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AN ANALYSIS OF INTERLAMINAR STRESSES 

IN UNSYMMETRICALLY LAMINATED PLATES 

by 

Donald Scott Norwood 

(ABSTRACT) 

The results of a numerical study of interlaminar stresses within unsymmet- 

rically laminated plates is presented. The focus of the study is upon the linear 

thermoelastic response of thin square laminated composite plates subjected to ex- 

tensional, compressive, or thermal loading. Symmetric and unsymmetric 0/90, 

+45/-45, and 0/+45 laminate stacking sequences are examined to determine the 

effects of mismatch between adjacent layers in Poisson’s ratio, coefficient of mutual 

influence, and coefficients of thermal expansion. Since the out-of-plane (transverse) 

deflections of unsymmetric laminates are typically large, a geometrically nonlinear 

kinematic description is used to account for the large displacements and rotations. 

The geometrically nonlinear three-dimensional boundary value problems are for- 

mulated from nonlinear elasticity theory and approximate solutions are determined 

using the finite element method. A total Lagrangian, displacement-based, incre- 

mental finite element formulation is implemented using Newton’s method. Geo- 

metrically nonlinear global/local finite element analysis is used to obtain improved 

free edge stress predictions. 

For laminates subjected to external loading, the mismatch in material proper- 

ties between adjacent layers causes interlaminar stresses to arise near the free edges. 

For unsymmetric laminates under external loading, the mismatch in material prop- 

erties about the geometric midplane causes out-of-plane deflections. For the lami- 

nates and loading conditions considered, the results of this study show that the out- 

of-plane deflections of unsymmetric laminates reduce interlaminar shear stresses. In 

addition, the out-of-plane deflections reduce interlaminar normal stresses for some 

laminates and increase these stresses for others. For the two-layer unsymmetric



laminates considered, the effect of out-of-plane deflections upon interlaminar normal 

stress was shown to be dependent upon the type of in-plane strain mismatch (i.e., 

normal and/or shear) caused by the dissimilar material properties. The results 

also show that as the out-of-plane deflections become large, the effects of geomet- 

ric nonlinearity upon this stress-deformational response become important. These 

conclusions apply to extensional, compressive (prior to a change in mode shape), 

and thermal loading. The numerical results include interlaminar stresses for lam- 

inated plates which have buckled as a wide column under compressive loading.
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Chapter 1 

INTRODUCTION 

1.1 Introductory Remarks 

During the past twenty-five years, composite materials have played a leading 

role in the advancement of aerospace structures technology. The significant gains 

in developing lighter, more efficient load-carrying structures can be attributed to 

the inherent advantages that composite materials have over conventional metallic 

materials. These advantages include: 

e higher stiffness-to-weight ratio (specific stiffness) 

e higher strength-to-weight ratio (specific strength) 

e directionally dependent material properties (tailorability) 

A minimum weight design is a primary objective in aerospace structures; there- 

fore, the high specific stiffness and strength properties of composite materials are 

ideal for aerospace applications. The directionally dependent material properties 

can also be used to produce more efficient load-carrying structures. Beyond effi- 

ciency considerations, the directional properties of composite materials can be used 

to produce structures with unique coupling characteristics in the deformational re- 

sponse. This coupling behavior is referred to as laminate, mechanical, elastic, or 

thermoelastic coupling and it is unique to composite materials. Since this coupling 

behavior may be present in the mechanical, thermal, or hygroscopic response, it will 

be referred to herein as laminate coupling to distinguish it from geometric coupling 

which will be discussed near the end of this chapter. For the linear thermoelas- 

tic response of laminated anisotropic plates, laminate coupling is a linear coupling 

effect which may be present in the membrane response, flexural response, or in a 

combination of both membrane and flexural response. The level of coupling which 

exists within a given laminate is dependent upon the material properties, laminate



stacking sequence, layer thickness, and plate geometry. (For a brief review of the 

coupling behavior of laminated anisotropic plates, refer to appendix A). 

Unsymmetric laminates exhibit laminate membrane-flexural coupling; that is, 

coupling between in-plane deformation and out-of-plane (transverse) deflections. 

This coupling is caused by a mismatch in material properties about the geometric 

midplane of the laminate. Such coupling can cause an unsymmetric laminate to 

deflect out-of-plane when subjected to in-plane loading. The membrane-flexural 

coupling of unsymmetric laminates can be used to design a composite structure 

which will deform into a favorable configuration in response to an anticipated ex- 

ternal load condition. This coupling ability can be beneficial in the following 

applications: 

e geometric (such as in achieving a desired shape) 

e structural (such as redirecting the load path) 

e aerodynamic (as in aeroelastic tailoring) 

Unsymmetric laminates may not only be used specifically for their unique coupling 

characteristics, but these laminates can also arise in other applications. Locally 

unsymmetric laminates sometimes arise in the design of stiffened panels. Ply drop- 

offs, which occur frequently in practical design applications, often result in locally 

unsymmetric laminates. Finally, damage incurred during service, such as from 

impact or delamination, can result in an unsymmetric laminate. 

A key factor to the success of any structural design is the accurate prediction of 

the structural response to the service environment. A major concern to designers 

and analysts of composite structures is the presence of interlaminar stresses. The 

interlaminar components of stress are those stresses which act upon planes parallel 

to the interfacial surfaces between the layers of the laminate (Figure 1.1). For 

fiber-reinforced composite laminates, these stresses are transferred between layers 

through the resin which holds the laminate together. The resin or matrix material 

possesses relatively low stiffness and strength properties in comparison to that of



the fibers. The weak link in this structural system is typically the bond between 

the fiber and the matrix. If interlaminar stresses become large, they can initiate 

failure at a fiber/matrix interface which can propagate into delamination; therefore 

interlaminar stresses are critical because such delaminations can propagate through 

the laminate and bring about the ultimate failure of the structure. 

A lot of what is known about interlaminar stresses has been acquired through 

the study of what is known as the free edge problem. The free edge problem con- 

siders the response of a flat, finite-width symmetric composite laminate subjected 

to in-plane mechanical and/or hygrothermal loading. The symmetric laminate 

is idealized to be constructed of bonded layers of material in which the material 

properties vary from layer to layer. Away from the edges of the laminate, a state 

of plane stress and plane strain exists. This is consistent with the Kirchhoff-Love 

assumptions of classical plate theory. However, near the free edges of the lami- 

nate, the stress field is three-dimensional. Interlaminar stresses are known to occur 

near these free edges in a boundary layer region with an approximate width of one 

laminate thickness. 

These interlaminar stresses are caused by the difference or mismatch in mate- 

rial properties between adjacent layers in the presence of a free edge. As external 

loading is applied to the composite laminate, each layer attempts to react in ac- 

cordance with its characteristic material properties. However, since these layers 

are bonded together, continuity of displacements and stress equilibrium must be 

maintained across each interface. Along the free edges of the laminate, the surface 

is traction free. With these traction free conditions, each layer must react with 

adjacent layers in order to establish local equilibrium. These reactions take the 

form of interlaminar stresses. 

Although significant progress has been made in the study of interlaminar 

stresses in symmetric laminates, little is known about those which occur in un- 

symmetric laminates. As mentioned previously, the laminate membrane-flexural



coupling of an unsymmetrically laminated plate will cause the plate to deflect out-of- 

plane when subjected to external loading. As the out-of-plane deflections become 

large, i.e., on the order of the laminate thickness, geometrically nonlinear strain- 

displacement relationships are required to accurately predict these large displace- 

ments and large rotations. This introduces an additional nonlinear coupling effect 

between the membrane and flexural response. This coupling will be referred to as 

geometric coupling and it is accounted for by the geometrically nonlinear kinematic 

description. Due to the existence of both laminate and geometric coupling, the 

mechanics of deformation in unsymmetric laminates, particularly near free edges, 

can be considerably more complex than for symmetric laminates. 

1.2 Objectives of the Study 

The purpose of this study is to investigate the interlaminar stress fields within 

unsymmetrically laminated plates and to determine the effects upon the stress- 

deformational response of laminate membrane-flexural coupling and geometric non- 

linearity. The study focuses upon the linear thermoelastic response of thin square 

laminated composite plates subjected to extensional, compressive, and thermal load- 

ing. The nonlinear three-dimensional boundary value problems are formulated from 

the theory of nonlinear elasticity. Approximate solutions to the nonlinear bound- 

ary value problems are determined using the finite element method and Newton’s 

method. 

The main objectives of this study are as follows: 

(1) Compare and contrast the interlaminar stress fields between comparable sym- 

metric and unsymmetric laminates to determine the effects of laminate mem- 

brane-flexural coupling upon the interlaminar stress fields in unsymmetric lam- 

inates.



(2) Compare the predictions of geometrically linear and nonlinear theory to de- 

termine the effects of geometric nonlinearity upon the stress-deformational re- 

sponse. 

(3) Develop a geometrically nonlinear analysis capability for predicting the three- 

dimensional, linear thermoelastic, finite deformational response of laminated 

anisotropic materials subjected to mechanical, thermal, and/or hygroscopic 

loading. 

A review of the literature is presented in Chapter 2 which focuses upon the 

behavior of unsymmetrically laminated plates and the interlaminar stresses which 

occur in laminated plates. A brief discussion of the approximate analysis devel- 

oped for this study is provided at the end of Chapter 2. Chapter 3 outlines the 

study parameters which include material properties, plate geometry, laminate stack- 

ing sequences, loading conditions, and boundary conditions. Chapter 4 presents 

the theoretical formulation of the governing equations and boundary conditions for 

the nonlinear three-dimensional boundary value problem. Chapter 5 provides a 

discussion of the finite element formulation of the nonlinear boundary value prob- 

lem, computational aspects of the approximate solution, and results from numerical 

examples designed to evaluate the analytical approach. Chapter 6 contains the pre- 

sentation and discussion of the numerical results for the investigation. Chapter 

7 closes with the conclusions of the investigation and recommendations for future 

studies.



Chapter 2 

REVIEW OF THE LITERATURE 

The existing literature which pertains to this investigation may be grouped 

into two main areas of interest: 

(1) Unsymmetrically laminated plates 

(2) Interlaminar stresses in laminated plates 

A review of the more significant contributions to each area of interest is provided in 

Sections 2.1 and 2.2. A discussion of the present approximate analysis is provided 

in Section 2.3. A summary of the review is found at the end of the chapter in 

Section 2.4. 

2.1 Unsymmetrically Laminated Plates 

Early Investigations 

One of the first theoretical investigations of unsymmetric laminates was con- 

ducted by Timoshenko in 1925 [1]. Timoshenko considered the analysis of bi- 

metallic thermostats subjected to a uniform change in temperature. The analysis 

was based upon the assumptions of Euler-Bernoulli beam theory and included calci- 

lations of stresses, deflections, and buckling temperatures. The stress calculations 

included axial and bending stresses with a brief discussion of the existence and ap- 

proximate magnitudes of interlaminar normal and shear stresses located near the 

ends of the laminate. 

An analysis of unsymmetrically laminated plates was proposed by Smith [2] 

in 1953. This study examined thin laminated plates composed of orthotropic 

layers with arbitrary orientations. The proposed analysis was a.two-dimensional 

plate theory based upon the Kirchhoff-Love assumptions of classical plate theory. 

Smith concluded that the laminate behaved as a homogeneous orthotropic plate and



failed to account for the laminate membrane-flexural coupling of unsymmetrically 

laminated plates. 

Classical Laminated Plate Theory 

In 1961, Reissner and Stavsky [3] presented a two-dimensional plate theory that 

correctly accounted for the laminate membrane-flexural coupling of unsymmetrically 

laminated plates. The proposed plate theory was based upon the Kirchhoff-Love 

kinematic assumptions of classical plate theory and incorporated the heterogeneity 

of the plate into the analysis. This investigation proposed the foundation for what is 

known as classical laminated plate (CLP) theory. Reissner and Stavsky formulated 

several solutions using Airy stress functions to examine the effects of membrane- 

flexural coupling. They presented solutions for [+4/—4], laminated plates subjected 

to (a) uniform membrane force N,, (b) uniform bending moment M,, and (c) si- 

nusoidal transverse load. Numerical examples compared solutions using: (1) the 

theory proposed by Smith [2], (2) CLP theory neglecting the membrane-flexural 

coupling terms (B;; = 0), and (3) CLP theory with no terms neglected. The 

considerable differences between the results clearly emphasized the importance of 

accounting for laminate membrane-flexural coupling. Reissner and Stavsky also 

presented the governing equations for the finite deflection of generally laminated 

plates which included the von Karman nonlinear strain-displacement equations [4]. 

The governing equations characterized the combined membrane-flexural coupling 

between the linear laminate coupling effect caused by the unsymmetric construc- 

tion and the nonlinear geometric coupling effect caused by the nonlinear kinematic 

description. This nonlinear geometric coupling effect in laminated plates is the 

same type of coupling effect which was well known in the finite deflection theory 

of homogeneous isotropic plates. Stavsky expanded upon this work in several 

additional studies [5-9].



Dong, et al {10] used the Airy stress function formulation to find the solutions 

for more general laminates subjected to several types of mechanical loading con- 

ditions, including the cylindrical bending of a thin narrow laminate. They also 

presented equations for the calculation of interlaminar shear stresses based upon 

equilibrium considerations. A two-dimensional shell theory for the membrane and 

flexural behavior of thin generally laminated anisotropic shells was presented by 

Dong, Pister, and Taylor [11] in 1962. The small deflection theory accounted for 

the heterogeneity of the the shell and laminate membrane-flexural coupling effects. 

In 1969, Whitney and Leissa [12] presented the governing equations of CLP 

theory which included inertia terms, thermal stresses, and the von Karman nonlin- 

ear strain-displacement equations for finite deflections. A Lagrangian kinematic 

description was used in which all tensorial quantities are referenced to the ini- 

tial, undeformed configuration of the plate. The governing equations in terms of 

displacements are three coupled nonlinear partial differential equations and these 

equations possess the combined linear laminate and nonlinear geometric membrane- 

flexural coupling effects described by Reissner and Stavsky [3]. 

Early Studies Using Linear CLP Theory 

Whitney conducted a number of investigations into the behavior of unsymmet- 

rically laminated plates [12-18]. Using linear CLP theory, Whitney studied the ef- 

fects of laminate membrane-flexural coupling upon the response of unsymmetrically 

laminated plates. He derived closed-form solutions for the bending, buckling, and 

vibration of unsymmetrically laminated plates using double Fourier series. Whit- 

ney’s work focused upon the response of antisymmetrically laminated cross-ply and 

angle-ply rectangular plates. His solutions considered a variety of mechanical load- 

ing conditions and edge boundary conditions. His results showed that, in general, 

laminate membrane-flexural coupling led to an increase in transverse deflections, a 

decrease in fundamental vibrational frequencies, and a decrease in buckling loads. 

Thus the effect of laminate membrane-flexural coupling is to reduce the effective



stiffness of the plate. In addition, as the membrane-flexural coupling decreases, 

B;; — 0, and the level of lamina orthotropy decreases, E1;/E22 — 1, the analytical 

results approach those of a homogeneous orthotropic plate. 

Jones [19] and Jones, et al [20] studied the buckling and vibration of unsym- 

metrically laminated cross-ply and angle-ply plates. Using linear CLP theory, 

closed form solutions were derived for the buckling loads and vibration frequen- 

cies of simply-supported rectangular laminated plates. Like Whitney, Jones also 

found that laminate membrane-flexural coupling substantially decreases buckling 

loads and fundamental vibrational frequencies. For antisymmetric laminates of a 

given laminate thickness, he found that the effect of coupling dies out rapidly as 

the number of layers is increased. However, he also determined that for generally 

unsymmetric laminates of a given laminate thickness, the effect of coupling dies out 

slowly as the number of layers is increased. He concluded that, in general, laminate 

membrane-flexural coupling should not be neglected in the analysis of unsymmetric 

laminates. 

Ashton [21] proposed an approximate method of analysis for the bending of 

unsymmetrically laminated plates subjected to transverse loading. Using the con- 

stitutive relationship for the laminated plate, he derived an approximate solution 

in which the membrane-flexural behavior becomes uncoupled and the flexural stiff- 

ness matrix of the laminate [D] is replaced with a reduced flexural stiffness matrix 

[D*] = [D]—[B][A]—?[B]. Deflection calculations using the reduced flexural stiffness 

approach were compared with exact results obtained from Whitney [14]. Ashton’s 

approximate solution for simply-supported unsymmetric cross-ply and angle-ply 

laminates compared well with Whitney’s results. A more detailed discussion of 

the results from linear CLP theory may be found in references [22] and [23]. The 

remainder of this section focuses upon the results for studies investigating the bend- 

ing, extensional, buckling, postbuckling, and thermal response of unsymmetrically 

laminated plates.



Bending and Extensional Loading 

Experimental and analytical studies of the finite deflections of unsymmetric 

laminates subjected to bending and extension have been conducted by several in- 

vestigators [24-27]. Numerical studies have been conducted using CLP theory with 

the von Karman nonlinear strain-displacement equations. Pao [24] presented re- 

sults for the large deflection of unsymmetric laminates subjected to simple bending. 

Chia [25] presented results for the large deflection of unsymmetric laminates sub- 

jected to uniform transverse loading. Zagloul and Kennedy [26] presented both 

experimental and numerical results for the deflection of unsymmetric laminates sub- 

jected to transverse loading. The predicted nonlinear deflections of Zagloul and 

Kennedy compared fairly well with the experimental results. Sun and Chin [27] pre- 

sented numerical results for antisymmetric laminates subjected to in-plane and/or 

uniform transverse loading. The results of the studies [25-27] for extensional and/or 

uniform transverse loading demonstrated the stiffening effect of geometric nonlin- 

earity which led to an overprediction of out-of-plane deflections by linear theory as 

compared to nonlinear theory. 

Buckling Behavior 

In addition to the studies discussed previously [12-13,15-20], a number of ex- 

perimental and analytical investigations have been conducted into the buckling 

behavior of unsymmetrically laminated plates [28-34]. Results have been obtained 

for unsymmetric laminates subjected to uniaxial compression with a variety of edge 

conditions: 

(a) eccc - all edges clamped [29,32-33]; 

(b) cscs - loaded edges clamped, unloaded edges simply-supported (29,32-33]; 

(c) cfcf - loaded edges clamped, unloaded edges free [32]; 

(d) ssss - all edges simply supported [30-31,34]; and 

(e) sfsf - loaded edges simply-supported, unloaded edges free (28-30,34]. 
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The initial curvature of the unsymmetric laminates was usually eliminated by con- 

structing the panels using a room-temperature bonding procedure [29-33]. Linear 

CLP theory was used to predict the critical buckling loads with the following as- 

sumptions: 

(a) membrane-flexural terms neglected, Bj; = 0 [28-31]; 

(b) reduced flexural stiffness approximation [28-31]; and 

(c) membrane-flexural terms present [32-33]. 

The results of these and earlier studies have shown that neglecting the membrane- 

flexural coupling terms substantially overpredicts the critical buckling load, in some 

cases by a factor of two or more. The results have also shown that although the 

reduced flexural stiffness approximation yields good results for some cases, the use 

of this approximate method can lead to erroneous predictions. 

Although critical buckling loads can be calculated for unsymmetric laminates 

using linear CLP plate theory, as shown by Leissa [35], an unsymmetric laminate 

will deform immediately out-of-plane under in-plane loading unless additional forces 

in the form of edge moments, transverse shearing forces, and/or transverse pres- 

sure are provided. Since initially flat unsymmetric laminates deflect immediately 

out-of-plane upon loading, the classical bifurcation buckling behavior observed in 

symmetric laminates does not occur for compression-loaded unsymmetric laminates 

and the experimental buckling loads are difficult to determine. The load-deflection 

behavior of unsymmetric laminates is similar to that of eccentrically loaded plates 

or plates with initial curvature. Due to this similar load-deflection behavior, the 

method of Southwell [36] has been used successfully by a number of researchers 

[29-34] to determine experimental buckling loads for unsymmetric laminates. 
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Postbuckling Behavior 

A number of analytical studies of the postbuckling behavior of unsymmetrically 

laminated plates have been conducted. The numerical results discussed in this 

subsection were determined using CLP theory and the von Karman nonlinear strain- 

displacement equations. Numerical postbuckling results have been obtained for a 

variety of unsymmetric laminates with ssss and cccc edge conditions. 

Monforton [37] used the finite element method to determine the postbuckling 

response of unsymmetric laminates. Monforton’s numerical results compared quite 

well with the experimental buckling loads presented by Mandel [30] and the numer- 

ical buckling loads predicted by Chamis [28]. Turvey and Wittrick [38] presented 

numerical results for unsymmetric angle-ply laminates with ssss edge conditions 

subjected to uniform transverse loading or uniaxial compression loading. Turvey 

and Wittrick studied the effects of laminate membrane-flexural coupling upon the 

response of these laminates. They determined that laminate membrane-flexural 

coupling reduced the critical buckling load, but had a small effect upon the post- 

buckled stiffness of unsymmetric angle-ply laminates. Harris [39] also studied 

the postbuckling behavior of unsymmetric angle-ply laminates with ssss edge con- 

ditions subjected to a variety of load conditions. Harris concluded that laminate 

membrane-flexural coupling effected not only the buckling loads and also the shapes 

of the buckling modes. 

Chia and Prabhakara [40] presented numerical results for unsymmetric cross- 

ply and angle-ply laminates with cccc edge conditions subjected to uniform uniaxial 

and biaxial edge compression. Chia and Prabhakara also presented results for 

unsymmetric angle-ply laminates with ssss edge conditions subjected to uniform 

uniaxial compression. Chia and Prabhakara provided a variety of numerical results 

which include the effects of material properties and plate aspect ratio. In a later 

study, Prabhakara [41] provided results for unsymmetric cross-ply laminates with 

ssss edge conditions. Prabhakara found that the out-of-plane deflections at the 
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plate center were predicted by linear theory to be much higher than those predicted 

by nonlinear theory. Prabhakara also found that the membrane force at the center 

of the plate in the direction of loading increases until the buckling load is reached and 

then decreases as the in-plane compression is further increased. He also determined 

that the maximum membrane force is compressive, acts in the direction of loading, 

and occurs at the midpoint along the unloaded edges. 

Chan [42] presented numerical results for unsymmetric cross-ply, angle-ply, 

and (0/15/0/15], laminates with cccc and ssss edge conditions subjected to uniaxial 

compression. Chan reported that for the plates which bifurcate (the angle-ply 

and 0/15 laminates), there is considerably more load-carrying capability beyond 

the initial buckling load. Zhang and Matthews [43] presented numerical results 

for unsymmetric cross-ply laminates with ssss edge conditions subjected to uniaxial 

compression and unsymmetric angle-ply laminates with ssss edge conditions sub- 

jected to shear loading. They reported that both of these laminates exhibited 

nonbifurcational buckling behavior. 

Jenson and Lagace [33] conducted an experimental and analytical investigation 

of the buckling and postbuckling behavior of both symmetric and unsymmetric 

laminates. Jenson and Lagace presented results for a variety of unsymmetric 

laminates with cccc and cscs edge conditions subjected to uniaxial compression. 

Buckling loads were predicted using linear CLP theory with membrane-flexural 

terms, B;;, present. A nonlinear Ritz analysis, based upon CLP theory and the 

von Karman strain-displacement equations, was used to predict the finite deflections 

of the unsymmetric laminates. 

Jenson and Lagace concluded that extensional-bending coupling can cause un- 

symmetric laminates to buckle into secondary mode shapes. The postbuckling 

behavior of a symmetric (0/+45/0/+45/0], laminate which possesses extensional- 

shear and bending-twisting coupling was observed to be nearly identical to that 

of an unsymmetric [0/+45/0/—45/0], laminate which possesses extensional-twist 
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coupling. This was especially true at higher load levels and was attributed to 

the geometric membrane-flexural coupling effects which become quite strong for 

large deflections. The authors also speculated that the more restrictive the side 

boundary conditions, the stronger the effect of laminate coupling, since these con- 

ditions give rise to addition stresses which increase the coupling effects. Finally, 

the authors concluded that the laminate coupling of an unsymmetric laminate has 

a strong effect on the buckling and postbuckling behavior of the laminate and that 

a geometrically nonlinear analysis is required to fully quantify the behavior of un- 

symmetrically laminated plates. 

An excellent discussion of previous analytical results for the finite deflections of 

elastic plates may be found in [44]. This reference [44] includes a detailed discussion 

of results for the buckling and postbuckling behavior of unsymmetrically laminated 

plates. An excellent review of the many buckling and postbuckling studies which 

have been conducted for composite plates may be found in [45]. 

Thermal Loading 

Several investigations have been conducted into the prediction of out-of-plane 

deflections and residual stresses in unsymmetric laminates as a result of the curing 

process. Pagano and Hahn [46] conducted an experimental and analytical study 

of the residual thermal stresses due to curing within composite laminates. Linear 

CLP plate theory was used to predict stresses and deflections in laminates taken 

from cure to room-temperature. The out-of-plane deflections of unsymmetric angle- 

ply laminates at room-temperature were measured experimentally and determined 

using linear CLP theory. All predicted deflections were within 15 percent of the 

measured values, with most of the predictions being less than the observed value. 

These calculations were based upon an assumed stress-free temperature of 250 °F. 

Pagano and Hahn also carried out calculations to study the impact of residual 

stresses on laminate strength. Based upon their calculations (linear CLP), they 

speculated that residual curing stresses may initiate first-ply failure at as much as 
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one-half the in-plane load level. They were careful to point out that interlaminar 

stresses (not accounted for in linear CLP) near the free edges of the laminate may 

cause an initiation of failure at an even lower load level. They also point out that 

moisture absorption will tend to relieve residual thermal stresses. 

Hyer has investigated the cured shapes of unsymmetric laminates at room- 

temperature both experimentally and analytically [47-50]. Hyer used a geometri- 

cally nonlinear two-dimensional plate theory to predict the shapes of unsymmetric 

cross-ply laminates at room temperature. The nonlinear plate analysis was based 

upon CLP theory and the von Karman nonlinear strain-displacement equations. 

An approximate solution to the governing equations was obtained using the Ritz 

method. The analysis idealized the laminate as a linear thermoelastic material 

subjected to a uniform decrease in temperature. Hyer’s results demonstrated the 

importance of incorporating a geometrically nonlinear kinematic description into 

the thermal analysis of unsymmetric laminates. The out-of-plane deflections are 

overpredicted by linear theory as compared to those predicted by nonlinear theory. 

The results showed that the shapes predicted by geometrically nonlinear theory 

were quite different than those predicted by linear CLP theory. Some of the thin- 

ner unsymmetric cross-ply laminates were shown to have multiple shapes at room 

temperature. The second variation of the total potential was used to evaluate 

the stability of the nonlinear solutions and two of the shapes were determined to 

be stable at room-temperature. This result is consistent with the snap-through 

buckling behavior observed experimentally in certain thin unsymmetric laminates 

at room temperature [47]. Hyer’s investigations also studied the effects of lami- 

nate material properties, stacking sequence, thickness, and aspect ratio upon the 

predicted shape at room temperature. An excellent summary of Hyer’s work may 

be found in reference [50]. 

Hahn [51] conducted an experimental study of the room-temperature shapes 

of unsymmetric cross-ply laminates. He studied the effect of laminate geometry, 
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moisture absorption, and relaxation of residual stresses (time-dependent material 

behavior) upon the out-of-plane deflections. For thin [04/904]: graphite/epoxy 

laminates, several post-cure shapes were observed at room temperature. For lami- 

nates with a small span-to-depth or thickness ratio, a pure saddle shape or anticlas- 

tic shape is observed. For plates with large thickness ratios, two stable cylindrical 

shapes are possible at room temperature. A change from one mode shape to the 

other could be achieved by applying external force. These experimental obser- 

vations were in agreement with the analytical predictions of Hyer [48-50]. The 

warping of the laminates appeared to be very dependent upon moisture content. 

As the moisture absorption increased, the residual stresses and thus the measured 

curvatures decreased. This is consistent with the observations of Pagano and Hahn 

[46]. The relaxation of residual stresses appeared to be negligible during a 220-day 

test period. 

Wong [52] also investigated the shapes of unsymmetric laminates at room tem- 

perature experimentally and analytically. His investigation focused upon the cured 

shapes of thin square (0,/6,|, laminates, where @ = 15, 30, 45, 60, 75,90 degrees and 

n=1,5,10. The effects of laminate thickness, moisture content, and mold curva- 

ture were examined. He reported that the (0,/6,], laminates exhibited two stable 

cylindrical shapes at room temperature which exhibit the same snap-through buck- 

ling behavior discussed above [47-51]. As the laminate thickness was increased, 

the curvatures approached the prediction of linear CLP theory. His experimental 

results also showed that an increase in moisture content reduced the curvatures of 

the laminate. 
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2.2 Interlaminar Stresses in Laminated Plates 

This section provides a brief discussion of previous investigations into the me- 

chanics of interlaminar stresses in laminated plates. The discussion includes a 

review of the more significant results and a brief summary of the methods of anal- 

ysis which have been used. 

Early Investigations 

Interlaminar stresses are known to exist near the free edges of laminated plates 

composed of dissimilar laminae. These stresses can arise in composite laminates 

subjected to mechanical, thermal, and/or hygroscopic loading. These stresses are 

caused by a difference or mismatch in material properties between adjacent layers in 

the presence of a traction free edge. These stresses arise in boundary layer regions 

near free edges in which the transition occurs between the interior stress field and 

the traction free edge condition. Interlaminar stress studies have been conducted 

for laminates composed of both isotropic and anisotropic materials. 

One of the first investigations of the interlaminar stresses within laminated 

plates composed of anisotropic materials was conducted by Pipes and Pagano [53] 

in 1970. The study examined the elastic response of a [+45/—45], finite-width 

symmetric composite laminate subjected to uniform axial extension. Under the 

assumption of uniform axial extension, the axial strain €,, is considered constant, 

the stress components are assumed independent of the axial coordinate z, and the 

general form of the displacement field reduces to: 

u(z,y,z) = zézz + U(y,z) (2.1) 

v(z,y,z) = V(y,z) (2.2) 

w(z,y,z) = Wy, z) (2.3) 

The governing equations formulated from elasticity theory are a system of three cou- 

pled, second-order partial differential equations in terms of displacements u, v, and 
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w. Pipes and Pagano used the finite difference method to obtain an approximate 

solution to the linear three-dimensional boundary value problem. 

The predicted stress field within most of the laminate was shown to be in 

agreement with the predictions of CLP theory. In a boundary layer region in 

which the transition occurs between the CLP theory solution and the traction free 

edge condition, the stress field was shown to be three-dimensional. The calculated 

stress results predicted the the existence of all three components of interlaminar 

stresses (022,Tyz)Tzz) at the interface between the +45 and —45 layers within this 

boundary layer region. The interlaminar components of stress decayed rapidly 

with increasing distance from the free edge. The in-plane components of stress 

predicted by CLP theory are also perturbed within this free edge region. The 

disturbance in the stress field was limited to a region approximately one laminate 

thickness wide; thus the disturbance was concluded to be a boundary layer or edge 

effect. 

Pipes and Pagano found the r,, shear stress to be much larger than the o;, 

and ty, stresses. They also observed that as the finite difference mesh was refined, 

the 7, stress increased with no apparent bound. Citing the previous work of 

Bogy [54] and Hess [55,56], they suggested that the 7,, stress might possibly be 

singular at the intersection of the interface with the free edge. Pipes and Daniels 

[57] used the Moire technique to examine the 7,2 shearing near the free edges of 

symmetric angle-ply laminates under uniform axial extension. Their experimental 

observations confirmed the analytical predictions. Pipes and Pagano expanded 

upon this work in subsequent investigations [58-60]. 

Puppo and Evenson [61] also proposed an approximate solution for a symmetric 

composite laminate subjected to extensional loading at about the same time as 

Pipes and Pagano [53]. Puppo and Evenson modeled the laminate as constructed 

of anisotropic elastic layers separated by thin layers of isotropic elastic adhesive. 

They presented results for a [+45/—45], laminate under uniform axial extension. 
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Although the analysis neglected the normal component of interlaminar stress oz, 

the analysis predicted a finite value of shear at the intersection between the interface 

and the free edge. 

Isakson and Levy [62] used the finite element method to obtain an approxi- 

mate solution for a symmetric composite laminate subjected to extension loading. 

Isakson and Levy’s displacement-based analysis was similar to that of Puppo and 

Evenson [61] in that they modeled the laminate as consisting of anisotropic layers 

separated by layers of isotropic adhesive. The fiber-bearing anisotropic layers were 

modeled with a membrane element and the isotropic layers were modeled with a 

shear element; thus neglecting the existence of interlaminar normal stress. They 

analyzed the response of the [+45/—45], laminate and their predictions of the 7.2 

shear stress compared quite well with the predictions of Pipes and Pagano [53]. 

Rybicki [63] also used the finite element method to obtain an approximate 

three-dimensional solution for a symmetric composite laminate subjected to exten- 

sional loading. Rybicki used three-dimensional Maxwell stress functions expressed 

in terms of Hermite interpolation polynomials in a complementary energy formula- 

tion. Rybicki examined a variety of stacking sequences, including [0/90],, [90/0],, 

[+45/—45],, and [—45/+45], laminates. His formulation accounted for all three 

components of interlaminar stresses and the results compared more favorably to 

the results of Pipes and Pagano [53] than with the results of Puppo and Evenson 

[61]. Because his assumed stress field did not contain singularities, he was unable 

to comment upon the singularity of the stress field, although his analysis predicted 

large interlaminar normal and shear stresses at the free edge. 

Effects Upon Laminate Strength 

Based upon the results of these early investigations, researchers began to study 

the influence of interlaminar stresses upon free edge delamination. Delaminations 

at the free edges of composite laminates are of great concern because they can lead 

to laminate failures at load levels well below those predicted for in-plane failures. 
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Foye and Baker [64] first suggested that interlaminar stresses may influence the 

strength of finite-width composite laminates. Their experimental data for com- 

posite laminates subjected to constant amplitude, cyclic loading showed that the 

fatigue strength of composite laminates depended upon laminate stacking sequence. 

Other experimental studies [60,65] which soon followed showed that both the static 

and fatigue strength of composite laminates depended upon laminate stacking se- 

quence. Pagano and Pipes [59,60] conducted experimental and analytical studies 

to determine the influence of laminate stacking sequence upon the static strength of 

composite laminates. Pagano and Pipes showed how based upon the consideration 

of interlaminar stresses the layers of specific orientation could be arranged through 

the thickness to provide optimum laminate strength. Herakovich [66] demonstrated 

how the consideration of mismatch between adjacent layers in Poisson’s ratio, co- 

efficients of mutual influence, and coefficients of thermal expansion could be used 

in the design phase to minimize free edge stresses in composite laminates. Her- 

akovich [67] also studied the influence of layer thickness upon the failure of angle-ply 

laminates. 

Environmental Effects and Material Nonlinearity 

Environmental effects upon the interlaminar stresses in laminated plates have 

been considered by a number of investigations. Herakovich [68] studied thermal 

free edge effects using the finite element method. He concluded that thermally in- 

duced free edge stresses could have a significant influence upon laminate strength. 

Additional numerical studies of thermal free edge effects were conducted by Wang 

and Crossman [69] and Griffin and Roberts [70]. The free edge response of com- 

posite laminates subjected to moisture absorption has been investigated by Farley 

and Herakovich [71] and by Crossman and Wang [72]. The effect of nonlinear 

material behavior upon the free edge response of laminated composites has been 

studied by Renieri and Herakovich [73], Nagarkar and Herakovich [74], and Griffin 
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[75]. A displacement-based finite element formulation was used in each of these 

investigations. 

Thermoelastic Stresses in Unsymmetrically Laminated Strips 

As mentioned in section 2.1, Timoshenko [1] commented upon the existence 

and approximate magnitudes of interlaminar thermoelastic stresses in bi-metallic 

thermostats composed of dissimilar isotropic materials in 1925. In 1969, Hess 

[55,56] presented a plane elasticity solution for the thermoelastic stress field within 

a bimaterial laminated strip. Hess found that for laminates whose length was 

greater than two laminate thicknesses, the stress field within most of the laminate 

agreed with the strength of materials solution given by Timoshenko [1]. His so- 

lution predicted the pertubation in the stress field near the ends of the laminate 

where the transition occurs between the Timoshenko distribution and the traction 

free end condition. In accordance with Saint Venant’s principle, this region of 

pertubation was determined to be comparable in length to the laminate thickness. 

Hess determined that interlaminar normal and shear stresses exist within this region 

at the end of the laminate. The predicted interlaminar normal and shear stress 

distributions are similar to those predicted in the free edge problem of laminated 

plates. 

Hess determined the solution to the two-dimensional boundary value problem 

using the method of eigenfunction expansion. The normal and shear stresses both 

appeared to be singular at the intersection of the interface and the free edge. He 

was unable to show this explicitly owing to the truncation of his eigenfunction series 

at 30 terms. Citing the work of Bogy [54] and Hein [76] in which it was shown 

that there exists a singularity in the stress field at the bonded interface between 

two quarter-planes of dissimilar materials, Hess proposed that both the normal and 

shear components of interlaminar stress are indeed singular at the intersection. 

Yaniv and Ishai [77] conducted an experimental and analytical investigation 

of the interlaminar stresses in an unsymmetrically laminated strip consisting of a 
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graphite/epoxy lamina bonded to a thin sheet of aluminum. Their interest was 

in studying the effects of curing, thermal history, and material characteristics on 

the interlaminar stress field. A closed form solution was derived to predict the 

axial stresses within the adherend and a two-dimensional displacement-based finite 

element analysis was used to predict the interlaminar stresses near the ends of the 

beam. The closed-form solution based upon Euler-Bernoulli beam theory com- 

pared quite well with the overall deflections and axial strains within the adherends 

that were observed experimentally. The characteristics of the adhesive had an 

insignificant effect upon the predictions of the closed-form solution. In the regions 

near the ends, the interlaminar shear and normal stresses reached their maximum. 

The authors speculated that the stresses would eventually cause an interlaminar 

failure mode due to thermal loading. Experimental data suggested that the re- 

lationship between the deflections and temperature within the working range of 

the adhesive (below the glass transition temperature T,) was approximately linear. 

The experimental deflection versus temperature data fell slightly below the linear 

theoretical curve which may possibly have been due to not accounting for geometric 

nonlinearity. The authors also concluded that the effect of stress relaxation within 

the adherends had an insignificant effect upon the response of the laminate. 

Methods of Analysis 

A number of methods have been used to obtain approximate solutions for 

interlaminar stresses in laminated plates. The method of finite differences has 

been used by Pipes and Pagano [53] and Pipes [58] to determine approximate so- 

lutions to the displacement-based formulations for uniform axial extension. The 

finite element method has been widely used by a number of researchers to obtain 

approximate solutions to free edge problems. Two-dimensional finite element for- 

mulations based upon uniform axial extension have been used by Herakovich, et 

al [78], Wang and Crossman [79], and others. Three-dimensional finite element 

formulations [63,80,81] have also been used for free edge analysis, including a 3D 
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formulation using cubic isoparametric elements [81]. Complementary energy [63] 

and assumed stress hybrid finite element formulations [82,83] have been used in an 

effort to exactly satisfy the traction free edge boundary conditions. Global/local 

finite element analysis has also been used for free edge studies [84,85,86]. The 

results of a numerical study investigating the reliability of the displacement-based 

finite element method for free edge analysis may be found in [87]. 

An analytical solution based upon the theory of anisotropic elasticity was pro- 

posed by Wang and Choi [88,89]. Assuming generalized plane deformation, Wang 

and Choi used Lekhnitskii’s complex stress potentials [90] to derive a set of two lin- 

ear coupled governing partial differential equations with constant coefficients. An 

eigenfunction expansion method was used to determine the homogeneous solution 

to the governing partial differential equations. The homogeneous solution yields 

the strength of the stress singularities at the intersection of the interface with the 

free edge. The remaining terms in the assumed form of the particular solution are 

then solved using a collocation method. Wang and Yaun [83] implemented this 

solution into an assumed stress hybrid finite element formulation. 

Many other solutions have been proposed by a number of researchers. Tang [91] 

and Tang and Levy [92] used an approach in which a boundary layer solution based 

upon plane strain and torsion was matched with the interior solution from linear 

CLP theory. A pertubation method approach was used by Hsu and Herakovich 

[93] to obtain an approximate solution for uniform axial extension. Pagano [94,95] 

proposed an approximate analysis to predict the stress fields within laminated plates 

including the interlaminar stresses at free edges. Pagano’s analysis was based 

upon an extension of Reissner’s variational principle to laminated elastic plates. 

Pagano and Soni [96] proposed using this solution in a global/local formulation to 

obtain results for laminates with a large number of layers. Johnson and Kemp 

[97] proposed a similar approach in which the number of dependent variables per 

layer was reduced. Kassapoglou and Lagace [98] developed a simple approximate 
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analysis to predict interlaminar stresses at a freeedge. The analysis was based upon 

overall force and moment equilibrium and the principle of minikmum complementary 

energy. The method is considerably more efficient computationally than previous 

methods and is able to analyze thick laminates with a large number of layers. A 

more complete review, through 1980, of the literature on interlaminar stresses in 

composite laminates may be found in reference [99]. A detailed discussion of the 

mechanics of free edge stresses may be found in reference [100]. 

2.3 Discussion of the Present Approximate Analysis 

As discussed at the end of Section 2.2, a number of methods have been used to 

determine the interlaminar stresses within laminated plates. The purpose of the 

present study is to investigate the interlaminar stresses within unsymmetrically lam- 

inated plates. The membrane-flexural coupling of unsymmetric laminates causes 

the laminate to deflect out of plane under the action of external loading. The 

membrane-flexural coupling eliminates from consideration many of the methods 

discussed in Section 2.2, since these methods are based upon simplifying assump- 

tions such as uniform axial extension or generalized plane deformation. In addition 

to this, the finite deflections of unsymmetric laminates require that a geometrically 

nonlinear kinematic description be included in the analysis. Based upon these con- 

siderations, the boundary value problems of the present study are formulated from 

nonlinear three-dimensional elasticity theory. A Lagrangian kinematic description 

is used to derive the displacement-based formulation. Due to the complex nature of 

the nonlinear boundary value problem, the finite element method has been selected 

to determine an approximate solution. 

There has been a great deal of discussion in the literature with regard to the 

ability of displacement-based finite element formulations to predict stresses near the 

free edge. The problem lies in the singularity of the interlaminar stress field at 

the intersection between the interface and the free edge. Tong and Pian [95] have 
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shown that the rate of convergence of displacement-based finite element solutions 

for problems with singularity are independent of the order of the approximation. 

Therefore, for problems with a mathematical singularity, the convergence of the 

finite element solution is not improved by using a higher order element or a refined 

mesh. 

One alternative is to incorporate the singularity into the formulation of the 

element. However this implies that the strength of the singularity is known a 

priori. Swedlow [96] has suggested incorporating the strength of the singularity as 

an unknown in the finite element formulation. Wang and Yuan [91] incorporated 

the predicted singularity from their analytical solution into an assumed stress hybrid 

finite element formulation. However, as shown by Zwiers, Ting, and Spilker [97], for 

certain combinations of adjacent layers more than one singularity, each of different 

strength, may be present. The drawback of incorporating the singularities into 

the finite element formulation, even as an unknown, is that the functional form 

and number of singularities must be determined a priori and this is usually a very 

difficult and lengthy analytical task. Finally, even if the mathematical singularity 

could be predicted, its practical application may be questionable since in a real 

material this mathematical singularity in the stress field does not actually exist. 

Fortunately the complex issue of determining these mathematical singularities 

in the stress field at free edges does not present a problem for the present investi- 

gation. Displacement-based finite element formulations have been widely used in 

many analytical investigations. The results of these investigations have shown that 

the displacement-based finite element method can provide an accurate prediction 

of the interlaminar stress field except for the region very near the free edge [98]. 

Furthermore, the interest of this study does not lie in the quantitative prediction of 

the interlaminar stress state at the free edge, but rather it is in the qualitative com- 

parison of the entire interlaminar stress field distributions between symmetric and 

unsymmetric laminates. These qualitative comparisons can reveal insight into the 
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mechanics of the stress-deformational response of these laminates without having 

to explicitly determine the strength and nature of the mathematical singularities. 

2.4 Summary 

A number of experimental and analytical investigations have been conducted 

into the behavior of unsymmetrically laminated plates. These studies have fo- 

cused upon investigating the laminate membrane-flexural coupling effects upon the 

response of unsymmetric laminates. These studies have examined the deflectional, 

buckling, and vibrational responses of unsymmetric laminates subjected to mechan- 

ical, thermal, and/or hygroscopic loading. The major conclusions of these studies 

are: 

(1) The effects of laminate membrane-flexural coupling are important and should 

not be neglected in the analysis of unsymmetric laminates. In general, lam- 

inate membrane-flexural coupling results in a reduction in the stiffness of the 

plate; bending deflections are increased, buckling loads are decreased, and fun- 

damental vibrational frequencies are decreased. 

(2) Experimental and analytical studies have shown that the out-of-plane deflec- 

tions of unsymmetric laminates are typically large. For finite deflections such 

as this, the effects of geometric membrane-flexural coupling are important and 

a geometrically nonlinear kinematic description should be included in the anal- 

ysis of unsymmetric laminates. 

A number of experimental and analytical studies have been conducted inves- 

tigating the mechanics of interlaminar stresses in laminated plates. These inves- 

tigations have included results for symmetric laminates subjected to mechanical, 

thermal and/or hygroscopic loading. Although a great number of investigations 

have been conducted, the studies of interlaminar stresses within unsymmetric lam- 

inates have been limited to thermally induced stresses for unsymmetrically lami- 

nated strips. In addition, although there have been a number of studies which have 
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considered the interlaminar stresses within laminated plates undergoing finite de- 

flections [104,105], an investigation of free edge effects in such plates has apparently 

never been conducted. 

In summary, the effects of laminate membrane-flexural coupling in unsymmet- 

rically laminated plates are important and should not be neglected. The im- 

portance of including geometric nonlinearity into the analysis of unsymmetrically 

laminated plates has been clearly demonstrated. Studies of interlaminar stresses 

in unsymmetric laminates have been limited to the geometrically linear analysis of 

unsymmetrically laminated strips subjected to thermal loading. A comprehensive 

study of the interlaminar stress fields within unsymmetrically laminated anisotropic 

plates including the effects of laminate membrane-flexural coupling and geometric 

nonlinearity has not yet been accomplished. 
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Chapter 3 

STUDY PARAMETERS 

This chapter discusses the parameters for the problems considered in this study. 

This discussion includes material properties, plate geometry, laminate stacking se- 

quences, loading conditions, and boundary conditions. The problems are divided 

into two groups: 

(1) thin laminates subjected to extensional, compressive, or thermal loading. 

(2) thick laminates subjected to extensional loading [53,78,89]. 

The first set of problems are the main focus of this study. These problem parameters 

are summarized in Tables 3.1, 3.2, and 3.3 and are discussed in detail in Section 

3.1. The second set of problems are considered to provide numerical results which 

are compared with well-known previous results [78,89] for symmetric composite 

laminates subjected to extensional loading. The parameters for the second set of 

problems are discussed in Section 3.2. 

3.1 Discussion of Study Parameters 

The focus of this study is upon the linear thermoelastic response of thin square 

laminated composite plates subjected to extensional, compressive, and thermal load- 

ing. The laminated composite plates are composed of T300/5208 graphite/epoxy. 

The material properties for this fiber-reinforced composite material are given in 

Table 3.1. The composite material is assumed to be a linear thermoelastic, trans- 

versely isotropic solid with material properties that are independent of temperature. 

The principal material axes (X1,X2,X3) for a single layer or lamina are shown in 

Figure 3.1, where the X, direction is aligned with the fiber direction. The an- 

gle of orientation @ of the principal material axes with respect to the global axes 

(z,y,z) of the plate is also shown in Figure 3.1. The geometry and global axes of 

the laminated plates are illustrated in Figure 3.2. A transversely isotropic solid is 
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characterized by five independent elastic constants and two independent coefficients 

of thermal expansion, for example: 

Ey, E2,%12,23, Gi2 (3.14) 

11,22 (3.16) 

where: 

E3 = E2, 13 = 12, G13 = Gir, G23 = age 

033 = 022, @23 = 13 = a2 = 0 

The in-plane elastic properties, FE, Ez, v2, and G2, for T300/5208 graphite/epoxy 

are identical to those given in (50). 

The stacking sequences and plate geometry for the symmetric and unsymmetric 

laminates are summarized in Table 3.2. The loading and boundary conditions for 

the laminated plates are summarized in Table 3.3. The geometry of each laminated 

plate is square in planform, L = 2a = 26, with a length of Z = 2.0 in. (Figure 3.2). 

The layer thickness for both unsymmetric and symmetric laminates is d = 0.02 

in. The total laminate thickness for the unsymmetric laminates is h = 0.04 in. (2 

layers) for a laminate thickness ratio of L/h = 50. The total laminate thickness 

for the symmetric laminates is h = 0.08 in. (4 layers) for a laminate thickness ratio 

of L/h =25. The moderately large laminate thickness ratio for the unsymmetric 

laminates results in larger out-of-plane (transverse) deflections; thereby increasing 

the effects of geometric nonlinearity. 

The selection of the laminated plate geometry is motivated by the focus upon 

interlaminar stresses. Interlaminar stresses are dependent upon the difference 

or mismatch in material properties between adjacent layers. The same layer or 

lamina thickness is used for both unsymmetric and symmetric laminates in order 

to achieve the same level of material property mismatch between adjacent layers. 

The layer thickness is equivalent to 4 plies of 0.005 in. thickness which is a typical 

layer thickness used in aerospace structural applications. The in-plane dimensions 
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of the laminated plate are limited by the size of numerical model (computational 

limit) and the minimum 3D finite element aspect ratio which is required for accurate 

displacement and stress predictions. The choice of a 2.0 in. plate length provides 

a moderately large thickness ratio for the unsymmetric laminates, L/h = 50, and 

yet still allows for a detailed finite element mesh refinement which leads to more 

accurate interlaminar stress predictions. 

The stacking sequences for the symmetric and unsymmetric laminates are sum- 

marized in Figure 3.3. Symmetric and unsymmetric 0/90 cross-ply, +45/—45 angle- 

ply, and 0/+45 laminate stacking sequences are examined to determine the effects 

of mismatch in a variety of material properties between adjacent layers. The mis- 

match in mechanical and thermal properties between adjacent layers is summarized 

in Table 3.4. For example, the mismatch in Poisson’s ratio vz, between adjacent 

0 and 90 degree layers is given by [66]: 

Vey — Vey (3.2) 

The unsymmetric and symmetric 0/90 cross-ply laminates possess a mismatch in 

Poisson’s ratio vz, and coefficients of thermal expansion a, and a, between adjacent 

0 degree and 90 degree layers. The unsymmetric and symmetric +45/—45 angle-ply 

laminates possess a mismatch in coefficient of mutual influence 7,, 2 and coefficient 

of thermal expansion a,, between adjacent +45 degree and —45 degree layers. The 

unsymmetric and symmetric 0/+45 laminates possess a mismatch in each of these 

material properties between adjacent 0 degree and +45 degree layers. 

The laminate stiffnesses for the unsymmetric and symmetric laminate stacking 

sequences are given in Table 3.5 and 3.6, respectively. The laminate membrane- 

flexural coupling of the unsymmetric laminates causes the initial geometric midplane 

of the laminate to deflect out of plane under the action of external loading. The 

initial geometric midplane of the symmetric laminates remains plane unless the lam- 

inate buckles under the action of compressive loading. The stacking sequences and 
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non-zero membrane-flexural coupling terms for the three unsymmetric laminates 

are given below: 

(1) [04/904]: > Bar, Baz # 0. 

(2) [+454/—454]t + Bis, Bas # 0. 

(3) [04/+454]¢ > Bar, Boz, Biz, Bes, Bis, Bos F 0. 

A summary of the laminate membrane-flexural coupling terms for unsymmetrically 

laminated plates is given below (for more details, refer to Appendix A): 

By, B22, Biz — extensional-bending coupling. 

Bie, B26 — extensional-twisting coupling, shear-bending coupling. 

Bes — shear-twisting coupling. 

The reduced flexural stiffness approximations [21] for the unsymmetric laminates 

are also listed in Table 3.5. These reduced flexural stiffness terms are used with 

wide-column theory to predict linear buckling loads for the unsymmetric laminates. 

The external loading conditions examined in this study are summarized below 

(Table 3.3, Figure 3.4): 

(1) uniform extensional edge displacement, u/a = +0.01; 

(2) uniform compressive edge displacement, u/a = —0.01; and 

(3) uniform change in temperature, AT = —280°F. 

For geometrically nonlinear analysis, the external loading is applied incrementally 

from an initial unloaded state to the final loading state given above. The ex- 

tensional loading condition is modeled after the free edge problem of a symmetric 

composite laminate subjected to uniform axial extension [53]. The displacement 

boundary conditions for the plate are clamped along the loaded edges and free 

along the unloaded edges. A loosely clamped condition is prescribed along the 

loaded edges in which the plate is free to undergo Poisson deformation in the y 

and z directions (the present approximate analysis is a full three-dimensional anal- 

ysis). Both symmetric and unsymmetric laminates are restrained from warping 

out of plane along the loaded edges at the geometric midplane of the laminate 
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w(+ta,y,0)=0. The loosely clamped, loaded edge boundary condition with out- 

of-plane restraint idealizes the conditions for a typical clamped test fixture. The 

displacement boundary conditions for the compressive loading condition are identi- 

cal to the extensional loading condition except for a reversal in the direction of the 

applied edge displacement. The edge displacement was chosen to be quite large in 

an effort to produce large out-of-plane displacements; thereby increasing the effect 

of geometric nonlinearity. 

The thermal loading condition models a laminate which has been cooled from 

an assumed stress-free state at an elevated cure temperature to a residual stress 

state at room temperature. This process is modeled analytically as an uniform 

decrease in temperature during which the constitutive behavior of the laminate is 

assumed to be linear thermoelastic. For the thermal loading condition, all surfaces 

of laminates are assumed traction free and each laminate is free to warp out of 

plane. 

Finite element analysis results for the laminated plates and loading conditions 

discussed in this section are provided in Chapter 6. This includes numerical re- 

sults for out-of-plane (transverse) displacements and interlaminar stresses for the 

symmetric and unsymmetric laminates listed in Table 3.2. The selection of the 

laminate geometry given in this section was based upon preliminary analyses which 

were conducted upon the unsymmetrically laminated plates listed in Table 3.7. The 

out-of-plane displacement results for these preliminary analyses are also provided 

in Chapter 6. 
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3.2 Parameters for Comparisons with Previous Results 

As discussed at the beginning of this chapter, a second set of problems were 

considered to provide numerical results which are compared with well-known previ- 

ous results [78,89]. The lamina material properties for these laminates are identical 

to those given in [53] and are listed in Table 3.8. The laminated plate geometry 

and stacking sequences are summarized in Table 3.9. The geometry of each lami- 

nated plate is square in planform, L- = 2a = 2b, with a length of ZL = 4.0 in (Figure 

3.2). The layer thickness for both unsymmetrically and symmetrically laminated 

plates is d= 0.25 in. The total laminate thickness for the unsymmetric laminates 

is h = 0.5 in. (2 layers) for a laminate thickness ratio of L/h = 8. The total lami- 

nate thickness for the symmetric laminates is h = 1.0 in. (4 layers) for a laminate 

thickness ratio of L/h = 4. The geometry for these thick laminates is based upon 

the plate geometry for the symmetric laminates given in [53]. The unsymmetric 

and symmetric stacking sequences are: 

(1) [O0s0/90so]z, [9050/0s0].,[050/90s0]. 

(2) [+4550 /—45so0]t, [—4550/+45s0].,(+4550/—45s0]. 

The extensional loading and boundary conditions are given in Table 3.4. Numerical 

results predicted by linear and nonlinear theory for the unsymmetric and symmetric 

laminates listed above are given in Chapter 6. In Section 6.2, the interlaminar 

stresses predicted by linear theory for the symmetric laminates are compared with 

previous results [78,89] for extensional loading. 
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Chapter 4 

THEORETICAL FORMULATION 

The mathematical boundary value problem of determining the three-dimension- 

al stress-deformational response of an anisotropic elastic body is formulated in this 

chapter. The elastic body is assumed to undergo large displacements, large rota- 

tions, and small strains. A geometrically nonlinear kinematic description is incor- 

porated into the analysis to account for the finite deflections of the elastic body. 

The geometrically nonlinear strain-displacement equations result in a set of non- 

linear governing equations. ‘These governing equations with boundary conditions 

constitute the nonlinear boundary value problem. 

The nonlinear boundary value problem is derived from the basic principles of 

continuum mechanics and nonlinear anisotropic elasticity [90,106,107]. A displace- 

ment formulation is derived using a Lagrangian kinematic description in which all 

physical quantities are referred back to the initial (undeformed) configuration of the 

elastic body. The governing equations and boundary conditions are derived using 

the principle of minimum potential energy [108]. The boundary value problem for- 

mulated in this chapter is used to develop the model equations for the finite element 

formulation described in Chapter 5. Additional details for the theory outlined in 

this chapter may be found in references [109-111]. 

Tensorial or index notation is used for the formulations derived in Chapters 

4 and 5. The range of free indices and implied summations is 3, unless it is 

stated otherwise. The notational convention used in this chapter for subscripts and 

superscripts is adopted from reference 110. An example illustrating this notation 

is provided below: | 

oti,j = pti,j("21,° 22,23) (4.1) 

The left superscript refers to the equilibrium configuration of the body. The left 

subscript refers to the equilibrium configuration with respect to which the quantity 
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is measured. The right subscript refers to the coordinate axes. The comma 

and the index j denote differentiation of the physical quantity ‘u; with respect 

to coordinate °z;. For the discussion of numerical results in Chapter 6, the more 

standard notation used for the mechanics of composite materials is adopted [22,23]. 

4.1 Basic Assumptions 

The motion of a material particle within an elastic body is shown in Figure 4.1. 

At time t = 0, the elastic body is in its initial (undeformed) configuration. In this 

initial configuration, the body is assumed to be in its natural, unloaded state, free 

from all initial stresses and strains. At time t, the body is in its current (deformed) 

configuration under the action of external loading. The reference frame z ; is a right- 

handed Cartesian coordinate system. The initial coordinates of a material point 

°P within the undeformed elastic body are given by: 

°n; = 2, (*zy, *z2, *z3) (4.2) 

The current coordinates of the same material point ‘P within the deformed elastic 

body are given by: 

ts, = *25(°21,°22,°23) (4.3) 

The initial coordinates are related to the current coordinates by the displacement 

vector ‘u;: 

t 
z= a + "uj (4.4) 

Motion in which all particles are tracked in terms of the initial coordinates is re- 

ferred to as a Lagrangian kinematic description [109]. In a Lagrangian kinematic 

description, all relevant tensorial quantities are referred to the undeformed configu- 

ration of the body and are functions of the initial coordinates. Motion in which all 

particles are tracked in terms of the current coordinates is referred to as an Eule- 

rian kinematic description [109]. In an Eulerian kinematic description, all relevant 

tensorial quantities are referred to the deformed configuration of the body and are 
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functions of the current coordinates. Since it is assumed that the initial config- 

uration of the body is the natural, unloaded state, the initial configuration of the 

body will be chosen as the reference state, to which all tensorial quantities in the 

statement of total potential energy will be referred. Thus a Lagrangian kinematic 

description is adopted for this analysis. 

4.2 Analysis of Finite Deformation 

This section begins with defining several geometric relationships between the 

initial (undeformed) configuration and the current (deformed) configuration. Spe- 

cifically, geometric relationships for the following quantities are discussed: 

(a) differential line segments °dz; and ‘dz;; 

(b) differential surfaces °dS and *dS; and 

(c) differential volumes °dV and *dV. 

The relationship for differential line segments is required in defining the Green- 

Lagrange nonlinear strain tensor. The relationships for differential volumes and 

surfaces are required in defining the measures of stress. 

4.2.1 Geometric Relationships 

Relationship between differential line segments °dz; and tdz; 

The relative displacement of two material points within an elastic body is shown 

in Figure 4.2. The differential vector °dz; is a position vector which connects the 

two points °P and °Q in the undeformed configuration. The two material particles 

are assumed to be within the infinitesimal neighborhood of one another. As the 

elastic body undergoes loading, the material particles at °P and °Q move to new 

positions at ‘P and ‘Q, respectively, in the deformed configuration of the body 

at time t. The initial vector °dz; is displaced, stretched, and rotated to become 

the current vector ‘dz; which connects points ‘P and ‘Q. Although both mate- 

rial particles have been displaced, they are still considered within the infinitesimal 
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neighborhood of one another. The relationship between the initial and current 

differential line segments is given by: 

(de; = 92, ;*dz; (4.5) 

and inversely: 

‘dz; = o%i,j az; (4.6) 

The nine quantities §z;,; are elements of the deformation gradient tensor. The 

second order tensor may be unsymmetric and is referred to initial coordinates in 

the undeformed configuration. The nine quantities ?z;; are components of the 

spatial deformation gradient tensor which is referred to current coordinates in the 

deformed configuration at time t. This second order tensor may also be unsym- 

metric. The spatial deformation gradient tensor is the inverse of the deformation 

gradient tensor: 

oZi,k ¢2k,j = 54; (4.7) 

tZisk Ok, j = 5ij (4.8) 

where the symbol 4;; is the Kronecker delta. 

Relationship between differential surfaces °dS and ‘dS 

The differential surface °dS in the initial configuration can be related to the 

same differential surface ‘dS in the current configuration through Nanson’s formula 

[107]: 

°p 
ppttin neds = 'n,*dS (4.9) 

and inversely: 
t 

gy atin'ni'ds = On dS (4.10) 

The quantities °p and ‘p are the densities at a point in the initial and current 

configurations, respectively. The quantities °n; and ‘n; are components of unit 

surface normals to the differential surfaces °dS and ‘dS, respectively. Equations 
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(4.9) and (4.10) are used in Section 4.3 to relate stresses measured with respect to 

initial and current configurations. 

Relationship between differential volumes 9dV and tdV 

The principle of conservation of mass for a differential volume element may be 

[ *prav = | to tdV (4.11) 
oy tv 

The initial coordinates °z; can be regarded as a set of curvilinear coordinates in the 

expressed: 

deformed configuration. That is, initially straight lines parallel to the coordinate 

axes are now curves in the deformed configuration. Therefore, the transformation 

between °z; and ‘z; coordinates may be thought of as a transformation between 

curvilinear and right-handed Cartesian coordinates. Transforming the integral on 

the right-hand side of equation (4.11) to an integral over the undeformed configu- 

ration: 

[tora = | * o|J| dV (4.12) 
tv ov 

and: 

|J| = det|§2.,;| (4.13) 
|J| is the determinant of the Jacobian of the transformation from initial to current 

coordinates. If the deformation is continuous, the determinant will always be 

positive and the absolute value sign may be dropped. Therefore, for an arbitrary 

volume: 
tdV % 

and inversely: 
dV tp - 
tv = o =J (4.15) 
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4.2.2 Strain Measures 

The typical notion of normal strain is the engineering normal strain e defined 

as the change in length divided by the initial length: 

e=(*L—°L)/°L (4.16) 

Equation (4.16) can be rewritten in a more general form: 

  

  

e = (*ds — °ds)/°ds (4.17) 

where: 

°ds = J °dz1%dz, + dz2%dz2 + °dzr3°%dz3 (4.18) 

'ds = J tdz,tdz, + tdzotdz2 + tdz3'dz3 (4.19) 

°ds and ‘ds are the respective lengths of the differential line segments °dz; and ‘dz; 

in the undeformed and deformed configurations, respectively. The engineering 

strain € can be rewritten: 

e=‘'ds/°ds -1=A-1 (4.20) 

where X is the stretch or elongation of a differential element lying initially along 

°dz;. A more mathematically convenient form of strain is obtained by computing 

the difference of the squares of the differential lengths: 

('ds)* — (°ds)? = tdz;*dz; — °dz;°dz; (4.21) 

The deformation gradient tensor is used to obtain: 

(‘ds)? — (°ds)? = [o2k,iotk,j — 5:5] dz;°dz; (4.22) 

Equation (4.22) can be rewritten: 

(*ds)? — (°ds)? = [§Ci; — 5;;]°dz,;°dz; (4.23) 
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where 6C;; is the right Cauchy-Green deformation tensor. The right Cauchy-Green 

deformation tensor is obtained from the product of the transpose of the deformation 

gradient tensor with the deformation gradient tensor itself. Finally, introducing 

the following notation: 

(*ds)? — (°ds)? = 2)F;;°dz,°dz; (4.24) 

, ij; is known as the Lagrangian strain tensor, Green’s strain tensor, or as the Green- 

Lagrange nonlinear strain tensor and is referred to herein as the Green-Lagrange 

strain tensor. The Green-Lagrange strain tensor is a function of initial coordinates 

and is referred to the initial (undeformed) configuration of the body. The Green- 

Lagrange strain tensor is used to formulate elastic strain energy of the body. An 

important feature of this measure of strain is that it remains invariant under rigid 

body translation or rotation. That is, the Green-Lagrange strain tensor will not 

predict straining of the body due to pure rigid body motion. The Green-Lagrange 

strain tensor can be rewritten in more convenient forms. From equations (4.23) 

and (4.24), the Green-Lagrange strain tensor can be rewritten: 

t Lig 
oFij = 5 loCis — 5:5] (4.25) 

Using equation (4.4), the deformation gradient becomes: 

otk = Sei +o Ue, (4.26) 

Substituting this result into equation (4.25): 

1 
05 = 5l(dui +o 4e,s)(545 +0 Ua,5) — 5:5] (4.27) 

Rearranging, the more familiar form of the Green- Lagrange strain tensor is obtained: 

1 
0 Fis = 5 5 (otis +6 Uji +o Uk,i otk,j) (4.28) 
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This is an exact expression of the finite Green-Lagrange strain and not a second 

order approximation of the strain. The linear strain tensor, linear rotation tensor, 

and the nonlinear strain components are defined as: 

1 
063 = 5 (04,3 +0 43,1) (4.29) 

1 t t 

ows; = 5 lotssi = 4i,;) (4.30) 

1 t t O73 = 5 loteiote,s) (4.31) 

where: 

o€;; = linear strain tensor 

ow;; = linear rotation tensor 

07ij = nonlinear component of the Green-Lagrange strain 

The Green-Lagrange strain may be decomposed into linear and nonlinear compo- 

nents: 

1 
Fis = 5 loess + o7:;) (4.32) 

Combining equations (4.29) and (4.30), the displacement gradient tensor becomes: 

Uj,i = 0€i; + oWi; (4.33) 

Using equations (4.28), (4.29), and (4.30), the Green-Lagrange strain tensor may 

be written: 
1 

oi; = 06s; + 5 loeni + owni)(oee; + oWk;) (4.34) 

In the case in which the components of the displacement gradient are small, the 

quadratic terms in the nonlinear strain tensor may be neglected. In this case of 

infinitesimal deformation, 9e;; are the engineering strains and 9w,; are the rota- 

tions. 
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4.2.3 Geometric Interpretation of Green-Lagrange Strain 

In this section, a relationship is determined between Green-Lagrange strain and 

the engineering definition of strain. Suppose that the differential line element °dz; 

is initially aligned in direction °n;. The square of the stretch of the line element 

is given by: 
tds? 

The components of the unit normal are given by: 

N(°n,) = (4.35) 

°dz; 

ods 
  (4.36) ny = 

Rewriting equation (4.35) in view of equations (4.23) and (4.36): 

Odz.tC;;%dz; 
2/0 _ t0’3) J 

MC) = —Ca50ds (4.37) 

As an example, consider the stretch or elongation of the element lying initially 

parallel to the °z; axis: 

°n; — (1,0, 0) (4.38) 

For this case, the stretch of the element becomes: 

N= /$Cn = /14+28En - (4.39) 

Returning to the engineering definition of strain given in equation (4.20): 

e=A-1=4/1+25F11 -1 (4.40) 

Solving for § Fi: 
1 

(Fu; = e+ xe (4.41) 

Equation (4.41) represents the relationship between the engineering strain and the 

Green-Lagrange strain for an element lying initially parallel to the °z, axis. For 

small deformation, in which the square of the engineering strain is small, the Green- 

Lagrange strain is approximately equal to the engineering strain. 
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A similar relationship can be derived between the engineering shear strain and 

the Green-Lagrange strain. The engineering shear strain is defined as the change 

in angle between two lines which are initially perpendicular to one another. As an 

example, consider the case of two initially perpendicular differential line segments 

°dz'; and °dz"; which are oriented in the directions given by °n'; and °n";. In 

the deformed configuration, these differential line segments are oriented in the new 

t directions ‘n’; and ‘n"”;. The cosine of the angle between these differential line 

segments in the current configuration is given by: 

tdz' ;tdz"; 

4 /tdz!' ,tdz' mV 'dz"ntdz" » 
  cos(‘n','n") = (4.42)   

Using the right Cauchy-Green deformation tensor, equation (4.42) can be rewritten: 

ty, 07,7 .0 7," | oCiz dz’ ;"dz"; 
[i Cmr°dz' m° dz',. ECns dz" ,° dz", 

cos(*n',‘*n") =   (4.43)   

For the case in which the differential line segments are initially parallel to the zy 

and the z2 axes, equation (4.43) becomes: 

  

  

gC 
cos(6,2) = <4" (4.44) 

V0C119C22 

Rewriting in terms of Green-Lagrange strain: 

jE 
cos(6;2) = —== 9? (4.45) 

where the engineering strain 7 is given by: 

T us 
1=357- 642 = sin(S — 612) = cos(4;2) (4.46) 

For the case of infinitesimal deformation, the shearing component of the Green- 

Lagrange strain reduces to the definition of engineering shear strain: 

yY~ cos( 932) ~ 25 E12 (4.47) 
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4.3 Measures of Stress 

The following measures of stress are defined this section: 

(a) Cauchy stress, ‘o;; 

(b) First Piola-Kirchhoff stress, §7;; 

(c) Second Piola-Kirchhoff stress, §5;; 

In addition, equations relating these stress measures are also given. The purpose 

of this section is to define a measure of stress, namely the second Piola-Kirchhoff 

stress, which is a function of the initial coordinates and is referred to the initial 

(undeformed) configuration of the body. This measure of stress must be invariant 

under pure rigid body motion and energetically conjugate to the the Green-Lagrange 

strain tensor defined in Section 4.2. Together, the stress and strain tensors are 

used to define the elastic strain energy of the body. 

A stress vector ¢; acting upon the surface of the elastic body (Figure 4.3) is 

defined: 
AF; dF; 

t; = Limit aso AS = a5 (4.48) 

The stress vector t; may be related to the stress tensor o;; at that point through 

Cauchy’s formula [108]: 

i= o5in; (4.49) 

The elastic body is shown in Figure 4.4 in its initial (undeformed) and current 

(deformed) configurations at time 0 and t, respectively. In the initial configuration 

at time 0, the elastic body is assumed to be in its natural unloaded stress-free state. 

In the current configuration at time t, the elastic body is assumed to be under the 

°n; is a unit vector which is normal to the differential action of external loading. 

surface °dS at point °P in the initial configuration. In the current configuration, 

the initial surface point °P has been displaced to surface point ‘P. ‘n; is a unit 

vector which is normal to the differential surface ‘dS at point ‘P. The differential 
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force acting at point ‘P in the current configuration is denoted by ‘dF;. The 

quantity ¢dF; is defined by the following expression: 

‘dF; = Oz; j*dF; (4.50) 

The quantity {dF; is a ‘pseudo’ force which is defined in order to refer the actual 

force ‘dF; back to the initial (undeformed) configuration. The differential force 

components ‘dF; are related to ‘dF; in the same manner that a differential line 

segment dz; in the initial configuration is related to ‘dz; in the current configu- 

ration. That is, {dF; is the result of the actual force ‘dF; undergoing the same 

stretch and rotation that ‘dz; in the deformed configuration would have to undergo 

in order to return to its initial undeformed configuration °dz;. ‘dF; has the same 

orientation with respect to the unit surface normal °n; that ‘dF; has with respect 

to the unit surface normal ‘n;. Using the differential forces {dF and ‘dF;, the 

following stress vectors can be defined: 

  

t= a (4.51) 

oti = a (4.52) 

tf = sak (4.53) 

Using Cauchy’s formula, the following stress tensors are defined: 

‘dF, = *o;;'n;'dS (4.54) 

dF; = §Tji°nj°dS (4.55) 

(dF; = 'S;;°n,;°dS (4.56) 

where: 

‘oi; = Cauchy stress tensor 

62:3 = first Piola-Kirchhoff stress tensor 
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§5ij = second Piola-Kirchhoff stress tensor 

The Cauchy stress tensor is defined as a function of current coordinates and 

is referred to the current (deformed) configuration of the body. Cauchy stress is 

the measure of the actual force per unit deformed area acting at a point within the 

deformed body. Cauchy stress is a practical measure of stress in an engineering 

sense which should be used in the analysis of failure. In the absence of body 

moments or couple stresses, the Cauchy stress tensor is symmetric. 

The first Piola-Kirchhoff stress tensor is defined as a function of initial coordi- 

nates and is referred to the initial (undeformed) configuration of the body. First 

Piola-Kirchhoff stress is the measure of the actual force per unit undeformed area. 

Although this measure of stress is referred to the initial configuration, the first 

Piola-Kirchhoff stress tensor, as will soon be shown, is not necessarily symmetric 

and is therefore difficult to use. 

The second Piola-Kirchhoff stress tensor is also defined as a function of initial 

coordinates and is referred to the initial (undeformed) configuration of the body. 

Second Piola-Kirchhoff stress is the measure of the pseudo force per unit undeformed 

area. This measure of stress, although more complex than the first Piola-Kirchhoff 

stress tensor, is both symmetric and referred to the initial configuration. Like the 

Green-Lagrange strain tensor, the second Piola-Kirchhoff stress tensor is invariant 

under pure rigid body motion. Second Piola-Kirchhoff stress is energetically con- 

jugate to the Green-Lagrange strain tensor and will be used in defining the elastic 

strain energy within the body. 

Equations (4.9) and (4.10) can be used to obtain relationships between Cauchy, 

first Piola-Kirchhoff, and second Piola-Kirchhoff stress tensors. Equating the right- 

hand sides of equations (4.54) and (4.55): 

*a;;*n;*dS = olin dS (4.57) 
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Substituting equation (4.9) into equation (4.57): 

0 
toni ze tajaonj°ds = $7) ,°n dS (4.58) 

For any arbitrary °n;: 
0 

‘oni ets = o 1 ji (4.59) 

and inversely: 
t 

toss = bes eh Thi (4.60) 

Equations (4.59) and (4.60) show that although the Cauchy stress tensor is sym- 

metric, the first Piola-Kirchhoff stress tensor is not necessarily symmetric. From 

equations (4.55) and (4.56), the relationship between the first and second Piola- 

Kirchhoff stress tensors is given by: 

oSij = 22j,ko lik (4.61) 

and inversely: 

ol ik = 02k,j0 Si; (4.62) 

Substituting these results into equations (4.59) and (4.60), the relationship between 

the Cauchy and second Piola-Kirchhoff stress tensors is obtained: 

t 
*omn = 7,8? midSijoPn (4.63) 

and inversely: 

05ij = pt Piom mn eZin (4.64) 

In summary, both the second Piola-Kirchhoff stress tensor and Green-Lagrange 

strain tensor are functions of initial coordinates and are referenced to the initial 

(undeformed) configuration of the body. These quantities are used to formulate 

the elastic strain energy which is used for the expression of the total potential 

energy. The principle of minimum potential energy is used to derive the equations 
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of motion for the elastic body. These equations of motion with boundary conditions 

constitute the nonlinear boundary value problem. In the next section, a numerical 

example is provided which illustrates the differences between the measures of stress 

and strain defined in Sections 4.2 and 4.3. 

4.4 Numerical Examples of Stress and Strain 

The finite deformation of a linear elastic, isotropic cube of initial dimension 

°F, is illustrated in Figure 4.5. The prime coordinate system shown is a body 

attached Cartesian coordinate system. At time 0, the elastic body is in its initial 

(undeformed) configuration. At time t, the elastic body is in its current (deformed) 

configuration. In reaching its current configuration at time ?, the elastic body has 

undergone a rigid body translation in the 1-2 plane, a rigid body rotation of angle 

+6 about the z’; axis, and uniaxial extension along the z'; axis. The elastic cube 

has been stretched along the z'; axis by a uniform extensional loading on the 2’; 

face and has undergone Poisson contraction in the z'2 and z'3 directions. The 

resultant of the extensional loading is denoted by force F. 

The stretch in the z', direction is given by: 

‘DT 
A=gp alte (4.65) 

The stretch in the z'2 and z’; directions is given by: 

A2 = A3 =l-ve (4.66) 

The components of the deformation gradient tensor are given by: 

(1+ e) cos(?) —(1— ve) sin(@) 0 
o2i,j > | (1+.e)sin(@) (1 — ve) cos(@) 0 (4.67) 

0 0 (1 — ve) 
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The components of the deformation gradient tensor include both the stretch and 

rotation of the elastic body. The Jacobian of the deformation gradient tensor is 

given by: 

- = J =(1+.)(1 — ve)(1 — ve) (4.68) 

Using equation (4.26), the components of the displacement gradient tensor are given 

by: 

(1+ .¢)cos(@)-—1  —(1—-ve)sin(@) 0 
oUij > (1 + €) sin(@) (1 — ve) cos(6) — 1 0 (4.69) 

0 0 (1—ve)-1 

The components of the rotation tensor are given by: 

0 [1+ 3(1+v)e]sin(9) 0 
owij => | —[1 + $(1 + v)e] sin(9) 0 0 (4.70) 

0 0 0 

The terms of the rotation tensor are dependent upon not only the rotation, as in the 

case of small deformations, but also upon the stretch as well. Using the components 

of the displacement gradient tensor, the components of the linear strain tensor are 

given by: 
(1+.¢)cos(#)-—1 3(1+v)esin() 0 

oeij => | (1 +v)esin(@) (1—ve)cos(@)-1 0 (4.71) 
0 0 —veE 

The strain 9e;; is not invariant under rigid body motion and is dependent upon 

the angle of rigid body rotation 9. The components of the Green-Lagrange strain 

tensor are given by: 

e+ de? 0 0 
oni > 0 —ve + dv? 0 (4.72) 

0 0 —ve+ pve 

The Green-Lagrange strain is invariant under the rigid body motion. The compo- 

nents of strain are referred to the initial (undeformed) configuration of the elastic 

body. For example, {F31 gives the strain along fibers initially parallel to the °z, 

axis. 
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As seen from equation (4.72), if the engineering strain € is small, the Green- 

Lagrange strain is approximately given by: 

e 0 0 

onij > }|0 —-ve 0 (4.73) 
0 OO —vVeE 

The components of engineering strain with respect to prime coordinates may be 

evaluated by inspection: 

€ 0 0 

tel > 10 —ve 0 (4.74) 

0 O —vE 

Thus for large displacements, large rotations, and small strains, the Green-Lagrange 

strain is approximately equal to the engineering strain. 

On the basis of inspection, the components of the second Piola- Kirchhoff stress- 

es are given by: 

ria 9 0 
95ij > 0 0 0 (4.75) 

0 0 0 

The components of second Piola-Kirchhoff stress are also invariant under rigid body 

motion and are referred to the initial (undeformed) configuration of the elastic body. 

Using these components and equation (4.63), the components of the Cauchy stress 

tensor are given by: 

F—,scos?(6) SET vat sin(9)cos(4) 0 

  

te.. F . F in? vii > BEI —v<j7 Sin( 9) cos(4) a7 sin’ (9) 0 (4.76) 
0 } 0 

Transforming these components to the prime coordinate system, the Cauchy stresses 

become: 

AED! 0 0 

‘o' 55 > 0 0 0 (4.77) 
0 0 0 

The ratio of §511 to ‘o's; is given by: 

t _ 2 

a5i1 _ (1 - ve) (4.78) 
toy (1 + €) 
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If the strain € is small, then the second Piola-Kirchhoff stress is approximately equal 

to the rotated Cauchy stresses: 

Ea a 4.79 

As a numerical example, the percent difference between Green-Lagrange strain 

4 £31 given by equation (4.72) and engineering strain ¢ is plotted as a function of 

engineering strain € in Figure 4.6. The percent difference between second Piola- 

Kirchhoff stress {511 given by equation (4.75) and Cauchy stress ‘o'j1 given by 

equation (4.77) is plotted as a function of engineering strain ¢ in Figure 4.7 (v = 

0.25). In the present study, numerical results are determined for laminated plates 

subjected to an applied extensional edge displacement of u/a = +0.01. For an 

assumed engineering strain of the same magnitude, e = +0.01, the percent difference 

between { F,; and e shown in Figure 4.6 is one-half percent. The percent difference 

for € = +0.01 between §53; and ‘o’;,; shown in Figure 4.7 is one and one-half 

percent. For this numerical example, the results show that for moderately large 

strains, € = +0.01, the second Piola-Kirchhoff stresses and Green-Lagrange strains 

' are good approximations of the Cauchy stresses and engineering strains. 

In summary, for deformation which is large displacement, large rotation, and 

small strain, the Green-Lagrange strain is approximately equal to the engineering 

strain. Similarly, the second Piola-Kirchhoff stress is approximately equal to the 

Cauchy stress. Details concerning the computation of interlaminar stresses are 

discussed in Section 5.2.3. The constitutive equations relating stress and strain 

are discussed in the next section. 
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4.5 Constitutive Equations 

Elastic behavior, in a classical sense, is understood to be the ability of a solid 

to recover its initial (undeformed) state after the external forces producing defor- 

mation have been removed. In mathematical terms, constitutive behavior may be 

considered to be thermoelastic if the material possesses a stress-free state and the 

functional relationship is such that stress is a single-valued function of strain and 

temperature [112]: 

0 Sig = 9 5ij(9 Eis) (4.80) 

Furthermore, if the functional constitutive relationship satisfies the mathematical 

requirements of homogeneity and superposition, then the material behavior may be 

classified as linear. 

In the present investigation, the constitutive behavior of the continuum is as- 

sumed to be to be linear thermoelastic. All material properties are assumed inde- 

pendent of temperature. The continuum is considered to be at most an orthotropic 

medium whose principal material axes may be arbitrarily oriented with respect to 

the global coordinate system. The constitutive relationship for a linear elastic 

(Hookean) anisotropic solid is given by [107]: 

*oig = oCijei(oeet — 0 Zk) (4.81) 

05ij = oCizai(g Ent — pL) (4.82) 

where for small strains, the same constitutive relationships are used for both small 

and large deformation. The term {Ej is the strain due to the free thermal expan- 

sion of the material. The linear thermoelastic strain-temperature relationship is 

given by: 

py = a;4T (4.83) 

where: 

a;; = coefficients of thermal expansion 
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AT = change in temperature 

For the purposes of this study, a coordinate transformation of the constitutive 

equations is given in Appendix B for a single rotation about an axis normal to the 

geometric midplane of the plate (Figures 3.1 and 3.2). The equations transform the 

lamina constitutive behavior from orthotropic to monoclinic material behavior. 

Once the solution to the nonlinear boundary value has been determined, the 

Green-Lagrange strains are calculated using equations (4.28). The second Piola- 

Kirchhoff stresses are then calculated from the Green-Lagrange strains using equa- 

tions (4.82). As the strains become large, the constitutive relationships may no 

longer be linear elastic and nonlinear material behavior must be accounted for. 

However, for the boundary value problems considered in the present study, the de- 

formation is assumed to be large displacement, large rotation, and small strain. The 

second Piola-Kirchhoff stress and Green-Lagrange strain are invariant under rigid 

body motion, and the linear elastic constitutive relationships given by equations 

(4.82) are used. 

4.6 Total Potential Energy 

In this section, an expression is given for the total potential energy of a linear 

thermoelastic anisotropic body under the action of external loading. The expression 

for the total potential energy in the current (deformed) configuration at time t is 

referenced to the initial (undeformed) configuration at time 0 and all integrations are 

with respect to the initial (undeformed) geometry of the elastic body. Displacement 

‘a; are prescribed along the surface $,. External tractions boundary conditions 

oti are prescribed along the surface S2. The total potential energy II for the elastic 

body is given by [108]: 

=U.+Ve (4.84) 

where: 

U. = elastic strain energy for the body 
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V. = potential energy of the externally applied loading 

The elastic strain energy for the body is given by: 

1 
U= sf, 0513 (9 Bij — obs °dV (4.85) 

where: 

65ij = oCijni(G Ber — oF) 
‘EZ, = strain due to free thermal expansion 

The potential energy for the externally applied loading is given by: 

Vv. = -[ tf itty °”qV _ [ bij us °”dS (4.86) 

oVv °S, 

where: 

if; = body force per unit volume 

jt; = prescribed tractions on the surface S2 

Substituting equations (4.86) and (4.87) into equation (4.84), the total potential 

energy for the elastic body becomes: 

] _ _i [ ‘ S:5($ Ei; —$E7) dV — [ t Btu; dV — [ thtu, dS (4.87) 
2 oy ; oy oS, 

and displacements are prescribed along the surface $j: 

*u; = ‘a; on Sy, (4.88) 

4.7 Governing Equations and Boundary Conditions 

For the present analysis, the principle of minimum potential energy is used to 

derive the equations of equilibrium and the natural boundary conditions for the 

problem. The principle of minimum potential energy states that of all possible 

kinematically admissable displacement fields, the displacements which correspond 
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to a stable equilibrium configuration also make the total potential energy a relative 

minimum [108,112]: 

61 = (6U. + 6V.) =0 (4.89) 

Taking the first variation of the total potential energy of the body with respect to 

t Ui: 
ou ., 

For an arbitrary variation of 6*u;: 

oll 
Btu, = 0 (4.91) 

Applying this principle to the total potential derived in the previous section yields: 

éII = [  ¢..6¢ B:; dV — [ t £.6tu; dV — [ tT Stu; dS (4.92) 
oy oy °S3 

The first term in equation (4.92) may be expanded using (4.28): 

[ 691359 Ei; °dV = [ 6 5kj (Sik + 6 ui,k 59 Ui, ; °dV (4.93) 
oy oy 

Integrating by parts: 

I oSkj (Sik + ouse)dous,j "dV = [ oSkjo7; (dik + oUs,e)dgui dS 

—- [ [6 Sk5 (Sik + oti, k)| jou °dV (4.94) 

where 9n; are components of a unit vector which is normal to the surface of the 

body. Substituting this result into equation (4.92): 

-[ {[oSej(5ie + otise)],s + ofiporui dV 
oy 

+ | [o5e 507; (Sik + tik) — ods] O'us dS = 0 (4.95) 
S2 

For an arbitrary variation of 5‘u;, the three equations of equilibrium are obtained: 

[oSej(Sie + ouse)] ptofi=O0 in V (4.96) 
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and the natural boundary conditions are: 

07256945 ( Six + butik) — tt; =0 on S2 (4.97) 

where the assumed displacement field tu; must satisfy the essential boundary con- 

ditions: 

tu; = ta; on Sj (4.98) 

Substituting the constitutive equations (4.82) into equations (4.96) and (4.97) yields: 

1 
[oCejmn(otm,n + 50Upmotp.n — 0 Ean) (Sik + oti, k)| jr offi =0 (4.99a) 

1 _ 
01 ;0Ckjmn(gtmn + soUpmoupn —oLmn)— 08 =9 on S$; (4.996) 2 

tu, = ‘a; on $y (4.99c) 

Equations (4.99) constitute the three-dimensional nonlinear boundary value prob- 

lem in dependent variables uj, u2, and u3. Equations (4.99a) are three coupled 

nonlinear partial differential equations. Equations (4.99b) are the natural bound- 

ary conditions and equations (4.99c) are the essential boundary conditions for the 

problem. Equations (4.99) are used in the next chapter to develop the model equa- 

tions for the finite element formulation. The model equations are used to formulate 

the global nonlinear boundary value problem of a laminated anisotropic composite 

plate subjected to external loading. 

4.8 Uniqueness and Stability 

The mathematical requirements for the linearity of a given set of governing 

equations are homogeneity and superposition. For linear boundary value problems 

formulated from the theory of elasticity, the linearity of the governing equations 

can be used to establish the existence and uniqueness of a solution [108]. However, 

for nonlinear boundary value problems, the uniqueness of a solution cannot be 
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established. Multiple solutions may exist to the governing equations for the same 

set of boundary conditions. 

The boundary value problems considered in this study are nonlinear and there- 

fore multiple solutions may be obtained for the same set of external loading condi- 

tions. These solutions may be either stable or unstable equilibrium configurations. 

The physical possibility of multiple stable solutions for unsymmetric laminates un- 

der the action of external loading has been verified experimentally. For a given 

external load condition, multiple stable equilibrium configurations have been ob- 

served in thin unsymmetrically laminated plates subjected to compressive [33] and 

thermal [47,51,52] loading. 

The study of elastic bodies possessing multiple equilibrium configurations under 

the same set of external loads is called the theory of elastic stability. The stability 

of a solution to the equations of equilibrium may be determined by examining the 

matrix formed by the second variation of the total potential energy [112,113]: 

0 

ii = 95,84, 
  (4.100) 

where: K;; = Stiffness coefficients for the stiffness matrix [K] 

Il = Total potential energy of the elastic body 

gi, 9; = Generalized coordinates for the elastic body 

If the stiffness matrix [K] is positive definite, then the solution is stable and 

the total potential energy II is a relative minimum. If the stiffness matrix [K] is 

negative definite, negative indefinite, or indefinite, then the solution is unstable. If 

the stiffness matrix [K] is positive semidefinite, then the stiffness matrix is singular 

and higher order derivatives of the total potential energy must be considered to 

determine the stability of the equilibrium configuration. Thus the stability of a 

solution may be determined by evaluating the determinant or eigenvalues of the 

stiffness matrix [K’]. 
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The finite element method is used in the next chapter to obtain an approximate 

solution to the nonlinear boundary value problem. The formulation uses the linear 

form of Newton’s method to solve the nonlinear boundary value problem. In the 

finite element formulation of Newton’s method, the global tangent stiffness matrix 

evaluated at the equilibrium state corresponds to the second variation of the total 

potential energy. For the case in which the stiffness matrix is positive semidefinite, 

the load parameter embedded in the matrix reaches a critical level for which the 

load parameter is an eigenvalue of the homogeneous form of the governing equations. 

The global stiffness matrix becomes singular at this point and the Newton algorithm 

breaks down. The solution of the nonlinear governing equations is discussed further 

in Section 5.2.2. 
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Chapter 5 

FINITE ELEMENT FORMULATION 

This chapter discusses the approximate solution of the nonlinear boundary 

value problem by the finite element method. The chapter begins with the for- 

mulation of the nonlinear finite element equations and their solution using New- 

ton’s method. A total Lagrangian incremental approach is used to derive the 

displacement-based geometrically nonlinear finite element equations. The chapter 

also describes the computational aspects of the finite element analysis which include 

a discussion of global /local finite element analysis, nonlinear solution strategy, and 

interlaminar stress computations. The chapter concludes with a discussion of re- 

sults for the verification test cases which were selected to evaluate the analytical 

approach. 

5.1 Finite Element Implementation 

The governing equations and boundary conditions derived in Chapter 4 are 

referenced to the initial (undeformed) configuration of the elastic body; thus a La- 

grangian kinematic approach was used. The implementation of Newton’s method 

results in an incremental formulation of the problem. If the incremental form of the 

equations is referred back to the initial (undeformed) configuration, the approach 

is referred to as a total Lagrangian formulation. If the incremental form of the 

equations is referred back to the most recently calculated current (deformed) con- 

figuration, then the approach is referred to as an updated Lagrangian formulation. 

If, in each fomulation, energetically consistent measures of stress and strain are used 

and the appropriate constitutive relationships are employed, then both formulations 

will yield identical results [110] and either approach may be used. 
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5.1.1 Element Geometry and Interpolation Functions 

Four types of three-dimensional isoparametric hexahedral “brick” elements are 

included in the present finite element formulation. The four elements are illustrated 

in Figure 5.1. The coordinates z; and the components of the displacement field u; 

are interpolated within the element using the following equations: 

Yo Spat (5.1) 

"uj= Sy ptut (5.2) 

where: 

bt = DE(Ex, £2, 63) 
n = nodes per element 

The values of the coordinate z; and displacement u; at node number k are given 

by z* and u¥, respectively. w* are the interpolation or shape functions which are 

dependent upon the natural element coordinates ;, -1<€;<+1. The element 

nodes are located along the element boundary (Figure 5.1). The element geometry 

and displacement field are dependent upon the nodal values, z* and uF, respectively. 

Such elements are referred to as Serendipity elements. Ifthe element geometry and 

displacement field are interpolated by the same interpolation, then the elements are 

called isoparametric. The element shape functions for each of the isoparametric 

elements are given by [114]: 

Corner nodes in the 16-node element (€* = +1, &* = +1, &* = +1): 

(1 + €76s)(1 + €262)(1 + 6563 )(ET Gs + 2 & — 1) (5.3) 

c
o
 
|
=
 

y= 

Typical side node in the 16-node element (€* = 0, ¢* = +1, &* = +1): 

oP = 51 -&7)(1 + FG\(1 + G65) (5.4) 
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Corner nodes in the 20-node element (¢* = +1, €* = +1, ¢* = +1): 

oh = (1+) + FEI + BEMEG +4 + 86-2) (55) 
Typical side node in the 20-node element (¢* = 0, €* = +1, ¢* = +1): 

oF = 71-71 + FE) + Bb) (5.6) 
Corner nodes in the 24-node element (€* = +1, ¢* = +1, €* = +1): 

Oh = (1+ FEL + FE)1+GE)G? +67) -10) (5-7) 
Typical side node in the 24-node element (¢* = +i, €* = +1, €* = +1): 

oF = S(1— &7)(1 + 9646 )(1 + Fa)(1 + G65) (5.8) 
Corner nodes in the 32-node element (€* = +1, ¢* = +1, €* = +1): 

pt = =;(1 + €FEr)(1 + EF €2)(1 + €5€3)[9(6x? + €27 + &37)- 19] (5.9) 

Typical side node in the 32-node element (€f = +4, €7 = +1, €} = +1): 

oP = S(1- &:7)(1 + 9686 )(1 + EL + GS) (5.10) 
where: 

€* = the value of natural coordinate ¢; at node k 

The order of element interpolation in each natural coordinate direction is sum- 

marized in Table 5.1. The 16-node and 24-node elements are often used in the 

analysis of laminated plates because of their higher order of interpolation of the in- 

plane displacement field. The 20-node and 32-node elements give an equal order 

interpolation in all three coordinate directions. The 20-node and 32-node elements 

were used exclusively in the present investigation. For any analysis in which stresses 

were required, the 32-node element was used. 
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5.1.2 Finite Element Equations 

The nonlinear three-dimensional boundary value problem was derived in Sec- 

tion 4.7 using the principle of minimum total potential energy. Assuming that an 

equilibrium configuration exists at time = t + At, equation (4.92) may be rewritten 

[110]: 
[, trAtg, gett RE: dV _ t+At p 

where: 

t+At p = [ t+ At pf. gttAty. OqV 4 [ tr Ate 5tt At, | 04S 

oy °S, 

Introducing the following incremental decompositions: 

tats; = 59:5 +05i; 

t+At _ t .. . 
0 Ei; = 0 Fi; + o£;; 

The first variation of the Green-Lagrange strain at time ¢ + At is given by: 

59° Ei; = b9 Fi; = 50€3; + 507i; 

Rewriting equation (5.11): 

i 65:3 (S0e:; + 507:;) CV + [ 05:;(S0e;; + boni;) ONV = ttAtp 

where: 

t t 65:3 = oCijei(gent + $met — § EZ) 

059i; = oC sjet(oen + oMkt — o Ej) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

Equation (5.15) may be linearized by introducing the following approximations: 

T 059i; = oCijei(oert — oF i) 

[ 09:; 607i; CdV = 0 

oy 

(5.16) 

(5.17) 
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Equation (5.15) can be rewritten: 

[ oCijri(oen — of 41 )50ei3 dV +f 6 5:350nij dV = 
oy oy 

t+At Pp _ [ _, 05ijb004;°dV (5.18) 

Equation (5.18) is an approximate equation of motion which can be solved for the 

increment of displacement u;, where: 

u; = tty, — tu; (5.19) 

Equation (5.18) is a total Lagrangian formulation of the incremental equations of 

motion. The incremental equations (5.18) and (5.19) are used in the formulation 

of the Newton solution procedure. The finite element approximation of the in- 

cremental equations of motion is formulated by substituting the displacement field 

given by equations (5.2) into equations (5.18). The resulting system of m finite 

element equations may be written (in matrix form): 

[oK]{u} = {FR} -— {oF} (5.20) 

where: 

4K] = global stiffness matrix 

{u} = incremental nodal displacement vector 

{*+4tR} = external force vector 

{jF} = initial stress vector 

m = number of degrees of freedom per element 

The transpose of the incremental nodal displacement vector is given by: 

{u}T={ul ul ul u? ... ut} (5.21) 

where: 

u* = increment of displacement u; at node k 
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n = nodes per element 

The global stiffness matrix [¢ K] is composed of the linear stiffness matrix [{ Kz] and 

the nonlinear stiffness matrix [f Kn]: 

[0K] = (Kx) + [pKnz] (5.22) 

The nonlinear finite element equations may be summarized as follows [110): 

[ , oCizei(oert — oF p,)50ei; °dV = {6u}7 [§ Kx] {u} (5.23) 

Jf s8isfons av = (6u} EK welt} (5.24) 

[ _ BSisdaes "dV = {5u}™ GF} (5.25) 

SKi] =f (6BcIloclsBL)av (5.26) 

Kwa] =f SBwxI"6SI6BNz)aV (5.27) 

(GF}= [| GBslTGsyav (5.28) 
The nonlinear stiffness matrix [$ Ky ] and the initial stress vector {$F} are both 

dependent upon the stresses, 5.5;;, of the most recently calculated equilibrium con- 

figuration. [§Bz] is the linear strain-displacement matrix and [{Bwnz]| is the non- 

linear strain-displacement transformation matrix. The [jB,] matrix is dependent 

upon the nodal displacements, ‘u*, of the most recently calculated equilibrium con- 

figuration. [5] and {£5} are matrices which contain components of the second 

Piola Kirchhoff stresses §5;; within the elastic body at time t. The components 

of the [$Bz], ({Bwz], [£5], and {{S} matrices are given in Appendix C. [oC] is 

the linear elastic constitutive matrix which contains the quantities 9Ci;,:. The 

equations used for the Newton iteration are: 

[KOM] {ul} = {OR} — EFOY} (5.29) 
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ctdty (Dy — (tt Aty(i-D} 4 fy (D} (5.30) 

The initial conditions for the procedure are: 

{*t4t,(0)) — {ty} (5.31) 

{ph tFO} = {oF} (5.32) 

The right-hand side of equation (5.19) is the correction to the error in the approx- 

imation of the previous iteration. The iterative procedure is conducted until the 

calculated increment of displacement is sufficiently small. The convergence crite- 

rion for this investigation is to conduct the iterative procedure until the following 

relationship is satisfied: 

[|] < 0.0001 (5.33) 
||*u || 

where ||u|| and ||*w|| are Zz (or Euclidean) norms of the incremental and total 

  

displacement vectors, respectively. The selection of this criterion was based upon 

the results of a convergence study conducted early in the investigation. 

5.1.3 Numerical Integration 

Each of the finite element equations derived in section 5.1.2 must be integrated 

over the initial volume or surface of the element. Polynomial-based interpolation 

t functions are used to interpolate the displacements ‘u; and initial coordinates °z;. 

The integrals presented in the previous section are of the form: 

+a pt+b pte 

I(°x1,°22,°23) = / / / F(°x;,°22,°23)°dzy°dz2°dz3 (5.34) 
—@ —-b JvJ—e 

The integrands of these equations are difficult to evaluate by classical means, but 

can be efficiently evaluated numerically using Gauss-Legendre quadrature. The 

Gauss-Legendre quadrature formula is given by: 

b +1 ” . ° 

[ P@de= [nose = Dwr) (5.35) 
a —1 i=1 
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where: 

J = the determinant of the Jacobian (transformation between z and €) 

W* = Gauss weight factors 

€? = Gauss points 

n = number of Gauss points 

Gauss- Legendre quadrature is capable of exactly integrating an integrand which 

is a polynomial of order n by using (n+1)/2 Gauss points [115]. The integral on the 

left hand side of equation (5.35) is transformed from the z coordinate system, with 

a domain a < z < 5b, to the € coordinate system, with a domain of —1 < € < +1. 

This is the same as the transformation which exists between the coordinates °z; 

and the natural element coordinate £;. This quadrature formula can therefore be 

readily applied to integrals of the form shown in equation (5.34). The Jacobian 

matrix [J] which transforms the coordinates °z; into natural element coordinates 

€; is given by: 
SPs 82, zs 

1 

  

  

    

Mri p 8x a ae WW] =[ael = | ee “oe es (5.36) 
J 6°2z, 8°z. 6°r, 

8€s 8€s 5€s3 

where: 
. " k 

Ft: _ yo (5.37) 
og; k=1 OE; 

The inverse of this transformation is given by: 

[J*] = [(J}-? (5.38) 

Using this transformation, the integrand of equation (5.34) may be transformed to 

natural element coordinates: 

+a pt+b pte 

/ / F(°x1,°22,°23)°dz,°dz2°dz3 = 
—a —b —c 

+1 pt] pti 

/ / f(&1, 62, €3) Idi dé dfs (5.39) 
~1 J-1 J-1 
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The integral on the right-hand side of equation (5.39) is approximated using a 

three-dimensional form of the Gauss-Legendre quadrature: 

+1 ptl pti 
/ / F(€1, 62,3) J dé; df2dé3 = 

-1 J-1 J-1 

nlon2 n3 

YS wiwiw* (6,6, e) (5.40) 
i=1j=1k=1 

where: 

n; = number of gauss points in the €; direction 

A 4x 4x 4 Gaussian quadrature was used for most of the test cases considered 

in this study. For initial test cases in which an approximate solution of a nonlinear 

displacement field was sought with a coarse finite element mesh, a reduced 3 x 3 x 

3 integration was used in order to reduce the number of required computations. 

5.2 Computational Aspects 

This section addresses the following computational aspects of the finite element 

analysis: 

(1) Global/local finite element analysis. 

(2) Nonlinear solution strategy. 

(3) Interlaminar stress computations. 

Tensorial (or index) notation has been used up to this point in order to clarify the 

development of the theory. However, in discussing the numerical results, the more 

conventional notation from classical laminated plate theory [22,23] is adopted. A 

comparison of these two notations is given in Table 5.2. The conventional notation 

is used for the remainder of this discussion. 
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5.2.1 Global/Local Finite Element Analysis 

This section provides a summary of the procedures used for geometrically linear 

and nonlinear global/local finite element analyses. The laminates considered in this 

study possess two types of symmetries in material properties, laminate geometry, 

and external loading. These two symmetries are: 

(1) Quarter symmetry => [0/90] laminates. 

(2) Inversion symmetry [116] = [+45/—45] and [0/+45] laminates. 

These symmetries are used to reduce the size of the numerical models and reduce the 

number of required computations. The regions of the laminate which are modeled 

using quarter and inversion symmetry are shown in Figure 5.2. 

Since the interlaminar stress fields possess steep gradients near the free edges 

of the laminate, global/local finite element analysis was utilized in order to obtain 

more accurate free edge stress predictions. The geometry of the global /local finite 

element analysis is illustrated in Figure 5.3. The method of global/local finite 

element analysis has been used by a number of researchers (84,85,86] to conduct 

geometrically linear analyses of laminated composite structures. Both geometri- 

cally linear and nonlinear global/local finite element analyses are conducted in the 

present study for the cases of extensional and thermal loading. For the nonlinear 

analysis of the compression cases, interlaminar stresses existed across the entire 

interfacial surface; thus a detailed global finite element analysis was required. 

The global/local modeling scheme is summarized below: 

(a) A global solution for the displacement field is obtained from a quarter or in- 

version symmetric global finite element analysis of the laminate. 

(b) The nodal displacements from the global finite element solution are used in 

the expression for the element displacement field, given by equations (5.2), to 

calculate interpolated displacements for nodes within the local finite element 

model. 
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(c) Interpolated displacements from the global solution are used as displacement 

boundary conditions for the local finite element analysis. 

The selection of the location for the global/local interface was based upon two 

requirements: 

(1) The displacements along the global/local interface predicted by the global finite 

element model must be converged. 

(2) The boundary layer in which the interlaminar stresses exist must be contained 

within the local region. 

The first requirement listed above is extremely important, since the accuracy of 

the solution for the local analysis is only as accurate as the displacement boundary 

conditions obtained from the solution for the global analysis. Based upon these 

requirements, careful consideration was given to both the selection of the location 

for the global/local interface and in the design of the global and local finite element 

meshes. The final selection of the global/local interface was based upon the re- 

sults of detailed displacement and stress convergence studies conducted during this 

investigation. The region modeled by the local finite element analysis is shown in 

Figure 5.3. The local model extends from 0.8 < y/b < 1.0. For thermal loading, 

local finite element analyses were also conducted for a local model which extended 

from 0.8 < z/a < 1.0. For the 2.0 in. unsymmetric laminates (L/h = 50), this 

region extended a distance of 5.0 laminate thicknesses in from the free edge. For 

the 2.0 in. symmetric laminates (L/h = 25), this region extended a distance of 2.5 

laminate thicknesses in from the free edge. The finite element models used in this 

study are summarized in Appendix D. 

The procedures for geometrically linear and nonlinear global/local finite ele- 

ment analyses are summarized below: 

Geometrically linear analysis - The linear solution from the global finite ele- 

ment analysis may be interpolated at any location within a global element using the 

element displacement field given by equations (5.2). The linear solution from the 
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global analysis is interpolated at the nodes in the local finite element model which 

lie along the global/local interface. These interpolated nodal displacements along 

the global/local interfacial surface are used to prescribe displacement boundary 

conditions for the linear local finite element analysis. , 

Geometrically nonlinear analysis — Like the linear analysis, the nonlinear solu- 

tion from the global finite element analysis may be interpolated at any location using 

the element displacement field given by equations (5.2). The nonlinear solution 

from the global analysis is interpolated at the nodes within the local finite element 

model. The interpolated nodal displacements which lie along the global /local in- 

terface are used to prescribe displacement boundary conditions for the nonlinear 

local finite element analysis. The interpolated nodal displacements at the remain- 

ing nodes in the local model are used as an initial approximation for the initiation 

of the Newton algorithm. 

5.2.2 Nonlinear Solution Strategy 

The approximate solution of the three-dimensional nonlinear boundary value 

problem is extremely computationally intensive. The three-dimensional aspect of 

the problem results in a large system of simultaneous linear algebraic equations. 

The nonlinear nature of the boundary value problem adds an additional level of 

difficulty in that an iterative solution scheme (Newton’s method) is used in which 

the system of simultaneous equations must be formulated and solved multiple times. 

This nonlinear solution procedure is further complicated by the existence of bifurca- 

tion points, multiple solution paths, and the large number of iterations which may 

be required before a converged solution is obtained. 

Newton’s method is initiated by providing the iterative algorithm with an ap- 

proximate solution which is assumed to be in the neighborhood of the solution. 

If the initial approximate solution is within the neighborhood of the solution, the 
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algorithm will converge quadratically to the solution. Because geometrically non- 

linear three-dimensional analysis is so computationally intensive, it is desirable to 

provide an initial approximate solution which is very close to the actual solution 

in order to reduce the number of required iterations. In the present study, initial 

approximate solutions were obtained from either nonlinear two-dimensional plate 

theory or the present nonlinear three-dimensional finite element analysis using a 

coarse mesh with reduced integration. Once the nonlinear solution is obtained, the 

solution is interpolated to provide an initial approximate solution for the nonlinear 

analysis of the refined three-dimensional finite element mesh. 

The existence of bifurcation points and multiple solution paths can make the 

determination of a nonlinear solution difficult. At a bifurcation point, the non- 

linear solution branches into multiple nonlinear solution paths. From a stability 

standpoint, these paths may be stable or unstable. The stability of a solution may 

be determined by evaluating the second variation of the total potential energy, 6?7, 

for positive definiteness (refer to section 4.8). As a bifurcation point is reached, 

the load level reaches a critical value which is an eigenvalue for the linear system 

of homogenous equations. At this point, the linear differential operator or tangent 

stiffness matrix becomes singular and the linear system of equations are no longer 

consistent. The linear form of Newton’s method breaks down at this point. <A 

number of methods may be used to overcome these difficulties of determining so- 

lutions for nonlinear problems with bifurcation points and multiple solution paths. 

The two methods which were used in the present study are summarized below. 

The first method consists of providing the Newton algorithm with an initial 

approximate solution which is based upon the anticipated response of the elastic 

body. Oftentimes, an approximate mode shape for the nonlinear equilibrium con- 

figuration of the elastic body can be estimated. This approximate mode shape 

may be based on a number of factors, such as previous experimental or analytical 

results. As stated above, Newton’s method is initiated by providing the algorithm 
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with an initial approximate solution which is assumed to be in the neighborhood 

of the solution. Therefore, if the appoximate solution, based upon the anticipated 

mode shape, is close enough to the solution, convergence to the solution will occur. 

If the load level for the desired solution is very close to a bifurcation point, a large 

number of iterations may be required, if convergence occurs at all. For these cases, 

the nonlinear solution may be obtained at a slightly higher load level, and then the 

nonlinear solution can be obtained by unloading down the nonlinear path. 

The second method is to apply a small force or set of forces to the numerical 

model to ‘stabilize’ the solution as it passes near the bifurcation point. Once the 

desired load level is reached, the pseudo-loading may be removed and the iterative 

scheme restarted. If the approximate solution is sufficiently close enough to the 

actual solution, then the Newton procedure will converge toward it. Physically, 

this may be visualized as providing additional external loading to perturb the elastic 

body away from the critical state to a more stable deformed configuration. Math- 

ematically, the introduction of the pseudo load modifies the set of equations such 

that the system of equations remains consistent (nonsingular) as it passes near the 

bifurcation point. 

In addition to these two methods, others have been proposed by a number of 

researchers. Thurston {117,118] has proposed an effective method of extending 

Newton’s method through bifurcation points in which higher order terms in the 

Taylor series expansion about the initial approximate solution are used to extend 

the method through bifurcation points. Although Thurston’s method is an effective 

approach, the two methods described above were used in the present investigation 

because they provided a practical means of obtaining a solution without requiring 

extensive modification to the existing analysis. 
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5.2.3 Interlaminar Stress Computations 

This section provides a brief discussion of the computational details for the 

following: 

(1) Calculation of interlaminar stresses. 

(2) Cauchy and second Piola-Kirchhoff stresses. 

(3) Interpolations for surface plots. 

Calculation of Interlaminar Stresses 

The finite element method provides an approximate solution for the u, v, and 

w displacements at every finite element node point throughout the elastic body. 

The displacement gradient at any point within an element is evaluated using the 

element interpolation functions and nodal displacements. The strains at a given 

point are calculated from the displacement gradient using the strain-displacement 

equations. The stresses are calculated directly from the strains using the consti- 

tutive equations. 

It has been suggested that the most accurate locations to evaluate the stresses 

within an element are at the element Gauss point locations used for the Gauss- 

Legendre quadrature of the element matrices [119,120]. Therefore, in the present 

study, the stresses are evaluated at each of these element Gauss points. However, 

the focus of this study is upon the components of interlaminar stress at the interface 

between adjacent laminae. An accurate and efficient method of determining these 

interlaminar stresses is by averaging the interlaminar stress values at Gauss points 

located above and below the interfacial surface. For a given z and y Gauss loca- 

tion, this method averages the interlaminar stress values at the closest two Gauss 

points located directly above and below (same z and y location) the interfacial 

surface. Thus a linear interpolation of the through-the-thickness variation of the 

interlaminar stresses is used to determine the stresses acting upon the interfacial 

surfaces. The assumption of a linear variation is a good approximation since the 
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closest Gauss points are located quite near the interfacial surface. Plots of the 

through-the-thickness variation of the interlaminar stress field also supported this 

assumption. In the present study, the interlaminar stresses predicted from both 

linear and nonlinear theory, Cauchy and second Piola-Kirchhoff stress, respectively, 

are calculated using this stress averaging scheme. 

Cauchy and Second Piola-Kirchhoff Stresses 

For geometrically linear analysis, the displacements, rotations, and strains of 

the elastic body are considered small and the linear strain-displacement equations 

(4.29) are used to calculate the strain at any given point. Cauchy stresses are 

calculated directly from the linear strains using the constitutive equations (4.81). 

For small deformation, the linear strain and Cauchy stress calculated from linear 

theory are the same as the engineering definitions of stress and strain. 

For geometrically nonlinear analysis, displacements and rotations of the elastic 

body may be large, but the strains are still considered small. The Green-Lagrange 

nonlinear strain-displacement equations (4.28) are used to calculate the strain at 

any given point. Second Piola-Kirchhoff stresses are calculated directly from the 

Green-Lagrange strains using the same constitutive relations (4.82) used in the 

linear analysis (4.81). The Green-Lagrange strains and second Piola-Kirchhoff 

stresses calculated from nonlinear theory are referred to the original configuration 

of the elastic body. For small strains, these stresses and strains are approximately 

equal to the engineering stresses and strains [121]. The deformation considered in 

this study is assumed to be that of large displacement, large rotation, and small 

strain. Therefore, the Green-Lagrange strains and second Piola-Kirchhoff stresses 

calculated from nonlinear theory may be compared directly to the linear strains and 

Cauchy stresses calculated from linear theory. 

The assumption, that the second Piola-Kirchhoff stress for small strains is 

approximately equal to the engineering stress or Cauchy stress, can be evaluated 
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through the consideration of a numerical example taken from this study. The 

example considers the stress-deformation response of a 2.0 inch square, T300/5208 

graphite/epoxy, unsymmetric [04/904], laminate subjected to a uniform change in 

temperature, AT = —280°F (detailed results are given in section 6.5). The out- 

of-plane (transverse) deflections are large; that is, on the order of the laminate 

thickness. 

Interlaminar stress results are obtained from both geometrically linear and 

nonlinear finite element analysis. A discussion of these results follows in which 

comparisons are made between: 

(1) Cauchy stresses (linear theory); 

(2) second Piola-Kirchhoff stresses (nonlinear theory); 

(3) Cauchy stresses (nonlinear theory, from equation 4.63); and 

(4) interfacial stresses, ty and ts (nonlinear theory). 

The Cauchy stresses o,,, Tyz, and 7,2 and second Piola-Kirchhoff stresses S,,, 

Syz, and S,, are calculated as discussed above. The second Piola-Kirchhoff stresses 

are measured with respect to the initial (undeformed) configuration of the elastic 

body. Therefore, S,., Syz, and S,2, act truly normal and parallel to the interfacial 

surface between adjacent plies in the undeformed configuration (refer to Figure 

5.4). For small strains, these stresses are approximately equal to the engineering 

or Cauchy stresses acting upon the interfacial surface. 

The actual engineering stresses or Cauchy stresses can be calculated directly 

from the second Piola-Kirchhoff stresses through equation (4.63). These stresses 

are measured with respect to the current (deformed) configuration, but are oriented 

with respect to the initial (undeformed) coordinates of the elastic body (refer to 

Figure 5.4). Therefore, at locations in which a finite rotation of the original ge- 

ometric midplane has occurred, the o,,, Tyz, and 7,z components of stress are no 

longer acting truly normal and parallel to the current (deformed) interfacial surface. 

The finite rotations of the plane tangent to the interfacial surface at that point must 
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be accounted for. The engineering stresses acting upon the interfacial surface can 

be calculated from the Cauchy stresses (from equation 4.63) by rotating the stress 

state. For the purposes of this example, the calculation of the approximate normal 

tn and shear ts stress components acting upon a plane tangent to the interfacial 

surface (refer to Figure 5.4) is summarized below: 

(1) The Cauchy stress and displacement gradient tensors at the interfacial surface 

are approximately determined using the stress averaging method discussed at 

the beginning of this section. 

(2) The approximate orientation of a normal to the plane tangent to the interfacial 

surface is calculated. Referring to Figure 5.5, the components of the normal 

are determined from the vector product of two unit vectors lying along: 

(a) intersection between the tangent plane and zz-plane; and 

(b) intersection between the tangent plane and yz-plane. 

The components of these two unit vectors are determined from the following 

components of the displacement gradient: 

Ow Ow 
= >-, Y= Fp (5.41) 

(3) Using the direction cosines for the orientation of the tangent plane, the z, y, 

and z components of the traction vector acting upon the interfacial surface are 

calculated using Cauchy’s formula given by equation (4.49): 

te = N2022 + NyTzy + NzTez (5.42a) 

ty = NzTyz + NySyy + NzTyz (5.425) 

te = MNzTrz + NyTyz $+ 22022 (5.42c) 

where: 

nz = cos 6, sin 0, (5.43a) 
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ny = —sin 8, cos 9, (5.436) 

nz = cos 6, cos by (5.43c) 

(4) The normal ty and shear ts components of the stress acting upon the interfacial 

plane are given by:. 

tn =nzt,+ nyt, + nt. (5.44) 

ts = 1/th — 3, (5.45) 

where: 

= +es+e (5.46) 

The displacement and stress results for the [04/904], laminate are shown in 

Figures 5.6, 5.7, and 5.8. Figure 5.6 shows the w/h displacement of the midplane 

along the line z = 0 predicted by linear and nonlineartheory. A greater out-of-plane 

w displacement is predicted by linear theory and the maximum w displacement 

predicted by either theory is on the order of the laminate thickness. The rotations 

along the interfacial surface between the 0 and 90 degree plies become quite large 

near the edges of the laminate. 

The distribution of normal stress along z = 0 at the 0/90 interface is shown 

in Figure 5.7. The ¢, component of the stress vector acting along z = 0 is zero 

and the normal ty and shear tgs stress components lie completely within the yz 

plane. The second Piola-Kirchhoff stress S,, compares quite well with the normal 

stress ty. The maximum Cauchy stress o,, calculated from the nonlinear theory 

using equations 4.63 is slightly less than the predicted maximum ty stress. This 

difference is the result of the finite rotation of the interfacial surface, but the effect of 

the finite rotation upon the normal stress is small. Finally, the maximum Cauchy 

stress o,, predicted by linear analysis is less than the maximum ty and S,, stresses 

predicted by nonlinear theory. 

The distribution of shear stress along z = 0 at the 0/90 interface is shown in 

Figure 5.8. The second Piola-Kirchhoff stress 5,, compares quite well with the 
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shear stress ts. The Cauchy stresses 7,, calculated from the nonlinear theory using 

equations 4.63 are shown to be quite different than the ts shear stresses. This large 

difference is the result of the finite rotation of the interfacial surface. The Cauchy 

stress T,, calculated from (4.63), is shown to vary linearly, as does the slope of the 

interfacial surface since the curvature of the surface, x,, is approximately constant 

along y. Finally, the maximum Cauchy stress 7,, predicted by linear analysis is 

less than the maximum ts and Sy, stresses predicted by nonlinear theory. 

The main conclusions based upon the results of this numerical example are 

that: 

(a) The assumption that for geometrically nonlinear analysis with small strains, 

the second Piola-Kirchhoff stress is approximately equal to the engineering 

stress or Cauchy stress is a valid assumption. 

(b) For geometrically nonlinear analysis, the determination of Cauchy or engineer- 

ing stresses acting upon an interfacial surface of a laminate requires a great 

deal of additional computations. 

Interpolations for Surface Plots 

A number of surface plots are presented in Chapter 6 to illustrate the variation 

of both displacement and interlaminar stress fields across the interfacial surface. 

A uniform grid of data values at equally spaced x and y locations is required to 

generate the three-dimensional projection of the surface. However, the values of 

displacement obtained from the analysis are given at the element node points and 

stress values are given at the element Gauss points. Therefore, the displacement 

and stress data at the interfacial surface must be interpolated into a uniform grid. 

The element interpolation functions for the 32-node (cubic) element are used to 

interpolate the displacements into the uniform grid points. Interlaminar stresses 

are interpolated using a more general polynomial interpolation scheme which would 

allow for irregularly spaced data points. The interpolation scheme fit a quadratic 
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surface to the closest nine data points (Gauss points). The stress value at the grid 

point was then interpolated using this quadratic interpolation scheme. 

5.3 Verification Test Cases 

A number of finite element test cases were conducted in order to verify the finite 

element implementation of the analysis and to evaluate the analytical approach. 

The test cases were conducted in two phases. The first phase of test cases was 

designed to verify the finite element implementation by running a large number of 

simple cases which could be verified by results from the principles of continuum 

mechanics and strength of materials. The second phase of test cases was designed 

to evaluate the analytical approach by comparing results from the present analysis 

with results from the current literature. 

The numerical results from the first phase of test cases compared quite well with 

the theoretical results. These test cases consisted of single element models sub jected 

to externally applied forces, externally applied displacements, and uniform change 

in temperature. These test cases focused upon verifying the following aspects of 

the finite element implementation: 

(a) Gaussian quadrature; 

(b) element formulation; 

(c) constitutive equations for an anisotropic solid medium; 

(d) implementation of force and displacement boundary conditions; 

(e) thermal analysis; and 

(f) implementation of inversion symmetry. 

The results from this first phase of test cases are omitted for brevity. The second 

phase of test cases focused upon two analytical capabilities: 

(a) three-dimensional boundary value problems; and 

(b) geometric nonlinearity. 

The results for the second phase of test cases are discussed below. 
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The three-dimensional capabilities of the finite element analysis were evalu- 

ated by comparing with previous results for the free edge problem of a symmetric, 

finite-width composite laminate subjected to uniform axial extension. Interlami- 

nar stresses (predicted by linear theory) determined from the present analysis were 

compared with the results of Herakovich, et al [78] and Wang and Choi [89]. The 

prediction of the interlaminar stresses at the free edges compared very well with the 

previous results. The comparison of these results are presented in Section 6.2. 

The geometrically nonlinear capabilities were evaluated by conducting the fol- 

lowing test cases: 

(1) Nonlinear extension of an isotropic solid. 

(2) Nonlinear bending of a cantilever beam with a transverse tip load. 

(3) Nonlinear bending of a cantilever beam with a distributed loading. 

(4) The elastica (postbuckling of a cantilever beam in compression). 

(5) Thermal deflections of an unsymmetric cross-ply laminate. 

The geometrically nonlinear solution for the uniaxial loading of an isotropic 

linear elastic solid can be derived from the basic principles of nonlinear elastic- 

ity. Based upon the theory covered in Chapter 4, the governing equation for the 

engineering strain can be written: 

F 13 
TAT) 7 Ele + 567] =0 (5.47) 

where: 

F = the axial force applied 

€ = engineering strain (AL/L) 

E = Young’s modulus 

Equation (5.47) may be solved exactly or by using Newton’s method. A com- 

parison of the present analysis with the numerical solution from nonlinear elasticity 

theory is shown in Figure 5.9. Figure 5.9 shows the variation of the nondimen- 

sionalized end extension u/L with the applied uniform pressure (actual force per 
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unit undeformed area, where msi = 10° psi). The agreement between the present 

analysis and the numerical solution is very good. 

The geometrically nonlinear bending of an isotropic cantilever beam under 

transverse load was considered for the cases of: 

(a) concentrated transverse tip load; and 

(b) uniformly distributed transverse loading. 

For case (a), the present analysis was compared to the numerical solution given 

in reference 122 which was based upon nonlinear beam theory. Figure 5.10 shows 

the variation of the nondimensionalized transverse tip displacement w/L with the 

load parameter alpha a: 

FL? ar (5.48) a= 

where: 

F = applied transverse tip load 

EL = length of the beam 

E = Young’s modulus 

I = moment of inertia in bending 

The agreement between the present analysis and the numerical solution [122] 

for case (a) is very good. For case (b), the present analysis was compared to the 

numerical solution given in reference 123 which was based upon nonlinear beam 

theory. Figure 5.11 shows the variation of the nondimensionalized transverse tip 

displacement w/L with the uniformly distributed loading. The agreement between 

the present analysis and the numerical solution [123] for case (b) is very good. 

The postbuckling behavior of an isotropic cantilever beam under a compres- 

sive axial tip load, also known as the elastica, was also considered. The present 

analysis was compared with a numerical solution based upon the theory found in 

reference 124. The nonlinear finite element solution in the postbuckling range was 

determined by using: (1) pseudo loading through the bifurcation point; and (2) 

providing an initial approximate solution (refer to section 5.2.2). Both methods 
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produced successful convergence to the postbuckled solution. Figure 5.12 shows 

the variation of the nondimensionalized transverse tip displacement w/L with the 

normalized axial load (normalized with respect to the Euler buckling load). The 

agreement between the present analysis and the numerical solution is very good. 

The thermal deflections of an unsymmetric cross-ply laminate were considered 

to evaluate the thermal analysis capability to predict the geometrically nonlinear 

response of laminated composite plates. The laminate considered was a T300/5208 

graphite/epoxy [04/904], laminate (material properties are given in Table 5.1) sub- 

jected to a uniform temperature change of AT = —280°F. The laminate is square 

in planform (a = 6) with a length of Z = 2a = 2b = 2.0 in. and a laminate thickness 

of h = 0.04in. Both geometrically linear and nonlinear finite element analyses were 

conducted. The linear results from the present analysis were compared with the 

results from linear classical laminated plate theory. Figure 5.13 shows the variation 

of the midplane w/h displacement with z/a. The agreement between the present 

analysis for 50 and 200 element models and linear classical laminated plate theory 

is very good. The agreement between the predictions of the 50 and 200 element 

models is an indication of the rapid convergence of the finite element solution. The 

nonlinear results from the present analysis were compared with the results from the 

nonlinear laminated plate analysis discussed in Appendix E. Figure 5.14 shows the 

variation of the midplane w/h displacement with z/a. The agreement between the 

present analysis and nonlinear laminated plate theory is very good. Comparisons 

between the predictions of the nonlinear plate analysis and previous experimental 

results (46,47,51] may also be found in Appendix E. 
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Chapter 6 

RESULTS AND DISCUSSION 

This chapter begins with introductory remarks regarding the numerical results 

and a discussion of the objective of the interlaminar stress comparisons between 

symmetric and unsymmetric laminates. Finite element analysis results are then 

presented for thin square laminated composite plates sub jected to extensional, com- 

pressive, and thermal loading. The extensional loading cases include numerical 

results for thick laminates which are compared with previous results [78,89] for 

symmetric composite laminates subjected to uniform axial extension. The results 

for extensional, compressive, and thermal loading are summarized at the end of 

Sections 6.3, 6.4, and 6.5, respectively. The main conclusions of these summaries 

may be found in Tables 6.1 through 6.4. 

The discussion in this chapter focuses upon the results for cross-ply and angle- 

ply laminates since these laminates exhibit different types of material property 

mismatch between adjacent layers (Table 3.4). The results for the cross-ply lam- 

inates demonstrate the effects of mismatch in in-plane normal strain €,, between 

adjacent layers which may be due to either a mismatch in vzy, az, or ay. The 

results for the angle-ply laminates demonstrate the effects of mismatch in in-plane 

shear strain yz, between adjacent layers which may be due to either a mismatch in 

Nzy,z OT Azy- 

Geometrically linear and nonlinear three-dimensional finite element analyses 

are conducted for both symmetric and unsymmetric laminates. The initial geo- 

metric midplane of the symmetric laminates remains plane during loading, unless 

buckling occurs under the action of compressive loading. The laminate membrane- 

flexural coupling of the unsymmetric laminates causes the laminate to immediately 

deflect out of plane under the action of external loading. For laminates which 

deflect out of plane, transverse w displacement results are given at the geometric 
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midplane of the laminate. The predictions from nonlinear theory are obtained 

using the Green-Lagrange nonlinear strain tensor (numerical results using a re- 

duced form of 3D nonlinear strain may be found in Appendix F). The interlam- 

inar stress results are Cauchy stresses, 0;;, predicted by linear theory and second 

Piola-Kirchhoff stresses, $;;, predicted by nonlinear theory (refer to Section 5.2.3). 

Quarter symmetry finite element models are used for the cross-ply laminates and 

inversion symmetry models are used for the angle-ply (+45/—-45) and 0/+45 lami- 

nates. Global/local finite element analysis (refer to Section 5.2.1) is used for the 

extensional and thermal loading cases in order to provide a more accurate prediction 

of free edge stresses. 

The interlaminar stress results for each laminate are given at the interfacial 

surfaces between adjacent layers. The interlaminar stress results for symmetric 

laminates are given at the z/h = +0.25 interface, unless stated otherwise. As 

discussed in Section 5.2.3, these stresses are average values calculated from element 

Gauss points located nearest to the interfacial surface. Although interlaminar stress 

comparisons are sometimes made between symmetric and unsymmetric laminates 

at Gauss points which are located closest to the free edge, emphasis is placed upon 

point-by-point stress comparisons along the entire interface, since the stresses closest 

to the free edge may not be as accurate as stresses away from the free edge (refer 

to Section 2.3). For each load condition, interlaminar stress results are given at 

the interfacial surface along the plane z = 0 (Figure 3.2). For thermal loading, 

interlaminar stress results are also given along the plane y = 0. For compressive 

loading, nonlinear theory predicts that each laminate undergoes a change in mode 

shape during loading. After the change in mode shape has occurred, interlaminar 

stresses exist not only in regions near the free edges, but across the entire interfacial 

surface of the laminate. For these compression cases, the interlaminar stress results 

are given for the entire interfacial surface. 
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6.1 Objective of Interlaminar Stress Comparisons 

For laminated plates subjected to external loading, the mismatch in material 

properties between adjacent layers causes interlaminar stresses to arise near the 

free edges of the laminate. For unsymmetric laminates under external loading, 

the mismatch in material properties about the geometric midplane causes the lam- 

inate to deflect out of plane. The objective of the interlaminar stress comparisons 

between symmetric and unsymmetric laminates is to determine the effect of these 

out-of-plane (transverse) deflections on the interlaminar stresses in unsymmetric 

laminates. Two examples are discussed below in order to illustrate how this ob- 

jective is accomplished. 

The three cross-ply laminates considered in this study are shown in Figure 

6.1. On the left-hand side of Figure 6.1, the laminates are shown in their initial 

(undeformed) state within the plane z =0. On the right-hand side of Figure 6.1, 

the laminates are shown in their current (deformed) state within the plane z = 0 

under the action of extensional loading in the z direction. As discussed in Chapter 

3, the same layer thickness was chosen for all laminates in order to achieve the same 

level of material property mismatch between adjacent layers. This figure illustrates 

the effect of mismatch in in-plane normal strain, €,,, between the 0 and 90 degree 

layers which is caused by a mismatch in Poisson’s ratio vz, between the layers. 

The upper half of the symmetric [90/0], laminate is the same as the unsymmet- 

ric [0/90], laminate which has an out-of-plane restraint w(z,y,—h/2) = 0 applied 

to its lower surface (Figure 6.1). The lower half of the symmetric [0/90], laminate 

is the same as the unsymmetric [0/90], laminate which has an out-of-plane restraint 

w(z,y,+h/2) = 0 applied to its upper surface. The out-of-plane restraint in each 

case is due to the presence of the other half of the laminate. For extensional load- 

ing, the unsymmetric [0/90], laminate is free from out-of-plane restraint and deflects 

out of plane with a positive x, curvature. The upper half of the symmetric [90/0], 

laminate and the lower half of the symmetric [0/90], laminate are prevented from 
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deflecting out of plane by the other half of the laminate. Therefore, by comparing 

the interlaminar stresses within these laminates, the effect of out-of-plane restraint 

upon the interlaminar stresses within the unsymmetric [0/90], laminate can be de- 

termined. And conversely, by comparing the interlaminar stresses within these 

laminates, the effect of the out-of-plane deflections upon the interlaminar stresses 

within the unsymmetric [0/90], laminate can also be determined. 

The three angle-ply laminates considered in this study are shown in Figure 

6.2. This figure illustrates the effect of mismatch in in-plane shear strain, yz,, 

between the +45 and —45 degree layers which is caused by a mismatch in coefficient 

of mutual influence 7,,,2. The mismatch in in-plane shear strain between adjacent 

layers causes the unsymmetric [+45/—45], laminate to deflect out of plane with 

twisting x,, curvature, although as shown in Figure 6.2, the out-of-plane deflections 

are zero along the line (0,y,0). As with the cross-ply laminates, by comparing 

the interlaminar stresses within these angle-ply laminates, the effect of the out-of- 

plane deflections upon the interlaminar stresses within the unsymmetric [+45/—45] , 

laminate can be determined. 

6.2 Comparisons with Previous Results 

This section discusses the numerical results for thick square graphite-epoxy 

laminated composite plates subjected to extensional loading (u/a = +0.01). The 

numerical results are compared with previous results [78,89] for symmetric compos- 

ite laminates under uniform axial extension. The lamina material properties for 

the graphite-epoxy material system are given in Table 3.8. The geometry for the 

thick laminated composite plates is summarized in Table 3.9. The material and 

geometric properties for the symmetrically laminated composite plates are the same 

as those used in [53,78,89]. The unsymmetric and symmetric laminate stacking 

sequences considered are: 

(1) [0s0/90s0]z, [90s0/0s0]s, [Os0/90so]s 
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(2) [+4550/—45s0]¢, [(—4550/+45s0]s, [+4550/—45s0].- 

The boundary conditions for the case of extensional loading are given in Table 3.3. 

6.2.1 Out-of-Plane Displacements 

The midplane w/h displacement extrema predicted by linear and nonlinear 

theory for the unsymmetric laminates are given in Table 6.5. For the loading 

range considered (u/a = +0.01), a unique nonlinear equilibrium configuration is 

predicted for each laminate at all load levels. The out-of-plane deflections of the 

unsymmetric laminates are predicted to be quite small by both linear and nonlinear 

theory (less than one percent of the laminate thickness). Linear theory predicts 

slightly greater out-of-plane deflections as compared to nonlinear theory. The 

effect of geometric nonlinearity upon the predicted response is for the unsymmetric 

laminate to stiffen and align itself with the in-plane extensional loading. 

Surface plots of the midplane w/h displacements for one quarter of a 4.0 in. 

square [0/90], laminate are shown in Figure 6.3. The deflections predicted by 

linear theory (Figure 6.3a) are similar in shape to those predicted by nonlinear 

theory (Figure 6.3b). The largest w displacements are predicted by both linear 

and nonlinear theory to occur at the midlength along the free edges (0,+0,0). 

Linear theory overpredicts this displacement by approximately 12 percent. Linear 

theory also overpredicts the displacement at the plate center by approximately 18 

percent. The extensional-bending coupling, due to the mismatch in v,, between 

adjacent layers, causes the positive x, curvature in the laminate. The out-of-plane 

constraint w(-ta, y,0) causes the laminate to bow slightly in the direction of loading 

with positive «, curvature. The major effect of geometric nonlinearity is to reduce 

this «, curvature as the unsymmetric laminate aligns itself with the extensional 

loading. 
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Surface plots of the midplane w/h displacements fora 4.0 in. square [+45/—45] ¢ 

laminate are shown in Figure 6.4. The deflections predicted by linear theory (Fig- 

ure 6.4a) are quite similar to those predicted by nonlinear theory (Figure 6.4b). 

The largest w displacements are predicted by both linear and nonlinear theory to 

occur along the free edges near the loaded ends of the laminate. Linear theory 

overpredicts this displacement by only 3 percent. The w displacement is equal to 

zero along the lines (z,0,0) and (0,y,0). The extensional-twisting coupling, due 

to the mismatch in 72,2 between adjacent layers, causes the positive «2, twisting 

curvature in the laminate. The out-of-plane constraint w(+ta,y,0) causes the w 

displacement to return to zero at the loaded edges. The effect of geometric nonlin- 

earity is to slightly reduce the out-of-plane «,, twisting curvature of the laminate. 

6.2.2 Interlaminar Stresses for 0/90 Laminates 

The interlaminar stress results for the thick cross-ply laminates under exten- 

sional loading are summarized in Table 6.6. Since the out-of-plane deflections of the 

unsymmetric laminates are small (less than one percent of the laminate thickness), 

the differences in the interlaminar stress predictions between linear theory (Cauchy 

stresses) and nonlinear theory (second Piola-Kirchhoff stresses) are also small (less 

than 2 percent). The interlaminar stress results predicted by linear theory for the 

symmetric cross-ply laminates are compared with the results of Herakovich, et al 

[78] in Figures 6.5 and 6.6. The interlaminar stress predictions for the oz, and 

Tyz Stresses compare very well with the previous results [78], differing mainly in the 

prediction of maximum stress at the free edge. The interlaminar 7,, shear stress is 

predicted to be equal to zero by both the present and previous numerical analyses. 

Interlaminar stress distributions along z = 0 for both the symmetric and un- 

symmetric cross-ply laminates are shown in Figures 6.7 and 6.8. The interlaminar 

stresses shown are those predicted by linear theory (Figures 6.7a and 6.8a) and non- 

linear theory (Figures 6.7b and 6.8b). As is well known, the interlaminar normal 
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stresses in a symmetric cross-ply laminate are dependent upon the laminate stack- 

ing sequence (Figure 6.7). The interlaminar normal stresses, which arise in order 

to satisfy local moment equilibrium, are quite different in the symmetric [90/0], 

laminate as compared to the symmetric [0/90], laminate. The difference in the 

interlaminar normal stress distributions are due to the difference in sign of the 

moments that each react against {100}. 

Comparing the interlaminar normal stresses in the unsymmetric laminate with 

those in the symmetric laminates, the distribution of normal stresses in the unsym- 

metric [0/90], laminate is more similar to that in the symmetric [0/90], laminate 

(Figure 6.7). The interlaminar normal stresses are similar in that as the free edge 

is approached in both laminates, the normal stresses vary from small compressive 

values to larger tensile values. The maximum normal stresses for both laminates 

are tensile and occur at the free edge. On the other hand, as the free edge is ap- 

proached in the symmetric [90/0], laminate, the normal stresses vary from tensile 

values to compressive values, and then transition back to tensile values near the 

free edge. The largest compressive and tensile normal stresses in the symmetric 

[90/0], laminate are of approximately the same magnitude with the largest tensile 

normal stress occurring at the free edge. 

The o,, and S,, interlaminar normal stresses are much larger in the unsym- 

metric [0/90], laminate as compared to a symmetric [90/0], laminate (Figure 6.7). 

The largest tensile stresses are predicted to be a factor of 3.7 times greater by linear 

theory and a factor of 3.5 times greater by nonlinear theory. When compared to the 

symmetric [0/90], laminate, however, the 7,, and S,, stresses are smaller in the un- 

symmetric [0/90], laminate (Figure 6.7). The largest tensile stresses are predicted 

to be 16 percent smaller by linear theory and 18 percent smaller by nonlinear the- 

ory. Therefore, depending upon the symmetric stacking sequence, the interlaminar 

normal stresses in the unsymmetric [0/90], laminate may be either much larger or 

smaller than those occurring in comparable symmetric laminates. Based upon the 
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discussion in Section 6.2, if the unsymmetric [0/90], laminate is free from out-of- 

plane restraint w(0,0,—A/2), then the out-of-plane deflections significantly increase 

the interlaminar normal stresses. If the unsymmetric [0/90], laminate is free from 

out-of-plane restraint w(0,0,+h/2), then the out-of-plane deflections decrease the 

interlaminar normal stresses. 

The 7,, and S,, interlaminar shear stresses which act in a direction normal to 

the free edge are shown in Figure 6.8. The interlaminar shear stress distribution 

in the unsymmetric laminate is similar to those in the symmetric laminates with 

the maximum shear stresses occurring near the free edges. The sign of the shear 

stresses in the unsymmetric [0/90], laminate and symmetric [90/0], laminate are 

opposite to those in the symmetric [0/90], laminate. For all laminates, the r,, and 

Syz stresses decrease at the free edge and approach approximate satisfaction of the 

traction free boundary condition. The r,, and S,, stresses are smaller in the un- 

symmetric [0/90], laminate as compared to the symmetric laminates. As compared 

to the symmetric [90/0], laminate, the largest shear stresses in the unsymmetric 

laminate are predicted to be 22 percent smaller by both linear and nonlinear theory. 

As compared to the symmetric [0/90], laminate, the largest shear stresses in the 

unsymmetric laminate are predicted to be 16 percent smaller by both linear and 

nonlinear theory. Therefore, the interlaminar shear stresses acting in a direction 

normal to the free edge in the unsymmetric [0/90]; laminate are smaller than those 

occurring in comparable symmetric laminates. Based upon the discussion in Sec- 

tion 6.2, if the unsymmetric [0/90], laminate is free from out-of-plane restraint, the 

out-of-plane deflections decrease the interlaminar shear stresses. 

Unlike the results for symmetric laminates, the r,, and S,, stresses are non- 

zero at the free edges of the unsymmetric [0/90], laminate. 7,, and Sz, stresses 

vary from a large positive value at the plate corners to approximately zero at the 

intersection of the free edge with the line (0,y,0). These stresses are discussed in 
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greater detail in Section 6.3.2 in which a surface plot of the variation of S,, across 

the 0/90 interfacial surface is provided. 

6.2.3 Interlaminar Stresses for +45/-45 Laminates 

The interlaminar stress results for the thick angle-ply laminates under exten- 

sional loading are summarized in Table 6.7. Like the thick cross-ply laminates, 

the out-of-plane deflections of the unsymmetric laminates are small (less than one 

percent of the laminate thickness), and the differences in the interlaminar stress 

predictions between linear and nonlinear theory are also small (less than 2 per- 

cent). The interlaminar stress results predicted by linear theory for the symmetric 

angle-ply laminates are compared with the results of Wang and Choi [89] in Figures 

6.9, 6.10, and 6.11. The interlaminar stress predictions for the o,, and r,2 stresses 

compare very well with the previous results [89], differing mainly in the prediction 

of maximum stress at the free edge. There is a difference in the predicted Ty, 

stresses, however these stresses are very small compared to the r,, and o,, stresses 

(less than 5 percent). The differences between the r,, stress predictions may be 

due to the differences in the formulations. The present analysis is a full three- 

dimensional analysis and the previous analysis [89] is based upon generalized plane 

deformation. 

Interlaminar stress distributions along z = 0 for for both the symmetric and 

unsymmetric angle-ply laminates are shown in Figures 6.12 through 6.14. Except 

for the change in sign of the 7,, shear stress, the interlaminar stresses within the 

symmetric laminates are identical to one another. Comparing the interlaminar nor- 

mal stresses in the unsymmetric laminate with those in the symmetric laminates, 

the distribution of normal stresses are similar (Figure 6.12). As the free edge is 

approached in each laminate, the normal stresses vary from small tensile values to 

larger compressive values with the largest stresses occurring at the free edge. How- 

ever, the o,, and S,, stresses are larger in the unsymmetric [+45/—45], laminate 
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as compared to the symmetric laminates. The largest compressive stresses are pre- 

dicted to be 24 percent larger by linear theory and 23 percent larger by nonlinear 

theory. Therefore, the interlaminar normal stresses in the unsymmetric [+45/—45] ¢ 

laminate are larger than those occurring in comparable symmetric laminates. If 

the unsymmetric [+45/—45], laminate is free from out-of-plane restraint (Section 

6.2), the out-of-plane deflections increase the interlaminar normal stresses. 

The 7,, and S,, interlaminar shear stresses which act in a direction normal to 

the free edge are shown in Figure 6.13. The 7,, and S,, stresses in the symmetric — 

laminates approach zero at the free edge and approximately satisfy the traction free 

boundary condition. In the unsymmetric laminate, the T,, and Sy, stresses are 

zero along z = 0. The7y,, and Sy, stresses are zero along most of the length (in the 

z direction) in the unsymmetric laminate, becoming non-zero within regions near 

the loaded edges. Therefore, the r,, and S,, interlaminar shear stresses are zero 

in the unsymmetric [+45/—45], laminate, while these shear stresses are non-zero in 

comparable symmetric laminates. If the unsymmetric [+45/—45], laminate is free 

from out-of-plane restraint (Section 6.2), the out-of-plane deflections completely 

relieve the interlaminar shear stresses acting normal to the free edge. 

The 7,z and S,, interlaminar shear stresses which act in a direction parallel 

to the free edge are shown in Figure 6.14. The sign of the shear stresses in the 

unsymmetric [+45/—45]; laminate and symmetric [(—45/+45], laminate are opposite 

to those in the symmetric [+45/—45], laminate. For each laminate, the largest 7,2 

and S,, stresses occur at the free edges of the laminate. The 7,, and S,, stresses 

are slightly smaller in the unsymmetric [+45/—45]; laminate as compared to the 

symmetric laminates. The largest shear stresses are predicted to be 6 percent 

smaller by both linear and nonlinear theory. Therefore, the interlaminar shear 

stresses acting parallel to the free edge in the unsymmetric [+45/—45]; laminate 

are slightly smaller than those occurring in comparable symmetric laminates. If the 

unsymmetric [+45/—45], laminate is free from out-of-plane restraint (Section 6.2), 
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the out-of-plane deflections decrease the interlaminar shear stresses acting parallel 

to the free edge. 

6.3 Extensional Loading 

This section discusses the numerical results for thin square T300/5208 graphite- 

epoxy laminated composite plates subjected to extensional loading (u/a = +0.01). 

The lamina material properties for the T300/5208 graphite-epoxy material system 

are given in Table 3.1. The geometry for the thin laminated composite plates 

is summarized in Table 3.2. The unsymmetric and symmetric laminate stacking 

sequences considered are: 

(1) [04/904]+, [904/04]., [04/904]. 

(2) [+454/—454]e, [—454/+454]., [+454/—454], 

(3) [04/+454]e, [+454/04]., [04/+454], 

The boundary conditions for the case of extensional loading are given in Table 3.3. 

6.3.1 Out-of-Plane Displacements 

The midplane w/h displacement extrema predicted by linear theory and non- 

linear theory for the unsymmetric laminates are given in Table 6.8. The midplane 

w/h displacement extrema are given for unsymmetric laminates with thickness ra- 

tios of L/h = 50,100,150. For the loading range considered (u/a = +0.01), a 

unique nonlinear equilibrium configuration is predicted for each laminate at all load 

levels. The out-of-plane deflections for the 2.0 in. (Z/h = 50) unsymmetric lam- 

inates are predicted by both linear and nonlinear theory to be small (less than 25 

percent of the laminate thickness). Like the results for the thicker laminates (Sec- 

tion 6.2.1), linear theory overpredicts the out-of-plane deflections and the effect of 

geometric nonlinearity is for the unsymmetric laminate to stiffen and align itself 

with the in-plane extensional load. Since the out-of-plane deflections are larger in 
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the thinner laminates, the effects of geometric nonlinearity are stronger than those 

observed in the thicker laminates. 

Surface plots of the midplane w/h displacements for one quarter of a 2.0 in. 

square (0/90], laminate are shown in Figure 6.15. There are noticeable differences 

in the displacement predictions between linear (Figure 6.15a) and nonlinear theory 

(Figure 6.15b). These differences can be more clearly seen in the plots along z = 0 

and y = 0 provided in Figure 6.16. The largest w displacements are predicted 

by both linear and nonlinear theory to occur at the midlength along the free edges 

(0,+5,0). Linear theory overpredicts this displacement by a factor of 3. Linear 

theory also overpredicts the displacement at the plate center by a factor of 24. As 

discussed in Section 6.2.1, the extensional-bending coupling, due to the mismatch 

in vz, between adjacent layers, causes the positive x, curvature and the out-of- 

plane constraint w(ta,y,0) causes the slight positive «, curvature. The effects 

of geometric nonlinearity are quite strong as the laminate stiffens and aligns itself 

with the in-plane extensional loading. 

Surface plots of the midplane w/h displacements for a 2.0 in. square [+45/—45] ¢ 

laminate are shown in Figure 6.17. The deflected shape predicted by linear the- 

ory (Figure 6.17a) is similar to that predicted by nonlinear theory (Figure 6.17b). 

Midplane w/h displacements along the free edge (y/b = 1) are shown in Figure 6.18. 

The largest w displacements are predicted by both linear and nonlinear theory to 

occur along the free edges near the loaded ends of the laminate. Linear theory 

overpredicts this displacement by approximately 15 percent. The w displacement 

is equal to zero along the lines z = 0 andy =0. As discussed in Section 6.2.1, 

the extensional-twisting coupling, due to the mismatch in 72,2 between adjacent 

layers, causes the positive x2, twisting curvature and the out-of-plane constraint 

w(ta, y, 0) causes the w displacement along the free edges to return to zero near the 

loaded edges. The effect of geometric nonlinearity is to reduce the xz, curvature 

in the laminate. 
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Surface plots of the midplane w/h displacements for a 2.0 in. square [0/+45]¢ 

laminate are shown in Figure 6.19. There are noticeable differences in the dis- 

placement predictions between linear (Figure 6.19a) and nonlinear theory (Figure 

6.19b). These differences can be more clearly seen in the plots along z = 0 and 

y = 0 provided in Figure 6.20. The largest w displacements are predicted by both 

linear and nonlinear theory to occur along the free edges of the laminate. Lin- 

ear theory overpredicts this displacement by a factor of 1 ; Linear theory also 

overpredicts the center displacement by a factor of over 32. The mismatch in vz, 

and Nzy,z between adjacent layers causes full membrane-flexural coupling (Bi; 4 0) 

in the unsymmetric laminate. The combined effect of the full membrane-flexural 

coupling and the out-of-plane constraint w(+a,y,0) causes the complex deflected 

shapes shown (Figures 6.19 and 6.20). The laminate has a negative xz, twisting 

curvature with negative «, and x, normal curvatures. The effect of geometric non- 

linearity is quite strong as the laminate stiffens and aligns itself with the in-plane 

extensional loading. 

6.3.2 Interlaminar Stresses for 0/90 Laminates 

The interlaminar stress results for the thin cross-ply laminates subjected to 

extensional loading are summarized in Table 6.9. Since the out-of-plane deflec- 

tions of the unsymmetric laminate are small (less than 25 percent of the laminate 

thickness), the differences in the interlaminar stress predictions between linear and 

nonlinear theory are also small (less than 2 percent). The interlaminar stress re- 

sults for the thin cross-ply laminates agree quite well with the results of the thicker 

cross-ply laminates discussed in Section 6.2.2. 

Surface plots of the interlaminar stress distributions predicted by nonlinear the- 

ory are provided in Figures 6.21 through 6.23. Stress concentrations are predicted 

at the plate corners where the traction free surface intersects with the surface upon 

which the edge displacements are prescribed. These stress concentrations arise in 
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order to satisfy local equilibrium at the plate corners. Interlaminar stress distri- 

butions along z = 0 for both the symmetric and unsymmetric cross-ply laminates 

are shown in Figures 6.24 and 6.25. 

The oz, and S,, interlaminar normal stresses are much larger in the unsym- 

metric [0/90], laminate as compared to a symmetric [90/0], laminate (Figure 6.24). 

The largest tensile stresses are predicted to be a factor of 3.2 times greater by both 

linear and nonlinear theory. When compared to the symmetric [0/90], laminate, 

the o,, and S,, stresses are smaller in the unsymmetric [0/90], laminate (Figure 

6.24). The largest tensile stresses are predicted to be only 8 percent smaller by lin- 

ear theory and only 9 percent smaller by nonlinear theory. Like the thicker cross-ply 

laminates (Section 6.2.2), depending upon the symmetric stacking sequence, the in- 

terlaminar normal stresses in the unsymmetric [0/90], laminate may be either much 

larger or smaller than those occurring in comparable symmetric laminates. 

The ry, and S,, interlaminar shear stresses which act in a direction normal to 

the free edge are shown in Figure 6.25. The r,, and S,, stresses are smaller in 

the unsymmetric [0/90], laminate as compared to the symmetric laminates. As 

compared to the symmetric [90/0], laminate, the largest shear stresses in the unsym- 

metric laminate are predicted to be 29 percent smaller by both linear and nonlinear 

theory. As compared to the symmetric [0/90], laminate, the largest shear stresses 

in the unsymmetric laminate are predicted to be 19 percent smaller by linear theory 

and 18 percent smaller by nonlinear theory. Like the thicker cross-ply laminates 

(Section 6.2.2), the interlaminar shear stresses acting in a direction normal to the 

free edge in the unsymmetric [0/90], laminate are smaller than those occurring in 

comparable symmetric laminates. 

Unlike the results for symmetric laminates, the r,, and S,, stresses are non- 

zero at the free edges of the unsymmetric [0/90]; laminate. The shear stresses 

vary from a large positive value at the plate corners to approximately zero at the 

intersection of the free edge with the line z = 0 (for example, refer to Figure 6.23). 
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The large positive shear stress at the corner is caused by the intersection of the 

prescribed uniform u displacement with the free edge. The large 7,, shear stress 

arises to counteract the rigid body rotation about the z-axis of the element of 

material above the midplane at the corner of the laminate. 

6.3.3 Interlaminar Stresses for +45/-45 Laminates 

The interlaminar stress results for the thin angle-ply laminates under exten- 

sional loading are summarized in Table 6.10. Since the out-of-plane deflections of 

the unsymmetric laminate are small (less than 2 percent of the laminate thickness), 

the differences in the interlaminar stress predictions between linear and nonlinear 

theory are also small (less than 4 percent). The interlaminar stress results for the 

thin angle-ply laminates agree quite well with the results of the thicker angle-ply 

laminates discussed in Section 6.2.3. Surface plots of the interlaminar stress dis- 

tributions predicted by nonlinear theory are provided in Figures 6.26 through 6.28. 

Like the unsymmetric cross-ply laminates, stress concentrations are predicted at the 

plate corners. Interlaminar stress distributions along z = 0 for both symmetric 

and unsymmetric angle-ply laminates are shown in Figures 6.29 through 6.31. 

The o,, and S,, interlaminar stresses are larger in the unsymmetric [+45/—45] , 

laminate as compared to the symmetric laminates (Figure 6.29). The largest 

compressive stresses are predicted to be 26 percent larger by linear theory and 29 

percent larger by nonlinear theory. Like the thicker angle-ply laminate (Section 

6.2.3), the interlaminar normal stresses in the unsymmetric [+45/—45]_, laminate 

are larger than those occurring in comparable symmetric laminates. 

The ry, and S,, interlaminar shear stresses which act in a direction normal 

to the free edge are shown in Figure 6.30. As shown in Figure 6.30, the ry, and 

Syz stresses are zero along z = 0 in the unsymmetric laminate. The 7,, and Sy, 

stresses are zero along most of the length of the free edge, becoming non-zero within 

regions near the loaded edges. Like the thicker angle-ply laminates, the 7,, and 
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Syz interlaminar shear stresses are zero in the unsymmetric [+45/—45] , laminate, 

while these shear stresses are non-zero in comparable symmetric laminates. 

The 7,, and S,, interlaminar shear stresses which act in a direction parallel 

to the free edge are shown in Figure 6.31. The 7,, and S,, stresses are slightly 

smaller in the unsymmetric [+45/—45], laminate as compared to the symmetric lam- 

inates. The largest shear stresses are predicted to be less than 1 percent smaller 

by both linear and nonlinear theory. Again, like the thicker angle-ply laminates, 

the interlaminar shear stresses acting parallel to the free edge in the unsymmet- 

ric [+45/—45], laminate are slightly smaller than those occurring in comparable 

symmetric laminates. 

6.3.4 Interlaminar Stresses for 0/+45 Laminates 

The interlaminar stress results for the thin 0/+45 laminates under extensional 

loading are summarized in Table 6.11. Since the out-of-plane deflections of the 

unsymmetric laminate are small (less than 4 percent of the laminate thickness), 

the differences in the interlaminar stress predictions between linear and nonlinear 

theory are also small (less than 6 percent). Surface plots of the interlaminar stress 

distributions predicted by nonlinear theory are provided in Figures 6.32 through 

6.34. Like the unsymmetric cross-ply and angle-ply laminates, stress concentrations 

are predicted at the plate corners. Interlaminar stress distributions along z = 0 

for both symmetric and unsymmetric angle-ply laminates are shown in Figures 6.35 

through 6.37. 

6.3.5 Summary 

The main conclusions based upon the numerical results for extensional loading 

are given below. These conclusions are summarized in Tables 6.1 and 6.2. Inter- 

laminar shear stresses acting in a direction normal to the free edge are denoted as 

Tzn- Interlaminar shear stresses acting in a direction parallel to the free edge are 
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denoted as T,,. For the laminated plates and boundary conditions considered, the 

main conclusions for extensional loading are: 

(1) 

(2) 

(3) 

Out-of-plane displacements: For the unsymmetric laminates considered, the 

out-of-plane deflections caused by laminate membrane-flexural coupling are 

predicted to be larger in magnitude by linear theory as compared to nonlin- 

ear theory. The effect of geometric nonlinearity is to reduce the out-of-plane 

deflections (stiffening effect) of the unsymmetric laminates. 

Mismatch in in-plane normal strain: The following behavior is observed for the 

cross-ply laminates in which there exists a mismatch in Poisson’s ratio vz, 

between adjacent layers. Interlaminar normal o,, and shear T,, stresses exist 

within the free edge regions of both symmetric and unsymmetric laminates. 

For the unsymmetric and symmetric cross-ply laminates, the maximum tensile 

normal stresses occur at the free edges. The following differences are observed 

in the predicted interlaminar stresses for the unsymmetric [0/90], laminate as 

compared to the symmetric laminates: 

e Interlaminar normal stresses ¢,, are either smaller or much larger. 

e Interlaminar shear stresses T,,, are smaller. 

Depending upon the symmetric stacking sequence, the interlaminar normal ¢ ,, 

stresses may be either smaller or much larger in the unsymmetric laminate as 

compared to the symmetric laminates. The shear T,, stresses are relieved by 

the out-of-plane deflections of the unsymmetric laminate. 

Mismatch in in-plane shear strain: The following behavior is observed for the 

angle-ply laminates in which there exists a mismatch in the coefficient of mutual 

influence n2,,2 between adjacent layers. Interlaminar normal 7, and shear 72, 

stresses exist within the free edge regions of both symmetric and unsymmetric 

laminates. Interlaminar shear stresses T,, are present within the symmetric 

laminates and are zero within the unsymmetric laminate. The maximum 

interlaminar normal stresses o,, are compressive and occur at the free edges. 
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(4) 

(5) 

The maximum interlaminar shear stresses rz, are very large and also occur 

at the free edges. The following differences are observed in the predicted 

interlaminar stresses for the unsymmetric [+45/—45], laminate as compared to 

the symmetric laminates: 

e Interlaminar normal stresses 7, are larger. 

e Interlaminar shear stresses 7T,, vanish. 

e Interlaminar shear stresses 7,, are smaller. 

The out-of-plane twisting deflections of the unsymmetric laminate increase the 

interlaminar normal stresses o ,, and reduce the interlaminar shear 7, stresses. 

The interlaminar shear stresses T,, are completely relieved by the out-of-plane 

deflections of the unsymmetric laminate. 

Comparison of stress predictions between linear and nonlinear theory: For the 

symmetric and unsymmetric laminates, the difference between the interlami- 

nar stresses predicted by linear theory (Cauchy stresses) and nonlinear theory 

(second Piola-Kirchhoff stresses) are small. The reason that the differences are 

small is that even though the differences in the predicted out-of-plane deflec- 

tions between linear and nonlinear theory are large, the maximum deflection 

predicted by either theory is small (less than 25 percent of the laminate thick- 

ness). 

Comparison of results for thick and thin laminates: The trends observed in 

conclusions (1) through (4) apply to the numerical results for both the thick 

(Section 6.2) and thin (Section 6.3) laminates. Although the out-of-plane de- 

flections were smaller for the thick laminates, the out-of-plane deflections of the 

unsymmetric laminates had an important effect on the interlaminar stresses for 

both the thick and thin laminates. 
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6.4 Compressive Loading 

This section discusses the numerical results for thin square T300/5208 graphite- 

epoxy laminated composite plates subjected to compressive loading (u/a = —0.01). 

The lamina material properties for the T300/5208 graphite-epoxy composite mate- 

rial system are given in Table 3.1. The geometry for the thin laminated composite 

plates is summarized in Table 3.2. The unsymmetric and symmetric laminate 

stacking sequences considered are: 

(1) [04/904]+, [904/04]., [04/904], 

(2) [+454/—454]e 

(3) [04/+454]e 
The boundary conditions for compressive loading given in Table 3.3 are identical 

to extensional loading (Sections 6.2 and 6.3) with the exception of a reversal in the 

direction of the applied edge displacement. The symmetric laminates buckle out of 

plane under compressive loading; therefore these laminates are modeled completely 

through the thickness. Inversion symmetric finite element analyses of the symmetric 

+45/-45 and 0/+45 laminates were not conducted due to the large number of 

degrees of freedom required (computational constraint). 

6.4.1 Out-of-Plane Displacements 

The midplane w/h displacement extrema predicted by linear and nonlinear 

theory for the symmetric (L/h = 25) and unsymmetric (Z/h = 50,100, 150) lami- 

nates are given in Table 6.12. The w displacements predicted by linear theory are 

consistent with the predictions of linear theory for extensional loading; the initial 

geometric midplane of the symmetric laminates remains plane throughout loading 

and the out-of-plane w displacements of the unsymmetric laminates are equal and 

opposite to those predicted for extensional loading. 

The out-of-plane w displacements predicted by nonlinear theory are quite differ- 

ent in that each laminate undergoes a change in mode shape during loading. For 
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the symmetric laminates, the initial geometric midplane remains plane until the 

laminate buckles into a single half-wave equilibrium configuration in the loading z 

direction (Figure 6.38). In contrast to the symmetric laminates, the unsymmetric 

laminates deflect immediately out of plane under the compressive in-plane loading. 

During loading, the unsymmetric laminates also undergo a change in mode shape 

in which the laminate transitions into a single half-wave equilibrium configuration 

in the loading z direction. Before this change in mode shape occurs, the deflected 

shapes of the unsymmetric laminates are quite similar to those predicted by lin- 

ear theory, except that greater out-of-plane deflections are predicted by nonlinear 

theory. Both symmetric and unsymmetric laminates buckle as wide-columns with 

a significant decrease in postbuckling stiffness after the change in mode shape has 

occurred. The transition to the single half-wave configuration occurs quite rapidly 

over a very small range of compressive loading. After the change in mode shape 

occurs, the out-of-plane deflections of the laminate become quite large for both sym- 

metric and unsymmetric laminates; i.e., on the order of the laminate thickness. 

The critical compressive loads at which a change in laminate mode shape occurs 

are given in Table 6.13. The table compares the buckling loads predicted by 

linear wide-column theory [124] with the buckling loads predicted by the present 

nonlinear three-dimensional finite element analysis. The critical average membrane 

stress resultants for the symmetric cross-ply laminates are predicted by treating the 

plates as wide orthotropic columns: 

4n?D N, = a 11 
  (6.1) 

where: 

L = 2a = 26 = length of the square plate 

D,,= flexural stiffness in the loading z direction 
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The critical average membrane stress resultants for the unsymmetric laminates are 

predicted by idealizing the plates as wide orthotropic columns using the reduced 

flexural stiffness approximation proposed by Ashton [21]: 

_ 4? Di, Ne=—5 (6.2) 

where: 

[D*] = [B][A]~*[B] 
The buckling loads predicted by the nonlinear three-dimensional finite element anal- 

ysis were determined by integrating the in-plane S,, stresses over the surface z = +a 

using Gauss-Legendre quadrature: 

1 optd pta/2 
N.=— / S22(+a,y, z)dydz (6.3) 

26 J_» J_h/2 

The method of Southwell [36], discussed in Chapter 2, was used to determine the 

buckling loads from the nonlinear finite element analysis results. 

Wide-column theory overpredicts the critical loads as compared to the nonlin- 

ear 3D finite element analysis (Table 6.13). The greatest difference was predicted 

for the symmetric [0/90], laminate for which wide-column theory overpredicted 

the buckling load by 19 percent. The differences between the predicted buckling 

loads may be due to the fact that the wide-column theory neglects both geometric 

nonlinearity and three-dimensional effects and only approximately accounts for the 

membrane-flexural coupling of unsymmetric laminates. Although the critical loads 

predicted by linear wide-column theory for the unsymmetric laminates compared 

quite well (up to 7 percent difference) with the nonlinear 3D finite element anal- 

ysis, as discussed in Chapter 2, the reduced flexural stiffness approximation can 

sometimes lead to erroneous predictions. 

Midplane w/h displacements predicted by nonlinear theory for the postbuckled 

2.0 in. square symmetric [90/0], and [0/90], laminates are shown in Figure 6.38. 
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Both symmetric laminates exhibit bifurcation buckling behavior in which the lami- 

nate may buckle in either the —z or +z direction. The symmetric [90/0], laminate 

buckles at a critical average membrane stress resultant of N, = —1857 pounds per 

in. (u/a = —0.00167). The symmetric [0/90], laminate buckles at a critical aver- 

age membrane stress resultant of N, = —7912 pounds per in. (u/a = —0.00714). 

Since the symmetric [0/90], laminate has a higher Dj, flexural stiffness, the lam- 

inate buckles at a higher buckling load (by factor a of over four) than the [90/0], 

laminate. At u/a = —0.01, the symmetric [0/90], laminate supports a compressive 

axial load of over four times the load supported by the symmetric [90/0], laminate. 

Load-displacement plots predicted by nonlinear theory for the 2.0 in. square 

unsymmetric [0/90]; laminate are shown in Figure 6.39. The unsymmetric [0/90] 

laminate exhibits nonbifurcational buckling behavior. Although the magnitude of 

the displacement is small (Figure 6.39), the plate center deflects immediately out 

of plane upon loading. Midplane w/h displacements for the 2.0 in. square unsym- 

metric [0/90], laminate are shown in Figure 6.40. The displacements shown are the 

predictions of linear theory (Figure 6.40a) and nonlinear theory (Figure 6.40b) for 

u/a =—0.01. For compressive loading up to u/a = —0.0004, the w displacements 

are underpredicted by linear theory as compared to nonlinear theory. For this 

loading range, nonlinear theory predicts that the center displacement w(0,0,0) is 

negative and the displacement along the free edges w(0,+b,0) is positive. During 

the loading range between —0.0004 and —0.0005, the center w displacement begins 

to decrease while the edge w displacements continue to increase. As the loading 

is increased beyond u/a = —0.0005, the center w displacement becomes positive 

and the laminate begins to deflect in the +z direction. The critical average mem- 

brane stress resultant predicted by Southwell’s method is N, = —291 pounds per 

in. (u/a = —0.00054). As the loading is increased beyond the critical load, the 

center w displacement increases rapidly (Figure 6.39) and the plate transitions into 

a single half-wave equilibrium configuration (Figure 6.40b). 
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Load-displacement plots predicted by nonlinear theory for the 2.0 in. square 

unsymmetric [+45/—45]; laminate are shown in Figure 6.41. The unsymmetric 

[+45/—45], laminate exhibits bifurcational buckling behavior. Midplane w/h dis- 

placements for the 2.0 in. square unsymmetric [+45/—45], laminate are shown in 

Figure 6.42. The displacements shown are the predictions of linear theory (Figure 

6.42a) and nonlinear theory (Figure 6.42b) for u/a = —0.01. For compressive 

loading up to u/a = —0.0013, the w displacements are slightly underpredicted by 

linear theory as compared to nonlinear theory. For this loading range, nonlinear 

theory predicts that the laminate twists out of plane and the w displacements along 

(z,0,0) and (0,y,0) remain zero. The center w displacement remains zero (Fig- 

ure 6.41) until the average membrane stress resultant reaches the critical value of 

Nz = —193 pounds per in. (u/a = —0.00134). At the critical load, the nonlinear 

solution bifurcates into two stable nonlinear solution paths (Figure 6.41). Since 

Poisson’s ratio vz, does not vary through the thickness, there is no tendency for 

the laminate to deflect in either the +z or —z direction. For loading beyond the 

critical load, the center w displacement increases rapidly (Figure 6.41) and the plate 

transitions into a single half-wave equilibrium configuration (Figure 6.42b). 

Load-displacement plots predicted by nonlinear theory for the 2.0 in. square un- 

symmetric [0/+45]; laminate are shown in Figure 6.43. The unsymmetric [(0/+45] 1 

laminate exhibits nonbifurcational buckling behavior. Although the magnitude 

of the displacement is small (Figure 6.43), the plate center deflects immediately 

out of plane upon loading. Midplane w/h displacements predicted for the 2.0 in. 

square unsymmetric (0/+45], laminate are shown in Figure 6.44. The displace- 

ments shown are the predictions of linear theory (Figure 6.44a) and nonlinear theory 

(Figure 6.44b) for u/a = —0.01. For compressive loading up to u/a = —0.0006, w 

displacements are underpredicted by linear theory as compared to nonlinear theory. 

For the [0/+45],; laminate, the center w displacement of the laminate is positive 

throughout loading. The critical average membrane stress resultant predicted by 
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Southwell’s method is N, = —422 pounds per in. (u/a = —0.00080). As the 

loading is increased beyond the critical load, the center w displacement increases 

rapidly (Figure 6.43) and the plate transitions into a single half-wave equilibrium 

configuration (Figure 6.44b): 

6.4.2 Interlaminar Stresses for 0/90 Laminates 

The interlaminar stress results for the cross-ply laminates are summarized in 

Table 6.14. The interlaminar stress results predicted by linear theory are consis- 

tent with the predictions by linear theory for extensional loading; the interlaminar 

stresses are equal and opposite to those predicted for extensional loading. Since 

the interlaminar stresses predicted by linear theory for extensional loading are dis- 

cussed in detail in Sections 6.2 and 6.3, the focus of the remainder of Section 6.4 

will be upon the interlaminar stresses predicted by nonlinear theory. 

As discussed in Section 6.4.1, nonlinear theory predicts that both symmetric 

and unsymmetric laminates undergo a change in laminate mode shape during the 

compressive loading. Before this change in mode shape occurs, the interlaminar 

stresses predicted by nonlinear theory are similar to those predicted by linear theory; 

differing mainly in the overall magnitude. However, after the change in mode shape 

has occurred, the interlaminar stress fields within the laminate change dramatically. 

After the change in mode shape, the compressive axial load begins to be transferred 

between adjacent layers across the interfacial surface. This transfer of load results 

in the existence of interlaminar stresses which extend across the entire interfacial 

surface of the laminate. The axial load transfer results in compressive normal S$ ,, 

stresses and large S,, shear stresses. Like the out-of-plane w displacements of 

the laminate, these interlaminar stresses vary with the z coordinate in the loading 

direction. The interlaminar stresses caused by the axial load transfer combine 

with the free edge stresses caused by the mismatch in material properties between 

adjacent layers. These interlaminar stresses combine to form a complex stress state 
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with the maximum interlaminar stresses occurring at the free edges of the laminate. 

The dominant component of interlaminar stress is typically the S,, stress which is 

caused by the transfer of the compressive axial load across the interfacial surface. 

The interlaminar stress extrema for the symmetric (90/0), laminate are given in 

Table 6.14. For the symmetric [90/0], laminate, linear theory predicts interlaminar 

oz, and Ty, stresses for the z/h = +0.25 interface which are equal and opposite to 

those shown in Figures 6.24 and 6.25, respectively. The rz, stresses are predicted 

by linear theory to be equal to zero across the interface. Linear theory predicts 

that the o,, and 7,, stresses are independent of the z coordinate in the loading 

direction. Surface plots of the interlaminar stresses predicted by nonlinear theory 

for the postbuckled symmetric [90/0], laminate (u/a = —0.01) are shown in Figures 

6.45 through 6.47. The interlaminar stresses for the 0/90 interfaces at z/h = +0.25 

and z/h = —0.25 are shown in each figure. 

The S,, interlaminar normal stresses are compressive across most of the inter- 

face and vary with the z coordinate (Figure 6.45). The S,, stresses vanish along 

the line (+0.5a, y,+0.25A), except near the free edges of the laminate. Large S,, 

interlaminar shear stresses exist near the free edges of the laminate and also vary 

with the z coordinate (Figure 6.46). The S,, interlaminar shear stresses are very 

large and also extend across the entire interface (Figure 6.47). The Szz stresses 

vary with the z coordinate and the maximum S;,, stress occurs at the free edge at 

(+0.5a, +b, +0.25h) where the maximum slope in the z direction occurs. For each 

component of interlaminar stress, the largest stresses occur near the free edges of 

the laminate. 

The interlaminar stress extrema for the symmetric [0/90], laminate are given in 

Table 6.14. For the symmetric [0/90], laminate, linear theory predicts interlaminar 

ozz and T,, stresses for the z/h = +0.25 interface which are equal and opposite to 

those shown in Figures 6.24 and 6.25, respectively. The 7,, stresses are predicted 

by linear theory to be equal to zero across the interface. Like the symmetric [90/0], 
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laminate, linear theory predicts that the oz, and Ty, stresses are independent of the 

xz coordinate. Surface plots of the interlaminar stresses predicted by nonlinear 

theory for the postbuckled symmetric [0/90], laminate (u/a = —0.01) are shown 

in Figures 6.48 through 6.50. The interlaminar stresses for the 0/90 interfaces at 

z/h = +0.25 and z/h = —0.25 are shown in each figure. 

The interlaminar stresses for the symmetric [0/90], laminate are quite similar 

to those predicted for the symmetric [90/0], laminate, differing mainly in overall 

magnitude. The maximum S,, interlaminar normal stress at the free edges of 

the symmetric [0/90], laminate (Figure 6.45) is approximately 5.8 times greater 

than that in the symmetric [90/0], laminate (Figure 6.48). The maximum S,, 

interlaminar shear stress at the free edges of the symmetric [0/90], laminate (Figure 

6.47) is approximately 5.5 times greater than that in the symmetric [90/0], laminate 

(Figure 6.50). The maximum S,, and S,, stresses are larger in the symmetric 

[0/90], laminate because it has a higher Dj, flexural stiffness and is supporting 

over 4 times the compressive axial load than the symmetric [90/0], laminate. 

Surface plots of the interlaminar stresses predicted by linear and nonlinear 

theory for the unsymmetric [04/904], laminate (Z/h = 50) are shown in Figures 

6.51 through 6.53. After the change in mode shape has occurred, the S,, and 

Sz stresses are predicted by nonlinear theory to exist across most of the interfacial 

surface (Figures 6.51b and 6.53b). All three components of interlaminar stress are 

predicted to vary with the z coordinate. The S,, interlaminar normal stresses are 

compressive (Figure 6.51b) with the maximum stresses occurring at (0,+6,0). The 

Sz interlaminar shear stresses are very large (Figure 6.53b) with the maximum 

stresses occurring at (+0.5a,+6,0) where the slope in the z direction reaches a 

maximum value (Figure 6.40b). For each component of interlaminar stress, the 

largest stresses occur near the free edges of the laminate. 
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6.4.3 Interlaminar Stresses for +45/-45 Laminates 

The interlaminar stress results for the [+45/—45], laminate are summarized 

in Table 6.15. Surface plots of the interlaminar stresses predicted by linear and 

nonlinear theory for the [+45/—45],; laminate (L/h = 50) are shown in Figures 6.54 

through 6.56. After the change in mode shape has occurred, the S,,, Syz, and 

Szz stresses are predicted by nonlinear theory to exist across most of the interfacial 

surface (Figures 6.54b, 6.55b, and 6.56b). Each component of interlaminar stress is 

predicted to vary with the z coordinate. Although these interlaminar stresses exist 

across most of the interface, they are relatively small compared to the interlaminar 

rstresses near the free edges. For each component of interlaminar stress, the largest 

stresses occur near the free edges. 

6.4.4 Interlaminar Stresses for 0/+45 Laminates 

The interlaminar stress results for the unsymmetric (0/+45]; laminate are sum- 

marized in Table 6.16. Surface plots of the interlaminar stresses predicted by linear 

and nonlinear theory for the unsymmetric [0/+45], laminate (L/h = 50) are shown 

in Figures 6.57 through 6.59. After the change in mode shape has occurred, the 

Szz, Syz, and S,, stresses are predicted by nonlinear theory to exist across most 

of the interfacial surface (Figures 6.57b, 6.58b, and 6.59b). © Each component of 

interlaminar stress is predicted to vary with the z coordinate. Like the unsym- 

metric [+45/—45], laminate, the interlaminar stresses which exist across most of 

the interface are relatively small compared to the interlaminar stresses near the free 

edges. For each component of interlaminar stress, the largest stresses occur near 

the free edges. 
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6.4.5 Summary 

The main conclusions based upon the numerical results for compressive loading 

are given below. These conclusions are summarized in Tables 6.1 and 6.3. The 

boundary conditions for compressive loading (Table 3.3) are equal and opposite to 

those prescribed for extensional loading. The conclusions listed in Table 6.3 only 

apply for load levels below that in which a change in mode shape occurs. The 

conclusions for load levels beyond that in which a change in mode shape occurs are 

provided below. For the laminated plates and boundary conditions considered, the 

main conclusions for compressive loading are: 

(1) 

(2) 

Out-of-plane displacements predicted by linear theory: The out-of-plane disp- 

lacements predicted by linear theory for compressive loading are consistent 

with the predictions of linear theory for extensional loading; the initial geomet- 

ric midplane of the symmetric laminates remains plane and the out-of-plane 

displacements of the unsymmetric laminates are equal and opposite to those 

predicted for extensional loading. 

Out-of-plane displacements predicted by nonlinear theory: Nonlinear theory 

predicts that both symmetric and unsymmetric laminates undergo a change 

in mode shape during loading. The geometric midplane of the symmetric 

laminates remains plane until the laminate buckles into a single half-wave equi- 

librium configuration in the loading z direction. For the unsymmetric lami- 

nates, the laminate membrane-flexural coupling causes the laminate to deflect 

immediately out of plane under the compressive in-plane loading. During load- 

ing, the unsymmetric laminates undergo a change in laminate mode shape in 

which the laminate transitions into a single half-wave equilibrium configuration 

in the z direction. The unsymmetric [0/90]; and (0/+45], laminates exhibit 

nonbifurcational buckling behavior. The unsymmetric [+45/—45], laminate 

passes through a bifurcation point in which the plate may buckle in either the 
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(3) 

+z or —z direction. In summary, nonlinear theory predicts: (a) greater out- 

of-plane deflections (softening effect) for unsymmetric laminates and (b) that 

both symmetric and unsymmetric laminates undergo a change in mode shape 

during loading. 

Interlaminar stresses predicted by linear theory: The interlaminar stresses pre- 

dicted by linear theory for compressive loading are also consistent with the pre- 

dictions of linear theory for extensional loading; the interlaminar stresses for 

compressive loading are equal and opposite to those predicted for extensional 

loading. 

Interlaminar stresses predicted by nonlinear theory: Nonlinear theory predicts 

that both symmetric and unsymmetric laminates undergo a change in mode 

shape during loading: 

(a) Before the change in mode shape: The interlaminar stresses predicted by 

nonlinear theory are similar to those predicted by linear theory, differing 

mainly in overall magnitude. Before the change in mode shape occurs, 

the conclusions listed in Table 6.3 apply to these laminates. 

(b) After the change in mode shape: The compressive axial load begins to be 

transferred between adjacent layers across the interfacial surface. This 

transfer of compressive axial load results in interlaminar stresses existing 

across the entire interfacial surface of the laminate. The interlaminar 

stress fields for these single half-wave equilibrium configurations are char- 

acterized by compressive normal stresses and shear stresses acting in the 

direction of the axial load which exist across the entire interfacial surface 

of the laminate. These stresses due to axial load transfer combine with 

the free edge stresses caused by a mismatch in material properties between 

adjacent layers. The maximum interlaminar stresses occur near the free 

edges of the laminate. 
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(5) Predictions of critical buckling loads: For the boundary conditions of clamped 

loaded edges and free unloaded edges, the critical loads predicted for the un- 

symmetric laminates by linear wide-column theory using a reduced flexural 

stiffness approximation [21] compared quite well with the nonlinear 3D finite 

element analysis. Buckling loads for the unsymmetric [0/90], and [0/+45], 

laminates which exhibited nonbifurcational buckling were determined using 

Southwell’s method [36] on the nonlinear finite element results. The stiffness 

of the unsymmetric laminates with free unloaded edges is significantly reduced 

after the change in mode shape has occurred. 

6.5 Thermal Loading 

This section discusses the numerical results for thin square T300/5208 graphite- 

epoxy laminated composite plates subjected to uniform thermal loading (AT = 

—280°F). The lamina material properties for the T300/5208 graphite-epoxy ma- 

terial system are given in Table 3.1. The geometry for the thin laminated compos- 

ite plates is summarized in Table 3.2. The unsymmetric and symmetric laminate 

stacking sequences considered are: 

(1) [04/904]¢, [904/04],, [04/904], 
(2) [+454 /—454]+, [(—454/+454],, [+454 /—454], 

(3) [06/+454]+, [+454/04]., [04/+454], 

The boundary conditions for thermal loading are given in Table 3.3. The thermal 

loading condition idealizes a laminate which has been cooled from assumed stress- 

free state at an elevated temperature to a residual stress state at room temperature. 

Each laminate is free to deflect out of plane and all surfaces of the laminate are 

traction free. 
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6.5.1 Out-of-Plane Displacements 

The midplane w/h displacement extrema predicted by linear and nonlinear 

theory for the unsymmetric laminates are given in Table 6.17. The midplane 

w/h displacement extrema are given for unsymmetric laminates with thickness 

ratios of L/h = 50,100,150. For the uniform temperature change prescribed 

(AT = —280°F), a critical thickness ratio L/h is predicted by nonlinear theory for 

' each unsymmetric laminate stacking sequence. For L/h < L/heriz, the laminate 

has a unique stable equilibrium shape at room temperature. For L/h > L/h crit, the 

laminate has two stable equilibrium shapes at room temperature. A stable mode 

shape can be reached from the alternate stable mode shape by a snap-through 

buckling action. The prediction of multiple stable shapes at room temperature is 

in agreement with previous experimental results [47,51,52| and with the numerical 

results of Hyer [48-50] for unsymmetric cross-ply laminates. A comparison of the 

present numerical results with previous results may be found in Appendix E. The 

out-of-plane deflections for the 2.0 in. square (Z/h = 50) unsymmetric laminates 

predicted by both linear and nonlinear theory are large; on the order of the laminate 

thickness. Linear theory predicts greater out-of-plane deflections as compared to 

the predictions of nonlinear theory. In summary, nonlinear theory predicts smaller 

out-of-plane deflections (stiffening effect) and that multiple stable equilibrium con- 

figurations may exist for unsymmetric laminates at room temperature. 

A geometrically nonlinear plate analysis was formulated for this study to pre- 

dict the approximate thermoelastic response of unsymmetrically laminated plates. 

The plate analysis, described in Appendix E, is based upon classical laminated plate 

theory [23] and uses the von Karman nonlinear strain-displacement equations [4]. 

The plate analysis was used to provide an initial approximation to the nonlinear 

three-dimensional finite element analysis. The curvatures of the reference surface 

are approximately (small deformation) given by: 

Cw 
kK. = ——— 

* Oz? 
(6.4a) 
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Cw 

  

Ky = Gye (6.46) 

Ow 
Key = —2 Ozdy (6.4c) 

The approximate principal curvatures and orientation of the principal axes with 

respect to the global z-y axes are given by: 

Ki,=ec+r (6.5a). 

Kg=c-—?r (6.55) 

tan(2¢) = a (6.5c) 

where: 

2c= Ket Ky 

Qn = 4/(me — Ry)? + x2, 
@ = orientation angle from z-y to 1-2 axes 

  

Plots of midplane w/h displacement and principal curvatures for the unsym- 

metric [0/90], [+45/—45]:, and the [0/+45],; laminates are provided in Figures 

6.60 through 6.65. For the three unsymmetric laminate stacking sequences con- 

sidered, linear theory predicts that the principal curvatures are equal and opposite, 

K, = —X2, and independent of laminate thickness ratio L/h (Figures 6.60, 6.62, 

6.64). Nonlinear theory predicts a unique pair of principal surface curvatures 

(curve AB) for all L/h up to the critical thickness ratio (point B). At the crit- 

ical thickness ratio, the nonlinear solution bifurcates into three nonlinear solution 

paths. The nonlinear solution path BD is an extension of the solution AB beyond 

the critical thickness ratio. The nonlinear solutions along the path BD are unsta- 

ble equilibrium configurations and cannot be physically maintained. The nonlinear 

solutions along paths BC and BE are stable equilibrium configurations. A stable 

equilibrium configuration along BC can be snapped to from a stable equilibrium 

configuration along BE, and vice versa. As shown in Figures 6.60, 6.62 and 6.64, 
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as L/h increases beyond the critical thickness ratio, the curvature in one direc- 

tion approaches the linear prediction, while the curvature in the other direction 

approaches zero. 

For the unsymmetric [0/90], laminate, the 1-2 directions of principal curvature 

are aligned with the global z-y directions; that is, 6 =0,K, = 1, Ky =K2. The 

critical thickness ratio for the [0/90], laminate is approximately L/h = 85 (Figure 

6.60). For a 2.0 in. square unsymmetric [0/90]; laminate (L/h = 50), a saddle 

shape is predicted by both linear (Figure 6.61a) and nonlinear (Figure 6.61b) theory 

in which xk, = —«,. The largest w displacements are predicted by both linear and 

nonlinear theory to occur at (+a,0,0) and (0,+0,0). Linear theory overpredicts this 

largest displacement by approximately 28 percent. The mismatch between adjacent 

layers in a, and a, causes the negative x, and positive x, curvatures, respectively. 

The effect of geometric nonlinearity reduces the out-of-plane displacements of the 

unsymmetric laminate (stiffening effect). 

The unsymmetric [+45/—45]; laminate is the same as the unsymmetric 

[0/90], laminate which has been rotated +45 degrees. Therefore, the principal 

angle of orientation is predicted to be ¢ = +45° by both linear and nonlinear 

theory. In addition, the principal curvatures predicted by linear theory for the 

unsymmetric [0/90], and (+45/—45]; laminates are equal. The critical thickness 

ratio predicted by nonlinear theory for the unsymmetric [+45/—45]; laminate is 

approximately L/h = 98 (Figure 6.62). At the critical thickness ratio, the prin- 

cipal curvatures for the unsymmetric [0/90]; and [+45/—45], laminates are equal. 

For a 2.0 in. square unsymmetric [+45/—45]; laminate (Z/h = 50), a surface with 

negative x,, twisting curvature is predicted by both linear (Figure 6.63a) and non- 

linear (Figure 6.63b) theory. The largest w displacements are predicted by both 

linear and nonlinear theory to occur at the plate corners (+a, +b, 0) and (+a, +8, 0). 

Linear theory overpredicts this largest displacement by approximately 16 percent. 

The negative xz, curvature is caused by the mismatch in a,, between adjacent 
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layers. The effect of geometric nonlinearity reduces the out-of-plane displacements 

of the laminate (stiffening effect). 

For the unsymmetric (0/+45], laminate, the principal angle of orientation pre- 

dicted by linear theory is ¢ = —22.5°. The critical thickness ratio for the [0/+45], 

laminate is approximately L/h = 112 (Figure 6.64). For the stable nonlinear path 

AC, the principal angle is ¢ = —22.5°. The principal angle for the stable nonlinear 

paths BC and BE are ¢ = —22.5° + 8 and ¢ = —22.5° — £, respectively, where @ 

varies with L/h (0 <@ <11.5°). Fora 2.0 in. square unsymmetric [0/+45], lam- 

inate (L/h = 50), surfaces with negative x,, positive x, (xz = —K,), and positive 

Kzy curvatures are predicted by both linear (Figure 6.65a) and nonlinear (Figure 

6.65b) theory. The largest w displacements are predicted by both linear and non- 

linear theory to occur at (ta,+b,0) and (+a, 46,0). Linear theory overpredicts 

this largest displacement by approximately 15 percent. The «,, «,, and Kz, cur- 

vatures are caused by the mismatch between adjacent layers in a;, ay, and azy. 

The effect of geometric nonlinearity reduces the out-of-plane displacements of the 

laminate (stiffening effect). 

6.5.2 Interlaminar Stresses for 0/90 Laminates 

The interlaminar stress results for the thin cross-ply laminates subjected to 

uniform thermal loading are summarized in Table 6.18. Although the out-of-plane 

deflections of the unsymmetric laminate are large (on the order of the laminate 

thickness), the differences in the interlaminar stress predictions between linear and 

nonlinear theory are small (less than 4 percent). Surface plots of the interlami- 

nar stress distributions predicted by nonlinear theory are provided in Figures 6.66 

through 6.68. Stress concentrations are predicted at the plate corners for all three 

components of interlaminar stress. Interlaminar stress distributions along z = 0 

and y = 0 for both the symmetric and unsymmetric cross-ply laminates are shown 

in Figures 6.69 through 6.72. 
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The mismatch in a, for thermal loading and the mismatchin vz, for extensional 

loading cause a similar mismatch in in-plane normal strain between adjacent layers 

(Table 3.4). The interlaminar stress distributions along z = 0 are quite similar 

to those resulting from extensional loading (for example, compare Figures 6.24 and 

6.69 or Figures 6.25 and 6.71). The o,, and S,, interlaminar normal stresses 

along z = 0 are much larger in the unsymmetric [0/90], laminate as compared 

to a symmetric [90/0], laminate (Figure 6.69). The largest tensile stresses are 

predicted to be a factor of 3.3 times greater by both linear and nonlinear theory. 

When compared to the symmetric [0/90], laminate, the 7,, and S,, stresses along 

z = 0 are smaller in the unsymmetric [0/90], laminate (Figure 6.69). The largest 

tensile stresses are predicted to be only 5 percent smaller by linear theory and only 4 

percent smaller by nonlinear theory. Along y = 0, the interlaminar normal stresses 

for the symmetric [0/90], and [90/0], laminates are equal to those along z = 0 for 

the symmetric [90/0], and [0/90], laminates, respectively (Figures 6.69 and 6.70). 

Like the cross-ply laminates under extensional loading (Sections 6.2.2 and 6.3.2), 

depending upon the symmetric stacking sequence, the interlaminar normal stresses 

in the unsymmetric [0/90], laminate may be either much larger or smaller than 

those occurring in comparable symmetric laminates. 

The 7,, and S,, interlaminar shear stresses which act in a direction normal to 

the free edge are shown in Figure 6.71. The 7,, and S,, stresses are smaller in 

the unsymmetric [0/90], laminate as compared to the symmetric laminates. As 

compared to the symmetric [90/0], laminate, the largest shear stresses in the un- 

symmetric laminate are predicted to be 30 percent smaller by linear theory and 28 

percent smaller by nonlinear theory. As compared to the symmetric [0/90], lami- 

nate, the largest shear stresses in the unsymmetric laminate are predicted to be 20 

percent smaller by linear theory and 17 percent smaller by nonlinear theory. Along 

y = 0, the 7, and S,, stresses for the symmetric [0/90], and (90/0), laminates are 

equal the 7,, and S,, stresses along z = 0 for the symmetric [90/0], and [0/90], 
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laminates, respectively (Figures 6.71 and 6.72). Again, like the cross-ply laminates 

under extensional loading (Sections 6.2.2 and 6.3.2), the interlaminar shear stresses 

acting in a direction normal to the free edge in the unsymmetric [0/90], laminate 

are smaller than those occurring in comparable symmetric laminates. 

6.5.3 Interlaminar Stresses for +45/—45 Laminates 

The interlaminar stress results for the thin angle-ply laminates under uniform 

thermal loading are summarized in Table 6.19. Since the out-of-plane deflections 

of the unsymmetric laminate are large (on the order of the laminate thickness), 

the differences in the interlaminar stress predictions between linear and nonlinear 

theory are also large (less than 29 percent). Surface plots of the interlaminar stress 

distributions predicted by nonlinear theory are provided in Figures 6.73 through 

6.75. Stress concentrations are predicted at the plate corners for the interlaminar 

normal stresses. Interlaminar stress distributions along z = 0 and y = 0 for both 

symmetric and unsymmetric angle-ply laminates are shown in Figures 6.76 through 

6.81. 

Both the mismatch in a,, for thermal loading and the mismatch in 7;,,2 for 

extensional loading cause a similar but opposite mismatch in in-plane shear strain 

between adjacent layers (Table 3.4). The o,, and S,, interlaminar normal stresses 

along z = 0 are much larger in the unsymmetric [+45/—45], laminate as compared 

to the symmetric laminates (Figure 6.76). The largest tensile stresses are predicted 

to be a factor of 5.5 greater by linear theory and a factor of 4.5 greater by nonlinear 

theory. For each laminate, the interlaminar normal stresses along z = 0 are equal 

to those along y = 0 (Figures 6.76 and 6.77). Like the angle-ply laminates under 

extensional loading (Sections 6.2.3 and 6.3.3), the interlaminar normal stresses in 

the unsymmetric [+45/—45]; laminate are larger than those occurring in comparable 

symmetric laminates. 
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The +,, and S,, interlaminar shear stresses along z = 0, which act in a direction 

normal to the free edge, are shown in Figure 6.78. As shown in Figure 6.78, the 

Tyz and S,, stresses are zero along z = 0 in the unsymmetric laminate. The Ty, 

and S,, stresses are zero along most of the length of the free edge (along y = +d), 

becoming non-zero near the opposite edges (along z = ta). For each laminate, 

the 7,, and S,, stresses along z = 0 are equal to the 7,, and S,, stresses along 

y = 0 (Figures 6.78 and 6.81). Like the angle-ply laminates under extensional 

loading, the interlaminar shear stresses which act in a direction normal to the free 

edge are zero in an unsymmetric [+45/—45], laminate, while these shear stresses 

are non-zero in comparable symmetric laminates. 

The 7,z and S,, interlaminar shear stresses along z = 0, which act in a direc- 

tion parallel to the free edge, are shown in Figure 6.79. The 7,2 and S,z stresses 

are much smaller in the unsymmetric [+45/—45], laminate as compared to the sym- 

metric laminates. The largest shear stresses are predicted to be 28 percent smaller 

by linear theory and 49 percent smaller by nonlinear theory. For each laminate, 

the 7,2 and S,z stresses along z = 0 are equal to the r,, and Sy, stresses along 

y = 0 (Figures 6.79 and 6.80). Again, like the angle-ply laminates under exten- 

sional loading, the interlaminar shear stresses acting parallel to the free edge in the 

unsymmetric [+45/—45], laminate are smaller than those occurring in comparable 

symmetric laminates. 

6.5.4 Interlaminar Stresses for 0/+45 Laminates 

The interlaminar stress results for the thin 0/+45 laminates under uniform 

thermal loading are summarized in Table 6.20. Since the out-of-plane deflections 

of the unsymmetric laminate are large (on the order of the laminate thickness), the 

differences in the interlaminar stress predictions between linear and nonlinear theory 

are also large (up to 44 percent). Surface plots of interlaminar stress distributions 

predicted by nonlinear theory are provided in Figures 6.82 through 6.84. Like 
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the unsymmetric angle-ply laminates, stress concentrations are predicted for the 

interlaminar normal stresses at the plate corners. Interlaminar stress distributions 

along z = 0 and y = 0 for both symmetric and unsymmetric angle-ply laminates 

are shown in Figures 6.85 through 6.90. 

6.5.5 Summary 

The main conclusions based upon the numerical results for thermal loading 

are given below. These conclusions are summarized in Tables 6.1 and 6.4. For 

the laminated plates and boundary conditions considered, the main conclusions for 

thermal loading are: 

(1) Out-of-Plane Displacements: For the unsymmetric laminates considered, the 

out-of-plane deflections caused by laminate membrane-flexural coupling are 

predicted to be larger in magnitude by linear theory as compared to nonlinear 

theory. Nonlinear theory predicts a critical thickness ratio L/h for each of the 

unsymmetric laminate stacking sequences in which: _ 

(a) For laminates with L/h less than the critical value, a unique stable shape 

exists for the laminate at room temperature. 

(b) For laminates with L/h greater than the critical value, multiple stable 

shapes are predicted at room temperature. 

The prediction of multiple stable shapes at room temperature is in agreement 

with previous experimental results {47,51,52] and with the numerical results 

of Hyer [48-50] for unsymmetric cross-ply laminates. In summary, nonlin- 

ear theory predicts: (a) smaller out-of-plane deflections (stiffening effect) for 

unsymmetric laminates and that (b) multiple stable shapes may exist for un- 

symmetric laminates at room temperature. 

(2) Mismatch in in-plane normal strain: The following behavior is observed for the 

cross-ply laminates in which there exists a mismatch in a, and a, between ad- 

jacent layers. Interlaminar normal o,, and shear 7,n stresses exist within 
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the free edge regions of both symmetric and unsymmetric laminates. The 

maximum tensile normal stresses occur at the free edges. The following differ- 

ences are observed in the predicted interlaminar stresses for the unsymmetric 

laminate as compared to the symmetric laminates: 

e Interlaminar normal stresses o,, are either smaller or much larger. 

e Interlaminar shear stresses Tz, are smaller. 

Depending upon the symmetric laminate stacking sequence, the o,, normal 

stresses are either smaller or much larger in the unsymmetric laminate as com- 

pared to the symmetric laminates. The 7,, shear stresses are relieved by the 

out-of-plane deflections of the unsymmetric laminate. 

Mismatch in in-plane shear strain: The following behavior is observed for the 

angle-ply laminates in which there exists a mismatch in az, between adja- 

cent layers. Interlaminar normal o,, and shear 7,4 stresses exist within the 

free edge regions of both symmetric and unsymmetric laminates. Interlami- 

nar shear stresses Tz, are present within the symmetric laminates and are zero 

within the unsymmetric laminate. The maximum interlaminar normal stresses 

Oz are compressive and occur at the free edges. The maximum interlami- 

nar shear stresses 7,, are very large and also occur at the free edges. The 

following differences are observed in the predicted interlaminar stresses for the 

unsymmetric laminate as compared to the symmetric laminates: 

e Interlaminar normal stresses o,, are larger. 

e Interlaminar shear stresses T,, vanish. 

e Interlaminar shear stresses T,, are smaller. 

The out-of-plane twisting deflections of the unsymmetric laminate increase the 

interlaminar normal stresses o ,, and reduce the interlaminar shear 7 ,; stresses. 

The interlaminar shear stresses T,, are completely relieved by the out-of-plane 

deflections of the unsymmetric laminate. 
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(4) 

(5) 

(6) 

Comparison of stress predictions between linear and nonlinear theory: For the 

symmetric laminates, the difference in the interlaminar stress predictions of 

linear theory (Cauchy stresses) and nonlinear theory (second Piola-Kirchhoff 

stresses) are small. For the unsymmetric laminates, however, there are large 

differences in the stress predictions between linear and nonlinear theory. These 

large differences are due to the large out-of-plane deflections of the unsymmetric 

laminates. 

Comparison with results for extensional loading: For extensional loading, the 

differences in the interlaminar stress fields between symmetric and unsymmetric 

laminates were not as great as those predicted in the thermal loading cases. 

The reason that these differences were not as great is because the laminates 

for the extensional loading cases were restrained from deflecting out-of-plane 

along the loaded edges of the laminate. This edge restraint reduced the out-of- 

plane deflections in the unsymmetric laminates. The unsymmetric laminates 

for the thermal loading cases were allowed to freely deflect out of plane and 

consequently have larger transverse w deflections. This is also the reason that 

greater differences are observed in interlaminar stresses predicted by linear 

and nonlinear theory. The larger the out-of-plane deflections, the greater 

the difference in interlaminar stress predictions between linear and nonlinear 

theory. 

Comparison with results for compressive loading: The conclusions stated in 

(5) above also apply for compressive loading prior to a change in laminate mode 

shape. However, after the change in mode shape has occurred, additional 

interlaminar stresses arise as the axial load is transferred between adjacent 

layers and the interlaminar stress fields extend across the entire interfacial 

surface. 
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Chapter 7 

CONCLUSIONS AND RECOMMENDATIONS 

The purpose of this study was to investigate the interlaminar stress fields within 

unsymmetrically laminated plates and to determine the effects upon the stress- 

deformational response of laminate membrane-flexural coupling and geometric non- 

linearity. The study focused upon the linear thermoelastic response of thin square 

laminated composite plates subjected to extensional, compressive, or thermal load- 

ing. Symmetric and unsymmetric 0/90, +45/-45, and 0/+45 laminate stacking 

sequences were considered to determine the effect of mismatch between adjacent 

layers in Poisson’s ratio, coefficient of mutual influence, and coefficients of thermal 

expansion. The results for symmetric and unsymmetric laminates were compared 

to determine the effects of laminate membrane-flexural coupling upon the inter- 

laminar stress fields in unsymmetric laminates. The predictions of geometrically 

linear and nonlinear theory were compared to determine the effects of geometric 

nonlinearity upon the stress-deformational response. Appoximate solutions to the 

nonlinear three-dimensional boundary value problems were determined using the 

finite element method and Newton’s method. 

For laminated plates subjected to external loading, the mismatch in material 

properties between adjacent layers causes interlaminar stresses to arise near the 

free edges of the laminate. For unsymmetric laminates, the mismatch in material 

properties about the geometric midplane causes out-of-plane (transverse) deflec- 

tions. The results of this numerical study show that the out-of-plane deflections of 

unsymmetric laminates, caused by the laminate membrane-flexural coupling, have 

a strong effect upon the interlaminar stresses at the free edges of the laminate. 
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7.1 Summary and Concluding Remarks: 

The main conclusions based upon the results of this investigation are: 

(1) For the laminated plates, loading conditions, and boundary conditions consid- 

ered, the results of this study show that the out-of-plane deflections of unsym- 

metric laminates relieve interlaminar shear stresses. In addition, the out-of- 

plane deflections reduce interlaminar normal stresses for some laminates and 

increase these stresses for others. Specifically, the following differences are 

observed in the predicted interlaminar stresses for the unsymmetric laminates 

as compared to the symmetric laminates: 

(a) For a mismatch in in-plane normal strain (mismatch in vz,, az, or a,): 

e Interlaminar normal stresses are either smaller or much larger. 

e Interlaminar shear stresses T,, are smaller. 

(b) For a mismatch in in-plane shear strain (mismatch in 7 2,,2 OF Qzy): 

e Interlaminar normal stresses are larger. 

e Interlaminar shear stresses T,, vanish. 

e Interlaminar shear stresses 7,,; are smaller. 

where 7,n is the component of interlaminar shear stress acting in a di- 

rection normal to the free edge and 7,, is the component of interlaminar 

shear stress acting in a direction parallel to the free edge. For a mismatch 

in in-plane normal strain between adjacent layers, the differences observed 

in the interlaminar normal stresses between unsymmetric and symmetric 

laminates depends upon the stacking sequence of the symmetric laminate. 

These conclusions applied to extensional, compressive (prior to a change 

in mode shape), and thermal loading. 

(2) As the out-of-plane deflections become large, i.e., on the order of the laminate 

thickness, the effects of geometric nonlinearity upon the stress-deformational 
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(3) 

(4) 

(5) 

response become important; that is, the differences in the interlaminar stress 

predictions between linear and nonlinear theory can become quite large. 

For compressive loading, nonlinear theory predicts that both symmetric and 

unsymmetric laminates undergo a change in mode shape during loading: 

(a) Prior to the change in mode shape — The interlaminar stresses predicted 

by nonlinear theory are similar to those predicted by linear theory; that 

is, the interlaminar stresses are approximately equal and opposite to those 

predicted for extensional loading. 

(b) After the change in mode shape - The transfer of the compressive axial 

load between adjacent layers begins to take place across the interfacial 

surfaces. This transfer of axial load results in interlaminar stresses existing 

across the entire interfacial surfaces of the laminate. The interlaminar 

stresses due to this load transfer combine with the interlaminar free edge 

stresses caused by the mismatch in material properties between adjacent 

layers. The maximum interlaminar stresses resulting from this combined 

effect occur at the free edges of the laminate. 

For the compression-loaded laminates considered with boundary conditions of 

clamped loaded edges and free unloaded edges, the critical loads predicted 

for the unsymmetric laminates by linear wide-column theory using a reduced 

flexural stiffness approximation (21] compared quite well with the present non- 

linear finite element analysis. Buckling loads for the [04/904], and [04/+454]¢ 

laminates, which exhibited nonbifurcational buckling, were determined using 

Southwell’s method [36] on the nonlinear finite element analysis results. The 

stiffness of the unsymmetric laminates with free unloaded edges is significantly 

reduced after the change in mode shape has occurred. 

For each of the unsymmetric laminate stacking sequences considered, a criti- 

cal laminate thickness ratio (Z/h)cprig was predicted for the thermally-loaded 

unsymmetric laminates at room temperature. For L/h < (L/h) crit, a unique 
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stable shape is predicted for the laminate at room temperature. For L/h > 

(L/h)crit, multiple stable shapes are predicted for the laminate at room tem- 

perature. The prediction of multiple stable shapes at room temperature is in 

agreement with previous experimental results [47,51,52] and with the numerical 

results of Hyer [48-50] for unsymmetric cross-ply laminates. 

(6) For large displacements, large rotations, and small strains, the interlaminar 

components of second Piola-Kirchhoff stress were determined to be a good 

approximation for the interlaminar components of Cauchy stress. 

(7) An effective procedure has been demonstrated for a geometrically nonlinear 

three-dimensional global /local analysis of laminated composite plates. 

7.2 Recommendations for future studies: 

The recommendations for future studies can be grouped into three categories: 

(a) Experimental verification - Experimental verification of the present analy- 

sis is needed. The displacement, strain, and stress results from the analysis could 

be compared to experimental results for composite laminates subjected to exten- 

sional, compressive, or thermal loading. The simplest of these comparisons could 

be with experimental measurements of the out-of-plane displacements of a cured 

unsymmetric laminate at room temperature. Further comparisons could be made 

with experimental results for extensional or compressive loading on unsymmetric 

laminates constructed using a room-temperature cure process; thereby eliminating 

initial out-of-plane deflections caused by residual (thermal or hygroscopic) strain. 

(b) Applications of the present analysis - The present analysis is quite general 

and could be applied to a variety of laminates, loading conditions, structural ge- 

ometries, and boundary conditions. The analysis could be used to study a number 

of related problems which are of interest to structural researchers. Several of these 

problems are listed below: 

(1) Postbuckling of laminated plates under various edge conditions. 

126



(2) Nonlinear bending of laminated beams and plates. 

(3) Laminated plates subjected to combined hygrothermomechanical loading. 

(4) Application to more complex structural geometries. 

Examples of more complex structural geometries include: stiffeners attached to lam- 

inated panels, plates with holes, ply drop-offs, or hybrid laminates. The method of 

global /local finite element analysis described in Section 5.2.1 could be used to con- 

duct a detailed analysis within the free edge regions of such structures. Boundary 

conditions for the local finite element analysis could be obtained by either nonlinear 

plate analysis or the present nonlinear three-dimensional analysis. 

(c) Extensions of the present analysis - The present analysis could be extended 

to account additional effects such as material nonlinearity or time-dependent behav- 

ior. For example, the total Lagrangian incremental finite element formulation could 

be coupled with an incremental plasticity analysis to study the effects of large dis- 

placements, large rotations, and large strains. In addition, the constitutive model 

could be modified to account for temperature or time dependent material behav- 

ior. The incremental finite element formulation could also be modified to study 

the dynamic response of laminated composite structures. 
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Appendix A 

THE COUPLING BEHAVIOR OF LAMINATED ANISOTROPIC PLATES 

This appendix provides a brief review of the coupling behavior of laminated 

anisotropic plates. As discussed in Chapter 1, laminated composite plates can 

possess unique coupling characteristics in the deformational response. Two types 

of coupling effects which can arise in the response of laminated composite plates 

are laminate coupling and geometric coupling. Laminate coupling, which is also 

referred to as mechanical, elastic, or thermoelastic coupling, is caused by the di- 

rectionally dependent material properties of composite materials and/or the het- 

erogeneous construction of laminated plates. For linear thermoelastic materials, 

laminate coupling is a linear coupling effect which may be present in the membrane 

response, flexural response, or in a combination of both membrane and flexural re- 

sponse. Geometric coupling refers to the membrane-flexural coupling effect which 

arises in the finite deflection of elastic plates. Geometric coupling is a nonlinear 

coupling effect which must be accounted for through the use of a geometrically 

nonlinear kinematic description. 

From the Kirchhoff-Love kinematic assumptions of classical plate theory [23], 

the strain-displacement equations are given by: 

€sz = 6 + 2Kz, Ke = —W 22 (A.1la) 

Eyy = yy + 2hy, Ky = —Woyy (A.16) 

Yey = Vey + ZKzy, Key = —2u,2y (A.1c) 

€22> &,, and 72,, are the in-plane strains of the laminated plate reference surface 

(geometric midplane). «2, xy, and «z,, are the curvatures of the reference sur- 

face. From the von Karman theory [4] for the finite deflection of elastic plates, the 
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reference surface strains are given by: 

eo =uszt que. (A.2a) 

0 1 
Eyy = Vy + gy (4.25) 

Vey = Uy + Viz + WirWy (A.2c) 

The membrane and flexural stress resultants are defined as: 

+h/2 
(Nz, Ny,Ney) = / | (Sex, Suv» Sey)dz (A.3a) 

+h/2 
(Mz, My, Mey) = / (See, Syy, Sey)zdz (A.38) 

—h/2 

Assuming that each lamina is in a state of plane stress, the constitutive equations 

relating the membrane and flexural stress resultants to the strains and curvatures 

of the reference surface are given by: 

Nz Ay; Ai2 Ais Bir Bi2 Bie eo, 

Ny An Azz Are Bry Bar Bre | | €, 
Nay | _ | Ae1 As2 Acs Ber Ber Bee Vey (A.4) 
M, — By Biz Big Dir Diz Drie Ke 

M, Ba, Boz Boe Dr Dez Dre Ky 

Mi, Bex Be2_ Bee De Dez Des Key 

where: 
+h/2 

(Ai;, Bij, Di;) =| , Qi; (1,2, 27)dz (A.5) 

The quantities, Q;;, are the transformed reduced lamina stiffnesses with respect to 

the global coordinates (z,y,z) of the laminated plate (refer to Appendix B). The 

constitutive coefficients, A;;, Bj;, and D;;, are the membrane, membrane-flexural, 

and flexural stiffnesses for the laminated plate, respectively. The 3 by 3 submatrices 

given by the quantities, Aj;, Bij, and Di; (i,j = 1,2,6), are symmetric as is the 

entire 6 by 6 constitutive matnx. 

The constitutive coefficients, Aig, A2s, Dig, Dog, and B;; (1,7 = 1,2,6), char- 

acterize the laminate coupling behavior of a laminated anisotropic plate. The 
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laminate coupling effects which may be present in a laminated anisotropic plate are 

summarized in Table A.1. The deformational coupling relationships of laminated 

anisotropic plates are illustrated in Figure A.1. The constitutive coefficients, A 16 

and Aj, characterize the membrane coupling effects between extension and shear. 

Extension-shear coupling occurs in unbalanced Jaminates in which there is at least 

one off-axis layer (6 # 0°,90°) of +4 orientation which is not balanced by an off- 

axis layer of equal thickness with —@ orientation. The constitutive coefficients, Bj; 

(1,7 = 1,2,6), characterize the membrane-flexural coupling effects. This coupling 

occurs in all unsymmetric laminates and is caused by the mismatch in material 

properties above and below the geometric midplane of the laminate. The consti- 

tutive coefficients, B,;, B22, and Bj2, characterize the membrane-flexural coupling 

effects between extension and bending. The constitutive coefficients, Byg and B2.¢, 

characterize the membrane-flexural coupling effects between extension and twisting 

and between shear and bending. The constitutive coefficient, Begg, characterizes 

the membrane-flexural coupling effects between shear and twisting. The consti- 

tutive coefficients, Dy, and D2¢, characterize the flexural coupling effects bet ween 

bending and twisting. Bending-twisting coupling occurs in non-antisymmetric lam- 

inates which possess at least one off-axis layer. An antisymmetric laminate is also 

an unsymmetric laminate in which there will exist membrane-flexural coupling. 

The equations of equilibrium for a laminated composite plate are given by: 

Nzz + Neyy = 0 (A.6a) 

Nyz,z + Nyy = 9 (A.6b) 

Nz, 22 + 2NryW,zy + NyW,yy 

+Maz,zz + 2May,zy + Myyy + Pz = 0 (A.6c) 

pz is the transverse pressure acting in the z coordinate direction. Equations (A.4) 

and (A.6) are nine equations for nine unknowns: Nz, Ny, Nzy, Mz, My, Mzy,, u°, 

v°, and w. Substituting equations (A.4) into equations (A.6) results in a system 
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of three equations of eighth order for the three unknowns: u°, v’, and w. The 

governing equations in terms of displacements are given by: 

, Dy,u° + L2v° + Li3w = —w zLli.w _ w yLi2w (A.7a) 

L2,u° + Lov" + Lo3w = —w zLew _ wyLe2w (A.75) 

L3,u° + L32v° +DI33w=p,+F,+F2 (A.7c) 

where: 

F, = (uo, + zw? )Liw + (v9 + tw? )Low + (uo, + vo + tw,2w,y)Law 

F, = —w,2L13w — wyL23w + (Biz — Bes)(wry — wW,22¥,yy) 

and the linear operators are given by: 

[11 =Ari( ),zz2 +2Ar6( ) zy + Ace) yy 

L22 = Aoe( ),zz + 2Az6( ),zy + A22() yy 

Ly2 = Lr = Are(),zz + (Az + Ase)( zy + Are) vy 

Iss = Dis(_),z2ez +4Di6( )zzzy + 2(Diz + 2Do6)(_) zzyy 

+4D26( ),eyyy + Daz) yyy 

[13 = D3; = —Byi{_—) zzz —3.Bi6( —) zzy —(Bi2 +2Bos)(  ) zyy — Bro() yyy 

[23 = L327 = —Bie(),z22 —(Bi2 + 2Bes)(),z2y —3Br6() zyy — Baal) yoy 

Ty =Ai( ),22 +2Ar6( ),2zy + Ar2() yy 

Lz = Ai2(),zz + 2A26() zy + Az2() yy 

D3 = Ai6() zz + 2Aee( ) zy + Are() yy 

The system of equations (A.7) governs the large deflection behavior of un- 

symmetrically laminated anisotropic plates. The large deflection behavior of un- 

symmetrically laminated plates exhibits both laminate and geometric membrane- 

flexural coupling effects. For the small deflection behavior of symmetrically lam- 

‘inated anisotropic plates, neither laminate or geometric coupling exists and the 

fourth order governing equation is given by: 

L33w = pz (A.8) 
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For the large deflection behavior of symmetrically laminated anisotropic plates, 

geometric membrane-flexural coupling exists through the geometrically nonlinear 

kinematic description and the eighth order system of governing equations are given 

by: 

LT4,u° + Li2v" => —w 2Dy1w _ wy yLi2zw (A.9a) 

L2\u° + L22v° = —w 2zLa1w - w yLo2w (A.9d) 

L33w = pz + F, (A.9c) 

Finally, for the small deflection behavior of unsymmetrically laminated anisotropic 

plates, laminate membrane-flexural coupling exists and the eighth order system of 

governing equations are given by: 

Lu" + Li2v° + Li3gw = 0 (A.10a) 

D2 u° + L22v° + Lo3w =—0 (A.10b) 

L3,u° + L32v° + L33w = Pz (A.10c) 
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Appendix B 

CONSTITUTIVE EQUATIONS 

This appendix discusses the transformed constitutive equations for a linear 

elastic, orthotropic layer or lamina of arbitrary orientation with respect to global 

coordinates. The transformation accounts for a single rotation about the z-axis 

from the global coordinate system (z,y,z) of the plate to the principal material 

coordinate system (X,, X2,.X3) of the lamina (Figure 3.1). The strain-stress equa- 

tions for a linear elastic orthotropic lamina with respect to the principal material 

coordinate system are given by: 

€11 $11 $12 813 O O 0 711 
€22 $21 $22 $23 O 0 0 22 

€33 | | $31 $32 $33 O O O O33 
723 7 0 0 0 S44 0 0 723 (B.1) 

713 0 0 0 0 S55 0 713 

12 0 0 0 0 0 866 712 

The [s] matrix of elastic coefficients given above is symmetric and is referred to 

as the compliance matrix. The elastic coefficients in terms of elastic engineering 

coefficients are given by [22]: 

      

fg go 0 OF 
—H oa “By 0 0 0 

-45 —+ = 0 0 0 [j= |B "He BS (B.2) 0 0 0 wo 0 
0 0 oo 0 Zg oO 

fo oo 60 0 60 2) 
12 

where the elastic engineering constants are defined as follows: 

Ey, Ez, Es; = Young’s moduli in the 1, 2, and 3 directions, respectively 

G23, Gi3, Gi2 = shear moduli in the 2-3, 1-3, and 1-2 planes, respectively 

V;; = Poisson’s ratios 

where: 
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wij=—-# for oi; # 0, all other o;; = 0 (no summation implied) 

EL = Bt for i,j = 1,2,3 (no summation implied) 

The stress-strain equations for a linear elastic orthotropic lamina with respect 

to the principal material coordinate system are given by: 

011 C11 «3€12— C13 0 0 0 €11 

722 C21 C22 C23 O O ODO €22 
733 | _|¢31 ¢32 ¢c33 O OO O €33 
723 {f |0 0 O ca 0 O 123 (B.3) 
T13 0 0 O ODO css, O 713 
12 0 0 0 0 0 Cée6 12 

where the coefficients may be expressed in terms of elastic engineering constants: 

c= Ful — ¥23V32) 

C22 = 742(1 — 43131) 

c33 = =22(1 — vi2v21) 

C23 = C32 = Far (v3 + ¥21143) = Faa(v32 + 42131) 

C13 = C31 = 232 (143 + 142123) = Fur(v3y + 2132) 

C12 = C21 = Fa (vy2 + 13233) = Eu (vay + 31023) 

C44 = G23 

C55 = Gi3 

C66 = Gi2 

A = 1 — 123432 — 41331 — 44221 — 221432143 

The [c] matrix of elastic coefficients given above is symmetric and is referred to as 

the stiffness matrix. The stiffness matrix is the inverse of the compliance matrix, 

[e] = [s]~’. 
The equations for transforming a state of stress from global coordinates (z, y, z) 

to principal material coordinates (X1, X2,X3) are given by: 

O31 m n? 0 0 0 2mn Orr 
022 n> mm’? 0 0 O —2mn Cyy 
O33 _ 0 0 1 0 0 0 Trzz 

T23 ( 0 0 Om —n 0 Tyz (B.4) 

713 0 0 0 n m 0 Tix 

T12 —mn mn 0 0 OO (m?—n?) Tey 

144



where: 

m = cos 9 

n = sin89 

The equations for transforming a state of strain from global coordinates (z, y, z) to 

principal material coordinates (X,,X2,X3) are given by: 

€11 

€22 

€33 

23 

713 

12 

where: 

m = cos8@ 

n= sin§ 

m n 0 0 O mn 

n? m? 0 0 0 —mn 

| 0 0 10 0 0 
~ 0 0 0m —-n 0 

0 0 0 n m 0 

—2mn 2mn 0 0 O (m?—n?) 

Cex 

Czz 

Yyz 

Yzz 

Yay 

(B.5) 

Equations (B.4) and (B.5) can be used with equations (B.3) to derive the 

transformed stress-strain equations with respect to global coordinates (z, y, z): 

where: 

Ozz C11 C12 «C13'—=—0 0 C16 

Cyy C12 «C22, «C23 SOO CO 8“ 
Ozz |  |%13 C23 C33 O O C36 
Tyz 7 0 0 QO Cag Cas 0 

Tzz 0 0 0 Cas C55 0 

Try C16 «E26 «=0S36 S(O 0 fe 

= 4 
Cy. = Mey, + 2m? n? (cy2 + 2c6e) + n'c22 

4 2,2 4 
€22 = 1°C,1 + 2M*n (c12 + 2ces) +m°c22 

C12 = m?n?(e11 + C22 — 4c¢66) + (m4 + n‘)e2 

€zz 

Cyy 

€zz 
ys 

Yznx 

Yzy 

Ce6 = m?n?(c11 + c22 — 2¢12) + (m? + n*)? ceg 

ig = mn[m7c}1 — n? e929 — (m? — n7)(cr2 + 266)! 

G26 = mn(n2cq) — m*co2 + (m? — n?)(c12 + 2c66)] 

(B.6) 

(B.7a) 

(B.7) 

(B.7c) 

(B.7d) 

(B.7e) 

(B.7f) 
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~ 2 13 = m*cq3 +n? e293 

~ 2 2 
C23 = N° c13 + M' C23 

@36 = mn(ci3 — 23) 

~ 2 2 
Cag = NM Cag tN C55 

= 2 2 
C55 = N° Cag + ™M'Cs5 

E45 = mn(cs5 — C44) 

C33 = C33 

(B.79) 

(B.7h) 

(B.7i) 

(B.73) 
(B.7k) 

(B.71) 

(B.7m) 

Equations (B.6) represent the stress-strain equations for a linear elastic monoclinic 

material which is characterized by 13 independent elastic constants. 

From classical laminated plate theory, the reduced stress-strain equations for 

an arbitrarily oriented orthotropic lamina in a state plane stress are given by [22]: 

Czz Qui Qi2 Qis €zz 

Qi2 Q22 Q26 Cyy 

Try Qie Q26 Q66 Yzy 

where: 

Qi = m4Qii + 2m?n?(Qi2 + 2Q66) + 24 Qa2 

Q22 = n*Qii + 2m?n?(Qi2 + 2Q66) + M*Qzr2 

Qiz = m?n?(Qii + Qa2 — 4Qe6) + (m* + n*)Qi2 

Qes = m?n?(Qii + Q22 — 2Q12) + (m? +n”) Qee 

Qis = mn[m7Qir — n7?Q22 — (m? — n?)(Qi2 + 2Q66)| 

Q26 = mn[n?Qir — m?Q22 + (m? — n?)(Qiz + 2Q66)| 

and: 

Qn => 

Qa = 

Qi = SRST = oad 

(B.8) 

(B.9a) 

(B.9b) 

(B.9c) 

(B.9d) 

(B.9e) 

(B.9f) 
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Qes = Giz 

For the case of plane stress, Q;; and Q;;, are the transformed reduced lamina stiff- 

ness terms with respect to principal material coordinates (X1,X2,X3) and global 

coordinates (z,y,z), respectively. Through the use of multiple angle trigonometric 

identities, the transformed reduced stiffnesses can be written (22): 

O11 = U1 + U2 cos 26 + U3 cos 48 (B.10a) 

Qo2 = Us — U2 cos 28 + U3 cos 40 (B.10b) 

Qi2 = Us — U3 cos 40 (B.10c) 

Qee = Us — U3 cos 48 (B.10d) 

Qis = 50s sin 26 + Us sin 40 (B.10e) 

Qos = 502 sin 20 — U3 sin 46 (B.10f) 

where U, through Us are material invariants which are defined as: 

Uy = $(3Q11 + 3Q22 + 2Q12 + 4Q66) 

U2 = $(Q11 — Q22) 

U3 = §(3Q11 + 3Q22 — 2Q12 — 4Q¢6) 

U4 = £(3Q11 + 3Q22 + 6Qi2 — 4066) 

Us = 5(3Q11 + 3Q22 — 2Q12 + 4Q66) 

The in-plane behavior of an orthotropic lamina is characterized by 4 independent 

elastic constants, namely: Ey,, E22, 12, and G32. Therefore, only four of the 

material invariants given above should be independent [22]: 

1 
Us = 5 (U1 _ U4) (B.11) 

The three-dimensional behavior of a linear elastic orthotropic material is character- 

ized by nine independent elastic constants. A similar set of nine material constants 
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can be defined as: 

1 
C) = rie + ¢22) 

1 
C2 = glen — C22) 

1 
C3 = qc + 2cee) 

1 
C4 = q ici — 2c¢e) 

1 
Cs = gles + ¢23) 

1 
Cs = 5 (ers _ €23) 

1 
Cr = 3 (a4 + css) 

1 
Cs = 5 (ca - Css) 

Cy = €33 

(B.12a) 

(B.12b) 

(B.12c) 

(B.12d) 

(B.12e) 

(B.12f) 

(B.12g) 

(B.12h) 

(B.12i) 

The first four constants, C, through C4, are associated in-plane behavior of the lam- 

ina. Using the material constants defined above with multiple angle trigonometric 

identities, the transformed stiffness moduli may written: 

iy = (3C; + C3) + 4C2 cos 28 + (Cy — C3) cos 40 

E22 = (3C; + C3) — 4C2 cos 20 + (C; — C3) cos 40 

12 = (Ci + C3 + 2C4) — (Ci — C3) cos 40 

C66 = (C1 — Cg) — (Ci — C3) cos 48 

Cig = 2C2 sin 20 + (C, — C3) sin 40 

E26 = 2C2 sin 20 — (C, — C3) sin 40 

C13 = Cs + Ce cos 26 

f23 = C's — Cg cos 28 

f36 = Cg sin 20 

C44 = Cr + Cs cos 20 

(B.13a) 

(B.136) 

(B.13c) 

(B.13d) 

(B.13e) 

(B.13f) 

(B.13g) 

(B.13h) 

(B.13i) 

(B.13;) 
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és5s = Cz — Cs cos 26 

C45 = —C% sin 20 

C33 = Cy 

(B.13k) 

(B.131) 

(B.13m) 

The reverse of the transformations given above, i.e., the transformation from global 

coordinates to principal material coordinates, may be obtained by changing the sign 

of the transformation angle 6. Finally, noting that the engineering shear strain is 

equal to twice the tensorial shear strain, the transformed stiffness moduli defined 

above are related to the linear elastic constitutive coefficients used in Chapter 4 as 

follows: 

oCiii 
oCo211 

[a] = 0Csans 

0 

0Cs611 

where (Table 5.2): 

001122 

0 C2222 

0C3322 

0 
0 

0 C6622 

Cyz = 2€23, yz = 2€23 

€Czz = 2e13, €zz = 2€13 

Czy = 2€12, Czy = 2€12 

001133 

0C'2233 

0C'3333 

0 
0 

0C’e633 

0 

0 

0 

0 C4444 

oC’'s544 
0 

0 

0 

0 

oC's4s5 

oC'ssss 
0 

001166 

oC'2266 

oC3366 

0 
0 

oCesee 

(B.14) 
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Appendix C 

FINITE ELEMENT EQUATIONS 

The derivatives of the interpolation or shape functions with respect to global 

coordinates are given by: 
3 a k 

opt =) LiFe (C.1) 

j=l 

where J%, are components of the inverse of the Jacobian given in equation (5.36). 

The components of the deformation gradient are given by: 

O25 = > pk tet (C.2) 

where n is the number of nodes per element. The components of the displacement 

gradient are given by: 

a4i,j = bovis ; (C.3) 

The linear strain-displacement transformation matrix is given by [110]: 

[oBx] = {6 Bro] + [6 Bx1] (C.4) 

The (§ B10] matrix is equal to the linear strain-displacement matrix used for geo- 

metrically linear analysis. The components of the [fBz0| matrix are given by: 

op, 0 0 oy ees 0 

0 op 0 0 eee 0 

0 0 wy 0... 0% t DB _— OY 3 3 . 

oBrol= | 9 oy oh 0 2. od (C5) 
o's 0 op op, a8 op 

op, op, 0 op ose 0 

The components of the [{Bz1] matrix are given by: 

t Bll t pl2 t Bin a) - (SEH) GSB) (68En o-6 
Bal | SoH) GBH). (BE 9) 
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where the submatrices are defined as: 

Disks berks i 

iat | a bo2k2 = O32k2 (C.7) 

bizks ba3n3 5 33K3 

_ (d12%3 + b13zk2) (b22%3 + b23k2) (b32%3 + 5332) 

[$B2*] = | (bires + b13e1) (bares +5231) (b3143 + 53321) (C.8) 
(diik2 + Sizer) (bo1k2 + b31k2) (de2e1 + 533%1) 

and: 

t k beset = gti,joPy 

The nonlinear strain-displacement transformation matrix is given by [110]: 

(6Buz]) [0] [0] 
foByz]=] [0] [6Bnz] 0) (C.9) 

[0] (0) [6 Bnz] 

where the submatrices are defined as: 

. op, 0 0 op, cee oP 

[Bn] = oP» 0 0 op, see oP (C.10) 

of, 0 0 of% ... oP 

_ 0000... 0 
(}=}0 000... 0 (C.11) 

0000... 0 

The second Piola-Kirchhoff stress matrix is given by {110}: 

(65) [0 (0 
[oS] = | [0] [05] [0] (C.12) 

(o} (0) (4 5) 
where the submatrices are defined as: 

t t 
0 S31 0 S32 6533 

00 0 
(O] = F 0 J (C.14) 

00 0 

The transpose of the second Piola-Kirchhoff stress vector is given by: 

. g511 9512 6513 
[oS] = | 6521 9522 5523 (C.13) 

(oS]7 =[$511 $522 $533 $523 $513 $512] (C.15) 
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Appendix D 

FINITE ELEMENT MODELS 

This appendix provides a summary of the finite element models used in this 

investigation. The finite element models are divided into three groups: (1) the 

global and local models for the thin 2.0 square symmetric and unsymmetric lami- 

nates, (2) the global models for the thick 4.0 in square symmetric and unsymmetric 

laminates which were used for comparison with previous results, and (3) the global 

models for the thin 2.0, 4.0, and 6.0 in. square unsymmetric laminates which were 

used for preliminary analyses. As discussed in Section 5.2.1, quarter symmetry 

models were used for the cross-ply laminates and inversion symmetry models [116] 

were used for the angle-ply and 0/+45 laminates. These symmetries were used to 

reduce the size of the numerical models. 

The loading and boundary conditions used for the finite element models are 

summarized in Table D.1. The unsymmetric laminates are modeled completely 

through the thickness. For the geometrically nonlinear analysis of compression- 

loaded symmetric laminates which buckle out-of-plane, the laminates are modeled 

completely through the thickness. For the other symmetric laminates, the geomet- 

ric midplane remains plane during loading and only the upper half of the laminate 

is modeled, 0 < z < +h/2 (Figure 3.2). For thermal loading, inversion symmetry 

models had an additional constraint, v(—0.2a,0,0) =0. This additional constraint 

was applied to remove the slight rigid body motion observed in the these models. 

This constraint worked well for the [+45/—45], laminate, but a satisfactory con- 

straint could not be determined for the [0/+45]; laminate. However, any error 

which may have been present in the model for the [0/+45], laminate had no appar- 

ent adverse effect upon the predicted interlaminar stress field which contained no 

stress anomalies or irregularities. 
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A summary of the global and local finite element models for the 2.0 in. sym- 

metric and unsymmetric laminates is given in Table D.2. A summary of the finite 

element models for the comparison with previous results and preliminary analy- 

ses is given in Table D.3. The finite element models for the comparison with 

previous results generated the numerical results of section 6.2. Prelimary analyses 

were conducted to evaluate such factors as finite element mesh refinement, laminate 

geometry, and geometrically nonlinear response. The preliminary finite element 

models were used to obtain numerical results for 2.0, 4.0, and 6.0 in. square unsym- 

metric laminates. The nonlinear solutions from the preliminary analyses provided 

accurate first approximations to the Newton algorithm for the more refined finite 

element models listed in Table D.2._ The largest model used in this study was 

the local finite element model for inversion symmetry analysis (Table D.2). This 

model consisted of 1440 elements which resulted in 43518 equations requiring 313.5 

megabytes of memory. 

Plots for the finite element meshes or grids are shown in Figures D.1 through 

D.7. Only the quarter symmetry models are shown in these plots. Inversion 

symmetry models possesed the same mesh refinement used for the quarter symmetry 

models and extended from —a < z < +a (refer to Figure 5.2). The 32-node 

cubic isoparametric element described in Section 5.1.1 was used for each of these 

models. For the thin laminates, one element was used through the thickness of each 

individual layer. For the thicker laminates which were used for comparison with 

previous results, two elements were used through the thickness of each individual 

layer. Since interlaminar stress comparisons were made between symmetric and 

unsymmetric laminates, identical mesh refinement was used all laminates. This 

was required since certain components of the interlaminar stress field can exhibit 

singular behavior. A convergence study of the interlaminar stress and displacement 

fields indicated that in order to achieve more accurate predictions, the maximum 

element aspect ratio for the three-dimensional elements should be kept to less than 
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or equal to 10.0. This requirement was satisfied for all models except for the 4.0 

and 6.0 in. preliminary models in which a maximum element aspect ratio of 12.5 

was used. 
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Appendix E 

GEOMETRICALLY NONLINEAR PLATE ANALYSIS 

This appendix discusses the geometrically nonlinear plate analysis which was 

formulated to predict the linear thermoelastic response of unsymmetrically lami- 

nated plates subjected to a uniform change in temperature. The analysis deter- 

mines the approximate room-temperature shape of a cured unsymmetric laminate. 

The unsymmetric laminate was idealized as a linear thermoelastic solid which has 

been cooled from an assumed stress-free state at cure temperature to a residual 

stress state at room temperature. This analysis was used to provide an initial 

approximate displacement field for the geometrically nonlinear three-dimensional 

finite element analysis. The analysis was formulated using classical laminated plate 

(CLP) theory and the von Karman nonlinear strain-displacement equations (refer 

to Appendix A). Approximate solutions to the nonlinear boundary value problem 

were obtained using the Ritz method. The Ritz formulation yielded a system of 

nonlinear algebraic equations which were solved using Newton’s method. 

Assuming that the outer surfaces of the plate are traction free, the total po- 

tential energy of the laminated plate is given by: 

+a pth pt+h/2 

I = Ue = / / / [Sez(€zz _- azzAT) 
~ad —bJd —h/2 

+Syy(€yy — @yyAT) + Szy(Vey — azyAT)|drdydz (£.1) 

where: 

Sez = Qii(ézz — G22 AT) + Qi2(eyy — ayyAT) + Qie(Yey — @2yAT) 

Syy = Qi2(€zz — G22 AT) + Qa2(€yy — ayyAT) + Qr6(12y — azyAT) 

Sey = Qie(€zz — Azz AT) + Qro(Eyy — ayy AT) + Qee(Yey — @2yAT) 

Szz, Syy, and S,,, are second Piola-Kirchhoff stresses. azz, Qyy, @zy, are coef- 

ficients of thermal expansion which vary from layer to layer (i.e., are dependent 

upon the z coordinate). The in-plane strains, €22, €yy, and €z,, are defined in 
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equations (A.1) and (A.2). The transformed reduced lamina stiffness terms, Q;;, 

with respect to global coordinates (z, y, z) are also dependent upon the z coordinate 

and are defined in equations (B.9) and (B.10). The Ritz equations are obtained 

by taking the first variation of the total potential energy which yields a system of 

n nonlinear algebraic equations for n unknown displacement parameters, q;: 

ou 
Ogi — 

  0, i=1,2,...,n (E.2) 

As discussed in section 4.8, the stability of each equilibrium configuration was de- 

termined by evaluating the second variation of the total potential energy of the 

elastic body: 

§71I 

59:84; 
  Ki; = 1,J7 =1,2,...,n (£.3) 

The assumed displacement field for the geometrically nonlinear plate analysis 

has the following functional form: 

uU=qrt+qyt q3z° + gaz7y + gszy” + qey” (E.4a) 

v= qztaqryt qx’ t+ qor7yt qozy? + q1y° (E.4b) 

w= qi2z* + qisy” + qiary (E.4c) 

where q;,2 = 1,14, are unknown displacement parameters. The displacement pa- 

rameter g2 is used for both the y coefficient in the expression for u and the z 

coefficient in the expression for v. The same coefficient was required in both ex- 

pressions in order to obtain an independent set of equations. Kinematically, this 

forces the linear component of the shearing deformation of the reference surface to 

be uniform in the z and y directions. Hyer [48-50] proposed a similar geometrically 

nonlinear plate analysis for his study of the room-temperature shapes of unsymmet- 

ric cross-ply laminates. Hyer’s Ritz analysis was also based upon CLP theory and 

the von Karman strain-displacement equations. Using assumptions based upon 

the kinematics of deformation for unsymmetric cross-ply laminates, Hyer derived 
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the following functional form in terms of four unknown displacement parameters, 

qi,t = 1,4: 

1 1 
u = q3r — gue _ qugey” (E.2a) 

1 1 
v= gy say — Gagey (E..25) 

1 
we(qz" + q2y’) (E.5c) 

A comparison between the theoretical predictions of the present nonlinear analysis 

and the nonlinear analysis formulated by Hyer is provided in Table E.1 and Figures 

E.1, E.2, and E.3. Numerical results were generated for square unsymmetrically 

laminated [04/904], cross-ply laminates subjected to a uniform change in tempera- 

ture (AT = —280°F). Midplane w displacements were predicted for 2.0, 4.0, and 

6.0 square laminated plates composed of T300/5208 graphite/epoxy (Table 3.1). 

The results compare the predictions of: (a) linear CLP theory, (b) the present lin- 

ear 3D finite element analysis, (c) the nonlinear plate analysis proposed by Hyer 

[50], (d) the present nonlinear plate analysis, and (e) the present nonlinear 3D finite 

element analysis. 

As discussed in Chapter 6, the out-of-plane (tranverse) w displacements pre- 

dicted by linear theory are larger than those predicted by nonlinear theory. The 

linear predictions of the present 3D finite element analysis compare quite well with 

the predictions of CLP theory. The correlation between the predictions of the three 

nonlinear analyses is quite good. Each nonlinear analysis predicts that as the L/h 

ratio increases, the laminate transitions from a saddle to a cylindrical shape. Two 

stable equilibrium configurations are predicted by all three nonlinear analyses for 

4.0 and 6.0 square plates at room temperature. The nonlinear predictions of the 

present plate analysis compare quite well with the predictions of the present 3D 

finite element analysis. There is a considerable difference in the nonlinear pre- 

dictions for the 2.0 in. laminate between the present plate analysis and the plate 
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analysis proposed by Hyer. This difference may be attributed to the larger num- 

ber of displacement parameters and more general functional form of the assumed 

displacement field used in the present plate analysis. 

A comparison of experimental and theoretical principal curvatures for several 

square unsymmetric T300/5208 graphite/epoxy laminates at room temperature is 

provided in Table E.2. The experimental data was obtained from the previous work 

of Pagano and Hahn [46], Hyer [47], and Hahn [51]. The theoretical curvatures were 

determined using the present nonlinear plate analysis. All of the experimentally 

determined principal curvatures are greater than those predicted by the nonlinear 

plate analysis. The percent differences between experimental and theoretical maxi- 

mum curvatures ranged from slightly less than 1 percent to almost 44 percent (Table 

E.2). The correlation between the experimental [47,51] and theoretical curvatures 

for the unsymmetric cross-ply laminates with lengths greater than 3.0 in. is fair 

(differences from 12 to 23 percent). The correlation for laminates with lengths less 

than 3.0 in. is not very good (differences from 27 to 44 percent). The correla- 

tion between the experimental [46] and theoretical curvatures for the unsymmetric 

angle-ply laminates is quite good (differences from 1 to 13 percent). Finally, the 

correlation between experiment [47] and theory for the (0,/+64], laminates is not 

very good (differences of approximately 30 percent). In addition, the correlation 

between the nonlinear predictions of the present plate analysis and the 3D finite 

element analysis is also not very good. This poor correlation for the [04/+64]: 

laminates may be an indication that the functional form of the displacement field 

is not very complete and additional displacement parameters may be required. 
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Appendix F 

RESULTS USING REDUCED 3D NONLINEAR STRAIN 

The geometrically nonlinear finite element analysis results presented in Chap- 

ter 6 were generated using the Green-Lagrange nonlinear strain tensor (using the 

tensorial notation of Chapter 4): 

t lit t t,t oF ij = slows,s + oss + otk soUe,s) (F.1) 

In the present study, numerical results were also generated using a reduced form of 

three-dimensional nonlinear strain defined as: 

1 
eet = ota t+ 9043,10%3,1 ( F.2a) 

t PR _t 1, t F.2b 
ofa = otta,2 + 50ts,20%3,2 ( F.2b) 

‘Ee = 43,3 (F.2c) 

t R 1 t t 

o4H33 = 5 louz,3 + 93,2) ( F.2d) 

1 

oEt3 = 5 (owas + 0%3,1) ( F.2e) 

1 
bE = 5 (os,2 + 9%2,1 + 5U3,19%3,2) (F.2f) 

where: 

tu, = tu,(°x1, x2, °z3) 

This reduced form of three-dimensional nonlinear strain retains the same nonlin- 

ear strain-displacement terms that are retained in von Karman plate theory [4], 

although in the present analysis no restrictions are placed upon the functional de- 

pendence of the out-of-plane (transverse) ‘u3 displacement. Numerical results were 

generated using this reduced form of 3D nonlinear strain in order to compare with 

the results generated using Green-Lagrange nonlinear strain. These comparisons 

were made in order to determine if this reduced form of 3D strain could accurately 
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predict for the geometrically nonlinear three-dimensional response of thin laminated 

plates. 

For the purposes of comparison, three geometrically nonlinear finite element 

analyses were conducted using the reduced 3D nonlinear strain given in equations 

(F.2). Analyses were conducted for a 2.0 in. square unsymmetric [04/904], laminate 

subjected to extensional, compressive, and thermal loading. A comparison of out- 

of-plane displacement and interlaminar stress predictions are given in Tables F.1 

and F.2, respectively. The out-of-plane displacements predicted using the reduced 

form of 3D nonlinear strain compared quite well with the predictions of Green- 

Lagrange strain (less than one-half percent difference). The interlaminar stresses 

predicted using the reduced form of 3D nonlinear strain compared fairly well with 

the predictions of Green-Lagange strain. The maximum differences between the two 

interlaminar stress predictions were less than ten percent. In general, a nonlinear 

analysis using the reduced 3D nonlinear strain required less computations than a 

nonlinear analysis using Green-Lagrange strain. In summary, for the example cases 

considered, the predictions of the reduced form of 3D nonlinear strain compared 

fairly well with the predictions of Green-Lagrange nonlinear strain. 
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Table 3.1 Lamina material properties for T300/5208 graphite/epoxy. 

  

  

  

  

  

Material Property Value 

E\, psi 26.25(10)® 

E}, psi 1.49(10)® 

E3, psi 1.49(10)® 

G23, psi 0.502(10)® 

Gi3, psi 1.04(10)8 

Giz, psi 1.04(10)® 

V23 0.49 

V3 0.28 

V12 0.28 

ay, in. / (in.—°F) —0.059(10)- 

a2,in. / (in.-°F) 

a3, in. / (in.-°F) 

+14.222(10)-8 

+14.222(10)-8 
  

ply thickness, in. 0.005 
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Table 3.2 Square laminated plate geometry for comparisons between 

symmetric and unsymmetric laminates. 

  

  

  

  

Laminate” L, in h, in L/h 

[04 /904]¢ 2.0 0.04 50 
[904/04]. 2.0 0.08 25 

[04/904], 2.0 0.08 25 

[+454 /—454]¢ 2.0 0.04 50 

[—454/+454], 2.0 0.08 25 

(+454 /—454], 2.0 0.08 25 

(04/+454]s 2.0 0.04 50 
[+454 /04]. 2.0 0.08 25 
[04/-+454]. 2.0 0.08 25 

  

* T300/5208 graphite/epoxy composite material system (Table 3.1). 

162



Table 3.3 Loading and boundary conditions. 

  

  

  

  

Loading-type Loading and Boundary Conditions 

Extensional u(+a,y,z)/a = £0.01 

(clamped loaded edges”, v(+a,0,0) = 0 

free unloaded edges) w(+ta,y,0) =0 

Compressive u(ta,y,z)/a = F0.01 

(clamped loaded edges’, v(ta,0,0) = 0 

free unloaded edges) w(ta,y,0) =0 

Thermal AT = —280°F 

(all surfaces free) u(0,0,0) =0 

v(0,0,0) = 0 

w(0,0,0) =0 

  

* Loosely clamped condition; plates are free to undergo Poisson deformation. 
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Table 3.4 Material property mismatch between adjacent layers. 

  

Lamina Material Properties and Thermal Strain 

  

  

  

Mechanical Thermal* 

Layer Vay Ney,z a,AT ayAT azyAT 

0 +0.280 0 +0.016(10)-% —3.982(10)-° 0 

90 +0.016 0 —3.982(10)-* +0.016(10)-* 0 

+45 +0.167 -—0.768 —1.983(10)-> —1.983(10)-2 +3.999(10)-3 

—45 +0.167 +0.768 -—1.983(10)-*  -—1.983(10)-? —3.999(10)-* 

Difference or Mismatch Between Adjacent Layers 

Mechanical Thermal* 

Layers Vey Ney,z azAT a,yAT Q2yAT 

0/90 +0.246 0 +3.998(10)-? —3.998(10)-* 0 

+45/—45 0 —1.536 0 0 +7.998(10)-3 

0/+45 +0.113 +0.768 —1.999(10)-* -—1.999(10)-*  —3.999(10)-% 

* AT = —280°F. 
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Table 3.5 Unsymmetrically laminated plate stiffnesses. 

  

Membrane stiffnesses A;;, 10° pounds/in. 

  

Laminate Aj A22 Ai2 Aee Ais Ad. 

[04/904]. +557.3 +557.3 +4168  +41.6 0 0 

[+454/—454], +3286 +4328.6 +245.4 +270.3 0 0 

[O4/+454] +691.7 +194.2 +131.1 4155.9 +1244 +4124.4 

Membrane-flexural stiffnesses B,;, pounds 

  

Laminate Buy B22 By2 Bee Bie B26 

[04/904]. —4974 +4974 0 0 0 0 

[+454/—454]+ 0 0 0 0 -2487  -2487 

[04 /+454]e +3630 +1344 41143 +1143 41244 +1244 

Flexural stiffnesses D;;, pounds-in. 

  

Laminate Dy D2 Dj2 Dee D6 Doe 

[04/904] +74.3  +74.3 +2.2 +5.5 0 0 

[+454/-454]: +438 +4438 432.7 +36.0 0 0 

(04 /+454]e +92.2 +25.9 +17.5 +20.8 +16.6 +16.6 

Reduced flexural stiffnesses D?,, pounds-in. 

  

Laminate D3; D3, D3, Dé Di D36 

[04/904]: +29.9 +29.9 +0.9 +5.5 0 0 

[+454/—454] +20.9 +20.9 +9.8 +14.5 0 0 

(O./+45sJe +445 414.7 47.3 411.2 +87 46.2 
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Table 3.6 Symmetrically laminated plate stiffnesses. 

  

Membrane stiffnesses A;;, 10° pounds/in. 

  

  

Laminate Aj A22 Aj2 Age Aig Ad. 

[904/04]. +1114.6 +41114.6 +33.5 +433.5 0 0 

[(04/90.]. 4+1114.6 411146 433.5 433.5 0 0 

(—454/+454], +657.2 +657.2 +490.8 +540.5 0 0 

[+454/-454],  +657.2 +657.2 4490.8 +540.5 0 0 

[+454/O4],  +1383.3 +388.5 +262.2 +4311.9 +248.7 +248.7 

[O4/+454], +1383.3 4388.5 4262.2 +311.9 4248.7 4248.7 

Flexural stiffnesses D;;, pounds-in. 

Laminate Dy; D22 D2 Dee Die D2¢ 

[904/04]. +196.5 +4992.4 +179 444.4 0 0 

[04/904], +992.4 4196.5 +179 +444.4 0 0 

[-454/+454], +3505 +350.5 +261.8 +2883 -199.0  -199.0 

[+454/—454], +3505 +3505 +261.8 +288.3 +199.0 +199.0 

(+454/04]. +447.3 +314.7 4231.3 4257.8 +232.1 4232.1 

[(04/+454], +1028.2 +99.7 +484 +749 433.2 433.2 
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Table 3.7 Square unsymmetrically laminated plate 

preliminary analyses. 

geometry for 

  

  

  

  

Laminate* L, in h, in L/h 

[04/904] 2.0 0.04 50 

[04 /904]e 4.0 0.04 100 
[04/904] 6.0 0.04 150 

[(+454/—454]¢ 2.0 0.04 50 

[+454 /—454]e 4.0 0.04 100 

(+454 /—454]+ 6.0 0.04 150 

[04 /+45,]e 2.0 0.04 50 
[04/+454]¢ 4.0 0.04 100 
[04/+454]e 6.0 0.04 150 

  

* T300/5208 graphite/epoxy composite material system (Table 3.1). 
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Table 3.8 Lamina material properties for a typical graphite/epoxy com- 
posite material system. 

  

  

  

  

  

Material Property Value 

Ej, psi 20.0(10)8 

Eo, psi 2.1(10)8 

Es, psi 2.1(10)® 

G23, psi 0.85(10)° 

G33, psi 0.85(10)§ 

Gia, psi 0.85(10)¢ 

123 0.21 

V13 0.21 

V2 0.21 

ply thickness, in. 0.005 
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Table 3.9 Square laminated plate geometry for comparisons with 
previous results. 

  

  

  

Laminate* LE, in. h, in. L/h 

[050/90so|¢ 4.0 0.5 8 

[9050 /Oso]. 4.0 1.0 4 

[(0s0/90s0]. 4.0 1.0 4 

[+4550/—45so]e 4.0 0.5 8 

[(—4550/+45so0]. 4.0 1.0 4 

[+4550/—45s0]. 4.0 1.0 4 

  

* Typical graphite/epoxy composite material system (Table 3.8). 
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Table 5.1 Order of element interpolations. 

  

  

Nodes per Order of Interpolation 

Element b1 &2 &3 

16 quadratic quadratic linear 

20 quadratic quadratic quadratic 

24 cubic cubic linear 

32 cubic cubic cubic 
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Table 5.2 Comparison of tensorial and conventional notations. 

  

  

Quantity Tensorial Conventional 

Coordinates 21,22, 23 L,Y, z 

Displacements U1, U2, U3 u,v, Ww 

  

Linear normal strain 

Linear shear strain 

Green-Lagrange normal strain 

Green-Lagrange shear strain 

€11, €22, €33 

2e23, 2e13, 2€12 

E41, E22, E33 

2623, 2613, 2F 12 

Cron, Cyy, Ezz 

Cyz, zz, Cry 

Ezz, Eyy, E.z 

Eyz, E.z, Euy 

  

Cauchy normal stress 

Cauchy shear stress 

2nd Piola-Kirchoff normal stress 

2nd Piola-Kirchoff shear stress 

711, 922, 733 

723, 713, %12 

S11, S22, 533 

S3, S33, Si2 

Trey Tyy, %zz 

Tyz,) Tzz, Try 

Szz, Syys S22 

Syz, Szz, Szy 
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Table 6.1 Effects of geometric nonlinearity upon the predicted out-of- 
plane w displacements for the unsymmetric laminates. 

  

Effects of Geometric Nonlinearity 

(w displacements from nonlinear theory as compared to linear theory) 

  

Loading w Comments on Nonlinear Solution 

Extensional Smaller Unique nonlinear solution 

Compressive Larger Changes in mode shape predicted 

Thermal Smaller Multiple stable shapes may exist 
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Table 6.2 Effects of laminate membrane-flexural coupling and geometric 
nonlinearity upon the predicted interlaminar stresses due to 

material property mismatch (u/a = +0.01). 

  

Effects of Laminate Membrane-Flexural Coupling 

(Stresses in unsymmetric laminates as compared to symmetric laminates.) 

  

Property Mismatch Effect of Couping Upon 

Causing Stresses Sez Syz Szz 

Vey See below" Smaller 0 

Nzy,z Larger Vanishes Smaller 

Effects of Geometric Nonlinearity 

(Stresses from nonlinear theory as compared to linear theory. **) 

  

Property Mismatch Effect of Nonlinearity Upon 

Causing Stresses Suz Syz Sz 

Vey Smaller Larger 0 

Ney,z Smaller 0 Larger 

  

* Depending upon symmetric laminate stacking sequence, smaller or much larger. 

** Comparison of stresses in unsymmetric laminates only. 
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Table 6.3 Effects of laminate membrane-flexural coupling and geometric 
nonlinearity upon the predicted interlaminar stresses due to 
material property mismatch (u/a = —0.0005, before a change 
in mode shape occurs). 

  

Effects of Laminate Membrane-Flexural Coupling 

(Stresses in unsymmetric laminates as compared to symmetric laminates.) 

  

Property Mismatch Effect of Coupling Upon 

Causing Stresses Szz Syz Siz 

Vey See below’ Smaller 0 

Ney,z Larger Vanishes Smaller 

Effects of Geometric Nonlinearity 

(Stresses from nonlinear theory as compared to linear theory. **) 

  

Property Mismatch Effect of Nonlinearity Upon 

Causing Stresses Szz Syz Szz 

Vey Negligible Negligible 0 

Nezy,z Negligible 0 Negligible 

  

* Depending upon symmetric laminate stacking sequence, smaller or much larger. 

** Comparison of stresses in unsymmetric laminates only. 
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Table 6.4 Effects of laminate membrane-flexural coupling and geometric 
nonlinearity upon the predicted interlaminar stresses due to 
material property mismatch (AT = —280°F). 

  

Effects of Laminate Membrane-Flexural Coupling 

(Stresses in unsymmetric laminates as compared to symmetric laminates.) 

  

Property Mismatch Stress Effect of Coupling Upon 

Causing Stresses Location Suz Syz Suz 

az y=0 See below” 0 Smaller 

ay z=0 See below* Smaller 0 

Azy y=0 Larger Smaller Vanishes 

Oey z=0 Larger Vanishes Smaller 

Effects of Geometric Nonlinearity 

(Stresses from nonlinear theory as compared to linear theory. **) 

  

Property Mismatch Stress Effect of Nonlinearity Upon 

Causing Stresses Location S2z Syz Siz 

Qa: y=0 Larger 0 Larger 

ay z=0 Larger Larger 0 

Oey y=0 Smaller Smaller 0 

Azy z=0 Smaller 0 Smaller 

  

* Depending upon symmetric laminate stacking sequence, smaller or much larger. 

** Comparison of stresses in unsymmetric laminates only. 
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Table 6.5 Midplane w/h displacement extrema for the thick 4.0 in. 
square unsymmetric laminates (u/a = +0.01). 

  

Linear Nonlinear 

Laminate? = L/h (w/h)min 9 (w/h)maz (w/h)min (w/h)maz 
  

[050 /90so]e 8 -0.0070 +0.0029 ~0.0062 +0.0024 

[+4550/—45so]¢ 8 -0.0063 +0.0063 —0.0061 +0.0061 

  

* Typical graphite/epoxy composite material system (Table 3.8). 
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Table 6.6 Interlaminar stresses* along z = 0 at the 0/90 interface for the 
thick 4.0 in. square 0509/9059 laminates (u/a = +0.01). 

  

Linear Results (Cauchy stress, psi) 

Laminate** (O22 )min (o22z)maz (Tyz)min (Tyz)maz (Tz2 )min (Tz )maz 

  

[O50 /90so]e —236 +2618 0 +1407 -3 +8 

[90s0/Oso]h  —781 +715 0 +1793 0 0 

[(Os0/90so],  —314 +3114 -1667 0 0 0 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate** (S22z)min (S.z2)maz (Syz)min (Syz)maz (Sz2)min (Szz)maz 

  

[Os0/90so]e 255 +2583 0 +1413 ~2 +6 

(90so/Oso]e  —-782 +732 0 +1802 0 0 

[Oso /90so]  —315 +3137  -1673 0 0 0 

  

* Gauss point stress extrema from global finite element analysis. 

** Typical graphite/epoxy composite material system (Table 3.8). 
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Table 6.7 Interlaminar stresses* along z = 0 at the +45/—45 interface for 
the thick 4.0 in. square +4559 /—45s9 laminates (u/a = +0.01). 

  

Linear Results (Cauchy stress, psi) 

  

Laminate** (o22)min (o22 )maz (Tyz)min (Tyz)maz (Tzz)min (Tzz)maz 

[+4550/—45s0]2  -5700 +529 0 +3 0 +14476 

[-4550/+45so], 4610 +447 -146 +446 -8  +15443 
[+4559/—45so0l. —4610 +447 —-146 +46 -15443 +8 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate** (Szz)min (S22)maz (Syz)min (Syz)maz (S22 )min (S22 )maz 

  

[+455s0/—45so]e -5620 +533 0 +3 0 +14627 

[(—45s0/+45s0], 4567 +444 ~150 +47 -8 +15537 

[+45s0/—45so], 4567 +444 ~150 +47  -15537 +8 

  

* Gauss point stress extrema from global finite element analysis. 

** Typical graphite/epoxy composite material system (Table 3.8). 
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Table 6.8 Midplane w/h displacement extrema for the 2.0, 4.0, and 6.0 

in. square unsymmetric laminates (u/a = +0.01). 

  

  

  

  

Linear Nonlinear 

Laminate L/h (w/h)min (w/h)maz (w/h)min (w/h)maz 

[04/904] 50 —0.205 +0.080 —0.060 +0.012 

100 —0.807 +0.316 ~0.128 +0.027 

150 ~1.810 +0.709 -0.196 +0.042 

[+454 /—454]: 50 —0.015 +0.015 -0.012 +0.012 

100 —0.015 +0.015 ~—0.013 +0.013 

150 -—0.015 +0.015 —0.013 +0.013 

(04/+454]¢ 50 —0.022 +0.037 —0.006 +0.020 

100 —0.063 +0.165 —0.016 +0.045 

150 —0.123 +0.385 —0.017 +0.069 
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Table 6.9 Interlaminar stresses* along z = 0 at the 0/90 interface for the 
2.0 in. square 04/90, laminates (u/a = +0.01). 

  

Linear Results (Cauchy stress, psi) 

  

Laminate (o22)min (O22 )maz (Tyz)min (Tyz)maz (T2z)min (722 )maz 

[04/904]. -307 +3230 0 +1194 0 +4 

[904/04], 892 +998 -2  —- +1688 0 0 
[04/904], 338 +3523 -1478 0 0 0 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate (S2z)min (Szz )maz (Syz)min (Syz)maz (Szz)min (Szz)maz 

  

[04/904],  -312 +3223 0 +1209 0 +1 

[904/04], 894 +1015 ~2 +1696 0 0 

[04/904], 338 +3543  -1483 0 0 0 

  

* Gauss point stress extrema from local finite element analysis. 
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Table 6.10 Interlaminar stresses* along z = 0 at the +45/-45 interface for 
the 2.0 in. square +45,/—45, laminates (u/a = +0.01). 

  

Linear Results (Cauchy stress, psi) 

  

Laminate (oz2)min (O22 )maz (Tyz)min (Tyz)maz (Tzz)min (Tzz)maz 

[+454/—454], -3098 +319 0 0 0  +15593 
[—454/+454], -2465 +377 -283 +90 0  +415632 
[+454/—454],  —2465 +377 -283 +90 -15632 0 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate (Szz)min (S22)maz (Syz)min (Syz)maz (Szz)min (Szz)mez 

  

[+454/—454]: -2991 +316 0 0 0 +15682 

[—454/+454], -2321 +375 -293 +94 0 +15719 

[+454/—454],  -2321 +875 -293 +94  -15719 0 

  

* Gauss point stress extrema from local finite element analysis. 
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Table 6.11 Interlaminar stresses* along z = 0 at the 0/+45 interface for 
the 2.0 in. square 0,/+454 laminates (u/a = +0.01). 

  

Linear Results (Cauchy stress, psi) 

Laminate (O22 )min (O22) maz (Tyz)min (Tyz)maz (Tz2)min (Tzz)maz 

  

(O4/+454], -1020 +110 -255 0 ~7510 0 

[+454/04], -571 +211 408 0 ~7556 41 

[04/+454], 1017 +55 0 +299 0 +7605 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate (S22)min (S.2)maz (Syz)min (Syz)maz (Siz )min (S.2)maz 

  

[04/+454].  -1047 +118 -269 0 -7558 0 

[+454/O.], 544 4224 431 0 ~7654 0 

[04/+454],  -1030 +56 0 +316 0 +7709 

  

* Gauss point stress extrema from local finite element analysis. 
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Table 6.12 Midplane w/h displacement extrema for the 2.0, 4.0, and 6.0 in. 

  

  

  

  

square symmetric and unsymmetric laminates (u/a = —0.01). 

Linear Nonlinear 

Laminate L/h (w/h)min (w/h)maz  (w/h)min (w/h)maz 

[04/904] 50 —0.080 +0.205 0.000 +3.106 

100 —0.316 +0.807 0.000 +6.307 

150 -0.709 +1.810 0.000 +9.946 

[904/04]. 25 —0.000 +0.000 —1.455 +0.008 

[04/904], 25 —0.000 +0.000 —0.861 +0.014 

(+454 /—454]¢ 50° ~—0.015 +0.015 -3.099 +0.006 

100° -0.015 +0.015 -§.391 +0.000 

150° —0.015 +0.015 -9.601 +0.000 

[04 /+454]+ 50 -0.037 +0.022 -0.006 +3.183 

100 —0.165 +0.063 -0.000 +6.440 

150 —0.385 +0.123 -0.000 +9.653 

  

* This is one of the two stable nonlinear solutions. 
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Table 6.13 Critical compressive edge displacements at which a change in 
mode shape occurs for the 2.0 in. square symmetric and un- 

symmetric laminates. 

  

Predicted Critical Values 

  

  

  

Laminate L/h Nze Nx Ne u/a* 

[04/904]. 50 -753 -295 ~291 —0.00054 

[904/04]. 25 -1939 ~1939 —1857 —0.00167 

[04/904], 25 -9795 -9795  -7912 -0.00714 

[+454/—454]: 50 —432 -207 -193 ~0.00134 

[O4/+454], 50 -910 —439 —422 -0.00080 

  

* Average critical membrane stress resultant Nz, pounds/in. 

* Wide-column theory for an orthotropic beam. 

> Wide-column theory with reduced flexural stiffness approximation. 

¢ Nonlinear three-dimensional finite element analysis. 
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Table 6.14 Interlaminar stresses* at the 0/90 interface for the 2.0 in. 
square 04/904 laminates (u/a = —0.01). 

  

Laminate 

Linear Results** (Cauchy stress, psi) 

(z/h) (o22)min (o22z)maz (Tyz)min (Tyz)maz (Tzz)min (T2z)maz 

  

[04 /904]¢ 

[904/04]. 

[04/904], 

Laminate 

+0.00 -2805 +317 —1123 0 -9 +1 

+0.25 -627 +975 —1686 +5 0 0 

+0.25 -3101 +343 -1498 0 0 0 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

(z/h) (Szz)min (Szz)maz (Syz)min (Syz)maz (Sz2)min (Szz)mez 

  

[04/904]. 

[904/04]. 

[904/04], 

[04/904], 

(04/904). 

+0.00 -1603 +737 —-396 +297 -1584 +1514 

-0.25 -1289 +370 -536 +1387 0 +2575 

+0.25 -1294 +376 -1392 +533 0 +2575 

-0.25 -7504 +270 —2236 +45 0 +14188 

+0.25 —-7511 +270 —44 +2241 0 +14188 

  

Gauss point stress extrema from global finite element analysis. 

** Linear stress extrema are given along z = 0 only. 
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Table 6.15 Interlaminar stresses* at the +45/-45 interface for a 2.0 in. 
square unsymmetric [+454/—454], laminate (u/a = —0.01). 

  

Linear Results** (Cauchy stress, psi) 

Laminate (o22)min (o2z)maz (Tyz)min (Tyz)maz (Tz2)min (Tz2)maz 

  

[+454/—-454],  -398 +2578 0 0 ~15197 0 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate (Siz)min (Szz)maz (Syz)min (Syz)maz (Szz)min (Sze )maz 
  

(+454/—454]_ -18774 419152 -6954 +2468 -36705 +29241 

  

* Gauss point stress extrema from global finite element analysis. 

** Linear stress extrema are given along z = 0 only. 
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Table 6.16 Interlaminar stresses* at the 0/+45 interface for a 2.0 in. 
square unsymmetric (04/+45,4|, laminate (u/a = —0.01). 

  

Linear Results** (Cauchy stress, psi) 

Laminate (ozz)min (zz )maz (Tyz)min (Tyz)maz (T2z)min (Tzz )maz 

  

(04/+454]2 -115 +850 0 +249 0 +7196 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate (S.2z)min (Szz)maz (Syz)min (Sy2)maz (Sz2)min (S22 )maz 

  

(O4/+454]e 15712 +2165  -8160 +16574 -13887  +36648 

  

rd Gauss point stress extrema from global finite element analysis. 

** Linear stress extrema are given along z = 0 only. 
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Table 6.17 Midplane w/h displacement extrema for the 2.0, 4.0, and 6.0 

  

  

  

  

in. square unsymmetric laminates (AT = —280°F). 

Linear Nonlinear 

Laminate L/h (w/h)min (w/h)maz (w/h)min (w/h)maz 

[04/904]. 50 ~0.946 +0.946 ~0.742 40.742 

100° —3.781 +3.781 0.577 +3.195 

150° -8.505 +8.505 —0.166 +8.081 

[+454 /—454]: 50 -1.910 +1.910 —1.642 +1.642 

100* -7.597 +7.597 —2.620 +6.981 

150” -17.063 +17.063 -2.466 +17.151 

[04/+454]e 50 -1.203 41.191 -1.065 41.012 

100 —4.787 +4.762 -3.354 +2.009 

150° -10.752 +10.714 —9.166 +0.699 

  

* This is one of the two stable nonlinear solutions. 
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Table 6.18 Interlaminar stresses* along z = 0 and y = 0 at the 0/90 inter- 
face for the 2.0 in. square 04/904 laminates (AT = —280°F). 

  

Linear Results (Cauchy stress, psi) 

Laminate location (zz )min (Ozz)maz (Tyz)min (Tyz)mez (Tzz)min (Tzz)maz 

  

[Os /904}¢ 

[04/904]: 
[904/04]. 

[904/04]. 

[(04/90.]. 

(04/90.]. 

z=0 

y=0 

z=0 

y=0 

z=0 

y=0 

—456 

~456 

~1306 

—494 

—494 

~1306 

+4877 

+4877 

+1461 

+5156 

+5156 

+1461 

~1 +1728 0 0 

0 0 -1728 +1 

-3 +2471 0 0 

0 0 -2163 0 

-2163 0 0 0 

0 0 -3 +2471 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate location (S22)min (S:2)maz (Syz)min (Syz)maz (S.2)min (S.2)maz 

  

[04/904] 

[04/904] 

[904/04], 

[904/04]. 

[04/904]. 

[04/904]. 

z=0 

y=0 

z=Q 

y=0 

z= 

y=0 

466 

—466 

~-1301 

—492 

—492 

-1301 

+4975 

+4975 

+1489 

+5165 

+5165 

+1489 

0 +1790 -1 +1 

—1 +1 —1790 0 

-3 +2470 0 0 

0 0 —2160 0 

—2160 0 0 0 

0 0 -3 +2470 

  

* Gauss point stress extrema from local finite element analysis. 
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Table 6.19 Interlaminar stresses* along z = 0 and y = 0 at the +45/—45 
interface for the 2.0 in. square +454/—454 laminates (AT = 

—280°F). 

  

Laminate 

Linear Results (Cauchy stress, psi) 

location (O22)min (zz )maz (Tyz)min (Tyz)mez (T2z)min (T2z)maz 

  

[+454 /—-454]e 

(+454 /—-454]¢ 

[—454/+454], 
[—454/+454]. 

[+454 /—454]. 

(+454 /—454]. 

z=0 

y=0 

z=0 

y=0 

z=0 

y=0 

-531 

-531 

-133 

-133 

-133 

~133 

+4814 

+4814 

+868 

+868 

+868 

+868 

0 0 —3984 +2 

-3984 0 0 0 

—32 +99 —5500 0 

-5500 0 -32 +99 

~31 +99 0 +5500 

0 +5500 -32 +99 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

location (S22)min (Sz2)maz (Syz )min (Syz)maz (Szz)min (S22 )maz Laminate 

  

[+454 /—454]¢ 

[+454 /—454]¢ 

[—454/+45,], 
[-454/+454], 

[+454 /—454], 

[+454/—454], 

y=0 

z=0 

y=0 

z=0 

y=0 

—440 

—440 

~133 

-133 

-133 

-133 

+3997 

+3997 

+887 

+887 

+887 

+887 

0 +1 —2807 0 

—2807 0 -1 0 

-31 +98 —5499 0 

-5499 0 -31 +98 

-31 +98 0 +5499 

0 +5499 -31 +98 

  

* Gauss point stress extrema from local finite element analysis. 
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Table 6.20 Interlaminar stresses* along z = 0 and y = 0 at the 0/+45 
interface for the 2.0 in. square 04/+454 laminates (AT = 
—280°F). 

  

Linear Results (Cauchy stress, psi) 

  

  

Laminate location (022)min (@zz)maz (Tyz)min (Tyz)maz (Tzz)min (Tzz)maz 

(04/+454]. 2z=0 —222 +1940 0 +836 0 +1785 

[04/+454]e y=O -325 +3213 -9 +2035 -568 +1 

[+454/04], z=0 -—616 +183 —2 +1158 0 +2622 

[+454/Os4]l, y=O -144 +1402 -7 +3310  -903 0 

[(04/+454]e z=O -228 +1912  -1032 0  -2789 0 

[O4/+454], y=O 449 +4146 -3231 +4 0 +1005 

Nonlinear Results (second Piola-Kirchhoff stress, psi) 

Laminate location (Szz)min (Szz)maz (Syz)min (Syz)maz (Sez)min (Szz)maz 

[04/+454]e 2 =O -212 +1853 0 +820 0 +1654 

[(Os/+454]e y=O -305 +3086 0 +1651 -819 0 

[+454/04], z= 615 +183 -2 +1158 0 +2623 

[+454/O4l, y=O -144 +1414 -7 +3308 -903 0 

[04/+454]e 2=O0 -227 +1916 -1031 0 ~2788 0 

(0s/+454]e y=O 499 +4160 -3232 +4 0 +1005 

  

* Gauss point stress extrema from local finite element analysis. 
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Table A.1 The coupling behavior of laminated anisotropic plates. 

  

  

  

Deformation Stiffness Term Laminate Coupling 

Membrane Aye, Are Extension-Shear 

Membrane- Flexural Bi, Boz, Bie Extension- Bending 

Bie, Bre Extension-T wisting, 

Shear- Bending 

Bese Shear-Twisting 
  

Flexural D6, Dre Bending-Twisting 
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Table D.1 Loading and boundary conditions for finite element models. 

  

Loading-type Quarter Symmetry Inversion Symmetry 

  

  

Extensional u(0,y,z) =0 u(0,0,z) = 0 

(clamped loaded edges’, v(z,0,z) =0 v(0,0,z) =0 

free unloaded edges) w(+a,y,0) = 0" w(za, y,0) = 0” 

u(ta,y,z)/a = +0.01 w(z,y,0) = 0° w(z,y,0) = 0° 

Compressive u(O,y,z) =0 u(0,0,z) =0 

(clamped loaded edges", v(z,0,z) =0 v(0,0,z) =0 

free unloaded edges) 

u(ta,y,z)/a = +0.01 

w(+a,y,0) = 0° w(ta, y,0) = 0° 

  

Thermal 

(all surfaces free) 

AT = —280°F 

u(0,y,z) =0 

v(z,0,z) =0 

w(0,0,0) = 0" 

w(z,y,0) = 0° 

u(0,0,z) =0 

v(0,0,z) =0 

w(0,0,0) = 0" 

w(z,y,0) = 0° 

v(—0.2a,0,0) = 0 

  

* Loosely clamped condition; plates are free to undergo Poisson deformation. 

“ Boundary condition for unsymmetric laminates. 

* Boundary condition for symmetric laminates. 

© For linear analysis of compression-loaded symmetric laminates, w(z,y,0) = 0. 
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Table D.2 Summary of global and local finite element models. 

  

Summary of Global Models 

  

  

Elements Model Mean Memory 

(x,y,z) Symmetry* Nodes Equations SBW** (Mbytes) 

450 (15,15,2) QS 4672 13611 861 94.2 

900 (15,15,4) QS 8128 23668 1416 269.8 

900 (30,15,2) IS 9142 26825 1308 281.8 

Summary of Local Models 

Elements Model Mean Memory 

(x,y,z) Symmetry* Nodes Equations SBW** (Mbytes) 

750 (25,15,2) QS 7652 22754 896 162.1 

1440 (48,15,2) IS 14506 43518 896 313.5 

  

** SBW = semi-bandwith 

QS = quarter symmetry, IS = inversion symmetry 
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Table D.3 Summary of finite element models for comparisons with previ- 
ous results and preliminary analyses. 

  

Models for Comparisons with Previous Results 

  

Elements Model Mean Memory 

(x,y,z) Symmetry* Nodes Equations SBW** (Mbytes) 

432 (9,12,4) Qs 4060 11634 1111 103.9 

864 (18,12,4) IS 7831 22773 1596 291.7 

Models for Preliminary Analyses 

  

Elements Model Mean Memory 

(x,y,z) Symmetry* Nodes Equations SBW** (Mbytes) 

128 (8,8,2) Qs 1431 4070 493 16.3 

288 (12,12,2) QS 3055 8838 688 49.0 

512 (16,16,2) Qs 5287 15430 918 113.4 

256 (16,8,2) IS 2751 7923 706 45.0 

576 (24,12,2) IS 5947 17357 1050 145.9 

1024 (32,16,2) IS 10359 30437 1394 339.7 

  

* QS = quarter symmetry, IS = inversion symmetry 

** SBW = semi-bandwith 
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Table E.1 Comparison of midplane w/h displacement extrema predic- 
tions for 2.0, 4.0, and 6.0 in. square unsymmetric [04/904]: 
laminates* (AT = —280°F). 

  

  

  

  

E, in. Analysis (w/h) min (w/h) maz 

2.0 (L/h = 50) Linear CLP theory —0.945 +0.945 

Linear 3D FEM -0.946 +0.946 

Hyer [50] -0.619 +0.619 

Nonlinear plate theory —0.723 +0.723 

Nonlinear 3D FEM —0.742 +0.742 

4.0 (L/h = 100) Linear CLP theory -3.779 +3.779 

Linear 3D FEM ~-3.781 +3.781 

Hyer [50|** —0.226 +3.440 

Nonlinear plate theory ** —0.591 +3.074 

Nonlinear 3D FEM ** ~—0.577 +3.195 

6.0 (L/h = 150) Linear CLP theory -8.503 +8.503 

Linear 3D FEM —8.505 +8.505 

Hyer [50]** —0.095 +8.152 

Nonlinear plate theory ** -0.227 +8.092 

Nonlinear 3D FEM** -0.166 +8.081 

  

* T300/5208 graphite/epoxy material system (Table 3.1). 

** One of two possible stable equilibrium configurations. 
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Table E.2 Comparison of experimental and theoretical curvatures for sev- 

  

  

eral square unsymmetric laminates (AT = —280°F). 

Experimental Theoretical ** 

Laminate* JL,in. «3,in.~! «2,in.~! ¢$, deg. «y,in.~! «2,in.~! ¢, deg. 

[02/902]. 4.00 -0.1758 -0.0059 2° -0.1454 +0.0013 0° 

(02 /902].* 6.00 -0.1902 +0.0000 0° -0.1464 40.0002 0° 

[04/904]? 1.33 -0.1239 +0.1210 0° -0.0696 +0.0696 0° 

[O4 /904}e° 2.66 -0.0641 +0.0458 0° -0.0467 +0.0467 0° 

[04/904]? 5.32 -0.0833 +0.0000 0° -0.0700 +0.0033 0° 

[(04/904}e° 10.63 -0.0833 +0.0000 0° -0.0731 +0.0002 0° 

[+154/—154].° 3.00 -0.0430 +0.0430 +45° -0.0373 +0.0373 +45° 

[+304/—304]: 3.00 -0.0498 +0.0498 +45° -0.0453 +0.0453 +45° 

[+454/—454].° 3.00 -0.0477 40.0477 +45° -0.0473 +0.0473 +45° 

(04/+304]e* 4.00 -0.0400 +0.0292 -—27° -0.0284 +0.0284 -—30° 

[04/+604].* 4.00 -0.0617 +0.0220 -13° -0.0427 +0.0230 -17° 

  

* T300/5208 graphite/epoxy material system (Table 3.1). 

** Geometrically nonlinear plate analysis. 

* Hyer [47] 

6 Hahn [51] 

© Pagano and Hahn [46] 
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Table F.1 Comparison of midplane w/h displacement extrema predic- 
tions between Green-Lagrange and reduced 3D nonlinear strain 
for a 2.0 in. square unsymmetric [04/904], laminate. 

  

  

  

  

Loading Strain (w/h) min (w/h)maz 

Extension Green-Lagrange —0.060253 +0.012169 

(u/a = +0.01) Reduced 3D -0.060404 +0.012223 

Compression Green-Lagrange 0.000000 +3.105609 

(u/a = —0.01) Reduced 3D 0.000000 +3.116095 

Thermal Green-Lagrange 0.741869 +0.741869 

(AT = —280°F) Reduced 3D ~0.740636 +0.740636 
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Table F.2 Comparison of interlaminar stress * predictions between Green- 

Lagrange and reduced 3D nonlinear strain for a 2.0 in. square 

unsymmetric [04/904], laminate. 

  

Extensional Loading (u/a = +0.01) 

(Second Piola-Kirchhoff stresses**, psi) 

  

  

  

Strain (S.z)min (S.z)maz (Syz)min (Syz)maz (Szz)min (Szz)maz 

GL —323 +2792 0 +1135 0 +2 

R3D -330 +2758 0 +1130 0 42 

Compressive Loading (u/a = —0.01) 

(Second Piola-Kirchhoff stresses, psi) 

Strain (S22)min (S.2)maz (Syz)min (Syz)maz (Sz2)min (Szz)maz 

GL -—1603 +737 -396 +297 -1584 +1514 

R3D -1590 +763 -389 +309 ~—1596 +1622 

Thermal Loading (AT = —280°F) 

(Second Piola-Kirchhoff stresses**, psi) 

Strain (S22)min (Sz2)maz (Syz)min (Syz)maz (Szz)min (Szz)maz 

GL —481 +4324 0 +1683 -1 +1 

R3D —535 +4204 0 +1680 -l +1 

  

* Gauss point stress extrema from global finite element analysis. 

** Stress extrema along z = 0. 

GL = Green-Lagrange nonlinear strain tensor, equations (4.27). 

R3D = reduced form of 3D nonlinear strain, equations (F.1). 
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Figure 1.1 The interlaminar components of stress. 
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Figure 3.1 Lamina principal material coordinate system and angle of ori- 

entation. 
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(a) Unsymmetric laminate 

zA 

  

  
(b) Symmetric laminate 

Figure 3.2 Unsymmetric and symmetric laminated plate geometry. 
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Figure 3.3 Laminate stacking sequences. 
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u/a = +0.01 z u/a = -0.01 

  

AT = -280°F 

Figure 3.4 External loading conditions. 
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Figure 4.1 Motion of a material particle. 
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Figure 4.2 Relative displacement between two neighboring points. 
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Figure 4.3 Traction vector acting upon the surface of the body. 
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Figure 4.4 Two-dimensional components of second Piola-Kirchhoff stress 
@5:ij and Cauchy stress ‘o;;. 
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Figure 4.5 Finite deformation of an elastic body. 
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Figure 4.7 Percent difference between §5S,,; and ‘o';; versus engineering 

strain € for the elastic body shown in Figure 4.5 (v = 0.25). 
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Figure 5.1 Element geometry. 
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(a) Quarter symmetry 

ZA 

  

  

(b) Inversion symmetry 

Figure 5.2 Quarter and inversion symmetry finite element models. 
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Local region 

  

(a) Global model 

  

(b) Local model 

Figure 5.3 Geometry of global/local finite element analysis. 
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Figure 5.4 Comparison of interlaminar stresses for nonlinear analysis. 
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Figure 5.5 Computation of a vector normal to the interfacial surface. 
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Figure 5.6 Midplane w/h displacement along z = 0 for a 2.0 in. square 
unsymmetric [04/904], laminate (AT = —280°F). 
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z = 0 for a 2.0 in. square unsymmetric [04/904], laminate 
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Figure 5.8 Comparison of interlaminar shear stress predictions along 
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Figure 6.2 Displacement response within the plane z = 0 of the angle-ply 

laminates subjected to extensional loading. 
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Figure 6.4 Midplane w/h displacement for a 4.0 in. square unsymmetric 

[+4550 /—45s0|¢ laminate (u/a = +0.01). 
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Figure 6.22 S,, stress at the 0/90 interface for a 2.0 in. square unsymmetric 

[04/904], laminate (u/a = +0.01). 
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Figure 6.31 7,, and S,, stress along z = 0 at the +45/-45 interface for 
the 2.0 in. square —454/+45,4 laminates (u/a = +0.01, local 
analysis). 
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Figure 6.32 S,, stress at the 0/+45 interface for a 2.0 in. square unsym- 
metric [04/+454]¢ laminate (u/a = +0.01). 
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Figure 6.33 S,, stress at the 0/+45 interface for a 2.0 in. square unsym- 
metric (04/+454]: laminate (u/a = +0.01). 
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Figure 6.34 S,, stress at the 0/+45 interface for a 2.0 in. square unsym- 
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Figure 6.38 Midplane w/h displacement for the 2.0 in. square symmetric 
[904/04], and [04/904], laminates (u/a = —0.01). 
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264



n
 

  

(a) Linear theory 

    

N 
0 q R 

4: 7 ¥ ty 

A ~ 

q E A 

3.9 ; Kg 
A ~~ 

4 + 

fo 2° 4 Fg 8 
< 4 L \ 

4 k 5 A“ 

39 4 Rh 
A eo bal 

a“ ™~ °o 
vo ss 

"Oo    f 

(b) Nonlinear theory 

Figure 6.40 Midplane w/h displacement for a 2.0 in. square unsymmetric 
[04/904]: laminate (u/a = —0.01). 
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Figure 6.43 Load-displacement plots for a 2.0 in. square unsymmetric 
[(04/+454]: laminate (u/a = —0.01). 
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Figure 6.44 Midplane w/h displacement for a 2.0 in. square unsymmetric 

(04/+454]¢ laminate (u/a = —0.01). 
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Figure 6.45 S,, stress at the 0/90 interfaces for a 2.0 in. square symmetric 

[904/04], laminate (u/a = —0.01). 
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Figure 6.46 S,, stress at the 0/90 interfaces for a 2.0 in. square symmetric 

[904/04], laminate (u/a = —0.01). 
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Figure 6.47 S$, stress at the 0/90 interfaces for a 2.0 in. square symmetric 

[904/04], laminate (u/a = —0.01). 
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Figure 6.48 S,, stress at the 0/90 interfaces for a 2.0 in. square symmetric 
[04/904], laminate (u/a = —0.01). 
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Figure 6.49 S,, stress at the 0/90 interfaces for a 2.0 in. square symmetric 
[04/904], laminate (u/a = —0.01). 
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Figure 6.50 S,, stress at the 0/90 interfaces for a 2.0 in. square symmetric 
[04/904], laminate (u/a = —0.01). 
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Figure 6.51 o,, and S,, stress at the 0/90 interface for a 2.0 in. square 

unsymmetric [04/904]: laminate (u/a = —0.01). 
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Figure 6.52 7,, and S,, stress at the 0/90 interface for a 2.0 in. square 

unsymmetric [04/904], laminate (u/a = —0.01). 
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Figure 6.53 1,, and S,, stress at the 0/90 interface for a 2.0 in. square 

unsymmetric [04/904], laminate (u/a = —0.01). 
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(b) Nonlinear theory 

Figure 6.54 o,, and S,, stress at the +45/—45 interface for a 2.0 in. square 

unsymmetric [+454 /—45,], laminate (u/a = —0.01). 
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(b) Nonlinear theory 

Figure 6.55 r,, and Sy, stress at the +45/—45 interface for a 2.0 in. square 
unsymmetric [+454/—454]: laminate (u/a = —0.01). 
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(b) Nonlinear theory 

Figure 6.56 7,, and S,, stress at the +45/—45 interface for a 2.0 in. square 
unsymmetric [+454/—454], laminate (u/a = —0.01). 
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Figure 6.57 o,, and S,, stress at the 0/+45 interface for a 2.0 in. square 

unsymmetric [04/+454], laminate (u/a = —0.01). 
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Figure 6.58 7,, and Sy, stress at the 0/+45 interface for a 2.0 in. square 
unsymmetric [04/+454], laminate (u/a = —0.01). 
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Figure 6.59 7,, and S,, stress at the 0/+45 interface for a 2.0 in. square 
unsymmetric [04/+454], laminate (u/a = —0.01). 
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Figure 6.61 Midplane w/h displacement for a 2.0 in. square unsymmetric 

04/904]¢ laminate (AT = —280°F). 
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Figure 6.63 Midplane w/h displacement for a 2.0 in. square unsymmetric 

[+454 /—454]; laminate (AT = —280°F). 
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Figure 6.65 Midplane w/h displacement for a 2.0 in. square unsymmetric 
(04/+454], laminate (AT = —280°F). 
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Figure 6.67 S,, stress at the 0/90 interface for a 2.0 in. square unsymmetric 
[04/904], laminate (AT = —280°F). 
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Figure 6.68 S_, stress at the 0/90 interface for a 2.0 in. square unsymmet- 
ric [04/904], laminate (AT = —280°F). 
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Figure 6.69 o,, and S,, stress along z = 0 at the 0/90 interface for the 2.0 
in. square 04/90, laminates (AT = —280°F, local analysis). 
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Figure 6.70 o,, and S,, stress along y = 0 at the 0/90 interface for the 2.0 
in. square 04/90, laminates (AT = —280°F, local analysis). 
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Figure 6.71 7,, and S,, stress along z = 0 at the 0/90 interface for the 2.0 
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Figure 6.72 7,, and S,, stress along y = 0 at the 0/90 interface for the 2.0 
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Figure 6.75 S,, stress at the +45/—45 interface for a 2.0 in. square unsym- 

metric [+454/—454], laminate (AT = —280°F). 
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Figure 6.77 o,, and S,, stress along y = 0 at the +45/-45 interface for 
the 2.0 in. square +45, /—45, laminates (AT = —280°F, local 
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Figure 6.83 S,, stress at the 0/+45 interface for a 2.0 in. square unsym- 

metric (04/+454], laminate (AT = —280°F). 
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Figure 6.84 S,, stress at the 0/+45 interface for a 2.0 in. square unsym- 

metric [04/+454], laminate (AT = —280°F). 
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Figure 6.85 o,, and S,, stress along z = 0 at the 0/+-45 interface for the 2.0 
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Figure 6.86 o,, and S,, stress along y = 0 at the 0/+45 interface for the 2.0 

in. square 04/+454 laminates (AT = —280°F, local analysis). 
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Figure 6.87 17,, and S,, stress along z = 0 at the 0/+45 interface for the 2.0 
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Figure 6.89 7,, and S,, stress along z = 0 at the 0/+45 interface for the 2.0 
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Figure 6.90 1,, and S,, stress along y = 0 at the 0/+45 interface for the 2.0 
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Global finite element model summary:   
< +1.00 in. <z +0.00 in. quarter symmetry model 

15x 15x 2 < +1.00 in. +0.00 in. < y 450 elements 

+0.02 in. (unsymmetric) 

—0.00in. <z< 

—0.02 in. <z< 13611 equations 

+0.04 in. (symmetric) 94.2 megabytes 

Figure D.1 Global finite element model used for the analysis of 2.0 in. 
square symmetric and unsymmetric laminates. 
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  Global finite element model summary:   

<y < +1.00 in. 

<z < +1.00 in. +0.00 in. quarter symmetry model 

15 x 15 x 4 +(0.00 in. 900 elements 

—0.04 in. < z < +0.04 in. 23668 equations 

symmetric laminate 269.8 megabytes 

Figure D.2 Global finite element model used for the geometrically nonlin- 
ear analysis of 2.0 in. square symmetric laminates subjected 
to compressive loading. 
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Local finite element model summary:   
< +1.00 in. <z +0.00 in. quarter symmetry model 

+0.80 in. Sy < +1.00 in. 

—0.02 in. <z< 

25 x 15 x 2 = 750 elements 

22754 equations +0.02 in. (unsymmetric) 

—0.00 in. <z< +0.04 in. (symmetric) 162.1 megabytes 

Figure D.3 Local finite element model used for the analysis of 2.0 in. 
square symmetric and unsymmetric laminates. 

319



 
 

Global finite element model summary:   
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Global finite element model summary: 

quarter symmetry model +0.00 in. < z < +1.00 in. 

8 x 8 x 2 = 128 elements +0.00 in. < y < +1.00 in. 

4070 equations —0.02 in. < z < +0.02 in. 

16.3 megabytes unsymmetric laminate 

Figure D.5 Global finite element model used for the preliminary analysis 
of 2.0 in. square unsymmetric laminates. 
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Global finite element model summary: 

quarter symmetry model +0.00 in. < x < +2.00 in. 

12 x 12 x 2 = 288 elements +0.00 in. < y < +2.00 in. 

8838 equations —0.02 in. < z < +0.02 in. 

49.0 megabytes unsymmetric laminate 

Figure D.6 Global finite element model used for the preliminary analysis 
of 4.0 in. square unsymmetric laminates. 
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             Global finite element model summary: 

  
< +3.00 in. <2 +0.00 in. quarter symmetry model 

< +3.00 in. <y +0.00 in. = 512 elements 16x 16 x 2 

15430 equations +0.02 in. —0.02 in. <z< 

unsymmetric laminate 113.4 megabytes 

Figure D.7 Global finite element model used for the preliminary analysis 
of 6.0 in. square unsymmetric laminates. 
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Figure E.1 Midplane w/h displacement along z = 0 and y = 0 for a 2.0 
in. square unsymmetric [04/904]: laminate (AT = —280°F). 
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Figure E.2 Midplane w/h displacement along z = 0 and y = 0 for a 4.0 
in. square unsymmetric [04/904], laminate (AT = —280°F). 
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Figure E.3 Midplane w/h displacement along z = 0 and y = 0 for a 6.0 
in. square unsymmetric [04/904]; laminate (AT = —280°F). 
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