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INTRODUCTION 

This dissertation presents a study of the response of boundary 

layer velocity and temperature fields to small amplitude oscillations 

imposed on the free stream fields. 

Problems of this type are of fundamental importance in a variety 

of applications of aerodynamics and hydrodynamics as for example in 

flows through cascades of turbomachinery or over helicopter rotor 

blades. Moreover, such flows are often encountered in biological 

phenomena, the most important of which is the blood flow in arteries. 

Theoretical investigation of oscillatory flows with non-zero 

mean was initiated over twenty years ago but the knowledge of the sub- 

ject is still rather fragmentary and the physical understanding of the 

phenomena quite incomplete, especially if turbulence is involved. 

Analytical methods fail to predict the behavior of oscillating boundary 

layers, except for the regions of either very low or very high fre- 

quency. Numerical techniques, for example, allow the calculation of 

the velocity distribution for arbitrary values of the frequency, but 

the overall influence of pressure gradient and frequency on the 

oscillating velocity distribution has not been investigated up to now. 

The results obtained in this work exhibit a very interesting behavior 

of the parameters characterizing oscillating laminar boundary layer 

for both velocity and temperature fields. The present results further 

Suggest that there exists a phenomenon of a resonance between the 

“characteristic length" of the oscillations and the distance from



the leading edge. 

An interesting property of the oscillating boundary layers is 

the phenomenon of "steady streaming." It was discovered experimentally 

over a hundred years ago [1], [2] and has been studied extensively 

only for flows oscillating about a zero mean and mainly for the 

velocity field. 

The effect of the steady streaming on the velocity and tempera- 

ture distribution for flows oscillating about a non-zero mean is in- 

vestigated here for the first time. Some interesting conclusions are 

reached, especially with regard to the temperature field. The 

streaming effect on the wall heat transfer may be as high as about 30% 

of the mean value. This is the nonlinear contribution which would 

disappear if the phenomena were quasi-steady or if the response were 

purely harmonic. Steady streaming appears to have a "stratifying" 

effect on the temperature distribution. It generates and maintains 

layers which are either heated or cooled, regardless of the wall 

temperature conditions. 

Predicting the response of turbulent boundary layers to external- 

ly imposed velocity oscillations is an even more important and 

challenging task. There are some very recent experimental results 

for these types of flows but the information they provide is usually 

very fragmentary; it most often pertains to just one or two specific 

values of the pressure gradient, frequency and amplitude of the 

oscillations. Therefore, to extend the conclusions based on one set 

of experimental data to a more general case is practically impossible 

without a reliable theoretical model. Efforts in this field are also



relatively new and as yet there is no successful theory predicting 

even the velocity distribution across the oscillating turbulent 

boundary layer. The present study resulted in partial success. A 

model was developed that for the first time predicts with reasonable 

accuracy the in-phase and out-of-phase velocity components in a 

boundary layer oscillating over a flat plate. However, the most. 

satisfactory results are obtained for the low frequency range only. 

The general method of approach chosen here combines perturba- 

tion techniques with numerical methods. This approach has an advantage 

over purely analytical methods since it 1s not limited to simple flow 

configurations or extreme values of frequency. The comparison with 

purely numerical methods indicates this one is more economical. This 

is due to the fact that integration here can proceed in a two-, 

instead of a three-dimensional space. The major limitation of this 

method is the assumption of small amplitude oscillations. 

In Chapter 1 a brief review of the literature on the experi- 

mental and theoretical work already documented is given. 

Chapter 2 describes the general method of approach applied here 

to study laminar flows. Specific examples of laminar flows are 

considered in Chapter 3 and the results are compared with experimental 

data. | 

In Chapter 4 the method used for turbulent boundary layers is 

presented. It is applied for a flat plate flow and the predictions 

obtained by using various models are compared with the experimental 

data. Finally, the last chapter contains comments and discussion on 

the work reported here as well as suggestions for future work.



‘Chapter ] 

REVIEW OF LITERATURE 

1.1] Oscillations with zero mean flow 

Pioneering work in this area was done over twenty years before 

the development of the boundary layer theory. In 1883 Lord Rayleigh 

[1], analyzing the dust patterns in Kundt's tubes for acoustic stand- 

ing waves, deduced the existence of the steady streaming phenomena, 

also called “acoustic streaming" or "nonlinear streaming." This 

type of streaming flow had been observed and reported by Faraday [2] 

in 1831. A number of later experimental results like those of 

Carriere [3], Andrade [4], Schlichting [5], Holtsmark et al. [6], 

Bertelsen et al. [7] and many others confirmed and supplemented 

Rayleigh's findings. Schlichting [5] determined theoretically the 

streamline configuration for the flow around a circular cylinder 

oscillating in a fluid at rest. Since then many mathematical models 

have been developed to describe flows about oscillating or rotating 

bodies. Many of these models are based on perturbation methods. 

Stuart [8], [9] developed a solution to the problem of an oscillating 

circular cylinder in the form of an expansion in powers of smal] 

amplitude parameter a, (a << 1). Riley [10], [11] applied the method 

of matched asymptotic expansions to the same problem (high frequency 

oscillations only) and to the problem of a torsionally oscillating 

disk. Benney [12] studied the flow induced by rotating disks using 

a multiple scaling technique. Davidson and Riley [13] found a series



solution to a slightly more general class of problems: transverse 

periodic oscillations of elliptic cylinders. Wang [14] applied the 

method of inner and outer expansion to the case of an oscillating 

sphere. Later Riley [15] used a higher-order boundary-layer theory 

to study the streaming flow around a harmonically vibrating cylinder. 

In spite of all these efforts a perfect agreement of theory with the 

experimental data has not yet been reached. More detailed accounts 

of the work done on this topic can be found in the review articles 

by Stuart [8] and Riley [16], fully devoted to zero-mean flows. 

1.2 Oscillations about a nonvanishing mean flow 

In general the oscillatory motion may be imposed on either 

laminar or turbulent mean boundary layer flows. Therefore the litera- 

ture on these two qualitatively different classes of problems is 

reviewed in separate subsections that follow. 

1.2.1 Oscillations about a non-zero laminar mean flow 

The work in this area can be grouped, according to the method 

of approach, into five major categories. Contributions of the first 

category are analytical, based on asymptotic expansions in powers 

of the amplitude parameter, e«, and the frequency parameter wx/U. where 

w 1S the frequency, x is the distance along the wall and U, is a 

typical velocity of the outer flow. Method of averaging, which does 

not impose the small amplitude limitations but is valid for high 

frequencies only, represents the second category. The third category 

includes purely numerical solutions in three coordinates: two space



variables and time. Methods combining advantages of the asymptotic 

expansion and numerical analysis are classified here as representing 

the fourth category. The fifth category consists of the experimental 

investigations. 

First category: Asymptotic expansion approach. 
  

In this method, developed by Lighthil] [17], an expansion in 

powers of a small amplitude parameter is employed. Approximate 

analytical solutions valid in the regions close to and far from the 

leading edge are found, corresponding to the low and high values of 

the frequency parameter, wx/U., respectively. These two solutions 

are then connected using the Karman-Pohlhausen integral method. 

Lighthill's work served as a starting point to many further 

Studies of the subject. However, almost all the work that followed 

along these lines is confined to very simple body configurations and 

extreme values of the frequency parameter. Illingworth [18] studied 

the effect of sound waves on a compressible boundary layer but for 

the flat plate geometry only. Rott and Rosenzweig [19] concentrated 

on the problem of bridging the low and high frequency solutions by 

analytical methods and series expansions, but none of the methods 

proved satisfactory. They also extended the high-frequency expansion 

beyond the leading term found earlier by Lighthill. 

Ackerberg and Phillips [20] solved the problem of small periodic 

‘oscillations imposed on a main flow past a semi-infinite flat plate 

using the method of matched asymptotic expansions.



Patel [21], following Lighthill's approach, analyzed a more 

general problem of travelling wave, for low and high values of fre- 

quency. Other asymptotic analyses of oscillating laminar boundary 

layers with non-zero mean were performed by Moore [22], Nickerson 

[23], Gersten [24] and Kestin et al. [25]. In all of these works 

the analysis was never carried beyond the first order approximation 

(order «) thus eliminating the possibility of taking the streaming 

effects into account. 

Second category: Method of averaging. 

This method was proposed by Lin [26], approximately at the 

same time when the more popular work by Lighthill appeared. 

According to Lin's method the velocity components are decomposed 

into steady and time dependent parts--in a manner similar to the 

Reynolds decomposition--and a process of averaging, the same as 

usually applied in deriving the equations for turbulent boundary layer 

is used. By virtue of the high frequency approximation, the time 

dependent part of the motion can be represented with good accuracy by 

a linear equation. Higher order corrections to the solution for the 

mean and oscillatory motion could then be obtained by an iteration 

scheme outlined in Lin's paper. 

The major advantage of this method is that it does not impose 

any limitations on the amplitude of the oscillations, unlike all the 

methods stemming from Lighthill's approach. High frequency require- 

ment is its biggest disadvantage. However, Hill and Stenning [27] 

used Lin's equation to develop approximate solution valid in the



intermediate frequency region. It seems that the method of averaging 

is a promising technique but to the knowledge of the author it was 

not further developed since then. 

Third category: Purely numerical approach. 

The analytical treatment of the oscillating boundary layers is 

usually limited to either small amplitude or extreme values of the 

frequency or both simultaneously. These limitations are avoided if 

the governing equations are solved numerically in their full form. 

Such a numerical solution for the case of purely time dependent 

oscillations was first obtained by Farn and Arpaci [28], giving good 

agreement with experimental data. Numerical results of McCroskey and 

Phillipe [29] for a similar problem provided the data for the 

intermediate frequency region, which is difficult to treat analytically. 

Tsahalis and Telionis [30] considered flows with large amplitudes of 

oscillations in connection with the problem of separation. 

Hall [31] developed a general scheme for numerical integration 

of unsteady boundary-layer equations. Many other numerical solutions 

appeared. Most of them use second-order implicit finite-differences 

scheme. More complete account of recent developments in this area 

may be found in review articles by Wirz [32], McCroskey [33] and 

Telionis [34], [35]. 

Fourth category: Combination of perturbation and numerical methods. 

If the amplitude of oscillations of the flow considered is 

small and the oscillations have a periodic character, a considerable 

Saving of the computer time compared to purely numerical methods can



be achieved if the governing equations are first expanded in terms 

of the small amplitude parameter and then solved numerically. This 

procedure is described in detail in the next chapter. 

Some of the investigators mentioned in the previous sections 

have also attempted the numerical solution of the linearized equa- 

tions for the oscillations. Ackerberg and Phillips [20] in addition 

to their asymptotic solution found a numerical solution for the 

oscillations about the Blasius flow. Their numerical results for 

most flow quantities were approaching their asymptotic (downstream) 

values through damped oscillations rather than from above or below. 

This behavior seems to be confirmed by present results, for the 

temperature field in particular. 

Lam and Rott [36] calculated numerically all the terms of their 

asymptotic coordinate expansion applied to solve the same problem. 

King [37] studied the heat transfer effects for low frequency, 

large amplitude oscillations, but in general there has been very 

little work done in the area of the temperature response to imposed 

oscillations of external velocity distribution. 

Fifth category: The experimental work. 

There is a great disproportion between the amount of theoretical 

and experimental work being done in this area. The only three experi- 

mental contributions to the field of laminar oscillatory external 

Flows with non-zero mean known to the author are the results of Hill 

and Stenning [27] and Patel [21]. Both of them pertain to flows of 

air in wind tunnels (no transition effects). Hill and Stenning
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measured the amplitude and phase of velocity oscillations in the 

boundary layer subject to free stream oscillations imposed on Blasius 

and Howarth [38] flows. Their experimental results covered the range 

from very low to very high frequency oscillations. They found that 

the asymptotic methods provide adequate solutions for both low and 

high frequency cases. In Chapter 3 the results of Hill and Stenning 

are discussed further and compared with present theoretical predic- 

tions. 

Patel [21] investigated experimentally the case of harmonic, 

smal] amplitude (up to 14% of the mean flow) oscillations of 

velocity, generated by a travelling wave imposed on a constant free 

stream velocity. The frequency range considered in his experiments 

is much narrower than the one covered in Hili and Stenning's work. 

Patel did not investigate high and very high frequency oscillations 

and the largest value of the frequency parameter covered in his experi- 

ments, € = 1.571, belongs to an intermediate frequency range. An 

important conclusion based on his results is that the mean flow 

characteristics are not affected by the oscillations. This is 

consistent with other experimental observations [27]. Patel also 

concluded that the response of the boundary layer is mainly affected 

by the travelling wave convection velocity and frequency. 

Morkovin et al. [39] considered small and moderate amplitude 

oscillations imposed on laminar boundary layers, concentrating on 

the effects of instability and transition.



i] 

There have been numerous experimental and theoretical contri- 

butions to the field of unsteady laminar boundary layers that do not 

belong to any of the five groups. Only the ones of some relevance 

to the problems considered here or to general development of the 

field were mentioned in this section. Clearly the account is not 

complete and it may contain a lot of bias. Recent reviews [32] - 

[35] give a full picture of the state of the art with respect to 

unsteady boundary layers. 

1.2.2 Oscillations about non-zero turbulent mean flow 
  

Turbulent flows occur in practice much more frequently than the 

idealized laminar ones. Therefore their study is more important from 

the practical point of view. This is reflected in the volume and 

profile of studies done on unsteady boundary layers. There have been 

many reports concerning experimental investigations of oscillating 

turbulent boundary layers, in comparison to just a few considering 

the corresponding laminar flows. However, theoretical studies of un- 

steady turbulent flows started appearing only in the sixties and so 

far have not been successful in predicting even the basic charac- 

teristics of oscillating velocity components. 

i. Experimental results. 
  

The first experimental results pertaining to oscillatory 

turbulent boundary layers were reported 20 years ago by Karlsson 

[40]. His experiments were performed in a wind tunnel where velocity 

oscillations with amplitudes ranging from about 6% of 35% of the 

Free-stream velocity were imposed on the boundary layer. A very
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wide range of frequency was covered--from f = .33 Hz, close to a 

quasi-steady case, to f = 48 Hz, but most of the data were obtained 

for intermediate values of frequency: .33 < f < 7.65 (Hz). 

Karlsson's measurements of the mean velocity field indicate 

that as in the case of oscillations imposed on laminar boundary 

layers, the effect of oscillatory motion on the mean velocity profiles 

is negligible, even for relatively large amplitudes of the oscilla- 

tions. The measurements of the oscillatory component of the velocity 

Show that the overshoot characterizing the laminar oscillations is 

also present in the in-phase velocity profiles for all the values of 

frequency and amplitude covered. ftlowever the dependence of the 

maximum overshoot on the frequency cannot be identified as clearly 

as for laminar flows. The results of Karlsson are discussed in 

detail in Chapter 4, together with the predictions obtained by models 

developed in this study. 

As mentioned in the previous section, there are no experimental 

data available known to the author on the effect of oscillations on 

the heat transfer in laminar boundary layers. However, this problem 

has been studied for turbulent flow by Miller [41]. Miller measured 

the rates of heat transfer in turbulent boundary layers ona flat 

plate with imposed harmonic oscillations of velocity. 

In the last few years interest in studying the velocity field 

in oscillating turbulent boundary layers suddenly grew and a number 

of experimental and theoretical works on the subject appeared. 

Satyanarayana [42] studied experimentally the response of an un- 

steady wake in turbulent boundary layers on airfoils and cascades
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to sinusoidally varying gust flow of low frequency. His major 

interest was in measuring mean and time-dependent wake profiles and 

determining unsteady wake losses. Charnay and Mathieu [43] in- 

vestigated the velocity distribution across a boundary layer in a 

wind tunnel at low levels of turbulence. Their measurements indi- 

cated that the periodic flow generated by an upstream pulsator was 

truly sinusoidal only for the resonance frequency. 

Oscillating turbulent boundary layers with time mean adverse 

pressure gradient were studied experimentally by Schachenmann and 

Rockwell [44]. They measured the mean, periodic and random 

components of the velocity profiles, covering the range of Strouhal 

number (dimensionless frequency) from St = 1.0 to St = 7.33, for 

small amplitude oscillations. They noticed that the phase and ampli- 

tude of the periodic response depends very strongly on the frequency 

of the oscillations. They also concluded that the effect of oscilla- 

tions on the mean flow is negligible. 

The case of turbulent boundary layer response to harmonic 

oscillations generated by a travelling wave was investigated by 

Patel [45]. His measurements covered oscillation frequencies of 

4-12 Hz and the amplitudes up to 11% of the mean velocity. Patel 

found that the effect on turbulent boundary layer response to vary- 

ing the frequency and convection velocity of the travelling wave is 

Similar to that of laminar boundary Tayers, investigated in his 

earlier work [21]. Patel’s results concerning the mean flow velocity 

and turbulent intensity distributions appear to be insensitive to the
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free stream oscillations, which is the conclusion reached by other 

researchers for purely time dependent oscillations [40], [44]. 

Simpson [46] investigated experimentally periodically 

oscillating flows over a flat plate with adverse pressure gradient. 

His results indicate that the oscillating pressure gradient has a 

Strong effect on the periodic flow in the viscous sublayer and that 

there is no phase-variation in the semi-logarithmic velocity profile 

region. Simpson also concluded that the strongest interaction be- 

tween the boundary layer and the outer flow occurs near separation 

and that the large-scale turbulent eddies influence the phase varia- 

tion within the boundary layer. His measurements were taken in a 

wind tunnel large enough to obtain practically two-dimensional 

velocity profiles in the test section. Moderate frequency values 

were considered (reduced frequency w*L*/UX = .55). A similar flow 

Situation was studied by Kenison [47]. In his experiments the effect 

of harmonic oscillations on a separating turbulent boundary layer was 

investigated over a range of frequencies up to 6 Hz and rather smal] 

amplitudes: up to 13% of the mean freestream velocity. Velocity 

profiles, static pressure, turbulence components and skin friction 

were measured before and immediately after the point of separation. 

Among other results, velocity overshoots and phase lags were observed. 

The magnitude of the overshoots was found to depend on frequency 

and the distance from the leading edge. The measurements of 

oscillating skin friction showed that it was negative for part of 

the cycle, in the region close to separation.
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Recently Cousteix and his associates [48], [49], [50] came to 

an interesting conclusion investigating the turbulence level in 

boundary layers. They considered flows over a flat plate with the 

amplitudes of oscillations of about 30% of the freestream velocity, 

that is two or three times larger than the values considered by 

Patel [45] and most of the other investigators. Measurements of. 

Houdeville et al. [48] indicate that the local level of turbulence 

in the boundary layer oscillates with the frequency of the imposed 

outer velocity fluctuations. This means that there exists an inter- 

action between the random turbulent motion and the organized 

fluctuations, but it was observed for rather large external 

oscillation amplitudes only. Some of the measurements of Karlsson 

[43] were also received with large amplitude of velocity oscillations. 

However Karlsson's apparatus did not allow conditional sampling of 

the turbulence level. Houdeville et al. [48] and Cousteix et al. 

[49] observed that the turbulence level increases sharply at the edge 

of the boundary at the phases of oscillation corresponding to the 

smallest instantaneous boundary layer thickness. This amounts to 

periodic bursts of turbulence into the outer flow region. The results 

obtained by the French group [48] - [50] represent perhaps the most 

complete set of experimental data on the distribution and time 

variations of velocity, turbulence intensity, mixing length and 

other parameters in zero-pressure-gradient boundary layer flow with 

imposed velocity oscillations. However these experiments were per- 

formed for only a narrow range of amplitude and frequency oscillations 

(40 Hz and 43 Hz} and therefore they did not allow us to draw more
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general conclusions on the effects of these parameters on the 

boundary layer response. 

ii. ‘Theoretical models and numerical solutions 

The usual approach taken to describe the unsteady flows is to 

extend the existing methods, originally developed for "steady" 

turbulent flows, to account for organized time variations of the 

velocity field. Such a generalization was attempted by Townsend 

[51] for the turbulent kinetic energy model in 1956, even before 

the experimental data of Karlsson appeared. Bradshaw [52] applied 

Townsend's method to solve the idealized problem of an unsteady flow 

over an infinite flat plate. Patel and Nash [53] extended this 

method to a truly unsteady case and obtained numerical solutions by 

integration with respect to two space variables and time. 

A wider class of flows, including oscillatory two- and three- 

dimensional boundary layers was considered in the numerical calcula- 

tions of Singleton and Nash [54] and Nash et al. [55], who used a 

method of approach also based on the turbulent kinetic energy model. 

McDonald and Shamroth [56] studied the response of the compressible 

turbulent boundary layer to oscillations of outer flow using similar 

method. Their major interest was to investigate the phenomenon of 

unsteady stall. An integral method technique was applied to investi- 

gate small amplitude velocity oscillations by Kuhn and Nielsen [57]. 

Cebeci and Keller [58] extended the eddy viscosity model to unsteady 

flows by introducing time-dependent pressure gradient and displace- 

ment thickness. A method combining the mixing-length model! and the
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turbulent energy approach was proposed by McDonald and Camarata [59]. 

This method was applied by Shamroth and Kreskovsky [60] in a study of 

viscous flows about oscillating airfoils. However, their results 

did not compare favorably with Karlsson's experimental data. Another 

quasi-steady model based on the mixing-length concept was applied 

by McCroskey and Philippe [61] to study similar types of flow. 

Telionis and Tsahalis [62] also integrated numerically the time 

dependent boundary layer equations for transient and oscillatory 

flows, using the Cebeci-Smith [63] two-layer eddy viscosity model. 

Their theoretical velocity amplitude and phase angle profiles did 

not compare well with the experimental data of Karlsson. Therefore 

Telionis [64] later suggested some improvements to generalize the 

Cebeci-Smith model. In particular he proposed to modify the damping 

factor to include dynamic pressure effects and introduced generalized 

displacement thickness. In spite of these modifications the model 

did not produce any substantial improvements in predicting the experi- 

mental data. 

Cousteix and Houdeville [65] calculated successfully the 

development of a turbulent boundary layer in oscillating flow, using 

a combination of a two-equation model and the mixing length scheme. 

The data predicted by this model were compared with experimental 

results [49] for the flow with nearly zero mean pressure gradient 

and the frequency of imposed oscillations much smaller than the 

characteristic turbulence frequency. Cousteix and Houdeville have 

also proposed a simple integral method which proved efficient for 

applications to the flow situation described above. It seems that
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the success of the theoretical predictions of Cousteix and Houdeville 

may be attributed, at least partially, to the fact that they were 

using their own experimental profiles to initiate the numerical 

calculations. For flows with almost zero pressure gradient the 

downstream variations are very slow simplifying the task of predicting 

the flow development. In fact, the discrepancies between their 

experimental data and the theoretical solutions grow consistently 

with increasing distance from the initial station. 

Acharya and Reynolds [66] tested the performance of a number of 

models of the oscillatory perturbation of the Reynolds stress for 

fully developed channel flow, ranging from the quasi-laminar to a 

rather complex one-equation model involving the pressure-strain 

correlation. They described the relative success of their models, al- 

though none of them gave satisfactory predictions of their experimental 

results. Acharya and Reynolds concluded that a successful modeling 

of periodic turbulent flows requires a better understanding of the 

interaction between the Reynolds stresses and the imposed organized 

oscillations. 

None of the methods presented above was fully successful in 

predicting theoretically the properties of oscillating turbulent 

boundary layers. Except for the models attempted by Acharya and 

Reynolds [66] all the others can be classified as quasi-steady since 

they represent straightforward extensions of the methods developed 

earlier for "steady" turbulent flows.
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1.3 The Scope of Present Work 

It seems appropriate at this point to describe briefly the 

present effort, its contribution to the field and its relation to 

previous works presented in this chapter. The contributions pertain- 

ing to laminar and turbulent flows are described separately in the fol- 

lowing two subsections. 

1.3.1 The laminar flows. 
  

The method used in this study is based on Lighthill's asymptotic 

expansion in powers of smal] amplitude parameter [17]. However, in- 

stead of further expanding the equations in terms of frequency, as done 

for example in Refs. [17], [24], [27], the governing equations are 

solved numerically. At present this seems to be the only method that 

enables covering the entire frequency range and arbitrary body con- 

figurations, that is arbitrary distributions of the outer flow velocity. 

The method therefore belongs to the fourth category, as listed in 

Section 1.2. The present work is perhaps the most complete contribu- 

tion of this type, filling some gaps in the available theoretical in- 

formation on oscillating laminar boundary layers. In particular the 

following specific problems were studied for the first time: 

- the effect of the frequency variations on the oscillating velocity 

component and a resonance-like response discovered here. 

- the effect of pressure gradient on the oscillatory response. 

- the oscillatory temperature field for wide range of frequency and 

pressure gradient parameters, with and without outer temperature 

oscillations.
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the effect of dissipation on the total heat transfer. 

the steady-streaming contribution to the velocity and temperature 

fields for nonvanishing mean flows. 

the validity of boundary layer approximation for the oscillatory 

and steady streaming components. 

The major limitation of the method is the small amplitude assumption. 

1.3.2 The turbulent flows. 

The general method of approach applied to study oscillatory 

turbulent boundary layers is essentially the same as developed for the 

lJaminar case. The modeling of the oscillatory Reynolds stress is of 

major importance and interest here. It is the first effort to model 

separately mean and oscillatory parts of the Reynolds stress in turbu- 

lent boundary layers. This proves to be the correct approach and for 

the first time the theoretical predictions of the oscillating velocity 

profiles compare well with the experimental data of Karlsson at least 

for low and high frequencies. However, the models developed here need 

some improvement for the intermediate frequency range. It seems that 

an explicit dependence on w has to be introduced. Again there is a 

smal] amplitude limitation but the results compare well with the 

experimental data for amplitudes as high as 20% of the mean flow 

velocity.



Chapter 2 

LAMINAR BOUNDARY LAYERS IN OSCILLATING FLOWS: 

DESCRIPTION OF THE METHOD 

in this chapter the problem of the laminar boundary layer 

response to small amplitude oscillations of the outer flow parameters 

is formulated. The equations governing the velocity and temperature 

fields are derived and their range of validity discussed. 

In the next chapter the results obtained for some specific flow 

cases are discussed and compared with the available theoretical and 

experimental data. 

2.1 The Governing Equations 
  

Consider unsteady, two-dimensional flow of an incompressible, 

Newtonian fluid. In terms of dimensional variables the governing equa- 

tions are: 

the conservation of mass 

ou* . av*® _ | 

the conservation of momentum 

    

  

  

2 2 
ou* ou* ou* 1 op* 0 u* | 9 u* + y* —+ v*¥ ——=- + y* + (2.2) 
at* ax* oy* p* ax* | 42 “ 

OX ay 

at* ax* ay* p* ay* ~ axe gyn’ 

and the thermal energy equation 

2]
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, 9 _.) 

OTA ya ATH, Be oe ee (2.4)   

ate UO axe Y oy* axxo ay? c* 

where x*, y*, and u*, v* are the coordinates and velocity components 

parallel and perpendicular to the wall respectively: t*, p*, p*, v*, 

c* and a* are the time, pressure, density, kinematic viscosity, 

specific heat and thermal diffusivity respectively and o* = 2(au*/ax*)> 

+ 2(av*/ay*)* + (au*/oy* + ave/ax*) ©, 

The boundary conditions characterizing the physical situation 

should be specified in a manner appropriate for elliptic equations on 

a contour enclosing the region considered. Equations (2.2) and (2.3) 

are known in literature as the Navier-Stokes equations. 

2.2 Nondimensionalization and Boundary-Layer Approximation 

Let L*, U.*, T_* be the characteristic length, velocity and free 

Stream temperature respectively. The dimensionless coordinates are 

then defined as follows 

* U..* 
x = Xe . y = Re , t= te (2.5) 

|
x
 

and the dimensionless dependent variables are 

ux vx ™ - i" 
U-Tx > v= U* vRe . T= Te. T* (2.6) 

co oo W oo 

U *L* 
  where T,* is the temperature at the wall and Re De 1s the 

Reynolds number. The normal coordinate y and velocity component v 

are stretched by the factor /Re. 

The governing equations in their nondimensional form then are:
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ou OV 

ax * ay = © 2-7) 

ou y ou ul. ap, eu, ) au (2.8) 
3 aX oy OX ayé Re 9x2 

1 ov, ou y ou - By 1 2°Vy gepen2y (2 9) e [ot OX 3 oy Re ay 

2 2 
oT oT so. _JTiso9T, 1 #97 —+ y—tyez elie e+e te 
ot OX 3 ie e 5 

(2.10) 

2 2 2 
au)” 4 2) (au av)" 4 du av ane 

+ Ec {3 +a * [ey * 3x |} ote ) 

U *2 

where Pr = and Ec = ce(T.* = T*) are the Prandtl and Eckert numbers 

respectively. Usually at this point the boundary layer approximation 

ts introduced, that is with the assumption of Re >> 1 the terms of 

order 1/Re may be neglected. This results in eliminating Eq. (2.9) 

altogether. However, here all the terms of order 1/Re have been re- 

tained for reasons that will become apparent in section 2.3.1. 

2.3 Small Amplitude Approximation   

We consider here outer flows given by: 

Q*(x*,t*) = Qo *x*) te Q,*(x) cos w* t* (2.11) 

where Q.” represents the instantaneous value of any of the velocity 

components or temperature. This corresponds to small amplitude 

harmonic oscillations of the flow parameters imposed on an otherwise 

time independent free stream value Q0"° Here w is the frequency of 

the oscillations (in rad/sec) -and e« is a small dimensionless parameter.
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Solutions to Eqs. (2.7) - (2.10) are then assumed in the form: 

Ro
|M
 

a(xs¥st) = agxsy) + §]ay (xe + ay en Tt 
. (2.12) 

; lag (xsy) : ra, acivt 5 a et) 

where q represents any of the four unknown field quantities: u, v, T 

and p. Subscript o denotes the steady solution, i.e., the O0(e°) 

approximation. Complex notation has been introduced and qy represents 

a complex amplitude of the oscillatory part of the solution. An overbar 

denotes the complex conjugate. Streaming components q< (representing 

Us> Vos T, and Ps) have to be included in addition to the second 

harmonics, in order to balance the nonlinear steady terms appearing in 

the equations of order ef, The assumed form of the solution for the 

velocity components and temperature is now substituted into the Eqs. 

(2.7) - (2.10). In the next three subsections the sets of equations 

obtained by collecting coefficients of powers of e« are discussed. 

2.3.1 Zeroth order approximation. 
  

Collecting coefficients of e«° gives 

du OV 
0 0 _ xt ay 0 (2.13) 

2 2 
du ou dp ou ou 

O _ 0 o, | 0 
Yo Ox Yo ay ax 5 2 * Re 9x2 (2.14) 

(2.15)
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2 2 2 
ou du OV du. 3V 

O 2 O 0 0 0 ] 

Except for the time derivatives the above set of equations has the same 

form as Eqs. (2.7) - (2.10). Both sets are elliptic and nonlinear. 

We may now proceed with the classical steps of deriving the boundary- 

layer equations. 

At the zeroth order approximation all the terms of order 1/Re 

are neglected (Re >> 1). This results in eliminating Eq. (2.15) and 

pressure becomes a known function of x only which can be calculated 

from Bernoulli's equation. The governing equations then assume the 

familiar boundary layer form: 

  

  

0 O_ xt yw" (2.17) 

3U, OU, dU, ou 

Uo ox * Yo ty Yom TTR (2.18) 
y 

aT aT) ] aT ou) 2 
Uy ox + Yo yy Prj 2 + Ec ay (2.19) 

(2.20)
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Terms of order 1/Re neglected here may be comparable with the steady 

streaming terms if ae O(e*), They are therefore formally included 

in the equations describing the second order steady contribution and 

some numerical tests have been performed to determine their signifi- 

cance. The outcome of these tests will be discussed later together 

with other results. 

2.3.2 First order approximation. 
  

Collection of coefficients of e« yields: 

  

au, avy 

au, du au, aU, 

wou * UG ax * Ya ox * Yo by * M1 ay” 
9 (2.22) 

ou, aU, 3 Uy 

oy 

oT OU oT 
. 1 0 | 
Tol) tu tT Kt ay 

9 (2.23) 
8VG 3 qT, 8U, du, | 

+7, —=—> t+ 2 Ec —~ — + O(1/Re 
] aye aye oy oy 

with the boundary conditions 

Uy = Vy = 0 ) Ty = Taw at y = 0 

(2.24) 

Hy U eT he as yr 

The boundary conditions for Ty allow in general the temperatures at 

the wall and at the edge of the layer to fluctuate with the amplitudes
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Thy and The 

valid only if the function Uy (x) is not changing sharply with x. Other- 

respectively. The above boundary layer approximation is 

wise, the ratio U/L is not a good estimate of the order of magnitude 

of the derivative 9U,/dx. This would be the case for example, if the 

uns teadiness were induced in the outer flow by a control surface or if 

a wave-like disturbance with a wave length of the order of the boundary 

layer thickness were travelling downstream [8]. 

A question also arises whether the condition of Re >> 1 is 

sufficient for the boundary layer approximation to hold for the 

oscillatory motion, and if not, what should the criterion be for the 

validity of boundary-layer approximation at this level? In the next 

section a simple dimensional analysis is performed and the appropriate 

criterion found. 

In order for the solution to Eqs. (2.21) - (2.24) to represent a 

more significant correction to the steady part than the neglected 

terms of 0(1/Re), the inequality 1/Re << e must be satisfied. In fact 

a stronger inequality 1/Re << ef must hold to make the second order 

steady streaming correction more important than the ellipticity. This 

is not a very restrictive condition: an e = 1/10 would require 

>) Re = 0(10°) which is still a low value for external flows that are of 

concern here.
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2.3.3 Validity of the boundary-layer approximation for the 

oscillatory part of the solution. 

For the oscillatory motion the characteristic time is ty = ]/w* 

and the characteristic length scale is Ly = Un /u*, The typical 

velocity amplitude here is assumed the same as for the mean flow, i.e. 

U The actual amplitude of the oscillatory outer flow is of course 

of the order cU™. However, e is factored out when the equations that 

govern the oscillatory flow are derived and the proper outer flow 

* 

velocity amplitude becomes of the order U*. Second derivatives of Uy 

with respect to x* and y* may then be estimated as follows: 

  

  

  

2% * 
3 Uy Uo 

= 0|-—;-— 2.25 
ax*e (Un /u*)? 

and 

* 

ane ; U- 2 
= 0 a e 2.26 

ay*? (us/o*)? 

U*(UN/u*) Un* 
where Re, = . = ORF is the Reynolds number based on the 

length scale of the oscillatory motion. The condition allowing the use 

of boundary-layer approximation is expressed in terms of the second 

derivatives 

    

*« 
au 9, 

x << > (2.27) 

ox* oy* 

which via Eqs. (2.25) and (2.26) results in the inequality:
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y@ 
Re. = —-— >> 1 (2.28) 

] w* y* 

This is a necessary condition for the boundary-layer approximation to 

hold at this level. 

On the other hand, as mentioned earlier, the Reynolds number must 

be large: 

*k * 

UL 
Re = SE >? ] >> 2 (2.29)   

so that the mean pressure gradient normal to the wall is negligible and 

the second order correction is more significant than the neglected 

terms. 

The boundary layer thicknesses for the mean and oscillatory flows 

are determined by Re and Re, respectively. In general it might be 

necessary to introduce two separate scales to describe these two parts 

of motion, depending on the ratio 65/84 » where 

kK * * 

L vb 0 0 , 6 == - boundary-layer thickness (2.30) 
o YRe U of the mean flow 

oo 

  

and * 
* L, * 

= /~~ - boundary-layer thickness (2.31) 
| yRey w of the oscillatory flow 

  

Then 

  

* 

6 

* O= ft (2.32) 

1 

where St is the Strouhal number.
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The Strouhal number characterizes the relative importance of 

purely time dependent inertia terms with respect to convection terms: 

xk * U 
Ww * 

St=25-= lwt_| / lu. = (2.33) 

* 

co 
  

ofsee] Olum sya 
local convective 

acceleration acceleration 

Two cases, corresponding to the two extreme values of St have to be 

considered. 

Case 1: Assume 

  

5" 

2 >> | (2.34) 
6 

] 

then 

YSt >> 1 (2.35) 

or alternatively 

kK * 

o> 7 (2.36) 
U 

This corresponds to the high frequency case, where changes in time are 

dominating and the convective terms can be neglected. The "oscillatory 

boundary layer" is then very thin (often called Stokes sublayer) and 

a proper description of the situation requires separate treatment of 

the inner (oscillatory) and outer (steady) parts of the boundary 

layer.



3] 

Case 2: Assume 

  

* 

89 
> << 1 (2.37) 

oy 
then 

YSt << 1 (2.38) 

or alternatively 

* *& 

2 L << ] (2.39) 
U 

In this case temporal changes are negligibly small compared to convec- 

tion terms. This corresponds to a quasi-steady situation. Here the 

periodic motion is so slow that the oscillatory boundary layer is much 

thicker than the "inner" layer corresponding to the mean flow. Such 

flows are not encountered very often in practice. For example, the 

flow with average velocity 20 ft/sec over a body of characteristic 

length L* = 5 ft should have to oscillate with frequency about 0.5 Hz 

to be considered quasi-steady. 

Table 1 gives the smallest and the largest values of Strouhal 

number (St) and equivalent ratios 5/8, , for the experimental data 

available today. One can notice that the experimental conditions for 

either laminar or turbulent flow situations never reached the quasi- 

Steady limit. One set of Karlsson's data corresponds to the very high- 

frequency limit, i.e. YSt >> 1. For all the other experimental results 

YSt = 0(1).
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Table 1. 

LAMINAR TURBULENT 
* 

Hill and Cousteix et. al. 
Stenning [27] Karlsson [40] [48],[49] 

Stain .10 1.13 1.63 

* * 

(6/84) nin 316 1.06 1.28 

Stax 10.0 140.7 4.59 

* * 

(80/81) max 3.16 11.86 2.14 
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2.3.4 Nonlinear streaming 
  

2 gives two independent sets of Collecting the terms of order e 

equations: one for the second harmonic amplitudes Un» Vos To and 

another for the “nonlinear streaming" contributions Uns Voo Te. The 

first set of equations can be used to estimate the second order 

correction to the unsteady part of the motion, representing a distor- 

tion of the harmonic response due to the nonlinearity of the boundary 

Tayer equations. Of interest here though is the second set, concerning 

the steady streaming part of the solution. Assuming that the elliptic 

terms (9%u /ax”)/Re and (a°T,/ax")/Re contribute at this level of the 

expansion, the streaming equations in their boundary layer form read: 

  

  

S Ss _ 

O 3x O oy S 3X Ss 3y 

f Bu, BU du, 
= = eRe x * Vy ay + UL ax (2.41) 

2 2 
ou du pts, 1 2% 
oy e Re 9x 

2 2 
aT. oT, oT, aT 4] 9 T, 1 3 T5 

Uo ax” Yo ay ~ Us ox * “s ay” Pr +> 2 
oy e Re dx 

  

2 
oT oT ou. du ou 

— es, ] _0o Ss ] 0 
~ éRe c ax 3 + 2Ec FE ay eRe Ea | 

with the homogeneous boundary conditions
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Here Re denotes the real part of the expression that follows it. The 

validity of the boundary-layer approximation at this level may again 

be questioned. The next section deals with this problem. 

2.3.5 Validity of the boundary layer approximation for the steady- 

streaming part of the solution 
  

The characteristic length scale for the steady-streaming part of 

the flow is the same as for the mean flow, i.e. Le = Le Since they are 

both steady. The characteristic velocity, however, is different and, 

as shown by Stuart [9], can be estimated as 

  

U. = (2.43) 

Second derivatives of ue with respect to x* and y* can then be esti- 

mated as follows: 

  

  

    

  

ous Ue uxé 
=o |S.| = oj 7. 2.44) 

2 *2 x, 3 * OX L. W LG 

2 

3 ue U* * 
5 = 0 S. 5 = 0 “a (2.45) 

oy* 2 LG 
Ss v* 

The condition 

aus a*u, 
wD << (2.46)
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leads to 

yx? 
” =". (2.47) 

w*L*3 <s .*3 ° 
oO oO 

or 

xe 
- ¥ <<] (2.48) 

a Vv 

which is the same requirement as Eq. (2.28). The conclusion is that 

if the boundary layer approximation is valid for the oscillatory 

motion, it is also valid for the steady-streaming part of the solution. 

2.3.6 The effect of "ellipticity" 
  

As mentioned before the terms of order 1/Re neglected at the 

0(1) level may be significant compared to 0(6*) terms. It has to be 

determined now under what condition the second order correction to the 

solution is more important than the neglected "elliptic" terms of the 

mean part of the flow. This is expressed with the relationship 

2 2 
9 ou 

—— —= (2.49) 
ox ay 

    

  

Ss 
<< — (2.50) 

ef Re Uo 

However 

U. ue yr? 1 U- (2.51) 
—~ = —=0Q0 e —/] = ¢} * 25] Uy US wL* yx wL* 5 

therefore
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* ky * * 

ee (2.52) 

and finally 

1 _ w*v* 2 Rey” 2 << e << (2.53) 

or 
pre 

ohF >? > ] (2.54) 
Ee 

This condition imposes a particular relationship between the 

oscillatory Reynolds number, Re,» and the small parameter e : for 

given Re, the parameter e« cannot be chosen arbitrarily small, even 

though in principle it would improve the accuracy of the solution, be- 

cause then the ellipticity of the original equations would become more 

important than the steady-streaming correction. 

Condition (2.54) is easily satisfied in practice and holds for 

most flows of practical interest. For example in the case of flow of 

air (at room temperature) with characteristic velocity of 20 ft/sec, 

the oscillatory motion with amplitude equal to 10% of the mean 

velocity (e = 0.1) would satisfy condition (2.54) as long as the 

frequency of oscillations does not exceed 10° Hz. In general, the 

-3) 
inequality (2.54) holds for flows with Re, > O(e 

1 

As mentioned before, the second order contribution to the solu- 

tion consists of the steady part, which is of interest here, and the 

second harmonic oscillatory part. In Appendix A the equations for the 

amplitudes of the second harmonics are given and their importance, as
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compared to the steady streaming contribution, is briefly discussed. 

2.4 Physical interpretation of the method. 

In deriving the governing equations in this chapter the velocity 

and temperature fields were decomposed into mean, oscillatory and 

steady-streaming components, each of them having a rather precise physi- 

cal interpretation. The mean part corresponds to the solution of a 

boundary layer flow with the same mean outer boundary conditions as the 

unsteady flow but in the absence of time dependent oscillations. The 

oscillatory component represents the time dependent response of the 

boundary layer velocity and temperature fields to imposed oscillations. 

Mathematically it is simply the difference between the actual "total" 

solution and its time average. Since the outer oscillatory motion and 

the boundary layer response are harmonic, the explicit time dependence 

is eliminated and the unknown variables are amplitude and phase of the 

physical property considered. They are combined here, for mathematical 

convenience, in the form of the complex amplitude of oscillations. 

Steady-streaming component of the solution constitutes the time 

independent response of the boundary layer to external oscillations. 

The term "steady streaming" has a clear physical meaning for the 

velocity field and is self-explanatory. Mathematically the streaming 

part represents the difference between the time average of the un- 

steady solution and a steady solution for a given geometry of the flow. 

For the temperature field the name "streaming" may be misleading. It 

was adopted here by analogy to the streaming contribution to the 

velocity field and of course it has the same mathematical meaning.



Chapter 3 

LAMINAR OSCILLATORY FLOWS: EXAMPLES 

The general method outlined in the preceding chapter is 

applicable to flow situations involving small amplitude oscillations 

of velocity and temperature about their arbitrary means. 

Numerical calculations were performed mainly for the case of an 

outer mean flow given by 

* U5 = U5(1 - b¥x*) (3.1) 

Since the major experimental data available pertains to this outer 

flow velocity distribution [27]. The case of b* > 0 corresponds to 

constant adverse pressure gradient and is known in literature as the 

Howarth flow [38]. 

First and second order corrections to mean velocity and tempera- 

ture fields, representing oscillatory and steady streaming components 

respectively, were calculated for a wide range of frequency and 

pressure gradient values. 

3.1 Formulation of the problem 
  

The following dimensionless coordinates are introduced: 

  

  

ky 
EB = iF (3.2) 

* Uso 

n* 7 v*¥x* (3.3) 

38
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The streamwise coordinate —& is often referred to as the frequency 

parameter. It appears naturally in the momentum equation for the 

oscillatory motion if the n coordinate, traditionally used for Howarth 

flow, iS introduced. Introducing & corresponds to a characteristic 

length L* = UX/w* which is the length scale of the oscillatory motion. 

This choice is justified for the geometry and frequency range con- 

sidered. In nondimensional form the outer flow velocity distribution 

is given by 

Uae = 1 - be (3.4) 

where b = b*L*/UX = b*/w* is the dimensionless pressure gradient 

parameter. 

Depending on the value of b the flow given by Eq. (3.4) cor- 

responds to 

constant adverse pressure gradient (b > 0); 

flat plate (b = 0); 

constant favorable pressure gradient (b < 0). 

All the three cases are studied here. 

In terms of & and yn equations governing the mean flow, that is, 

Eqs. (2.7) - (2.10), read: 

ou ou aV 
0 O 0 _ 

2g gE 0 an * an (3.5) 

au, BU, 1 ae dv, 
teu ge + MOM) 272 72 bog (3.6)
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2 2 

2Eu, 2 + (Vg - no) a a any = 0 (3.7) 

and the boundary conditions are 

Uy = Y= 0 . T > 1 at n= 0 (3.8) 

uy = Uy = ] - bé and Ty = 0 as n+ (3.9) 

The O(e) set of equations for the amplitudes of velocity and tempera- 

ture oscillations assume the form 

  

oUy dU, oVy 

cece 15, ta, 72 (3.10) 

aU BU, dU Buy 

, au) dv, dv, (3.11) 
"252 = 2iweU, + 2E Uo get Ul GE 

7 

aT, aT oT aT) 

2weT] + 26Uy ge #2 uy GET + Yo = Mo) ag * Wy = MY) By 
2 (3.12) 
oT dU dU 

_t _t1lp..,_a2_leg 
2Pr ane dn an 

In order to enable comparison with asymptotic solutions of 

Lighthil] for the low and high frequency cases, the amplitude of the 

outer flow velocity oscillations is assumed to vary with &€ in the same 

manner as the mean flow, i.e. 

us = U,(é) = U,(é) as no (3.13)
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Two cases for the outer temperature distribution are con- 

sidered: 

a) Ty = The =0Q atnr- (3.14a) 

b) T, = 1), 21.0 atn+e (3.14b) 

corresponding to the outer temperature being constant or oscillating 

with constant amplitude respectively. The no-penetration and no-slip 

conditions are imposed on the amplitudes of velocity oscillations and 

the wall temperature is assumed constant: 

uy = Vy = 0 and Ty = Taw =Q0 atn=0 (3.15) 

Eqs. (3.10) - (3.12) with the boundary conditions given by Eqs. 

(3.13) - (3.15) govern the oscillatory part of the solution. 

The steady-streaming contributions to velocity and temperature 

fields are calculated by solving the following set of equations: 

  

  

ou. OU. OV. 

cece 2a, te OO (3.16) 

du 3U du, dU su. | 
_> 0, €& lial . 2 

CEU, je + CEUs Get si 36 YT bE : * (Vo = Mg) + F 

3U du dU, 3u 
0] —o,l 7 lame apy_l 

* Ve on Us on * i nu, ) on * (vy nu, } | : (3.17) 

1 3¢u dU 
- — S = EU 1 

22 LE



        

aT aT | aT. 
_ Ss oO, & 01,7 _ dl _ Ss 

cu, d& * 2 EU. 3& * si 3 * U1 3 | * (Vo nu) on 

: aT, aT) _ Ty , 

3°T gu. 3u du, 9U, 
- 1 s S ~ Ec 0 S = Ec e ] _ 

2Pr 2 on an 4 an an 
on J 

with homogeneous boundary conditions: 

u-=v.=T.=0 atnz=0Oandasnreo (3.19) 

3.2 Method of solution 
  

The sets of differential equations of order e°, e| and et are 

solved numerically in the two-dimensional space € and n. An explicit 

marching technique is employed for numerical solution of the three sets 

of parabolic equations. Derivatives are expressed in terms of finite 

differences, first order accurate in the €-direction and second order 

accurate in the n-direction. A uniformly spaced mesh configuration is 

used in both the € and n directions. The numerical results compare 

favorably with more sophisticated methods, as described in the next 

section. 

Since the flow is incompressible and viscosity does not depend 

on temperature, the continuity and momentum equations are solved 

independently of the thermal energy equation for each of the three 

cases.
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The equations of mass and momentum at O(e°) level are nonlinear 

and are solved simultaneously. An iterative scheme is used to generate 

the initial profiles. The same scheme is employed to proceed in the 

direction of increasing €. The temperature equation is linear and can 

be solved in a straightforward manner, once the solution for the 

velocity field is obtained. The same method is used to solve the equa- 

tions of orders e and “ 

Uniform grid-point spacing is used in both directions & and n, 

with A&E = 0.005 and An = 0.07 respectively. Number of steps in the 

direction normal to the wall is 110, which allows the boundary layer 

thickness to grow to n = 7.5. All the quantities considered, including 

the steady streaming corrections, reach their outer asymptotic values, 

within 0.01% error, at distances from the wall corresponding to 70-80% 

of the local boundary layer thickness. 

The numerical solutions are very stable. Even the increase of 

Aé by an order of magnitude does not cause any problems other than the 

loss of accuracy, especially at the O(e) and 0(e%) levels. 

Only the solutions to equations of orders e and of are of interest 

here. The zeroth order solution is just a necessary intermediate step 

and the mean velocity and temperature profiles serve as "known" 

coefficients in the higher order equations. 

3.3 Results and discussion 
  

The results for mean velocity and temperature profiles were com- 

pared with known analytical and numerical solutions. Velocity distri- 

butions in the laminar boundary layer for the potential flow given by
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Eq. (3.1} were compared with the results of Howarth [38], for several 

values of the pressure gradient parameter, between b = -.05 and 

b= .1. The differences between the series solution of Howarth and 

present numerical results did not exceed .01% for the values of 

pressure gradient considered. 

The mean temperature profiles were calculated for Eckert numbers 

ranging from -4.0 to 6.0 and compared with the data in Ref. [67]. 

The largest discrepancies were observed for high values of the Eckert 

number, but even then they were of the order of 1.0% of the mean 

temperature value. The comparison of both velocity and temperature 

profiles with classical data was satisfactory and will not be further 

discussed here since it represents an elementary exercise in boundary- 

Tayer calculations. 

As mentioned before, a wide range of frequency was covered--from 

f= 0(1073) - quasi-steady to € = 0(10), corresponding to the high 

frequency case. The values of the pressure-gradient parameter covered 

were from b = -0.1 to b = +0.1, corresponding to a range from rather 

high favorable to a high adverse pressure gradients respectively. 

3.3.1 Harmonic response of the velocity field 
  

Experimental data indicate certain characteristic properties of 

the oscillating velocity distribution across the boundary layer, as 

for example amplitude overshoots and phase lags. 

Figure 3.1 gives the comparison of experimental results of Hil] 

and Stenning with several theoretical predictions of velocity profile 

for moderate adverse pressure gradient (b = .035) and an intermediate
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frequency value (& = 2.844). Results obtained by the present method 

agree very well with the experimental data. An agreement of present 

results with the high frequency asymptotic solution of Lighthill is 

shown in Fig. 3.1, where velocity amplitude profiles are plotted for 

the case of a mild adverse pressure gradient. It is interesting to 

notice that the value € = 3.8 in Fig. 3.2 already corresponds to the 

high frequency limit as far as the velocity profile is concerned. This 

is not the case for the temperature field as will be shown later. Typi- 

cal, numerically calculated profiles of the amplitude of velocity 

oscillations for a mild adverse pressure gradient are also shown in 

this figure. The relative value of the amplitude, scaled with the 

amplitude of the outer velocity oscillations is plotted versus the 

normal coordinate n. Overshoots of variable magnitude are observed 

for all values of the frequency parameter €. In a certain range of 

rather high frequency an undershoot may also follow the overshoot. 

The profile for & = 3.8 in Fig. 3.2 illustrates such a behavior. This 

peculiar characteristic was discovered numerically only recently by 

Ackerberg and Phillips [20] and experimentally by Patel [21]. The 

measurements of Hill and Stenning [27] for € = 4.98 show a slight 

resemblance to an undershoot but it could easily be attributed to an 

experimental scattering. 

From Fig. 3.2 one can conclude that the position of overshoot 

depends strongly on the frequency and with the increase of &€ the 

highest overshoot occurs for smaller n, i.e., closer to the wall. 

Figure 3.3 shows this relationship for several values of the pressure 

gradient. It appears that the pressure gradient has a rather small
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Fig. 3.3 Position of the maximum velocity overshoot as 
function of frequency parameter, for different 
values of pressure gradient parameter b
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effect on the position of the overshoot but there is a distinguishable 

difference between the cases of adverse and favorable pressure 

gradient. In the vicinity of € = 1.15, only the curves corresponding 

to adverse pressure gradients possess a saddle point. The experimental 

data (Ref. [27]) agree well with present results. It seems that 

“Tmax?” 

As concluded before, the pressure gradient effect on the position 

proximity of separation results in an increase of n( 

of velocity amplitude overshoot is small. It turns out that the 

magnitude of the overshoot, on the contrary, depends on the presure 

gradient very strongly for all values of frequency. Figure 3.4 

Tlliustrates this dependence. For larger positive values of b, that is 

larger adverse pressure gradients, the overshoot is higher while 

favorable pressure gradients seem to have a damping effect on the 

velocity oscillations. The largest overshoots are observed for 

— = 1.15 and this is depicted very clearly in part B of Fig. 3.5. In 

this figure the maximum of the velocity overshoot versus frequency 

parameter —€ is plotted (curves B). Regardless of the value of the 

pressure gradient this function starts from the value of 1.1 and 

attains a maximum in the neighborhood of — = 1.15. For larger pressure 

gradients (u,) appears to increase again. This is due to the max 

fact that the separation singularity is approached. 

The wall value of the velocity phase angle is a characteristic 

feature that has been studied extensively. It represents the phase 

advance of the skin friction as compared to the outer flow fluctua- 

tions. Lighthill has indicated that this function grows almost 

linearly with — for small values and tends asymptotically to 45° for
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large values of €. It was recently discovered that this property 

behaves in a peculiar way for intermediate values of €. In the 

neighborhood of € = 1.15 this function has two points of inflection. 

Curves A in Fig. 3.5 clearly exhibit this behavior in complete agree- 

ment with the earlier calculations of Ackerberg and Phillips [20]. 

Most recently Cebeci and his co-workers [68] have arrived at similar 

results solving numerically the equations in a three-independent- 

variables domain. 

In Fig. 3.6 characteristic profiles of the phase shift of 

velocity oscillations with respect to the outer field are compared with 

the asymptotic solution of Lighthil]l, Ref. [17]. It is interesting to 

note that this function changes sign at least once across the boundary 

layer. This means that next to the wall the oscillatory motion leads 

the outer oscillations, then there is a point where the oscillations 

are in phase (phase shift vanishes) and further from the wall the 

boundary layer lags the outer oscillations by a few degrees. Farther 

away from the wall the lag decreases and at the edge of the layer the 

phase shift is again zero. The width and position of the "lag" and 

"lead" regions depend on the frequency of the oscillations. 

3.3.2 Harmonic response of the temperature field 

Turning now to the temperature field we find that the present 

results are in excellent agreement with the asymptotic solution of 

Lighthil]1 for low frequencies. Figure 3.7 gives this comparison for 

a mild adverse pressure gradient and no dissipation. For intermediate 

frequencies, no comparison is possible, since Lighthill's approximation
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holds for large or small frequencies only. There is no experimental 

data on temperature distribution itn oscillating laminar boundary layers 

known to the author. Therefore, only the asymptotic solutions obtained 

by Lighthill's method for extreme values of frequency will be used 

for comparison with the present results. 

A comparison of temperature profiles generated via Lighthill's 

asymptotic analysis and the present method, for high frequencies, is 

shown in Fig. 3.8. Notice that the asymptotic profiles of Lighthill 

are wel] behaved and have only one point of inflection. The numerical 

profiles however are wiggly and may possess three points of inflection. 

This behavior is probably being inherited from the velocity field, 

through coupling of the equations. A better agreement of the numerical 

solution with the high frequency asymptotic approximation would 

obviously be expected for larger &. However for frequency parameters 

larger than 10, separation is approached even for the mild adverse 

pressure gradients considered, and the disagreement is bound again to 

grow. For larger adverse pressure gradients, separation occurs for 

even smaller &€'s, before the high frequency region is reached. For 

larger frequencies, the T,-amp1itude quickly decreases as we move away 

from the wall, thus generating a Stokes thermal wave. 

As mentioned before the value of € = 3.80 was already within the 

range of high frequencies for the velocity field and the comparison 

of the present results with the asymptotic solution of Lighthill was 

very good. Figure 3.8 shows, however, that the "high-frequency" 

region for the temperature field requires € values at least three times 

larger and even then the comparison is not very satisfactory.
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For moderately large frequencies, the convergence of the 

numerical solution is rather slow and in fact, it oscillates around 

the asymptotic solution, as the parameter — grows. Figure 3.9 

illustrates this behavior. Such fluctuations are reminiscent of 

numerical instabilities but in this case they are a feature of the 

solution. Similar undulations have been indeed observed in the 

velocity profiles [69]. Ackerberg and Phillips [20] have indicated 

that the asymptotic results oscillate around the numerical results, 

if plotted aginst the frequency parameter. 

The effect of dissipation is investigated next. Figure 3.10 

Shows the temperature amplitude profiles for three different values of 

the Eckert number. The temperature at the wall and the outer boundary 

is assumed constant (boundary condition given by Eq. (3.14a)) and its 

oscillations in the boundary layer are generated by the velocity field 

fluctuations only. It appears that for larger values of Ec the 

T,-amplitude, as well as the fluctuating part of the wall heat trans- 

fer grows appreciably. 

The next two figures show the effect of dissipation and fre- 

quency on the temperature amplitude for flows with outer temperatures 

oscillating in phase with the outer velocity (boundary condition given 

by Eq. (3.14b). For the case of adiabatic wall, Fig. 3.1] shows that 

the temperature amplitudes decrease very sharply next to the wall, 

reach their minima at a certain distance from the wall, the same for 

all frequencies, and reach local maxima at a distance from the wall 

that again does not depend on frequency. Similar behavior of Ty- 

amplitude is exhibited in this figure for a cold wall case.



98 
-XQuanbauf 

JO 
uOLJOuNy 

ke 
Se 

SUOLPELLLOSO 
dunzeuaduiay 

oO 
apnzL[dwe 

ayy 
Jo 

wnuLxey 
GE 

“BLY 

 
 

 
 

  

Ol 
8 

9 
v 

C 

| 
| 

— 
+ 

v
O
 

| 
0
0
2
9
5
 

GO’ 

l
O
=
q
 

— 
7 

9
0
 

- 
7
2
0
 

A
 

- 
4go0 

2 x 

— 
4 

6
0
 

— 
7 

Or 

G
O
H
L
S
W
 

L
N
S
S
3
u
d
 
—
-
—
 

day. 

T
H
H
L
H
9
I
T
 

40 
G
O
H
L
A
W
 

D
I
L
O
L
d
W
A
S
Y
 
—
—
 

Z 

_
|
 

| 
{ 

| 
| 

   



59 

  

      
  

| 

6 §=9 _ 

b=.00l 

4 
| I, | _ | 

27 Ec=0.0 7 
Ec=2.4 

Ec=4.8 

‘on. J __ | | 

O 1.0 2.0 3.0 

7) 
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This means that for a given Eckert number oscillatory heat transfer 

changes sign at fixed distances from the wall. Therefore the thick- 

nesses of the layers being locally heated or losing heat depend only 

on the Eckert number and not on the frequency of the oscillations. 

Figure 3.11 also shows that for Ec = -4.8 (i.e., cold wall}, the ampli- 

tude of the temperature oscillations has an overshoot for low and 

intermediate frequency values. With the increase of € the Ty 

amplitude decreases very sharply with n, regardless of the value of 

the Eckert number. The thickness of the oscillatory thermal boundary 

layer seems to increase for larger Ec. 

In Fig. 3.12 profiles of the in-phase part of the n-component of 

T,-gradient (aT, /2n) are plotted for the case of a mild adverse 
1 

‘ pressure gradient and relatively low frequency, with no outer 

temperature oscillations imposed. Several values of the Eckert number 

are considered, corresponding to the following cases: cold wall 

(Ec = -2.4), no dissipation (Ec = 0.0), adiabatic wall (Ec = 2.4) and 

hot wall (Ec = 4.8). 

In most cases the temperature gradient changes sign twice indi- 

cating that there are regions where the excessive heat inflow generates 

local maxima or minima of the oscillating temperature. This is of 

course in agreement with general trends of T,-profiles, exhibited in 

the previous figure. An interesting feature of the profiles in Fig. 

3.12 is that they intersect with each other at fixed distances from 

the wall. For low values of the frequency parameter there are two such 

intersections, but when & > 3.5, a third appears as Fig. 3.13 

illustrates. Physically each intersection corresponds to a narrow
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Fig. 3.12 Profiles of the in-phase part of the temperature 
amplitude gradient for moderate frequency and 
different Eckert numbers
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region where the direction and magnitude of the oscillatory heat 

transfer does not depend on the dissipation and is determined entirely 

by other factors, most probably by the velocity field variations. 

For comparison similar temperature gradient profiles plotted for 

the mean temperature are shown in Fig. 3.14. Only one region where 

mean heat transfer is independent of the Eckert number is observed, 

and it does not coincide with the position of any of the corresponding 

regions for the oscillatory field for the same —&. Figure 3.15 shows 

the dependence of positions of these two regions on the frequency 

parameter —&. With increasing € both regions approach the wall, but 

up to € = 1.0 the distance from the wall of region 1 remains almost 

unaffected. 

The quantity }8T,/an|/(aT /an) estimated at the wall will be 

denoted by Vay and referred to as the relative oscillatory wall heat 

transfer. Curve A in Fig. 3.16 shows the dependence of VT, on the 

frequency parameter, for Ec = 0.0 (no dissipation) and no outer tempera- 

ture oscillations. The magnitude of VTi depends very strongly on é, 

especially for small and intermediate values of the frequency 

parameter and seems to approach some small positive value of 0.04, 

through damped oscillations. This is a very interesting characteristic: 

variations of the velocity field oscillatory in time generate a 

phenomenon periodical in &! The period seems to be Ag = 4.0. Other 

(u.) (aT. /3n) quantities, like (Uy) ax? s)max? wall? etc., also exhibit 

Similar periodic dependence on €. This phenomenon and particularly 

"the first harmonic in —€" will be discussed later.
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When dissipation effects are included, the character of VT 

changes drastically. Curve A in Fig. 3.17 represents the relative 

oscillatory wall heat transfer plotted versus the frequency parameter 

for Ec = 4.8 (hot wall). Except for a very mild maximum at & = 1.15 

the value of VT, is almost independent of €. This is consistent with 

the conclusion derived from Fig. 3.11, that is that the presence of 

dissipation has a damping effect on the amplitude of the temperature 

oscillations. One can add that large Ec has similar damping effect 

on the oscillatory wall heat transfer. 

3.3.3 Steady streaming 
  

The streaming contribution to the velocity field is shown in 

Fig. 3.18 where the u.-profile is plotted, for different values of the 

frequency parameter €. Positive and negative values of a profile indi- 

cate that the secondary streaming flow follows some kind of a re- 

circulating pattern, similar to the ones observed by Schlichting [5] 

for the oscillations of a cylinder with the zero mean flow, and Schneck 

and Walburn [70] for internal pulsating flows. The magnitude of u. at 

a given distance from the wall depends strongly on the value of € and 

for € = 1, u_ reaches its largest value within the boundary layer. 
S 

This phenomenon will be discussed later together with the streaming 

effects on temperature. 

Profiles of streaming for the temperature field, for the case of 

no dissipation, are shown in Fig. 3.19. It should be emphasized here 

that this is a time independent correction to the mean profile and the 

corresponding heat transfer represents a net gain or loss of heat.
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Fig. 3.18 Steady-streaming velocity profiles
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Fig. 3.19 Steady-streaming temperature profiles for 

Ec = 0.0 (no dissipation)
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Depending on the value of the frequency parameter the correction to 

the temperature field at a fixed distance from the wall may vary 

Significantly and even change sign. The magnitude of qe varies with 

— in a manner similar to the Ug variations--namely it reaches the 

largest value for &€ * 1. 

For the case of no dissipation, the effect of "temperature 

streaming" on the wall heat transfer is very small, but it becomes 

quite significant for larger Eckert numbers. Figure 3.20 shows the 

streaming temperature profiles for Ec = 4.8. The effect of dissipation 

shifts the streaming temperature to larger and always positive values. 

The slopes at the wall appear also increased dramatically, especially 

for larger €. This phenomenon is illustrated by Fig. 3.17, where 

curve B represents the quantity Wow = (aT. /an)/(2T/an) evaluated at 

the wall, plotted versus the frequency parameter €. The magnitude of 

VT increases monotonically with € and reaches much larger values than 

VT,., (curve A). Even though the magnitude of the steady streaming 
lw 

contribution to the temperature field is very small, its effect on the 

wall heat transfer may be quite important. For example in the case of 

outer velocity oscillations with amplitude equal to about 10% of the 

mean flow velocity (i.e., e« = 0.1) and large dissipation (Ec = 4.8) 

the streaming contribution to the wall heat transfer may reach over 

30% of the mean wall heat transfer (Figure 3.17). Unfortunately, 

there is no experimental data known to the author confirming these 

findings aS well as most of the other conclusions reached in this 

section.



73 

  

I T ] 

6 EF _ 

b=.00l 

Ec=4.8 

      0 | _| | | he 

O 1.0 2.0 3.0 4.0 

7) 

Fig. 3.20 Steady-streaming temperature profiles for 

Ec = 4.8 (hot wall)
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In Fig. 3.21 the extreama of streaming velocity and temperature 

profiles, defined simply as the largest positive or negative deviations 

from zero at a given € station are plotted versus the frequency 

parameter. These quantities reach their own extrema in the neighbor- 

hood of € = 1.15. This means that the "strongest" velocity and 

temperature streaming takes place for this particular value of €. It 

is interesting to note that minimum velocity streaming occurs where 

the amplitude of the oscillatory velocity is the highest, and then the 

maximum (positive) values of Us are reached in the € region where 

(U1) ax is the lowest. 

The effect of pressure gradient on the magnitude of velocity and 

temperature streaming is shown in Fig. 3.22. Positive and negative 

values of the parameter b correspond to the adverse and favorable 

pressure gradients respectively. Curves a correspond to € = 0.6 and 

curve b to — = 1.15. The adverse pressure gradient has a clear 

amplifying effect on the magnitudes of both U. and T.. The favorable 

pressure gradient in general damps the amplitude of the oscillatory 

motion and it has a similar, although mild effect on the values of U. 

and Ty. 

Figure 3.23 shows the distribution of the streaming part of the 

temperature gradient (3T./3n) across the boundary layer for three dif- 

ferent values of the Eckert number. All the profiles intersect at a 

distance from the wall n = .5 and then, after reaching their local 

extrema, merge at n = 1.8, again diverge, attain local minima and reach 

smoothly the asymptotic values at the edge of the boundary layer.
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Fig. 3.21.A Relative oscillatory wall heat transfer (3T]/an)/ 
(dTg/dn) wall 

B The maxima of temperature streaming (Ts)max 
C The maxima of velocity amplitude |uq|max 
D Relative "streaming wall heat transfer" (3Ts/3n)/ 

(3To/3n)wat 
E The extrema of the velocity streaming (us)max or 

(us)min
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Again, as for the oscillatory part of the temperature gradient, at cer- 

tain distances from the wall the "streaming heat transfer" does not 

depend on the Eckert number. Moreover, at n ~ 1.8 all the curves are 

practically tangent, and for n > 1.8 behave qualitatively in the same 

way. This means that in the "outer part" of the boundary layer the 

influence of the wall temperature and dissipation on the streaming heat 

transfer is almost negligible. The streaming influence results in 

cooling of this region, no matter whether the wall itself is insulated, 

cold or hot. The magnitude of this cooling effect, however, depends 

on the Eckert number and grows with increasing Ec. Therefore the 

hotter the wall, the stronger the cooling influence of streaming! This 

phenomenon is very interesting and intriguing and definitely should be 

further investigated. 

As mentioned before, the terms of order 1/Re neglected in the 

0(°) equations, may become important in comparison with quantities 

Oe“), depending on the value of the parameter k = 1/ePR. Numerical 

results indicate that for k = 107° the eventual correction is of the 

“4 i+ becomes quite signifi- order of the truncation error and for k = 10 

cant. Figure 3.24 gives the comparison of the profiles of velocity and 

temperature streaming with and without the correction for this 

particular k at fixed & In the region far from the wall the influence 

of the correction is negligible but it is quite large for intermediate 

and small values of n. The correction would become larger for larger 

k to eventually overpower the "pure streaming" itself. Then of course 

in order to obtain more accurate solutions, one should solve full
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Fig. 3.24 The us and Ts profiles (curves A and C 

respectively); the us_and Ts profiles corrected to 

O(1/e2Re) for k = 1079 (curves B and D 
respectively)
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Navier-Stokes equations rather than calculate second-order corrections 

of the streaming type.



Chapter 4 

TURBULENT BOUNDARY LAYERS IN OSCILLATING FLOWS 

In this chapter the response of the ensemble average of the 

velocity field in turbulent boundary layers to small amplitude external 

flow oscillations is studied. The method of approach described in 

Chapter 2 is extended to account for the presence of turbulence. The 

analysis is carried to order e«. The extension to order e* would be a 

very difficult process if the coupling of the organized oscillations 

with the random turbulence field required modeling. 

The primary objective of this study is to develop a model of the 

unsteady, oscillatory part of the Reynolds stresses, capable of pre- 

dicting basic characteristics of the experimental velocity profiles in 

fully turbulent boundary layers. 

In sections 4.1] and 4.2 the governing equations are derived and 

discussed. Several models of the oscillatory Reynolds stress are then 

presented and their performance is compared with the experimental data. 

4.1 The governing equations 
  

In general, Eqs. (2.7) - (2.8) are valid for both laminar and 

turbulent boundary layer flows. However, for turbulent flows numerical 

integration of these equations is beyond the capacity of any modern 

computing machine. On the other hand, only the mean flow properties 

are usually of practical interest and perhaps some averaged form of 

their random fluctuations. The most common procedure for predicting 

"steady" turbulent flows, i.e., flows with no organized time dependence, 

81
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is based on the Reynolds decomposition. The instantaneous velocity 

components are written as a sum of mean and randomly fluctuating 

parts: 

u(x,y) + u'(x,y,t) u(x,y,t) 

v(x,yst) = v(x.y) + v'(x,y,t) 

‘Substituting the above expressions into the continuity and 

momentum equations (Eqs. (2.1) - (2.2)), and time averaging, one ob- 

tains a set of equations for the mean velocity field [71]. However 

these equations do not form a closed system. The momentum equation 

contains terms depending on the correlations of random velocity com- 

ponents, called Reynolds stresses. Despite the fact that for two- 

dimensional boundary layer flow the Reynolds stress tensor reduces to 

only one term (-u'v'), a successful general method to close the system 

of equations for arbitrary pressure gradients is yet to be developed. 

Closure models vary in complexity and popularity from the very widely 

used zero-equation algebraic models to a theoretically elegant but 

never applied 48-equation model [72]. An extensive comparison of the 

performance of various methods was attempted during the 1968 workshop 

in Stanford [73]. Discussion of more recent developments in this area 

can be found in the review articles by Launder et al. [74], Bradshaw 

[75], and Reynolds [76]. 

4.1.1 Generalized Reynolds decomposition 
  

Let us assume that the turbulent velocity field responds 

harmonically to external oscillations given by Eq. (2.11), at least to
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order «e: 

€ Twt 
0 > [u, e + CC] *(4.1) 

£ Lv, elt. cc] (4.2) 

For simplicity, instead of marking all the dimensional variables by a 

star (*), only one star is used here in front of the equation number. 

. (i = 0,1) are In these equations quantities u, v and Us> V 

random functions of time. However, the harmonic response, which is the 

only organized fluctuation, has been factored out. These quantities 

are further decomposed into ensemble averaged and random fluctuations 

u.(xy,t) u(y) + u.'(xsy,t) 

*(4.3) 

Vi(xsy,t) = Ve OGY) + v.'(xsy,t) 

where 7 = 0,1, and overbars and primes denote the conditional ensemble 

averages and the random fluctuations respectively. 

A similar decomposition was introduced by Acharya and Reynolds 

[66! in their study of oscillatory flows in pipes, as well as by other 

investigators of similar problems [35]. The form suggested by Acharya 

and Reynolds has a very precise physical interpretation; any field 

variable f is decomposed as follows: 

feF+re fi (4.4) 

Here f and f are the time and the ensemble averaged values respectively 

and f’ represents the total random part of the time dependence of f.
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All the terms of the expression (4.4) are measurable physical 

quantities. This is not the case for components of the decomposition 

given by Eq. (4.3), which is introduced for its mathematical con- 

venience rather than physical reasons. Actually the present decomposi- 

tion is not altogether void of physical significance. It is equivalent 

to separating the random fluctuations of the mean and oscillatory 

parts of flow: 

ul =u! + § Cu,' elvt . cc] * (4,5) 

P
O
L
O
 

veevi +S uy! ety cc] « (4.6) 

° n
o
]
 

Since Uy and Va" are random functions, such a decomposition does not 

restrict the generality of the solution in any way. 

By definition 

u.' =v.' = Q *(4.7) 

All quantities with subscript 1 are complex and represent amplitudes 

of organized oscillations of corresponding functions. 

4.1.2 Zeroth order approximation   

It is easy to show that both the averaged and the fiuctuating 

components satisfy the continuity equation in the form 

dU. OV. 
1 1 _ - 

ax? Uy 0 1 = 0,1 *(4.8) 

Substitution of the expressions (4.3) for i = 0 into the 

momentum equation of order 1, ensemble-averaging and using Eq. (4.7),
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yields 

ou, au du aU 
— 0 O _ O 0. 9) pT * 
Yo dx * Yo oy Uo dx ¥ 2 oy (UoV) (4.9) 

  

with the boundary conditions 

*(4.10) 

Equation (4.9) is identical to the steady-state turbulent boundary 

layer equation, and together with Eq. (4.8) for i = 0 is used to 

calculate the mean velocity distribution. 

4.1.3 First order approximation 
  

Substitution of the double decomposition given by Eqs. (4.1) - 

(4.2) (with time-dependent u. and vs) and Eq. (4.3), into Eq. (2.2), 

collecting coefficients of e and neglecting terms of order 1/Re yields 

        

eer. aU, aU, Un du, 

tou FU aX Fy aX FM ay tM ay FY Ft 
_ _ *(4.11) 

du, 0“, ou, 5 
+U, =~ v + - — (u'vi + u,v! 

1 dx 5x2 ay’ sy ‘ol lo 

with the boundary conditions 

U, = Ve = O at ye=QdQ 

*(4.12) 

u. = UL as Yoo 
1 1
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The last term in Eq. (4.11) represents the amplitude of the 

oscillatory part of the Reynolds stress. In general it should be 

assumed complex in order to allow for a phase shift between the 

velocity and Reynolds stress oscillations. From Eq. (4.11) it becomes 

now clear that the nonlinear contributions to the ensemble averaged 

fluctuations Cr v1) would require special attention. There is no 

justification at all to assume that the oscillatory Reynolds stress 

(u'v: + uiv') should be modeled in exactly the same way as the Reynolds 
O07 10 

stress (uivo). This was essentially the approach used in most of the 
  

theoretical works on the subject known to the author (Refs. [44] - 

[65]) as mentioned earlier in section 1.2.2. 

The oscillatory motion is governed now by Eq. (4.8), with i = 1, 

and Eqs. (4-11) - (4-12). The major difficulty is the modeling of the 

Reynolds stress for both the steady and oscillatory parts of the 

solution. 

4.2 Flow over a flat plate   

As mentioned earlier, the objective of this effort is not the 

construction of new models of turbulence. We are interested here 

strictly in the effects of external harmonic oscillations. Therefore 

oscillatory flow over a flat plate satisfies the need for a simple 

example. In fact the most complete experimental data available, pro- 

viding velocity profiles for the widest frequency range, pertain to 

Flat plate flow. As will be seen from the discussion of the results, 

the most successful models of the oscillatory Reynolds stress do not 

depend directly on the mean flow distribution. It is possible then
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that these models would perform equally well for flows with non-zero 

pressure gradients, as long as the modeling of the mean Reynolds stress 

is adequate. 

4.2.1 Mean flow--method of solution 
  

The dimensionless coordinate system chosen is the same as the one 

used in Chapter 3, i.e. 

w*xX* 

U* 
00 

    and n= (A, (4.13) 

  

  

  

read 

gu du. av | 
—O9 90, OO. 2E 5E a + an (4.14) 

_ aU, _ _ aU, 1 u, 5 

cE Uy bet (Von Uy) on 2 one * an (YoYo) (4.15) 

where 
— * y* 

— y* co . 

Ve = UF oF i= 0,1 (4.16) 

and the boundary conditions are 

0 at n= 0 <|
 i ul i= 

0 0 
(4.17) 

ul = U 1 as > © 
0 O n 

The classical eddy viscosity model [64], described in Appendix B, is 

used. A perfect agreement of the numerical solution of Eqs. (4.14) - 

(4.17) with the experimental profiles of Karlsson was obtained, as
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Fig. 4.1 shows. This essentially proves that for the range of fre- 

quencies considered by Karlsson, the mean velocity profile is not 

affected by the organized fluctuations, a point identified in many 

experimental works discussed in Chapter 1. 

4.2.2 Oscillatory flow--methods of approach 

The dimensionless form of equations governing the ensemble- 

averaged amplitudes of the periodic oscillations is 

  

  

aU, au, avy 
ce ET mn”? on (4.18) 

_ _ au, _ au, _ er _ au, 
2eiu, + 2E Uj oe + 4 3E4 t (v_ - nu) mt (Vy - nua) sr 

o— (4.19) 

1°94) 3 
= 2460, + 77 ay Egy F Uyy, an " 

with boundary conditions given by 

U, =Vq = 0 at n= 0 

(4.20) 

Uy =U, as n+ © 

The only difference between Eq. (4.19) and the momentum equation for 

laminar flow is the presence of the extra term: a(usvy + usVva)/an 

= Sy (ORS). The general approach is to express ORS in terms of either 

known quantities: Tike Uo or its derivatives or the unknown uy and 

solve the system of Eqs. (4.18) - (4.20), which is linear. The system 

might become nonlinear, of course, if a nonlinear model of ORS is used.
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Fig. 4.1 Velocity profiles for an intermediate frequency 
w/2n = 2.0; —— mean flow; --- in-phase part of the 
amplitude of the oscillations, quasi~-laminar model; 
I experimental data of Karlsson [40]
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In either case it does not pose any major problems as far as the 

numerical solution is concerned. Numerical difficulties arise if 

additional unknowns and equations are introduced, as for example the 

equation of the turbulent kinetic energy. In addition to a strong 

coupling between the equations there is some ambiguity with respect to 

the initial profiles which makes this approach more difficult than the 

models attempted here, especially for unsteady fiows. 

The numerical procedure used to solve Eqs. (4.19) - (4.20) is 

essentially the same as described in Chapter 3 for the laminar flow. 

Due to the faster growth of the turbulent boundary layer and sharp 

changes of the profiles in the wall region, variable stepsize in the 

n-direction should be used [77]. Otherwise An has to be smaller 

than for the laminar case, resulting in larger computer times. 

As mentioned before, in order to close the system of Eqs. (4.18) - 

(4.20), the oscillatory Reynolds stress (ORS) has to be determined. In 

the next section several models of ORS are described and their predic- 

tions compared with the experimental data of Karlsson [40] and 

his associates [48] - [50] and [65].
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4.3 Modeling of the oscillatory Reynolds stress (ORS) 
  

In this section various assumptions are made with regard to the 

closure of the set of equations governing the organized oscillatory 

motion. Corresponding models of the Reynolds stress are tested by 

calculating the in-phase and out-of-phase velocity components for flow 

over a flat plate. 

For the Strouhal number St = .73, qualitative information about 

the distribution of the amplitude of the Reynolds stress oscillations 

is derived from the recent experimental data of Cousteix et al. [65]. 

Comparison is made with the models already developed. It is found that 

the model giving the best prediction of oscillating velocity distribu- 

tion for this particular value of Strouhal number indeed corresponds 

to the Reynolds stress amplitude qualitatively matching with the 

experimental data mentioned above. 

4.3.1 The quasi-laminar model (QL) 
  

This model is the simplest possible. It assumes that the 

oscillatory Reynolds stresses are negligible; i.e., ORS = 0. This 

assumption is essentially equivalent to a laminar oscillatory correc- 

tion on a steady turbulent boundary-layer. It is well known that the 

boundary layer, laminar or turbulent, responds to local disturbances 

in an almost inviscid manner. The hypothesis here is that the local 

oscillatory pressure fluctuation is instantly carried across the 

turbulent boundary layer without interaction with the random fluctua- 

tions. Or equivalently, that the turbulent eddies undergo an 

oscillatory deformation that does not affect their entity and the
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process of their mutual interaction. This model was applied by 

Acharya and Reynolds [66] to study the effects of oscillations on 

fully developed channel flow, but it did not give satisfactory results. 

It is applied here, but merely as a testing case. Any of the more 

advanced models should be discarded, unless it guarantees a better 

prediction of the experimental data than the quasi-laminar model (QL). 

In Fig. 4.1 the in-phase velocity profile obtained using the 

QL model (the dashed line) is compared with the experimental results 

of Karlsson [40] for frequency w/27 = 2.0. This model performs best 

for this particular value of frequency, but only for the in-phase part. 

The vertical lines represent the scatter of the experimental points. 

The QL model gives the correct magnitude of the overshoot and shape of 

the profile, except maybe for the wall region, where the experimental 

points are consistently higher than the theoretical curve. 

For other values of frequency the QL model performs much worse, 

as can be seen from the next three figures. Figure 4.2 gives the 

comparison of the in-phase and out-of-phase velocity profiles pre- 

dicted by the QL model with the experimental data and the theoretical 

results of Cebeci [68] for smal] value of frequency, w/27 = .33. A 

similar comparison is made in Fig. 4.3 for larger frequency value: 

wien = 4.0. From these figures it becomes clear that the QL model is 

not acceptable--it does not predict the correct shape of the velocity 

profiles, especially for the out-of-phase component. However, it 

appears that decoupling of the Reynolds stresses of the mean and the 

organized motion, predicts at least overshoots of the correct order 

of magnitude, whereas all other methods available from literature,
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Fig. 4.2 Profiles of the amplitude of velocity oscillations 
for low frequency, w/2n = .33; 
—— present, quasi-laminar method; 
--- quasi-steady, Cebeci [68]; 
7,A4,0 experimental data of Karlsson [40]
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Fig. 4.3 Profiles of the amplitude of velocity oscillations 
for high frequency, w/2n = 4.0; 
--- present, QL at Re = 1.25 x 106; 

present, QL at Re = 2.0 x 106; 
—-— quasi-steady, Cebeci [68] 
G,4,0 experiment, Karlsson [40] 
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[61], [64], [65] do not predict overshoots more than 1% to 2% of the 

outer flow velocity amplitude. The correct magnitude of the over- 

shoot is also predicted for high frequencies (w/2n = 7.65), as Fig. 

4.4 shows. However, the shapes of the velocity profiles predicted by 

the QL model are definitely not correct--they are in general too 

wiggly, especially for the higher frequency cases and the out-of-phase 

component attains large negative values which is not in agreement with 

the experimental results. 

4.3.2 The quasi-steady mode] 
  

This model, in general, represents a straightforward extension 

of any of the existing models to unsteady flows and as mentioned in 

Chapter 1, has been widely used, although without success. The quasi- 

Steady model based on the eddy viscosity approach is briefly presented 

here because certain modifications of it, discussed in the following 

sections, seem to improve it substantially, although not enough to 

give a fully satisfactory model. 

The general eddy-viscosity model is based on the assumption that 

the Reynolds stress is proportional to the velocity gradient: 

  

~yveze ou (4.21) 

where € is the eddy viscosity and the overbar denotes the ensemble 

average. The simplest generalization of this model for unsteady flows 

is to assume that the total time-dependent ensemble averaged Reynolds 

stress is proportional to the gradient of the time-dependent ensemble



Fig. 4.4 
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averaged velocity, i.¢., Eq. (4.21) remains valid for time dependent 

u'v’ and u. In the notation of section 4.1 the terms of Eq. (4.21) 

can be written as 

    

  

au _ 0 
ay ~ ay te ay (4.23) 

and 

T.,) - Vibay lt jt. ft TI u'v’ = uve + (uv - uyVvs) (4.24) 

therefore 

3u. 3U 
iT oO 7] 

u'v' = € ie € ah (4.25) 

This results in the following expression for the oscillatory Reynolds 

stress: 

    

ORS Vi = €—— (4.26) Wi
 

aM
 

<
 

—
 i oa 

—
 <
 

Assuming ORS in the form given by Eq. (4.26) is equivalent to 

imposing a requirement that the eddy viscosity € is independent of the 

oscillatory motion and is to be determined by the mean flow properties. 

Such a requirement is physically unreasonable. The effect of the 

ascillations should probably be incorporated in the model of the eddy 

viscosity itself if it is to be applied for oscillatory flows. 

Figure 4.5 shows the comparison of the experimental data of 

Karlsson for the in-phase and out-of-phase velocity components with 

profiles calculated using the quasi-steady method (QS) described above. 

It is interesting to notice how much smoother the theoretical profiles 

are in comparison to the quasi-laminar results. However the magnitude
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Fig. 4.5 Profiles of the amplitude of velocity oscillations 
for an intermediate frequency, w/2n = 1.0; 
—— present, quasi-steady 
¥,4,0 experiment, Karlsson [40]
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of the overshoot obtained using the QS method is almost an order of 

magnitude too small. It seems that the prediction of the velocity 

distribution in the wall region and far from the wall is satisfactory. 

Nevertheless the overall performance of the QS model is not acceptable. 

The results described above are almost identical to all earlier 

reported theoretical predictions. This was expected since all earlier 

calculations of unsteady turbulent boundary layers are based on quasi- 

Steady models. 

4.3.3 Oscillatory eddy viscosity model (OEV) 
  

This model is based on the assumption that the oscillatory 

Reynolds stress can, in general, be modeled by Eq. (4.26) but the eddy 

viscosity coefficient appearing in this expression depends on the 

oscillatory part of the velocity rather than the mean velocity distri- 

bution. 

ORS = e€, —+ (4.27) 

_ 8Uu. 
where €, = €, (Uy > ay) is the “oscillatory eddy viscosity." By analogy 

to the classical eddy viscosity model, Ey is assumed in the following 

form: 

= ©; " €14 < 10 (4.28) 

G9 FG 2 FQ 

where e.. is the eddy viscosity in the inner region: 

E15 = aaa (4.29) 
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and E19 is valid in the outer region of the boundary layer 

* * 

E19 = i) “ye Y (4.30) 

The amplitude of the outer velocity oscillations is denoted by U- The 

physical meaning of all the other symbols is discussed in Appendix B. 

The empirical constants ky and ko were originally estimated for 

steady flows. Therefore one may expect that they should not be the 

same for the oscillatory flow. Since there is no information available 

on how to adjust them for the unsteady flow, they were initially 

assigned the same values, ij.e., ky = .41 and ) = .0168. 

Figure 4.6 gives the comparison of the in-phase and out-of- 

phase velocity profiles calculated using the model described above 

(curves A) with the experimental data of Karlsson for w/2n = 1.0. The 

predicted magnitude of the overshoot is far too small and in general 

the performance of this model is similar to the results obtained using 

the quasi-steady eddy viscosity model. However changing the constants 

kK, and ko in some cases improves the theoretical predictions. It was 

found that increasing ky and k, by a factor of 2 gives profiles which 

are qualitatively quite correct (curves B). They predict the correct 

distances from the wall where the in-phase overshoot reaches a maximum 

and the out-of-phase component changes sign or attains a minimum. 

However the magnitude of the overshoot is again too small. Even if Eq. 

(4.27) is a satisfactory form of ORS, the adjustment of constants is 

not enough to account for the shape difference between Ug and U,- 

The results obtained for OEV model suggest that the behavior of 

the Reynolds stress next to the wall is modeled reasonably well while



  
Fig. 4.6 
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the mode! of the outer oscillatory eddy viscosity needs improvement. 

In the next three sections a few alternative models of E79 are 

described and compared with each other and the experimental profiles. 

4.3.4 Modified OEV model - no damping 
  

The simplest substitute for E19 given by Eq. (4.30) is to assume 

that it is constant. This corresponds to the amplitude of the eddy 

viscosity growing from its zero wall value up to a certain distance 

from the wall beyond which it remains constant. This distance is 

determined here in a somewhat arbitrary manner. It is the point that 

separates the inner and outer eddy viscosity layers of the oscillatory 

turbulent flow. The value of y at this point is defined by 

Yorit = Y¥leqa = eq) (4,31) 
crit 

The modified oscillatory eddy viscosity is now 

e,.(y) ify<y._. 
6 = 11 crit (4.32) 

14 Yorit) ify > Yorit 

where eQ is given by Eq. (4.29). 

The results predicted by this simple model represent a con- 

Siderable improvement compared to the performance of the previous 

models. Figure 4.7 shows the profiles obtained using this model for 

low frequency (w/2nr = .33). The comparison with experimental data is 

rather good for both the in-phase and out-of-phase velocity components. 

This model definitely works much better than the quasi-steady predic- 

tions of Cebeci [68] and all other similar models (dashed line).
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However for intermediate values of frequency the results do not 

compare so well with the experimental data. The magnitude of the 

in-phase component overshoot is about 3 times smaller than Karisson's 

measurements’ value, as shown in Fig. 4.8. 

Surprisingly, this model's predictions for high frequency 

oscillations are again quite satisfactory, as shown in Figs. 4.9 and 

4.10. In these figures the profiles calculated using the model 

discussed above are compared with the experimental data of Karlsson 

for w/2n = 4.0 (solid line) and w/27 = 7.65 respectively. The model 

predicts correct magnitudes and positions of the overshoots and the 

general shapes of both in-phase and out-of-phase velocity components 

for these frequencies. In Fig. 4.11 the position of the maximum over- 

shoot versus frequency is plotted. The estimates derived from 

Karisson's data agree reasonably well with the prediction of this 

method. With increasing frequency the overshoot is approaching the 

wall. This means that for high frequencies, almost the entire 

boundary layer oscillates in phase with the outer flow, except for 

the thin region next to the wall. This is also the case for 

oscillating laminar boundary layers. 

The analogy between the behavior of laminar and turbulent 

boundary layers goes further than that. For example, the dependence 

of the maximum overshoot on the frequency for laminar flows is very 

strong and for a certain value of the frequency parameter (£ = 1.15) 

AU ax has a clearly pronounced maximum (Fig. 3.6). Similar behavior 
m 

is observed for turbulent boundary layers.
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In Fig. 4.12 the maximum overshoot as a function of frequency 

is plotted. The experimental points determined from Karlsson's data 

show a considerably large scattering due to the amplitude dif- 

ferences. Same characteristic features of the distributions can be 

noticed. The low frequency limit of the overshoot seems to be 

AUnax = 0.1, regardless of the value of the amplitude. This is the 

same limit as for laminar boundary layers and therefore one can con- 

clude that for low frequency oscillations turbulence does not affect 

the magnitude of the overshoot and possibly some other related 

properties. The experimental points for large amplitude oscillations 

(0) do not follow any regular pattern. However the data for inter- 

mediate and small amplitudes (V,A) indicate that Au. is the largest 
Xx 

in the vicinity of w/2n = 2.0. For the velocity and distance from 

the leading edge corresponding to Karlsson's experimental conditions 

this frequency is equivalent to & = w*x*/U* = 8.5 which would be very 

high for laminar flow. A good agreement with the high frequency 

asymptotic solution for laminar velocity profiles can be reached at 

E = 3.8 as described in the previous chapter. 

Even though the medel given by Eq. (4.32) gives the correct 

overall dependence of the position of the maximum overshoot on fre- 

quency, it does not predict the correct amplitude overshoot - 

frequency relationship derived from the experimental data. 

The assumption made in this section that €, = &19 = const in the 

outer region of the boundary layer, results in the decrease of the 

amplitude of the oscillatory Reynolds stress in this region.
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This decrease is proportional to au, /ay. Since Uy reaches a constant 

value at the edge of the boundary layer, ORS goes to zero simultaneous- 

ly. Judging from the experimental results given in Figs. 4.7 - 4.10 

this appears to be the case for small frequency oscillations, 

where the value of au, /ay reaches zero far from the wall, as well as 

for the case of high frequency, where au, /3y = 0 everywhere, except 

for a narrow layer next to the wall. The intermediate region of fre- 

quency requires a different model. Several assumptions with respect 

to the distribution of Eyg were tested. In the next section these 

assumptions are discussed and some numerical results are presented. 

4.3.5 Modified OEV models - with damping 
  

As mentioned earlier the velocity distribution in the wal] 

region is predicted with satisfactory accuracy even by the QS steady 

model for all values of frequency. Therefore the major effort is 

directed towards modeling of the outer component of the oscillatory 

eddy viscosity. 

i. Model with exponential damping 
  

This model is based on the assumption that E10 decays 

exponentially to zero rather than remaining constant. That is 

_ foi . ity < Yorit (4.33) 
-y . 

61; e iT Y > Yongt 
“1 

crit 

The results obtained using this model are shown in Figs. 4.13 

and 4.14 for w/2n = .33 and 1.0 respectively. It is interesting to 

note that the change of €1; has little effect on the in-phase and
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out-of-phase velocity profiles for small frequency and the results 

for w/2nm = .33 are almost as good as those predicted by the model 

without damping given by Eq. (4.27). However for w/2n = 1.0 the 

results not only did not improve but are clearly worse than obtained 

using the previous model, except for the region next to the wail up 

to about one-quarter of the boundary layer thickness. 

ii. Model with €,, = 0 (abrupt decay) 
  

The simplest "model" of the outer oscillatory eddy viscosity 

assumes that G19 = QO. It is clearly an assumption that would be 

difficult to justify physically, since it involves discontinuity of a 

physical property. It is surprising to see that for intermediate 

frequency values it gives better resuits than the previous models as 

Fig. 4.15 shows. In this figure the oscillating velocity profiles 

are plotted for w/2n = 1.0. The comparison is made with the experi- 

mental data of Karlsson [40] and theoretical predictions of Cebeci 

[68] and Shamroth and Kreskovsky [60]. None of the theoretical results 

is satisfactory but the present "model" predicts the correct magni- 

tude of the out-of-phase component and qualitatively correct in-phase 

profile for the entire range of frequencies considered here. 

From the results presented above one can conclude that the OL 

and QS models give the poorest predictions of the experimental 

data. It is not surprising that the overal] performance of the quasi- 

laminar model is not satisfactory, especially considering the 

relative importance of the oscillatory Reynolds stress that Fig. 4.16 

indicates. In this figure the ratio of the oscillatory part of the
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Reynolds stress to its local mean value is plotted against the distance 

from the wall y. These data represent a rough estimate only, derived 

from the measurements of the instantaneous Reynolds stress [65]. 

Nevertheless the conclusion from Fig. 4.16 is very clear - the 

amplitudes of the Reynolds stress osciilations are comparable with its 

time-average value throughout the boundary layer and in the region 

away from the wall, approaching the outer flow, oscillations seem to 

dominate over the mean Reynolds stress. Therefore the assumption that 

the ORS is negligible is not justified, at least for the value of 

amplitude and frequency for which the experimental data were obtained, 

j.e., ~ 30% of the mean outer velocity and 43 Hz respectively. 

The best theoretical prediction of the velocity profiles was 

obtained here using the OEV model with exponential damping, given by 

Eq. (4.33) for low frequency oscillations. Amplitude of the oscillatory 

Reynolds stress corresponding to this model was calculated numerically 

and compared with the experimental profile derived from the data of 

Cousteix et al. [65]. As Fig. 4.17 shows, there is a qualitative 

agreement between the twe profiles. Unfortunately these results are 

valid for one specific value of the Strouhal number (St = .73) only. 

Reynolds stress measurements covering a wide range of St are needed 

to give a physical base for model assumptions. 

In Fig. 4.17 the normalized [ORS| profile for the quasi-steady 

model is also given for comparison. Due to the normalization process 

all the profiles start approximately at the same point, that is at 

about |ORS|/j|ORS|,,, = 1.0. This is mostly a result of adopting the 

general eddy viscosity approach: ORS is proportional to the normal
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component of u,-gradient, which is the largest next to the wall. 

Therefore the similarity in shape in the wall region between the pro- 

files obtained for different models is inevitable for the variable 

used in Fig. 4.17. This figure shows clearly that the amplitude of 

the oscillatory Reynolds stress for the quasi-steady model does not 

agree well] with the experimental profile and that the OEV model with 

damping performs considerably better, as expected. 

It would be very helpful to have some experimental data on the 

ORS phase distribution across the boundary layer. Unfortunately this 

information is somewhat more difficult to extract from the available 

experimental curves [65]. A rough estimate however indicates that the 

oscillations of the Reynolds stress do not occur in phase with the 

velocity oscillations especially for intermediate values of n. This 

suggests that the oscillatory eddy viscosity should be modeled as a 

complex function. Some comments on such modeling are given in the 

next chapter.



Chapter 5 

CONCLUSIONS AND RECOMMENDATIONS 

A straightforward combination of a perturbation scheme and 

numerical analysis was proved to be an effective and accurate method 

for solving problems of oscillating boundary layers. Unlike earlier 

asymptotic techniques the present method can handle arbitrary body 

configurations. Moreover, within the small amplitude approximation, 

it is far superior to direct numerical solutions, because it requires 

integration in a two- instead of a three-coordinate space. The 

accuracy of the predictions was tested by extensive comparisons with 

earlier experimental and analytical data. 

The effect of dissipation on fluctuations of the temperature 

field was investigated and it was found that it may generate tempera- 

ture values and wall heat transfer rates an order of magnitude larger 

than the ones derived with no dissipation. 

The nonlinear effects were examined for the first time for the 

velocity and the temperature fields. For very small pressure 

gradients, the order of magnitude of the streaming terms is rather 

small. It was shown that around the value 1.15 of the parameter 

gE = wx/U)s the streaming effects show the most characteristic changes. 

In fact, at & = 1.15 and for Ec = 0, the nonlinear steady contribu- 

tion to the wall heat transfer vanishes and changes sign but the 

fluctuating component of the same quantity attains its maximum. The 

streaming component of the velocity attains a minimum, which 
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represents a steady flux in the opposite direction of the mean flow. 

From the streaming profiles given in Chapter 3 we can conclude 

that the steady streaming may either act so as to increase the mean 

flow rate through the boundary layer for very low and very high é, 

or to decrease it in the intermediate frequency range. Therefore 

there would exist two transition regions, i1.¢., certain values of the 

frequency parameter, for which the streaming flux will vanish 

altogether. In general the streaming components of velocity and 

temperature are quite small for most values of frequency and pressure 

gradient. Adverse pressure gradient has an amplifying effect on both 

U. and qT, but their dependence on € seems to be periodic. In spite 

of T, being very small, its gradient at the wall can reach very high 

values. It was found that for large Ec the streaming contribution to 

the wall heat transfer can be as high as ~ 30% of the mean value. 

This is a very interesting result and it seems that it would be 

worthwhile and not very difficult to check it experimentally. The 

characteristics of the streaming temperature gradient (aT./an) dis- 

tribution across the boundary layer observed in Chapter 3 may have a 

very unusual physical interpretation. For a fluctuating outer tempera- 

ture there exists a thin layer within the thermal boundary layer 

which loses energy from both sides, the wall and the outer flow. This 

is due to dominant diffusion in the n-direction. The thickness of 

this layer is independent of the wall boundary conditions, i.e., the 

Eckert number. For larger frequency parameters the layer moves 

closer to the wall and its thickness decreases. It may therefore 

act as a barrier between the wall and the outer flow.
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Most of the properties investigated here show a very peculiar 

dependence on the frequency paramter €. As mentioned before, for 

the value of € = 1.15, most of the flow characteristics attain their 

extremal values and then, with the increase of — they seem to decay 

to either zero or other small asymptotic values through damped 

oscillations. The effect of outer oscillations of velocity, periodic 

in time generates phenomena periodic in € inside the boundary layer, 

with the period seemingly independent of the pressure gradient. It 

appears that this is some kind of a resonance which occurs when the 

distance from the leading edge is equal to the distance covered 

by the oscillatory motion in one period or the multiple of it. This 

phenomenon should receive more attention especially from the experi- 

mental point of view. Since the periodic oscillations in — are 

strongly damped for larger frequencies, it may not be possible to 

detect them experimentally for frequency parameter values larger 

than 2 or 3. However it would be important to confirm experimentally 

at least the existence of the first "harmonic" at € = 1.15. 

The study of the performance of several models of oscillatory 

Reynolds stress shows that in the low or high frequency regions the 

results are almost insensitive to the type of model applied. However 

in the intermediate frequency region the opposite is true and in fact 

the sensitivity of the results to minor changes in the model is 

surprising. It seems that such strong dependence of the turbulent 

boundary layer response to external oscillations on their frequency 

is related to the interaction between random turbulent fluctuations 

and the imposed organized motion. A better understanding of this
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interaction is needed in order to improve theoretical modeling of the 

unsteady Reynolds stress. An important factor of the turbulence- 

oscillations interaction may be the energy exchange between the two 

types of motion. Eddy viscosity models discussed in Chapter 4 are 

not capable of accounting for such an exchange and more advanced 

models including at least the turbulent kinetic energy equation are 

needed. 

All the models of the oscillatory eddy viscosity presented in 

the previous chapter assume that OEV is a real function. This is 

essentially equivalent to assuming that the Reynolds stress oscillates 

in phase with the velocity oscillations throughout the entire boundary 

layer. As mentioned in Chapter 4 the experimental data seem to sug- 

gest that this is not the case, and it would also be difficult to justi- 

fy physically. Some preliminary calculations indicate that complex | 

OEV models indeed give better agreement with experimental data, 

especially for the out-of-phase velocity component. Application of 

these models in the present attempt, however, required much greater 

computer times than for real OEV models. Nevertheless this seems to 

be the direction in which further development of OEV models should 

proceed.
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APPENDIX A 

SECOND HARMONICS OF VELOCITY OSCILLATIONS 

The nondimensional equations describing the amplitudes of the 

second harmonics (Uy »V5) are obtained by collecting coefficients of 

  

Pel lut They read: 
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with the homogeneous boundary conditions 

u, = V, = 0 at n = 0 
2 2 (A-3) 

Uy = 0 as n+ @ 

where Uy» Vo are complex amplitudes of the oscillatory motion with 

frequency 2w. Equations (A-1) and (A-2) are linear and can be solved 

in the same manner as the equations governing (u,v) described in 

Chapter 3. 

The numerical solution of these equations indicates that the 

magnitudes of Uy2V5 are comparable with the streaming terms u_.V 
Ss "Ss 
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for frequency ranging from very low to moderate. For high frequency 

oscillations the streaming terms grow to an order of magnitude larger 

than the amplitudes of second harmonics. 

Therefore a complete second order accurate solution should in- 

clude the second harmonics terms, except maybe for the high frequency 

range. However the present study of the second order contributions 

is limited to the streaming terms only.



APPENDIX B 

THE EDDY VISCOSITY MODEL 

The time-mean Reynolds stress is assumed proportional to the mean 

velocity gradient 

_ eye = ex SUE - u*'y ee oe (B-1) 

where e*, by analogy to the expression for laminar shear stress, is 

referred to as the “eddy viscosity." Since it has the dimensions of 

kinematic viscosity, it can be nondimensionalized as follows: 

e= & (B-2) 
Vv 

where e€ is now the dimensionless eddy viscosity and v* is the 

kinematic viscosity of the fluid. There is a similarity between sym- 

bols denoting the eddy viscosity and the smell parameter, which might 

be misleading. The eddy viscosity is denoted by e while e denotes 

small parameter of perturbation. Both symbols are well established and 

it was decided not to attempt any changes of notation here. 

The model of € employed here is one of the simplest [62]. It 

prescribes algebraic formulas é; and ce depending on the mean velocity 

distribution only, in the "inner" and "outer" regions of the boundary 

layer respectively. The boundary between these two regions is defined 

as the distance from the wall where E) < &+ $0 that 

€ = min(e,,¢€) (B-3) 

or 
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é. | ifé.<e 
e= 4! ' ° (B-4) 

é ife. >e 
0 1 0 

The inner and outer values of the eddy viscosity are defined as 

follows: 

Inner model: 

2| u* 
_ &* O . 

oi VF ay* (B-5) 

    

where 2* is the mixing length: 
+ 

=|] (B-6) ge = al - exp|- 

>
 

A* is the Van Driest damping factor 

§* 

A* = 26v* i (B-7) 
W 

and 
3un ’ 

TX = pei B-8 
W ay* wall 

Outer model: 

U*§* 
= e _ e, =k, ae Y (B-9) 

where y is the intermittency factor: 

yay (1 - erf[S(y*/é - 0.78) ] (B-10) 

5 is the boundary layer thickness:
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§ = .37 x* (Re) (B-11) 

6* is the displacement thickness: 

s* = 1046 x* (Re,)7!/° (B-12) 

Re, is the local Reynolds number: 

U *x* 
= = - Re = (B-13) 

and k, = .41] and k, = .0168 are empirical constants. In terms of the 

dimensionless coordinate system used in Chapter 4 the above expressions 

  

read: 

Inner: 

e, = 2kyn® Rey [SL(1 - ex)? (B-14) 

where: 

EX = exp - a = exp . fy reas) | (B-15) 

Outer: 

€, = 023 ky U,(Re,)'/? 41 - erfj ——L_, - 3.9 (B-16) 
| -037(Re, } 

The expressions (15) - (17) are incorporated into the numerical procedure 

solving Eqs. (4.14) - (4.17) for the mean velocity distribution across 

the boundary layer.
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VELOCITY AND TEMPERATURE 

FIELDS IN OSCILLATING BOUNDARY LAYERS 

by 

Maria S. Romaniuk 

(ABSTRACT ) 

The response of boundary layer velocity and temperature distri- 

butions to small amplitude oscillations imposed by the free-stream is 

investigated. A straightforward combination of perturbation and 

numerical methods is applied. The analysis of the effect of the 

frequency of oscillations shows that in many respects the response of 

the boundary layer to the oscillations in time is periodic in & 

(¢ = frequency parameter), with the period Ag ~ 4.0 and the first 

harmonic manifesting itself strongly at — = 1.15. The available ex- 

perimental data seem to confirm this finding. 

| Second-order effects of oscillations on velocity and temperature 

fields are studied for laminar flows. In general the steady-streaming 

contributions are small, but it appears from the present results that 

for large Eckert numbers the wall heat transfer may be altered up to 

40% by the streaming phenomena. Unfortunately there is no experi- 

mental data on this subject. 

Several models of the oscillatory Reynolds stress (eddy viscosity 

type) are tested for oscillating turbulent boundary layer flow on a 

flat plate. Satisfactory results are obtained by decoupling the mean 

and oscillatory Reynolds stresses. It appears that theoretical



profiles of oscillating velocity in low or high frequency regions are 

relatively insensitive to the details of the models used. This is not 

the case for intermediate frequencies for which in fact the performance 

of the present models is not very good. It is concluded that the 

interaction between the random turbulent motion and oscillations is 

probably too strong to be neglected and therefore more complex models, 

capable of incorporating the interaction process, are required to 

successfully predict the behavior of oscillatory turbulent boundary 

layers.


