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Abstract 

A more robust method for solving the governing equations of a one-dimensional stage- 

by-stage dynamic compression system model was developed and validated. The improved 

method was then applied to two-dimensional post-stall models. The improvement in robustness 

was achieved by modeling the governing equations with upwind differencing and use of implicit 

time integration. A special form of upwind flux, flux difference splitting with source term 

treatment, FDSS, was developed for the model. A two-dimensional axisymmetric model was 

developed to allow post-stall modeling of split flowpath systems such as turbofans. This model 

was an entirely new concept. Additionally, a two-dimensional axial-circumferential model of 

rotating stall cell development and propagation was developed based on previous work. All of 

the models developed applied upwind differencing techniques to improve upon central-difference 

methods.
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1. Introduction 

In a standard gas turbine engine, a working fluid undergoes at least three distinct 

processes. A compressor energizes the fluid through the action of rotating machinery; a 

combustor increases the gas energy level via a chemical process; and a turbine extracts energy 

from the fluid, driving the compressor, and, possibly, an external shaft. In the history of 

development of the gas turbine engine, probably the greatest amount of engineering attention 

has been paid to the compressor. Although research has been ongoing since the second world 

war, compressor design still offers engineering challenges. One of the yet unmet challenges is 

the complete numerical description of the flow in the compressor during unsteady operation. 

For this thesis, new numerical methods for the modeling of unsteady compressor 

operation were developed and compared. All of these methods are geared toward the 

description of distributed phenomena in the compressor. To capture the distributed flow field, the 

dynamics of the compression system flow were modeled numerically using computational fluid 

dynamics techniques. Here, the numerical methods for modeling the dynamic behavior of 

compression systems have been examined and new two-dimensional methods have been 

developed to simulate the time-dependent flow within the compression system. The models 

developed are dependent on compressor or cascade steady-state performance characteristics. 

These characteristics must be either measured or predicted. Distributed two-dimensional flow 

field measurements pertinent to the methods developed were not available for post-stall flow in 

the compressors modeled. Therefore, comparison of the methods developed here with 

experimental results are left for the future.



1.1 Post-Stall Phenomena 

The “steady” operation of a compressor actually involves unsteady phenomena. In fact, 

examining flow of a fluid particle through a compressor, only an unsteady analysis can determine 

the amount of work done on the fluid (Greitzer 1984). However, when referring to compressor 

unsteadiness, one generally refers to flow that appears unsteady when measured by a 

transducer moving with the turbomachinery. A particular kind of unsteadiness in centrifugal and 

axial compressors may occur when the angle of attack on the leading edge of the impeller or 

blading is increased beyond the normal operating value. When the increased angle of attack 

causes severe separation over some part of the suction surface of the machinery, the separation 

bubble can cause severe blockage of the fluid passage. When increased to a critical level, the 

blockage becomes the initiator of an unsteady, post-stall mode of operation for the compressor. 

Compressor stall is a complex flow phenomenon caused by sustaining a high angle of 

attack on compressor blades. Increased angle of attack is caused by reducing the mass flow in 

the compressor. Operation at an angle of attack higher than a critical value is unstable. The 

Critical value corresponds to a stall or surge line on compressor performance maps. Depending 

on the system dynamics, this unstable operation will develop into either rotating stall or surge. 

Initially, the flow in a compressor at the onset of either surge or rotating stall would appear to be 

very similar. One or more severely separated stall cells would appear to be developing. 

However, if there were sufficient energy in the fluid volume downstream of the compressor, the 

compressor would be overpressured and a surge cycle would ensue. On the other hand, if the 

energy of the downstream fluid were lower, rotating stall would be expected. 

Rotating stall causes low efficiency in the compressor resulting in low or no thrust from 

an aircraft engine, inefficient operation regardless of the application, and high temperatures that 

may damage turbomachinery. Compressor efficiencies of 20 percent or less are common during 

rotating stall. In the past, rotating stall was often referred to as nonrecoverable stall because the



only way to return to useful, thrust providing, operation was to shut down and restart the engine. 

Although rotating stall involves complex, time-dependent phenomena within the compressor, the 

mass flow into and pressure rise across the compressor are relatively constant during fully 

developed rotating stall. The subsequent operation may be characterized by one or more axially 

low flow regions migrating around the compressor annulus. The low flow regions are known as 

stali cells, and the mode of operation is known as rotating stall. Although the axial velocity of the 

fluid in the stall cell is very low, the tangential velocity will be on the order of the compressor 

wheel speed. Stall cells migrate against the rotation of the compressor by vortical action from 

suction to pressure surface in a blade passage. Stall cells migrate around the annulus at a rate 

between ten and fifty percent of the wheel speed. Therefore to a stationary observer, they 

appear to migrate in the direction of rotation of the compressor at some value less than the rotor 

speed. 

Surge is characterized by regular, typically 3 - 20 Hz cyclic flow through a compression 

system. A compressor operating in surge, unlike rotating stall, returns to a flow coefficient and 

pressure rise that is in the stable operating regime at some point during the cycle. Deep surge is 

characterized by complete reversal of flow as well as full forward flow through the steady-state 

operating point during each cycle. During surge, steady operation may be recovered by 

correcting the condition that initiated instability. Therefore, given a choice, surge is preferred 

over rotating stall (Greitzer 1976, Greitzer 1980, Stenning 1980, Cumpsty 1989). 

1.2 General Goal of Post-Stall Modeling 

Although most high performance aircraft are currently equipped with control strategies 

that avoid engine stall, a better understanding of post-stall behavior will lead to the development 

of inherently rotating stall resistant compressors; compressors that may surge but never develop 

rotating stall. This should be an improvement upon control systems that limit the operational



envelope of an engine. Traditional, steady-state analysis of the turbomachinery in an axial 

compression system cannot capture the transient behavior of post-stall operation. Therefore a 

dynamic model is necessary. Fiow separation, the initiator of post-stall flow, is a complex 

phenomenon which is difficult to model explicitly in the configuration of a complete compression 

system model. Thus a specialized technique for modeling post-stall phenomena in axial 

compression systems has been developed. Detailed analysis of the compression system 

requires an accurate description of the compression system overall through flow geometry as 

well as a discrete representation of each stage in the compression system. In a turbofan engine 

a detailed model should include the flow through the fan, bypass, core compressor and bypass 

ducting. Thus a stage-by-stage or blade row post-stall model is required. 

1.3 What was Accomplished in the Presented Work 

A more robust method for solving the governing equations of the one-dimensional stage- 

by-stage dynamic compression system model was developed and validated. The improved 

method was then applied to two-dimensional post-stall models. The improvement in robustness 

was achieved by modeling the governing equations with upwind differencing and implicit time 

integration. A special form of upwind differencing, flux difference splitting with source term 

treatment (FDSS) was developed for the model. A two-dimensional axisymmetric model was 

developed to allow post-stall modeling of split flowpath systems such as turbofans. This model 

was an entirely new concept. Additionally, a two-dimensional axial-circumferential model of 

rotating stall cell development and propagation was developed based on previous work. All of 

the models developed applied upwind differencing techniques to improve upon central-difference 

methods. 

One-dimensional modeling was conducted as a more fundamental test bed for concepts 

used later in two-dimensional modeling. The one-dimensional model, DYN1D, contained time



integration methods, upwind spatial discretizations, and compressor force and work computation 

strategies that were all new to dynamic compression system modeling. Modeling work was 

conducted to determine the effectiveness of the mew methodology. Two-dimensional 

axisymmetric modeling was conducted as an entirely new implementation of compressor dynamic 

modeling. Techniques developed for DYN1D were applied in the two dimensional model, 

DYN2D. In addition, two-dimensional simulations were conducted to demonstrate the capabilities 

of DYN2D.



2. Review 

Two general topics will be covered, post-stall modeling of compression systems and 

computational fluid dynamics. Post-stall modeling of compression systems is a specialized topic 

with the central goal of capturing the behavior of a technological manifestation, unstable behavior 

in turbomachinery. The thematic approach to this problem has been guided by both the physical 

understanding and the specific goals of various researchers. Although some fluid mechanic 

theory is always cited, there is not much agreement on the equations governing post-stall 

modeling. Post-stall modeling is essentially a technology tool, and success in the area is 

determined by useful results. On the contrary, computational fluid dynamics may be boiled down 

to the solution of the Navier-Stokes equations, or some subset, in a defined computational 

domain. Research in the field is related to improving solutions of the governing equations, and 

success is dependent on tying the improvement to the physics of fluid motion. !n computational 

fluid dynamics, the physical and mathematical problem is well posed, and obtaining a solution is 

the challenge. 

2.1 Post-Stall Modeling 

2.1.1 Introduction 

Essentially, four distinct kinds of post-stall compression system models were 

investigated: 

e Fully lumped, linear models. 

e Lumped, hydrodynamic models. 

e Distributed models with lumped turbomachinery terms.



e Fully distributed fluid motion models. 

Fully lumped, linear models or models that were not derived using fluid mechanics 

principles are not true antecedents to the stage-by-stage dynamic compression system model. 

They are usually based on entirely on correlations, and generally only yield general conclusions. 

Lumped, hydrodynamic models begin with a representative compression system as the control 

volume. In that domain, the fluid model is governed by a hydrodynamic model with lumped 

equations for each fluid element. The equations may then be evolved in time. No distributed 

detail of the fluid motion is modeled. However, the nonlinear behavior of fluid elements may be 

included, and, therefore, much of the compression system behavior may be captured. 

Distributed models are based on first principles with simplifying assumptions guided by varying 

degrees of elegance and detail. Distributed models require numerical integration of some 

differential equations on a digital computer. One approach looks at the compressor in a systemic 

fashion and simplifies the one-dimensional governing equations to a form that can be readily 

solved. Another method for modeling rotating stall and pre-stall transients assumes that a 

spectral decomposition of the flow around the annulus will adequately represent the weakly 

nonlinear beginnings of rotating stall. The approach taken here solves the Euler equations in the 

overall geometry of the compression system. Rather than modeling the interaction of the blade 

with the fluid by first principles, simplified equations represent the effects of rotors and stators on 

the fluid. A fully distributed model of fluid flow would solve the full, time-dependent flow field in 

the entire system, including the moving blade rows. A fully discretized solution with moving 

boundaries will probably be implemented in the future but is dependent on some improvement in 

the state of the art in computational fluid dynamics techniques and computers. 

In Table 2.1, the types of modeled reviewed are summarized. All of the modeling work 

presented in later chapters falls into the third category, “Distributed models with lumped 

turbomachinery.” The stage-by-stage modeling work using DYN1D and DYN2D is an extension



of the work presented by Davis (1986), and the rotating stall cell modeling using DYN2D is an 

extension of the work presented by Neuhoff and Grahl (1986). 

Table 2.1: Summary of Reviewed Compression System Models 

  

TYPE OF MODEL MODELS REVIEWED 

  

Fully lumped, linear Day 1978 

Stenning 1980 

  

Lumped, hydrodynamic Greitzer 1976, 1986 

Cumpsty 1982 

Moore 1984, 1985(1&2), 1986 

  

Distributed with lumped turbomachinery | Takata 1972 

Mathioudakis 1985 

Pandolfi 1978 

Neuhoff 1986 

Davis 1986 

Hale 1992 

    Fully distributed fluid motion Outa 1994     
  

2.1.1.1 Stability of Pumping Systems (Greitzer 1980) 

Greitzer identified mathematical models quantifying compression system stability. As a 

preface, the classic definition of stability for a physical system was given: “Stability can be 

defined as the quality of being immune to small disturbances.” Pumping system stability was 

analyzed both statically and dynamically. The static stability analysis of a pumping system 

required the specification of an operating point defined by the intersection of the throttle curve 

and pumping characteristic. The system was statically unstable when the slope of the pumping 

characteristic was greater than the slope of the throttle characteristic. This conclusion was based



on a graphical analysis: Given an incremental rise in mass flow, the corresponding rise in fluid 

pressure delivered by the pump could not be met by an equivalent drop in pressure across the 

throttle. Therefore, a positive-feedback loop between the compressor and the throttle would be 

created, and the flow rate would grow without bound. To perform dynamic analysis, more system 

features were added. Dynamic stability was identified by following the quasi-steady behavior of a 

pump over a cyclic perturbation in mass flow and by examining the analogous mechanical 

system. In this case, static stability was reduced to a necessary condition. The dynamic 

analysis provided more information about unstable behavior, and the ensuing condition was more 

restrictive. Graphically, the net energy storage in the plenum was examined during a cyclic 

excursion in mass flow. The system was said to be unstable whenever the pumping 

characteristic had a positive slope. To perform a mechanical system analysis, the pump and the 

throttle were treated as damping elements. Depending on the slope of the pressure rise 

characteristic, the pump provided damping that could be positive or negative. The throttle 

provided positive damping determined by the throttle characteristic. In a linearized dynamic 

analysis, the damping values were fixed and oscillations would persist or be damped out 

depending on the sign of the damping term. Therefore, the analysis was only valid at a single 

operating point and could not actually predict behavior outside an infinitesimal region around that 

point. {n a nonlinear analysis of the same system, the net damping term would not be constant. 

Therefore the energy contribution due to damping would have to be analyzed over a cyclic mass 

flow excursion. 

Modeling the post-stall behavior of compressors requires a model of unstable pumping 

behavior. Greitzer surveyed such unstable operation models and made recommendations for 

future post-stall modeling. In surveying the types of models, Greitzer touched on the subject of 

distributed flow field models. In an attempt to improve frequency response and provide 

performance details beyond lumped parameter models, distributed models break the flow domain



into small axial elements. The performance of axial compressor stages are then provided by 

stage characteristics. However, it was noted, increasing model complexity is of little value if 

accuracy is dependent on the fidelity of stage characteristics. This is because the unsteady 

performance of the compressor blade row is not well understood. Future efforts, it was 

suggested, should concentrate on detailed understanding of the unsteady performance of 

compression system elements. 

2.1.2 Lumped models 

2.1.2.1 Model Based on Correlations (Day 1978) 

The rotating stall model developed by Day, Greitzer, and Cumpsty is based on the 

observation that, in a compressor stage, during full-span rotating stall, the total-to-static pressure 

coefficient is nearly constant regardless of throttle position. A similar assumption was made for 

part-span stall. From these assumptions, in rotating stall, it was assumed that there is little 

dynamic contribution to the overall head rise. Thus, in a stalled compressor, the pressure rise 

across N stages would be equal to N times the pressure rise across a single stage, Equation 

(2.1). 

WP rs(N) = NY 75(1) (2.1) 

The model of the compressor annulus in stall was divided into an unstalled region and an 

in-stall region operating in parallel. In the model, the total pressure upstream of the compressor 

and the static pressure downstream of the compressor were both constant and uniform around 

the annulus. The unstalled region was assumed to take an operating point on the stable portion 

of the compressor characteristic and the stalled region was assumed to operate at shut-off. 

Thus, in full-span rotating stall, the shut-off total-to-static pressure rise would determine the 
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assumed total-to-static pressure rise. On a total-to-static pressure characteristic map, a 

horizontal line connecting the shut off head to the unstalled portion of the curve defined the 

operating condition. The unstalled portion of the annulus was assumed to operate at the 

unstalled flow rate corresponding to the same total-to-static pressure rise as the shut-off value. 

For the compressors surveyed, the center value of shut-off head was determined. For 

subsequent results, this was used as the full-span rotating stall total-to-static pressure rise. 

Y 7, (full — span) =0.11N (2.2) 

The part-span stall total-to-static pressure rise was also determined. 

Y 75(full —span)=017N (2.3) 

A blockage factor, 4, was defined to relate the overall operating flow coefficient, ® , to 

the unstalled flow coefficient, ©, . 

® =(1-AD, (2.4) 

The critical value of blockage factor for full span stall inception was determined to be 

thirty percent. For values greater than thirty percent, the compressor was assumed to be in full- 

span stall. Therefore, the flow coefficient at inception of full span stall was determined by the 

blockage factor at the total-to-static pressure rise given by Equation (2.2), and the type of stall at 

a given condition was determined by the blockage factor and Equation (2.3). The resulting model 

was used to predict trends for design parameters affecting rotating stall performance: 

e Increasing the number of stages in a compressor increases the blockage factor and, 

therefore, the likelihood of full-span stall. 
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e Increasing design flow coefficient increases the likelihood of full-span stall and stall 

hysteresis. 

e Steeper throttle slopes decrease the blockage factor and decrease the likelihood of full-span 

stall. 

2.1.2.2 Linear Model of Rotating Stall (Stenning 1980) 

Stenning presented a linear theory of rotating stall based on small perturbation analysis. 

This type of model yields a relatively simple and accurate prediction for the onset of rotating stall 

but is poor at predicting the propagation speed and incapable of identifying the number of stall 

cells. In addition, as the number of compression stages and pressure ratio increases, accuracy 

of the linear predictions decreases. This work is useful for qualitative description of rotating stall 

and surge but is not a high-fidelity predictive tool. 

A cascade is assumed to move in a rectilinear domain. The boundaries are infinite in the 

axial direction and periodic in the circumferential direction. The flow is incompressible, and, 

upstream of the cascade, irrotational. The flow is assumed to have some small perturbation 

component. The pressure rise across the cascade is assumed to be a given function of relative 

flow angle at the inlet. Flow in the cascade is assumed to behave quasi-steadily, and, therefore, 

fully described by the mean and perturbation inlet flow angle. The small perturbation equations 

are linearized, and the mean flow velocities and pressure may be separated from the unsteady 

component. Based on potential flow, the unsteady Bermoulli equation, and scale analysis, the 

amplitudes of the Fourier solution to the potential equation were represented by a pair of linear 

ordinary differential equations. Equation (2.5) indicates the critical slope of the cascade pressure 

rise function. If the slope is greater than the critical value, small perturbations, approximating 

rotating stall cells, will grow. 
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dc, _2(1-T,)cos’B 

dtanB tanB (2.5) 

_W,(1-G,) (= (2.6) 

  

; dc, , . .. 
In Equations (2.5) and (2.6), da - B is the slope of the static pressure rise coefficient, 

Cc, is the mean pressure rise coefficient, B is the relative inflow angle to the cascade, W, is the 

mean, relative swirl velocity upstream, and V, is the stall cell propagation speed. If, upstream of 

an isolated rotor, the mean, absolute flow has no swirl, Equation (2.5) predicts stall inception at 

the peak of the total-to-static pressure rise characteristic. This is the generally accepted 

condition for rotating stall inception. However, due to the nonlinear nature of fully developed 

rotating stall, Equation (2.6) is inaccurate. Without development, Stenning also gave a more 

accurate, nonlinear prediction for stall cell propagation speed, Equation (2.7). 

ol, [, @-6) 
V-%) h =? s (2.7) 

in addition to the linear rotating stall model, Stenning presented a linear model of surge. 

  

However, the development and resulting equations are the same as those presented by Greitzer 

from the linearization of his B-parameter model (Greitzer 1976). Linear models are beneficial in 

reducing the complex phenomenon into easily understood concepts. Generally, the most 

important physical parameters of rotating stall and surge inception are identified with a linear 

analysis. The major shortcoming of linear models is an inability to follow behavior beyond stall 

inception. 
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2.1.2.3 B-Parameter Model (Greitzer 1976) 

A useful nonlinear model of post-stall behavior represents the compression system as a 

Helmholtz resonator. Unlike linear models (Stenning 1980), this model is not restricted to small 

perturbations around a mean flow and may be used to simulate fully developed post-stall 

behavior. In addition, the model has a means of predicting both surge and rotating stall. 

However this is a lumped approximation with no circumferential distribution; there is no ability to 

predict the details of rotating stall beyond the mean flow properties. In this model, the 

compressor is broken into its constitutive elements: 

e Apump, ina duct, pumps an incompressible fluid from a reservoir, at a known pressure, p, to 

a plenum. 

e The plenum volume is fixed. The fluid contained by the plenum is assumed to be governed 

by a polytropic relation with negligible velocity. 

e The fluid in the plenum is delivered, incompressibly, via a throttle in a second duct, to a 

second reservoir, also at pressure, p. | 

This is the basis for the B-parameter model. Actuator disks represent the pressure rise 

across the compressor and the pressure drop across the throttle. The steady state total-to-static 

pressure characteristic and a first order time delay, representative of the stall cell development 

time, determine the actuator disk performance of the compressor. A parabolic function 

determines pressure loss across the throttle. The result of these assumptions is a set of four 

equations, momentum in the compressor duct, momentum in the throttle duct, continuity in the 

plenum, and the time delay relation for the compressor pressure rise. By numerically integrating 

the equations in time, compressor post-stall behavior is simulated. Initial conditions are set by 

choosing an operating point on the stable, negatively sloped, portion of the pressure rise 

characteristic. Then, during integration, the throttle is closed until the flow is reduced below the 

stall inception point. The throttle area is then held constant. After an initial transient, the post- 
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stall behavior is classified by examining the result of integration. The model is one-dimensional. 

lt cannot capture circumferential variation. So, for rotating stall, the result is steady, and, for 

surge, the flow evolves into a limit cycle. 

An examination of the governing equations yielded nondimensional parameters that 

appear to govern the system post-stall behavior. The B-parameter, Equation (2.8), is the ratio of 

the wheel speed to the effective compressor length times the Helmholtz resonator frequency. 

The value of the B-parameter determines, for a given rotor speed and throttle setting, whether a 

simulated compressor will stall or surge. Based on results presented, for a given compressor, 

there is a critical value of B. Values larger than the critical value result in surge and smaller 

values result in rotating stall. 

  

_U _U | V, 
B= 2oL, 2aVAL, (2.8) 

By linearizing the throttle characteristic about an operating point and assuming quasi- 

steady-state compressor performance, Greitzer simplified the nonlinear equations into an 

analogous mechanical system. Examination of this mechanical system analog added further 

insight to the nature of post-stall behavior. As in the four equation model there is no dynamic 

difference between fully developed rotating stall and steady flow. Thus, the stability analysis 

concerns surge only, not rotating stall. 

      

oe _ . x . a nw _we 

PM. |__| |, ale) |g (2.9) 
dt* | BEM) at F’(M) 
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In Equation (2.9), m, is the flow coefficient in the cornpressor; M is the mean flow 

through the system; f is the nondimensional time; C is the compressor, steady-state, pressure 

rise; and F is the pressure drop across the throttle. 

For fully linearized behavior, i.e. small perturbations, oscillations will either decay or grow 

depending on the sign of the damping term. Therefore, a critical quantity for stability, at a given 

operating point, is (=~ 86’) In a real system, the slope of the throttle characteristic is 
BF’ 

positive. (An increase in flow in the throttle always corresponds to increased resistance.) 

Therefore, surge cycles will develop if the slope of the compressor characteristic is positive and 

  

greater than This is the dynamic stability criterion. The static stability criterion is violated 
2 F’ . 

when the analogous forcing function is negative, [1-¢) >0, and may be obtained from 

Equation (2.9) by linearizing the pressure characteristic about M. Static instability occurs when 

the slope of the pressure characteristic is greater than the slope of the throttle characteristic. For 

most compressors, the dynamic stability criterion is more restrictive, and more useful, than the 

static criterion. 

In a nonlinear analysis of Equation (2.9), stability is not determined by the condition at a 

point but by comparing the net input mechanical energy during a limit cycie to the condition at a 

steady point. 

    

A 2 

T Il xe ) 7 dm, oo i C (m,) | | t=0 (2.10) 
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Over a surge cycle, the net production of energy in the system must be zero. Equation 

(2.10) is satisfied at steady flow, or when, over a limit cycle of period, T , the net energy change 

is zero. If, during a surge cycle, the energy input by the compressor is greater than at the 

corresponding static point, the system will surge. 

Greitzer was able to demonstrate high fidelity of the four equation model based on a low 

speed, low pressure ratio three-stage compressor. Results indicated accurate prediction of stall 

and surge, including surge cycle frequencies. More significantly, experiments validated the ability 

of the quantity, B, to predict the mode of compressor post-stall behavior, either surge or rotating 

Stall. However, predictions based on B were dependent on calibration of B to the surge-stall 

boundary. Also, the approximate number of rotor revolutions necessary to develop rotating stall 

must be assumed. Greitzer approximated this to be two revolutions. Once this was 

accomplished, experiments on the test compressor indicated a constant B at the boundary 

between surge and stall, independent of variation in speed or plenum volume. 

2.1.2.4 Stall Ceil Propagation Speed Model (Cumpsty 1982) 

Experimental evidence suggested that rotating stall cells extend axially straight through 

the compressor. Based on this assumption, and a correlation given for the total-to-static 

pressure rise across a Stall cell (Day 1978), Cumpsty and Greitzer developed a model of stall cell 

propagation speed. Although this development relied heavily on experimental correlations, the 

derivation was based on first principles, and correlated quantities were given physical meaning. 

In the stalled region, the axial velocity was assumed to be approximately zero, while the 

tangential velocities were assumed to be on the order of the rotor speed. This variation in axial 

velocity was assumed to be sinusoidal. Also, evidence suggested that stall cell propagation 

speed is less than half the rotor speed. If the model is restricted to fifty percent reaction 

compressors, the mean swirl velocity will be half the rotor speed. Assuming incompressible flow, 

17



the pressure rise across the compressor was given by the integrated, unsteady Bemoulli 

equation. To account for uncertainties in the formulation, the pressure rise was linearly scaled by 

a constant. Correlating the equation with measured data, a value for the constant was 

determined. This formulation resulted in an algebraic equation relating stall cell propagation 

speed to wheel speed, blade stagger angle, flow coefficient, and number of stages. 

Results from the model were compared with stall cell propagation speeds of given 

compressors. Experiments had indicated that propagation speeds increased with the number of 

stages (Day 1978). Based on results given, the model predicted the trend among individual 

compressors well. Most of the data was overpredicted. However, it was noted, if more data had 

been used in the correlation, the prediction would have been better. The main benefit of this 

model is its ease of use and straightforward derivation. Even though fluid mechanics principles 

were used in development, the model is dependent on correlation to data. Therefore, choice of 

data limits predictive ability. Also, due to the empirical nature of the model, it was not conducive 

to a general theory relating to post-stall behavior. A survey of compressors and stall cell speeds 

was included, Table 2.1. !n addition to providing post-stall data for various compressors, results 

in Table 2.1 support the trend that increasing the number of stages, solidity, and loading, 

increases stall cell speed. Although some cases of higher speeds have been reported 

(Mathioudakis 1985, Greitzer 1980(2)), the propagation speed appears to asymptotically 

approach half the rotor speed. 

Table 2.1: Compressor Stall Cell Speeds (Cumpsty 1982) 

  

  

    

(Stall cell| Number of | Stagger angle | Camber angle | Average Hubjftip ratio 

speed)/U stages rotor/stator rotor/stator solidity 

0.10 1 44/29 20/30 0.89 0.6 

0.28 3 44/29 20/30 0.89 0.6             
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0.19 3 44/29 | 20/30 0.44 0.6 

0.11 1 37/35 24/25 0.96 0.6 

0.29 3 26/30 39/10 1.24 0.7 

0.35 6 47/47 31/30 1.18 0.75 

0.35 6 27-47/31-47 31/30 1.18 0.75 

0.35 6 37-47/39-47 31/30 1.18 0.75             
  

2.1.2.5 Nonlinear, Multistage Rotating Stall Model (Moore 1984) 

Moore developed a nonlinear theory of rotating stall based on two-dimensional 

incompressible fluid flow through compression system elements. The system elements were an 

inlet duct, inlet guide vanes, a compressor consisting of rotors and stators, exit guide vanes and 

an exit duct. The inlet and exit were assumed to be exposed to the circumferentially-uniform, 

ambient pressure. The steady-state, circumferentially-iocal compressor performance was 

assumed to be governed by a characteristic function. This characteristic was actually the 

axisymmetric characteristic described by Koff and Greitzer (Koff 1984). Fluid modeling was 

assumed incompressible. Upstream of the compressor, the flow was assumed irrotational and, 

therefore, governed by potential theory. Downstream of the compressor, either a straight annular 

duct or a sudden expansion was modeled. The governing equations were simplified using scaled 

disturbances, and solutions were sought in the form of a limit cycle. 

Moore presented his theory in three parts. The first part assumed only small scale 

disturbances. By truncating Taylor series expansions to first order terms and assuming a Fourier 

solution, Moore was able to reduce the governing equations to an algebraic form for stall 

propagation speed. A numerical result was then dependent on specifying the number of stall 

cells, time lags associated with bladed regions, and a diffusion parameter downstream of the 
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compressor. Except for the number of stall cells, physical arguments were given scaling these 

parameters. Without generating a numerical solution, results regarding cell propagation speed 

followed from examination of the small disturbance equations: 

e With positive time lags, propagation speed is always less than fifty percent of wheel speed. 

e Increasing the number of compressor stages increases the propagation speed. 

e Multiple cell stalls have higher propagation speed than single cell stalls. 

e Small design flow coefficient tends to increase propagation speed. 

Due to the small perturbation assumption, only small stall was admissible. Other than 

the propagation speed, no features of rotating stall were predicted. For cases of small stall, 

agreement with experiment was good. (Small stall is a rotating flow defect characterized by a 

mild reduction in performance) For other cases, the proper trends in cell propagation speed were 

demonstrated, but agreement was considered fortuitous. 

Part two of the theoretical development admitted finite disturbances into the governing 

equations. By retaining higher order terms in series expansions for flow disturbances, the finite 

disturbance theory was derived on the same genera! principles as the small disturbance theory. 

The general solution was given as a harmonic plus some scaled nonlinear terms. The general 

solution itself was scaled by an arbitrary amplitude. In all the finite disturbance cases, the 

amplitude of the waveform was set to the maximum allowable value. The theory was limited to 

oscillations centered around a region of the axisymmetric pressure rise characteristic where the 

slope was zero, yi, =0. This center point corresponded to the steady-state operating point, ® . 

The slope appeared as a damping term in the governing equation: If the slope had been positive, 

oscillations would have grown; if negative, they would have decayed. In addition, the nature of 

the oscillations was based on the local second derivative of the characteristic. Therefore 

oscillations were limited to regions of the characteristic where the sign of y7 was constant. This 

limitation was based on the assumed general solution to the governing equations. 
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For a flat portion of the characteristic, y’ =0. Assuming a zero slope from shut off to 

recovery, a flat characteristic reasonably represented deep stall. Use of the general solution 

required the nonlinear terms to be zero. Thus, the result was the same as the linear result given 

by small perturbation theory with arbitrary amplitude. To avoid a nonzero yw? , the amplitude of 

the solution was restricted to the scale of the flow coefficient. For a concave characteristic, 

nonlinear terms were retained, but the solution was only slightly different from the flat 

characteristic. The waveform of the stall cell itself was affected, but the propagation speed was 

only affected by small, second order, nonlinear terms. 

A convex-shaped characteristic was assumed to represented incipient or progressive 

stall. In a normal characteristic, this would be the region of maximum pressure rise. To simplify 

equation development, in the region around the convex point, Moore assumed a parabolic 

characteristic. In this case, the theory admitted negative or positive values of time delay. 

Negative values of time delay would indicate propagation speeds greater than fifty percent of the 

rotor speed. However, possible negative time delays have been indicated for isolated airfoils 

(Moore 1951). Based on equations for a convex region, Moore made several conclusions 

regarding progressive stall: 

e If the slope of the pressure rise characteristic on the verge of deep stall is positive and large, 

progressive stall is indicated. 

e Asudden expansion at the compressor exit diffuser promotes progressive stall. 

e A large number of stall cells for a single stage or fewer in a multiple stage machine are 

characteristic of progressive stall. 

To extend the finite disturbance equations to a general rotating stall theory, it was 

necessary to allow solutions to evolve over a full range axisymmetric flow characteristic. This 

meant removing restrictions from the amplitude of the solutions. The resulting equation was 
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similar to the van der Pol equation for a self-excited oscillator. The axisymmetric characteristic 

served as the damping function. 

99’(h)+h=G(g) (2.11) 

h mf 
“ae a 2.12 

§ g 2r 2 (2.12) 

In Equation (2.11), @ is the unsteady portion of the axial flow coefficient, A is the 

unsteady, circumferential velocity, and G is the axisymmetric pressure characteristic. The carats 

indicate a normalization used to simplify the form of the equations. In Equation (2.12), m is a 

constant representing pressure loss in the diffuser downstream of the compressor; f is the stall 

cell propagation speed relative to wheel speed; and 2 is a function of the compressor time lags 

and the stall cell propagation speed. 

To simplify solution of Equation (2.11), line-segment characteristics were used to 

represent G. To obtain numerical results, analytic solutions valid over segments of the 

characteristic were pieced together. Instead of using the flow coefficient, the characteristics and 

the solution were represented in terms of the circumferentially local velocity disturbance, g. For 

fully developed flow, this transformation did not result in any loss of generality. Results for 

hypothetical cases demonstrated features that were supportive of a general model of rotating 

stall. Recovery was indicated above certain throttle settings and a reasonable amount of 

hysteresis was present. The waveform of the flow coefficient in stall was also similar to those 

measured experimentally. Specific results for recovery from rotating stall agreed with 

experiment. However, general conclusions about the utility of the method require axisymmetric 

flow characteristics.



2.1.2.6 Combined Post-Stall Model (Moore 1985(1&2), Moore 1986, Greitzer 1986) 

The general theory of post-stall transients presented by Moore and Greitzer is essentially 

a coupling of the B-parameter model (Greitzer 1976) and the nonlinear perturbation model 

(Moore 1984). In the general model, the compression system elements of both the B-parameter 

model and the nonlinear perturbation model were used. Therefore, for the case of pure rotating 

stall, the equations reduced to the nonlinear perturbation model, and, for the case of pure surge, 

the equations reduced to the B-parameter model. However, in the pure surge case of the 

combined model, the compressor was assumed to behave quasi-steadily. Prediction, based on 

the general form of the model, required integration of a system of three integral, third order, 

nonlinear, partial differential equations. 

Complexity was reduced by the addition of a cubic, axisymmetric characteristic (Koff 

1986). Combined with a Galerkin procedure, the original equations were simplified to ordinary 

differential equations in time. It is known that, during a throttle closure, the waveform of rotating 

stall during cell development evolves from a harmonic to a relaxation form (Greitzer 1976). 

Therefore, it was asserted, any improvement on the one-term procedure was likely to require a 

numerical integration; no improvement would be gained by adding terms in a harmonic 

approximation. Pure rotating stall solutions obtained with the one-term Galerkin procedure 

compared well with direct solutions obtained numerically. Numerical integration of the original 

equations, including the axisymmetric characteristic, was also used to follow transient 

development of rotating stall and surge. In later work, Moore expanded the theory to include inlet 

distortion (Moore 1985(2)). A harmonic equation, with small perturbations truncated to second 

order, represented the distortion. Time evolution results for rotating stall and surge, including 

recovery were given for ramped throttle transients. 

Based on integration of the model equations, some qualitative results were given: 

e Pure surge could develop from initially weak axisymmetric disturbances.



Development of pure rotating stall induces some small axisymmetric disturbance. 

The product of B and the steepness of the axisymmetric characteristic parametrically control 

transition from deep surge to classic surge to rotating stall. 

Small B-parameter and steep throttle characteristic favored rotating stall. 

The final limit cycle of a rotating stall disturbance is independent of initial conditions. 

In fully-developed rotating stall, perturbation-induced development of surge is inhibited. 

During a portion of a pure surge cycle, small angular disturbances may develop into rotating 

stall. 

A larger compressor length-to-radius ratio increases the likelihood of rotating stall over surge. 

Unstable rotating stall appears possible if, after first inducing stall, the throttle is opened and 

held on the positively shaped portion of the in-stall characteristic. 

If the throttle is opened past the hysteresis region during surge, it appears possible, in some 

cases, for surge to be overtaken by rotating stall. 

Increasing distortion will cause surge to be accompanied by rotating stall during part of the 

cycle. 

If the throttle is closed quickly in conditions normally stable for rotating stall, surge may occur 

and evolve into rotating stall. 

2.1.3 Distributed flow field models 

To capture a more detailed picture of the fluid dynamics, a model dependent on an 

axially distributed formulation of the governing equations might be developed. This approach is 

guided by a desire to encompass as much information about the compressor as possible in a set 

of numerically solvable equations. The general principle of a distributed model is to describe the 

fluid flow in the compressor to a degree defined by some computational, practicable and 

intellectual limits. In other words, the flow should be modeled in as much detail as allowed by the 
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computer, by a reasonable tumaround-time, and by the body of knowledge available. By nature, 

the distributed model requires solution of partial differential equations. The driving goal is 

generally to capture more of the frequency content of the compressor than available in a lumped 

model. Unlike a lumped parameter model, a distributed model allows the inclusion of detail 

whose lumped nature cannot be easily described. Such phenomena include local bleed flow, 

multiple stage characteristics, and the effects of axial Mach number. In addition, in a distributed 

model, it is possible to examine detailed results such as the stage efficiency and initially stalling 

blade rows. However, in the distributed approach it is more difficult to isolate significant 

quantities from the form they take in the governing equations. Significant quantities governing 

overall behavior may not be apparent in the full form of the governing equations. The detail 

present in the complex set of equations prevents the use of analytic methods. Therefore, due to 

the complexity of the governing equations, the distributed approach usually cannot provide the 

fundamental insight into compressor behavior that the lumped approach does. It appears that 

lumped models are necessary to provide fundamental understanding of compressor behavior 

while distributed models are necessary to address specific design issues. 

2.1.3.1 Nonlinear Rotating Stall Model (Takata 1972) 

The approach taken by Takata and Nagano was to numerically evolve the equations of 

motion in the entire flow field. The solution domain was rectilinear, periodic in the circumferential 

direction, with constant annular height. The flow was considered to be inviscid and 

incompressible throughout the domain and irrotational upstream of the compressor. To simplify 

the equations, the instantaneous velocity at any point in the flow was broken into a mean value 

plus some disturbance component. Due to incompressibility and irrotationality upstream of the 

cascade, the instantaneous mean component of the axial velocity was constant through the 

domain. Also, the disturbance component of the axial velocity was independent of axial position,



and the mean and disturbance components of the circumferential velocity were independent of 

circumferential position. The compressor blade row was represented by a semiactuator disk at 

the computational space corresponding to the blade row. Within the disk, the flow was assumed 

to be parallel to a flat plate inclined at the blade stagger angle. Across the disk, to simulate the 

action of the compressor on the fluid, a pressure rise and turning angle were imposed. The 

pressure rise and turning angle were given by cascade performance characteristics. In order to 

compensate for boundary layer development, a first order time delay was applied to the cascade 

turning and pressure loss relations. The time delay related to turning was dependent on inflow 

angle and obtained from experiment. The time delay related to pressure loss was assumed to be 

a constant based on the mean flow convection time in the blade passage. The resulting set of 

coupled, partial differential equations were solved by a finite difference method. 

To simulate the rotating stall condition, an initial flow disturbance was superimposed on 

the steady flow. Then the solution was evolved in time until the perturbance either died out or 

grew into a periodic, sustained pattern rotating around the circumference, representing rotating 

Stall. The rotating stall condition depended on the relative inlet angle of the initial, mean flow. 

For a given stagger angle and cascade relations, there was a critical value of mean inlet relative 

flow angle. Values higher than the critical value resulted in rotating stall. 

By adding the contribution of a disturbance velocity in the spanwise direction, the two- 

dimensional model was partly extended to three dimensions. The spanwise disturbance was 

added to the definition of dynamic pressure head. Then the irrotational momentum equation was 

defined at the inlet to the blade row and coupled the tangential and spanwise velocity 

disturbances. The mean spanwise velocity was assumed to be zero, and cascade loss and 

turning characteristics were independent of spanwise location. Based on the effect of boundary 

condition on two-dimensional results, the static pressure downstream of the blade row was held 
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constant, eliminating the necessity to solve the downstream flow-field. This modest extension did 

not appear to add to the simulations. 

To simulate blade row interference effects, a stator and, subsequently, an inlet guide 

vane were added to the model. The necessary equations were derived from the goveming 

equations laid out for the single rotor model. In this case, when modeling the boundary layer 

effect on the cascade relations, the comoving time derivative was used. This compensated for 

the relative difference in the mean circumferential velocities between the rotor and stator. 

The results given by Takata and Nagano demonstrated many of the features of rotating 

stall. Physically reasonable stall cell shapes and propagation velocities were predicted. A 

significant improvement over previous theory was. the relative independence of stall cell 

propagation speed over a range of mean relative inflow angles. Thanks to the additional flow 

dimension, some part-span stall results were obtained. However, no small stall was indicated in 

the single blade-row cases, and results were dependent on the shape of the initial disturbance. 

The initial disturbance was an artifice of the modeling technique. Therefore, reasonable 

modifications to the disturbance should not have influenced the final result. In addition, small 

stall is expected in single rotor machines. More pleasing results were achieved by adding a 

stator to the simulation. A constant shift to the pressure loss relation for the stator was used to 

simulate a mismatch in stall inception conditions. Then it was possible to simulate small stall. 

This was an effect of coupling between the rotor and stator cascade relations. When a finite 

distance was placed between the blade rows, Takata and Nagano were able to model a final stall 

pattern different from the initial disturbance. However, the number of lobes remained greater 

than or equal to the initial disturbance pattern. Only by superimposing an additional disturbance 

on the simulation during evolution from small stall to large stall were the number of stall cells 

reduced below the number in the initial disturbance pattern. 
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2.1.3.2 Small Rotating Stall Prediction (Mathioudakis 1985) 

A linear three-dimensional numerical model of small rotating stall was developed by 

Mathioudakis. Given a compressor operating in a straight-walled annular duct, Mathioudakis 

broke the domain into a series of vaneless spaces, followed by blade rows. In each subdomain, 

the flow was treated as inviscid and incompressible. For convenience, fluid properties were 

assumed to be composed of a mean and small perturbation component. Therefore, the mean 

flow, fully described by pressure and velocity, was a function of radius only. The unsteady 

component was dependent on position and time. In the vaneless regions, free-vortex flow was 

assumed, and the small perturbation solution was given as a Fourier series for each of the 

velocity components and for total pressure. To simplify the axial and circumferential velocity 

expansions, high hub-to-tip ratio was assumed, neglecting radial effects. The blade rows were 

treated as finite length actuator disks, operating two-dimensionally at any radial position. 

Therefore, the axial and radial velocity was constant across the row. The expression for 

tangential velocity and total pressure was derived from the cascade relations and a model of the 

cascade as a diffuser with linear area variation. For the entire domain, the linear solution was 

given in the form of a matrix transfer function, operating on the inlet flow properties and initial 

conditions. Use of the transfer matrix required substitution of downstream boundary conditions. 

Results were given by relating the transfer function to a damping and an amplification 

expression. Self-excited solutions, characterized by zero damping and infinite amplification, were 

assumed to indicate rotating stall. To determine stall inception, the amplification factor was 

parameterized by the number of stall cells and plotted against flow coefficient. Descending from 

the highest flow value, the first peak represented a small stall inception, and subsequent peaks 

indicated a mode change to a different number of cells. The theory was applied to a single rotor 

and a test compressor. The results were mixed. For the single rotor, the inception point was well 

predicted, but two nonexistent modes for number of stall cells were predicted. Also, stall cell



propagation speed was underpredicted. For the test compressor, the inception point was 

predicted to be on the negative slope of the characteristic, but the observed inception point was 

at the flow corresponding to zero slope. However, the propagation speed was well predicted, and 

three of the five observed stall cell modes were captured. 

The theory of Mathioudakis is linear, and therefore is incapable of predicting deep 

rotating stall. Therefore, it is unclear how to apply this model to compressors that never exhibit 

small stall. Also, as pointed out by Mathioudakis, for the theory to apply, the stall should be 

blade induced. However, the theory gives a means of predicting the number of cells and the 

inception point of small rotating stall for multistage compressors. Unlike lumped models, the 

theory allows the effect of interrow spacing to be included into the model. Predicted effects of 

changing the blade row distances on propagation speed and number of stall cells were included. 

Like all rotating stall models, the theory is dependent on the accurate prediction of blade row 

performance. The effect of small errors in blade performance estimation were shown to have a 

large effect on mode and propagation speed results and could have caused the test case errors. 

2.1.3.3 Compressible Actuator Disk Rotating Stall Model (Pandolfi 1978) 

A distributed, unsteady flow-field model of rotating stall in an axial compressor was 

presented by Pandolfi and Colasurdo. Solution was based on a finite difference representation of 

the computational domain. The flow in the compressor was modeled by the two-dimensional 

Euler equations for an annular channel. The annular formulation was a meridional-circumferential 

stream tube, accounting for variation of channel height and inclination with meridional dimension. 

The blade row was represented by an actuator disk. Across the disk, mass flow and relative total 

enthalpy were conserved, and the relative total pressure loss and turning specified by the 

cascade relations were applied. Pressure loss and turning were functional relations to the flow 

angle upstream of the cascade. In order to model the unsteady response of the cascade, a first



order time delay, including a convective term in the direction of rotor rotation, was applied to 

pressure loss and turning in the blade row. 

As a test case, development of rotating stall in a single rotor was simulated. To define 

the problem for the given theory, it was necessary to specify the compressor geometry, the 

cascade characteristics, a rotor speed, inlet total pressure and temperature, exit pressure and 

area, and initial conditions. The unsteady problem, possibly evolving into rotating stall, was 

defined by specification of a perturbation onto the inlet conditions. Depending on the initial 

conditions, the perturbation would either propagate into a fully developed rotating disturbance, or 

diminish to axisymmetric flow. The rotating disturbance was assumed to represent a stall cell. 

Some promising results were presented. Predicted stall cell propagation speeds were 

reasonable, and the growth and development of stall cells in a distributed flow field model was 

demonstrated. Unfortunately, the model was unable to demonstrate grid convergence. The 

number of predicted stall cells seemed to be dependent on circumferential grid spacing. It was 

concluded that the poor transport model in the blade row led to grid-dependent results. To 

resolve this issue, it was suggested that the infinitesimal actuator disk be replaced with an axial 

chord length model of unsteady fluid flow. 

2.1.3.4 Compressible Semiactuator Disk Rotating Stali Model (Neuhoff 1986) 

By improving the fluid dynamic model of flow in the blade row, Neuhoff and Grahl were 

able to improve upon the model developed by Pandolfi and Colasurdo (1978). To capture the 

fluid dynamics in the bladed region, the flow was assumed to follow the blade row camber lines 

exactly. A blade row of infinite solidity but infinitesimal blade thickness resulted in a one- 

dimensional approximation. Thus, in the blade row, the circumferential variation was removed, 

and momentum was reduced to a one-dimensional equation. In the same manner as applied by 

Pandolfi, cascade relations and a first-order time delay determined the pressure loss and turning 
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angle in the blade row. However, the blade row was treated as a semiactuator disc. The 

pressure loss was applied at the boundary upstream of the blade row, while the turning angle 

was applied at the boundary downstream of the blade row. Flow in unbladed regions was 

modeled by the two-dimensional meridional-circumferential Euler equations. 

For a similar, incompressible, approach, Takata and Nagano (1972) had been unable to 

show independence of simulations from the initial disturbance. Also, Pandolfi had been unable to 

show independence of numerical solutions from grid refinement. In order to demonstrate 

independence from initial disturbance pattern and grid refinement, a single rotor in rotating stall 

was simulated. Results demonstrated development of rotating stall cells independent of both 

initial disturbance and grid refinement. It was concluded that the key to capturing a stall pattem 

independent of the initial disturbance was to model rotational flow upstream of the cascade. 

Also, as suggested by Pandolfi (1978), by modeling the cascade as a finite length semiactuator 

disk, a grid independent rotating stall pattern was simulated. 

As a test case, a low hub-to-tip ratio fan stage was simulated. To better capture the 

radial variation in performance, a quasi-three-dimensional arrangement of meridional 

streamtubes was used. Although no coupling between the streamsurfaces existed, differences in 

performance at the hub, mean, and tip areas were approximated in the cascade relations and 

geometry. Initial stability results were used to evaluate the model relative to experimental data. 

Simulations were carried out by incrementally reducing the initial mass flow and, for each mass 

flow, superimposing a disturbance on the inlet pressure field. The stability limit was reached 

when the initial, inlet pressure disturbance grew into a persistent disturbance in the flow field. 

This was assumed to indicate the onset of rotating stall. The separate hub, mean, and tip stream 

tubes resulted in necessarily independent predictions for stability. As an approximation for onset 

of instability in the whole stage, the initially stalled section was used. In the simulation, stall was 

initially predicted at the tip, apparently matching the experimental stall limit. 
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A parametric study of the effect of the time delay on simulation results was also included. 

Initially, the time constant was based on the cascade transport time for a fluid particle at the 

axisymmetric flow condition prior to instability. Reducing the value of the time constant was 

shown to increase the number of stall cells and reduce the propagation speed. The reduced time 

constant also resulted in a simulated transient development of multiple stall cells from a single 

lobed disturbance. This was taken as another indication of the independence of the fully 

developed stall cell pattern from the initial disturbance. The simulations indicated a theory 

capable of predicting details of the propagation and development of rotating stall cells based on 

two-dimensional inviscid, compressible fluid dynamics. However, the results were dependent on 

cascade measurements and a time constant to approximate unsteady cascade behavior. 

2.1.3.5 One-Dimensional Stage-by-Stage Model (Davis 1986, Hale 1992) 

A general mode! of surge and stall, DYNMOD, was developed by Davis. DYNMOD was 

based on solution of the quasi-one-dimensional Euler equations. By representing the contribution 

of each compression system component with a source term in the governing equations, the 

parametric effect of each component on system stability could be determined. Here the 

compression system stage is defined as either a rotor stator pair, an isolated rotor, or an isolated 

stator. Because an isolated rotor is not usually an effective device without a stator, the rotor- 

stator pair is the most common stage configuration. Force and work done by the compression 

system stages were determined from compressor stage characteristics. A first order time lag 

was applied to the force on the compressor stage to simulate stall cell development. Each 

compression system stage was represented as a numerical control volume. The rest of the 

compression system, from inlet to throttle, was broken into control volumes of similar scale. In 

this discretized system, the governing equations were solved numerically by the explicit, finite- 

difference, MacCormack method. 
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pare (duct volume with friction) 
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at ax (duct volume) 

Equation (2.13) and the ideal gas relation give the governing equations used in the Davis 

model. The source terms were dependent on location in the numerical domain. An algebraic 

form of the governing equations was solved in each control volume, and the source terms were 

specified on the control volume level. For blade-free duct volumes without bleed, friction, or heat 

addition, the equations reverted to the quasi-one-dimensional Euler equations. For volumes 

where the compression stages were assumed to affect the flow by the action of a rotor, stator or 

both, the source terms were determined by stage characteristic relations. By adding a first order 

time lag to the blade impulse source term in the momentum equation, the dynamic development 

of rotating stall was simulated. Assumptions governing the time lag were similar to those used by 

Greitzer (1976). Source terms due to heating, cooling, and bleed were specified in a jumped 

manner. A friction term based on a Darcy friction factor was included to simulate inlet distortion 

screens and the effect of casing friction. 

Due to the one-dimensional representation of the system, surge manifested itself as an 

oscillatory limit-cycle throughout the simulated system. Whereas, after initial transients, rotating 

stall evolved to a steady-state solution. Initial conditions for the simulations were determined 

from steady state predictions for an unstalled condition given the mass flow and total pressure 

and temperature at the inlet. These initial conditions gave the initial boundary conditions as well.



The inlet total temperature and total pressure, and the exit mass flow function were used as 

boundary conditions. Specifying the exit mass flow function is equivalent to specitying the Mach 

number at the exit and, therefore, implies that a choked nozzle operates, quasi-steadily, 

downstream of the exit computational grid point. By varying the boundary conditions during the 

simulation, transients were simulated. Post-stall dynamics were induced by closing the throttle 

(i.e. reducing the exit mass flow function) until the system was on the verge of instability and then 

inducing post-stall simulation by either closing the throttle further or disturbing the inlet conditions. 

To give the numerical solution closure, it was necessary to provide stage characteristics 

and specify the time lag on the impulse term in the momentum equation. To determine the 

appropriate time delay, some a priori knowledge of the surge-to-rotating stall behavior of the 

system was useful. In general, a compression system will operate in either surge or rotating stall 

depending on the wheel speed. For speeds greater than a critical value, surge will be exhibited. 

For speeds lower than the critical value, rotating stall will be exhibited. To determine the 

appropriate time lag, it was necessary to know the value of the critical speed. The proper time 

lag was then chosen by running simulations at the critical speed, and adjusting the magnitude 

until the proper behavior was observed. This did not necessarily hinder investigations because 

the value of the delay was assumed to depend only on the actual compressor rotor, stator, and 

guide vanes and was assumed independent of all other system parameters. Therefore, for a 

given compressor and operating condition, the value of time lag was fixed and used for 

subsequent simulations. Based on the time delay applied, the expected trends were 

demonstrated. For a simulated compressor, large time delays produced rotating stall, and small 

time delays produced surge. 

Davis included several investigations. As a validation, simulations were presented for a 

three-stage low pressure ratio compressor and a nine-stage high-pressure ratio compressor. For 

the three stage compressor, comparisons were based on the system B-parameter (Greitzer



1976), and the simulated results compared favorably with data. The three-stage compressor 

simulation demonstrated the capability of the model to simulate an essentially incompressible 

phenomenon. However, to demonstrate the ability of the model to capture compressible physics, 

it was necessary to simulate a high-speed, high-pressure-ratio machine. Although interstage, 

detailed post-stall data was not available for the nine-stage machine, the qualitative post-stall 

behavior of other high-speed compressors was used for comparison and indicated positive 

results. To demonstrate utility of the model, a parametric study was included. The effects of inlet 

distortion, combustion, blade heat-transfer, and stage hardware modifications were simulated 

through the source terms in Equation (2.13). 

The general theories of the DYNMOD were reformulated with a more robust numerical 

technique by Hale and Davis (1992). This new model was named DYNTECC. Although the 

governing equations remained the same, the central difference MacCormack solution method 

was replaced with a first-order finite-difference form of flux vector splitting and a Runge-Kutta 

time integration scheme. This was the original upwind method extension of the stage-by-stage 

dynamic compression system modeling theory. 

2.1.3.6 Navier-Stokes Simulation of Rotating Stall (Outa 1994) 

Future numerical predictions of rotating stall will undoubtedly include full Navier-Stokes 

simulations of the flow field through a compression system. Navier-Stokes simulation of three- 

dimensional on-design rotor-stator interaction has been demonstrated (Rai 1989). As of this 

publication, no three-dimensional, in-stall, compression system Navier-Stokes simulations have 

appeared in the scientific literature. However, Outa, Kato, and Chiba, have presented a two- 

dimensional Navier-Stokes simulation of rotating stall in a single stage. A separate rotor and 

stator were modeled using a sliding grid boundary. To save computational expense, the number 

of blade passages was reduced from sixty-two and thirty-seven in the modeled compressor to ten 

35



and six in the simulation. The geometry was a parallel rectilinear duct with periodic boundary 

conditions. Subsonic axial flow was simulated; total temperature and entropy were specified at 

the inlet, and static pressure was specified downstream. A no-slip adiabatic condition was 

imposed on the blade surfaces. The rotor zone was four axial chords long, and the stator zone 

was five axial chords long. Therefore long wavelength unsteadiness was not captured by the 

simulation, and neither surge nor severely stalled flow could be modeled. Motion of 

computational volumes in the rotor zone was incorporated in the finite volume metrics. For 

Spatial discretization, a second order upwind method was employed. Time integration was 

accomplished by an approximate factorization scheme. To reduce factorization errors, Newton 

inner iterations were included. 

To simulate rotating stall, the computational flow field was initialized to on-design 

operation. Then stall was induced by increasing the exit pressure via a pressure head flow 

function. Results were compared to experimental data for normal and stalled operation. Both 

small and deep rotating stall were simulated. Based on the total-to-total pressure rise, the 

simulation followed the data extremely well. Detailed flow behind the rotor during deep stall was 

compared to a hot-wire velocity trace. The essential features and magnitudes of the flow 

appeared to be predicted. During the simulation of small stall, the stall cells in the rotor and 

stator propagated at different rates. However, when deep stall was induced, a single cell 

extended throughout the rotor and the stator, propagating at sixty-five percent of the rotor speed. 

The measured stall cell propagated at fifty-five percent of the rotor speed, and, in deep stall, 

extended over five rotor blades. However, the simulation included only six rotor blades. The 

error in simulated stall cell propagation speed was concluded to be a result of the reduced 

number of blades. The overall structure and evolution of the simulated stall cell through rolled-up 

and shed vortices downstream and subsequent diverted, blocked flow upstream compared well 
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with cited reviews. This investigation certainly points the way for future Navier-Stokes 

investigations into rotating stall. 

2.2 Computational Fiuid Dynamics 

The dynamic compression system model was an application of computational fluid 

dynamics (CFD). Therefore, it was assumed, that an improvement in the choice of computational 

fluid dynamics methods would lead to an improvement in the model. A review of some basic 

concepts and relevant computational methods is presented here. 

The field of CFD may generally be broken into a task of discretizing the governing fluid 

motion equations and choosing a method to solve the resulting algebraic equations. 

Discretization usually involves choosing a spatial discretization and time integration method. The 

combination of the chosen time integration and spatial discretization methods determines the 

algebraic equations. Therefore, it also dictates the best method for their solution. Spatial 

discretization requires a choice of grid to relate the computational domain to the physical domain. 

Also, a relation between the governing equations and the grid must be chosen. Methods 

presented here may be classified as either upwind or central difference (Hirsch 1990, van Albada 

1982). Both methods were tested on the one-dimensional model, and a comparison is presented 

in Chapter Five. 

The finite difference and finite volume methods of solving differential equations require 

the numerical solution of a set of linear, algebraic equations. Solution of the algebraic equations 

yields an approximate solution to the governing differential equations. With sufficient grid and 

time step refinement, solutions to the algebraic equations will theoretically converge to the 

solution to the governing differential equations. This convergence can be demonstrated by way 

of a Taylor Series expansion. For the solution methods presented here, spatial discretization is 

based on a grid mapped in the true volume of the compression system. For convenience, choice 
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of time integration is independent of the spatial discretization. The parabolic nature of the time 

variable allows formulation of equations marching forward in time, dependent only on solutions at 

previous time steps. 

In a finite difference or finite volume method, the numerical flux formed at the interface 

between control volumes is composed of weighted information normal to the cell interface. This 

weight is relative to the grid structure and may be chosen such that it is dependent on the 

characteristic wave motion that governs compressible fluid flow. For convenience, the numerical 

flux may be divided into a central difference flux and a diffusion term. The central difference 

term, by itself, is not useful without adding an appropriate amount of diffusion. 

pu p 
F=| p+pu? Q=| pu 

u(p+pe,) pe, (2.14) 

f= S[Fra" )+F(Q" )+ diffusion] 

a 

In Equation (2.14) the numerical flux at the cell interface, F , is represented as the sum 

of the full flux downstream of the interface, F(Q*), the full flux upstream of the interface, 

F(Q”), and some diffusion term. Q* is the solution vector of the governing equations 

interpolated from upstream (lower values of j). @ is interpolation from downstream (higher values 

of /). Without some form of numerical diffusion, any method for solution of the compressible flow 

equations is unconditionally unstable. It is the choice of numerical diffusion that classifies 

methods of spatial discretization for the Euler equations (Hirsch 1990). 

2.2.1 Finite Volume Formulation (Hirsch 1990, Walters 1989) 

Finite volume methods for the Euler equations are based on integral formulation of the 

governing equations. To apply the finite volume method, the solution domain is discretized into



arbitrary control volumes. In each control volume, the solution to the integral form of the Euler 

equations is sought based on a chosen order of approximation. For first-order, finite volume 

methods, the value within the cell is assumed to take on the mean value for that particular region 

of the solution domain. For higher-order methods, the mean numerical value is assumed to be 

identical to the exact mean value within the region. However, the numerical flux is based on 

some distribution function. This is an application of the mean value theorem. The integral 

equations for each volume are derived by summing fluxes across the surface of the control 

volume. Over a set time period, the surface integral of the convective and diffusive fluxes across 

the control volume determines the change in the conserved quantities within the control volume. 

By choosing simple geometric control volumes, algebraic equations of conservation may be 

written for the entire domain. Instead of first developing the differential form and then 

discretizing, the integral form of the governing equations is itself discretized. Conservation is 

then achieved by summing the numerical fluxes across the boundaries. In a finite difference 

method, flux derivatives are approximated directly. Because every bounded function has a 

definite integral, an integral formulation of the governing equations is capable of expressing 

solutions containing discontinuities. A differential form of the solution must have a derivative 

defined everywhere. (It must be first derivative continuous.) Therefore, integral schemes are 

superior to differential forms for capturing discontinuities (Hirsch 1990). 

In addition to capturing discontinuities, an integral formulation of the Euler equations uses 

the conservative form of the fluxes in each control volume; therefore, solving the integral form 

also insures overall conservation of mass momentum and energy. By definition, a conservative 

form of the governing equations is one that, without use of the chain rule, reduces to the integral 

form. It is not coincident that, in order to capture shocks, even a differential form must be 

expressed in conservative variables. This makes the differential form a weak integral form. 

When reduced to algebraic equation form (the form of the actual numerical solution), the fluxes at 
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each volume interface in a conservative formulation telescope. In other words, by summing the 

flux across each cell face in the domain, the solution can be shown to be dependent only on the 

boundary fluxes and source terms. 

2.2.2 Time Integration 

Both explicit and implicit methods were reviewed in the development of the dynamic 

compression system model. Explicit methods yield a single decoupled system of equations that 

may be solved without the use of iterative or direct matrix inversion methods. In explicit methods, 

the solution matrix is fully diagonalized, and the solution is straightforward. Implicit methods 

require the solution of a coupled system of equations and are usually solved by iterative or direct 

methods. (Golub 1992) 

Originally, Davis (1986) applied the explicit MacCormack algorithm to the one- 

dimensional compression system equations (MacCormack 1969). This method is second order 

accurate in space and time. In the MacCormack algorithm, space and time integration are 

intertwined in a two level time integration process. During each step, a forward or backward one- 

sided flux difference is computed. Over the two step process, the direction of the one-sided 

space difference is alternated. To eliminate directional biasing due to the integration process, 

each standard MacCormack time integration is generally repeated until each possible 

combination of difference directions and time levels is covered (Hirsch 1990). In the one- 

dimensional model this required two standard MacCormack integrations for each time step 

(Harvell 1992). 

The MacCormack method is rarely applied to upwind spatial discretizations (Hirsch 

1990). For computational simplicity, Runge-Kutta integration is commonly applied to upwind 

descretizations. The formulation of an M-stage Runge-Kutta scheme developed by Jameson 

(Hirsch 1990) is given in Equation (2.15). This form is equally applicable to problems of one, two, 
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or three dimensions. Here, At is the time step and A is the numerical flux and source term 

residual. When applied to nonlinear equations, such as those describing flow in the dynamic 

compression system model, this method allows up to second order time-accuracy. 

Given: <0 =-R(Q) 
of" 

e=a (2.15) 
1 

Q"-Q"’= AtR(Q™') m=1,2,...,.M = —_____ 

Qi _ Q™ 

When substituted for explicit integration, implicit methods often yield improved 

computational efficiency and robustness (Thomas, 1985). General implicit formulation for 

nonlinear conservation equations is given by Equation (2.16). Differences between various 

implicit methods generally center around how the implicit operator matrix, | , is formulated. 

For two-dimensional problems, fully implicit, direct methods require very large computational and 

programming effort. To invert an nxn sparse matrix of bandwidth b requires an order of b@n 

operations (Walters 1990). While solution of a tridiagonal system with mxm blocks requires an 

order of m?n operations (Golub 1989). For solution of the Euler equations, m is the number of 

time-dependent governing equations. (For one-dimensional flow, m=3.) For a fully implicit direct 

method, on a structured, nonperiodic grid, b is greater than or equal to the smallest overall grid 

dimension, K, times m. 

A subiterative, implicit method for recovering second order time accuracy with an 

approximate factorization method was outlined by Rai (1989) and Mathur (1993). This method 

allows an increase in maximum stable integration step size over explicit methods. By restricting 

the implicit left hand side operator to first order spatial differencing, each subiteration only 

requires block tridiagonal matrix inversions. The residual (right hand side) may then be 
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computed with higher order differencing. In general computational applications, integration using 

approximate factorization has been shown to be insensitive to the order of differencing on the left 

hand side (Thomas 1985). The approximate-factorization subiterative method, for the two- 

dimensional Euler equations, on a finite volume, Cartesian grid, is given in Equation (2.17). The 

order of time accuracy, m, is controlled by the approximation of the time derivative, controlled by 

i. By increasing the number of subiterations, P, the factorization and time integration error is 

  

reduced. 

Given: oO = -R(Q)= (Aa pa 

+ aR (2.16) 
ja. aT (Q”' - Q”)=-R(Q") 

Approximately Factor: + oR Fr ] + Afuat} +3, B| 

+ Sat | a P+ _ Op oe m ° [t+] ( ot 8 2] ( (Q’*"-Q?)= 1(2 +opat]” )+A| 
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where: i= ots A (2.17) 
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2.2.3 Central Difference Methods 

2.2.3.1 MacCormack Algorithm 

In the original form of DYNMOD, the fluid flow equations were discretized using a central 

difference scheme, the MacCormack Algorithm (MacCormack 1969). The MacCormack 
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algorithm is a member of a family of methods known as Lax-Wendroff schemes. To evolve the 

solution from time level nto n+1, Lax-Wendroff schemes are based on a two step procedure. In 

the MacCormack Algorithm, the flux derivatives are computed using one sided differences in a 

predictor-corrector arrangement. The flux derivatives are taken in one direction during a 

predictor step and in the other direction during the corrector step. The corrector fluxes are 

computed using the solution obtained with the predictor step. The solution at the new time step 

is obtained by averaging the predictor and corrector residuals. For quasi-one-dimensional flow 

and in the case of compression system modeling, source terms are determined at the predictor 

step using values at time level n and in the corrector step using values at time level n+1 (Hirsch 

1990). 

Post-stall modeling efforts were successfully completed with the MacCormack form 

(Davis 1986, Boyer 1989). However, the model was prone to numerical instabilities. The 

MacCormack algorithm lacks damping at high frequencies (Hirsch 1990). This leads to spurious 

oscillations around shocks in transonic flow and, evidently, in the dynamic compression system 

model. These oscillations can lead to odd-even point decoupling and instability. In DYNMOD, 

source terms were used in place of complex effects on the fluid flow. They represent 

turbomachinery work, force, and bleed as well as area change across the volume (Davis 1986). 

These source terms are generally different from control volume to control volume in the 

computational domain and tend to introduce discontinuities into the solution. Therefore, the 

inability of the MacCormack algorithm to damp out high frequency errors probably caused 

numerical integration to become unstable or to give undesired oscillations in the solution. 

In the past, this lack of robustness limited investigations. DYNMOD was restricted by 

stability issues and yielded solutions with nonphysical oscillations. It was common practice to 

alter the computational geometry from the true geometry to allow a stable solution (Harvell 1992). 

Occasionally, alteration of stage characteristics was also necessary. When altering the



computational geometry, it was hoped that by retaining the overall volume of the plenum in the 

true system, the post-stall behavior would not be affected (Greitzer 1976). Therefore, other than 

retaining the correct plenum volume, the choice of computational geometry was arbitrary. 

2.2.3.2 Flux Corrected Transport 

In order to improve stability and smooth results given by DYNMOD, flux corrected 

transport, FCT (Book 1975), was added to the integration scheme (Harvell 1992). FCT was 

developed with the goal of improving the solutions obtained using central difference schemes. In 

particular, by making the integration scheme total variation diminishing, TVD, it was designed to 

eliminate spurious oscillations around discontinuities in the solution (Hirsch 1990). FCT 

diminishes oscillations in the central difference solution by adding artificial diffusion. When 

applying FCT to the MacCormack algorithm, a weighted diffusion term is added to the residual 

during each time step. During the predictor step, diffusion is added, tending to reduce the 

solution to first order accuracy. During the corrector step, an anti-diffusion term is added to the 

residual. This term is intended to improve the accuracy to second order. By limiting the 

antidiffusion term, the solution should remain TVD, even in the presence of strong discontinuities 

(Book 1975, Hirsch 1990). For the dynamic compression system model, FCT appeared to be an 

improvement on the MacCormack algorithm (Harvell 1992). However it has two shortcomings: 

e In FCT, diffusion is weighted by an arbitrary coefficient. This coefficient controls the amount 

of diffusion added to the finite difference equations. The diffusion term in FCT cannot be 

directly related to the physics governing the modeled system. (For the dynamic compression 

system model, the coefficient was set at the value, 0.125, recommended by the original 

authors of the FCT algorithm (Book 1975) and left alone. 

e As originally published, the FCT algorithm includes a step to limit the anti-diffusive step. This 

limiter should prevent the unwanted creation of new maxima or minima in the solution.



Unfortunately, the flux limiter was found to introduce temporal oscillations, and could not be 

used in the dynamic compression system model. Oscillations due to the limiter have been 

reported elsewhere (van Albada 1982). 

2.2.4 Upwind Methods 

The objective of upwind differencing is to improve the computational fluid model by 

employing the physics of wave propagation. In an upwind, finite volume method, some model of 

wave motion controls the formulation of the flux between adjacent control volumes. Upwind 

differencing, “determines the way the wind blows,” (Roe 1986). 

it is convenient to consider all stable flux formulations as a combination of a central 

difference flux and a diffusion term. When modeling the fiuid flow equations, diffusion is 

necessary to smooth a finite difference or finite volume solution. It damps out high frequency 

content that can cause instability and unreliable solutions. The ideal diffusion only affects that 

information with a frequency on the order of the grid spacing. Without appropriate diffusion, any 

finite difference or finite volume formulation based on evolution of the Euler or Navier-Stokes 

equations in time is unstable (Hirsch 1990). Upwind differencing applies the direction and 

magnitude of wave propagation in the fluid to form diffusion in the solution. Upwind schemes are 

separated from other methods of discretization by the origin of the diffusion. In most fluid 

dynamic applications, a primary goal of upwind differencing is shock capturing. Shock capturing 

entails the elimination of oscillations and resolution across two or three grid points. 

2.2.4.1 Flux Vector Splitting (Van Leer 1982) 

The method of Flux vector splitting, FVS, is an upwind method based on a one- 

dimensional characteristic treatment of the flow. The basis for achieving sufficient diffusion to 

model compressible flow, is to break the flux vector into the composite positive and negative 
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running wave parts. In a finite volume discretization, this is done at each control volume 

interface. The direction of wave propagation corresponds to the sign of the eigenvalues of the 

flux Jacobian. The portion of the flux corresponding to positive running waves is then computed 

from upstream information, and the portion corresponding to negative running waves is Computed 

from downstream information. This amounts to one-sided differencing corresponding to the sign 

of each eigenvalue. 

F=F*(Q” )+F-(Q*) (2.18) 

Here F is the interface flux, F*+(Q") is based on upstream information and dependent on 

the positive moving waves, and F'(Q*) is based on downstream information and dependent on 

negative moving waves. 

The formulation of F* and F for a given Q* and @ is not unique. flux vector splitting by 

Van Leer is considered an improvement on a flux vector splitting scheme developed by Steger 

and Warming. Steger-Warming fluxes are first derivative discontinuous at the sonic point. Van 

Leer developed fluxes first derivative continuous for all mach numbers (van Leer 1982). Thus, 

the method by van Leer yields smoother, less oscillatory, results whenever a sonic point or shock 

is present in the flow (Anderson 1985). 

2.2.4.2 Flux Difference Splitting (Roe 1981) 

Flux difference splitting uses a more physically appealing approach than flux vector 

splitting. {ft is more appealing because the wave speeds and strengths are tracked in the flux 

formulation. To formulate flux difference splitting, the Riemann difference form of the flow 

equations is used to add appropriate diffusion to the full flux at each cell interface. The Riemann 

form is an alternate form of the governing equations where the eigenvalues of the equations 

appear explicitly as convective velocities (Roe 1981). When the diffusion term developed



according to the method by Roe is added to the full flux, an identity with the steady state form of 

the goveming equations is added (Roe 1986). Therefore, a converged numerical solution formed 

using the method developed by Roe, is a solution to the governing equations within a grid- 

dependent truncation error. There is no uncertainty as to the strength of the numerical diffusion 

relative to the truncation error. 

1 . _ F=—|F(Q )+F(Q )-Yo,)r,lex] (2.19) 

Here, F(Q’)and F(Q*) are the full fluxes computed from upstream biased and 

downstream biased interpolations. (The full flux is the conservative flux, F, defined in Equation 

(2.14).) a represents the wave strengths, the differences in the wave quantities identified in the 

characteristic form; 4 represents the corresponding wave speeds which are the eigenvalues of 

the Jacobian matrix, A, defined in Equation (2.21); and e represents the right eigenvectors of A. 

The index, k, is summed over all the equations in the set. Thus, for the one-dimensional case, k 

is summed from one to three. Based on the Riemann form of the Euler equations, Equation 

(2.22), the diffusion term, Ya,|A,le,, is the difference in the full-flux across the interface 

between two adjacent cells. On an infinitely resolved grid, each a, should be zero for steady, 

converged solutions. On an actual, finite grid, the flux is based on an approximating function at 

each interface. Therefore, the diffusion term generally is not zero. 

The Riemann, or characteristic, form of the governing fluid equations are composed of an 

equation corresponding to each eigenvalue. Thus, for one-dimensional compressible flow of a 

single gas species, there are three equations. The eigenvalues can be determined from the 

governing equations in any form. 
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A similarity transformation on A is used to develop the Riemann form, Equation (2.22). 

dp — padu = 0 dx = (u —a)at 

dp~a*dp=0 along dx =udt (2.22) 

dp + padu = 0 dx =(u+ ajdt 

Each eigenvalue contains the velocity of a wave (oriented along a coordinate axis) 

carrying information in the hyperbolic system of equations. (If the eigenvalues of A are real, as in 

the Euler equations, the equations are hyperbolic.) The magnitude of the wave strength is the 

magnitude of the time-independent, difference form of the Riemann equations. 

2.2.5 Higher-Order Finite Volume, Upwind Discretizations. 

Higher order methods for finite volume forms are well documented. For the dynamic 

compression system application, a MUSCL, finite volume scheme with limiting (Hirsch 1990) was 

chosen. The acronym, MUSCL, stands for Monotonic Upstream Schemes for Conservation 

Laws (Roe 1986). A MUSCL scheme, is a variable interpolation method. The solution vector is 

interpolated to the boundaries prior to flux computation. Fluxes are then computed from 

interpolated values. An alternative to the MUSCL form is to compute fluxes at each volume and 

then interpolate to the cell face. MUSCL schemes are known to out perform non-MUSCL 

schemes for shock capturing. 

As part of the MUSCL spatial integration, ¢—« interpolation, Equation (2.23), was applied. 

The o-« method yields first, second, or third order differencing depending on the value of two 

parameters (Thomas 1987). Unfortunately, schemes higher than first order lack sufficient 

damping at high frequencies. If higher order differencing is utilized across a steep gradient, the



resulting solution will have oscillations around the discontinuity (Hirsch 1990). A solution is to 

apply limiting when discontinuities are encountered. In practice, with Equation (2.23), some form 

of nonlinear limiting is applied to the interpolation. This retains the total variation diminishing 

property, preventing spurious oscillations. The minmod limiter is given in Equation (2.24) (Walters 

1990). The limiter of van Albada requires a modification of Equation (2.23) and is given as 

Equation (2.25). In each of these equations, the tilde represents a limited quantity. When 

limiting is used, the interpolation reverts to first order across steep gradients such as 

compression system stages. 

Tauro =9; +21 -x 8" +(1+)8*]q, left sided interpolation 

Djarvv2 = QVjas +f [(1+« B®” +(1-« B* ]q,,, right sided interpolation 

where 8°q;=4)41-9; 99;=9;-9j-1 (2.23) 
= 0 > first order  =1— higher order 

« =—1-— fully upwind, second order 

k =1/3 — upwind biased, third order 

5*q, = minmod(5*q,,05*q,.,), where 0<0<2 

x if |x]<ly| and xy 20 (2.24) 

and minmod(x,y)=4x if |x|>|y| and xy >0 
0 if xy <0 

inv = 9) +1 —ve B+ (1 +vK 8° Ja, 

Gare = Ojos tg UT + VK B+ (1 V0 8" 1 a (2.25) 
25°85" +e - 

where v “(8 )? +(8 e+e’ and e > O(10 *) 
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2.2.6 Source Terms 

In compressible flow solutions, when turbomachinery has been modeled, it has 

commonly been represented using an actuator disc (Pandolfi 1978). Actuator discs are contact 

surfaces used to represent physically complex effects and are not conservative. Strictly, an 

actuator disc has infinitesimal width, but fluid properties may change across the disc by a finite 

amount. A flow field solution containing an actuator disc is nonconservative (Horlock 1978). 

(This is opposed to conservative discontinuities, such as shocks, that satisfy Rankine-Huginot 

relations.) The flow may be conservative on either side of an actuator disc, but because the 

magnitude of the fluxes are generally unequal on either side of the disc, the formulation is not 

conservative. 

To represent turbomachinery with a simple algebraic equation, a relation approximating 

the properties on either side of the actuator disc is written. For instance, in a rotating stall model, 

Neuhoff and Grahl (Neuhoff 1986) used actuator discs to represent the dynamic behavior of 

rotors and stators. In their method, one actuator disc represented the relative pressure loss in a 

cascade and another one modeled turning in the cascade. For their pressure loss disc, the mass 

flow and relative total temperature were conserved normal to the disc. To simulate dynamic 

losses, the relative total pressure difference across the disc was determined using the loss 

coefficient as a function of inlet flow angle and a first order time lag. In a hydrodynamic post-stall 

compression system model, Greitzer used actuator discs to represent the pressure rise in a 

compressor and the pressure drop in a throttle (Greitzer 1976). 

Neuhoff and Grahl employed the MacCormack algorithm to solve the Euler equations 

(Neuhoff 1986) and theory due to Pandolfi (Pandolfi 1978) to integrate the actuator disc relations 

into the flow field computation. In these applications, the actuator disc was applied like a 

numerical boundary condition. On either side of the disc, the flow was determined by 

extrapolating a number of internal flow properties corresponding to outgoing characteristics and



extemal properties set by incoming characteristics. Unlike the usual application of subsonic 

boundary conditions, all of the properties at the actuator disc were numerically determined. 

Similarly to the work presented here, Davis (1986) used source terms to represent the 

effects of turbomachinery work, force and interstage bleed. These source terms were locally 

distributed over a finite portion of the solution domain. However, the exact solution was not 

sensitive to the choice of discretization. As a result, the solution could be related to a surface 

integral by the divergence theorem and was conservative (Frederick 1972). 

2.2./ Stiffness 

Stiff source terms impose greater stability restrictions on time integration of 

computational solutions than source terms that are not stiff. By definition, stiff source terms 

change rapidly without affecting the solution (Golub 1992). In addition to source term stiffness, 

the stiffness of the flow equations in general comes into question when compressible flow 

methods are applied to low Mach number flows. In regions of low Mach number, the energy and 

momentum equations decouple. This is manifested in a high condition number for the solution 

matrix. Thus for a flow solution with a large condition number, a small error in the residual will 

propagate into a large error in the solution. The ill-conditioned solution is considered inaccurate 

and may become unstable (Golub 1992). A possible method for overcoming ill-conditioned 

problems in compressible flow is matrix pre-conditioning (Godfrey 1993). 
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3. Model Development 

In DYNMOD, the concept of stage-by-stage dynamic compression system modeling was 

originally established (Davis 1986). This type of model was intended to give detailed predictions 

regarding compression system cornponents during wide-range dynamic behavior. Here a similar 

one-dimensional stage-by-stage model (DYN1D) is developed. The compression system stage is 

defined as either a rotor stator pair, an isolated rotor, or an isolated stator. The particular choice 

is somewhat arbitrary. It is dependent on the kind of performance characteristics available. 

Specific modeling techniques, including the application of upwind, finite volume computational 

fluid dynamics, differentiate DYN1D from DYNMOD. 

3.1 Modeling Philosophy 

All of the stage-by-stage models were intended to employ a physically simple description 

of an entire compression system. Therefore the geometry of the compressor, including inlet 

ducting and downstream plenum volume, was used without alteration. Each stage of the 

compressor or fan was represented by one or more numerical control volumes. The blading and 

boundary layer blockage were approximated by constant blockage coefficients, resulting in an 

effective area of flow. The remaining flow through area upstream and downstream of the 

compressor stages was divided into control volumes which conformed to system geometry. 

The simulated compression system was composed of individual stages of rotor-stator, 

stator-rotor, or rotor or stator alone. In each stage, the force and work done on the fluid was 

assumed to be distributed uniformly throughout the control volumes representing the stage. 

Force and work done by the compression stages on the fluid traveling through them was 

obtained from stage characteristics. Stage characteristics must describe the steady-state 

performance of each compression stage over the complete range of flow, including stalled and



reverse flow, and must be provided to the model. The stage characteristics give a functional 

relationship between steady state flow coefficient through a compression stage and steady-state 

force and work done by the compression stage on the fluid passing through it. 

The mode! was made "dynamic" by applying a first order time lag, Equation (3.1), to the 

forces on the fluid due to the compressor stages (Davis 1986). The lagging of the response of 

the forces to a change of flow through the compression system simulated the development of a 

rotating stall cell during post-stall or a transport delay during pre-stall decompression or reverse 

flow (Greitzer 1976). During pre-stall recompression, it was assumed that the stage behaves 

quasi-steadily. 

SIMP =SIMP,, Seas (3.1) 

Prior to the simulation of dynamic behavior, it was necessary to determine the number of 

rotor revolutions corresponding to stall cell development. By approximating a linear relationship 

between stall cell development and rotor speed (Greitzer 1976), a rotor-speed-dependent time 

constant was established. Therefore, the "dynamic" time constant used in the lag equation 

applied to the compression stage forces was determined directly from the specified rotor speed. 

Dynamic events such as surge or rotating stall were induced by the time-dependent 

variation in boundary conditions and compressor speed. Through this variation, both the 

induction and termination of a dynamic event may be simulated. During a surge cycle, the inlet to 

a compressor may see fully reversed flow; therefore, the inlet boundary switched between a 

positive or negative flow condition. At the inlet, during forward flow, the total temperature and 

pressure were specified; during reversed flow, the static pressure was specified. The exit 

boundary was assumed to be upstream of a nozzle used to throttle the system. When the nozzle 

was choked, a Mach number was specified at the exit plane. Otherwise, static pressure was



specified. Coup'ed with two upstream flow properties, the exit Mach number or static pressure 

gave closure to the problem. 

The governing modeling philosophy was identical to the approach presented by Davis 

(1986). In fact, most aspects of this approach are common to Neuhoff and Grahl (1986), and 

post stall models developed by Moore and Greitzer (1986). The first step in this approach was to 

define the computational domain with the geometry of the compression system. Rather than 

model a complete gas turbine engine, the compression system was assumed to be completely 

described by geometry analogous to a test rig. A test rig itself is, however, based on some 

limiting assumptions; rotational speed is decoupled from the turbine, and the turbine is assumed 

to operate choked, even during stall. Additional simplifying assumptions beyond the first principle 

application of the equations of fluid motion were used. 

A first principle solution of the compressor test rig would have required a time-dependent, 

three-dimensional solution of the Navier-Stokes equations. The equations would have to be 

solved in a domain with geometry defined by the casing, hub, blading, inlet bellmouth, plenum, 

and throttle of the compression system. Therefore, one might go a little further and define the 

geometry by the solid internal boundaries of the entire gas turbine engine and the inlet and exit 

thermodynamic conditions. The rotational speed would then be coupled to the equations of 

motion of each turbine spool, and a simultaneous full Navier-Stokes system with moving 

boundaries and a single-degree-of-freedom solid dynamic system would be defined. One could 

contemplate a model with moving boundaries to represent rotating parts, and a solution based on 

computational fluid dynamics techniques. Unfortunately, as discussed in the literature review, 

computational and intellectual limitations mean that such a model must be left to the future. To 

simplify the task of modeling, several global assumptions were made: 

e Blade (impeller) to fluid interaction was replaced by actuator disks and governed by, 

measured or predicted, characteristic relations.



e The compression system was modeled as if placed in a test rig composed of an inlet, a 

multistage compressor, a plenum, and a throttle. 

e The throttle was modeled with several boundary conditions, generally based on an isentropic, 

choked nozzle. 

e Viscous effects, when modeled, were represented by lumped source terms. 

The resulting model was based on solution of a modified form of the Euler equations. 

Source terms or internal boundary conditions were used to represent turbomachinery blade 

action and other idiosyncratic compression system quantities. To completely define the problem, 

initial and boundary conditions were specified. In addition to the analytic requirements, the 

numerical methods of solution required discretization of the computational domain and the 

governing equations. A discussion of the various boundary conditions applied will be given. A 

schematic of the described computational domain is given in Figure 3.1 

Compressor Stages 

Throttle 
  

Inlet 

  
  

Figure 3.1: Quasi-one-dimensional computational domain. 

Finite volume and finite difference techniques were used to solve the goveming 

equations of the dynamic compression system model. The computed solution of the time 

dependent fluid motion within the cornputational domain was also the solution of the modeled 

problem. Therefore, an improvement in the computational model of fluid motion should have lead 

to the improvement of the overall model. As has been discussed in the literature review, upwind



models of fluid flow are better representations of the actual governing physics than central 

difference models (van Leer 1987). Therefore, as a primary step in developing two-dimensional 

models, various aspects of the numerical fluid model were examined. To avoid confusing the 

picture with extraneous details when experimenting with numerical techniques, a quasi-one- 

dimensional model similar to DYNMOD, DYN1D, was used. This was assumed to be the least 

complicated form representative of a multistage compression system model. It should be made 

clear that the overall theory related to stage-by-stage modeling of a compression system was 

developed by Davis (1986), and the overall theory of modeling stall cell development in a two- 

dimensional distributed meridional streampath sense was presented by Neuhoff and Grahl (1986) 

and Nowinski (1993). Thus, the following development relates the numerical technique used to 

solve the governing equations rather than development of the modeling theory. 

3.2 Governing Equations 

The governing equations of the dynamic compression system model were based on the 

time-dependent, inviscid, compressible fluid flow equations, i.e. the Euler equations. The 

governing equations were presented by Davis (1986), and listed in Equation (3.2). The source 

terms in the governing equations, related to the compression system, require some description. 

The force and work applied to a compressor stage were determined from compressor stage 

characteristics (Figure 3.2). The characteristics must be either measured or predicted (Davis 

1986, Nowinski 1993). They yield the complete description of the steady-state thermodynamic 

changes across the stage for a given flow rate. The pressure rise across a compressor however, 

does not respond quasi-steadily to an instantaneous change in flow coefficient. As has been 

described in the literature review, both the transport time of air through the compressor and the 

boundary layer development time, have an effect on compressor dynamics. Therefore, a first 

order time delay, Equation (3.1), was applied to the compressor stage force (Davis 1986). Here,



t is a time constant chosen to represent the stall cell development time, encompassing both 

boundary layer and inertial phenomena, and d/MP is the change in axial momentum across a 

compressor stage. S/MP-, is the steady-state momentum change determined by the properties at 

the stage inlet and the stage characteristics. Thus, 5/MP,, is the quasi-steady force across the 

compressor stage given the inlet flow properties. However, unlike the stage force, no time delay 

was applied to the stage work. This decision was based on the assumption that work supplied by 

a drive motor or turbine would not be affected by the same boundary layer and transport 

phenomena as the stall cell development. The bleed flow source terms and the energy terms 

due to heat transfer were not applied during this investigation. 

All of the fluid modeling in the dynamic compression system model is based on a 

discretization of the Euler equations. The actual interaction of the working fluid with 

turbomachinery surfaces is lumped into source terms (Davis 1986). These source terms account 

for the majority of viscous effects on the overall flow. Any viscous effect that could be captured 

by the fluid interaction with the explicitly modeled surfaces would be insignificant relative to the 

viscous effects already lurnped in the source terms. Therefore, viscous terms were not explicitly 

modeled. 

The first order time delay was applied to the compression system force in the stage-by- 

stage compression system model. However, the work due to the compression stages was 

treated in a quasi-steady manner. This procedure seems questionable at first. However, the 

following argument, based on energy conservation, was proposed: In the compression system 

governing equations, the work source is quite different from the force source term. Compression 

system stage work is a function of rotor speed and mass flow in the volume. More precisely, it is 

a function of the torque applied by the turbine or drive motor. Without including the physics of 

heat transfer, energy transmitted by the drive shaft to the compressor must end up in the control 

volume contained by the compressor. The work is not dependent on the establishment of fluid 
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flow patterns within the compressor stage. Conversely, the steady state compressor pressure 

rise is entirely dependent on the establishment of steady flow, in a rotating reference frame, 

around the blading. In the compressor stage, instantaneous efficiency is determined by the ratio 

of the dynamic force to the work. The ratio of the isentropic work done, as determined by the 

pressure rise, to the actual work done, is the measure of efficiency of the compressor. The 

actual work is completely determined by the shaft output. By not lagging the work term, the 

effect of the time delay on efficiency is properly imposed. Thus it is the opinion stated here, that 

the work is applied in a quasi-steady or at most, transport-time related fashion. 
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3.3 Discretization 

In a numerical solution of differential equations, the method of discretization chosen 

combined with the governing differential equations defines the actual equations to be solved. In 

the limit, as grid size and time step are reduced, the method of discretization chosen must 

converge to the governing differential equations. In addition, the discretization should be robust 

with respect to the solution of the resulting algebraic equations. Therefore, proper discretization 

is the critical element of a numerical method.



As part of the numerical experiments, two variations on the central difference method by 

MacCormack were applied. The standard MacCormack method was applied in the original 

version of DYNMOD (Davis 1986). Fiux corrected transport was added by Harvell (1992). The 

MacCormack method is a two step method which intertwines the spatial and time integration 

steps. Unlike the upwind methods, the most common form of the MacCormack method is 

conducive to a finite-difference rather than a finite volume discretization. Therefore, numerical 

switches available with upwind finite volume discretizations affecting spatial discretization, 

limiting, and time-integration were not applied to the MacCormack method. As described in the 

literature review, the limiting method applied to flux corrected transport yielded suspect results 

during preliminary investigations and was not investigated further. 

For the predictor corrector scheme by MacCormack modified with FCT, a node centered 

finite difference discretization was used. In this case, the exit boundary condition was 

determined by extrapolation of total temperature and pressure from the interior node and Mach 

number (mass flow function) specified at the boundary node. For the upwind methods, a cell- 

centered MUSCL, finite volume discretization was used and first order, conservative boundary 

conditions were applied. At the inlet boundary, velocity was extrapolated upstream and total 

temperature and pressure were specified. At the exit boundary, density and velocity were 

extrapolated downstream while Mach number was specified. 

The one-dimensional dynamic compression system model, DYNMOD, had been 

restricted to a computational control volume size of approximately the length of an actual 

compression stage in the system modeled. As a result, the solution domain had large area 

changes from volume to volume. In addition, the trend in area change (the change in area 

change) from volume to volume changed abruptly and discontinuous source terms were used to 

represent compression system force and work. To capture the effect of extreme variation in 

properties from volume to volume with minimal grid refinement, a limited higher order 
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interpolation was used. The smooth limiter by Van Albada (Hirsch 1990) was used to limit 

interpolations. FAUSCL interpolation of the primitive variables (density, velocity, and pressure) 

was used to yield third order resolution. To apply a finite volume spatial integration, a time 

integration method that was decoupled from the spatial integration method was used. Therefore 

time integration was reduced to the solution of ordinary differential equations in time. The 

solution was time-integrated with either a Jameson style, Runge-Kutta scheme or implicit 

methods with subiterations. 

In a finite volume discretization of the Euler equations, the steady-state solution is 

completely determined by the method chosen to determine the numerical flux between control 

volumes. Transient solutions are also dependent on the numerical flux chosen but influenced by 

the method of time integration as well. As has been described in the literature review, a great 

deal of research has been devoted to improving methods of flux computation for the Euler 

equations in finite volume and finite difference applications. For general calculation of 

compressible flows, upwind discretization is preferred over the MacCormack Algorithm with or 

without FCT (van Leer 1987, van Albada 1982). Thus, upwind schemes were investigated for the 

dynamic compression system model. In the quasi-one-dimensional model, flux vector splitting 

(van Leer 1982), flux difference splitting (Roe 1986), and flux difference splitting with source term 

modifications, were used to determine the conservative fluxes. The development of FDSS 

follows a quasi-one-dimensional flow method reported by Roe (Roe 1986). 

The order of spatial discretization, determines the rate of convergence of the computed 

flow solution to the exact solution of the governing equations as the grid is refined. Higher order 

spatial discretization usually requires more computational effort to resolve the same problem as a 

low order spatial discretization. The goal of high order spatial discretizations is to resolve a 

satisfactory solution on fewer grid points than would be required with a first order discretization. 

To prevent oscillations that usually accornpany higher order discretization of compressible flow



problems, minmoad limiting and the smooth limiter by van Albada were applied (Hirsch 1990). 

MUSCL, also known as ¢—«, interpolation allowed the flexible specification of first, second, or 

third order upwind differencing. When extended to two-dimensions, the third order method 

reduced to second order. For comparison purposes, interpolation was applied to both primitive 

and conservative variables. 

To solve the governing equations, a time integration method was required to give the 

solution at successive time levels. Both explicit and implicit methods were investigated. The 

original version of DYNMOD was based on the explicit MacCormack method. In that case, the 

spatial discretization was inseparable from the time integration. However, the finite volume 

method was implemented in such a way that the method of time integration could be chosen 

independent of the method of spatial discretization. Equation (3.3) is a partially discretized form 

of the governing equations. The residual of the spatial integration is to the right of the equal sign. — 

J is the Jacobian of a finite volume discretization and represents the inverse of the cell volume. 

Thus after performing the spatial integration, Equation (3.3) was similar to an ordinary differential 

equation in time. The various time integration techniques are essentially the same in application 

to the compression system model as for standard fluid modeling practices. However, solution 

methods for the Euler equations have been developed for the homogenous, Euler equations. 

Therefore it was expected that the compression system source terms would affect the 

performance of the integration technique. 

19Q =~[F jey2 Fy +Wy" (3.3) 
J ot 

Due to its relative ease of use, a Jameson-style Runge-Kutta method was applied to 

solution of Equation (3.3). Jameson-style Runge-Kutta allows integration of up to second order 

time accuracy for the compression system equations. The order of accuracy is determined by 
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the number of integration stages. A single-stage Runge-Kutta integration is identical to an Euler 

explicit method and is first order accurate. By using two or more stages, the resulting 

integrations are second order accurate. However, more integration stages generally provide 

greater numerical diffusion and damp high frequency error more effectively. Commonly, a four- 

stage Runge-Kutta method has been used (Turkel 1984 and Anderson 1985). 

In an attempt to improve the robustness and computational performance of the quasi- 

one-dimensional model, implicit time integration methods were applied. Equation (3.4) illustrates 

the implicit integration of the one-dimensional stage-by-stage compression system equations. 

Note that while explicit methods yield completely decoupled equations, (3.4) is a set of 

simultaneous linear equations. Q is a vector containing the conservative variables at each 

control volume in the domain. Here the right hand side is the residual of integration of the 

numerical flux across each face of the control volume and the source term; the same as the right 

hand side of Equation (3.3). The left hand side was determined by linearizing the residual. A is 

the linearization of the flux term, x and is known as the flux Jacobian matrix. x is the 

linearization of the source terms, the source Jacobian matrix. In the implicit equation, the flux 

Jacobian, A, was split into At and A according to the sign of its eigenvalues (Thomas 1985). As 

is often the practice in CFD applications, only first order differencing was used on the implicit left 

hand side, yielding a block-tridiagonal structure. Although this may have an effect on stability, 

the truncation error, and hence, the accuracy of the method is completely determined by the 

order of differencing in the residual (Pulliam 1993). Also, direct linearization of the cornpression 

system source terms was not possible. However, at each time step, it was possible to make a 

numerical approximation of a“ . Inner iterations were applied to improve time accuracy and 

remove errors from two-dimensional factorizations (Pulliam 1993).
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All time integration schemes employed had stability limitations given by some maximum 

Courant number. For the explicit MacCormack and Runge-Kutta methods, the linear stability 

analysis condition was a Courant number of one (Hirsch 1990). However, the compression 

system equations added nonlinear source terms and dynamics not accounted for in the linear, 

von Neumann analysis. Therefore limits were determined based on numerical experiment. For 

the implicit methods, linear theory indicated unconditional stability. However, restrictions 

determined by the frequency content of unsteady phenomena, such as surge cycles, required a 

smaller time step. 

Boundary conditions were based on first order extrapolations of quantities based on the 

characteristic requirements for the flow. The problem of one-dimensional, subsonic flow requires 

specification of two upstream properties and a single downstream property. Thus at the inflow 

plane, two physical conditions and one numerical condition were necessary. For most 

simulations, inflow total pressure and total temperature were specified as physical conditions. 

However, this is equivalent to specifying any other pair of total properties. Another inflow 

physical condition applied was specification of total enthalpy and entropy. In each case, the 

numerical condition was determined by extrapolation of velocity or static pressure from the first 

interior control volume. For subsonic outflow, one physical and two numerical conditions were 

required. A common exit physical condition is specification of static pressure. Several methods 

of determining downstream static pressure were applied. For most simulations, a choked nozzle 

was simulated, fixing the exit plane Mach number. However, when the total pressure at the exit



plane was too low to choke the simulated nozzle, a more realistic condition was specification of 

the exit pressure. In this case, the exit pressure was determined by extrapolating the static 

pressure at the time step when the integrated solution became unchoked. Then the static 

pressure was held at the extrapolated value until the simulated nozzle became choked again. 

For all outflow conditions, the numerical conditions were determined by extrapolating density and 

velocity from the first interior volume. 

3.4 Numerical Problems and Issues 

3.4.1 Characteristics 

in the stage-by-stage model, individual stage characteristics were the most crucial 

feature of modeling. The shapes of the characteristics defined the stability of the overall system. 

For a stage, the peak of the stage pressure rise characteristic, in the forward flow region, is 

assumed to be the point of stall inception. The characterisitic should be defined such that the 

peak value indicates a local maximum in total pressure rise across the stage. The stability of a 

multistage compressor is affected by the stages acting in concert. With a stage-by-stage model, 

such as DYNMOD, one stage emerges as the critical stage, inducing stall (Boyer 1989). 

However, it is clear that the inception of stall is determined by the stage characteristics. Only the 

post-stall simulation, is actually defined by the solution of the flow equations in the compression 

system. 

The original form of DYNMOD was limited to continuous steady-state compressor 

characteristics with a one-to-one correspondence between performance and flow coefficient at a 

given speed. For a given flow coefficient, there was a single value of steady-state compressor 

pressure and temperature rise as shown in Figure 3.2. However, severe stall hysteresis has 

been represented by multiple valued characteristics (Greitzer 1976,1980). In addition, one-



dimensional characteristics are discontinuous for compressors undergoing full span stall. This 

would include most high-speed compressors or fans, and most multiple stage machines (Day 

1978). Therefore a modification was made to the model allowing the interpretation of 

multivalued, discontinuous stage characteristics, as in Figure 3.3. 
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Figure 3.2: Three-Stage Fan Performance Characteristics
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Figure 3.3: Three-Stage Fan Performance, Discontinuous Curves 

In addition to the stalling description of the stage characteristics, the choked region was 

an issue. During simulations, it was evident that DYNMOD was in no way restricted from 

calculating stage flow coefficients beyond the known choking points of compressor stages. This 

led to erroneous characteristic interpretations because the performance was not properly defined 

at flows higher than the choking value. Unfortunately the physical mechanism of choking is a 

three-dimensional blade passage phenomenon and could not be captured in the model. 

However, a simple method for interpreting the stage characteristic at choked values was 

implemented. When, during the course of evolving a simulation, a stage flow coefficient, ©’, 

higher than the known choking value, ®,, was encountered, the force, 5/MP(®"), and work, 

5H"), done by the stage was set to zero. The determination of a stage choking and the 

application of this algorithm was limited by the integration time step size. At choking, the lack of 

pressure rise across the stage forced the simulated flow back below the choking value.



3.4.2 Transient Compressor Performance 

Characteristic curves were used to model compressor stage steady state performance. 

In the stage-by-stage dynamic compression system model, the dynamic behavior of each stage 

was modeled by applying Equation (3.1). By numerical integration the dynamic force was 

determined and added to the impulse source term in the governing equations, Equation (3.2). In 

the original version of DYNMOD, the time delay was modeled by approximating the integrated 

form of Equation (3.1). The integrated form required the assumption that the quasi-steady force 

in a given stage is not a function of time. This is not strictly true. The original form found in 

DYNMOD is given by Equation (3.5). Another discrete form was derived by expanding Equation 

(3.1) in a Taylor series and is given in Equation (3.6). This form contains no exponential 

evaluations and is, therefore, more computationally efficient than Equation (3.5) If a constant 

time step were employed, the computational efficiency could be improved by only computing the 

exponential at the beginning of simulation. However, a time step based on a maximum Courant 

number was used in compression system simulations. It should be pointed out that both discrete 

forms, Equations (3.5) and (3.6), were restricted to small time steps, Af<t. However, by setting 

the time lag, t, to zero in Equation (3.6), quasi-steady compressor behavior was simulated. 

SIMP™! = SIMP., —(SIMP,, —SIMP” Je~*"* (3.5) 

IMP! = (SIMP.. +-8IMP” ) / (1+—— 3.6 SIM (SIMP,, +——BIMP” )/(1+——) (3.6) 

3.4.3 Force and Work Source Terms 

Compression system source terms were added to the residual as shown in the Euler 

explicit finite volume formulation, Equation (3.3). However, during simulation, computation of the 
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source term was dependent on the flow conditions at the inlet to the compressor stage. 

Therefore, the interface value of the flow coefficient was needed. For consistency the value was 

computed to the same order of accuracy as the flux differencing. When the finite difference 

methods were used, there was not a question as to how to determine the flow coefficients. 

Therefore, the inlet conditions to the stage were determined by the grid point coinciding with the 

inlet to the stage. However, in finite volume formulations, the solution was determined for the 

mean value of each numerical control volume. For purposes of interpolation and graphical 

representation of solutions, this mean value was applied at the centroid of the control volume. In 

the determination of fluxes at the interface between volumes, primitive variables were 

interpolated by the ¢-x method. However, ¢—« interpolations are meant to be applied in flux 

difference splittings or flux vector splittings The higher order one-sided interpolations contain 

truncation errors that are eliminated when used in difference methods, but no differencing is 

applied when evaluating the flow coefficient. The flow coefficient was defined at the inlet to each 

stage. It seemed that the flow coefficient should be computed based on upstream information 

only, regardless of the wave propagation in the flow. Thus several methods of interpolating the 

flow coefficient at the inlet to compression system stages were examined. For the modeling work 

presented, the Roe (1986) method of averaging was applied to the limited, interpolated values at 

the interface to determine the flow coefficient. 

Source terms, W listed in Equation (3.2), were linearized for the left-hand side of 

Equation (3.4). The method of linearization chosen was not unique. The linearization schemes 

used in the one-dimensional model are listed. In control volumes free of compressor related 

source terms, governed by standard quasi-one dimensional duct flow, Equation (3.7) describes 

the Jacobian used to linearize the source terms. This linearization was added to the main block- 

diagonal of the left hand side solution matrix. In control volumes containing compressor related 

source terms, Equation (3.8) presents the form of the Jacobian used. Here, q represents the



  primitive solution vector, (p,u,p)’. In Equation (3.8) the terms a could not be evaluated 
n 

analytically. Therefore, the derivatives were computed using second order central difference 

approximations. After some rough experimentation, the small parameter, « , was set to 0.01 or 

0.001. The Jacobian was thus determined by finding the elements of the matrix, aq 

numerically and carrying out the multiplication indicated in Equation (3.8). When the source 

terms were linearized for control volume j, evaluation of these terms depended on q, where the 

equations were evaluated, and q.,.. Thus, the Jacobians were added to the main and lower 

block-diagonals of block-row /in the left-hand side solution matrix. 
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3.5 Development of FDSS 

In developing the multistage axial compression system model for general applications, it 

became apparent that a more robust solution method was desirable. In pursuit of this method, it 

was decided that upwind fluxes (Roe 1986) should be considered. Upwind fluxes are in wide use 

for compressible flow solutions (Hirsch 1990). Although upwind finite difference fluxes are used



in another stage-by-stage dynamic compression system model (Hale 1992), the most popular 

upwind methods have not been tested. For the present study, the following upwind methods 

were incorporated into the model: Flux vector splitting (FVS) (van Leer 1982), flux difference 

splitting (FDS) (Roe 1981), and a modification of flux difference splitting including the effect of 

source terms (FDSS). The upwind methods were compared to the explicit method of 

MacCormack (1969) with flux corrected transport (FCT) (Book 1975). 

In flux difference splitting, the numerical flux is composed of a central difference full flux 

plus a diffusion term which is an expression of the Riemann problem (Roe 1986). The Riemann 

form is an alternate expression of the Euler equations explicitly showing the quantities traveling 

along characteristic waves. For steady flow, the diffusion term should vanish because it is a 

difference form of the Riemann equations with the time derivatives set to zero (Roe 1986). When 

flux difference splitting is applied to the Euler equations, the diffusion term is an alternate 

representation of the steady-state governing differential equations. Therefore, when numerically 

solving the specific differential equations governing the model, it is logical to use a form of flux 

difference splitting representing those equations. 

To include the contribution to diffusion of the compression system source terms, Flux 

Difference Splitting with Source Terms (FDSS) was developed. The development follows a form 

presented by Roe for flux difference splitting in quasi-one dimensional flow (Roe 1986). To 

complete this development, the approximate Riemann equations were reformed with the source 

terms included. The result was a different wave strength vector. If, in Equation (3.13), the terms 

representing work and bleed are removed and the impulse term, A/MP, is replaced by pAA, the 

wave strength vector reduces to the one presented by Roe for quasi-one-dimensional flow 

(1986). Except for the difference in the wave strength, the numerical flux formulation of FDSS is 

identical to one-dimensional flux difference splitting. 
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The governing differential equations are the Euler equations for quasi-one-dimensional 

flow with source terms distributed discretely in the domain to represent force, work and bleed in 

the compression system, Equation (3.2). To develop the flux difference wave strengths, it is 

necessary to expand the governing equations into Equation (3.9) 
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The equations were then manipulated into primitive form, Equation (3.10): 
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To transform the equations into characteristic form, the eigenvalues (diagonalized) and 

left eigenvectors (transposed and row-wise concatenated) of A were used 
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Using the similarity transformation, A=LAL", the equations were transformed to 

characteristic form, Equation (3.11): 
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This set may be expressed in the Riemann form with a derivative notation given by 

Hirsch (1990), Equation (3.12). 
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This result is the form used to develop Roe fluxes for the present compressor model. 

Ideally, this form of the flux difference splitting yields diffusion that is non zero for unsteady flow, 

and vanishes in the converged solution. This complies with the criterion given by Roe (1986). 

The resulting wave strength vector is given by expressing the equations in integrated, difference 

form, Equation (3.13). 
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4. Two-Dimensional Modeling 

4.1 Development and verification of 2-D Euler/zonal Solver 

Based on a comparison of upwind and central difference methods in DYN1D and the 

general bias of the literature, only upwind, finite volume methods were employed to discretize the 

governing equations used in two-dimensional modeling. All modeling was based on the time- 

dependent solution of conservation equations. Therefore a time-accurate integration scheme 

was required. Time integration of the governing equations was achieved by explicit and factored 

implicit methods. However, direct methods on two-dimensional grids require tremendous effort 

for each inversion. Therefore, fully implicit, direct methods were only attempted for the one- 

dimensional system. 

The methods chosen for two-dimensional post-stall modeling were based on 

axisymmetric geometry and meridional-streampath geometry. For the purpose of expedient 

development, both methods were based on modifications to a two-dimensional, upwind, finite 

volume, ideal gas, Euler equation solver (Taylor 1989, Walters 1990). Time-accurate integration 

was completed with either Jameson-style Runge-Kutta integration or approximate factorization 

with Newton inner iterations. For the case of first order time integration with one inner iteration, 

the implicit method reduced to standard approximation factorization. The inner iteration method 

was developed to eliminate factorization errors and recovered either first or second order time- 

accuracy (Rai 1989). 

The two-dimensional Euler solver was validated by comparing results to a thoroughly 

tested, two-dimensional Navier-Stokes solver, ANSERS (Walters 1990, Taylor 1989). ANSERS 

may be used to solve the identical Euler, finite volume, flux differencing equations applied in the 

newly developed model (with no source terms) and therefore was ideal for comparison. Solutions 
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obtained with ANSERS and DYN2D were very close. To demonstrate the validity of the Euler 

solver in DYN2D, a test case used for evaluation of Euler solutions by Thomas et al. (1985) was 

run using ANSERS and DYN2D. In the test case, the transonic flow of an ideal gas over a bump 

in a channel was simulated. The flow is choked at the minimum area, but a weak shock sits in 

the diverging section. The free stream Mach number was set to 0.85 and the downstream static 

pressure was held at the free-stream value. Along the upper and lower boundaries, large radius 

of curvature slip-surfaces were modeled; the static pressure gradient was set to zero, and the 

velocity vector was set parallel to the boundary. The resulting Mach contours are shown for 

comparison in Figure 4.1. 
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Figure 4.1: Comparison of Euler solution in DYN2D with ANSERS. Transonic flow over a 

bump in a channel, Mach contours. 91x41 grid. Free-stream Mach number=0.85. 

The finite volume solution method was implemented on a structured, four-sided grid. 

Therefore, to capture complex geometries, a zonal method was applied to the structured Euler 

solver. The zonal method developed was based on simple discretization of the domain into four- 

sided zones. The interzonal boundaries required no special averaging methods. Each cell face 

on the interzonal boundary was common to two cells, one on either side of the boundary, as 
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shown in Figure 4.2. Thus, on an interzonal boundary, conservation was ensured as in the rest 

of the domain. Differencing across interzonal cell faces was accomplished by the same MUSCL, 

finite volume, upwind technique as applied throughout the domain. However, the order of ¢-K 

interpolation was not tied to the order chosen for the rest of the domain, allowing first , second , 

or third order differencing to be chosen as desired. It should be noted that the third order 

interpolation yields only a second order accurate two-dimensional solution. In the explicit 

integration of multizone problems, time accuracy was retained by updating the interzonal fluxes 

after each Runge-Kutta stage. With the implicit method, zonal solution decoupled each zone. To 

retain block-tridiagonal structure of the implicit matrix, interzonal boundary fluxes were not 

linearized. Time-accuracy was recovered by explicitly updating the interzonal boundaries after 

each inner iteration. The zonal solution was validated by comparing a converged one-zone, 

Euler solution to a two-zone solution of the same geometry. 

solution vector at call{jdim-1,x) in zone 1 solution vector at call(1,y) in zone 3 

common cell boundaries along this line 

(column(jdim-1 

flux at cell on zonal 

  

Figure 4.2: Interzonal boundary diagram. 

4.2 Axial-Radial Modeling 

The flow in a compression system is highly three-dimensional. However, great reduction 

in human and computational effort can be made by assuming that the flow is axisymmetric about



the center line of the rotating machinery. This would exactly represent the flow in a compression 

system during flow with infinite solidity blading, no struts, and perfectly clean inlet and exit 

conditions. In addition, previous stage-by-stage wide-range dynamic modeling efforts have been 

based on one-dimensional flow solutions (Harvell 1992, Hale 1992). These models were nearly 

identical in theoretical basis to DYN1D. By applying the same theoretical model of the 

compression system stages as in the one-dimensional models and incorporating it into a two- 

dimensional solution method, it was hoped that a compression system model capable of handling 

flows around splitter regions would result. Thus, it was concluded that an axisymmetric flow 

model was the most reasonable form to capture this flow situation. 

4.2.1 Governing Equations 

The axisymmetric form of the Euler equations for an ideal gas governed the simulation of 

surge and split flow path modeling. Source terms representing compression system components 

were added to the equations within the domain of compressor stages. In this formulation, the 

axial position is represented by x, and the radial position is represented by y. Thus, u is the axial 

velocity, and v is the radial velocity. These equations represent the conservation of mass, 

momentum, and energy for an elemental compression system volume, Figure 4.3. Thus, the 

axial-circumferential compression system model, described by Equation (4.1), is a direct 

extension of the one-dimensional model. In addition, a first order time lag was applied to the 

force on due to the compressor stages. 

In DYN2D, boundary conditions required some special numerical treatment. During 

simulations of surge, it was necessary to consider the possibility of mixed flow conditions at the 

inlet. For the case of positive flow normal to the boundary, total enthalpy, total pressure, and flow 

direction were specified. However, when the flow was reversed on part of the inlet boundary, 

static pressure was specified. In this case, the static pressure was assumed to take the same 
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value as the specified inlet total pressure. The flow direction was determined explicitly from the 

solution at the previous time step. Along the exit boundary, exit Mach number was specified, 

simulating a choked nozzle. However, if the total pressure in the boundary control volume 

dropped below the value necessary to choke an isentropic nozzle, the static pressure at the exit 

was specified. In this case the pressure was determined by holding the pressure constant from 

the previous integration step. This exit pressure was held until the total pressure was sufficient to 

choke an isentropic nozzle, and then the Mach number boundary was enforced. Boundary 

equations were determined by first order extrapolations. At solid walls, velocity was held tangent 

to the surface and the spatial derivative of static pressure and density normal to the surface was 

set to zero. This condition is valid for isentropic flow along a surface with a large radius of 

curvature. 
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Figure 4.3: Axisymmetric Control Volume Element for Conservation Equations. 
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4.2.2 Modification to Cartesian form. 

Without the source term, W, Equations (4.1) are the two dimensional Euler equations in 

Cartesian form. Therefore, beginning with a Cartesian finite volume Euler discretization, it was a 

straightforward matter to add the source term to the residual of spatial integration and resolve the 

axisymmetric equations. (This is equally true for the meridional-streampath modeling described 

later.) All simulations were conducted on computational grids with cells aligned such that 

j=constant, radial faces were perpendicular to the axial direction. A sample grid is given in Figure 

4.4. 

It was assumed that stage flow characteristics are measured in such a way that cell 

faces should be perpendicular to the mean flow direction in compressor stage regions. Thus in 

an axial compressor, the cell faces should be perpendicular to the axial direction. For an 

arbitrary time integration, the finite volume discretization is given in Equation (4.3) To perform



time integration, the explicit Runge-Kutta method and the implicit, approximately factored 

subiterative method were used. Comparison of results with steady-state quasi-one-dimensional 

nozzle flow was employed to validate the axisymmetric solution technique. 
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Figure 4.4: Computational grid for axisymmetric finite volume simulations. 

4.2.3 Treatment of source terms 

Source terms to represent work and force done by the compressor were distributed 

within the computational domain represented by each stage. Within that portion of the domain, 

the grid refinement specified. Depending on examination of solution convergence, the grid was 

refined within the compressor stage. The source terms related to the work and force in the 

compressor are per unit axial-length. Therefore, without changing the definition or value of the 

source terms, the grid may be refined indefinitely. 

No attempt was made to weight the distribution of force and work source terms axially 

within the stage. However, an arbitrary weighting factor applied to the source term relative to 

radius. The factor was added in such a way that the work and force done on a slug flow would 

be unchanged, but there would be less work done on the flow at the mid-span than at the hub or 
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the tip; there was a redistribution of the local work done on the flow, Waane (j,k). The total 

pressure ratio across the stage was unweighted and had a flat profile. Therefore, the effect of 

the redistribution of work was to increase the efficiency at midspan and decrease it near the hub 

and casing. Other than this heuristic argument, no correlations were built into the redistribution. 

So, the distribution factor was a parameter for numerical experiments rather than a model based 

on first principles. The numerical formulation is given in Equation (4.4). Here y, is the average 

radius of a column of cells at an axial location, x,; y,, is the radius of the control volume; x is a 

distribution factor between zero and one; Wp, ane is the mean work per volume, and Wagan is the 

resulting weighted work. As shown in Figure 4.5, in this relation, cell columns were assumed 

perpendicular to the axial direction, and the axial direction was the assumed direction of blade 

force. 

1 (Vin ~¥;) 
Warane (1K) = Warane 1+% 37 7 (4.4) 
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Radially d 

Compressor stage   
Figure 4.5: Distribution of work along a column of cells in compressor stage. 

4.3 Axial-Circumferential Modeling 

The flow structure in a compression system during an actual rotating stall cell is three- 

dimensional. However, as has been shown by Neuhoff (1986) and Nowinski (1993), a fair 

simulation of the two-dimensional inception and development of a rotating stall cell can be 

demonstrated by simulating fluid flow in meridional-streampath coordinates. In this case, the 

variation in fluid properties normal to the assumed streampath is neglected. The height of the 

channel is assumed to be a function of axial position only, and the effects of variation channel 

height normal to the streampath is retained. This is similar to the incorporation of flow area 

variation in quasi-one-dimensional fluid models. In addition, the radius of the mean flow path is



allowed to vary with axial position but not may not vary circumferentially at any particular axial 

location. 

4.3.1 Meridional Streampath Equations 

The meridional streampath form of the Euler equations, Equation (4.5), governed the 

simulations of rotating stall cell development. The numerical simulation method developed was 

based on a method described by Neuhoff and Grahl (1986) and further implemented by Nowinski 

(1993). Here, the meridional direction, m, is parallel to the axial direction and follows the 

assumed two-dimensional streampath within the compressor; h represents the height of the 

streampath, measured normal to the stream surface. The circumferential (angular) dimension is 

represented by 6, and y is the radial position of the stream surface. The stream surface was 

assumed to be a surface of revolution. So, y and h were independent of 6. These equations 

may be arduously derived from the integral form of the three-dimensional Euler equations or 

copied from another source such as Chima (1987). Alternate primitive variable forms of the 

equations were presented by Nowinski (1993), Neuhoff and Grahl (1986), and Pandolfi and 

Colasurdo (1978). 
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4.3.2 Modifications to Cartesian form 

The Cartesian, finite volume, Euler solver was modified to create the discretized form of 

the meridional streampath equations solved in DYN2D. The meridional streampath flow



equations, Equation (4.5), were discretized as shown in Equation (4.6) and Figure 5.39. F and 

G are numerical fluxes determined by flux difference splitting and were computed as described 

for the two-dimensional Cartesian form by Roe (1986) and Taylor (1989). Thus the numerical 

fluxes were computed in the same manner as if the geometry were rectangular. Only by the 

modifications to the residual given in Equation (4.6) is the meridional-streampath effect resolved. 

Thanks to the orthogonal grid used, as shown in Figure 5.39, Cartesian, finite volume metrics 

(Taylor 1989) were simplified to the form given in Equation (4.6). A slightly less cumbersome 

formulation might be achieved by taking advantage of the regular gridding structure and dropping 

the finite volume metrics. However, the overhead associated with metric computation was a one- 

time cost at the beginning of each simulation. Therefore, significant computational savings would 

not be achieved. 

To resolve the meridional-streampath form, it was necessary to apply periodic 

boundaries at 8=0 and 6=2nx. Boundary fluxes were determined with the same order of o-« 

interpolation as the internal computational domain. Therefore, no biasing of the explicit time- 

accurate solution due to the periodic boundary resulted. However, when using approximate 

factorization, in order to preserve the block tridiagonal structure of the implicit solution matrix, the 

periodic boundary was treated explicitly, and inner iterations were required to prevent the 

boundary from biasing solutions. 

(yh)aQ| _ >t bet + had WI 

Where: (4.6) 

J=EMo t=F /N, G= G/ Em 5,f = Favex —Fesion 5,9 = Dj asv2 - Oja-ve2 

In the explicit formulation, source term treatment was straightforward. The terms in the 

source vector, W, were computed from the solution vector, Q’, and added to the spatial



integration residual (the right-hand side of Equation (4.6)). In the implicit formulation, the source 

vector was not linearized. Inner iterations were applied to remove the error associated with not 

linearizing the source vector on time-accuracy. 

4.3.3 Rotor or Stator Regions 

When solving the equations of motion in the region of the computational domain 

containing the simulated rotor or stator, it was necessary to impart the effect of turning the flow. 

As has been discussed in the review, the actual blade-fluid interaction is too difficult to model in a 

Stalled situation. Therefore, a reduced order model of flow in the blade row was needed. Ina 

compression system rotor row, some turning is accomplished, but it is not done isentropically. 

Therefore, in compressible flow simulations, the losses associated with turning should also be 

included. Neuhoff (1986) proposed that the blade row could be modeled as having infinite 

solidity, the losses could be imparted by an actuator disk upstream of the row, and a correction to 

the ideal turning could be made by an actuator disk downstream of the row. This is the model 

developed here. 

4.3.3.1 Equations. 

Within a computational blade row, the equations were modified to simulate a blade row of 

infinite solidity; the relative velocity was assumed to follow the blade camber line, and all 

tangential derivatives were set to zero. Thus, within the blade row the assumed flow behavior is 

one-dimensional. Equation (4.7) specified that the relative velocity was tangent to the blade-row. 

Here, U is the specified wheel speed (assumed positive in the opposite sense to the 

circumferential velocity) and B is blade camber angle (measured right-handed from the meridional 

direction). If Equation (4.7) was to be enforced, one of the scalar equations in Equation (4.5) 

would have become redundant. To rectify this, in Equation (4.8), the circumferential momentum



equation has been dropped. The development of the blade-row equations were originally given 

by Neuhoff and Grahl (1986). In their development, the meridional and circumferential 

momentum equations have been combined with Equation (4.7) to give another momentum 

equation. For the purpose of comparison, the blade-row equations developed by Neuhoff and 

Grahl (1986) were also employed and are presented as Equation (4.9). 

The explicit computational formulation of the cascade equations is given in Equation 

(4.10). Here solution vector Q at the new time level, n+1, is computed based on the residual, FR, 

at time level n. Explicit solutions were based on Jameson-style Runge-Kutta integration. 
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4.3.3.2 Cascade boundaries 

On the boundary between the bladed region and the adjacent unbladed region, the 

pressure loss and turning due to the cascade was applied in the form of an actuator disk. The 

formulation followed Neuhoff and Grahl (1986) and Nowinski (1993). On the disc upstream of the 

bladed region, relative total pressure loss was applied to the flow. On the downstream disc, the 

turning relation was applied. The pressure loss and turning were determined by the local flow 

coefficient at the inlet to the cascade, the cascade characteristic, and a first order time delay, t. 

The requirements for conservation across the actuator disks were given by Neuhoff and 

Grahl (1986). However, the numerical implementation of these internal boundary conditions is 

not unique. Depending on the method of interpolation chosen, drastically different results were 

obtained. The boundary conditions enforced along the upstream, pressure loss actuator disk 

was given by Equation (4.11), and the conditions at the downstream, turning disk were given by 

Equation (4.12). Here the primes indicate quantities relative to the wheel speed, the notation | d 

indicates a quantity downstream of the disk, and the notation l, indicates a quantity upstream of 

the disk. Equation (4.7) held for regions within the blade row and, therefore, applied to the 

boundary downstream of the pressure loss disk and the boundary upstream of the turning disk. 

hi, = h d 

Pil, = Pil, + AP; (disc) (4.11) 

mn, =", 
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vi | =Mm tanB(disc)], 
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The time delay relation for the arbitrary quantity, €, is given in Equation (4.13); & 

represents either the pressure loss term, Ap;(disc) , or the turning term, B(disc). Here, ¢,, is the 

steady-state value read from the cascade relations. The time delay was meant to represent the 

effect of the redistribution of flow around a compressor blade after an instantaneous change in 

angle of attack. Therefore, the time constant was related to the transport time of a fluid particle 

through the blade row. In their presentation, Neuhoff and Grahl (1986) chose the time constant 

to be the transport time through the blade row, based on uniform flow and the meridional chord, 

just prior to rotating stall. Thus the time constant used in their simulations was constant and 

based on axisymmetric, prestall simulation. In DYN2D, rather than estimating the time constant 

prior to the rotating stall simulation, additional logic related the time constant, t , at a cell row, k, 

to the local meridional velocity, v,,, and the meridional chord, 5m, of the cascade (Equation 

(4.14)). Thus the time delay, applied to the cascade turning and pressure loss, was dependent 

on the local inlet velocity and, during a rotating stall simulation, was nonuniform around the 

circumference of the actuator disks. 

oe Ude Sy oies 4.1 "a tyne? Ess (4.13) 
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4.3.4 Problems and issues 

In formulation of the rotating stall simulation method of Neuhoff and Grahl (1986), there is 

considerable room for numerical interpretation of the governing equations. Although, for a given 

set of boundary conditions, there is certainly only one “exact” solution of the numerical equations, 

a satisfactory formulation of the actuator disk equations was not straightforward. Originally, it



was thought that the first order MUSCL differencing approach at upwind boundary conditions 

could easily be applied to the actuator disks. Thus for each cell face, an upstream biased and a 

downstream biased interpolation was to be obtained. Then a left biased flux vector and a right 

biased flux vector was reconstructed. Upstream of the disk, the flux was determined by the 

unmodified left hand interpolation and the right hand interpolation, modified by the disk function. 

Downstream of the disk, the flux was determined by the unmodified right hand interpolation and 

the left hand interpolation, modified by the disk function. This is described in Equation (4.15); 

where, u indicates the last control volume in the zone upstream of the disk, and d indicates the 

last control volume in the zone downstream of the disk. In the model, these interpolated values 

were then used to compute numerical fluxes based on flux difference splitting (Roe 1986). 

Unfortunately, when applying the pressure loss, according to Equation (4.11), the nonlinear 

method of computing the flux caused severe violations of conservation. Therefore, this method 

was used for the turning actuator disk but not the pressure loss disk. 

Qusv2 = qu 

Qaev2 =Wo + AQgs, interpolations upstream of disk 

(4.15) 

Qa-v2 = Qu — AQaisk 

Ys-v2 = interpolations downstream of disk 

Six additional numerical implementations of the pressure loss actuator disk given in 

Equation (4.11) were tried:
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Based on Equations (4.16) through (4.21), a numerical experiment was conducted to 

evaluate conservation across the disk, defined by Equation (4.11). In Table 4.1, the results are 

summarized. To achieve conservation for the given finite volume formulation, it appears that it 

was necessary to apply the numerical conservation law to the total relative enthalpy, and the 

mass flow. This brute-force treatment, shown in Equation (4.21), was analogous to the treatment 

of a subsonic, first order, extrapolated boundary condition in CFD applications. In fact, higher- 

order extrapolations to the boundary were applied. However, due to the discontinuity across the 

actuator disk, only one-sided interpolations should be used. Otherwise, high-frequency error 

could be introduced by the boundary condition. 
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Table 4.1: Steady Comparison of Relative Pressure Loss Formulations 

  

      

  

  

  

  

  

                    

Disk | m, my hil, Ady Ap;(disc) | p; L, Pilg log|R\|’ 

Equa- 

tion 

(4.16) | 8.696 | 10.39 | 301.465 | 299.819 | 0.546 116.833 | 112.186 | -9 

(4.17) | 7.763 | 10.65 | 301.466 | 301.466 | 1.014 116.8383 | 115.819 | -12 

(4.18) | 7.022 | 9.895 | 301.5 298.5 1.077 116.82 | 108.41 -1 

(4.19) | 7.009 | 9.888 | 301.466 | 298.512 | 1.077 116.833 | 108.415 | -6 

(4.20) | 8.818 | 10.43 | 301.466 | 299.910 | 0.467 116.833 | 112.489 | -13 

(4.21) | 13.18 | 13.18 | 301.466 | 301.466 | 0.3757 116.833 | 116.458 | -8 

  
  

The major shortcoming to applying Equation (4.21) instead of Equation (4.16) concerned 

the treatment of locally reversed flow. Equation (4.21) was only valid for subsonic flow with a 

positive meridional component. A violation of the characteristic nature of the flow equations 

would have occurred if, during locally reversed flow, two quantities were interpolated from in front 

of the disk and only one from behind the disk. Therefore, in the presence of reverse flow, the 

pressure loss actuator disk required special treatment. During simulations, Equation (4.21) was 

only applied when the meridional velocity was positive, both in the control volume upstream and 

the control volume downstream of the boundary. in the case of reversed flow at a particular 

control-volume boundary into the cascade, the actuator disk function for that portion of the 

boundary was switched off, and the flux at the boundary was determined by flux difference 

splitting of a MUSCL interpolation. The same treatment was applied at the downstream, turning 

boundary.



It appears that Neuhoff and Grahl (1986) may have incorrectly formulated the equations 

of motion in the cascade region by combining the meridional and circumferential momentum 

equations. The two equations provided a redundant, possibly conflicting, definition of the 

dependent variables, Q. When linear equations are combined in this manner, there is no reason 

for either equation to hold independently. The rules for nonlinear equations are not as well 

understood as those for linear equations (Stoker 1950). However, it seemed that the 

straightforward, correct choice would have been as follows: 

e Drop the circumferential momentum equation 

e Eliminate terms involving circumferential derivatives. 

e Inthe remaining equations, substitute Equation (4.7) for vo. 

e Solve Equation (4.8) in the bladed regions. 

Little difference was found between solutions based on Equations (4.8) and (4.9). In fact, it 

appeared that the combined momentum equation added some robustness to the numerical form.



5. Results 

5.1 One-Dimensional Modeling 

In pursuit of a two-dimensional dynamic compression system model, two separate 

computer codes were developed, DYN1D and DYN2D, yielding three distinct kinds of dynamic 

compression system models. In this chapter, for comparison with DYN1D, DYNMOD, a one- 

dimensional stage-by-stage dynamic compression system model, was used (Davis 1986). 

DYNMOD was slightly modified from its original form to allow controlled numerical experiments. 

Therefore, DYN1D and DYNMOD, were identical except for the methods of spatial discretization 

and time integration. DYN2D is a two-dimensional model based on development work using 

DYN1D. DYN2D uses similar spatial and time integration methods to DYN1D, and also is 

capable of rotating stall cell simulations based on work by Neuhoff (1986). The models used and 

their capabilities are summarized in Table 5.1. 
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Table 5.1: Summary of Models Used 

  

  

  

  

  

Code Geometry Type of Numerical Time Special 

Model Flux Integration Consider- 

ations 

DYNMOD quasi-1-D stage-by- central MacCormack time and 

(Davis 1986) stage difference/ space 

FCT integration 

are 

inseparable 

DYN1D quasi-1-D stage-by- FVS, FDS, or | Runge-Kutta 

stage FDSS or Implicit 

with various 

source term 

linearizations 

DYN2D 2-D stage-by- FDS or FDSS | Runge-Kutta rotating stall 

axisymmetric stage or or Implicit cell results 

or meridional | rotating stall with various are 

streampath cell evolution source term preliminary 

linearizations           
  

5.1.1 Comparison of Numerical Flux Effect on Simulations 

  
To evaluate the effect of numerical flux methods on dynamic compression system model 

simulations, a three-stage fan was modeled. The stage characteristics used are shown in Figure 

3.3, a picture of the fan, in configuration with the core compressor, is shown in Figure 5.1, and 

the grid is shown Figure 5.2. Note that only a test-rig without the effect of the core compressor



was simulated. Compressor stall was initiated by partially closing a numerical throttle at the 

downstream boundary, simulated by reducing the Mach number at the exit plane. When the 

throttle area was sufficiently reduced, the flow coefficients in the compression system were 

reduced, and the simulated system was expected to surge or settle into rotating stall (Greitzer 

1980). 

  

  

Figure 5.1: Fan in Test Configuration with Core Compressor (Cousins 1995) 

In the one-dimensional model, post-stall simulations evolving to limit-cycle oscillatory flow 

were called surge and all others were called rotating stall. For rotational speed above a critical, 

transition speed, the stalled compression system was expected to surge. For lower rotational 

speed, below the critical speed, the compression system was expected to be driven into rotating 

stall. Knowing the critical speed, the correct time constant for each discretization method was 

chosen. Using the MacCormack/FCT based model, a time constant based on 1.5 rotor 

revolutions yielded the proper speed boundary between surge and rotating stall. Using FDSS 

and the same procedure, a time constant of 1.25 rotor revolutions was established. The variation 

in time constants could be caused by the actual difference in diffusion between the methods. 
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Post-stall simulations using a time constant based on 1.25 rotor revolutions with any of the 

upwind methods yielded the, speed dependent, surge/rotating stall boundary. This is considered 

evidence that the resolution of wave speeds is not adversely affected by the reformulation of flux 

difference splitting to FDSS. After determining the correct time constant, post-stall behavior in 

the three stage compressor was simulated. 

Results show post-stall simulation at eighty percent corrected fan speed. To simulate 

throttle closure, the exit plane mass flow function was reduced by twenty percent between 0.2 

and 0.3 seconds of simulated time. For a simulated throttle, this approaches the reduction in 

nozzle area by twenty percent. During the initial 0.2 seconds of simulation, the boundary 

conditions were held constant to allow steady state convergence (for all of the upwind methods, 

the solution converged six orders of magnitude in this time). After 0.3 seconds of simulation 

time, the throttle was held at a constant mass flow function and the simulated fan system 

exhibited surge. 

in Figure 5.4, Figure 5.6, Figure 5.8, and Figure 5.10, a simulated surge cycle, generated 

by four different methods is represented. In each case, the plotting frequency is identical. Thus 

no biasing due to post-processing of the simulation has been introduced. As can be seen, using 

each of the different numerical formulations, the frequency of the simulation is approximately 17 

Hz. Each simulation also displays full recovery during each surge cycle and approximates the 

same pre-stall pressure rise. Based on the actual system behavior (Cousins 1991), the surge 

should oscillate with a frequency near 20 Hz and display complete recovery in all stages during 

the cycle. Thus, given the known data, the simulation appears to be a good approximation. 

As originally published, the FCT algorithm included a limiter on the anti-diffusive step. 

However, in the model with the limiter switched on, reasonable solutions were unobtainable. This 

limiter was intended to prevent the non-physical creation of new local maxima or minima in the 

solution. Instead, the flux limiter introduced temporal oscillations to the solution. This has also



been reported by van Albada (1982). Oscillations did not appear with any of the upwind 

methods, limited or unlimited, using the same boundary conditions. 

The oscillations caused by the MacCormack/FCT flux limiter were probably reflected 

waves in the solution domain. In steady-state, quasi-one-dimensional nozzle solutions (no 

compressor) with the limited MacCormack/FCT solver, convergence was not achieved over 

successive time steps (the residual did not tend to zero). However, after a number of time 

integration steps, a pattern emerged in the time history of the solution. Over a certain period, the 

solution history at any point in the domain was identical to the history before or after this period 

for the duration of the period. Thus, an unwanted limit cycle harmonic was superimposed on the 

converged solution. For the dynamic compression system model, this type of convergence was 

not acceptable. 
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Figure 5.2: One-dimensional modeling grid. 
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Figure 5.3: MacCormack/FCT, fan pressure coefficient during surge. 
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Figure 5.4: MacCormack/FCT, total pressure during surge. 
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Figure 5.5: Flux vector splitting/Runge-Kutta, fan pressure coefficient during surge. 
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Figure 5.6: Flux vector splitting/Runge-Kutta, total pressure during surge. 

101



2.50 

2.25 

2.00 

fa
n 

pr
es
su
re
 
co

ef
fi

ci
en

t 

1.75 

t 
{ 

' 
t 

t 
t 

|
 

t 
t 

' 
' 

| 
t 

f 
' 

t 
i
 

      
  | Nhe ee e L_-. 1. | Nee 1... 4 

0.20 0.30 0.40 

flow coefficient 
Figure 5.7: Flux difference splitting/Runge-Kutta, fan pressure coefficient during surge. 
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Figure 5.8: Flux difference splitting/Runge-Kutta, total pressure during surge. 
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Figure 5.10: FDSS/Runge-Kutta, total pressure during surge. 
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Figure 5.3 shows the fan pressure rise during surge as simulated with the 

MacCormack/FCT integration technique. The solution lacks adequate diffusion. Figure 5.4 is a 

plot of total pressure (dimensionless) versus axial distance through the compressor and 

simulation time (seconds). Although the surge cycle frequency seems correct, and the simulation 

shows all three stages recovering during each cycle, the solution should not be choppy as shown 

in Figure 5.3. This is not to imply that the actual surge cycle as measured in a fan might not 

have additional unsteadiness superimposed on the periodic flow. However, as applied here, in 

governing equations, there are no physics accounting for such unsteadiness. Therefore the cycle 

should be smooth and regular. Adjusting the diffusion parameter in FCT (Book 1975) did not 

improve the results. 

Figure 5.5 and Figure 5.6 show the result of a four stage Runge-Kutta time integration of 

third order interpolated flux vector splitting. This solution also contains the correct overall 

behavior but exhibits some choppiness. Figure 5.7 and Figure 5.8 show the result of a four-stage 

Runge-Kutta time integration of third order flux difference splitting. There is no apparent 

difference between this solution and the flux vector splitting based solution. Figure 5.9 and 

Figure 5.10 show the result of four-stage Runge-Kutta integration of third order FDSS. As is the 

case in all the simulations, the solution contains the correct overall character. In addition, the 

solution in Figure 5.9 contains smooth regular surge cycles with less choppiness than the other 

three discretizations. 

5.1.2 Numerical Convergence 

Grid convergence and time step convergence are necessary to verify that the governing 

equations have been modeled to the advertised order of accuracy of the numerical method. A 

numerical method can be represented as an exact solution of the governing differential equations 

plus some truncation error. For instance, a spatially second order accurate solution should have 
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a truncation error that is on the order of the grid spacing squared. Only by successively refining 

that solution can one actually quantify the truncation error and subsequently make a statement 

about the accuracy of a solution. 

5.1.2.1 Grid Convergence 

Table 5.2 summarizes a linear refinement study of the one-dimensional dynamic model 

on a three-stage fan. The performance characteristics used are given in Figure 3.2. Refinement 

was based on a model using 28 control volumes with one control volume for each stage, and all 

of the control volumes of approximately equal length. The refinement factor indicates how many 

control volumes were used in the domain defined by each of the base control volumes. Thus, 28 

control volumes were used for the first entry, 56 were used in the second entry, 112 were used in 

the third entry, etc. FDSS numerical fluxes were computed using third order MUSCL differencing 

with van Albada limiting. The flow coefficients, for each stage in the three-stage fan, shown in 

the last three columns of the table, indicate how well the solution converges as the grid is refined. 

Use of a third order method of differencing implies that the solution should converge cubically 

with the grid dimension. 

The fog of the normalized 17-norm of the residual is listed in the table to verify steady- 

state convergence of the difference equations. This does not indicate that the solution 

approaches the governing differential equations but does indicate that further marching in time 

will not effect the solution. Solution of the governing equations requires that the flow field be 

initialized at some arbitrary state. The normalization is made with respect to the initialized flow 

field. (A well converged solution corresponds to a large but negative fog L’-norm value. For 

instance, a value of -4 indicates that the residual has been reduced by at least 10,000 times from 

its initial value.) A fully linearized implicit method was used to perform the calculations. 
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However, when determining spatial convergence, the time integration method used only affects 

the efficiency and stability of computation, not the final result. 

Table 5.2: Linear Grid Refinement of One-Dimensional, Steady-State Fan Simulation 

  

  

  

  

  

  

  

  

Refinement Factor log||RI\? etage( 1) Prrage(2) Dsrage(3) 

1 -6 0.517 0.527 0.606 

2 6 0.522 0.502 0.554 

4 -6 0.524 0.506 0.567 

8 -5 0.525 0.505 0.571 

16 -6 0.525 0.503 0.573 

32 -5 0.526 0.503 0.574 

64 4 0.526 0.502 0.575             
  

The refinement study indicates that more than a single control volume per compression 

system stage was necessary to provide converged results. Based on the stage flow coefficients, 

the 112 control volume grid (refinement factor of 4) appears to have given convergence to the 

order of two percent of the ultimately refined solution. Unfortunately, good asymptotic 

convergence was not acheived. Even the 1792 control volume grid (refinement factor of 64) 

does not demonstrate convergence to three significant figures of the stage flow coefficients. As a 

compromise between refinement and efficiency, for numerical study, a refinement factor of four 

was used. It should be pointed out that the number of control volumes required to model a 

different compression system would have to be determined independently of this result. 

5.1.2.2 Time integration Effect on Efficiency and Simulations 

To evaluate the effect of time integration on compressor simulations, a numerical 

experiment was conducted. A simulated three-stage fan was induced to surge. The Jameson 
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Runge-Kutta and the second order implicit, subiterative method were used to integrate otherwise 

identical simulations. To fairly evaluate the integration methods, the time history of boundary 

conditions in each case were identical, and numerical fluxes were formed using third order van 

Albada limiting of MUSCL formulated FDSS. By successive reduction in the integration step 

size, convergence was appraised. The criteria for convergence was based on the frequency and 

magnitude of the simulated surge limit cycle. 

A temporal convergence study is necessary for all computational models of transient fluid 

dynamics. It is only by verifying the temporal convergence in this manner that the transient 

details of a simulation can be determined. Due to the nonlinear nature of the goveming 

equations, there is no a priori defined sampling frequency that is sufficient to capture surge 

cycles or other periodic information. Prior to the simulation, the frequency of dynamic events is 

not known. It is precisely this fact that motivates such dynamic studies in the first place. 

Therefore, one cannot predict, out of hand, a necessary sampling rate. The proper numerical 

time step can only be determined by trial and error convergence studies. An additional sampling 

problem is the frequency necessary for displaying results of simulations. This, however, is a 

rather trivial post-processing problem falling under the field of art and is generally determined by 

good judgement. 

Prior to inducing surge, a steady operating condition was established. To achieve three 

order of magnitude reduction in the residual, 0.1 seconds of simulated time were required. The 

maximum time step yielding sufficient steady-state convergence was found to be 2.5E-4 

seconds. This corresponded to a maximum CFL number of approximately 10.0. Steady-state 

convergence was accomplished by initiating the simulation at a mass flow rate of 76.1 Ibm/sec, 

and holding the boundary conditions constant for 0.1 seconds of simulation time. The inlet total 

conditions were specified and based on standard atmospheric conditions. The exit Mach number 

was specified during the simulation and initially determined by a steady analysis of the quasi-one- 

107



dimensional flow through the compressor. Steady-state analysis was based on the inlet total 

conditions and the initial mass flow rate and used to initialize the domain. Although the steady 

analysis was an exact solution of the governing equations, several iterations of the numerical 

model were required to establish a converged steady-state. 

First order extrapolated boundary conditions were applied at the inlet and the exit. At the 

inlet, total temperature and pressure were held constant, and velocity was extrapolated from the 

first interior volume. At the exit, the density and velocity were extrapolated from the first interior 

volume, and the exit Mach number was specified. To simulate closing the throttle, the exit Mach 

number was varied. From a simulation time of 0.1 to 0.2 seconds, the exit mass flow function, 

related to Mach number (for a perfect gas) by Equation (5.1), was reduced by forty percent of the 

initial value. To simulate the effect of the compressor blading, the stage characteristics shown in 

Figure 3.2 were used. Lagging was applied to the compressor force, based on the time of two 

rotor revolutions. 

indy —1)h, _ —tys 420041) 
fry — any 14.421 ye (5.1) 

Ap, 2 

In Table 5.3, the effects of various time integration techniques on the simulation of surge 

in the one-dimensional model are summarized. In each case, the first 0.1 seconds of simulation 

time were conducted with an integration step size of 2.5E-4 seconds. Thus, the CPU time shown 

in the table does not scale linearly with time step. Based on the steady-state spatial convergence 

study in Table 5.2, a 112 control volume grid was used. The 112 control volume grid was based 

on the 28 control volume grid, shown in Figure 5.2, but each of the original control volumes was 

equally subdivided into four control volumes. The simulation was run over the necessary 

evolution time to establish a limit cycle. As shown in Figure 5.11, the cycles grew in amplitude 

for approximately 0.1 seconds, from 0.2 to 0.3 seconds of the simulation time. Then, the 
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converged simulation exhibited a deep surge cycle with a frequency of approximately 17.1 Hz. 

This can be verified by counting the pressure peaks in Figure 5.13. 
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Figure 5.11: Velocity contours on static pressure. Initial transient. 2-step subiterative, 

implicit, O[At’] integration. Compressor sources not linearized. At=1.0E-5 seconds. 
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Figure 5.12: Velocity contours on static pressure. Initial transient. 2-step subiterative, 

implicit, O[At’] integration. Compressor sources not linearized. At=2.5E-5 seconds. 

The CFL number listed was based on the maximum cell value at the end of the 

simulation. The CFL number was not uniform throughout the domain and, it is assumed, varied 

from time step to time step. Also, the simulated time was affected slightly by the integration step 

size. Therefore, even for a well converged solution, the indicated CFL number scaled only 

approximately with time integration step size. Also, the number was not recorded for every 

simulation. However, the purpose of listing the CFL is to indicate how the task of capturing 

transient phenomena affects the useful maximum CFL number. The CFL obtained in this fashion 

will be an approximate rule of thumb. Also, the useful CFL limit, likely, will be problem and, even, 

grid dependent. Enough values were recorded to approximate the maximum allowable CFL. 

Using the most efficient method of integration, implicit with flux linearization only, the maximum 

cell CFL within the domain was approximately 15. This was also observed to be the 

approximately correct value for coarse grids. 
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To maintain time accuracy, a uniform time step was used throughout the domain. This 

time step was either explicitly specified or based on the maximum CFL. For the explicit 

integration schemes, the integration was restricted by the domain of dependence of the 

differencing stencil. The domain of dependence was assumed to correspond to a CFL of one. 

The actual stability limit was less than one due to the presence of source terms. For implicit 

integrations, the stability limit based on linear analysis was known to be unconditional. However, 

even with linearized source term Jacobians in the left-hand side operator, a stability limit existed. 

As noted in the literature review, this is not unusual with integration of the Euler equations. Initial 

boundary values were held constant for the first 0.1 seconds of simulation time. Therefore, the 

simulated conditions are identical for the first 0.1 seconds of the simulation, regardless of the 

time integration details. 

it should be noted that the linearization of the force and work source terms was limited by 

the desire to retain a block-tridiagonal structure in the left-hand side solution matrix. Therefore, 

the source terms were only linearized in the first control volume in each compressor stage. The 

magnitude of the term was dependent on the conditions in the first volume upstream of the stage. 

Thus when only one control volume was used in the stage, the linearization was complete. 

However, based on results of the grid convergence study, four control volumes were included in 

each stage. Therefore only the first control volume contained linearized source terms on the left- 

hand side. Clearly linearization of the force and work terms had a detrimental effect when 

applied in this manner. Additionally, the force and work source term linearizations were 

evaluated numerically. Therefore a small difference factor was used in approximating the 

derivatives. This was based on 0.1 percent of the dependent variables. On a grid with one 

control volume per compressor stage, it was determined that this was an optimal value. 

Results of the spatial convergence study are shown in Figure 5.11, Figure 5.12, Figure 

5.13, Figure 5.14, and Figure 5.15. The figures all show static pressure as a surface on a space 
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defined by axial distance and time. Superimposed on the pressure surface plot are contours of 

axial velocity. Figure 5.11 and Figure 5.12 show the initial transient. From simulation time of 0.1 

seconds to 0.2 seconds, the throttle was closed, and for approximately the next 0.1 seconds, the 

limit cycle had not yet been fully established. In both Figure 5.11 and Figure 5.12, the time 

integration method was a two-step subiterative procedure. As defined by the approximation to 

the time derivative in the right-hand side residual expression, the integration was second order. 

The spatial integration was third order FDSS. In Figure 5.11, a time integration step size of 

1.0E-4 seconds was taken. While in Figure 5.12, the step size was 2.5E-4 seconds. Comparing 

Figure 5.11 and Figure 5.12, it is difficult to determine significant differences in the results. It is 

assumed that more subiterations and smaller time steps lead to better approximations of the 

governing equations. Therefore, when the initial transient performance of this system is modeled 

with a time step size of 2.5E-4 seconds, or less, the solution should be converged. This result is 

only valid for identical integration methods, gridding, boundary conditions, and residual 

formulation. 

It was found that convergence over the initial, transient portion of the problem did not 

necessarily carry through to the fully developed surge. In Table 5.3, the results for the fully 

linearized implicit method indicate that with a time step of 2.5E-4 and two subiterations, 

convergence was achieved over the initial 0.3 seconds. However, when integration was carried 

out over enough time steps to establish a limit cycle, the same integration method did not 

converge. Contrary to what would have been expected (Golub 1992), the linearization of the 

source terms did not enhance the solution process. In Figure 5.13 and Figure 5.14, the 

converged surge cycle approximation is shown. Here, the cornpression system source terms 

were not linearized. This saved computational effort and, based on the convergence study, 

yielded a satisfactory solution. In Figure 5.15, the same result is presented with linearization of 

112



all source terms. As mentioned, only the source terms in the equations for the first control 

volume in each compressor stage, from front to rear, were actually linearized. 

Clearly, results using compressor work and force source term linearization did not 

converge well. This may have been due to the necessity to numerically evaluate the Jacobian. 

To perform the linearization, the method described in Equation 3.7 was used. As stated, this 

method was not unique. Perhaps another, better method could have been determined. In 

addition, although care has been taken, error in computer coding cannot be ruled out. For 

subsequent code development, compression system source term linearization was not used. 
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Table 5.3: Effect of Integration on Time Convergence During Surge. 

  

  

  

  

  

  

  

  

  

  

  

    

Method Iterations or | Source Term Simulation CPU Con- Cell 

(Results in) stages Linearizations AtAtotal time time verged CFL 

(sec) 

Implicit 4 full 1.E-4/0.6 611.0 no 3.02 

(Figure 

5.15) 

Implicit 4 full 1.25E-5/0.6 2284.9 no 0.394 

Implicit 2 full 2.5E-4/0.3 71.9 yes -- 

Implicit 4 force/work 1.E-4/0.6 610.6 no -- 

terms 

Implicit 4 force/work 5.E-5/0.6 1180.0 no 1.63 

terms 

Implicit 4 non-compressor 1.E-4/0.6 534.9 yes 3.1 

(Figure volumes only 

5.13) 

Implicit 4 non-compressor | 2.5E-4/0.6 239.4 yes -- 

volumes only 

Implicit 2 non-compressor | 2.5E-4/1.0 203.3 yes -- 

(Figure volumes only 

5.12) 

Implicit 4 none 2.5E-4/0.6 238.4 yes -- 

Implicit 2 none 2.5E-4/1.0 200.9 yes -- 

Runge- 4 -- 7.5E-6 1295.4 no 0.259 

Kutta             
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Figure 5.13: Velocity contours on static pressure during surge. 4-step subiterative, 

implicit, O[At’] integration. At=1.0E-4 sec. Compressor source terms not linearized. 
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Figure 5.14: Velocity contours on static pressure during surge. 4-step subiterative, 

implicit, O[At’] integration. At=2.5E-4 sec. Compressor source terms not linearized. 
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Figure 5.15: Velocity contours on static pressure during surge. 4-step subiterative, 

implicit, O[At’] integration. At=1.E-4 sec. All source terms linearized. Not converged. 

5.2 Single-Flowpath Fan -- Steady-State, Surge, and Rotating Stall 

In order to establish spatial convergence (i.e. grid independence), the steady operation of 

a three stage fan was simulated. As close as can be approximated when adapting the one- 

dimensional grid to a two-dimensional grid, the modeled fan was in the same configuration as 

simulated in the one-dimensional modeling experiments. The performance characteristics used 

are given in Figure 3.2. The study was conducted on the computational grids shown in Figure 

5.16, Figure 5.17, and Figure 5.18. Boundary conditions were standard atmospheric total 

pressure and enthalpy at the inlet plane, Mach number at the exit throttle, and tangency, with 

large radius of curvature assumed, on the inner and outer casing. Ideally, a grid-independent 

solution would have been resolved after several grid refinements. Table 5.4 contains parameters 

necessary to evaluate spatial convergence of the compressor simulation. The first column 

indicates the grid applied in the simulation. The third column indicates the order of differencing 
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based on MUSCL differencing (described in the literature review). «=1/3 indicates a second 

order accurate solution, and $=0 indicates a first order solution. The fourth column, the log of the 

normalized L*-norm of the residual of integration, indicates whether a numerical steady-state has 

been acheived. If, for a steady-state problem, this norm is small, further integration in time will 

not affect the solution. In the fourth column, a value of -3 indicates that the norm of residual of 

integration has been reduced three orders of magnitude. The fifth and sixth columns give total 

temperature and total pressure ratio across the compressor as a function of the stage flow 

coefficients. The flow coefficient used here, ®=C, /U, is only dependent on the axial velocity 

at the inlet to each compressor stage. Therefore, the consistency of results in columns five and 

six, indicate agreement of the inlet velocity at each of the three stages. For a perfectly 

converged solution, the pressure and temperature ratio as a function of flow coefficient should 

agree with the values based on the calculated flow field at the inlet and exit to the computational 

domain. The calculated flow field results appear in columns seven and eight. Examination of 

columns five through eight, indicate that refinement of the grid beyond 61x8 control volumes does 

little to affect the steady-state solution. 

Based on results shown in Table 5.4, convergence appears to have been demonstrated 

with third order differencing (second order solution) on the coarsest grid, shown in Figure 5.16. 

However, to evaluate the spatial convergence in detail, axial velocity contour plots were chosen. 

Axial velocity tended to vary smoothly across the domain; therefore, when contour plots were 

examined, they provided easily discemible detail to examine for convergence. In Figure 5.19, 

Figure 5.20, Figure 5.21, and Figure 5.22, results using the three computational grids are shown. 

Here axial velocity contours are shown with the axial velocity at eight points within the domain 

called out. Based on the figures, even with third order differencing, it appears that convergence 

was not demonsirated. (Actually the third order MUSCL differencing reduces to second order 

accuracy when applied to two-dimensional problems.) However, in the proximity of the fan inlet, 
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where the flow coefficient is measured, convergence to the axial velocity seems excellent. In 

each of the cases where higher-order differencing was used, Figure 5.19, Figure 5.20, and Figure 

5.22, the axial velocity contour shown near the fan inlet is 139.49m/s. General trends in the 

contour patterns themselves show agreement. It appears that although complete convergence 

may not have been demonstrated, additional refinements did not greatly affect the solution. 

Table 5.4: Spatial Convergence of Single-Flowpath Fan Model 

  

Grid ] Flux | MUSCL | jogfaj? | TR(®) | PR(®) | TR PR 

¢-« param. ie) (actual) | (actual) 

  

  

  

  

  

61x8 FDSS K=1/3 -14 1.38 2.58 1.40 2.61 

121x15 | FDSS o=0 -6 1.38 2.60 1.42 2.61 

121x15 | FDSS K=1/3 -5 1.39 2.63 1.40 2.66 

241x29 | FDSS o=0 -3 1.39 2.63 1.41 2.66 

241x29 | FDSS K=1/3 -3 1.39 2.63 1.40 2.69                   
  

  

Center Line 

Figure 5.16: Single flowpath. 3-stage fan. 61x8 computational grid. 
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Center Line 

Figure 5.17: Single flowpath. 3-stage fan. 121x15 computational grid. 

  

Center Line 

Figure 5.18: Single flowpath. 3-stage fan. 241x29 computational grid. 

69.0816 87.857 

Center Line 

  

Figure 5.19: Steady-state, single flowpath, 3-stage fan. Axial velocity contours with 

labeled values on 61x8 grid. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.20: Steady-state, single flowpath, 3-stage fan. Axial velocity contours with 

labeled values on 121x15 grid. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.21: Steady-state, single flowpath, 3-stage fan. Axial velocity contours with 

labeled values on 241x29 grid. ¢=0 MUSCL interpolated FDSS. 
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Figure 5.22: Steady-state. Single flowpath 3-stage fan. Axial velocity contours with 

labeled values on 241x29 grid. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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After resolving spatial-convergence, a time-convergence study was necessary. As in the 

one-dimensional case, to test time-convergence, surge was simulated. The steady-state, 

unstalled operating condition was first determined and has been shown in the spatial 

convergence study. To establish time-convergence, the 61x8 grid, shown in Figure 5.16, was 

used. To determine the finite volume numerical fluxes, third order, van Albada limited, MUSCL 

differencing of FDSS was used. The time integration was performed by second order accurate 

approximate factorization with four Newton subiterations per time step. Only flux Jacobians were 

included in the left-hand side linearization. To induce surge, the exit Mach number was ramped 

down from an initial, steady-state value of 0.3525, to a final value of 0.20. The ramping was 

performed over 0.1 seconds of evolution time, from 0.01 seconds to 0.11 seconds. To capture 

the proper surge/rotating stall boundary, the dynamic interpretation of the stage characteristics 

was performed with a time constant based on one rotor revolution. The results of the time- 

convergence study are shown in Figure 5.23, Figure 5.24, Figure 5.25, Figure 5.26, and Figure 

5.27. Each of these figures represents a snapshot of the surge simulation at a different point in 

simulated time. Three different integration step sizes are shown in the figures, At=1.0E-4 

seconds, At=2.5E-5 seconds, and At=1.25E-5 seconds. These results show that 1.0E-4 was too 

large a time step. The initial part of the transient, shown in Figure 5.23 and Figure 5.24, 

appeared to indicate convergence at all time steps. However, as the continued integration of the 

surge cycle, shown in Figure 5.25, Figure 5.26, and Figure 5.27, exhibits a clear divergence 

between solutions with the large time step, 1.0E-4 seconds, and the smaller time steps. Thus, 

1.0E-4 was too large a time step. Figure 5.28, Figure 5.29, Figure 5.30, Figure 5.31, and Figure 

5.32 show a restarted continuation of the simulated surge terminated in Figure 5.27. In Figure 

5.28 through Figure 5.32, a smaller time integration step size, 6.25E-6 seconds, is shown along 

with the results of integrations using step sizes of 1.25E-5 seconds and 2.5E-5 seconds. Based 

Figure 5.25, Figure 5.26, and Figure 5.27, (simulation up to 0.36 seconds of simulation time) a 
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time step of 2.5E-5 seconds appeared to have adequate convergence to the surge cycle. 

However in Figure 5.31, when the integration reached a simulation time of 0.39 seconds, a time 

step of 2.5E-5 seconds no longer adequately tracked the surge cycle. A time step of 2.5E-5 

seconds appears to have been too large, and results clearly diverged from results with time steps 

of 1.25E-5 seconds and 6.25E-6 seconds. However, based on the results shown in Figure 5.24 

through Figure 5.27 a time step of 2.5E-5 appeared adequate to represent the initial transient 

during throttle closure and the initial development of the surge cycle. Further integration, 

displayed in Figure 5.31, and Figure 5.32, indicated that time steps of 1.25E-5 seconds or less 

converged to the fully developed surge cycle. 
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Figure 5.23:. t=0.01. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.24: t=0.10. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 

92.8571 

  

Figure 5.25: t=0.15. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.26: t=0.20. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 

  

Figure 5.27: t=0.25. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.28: t=0.32. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.29: t=0.34. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.30: t=0.36. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 

  

Figure 5.31: t=0.39. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.32: t=0.41. Axial velocity contours during surge in 3-stage fan. 61x8 grid. 

Second-order time integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 

5.2.1.1 Dynamic Simulation 

More details of the simulated surge cycle are given in Figure 5.33. Here, a time step of 

6.25E-6 seconds has been used with the same integration and spatial discretization procedures 

as in the previous results. A sequence of snapshots, from 0.3125 to 0.370 seconds of evolution 

time, is shown. Each snapshot displays velocity vectors on top of pressure contours in the 

simulated three-stage fan. After the limit cycle has been established, an observation of these two 

quantities should define the state of the system. Then, exactly once during each cycle, the 

arbitrarily chosen state should be repeated. The sequence shown follows the surge through two 

complete cycles. Examination of Figure 5.33 indicates that the state presented at 0.3125, the 

first snapshot of the simulated fan, recurs at approximately 0.340 seconds. Over this cycle, there 

is no reverse flow in the system. Thus the simulated fan has undergone a mild surge with a 

frequency of approximately 36 Hz. By further examining Figure 5.33, the estimate of cycle 
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frequency is supported by the apparent recurrence of the surge cycle from 0.340 seconds to 

0.370 seconds. 

In Figure 5.34 another sequence of time integrations using the same boundary conditions 

as in Figure 5.23 through Figure 5.33 is shown. For this result, dynamic evaluation of the stage 

characteristics has been performed with a time constant based on two rotor revolutions. Here, 

simulation of closing the exit throttle results in a rotating stall condition. By the time the 

simulation had reached t=0.25 seconds, all transients appear to have died out. The snapshot at 

t=0.30 seconds appears identical to the snapshot at t=0.25 seconds. In the axisymmetric 

reference frame, simulation of rotating stall is a steady-state solution. Therefore, simulation of 

rotating stall converges to a steady-state condition. The /og of the L’-norm of the flux residual at 

t=0.30 seconds was -4; apparently, a steady-state (rotating stall) had been achieved. 
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Figure 5.33: Sequence of time integrations. t=0.3125 to 0.370 seconds. Velocity vectors 

on top of static pressure contours during surge in three-stage fan. 61x8 grid. 9=1, x=1/3 

MUSCL interpolated FDSS. At=6.25E-6 seconds. Second-order time integration. 
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Figure 5.34: Development of rotating stall in axisymmetric model of three-stage fan. 

Axial velocity contours. Sequence of time integrations. t=0.01 to 0.30(s). Exit Mach 

ramped from 0.3525 to 0.20 over t=0.01 to t=0.11(s). 61x8 grid. ¢=1, x=1/3 MUSCL 

interpolated FDSS. At=1.25E-4(s). second order time-integration. 
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5.3 Split-Flowpath Fan -- Steady-State and Surge 

The three-stage fan was also modeled with a split core and bypass downstream. The 

performance characteristics used are given in Figure 3.2. This configuration demonstrates the 

ability of the two-dimensional model to capture surge in a split-flowpath configuration. Previously, 

in an effort by this author (1991), using DYNTECC (Hale 1992), it was determined that simulation 

of surge, resulting in a mixed flow condition around the splitter, was unobtainable with stage-by- 

stage, one-dimensional modeling. Here, the ability to simulate surge in a_ split-flowpath 

configuration is the primary result. 

In split-flowpath simulations, the boundary conditions were similar to those used in the 

single-flowpath model. For all simulations, inlet total enthalpy and total pressure were held 

constant (p,=101.3kPa, h=289.425 kJ/kg), representing standard conditions. Also, at the exit 

boundary of the bypass volume, the Mach number was held constant at a value of 0.15. To 

simulate dynamic events, the core Mach number was used as a throttle. Numerical fluxes were 

computed with upwind biased MUSCL differenced FDSS, and the implicit, subiterative time 

integration method was used. Thus, the solutions obtained were second order accurate in space 

and time. 

Initially, using steady, unstalled operating conditions, a grid sufficient to perform accurate 

computations was identified. Figure 5.35 shows the three computational grids used in the spatial 

convergence study. Each grid was composed of three zones. Zone One contained the inlet area 

and the fan; Zone Two contained the core flow area downstream of the fan; and Zone Three 

contained the bypass area downstream of the fan. For simplicity, the numerical form of the 

governing equations were solved sequentially from Zone One to Zone Three. In this multiple 

zone problem, subiterations were used to alleviate the loss in time-accuracy associated with 

decoupling the algebraic form of the governing equations across the zones. In the results 
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presented, four subiterations were used per time step. Table 5.5 summarizes results from the 

convergence study. In the table, the medium grid (101x19, 121x13, and 121x7), appears to have 

acheived spatial convergence. To determine convergence, it was helpful to also examine flow 

detail in Figure 5.36. In Figure 5.36, the initial grid refinement, from 51x10, 61x7, and 61x4 grid 

points to 101x19, 121x13, and 121x7 grid points, clearly affected results in the bypass region. 

However, the rest of the flow field appears to have been unaffected. Therefore, when forming 

the third computational grid, only the bypass region was refined. The labeled sections of the 

contour plots in Figure 5.36 indicate the axial velocity at specific locations within the 

computational domain. Using the second and third grids, results in Figure 5.36 appear identical. 

In Table 5.5, pressure and temperature ratios computed from simulations using the second and 

third grids also appear to be identical. Thus, based on the axial velocity contours in Figure 5.36 

and the computed total pressure and temperature ratios in Table 5.5, simulations with the second 

and third grids appear to have converged. The second grid was used for subsequent 

simulations. 

Prior to examining the details of simulated surge in the three stage fan, it was also 

necessary to establish time-convergence. By examining the simulated development of surge 

with two different integration steps, it was possible to demonstrate time-convergence. In Figure 

5.37, axial velocity contours are shown for three separate simulation time levels, 0.01, 0.05, and 

0.10 seconds. Using two different integration step sizes, Af=1.25E-5 seconds and Af=2.5E-5 

seconds, convergence was demonstrated. During simulation, the core exit boundary condition 

was ramped over 0.01 to 0.02 seconds of simulation time from a Mach number of 0.3362 to 0.2. 

The exit boundary from the bypass was held constant at a Mach number of 0.2. With the stage 

dynamic force first order time lag based on 1.5 rotor revolutions, this was sufficient to induce 

surge in the simulated fan. The first two plots in the figure, at simulation time of 0.01 seconds, 

show the steady-state condition. The second pair of plots is at a simulation time of 0.05 seconds 
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and the third pair is at 0.10 seconds. In each of the plots, the axial velocity contours indicate 

excellent convergence between simulations at the different time steps. Therefore, subsequent 

simulations were carried out at an integration time step size of 2.5E-5 seconds. 

. In Figure 5.37, at each time slice, a different scale was used to create contour levels. 

This was an effort to display as much detail in each time slice as possible. In a time convergence 

study, it is only comparison of the results for the two different integration step sizes that is 

relevant. Therefore, there is no benefit to consistent scaling. In fact, an effort to use consistent 

scaling, by displaying results at each time slice on a smaller range of the available shading, 

would have obscured the conclusions. 
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121x13 core core (throttled) 
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121x13 core core (throttled) 

Figure 5.35: Split flowpath. 3-stage fan. Computational grids. 
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Table 5.5: Three Stage Fan Upstream of Split Core and Bypass. Spatial Convergence 

Results. Second-Order Accurate Solutions (¢=1, x=1/3 MUSCL Differencing). 

  

  

  

              
  

  

     

    

    

    

    

    

  

Inlet Grid | Core Grid | Bypass Grid Normalized Total Total Pressure 

Residual Temperature Ratio 

log||RI\’ Ratio 

51x10 61x7 61x4 4 1.34 2.25 

101x19 121x13 121x7 4 1.36 2.46 

101x19 121x13 181x7 -3 1.36 2.46 

e 2 40 eo o . 160 120 140 1.0 ia 200 bypass 

51x10 Inlet and fan 

61x4 core core (throttled) 

bypass 

101x139 inlet and fan 

121x13 core core (throttled) 

bypass 

   101x19 inlet and fan 

  

   121x13 core core (throttled) 

Figure 5.36: Split flowpath, 3-stage fan. Spatial convergence results. Axial velocity 

contours on three grids. ¢=1, x=1/3 MUSCL interpolated FDSS. 
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Figure 5.37: Surge in split flowpath, 3-stage fan. Sequence of axial velocity contours 

with integration step sizes of 1.25E-5s and 2.5E-5s at simulation times of 0.01s, 0.05s, and 

0.10s. O[At’] integration. ¢=1, x=1/3 MUSCL interpolated FDSS. 

5.3.1.1 Dynamic Simulation 

With the establishment of spatial and temporal convergence, it was possible to study the 

capability of DYN2D by examining the surge and stall dynamics of the three stage fan with a split 

core and bypass downstream. As in the convergence study, the boundary and initial conditions 

were chosen to start the simulation at a steady-state operating point. Enough integration steps 

were performed at the steady-state condition to reduce the residual terms in the governing 

equations by four orders of magnitude. This steady-state convergence was established and has 

been summarized in Table 5.5. The simulation was started using the boundary conditions, time 

step, and grid noted in the convergence studies. The boundary conditions were held constant for 
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the first 0.01 second of simulation time. Then, the core exit Mach number was ramped down 

from 0.3362 to 0.20 over the next 0.01 second of simulation time. The stage-force time lag was 

based upon 1.5 rotor revolutions. 

In Figure 5.38 and Figure 5.39, the results of the simulation are shown in the form of 

velocity vectors on top of static pressure shaded contours. Figure 5.38 shows the entire 

computational domain. The inlet is on the left side of the picture. The core flow is in the lower 

right portion of the picture, and the bypass flow is in the upper right portion. In Figure 5.39, to 

give a better view of the flow detail, a close-up of the simulated splitter region has been shown. 

Once again, velocity vectors are laid on top of shaded pressure contours. Based on the results, 

the surge appears to have been driven by the pressurized volume in the bypass duct. Examining 

Figure 5.38, it appears that there is a reversal of flow in the bypass stream, above the splitter, at 

a simulation time of 0.05 seconds. The reversed condition at 0.05 seconds was repeated at 0.12 

seconds. The condition at 0.05 and 0.12 seconds of simulation time shows the full reversal of 

flow across the flow plane above the splitter. This may be seen more clearly in Figure 5.39 

where the view of the splitter region has been enlarged. It also appears that flow has reversed in 

the outer span of the fan region. The detailed flow shown in Figure 5.38 is reduced to a time 

trace in Figure 5.40, Figure 5.41, Figure 5.42, Figure 5.43, Figure 5.44, and Figure 5.45. Here 

the solution at the node closest to the center of the span just downstream of the splitter has been 

used. These time traces clearly show the reverse flow in the bypass and oscillatory flow in both 

flow paths. This condition does not appear to be classifiable as a “deep” surge, with a full reversal 

of flow and does not appear to be a classic “mild” surge either. A regular period has not been 

exhibited. 

Although the simulated phenomenon does not appear regular, it has the characteristic 

oscillatory flow of a surge cycle. This is clearly seen in Figure 5.40, Figure 5.41, Figure 5.42, 

Figure 5.43, Figure 5.44, and Figure 5.45. For the chosen grid and time integration step, the 
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solution has been verified with a convergence study. In addition, all solutions presented here 

were based on an integral formulation of the governing equations (Equation 4.1 and Equation 

4.2). If there have been no errors in computer coding of the numerical formulation, this should 

guarantee conservation of mass, momentum, and energy. Therefore, the presented solution, 

including aperiodic components, is deemed to be the correct solution to the governing differential 

equations. Perhaps this is a mixed mode of instability only possible in a fan system with a close- 

proximity split core and bypass region. Note that this configuration is common in modern aircratt 

engines. 
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Figure 5.38: Sequence of velocity vectors on top of static pressure contours. Simulated 

fan upstream of splitter. Core exit boundary ramped from Mach=0.3362 to Mach=0.2 over 

simulation time t=0.01s to t=0.02s. 
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Figure 5.39: Zoom in on splitter during simulated surge. Sequence of velocity vectors on 

top of static pressure contours. Core exit boundary ramped from Mach=0.3362 to 

Mach=0.2 over simulation time t=0.01s to t=0.02s. 
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Figure 5.40: Axial velocity at midspan of core flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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Figure 5.41: Axial velocity at midspan of bypass flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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Figure 5.42: Static pressure at midspan of core flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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Figure 5.43: Static pressure at midspan of bypass flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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Figure 5.44: Total pressure at midspan of core flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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Figure 5.45: Total pressure at midspan of bypass flow during simulated surge. Core exit 

boundary ramped from Mach=0.3362 to Mach=0.2 over simulation time 0.01 to 0.02s. 
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5.4 Axial-Circumferential Rotating Stall Preliminary Results 

Preliminary results of the rotating stall cell development and propagation model were 

obtained with DYN2D. These results demonstrate a capability of the modeling technique, but 

lack the completeness of a convergence study. Due to the lack of convergence, no claim can be 

made regarding the fidelity of the prediction. However, the results show the expected nature of a 

two-dimensional rotating stall cell and are based on an integral, upwind formulation of the 

governing equations. In addition, implicit time integration was used to improve the efficiency and 

robustness of the calculation. Therefore, the results demonstrate a new application of the 

numerical methods. 

To simulate rotating stall with the meridional streampath model, it was first necessary to 

initialize the flow field at a steady state condition near the stall inception point. The stall inception 

point was determined from the loss and turning curves used in the actuator disc relations. The 

loss and turning curves are shown in Figure 5.46. The stall inception point would be at an angle 

of attack where the loss begins to rise sharply with increasing angle of attack. At a slightly 

greater angle of attack, the ability of the airfoil to turn the flow is reduced as well. Based on 

Figure 5.46, the stall inception point was at an angle of attack of approximately 17 degrees. 

Thus rotating stall simulations were initiated by perturbing a converged, steady-state, 

axisymmetric condition at an angle of attack near 17 degrees. The perturbation used was a sine 

function superimposed on the meridional component of velocity throughout the flow field. The 

amplitude of the sine function was ten percent of the mean value of the meridional velocity at 

each meridional position. The perturbed flow field was evolved using the integration method 

described in the previous chapter. The initial angle of attack chosen was merely a guess. 

Therefore, the initial flow conditions were altered by opening or closing the simulated downstream 

throttle until the perturbed flow developed into a rotating stall. 
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Figure 5.46: Loss and turning relations used in simulation. 

Figure 5.47 shows the computational grid for the rotating stall simulation. The geometry 

was simple; a straight duct with an inner radius of 0.135m and an outer radius of 0.2245m. In the 

axial direction, the inlet area was 1.0m long; the rotor was 0.12m long; and the exit area was 

1.0m long. The rotor was simulated to operate at 8000 revolutions per minute. As in the work 

presented by Nowinski (1993), the rotor was assumed to consist of straight blades of infinite 

solidity at a stagger angle of 47.2 degrees. All boundary conditions were applied by first order 

extrapolation. At the inlet boundary, total enthalpy and total pressure were held constant 

(p,=101.3kPa, h=289.425 kJ/kg). At the exit boundary, a choked nozzle was simulated. The exit 

Mach number was conditionally held at 0.2075. At each control volume face on the exit plane, 

the exit static pressure necessary to give the specified exit Mach number was determined 
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algebraically. As long as the total pressure was sufficient to choke an imaginary nozzle 

downstream of the actual boundary, this was the case. The minimum total pressure necessary to 

choke the imaginary nozzle was a constant based on the ambient static pressure and the total to 

static pressure ratio of the ideal gas at Mach one (y=1.4: p, /p=1.893). During integration, when 

the total pressure at a cell along the exit plane was insufficient to choke a nozzle, the boundary 

condition reverted to static pressure held at the ambient value (p=101.3kPa). This exit boundary 

condition switch between Mach number and static pressure was computed on a control-volume 

by control-volume basis. Therefore, the static pressure along the exit boundary was necessarily 

nonuniform. 
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Figure 5.47: Computational grid for rotating stall modeling. 13x11 upstream of rotor. 

4x11 in rotor. 13x11 downstream of rotor. 

Figure 5.48 shows the velocity vectors superimposed on contours of static pressure 

during the evolution of rotating stall. The initial perturbation was applied at simulation time, t=0. 

After several evolutions, the perturbation evolved into a stall cell. The stall cell is identifiable in 

Figure 5.48. Within the stall cell, the velocity vectors are oriented in the direction of the rotor. 

Also, upstream of the cell, a high pressure region is evident, and, downstream of the rotor, a low 
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pressure region is evident. In Figure 5.48, it is apparent that the simulated stall cell propagated 

around the annulus at a frequency of approximately 7.5 percent of the rotor speed. 

The lack of convergence on successively refined grids must be overcome before the 

current model can become a useful analysis tool. However, the results appear promising, and 

the theory is based on previous work by Neuhoff (1986) and Nowinski (1993). In each of these 

efforts, convergence, independent of gridding and initial disturbances, was demonstrated. 

Therefore, it is estimated that more careful review of the methods of the previous researches 

should lead to development of a grid and disturbance independent model. 
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Figure 5.48: Rotating stall modeling. Sequence of velocity vectors on top of static 

pressure contours from t=0.00s to 0.2s. 
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6. Discussion and Conclusions 

It is interesting that this project evolved from a specific engineering modeling task to a 

numerical methods research project. Two-dimensional modeling of post-stall operation in a three 

stage fan was the original research goal of this project. However, solving partial differential 

equations is generally a difficult task, and solving the class of nonlinear partial differential 

equations typified by the Euler equations is particularly difficult. To account for the idiosyncrasies 

of post-stall performance in a compression system, the Euler equations were modified. This 

increased the level of difficulty associated with solving the governing equations. In retrospect, it 

is not surprising that extension of the one-dimensional model to two dimensions was difficult. 

Thus when the original research goal was put forward, more emphasis should have been placed 

on the development of a robust solution method, and less emphasis should have been placed on 

specific modeling results. The majority of the theory necessary to complete the model was, after 

all, associated with the field of computational fluid dynamics, not compressor dynamic behavior. 

6.7 Discussion 

Prior to initial development of DYN2D, a comparison of numerical flux computation 

methods was performed. This comparison used DYNMOD and DYN1D as test beds. In general, 

Euler solvers are evaluated on the merits of their physical basis, robustness in the presence of 

difficult problems, computational efficiency, and accuracy (Anderson 1985). Often solution 

methods are tested on their ability to capture and resolve shocks over very few grid points. 

There are no shocks present in the stage-by-stage modeling of flow through most axial 

compression systems. However, in the model, the flow does encounter discontinuities across 

single control volumes. These discontinuities involve a discrete change in mass, momentum, or 

energy, representing compression system stages, bleed flow, or heat addition. The physical 
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basis and accuracy of a solution are dependent on the method of spatial discretization, whereas 

the robustness, efficiency, and transient performance are also dependent on the time integration 

scheme chosen. In DYN1D and DYN2D, the method of numerical flux computation and source 

term evaluation constitute the spatial discretization. The physical basis for upwind 

discretizations, specifically Riemann-based methods, is solid. The diffusion term in FDSS 

included the addition of source terms and, therefore, was expected to be a better model of the 

physics than FDS, FVS or a central difference method. 

The ability to properly simulate the surge to rotating stall transition speed, surge cycle 

frequencies, and the thermodynamic performance of the compression system in post-stall were 

the main criteria for evaluation of the solution methods. The model based on MUSCL style FDSS 

and integrated with a four stage Runge-Kutta scheme met those criteria. Also, more physically 

acceptable and robust solutions were produced than with the original, MacCormack predictor, 

corrector based, model. Unlike the MacCormack based model, the upwind based models do not 

require tuning an artificial diffusion term to smooth the solution. Additionally, artificial viscosity is 

known to affect the tracking of transients such as surge cycles or stall cells. in the original, 

MacCormack form of the model, stable solutions were sensitive to the compression system flow- 

through geometry as well as the shape of the compressor stage characteristics. In addition, the 

governing equations contain nonlinear, first derivative discontinuous, source terms representing 

stage force and work which makes stability requirements on time step more restrictive than a 

standard compressible flow solution (Gear 1971). Therefore, it was necessary to develop a 

robust one-dimensional model before developing a multidimensional model. Assuming that a key 

to developing a more robust dynamic compression system model was to use a better 

representation of the governing equations, and because multidimensional extensions of Roe's 

flux difference splitting are well documented (Roe 1986) and straightforward, the MUSCL 

formulation of FDSS was the vehicle chosen to extend modeling to two-dimensions. 

159



With the axial-radial modeling technique, simulations of single and split flowpath systems 

were used to demonstrate the ability of the model to capture surge cycles and the annular 

averaged expression of rotating stall. With the meridional streampath method, the development 

and evolution of a rotating stall cell has been captured. However, convergence evaluation is 

lacking. In addition, every capability of DYN2D needs to be compared with actual test data. 

DYNMOD has been validated as an accurate model of post-stall compressor behavior. DYN2D 

is certainly grounded in the same physics as DYNMOD. Thus, it would seem that DYN2D will 

compare favorably with actual test data. 

6.1.1 Flux Difference Splitting with Source Terms 

Adding source terms to the formulation of flux difference splitting followed the 

presentation of flux difference splitting for quasi-one-dimensional flow by Roe (1986). The 

addition of the source terms modified the approximate wave strengths that correspond to the 

impetus behind wave motion in a one-dimensional sense. It seems clear that the proper wave 

strength approximation would be most important when the source terms are large relative to the 

actual flux difference. This is the case of unsteady flow. Therefore, it is not surprising that the 

when the dynamic compression system model formulated with FDSS was compared to the 

compression system model based on other numerical flux methods, the FDSS based approach 

appeared more robust and results exhibited less nonphysical noise. 

This extension of flux difference splitting to include the source terms was not, on the 

other hand, applicable to the meridional-streampath, pure rotating stall model. In this case, 

actuator disk terms were used to represent the effect of turbomachinery on the flow. The 

discontinuities caused by the actuator disks were applied in a similar manner to boundary 

conditions. They did not appear explicitly in the governing equations, and therefore, would not 

have appeared in the wave-strength vector of the Riemann form of the equations. Thus, if 
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applied to the meridional streampath equations, the method used to develop FDSS would have 

only included the geometric effects on wave motion. 

The MacCormack method used in DYNMOD is based on a coupled time and space 

integration scheme. Therefore, conversion of the dynamic compression system models to 

upwind differencing methods required the use of new time integration methods. Due to its 

simplicity, the first method used was a Jameson-style Runge-Kutta scheme. So, a truly direct 

comparison between the upwind flux computation methods and the MacCormack integration 

method was not possible. Rather, the quality of solutions obtained by the MacCormack scheme 

was compared with the quality of solutions obtained by Runge-Kutta integration of upwind 

schemes. It is the common practice in computational fluid dynamics research to integrate the 

MacCormack method in this fashion and compare results to upwind methods integrated with 

arbitrarily chosen time integration methods; for example, see van Albada (1982). 

All of the numerical flux forms appear to have captured the proper full recovery and surge 

cycle frequency. (See Figure 5.2 through Figure 5.9.) However, the smoother solution due to 

FDSS is not just more attractive. It is free of nonphysical oscillations that should not appear in a 

one-dimensional simulation of compressor surge. The diffusion added to FDSS is based on a 

formulation of the governing equations. Therefore, diffusion added by the flux splitting is 

arithmetically correct--one equation has been added to another equation. The use of the van 

Albada limiter also smoothed the solution. 

6.1.2 Equation Stiffness 

By definition, stiff source terms are those that change rapidly during evolution of the 

equations without affecting the solution. This is not strictly true of source terms in the 

compression system model. However, during time evolution of the model, source terms change 

quickly relative to other variables. The compression system related source terms are potentially 
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stiff. By a first order estimation, the stiffness is equal to the slope of the compressor stage 

performance characteristics. Steady-state stage characteristics may be discontinuous at stall 

and should be vertical at choking. During a surge simulation, the flow coefficient oscillates 

through the discontinuous portion of the stage pressure characteristic. The properties in the 

compression system cannot change instantaneously during a surge, yet the value of the source 

term will change very quickly depending on the time lag parameter. In addition, at choking, the 

stage characteristics are vertical. In a compressor, choking occurs relative to the motion of the 

rotor in the blade passages. However, short of a three-dimensional compressible flow simulation 

with moving boundaries, there is no first principle based mechanism to impose choking on the 

simulated flow. Instead, choking is imposed by discontinuously setting the force and work done 

in a choked stage to zero. Therefore, it is supposed that, in the compression system model, the 

stage characteristic source terms representing force are stiff. A traditional method of dealing with 

stiff source terms is the implicit formulation (Golub 1992). Unfortunately, implicit linearization of 

the compressor force and work source terms in the governing equations yielded inconclusive 

results, typified in Table 5.3. 

Solutions using the dynamic compression system model generally contain regions of very 

low Mach number flow. This can bring into question the validity of solutions. When compressible 

flow methods are applied to low magnitude Mach number flows, stiff equations result. The 

numerical formulation of the Navier-Stokes equations in regions containing very small (<<1) 

magnitude Mach numbers results in a stiff set of equations. In a physical sense, this stiffness 

can be interpreted as a result of the difference in wave speeds between acoustic information and 

convective information. The standard method of solving the Navier-Stokes equations is to evolve 

the solution in time. At each new time step the solution is integrated over a spatial domain, given 

a set of initial and boundary conditions. To within certain orders of time and spatial accuracy, this 

integration process should evolve the solution the same way the actual fluid would behave. The 
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wave nature of the Navier-Stokes equations indicate how this solution should evolve. In reality, 

waves propagate information simuttaneously throughout the fluid. The distance a wave travels in 

a given time is determined by its velocity. If the effect of viscosity is neglected, the velocity, 

magnitude and composition of these waves is described by the compatibility relations. Solution 

of the fluid equations attempts to propagate waves with some degree of accuracy throughout the 

domain. When some waves travel at very low speeds (for instance the waves traveling at the 

convective speed in low Mach number flows) and some travel at sonic or supersonic speeds (all 

“acoustic waves” as well as convective waves in high Mach flows), difficulties arise in time- 

marching, numerical solutions. Essentially, the optimal time step for evolving the slow moving 

waves is too great to allow the accurate modeling of the fast moving waves and vice versa. 

Standard computational fluid dynamics procedures used to model the simultaneous occurrence 

of high and low mach number regions result in an ill-conditioned solution matrix. Recent research 

suggests that some form of matrix preconditioning may alleviate the problem. A possible method 

for dealing with low Mach number flows while retaining the full compressible governing equations, 

is matrix preconditioning (Godfrey 1993). However, this is a topic of current research in steady- 

state simulations and may be applied to dynamic compression system simulations in the future. 

6.2 Conclusions 

New approaches and numerical methods for describing the dynamic behavior of 

compression systems were developed, and their relative merits were evaluated. 

e The new form of the one-dimensional dynamic compression system model (DYN1D) 

provides solutions in less computational time, is more robust, and exhibits less 

nonphysical noise than DYNMOD. 

° FDSS, flux difference splitting with source terms, is a useful extension of flux difference 

splitting. FDSS was beneficial in capturing compressor surge. 
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° All of the models developed, including the meridional-streampath rotating-stall cell 

evolution model (also DYN2D) were formulated with upwind finite volume computational 

fluid dynamics techniques. This is believed to be a new application of these methods. 

e The two-dimensional, axisymmetric model (DYN2D) provides a new, previously 

unobtainable picture of post-stall operation including surge in split flow-path systems. 

e DYN2D provides a tool for analysis of dynamic compression system behavior in most 

conceivable configurations, including split flow path systems. 

e Although the rotating stall cell simulation model has not been supported by a 

convergence demonstration, it provides a unique two-dimensional picture of rotating stall 

cell growth and frequency times, as well as other dynamics. 

6.2.1 Future of Post-Stall Modeling 

The question remains as to how much valuable information can be gained from this type 

of modeling technique. To create the performance curves used in modeling, both the axial-radial 

model and the meridional streampath model require that performance curves be either measured 

or predicted. Better computational techniques will lead to improved methods of creating 

performance curves. However, with improved computational resources and techniques, an 

alternative to steady-state performance curves may evolve, the opportunity to model the 

complete compression system from first principles. 

A model based on first-principles could be based on a three-dimensional Navier Stokes 

simulation of the fluid within the boundaries defined by the entire compression system, including 

moving boundaries representing rotor rows. This type of model would be immune to the error 

associated with measuring and predicting performance curves, and should also eliminate the 

assumptions necessary to allow dynamic interpretation of those curves. In some sense this is an 

extension of the Davis approach, with the caveat that no simplifying assumptions are made 
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beyond the acceptance of the fluid as Newtonian, the solid walls as rigid and impermeable, and 

the discretization required for solution. 

As of yet, a solution of the full, compressible, Navier-Stokes Equations for stalled flow in 

a rotor moving relative to some stationary blading and casing has not been published. The full 

solution of a single moving rotor blade row has been solved for unstalled flow. However, the 

development of rotating stall is caused by the growth of a separated region in a compressor. 

Therefore, in rotating stall or surge, the onset and development of a separated region must be 

modeled in detail. [t is known that certain conditions (an adverse pressure gradient and/or 

tuming) promote separation. Also, the accurate prediction of separation is dependent on 

capturing the effects of turbulence on conservation of momentum. The actual structure of 

turbulence is too fine to be captured on a reasonable computational grid. Therefore, in practice, 

modeling assumptions are made to add the effects of turbulence to the solution. Unfortunately, 

with current turbulence models, reported Navier-Stokes simulations have not demonstrated the 

ability to adequately predict the onset of separation. Until separation can be dynamically 

predicted without a priori knowledge of the flow solution, fully three dimensional blade to blade 

models are unlikely to be useful to capture post-stall flow. 

Another problem to be dealt with regarding post-stall Navier-Stokes solutions is equation 

stiffness. The flow field in a rotor during rotating stall contains a wide range of Mach numbers. 

For instance, some regions in a modem fan would be supersonic while others would be stagnant. 

Therefore flow Mach numbers of magnitude greater than one and much less than one exist in the 

same flow field, and the previously discussed problem of stiffness would have to be dealt with. 

Before a full Navier-Stokes model will be useful, there is much to be accomplished in the field of 

computational fluid dynamics. However, a two-dimensional Navier-Stokes simulation of rotating 

stall in a single stage was presented by Outa (1994), and clearly points the way for future post- 

stall modeling. 
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6.3 Summary 

Theory developed for the one-dimensional model DYNMOD has been used to develop a 

two dimensional model, DYN2D. Current computational fiuid dynamics modeling techniques 

were first applied in a one-dimensional model, DYN1D, and then, based on experience with 

DYN1D, a DYN2D was developed. DYN2D is capable of both axial-radial modeling, ideal for split 

flow path systems, and meridional-streampath modeling, suitable for capturing the development 

and evolution of rotating stall cells. The rotating stall cell model was developed based on 

previous work, but in this case, better computational methods were applied. The physics and the 

numerical techniques applied in the development of DYN2D have been established. The 

Capabilities of the models have been demonstrated. However, the comparison of predicted 

results with actual measured data is still necessary. 
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