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CHAPTER I

INTRODUCTION

1.1 Functional Observations

The purpose of this research is to investigate the use-
fulness of a concept which we call the functional observation
and to relate this concept to a statistical-genetic study of
juvenile avian growth.

A functional observation is a mathematical relationship

between two or more mathematical variables gbserved as a

entity on each individual of a sample. Thus Yi = fi(x) is
a function observed for the ith individual relating the
mathematical variables y and x for this individual.

Examples of functional observations are becoming more
common with the advent of continuously recording devices.
With these devices one or more variables arxe graphically
recorded as tracings and the entities observed are parametric
functions of a time variable. Thus a recording of deflection,
as a function of applied force, for a sample of structural
timbers; individual hysteresis loops for a sample of test
specimens; salt penetration in brine-soaked hams as a func-

tion of time; or the time-dependent temperature change



recorded for individual eggs being warmed from ambient
temperature to incubator temperature are all realizations of
the functional observation type.

A previous study between the Statistics and Poultry
Husbandry departments indicated that an individual chicken's
juvenile growth curve was a unigue characteristic. 1In
Figure 1.1 are data from this study represented graphically.
The data were not collected by a continuously recording
device but by daily weighings  of the individual birds. The
scale of the figure is such that the observations associated
with individual weighings is obscured; however, it is clear
that further refinement of either the weighing procedure or
the time spacing of the observations would not materially
alter the results as indicated in the figure. Thus the
individual curves are graphical representations of continuous
functions of time as a mathematical variable. For each indi-
vidual bird, then, there is a function relating body weight
and time and one can visualize the functions represented as
being a sample from a population of functions, The juvenile
growth curve is thus a concrete example of a functional
observation which should aid in discussion of the general

concept and suggest problems to be solved, characteristics
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Figure 1.1 Body weights of individual birds as a function of
time
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unique to the functional observation, and the uses of such

types of observational information.

1.2 8Specification of Functional Form

These examples indicate the importance of specifying a
family of functions of sufficient generality to adequately
describe the response of each individual in the investigated
population. The specification problem is usually complicated
by "noise" (error) added to the "signal" (functional obser-
vation) due to the measurement device (e.g., continuously
recording instrument) or external sources (usually of minor
relative importance compared to the signal, but often trouble-~
some to effectively eliminate). In the case of the chicken
weight data such sources of error might be ingestion of food
or elimination of waste products.

A reasonable requirement on the family of functions is
that the random nature of the functions should be incorporated
into the functional form. This can be done by requiring the
function to be not only a function of one or more mathematical
variables, but also of one or more random variables. Then,
for an individual "realization" or functional obsexvation,
the random variables in the function each have numeric

realizations and define uniquely and explicitly a mathematical



function of the mathematical variable or variables. If the
functional observation is observed by means of an interrupted
process, (such as daily weighings), or an imperfect recording
device then the realizations of the random variables in the
functional observation can only be observed subject to error
due to the necessary estimation process that reduces the
crude déta to functional observations. Thus a name for the
random variables in the function might be the stochastic
parameters of the function if they must first be estimated
for each individual.

The functional form needed for representing each indi-
vidual must usually be constructed by using the available
information about the particular phenomenon under investiga-
tion. Sometimes this information is in the form of
differential equations and/or conditions that must be met.
Generally the model building procedure is a bit tentative in
that forms are proposed and tested by fitting until it is

felt that the form is adequate for the purposes visualized.

1.3 Properties and Uses of Functional Observations

The formulation of the functional observation as a
mathematical function for each individual suggests that

information describing the individual can be derived from



each observation. Thus, maxima, minima,points of inflection,
definite integrals, and a variety of other descriptive
gquantities can be derived from each function, Further
possibilities are indefinite integrals, derivatives, and
alternative representations which are themselves functional
observations. The usefulness as well as the conditions
necessary for the existence of this derived information will
depend on the particular form assumed and the conditions
under which the functional observations were obserxrved.

Thus it is seen that the appropriateness of the model is of
major importance.

The availability of such derived information is a
property of the functional observation that is of great
importance to the experimenter in that it thus summarizes a
variety of aspects of the relationship being investigated.
This property might even enable subsequent investigators to
use functional cbservations previously generated to examine
aspects of the relationship not considered by the original
investigator. How to derive such information will be shown
in subsequent chapters for the particular functional obser-

vation considered.



The uses of functional observations are dependent upon
the particular field of research and the natural conditions
éf the experiment in which they were obtained. This par-
ticular research represents a formulation and discussion of
chicken growth. The formulation will involve the character-
ization of each individual's growth as a functional observa-
tion, which is a member of a particular parametric family.
Various derived descriptive quantities and dexrived functions
will be discussed and interpreted in terms of chicken growth.
A statistical-genetics study will be presented which treats
each individual's entire growth pattern (functional observa-
tion), as a genetic trait. This discussion will also
illustrate how the previously mentioned derived information
can be used to write the parametric family in terms of
interpretable stochastic parameters. The derived properties
can also be used as univariate measures in genetic research.
The probability structure of a functional observation will
be given and used as a theoretical explanation of various
phenomena, such as the variance among body weights at a
particular age, which are often observed in such experi-

ments.



CHAPTER II

REVIEW OF LITERATURE

2.1 Review of Literature

Wishart (1938) reported a study of the growth of the
bacon pig. In his analysis he suggested that, to each indi-
vidual pig's growth data, a first and second degree poly-
nomial be fitted by least squares. Then he considered the
coefficients of the linear and quadratic terms to be growth
characteristics which were analyzed in place of the observed
age-body weight pairs. He concluded that differences among
lots were concentrated among the linear coefficients which
were analyzed by an analysis of variance. Thus Wishart
recognized that individuals gave distinct responses which
should be taken into account to better analyze the data.

Myers (1960) discussed a part of the general framework
of functional observations relative to chicken growth. His
data were from a sample of Athens-Canadian Randombred
chickens and he showed that an individual's growth curve was
distinct and could be represented by a smooth curve., He
discussed four functions which might be appropriate to gen-
erate individual functional observations. He discussed the

consequences of assuming that each stochastic parameter was
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an element of independent uniform and independent gamma
distributions and found moment estimates of the mean and
variance of Yit conditional on the value of t.

The consideration of individual growth curves as func-
tional observations as entities has received little attention
in the literature. 8Some of the ideas considered in the
development which follow are related to non-stationary con-
tinuous time stochastic processes. The general results
available in this area are of little help in the present
problem however, and it was thought better to reformulate
the problem from first principles in order to allow the most
appropriate specific problems to be more clearly defined.

Consideration of an individual functional observation
of juvenile growth as an inherited trait is believed to be
unique to this paper.

There are many papers pertinent to aspects of this study
which will be cited and discussed in the sections where
their content is relevant.

It is appropriate to recognize that there is a wealth
of information concerning population growth curves, consid-
ered in the usual regression sense. Some of these will be

cited later. There are also many papers dealing with
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physiological processes and growth which include some mathe-~
matical formulations of these processes at the cell level
(Weiss and Kavanau, 1957; Kavanau, 1960; and Kavanau, 1961).

However, these papers are for the most part irrelevant to

this paper.
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CHAPTER III

RESEARCH PLAN

3.1 Introduction

At the initiation of this study it was proposed that a
realistic and appropriate union would be sought between the
statistical formulation of functional observations and the
biological system studied, so that statistical theory could
be checked by experimental results and these results in turn

used to suggest modifications in theory.

3.2 Biological Material and Methods

The work reported by Myers (1960) involved data collected
from a sample of Athens-Canadian Randombred (A-C), (Hess,
1962), chickens. A part of the present study is a continua-
tion of the basic problem which he discussed. Therefore the
animals used in this study were chosen to be chickens of
this stock.

The use of this stock should result in moxre generally
applicable results than might be obtained by using birds
from a selected population, since they are from a broad
genetic base, Further, complete pedigree and health records

were kept for this population.



- 12 -

Biological experimentation was conducted in co-operation
with the Department of Poultry Husbandry, Virginia Polytechnic
Institute, Blacksburg, Virginia. Actual experimentation was
performed at the V.P.I. Poultry Research Center at Blacksburg,
Virginia.

Eggs from the A-C stock were hatched March 6, 1962. A
sample of 230 chicks representing 42 full-sibships from 10
sires were permanently marked at hatching. Each chick was
identified according to its sire, dam, and chick number
within a sibship.

This group of birds was reared and later maintained tos
(1) Provide a quantity of data which could be used in the
statistical studies; and (2) Make available a parental pool
with known growth histories for future selection expeximents.

The chicks were reared in floor pens throughout. Both
sexes occupied the same pen until the birds were approximately
six weeks old; they were then sexed and placed in adjacent
pens. Both groups were moved from the brooder house to an
adult house when they were twelve weeks of age, where they
remained until sexually mature.

Both groups (sexes) were inoculated against Newcastle

disease when they were two weeks old. Males were dubbed and
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debeaked when they were thirteen weeks of age, No diseases
were apparent, and post-morten examinations were made on all
birds that died. Both groups ran out of feed on the 103rd
day, a Sunday, and a noticeable drop in body weight followed.
They apparently recovered from this shock during the next
four to eight days.

An attempt was made to control the environment as much
as possible. The same medium-energy ration (Siegel, 1962)
was fed free choice and each pen was equipped with automatic
watering devices.

Each chick was weighed at hatching and every four days
thereafter. Body weight was measured in grams. Weighing
was performed between 8 and 10 a.m. by an experimental team
of three persons, a band reader, a weigher, and a recorder.
The birds were handled as quietly and quickly as possible.

Weights were recorded on punch cards soon after they
were taken. Each card contained an identification code and

the age of the bird corresponding to that particular weight,
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CHAPTER IV

SPECIFICATION OF THE FUNCTIONAL FORM

4.1 General Development and Evaluation of Parametric

Families

The development of the idea of functional observations
is dependent on the existence of a family of functions whose
elements can be taken to represent the response of indivi-
dual experimental units. Therefore primary interest muét be
devoted to describing the observations as a parametric
family of functions.

The parametric family, 7, dictates the form of the
functional observation. It is a function of p random vari-
ables and g mathematical variables. A functional observation
results when 1 is evaluated for an individual's set of p
random variables. This procedure generates a functional
observation, a random function, for each experimental unit.
The variation among functional observations arises from the
different sets of p random variables.

In some experiments it may be unnecessary to know the
form which 1 takes or the realized values of the p random
variables involved. Such cases might occur when a contin-

uously recording device has plotted the individual's
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response with negligible noise (measurement erxor). Then it
may be possible to use the tracing and an analog electronic
computer to obtain all the information which is pertinent to
the experiment.

Generally the parametric family may be expressed
symbolically as

'Q(_t.) = n(el’el”.”’ep: tlxtz:"';tq) ’
where 1 is a functional form, the 61,62,...,GP are random

variables and t_ ,t.,... ,tq are mathematical variables.

1°72

A particular functional observation for the ith indivi-

dual is then
ni(—t") = n(eil’eiE"“’eip; tl’tz,-ou,tq) .

ni€£), above, represents the response of the ith individual

for given t and @ e 8 that individual's particular

i1’ iz’

set of random variables.

ip’

If an individual’'s set of random variables is not known,
but instead must be determined indirectly, the functional
observation may be written as

Yi(E) = n(eil,eiz,...,Gipg tl,tz,...,tq) + eiE .
Thus a second source of variation among the functional obser-

vationsis allowed due to estimating the values of the p
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random variables, which will be called stochastic parameters.

Our biological data (weights of A~C chickens) fall in this
category. The €iy> considered an additive random measure-
ment error, will be assumed to have the properties,

E(Sit) =0

8(s§t) = g2

—

and serial independence. The serial correlation between
Yi(gj and YiLg‘) is thus assumed to be a part of 7.

Some criteria must be set down to judge whether a par-
ticular parametric family is satisfactory or unsatisfactory.
An important criterion is the attainment of goodness of fit
to the data, since the functional observation is taken to
represent the observed response. The parametric family
should be appropriate in that its form should reflect the
broad aspects of the process. Thus, since growth is a con-
tinuous, monotonic increasing and asymptotic process, the
parametric family should reflect these characterxistics. It
would be desirable for the stochastic parametexrs in the
parametric family to have meaningful biological interpreta-
tions and the parametric family to admit the derivation of
growth characteristics which reflect aspects of the indivi-

dual's performance. The parametric family should involve
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as few stochastic parameters as are necessary to describe
the functional cobservations. Finally the parametric family
must be sufficiently general to generate functional observa-
tions to represent the diverse responses of all individuals
in the wvisualized population.

The remainder of this section will be devoted to a
study of various proposed parametric families. Each
parametric form will be developed and maximum likelihood
functional observations found for several individuals. On
the basis of these results a satisfactory form for the
parametric family will be chosen using the criteria previously
mentioned.

Chicken growth may be considered as a process which is
dependent on age (t) and weight (Yit) at that age. It is
possible that the well known differential equation (Hald,
1952)

dn .
(4.1) 5t =n(n,b)

permits, by suitable choice of form, a solution which might
be used as the parametric family.

If it is assumed that the function (4.1) is separable
into two functions, one involving only 7, the other only t,

then it can be written as
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(4.2) B = (gt
dt ’
which can be separated and integrated, giving
F(n) = G(t) ,

where

an _ _
J E(n) F(n)

and

S g(t)dt = Gg(t) ,

and the constant of integration is absorbed in G(t).

If it is further assumed that growth rate at age t is
proportional to body weight at age t and amount of growth
remaining, £{(n) can be written as

£(n) = n(g-q) ,
where B represents final weight of the animal and the
constant of proportionality is absorbed in g(t). It follows

from (4.2) that

(4.3) n = _._____é.____.
Lea-BGLE)

is a solution, for 0 { 1 { B, which could equivalently be
written as

(4.4) G(t)p =—zn(§§ﬂ> .
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The data collected from the sample of A-C chickens were
used to study the form of G(t). Approximate values of P
were taken from the data and G(t) evaluated. Several sets
of data were studied, and two representative G(t)P are given
in Figﬁre 4,1.

It was apparent from Figure 4.1 that G(t) was an
increasing function of t, negative for small t, becoming
positive in the vicinity of t = 18 (four day units).
Although G(t) differed markedly for different individuals,
its general shape seemed quite stable. Generally the curve
was approximately linear for t greater than 5 or 6 but
dropped off markedly for small values of t.

The general form of G(t) suggests that g(t) in (4.2)
might take the form

g(t) = x/t ,

and {(4.2) can be written as

a
T =t ()

The differential equation now states that growth rate is
directly proportional to weight at age t and remaining
growth, but inversely proportional to t.

Integrating g(t) gives

G(t) =x fnt +C ,



B G(t)

-

-

*» male

x female

E
0

8 16

|
24

32

t (four day units)

FIGURE 4.1 BG(t) for two individuals
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and substituting this result (4.3) gives the parametric

family

g

N7 e Plx In t4C)

Defining the stochastic parameters in the form as

p=2p

A = e"C/x

R=xp |,

gives

n(t) =~*‘§‘;t,r .
1+ ()

The functional observation for the ith animal is

P,

1.
(4.5) Y, = AR, & it ° (£2 1) .

i, i
l+(t)

Data collected from the previously discussed sample of
A-C chickens were used to find such functional observations
for various individuals.

Maximum likelihood estimates of the stochastic
parameters for individual functional observations were found
by a modified Newton method for transcendental equations.

The g,, were assumed to be NID(0,c®) and serially independent.

it
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A general form of (4.5), and of forms for functional
observations which will be considerxed subsequently, is
(4.6) Yi(t) - Wi(t) + €y
Suppressing the 1 subscript and summing over t, the log-
likelihood equation to be maximized reduces to

L = AS(y-1)% + 2\,
where A and A\' do not involve the stochastic parameters and

y is the realization of ¥. The normal equations for the

stochastic parameters, Ql,éz,...,ép, are

B r ]
SL » oy 9
% = 8 | T L A 9% |
SL gy 2¥
36 Uy~ oo
2 2
3L R Y
6 e e g
P P

which can not be solved explicitly because of the non-linear

nature of ?t.

The usual Newton procedure is to expand X by a Taylor's
expansion about suitable starting values §9 retaining only
the first order terms in the corrections, éﬁi and thus

obtaining linearly correcting iteration equations. These
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equations are:

0 = X{(8) + P@ g A8,
where typical elements of X(6) and L oy respectively are
oL and %L
96, dg, 006, ’
i i J

and each are evaluated for suitable starting values, QO A

computational advantage can be realized if we modify the

latter elements. Since
-

321, o2y N
aeiosj =-2r /, v-¥) S o6 26, de 24

=M<+ N , say,

L

Y
36
J

(o%

M may be neglected if the (yt“‘l’t) are small. The terms of

L g g m™ay then be approximated by
-0 —
Yy Q0¥ QY

The computational saving is realized because the quantities
in N have previously been computed in evaluating X(6),
eliminating the evaluation of M completely. This abbreviated
procedure gave good results in finding the solution of X in
this case and in other instances discussed later.

The solution of X was found by repeated evaluation of

the iteration equation



whexre V has elements v ceasing when the difference on the

ij’
right-hand side was less than a criterion vector which
insured seven significant digits in Qk, the maximum likeli-
hood estimates of the stochastic parameters.

Details of the estimation procedure, using 4.5,
which include the normal equations, the iterant matrix and
a list of FORTRAN statements to execute the process are
given in Appendix A. A brief set of operating instructions
are also given for the computer program. This program and
several others which will be described later were written
for an IBM 1620 digital computer and generally require
approximately 40K memory.

The result of using 4.5 to represent individual func-
tional observations is illustrated in Table 4.1. Deviations
between the data and the functional observation (yt—ﬁt) are
given for a representative set of data.

These residuals indicate that the functional observa-
tion deviated systematically with respect to sign and
magnitude from the data. Therefore the form was considered

inadequate for present purposes.
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Table 4.1. Deviations from functional observations, for a
given set of growth data, from various parametric families,
and for two values of 7, using the general logistic (4.12).

Equation number of functional
observation

t Yo 4.5 4.10 4.11 4.12 T, = 5 TL =
0 43 - .08 .00 - 99.07

1 62 51.68 -~ 3.00 6.88 ~105.66

2 111 72.40 13.61 40.43 - 86.56

3 160 77.03 15.54 69.78 - 72.38

4 192 50,07 =~ 19.20 76.90 -~ 80.75

5 284 70.03 -~ 18.61 137.51 - 35.38 -63.07

6 381 83.50 - 41,01 195.14 8.07 -~20.73 -27.38
7 464 73.09 -~104.73 229.10 30.00 .41 -~ 6.38
8 540 47.40 -196.02 244,56 36.060 6.86 .04
9 587 - 14.00 -324.27 217.60 5.58 ~23.79 -30.48
1.0 700 -~ 14.60 -379.29 241.43 31.55 3.24 -~ 3.19
11 800 - 32.02 -~427.21 235.61 35.40 8.90 2.90
12 212 - 39.94 -436.01 224 .36 42.30 18.38 12.99
13 1035 -~ 38.24 -405.72 206,88 51.78 31.16 26,54
14 1130 -~ 64.87 -378.55 145.68 25.67 9.02 5.32
L5 1252 - ©3.96 -304.46 98.71 20.21 8.04 5.37
16 1366 -~ 69.75 -223.47 35.28 1.96 -~ 5.44 -~ 7.00
17 1518 -~ 35.61 - 93.81 6.66 18.72 16.15 15.73
18 1642 - 27.04 15.24 -~ 47.45 H.51 8.56 9.25
19 1755 -~ 26.61 118.31 -~104.68 =~ 15.64 - 9,42 -~ 7.70
20 1830 ~ 11.02 236.76¢ =~137.60 -~ 22.72 ~13.03 ~-10.43
21 2025 27.98 377.44 -135.08 - 4.93 7.36 10.68
22 2155 55.53 504.61 -~130.44 4.27 18.20 22.03
23 2245  46.75 592,75 -148.32 -~ 18.90 - 4.36 - .23
24 2355 6l1.69 701.53 -129.42 - 1l3.0l1 .56 4.77
25 2415 30.36 760.74 ~145.12 -~ 49.37 -36.48 -32.38
26 2505 32.72 850.22 -117.18 -~ 46.00 -35.17 ~31.38
27 2600 43.74 944.88 ~ 72.49 -~ 28.63
28 2680 43.33 1024.65 - 32.93 - 17.60 -~12.64 =~ 9.89
29 2740 26,41 1084.51 - 5.20 -~ 18.40 -16.95 -14.86
30 2845 37.86 1169.41 54.21 13.37 1ll.12 12.47
31 2890 32.59 1234.35 98.99 32.04 26,00 26.59
32 2940 15.46 1284.31 133.09 41.922 32.13 31.93
33 2950 -~ 38.65 1294.28 130.60 17.33 3.89 2.92
34 2980 - 69.85 1324.26 150.83 17.63 .69 - 1.03
35 3000 ~108.28 1344,.25 153,20 12.21 - 8.02 --10.46




Figure 4.1 indicates G(t) to be approximately linear
except for small t. This suggests that g(t) in (4.2) might
be taken as

gl{t) = x ,
which gives after integrating

G({t) =gt + C ,
a linear relationship. The form, g(t) = x, postulates that
growth rate is directly proportional to weight at age t and
remaining growth,

This result gives the parametric family

B

n o= . s
Lte B(xt+C)

which may be written as

(4.8) n=—FE¢
1+af

>

by defining the various constants as

B =8

This is the well known “general logistic", giving functional

observations

6i
(4.9) Yi u';‘**“; + €i¢ *
+oyP4

(t2 0) .
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Stevens (1951) discussed a reciprocal transform of (4.9).
Using it, (4.9) can be expressed as

t
(4.10) W, =1/, =C; +Dp  +5;

i t 7

where

Ci = l/,Si and Di = czi/Bi s
and the 5it are assumed by Stevens to be additive random
errors, NID(0,0®). This form has particular appeal computa-
tionally and the resulting estimates could be transformed to
represent those in (4.9).

A procedure is given in Appendix B to reduce the normal
equations to a function only of r, say H(r). The maximum
likelihood estimator of p was then found using a two-stage
procedure. The usual Newton procedure requires the evalua-
tion of H'(r) for each iteration. To avoid evaluating this
derivative, H(r) was evaluated for increments of .l over the
range (0,.9) giving an approximation (graphical) to the root
of H(r). An approximate value of H'(r) was found by taking
the difference in adjacent H(r) which span the graphical
intercept, affixing appropriate sign, and multiplying by 10.

The first pass evaluates H(r) and punches results, the

second pass utilizes the approximate H'(r) and the starting

value found graphically and applies Newton's prxocedure to
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find the root to several decimal places. This estimate is
then used to find estimates of c and d which are shown in
Appendix B to be functions of r,

Functional observations for several individuals' data
sets were computed according to (4.10). Details associated
with finding the maximum likelihood estimates are given in
Appendix B, These include the necessary computational
formulae, a list of FORTRAN source statements which execute
the procedure and a brief set of operating instructions.

Signed deviations (y~§) obtained by using this para-
metric family for the previously mentioned data given in
Table 4.1 are shown in the third column of Table 4.1. The
sign and magnitude of these deviations indicate that the form
(4.10) was clearly unsatisfactory. Undoubtedly these results
are in part due to fitting reciprocals of numbers (y) which
range over two orders of magnitude. Thus the reciprocal
transformation introduces extreme heteroscedasticity in the
deviations assumed of constant variance by Stevens.

A third parametric form was proposed. The parametric
family (4.8) can be forced to represent the weight observed
at t = 0 by reducing the form to two random variables and t.

Setting t = 0, (4.8) becomes
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n= .
l +ca
Solving this for o gives
B - YO
YO
which when substituted into (4.8) results in a parametric
family involving YO, B, p, and t,
BYO
Y +(B-Y )pt
O 0

= 2

giving functional observations

Pi¥10

&
Yot (B ¥ )Py

+ € : t> 0,

(4.11) Y = it

i

=Yiauuooo‘. : taOu

Functional observations of this type (4.11l) were found
by using several individuals' data from the sample of A-C
chickens, Maximum likelihocod estimates of the stochastic
parameters Bi and pi were found using a procedure similar to
that used to estimate the random variables in (4.5). The
usual assumptions are made for the € i.e., that they are
NID(0,0%) for t > O.

Details involved in finding the estimates are in

Appendix C. The normal equations which must be solved, the
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iteration matrix, and a list of FORTRAN source statements,
with brief operating instructions which execute the iterative
procedure are given.

The reduction of (4.8) to (4.11l), a two stochastic
parameter situation, offered a computational advantage. The
results of having used it, given in Table 4.1 for the pre-
viously used illustrative data, indicate the typical result
found for other sets of data. The deviations (y-?) are
larger and more systematic than those resulting from using
(4.5). Similar to the results of having used (4.10), this
functional observation is less than the observed weights for
large t. The form (4.11) was then deemed unsatisfactory.

The literature is strongly in favor of using the
"general logistic” (4.9) to represent the growth of an
animal. Pearl (1928), Stevens (1951), Hald (1952), Rao (1958},
Richards (1959), and Nelder (1962) are only a few of the
authors who have suggested using this form or its variations.
No results of having applied the "general logistic" to the
growth of chickens using maximum likelihood or least squares
procedures have been reported.

The "“general logistic” functional cbservation

E’.‘i.
(4.12) Y, =& —=— 4 g
i 140 t it

Py
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may be calculated for the crude data by weighting the
deviations inversly proportional to their variances. This
procedure reverts to the usual unweighted form when the W£
are all taken to be unity. A computational procedure which
solves the more general case is advantageous however, since
a set of weights may exist which improve the goodness of fit
for all the data sets.

Estimates of the stochastic parameters c

p

and Py

S R B

were found using the procedure discussed for (4.5). Compu-
tational details are found in Appendix D which include the
normal equations for general weights, the iteration matrix
and a listing of FORTRAN source statements with operating
instructions,

A typical set of deviations (Yi~§) resulting from the
use of (4.12) {(unweighted) on the illustrative A~C chicken
data is presented in Table 4.1. The magnitude of these
deviations are less than for the forms previously examined.
Systematic deviations are apparent however, and the functional
observation was, in particular, overestimating the early
weights,

A partial listing of sets of weights used to obtain

weighted functional observations is given in Table 4.2. Not
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Table 4.2. Some of the sets of weights used to evaluate the
general logistic (4.12).

Y

t (unity unless otherwise indicated)

4 7 30 10 30 25 5 12

4 25 20 3 10

20 10

15

10
5
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ot
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[
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w N
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v
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given are the deviations (Y—§) from the unweighted case
which were also used as weights (see Table 4.1). Although
the use of weights improved goodness of fit, no general set
of weights was found.

Each of the parametric families utilized all the data.
Consistent deviations from the data were noted in each case,
reflecting inflexibility in the forms. For the several forms
tried, the indication is that some biological stress is being
reflected in the data which prohibits the use of one of

these forms for all ages.

4.2 Defining the Region of Juvenile Growth

A critical evaluation of the underlying characteristics
of growth in chickens explains the non-linearity in G(t)
(Figure 4.1) for small t and the failure of (4.12) to repre-
sent the early weights.

A suggestive paper by Nelder (1961) in which he dis-
cussed the growth of a bacterial culture, is indicative bf
what will be proposed for chicken growth. In his paper he
divided growth of a culture into three phases:

Phase I1i characterized by small absolute growth (lag
phase) .

Phase II: characterized by logarithmic growth (logis-~
tic phase).
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Phase III: characterized by growth decreasing to zero
(stationary phase).

Genetic and physiological studies have shown that prior
to approximately three weeks of age, the chick is influenced
by distinct factors which are not present at later ages.

Abplanalp and Kosin (1952) reported maternal effects on
heritability of body weight for Broad-Breasted Bronze turkeys.
Their results indicate that these effects were highest at
hatching and diminish thereafter, becoming nearly constant at
four weeks. 8Similar results have been reported for chickens
by Bray and Iton (1962).

McDevitt (1956) studied the relationship between egg
weight, initial chick weight, and growth rate of several
breeds of chickens for a period of eight weeks. None of the
stocks involved were A-C chickens, but they are expected
to perform in a similar manner. His results indicate the
correlation between egg weight and chick weight (for combined
males and females) was significant at hatching (.86 for
White Plymouth Rocks) and decreased thereafter (.15 at five
weeks of age for the same breed).

All of the energy for the animal body is derived from

the oxidation of foodstuffs. This energy must be available
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for heating, cooling, digestion and for growth and repair of
the body tissues. Barrott et al., (1938) found that Rhode
Island Red chickens experienced quite wvariable rates of
basal metabolism at different ages. They reported that
basal metabolism is higher during the early weeks of life,
roughly corresponding with the higher relative growth rate
during the same period. Further, the thermo-regulator
mechanism of the chick is not fully developed until several
weeks post-hatching (Hutt and Crawford, 1960), and consider-
able variation exists among individuals in unselected popu-
lations for this trait.

Important changes in matabolic activity occur during
the post-incubation period. The yolk is absorbed prior to
hatching and is a prime source of foodstuffs for the early
post-incubation period. The influence of the yolk on growth
at early ages is demonstrated by the presence of yolk
material in the abdomen of some chicks as late as seven days
of age.

This evidence suggests that a biologically reasonable
division can be made in the early part of a chicken's growth

curve to define the onset of juvenile growth. The period of

juvenile growth can be considered terminated at the onset of



ovulation in a majority of the females. Although males
produce semen at earlier ages the fecundity of the species
can not occur until the females become sexually mature.

Thus this age is the logical physiological point to terminate
juvenile growth of both sexes. Thus, between these divisions
growth should more nearly reflect the individual's juvenile
growth characteristics.

Diagrammatically, such a division is illustrated by
Figure 4.2. Two divisions are made in a chicken's growth
curve at ages T and T,e It is desirable for Ty to be as
small as possible, making more information (data) available
to character;ze individual juvenile growth. The upper limit
T, can realistically be set on the basis of average female
sexual maturity. Thus the theoretical growth curve is

divided into three characteristic phasess

Phase I Characterized by large relative growth com-
pared to that of later ages, a large maternal
effect and a high metabolic rate relative
to that found for older birds.

Phase II: Characterized by a relatively constant meta-
bolic rate and nearly constant maternal

effects.
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- 38 -

Phase III: Characterized by reproduction, increased
fat deposition, and a small absolute and
relative growth rate.

A study was performed, designed to establish an average
minimal Tye Several sets of data from our A-C chickens were
used to study G(t) and establish where its linearity and
early non-linearity phases could be divided. Then the
"general logistic"” was used to characterize these data sets
after omitting consecutive weights (beginning with to). The
deviations from the computed functional observation were
examined for consistent deviations and the quantity
(4.13)  R? = s(y-¥)2/5(y-7)%
computed. The index of summation for the sums in (4.13) run
from the first admitted observation to 35 (corresponding to
20 weeks of age (12)). The denominator represents the usual
sum of squared deviations from the sample mean. The computed
values of R®? were examined as a measure of goodness of fit
and an attempt was found to find a relative maximum R® after
having omitted several early weights.

Table 4.3 illustrates the effect of omitting various
numbers of beginning weights., The values of the estimates
changed as more beginning observations were omitted; however,

the first few weights had the most effect. R? is seen to
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increase, then decrease. Deviations from the estimated
functional observations are given in Table 4.1 for T = 5

and T, = 6. They are seen to differ very little. (Note

that yi27 is also}cmitted since the birds experienced an
environmental stress at that age.) The non-linear portion
of G(t), Figure 4.1, roughly corresponds to ages less than

5 or 6. (Approximating G(t) by a linear function of t neces-

sarily results in poor goodness of fit for such values of t.

This is the result found by using (4.12) (see Table 4.1).)

Table 4.3. 8tochastic parameters in the general logistic
and R® when (7;) early age weights were eliminated from
the data in Table 4.1.

Ty a b r RZ

0 21.02 3128 . 8401 .9983
1 20.064 3136 .8412 . 9985
2 20.17 3145 .8426 .9988
3 19,71 3155 . 8440 9990
4 19.24 31c4 .8455 . 9991
5 18.63 3178 .8472 .9995
3 18.19 3187 . 8488 . 9996
7 17.98 3192 .8495 . 9996
8 17.89 3193 . 8498 . 9996
9 17.85 3194 .8499 . 9995
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Since it is desirable to choose Tl as small as possible,
it was decided {(on the basis of other results similar to
those illustrated in Table 4.3) to let Tl = 5 which corre-

sponds to 20 days of age. As stated previously, 12 was
chosen at 35 (20 weeks of age) since many of the females were
laying eggs at that age.

The remaindex of this study will emphasize the "juvenile
growth" of chickens. Unweighted functional observations
(4.12) will be estimated for each individual from the para-
metric family (4.8) omitting y127. This form represents the
observations quite well and the deviations seem to be approx-
imately random about the functional obsexrvation (Table 4.1).

BEach functional observation is known only in the
presence of noise, generated by the life process and measure-
ment error. However, growth is a type of measurement which
cannot be observed repeatedly on the same individual, pro-
hibiting repeated sampling and furthexr improvement in the
realization. Therefore, subject to the parametric family

assumed, the functional observations will be considered to

represent each chicken's juvenile growth.
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4.3 Comparison of Juvenile Growth Between Two Individuals

The neoise about a functional observation can be utilized
to compare two functional observations. An appropriate way
to compare two growth patterns is to examine their difference
in the interval (11, 12). If they can be judged significantly
different at any t in this interval, the null hypotheses of
equality should be rejected. This seems to be a meaningful
way to formulate the test since a functional obsexvation
represents a continuous response. Two functional observa-
tions may be nearly alike for some t, indeed coincident, but
deviate from one another markedly for other t, thus indicating
a different overall response. Such a test formulated this
way, although lacking some optimum properties, is given below.

Let the null hypotheses be H_: 8(§1t) = 8(§2t) and

0

the alternative be HA' 8(?1t) o S(QZt). Under the null

~ ~

hypotheses the dt = (Ylt"YZt

distributed with mean equal to zero. The test statistic

) are assumed to be normally

2

m:x dt

(4.14) F' = T
e

where
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T, T,
M/\ 2 _f\
S Y )T 2 YY)
t=T t=T
o2 = 1 1
e 2{n) - & ’
(tﬂwl,fl+l,...,Tl+nn1(312)),

max dt is the largest observed difference existing between
the functional obsexvations. F' is an approximate test
statistic which should be compared with F with 1 and 2 (n)-6
degrees of freedom. Rejection of the null hypotheses occurs

when F' > F which gives approximately an o size test.

/n’

The size of the test is at most a. This results from
an application of Bonferroni's Inequality (Fellexr, 1957),
and assuming the denominator of (4.14) is approximately a

X2 (2(n)-¢). Let P, be the probability that at least one d

1
is greater than a constant. Let the probability (pt) that

t

any dt is greater than a constant be a/n. Then
T2
ttwl

and by Bonferroni's Inequality

s, -s,{p, <8
ox

0< u—SESPl_{_a s
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where S2 designates the sum of the probabilities of the joint
occurrences of any two different dt being greater than a
constant dependent on «. 52 is not known, however, the test
given above should have size approximately equal to .
Otherwise it is a conservative test, rejecting HO when it is
true with probability less than a.

Application of the test would be facilitated by com-
paring YF' with tabular values of ta/n’ d.f. = 2n-6, using

the extended tables given by Federighi (1959).
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CHAPTER V
MANIPULATION OF THE PARAMETRIC FAMILY, DERIVATION OF
GROWTH INFORMATION AND THE PROBABILITY STRUCTURE OF

A FUNCTIONAL OBSERVATION

5.1 Introduction

Bach functional observation represents a summary of an
individual's response in a convenient functional form, a
distinct difference from the usual univariate or multivariate
observation. This important property makes it possible to
derive many individual characteristics (stochastic parameters
or functional relationships) which are important in studying
each response.

It is possible to express a given functional observation
in alternate, equivalent,ways. This will be possikle when
unigue transformations exist, which are functions of the
original stochastic parameters. Or more formally, when the

original functional observation is in terms of 6 6 and

i1’ iz’

913 and there exists a transformation

Y. = F(Qil,e )

i1 12793

Y, = G(G.l

iz i ’812’81 )

3

¥, . = H(8

i3 11°%122%3)
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with

6199835000105
Y ‘Y LI Y \y ’ # 0
i1’ "i2’ ’Cip

J(

-

Then the functional observation can be expressed in terms of
yil’ Yiz’ and Wi3' This method provides a way to express
the functional observation in terms of the various derived
characteristics mentioned above.

Reformulating the functional observations may be useful
for several reasons. The major goal in any experiment is to
learn as much as possible about a process. The effects of
various characteristics can be evaluated by their role in the
functional observation. Further the procedure is suggestive
of other characteristics emphasized by the new formulation.
This procedure thus permits the experimenter to derive
stochastic parameters which have clear interpretations in
the system. Non-linear forms frequently involve expressions
which are difficult to visualize, The researcher need then
only formulate the characterxristic desired and derive it from
the functional observation. The method permits the reformu-
lation of the functional observation in terms of the more
easily interpretable stochastic parameters. Estimates of the

new stochastic parameters can then be obtained from the

values of the original ones since they are functions of them.
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The normal equations which would ordinarily have to be
solved for a new set of stochastic parameters will usually
be different from those for the original stochastic parameters.
Therefore it may be possible to express the functional obser-
vations in terms of a set of stochastic parameters which are
nearly orthogonal, a useful property in non-linear estimation.

The probability structure of a functional observation
involves (except for the errors in estimation) the probability
densities assumed for the stochastic parameters and their
functional relationship. The functional relationship is
given by n and is generally non-linear making the derivation
of the probability density of a functional observation quite
difficult. However, a certain expression of the parametric
family may exist which is particularly amenable (mathema-
tically) to the assumed densities of the stochastic
parameters.

The remainder of this section will be devoted to an
examination of derived information and the probability
structure of functional observations to represent juvenile

growth of chickens.
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5.2 Growth Rate

Wishart (1938) and Rao (1958) give typical discussions
of methods of analyzing growth data for growth rate.

Wishart, in a study of growth rate of the bacon pigq,
suggested that to each individual's growth data a second
degree polynomial be fitted by least squares. The linear
and quadratic terms were considered to be growth character-
istics and were taken in place of the usual data pairs. He
found that differences were concentrated among the linear
coefficients which were analyzed by an analysis of variance.

Rao suggests analyzing differences in body weight at
various time intervals (the same intervals being used for
each individual) to study growth rate. Also he suggests
using a linearizing transformation in t if it is necessary.
His analysis consisted of an analysis of variance and co-
variance of the Ygo (beginning weight) and each b, the
linear regression coefficient of the weight differences on
t or a transform of t = g(t).

Both authors recognize that growth rate is an important
growth characteristic which is not uniform for all t. Both
suggest that by properly dividing the data or by using a

suitable transformation, it may be considered nearly linear.
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Growth rate may be studied with the functional observa-
tions directly with no further estimation required. Using
them a realistic non-linear characterization of growth rate
can be found and various properties of growth rate examined.

The functional observation
(5.1) 1 a—-@'*g

1+ap
has an alternative representation given by the transforma-

tions

(5.2) T =

Y = —-4in p .
Applying these we have

B

nE Lee YEST) O

which is equivalent to the functional observation used pre-
viously, (5.1). Since this represents the growth of an

individual, growth rate at age t for that individual is

(5.3)  R(t) =9 - —B¥
(1+e™) (12e™)
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where

x = y(t-1).

This is clearly a function of t and the stochastic parameters
associated with the individual.

R(t) is always positive, since in this case B, ¢, and 71
are greater than zero. An examination of (5.3) shows that
R(t) is symmetric about 7 and that R(t) approaches zero for
large positive (or negative) t. Since R(t) is symmetrical
about 1 and asymptotically zero for large t it must,

necessarily, attain its maximum value at
(5.4) t =1 s

(this was reported by Verhagen (1960)).

R(t) evaluated at t = 7 gives

(5.5) R = max R(t) = R(t) n'%g s
t

the maximum growth rate of the animal.

The simplicity of this expression and its meaningful
biological interpretation suggests that R be used as a

member of a set of meaningful stochastic parameters to



write n in an alternative form. Further t and R jointly
define age and rate of gain at that age. If the third
stochastic parameter was chosen as B, the set would also

involve a weight measure.

R(t) could be used to define a parametric family

generating growth rate functional observations, thus

i AA
it Y (e-1) ¥ (e-7)

(1+e )(l4e * )

is a non-linear function of time for each individual.
S8uch a representation may be considered useful by some
experimenters as a more appropriate form than functional
observations of body weight. However, both functional
observations involve the same stochastic parameters so
that once Bi, Yi’ and Ti are known either form may be
used,

Differentiating R(t) a second time with respect to t,

we have

e¥ py3(e 2 t-T) _  —v(t-7) .y
(l*_e“‘Y(t"T) )4

R"(t) =

and using the relationships (5.2) and setting R"(t) = 0
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gives
(oapt)2 - 4apt +1=0

The roots of this equation occur at

I =1 - in(2+ V3
1 Y
(5.6)
1 gng2+f3'1
2"1’"“ ’Y .

defining the ages when the rate of growth rate changes sign.
These two points define a nearly linear portion of the func-
tional observation, see Figure 5.1. Growth rate evaluated

at these uniquely defined ages was (using symmetxy)

4 = a'éls-z“
{(5.7) R(Il) R(Iz) p 3 R .

Thus between these ages growth rate is at least 2/3 R. The

length of this period is determined by 7Y since

_ 2 4n(2+ ¥3)
I Y ’

and varies inversely with .
The average rate of gain in weight based on ages Il and
12 gives an indication of linearity of growth rate. If we

define E(Il,IE) as this average growth rate, we have
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Y - Y

| I. I
I, ~-1I
2 1
(5.8) - Bl e - Gy +Anlaed)

= R(273/3 in(2+/3))

(The numeric constant 2V3 + 3 in(24/3) = .8767.)

These results shows

R(t) is always positive in the case considered in this
paper, i.e., (all stochastic parameters in (5.1) greater
than zero).
Maximum growth rate (R) occurs when the animal’'s age is
v and has value BY/4.

R(t) is symmetric about T.

At two uniquely defined ages (5.6), equally spaced

about T, growth rate is 2/3 R.

The average growth rate ﬁ(Il,Izl differs from R by a
constant and is approximately 87.67 per cent of R,

This result (5) supports Wishart's work, which indicated
that the linear component accounted for most of the
variation in growth rate. If the data is chosen for

appropriate ages, (within I_~I. and approximately sym-

2 1

metric about t), the linear estimate may be quite

satisfactory.
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5.3 Weight and Age Relationships

The functional observations,

& B
Y =
t 14Q~Y(t—1)

represent a set of asymptotic regressions, similar to those
discussed by Stevens (1951) and Turner, et al., (196l1). An
asymptotic parametric family has appeal when studying a
self~limiting process, such as growth.

The stochastic parameter in the numerator of ?t repre-—
sents the asymptotic value which §£ approaches for large
positive t. That is

lim § = ,
t
t-00

which represents the "asymptotic juvenile weight of an
animal”. This is meant to imply that juvenile growth of an
individual ceases when the animal attains weight B. Of
course, life processes (aging, reproduction, fattening, etc.)
tend to influence body weight at latexr ages, hence B does
not realistically represent weight for these ages.

Setting t = 1 in (5.2) gives

(5.9) 91 = B/2 ,

which is similar to a result reported by Yoshida and

Morimoto (196l1l). This shows that an individual attains half
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its final juvenile weight by age 1, Figure 5.1. B8ince growth
rate is symmetrical about 1, it might be supposed that YZT
would be equal to B, This is not the case, because R(2t) is
not equal to zero, the value it attains asymptotically. 1In

fact,
%(27) = B

— s
14e Yt
which may be reduced to a more convenient form by using the
functional relationship

Vv

a = e .
Thus
(5.10) ¥(21) ==~—-@—i—- .
l+(&)

Noting that final juvenile weight is B, the amount of growth
remaining beyond 271 is

(5.11) B - #(20) = 220 d)

a fraction of the weight at 2v. If
- 1l

(5.12) N =

then N is the proportion of the weight at 271 remaining to
be grown. This measure also reflects the ability of the

individual to gain weight in the second 1 length of time
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relative to the first v period. It suggests that scaling
age in 7 units may be meaningful in comparing growth pexr
unit age.

Such a natural scaling would be

with St taking on valuess
Bt = -1 corresponding to hatching,
= 0 at age 7,
L at 27,

etc.

5.4 Growth Preoportionality

The general logistic parametric family results from a

certain differential equation. This equation

dYt
(5.13) e = mrt(ﬁ-?t)

assumes that growth rate is directly proportional to the
product of weight at age t, (Yt), and remaining growth,
(5~Yt). The solution of (5.13) is

v B

t 1+e~5x(t~c)

which may be re-expressed by defining the constants to be
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and
C=7T .

The result is the usual general logistic,

(5.14) Y = B :
t 1+e*7(t~r)

From the remarks given above, it is seen that the

constant of proportionality assumed in (5.13) is

- L
K= .
p

A second proportionality parameter of growth is p.
Previously it was shown that

Y

p=el
which may be substituted into (5.14) giving

Y = —B .
t l+p(t—r)

For simplicity define:

Rﬁt = BnYt = growth remaining at age t, and

RG = ﬁ*yt+l = growth remaining at age t+l.

t+l

Then the ratio



RG a1 B - B g
Rst N 1+9t~1+l . l+pt*1+l
b4 _ B B
t+l B t-1 t~-1
Yt 1+p 1+p
t-T+l
(5.15) — -
_ l+§t,1*l . l+§t T
t-1 l+pt—-1’+l
Jl.-r-pt_'r
t~T1+l
- P
t-T
P
=P s
oxr
RG 11 Yes1
RG =Py ‘
t t

Since the denominator in (5.15) is a ratio of sizes, we will

call p a‘fgrcwth~size stochastic parameter”.

5.5 Alternative Repregentations

Alternative representations of the generxal logistic
parametric family have been given throughout the previous
sections. There are, however, an infinite number of ways

to express this form.
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Interest in writing alternative representations of the
form is two-fold. PFixrst, it permits the expression of the
functional observations in terms of meaningful (intexrpretable)
stochastic parameters. 8Second, an expression may be possible
which involves a set of nearly independent stochastic
parameters.

The utilization of interpretable stochastic parameters
adds an amount of appeal to the functional observations.
Their interpretations are also useful in evaluating the dif-
ferences among the functional observations. Considerable
mathematical reasoning is required to evaluate how one func-
tional observation actually represents a different response
from another if they are expressed in terms of obscurely
defined stochastic parameters,

An orthogonal set of clearly interpretable stochastic
parameters may not exist. If a set exists which is nearly
orthogonal, however, great advantages can be gained. The
associated dispersion matrix (V) in the iterative solution
is conditioned according to the correlation structure among
them. If this matrix has large diagonal terms, relative to
the off-diagonal terms, the number of iterations required in
estimating the stochastic parameters should be reduced,

representing a considerable computational saving.
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A possible procedure when making selections for juvenile
growth is to select on the values of the stochastic param-
etexrs. Often selections are made in such a way that all
configurations of the stochastic parameters, in a factorial
arrangement, must be present. Such a procedure will be
facilitated if the stochastic parameters are nearly independ-
ently distributed for the population of individuals.

A summary of some alternative representations is given
below. The set of transformations is also given for each
which must be applied to previously defined representations,

Beginning with the family as derived in Chapter IV,

(5.16) 1 = —B
t
1+ap

the following representations are possible:

Transformations Parametric Family

=27

(5.17) Y = -4n p n = “““@Te,?;
l+ce
o =q
p=8
B

(5.18) T = dng n =
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Transformations Parametric Family
p=23B
(5.19) N a'é n ='-—E:;—
1+N ¥
T = T
B
(5.20) p=28 n ="
14e BE"T)
TET or
4R
(5.21) - BY n = T
R 4 'Y[l'i'a ‘Y(t T)]
p=p
(5.22) N =N n a'~—§§;
- 14N
S = E-z
t T
= = ﬁ
'3 n'l or
P Y
(5.24) - n = K{lm“"'(t—‘t‘)]

The representation (5.16) has particular appeal compu-
tationally because of its simplicity. Derivation of the
iteration equation from this form is straightforward.
Probably (5.20) involves the most interpretable (in terms of
chicken growth) set of stochastic parameters. The remaining

representations may have appeal to other investigators.
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Later studies of the realizations of the stochastic
parameters may indicate a representation which involves a

nearly independent set. This topic is deferred to Chapter VI,

5.6 Probability Structure of a Functional Observation

A functional observation is a random function. It is a
function of stochastic parameters and a mathematical vari-
able\(t). An individual functional observation is uniquely
defined by realizations of these stochastic parameters.

Each individual is assigned, by some random process, a
set of these stochastic parameters. Their realizations are
expressad in the functional observation for that individual.
A second individual expresses its randomly obtained set
defining anothex functional obsexrvation, etc.

The parent probability densities of the stochastic
parameters and the functional relationship determine what
the probability density of the functional observation will
be. The functional relationship is given by 7, the para-
metric family which is usually a non-linear expression.

The parent probability densities of the stochastic
parameters often must be assumed. Realistically they should
reflect the properties of the stochastic parameters. 1In

this study, the growth of A-C chickens, the probability
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densities of the stochastic parameters are not known. How-
ever, the individual stochastic parameters are continuous
variables which must, for this case, be positive.

Thus the probability density of a functional observa-
tion represents a non-linear formulation of the underxlying
probability densities, The realizations from this probabil-
ity density are functional observations.

The parametric family which we have used to study

chicken growth is

- B
l+apt

n

A functional observation results from an individual'’'s random
choice of B, a, and p, defining the particular realization.
By its nature, the probability density of a functional
observation (£(¥)) involves more than one variable. There-
fore its probability density may best be studied by consider-
ing its conditional probability density given t. Since the
functional observation exists for positive t, its conditional
probability density is defined for all positive t.

A functional observation involves all three stochastic

parameters for most values of t. However, for some particu-

lar values of t, all three variables are not involved. Thus



for t = 0 a functional observation involves only the

stochastic parameter B and a. When t = 7 the functional
observation involves only B, which is also the only one
involved for infinite t. The functional observation, at

these t, is
R -

0 l+a ?

and

Yooa B

Therefore it 1is apparent that the conditional probability
density of the functional observation, £(¥|t), must take
different forms for different t.

Knowing the probability structure of a functional
observation invites studies of a host of theoretical topics.
The variable form of the conditional density makes it unusual
among distributions. The moment properties of the condi-
tional probability density, £(Y|t), could be examined and
various moment regressions studied.

Here the principal interest in developing £(¥|t) is
illustrative. The intent is to show a possible probability
structure for functional observations and its appropriateness

as a description for this type of data.
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Probability structures othexr than the one which follows
are possible, if othexr probability densities of the stochas-
tic parameters are assumed, however, the integrations required
limit the feasibility of most alternative formulations.
Perhaps in the future a study involving a random mating pop-
ulation could be performed to examine the sampling density
of each stochastic parameter.

Assume that the stochastic parameters Bi’ a,, and Py
have independent log-normal probability densities. Follow-
ing the notation of Aitchison and Brown (1957), denote these
as follows:

B, ~ A(ug; 0‘;)

(5.25) @, ~ A(ua,cgi

pi ”A(Np:gg) )

where log~normal probability density represents the proba-
bility density of a statistical variable whose logarithm is
normally distributed.

The joint element of prcobability of Bi, ai, and Pyi
dropping the i subscript on the individual's stochastic

parameters:



B(B,a,p)dB du dp = (——575— )
(2m) Bap oﬂaacp
(5.26)
Inf-i g fno—p. Inp-p .
+ exp-h[ (=24 ()24 (——*)%]dBddp
B a p
0<{ B ™
0<{a< w
0< pL o0 .
Making the change of variable,
s = pt
0<({8< @ ,
which has absolute Jacobian,
1
= -1
1.t
IJ: = + 8 s
gives
h(B,a,5/t)dp du ds = (— L )
(2m) aBSaﬁcatap
(5.27)
Enﬁ-us Ena—ua inS-ty
+ exp ()24 (——— )24 (—5;—#)%]dpdaas .
B o

The previous expression can be reduced further by let-
ting X = a8, taking advantage of the convolution of log-

normal variables, which gives



o~
5

(5.28) h(B,X/t)dp dX = 2

2#&Xo5qx
Inp~y nX-p
-+ exp-il (———F)2+(——%}2] apax
B X

0<{x< 0 .
In this expression

Hy =0+ tup

X
2 a2
a§ =0 +t ocp .
(That X = a8 is itself log-normally distributed follows from
the convolution of the sum of two normal variates, given by

Aitchison and Brown (1957). For

In o ~ N(NG; 0(21)

in 8 ~ N(tup,tao:) s
hence
- - - » 2
fn(a8) = gnc + £n8 N(ua+tup:0§+t 02) s
and

X = a8 ~ A(ux,ai).)

The quantity

1
1+ X

W =

takes on values from 1 to 0 as X goes from 0 to co. The

change of variables,



W=T+x

which have ranges
0<{¥< @
o<wl1 ,

has absolute Jacobian

g =35 .

W

This change of variable gives

, - I’
{5.29) £(Y,w|t)dway [zwcﬁaxYW(l-W)}
1-w
An(Y|W) - In(=) -0
- exp -yl ()20 (——Fj2 qway .
B X

The conditional probability density of ¥ given t results

when W is integrated out. Thus

-1
(5.30) £(¥[£)a¥ = (2woy0.¥)

L-W
In(Y|W)-u n{=—)-u
. égﬁfffﬁf exp-%[ ( % B}2+{ :; Xj2]qway .

This is virtually an intractable integration. (8everoc and
0lds (1956) encountered a similar problem when studying the

power of the test for comparing means of log-normal variables.
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Their work required a closed foxrm for the probability den-
sity of the sum of n log~-normal variates, which they were
unable to find.)

Expanding the squares in the exponent of (5.29) and

collecting terms not involving W into one factor gives

w2

~5§5(zn2;u3)2— 302
B X
) <]
{5.31) F(Y,W[t)dwdyY = { P }

X'p

- 5es((P-Q)3-2_(P-Q))
cle ¥ }

—ggg(-zzn¥+a+a¢6)-(9+o)

+ {e Jaway
where
P = fn(l-W)
Q = fn(wW) .
Writing
P+Q=P - Q-+ 2Q
permits further factorization in the two exponent factors

involving W, which become

(5.32) e(?"‘Q) [A‘Cl(?“Q)]*‘Q‘B—*CzQ)

In this expression
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and

8ince W has range (0,1), an infinite series based on
the definition of the Riemann integral can be written.
Divide the interval (0,1) into 2P subintervals, each of

length 1/28B, Then

€

2
p.4
qunr g - 202

(5.33) £(y|t)ay = (S }

27T quSY

= (M-N) [A-C. {(M~-N) ]+N(B~C_N)
i 2 L. L 2

&

where

i
M= /n(l - =)
21’3

and

N = ﬁn(giﬁ) .
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To investigate the value of the first texm of this
series, obtained when i = 0, considexr the following:
Remembering
P = /n(l-wW)
and
Q = fn(w) ,

the first term, T is

Tys

(p-Q) [ A—-clu»—o) ]m(s-czo)
T = x lim e

0 W
Q(B—A)-—Qgcclwzi
m e lim e
Q-0
=% lim -Q(B—A)%Qa(c +C.)
Q- o ' 172
= O s

since C, +4C, > 0, if B-A > 0, the result is immediate, if
B-A < 0 the Qa(cl+c2) term will dominate the exponent and
TO will again be zero.

Evaluation of £(¥|t) is a numerical problem which lends
itself well to the use of a digital computer. 8Since the
first term of the series is zero, it can be omitted., The

final form to bhe evaluated is
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1 | My
-7 nYp )2 - %
20% B 20§

27 GXUBY

£(Y|t) = =

22 W) [A-C. (M-N) ]
. 4£.3(M-Nv A—cl M-N) +N(B—¢2N)

n
=] 2

where n must be chosen to insure accuracy (to a certain num-
ber of significant digits) in the ordinates,

The approximate exptéssian of £(Y|t) involves six
constants and t. In order to illustrate the form of £(Y|t),

a set of these constants,

by By, hg
o? o= o
P a B

was required. Among our A~C chicken data was a sibship
which contained six males. Their individual realizations of

51, Pys and ai are available from their functional observa-

tions. Since we have assumed Bi, Py> and o, to be log-

i
normally distributed, the individual realizations were
transformed to logarithms (base e) and the means and vari-

ances estimated. These are given in Table 5.1.



- 73 -

Table 5.1. Estimates of the mean and variance of the proba-

bility densities of /fn B,, 4n a,, and fn p, for six, male,
i i i
full-sibs.
variable estimate of mean estimate of variance
in 51 7.8279216 ,0026948867
in ai 3.0390514 . 0094343907
in pi - ,16350167 . 0000903183

A digital computer program was written to perform the
numerical integration over the lndicated range and evaluate
the resulting function of ¥. Each evaluation gave an ordinate
of the conditional density corresponding to a given Y and t.
Appendix E contains a tabulation of FORTRAN source statements
to evaluate ordinates of £(¥|t). A brief set of operating
instructions is also given.

The effect of using various size n (taking a variable
number of terms in the numeric integration) was investigated.
Table 5.2 contains representative results from this study.
Taking n = 8 implies accumulating 255 terms in the numerical
integration, while taking n = 10 results in evaluating 1023
texms. The results in Table 5.2 indicate that taking n = 8

as opposed to n = 10 results in ordinates which diffexr only
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and letting n = 8 and n = 10.

t Y n =8 n =10
5 220 .00999302 .00999282
7.5 350 .00005373 .00005373
10 500 .00659181 .00659180
15 800 .00258253 . 00258253
20 1325 .00239341 .00239340
22.5 1750 .00203456 .00203455
25 2250 .00233865 .00233865
30 2325 .00298570 .00298570
35 2800 .00001475 .00001475

in the sixth decimal place.

Taking n = 8 gave adequate

accuracy for the purposes of this study.

Our particular functional observations represent indivi-
dual juvenile growth. This has been defined to occur when
the animal is between 20 and 140 days of age (t = 5 and 35
four day units). £(Y|t) was evaluated for t = 5, 7.5, 10,
15, 20, 25, 30, and 35 four day units which cover the
juvenile growth period. Approximately twenty-five ordinates,
corresponding to different ¥, at each t were evaluated.
Graphs of these conditional densities are shown in

Figures 5.2, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8, and 5.9.
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FIGURE 5.2 Conditional distribution of Y given t = 5
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FIGURE 5.3 Conditional distribution of Y given t=7.5
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FIGURE 5.4 Conditional distribution of Y given t = 10
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FIGURE 5.5 Conditional distribution of Y given t = |5
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A photograph of a three~dimensional model of the
probability density of a functional observation is given
in Figure 5.10.

A tabulation of modal ordinates and their abscissas for

several values of t is given in Table 5.3.

Table 5.3, Modal ordinates and their abscissas of £(Y|t)
for several values of t.

t Y Modal ordinate

5 242.5 .01478
7.5 347.5 .00984
10 487.5 .00671
15 887.5 .00365
20 1392.5 .00265
22.5 1640.0 .00253
25 1855.0 .00255
30 2170.0 .00279

35 2337.5 . 00300

The figures 5.2 through 5.10 and Table 5.3 illustrate
several properties of this density which realistically
reflect what is observed, see also Figure 1.1, by examining

a set of realizations:



Plodel of

Y (BODY WEIGHT)

£{yie)
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The modal ordinate of f£(¥|t) projects a general logistic
in the (t,Y) plane (Figure 5.11).

The largest modal ordinate of £(Y|t) occuxs at t = 5
(.01478), the least near t = 22.5 (.00253).

The dispersion of £(Y,t) increases with t to t = 22.5
then decreases (Figure 5.10).

The £(Y|t) are nearly symmetrical, although positively
skewed.

The projection of the modal ordinate in the (t,£) élane
is decreasing from its largest value at t = 5 (.01478)
to approximately t = 22.5 (.00253), then increasing to

t = 35 (.00300), (Figure 5.12).

These results illustrate the uniqueness of the proba-

bility structure of a functional observation. Particularly

pleasing is its reflection of what is apparently occurring

in the biological system. The variance structure at dif-

ferent t is especially interesting. Indeed, the formulation

in terms of functional observations represents a new explana-

tion of the frequently observed correlation between body

weights of different individuals and t. Thus repeated

sampling of functional observations from the probability

gstructure assumed, followed by analyzing the values of the
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functional observations at various t would generate this

phencmenon.

5.7 Discussion of Appropriate Statistical Tests to Compare

Realizations of the Functional Obsexvations

A useful property of a functional observation is its
summary form. At the beginning of this chapter various
gquantities were derived from the functional observations and
related to chicken growth. Later it was shown that seis of
three of these quantities (which have Jacobian of transform-
ation different from zero), could be used to uniquely define,
or represent in an alternative form, the functional obsexva-
tion. Earlier an approximate test was given which may be
used to compare functional observations.

The appropriate univariate significance test for a
single type of stochastic parameter is dependent on the
probability density of the realization of the stochastic
parameter. In the previous section it was assumed that a,

b, and r were each elements of independent log-normal
densities. Therefore, to be consistent with that assumption,
a natural logarithm transformation of these quantities allows
the use of well-developed significance tests for normally

distributed variables. As was pointed out earlier, the
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assumption of parent log-normal probability densities for
these variables did not result from examination of a large
number of individual realizations (only about 200). This
assumption is realistic, however, in depicting the range of
the variables and their continuity. Further, the resulting
probability density seems to be quite realistic. However,
other parent densities could be assumed and appropriate
tests made on each stochastic parameter. This judgement
remains in the hands of the experimenter.

The use of multivariate techniques for compaxing vectors
of realizations is also possible. Juvenile growth could be
compared by applying these techniques to sets of individual
stochastic parameters which uniquely define juvenile growth,
Such a précedure is facilitated by assuming each set (or
some transform of the set) to be jointly normally distributed.
Caution should be extended that different results may occur
if a different set (also capable of defining the functional
observation) is used to make a second test. The results of
two such multivariate tests may not be consistent since the
second set will usually be a non-linear transformation of

the first.
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CHAPTER VI

STATISTICAL GENETICS OF GROWTH

6.1 Introduction

One of the major objectives of this study has been to
define a probability structure which would describe indivi-
dual juvenile growth in a realistic way. This statistical
formulation, discussed in previous chapters, is based on the
idea of random functions, called functional observations.
According to this formulation, each growth pattern of each
individual can be treated as an entity.

The probability structure of a functional observation
was given in Chapter V. That discussion utilized the random
variables (stochastic parameters) and the mathematical vari-
able t involved in the functional observation. The préba—
bility structure can be developed for the biological system
in the following way. The growth pattern of an individual
is peculiar to the environment and the genetic composition
of that individual, The genotype of the animal is determined
by a random sampling, at the time of fertilization. The
expression of this sampling of growth genes, in a given
environment, is a unigque growth pattern that is characterized

by a functional observation involving a unique set of
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stochastic parameters for each individual. Thus the
stochastic parameters are determined by a random process.
Their sampling distribution is generated by the possible
random combinations of genes at meiosis.

This suggests that an entire growth pattern of an indi-
vidual is a genetic trait. Such a consideration would permit
studies of the inheritance of entire growth patterns, a very
realistic procedure since it would allow the use of all the
information in the function about the growth of each indivi-
dual. Individual growth patterns, characterized by their
functional observations, can be quite diverse. An examina-
tion of Figure 6.1 (in which actual functional observations
of growth for four male chickens are given), illustrates
this property. Note that each of these functional observa-
tions are identified with a capital letter in the upper
right-hand corner of that figure.

The following relationships can be found among thems:

1. They rank, from heaviest to lightest, with respect to B;
B,A,D,C, (3187, 3102, 2548, and 2444).

~

2. Their YiBS rank A,B,C,D.

3. Their Y rank A:C,B,D.

4. Their ¥,_ rank C,A,D,B.
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Thus it is shown that the individual (B) which is
heaviest at the termination of growth is smallest at twenty
days of age. The reverse is true for individual (C). It
can be observed that the functional observations cross one
another, so that at these ages two individuals would be
judged equal with respect to body weight, however at another
age they differed considerably. (For example, B and C at
t = 18.7, B and D at t = 10.2 and the same compared at t = 35,)
It is obvious that knowing the relationship between body
weights of two individuals at a specific age does not insure
that the same relationship will exist at all ages.

Use of individual body weights at an arbitrary age as
a characterization of growth may thus be ambiguous. A
better procedure would be to use functional observations
which summarize each individual's entire growth pattern.

If each individual's growth pattern is, to a large
extent, under genetic control it may be possible to incorpo-
rate this characteristic into breeding plans for various
growth traits. Further, it appears that since body weight
at’a specific age is a heritable trait (Siegel, 1962, gives
a summary of such statistics), then a trait which incorporates
an animal's weight at several ages should be, at least, as

highly heritable.
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A discussion of the heritability of juvenile growth as
measured by functional observations will be given in the
next section. The structural relationships between male and
female growth patterns will also be discussed and a set of

structural equations given which relate them.

6.2 Functional Observations of the A-C Sample of Chickens

Some of the procedures and results already discussed in
this paper have been evaluated on the basis of how they
reflect body growth of a sample of A-C chickens. These
chickens were reared according to procedures discussed in
Chapter III. Wwhen they were 140 days old there were 98
females and 78 males in the sample. The remainder of this
study will involve only these animals.

A functional obsexrvation was computed for each indivi-
dual in the sample. Each functional observation was an

element of the parametric family,

ne) = —E—
1l + ap

Six stochastic parameters were also estimated for each
individual, they were:

By Py Ty
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The functional observations were computed using an
IBM 1620 digital computer which used the program described
in Appendix D, Although various amounts of time were
required to find the solution for the stochastic parameters
of different individual data sets, usually convergence to
seven significant figures was obtained in two and one-half
minutes. This amounted to approximately six iterations for
suitable starting values. The starting values were found by
comparing data sets to be computed with those already com-
puted., The first few sets of starting values were found by

solving

and trying various values of r These were of course

4
crude, but gave satisfactory results,

A listing of a set of stochastic parameters which
uniquely define each functional observation, namely éi’
ﬁi, and ?i are given by pedigree in Appendix F for each
individual animal.

An analysis of variance and covariance components

(hierarchal classification, Model II (Eisenhart, 1947)) was
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computed for the stochastic parameters. The analysis per-
formed is similar to that discussed by King and Henderson
(1954) for chickens. An outline of the one used here, for
unequal subclass numbers, with symbolic expected mean
squares and expected mean cross products is given in

Table 6.1.

Table 6.1. Outline of analysis of variance used to analyse
the individual stochastic parameters, with expected mean
squares and products.

Source DF E(MS)* E(MP) **

Sires s~1| o2+n_0o

2
(5) ET™2%.:5""3%| Peg* g% 1T Op:*n

g ™2Ppp' °ppr M3Pgg 95 %

Dams d-s|  op+n, of o Peg ' % 1P pp’ %%
(D:8)

Progeny | N~d o2 Por 0,0,

(P3D:8) B EE' EE

Total N-1

* The notation is as given by King and Henderson (1954).

**This notation follows the discussion by McBride (1958);
the primed subscripts indicating differences in micro
environments for the different traits. The E(MP) follows

from a paper by Henderson (1953).
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Tabulations of the estimated components with indicated
degrees of freedom can be found in Tables 6.2, 6.3, 6.4,
6.5, 6.6, and 6.7. Each table is a 6 x 6 arrangement of
these components, within a classification and sex, Tables
6.2 - 6.4 give these estimated from males, Tables 6.5 - 6.7
contain a tabulation obtained from the female stochastic
parameters. These results were obtained from all possible
analysis of variance and "analysis of cross products"” among
the six stochastic parameters for the male and female esti-
mates. A total of 42 such analyses were thus performed.

A summary of the means, within sibship standard devia-
tions and the corresponding coefficients of variation for
these stochastic parameters are given in Table 6.8 for male
and female progeny. These measurements indicate the differ-
ences between the stochastic parameters for the different
sexes, Males were found to reach heavier asymptotic weights
(B) and have a higher maximum growth rate (R), but little
difference was found in their ages at half final juvenile
weight (t). Differences can be seen between the other sto-
chastic parameters. The coefficients of variation are
relatively small for both sexes, however those estimated
from female progeny were larger (five out of six) than those

from males' data.
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Table 6.8. Estimates of the mean, within sibship standard
deviation and the corresponding coefficient of variation
for male (N=78) and female (N=98) stochastic parameters.

stochastic " 8E c.v.

parameter =

estimated s R 33 2 N Q90
B 2776.4 2145.9 206.50 199.58 7.438 9.300
Q 21.618 16.306 2.9054 2.1019 13.44 12.89
P .84353 .85750 .00757 .00970 .8973 1.131
Y .17025 ,15379 .00895 ,01131 5.259 7.356
T 18.009 18.109 .75866 1.0355 4.213 5.718
R 117.97 82.210 10,242 7.6793 8.682 9.341

Heritability estimates were calculated for each sto-
chastic parameter. The maternal and paternal half-sib and
full-sib heritabilities were obtained according to the
following formulae:

The paternal heritability estimate based on half-sib per-

formance,

~

40
hzm ~

S (G§+

LY

U%'m Y

+ ag)
the maternal heritability estimate based on half-sib per-

formance

¥
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and the full-sib heritability estimate,

-o

were estimated for male and female progeny separately, using
the component estimates given in Tables 6.2 through 6.7.

These heritabilities, for male and female progeny, are
given in Table 6.9 for each stochastic parameter. The
maternal heritability of some of these characters is obviously
too high to be reflecting only additive genetic variance,
Overall, the stochastic parameters associated with male

progeny were under greater genetic influence than those for

2 p2 2 , i -
Table 6.9. Estimates of hs, hD, and hs+D for the six sto

chastic parameters for male and female progeny.

stochastic 8 D 84D
parametex 32 QR ;d =Y I 00
B L6232 .0776 1.0600 .9336 .8416 .5056

.0568 .0000 1.5956 1.7940 .8262 .8970
.0000 .1592 2.2126 . 0000 1.1064 .0796
.1604 2.2192 .0000 1.1096 .0802
.0000 .0000 1.4820 .1496 .7410 .0748
.0200 .1348 1.3336 .4280 .6768 .2814

W A4 R O Q
o
o
o
o
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females as is apparent from the h§+D estimates. Estimates

of hg were generally greater for male progeny than for
females; hg estimates were small for both sexes, except for
male progeny B.

There are several reasons why differences in og and og,

in the numerators of hg and h%, can occur. It is well known

(Lerner, 1958) that cg for female progeny includes 1/4 of the

additive genetic variation 1/16 epistasis plus sex-linked
effects. 0% for female progeny also includes 1/4 of the
additive genetic variation, 1/4 of the dominance less than
3/16 epistasis and maternal effects, but no sex-linked effects.
Therefore the heritability estimates hg and hg for female prog-
eny reflect these different sources of genetic variation.
These estimates, then for the stochastic parameters B, o, T,
and R, indicate possible maternal and/or dominance effects
since hg were greater than h;. p and v for»female progeny
were lowly heritable and the reverse relationship among hg and
h; was observed indicating the possibility of sex-linkage.

For male progeny the o2 for the stochastic parameters

D

were larger than the 02, as is idicated by their hg and hg.

SJ

This could indicate epistasis and/or dominance since og con-

tains less than 3/1¢ epistatic variance while og contains
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only 1/16, og contains 1/4 of the dominance and maternal
effects while GZ has none, and both contain 1/4 of the addi-
tive genetic variance. Each of these heritability estimates
assume a random mating population. This was very likely vio-
lated since the males actually represented a sub-population
with respect to a behavior trait. This may have resulted in
some homogeneity among the males as regards growth. In addi-
tion, natural mortality among males, resulting from the domi-
nance-subordinate relationships may have further delimited the
population of males with respect to growth characteristics.

Therefore, although the stochastic parameters are
apparently highly heritable, the estimates given in Table 6.9
may be biased. (It should be noted that only 10 sires were
involved in the study, hence ag may be poorly estimated.)

The correlations (SEE,) among the stochastic parameters
are given in Tables ©.10 and 6.11 for male and female
progeny, respectively. v and p are seen to be highly cor-

related for males and females. This probably is the result

of their functional relationship, since

p = Y .

Maximum growth rate (R) and asymptotic juvenile weight (B)

are highly correlated in both sexes (.7993 and .6827 for
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Table 6.10. Correlations among the stochastic parameters
for male progeny.

stochastic parameters
Y T 5] a P R
1 -.5976 -.1098 . 5866 -.9979 . 5048
1 .4330 .2903 . 5896 -.0176
1 . 3037 . 0948 . 7993
{symmetric) 1 ~.5933 .6176

Table 6.11. Correlations among the stochastic parameters
for female progeny.

stochastic parameters
i T = a P R
1 ~. 7717 -.4060 .5999 °© ~,9999 .3863
1 . 6207 .0349 .7706 .0091
1 .0934 . 4046 . 6827
(symmetric) 1 -.6012 .5743
1 -.3878
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male and female progeny respectively). However, Tt and R are
nearly uncorrelated(.0176 and .0091 for males and females
respectively), 7 and B are moderately correlated (.4330 and
.6207, males and females respectively).

Earlier it was suggested that writing the functional
observation in terms of ﬁi, Tis and Ri had appeal because
these stochastic parameters are easily interpreted. Since
R and 1 are nearly uncorrelated, considerable selection
pressure presumably could be applied to them. However, R
and B are correlated to the extent that it may be impossible
to find functional observations in the population character-
ized by small R and large P or vice versa. Therefore,
should a mating plan be advanced with selection pressure on
T and R, its probable effect on f can be evaluated through
the R, B correlation. Thus if the mating plan for T and R
was arranged in a 22 factorial so that individuals with, say,
high and low 7 and high and low B (relative to the mean 7 and
B) were mated in all possible configurations, the genetic
advance expected in P as a result of having selected R
could be evaluated using an expression given by Siegel

(l962a):
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8% _Psepp m.p
a6, ~h BR

R s+D,R YE,R
In the above

AG,. = expected change in B,
AG_ = change in R,

hS+D,5 and hS+D,R = average heritability (square root)

estimates for B and R, respectively,
3 and G = @stimated standard deviations for
£ and R, respectively,

and
= usual product moment correlation
between B and R.

Use of this method assumes additive gene action and a
constant genetic correlation. Using the above formulae d&e
for male and female progeny are 63.04 grams and 87.46 grams
respectively, based on the previously tabulated heritability
correlation estimates.

Such an experiment as this would be useful in studying,
more thoroughly, the inheritance of growth patterns and would
make possible the estimation of the regression of offspring

performance on parent, a superior estimate of the heritability

of functional observations of growth.



- 111 -

6.3 Structural Relationships between Male and Female

Stochastic Parametexrs

In order that selection procedures might be more
appropriately applied, it is necessary to investigate the
relationships existing between the stochastic parameters for
males and females of similar genetic background. This
necessity is due to the absence of any a priori information
as to what kind of female functional observation might cor-
respond most closely genetically to a given male functional
observation. 8ince the stochastic parametexrs of the func-
tional observation characterize the function, any relation-
ships existing must be expressed through them. A proposal
to investigate this relationship for the present data (in
which parental stochastic parameters are not known) is given
below.

Suppose that a set of structural equations exists which
relate male offspring performance to that of their sires.

In particular, let the son's performance be measured by a
vector of stochastic parameters, say zi and his sire's cor-
responding stochastic parameter vector be X.. Let the

1

structural relationships between the two vectors be Bll’

then the set of structural equations can be written as

(6.1) ¥, =B, X, .
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A set relating the son's stochastic parameter vector
to that of his dam's, X , could be written as
'
(6.2) Y, =8, X .
S8imilarly, sets relating daughters' vectors of sto-
chastic parameters to those of their sires' or dams' could

be written as

(6.3) ¥, =B, X,
(6.4) ¥, =8, X, .

The vector subscripts denote a male's stochastic parameters
if 1, a female's if 2; the subscripts on B reflect the sub-
script of the predicted vector and variable vector in that
order. Vectors of stochastic parameters denoted by Y are
reserved for offspring and those written as X indicate

B and B,

22 require

parent vectors. Estimation of Bll’ 812, 21°
that the parental stochastic parameters be known.

Two sets of structural equations are thus written which
depend on the same parental vector. This fact can be
symbolically used to define a new set of structural equations

relating daughters and sons of the same parentage. (6.1)

and (6.3) can be written as
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-1
(6.5) El = Bll‘xl
and

-1
(6.6) X, =B, Y

respectively, which when equated give

-1 -1
Bi1 ¥ =B, %,
or
-1
(6.7) ¥, = BB ¥

if all B matrices are non-~singular. Similarly the use of
(6.2) and (6.4) give

-1 -1
Bio X =B, X,

or
-1

(6.8) ¥, =8_8_%¥ .

The sets of structural equations {6.7) and (6.8) are free of
the parental vectors and relate son and daughter stochastic
parameters, The set (6.7) was found by holding 5& constant
and (6.8) by holding'gz constant. The resulting structural

equations suggest using

(6.9) X, =A+BY ,

that is, relating full-sibs for which the unknown dam and

sire vectors would be equal. The vector A allows for
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possible intercepts and the matrix B for coefficients of the
male stochastic parameters,

Each sibship involved in the biological study usually
involved chicks of both sexes. However in some cases only
male or only female chicks were obtained within a full-sibship
at hatching. Of the surviving sibships there were thirty-one
which had both male and female members. Within the jth sib-

ships there were, say, males and n, . females represented.

13 23

From the previous discussion of the average heritability
of the stochastic parameters, it was seen that the performance
of male offspring was more heritable than was that of the
female progeny (see Table 6.10).

The structural equations (6.9) were estimated to study
the structural relationship between male and female full-sibs
according to the following procedure. Average values of the
six stochastic parameters were found for males and females
within each sibship. Then the set of stochastic parameter

means for female full-sibs was weighted by n their number.

23’
These weighted means were then regressed on the son means.
The structural equations were thus estimated using the model:

(6.10) ¥, =A+BY +e ,

where g is a vector of additive random errors, assumed to be
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NID(0, o® diag. —=—)
n2j
and g& and gé represent the vectors of means of full-sib
male and female stochastic parameters. In particular, they
were the respective male or female means of 5, a, B, %, &,
and R.

An ordinary multiple regression analysis was performed
and variables eliminated which did not contribute signifi-
cantly (o = .05) to the sum of squares accounted for by the
structural equations. Each female stochastic parameter was
thus predicted using all six male means, then successive
eliminations were made, until a reasonably optimal set was
obtained. Among all six female parameters a set of three
was selected which would uniquely define a functional

observation. The resulting equations then, were:

Re = 53.96772 + .22972 Ra
(6.11) B, = 1226.625 + 7.63613 Rg
To = -10.44014 + .10239 Qg + 31.9669 pa

Note that no requirement was made of this set to be
invertable, i.e., it should only be used to predict female

stochastic parameters.
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These equations should have some merit in predicting
what female is similar to a given male, for they are esti-
mated on the basis of brother-sister relationships.

These equations suggest an experiment to evaluate the
genetic compatability of females and males whose mating they
predict. If these equations identify like genotypic compo-
sitions, the resulting functional observations of the progeny
should be more uniform than would be expected from random
mating.

A set of stochastic parameters for females was predicted
using (6.11) for each male in the A-C sample of chickens.
Then an actual bird was found among the females in the
sample which had similar values for her particular stochastic
parameters,

An example of such a predicted mating is given below.
The predicted parameter set for a female was found from
(6.11) to be

B = 2262
R = 85.13
T = 18.16 R

based on the stochastic parameters of a male with parameters



- 117 -

¥y = .1689 & = 22.02
7 = 18.31 p = .8446
f = 3213 R = 136.7

A female was then found among the A-C sample which had
stochastic parameters
B = 2247

= 85.10

b

= 18,17 ,

<)

which is seen to be close to the desired values.
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CHAPTER VII

SUMMARY AND SUGGESTED FURTHER RESEARCH

1,1 Summary

A formulation is presented which describes a new method
of handling responses which are characteristically a function
relating measurable random variables to mathematical vari-
ables. The formulation considers each response a random
function which is called a functional observation. This
statistical formulation results in each response being sum-
marized in a convenient functional form which can be used to
derive other functional relationships which describe the
response.

A particular formulation is derived to study the

juvenile growth of chickens. The parametric family

n(t) ="“@"‘g
1l 4 ap

is proposed as being most appropriate, after evaluating
several alternative forms using actual growth data, to
generate functional observations which represent the indivi-
dual growth patterns. Each functional observation is
characterized by an individual's set of B, a, and p, called

stochastic parameters and designated Bi, a and Py Thus

i’
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a particular functional observation may be written as
Yie 'MEL”E ,
1+ Py
where Yit represents the body weight of individual i at age
t. The functional observations represent juvenile growth,
a period when an individual chicken progressed from 20 to
140 days of age.

A biological experiment provided the actual growth data
of the chickens. A sample (approximately 200 animals) of
Athens-Canadian Random Bred chickens were used. Each bird
was weilghed every four days for a period of about five
months. These data were used in this study to evaluate the
appropriateness of various statistical formulations and to
estimate the heritability of the stochastic parameters and
through them the functional observations.

Several growth characteristics were derived from the
functional observations to describe chicken growth. It was
found that B (final juvenile weight), R (maximum growth
rate), and v (age at half final juvenile weight and age when

R occurs), could be used to express the parametric family.

Thus the alternative representation,
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8
n{t) = ’
-%?(t*r)

1 +e
generates functional observations with meaningful biological
interpretations.

The probability structure of a functional observation,
a random function, is developed and discussed. The stochas-
tic parameters are assumed to be elements of particular
probability densities which with the form specified for y
define the probability structure.

A particular probability structure is found by assuming
different independent log-normal probability densities for
ai, Pys and ﬁi. The resulting conditional probability
density of ¥ given t could not be obtained in a closed form.

A series to calculate the ordinates of £(Y|t) was obtained,

1 . X
‘zcg”“’f‘“a’a‘ 202
£(¢Y]e) = (2 }
27 YUXGB
n
24 . (M-N) [A-Cp (M-N) ] +N(B-C_N)
. ( —_——a }
1= 2"
where M= gn(l - i/29),

N = £n(i/2n) s



M
i SE
A= [(ua*ftup)/(og%ao;)] -1l= =3 1,
in¥Y~
B = t—~;§~§) -2,
B
c, = 1/20§, , and c, = 1/20*2 .

S8everal conditional probability deﬁsities were computed
numerically and were found to be slightly positively skewed,
with variance increasing from t = 5 to t = 22.5, then
decreasing slightly. Their modal ordinates varied indirectly
with the apparent variance, projecting approximately a gen-
eral logistic in the (t,Y) plane. This probability structure
is seen to be realistic in that it reflects characteristics
commonly observed from actual growth data.

The inheritance of entire growth patterns was estimated
using the stochastic parameters which characterize the func-
tional observations. Heritability estimates were found for
male and female progeny separately. Overall, the heritability
of stochastic parameters associated with male progeny were
larger than those for females. The individual heritability
estimates were found to reflect some additive genetic vari-
ance but also dominance, and epistasis for male stochastic

parameters, and maternal and/or dominance effects for female
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stochastic parameters, This may have been the result of a
bias in sampling sires, giving a poor estimate of cg.
A set of structural equations are proposed which relate
stochastic parameters of full-sibs of opposite sex. These
equations were derived as a means of determining genetic
similarities in male and female growth patterns. These
equations may also be used to develop a mating scheme, by
matching actual female stochastic parameters to those pre-

dicted by the equations, to possibly produce progeny with

uniform growth patterns.

7.2 Suggestions for Further Research

This paper has laid the ground work through theoretical
formulation and biological experimentation, of a new statis-
tical method for evaluating a continuous functional response.
The statistical formulation has been in terms of functional
observations and their application to juvenile growth of
chickens.

Other responses could be investigated in the general
framework of functional observations. The specific problems
associated with such a study would be similar to those dis-

cussed in this paper.
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In particular, considerably more research could be
undertaken to extend this study of juvenile growth of
chickens. Perhaps a more appropriate parametric family
could be advanced with functional observations characterizing
the response for all values of t, determined without assuming
serial independence in the noise. This necessarily presumes
a study of the correlation structure of the noise. The
probability structure of functional observations could be
investigated much more thoroughly from many aspects.

Several genetic experiments have been proposed and
could be performed, utilizing the sample of A-C chickens
used in this study as parental stock. Besides estimating
heritabilities, these experiments could be continued for
several generations, with selection maintained for several
distinct growth patterns. In this way it may be possible to

develop lines with uniform growth pattexrns.
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Agriculture in January, 1958. After a year in the Graduate
School there, he was awarded a M.S. degree in January, 1959,
having studied invertebrate toxicology and statistics.

In September, 1959, he joined the staff of the Depart-
ment of Statistics at Kansas State University as an instructor.
His principal duties involved teaching statistical subjects
and consulting with resident staff associated with the

Agricultural Experiment Station.
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He was married to Janet D. Moyer in June, 1956. They
have three children, Karen, Heidi, and Seth.

Mr. Krause is a member of the scholastic societies:
Gamma Sigma Delta, Sigma Xi, and Pi Mu Epsilon. He is also
a member of the Biometric Society, American Statistical

Association, and The Central States Entomological Society.

-
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APPENDICES
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APPENDIX A
Functional Observation:
Y = Bi + €
it A Ri it ’
1+ (-*-)

depressing subscripts and writing

AR
Q =1+ (3)

and

¥ a'Ji
Qt

the normal equatiomswhich must be solved result from dif-
ferentiating

L = Az(yt _.gl)a + A
t

with respect to 8, A, and R successively (A and A\' do not

involve A, B, and R.),

™ RS 7
oL . L
.}.{. = 36 = ~2A Z (yt-\}-’) Qt .
En (")
oL
SR Z (Yt—‘i’)
oL R-1
oA - Z (y
L] ! ]
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Solving X set equal to zero gives estimates b, r, and a.
The iteration matrix V is, writing q for Qt which now

involves estimates,

& mnd T
V=2 25;%_ _ zg e el arl 2;_%*_
d t q3
a,2ir a,2ar a.r a
(T) 7" 4n(D) (D) en(D)
£ e bea® 12: t . t
q tTq*
(symmetric) baraazrnlii"Ti“*
2 4
t q
The iteration equation is
6. = @ - vt xe.)
%k k-1 == 7

which 1s evaluated repeatedly until

B 7
b~ 8 < .0005 ,
.00000005
.000005

and the estimates result.
Bxecution of the FORTRAN digital computer program

follows the usual procedure.
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Data preparation follows the following formats:

card columns

4 - & - numerical identification code,

7 - 10 - wvalue of t (as an integer) as a 4-0 number,

11 - 20 - Dbody weight as a 10-5 number,
Only complete sets of data may be used, that is, t must take
values 1,2, ..., N where N is the age when the last weight

was taken. Data cards must be ordered with respect to t.

card

11
21
31
41
51
61

71

One control card is necessary, prepared as follows:

columns

- 6 -~ numerical identification (same as above),
- 10 ~ number of data cards, 4-0 numberx,

- 20 -~ starting value for r, 10-5 number,

- 30 =~ starting value for a, 10-5 number,
- 40 -~ starting value for b, 10-5 number,
- 50 =~ accuracy criteria for b, 10-8 number,
- 60 =~ accuracy criteria for r, 10-8 number,
- 70 =~ accuracy criteria for a, 10-8 number,

- 80 =~ Dblank.
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Switch settings:

SW 1 ON typewriter prints values of a, b, r at the
end of each iteration

OFF no type out
8w 2 oN punch out final inverse of V
OFF no punch out

SW 3, W 4 not interrogated .

Deck sequence:s
1. Object program
2. Suitable subroutine package
3. Control card
4. Data card

5. Further sets of control cards and data.

Output:
1 card, ID, a, b, ¢
1 card, X evaluated for a, b, r
n cards, 1ID, y, predicted y, (w), y-w

if SsW 2 ON

1 in the fellowing order,

first card, inverse elements vll, vlz, v13,

second card vzz, v23, v33.

2 cards, elements of v
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FORTRAN SOURCE STATEMENTS

C ESTIMATES STOCHASTIC PARAMETERS IN YIT=B/(1l.+(A/T)*¥*R)
DIMENSION TN(100)
DIMENSION W(100)
DIMENSION Y(200)
1000 READ 100sIDsNsRsA»B»CRITLIICRITZ2,CRITS3

100 FORMAT(169s149F10e59F10e59F10e¢59F10e89F10e8 »sF1l0e48 )
DO 50 I=1sN
READ 10351DsJsY(1)

103 FORMAT(16+149F1Ce5)
IF(J=~I+1) 2+5042

2 PRINT 101s14J

PAUSE
GO TO 1000

50 CONTINUE

101 FORMAT{18H CARD OUT OF ORDERs15,15)
COUNT=0
DELR=0
DELB=0
DELA=0
TNU 1)= 0.00000000000000
TN 2)=  «693147180559945

TNE 3)= 1.098612288668100
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FORTRAN SOURCE STATEMENTS {(CONTINUED)

TN( 4)= 1386294361119890
TN{ 5)= 14609437912434100
TN 6)= 1«791759469228050
TN( 7)= 1e945910149055310
TN{ 8)= 24079441541679830
TN 9)= 2.197224577336210
TN{10)= 24302585092994040
TN{1l)= 2.397895272798370
TN{12)= 24484906649788000
TN(13)= 24564949357461530
TN{14)= 2.639057329615250
TN(15)= 2.708050201102210
TN{16)= 2.77258872£2239780
TRI1T7)= 2833213344056210
TN{18)= 2.890371757896160
TN(19)= 2.944438979166440
TN{20)= 2.995732273553990
TN(Z21)= 3.0445224377£23420
TN(22)= 3.091042453358310
TN(23)= 3135494215929140
TN{24)= 3,178B053830347940

TN{25)= 3.218875824868200
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FORTRAN SOURCE STATEMENTS (CONTINUED)

TN{26)= 3.258096538021480
TN(27)= 3.295836866004320
TN(28)= 3332204510175200
TN(29)= 3.367295829986470
TN{30)= 3.,401197381662150
TN(31l)= 3.433987204485140
TN(32)= 34465735902799720
TN(33)= 3.496507561466480
TN{34)= 3.526360524616160
TN{35)= 3.55534806148%410
TN(36)= 34583518938456110
TN(37)= 3.610917912644220
TN{38)= 3.637586159726380
TN(39)= 3.663561646129640
TN(40)= 34688879454113930
TN(41l)= 34713572066704300
TN(42)= 34737669618283360
TN(43)= 3.761200115693560
TN(44)= 3.784189633918260
TN(45)= 34806662489770310
TN(46)= 3.828641356489090

TN(4T)= 34850147601710050
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FORTRAN SOURCE STATEMENTS (CONTINUED)

TN(48)= 34871201010907890
TN(49)= 3.891820298110620
TN(50)= 34912023005428140
TN{S1l)= 3.931825632724320
TN({52)= 3.951243718581420
TN(53)= 34970291913552120
TN(54)= 3.988984046564270
TN{55)= 4.007333185232470
TN(S56)= 44025351690735140
TN{57)= 4.043051267834550
TN(58)= 4.060443010546410
TN(59)= 44077537443905710
TN(6U)= 44094344562222100
TN(61)= 4.110873864173310
TN(62)= 44127134385045090
TN{63)= 44143134726391530
TN(64)= 44158883083359670
TN(65)= 44174387269895630
TN{66) = 44169654742026420
TN(6T)= 44204692619390960
TN(68)= 44219507705176100

TN{69)= 44234106504597250
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FORTRAN SCQURCE STATEMENTS (CONTINUED)

TN(TO)= 4e248495242049350
TN{T71)= 4.262679877041310
TN{T2)= 4.276666119016050
TN(73)= 44290459441148390
TN(T74)= 44304065093204160
TN(T75)= 4«317488113526310
TN({T76)= 44330733340486330
TN(T7T7)= 44343805421853680
TN(T8)= 44356708826689590
TN(T9) = 44369447852467020
TN{80)= 44382026634673880
TN(Bl)= 44394449154672430
TN(82)= 44406719247264250
TN{83}= 44418840607796590
TN(84)= 4.430816798843310
TN{85)= 44442651256490310
TNIB6) = 4+454347296253500
TN(87)= 44465908118654580
TN(BB)= 44477336814478200
TN(B89)= 4+488636369732130
TN(G0)= 4.4998096T70330260

TN{9l)= 44510859506516850
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FORTRAN SOURCE STATEMENTS (CONTINUED)

TN(92)= 4.521788577049040

TN(93)= 4.532599493153250

TN{(94)= 4.543294782270000

TN{95)= 4.553876891600540

TN(96)= 4+564348191467830

TN(9T)= 4.574710978503380

TN(98)= 4,584967478670570

TN(99)= 4.595119850134580
3 CONTINUE

COUNT=COUNT+1.

B=B+DELB

R=R+DELR

A=A+DELA

All=Q

Al2=0

Al3=0

AZ22=0

A23=0

A33=0

PHI=0

PSI=0C

THET=0
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FORTRAN SOURCE STATEMENTS (CONTINUED)

DO 5 I=1eN
X=1
P5=LOGF({A)
P=P5-TN(1)
U=EXPF (R*P)
Z=EXPF (R#TN(1})
V=U%Z/A
@=le+U
Q2=Q*Q
G3=Q2#Q
Q4e=Q3%Q
PHI=zPHI+(Y(1}/Q-B/Q2)
PSI=PSI=B* ((Y(I)=B/Q)*(U*P)/Q2)
THET=THET=B*{(Y(I)=B/Q) % (R¥V/(Z¥Q2)) )
All=All+1./Q2
Al3zAl13-B*(R#V/(Z%#Q3))
Al2=A12~pB%* (U¥P/Q3)
A33= A33+DHBR(RURNVHV/(IX1%Q4))
A23zA23+D#BR (R¥VRURP/ (Z¥#Q4))

5 A22=A22+BRBR (URUXPHP/Q4)
D1sAl1¥(A22%A33-A23%AK23)

D2=A12#(AL2#A33~A13%AL3)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

D3=A13%(A12%A23~-A13%A22)
DETA=D1-D2+D3
AL11=A22%A33-A23%#A23
AL12==1.%(A12#A33-A13%#A23)
AL13=A12%A23~A13%A22
AL22=A11%A33-A13%A13
AL23==1.%(A11%A23~A13%#A12)
AL33=A11%A22~A12%#A1<
Cli=AL11/DETA

Cl2=AL12/DETA

C13=AL13/DETA

C22=AL22/DETA

C23=AL23/DETA

C33=AL33/DETA
DELB=Cl11#PHI+C12#PSI+C13%#THET
DELR=C12¥PHI+(C22%¥PSI+C23%THET
DELA=CI3#*PHI+C23*#PSI+C33#THET
ZB=DELB

ZR=DELR

ZASDELA

IF(ZB)30+33,31

30 ZB=ZB%*{=1s)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

31
33
32
34
35
36
37
41

42

120

40

IF(ZB~CRIT1133433441
IF{ZR) 32435434
IR==14¥%ZR
IF(ZR-CRIT21354+35541
IF(ZA) 36+940+37
ZA=w]l o ®ZA
IF(ZA-CRIT3)140+40441
IF{SENSE SWITCH1) 4243
PRINT1119AsBsR

PRINT 1209 IDsCOUNT
FORMAT (16sF541)

GO 70 3
PUNCH13451DsAsBR
PUNCH111sPSTsPHISTHET
U=N

5T=0

55T=0

SSAR=0

DO 6 I=1yN

X=1

ST=ST+Y (1)

SST=55T+Y(I)*Y({I)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

WI)=B/(le+({A/X)H*¥R)
E=Y{l)=~W(I)
SSAR=S5SAR+E#E
6 PUNCH 121s IDsIsY(I)slsW(I)sE
CTSS=55T-5T#*5T/7U
SSDR=(CTSS~SSAR
PUNCH130+CTSS
PUNCH131555DR
PUNCH1324+58AR
PC=S5DR/CTSS
PUNCH133,PC
IF(SENSE SWITCH2)45,51000
45 PUNCH1115C11+C12,C13
PUNCH111+C22+C23,(33
GO 7O 1000
134 FORMAT({16+2HA=F184992HE=F184992HR=F1849)
121 FORMAT(I694Xs3HY( 1492H)=F10e194X»3HW{ I492H)=F15.694X»F10.5)
130 FORMAT(20HCORRECTED TOTAL SS =F20.10)
131 FORMAT( 15HSS DUE TO REG =F20.10 )
132 FORMAT(14HSS AFTER REG =F20e10)
133 FORMAT (26HPROPORTION ACCOUNTED FOR =Fl2.10)
111 FORMAT(F204105F20410sF20.10)

END
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APPENDIX B

Functional observation:

t
Wig =Cy *Dypy + 05

depressing the i subscripts the normal equations result from

successively differentiating

L = 7\2’3(\«»v--c‘.:--I:%‘::t)2 + A’
with respect to C, D, and p (A and A' do not involve C, D, and
p.). The summations are over the M values of of t. The

normal equations are

oL _ _, -C=Do L
(b.l) Sc ZAZ(w=C~Dp )
AL - t, ¢t
(b.2) Sp = ~2AE{w-C-DpT)p
D
(b.3) ‘%% = —2%2(w—c—Dpt)DtQt-l s

which when set equal to zero give estimates ¢, d, and r.
From (b.1l)

c = 3w ~ dErt R
and substituting this result in (b.2) gives

éEWZrt - Zwrt
= 2t

d
%(z:t)a - 5x
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Equation (b.4) can be evaluated using both results, giving

a function of r only

1 1

H(r) =0 = (zwtrt° --é sztrt“ )

'% Zert - Ewrt

%(ZIt)z - =t

)

x (

x (é setrectt - Ztth-l) .

Thus c, d, and r are seen to be functions of r only.

The FORTRAN source statements given at the end of this
appendix execute both passes described in the body of
Section 4.

Execution of Pass I is attained by loading the object
deck, appropriate subroutine package, Control Card I, and
data deck prepared according to the instructions and condi-
tions given on page 134. Control Card I is prepared as
follows:

Card columns
l1 - 3 - Dblank,
4 - 6 - numerical identification,
7 - 10 - number of data cards (N),
11 - 20 - blank,

21 - 30 - 0000010000,
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Card columns
31 - 40 - 0000090000,
41 - 80 - Dblank.
The following switch settings must be made for Pass I
5W 1 ON punch r and H(r) for each incrementation.
SW 2 ON execution of Pass I
Output Pass I:

9 cards, Ip, r, H(r) .

Pass II is accomplished by entering Control Card I,
data deck, and Control Card II. Control Card II is prepared
according to the following instructions:

Card columns

1l ~ 10 - starting value of r as a 10-5 number,
11 - 20 -~ Dblank
21 - 30 ~ estimate of H'(x) with appropriate sign punched

in cc 21,

criteria to insure various numbers of decimal
points in the estimate of r as a 10-8 number
(usually 0000000500).

31 - 40

i

Switch settings for Pass Il
SW 1, SW 3, SW 4 not interrogated

8w 2 OFF
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Output Pass II:
1l card, ID, r, H(rx)
1 card, c, d, r
1 card, b, a, r (estimates for 4.9)
N cards, 1D, y, ¥ (predicted), y-§

4 cards, self explanatory.
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FORTRAN SCOURCE STATEMENTS

C ESTIMATES STOCHASTIC PARAMETERS IN 1./YIT=WIT=1l./B+A/B¥R**T
DIMENSION Y(100)
DIMENSION C(100})
1000 READ 100sIDsIEsNsRIDELTASCONST
- 100 FORMAT (I3+139149F10e55F10e5¢F10e5)
DO 3 I=1sNel
READ 103+IDsilkbsdsC(l)
103 FORMAT (I341391644F10e5)
IF{J=1+1)2+3,2
2 PRINT 101lsIsJ
PAUSE
GO TO 1000
3 CONTINUE
11 DO 6 I=1»sN
6 Y{I)=1la/C(1)
IF (SENSE SWITCH 2) 35,12
12 READ 106sRyDELTRsDER s SONST
13 R=R~DELTR
GO TO 36
35 R=R+DELTA
36 SUM=Y(1)}

X=1
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FORTRAN SOURCE STATEMENTS (CONTINUED)

DO 4 1I=2,N
RI=1I
Q=RI/(RI=1l.)}
X=R¥Q#X

4 SUM=SUM+X#Y (1)
SUM2=G
DO 5 I=1sN

5 SUM2=SUM2+Y (1)
SUM3=1.
SUM4=R
W=1e
SUMB=R#*R
Z=R*R
X=1
DO 8 I=2sN
Ri=1
G=RI/(RI~1l.)
X=X#GH#R
SUM3=5UM3+X
W=W#*R
SUM4=SUM4G+WHR

Z=R#R#Z
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FORTRAN SOURCE STATEMENTS (CONTINUED)

8 SUMB=SUMB+Z
SUM9=0
X=]1le
DO 9 I=1sN
X=R#X
9 SUM9=S5UM9+Y (1) *X
SUM1I0=R
Z=R#R
DO 10 I=2sN
RI=1
Z=R#R*Z
Q=Z/R
10 SUM10=SUMIO+RI*Q
SUM11=5UM4*SUM4L
RN=N
SUM12= { SUM2#5UM4 /RN=-SUMI) / (SUM11/RN-SUMS8)
RN=N
FR=SUM=( SUM2#SUM3) /RN+SUML 2% { {SUM4*¥SUM3 ) /RN-SUM10)
IF {SENSE SWITCH 2) 38+37
38 IF (SENSE SWiTCH 1 ) 15, 30
37 G=FR

IF{G) 401+39,39
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FORTRAN SOQURCE STATEMENTS (CONTINUED)

40
39

19

20

50

51

G=G#(~14)
IF (G=SONST) 20520519
DELTR=FR/DER

GO TO 13

PUNCH 102sIDsIE»RsFR

A= { SUM2-SUM12%SUM4 ) /RN
PUNCH 107»IDsIE»AsSUM12R
IF!QSENSE SWITCH 3) 1000s50
U=0

B=SUM12

B=B /A

A=1./A

PUNCH 107sIDsIEsAsBsR

DO 51 I=1sN
T=A/(1.+BR¥R%*])

E=C(I)=T

F=E

G=F*F

U=U+G

PUNCH 1089 IDsIEsC(I)sTsE
PUNCH 110sIDs1EsU

V=0
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FORTRAN SOURCE STATEMENTS (CONTINUED)

52

110

111

112

30

16

101

H=0

DO 52 I=1sN

T=N

HeH+C (1)

Vav+C(1)%((])

SST=V=H®*H/T

S5R=55T=-U

RSQ=55R/SST

PUNCH 109+1Ds1E$S5ST

FORMAT(I3s13927H SUM OF SQUARES AFTER REG =F20e10)
PUNCH 111+ID»IEsSSR

FORMAT (I3s13928H SUM OF SQUARES DUE TO REG =F20.10)
PUNCH 112»ID+IEsRSQ

FORMAT(13513+33H PROPORTION OF TOTAL SUM TO REG =F10.8)
GO 70 1000

PUNCH 10&495UMsSUMZ9SUM3SUM4

PUNCH 1053sSUMB » SUM9» SUM10,5UM]2

PUNCH 102+1DsIESsRFR

IF (R-CONST) 35416916

PAUSE

GO TO 1000

FORMAT (18H CARD OUT OF ORDER915415)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

102
104
105

106

108
109

FORMAT (I39s13s3HR= F154595X96HF(RI= F15.5)

FORMAT (F1561052XsF1561042XsF1541092X»F154101)
FORMAT (F1541032XsF1541092XsF1541092X9F15410)
FORMAT (Fl0e59F10+53sF10e55sF1048)

FORMAT(I391323H A=F1l0e593H B=F15793H R=F15.7)
FORMAT(I391393H W=F15.593H Y=F15.5s7H ERROR=F20410)}
FORMAT(I3913,10H TOTAL $55=F30.15)

END
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APPENDIX C
Functional observations:
B.Y
i 10
Yip = t e

t
Yo% (PYi0)Py
suppressing subscripts and writing

t

the normal equations result when

ﬁyo
L = A2(y - *5—)2 + A?

is successively differentiated with respect to £ and p

(A and A' do not involve B or p.).

are over the values of t and y indicates a realization of Y.

The normal equations are

which when set equal to zero gives estimates b and r.

will be written as q since it involves the estimates.

iterant matrix V in this case is

The summations involved

- _ _
By t
= SL | _. - -0, i-p_
p.S 5p 22 ng(yt a )(Q:)
By t-
oL - -0, %p
S By, (B YO’Z‘Yt Qt) o2
L J L
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F £ 2 L k-1 t
v=| -y ZL—z—Ll“r byl (b-y,) ) BE—H=r ) :
0 qt 0 0 qt

(symmetxic) —bayg(b—yo)a E~£x~—*
9

The linear corrections are found according to the
iteration equation

-1
bear| = P T V% X% )

T+l Ty

where V—l and X are evaluated for the kth values of b and r,
iteration ceases when the correction is less than the
criteria vector

.00000005
. 00000005

insuring seven significant digits in the resulting maximum
likelihood estimates.

Operating instructions for the digital computer program,
compiled from the FORTRAN source statements given later, are
discussed below.

Data preparation is the same as described on page 134.

The same conditions apply to the data as are given there.



- 158 ~

Deck sequence is: Object program, appropriate sub-

routine package, Control Card I, and the data deck.

Control Card I is prepared in the following way:

Card columns

1 - 6 -

7 ~-10 -~

11 - 20 -

21 - 30 -

numerical identification,
number of data cards
starting value for r as a 1l0~5 number,

criteria to determine when iteration should
cease as a 10-8 number (usually 00 00000005).

Switch settings:

SW 1l

OoN typewriter prints value of b and xr at the

end of each iteration, with current
iteration number

OFF no type out

SW 2, SW 3, SW 4 not interrogated.

Qutput:

1l card,

N cards,

5 cards,

ib, r, b, final number of iterations
ID, ¥, Q.’ Y“§

self explanatory .
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FORTRAN SOURCE STATEMENTS

C ESTIMATES STOCHASTIC PARAMETERS IN YIT=B#YQ/{(le+(B~YQ)#R*%T)
DIMENSION W(100)
DIMENSION Y(100)

1000 READ 100sIDsNsRsCRIT

DO 50I=1sN
READ 103+1DsJe¥Y (I}
IF{J=1+1)2+50+2

2 PRINT 101s14+J
PAUSE
GO TO 1000

50 CONTINUE
JOUNT=0
DR=0
DB=0
YO=Y(1)
B=Y{N)

3 B=B4+DB

R=R+DR
C=B=YO
D=B#YO
SUM=0

S5=1.
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FORTRAN SOQURCE STATEMENTS (CONTINUED)

DO &4 I=2sN
S=5#R
TOP=(1le=S)%Y(])
Q=YO+C%S
Q=G*G

4 SUM=SUM+TOP/Q
FIRST=YO*YO*SUM
SUM1=0
S=le
DO 5 I=24N
S=S#R
TOP=14~5
Q=YO+(C#*S
Q=Q#ERQ*Q

5 SUM1=SUM1+TOP/Q
TWO=BRYO#YOH#YO*SUML
FRB=FIRST - TWO
S5=1e.
SUMZ=Y{(2)/ ({YO+CHR)#(YO+C*R )} )
T=R
SUM3=1 e/ (L (YO+CH¥R) ¥ (YO+CHR )} ¥ (YO+(CH*R) )

DO 6 I=3,N
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FORTRAN SOURCE STATEMENTS (CONTINUED)

S=S*R
T=T*R
X=1
TOP=Y(1)%(X=1e)*5
Q=YO+C#T
SUM2=5UM24+TOP/ (G¥Q)
TOP2=(X=14) %S

6 SUM3=SUM3+TOP2/ (Q*Q*Q)
THREE=D#*C*SUM2
FOUR=D*D*C#*SUM3
HRB=FOUR=THREE
T=1.
SUMB=0
SUM6=0
SUMT=0
DO 10 I=24N
T=T*R
Q=YO+C*#T
TOP=(1e=T)*T
TOP2=(1e=T)#(1e~T)
SUMB=SUMS+Y (1) #TOP / (Q#G¥*Q)

SUME=SUME+TOP/ (QXQ*L*Q)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

10 SUMT=SUMT+TOP2/ (G*Q*Q*Q)
FOURB=2,#YO#YO*5UM5
FIVE=2%#YO#YO¥D*SUME
SIX=YO*YO*YQ*YO#SUMT
Q= YO+C#R
SUME=(Q+2e#(1le~R)*C)HY(2)/(Q¥Q*Q)
S$=1
T=R
DO 12 1I=34N
T=T#R
S=5%R
X=]

Q=YO+C*T
TOP=(X=1le ) ¥SH{G+2e#(1a=T)*C)*Y(])

12 SUM6E=SUME+TOP/ (G*Q*Q)
SEVEN=YO#YQO#SUME
Q=YO+C*R
SUMT=({Q+2e ¥ (1le=R}*C)/(Q¥*Q*Q¥*Q)
S=1l.

T=R
DO13 1=34N

5=5%R
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FORTRAN SOURCE STATEMENTS (CONTINUED)

T=R#T
Q=YO+C*T
x=1
TOPZ(X=1e ) HS*{(Q+2e¥ (1 e=T)*()
13 SUMT7=S5UMT+TOPR/ (Q¥*Q*Q¥*Q)
EIGHT=B#YQO#YO#*YO*SUMT
Q=YO+CH*R
SUMB={1e=R) /(Q*Q*Q#*Q)
S=l.
T=R
DO 14 I=34N
S=S#R
T=T*R
Q=YO+C*T
X=1
TOP=(le=T)¥#(X=1e)#%S
14 SUMB=SUMB+TOP/ (Q¥Q¥Q¥*Q)
XINE=B®YO*YO#YQO*(*¥S5UMB
T=le
U=R
V=1le

TOPl==]le#(#2.
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FORTRAN SOURCE STATEMENTS (CONTINUED)

15

Q=YO+C*¥R
SUM9=Y (2 )*TOP1/(Q*Q*Q)
SUM10=TOP1/ (Q#Q#Q*Q)

DO 15 I=34N

T=T*R

P=T/R

U=U#R

Q=YO+C{*xy

Xx=1

V=V #R#R

TOP=m({X~le)# {((Q¥(X=2e)*P)=(2e¥(HYH{X~10)]}
SUM9=SUMO+Y (1) #TOP/ (Q#Q¥*Q)
SUM1G=SUMIO0+TOP/(QXQRGHG)
TEN=C#D#SUMY
ELEVN=C*D#D#5UM10
Q=YO+CH#R
SUM11=1./{Q*¥Q*Q*Q)

T=R

S=1

DO 16 I=39N

S=5#R

T=T#R
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FORTRAN SOURCE STATEMENTS (CONTINUED)

16

30
31
33
32
34

24

Q=YO+CH*T

X=1

TOP=(X~1e) %S

TOP=TOP*TOP
SUM11sSUMLILI+TOP/(Q*Q*G*Q)
TWELV=D®RD®C#(#5UM1 1
JOUNT=JOUNT +1
All=FIVE=~FQURB~SIX
Al2=EIGHT+XINE~SEVEN
A22=ELEVN-TEN-TWELV
DEN=A11#A22-A12%A12
DB=(-1,%*FRB*AZ22+HRB#*#A12)/ DEN
DR={Al11%{~14)%HRB-ALl2% (=1 )#FRB)/DEN
ZR=DR

ZB8=DB

IF (ZB) 30931431
20=ZB%(~1,)

IF (ZB=CRIT) 33233424

IF (ZR} 32434534
ZR=ZR#{=14)

IF (ZR=CRIT) 22+22+24

IF{SENSE SWITCH 1) 25,3
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FORTRAN SOURCE STATEMENTS (CONTINUED)

25 PRINT 109sIDsRsBsJOUNT
GO 70 3
22 PUNCH 109s1DsRsB»JOUNT
RS&S=0
S58=0
G=N
T55s0
T=1le
DO 18 I=1sN
T=T#R
Q=T/R
W) =B*YO/ (YO+C*Q)

E=Y({I)~W(I)
F=E#E
TSS=TSS+F

RSS=RSS+Y(1)*Y(1I)
555=555+Y({1}

18 PUNCH 112»IDsY(L)sWlI)>HE
CF=555%555/6
TSQ=RSS~CF
SSM=TSQ~TSS

RAT=S5SM/T5Q
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FORTRAN SOURCE STATEMENTS (CONTINUED)

PUNCH 113»1DsDEN
PUNCH 104»T5%Q
PUNCH105975S
PUNCH106+55M
PUNCH 1079sRAT
GO TO 1000
112 FORMAT(1695Xs5HY(1)1=F126s5XsS5HW(11=F1l2.695X92HE=F1246)
100 FORMAT(16»149F10e5,F1048)
101 FORMAT(18H CARD OUT OF ORDER»sI5s15)
103 FORMAT(I16s14+F105)
109 FORMAT(3HID=1695X92HR=F10e¢595X92HB=2F12e595X36HCOUNT=]4)
113 FORMAT(I642X»1THDETERMINANT OF A=F20.5)
104 FORMAT(33H SUM OF SQUARES ABOUT MEAN OF Y =F20e5)
105 FORMAT(5X»28H SUM OF SQUARES FROM MODEL =FZ20e5)
106 FORMAT(3X»30H SUM OF SQUARES DUE TO MODEL =F20e5)
107 FORMAT(45H PROPORTION OF TOTAL ACCOUNTED FOR BY MODEL =F10.8)

END
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APPENDIX D

Functional observation:

Yit

Suppressing the i subscript,eit

equations result from successively differentiating

= (

1 +a

B
3 (> o) .

——

) + ¢

t it ’

ifi

- ——é—.— 2 '

where the v, are weights applied to the deviations, A and A'

l+ap

do not involve £,a, or p, giving:

B T

1%
fl
arw
™ it

o1

JL

Solving X = 0 gives estimates, b, r, and a of the random

variables.

s -2A

F ]
B 1
-/ w {y, - )¢ )
Z tYt 1*39t lmpt
' t-1
B _tp
ap/ w (y, - ) ( )
Z £ 4t l+oz,ot (l+apt)2
t
B el
B/ w (y, - )¢
i Zi et 1+apt (1+apt_)2 1

~ NID(O,cz/wt), the normal
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The iteration matrix V is

- _
w Cwiert ! w2r®
o S gyt
-t t. 3 t,s
l+ar (14+ar ) (l4ar )
w2t2pit—? w2ep2t1
a2p2) - ap2) —&
(1+ax®)* (1+ar®)*
warzt
(symmetric) b® £ s
(1+ar )*
L~ -

The iteration equation, as before, is
- - = ] -

-1
Prar | 7P| T\ V% X |0
Tx41 x
| Px+1 | %k | ]

where le and X are evaluated for the kth values of b, r,
and a. Iteration ceases when the correction is less than
the vector

.0005
. 00000005
. 000005 s

giving the maximum likelihood estimates.
Operation instructions for the program described by the

FORTRAN source statements given at the end of this Appendix

follow,



Deck sequence is:

- 170 -

Object deck, appropriate subroutine

package, Control Card I, and data deck.

Card

11
21
31

41

51

61

Card

11
21

ol

Control Card I is prepared as follows:

column

- 6 -

- 10 -

- 20 -

- 30 -

- 40 -

- 50 -

Data is

column

numerical identification,

number of data cards, N,

starting
starting
starting

criteria
(usually

criteria
{usually

criteria
(usually

value for r as a 10-8 number,
value for a as a 1l0-6 number,
value for b as a 10-5 number,

to insure £ significant digits in b
0000050000),

to insure J significant digits in r
0000000005) ,

to insure / significant digits in a
0000000500) .

prepared according tos:

numerical identification,

age (t) corresponding to the body weight to be

entered.

t must be integer valued, entered as

a 4-0 number,

body weight as a 10-5 number,

blank,

W£ as a 10-5 number, If left blank this field
will be interpreted as being 1.0.
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Data cards are ordered with respect to card columns

7-10. The first value of t may be any value, less than

100-N. The values of t need not be equally spaced, but as

stated previously must be integer valued.

Switch settings:

SW 1 ON
OFF
8W 2 ON
OFF
SW 3 oN
OFF
SW 4 ON
OFF
Outputs

typewriter prints values of a, b, and r
at the end of each iteration, also
included are the ID and current number of
iterations performed

no type out
punch of current values of V, V—l, and X
no punch out of above

permits operator to enter new values of
a, b, and r via the typewriter. Format
is 3, 10-5 numbers

suppresses above

evaluate V and invert V for current
values of a, b, and r in next iteration
program uses previous value of V and V~l
in next iteration.

1 card, ID, a, b, r

1 card, X' evaluated for a, b, and x

N cards, ID, Y, ¥, Y-¥, w

t

9 cards, self explanatory.
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FORTRAN SOURCE STATEMENTS

1000

140

99

89

101

50

ESTIMATES STOCHASTIC PARAMETERS IN YITsB/(1.+A¥R¥%T)
LOGISTIC MODELEQUAL OR UNEQUAL SPACINGSsWTS/NWTS
DIMENSION X(100)

DIMENSION V(100)

DIMENSION U(100)

DIMENSICN Y (100)

DIMENSION W(100)

DIMENSION WT(100)

READ 1U0sIDsNsRsAsBsCRIT1sCRIT2,(RIT3
FORMAT(169143F10489F10e663F10e53F10e8sF10e89F1048)
DO50 I=1sN

READ 103» IDsX(I)eY{I}sWT(I])

IF(WT(I))2+3+99

WT{I)=1.

IF (X{I)}) 2+50,89

IF {I=1) 1450,1

IF(X{I)=X{I=1))12+2»50

PRINT 101sIsl

FORMAT (18H CARD OUT OF ORDER»I6416)

PAUSE

GO TO 1000

CONTINUE
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FORTRAN SOURCE STATEMENTS (CONTINUED)

51

11

COUNT=0
S=1e
M=X{N)+1le
DO 51 I=1lsM
S=5#R
VII}=5/R
U(I)=S/R#R
IF(COUNT) 140511457
PHI=0

PS1=0
THET=0
All=0

Al2=(

Al3=0

A22=0

A23=0

A33=0

D012 I=1sN
K=X(1})+1e
E2=1s+A%V(K)
E3=E2%E2

E4=E2#E3
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FORTRAN SOURCE STATEMENTS (CONTINUED)

12

60

ES=E2%E4

El=(Y(I)-B/E2)¥WT(I)
PHI=PHI~E1%#(1l./E2)
PSI=PSI+EL* (B*A#X( 1) *U(K)/E3)
THET=THET+E1*(B*V(K)/E3)
All=Al1+WT(I)/E3
Al2=A12-WT( 1) (D*AXX(])*U(K)/E4)
AL3=Al13-WT(I)*(B¥W(K)/E4)
A22=A22+WT (1) ¥ (BHERARARX (1) ¥ X (L) HU(K)®U(K)/ES)
A23=A23+WT (1) (DXBRARX(])*#V(K)*U(K)/ED )
A33=A33+WT (1) (p*B*V(K)*¥V(K)/ES )
Di=Al1#(A22#A33~A23%A23)
D2=A12%({A12%A33~-A13%#A23)
D3=A13%(A12#A23-A13%#A22)
DETA=D1=D2+D3
AL11=A22%A33-A23#A23
AL12=-] % (A12%A33--A13%A23)
AL13=A12%A23~A13%A22
AL22=A11%#A33-A13%A13
AL23=~]1e%(A11%#A23~A13%A12)
AL33=A11%A22-A12%AlZ

Cl1=AL11/DETA
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FORTRAN SOURCE STATEMENTS (CONTINUED)

61

30
31
33
32
34

35

C12=AL12/DETA

C13=AL13/DETA

C22=AL22/DETA

C23=AL23/DETA

C33=AL33/DETA

IF (COUNT) 61+61+87

PHI==PHI

PSI=-PSI

THET==THET
DELB=Cl1#PHI+C12#PSI+C13%*THET
DELR=C12%PHI+C22#PSI+C23%THET
DELA=C13#PHI+C23%PSI+C33*THET
Zb=DELB

ZR=DELR

ZA=DELA

IF(ZB) 30933431

ZB=ZB#(=1.)
IF(ZB~CRIT1133+33541

IF{ZR) 32+35+34

ZR==~]1,%ZR
IF(ZR~CRIT2)35+35541

IF{ZA) 36940937
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FORTRAN SOURCE STATEMENTS (CONTINUED)

36
37
41

42

930

931

501

110

58

ZAz=] o %#ZA
IF(ZA-CRIT3)40,40441

IF (SENSE SWITCH 1) 42,19
PRINT 111sAs8sR

PRINT 1205sIDsCOUNT

IF (SENSE SWITCH 2 ) 9304931
PUNCH 111sPSIsPHISTHET
PUNCH 111sA115A12,A13
PUNCH 111,A229A23,A33
PUNCH 111,C11+C12,C13
PUNCH 111+C225C23,4C33

IF (SENSE SWITCH 4 ) 19,501
CONTINUE

Bl=B

Al=A

R1=R

IF (SENSE SWITCH 3) 110919
ACCEPT 1095A»BsR

IF {(R) 58s58+50

R=R1

B=B1

A=Al
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FORTRAN SOURCE STATEMENTS (CONTINUED)

109 FORMAT(F10e5+F10454F1045)
19 R=R+DELR

B=B+DELB

A=A+DELA

COUNT=COUNT+1.

IF (SENSE SWITCH & ) 5045
57 PS1I=0

PHI=0

THET=0

DO 52 I=1sN

K=X{1)+1.

E2=1e+A#V(K)

E3=E2%E2

E4=E2%#E3

ES5=E2%E4

Els(Y(I)=-B/E2)%*WT(1I)

PHI=PHI-E1#(1./E2)

PSI=PSI+EL* (BHAXX( T} *U(K)I/E3 )
52 THET=THET+EL®(B*V(K)/E3)

GO TO 61
40 COUNT = COUNT+1.

GO TO 60
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FORTRAN SOURCE STATEMENTS (CONTINUED)

87 PUNCH1345IDyA»BsR
PUNCH111sPSIsPHISTHET
COUNT==1.

GO 710 5

140 ST=0
58T=0
TN=N
SSAR=0
DO 93 I=1sN
ST=ST+Y (1)
JEX(l)+1le
L=X{I)
WlI)=B/(le+ARV{J))
E=Y(I)=W(I)
SST=55T+Y(1)1¥%Y (1)
SSAR=SSAR+E*E

93 PUNCH 121+IDsbLsY(I) oLl oW(I)aEsWT(I)
CTSS=55T=-5T#5T/ TN
SSDR=CTSS5~55AR
PUNCH130,CT7585
PUNCH13195SDR

PUNCH132 #SSAR
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FORTRAN SOURCE STATEMENTS (CONTINUED)

PCaSSDR/CTSS
PUNCH133.PC
PUNCH 138
PUNCH 301»C119C12,C13
PUNCH 302+C22,(23
PUNCH 303+C33
301 FORMAT (E1841292XsE1841292XsE18412)
302 FORMAT (20XsEl841292X9E18.12)
303 FORMAT (40X»E18.12)
GAM==LOGF (R}
ALPL =LOGF (A)
TCRIT = ALPL/GAM
PUNCH 1379 IDsGAMsTCRITHH
137 FORMAT(1696HGCAMMASF12410s14HAGE AT HALF D3F10e69s2HE=F14.8)
VAR=55AR/{TN=34)
RVAR=SQRTF {VAR)
PUNCH 304sVAR»RVAR
304 FORMAT (4HVAR=F2041095X+s5HRVAR=F20410)
GO 70 1000
134 FORMAT(1692HA=F1849+2HE=F18e992HR=F1849)
121 FORMAT(I694Xs2HY(1492H)IBFTel94Xs2HW{I492H)=F11e594XsF10e59F742)

130 FORMAT (20HCORRECTED TOTAL SS =F20.10)
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FORTRAN SOURCE STATEMENTS (CONTINUED)

131
132
133
111
103
120

138

FORMAT( 15HS5S DUE TO REG =F20.10 )
FORMAT { 14HSS AFTER REG =F20.10)

FORMAT (26HPROPORTION ACCOUNTED FOR =Fl2.10)
FORMAT(F20.10+F20,10+F20.10)

FORMAT (163F4e09F1045940XsF10e5)

FORMAT (I6sF5.1)

FORMAT(37H INVERSE OF INFORMATION MATRIXs BELOW)

END
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APPENDIX E

A list of FORTRAN source statements are given for a

digital computer which evaluate ordinates of £(¥|t). The

expression
ua
1 2 X
-5z nY-u )2 - 255 o
. 20g BT 20y 11 (%-2) (A-C)(X-2) +2(B~C,2)
f(Y}t) = 2r 0. 0¥ on ©
X B i=1 2

is evaluated for given values of (or estimates of)

Ky Hg up 4
o2 g2 o2 t .
o B P

The program requires four control cards prepared as
follows:
Control Card I

Card columns

1 -12 - ua as a 12-9 number,
13 - 24 - By a8 a 12~9 number,
25 - 35 - K, as a 12-9 number,
37 - 48 - 02 as a 12-9 number,
49 - 60 - oi as a 12-9 number,
61 - 72 - oi as a 12-9 number.
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Control Card II
Card columns
1l - 10 ~ Test criteria on the exponent involved in the
summation (usually 50). Used to prevent under-
flow. Entered as a 1l0-5 number.
Control Card III
Card columns
1 -4 - n as a fixed point number (4-0).
Contrel Card IV
Card columns

1~ 5 - t as a 5-1 number,

6 - 13 - Y as an 8-1 number.

Deck sequence is: Object deck, appropriate subroutine

package, Control Cards I, IX, IIX, and 1IV.

Switch settings:

SwW 1 ON Omits punch out of partial sums,
OFF Partial sums are punched out.
8W 2 ON Reads only additional Control Card III,
utilizes previously read Control Card
I and II.

OFF Reads Control Card I, Control Card II,
and Control Card III.

Output:

1l card per ordinate containing the current values of
N, T, Y, £(¥Y|t).
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FORTRAN SOURCE STATEMENTS

C COMPUTES POINTS OF F(Y/T)
1000 READ 100sAMsBMyGMsSA»SB SO
100 FORMAT(6F12.9)
READ 300,47
300 FORMAT({F10.5)
READ 101N
101 FORMAT(14)
13 READ 1029TsY
102 FORMAT(F5.1+F8.2)
SX=SA+TH#T*SG
SQ=SX*5B
SRX=5QRTF{5Q}
XMz AM~T#GM
YL=LOGF(Y)
FN=(YL-BM)}* (YL-EM) /{2.%5B)+( XM*XM)/2.%#5X)
FNa(YL-BM)#(YL-BM)/(2%SB)+ (XM¥XM)/(2+%#5X)
FY=1e/(2e%#34141592T7T*SRX*Y)
B=(YL~BM)/SB-2.
A=XM/SX~1.
Cl=1le/(2+%5X)
C2=1e/(24%SB)

Li=z(2e%%#¥N)~1e
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FORTRAN SOURCE STATEMENTS (CONTINUED)

L=t1+1
SUM=0
PUNCH 120sB9AsC1lsC29FNyFY
120 FORMAT(S5F10e59F20415)
VisL
SUMT=0
DO 5 I=1,L1
V=]
W=v/v1
X=LOGF (le=W)
Z=LOGF (W)
ZZ={X=Z2)#{A-CL1¥(X~Z}))+Z%(B~(C2%*2)) -FN
IF(ZZ+ZT) 59594
4 ZE=EXPF(22)
SUM=SUM+ZE
IF (SUM=SUMT 125243
3 SUMT=S5UM
IF(SENSE SWITCH 2) 5,21
21 PUNCH 2011 sWseSUM
5 CONTINUE
201 FORMAT(149F10e5+E14.0)

2 TL=l./V1
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FORTRAN SOQURCE STATEMENTS (CONTINUED)

YT=TL*SUM*FY
PUNCH 200sNsToY»YT

200 FORMAT(IG49F6e0sF1042+F20415)
IF (SENSE SWITCH 1 ) 13,1000
END
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APPENDIX F

A set of stochastic parameters which define the func-

tional observation for each individual in the sample of

Athens-Canadian Randombred chickens identified by pedigree

and sex,

Table F.l. Stochastic parameters for each individual by
pedigree and sex.

Sire Dam
Number Number

Stochastic Parameters

”~

Female Progeny

Male Progeny

”~N

~

"

T B R T B R

10 0 17.44 2193 89.69 16.73 2759 120.70

17.22 2881 124.9¢6

18.80 3063 133.92

18.48 2880 118,00

l6.76 2859 129.51

10 1 18.63 2521 100.71

17.95 2501 107.54

18,38 2588 109.73

18.61 2328 88,69

18.76 2301 99,92

10 2 17.36 2008 76,20 18.20 ;639 1ll.16
17.05 2073 84.06
18.13 2286 8€.56
10 3 16.98 2055 88.36
18.52 2343 89.97

10 4 18.86 1795 66.54 18.71 2271 92.42




Table F.l1l (continued)
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stgghasticvparamegexs
Sire  Dam Female Progeny Male Progeny
umber Number A E § ? @ ﬁ
11 0 18.59 1884 77.85 18.30 2672 108.01
17.70 2035 83.63 17.75 2461 105.45
18.41 1996 81.23 17.85 2639 103.11
11 1 17.87 1952 71.05 17.75 2876 126.75
17.83 2780 113.21
17.14 2724 117.33
18.55 3122 127.06
11 2 17.90 2207 84.30 18.22 2860 114.47
18.30 2635 97.23
11 3 17.40 2497 115.73
12 1l 16.66 1950 76.53 17.34 3065 145.43
18.25 2012 73.33
12 2 19.99 2472 90.78 18.72 3278 138.41
17.36 1961 76.57 18.63 2999 110.13
12 3 16.94 2009 77.39 16.21 2517 114.46
17.39 1800 63.00
l6.25 1794 75.43
18.50 2311 83.54
16,74 2195 92.29
12 4 18.84 1562 65.64
17.04 1842 77.45
13 0 18.66 2036 70.29 16.56 2660 118.17
l6.46 1780 69.68 17.47 2599 106.23
20.07 2395 84.90
l16.64 1803 72.88
18.75 2410 83.26
13 1l 22.34 2736 83.24




Table F.l {(continued)
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Stochastic Parameters
Sire Dam Female Progeny Male Progeny
r Number '? E’ A ’? B8 g
13 2 18.66 2036 72.07 18.18 2622 108.09
17.49 2084 83.04 18.14 2996 130.62
17.96 2174 83.18
17.67 2323 93.67
13 3 19.82 2484 84.26 18.12 2763 115.14
18,27 2311 88.1l0 17.99 2886 1l23.52
18.86 2931 120.46
17.66 3178 131.72
18.11 2961 127.10
14 1 16.45 1935 78.60 18.57 3258 139.19
18.06 2847 117.22
14 2 18.05 2110 86.24
20.06 2346 89.67
17.88 2458 103.66
14 3 18.63 2334 85.77 18.95 2972 132,03
19.21 2386 87.92
19.43 2389 88.27
14 4 17.15 2051 8l.62 18.84 2782 115.31
18.79 1997 71.54 16.59 2902 136.10
18.20 2563 113.73
15 0 17.66 1999 66.91 17.75 3054 122.46
l6.65 1960 81.04 16.81 2608 113.64
18.15 2262 81.77
15 1l 18.22 2585 113.22




- 189 -

Table F.l (continued)

Stochastic Parameters

Sire Dam Female Progeny Male Progeny
Number Number 2 8 _ﬁ 2 3 &
16 1 17.94 2140 79.23 16,70 2432 100.68

16.34 1852 70.65 17.25 2841 118.46
18.17 2247 85.10

16 3 l6.76 2278 89.41 19.63 2948 114.82
18.32 2185 76.14 17.22 2665 111.93

16 4 18.94 2270 77.86 19,11 244¢ 95.33
19.19 2193 81l.41 16.53 2651 128.37
17.63 2175 93.68 17.52 2801 122.05

17 0 18.64 2288 82.08 18.34 2768 105.18
18.70 2300 85.33
17.43 2086 85.99

17 1 18.65 2083 80.87 18.40 2620 108.27
18.41 1947 70.91 18.37 2644 113.09
17.42 1712 72.46

17 2 17.40 2036 78.13 17.88 2872 130.81
17.16 1747 69.96
17.12 2269 92.57
18.97 2422 93.36
18.52 2543 90.40

17 3 19.76 2196 81.03
19.06 2088 79.91
16.87 1690 72.58
16.75 2101 91.02

17 4 17.00 1976 78.74 18.83 2830 126.78
19.24 2228 77.86 18.31 3213 135.66
17.84 2003 71.75 19.03 2885 120.73




Table F.l1 {(continued)
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Stochastic Parameters
Sire Dam Female Progeny Male Progeny
Number Number ; g ﬁ 2 8 8
18 0 19.03 2352 82.90
17,77 2127 91.67
16.81 2039 85,17
18 1 18.41 1915 86.17 18.89 2831 121.66
17.41 2440 113.82
18 2 17.33 1972. .78.92 17.75 2574 106.17
19.11 2997 125,57
17.17 2478 104.38
16.98 2394 103.60
18 3 19.58 2450 92.97 19.96 3187 137.51
16.59 1977 90.89 17.31 2249 104.35
17.93 2412 103.77
18 4 17.93 2353 92.94 16.72 2688 136.08
18.79 2347 79.50 16.23 2344 123.99
18.20 2104 83.52
19 0 18.55 2554 92.96 18.23 3239 127.94
18.28 2562 105.93 16.81 3102 149.12
19.48 2448 81l.21
19 1l 18.73 2178 76.33 17.47 3015 125.19
18.25 2446 94,59 18.71 2872 128.73
19.26 2410 89.10 17.78 2982 135.23
17.11 2022 79.71
19 2 19.26 2480 87.11 20.13 3374 120,45
18.44 2332 96.19 20.08 3158 114.08
20.08 3179 11l1.98
19 3 l6.84 1980 82.51
19.52 1993 76.38




Table F.l {(continued)

- 191 -

Sire

Dam

Stochastic Parameters

___Female Progeny

Male Progeny

umber Number ~ § ﬁ ? E ﬁ
19 4 17.02 2058 76,96 16.98 2543 1l1l7.61
18.27 2000 75.75
18.99 2575 95.01
18.43 2059 74.79




ABSTRACT

A formulation is presented which describes a new method
of handling responses which are characteristically a function
relating measurable random variables to mathematical vari-
ables. The formulation considers each response a random
function which is called a functional observation. This
statistical formuiation results in each response being sum-
marized in a convenient functional form which can be used to
derive other functional relationships which describe the
response.

A particular formulation is derived to study the

juvenile growth of chickens. The parametric family

ne) = —F—
1+ ap

is proposed as being most appropriate, after evaluating
several alternative forms using actual growth data, to
generate functional observations which represent the indivi-
dual growth patterns. Each functional observation is
characterized by an individual's set of B, o, and p, called

stochastic parameters and designated ﬁi, Q. and pi. Thus

iJ

a particular functional observation may be written as



ﬁi
Y mm———— 3
it l + a ,E
iri

where Yit represents the body weight of individual i at age
t. The functional observations represent juvenile growth,
a period when an individual chicken progressed from 20 to
140 days of age.

A biological experiment provided the actual growth data
of the chickens. A sample (approximately 200 animals) of
Athens-Canadian Random Bred chickens were used. Each bird
was weighed every four days for a period of about five
months. These data were used in this study to evaluate the
appropriateness of various statistical formulations and to
estimate the heritability of the stochastic parameters and
through them the functional observations.

Several growth characteristics were derived from the
functional observations to describe chicken growth. It was
found that B (final juvenile weight), R (maximum growth
rate), and v (age at half final juvenile weight and age when
R occurs), could be used to express the parametric family.

The probability structure of a functional observation,
a random function, is developed and discussed. The stochas-

tic parameters are assumed to be elements of particular



probability densities which with the form specified for 7
define the probability structure.

A particular probability structure is found by assuming
different independent log-normal probability densities for
ui, pi’ and ﬁi. The resulting conditional probability
density of ¥ given t could not be obtained in a closed form.
A series to calculate the ordinates of £(Y|t) was obtained,
and several conditional probability densities were computed
numerically and were found to be slightly positively skewed,
with variance increasing from t = 5 to t = 22.5, then
decreasing slightly. Their modal ordinates varied indirectly
with the apparent variance, projecting approximately a gen-
eral logistic in the (t,Y) plane. This probability structure
is seen to be realistic in that it reflects characteristics
commonly observed from actual growth éata.

The inheritance of entire growth patterns was estimated
using the stochastic parameters which characterize the func-
tional observations. Heritability estimates were found for
male and female progeny separately and found to be quite
large. Overall, the heritability of stochastic parameters
assocliated with male progeny were larger than those for

females.



A set of structural equations are proposed which relate
stochastic parameters of full-sibs of opposite sex. These
equations were derived as a means of determining genetic
similarities in male and female growth patterns. These
equations may also be used to develop a mating scheme, by
matching actual female stochastic parameters to those pre-
dicted by the equations, to possibly produce progeny with

uniform growth patterns.



