (0.019) (0.017) 

1=0.5 25.427 19.520 17.850 12.653 15.892 11.138 
c= 1.21 (0.247) (0.202) (0.172) (0.141) (0.167) (0.129) 

r=1.0 6.950 4.098 5.323 3.385 4.811 3.272 
c= 1.44 (0.060) (0.040) (0.046) (0.034) (0.043) (0.034) 

r= 1.5 3.313 1.970 2.703 1.831 2.473 1.796 
c= 1.69 (0.025) (0.016) (0.020) (0.015) (0.019) (0.015) 

1=2.0 2.083 1.398 1.791 1.358 1.675 1.340 
c= 1.96 (0.014) (0.008) (0.011) (0.008) (0.010) (0.008) 

r= 2.5 1.558 1.186 1.401 1.173 1.342 1.168 
c= 2.25 (0.009) (0.005) (0.007) (0.006) (0.007) (0.006) 

1=3.0 1.306 1.097 1.218 1.090 1.182 1.085 
c= 2.56 (0.006) (0.004) (0.005) (0.004) (0.004) (0.004) 
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Table 7.10: (Continued) 

  

  

  

  

  

shifts A=0.3 A=0.1 A= 0.05 

FSI VSI FSI VSI FSI VSI 

one mean and corresponding variance 
+=0.5 41.092 34.249 28.363 21.546 24.941 18.430 
cl=1.21 (0.400) (0.349) (0.276) (0.237) (0.247) (0.216) 

t=1.0 10.734 6.902 7.981 5.143 7.152 4.864 
cl=1.44 (0.096) (0.069) (0.070) (0.054) (0.065) (0.053) 

t=1.5 4.718 2.833 3.809 2.559 3.462 2.469 
cl=1.69 - | (0.038) (0.026) (0.030) (0.024) (0.028) (0.023) 

+=2.0 2.779 1.780 2.354 1.701 2.178 1.666 
cl = 1.96 (0.020) (0.013) (0.017) (0.013) (0.016) (0.013) 

t=2.5 1.955 1.398 1.724 1.367 1.638 1.353 
cl=2.25 (0.012) (0,009) (0.011) (0.009) (0.010) (0.009) 
t+=3.0 1.55 .223 1.416 1.207 1.364 1.197 
cl = 2.56 (0.008) (0.006) (0.007) (0.006) (0.007) (0.006) 

two means (+ +) and all variances 
+= 0.5 25.515 19.599 17.946 12.683 16.025 11.244 
c= 1.21 (0.249) (0.203) (0.171) (0.140) (0.157) (0.131) 

+= 1.0 7.002 4.168 5.382 3.428 4.828 3.286 
c= 1.44 (0.061) (0.040) (0.046) (0.034) (0.043) (0.034) 

t= 1.5 3.373 2.004 2.729 1.870 2.498 1.826 
c= 1.69 (0.026) (0.016) (0.021) (0.015) (0.019) (0.016) 

t= 2.0 2.119 1.412 1.815 1.368 1.702 1.356 
c= 1.96 (0.014) (0.009) (0.014) (0.009) (0.011) (0.009) 

t=2.5 1.576 1.194 1.412 1.175 1.354 1.166 
c= 2.25 (0.009) (0.006) (0.007) (0.006) (0.007) (0.005) 

t= 3.0 1.314 1.094 1.223 1.083 1.183 1.079 
C= 2.56 (0.006) (0.004) (0.005) (0.004) (0.005) (0.004) 

two means (+ -) and all variances 
t=0.5 25.555 19.616 17.895 12.737 16.111 11.349 
c= 1.21 (0.243) (0.198) (0.170) (0.141) (0.159) (0.132) 

+= 1.0 7.092 4.185 5.339 3.404 4.844 3.296 
c= 1.44 (0.062) (0.041) (0.046) (0.034) (0.043) (0.034) 

t=1.5 3.372 1.992 2.739 1.871 2.512 1.835 
c= 1.69 (0.025) (0.016) (0.021) (0.015) (0.019) (0.015) 

t= 2.0 2.129 1.418 1.822 1.384 1.706 1.368 
= 1.96 (0.014) (0.009) (0.012) (0.009) (0.011) (0.009) 

t= 2.5 1.585 1.205 1.421 1.193 1.360 1.181 
c= 2.25 (0.009) (0.006) (0.008) (0.006) (0.007) (0.006) 

t= 3.0 1.321 1.111 1.230 1.100 1.194 1.096 
c= 2.56 (0.006) (0.004) (0.005) (0.004) (0.005) (0.004)   
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Table 7.11: ATS Values for Matched FSI and VSI EWMA Charts Using (7.5) (p= 2, p = 0.5) _ 
  

  

  

  

  

  

  

h= 13.6861 h = 9.3950 h = 7.8020 
= 1.284 = 1.269 = 1.221 

shifts = 0.3 = 0.05 

FSI VSI FSI VSI FSI VSI 

.0 199.426 200.046 200.298 199.225 200.562 199.219 
(2.024) (2.048) (2.100) (2.142) (2.209) (2.300) 

one mean 
+=0.5 162.348 162.928 149.971 148.204 148.771 151.005 

(1.643) (1.664) (1.568) (1.628) (1.634) (1.740) 

t= 1.0 80.687 75.870 56.737 49.588 50.124 42.173 
(0.800) (0.773) (0.572) (0.549) (0.517) (0.499) 

t=1.5 29.391 23.164 19.133 13.590 16.860 11.385 
(0.282) (0.234) (0.178) (0.149) (0.159) (0.128) 

t= 2.0 11.963 7.550 8.330 5.132 7.317 4.771 
(0.106) (0.074) (0.069) (0.052) (0.065) (0.050) 

t=2.5 6.014 3.274 4.389 2.780 3.988 2.665 
(0.047) (0.030) (0.033) (0.026) (0.032) (0.026) 

7=3.0 3.465 1.978 2.180 1.824 2.538 1.811 
(0.025) (0.015) (0.020) (0.014) (0.018) (0.015) 

two means (+ 3 
+=0.5 138.384 136.109 124.696 126.594 125.384 127.012 

(1.401) (1.374) (1.316) (1.386) (1.389) (1.478) 

t=1.0 80.687 50.162 56.737 33.823 50.124 29.026 
(0.800) (0.515) (0.572) (0.376) (0.517) (0.343) 

t=1.5 18.429 13.970 12.945 8.988 11.476 7.762 
(0.176) (0.143) (0.119) (0.098) (0.110) (0.087) 

t= 2.0 7.626 4.696 5.700 3.648 5.067 3.523 
(0.065) (0.045) (0.048) (0.036) (0.044) (0.037) 

t=2.5 6.014 2.300 3.154 2.074 2.850 2.063 
(0.047) (0.019) (0.024) (0.018) (0.022) (0.018) 

t = 3.0 2.495 1.975 2.091 1.824 1.895 1.819 
(0.017) (0.015) (0.014) (0.014) (0.012) (0.015) 

two means (+ -) 
+=0.5 173.301 173.251 168.587 167.709 169.868 169.307 

(1.750) (1.766) (1.773) (1.820) (1.869) (1.962) 

t= 1.0 117.044 114.568 102.014 98.952 99.688 95.943 
(1.178) (1.170) (1.075) (1.092) (1.088) (1.131) 

t=1.5 67.492 62.291 50.633 44.168 46.493 38.707 
(0.691) (0.651) (0.521) (0.493) (0.502) (0.470) 

t=2.0 35.949 29.297 24.500 17.737 21.425 14.887 
(0.357) (0.305) (0.245) (0.200) (0.219) (0.176) 

tT=2.5 19.214 12.858 12.812 7,833 11.130 6.999 
(0.186) (0.133) (0.119) (0.082) (0.108) (0.078) 

+=3.0 10.962 5.926 7.372 4.134 6.354 3.818 
(0.099) (0.057) (0.064) (0.041) (0.058) (0.040) 
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Table 7.11: (Continued) 

  

  

  

  

  

  

shifts 1=0.3 1=0.1 1 = 0.05 
FSI VSI FSI VSI FSI VSI 

c= 1.21 34.141 28.379 24.055 18.559 21.712 15.863 
(0.341) (0.292) (0.235) (0.206) (0.222) (0.183) 

c= 1.44 11.203 7.544 8.320 5.323 7.453 4.894 
(0.104) (0.077) (0.076) (0.056) (0.071) (0.055) 

c= 1.69 5.714 3.397 4.429 2.847 4.038 2.758 
(0.048) (0.032) (0.038) (0.028) (0.035) (0.027) 

c= 1.96 3.653 2.158 2.968 1.983 2.670 1.947 
(0.029) (0.018) (0.024) (0.017) (0.021) (0.017) 

c= 2.25 2.634 1.672 2.243 1.594 2.054 1.571 
(0.019) (0.012) (0.016) (0.012) (0.015) (0.012) 

c= 2.56 2.110 1.421 1.813 1.380 1.688 1.361 
(0.014) (0.009) (0.012) (0.009) (0.011) (0.009) 

cl=1.21 54.012 47.923 37.232 29.948 32.450 24.870 
(0.530) (0.489) (0.366) (0.329) (0.323) (0.289) 

cl=1.44 18.663 13.524 12.963 8.740 11.550 7.848 
(0.179) (0.139) (0.116) (0.092) (0.107) (0.087) 

cl = 1.69 9.245 5.903 6.937 4.479 6.234 4.195 
(0.081) (0.058) (0.060) (0.045) (0.055) (0.043) 

cl = 1.96 5.796 3.538 4.572 3.017 4.103 2.863 
(0.049) (0.033) (0.038) (0.029) (0.035) (0.028) 

cl =2.25 4.075 2.542 3.338 2.307 3.055 2.219 
(0.032) (0.022) (0.026) (0.021) (0.024) (0.020) 

cl = 2.56 3.147 2.025 2.634 1.889 2.447 1.850 
(0.023) (0.016) (0.020) (0.016) (0.018) (0.016) 

1=0.5 30.014 24.358 21.172 15.900 18.935 13.507 
c= 1.21 (0.296) (0.249) (0.206) (0.176) (0.192) (0.158) 

r= 1.0 8.698 5.468 6.512 4.106 5.802 3.868 
c= 1.44 (0.079) (0.054) (0.057) (0.042) (0.054) (0.042) 

r= 1.5 4.099 2.394 3.247 2.167 2.953 2.120 
c= 1.69 (0.033) (0.021) (0.027) (0.020) (0.024) (0.019) 

1=2.0 2.496 1.592 2.133 1.524 1.946 1.503 
c= 1.96 (0.018) (0.011) (0.015) (0.011) (0.013) (0.011) 

1=2.5 1.851 1.284 1.608 1.278 1.506 1.251 
c= 2.25 (0.012) (0.007) (0.010) (0.007) (0.009) (0.007) 

1=3.0 1.496 1.153 1.341 1.147 1.284 1.125 
c= 2.56 (0.008) (0.005) (0.007) (0.005) (0.006) (0.005) 
  

Multivariate Control Charts for the Mean Vector and Variance-Covariance Matrix 103



Table 7.11: (Continued) 

  

  

  

  

  

  

shifts 4=0.3 A=0.1 A = 0.05 

FS! VSI FSI VSI FSI VSI 

one mean and corresponding variance 
+=0.5 43.972 37.675 29.615 22.716 25.683 18.747 
cl=1.21 (0.433) (0.386) (0.290) (0.251) (0.255) (0.218) 

+=1.0 11.819 7.785 8.438 5.535 7.617 5.152 
cl= 1.44 (0.105) (0.076) (0.074) (0.058) (0.069) (0.056) 

t= 1.5 5.235 3.185 4.132 2.759 3.751 2.660 
cl= 1.69 (0.043) (0.029) (0.033) (0.026) (0.031) (0.025) 

t= 2.0 3.099 1.973 2.575 1.856 2.382 1.804 
cl = 1.96 (0.023) (0.015) (0.019) (0.015) (0.018) (0.015) 

t= 2.5 2.164 1.517 1.882 1.463 1.769 1.436 
cl =2.25 (0.014) (0.010) (0.012) (0.010) (0.011) (0.010) 

t=3.0 1.704 1.293 1.531 1.263 1.462 1.251 
cl=2.56 (0.010) (0.007) (0.009) (0.007) (0.008) (0.007) 

two means (+ +) and all variances 
t= 0.5 26.804 21.925 19.303 14.148 17.238 12.034 
c= 1.21 (0.262) (0.284) (0.187) (0.156) (0.173) (0.141) 

t= 1.0 7.237 4.506 5.597 3.590 4.995 3.432 
c= 1.44 (0.063) (0.044) (0.049) (0.036) (0.046) (0.036) 

t=1.5 3.382 2.081 2.793 1.910 2.555 1.890 
c= 1.69 (0.026) (0.017) (0.022) (0.017) (0.020) (0.017) 

t= 2.0 2.144 1.443 1.849 1.411 1.715 1.394 
c= 1.96 (0.014) (0.009) (0.012) (0.009) (0.011) (0.009) 

t=2.5 1.611 1.214 1.425 1.206 1.358 1.183 
c=2.25 (0.009) (0.006) (0.008) (0.006) (0.007) (0.006) 

t= 3.0 1.332 1.161 1.229 1.153 1.189 1.132 
c= 2.56 (0.006) (0.005) (0.005) (0.005) (0.005) (0.005) 
two means (+ -) and all variances 
+=0.5 30.904 25.630 22.363 16.779 19.802 14.302 
c= 1.21 | (0.307) (0.269) (0.220) (0.188) (0.202) (0.170) 

t= 1.0 | 9.443 5.939 7.004 4.497 6.223 4.161 
c= 1.44 | (0.085) (0.060) (0.062) (0.046) (0.058) (0.045) 

t=1.5 | 4.542 2.650 3.556 2.317 3.198 2.233 
c= 1.69 | (0.037) (0.024) (0.029) (0.021) (0.027) (0.021) 

t= 2.0 | 2.775 1.701 2.288 1.608 2.111 1.571 
c= 1.96 (0.020) (0.012) (0.017) (0.012) (0.016) (0.012) 

t= 2.5 2.003 1.362 1.716 1.321 1.604 1.297 
c= 2.25 (0.013) (0.008) (0.011) (0.008) (0.010) (0.008) 

t= 3.0 1.584 1.192 1.412 1.170 1.349 1.159 
c= 2.56 (0.009) (0.006) (0.007) (0.006) (0.007) (0.005) 
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Table 7.12: ATS Values for Matched FSI and VSI EWMA Charts Using (7.5) (p= 2, p = 0.8) _ 
  

  

  

  

  

  

  

h= 13.6861 h = 9.3950 h = 7.8020 
= 1.284 = 1.269 = 1.221 

shifts = 0.3 =Q.1_. = 0.05 

FSI VSI FSI VSI FSI VSI 

0 199.952 200.933 201.051 200.022 200.233 199.200 
(2.024) (2.048) (2.092) (2.142) (2.102) (2.209) 

one mean 
t= 0.5 174.346 173.372 168.749 166.600 168.086 165.793 

(1.752) (1.757) (1.756) (1.786) (1.848) (1.930) 

t= 1.0 113.156 107.394 90.176 83.294 82.961 75.071 
(1.134) (1.094) (0.954) (0.928) (0.893) (0.894) 

t=15 95.144 47.005 37.047 29.320 32.089 24,339 
(0.542) (0.480) (0.369) (0.326) (0.330) (0.291) 

t= 2.0 25.031 18.254 16.404 11.220 14.421 9.855 
(0.238) (0.186) (0.154) (0.124) (0.139) (0.115) 

t=2.5 12.211 7.752 8.471 5.479 7.582 5.091 
(0.110) (0.078) (0.075) (0.059) (0.071) (0.057) 

t= 3.0 6.893 4.072 5.219 3.315 4.639 3.138 
(0.059) (0.039) _ (0.044) (0.033) (0.041) (0.032) 

two mean (+ +) 
t= 0.5 34.258 134.208 121.541 120.663 121.965 120.510 

(1.351) (1.369) (1.266) (1.308) (1.317) (1.396) 

t= 1.0 50.503 46.309 37.094 31.595 33.462 27.185 
(0.505) (0.478) (9.373) (0.350) (0.345) (0.321) 

t=1.5 17.129 12.527 12.106 8.161 10.685 7.388 
(0.160) (0.128) (0.111) (0.088) (0.101) (0.083) 

t= 2.0 7.141 4.275 5.334 3.434 4.733 3.240 
(0.062) (0.041) (0.045) (0.033) (0.041) (0.033) 

t= 2.5 3.773 2.174 2.990 1.990 2.709 1.932 
(0.029) (0.017) (0.023) (0.017) (0.021) (0.017) 

t= 3.0 2.384 1.491 1.972 1.427 1.823 1.403 
(0.016) (0.010) (0.013) (0.009) (0.012) (0.009) 

two mean (+) 
t= 0.5 183.768 183.943 181.058 178.988 179.758 177.987 

(1.856) (1.862) (1.897) (1.927) (1.976) (2.059) 

t= 1.0 142.870 138.428 132.307 128.074 133.426 129.949 
(1.441) (1.413) (1.402) (1.407) (1.499) (1.551) 

t=1.5 96.708 89.885 84.747 79.455 85.865 80.833 
(0.974) (0.921) (0.905) (0.894) (0.974) (0.994) 

7= 2.0 61.636 54.556 51.716 46.040 51.187 45.284 
(0.623) (0.565) (0.558) (0.534) (0.595) (0.580) 

t= 2.5 38.827 32.451 31.938 26.468 30.599 24.895 
(0.387) (0.337) (0.350) (0.317) (0.359) (0.329) 

t = 3.0 25.080 19,524 20.326 15.352 18.822 13.964 
(0.256) (0.210) (0.221) (0.185) (0.219) (0.183) 
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Table 7.12: (Continued) 

  

  

  

  

  

  

shifts 1=0.3 2=01.. 1 = 0.05 
FSI VSI FSI VSI FSI VSI 

c= 1.21 37.268 32.200 27.824 22.340 25.241 19.457 
(0.375) (0.338) (0.284) (0.252) (0.264) (0.234) 

c= 1.44 12.934 9.001 9.738 6.459 8.721 5.905 
(0.121) (0.092) (0.092) (0.070) (0.086) (0.067) 

c= 1.69 6.575 4.087 5.191 3.404 4.682 3.221 
(0.058) (0.039) (0.046) (0.035) (0.043) (0.034) 

c= 1.96 4.228 2.565 3.367 2.301 3.052 2.210 
(0.035) (0.023) (0.028) (0.021) (0.027) (0.021) 

c= 2.25 2.993 1.916 2.508 1.794 2.300 1.740 
(0.023) (0.016) (0.019) (0.015) (0.018) (0.015) 

c= 2.56 2.362 1.581 2.013 1.516 1.873 1.481 
(0.017) (0.011) (0.014) (0.011) (0.013) (0.011) 

cl=1.21 44.421 36.560 28.184 20.285 24.076 16.638 
(0.445) (0.383) (0.273) (0.223) (0.235) (0.192) 

cl=1.44 13.735 8.636 9.386 5.771 8.328 5,306 
(0.125) (0.086) (0.080) (0.059) (0.073) (0.057) 

cl = 1.69 6.776 3.832 5.118 3.164 4.611 3.007 
(0.056) (0.035) (0.041) (0.029) (0.038) (0.029) 

cl = 1.96 4.267 2.450 3.409 2.225 3.101 2.135 
(0.033) (0.020) (0.026) (0.019) (0.024) (0.019) 

cl =2.25 3.072 1.872 2.557 1.762 2.360 1.715 
(0.022) (0.014) (0.018) (0.014) (0.017) (0.013) 

cl =2.56 2.437 1.578 2.084 1.518 1.948 1.481 
(0.017) (0.011) (0.014) (0.011) (0.013) (0.010) 

1=0.5 34.788 29.554 25.825 20.363 23.395 17.791 
c= 1.21 (0.350) (0.312) (0.263) (0.231) (0.246) (0.214) 

t=1.0 11.103 7.398 8.296 5.453 7.442 5.065 
c= 1.44 (0.103) (0.076) (0.078) (0.059) (0.073) (0.057) 

r= 1.5 5.281 3.178 4.185 2.760 3.784 2.651 
c= 1.69 (0.046) (0.030) (0.037) (0.027) (0.034) (0.027) 

1=2.0 3.244 2.012 2.673 1.867 2.450 1.816 
c= 1.96 (0.026) (0.016) (0.021) (0.016) (0.020) (0.016) 

1=2.5 2.320 1.533 1.977 1.467 1.827 1.430 
c= 2.25 (0.017) (0.011) (0.014) (0.010) (0.013) (0.010) 

1 =3.0 1.819 1.302 1.590 1.272 1.505 1.259 
c= 2.56 (0.012) (0.007) (0.010) (0.007) (0.009) (0.007) 
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Table 7.12: (Continued) 

  

  

  

  

  

  

shifts A=0.3 A=0.1 . A = 0.05 

FSI VSI FSI VSI FSI VSI 

one mean and corresponding variance 
t=0.5 39.091 31.404 24.794 17.437 21.272 14.427 
cl=1.21 (0.389) (0.326) (0.238) (0.190) (0.204) (0.164) 

t= 1.0 10.531 6.390 7.563 4.658 6.722 4.305 
cl= 1.44 (0.093) (0.063) (0.065) (0.047) (0.059) (0.045) 

t= 1.5 4.912 2.893 3.859 2.558 3.510 2.453 
cl= 1.69 (0.039) (0.025) (0.031) (0.023) (0.029) (0.023) 

t= 2.0 3.055 1.929 2.551 1.820 2.365 1.767 
cl= 1.96 (0.023) (0.015) (0.018) (0.015) (0.017) (0.014) 

t= 2.5 2.212 1.529 1.926 1.478 1.808 1.450 
cl=2.25 (0.015) (0.011) (0.013) (0.010) (0.012) (0.010) 

t= 3.0 1.778 1.332 1.600 1.303 1.528 1.290 
cl=2.56 (0.011) (0.008) (0.009) (0.008) (0.009) (0.008) 

two means (+ +) and all variances 
7=0.5 29.140 24.157 21.336 16.293 19.369 14.290 
c= 1.2] (0.287) (0.253) (0.211) (0.184) (0.199) (0.170) 

t= 1.0 7.990 5.097 6.118 3.999 5.503 3.807 
c= 1.44 (0.071) (0.051) (0.056) (0.042) (0.053) (0.041) 

t= 15 3.643 2.275 2.986 2.076 2.739 2.009 
c= 1.69 (0.029) (0.019) (0.024) (0.018) (0.023) (0.018) 

t= 2.0 2.274 1.528 1.938 1.476 1.810 1.438 
c= 1.96 (0.016) (0.010) (0.013) (0.010) (0.012) (0.010) 

t= 2.5 1.668 1.251 1.491 1.228 1.418 1.210 
c= 2.25 (0.010) (0.007) (0.008) (0.007) (0.008) (0.006) 

t= 3.0 1.374 1.124 1.268 1.108 1.231 1.101 
c= 2.56 (0.007) (0.004) (0.006) (0.004) ~—- (0.005) (0.004) 
two means (+ -) and all variances 
+=0.5 36.051 31.078 27.062 21.638 24.608 18.794 
c= 1.21 (0.358) (0.322) (0.273) (0.245) (0.256) (0.227) 

t=1.0 12.290 8.493 9.346 6.246 8.264 5.656 
c= 1.44 (0.114) (0.087) (0.088) (0.068) (0.081) (0.065) 

+= 1.5 6.104 3.764 4.814 3.178 4.355 3.030 
c= 1.69 (0.053) (0.036) (0.043) (0.032) (0.040) (0.032) 

+=2.0 3.855 2.342 3.140 2.113 2.848 2.048 
c= 1.96 (0.032) (0.020) (0.026) (0.019) (0.024) (0.018) 

t=2.5 2.758 1.755 2.313 1.667 2.131 1.623 
c= 2.25 (0.021) (0.013) (0.017) (0.013) (0.016) (0.013) 

«= 3.0 2.160 1.470 1.867 1.430 1.747 1.402 
c= 2.56 (0.015) (0.010) (0.012) (0.010) (0.011) (0.010) 
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Table 7.13: ATS Values for the FSI and VSI Separate EWMA Charts (p= 2, o = 0.0) 
hl= 1.3302 h2=8.7756 hl=0.6882 h2=6.0548 hl=0.4370 h2=5.2055 
g1=0.5846 p2=5.0914 p1=0.3156 22=4.5030 p1=0.2426 92=4.1726 
  

  

  

  

  

  

  

shifts A=0.3 4=0.1 A = 0.05 
FSI VSI FSI VSI FSI VSI 

0 199.954 199.980 200.666 199.527 199.890 200.446 
(1.947) (1.937) (1.825) (1.777) (1.647) (1.490) 

one mean 
t=0.5 58.134 46.692 33.940 27.624 30.467 32.058 

(0.540) (0.434) (0.238) (0.193) (0.172) (0.193) 

t=1.0 13.474 8.349 11.038 8.730 11.942 12.008 
(0.098) (0.061) (0.051) (0.047) (0.044) (0.053) 

t=1.5 6.001 3.673 6.446 5.153 7.438 7.371 
(0.033) (0.023) (0.022) (0.023) (0.021) (0.027) 

t= 2.0 3.785 2.347 4.601 3.653 5.450 5.335 
(0.016) (0.014) (0.013) (0.015) (0.013) (0.018) 

7=2.5 2.787 1.726 3.606 2.835 4.343 4.164 
(0.010) (0.010) (0.009) (0.012) (0.009) (0.013) 

+=3.0 2.251 1.379 3.003 2.259 3.633 3.436 
(0.007) (0.007) (0.007) (0.010) (0.007) (0.009) 

two mean (+|+) 
t=0.5 65.677 52.059 38.819 29.652 34.277 34.047 

(0.610) (0.481) (0.277) (0.204) (0.195) (0.200) 

t= 1.0 17.231 9.713 13.252 9.389 14.201 13.228 
(0.132) (0.072) (0.061) (0.049) (0.052) (0.058) 

t= 1.5 7.596 4.053 7.786 5.647 8.973 8.399 
(0.044) (0.024) (0.027) (0.025) (0.025) (0.030) 

t= 2.0 4.737 2.579 5.595 4.116 6.649 6.214 
(0.021) (0.014) (0.016) (0.016) (0.016) (0.020) 

t=2.5 3.446 1.919 4.416 3.248 5.328 4.958 
(0.013) (0.010) (0.011) (0.012) (0.011) (0.015) 

t= 3.0 2.742 1.514 3.672 2.684 4.479 4.123 
(0.009) (0.008) (0.008) (0.010) (0.008) (0.012) 

two mean (+f) 
t=0.5 66.096 52.359 39.259 29.839 34.406 34.051 

(0.615) (0.489) (0.286) (0.210) (0.199) (0.201) 

t=1.0 17.332 9.747 13.353 9.453 14.215 13.342 
(0.134) (0.072) (0.062) (0.049) (0.052) (0.057) 

t=1.5 7.680 4.068 7.831 5.671 8.998 8.421 
(0.044) (0.025) (0.027) (0.025) (0.025) (0.030) 

t= 2.0 4.715 2.572 5.601 4.083 6.679 6.243 
(0.021) (0.014) (0.016) (0.016) (0.016) (0.020) 

7=2.5 3.438 1.921 4.403 3.246 5.340 4.941 
(0.012) (0.010) (0.011) (0.012) (0.011) (0.014) 

t= 3.0 2.756 1.525 3.680 2.695 4.481 4.114 
(0.009) (0.008) (0.008) (0.010) (0.009) (0.011) 
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Table 7.13: (Continued) 

  

  

  

  

  

  

shifts A=0.3 A A= 9.05 

FSI VSI FSI VSI FSI VSI 

c= 1.21 47.479 31.733 45.251 34.487 55.939 . 54.275 
(0.424) (0.273) (0.281) (0.175) (0.248) (0.195) 

c= 1.44 18.145 9.880 22.355 18.504 32.226 34.881 
(0.138) (0.067) (0.098) (0.076) (0.104) (0.116) 

= 1.69 9.954 5.459 14.846 13.121 22.889 25.969 
(0.065) (0.032) (0.055) (0.052) (0.066) (0.085) 

c= 1.96 6.626 3.185 11.114 10.166 17.712 20.435 
(0.038) (0.022) (0.037) (0.042) (0.048) (0.068) 

c=2.25 4,940 2.982 8.804 8.188 14.321 16.684 
(0.026) (0.017) (0.029) (0.034) (0.038) (0.056) 

c= 2.56 3.929 2.440 7.257 6.780 11.951 14.075 
(0.020) | (0.014) ~~ (0.023) (0.029) (0.031) (0.048) 

cl= 1.21 74.485 59.865 65.447 53.872 71.909 70.233 
(0.687) (0.546) (0.476) (0.346) (0.388) (0.300) 

cl= 1.44 29.764 20.174 30.323 25.901 39.868 43.478 
(0.251) (0.162) (0.166) (0.123) (0.152) (0.154) 

cl = 1.69 15.773 10.063 19.27] 17.679 27.537 31.897 
(0.120) (0.070) (0.086) (0.076) (0.089) (0.108) 

cl=1.96 10.112 6.550 14.135 13.600 21.121 25.340 
(0.070) (0.042) (0.057) (0.057) (0.063) (0.084) 

cl =2.25 7.251 4.857 11.139 11.111 16.996 20.928 
(0.045) (0.030) (0.042) (0.047) (0.049) (0.070) 

cl =2.56 5.669 3.896 9.133 9.298 14.191 17.675 
(0.033) (0.024) —_ (0.034) (0.040) (0.041) (0.060) 

one mean and all variances 
7=0.5 28.783 17.469 25.204 19.420 27.607 28.405 
c= 1.21 (0.245) (0.140) (0.147) (0.106) (0.142) (0.150) 

+=1.0 | 8.889 4.953 10.312 8.259 11.834 4.953 
c= 1.44 | (0.058) (0.031) (0.048) (0.0345 (0.049) (0.062) 

t= 1.5 | 4.872 2.897 6.343 5.166 7,494 7.571 
c= 1.69 (0.026) (0.017) (0.025) (0.027) (0.027) (0.035) 

t= 2.0 3.363 2.056 4.633 3.704 5.541 2.056 
c= 1.96 (0.015) (0.012) (0.017) (0.020) (0.018) (0.024) 

1=2.5 2.600 1.640 3.669 2.873 4.435 4.355 
c=2.25 (0.011) (0.009) (0.012) (0.015) (0.014) (0.019) 

+=3.0 3.124 1.387 3.071 2.355 7.717 3.575 
c= 2.56 (0.009) | (0.007) (0.010) (0.013) (0.011) (0.015) 
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Table 7.13: (Continued) 

  

  

  

  

  

  

shifts A=0.3 A=0.1 A = 0.05 

FSI VSI FSI VSI FSI VSI 

one mean and corresponding variance 
+=0.5 35.659 25.155 27.718 22.456 28.604 30.191 
cl=1.21 (0.314) (0.216) (0.176) (0.137) (0.156) (0.170) 

+=1.0 10.049 6.276 10.556 8.829 11.916 12.469 
cl= 1.44 (0.070) (0.043) (0.051) (0.050) (0.050) (0.064) 

t=1.5 5.260 3.414 6.424 5.420 7.511 7.694 
cl= 1.69 (0.029) (0.022) (0.026) (0.030) (0.027) (0.036) 

t= 2.0 3.569 2.367 4.665 3.884 5.552 5.606 
cl= 1.96 (0.017) (0.015) (0.017) (0.021) (0.018) (0.025) 

t=2.5 2.729 1.855 3.693 2.980 4.438 4.398 
cl=2.25 (0.012) (0.011) (0.013) (0.016) (0.014) (0.019) 

t=3.0 3.223 1.537 3.087 2.441 3.719 3.607 
cl=2.56 (0.009) (0.009) (0.010) (0.014) (0.011) (0.015) 

two means (+ +) and all variances 
7=0.5 5.677 52.059 38.819 29.652 34.277 34.047 
c= 1.21 (0.610) (0.481) (0.277) (0.204) (0.195) (0.200) 

t=1.0 9.502 5.078 11.246 8.525 13.252 12.860 
= 1.44 (0.062) (0.031) (0.051) (0.045) (0.054) (0.063) 

t= 1.5 5.206 2.969 7.040 5.349 8.470 8.118 
c= 1.69 (0.028) (0.017) (0.028) (0.028) (0.030) (0.036) 

t= 2.0 3.604 2.119 5.144 3.894 6.297 5.978 
c= 1.96 (0.017) (0.013) (0.018) (0.020) (0.020) (0.025) 

t= 2.5 2.779 1.665 4.100 3.039 5.052 4.724 
c= 2.25 (0.012) (0.009) (0.014) (0.016) (0.015) (0.019) 

t= 3.0 2.270 1.407 3.416 2.473 4.238 3.912 
c= 2.56 (0.009) (0.007) (0.011) (0.013) (0.012) (0.016) 
two means (+ -) and all variances 
+=0.5 29.799 17.873 26.749 19.661 29.372 29.130 
c=1.21 (0.256) (0.144) (0.158) (0.106) (0.149) (0.149) 

t=1.0 9.639 5.102 11.397 8.658 13.294 12.913 
c= 1.44 (0.065) (0.031) (0.051) (0.046) (0.054) (0.062) 

t=1.5 5.240 2.951 7.065 5.403 8.512 8.181 
c= 1.69 (0.028) (0.018) (0.027) (0.028) (0.030) (0.036) 

t= 2.0 3.609 2.106 5.152 3.870 6.329 6.015 
c= 1.96 (0.017) (0.013) (0.018) (0.020) (0.020) (0.025) 

t= 2.5 2.773 1.675 4.086 3.024 5.057 4.743 
c= 2.25 (0.012) (0.010) (0.014) (0.016) (0.015) (0.020) 

t= 3.0 2.273 1.408 3.417 2.461 4.238 3.901 
c= 2.56 (0.009) (0.007) (0.011) (0.013) (0.012) (0.016) 
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Table 7.14: ATS Values for the FSI and VSI Separate EWMA Charts (p= 2, p = 0.5) 
hl = 1.3286 h2=8.7689 hl=0.6740 h2=6.0353 hl=0.4342 h2=5.1924 
gl=0.5662 22=5.0154 gl=0.3065 g2=4.4704 gl=0.2290 292=4.1528 
  

  

  

  

  

  

  

shifts A= 0.3 A=0.1 A = 0.05 
FSI VSI FSI VSI FSI VSI 

0 199.714 200.423 199.391 200.455 200.180 199.440 
1.951) (1.960) (1.848) (1.820) (1.641) (1.497) 

one mean 
t=0.5 74.187 60.933 42.746 33.834 36.798 36.203 

(0.685) (0.565) (0.317) (0.238) (0.223) (0.220) 

+=1.0 18.390 11.099 13.564 10.170 14.176 13.412 
(0.148) (0.087) (0.069) (0.055) (0.057) (0.062) 

t=1.5 7.769 4.393 7.636 5.843 8.640 8.214 
(0.048) (0.027) (0.028) (0.027) (0.027) (0.032) 

t= 2.0 4.671 2.754 5.368 4.132 6.292 5.912 
(0.022) (0.016) (0.016) (0.017) (0.016) (0.021) 

t= 2.5 3.366 2.013 4.170 3.229 4.983 4.616 
(0.013) (0.011) (0.011) (0.013) (0.011) (0.015) 

t= 3.0 2.653 1.577 3.452 2.623 4.142 3.788 
(0.009) (0.008) (0.008) (0.011) (0.009) (0.012) 

two mean (+|+) 
t=0.5 51.012 39.613 31.283 24.688 28.845 28.107 

(0.460) (0.359) (0.218) (0.174) (0.162) (0.173) 

t= 1.0 12.729 7.454 10.882 8.096 11.969 10.976 
(0.094) (0.055) (0.049) (0.045) (0.043) (0.050) 

t=1.5 5.969 3.365 6.525 4.847 7.617 6.930 
(0.032) (0.021) (0.022) (0.022) (0.021) (0.026) 

t=2.0 3.844 2.207 4.723 3.502 5.654 5.092 
(0.016) (0.013) (0.013) (0.015) (0.013) (0.017) 

4=2.5 2.864 1.639 3.746 2.745 4.540 4.061 
(0.010) (0.009) (0.009) (0.012) (0.010) (0.013) 

t=3.0 2.333 1.324 3.146 2.216 3.824 3.385 
(0.007) (0.006) (0.007) (0.010) (0.007) (0.009) 

two mean (+f) 
7=0.5 103.065 86.172 60.716 44.544 49.232 44.169 

(0.990) (0.828) (0.481) (0.327) (0.303) (0.252) 

t= 1.0 34.133 18.671 19.970 12.589 19.645 16.700 
(0.301) (0.155) (0.108) (0.063) (0.077) (0.071) 

t=1.5 14.052 6.141 11.174 7.307 12.292 10.505 
(0.100) (0.037) (0.043) (0.031) (0.037) (0.037) 

t= 2.0 7.823 3.522 7.816 5.268 9.033 7.796 
(0.043) (0.018) (0.024) (0.020) (0.023) (0.024) 

t= 2.5 3.282 2.545 6.037 4.165 7.183 6.210 
(0.023) (0.013) (0.016) (0.015) (0.016) (0.018) 

t= 3.0 4.009 1.991 4.962 3.444 6.003 5.207 
(0.015) (0.010) (0.012) (0.012) (0.012) (0.014) 
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Table 7.14: (Continued) 

  

  

  

  

  

  

shifts A=0.3 A=0.1 A = 0.05 

FSI VSI FSI VSI FSI VSI 

c= 1.21 48.980 33.478 46.621 35.980 56.598 54.238 
(0.444) (0.293) (0.296) (0.190) (0.258) (0.205) 

c= 1.44 18.963 10.548 22.783 19.016 32.777 34.653 
(0.149) (0.075) (0.103) (0.080) (0.110) (0.120) 

c= 1.69 10.406 5.754 15.237 13.481 23.303 25.835 
(0.069) (0.035) (0.058) (0.055) (0.069) (0.087) 

c= 1.96 6.956 3.972 11.377 10.393 18.030 20.341 
(0.038) (0.022) (0.037) (0.042) (0.048) (0.068) 

c= 2.25 5.168 3.114 8.987 8.332 14.546 16.623 
(0.028) (0.018) (0.031) (0.036) (0.040) (0.058) 

c= 2.56 4.516 2.762 8.053 7.495 13.008 14.953 
(0.020) (0.014) (0.023) (0.029) (0.031) (0.048) 

cl=1.21 41.564 29.608 32.122 25.253 33.029 32.829 
(0.366) (0.256) (0.210) (0.151) (0.180) (0.178) 

cl=1.44 22.355 14.293 22.236 18.500 27.247 28.095 
(0.184) (0.111) (0.117) (0.095) (0.123) (0.135) 

cl= 1.69 13.402 8.408 16.454 14.590 22.165 23.917 
(0.098) (0.057) (0.074) (0.069) (0.086) (0.106) 

cl=1.96 9.210 5.869 12.778 11.891 18.342 20.617 
(0.061) (0.038) (0.052) (0.055) (0.063) (0.085) 

cl=2.25 6.815 4.489 10.353 9.978 15.419 17.851 
(0.043) (0.028) (0.040) (0.045) (0.050) (0.071) 

cl=2.56 5.416 3.708 8.667 8.543 13.211 15.532 
(0.032) (0.023) (0.033) (0.039) (0.041) (0.061) 

one mean and all variances 
7+=0.5 32.959 20.339 28.476 21.453 31.426 30.565 

c= 1.21 (0.281) (0.165) (0.169) (0.115) (0.159) (0.154) 

t= 1.0 10.424 5.568 11.854 9.218 13.807 13.370 
c= 1.44 (0.071) (0.034) (0.055) (0.048) (0.060) (0.067) 

t= 1.5 5.605 3.188 7.279 5.716 8.617 8.316 
c= 1.69 (0.031) (0.019) (0.030) (0.030) (0.033) (0.039) 

r1=2.0 3.828 2.241 5.295 4.109 6.343 6.057 
c= 1.96 (0.019) (0.013) (0.020) (0.021) (0.022) (0.013) 

7=2.5 2.915 1.756 4.173 3.227 5.059 4.744 
c= 2.25 (0.013) (0.010) (0.015) (0.017) (0.016) (0.021) 

+=3.0 2.438 1.523 3.493 2.634 4.244 3.973 
c= 2.56 (0.010) (0.008) (0.012) (0.014) (0.013) (0.018) 
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Table 7.14: (Continued) 

  

  

  

  

  

shifts A=0.3 A4=0.1 A= 0.05 

FSI VSI FSI VSI FSI VSI 

one mean and corresponding variance 
+=0.5 41.5 29.608 32.122 25.253 33.029 32.829 
cl=1.21 (0.366) (0.256) (0.210) (0.151) (0.180) (0.178) 

+= 1.0 12.069 7.240 12.402 10.000 14.018 13.894 
cl= 1.44 (0.089) (0.050) (0.062) (0.055) (0.062) (0.072) 

t=1.5 6.188 3.830 7.464 6.127 8.690 8.578 
cl= 1.69 (0.037) (0.024) (0.032) (0.034) (0.034) (0.042) 

+= 2.0 4.138 2.655 5.378 4.373 6.380 6.218 
cl= 1.96 (0.021) (0.017) (0.021) (0.024) (0.023) (0.029) 

1=2.5 3.122 2.039 4.228 3.419 5.086 4.859 
cl =2.25 (0.015) (0.012) (0.016) (0.019) (0.017) (0.022) 

+= 3.0 2.531 1.690 3.512 2.769 4.247 4.047 
cl=2.56 (0.011) _ (0.010) (0.012) (0.015) (0.013) (0.019) 

two means (+ +) and all variances 
+= 0.5 26.705 16.366 23.747 18.385 25.989 25.652 
c= 1.2] (0.223) (0.130) (0.140) (0.106) (0.135) (0.144) 

+=1.0 8.405 4.733 9.897 7.768 11.529 11.028 
c= 1.44 (0.055) (0.030) (0.046) (0.044) (0.048) (0.058) 

t=1.5 4.693 2.749 6.178 4.790 7.403 6.922 
c= 1.69 (0.025) (0.017) (0.025) (0.027) (0.027) (0.033) 

7=2.0 3.261 1.986 4.533 3.460 5.517 5.085 
c= 1.96 (0.015) (0.012) (0.016) (0.019) (0.018) (0.023) 

1=2.5 2.537 1.585 3.633 2.688 4.448 4.016 
c= 2.25 (0.011) (0.009) (0.012) (0.015) (0.013) (0.018) 

+= 3.0 2.108 1.350 3.037 2.164 3.724 3.300 
c= 2.56 (0.009) | (0.007) (0.010) (0.012) (0.010) (0.014) 
two means (+ -) and all variances 
+=0.5 37.527 23.008 32.920 23.359 36.935 33.808 
c= 1.21 (0.331) (0.193) (0.201) (0.122) (0.183) (0.158) 

+= 1.0 12.506 6.178 14.436 10.308 17.181 15.511 
c= 1.44 (0.088) (0.038) (0.064) (0.050) (0.069) (0.071) 

t= 1.5 6.694 3.392 9.014 6.444 11.058 9.825 
c= 1.69 (0.038) (0.020) (0.035) (0.031) (0.039) (0.042) 

+=2.0 4.480 2.421 6.559 4.688 8.160 7.187 
c= 1.96 (0.022) (0.014) (0.023) (0.022) (0.026) (0.029) 

t= 2.5 3.390 1.874 5.151 3.635 6.507 5.708 
c= 2.25 (0.015) (0.011) (0.017) (0.017) (0.020) (0.023) 

+ = 3.0 2.853 1.616 4.355 3.062 5.476 4.781 
c= 2.56 (0.012) (0.009) (0.014) (0.015) —— (0.016) (0.019)   
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Table 7.15: ATS Values for Matched FSI and VSI Separate EWMA Charts (p= 2, p = 0.8) | 
hl=1.3174 h2=8.6877 hl=0.6636 h2=5.9858 hl=0.4261 h2=5.1542 
gl=0.5273  g2=48504 g1=0.2845 92=4.3890 gl=0.2083 g2=4.1079 
  

  

  

  

  

  

  

shifts A=0.3 A4=0.1 A= 0.05 

FSI VSI FSI VSI FSI VSI 

0 199.714 200.054 199.409 200.524 200.588 200.587 
(1.947) (1.951) (1.818) (1.800) (1.675) (1.563) 

one mean 
+=0.5 114.098 104.130 71.499 57.658 58.576 54.292 

(1.086) (0.979) (0.589) (0.444) (0.405) (0.333) 

t= 1.0 38.632 25.852 23.382 15.728 22.209 18.964 
(0.349) (0.228) (0.146) (0.088) (0.108) (0.092) 

t=1.5 16.360 8.338 12.408 8.382 13.111 8.338 
(0.126) (0.057) (0.060) (0.040) (0.050) (0.048) 

+= 2.0 8.951 4.330 8.338 5.885 9.269 8.063 
(0.057) (0.025) (0.033) (0.026) (0.030) (0.031) 

t=2.5 5.838 2.998 6.283 4.507 7.223 6.341 
(0.031) (0.016) (0.021) (0.019) (0.021) (0.023) 

+= 3.0 4.377 2.295 5.034 3.643 5.928 5.143 
(0.020) (0.012) (0.015) (0.015) (0.015) (0.018) 

two mean (+]|+) 
t=0.5 46.290 35.861 28.967 22.959 27.042 25.350 

(0.417) (0.329) (0.199) (0.165) (0.150) (0.161) 

t=1.0 11.677 6.707 10.227 7.480 11.167 9.799 
(0.084) (0.049) (0.046) (0.043) (0.041) (0.046) 

t=1.5 3.300 2.048 5.169 4.125 6.727 6.267 
(0.017) (0.013) (0.020) (0.024) (0.026) (0.035) 

t= 2.0 2.775 1.766 4.165 3.164 5.173 4.629 
(0.013) (0.011) (0.016) (0.019) (0.018) (0.024) 

+= 2.5 2.385 1.511 3.440 2.504 4.183 3.640 
(0.011) (0.009) (0.012) (0.015) (0.014) (0.018) 

t= 3.0 2.043 1.343 2.914 2.042 3.536 2.973 
(0.009) (0.007) (0.010) (0.012) (0.010) (0.014) 

two mean (+f) 
t+=0.5 144.176 129.390 98.504 77.844 79.598 67.379 

(1.370) (1.229) (0.845) (0.630) (0.566) (0.407) 

t=1.0 71.413 47,373 38.064 20.785 32.229 23.661 
(0.667) (0.433) (0.258) (0.109) (0.156) (0.100) 

t=1.5 35.185 15.446 19.697 10.676 19.329 14.441 
(0.310) (0.120) (0.099) (0.044) (0.069) (0.052) 

t= 2.0 18.780 6.523 13.006 7.451 13.965 10.618 
(0.144) (0.036) (0.050) (0.028) (0.041) (0.034) 

t=2.5 11.651 4.107 9.714 5.769 10.931 8.398 
(0.077) (0.019) (0.031) (0.020) (0.028) (0.025) 

t= 3.0 8.027 3.096 7.811 4.806 9.048 7.061 
(0.043) (0.014) (0.022) (0.016) (0.020) (0.020) 
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Table 7.15: (Continued) 

  

  

  

  

  

  

shifts A=0.3 A=0.1 A= 0.05 

FSI VSI FSI VSI FSI VSI 

= 1.21 52.579 36.780 48.910 38.193 $9.133 55.294 
(0.470) (0.328) (0.328) (0.220) (0.228) (0.227) 

c= 1.44 20.724 11.903 23.748 19.870 34.048 35.053 
(0.166) (0.089) (0.115) (0.089) (0.122) (0.166) 

c= 1.69 11.182 6.249 15.776 13.927 24.050 26.020 
(0.077) (0.040) (0.065) (0.061) (0.075) (0.094) 

c= 1.96 7.465 4.320 11.829 10.711 18.575 20.342 
(0.046) (0.027) (0.044) (0.047) (0.055) (0.075) 

c= 2.25 5.544 3.343 9.418 8.587 14.976 16.737 
(0.032) (0.020) (0.033) (0.038) (0.043) (0.062) 

c= 2.56 4.425 2.720 7.756 7.166 12.534 14.074 
(0.024) (0.017) (0.027) (0.033) (0.036) (0.053) | 

cl= 1.2] 75.238 60.764 63.858 §2.971 71.027 67.080 
(0.705) (0.568) (0.467) (0.355) (0.380) (0.302) 

cl=1.44 29.557 19.977 29.443 24.974 38.686 40.580 
(0.257) (0.167) (0.160) (0.121) (0.147) (0.152) 

cl= 1.69 15.388 9.699 18.744 16.963 26.963 29.885 
(0.117) (0.069) (0.083) (0.074) (0.088) (0.107) 

cl= 1.96 9.808 6.188 13.748 13.062 20.748 23.974 
(0.066) (0.040) (0.054) (0.057) (0.062) (0.084) 

cl =2.25 7.097 4.583 10.853 10.599 16.709 19.615 
(0.044) (0.029) (0.041) (0.046) (0.049) (0.070) 

cl=2.56 5.511 3.703 8.862 8.856 13.93] 16.576 
(0.032) (0.023) — (0.033) (0.040) (0.040) (0.060) _ 

one mean and all variances 
7=0.5 41.674 26.871 36.481 26.729 41.204 37.641 
c= 1.21 (0.375) (0.234) (0.236) (0.146) (0.208) (0.181) 

rt=1.0 14.107 7.413 16.087 11.765 19.366 17.416 
c= 1.44 (0.103) (0.049) (0.078) (0.058) (0.086) (0.084) 

t= 1.5 7.584 3.942 10.055 7.344 12.299 10.976 
c= 1.69 (0.047) (0.023) (0.044) (0.036) (0.050) (0.051) 

7=2.0 5.074 2.760 7.262 5.351 8.958 7.942 
c= 1.96 (0.028) (0.016) (0.029) (0.026) (0.034) (0.036) 

1=2.5 3.827 2.148 5.667 4.130 7.108 6.205 
c= 2.25 (0.019) (0.013) (0.021) (0.021) (0.026) (0.029) 

t= 3.0 3.073 1.766 4.659 3.387 5.884 5.089 
c= 2.56 (0.014) (0.010) (0.017) (0.017) (0.021) (0.023) _ 
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Table 7.15: (Continued) 

  

  

  

  

  

shifts A4=0.3 A=0.1 A= 0.05 

FSI VSI FSI VSI FSI VSI 

one mean and corresponding variance 
+=0.5 53.447 39.485 42.236 32.416 44.578 41.111 
cl= 1.21 (0.487) (0.357) (0.289) (0.195) (0.245) (0.203) 

t=1.0 17.353 10.068 17.362 13.182 20.159 18.658 
cl= 1.44 (0.136) (0.073) (0.091) (0.068) (0.095) (0.095) 

t= 1.5 8.680 4.962 10.535 8.221 12.674 11.723 
cl= 1.69 (0.058) (0.031) (0.048) (0.042) (0.055) (0.058) 

+= 2.0 5.726 3.364 7.576 5.906 9.185 8.501 
cl= 1.96 (0.033) (0.020) (0.033) (0.031) (0.038) (0.042) 

t=2.5 4.227 2.583 5.887 4.631 7.261 6.675 
cl=2.25 (0.022) (0.016) (0.024) (0.025) (0.028) (0.033) 

t= 3.0 3.373 2.098 4.857 3.810 5.991 5.509 
cl=2.56 (0.017) (0.012) (0.019) (0.021) (0.022) (0.027) 

two means (+ +) and all variances 
+=0.5 26.273 16.673 23.093 17.981 25.048 23.792 
c= 1.21 (0.220) (0.138) (0.140) (0.109) (0.134) (0.142) 

t= 1.0 8.311 4.681 9.538 7.344 10.950 10.017 
c= 1.44 (0.055) (0.032) (0.045) (0.044) (0.046) (0.055) 

r= 1.5 } 3.300 2.048 5.169 4.125 6.727 6.267 
c= 1.69 (0.017) (0.013) (0.020) (0.024) (0.026) (0.035) 

t=2.0 3.186 1.933 4.346 3.230 5.209 5.583 
c= 1.96 (0.015) (0.012) (0.016) (0.018) (0.017) (0.022) 

7=2.5 2.49] 1.562 3.475 2.497 4.196 3.625 
c= 2.25 (0.011) (0.009) (0.012) (0.015) (0.013) (0.017) 

t= 3.0 2.043 1.343 2.914 2.042 3.536 2.973 
c= 2.56 (0.009) (0.007) (0.010) (0.012) (0.010) (0.007) 

two means (+ -) and all variances 
+= (0.5 44.728 29.194 40.364 28.712 46.197 40.488 
c= 1.21 (0.402) (0.254) (0.261) (0.156) (0.226) (0.177) 

t= 1.0 16.299 8.201 18.542 12.889 23.499 19.858 
c= 1.44 (0.125) (0.055) (0.087) (0.058) (0.095) (0.085) 

t=1.5 8.752 4.265 11.889 8.217 15.379 12.730 
c= 1.69 (0.056) (0.025) (0.049) (0.037) (0.057) (0.053) 

t= 2.0 5.803 2.932 8.640 5.924 11.368 9.624 
c= 1.96 (0.033) (0.016) (0.032) (0.027) (0.039) (0.037) 

t=2.5 4.356 2.285 6.836 4.643 9.026 7.295 
c= 2.25 |} (0.022) (0.013) (0.024) (0.021) (0.030) (0.029) 

t= 3.0 4.356 2.285 6.836 4.643 9.026 7.295 
c= 2.56 (0.022) (0.013) (0.024) (0.021) (0.030) (0.029)     
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Table 7.16: ATS Values for FSI and VSI Charts based on both MEWMA and EWMA Using 
(7.5) (p=2, A =0.05 and p = 0.5) 
  

  

  

  

  

  

          

Al = 9.2854 h2 = 9.6327 
gl = 2.2596 g2 = 2.2547 

shifts FSI VSI shifts FSI VSI shifts FSI VSI 
z 200.630 199.902 200.630 199.902 200.630 199.902 

(2.192) (2.292) (2.192) (2.292) (2.192) (2.292) 
M VV MV 
7=0.5| 24.528 14.606 =1.21 | 24.892 17.703 | r=0.5 17.474 10.516 

(0.197) (0.147) (0.253) (0.209) | cl=1.21 | (0.152) (0.109) 

t=1.0] 7.877 4.272 c=1.44 | 8339 5.234 7=1.0 5.732 3.365 
(0.053) (0.038) (0.079) (0.059) | cl=1.44| (0.046) (0.032) 

t=1.5| 4.112 2.300 c=169 | 4.432 2.857 r=1.5 3.073 1.958 
(0.024) (0.018) (0.039) (0.029) | cl=1.69 | (0.022) (0.016) 

7=2.0| 2.631 1.582 c=1.96 | 2873 1.956 | 7=2.0 2.080 1.484 
(0.014) (0.010) (0.024) (0.018) | cl=1.96| (0.013) (0.010) 

z=2.5| 1.898 1.257 c=2.25 | 2.157 1.558 | 7=2.5 1.619 1.258 
(0.009) (0.006) (0.016) (0.012) | cl=2.25| (0.009) (0.007) 

7=3.0| 1.508 1.113 c=2.56 | 1.924 1421 | 7=3.0 1.370 1.144 
(0.007) (0.004) (0.013) (0.010) | cl=2.56| (0.007) (0.005) 

MM (+ + ) MM(+ +)VV 
t=0.5| 24367 14.481 | cl=1.21 | 38.006 28.809 | r=0. 14.017 8.277 

(0.195) (0.142) (0.387) (0.337) | c=1.21 | (0.128) (0.090) 

t=1.0| 7.788 4.244 | cl=1.44 | 13.254 8.754 t=1.0 | 4.531 2.683 
(0.053) (0.037) (0.121) (0.095) | c=1.44 | (0.037) (0.025) 

t=1.5| 4.040 2.282 | cl=1.69 | 6963 4.561 | r=1.5 2.465 1.646 
(0.024) (0.018) (0.061) (0.049) c=1.69 | (0.018) (0.013) 

7=2.0| 2.574 1.571 | cl=1.96 | 4.545 3.055 | 7=2.0 1.705 1.269 
(0.014) (0.010) (0.038) (0.030) | c=1.96 | (0.011) (0.007) 

7=2.5| 1.872 1.254 | cl=2.25 | 3.332 2333 | r=2.5 1.367 1.128 
(0.009) (0.006) (0.027) (0.022) | c=2.25 | (0.007) (0.005) 

7=3.0| 1.493 1.110 cl=2.56 | 2.625 1.911 | 7=3.0 1.212. 1.064 
(0.007) (0.004) (0.020) (0.017) | c=2.56 | (0.005) (0.003) _ 

MM (|r MVV MM(+ -)VV 
7=0.5| 24.631 14.487 | 7=0.5 14.275 8.369 | 7=0. 14.393 8.468 

(0.201) (0.145) | c=1.21 | (0.129) (0.090) | c=1.21 | (0.132) (0.092) 

t=1.0| 7.913 4.249 | r=1.0 4.679 2.721 7=1.0 | 4.717 2.740 
(0.053) (0.038) | c=1.44 | (0.039) (0.026) | c=1.44 | (0.039) (0.026) 

t=1.5| 4.099 2.278 | r=1.5 2.540 1.642 r= 1.5 2.596 1.655 
(0.025) (0.018) | c=1.69 | (0.018) (0.012) | c=1.69 | (0.019) (0.013) 

7=2.0| 2629 1.570 | 1=2.0 1.755 1.287 1=2.0 1.801 1.298 
(0.014) (0.010) | c=1.96 | (0.011) (0.007) | c=1.96 | (0.011) (0.008) 

t=2.5| 1.930 1.260 | 1r=2.5 1.406 1.135 r=2.5 1.428 «1.144 
(0.009) (0.006) | c=2.25 | (0.007) (0.005) | c=2.25 | (0.008) (0.005) 

t=3.0| 1.526 1.113 1=3.0 1.364 1.141 1= 3.0 1.269 —*1.085 
(0.007) (0.004) | c=2.56 | (0.007) (0.005) | c=2.56 | (0.006) (0.004) 
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Table 7.17: ATS Values for FSI and VSI EWMA Charts for the Mean Vector and 
Variance-Covariance Matrix (p=5, p = 0.5) 
  

  

  

  

  

  

  

  

MEWMA Separate EWMA EWMA both (7.5) & 
EWMAs using(7.1) using(7.5) MEWM 

shift A= 0.05 A4=0.1 A4=0.1 A = 0.05 A = 0.05 
t FSI VSI FSI VSI FSI VSI FSI VSI EF SI VSI 

+=0.0 |199.586199.992 199.870 199.843 200.00 200.000 199.730 200.055 200.155 200.159 
(2.138) (2.305) (1.835) (1.788) _ (2.226) (2.322) (2.190) (2.301) 

one mean 
tT=.5 27.379 15.919 66.685 57.265 137.335 156.562 173.143 167.762 31.720 19.569 

(0.214) (0.157) (0.534) (0.417) (1.238) (0.921) (1.930) (1.968) (0.261) (0.191) 

t= 1.0 8.823 4417 19.105 15.805 89.748 79.191 81.087 68.001 10.004 5.463 
(0.058) (0.040) (0.105) (0.081) (0.591) (0.370) (0.864) (0.798) (0.067) (0.048) 

t=1.5 4.609 2.331 10.063 8.671 50.516 47.721 27.582 18.660 5.154 2.827 
(0.027) (0.019) (0.041) (0.038) (0.243) (0.139) (0.268) (0.209) (0.030) (0.022) 

t= 2.0 2.937 1.587 6.860 6.059 35.695 32.425 11.804 7.400 3.230 1.856 
(0.016) (0.010) (0.023) (0.024) (0.109) (0.077) (0.106) (0.079) (0.017) (0.013) 

t=2.5 2.1 1.289 5.223 4.669 23.249 28.579 6.240 3.941 2.319 1.421 
(0. a0) (0.006) (0.015) (0.017) (0.057) (0.053) (0.052) (0.039) (0.011) (0.008) 

t= 3.0 1672 1.139 4.239 3.792 17.911 23.481 3.789 2.505 1.793 1.205 
(0. 008) (0. 004) (0. 011) (0.013) (0.035) (0.039) (0.029) (0.023) (0.008) (0.005) 

all means(|+ + + + +) 
t=.5 27.379 15.919 33.735 27.798 137.335 156.562 129.366 125.300 31.439 19.450 

(0.214) (0.157) (0.237) (0.184) (1.238) (0.921) (1.469) (1.513) (0.265) (0.193) 

t= 1.0 8.823 4417 11.889 9.505 89.748 79.191 40.117 32.061 9.709 5.333 
(0.058) (0.040) (0.053) (0.048) (0.591) (0.370) (0.438) (0.395) (0.067) (0.047) 

t=1.5 4.609 2.331 7.172 5.808 50.516 47.721 12.748 8.537 4.941 2.802 
(0.027) (0.019) (0.024) (0.023) (0.243) (0.139) (0.128) (0.099) (0.031) (0.023) 

t= 2.0 2.937 1.587 5.207 4.291 35.695 32.425 5.491 3.619 3.101 1.826 
(0.016) (0.010) (0.014) (0.015) (0.109) (0.077) (0.051) (0.039) (0.018) (0.013) 

7=2.5 2.139 1.289 4.132 3.434 23.249 28.579 3.007 2.085 2.192 1.408 
(0.010) (0.006) (0.010) (0.011) (0.057) (0.053) (0.025) (0.019) (0.012) (0.008) 

t= 3.0 1672 1.139 3.465 2.905 17.911 23.481 1975 1.465 1.696 1.193 
(0.008) (0.004) (0.007) (0.009) (0.035) (0.039) (0.014) (0.010) (0.008) (0.005) 

all means {+ + +--) 
t=.5 27.379 15.919 97.700 79.961 137.335 156.562 182.340 172.069 32.563 20.130 

(0.214) (0.157) (0.815) (0.618) (1.238) (0.921) (2.073) (2.136) (0.273) (0.197) 

t= 1.0 8.823 4.417 35.229 22.956 89.748 79.191 140.761 135.697 9.968 5.415 
(0.058) (0.040) (0.227) (0.116) (0.591) (0.370) (1.602) (1.640) (0.066) (0.047) 

t=1.5 4.609 2.331 18.528 12.146 50.516 47.721 91.268 83.429 5.176 2.851 
(0.027) (0.019) (0.087) (0.047) (0.243) (0.139) (1.049) (1.032) (0.031) (0.023) 

7=2.0 2.937 1.587 12.377 8.566 35.695 32.425 52.991 43.914 3.289 = 1.875 
(0.016) (0.010) (0.044) (0.029) (0.109) (0.077) (0.613) (0.566) (0.018) (0.013) 

t=2.5 2.139 1.289 9.357 6.799 23.249 28.579 30.291 21.811 2.361 1.436 
(0.010) 0. 006) (0.029) (0.022) (0.057) (0.053) (0.339) (0.275) (0.012) (0.008) 

t= 3.0 1.672 1.139 7.544 5.671 17.911 23.481 17.758 11.369 1.825 1.218 
(0.008) (0.004) (0.020) (0.017) (0.035) (0.039) (0.192) (0.139) (0.008) (0.005) 
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Table 7.17: (Continued) 
  

  

  

  

  

    

shift A= 0.05 A=0.1 A=0.1 A = 0.05 A = 0.05 

tT FSI VSI FSI VSI FSI VSI FSI VSI F SI VSI 

three meats +++ wy 
t=.5 .379 15. 64.636 54.317 137.335 156.562 168.659 164.627 31.703 19.407 

a 214) (0. ist) (0.514) (0.395) (1.238) (0.921) (1.893) (1.945) (0.265) (0.189) 

7t=1.0 8.823 4.417 21.120 16.230 89.748 79.191 85.797 76.064 9.975 5.396 
(0.058) (0.040) (0.122) (0.085) (0.591) (0.370) (0.932) (0.899) (0.066) (0.047) 

t= 1.5 4.609 2.331 11.511 9.135 50.516 47.721 33.305 24.444 5.134 2.851 
(0.027) (0.019) (0.049) (0.040) (0.243) (0.139) (0.344) (0.286) (0.031) (0.023) 

1=2.0 2.937 1.587 7.908 6.458 35.695 32.425 14.310 9.389 3.232 1.857 
(0.016) (0.010) (0.028) (0.026) (0.109) (0.077) (0.139) (0.107) (0.018) (0.013) 

tT=2.5 2.139 1.289 6.054 5.051 23.249 28.579 7.482 4.825 2.318 1.433 
(0.010) (0.006) (0.018) (0.019) (0.057) (0.053) (0.068) (0.052) (0.012) (0.008) 

7=3.0 1.672 1.139 4.955 4.164 17.911 23.481 4.479 2.961 1.804 1.216 
(0.008) (0.004) (0.013) (0.014) (0.035) (0.039) (0.038) (0.030) (0.008) (0.005) 

c= 1.21 82.943 72.455 41.128 31.745 26.400 31.213 16.185 10.778 18.795 11.672 
(0.956) (0.930) (0.240) (0.143) (0.073) (0.061) (0.170) (0.132) (0.196) (0.143) 

c= 1.44 41.039 31.516 20.360 17.450 15.569 21.023 5.271 3.307 5.763 3.243 
(0.529) (0.467) (0.082) (0.064) (0.029) (0.035) (0.052) (0.036) (0.057) (0.036) 

c= 1.69 21.780 15.052 13.486 12.378 11.304 15.900 2.769 1.855 2.991 1.786 
(0.309) (0.252) (0.046) (0.046) (0.018) (0.026) (0.024) (0.017) (0.027) (0.016) 

c= 1.96 12.713 8.023 10.039 9.463 8.880 12.708 1.901 1.388 1.964 1.327 
(0.193) (0.144) (0.032) (0.036) (0.014) (0.021) (0.014) (0.010) (0.015) (0.008) 

c= 2.25 8.224 8.947 7.947 7.625 7.296 10.499 1.486 1.187 1.515 1.148 
(0.130) (0.091) (0.024) (0.030) (0.011) (0.018) (0.009) (0.006) (0.009) (0.005) 

c= 2.56 5.425 3.173 6.552 6.265 6.172 8.870 1.277 1.096 1.291 1.067 
(0.087) (0.057) (0.020) (0.025) (0.010) (0.016) (0.006) (0.004) (0.006) (0.003) 

cl=1.21 {158.065 156.117 86.105 76.056 85.183 73.472 40.502 29.462 48.859 36.336 
(1.719) (1.821) (0.678) (0.541) (0.549) (0.338) (0.409) (0.335) (0.499) ( 0.418) 

cl= 1.44 |122.643117.799 36.693 33.022 48.486 47.110 13.541 8.645 15.932 10.052 
(1.369) (1.429) (0.216) (0.163) (0.227) (0.139) (0.124) (0.093) (0.142) (0.107) 

cl=1.69 | 95.474 89.323 21.883 21.363 33.697 37.206 7.241 4.772 8.251 5.221 
(1.105) (1.131) (0.103) (0.090) (0.120) (0.088) (0.062) (0.048) (0.070) (0.053) 

cl = 1.96 73.591 67.377 15.549 16.086 25.916 31.158 4.710 3.232 5.208 3.396 
(0.876) (0.886) (0.063) (0.064) (0.074) (0.065) (0.039) (0.031) (0.043) (0.033) 

cl=2.25 | 50.437 50.541 11.993 12.921 21.169 26 .994 3.453 2.478 3.765 2.572 
(0.700) (0.699) (0.046) (0.052) (0.053) (0.054) (0.027) (0.023) (0.030) (0.024) 

cl=2.56 | 44.212 38.988 9.750 10.793 17.940 23.714 2.696 2.021 2.940 2.088 
(0.568) (0.566) (0.036) (0.043) (0.041) (0.046) (0.020) (0.017) (0.022) (0.018) 
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Table 7.17: (Continued) 
  

  

  

  

  

  

shift A = 0.05 A4=0.1 A=0.1 A= 0.05 A = 0.05 

T FSI VSI FSI VSI FSI VSI FSI VSI F SI VSI 

c1-3= 1.29 110.489 102.485 51.427 41.054 38.416 40.041 19.669 12.773 23.117 14.742 
(1.245) (1.263) (0.336) (0.217) (0.151) (0.097) (0.196) (0.147) (0.231) (0.170) 

¢1-3= 1.44 164.609 55.246 23.816 20.840 21.830 27.458 6.472 4.030 7.278 4.229 
(0.772) (0.742) (0.106) (0.080) (0.052) (0.051) (0.059) (0.043) (0.066) (0.045) 

c1-3= 1.69 39.905 31.761 15.457 14.523 15.767 21.311 3.470 2.269 3.793 2.311 
(0.509) (0.465) (0.056) (0.053) (0.030) (0.037) (0.029) (0.021) (0.023) (0.022) 

c1-3= 1.94 25.286 19.024 11.357 11.125 12.376 17.327 2.330 1.639 2.490 1.640 
(0.350) (0.307) (0.039) (0.042) (0.022) (0.030) (0.018) (0.013) (0.019) (0.013) 

cl-3=2.25 16.678 11.860 8921 8.990 10.157 14.432 1.790 1.363 1.879 1.345 
(0.244) (0.204) (0.029) (0.034) (0.017) (0.025) (0.012) (0.009) (0.013) (0.009) 

c1-3= 2.54 11.759 8.113 7.330 7.490 8.595 12 .293 1.490 1.216 1.546 1.198 
(0.178) (0.147) (0.023) (0.029) (0.015) (0.022) (0.008) (0.006) (0.009) (0.006) 

one mean and all variances 
t= 0.5 20.470 12.066 32.288 24.624 25.485 30.519 15.418 10.156 13.153 7.115 
c=1.21 |(0.184) (0.136) (0.183) (0.110) (0.068) (0.059) (0.162) (0.123) (0.127) (0.081) 

t= 1.0 6.530 3.354 14.011 11.646 14.630 19.931 4.753 2.967 4.090 2.219 
c= 1.44 {(0.055) (0.036) (0.060) (0.050) (0.026) (0.033) (0.046) (0.032) (0.035) (0.020) 

t=15 3.363 1.854 8.683 7.436 10.325 14.648 2.434 1.662 2.191 1.389 
c= 1.69 {(0.026) (0.016) (0.033) (0.032) (0.016) (0 .024) (0.020) (0.014) (0.016) (0.009) 

+=2.0 2.205 1.371 6.281 5.430 7.920 11.363 1.671 1.280 1.540 1.144 
c= 1.96 |(0.016) (0.009) (0.022) (0.023) (0.012) (0.019) (0.011) (0.008) (0.009) (0.005) 

+= 2.5 1.679 1.192 4.910 4.275 6.359 9.123 1.323 1.110 1.247 1.056 
c=2.25 |(0.010) (0.006) (0.016) (0.018) (0.010) (0.016) (0.007) (0.004) (0.006) (0.003) 

+= 3.0 1.378 1.101 4.050 3.440 5.263 7.524 1.164 1.050 1.121 = 1.023 
c=2.56 |(0.007) (0.004) (0.013) (0.015) (0.008) (0.014) (0.004) (0.003) (0.004) (0.002) 

one mean jand corresponding one variance 
t= 0.5 25.853 16.048 46.505 39.050 74.251 64.959 33.246 23.229 22.760 13.450 
cl=1.21 |(0.214) (0.167) (0.332) (0.241) (0.447) (0.270) (0.331) (0.262) (0.196) (0.135) 

+= 1.0 8.550 4.720 16.313 14.459 36.928 39.264 9.594 6.183 7.240 4.103 
cl= 1.44 |(0.064) (0.047) (0.085) (0.072) (0.139) (0.096) (0.085) (0.065) (0.056) (0.038) 

t=1.5 4.601 2613 9.505 8.718 23.818 29.303 4.626 3.160 3.743 2.301 
cl= 1.69 |(0.032) (0.024) (0.042) (0.042) (0.063) (0.058) (0.039) (0.030) (0.027) (0.020) 

+= 2.0 3.023 2.840 6.701 6.244 17.472 23.211 2.884 2.130 2.481 1.664 
cl=1.96 |(0.020) (0.015) (0.027) (0.030) (0.039) (0.044) (0.022) (0.019) (0.016) (0.012) 

t=2.5 2.260 1.494 5.199 4.859 13.603 18.855 2.099 1.636 1.871 1.366 
cl=2.25 |(0.014) (0.010) (0.020) (0.023) (0.027) (0.036) (0.014) (0.012) (0.011) (0.008) 

+= 3.0 1.846 1.322 4.265 3.934 10.996 15.576 1676 1.377 1.541 = 1.218 
cl =2.56 |(0.011) (0.008) (0.015) (0.019) (0.021) (0.031) (0.010) (0.009) (0.008) (0.006) 
  

Multivariate Control Charts for the Mean Vector and Variance-Covariance Matrix 120



Table 7.17: (Continued) | 
  

  

  

  

  

  

shift A = 0.05 A=0.1 A=0.1 A= 0.05 A = 0.05 

T FSI VSI FSI VSI FSI VSI FSI VSI F SI VSI 

all meang (+ + + + +) and all variances 
+= 0.5 20.470 12.066 23.804 18.733 25.485 30.519 13.385 8.735 12.700 7.002 
c=1.21 | (0.184) (0.136) (0.134) (0.095) (0.068) (0.059) (0.140) (0.106) (0.124) (0.079) 

+=1.0 6.530 3.354 10.126 8.446 14.630 19.931 3.831 2.496 3.823 2.183 
c= 1.44 | (0.055) (0.036) (0.044) (0.042) (0.026) (0.033) (0.036) (0.026) (0.034) (0.021) 

t=1.5 3.363 1.854 6.390 5.337 10.325 14.648 1999 1.463 2.042 1.363 
c= 1.69 | (0.026) (0.016) (0.024) (0.026) (0.016) (0.024) (0.015) (0.011) (0.015) (0.009) 

7=2.0 2.205 1.371 4.685 3.897 7.920 11.363 1420 1.172 1.442 1.131 
c= 1.96 | (0.016) (0.009) (0.016) (0.019) (0.012) (0.019) (0.008) (0.006) (0.008) (0.005) 

+= 2.5 1.679 1.192 3.749 3.055 6.359 9.123 1188 1.066 1.199 1.052 
c=2.25 | (0.010) (0.006) (0.012) (0.015) (0.010) (0.016) (0.005) (0.003) (0.005) (0.003) 

+= 3.0 1.378 1.101 3.139 2.490 5.263 7.524 1088 1.026 1.090 1.021 
c=2.56 | (0.007) (0.004) (0.010) (0.013) (0.008) (0.014) (0.003) (0.002) (0.003) (0.002) 

all means (+ + +--) and all variances 
+=0.5 20.470 12.066 35.010 25.976 25.485 30.519 15.484 10.216 13.369 7.214 
c=1.21 | (0.184) (0.136) (0.198) (0.114) (0.068) (0.059) (0.163) (0.125) (0.129) (0.080) 

t=1.0 6.530 3.354 16.483 12.777 14.630 19.931 4.863 3.067 4.145 2.230 
c= 1.44 | (0.055) (0.036) (0.067) (0.051) (0.026) (0.033) (0.047) (0.033) (0.037) (0.021) 

t+=1.5 3.363 1.854 10.538 8.322 10.325 14.648 2.500 1.692 2.206 1.387 
c=1.69 {| (0.026) (0.016) (0.037) (0.033) (0.016) (0.024) (0.021) (0.014) (0.016) (0.009) 

+= 2.0 2.205 1.371 7.700 6.137 7.920 11.363 1.710 1.290 1.540 1.147 
c=1.96 | (0.016) (0.009) (0.025) (0.024) (0.012) (0.019) (0.011) (0.008) (0.009) (0.005) 

t=2.5 1.679 1.192 6.114 4.849 6.359 9.123 1.352 1.127 1.254 1.061 
c=2.25 | (0.010) (0.006) (0.019) (0.020) (0.010) (0.016) (0.007) (0.005) (0.006) (0.003) 

t= 3.0 1.378 1.101 5.018 3.963 5.263 7.524 1.182 1.055 1.119 1.024 
c= 2.56 | (0.007) (0.004) (0.015) (0.016) (0.008) (0.014) (0.005) (0.003) (0.004) (0.002) 

three means, ++ +00 and all variances 
7=0.5 952 13. 35.944 28.003 36.166 38.535 17.499 11.369 15.509 8.675 

= 1.21 (. 199) (0. i50) (0.224) (0.142) (0.134) (0.091) (0.170) (0.130) (0.139) (0.093) 

+= 1.0 6.530 3.354 15.025 12.547 19.828 25.530 5.293 3.367 4.870 2.721 
c= 1.44 | (0.055) (0.036) (0.070) (0.058) (0.044) (0.046) (0.048) (0.033) (0.040) (0.025) 

t= 1.5 3.363 1.854 9.284 8.020 13.775 19.010 2.760 1.889 2.593 1.610 
c= 1.69 | (0.026) (0.016) (0.038) (0.038) (0.016) (0 .024)(0.022) (0.016) (0.019) (0.012) 

7+=2.0 2.205 1.371 6.709 5.831 10.475 14.833 1.861 1.416 1.783 1.269 
c= 1.96 | (0.016) (0.009) (0.025) (0.027) (0.012) (0.019) (0.012) (0.009) (0.011) (0.007) 

1=2.5 1.679 1.192 5.261 4.562 8.325 11.948 1458 1.217 1.410 = 1.126 
c=2.25 | (0.010) (0.006) (0.019) (0.021) (0.014) (0.022) (0.008) (0.006) (0.007) (0.004) 

+=3.0 1.378 1.101 4.323 3.751 6.849 9.837 1.257. 1.115 1.062 
c=2.56 | (0.007) (0.004) (0.015) (0.018) (0.012) (0.019) (0.006) (0.005) (6 “805) (6.003) 
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Chapter 8 

Guidelines for Design of VSI Charts, a Summary 

and Topics for Future Research 

8.1 Guidelines for Design of VSI Charts 

A design procedure for univariate FS] EWMA charts was discussed by Lucas and Saccucci 

(1990). The design of a FSI EWMA chart requires the specification of the usual parameters h, 4, 

n and d. When d is specified, the false alarm rate will depend on the in-control ANSS, and the 

parameter h is usually chosen to give a specified in-control ANSS. 

Reynolds et al.(1990) discussed methods for designing VSI CUSUM charts. One relatively 

simple approach to the design of a VSI EWMA chart for a particular application is to choose h, A 

and n in essentially the same way as would be done for a FS] EWMA chart. The parameter d in 

the FSI chart becomes the average sampling rate in the VSI chart. Once d has been specified, the 

parameters d,, d, and g can be chosen under the constraint (3.2). In VSI charts the value of d, 

should be as small as is practical. If d; is chosen as small as possible and d is specified, then the 

value of p, determines the value of d, through the relation (3.2), where d, is chosen according to 
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the size of shift to be detected. For fixed d and dj, reducing p; reduces d. For example, if 

d= 1.0, d, = 0.1 and p; = 0.5 then d, = 1.9. 

Note that the numerical results in previous chapters are based on the unit of time being 

chosen as the length of the fixed sampling interval so that in effect d= 1. To convert these results 

to the case where d+ | it is necessary to multiply d,, d,, and the ATS by d. For example, if the 

matching FSI chart uses 2 hour sampling intervals then d, = 0.1 and d,;= 1.9 from the previous 

results would correspond to 0.2 hours and 2.8 hours, respectively. 

8.2 Summary of Results 

In the univariate EWMA control scheme, Lucas and Saccucci (1990) showed that small val- 

ues of A provide more protection against small shifts in the process and the large values of A provide 

more protection against large shifts in the process. In our numerical studies, the same results hap- 

pened in the multivariate EWMA charts based on the combine-accumulate approach, but smaller 

values of A in multivariate EWMA charts based on the accumulate-combine approach provide 

more protection against all shifts in w and/or 2. Also multivariate EWMA charts based on the 

accumulate-combine approach are more efficient than multivariate EWMA charts based on the 

combined-accumulate approach. Thus small values of 4 may be best for practical applications. 

Multivariate CUSUM and MEWMA charts for the mean vector have been investigated in 

Chapter 5. The numerical results show that multivariate CUSUM charts using the statistic Z,? 

based on the combine-accumulate approach for monitoring » did not do well compared to the 

MEWM«A chart based on the accumulate-combine approach. 

For monitoring Z some numerical results using the multivariate EWMA charts based on the 

combine-accumulate approach and multivariate EWMA charts based on the accumulate-combine 

approach for monitoring 2 have been presented in Chapter 6. Some numerical results show that 
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the multivariate EWMA charts using (6.4) based on the combine-accumulate approach did not do 

well compared to multivariate EWMA charts using (6.8) based on the accumulate-combine ap- 

proach. This means that the multivariate EWMA charts based on the accumulate-combine ap- 

proach are better than multivariate EWMA charts based on the combine-accumulate approach for 

x. 

For monitoring » and 2, some statistics which are based on the combine-accumulate ap- 

proach and the accumulate-combine approach have been studied in Chapter 7. Some numerical 

results show that the MEWMA and multivariate EWMA charts using (7.5) are very good in de- 

tecting shifts in » and Z. But, the ATS values for the MEWMA charts and multivariate EWMA 

charts using (7.5) are almost determined by shifts in yp and 2%, respectively. Using both the 

MEWMA chart and the EWMA chart using (7.5) based on the accumulate-combine approach is 

more effective than either the MEWMA or the EWMA using (7.5) in detecting shifts in p and Z. 

Also performance of this separate EWMA chart is almost as good as the MEWMA for p and the 

EWMaA using (7.5) for Z. 

In summary, if interest is primarily in shifts in » then use the MEWMA chart. The required 

values of the parameters h an g are given in Table 5.19. If interest is primarily in shifts in Z then 

use the multivariate EWMA charts based on (7.5). The required values of the parameters h an g 

are given in Table 7.1. If interest is in shifts in both » and XZ, then use both the MEWMA for p 

and the multivariate EWMA chart based on (7.5) for £. The required values of parameters h an g 

are given in Table 7.1. The results show that multivariate EWMA charts based on the 

accumulate-combine scheme are more effective than multivariate EWMA charts based on the 

combine-accumulate approach in terms of ATS. Also, for EWMA charts based on the 

accumulate-combine approach, smaller values of 4 are more effective in detecting all shifts in p, 

and both yw and 2. Also VSI charts are more efficient than corresponding FSI] charts. There is no 

definite winner among these five different EWMA charts for monitoring the mean vector and vari- 

ance- covariance matrix. 
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8.3 Topics for Future Research 

For the MEWMA chart, the multivanate EWMA chart using (7.5) and the multivariate 

EWMaA chart based on both the MEWMA and EWMA using (7.5), the required values of the 

parameters h and g for small values of 4 and p > 5 are needed to be calculated for using these 

EWMA charts in practice. 

Regarding properties of the charts obtained so far, it was assumed that the observed random 

vectors are independent. For some processes, this assumption may not met and, as in the univariate 

case, ATS properties of the charts can be greatly affected and out-of-control signals can become 

meaningless. For autocorrelated multivariate observations, using the theory of multiple time series 

is required. 

It was also assumed in this dissertation that the shift in any of the parameters remains con- 

stant over time. For some processes, there may be a continuous drift in the parameters. Then the 

properties of the VSI chart for a drift in any of the parameters need to be studied. 

Lucas and Saccucci (1990) showed that a FIR feature is especially useful for the univariate 

EWMaA control schemes designed with small values of 4. This feature gives extra protection against 

problems that might arise during start-up of the process, since starting the EWMA chart closer to 

the signal region reduces the time required to reach the signal region. Since small values of 4 may 

be best for the multivariate EWMA charts based on the accumulate-combine approach, a FIR 

feature in the multivariate EWMA charts needs to be studied. 

Another interesting problem would be a combined Shewhart/EWMA chart. Although 

EWMaA control schemes can be designed to detect small shifts quickly, Lucas and Saccucci (1990) 

showed that a combined Shewhart EWMA gives improved properties when both large and small 

shifts are to be detected. This is achieved in the multivariate EWMA chart by adding a multivariate 

Hotelling’s x? limit to the multivariate EWMA chart so that an out-of-control signal is given if the 

multivariate EWMaA statistic is outside the control limit or if the current observation is outside the 

Hotelling’s y? limit. 
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