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(ABSTRACT) 

This dissertation presents a self-tuning regulator (STR) design method 

developed based upon a state-space linear quadratic Gaussian (LQG) control 

strategy for rejecting a disturbance in a flexible structure in the face of model 

uncertainty. 

The parameters to be tuned are treated as additional state variables and 

are estimated recursively together with the system state that is needed for 

feedback. Also, the feedback gains are designed in the LQ framework based upon 

the estimated model parameters. 

Two problems concerning the uncertainty of model parameters are 

recognized. First, we consider the uncertainty in the system matrix of the state- 

space model. The self-tuning regulator is implemented by computer and the 

control law is obtained based upon a discrete-time model; however, only selected 

continuous-time parameters with physical meanings to which the controller is 

highly sensitive are tuned. It is formulated as a nonlinear filtering problem such 

that both the estimated state and the unknown parameters can be obtained by an 

extended Kalman filter. The capability of this design method is experimentally 

demonstrated by applying it to the rejection of a disturbance in a simply- 

supported plate. 

The other problem considered is that the location where the disturbance 

enters the system is unknown. This corresponds to an unknown disturbance 

influence matrix. Under the assumption that the system matrix is known and the 

disturbance can be measured, it is formulated as a linear filtering problem with an 

approximate discrete-time design model. Similarly, the estimated state for 

feedback and the unknown parameters are identified simultaneously and



recursively. Also, the feedback gains are calculated approximately by recursively 

solving the discrete-time control Riccati equation. The effectiveness of the 

controller is shown by applying it to a simply-supported plate, when the location 

of the disturbance is assumed unknown. 

Since implementing LQG self-tuning controllers for vibration control 

systems requires significant real-time computation, methods that can reduce the 

computing load are examined. In addition, the possibility of extending the self- 

tuning to disturbance model parameters is explored.
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1. Introduction 

1.1 Motivation of This Study 

The modern control theory method of linear-quadratic-Gaussian (LQG) 

design, which stems from the combination of the solution to the linear optimal 

control problem and innovations made by Kalman and Bucy(1] in filtering theory, 

was developed in the sixties and was quite successful in the control of space 

vehicles. The optimal control problem and the optimal filtering problem were 

formulated in state space, employing the mathematical tools of differential 

equations and vector space. Based upon a linear state-space model, Gaussian 

noise, and a quadratic performance index, an LQG controller is said to be optimal 

in the sense that by feeding back the state and relocating the poles of the system, 

it minimizes the performance index. The success of LQG control in the sixties can 

be attributed to its immediate applicability to multivariable systems and the 

availability of accurate models and measurements. 

It has been shown[2] that a multivariable system with full state available 

for feedback has guaranteed 60 phase and 6 dB gain margins with an LQG 

controller. However, if full-state feedback is not possible and a state estimator is 

used such that the estimated state can be fed back, then the guaranteed margins 

no longer exist[3], which means that the LQG controller may be rather sensitive 

to the uncertainty and variation of the models. Many methods have been 

proposed to recover or enhance the robustness of LQG controllers{4-8]; however, 

performance of those controllers must be sacrificed in order to maintain stability 

in the presence of uncertainty. Adaptive control comes into play when high 

performance of the controllers is required. 

Flexible structures are usually described by linear, finite-dimensional, time- 

invariant (LFDTI) models. A major problem of controlling flexible structures by 

feedback approaches is the difficulty in obtaining accurate models. While the 

LFDTI models of flexible structures are examples of highly uncertain plants, the 

LQG feedback controllers are particularly sensitive to only a few physical 
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parameters of the models.[8] 

The physical plants to be controlled are continuous-time systems; however, 

the controllers usually need to be implemented by computer and to be designed 

based upon discrete-time models because of their complexities. Since a discrete- 

time model is obtained from a continuous-time model by a nonlinear 

transformation, the uncertainty about one physical parameter is smeared over the 

entire discrete-time model. 

Adaptive control can be generally viewed as a combination of a recursive 

identifier and a specified control strategy. Adaptive controllers that are 

implemented by computers are usually designed to identify discrete-time model 

parameters even though the systems to be controlled are continuous-time plants. 

Thus, the controllers need to assume that all the parameters in the discrete-time 

models are unknown and tune each one of them adaptively, although the 

continuous-time models may be partially known or only a small number of 

parameters is critical to the controller design. 

If the control strategy adopted is the LQG design method, then it is 

usually necessary to estimate all the parameters in the discrete-time model, to 

reconstruct the state, and to calculate the optimal feedback gains based upon the 

estimated model in a single sampling period. All of these require intensive 

computation and make implementation of LQG controllers difficult, especially for 

systems of large dimension and fast sampling rate. 

Since an LQG controller is particularly sensitive only to a small number of 

parameters in the continuous-time model and the model can be partly known, it 

would reduce the computing load if these continuous-time model parameters, 

instead of all the parameters of the discrete-time model, are tuned adaptively. 

1.2 Research Objective 

Our objective in this research is to explore methods of designing self-tuning 

regulators based upon the state-space LQG control strategy for structural 

vibration control. The focus is on reducing computing load to make the realization 

of a self-tuning LQG regulator possible. A major result is a self-tuning LQG 
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regulator that is able to selectively tune the parameters of a continuous-time 

model instead of all the parameters in a discrete-time model. The problems to be 

considered result from the variations of the most sensitive parameters in the 

system matrix of a continuous-time model and the uncertainty in the disturbance 

influence matrix. The basic idea is to treat parameters to be tuned as extra state 

variables and to use a state estimator to estimate the parameters and the state 

together. 

Following this introduction chapter, feedback control of flexible structures 

by the optimal state-space LQG method is discussed in Chapter 2 which 

establishes the framework of our proposed methods for self-tuning controller 

design. The strengths of the LQG control method with an accurate model are 

shown and the stability characteristics of the closed-loop system with an incorrect 

model are investigated. The results suggest that only a small number of 

continuous-time model parameters need to be tuned adaptively. 

In Chapter 3, a few basic system and signal models useful in control 

systems are introduced and several popular recursive estimation methods are 

reviewed in order to have a comparison made with the proposed methods. 

A summary of several of the most applied adaptive control methods is 

included in Chapter 4 with a focus on the self-tuning regulators category, into 

which our proposed methods fit. 

Presented in Chapter 5 is the proposed self-tuning design method that 

selectively tunes the most sensitive continuous-time model parameters, making 

use of the extended Kalman filter to solve a nonlinear filtering problem. 

In order to reduce the computing load of the LQG self-tuner, Chapter 6 is 

devoted to a method that can simplify the algorithm in Chapter 5 and still 

maintain desired performance. 

The problem of an unknown disturbance matrix is separated from the other 

problem and is dealt with in Chapter 7. Based upon the assumption that the 

disturbance influence matrix is the only unknown in the model and the 

disturbance can be measured, approximations are made on the discrete-time 

model such that the unknown parameters can be estimated by solving a linear 

filtering problem. 

Chapter 1. Introduction 3



1.3 Contributions 

The most important contribution of this research is the exploitation of the 

extended state model concept in designing LQG self-tuning regulators for partly 

unknown systems. 

When the vibration control of a flexible structure is considered, the 

proposed LQG self-tuner is aimed at selectively tuning particularly sensitive 

parameters in the continuous-time system matrix. While an LQG self-tuning 

regulator requires intensive computation, this result surely reduces much of the 

computing load. In order to save more computing effort, a simplified algorithm for 

the Kalman filter is developed based upon the fact that part of the error 

covariance matrix monotonically reaches steady state and can be fixed to the 

steady state value. The validity of the controllers are demonstrated 

experimentally. 

The computational method of obtaining a ramp invariant (RI) discrete- 

time model, developed by Bingulac and VanLandingham|9], is modified such that 

the linear relation between the quadruple of matrices of the continuous-time 

model and the quadruple of matrices of the discrete-time RI model is made 

explicit. This result allows us to use a linear estimator in dealing with the 

uncertainty in the disturbance influence matrix which occurs when the location 

where the disturbance enters the system is modeled. Under the assumption that 

the disturbance can be measured, the controller is shown to be effective if the 

sampling rate is much higher than the modeled modes and the disturbance 

frequencies. 
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2. Optimal Feedback Control of Flexible Structures 

One of the effective approaches to active vibration control of flexible 

structures is via a feedback strategy. Mechanically flexible structures, which 

require an infinite number of modes to completely describe their behavior, are 

usually modeled by large finite-dimensional systems. Feedback control is aimed at 

precisely controlling a few critical modes of a large dimensional system with a 

controller of much smaller dimension|[10]. In this chapter, the focus is on rejecting 

a point force disturbance in flexible structures by the method of linear optimal 

state feedback control theory combined with a Kalman filter state estimator. The 

disturbance is assumed to be low-frequency harmonic or narrowband, and the 

control force is of point force type. A discussion of the LQG regulator design and 

the digital implementation of the controller is provided. Effectiveness of the 

design method is shown by an example of rejecting a disturbance in a simply- 

supported plate. Both simulated and experimental results are presented. The 

issues of performance and stability are addressed and the tradeoff of the design is 

investigated at the end of the chapter. 

2.1 LQG Regulator Design 

Consider a general flexible structure which can be modeled by a first-order 

differential equation. Subject to the influence of the disturbance de R* and 

controlled by the actuator input u,¢R™, the state-space representation of the 

system is 

t=Fr+Gut+ld, (2.1.1) 

where xz € R” is the state of the system in modal coordinates, n is the number of 

modes that are modeled, F is the system matriz, and we call G the control 

influence matrix and L the disturbance influence matriz. 
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The controlled output is chosen to be the modal accelerations and the 

output measurement equation, which contains direct feedthrough of the control 

and disturbance forces, is given by 

y=Cr+Duyt+Ed+é, (2.1.2) 

where y € R” is a vector of measured modal accelerations and 6 € R” is a zero 

mean Gaussian measurement noise vector. 

By the factorization theorem and the representation theorem|11], all 

stochastic processes with rational spectral densities can be thought of as generated 

from dynamical systems whose inputs are white noises. Thus, the disturbance 

input, which is assumed to be a colored noise source, is modeled by the output of 

a shaping filter driven by a Gaussian white noise. The frequency content of the 

disturbance will be determined by the dynamics of the shaping filter. The general 

state-space model of the shaping filter is 

r=F,r+Gyv (2.1.3) 

d=Cyr, (2.1.4) 

where r€ R™ is the state of the shaping filter, v-+N(0,Q,) is the driving noise 

source and d is the disturbance input colored noise source. 

When a much smaller order controller with a finite number of control 

actuators and sensors is used to control a large order system, spillover is likely to 

be induced. The phenomenon of spillover, in which the energy intended to go into 

the controlled modes is also pumped into the uncontrolled modes, can lead to 

instabilities in the closed-loop system[12]. 

In order to overcome the problem of control spillover, a smoothing filter is 

augmented to the system to filter out the frequency content of the control signal 

that is not in the spectrum of the critical modes to be controlled. Assuming that 

the first few modes are most critical, a low-pass filter with corner frequency 

properly chosen will meet our requirements. Thus, the combined system shows 

low-pass characteristics and if the disturbance is constrained to be in the low 

Chapter 2. Optimal Feedback Control of Flexible Systems 6



frequency region, the uncontrolled modes won’t be excited by either control signal 

or disturbance signal and the instabilities from control and estimation spillover 

can be eliminated. 

Let the dynamics of the smoothing filter be modeled by the equation 

s=F i, s+G), u (2.1.5) 

Up =Chy $ , (2.1.6) 

where s € R! is the state of the smoothing filter, u is the input signal into the 

combined system and u, is the actual control force on the structure. 

Combining the dynamics of the structure, the disturbance and the 

smoothing filter results in an augmented model 

x F GC), LC w x 0 0 

s’ |=| 0 Fi, 0 gs | + Gip uti] OO |v 

r 0 0 Fy r 0 Gy 

= Fatgt+Ggut+L,v (2.1.7) 

x 

y= [C DC, BC, || 5 | +6 

= Cg tat. (2.1.8) 

The quadratic cost function to be minimized is 

T-00 

T 

J= lim sp E{ | (ak Q aq tut Rw) dt} (2.1.9) 
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where Q is a positive semi-definite state weighting matriz and R is a control 

weighting matriz that penalizes the amount of control effort used. 

Based upon the cost function, the optimal control law has the form of state 

feedback 

u= —K,, 2, (2.1.10) 

where Ki € pmx(Qn+itw) The effect of the state feedback is to relocate the 

poles of the closed-loop system while minimizing the cost function and the 

minimized cost represents a compromise between the performance and the control 

effort used. 

Since no state is measured, a full state estimator is required. The Kalman- 

Bucy filter, which is optimal in the presence of the specified measurement noise, is 

used and the equation is given by 

Bq= Fy Fat+Gaut K,(y-9), (2.1.11) 

where Kf is the Kalman filter gain and Z, is the estimated state and yY¥ = CgZq is 

the estimated output. Based upon the certainty equivalent principle[11], the 

estimated state Z, is used in Eq. (2.1.10) for zg . 

2.2 Digital Implementation of LQG Regulators 

Because of the advances in digital technology, implementation of 

complicated controllers becomes possible. Although many methods can be used to 

obtain a digital controller that will approximate the performance of an existing 

analog controller, a digital controller designed in the discrete-time domain can 

take full advantage of digital control. This section is devoted to LQG regulator 

design in the discrete-time domain based upon discrete-time models. 

One of the features in computer control systems is the analog-to- 

digital(A/D) and digital-to-analog(D/A) conversions involved. The A/D and D/A 

operations are usually implemented by the so called zero-order-hold(ZOH) device 
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and the whole system can be described by a ZOH discrete-time model. Assuming 

that the sampling period is T, this model can be derived from the continuous-time 

model as[13] 

la k+l =dF, Ta pt+dGe Up tv, , (2.2.1) 

where 

dF, =8(T)= efat (2.2.2) 

r F dG, =T(T) = / chal Gg dé (2.2.3) 
0 

and 

T T _T 

Qa= [WE La Qe La’ B(6) aE. (2.2.5) 
0 

The continuous-time cost function J in Eq.(2.1.11) can be written as 

xo (k+1)T 
J = > apE{ | (ta? Qaatu™ Ru) dt}, (2.2.6) 

and a solution of Eq.(2.1.7) is given by 

tg(kT +7) = O(7) xg(kT) + wer) [ (€) Gq dE +% (k,T) , (2.2.7) 

where 

¥ (kyr) = / b(é) Lg (kT +7 —£) dé. (2.2.8) 
0 

Substitution of Eq.(2.2.7) into Eq.(2.2.6) gives the discrete-time cost 
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function 

where 

Q11 Qe -[ ® (7) 0 Q 0 %r) Mr) dr (2.2.10) 
Qo1 Qoo T(r) 1 OR 0 I 0 

V=2 J ¥ (kyr) [ Q Br) e(kT)+Q u(kT) U(r) ] dr 

T T 

+ / ¥ (kyr) QB (kyr) dr. (2.2.11) 
0 

Since the expected value of the first integral in the right-hand side of 

Kq.(2.2.11) vanishes and the expected value of the second integral is independent 

of the optimal values of x, and u, the cost function for the optimization problem 

is equivalent to 

Je= >> ApE{ ln? ane ae aot (2.2.12) 
k= —0o Qo] Qo 

While this equivalent cost function has cross weighting terms, 

transformations of variables can be made in the cost function and the state 

equation so that the cross terms disappear. The transformed system is given by 

Lak+1 = dF ae Lat dGa Ue Et UE (2.2.13) 

oo e O Ly Je= So gp Ellen “al § pe I ty (2.2.14) 
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where 

dF ye = dF g—dGy Qop Qo} (2.2.15) 

Ue p= Up +Q99 Qo1 Te, (2.2.16) 

Qe = Q11-Qy 29 Qa1 (2.2.17) 

Re = Qo - (2.2.18) 

The optimal constant feedback gain for the transformed system is given 

by(14] 

-1_T 
dK ge = (Re + dGq S dQy) dGy S dF ue, (2.2.19) 

where S is obtained by solving the steady-state discrete algebraic Riccati equation 

T, ,-1 -1 -1 
O=dF,(S +dG,R dG,) dFy-S+Q,, (2.2.20) 

and 

e, 

Thus, while the discrete-time LQG regulator is implemented as a discrete- 

time Kalman filter and an optimal LQ state-feedback, a simple expression for the 

feedback signal for the original system is obtained from Eq.(2.2.16) as 

up= — dK), Laks (2.2.22) 

where 

dK yy = (Re + dGq S dGq) 'dGq S dF ae +Q3p Qa) - (2.2.23) 

The discrete-time Kalman filter is used to obtain the estimated state for 
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feedback. In order to account for the computation delay in a closed-loop system, 

the Kalman filter is arranged to be a one-step-ahead predictor. Assuming that 

Pe k+1/k 1 

to k, the optimal full-state estimator has the form 

s the estimate of zq at the time instant k+1 given the information up 

and the optimal constant Kalman filter gain is given by 

T _-1 
dk,=PC, Rr , (2.2.25) 

f a “"f 

where R f is Measurement error covariance matrix and 

T T -1 
P=M—MC,(C,MC, + Ry) C 4M , (2.2.26) 

is the error covariance matrix after the measurement update. The steady state 

covariance of the state estimate before measurement, M, can be obtained by 

solving the algebraic Riccati equation 

0=dFy(M_"+C, Rj Ca) dFy—-M +Qy. (2.2.27) 

The computational algorithm is given as follows: 

Fa pye-v= 4 Fa By p_1/~p—y+4Ga uy _ | (2.2.28) 

Up= — Big By pei (2.2.29) 

Up = Cat ask —1 (2.2.30) 

ak /k — Ca k/k— p+ dK, (Yp— Ge) » (2.2.31) 

and the structure of the LQG compensator is shown in Figure 2.1 . 
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Figure 2.1: Structure of LQG Compensator 
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2.3 Simply-Supported Plate Experiment 

Disturbance rejection for a simply-supported plate is considered in this 

section. The plate is excited with a disturbance by a point force shaker. A second 

shaker at different location is used to control the vibration of the plate. A 

transputer system is used for data acquisition and control. For a more detailed 

description of the experimental setup, see [15]. 

Both finite-element and modal analyses were performed[15] to obtain the 

state-space model of the simply-supported plate. The first nine natural frequencies 

and damping ratios are given in Table 2.1. The system matrix has the form 

0 I 

—~Q? —~250|’ 

where 

Q = diag{w), Wy, **%, Wn} 

GS= diag{y, C9, my Cn} ’ 

and the disturbance and control influence matrices are given by 

where g and / are the eigenvectors corresponding to the control and disturbance 

inputs. 

Twelve accelerometers are used as sensors for modal accelerations. 

According to the locations of these accelerometers, a 12 x9 eigenvector matrix 

was obtained experimentally as 
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a 0.2068 -0.5350 0.4716 -0.6245 -0.4200 -0.3708 -0.5257 -0.6133 -0.2620 | 

0.4290 -0.7178 0.1104 -0.1516 -0.6814 0.4496 -0.0798 0.6420 -0.4180 

0.3072 -0.4771 -0.5241 0.6138 -0.4607 -0.3951 0.4640 -0.6078 -0.2086 

0.4001 -0.2333 0.8233 -0.1619 0.3468 -0.6213 0.5346 -0.2504 0.4473 

0.7033 -0.3062 0.1353 -0.0554 0.5246 0.6389 0.1319 0.3292 0.6070 

0.4829 -0.1404 -0.9120 0.4227 0.3599 -0.6038 -0.6515 -0.2957 0.3680 

0.4468 0.2215 0.7428 0.6210 0.3438 -0.6273 0.6039 0.3454 -0.3710 

0.7033 0.3664 0.1091 0.2185 0.5573 0.6715 0.1343 -0.4100 = -0.5521 

0.4480 0.2853 -0.8733  -0.4771 0.3848 -0.6201 -0.6411 0.3428 -0.3629 

0.2803 0.4538 0.5085 1.0755 -0.5249 -0.3369 -0.7840 0.6357 0.1768 

0.4365 0.7018 0.0766 0.2210 -0.7149 0.4368 -0.1769 -0.8063 0.3551 

0.1884 0.4729 -0.5331  -1.0680 -0.4109 -0.3970 0.7980 0.5814 0.1820   _   
where ®, j is the contribution of acceleration of jth mode to the zth accelerometer. 

In order to obtain modal accelerations from the output of these twelve 

accelerometers, the least squares technique is used since more equations than 

unknowns are available to get an exact solution and the result is written as 

Ym = (oT 7) gr Ys » 

where yy, € R9, is the modal output and y, € R'2\ is the sensor output. 

Since the disturbance shaker and the control shaker are each chosen to be 

placed at the same location as one of the sensors, g and | can be obtained by 

extracting rows from the modal matrix ©. As a result, g’ is equal to the 8th row 

of ® and! is equal to 5th row of ®. In our example, only the first two modes of 

vibration are used to model the plate and g and / are truncated to 2x1 matrices. 

Also, matrix D is actually g and E is equal to 1. 

The disturbance shaker is driven either by a 60 Hz harmonic signal or by a 

narrow-band signal with 60 Hz center frequency. The 60 Hz harmonic signal is 

produced by a signal generator and the narrowband signal is obtained by feeding a 

ZOH computer generated random signal through a narrowband shaping filter. 

The shaping filter is modeled by 1% damping and the matrices in Eq. (2.1.3) 

become 
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Table 2.1: Identified Natural Frequencies and Damping Ratios for 

Simply-Supported Plate 

  

  

Mode | Frequency(Hz) | Damping Ratio 

1 49.45 0.0077228 

2 108.96 0.0171460 

3 130.25 0.0083185 

4 188.53 0.0027311 

5 203.25 0.0027250 

6 265.62 0.0023876 

7 285.78 0.0012244 

8 326.08 0.0013216 

9 338.30 0.0022209         
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r=| “2 -atwel =|! | Cy =| 0 1 |, 

where w,, = 27-60 rad/sec and ¢,=0.01 and the frequency response of the 

shaping filter model and the autospectrum of the narrowband signal actually 

generated are shown in Figure 2.2 and Figure 2.3 respectively. 

A unity gain Sallen-Key low-pass filter with corner frequency at 120 Hz is 

used as the smoothing filter. The matrices in Eq. (2.1.5) then become 

0 1 0 
Py = 2 » Gy = 2 /Cy=| 1 0 |, 

where Win = 2m -120 rad/sec and ¢ Ip = 0.707 , and the frequency response of the 

smoothing filter model is plotted in Figure 2.4. 

Since only one control shaker is used and there is only one disturbance 

source, the problem becomes single-input-multiple-output(SIMO) and the control 

efforts weighting matrix R becomes a scalar p, which determines how much 

control effort can be applied. 

In order to suppress the vibration of the first mode as much as possible, we 

choose to penalize the total energy in mode one[8]. The state weighting matrix 

becomes 
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where w, is the first mode natural frequency. 

The sampling frequency for the transputer data acquisition and control 

system can go as high as 4360 Hz for this two mode controller. Simulated results 

of 60 Hz disturbance rejection of the controller are plotted in Figures 2.5-2.6, 

which show the effect of choosing different p values. Also, plotted in 

Figures 2.7-2.8 are the results of narrowband disturbance rejection with different 

p values. With a smaller value of p, more control effort is used and more rejection 

of disturbance is obtained. 

When the controller is applied to the actual plate, the Kalman filter is 

designed based upon the process noise variance 

Q, = 500, 

and the measurement noise error covariance matrix 

R 2 0 

fT} 0 2 

Figures 2.9-2.10 are the experimental results of 60 Hz disturbance rejection 

with different p values. Similarly, Figures 2.11-2.12 are results of narrowband 

rejection. 

A comparison of the simulated and experimental results demonstrates the 

effectiveness of this controller design method as long as the structure is accurately 

modeled. 

2.4 Performance and Stability 

An LQG regulator is optimal in the sense that it minimizes a quadratic 

cost function. It is sometimes helpful to know what the exact value of the cost is 

for a certain design. In this section, we show a way to calculate the cost and 

explain how model uncertainty affects the stability in terms of the cost. 
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As described in Section 2.1, given the state-space model 

fg=FatatGau t+Lyv (2.4.1) 

y =Cqatat 8, (2.4.2) 

the Kalman-Bucy filter can be derived as 

Gg= Fa iqtGaut+K y-9). (2.4.3) 

Noting that 7=C, Z, , and assuming that the actual dynamics of the 

augmented system are described by 

fqg= Fa tqtGqu tLqv (2.4.4) 

y = Cq%q + 6, (2.4.5) 

the estimator equation is written as 

Bq = Fa Fyt+Gqu+K (Ca tat O—-Ca hq). (2.4.6) 

Combining Eq. (2.4.4) and Eq. (2.4.5) with the estimated state feedback 

results in the state equation of the closed-loop system 

ia F, — GK i, La L, 0 v 
= _ + . (2.4.7) 

La K ,Cq Fa—K ,Ca—GaK yy || Fa 0 Ky, || 8 

Since v>N(0,Q,), Eq. (2.4.7) is equivalent to 

ig F, -GiKi, La £,Q)? 0 
= + , (2.4.8) 

La K Ca Fa-KyCa—GaK yy || a 0 Ky 

S 
_
 

SD 
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where v,—N(0,1). Assuming that the measurement is contaminated by unit 

intensity white noise, we define the noise vector 

where E[ww']=I. 

The cost function to be minimized in LQG control is actually a 2-norm 

defined in time domain, which is explained in the following definition. 

Definition . The 2-norm of a transfer function matrix H €C™™*" is given by 

2 °° * 
Iwi, & (H,H) = / Tr H(jw) H(jw)| dw 

°° 2 

=a [| He)lp dw 

= (hh) = / Tr{h™(t) h(t)] de 

oo 2 - 

= [ — |r()[fp at 

where A(t) € R™*” is its impulse response matrix 

Now, if we define a controlled-variable vector z by 

1/2 
Q [2 La 

2 5 
Ri/2. u 

and let the closed-loop transfer function matrix from w to z equal H, then it can 
2 

be shown|[8] that the cost function J is actually ||H |, . 

The next step is to calculate the value of the frequency domain 2-norm by 

using the time domain formulation. If the quadruple of matrices {A,B,C,D} 
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represents a realization of the transfer function matrix H(s), then 

  

where D=0 in order for ||H ll <oo. Let L, and L, denote the controllability 

Grammian and observability Grammian respectively: 

Le= / eAtB B" eA dt 
0 

L.= / eA tO'C eAt dt o 

0 

then the transfer function 2-norm can be shown to be related to L, and LD, as 

follows: 

|b = france) roar 

= Hf [ (CoA BB ta |= TCLC ) 

The controllability gramian LZ, can be shown|[16] to satisfy the matrix 

Lyapunov equation 

Ale + L-A + BB =0, 
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and similarly the observability gramian L, satisfies 

AL +LA+CC=0. 

Since the matrix Lyapunov equations are linear and can be solved by 

computer with reliable and efficient algorithms[17], the 2-norm of the transfer 

function and the cost of the LQG controlled system can be easily calculated. 

If the model of the plant is not correctly identified, then the LQG 

controller will not be optimal and the cost is expected to go up. The worst case is 

that the system becomes unstable and theoretically the cost of an unstable system 

is infinity. Thus, the sensitivity analysis of the controller can be done by 

calculating the cost against the variation of the model parameters. As an example, 

the two mode controller of | the simply-supported plate example given in 

Section 2.3 is considered. The cost is found to be most sensitive to the natural 

frequency of the 2nd mode and is plotted against deviation of the 2nd mode 

natural frequency in Figure 2.13. This figure shows that a +6% variation will 

make the system unstable. 

2.5 Design Tradeoff 

It has been shown[18] that addition of a fictitious noise term to the process 

noise can cause the LQG controlled system to asymptotically achieve the robust 

characteristic of full-state feedback. This is called the loop transfer recovery 

technique, also known as LQG/LTR . 

Intuitively, by assuming a higher process and/or measurement noise 

intensity, equivalent to adding extra fictitious noise, the robustness of the 

controller might be enhanced. While there is no guarantee that robustness for an 

LQG controller will be enhanced by arbitrarily assuming higher intensities for 

process and/or measurement noise, it sometimes does so[8]. 

Thus, assuming higher noise intensity sometimes stabilizes a system with a 

controller designed using an incorrect model. However, performance must be 
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sacrificed in order to maintain stability as can be seen by an increased cost. 

Taking the two mode controller of the simply-supported plate as an example, we 

show in Figure 2.14 how the cost and the robustness change for different 

measurement noise intensities. For a higher measurement noise intensity(Q f= 2), 

the system stays stable for more than +10% deviation of the parameter and the 

robustness is enhanced a little in the negative direction of deviation as well, 

however, the cost is seen to be higher. 
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3. Recursive Parameter Estimation 

Usually we have to start with a mathematical model if we are interested in 

studying, affecting, or controlling a dynamic system. Building mathematical 

models of dynamic systems based upon observed data from the systems is the 

subject of system identification. Quite often a set of candidate models is selected 

and the best model in the set is determined according to a rule by which 

candidate models can be assessed using the observed data. If the set of models is 

parametrized in terms of a parameter vector 6, the search for the best model in 

the set becomes a problem of determining or estimating the vector 6. In many 

cases, the model is needed to support on-line decisions and should be based upon 

measurement data up to the current time. The updating of the model at each 

time instant some new data becomes available is accomplished by a recursive 

algorithm. A recursive algorithm can be obtained by modifying an off-line 

counterpart or derived based upon other approaches. The requirement to satisfy is 

that one iteration in the numerical search is performed when a new observation is 

available. Recursive parameter estimation plays an important role in adaptive 

control since, pragmatically, adaptive control can be looked upon as a direct 

combination of a control methodology with some form of recursive system 

identification. In this chapter, several system and signal models useful in control 

systems design are introduced first and followed by a review of a few recursive 

parameter estimation methods from certain important categories of approaches. 

For more detailed discussion of these methods, see [19], [20], [21] and [22]. 

3.1 System and Signal Models 

Consider a dynamic system with input signal {u,} and output signal {y,} 

and suppose that these signals are sampled at discrete time k = 1,2,3,---. A linear 

difference equation can be written to describe the dynamic relationship between 

the input and output signals as 
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Yet ayyp— pte + and n = Opp ti + OmU ym + YE 5 (3.1.1) 

where v, is some disturbance of unspecified character. 

If we let g~* be the backward shift operator such that 

1 "Vp =Ve—1 (3.1.2) 

then Eq. (3.1.1) can be written as 

A(q7")y, = B(q7 ")ug + r% (3.1.3) 

where 

A(q>*) = 1tayq7' +--+ anq7" (3.1.4) 

B(q7') = yg? + byg7? 4-4 Omg” (3.1.5) 

With the AutoRegressive part A(q~*)y, and the control part B(q~*)u, in 

which the control signal is known as eXogeneous variable, this model is recognized 

as the ARX model. 

If we define the parameter vector as 

Q=[ ay---an bye bm], (3.1.6) 

and introduce the vector 

T 
e=l-Ye-1 0° Yeon “e—-1 1) Yk—ml > (3.1.7) 

then Eq. (3.1.1) can be written as 

T 
VY, =F prety. (3.1.8) 

Thus, the observed variable y, is expressed as an unknown linear 
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combination of the components of the observed vector y, plus noise and the 

model is called a linear regression in statistics where the components of , are 
T . . . 

called regressors. 9 y, can be thought of as the prediction of what y;, is going to 

be and recognized as 

~ T 

Flexibility can be added to the ARX model by also modeling the 

disturbance term v,. One approach is to describe the disturbance as a Moving 

Average of a white noise sequence {e,} such that 

vp = C(q7 "Je, (3.1.10) 

C(q~*)=1+e,q7'+ see epg", (3.1.11) 

and the resulting model is written as 

A(q~")y, = Bq "Ju, + C(a~ "Je; - (3.1.12) 

This model is called the ARMAX model and it has become a standard tool 

in control systems description and design. 

In this model the parameter vector is defined as 

T 
O@=[ ay-++ an by +++ bm cy <tc |, (3.1.13) 

and the model can be written as 

T 
Yp=O ppte, , (3.1.14) 

where 

T 

Pe=1 —Ye-1 0 Yeon Mea  Ueem 1 eee} ~ (3-415) 
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Since y, is not completely known, the prediction of y,, ¥,(@), is not 

immediately available as that of the ARX model. If Eq.(3.1.12) is written as 

  

n= [1D nt Beaty tet ees (3.1.16) 

then the prediction of y, can be defined as 

  n0)=| 1-2) Nag A a. (3.1.17) 

and the prediction error defined by €,(9) = y, — y;,(@) can be written as 

  0) = aan [ A(q~")y, — Bla” “uy J - (3.1.18) 

Now, if we define 

(4) é [—Ye—-1 0 Yeon “e—-1 0 Mom k—109) Ep p-(A)],  (8-1.19) 

then the prediction error can be written as 

T (8) = 4, 8", (8) (3.1.20) 

and we have 

_ T TORUETOF (3.1.21) 

which can be called a pseudo-linear regression . 

In some applications, it is better to describe a linear stochastic dynamic 

system by a state-space model 
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where {w,} and {e,}, which are called process noise and measurement noise 

respectively, are sequences of independent random vectors with certain covariance 

matrices, 

E[w, wp]= R, (3.1.24) 

Efe, ¢,] = Ry (3.1.25) 

Elw, ez] = Ryo. (3.1.26) 

If the matrices, F,G,H,R,,R5, and Rj» are all known, predictions and 

state estimate can be obtained using the Kalman filter. If these matrices are not 

fully known and are functions of an unknown vector 6, F(6), G(@), H(@), etc, the 

state-space model will be very useful for parameter estimation when we have 

knowledge about the basic mechanism in the system but certain parameters are 

uncertain. 

3.2 The Least Squares Method 

After a set of models is selected, the best model can be determined by 

assessing the size of the prediction error of each model in the set. The size of 

prediction error can be measured using any norm of it, quadratic or non- 

quadratic. The best model is the one that has a least norm. Approaches that are 

based on this criterion are called prediction-error methods (PEM). 

The least squares method is the simplest method available when the set of 

ARX models is selected. The norm of the prediction error to be minimized is 

Vxl0) = Yo aly,—O val (3.2.1) 
k=1 
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where N is the number of observations and {a;} is a set of positive numbers and 

allows us to give different weights to different observations. 

The quadratic criterion function Vy can be minimized with respect to @ to 

give the least squares estimate 

-1 
~ N N 

On -| 3 on ee et > OE PR VED 
k=1 

if the inverse exists. 

Cast in matrix form, the result can be written as 

~ T.-1 T 

where 

Oy =| 9} ~o -"* vn | 

aN 

Yv=|([yy Yo °°" Yn] - 

3.3 Recursive Least Squares 

(3.2.2) 

(3.2.3) 

(3.2.4) 

(3.2.5) 

(3.2.6) 

With the least square estimate obtained based upon the observations for 

k =1,2,---,N, a recursive algorithm is desired when the observation at k = N+1 

becomes available. 
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The non-recursive least squares estimate based upon the observations for 

k=1,2,---N,N+1 1s 

~ T -1 T 
Ow4i= (Ong iAwei18y 4) OnqiAngi¥ 41 > (3.3.1) 

where 

Oye1=([2n Yn ail (3.3.2) 

A 0 
An 41 -| 0 | (3.3.3) 

On +1 

Yugi=lYn Yn +al- (3.3.4) 

Since 

T 
T A 0 ® 

®yaiAnaiOve: =[2y Ya > 7 (3.3.5) 
AOn+1}| PN+1 

T 

= ByAyOy + Yn 41°N41 YN G1> (3.3.6) 

and 

T 

T A 0 Y 
Sy yiAwai¥na1 =[2y ey 4il| N (3.3.7) 

0  an4il| Yns1 

T 

if we define 

byAyOy = Py, (3.3.9) 
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then 

—1 -1 
Py4i=Py +9n41%N41PN41 (3.3.10) 

T -1- 
Oy 4iAnai¥n41= Pn On t+ ¥n41%N+1YN41° (3.3.11) 

Thus, 

~ -1~ 

| ~ 

= Pyar ((Png1 —9n 41 ON 41 PNG DIN + ON 41 ON 41 YN 4 113-3-13) 

=Oyt Pyar nai Ona Yn 417 PN 41 FI; (3.3.14) 

and we have the expression of the estimate at time N +1, On aa in terms of the 

estimate at time N, On, the new observation yp, ,, and an auxiliary matrix 

Py 4+, of given fixed dimensions, into which the information of all the observed 

data is condensed. 

Further simplification can be done using the matrix inversion lemma that 

1,-1 —1 

[A+BCD] =A '-A'BIDA 'B+C'] DA’, (3.3.15) 

where A,B,C and D matrices are of compatible dimensions so that the product 

BCD and the sum A+ BCD exist. 

Kq.(3.3.10) can be written as 

-1 -1 
Puyyi = [Pw +9v41%N419N 41] (3.3.16) 

. -1 . “pe . 
and if Py , Pn4 1, An 41 and ON +1 are identified as A,B,C’ and D matrices 

respectively in the matrix inversion lemma, the update equation for P becomes 

NeT EN ht MN + DP yo(N +1)’ ON +1 N 

(3.3.17)   

Chapter 3. Recursive Parameter Estimation 44



and estimate update equation becomes 

T 

Onv41=Oyt 1 T 
Oya t Pn +P wen +1 

3.4. Multivariable Recursive Least Squares 

For a stochastic linear system with s inputs and p outputs, the difference 

equation which relates the inputs and outputs can be written as 

where y and v are p-dimensional vectors, u is a s-dimensional vector, A; are p X p 

matrices and B; are p x s matrices and if we introduce the polynomials 

A(q>*) = I+ Ayqu' +--+ Ang™” (3.4.2) 

Bq7*)=Byq7* +--+ Bmq7™, (3.4.3) 

Kq.(3.4.1) can be written as 

A(q7")yp = B(q7 "Jug + rp - 

One way to parametrize this equation is analogous to that of SISO case. 

First we introduce the vector 
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which is an (n- p? + m-s) xX p matrix, where 

Yai 

Vp Yk . (3.4.5) 
—1 

YR—1 

Up _i= wai (3.4.6) 

Uk—i 

and let 

T 

9= [Ay Ale Alp AniAnoAnp Bi Bix Bip +> BmiBma Bmp! (3-47) 

where A;, and B;; are the jth rows of A; and B; respectively. Then Eq.(3.4.1) can 

be represented as 

Up = ~, O+%,. (3.4.8) 

Parallel to the derivation of SISO case, the norm or the cost function to be 

minimized can be chosen as 
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N’ T -1 
Vn(8) =H DUI ye—PEOL AL [ye ve], (3.4.9) 

where A, is a pX p matrix that weighs the relative importance of the components 

of €,( = ¥, - PE 6), and the least square estimate is 

~~ 

-—1 
N -1 N —1 

The recursive algorithm becomes 

On41=F89nN+ Pn Gy yy ° 
-1 ~ 

[An 44 +9n41P NPN 41 +1 Py On | (3.4.11) 

-1 

Pray =Pn — Py PN+1 [An 44 +N 41 Py Yv +1] Py PN’ (3.4.12) 

The recursive least squares algorithm for MIMO systems is very similar to 

that of SISO systems, except that matrix inversion is involved. 

3.5 Recursive Instrumental Variable Method (RIV) 

Consider the linear regression model 

T 

and assume that the system output is generated according to 

T 
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The least squares estimate can be written as 

a N N T 

On =| D7 o% PE é| 2 Oe PE (I PE + YE) 
N TON 

-| dS % Fe | |S Op Pe Pk bot ory 

9 

I be
d 

N N 

which shows that Oy is likely to tend to 6, only if 

1 
N DL % Pk YE 

vanishes. 

If {v,} is not a white noise sequence and the above condition does not hold 

because y, and v, are not uncorrelated, the least squares estimate is biased and 

won’t approach 6, as N gets large. 

The instrumental variable method is aimed at overcoming this problem. 

Since the problem originates from the correlation between », and v,, if ¢,, which 

is chosen to be uncorrelated with v, and is called the instrumental variable, is 

used to replace the regressor, y,, in the least squares estimate formula such that 

-1 
~ N N 
iy | > ap Cp | » On CE YR» (3.5.4) 

k=1 

then the convergence result becomes 

-1 

6 — 6 1 N T 1 “. n = 9% +4, 21% St | 4, a OK Se “| (3.5.5) 
=1 
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Because ¢; and v, are uncorrelated, 

1 N 

W Oy Cp Vp 

approaches the sample mean of (,yvy, and On tend to 6, as long as vu, is zero 

mean and 

. 1 N T 

Nim de, Sk Ph 

is invertible. 

A choice for the instrumental variable ¢, should be one that is sufficiently 

correlated to the regressor y, but uncorrelated with the system noise terms v,. A 

well-known choice is 

T 
Ck = [-Ym,k—1 " ~Umkin Uk-1 7" Up —m | ? (3.5.6) 

where y,, is the output of a reference model 

Ym,k + 21Ym,k — pros + OnYm,k—n =byupiy to + omy — m- (3.5.7) 

The model is based on the current estimate such that 

_T 

Ym, k = Fk Sk (3.5.8) 

3 

and is driven by actual input u, assuming that no noise exists. 

A recursive instrumental variable algorithm can be derived analogous to 

that of the least squares method as 

T Py Cn ~ 
+1 [¥na1 —Oneny1] (3.5.10)   On41=Ont 1 T 

aya, t Pn +iP nbn 41 
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P T.,P 

Oya + PN +P NSN +1 
  

Puyyi= Py - 

3.6 Recursive Maximum Likelihood Method (RML) 

Recursive maximum likelihood method applied to the ARMAX model is 

one of the recursive prediction error identification methods. With the prediction 

error defined by €,(4) = y, —¥,,(@), a cost function to measure how well the model 

6 performs can be chosen as 

V y(8) = $Y dO) , (3.6.1) 

which is the sum of squared prediction errors. 

To minimize the cost function, we need to take the partial derivative of 

V () with respect to 8 and the result is 

av N Tt -+E hao 
La Fa 

=~ Sr¢,(6) 2 9,(6) (3.6.2) = a Kb?) 3G YR) - .0. 

Since ¥,(@) is a nonlinear function of @, no analytical result of Oy can be 

obtained to minimize V (9). Some numerical minimization algorithm is needed to 

determine 6 N- 

In order to obtain a 6, that approximately minimizes V,(@), we assume 

that the next estimate 6, to be found is in a small neighborhood of 0, _ 1 and by 

means of a Taylor expansion of V,(8) around 6, _1> we have 

V (9) = V (4 i) + ViOp_ )l4é- 0, 7" 
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~ T ~ ~ 

+4{9-6,_ 3) ViG,_ 9-941, (3.6.3) 

where the prime denotes differentiation with respect to 9 . Minimization of this 

equation with respect to 6 gives 

~ ~ “~ —1 ~ 

Now, if we define 

then we have 

- 3 a 9) €,(8) = Vy (9) ~ Yp(F) &,() (3.6.5) 

(9) = Vig_ (8) + 4(8) (8) + e4(8) €,(8) - (3.6.6) 

Since 6, is in the neighborhood of 6, _ > we claim that 

VEO.) = VEO, _ 1) 5 (3.6.7) 

and assuming that 6, _, is indeed the optimal estimate at the time k—1, we have 

Vi,_ (0,1) =0. (3.6.8) 

Finally, because {€,(9)} is almost white when the estimate is close to the 

real value, it can be considered to be zero mean and independent of €7(0) . Thus 

we are able to set 

If we denote VEO, _ 1) by P,’, then from Eq.(3.6.6) we have 
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P, =P, + dy(Op_ 1) bp Op _1)- (3.6.10) 

and from Eq.(3.6.5) we have 

VG p— 1) = V1, 1) — Pee 1) ne —1) 

= ~ (6, _ 1) €,(0,_1)- (3.6.11) 

Thus, Eq.(3.6.4) can be written by 

and by using the matrix inversion lemma, Eq.(3.6.10) can be transformed to 

Py_1 Dg(O4—1) Ve (On —1) Pet | P.= P,_, - 
k k-1 T > =~ 

1+ Pp, (9,4) Pp_y Vex 1) 
(3.6.13)   

In order to apply Eqs.(3.6.12) and (3.6.13), bp(Op_ |) and Ep(Op 1) must 

be determined first. From the expression for the gradient of the prediction error 

9) = Le (6) =45,(0 3.6.14 Ppl ) dé Eg ) dé Tp ), (3.6.14) 

we have 

0 - 
Bq; 8) = Gay Me me) 
0 = 

db; (9) = a Up; (3.6.16) 

O_= 
Bc, UA) = G24 Ex — (9) , (3.6.17) 

and it can be seen that 
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b,(8) = a py (9) (3.6.18) 

If we make the approximations €, = é.(8, _ 1) and = b,(O,_ 4) , a 

recursive algorithm can be obtained as 

  

_T 

T 

P P 
P.= Pi_, - b—1 VE VE ko (3.6.20) 

1+ py, Py_1 %y 

De= — Cy Vy_ 1 — Fg Pp_ gm 0 Or Pep + HE » (3.6.22) 

where 

A T 

Pe=l—Ye—1 0 Yen M1 Mem Se—1 0 Eker - (3.6.23) 

3.7 Extended Least Squares (ELS) 

The extended least squares method belongs to another category of 

parameter estimation methods called pseudo-linear regression methods when 

ARMAX models are considered. It is obtained by neglecting the implicit 6- 

dependence in y,(8) when calculating the gradient of the prediction such that 

£, 54(8) ~ 48) . (3.7.1) 

By using the expression in Eq.(3.7.1) for gradient, we get the following algorithm 

  

_T 

Ek = Ya — Fe 1Pk (3.7.2) 

Py_1 Pe VR PE 
1+ yp Py_1 ¥% 
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3.8 Stochastic Approximation Approach 

Given a sequence of random variables {e,} and a function Q(a,e,) of e, and 

x, where the distribution of ¢, is unknown but the values of Q(z,e,) are observed 

or can be constructed for any chosen x. The problem of stochastic approximation 

is to find the solution x to the equation 

E{Q(2,¢,} = f(z) =0, (3.8.1) 

where E denotes expectation over e,. 

Robbins and Monro suggested the following recursive algorithm 

p44 =Fp+%p41 Q(T, 4 4 1) ’ (3.8.2) 

where 7 is a sequence of positive scalars tending to zero. 

3.8.1 Least Mean Squares (LMS) Method 

Consider the linear regression model 

T 

and @ is to be found by minimizing the variance of the equation error v, 

Ve=LEly ype. (3.8.4) 

The necessary condition for V(@) to be minimized is 

|- 4, V()|=E Or l ¥p— Hp OJ =0 (3.8.5) 

Here the stochastic approximation comes into play since the probability 
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distribution of (y,,¢,) is not known and the expectation in Eq. (3.8.4) 

and Eq. (3.8.5) can not be evaluated. 

If the Robbins-Monro stochastic approximation scheme is applied to the 

linear regression model, a recursive algorithm is obtained as 

O,=9, 1 +74 el ¥e— FE OR —II) (3.8.6) 

when we set 

xr=86 

le 
Q(x, ez) = Py [ yE Pk 6]. (3.8.7) 

Eq.(3.8.6) is the well-known LMS algorithm where {y,} is the gain 

sequence. Several choices for {y,} are 

Vp = Yo (constant) 

Ye =o /1%¢ | 2 (normalized) 

-1 
k 

1, = Yl ¢e| 2 | (normalized and decreasing) 
ki =1 

3.8.2 A Stochastic Newton Method 

The Robbins-Monro scheme can be looked upon as a stochastic gradient 

method if we consider the minimization problem 

man V(z), (3.8.8) 

V(x) =E |[A(z,e,)] . (3.8.9) 
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Let 

~£Y(2) = f(x), (3.8.10) 

and assume that the gradient 

—f H(z,e,) = Q(z, e,) (3.8.11) 

can be obtained for any chosen x . Thus, the problem becomes solving the 

equation 

0= ~£V(2) = f(z) =E(Q@.)} , (3.8.12) 

and the Robbins-Monro scheme Eq.(3.8.2) is regarded as an algorithm to minimize 

V(x) in Eq.(3.8.8) . The adjustment of z is made in the direction that is the 

negative gradient of H(z, e,) . 

A more efficient adjustment direction is the well-known Newton direction 

| ve] ie (2)| (3.8.13) 
dx? 

based upon which the Robbins-Monro scheme can be modified as 

rT y Wey —1 ~ 
Ue41 = Cpt Ve44 [V (z,,e"+1)] Ops ep + 1) ’ (3.8.14) 

where V"(e,,e* +1) is the approximated Hessian which depends on all the 

previous noise values ek tl {ep 44 eq}. 

When the linear regression problem is considered, we have 

@ yg) _&£ T 3.8.1 £V(0) = Ely, vp) (3.8.15) 

and since the Hessian is independent of 6, it can be determined as R of the 

equation 

E{y, ¢, — R}=0. (3.8.16) 
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Applying Robbins-Monro scheme to the above equation results in 

R.=R,_1 +714, ¢2 — Re_il, (3.8.17) 

and the stochastic Newton algorithm is obtained as 

“A “~ -1 ~ 

The algorithm is closely related to the recursive least squares algorithm 

since if y, =1/k, Eq.(3.8.18) is the same as Eq.(3.3.18) for a, = 1 and Eq.(3.8.17) 

can be shown to be the same as Eq.(3.3.17) by applying the matrix inversion 

lemma. 

3.9 Bayesian Approach 

The parameter to be estimated in the Bayesian approach is taken to be a 

random variable. The information about its value is inferred based upon 

observations of other random variables that are correlated with the parameter. 

Suppose that a dynamic system is parametrized by a vector 6, we consider 

6 to be a random vector with a certain prior distribution. With the observations 

{y*, uP}, where 

=e Ue. 

w= [ug te wy), 

we are interested in obtaining the posterior probability density function for @, 

which is p(6 | y*,u*) and also the estimate 6, which can be the conditional 

expectation: 

6, =E(6| y*,u*) , (3.9.1) 
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~ ~ 2 
and 6, can be considered to be the estimate that minimizes E[|@—6,| |. 

The well-known Kalman filter is developed in such a Bayesian framework. 

In the following, we show that the Bayesian solution to linear regression problem 

is a special case of Kalman filter. 

Given a state space model of a dynamic system 

py p= Pyar t wy, (3.9.2) 

yp, = 1,2, + & (3.9.3) 

where {w,} and {e,} are mutually independent sequences of independent random 

vectors with zero mean and covariance matrices R and r . The solution to the 

problem of determination of 

  

F,41,=El a, 4,19" (3.9.4) 

is the Kalman filter 

T 
FP, H 

K,= kik “k (3.9.6) T 

T 
P =F, P, F, +R R41 fete HE +My ; 4 t 

Now, if we set F,=J, R,=0, and H, = i, we obtain the linear 

regression model 

where x is recognized as @ and the recursive algorithm for the estimate of 6 

becomes 
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P ~ K, = k-1 Yk (3.9.10) 
‘re + ep Pe_4 PE 
  

P._1 Ye OE Pr_4 
Pp=Pp_1- T p (3.9.11) 

Th + PrP E-1 Pk 

>)
 

° 

| SD 
S (3.9.12) 

3.10 Joint Estimation Methods 

Based upon a linear model, the Kalman filter is known to be the optimal 

state estimator when a linear filtering problem is considered. In the cases that 

states of the system are not linearly related, those linear algorithms of the Kalman 

filter can be adapted to the non-linear environment and a suboptimal solution can 

be obtained for the non-linear systems. The problem of joint estimation is 

concerned with taking parameters of the system as extra states and estimating the 

parameters and the states together. Since the parameters and the states of the 

system are not linearly related, it can be formulated as a non-linear filtering 

problem. The extended Kalman filter has been the most famous solution to non- 

linear filtering problems. In this section, the extended Kalman filter will be 

derived as a standard and exact Kalman filter of a linearized model of a non-linear 

system. 

In [23], Salut et.al. gave a presentation of a canonical representation of 

MIMO linear stochastic systems, in which, for the joint state and parameter 

estimation problem, all unknown parameters appear linearly when an input- 

output record is available. This extended system was also derived independently 

in [24] by Van Landingham and an algorithm, which now is known as Pseudo 

Linear Identification (PLID), was developed extensively in [25]. In this section, 
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the extended state representation of SISO systems is briefly summarized. 

3.10.1 Extended Kalman Filter (EKF) 

The basic premise of the use of the extended Kalman filter is that the non- 

linear system can be well linearized by employing the best estimates of the state 

vector as the reference values used at each stage for the linearization. Thus, given 

the non-linear model 

  

  

Tey =F ylty) + 9y(ty) Wy (3.10.1) 

Zz, = hy(z,) +», , (3.10.2) 

we denote 

F,= Fale) : = Fey, (3.10.3) 

H, = ante) ! = Fey (3.10.4) 

Gy = Fy) (3.10.5) 

The non-linear functions f,(2,), g,(2,), and h,(zx,), if sufficiently smooth, 

can be expanded in Taylor series about the conditional means Tek and Tek _ 1 as 

Fly) = FelF usp) + Pulte Fyyy) + 007 (3.10.6) 

Iu(2e) = IelFypp) + oo = GE to (3.10.7) 

hy(ty) = hyl@ yp 1) + Hylte—Fppp_y) + (3.10.8) 

Neglecting higher order terms and assuming knowledge of 7, /k and 2, Jk —1 

Eq.(3.10.1) and (3.10.2) can be approximated as 
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T ~ T A 

and the Kalman filter can be derived for the above linear model. 

3.10.2 Pseudo-Linear Identification (PLID) 

Consider an observable canonical discrete state model 

where 

0 0 ag by + dob 

A _ 1 0: ay B= by + ayer 

0 0 . 0 1 a,—]1 b, 1 +4, on 

C=[0 0 -:-:- 0 0 1) and D=[b,]. 

We define the vector p that contains the unknown parameters of the 

system as 

T 

and Eq.(3.10.11) can be written as 

TpypeJutaytduy, (3.10.14) 

where 
T T 

a= [ag ay ay *"° a,_1] 5 b = [by b, by woe bn | 

and 
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If the observation vector is defined as 

T 

zp=[u ¥% 1] (3.10.15) 

then with some noise n and v included, the extended state model is obtained as 

Spy y= Fy Sy (3.10.16) 

up = Ay sp +}, (3.10.17) 

where s,=[ 2, p’ | and 

J ot I 0 

0 lon +1 

Thus, for a completely unknown system, a linear estimator can be used to 

obtain estimates of the unknown parameters together with system states as long 

as the autocovariance of the state noise and the system input and output are 

known. 

3.11 Implications for Real-Time Adaptive Control 

Consider a linear MIMO system which can be described by an ARX model 

Yet Api to + Ang = Bytp ey te + Bruty mt re - 
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Based upon the formulation in Section 3.4, the number of unknown parameters to 

be determined in the model is np” +msp if the number of inputs and outputs are 

s and p respectively. Most recursive estimation algorithms in the previous review 

involve a vector update equation for the parameters and a matrix update equation 

for the generalized covariance. Since both equations involve a (px p) matrix 

inversion operation and many matrix multiplications, the computation load will 

be determined by p and q(= np? +msp). For the recursive least squares 

algorithm, the approximate numbers of operations are listed in Table 3.1 . If the 

recursive least squares algorithm is used in adaptive control, these operations 

represent the extra computation load added to the controller just for estimating 

the unknown model parameters. For a time-varying Kalman filter, the error 

covariance propagation enormously increases the computation involved in a time- 

invariant Kalman filter. Similarly, the generalized covariance update, Eq.(3.4.12), 

in the recursive least squares algorithm also requires enormous computation. 

The LMS algorithm derived as a stochastic approximation method for 

parameter estimation is different from the other structurally similar algorithms 

and is computationally attractive since it does not involve the general covariance 

matrix update and saves a lot of computations. 

The joint estimation methods are able to estimate the parameters along 

with the state variables, which makes the number of unknowns increase by the 

the number of the state variables and requires much more intensive computation. 

Thus, joint estimation methods are attractive only when the state estimate is also 

required. 
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Table 3.1 Approximate Number of Operations in RLS Algorithm 

  

Operation # of Operations Equations Involved 

  

  
  

Multiplication of a g X q matrix 

and a gq X p matrix 

Multiplication of a p xX q matrix 

and a q X p matrix 

Multiplication of a q x p matrix 

and a p xX p matrix 

Multiplication of a gq x p matrix 

and a px q matrix 

Multiplication of a p x gq matrix 

and a q X q matrix 

Multiplication of a q x p matrix 

and a pX1 matrix 

Multiplication of a p xX q matrix 

and a qx 1 matrix 

Inversion of a p X p matrix 

Addition of two p x p matrices 

Addition of two q x q matrices 

Addition of two p x1 matrices 

Addition of two q x 1 matrices     

(3.4.11), (3.4.12) 

(3.4.11), (3.4.12) 

(3.4.11), (3.4.12) 

(3.4.12) 

(3.4.12) 

(3.4.11) 

(3.4.11) 

(3.4.11), (3.4.12) 

(3.4.11) 

(3.4.11) 

(3.4.12) 

(3.4.12)   
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4. Adaptive Control 

The control of a dynamic system is aimed at manipulating the inputs to 

the system in such a way that the outputs of the system satisfy certain specified 

goals. Closed-loop feedback control, compared with open-loop control, has 

advantages of increased accuracy, reduced sensitivity to the controlled plant, 

reduced effect of disturbance, increased speed of response and bandwidth, etc. 

Thus, feedback control is oriented toward eliminating the effect of state 

perturbations. However, the performance of the control system will degrade if 

variation of the dynamic parameters exists in the controlled plant. Adaptive 

control is oriented toward eliminating the effect of structural perturbations[26], 

which are caused by the variation of dynamic parameters, upon the performance 

of the control system. In this chapter, several categories of adaptive controllers are 

briefly reviewed. 

4.1 Definition 

Adaptive control is an important field in modern control. During the past 

four decades, a lot of adaptive schemes have been developed to deal with 

structural perturbations and environmental variations in control systems and 

several definitions have been proposed for adaptive control; however, agreement 

over definitions for adaptive control remains a very controversial issue. It is quite 

difficult to give a universal definition that can be applied to every situation 

because of the many forms of uncertainties and different methodologies adopted to 

tackle the problems. However, in order to control uncertain systems, an adaptive 

controller usually has a structure that includes a subsystem for the on-line 

estimation of unknown parameters or system structure and a subsystem for the 

generation of control inputs based upon the estimated parameters. Thus, adaptive 

control can be seen as a direct aggregation of a non-adaptive control methodology 

with some form of recursive system identification.[27| Based upon the basic 

aspects of adaptive control, the following description of adaptive systems is 
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considered|28}. 

An adaptive system measures a certain index of performance (IP) using the 

inputs, the states, and the outputs of the adjustable system. From the 

comparison of the measured IP values and a set of given ones, the 

adaptation mechanism modifies the parameters of the adjustable system 

or generates an auxiliary input in order to maintain the IP values close to 

the set of given ones. 

This description is illustrated in Figure 4.1. The performance of the 

adjustable system in the figure can be adjusted by modifying its parameters or by 

modifying its inputs. The IP measurement can be done indirectly by identifying 

dynamic parameters of the system. There are a lot of methods that can be used, 

several of them are discussed in Chapter 3. The measured IP is compared with the 

given IP in the comparison and decision block and if the measured IP is decided 

to be not acceptable, the adaptation mechanism will act to modify the system 

performance either by modifying the parameter of the adjustable system or by 

modifying the input signal. Depending upon how the system performance is 

modified, adaptive control systems can be divided into parameter-adaptive control 

systems and signal-synthesis adaptive control systems. 

Many adaptive control schemes were developed based upon a common 

framework of conventional feedback control. They all started with an ordinary 

feedback control loop and a regulator with adjustable parameters. The key 

problem is to find a convenient way of changing the regulator parameters in 

response to changes in process and disturbance dynamics[29]. Depending upon how 

the parameters of the regulator are adjusted, several adaptive schemes can be 

distinguished. Three most well-known ones are gain scheduling, model reference 

control and self-tuning control. 

In addition to the above adaptive schemes, there are many adaptive 

strategies proposed based upon different frameworks and different points of view. 

The least mean squares (LMS) adaptive algorithm, based upon adaptive signal 

processing concepts, is a feedforward adaptive control approach that has been the 

subject of extensive research recently. 
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In the following, we will review the three most applied feedback adaptive 

schemes and a feedforward LMS adaptive scheme. 

4.2 Gain Scheduling 

Gain scheduling was introduced in the development of flight control 

systems in the 1950’s and 1960’s and has also found applications in process control 

systems. The basic idea is to find auxiliary variables that correlate well with the 

change in plant dynamics and then the performance of the system can be modified 

by changing parameters of the controller as functions of the auxiliary variables. 

This can be illustrated in Figure 4.2. This scheme is quite useful if the plant 

dynamics depends in a well-known fashion on relatively few easily measurable 

auxiliary variables. A number of operating conditions are distinguished according 

to the auxiliary variables and parameters of the controller are determined for 

these operating conditions by some design methods. The number of operating 

conditions can be increased or interpolation between controllers can be used to 

improve adaptivity. Thus, parameters of the controller can be changed very 

quickly in response to changes in the plant dynamics. However, one drawback of 

gain scheduling is that it is actually an open-loop adaptation scheme without real 

learning or intelligence and because of this there is a controversy over whether 

gain scheduling should be looked upon as an adaptive control method. 

Furthermore, since the parameters of the controller must be determined for many 

operating conditions and performance must be checked by computer simulation, 

the design is quite time-consuming. 

4.3 Model Reference Adaptive Control 

Model reference adaptive control (MRAC) was first designed for 

implementation using analog hardware and suggested for aerospace problems in 

the 1950’s[30]. The distinctive feature of MRAC is the construction of a reference 

model that operates together with the plant and the adaptation takes the form of 

adjustment of one or more of the controller’s parameters or input signals so as to 

Chapter 4. Adaptive Control 68



  

  

  

  

  

      

    

  

  

Auxiliary 

  
  

          

Gain Measurements 

Controller Schedule 

Parameters 

Reference Poo tpor ccc stress 7 

Signal l Control | 

Input 
r 1 .| Controller nput st Plant Output 

| u y 

LL. nN 
J 

  
Adjustable System 

    

  

Figure 4.2 Gain Scheduling Control System 

Chapter 4. Adaptive Control 69 

 



force the response of the resulting closed-loop control system towards that of the 

reference model. The way parameters of the controller are adjusted can be 

illustrated in Figure 4.3 for a parameter-adaptive model reference control system. 

Illustrated in Figure 4.4 is a signal-synthesis model reference control system in 

which the adaptation mechanism generates an auxiliary input to minimize the 

difference between the output of the reference model and that of the adjustable 

system. The key problem of MRAC is to determine the adaptation mechanism 

such that the resulting system is stable and also the error between plant output 

and model output is brought to zero. The adaptive mechanism used in the original 

MRAC, now known as the MIT rule, is a modification of the gradient search 

method. 

If e(@), a function of the adjustable parameter vector 6 of the controller, is the 

error between model output y,, and plant output y, then in order to make the 

square of error small, @ is adjusted along the direction of steepest decent, the 

direction of negative gradient of e2(8) as 

= —2k e(6) 2 (y(6)). (4.3.1) 

Oo 
06 

controller parameters, the MIT rule is obtained by replacing the unknown 

Since the sensitivity function +(y(6)) usually depends on unknown 

parameters by their estimate at time t. The MIT rule will work well if the k is 

kept small; however, it is not possible to guarantee stability of the closed-loop 

system or convergence of the error to zero. Modified adjustment rule can be 

designed based upon Lyapunov theory(31] to get provably stable and convergent 

model reference adaptive schemes and the only difference from the MIT rule is 

that the sensitivity function is replaced by other functions. 

Even though MRAC was originally designed in continuous-time domain 

and implemented with analog hardware, the use of digital hardware has brought 

about more flexibility for MRAC designed in the discrete-time domain. 
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Adaptation rules need to be developed directly for discrete-time systems instead 

of being obtained by discretizing continuous-time adaptation rules, however, time- 

varying adaptive gains can be easily implemented for discrete-time MRAC 

systems. 

4.4 Self-Tuning Regulator 

Self-tuning approach was originally proposed by Kalman[32] and clarified 

by Astrom and Wittenmark(33]. The regulator can be thought of as composed of 

two loops. As illustrated in Figure 4.5, the inner loop consists of a conventional 

feedback controller but with varying parameters and the outer loop consists of a 

recursive parameter estimator and a design calculation. Thus, after a suitable 

model structure is determined for the plant, the self-tuning regulator is capable of 

automating modeling and design by estimating model parameters and using the 

estimated parameters as if they were the true parameters to obtain the control 

law. This is usually called the certainty equivalent principle. The self-tuning 

regulator is very flexible with respect to the design method and virtually any 

design technique can be accommodated. However, the analysis of self-tuning 

adaptive systems is more complex than the analysis of model reference systems, 

due primarily to the usually nonlinear transformation from identified parameters 

to controller parameters. [27] 

Among the many design methods that can be adopted in self-tuning 

control, the LQG design method can be easily applied, even to open-loop unstable 

or non-minimum phase plants, and is immediately applicable to multivariable 

systems. As described in Chapter 2, a state-space LQG controller consists of a 

state estimator with fixed Kalman gains and a set of fixed feedback gains based 

upon an accurate model. These gains are optimal only if the model is accurate and 

any variation or uncertainty in the model will result in degraded performance or 

instability. Self-tuning of an LQG controller is aimed at identifying the model 

variation or uncertainty and incorporating it into the estimator and the feedback 

gains calculation such that they are based upon an increasingly accurate model. 

Intuitively, for an LQG regulator to self-tune its parameters, it is required to 

estimate all the parameters of the plant using a recursive method and to use these 
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estimated parameters in the state-space model to reconstruct the states and 

evaluate optimal feedback gains in a single sampling period. Although this 

concept is not new, the intensive computation involved in the estimation of the 

plant parameters, the propagation of the error covariance matrix to get the 

Kalman gains and the solving the Riccati equation iteratively to calculate the 

feedback gains prohibits actual implementation. A simplification was made by 

Lam[34], who proposed the use of an adaptive filter instead of a Kalman filter for 

state estimation. The computation is reduced by conducting a transmittance 

matrix calculation instead of propagating the error covariance matrix. However, 

only a SISO result was shown, the model of the system has to be in a certain 

canonical form and all the parameters need to be identified 

The stochastic optimal control problem can also be considered in the 

polynomial domain. Kucera[35] first proposed a optimal controller derived by the 

polynomial approach. The major difficulty when self-tuners are designed based 

upon this approach is the computation burden associated with conducting a 

spectral factorization and solving two diophantine equations. Although stable 

iterative algorithms for the operation of spectral factorization are available, the 

computation time for each iteration is not fixed. Hence there is no guarantee that 

the algorithm will converge within a specified time given a particular error bound. 

4.5 Feed-Forward LMS Control 

An adaptive processor in a closed-loop adaptation configuration is the 

major portion of many adaptive signal processing systems. The adaptive 

processor has an input signal x and an output signal y. A signal d is defined as the 

desired output of the adaptive system and an error signal € is obtained as the 

difference between the desired output and the output signal of the adaptive 

processor y. An adaptive algorithm uses the error signal to adjust the adaptive 

processor by minimizing some measure of the error signal. This is illustrated in 

Figure 4.6/36]. 

Although the output of the processor is indeed affected by the error signal 

in a closed-loop fashion, the input signal of the processor is not modified by the 
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error signal. This is different from conventional feedback and can be called 

performance feedback. 

In this section, we derive the LMS algorithm for the adaptive linear 

combiner which is the most fundamental component in adaptive signal processing. 

Also, application of the performance feedback scheme in control systems is 

reviewed. 

4.5.1 The LMS Algorithm for Adaptive Linear Combiner 

The adaptive linear combiner is a multiple-input filter of which the output 

signal is a linear combination of the input signals with adjustable weights. 

However, if a single input and its delayed versions are combined linearly with 

adjustable weights, we have a special form of adaptive linear combiner — the 

single-input transversal filter as shown in Figure 4.7. It is equivalent to a FIR 

filter with adjustable coefficients. The input-output relationship can be described 

by 

L 

oo Wik Te-1 5 (4.5.1) 
i=0 

and in matrix form by 

T T 

T 
whereW,=|wp, Wy, °° Wel - 

Assuming that in Figure 4.6 the adaptive processor is the adaptive 

transversal filter, the error signal at the time instant k becomes 

T 

The LMS algorithm is derived based upon minimization of the square of 

the error signal ez, which is taken to be an estimate of the expected value Efe?] ; 

The estimated gradient will be 
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de? OE, 

Ow, Ow,         
and the weights can be adjusted in the negative estimated gradient direction as 

where yp is the gain constant that regulates the speed and stability of adaptation. 

The LMS algorithm in Eq.(4.5.5) has the same form as that derived from 

stochastic approximation in Section 3.8 . 

4.5.2 Adaptive Control Application 

As described earlier, the LMS adaptive filter algorithm was developed for 

use in adaptive signal processing. It is the development of the filtered-X algorithm 

by Widrow|37] that starts applications on adaptive control. The filtered-X 

algorithm is useful when there are transfer functions in the auxiliary path 

following the adaptive filter. It was shown that when a transfer function follows 

the adaptive filter, it must also be placed in the input to the weight update 

process or error correlators[37]. Thus, the input signal X, in Eq.(4.5.5) will be 

changed to a filtered version of X,. This algorithm has been successfully applied 

in the field of adaptive active noise control[38] structural vibration control|[39]. 

The noise or a signal that is coherent to the disturbance is passed through an 

adaptive filter and the control signal is obtained as the output of the filter whose 

coefficients are updated such that a quadratic cost function based upon a 

measurable variable, usually an error signal, of the system is minimized. The 

filtered-X algorithm is required since there is a transfer function along the 

auxiliary path between the output of the filter(control signal) and the error signal. 

While the adaptive filter in the filtered-X algorithm has an FIR filter structure, 

which implements an all-zero function, Eriksson[40] developed an algorithm called 

the filtered-U algorithm in which the adaptive filter has an infinite impulse filter 

structure that can represent both poles and zeros directly. 
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Using the LMS algorithm, the feedforward adaptive control method is very 

attractive because the update adaptive algorithm is quite simple and 

computationally economic. However, the noise or the coherent disturbance signal 

may not be available in many control problems and then the method is not 

applicable. 
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5. STR Design: Unknown System Parameters 

With the advantages of the increased flexibility of control programs and 

the decision-making logic capability of digital systems, computer control of 

physical systems is becoming more and more common|41]. Instead of being 

designed using a continuous-time model with physically meaningful parameters, a 

digital controller is designed based upon a ZOH discrete-time model to which a 

continuous-time model is transformed. Usually, after transformation, a sparse 

continuous-time model matrix results in a non-sparse discrete-time model matrix, 

the parameters of which bear little physical meaning. Uncertainty in a small 

number of parameters in a continuous-time model gets smeared over the entire 

corresponding discrete-time model. While a controller designed by the method of 

linear optimal control theory with a Kalman filter state estimator is rather 

sensitive to the uncertainty and variation of parameters, the stability may be 

most sensitive only to the errors in a small number of parameters. This chapter 

focuses on the design of a self-tuning type digital controller where the most 

sensitive system parameters of the continuous-time model are identified 

recursively. Design of the self-tuning regulator based upon one most sensitive 

parameter, which can be extended to two or more parameters, in a continuous- 

time model is presented. The example of rejecting a disturbance in a simply- 

supported plate is given. Both simulated and experimental results are provided. 

Performance of the adaptive controller and the nonadaptive robust controller are 

compared. Also, the possibility of applying this technique to design controllers 

that self-tune the parameters in a disturbance model is explored. 

5.1 Continuous-Time Model Uncertainty 

For a flexible structure modeled by n of its vibration modes, the state 

equations for all the n modes are combined to form the model in state-space form 

t=Frt+Guytld, (5.1.1) 
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where x € R?" is the state of the system, Uy € R is the control input and d€ R is 

the disturbance. One way to combine all the state equations results in a model in 

which 

— w? — 20,4 

F= — we — 2, 

  
G=| Oixn 9, 92 -*° In 

T 

L= Qixn L lo rey ) 

nxn 

(5.1.2) 

~ 26 nWn   
(5.1.3) 

(5.1.4) 

where w; and ¢, are the natural frequency and damping coefficient of the ith 

mode and g; and /, are determined by the locations where the control signal and 

the disturbance enter the system. 

Assuming that the controlled outputs are the modal accelerations, the 

output equation is given by 

y=Cr+Duyt+Ed+8, 

in which 

— Wy — 2¢14y 
2 

— Wo — 26 ow 
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(5.1.5) 

(5.1.6) 

n 

(5.1.7) 

(5.1.8) 
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and @ is a Gaussian measurement noise vector. 

The LQG controller may be very sensitive to only a small number of 

parameters in the model. It was shown in Chapter 2 that the stability of the LQG 

regulator is most sensitive to errors in the natural frequency of the second mode 

in the case of rejecting a disturbance in a simply-supported plate. 

Here, we assume that the natural frequency of the jth mode is the most 

sensitive parameter in the model, call the nominal frequency w jo and the 

variation of the nominal frequency from the actual natural frequency of the mode 

is Aw ;. Thus, we have 

Wi = Wi. + Aw, (5.1.9) 

where w j is the actual natural frequency of the jth mode. A self-tuning algorithm 

is developed based upon the assumuption that all the other parameters are 

correct. The self-tuning mechanism is to estimate the frequency variation and 

actual natural frequency such that the state estimator and the state feedback 

gains are based upon an increasingly accurate model. 

5.2 Self-Tuning Formulation 

5.2.1 State and Parameter Estimation 

In the LQG control framework, the models of the structure, the smoothing 

filter and the shaping filter are combined to form an augmented model based upon 

which the controller is designed. Under the assumption that the stability is most 

sensitive to the natural frequency of the jth mode, W 5, the augmented system 

matrix, F’,, is taken to be a function of W 5, F(w,), and the discrete-time system 

matrix can be written by 

dF'y(w ;) =e % 

(5.2.1) 
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where T is sampling period and the discrete-time augmented control influence 

matrix becomes 

w,) = ls Fale) DY" Godt. (5.2.2) 
g n=O 

n ! — nl 

The jth mode natural frequency w; appears nonlinearly in the model 
J 

because of the entry —w 2. Nonlinearity is also introduced when the continuous- 
Jj 

time model is transformed into a discrete-time model. These make the nonlinear 

formulation of the problem obvious. The nonlinear relation between the natural 

frequency and the state to be estimated forces us to make use of an extended 

Kalman filter as will be shown later. 

By approximating dF, with the first two terms of the Taylor’s series 
. Ww. 

expansion of e * 7? around w jo» We have 

  

  

dF, = Pali jo)T + Aw; oe Fal) ") (5.2.3) 
Ws = W 0 

iGa= [cf ! ity + Aw [ (he dt G (5.2.4) a 3 a dw, —_ a ° 

j— “jo 

Now, since 

(m+ 1) 
d F (w,)T CO ™ n dF'q(w ;) (m—n) T 

—="“—(e = F, —— F + 5.2.5 
dw; ( o> > . dw; . (J + 1)! ( ) 

can be evaluated at w p35 using the fact that 
jo 
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nxn nxn 

= —2w.- — 20; ) (5.2.6)   

    
the discrete-time model Eq.(2.2.1) is approximated by 

Cak+1= dF 'q(w 55) Tq, + Aw; AF, La k 

  

  

+ dGq(w jo) up + Aw; AG, uy, + vy, (5.2.7) 

where 

F, w.)T AF,= Ta, (° (~;) } (5.2.8) 
Wi= Wo 

AG, = [ t-(ePalusdt dt G 5.2.9 a= | dia, ) a ( oe ) 

0 We = Wo 

and 

vp = N(0,Q,) (5.2.10) 

T PF (wio)t P(wio)t] Ww. Ww - 

Qa z fe 7 LaQe La fei ae. (5.2.11) 
0 

Treating Aw; as a state variable to be estimated, we have from Eq. (5.2.7) 

the equation 

La k+1 _ dFy(w,) AF, Ly pt AGe Up Lak 

Aw 0 1 Aw, , jk+1 
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dG,(w,,) 
tf la ee , (5.2.12) 

where 

Q, 0 
do, =N(0,Qqa) and Qa = 0 0 

Since state variables appear in the state coefficient matrix, the formulation 

results in a nonlinear state equation. The extended Kalman filter can be used to 

obtain an approximate linear model. 

Assuming that 7, ,,, and Aw, , are the estimates of the state and the Aw, 

respectively at the time instant k based on the information up to time instant k, 

the extended Kalman Filter technique suggests that the equation be linearized at 

Tq k/k aud Aw; ke /k The state model becomes 

Ta k+ dFy(w i.) +AF Aw; 4714 AF, la pet AGa Up Lak 

Aw ik 0 1 Aw; 

dG q(W 5) ~ AP GT, p/p 5, Jk 

+ Up + Vz + 
0 0 

Lak ~ 
= dFas + dGas Up + Up + d Eas . (5.2.13) 

Aw ik 

The C, matrix in the augmented output equation, a function of the unknown 
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Aw,, can be written as Ca(Aw 5). Linearized at 7, ,/,~1 and Aw, bk the 

output equation becomes 

    

    

_ , _ 

ve pa) Ce AM aR AM jo A050, 7 ~ 265 Fay jtn] | Sok | 
a, 

0 

_ , _ 

Ww, +Aw. pp 1) bq; 2C; Fa 54 ~ 
jo jyk/ 5 a, j jv aj+n Aw, pip 1 +9 

0 

A teay| Sot | + dDgs + 9%. (5.2.14) 
“j,k 

Based upon the above equations, estimates of the term Aw j together with 

the state of the system can be obtained by the Kalman filter which is also 

implemented as a one-step-ahead predictor. With the state error covariance 

propagation and filter gain update, the algorithm is listed as 

T 

Pape —1 = OF ask—1 Pk —1/k—1 MF as,k—-1 + Qa (5.2.15) 

T T —1 
Ky, = Pelk—1 das MIC as & Prik—1 dC as k + Ra) (5.2.16) 

Te k/k—1 = dF as k—1 ook 1/k-1 + dGas Up] + dE qs (5.2.17) 

y k — das k © sk /k _,+4Dqs (5.2.18) 
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Ee elk = =s,k/k—-1+ Sil¥a— Ga,k (5.2.19) 

where 

P is the error covariance, and K is the Kalman filter gain. 

5.2.2 Feedback Gains Calculation 

Applying the certainty equivalent principle, the optimal feedback gains can 

be designed based upon the estimated parameters of the plant as if they were 

correct. The feedback control law has the form|[42] 

  

where 

dG. P, .dF Kigk _ asl he asll1,k (5.2.22) 

R+ dG gg Pig, b2Gas1 

IF, = dF asi, 4F asi9 
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and P, ak is the solution of the discrete-time algebraic Riccati equation 

T 

asl 
  

P, ,dG,.,dG,,., P Iq, kas lq,k )dF sitet Q. (5.2.23) 
T 

P, .=dF_., (PP, .- Iq,k asl1,k\“ Iq,k T 

R+ dG gs Pig, b2G@as1 

Eq.(5.2.23) can be iteratively solved until a convergent Pig , is obtained. 

However, only one iteration is done in one sample time in order to save 

computation time. Thus P, qk is obtained approximately as 

T 
Pink = dosti ke Pig, k 1 

T 

Pig. k — 9G 4514G gs) Pink —1 
T 

R+ dG asi Pig k — 4G g51 

  dF uit pt Q- (5.2.24) 

5.3 Self-Tuning Experiment 

In this section, self-tuning control of a simply-supported plate is 

considered. The purpose of the controller is to reject a disturbance in the plate in 

the face of model uncertainty. The plate is modeled by the first two vibration 

modes in state space form. The natural frequency of the second mode wy is 

assumed to be 6% off the identified value. It has been shown that the controller 

designed in Chapter 2 is most sensitive to this parameter variation and 6% 

variation is able to cause instability of the system. 

The correct natural frequency of the 2nd mode we is 108.96 Hz and w jo is 

assumed to be 102.42 Hz, 6% lower than ws, so Aws is equal to around 41.08 

rad/sec. Since this variation of the parameter will cause instability, the self-tuning 

regulator must estimate the parameter while stabilizing the system. 

A simulation of the adaptive control was performed assuming two vibration 

modes for the plate. Figure 5.1 is the simulated result for the estimation of Awo. 

The estimator was turned on in the beginning of the simulation at 0 second and 
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Figure 5.1: Estimation of Aw, (Simulated) 
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the controller was turned on at about 0.56 second. It shows that the estimate 

converges to the vicinity of Aw) . The modal accelerations of the plate are 

plotted in Figure 5.2 which shows stable responses. 

When the nonadaptive controller, designed based upon the incorrect model 

with 6% variation of 2nd mode natural frequency, is implemented on the real 

plate, the system becomes unstable. This is shown by the experimental results in 

Figure 5.3 in which after the controller is turned on at 0.56 second, the response of 

the 2nd mode goes out of bound. However, by implementing the self-tuning 

controller on the plate, the system is stabilized. The sampling rate can go as high 

as 715 Hz when the controller is implemented by the transputer system. The 

estimation of Aws, which converges to around the correct value, is plotted in 

Figure 5.4 and the stabilized responses of modal accelerations are plotted in 

Figure 5.5. 

It is important to know that in the experiment, we have no exact 

knowledge about the actual values of the most sensitive parameter and the other 

parameters of the plate, only a model. By assuming a 6% variaton on the most 

sensitive parameter in the model, the self-tuner is able to approximately estimate 

this variation. 

In Figure 5.4, the control loop is closed at about 0.56 second and it is 

shown that the control signal contributes a lot to the convergence of the estimated 

parameter. This is because when the controller is turned on, 2nd mode tends to go 

unstable, resulting in an abrupt change of signal level in mode 2 acceleration 

before the self-tuning effect takes place to stabilize the system, and this richness 

of signal is critical to the fast convergence of the estimate. Similarly, convergence 

speed of open-loop estimation depends on the richness of both mode 1 and mode 2 

accelerations. A comparison of the open-loop estimation in Figure 5.1 and Figure 

5.4 shows that richness of signal of mode 1 acceleration in Figure 5.1 makes the 

convergence of the estimate faster. 

Based upon the results of Chapter 2, the sampling rate of a non-adaptive 

fixed-gain 2-mode controller implemented on our transputer system is 4350 Hz. 

The maximum sampling rate of our 2-mode adaptive controller implemented on 

the same transputer system is 715 Hz. Roughly speaking, the non-adaptive 

controller can be sampled 6 times faster than the adaptive one. However, the state 
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Figure 5.2: Self-Tuning LQG Narrowband Disturbance Rejection (Simulated) 
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feedback gains are not affected by the variation of the second mode natural 

frequency in our experiment and are not adaptively tuned. Were this not true, the 

penalty incurred by using adaptive control will be the reduction of the sampling 

rate to less than one tenth of the non-adaptive sampling rate. 

5.4 Performance of the Self-Tuning Regulator 

It has been shown that by assuming higher measurement noise intensity, 

the robustness of the system might be enhanced. The controller designed by 

assuming higher Q ¢( = 25) indeed stabilizes the system as can be seen by the 

result shown in Figure 5.6 compared with Figure 5.3(Q¢ = 5) . The results 

presented in this section show that the self-tuning controller has better 

performance than the non-adaptive robust controller. 

In Figure 5.5, when the controller is turned on at about 0.56 second and 

the estimated parameter is converging, the mode 1 acceleration is suppressed and 

most of the residual looks like high-frequency spillover into mode 1 due to 

imperfect modal filters. However, in Figure 5.6, most of the residual in mode 1 

acceleration looks like true 60 Hz disturbance. Thus, although both the adaptive 

self-tuning controller and the non-adaptive robust controller have stable responses 

and suppress the vibration, the self-tuning controller rejects the 60 Hz narrow- 

band disturbance most effectively. 

In the case of rejecting a pure 60 Hz disturbance by an adaptive controller, 

Figure 5.7 shows the result of parameter estimation and Figure 5.8 is the 

stabilized response of modal accelerations. Compared with the result of the robust 

controller(Q f = 25, incorrect model), shown in Figure 5.9, the self-tuning 

controller is shown to have better disturbance rejection performance in terms of 

amplitude of the response. 

5.5 Unknown Disturbance Model 

In LQG control, we usually assume that the disturbance can be modeled 

Chapter 5. STR With Unknown System Parameters 95



10 

10 

-6 

-8 

-10 
O 

Figure 5.6: Robust LQG Narrowband Disturbance Rejection (Q = 25) 

Mode 1 Acceleration 
  

  

  Qf = 25*I 
rho = le-6 
Qc = Se2 
T =1/715 sec   

  

0.5 1 1.5 2 2.5 

Time (seconds) 

Mode 2 Acceleration 
  

  

' Tr T Tr T 

  

Of = 25*I 
rho = le-6 
Qc = Se2 
T =1/715 sec 

1 1 L L 1   
  

0.5 1 1.5 2 2.5 

Time (seconds) 

Chapter 5. STR With Unknown System Parameters 96



Estimated Parameter 

60 T ' qv t q 
  

50 - l 

  

  

    
  

Rf = 1*I 
rho = 1e-6 7 
Qc = 5e2 
T =1/715 sec 

-10 | a —_ | i 

0 0.5 1 1.5 2 2.5 3 

Time (seconds) 

Figure 5.7: Estimation of Aw, (Experimental, 60 Hz) 

Chapter 5. STR With Unknown System Parameters 97



Mode 1 Acceleration 

10 T T T T '   

  

  
  

  

  

    
  

“6 Rf = 1*I | 
rho = le-6 

-8 Qc = 5e2 4 
T =1/715 sec 

-10 1 1 1 L 1 

6) 0.5 1 1.5 2 2.5 3 

Time (seconds) 

Mode 2 Acceleration 

10 T T ~T ¥ v 

8r _ 

6 4 

4-e 4 

aL 4 

Om “ 

-2- _ 

al | 

“Or Rf = 1*I | 
rho = 1e-6 

-8b Qc = S5e2 4 
T =1/715 sec 

-10 1 i i 1 1 

oO 0.5 1 1.5 2 2.5 3 

Time (seconds) 

Figure 5.8: Self-Tuing LQG 60 Hz Disturbance Rejection (Experimental) 

Chapter 5. STR With Unknown System Parameters



10 
Mode 1 Acceleration 
  

  

  

T T T T ‘ 

  
  

  

Of = 25*I 
rho = le-6 

“8b Qc = Se2 

T =1/715 sec 

-10 a | all 1 1 th. 

Oo 0.5 1 1.5 2 2.5 

Time (seconds) 

Mode 2 Acceleration 
10 T v a T T 

S- 

6L 

4b 

  

    
  

-4b 

“Or Of = 25*I 
rho = le-6 

-8 Oc = Se2 
T =1/715 sec 

-10 —t 1 L 1 ——t 

0 0.5 1 1.5 2 2.5 

Figure 5.9: Robust LQG 60 Hz Disturbance Rejection (Q, = 25) 

Time (seconds) 

Chapter 5. STR With Unknown System Parameters 99



correctly; however, this is not always the case. In this section, we explore the 

possibility of applying the technique described in this chapter to design controllers 

that self-tune the parameters in disturbance models. 

5.5.1 Disturbance Model Uncertainty 

The disturbance is modeled by the output of a shaping filter whose input is 

a zero mean Gaussian random signal. The shaping filter is described by 

g£=Fy,2 +Gy v 

d=Cycx, 

where v = N(0,Q,) and d is the disturbance. For disturbance with narrow-band 

characteristics, we have 

F,y- ° ‘ } gal? |, Cw=[0 1], 
= Wy = WyWy 

where w, is the center frequency of the pass-band and ¢,, is the damping 

coefficient. We assume that w,, is incorrectly identified. 

5.5.2 Self-Tuning Formulation 

When the dynamics of the shaping filter are augmented to the combined 

model of the structure and the smoothing filter, we have the augmented model 

matrices Fy, Gg, Lg, Cq . Since w, can be treated as a variable in F, in the same 

way as the natural frequencies of the structure, the whole design method in 

previous sections can be applied directly without any change. Although, as before, 

we combine the shaping filter model and the structure model in series, the whole 

system becomes uncontrollable but stabilizable if the shaping filter contains only 

stable modes, however, since the control signal does not affect the dynamics of the 

shaping filter, the control signal won’t help to make the convergence of estimation 

any better. 
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5.5.3 Simulated Example 

In this section we consider the simply-supported plate described in 

Chapter 2. The plate is subject to a narrow-band disturbance with pass-band 

center frequency equal to 60 Hz and bandwidth of 1 Hz. The center frequency is 

assumed to be incorrectly identified and 6% off the real value. Thus, w,, = 376.8 

rad/sec and Aw, = 18.84 rad/sec. Simulation is performed for two cases with 

disturbances of different intensities. It is shown that the estimate converges faster 

for higher intensity disturbance, which is richer than lower intensity disturbance, 

as can be seen in Figure 5.10 and Figure 5.11. 
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6. STR Design: Simplified Computation Method 

The need to propagate the state error covariance and to solve the control 

Riccati equation make LQG self-tuning regulators computationally intensive and 

are the major difficulties in implementing the controllers. Eq.(5.2.15) and 

Kq.(5.2.20), the state error covariance propagation and update equations, involve 

matrix multiplications, and Eq.(5.2.16), the Kalman gains update equation, needs 

a matrix inversion in addition to matrix multiplications. Compared to the fixed 

LQG controller described in Chapter 2, these equations represent a major portion 

of the extra calculations needed in one sampling period in order to obtain state 

and parameter estimates. The approximate numbers of operations involved in the 

extra calculations are listed in Table 6.1 for mn modeled modes with only one 

parameter to be estimated and the order of the whole augmented system being 

equal to N. Multiplication of two (N+1)x(N+1) matrices, involved in 

Eq.(5.2.15) and Eq.(5.2.20), needs roughly (N+1)° floating-point number 

multiplications and is where the bulk of the computations are because the number 

of floating-point multiplications is proportional to the cube of the order of the 

system and the number of parameter together. We can not expect a linear 

increase in the number of computations when more modes or parameters are 

included. 

This chapter is devoted to a method that will reduce the computing load of 

the self-tuning regulator proposed in Chapter 5 by approximating the state error 

covariance propagation steps. 

6.1 Simplified Time-Varying Kalman Filter 

In Chapter 2 the Kalman filter gains are obtained by solving the steady- 

state discrete algebraic Riccati equation for a steady-state error covariance matrix 

P. This can be done because the system is time-invariant and the © error 

covariance matrix and the Kalman filter gain asymptotically reach their steady- 
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Table 6.1: Approximate Numbers of Operations of Extra Calculations 

  

  

          

# of Equations 

Operation Operations Involved 

Multiplication of (5.2.15) 

two (N +1)x(N +1) matrices 3 (5.2.20) 

Multiplication of an (VN +1)x(N +1) 

matrix and an (N + 1)xn matrix 2 (5.2.16) 

Multiplication of an (N+1)xn 

matrix and an n Xn matrix 1 (5.2.16) 

Multiplication of an (N+1)xn 

matrix and an nx(N +1) matrix 1 (5.2.20) 

Addition of two (N + 1)x(N +1) matrices 1 (5.2.15) 

Addition of two n xn matrices 1 (5.2.16) 

Inversion of an n Xn matrix 1 (5.2.16)   
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state values. However, this is not true for the adaptive controller which is a time- 

variant system. 

From Chapter 5, we define 

  
AF GE, k/k + AGquy 

  dF a, = 
0 | 1 

- df™))| df (6.1.1) 
=|" 1 wl. 

dos =| de) [de® |. (6.1.2) 

If we partition the error covariance and Kalman filter gain according to 

dF 4; , we end up with 

(6.1.3) 

  

  (6.1.4) 

In the beginning of our effort to simplify the self-tuning algorithm, we tried 

to steady state the whole state error covariance matrix, choosing a small fixed 

number for p”? and setting p” to zero. We found that a stable response can be 

obtained only for p”? in a very small region, outside of which the system blew up. 

So, we chose to steady state only part of the state error covariance matrix. 

It is found that the entries in p“) and p") reach their steady-state values 
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monotonically, however, entries in p) do not, neither do the entries in p® ) which 

is the transpose of p). This can be seen from the simulation results of the 

adaptive controller in Figure 6.1, which shows the propagation of each entry of 

p), and in Figure 6.2, which shows the propagation of py”? , when the self-tuning 

controller succeeds in rejecting a narrow-band disturbance in a simply-supported 

plate. In those figures, the estimator is turned on in the beginning of the 
(4) simulation at 0 second and the controller is turned on at about 0.56 second. p 

(2) converges monotonically to it’s steady state while the entries of p ° oscillate 

about their steady state values and converge asymptotically but not 

monotonically. It is the oscillations of those entries in p” that contribute to the 

successful estimation of the parameter and this is why a constant state error 

covariance matrix fails to give either good parameter estimation or stable 

response. 

Based upon the assumption that the parameters have only small variations, 

we claim that the steady-state value of p") is approximately equal to the steady- 

state error covariance obtained from the incorrect model of the nonadaptive 

system. The only thing we know about the steady state value of p*) is that it is a 

small number and there doesn’t seem to be a systematic way of obtaining an 

approximation of it, so we chose to let it adapt itself. Thus, only p) and p) need 

to propagate and the Eqs.(2.2.16) and (2.2.21) can be written as 

PY, 1 = p+ (6.1.5) 

Pie—1 = = df) pe) yeas + df?) Pe yaa + (6.1.6) 

Pife—1 = pa, sdf te df + g® (6.1.7) 

Phik—1 = Peo aje—at g (6.1.8) 

pe, = p™ (6.1.9) 

pe} = Pife—1 kde Pele 4 — kde ay k- (6.1.10) 
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pe), = ph (6.1.11) 

Ph = Pe _ k2dc™ PE — kde Pe (6.1.12) 

where 

g) g®) 

Qa = gg (6.1.13) 

With the simplification described above, the number of calculations is 

reduced considerably since part of the state error covariance matrix is fixed and 

no multiplication of two (N+1)x(N+4+1) matrices is needed. Take a two-mode 

controller for example, N equals 8 for the simply-supported plate in Chapter 2. In 

the simplified algorithm, the multiplication of two 9 x 9 matrices is reduced to the 

multiplication of a (8 x8) matrix and a (8x1) vector and several operations that 

are not computationally intensive. The computing load is increased with the 

number of parameters to be estimated and the rate of speedup is expected to be 

proportional to the square of the number or less. 

6.2 Experiment 

As in Chapter 5, the problem of rejecting a disturbance in a simply- 

supported plate in the face of model uncertainty is considered. The simplified 

algorithm is used. A simulated result of parameter estimation is shown in Figure 

6.3 and modal accelerations are plotted in Figure 6.4. The estimator is turned on 

in the beginning of the simulation at 0 second as before and the controller is 

turned on at 0.24 second. 

When the self-tuning controller with simplified computation method was 

implemented on our transputer system, the sampling rate was 1636 Hz, which is 

more than twice the speed the transputer system can give for the controller 

without the simplified algorithm. Experimental results are shown in Figure 6.5 
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and Figure 6.6. 

It can be seen from simulated and experimental results that by applying 

the simplified algorithm the self-tuning controller can still estimate the unknown 

parameter quite well without losing performance. The control signal pumps up the 

signal level of the 2nd mode acceleration, which is rich enough to make the 

convergence of the estimate very fast. For the open-loop estimation in the 

simulation, the richness of the lst mode acceleration contributes a slower 

convergence of the estimate, however, in the experiment the modal accelerations 

don’t seem to be rich enough to help the speed of convergence and the result 

shows very slow convergence. 

In Eq.(5.2.16), the matrix to be inverted is dCg, P dCast Ra , the 

dimension of which depends on the number of output variables and in our case is 

equal to the number of vibration modes. Directly calculating the inverse of a 

matrix is usually not recommended unless the dimension is smaller than 3. A 

method of obtaining the Kalman gains in Eq.(5.2.16) without actually performing 

the matrix inversion is to rearrange the equation as 

T 
Ak =B, 

T 
where B = (dC,, P dC as) and A=(P dCi, + Ra) and solve for K~ column by 

column. This method needs to transform the linear equation such that matrix A is 

triangular and perform back substitutions to get the result. 

Assuming that the variation of the parameter is small and using the fact 

that the state error covariance matrix is partially fixed, we can write 

-1 

(dCy; PdCys+ Ra) = (A +6) ) 

such that ||6|| < |All, where A is fixed and 6 is the variation. If this were true, 

we could approximate the matrix inversion by 

-1 -1 -2 
(A+é6) ~A -6A  , 

-1 -—2 . . . Lo. 
where A andA _— can be calculated in advance and inversion of a matrix is 
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avoided. However, it was found that the assumption |6l < |All is not always 

true, especially when the estimate is close to the actual value, and the parameter 

estimate won’t be able to converge. 

Matrix inversions exist in most parameter estimation algorithms for 

multiple-output cases and they are still the bottle-neck of successful on-line 

application of those algorithms. 
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7. STR Design: Unknown Disturbance Location 

In addition to the uncertainty in the system parameters, another 

uncertainty occurs when the location where the disturbance enters the structure is 

modeled. Recursively identifying the disturbance location is desired to get better 

performance. While this problem could be treated by the technique described in 

Chapter 5 as a special case, since the disturbance influence matrix parameters, 

just like the natural frequencies, can be looked upon as variables in an augmented 

system matrix, extra assumptions let us avoid the nonlinear filtering problem. In 

this chapter, we assume that the disturbance can be measured and the augmented 

model, upon which the Kalman filter state estimator and feedback gains 

calculations are based, is approximated such that only linear filtering is required 

for the self-tuning controller to get estimated state and unknown parameters. A 

simply-supported plate example is given and simulated results are presented. 

7.1 Discrete-Time Approximate Design Model 

Given the combined model of a flexible structure and a control signal 

smoothing filter, 

t= Frt+Gu+tLd (7.1.1) 

y=Cr+Dut+ Ed +9, (7.1.2) 

the assumption that where the disturbance enters the plant is unknown 

corresponds to having unknown coefficient matrices L and E. The approach to 

solving this problem is to factor out the unknown parameters and augment them 

to the state variables of the plant such that a state estimator can be applied to 

the augmented state vector to get the estimated state for feedback and the 

estimated unknown parameters for a more accurate model. 
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If the discrete-time design model is obtained by the continuous-to-discrete 

transformation of the augmented continuous-time model, the unknown matrix L 

gets nonlinearly smeared over the whole state transition matrix. This will force us 

to either deal with a nonlinear filtering problem or to linearly estimate all of the 

parameters. An approximation can be made on the model, however, such that 

nonlinear filtering is avoided and the parameters to be identified retain their 

physical meanings. 

Under the assumption that the disturbance can be measured, we start with 

obtaining an approximate discrete-time design model. Since the plant is controlled 

by a computer-generated control force, it can be best described by a zero-order- 

hold(ZOH) equivalent discrete-time model. The disturbance affects the plant 

continuously and because the sampling rate is much higher than the modeled 

modes and the disturbance frequencies, this can be described approximately by a 

ramp invariant(RI) model. If we assume that the control force input remains 

constant during sampling instants and the disturbance force input varies linearly 

between samples, we will end up with a discrete-time equivalent model described 

by the equations 

t,=dF 2,_,+dGu_,+dLd,_, (7.1.3) 

yy, =dC x, +dDu,+dE d, , (7.1.4) 

and in short notations 

{F,G,C,D,} 42H {ar dG,dC,dD} 

{F,L,C,E,} ft! {dF dL,dC,dE}. 

Since the disturbance between two sampling instants is approximated by a 

linear relation, the state and output of a RI model at a given time instant are 

affected by the disturbance at and one time step before the given instant. In this 

chapter, we will modify the work done by Bingulac and VanLandingham|43] of 

obtaining a standard quadruple of matrices RI equivalent model and describe how 

this modification can allow us to use a linear estimator. The derivation of the 
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standard quadruple of matrices RI model is given in the next section. 

7.2 Sample-and-Hold Discrete-Time Models 

Sample-and-hold equivalence is an approach to find a discrete transfer 

function G(z) that will have approximately the same characteristics as a 

continuous-time transfer function G(s) . Suppose that the input signal u(t) of G(s) 

is approximated by a piecewise constant signal, a(t), resulting from sampling u(t) 

at discrete instants k to get u(k) and holding it constant between the instants k 

and k+1. This operation is called a zero-order-hold(ZOH) and the approximate 

discrete-time model is called a zero-order-hold equivalent model. The effect of the 

ZOH operation is a time delay of T/2 on the average between the original 

continuous-time input u(t) and the piecewise constant input a(t). In computer 

control of physical systems where analog-to-digital(A/D) and _ digital-to- 

analog(D/A) conversions are involved, the signal is sampled before it goes into a 

digital controller and at each instant the output signal from the controller is kept 

constant during that sampling period in order to have a piecewise continuous 

signal to control the physical plant. These computer controlled systems can be 

exactly described by ZOH models. 

While the ZOH equivalent model is obtained by approximating the 

continuous input signal by a piecewise continuous signal, a piecewise constant 
signal actually, there are a lot of other piecewise continuous functions that can be 

used to approximate the input signal and obtain equivalent discrete-time transfer 

functions. If we use a first-order polynomial for extrapolation, we have a first- 

order-hold(FOH) and so on for second- and nth-order holds. A very special hold 

equivalent called ramp-invariant(RI) or triangle hold can be obtained if we 

approximate the input signal by a piecewise continuous signal resulting from 

connecting sample to sample in a straight line. 

In this section, after reviewing the ZOH model, we will derive the RI 

equivalent model in standard quadruple of matrices state space form by two 

different methods and point out the difference between FOH and RI equivalent 

models. 
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7.2.1 ZOH Equivalent Model 

Given a transfer function G(s) with input u(t) and output y(t), the sample- 

and-hold equivalents can be constructed as in Figure 7.1 . For a zero-order-hold 

equivalent, the input signal u(t) is sampled and held as constant such that 

u(t) = u(kT) kT < t<kT4+T, (7.2.1) 

where i(t) is piecewise continuous signal and T is the sampling period. Thus, the 

input of the hold block in Figure 7.1(b) is a sequence of pulses and the output of 

the hold block is a piecewise constant signal as shown in Figure 7.2 . The Laplace 

transform of the input pulses is 

L{S> u(kT) 6(t-kT)} = You en ket (7.2.2) 

and the Laplace transform of the output signal is 

Co 

  

L{S> u(kT) 1(t — kT) — (kT) 1(t—(k + YT)} 
k=0 

oo —ks 00 “ee T 

= Lae — Sd 
= Yo u(r) eM? [Lg vy. (7.2.3) 

The transfer function of the hold block can be obtained from the Laplace 

transforms of the input and the output and is denoted by 

—sT 
ZOH(s)= 12=¢— | (7.2.4) 

and the ZOH equivalent model of the transfer function G(s) is 

q)
) 

>)
 

    G(z) = [1 —e- 87) SW) = 2-9 zs (s) \ . (7.2.5) 

Based upon the block diagram of the ZOH equivalent in Figure 7.3, the 
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state space representation of the ZOH model can be obtained as 

z= Fr+ Gv 

where 

u =u(t)6(t)-u(t -T)d(t-—T) , 

and in matrix form 

Let Fy be the system matrix in the above equation and define 

FT 6, 7, 
€ = ; 

0 1 

then the x equation becomes 

By integrating Eq. (7.2.7), it can be shown that 

Up = Up ; 

so the ZOH equivalent state space model becomes 
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(7.2.7) 

(7.2.8) 

(7.2.9) 

(7.2.10) 

(7.2.11) 

(7.2.12) 

(7.2.13) 
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Another way to derive the ZOH equivalent discrete-time state space model 

is to start from a continuous-time state-space model. Let {F,G,C,D} be a 

realization of the transfer function G(s) such that 

z(t)= F x(t) + G u(t) 

y(t) = C a(t) + Du(t). 

The general solution to Eq. (7.2.14) is 

t 

z(t) = lt to) z(t) + / Jl 7) Gu(r) dr , 

t 

and if we let tj = kT and t = (k+1)T then Eq. (7.2.16) becomes 

(e+ UP F((k+1)T —T) 
a((k+1)T)=e*? 2(kT) + / eg EENET Gu(r) dr . 

kT 

Since 

u(t) = u(kT) kT <7 <(k+1)T, 

we can write Eq.(7.2.17) as 

x((k+1)T) =eFT o(kT) + [oe TG u(kT) dn 

by changing variables in the integral such that 

= (k4+1)T —7. 
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(7.2.14) 

(7.2.15) 

(7.2.16) 

(7.2.17) 

(7.2.18) 

(7.2.19) 
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By making T implicit, Eq. (7.2.18) can be expressed by 

Tey1 = MU, + Tyo uy, 

  

where 

B, _— eft 

T F P= f el dnG. 
0 

. Frt . . . 
Now, since e can be written in series expansion as 

a4 22 3,3 
F yt 2 6 YT FT F,>T 

e = > Al =IL+ PoP + —5— + 3 
2=0 

2 3.2 
_14| 7 ¢ ral/F Fe\r’,|* FGir* 
7 0 0 0 0 | 2! 0 o/}3! 

it is easily seen that 

2 3 
2 [) =0+G67T+FGD+F G65 +: 

3 2 
2 

=(T+F 5 +P O4-)G 

TF 
=| e 'dnG =Ty, 

0 

and similarly 

(7.2.20) 

A (7.2.21) 

Thus, we have arrived at the same result deriving ZOH discrete-time state 
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space models by two methods with a different point of view. 

7.2.2 RI Equivalent Model - Method 1 

Usually, starting from a continuous-time state space model 

z(t)= F a(t) + Lut) (7.2.22) 

y(t) = C a(t) + Eu(t), (7.2.23) 

an equivalent RI discrete-time model can be obtained as 

{dFs,dLo,dL,,dC;,dE;}, a quintuple of matrices describing the model 

t(k) = dF, x(k—1)+dLy u(k —-1)+dL, u(k) (7.2.24) 

y(k) = dCs a(k) + dE. u(k). (7.2.25) 

It can be shown[44] that 

  

  

dF, =14UFT (7.2.26) 

dC, =C (7.2.27) 

dE, = E (7.2.28) 

dLy=(U-V) LT (7.2.29) 

dL, =V LT, (7.2.30) 

where 

U = x, (ery (7.2.31) 

V= x a rm (7.2.32) 
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and T is the sampling period. 

The problem of finding a standard quadruple of matrices equivalent to the 

discrete-time RI model through a quintuple of matrices was solved in [43] but no 

simple linear relationship between the two sets of matrices was obtained. In order 

to find a linear relation useful to deriving an on-line adaptive algorithm, we 

equate the two transfer functions in terms of the matrices in each state-space 

model as 

dCs (zI—dFs) (dly +z dL,)+dEx =dC (zI-dF) ‘dL+dB. (7.2.33) 

If we let dC =dC, and dF =dF;, then we have for the left-hand side of 

the equation 

C(zI-dF) | dLy+C(zI-dF) dF dL,+C dL, +dE,. (7.2.34) 

Comparison with the right-hand side of the equation results in 

dE=E+C dL,. (7.2.36) 

Substituting Eq. (7.2.29) and Eq. (7.2.30) into Eq. (7.2.35), we get 

dL =(U-V)LT+dFV LT 

=(U-V+dFV)LT, (7.2.37) 

and L can be written in terms of dL as 

L =(U-V+dFV) dLx %. (7.2.38) 

Summarizing the results, we have 
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dF=I+U FT 

dL =(U-V+dF V)LT 

dC =C 

dE=E+CVLIT, 

  

  

where 

_ & (FD) 
Us 2, Wa 

_ & (FT)! 
VS Ay Oy 

7.2.3 RI Equivalent Model - Method 2 

(7.2.39) 

(7.2.40) 

(7.2.41) 

(7.2.42) 

(7.2.43) 

(7.2.44) 

Similar to ZOH equivalent, the state space RI or triangle hold equivalent 

can be obtained by first finding the transfer function of the hold block in 

Figure 7.1, the general sample-and-hold equivalent block diagram. 

Given the input signal of a sequence of pulses, the output piecewise 

continuous signal is shown in Figure 7.4 . Similarly, the Laplace transform of the 

input pulses is 

L{S> u(kT) 5(t—kT)} = dou e“# | 
k=0 

The output signal can be expressed in summation form 

u(t) = x u(kT)1(t — kT) + E+ ate = WEE) Oy er) 
=0 

  

_ u((k + DT) — (kT) 
T 
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(t—(k+1)T) —ul(k + 1)T)1(t —(k + JT) , 

(7.2.45) 

(7.2.46) 
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and the Laplace transform of the first and the fourth terms in the right hand side 

of Eq. (7.2.46) cancel, so we have 

  

Co —ksT co —ksT 
en € L{ov(t) b= do u(( ((k+1)T Ts Duk) TSH 

oo eT (RAT oo a7 (e+ ast 
— k+1)T kT 22 u(( +1) ) Ts + dul ) Ps 

Oo sT Oo 

= Do u(kT) eT <Z) — Do u(kT) e#7( 
k=0 S k=0 Ts 

oO sT 

— ulkT) e~ #87 ( AL + ulkT) e~ *7( £ 
XY (FD) Gy XY AP) ( re 

_ = u(kT) cme) ae | | (7.2.47) 
k=0 

Since the Laplace transform of the output signal is expressed in terms of 

the Laplace transform of the input, the transfer function of the hold block is 

shown to be 

—sT sT 

RI(s) = 7 | . (7.2.48) 

and the RI equivalent model of the transfer function G(s) is 

G2) =m SAE) U9) )_ (Tate yoy G9) (7.2.49)     

Similarly, based upon the block diagram of the RJ equivalent in Figure 7.5, the 

state space representation of the RI model can be obtained as 

f= Fre+Lv (7.2.50) 

v=w/T (7.2.51) 

Chapter 7. STR With Unknown Disturbance Location 130



  

  
  | 

          lien a a | 

kT-T kT kT4T t kT-T kT kT4T t   
  

Figure 7.4: Input and Output of RI Block 

  

  
        

u(t 
OY_S or _o4 et _—p 

QI
 

wm 
|
p
 € 

i
y
 e .
 

o
—
™
 

o
~
.
 

e
e
”
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(7.2.52) § l| S|
 

where 

ua =u(t+T)6(t+T) — 2u(t)d(t) + u(t — T)d(t —T) , (7.2.53) 

and in matrix form 

x FL O x 0 

vb | =| 0 01/T v | +| O |@ (7.2.54) 

w 0 0 0 w 1 

Now, let F'y be the square matrix in the above equation and define 

#7, 
FT 

e*’ =/01114], (7.2.55) 

00 1 

then the z equation becomes 

Kq. (7.2.51) and Eq. (7.2.52) can be integrated to get 

Vp = Up (7.2.57) 

We = Up yy — Ups (7.2.58) 

and if we define a new state 

bp =e, —Ty yy (7.2.59) 
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then the RI equivalent state equation becomes 

bey = BEEF (Ty + OPQ —To)uy (7.2.60) 

and the output equation is 

y,=CautEuy, 

=C &+(E+CTo) uy. (7.2.61) 

While in this section the RJ discrete-time state space model is obtained as 

a quadruple of matrices {dF',dL,dC,dE} such that 

dF=® 

dL =T, +40, -T, 

dC =C 

dE=E+CT,, 

it can be shown easily that 

[, =dL, 

TP, =dLy4+Tp, 

and we arrive at the same result in Section 7.2.2 . 

Although in this chapter only the RJ equivalent model is used to design 

our self-tuning regulator, it is instructive to clarify the difference between the 

FOH and the RJ equivalent models. The distinction between the two models can 

be best seen by the derivation of the transfer function of the hold block. The input 

pulses to the hold block are the same for both models, however, the output 

piecewise continuous signals are different as can be seen in Figure 7.6 , and the 
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output signal in summation form for the FOH block is 

u(kT) — u((k —1)T) 
  

  

v(t) = » u(kT)1(t — kT) + > (t — kT) 

— ME) MEAN) t= T)—u((kK+ TE (k+ UP). (7.2.62) 

The Laplace transform of the above signal is different from that of a RI model 

hold block output signal and the FOH equivalent model is totally different from 

the RI model. 

7.3. Joint Parameter and State Estimation 

The shaping filter used to model the disturbance represents a continuous 

system driven by white noise. Discretization of the system results in 

r,p=dFy Th_p tp] (7.3.1) 

where v, _ 1 = N(0,Q,) and Q, is the covariance matrix 

T 

Q,= / dF, Gy Gy dF, dt. (7.3.3) 
0 

Series connection of the two models described by Eq. (7.3.1), (7.3.2) and 

Eq. (7.1.3), (7.1.4) gives 

x dF dL dd x dG 

Pls ey RE Up_ytVp_y 

x 

nity) 1 ede 1th (7.3.4) 
k-1 
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where 

0 0 E{o, 10, -) 1-| 4 2,|: (7.3.5) 

Thus, instead of applying one-step exact discretization to the augmented 

model, an approximate discrete-time model is obtained in two steps. The first 

discretization gives statistically correct sample values and the second is ramp 

invariant. While this approximate discrete-time model is good only for fast 

sampling and low-frequency disturbance, it keeps things linear in LZ and allows us 

to use a linear estimator. 

Since Eq.(7.3.4) can be written as 

= d 7.3.6 
Hi | 0 weft + 0 k-1+ 0 Me-1 4 PR-1> ( ) 

if we let S=[a' r* dL") , then we have from Eq. (7.3.7) 

dF 0 dg_ xIop dG 
S,= | 0 dF, 0 Spy t}) 0 up iy, +Byp_] 

0 0 Iy, 0 

where 

0 
~ ~- 

0 Q 

Since £ can be written in terms of L as 
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E=[0, I, 0] L = fo L, (7.3.9) 

based on Eq. (7.2.38), we have 

E =[0, In 0J[U-V+dFV] x Ad_. 
T 

=f x dL (7.3.10) 

Combining measurements on disturbance and modal accelerations, we have 

dC 0 dxf dD 
= S +6 7.3.11 

~a,k | 0 dC 0 | | 0 Is ( ) 

= H,S,+D,u,48, (7.3.12) 

T ° 

where z, ,=[ zp, d,]| , and @ is the measurement noise. 

If an initial estimate of Sy with a covariance matrix Pg is assumed, the 

discrete Kalman filter is known to be the optimal recursive estimator for S,. The 

Kalman filter is implemented as a one-step-ahead predictor similar to that in 

Chapter 5 and the algorithm is given as follows. 

T 

Pepe—1 = F's,k—1 Pe-1/k—-1 "'s,k—-1 t+ Ga (7.3.13) 

T T —1 

Ay = Pap Ask (Ask Pese—1 15,4 + Ra) (7.3.14) 

Se/k—1 = 's,k—-1 Sk—1/e—1t Gs Ue 1 (7.3.15) 

Zak = He Syjp_yt+Ds Up (7.3.16) 

Sk/k = Sep—1t Ky [Zak 2a,k | (7.3.17) 

Pure =(1-Ky Age) Pepe (7.3.18) 
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A closer examination on Eq.(7.3.7) and Eq.(7.3.11) reveals that we can 

estimate L instead of dZ since a linear relation exists between dL and L as shown 

in Eq.(7.2.38). Because many entries in LZ are known to be zeros, the number of 

parameters to be estimated is cut down by half and save a lot of calculations. By 

substituting Eq.(7.2.38) into Eq.(7.3.4), we have 

dF Ldc dG 
“f= ft yy TR Ly Up_ytp_y 
rp 0 dF y rp | 0 

x 

a ae k-1 +dGoqs Up_,+0,_1, 

"k-1 

where f; =[U-V4+dFV]T. 

(7.3.19) 

Thus, if we define the extended state vector S =[x? r?™ L") , Egs.(7.3.19) 

can be written by 

S.= 0 dF, 0 Spt 0 Up_ 1 tDp_y 

0 0 Tonge 0 

= Foy y Sp_y + Gs tp_y + Uy_1, 

and Eq.(7.3.11) becomes 

a0 &xfy], [dD] 
za = 

ak~! 9 dC, 0 RT) g |“e 

= H,S,+D,u,4+8, 
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7.4 Control Law Design 

The control law is exactly the same as that described in Chapter 5. 

However, the discrete-time model upon which the feedback gains are calculated is 

an approximate one and the model is more accurate for a higher sampling rate of 

the system. 

7.5 Simulated Example 

The disturbance rejection of a simply-supported plate is considered in this 

section. The model of the plate is assumed to be correct and the only unknown is 

the disturbance influence matrix. Simulation is performed for both a 60 Hz and a 

narrow-band disturbance. For a two mode controller, 

dl, 
dly 
dl 
dl, |’ 
0 
0 

LL 

dL = 

    
and only dL 4 =(dl, dl dly dl,]' needs to be estimated. 

The initial conditions are set to 
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Soyo = So—1 = [alo(0 

    
and Pig g the initial condition of the solution of the discrete-time 

algebraic Riccati equation needed to _ calculate the feedback gains, 

and [dl,(0) dl,(0) di,(0) dl 40)]- are calculated from the originally guessed model. 

Table 7.1 lists the results of parameter estimation for a 60 Hz disturbance 

and Table 7.2 lists the results for a narrow-band disturbance. Figure 7.7 and 

Figure 7.8 plot the history of estimation. It is shown that the estimate converges 

in less than 10 iterations for the case of a 60 Hz disturbance and in less than 100 

iterations for the narrow-band case. The performance of the controller is improved 

by better knowledge about the discrete-time disturbance influence matrix dL as 

can be seen by Figure 7.9 and Figure 7.10, the controlled output(accelerations) of 

the plate. The closed-loop response between 0.1 second and 0.3 second shows that 

when the compensators are designed based upon dL = 0, they just add damping to 

the plate but don’t try to reject the disturbance directly. Much more effective 

rejections of the disturbances are shown in the plots between 0.3 second and 0.5 

second when the disturbance influence matrices are correctly estimated. 

Since 

    
in the case that LZ instead of dL is estimated, only Ly =[I, ly] needs to be 

estimated. 
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Table 7.1 Estimation of D-T Disturbance Influence Matrix(60 Hz 

Disturbance) 

  

  

      
  

  

            

actual Initial Guess of Estimate of dL,( x 107°) After 

dL,( x 107%) | dL,( x 107%) 2 4 10 50 

Iterations 

0.0002 0 — 0.0150 0.0002 0.0002 0.0002 

— 0.0001 0 0.0708 j;—0.0000 |—0.0000 | —0.0000 

0.3380 0 0.3353 0.3358 0.3358 0.3358 

— 0.1388 0 —0.0486 |—0.1405 |—0.1405 | —0.1405 

  
  

Table 7.2 Estimation of D-T Disturbance Influence Matrix(Narrowband 

  

  

  

  

Disturbance) 

actual Initial Guess of Estimate of dL,4( x 107%) After 

dL4(x 10-3) | dL4(x 107%) 10 100 ] 500 800 
Iterations 

0.0002 0 0.0023 0.0002 | 0.0002 0.0002 

— 0.0001 0 0.0001 |—0.0000 |—0.0001 | —0.0000 

0.3380 0 0.1043 0.3414 | 0.3370 0.3375 

— 0.1388 0 —0.1275 |—0.1376 |—0.1411 | —0.1407             
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Figure 7.7: Estimation of D-T Disturbance Influence Matrix (60 Hz) 
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Figure 7.8: Estimation of D-T Disturbance Influence Matrix (Narrowband) 
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Figure 7.9: Self-Tuning LQG Disturbance Rejection (60 Hz, dZ Tuned) 
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Figure 7.10: Self-Tuning LQG Disturbance Rejection (Narrowband, dL Tuned) 
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The initial conditions are set to 

Pyjy = Posy = 1000-1 

_~ ~ 

Soyo = Soya = | 2309) 

and P, qo and [23(0) J 40] are calculated from the originally guessed model. 

Table 7.3 lists the results of parameter estimation for a narrow-band 

disturbance. Figure 7.11 plots the history of estimation. Similarly, the estimate is 

shown to converge in a few steps and the performance of the controller is 

improved by better knowledge about the disturbance influence matrix L as can be 

seen by Figure 7.12, the controlled output(accelerations) of the plate. 
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Table 7.3 Estimation of C-T Disturbance Influence Matrix(Narrowband 

Disturbance) 

  

  

        

  

            

actual Initial Guess Estimate of Ly After 

Ly L,(0) 10 100 300 400 

Iterations 

0.7033 0 0.4842 0.7204 0.7146 0.7043 

— 0.3062 U — 0.3368 |{—0.3201 |—0.3013 | — 0.3039     
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Figure 7.11 Estimation of C-T Disturbance Influence Matrix( Narrowband) 
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Figure 7.12 Self-Tuning LQG Disturbance Rejection (Narrowband, LZ Tuned) 
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8. Conclusions 

Self-tuning regulators designed based upon the state-space LQG method 

demand enormous computation. The need to estimate the parameters of the 

model, reconstruct the state and evaluate the feedback gains based upon the 

estimated model parameters all in a single sampling interval makes an LQG self- 

tuner computationally intensive. As described in the introduction, the objective of 

this research was to investigate LQG self-tuner design methods that can reduce 

the computing load. 

In this thesis, an LQG self-tuning regulator design method was proposed to 

be applied to the disturbance rejection problem for flexible structures. It was 

shown that an LQG regulator for disturbance rejection in a flexible structure is 

particularly sensitive to only a small number of physical parameters in the 

continuous-time model. The LQG self-tuner was aimed at selectively tuning the 

particularly sensitive parameters in a continuous-time model instead of all the 

parameters in a discrete-time model. This certainly saves a lot of computing 

effort. 

The concept of the extended state model was exploited. The state and the 

deviations of the parameters were combined to form an extended state and a joint 

state and parameter estimation problem was formulated. The problem was 

recognized as a non-linear filtering problem and an extended Kalman filter was 

used to solve it. Based upon the estimated model parameters, the feedback gains 

were calculated by iteratively solving the control Riccati equation. In order to 

save computing effort, only one iteration was performed in a sampling interval. 

The effectiveness of this design method was experimentally demonstrated on a 

simply-supported plate. It was shown that an LQG regulator was particularly 

sensitive to the natural frequency of the 2nd vibration mode. In the experiment, 

we did not know the actual parameters of the plate. The only knowledge we had 

about the plate was a model. By assuming an artificial 6% variation on the 2nd 

natural frequency in the model, a fixed LQG controller would drive the system 

unstable. With the assumed 6% deviation, the LQG self-tuner was able to obtain 
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an estimate of the parameter that is close to the parameter in the model while 

stabilizing the system. 

It is a fairly natural thing to include the unknown parameters in the state 

vector and apply a Kalman filter for the estimation. However, since the system 

becomes time-varying, significant computation involved in the state error 

covariance propagation and the Kalman gains update, is still the critical problem 

in the realization of the LQG self-tuner. A simplified method was developed by 

fixing part of the error covariance matrix. With this method, the performance of 

the LQG self-tuner remained as demonstrated experimentally and the computing 

load was reduced significantly. 

The computational method of obtaining a standard quadruple of matrices 

RI discrete-time model developed by Bingulac and VanLandingham|9] is modified 

to result in a linear relation between the quadruple of matrices of the continuous- 

time model and the quadruple of matrices of the discrete-time model. If the 

disturbance influence matrix in the model of a flexible structure is the only 

unknown and the disturbance is assumed to be measurable, then the linear 

relation can be used with an approximate discrete-time model to formulate a joint 

state and parameter estimation problem such that only a standard Kalman filter 

is needed for this linear filtering problem. Simulated results showed that the 

controller is effective if the sampling rate is much higher than the modeled modes 

and the disturbance frequencies. 

There are two conceivable problems associated with the proposed LQG self- 

tuner. Firstly, the extended Kalman filter is an approximate filter for nonlinear 

systems and, in general, there is no guarantee on the convergence. Secondly, for 

large dimension and fast sampling rate systems, the intensive computation 

involved in the error covariance propagation and Kalman filter gains update is 

still the major difficulty in realization of the proposed LQG self-tuner. 

For the first problem, Ljung/45] proposed a modification of the algorithm, 

with which global convergence results can be obtained for a general case. The 

scheme can be categorized as a recursive prediction error algorithm. 

The stochastic approximation method for parameter estimation has shown 

attractive computational features, as in the LMS algorithm. Since there is no 

actual difference between state estimation and parameter estimation, it would be 
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computationally attractive if a certain form of stochastic approximation scheme 

would be included in the joint state and parameter estimation. This is a very 

promising subject for future study. 
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