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(ABSTRACT) 

Superconducting Magnetic Energy Storage (SMES) offers many advantages over con- 

ventional forms of energy storage. The higher unit costs of SMES make it economically fea- 

sible only for large-scale applications (5000 MWh or more). Early studies showed that low 

aspect ratio solenoids have the lowest overall costs and most of the subsequent research and 

conceptual design was centered around low to moderate aspect ratio solenoidal designs. 

Toroids, poloids and force-reduced magnets are some alternate magnet structures that 

can be used for SMES but have not received much attention. These structures have some 

advantages over solenoidal designs such as lower peak fields with greater energy storage 

capability (poloid), lower support structure requirement (force-reduced magnet) and zero ex- 

ternal field (toroid). 

For some applications of SMES such as pulsed power for fusion reactors or particle ac- 

celerators, where the large external field of the solenoid may be unacceptable but the fast 

response and high efficiency of SMES are required, alternate magnet structures or geometries 

must be used even if the costs are somewhat higher. Therefore it is useful to study the rela- 

tive costs of each magnet structure in order to choose a suitable magnet structure for a given 

application. 

Four magnet structures viz. the solenoid, toroid, poloid and a force-reduced magnet are 

evaluated for their energy storage capability, support structure requirements and stray field 

characteristics. The variation of these parameters with the geometry of the magnet as well 

as the size of the SMES system are also studied. The objective of this study is to provide a 

quantitative comparison of important magnet parameters as well as to develop a simple pro-



cedure for the preliminary magnetic design of SMES magnets of any size, based on the de- 

tailed analysis of a reference design. 

Due to the high costs of SMES particularly for smaller sizes, it is important to optimize 

magnet design as well as to look for new magnet configurations to make SMES more cost 

effective. Superconductor and support structure material are major components of the overall 

cost of SMES magnets. Various methods of optimizing these parameters are explored. 

Force-reduced magnets have attracted some controversy in SMES research due to vari- 

ous claims made for and against them. The virial theorem and its implications for force- 

reduced magnets are analyzed with reference to a specific force-reduced configuration and 

it is shown that the claims that force-reduced magnets do not offer any savings in structure 

are unjustified. Methods for further reducing the structure requirements in force-reduced 

magnets and toroidal magnets are discussed. 

Due to the unique and highly desirable characteristic of zero stray field of toroidal mag- 

nets, it is important to seek ways of increasing its energy storage capability. A variational 

problem is formulated to determine the optimal cross-sectional shape which maximizes the 

stored energy with a given quantity of superconductor. The optimal shape stores 16 p.c. more 

energy than the circular cross section toroid and is shown to be identical to the structurally 

superior constant tension D shape. | 

The desired characteristics of an ideal SMES magnet are shown to be a uniform magnetic 

field within a closed magnet configuration. A twisted toroidal magnet combining the features 

of an ideal solenoid and the general toroidal configuration is studied as a candidate for the 

ideal magnet. Geometric arguments are used to prove that no such closed surface can be 

found in three dimensions with the minimum smoothness conditions required from physical 

considerations.
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Chapter 1 Introduction 

The idea of using superconducting magnets for large-scale energy storage was proposed 

in the late sixties and has attracted a good deal of attention due to the advantages it has over 

the more conventional forms of energy storage like pumped hydro and compressed air. 

Superconducting Magnetic Energy Storage (SMES) has been considered mainly for its appli- 

cation for utility load levelling where its fast response and high efficiency were seen to be at- 

tractive features compared to conventional methods of energy storage. Early studies of the 

economic feasibilty of SMES showed that the unit cost is very high for small sizes and only 

large-scale units (5000 MWh or higher) have a unit cost comparable to existing technologies. 

This factor coupled with the reluctance of utilities in investing a huge sum of money on a large 

and complex engineering project has kept SMES mainly at the research level. While super- 

conducting magnets have been routinely used in a number of applications for decades, ex- 

perience with the construction and operation of very large superconducting magnet systems 

at the scale proposed for SMES is relatively new. The Superconducting Super Collider (SSC) 

project is a noteworthy example of a very large superconducting magnet system under con- 

struction. 

The major components of the cost of a SMES magnet are the cost of superconductor and 

the cost of the mechanical support structure required to contain the large forces present in the 
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magnet. The relative quantities of these materials required to store a given quantity of en- 

ergy, depends to a large extent on the choice of the magnet configuration (solenoid, toroid 

etc.). Early studies of the economic feasibility showed that the use of structural material like 

steel to contain the magnetic forces would be prohibitively expensive and therefore the idea 

of burying the magnet in underground bedrock which would serve as inexpensive ‘warm’ 

support structure, was proposed. In this concept the magnetic forces would be transmitted to 

the surrounding rock by means of cold to warm struts. Only with the use of such warm support 

' would SMES be economically feasible. With the use of warm support, the low aspect ratio 

solenoid emerged as the preferred magnet configuration. 

The solenoid’s open magnetic field has the serious disadvantage of high levels of ex- 

ternal magnetic field extending to large distances around and above the magnet. These 

magnetic fields are static during storage and are time varying during charging and discharg- 

ing, posing a serious environmental problem. The importance of this stray magnetic field 

around the magnet has been minimized by proponents of solenoidal SMES magnets by sug- 

gesting the location of the magnet in remote and unpopulated areas. If the SMES system must 

be located close to populated areas then a solenoidal magnet structure cannot be used or 

must be provided with a shield, which can be very expensive as well as impractical in the case 

of even a small SMES system (10 - 20 MWh). In this case a toroidal magnet which has no stray 

magnetic field must be used. But toroidal magnets have lower energy storage capability and 

higher support structure requirements. Thus the choice of a magnet structure for a given 

application can only be made based on a detailed engineering analysis of all the important 

cost factors as well as the specific requirements of the particular application. 

Other magnet structures suitable for energy storage are various force-reduced magnet 

configurations and the dipole or poloidal magnet configuration. Force-reduced magnets for 

energy storage attracted some attention initially but were shown to be not cost effective due 

to their lower energy storage capability and because they cannot lower the structure re- 

quirements below the limit given by the virial theorem, which must be satisfied by all finite 

magnet configurations. Despite the fundamental importance of the virial theorem to magnet 
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design, it has been often ignored in the claims made by proponents of force-reduced and the 

so called force-free magnet designs. Due to the confusion surrounding the virial theorem and 

force-reduced magnets, some of the obvious advantages of these magnet structures have re- 

mained obscured. They do have reduced structure requirements and also have smaller stray 

magnetic field boundaries compared to solenoidal and poloidal magnets. 

The objective of this thesis is threefold. The first objective is to perform a detailed engi- 

neering analysis of four different magnet configurations with respect to superconductor re- 

quirements, support structure requirements, stray field and shielding requirements. The four 

magnet structures considered are the solenoid, toroid, poloid and the toroidal/poloidal force- 

reduced magnet. While the solenoid and toroid magnet configurations have been the focus 

of most studies and conceptual designs, the poloid and the force-reduced magnet have re- 

ceived relatively less attention. Each of these four magnet structures has its own advantages 

and disadvantages and the objective of the engineering analysis is to determine the relative 

merits of each magnet structure as well as to provide a suitable means of evaluating their 

overall cost effectiveness for a given application. The scaling of these parameters with the 

size of the SMES system are also studied to determine their relative contribution to the overall 

cost. 

The second objective of this thesis is to investigate methods of reducing the cost of SMES 

magnets by improvements in design and the optimization of the important parameters con- 

tributing to the overall cost of the SMES system. From the energy storage point of view the 

objective is to maximize the stored energy with a given quantity of superconductor. In light 

of the virial theorem, the objective is to bring the support structure requirements as close as 

possible to the virial limit. Due to the importance of the virial theorem particularly with re- 

spect to force-reduced magnets, the theorem and both the theoretical and practical limits it 

imposes on magnet design are studied in some detail. 

The third and perhaps most difficult objective of this thesis is to investigate the possibility 

of altogether new magnet configurations that can lead to a reduction in the cost of SMES. The 

study of conventional magnet structures indicates the limits to which energy storage capability 
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and support structure requirements can be optimized and the characteristics that an ideal 

magnet structure should have. Based on the study of these desired characteristics a new 

magnet structure called the twisted toroid is studied as a possible candidate for the ideal 

magnet. Analysis of this magnet structure from a geometric and magnetic point of view 

reveals fundamental geometric limitations in comming up with new magnet configurations to 

significantly reduce the cost of energy storage magnets. 

Chapter 2 contains a literature survey and a historical review of SMES research. The four 

magnet structures studied in this thesis are introduced in Chapter 3. The criteria for design 

of the various geometries of these magnets is outlined in this chapter. The reference design 

for all magnets is a published conceptual design of a 5500 MWh low aspect ratio (LAR) 

solenoidal magnet. All magnets are designed with the same quantity of superconductor ma- 

terial and the same nominal peak field as the reference design. 

The energy storage capability and various methods for computing the magnetic fields for 

each magnet are discussed in Chapter 4. The peak field magnitudes and the scaling with size 

of the superconductor requirements are also studied. The importance of peak field magni- 

tudes in computing the energy storage capability and corrections for the higher peak fields 

of solenoidal magnets are emphasized. 

The stray magnetic field boundaries and shielding requirements of the solenoid, poloid 

and force-reduced magnets are discussed in Chapter 5. Methods of estimating the 

ferromagnetic shielding requirements for these magnet structures are developed and a dipole 

in a spherical shell model is shown to be adequate for obtaining estimates for the quantity of 

ferromagnetic material. A small SMES magnet (8.33 kWh) is used as an example for shielding 

design which is shown to be impractical for all but the smallest applications. 

Support structure requirements and the stress distributions of all the magnet structures 

are evaluated in Chapter 6. A thin shell model with bi-axial plane stresses is used to compute 

the stress distributions and support structure requirements. The impact of using various 

structural design criteria such as the uniaxially stressed structure, the maximum shear stress 

criterion and the von Mises distortion energy criterion is also discussed. 
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The virial theorem and its impact on force-reduced magnets is discussed in Chapter 7. 

The intiutive notion of reduced structure requirement for force-reduced magnets is shown to 

be justified. The distinction between the theorem and the virial limit derived from the theorem 

based on the conservative uniaxial support structure assumption is emphasized. The the- 

oretical possibility of reducing structure requirements to very low levels by acheiving a state 

of pure hydrostatic tension is pointed out. The claims that force-reduced magnets do not offer 

any savings in structure are analyzed and shown to be false and misleading. 

Various methods for reducing the support structure requirements in toroidal and force- 

reduced magnets are explored in Chapter 8. The general problem of determining the cross- 

sectional shapes for achieving various tensile stress distributions in these magnets is 

formulated and solved. Practical design considerations are shown to limit the reduction in 

structure possible. 

The problem of optimizing the cross-sectional shape of the toroid to maximize its stored 

energy is formulated and solved in Chapter 9. The optimization problem is formulated as an 

isoperimetric problem in the calculus of variations. A unique approach is used to solve the 

isoperimetric problem due to the overconstrained nature of the problem. The Euler-Lagrange 

differential equation to optimize the stored energy is shown to be identical to the differential 

equation for obtaining the structurally superior constant tension D-shaped toroid. 

In Chapter 10 the characteristics of an ideal SMES magnet are outlined. A uniform 

magnetic field confined within a generalised toroidal configuration is shown to represent an 

ideal magnet configuration. A twisted toroidal magnet as a synthesis of a toroid and an infinite 

solenoid is studied as a possible candidate for the ideal magnet. The uniform field require- 

ment is shown to require the gaussian curvature of the magnet surface to be zero as a nec- 

essary but not sufficient condition. Geometric arguments are used to prove that such an ideal 

magnet configuration is impossible even with the relaxation of the requirement that the mag- 

net surface be smooth. 

In Chapter 11 the results of the quantitative analysis of superconductor, support stucture 

and shielding requirements are compared and a method of estimating the relative cost of each 
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magnet structure is developed. The difference in the scaling of support structure and super- 

conductor requirement show that for different sizes of SMES different magnet structures are 

the best choice. 

The results of this thesis and the conclusions are summarized in Chapter 12. 
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Chapter 2 Historical review and literature survey 

The idea of using superconducting magnets for energy storage was first suggested by 

Stekly [1], about three decades ago. Stekly’s work focussed on toroidal magnets and em- 

phasized the structural problems associated with high field superconducting magnets. Ferrier 

[2] proposed the use of a large superconducting energy storage magnet to meet the fluctu- 

ations in demand for power systems in France. In this study also, it was a toroidal magnet 

configuration that was considered. The high costs of constructing a large superconducting 

magnet were recognized and the initial studies did not progress much beyond the conceptual 

stage. However, Ferrier’s work can be considered as the starting point of the concept of using 

SMES for utility load leveling applications, for which it has been studied extensively over the 

last two decades. 

In 1972, Boom and Peterson at the University of Wisconsin considered the economics of 

using SMES as an alternative to pumped hydro for power sytem applications [3]. They em- 

phasized the high efficiency of SMES and estimated that large scale SMES units (10,000 MWh) 

would have unit costs of around $ 200 / kWh, which was comparable to the unit cost of pumped 

hydro plants. A Graetz bridge converter was suggested as a suitable means for charging and 

discharging the superconducting magnet. Solenoidal and toroidal configurations were con- 

sidered in this study and it was concluded that toroidal configurations would be better because 
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they have zero stray field. Hassenzahl at Los Alamos conducted a feasibility study of SMES 

for utility load leveling applications [4] and concluded that large scale units would be eco- 

nomically feasible and the technology for some of the components was already adequately 

developed. 

Powell and Bezier at Brookhaven compared the use of ‘warm’ support using underground 

bedrock and ‘cold’ support for structural reinforcement of superconducting magnets for pulsed 

power applications [5] and concluded that warm support would be economical. The teams 

at Los Alamos and the University of Wisconsin considered the use of warm support for SMES 

magnets and found it to be an attractive solution to the large structural requirement problem, 

which unlike the superconductor requirement, did not scale down as the size of the magnet 

was increased [6,7]. 

The idea of warm support shifted the earlier focus on toroidal magnets to solenoidal 

magnets, which were better suited for the use of warm support and had lower superconductor 

requirements than toroidal magnets. The open magnetic field configuration of the solenoid 

however, has the serious drawback of a large stray field in the region around the magnet, 

which clearly was the reason why only toroidal magnets were considered for energy storage 

till then. It was suggested that the stray field problem could be dealt with by locating the 

magnet in remote areas and by the use of additional shield coils which would reduce the stray 

field boundaries of the magnet [7,8]. Thus the idea of warm support served to make SMES 

more economical while introducing the problem of large stray fields which have not been ad- 

equately addressed and are bound to be a serious environmental issue, which could under- 

mine the case for using SMES as an alternative to existing storage methods. 

Based on the initial projections of low cost of SMES using warm support and solenoidal 

magnets of low aspect ratio, its application for utility load leveling gained increased attention, 

resulting in numerous publications advocating its viabilty and superiority over existing meth- 

ods of energy storage [9-24]. From the mid seventies, almost all attention was focussed on 

large solenoidal magnet designs and extensive efforts were undertaken both at Los Alamos 

and at the University of Wisconsin on the more detailed design aspects of a SMES system 
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such as conductor development, cold to warm strut design, rock mechanics, cryogenic sys- 

tems etc. Various aspects of the magnetic design of solenoids were investigated by Willig and 

Moses [25], El Dirini et. al. [26] and Eyssa [27-30]. 

A number of conceptual designs mostly for large scale SMES were developed which in- 

cluded cost estimates that demonstrated the viability of SMES for utility load leveling 

[10,24,31,32,33]. Conceptual designs for smaller toroidal SMES systems were published by 

Masuda [34,35]. In 1980, EPRI funded Bechtel and General Atomic to select a preferred SMES 

configuration based on a detailed cost analysis. This study considered conceptual designs 

from Wisconsin and Los Alamos. A low aspect ratio solenoidal design was selected over two 

other designs although it must be pointed out that the differences in costs were quite marginal 

[36]. Improvements on this conceptual design resulting in a 10 p.c. decrease in overall costs 

were reported by Loyd et. al [37,38,39]. J 

A small (8.33 kWh) solenoidal SMES system for stabilizing transmission for the Bonneville 

Power Administration, was designed by a team at Los Alamos and is discussed by Rogers et. 

al [40,41,42], Schermer [43] and Purcell [44]. The small SMES system was constructed by 

General Atomic and operated successfully during 1983-84. A survey paper covering all the 

major aspects of SMES research upto 1983 was published by Hassenzahl [45]. Various 

methods for protecting the superconducting coil in the event of a cryogenic or vacuum failure, 

were studied by Eyssa et. al. [46], Purcell [47], Loyd et. al. [48] and Abdelsalam and Eyssa [49]. 

With the exception of the early studies at Wisconsin [7] and Los Alamos [10], very little 

attention was focussed on magnet configurations other than the solenoidal magnet. In 1975 

Mawardi proposed a ‘force-free’ magnet configuration for energy storage [50], which he 

claimed would offer substantial savings in support structure as well as in overall costs. The 

concept of force-free magnetic fields was already two decades old and numerous force-free 

magnets had been discussed in the literature [51-63]. The virial theorem and its implication 

that a lower limit exists for support structure in any finite sized magnet was emphasized by 

Parker [55], Levy [57] and Longmire [60]. The importance of the virial theorem in magnet 

design was recognized during the early studies at Wisconsin and it was clear that SMES would 
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not be economical with the use of cold structure [7]. While Mawardi did not claim that the 

‘force-balanced’ coil would reduce structure below the virial limit, the cost-effectiveness of the 

force-free design continued to be asserted [64,65]. 

The confusion that surrounded Mawardi’s design was primarily due to the absence of 

details regarding the structure and cost calculations. Eyssa and Boom [66,67] used the virtual 

work method to demonstrate that the toroidal/poloidal force-balanced magnet must satsify the 

virial theorem and therefore could not offer any savings in structure. With minor modifications 

in the original derivation of the virial theorem that uses the magnetic and material stress 

tensors, Hassenzahl also reached similar conclusions [68]. Hassenzahl also pointed out the 

increased superconductor requirement of the two-layer magnet design proposed by Mawardi. 

While both studies were clearly aimed at putting to rest the exaggerated claims in Mawardi’s 

work, they were also somewhat superfluous because the virial theorem does not make any 

assumptions about the magnet configuration except that it be finite in size. Moreover, the 

suggestion in both studies that the force-reduced magnet does not offer any savings in struc- 

ture over conventional magnets, is clearly wrong and goes against the intuitive notion of 

savings in structure that must result in a magnet configuration where the magnetic forces of 

the two layers are designed to act in opposition. The important point that was not addressed 

adequately in both studies is the actual quantity of structure that is used in various magnet 

configurations including force reduced magnets. 

Boom and Lawrence [63] considered a force reduced toroidal magnet configuration and 

pointed out the increased current carrying capacity of the magnet due to the magnetic field 

being approximately parallel to the current, which is the objective of a force free configuration. 

A similar study, also supported by experimental results, was reported by Yanfang and Liguang 

[69], who claimed that their design was quasi force free. The possibility of higher critical fields 

when the magnetic field is approximately parallel to the current direction is one of the ad- 

vantages of some force-reduced magnet configurations which deserves to be investigated. 

Furth et. al. [70] studied force free magnet configurations using high temperature supercon- 

ductors and pointed out the advantages of the force-free configuration in obtaining higher 
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critical fields and energy densities. The two layer toroidal/poloidal force reduced magnet, 

however does not offer this advantage. Varghese and Tam [71] pointed out the increased 

energy storage capability of a single layer force reduced magnet, which arises from the larger 

size of the magnet when only one layer is used. 

Hilal et. al. [72] considered a toroidal/poloidal force reduced magnet although it was re- 

ferred to by the curious name of a ‘solenoidal magnet with a toroidal insert’, presumably due 

to the controversy surrounding force reduced and force free magnets. The study was aimed 

at determining an optimum cross-section for the magnet which would minimize the structure 

requirements. A shielding current distribution was assumed for the poloidal layer and the 

optimum cross-section was shown to reduce the structure requirements close to the minimum 

given by the virial theorem. A similar optimization problem is studied in this thesis where the 

relative magnetic pressures in the toroidal and poloidal layers are varied in a fixed cross 

section (circular) force reduced magnet to obtain the minmum possible structure requirement. 

Toroidal magnetic fields are used extensively in fusion research and various methods of 

improving the structural requirements of toroidal magnets have been studied. File et. al. [73] 

designed the constant tension D-shaped toroidal cross-section used in tokamaks and other 

fusion reactors. Gralnick and Tenney [74] provided analytical methods to obtain the constant 

tension shape. Weissenburger et. al. [75] studied the constant tension cross-sections of thick 

toroidal magnets. Thome and Tarrh [76] have described numerical and analytical methods for 

designing various constant tension shapes. Nillson and Eyssa [29] suggested a rippled con- 

stant tension design for solenoidal magnets. El Dirini et. al. [26] studied constant tension 

solenoids which used a non-uniform current distribution to produce a constant field. Moon 

[77] compared the mass of structure of existing magnets in various applications and con- 

cluded that most magnets used structure that was 2 to 10 times the minimum given by the 

virial theorem, indicating that there was a lot of room for structure reduction in these magnets. 

While utility load leveling is the application for which SMES has primarily been consid- 

ered in the last two decades, other applications for SMES systems have also been investi- 

gated. It was pointed out earlier that the concept of superconducting magnetic energy storage 
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evolved in its application to pulsed power systems. Moses and Ballou [78] proposed a 

shielded energy storage magnet configuration which reduces the ac losses in pulsed power 

applications. Abdelsalam and Eyssa [79] used a similar concept in designing shielded toroidal 

windings for pulsed power in space applications. Ise et. al [80] considered SMES for the 

control of active and reactive power in a power system. Masada et. al. [81] studied the ap- 

plication of SMES systems in industrial load variations. Mitani et. al. [82] investigated the 

impact of SMES on improving the dynamic performance of power systems. Tam et. al [83-85] 

considered various applications of SMES including enhancing the utilization of photovoltaic 

generation, reducing transmission losses and as an asynchronous link between power sys- 

tems to improve stablity. 

Most research in SMES has focussed on solenoidal magnets and magnet structures such 

as poloids, toroids and force reduced magnets have received very little attention. Hassenzahl 

[86] compared the superconductor requirements of some magnet structures suitable for 

SMES. No allowance was made for the higher peak fields of solenoids and poloids considered 

in the study. Varghese and Tam [71] have shown that if magnets are designed to have equal 

peak fields, then the energy storage capability of the poloid is better than the solenoid and the 

relative superconductor requirement for toroidal magnets are considerably less than the 

numbers provided in Hassenzahl’s study. A recent study by Schoenung et. al. [87] compared 

the costs of large-scale toroidal and solenoidal SMES systems. This study did not consider 

the full range of geometries for the toroid and also assumed a circular cross-section for the 

toroid which is very inefficient both from the structural and the energy storage point of view. 

No adjustments were made to keep the peak magnetic field the same in both designs, which 

would narrow the difference in superconductor requirements significantly. 

It was pointed out earlier that there are many applications for SMES other than the 

large-scale systems for utility load leveling, where smaller sized SMES systems would be 

needed. It is well known that the unit costs for SMES increase as the size decreases. How- 

ever, the fast response and high efficiency of SMES make it an attractive alternative in many 

applications. Since the various magnet parameters scale differently with size, the relative 
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merits of different magnet structures will also vary. For smaller sized systems cold structure 

is needed to contain magnetic forces and it is therefore useful to know the relative structure 

requirements of different magnet structures. Very little work has been done in obtaining ac- 

curate estimates for cold structure in various magnets. One of the objectives of this thesis is 

to fill these gaps by providing a comprehensive comparison of the important magnet param- 

eters for both conventional magnet structures as well as those which have not been given 

serious consideration in the past. 

Although the magnet related costs constitute the bulk of the overall cost of a SMES sys- 

tem, little work has been done to optimize magnet design to reduce costs. This is under- 

standable because it is important to first construct a reliable working model of SMES to prove 

its effectiveness, and most of the effort so far has therefore focussed on the detailed aspects 

of a particular magnet design. A 20 MWh Engineering Test Model is likely to be constructed 

in the near future [88]. However, as the advantages of SMES become clear it is necessary to 

consider various ways in which costs can be reduced. Some aspects of magnet optimization 

are considered in this thesis. 
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Chapter 3 Magnet structures and design criteria 

Introduction 

One of the main objectives of this thesis is to compare the relative merits of various 

magnet structures with regard to the three major characteristics of energy storage capability 

(superconductor requirement), magnetic forces (support structure requirement) and magnetic 

field distribution (peak field, stray field and shielding/land requirement). It is important to 

ensure that all the magnet structures of various geometries are designed in such a way that 

a fair comparison of the above characteristics can be made. While the study focuses primarily 

on four basic magnet structures viz. the solenoid, toroid, poloid and the toroidal/poloidal 

force-reduced magnet, there are other related magnet structures both new and old that will 

also be analysed. The purpose of this chapter is to describe the geometric parameters and 

basic characteristics of the four magnet stuctures and to develop suitable criteria for design- 

ing various geometries of these magnets which will be used throughout the thesis, to deter- 

mine their physical dimensions, so that the quantitative aspects of the comparison are both 

meaningful and reasonable. 
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The stored energy is clearly the most important characteristic of a magnet for SMES ap- 

plications. One way to design the various magnets for comparison is to require that they all 

store the same energy and the superconductor requirement for each magnet can be used as 

a measure for comparison. Conversely, all the magnets could be designed with the same 

quantity of superconductor and the stored energy can be used for comparison. An under- 

standing of the scaling laws for each of the magnet characteristics permits us to go from one 

approach to the other. In this thesis we use the latter approach because it permits a direct 

comparison with a published design, from whose data the constant quantity of superconductor 

is chosen. All magnets in this thesis are designed with the same quantity of superconductor 

as the LAR (low aspect ratio) solenoid which is an example of a large-scale SMES design with 

a stored energy of 5500 MWh [36]. The methods used for computing various magnet param- 

eters however, will be mostly those which are applicable for any size of magnet and the re- 

sults of the quantitative analysis can be interpreted for smaller sizes, with only minor changes 

in the design parameters and by making use of the scaling laws which are developed for each 

of the major magnet charateristics. The data for the LAR coil is shown in Table 1. 

Magnet structures and design formulas 

A schematic diagram of the solenoid is shown in Figure 1. The solenoid is an open 

magnet structure in the sense that its magnetic field extends to regions well beyond the 

magnet dimensions, requiring either shielding or isolation by fencing off a large area of land 

around the magnet. The highest magnitude of the magnetic field occurs close to the conductor 

surface (inside the solenoid) and the magnetic field within the solenoid can be highly non- 

uniform depending on the geometry of the solenoid. The geometry of a solenoid is described 

by its aspect ratio « defined as 
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“= 5 ; (1) 

which is the ratio of the length to the diameter of the solenoid. The LAR coil for example has 

a length of 15.68 m and diameter of 1568 m corresponding to an aspect ratio of 0.01. 

Let C represent the surface area of the LAR solenoid (C = 2741). If all the solenoids 

are designed such that the spacing between adjacent turns and the radius of the supercon- 

ductor wire ( current ) is the same as the LAR coil, then the condition of using the same 

quantity of superconductor is satisfied by keeping the surface area of all the solenoids equal 

to C. This would also ensure that all the solenoids have the same nominal peak field, which 

is the peak field of a solenoid of infinite length ( ideal solenoid ) having the same spacing and 

current for the conductors. Thus the length and radius of a solenoid with aspect ratio a can 

be written as 

ja J, aatVJe . (2) 
Tt Th 

The toroid is shown in Figure 2. In a toroidal coil the conductor spacing is the smallest 

on the inside edge of the torus (9p =R—a,@=7). This is also the location of the peak mag- 

netic field in the toroid. If the peak magnetic field is to be the same as the nominal peak field 

of the solenoid and the quantity of superconductor is the same, then 

4n°(R—a)ja=C . (3) 

Note that the left hand side does not represent the surface area of the torus. {In a toroid the 

conductor spacing increases with the distance from the axis of symmetry. This is accounted 

for in Eq. (3). The geometry of a torus is conveniently expressed as the ratio of its minor to 

major radius. £ the geometric ratio is given by 

a p=. (4) 
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When 8 varies from 0 to 1 we get all possible geometries for the toroid. From Eq, (3) and Eq. 

- /_¢ __ a Be 
Ron BO-B) OF a IB ©) 

Writing C as 2 ~ a | in Eq. (3), we obtain the following relationship between the aspect 

(4) we can write 

  

ratio « of the solenoid and the geometric ratio B of the toroid, both having the same radius of 

cross-section a. 

_ yt a=n(F-1) (6) 

As £ is varied from 0 to 1 we obtain the full range of geometries for the solenoid. For the rest 

of the thesis we will only use the parameter £ to describe the geometry of the solenoid, whose 

aspect ratio can be obtained from Eq. (6). 

The poloid which is also referred to as the dipole is shown in Figure 3. The current and 

magnetic field directions are reversed compared to the toroid. The poloid is also an open 

magnet srtucture like the solenoid. The shape and geometric parameters are the same as 

that of the toroid. For a given geometric ratio 8, the dimensions of the poloid are determined 

by the current distribution chosen. The two current distributions that will be used in this thesis 

are the uniform current distribution and the shielding current distribution. The latter produces 

a magnetic field that exists only outside the toroidal surface of the winding and hence the 

name sheilding current distribution as the region within the toroidal surface is ‘shielded’ from 

the poloidal magnetic field. The uniform current distribution on the other hand produces a 

non-zero magnetic field within the toroidal volume. 

In a uniform current density poloid we fix the conductor spacing to be the same as that 

for the solenoidal designs. Then 

4n’aR=C (7) 
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The left hand side now represents the actual surface area of the torus which should be con- 

trasted with Eq. (3) for the toroid. The dimensions of the uniform current density poloid are 

given by 

1 fe { 

Let U(@) represent the surface current density (A/m) on the shielded poloid. This quantity must 

be differentiated from the actual current density (A/m?) in the superconductor and is defined 

as the current per unit length on the toroidal surface. A varying current density on the poloid 

can be realised in two ways. The first is to use conductors equally spaced but carrying dif- 

ferent currents. The second and more practical way is to use conductors all carrying the same 

current but with varying spacing between adjacent conductors as shown in Figure 4 (a). It 

will be shown later on that the peak field of the shielded dipole occurs at the inside edge of 

the toroidal surface ( p =R—a, 6 =7 ), same as that for the toroid. The turn spacing on the 

inside edge is therefore made equal to that for the LAR coil with the spacing gradually in- 

creased to correspond to the changing surface current density. To determine the dimensions 

of the poloid we use the current sheet model shown in Figure 4 (b). Since the surface current 

density for the shielded poloid is the greatest on the inner edge, the current sheet has the 

greatest thickness there, decreasing to its minimum value at the outer edge of the poloid ( 

p=R+a,@=0). Let ¢(@) represent the varying thickness of the current sheet which corre- 

sponds to the increased spacing of the conductors shown in Figure 4 (a). Let ft, represent the 

thickness at the inside edge. Clearly the normalised surface current density function J(@)/J, 

and ¢(@)/t, are identical. The volume of the conducting sheet is then 

    

on 4na*t, [ u(@) 
V= | {(@)an(R+acos@)jad@ = 7 5 [1+ Bcosé]dé , (9) 

0 T 
0 
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where the equivalence of the normalised thickness distribution and the normalised surface 

current density has been used. Denoting the integral on the right as /(f) ( not to be confused 

with the current ), the volume can be equated to the volume of the constant quantity of 

superconductor used for all magnets. 

4na"t, 

B 

  

KB)=Ct, . (10) 

Cancelling the factor t, on both sides we can write the expressions for the dimensions of the 

shielded poloid as 

    
_1 C R=>./aRp (11) a=> ni(B) 

Note that the assumption of thickness ¢t, for the constant thickness of the solenoidal current 

sheet is consistent with the fact that the poloidal surface current density on the inside edge 

is made equal to the surface current density of the solenoidal current sheet. This was done 

to ensure that the peak field of the poloid is equal to the nominal peak field of the solenoidal 

and other designs. For a given f, the normalised surface current density J(@)/J, is obtained 

by the method described in Appendix B. The integral /(B) can be readily computed from the 

normalised surface current density and substituted in Eq. (11) to get the dimensions of the 

shielded poloid. 

The schematic diagram of the toroidal/poloidal force-reduced magnet is shown in 

Figure 5. The toroidal layer is located on the inner side of this two layer magnet. The outer 

poloidal layer has a shielded current distribution which results in the two magnetic fields be- 

ing isolated from one another. The magnetic forces on the poloidal layer are normal to the 

surface pointing inward whereas the forces of the toroidal layer, which are also normal to the 

surface, are opposite in direction, pointing outward. The opposing direction of the forces re- 

duces the support structure requirements of the force-reduced magnet as will be shown in the 

later chapters. 
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Since there are two distinct layers of winding in the magnet, the available superconductor 

must be split suitably between the two layers. Clearly, the division of the superconductor is 

a function of the relative surface current densities of the two layers. As before, the surface 

current density at the inner edge for both layers is chosen equal to that of the solenoidal 

current sheet. Combining the arguments used in Eq. (3) and Eq. (10) we can write 

4na°t, 2 
B I(B) + 42°(R —ajat, = Ct, , (12)   

from which the dimensions of the force-reduced magnet can be written as 

  

  

<> ameicm PT? J HO+-m Ot 

From the data of the LAR coil in Table 1 the value of C can be written as 

C =2n x784x15.68 m* . (14) 

The surface current density of the solenoidal current sheet can be computed as 

_ 142 x 765000 Jn = ae oR Alm . (15) 

For convenience sake J, will be denoted as J) henceforth, representing the maximum surface 

current density in any of the designs. The nominal peak field is given by 

Bn =U =6.87 T . (16) 

Using the design formulas derived above, the dimensions of any magnet structure of any ge- 

ometry can be computed. The dimensions of the four magnet structures with various geom- 

etries is summarized in Table 2. With the exception of the solenoid, all magnet structures 

have the same peak field, by design. All the solenoidal geometries have the same nominal 

peak fields. The actual peak field of any solenoidal geometry will always be greater than the 

nominal peak field and must be computed individually for any desired geometry. 
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Figure 1. Solenoidal structure 
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Figure 2. Toroidal structure 
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Figure 3. Poloidal structure 
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Figure 4. Conductor distribution for shielded dipole: 
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Figure 5. Two-layer force-reduced magnet 
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Table 1. LAR coil data. 

  

  

  

  

  

  

  

Stored energy 5500 MWh 

Length of Coil (I) 15.68 m 

Radius of Coil (a) 784 m 

Number of Turns (N) 112 

Spacing between turns 14 cm 

Radius of Conductor 5.5 cm 

Conductor Current (I) 765000 A 

  

Aspect Ratio     0.01 (8 =0.9968)     
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Table 2. A comparison of physical dimensions (m) of magnets 

designed with the same amount of superconductor material. 

  

  

  

  

  

  

  

  

  

  

  

  

  

                    

Magnet Solenoid Toroid Poloid F-Reduced 

p | a R a R a R a 

0.09 884 13.9 155 13.9 175 15.8 116 10.4 

0.10 834 14.7 147 14.7 169 16.9 111 11.4 

0.13 719 17.1 132 17.4 154 20.1 100 13.0 

0.20 556 22.1 111 22.1 136 27.2 85.9 17.2 

0.30 425 29.0 | 96.5 29.0 126 37.9 76.7 23.0 

0.40 340 36.1 90.3 36.1 125 50.0 73.2 36.6 

0.50 278 44.2 88.5 44.2 130 65.0 | 73.1 36.6 

0.60 227 54.2 90.3 54.2 144 84.8 76.1 45.7 

0.70 182 67.6 96.5 67.6 163 114 83.4 58.1 

0.80 139 88.5 111 88.5 207 165 97.5 78.0 

0.90 92.6 133 147 133 326 293 134 121 

0.93 76.2 161 173 161 417 387 160 149   
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Chapter 4 Energy storage capabilty and magnetic 

field computation 

Introduction 

The cost of superconductor is one of the major components in the overall cost of a SMES 

system, accounting for about 25 p.c. of the total cost for large-scale magnets. For smaller 

SMES systems superconductor costs are greater due to the inverse relationship between 

stored energy and conductor requirement per kWh stored. The stored energy of a magnet 

varies considerably over the range of possible geometries for a given magnet structure as 

well as from one magnet structure to another. It is the objective of this chapter to study the 

energy storage capability of the four magnet structures described in the previous chapter. 

The variation of the stored energy with geometry and size of the magnet are also studied. 

The stored energy of a magnet is equal to the magnetic energy density ba" integrated 

over the volume over which the magnetic field is distributed. Superconducting materials have 

critical values for the current density and magnetic field that makes it necessary to impose 

limits on the maximum values allowed for these quantities in any design. If the optimum ge- 
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ometry results in a magnet where the computed peak fields exceed the design limit, it is 

necessary to scale down the current suitably or to choose a non-optimum geometry with a 

lower peak field. For a fair comparison of stored energy of different magnets it is necessary 

to keep the peak field the same in all magnets. Except for the solenoid, all magnet structures 

were designed to have the same peak field which is equal to the nominal peak field (6.87 T). 

In the solenoid the peak field must be computed for each geometry before a proper compar- 

ison of energy storage capabilty can be made. 

When all magnets are designed to carry the same current, as is the case here, the stored 

energy is directly proportional to the inductance of the magnet since E=LF, Various 

methods are developed for computing the inductance of each magnet structure with the ob- 

jective of obtaining accurate results with minimum computation. The effectiveness and accu- 

racy of various methods of inductance calculation are also discussed and compared. Once 

the scaling laws for stored energy are known, it is possible to determine the stored energy 

or superconductor requirement for any size and geometry of a magnet structure, given the 

data for a particular size. These scaling laws are also studied for each magnet structure. 

Magnetic field computation 

The magnitude and direction of the magnetic field in SMES magnets is a critical design 

parameter, since it affects all aspects of magnet design. The field in the vicinity of the con- 

ductors determines the forces and the resulting stresses in the magnet. The total energy 

stored in the magnet depends both on the magnitude as well as the distribution of the mag- 

netic field within the magnet and the region surrounding the magnet. The field magnitude at 

points far from the magnet determines the boundaries for acceptable levels of stray field. The 

peak value of the field is also an important parameter as the superconducting properties of 

the coil depend on the magnitude of the field in the neighbourhood of the superconductor. 
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Thus, suitable methods for computing the field both at points close to the conductor as well 

as points far away are necessary to analyse any magnet design. 

It was mentioned in Chapter 3 that all geometries of the different structures are designed 

from the same quantity of superconductor used in the LAR design. This condition is met by 

designing each geometry with a constant area of conducting surface. Once the major di- 

mensions for a particular geometry are known, the number of turns N can be obtained very 

easily. For example, for a solenoid geometry the number of turns N = [ I/sc ], where the 

square brackets indicate the choice of the integer closest to the ratio and | and sc are the 

length of the solenoid and the spacing between adjacent turns (constant for all geometries) 

respectively. It is a reasonable assumption that a solenoid or toroidal structure with N turns, 

is made up of circular turns of conductor equally spaced apart, although in reality the coil is 

usually not made of N separate turns but is one length of conductor wound in a helical manner 

on the toroidal or cylindrical surface. Therefore the coil will have some finite helical angle 

which is essentially being ignored. This assumption is justified by the fact that the separation 

between adjacent turns is very small compared to the radius of the coil, therefore the helical 

angle although non-zero, is quite small and will not have any significant effect if ignored. All 

the magnet structures studied in this thesis use circular turns. Thus the expressions for the 

field components of a single circular turn form the starting point for any field computation. 

For a single turn coil of radius a carrying a current |, the field components at a point z units 

along the axis and at a radial distance r from the axis, are given by [89] 

  

  

pg. = Lo 4 jk atae * =z" cw} (1) 
Tbe fatne+2? (@-ne+z? S| 

and 

Uo! z 1 a? + 242? 
B= — —K(k) + ————— E(k ; 2 

“nf (a+r? +2? ” (a—r+2" “ 

where 
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wf2 

K(k) = j (3) dé 

./1—k* sin26 

2/2 aS 

EW) = | j/1—k*sin*@ dé , (4) 

k2 = 4ar (5) 

(a+ r)? + 2° 

For points where k? is not very close to 1, the elliptic integrals E(k) and K(k) may be approxi- 

mated by a truncated series with a suitable number of terms. 

2 2,4 2,6 
1 1x3 \k 1x3x5 \ k 

Eb Ef 1— (Py (PS) (PS) Ek (6) 

K(k) = 4 (hy neg (AEB hg (128 *5BY.. (7) 
~ 2 2 2x4 2x4x6 

E(k) can always be computed by numerical integration even for values of k close to 1. But 

K(k) must be computed by some means other than the series approximation. The situation 

of k~1 arises for points where z=0O, a=r, that is at points very close to the conductor in the 

plane of the turn. For these cases we can use Landen’s transformation to calculate the elliptic 

integral K(k) quite accurately with very little computation [90]. Landen’s transformation is as 

  

follows 

K(k, @) = = ; (8) 
| /1—k? sine rr, 1 —k2 sin2é 

where 
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_ 2vk 2h vs (9) 
MTR ~The 

and 

sin(2¢,—-¢)=ksingd , sin(2do—¢,)=kysingd, , .. , (10) 

k<ky<ky<kg<<i1, liMsn=¢ - (11) 

Then 

K(k, ¢) = tee of taf + |] (12) 

By repeating the iteration a few times till k, is sufficiently close to 1, Eq. (12) is used with ¢@ 

replaced by ¢, and the expression under the radical sign is computed with only terms upto 

k,. This method is quite effective and computationally efficient. When computing the field at 

points very close to the conductor, say on its surface, another reasonable assumption that can 

be made is that locally, the magnetic field is very similar to that of a very long straight con- 

ductor, thus having only a tangential component of field B,; given by 

  

where r, is the radius of the conductor. This assumption gets better as the ratio r,/a becomes 

smaller. 

Several methods may be used to compute the magnetic field in solenoids. For points 

close to the conductor, the field may be computed by summing up the field components due 

to each of the N circular turns using the methods described above. This is the case for peak 

field computations and for field calculations to compute the forces and stresses. This method 

is however computationally very inefficient especially when the number of turns N becomes 
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very large, as is the case when f is very close to 0. For example, N=5803 for 6 = 0.1 com- 

pared to N=112 for the LAR coil (8 = 0.9968). 

To compute the field at points away from the conducting surface, stray field computations 

for example, it is not necessary to sum up the contributions from each turn invidually. The 

coil turns that make up the conducting surface may be assumed to be distributed as a con- 

tinuous current sheet with a surface current density of Uj) A/m. Then the field at any point may 

be evaluated by computing numerically a single integral for each component, compared to the 

computation of 2N elliptic integrals in the previous method. As we might expect, this method 

becomes inaccurate the closer we get to the conductor. Consider the current-sheet solenoid 

shown in Figure 6. The magnetic vector potential at point P due to the elemental filament of 

width dz is given by 

  

  

dz ¢” acos ¢d dA, = Hore | eae (14) 
0 Ja + re + (2, ~z)°- 2ar, COs 

The potential due to the complete current sheet is then 

z=L 

Ag = | dA, . (15) 

From B= Vx A, in cylindrical co-ordinates the radial and axial components of the field are 

given by 

1 =@ 
a Ory, (r4Ag) ’ (16) 

0 B= — GT Ay . (17) 
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The variable z can be integrated in the double integral for A, after carrying out the differen- 

tiation in Eq. (16) and Eq. (17). Note that the integration is with respect to the variable z 

whereas the differentiation is wrt the variables z, and r,. Thus 

    

Hoda ™ L—2, 24 1 L-—z,+9, | 
= —_ —_ __ s¢d¢ , 

Br OR l {oo a +m {+7 | — 2% + G2 nos gp 

  B,= boda [ Lde-s } eos odd , 
On 

where 

    

g, =./a? +r? —2ar, cos ¢ + (L —2,)° , g, =./a* +r? — 2ar, cos¢ +2; 

and 

acos ¢ —l, 
  93> 
at + r? — dar, cos 

(18) 

(19) 

(20) 

(21) 

The integrands may appear more complicated than the expressions in the direct method. 

However, it must be noted that only one integral each, needs to be evaluated to compute the 

field components at any point. Any simple numerical integration routine like Simpson’s rule 

may be used to evaluate the integrals. The results of this method were found to be in good 

agreement with those obtained by the direct method. There is no problem with singularities 

as this method is not used for points close to the conducting surface. 
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Inductance and stored energy 

Solenoid 

The magnetic field within a solenoid can be highly non-uniform depending on the geom- 

etry. The magnetic field distribution within the solenoid for two geometries is shown in 

Figure 7 and Figure 8. As the aspect ratio becomes larger ( longer solenoid ) the magnetic 

field becomes more uniform. There are essentially two ways in which the stored energy of a 

solenoid can be computed. The first is by summing the self and mutual inductances of all the 

turns. 

4 N 

2 nF (ms) om) ; (22) 

where L is the self-inductance of each turn and M, is the mutual inductance of the i’th and j’th 

turns. The self-inductance of a circular turn of radius a and conductor radius r, is given by 

= ba _ 7 L = pga tn To ] ' (23) 

where it is assumed that the conductor is non-magnetic ( u, = 1 ) [91]. The mutual inductance 

of two co-axial turns of equal radius a, separated by a distance b is given by 

9 2 
M= “0 (: -+ Ka - ew | ; (24)   
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where k? =e Substituting Eq. (23) and Eq. (24) in Eq. (22), we can compute the stored 

energy of any solenoid. Clearly, the number of computations ( ce N? ) becomes very large 

when the number of turns is large. 

An alternate way to compute the stored energy of the solenoid is to assume a uniform 

current sheet model for the winding and to sum the flux linkages by an integral rather than a 

summation. The vector potential of a solenoidal current sheet was derived earlier. The de- 

rived expression however, cannot be used for computing the vector potential or the magnetic 

field components at points near or on the current sheet. An alternate form of the vector po- 

tential is derived in Appendix A which is is applicable for points near the current sheet as well 

on the current sheet itself. This alternate form on the other hand, cannot be used for points 

far away from the magnet. So the two expressions together can be used to compute the 

vector potential and the magnetic field components at any point for the solenoid. 

Consider the solenoidal current sheet shown in Figure 9. If the surface current density 

of the current sheet is Jp, the vector potential is given by 

oo an+1 

Agi. 8) = uoloa >, Ca( © ) pi .,(cosé) , r<b , (25) 
n=0 

—coty P2,( cos y) 
where Co=—a and Cn = Dnen + Nan +2)" 

cot y => = a, the aspect ratio of the solenoid. For points outside the current sheet and 

r<b, the same expression is valid with Cy now given by Cy =+ (csc y — cot y). 

From Figure Q9it can be seen that 

Let the current sheet be divided into 2M equal segments of width Ax =r. Approxi- 

mating each segment by a current filament with current /, = JAx, the flux Ad linked by this 

filament is given by 

Ag = Jagat =2naA, , (26) 

The total flux linkage J is 
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M M 

d=2) Ad, = dna) Ay. (27) 
i= i= 

Then the stored energy is given by 

M 

B= SLR => a= 2naly > Ay AX) (28) 
i= 

Taking the limit as M— co , Ax > 0 we get 

1/2 

E= 2nav| Ag(xjax , (29) 
0 

where the vector potential is computed at points on the current sheet. Along the current sheet 

the variable x can be replaced by @ with the transformation x =acot@. We can also put 

r siny 

‘b. sin@ 

solenoid of the same dimensions is given by 

in the expression for the vector potential in Eq. (25). The stored energy of an ideal   

2_,2 

Hodona lt ; (30) 

A leakage factor k,(fB) can now be defined as 

0° 

sin y an+1 
41 

n/2 ) on( Ser) P27 4. 4( COS 8) 

~~ _ ~~ 2p n=0 
  

It can be verified that the expression on the right is only a function of the geometric ratio B, 

that is a function of the shape. The associated Legendre functions can be easily evaluated 

by the recursive relationships given in Appendix A. The leakage factor as a function of £ is 
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plotted in Figure 10. The values of k, are found to be exact agreement with the plot of k.(f) 

given in Ref. [92]. 

The stored energy of the solenoid can now be written as 

Us na*l 
Thal) (32) E 

If the leakage factor is tabulated for various values of 8 the above equation represents a 

simple way to calculate the stored energy of the solenoid. Substituting for a and | in terms 

of the design formulas given in the previous chapter we get, 

_ woe? [B 
E 87 1-8 k(B) . (33) 

The stored energy computed by these two methods ( Eq. (22) and Eq. (33) ) is plotted in 

Figure 11. The stored energy is normalized by that of the LAR coil ( 1.0 = 5500 MWh ). It is 

clear that both methods are in good agreement except for very low aspect ratios ( large £ ), 

where the second method is less accurate. This is quite reasonable as the current sheet 

analogy becomes less perfect for short length solenoids. The inductance of the ideal solenoid 

increases monotonically with B whereas the leakage factor decreases with increasing 8. 

Therefore we can expect the stored energy to rise to a maximum and then decrease. The 

maximum stored energy occurs at B = 0.89. At this optimum geometry, which corresponds 

to an aspect ratio of a = 0.35 , the solenoid can store more than twice the energy of the LAR 

coil. 

It can be seen from the magnetic field distribution in Figure 7 and Figure 8that the peak 

field occurs at the ends of the solenoid. The variation of the peak field with geometry for the 

solenoid is plotted in Figure 12. It is clear that the peak field differs substantially from the 

nominal peak field which also represents the actual peak field of all the other magnet struc- 

tures. The LAR geometry has a peak field of about 8.16 T. The shape of the peak field curve 

resembles the stored energy curve with their peaks occurring at approximately the same ge- 

ometry. 
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Toroid 

The inductance of the toroid is given by 

L = poRN7(1—./1-B?) (34) 

Since N/ = 2nJ)(R — a), the stored energy is 

4 

E=> LI? = 2m? yleR*(1 — B)(1—./1- 87). (35) 

Substituting for R from the design formula given in the previous chapter we get 

23/2 = 
gto = a-/1—B?) . (36)   

The normalized stored energy of the toroid is shown in Figure 13. The optimum geometry is 

B = 0.6 where the stored energy is 88 p.c. of the energy of the LAR coil. For low values of 

f the magnetic field is more uniform but the volume of space in which the field exists is less. 

At large values of B the field is less uniform but the volume is more. Since the stored energy 

is proportional to the square of the field magnitude integrated over the volume, the stored 

energy curve is quite flat about its peak value. 

Magnetic field computations in the toroid are greatly simplified due to the symmetry in 

the magnetic field and the current filaments. When we take into consideration the fact that 

there is a finite separation between the turns, it is evident that the region outside the toroid 

is not necessarily of zero magnetic field. However, this field must be very small even at small 

distances away from the conducting surface, as an application of Ampere’s law along circular 

path around the axis of the toroid will show. Thus the field outside the toroid can be ignored. 

Applying Ampere’s Jaw to a circular path of radius R + pcos @ within the toroid, the field 

magnitude is seen to be 
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HoNI —— 37 
2n(R + p Cos @) (37) 

BO) = 

This simple expression for the field anywhere in the toroid makes all the field analysis trac- 

table. The field magnitude has its maximum value for p =a , 8=2 and minimum value for 

p=a,6@=0. Thatis 

UoN/ 

Break = ‘2n(R — a) = Ugo (38) 

Since the parameters N, R and a are varied in such a way as to keep the peak field of the 

toroid equal to the nominal value, a separate computation is not necessary. Thus the peak 

field of the toroid remains constant with any change in geometry as shown in Figure 12. 

Poloid 

A shielding current distribution on the poloid produces a magnetic field that is tangential 

to the conducting surface and zero field within the toroidal surface on which the coil is wound. 

The method for computing the shielding current distribution for the poloid is based on the 

mathematical equivalence with the problem in fluid mechanics of determining the streamlines 

around a toroidal ring placed in the steady flow of an infinite fluid. The computational proce- 

dure is described in Appendix B. Since the magnetic lines of force near the conducting sur- 

face of the shielded poloid are tangential to the surface, application of Ampere’s law shows 

that the magnetic field near the conducting surface is given by B(@) = uJ(@) where J(8) is the 

surface current density at the position @. Thus the magnetic field at any point on the con- 

ducting surface is known once the shielding current distribution is given. The maximum value 

of the current density occurs at @ = 7z, i.e. at the inside edge of the poloid. At this point the 

current density is set to Up so that the peak field is poJp = 6.877, the nominal peak field. The 
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normalized current density for various geometries of the shielded poloid is shown in 

Figure 14. 

The stored energy in a poloid can be calculated by computing the vector potential at any 

point within the toroidal volume. Since the poloidal current flows only in the azimuthal direc- 

tion the vector potential has only an azimuthal component A,. Let (p, @) be the co-ordinates 

of any point within the toroidal volume (p <a). Since B= V x A, by Stoke’s theorem we have 

| Js endS = ja edi. (39) 

Choosing the closed path C to be a circle around the axis of symmetry with radius 

R + pcos @ and passing through the point ( p , @ ) inside the toroidal volume, the line integral 

becomes A,22(R + p cos 8). Now for any closed path inside the toroidal volume and enclosing 

the axis of symmetry, the left hand integral represents the net flux ® linking the poloid. Thus 

D = 2n(R + pcos A)As(p,8) . (40) 

Since this flux links all the turns of the poloid the stored energy can be written as 

Ol, 
E=—Z = a(R + pcos d)Ag(o, O)lr (41) 

where /; represents the total current in the poloid given by 

2n 

r= | J(@)add (42) 
0 

which can be readily computed from the current distribution. To compute the vector potential 

accurately, we choose the point ( p , @) far from the conducting surface, the center of the torus 

for example ( p = 0). The current distribution on the toroidal surface can now be approxi- 

mated by M equally spaced current filaments with a current of J(@)aA@, where A@ =. The 
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vector potential due to a current filament | of radius a at a point with co-ordinates (r,z) in cy- 

lindrical co-ordinates is given by 

2 

Ag(r. 2) = 42 2)" (1 ~~ e00 | (43) 

where ae The contribution from each of the M filaments can be added to ob- 

tain the total vector potential at ( p , @). 

A alternate method for calculating the stored energy of the shielded poloid is derived in 

, ; B? HoJ?(9) ; 
Chapter 8 , which uses the magnetic pressure ( p(8@) On 5 ) and the virtual work 

0 

  

principle. The stored energy by this method can be written as 

. 

E= 2| — p(9)[R cos 6 +a]2x(R+acos@)add . (44) 
0 

The stored energy of the shielded poloid computed by both methods is shown in Figure 15. 

It is clear that both methods are in good agreement. The magnetic pressure method is clearly 

the simpler calculation as it involves only one regular integral whereas the vector potential 

method requires the evaluation of M elliptic integrals. 

A uniform current density for the poloid produces a magnetic field that has a radial as 

well as tangential component at the conductor surface which results in the magnetic lines of 

force penetrating the inside toroidal volume. This makes the magnetic analysis more difficult 

compared to the shielded poloid. The stored energy however, can be calculated accurately 

by adding the self and mutual inductances of all turns as given by Eq. (22). In this case the 

current filaments are all co-axial but not of the same radii. The mutual inductance of two cir- 

cular filaments with current | and radii a and b separated by a distance z is given by 

2u,(ab)'/? 2 
M - | ( -+ xu - cw | ; (45) 
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where k? = Ge For very low £ the formula for the self inductance of a single turn 

given in Eq. (23) can be used to approximate the inductance of the uniform current density 

poloid. But the formula would give incorrect values for the inductance for geometries with 

B >0.1 and cannot therefore be used to determine the stored energy over the full range of 

geometries for the poloid. The stored energy of the uniform current density poloid is shown 

in Figure 16along with the stored energy of the shielded poloid. 

The stored energy curves for the uniform current density poloid is greater than the stored 

energy of the shielding current density poloid, with both having a maximum that is more than 

two times the stored energy of the LAR coil. The peak field curves of the two magnets shown 

in Figure 12 show considerable differences. When the stored energy of the uniform current 

density poloid is adjusted for peak field differences with the shielded poloid as described later, 

both magnets have approximately the same energy storage capability. Since the uniform 

current density poloid does not provide any significant advantage over the shielded poloid, it 

will not be considered further in the analysis. It must be pointed out that for the same ge- 

ometry the two poloids are of different dimensions by the design with constant superconductor 

mass discussed in the last chapter. This is due to the non-uniform current density required 

for the shielded poloid. Therefore it must not be concluded that the current distribution on a 

poloid of a given size does not change the stored energy significantly. In fact it can be shown 

that among all possible current distributions on the poloid, the shielded poloid stores the least 

energy, when peak field effects are ignored [93]. 

Force-reduced magnet 

The toroidal/poloidal force-reduced magnet has a shielding current distribution for the 

poloidal layer. Both layers are designed to have the same peak field which is equal to the 

nominal peak field. The magnetic field distribution ( near the conducting surfaces ) of the 

toroidal and poloidal Jayers is shown in Figure 17. It is clear from the figure that they are by 
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no means equal. It will be shown in Chapter 8 that the two magnetic fields can never be equal 

in magnitude at all points. However the structure requirement is determined by the difference 

in the magnetic pressures and is therefore less than the structure required for the toroid or 

the poloid individually. 

Once the dimensions of the magnet are determined from the design formulas, the stored 

energy computation follows the same procedure used for the toroid and the shielded poloid. 

Using the magnetic pressure method for the stored energy in the poloidal layer, the stored 

energy formulas can be written as 

Ep = 2x glgR'(1 — B(1- 1-87) (48) 

n 

Ep = anor? | — B(B + cos 6)(1 + B cos BJ2(A)d0 (47) 
0 

J(@) ; ae . , , , 
where uJy(8) = is the normalized shielding current density. The integral is only a function 

0 

of the geometric ratio B. The total energy is given by the sum of the energy in the two mag- 

netic fields 

The stored energy of the force-reduced magnet is shown in Figure 18. It must be noted that 

the energy is not the average of that of the toroid and the shielded poloid, for two reasons. 

Firstly, the quantity of superconductor is not equally divided between the two layers due to the 

difference in their current densities. Secondly, the scaling in stored energy is not linear with 

respect to the mass of superconductor. The energy stored in a magnet using M/2 kg of 

superconductor is less than half the stored energy in the same magnet structure using M kg 

of superconductor. The scaling laws are discussed in the next section. For low values of B 

most of the energy is stored in the poloidal magnetic field and for large values of £ the bulk 

of the energy is stored in the toroidal magnetic field. The peak field is shown in Figure 12. 
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Superconductor requirement and scaling laws 

The normalized stored energy for all the magnet structures is shown in Figure 19. The 

peaks of the stored energy curve occur at different geometries for each magnet structure. 

Therefore the dimensions of each magnet at its optimum geometry vary considerably. It is 

clear from the figure that the poloid and the solenoid have the highest energy storage capa- 

bility which is more than two times the maximum for the toroid or the force-reduced magnet. 

The latter have a maximum stored energy about the same as the LAR coil. The variation in 

peak fields for each magnet is shown in Figure 12. The solenoid has a large deviation from 

the nominal peak field which is equal to the peak field for the other structures. It is therefore 

necessary to properly account for this difference in peak fields before a true comparison of the. 

stored energy or superconductor requirements can be made. Either the other magnets must 

be redesigned to have their peak fields increased to that of the solenoid or the solenoid must 

be redesigned to bring its peak field down to the nominal peak field. If this is to be done such 

that the actual current density in the superconductor wire is not changed it will be seen that 

either approach provides the same relative changes in the energy storage capacity. Before 

the correction for peak field can be made, it is necessary to determine the scaling in the 

stored energy with size for all magnets. 

Scaling laws 

The stored energy for all the magnets has the general form 

E=KJsc?KB) (49) 

where K is some constant and f(£) is a function of the geometry alone. In the design approach 

used for all magnets it was pointed out that the constant C represents the surface area of a 
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current sheet with a surface current density of Jp. If the surface current density is fixed then 

the thickness of the current sheet is fixed and the quantity of superconductor is directly pro- 

portional to the constant C. The nominal peak field By is given by By = uo. The maximum 

allowable field in a superconducting magnet is essentially a function of the superconducting 

material used and is not a function of the size of the magnet. Therefore we can assume up to 

be fixed when the size of the magnet is varied. From these arguments we can write Eq. (49) 

as 

E=K.M°""B) , (50) 

where M is the mass of superconductor and K, is another constant. Thus for a given geometry 

of a magnet, the mass of superconductor required is given by 

M=K, E> (51) 

If E is the stored energy with a superconductor mass M, the superconductor mass M, required 

to store an energy of &,, is given by 

E, 2/3 

M=(=) M . (52) 

The advantages of large-scale magnets is clear from the above equation. If the stored energy 

is increased by a factor of 8 then the mass of superconductor required is increased only by 

a factor of 4. Thus the mass of superconductor per kWh stored is decreased by a factor of 2. 

From Eq. (50) we can write 

1 

= KM" ?AB) , (53) 

which shows that the stored energy per unit mass of superconductor is directly proportional 

to ./M , again indicating the economies of scale with increased size of the magnet. 
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Correction for peak field 

Let Bs represent the actual peak field for a given geometry of the solenoid. Now the 

magnetic field is directly proportional to the current in the magnet. If we reduce the current 

  in the solenoid by a factor of 6 = z (6 > 1), the peak field will become equal to the nominal 

peak field. However, when we use a reduced current the quantity of superconductor required 

is also reduced proportionately, provided we use the same actual current density { kA/cm? ) 

in the superconductor wire, which is a reasonable assumption. On the other hand, if we want 

to keep the quantity of superconductor and the actual current density the same, we would get 

a larger dimension for the magnet when the current is reduced. One way to realize the re- 

duced peak field under these conditions is to assume the radius of the conductors in each turn 

to be reduced by a factor of Jé , keep the number of turns the same, increase both the 

spacing between adjacent turns and the radius of the solenoid by the factor Jé and of course 

reduce the current by 6. Computing the peak field of the redesigned solenoid, it was found 

that that the value of 6 actually required to reduce the peak field exactly to the nominal level 

was within 2 - 4 p.c. of the ratio Bs over the full range of geometries of the solenoid. 
By 

Altering the solenoidal design as described above clearly changes its stored energy. The 

volume of the solenoid increases by the factor 6°/* whereas the energy density decreases by 

the factor 6%. Thus the total stored energy is reduced by the factor of J6 . Therefore the 

proper correction for the stored energy of the solenoid is to reduce the energy by a factor of 

[Bs 
By * 

Relative superconductor requirement 

The stored energy of the different magnets with the correction for peak field is shown in 

Figure 20. The best way to determine which magnet structure and geometry should be cho- 
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sen in order to minimize the superconductor cost for a given application, is to determine the 

quantity of superconductor required by each magnet and geometry to store the given quantity 

of energy. So to determine the relative superconductor requirement for the 5500 MWh SMES, 

we choose 5500 MWh as the fixed quantity of stored energy for which the relative quantity of 

superconductor required for each magnet is to be determined. Since we have a correction 

factor in the stored energy of the LAR coil its energy is only 5500 x , [pst = 5046.6 MWh if 

the peak field is to be equal to 6.87 T, like all the other magnets. Assume that the mass of 

superconductor for the LAR coil is 1.0. If yg is the relative stored energy of a given magnet 

and geometry as shown in Figure 19, then the relative superconductor requirement ye is 

computed as 

5046.6 \ 
vo~ ( Ve x 5500 ) : 4) 

The relative conductor requirement computed from this formula is shown in Figure 24where 

the extreme geometries for some structures are not shown for the sake of clarity. The mini- 

mum values for the solenoid, toroid, poloid and force-reduced magnet are 0.66, 1.03, 0.59 and 

1.11 respectively. Clearly, there is a wide variation in the superconductor requirement for 

each magnet structure. The optimum geometry of the solenoid and shielded poloid have 

conductor requirements that are less than the LAR solenoid by 34 p.c. and 41 p.c. respectively 

whereas the optimum geometry of the toroid and the force-reduced magnet require only 3 p.c. 

and 11 p.c. more than the LAR solenoid. If the main cost component was superconductor 

alone, the optimum solenoid and shielded poloid geometries would be the best choices. 

However, there are other factors that contribute significantly to the overall cost. So the right 

choice of magnet structure for a given application cannot be made based on the energy stor- 

age capacity alone. 

Chapter 4 Energy storage capabilty and magnetic field computation 48



Summary and conclusion 

The energy storage capacity for a given quantity of superconductor and the supercon- 

ductor requirements for a given quantity of stored energy were studied for various magnet 

structures. Various methods of computing the magnetic field, inductance and stored energy 

were developed for all the magnet structures. The importance of including the peak field in 

the evaluation of energy storage capacity was illustrated by the examples of the uniform cur- 

rent density poloid and the solenoid. Both structures exhibit relatively large stored energy 

compared to the other structures but also have much higher peak fields. Once the corrections 

for the peak field differences are included the relative quantity of superconductor for each 

magnet can be computed. 

The scaling laws for energy and superconductor requirements were developed and were 

found to be the same for all magnet structures. The stored energy per unit mass of super- 

conductor was found to increase with the size of the magnet indicating the reduction in unit 

cost for large-scale SMES systems. The superconductor requirements for the different magnet 

structures were found to vary widely both from one structure to another and for different ge- 

ometries of the same magnet structure. The shielded poloid was found to have the highest 

stored energy followed by the solenoid, the toroid and the force-reduced magnet. The ge- 

ometry of the LAR solenoid uses about 54 p.c. more superconductor than the optimum 

solenoidal geometry which shows that in the final design other factors like support structure 

requirements and stray field boundaries must also be considered before the right geometry 

for a magnet structure can be chosen. The toroid has only a 3 p.c. greater superconductor 

requirement than the LAR magnet and the force-reduced magnet’s superconductor require- 

ments are also within about 10 p.c. of the final design of the LAR solenoid. This clearly proves 

the important point that it is wrong to exclude or include a particular magnet structure based 

on its energy storage capacity alone as has often been done in the past. Since the super- 
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conductor cost is not the only major cost component, other cost factors must also be studied 

before the right choice of magnet can be made. 
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Figure 6. Current sheet model of the solenoid for far field computations 
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Figure 7. Magnetic field distribution inside the solenoid ( 6 = 0.3 ) 
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Figure 9. Current sheet model of the solenoid for near field computations 
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Figure 11. Solenoid stored energy by discrete turn and current sheet models 

Chapter 4 Energy storage capabilty and magnetic field computation 

0.9 1.0 

56



  15.54 

° 

14.55 

* 

13.5 5 

12.5 - 

11.5 5 

10.5 4 

sO on i 

8.5 4 

PE
AK
 
MA
GN
ET
IC
 

FI
EL
D 

(T
ES
LA
) 

7.55 

a 
vw 

6.54 

5.54   4.5 - 

TOROID,F—RED,POLOID (S) 

SOLENOID 

POLOID (U) 

> > > > > > > > 

   

    

    
} > D> Dp

 

> D>
 

> > > > a
     

0.0 

Figure 12. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

BETA 

A comparison of the peak field variation of various magnet structures 

Chapter 4 Energy storage capabilty and magnetic field computation 

0.9 1.0 

57



  1.0 

0.8 - 

0.6 + 

0.4 - 

N
O
R
M
A
L
I
Z
E
D
 
E
N
E
R
G
Y
 
S
T
O
R
A
G
E
 
CA
PA
CI
TY
 

0.2 -       0.0 ' q q 

0.0 0.2 0.4 0.6 

BETA 

Figure 13. Toroid stored energy 
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Figure 19. A comparison of the stored energy of various magnet structures designed with the 
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Figure 20. Stored energy of various magnet structures corrected for peak field differences 
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Chapter 5 Stray magnetic field boundaries and 

shielding considerations 

Introduction 

SMES magnets that use a solenoidal or poloidal magnet structure have the drawback of 

an external magnetic field being present around the magnet, extending to distances much 

larger than the magnet dimensions. Although the magnitude of the magnetic field at points 

far away drops off as + (dipole approximation), due to the large magnitudes of the magnetic 

fields used in superconducting magnets, the magnetic field magnitudes are still quite large 

at points far away and any engineering design must adequately address this problem. An 

important point that must be established in this regard is the magnetic field magnitude that 

can be considered safe for continuous human and animal exposure [94,95]. The natural 

magnetic field of the earth has an average magnitude of about 0.5 Gauss, varying from 0.67 

G at the magnetic poles to about 0.33 G at the magnetic equator. Magnetic fields from man 

made sources like magnetically levitated transportation systems and medical imaging sys- 

tems, expose humans to magnetic fields of the order of 500 G to 20000 G. 
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With such a wide range in the magnitudes of the magnetic fields considered safe for hu- 

man exposure, the choice of a suitable upper limit for the magnetic field around energy stor- 

age magnets is bound to be a debatable issue. The best course for a magnet designer is to 

follow the guidelines on suitable exposure limits laid down by agencies like the U.S. Depart- 

ment of Energy or accelerator laboratories like the Stanford Linear Accelerator Center. For 

extended and continuous exposure to static magnetic fields, magnitudes of 100 G to 200 G 

have been recommended as safe levels by these agencies [96]. Designers of large-scale 

SMES systems have chosen 10 G as the upper limit for safe exposure [36]. The 10 G limit will 

be used in this study also to evaluate shielding requirements and for shielding design. 

There are three methods suggested for dealing with the external field around the magnet 

[7,8]. The first is isolation of the land around the magnet center, where the magnetic field 

magnitude is greater than the safe level. This leads to a large requirement of land around the 

magnet and clearly limits the location of the SMES system to remote areas where land is 

cheap. The LAR design has a 10 G limit that extends to about 3 km from the center of the 

magnet. The seriousness of the stray magnetic field has been minimized by proposing iso- 

lation as a solution to the problem. Even though a large area of land is required for isolation, 

its cost contributes only a small fraction to the overall cost of the SMES system. Clearly, this 

solution will not work in applications where the SMES system must be located near areas with 

a large population and where the cost of land is very high. For such applications the magnetic 

field boundaries must be limited either by a choice of a different magnet structure like the 

toroidal magnet or by special shielding design that adds to the cost of the SMES system. 

A second method of reducing the stray field boundaries is to use an additional super- 

conducting magnet called a shield coil, around the main magnet. The current in the shield 

coil is opposite in direction to that in the main magnet, so that the magnetic field at a distance 

from the magnet is cancelled by the magnetic field of the shield coil. Perfect cancellation 

cannot occur without the two magnets being identical in size and location, in which case the 

whole idea is self defeating as there would be no energy stored. The shield coil diameter is 

chosen to be larger than the main magnet so that with a smaller current in the shield coil the 
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same magnetic moment (M ce Ninr’) can be obtained with fewer ampere turns than the main 

magnet. A study of the shield coil design for a 10 GWh SMES shows that the shield coil adds 

about 15 p.c. to the cost of the SMES system while reducing the 10 G boundary from 1.5 km 

to 1.2 km [8]. This can hardly be considered a satisfactory solution to the problem considering 

the fact the the shield coil represents another albeit smaller SMES system that must be con- 

structed in addition to the main SMES. Also the shield coil concept still leaves areas of high 

magnetic field, for example the area between the two coils and regions in the immediate 

neighbourhood of the two coils. Thus the shield coil solution even though expensive cannot 

completely solve the stray magnetic field problem. At best it can be used in conjunction with 

the method of isolation to reduce the land requirement by a marginal amount. 

The third and probably only effective way of eliminating the presence of a large stray field 

around the magnet is to completely enclose the magnet in a ferromagnetic shield. Clearly, 

this would not be a feasible solution for large SMES applications as it would add considerably 

to the cost of the overall system as well as pose serious practical difficulties from the con- 

struction point of view. For small-scale SMES applications however, this may be the best way 

to deal with the stray field problem short of the choice of a magnet structure with an 

inherrently zero stray field. Therefore the ferromagnetic shielding design covered in this 

chapter will focus mainly on small SMES designs. 

In the first section the stray field boundaries for the solenoidal, poloidal and force- 

reduced magnets are studied. The relationship between magnet size and stray field bounda- 

ries will also be discussed. Ferromagnetic shielding design is the subject of the following 

section where the relative requirements of shielding material are evaluated for the different 

magnet structures. 
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Stray field boundaries 

Conceptual designs of large-scale solenoidal SMES magnets have the magnets buried to 

some depth underground to utilize the bedrock as warm support for the magnetic forces. 

Burying the magnet below ground level also has the effect of reducing the stray field bound- 

aries at ground level, but only by a small amount. This is because construction difficulties and 

excessive costs preclude the construction of the magnet more than a few tens of meters below 

ground level, which is a small distance compared to the spread of the magnetic field around 

the magnet. The effect of burial depth on the stray field boundary has been studied and found 

to be an unsatisfactory means of reducing the stray field boundaries and land requirements 

[8]. To make a fair comparison, all magnets are assumed buried to the same depth as shown 

in Figure 22. 

Since the 10 G boundaries are quite far from the magnet, magnetic field computations can 

be made based on approximate models for the the current distribution without having a sig- 

nificant impact on the accuracy of the computed values. The current sheet model for the far 

field calculations of the solenoid is an example of an approximate model. At large distances 

from the magnet it makes little difference whether we treat the solenoid as made up of a 

number of discrete current filaments spaced a small distance apart or as a continuous current 

sheet with the same current density. Similarly, for poloidal and force-reduced magnets with 

low geometric ratio £, it is possible to get reasonably accurate estimates for the stray field 

boundaries by lumping the total poloidal current into a single filament at the center of the 

magnet. Even though we are neglecting the fact that there is a non-uniform current distrib- 

ution on the poloidal surface, this does not have a significant impact on the computed values. 

However, for the poloidal and force-reduced magnets in this study, the non-uniform distrib- 

ution of the current was taken into account so that a uniform method can be used to cover the 

full range of geometries. 
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The stray field boundaries for various geometries of the solenoid are shown in 

Figure 23. The origin represents the point where the axis of the solenoid meets the ground 

level. The point at which a particular curve meets the x-axis represents the radial or ground 

level spread of the stray magnetic field and the point where it meets the y-axis represents the 

vertical spread of the field. It is clear from the figure that the stray field boundary for the 

solenoidal SMES structure increases as the aspect ratio decreases ( 8 increases ). The re- 

sults of Chapter 4 show that the energy storage capabilty of the solenoid first increases and 

then decreases with decreasing aspect ratio. However, Figure 23shows that the stray field 

boundaries increase continuously with decreasing aspect ratios, with the result that the low 

aspect ratio solenoid which stores only half the energy of the optimum geometry solenoid has 

a stray field boundary that is nearly twice that of the optimum geometry. This means that the 

area of land required for isolation is about four times more { land area oc r*) for the LAR 

solenoid. Thus, even though the stray field characteristics as well as energy storage capa- 

bility are not the best for a LAR geometry it has been the choice for a large-scale SMES sys- 

tem. For the solenoidal magnet, this implies that the choice of a low aspect ratio is dictated 

by the magnetic forces and structure requirements. This emphasizes the point that the choice 

of a magnet structure for a SMES application must be based on a proper consideration of all 

the important factors contributing to the overall cost. 

The stray field boundaries for the shielded poloid are shown in Figure 24. For low values 

of B the poloid’s far field characteristics are similar to that of low aspect ratio solenoids. The 

maximum stray field boundary occurs for low values of 8. The stray field boundaries for the 

force-reduced magnet are shown in Figure 25. Compared to the solenoid and the poloid the 

force-reduced magnet has considerably smaller stray field boundraries. This is due to the fact 

that only the poloidal layer which uses only part of the total superconductor material can 

contribute to the external field. The stray field boundaries for the optimum geometry for 

stored energy of the three magnet structures is shown in Figure 26. It can be seen that the 

shielded poloid and the solenoid which have similar energy storage capability have practically 

the same stray field boundaries whereas the force-reduced magnet has a much smaller stray 
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field boundary. In terms of land requirement the solenoid and the poloid need more than twice 

as much as the force-reduced design. Constructing a SMES system in areas where there is 

limited availability of land may thus preclude the choice of a solenoidal or a poloidal structure 

even though they have better energy storage capability. All the structures have stray field 

boundaries along the vertical direction at least to the same distance as in the horizontal di- 

rection. While it is possible to limit access on the ground by means of a fence, the environ- 

mental implications of intense aerial magnetic field are difficult issues. One way to reduce the 

aerial field is to bury the magnet at a greater depth, but this would not be economical for most 

applications. 

The scaling in the stray field boundary is shown in Figure 27 and Figure 28which show 

the change in the stray field boundaries for magnets that are double the size and half the size 

respectively of the magnets in Figure 26. Here the doubling and halving is with reference to 

the mass of superconductor and not the actual physical dimensions of the magnet. As was 

pointed out in Chapter 3 this can be achieved by replacing the constant C by 2C or C/2 in the 

design formulas. Low aspect ratio solenoids as well as low geometric ratio poloids can be 

approximated by a single filament of current for fields computed far away from the magnet. 

The magnetic field along the axis of the circular filament of current is given by 

B.= yolR® ~ Hol = ~ for z>>R , [1] 
* 2(R? +27)9/? 228 
  

where R is the radius of the coil and z is the axial distance from midplane of the coil. Thus 

the axial distance for a given field magnitude By is given by 

2 1/3 

_| HolR 9 
20> 2By | ‘ [ ] 

When the mass of superconductor is raised from M to 2M, the radius of the coil for the same 

  

geometric ratio is increased only to R/2. If we have a solenoid, its length is increased from 

L to L/2. With a constant surface current density Up, this implies that the total current in the 
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solenoid increases to 1/2. Substituting these values for the current and radius in Eq. (2), we 

see that the axial distance for the same field magnitude By is given by 2’ = 2/2 . The vertical 

boundary of the 10 G field for the solenoids with mass M and 2M are 1720 m and 2440 m as 

shown in Figure 26 and Figure 27. Applying the approximate scaling law derived, we get 

1720/2 = 2432 m, which is in good agreement with the computed value. The computed value 

for mass M/2 is 1215 m, from which we get 1215,/2 = 1718 m which is very close to the com- 

puted value of 1720 m. 

The approximation in Eq. (1) is equivalent to treating the magnetic field as a dipole field 

at large distances from the magnet. Increasing the mass by a factor 6 increases the dipole 

moment by the factor 6’ resulting in the stray field boundary increasing by the factor 6‘. 

Assuming the burial depth of the magnet to be small compared to the radial spread of the 

magnetic field, we can approximate the radial distance at ground level by the radial distance 

from the dipole to a point at ground level, provided the point is far away from the axis of the 

dipole. Since the dipole field is again oc + we can expect a similar scaling law for the 

horizontal boundary of the stray magnetic field. From Figure 26, Figure 27 and Figure 28the 

horizontal boundaries for the solenoid are 1005, 1420 and 2010 m corresponding to supercon- 

ductor masses of M/2, M and 2M respectively. Checking the scaling law we get 

1005,/2° = 1421 and 1420,/2° = 2008 which is in good agreement with the computed values. 

Since the land requirement is proportional to the square of the horizontal stray field 

boundary, doubling the mass of superconductor doubles the land area required for isolation. 

But we saw from Chapter 4 that doubling the mass of superconductor increases the stored 

energy by the factor 2/2. From this we can conclude that in general when the stored energy 

is increased by a factor 6 the land required per kWh stored, decreases by the factor Jé. Thus 

the land requirement for isolation of the stray magnetic field of SMES magnets has the same 

economy of scale as the quantity of superconductor. 
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Ferromagnetic shielding 

The shielding effect of ferromagnetic materials is a well known phenomenon which is 

used in many applications to either shield a given volume from an external magnetic field or 

to shield an external volume from magnetic fields originating within a given region. The 

shielding effect arises from the rearrangement of the magnetic lines of force in the presence 

of magnetic materials of high permeability. The solenoid, poloid and the force-reduced mag- 

net all have a narrow range of geometries within which both the stored energy and the support 

structure requirements are optimized. For the solenoid this range is 0.9 < 6 <1 and for the 

poloid and force-reduced magnets it is 0 < 6 < 0.2. In this narrow range of geometries we can 

reasonably approximate the magnets by a single filament of current having the same radius 

as the magnet, for computing the magnetic field at points not very close to the magnet. A 

spherical shield of uniform thickness is used as the model to estimate the shielding require- 

ments. 

A simpler model than the circular filament within the spherical shell is obtained by as- 

suming a dipole field for the magnetic field of the magnet. Clearly, this is an approximation 

that cannot be used for representing the magnetic field at points relatively close to the mag- 

net, although it was a good approximation for the field at points far away as was shown in the 

previous section. This simpler model is used to illustrate the basic mathematical steps in- 

volved in the design of magnetic shields and to highlight some general design and optimiza- 

tion aspects which will be useful in analyzing the actual model used for estimating the 

Shielding requirements. 

Chapter 5 Stray magnetic field boundaries and shielding considerations 74



Dipole inside spherical shell 

The basic problem of determining magnetic fields in the presence of magnetic materials 

of high permeability is one of solving Laplace’s equation V*¢ = 0 for the scalar magnetic po- 

tential ¢ with the appropriate boundary conditions at the boundaries of the magnetic material 

and air. In regions where the current density is zero, Maxwell’s equations for magnetostatic 

fields are given by 

VxH=0 , V-B=0 , [3] 

where B = youz,-H and yp, is the relative permeability of the medium. For isotropic materials 

with linear magnetisation curves pu = pou, is a piece-wise constant function (it changes values 

at the boundary of two materials). Thus V-B=0 implies Ve-H=0. Since V x H=0O, we can 

write H = — V¢, where ¢ is a scalar function of position. Thus we can write V-(— Vd) =0, 

or 

Vg=0 . [4] 

The magnetic boundary conditions are 

Br = Bre Ay =He . [5] 

where the subscripts n and t refer to the normal and tangential components of the vectors B 

and H at the boundary of two regions (with different values for jy). 

The dipole within a spherical shell model is shown in Figure 29. The regions 0, 1 and 2 

are defined as shown in the figure, where 1 represents the shielding shell and regions 0 and 

2 can be assumed to be air ( 1 =p). In spherical co-ordinates ( r, 6, wy ), Laplace’s equation 

can be solved by separation of variables. The general solution is given by 

@ =[Ayr? + Aor &* PA cos@) ,p=1,2,... [6] 
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Considering only the first spherical harmonic with p=1 and P,(cos@)=cos@. The scalar 

potential now has the following form in each of the three regions 0,1 and 2. 

A, cos 8 
$9=— > > Ry 

r 

A3 b,=|Agt+— ]cos@ ,Ro<r<R, , [7] 
r 

y= (Ayr+tt ) cose r<Ro 
r 

where — M is the dipole moment at the center of the spherical shell and Aj, ..., A, are con- 

stants to be determined from the boundary conditions [97]. The boundary conditions can be 

  

written as 

oo = 4 

A Og, at r=R, [8] 
ar." ar 

and 

$4 = $2 
0d, _ Odo at r=R, [9] 

Yr or ar 

These conditions lead to the following linear system of equations for the constants 

1[R2  -R, = — 4R? 0 IIA, 0 
3 —2/R} —u, WIR? 0 |/A, 0 

2 ~ 2 [10] 0 Ro 4/R2 — Rp || Ag MIRS 

0 Hr _ 2u,/R5 — Hr || Ag ~ 2MIR3 

Solving this system we get the value of A, as 
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3 

A, = SRM [11] 1 — . 

(2+ u,)(1 + 2u,)R? — 2RZ(1 — w,)* 

The radial component H, at@=0 , r=R, (just outside the shell along the dipole axis) is 

H,=-—-=—— . [12] 

Without the shield the field component at the same point is 

Hwes = — 2 [13] 
R; 

Taking the ratio of the field magnitude without the shield and with the shield we can define the 

shielding factor S as 

3 

Ro 2 
wos (2+ H,)(1 + 2uUr) —2 R (1— Hr) 

H, 1 
S= = ; 14 i 7” [14]     

The maximum value for the shielding factor with a given material occurs when R, = 0. 

(2 + u,)(1 + 2u,) an [15] Smax = 

For example, with a material with a relative permeability of 2000, the maximum shielding fac- 

tor is 445. 

If the outer radius of the shell R, is given, then the magnetic field B without the shield, 

at the distance R,, can be computed by any suitable method. If By is the desired magnetic field 

magnitude outside the shield, the required shielding factor S is = Substituting in Eq. (14) 

we can then calculate R2, after checking to see that the desired shielding factor S is less than 

Smax. Then the volume of the shielding material can be computed as 
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4nRy 
vet (1-2) [16] 

where 2 is the ratio a As the distance R, is increased, the shielding factor required de- 

creases, if the desired field magnitude outside the shield By is fixed. Then from Eq. (14) we 

can see thai the ratio 4 should increase. Clearly, Ri < Rimax Where Ri max is the distance where 

the field magnitude is already B, without the shield and the shielding factor in this case is 1 

corresponding to a value of A = 1, which means that the volume of shield material required 

is zero. On the lower side the limit is Rimin, which is the distance where the field magnitude 

without the shield is B = BoSmex. Thus for Ramin < Ri < Rimex the ratio A varies from 0 to 1. 

From Eq. (14) and Eq. (15) we can write the volume of shielding material as 

3 
4nxR,(S — 1 ya TRS = 1) = 17 
3(Smax — 1) [ j 

Since S = -B_ and B= Ss V can be written as 
By R? , 

4nK [ 1 | 
V = — 1 - . 18 

3Bo(Smax ™~ 1) Ss [ ] 

Thus as A; is increased from Rimin tO Rims, the volume of shielding material V decreases 

4nR} 

3 

the shield should be placed as far away from the magnet as possible. These general obser- 

  monotonically from to zero. So if we want to minimize the quantity of shielding material 

vations are made based on the assumption of a dipole field, but will be found to be valid for 

more accurate models also as long as the shield is not located very close to the magnet. 
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Circular filament inside spherical shell 

The schematic diagram of the filament in a spherical shell model is shown in Figure 30. 

The vector potential at any point has only an azimuthal component. For the region outside the 

spherical shell {rb ), the azimuthal component of the vector potential is given by [98] 

A. = Hou (4n +3)°P on + 4(0) 
"9 (2n + 1)(2n+2) ~ 

n=0 [19] 

(rolr)?" + *P on +4( cos 6) 

[(2n + 1)u, + (2n + 2)][(2n + 2)u, + (2n + 1)] — (a/b)*” + F(2n + 1)(2n + 2)(u, ~ 1)? 
  

Approximating A, by the first three terms in the series, we have 

_Kosind | Ky(t=5 cos“6) sin 8 Ka cos“@ — 26 cos’@ + 1) sin 8 
  

  

  

= 20 
o r2 r4 re [20] 

where 

Ko= Snourlfa [24] 
A[ (uy + 2)(2up + 1) — 2(a/b)*(u, — 1)°] 

4 

16[(3u, + 4)(4u, + 3) — 12(a/b)' (u, — 1)°] 

6 
K 1815youAlro [23] 
  2 = 

128[(5u, + 6)(6u, + 5) — 30(a/b)""(u, — 1)°] 

In spherical co-ordinates the magnetic field components are 
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cos 6A, 4 OA, 
By=(VxA)-=—T9 +r o9, ' [24] 

—A OA ¢ g By =(V xA)g=——- > [25] 

Taking the appropriate derivatives of the expression in Eq. (20), the radial component of the 

magnetic field at (r=b, @ = 0) is given by 

B,=—~-—~ -—2 . [26] 

Let the outer radius of the shield b and the desired value of the magnetic field outside the 

shield By, be given. Then we can substitute By on the left side of Eq. (26) and solve for the ratio 

A= a/b, from which the volume of the shielding material can be computed by Eq. (16) with 

R,=b. 

The data for a small SMES magnet is given in Table 3 [44]. The aspect ratio of the 

solenoidal magnet is a = 0.4 corresponding to the geometric ratio 8 = 0.89. The magnetic field 

of the magnet is approximated by a circular filament of radius 1.53 m carrying the total current 

!=920 x 4.9 = 4508 kA. The stray field boundaries of the magnet and the filament approxi- 

mation are shown in Figure 31and Figure 32 respectively. It is clear from the two figures that 

the filament approximation is a good one for points not too close to the magnet. 

Choosing the desired outside field magnitude as 10 G , the outer radius of the shield as 

5.0 m and a relative permeability of 2000 for the shield material, we can solve for the ratio A. 

Since we have chosen three terms in the series representation we no longer have a simple 

equation to directly solve for 4 and must use some numerical method. The solution is found 

to be A = 0.961 corresponding to an inner radius of a = 4.806 m for the shield and a volume 

of 58.59 m°. Using only the first term of the series which, is equivalent to the dipole field ap- 

proximation, we get the value of A = 0.96 and the volume of 61.37 m°, which is within 5 p.c. 

of the volume computed by the filament model. The distance at which the magnetic field drops 
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off to 10 G without any shielding is 18.7 m. With a density of 7.8 x 10° kG/m§ for iron, reducing 

the 10 G boundary from 18.7 m to 5 m requires about 460 metric tonnes of shielding material. 

Therefore using ferromagnetic shielding can add enormously to the cost while reducing the 

stray field over a relatively small volume. Moving the outer radius of the shield to 10 m, the 

quantity of shielding material is found to be about 415 tonnes, which is not a significant re- 

duction. The dipole approximation is found to give estimates that are reasonably accurate 

and can be used to determine initial estimates for 4 and the quantity of shielding material. 

Multiple shells 

The shielding factor S given in Eq. (14) can be written in the alternate form 

3 
2 2 Ro 

S$=1+——(u,-—1)°(1-—) . 27 9u, (u, ) ( R? ) [ ] 

Let R; = R.+t where t is the thickness of the shell. Then 

R? 

when ¢/R, is very small. Also with u,>> 1, the shielding factor can be approximated by 

2u,t 
3R, [29] 
  Sa1+ 

Consider the two shell model shown in Figure 33with the outer radius of each shell being R, 

and R, and ¢, and f, their thicknesses respectively. Then the combined shielding factor can 

be given by [99] 

2 2 2 2 R? a + wee + rk x Uta x (1-2 , 

1 2  93R, 3Ro R? 
    So=it+ [30] 
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If the two shells are close together ( Ri~R, ) then the effect of the multiple shells is additive. 

However, when (R2/R;)?< <1 the effect of the two shells is multiplicative. As an example, let 

t, =t,=t, R;=5 m and Rz= 2.5m, so that (R2/R,)? = 0.125. At a distance of 5 m, the magnetic 

field without the shield is 463.8 G, requiring a shielding factor of Sc = 46.38. Substitution in 

Eq. (30) gives a quadratic in the thickness t which is solved to give t = 1.62 cm, which gives 

a total volume for the shield of 6.34 m3, a reduction by a factor of 10 compared to a single shell. 

The use of more than two shells should reduce the shielding requirement to even lower levels. 

As the thickness of the shield reduces, it is necessary to check for saturation in the layers 

close to the magnet. 

Scaling of shielding requirement 

It was pointed out earlier that when the quantity of superconductor is increased by the 

factor 6 the stray field boundary is increased by Jé. We will assume that the relative distance 

of the shield from the magnet is kept the same. Since the dimensions of the magnet as well 

as the total current also increase by the factor Jé, the shielding factor at the new distance 

of Rif6- remains the same. Thus from Eq. (17) we can conclude that the volume of shield 

material increases by the factor 6°/*, which is also the factor by which the stored energy of the 

magnet is increased. Thus the quantity of shielding material per unit of stored energy does 

not change as the size of the magnet changes. This is in contrast to the decrease in land 

requirement per kWh of stored energy found earlier. It is easily explained by the fact that the 

shielding requirement is proportional to the volume of the stray field whereas the land re- 

quirement is proportional to the area of the stray field, the former being proportional to R? 

whereas the latter is proportional to R#. 
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Summary and conclusion 

The stray magnetic field of solenoidal, poloidal and force-reduced magnets require either 

isolation with a large area of land for large-scale SMES applications or some manner of 

shielding of the external magnetic field for smaller applications. While land can be obtained 

at relatively low cost when the SMES unit is located in unpopulated areas, this method of 

dealing with the stray magnetic field clearly limits the location of the magnet to sites where 

land is cheap and available. For a large-scale application where the magnet must be located 

close to populated areas, either some form of shielding or a toroidal magnet structure with 

no stray field must be used. In order to evaluate the relative cost of using different magnet 

structures for a given application, it is therefore necessary to determine the stray field 

boundaries and shielding requirements for all magnet structures with an external magnetic 

field. 

The stray field boundaries and their scaling with the size of the magnet were studied for 

the solenoid, poloid and force-reduced magnet. Burial of the magnet and the use of shield 

coils are ineffective alternatives compared to isolation by providing a large area of land 

around the magnet. The solenoid and the poloid which store roughly the same energy, were 

found to have four times the land requirement of the force-reduced magnet, which stores only 

half as much energy. Low aspect ratio solenoids have very high stray field boundaries while 

storing only half the maximum possible energy. As the size of the magnet becomes larger, 

all structures have reduced land requirements which have the same scaling law as the 

quantity of superconductor. 

The design of spherical shields was described with the example of a small solenoidal 

SMES magnet. Two models for computing the shielding requirements were used and the 

simpler dipole field model was found to give reasonably good estimates as well as insights 

regarding the minimization of shielding requirements and scaling characteristics. The use of 

multiple layers for the shield was shown to reduce the shielding requirement significantly. 

Chapter 5 Stray magnetic field boundaries and shielding considerations 83



Shielding requirements were found to decrease with the distance of the shield from the mag- 

net. However, the shielding requirements, which were found to scale linearly with stored en- 

ergy, can add significantly to the cost of the magnet even with the use of multiple layers. Due 

to the linear scaling with stored energy as well as practical difficulties in construction, 

shielding using ferromagnetic materials is feasible only for smail SMES magnets. 

Chapter 5 Stray magnetic field boundaries and shielding considerations 84



Table 3. 30 MJ magnet data. 

  

Stored energy 30 MJ ( 8.33 kWh ) 

  

  

  

  

  

  

Length of Coil (I) 1.21m 

Mean radius (a) 4.53 m 

Number of Turns (N) 920 

Radial thickness 0.33 m 

Number of layers 23 

Conductor Current (I) 4900 A 

    Aspect Ratio   0.395 (B =0.89)   
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Figure 22. Solenoidal and poloidal magnet locations for stray field computations 
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Figure 23. Stray magnetic field generated by solenoid structures of various geometries 
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Figure 24. Stray magnetic field generated by poloidal structures of various geometries 
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Figure 25. Stray magnetic field generated by force-reduced structures of various geometries 
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Figure 28. A comparison of the stray magnetic field generated by various structures at their op- 

timum geometries (mass = 2M) 
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Figure 29. Dipole field inside spherical shell model for shielding design 
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Figure 30. Circular filament inside spherical shell model for shielding design 
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Figure 31. Stray field boundaries of the 30 MJ solenoidal SMES magnet 
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Figure 32. Stray field boundaries of the 30 MJ solenoidal SMES magnet by the circular filament 
approximation 
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Figure 33. Multiple shell design to reduce shielding requirements 
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Chapter 6 Magnetic Forces and Support Structure 

Requirements 

Introduction 

The high current densities and magnetic field strengths used in SMES magnets produce 

very large Lorentz forces whose magnitude per unit volume is given by F=JxB. The mag- 

netic forces must be contained by external support structure since the strength of the super- 

conductor is not sufficient to withstand these forces. Elastic forces in the support structure 

balance the magnetic forces. Sufficient quantities of the support structure material must be 

used so that the elastic stresses everywhere are below or equal to an allowable working 

stress for the material. The cost of support structure is a major component of the overall cost 

of the SMES system. 

The objective of this chapter is to study the distribution of stresses caused by the mag- 

netic forces so that the quantity of support structure required for various magnet designs can 

be estimated and compared. The mechanical stresses generated in an actual magnet depend 

on the details of the structural design used and would require a detailed analysis along with 

Chapter 6 Magnetic Forces and Support Structure Requirements 98



extensive computations using special techniques like the finite element method. However, it 

is not necessary to resort to such a detailed stress analysis when the primary objective is to 

study the impact of magnet shape and magnet geometry on the overall structural requirement. 

It is possible to arrive at reasonably accurate estimates of the quantity of support structure 

with relatively simpler models that reflect accurately the major characteristics of the actual 

stress distributions. 

A force bearing shell model for the support structure is used to analyse the stress dis- 

tributions of the various magnet designs. The thickness of the force bearing shell is much 

smaller than the other major dimensions which makes it reasonable to assume a primarily 

biaxial state of stress in the plane of the shell, which is uniform through the thickness of the 

shell. The shell structure for the solenoidal magnet is shown in Figure 48. The directions of 

the principal stresses in the support structure and the directions of the magnetic forces are 

as shown in the figure. The forces transmitted to the force bearing shell from the winding 

can be approximated by a ‘magnetic pressure’ which like its mechanical counterpart, acts 

normal to the magnet surface. The closer the conducting surface gets to a current sheet 

(closer spacing between adjacent turns of the winding), the better is the approximation of the 

magnetic pressure. In the case of the solenoid, an axial force is also present which arises 

from the radial component of the magnetic field. For the toroidal and poloidal magnets the 

magnetic forces are well approximated by a normal magnetic pressure. The stresses in the 

shell structure are similar to the stresses caused in thin walled pressure vessels with the 

difference that the pressure is not uniform at all points of the shell surface. 

The biaxial stresses in thin shells are related to the normal pressure by the expression 

[100] 

Co o 1 2 _ S . (1) 

where r; and r, are the radii of curvature of the shell surface in the direction of the stresses 

and ¢ is the thickness of the shell. If one of the stresses is known then the other may be 
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readily computed from Eq. (1). Typically, one of the stresses is easily computable by equilib- 

rium considerations of suitable sections of the shell and the second stress is obtained from 

Eq. (1). The actual method of computation for each magnet structure will be described in the 

corresponding section. When computing the magnitudes of the stress components, a constant 

thickness of the shell is assumed everywhere (1 m in this case). Since the stresses are as- 

sumed uniform along the thickness of the support shell, it may be easily shown that the stress 

magnitudes at any point are directly proportional to the thickness of the shell at that point. 

Once the stress magnitudes are known for a given thickness, it is then possible to compute 

the actual thickness required in order to keep the magnitudes below or equal to a fixed mag- 

nitude which will be referred to as the allowable stress. From the dimensions of the magnet 

and the density of the structural material, we can compute the mass of structure required. 

With the exception of the force-reduced magnet, there are primarily two components of 

stress in the force bearing shell. Even in the case of the force-reduced magnet the third 

component which is a compressive stress normal to the shell surface is much smaller in 

magnitude compared to the other two components and may be ignored in the calculation of 

the thickness of the shell. The primary components which act in the plane of the shell will 

therefore determine the thickness of the shell. When a structural member is subjected to a 

uniaxial state of stress the cross-sectional area of the structure may be chosen to make the 

stress equal to the allowable stress. We obtain the same mass of structure regardless of 

whether the stress is compressive or tensile. However, when a multiaxial state of stress is 

present, the relative magnitudes as well as the signs for the stress components must be taken 

into consideration in determining how much thickness (cross-sectional area) is required for 

the shell. A suitable failure criterion along with a factor of safety must be chosen to determine 

the correct thickness required. 

A commonly used approach in estimating the mass of support structure required, is to 

assume that a separate structural member is used for each component of stress in which case 

the the uniaxial stress assumptions are valid and it makes no difference whether the stresses 

are tensile, compressive or both, one gets the same mass of structure required. While a 
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conservative estimate of the mass of structure is obtained, this approach suffers from the 

disadvantage that it neglects the savings in structure possible in some magnets with a 

favourable distribution of stress components, from the structural point of view. Moreover, with 

this approach one is left in the dark as to what the real requirements for structure will be since 

it is not physically possible to isolate the various components of stress and design separate 

structures for each component. A practical structural support will necessarily be designed for 

a multiaxial state of stress and therefore the assumption of uniaxial support structure is only 

of limited value and is used primarily because it makes simple estimates possibile in theore- 

tical analysis like the virial theorem. Since, our primary objective is to study the relative 

structural requirements for various magnet configurations the assumption of uniaxial struc- 

tural support is therefore unsuitable and a more practical design approach must be employed. 

For structural design of multiaxial stresses the commonly used failure criteria are the 

maximum shear stress criterion and the maximum distortion energy or the von Mises criterion 

[100]. For biaxial plane stresses the maximum shear stress criterion is given by 

lo,;|<oy , |loag|<oy_ , (2) 

when the stresses have the same sign and 

|o4—og|<oy , (3) 

when they are of opposite signs. Here oy is the yield stress for the material. The allowable 

stress may be chosen by dividing the yield stress by a suitable factor of safety and the thick- 

ness of the shell may be chosen such that Eq. (2) or Eq. (3) become an equality with the right 

hand side being replaced by the allowable stress. The von Mises criterion is given by 

61 — 0,0, + 04<0% . (4) 

If o, and o2 represent the stresses computed for unit thickness and the allowable stress is 

o =—t where n is the factor of safety then the thickness of the support shell with the von 

Mises criterion is given by 
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2 2 
,/04— 01,05 +06 

fei ven (5) 
oa 

When the stresses are of opposite signs, as is the case for all magnets except the force- 

reduced magnet, the thickness with the maximum shear stress criterion is given by 

|o, — a | lo, | | 5 | 
o => +7? : (6) 

j 

  t= 

In this case the mass of structure estimated would be equal to the mass estimated by the 

assumption of uniaxial stresses. It is seen from Eq. (5) and Eq.(6) that the maximum shear 

stress criterion gives a more conservative estimate of the mass of structure than the von 

Mises criterion. The estimates of support structure with all three criteria will be provided for 

the sake of comparison but for future computations the mass obtained with the von Mises 

criterion will be used. 

One way to check the accuracy of the stress computations is provided by the virial theo- 

rem which is discussed in detail in the next chapter. The theorem may be written as 

E=|(o, +6) aV , (7) 
V 

where E is the total stored magnetic energy and the volume integral is taken over the volume 

of the support shell. Computing the integral on the right from the stress components and 

comparing the result with the stored energy, provides a good check of the accuracy of the 

stress calculations. For all the magnet designs, the stress components are found to satisfy 

Eq. (7) very well. 
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Stress Distributions and Structure Requirements 

Solenoid 

The magnetic forces in a solenoidal magnet are shown in Figure 34. The forces and 

stresses are symmetrical in either half of the length of the solenoid, therefore only the stress 

distribution for half the length needs to be computed. In a finite length solenoid, the magnetic 

field on the outside of the cylindrical conducting surface is not zero (as is the case for an ideal 

solenoid of infinite length), but is always smaller in magnitude than the magnetic field on the 

inner side. Therefore there is a net outward magnetic pressure that depends on the magni- 

tudes of the inner and outer fields. This outward pressure is balanced by hoop stresses (a¢) 

in the force bearing shell which may be easily computed from Eq. (1) if the magnetic pressure 

is Known. Since the radius of curvature along the axial direction is infinite, Eq. (1) gives 

<P (8) 6g = t ’ 

where a is the radius of the solenoid. The radial component of the magnetic field, which is 

maximum at the ends of the solenoid and reduces to zero at the middle, gives rise to a similar 

distribution of axial magnetic forces. If a section of the shell normal to the axis of the solenoid 

is considered, the compressive stress in that section multiplied by the cross-sectional area 

must be equal to the sum of all the axial forces from the end upto that section. Therefore, the 

axial stresses in the force bearing shell will increase in magnitude from zero to its maximum 

value from the ends of the solenoid -to its midplane. 

Thus the two componets of stress in the solenoid can be computed from knowledge of the 

magnetic field components on the inner and outer surface of the conducting sheet. However, 

due to the inverse square dependence on distance of the laws for determining the magnetic 
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field of the conducting sheet, direct computation of these components becomes difficult and 

other indirect methods must be used. Sometimes the symmetry of the magnetic field can be 

exploited to determine the field magnitude at points arbitrarily close to the conductors or even 

within the conductor. Since such symmetry is not present in any finite length solenoid, suit- 

able indirect methods must be used. 

In order to compute the stored energy or inductance of a finite length solenoid it is useful 

to model the conductors as a current sheet as discussed in Chapter 4. While this approach 

can be extended to the computation of magnetic forces in the solenoid it will be shown here 

that the current sheet idealization suffers from a inherrent limitation which prevents us from 

obtaining accurate values for the magnetic forces and stresses. The expression for the vector 

potential of the finite length current sheet solenoid is derived in Appendix A. Once the vector 

potential is known the magnetic field components are readily obtained by differentiation (tak- 

ing the curl). The field components in cylindrical coordinates are given by 

  

B,=0 , 

0A 

ar ae (9) 
O(rA,) 1 $ 

Be Tar 

Carrying out the differentiation the components of the field can be written as 

oo r 2" 
B, = ugly siny > Cyl | x 

n=z=0 

BP on + 4( COS @) (10) 
|= 2n+ 1Ply «(0s 8) cos 6 + sin 8 5B 

and 

Chapter 6 Magnetic Forces and Support Structure Requirements 104



ec ren 
B,= ugly siny » Cal | x 

n=0 

OP5,, + 4( COS 8) 
{Pha @)[ sin 6 — (2n + 1) cos 9] + cos @ "7 (11) 

where r and @ are the polar co-ordinate variables. The above expressions can be used to 

compute the field components on the inner and outer surface of the current sheet (same po- 

sition variables but different values for the constant C,). In a finite length solenoid the field 

magnitude on the outer side of the conducting surface is never zero and for low aspect ratio 

solenoids it is almost equal in magnitude to the field on the inner side. The net force on the 

conductor will be proportional to the average field Stee, whose magnitude is equal to half 

the difference in magnitudes of the inside and outside field components because they are 

opposite in direction. Therefore the field components must be determined very accurately on 

both sides of the conductor to obtain the correct values for the forces. However, the magni- 

tudes of the field components at points close to the current sheet obtained from Eq. (10) and 

Eq. (11) do not give the correct values, which may be computed by other more direct methods. 

The current sheet model gives the correct field values only for very long solenoids (8 small). 

Therefore the current sheet model is unsuitable to compute the forces and stresses for 

solenoids for the full range of geometries. 

Consider the forces acting on the turn k shown in Figure 35. The field components at any 

point within or near the conductor is the sum of the contributions from all the other turns and 

the field components from the current in the turn k. If the turn k is located by itself it experi- 

ences no axial forces and the only force present is the radial force which gives rise to the hoop 

or tangential stress og. Thus in computing the axial force on the turn k, only the radial com- 

ponent of the field from all the other turns needs to be summed. This radial component can 

be expected to be almost constant throughout the cross-section of the turn k since the radius 

of the conductor is much smaller than the distance from the other turns. Therefore the radial 
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component of the field at turn k can be computed at the center of the conductor. The radial 

component of the field is determined from the expression for the field of circular current fila- 

ments in terms of elliptic integrals, given in Chapter 4. The axial force per unit length on turn 

k is then Fy, =B,/, where |, is the current in that turn. This axial force is transmitted to the 

force bearing shell at the turn k. In considering the equilibrium of the section of the solenoid 

from the end upto turn k it is clear that an axial compressive stress must balance the sum of 

the axial forces from the end of the solenoid upto and including turn k. In the space between 

turns the stress can be assumed constant. When a large number of turns are involved this 

method becomes computationally inefficient. For such cases we can assume the radial com- 

ponent to be constant over blocks of turns and multiply the force on one turn by the number 

of turns in each block to obtain the contribution from the block. 

In computing the radial force at turn k, the field contribution from turn k is a significant 

one and must therefore be computed accurately. We can assume all the current in the turn 

to be concentrated in a filament through the center of the conductor and compute the axial 

field at the inner and outer points of the conductor at radii a-r,.anda+r, respectively, where 

a is the radius of the solenoid and r, is the radius of the conductor. The contributions from 

all the other turns to the axial field at these two points is added to the component from turn 

k to get the total field. We can assume the axial field to vary linearly through the cross-section 

of the conductor. Then the radial force per unit length on turn k is given by F,, = Bat Phy, 

Now the radial force is present only at discrete points on the force bearing shell. These dis- 

Fix + Fiat 

2S. 

the spacing between adjacent turns. Substituting this average pressure in Eq. (8) gives the 

crete forces give rise to an average outward pressure given by p, = , where S is 

hoop or tangential stress in the support shell at the turn k. 

In order to study the variation in the magnitudes of the two stress components with ge- 

ometry, a constant thickness of unity was assumed for the support shell. The stress distrib- 

utions for selected geometries are plotted in Figure 36 and Figure 37. As the length of the 

solenoid will change with geometry, the distance variable on the x-axis is given in terms of 

percentage distance from the end of the solenoid with the center representing 100 pc. 
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It is clear from Figure 36 and Figure 37that the low aspect ratio geometry for the solenoid 

is indeed superior to all other geometries with the smallest magnitudes for both the axial 

stress and the hoop stress. It is also interesting to note that for both stress components the 

magnitudes first increase and then decrease as we go from low to high aspect ratios. This 

can be explained by the change in the structure of the magnetic field with changing geometry. 

In a very long solenoid the magnetic field on the outer side of the conductors is very small 

compared to the magnitude on the inner side. Furthermore the radial component of the 

magnetic field is very small compared to the axial component. The axial force on each turn, 

which is proportional to the radial component, is also small. But the axial stress at any 

cross-section must balance the sum of all the axial forces from the end of the solenoid upto 

the cross-section. Therefore even though the individual contribution from each turn is small, 

due to the large number of turns the axial stress can be very large. As the solenoid becomes 

shorter and shorter the magnitude of the radial component of the field continues to increase 

but the number of turns is also decreasing. Therefore it is reasonable to expect the axial 

stresses to first increase and then decrease. The radial force which causes the hoop or 

tangential stress depends on the average axial component of the field on the inner and outer 

sides of the conductor as well as the radius of the solenoid. From Eq. (8) we can write 

2 
ax Boy 
Trt (12) o9g= 

The average axial field B,, decreases continouously as the solenoid gets shorter because the 

outside field becomes closer in magnitude to the inner field but is always opposite in direction. 

Since all geometries are designed with the same quantity of superconductor, the radius of the 

solenoid becomes larger as the length decreases. The hoop stress being proportional to the 

product of these two quantities, can be expected to have a maximum for a geometry in be- 

tween the two extremes of a very long and very short solenoid. Thus the two stress compo- 

nents have a variation with geometry that is similar, but due to different reasons. 
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As was pointed out in the introduction, the primary objective of computing the stress 

distributions is to obtain an estimate of the quantity of structure required for various geom- 

etries. The stress distributions shown in Figure 36 and Figure 37are computed for a uniform 

thickness of the force bearing shell. Both stress components at any point are inversely pro- 

portional to the thickness of the shell. The expressions for determining the thickness of the 

shell according to the distortion energy, maximum shear stress and the uniaxial support cri- 

teria are given by Eq. (5) and Eq. (6). The total mass of support structure required according 

to each of the failure criteria can be readily computed in terms of the dimensions of the 

magnet and the thickness of the support shell at all points. The results for the full range of 

geometries are given in Table 4. Column 5 in the table represents the volume integral of the 

sum of the stress components integrated over the volume of the support shell. According to 

the virial theorem given in Eq. (7) this integral must equal the total stored magnetic energy in 

the magnet. It can be seen from the table that there is excellent agreement (less than 1 pc 

error) between the two quantities in columns 4 and 5 which are computed by completely dif- 

ferent methods indicating the accuracy of the stress distributions computed. Columns 6,7 and 

8 represent the total mass of support structure computed based on the uniaxial support, 

maximum shear stress and maximum distortion energy criterion respectively. As the two 

stress components are always of opposite sign the uniaxial support and shear stress criteria 

give the same requirement of structure, as pointed out in the introduction. A further check 

on the structure requirement computation can be made using the principle of virtual work 

which is discussed in the next chapter. The stored energy of a finite length solenoid was de- 

rived in Chapter 4. 

B= + pl*na7Lk(a) , (13) 

where the leakage factor k is a function of the aspect ratio « == Using the principle of 

virtual work the mass of structure required for the axial and hoop stresses with uniaxial sup- 

port can be shown to be 
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E 
My = Mp +My = [1 +22 43 (14) 

The method for computing the leakage factor was described in Chapter 4. Its derivative with 

respect to the aspect ratio at a particular value of « can be obtained easily with a few values 

of k in the neighbourhood of the point we are interested in along with a suitable differentiation 

formula. For example for « = 0.01 ( 8 = 0.997), this derivative is found to be 0.57172 with the 

value of k being 0.034564. Substituting in Eq. (14) we get My = 284 x 108 Kg, which is within 2 

pc of the value in Table 4. 

The last column represents the mass of structure required per kWh of stored energy, 

which is a good measure to compare the structure requirements of different geometries as 

well as magnet structures. The mass of structure used to compute this ratio is computed 

based on the distortion energy criterion. Based on this criterion it is possible to have a 

structure requirement lower than the virial limit which in this case is 38.88 Kg/kWh ( based 

on a working stress of 250 MPa and a density of 2.7 x 10° kG/m? for the material ). The rea- 

sons for this will be explained in the next chapter. The advantages of low aspect ratio 

solenoids as far as structure requirements are concerned, is evident from the table. 

It is clear from Eq. (14) that the mass of support structure per kWh of stored energy is a 

function of geometry only and is independent of the size of the magnet (or the stored energy). 

The mass of superconductor per kWh of stored energy was shown to be proportional to E- ¥%, 

Therefore the advantages of decreased cost with increasing stored energy, do not apply to the 

mass of support structure, which is directly proportional to the stored energy for a given ge- 

ometry. 
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Toroid 

In a toroid there is a magnetic field only on the inside and the magnetic pressure is 

normal to the conducting surface pointing outward. The direction of the magnetic pressure 

and the two components of stress in the support structure are shown in Figure 38. The field 

magnitude for any position @ is given by 

Hod(1 — B) 
= 15 

6 1+ B cos 6 (15) 

The magnetic pressure is given by 

_ Be __ vo (I= By (18) 
  

~ 2H 24 + B cos 8)" 

Consider the section of the toroidal surface shown in Figure 39 (a). The resultant vertical 

force due to the magnetic pressure is balanced by the downward tensile force at the section 

8 =0. Let the tangential stress(tensile) at 6 =O be oo. Then 

n{2 

oo2n(R + a)t = | | . p(@) sin@é(R+acos @)adéd¢ . (17) 
6= 0° ¢=0 

Evaluating the integral and solving for op gives 

  

_ HoRJ*(1 — BY? In(1 + B) 
70 2(1 + B)t (18) 

Consider the section shown in Figure 39 (b). By taking the equilibrium equation for forces in 

the vertical direction and substituting for the value of og from Eq. (18), the stress at any point 

in the interval 0 < @ < 2/2 can be written as 

Chapter 6 Magnetic Forces and Support Structure Requirements 110



upRJ?(1 — B)* — In(1 + B cos 8) 19) 
79 = at (1 + B cos @) cos @ ( 

For @=2/2 the expression on the right has the indeterminate form 0/0. Taking the limit as 

@ — 2/2 and applying L’Hospital’s rule once, the stress at @ = 7/2 is 

J7(1 — By sep OO 20 

For the interval 2/2 < @ < x the stress is given by 

_ HoRJ*(1 — BY? __In(4/(1 + B cos 6) 
°@ 2t (1+ B cos 8)( — cos @) (21) 

The axial stress along the major radius can be obtained simply by substituting in Eq. (1). 

o,cos @ 
“¢ 4 Raab = £ . (22) 

Note that we cannot solve for o, when @ = z/2 in the above equation. For this point the value 

of o, can be taken as the average of its values on either side of the position 0 = 7/2, because 

the stress is continuous. 

The stress components for various geometries of the toroid are plotted in Figure 40 and 

Figure 41. Both stress components have their peak magnitudes at the point @ = z, which is 

also the point where the magnetic pressure is the maximum. The compressive axial stress 

component is much smaller in magnitude than the tensile tangential stress which can be ex- 

pected from the virial theorem. The structure requirement with the various failure criteria are 

given in Table 5. It is clear that the mass of structure per kWh of stored energy is very high 

for all geometries of the toroid compared to the values for the solenoid. 

The scaling with stored energy of the mass of support structure can be expected to be the 

same as for the solenoid. From Eq. (19) and Eq. (22) it is clear that both components of stress 

are proportional to R. The mass of structure is the thickness integrated over the surface area. 
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if the stresses are proportional to R then the thickness of the support structure is also pro- 

portional to R from Eq. (5) and Eq. (6) and the surface area is proportional to R*. Thus the 

mass of structure is proportional to R* or the volume of the toroid. Since the stored energy 

is also proportional to the volume it is clear that the mass of structure is directly proportional 

to the stored energy. Therefore the mass of structure per kWh is independent of the stored 

energy or the size of the toroid. 

Poloid 

The shielding current distribution of the poloid produces a magnetic field that is tangential 

to the conducting surface at all points. Therefore the magnetic forces are normal to the con- 

ducting surface everywhere. The stress analysis is identical to that for the toroid except that 

the magnetic pressure is directed inward as shown in Figure 42. This results in the stress 

components being opposite in direction to that of the toroid. The surface current densities for 

various geometries can be computed by the method described in Appendix B. Since the 

magnetic field is tangential to the surface of the poloid it is easy to show by applying Ampere’s 

law that the magnetic field at the surface is given by B(@) = uwoJ(@). Once the magnetic pres- 

sure is known, the procedure to determine the stress components is exactly the same as for 

the toroid except that we use a negative sign with the magnetic pressure and all the integrals 

are computed numerically. 

The stress components are plotted in Figure 43 and Figure 44. The shapes of the various 

curves have the rough appearance of being the mirror images of the corresponding stresses 

in the toroid. It must be pointed out however, that for the same geometric ratio 8 the toroid 

and poloidal magnets do not have the same size because the surface current distributions are 

different. Even if they were of the same dimensions the stress components cannot be mirror 

images of each other, because this would permit perfect force cancellation in a 
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toroidal/poloidal force-reduced configuration which would contradict the virial theorem. This 

point is dicussed in detail in the next chapter. 

Table 6shows the structure requirements for various geometries of the poloid. The total 

mass of structure is higher in the poloid than in a toroid of comparable dimensions (compare 

entries for B = 0.05 in Table 5 and Table 4 ), but the stored energy is considerably higher 

which results in much smaller values for structure requirement per kWh stored. For small 

values of 8, the structure of the poloidal magnetic field resembles that of the low aspect ratio 

( large B ) solenoid and we can therefore expect similar values for stored energy and structure 

required. This can be seen by comparing entries in the upper end of Table 6with those at the 

lower end of Table 4. Columns 5 and 6 show excellent agreement, indicating the accuracy 

of the stress components computed. 

The scaling of structural mass with the size of the magnet can be expected to be the 

same as for the solenoid and the toroid. Although the stress components have not been ex- 

pressed in a simple equation form for the poloid the same arguments used for the toroid can 

be easily shown to hold, resulting in identical scaling laws. 

Force reduced magnet 

In the toroidal/poloidal two layer force reduced magnet the magnetic pressures of the two 

magnetic fields act against each other resulting in a net magnetic pressure smaller in mag- 

nitude than either magnetic pressures. The magnitudes of the stress components is therefore 

reduced, resulting in decreased structure requirements. The directions of the magnetic 

pressures and the resulting stress components are shown in Figure 45. The stress compu- 

tation is simplified by decomposing the problem into two parts as shown schematically in the 

figure. One part consists of a configuration with equal and opposite magnetic pressures which 

give rise to a normal compressive stress o, which is equal in magnitude to the magnetic 

pressure. The magnitude of this stress component is not a function of the thickness of the 
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force bearing shell. It is also clear that o, cannot be greater than the peak magnetic pressure. 

For the surface current density used in the design of the magnets, the peak field is 6.87 T 

corresponding to a peak magnetic pressure of 18.78 MPa (1878 N/cm?). The second part 

consists of the differential pressure equal in magnitude to the difference in the toroidal and 

poloidal magnetic pressures acting only on one side of the force bearing shell at any point. 

The differential pressure gives rise to the same biaxial stress components as for the toroid 

or poloid, the signs of the stress components depending on the relative magnitudes of the two 

magnetic pressures. The axial and tangential components of the stress are inversely pro- 

portional to the thickness of the support shell. 

The magnetic pressure of the toroid can be expressed analytically but the poloidal mag- 

netic pressure is obtained numerically. The components o, and oc, are computed the same 

way as for the poloid and toroid using the differential magnetic pressure. The stress distrib- 

utions are shown in Figure 46 and Figure 47. It is clear from the plots that for the most part 

both components of stress are tensile. According to one interpretation of the virial theorem 

(the assumption of uniaxial support structure) this represents the most optimum distribution 

resulting in the absolute minimum requirement for support structure possible. However, when 

structure requirements are determined based on a different failure criterion, it is not the 

minimum structure possible. Further reduction is possible which is discussed in the next two 

chapters. The results of the computations of structure requirements are given in Table 7. The 

structure requirements are considerably less than that for the other three structures. How- 

ever, the stored energy is also low. So the impact of the reduced structure must be weighed 

against the increased mass of superconductor required, to determine the merits of the force 

reduced structure. 

It is not immediately obvious that the scaling law for mass of structure with size of the 

magnet is the same as that for the other magnets, because superposition applies to the stored 

energies and the stresses but does not apply to the mass of structure in the sense that the 

mass of structure is not the sum of the masses for the toroidal and poloidal layers considered 

separately. However, we can still prove that the scaling law is the same, i.e. the mass of 
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structure is still directly proportional to the stored energy. It is shown in Chapter 8 that the 

stored energy of the force reduced magnet can be written in terms of the magnetic pressures 

as 

Tu 

E =| (p; — pp)(R cos 0 + a)(R + acos 6)dS = R*| G(B,@)d0 , (23) 
Ss 0 

where S is the surface of the magnet and dS = ad@d¢. The second integral is a function of 

B, only showing that the energy is proportional to the volume. The mass of structure is given 

by 

M== {4 + 0% —a90,) "(R+acosé)dS , (24) 
Ss 

where og = 0} + of and o, = 0] + of. Since the stress components of the toroid and the poloid 

are directly proportional to the size (R) we can write Eq. (24) as 

Rn 

m=R*| F(B,@)d0 , (25) 
0 

which shows that the mass of structure is also directly proportional to the volume and 

therefore to the stored energy. Thus the scaling laws are no different from that of all the other 

magnets. 
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Summary and conclusion 

The primary objective of computing the stresses in the various magnets was to determine 

the relative requirements of support structure for different geometries of the four magnet 

configurations. The plots of the stress distributions provide a clear picture of the wide vari- 

ations with geometry and magnet configuration of the stress components. The mass of sup- 

port structure is estimated for each case in terms of three different failure criteria including 

the commonly used uniaxial support criterion. The support structure requirements can be 

summarized in terms of the mass per kWh stored which is shown to be independent of the size 

of the magnet. This means that the economy of scale available for the mass of supercon- 

ductor required does not apply to the support structure, which shows that for larger SMES 

magnets the support structure costs become a larger fraction of the overall costs. The struc- 

ture requirements for the force reduced magnets are the lowest whereas the toroid’s structure 

requirement is the highest. Large magnitudes of compressive stresses in the toroids cause 

the very high structure requirements. It is possible to eliminate the compressive stress alto- 

gether without sacrificing the stored energy significantly by adopting the pure tension or D 

shaped cross-sections as is commonly done in other applications where toroidal fields are 

required. Therefore the support structure estimates for the circular cross-section toroids 

considered here must be not be interpreted to mean that the basic toroidal configuration is 

inherently inefficient, structurally. The poloid and the solenoid have comparable mass/kWh 

at the geometries where they are a minimum, which are also the geometries where the stored 

energy is the highest. Low aspect ratios for solenoids are seen to yield the lowest structure 

requirements, but this is at the cost of stored energy. For smaller size SMES magnets where 

the conductor cost becomes more important, the low aspect ratio configuration is clearly not 

the best geometry. The mass/kWh requirements of the various structures at different geom- 

etries computed here can be used to determine the mass of support structure for any size of 

SMES magnet. 
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Figure 34. Stress components in a solenoid 
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Figure 35. Force computation in a solenoid 
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Figure 36. Axial stress distribution in solenoids 
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Figure 38. Stress components in a toroid 
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Figure 39. Free body diagram for toroidal stress calculations 

Chapter 6 Magnetic Forces and Support Structure Requirements 126



  

   

  

    

0 

-30004 

4 

-6000 4 

-9000 
Fe ae, 

on~ = 

> 
© 
G&G -12000¢4 
GU) 
~ 7 

= 

WY -15000- BETA=0.10 4 v =o. 
ow 
— 

Yn * BETA=0.20 
z -18000 4 

zs ° BETA=0.40 

-210007 o BETA=0.60 

A BETA=0.80 A 
-~240004 : 

A 

D 

> 

-27000- 

-~30000 T T T T T T T T T   

0.00 0.31 0.63 0.94 1.26 1.57 1.89 2.20 2.51 2.83 3.14 

THETA (RADIANS) 

Figure 40. Axial stress distribution in toroids 
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Figure 41. Tangential stress distribution in toroids 
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Figure 42. Stress components in a poloid 
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Figure 43. Axial stress distribution in poloids 
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Figure 44. Tangential stress distribution in poloids 
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Figure 45. Stress components in a force reduced magnet 

Chapter 6 Magnetic Forces and Support Structure Requirements 132



  42000 

  

    

    

    

370007 

* BETA=0.05 

° BETA=0.13 
320007 

> BETA=0.30 

A BETA=0.50 

270007 e BETA=0.70 

>= 
© q 

P 220007 
N 
= 
Nee 

Mm 170007 

Y) 
uJ 

er 
e 
—YN 
_ 120007 

< q 
~< 
< 

70007 

2000 74 

~30007 

-8000 T —T T T T T 

0.00 0.31 0.63 0.94 1.26 1.57 1.89 2.20 .51 . 83 

THETA (RADIANS) 

Figure 46. Axial stress distribution in force reduced magnets 
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Chapter 7 The Virial theorem and force reduced 

magnets 

Introduction 

The virial theorem for magnetostatic systems is of fundamental importance to the design 

of support structure for magnets. A detailed derivation of the theorem is given in Appendix 

A. From the theorem it is possible to prove that no finite configuration of currents and mag- 

netic field can be ‘force-free’ and store magnetic energy at the same time. By making certain 

assumptions it is also possible to obtain a minimum mass of structure that must be used in 

order to store a given quantity of energy. This minimum mass of support structure obtained 

from the virial theorem played an important role in the choice of magnet structure and magnet 

geometry for SMES applications. 

Over the years many authors have proposed force-reduced magnet designs, sometimes 

referring to them as ‘force-free’ magnets which is a contradiction to the virial theorem. While 

some authors did refer explicitly to the virial theorem and claimed that their design would 

require support structure that is equal to or close to the minimum mass, others made no ref- 
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erence to the theorem and simply claimed that their designs would achieve savings in support 

structure without substantiating their claims by a quantitative analysis of the structure re- 

quirements for their designs. The opponents of force-reduced magnets asserted that the virial 

theorem is applicable to force-reduced magnets, which as we will see is certainly true, and 

that no savings in structure could result from adopting the two-coil geometry of the force- 

reduced magnet, which we will show is wrong. Thus force-reduced magnets and ’force-free’ 

magnets have attracted both controversy and strong criticism that unfortunately has prevented 

a thorough discussion of their merits or demerits. 

It is the objective of this chapter to take a close look at the virial theorem itself and its 

application to the design of support structure, both for force-reduced magnets as well as 

conventional magnet structures like the solenoid, toroid or the poloid. What are the limitations 

of the theorem ? Is it universally applicable to all magnet structures ? Is the case against 

force-reduced magnets justified by the theorem ? Finally, is it really possible to achieve 

savings in support structure by using a force-reduced design ? These are some of the 

questions that are answered in this chapter by an analysis of the theorem as well as some 

of the criticism levelied against force-reduced magnets which will be found to be misleading. 

The virial theorem and the minimum mass of support structure computed from the virial 

theorem are discussed in Sec. 2. The distinction between the virial theorem and the virial 

mass derived from the theorem is emphasized in this section. The principle of virtual work 

is used Eyssa and Boom in analysing the support structure requirement of force-reduced 

magnets [66,67]. This method along with the limitations of their analysis and conclusions are 

discussed in Sec. 3. Hassenzahl analyzed force-reduced magnets using the stress tensor 

approach which is essentially the same as the derivation of the original virial theorem [68]. 

The pitfalls of using this approach are discussed in Sec. 4. It is shown that both authors are 

wrong about their main conlusion that no structure savings is possible with force-reduced 

magnets. 
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The Virial Theorem 

The virial theorem is often expressed by the inequality 

PsEy (1) 
Ow ’ 

M, = 

where M, is the mass of support structure, p,; is the density of the material of the support 

structure and o, is an average magnitude of the stress in the support structure. This ine- 

quality may be written in the form of an equality in the following way [57,60] 

  

E 
M,=M,+M,=2M,+—=M (2) 

where M, is the mass of structure in compression and ™, is the mass in tension. A great deal 

of the confusion associated with the virial theorem and force-reduced magnets can be attri- 

buted to the fact that many authors refer to the inequality in Eq. (1) or Eq. (2) as the virial 

theorem. Eq. (1) or Eq. (2) are not the statement of the virial theorem. The virial theorem is 

indeed correctly given by an identity, not an inequality, which may be written as 

I E-) =| s, av , (3) 

where the integrand on the right hand side is the trace of the stress tensor in the support 

structure and the integral on the left hand side represents the total energy Ey stored in the 

magnetic field. 

It is very important to realise that Eq. (1) can be derived from Eq. (3) only by making 

certain simplifying assumptions and does not have to be true without those assumptions. By 

making a different set of perfectly valid assumptions, it is possible that Eq. (1) does not hold, 

Chapter 7 The Virial theorem and force reduced magnets 137



but this is not the same as the virial theorem being violated. In order to prove that force- 

reduced magnets do not offer any advantages in terms of support structure requirements, the 

virial theorem was shown to be applicable to the toroidal/poloidal force-reduced magnet. The 

mass of support structure required for the force-reduced magnet was derived along the same 

lines (same assumptions) as Eq. (1) is derived from Eq. (3) and the inequality in Eq. (1) was 

shown to hold for force-reduced magnets also, which led the authors to conclude that there 

was no advantage to be obtained by adopting a two coil configuration. Such a conclusion may 

seem absurd from an intuitive and mechanical point of view, but that is precisely what was 

suggested by the analysis in references [67] and [68]. To merely prove that the virial theorem 

holds for the force-reduced magnet is not only quite superfluous but also misleading, because 

such analysis conceals the true practical advantages of a force-reduced configuration. It is 

superfluous because the virial theorem is not derived assuming any particular arrangement 

of currents and magnetic fields and is therefore applicable to any magnet structure including 

force-reduced magnets. The only condition that is essential in deriving the virial theorem is 

that the magnet configuration be finite in size. 

In order to derive Eq. (1) from the virial theorem given in Eq. (3), the assumption made 

is that we provide a separate structural mass to keep the stresses in each of the three principal 

directions equal to the working stress magnitude. If the material stresses are multiaxial at any 

point, it would appear that we would obtain a very conservative estimate for the actual mass 

of structure required because most structural materials can withstand stresses in several di- 

rections simultaneously and it would be wasteful to use separate structural masses for each 

direction of stress. However, if some complicated failure criterion were employed to deter- 

mine the mass of support structure required, we would not be able to obtain the simple re- 

lationship between the energy and mass of structure given by Eq. (1). Moreover, one may 

quite reasonably ask the question, what relevance does such an assumption have in obtaining 

a reasonably good estimate of the actual quantity of structure required in a practical design, 

where the same structural member must support stresses in more than one direction. The 

quantitative analysis of the stress distributions and the actual structure requirements of the 
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various magnet structures provided in the previous chapter shows that some structures may 

use less structure than the minimum given by the theorem and some may use more. Thus the 

minimum mass of support structure given by Eq. (1), which will be referred to as the virial limit, 

is not an absolute minimum but a kind of crude limit based on a criterion chosen for the sole 

purpose of providing a simple relationship between energy and the mass structure. This 

distinction between the virial theorem, which is true for all finite magnet configurations, and 

the minimum mass of support structure derived from it, must be clearly understood in order 

to understand the real significance of the virial theorem and the limits of its applicability to 

magnet design. 

A simple example will help to illustrate the weakness of the the minimum mass limit 

given by Eq. (4). It is shown in Appendix C that when the stress components are tensile ev- 

erywhere, the inequality in Eq. (1) becomes an equality. Suppose we make the further as- 

sumption that at each point the tensile stresses in each direction are equal in magnitude. A 

material in such a state of pure and equal tension in all principal directions has a very high 

strength and can withstand stresses much higher than the ultimate stress or yield stress for 

uniaxial loading. It is from the data for uniaxial loading that a working stress is usually cho- 

sen. Theoretically, a material in such a state of pure tension can be considered to be infinitely 

strong with the allowable working stress o that is much higher than the working stress we 

would choose by assuming uniaxial loading. Thus the structural designer would use a mass 

of structure that could be several times less than that given by Eq. (1), without violating the 

virial theorem. Note that there is nothing about the physics of the problem that prohibits the 

possibility of such a state of pure tension. 

The above example illustrates the importance of the relative magnitudes as well as the 

signs (compressive or tensile) of the stress components, in determining the actual mass of 

structure that is required to support the magnetic forces. One of the limitations of the virial 

limit is that it ignores the advantages that a favourable distribution of stresses might offer. 

As this limitation is at the heart of the controversy surrounding the force-reduced magnet, we 

will examine it further with a more concrete example. It was seen from the quantitative 
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analysis in the previous chapter that for the toroid there are two components of stress at all 

points. One of them viz. the tangential stress, is tensile everywhere and the other component, 

the axial stress is compressive everywhere. If we design the support structure assuming 

multiaxial loading then it must be designed based on a suitable failure criterion like the max- 

imum shear stress criterion or the maximum distortion energy criterion (Von Mises criterion) 

to determine the mass of support structure required. To simplify the analysis let us assume 

that the yield stress oy is used as the working stress. With the maximum shear stress criterion 

we have 

oy=|o,—6,/=l|o,|+lool . (4) 

Thus the thickness of the structural shell at any point is proportional to the sum of the absolute 

values of the stress in the two directions. This would give us a support structure requirement 

that is identical to that given in Eq. (2) because the effect of the opposite signs for the stress 

components is the same as assuming a separate mass of structure for uniaxial loading in 

each direction. The use of the maximum distortion energy criterion gives 

2 24 
oy = [64 — 0409 + 09]2 <|0,—069| ' (5) 

which implies that the von Mises criterion is less conservative than the shear stress criterion 

and would therefore give a mass of support structure that is slightly less than that given by 

Eq. (2). 

From the application of the maximum shear stress criterion and the von Mises criterion 

to the toroidal stresses, it was shown that the mass of structure required in a practical design 

would be equal to or approximately equal the mass given by Eq. (2), provided the two stress 

components are of opposite sign. The results of the previous chapter show that for the con- 

ventional structures like the solenoid, the poloid and the toroid, this condition was satisfied 

and for these structures the virial limit has a definite meaning. Suppose that the two stress 

components are tensile everywhere, then the same analysis can be used to show that the 

mass of structure required can be considerably less (upto 50%) than the virial limit depending 
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on how close the two tensile stresses are in magnitude. The stress distributions of the 

force-reduced magnet shown in Chapter 6, tell us that both components of stresses are indeed 

tensile. Thus it is perfectly reasonable for the force-reduced magnet to use support structure 

that is less than the virial limit without violating the virial theorem. 

It must be emphasized here that the objective of this exercise is not merely to show that 

the choice of various design criteria leads to various structure requirements when compared 

to the virial limit. It is primarily to point out the difference between practical structure re- 

quirement and the theoretical limit derived from the theorem. The assumption of uniaxial 

loading is necessary for deriving the estimate for structure required, but makes little sense 

from the engineering point of view as it is not possible to isolate the stresses in each direction 

separately and design separate sructural members for each component of stress. For a 

practical design the only meaningful criterion is one like the shear stress criterion or the von 

Mises criterion and the mass of support structure required must be computed based on these 

criteria rather than the one used in deriving the virial limit. A practical structural design that 

uses substantially less mass of structure than that predicted by the theorem therefore is not 

violating the virial theorem itself but exposing the weakness of the assumptions leading to the 

theoretical limit. 

Force-Reduction in Magnets 

The basic idea behind force reduction can be understood by the following mechanical 

example. Consider a thin spherical shell that contains some fluid with a pressure p. If the 

volume outside the shell is a vacuum then the stresses in the thin shell are tensile and have 

the magnitude given by 

pr 

= OE @) 
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where r is the radius of the shell and t is its thickness. If the stress in the material should be 

below a given working stress ow, then the thickness of the shell must be 

  

pr 
7 t,> dow (7) 

The volume of material required is 4zr?t,. Suppose that the outside volume is filled with a fluid 

at pressure p;. Then for the same working stress ow, the thickness required for the shell is 

given by 

|lp—Pylr (8) b= 

For simplicity let us assume that p,; is approximately equal to the inside pressure p. Then the 

thickness of the shell required to keep the stress below the working stress is much less, re- 

sulting in a decrease in volume of structural material for the shell. The mass of structure can 

be made zero (theoretically) if the outside pressure is equal to the inside pressure. In the 

case of magnets the magnetic forces are quite analogous to fluid pressure and it is quite 

reasonable to expect a reduction in support structure when magnetic pressure is applied to 

both sides of a supporting shell. This is the basic principle of force-reduced magnets. 

In a toroidal/poloidal force reduced magnet the magnetic pressures are not uniform at 

all points. But it is still possible to achieve zero structure requirement if the magnetic pres- 

sures are matched at all points. In such a configuration the only stresses in the structure 

would be compressive and will be equal in magnitude to the magnetic pressure. However, it 

is easily seen that this would violate the virial theorem given in Eq. (3). If all the stresses are 

compressive then the right hand side of the equation will be negative and since the left hand 

side represents the total magnetic energy in the magnet, this cannot be true. Thus the virial 

theorem precludes a complete cancellation of magnetic pressures on both sides of the sup- 

porting shell. In other words given a toroidal magnetic pressure distribution, it is not possible 

to design a poloidal pressure distribution that exactly balances the toroidal pressure. If we 
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cannot balance the two magnetic pressures exactly, then how close can we make them and 

what is the maximum savings in structure that can be achieved ? This question is addressed 

in the next chapter which deals with the problem of minimizing the mass of support structure 

in force-reduced and toroidal magnets. 

The Virtual Work Method 

The principle of virtual work was used by Eyssa and Boom in their discussion of force- 

reduced magnets and the virial theorem. While their analysis is a new way of showing that 

the virial theorem does apply to force-reduced magnets, it is not necessary to prove this be- 

cause the theorem does include any magnet configuration in its scope as long as it is finite 

in size. Their approach is not a rigorous derivation of the theorem itself (Eq. (3)) but an ap- 

proximate method of estimating the mass of support structure required, with the assumption 

of uniaxially stressed support structure. This mass of structure computed is shown to satisfy 

the inequality in Eq. (1) from which it is concluded that no structure is saved in a force-reduced 

magnet. A closer look at their analysis however, shows that no such conclusion regarding 

structure savings can be drawn. Indeed, by extending their analysis we can prove that the 

opposite is true. However, the estimate of the structure saved will only be an approximate 

one due to the approximations in their analysis. 

The objectives of this section are twofold. The first is to examine the assumptions and 

approximations made in the analysis of Eyssa and Boom to see how they affect the validity 

of their conclusion. The second objective is to extend this analysis in a more rigorous manner 

to see what conclusions can be drawn. 

The directions of the magnetic forces and the stresses in a toroidal/poloidal force- 

reduced magnet are indicated in Figure 48. The stresses in the support structure between the 

two coils have three components, two of which are shown in the figure. o, is the tangential 
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stress and oa, is the axial stress. The third component of stress o, is a radial compressive 

stress that is produced by the opposing directions of forces for the two layers of winding. 

When a virtual increment is made in the magnet dimensions, work must be done by the 

magnetic field against the elastic forces represented by the stress components. According to 

the conservation of energy principle, this work must be the negative of the change in energy 

of the magnet, since there is no energy entering or leaving the system. Or 

AE+AW=0 . (9) 

Since the virtual work done AW is proportional to the displacement and the stresses along the 

direction of displacement, we can relate the stresses to the derivatives of the energy with re- 

spect to the variable in the direction of the displacement. 

Consider an increment in the major radius from R to R+ AR, keeping the minor radius 

a, constant as shown in Figure 49. This causes a uniform displacement of 2zAR in the di- 

rection of the axial stress o,. Assuming that the thickness of the structural member is unity, 

the work done against the stress oa, is 

AW=- [enaregs dé , (10) 

where tensile stresses are assumed to be positive. From Eq. (9) we can write 

AE 
AE. | ano ga dé. (11) 

Taking the limit as AR — 0, 

OE 
OR = 22 048 dé. (12) 
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The integral in Eq. (10) represents the net force in the cross-section of the magnet, same as 

T in Eq. (6) and Eq. (7) of Eyssa’s paper. If the stresses must be kept equal to a magnitude o 

everywhere, the structural shell must have a variable thickness of | ¢,|/o. Then the mass of 

structure for the stress o, is given by 

2 = Je@+2cose) lela do, (13)   

M, = 

where p is the density of the structural material. The right hand side of Eq. (13) may be written 

as 

2nRp 
oC 
  M, = || 4a ao | + 228 o,|cos@ dé , (14) 

where it is assumed that o, has the same sign over the interval of integration. The first term 

on the right hand side is seen to be the mass Mz computed by Eyssa in Eq. (6) of his paper 

and the second term on the right side represents the correction to the mass Mg if we do not 

assume o, to be uniform in magnitude across the cross-section of the magnet. If the as- 

sumption of uniform magnitude is valid then it is easily seen that the second integral is zero 

and we get the same mass as Eyssa. Thus we have 

Qn 
  

a 

a’p 
I o,|cos@ dé (15) 

To compute the mass of structure required for the tangential stress og, we consider an 

increment in the minor radius from a to a + A a, keeping the major radius R constant as 

shown in Figure 50. From Figure 50it is clear that the increment in the minor radius causes 

a non-uniform displacement in the direction of the axial stress o, as well as a displacement 

along the direction of the tangential stress o,. The displacement along the axial direction is 

2zrAacos @. If it is assumed that the axial stress is uniform in magnitude for all values of @, 
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it is clear that the net work done against the axial stresses would turn out to be zero due to 

the cos @ factor. It was pointed out that this was the assumption made by Eyssa in his analysis 

which led to a correction factor to the mass Mpg as shown in Eq. (15). Therefore we can expect 

a similar correction for the structure for the tangential stress o, which was given by M, in 

Eyssa’s analysis. In order to account for the correct change in energy if we do not assume 

uniform magnitude for the axial stress, we must take into account the contribution to the work 

done against both stress components. 

AW = AW, + AW, . (16) 

The contribution from the axial stresses is given by 

AW,=- [ends cos 0o,a é . (17) 

The displacement along the direction of the tangential stress o, for circular strip of width ad@ 

is Aad@. Then 

AW, = — Jone +acosO)o,Aa dO . (18) 

From Eqs. (9),(16),(17) and (18) we have 

AE = 2nda| (R +acos@)og d@+ 2nda| cos O0c,a db . (19) 

Multiplying both sides by a/Aa and taking the limit as a > 0, we get 

a = = 2n | (R +acos #)e,a dé + 2n2°| cos Oc, db . (20) 
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Eq. (20) is similar to Eq. (12) in Eyssa’s paper where the net tangential force T is represented 

by 22(R + acos @)o,, the net tangential force. The extra term on the right hand side repres- 

ents the correction factor when a uniform stress magnitude is not assumed for the axial stress. 

The mass of support structure required to contain tangential stresses is given by 

  M, = one [ea +ecos A)|eg|a dé . (21) 

if we assume that the tangential stress has the same sign over the interval of integration, the 

absolute value can be taken outside the integral in Eq. (21) and from Eq. (20) we have 

2 
pa gE 2npa 

My=|-Ap 26 _ 262" [cose dé| . (22) 

Now it can be shown that the two terms inside the absolute sign are always of opposite sign 

in which case we can write Eq. (22) as 

a onpa* 
M, = |— gE | 4 FP [ag lc0s 0 do. (23) “OC @a 

where the first term is the same as M, in Eq. (13) of Eyssa’s paper. Thus 

2 
2npa 

My= M+ 5 || ¢,|cos@ dO . (24) 

Comparing Eq.(24) and Eq. (15) we see that both masses of structure estimated by Eyssa differ 

from the correct mass by the same amount. While we know what the expression for the cor- 

rection factor is, we cannot quantify its significance without knowing the stress distributions 

o, and o, which are functions of 8. Since we know that the source of the error is the as- 

sumption of a uniform axial stress across the cross-section of the magnet, we can expect the 
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error to be larger as the axial stress becomes more non-uniform. The axial stresses become 

more non-uniform for poloidal and toroidal magnets for larger values of the aspect ratio 

B =>. Table 8shows the variation in the correction factor with changes in aspect ratio for 

a toroidal magnet. It is clear from the above analysis that the structural masses estimated 

by Eyssa are exactly true only for the aspect ratio equal to zero (solenoidal force-reduced 

magnet of infinite length). However, for small values of f the structural masses are reason- 

ably close to the correct masses. 

An interesting aspect of this analysis is that the effect of the correction factor dissappears 

when we try to derive the virial theorem by taking the difference between the mass in tension 

and the mass in compression and express this difference in terms of the stored energy. Thus 

we should be able to derive the theorem without making the approximation used by Eyssa. 

This is easily done as follows. 

The stored energy of the force-reduced magnet can be written as 

E=KRI(B) , (25) 

where K is a constant and f is a function of 8. Since B == the partial derivatives of the 

function f with respect to R and a can be written as 

0 fof Bay af (26) 

o of _ of OB 4 af 7 

From Eqs. (25),(26) and (27) we have 

Eg EL KRIHE . (28) 
R OR da 
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It was shown earlier that the partial derivatives of the energy E with respect to the variables 

R and a can be expressed in terms of the stress distributions o, and o, (Eq. (12) and Eq. (20)). 

Multiplying Eq. (12) by R and adding to Eq. (20) we get 

E= |e. + Gg)en(R +acos O)a dé = [ Sj av , (29) 

V 

which is the virial theorem. 

It is clear from the above analysis that all the arguments presented so far are applicable 

to a toroidal magnet, a poloidal magnet or a toroidal/poloidal force-reduced magnet. In each 

of the three cases the magnetic forces are balanced by an axial stress and a tangential stress. 

However, in the case of the force-reduced magnet it was pointed out that there is a third 

component of stress viz. the radial component o,, which is conspicuous by its absence in the 

entire analysis. When we substitute S, by the sum of the axial and tangential stress in Eq. (29), 

we are making an approximation by not including the radial stress. On the other hand if we 

compute the integral in Eq. (20) with only the axial and tangential components we obtain the 

stored energy E exactly. This might cause some doubt about the validity of the entire analysis 

as we are neglecting a component of the stress that intiutively must play an important role in 

the process of force-reduction. The absence of the radial compressive component in the 

analysis is an inherrent limitation of this method of analysing stresses in a force-reduced 

magnet. But it does not have to affect the conclusions we may draw from the analysis pro- 

vided we keep in mind a physical picture of what is going on. 

It was not stated specifically at the beginning of the analysis, but is assumed throughout 

that the principle of superposition applies to the the stresses and energies due to the toroidal 

layer and the poloidal layer. The energies may certainly be added as long as the mutual 

inductance between the toroidal coil and the poloidal coil is zero. Thus when we talk about 

the axial stress o, of the force-reduced magnet we are really referring to the algebraic sum 

Oar + Cap Of the components of the stress caused by the toroidal layer and the poloidal layer 

acting independently. This is quite reasonable as superposition is indeed applicable to 

Chapter 7 The Virial theorem and force reduced magnets 149



stresses. The error creeps in to the analysis not because of superposition but due to the ap- 

proximations in the quantities that we are superposing. When we consider the stresses due 

to the toroidal or poloidal layer alone it is not exactly true that there are only two components 

of stress viz. the axial and the tangential. If we must be exact we must consider a radial 

compressive stress that is equal to the magnetic pressure at the surface where the coil is at- 

tached to the structural shell and decreases to zero as we move through the thickness of the 

structural shell to the other surface. As the radial compressive component decreases to zero 

the axial and tangential component of the stresses increase to their maximum magnitudes. 

When the thickness of the shell is relatively small compared to the radii of curvature of the 

supporting shell, it is found that the radial compressive stress is very small in magnitude 

compared to the other two components. This makes it reasonable to assume that the mag- 

netic pressure is balanced solely by the axial and tangential stresses which are also assumed 

uniform, across the thickness of the shell. Since the radial compressive stress is not used in 

the equilibrium condition between magnetic pressure and elastic forces, it is clear that it will 

not show up in the relationship between energy and stresses derived with the virtual work 

method. In the analysis of the next section the theorem may be derived without these ap- 

proximations. 

The latter half of Eyssa’s analysis consists of exploring the various conditions under 

which the structure factors | Q,| and | Qg|, which are proportional to the masses M, and Mp, 

may be minimized to reduce the total mass of structure required. It was pointed out that the 

expressions for M, and Mg are exact only for the aspect ratio 6 = 0. Therefore the conclusions 

drawn by further analysis of these aprroximate expressions must be viewed with some cau- 

tion. In Table 2 of his paper the structure factors are computed for the toroid and the shielded 

poloid. For the range of aspect ratios listed in the table it is seen that the toroid would use 

more than three times the virial limit mass and the shielded dipole mass ranges from about 

2 to 4.5 times the virial mass. Curiously enough the structure factors for the force-reduced 

magnet are not listed even though this is the main topic of discussion of the paper. Following 
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the same analysis used by Eyssa we can derive expressions for the masses M, and Mg for the 

force-reduced configuration. 

Let the subscripts T and P represent quantities for the toroidal and poloidal layers of the 

force-reduced magnet. Then the structure factors Q, and Qe for the force-reduced magnet are 

given by 

|Q,F|=|Q.a7Er+ QapEp| (30) 

|QpE|=|QrrE7 + QrpEp| . (31) 

According to his analysis the axial and radial structure factors are related by 

Qet=—1-Qa7 . Qpp=—1—Qap . (32) 

Substituting Eq. (32) in Eq. (30) and Eq. (31) the total mass of structure for the force-reduced 

magnet can be written as 

p p 
Ma+Mr=-> (1Qal t+] QR DE=>S (1 QarEr + QapEp|+|E+ Q27E7+ QapEp|} . (33) 

Let = = a.Then = =1-—«. Substituting in Eq. (33) we get 

pE 
M, + Mp =—G- {| @Qar + Qap(1 — «) | + | aQar+ Qap(1—a) +11} . (34) 

From Eq. (34) we can conclude that whenever 

Qap 1 + Qap 
WA. =4tS 
Qap — Qar 

< ' 35 
Qap ~ Qar (89) 

the total mass of structure required is exactly equal to the virial limit. For example, from the 

data in Table 2 of Eyssa’s paper, for B = 0.1 this range for a is 0.18< a <0.59. Eq. (35) as- 

sumes knowledge of the signs of the structure factors and is identical to Eq. (19) in Eyssa’s 

paper. The desired value of « can be obtained by the choice of currents in the two layers of 
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the winding. Thus using the same analysis of Eyssa we can see that for the same stored en- 

ergy the toroid would use 3 times the mass of structure and the shielded dipole would use 2 

- 4.5 times the mass of structure as the force-reduced magnet. Therefore to say that there is 

no apparent advantage in the mass of support structure required by using a force-reduced 

magnet, is clearly wrong and is not justified by the authors own analysis. In the next chapter 

we will discuss how this structure savings can be doubled by further optimising the force- 

reduced design. 

Stress Tensor Method 

The stress tensor approach was used by Hassenzahl to show that the force-reduced magnet 

satisfies the virial theorem from which it was concluded that no structure is saved in a force- 

reduced magnet. This method is essentially a minor extention to the derivation of the virial 

theorem given in Appendix C. It was pointed out earlier that to prove that the virial theorem 

is valid for a force-reduced magnet doesn’t tell us anything new about the force-reduced 

magnet or any other kind of magnet for the simple reason that the theorem is valid for any 

magnet structure whatsoever. To use this proof as evidence that no structure can be saved 

in a force-reduced magnet is wrong because the theorem cannot be used to differentiate the 

difference in structure requirements between two magnets storing the same energy. The 

virtual work approach of Eyssa shows that there is indeed substantial savings in structure for 

the force-reduced magnet compared to conventional magnet configurations. Hassenzahl’s 

analysis however does not go beyond the derivation of the theorem itself and therefore pro- 

vides no information regarding the quantitative aspects of the structure requirement without 

which one cannot say whether a particular magnet uses less or more structure than a con- 

ventional magnet. A closer look at Hassenzahl’s analysis reveals that it fails to distinguish the 
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difference between magnet configurations with widely varying structure requirements. This 

leads the author to conclude that the force-reduced magnet is no different from any other 

conventional magnet. The analysis in this section once again reveals the pitfalls of relying 

solely on the virial limit to determine the quantity of structure for various magnet configura- 

tions. 

The confusion surrounding the force-reduced magnet and the virial theorem is high- 

lighted by the following mechanical example which serves as an analogy to the force-reduced 

magnet. Two situations are described below which are identical from the magnetic point of 

view (stored energy) but have very different structure requirements. 

The forces in a toroidal/poloidal magnet are analogous to the forces and stresses in the 

thin shell model shown in Figure 51. The magnetic pressures are analogous to the fluid 

pressure acting normal to the shell surface. The inner shell represents the toroidal magnet 

and the outer shell represents the poloidal magnet. 

Situation A 

Imagine the inner shell to be filled with a fluid at a uniform pressure p. Biaxial stresses 

o, and o2 are induced in the shell to balance the inside pressure. The shell expands a little 

to accomodate the strain that accompanies the stress. After the shell has expanded every- 

thing is in equilibrium and there are no radial forces normal to the surface at its boundary S. 

Now imagine the outer shell to be slightly bigger than the expanded inner shell, initially. 

Let the outer shell be pressurised (on its outer surface) to the same uniform pressure p. The 

induced stresses and strains in this case are equal in magnitude but opposite in sign to those 

for the inner shell (We are neglecting the small variation in size between the two shells). 

Therefore the shell contracts a little. Assume that the gap left between the two shells is ex- 

actly equal to this contraction. Therefore, even though the two shells are touching each other 

and there is an equal and opposite pressure on both sides, there is no force transmitted from 
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one shell to the other. Each shell balances the normal applied pressure by stresses induced 

in the shell independent of the other shell. It makes no difference to the stresses in one shell 

whether the other shell is present or not. Both shells are in a state of stress as if the other 

didn’t exist ! 

Situation B 

Both shells are unpressurised to begin with and they are sitting one atop the other with 

no gap between them. Now pressurise the two shells (i.e. inside and outside) to the uniform 

pressure p. At all points the pressures on both sides are the same so the shell can neither 

expand or contract as before (there is a small contraction in the radial direction due to the 

normal compressive stress). The normal compressive stress is the only stress present and 

the biaxial stresses are zero. So even though the shells are touching each other and the 

pressures are identical as in situation A, the state of stress is completely different ! 

Both physical situations are perfectly reasonable and do not violate any physical laws. 

The only difference compared to the force-reduced magnet is that the magnetic pressures are 

not uniform everywhere. In situation A the mass of support structure required is simply the 

sum of the structure required for each magnet separately and we do not obtain any advantage 

in terms of structure even though the magnets may be just touching each other. In situation 

B there is force-reduction and from the mechanical example shown earlier there will be re- 

duction in structure required. Between these two extreme cases there are the situations 

where partial force-reduction is achieved with the corresponding change in the mass of 

structure required. 

The stress distributions in the above example are a function of the initial conditions which 

we have seen correspond to varying degrees of force-reduction. Clearly, there is no change 

in the magnetic energy stored in the force-reduced magnet with these varying degrees of 

force-reduction. Thus the virial limit for all the situations above is exactly the same. This is 
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the reason why it is meaningless to say that because a magnet satisfies the virial theorem it 

does not offer any savings in structure which is essentially the argument given by both 

Hassenzahl and Eyssa. It is quite clear from the above example that the structure require- 

ments will be very different for the two cases even though they store the same energy. 

The above example might lead one to doubt the validity of the virial theorem for the 

special case of force-reduced magnets. In order to understand why the virial theorem ap- 

proach fails to distinguish between the structure requirements of the various situations above 

it is useful to examine Hassenzahl’s analysis of the structure requirement of the force-reduced 

magnet. 

The surface S shown in Figure 51separates the poloidal and toroidal current sheets. Let 

S divide the space into two volumes V; and V,. If a shielding current distribution is used for 

the poloid then S also represents the boundaries of the poloidal and toroidal magnetic fields. 

Now the basic equation of equilibrium between local magnetic forces and material stresses 

must hold at all points inside and outside the conducting sheets. 

Ve(T+S)=0 . (36) 

As shown in Appendix C the expression on the left hand side represents the net magnetic and 

material forces per unit volume which must equal zero for equilibrium. The force in the di- 

rection of the unit normal n to an elemental surface dS is given by 

agF =(T + S)ends (37) 

Now, following the same steps used in the derivation of the virial theorem in Appendix C we 

can write 
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[a + S,)njdA cd (Tj; + S;)dv + 

V, s | 

(38) 
oO 

[or + Sj); dA - [ (Tj; + Sav = 0 ’ 

s Vo 

where the surface integrals are evaluated on the same boundary surface S which represents 

the boundaries of the volumes V; and Vo. However, the unit normals n’ and n° are outward 

pointing normals to the two volumes and are therefore in opposite directions. Now, substi- 

tuting from Eq. (37), Eq. (38) may be written as 

[> «dF! — | (T+ S,)av + [> odFO—| (Ty +S,)dv=0 , (39) 
Vj s Vo 

where dF’ and aF° represent the forces transmitted across the elemental surface dA on the 

boundary, from the inside and outside volumes respectively. Clearly both the stress tensor 

and the material tensor elements will have the same values on the boundary in the both vol- 

umes. Since, the unit normals are opposite in direction both GF’ and GF° are equal in mag- 

nitude and opposite in direction everywhere on the surface S. Therefore, the two surface 

integrals sum to zero leaving only the volume integrals which may be written as one integral 

over all space leading directly to the virial theorem. This was the essence of Hassenzahl’s 

analysis which differs from the original derivation only in the respect that the surface S which 

is placed at infinity to get rid of the surface integral is now placed in between the two con- 

ducting layers. So this tells us that in both situation A and situation B the virial theorem is 

satisfied. But it does not say that the two cases would require the same mass of structure. 

We can therefore write, 

Chapter 7 The Virial theorem and force reduced magnets 156



(2) wv=| 54 dv , (40) 
V 

and 

2 
B 

V V 

where the superscripts A and B refer to situations A and B. Clearly there is a lot of difference 

in the stress tensors S4 and S8, even though the sum of their traces which is the integrand 

on the right hand side is the same. The magnitude and the sign of the diagonal elements of 

the stress tensors are completely different. The former consists primarily of tangential and 

axial stresses while the latter has a radial component (compressive) too whose relative 

magnitude might be very small compared to the other two components but its presence indi- 

cates that force reduction is involved and the magnitudes and signs of those components are 

changed significantly. 

The reason why the two material stress tensors are different is clear from the free body 

diagrams of the two magnet layers shown in Figure 52. The effect of the interaction between 

the two magnets is represented by the reaction forces F, and Fs. The material stress tensors 

are different in both cases due to the presence of the reaction forces which are zero in situ- 

ation A but have a definite nonzero magnitude in situation B. But in both cases the magnetic 

stress tensor (magnetic forces) are exactly the same. Therefore S* and S® will necessarily 

be different. Since the surface integrals which contain the terms representing the reaction 

forces cancel out in the analysis, we obtain Eq. (40) and Eq. (41). Now, the steps used to es- 

timate the mass of structure required by the uniaxial support assumption cannot distinguish 

between the difference between situation A and B because it has Eq. (40) or Eq. (41) as the 
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starting point. Anyway this method only gives the mass of structure in the form of an ine- 

quality without telling us how close either structure is to the lower limit of mass in the ine- 

quality which alone can tell us whether the configuration A or B is better. Therefore to make 

the claim that the force reduced magnet does not offer any savings in structure is not justified 

by the authors analysis. If the objective was to show that the virial theorem applies to the 

force reduced magnet that was certainly proved. But this is already included in the original 

derivation of the virial theorem which makes no reference to any particular magnet config- 

uration. 

The qualitative arguments above are well illustrated by the plots of the stress distrib- 

utions for the force-reduced magnet compared with those for the poloidal and the toroidal 

magnets shown in the previous chapter. They also agree with our intiutive feelings that there 

must be a significant difference in magnitudes of stresses for these cases. The mass of 

structure required is never explicity computed in the steps leading to the computation of the 

virial limit. Regardless of the criterion used in computing the mass of structure required for 

a given magnet, what is important from the structural point of view is how close does the 

magnets stucture requirements come to the virial limit which alone can tell us whether one 

magnet configuration is better than another. In Hassenzahl’s analysis there is no discussion 

of the actual structure requirements of a force-reduced magnet. At best his analysis would 

tell us that regardless of what force-reduced configuration you come up with you will need the 

minimum structure given by the virial limit. But this is not telling us anything new because 

that is precisely what is implied by the virial theorem. On the other hand the claim that he 

makes that there is no savings in structure in adopting a force-reduced magnet is not only 

wrong there is nothing in the analysis that supports that claim. The virial theorem has nothing 

to say about the relative merits of two magnet configurations storing the same quantity of 

energy. Thus to use the theorem to evaluate the relative structure requirements of any mag- 

net is meaningless and also misleading because it leads one to believe that there is nothing 

to be gained by adopting a force-reduced magnet. 
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Summary and conclusion 

The virial theorem represents an important physical relationship between the magnetic 

energy and the mechanical stresses necessary to balance the magnetic forces. While the 

virial theorem is always true for any finite size magnet, the virial limit representing a minimum 

mass of structure required for a given quantity of stored energy, is not an absolute limit that 

is universally true as it has been made to appear. The virial limit is obtained only by making 

the assumption of uniaxial support structure. In the practical design of support structure such 

an assumption would lead to a very conservative estimate of support structure for force re- 

duced configurations whereas for conventional magnet configurations it does give an estimate 

of support structure that is either equal to or close to estimates obtained on the basis of 

structural design using the von Mises failure criterion or the maximum shear stress criterion. 

This drawback of the uniaxial support criterion has led some authors to conclude that the force 

reduced magnet cannot provide any savings in support structure compared to conventional 

magnets. The arguments against force reduced magnets were examined and the analysis 

shows that there is a definite reduction in structure requirement in force reduced magnets 

which contradicts the claims made against them. 

The virtual work derivation of Eyssa represents a different approach to deriving the virial 

theorem. However, the approximations made by the author were shown to be unnecessary 

to the derivation of the theorem. The estimates of structure made were shown to have large 

variations from the true values for certain geometries. By the uniaxial support assumption the 

most optimum design is achieved when all the stresses are tensile. The quantitative analysis 

of the previous chapter shows that the von Mises criterion gives a wide variation in structural 

mass per kWh stored in geometries where all the stresses are tensile implying that further 

optimisation is possible beyond the achievement of all tensile stresses. This problem is ad- 

dressed in the following chapter. The condition of hydrostatic or pure tension was shown to 
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be a state of stress that could reduce structural requirement considerably and that such a 

state of stress was not precluded by the virial theorem. 

The stress tensor approach of Hassenzahl was shown to be little different from the deri- 

vation of the original theorem. No attempt was made to calculate the actual structure re- 

quirement in a force reduced magnet, unlike Eyssa’s analysis. Yet the misleading claim is 

made that no structure is saved in a force reduced magnet. The inability of the method to 

distinguish between magnets with widely varying structure requirements but with the same 

stored energy is illustrated by a mechanical example. 

The confusion surrounding the question of whether any structure is saved or how much 

structure can be potentially saved in a force reduced magnet was addressed partly in the last 

chapter as well as in this chapter. While the question has not been answered fully it is very 

clear that the argument that no structure is saved is definitely wrong. Once it is understood 

that the virial theorem is valid for all magnet configurations, the significant question that re- 

mains is which magnet configuration would have the least requirement and how low can that 

limit go. It is shown here that the mass represented by the virial limit does not necessarily 

represent the absolute lower limit and that it is possible at least theoretically to reduce the 

requirement to a much lower value without contradicting the virial theorem itself. 

Chapter 7 The Virial theorem and force reduced magnets 160



 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

  

O'er6l 
98 O&r 

€0'€Sp 
LVee 

G86EZ 
98 O&P 

Ol '68P 
yess 

| 
2660 

69°6S2 
69°ES2 

LELSE 
69°26 

po bbb 
69°ES2 

£5 08r 
yeaze 

|
 

S60 

69'+61 
GO'8Le 

O8' LEE 
GL Ebb 

6E'P8 
GO'8L2 

ey Olb 
gc3ce 

|
 

690 

€0°S6 
vS'Orl 

Ey'88z 
68° ZF 

62'Eb 
yS'Obl 

6b L9b 
ceoze 

| 
080 

08°Ss 
L8'26 

vl 6Sz 
££'991 

Ly'92 
L826 

02 rrr 
6e 

SE 
| 

020 

ve've 
6L'09 

0s'sez 
Le'SZL 

SS°9L 
6L'09 

L6'ezp 
LZe9e 

|
 

09°0 

£0'b2 
LOLE 

Bb PLZ 
26921 

2201 
LO LE 

99°66€ 
Gpzge 

| 
OG0 

ara 
Ebb 

ZO'E6L 
v6 

LL} 
90°9 

Eb be 
ZO'OLE 

6e'sre 
|
 

Oro 

8r'9 
SeOL 

61 OLb 
€8°6S} 

Loe 
SeOL 

yS'2ee 
glzze 

| 
of0 

Q/°2 
€8'e 

pl cre 
L6°8EL 

Ley 
Ese 

09°282 
L281% 

|
 

020 

vhb 
cel 

O6'Lb1 
L
S
S
 

LS°0 
cel 

62 
VE? 

op'eez 
| 

€l0 

rS0 
yS°0 

99°66 
ZL 66 

120 
rs'0 

L6°861 
LE 861 

60°0 

910 
e
o
 

8
S
 

Gp'SZ 
800 

€1'0 
90°1SL 

esos 
| 

soo 
A
O
M
I
S
 

A
J
O
M
I
S
 

uaasad 
Ww 
—"W 

‘NW 
ow 

jUuad1ad 
W
W
 

A) 
'W 

gd 
                  
 
 

"Sp1010} 
40) 

S
y
u
a
W
a
s
N
b
a
s
 

aunjonsjs 
penzor 

YIM 
S$410}De} 

aiNjonsys 
Buisn 

( 
By 

oO} 
x) 

Sazyeujsa 
ainjonijs 

pio 
jo 

uosjsedwioz 
‘g 

ajqey 

161 Chapter 7 The virial theorem and force reduced magnets



  

Figure 48. Stresses in a force reduced magnet 

Chapter 7 The Virial theorem and force reduced magnets 162



  

    
Figure 49. Virtual increment of the major radius 

Chapter 7 The Virial theorem and force reduced magnets 163



    
Figure 50. Virtual increment of the minor radius 
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Figure 51. A mechanical analogy 
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Figure 52. Free body diagram of toroidal and poloidal layers 
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Chapter 8 Optimal design of force-reduced and 

toroidal magnets for minimum support structure 

Introduction 

Applying the uniaxial stress method to estimate the support structure requirements leads 

to the conclusion that when all the structure in a magnet is in tension, we obtain the minimum 

structure possible. Results for the structure requirements of force-reduced magnets obtained 

in Chapter 6 show however, that even when all the structure is in tension, there is still room 

for further reduction if structure is designed based on the von Mises distortion energy crite- 

rion. The possibility of reducing structure requirement to arbitrarily small values by achieving 

zero distortion energy or the state of pure and equal tension in all three directions was dis- 

cussed in Chapter 7. The distinction between the virial limit and the mass of structure deter- 

mined based on the distortion energy criterion emphasized in the last chapter shows that this 

is possible without violating the virial theorem itself. 

It was clear from the quantitative analysis of the structure requirements that the intiutive 

notion of reduced structure requirement when magnetic forces are in opposition, is quite 
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reasonable. The question then remains as to how best to make the toroidal and poloidal 

forces oppose each other to achieve the lowest structure requirements. In other words, what 

should the relative magnitudes of the toroidal and poloidal magnetic pressures be, in order 

to have the minimum structure requirement. The design of force-reduced magnets in Chapter 

6 was subject to certain basic design constraints like a constant total quantity of supercon- 

ductor and the same peak field in the toroidal and poloidal magnetic fields. When these two 

parameters are fixed the only parameter that we can change without complicating the design 

is the geometry which also determines the dimensions of the magnet. Thus the method em- 

ployed in Chapter 6 permits us to determine the best geometry subject to the above con- 

straints by an essentially trial and error approach. 

Although the primary subject of this analysis is magnetic forces and support structure 

requirements, we cannot lose sight of the fact that it is an energy storage magnet that we are 

basically interested in. Therefore the reduction in support structure at the cost of reduced 

stored energy is not going to help to reduce the overall cost of the SMES magnet. On the 

other hand, formulation of the problem of structure optimization in an over constrained man- 

ner leaves little room for the variation of the design parameters and also makes the analysis 

unwieldy and difficult to solve. It is possible to obtain a better insight into the problem by re- 

laxing some of the constriants and then interpreting the results of the simpler formulation for 

the real problem. This is the general approach followed here and the results obtained show 

that it is a useful approach due to the complexity of the problem formulated otherwise. 

The force-reduced magnet discussed so far had the shape of a circular cross-section 

torus. Such a shape is chosen obviously to keep the analysis relatively simple, but there is 

no reason to assume that it is the best possible shape structurally. Therefore, the problem is 

formulated for a general toroidal shape with arbitrary cross-section, which is basically a sur- 

face of revolution. The consideration of non-circular cross-sections is therefore included in 

the formulation. The generalized expressions can be easily applied to the particular case of 

a circular cross-section. It will be shown that in some cases an explicit solution is possible 

for non-circular cross-sections also. 
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Once the requirements for optimal structures are determined, it is important to look at the 

practical aspects of the problem as to how such an optimal design may be approximated in 

a magnet. The design aspects of these optimal shapes are discussed in the latter part of this 

chapter. 

Circular cross-section force-reduced magnet 

In the case of magnetic forces limited to magnetic pressures normal to the conducting 

surface, it is possible to obtain a direct relationship between the total stored energy and the 

magnetic pressure at the conducting surface of the magnet. This can be done by a virtual 

work argument similar to that discussed in Chapter 7. Representing the stored energy directly 

in terms of the magnetic pressures has the advantage that the important parameter of the 

structure per unit quantity of energy stored, can be expressed in terms of the magnetic pres- 

sure alone and we can simplify the problem to that of determining the optimal distributions 

of magnetic pressure. This approach is well justified for the force-reduced magnet discussed 

in this thesis so far, where the poloidal and toroidal magnetic pressures are indeed normal 

to the conducting surface. This condition is automatically satisfied for a toroidal field of any 

cross-section whereas for the poloidal field it is obtained by means of a special shielding 

current distribution which must be determined by a method similar to the one shown in Ap- 

pendix B. In the case of non-circular cross-section magnets however, a closed form solution 

like the circular case may not be possible. Numerical methods can be used in such cases. 

We will consider the circular cross-section toroid first to illustrate the method. Consider 

a small displacement in the minor radius a, keeping the major radius R constant as shown in 

Figure 53. When the toroid expands it must do work against the elastic forces in the support 

structure. The change in energy in the toroid must be equal to the negative of this work done 

according to the virtual work principle. Without worrying about the directions and magnitudes 
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of the elastic forces we can say from the condition of equilibrium that the resultant of these 

elastic forces at any point must be equal in magnitude and opposite in direction to the mag- 

netic pressure p. Thus 

ae=—aw=— | (—pasae . (1) 
Ss 

Note that the negative sign in the integrand comes from the fact that the resultant of the elastic 

forces is opposite in direction to the displacement Aa and the integral is carried out over the 

entire conducting surface. Then we can write 

GE _ 
aa [ pas (2) 

Since the magnetic pressure has the same expression as the magnetic energy density, Eq. (1) 

can be obtained with a geometric argument also. For small displacements the magnetic en- 

ergy density can be assumed to remain constant. Thus the change in energy comes due to 

a change in volume dSAa multiplied by the energy density p. 

Now consider a small displacement AR in the major radius R while the minor radius is 

kept constant as shown in Figure 54. It may easily be verified that when the centers of two 

circles are displaced by a small distance AR, the radial displacement is given by AR cos @. 

The change in energy according to the geometric argument is then 

AE= | padSAR cos é@ . (3) 
s 

Or 
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dE | =| pcosédS . (4) 
OR 5 

The integrand in Eq. (3) can also be interpreted as the product of the component of the elastic 

force in the direction of the displacement p cos @dS and the displacement AR. 

Now, it was shown in the previous chapter that whenever the stored energy can be ex- 

pressed as E=KRf(B) where K is a constant and f is a function of the geometric ratio 

p= = then E can be written in terms of the partial derivatives with respect to R and a as 

GE OE 
E=R—_ +a (5) 

Therefore from Eq. (2) and Eq. (4) we have 

E= | p(Rcos@+a)d$ . (6) 
Ss 

If we were considering only a normal poloidal pressure opposite in direction to the toroidal 

pressure p, then we only need to replace p by - p in Eq. (6) to obtain the energy of the poloid. 

Therefore, by superposition, we can write the energy of the force reduced magnet as 

E=E;+Ep= | (pr—ppllR cos@+a)dS . (7) 
s 

Eq. (7) shows the implication of the virial theorem very clearly. If the toroida! and poloidal 

magnetic pressures are exactly equal at all points then the stored energy must be Zero. 

Conversely, if the stored energy is not zero, then the differential magnetic pressure is also 

not zero which must be balanced by non-zero elastic forces. If we substitute the magnetic 

pressure p in Eq. (6) in terms of the field magnitude for the toroid we obtain the same ex- 

pression for the stored energy derived earlier. In the case of the poloid, the stored energy 
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computed by this method agrees exactly with the energy computed using the vector potential 

and it is also a much easier computation. It is clear that all the arguments presented above 

are equally valid for magnets of any cross-section as long as the magnetic pressures are 

normal to the conducting surface. 

The normalized magnetic pressures pr and pp for the toroidal and poloidal fields are 

plotted as a function of the position variable 6 in Figure 55. With the constraint of equal peak 

field the peak magnetic pressures are also equal. In order to change the degree of force- 

reduction let us assume that the current in the toroidal layer is changed by a factor of Je so 

that the toroidal magnetic pressure is now cpr. This would violate the condition of equal peak 

fields. For the moment let us also ignore the change in dimensions of the magnet as a result 

of the changed level of magnetic pressures, which would be necessary to keep the super- 

conductor mass constant. The question we would like to ask now is what is the value of c that 

will minimize the parameter m = M the mass of structure per kWh of stored energy. The 
E 

total mass of structure is given by 

=~ |Jopto,?— ogo, 2na(R+acosé) dO . (8) 

The tangential and axial stresses o, and o, are determined by the differential magnetic pres- 

sure Cpr — pp. Using Eq. (7) the stored energy is given by 

E= Kea — pp)(R cos @ + a)2za(R + acos@) dé . (9) 

Thus m is a function of the parameter c and theoretically we should be able to determine its 

minimum with respect to c. However, the stresses are not simple functions of the differential 

pressure but are related by integrals themselves, making m a rather complicated function of 

c, whose extremum values are not easily determined analytically. If we change the dimen- 

sions R and a with c so as to keep the superconductor mass constant, the problem becomes 
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further complicated. A solution can always be obtained numerically by simply plotting m as 

a function of c and we can try to explain the results by further analysis. Figure 56 shows the 

variation of m with c. The results of the numerical computation can be understood by looking 

at the problem from a different angle. 

Instead of solving for the optimum value of c we can try to determine the optimum value 

for the differential pressure that will minimize the mass of structure M. Since the mass is 

computed according to the distortion energy criterion, the optimum differential pressure will 

produce the minimum distortion energy. But the distortion energy is a function of the differ- 

ence between the various stress components and will be a minimum when the components 

are equal in magnitude. Denoting the differential pressure by po, we can write the equations 

6g=%_=o , (10) 

41, cos@ 7] _ Po | 
| ++ R+acos@ Rees I-74 (11) 

We have two unknown functions o(8) and po(8) but only one equation relating them (Eq. (11)). 

A second relationship is obtained by considering the equilibrium of a surface element of width 

aAé shown in Figure 57. From the equilibrium of forces in the vertical direction we can write 

t[R + a cos(@ + Ad)jo(@ + A6) cos(é + A@) + pp(8) sin 6[R + a cos @]aA@ = 

(12) 
t(R + acos @)a(@) cos 6 

Denoting F = t(R + a cos @)o(8@) cos @ and taking the limit as A@ — 0 we get 

OF 
7 —7 + ppa sin 6(R + acos 6) = (13) 

If we substitute for pp in terms of o from Eq. (11) we get a differential equation for o as follows. 

cos @(R + a cos @) 2. = (14) 
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Since the above equation must hold for all values of @, it follows that o = oo, a constant. 

Substitution in Eq. (11) gives, 

oot(1 + 28 cos A) 

Pp(9) = a(1 + 6 cos @) ‘ (15) 

where B =. Eq. (15) gives the optimum differential pressure distribution for the lowest 

distortion energy, corresponding to the minimum mass of structure. The theoretical minimum 

value for the mass of structure per kWh of stored energy can now be computed as 

p | tn(R +acos 8)a d0 

Mg = = 3: (16) 
oot(1 + 28 cos @) R cos om(R ba de 209 

a(t + f cos 8) (R cos @ + a)2n(R + acos @)a 

  

Thus with the distortion energy criterion we can reduce the structure requirement to a mini- 

mum of half the virial limit. It is important to note that there may not be any value of the pa- 

rameter c that gives the differential magnetic pressure exactly equal to the optimum 

distribution in Eq. (15). However, we can reasonably expect the value of c that minimizes m 

to be one that produces a differential pressure closest to the optimum pressure. 

Figure 58shows the differential pressures with various values of c compared with the optimum 

distribution. It is clear that the value of c = 1.44, producing a differential pressure closest to 

the optimum also minimizes m as can be expected. This corresponds to the peak magnetic 

field in the toroidal layer being 1.2 times the peak field in the poloidal layer. 
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General problem of optimizing structure 

The magnetic field magnitude in a toroid has a 1/x variation and the magnetic pressure 

has a 1/x? variation, where x is the distance from the axis of symmetry. Consider the general 

toroidal cross-section shown in Figure 59. Let y(x) represent the equation to the curve. The 

two stress components are related to the magnetic pressure and the geometry of the curve 

by 

7¢ Fa ot (17) 

where r, and r, are the radii of curvature of the corresponding normal sections and it is as- 

sumed that the thickness of the support shell is a constant. The radii of curvature can be 

written in terms of y(x) and x as 

‘9 = ———__ , 18 6 aa ( ) 

9241/2 —x[{1+y'"] 
fa = (19) 

When a desired stress distribution is specified, substitution in Eq. (17) gives us a differential 

equation in y which must be solved to obtain the desired cross-sectional shape. Various de- 

sired stress distributions can be specified in Eq. (17) based on what the design objectives are. 

A few examples will be considered here. 

Chapter 8 Optimal design of force-reduced and toroidal magnets for minimum support structure 175



Constant tension toroid 

It was seen in Chap. 6 that the axial stress o, was always compressive for the toroid. 

By the virial theorem any structure in compression represents excess structure requirement 

over the virial limit. Thus as the simplest example of a desired stress distribution, we may 

choose oa, = oo, a positive constant (tensile) and o,=0. A constant tension design also has 

the advantage of reduced bending stresses. Substituting in Eq. (17) and making use of Eq. (18) 

we can write 

ly” | Ky K = =~. (20) 
x 

(1 + yp ~ o ox? 

Referring to Figure 59we can make the general observation that the slope of y decreases 

continuously from + co to - co as we go from x; to x, along the top half of the curve. The 

condition of infinite slopes at the end points is necessary from practical considerations and the 

obvious symmetry of the cross-section about the x-axis. Since y’ is decreasing with increasing 

x, it is clear that y’’ will be negative for x, < x < x (all statements refer to the top part of the 

cross-section). Thus we can write Eq. (20) as 

y —K (21) 
1 + yl - x2 
  

, _ 
[t+ yy 

(21) once we get 

the left hand side of Eq (21) can be seen to be wv Integrating Eq. Letting v(x) = ax 

= _ ¥ _K v(x) 7 yay x te. (22) 

Solving for y’ in Eq. (22) we can write 
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K 
dy xt _ K +0¢,4x (23) 

~ ~ 1/2. ' ax K aq2 fax? + bx +c] 
[1- (+41) | 

x 

where a=1—c?,b=— 2Kc, andc = — K? . Integrating Eq. (23) once more the desired shape 

is 

(24) 
2aK + be, [ in~( aax=b) a] oor tite _ 

9 a y(x) =———_— | sin“*( #22? 2 2a 3/2 2K 

The constants of integration c, and cz must be chosen to meet the boundary conditions. The 

design of the magnet will be described in the latter part of the analysis. 

The design of constant tension toroids has been dealt with elsewhere especially in mag- 

nets for fusion research [73-76]. It is important however, to point out a fundamental difference 

between the analysis here and the analysis of constant tension toroids found elsewhere. The 

work in Refs. [73-76] is based on an equation very similar to Eq. (20). The essential difference 

in the two approaches is that on the right hand side the authors use a 1/x variation instead 

of the 1/x? variation used here. 

The analysis in this thesis so far has assumed a continuous support shell, on which the 

forces acting are approximated by a continuous magnetic pressure which is consistent with 

the thin conducting layer or current sheet assumption. However, for large toroids the con- 

ducting surface is far from being a continuous current sheet. In fact large toroidal magnets 

are built by assembling discrete cylindrical coils aligned along a circular axis. In such a 

modular construction, the equilibrium of each module must be the one that is taken into ac- 

count rather than that of a continuous support shell which can have an axial stress compo- 

nent. For the analysis of the modular design the magnetic force is assumed to be supported 

by a tangential component of stress alone. This leads to the model where each conductor turn 

experiences a force that is proportional to its current (constant) and the magnetic field which 

is proportional to 1/x, which results in a 1/x variation in Eq. (20). It must be pointed out that 
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both approaches are valid based on the models of continuous conducting surface or individual 

turns with significant spacing assumed. However, the approach used here and in the subse- 

quent analysis is more accurate for smaller magnet designs where the current sheet and 

continuous support shell models are quite valid. 

Constant biaxial tension toroid 

As the name suggests the desired stress distributions for this kind of toroid are op = o, = oo, 

a positive constant. From Eqs. (17-19) the equilibrium equation becomes 

  

> 23/2 * > 21/2 = (25) 
[1+y""] xfity""] x 

Putting v(x) “Taye the above equation becomes 

: V —K 
V tx Ta . (26) 

Making the substitution v = uw, Eq. (26) can be written as 

dw Ww du —K 
U ate) twa . (27) 

Now we choose w(x) such that the expression in paranthesis in Eq. (27) is zero. This gives 
, 

w= =~, where c’ is a constant. Equation (27) then becomes 

  

du —K 
a , (28) 

CX 

whose solution is u = —Kinx , c’. Thus v = uw is given by 

y’ c,—KInx 

[14 y2y"2 = x (29) 
  v(x) = 
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dy 
where c,=c’c’’, is a constant. Then Ox can be written as 

Cc, —K Inx 

gy _ Xx (30) 

[1 (cennyT 
  

c,—KInx 
Xx 

(eee 
The second integration to obtain y(x) can be done numerically as the integral above cannot 

ax 

y(x) = Tp (Ut C2 CC (31) 

be expressed in terms of elementary functions. 

Variable tension toroid 

For this design we assume o, = a(x), a positive function of x and o, = 0. Now we have two 

unknown functions o(x) and y(x) and must therefore seek two differential equations to solve 

for them. When the circular cross-section force-reduced magnet was analyzed, in addition to 

the equilibrium equation a second differential equation was derived by considering the vertical 

equilibrium of an elementary strip of the toroidal surface. The same approach can be em- 

ployed here also. Consider the vertical equilibrium of the circular band of the toroidal surface 

shown in Figure 60. Summing the forces in the vertical direction, we get 

t2nxo(x) COS « + p(x)2nxAs sin a — t2n(x + Ax)o(x + Ax) cos(«e + Aa)=0 . (32) 

Rearranging the terms and dividing both sides by Ax, we obtain 

+ Ax + Ax a+ Aa) —xo a (x Jo(x L006 ) — Xa(x) cos _ poy x sina 9S (33)   
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Taking the limit as Ax — 0, we get 

de _ PX. ds ax (xo COS a) = ; sina 

From the direction cosines of the tangent vector we can write 

~y' 1 
: sin « = ——— cos a = 

Since As? = Ax? + Ay?, we can write 

Gs _ 21/2 ox lity] 

, 

  

Letting v(x) =a Eq. (33) can now be written as 

d —px  —Ky 
ox (xov) = =X 

Differentiating the left hand side 

d — Ky 
ov +X (ov) = 

(34) 

(35) 

(36) 

(37) 

(38) 

This is the additional differential equation that we sought. The equilibrium equation of Eq. (17) 

can be written as 

a: ee 
dx x 

The two equations above must be solved simultaneously to obtain o(x) and v(x). 

Defining the variable w = ov , Eq. (38) becomes 

-—K aww tk 
ax xX x? 
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whose solution is given by 

Cc, — K, |Inx 
Xx W=oVv= 

Substituting for o from Eq. (41) in Eq. (39), we get 

gv KW 
ax = x(c, — K, Inx) 

whose solution is 

V(X) = Co(C, — K, In x) 

From Eq. (41) o can be written as 

  

OX) = ax 

Thus 

ay _ V _ Co(c, — K, In x) 
ax (1— yy? [1 — (co(¢, — K, In x]? ’ 

and 

Co(C, _ K, In x)dx 

= + 
vx) [1 _- (Co(c, _ K, In x)? |"? °3 

  

(41) 

(42) 

(43) 

(44) 

(45) 

(46) 

We now have three constants of integration corresponding to three initial conditions, the third 

one being an initial condition for the stress function o(x). 

Chapter 8 Optimal design of force-reduced and toroidal magnets for minimum support structure 181



Variable biaxial tension toroid 

In this case we set o, = o, = o(X), a positive function of x. The equilibrium condition of Eq. (38) 

remains the same because the axial stress o, does not affect the equilibrium of the circular 

band considered in deriving the equation. The equilibrium condition of Eq. (17) gives 

  

dv , ov —*y 
a ne (47) x 

or 

dv — Ky 
XO +ov=— x (48) 

Equation (37) can be written as 

do.) dv —Ky ov + xv dx + Xo ax x . (49) 

From the two equations above we get 

wIZuo | (50) 

Since x #0 the above equation implies v = 0 or o = oo, a constant. We exclude the former 

possibility because this would imply Y =0, which does not allow us to have a closed 

cross-section. The latter possibility reduces the problem to the case of the constant biaxial 

tension toroid considered earlier. Thus we conclude that a practical design of a variable 

biaxial tension toroid, where both axial and tangential stresses are equal at any point, is not 

possible. 
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General problem of optimizing structure in force-reduced 

magnets 

Earlier in the analysis we had considered the problem of determining the optimum 

toroidal and poloidal magnetic pressures for a circular cross-section force-reduced magnet. 

As in the case of the toroid we seek optimum shapes for the force-reduced magnet to achieve 

certain desired stress distributions. The problem is considerably more difficult in this case 

as we cannot write a simple expression for the poloidal magnetic pressure as was possible 

for the toroid. Even when the cross-sectional shape is given, the problem of determining the 

shielding current distribution (from which the magnetic pressure can be obtained) for the 

poloidal layer is quite difficult. Therefore the optimization problem as formulated for the 

toroidal magnet can only be solved for the simplest cases. 

The differential equations for the general problem are given by 

  
o2V K — ow’ - 22 =| Spot 4 . (51) 

K 
(= o9vx) = | “— poo | . (52) 

where pp(x) is the poloidal magnetic pressure and the expression in brackets on the right hand 

side represents the differential magnetic pressure. pp(x)is determined by the unknown shape 

y(x) and does not represent an additional unknown function from the mathematical point of 

view. Therefore there are three unknown functions viz., o9(x), ¢.(x) and v(x) (or y(x)) and two 

differential equations. If we make an assumption on the stress functions as was done for the 

toroidal magnets, we have an additional equation which should permit us to solve the system. 

However, the poloidal magnetic pressure cannot be expressed as any simple function of the 

shape function y(x). It is clear from Appendix B that even for a simple known shape (circle) 
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there is no easy way of representing the shielding current distribution as a simple function of 

the shape function. 

We will consider only one simple case of the general problem which is significant from 

the theoretical point of view. It was pointed out in the last chapter that it is possible to reduce 

structure requirements to levels significantly below those implied by the virial theorem if a 

state of pure tension (o; = o2 = 63 = o(x)) could be achieved. The reduced structure results 

from the fact that a material under pure tension can be subjected to stresses several times 

the normal allowable stresses for the same material under uniaxial or biaxial loading. From 

the mechanical point of view the same is true for a state of pure compression. But we know 

from the virial theorem that magnetic forces cannot result in stresses that are purely 

compressive. Therefore we will consider only the possibility of achieving a state of pure ten- 

sion in a force-reduced magnet. 

In the analysis of forces and stresses in the two layer force-reduced magnet the poloidal 

layer was on the outside, the toroidal layer on the inside and the supporting shell in between. 

The biaxial stresses in the support shell, which were computed from the differential magnetic 

pressure, are the principal components of the stress tensor and they determine the quantity 

of structure required. However, there is a third component of stress, whose direction is 

normal to the surface of the support shell, which we neglected because its magnitude is 

smaller by a factor of ten compared to the other two components. This third component is a 

radial compressive stress whose magnitude is equal to the smaller of the two magnetic 

pressures. It was seen from the results for the force-reduced magnets that the first two 

components are tensile for practically all geometries. If we can make the third component 

also a tensile stress then we can proceed to the determine the cross-sectional shape that 

would give a pure tension stress distribution. 

Some of the earlier force-reduced magnet designs use multiple layers of winding with the 

current changing direction from toroidal on the outside to being poloidal on the inside [54,61]. 

It has also been experimentally shown that this design increases the current carrying capacity 

of the same conductor wound in a conventional manner [63]. What is interesting from our 
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point of view is that these designs are the opposite of what we would expect a multilayer 

force-reduced magnet to look like, since the two layer design has the poloidal layer on the 

outside. In these multi-layered windings it is clear that in the region between the innermost 

(poloidal) and outermost (toroidal) layers, both a poloidal field as well as a toroidal field is 

present. Careful reflection will show that from the magnetics point of view there is no differ- 

ence between this configuration and the multi-layer case where the poloidal layer is outermost 

and the toroidal layer is the innermost, if we neglect the small variation in the volume of the 

toroidal and poloidal magnetic fields. The principal reason for this is the fact that although the 

resultant magnetic field seen by any layer is greater due to the vector summation of the two 

fields, the toroidal component of the current is unaffected by the poloidal component of the 

field and vice-versa since in each case the two components are parallel to each other. The 

stored energy per unit volume (e) is also equivalent to a scalar summation of the two energy 

densities because 

2 2 

_B-B__ 8r+8p _ e= Quo 2p =@r+ ep (53) 

If we reverse the positions of the toroidal and poloidal layers in the two-layer force- 

reduced magnet, the differential magnetic pressure is unchanged (first two components of the 

stress unchanged) and the third component becomes tensile instead of being compressive. 

Such a reversal would require that each winding be ‘glued’ to the support shell in between 

since the two windings will tend to pull away from the support shell rather than press against 

it as in the original force-reduced configuration. Ignoring the practical difficulties of this new 

structure for the moment, we wish to investigate the possibility of acheiving pure tension. 

Assuming the poloidal magnetic pressure to be the smaller of the two we set pp(x) = o(x) and 

0, = 6, = a(x), a positive function as before. Equations (51) and (52) can now be written as 

  

»__ av Ki, 1 — ov — X -|-o|+ 1 (53) 
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d K, x —(—opgvx)=| —-ol7 . (54) 
dx g x2 t 

From these two equations we get 

do _ 
xv =0 (55) 

which implies that o(x) = oo, a constant. Following the same procedure as before the above 

system can be solved to give 

c,x? —K, INnx+Cp 
, 56 - (56) v(x) = 

and 

(c4x? — K, In x + Co)dx 

[x* - (c,x? —K,|Inx+ cy)" |"? 

  y(x) = cz (57) 

Since pp(x) = oo, a constant, we require the poloidal magnetic field to be uniform all 

around the surface of the poloidal current layer. This implies that the poloidal current density 

must be uniform. Thus the shape given by Eq. (57) must have a shielding current distribution 

that is uniform, if our underlying assumption of normal magnetic pressures is to be true. 

Without actually determining the shielding current distribution for the shape in Eq. (57) we can 

show that it is not uniform. It will be shown in Chap. 10 that the requirement of a uniform 

magnetic pressure normal to the magnet surface requires the magnet surface to have zero 

gaussian curvature. For a general toroidal cross-section this requires the curvature of y(x) to 

be zero, which is impossible to satisfy from practical considerations that the cross-section be 

closed and smooth. Thus we may conclude that a pure tension cross-section for a two-layer 
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force-reduced magnet does not exist, even with the admittedly impractical configuration as- 

sumed. 

Design considerations of optimal shapes 

All the optimal shapes considered so far have the general form 

y(n) ser c (58) = 13») «a1, 20; 

[1 -— Poo ]'? 

d 
where the integrand represents the slope =. For a smooth closed shape it is clear that the 

slopes at the endpoint x, and x. must be + co and - co respectively. This implies that 

f(xX4) = +1 (59) 

and 

(Xp) = — 1 (60) 

We also have the boundary conditions 

y(x,) =0 (61) 

and 

Y(%) =O. (62) 
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Once the point x; is given and the quantity of superconductor is to be kept constant, the per- 

imeter of the cross-section is fixed as was pointed out in Chap. 4. This constraint may be 

written as 

X2 X2 

Loy aye | ——% = So | (63) D | L (1 Pwo]? 4nx, 

where C is the constant representing the area of the available conducting surface. 

Consider the constant tension toroid whose solution is given in Eq. (24). The two con- 

stants of integration , K and x, represent four unknowns. But there are five boundary condi- 

tions and constraints imposed, so it is clear that we will not be able to satisfy all the boundary 

conditions. If we drop the requirement of Eq. (62) we can solve the above system of equations. 

A sketch of the solution is shown in Figure 71 (a). It is clear from the figure that the solution 

is not very useful from the practical point of view. On the other hand if we keep Eq. (62) and 

alter Eq. (61) such that 

V(X) =Yo , (64) 

where y, is left as an unknown we get a system with five equations and five unknowns, which 

can be solved. The solution is sketched in Figure 71 (b). This is similar, but not the same as 

the shape known as the Princeton - D, since the differential equations are not the same. While 

the shape in Figure 71 (b) is suitable for practical construction, it has a major drawback that 

was not intended in the original design. Consider the equilibrium of the central straight line 

portion shown in Figure 61 (b). The constant tangential tension is present in the straight 

portion due to continuity from the curved portion of the cross-section. However, there is a 

radial inward force on the straight line segment that must be balanced by compressive axial 

stresses in the support shell. In practical designs of the D - shape a central support cylinder 

is provided to take these compressive stresses. From the virial theorem analysis we know 
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that structure is wasted when compressive stesses are present. So in the D - shape the 

savings in structure expected from removing the compressive axial stress from the curved 

portion is offset by the compressive stresses present in the straight portion of the cross- 

section. 

One way to get rid of the straight line portion of the solution is to split the solution into 

two parts, y.(x) and ya(x) and join the two curves smoothly at some intermediate point Xo ( 

X; < Xo < X), such that 

Yi(Xo) = Yr(X%o)_ (65) 

Y'LX)=Y'o . (66) 

Y'R(Xp) =V'o (67) 

where y’y) is assumed to be given. This approach permits a solution that is a smooth closed 

shape as shown in Figure 62. However, this does not get rid of all our difficulties. The second 

derivative y’’(x) is not continuous at the joining point x, which means that the constant ten- 

sions on either side are not the same, requiring support structure to take care of the imbal- 

ance in the two tensions which is illustrated in Figure 62. 

The design of toroids with purely tensile stresses is thus limited by practical smoothness 

considerations which require parts of the cross-section to violate the underlying differential 

equations or result in a discontinuous solution (discontnuity is in the magnitude of the 

stresses) both conditions resulting in additional structure requirements. However, when the 

stresses are only tensile, the quantity of structure required is equal to the virial limit. Thus 

by adopting pure tension cross-sections for toroids, we can reduce the structure requirements 

by a factor of 3 compared to the circular cross-section. Constant tension cross-sections are 

important for the design of large modular toroidal magnets because bending stresses are 

absent in these designs compared to circular cross-section magnets and the the variable 

tension designs considered here. Furthermore the central compressive forces can be sup- 

ported by underground bedrock similar to the LAR solenoid. 
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Summary and conclusion 

Various methods for reducing the structure requirements of force reduced and toroidal 

magnets were investigated. The optimum differential magnetic pressure for the circular 

cross-section force reduced magnet was derived, which results in structure requirement that 

is equal to half the virial limit. The possibility of achieving the optimum differential pressure 

by varying the current levels in the toroidal and poloidal layers was studied and it was found 

that the optimum magnetic pressure is well aproximated by using a toroidal current that is 20 

% greater than the poloidal current. The possibility of achieving a state of pure tension 

(hydrostatic) was also studied with regard to a poloidal/toroidal force reduced configuration. 

The solution requires a uniform poloidal magnetic pressure for all points of the cross-section. 

This was shown to be impossible from geometric considerations which are described in 

Chapter 10. 

The structure requirement of toroidal magnets can be greatly reduced by adopting a 

non-circular cross-section. The general problem of determining the cross-sectional shape to 

achieve a desired stress distribution was formulated and solved for various desired tensile 

stress distributions. Constraints imposed by practical smoothness considerations were shown 

to result in cross-sectional shapes where either some structure is in compression or there is 

a discontinuity in the stresses at the point where two solutions are joined together. The for- 

mer case results in shapes that are similar to the constant tension D-shape used in tokamaks. 

For the latter case structural design is somewhat complicated by the discontinuity in the 

stresses, but the stresses are all tensile. Therefore it is possible to reduce the structure re- 

quirement of toroidal magnets to the virial limit, which represents a decrease by a factor of 3 

compared to the circular cross-section. The general procedure for the design of these mag- 

nets was described. Numerical methods must be used for most cases. The design procedure 

for maximum energy toroids described in the next chapter can be adapted to solve for pure 

Chapter 8 Optimal design of force-reduced and toroidal magnets for minimum support structure 190



tension cross-sections as the differential equations governing the two problems are very 

similar. 
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Figure 53. Virtual increment of the minor radius 
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Figure 54. Virtual increment of the major radius 
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Figure 57. Equilibrium of circular cross-section force reduced magnet 
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Figure 59. General toroidal cross-section 
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Figure 60. Equilibrium of general cross-section toroidal magnet 
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Figure 61. Design of constant tension toroidal magnets 
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Figure 62. Design of constant tension toroidal magnets without compressive structure 
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Chapter 9 A variational approach for maximizing 

stored energy in toroidal magnets 

Introduction 

The advantages of non-circular cross-section toroids for reducing support structure were 

shown by the analysis of the previous chapter. Since the toroid is a unique configuration, 

providing the advantage that is unavailable for any other structure viz. the complete absence 

of a stray field, it is important to know the maximum stored energy that can be achieved ina 

toroidal magnet. The results of Chapter 4 showed that the maximum stored energy of a cir- 

cular cross-section toroid is approximately half the maximum energy of a solenoidal or a 

poloidal magnet, which is one of the main reasons why the toroidal configuration was not 

given serious consideration by SMES researchers in the U.S... For some applications the 

completely confined magnetic field afforded by toroidal magnets may be the only acceptable 

magnet configuration. Therefore it is important to determine the optimal cross-sectional 

shape for the toroid so that both support structure and superconductor costs can be mini- 

mized. 

Chapter 9 A variational approach for maximizing stored energy in toroidal magnets 202



The fundamental characteristic of the toroidal configuration is not the fact that it has a 

circular cross-section, but the fact that the magnetic field is completely enclosed within its 

volume. This characteristic is preserved regardless of the shape of the cross-section as long 

as the toroid is obtained as a surface of revolution of this cross-section. There is no reason 

to believe that a circular cross-section gives the maximum stored energy among all the pos- 

sible cross-sectional shapes. In most studies involving the toroidal configuration, a circular 

cross-section is assumed which simplyfies the analysis and allows most parameters to be 

described by closed form expressions and formulas [7,13,86,87]. This ease of analysis how- 

ever leads to very misleading conclusions regarding the toroidal configuration as was evident 

from the results of Chapter 7 and Chapter 8, which showed that the structure requirement 

commonly accepted for toroids is highly exagerated and shows the toroidal geometry in very 

poor light when compared to a LAR solenoid. Can a departure from a circular cross-section 

result in a dramatic change in the stored energy as was the case for support structure ? It is 

the objective of this chapter to investigate this question and to determine the optimal toroidal 

cross-section that maximizes the stored energy. 

One way to address this problem is to look at different cross-sectional shapes and com- 

pute their stored energy and compare it with the energy of the circular cross-section toroid. 

Ellipses with various eccentricities could be tried, for example. However, even if we find a 

shape that gives a higher stored energy than the circular cross-section we would still not know 

if there exists an alternate shape that increases the stored energy even more. The best way 

to solve this problem obviously is to formulate it as a calculus of variations problem whose 

solution will give the optimum shape that maximizes the stored energy. It will be shown in this 

chapter that this problem can indeed be formulated and solved as an isoperimetric problem 

in the calculus of variations, resulting in the optimal cross-sectional shape for the toroid. 
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An isoperimetric problem 

When we are formulating the problem of maximizing the stored energy it is clear that the 

quantity of superconductor must be kept constant. Otherwise no maximum can be found since 

the energy would be maximized only at infinite size. Following the procedure described in 

Chapter 3, we can assume that all the toroids are designed from a current sheet of constant 

area C. Consider the general toroidal cross-section shown in Figure 63. The area of the 

conducting surface (not the same as the surface area of the torus, due to the spread in con- 

ductors in any toroid) is given by 

C=2nx,L , (1) 

where L is the perimeter of the closed curve representing the cross-section of the torus and 

X, is the point closest to the axis of revolution as shown in Figure 63. 

If we assume that the point x, is fixed then it follows immediately from Eq. (1) that the 

perimeter L is a constant. Let y(x) be the equation for the cross-section. Then the perimeter 

  

is given by 

X2 

L=[ a/1+y' dx=—— , (2) 
x, 27X4 

dy Lg: , ; 
where Y= The variational problem then consists of choosing the function y(x) that 

maximizes the stored energy subject to the constraint that the perimeter of the closed curve 

is held constant. 

The magnetic field magnitude in toroidal magnets has a + variation. If B,, represents the 

magnetic field magnitude at x = x,, the magnitude at any point within the toroid can be written 

as 
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x 
B(x) = Bm 1 XXX . (3) 

The stored energy is given by 

B2 
E= |]— av. 4 iE (4) 

Substituting for B from Eq. (3) and taking the azimuthal symmetry into account, the energy can 

be written as 

2 B2 2 pX2 Xe 

pe | x ox= | Yoox , (5) 
x 

Ho x x 

my 

where K is a constant when x, and the peak field B, are fixed. The isoperimetric problem 

may now be stated as follows. Determine the closed curve y that maximizes the quantity 

—e fy 
l= = xX ax , (6) 

x 

subject to the constraint 

  

X2 
= [yay gya—K— v= | i+y” dx= aux, (7) 

x, 

The end point x; is fixed but x, is free (x, >x,). It is necessary to restrict all functions y to lie 

on the right side of the point x, because for x < x, Eq. (3) would give field magnitudes greater 

than the peak field 8,,, which would violate the physical conditions of the problem. 

The boundary conditions are given by 
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y(%,)=0 , (8) 

Y(%))=9 . (9) 

From the smoothness requirement for the curve and the obvious symmetry about the x - axis, 

it follows that y(x) must have infinite tangents at both end points. The requirement that y(x) 

lie to the right of the point x, further implies that 

Y'(Xy)= +00 , (10) 

y'(X2)=— co. (11) 

It must be pointed out that the values for the slope of the curve y(x) given in the above 

equations refer to the portion of the curve on the upper side of the x - axis. The slope is dis- 

continuous at these endpoints being of the opposite sign when approached from the lower 

portion of the curve. These difficulties arising out of the multivaluedness of the function y(x) 

are usually avoided by representing the curve parametrically. The parametric representation 

is also the most convenient way to describe the function when the curve sought is a closed 

one. For this particular problem however, the parametric representation does not prove to 

be very useful and will therefore not be considered here. 

In order to determine the extremizing function y(x) we form the functional 

patealtey? , (12) 

where A, the Lagrange multiplier is a constant chosen to fit the boundary conditions and the 

constraint. The extremizing function must satisfy the Euler-Lagrange equation given by [101] 

OF dg (OF yg | (13) 
Gy dx ( oy’ 

Substituting for * in the above equation, we get 
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4 44 y 

eo iay® 
which is the differential equation to be satisfied by the extremizing function y. This is a 

)=0 , (14) 

second-order differential equation whose general solution contains two constants of inte- 

gration which corresponds to two initial conditions that can be specified. The constraint 

equation provides a third equation which is used to determine the constant 2. However, we 

have stipulated four initial conditions in Eqs. (8) - (11). Therefore we may not be able to satsify 

all the four conditions. 

Before we proceed to solve the Euler-Lagrange equation for the problem it must be 

pointed out that the solution could be a minimum or a maximum. We are of course interested 

in the function that maximizes the stored energy. In order to determine whether the solution 

maximizes the stored energy, we apply the Legendre condition given by [102] 

ar 
yay” ay’ <O. (15) 

Substituting for @ from Eq. (12) we get 

A 
( + y?pe <O . (16) 

The denominator is clearly positive which implies that for the energy to be a maximum, 4 must 

be negative. Conversely, if 2 turns out to be positive, we can conclude that the function y(x) 

minimizes the stored energy. 
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Solution of the Euler-Lagrange equation 

Integrating Eq. (14) once, we obtain 

Inx+ Cy _ yp (17) 

where c; is a constant. Solving for y’ we get 

Inx +c, 

1_ 4 A youre . (18) 

(ey) 
  

Integrating Eq. (18) once more we get 

x Inx+c, 

y= d + Co . (19) 91/2 
x | (ms) 114- —— 

Since y(x,)=0 ,c,=0. The condition of infinite slopes at the end points given by Eq. (10) and 

Eq. (11) imply 

INX, +¢, 
=+1 . (20) 

A 

Inx, +c 
zeta (21) 
A 

Solving for x, and c, we get 

X= x,e7 24 (22) 
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C4 = A — In x4 . (23) 

Substituting for c, in Eq. (19) gives 

xX 
x Inx, tA 

a ax 

y= a (24) 

x, Ing +a 

1-( —— 

The above improper integral can be transformed into a proper integral by the substitution 

  

In +A 
x4 , 

7 =sin@ . (25) 

Or 

x= x,e" sin 0 1) (26) 

Thus Eq. (24) becomes 

g 

y(8) -| Ax, sin de SIN") gg (27) 
n/2 

where the variable 6 varies from 7/2 to — 7/2 as x varies from x; to X2. Substituting for x from 

Eq. (25) in Eq. (18) we get 

dy 
ox =tan@d . (28) 

Thus @ is the angle the tangent to the curve makes with the x - axis. Substituting for y’ in Eq. 

(7), the constraint equation can be written as 
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X2 

  
  

ax Cc _ 2 _ anx, 7 0. (29) 

x, Ing +a 

1-| 

With the transformation in Eq. (25) this reduces to 

  

—n/2 

ray= | Ax,eMSinO-) gg = =O. (30) 
n[2 ' 

Since x, and C are given, the above equation can be solved to obtain the value of the Lagrange 

multiplier 2. Then Eq. (27) can be used to obtain the optimal curve y. 

The integrals of Eq. (27) and Eq. (30) cannot be expressed in terms of elementary func- 

tions, but can be easily evaluated numerically by a suitable quadrature formula. The Newton’s 

method iteration can be used to solve for J. 

F(Ax) 
Ane 1 Ax — F’(A,) (31) 

It is useful to study the optimal solution in terms of a numerical example. The value of 

the constant C is chosen the same as that used for the design of all the other magnets in this 

thesis for the sake of comparison of the stored energy. Furthermore the value of x, is chosen 

to be 36 m which corresponds to the dimensions of the optimal geometry of the circular 

cross-section toroid. With these values for the constants the iteration of Eq. (31) gives 

A = -—0.682. Since A is negative the function y maximizes the stored energy according to the 

Legendre condition in Eq. (16). 
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The solution of Eq. (27) now satisfies three out of the four initial conditions specified. We 

need to check whether the remaining boundary condition viz. y(x2) = y( — 7/2) =0, is satisfied. 

Putting @ = — 2/2 in Eq. (27) and using the value of 4 computed above, we get 

—2/2 

y(Xp) = y( — 2/2) = | AxyeXSIDP") gg = — 55.41 (32) 
a/2 

Thus the end point requirement at x, is not satisfied. A plot of the solution is shown in 

Figure 64, 

It is obvious that all the four boundary conditions cannot be satisfied and therefore it is 

necessary to relax one of them. The requirement of infinite tangents at both end points was 

imposed so as to ensure smoothness of the solution at the points on the x-axis where the 

‘upper and lower halves of the solution meet. However, for the solution to be an extremal both 

these conditions need not be satisfied. Since the end point x, is free and we require 

y(X2) = 0, this is the same as saying that we require the free end point to lie on the curve h(x,y) 

= y = 0. To meet this requirement the extremizing curve y must satisfy the following condi- 

tion at the point x, (called the transversality condition) [101,102]. 

  

oh 
or oy 
oy hy y oh” ©) 

Ox oy 

Substituting for f and h we get 

ay’ Sealtey? 
—_ =O. (34)   

Since y(x2) = 0, this reduces to 
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=0 , at x=X. (35) 

But 1 #0, therefore y'(x2) = + oo. Thus the requirement of infinite tangent at x, is essential for 

the function y to be an extremal. Therefore we retain the boundary condition y’(x2) = — co and 

drop the requirement of infinite slope at x, This leaves the slope of y at x, an unknown which 

must be determined from the boundary conditions and the constraint equation. Let 

y'(x:) = tan @,. Equation (20) and (21) now become 

Inx, +c, 
7 =sin@, . (36) 

IN Xo + Cy 
cent. (37) 

Following the same procedure used earlier we now obtain two equations in 6, and J that must 

be solved simultaneously to meet the boundary condition y(— 2/2) =0 and satisfy the con- 

straint equation. They may be written as 

  

—2/2 

F(, 04) =y(— 2/2) = | deMsin—sin®) gg = go . (38) 

0, 

and 

—2/2 

G(1, 8.) = AsingeMsiro-sinO) gg — —£- = . (39) 
6 4nx; 

1 

The Newton-Raphson method may be used to solve this system of non-linear equations [103]. 

The partial derivatives of the functions F and G with respect to @, and 4 which are needed for 
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this purpose can be obtained directly from Eq. (38) and Eq. (39), making use of the Liebniz rule 

for differentiation under the integral sign. When we try to solve the above system of equations 

however, we find that there are no values of 6, and J that can simultaneously satisfy both 

equations. This fact is best illustrated by choosing known values for @, and leaving the slope 

at the second end point ( tan 82) as unknown. The resulting system of equations are as follows 

62 

rie) | deXsin@—sin®) gg = O (40) 
@ 1 

and 

  fc =o. (41) 
62 

G(A, 65) = [ Asin beXSirO- SIN) gg _ 
. 4nx, “6, 

The solutions for the above system for various values of 8, are plotted in Figure 65, where only 

the top portion of the curves are shown for clarity. It is clear that there is no value of @, that 

gives 0. = — n/2 as required for the extremizing function. Even for 2/2 < 6; < z, which violates 

the physical requirement that the curve lie on the right side of the point x;, we do not get 

6,= — 2/2. 

Can the solutions in Figure 65be considered the best that is possible ? It is useful to 

compare the stored energy of these solutions with that of the circular cross-section toroid 

which has an energy of 0.88 units (1.0 = 5500 MWh). The values of E for each solution shown 

in Figure 65indicate that they are all lower than that of the circular cross-section. Of course, 

there was no reason to expect these solutions to be optimum since none of them satisfy the 

required condition given in Eq. (33). 

At this point it appears that no solution can be found that satisfies the boundary condi- 

tions or maximizes the stored energy. Since the direct approach to solving isoperimetric 
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problems fails to give a satisfactory solution in this case, we need to reformulate the problem 

in some suitable way to overcome the difficulties. An alternate approach is suggested by the 

method used in the previous chapter when similar difficulties were encountered in satisfying 

the boundary conditions. This will be the subject of the discussion of the next section. 

A new approach to solve the isoperimetric problem 

It was clear from the foregoing analysis that no single curve y could be found that both 

extremizes the integral | as well as satisfy the constraint J and boundary conditions. The dif- 

ficulty can be summarised by saying that we had a second order differential eqation with two 

degrees of freedom and a constraint equation, but there were four boundary conditions one 

of which we were unable to satsfy. So we must seek a way to increase the degrees of freedom 

in the problem. 

Let x, be the second end point, an unknown at this point. Now we choose some point x; 

such that x;<xX;< x, as shown in Figure 66. Instead of finding one extremal between the 

points x, and x,, we now look for two curves y, and yp, the subscripts standing for left and right, 

such that y,; is the extremal from x, to x3 and yg is the extremal from x3 to x2. The length con- 

straint would now be L=L, +L, a combined constraint equation. The two curves y, and yp 

are now patched together in such a way that 

Yi(X3) = YR(X%)- (42) 

y'1(%3) =y'R(X%)- (43) 

Splitting the problem into two parts as described means that there are two Lagrange multi- 

pliers now, A, and dg one for each of the two extremals. So we have added two equations and 

one additional unknown, assuming x, to be known at this point. This should resolve our diffi- 
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culties and indeed it does. For example, if we choose 6 =0 as the intermediate point, then 

from Eq. (28) we see that this corresponds to the point of zero slope for the two curves. 

Making use of Eq. (42) and Eq. (43) and following the procedure used earlier, the equations to 

be solved are 

  

0 —n/[2 

F(A, =| A, singe"? gg + | Ipsinde*®*"9 gg = 0 , (45) 
2/2 0 

0 —7/2 4 
. : L 

GAL, el ae*S"? gg + | ape" gg — ££ = 0. (46) 
4nx, 

zf2 0 

Solving the above system with the values of x, and C used earlier we get 4, = — 1.077, 

Ar = — 0.360. Since both Lagrange multipliers are negative, each of the two portions of the 

curve represent extremals in their respective intervals. The solution is plotted in Figure 67. 

It is clear that the boundary conditions are all satisfied now. However, the stored energy is 

still less than that of the circular cross-section. Although each of the two curves y, and ye 

maximize the stored energy in their respective intervals subject to the boundary conditions, 

their sum does not represent the extremal between the end points x, and Xo. 

It should not surprise us that we did not get the shape that maximizes the stored energy 

because the choice of the intermediate point x; was made arbitrarily. For a different choice 

of the intermediate point the stored energy could be greater or lesser than what we had with 

the choice of 8=0. Therefore what remains at this point is to select that value of the inter- 

mediate point x; ( or 63) that maximizes the sum of the stored energy over both intervals. 

From Eq. (5) the expression for the stored energy E can be written as 
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X3 e=K| Ye ay 4 K| YR gy (47) 
x x 

Substituting for x in terms of 6 we get 

0, —n/[2 

E=K| dy,cos@ dé + K | ArpYrcos@ dé . (48) 
n/2 63 

Now we need to choose — 2/2 < 8; < 2/2 such that E is maximized. Assuming that such a 

maximum exists in the interval, we can set a= 0 in Eq. (48), which gives us the additional 
3 

equation needed to solve for the point 43. 

With the intermediate point 0; as a variable Eq. (43) gives 

X= x,e7u( sin 63 — 1) (49) 

Equation (45) and Eq. (46) now become 

63 —n/2 

F(AL. Ap: o9= | A, sine 8? gg 4 |S As(4. — An) Ap sin eR 5"? gg = 0, (51) 
u{2 8 

0; —n/2 ’ 

G(A,, Ap, 3) -| Aye 599 go + cone) | Apes"? gg — 2 — 0(62) 
2/2 0, anx, 
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The above two equations along with the equation obtained by setting the derivative of Eq. (48) 

equal to zero, form a system of three equations in three unknowns which can be solved by the 

Newton-Raphson method. 

When a numerical solution of the above system of equations is attempted however, it is 

found that the iteration does not converge to any solution. Since we know that the system of 

Eq. (50) and Eq. (51) has solutions for chosen values of 83, we can expect the trouble to lie with 

the third equation which assumed that the energy E had a maximum for some value of @; in 

the interval —7/2<@,< 7/2. It is useful at this point to study the variation of E with various 

choices of 83. The solutions are shown in Figure 68 through Figure 75. It is found that the 

range of 63, for which a satisfactory solution of the system of Eq. (50) and Eq. (51) exists, does 

not include the entire interval from -7/2 to 7/2. Moreover as the values of the energy E indi- 

cate, the stored energy increases monotonically with 83 within this smaller interval, reaching 

its maximum value only at the endpoint of the range. This clearly explains why we were un- 

able to solve the system of three equations, because there is no value of @; within the range 

for which the derivative of the energy is zero. Determining the optimum shape exactly is 

complicated by the fact that the optimal values of 4,, 42 and @, lie on the edge of the range 

of these values where the solution to the system of equations breaksdown. Figure 74repres- 

ents the shape of the cross-section just before the onset of the condition where there is no 

solution. This shape can clearly be seen to be the optimum one, although it is determined 

by a trial and error approach. The stored energy of this optimum D shape is about 12.5 p.c. 

greater than the circular cross-section. 

So far all computations were performed with a fixed value for x, which corresponded to 

the dimensions of the optimum geometry of the circular cross-section toroid. Since the opti- 

mum cross-sectional shape is quite different from the circular one we can expect the maxi- 

mum stored energy to occur at a different value of x, Using different values of x,, we find that 

this maximum occurs for x; = 25m, where the stored energy is 1.02 units which is 16 p.c. more 

than the maximum with a circular cross-section. For any other choice of x, the optimum shape 

need not be D - shaped as shown in Figure 74. In fact as x; increases the optimum shape 
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which stores more energy than any other shape, becomes increasingly circular. This makes 

sense from an intiutive point of view due to the following reason. As we move further away 

from the axis of symmetry, the magnetic field within the toroid regardless of its cross-sectional 

shape, becomes more and more uniform. When the field is completely uniform and the per- 

imeter of the cross-section is fixed, then the energy is maximized by that shape which en- 

closes the maximum area for a given perimeter, which as is well known is a circle. 

The method described so far enables us to determine the optimum shape for any given 

value of x,;, A much simpler method can be used to arrive at the optimum shape directly 

without the trial and error approach of varying @; till there is no solution to the system of 

equations. This method is based on the observation that the optimum D - shape has a left half 

curve that is practically a vertical line and the slope at which the left and right halves of the 

solution meet is close to being infinite. 

In the initial part of the analysis it was pointed out how the boundary conditions were not 

being satisfied by one extremal curve y over the entire interval. When we started out with 

y(X;) =0 it turned out that y(x.) #0, while the condition of infinite slopes at either end point 

was satisfied. Consider the solution shown in Figure 76. Suppose we impose the condition 

that y(x2) = 0 and let y(x:) = yo, an unknown constant. If we assume the vertical line upto yp to 

be the left half extremal and the right half to be characterised by the Lagrange multiplier A 

then the boundary condition and the constraint equation provide two equations in the un- 

knowns yp and 4 as follows 

  

—n/2 

Yo | dx, sinde%S'"9-") gg =o , (53) 
2/2 

—7/2 

Yor | dx,e* sin 6-1) ae - ine -0. (54) 

al2 
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Eliminating yo from the above set we get a single equation in A 

  

—7/2 

ai — sin ayeX89-) gg — —S— =0 , (55) 
Anx; 

z/2 

which can be readily solved. Substitution in Eq. (53) then gives the value of yo. The optimal 

curve can then be written as 

8 

y(8) =Yo -| dx, sin BeXSI"P8- 1) gg (56) 
[2 

Computing the optimal shape using this approximate method gives a shape thats identical to 

the exact solution for all practical purposes. The solution for x; = 36m is shown in Figure 77. 

Comparing this solution with the one in Figure 74, it can be seen that the approximate method 

is very accurate. Clearly, this method would be ineffective for large values of x; where the 

optimal shape is far from being D - shaped. In this case the direct method must be used. 

Comparison with structural optimization 

The similarity of the optimal shape for maximizing stored energy to the optimal shape for 

minimum support structure studied in the previous chapter suggests some connection be- 

tween the two problems. Since both the stored energy and support structure are major pa- 

rameters in magnet design, any such connection is well worth looking into. The similarities 

in the optimal shapes can be attributed to similarities in the second order differential 

equations governing the two problems. 
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The constant tension toroid considered in the last chapter was shown to be the solution 

of the following differential equation. 

— Yo aK (57) 
(1+ yp x2 

The differential equation for energy optimization given by Eq. (14) can be written as 

yh (58) 
rey? =x! 

where 2 is a constant that was shown to be negative for the solution to be a maximum. So 

the two differential equations are seen to be similar except for the 1/x variation instead of the 

1/x? variation on the right hand side of the latter equation. 

Consider the cross-section of the constant tension toroid shown in Figure 78. In the 

analysis of the previous chapter we had considered the equilibrium of a continuous toroidal 

support shell on which a magnetic pressure ( ce 1/x? ) was acting. We will now consider the 

equilibrium of a single turn or a group of adjacent turns forming a single module in the mod- 

ular construction of the toroid from several modules that are arranged symmetrically around 

the major circle. In this structural model, the equilibrium of each module must be considered 

based on the magnetic forces acting on it. It was pointed out in the last chapter that such 

modular construction is a very practical advantage of toroidal magnets and is employed in the 

construction of the toroidal magnets in tokamak fusion reactors. 

The magnetic force F on the elemental segment of the cross-section is given by 

Ky F=BIL=—Irao , (59) 

where r is the radius of curvature of the segment, | is the total current and B is the average 

magnetic field in the conductors. B can be assumed to be half the magnitude of the magnetic 

field on the inner side of the conductor as the magnetic field on the outer side is zero. If T is 

the constant tension in the conductors, the equilibrium equation can be written as 
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K 
aT sin ae =TAO=— "Ire (60) 

Substituting for the radius of curvature r, the above equation can be written as 

ae —_ ae K 

ly’ | y 2 (61) 1 
= , ==> ; = XxX : 

r l1+y 23/2 [14y 23/2 

where the monotonically decreasing property of y’ is taken into account and all the constants 

are lumped into the positive constant K, Comparing Eq. (61) and Eq. (58) we see that they 

are identical in form, because / is negative. Thus we have established the important result 

that both energy maximization and structure reduction are governed by the same differential 

equation. 

Summary and conclusion 

The stored energy of toroidal magnets is considerably lower than that of other magnet 

configurations. This coupled with the excessive requirement of support structure has kept the 

toroidal configuration relatively unattractive despite its unique and highly desirable charac- 

teristic of zero stray field. In applications where only a toroidal configuration is acceptable, 

it is necessary to optimize the important parameters like structure and stored energy. 

Superconductor cost being a major component in the overall cost of the SMES system it is 

imperative that any practical design be optimized for stored energy. In most analysis dealing 

with toroidal configurations a circular cross-section is assumed, more for the sake of ease of 

analysis than anything else. There is no reason to believe however, that the circular cross- 

section is the best from the point of view of stored energy or structure requirement. 
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The problem of optimizing the cross-sectional shape of a toroid for maximum stored en- 

ergy was formulated as an isoperimetric problem of the calculus of variations. While the 

solution of the Euler-Lagrange equation was obtained easily, matching the boundary condi- 

tions proved to be much harder. The boundary conditions which were necessitated by the 

requirement of smoothness from practical considerations, exceeded the degrees of freedom 

in the problem. This difficulty was overcome by the unigue approach of splitting the extremal 

curve into two parts which are joined together with continuous tangents. The resulting for- 

mulation required the simultaneous solution of a system of three nonlinear equations in three 

unknowns. From the observation that the optimal shape was D - shaped, a considerably 

simpler approximate method involving only one equation in one unknown was developed 

which gave practically the same solution as the exact formulation. 

The optimum shape gave a stored energy which was 16 p.c. greater than the maximum 

stored energy obtainable with a circular cross-section toroid. The important problems of 

maximizing stored energy and minimizing support structure were shown to be governed by 

the same second order differential equation, resulting in the optimal D-shape in both cases. 

Thus we may conclude that a constant tension D-shaped cross-section increases the stored 

energy to its maximum possible value while reducing the structure requirement. 
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Figure 63. General toroidal cross-section. 
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Figure 64. A first solution for the Euler-Lagrange equation. 
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Figure 65. Solutions for various choices of 64. 
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Figure 66. Splitting the optimal curve into two parts 
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Figure 67. A two part solution for #3 = 0, (A, = — 1.077, Ar = — 0.360 , E = 0.83). 
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Figure 68. Two part solution for 65 = — 1.0, (A, = — 0.895 , Ag = + 0.230 ,E = 0.69). 
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Figure 69. Two part solution for 03 = — 0.8 , (A, = — 0.913 , Ag = — 0.012 , E = 0.73). 
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Figure 70. Two part solution for 63 = — 0.5, (A, = — 0.954, Ag=—0.202,E= 0.77). 
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Figure 71. Two part solution for 03 = +0.5, (Ap = — 1.348 , Ag = — 0.447 , EF = 0.88). 
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Figure 72. Two part solution for 03 = + 1.0, (A, = — 2.153 , An = — 0.515 , EF = 0.93). 
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Figure 73. Two part solution for 03 = + 1.4, (A, = — 6.400 , Ag = — 0.569 , EF = 0.97). 
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Figure 74. Two part solution for 63 = + 1.532, (A, = — 27.32, Ag = — 0.589 , E = 0.98). 
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Figure 75. Two part solution for 65 = + 1.558, (A, = — 84.56, Ag = — 0.593 ,E = 1.07). 
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Figure 76. Approximation of the optimal solution 
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Figure 77. Optimal solution obtained by approximate method, 4 = — 0.596. 

Chapter 9 A variational approach for maximizing stored energy in toroidal magnets 237



  

  
  

Figure 78. Constant tension toroidal cross-section 
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Chapter 10 Geometrical considerations of an ideal 

energy storage magnet 

Introduction 

Various magnet structures with fundamentally different magnetic field configurations 

have been studied so far with respect to the important parameters of energy storage capa- 

bility, support structure requirement and stray field characteristics. No single magnet struc- 

tures among these has exhibited all of what may be called as ideal characteristics of an 

energy storage magnet viz. maximum energy storage capability, minimum support structure 

requirement and zero stray field. Solenoids and poloids were found to have high energy 

storage capability but have the disadvantage of a stray field as well as large support structure 

requirements. Force-reduced magnets have reduced support structure requirements but also 

have a stray magnetic field as well as smaller energy storage capability. Toroidal magnets 

are the only ones that do not have a stray magnetic field, but they have larger support struc- 

ture requirements and smaller energy storage capability. Since the three major parameters 

play an important role in the choice of magnet structure as well as determining the overall 
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cost of the magnet for a given SMES application, it is important to look for new magnet con- 

figurations that either have all these ideal characteristics or approach the ideal magnet closer 

than the conventional magnet structures examined so far. 

The objective of this chapter is to first establish what the ideal or desired characteristics 

are in an energy storage magnet and how each of them can be realized in a practical magnet 

configuration. The second objective is to look at a new magnet configuration that appears to 

be promising with regard to these ideal characteristics and to examine the feasibility of con- 

structing a practical magnet having the ideal characteristics. The new magnet configuration 

that is studied as an ideal magnet structure in this chapter, is called a twisted toroid or a fig- 

ure 8 toroid, which will be described and analyzed with regard to its feasibility for practical 

construction and the extent to which it approaches the ideal characteristics. 

Characteristics of the ideal magnet structure 

Zero stray field 

The first ideal characteristic for an energy storage magnet is that it should have a zero 

stray magnetic field. Not only does this eliminate the need for and the additional cost due to 

magnetic shielding that may be necessary, but it also eliminates an important environmental 

issue whose impact is not clearly understood and cannot therefore be brushed aside as in- 

consequential, as designers and proponents of large-scale solenoidal magnets have done in 

the past. Zero stray field is also a highly desirable characteristic for any superconducting 

magnet using high magnetic fields, as it gives us the flexibility to locate the magnet anywhere 

without the risk of exposure for humans as well as equipment, to the large static and time 

varying magnetic fields surrounding the magnet. Absence of a stray field also permits us to 
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use the highest possible magnitudes for the magnetic field that the superconductor can with- 

stand so that the stored energy is maximized. 

So far in our analysis as well as in studies by other researchers, the toroidal magnet 

structure is the only one that has this ideal characteristic of zero stray field. The unique fea- 

ture that characterizes zero stray field magnets is that their magnetic field is completely 

confined to a limited region of space which in the case of toroidal magnets is the volume en- 

closed by the conducting surface of the magnet. Indeed any magnet structure that has its 

magnetic field confined to a closed region enclosed by the conducting surface can be called 

a toroidal magnet. Therefore we will assume that the ideal magnet is a toroidal magnet in the 

sense just described. 

Maximum stored energy 

The second ideal or desired characteristic for energy storage magnets is the obvious 

feature that it should store the maximum possible energy with a given quantity of supercon- 

ductor. In the study of the energy storage capability of various magnets we saw that using the 

same quantity of superconductor we could get a wide variation in the stored energy depending 

on the magnet structure used. While such a study can tell us what the relative energy storage 

capability of each magnet structure is, it does not tell us what the maximum possible stored 

energy can be with the given quantity of superconductor if such an upper limit exists, without 

regard to what kind of magnet structure is used. Without explicitly specifying what that upper 

limit for the stored energy is, we can describe qualitatively some general conditions that must 

be satisfied to maximize the stored energy with a given quantity of superconductor. 

The energy stored in a magnet is proportional to the square of the magnetic field mag- 

nitude integrated over the volume of space occupied by the magnetic field. The field distrib- 

ution in the magnet structures studied so far has shown that the maximum or peak field 

always occurs at points close to the conductors with the magnitude decreasing with increasing 
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distance from the conductors. Such a non-uniformity in the distribution of the magnetic field 

is perhaps unavoidable in any magnet due to the inverse square dependence of the field 

magnitude on the distance from the conductor, given by the Biot-Savart law. Even in the case 

of long solenoids and low geometric ratio toroids, where the magnetic field distribution ap- 

proaches a high degree of uniformity, the maximum values for the field magnitude still occurs 

at points closest to the conductor. 

The peak magnitude of the magnetic field is a critical parameter in the design of super- 

conducting magnets. The maximum current-density that can be used in the superconductor 

is a function of the peak field magnitude, the two parameters having an inverse relationship. 

Once the peak field magnitude is fixed, for a given size of magnet, the stored energy is a 

maximum when the magnetic field distribution is as uniform as possible. However, this does 

not mean that if the field distribution is completely uniform we get the maximum stored energy 

possible with the given quantity of superconductor. This is because the stored energy is 

proportional both to the average magnitude of the magnetic field as well as the volume of 

space occupied by the magnetic field. If the average magnetic field is raised to the maximum 

possible level ( equal to the peak field ) at the expense of reduced volume for the magnetic 

field, the stored energy is not maximized. These arguments are well illustrated by the ex- 

ample of a toroidal magnet, where the volume occupied by the magnetic field is always finite. 

For toroids, the volume of the magnetic field increases monotonically as the geometric ratio 

is increased (quantity of superconductor being held constant). On the other hand, the uni- 

formity of the magnetic field decreases with increasing geometric ratio. The stored energy is 

maximized neither at low values of the geometric ratio where the magnetic field is almost 

uniform, nor at large values of the geometric ratio where the volume is the greatest, but at 

an intermediate value of the geometric ratio, as was seen in Chapter 4. Thus both the dis- 

tribution of the magnetic field and geometric considerations are equally important in deter- 

mining the stored energy in a magnet. 

It was pointed out earlier that the zero stray field requirement implies a general toroidal 

structure for the magnet. The optimization of stored energy in the toroidal magnet was 
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studied in the previous chapter. While the problem of determining the optimal cross-sectional 

shape to maximize the stored energy was solved, it was clear that the maximum possible 

energy for the toroid was still much smaller than the maximum for solenoids and poloids. 

One way to further increase the stored energy in a toroidal magnet is to increase the uni- 

formity of its magnetic field without altering its fundamental feature of having a closed mag- 

netic field. Since a change in the cross-sectional shape did not provide that increased 

uniformity, we must consider a departure from the basic geometry of the toroid as a surface 

of revolution about an axis of symmetry of some smooth closed curve, which is the cross- 

section of the toroid. Without specifying how the uniformity in the magnetic field is obtained, 

assume that the magnetic field is uniform and that the uniformity of the magnetic field is a 

fundamental feature of the magnet that does not depend on the geometry of the magnet as 

was the case for the conventional toroidal magnet. Then the problem of increasing the stored 

energy is reduced to the problem of maximizing the volume enclosed by the conducting sur- 

face. Thus the ideal magnet structure that maximizes the stored energy while having a zero 

stray field would be a general toroidal shape with a completely uniform magnetic field and 

enclosing the maximum possible volume. 

Minimum support structure 

The analysis of the virial theorem has shown that support structure requirements are 

reduced when all structure is in tension. Various methods of obtaining tensile stress distrib- 

utions in known magnet configurations like the toroid and the force-reduced magnet were 

explored in Chapter 8. The stress distributions that result from the magnetic forces were seen 

to be a function of both the geometry of the magnet and the distribution of the magnetic forces. 

In the case of the ideal magnet structure our objective is also to obtain a purely tensile stress 

distribution. However, without specifying a definite magnet configuration and the distribution 
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of the magnetic forces, it is difficult to prescribe any general characteristics for the magnet 

that will result in a stress distribution that is purely tensile. 

If the magnet surface has some form of symmetry in its geometry, then we may be able 

to describe the magnetic pressure distribution that will result in purely tensile stresses. For 

example, if the magnet surface has a spherical shape, we can say that a uniform magnetic 

pressure distribution will produce a uniform tensile stress in the support structure. In the case 

of the general toroidal shape envisaged for the ideal magnet from the energy and stray field 

point of view, we know that the magnetic field should be uniformly distributed resulting in a 

uniform magnetic pressure. However, the uniform magnetic pressure within the general 

toroidal shape by itself cannot ensure that the stresses will be only tensile. For instance, in 

the case of a simple toroidal shell subjected to a uniform outward pressure, both compressive 

and tensile stresses will be present. The stresses at any point on the toroidal shell are de- 

termined both by the local geometry as well as the overall geometrical properties of the shape 

as illustrated by the differential equations derived in Chapter 8. 

Thus it is not easy to prescribe a priori specific geometrical properties or magnetic 

pressure distributions for the as yet unknown ideal shape in order that the support structure 

requirements are minimized. Once a specific geometry and the magnetic pressure distrib- 

ution are given, the stress distributions can be computed from which we can determine how 

close the given configuration approaches the ideal case of pure tension. 

Based on the facts discussed above we can conclude that the ideal energy storage 

magnet should have a closed structure and a uniform magnetic field within that closed vol- 

ume. No known magnet structure can produce a perfectly uniform magnetic field that is en- 

tirely confined to a closed volume. It is easy to show that a cos @ (@ is the polar angle) type 

current distribution on a spherical surface produces a uniform field within the spherical vol- 

ume, but this is not a closed structure since a magnetic field (non-uniform) is present outside 

the sphere. A suitable current distribution on a toroidal surface can produce a uniform dipole 

field within the toroidal surface but the magnetic field is not confined to the interior of the torus 
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[104]. Thus the presence of a perfectly uniform field within a closed volume, by itself does not 

meet the requirements for the ideal structure. 

The ideal solenoid or an infinitely long solenoid is the only structure that satisfies the 

uniform field and tensile stress requirements but the closed structure requirement is not met. 

Does there exist any physically realisable magnet structure that can meet the requirements 

of the ideal structure ?. Since the toroidal structure and the ideal solenoid partially meet the 

requirements, a structure that is a synthesis of the two might be the answer. Both these 

structures will be examined from a magnetic as well as a geometric point of view in order to 

synthesize such an ideal magnet structure. 

An ideal magnet configuration 

A torus can be obtained by bending a cylindrical tube into a circular shape. The axis of 

the cylindrical tube is transformed from a straight line into a circle. The torus may also be 

thought of as the surface obtained by revolving the minor circle about a circle with radius 

equal to the major radius of the torus. At any point on the closed curve representing the axis 

of the torus the minor circle is in the normal plane of the closed curve. 

Now suppose that the closed curve representing the axis is not a plane curve but a space 

curve (torsion + # 0, torsion is the rate of change of the osculating plane of a curve). By re- 

volving the minor circle along this twisted space curve a generalized torus is obtained. Once 

the closed space curve is specified, the surface of the torus is uniquely determined. 

The conducting surface of the conventional toroidal magnet is a simple torus and the 

magnetic field direction near the inside surface of this torus is tangential to the conducting 

surface and is orthogonal to the current direction at all points on the surface. The magnetic 

lines of force are concentric circles whose length increases in direct proportion to the radial 

distance from the axis of symmetry of the torus. Since all the lines of force enclose the same 
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total current, an application of Ampere’s law shows that the magnetic field magnitude must 

decrease in inverse proportion to the radial distance. 

Imagine a simple closed curve in the shape of a figure 8 without the self intersection, i.e. 

a space curve that is almost a plane curve with a double reversal of curvature and a small 

separation between the two points where they appear to intersect. A regular surface may be 

constructed with this twisted curve as its axis similar to the way a torus is obtained. It is this 

twisted torus that will be the focus of the discussion to follow. 

The twisted torus configuration was suggested by L. Spitzer to overcome the problem of 

plasma drift in simple toroidal magnet configurations for fusion reactor designs [105]. 

Figure 79shows a schematic diagram of a toroidal magnet with the twisted axis. Plasma 

containment devices based on this twisted toroidal configuration are called stellarators 

[106,107]. The magnetic field within the magnet is non-uniform with the magnitude increasing 

as the radial distance from the axis increases. Such a gradient in the magnetic field magni- 

tude is essential for plasma confinement purposes, but is not advantageous from the energy 

storage point of view as pointed out in the introduction. 

A rectangular strip of paper with the ends joined together after a full twist (the Mobius 

strip has only half a twist), without any folds or kinks, is a regular orientable surface where the 

length of each line parallel to the edges is unchanged after the twisting and joining together. 

Similarly, if the twisted torus is constructed from a flexible cylinder twisted into a figure 8 

shape the cylinder undergoes a transformation that preserves the overall length of each line 

or filament parallel to the axis of the cylinder. Individual filaments (lines parallel to the axis 

of the cylinder) are stretched at some points and compressed at some points so that the total 

length of each filament is unchanged. This is due to the double reversal of curvature in the 

axis of the torus. 

If we imagine each filament to be a line of force of the magnetic field then every line of 

force has the same length. This is in contrast to the magnetic lines of force in a conventional 

toroid shown in Figure 80. If each line of force links the same current (which is the case in 
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a generalized toroidal structure) then it may be possible to achieve uniformity in the magnetic 

field within the toroidal surface. 

Magnet surface geometry 

A generalized cylindrical surface of infinite length describes the ideal solenoid. The 

cross-section of such a solenoid need not be circular or even a regular plane curve because 

the uniformity of the magnetic field is essentially a consequence of the infinite length of the 

straight line generators on the cylindrical surface and not due any symmetry in the closed 

curve representing the cross-section. The property of the lines of force being parallel to the 

generators of the cylinder is also independent of the conducting surface being considered as 

an ideal current sheet (zero thickness) or as a surface with finite (but uniform) thickness. The 

magnitude of the magnetic field in the former case drops to zero abruptly when crossing from 

the interior of the cylinder to the exterior points with the field being undetermined at points 

on the surface whereas the change is a smooth function in the latter case. A schematic dia- 

gram of the ideal solenoid is shown in Figure 81. 

Consider the directions of the current density, J and the magnetic field, B at points along 

the inside edge of the solenoid as shown in Figure 81. Clearly, the two directions are 

orthogonal and they lie in the tangent plane of the cylindrical surface at all points. An 

orthogonal co-ordinate net can be defined on the surface such that the tangents to the co- 

ordinate curves have the the same direction as the current density and the magnetic field as 

shown in Figure 81. It is easy to show by applying Ampere’s law that a uniform current den- 

sity of J (A/m) produces a uniform magnetic field B = oJ (T) inside the infinite cylindrical 

surface. 

The current density and magnetic field in a simple toroid also have directions that are 

tangential to the surface and are orthogonal to each other. Therefore a co-ordinate net can 
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be defined on the toroidal surface to represent the directions of the current and magnetic field, 

similar to the infinite solenoid, as shown in Figure 82. The current density J on the toroidal 

surface cannot be uniform, because this would violate the conservation of charge principle 

as applied to steady currents. The current density on the surface in fact decreases in inverse 

proportion to the radial distance from the axis of symmetry. It can be easily shown that the 

magnetic field, B also decreases the same way with increasing radial distance. Thus there 

is a non-uniformity in the magnitude for both current and magnetic field. 

Comparing the two cases one could ask the question, what role does the surface geom- 

etry of the two magnets play in the uniformity of the field magnitudes ?. In the case of the 

infinite solenoid the magnet surface is applicable to the plane i.e. it can be cut along one of 

the generators of the cylinder and rolled out onto the plane without any change in the metric 

or the intrinsic geometrical properties of the surface (the cylindrical surface is isometric to the 

plane). The surface is also called flat or developable. For the toroidal surface however, such 

an isometry to the plane is not possible since it is not made up entirely of points having zero 

gaussian curvature. The gaussian curvature of the toroid is negative for the inside half, pos- 

itive for the outside half and zero along the two major circles where they are joined. This 

leads to the question of the role played by the gaussian curvature of the surface of the magnet 

in the uniformity of the magnetic field. 

Suppose the toroid has a rectangular cross-section. In this case each of the four sides 

of the torus is flat, but the surface cannot be developed on the plane in a continuous manner 

as shown in Figure 83. Thus the flatness of the surface is not a sufficient condition to 

gaurantee a uniform magnetic field. Indeed the flatness of the surface and uniformity in the 

current density together are not sufficient conditions as we know weil from the non-uniformity 

of the magnetic field magnitude of a finite solenoid. But is it a necessary condition as sug- 

gested by the geometry of the ideal solenoid?. 

In the ideal magnet configuration, the uniformity of the magnetic field distribution along 

with the requirement that the magnetic field be confined to the region within the generalized 

torus, imply that the surface current density on the conducting surface is also uniformly dis- 
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tributed. This is due to the fact that the latter requirement implies that the magnetic field has 

only a tangential component at the conducting surface. Applying Ampere’s law to a small loop 

normal to the conducting surface shows that the magnitudes of the magnetic field and the 

current density are related by B = poJ, which clearly implies that if the magnetic field distrib- 

ution is uniform then the current density must also be uniform. Thus the ideal magnet has a 

uniform surface current density producing a uniform magnetic field distribution within the re- 

gion enclosed by the conducting surface. 

In order to understand the geometrical implications of the uniformity of the magnetic field 

and the current density on the magnet surface it is useful to take a closer look at the re- 

lationship between the orthogonal net of directions for the two vector fields (current density 

and the magnetic field) and the curvature of the magnet surface. The vector field magnitudes 

and directions must satisfy Maxwell’s equations at all points. These equations for the 

magnetostatic case are given by 

VxB=uoJ . (1) 

V-B=0. (2) 

Let X(u,v) be the surface describing the current sheet and let the current direction be along 

the tangent vector X, or X;. Assume that the direction of the magnetic field vector is along the 

tangent vector X, or X,. Let X; denote the unit normal vector to the surface defined by 

X, x Xy 

Xa= | Xq x Xp | (3) 

The three vectors X; , X2 and X; can be used to describe an orthogonal coordinate system 

on the surface. It must be noted that the vectors X, and X, need not necessarily be of unit 

magnitude. 

The metric coefficients (scale factors) gi;, G22 and gs3 of the surface are given by 

914 =[X, PP =XyeX HE, (4) 
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and 

933 = |X, =1 . (6) 

where E , G and F =X, «X, are coeffecients of the first fundamental form of the surface [108]. 

If the coordinate curves u = constant and v = constant are orthogonal, as is the case here, 

then F = 0. 

It was pointed out earlier that the assumption of a uniform magnetic field B implies a 

uniform current density J for the ideal magnet. According to the directions assumed for the 

current density and magnetic field vectors on the surface, they may be written as 

J=J x; =J X 7 OTK Oe ” 

and 

X, X, 

BOT Oe 
  (8) 

where 8B» and Jy are constants related by By = uw. The expression for the curl and diver- 

gence of the magnetic field, in the above orthogonal co-ordinate system are given by 

    VxB=-— Sw (IE Bo)Xs += Gy (VE BX = Hod (8) 

y 

  V-B=— <( JE By) =0 , (10) Jee 

where w is the co-ordinate variable along the direction of the unit vector X3. In Eq. (9) we need 

to compute the derivative with respect to w. According to the definition of the first two co- 

ordinate directions, w represents the direction normal to the conducting surface, or the di- 
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rection in which the thickness of the conducting surface may be measured. Now, there are 

two ways in which the current density on the conducting surface may be described math- 

ematically. The first is the current sheet approximation where the magnitude of the current 

density must be written as Up = J)d(w), where the positive direction for w is seen to be along 

the outward normal to the surface. With the current sheet approximation for the current den- 

sity it follows that the magnetic field component must abruptly drop from By to 0 as we cross 

the current sheet. Thus the magnitude for the magnetic field must be written as 

By = BoU( —w), where U(w) is the unit step function. Now we see that Eq. (1) is satisfied and 

since the component of the current density along the direction X; is zero, from Eq. (9) we can 

write 

JG 
Ou 
  =0 , (11) 

where we have used the fact that due to assumed uniformity of the magnetic field, there is no 

variation in By with respect to the variables u and v. Also E,G #0. If we assume a finite 

thickness for the conducting surface, Eq. (11) is still true. In this case it is reasonable to as- 

sume that the conducting surface is thin enough so that the geometric parameters of the 

surface do not change appreciably over the thickness of the conducting surface. With the 

assumption of an actual current density of Jp inside the conducting layer, it is easy to see that 

the magnetic field magnitude drops from By to zero in a linear manner, which leads to the 

same conclusion as before. From Eq. (10) we can write 

aE 
Ov 
  =0 (12) 

The gaussian curvature K of the surface is given by 

LN —M* 
K=k,kp = 

EG —F? 
(13) 
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where k,, kK, are the principal curvatures and L,M and N are the coeffecients of the second 

fundamental form of the surface. As a result of Gauss’s theorema egregium which states that 

the intrinsic geometry of a surface (the gaussian curvature of a surface is an intrinsic property 

of the surface) is a bending invariant, the gaussian curvature K may be expressed in terms 

of the coeffecients of the first fundamental form and their derivatives as follows [109]. 

a/e a/E —-eleea} + Hea] 
Substituting from Eq. (11) and Eq. (12) we see that the gaussian curvature of the surface must 

  
  

be zero. Thus we have proved the important result that if the magnetic field distribution is 

uniform and tangential to the conducting surface, Maxwell’s equations imply that the con- 

ducting surface must have zero gaussian curvature. This condition clearly is only a necessary 

one but not sufficient for a uniform magnetic field, as pointed out by the counter example of 

the finite length solenoid. 

Geometrical considerations of the ideal magnet 

The possibility of realizing the ideal SMES structure with a twisted toroidal geometry was 

discussed in Sec. 2. The necessity of zero gaussian curvature for the magnet surface was 

shown in Sec. 3. We shall now consider the question of how to realize the ideal structure 

along with the constraint of zero curvature of the magnet surface. 

If the toroidal surface is to have the full twist it is obvious that the axis will be a closed 

space curve with a nonzero torsion. Let us suppose that we have a mathematical description 

for this twisted curve. Figure 84shows a possible realization made up of four semicircles on 

the faces of a cube. Consider the regular surface obtained by revolving a circle around the 

axis in the same way a simple toroidal surface is generated by rotating the minor circle about 
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the major circle. Can this surface have zero curvature everywhere ?. The answer is no and 

the proof is quite simple [110]. 

We are concerned only with finite geometries. The surface is therefore bounded and 

closed (by definition). Consider a sphere that encloses the surface and decrease its radius 

continuously till it meets the first point (or points) on the surface. Taking the normal sections 

to the surface in all directions at this point (or points), it is clear that the curvature of all these 

normal sections is greater than or equal to the curvature of the normal sections on the sphere 

at the same point, which are all equal and positive. Thus the gaussian curvature which is the 

product of the maximum and minimum curvatures of the normal sections at a point, is positive 

and nonzero. Therefore such a surface will have at least one point with positive curvature 

(elliptic point). 

The above proof does not hold for a surface that is not regular everywhere. A simple 

example is a closed cylindrical surface (finite length). In this case the first point of contact lies 

on a singular point viz., the two circles where the cylindrical wall meets the circular end faces. 

This suggests that perhaps the twisted torus we are seeking is made up of flat surfaces joined 

together along curves where the surface is singular like the edges of a cylinder. Such edges 

may not pose any physical difficulties as can be seen from the example of a rectangular 

cross-section toroid (simple). The current density can have an abrupt change in direction as 

long as the magnetic field is parallel to the edges everywhere. 

Suppose the magnet surface is generated by revolving a polygonal cross-section around 

the twisted axial curve instead of a cross-section defined by a regular (smooth) curve. Clearly 

each of the edges of the polygon generates a flat surface and together they generate a torus 

that is flat everywhere. If the magnetic lines of force must be parallel to the edges of the 

twisted torus with a uniform current density on the surface then the flat surface of the torus 

must satisfy the following condition. Each flat strip that makes up the toroidal surface must 

develop into identical rectangular strips on which the lines parallel to the long side represent 

lines of force which are all required to be of equal length for uniformity of the magnetic field. 

This implies that each edge on the twisted torus must be a geodesic on both the adjacent flat 
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strips that make up the edge. But this is impossible unless the two strips meet tangentially 

at the edge on the twisted torus, due to the following reason. If a curve is a geodesic on a 

surface then the principal normal to the curve coincides with the normal to the surface at all 

points on the curve. Thus if the edge is a geodesic on one of the faces it follows that it cannot 

be a geodesic on the adjacent face if the latter meets the former at a nonzero angle because 

the surface normals would also have the same nonzero angle between them, and the principal 

normal of the edge can coincide with only one of the surface normals. Thus it is necessary 

that the adjacent faces meet tangentially if the magnetic lines of force are to be parallel to the 

edges. 

The cross-section of the twisted torus with this additional constraint would look something 

like Figure 85. A similar cusp is present for the tangential developable to a curve as shown 

in Figure 86. This represents the possibly two ruled surfaces generated by the tangents to a 

curve in both directions. But the condition that the edge be a geodesic on the surface implies 

that the flat surface is the rectifying developable to the edge which is unique to every curve 

(the rectifying developable to a curve is the envelop of the rectifying planes of the curve- every 

curve is a geodesic on its rectifying developable). This implies that if two flat surfaces meet 

tangentially along a curve that is a geodesic on one of them then they meet tangentially ev- 

erywhere. In other words both adjacent faces would collapse into one flat strip. Thus the 

closed twisted torus would collapse into a single strip similar to the one obtained by twisting 

a strip of paper and joining the ends together. Therefore we can conclude that a closed sur- 

face meeting all the requirements for the ideal SMES structure cannot exist in R?. A flat torus 

isometric to the plane can be embedded in R‘, but this has no significance in a physical sense. 

The problem of embedding a flat torus in R* was solved by U. Brehm by means of polyhedral 

faces joined together [111]. But this is not of use to us since it would require the magnetic 

lines of force to have sharp corners and this is physically impossible. 
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Summary and conclusion 

The ideal SMES magnet structure from the viewpoint of optimizing energy storage ca- 

pacity, structural reinforcement and stray field was found to require a magnet structure with 

a confined magnetic field which is uniform in magnitude and has a uniform current distribution 

on the magnet surface. A generalized toroidal structure is necessary to satisfy the zero stray 

field condition. The figure 8 twisted toroidal geometry was suggested as a possible geometry 

to realize the uniform magnetic field requirement. Zero gaussian curvature of the magnet 

surface was shown to be a necessary condition for a uniform magnetic field to be produced 

by a uniform current distribution. This requirement establishes the relationship between the 

problem in geometry of embedding flat tori in R® and realising the ideal magnet structure for 

SMES applications. 

The impossibility of a finite closed regular surface having zero gaussian curvature ev- 

erywhere is easily proved with some simple geometric arguments. The possibility of realizing 

the ideal magnet structure with some surface singularities, which would allow an abrupt 

change in direction for the current but would keep the magnetic lines of force as closed curves 

that are smooth, was explored. This construction also was shown to be impossible with fur- 

ther geometric arguments. 

The next step mathematically is to relax the condition that the magnetic lines of force be 

smooth curves. The geometric problem of embedding a flat torus with polyhedral faces has 

been solved. However, such a construction is physically unfeasible for a magnet as the 

magnetic lines of force cannot have sharp corners (at the edges of the polyhedral surface). 

Thus it can be concluded that it is geometrically impossible to satisfy all the requirements 

for the ideal SMES structure. Therefore it is not possible to simultaneously optimize (in an 

ideal manner) all the three parameters of SMES magnet design by means of a single structure. 

Depending on the relative importance of each parameter for a given application, a magnet 

structure must be chosen to minimize the cost while meeting the design specifications. 
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The primary objective of this study was to determine if there existed any magnet config- 

uration that would inherently have a perfectly uniform field as a direct consequence of its ge- 

ometry and not in an approximate sense, such as the field in a very long solenoid. It must 

be pointed out that if the objective is only to produce a uniform magnetic field, magnetic ma- 

terials with a non-uniform permeabilty can be used to make the toroidal field uniform. This 

alternative is not suitable however, for high field applications where the field magnitudes used 

( 5-10 T ) are well above the saturation levels for most magnetic materials. 
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Figure 79. Twisted toroidal configuration 
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Figure 80. Magnetic lines of force in a toroid 
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Figure 81. Co-ordinate net of magnetic field and current directions on an ideal solenoid 
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Figure 82. Co-ordinate net of magnetic field and current directions on a simple toroid 
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Figure 83. Developing a rectangular cross-section torus on the plane 
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Figure 84. Axis of the twisted toroid 
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Figure 85. Cross-section for the twisted torus with adjacent faces meeting tangentially 
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Figure 86. Tangential developable of a curve 
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Chapter 11 Relative costs and comparison of 

various magnet structures 

Four magnet structures were studied with respect to the major cost components of 

superconductor, support structure and land or shielding requirements. The scaling laws for 

these parameters with respect to the stored energy were also examined. When each pa- 

rameter is viewed individually, different magnet structures emerge as the the best choice. 

For example, in the case of stored energy it was seen that the poloid and the solenoid store 

twice as much energy as the toroid or the force-reduced magnet. However, the choice of a 

magnet for a given application cannot be made based on the cost of superconductor alone. 

Also, the different scaling laws for each parameter means that the relative contribution to the 

cost from each parameter varies as the size of the SMES system is varied. Thus the choice 

of a particular magnet structure must be made based on an overall cost comparison and the 

specific requirements for a given application. 

The objective of this chapter is to develop a general procedure for estimating the relative 

cost of using each magnet structure for a given size of SMES system. All the data obtained 

so far has been with respect to the reference design of the 5500 MWh SMES system. This data 

along with the scaling laws, allows us to arrive at reasonable estimates for the costs of 
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smaller SMES systems. It will be shown by means of several examples that this procedure 

enables us to obtain very reasonable estimates of magnet dimensions and other parameters 

even for very small sizes of SMES. While actual cost of materials will be used to obtain the 

relative contribution from each parameter, it must be pointed out that the overall costs com- 

puted in this manner are intended primarily to determine which magnet structure would be the 

most economical choice for a given application. 

A recent study has examined the solenoid and the toroid for large-scale SMES applica- 

tions [87]. However, this study did not take into account the full range of geometries for the 

toroid and was focussed on larger sizes. Other studies have compared the superconductor 

requirements or relative support structure requirements separately for some magnet struc- 

tures [7,86]. While most studies have focussed on large-scale SMES systems for utility load 

leveling applications, the choice of magnet structures for smaller sized SMES systems has not 

been investigated in detail. 

Scaling of magnet parameters 

Dimensions 

The magnitude of the magnetic field is a common parameter in both large and small 

SMES magnets. When the same kind of superconductor material is used, the current density 

in the superconductor (A/cm*) and the magnetic field magnitudes are generally the same. 

Most conceptual designs of SMES systems proposed, use a nominal magnitude around 5 T for 

the magnetic field. For example the nominal field magnitudes for the 5500 MWh reference 

design and the 8.33 kWh design are 6.87 T and 4.68 T respectively. Thus it is reasonable to 

assume that the nominal field magnitude is the same when comparing different sizes of 
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magnets. It was pointed out in Chapter 3 that the nominal field is given by By = wo, where J 

is the surface current density based on a current sheet assumption for the conducting layer. 

For smaller sized SMES systems a multi-layered winding is generally used. However, in 

order to obtain estimates of the stored energy or quantity of support structure we can ap- 

proximate the magnet by a current sheet located at the mean radius with a surface current 

density of J=NI//L A/m, where L is the length in the case of a solenoid or the length of the 

circle representing the inner edge for toroidal magnets. 

Assuming that the nominal field magnitude is constant, implies that the surface current 

density is constant. Following the procedure used in Chapter 3, we will assume that all 

magnets are designed with a current sheet with constant surface current density, with the 

proper scaling in the area of the current sheet, which was shown to be proportional to the 

quantity of superconductor. According to the scaling law for the quantity of superconductor 

derived in Chapter 4, the dimensions of a magnet with a stored energy £,, are related to the 

dimensions of a magnet with energy E, by { both magnets having the same geometry ), 

R -( i yr i= (+ | (1) 

If the nominal field magnitudes are not the same then the scaling law may be written as 

W277 p \ 18 

me(4)(E) 0 
In the above equations R and R; can represent any dimension for the two magnets. 

A few examples will be provided to illustrate the validity of the scaling laws. The 8.33 kWh 

magnet is an example of a very small SMES system [44]. From the data of the magnet pro- 

vided in Chap. 5, it is seen that the magnet has an aspect ratio of 0.4 corresponding to the 

geometric ratio of 0.89, which was seen to be the geometry where the solenoid has the max- 

imum stored energy. The mean radius and length of the magnet are 1.53 m and 1.21 m re- 

spectively and the nominal magnetic field is 4.68 T. From the data provided in Chapter 4 the 
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stored energy and radius of the reference solenoid of the same geometry are 11400 MWh and 

125.82 m respectively. The radius and the length of the 8.33 kWh magnet computed using Eq. 

(2) are 1.37 m and 1.07 m respectively, which is within 12 p.c. of the actual dimensions. 

The conceptual design of a 1 MWh toroidal SMES has a minor and major radius of 3.5 m 

and 6.9 m respectively, corresponding to a geometric ratio of B = 0.51 [34]. The nominal 

magnetic field used in the design is B, = 4.30 T. The stored energy, minor radius and major 

radius of the reference design with the same geometry are 4781.0 MWh, 44.88 m and 88.47 m 

respectively. From Eq. (2) the minor and major radii of the 1 MWh toroid are computed as 3.37 

m and 6.64 m, which is within 4 p.c. of the actual dimensions. 

A 1.1 GWh solenoidal conceptual design has a length and radius of 44 m and 66 m re- 

spectively with a nominal field of 6.11 T [40]. The corresponding parameters for the reference 

design are 11.331 GWh, 90.53 m and 135.79 m. Using the scaling law we get the dimensions 

for the 1.1 GWh solenoid as 44.12 m and 66.18 m, which is within 0.3 p.c. of the actual dimen- 

sions. Clearly, the design is more accurate as the size of the SMES system gets larger. 

The examples above were used to show that the scaling laws and data obtained in this 

thesis can be used to make reasonable estimates of the dimensions, stored energy and other 

major parameters of various sizes of magnets. The method is not intended to be used as a 

general procedure for designing magnets of any size with the data for a given size. The 

lowest size that will be considered in this study will be 1 MWh. The dimensions of various 

sizes of SMES magnets for different geometries are given in Table 9 through Table 12. The 

assumed nominal field is 5 T which can be taken as a typical value for this parameter. Once 

the dimensions are known the cost parameters can be easily computed. 
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Superconductor requirements 

In Chapter 4 the scaling law for the mass of superconductor was shown to be 

FE, \2/3 

m= (+) M (3) 

The nominal fields need not be the same for the two magnets. A more direct method of 

computing the quantity of superconductor is to calculate the total ampere meters from the 

dimensions of the magnet and the surface current density. For the solenoid with a stored 

energy E the total ampere meters is given by 

Qseo =2naLJ Am . (4) 

Using Eq. (2) the quantity of superconductor for a magnet with stored energy E, and surface 

current density J, can be wriiten as 

E, \237 , E, \2/3 
Qsc1=22( =) (+ Jat, = (+) Qsc . (5) 

It can be easily verified that the above relationships are valid regardless of the magnet 

structure. For the magnets in Table 9 through Table 12, the cost of superconductor per kWh 

of energy stored can be computed using Eq. (5) since all the magnets in the reference design 

were designed with a constant quantity of superconductor taken from the data for the LAR coil. 

These costs for the four magnet structures are tabulated in Table 13 through Table 16, where 

a cost of 7.5 x 10-*$ / Am is assumed [87]. A plot of the unit superconductor costs for various 

sizes of SMES is shown in Figure 87. 
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Structure requirements 

It can be easily seen from the virial limit that the mass of support structure is proportional 

to the stored energy. Thus the data from the tables in Chapter 6 can be used to calculate the 

total support structure requirement for any quantity of stored energy. The use of warm sup- 

port structure requires a different kind of computation because some cold structure must still 

be used. For example in the low aspect ratio solenoid, the axial compressive forces are 

supported by cold structure (aluminum). From the data in Chapter 6, it is possible to deter- 

mine the quantity of structure in compression by taking the half the difference of the total 

structure by the uniaxial support criterion (M,+ M.) and the minimum mass given by the virial 

theorem ( M,—M, = ) The idea of using underground bedrock is meaningful! only for very 

large-scale SMES systems because as the size of the SMES system comes down, the relative 

contribution to the overall cost from the superconductor requirement becomes much greater 

than that from support structure. 

Since our objective is to estimate costs over the full range of sizes of magnets, the costs 

for cold structure will be used. The quantity of cold structure computed in Chap. 6 was based 

on using aluminum (p = 2.7 x 10° kg/m*) and a maximum stress of 250 MPa. The unit costs 

due to cold structure based on the distortion energy criterion and a cost of 2.40 $ / kg for the 

material [87], are tabulated in Table 13 through Table 16. If any other material or design 

criterion for structure are used, the structure costs can be suitably scaled. The variation with 

geometry of the unit structure costs are plotted in Figure 88. 

Land or shielding requirements 

The scaling laws for land and shielding material were derived in Chapter 5. It was shown 

that the shielding requirements were directly proportional to the stored energy whereas land 
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requirements were found to vary according to the same scaling law for the quantity of super- 

conductor given by Eq. (2). For small SMES systems upto about 25 MWh, shields could be 

used, but will be very expensive. The quantity of shielding material can be reduced to half 

by using only a hemispherical shield over the top of the magnet and not worrying about the 

stray field below the magnet which is located at ground level. Isolation by providing land 

around the magnet is meaningful only for larger SMES systems of 100 MWh and higher be- 

cause it is unlikely that smaller SMES systems will be located in remote and unpopulated 

areas. Thus smaller scale SMES magnets would have to use toroidal magnets regardless of 

whether they are the cheapest or not. Clearly the notion that toroidal magnets are expensive 

is based on the assumption that the stray field does not pose a problem as long as land is 

available. 

Based on the dipole approximation for the far field of the magnets with an external field, 

the scaling in the land requirement can be written as 

E, \23 j 4/3 

Qranor = ( +) ( +) QLAND - (6) 

With the data for the stray field boundaries of the reference designs and assuming land costs 

of 1$/ m?, the unit costs for land may be tabulated. In the case of toroids, the land require- 

ment shown in the table refers to the area occupied by the magnet, obtained directly from the 

dimensions of the magnet. The unit land costs for each magnet structure are plotted in 

Figure 89. The geometry where structure costs are the lowest, is used in Figure 89( the low 

aspect ratio for the solenoid, for example ). 
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Relative costs 

The relative unit costs for each magnet structure are plotted in Figure 90. For each size 

of SMES the geometry that has the lowest overall cost (structure + superconductor + land), 

is shown in bold face and the corresponding minimum cost is shown in the last column of 

Table 13 through Table 16. It is clear from the tables that the relative contribution from each 

parameter varies a great deal with the size of the magnet and the geometry used. In general 

the superconductor costs dominate for smaller sizes and structure costs are more significant 

for large sizes of SMES. The cost of land plays an insignificant role due to the low costs as- 

sumed ( ~ $ 4000 / acre ). On the other hand if costs for shielding material are used, the 

overall costs for all magnets except the toroid would be much greater. It was pointed out in 

Chapter 5 that the use of ferromagnetic shielding is both prohibitively expensive as well as 

impractical from a construction point of view due to the large quantity of shielding material 

required even for the smallest magnets. For applications where a stray field is unacceptable, 

the toroidal geometry must be used and the data in Table 14can be used to estimate the 

overall cost of the SMES system. 

The structure requirement of toroidal magnets is the highest. It was shown in Chapter 8 

and Chapter 9 that by using the optimal D shaped cross-section for the toroid, both super- 

conductor costs as well as support structure costs can be reduced significantly. Moreover, the 

D shape is also well suited to the use of warm support structure similar to the low aspect ratio 

solenoid. The higher peak field in solenoidal magnets reduces their energy storage capability 

if the same peak field is used to compare the superconductor requirement of various magnet 

structures. Thus the difference between overall costs for toroidal magnets and solenoids be- 

comes much narrower than the two to one ratio commonly claimed. However, it must be 

pointed out that other factors such as cooling, have not been taken into consideration. 

Poloids are seen to have slightly lower costs than the solenoid for all sizes. This differ- 

ence could be much greater when the higher peak field of the solenoid is taken into consid- 

Chapter 11 Relative costs and comparison of various magnet structures 272



eration. The force-reduced magnet has the higher costs for smaller sizes but the costs 

become the lowest among ail structures as the size increases. Unlike toroids, due to the 

lower geometric ratios, the minor radius of the force-reduced magnet is not very large which 

makes it cheaper for underground construction. For large-scale SMES systems, the relative 

simplicity of construction is a significant factor in favor of the low aspect ratio solenoid ge- 

ometry. 
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Chapter 12 Summary and conclusion 

The three important magnet parameters viz. energy storage capability, support structure 

requirements and magnetic field distribution of the solenoid, toroid, poloid and a force- 

reduced magnet were studied in this thesis. Various methods for performing the complete 

magnetic analysis of these magnets were developed. The advantages and disadvantages of 

each magnet structure were studied both from a quantitative and qualitative point of view. 

Most of the research on SMES has focussed on its application for large scale energy storage 

for utility load leveling where SMES is found to be comparable in cost to conventional methods 

of energy storage while providing the advantages of fast response and high efficiency. The 

low aspect ratio solenoid geometry has emerged as a preferred magnet configuration due to 

both cost considerations and relative simplicity of construction compared to other magnet 

structures. But low aspect ratio solenoids have a large external field which makes them un- 

suitable for applications where such stray fields are not acceptable. The low aspect ratio 

geometry of the solenoid stores only half the maximum energy possible for the solenoid and 

is suitable only for large scale designs. 

For smaller SMES systems it is necessary to consider the overall merits of all suitable 

magnet structures before a choice of magnet structure can be made. While comparisons of 

some parameters have been made in the past, a detailed analysis of the most important 
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magnet parameters of the four magnet structures discussed in this thesis is a useful contrib- 

ution to those considering the use of SMES in various applications and would like to know the 

cost and dimensions of various sizes of SMES systems. The tables and formulas provided in 

the thesis make it simple to do a preliminary magnet design of any of the four magnet struc- 

tures without performing a detailed magnetic analysis. 

The study of various magnet parameters has shown that each magnet structure has its 

own advantages and disadvantages and no single magnet structure should be considered the 

best for all applications. Focussing on individual magnet characteristics such as supercon- 

ductor requirement or structure requirement can result in misleading conclusions regarding 

the merits of different magnet structures. For example, it is often pointed out that the solenoid 

requires only half as much superconductor as a toroid, to store the same energy. While this 

is true for the optimum geometries of each magnet, it is not true for the preferred low aspect 

ratio solenoid which uses, practically the same quantity of superconductor as the toroid. 

The peak magnetic field of each magnet structure is an important magnet parameter that 

has been ignored in most previous studies. It was shown in this thesis that the high energy 

storage capability of the solenoid is also accompanied by higher peak fields, compared to the 

other three structures. When adjustments are made in the design to keep the peak fields the 

same, it was shown that the relative energy storage capability of the solenoid is reduced sig- 

nificantly. Even without the adjustments for peak field, the stored energy of the poloid was 

seen to be greater than that of the solenoid, which has a peak field that is 50 p.c. higher. 

Poloids with a uniform current density were considered in some studies but the peak field 

computations of the uniform current density poloid have shown that its peak field magnitudes 

are worse than that of the solenoid. 

Estimates of support structure requirements in previous studies were mostly based on 

structure factors derived from approximate formulas for the stored energy which are not valid 

for the full range of geometries of the magnet. The thin shell model used for computing the 

stress distributions in this thesis provides a more accurate estimate of the structure require- 

ments over the complete range of magnet geometries and are therefore better suited for 
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comparing the relative merits of individual magnet structures. The shell model also serves 

as a useful model for formulating the general problem of optimizing magnets for support 

structure. It has been generally known that toroidal magnets have much greater support 

structure requirement. The structural optimization problems formulated and solved in this 

thesis show that it is possible to obtain toroidal configurations with only tensile stresses and 

therefore significantly reduced structure requirements. Structure requirements of various 

magnets were computed based on three different design criteria including the conservative 

uniaxial stress criterion used in discussions of the virial theorem in the literature. 

A specific force-reduced magnet design was analysed in detail in this thesis. Force- 

reduced magnet designs did not receive serious consideration for SMES due to the impli- 

cations of the virial theorem which imposes a lower limit on the mass of support structure for 

a given quantity of stored energy, regardless of the magnet configuration. The quantitative 

analysis of the structure requirements for force reduced magnets shows that the claims that 

they do not offer any savings in structure are unjustified. The confusion surrounding force- 

reduced magnets and the virial theorem is clarified by means of a detailed analysis of both 

topics and the arguments against force-reduced magnets were shown to be misleading. 

Methods for further reducing the structure requirements of the force reduced magnet were 

investigated. It was shown that support structure can be reduced to about half the require- 

ment of low aspect ratio solenoids which has the lowest structure requirement among con- 

ventional magnet structures. The possibility of achieving the ideal hydrostatic tension 

distribution was explored and shown to be unattainable by the poloidal/toroidal configuration 

regardless of the cross-section used for the magnet. 

The problem of optimizing the cross-sectional shape of the toroid to maximize its stored 

energy was formulated and solved. The optimum shape was shown to increase the stored 

energy of the toroid by 16 p.c. This is a significant improvement because the cost of super- 

conductor constitutes the largest component in the cost of smaller SMES magnets for which 

the toroidal configuration is particularly useful due to the absence of a stray magnetic field. 

The optimum D shape for maximizing energy was shown to be identical to the structurally 
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superior constant tension shape already in use in tokamaks and other fusion reactor designs. 

The D shape is also well suited for the design of warm structure similar to low aspect ratio 

solenoids because of its flat shape on the inner side of the cross-section. Thus the optimum 

shape has considerable practical advantages resulting in a reduction in the cost of toroidal 

magnets. The optimization problem was formulated and solved as an isoperimetric problem 

in the calculus of variations. A unique approach was used to obtain the optimum solution 

because a satisfactory solution cannot be obtained by the direct method due to the number 

of boundary conditions for the differential equation being greater than the degrees of freedom 

in the problem. This method could be used in similar overconstrained isoperimetric problems 

but that possibility was not explored since it is outside the scope of this study. 

The high cost of SMES systems justifies the search for new magnet configurations that 

can reduce costs. From the study of the important parameters of various magnet configura- 

tions, it is possible to surmise the desired characteristics of the ideal energy storage magnet. 

It was shown that the ideal magnet should be a general toroidal configuration enclosing a 

uniform magnetic field that is entirely confined to the volume enclosed by the magnet surface. 

Both geometric and magnetic considerations show that the above requirements for the ideal 

magnet imply that its conducting surface must have zero gaussian curvature. A twisted 

toroidal configuration combining the features of the ideal solenoid and the toroid was exam- 

ined as a possible shape for the ideal magnet. Geometric arguments were used to prove that 

no such shape could be found that would have zero curvature as well as satisfy the smooth- 

ness conditions imposed by physical considerations (magnetic lines of force cannot have 

sharp corners). Furthermore, the extremely limited examples of closed shapes with zero 

curvature shows that there are fundamental geometric limitations towards obtaining new 

shapes for magnets that can significantly improve its magnetic characteristics. 

The results of the detailed analysis of the four magnets considered in this thesis were 

used to provide a cost comparison of various sizes of SMES systems. The economies of scale 

obtained by increasing the size of the SMES system are clear from the cost analysis. The 

relative costs must be viewed with some caution however, as the optimum geometries where 
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these minimum costs are obtained may not be economical due to increased construction costs 

or cooling costs which were not included in the study. These factors can be crucial for very 

large sizes such as the ones suggested for utility load leveling applications. For small to 

medium scale SMES systems (upto 500 MWh) the cost estimates are closer to the actual costs 

because at these sizes, the major contribution to the cost comes from superconductor and 

structure. The results of this thesis provide a good starting point for evaluating various mag- 

net structures for a given application. 

A number of engineering problems must be solved before SMES systems can be con- 

structed and operated reliably. The fast response of SMES also means that eddy current 

losses (ac losses) will reduce the efficiency of the SMES system. The use of low cost and high 

strength materials can reduce support structure costs. The use of superconductors with 

higher current densities and magnetic fields can reduce the size of the SMES system sub- 

stantially. Methods for reducing the external fields of the magnet structures must be explored 

to counter the environmental hazards posed by open magnet structures. 

There has been a lot of interest generated by recent discoveries of high temperature 

superconductors which could use the much cheaper liquid nitrogen for the cryogenic system. 

Some of these new materials, which are generally ceramic based, also have higher critical 

fields which could reduce the size of the magnet for the same stored energy. However, the 

new materials are very brittle and unless significant improvements are obtained in the ease 

with which they can be made into coils of various shapes and in their mechanical strength, 

high field magnet applications like SMES must continue to rely on the conventional materials 

such as Ni-Sn. The results of this thesis however, are independent of the kind of materials 

used and can be used to analyze SMES magnets using any new materials that may become 

available. 
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Appendix A. Vector potential of a current-sheet 

solenoid 

The vector potential of a finite length current-sheet solenoid can be derived by superpo- 

sition of the vector potential of an infinite solenoid and the vector potential of an infinite 

solenoid with a gap equal to the length of the finite length solenoid. If the currents in the in- 

finite solenoid and the infinite solenoid with gap are opposite in direction, their superposition 

clearly produces a current distribution equivalent to that of the finite length solenoid we are 

interested in. The surface current density for all three solenoids is assumed to be J A/m. The 

only non-zero component of the vector potential is Ad, in all cases. The index 1 will be used 

to indicate the vector potential of the infinite solenoid and the index 2 will be used for the 

vector potential of the infinite solenoid with a gap. The geometric parameters of the finite 

length solenoid are shown in Figure 91. The infinite solenoid and the infinite solenoid with 

gap are shown in Figure 92. The expression for the vector potential of the infinite solenoid 

will be derived first. 

The magnetic field inside the infinite solenoid is uniform with a magnitude of oJ and is 

zero at any point outside. For a point inside the solenoid with polar co-ordinates (r,@), the 

component Aj, of the vector potential can be obtained by taking the line integral of the vector 
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potential around a circular path passing through the point. Since V x A=B, by Stoke’s theo- 

rem, the line integral will be equal to the magnetic flux enclosed by the circular path. Thus 

2arsin OAs, = Ua(r sin 6)? , (1) 

or 

1 Bo 
Ag, =—9—rsing . (2) 

If the point lies outside the solenoid, Eq. (1) becomes 

2nr sin GAG, = uplnc” , (3) 

where c is the radius of the solenoid. The right hand side is a constant now, representing the 

total flux passing through the solenoid. Thus 

Uo _¢? 
oO — — 

Agi = 2 rsin@ (4) 

Consider the current element of width dz shown in Figure 92. The contribution to the 

vector potential due to this elemental current filament at a point with polar co-ordinates (r, 0 

), is given by [91] 

AA go = ot ae) sine (+ ex cos a)P/(cos 6) . (5) 

The contribution from an identical elemental filament on the left side of the solenoid at the 

position z — a cancels out the even terms in the summation and doubles the terms for n odd, 

because P}( — cos a) = — Pi( cos a) for n even. Thus 
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oo 

i 2n+1 4 P 

aya noise ) Sie — (£) P34 4( COS @)Po,44(COs 8) . (6) 

n=O 

The total vector potential is obtained by integrating the contribution from all such elemental 

filaments from 2 =d to Z= oo. 

For n=0 the integration gives 

[ sing 51 ° _¢*dz 
S104 pi( cos a)az = | ——— 7 =1-cosp . (7) 

d a d (c? + 2°)3/2 

For n= 1 we need to evaluate the integrals 

oo 

lone4 =| a °"+) sin aPo, 4 4(Cosa)dz . (8) 
d 

The above integral can be evaluated by using the following identity, valid for integers s > 1 

(~1)°7" atta 
  

  

—s_.. 1 
a ~ sin aP,( cos a) = ————— (9) 

Integrating both sides with respect to the variable z, we get 

+1 
-s_. pt (—1)° aa 

[a $ sin aP,( cos a)dz = “E-th 375 (10) 

The identity in Eq. (9) with s replaced by s — 1 allows us to write the right side of Eq. (10) as 

— 4 —(s—1) 

(s—1) ° 
  [en sin aP.(cos a)dz = sin aP!_4(cos a). (11) 
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Replacing s by 2n +1 in Eq. (11) and plugging in the limits of integration, we get 

sin BP 5 n( cos B) 
I = (12) 
2n+1 onb2” 

The vector potential of the infinite solenoid with gap can now be written as 

— r 2n+1 4 

Ago = Hob sing) eo(-£) Pon 4 1( COS 8) (13) 

n=0 

where 

Co=+ (csc f — cot ) (14) 

and 

P; (cos 
an( cos ) n= 1,2... (45) 

nan(2n + 1)(2n + 2) 

The expression in Eq. (13) is valid for r< b, which includes points both outside and inside 

the solenoid. The expression for the vector potential of the infinite solenoid, however has a 

different form for points within and points outside the solenoid. Since the vector potential of 

the finite length solenoid is obtained as the difference of these two expressions, the vector 

potential will have a different form for inside and outside points. Taking the difference of Eq. 

(13) and Eq. (2), the vector potential A, of the finite length solenoid, inside and on the current 

sheet is the same as Eq. (13) except that the coefficient C, = — > cot 8. For points outside the 

finite Jength solenoid, the vector potential is obtained by taking the difference of Eq. (13) and 

Eq. (4). The first term of the summation in Eq. (13) is now given by 

pgde® 
2rsing (16) 

Hod sin B + (csc B — cot f)r sin 8 — 
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Now rsin @ =R, the radial distance from the axis of the solenoid and the radial co-ordinate in 

the cylindrical co-ordinate system ( R, ¢,z). Thus the contribution to the vector potential due 

to the second term in the above equation is ay where K is a constant. But 

Vx (Fay) = 0, so the second term makes no difference to the magnetic field components and 

can therefore be omitted from the expression for the vector potential of the finite length 

solenoid. 

Thus the vector potential for the finite length solenoid can be written as 

w r 2n+1 4 

Ag = ugdb sins) cx(-£) Pon 4 4(cos@) , (17) 

n=0 

where 

Co=- + cot B inside Co = +( csc B — cot B) outside (18) 

and 

P2.( COS 
an( cos ) n=1,2,... (19) n2n(2n + 1)(2n + 2) 

The magnetic field components can be obtained by taking the curl of the the expression in Eq. 

(17). 

The vector potential at any point ( r, 8) can be computed from Eq. (17) by taking a suitable 

number of terms from the infinite sum. The associated Legendre functions are easily calcu- 

lated for any value of the argument x, by the recurrence formula [112] 

1 2n+1 41 n+1 
Pra 1(X) =p — XPA(x) — 2 — Py _ g(x), (20)   

and 
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Po(x) =0 Pi(xy=(1—x?)/? (21) 

In order to calculate the magnetic field components the derivative of the associated Legendre 

function is required, which can be computed by the recurrence formula [112] 

(1 —x?)Pry 4(X) = (0 + 1)Pa(x) — mPa 4(X) (22) 
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Figure 91. Geometrical parameters of a current sheet solenoid 
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Figure 92. 
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Appendix B. Shielding current distribution for poloid 

A shielding current distribution on a poloid produces a magnetic field that has only a 

tangential component at the conducting surface. Furthermore, the magnetic field is zero 

within the region enclosed by the conducting surface. The magnetic forces on the shielded 

poloid are normal to the conducting surface at all points. When the cross-section of the poloid 

is circular, a closed form solution for the current distribution can be obtained by using the 

Stoke’s stream function [61,104] 

Magnetostatic problems and hydrodynamics problems involving the steady, irrotational 

flow of ideal fluids are very similar from the mathematical point of view. The solution to the 

magnetostatic problem for the shielded poloid is obtained by direct analogy to the fluid flow 

problem as the two problems are governed by identical differential equations and boundary 

conditions. Magnetic field strength and current density are analogous to the fluid velocity and 

vorticity respectively. Streamlines of fluid flow are analogous to the magnetic lines of force. 

The scalar magnetic potential is identified with the fluid velocity potential. 

For two-dimensional fluid flow where the flow is in planes passing through the z-axis, the 

Stoke’s stream function y(r,z) can be used to describe the velocity field of the fluid. The ve- 

locity components in cylindrical co-ordinates are given by 
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yates (1) 

oy oy 4 oy 
———— — a ee SS 

2 

az? ae tar “ 
  

When a torus is placed in a infinite fluid in steady flow such that the axis of symmetry of the 

torus is parallel to the direction of flow, the fluid flow problem is identical to the problem of 

determining the shielded current distribution for dipoles. The streamlines in this case are 

tangential to the toroidal surface as shown in Figure 93. 

On the toroidal surface the stream function y is a constant. Therefore the toroidal co- 

ordinate system ( 9, 8, ¢@ ) shown in Figure 94is a convenient choice for the problem. The 

relationship with the cartesian coordinates x,y,zZ and the circular cylindrical co-ordinates 

r,¢@,z is given by [114] 

csinhy cos ¢ csinhy sing 

~ coshy—cos@ ° ”  coshyn—cosé 

csin@ csinhy (3) 
~ coshy — cos @ t 

cosh 7 — cos @ 

The ranges for the co-ordinate variables are 0<<00 , —x7<@O@<+n and0<gd¢<2r. 

The co-ordinate surfaces are toroids (4 = constant), spherical bowls (@ = constant) and 

half-planes (@ = constant). For a toroidal surface ( » =n ) with major and minor radii 

R and a respectively 

= (4) c=/R?-a® , cosh no = 

|
=
 

Making the substitution y = ry in Eq. (2) gives 
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— + 4 —— 4+ — —- - — =0 . (5) 

The solution to the above equation is given by [115] 

¥ = (cosh 7 — cos ar) (Ayr _ 4/2( cosh ») + B,Q, _ 4/2( cosh n)) cos né (6) 

n 

' OP, — 4/2 4 dQ,, — 12 
where Pj-a= a » Q-w= oy and P,-14,( cosh), Q,-12( cosh) are the 

Legendre functions of half integral degree. For the region outside the toroidal conducting 

surface (4 <1), the constants 8, are zero and the stream function y =ry is given by 

y =c(coshy —cos ayy a, sinh nPh_ 4j2( coshy)cosné . (7) 

n 

Defining the function U,(7) = sinh yP}_.4,2.( cosh 7) and redefining the constants A,, the stream 

function can be written as 

  

A, y =¢( cosh —cos 6) Dy Un U,(n) cos(n6) (8) 

n 

In toroidal co-ordinates the fluid velocity (magnetic field) components given in Eq. (1) can be 

written as [61] 

B = (cosh y — cos 6)? ow 
Vv 

” ” c? sinh n 00 
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(cosh 7 — cos gy? Ow 
Vp = By = ——_>——_ ; (9) 
oe c* sinh y on 

where 8, is the component normal to the conducting surface and B, is the component 

tangential to the conducting surface. It is clear from the above equation that the stream 

function y must be a constant on the conducting surface (He 0) for the normal component 

of the magnetic field to be zero. The shielding current density J, at any point on the con- 

B 
ducting surface is then Te Differentiating Eq. (8) with respect to » and substituting in Eq. (9), 

the shielding current density is given by 

    

oo 

S( cosh ny — cos gy? 2( cosh 75 — cos @) dU, 
Jp = —1+ A,cosn@j) , (10 

8 2U9e sinh yoU,(no) dy n CO (10) 

where §S is a scaling factor chosen such that J(@ = 0) = Up, the maximum current density which 

occurs on the inner edge of the conducting surface. 

In order to evaluate Eq. (10), the constants A, and the functions U, and oe must be de- 

termined. Since f = wo, a constant on the conducting surface ( 7 = 7 ), the constants A, can 

be determined by making use of the orthogonality of the functions cos né@ in the interval - z to 

nm. Thus 

T 

=z | ( cosh np — cos 6)'/?G@ ' (11) 

—t 

R 

A,= +/ (cosh yy — cos gy! cos nédé for = 1,2,3, ... (12) 

—t 
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The factor to has been omitted from the above expressions since it is a constant which can 

be absorbed in the scaling factor S of Eq. (10). 

An integral representation of the Legendre function is given by [146] 

% 

Py — 4/2 CoSh m) = +| (coshn +sinhycosa)"~ da (13) 
0 

Taking the derivative with respect to » of the above expression, the function U, is given by 

. OP, — 4/2 
U( cosh m9) = sinh yy— ~~ = 

5 Te 

n—0.5) sinh 
— m | (cosh 9 + sinh mo cos a)”~*/*( sinh ng + cosh no cosa)da . (14) 

0 

An alternate integral representation of the Legendre function is given by [116] 

41 

T 

1 

Praantcorhn) == | 

0 
(cosh » + sinh » cos a) 

+4] da . (15) 

Denoting v = cosh» the following recursive relations can be obtained from Eq. (13) and Eq. 

(15) 

. OP, _ 42 
sinh?y wy (n — 1/2)( cosh 4P,, _ 4/2 Pn—syo) » (16) 

ae) OP, 4/2 
sinh NG (+ 12) Cosh Py _ 472 — Pr 4 42) . (18) 
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Differentiating Eq. (16) with respect to v we get 

  

QP, _4;2  OPy_ ajo (18) dP a . 2 n—1/2 _ _ 
(sin ne) = (n= 110 Pa apo cosh dv dv 

Substituting from Eq. (16) and Eq. (17) for the derivatives in the right hand side, we obtain 

dP d . 9 n—1/2 9 
a. (sin )=e — 1/4)Pp —4)2 (19) 

Now 

  

  

aq, d og GPa—4j2 ; d 9 FPn— 4/2 
Gn = (sin 1—j =sinhy dv sinh’y dv (20) 

Thus from Eq. (19) we get 

du, ; 2 

ae . du, og 
Substituting from Eq. (13), the expression foro evaluated at 7 =n is given by 

2 Tv 

du sinh y,(n~ — 0.25 
on = nol = | (cosh yp + sinh yg Cos a)" da. (22) 

0 

The definite integrals in Eqs. (11),(12),(14) and (22) can all be evaluated numerically by a suit- 

able quadrature formula. The shielding current density of the poloid is then obtained by 

evaluating the expression in Eq. (10) as a truncated sum to obtain arbitrary accuracy. 

It must be pointed out that the toroidal co-ordinate @ is related to the angle @’ used as a 

position variable on the toroidal surface in the rest of the thesis (the prime is used only to 

indicate the difference between the two angles), by the following equation 
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bane sin @ sinh np 93 

o' = tan sires | (28) 

Appendix B. Shielding current distribution for poloid 312



ZA 

  

  
Figure 93. Toroidal ring placed in the steady flow of an infinite fluid 
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Figure 94. Toroidal co-ordinate system 
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Appendix C. The Virial Theorem 

The virial theorem for magnetostatic systems can be derived from equilibrium conditions 

for magnetic forces on the conductors and the mechanical stresses induced in the support 

structure [55,57,60]. Let S be the material stress tensor in the support structure of the magnet. 

If n represents the unit normal to a surface element dA, then the force dF on the surface ele- 

ment is given by 

Sxxy + SyyNy + SyzNz 

dF=S-ndA= |S,,n,+Syny+Sy2nz| dA . (1) 

S2xNy + SzyNy + S277 

By an application of Gauss’s theorem the net force on an elemental volume dv is seen to be 

V +S adv, where the inner product of the vector operator and the tensor results in a vector. The 

total force (due to material stresses) in a volume V bounded by a surface S is given by 

F=[s-n da=| ves av . (2) 
Ss V 
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The magnetic force can also be represented in terms of a magnetic stress tensor T 

[117,118]. For a distribution of current over a volume V, the total magnetic force is given by 

= 3 F [one dv (3) 

From Maxwell’s equation V x B = pod, we have 

Fay | xB) xB dv (4) 

Consider the x - component of the force given by 

FeatFa ae | 10 x8) xB) oy . (5) 

Using the vector identity a-(b x c) = (ax b)-c, 

Fe= Tg | Hx? <B))-8 av. (6) 

Applying the vector identity a x (b x c) = (a-c)b — (a« b)c, we get 

4 1 3B? 

V 

where B? = B? + B? + B? . The first term of the integrand is now replaced by an equivalent 

expression and F, is given by 
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2 
OBx 6B,By 0B,B, 1 aB?2 —~B(V-B)—- +28 7 ay 8 
ax tay + oz Bxt¥*B) 2 ax 1 wv (8) 
  

1 
Fx=Tp [ 

V 

Now V-B=0. Applying Gauss’s theorem to the first three terms in the integrand and rewrit- 

ing the last term 

  

  

1 1 2 
Fx= Tp | [BxN, + B,Byny + B,B,N,] dA — > ti [ve ya. (9) 

s V 

Or 

2 
_ 1 2 Bin Fe=ae | [(Brny + BByny + B,B2n,)-—~ 1 dA. . (10) 

Ss 

Similarly the y and z components may be written as 

Fy=— | [(B,Byn, +B? Bry y= Tg yy + Byny + ByBzn,)-—s— ] dA , (11) 
$s 

and 

4 2 B*n, 
Fe= ap | UB .B2nx + B,B,ny + Bzn,)-—~ J] aA . (12) 

Ss 
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Thus F may be written as 

r= [ten da=| vet dv, (13) 
s V 

where 

2 B? Be-- «iB, B, B,B, 
1 2 B? a a “ 

2 
BB, B,B, B,- 

The magnetic forces are counter balanced by the material stresses and the condition of 

equilibrium for a volume element dv can be written as [60] 

V-(T+S)=0 . (15) 

With the summation convention, Eq. (15) can be written as 

O 
=z, ( 
Ox; 

Forming the inner product of the coordinate vector x; with this equation and integrating over 

a volume V bounded by a surface S, we have 

0 

J V 

Integrating by parts and applying Gauss’s theorem, 
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| NXT y + S,)dA _ | (7; + S;)dv = 0 (18) 

S V 

  

2 

The trace T,; of the magnetic stress tensor is — 2, . Thus 
0 

B2 

(-> My + Sj)dv = [exer +S,)dA . (19) 

V 

This is the virial theorem. 

If the volume V includes all space then the surface quantities 7, and S, in the integrand 

on the right hand side of Eq. (19) go to zero, because the support structure is finite and the 

field magnitude (therefore the elements of the stress tensor) decreases to zero at large dis- 

tances. Thus we have 

2 

| (Te) dv = Js av . (20) 
V 

This equation clearly implies that if the material stresses are zero everywhere then the energy 

stored in the magnetic field is also zero. 

From Eq. (20) it is possible to determine the minimum mass of structure needed to store 

an energy Ey. Since the stress tensor is symmetric it will be diagonal in some appropriate 

coordinate system. The diagonal elements represent tensions or compressions in the three 

coordinate directions. Assume that the stress in each coordinate direction is supported by a 

structural member. The member in the x direction supports a force S,,dy dz. If oy is the 

Sy. | dy dz 
maximum working stress, then the cross-section of the stress member is [Sal oye The 
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s| See] Ov , 
length is dx, therefore its mass is PelSal where p, is the density of the structure. Hence 

the total mass of structure needed is given by 

p P M,= BE | (1 Seel +1 Syyl+ 1 Se) 02 5E | Sart Sy Se wv 1) 
V V 

or 

PsEu 
M;2=—g7 . (22) 

An alternate form in which the virial theorem is expressed, separates the mass of struc- 

ture in compression from the mass in tension. Of the three principal stresses let S; be the 

magnitude or the sum of the magnitudes of the components in tension and let S, be the 

magnitude in compression. Then the volume integral of the trace of the stress tensor may be 

written as 

[si av=[s, dv — [sc av | (23) 
Vv Vv V 

Multiplying both sides by the factor p,/c, we have the equality 

pseu a = Mi— Me (24) 

where M, is the mass in tension and M, is the mass in compression. Thus the total mass of 

structure Ms is given by 

Mg = M+ Mz = 2M, + M,— Me = 2M, + 5M . (25) 

This again leads to the inequality given in Eq. (22). 
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The most favourable situation is one in which all the stress members are in tension, in 

which case the equality holds in Eq. (22). If some elements are in compression then the mass 

will be greater than the lower limit given by the right hand side of Eq. (22), by an amount which 

is twice the mass in compression as shown in Eq. (25). 

It is clear that the assumption of separate stress members for each principal direction is 

necessary for arriving at the conclusion that structure in compression amounts to a less than 

optimum design. Suppose we drop this assumption and allow the same mass of structure to 

be stressed in all the principal directions. Clearly a lower limit may be found for the minimum 

structure required. 

Following the reasoning used for uniaxially stressed structural members, let S, represent 

the largest magnitude among the principal stresses at any point. Then the volume of structure 

needed for any volume element dv may be computed based on this single stress S,. Thus 

  

_ Ps Ps 1 M. =o | s dv > 5 J Sel #1514 15:1 dv. (26) 

Or 

Ps 1 1 PsEy 

Clearly, this derivation does not distinguish between the peak stress being compressive or 

tensile. This criterion for choosing a working stress is referred to as the maximum normal 

stress criterion. The magnitude of the working stress oy may also be chosen based on some 

suitable failure criterion such as the maximum distortion energy criterion or maximum shear 

stress criterion. 
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