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(ABSTRACT) 

The analysis, finite element approximation, and numerical simulation of some control 

problems associated with fluid flows are considered. 

First, we consider a coupled solid/fluid temperature control problem. This optimization 

problem is motivated by the desire to remove temperature peaks, i.e., “hot spots”, along 

the bounding surface of containers of fluid flows. The heat equation of the solid container 

is coupled to the energy equation for the fluid. Control is effected by adjustments to 

the temperature of the fluid at the inflow boundary. We give a precise statement of the 

mathematical model, prove the existence and uniqueness of optimal solutions, and derive 

an optimality system. We study a finite element approximation and provide rigorous error 

estimates for the error in the approximate solution of the optimality system. We then 

develop and implement an iterative algorithm to compute the approximate solution. 

Second, a computational study of the feedback control of the magnitude of the lift in 

flow around a cylinder is presented. The uncontrolled flow exhibits an unsymmetric Karman 

vortex street and a periodic lift coefficient. The size of the oscillations in the lift is reduced 

through an active feedback control system. The control used is the injection and suction of 

fluid through orifices on the cylinder; the amount of fluid injected or sucked is determined, 

through a simple feedback law, from pressure measurements at stations along the surface



of the cylinder. 

The results of some computational experiments are given; these indicate that the simple 

feedback law used is effective in reducing the size of the oscillations in the lift. 

Finally, some boundary value problems which arise from a feedback control problem are 

considered. We give a precise statement of the mathematical problems and then prove the 

existence and uniqueness of solutions to the boundary value problems for the Laplace and 

Stokes equations by studying the boundary integral equation method.
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Chapter 1 

INTRODUCTION 

We consider the analysis, finite element approximation, and numerical simulation of 

some control problems associated with fluid flows. First, we study the analysis, finite ele- 

ment approximation, and computation of a coupled solid/fluid temperature control problem. 

Second, we study the feedback control of Karman vortex shedding. Finally, we consider some 

boundary value problems which arise from a feedback control problem. 

1.1 Analysis, Finite Element Approximation, and Computation of a Cou- 

pled Solid/Fluid Temperature Control Problem 

The control of fluid motions for the purpose of achieving some desired objective is 

crucial to many technological applications. The optimal control of fluid flows is a rapidly 

developing subject which has been addressed recently by several authors. This interest is 

quickly expanding so that, at this time, flow control is becoming a very active and successful 

area of inquiry. Optimal control theory of distributed parameter systems has been studied 

by Lions ([81], [82] and [83]); he addresses the question of existence of an optimal control 

and the derivation of necessary conditions. Gunzburger, Hou and Svobodny ([54], [55], 

[56], [57], [58] and [59]) consider various optimal control problems in fluid mechanics and 

study mathematical and numerical problems such as the existence of optimal controls, 

necessary first order optimality conditions, the discretization of these problems by finite



element methods, and convergence and error estimates for the discrete problems. Many 

other publications provide analyses of various aspects of flow control problems; for examples, 

Abergel and Temam ((1] and [2]), Arumugan and Pironneau [7], Bristeau et al [18], Cuvelier 

([29] and [30]), Fursikov ((46], [47] and [48]), Ito and Desai [70], Li and Zhou [75], and 

Sritharan et al ([37], [105] and [106]). 

In Chapter 2, we consider a coupled solid/fluid temperature control problem. This 

optimization problem is motivated by the desire to remove temperature peaks, i.e., “hot 

spots”, along the bounding surface of containers of fluid flows. 

The major steps in the study of optimal fluid control and/or fluid optimization problems 

are as follows. 

1. Give a precise mathematical statement of the problem; in particular, one must specify 

the function classes in which one will seek optimal states and controls, as well as 

provide a description of the optimization objective and the constraints. 

2. Show that optimal states and controls exist, and provide information about their 

regularity. 

3. From the first-order necessary conditions holding at an extremum of the objective 

functional, and from the constraints, derive a system of equations, and perhaps in- 

equalities, that optimal controls and states satisfy. This system we call the optimality 

system. 

4. Devise schemes for the approximate solution of the optimality system. 

5. Deduce error estimates for the approximate solutions.



6. Develop computer codes implementing the algorithms devised for approximating so- 

lutions of the optimality system. 

Clearly, from a practical standpoint, the fourth and sixth of these studies are most im- 

portant. However, here we treat all six steps for a coupled solid/fluid temperature control 

problem which we now describe. 

We suppose that the regular bounded domain 2 in R? is made up of two sub-domains 

Q, and Q2 separated by an interface [,,. The state variables, i.e., the velocity u, pressure 

p, and temperature T, and the control g are required to satisfy the Navier-Stokes equations 

—vAud+(u-V)u+Vp=f inQa, 

the incompressibility constraint 

divu=0 inQb, 

with, for simplicity, the boundary condition 

u=h ond, 

and the energy equations 

—K, AT = Qi in OQ), 

~—K2AT + (u- V)T = Qo 4 2v(Vut Vu’): (Vu+ Vu") in Qe, 

with the boundary conditions 

= g onl,, 

= 0 ondQ/T, 

S1
3 
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where I, is a part of OQ on which control is to be effected. The data functions f, h, Q 

and Qz are assumed to be known. The constant v is the kinematic viscosity coefficient of 

the fluid, and the constants kK, and kg are the thermal conductivity coefficients in the solid 

and fluid respectively; see [103] for details. 

We wish to find an optimal control in order to meet a specified objective. For example, 

given a velocity field u, we would seek a temperature field J’ and a control g such that the 

functional 

1 K26 HD.) = 5 f w—TaP ave > flo? + Vea?) a 

is minimized subject to the energy equations with boundary conditions, where V, de- 

notes the surface gradient operator and Ty is some desired temperature distribution, e.g., 

something close to the average temperature along [, for the uncontrolled system. The 

non-negative parameters y and 6 can be used to change the relative importance of the two 

terms appearing in the definition of 7 as well as to act as a penalty parameter. 

In section 2.1, we give a precise statement of the mathematical model we have introduced 

above. In sections 2.2 and 2.3, we prove the existence and uniqueness of optimal solutions 

and derive an optimality system, i.e., a set of equations from which the optimal control 

and state may be determined. In section 2.4, we study a finite element approximation 

and provide rigorous error estimates for the approximate solution of the optimality system. 

Finally, in sections 2.5 and 2.6, we develop and implement an iterative algorithm to compute 

the approximate solution.



1.2 Feedback Control of Karman Vortex Shedding 

The phenomenon of vortex shedding behind bluff bodies is familiar since the days of 

Leonardo da Vinci, and has been studied systematically at least since the days of Strouhal 

[107]. Many important contributions have been made, and a partial list includes Karman 

[72], Karman and Rubach [73], Fage and Johansen ([35] and [36]), Kovasznay [74], Roshko 

(100], Tritton [112], Abernathy and Kronauer [3], Berger [14] and Gerrard [50]. Rayleigh 

[98] first pointed out that formation of the vortex street is related to an instability of the 

cylinder wake. Later, Kovasznay [74] attributed the vortex street formation entirely to 

the wake instability, based on experimental observations. The mechanism by which the 

wake instability leads to a vortex street formation has been illustrated by Abernathy and 

Kronauer [3]. They studied the instability of two infinite vortex sheets initially at a fixed 

distance apart using a numerical technique developed earlier by Rosenhead [99]. 

The understanding of vortex shedding from bluff bodies has advanced greatly in recent 

years. Provansal, Mathis and Boyer |97] and others showed experimentally that vortex 

shedding was the result of an initially linear wake instability. The current interest in con- 

sidering the absolute and convective nature of instabilities in wakes followed from concepts 

developed in the field of plasma physics and has been applied to free shear flows by Huerre 

and Monkewitz ([68] and (69]). It is now widely accepted that the observed Karman vortex 

street is the nonlinear limit cycle of a self-excited global instability - the behavior has been 

related to the existence of a finite region of absolute instability in the near wake. Schumm 

[102] has presented experimental support for this by showing that transient behavior follows 

very closely that predicted by the Landau equation. 

The Karman vortex street in the wake of a circular cylinder has been widely studied



during this century, and many of these studies have considered methods of altering the wake 

structure. This problem is of practical as well as academic importance because, particularly 

at higher Reynolds numbers, the shedding of vortices from alternate sides of bluff bodies 

is associated with strong periodic transverse forces that can damage structures. It was 

shown early that relatively small changes to the geometry such as adding a splitter plate in 

the near wake or surrounding the cylinder with a shroud can reduce the transverse forcing 

significantly; see, e.g., Price [95]. More recently, other methods of preventing or affect- 

ing vortex shedding have been demonstrated: steady or periodic suction or bleeding from 

the recirculation zone can prevent the vortex street from forming, as in various Reynolds 

number ranges can heating the cylinder, locating a small secondary cylinder in the near 

wake, imparting a large-amplitude transverse oscillation to the cylinder at an appropriate 

frequency or imparting a constant or periodically varying angular rotation to the cylinder; 

see, Wood [118], Bearman [12], Berger [15], Strykowski and Sreenivasan [108], Williams 

and Amato [116], Tokumaru and Dimotakis [111], Lecordier, Hamma and Paranthoen [78], 

and the review in Huerre and Monkewitz [69]. All of these are open-loop control meth- 

ods, control being achieved without the use of sensors. While there has been an enormous 

amount of effort put in the open loop control of vortex shedding, very little research has 

been undertaken in the area of feedback control of vortex shedding. 

Recent years have seen the active control of various unstable fluid mechanical and other 

system. The approach is generally to introduce feedback into the system with one or more 

sensors and actuators so that the combined system is stable. Instabilities that have been 

stabilized using active control include aerofoil flutter (Huang [66]), compressor surge (Ffowcs 

Williams and Huang [40]), reheat buzz (Langhone, Dowling and Hooper [77]), the Rijke tube 

(Dines [33]; Heckl [63]), and flow over cavities (Huang and Weaver [67]).



The possibility for feedback control of global oscillations was investigated analytically 

by Monkewitz [86], with reference to Berger’s earlier experiments. The conclusion was that 

stable flows could readily be destabilized by feedback, but that self-excited systems might 

only be able to be stabilized over a small range of Reynolds numbers above the onset of 

vortex shedding, because at higher Reynolds numbers the feedback necessary to stabilize 

the most unstable mode would destabilize higher modes. Monkewitz, Berger and Schumm 

[87] repeated Berger’s original experiment and confirmed that the variation of response at 

the sensor location with gain in the feedback loop agreed with their theoretical predictions. 

F flocs Williams and Zhao [41] considered independently the potential for suppressing vortex 

shedding using active control. They suggested that if vortex shedding was the limit cycle 

of an initially linear instability then active control, suppressing instability, should prevent 

vortex shedding. They performed experiments to test this hypothesis and observed that at 

Reynolds numbers between 400 and 10* control significantly reduced the vortex shedding 

frequency component. In addition they presented results indicating that the vortex street 

was suppressed significantly throughout the wake. All of these forcing mechanism can also 

be used as effective and potential means for the feedback control of vortex shedding as well 

as the open loop control. 

In Chapter 3, we study the efficacy of a simple feedback control law for the reduction 

of the magnitude of the lift. The context of our study is the full, nonlinear partial differ- 

ential equations for plane, unsteady, incompressible, viscous flow. The control mechanism 

used to attempt to the reduce the size of the lift oscillations is the injection and suction 

of fluid through orifices on the surface of the cylinder. The amount of fluid injected or 

sucked through the orifices is determined, using a simple feedback law, from the pressure 

“measured” at various stations on the cylinder. Thus, in the language of feedback control,



the sensor determines the pressure at various stations on the cylinder and the actuator 

injects or sucks fluid through orifices also on the cylinder. Other sensing and actuating 

mechanisms could also be used, e.g., the vorticity or tangential stress on the cylinder for 

sensing and rotation or shape modification of the cylinder for actuating. 

Once a feedback law has been chosen, the computational simulation of the resulting flow 

is essentially no more difficult to accomplish than is the similar task for an uncontrolled 

problem. Of course, arbitrarily chosen feedback laws may not be effective in meeting the 

stated goal of reducing the size of the oscillations of the lift. However, there is evidence 

that appropriate controls can be applied to achieve a reduction in the amplitude of the 

oscillations of the lift. For example, it has been observed that large forces, i.e., lift and 

drag, result from the small viscous forces acting in the vicinity of the surface of cylinder. 

This implies that small control mechanisms applied to the boundary layer can be effectively 

used to modify the generation of vortices and unsteady lift forces. This concept has been 

demonstrated by, e.g., Ffowcs Williams and Zhao [41]. 

The type of feedback laws used in our study are based on the observation that differences 

in the pressure on the top and bottom halves of the cylinder should give an indication of 

the asymmetric behavior of the lift. Such pressure differences are then used to determine 

how much fluid to inject or suck through the orifices. No attempt is made to systematically 

design an “optimal” feedback law, i.e., one that in some sense does the best possible job in 

meeting the objective. However, the computational results we have obtained indicate that 

the simple feedback law we use here is quite effective in reducing the size of the oscillations 

in the lift. 

In section section 3.1, we formulate the feedback control problem. In sections 3.2, 3.3, 

and 3.3, we provide computational results for the uncontrolled problem and for two different



arrangements of controls. 

1.3 Some Boundary Value Problems Associated with Feedback Control 

In Chapter 4, we will study some boundary value problems associated with feedback 

control theory. Feedback control involves constructing a control ¢ as a function of the state 

variables u or some observation of u. Let us consider the following problem as a example: 

—Au = f inQ, (1.3.1) 

u = b onTls, (1.3.2) 

Ou 
“u= b+ F(a -) g only, (1.3.3) 

  

where 2 is a nonempty simply connected domain in RN, N = 2 or 3, with a smooth 

boundary 0Q. =T; IT’, and [,, on which the sensors and actuators are located respectively, 

are portions of I’. For simplicity we let fT =I, UP, andl, NT, = ¢. In (1.3.1)-(1.3.3), f 

denotes a given source, b and g given functions defined on boundary, and 0/On the normal 

derivative to’. Also, F(-) is a given functional. The function g has a compact support in 

T,. Thus, in this example we have a control ¢ = F(Ou/On|r, )g. 

Since the above problem (1.3.1)-(1.3.3) is not a elliptic problem in the usual sense, we 

cannot use the general theory of elliptic equations. However, by using potential theory, we 

can prove the existence and uniqueness of the solution to problem (1.3.1)-(1.3.3). Specif- 

ically, we will use the boundary integral equation method which is closely related to the 

classical Green’s function method. 

In section 4.1, we give a precise statement of the mathematical problems we consider. 

We then study the existence and uniqueness of the boundary value problems for the Laplace 

and Stokes equations in sections 4.2 and 4.3, respectively.



Chapter 2 

ANALYSIS, FINITE ELEMENT 

APPROXIMATION, AND COMPUTATION OF 

A COUPLED SOLID/FLUID TEMPERATURE 

CONTROL PROBLEM 

2.1 Mathematical Modeling 

We suppose that the regular bounded domain 2 in R? is made up of two sub-domains 

Q, and Q2 separated by an interface [',,, with the result that Q = 0; UN2 UT y (see Figure 

2.1). The solid material occupies a sub-domain 0) having a boundary [T) Ulyg U3 UT y 

and the fluid flow occupies a domain Q2 having a boundary [, Ul, UI, Ul4. We have an 

inflow boundary I,, an outflow boundary IT, and a solid wall T,,. The geometry of all these 

boundary segments is prescribed, as is the inflow velocity u,. At the outflow, one can impose 

one’s favorite outflow boundary conditions. On the walls, we have the no slip boundary 

conditions for the velocity. Control is to be effected through adjusting the temperature 

along the boundary [,. The heat-flux is specified along the boundary [Ty UPgUT3UT4UPo. 

We assume that the flow is incompressible and convection driven so that buoyancy effects 

can be neglected, and thus temperature effects on the mechanical properties of the flow, 

i.e., the velocity and pressure, are negligible. We are interested in controls such that we get 

a desired temperature along ['y or a portion Tg C Ty, and thus we assume that the flow is 

stationary. Other combinations of control and controlled surfaces are also possible. 

10



Tr, 
  

  

    

Ty Solid Body Domain Q, T3 

ae tw 
> 

r, KH Fluid Flow Domain Q, r, 

-—_ 

rf NL 
Vy 

Figure 2.1: The domain 2 

As a result of our assumptions about the flow, the state variables, i.e., the velocity u, 

pressure p, temperature T’, and control g are required to satisfy the Navier-Stokes equations 

—vAu+(u-V)u+Vp=f in Qa, (2.1.1) 

the incompressibility constraint 

divu=0 inQas, (2.1.2) 

with, for simplicity, the boundary conditions 

u = h only, (2.1.3) 

u = 0 onT,UTL4, (2.1.4) 

Ou 
an = 0 onTo, (2.1.5) 

and the energy equations 

—_ Kk, AT = Q1 in Qy (2.1.6) 

11



— K2AT + (u- V)T = Qo + 2v(Vut Vul) :(Vu+ Vu?) in Qs, (2.1.7) 

with the boundary conditions 

T = g onl, (2.1.8) 

oT 
on 0 onT, ULgUT3ULP4UTs. (2.1.9) 

The data functions f, h, Q; and Qz are assumed to be known. The constant v is the 

kinematic viscosity coefficient of the fluid, and the constants «; and kg are the thermal 

conductivity coefficients in the solid and fluid, respectively; see [103] for details. 

Note that as a result of our assumptions about the flow, the mechanical equations 

(2.1.1)-(2.1.5) uncouple from the thermal equations (2.1.6)-(2.1.9). Indeed, (2.1.6)-(2.1.9) 

may be solved for u and p without regard of the temperature 7. Thus, in the present 

context, the velocity field u, which is determined by solving (2.1.1)-(2.1.5), merely acts as 

a coefficient function and in the source term in (2.1.7). 

We now define the optimal control problem. Our objective is, given a velocity field u, 

to seek a temperature field TJ’ and a control g such that the functional 

1 2 K26 2 2 JI(T, 9) = af |Z — Tq|° df + a (lgl- + |Vsg|~) av (2.1.10) 
Y ¥To Te 

is minimized subject to (2.1.6)-(2.1.9), where V, denotes the surface gradient operator and 

Ta is some desired temperature distribution, e.g., something close to the average temper- 

ature along [, for the uncontrolled system. The non-negative parameters y and 6 can be 

used to change the relative importance of the two terms appearing in the definition of 7 as 

well as to act as a penalty parameter. Incidentally, the appearance of the control g in the 

J is necessary because we are not imposing any a priori limits on the size of this control. 

It should be noted that the minimization of (2.1.10) can be interpreted as an approximate 

12



“controllability” result in the sense that one can control the solution to be “close”, i.e., in 

an L?—norm sense, to any desired distribution Ty. 

Under the realistic assumption that u-n = 0 on T, Ul4 and u-n > 0 on [9, we prove 

the existence and uniqueness of optimal solutions and drive an optimality system, 1.e., a set 

of equations from which the optimal control and state may be determined. Also, a finite 

element method is used to compute an approximate solution of the optimality system. We 

have also developed and implemented an iterative algorithm to compute the approximate 

solution. 

We close this section by introducing some of the notation used below. Throughout, 

C’ will denote a positive constant whose meaning and value changes with context. Also, 

H*(D), s € R, denotes the standard Sobolev space of order s with respect to the set D, 

where D is either the domain 22 , or its boundary I, or part of that boundary. Of course, 

H°(D) = L?(D). Dual spaces will be denoted by (-)*. 

Of particular interest will be the space 

H'(Q) = {S € L7(Q): <= €L?(Q) fork = 1,2} (2.1.11) 
k 

and the subspace 

Hp(2) = {8S € H1(Q):S=0 onTe}. (2.1.12) 

For functions defined on I'., we will use the subspace 

W(l.) ={g€ HUT.) : g=0 at Ph. NTy}. (2.1.13) 

Norms of functions belonging to H*(Q), H*(T) and H*(L,) are denoted by ||-|Is,9; ||-|ls,r 

and ||-||;1r., respectively. Of particular interest are the L?(Q)—norm ||- |lo,9, the semi-norm 

2 OT 
Tlie = do llo—llon (2.1.14) sa OF} 

13



and norm 

IT lio = ITite + IIT ll,0 (2.1.15) 

defined for functions belonging to H'(Q). Also, we are interested in the semi-norm | - |1,7, 

defined by 

ltr, =f WWegl? are (2.1.16) 

and the norm 

lIgliir. = Iglir. + Ilgllor. (2.1.17) 

defined for functions belonging to H1([,) and W(I,). 

We define, for (T'S) € L1(Q), 

(T, So = | TS dQ (2.1.18) 
2 

and, for (pq) € Li(L), 

(D,@)r = [ pq dT. (2.1.19) 

Thus, the inner product in L?(Q) is denoted by (-,-)o, that in L?(I) by (-,-)r. The notation 

of (2.1.18)-(2.1.19) will also be employed to denote the pairing between Sobolev spaces and 

their duals. 

We will use the bilinear forms, for i = 1, 2, 

a;(T, S) = Ke | VI-VSdQ YT,S € HQ) (2.1.20) 
Q; 

and 
2 

a(T, 8) = So ki | VT - VS dQ = ai(T, S$) +.a2(T, S), (2.1.21) 
i=l M4 

and the trilinear form 

c(u,T, S)a, = [ (u-VT)SdQ Vue HM) and VT,S € H'(M2). (2.1.22) 
2 
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These forms are continuous in the sense that there exist constants c; > 0 and c, > 0 such 

that, fori = 1,2 

lai(T,S)| <eillZIh,9, [ISlla, VT, 5 € H4(O), (2.1.23) 

|c(u, T, S)a.| S Ce|[Ul|1,22 [Zi 22 S| [a,0 (2.1.24) 

Vu € H'(Q2) and VT, S € H'(Q), 

and thus 

ja(Z’,S)] < lar (7, S)| + aa(T, S)| 

S ea\|T]haor |STh,a1 + callT IIa [STh0.2 (2.1.25) 

< (ce, +2)! lt. [1Slli0 VT, S € H1(Q). 

Moreover, we have the coercivity property, for 1 = 1,2, there exist constants C;, > 0 such 

that 

ai(T,T) > Ci|T |Z, VT ¢ H'(Q) (2.1.26) 

and thus 

2 

aT, T) = a,(T,T) + a2(T,T) > 5° Cil|T||7.9, = min(C1, C2)||T|IZ.a- (2.1.27) 
i=1 

2.2 The Optimization Problem and the Existence of Optimal Solutions 

We now give a precise statement of the optimization problem we consider. We will 

assume the domain 2 is in R? and consists of two subdomains 2 and MQ» such that N = 

0, UN, UTy,. Let g € W(I,) denote the boundary control and let T € H1(Q) denote 

the state, 7.e., the temperature field. The state and control variables are constrained to 
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satisfy the system (2.1.6)-(2.1.9) , which we recast into the following weak form: find 

(T,t) € H}(Q) x H~/2(L,) such that 

a(T, $) + c(u,T, S)p, — (t,5)r, =(Q,5)q VS e€ H'(Q) (2.2.1) 

and 

(T,R)r.-(9,R)r,=0 VREH(L,), (2.2.2) 

where we have introduced the simplifying notation 

Q1 in 4, 

Qo + 2v(Vu+ Vut):(Vu+ Vu?) in Qs. 

One may show that, in the distributional sense, 

t= KoVT - nlp. (2.2.3) 

In (2.2.1)-(2.2.2), we introduced the Lagrange multiplier ¢ to enforce the boundary condition. 

This will be very useful in the proof of error estimates for finite element approximations. 

First, we show that for each possible control function g, there is a unique corresponding 

state function (T, t). 

Lemma 2.2.1 For every g € W(I,), there exists a unique (T,t) € H'(Q) x H~'/2(L,) such 

that (2.2.1)-(2.2.2) are satisfied. Moreover, there exists a constant C = C(Q) such that 

[Tll1,0 + [léll-ajar. S C(Qll-1,0 + llgtlar.)- (2.2.4) 

Proof. For given g € W(T,), (2.2.1)-(2.2.2) is equivalent to 

a(T, S) +c(u,T,S)p, =(Q,5)q VS € Hp(Q), (2.2.5) 

T=g9 on T, (2.2.6) 
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and 

t = «VT - nlp, (2.2.7) 

in the distributional sense. By the virtue of the trace theorem, let T' in H!(Q) satisfy T’ = g 

on I, and examine the following problem: find T in H!(Q) such that 

T-T € HL(Q), 

a(T —T,S)+c(u,T —T,S)o, (2.2.8) 

= (Q,5)9 —a(T,S)—c(u,T,S)a, VS € Hp(O). 

Lett T=T-Te H},(Q). From the assumption of u, i.e., u-n = 0onT,UT4 and u-n>0 

on I'4, we have that 

~ 1 ~ 
cu,?,T)o, = = | (u-n) 7? dv (2.2.9) 

2 Jan, 
1 ~ 

= 5 (u-n) T? dT 
2 Jr, 

> 0. 

Thus, we have 

a(T, T) + c(u,T,T) a, = min(C1, C2)||T||Z.9- (2.2.10) 

Therefore, by the Lax-Milgram theorem there is a unique TEH 4 (Q) and there is unique 

T=T+T € H\(Q) and the estimate 

IT |] < CUNQI|-1,0 + IIglliar.) < CUI@I||-1,9 + Ilglhyr.) (2.2.11) 

holds. From the trace theorem and the theory of partial differential equations (see [8]), we 

have 

Well-ajar. S C(IIT [1,0 + [!Q2l|-1,02) < C(IIZ II,2 + [!Qll-1,9), (2.2.12) 
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where Qo = Qo + 2v(Vu+ Vu’) : (Vu+ Vu’). Then, (2.2.4) follows from above two 

estimates. O 

The admissibility set Ugg is defined by 

Ua = {(T,g) € H'(Q) x WIT) : J(T,g) < 00, and there exists a (2.2.13) 

t € H~/*(P,) such that (2.2.1)-(2.2.2) is satisfied}. 

Then, (T »9) © Ugg is called an optimal solution if there exists « > 0 such that 

I(T,§) < F(T,9) V(T,9) € Usa satisfying |[T — TI, + |lg— Gir. <¢. (2.2.14) 

We now show the existence and uniqueness of optimal solutions. 

Theorem 2.2.2 There exists a unique optimal solution (T,, g) € Uaa- 

Proof. We first claim that U,4 is not empty. Let g = 0 and then let (T,g) € H!(Q) x W(I,.) 

be a solution of (2.2.1)-(2.2.2); note that with g = 0, (2.2.1)-(2.2.2) is equivalent to 

a(T, S)+c(u,T,S)e, =(Q,5)q VS € HE(O), 

T=0 only, 

and 

t= K2VT - nlp, (2.2.15) 

in the distributional sense. By Lemma 2.2.1, T’, and therefore t, exists and (T, 0) € Unga. 

Now let {T7™), g(")} be a sequence in Ugg such that 

a(T™, S) + c(u, T™, S)a, — t™, S)r. = (Q,5)Q VS € H1(Q), (2.2.16) 
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(T™,R)p.— (9, Rr. =0 VRE H-?(L,), (2.2.17) 

and 

li T™) | ("))— nf T,9), fim, F(T) = int, IE 9) 

for some t™ € H-'/2(L,). Then, using (2.1.10) and (2.2.13), we have that {|\g™ ||1,r,} is 

uniformly bounded which in turn yields that {||T™]|,} and {||t™||_, /2,r,$ are uniformly 

bounded. We may then extract subsequences such that 

gy + gin W(Ce) 

T™ = Pin HQ) 

{™ —. ¢in H-/2(P,) 

T™ = Tin L?(Q) 

TO, 7 Tp, in L*(Tg) 

for some (T,g) € H1(Q) x W(L,). The last two convergence results above follow from the 

compact imbeddings H!(Q) c L?(Q) and H/?([,) c L?(f,). We may then easily pass to 

the limit in (2.2.16)-(2.2.17) to determine that (T’, g, é) satisfies (2.2.1)-(2.2.2). Now, by the 

weak lower semicontinuity of 7(-,-), we conclude that (T',g) is an optimal solution, i.e., 

JI(T,9)= inf J(T,9). 
( §) (T,9) EUad ( 9) 

Thus, we have shown that an optimal solution belonging to Ugg exists. Finally, the unique- 

ness of the optimal solution follows from the convexity of the functional and the linearity 

of the constraint equations. DO 

Let 

a a) 
L= 2 Fe Le Be) + de 

i=1 
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be a differential operator of the second order in divergence form on an open set 2 of R?. 

We introduce the bilinear differential operator associated with L 

2 2 

L(T,S)= 3° Cisse oe + ages. 
ij=l ia OR 

Now, setting 

Ky, on Qh, 
aii = 422 = 

Kg on Qo 

Qaj2 = a2] = 0 on Q2, 

0 on Qi, 
CQ = 

U;i on Qo, 

where u = (uj, U2), we have the following theorems. 

(2.2.18) 

(2.2.19) 

(2.2.20) 

(2.2.21) 

Theorem 2.2.3 Let T be the solution of (2.2.5)-(2.2.6) and let T, and T) be the restrictions 

of T to Qy and Qy, then T, and T2 are solutions of the transmission problem 

a1(T1, 51) = (Q1,Si)a, VS: € H*(O,), 

a2(T2, S2) + c(u, T2, S2) = (Q2,S2)a, VS2 € HE(Q2), 

Ty=g onl, 

Proof. For the proof, see [32]. O 

(2.2.22) 

(2.2.23) 

(2.2.24) 

(2.2.25) 

(2.2.26) 

Theorem 2.2.4 If we suppose the restrictions of Q in (2.2.5)-(2.2.6) to 01 and Q2 are 

C™(Q;UTy) and C(Q2UT,), respectively, and g € C™, then every solution in H+(Q) of 
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(2.2.5)-(2.2.6) has its restrictions T,, Tz to N, Q2 belong to C*(Qy UT y), CP(Q2 UT w), 

respectively, and therefore in particular, the result applies to the solutions of the transmission 

problem (2.2.22)-(2.2.26). 

Proof. For the proof, see ([31], Proposition 9, p592 ). O 

We define the space H 5(Q) for s > 1 by 

H*(Q) = {T € H*(Q) : |ITllqs(q) < ©}; (2.2.27) 

where 
2 

IT «ey ~ Tealizeeey +>) IT er2(@,): (2.2.28) 
i=1 

Theorem 2.2.5 Let T € H+(Q) be the solution of the problem (2.2.1)-(2.2.2). Then, we 

have 

IIT LAr2¢@) + leave) < C||Q|| H0(a)- (2.2.29) 

Proof. For the proof, see ([9], Theorem 8.5.1). O 

2.3. First-Order Necessary Conditions for the Optimal Solution and an 

Optimal System 

We now proceed to derive the first-order optimality conditions associated with problem 

(2.2.14). The optimal control problem (2.2.14) is equivalent to the following minimization 

problem: find g € W(I,) such that K(g) := 7(T'(g),g) is minimized where T(g) € H'(Q) is 

defined as solution of (2.2.1)-(2.2.2). By studying the Gateaux derivative of the functional 

K(g), we can obtain the first-order necessary conditions for the optimal solution (T, g) ina 

straightforward manner. Let g be a solution of the minimization problem min,cwir,) K(g), 
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then for every z € W(T.) we have 

VAE R, K(g + Az) > Kg) (2.3.1) 

due to the definition of g. In particular, we have, 

  

VA > 0, Mata) = S) > 0 (2.3.2) 

and, 

VA <0, Mos) Bo) <0 (2.3.3) 

which implies that the Gateaux derivative of K(g) 

aK(G) _ AT(T(9),9) _ 6 034 
dg dg 

Lemma 2.3.1 The mapping g — T(g), from W(I) into H1(Q), has a Géteaux derivative 

(dT(g)/dg) - z in every direction z € W(T.). Furthermore, (dT'(g)/dg) -z = V(z) is the 

solution of 

alV,S)+c(u,V,S)o, —(n,5)=0 WS € H'(Q), (2.3.5) 

(V,R)r. =(z,R)r, VRE H-?(L;). (2.3.6) 

Proof. It is immediate from the linearity of (2.2.1)-(2.2.2). O 

Now, we derive an optimality system from the first-order necessary condition (2.3.4). 

For each fixed g, the derivative dK(g)/dg - z for every direction z € W(T,) may be easily 

computed 

dg Te Y /To 
1 

= 26(Vg, Vz)r, + k26(9,2)r. + a(t —Ta,V)r,, 

Vz Ee W(I.), 
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where for each z € W(T,), V € H'(Q) is the solution of (2.3.5)-(2.3.6). 

Let (T,t) € H1(Q)x H-'/2(L,) be the solution of (2.2.1)-(2.2.2) and let (6,7) € H1(Q)x 

H~*/2(T.,) be defined as the solution of the adjoint problem 

1 
a(Z, ®) + c(u, Z, ®)g, + (7, Z)p. = 5, T—Ti)p, VZ€H'(9), (2.3.8) 

(W,®%)r,=0 VWWe H7(L,). (2.3.9) 

Setting S = ® in (2.3.5)-(2.3.6) and Z = V in (2.3.8)-(2.3.9), we have that 

1 
(7,2)r. = yr — Ta)r.- (2.3.10) 

Thus, from the necessary condition (2.3.4), we see that the optimal value of the control g 

satisfies 

1 
(V9, Vz)r. + (9,2)r. = —aa lr, zr, VzE WL). (2.3.11) 

2 

Collecting the above results, we obtain the optimal system 

a(T, S) +c(u,T, S)e, — (t,5)p, =(Q,5)a VS € H'(Q), (2.3.12) 

(T,R)r,-(9,R)r,=0 VRE HA V?(L,), (2.3.13) 

a(Z, ®) + c(u, Z,8)o, + (7, Z)r. = “(2 T-Tir, VZ€ H(O), (2.3.14) 

(W,%)p,=0 VWe HV (P,) (2.3.15) 

and 

(V9, V2)r. +(92)r. = a(n 2)r, We € WIE). (2.3.16) 

Integration by parts may be used to show that the system (2.3.12)-(2.3.16) constitutes 

a weak formulation of the boundary value problem 

— KAT = Qi in QQ, (2.3.17) 
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— KAT + (u- V)T = Qo + 2v(Vut Vu‘) : (Vu+ Vu?) in Qo, (2.3.18) 

T=g onl, (2.3.19) 

—KAd=0 ind, (2.3.20) 

—KAG—-(u-V)@=0 = ing, (2.3.21) 

S=-0 only, (2.3.22) 

” _ at _T,) onTy (2.3.23) 

and 

—Asg+g= ;Vo ‘nip. on Is. (2.3.24) 

2.4 Finite Element Approximation and Error Estimates 

A finite element discretization of the optimality system (2.3.12)-(2.3.16) is defined as 

follows. One may choose families of finite dimensional subspaces Vj’ C H14(Q1), Vf Cc 

H1+(Q2) such that V;*|p,, = Vi|r,,. These families are parameterized by the parameter h 

that tends to zero; commonly, this parameter is chosen to be some measure of the grid size in 

a subdivision of Q into finite elements. Let V? = ViUVE and Oh = V>ly., i.e., O? consists 

of the restriction, to the boundary I,, of the functions, belonging to V". For all choices 

of conforming finite element spaces, we then have that V? c H!(Q) and O? c H-'/?(T,). 

Again, for all choices of conforming finite element spaces V” we have that O” c H1(I,). Let 

N? = OO W(L,). For the subspaces Vj", V, O" and Ni, we assume the approximation 

properties: there exist an integer k and a constant C’, independent of h, 7), To, t and g, 

such that 

pint, (Zi Ti'|l, < Ch™||Tillmtio VTi ¢ H™*1(Q1), lS m<k, (2.4.1) 
1 1 
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inf |[T2—Ty'|h1 < Ch" ||Ta|lmaia. VI2 € H™*(Q2), 1<m<k, (2.4.2) 
TREV, 

jing, (lé-t"\|_aep, < Ch t\lm—1yar, Vee H™-7(E.), 1<m<k (2.4.3) 
tre 

and 

inf |lg—9" llr. S$ CRT IN glImssjare V9 EW(Ee), 1Sm<k, OSs <1. (2.44) 
gr EN5 

A finite element algorithm for determining approximations of the solution of the opti- 

mality system (2.3.12)-(2.3.16) is as follows: seek T’ € V", t? € OF, gh ce NE, Be ev? 

and 7" € O* such that 

a(T", 8") + c(u,T", S")g, — (t”, S*)p, = (Q, 5") VSP ev", (2.4.5) 

(T",R")p, — (9°, Rr, =0 RE O*, (2.4.6) 

26(g", K")p, + 626(V 59", VsK")r, = -(K",7")p, VK" © NG, (2.4.7) 

1 
a(Z", &") + c(u, Z", ®")o, + (Z",7")p, = —(2",T" ~ Tap, VZ" eve (2.4.8) 

Y 

and 

(W",o")\, =0 VWwreo?. (2.4.9) 

The major task in this section is to obtain error estimates for the finite element approx- 

imations. It turns out to be convenient to apply the Brezzi-Rappaz-Raviart theory [17], 

even though our problem is linear. Before doing this, let us introduce the Brezzi-Rappaz- 

Raviart theory which concerns the approximation of a class of nonlinear problems. The 

nonlinear problems considered in [17] and [27] are of type 

F(t) =¥+TGQ,%) =0 (2.4.10) 

where T € L(Y; X), Gis a C? mapping from A x X into Y, X and Y are Banach spaces and 

A is a compact interval of R. We say that {(A,w(A)) : A € A} is a branch of solutions of 
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(2.4.10) if X — w(A) is a continuous function from A into X such that F(A, v(A)) = 0. The 

branch is called a nonsingular branch if we also have that Dy F(A, p(A)) is an isomorphism 

from X into X for all A € A. (Here, Dy F(-.,-) denotes the Frechet derivative of F(.,-) with 

respect to the second argument.) 

Approximations are defined by introducing a subspace X" C X and an approximating 

operator T” € L(Y; X"). Then we seek w" € X" such that 

Fh") sv +T"GO,y") =0. (2.4.11) 

We will assume that there exists another Banach space Z, contained in Y, with continuous 

imbedding, such that 

DyGO,v) € L£(X;Z) VAEA and Pex. (2.4.12) 

Concerning the operator T”, we assume the approximation properties 

lim \(T" —T)y||lx =O Wye Y (2.4.13) 

and 

lim ||(Z? — T)lleczixy = 0. (2.4.14) 

Note that (2.4.12) and (2.4.14) imply that the operator DyG(A, ~) € £(X;X) is compact. 

Moreover, (2.4.14) follows from (2.4.13) whenever the imbedding Z C Y is compact. 

We now state the first results of [17] and [27] that will be used in the sequel. In the 

statement of the theorem, DiG represents any are all second Frechet derivatives of G. 

Theorem 2.4.1 Let X and Y be Banach spaces and A a compact subset of R. Assume 

that G is a C? mapping from A x X into Y and that D?G is bounded on all sets of Ax X. 

Assume that (2.4.12)-(2.4.14) hold and that {(A, ¥(A)) : 4 € A} és @ branch of nonsingular 
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solutions of (2.4.10). Then there exists a neighborhood O of the origin in X and, for h < ho 

small enough, a unique C? function \ > w"(A) € X" such that {(A, W"(A)) : AE A} is a 

branch of nonsingular solutions of (2.4.11) and w"(A) — H(A) € O for all X € A. Moreover, 

there exists a constant C' > 0, independent of h and X, such that 

Ie" (A) — POI Lx < CI" - TIGA YOA)IIx VAEA Oo (2.4.15) 

For the second result, we have to introduce two other Banach spaces H and W, such 

that W Cc X C H, with continuous imbeddings, and assume that 

for all w € W, the operator DyG(A, w) may be 

extended as a linear operator of C(H;Y), (2.4.16) 

the mapping w — D,G(,, w) being continuous from W onto L(Y; H). 

We also suppose that 

lim |\(T" — T)llcqrsen = 0. (2.4.17) 

Then we may state the following additional result. 

Theorem 2.4.2 Assume the hypotheses of Theorem 2.4.1 and also assume that (2.4.16) 

and (2.4.17) hold. Assume in addition that for each X € A, (A) € W and the function 

A — (A) is continuous from A into W and for each € A, Dy F(A, P(A)) is an isomorphism 

of H. Then, forh < hy sufficiently small, there exists a constant C, independent of h and 

A, such that 

Ib" (A) — BAY < CIT" — TGQ, dO) Ilex + IY") — LE) (2.4.18) 

VAEA. O 
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We now introduce some spaces and operators, and verify the requirements of the Brezzi- 

Rappaz-Raviart theory. In the following discussion, the constants «1, Kg and 6 will be held 

fixed. Thus, the system (2.3.12)-(2.3.16) and (2.4.5)-(2.4.9) depend on the single parameter 

y. 

Let X = H1(Q)x H-V2(P,) x W(P,) x H1(Q) x H-V2(P,), Y = (A1(Q))* x H-V2(P,) x 

(H1(Q))* and Z = L?(Q) x L?([,) x L*(f,). Let the operator B € L(Y, X) be defined as 

follows: B(Q, 0, P) = (T,t,g,®,7) for (Q,9, P) € Y and (T,t,g,®,7) € X if and only if 

a(T, S) + c(u,T, S)o, — (t,$)r, = (Q,5)a VS € H1(0), (2.4.19) 

(T,R)r, —(0,R)p, =0 VRE H~/(L,), (2.4.20) 

K26(9, K)r, + k26(Vsg, VsK )r, = —(K,T)r, VK € W(T>), (2.4.21) 

a(Z,®)+c(u,Z,®)o, + (Z,7)r, =(Z,P)q VZ€ H*(Q) (2.4.22) 

and 

(W,®)p,=0 VWe H-V2(Q). (2.4.23) 

Note that this system is weakly coupled. First, one may separately solve the problems 

(2.4.19)-(2.4.20) for T and ¢ and (2.4.22)-(2.4.23) for ® and 7; then, one may solve the 

Laplacian problem (2.4.21) for g. 

Let X’ = V" xO? x N?xV"xO*. Analogously, the operator B’ € L(Y; X") is defined 

as follows: B"(Q,0, P) = (T",t”, 9g", ®”,7") for (Q,0, P) € Y and (T",t”, g*, ®,7”) € xX? 

if and only if 

a(T”, S") + c(u,T", S")o, — (5) r, =(Q,5"a VS" EV", (2.4.24) 

(T",R")p, — (©, Rp, =0 VRP EOF, (2.4.25) 
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K26(g", K")p, + K26(V 59", Vek), = —(K",7")p, VK ENG, (2.4.26) 

a(Z", &") + c(u, Z", ®")o, + (2.7%) p, =(Z", PQ VZ% eve (2.4.27) 

and 

(wW*, ©), =0 vwreor. (2.4.28) 

The system (2.4.24)-(2.4.28) is weakly coupled in the same sense as the system (2.4.19)- 

(2.4.23). 

Theorem 2.4.3 The second order elliptic problem (2.4.19)-(2.4.23) has a unique solution 

belonging to X. Assume that (2.4.1)-(2.4.4) hold. Then the discrete second order elliptic 

problem (2.4.24)-(2.4.28) has a unique solution belonging to X". Let (T,t,g,®,7) and 

(1",t”,g",", 7") denote the solutions of (2.4.19)-(2.4.23) and (2.4.24)-(2.4.28), respec- 

tively. Then we have that 

F— 7" | + \|t - #\|_aer. + ||9 — 9" |r. + \|@ ~ ©" ||, + ||7 —F"\|_qar, —>0 as h—0 

(2.4.29) 

In addition, if (T,t,9,®,7) € H?(Q) x H'/?(P.) x H?(P.) x H?(Q) x H*/2(P,), then 

WP — Ps + [EP |ayore + Ul — Flan. +B — OI $F —F"ll_ayow, (2.4.30) 

S CHIT |l (ay + lIPll aaa): 

Proof. First, it follows from 2.2.1 that the two second order elliptic problems (2.4.19)- 

(2.4.20) and (2.4.22)-(2.4.23) each have a unique solution (T,t#) and (,7) belonging to 

H'(Q) x H-‘/2(L), respectively. From the Babuéka’s theory, the discrete second order 

elliptic problems (2.4.24)-(2.4.25) and (2.4.27)-(2.4.28) each have a unique solution (T”, ¢”) 

and (6" 7") belonging to V" x O”, respectively. Moreover, we have that 

IF — Th + flé— el -aar. > 0 (2.4.31) 
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and 

Io — O" |], + ||F -— 7" |_1or, 2 0 (2.4.32) 

as h — 0, and if in addition (T,t) € H?(Q) x H'/?(.) and (®,7) € H?(Q) x H'/?(L,), we 

have that 

|P— T+ [E-PLayer. < ChIIF Il gays (2.4.33) 

|B — Ff. + [IF — Fl] apr. < CAIIB|l gacqy- (2.4.34) 

Note that the problem (2.4.21) is a well-known equation. Thus, we have that the problems 

(2.4.21) and (2.4.26) both have unique solutions and that 

Idler. S Cll*lliyar. S Cll€llaecay: (2.4.35) 

9-H lure S$ C(llG - G' lhe + MF -Fll-ayar.) VG" © NG. (2.4.36) 

Using (2.4.4), (2.4.31) and (2.4.32) we then have that 

\I§-9" Ihr. 0 as h—0, (2.4.37) 

and using (2.4.4), (2.4.33) and (2.4.34), we conclude that 

IG — 9" lar. < CAI®ll A2¢q)- (2.4.38) 

Then, (2.4.31), (2.4.32) and (2.4.37) yield (2.4.29), and (2.4.33), (2.4.34) and (2.4.38) yield 

(2.4.30). O 

Let A denote a compact subset of Ri. We define the operator G from A x X to Y 

as follows: G(y, (T,t, 9, ®,7)) = (Q, 9, P) for every (Q,9, P) € Y and (7, (T,t,g, ®,7)) € 

A x X if and only if 

~ 

(Q,S)e = —(Q1, S)a, — (Q2,S)a, VS € H4(Q), (2.4.39) 
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(0, R)r, =(-9,R)r, VRE H7V*(L,) (2.4.40) 

and 

(P, Z)o = -<(ZT Tr, WZ HQ), (2.4.41) 

where Qo = Qo + 2v(Vu+ Vu’) : (Vu+ Vu"). The operator G is obviously of class C®™. 

The derivative of G with respective to (Tt, g, ®, 7), which we denote by Gx (7, (T,t, g, ®,7)), 

can be defined as follows: 

1 

Gx (7, (T, t, g, ®,T)) = (0, “9 57) (2.4.42) 

for every (7, (T,t,g,®,7)) € A x X. Furthermore, G(y, (T,t,g,®,7)) € L(X, Z). Since A 

is a compact interval in Ry and the constant kK is fixed, we see that G and it’s first and 

second Frechet derivatives and all locally bounded maps. 

It is easily seen that the optimality system (2.3.12)-(2.3.16) is equivalent to 

(T,t,g,®,7) + BG(y, (T,t,9g,®,7)) =0 (2.4.43) 

and that the discrete optimality system (2.4.5)-(2.4.9) is equivalent to 

(T,t", go", Br") + BYG(y, (T",t", 9", ©", 7") =0. (2.4.44) 

Now, having verified the hypotheses of the Brezzi-Rappaz-Raviart theory, we may use 

that theory to deduce the estimate 

IT —Tf. + [tC aor. + lle — atl. + — Op llr —7llajor. (2.4.45) 

< CA(IIT | lA2(qy + I Pllz2 (ay): 

We also have, from Theorem 2.5, applied to (2.3.12)-(2.3.16), the regularity estimates 

I hiecay + lltllryasre + allure + lll + lithe (2.4.46) 

< C({[Q[lo + ||Zall12,r,)- 
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The combination of (2.4.45) and (2.4.46) results in the following error estimates. 

Theorem 2.4.4 Let (T,t,®,7T) be the solution of (2.3.12)-(2.3.16) and let (T", t", &”, r”) 

be the solution of (2.4.5)-(2.4.9). Assume that T,® € H?(Q); also assume that (2.4.1)- 

(2.4.4) hold. Then, 

IZ — Ta + [le t"|Layar. + lg — 9" llr. + HE — Oh + [le — 7 lL-ayar, (2.4.47) 

< CA(lQllo + ||Zallay2,r.), 

where C' is independent of h, T, ®. 

We note that higher order estimates are possible if T is smooth in each sub-domain (; 

and Q» . For example, if (T,t,g,®,7) € H™(Q) x H™9/2(P,) x H™-/?2(L,) x H™(Q) x 

H™~3/2(T..) where m > 3 and if the finite element spaces V,’ and Vi are chosen to be 

piecewise quadratic polynomials on a triangular mesh such that V/* = vee on I, then we 

have 

T= Tha + it |ayor. + lg — 9" llare + MP — Oh + [lr — 7" ll-ayar. = O(h?). 

2.5 Numerical Algorithm 

Let us consider the gradient method for the following minimization problem: find g € 

W (I) such that K(g) := 7(T(g),g) is minimized where T(g) € H1+(Q) is defined as solution 

of (2.2.1)-(2.2.2). 

The classical Simple Gradient Algorithm proceeds as follows: 

Given g); 

1 dK(g™) 
define g™*) = g™ — K26 dg 

recursively. (2.5.1) 
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Recall from section 2.3 that for each fixed g, the derivative dK(g)/dg - z may be computed 

dK(g) 1 
dg ‘2 k26(—Agg +9; Zz) + a(t — Ta, V)r, VzZeE W(T-), 

where for each z € W(T,), V € H}(Q) is the solution of 

a(V,S)+c(u,V,S)o, =0 VS € HEM), 

  

  

  

  

V=z on [-. 

From (2.3.13), we see that 

O® 1 
—K25— = —(V,T —Tg)r,. (“Kaa 2)Pe WM dT o 

Thus, (2.5.1) may be replaced by 

for n = O,1,2,..., 

(n) set g™D = gi) — = (m6(- Ag” +9) — 192” ) 
K26 On T. 

108) = Ag += 
sJ + 6 On rr. 

where 6) is determined from g( through the relations 

a(7™, S) + c(u, T™, S) =(Q,S) VS € Hp(Q), 

T™ =g™ on To, 

and 

a(Z, 6) + c(u, Z,6) = “(2 T”) Typ, VZ€ H4(Q), 

o™ —=9 on Ty. 
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Therefore, we have that the gradient algorithm results in the following iteration: 

Choose g); 

for n =1,2,3,..., solve for T™ and 6™) from 

a(T, S) +e(u, T™, 8) = (Q,S) VS € Hp(O), 

Tin) — g”) on Ts, 

and (2.5.11) 

(n) (n)) — Lez pm) 1 a(Z, ®"’) + clu, Z, 8’) = At —Ta)r, VZ€ Hp(Q), 

@™—=90 on Ty, 

then solve for g'"+) from 

1900”) (nt1)_ a(n), 1 
9 re 

  

The convergence of the algorithm (2.5.11) is a direct consequence of the following lemma. 

Lemma 2.5.1 Let K be a real-valued functional on a Hilbert space X with norm ||-||x and 

scalar product (-,-)x. Suppose that there exist two constants m and M such that 

i) K has a local minimum at a point = and is of class C* in an open ball B centered at 

z; 

nu) Vue B, V(a,y)EXxX, K"(u)-(z,y) < M|lz|lxllyllx, 

wi) Vue B, Vr EX, K"(u)- (2,2) > mlla||%. 

Let R. denote the Riesz map, i.e. < f,x >=(Rf,x)x for allx € X and all f € X*. Choose 

tz) € B and choose a sequence {pn} such that 0 < pe < pn < p* < 2m/M?. Then, the 

sequence {x'")} defined by 

a) =2"™D_p RK (aD) for n=1,2,..., (2.5.12) 
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converges to x. Furthermore, if B = X and & is a global minimum, then the gradient 

algorithm converges to Z for any initial value x. 

Proof. For the proof, see, e.g., [26] O 

Theorem 2.5.2 Let (T™,&™, 9) be the solution of (2.5.11) and (T,®,g) the solution 

of (2.3.12)-(2.3.16). Then, if 76 is sufficiently large, g™ — g and thus, T™ > T in H'(Q) 

and ®™ — ® in H}(Q) as n— 0. 

Proof. In (2.5.11), we have the fixed parameter p = 1/(k26). For each g € W(I,), the 

second Frechet-derivative K’’(g) - (z,w) may be computed by 

K"(g) - (z,w) = K26(Vw, Vz)r, + K26(w, z)r, + “U, Vr. (2.5.13) 

where U € H'(Q) and V € H'(Q) are the solution of 

a(U,S)+c(u,U,S)=0 VS € HELO), (2.5.14) 

U=w on I, (2.5.15) 

and of 

a(V,S)+c(u,V,S)=0 VS e€ AHh(), (2.5.16) 

U=z on Ty. (2.5.17) 

One can easily have that ||U||1 < C||wl|ip, and ||V||1 < Cllz||1r., where the value of the 

constant C' depends only on 2. Then, 

IA
 C 

K"(g) - (2, w) K26|[wllirellzllare + 5 ltlla.rellali.re (2.5.18) 

II 

C 
(Ko + 7 llwlhrellthire 
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and 

1 
K"(g) (2,2) = evéllellin. + =f \V|? av (2.5.19) 

IV
 K26]|z|lir.- 

Setting M = x26 + C/y and m = k96, we have, if y6 > C/((V/2 —1)k2), 2m/M? > p= 

1/(K26). The other hypotheses in the Lemma 2.5.1 are easily shown to be valid. Hence, 

from that lemma, we obtain that 

g™ +g in W/(L,) as Nl— OO. (2.5.20) 

The desired convergence results follow from the a priori estimate (2.2.4). O 

Of course, the gradient algorithm (2.5.11) is applied to the discrete equations. Then, we 

have two contribution to the errors in the computational solution, the discretization error 

T —T" and the iteration error T” — phe), From practical point of view, it is difficult to 

calculate A,g') in the last equation of (2.5.11). By using (2.3.24), we can replace (2.5.11) 

by the following iteration: 

Choose g@) and 6 (9). 

for n=1,2,3,..., solve for T™ and 6™ from 

a(T™), S) + c(u,T™,S) =(Q,S) VS € Hp(Q), 

T™ =g™ on Ty, 

and (2.5.21) 

(n) (n)) Lez pom) 1 
a(Z,® ) + c(u, Z,® ) = WAP — Ta)r, VZ € Hp(Q), 

a” —0 on I[., 

then solve for g"*)) from 
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ao) 
re On 

    
1 (aoe) (n+1) _ (n)_ 1 

g g =( an     -) 

2.6 Numerical Experiments 

Test 1: We consider that the domain 2 is the unit square (0,1) x (0,1) C R?, sub- 

domain 2; = (0,1) x (0.75, 1) and sub-domain Q2 = (0,1) x (0,0.75). Let [, = (0.075, 1) x 

{0.75} Cc Ty = (0,1) x {0.75} and [, = {0} x (0,0.75) (see Figure 2.1 without the bump 

on the bottom boundary). 

The finite element spaces V;’ and V/* are chosen to be piecewise quadratic elements 

on a triangular mesh such that V;" = Vj* on Ty. We use the mesh size h = 1/12 for all 

computation. Of course, calculations with varying mesh sizes were performed and these 

agreed with the theoretical error estimates; thus, we do not report them here. 

Now, we consider the following problem 

—~AT=6.0 on , (2.6.1) 

—2AT+(u-V)T=0 on Mo, (2.6.2) 

T=1+49 on I\, (2.6.3) 

OT 
on 0 on OO\L., (2.6.4) 

where the velocity u is the solution of the Navier-Stokes equations 

—Au+(u-V)u+Vp=0 in, (2.6.5) 

the incompressibility constraint 

divu=0 inQ, (2.6.6) 
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and the boundary condition 

u = h only, (2.6.7) 

u = 0 only,UT4, (2.6.8) 

O 
<1 =0 and ug=0 onTls, (2.6.9) 
On 

where u = (uj, U2) and h = (1.5y — 2y?,0). To get approximate solutions for the Navier- 

Stokes solutions, we use the Taylor-Hood finite element on the domain Q2. Actually, we 

have simple solutions u = (1.5y — 2y?,0) of the above Navier-Stokes problems. 

Note that since all data in (2.6.1)-(2.6.9) are sufficiently smooth in each domain Q; 

for i = 1,2, we may assume that T € H%(Q), s > 3 by the Theorem 2.4. Thus we may 

use piecewise quadratic elements for the finite element approximation for obtaining fast 

convergence with respect to h. 

When g = 0 in (2.6.3), we say that the problem (2.6.1)-(2.6.9) is an uncontrolled prob- 

lem. The numerical solution of the uncontrolled problem is shown in Figure 2.2 and Figure 

2.3 in which one can see that the temperature is above 2.0 on (0.3,1) x {0.75} and even 

higher in the domain (0.3, 1) x (0.75, 1). 

Now, we try to get the desired temperature distribution along ,. One can choose any 

reasonable desired temperature Jy on Ig; we choose Ty = 1.2 on Tg; thus we have 

1 I(T,9) = x | IT — 1.2)? ar +5 | (92 + [Vsgl2) a. (2.6.10) 

For the various choices of the parameters y and 6 appearing in the functional (2.6.10), 

computations were performed. In this thesis, we report the numerical results for the cases 

2. y = 0.01 and 6 = 0.003. 
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Table 2.1: Numerical results for Test 1. 

= 1.2\for, | lige, | 7.9) 
y=1,6=1 | 2.88669 x 10-? | 15.63322 | 15.64765 

7 = 0.01, 6 = 0.003 | 1.93423 x 10- | 78.80300 | 0.333120 

  

  

          
  

The costs are shown in the Table 2.1. 

In Figure 2.4-2.7, we plot the surfaces of the temperature T and adjoint state ® for each 

case. If one chooses the relatively small y6, then one can have the relatively small value of 

[|Z — 1.2]lo,r.. 

Further reinforcement of our conclusions can be obtained from Figure 2.8 and 2.9 in 

which are found contour plots of the temperature T' and adjoint state ®. 

In Figure 2.10, we plot the approximate optimal control g” on the boundary T,. In 

Figure 2.11, we compare the temperature distribution on I’, in the uncontrolled case with 

the optimal temperature distributions in the controlled cases. In examining these figures 

one should keep in mind that we only trying to match the temperature on (0.075, 1) x {0.75}. 

Test 2: We solve the problem (2.6.1)-(2.6.9) with h = (1.5y — 2y?,0) on the domain 2 

which has a bumped boundary (see Figure 2.1 and 2.12). We assume that all parameters 

and data are the same as in Test 1. To get the approximate solutions for the Navier-Stokes 

equations, we also use Taylor-Hood finite elements on the domain Qo. 

We report the numerical results for the cases 

2. y = 0.01 and 6 = 0.002. 

The costs are shown in the Table 2.2. We get the almost same results as in Test 1 except 
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Figure 2.3: Temperature contour plot for the uncontrolled problem. 
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Figure 2.4: Surface plot for the temperature T (y = 6 = 1). 
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Figure 2.5: Surface plot for the adjoint state ® (y = 6 = 1). 
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Figure 2.6: Surface plot for the temperature T (7 = 0.01, 6 = 0.003). 
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Figure 2.7: Surface plot for the adjoint state ® (7 = 0.01, 6 = 0.003). 
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Figure 2.8: Contour plots for the temperature T(top) and adjoint state ®(bottom) (y = 

6 = 1). 
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Figure 2.9: Contour plots for the temperature T(top) and adjoint state ®(bottom) (¥ 
0.01, 6 = 0.003). 
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Figure 2.10: Optimal controls on [¢. 
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Figure 2.11: Temperature distributions on Ty. 
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Figure 2.12: Temperature contour plot for the uncontrolled problem. 

Table 2.2: Numerical results for Test 2. 

= 12ifor, | lglir, [| 72,9) 
y=1,6=1 — | 3.77877 x 10-? | 18.65837 | 18.67727 

7 = 0.01, 6 = 0.002 | 3.13342 x 107? | 117.14224 | 0.390956 

  

  

          
  

that we need a little more control g on [’,. Thus, even though the fluid flow is moderately 

complicated, given any € > 0, we can have y and 6 such that ||T — Tyllor, < € when y¥6 is 

sufficiently small. 

In Figure 2.12, we plot the temperature contour for the uncontrolled problem. In Figure 

2.13-2.14, we have the contour plots of the temperature JT and adjoint state ® for each 

cases. Finally, Figure 2.15-2.16 display the approximate optimal control g” along I’, and 

the temperature distributions on I,, respectively. 
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Remarks : For the case 7 = 6 = 1, it was found that 10 — 15 iterations were sufficient 

to get the optimal control g. Since vy = 1 and maximum velocity is 1, the control g affects 

the temperature distribution on I, very weakly. For the case that yé is small, for example 

v6 < 0.1, our gradient method does not converge. Thus, we need to adjust the iteration 

step size. In such a case, we need a significant number of iterations. Thus, one may look for 

an efficient iteration algorithm. But the good news is that the iteration algorithm requires 

only one LU factorization and the same number of back and forward substitution as the 

iteration number, i.e., a comparable number of floating point operations relative to that 

required for solving the full coupled system (2.4.5)-(2.4.9). Of course we assume that h is 

sufficiently small. 

A7



1 po 0.1 0.2 0.5 0.4 0.5 0.6 0.7 0.8 0.9 1.0 ae   

7 T 

0.9 

   

  

0.8 

0.7 

0.6 

~ 0.5 

0.4 

0.3 

0.2 

0.1     0.0 

  

0.0 0.1 0.2 
1.0 p>-yr | T 

0.5 0.6 0.7 0.8 0.9 1.0 

oe 
       T T 

   

    0.0 

Figure 2.13: Contour plots for the temperature T(top) and adjoint state (bottom) (y = 
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Chapter 3 

FEEDBACK CONTROL OF KARMAN 

VORTEX SHEDDING 

3.1 The Computational Problem 

Let B denote a circular cylinder and let I denote its boundary. The flow at infinity 

is assumed to be uniform and in the direction of the z-axis. We nondimensionalize with 

respect to the diameter of the cylinder and the velocity at infinity. Thus, in nondimensional 

variables, the cylinder has diameter unity and the flow at infinity has speed unity. The 

domain exterior to B is denoted by 9. Let u(x,t) and p(x,t) denote the velocity and 

kinematic pressure (pressure divided by density), respectively. The governing equations, in 

nondimensional form, for the unsteady, incompressible, viscous flow past the cylinder B are 

the continuity equation 

V:-u=0 inQh and fort>0 (3.1.1) 

and the Navier-Stokes equations 

a 1 a tu-Vu+Vp=—V2u in and fort>0, (3.1.2) 
ot Re 

where Re denotes the Reynolds number based on the (dimensional) cylinder diameter and 

speed at infinity. Initial conditions are imposed on the velocity. Throughout, we start the 

flow impulsively from rest so that 

u(x,0)=O inf. (3.1.3) 

ol



On T, the surface of the cylinder, we prescribe the velocity. For the uncontrolled flow about 

the cylinder, the cylinder surface is a solid wall throughout so that in this case 

u=0O onT and fort>0. (3.1.4) 

When controls are applied, this boundary condition becomes inhomogeneous on the portions 

of I covered by the injection and suction orifices. We defer discussion of such boundary 

conditions until feedback controls are introduced in sections 3.3 and 3.4. 

Since 1) is an exterior domain, one should also specify conditions that govern the behav- 

ior of the flow at large distances from the cylinder. We do not state these here since in the 

computational simulations a bounded flow domain will be used. Of course, one must choose 

an artificial computational domain and specify boundary conditions on the boundary of 

that domain. The combination of computational domain and computational boundary con- 

ditions should be chosen so that the resulting flow in the computational domain accurately 

approximates the flow in the exterior domain (2. 

The origin of the (x,y) coordinate system is located at the center of the cylinder and 

the cylinder has a unit diameter. The computational domain we use is the rectangle —5 < 

x < 15 and —5 < y < 5 with the cylinder excluded. The geometry of the domain is 

sketched in Figure 3.1 The exterior boundary of the computational domain consists of the 

four sides of the rectangle; again, see Figure 3.1. At the inflow boundary [; the velocity is 

set to the uniform value at infinity, 7.e., w= 1 and v = 0, where u and v denote the x and 

y components of the velocity vector, respectively. At the outflow [, a vanishing “stress” 

boundary condition is imposed. Specifically, if t = —pn+ (1/Re)Ou/On, then on I, we set 

ty = t2 = 0, where ¢t,; and tg respectively denote the x and y components of t. The vector t 

is not actually the stress vector; however, it has been found that imposing such an outflow 
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condition is often more effective than requiring the true stress to vanish. Moreover, it is 

a more convenient boundary condition to use with the particular form of the viscous term 

appearing in (3.1.2). On the top I; and bottom IT, of the rectangle we impose the mixed 

conditions v = 0 and t; = 0. Summarizing the above discussion, on the exterior boundary 

of the computational domain we specify 

u=1 and v=0 onT; and fort>0, (3.1.5) 

ti: =O and t2=0 onIT, and fort>0, (3.1.6) 

and 

v=0 and t,=0 onIT, andl; and fort>0. (3.1.7) 

The boundary conditions are also indicated on the sketch of the computational domain 

given in Figure 3.1. For the uncontrolled case, the problem we wish to discretize is then 

defined by (3.1.1)-(3.1.7), where in (3.1.1)-(3.1.3) Q now denotes the computational domain 

sketched in Figure 3.1. 

The spatial discretization is effected using the Taylor-Hood finite element pair based on 

a triangulation of the computational flow domain. A typical triangulation is depicted in 

Figure 3.2; it consists of 1735 triangles and 3735 (velocity) nodes. The velocity (pressure) 

field is approximated using continuous piecewise quadratic (linear) polynomials; the same 

grid is used for both fields. 

The semi-implicit single-step Euler method is employed for the time discretization. This 

time-stepping algorithm is defined as follows: given u™~!, the pair (u™, p™) is obtained by 

solving the linear system 

V-u”™=0 (3.1.8) 
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and 

yu” — uy! 1 
5 +(u™!. V)u™ + Vp™ = —V?2u™, (3.1.9) 

Re 

where 6 denotes the time step. Of course, (3.1.8) and (3.1.9) are supplemented by the 

appropriate boundary and initial conditions. This scheme has been analyzed in [110], where 

the unconditional stability is proved. 

3.2 Results for the Uncontrolled Problem 

Using the computational scheme described in previous section, we have simulated the 

uncontrolled problem at Re = 60 and Re = 80. To break the symmetry in the problem 

and trigger the vortex shedding, a perturbation is applied for a short time interval. The 

transient solution develops until a periodic state is reached at approximately t = 70 and 

t = 90 for Re = 60 and R = 80, respectively. These phases of the solution are perfectly 

captured by the lift coefficient Cz, defined by 

2m 

Cr = [ £9(0) dO, (3.2.1) 
0 

where ft is the y component of the true stress vector and @ is the angle along the surface of 

the cylinder measured from the leading edge. The evolution in time of C', shown in Figure 

3.3 exhibits an oscillation having a period T ~ 7.0 units in time for Re = 60 and T & 6.5 for 

Re = 80, leading to a Strouhal number St = 0.14 for Re = 60 and St + 0.15 for Re = 80. 

These values are in agreement with experimental results and other numerical simulations; 

see, e.g., [19], [100], [104], and the references cited therein. 

We have already mentioned that we will sense the pressure at stations on the surface of 

the cylinder, see Figure 3.4. It is therefore instructive to examine the oscillatory behavior of 

that pressure distribution. In Figure 3.6 is given the pressure distribution along the surface 
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of the cylinder at different times during one periods of oscillation of the lift coefficient, 7.e., 

in a time interval between successive sheddings of vortices from the same location on the 

cylinder. The zero angle corresponds to the forward stagnation point. As is expected, the 

pressure distribution on the cylinder is asymmetric. This is especially evident at the angles 

+7 /2, i.e., the top and bottom of the cylinder. 

The oscillatory nature of the pressure is also evident from Figure 3.5 in which the 

pressure at some specific locations on the cylinder is graphed vs. time. Note that the 

period of the oscillations are independent of the location, although the magnitudes are not. 

Instead of the pressure, one could also sense the vorticity on the surface of the cylinder. 

As can be inferred from Figure 3.7, the vorticity distribution along the surface of the cylinder 

deviates from an antisymmetric (about the x - axis) configuration. 

3.3. Control by a Pair of Suction/Blowing Orifices 

Perhaps the most “natural” arrangement of orifices is a pair of blowing/suction slots 

located symmetrically on the back-side of the cylinder. We have tried such arrangements 

with slots of length 7/16 centered about the angles +117 /32, +157/32, or +197 /32 from 

the leading edge of the cylinder. The separation points on the cylinder surface at a Reynolds 

number of 60 wander in the vicinity of +27/3 as the vortices are shed. When the blow- 

ing/suction slots are located slightly ahead of the separation points of the uncontrolled 

wake, they proved to be a strong actuator which is in agreement with [96]. We place the 

sensors at symmetric locations on the front-side of the cylinder. From Figures 3.5 and 3.6 

one may conclude that the specific position of the sensors is not overly important. We place 

the sensors at +37/32 from the leading edge. 

We first determine the blowing/suction velocity through the orifices as dictated by the 
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following feedback law: 

u = min {a(p(1) — p(62)), B} g(9), (3.3.1) 

where g(@) is a given function, 6; and 62 are the positions of the sensors on the cylinder, a 

is the feedback coefficient, and G > 0 is a parameter that limits the size of the control. The 

function g can be used to specify the flow profile at the orifices. Our computational results 

show that for any value of a the system quickly becomes unstable, t.e., at every time step 

each orifice switches from blowing to suction to blowing, etc. 

Next, we try another approach called digital control which is based on the sample- 

and-hold technique. The values p(6,) and p(@2) in (3.3.1) are measured only at discrete 

instants or sampling times. The control law is updated at each time kAt on the basis of 

the sampled values p(@,) and p(62). According to our experience, a choice of A¢ in the 

range 26 < At < 56 resulted in a stable configuration. If we set At = 56, a = 38, and 

2 = 0.1, we found that the magnitude of the oscillations in the lift coefficient was reduced 

by a factor of one half. If a = 4, the lift coefficient was shifted upwards which implies that 

one orifice stays in a blowing state for long periods of time and in a sucking state for only 

a short period. If @ > 0.1, the Karman vortex shedding was enhanced. In Figure 3.8, the 

lift coefficients are given for the cases of a = 3.0, G = 0.1, and a = 4.0, G = 0.1. In Figures 

3.9-3.11, the results of a particular computations are given. These correspond to the case 

a = 3.0, 6 =0.1. 

We next add some damping to the system to obtain the proportional-derivative feedback 

law: 

u = min {2 ((p(@1) — p(A2)) + 1 ((0r) — p(92)), a} g(9), (3.3.2) 

where again this relation gives the velocity at the orifices. We have simulated this case for 
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several choices of a, G, and +. In most cases, the Karman vortex shedding was enhanced. 

3.4 A Pair of Suction Slots with a Single Blowing Slot 

To the pair of orifices used in section 3.3, we add an orifice at 0 = 7, 1.e., at the trailing 

edge of the cylinder. Specifically, fluid is sucked through two slots centered at +237 /32 and 

is blown through the slot centered at 7. We again sense the pressure at two locations 6, 

and @2 on the front-face of the cylinder. The feedback control law is chosen as follows: 

u = min {a|p(91) — p(82)|, B} g (A). (3.4.1) 

We have performed computational simulations for numerous cases but report only the 

case of a = 80, 3 = 2.0. In this case, the net mass flow through the three orifices was zero, 

i.e., fgg u-n dS = 0 so that the amount of fluid blown through the slot located on the 

x-axis was the same as the total amount of fluid sucked through the two off-axis slots. The 

results of this case are given in Figures 3.13-3.16. From these results one can conclude that 

the simple feedback law (3.4.1) can be quite effective in reducing the size of the oscillations 

in the lift. 
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Figure 3.1: The Computational Domain 2 for simulating flow past a circular cylinder 

  
Figure 3.2: The finite-element grid for simulating flow past a circular cylinder 
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Figure 3.3: The evolution in time of Cy for R = 60 (top) and R = 80 (bottom) 
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Figure 3.4: Locations of sensors and actuators 
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Figure 3.5: The evolution in time of pressure at (from top to bottom) 0 = 7/8, 7/4, 37/8, 
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60



  

0.6 

0.4 

      
  

0.2 

© 
= 
wn 

8 0 
a 

-0.2 

-0.4 

-0.6 

J. 1 ) 1 L 1 l 

-3 -2 -1 1 2 3 

  

Pr
es

su
re

 

    
    

Degree from the stagnation point 
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Figure 3.7: Vorticity distributions along the cylinder surface at different times for Re = 60 

(top) and Re = 80 (bottom). 
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Figure 3.9: The horizontal velocity for uncontrolled (top) and controlled (bottom) flows 

around cylinder. 
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Figure 3.10: The vertical velocity for uncontrolled (top) and controlled (bottom) flows 
around cylinder. 
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Figure 3.11: The pressure for uncontrolled (top) and controlled (bottom) flows around 

cylinder. 
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Figure 3.12: Locations of sensors and actuators 
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Figure 3.14: The horizontal velocity for uncontrolled (top) and controlled (bottom) flows 
around cylinder. 
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Figure 3.15: The vertical velocity for uncontrolled (top) and controlled (bottom) flows 
around cylinder. 
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Figure 3.16: The pressure for uncontrolled (top) and controlled (bottom) flows around 
cylinder. 
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Chapter 4 

SOME BOUNDARY VALUE PROBLEMS 

ASSOCIATED WITH FEEDBACK CONTROL 

4.1 Mathematical Modeling 

We now examine some boundary value problems that are motivated by feedback control 

theory. A typical optimal control problem is the following: find the best controller ¢ such 

that some observation y = Fu achieves a desired value ‘yg or is at least as close as possible 

to Yq, where F is a general linear or nonlinear operator which may involve integrals of u 

and/or derivatives of u, where u is the state of the system. 

The mathematical formulation of the problem is the following: find ¢ which minimizes 

a cost functional J subject to the state equations. The methods of the calculus of varia- 

tions give us some characterizations of the best ¢ through the adjoint state and also some 

algorithms to reach the best (optimal) control. Feedback theory involves constructing ¢ as 

a function of the state variables u or some observation of u. Let us consider the following 

boundary value problem as an example: 

—Au = f in Q, (4.1.1) 

u = 6b on Ts,, (4.1.2) 

Ou 
uo = b+ F(5 -) g on I\, (4.1.3) 

  

where 2 is a nonempty simply connected domain in RN, N = 2 or 3, with a smooth 
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boundary 0Q =T; IT, and [,, on which the sensors and actuators are located, respectively, 

are portions of I’. For simplicity we let T = [, UI, and T, NT, = @. In (4.1.1)-(4.1.3), 

f denotes a given source and b and g given functions defined on boundary such that b € 

H}/?(L) and g € H‘/*(L). The function g has compact support on [',. F is a functional on 

H-'/2(L,). 

Since the above problem (4.1.1)-(4.1.3) is not a elliptic problem in the usual sense, 

we cannot use the general theory of elliptic equations for solving this problem. However, 

by using potential theory, we can prove the existence and uniqueness of the solution to 

problem (4.1.1)-(4.1.3). In particular, we will use the boundary integral equation method 

which is closely related to the classical Green’s function method. They are both based on 

the concepts of adjoint operators, Dirac delta functions, and fundamental solutions. In the 

classical Green’s function method, we apply the definition of the adjoint operator to a special 

function, called the Green’s function, which satisfies certain suitable boundary conditions. 

The result of this process is an explicit expression for the solution. The Green’s function is 

easily obtained for simple problems. However, for geometries of practical interest, obtaining 

an expression for the Green’s function may be just as hard as the original problem. On the 

other hand, one may examine what happens if the above mentioned boundary conditions 

on the Green’s function are relaxed. In this case, a particular solution, known as the 

fundamental solution, is much easier to obtain than the Green’s function and typically 

coincides with the free-space Green’s function. The disadvantage is that, instead of an 

explicit solution, one obtains an integral equation on the boundary of the domain. This 

method is known as the boundary integral equation method. 

We shall study the existence and uniqueness of the boundary value problem for the 

Laplace and Stokes equations in sections 4.2 and 4.3, respectively. Here, we introduce some 
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of the notions used in subsequent sections. Let H*(D), s € R, be the standard Sobolev 

space of order s with respect to the set D, where D is either the domain 9 C RN, or its 

boundary I, or part of that boundary. Recall that H°(D) = L?(D). Let the space Ht}(D) 

be the closure in the H™(D) norm of the functions in H™(D) which have compact support 

in [,. We close this subsection by introducing some theorems which will be useful later. 

The following theorems can be found in [8] and in the references cited there. Throughout, 

C' will be a generic constant with different values on different places. 

Theorem 4.1.1 Let u € H*(Q), k > 1/2. Then there exists a trace of the function u on 

OQ. and 

[eel pre-1/2(aQ) S Cllullzze cay (4.1.4) 

where C' does not depend onu. O 

Theorem 4.1.2 Let u € H*(Q), k > 3/2. Then there exists a trace Ou/On on OQ and 

0 
lan   Hk-3/2(9Q) s Cl lull zea) 

(4.1.5) 

where C' does not depend onu. OU 

For the case k < 3/2, we have the following theorem. 

Theorem 4.1.3 Let T(Q) C H+(Q) be the space of all functions which satisfy the equation 

—Au=0 (4.1.6) 

in the weak sense. Then, for u € T(Q), we have 0u/On € H~/?(dQ) and 

Ou In llar-2/2(00) < Cllullarcoy (4.1.7) 

where C' does not depend onu. O 
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4.2 The Laplace Equation 

Let 2 be an open, bounded and nonempty simply connected domain in RY, N = 2 or 3, 

with smooth boundary 00 = [. The boundary I consists of P, andI, such that fT =T,UT, 

and °,NT, = @. Let Q° denote the exterior domain of [. Throughout this section, we will 

assume 7 € L?(Q), @ € H/?(L), and g € Hy *([) whenever we do not specify the function 

spaces. 

4.2.1 The Dirichlet Type Boundary Value Problem 

Let us consider the interior and exterior inhomogeneous Dirichlet type boundary value 

problem 

Au(x) = (x) in Q (resp. 0°), (4.2.1) 

u(x) = (x) onTs, (4.2.2) 

u(x) = F(S 7») 9%) + (0) on Te, (4.2.3) 
  

where F is a bounded linear functional on H~'/2([,). We denote points in RN by x = 

(21, Lee , ZN). 

Using potential theory, we are going to prove the existence and uniqueness of solutions 

of the problem (4.2.1)-(4.2.3). First of all, we have to determine the fundamental solution 

of the Laplace equation. We consider the problem : find a function E(x, y) depending on 

x and y such that 

AE(x —y) =—6(x-y), Vx,y Ee RN. (4.2.4) 

We easily find that, 

E(x—y) =



satisfies (4.2.4). E is defined everywhere except for x = y, where it is singular. This F is 

unique up to a harmonic function. We know that the Dirac delta function is not a point- 

defined function in the classical sense, but rather a generalized function or a distribution; 

E itself should be regarded as a generalized function. 

In the integration approach, we may need to reduce the partial differential equation 

itself to a homogeneous one. We let 

v(x) = Vp)x) 

Then in (2), v satisfies 

Av(x) = w(x). (4.2.5) 

The operator V is linear, producing a volume potential v. Now, define 

u(x) = u(x) — v(x). (4.2.6) 

Then w satisfies the homogeneous equation 

Au(x) = Au(x) — Av(x) = 0. (4.2.7) 

On T, w satisfies 

u(x) = (x)—v(x)|p = d(x) on Ts, (4.2.8) 

a(x) = (e(S i r(x dg) + o0) ~ vir (4.2.9) 
    

dit 
~ POs ny, 

Jax) - d(x) on Te, (4.2.10) 
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Rewriting u as u and db as ¢, we have the following Dirichlet type boundary value problems: 

Au(x) = 0 in (O°), (4.2.11) 

u(x) = (x) onTs, (4.2.12) 

u(x) = r( 7» 99) +(x) onTs. (4.2.13) 
  

The single-layer potential solution for the problem (4.2.11)- (4.2.13) is based on the 

ansatz 

u(x) = [ E(x-—y)f(y) dSy, x€R? or R’, (4.2.14) 

for some density function f on TI and then solving for f after applying the boundary con- 

ditions. 

Let us first consider the case F = 0, t.e., the inhomogeneous Dirichlet problems, 

At = 0 inQ (0°), (4.2.15) 

u = @¢ onl. (4.2.16) 

In principle, the two-dimensional Laplace equation Au(x) = 0 subject to various boundary 

conditions can be treated in the same way as the three-dimensional case using boundary 

integral equation methods. Nevertheless, the theories in R? and R® are slightly different 

because of the characteristics of their fundamental solutions. So, we shall study the existence 

and uniqueness of the problems (4.2.11)-(4.2.13) and (4.2.15)-(4.2.16) for two- and three- 

dimensional cases separately. 

Definition 4.2.1 Let 2 be a bounded domain in RN, N = 2 or 3. A function f on O° is 

said to be regular at oo if 

(i) f € HE(). (4.2.17) 

(ii) f(x) =0(1) and Vf (x) =o0(|x|7!) for large |x|. (4.2.18) 
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A function f(x) is said to be generalized regular at oo if f(x) —c is regular at oo for some 

constant c. O 

Now, we start with three-dimensional case. First of all, let us introduce the following 

theorem. 

Theorem 4.2.2 (Single-layer representation for the Dirichlet boundary value problem in 

R?) Let QC R? be bounded with smooth boundary OQ. The mapping 

£i(fQx) = [ Ex -y)fly) dy, xT (4.2.19) 

is a linear continuous mapping isomorphically from H™(0Q) onto H™*+(Q) for anyr € R, 

satisfying 

dim N(Ly) = 0, dim Coker(L1) = 0. (4.2.20) 

Its adjoint operator L* maps H~+)(8Q) isomorphically onto H-"(OQ) and is given by 

Lr=Li, (4.2.21) 

with 

dim N(Lt) = 0, dim Coker(L{) = 0. (4.2.22) 

Consequently, the solution u(x) (resp. regular at co) to 

Aiw(x) = 0 inQ (resp. °), (4.2.23) 

u(x) = o(x)E€ A'(L), onl, rer, (4.2.24) 

is uniquely given by 

u(x) = / E(x — y)f(y) dSy € H™**/2(Q) (resp. Hy? ()), Vx EQ, (4.2.25) 
r 
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where the potential density f € H "-l(L) uniquely solves the boundary integral equation 

Li(f) = ¢. (4.2.26) 

Proof. For the proof, see [23]. O 

Note that the above theorem is valid for both interior and exterior problems. By using 

Theorem 4.2.2, we have the following result which is the existence and uniqueness theorem 

for the interior Dirichlet type boundary value problem of (4.2.11)-(4.2.13) in the three- 

dimensional case. 

Theorem 4.2.3 Let f and f be the solution of the boundary integral equations 

Li(ff)=¢ and Li(f)=g, (4.2.27) 

respectively. If 

  

  

1. OE(x—y) s F([5f00) + [ eee fly) dSy] -) AA, (4.2.28) 

then the Dirichlet boundary value problem 

Au(x) = 0 in QC R’, (4.2.29) 

u(x) = (x) onTs, (4.2.30) 

Ou 
u(x) = F(>|.) g(x) + d(x) onTe, (4.2.31) 

has a unique solution which is given by 

u(x) = / E(x —y)f(y) dSy, x€Q, (4.2.32) 
r 

where aE . . 

f(x) = f(x) + FI ; (Ls Fo) +f Pr ~ “Ssl,.) (4.2.33) x x x ; 2, 
— F([af( f(x) + fr oe fly) dSy| ) 
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Proof. By Theorem 4.2.2, given any a € R, the boundary integral equation 

L£i(f) =ag + ¢, (4.2.34) 

has a unique solution f = a f + f . 

Taking the normal derivative in (4.2.32), from the jump property of the boundary layer 

potentials, we get 

  

Ou(x) I, one ¥) Y) 4 — x) + | —S—" sy) dsy 
OE(x — y) 

Onx 
= ‘afl sfor ) + | (af(y) + fly)) dSy, vx € P.(4.2.35) 

Taking a bounded linear functional F on the both side of (4.2.35), we have 

Ou(x 

ee   ) = SPF OdIr.) + 5 PFO.) 
+ or( [ Nigy v|,.) +f Foon, 

O Nx Onx 

          

Thus, providing (4.2.28) holds, a is well defined and 

F( (34) + Sp Fly) dSy||_ ) 
"1 —F([BG0 + fp 22 fy) aSy]|) | “es 

By the substitution method and the integral representation, we have shown the existence 

  

of the solution u. The uniqueness of the solution follows from the following Lemma and the 

linearity of the problem. O 

Lemma 4.2.4 For any g € Hy *(T) such that, 

F([5feo+ [| -B4); fly ) dSy|| )# 1, (4.2.37) 
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where f is the solution of the boundary integral equation Ly( f) = g, the boundary value 

problem 

Au = 0 inQ, (4.2.38) 

u = 0 onTls, (4.2.39) 

Ou u = F(a 9 onl, (4.2.40) 
  

has a unique solution u = 0. 

Proof. From Theorem 4.2.3, we only need to show the uniqueness of the solution. Let u be 

the nontrivial solution of (4.2.38)-(4.2.40), i.e., @ is not identically zero, which implies that 

Pe 
F(S 

  
) #0, (4.2.41) 

Ps 

Taking the normal derivative and a bounded linear functional F' in &, we have 

. 1; OE(x—y) ; a= aF(|5 f(x) + [ a, Fly) dSy| Le) (4.2.42) 

where @ = F(0%/On|r,). From (4.2.37), & must be zero which contradicts (4.2.41). O 

The theorem 4.2.3 is also valid for the exterior Dirichlet type boundary value problem 

in three-dimensions for a regular solution by setting 

  M009) Fy) + [| BEY py) ay, (4.2.43) 
In this case u € H}.,(°). 

Now, we examine the essential hypothesis (4.2.28) in Theorem 4.2.3 which is F(0a/On) # 

1. First, we consider the case that the bounded linear functional F' is nonnegative, 1.e., 

F(u) > 0, if u > 0. For example, F is the average of u on I's. Second, for any € > 0, we 

can have F(0%/On) < € by adjusting a linear functional F or a basis function g € HL(T). 
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Proposition 4.2.5 If F is nonnegative, i.e., F(u) > 0 ifu > 0, andg > 0 in Hy? (0), 

then the boundary value problem 

Au(x) = 0 inQC R’, (4.2.44) 

u(x) = (x) onTs, (4.2.45) 

u(x) = F(*|.) g(x) + d(x) onTs. (4.2.46) 

has a unique solution. 

Proof. From Theorem 4.2.3, we only need to show that 

  
x) + [ oY i y) ; f(y) dSy| nd #1. (4.2.47) 

Since 

1; OE(x-—y); _ Ou fix) + [| FR fy) dsy = 5, (4.2.48) 
where w% is the unique solution of the boundary value problem 

Ai(x) = 0 inQc R’, (4.2.49) 

u(x) = 0 onT,, (4.2.50) 

u(x) = g(x) onl, (4.2.51) 

one can easily show that éi(x) > 0 in 9 and ga <0OinT,. Thus, F(# r 
  

) <0. The proof 
8 

is completed. O 

Proposition 4.2.6 Given any € > 0 and bounded linear functional F' on H-/2(T,) such 

that ||F'|| < M, there is a function g € Hy! *(r) such that 

5 
rh JIS 
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(4.2.52) 

  

 



where t is a solution of the Dirichlet problem, 

Ai = 0 in, (4.2.53) 

d= g — onl. (4.2.54) 

Proof. By the theory of partial differential equation, for any given g € Hy *(L), we have 

|S llap-avagny < Dalltllarcay < PrDallallirvacr (4.2.55) 

Since g has compact support on [¢, by letting D = D, Do, we have 

os 
Sale.)   

  

< WI Shave 
Ss MDIlellgrceyy 

Thus, if we choose a function g € H i *([) such that, 

E 

llglle2@r) S app (4.2.56) 

then, we have 

o (4.2.57)   

oy 
Gr   Ns Vs   

For the second case, we have a regularity result for the solution f of the boundary 

integral equation £L:(f) = ag+ ¢. 

Theorem 4.2.7 For any g € Hy! (A) such that 

e(S -) <e<l, (4.2.58) 
  

  

we have the estimate 

I|F'l| elln/2(00)) 
TF lla-1/2(a0) < C (Mella) + lll zr1/2 (9) i (4.2.59) 

—e_E 
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where f € H~/2(8Q) and & € H(Q) are the solutions of the equations (4.2.34) and 

(4.2.53)-(4.2.54), respectively. 

Proof. From the continuity and invertibility of 

Ly: H~/?(89) = H/?(a) (4.2.60) 

and 

Ly! : H/?(aQ) > H-¥/?(an), (4.2.61) 

we have 

IF lle-1/2¢a0) S Cll#llzsr2(aqyy WWF lg—1/2(a0) S Cllgllz/2(aq): (4.2.62) 

Thus, by Theorem 4.1.3, we have 

    

  

lf ll-1/2(aq) S If llg-12@yllflle-12@) + i-F(|.) 

on Ts 

Fl {@llz2(o 
S Cillollasveq@y + Oallgllan)— 

FI] Wllas/2(a0 
< C(IIelline@y + lglluv@qy— O 

We now consider the Dirichlet type boundary value problem in the two-dimensional 

case. 

Theorem 4.2.8 (Single-layer representation for the Dirichlet boundary value problem in 

R? with O(In|x|) growth) We have 

Li:R@HA(T)-> ROHAN), reéR,  isomorphically, (4.2.63) 

where 

dS. cit} " || e@= In fly) @y , xe, 
f Sr E(x — y) fy) dSy +a 
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with adjoint 

Li*:ReH- VL) > ROEHL), reR,  isomorphically, (4.2.64) 

where 

* b T dS. 

Li (x) = In Ty) dy , xer. 
T Jp E(x — y)r(y) dSy +b 

The canonical restriction or extension of Li* to R@ H"(l) makes Li" = Li, t.e., Li is 

self-adjoint. The solution u(x) to the Dirichlet boundary value problem 

Au(x) = 0, inQ (resp. °), (4.2.65) 

u(x) = (x) onTs, (4.2.66) 

u(x) = Aln|x|+O(1), for large |x|, with A given, (4.2.67) 

1s uniquely given by 

loc u(x) = [ E(x —y) f(y) dSy +a € HTt!/2(Q) (resp. HI +"? (Q°)) (4.2.68) 

where (a,f)€ R@® H'(L) uniquely solves the boundary integral equation 

for some (arbitrary) given A € R. 

Proof. For the proof, see [23]. O 

Note that the above theorem is also valid for both interior and exterior problems. By 

using Theorem 4.2.8, we have the following result which is the existence and uniqueness 

theorem for the interior Dirichlet type boundary value problem of the problem (4.2.11)- 

(4.2.13) in the two-dimensional case. 
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Theorem 4.2.9 Let (f, a) and (f, a) be the solution of the boundary integral equations 

EP slider 
respectively. If 

>
 

  

  

  

  

. JE(x —v).- 
F([5f00 + [ PS =¥) fy) asy]|) #1 (4.2.69) 

then the boundary value problem 

Au(x) = 0, inQC R?, (4.2.70) 

u(x) = @,(x) onTs, (4.2.71) 

ux) = F(S4| Jax) +0(x), one (4.2.72) 

has a unique solution which is given by 

u(x) = | B(x —y) Fly) dSy tae HQ), (4.2.73) 

where ~ 

Hx) = Flex) + Flo) F(|3f F(x) + fr MR Fy) d5y]|_) (4.2.74) 
x x x , 2. 

1~F([3f 0) + Jp = fly) a5y]],, ) 
and _ 

ite FUG (x) + jr “SY Fly) a5y]|. ) 421) 
—F([3FC) + In ae Fy) 45y]|, ) 

Proof. By Theorem 4.2.8, given Va € R, the boundary integral equation 

cit)" | |= ()) 
7) if ore). (4.2.76) 
f ft+af 
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Taking the normal derivative in 

u(x) = [ Bx y)fly) dS, +a, (4.2.77) 

we get 

A) = Fre) + [| FY fy) as, Onx 

= F(af(x) + Foo) + [ EY) (afty) + ly) dSy, Wx €T.(4.2.78) 

Taking a bounded linear functional F on the both side of (4.2.78), we have 

  
  p (2) ) = Sefer.) + SPF Cor.) 

+ aF( [| MS fy) asy),) + P( [| @&— feyyr, asy],,).   

Thus, providing (4.2.69) holds, a is well defined and 

P([3f00 + In “ie FY) 45y| Oonx   ) 
-) 

By the substitution method and the integral representation, we have shown the existence of 

“1 F([3F (x) + fr 22 fly) dy] (427) Onx   

the solution u. The uniqueness of the solution can be proved in a similar way to Theorem 

4.2.3. 0 

Also, Theorem 4.2.9 is valid for the exterior Dirichlet problem in two-dimensions for 

a regular solution by setting 

ae) _ —5 L(x) 4 [ PEAY) fy) dSy. (4.2.80) 

In this case u € H}.,(M°). Similarly, we can prove Theorem 4.2.9 for the case of O(1) 

growth. 
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4,2.2 The Neumann Type Boundary Value Problem 

Let us consider the Neumann Type boundary value problems 

  

Au(x) = 0 in (N°), (4.2.81) 

Puls) = (x) onTs,, (4.2.82) 

outs) = F(u(x)|r,)g(x) + ¢(x) onTe. (4.2.83) 

where g(x) € H;* (0), o(x) € H~'/2(L), and F is a bounded linear functional on H}/?(I,). 

First, we consider the Neumann boundary value problems 

  

Au(x) = 0 in (0°), (4.2.84) 

out) = ¢(x)€ H(A), reR, (4.2.85) 

where n is unit exterior normal on O0(1:). From the theory of the elliptic partial differential 

equations, we know that there is.a solution u € H’+/2(Q) satisfying (4.2.84)-(4.2.85), and 

inf |[ul| pr+3/2() S< Cll Alla (an) (4.2.86) 

for some C' > 0 independent of ¢, with the infimum taken over all such u satisfying (4.2.84)- 

(4.2.85), if and only if the compatibility condition 

| d(x) dS =0 (4.2.87) 
an. 

is satisfied. 

Theorem 4.2.10 (Single-layer representation for the interior Neumann boundary value 

problem) Let Q Cc RN, N =2 or3, be bounded with smooth boundary . The mapping 

Lo(f)(x) = [| =X) 1 
r Onx fly) dSy + 5f(x), xeP, (4.2.88) 
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is Fredholm: 

Lo: H'(T) > A’ (PT) (4.2.89) 

for anyr € R, with 

dim N(£o)=1, dim Coker(L2) = 1, (4.2.90) 

hence zero index. Its adjoint operator 

Cs: HO (LP) > AOD) (4.2.91) 

is given by 

* OE(x — 1 Li(r)(x) = | Ae Y) sy) dSy+5r(x), xéT, (4.2.92) 

with 

dim N(L35) =1, dim Coker(L3) = 1, (4.2.93) 

N(L3) = {elc€ R, onT} (= Coker(Lo)), (4.2.94) 

span{Xo(-)|Ao(-) satisfies £L1(Ap) = 1 onT} (= N(Lo)), for N=8, 

Coker{£L5) = 4 span{Ao(-)|Ao(-) # 0 satisfies f, Eo(x — y)Ao(y) dSy =c € RonT, 

for somec € R,c may be 0} (= N(Lo2)), for N=2. 

Ls satisfies 

Lo: A*(T) > A*(L) continuously for any s € R. (4.2.95) 

Consequently, the solution u(x) to the interior Neumann problem, 

Au(x) = 0 inQ, (4.2.96) 

Ox) = ¢(x)€HA'(T), onl, (4.2.97) 
On 

can be given in the form 

ii(x) = / E(x—y)fly) dSy+ce H"*/?, reg, (4.2.98) 
r 
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for some f € H "(L) and for any given constant c € R, where f is a solution to the boundary 

integral equation, 

Lo(f) =¢, (4.2.99) 

provided that the compatibility condition 

<$,1>1¢= | (x) dSp =0 (4.2.100) 
r 

is satisfied, i.e., 6 L Coker(Lo). 

Proof. For the proof, see [23]. 0 

The operator £2 is not invertible, since M(L2) has dimension 1. This causes the 

nonuniqueness of the solution f to the boundary integral equation (4.2.99) which is in- 

convenient both theoretically and numerically. But from the above Theorem, we have 

complete information about M(L2), t.e., Lo is a Fredholm operator with zero index on 

H"(0Q), r € R. It is a pseudodifferential operator of order 0. The integral operator on the 

RHS of (4.2.88) is a compact operator on H"(OQ). Further, 

N(£L2) = span{k € C%(d0)|Lik = 1, on AO}, (4.2.101) 

Coker(L2) = N(L3) = span{1 on 80}, (4.2.102) 

(L5T)(x) = * +(x) + | Bx, y)r(y) dSy, x € on, (4.2.103) 
2 an Onx 

and £3: H~-™(0Q) — H~"(dQ),_ r € R, is also Fredholm with zero index. In order to fix 

the solution of (4.2.84)-(4.2.87) uniquely, we consider appending the extra condition such 

that u(xo) = 0 without loss of generality. 

First, note that @ is defined pointwise at x9 € O01, provided that ¢ € H’(OQ) with 

r > N/2—1 and thus & € H%/2+7(Q). Also, its trace satisfies 

iilag € H3/2+"-1/2(8Q) = H'7(8) c C°(8Q), (4.2.104) 
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for r > N/2—1, by the Sobolev imbedding theorem. Corresponding to the single-layer 

representation (4.2.98), u(xo) = 0 implies that 

| Blo, y) f(y) aSy = 0. 
an 

So we let 

Jo E(xo,y) f(y) dSy = [. fly)r*(y) dSy =< fir" >2 

Let k € N(L2) be its basis element satisfying 

[ E(x,y)k(y) dSy =1, vx € a0. 
2 

Then we let the augmented system be 

Q 7* a 0 
_|= , inR@dA(oOg), 

1 Lo || f 6 

1.€. 

< fit >= [ _fty)r*(y) dSy =0, 

a+ (Lof)(x) = (x). 

The above system is invertible if and only if 

<k,t* >yr(a)xH-7(any=< kT" >12(an)F 9; 

1.€., 

|. Blxo,y)kly) dSy #0, 
on 

(4.2.105) 

(4.2.106) 

(4.2.107) 

(4.2.108) 

(4.2.109) 

(4.2.110) 

(4.2.111) 

But, from (4.2.107), we know that (4.2.111) is always satisfied. We conclude the following. 
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Proposition 4.2.11 The Neumann boundary value problem 

Aii(x) = 0, (4.2.112) 

Ou(x) r N a d(x) € H"(AQ), r> > (4.2.113) 

with the compatibility condition Ja,¢ dSx has a unique solution i € Hr+3/ 2(AQ) also 

satisfying the condition 

u(xo) =0, with x9 Ean. (4.2.114) 

Furthermore, the augmented boundary integral equation system (4.2.108)-(4.2.109) based 

on the single-layer potential has a unique solution (a, f) = (0, f) € R x H"(AQ) satisfying 

< f,r* >=0, (4.2.115) 

where T* is defined by (4.2.106). O 

From the above Proposition, we have the following result. Of course, we can prove it in 

a similar way to Theorem 4.2.3. 

Theorem 4.2.12 Let ¢ € H™(AQ) and g € H1,(ON), where r > N/2—1. Let f be the 

solution to the boundary integral equation, 

~ 

Lilf)=o (4.2.116) 

with extra condition ti(xo) = 0, xo E Ts, i.e., 

< f,7* >=0. (4.2.117) 

and let f be the solution to the boundary integral equation, 

LAf)=9, <f,7r*>=0. (4.2.118) 
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If 

  
P([ [ Be«-y)f) dSy||__) #1, (4.2.119) 

then the boundary value problem, 

Au(x) = 0 inQ, (4.2.120) 

Ou(x 
aul) = (x) onTs, (4.2.121) 

O 
a) = Flulp,)g+¢(x) onTe, (4.2.122) 

has a unique solution which is given by 

u(x) = | E(x —y)fly) dSy, x€Q, (4.2.123) 
r 

where 

F(| fr B(x - y)F(y) dy] .) 
  f(x) = f(x) + f(x) - (4.2.124) 
1- F([ fr B(x —y)fly) 45y]|__) 

provided that the compatibility condition 

< $,1 >z2(r)= 0 (4.2.125) 

and 

< 9,1 >zp27)= 9, (4.2.126) 

are satisfied and also satisfying the extra condition u(xo) =0, x9 ET;. O 

Similarly, we can prove the existence and the uniqueness for the exterior Neumann 

problem in the two- and three-dimensional cases. Of course, we assume that the solution 

u is regular at co. We just introduce the following basic theorems which are useful to 

study the existence and the uniqueness for the exterior Neumann problem in the two- and 

three-dimensional cases. 
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Theorem 4.2.13 There is a unique solution u, regular at oo, to the exterior Neumann 

problem in R° 

Au(x)=0 in’, (4.2.127) 

Ou(x) 
ant d(x) onT, (4.2.128) 

given by 

ii(x) = [ E(x — y)fly)d8y € HT*?/2(9°) (4.2.129) 

for unique f € H "([T), where f uniquely solves the boundary integral equation 

OE(x—y) ; 
Pr Onx 
——__‘ f(y) dSy ~ ; f(x)=¢(x). Oo (4.2.130) 

Note that for the exterior Neumann boundary value problem, the compatibility condition 

| $ dSp =0, (4.2.131) 
r 

does not hold in general, because 

0 = Audx = | “as — [ $ dS, (4.2.132) 
eN{|x|<D} [x|=D 5 

thus fp ¢@dS is balanced by the flux at co when D T oo. If it is known a priori that 

Su = O(|r|~?) then ¢ must satisfy (4.2.131). 

Theorem 4.2.14 There is a unique solution u to the exterior Neumann problem in R?, 

Au = 0 in, (4.2.133) 

= = onl, (4.2.134) 

and 

_ 1 - 
— Ge [ow dSy)In|x| = O(|x|~"), large |x|, (4.2.135) 

93



given by 

a(x) = [ Bx -y) fly) dSy € Hit?) 

where f is the unique solution to 

[ft ay =~ [ 09) dsy, 
1; OE(x ~y) jpg + [ Bw 

Tr Onx 
fy) dSy = 9(x). 0 

4.3 Stokes Problem 

Let us consider the Dirichlet problem of steady-state Stokes equations: 

—vAu+Vp = f inZQ or OY, 

V-u = 0 inQ or YY, 

u=b onl,, 

u=b+F((u,p)|p,)h onT, 

(4.2.136) 

(4.2.137) 

(4.2.138) 

(4.3.1) 

(4.3.2) 

(4.3.3) 

(4.3.4) 

where 2. is a simply connected domain in R“, N = 2 or 3, with a piecewise-smooth boundary 

00 =T;T, and I, are portions of P such that P =f, UT, and I, NT. = 9, 2° = RN —Q. 

Throughout, we assume that N is the space dimension, i.e., N = 2 or 3. In (4.3.1)-(4.3.4), v 

denotes the (constant) kinematic viscosity, f a given body force and b and h given velocity 

fields defined on boundary such that b € H'/?([) and h € H'/2(T). h has compact support 

in Ty. In (4.3.4), F is a bounded linear functional on H'/?([,) which is not a simple 

point-wise function of u and/or p. It may involve complex or non-local operations such as 

differentiation or integration of u and p. 
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Using potential theory, particularly the boundary integral equation method, we shall 

prove the existence and uniqueness of solutions to the problem (4.3.1)-(4.3.4). Most theories 

of hydrodynamical potentials are similar to those of ordinary potentials. 

First of all, we determine the fundamental singular solution of the linearized Navier- 

Stokes system, or, more exactly, the tensor made up of the solutions corresponding to 

forces directed along the various coordinate axis. Thus, we consider the problem 

—vAu* (x,y) + Vp*(x, = 6(x-—y)e*, (4y¥) + Vey) = 6(¢—y) 438) 
V-uk = Q, 

where k = 1,::-, N, e* is a unit vector directed along the k-th coordinate axis, and 6(x—y) 

is the Dirac delta function. All differentiations are carried out with respect to the variable 

x, and the point y plays the role of a parameter. The system is supplemented by the 

requirement that u*® and p* approach zero as |x| — oo. 

The fundamental singular solution of the problem (4.3.5), is given by Ladyzhenskaya 

  

  

[76]: 

J I (xj ~ yj)(Tk — Ye) k 5 — 5 (x,y) = ——lop;] 4.3.6 Gey) = Gol Bt aw ee) 
k 1 O 1 _ 1 4.3.7 

for N = 2 and 

1 Ok; (xj — yj)(Lk — YR) k kj j— YVi)\Tk — Yk x.y) = ; 4.3.8 
wey) = aolkeyt k-yP eee) 

k _ Lk — Yk 
p(x) = ~arlx —y 8” (4.3.9) 

for N = 3. 

From the fundamental singular solutions (4.3.6)-(4.3.7) for N = 2, (4.3.8)-(4.3.9) for 

N = 3 and the equation (4.3.5), in the argument y, the functions u*(x,y) and p*(x,y) 
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satisfy the adjoint system 

d(x —y)e*, (4.3.10) | y > <<
 fon}

 =
 | <| <<

 3
 oo

 

{| 

Vy-u® = 0. (4.3.11) 

The solutions u* = (u¥, uk) and p* allow us to construct the volume potentials 

U(x) = f ubex.y)fely) ay, (4.3.12) 

P(x) = I p* (x,y) fely) dy, (4.3.13) 

which satisfy the nonhomogeneous Navier-Stokes system 

-vAU+VP = f(x), (4.3.14) 

V-U = 0. (4.3.15) 

By using the volume potentials (4.3.12)-(4.3.13), we can reduce the linearized Navier-Stokes 

system (4.3.1)-(4.3.4) to a homogeneous one. Thus, we only consider problems (4.3.1)-(4.3.4) 

with f = 0, 

—vAu+Vp = 0 inQ or , (4.3.16) 

V-u = 0 mQ or N, (4.3.17) 

u=b onf,, (4.3.18) 

u=b+F((u,p)|p,)h ons, (4.3.19) 

In order to derive an equivalent variational formulation for problem (4.3.1)-(4.3.4), we 

need an integral representation for the solution for problem (4.3.1)-(4.3.4). Before giving a 

formal definition of the single layer potentials, we write the Green’s formulas corresponding 

to the Navier-Stokes system. These formulas are obtained by integrating by parts, and are 
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valid for any smooth solenoidal vectors u, v and p, q. They are most simply verified by 

using the identity 

        
O yjOu;,  Oup\s Oui Ov, Op 

jn, ea) = 5 ( on, t Da, )( an, an) + (vAui — 5 )oe (4.3.20) 

in which 

Ou; Ou J — — sk a k Ti, (u) = —65p + (ar, +3, ) (4.3.21) 

is the stress tensor corresponding to the flow u, p. Integrating (4.3.20) over 2, we obtain 

        
Op _ v/Ou;, OUR, Oui, — Ovy 

I (vAu- an) dx = — [ 3 C= + Da, ) (Sn, + an.) dx+ | Tix(u)ujynz dS, (4.3.22) 

1.€., 

N 

2v S> | e,j(u)eij(v) dx + | v-(vAu — Vp) dx = | n-(T(u))v dSx, (4.3.23) 
— Q 2 r 
ij=l 

where n = (nj,---, ny), is the exterior (with respect to Q) normal tol, T(u) = [T; (wu) a1 

is the stress tensor, and e;; = 3 (Bat + at) is the deformation tensor. Interchanging u and 

v, and introducing together with p an arbitrary smooth function g, we obtain from (4.3.23) 

the formula 

I [| (vAv _ Vq)u — v(vAu+ Vp) | dx = | [n- (T(v)u) _—n- (T(u)v)| dS. (4.3.24) 

From the analytic point of view, two-dimensional problems are more difficult to handle 

than three-dimensional owing to the behavior of the solution at infinity. We mainly study the 

boundary value problems (4.3.16)-(4.3.19) for the case of two-dimensional space. Similarly, 

we can analyze the three-dimensional case. 

Let us consider the following interior and exterior Stokes equations: 

—vAu+Vp = 0 inQ or , (4.3.25) 
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V-u = 0 inQ or %,, (4.3.26) 

u = b onf. (4.3.27) 

where © is a simply connected domain in R? with a piecewise-smooth boundary T = OQ, 

and 0° = R?/Q. u = (uj, U2) is the velocity, p is its pressure and v > 0 is the kinematic 

viscosity. 

We will use the following Sobolev spaces defined in Ladyzhenskaya [76], Lions and 

Magenes [84], Nedelec [88]: 

  

H'() = {u(x) € L?(Q) : Vue (L7(9))’}, (4.3.28) 

Wa(Q) = {ulx) : Farina + kD € L?(9°), Vu € (L7(°))"}, (4.3.29) 

W(R?) = {u(x) € (Wi(R?))? : V-u=0, Vx €NUM4, (4.3.30) 

H*({) = the standard Sobolev space defined on S with index r, (4.3.31) 

W(P) = {ue (H(P))?: [ u-ndS=0} (s>1/2), (4.3.32) 

T(T) = {te(H* (0)? n(a77(L)) : [ t-cdS =0} (s > 1/2), (4.3.33) 

and F represents an equivalent relation: 

t~t’, ifand only if t(x)—t'(x)=cn(x), force R. (4.3.34) 

Using equation (4.3.24) and the fundamental singular solution (4.3.6)-(4.3.7), we have 

Lemma 4.3.1 Assume b € U2(T). Then, the problem (4.3.25)-(4.8.27) has a unique solu- 

tion which can be expressed as 

u(x) = [vkex —y)t,(y) dSy +, x € R?, (4.3.35) 

px) = | pix-y)iely) dSy, xe R/T, (4.3.36) 
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where the density t(y) = (T(u)n)|interior—(T (W)N)| exterior Tepresents the jump of T(u)n 

the normal stress, across T. c € R? is a constant vector. OG 

In equation (4.3.23), we write out the corresponding equations for the interior domain 

Q and the exterior domain (2°, and then sum up these two formulae together. We have 

> I. e,j(u)ej(v) dy = [o) -vdSy, Vv € W(R’). (4.3.37) 

Since V-u = V-v = 0, we have 

vf Vu- Vv dy = [ew -vdSy, Vv € W(R?). (4.3.38) 

Choosing v = c € R? in equation (4.3.38) yields 

/ t(y):cdSy =0, Vee R’. (4.3.39) 
r 

Thus, if (u,p) is the solution of problem (4.3.25)-(4.3.27), then t(y) must satisfy the con- 

straint (4.3.39). Since the pressure p can only be uniquely determined up to a constant in 

©, from the expressions of T(u,p) and t(x), t(x) can be determined up to a vector c n. 

From these, we have 

Lemma 4.3.2 The integral equations of the first kind 

2 . 

bj(x) = > / uj(x —y)tify)dSy+cj, Vx ET, j7=1,2 (4.3.40) 
i=l 

define a continuous bijective mapping from U2(T) to To(T)/E. O 

From the equation (4.3.40), we can state the equivalent variational formulation as fol- 

lows: find t € T)(T)/E such that 

A(t,s)=<b,s>, VWs €7)(T)/E, (4.3.41) 
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where 

2 k A(t,s) = zy [ [ uk (x — y)t(y)se(x) dSydSx, (4.3.42) 

2 

<bs> = » [ bu (x) Sp (x) Sig. (4.3.43) 

Theorem 4.3.3 A(.,-) defined in the equation (4.8.42) is a symmetric, bounded and coer- 

cive bilinear form on To(U)/E x Th(T)/E. That is, there exist positive constants C,, Co, 

such that for allt, s € To(T)/E, 

A(t,s) = A(s,t), (4.3.44) 

A(t,t) > Cilltllayse (4.3.45) 

|A(t,s)| < Colltll7,cyallsllceye- (4.3.46) 

Given any b € U2(I), the variational problem (4.3.41) has a unique solution t € To(T)/E 

such that 

Itllaye < Cllblluyc), (4.3.47) 

where C' depends only on T. 

Proof. For the proof, see [114]. O 

Now, let us consider an equivalent variational formulation for problem (4.3.16)-(4.3.19): 

find t € To(T)/£E such that 

A(t,s) =<b,s>+<ah,s>p,, Vs € 7o(T)/E, (4.3.48) 

where a = F((u,p)|r,). Note that the above variational problem is not elliptic since a 

is a function of t through u. F((u,p)|r,) is a bounded linear functional of velocity u 

100



and pressure p and not a simple point-wise function. It may involve complex or non-local 

operations such as differentiation or integration of u and p. First, we consider the case of 

F is a functional of only p. Using the substitution method, we have the following result. 

Theorem 4.3.4 Let t and t be the solutions of the following equations 

a 

A(t,s)=<h,s>, Vse7)(T)/E (4.3.49) 

and 

A(t,s)=<b,s>, Ws¢7)(C)/E, (4.3.50) 

respectively. If F is a bounded linear functional of p and 

F( [ rk(x—y)in(y) 45y|,,.) #1 (4.3.51) 

for interior and exterior problems, then the problem (4.3.48) has a unique solution t € 

To(U)/E such that 

F (fp p*(x — y)te(y) dSylp,) 
  t=t+t . . (4.3.52) 
1— F( fp p*(x — y)tk(y) dSylp,) 

Proof. From Theorem 4.3.3, given Va € R, the variational problem, 

A(t,s) =< b+ah,s>, Vs e€7o(V)/£, (4.3.53) 

has a unique solution 

t=t+at. (4.3.54) 

But 

a = F(plr,) 

= PC phx —y)tk(y) dSy|p,) 

= FU [ p(x -y)iey) dSylp,) + oF p(x — y)fe(¥) 45ylp,). 
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Thus, providing (4.3.51) holds, @ is well defined and 

F (fp p*(x — y)tk(y) dSy|p,)   

  

a= 7 , (4.3.55) 
1— F(fp p*(x — y)tk(y) dSylp,) 

Substituting (4.3.55) to (4.3.54), we have a solution 

- . F(fppl*(x—y)tk(y) dS: baie (Ir pl" (x — y)te(y) dSylp,) (4.3.56) 

1— F(fpp*(x — y)te(y) dSy|p,) 

Now, let us show the uniqueness of the solution. Let tg and t, be two different solutions of 

(4.3.48), then, by the linearity of our problem, t, — ty, satisfies 

  

A(tg — ty,8) =< (ag—ay)h,s>, Vs € 7(C)/E, (4.3.57) 

where 

aa = F( [ p(x —y)(ta)a(y) d5y\,.) (4.3.58) 

and 

av = F( [p(x —y)(to)e() d5y|,, ). (4.3.59) 
But 

Oa — ap = (Ga — 24) F( I p(x — y)tx(y) dSy|__). (4.3.60) 

From (4.3.51), we have that ag = ap and thus tg = ty which contradicts the assumption 

ta # ty. Thus, the proof is completed. O 

In the same way, we have the following result for the case that F is a functional of the 

normal stress T(u)n. 

Theorem 4.3.5 Let t and t be the solutions of the following equations 

A(t,s) =< h,s>, Vs € To(T)/E, (4.3.61) 
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and 

A(t,s)=<h,s>, Vse7(I)/E, (4.3.62) 

respectively. If F is a bounded linear functional of the normal stress T(u)n and 

  F([ [ Talabe yarn oty(y) dSy + 5400]|,) #1, (4.3.63) 

for interior and exterior problems, then the variational problem, 

A(t, Si) =< bj, 35 >+ < ah, s; Te) i=1,2, Vs= (s1, 82) € To(T)/E, (4.3.64) 

where 

ai = F([ [ Tu(u"Gy)ameQoty(y) aSy + 5469]   
-) (4.3.65) 

has a unique solution t € T2(T)/E and 

F([ Jp Ty (u*(oc y))aneQ0ij(y) dSy + H4i(x)]|) 
; 4.3.66 

1 F([JpTx(uk Gc. y))ara(a)4y(y) dSy + 4:00], ) 43.66) t=t 4+   

The subscript x on T;;(u*(x,y)) shows that the differentiation in Tj; is carried out with 

respect to X. O 
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ships through Virginia Polytechnic Institute and State University, Summer Grant(partially 

supported by US Air Force Office of Scientific Research under grant number AFOSR- 

90-0179 and AFOSR-F49620-93-1-0280) 

1989 - 1991: ‘Teaching and Research Assistant Scholarships through The University of 

North Carolina and NSF grant(ASC-9113895) 

1984 1986 : Government Scholarships through The Korea Advanced Institute of Science 

and Technology 

July 1983: Presidential Award at The National Mathematics Contest Sponsored by 

Seoul National University 

CONFERENCES 

1993 - Philadelphia: 1993 SIAM Annual Meeting, Presentation on Heating and Cooling 

Control of Temperature Distributions along Boundaries of the Container of Fluid 

Flows 

1994 - Atlanta 14th. IMACS WORLD CONGRESS on COMPUTATION and APPLIED 

MATHEMATICS, Presentation on Feedback Control of Fluid Flow 

PROFESSIONAL AFFILIATION 7 
eC Ltr po Ce 2 

1989 ~ present : American Mathematical Society 

1992 - present : Society for Industrial and Applied Mathematics 
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