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(ABSTRACT) 

One of the most common tasks in many computer applications is the maintenance of a 

dictionary of words. The three most basic operations on the dictionary are find, insert, and 

delete. An important data structure that supports these operations is a hash table. On a 

hash table, a basic operation takes O(1) time in the average case and O(n) time in the worst 

case, where n is the number of words in the dictionary. While an ordinary hash function 

maps the words in a dictionary to a hash table with collisions, a perfect hash function maps 

the words in a dictionary to a hash table with no collisions. Thus, perfect hashing is a 

special case of hashing, in which a find operation takes O(1) time in the worst case, and an 

insert or a delete operation takes O(1) time in the average case and O(n) time in the worst 

case. 

This thesis addresses the following issues. 

e Mapping, ordering and searching (MOS) is a successful algorithmic approach to finding 

perfect hash functions for static dictionaries. Previously, no analysis has been given 

for the running time of the MOS algorithm. In this thesis, a lower bound is proved on 

the tradeoff between the time required to find a perfect hash function and the space 

required to represent the perfect hash function. 

e A new algorithm for static dictionaries called the musical chairs(MC) algorithm is 

developed that is based on ordering the hyperedges of a graph. It is found experi- 

mentally that the MC algorithm runs faster than the MOS algorithm in all cases for 

which the MC algorithm is capable of finding a perfect hash function.



e A new perfect hashing algorithm is developed for dynamic dictionaries. In this algo- 

rithm, an insert or a delete operation takes O(1) time in the average case, and a find 

operation takes O(1) time in the worst case. The algorithm is modeled using results 

from queueing theory. 

e An ordering problem from graph theory, motivated by the hypergraph ordering prob- 

lem in the MC algorithm, is proved to be NP-complete. 
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Chapter 1 

INTRODUCTION 

One of the most common tasks in many computer applications is the maintenance of 

a dictionary of words. The three most important operations on the dictionary are find, 

insert, and delete. The literature contains several data structures that support these op- 

erations for maintaining a dictionary. These data structures can be broadly divided into 

three categories: Search Trees, Tries, and Hash Tables [10]. To analyze the relative ad- 

vantages and disadvantages of these three data structures carefully, it is essential to model 

the representation of the words correctly. In this dissertation, we divide dictionaries into 

two categories—those of fixed-length words and those of variable-length words. When the 

words are of fixed-length, the cost of comparing one word to another is always the same. 

When the words are of variable-length, the cost of comparing two words depends on their 

lengths. 

We refer to find, insert, and delete operations as basic operations. Suppose there are n 

words in a dictionary, and a word z in the dictionary is / characters long. If the dictionary 

is represented as a balanced search tree, a basic operation requires, in the worst-case, a 

traversal of O(log n) links and a comparison of z with O(log 7m) words. If the dictionary 

is represented as a trie, a basic operation, in the worst case, requires a traversal of | links 

and comparison of the characters of z with / other characters. If it is represented as a hash 

table with either separate chaining or coalesced chaining, a basic operation should require, 

in the average case, a traversal of O(1) links and comparison of z with O(1) words. In 

the worst case, it could require traversal of O(n) links and a comparison of x with O(n) 

words. When the size of the dictionary is small enough to fit in main memory, the cost of 

comparing words is usually of the same order as the cost of traversing links. However, when
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the dictionary is too large to fit in main memory, it is stored on a disk and traversing the 

links becomes far more expensive than comparing words. 

Recently, a method called perfect hashing has received considerable attention [1, 6, 9, 

12, 16, 18, 20, 22, 23, 24, 30, 32, 33, 35]. As opposed to ordinary hashing, perfect hashing 

requires a traversal of only O(1) links and a comparison of z with only one word in the 

worst case for a find operation. However, the insert and delete operations still require O(1) 

time in the average case and O(n) time in the worst case. Perfect hashing is very attractive 

for a large dictionary stored on a disk, especially if it is static (no insertions or deletions) 

or nearly so. 

When perfect hashing is used for maintaining a dictionary, there are two factors that 

influence the total space requirement: the space occupied by the words and any space used 

for facilitating the basic operations. Depending on the perfect hashing scheme (a precise 

definition of perfect hashing scheme will be given later) used, it may or may not be possible 

to separate the data structures into two distinct parts: the ones for representing the words 

and the ones for facilitating the basic operations. The space occupied by the words depends 

on the representation of the words. In practice, when the words are of variable-length, they 

can be stored in an array of characters as null-terminated strings. When the words are of 

fixed-length, they can be stored in an array of words. While the space used for representing 

the words does not depend on the perfect hashing algorithm being used, the space used for 

basic operations depends on the algorithm being used. A good perfect hashing algorithm 

should minimize this space. In the case of a dynamic dictionary, another criterion for judging 

the merit of a perfect hashing algorithm is the time required for each basic operation. In the 

case of a static dictionary, it is important to consider the time required for a find operation 

and the time required for preprocessing. 

The remainder of this chapter is organized as follows. Section 1.1 defines perfect hashing 

precisely and develops a framework for the comparison of different algorithms. A major 

portion of the space occupied by many perfect hashing algorithms consists of pointers to 

the words in the dictionary. So it is extremely important to use the correct type of pointer
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to minimize the space required by a perfect hashing function. Section 1.2 discusses two 

types of pointers, and situations where they are applicable. Section 1.3 discusses previous 

work on perfect hashing. Section 1.4 outlines the results of this dissertation. 

1.1 Definitions, Terminology, and Notation 

We adopt the following notation for the rest of this dissertation. 

ib] ¢.(i-1)---(i-j +1), the descending factorial 

[] Cells of an array, 

Bit] refers to the contents of the ith cell of the array B 

When C is an array of characters, C[i--j] refers to the string obtained 

by concatenating the characters C[i]-C[i+ 1]...C[] 

I Set of all non-negative integers {0,1,2,3,...} 

It Set of all positive integers {1,2,3,...} 

I; Set of integers between 0 and 7 — 1, {0,1,2,...,i—1} 

I* Set of integers between 1 and i, {1,2,...,} 

We use the terminology of formal language theory to describe words [25]. Suppose W is 

a finite alphabet of size greater than one, and U C W* is a set of strings called the universe. 

We refer to an element of U as a word. 

Definition 1.1.1 When the length of the words in U is uniform, i.e., U C W', for some 

1> 0, U ts called a universe of fixed-length words. 

We denote a universe of fixed-length words by Uy, and a subset of U;, S Cc Uys, by Sy. 

Definition 1.1.2 When the length of words in U is not uniform, U is called a universe of 

variable-length words. 

We denote a universe of variable-length words by U,, and a subset of U,, S C Uy, by Sy. 

Definition 1.1.3 For z € U, |z| is the length of x, and z[i], where i < |x|, is the ith 

character of z.
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The space required to store the words in S depends on the representation of the words. 

Normally, we represent S, by storing the words of S, sequentially in an array of characters 

C. Each word is terminated by a special character A, where A ¢ WV. We represent Si by 

storing the words of Sy in an array B. It is not necessary to terminate each word by A, 

because the word length is uniform. 

Henceforth, S; always denotes a subset of U;, and the words of Sy are always indexed 

{z;:1< i< n}. Similarly, S, always denotes a subset of U, and the words of S, are 

always indexed {z,;:1<i<n}. Moreover, m always equals the total number of characters 

required to represent all of S,. i.e. 

m= YS (lzil +1). 
t=1 

We denote Sy or S, by S whenever it is clear from the context or whenever it is immaterial 

whether we are referring to Sy or Sy. 

Definition 1.1.4 by is the number of bits required to represent an arbitrary word in U;. 

by is at least [log |U|]. 

Definition 1.1.5 b, is the number of bits required to represent a character in V U {A}. 

b, is at least [log,((W|+1)]. Each word z € U, occupies 6,(|z| +1) bits of space—b,|z| bits 

for characters of x and b, bits for A. 

Definition 1.1.6 SPACE(S;) is the total number of bits required to store all the words in 

Sy: 

SPACE(Ss) = nby. 

Definition 1.1.7 SPACE(S,) is the total number of bits required to store all the words in 

Sy: 

SPACE(S,) = mby.
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Definition 1.1.8 An address vector for Sy in an array B of n cells, n > n, is an n-tuple 

(ly, l9,...,ln) such thatl;#l, if7 $k andl <1; <n forl<g,k<n. 

An address vector describes a feasible way to store words of Sy in the array B, at most one 

word in each cell. We say that the address vector of the set S; in Bis L = (dy, lo,...,ln) if 

each word 2; is stored in B[I;]. 

As for S;, an address vector can also be defined for S,. However, an address vector for 

S' describes the address of the first character of each word instead of the address of the 

entire word since the word occupies more than one cell. 

Definition 1.1.9 Suppose the characters of each word in Sy are stored in consecutive cells 

of an array C' of length m > m. Each word is terminated by a special character A, and 

A ¢W. Anaddress vector for S, in an array C' is an n-tuple (l,,l2,...,1,) which satisfies 

the following conditions: 

el<l; <1 + |2;|< mforl<j<n; 

e There exist no j and k such thatl<j,k<n,j#k andl; <i <1; + |z;|. 

The first condition states that the addresses of all the words should lie between 1 and m. 

The second condition states that the memory occupied by one word cannot overlap with that 

of any other word. We say that the address vector of the set S in C is LD = (ly, 19,...,1n), 

if for 1 <i <n, the word 7; is stored in C[l;..(1; + |z;| — 1)], C[(U; + |a;|)] = A, and none of 

the words overlap. 

Definition 1.1.10 A function f : U — I is a perfect hash function (PHF) for S, if the 

n-tuple (f(21), f(z2),---,f(%n)) ts an address vector for S. 

Note that the above definition applies to both Uy and U,. A PHF for S can be used to 

answer the following question. 

Given some z € U, does xz belong to S?
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In the case of fixed-length words, the words in Sy are stored in an array B. To check 

whether z € S,, evaluate f(z), retrieve B[f(x)], and compare B|f(z)] with z. In the case 

of variable-length words, we store the characters of each word of S, sequentially as a A- 

terminated string in an array of characters C. To check whether x € S,, evaluate f(z), 

retrieve C[f(z)..f(z) + |z| — 1], and compare with z. 

Definition 1.1.11 f is a minimal perfect hash function(MPHF) for Sy if 

igeg f(e) =m 
f ts a minimal perfect hash function(MPHF) for S, if 

max ({(2:) + lz] +1) = m. 

As mentioned above, a PHF f for a dictionary Sy can be used to answer a membership 

query for Sy by storing the words of S; in an array B. When f is an MPHF, we minimize 

the space occupied by the array B. Similarly, when f is an MPHF for S,, we minimize the 

space occupied by the array C. 

Definition 1.1.12 A function f : U — I is an order-preserving perfect hash function 

(OPPHF) for S to the n-tuple (1,,lo,...,l,), if 

(f(21), f(z2), eeey f(tn)) = (11, la, eee yln). 

Hence, an OPPHF maps S to J in a predetermined order. We abbreviate order- 

preserving as OP and non-order-preserving as NOP. An OPPHF is useful when the location 

of the words is predetermined, and we do not have the flexibility of rearranging them. Usu- 

ally an OPPHF requires more space than a NOPPHF. A NOPPHF is useful in saving space 

when we are permitted to rearrange the words. 

Definition 1.1.13 If F is a family of functions such that for every subset S of U there 

exists a function f in F that 1s a PHF for S, F is called a perfect hashing scheme for U.
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For a perfect hashing scheme F to be practical, given a word xz € U and an f from f, 

it is important that the evaluation time of f(z) be reasonably small. In practice, functions 

which can be evaluated in time linear in the length of the word are sufficient [33]. 

Definition 1.1.14 Given F, and U, an algorithm for finding a PHF f € F for S €U is 

called a perfect hashing algorithm. 

Feasible perfect hashing algorithms are almost always probabilistic, and their time com- 

plexity is for the expected case. There are three important considerations in judging the 

merit of a perfect hashing algorithm: 

1. How much time does it take to find a PHF f € F for S c U from F? 

2. Assuming a PHF f can be found in reasonable time, how much space is required to 

specify f? 

3. Is there a tradeoff between the time for finding f and the space required to specify f? 

In addition to the space required to specify f, we need space to store all the words 

of S. For some perfect hashing schemes, it may be meaningful to say that a particular 

data structure is used for specifying f or a particular data structure is used for storing the 

words in S. Sometimes, it may not be clear whether a particular data structure is used for 

specifying f or for storing the words in S. For this reason, when comparing two algorithms 

it is better to compare the total space required for specifying f and for storing the words 

in S. 

Definition 1.1.15 A set-function pair is a 2-tuple (S, f), where S is a set of words and f 

is a PHF for S. The space, SPACE((S, f)), required to represent a set-function pair (S, f), 

is the total space occupied by all the data structures required to represent S and f. 

Note that SPACE(S, f) includes only the data structures used for either evaluating f 

or representing the words in S. A perfect hashing algorithm may use some temporary data
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structures for finding f which are discarded at the end of the algorithm. The space occupied 

by these data structures is not included in SPACE(S, f). 

Definition 1.1.16 The space SPACE(f ) required to represent a PHF f is the difference 

between the space required to represent a set-function pair (S, f) and the space required to 

represent S. 

SPACE(f) = SPACE((S, f)) -SPACE(S). 

We also refer to SPACE(f) as the size of f. When comparing two perfect hashing algorithms 

for a set S', one is interested in the following questions. 

1. Time and space tradeoff: If an upper bound on the space requirement for the PHF 

to be found is given, which algorithm runs faster? If a maximum time limit is given, 

which algorithm is capable of finding a smaller PHF? 

2. Range of Applicability: What is the smallest PHF each algorithm can produce? 

What is the minimum time each algorithm requires for producing some PHF? 

Definition 1.1.17 The size of the smallest PHF found by an algorithm is the lower space 

limit (LSL) of the algorithm. 

Definition 1.1.18 The minimum time required by an algorithm to find some PHF is the 

lower time limit (ZLTL) of the algorithm. 

Definition 1.1.19 The size of the PHF found by an algorithm in time LTL is the upper 

space limit (USL) of the algorithm. 

Definition 1.1.20 The time required by an algorithm to find a PHF of size LSL is the 

upper time limit (UTL) of the algorithm. 

The above definitions are illustrated in Figure 1.1. Usually, we are more interested in 

LSL and LTL than USL and UTL.
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Space 

  

LSL USL   
Figure 1.1: A plot of the time and space tradeoff of a typical perfect hashing algorithm.
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Definition 1.1.21 Algorithm 2 runs faster than algorithm 1 in the range (Ri, R2) if 

e Both algorithm 1 and algorithm 2 can find a PHF of size R, for Ri < R< Re 

e The time required by algorithm 2 is always less than the time required by algorithm 1 

within that range. 

Figure 1.2 shows a typical plot of two perfect hashing algorithms. In the range (Ri, R2), 

algorithm 2 runs faster than algorithm 1. 

1.1.1 Lower bound on the size of a PHF 

At present, no nontrivial lower bound is known on SPACE(f) where f is a PHF for S,. 

Mehlhorn [32] proves that Q(n?/n) bits are required to represent a PHF f for Sy where 

max f (zi) = i. 

Additionally, when f is an MPHF, i.e., % = n, he proves that at least n/(In2) bits are 

required to represent f. Fox et al. [15, 16, 17] prove that at least nlog,n + O(1) bits are 

required to represent a minimal OPPHF for Sy. 

Definition 1.1.22 Suppose f is a PHF for S;. Then the space efficiency for f is 

_ n/1n2 

“S) = SPACE) 

One can think of 7 as the efficiency of representing a PHF. If SPACE(f) matches the lower 

bound, then 77 is 1. and it decreases as the space occupied by the PHF increases. Ideally, 

nm should be O(1). All the known algorithms for NOPPHFs, with the exception of Fox et 

al. [18], have an efficiency 7 of O(1/logn). 

1.2 Representation of a Pointer 

When implementing a perfect hashing algorithm, often one stores S in an array C' and 

accesses each word by a pointer. A major fraction of the storage of many perfect hashing 

10
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Time 

Algorithm 2 

Space   
    

Figure 1.2: Algorithm 2 runs faster than algorithm 1 in the range (Rj, R2). 

11
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algorithms consists of pointers. Thus, it is extremely important to use the correct type of 

pointer to achieve minimal space. In this section, we discuss two types of pointers and their 

usefulness. 

Let H'*) be a family of functions that maps a universe U to a range J,,. A function 

h'™) € H, picked randomly from H'™), is called a random function if all the random 

variables h{")(z), « € U are independent and identically distributed. If the probability 

that h(")(z) = i is the same for all i € Ij,, then h{™) is a random function with uniform 

distribution. 

Let HI'™) be a family of functions that maps a universe U x I to a range J,;,. A function 

h(®) € H, picked randomly from H'™), is called an indezed random function if all the random 

variables h'")(z,7), z € U and j € IJ are independent and identically distributed. If the 

probability that Al) (x, 7) = iis the same for all i € I, then A‘) is an indexed random 

function with uniform distribution. 

Let HZ'™) be a family of functions that maps a universe U x J to a range J,;,, and for 

every z € U and € I,, there exists a 7 € I, such that h(z,j) = 72. A function A’) EH, 

picked randomly from H'™), is called an invertible indezed random function if all the random 

variables A'™)(z,j), 2 € U and j € I are independent and identically distributed. If the 

probability that h™)(z, 7) = i is the same for all i € Ij, then A‘™) is an invertible indexed 

random function with uniform distribution. 

Normally, we denote the size of the range of a random function with a superscript, e.g. 

h(™). However, when the size of the range is clear from the context we drop this superscript. 

Also, we assume that the random functions used in this abstract have uniform distribution. 

1.2.1 Simple pointer 

A simple pointer is the index of a word stored in an array, represented in binary. If a 

word z is stored in C{[l..1+ |z|], the pointer to z is the integer /, and it occupies [log, m] 

bits. This representation is most useful for OP perfect hashing. However, when there is 

flexibility of rearranging the words, this representation is too expensive. 

12
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1.2.2 Hash pointer 

A hash pointer is a representation that takes advantage of the nature of random functions 

to conserve space. This representation is most useful for NOP perfect hashing, where there 

is flexibility of rearranging the words. It consists of two parts, an approximate location 

given by a random function ho, and an offset from the approximate location given by an 

integer Offset. A random function ho is used for the approximate location. The formula 

Address(z) for calculating the location of z would be 

Addressz) = ho(x)+ Offset(z). 

The number of bits required for representing a hash pointer depends on the range of 

Offset(z). 

Let € be a permutation of J} such that if i < j, ho(eiy) < ho(re(;)). The words of $ 

are arranged in the array C’ according to the permutation €. The address of Tei) in C’ is 

given by 

1-1 

Address(z¢gi)) = 3 [ze(5)| + 1. 

j=1 

Example 1.2.1 Let U, be a set of all the words in the English language. Let S, be a set 

of the following five words: 

S, = {“Physics”, “Chemistry”, “Mathematics”, “Biology”, “Economics” } 

The total number of characters in all the words is 43. The characters of each word are 

stored in the array C’ sequentially, and each word is terminated by A. Hence, m = 48. For 

addressing each word directly with a simple pointer, we need [log, 48] = 6 bits per pointer. 

Instead, suppose we use hash pointers with a random function hg. Suppose ho maps 

these words as given in Table 1.1. These five words are placed in C' according to the partial 

order induced by ho. Of the five words, two words, “Physics” and “Biology”, are mapped 

to the same cell 32. Arbitrarily, we decide to put “Biology” before “Physics”. The last two 

columns in Table 1.1 lists the Address and Offset of each variable. The range of Offset is 
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| 2 | |[t[+1 | ho(z) | Address(x) | Offset(z) | 

Physics 8 32 30 -2 

Chemistry 10 21 12 -9 

Mathematics | 12 8 0 -8 

Biology 8 32 22 -10 

Economics 10 41 38 -3             
  

Table 1.1: An example illustrating a hash pointer. 

from -2 to -10. So, totally [log, 9] = 4 are required for a hash pointer, a savings over the 6 

bits required for a simple pointer. Oo 

The number of bits required to represent Offset(xr) is given by 

ee  anax {ho(ze(i)) — Address(z¢(:))} _ min { ho( (i) - Address(zq))}}| 

Clearly, this depends on the distribution of the lengths of the words. We assume that the 

words of 5, are chosen randomly from U, and the statistics of their lengths are described 

by a random variable Z. In Lemma 1.2.2, we prove that, under certain reasonable as- 

sumptions on the mean and variance of L, Address(z¢,;) is (1 - 1)m/n + O(Vninn) with 

high probability. In Lemma 1.2.3 we prove that ho(zg(jy) is (¢ + O(Vninn))m/n with high 

probability. Together, Lemmas 1.2.2 and 1.2.3 prove that the maximum value of Offset 

is O(\/nInn)m/n. Assuming m/n, the average length of a word in U, is O(Inn), a hash 

pointer requires approximately [log,n]/2 bits. To prove Lemmas 1.2.2 and 1.2.3, we need 

Kolmogorov’s inequality[38] and Lemma 1.2.1. 

Theorem 1.2.1 (Kolmogorov’s Inequality) For 1 <i<n, let Y; be a sequence of mutually 

independent random variables with E[Y,] = 0 and E[Y?] < oo. Let 

Y; = > Y,. 
r=1 

Then, for every € > QO, 

~ 

Y, 
    

Pr | max 
1<r<i 

> ( < €°E kal . 

14
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Lemma 1.2.1 Jf a random variable X is binomially distributed with a mean of p and a 

variance of a7, then for every € > 0 

Pr{|X —p|>eo] < ee /?, 

where € is a constant satisfying the inequality « < min{o/10, p2/3/2}. 

Proof: Refer to Bollobas [2], page 11. Oo 

Lemma 1.2.2 Let L be a random variable which denotes the length of a word chosen ran- 

domly from U. If L has mean m/n and variance o? = o(Inn), then the probability that 

Address(zg;)) = =U". oW/ainn) 
n 

is 1 — o(1). 

Proof: For 1 <i <n, let Y; be a random variable that equals [ze(i)|—m/ n. The expectation 

of Y; is 0, and the variance of Y; is 07. For 1 <1 <n, let 

y; = > Y,. 
r=1 

Address(z¢,;)) can be expressed in terms of Y; as, 

Address(re;)) = 1+ (@—=1)m + Y¥;_}. 
n 

According to Kolmogorov’s inequality, 

~ 

Y,| > ( < ¢’E v2, . 
    

Pr| max 
l<r<i-l 

Since all the Y, are mutually independent, the expectation of Y2, is 

E[¥2,] = sve 

= (i-1)o’. 

15



CHAPTER 1. INTRODUCTION 

Hence, 

i, >| < €7*(i-1)o’. 
    

Pr| max 
1<gr<i-l 

Substituting « = VnInn, and noting that o? is o(Inn), we obtain 

> Jalna] < Ga Henn) 
ninn 

= o(1). 

Pr| max |{Y, 
ler<t-1     

This implies that with a probability 1 — o(1), 

Address(zgi)) = (@= Dm + O(VnInn). 
n 

Lemma 1.2.3 For1<i<n, 

m™m /. 
Ao(zeay) = nD (i + O(VnIn n)) . 

Proof: For 1 <1 < m, let X; be a random variable that equals the number of words for 

which ho(z) < I. 

Pr[X;=k] = (7 (4)" (1 - A 

The random variable X; is binomially distributed with mean p; = nl/m and variance 

of = nl(m — 1)/m?. According to Lemma 1.2.1, 

Pri|X;— pi) > eo) < ete? /?, 

The maximum value of o? is n/4 for 1 = m/2. This implies that 

Pr [ix — pi| > aa < ete O12, 

Substituting im/n — me/n/2n for 1, 

> < ete? /2 
  

Pr | Xnrmomevirin —~ Bim/n-me/n/2n 

    

_ €/n €,/n “1-2 
Pr | sn fnomava _ ( _ of) > a € 1, /2 

Pr |X im /n=meVFi/2n 2 i < ete E12, 

16
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This implies that 

  

im me/n 1 «2/2 
Pr hot eei < TD - an | < € / . 

Similarly we can prove that 

  

; um me/n —1 ,—«? /2 Pr hotza) > A + On | < € e€ . 

Combining both inequalities, 

ME /N 

2n 
  Pr hoCze —im/n| > | < dete ?/? 

For 1 < i < n, the probability that the maximum of |ho(zg(;)) — 2m/n| is greater than 

me,/n/2n can be bounded be multiplying the right hand side by n, 

  

yo: me/n -1 2/2 
Pr max Molec) im/n| > on < 2neve , 

am m sus 2n _ainn/2 
ho(z¢(i)) - TD > 7 9 < Jaina’ / 

- ,/ 2% 
~ Inn 

o(1). 

Substituting « = V2Inn, 

  Pr pe 
l<i<n   

Hence, the lemma follows. oO 

Theorem 1.2.2 Let L be a random variable that denotes the length of a word selected 

randomly from U. Let the mean of L be m/n. If both the mean and the variance of L are 

o(Inn), then the expected size of a hash pointer is [log.n|/2 + O(log log n) bits. 

Proof: From Lemma 1.2.2, for1 <i<n, 

Address(rgi))_ = @= Um | o(/ninn). 
n 

17



CHAPTER 1. INTRODUCTION 

From Lemma 1.2.3, for 1 <i< n, 

m,. 
ho(zeay) = 7 + O(VnIinn)). 

So, forl <i<n, 

max 
1l<i<n 

Address( ei) — ho(te(iy)| = ~O(vnin n) 

—O(Vninn) 

  

    
log, max | Address(x¢(i)) - ho(z¢(i)) = log, 

Since m/n is o(Inn), 

  

  

  
—O(vnin n) 

log, n + O(log log n). 

log, max |Address(x¢(iy) — ho( requ) log, 

So, a hash pointer requires approximately [log, n]/2 + O(log log n) bits. 

O 

To further verify the conclusion of Theorem 1.2.2, an experiment was performed for NOP 

perfect hashing on sets of variable-length words. The words of the dictionary are generated 

randomly with the average length of the word as 6. The results of the experiment are 

tabulated in Table 1.2. The size of the hash pointer is consistently half the size of a simple 

pointer as expected. 

1.3. Previous Work on Perfect Hashing 

We divide the previous work on perfect hashing into three categories—early approaches, 

static perfect hashing algorithms, and dynamic perfect hashing algorithms. Section 1.3.1 

discusses the early approaches. These algorithms work only when the dictionary is small. 

Section 1.3.2 discusses the perfect hashing algorithms which work for large but static dic- 

tionaries. Section 1.3.3 discusses algorithms which work for dynamic dictionaries. 
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n Minimum | Maximum | Range of | Hash Pointer | Simple Pointer 
Offset Offset Offsets Size Size 

10000 29 -128 157 8 14 

20000 100 -98 198 8 15 

30000 61 -69 130 8 15 

40000 238 -62 300 9 16 

50000 82 -159 241 8 16 

60000 256 -72 328 9 16 
70000 127 -261 388 9 17 

80000 175 -68 243 8 17 

90000 195 -109 304 9 17 

100000 54 -284 338 9 17 

200000 437 -199 636 10 18 

300000 416 -159 575 10 19 

400000 686 -215 901 10 19 

500000 501 -53 554 10 19 

600000 875 -320 1195 11 20 

700000 803 -327 1130 11 20 
800000 736 -518 1254 11 20 

900000 174 -722 896 10 20 

1000000 487 -418 905 10 20           
  

Table 1.2: Comparison of the space requirements of simple and hash pointers. 
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1.3.1 Early approaches 

In this section, the early approaches are categorized by author and are presented in a 

chronological order. 

Sprugnoli 

Sprugnoli [39] proposes one of the first approaches for finding PHFs. He assumes that 

the words of U are all integers, i.e., U is a universe of fixed-length words. He gives two 

methods for finding PHFs, the quotient reduction method and the remainder reduction 

method. In the quotient reduction method a PHF f of the following form is sought: 

  ro)= [=| 
D and E are integers whose values depend on S. In the remainder reduction method, a 

PHF f of the following form is sought: 

f(a) = — 2) mot | 

D,E,F, and G are integers whose values depend on S. Both algorithms work in time 

exponential in n, and neither is guaranteed to produce an MPHF. 

Jaeschke 

Jaeschke [26] proposes a scheme called reciprocal hashing. It is similar to Sprugnoli’s 

quotient reduction method, but is guaranteed to find a PHF. He seeks a PHF of the form: 

(2) = las | 

He proves that for any given set 5S, some D, FE and F can always be found producing an 

  

MPHF f. However, it takes time exponential in n to find them. 
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Chang 

Chang [4, 5] modifies Jaeschke’s method and obtains an O(n? log n) algorithm. Unlike 

Sprugnoli and Jaeschke, Chang assumes that U is a universe of variable-length words. His 

algorithm is called the letter oriented reciprocal hashing scheme. He assumes that for every 

given set 5S, there exist two integers i and j such that the tuple (z[7], z[7]) is distinct for all 

words z € S. This assumption is obviously very restrictive. He seeks a PHF of the form: 

f(x) = D[z(i]] + Fa mod G[e[i]], 

where D, E, F and G are arrays of length |W|(recall that V is the alphabet used to build 

words). The algorithm consists of finding some arrays D, E, F and G such that f is a PHF. 

Like the previous methods, this one works only for small S. The author gives an example 

of n = 36 for which this method produces an MPHF. 

Cichelli 

Cichelli [8] gives an algorithm which has a better probability of success than either 

Jaeschke’s or Sprugnoli’s. He seeks a PHF of the form: 

f(z) = |z| + D{z[1]] + Dizflel]], 

where D is an array of length ||. The algorithm consists of finding an array D such that f 

is a PHF. This method does not always succeed and may take time exponential in n when 

it succeeds. It works well only for small n, approximately 40. 

Cercone 

Cercone [3] generalizes and improves Cichelli’s algorithm. He runs this algorithm on a 

set of 500 words. However, he does not provide an analysis of his algorithm, and there is 

no indication that it works for larger sets. 
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1.3.2 Static perfect hashing algorithms 

Recently, several algorithms have appeared which follow the MOS model. We define the 

MOS model precisely in Chapter 2. In this section, we discuss briefly the MOS algorithms. 

Sager [35] modifies Cichelli’s [8] algorithm and runs it on sets of size up to 200. For a 

set of n words, he seeks an MPHF of the form 

f(z) = (ha(z) + Alhs(x)] + Alhe(z)]) mod n (1.1) 

where 

h,:U-I, is a random function, 

hyp, he: U ~ In are random functions, 

A is an array of integers of size N. 

Sager expresses the problem of computing the array A as a graph problem. Sager’s algorithm 

requires a space of O(nlogn) bits to represent the MPHF and runs in an expected time of 

O(n*). Fox et al. [20] implement an improved version of Sager’s algorithm and runs it on 

sets with n up to 500. This algorithm requires a space of O(nlogn) bits and runs in an 

expected time of O(n?). 

Fox et al. [21] modify Sager’s method and obtain an algorithm that requires a space of 

O(nlogn) bits. They claim an expected running time of O(nlogn), but they report only 

their experimental results and do not provide any analysis. They seek an MPHF of exactly 

the same form as in Equation 1.1, but use a different algorithm for computing the array A. 

Fox et al. [22] further modify this algorithm. They seek an MPHF f of the form: 

(hy(z)A[ha(z)] + h-(z)(A[ha(z)])*) (modn) — if Mark[h,(z)]=1 
f(z) = 

A[ha(z)] if Mark[h,(z)] =0 

where 

A is an array of integers of size N, 

Mark is an array of N bits. 

h,:U—-In is a random function, 

hy,he:U ~ 1, are random functions, 
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On a Sequent machine, they were able to run this algorithm on a dictionary of 3.8 million 

words in 9 hours. 

Fox et al. [18] present another algorithm that conceptually splits the A array into two 

parts based on a constant c,0 < c < 1. The two parts are A[0...cN—1] and A[cN...N—1]. 

A random function h, : U — Iy is selected such that it maps to an index in [0...cN — 1] 

with the probability p and to an index in [cN...N — 1] with a probability 1 — p, where 

0 <p <1. Hence h; is biased so as to skew the distribution of the number of words mapped 

to indices. The form of the MPHF sought is: 

f(z) = hoz, AfAi(z))), 

where 

A is an array of integers of size N. 

hy: U—-In is a random function with a probability of 

p to {0...cN-—1} and 1-pto{cN...N — 1}, and 

0<c<1,0<p<l, 

hg:UxI-—- TI, is an invertible indexed random function, 

On a NeXT machine, they were able to run this algorithm on a dictionary of 3.8 million 

words in 6 hours. 

Fox et al. [6, 15, 16] present an OP perfect hashing algorithm. They seek an MPHF of 

the form: 

f(z) = Al(ha(x) + Alhe(z)] + A[h.(x)]) mod N] mod n 

where 

ha, hy, he: U ~ I, are random functions, 

A is an array of integers of size N 

Fredman et al. [23] propose the first algorithm for finding a PHF in deterministic poly- 

nomial time. We refer to this algorithm as the FKS algorithm. Their algorithm consists 

of two steps. The first step maps all the words of S to an array of size n. The second 
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step maps these words onto an array of size 3n. In the worst case, this algorithm could 

take O(n|U;|) time. They give another variation of their method in which they can obtain 

a PHF in O(n%b;) worst-case time and O(n) average-case time by increasing the size of 

the second array to 6n. Cormack et al. [9] suggest a randomized version of the FKS algo- 

rithm to improve the expected running time to O(n) and space to O(nlogn) bits. Gonnet 

et al. (24, 30, 34] suggest a similar algorithm with emphasis on storing the data on external 

storage. 

Table 1.3 provides a comparison of the different static perfect hashing algorithms using 

relevant results reported in the literature. In general, the worst-case time for any of the 

probabilistic algorithms is exponential. A part of this thesis consists of the analysis of 

the Fox et al.[18, 22] algorithms. As listed in the last two lines of Table 1.3, we prove in 

Theorem 2.2.7 that the expected time required by the MOS algorithm is Q(n!*”) to find 

an MPHF of size n/(71n 2) bits. 

1.3.3. Dynamic perfect hashing algorithms 

Aho and Lee [1] study the extension of perfect hashing to dynamic sets. However, their 

algorithm places a bound on n, and it fails when n exceeds the bound. In contrast, the 

dynamic perfect hashing algorithm that we present in Chapter 5 degrades gracefully. Diet- 

zfelbinger et al. [12] give a dynamic perfect hashing algorithm based on the FKS algorithm. 

Their algorithm places no bounds on n, and it always uses O(nb;) space when there are n 

words in the dictionary. However, their algorithm works only for fixed-length words, and 

there is no straightforward way to extend it to variable-length words. Enbody and Du [13] 

give a survey of currently available dynamic hashing techniques. In recent work, Daoud [11] 

gives a dynamic perfect hashing algorithm based on the extendible hashing [13] paradigm 

that is empirically at least as successful as any other algorithm. 
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Author Expected Worst Case | Space Guaranteed 

Time Time in bits to Work? 

Sprugnoli [39] | O(2") no 

Jaeschke [26] | O(2") O(2") yes 
Chang [4,5] | O(n*logn) no 
Cichelli [8] O(2") no 

Cercone [3] No Analysis no 

Sager [35] O(n*) O(nlogn) | yes 
Fox et al. [19] | O(n?) O(nlogn) | yes 
Cormack, [9] | O(n) O(nlogn) | yes 
Horsepool, 

Kaiserworth 

Fredman, [23] | O(n) O(n? log |U|) | O(nlogn) | yes 
Komlos, 

Szemeredi, 

Fox et al. [21] | O(nlogn) O(nlogn) | yes 
Fox et al. [16] | No Analysis O(nlogn) | yes 

Fox et al. [22] | O(n!+") n/(nln2) | yes 
Fox et al. [18] | O(n!*7) n/(nin2) | yes           
  

Table 1.3: Comparison of different perfect hashing algorithms. 
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1.4 Survey of Results 

The remainder of this dissertation consists of 5 chapters. Recently several mapping, 

ordering, and searching (MOS) algorithms have been proposed [35, 18, 19, 20, 21, 22]. 

Chapter 2 defines a model called the MOS model which unifies all these algorithms and 

provides an analysis and experimental results of these algorithms. Chapter 3 discusses 

another perfect hashing algorithm for static sets called the musical chairs (MC) algorithm. 

The MC algorithm uses the concept of ordering the edges of a hypergraph. Chapter 4 

investigates the computational complexity of a graph ordering problem motivated by the 

hypergraph ordering problem in the MC algorithm. Chapter 5 extends the MOS model 

to dynamic perfect hashing. Chapter 6 summarizes the results of this dissertation and 

discusses directions for future research. 

Given an S, one can find a PHF f for it in several ways. Fox et al. [18, 21, 22] follow the 

MOS model, and they assume that the PHFs they produce occupy O(n) bits. They measure 

their results experimentally and report that as the number of bits per word is decreased, 

the running time increases. In this dissertation, we analyze the performance of the MOS 

model and derive the precise relationship between running time and the space required by 

the function. We show that, to find an MPHF occupying n/(nln2) bits under the MOS 

model, the expected time taken by the algorithm is at least Q(n't”). This implies that 

an algorithm following the MOS model cannot find MPHFs occupying O(n) bits in O(n) 

expected time. Chapter 2 is organized as follows. Section 2.1 defines a model called the 

MOS model which unifies all the MOS algorithms. Section 2.2 analyzes the running time 

and space requirements of perfect hashing algorithms under the MOS model. Section 2.3 

discusses some experimental results and shows how our analysis can help predict the time 

and space requirements for perfect hashing under the MOS model. 

In Chapter 3, we propose an algorithm called the musical chairs (MC) algorithm. We 

provide experimental results of the MC algorithm and compare it with the MOS algorithm. 

Both the MOS and MC algorithms can be applied to either Sy (fixed-length words) or S, 
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(variable-length words). For both S; and S,, either in the OP case or NOP case, and 

in its entire range, the MC algorithm runs faster than the MOS algorithm. The LSL of 

the MOS algorithm is lower than the LSL of the MC algorithm in all the cases. However, 

as we prove in Chapter 2, running the MOS algorithm at its LSL (Definition 1.1.17) is 

highly impractical. In practice, the space required by the smallest MPHF found by either 

algorithm is very close in all the cases. 

Chapter 3 is organized as follows. Section 3.1 gives a description of the MC algorithm. 

Section 3.2 develops a basis for comparison of the space requirements of the MOS and MC 

algorithms in various cases. Section 3.3 gives experimental results of the MC algorithm 

and compares them the experimental results of the MOS algorithm. Section 3.4 discusses 

possible avenues for further research on the MC algorithm. 

In the MC algorithm, we map each word z of S to a unique triple (hi(z), ho(r), ha(z)) 

using random functions h;, h2, and h3. These unique triples can be considered as the edges 

of a hypergraph (the generalization of a graph in which an edge may contain more than two 

vertices). An important step in the algorithm is ordering these edges. Chapter 4 examines 

a similar problem of ordering the vertices of an ordinary graph. The problem can be stated 

as follows. Given a graph G of n vertices, FE edges, and two integers r and s, can the 

vertices of G be ordered such that at most r edges go backward and s edges go forward? 

We prove that this problem is NP-complete. However, it has a polynomial-time solution 

when either r or s is one. Chapter 4 is organized as follows. Section 4.1 defines notation 

and terminology. Section 4.2 gives a polynomial-time solution for the problem when r or s 

is equal to 1. Section 4.3 reduces the graph problem to NOT ALL EQUAL 3-SAT [36] and 

proves that it is NP-complete. 

In Chapter 5, we propose a perfect hashing algorithm called the dynamic perfect hashing 

(DPH) algorithm that applies to dynamic dictionaries. While a static dictionary supports 

only the find operation, a dynamic dictionary supports find, insert, and delete operations. 

One of the main issues in dynamic perfect hashing is whether the space for the perfect 

hashing should be allocated statically or dynamically. Static allocation is appropriate when 
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the expected size of the dictionary is known, and variance in dictionary size is small. Dy- 

namic allocation is applicable to a much wider variety of dynamic dictionaries than static 

allocation. However, dynamic allocation of space requires remapping the words whenever 

space for the PHF is reallocated. 

Chapter 5 is organized as follows. Section 5.1 describes the dynamic perfect hashing 

algorithm. In Section 5.2, a general formula for the cost of an insertion or a deletion 

is derived. In Section 5.3, we model the dictionary as a birth and death process [27]. 

We assume a Static allocation of memory and consider the performance of two kinds of 

queueing models, M/M/1 and M/M/oo. We prove that if we allocate an appropriate 

amount of space for the PHF, both insertions and deletions require O(1) expected time. In 

Section 5.4, we analyze the performance of the DPH algorithm when space for the PHF is 

allocated dynamically. Since remapping of the dictionary after every insertion and deletion 

would be very expensive, we discuss a strategy for remapping the dictionary after several 

insertions and deletions, amortizing the cost of remapping. With this amortization strategy 

we show that the expected costs of insertion and deletion for the DPH algorithm with 

dynamic allocation of space is O(1). 

In Chapter 6, we conclude with open problems and suggestions for further research 
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Chapter 2 

ANALYSIS OF MOS PERFECT HASHING 

Given a dictionary S, one can find a PHF f for it in several ways. Recently sev- 

eral algorithms called mapping, ordering, and searching (MOS) algorithms have been pro- 

posed [18, 19, 20, 21, 22, 35]. In this chapter, we define the MOS model and unify all these 

algorithms. The MOS algorithms follow this model very closely. Fox et al. [18, 21, 22] 

assume that the PHFs they produce occupy O(n) bits. They measure their results exper- 

imentally and report that as the number of bits per word is decreased, the running time 

increases. In this chapter, we analyze the performance of the MOS model and determine 

the precise tradeoff between the running time and the space required by the function. We 

show that, to find an MPHF under the MOS model occupying n/(71n 2) bits, the expected 

time taken by the algorithm is at least Q(n!*”). This implies that, under the MOS model, 

we cannot find MPHFs occupying O(n) bits in O(n) expected time. 

In this chapter, we assume that U denotes a universe of fixed-length words, and S$ 

denotes a set of fixed-length words, unless explicitly mentioned otherwise. Extension of 

the MOS algorithm to a set of variable-length words is straightforward. This chapter is 

organized as follows. Section 2.1 defines a model called the MOS model which unifies all 

the MOS algorithms. Section 2.2 analyzes the running time and space requirements of 

perfect hashing algorithms under the MOS model. Section 2.3 discusses some experimental 

results and shows how our analysis can help predict time and space requirements for perfect 

hashing under the MOS model. 

29



CHAPTER 2. ANALYSIS OF MOS PERFECT HASHING 

2.1 The MOS Model 

In this section, we describe the mapping, ordering, and searching (MOS) model. S is a 

set of n words from a universe U. A is an array of N non-negative integers. As defined in 

Section 1.1, B is an array of n words. 

Definition 2.1.1 a is the ratio of n to N: 

a is typically o(logn). B is empty initially and is filled with words from S by the MOS 

algorithm. 

Definition 2.1.2 £ is the fraction of free cells in B after all words of S have been assigned 

to cells of B: 

—1. 

3
a
{
[
a
 

B= 

@ is typically O(1). For minimum perfect hashing G = 0. The PHF sought is of the form 

f(z) = ha(z, Alhi(z))) (2.1) 

where 

hy: U — IN is a random function, 

hg:UxI-— TI, is an invertible indexed random function, 

A is an array of positive integers of size N. 

The definitions of random function and invertible indexed function are given in Section 1.2. 

The values of A[0], A[1],..., A[N — 1] are not known at the beginning of the algorithm. The 

perfect hashing algorithm consists of finding values for A[0], A[1],..., ALM — 1] such that f 

is a PHF. The perfect hashing algorithm may be viewed as a process of obtaining a solution 

to Equation 2.1. Note that there can be multiple solutions satisfying Equation 2.1. An 

MOS algorithm gives one approach to obtaining a solution. 

The form of the PHF in Equation 2.1 encapsulates the PHF used in Equation 1.2 by Fox 

et al. in [22]. The form of the PHF used by Fox et al. in [18] is similar to Equation 2.1, except 
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that the function hy used in [18] is not uniformly random. However, as our experimental 

results show in Section 2.3.2, our analysis predicts the performance of this algorithm also 

with a very high accuracy. The form of the PHF used in [21] is different from Equation 2.1. 

However, the MOS algorithm described in [21] resembles the MOS algorithm that we are 

about to describe. (See Figure 2.1). It is reasonable to hypothesize that our analysis predicts 

the performance of the algorithm in [21] also with a high accuracy. 

Definition 2.1.3 For1<i<N, 

Q; = {x:2€S and hy(z) = +}, 

Q; is the set of words mapped by h, to cell i of A. Intuitively, we associate a bin with 

each Q;, and think of h; as a function which tosses the words of S randomly into these bins. 

So we refer to Q; as bin i also. In the actual implementation, a bin is usually represented 

as a linked list. After f is constructed, these linked lists are discarded, and only the array 

A is kept. Initially, all the cells of B are empty. After the MOS algorithm is run, the cells 

of B are filled with words in S. 

An MOS algorithm can be broadly divided into the three steps of mapping, ordering, 

and searching. 

Mapping: Note that for the form of f in Equation 2.1, f(z) depends on only one cell 

of A, that of A[hi(2)]. We can view this fact as each x being mapped to bin hi(z). So we 

call this step the mapping step. The random function h,; maps a word z € S to the bin 

hy(z). Since hy is a random function, it maps z to any bin with equal probability. The 

average number of words per bin is clearly n/N = a. 

Ordering: Even though f(z) for a given z € S depends only on one cell of A, the 

converse is not true. h, maps the words of S randomly into the bins, but it does not 

ensure that all bins receive the same number of words. We define the size of a bin 7 as 

the cardinality of Q;. The ordering step consists of sorting the bins in descending order by 

size. The sorting step produces a permutation € of Ix. After sorting, the sizes of the bins 

€(1), €(2),...,€(.N) are in descending order. 
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Searching: After the ordering step, the algorithm maps the words in the bins to B 

according to the procedure Search in Figure 2.1. The procedure Search has two cases, a 

non-minimal case (f is Q(1)) and a minimal case (f is o(1)). In the non-minimal case, the 

procedure Process is called for each bin irrespective of its size. In the minimal case, the 

procedure Process is called only for bins of size greater than one. The bins of size one are 

processed according to the second for loop in the procedure Search. 

The following physical analogy is helpful in making the algorithm more intuitive. Think 

of all the words of S as marbles. Imagine two arrays A and B. Toss the marbles randomly 

into the array A. Sort the bins of A by the number of marbles each bin contains. Then, 

for each bin of A, in the sorted order, do the following. Toss all the marbles in the bin 

randomly into B. If all of the marbles land in empty cells, we are done. Otherwise, take 

back all the marbles just tossed, and toss them again into B. Keep doing this until all the 

marbles land in empty cells. Continue this process until all the bins of A have been emptied 

into B. Note that this algorithm never fails to produce a PHF, but it may require a very 

large time in the worst case. The following example illustrates the MOS algorithm. 

Example 2.1.1 Let the set S consist of the following 9 words: “bear”, “dear”, “fear”, 

“gear”, “hear”, “near”, “pear”, “rear”, “tear”. The values of hy and hz on these are listed 

in Table 2.1. A; is random function which maps to an integer between 0 and 6 with equal 

probability. hz is an indexed invertible random function which maps to an integer between 

O and 8 with equal probability. Section 1.2 defines random functions and indexed invertible 

random functions precisely. See Pearson [33] for an example of constructing hy and ho 

functions. 

The mapping step consists of applying the function h, to all the 9 words. Column 2 of 

Table 2.1 lists the values of h; on all these words. 

The ordering step consists of sorting the bins by size. Bin 3 receives three words, so it is 

placed on top of the sorted list. Bins 0 and and 2 have two words each, so they are placed 

next in the list. Bins 6 and 1 receive one word each, so they are placed next in the list. As 

bins 4 and 5 are empty they go last in the list. The complete sorted order of bins is 
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Search() 

{ 
if (x = n) { 

/* In the minimal case, process all the bins of size greater than 1 */ 

for (2 = 1; IQeciyl >2;71=7+4+1) 

Process(Q¢(i)); 

/* Process all the bins of size 1 */ 

j= 1; 
for (j=1;i1< N; i=i141) { 

/* Find an empty cell in B*/ 

while (B[j] 4Empty ) 

3 = 9+; 

/* Assign it to the word in Qe) */ 

z = Word(Q¢(i)); 
By] = 35 
AlE(t)] = hg” (2,9); 

} 

else 

/* In the non-minimal case, process each bin irrespective of its size */ 

for (t=1;71< N; 1=7241) 

Process(Q¢(;)); 

} 
} 

Figure 2.1: The Search program for MOS. 
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Process(Qx) 

{ 
/* Vary i until all the words in Q, land in empty cells */ 

~=1; 

while (CheckBin(Q;,7) == FALSE) 
1 = i+1; 

/* Insert the words in Q, in array B */ 

for (all z € Q;) 

Blho(z,i)] = 2; 

/* Record the value of 7 in A */ 

A[k] = i; 

Figure 2.2: The procedure Process. 

CheckBin(Qx, i) 

{ 
/* For each word z in Q, check if it lands in an empty cell */ 

S = {}; 
for (all z € Q;) { 

if (Blho(z,i)| != Empty or ho(z,7) € S) 
return (FALSE); 

S = S Vh2(z,72); 

} 
return(TRUE); 

Figure 2.3: The procedure CheckBin. 
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Table 2.1: The values of hy and hg on the words in S. 

  

  

                    
  

  

  

                      

a 0 4] 5 6 

A[i] || 0 | hy °(“hear”,1) 1|- | - | hy*(“bear”,4) 

Table 2.2: The table A. 

2 0 1 2 3 4 5 6 7 8 

Bii] || “gear” | “hear” | “rear” | “near” | “bear” | “fear” | “dear” | “tear” | “pear” 
  

Table 2.3: The table B. 
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{Q3, Qo, Q2, Qe, Qi, Qa, Qs} 

The searching step consists of applying h2(z,7) to all words in each bin in the sorted 

order. The bin 3 has 3 words “dear”, “gear”, and “rear”. We start with 2 = 0. Applying 

ho(z,0) to all three words, we get 4, 4, and 1. Since both “dear and “gear” map to 4, we 

discard this choice of i and consider 1 = 1. Applying h2(z,1) to all these words, we get 6, 

0, and 2. So we store “dear” in B[6], “gear” in B[O], and “rear” in B[2]. The value A[3] is 

set to 1 because the trial succeeded for : = 1. Bin 0 is next in the sorted order which has 

words “fear” and “near”. Applying h2(z,0) to these words, we get 5 and 3. Since both B[5] 

and B[3] are empty, we store “fear” in B[5], and “near” in B[3], and set A[0] to 0. Bin 2 

is next in the sorted order. Applying h2(z,0) to these words, we get 3 and 8. But B[3] is 

already occupied by “near”. So, we try i = 1, and get 8 and 7. Since both B[8] and BY[7] 

are empty, we store “pear” in B[8] and “tear” in B[7], and set A[2] to 1. The rest of the 

bins are of size 1. We store “hear” and “bear” in B[1] and B[4], and set A[1] and A[6] to 

hy\(“hear”,1) and hz!(“bear”,4) respectively. Oo 

What is the need for handling the bins of size one separately? If we depend on random 

tossing to find empty cells for them, as we prove in Lemma 2.1.1, searching requires O(n In n) 

time on the average. So, bins of size 1 are processed separately to keep the O(n) time bound. 

Lemma 2.1.1 The expected cost of random tossing for bins of size one is O(n(In n — a)). 

Proof: Suppose there are k bins of size one in A. The expected value of k is ne~*/a [29]. 

The expected time taken for finding empty cells for these bins is 

Se otete = nlnk+O(n) 

w
l
 3 

= n(lnn-a-—Ina)+ O(n) 

= O(n(Inn—-a)). 
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The description of the MOS model is now complete. It remains to analyze its perfor- 

mance in the next section. 

2.2 Analysis of the Running Time 

An MOS algorithm employs two arrays A and B. A is an array of N integers and B is 

an array of mi words. Compared to A and B the sizes of other data structures are small. So 

we assume that the dominant operation is accessing these tables We measure the time by 

the number of accesses to A and B. MOS is a sequential algorithm consisting of three steps, 

namely mapping, ordering, and searching. The times taken by these steps are denoted as 

Tm, To, and T, respectively. The total time T is the sum of these individual steps. The 

analysis of the mapping and ordering steps is very simple. The analysis of the searching 

step is the crucial one, and constitutes a major contribution of this thesis. We analyze the 

mapping and ordering steps in Section 2.2.1, and the searching step in Sections 2.2.2 and 

2.2.3. 

2.2.1 Analysis of the mapping and ordering steps 

Theorem 2.2.1 The mapping step requires O(n) time. 

Proof: In the mapping step, h1(z) is computed for all z € S, and the words are stored in 

the appropriate bins. A linked list is maintained for each bin. A word is always inserted in 

the front of the linked list. Each operation takes O(1) time and the entire mapping phase 

takes O(n) time. Oo 

Theorem 2.2.2 The ordering step requires O(n) time. 

Proof: The ordering step consists of sorting the bins. Since the size of a bin is bounded 

by nin the worst case, we can sort all the bins in descending order in O(n) time using bin 

sort. O 
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2.2.2 Analysis of the searching step 

The searching step involves processing the bins of A sequentially in the order obtained 

in the ordering step. Processing a bin Q; consists of a number of trials. Each trial consists 

of a random toss by hg of the words in the bin Q; into the partially-filled array B. A trial 

is successful if all the words in the bin fall into empty cells in B, otherwise it is a failure. 

Note that by our definition, a trial can result in a failure either when a word falls in a cell 

that was filled before the trial or even when two words of a bin both fall in the same cell 

that was empty before the trial. If a trial is not successful, we take back all the words into 

the bin and repeat until there is a successful trial. 

The cost of a trial for bin Q; is defined to be size |Q;| of the bin. This definition 

is justified by the fact that the number of times we access A and B during a trial is 

proportional to the number of words in the bin. The cost of the searching step is defined 

as the sum of the costs of the individual trials. For minimal perfect hashing, we have 

(@ = 0, and the cost of searching depends on n and a. We denote the cost of searching 

for minimal perfect hashing by MPHFCOST(n, qa) and that of non-minimal perfect hashing 

by PHFCOST(n, a, 3). Since we are tossing the words randomly into B, MPHFCOST is a 

function of n and a, and PHFCOST is a function of n, a, and 3. Clearly, the expected value 

of MPHFCOST or PHFCOST is proportional to the average running time of the searching 

step, T;. 

We denote the total number of trials in the minimal case by TRIALS(n,a). In Sec- 

tion 2.2.3, we prove that TRIALS(n, a) has a lower bound of 2(ne*%). 

Definition 2.2.1 For j > 0, N; is a random variable that equals the number of bins of size 

j: 

Nj = ([{t:(Qi] = J}I. 

If the N; were independent random variables, the analysis of the searching step would have 

been far simpler. The fact that the N; are dependent random variables greatly complicates 

the analysis. 
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Definition 2.2.2 ; is a random variable equal to the total number of words in bins of size 

j or less, that is, 

J 

Mj = S- 1N;. 

7=0 

We need to analyze the random vector (No, Ni,...,Nn) We start by considering a feasible 

distribution (79, 71,.--,%), that is, a fixed vector that with some nonzero probability, equals 

(No, Ny,...,Nn). For (io, 71,..-,in) to be feasible, we must have the total number of bins 

equal to N: 

n 

Soi, = N, 
r=0 

and the total number of the words in the bins equal to n: 

n 

y rir = n. 

r=0 

Now, the probability pj, i,,....i, that (No,Ni,...,Nn) = (to, %1,---,%n) is given by 

n! N! 
Pig i geery tn = ito yt wee niin ° N™ 

N! n! 

OMT. nlim | NR (2.2) 

Consider the generating function ®, with an infinite sequence of parameters: 

  

to gt , Nz" tn 1(2,50,$1,---) = > Pig,i1 nin SQ $1 °° Sy nt 

igotizt--tin=N 

Oto +11] +---+nip=n 

Substituting the value of pj, i,,...,;,, from Equation 2.2, we get 

N! . . 
= OO 0 ot1 eee tn ,n 

#)(Z,50,51,-..) = » Qloji... nt $9 $1 Sy 2 
n 

tottpt  +ingN 

Oiop +11, +--+nin=n 

ua s;2" N 

(x: i (2.3) 
1=0 

  

The probability pj, i,,...,i, can be calculated by taking the coefficient of S0°° 8121 ++ +S ,'" 2" 

and multiplying it by n!/N”. 
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The generating function ®, encapsulates the probability distribution for the number of 

bins of each size. From ©, we can get a generating function 2(z, So, $1,...) for the number 

of words in the bins of various sizes by substituting s‘ for s; in Equation 2.3. 

®(z, 80, Sty-+s) 

— Lo. . Oto 111 ni 

= \, Pig ,11,..5tn $9 §} oe ‘S, n 

n 

Oip +11) +---+nin=n 

© sizi\™ 
= (5: “) (2.5) 

The probability p,, i,,...,i, can be calculated by taking the coefficient of $90 5,141... 5, 2" 

©2(Z, 80, $1,.--) 

N®2z” = (2.4) 

and multiplying it by n!/N”. 

A compound generating function ©3(z,s,7,s;) for w;-1 and N; can be realized by sub. 

stituting s for so, s1,...,$;-1 and 1 for 5341, 5;42,..., S00 in Equation 2.5. 

t 
. , N 
J-l ili J oJ oo 

. S SZ Zz 
$3(z, §,], S;) = ( ) ; + oc + ) *) (2.6) 

} 

=o ° *  Ga541 

  

The probability that y;_; = 7 and N; = k can be calculated by taking the coefficient of 

kj s7s,°z" and multiplying it by n!/N*. 

A generating function $4(z,s) for 4; can be realized by substituting s for so, 81,..., 8; 

  

and 1 for $41, $j42,---,So00 in Equation 2.5. 

jos 60 VN 
. siz’ z* $4(2.5,5) = (5 +d =) (2.7) 

. tu. ar 2. 
7=0 t=gt+l 

The probability that ~; = 7 can be calculated by taking the coefficient of s’z” and multi- 

plying it by n!/N”. 

Let 6 > 0 be a constant. A compound generating function ®5(z,s,j,s;) for wj;-1 + 6 

and N; is given by 

. . N 5-1 Gini jw Gi 
. SZ z z 

$5(z,8,j,8j) = (ES +h i (2.8) { 
1=0 . J: t=j+1 
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The probability that uj; + 6 = 7 and N; = k can be calculated by taking the coefficient 

of ss fo gn and multiplying it by n!/N”. 

Again, let 6 > 0 be a constant. A generating function ®6(z,s,7) for uw; + 6 is given by 

- , \N 
‘5 Jj siz? oo 2 

$6(z,5,7) = 8 (=F + » i) (2.9) 
:=0 w=jtl 

The probability that u; + 6 = 7 can be calculated by taking the coefficient of s’z" and 

multiplying it by n!/N”. 

We use the function ¢,, where 1 < k < 6, to denote the coefficient of N”%z"/n! in 

the generating function @,. For example, ¢5(s,j,s;) denotes the coefficient of N”z”/n! in 

5(z,s,j,5;). The coefficient of 2” in ®, is given by N"¢,/n!. ¢, can be calculated with 

the help of Maclaurin’s theorem [7]. 

Theorem 2.2.3 (Maclaurin’s Theorem) Let Io be a circle in the complez plane, with its 

center at the origin. If ® is analytic everywhere in the circle Ip, then at each point z in the 

circle, ®(z) is represented by the series 

oO 

5 an2" 
n=0 

The coefficients a, can be evaluated by the contour integral around the origin inside the 

circular region To: 

    an = =s oe 

Applying Maclaurin’s theorem to @,,1<k < 6, 

N™ be = — ®1(z) 9 
noe mE gat @ 

It is difficult to evaluate this integral exactly. However, we can evaluate its asymptotic 

  

value as n — oo with the help of Hayman’s theorem [40]. Hayman’s theorem is applicable to 

only Hayman admissible functions. The original set of conditions to test whether a function 

is Hayman admissible or not are complicated. However, Hayman gives a set of recursive 

conditions to test the Hayman admissibility of a given function in terms of already known 

Hayman admissible functions. We describe these conditions below. 
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1. e? is Hayman admissible. 

2. If x:(z) and y2(z) are Hayman admissible, then eX!) and y1(z)x2(z) are Hayman 

admissible. 

3. If y(z) is Hayman admissible and P(z) is a polynomial, then y(z) + P(z) is Hayman 

admissible. If the leading coefficient of P(z) is positive, then x(z)P(z) and P(x(z)) 

are Hayman admissible. 

In Lemma 2.2.1, we prove that ®4(z,s,7) is Hayman admissible. 

Theorem 2.2.4 (Hayman’s Theorem) Let z = re’® be a compler variable and let ®(z) = 

>=0 4nz” be a Hayman admissible function. Let a(r) and b(r) be defined as 

  a(r) = r 

b(r) = ra'(r) 

where ®'(r) and a'(r) are derivatives of ®(r) and a(r) with respect to r respectively. Then 

_ _ &r) [a(r) — n]” 
an = 7 Jon Br) Je { HQT + aa} . 

The following definitions will be used in further analysis. 

Definition 2.2.3 

  

or: -~avo a 

1=0 

uw - 4 
7 B+ t; 

Definition 2.2.4 a . 
; J. s*z <2! 

9(2,8,5) =) + Ss; rh 

i=0 i=j+1 ~ 

Observe that 64(z,s,7) = g(z,s,j)%.
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Definition 2.2.5 

  

  

  

pila, s,j)= (a (ess) a aaa 4a glass es3)) | 

where g'(z,s,j) is the derivative of g(z,s,j) with respect to z. 

Definition 2.2.6 

(sie) = 1) 
p2(a, $,j) = a a 

2 (abet — serie + ee) 
Lemma 2.2.1 ®4(z,s,7) is Hayman admissible. 

Proof: According to Definition 2.2.4, 

. siz? 

g(z,8,j) = arn 5 
t 

a z 

+a 
=j7+1 

J (s' _ 1)z 

According to condition 3 of Hayman admissibility, g(z, 5,7) is Hayman admissible since it is 

the sum of a Hayman admissible function, e*, and a polynomial in z. According to condition 

2, 9(2,8,] y¥ is a Hayman admissible function since it is a product of Hayman admissible 

functions. Hence ®4(z,s,7) is a Hayman admissible function. 

We make use of the fact that ©4(Z,s,7) is Hayman admissible and apply Hayman’s 

theorem in Lemma 2.2.2. 

Lemma 2.2.2 If a is O(1), as n,N — ov, a generating function for the asymptotic value 

of ga(s,j) ts given by 

» | .-a-natenes) [ o s'0' da(s,j) ~ pr(a,s,j) {e at 
7=0 
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Proof: According to Maclaurin’s theorem, 

N” _ grs z,8,J) 
GE OSsi) = ae fae 

oO \N 
sizt 2 
“= -\d 

GG bau (s as il +) | 2 
t=j7+1 

  dz 

The asymptotic value of the integral on the right can be evaluated with the help of Hayman’s 

formula. Substituting g(z,s,7)% for ®4(z,s,j), and applying Hayman’s formula at z = a, 

  

  

we get 

Nv a=. Ww 
9 z=a 

Ng'(a, s,j)9(a, 8,7) = a TN 

g(@, 8,7) 
g'(@, $59) None 2.10 
g(a,s,j)’ (2-10) 

and 

/ * / *\2 u“ . 
b _ N (a! (a, 8,9) _ a2! (ans J) + a2! (2,89) ; (2.11) 

9(@, 8,9) g(a, 8,7) g(a, 8,7) 

Hence, 

n -\N _ n)2 

T64(5,j) = LOOD exp (2 + oc) 

Substituting Na for n, we get 

n! g(a,s,7)% a—n)? 

tils3) = Fa ey OP (- 7 + (1) 
According to Stirling’s approximation [28], we can substitute 

n™ 

nin —vV2rn 
en 

Hence, 

n"/2rn g(a, s,j)% —n)? 
gals,j) ~ See eee exp (-5 {a=ny +41)) 
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n g(a,s,7)% a—n)? 

(a — n)? n (e~% g(a, s,j))” exp (-* + “a)) , (2.12) 

  

b 

Substituting the values of a and b from Equations 2.10 and 2.11, we have 

(a—n)? _ (Nostess} — Na) 
2b AN (a8) — g2atlessul® 4 929° leutis)) 

(ess 1) _ Na? g{a,s,7) 

g'(a,89) _ ,29'(a,8,5)? 2 9''(a,8,9) 
2 (a g{a,s,J a g(a,s,7) + a g(a,s,7 ) 

= Np,(a,8,j). (2.13) 

Similarly, substituting the value of b from Equation 2.10, we have 

Na 
  

nr 

b ( g'(a,s,5) __ 29'(a,5,3)? 2g° less) ) 
N O"5(a,5,5) a g(a,s,7) + a g(a,s,7) 

Qa 
  = 
(a (0589) _ 9 2g9'(o.5J + a2 a {e:8:4)) 

g{a,s,9) g(a,s,7) g({a,s,7) 

= p(a,s,j)’. (2.14) 

Substituting the values of (a — n)*/(2b) and n/b from Equation 2.13 and 2.14 in Equa- 

tion 2.12, we get 

. N 
fa ani co 

és(.3) = prlansyi) [snow ( ath =) exp(o(1)) 
1=0 . 

  

al 

  

i=jt+l 

d gini °° N 
. _. . s'a a’ ~ pila, sj) fener) [SFE ye Sh) 

1=0 t t=j+1 a 

Lemma 2.2.3 If a is O(1), the following equations hold: 

pi(a@, 1,7) = 1 

| o p2(a,1,7) 
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Let c be a constant. Then, ass 1, N — ow, and N(1—s)— c, we have 

Np2(a,s,j) — 9. 

Proof: g(z,1,j) = e* and g(a,1,j) = g’(a,1,j) = g"(a,1,7) = e® independent of 7. 

Substituting these in Definitions 2.2.5 and 2.2.6, we obtain p;(a,1) = 1 and p2(a,1) = 0. 

Substituting the value p2 from Definition 2.2.6 in Npo(a,s,7), 

No? (qee9 1)" 
  Np2(a,s,j) = —, 

gi(a, SJ) g (sah 29 g"' (a45,9) 

2 (aX (a,s,7) ate (a,s,7) +a g(a,s,7) ) 

As s — 1, from Definition 2.2.4, it can be easily verified that g(a,s,j), g’(a,s,j7) and 

g(a, s,j) tend to e%. Substituting e* for g, g', and g” in the denominator, we see that 

it tends to 2a. If we prove that N(g'(a,s,j) — g(a,s,j))? + 0 as s — 1, it follows that 

N p2(a, 8,7) > 0. 

  | M M 2:
| 

8.
 

| 

f
w
,
 

=
|
 

2°
 

M
e
 

2:|
 

8 

g'(@, 8, J) ~ g(a, s,J) 

  

So, 

N(g'(a, 8,5) — g(a,8,j))” < N(1-s)*e?* 

Substituting s = 1 —c/N, we get 

: . c a 

N(g'(a,s,j)- g(a, s,j)) < We 

— 0 

as N — oo. Hence Np2(a,s,7) > 0 and the lemma follows. 
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Definition 2.2.7 ¢:IxI— I isa function such that ((j,r) gives the index of the rth bin 

of size j in the sorted array of bins, that is, C(j,r) = (1+ 1) af 

IQeGa-yl > 3 

Wem] = 9 

IQeatyl = J 

Qeiarl = 9 

Definition 2.2.8 Tj, is a random variable that equals the number of empty cells in B 

before tossing the words of Q¢(;,r) into B. 

For convenience, we let T; = Tj1, and To = Gn. For j > 1, TY; can be expressed in terms 

of the N; as 

j 

T; = Tot S_ iN; 

i=1 

= Tot pj. 

Similarly, 

Yjr = T5-(r- 15. 

Definition 2.2.9 Y;, is a random variable that equals the number of trials performed until 

a successful trial for the bin Q¢(;,,), including the trial that ts successful. 

The cost of a single trial for a bin Q¢j,-) is 7, and the total cost for the bin Q¢(j,7) is JY jr. 

Definition 2.2.10 The random variable X; is the number of trials for all bins of size j. 

That ts, 
N; 

X; = 3 ¥jy. 
r=1 
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MPHFCOST and PHFCOST can be computed by the formulas: 

MPHFCOST = )_ 3X; (2.15) 
j=1 

PHFCOST = )_ jX;. (2.16) 
j=l 

The total number of trials, TRIALS, can be computed by the formula: 

TRIALS = )_X;, (2.17) 
j=2 

Lemma 2.2.4 Forj > 1, if there are i empty cells in B, the expected number of trials for 

Q¢(i,r) is 

E[Y;,|Tjr =i] = oo 

Proof: If Y;, = 2, the probability p;,; that a trial of tossing the words in Q¢(;,-) into B 

succeeds is 

a 1—1 ~-jtl 

tt ¥ Bn TF Bn Bn 
The probability that Y;, = k is given by the probability that the trial is a failure for the 

  

first k — 1 times and is successful the kth time. 

PrlYj, = klYjr =o] = (1— dyes) jr 

For this distribution of Y;,, we can easily prove that [14] E[Y;,] = 1/pjri. 

  

  

. 1 
El¥jrlVir =i] = oT 

_ (1+8)n (1+B)n  (14+8)n 
7 i i-1 i-—(j-1) 

_ (1+ Bn? = “a 
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Lemma 2.2.5 

k-1 land tie oe we (1+ 6) n! BIXIT1=46N5= 4] = DO pa 
Proof: From Definition 2.2.10, 

Hence, 

k 

E[X;|Tj-1 = i,Nj =k] = DY E[Y¥jr|Vj-1 = 1, Nj = 4] 
r=] 

From Definition 2.2.8, Y;, = T;-—(r—-—1)j. Also, the conditions T;_; = 7 and N; = k imply 

that Tj, =7+(k-—1r+1)j. Substituting this value on the right hand side, we have 

k 

E[X;|Tj-1 =i,N; =k) = SO EY IT, = i+ (k-7 + 15]. 
r=1 

Applying Lemma 2.2.4, we obtain 

k . 
; (1 + Bn? E[X;|T;-1 =i,N;=k] = Do- — 

nT ’ = (i+ (K-17 4170 

3 (1+ 8)'ni 
(i+ rj)bl 

  

r 

r=1 

Lemma 2.2.6 A compound generating function for T; and N; is given by 

. - , N 
I71] yi Jj CO Lt . SZ ed Zz s(z,5,j8)) = 3 (= atort s) 
7=0 * ° i=jptl1 

Proof: Since T; = To +y;, and Yo is a constant Gn, we can get a compound generating 

function for Y; and N; by substituting 6 = Bn in Equation 2.8. Oo 

Lemma 2.2.7 A generating function for T; is given by 

. N 
J t4t oo 1 

. SZ Zz 

.6(z, 5,7) = so” 3 i! + 3 at 

1=0 ° t=j+1 
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Proof: Since TY; = To + y;, and Yo is a constant Gn we can get a generating function for 

T; by substituting 6 = On in Equation 2.9. O 

Lemma 2.2.8 

ind (1 - oy : = BIX)] = (1+ yn! [/ TH" fos, 1) dals.i}ds (28) 

Proof: Define X/ = X;(1+8)-Jn~’. We calculate E[X‘] first and then multiply it by 

(1+ ))n). We can calculate E[X ;| by calculating a generating function ®(z, s, 7) for it first 

and then applying Maclaurin’s theorem to ®(z,s,j). We denote the expectation of X j by 

E;[X};] when the number of words is #. E[X;j] is identical to E,[X%]. 

62.83) = SM ay 
n=0 

~s 
n=O 

Tn »n 

  2 FIX; |[Yj-1 = 7, N; =k] Px[Yj-1 =i,N; =]. (2.19) 

From Lemma 2.2.5, 

k-1 . . 

; (1+ B)n? 
E(X,;|T;- =1,N;=k = or 

[ i j71 a J ] » G4ert el 

So, 

k~1 1 

ms a (r + 1)7)0] 
E[X{|Tj-1 = i, Nj = &] 

— > + (2 + i 

Substituting this value in Equation 2.19, 

@(z,s,j) = ye “ey Ta Pr[Y;-1 = 1, N; = k] 
n=0 nu ki r=1 

Using integration by parts, it is easy to prove that 

Ma-sy 1 
I G-p°* = ype 
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Substituting this integral in the above expression, 

aT k 
.; z” 1 ; 

®(z,s,7) 2d G4rj)ul Pr[Yj-1 = 2, N; = k] 

k 

  I M4
 

= 
  

1 _ j-1 . 

I (La 8)" it-Dids Pr[Yj-1 = 2,.Nj = 4] 0 

  

n=0 ky r=l1 (9 ~~ 1)! 

1(1—s)7} = N*z " t+r 
= [osx Sr “par, _1 =i, N; = klds 

*“  ~Aa=0 kyo rs 

1(1—sV7} QS N%Z* KK si — tt . 
~ [Grd al 2 por PuTj-1 = tN = kids 

From Lemma 2.2.7 we see that the summations can be written in terms of ®g as 

O6(z,5,7 — 1) — O6(2,5,7) 

1 — 8) 
  

Replacing the summations by the above expression 

1 (1 — s)i7} {Seeed— 1) - 6(z, Ss, DN as 

0 (-1)! 1-5) 

Since Og(z,s,j — 1) = s°"@4(z,s,j7 — 1) and ®¢(z,s,7) = s°"4(z, 5,7) we can substitute 

O(z, 5,7) 

them in the above expression. 

  

  

1 _ j-1 Bn _ _ Bn 

@(z,8,j) = (1 - s) s’"@4(z,s,7 — 1) — s°"@4(z, 5,7) ds 

0 (j-1)! 1-3 

1(1—s)J7} 36m 

I Ga! 1s (Pal? 55-1) — @alz, 8,5) pds 

Applying Maclaurin’s theorem to $(z,s,7) we get, 

®(z, 5,7) 

1 — e\j~-l hn 

= I TiS 5 {¢a(s,5 — 1) — ba(s,7)} ds 

Substituting X; = (1+ B)'n/, 

  

g)i71 An BX] = (+pyn! [’ S— as — {¢a(s,j 1) - als, f)}ds 

as required. g 
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Lemma 2.2.9 Forj > 1, the expected number of trials for Q; is 

(1+ 8)n } Woy - 4; Tt 

iL 

  

  

and forj =1 

E[Xi] ~ (1+ B)nIn € aan 

Proof: 

Case 1: 7>1 

Consider the value of ¢4(s,7) from Lemma 2.2.2. 

. N 

, {a ysfasia a’ 
ga(s)j) ~ miosis a-p2(a8,3) (s > =) 

i=0 i=j+1 

  

Clearly, as N — oo, $4(s,7) — 0 everywhere except in the neighborhood of s = 1. So, as 

N — oo, the integral in Equation 2.18 tends to zero everywhere except in the neighborhood 

of s = 1. We can evaluate the integral by setting s = 1— c/N. We vary c from 0 to N!~¢, 

so that c/N — 0 as N — oo. 

1—s)} 5 Bn 

4 ayni [ WAS 5 {da(s, j—1)—- ¢4(s,7)} ds 

1 -—¢ n 1+ pyn [’ YO oie {4(1 ~ ¢/N, 5 — 1) ~ da(1— e/N, J) } ds 

E(X;] I 

  

dc 
ds = -—-— 

° N 
Bn 

(1-=) x e Ben/N 

_ e7 Bea 

c\? qc 
-~{j—-— _ _ 2 

' ( x) : (2 x) 
_ Je 
— ON



CHAPTER 2. ANALYSIS OF MOS PERFECT HASHING 

Substituting these values in the integral, 

0 (sy! e7 Bea 

-(14 Bye fi RE foal = of, 5- Ye - NDP 
“ON 

1 j Ni-« J-1,j)-2 

emai (Oa = oN, = 1) - al ~ o/h 
(1+ B)in Lr qi-l¢ej~? 

HG-1) Jo (9-2)! 

According to Lemma 2.2.3 as N — o0, N(1-—s)— c¢,s 1, 

  E[X;] 

e~ 8 {44(1 —c/N,j —1)— b4(1—c/N,j)}de (2.20) 

pi(a,s,7) > 1 

N p2(a, $,7) —- 0 

Substituting these values in Lemma 2.2.2, we obtain 

Fw VY 

b4(83) = [= (ss 2 =) 
i=0 t=j+1 

Substituting s =1-—c/N, 

N 

gals,5) ~ [- (Ease, § =) 

i (1 - #) a ea \" 
1=0 1=9+1 

j t oo 1 j ¢ 1 N 

(Qe S 8) -< Eat) 7=0 t=j+1 7=0 

~ e€ - (2.21) 

Similarly $4(s,j — 1) ~ e~°%%~-?. Substituting the values of ¢4(s,j) and ¢4(s,j — 1) in the 

Equation 2.20, 

(1+ Byn [% a-1¢j-? 

FIX] = SGT hb Ga! 
  

{enea(644s-2) _ ecalP tia) h dc 
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_ (1 + BY n Lr al Nel? pnea(Btty-2) qo — Lr alte eioryaeh 

HG-1) [Jo (7-2)! 0 (j-2)! 

_ (1+ 6yn 1 ew dy — 
~ GG-N aor | G-a % 

1 co yn? ~u 

(@+tj4)— I G—2)!° au} 
_ wei | 1 TG=-1)_ 1 oo 

iG-1) |\@+tj2 G-2! (B+tjay-! G2)! 
_ (1+ B)n 4 1 _ 1 

= 5G- {+a} Sarge ao} | 
(1+ B)n¢ 5 _ 

= ap ie a} 

  

  

Case 2: 7 =1 

Substituting 7 = 1 in the integral in Equation 2.20,we get 

11 fo (RTT er Feo dc 
E[X,| ~ —(1+ £8) Tt I. (1-1)! Te {a(1 — c/N,1— 1) — a(1 — c/N, 1} 5 

° ON 

c 

    

From Equation 2.21, ¢4(1 — c/N,1) ~ exp(—cato) = exp(—cae~%). Also ¢4(s,0) = 1. 

Substituting it in the above expression 

°° exp(—caf) — exp(—ca(P + ae} 
  

c 
E[Xj] ~ (1+8)n tf 

  

—— 
= (1+ 8)nin( 3 

O 

Theorem 2.2.5 The expected cost of the searching step E[PHFCOST(n, a, 8)| tends to 

nZ 3) for non-minimal perfect hashing, as n — oo where non-minimall® 

—a Oo j _ j 

Znon-minimal(®8) = (1+ 8) c (? = + > a4] 

j=1 
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Proof: 

PHFCOST(n,a,6) = S 5X; 

> 5 ELX]] 
j=l 

= BX |+ yEIXY 
) 

E[PHFCOST(n, a, B)] 

Substituting the values E[X,] and E[X,] from Lemma 2.2.9 

  E[PHFCOST(n,a,B)] ~ (1+8)nIn (2) sa soy 
Bp = 

(1+ 8)n c (2%: re ool) 8   

non-minimall® p). 

Lemma 2.2.10 For minimal perfect hashing, E[X,] is O(n(1 + 1/a)). 

Proof: Searching for MPHF is performed by the second for loop in the procedure Search. 

The statements inside the while loop inside are executed exactly n times. The for loop is 

executed exactly n/a times. So E[.X4] is O(n(1 + 1/a)). 0 

Theorem 2.2.6 E[MPHFCOST(n,a)| for minimal perfect hashing is O(n(1 + 1/a)) + 

nZ(a)), where - - 

we § {559} =1 

noe Se iGFh) of 

we
, 

and E[TRIALS(n,a)| is nX(a) where 
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Proof: 

The cost for MPHF can be computed by the Equation 2.15. 

YX; 
j=l 

co 

dX /E[X,] 

MPHFCOST 

E([MPHFCOST(n, @)] 

= E[X,}+ s jE[X]] 
j=2 

Substituting the values of E[X,] and E[X,] from Lemmas 2.2.9, 2.2.10, 

E[MPHFCOST(n,a)] = O(n(1+1/a))+(lg)n>_ — 
j=1 

For minimal perfect hashing the value of § is 0. When @ is 0, u; becomes ts according to 

the definition of u; in Lemma 2.2.9. Substituting 0 for @ and t5 for u;, we get 

E[MPHFCOST(n, a)] O(n(1 + 1/a) en {eae 
j=l J 

O(n(1 + 1/a)) + nZ(a) 

Similarly, the expected number of trials, TRIALS, can be computed by the Equation: 

TRIALS(n,a)] = SEX] 
j=2 

Substituting the values of E[X,| from and substituting 6 = 0, Lemmas 2.2.9, 

= | G+) 

= nX(a) 

E[TRIALS(n,a)] = eta | 

0 

Some computed values of Z(a) are listed in Table 2.4 and plotted in Figure 2.4. We prove 

later in Lemma 2.2.19 that Z(a@) has a lower bound of N(e*). 
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Figure 2.4: A plot of Z(a@) vs. a. 
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a Increments to a 

+0.0[ +01] 40.2] 40.3] +0.4 
0.0 0.0 0.11 0.22 0.35 0.49 

0.5 0.65 0.83 1.03 1.25 1.51 

1.0 1.79 2.10 2.46 2.86 3.32 

1.5 3.83 4.41 5.07 5.82 6.67 

2.0 7.63 8.73 9.98 | 11.40] 13.03 

2.5 14.89 | 17.03; 19.48 | 22.29 | 25.53 

3.0 29.27 | 33.58 | 38.57] 44.34] 51.05 

3.5 58.84 | 67.93 | 78.52} 90.92 | 105.44 

4.0 || 122.48 | 142.53 | 166.17 | 194.08 | 227.12 

4.5 || 266.29 | 312.86 | 368.31 | 434.49 | 513.64 
  

  
Table 2.4: Listing of the function Z(a). 

2.2.3. A lower bound on MPHFCOST 

In Section 2.2.2, we proved that, under the MOS model, the cost of finding an MPHF 

is n(O(1 + 1/a)+ Z(a)). In this section, we prove that Z(a) has a lower bound of 2(e%). 

This implies that if we attempt to decrease the space by increasing a up to ln n, the running 

time increases to O(n”). 

Let us define two terms v; and w;, which will be used in further analysis. 

Definition 2.2.11 For j > 1, 

Definition 2.2.12 For j > 0, 

J 
—a 

w, = e +)0 9; 

t=] 

Note that the above definition implies wo = e~*. 

Lemma 2.2.11 For j > 0, w; = tj —j/(j + 2). 
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Proof: A calculation shows 

    

  

j 

wv; = e+ 0; 
1=1 

j a’ 2 
= e*+) ef 

d who (¢+1)(24+ 2) 

j a! j 
= e% + 

+n a a” Gaia) SETS 

j i j _ Hot 1 _ 1 

~ do i! oo i+2 

1 1 
= t;-2{--— 

’ € 733) 
j 

= t; - — ; 

as required by the lemma. 

Lemma 2.2.12 Ifa > 2, then v, < 0. 

Proof: 

v= ena 2 
> I (1+ 1)(1+ 2) 
—_ a i 

et 3 
_ da-—e® 

7 3e% 

Since a > 2, we have v, < 0 as required by the lemma. 

Lemma 2.2.13 There ezists a j > a such that v; < 0 for alli > j. 

Proof: Consider the value of (j + 1)(7 + 2)v; as 7 — oo. 

G+G+2j, = “eUFNG+?) _, 
- safe (1 + —) (1 + =) ~2 

as j — oo. Hence, the lemma follows. 
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Lemma 2.2.14 If1 <j <a and v; <0, then vg < 0 for allk such that 1 <k <j. 

Proof: The proof is by induction on k. 

Base case: If k = j, then v; < 0 by hypothesis. 

Step: Suppose v; < 0 for some i < 7. We want to show that v;_; < 0. Since v; < 0, 

2 
(i+ 1G +2)" 

t 
_,a@ 

e*%*— < 
i! 

Multiplying by z7/a on both sides, we obtain 

  

a ata} 21 

G-D! ~ a@+Gt2) 
2 

(G+ 1G +2) 
2 

G—1)i 

Hence, v;-; < 0, as desired. 

Lemma 2.2.15 Ifa <j-1 and v,; <0, then v4, < 0 for all k > 7. 

Proof: The proof is by induction on k. 

Base Case: If k = j, then v; < 0 by hypothesis. 

Step: Suppose v; < 0 for some 7 > 7. We want to show that v;41 < 0. v; < 0 implies 

2 
(i+ 1) + 2) 

a’ 

e *— < 
a! 

Multiplying by a/(i+ 1) on both sides 

  

  

woe gig © G4)! a 142). 

Since a < i— 1, this implies 

ea git} c i-1 

(2+ 1)! (t+ 1)2(¢ + 2) 
c 1 ai— 1] 

i+2°(1+1)? 

c 1 1 

i+2i+3° 
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Hence, v;41 < 0 as desired. 

  

O 

Lemma 2.2.16 Ifa > 2, v; >0 for j = lal. 

Proof: 

og @ 
v5 = € it 

J —7\3 
— eed (1 + a 1) 

Jj: Jj 
po. 

> e Je (1+a—j). 
q! 

Since a — j is at most 1, e?-°(1+ a— 7) is at least 2/e. Hence 

739 
vj > eile 

jie 

A calculation shows that for 7 > 2, 

te) 9 

jle (7 + 1)(j + 2) 

O Hence the lemma follows. 

Lemma 2.2.17 If a> 2, there exist two integers ky and ky such that ky < a < kg and 

1. v; < 0 forl <i< ky, 

2. v; > 0 for ky +1<i<ko.-1, 

8. vu; <0 fori > ko. 

Proof: According to Lemma 2.2.12, v; is negative. If v; is negative for 1 < i < ky < a, 

and vz, 41 is positive, then v; is positive for ky + 1 <27< a. Let kp be a number such that 

v; is positive fora—1<i1<k,;—J1 and x, is negative. The existence of kz is guaranteed 

by Lemma 2.2.13. According to Lemma 2.2.15, v; is negative for all 7 > ko. oO 
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Lemma 2.2.18 Fora > 2, there exists ak > a such that w; is negative for 1<1< k and 

positive fori > k. 

Proof: For a > 2 

2 
wy = e “(l+a)- 3 

< 0. 

Since 

j 

wv; = e+) 9; 
1=1 

J 

W1 +504, 

t=1 

and w; — 0 as j — ov, at least some v; are positive for 7 > 1. According to Lemma 2.2.17, 

there exist two integers ky and k2 such that v; is negative for 1 < 1 < ky, positive for 

ky +1<2< k2-1, and negative for i > kz. So w, decreases initially, and then it increases, 

and then it decreases. w; approaches 0 as 1 — oo. So wy,-1 > 0. Since wy, is negative we 

conclude that w; is negative initially, i.e. for 1 <i < k for some k and positive 2 > k. Oo 

Lemma 2.2.19 N(a) has a lower bound of 2(e%). 

Proof: 
00 53, _ 5? 

no 3 G+) 
According to Lemma 2.2.18 there exists a k such that w; is negative for 1 < j < k, and 

positive for all 7 > k. Divide the series into three parts, terms with j < k,j = k, and7 > k. 

_ See og) & fe-e R(a) = =| j(9 +1) \a{ k(k + 1) > “jG+1) 
j=1 

= 2+)>(-_4.\ -— -~-—f_ + Sv (se 
20 & ]G+0D04+2) g09+1)] kR+1) j(F +1) j=l gekt+l 

  

62



CHAPTER 2. ANALYSIS OF MOS PERFECT HASHING 

Since t; < j/(j7 + 2) for the terms in the first sum, they are all positive. Since t;_1 < 1t;, 

all the terms in the second sum are positive. So both the first and the second sums are 

positive. This yields 

  

  

  

to} t.* X “O_ _ 
(0) > O- — Eke) 

Note that t, > k/(k +2). So 

1 k+2 
k k 

2 
= 1+ Ek 

Hence, 

1\k 
t,* 1 :) fh < (1+; 

< e’, 

and 

k(k +1) k(k +1) 

Since k > a, 

to} t,* 
x O_ k 
(@) > “> ~ eea1) 

> &-eé'/a 

and 

N(e*) 

0 

Theorem 2.2.7 An MOS algorithm producing an MPHF, which occupies a space of n/(n\n 2) 

bits, requires at least Q(n!*") time. 
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Proof: The array A requires log, n bits per bin. So the total number of bits required 

by A is nlog,n/a. The lower bound on the number of bits is n/In2 [32]. According to 

Definition 1.1.22, the efficiency of representing the MPHF f is 

n/\n2 

Number of bits required by A 

n/\n2 

n log, n/a 
a 

Inn 

  

Hence the expected execution time of the MOS algorithm T is 

T = Tn+T4+Ts; 

= O(n) + O(n) + E[MPHFCOST(a)| 

> O(n) + O(n) + O(n(1 + 1/a) + nX(a)) 

= Q(ne*) 

= Qn't7) 

O 

This equation gives the tradeoff between the running time of the algorithm and the 

space required to store it. If we try to represent the MPHF in the most compact manner, 

i.e., n/In2 bits, the MOS algorithm requires Q(n*) time. The time complexity decreases 

as we allot more and more space to the PHF and approaches 2(n) as the number of bits 

allotted to the PHF approaches O(n log n). 

2.3. Experimental Results 

A formula was derived for the searching time for minimal perfect hashing in Theo- 

rem 2.2.6. In this section, we apply the analysis of Section 2.2.2 to two implementations. 

The first implementation follows the code in Figures 2.1, 2.2, and 2.3. The second imple- 

mentation [18] adds an optimization to the algorithms given in Figures 2.1, 2.2, and 2.3 by 
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maintaining a list of empty cells. We call this the Optimized MOS (OMOS) implementation. 

We modify our formula so that it takes care of this optimization and compare it with the 

performance of the actual implementation. We discuss the unoptimized implementation in 

Section 2.3.1 and the optimized implementation in Section 2.3.2. 

2.3.1 Unoptimized implementation 

We implemented the MOS algorithm exactly as described in Figure 2.1. It was run 

on 9 dictionaries of random strings. The size of the dictionary was varied from 10,000 to 

90,000 in steps of 10,000. On each dictionary a@ was varied from 0.1 to 5 in steps of 0.1. As 

assumed in the analysis, the cost for each trial was counted as the number of words in the 

bin. For each dictionary and for each a, the following expression was calculated. 

je? jX; 
a . Z experimental 

nZ experimental is the actual cost of tossing the words in bins of size greater than 1. X; 

is defined in Definition 2.2.10. Z experimental is tabulated against the theoretical Z(a) in 

Tables 2.5 and 2.6. As can be seen from the tables, Z(a) predicts Z experimental very 

closely. Since X,; is completely deterministic, it is not included in the comparison. 

2.3.2 OMOS implementation 

We apply our analysis to the MOS algorithm of Chen [18]. That algorithm has one 

significant optimization. In the searching step, the unoptimized MOS implementation pro- 

cesses the bins by tossing all the words in the bin randomly into B. The parameter 7 is 

set to 0 initially and is incremented until all the words land in empty slots. The OMOS 

implementation iterates 2 in a faster way by maintaining a list of empty slots in B. Since 

ho(z,12) is invertible, for any z € U, it is possible to set 7 such that ho(z,7) points to any 

desired location. Suppose there are k words in a bin Q,, and y is one of the words in the 

bin. 7 is iterated in such a way that ho(y,1) always maps to an empty slot of B. The trial 

is considered successful, if ho(z,7) maps to an empty slot for all the z in Q,. 
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Z experimental for different n and a 
  

a || Z(a) | 10,000 | 20,000 | 30,000 | 40,000 | 50,000 | 60,000 | 70,000 | 80,000 | 90,000 
  

  

0.1 |} 0.11 0.10 0.11 0.10 0.11 0.11 0.11 0.11 0.11 0.11 
  

0.2 |} 0.22 0.22 0.22 0.22 0.22 0.22 0.22 0.23 0.22 0.23 
  

0.3 || 0.35 0.34 0.35 0.35 0.37 0.35 0.35 0.34 0.35 0.35 
  

0.4 || 0.49 0.48 0.49 0.50 0.49 0.50 0.49 0.50 0.49 0.50 
  

0.5 |} 0.65 0.64 0.65 0.64 0.65 0.66 0.66 0.67 0.65 0.65 
  

0.6 || 0.83 0.82 0.86 0.83 0.86 0.84 0.83 0.82 0.82 0.83 
  

0.7 || 1.03 0.99 1.02 1.01 1.05 1.04 1.03 1.04 1.05 1.02 
  

0.8 || 1.25 1.22 1.26 1.26 1.27 1.26 1.25 1.28 1.27 1.24 
  

0.9 || 1.51 1.52 1.53 1.48 1.47 1.51 1.54 1.51 1.51 1.48 
  

1.0 || 1.79 1.83 1.82 1.77 1.81 1.77 1.78 1.82 1.78 1.78 
  

1.1 |; 2.10 2.10 2.10 2.04 2.09 2.12 2.08 2.09 2.09 2.12 
  

1.2 || 2.46 2.41 2.46 2.47 2.02 2.49 2.90 2.46 2.48 2.44 
  

1.3 || 2.86 2.83 2.89 2.85 2.87 2.86 2.80 2.86 2.89 2.93 
  

1.4 |} 3.32 3.38 3.31 3.36 3.35 3.31 3.29 3.33 3.35 3.33 
  

1.5 || 3.83 3.94 3.86 3.79 3.82 3.79 3.89 3.85 3.88 3.89                               1.6 || 4.41 4.33 4.60 4.41 4.01 4.42 4.46 4.39 4.47 4.41   
  

Table 2.5: Experimental verification of Z(a), for 0.1 < a < 1.6. n is the number of words 

in the dictionary. 
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Z experimental for different n and a 

Qa Z(a) | 10,000 | 20,000 30,000 | 40,000 50,000 

1.7 5.07 4,99 4.99 4.94 5.00 5.05 

1.8 5.82 6.07 5.94 5.97 5.75 5.78 

1.9 6.67 6.83 6.88 6.79 6.57 6.67 

2.0 7.63 7.97 7.54 7.57 7.85 7.70 

2.1 8.73 8.70 8.79 8.52 8.63 8.89 

2.2 9.98 9.99 | 10.03 9.79 9.95 9.77 

2.3 11.40; 11.07} 11.50 | 11.83) 11.34] 11.44 

2.4 13.03 | 13.77} 13.17) 13.06} 13.05] 13.02 

2.5 14.89 | 14.05 | 14.27; 15.21] 15.01 | 14.78 

2.6 17.03 | 16.27} 16.42 | 17.52] 17.30] 17.02 

2.7 19.48 | 19.97} 19.99} 19.44] 19.17] 19.10 

2.8 22.29 | 22.09 | 22.39) 22.36 | 22.27 | 22.19 

2.9 25.53 | 24.47 | 24.52 | 24.97| 26.34] 25.40 

3.0 29.27 | 29.26 | 28.99] 28.61 | 29.01 | 29.41 

3.1 33.58 | 32.04 | 33.95) 33.16] 33.90 | 35.38 

3.2 38.57 | 39.42 | 36.78) 37.64] 38.75 | 39.17 

3.3 44.34 | 43.05] 45.14] 43.85 | 44.02 | 42.29 

3.4 51.05 | 52.92 | 49.74] 51.24] 49.48| 50.29 

3.5 58.84 | 53.49) 60.46) 55.18] 60.45 | 59.80 

3.6 67.93 | 67.02| 64.84) 64.71] 69.02! 65.63 

3.7 78.52 | 80.54 | 87.32 | 81.05 | 77.29! 79.64 

3.8 90.92 |; 84.92; 92.39) 92.72; 92.30] 88.61 

3.9 || 105.44 | 102.37 | 104.07 | 110.90 | 105.87 | 102.44 

4.0 || 122.48 | 126.82 | 118.36 ) 116.15 | 126.46 | 127.56 

4.1 || 142.53 | 133.67 | 139.82 | 132.76 | 148.04 | 141.27 

4.2 || 166.17 | 167.49 | 171.55 | 170.19 | 170.38 | 174.01 

4.3 || 194.08 | 179.09 | 201.02 | 197.22 | 194.86 | 195.54 

4.4 || 227.12 | 222.27 | 218.39 | 214.60 | 228.50 | 222.38 

4.5 || 266.29 | 279.42 | 270.39 | 276.87 | 263.50 | 264.71 

4.6 || 312.86 | 348.58 | 311.78 | 316.96 | 331.98 | 320.83 

4.7 |; 368.31 | 349.64 | 379.09 | 383.98 | 373.86 | 369.12 

4.8 || 434.49 | 422.70 | 434.60 | 388.98 | 440.77 | 457.02 

4.9 |} 513.64 | 548.18 | 480.30 | 520.88 | 516.27 | 513.63 

5.0 || 608.49 | 601.55 | 639.44 | 625.68 | 633.04 | 593.18 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                        
  

Table 2.6: Experimental verification of Z(a), for 1.7 < a < 5.0. n is the number of words 
in the dictionary. 
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Z experimental for different n and a 

a || Z(a) | 60,000 | 70,000 | 80,000 | 90,000 

1.7 5.07| 5.15] 5.05] 5.16 5.13 
1.8 5.82| 5.77| 35.81| 5.90 5.65 
1.9 6.67 | 6.59] 6.78] 6.65 6.60 
2.0 7.63] 7.62/ 7.61! 7.63 7.63 

[2.1 8.73 | 8.74] 886|/ 8.67 8.57 
2.2 9.98 | 10.00] 9.81] 9.68 10.03 
9.3 || 11.40] 11.64] 11.57] 11.56 11.63 
2.4 || 13.03] 13.37) 13.18] 13.04 13.20 
2.5 |] 14.89] 14.80] 15.26] 14.85 14.90 | 
2.6 || 17.03] 17.38] 17.29] 17.23 17.21 
2.7] 19.48) 18.75) 19.37] 19.89 19.64 

| 2.8 | 22.29] 22.15] 22.59] 22.02 22.23 
2.9 || 25.53 | 25.62 | 25.56 | 25.86 25.40 
3.0 | 29.27] 28.96] 29.16/ 28.89 28.82 
3.1 || 33.58] 33.83] 33.80] 33.20 33.82 
3.2 || 38.57] 37.31 | 36.96] 38.73 37.97 
3.3 || 44.34] 44.03] 44.56] 44.97 44.96 
3.4 || 51.05] 51.08] 51.01] 50.96 51.02 
3.5 || 58.84] 60.57[ 58.42| 57.67 59.39 
3.6 || 67.93] 72.27] 68.89] 67.55 66.08 
3.7 | 78.521 78.951 78.45] 78.29 78.30 
3.8 || 90.92] 90.47] 90.95] 92.00 87.79 
3.9 || 105.44 | 107.26 | 104.58 | 102.56 106.52 
4.0 || 122.48 | 118.03 | 122.53 | 120.61 123.44 
4.1 || 142.53 | 144.31 | 136.81 | 143.97 140.68 

4.2 || 166.17 | 163.16 | 166.27 | 167.03 167.19 
4.3 || 194.08 | 183.86 | 190.79 | 190.34 193.13 
4.4 |] 227.12 | 228.12 | 234.35 | 228.38 224.84 
4.5 || 266.29 | 255.06 | 262.08 | 271.02 267.25 
4.6 || 312.86 | 316.53 | 321.92 | 309.88 307.46 
4.7 |, 368.31 | 376.66 | 362.75 | 373.74 381.29 
4.8 | 434.49 | 424.27 | 439.10 | 439.12 427.47 
4.9 || 513.64 | 526.50 | 511.29 | 508.17 485.32 
5.0 || 608.49 | 579.87 | 584.50 | 602.73 602.91                   

Table 2.7: Experimental verification of Z(a), for 1.7 < a < 5.0. n is the number of words 
in the dictionary. 
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For the purpose of analysis, we can consider this as a random toss of k — 1 words 

into B instead of k words as in the MOS implementation, because one of the words, y, is 

always certain to land in an empty slot. Consequently, we need to modify our formula for 

calculating E[X;]. When j = 1, there is no random tossing involved, and E[X,] is O(n). 

For j > 1, the new formula for calculating E x ; is 

sh 
E[X;] = (14+ 8)7!n?- fe Uns os Tosi - Tog toals.3 — 1) — ba(s, 7) } ds 

Evaluating this integral in the same manner as in Lemma 2.2.9, we obtain 

  

  

1+ B)n | wo} - wry . 
E[X;] ~ ( *) " > forj >2 

(1+ B)n, B+e(1+a) 5 In B+ = for j7 =2 

Substituting this in Theorem 2.2.5, E[PHFCOST(n, a, )] for this algorithm becomes n(@(1)+ 

=’(a, 3)) where 

B+ e7%( 1+a) u} - wi 

ae) {in (St e7Ure)) 4 Seen j- =} 

B+re(1+a)\_ & fo, | ae +E] j tt 

For minimal perfect hashing, 6 = 0. Substituting it in the above expression, 

Za) = In(1 ta)t > jess 
j=l 

='(a, B) 

J 

A plot of =(a) for OMOS implementation is given in Figure 2.5. 

Like the unoptimized MOS implementation, this formula for =(a) was checked on nine 

dictionaries of sizes 100,000 to 900,000. On each dictionary, a was varied from 1 to 4 in 

steps of 0.1. For each bin, the number of trials was observed and the following expression 

was Calculated. 

= _ j=2 jX; 

n 
—erpertmental = 
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Figure 2.5: A plot of =(a) vs. a. 
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Z experimental for different n and a 

Q =(a) | 10,000 20,000 | 30,000 | 40,000 | 50,000 | 60,000 | 70,000 | 80,000 90,000 

1.00 || 1.06 1.10 1.08 1.06 1.04 1.06 1.06 1.07 1.06 1.06 

1.10 || 1.18 1.31 1.22 1.22 1.21 1.24 1.23 1.21 1.22 1.24 

1.20 || 1.31 1.50 1.36 1.38 1.38 1.37 1.40 1.37 1.39 1.39 

1.30 || 1.44 1.67 1.53 1.53 1.55 1.55 1.54 1.53 1.56 1.56 

1.40 |) 1.59 1.84 1.70 1.70 1.74 1.73 1.72 1.70 1.71 1.72 

1.50 1.74 2.00 1.92 1.88 1.87 1.86 1.91 1.87 1.88 1.87 

1.60 || 1.90 2.15 2.07 2.04 2.03 2.05 2.05 2.03 2.06 2.06 

1.70 || 2.08 2.28 2.25 2.20 2.17 2.19 2.22 2.21 2.21 2.23 

1.80 || 2.27 2.49 2.39 2.38 2.34 2.39 2.35 2.35 2.37 2.36 

1.90 || 2.47 2.64 2.56 2.47 2.60 2.53 2.01 2.53 2.54 2.53 

2.00 || 2.69 2.91 2.74 2.73 2.70 2.70 2.71 2.68 2.71 2.68 

2.10 || 2.93 3.09 2.95 2.93 2.94 2.97 2.97 2.97 2.96 2.94 

2.20 || 3.20 3.42 3.18 3.27 3.19 3.28 3.30 3.23 3.27 3.28 

2.30 || 3.49 3.79 3.52 3.55 3.54 3.59 3.58 3.58 3.56 3.54 

2.40 || 3.81 3.96 3.96 3.88 3.92 3.97 3.98 3.95 3.86 3.91 
  

Table 2.8: Experimental verification of =(a), for 1.0 < a < 2.4. n is the number of words 

in the dictionary. 

The experimentally observed values are a little higher than what =(a) predicts. This is 

probably due to the fact that function hz used in the algorithm is not exactly random. 

Tables 2.8 and 2.9 lists the experimental observations. 
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Z experimental for different n and a 

Q =(a) 10,000 | 20,000 | 30,000 | 40,000 | 50,000 | 60,000 | 70,000 | 80,000 90,000 

2.50 4.16 4.30 4.31 4.23 4.30 4.24 4.30 4.28 4.28 4.30 

2.60 4.55 4.86 4.60 4.57 4.69 4.61 4.70 4.70 4.68 4.66 

2.70 4.98 5.34 4.91 9.18 9.17 0.17 5.08 9.05 9.12 9.14 

2.80 5.45 9.83 5.53 5.48 5.63 9.52 5.48 5.58 5.64 5.64 

2.90 || 5.99 6.39 6.01 6.04 5.99 6.11 6.03 5.94 6.09 6.06 

3.00 || 6.58 6.98 6.72 6.63 6.71 6.45 6.63 6.56 6.62 6.59 

3.10 || 7.24 7.38 7.44 7.09 7.11 7.20 7.27 7.25 7.41 7.32 

3.20 7.99 8.40 7.70 8.06 7.96 8.12 7.92 7.94 7.83 8.08 

3.30 || 8.82 9.16 8.98 9.10 8.65 8.81 8.79 8.80 8.83 8.76 

3.40 9.76 9.87 9.99 9.74 9.52 9.77 9.76 9.82 9.62 9.73 

3.50 || 10.83 11.50 10.70 10.93 10.83 11.04 10.91 10.79 10.98 10.90 

3.60 || 12.03 | 11.81 | 12.04} 11.77] 12.43) 12.10) 11.96! 12.07; 12.03 | 11.73 

3.70 || 13.38 13.92 13.32 13.49 13.37 13.43 13.33 13.65 13.39 13.52 

3.80 || 14.92 15.28 14.63 15.09 14.92 15.02 14.99 15.11 14.92 14.96 

3.90 || 16.67 | 16.18) 17.40] 16.42; 16.78 | 16.35 | 16.82 | 16.81 | 16.70] 16.66 

4.00 || 18.66 | 18.19] 18.51], 19.02 | 18.87) 18.99} 18.93] 18.78 | 18.67 | 18.24 

4.10 || 20.94 21.13 21.00 | 20.72; 20.67 |} 20.75 21.21 20.92 20.76 20.78 

4,20 || 23.53 | 23.94 |} 23.00 | 22.78; 24.10] 23.41 | 22.82) 23.39 | 23.52] 23.42 

4.30 || 26.51 | 24.90) 29.15 | 26.29| 25.78) 26.43 | 26.32) 26.66 | 25.61 | 27.04 

4.40 |{ 29.92 | 28.09 | 30.02 | 28.65 |} 28.75 | 29.15 | 29.80 | 29.69 | 29.29 | 30.08 

4.50 || 33.84 | 30.40 | 32.07 | 34.01 | 31.94 | 33.30} 32.77 | 34.03; 34.15! 33.32 

4.60 || 38.35 | 36.43 | 36.30] 36.62) 37.58 | 38.98} 38.35} 36.94] 37.97 | 38.70 

4.70 || 43.56 | 41.46 | 44.35 | 44.07 | 42.32 | 42.75 | 43.43 | 43.37 42.13 42.90 

4.80 || 49.59 | 45.36) 48.05 | 49.49 | 48.86} 50.28/] 48.75 | 49.02] 49.04 48.45             
  

Table 2.9: Experimental verification of =(a), for 2.6 < a < 4.8. n is the number of words 

in the dictionary. 
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Chapter 3 

MC ALGORITHM 

In Chapter 2, we discussed the MOS algorithm for perfect hashing. In this chapter, we 

discuss an alternate perfect hashing algorithm called the musical chairs algorithm (MC) 

and experimentally compare its performance with the MOS algorithm. 

Both the MOS and MC algorithms can be applied to sets of either fixed-length or 

variable length words. For both Sy and Sy, either in the OP case or NOP case, and in its 

entire range, the MC algorithm runs faster than the MOS algorithm. The LSL (lower space 

limit) of the MOS algorithm is lower than the LSL of the MC algorithm for both OP and 

NOP cases. However, as proved in Chapter 2, running the MOS algorithm at its LSL, i.e., 

at a = Inn, requires O(n”) time. In practice, it is too expensive to run the MOS algorithm 

for a > 5.0. Table 3.1 compares the important characteristics of the MOS algorithm and 

MC algorithm. 

The remainder of this chapter is organized as follows. Section 3.1 gives a description of 

the MC algorithm. Section 3.2 develops a basis for comparison of the space requirements of 

the MOS and MC algorithms. Section 3.3 gives experimental results of the MC algorithm 

and compares the results for the MOS algorithm. 

3.1 A Description of the MC Algorithm 

3.1.1 Form of the PHF for various cases 

The MC algorithm can be applied to either Sy or S, to produce either an OPPHF or 

a NOPPHF. This gives four cases, which we describe now. In every case, it maintains an 

array A of size N, and hj, h2, and h3 denote random functions that map U to In. 
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Running time Space of 

Set | Order || fora PHF of | LSL of MOS | MOS for LSL of MC 

the same space a=5 

S; | OP || MC runs faster | nlogy n+ 1.2nlogyn | 1.25nlog.n 
n/\n2 
  

Ss | NOP || MC runs faster n/\n2 0.2n log, n 0.25nb + 

Sy, | OP || MC runs faster | nlog,m+ | nlogym+ | 1.25nlog,m 
n/\n2 0.2n log, n 

Sy | NOP || MC runs faster | 0.5n log. n+ | 0.7n log, n | 0.6125n log, n 
n/\n2 

  

                  
  

Table 3.1: Comparison of the MC algorithm with the MOS algorithm. 

Case 1: OP for S; 

In this case, the MC algorithm maintains two arrays, A and B. Ais an array of N 

integers. B is an array of size n, and the words of S; are stored in B. The MC algorithm 

seeks a PHF of the form 

f(z) = (AfAi(x)] + Alho(z)] + Alha(z)]) (mod n). (3.1) 

Figure 3.1 lists a program for checking the membership of a given word z in S; in the OP 

case. 

Case 2: NOP for Sy; 

In this case, the MC algorithm maintains only one array A and the words of Sz are 

directly stored in A. To answer the question whether a given z € Sy, we simply check 

whether it is equal to one of A[hy(z)], A[ho(z)], or A[h3(xz)]. This requires at most three 

accesses to the array A. Figure 3.2 lists a program for checking the membership of a given 

word z in Sy; in the NOP case. 
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Find-S';-OP(z) 

{ 

/* Calculate the address of x */ 

a = (hi(z) + ho(x) + h3(z)) (mod n); 

/* Compare the word at this address in C with x */ 

if (Bla] == z) 
return ( TRUE); 

else 

return ( FALSE); 
endif 

Figure 3.1: The find program for Sy in the OP case. 

Find-S;-NOP(z) 

{ 

/* Check if z is equal to one of h(x), he(z), or h3(z) */ 

if (x == A[hi(z)] or A[h2(z)] or Alhs(z)]) 
return ( TRUE); 

else 

return ( FALSE); 
endif 

Figure 3.2: The find program for the Sy in the NOP case. 
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Case 3: OP for S, 

In this case, the MC algorithm maintains two arrays, A and C. A is an array of integers, 

and C is an array of characters of size m. The words of S, are stored sequentially in C’. 

The MC algorithm seeks a PHF of the form 

f(z) = (Alhi(2)] + Alha(z)] + Alha(z)]) (mod m). (3.2) 

Figure 3.3 lists a program for checking the membership of a given word z in S, in the OP 

case. 

Case 4: NOP for S, 

In this case, the MC algorithm maintains two arrays, A and C’.. A is an array of integers 

of size N and C is an array of characters of size m. The words of S, are stored sequentially 

C according to the partial order produced by a random function ho that maps U to Ip. 

So, as discussed in Section 1.2, a hash pointer can be used to point to a word in C. The 

address of x can be calculated according to the formula 

Address(z) = ho(z) + Offset(z). 

For 1 <i <n, let the maximum value of Offset(z) be m. The MC algorithm seeks a PHF 

of the form: 

f(z) = Ao(x) + (Alfi(z)] + A[ha(x)] + Alha(z)]) (mod f). (3.3) 

Theorem 1.2.2 implies that with very high probability the value of log, 7 is log, n/2. Hence 

the total space occupied by A in this case is only half of the total space occupied by A in 

other cases. Figure 3.4 outlines a program for checking the membership of a given word z 

in S, in the NOP case. 

Substituting z; € S for z in Equation 3.1 or 3.2 or 3.3 for 1 < i < n yields a system 

of n linear equations with N variables (the values in the array A). This observation was 

made independently by Seider and Hirschberg [37]. They propose solving a system of linear 
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Find-S,-OP(z) 

{ 

/* Calculate the address of x */ 

a = (hi(z) + ho(z)+ha(z)) (mod m); 

/* Compare the word at this address in C with x */ 

if (C[a..a+ |z|] == 2) 
return ( TRUE); 

else 
return ( FALSE); 

endif 

Figure 3.3: The find program for S, in the OP case. 

Find-S,-NOP(z) 

{ 

/* Calculate the address of x */ 

a = ho(z) + (hi(z) + ho(z) + Ag(z)) (mod f); 

/* Compare the word at this address in C with x */ 

if (C[a..a + |z|] == 2) 
return ( TRUE); 

else 

return ( FALSE); 
endif 

Figure 3.4: The find program for S, in the NOP case. 
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equations of order n x N which is an O(n?) operation. Equations 3.1, 3.2, 3.3 contain only 

three variables. This special structure allows us to solve these equations with the help of 

the MC algorithm given in Figure 3.5. The same algorithm in Figure 3.5 applies to all the 

above cases. 

Definition 3.1.1 A 3-regular hypergraph G = (V, EF) consists of a set of vertices V, and 

a set of hyperedges FE, where each hyperedge is a subset of V of cardinality 8. Hence 

{v1, v2, v3} may be a hyperedge of G, if v1, v2, v3 are all distinct, and v1, v2, 03 € V. 

Definition 3.1.2 A 3-regular hypergraph G' = (V', E’) is a subhypergraph of G = (V,E), 

ifV'CV and E'CE. 

Definition 3.1.3 An edge e = {v1, v2, v3} is incident on a verter v, if v € e. 

Definition 3.1.4 In a 3-regular hypergraph, the degree of a vertex v € V is the number of 

edges incident on v. That is, 

degree(v) = |{eE E: vee}f. 

Definition 3.1.5 A hyperedge e = {v1,v2,v3} in a hypergraph is a leaf, if the degree of at 

least one of its vertices ts one. 

3.1.2 The MC algorithm 

The MC algorithm consists of three phases. 

The first phase places all the words z; € S in a circular list and constructs a 3-regular 

hypergraph G = (V, E), where V = Iy and 

E = {{hy(2;), ho(2;), ha(zi)}: 1 <i<nand 2; € S}. 

The vertices of G correspond to the cells of A and the hyperedges of G correspond to words 

in S. The MC algorithm is based on the following observation. Suppose a word z € S$ 

corresponds to a hyperedge {v, v2, v3} in G and it is a leaf. Without loss of generality, let 

19



CHAPTER 3. MC ALGORITHM 

the degree of v; be one. Note that the value of A[v,]| affects only 2. This means that if 

we delete + from G and assign values for rest of the vertices of G, we can assign a value to 

A[v,] such that f(z) maps to the address of z. 

The second phase orders the words by traversing the circular list while deleting leaves 

from G and pushing the corresponding words ontoa stack. At any point, if the MC algorithm 

finds subhypergraph of G with no leaves, it reports FAILURE and quits. The MC algorithm 

succeeds if we can delete all the hyperedges from G while traversing the circular list. 

The third phase pops each word z from the stack and calls the appropriate process pro- 

cedure depending upon the case. The degree of at least one of the vertices hy(x), ho(x), and 

h3(x) is guaranteed to be one before popping z from the stack because {hj(z), ho(z), h3(z)} 

was a leaf when z was pushed onto the stack. Let i be one of the vertices hy(z), ha(z), or 

h3(z) such that the degree of i is one. Al[?] is assigned a value depending upon the case in 

the following manner. In Process-Ss-NOP, x is stored in the cell A[z]. In Process-S -OP, 

A[i] is adjusted such that 

(A[hi(a)] + Alho(z)] + Alha(z)]) mod n = 1 

where / is the address of x in B. In Process-S,-OP, Ali] is adjusted such that 

(Afhy(2)] + A[ho(2)] + Alha(2)]) mod m =! 

where / is the address of z in C. In Process-S,-NOP, Ali] is adjusted such that 

ho(2) + (A[ha(z)] + Alho(z)] + Afhg(z)]) mod @ = 1 

where | is the address of z in C. The third phase always succeeds. 

Example 3.1.1 In this example, the MC algorithm is illustrated for the OP case for S,. 

Let S, be a set of 8 words “USA”, “Russia”, “Britain”, “France”, “Germany”, “India”, 

“China” and “Japan”. The characters of all these words are stored sequentially in an array 

C, and each word is terminated by a special character A. The size of the array C is thus 

52. The values of hy(x), ho(x), and A3(xz) and the address of z in C for all these words is 
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MC() 

/* 

Make a hyper-graph of N vertices and n 3-tuples {hi(x), ho(z), h3(z)}, and make 
circular list of all the words in S 

CreateEmptyGraph(Hypergraph); 
CreateEmptyCircularList(CircularList); 
for(allz € S) { 

AddEdge({hi(z), ho(x), ha(z)},Hypergraph); 
Add Word(z,CircularList); 

} 

/* Traverse the circular list and transfer all the leaves to the stack */ 

while ( !Empty(CircularList)) { 

if (NoMoreLeaves(Hypergraph) ) 
return(FAILURE); 

x = Get Word(CircularList); 

if (Leaf({hy(z), ho(z), h3(x)}, Hypergraph) { 
Push(z,Stack); 
DeleteEdge( {hi (x), ho(r), h3(z)}, Hypergraph); 
DeleteWord(z,CircularList); 

[Continued on next page] 
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/* 

Pop the words from the stack and call the appropriate process routine, depending 

upon the case. 

*/ 

while ( !Empty(Stack)) { 
xz = Pop(Stack); 

case { 

S;,OP: Process-S5-OP (hi(z), ho(z), ha(z), x); 
S;,NOP:  Process-Ss-NOP (hi(z), ho(z), h3(z), 2); 
Sy,OP: Process-S,-OP (h(x), ho(z), h3(x), 2); 
Sy,NOP:  Process-S,-NOP (hi(z), ho(z), h3(z), 2); 

} 
} 
return(SUCCESS); 

Figure 3.5: The MC algorithm. 

82



CHAPTER 3. MC ALGORITHM 

Process-S ¢-NOP(t, j,k, z) 

/* Store x in one of the free cells Ali], A[j], or A[k]. */ 

if (Degree(z) == 1 ) 

A[] = 2; 
else if (Degree(j) == 1 ) 

A[j] = 2; 
else if (Degree(k) == 1 ) 

Alk] = 2; 

Figure 3.6: The process procedure for Sy in the NOP case. 

Process-S ¢-NOP(i, j,k, z) 

{ 

| = Address(z, B); 

/* 

Change one of the variables A[i], A[j], or A[A] such that 

ty (A[i] + A[j] + A[K]) (mod n) = l. 

if (Degree(z) == 1 ) 

Ali] = (— Aly] - Alk]) (mod n); 
else if (Degree(j) == 

Aly] = (¢— Ale] - Alk]) (mod 1); 
else if (DegreeA(k) == 1 ) 

A[k] = (1— A[j] - Alt]) (mod n); 

Figure 3.7: The process procedure for Sy in the OP case. 
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Process-S,-OP(1, 7, k, 2) 

{ 

| = Address(z,C); 

/* 

Change one of the variables Ali], A[j], or A[k] such that 

+) (A[z] + A[j]+ A[k]) (mod m) = 1. 

if (Degree(z) == 1 ) 

Ali] = (1— A[j] — A[K]) (mod m); 
else if (Degree(j) == 1 ) 

Alj] = (— Alt] — A[k]) (mod m); 
else if (DegreeA(k) == 1 ) 

A[k] = (1 - A[j] — Afi]) (mod m); 

Figure 3.8: The process procedure for S, in the NOP case. 
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Process-S,-NOP(1, j,k, 2) 

{ 

1 = Address(z,C) — ho(z); 

/* 

Change one of the variables A[z], A[j], or A[k] such that 

7 (A[i] + Aj] + A[A]) (mod @) = 1. 

if (Degree(z) == 1 ) 

Ali] = (1 Aly) - AIA]) (mod &); 
else if (Degree(j) == 1 ) 

Alj] = (1 - Alt] — A[k]) (mod #); 
else if (DegreeA(k) == 1 ) 

A[k] = (!— Alj] — Ali]) (mod ”); 

Figure 3.9: The process procedure for S, in the OP case. 
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L hy(x) | he(x) | hg(x) | Address of 
zinc 

“USA” 0 5 3 0 

“Russia” 9 6 0 4 

“Britain” 4 6 3 11 

“France” 2 0 8 19 

“Germany” 3 4 0 26 

“India” 9 4 1 34 

“China” 8 1 7 40 

“Japan” 3 7 9 46               
  

Table 3.2: An example illustrating the MC algorithm. 

listed in Table 3.2. hy, hz, and h3 are random functions which map to an integer between 

0 and 9 with equal probability. Section 1.2 defines random functions precisely. 

The following is a list of all the steps in the MC algorithm while traversing the circular 

list. In each step, we give all the words in the circular list and underline the current word 

under consideration. We also give the degrees of all 10 vertices in each step and underline 

the vertices of the current hyperedge. 

1. Circular List = { “USA”, “Russia”, “Britain”, “France”, “Germany”, “India”, “China”, 

“Japan” }. 

Hyperedge = {0, 5, 3}. 

Degrees = (4, 2, 1, 3, 3, 2, 2, 2, 2, 3]. 

2. Circular List = { “USA”, “Russia”, “Britain”, “France”, “Germany”, “India”, “China”, 

“Japan” }. 

Hyperedge = {9, 6, 0}. 

Degrees = [4, 2, 1, 3, 3, 2, 2, 2, 2, 3]. 

3. Circular List = { “USA”, “Russia”, “Britain”, “France”, “Germany”, “India”, “China”, 

“Japan” }. 
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Hyperedge = {4, 6, 5}. 

Degrees = [4, 2, 1, 3, 3, 2, 2, 2, 2, 3]. 

4. Circular List = {“USA”, “Russia”, “Britain”, “France”, “Germany”, “India”, “China”, 

“Japan” }. 

Hyperedge = {2, 0, 8}. 

Degrees = [4, 2, 1, 3, 3, 2, 2, 2, 2, 3]. 

Since the degree of vertex 2 is 1, “France” is removed from the circular list. 

5. Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India”, “China”, “Japan” }. 

Hyperedge = {3, 4, 0}. 

Degrees = (3, 2, 0, 3, 3, 2, 2, 2, 1, 3]. 

6. Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India”, “China”, “Japan” }. 

Hyperedge = {9, 4, 1}. 

Degrees = [3, 2, 0, 3, 3, 2, 2, 2, 1, 3]. 

7. Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India”, “China”, “Japan” }. 

Hyperedge = {8, 1, 7}. 

Degrees = [3, 2, 0, 3, 3, 2, 2, 2, 1, 3]. 

Since the degree of vertex 8 is 1, “China” is removed from the circular list. 

8. Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” ,“Japan”}. 

Hyperedge = {3, 7, 9}. 

Degrees = (3, 1, 0, 3, 3, 2, 2, 1, 0, 3]. 

Since the degree of vertex 7 is 1, “Japan” is removed from the circular list. 

9. Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” }. 

Hyperedge = {0, 5, 3}. 

Degrees = [3, 1, 0, 2, 3, 2, 2, 0, 0, 2]. 
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10. 

11. 

12. 

13. 

14. 

15. 

16. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” }. 

Hyperedge = {9, 6, O}. 

Degrees = [3, 1, 0, 2, 3, 2, 2, 0, 0, 2]. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” }. 

Hyperedge = {4, 6, 5}. 

Degrees = [3, 1, 0, 2, 3, 2, 2, 0, 0, 2]. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” }. 

Hyperedge = {3, 4, 0}. 

Degrees = [3, 1, 0, 2, 3, 2, 2, 0, 0, 2]. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, “India” }. 

Hyperedge = {9, 4, 1}. 

Degrees = [3, 1, 0, 2, 3, 2, 2, 0, 0, 2]. 

Since the degree of vertex 1 is 1, “India” is removed from the circular list. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, }. 

Hyperedge = {0, 5, 3}. 

Degrees = (3, 0, 0, 2, 2, 2, 2, 0, 0, 1]. 

Circular List = {“USA”, “Russia”, “Britain”, “Germany”, }. 

Hyperedge = {9, 6, 0}. 

Degrees = (3, 0, 0, 2, 2, 2, 2, 0, 0, 1]. 

Since the degree of vertex 9 is 1, “Russia” is removed from the circular list. 

Circular List = {“USA”, “Britain”, “Germany”, }. 

Hyperedge = {4, 6, 5}. 

Degrees = [2, 0, 0, 2, 2, 2, 1, 0, 0, 0]. 

Since the degree of vertex 6 is 1, “Britain” is removed from the circular list. 
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17. Circular List = {“USA”, “Germany”, }. 

Hyperedge = {3, 4, 0}. 

Degrees = [2, 0, 0, 2, 1, 1, 0, 0, 0, 0]. 

Since the degree of vertex 4 is 1, “Germany” is removed from the circular list. 

18. Circular List = {“USA”, }. 

Hyperedge = {0, 5, 3}. 

Degrees = [1, 0, 0, 1, 0, 1, 0, 0, 0, 0). 

Since the degree of vertex 0 is 1, “USA” is removed from the circular list. 

The words in S, are pushed onto the stack in the order “France”, “China”, “Japan”, 

“India”, “Russia”, “Britain”, “Germany”, and “USA”. The next phase consists of popping 

all the words from the stack and assigning values to the cells of A. We denote all the 

unassigned cells by a *, and underline the cells of the current hyperedge. 

1. Word = “USA”, Hyperedge = {0, 5, 3 }, Address = 0 

— [* * * * * * * *K * * 
A = [*, *, *, *, 79 2 9 9 

We need to assign values to A[0], A[3], and A[5] such that (A[0]+ A[3]+ A[5]) mod 52 

is 0. Since A[0], A[3], and A[5] are unassigned, we assign 0 to all of them. 

2. Word = “Germany”, Hyperedge = {3, 4, 0 }, Address = 26 

A = (0, *, *, Q, *, 0, *, *, ¥ * 

We need to assign values to A[0], A[3], and A[4] such that (A[0]+ A[3] + A[4]) mod 52 

is 26. A[0] is 0 and A[3] is 0. So we assign 26 to A[4]. 

3. Word = “Britain”, Hyperedge = {4, 6, 5 }, Address = 11 

A= (0, *, *, 0, 26, 0, * * * *) 
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We need to assign values to A[4], A[5], and A[6] such that (A[4] + A[5]+ A[6]) mod 52 

is 11. A[4] is 26 and A[5] is 0. So So we assign 37 to A[6]. The rest of the steps are 

similarly carried out. 

4. Word = “Russia”, Hyperedge = {9, 6, 0 }, Address = 4 

A= (0, *, *, 0, 26, 0, 37, *, *, *] 

5. Word = “India”, Hyperedge = {9, 4, 1 }, Address = 34 

A = [0, *, * 0, 26, 0, 37, * * 19] 

6. Word = “Japan”, Hyperedge = {3, 7, 9 }, Address = 46 

A = (0, 41, *, 0, 26, 0, 37, *, *, 19] 

7. Word = “China”, Hyperedge = {8, 1, 7 }, Address = 40 

A= (0, Al, *, 0, 26, 0, 37, 27, x, 19] 

8. Word = “France”, Hyperedge = {2, 0, 8 }, Address = 19 

A = (0, 41, *, 0, 26, 0, 37, 27, 24, 19] 

Finally A[2] is set to 47. Oo 

Definition 3.1.6 Define y = N/n. 

Definition 3.1.7 p ts the ratio of the total number of links traversed on the circular list 

during the MC algorithm to n. 

Since traversing the circular list is the dominant operation in the MC algorithm, we 

may consider p as a measure of the running time of the MC algorithm. The MC algorithm 
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fails if we find that there are no edges in the 3-regular hypergraph that are leaves. The MC 

algorithm succeeds if and only if every subgraph of G has at least one leaf. An interesting 

question is, for what value of N does the MC algorithm succeed with high probability? 

We found experimentally that the MC algorithm almost always fails when y < 1.21 and 

almost always succeeds when y > 1.24. Also, as y varies from 1.25 to 2, u decreases from 

6.01 to 1.37 monotonically. We discuss these experiments in more detail in Section 3.3. 

Majewski [31] independently provides an experimental verification that when y = 1.23, 

every subgraph of a 3-regular hypergraph has a leaf vertex. However, he does not provide 

a linear-time algorithm for getting a PHF from this 3-regular hypergraph. 

3.2 The Space Requirements of the MC and MOS Algorithms 

In this section, we compare the space requirements of the MC and MOS algorithms. 

Since the number and size of the arrays used depends on the case, the total space occupied 

by these arrays varies accordingly. For each case, we calculate the total] space occupied by 

these data structures and derive a relationship between the parameters of the two algorithms 

such that the total space occupied by the arrays of the two algorithms is the same. Table 3.3 

gives a brief summary of the arrays used by each algorithm and the total space occupied 

by them. We refer to the PHF found by the MOS algorithm as fyos and the PHF found 

by the MC algorithm as furc. 

Case 1: OP for S; 

In the OP case for S;, the MOS algorithm employs three arrays—A, B, and B. The 

array A has n/a cells, and each cell occupies [log.n] bits. The array B has n cells. 

Assuming it uses simple pointers, each cell occupies [log. | bits. The array B has n cells, 

and each cell occupies 6; bits. So, 

SPACE((S;,fuos)) = 0 (E8271 + flog, nl) + nby, 
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Arrays used Space Occupied | Arrays used | Space required 

Case by the by the MOS by the by the MC 

MOS algorithm | data structures | MC algorithm | data structures 

S;, OP A, |A| = n/a nlogs n/at A, |A| = yn yn logs n 
B,|Bl=n n log, n+ + 
C, |Cl =n nbs C, IC] =n nb; 

S;,NOP || A, |A] = n/a n log, n/at A, |A] = yn ynbs 
B,|Bl=n nob 

Sy, OP A, |A| = n/a n log, n/a+ A, |A| =n yn log, m 
B,|Bl=n n logy m+ + 

C,|Cl|=m mb, C,|C| =m mb, 
Sy, NOP | A, |Al = n/a n log, n/a+ A, |A| = yn yn logs n/2+ 

B,|\Bl=n nlog, n/2+ + 

C,|C|=m mb, C,|C| =m mb, 
  

Table 3.3: Data structures used by the MOS and MC algorithms. 

The MC algorithm employs two arrays, A and B. The array A has yn cells. Assuming it 

uses simple pointers, each cell occupies [log, n] bits. The array B has n cells, and each cell 

occupies by; bits. So, 

SPACE((S, furos)) = ny [log, n| + nby. 

SPACE((S, fuwos)) and SPACE((S, furc)) become equal when 

Case 2: NOP for S; 

  

In the NOP case for Sy, the MOS algorithm employs two arrays—array A and array B. 

The array A has n/a cells, and each cell occupies [log n] bits. The array B has n cells, 

and each cell occupies by bits. So, 

SPACE((S, fuc)) = mega" by, 

The MC algorithm employs only one array A, that has yn cells, and each cell occupies b; 

bits. So, SPACE((S, furc)) is ynbs. SPACE((S, furos)) and SPACE((S, fuc)) are equal 
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when 

Mogan} (3.5) 

Case 3: OP for 5S, 

In the OP case for S,, the MOS algorithm employs three arrays—array A, array B, and 

array C. The array A has n/a cells, and each cell occupies [log, n] bits. The array B has 

n cells. Assuming it uses simple pointers, each cell occupies [log, m] bits. The array C has 

m cells, and each cell occupies b, bits. The space occupied by the set-function pair of the 

MOS algorithm is 

SPACE((S,, fyros)) =n (Pen! + flog, mi) + mby. 

For this case, the MC algorithm employs two arrays, A and C’. The array A has yn cells. 

Assuming it uses simple pointers, each cell occupies [log, m] bits. The array C has m 

cells, and each cell occupies b, bits. The space occupied by the set-function pair of the MC 

algorithm is 

SPACE((S,, fuc)) = nyflog,m]+mb,. 

SPACE((Sy, fuos)) equals SPACE((S,, farc)) when 

_ floggn] 1 
a= log, ml} 21° (3.6) 

Case 4: NOP for S, 

When OP is not required, the words can be rearranged in the array C to decrease the 

space required by pointers to C’. In the MOS algorithm, changing the simple pointer of the 

array B to a hash pointer, the space occupied by each cell decreases from [log, m] bits to 

[logs n|/2 bits. So the space requirement decreases to 

SPACE((S, fos) = 7 (Men 4 Penn + mby. 
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Similarly, when the simple pointer of the array A is changed to a hash pointer, SPACE((S, farc)) 

decreases to 

yn[log. n| 4 mb 
SPACE((S, fuc)) = 5 v 

SPACE((S, furos)) and SPACE((S, furc)) are equal when 

a=—. (3.7) 

3.3. Experimental Results 

In this section, we discuss the performance of the MC algorithm. In total, we conducted 

three experiments. The first experiment investigates the probability of success of the MC 

algorithm. The second experiment measures the dependence of y (Definition 3.1.7) on 7, 

essentially a time versus space tradeoff. The third experiment compares the performance 

of the MC and MOS algorithms. Sections 3.3.1, 3.3.2, and 3.3.3 discuss the first, second, 

and third experiments respectively. 

3.3.1 Probability of success of the MC algorithm 

The MC algorithm was run on nine dictionaries of sizes varying from 10,000 to 90,000. 

On each dictionary, 7 was varied from 1.20 to 1.25. For each 7, the probability of success was 

estimated by running the MC algorithm 100 times. The results are tabulated in Table 3.4. 

As can be seen from the table, there is a very sharp jump in the probability of success as + 

varies from 1.22 to 1.23. For y < 1.20 the algorithm almost always fails, and when y > 1.24 

the algorithm almost always succeeds. 

3.3.2 Running time of the MC algorithm 

On a dictionary of size 100,000, the MC algorithm was run with y varying from 1.25 

to 1.95 in steps of 0.05. Table 3.5 lists the experimental observation of yz as ¥ is varied. 

Figure 3.10 shows a plot of 7 versus yp. 
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Figure 3.10: A plot of yw vs y for 1.25 < y < 1.95. 
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Size of the dictionary, n 

7 || 10,000 | 20,000 | 30,000 | 40,000 | 50,000 | 60,000 | 70,000 | 80,000 | 90,000 
1.20 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
1.21 | 0.01 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 
1.22 |] 0.25 | 0.26 | 0.23 | 0.23 | 0.18 | 0.26 | 0.15 | 0.14 | 0.10 
1.23 || 0.88 | 0.93 | 0.94 | 0.98 | 0.98 | 1.00 | 1.00 | 1.00 | 1.00 
1.24 | 0.99 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 { 1.00 | 1.00 
1.25 |} 1.00 | 1.00 | 0.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 

  

  

  

  

  

  

  

                            
Table 3.4: Probability of success of the MC algorithm. 

  

7 || 1.25 | 1.30 | 1.35 | 1.40 | 1.45 | 1.50 | 1.55 | 1.60 

fe || 6.01 | 3.58 | 2.82 | 2.41 | 2.16 | 1.98 | 1.84 | 1.74 
  

                        
  

7 || 1.65 | 1.70 | 1.75 | 1.80 | 1.85 | 1.90 | 1.95 

fe || 1.66 | 1.59 | 1.53 | 1.48 | 1.44 | 1.41 | 1.37 
  

                      

Table 3.5: Variation of yw with y for 1.25 < y < 1.95. 

3.3.3 Running times of the MC and MOS algorithms 

In this section, we compare the performances of the MC and MOS algorithms. For the 

MOS algorithm, we choose the OMOS implementation of Chen [18] in Chapter 2. Both 

algorithms were run for only the OP case for Sy. For NOP case, we need to rearrange 

the words and point to the words with the help of a hash pointer. However, the time 

required for rearranging the words is independent of which perfect hashing algorithm (MC 

or MOS) is used. So we ignore the time taken for rearranging the words for the purpose of 

comparing the two algorithms. Similarly, the times taken by the MC and MOS algorithms 

do not depend on whether the S is a set of fixed-length words or variable-length words. 

The timings of the MC and MOS algorithms are dependent only on the parameters y and 

a. It is only space occupied by the tables (A, B, and C’) that depends on the case. So, 

comparative timings for each case can be found with the help of Equations 3.4, 3.5, 3.6, 
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Size of the Running time of the 

dictionary | MC algorithm in seconds 

Dictionary 1 786,432 1906 

Dictionary 2 || 1,200,502 4130             
Table 3.6: Running times of the MC algorithm for two real dictionaries on a DECSta- 

tion 3100. 

and 3.7. 

Two experiments were conducted to determine the running time of the MC algorithm. 

The first experiment was run on a DECStation 3100. It consists of applying the MC 

algorithm to two dictionaries, Dictionaryl and Dictionary2. Dictionary2 was used in [22] 

and Dictionary] is a subset of Dictionary2. These times are comparable to those for random 

dictionaries of the same size, according to other tests on this machine. Table 3.6 shows the 

running times for these dictionaries. 

The second experiment was run a NeXT machine. It consists of applying the MC and 

MOS algorithms for various values of a and y. The MC algorithm was applied to 10 

dictionaries of sizes varying from 100,000 to 1,000,000. On each dictionary, ~ was varied 

from 1.25 to 1.34. Table 3.9 lists the running times of the MC algorithm. The MOS 

algorithm was applied to the first seven of the 10 dictionaries. On each dictionary, a was 

varied from 2.30 to 4.00. As can be seen from this table, when the MOS algorithm was run 

on dictionaries of size more than 400,000, there was a sharp jump in the time, presumably 

due to virtual memory thrashing. Table 3.8 lists the running times of the MOS algorithm. 

The average word length in each dictionary was 20. So m and n satisfy the relation m = 20n. 

We discuss all the cases for our experimental values. In case 1 and case 4, Equations 3.4 

and 3.7 are not affected by m and n. In case 2 and case 3, we simplify Equations 3.5 and 

3.6 for the purpose of our comparison. Table 3.7 lists the equivalent values of a for y for 

all 4 cases. 
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Case 1: OP for S; 

In this case, the relation between a and y for equal space is 

and the values of m and n do not affect the relation. 

Example 3.3.1 Suppose MC algorithm is run on a dictionary of size 300,000 with y = 1.29. 

Table 3.9 shows that MC algorithm took 111 seconds to run with y = 1.29. Table 3.7 shows 

that if a = 3.45 and y = 1.29, then a = 1/y—1. The nearest value for a = 3.45 is 3.5. From 

Table 3.8, we see that the MOS algorithm took 239 seconds for a dictionary of size 300,000. 

For n = 300,000, log, n = 19. In the MOS algorithm, each cell of the tables A and B 

occupy 19 bits. So the total space occupied by the table A is 300, 000+ 19/3.45 = 1,653, 000 

bits. The space occupied by B table is 5,700,000 bits. The total space occupied by the 

two tables is 7,353,000 bits. In the MC algorithm, 7 = 1.29. The space occupied by the 

table A is 1.29 * 300, 000 + 19 = 7,353,000 bits. The total space occupied by the MOS and 

MC algorithms came out as equal because a and ¥ satisfy Equation 3.4, the relationship 

for equal space by the MOS and MC algorithms. 

Case 2: NOP for S; 

In this case, the relation between a and y for equal space is 

[logon] 1 

by y¥-1 

Assuming by is [log, n], 

1 

y-1 

This is the same as the relation between a and y in case 1. 

Example 3.3.2 Consider Example 3.3.1 in case 1. Since a is 1/(y — 1) for both case 1 

and and this case, Example 3.3.1 applies to this case also. 

98



CHAPTER 3. MC ALGORITHM 

Case 3: OP for S, 

In this case, the relation between a and ¥ for equal space is 

_ [logy n| 1 

~ flogym]y-1 

The dictionary size was varied from 100,000 to 1,000,000. On these dictionaries, the min- 

imum value of [log,n]/[log.m] is 17/21. If we take the equivalent value of a to be 

0.8/(7 — 1), SPACE((S., fuos)) is at least as much as SPACE((S,, furc)). 

Example 3.3.3 Again consider Example 3.3.1 in case 1. In this case, a is 0.8/(y — 1). 

Table 3.9 shows that MC algorithm took 111 seconds to run with 7 = 1.29. Table 3.7 shows 

that if a = 2.76 and y = 1.29, then a = 0.8/y — 1. The nearest value for a = 2.76 is 2.8. 

From Table 3.8, we see that the MOS algorithm took 237 seconds for a dictionary of size 

300,000. 

Case 4: NOP for S, 

In this case, the relation between a and ¥ for equal space is 

and the values of m and n do not affect the relation. As 7 varies from 1.25 to 1.34, @ varies 

from 5.88 to 8.00 The MOS algorithm failed for a > 5.00. 

3.4 Discussion 

3.4.1 Analytical derivation of the threshold y = 1.25 

In this chapter we have described the MOS algorithm, provided experimental results 

and compared these results to the MOS algorithm. As can be seen from Table 3.4, there 

is a very sharp jump in the probability of success at y = 1.25. In future research, it would 

be very interesting if this result can be analytically predicted. However, our experience 

suggests an analytical proof is likely to be very tedious. We state two related results here. 
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a for different cases 

7 OP & NOP, S; | OP, S, NOP, S, 

0.8/(¥-1) | U/y-1)) | 2/¥-D 
1.25 3.20 4.00 8.00 

1.26 3.08 3.85 7.69 

1.27 2.96 3.70 7.41 

1.28 2.86 3.57 7.14 

1.29 2.76 3.45 6.90 

1.30 2.67 3.33 6.67 

1.31 2.08 3.23 6.45 

| 1.32 2.50 3.12 6.25 

1.33 2.42 3.03 6.06 

1.34 2.35 2.94 5.88           
  

Table 3.7: Equivalent Values of a and ¥. 

  

  

  
  

  

  

  

  

  

      
  

  

  

  

  

  

  

  

  

  

Size of the dictionary, n 

a 100,000 | 200,000 | 300,000 | 400,000 || 500,000 | 600,000 | 700,000 

2.30 78 156 254 473 5270 11647 19080 

2.40 77 155 242 546 §211 11285 18863 

2.90 77 155 239 483 99010 11358 18645 

2.60 77 157 242 472 5159 11330 18920 

2.70 76 155 237 476 0167 11266 18627 

2.80 77 156 237 475 5159 11299 18618 

2.90 76 155 236 490 5192 11230 18549 

3.00 77 155 237 476 5176 11248 18508 

3.10 7 154 238 476 5193 11483 18763 

3.20 77 155 237 465 5189 11191 18474 

3.30 77 155 288 474 5188 11159 18523 

3.40 77 156 243 472 5045 11166 18417 

3.50 78 156 239 A476 5175 11200 18676 

3.60 78 157 239 466 5135 11181 18415 

3.70 78 158 241 486 5177 11181 18439 

3.80 79 160 242 464 5052 11397 18349 

3.90 | 79 159 243 484 5074 11120 18268 

4.00 80 160 245 472 5071 11124 18540                     
  

Table 3.8: Running time of MOS algorithm in seconds. 
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Size of the dictionary, n 

+ | 100,000 | 200,000 | 300,000 | 400,000 | 500,000 
1.25 | 38 76 116 156 199 
1.26| 36 74 114 155 195 
1.27| 36 74 113 153 192 
1.28 | 36 73 111 151 190 
1.29] 35 72 111 150 189 
1.30] 35 72 110 149 188 
1.31 | 36 71 110 148 187 
1.32[ 35 72 109 148 186 
1.33 | 35 71 108 147 186 

| 1.34] 34 71 108 147 185             
  

  

[7 | 600,000 | 700,000 || 800,000 | 900,000 | 1,000,000 | 
  

  

  

    

  

  

  

  

  

  

              

1.25 246 307 941 1460 1655 

1.26 238 300 867 1325 1459 

1.27 240 297 804 1181 1340 | 

1.28 243 294 735 1110 1258 | 

1.29 235 302 715 1045 1184 

1.30 241 300 683 998 1129 

1.31 232 305 661 966 1085 

1.32 237 307 640 926 1043 

1.33 228 336 635 898 1016 

1.34 227 317 603 870 983     
  

Table 3.9: Running time of the MC algorithm in seconds. 
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The first one is on the the existence of a cycle in a random graph. The second one is on the 

existence of a cycle in a 3-regular hypergraph. 

Theorem 3.4.1 Let G be a random graph with N vertices and n edges. If N/n > 2, the 

probability that there exists a cycle in G is o(1). If N/n < 2, the probability that there exists 

no cycle in G is o(1). 

Proof: Refer to Chapter 5 in [2]. Oo 

Theorem 3.4.2 Let G be a 3-regular random graph with N vertices and n edges. If N/n > 

9.67, the probability that there exists a cycle (subhypergraph with minimum degree 2) in G 

is o(1). 

Proof: Refer to Theorem 4.9 in [31]. Oo 

Theorem 3.4.1 provides a threshold for the existence of a cycle in random graph. The 

proof of Theorem 3.4.1 is very tedious and there is no straightforward way to extend it to 3- 

regular hypegraphs. Theorem 3.4.2 provides only an upper bound on the existence of a cycle 

in a 3-regular random hypergraph. There is a large gap between the experimentally observed 

threshold y = 1.25 and the upper bound given by Theorem 3.4.2[31]. However, since the 

proof of Theorem 3.4.1 is very tedious, tightening the bound provided by Theorem 3.4.2 is 

likely to be very difficult too. 

3.4.2 Comparison of MC and MOS algorithms 

The MC algorithm succeeds whenever 7¥ is at least 1.25. The size of PHF found by the 

MC algorithm depends upon the cases as described in Section 3.2. The main advantage of 

the MC algorithm over the MOS algorithm is that it runs faster than the MOS algorithm 

whenever the MC algorithm can find a PHF of the same size as the one found by the MOS 

algorithm. Its disadvantages are: 

e For a find operation, it requires three accesses to the A table as opposed to one access 

by the MOS algorithm. 
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e The MC algorithm fails to produce a PHF before approaching Mehlhorn’s lower 

bound, whereas the MOS algorithm takes longer and longer time as it approaches 

the Mehlhorn’s lower bound. Consequently, the smallest PHF that can be found by 

the MC algorithm is larger than the smallest PHF that can be found by the MOS 

algorithm given a large amount of time. 
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Chapter 4 

GRAPH ORDERING 

The MC algorithm in Chapter 3 suggests a problem of ordering the vertices of a 3-regular 

hypergraph so as to meet certain constraints. In this chapter, we discuss the equivalent 

problem for an ordinary undirected graph. In the MC algorithm, if we map every word 

zr € S$ toa 2-tuple {hi(z),ho(x)} instead of a 3-tuple {hi(xr), ho(x), h3(z)}, we obtain an 

ordinary graph G, and the ordering problem is equivalent to the following graph problem. 

Given a graph G, can we lay out the vertices of G on a straight line such that from every 

vertex at most one edge goes left? It is easy to see that this layout is possible if and only 

if the graph G is acyclic, i.e., a forest. 

Another motivation for this problem comes from Fox et al.’s [21] algorithm. They seek 

a PHF of the form in Equation 1.1. Their algorithm builds a graph from Equation 1.1, 

where each edge of the graph corresponds to a word in the dictionary. Then it orders the 

vertices of the graph and processes each vertex in that order. At each vertex it randomly 

tosses the words corresponding to the edges that go left from the vertex into an array of 

words. The random tossing of the words can be avoided if we can order the vertices of the 

graph such that at most one edge goes left from every vertex [16]. 

In this chapter, we consider two generalizations of this problem. 

1. Is it possible to lay out the vertices of G on a straight line such that at most r edges 

go left from every vertex of G? 

2. Is it possible to lay out the vertices of G on a straight line such that at most r edges 

go left and at most s edges go right from every vertex of G? 

The first problem has a polynomial-time solution, while the second problem is NP- 
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complete. The remainder of this chapter is organized as follows. Section 4.1 precisely 

defines terminology. Section 4.2 presents a polynomial-time solution for the first problem. 

Section 4.3 presents a proof that the second problem is NP-complete. Section 4.4 describes 

an equivalence problem for digraphs. 

4.1 Definitions and Terminology 

Definition 4.1.1 An undirected graph G = (V, E) consists of a set of vertices V and a 

set of edges E. An edge of an undirected graph is an unordered pair {u,v} where u,v EV. 

Edge {u,v} € E is said to be incident on the vertices u and v. 

Definition 4.1.2 If |V| = N, an ordering  : V — In is a one-to-one mapping of the 

vertices of V onto In. 

We also refer to the ordering of the vertices of a graph as a layout of the graph. Vertex 

u is to the left of v under the layout € if (u) < &(v), and vertex u is to the right of v if 

E(u) > &(v). 

Definition 4.1.3 An edge {u,v} € E is backward with respect to v and forward with 

respect to u if E(u) > E(v). 

Definition 4.1.4 The partition of the set of incident edges incident on a vertex v into 

backward and forward edges is the split of the verter v. 

Definition 4.1.5 With respect to an ordering €, the backward degree of v, b(€,v), is the 

number of backward edges incident on v. The forward degree of v, $(€,v), is the number 

of forward edges incident on v. The degree of a vertex v is the sum of the backward and 

forward degrees of v. 

Definition 4.1.6 The mazimum backward degree with respect to € in the graph G is 

AWE,G) = max b(f, vi). 
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The mazimum forward degree with respect to € in the graph G 1s 

Adg(é, G) = max ec€, v;). 1<i<N 

The mazimum degree of all the vertices in G is 

A(G) = max, {degree(vi)}. 

The minimum degree of all the vertices in G is 

6(G) = min, {degree(v:)}. 

Definition 4.1.7 A directed graph G is a 2-tuple (V,E), where v is a set of vertices and 

E is a set of edges. An edge of a directed graph is an ordered pair (u,v) where u,v € V. 

The edge (u,v) is said to be directed from u to v. 

Definition 4.1.8 The indegree of a verter v € E is the number of edges (u,v) € G. The 

outdegree of a vertex u € G is the number of edges (u,v) € E. 

4.2 Minimum Backward Edge Ordering 

Given a graph G and an integer k, the minimum backward edge ordering problem for 

G and k is to find an ordering € such that Ab(£,G) < k. Figure 4.1 presents an algorithm 

to solve this problem. It consists of deleting vertices of degree at most k from G until G 

is empty. The deletion of vertex v from G consists of removing all the edges incident on v 

from G also. This algorithm takes O(|E| + |V|log|V]|) time in the worst case. 

Theorem 4.2.1 Let G, be the set of graphs G for which the minimum degree of every 

subgraph ts at most k. Let G2 be the set of graphs G that have an ordering in which every 

verter of the graph has backward degree at most k. Then, Gy = Go. 

Proof: We first show that G, C G2. Suppose G € G,. Apply the procedure Order Vertices 

in Figure 4.1 to G. Since every subgraph of G has at least one vertex of degree at most k, 

it always returns an ordering £. Hence G € Go, and G, C Go. 
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Order Vertices(G, k ) 

{ 

1= WN; 

while (i > 1) { 
if (there exists a vertex v of degree < k) { 

E(v) = 4; 
Delete(v, G); 

i 1; 

} 
else 

return(FALSE); 

} 
report(&); 

return(TRUE); 

} 

Figure 4.1: A procedure for finding a € such that Ab(£,G) < k. 
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It remains to show that Go C G,. Suppose G € Go. Let € be an ordering such that 

Ab(£,G) < k. Let H be any subgraph of G. Let v be the vertex of H with greatest £(v). 

Obviously, the degree of this vertex in H is at most k. So, every subgraph has at least one 

vertex of degree at most k. This implies G € G), and hence G2 C Go. 

We conclude that Gy = Go. 

Oo 

With a slight modification of the above algorithm, we can find an ordering € which 

minimizes the maximum backward degree, Ab(€,G). Instead of selecting an arbitrary vertex 

of degree at most k as in the if statement in Figure 4.1, we greedily select a vertex of 

minimum degree every time. 

4.3. Bounded Split Problem 

In this section, we consider a more general ordering problem than the minimum back- 

ward edge ordering problem. Instead of restricting attention only to backward edges, we 

consider the problem of ordering the vertices such that both the number of forward and 

backward edges is bounded. The decision problem we consider is the following. 

BOUNDED SPLIT PROBLEM(BSP): 

INSTANCE: A graph G = (V, £) and two integers r and s. 

QUESTION: Is there an ordering € of its vertices such that for all v € V, b(£,v) < r and 

$(f,0) < 8? 

This problem is solvable in polynomial time if either r or s is equal to one. 

Theorem 4.3.1 The BSP has a linear-time solution for r = 1. 

Proof: It is easy to see that when we are restricting either the backward degree or forward 

degree to one, the only class of graphs that satisfies this restriction is the class of acyclic 

graphs. An algorithm for the problem is as follows. Assume that r = 1. Use depth-first 

108



CHAPTER 4. GRAPH ORDERING 

search to check the graph G for the existence of a cycle. If G is acyclic, check A(G) is 

greater than r+ 1. If so, answer no, otherwise answer yes. Oo 

However, BSP is NP-complete in general. We prove this for the case r = 2 and s = 2. The 

reduction is from another NP-complete problem NOT ALL EQUAL 3-SAT [36]. 

Definition 4.3.1 A boolean variable y has two literals y and y associated with it. 

NOT ALL EQUAL 3-SAT(NAE3-SAT): 

INSTANCE: A set of m clauses C),Co,..., Cy each consisting of three literals chosen from 

N boolean variables 41, 2,..-,YN- 

QUESTION: Is there a truth assignment for the variables y),y2,...,yn such that every 

clause has at least one literal with a value 1 and at least one literal with a value 0. 

Theorem 4.3.2 BSP is NP-complete for r= 2 and s = 2. 

Proof: We prove the theorem by constructing a graph G that satisfies the following con- 

ditions. 

e An instance of NAE3-SAT can be transformed to a corresponding instance of BSP in 

polynomial time. 

e The instance of NAE3-SAT has a solution if and only if the corresponding instance of 

BSP has a solution. 

Construction of G 

Consider the graph H in Figure 4.2. The only two possibilities for its layout that satisfy 

the constraints Ab(£, H) < 2 and A@(£, H) < 2 are abcde and edcba. The graph G contains 

copies of H as subgraphs. A short form for the graph H is depicted below H in Figure 4.2. 

The vertex c is not included in the short form, because G contains no edges incident on 

c other than a,b,d or e. The vertices a,b,d, and e are always depicted on the upper left, 

lower left, lower right, and upper right corners of the square respectively. Now consider a 
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Figure 4.2: The graph H and a short form representation. 

    

  

            

Figure 4.3: A cascade of k copies of H: Hy, Ho,..., Hx. 
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Figure 4.4: An arbitrary graph G with an H on each side. 

cascade of k copies of H,, H2,...,H, connected as in Figure 4.3. For 1 <i < k, name the 

vertices of H; as a;,b;,c;,d; and e; respectively. The only two possibilities for its layout are: 

a1 b4c;d1e€;a2b2c,d2€2 ...apbzcpdpe, and epdpcpbpa, .. .€2d2¢2b2a2e)d1c) 61a}. 

Now consider a graph as in Figure 4.4. In that figure, an arbitrary graph G' is connected 

to one of a), 6;, cy, or d, by a single edge and to one of a2, be, c2, or dz by a single edge. 

The only two possible patterns for the layout of G are 

a,b c,d ,e,{vertices of G}ab2c9d2€2 and €2d2¢2b2a2{vertices of G}e1d1c1bya1. 

The main idea of the construction is this. The G in the center is a gadget that stands for a 

clause. H, and H2 stand for the literals y and y of a particular boolean variable. One layout 

corresponds to setting the truth value of the variable to 1, and the other layout corresponds 

to setting it to 0. 

Suppose a variable y occurs in k clauses Cj, ,C;,,...,Ci,. We represent this variable by 

a cascade of 2k copies of H. Denote the first k copies by H;,, Hi,,...,H;, and the last k 

copies by H;,, H;,_,,---»Hi,- The layout 

H;,, Hi,,. * ., Hy, Hi, Hi, ,)- : Ai, 

corresponds to a value of 1 for y and the reverse layout corresponds to a value of 0 for y. 
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Py q7 
  

  

Figure 4.5: The gadget corresponding to a clause. 
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Figure 4.6: A simplified representation of the entire construction. 

113



CHAPTER 4. GRAPH ORDERING 

Figure 4.5 illustrates the gadget corresponding to a clause, a hexagon with six vertices. 

These vertices are viewed as three pairs—(pi,q1), (p2,q2), and (p3,q3). Each pair corre- 

sponds to one of the three literals in the clause. A schematic of the graph G appears in 

Figure 4.6. Each hexagon in the graph connects to exactly three cascades. Consider a 

clause C; for some i, 1 < i < M. Suppose the pair (p;,q,) corresponds to literal y. py is 

connected to the e vertex of H; and the a vertex of H;, and q, is connected to the d vertex 

of H;. Instead, if the pair (p,,q,) corresponds to a literal 9, p; is connected to the same e 

vertex of H, and the a vertex of H;, but q, is connected to the b vertex of H;. Hence, each 

p vertex has degree 4 and each q vertex has degree 3. The hexagon corresponding to the 

clause C; can be laid out if and only if the following conditions are satisfied. 

e The leftmost and the rightmost vertices of the hexagon are gq vertices. 

e The backward degree of the leftmost q vertex is one and the forward degree of the 

rightmost q vertex is one. 

An example illustrating all these constructions together, for the boolean expression 

Y1 9293 + Yi ¥2¥3, is given in Figure 4.7. 

If part 

Suppose G has a layout & such that Ad(£,G) < 2 and Ab(£,G) < 2. As we observed 

in our construction, the vertices of all the H’s corresponding to a cascade can appear only 

in one of the two orders. Assign a truth value of 1 to all the literals that fall on the left, 

and assign a truth value of 0 to the ones that fall on the right. By the construction, each 

hexagon can fall only in the middle H and H graphs it is connected to. So, the leftmost and 

the rightmost vertices of the hexagon cannot be p vertices and therefore must be g vertices. 

Since the forward degree of the leftmost q vertex cannot exceed two, its backward degree 

must be one. Similarly, the forward degree of the rightmost qg vertex is one. So every clause 

has at least one literal that has a value 1 and one literal that has a value 0. 
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Figure 4.7: The graph for the boolean expression 91 ¥243 + 919394- 
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Only if part 

Suppose the instance of NAE3-SAT has a solution, i.e., a truth assignment such that 

every clause has a literal of value 1 and a literal of value 2. Lay out the vertices of the graph 

G in the following manner. Recall from the construction that each variable y corresponds 

to a cascade of H and H graphs. If y has a value of 1, lay out the vertices of all the H 

graphs on the left and the vertices of all the H graphs on the right. If y has a value of 0, 

lay out the vertices of all the H graphs on the left and the vertices of all the H graphs on 

the right. Lay out all the vertices corresponding to the clauses in the middle. Lay out the 

graph G corresponding to a clause in the following manner. For every clause, there is at 

least one literal that has a value 1 and one literal that has a value 0. Pick two such literals 

from every clause. Put the q vertex corresponding to the literal with the value 1 on the left 

and the q vertex corresponding to the literal with the value 0 on the right. Since all the 

hexagons are in the middle, with H and H graphs on the left and the right, the backward 

and forward degrees of all the vertices of H and H graphs are less than or equal to 2. 

Consider the vertices corresponding to a hexagon. The leftmost and the rightmost vertices 

of the hexagon are gq vertices, and all the p vertices of the hexagons are in the middle. Since 

the hexagon is in the middle of an H and H graph, the forward and backward degree of 

each p vertex is exactly two. Since one edge of the middle gq vertex goes left and one edge 

goes right, neither the forward degree nor the backward degree of this vertex exceeds two. 

According to the layout, two edges from the leftmost gq go right and one edge goes left. 

Similarly, two edges from the rightmost q vertex go left and one edge goes right. So, neither 

the forward degree nor the backward degree of these vertices exceeds two. 

Transformation in polynomial] time 

For every variable y that is present in a clause, we used 12 vertices—two vertices for 

p and q, and five vertices for each literal y and y. Clearly, the transformation can be 

accomplished in polynomial-time. Also, a nondeterministic Turing machine can guess a 
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permutation € and check the b(£,v) and ¢(£,v) for every vertex in polynomial-time. So 

BSP is in NP. We conclude that BSP is NP-complete. 

4.4 An Equivalent Digraph Problem 

The minimum backward edge problem and the BSP can be viewed from another interest- 

ing perspective. Suppose we have an ordering € of an undirected graph G = (V, E). We can 

convert it to a directed graph G in the following manner. If (u,v) € E and €(u) > €(v), di- 

rect it from v to u. Obviously G will have no cycles. Also given a digraph G with no cycles, 

we can always order the vertices such that no edge points left. In light of this observation, 

the above problems can be rephrased as follows. 

Bounded outdegree DAG: 

INSTANCE: An undirected graph G, and an integer k. 

QUESTION: Can we direct the edges of G such that the resulting digraph G is acyclic and 

the indegree of every vertex v € G is less than k? 

Theorem 4.4.1 Bounded outdegree DAG question can be answered in polynomial-time. 

Proof: Similar to Theorem 4.2.1. 0 

Bounded split DAG: 

INSTANCE: An undirected graph G, and two integers r and s. 

QUESTION: Can we direct the edges of the graph G such that the resulting graph G is 

acyclic and the outdegree of every vertex of G is at most r and the indegree of every vertex 

of G is at most s? 

Theorem 4.4.2 Bounded split DAG question can be answered in polynomial-time. 

Proof: Similar to Theorem 4.3.2. oO 
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DYNAMIC PERFECT HASHING 

In Chapter 2 and Chapter 3, we discussed perfect hashing algorithms for static dictio- 

naries. In this chapter, we give an algorithm called the dynamic perfect hashing (DPH) 

algorithm that applies to dynamic dictionaries. While a static dictionary can support only 

the find operation, a dynamic dictionary can support find, insert, and delete operations. 

Just like the MOS or MC algorithm, the DPH algorithm maintains an array A of size 

O(n), where n is the number of words in the dictionary. One important factor that affects 

its performance is the dynamic nature of n itself. How does n vary with time? Does it 

oscillate about a fixed value np? Is there a probability distribution on n? Should the size 

of the array A vary as n varies? Depending on whether we vary the size of the array A or 

not, we divide the DPH algorithm into two cases. 

In the first case, the size of A is fixed, and we model the set S$ as a birth and death 

process [27]. We analyze the performance of the DPH algorithm when the dictionary is 

either an M/M/1 queue or an M/M/oo queue. This case is appropriate when we know the 

nature of the dictionary. We can exploit this knowledge by keeping the size of A fixed and 

avoid the penalty of adjusting A. For this case, the cost of insertion or deletion depends on 

the kind of queue. It is O(1) for both M/M/1 and M/M/oo queues that we analyze in this 

chapter. However, it is not guaranteed to be O(1) for any birth and death process. 

In the second case, as n varies, the size of A varies. The second case has wider applica- 

bility. However, for its generality, we pay the penalty of readjusting the array A . For the 

second case, the expected cost of insertion, deletion, and find is always O(1). 

Aho and Lee [1] present a dynamic perfect hashing algorithm with the size of A fixed. 

However, their algorithm has an upper bound on n. In our algorithm, the performance 
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degrades gracefully as the number of elements is increased. Dietzfelbinger et al. [12] give an 

algorithm in which the size of A varies as n varies. There is no upper bound on n, and the 

total space occupied by the data structures of the algorithm is always proportional to n. 

However, their algorithm works only for sets of fixed-length words, and there is no obvious 

way to extend it to sets of variable-length words, while keeping their space bounds. In this 

chapter, we give an algorithm which works for sets of variable-length words. 

The remainder of this chapter is organized as follows. Section 5.1 gives a description 

of the dynamic perfect hashing algorithm. Section 5.2 gives a general formula for insertion 

and deletion in the DPH algorithm. Section 5.3 models S as a birth and death process([27], 

and analyses the performance of the DPH algorithm. Section 5.4 analyses the performance 

of the DPH algorithm when the array A grows or shrinks in accordance with the size of the 

dictionary. 

5.1 DPH Algorithm 

We describe the DPH algorithm only for fixed-length words. It can be extended to 

variable-length words by storing the words in a character array C and storing pointers 

to the pointers to words in place of the original words. The DPH algorithm employs the 

following data structures: 

e An array A of size N; 

e For i > 0, M; memory blocks of size 7. 

A memory block of size 7 is a contiguous array of 7 cells. Each cell can hold exactly one 

word in S. We refer to the contents of a particular memory block by the operator []. For 

example, b[7] refers to the word stored in the jth cell of memory block b. Each cell can 

hold exactly one word of S. At a particular instant, a block is either free or allocated. All 

free blocks are maintained in linked lists, with one list for each block size. We assume that 

we have two routines GetBlock(j), which allocates a previously free memory block of size 

j, and Release Block(b), which frees an allocated memory block b. 
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Each cell of the array A consists of three fields: blockptr, param, blocksize. The address 

of a word 2, if it exists in the dictionary, can be computed by the following formula: 

j A[h1(2)].blocksize 

Address(x) = A[hy(z)].blockptr + h(x, A[hy(2)]-param). 

where h; is a random function which maps U to Iy. nv ) (z,2) is a random function that 

maps U x I to J;. 

Figure 5.1 gives a procedure find, which can answer the question whether a given word 

x exists in the dictionary. It checks the content addressed as above. It answers TRUE if it 

matches z, otherwise it answers FALSE. 

Figure 5.1 gives a procedure insert to insert a word z into the dictionary. The procedure 

consists of three steps. The first step maps z to the cell A[hi(z)]. Let 6 denote the memory 

block pointed to by A[h,(z)|.blockptr, and let the size of b be 7. Let S denote all the words 

in the block 6. The second step consists of releasing the block b and getting another block 

b' of size 7 + 1. The third step consists of finding an i such that h¥*) (y, 3) is a PHF for 

all of SU {x}. The program for deletion is similar to insertion except that we get a block 

of size 7 — 1 instead of 7 + 1, and we find a PHF for S — {z}. 

5.2 Insertion and Deletion Time 

When there are n words in the dictionary, let R, and D, be the expected costs of 

insertion and deletion respectively. The first step in inserting or deleting a word z is to 

map it into the bin hy(z) of array A. The probability that hj maps z to a bin of size 7 is 

(0-H 
The probability that a random function is a PHF for a set of size j is j!/j? = e~?. So, 

given by 

the expected cost to find a PHF for a bin of size j is e?. Since the bin size increases from j 
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Find(z) 

begin 

/* Map z to the bin A,(z) */ 

k= hy(z) 

b = A[k].blockptr 
t= Alk].param 
j = A[k].blocksize 

/* Compare the content of this address with z */ 

if (6[AY)(a, i)] == 2) 
return ( TRUE) 

else 

return ( FALSE) 
endif 

end 

Figure 5.1: The find program for dynamic perfect hashing. 

Insert(z) 

begin 
/* Map z to the bin hy(z) */ 

k = hi(z) 
b = A[k].blockptr 
j = Alk].blocksize 

[Continued on next page] 
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end 

/* 

Copy all the words in the memory blocks into set S. 

Note that *(b + /) stands for the content of the address b+ 1 

*/ 

S = {zx} 
for !=0Otoj-1 

S=SU {b[l]} 

endfor 

/* Release the block and get a new block of size 7 + 1 */ 

ReleaseBlock(b) 
b = GetBlock(j + 1) 
A[k].blockptr = b 
A[k].blocksize = j7 +1 

/* 

Randomly toss all the words in S into the new block till they land in empty cells. 

The routine permutation checks if its input is a permutation 

*/ 

1=0 

loop 

if (permutation(hY*)(s, ?))) exit out of the loop 

t=i+1 

forever 

/* Copy the words in S into the new memory block */ 

for allyeé & 

ayy, =y 
endfor 
A[k].param = 1 

Figure 5.2: The insert program for dynamic perfect hashing. 
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Delete(z ) 

begin 
/* Map z to the bin h,(z) */ 

k = hy(z) 
b = A[k].blockptr 
j = Alk].blocksize 

/* 

Copy all the words in the memory blocks into set S. 

Note that *(b + 1) stands for the content of the address b + / 

*/ 

for 1!=0Otoj-1 

S=SU {b[l]} 

endfor 

S=S-{r} 

/* Release the block and get a new block of size 7 + 1 */ 

ReleaseBlock(6) 
b = GetBlock(j — 1) 
A[k].blockptr = b 
A[k].blocksize = j - 1 

/* 

Randomly toss all the words in S into the new block till they land in empty cells. 

The routine permutation checks if its input is a permutation 

*/ 

1=0 

loop 

if (permutation(h”)(S, 1))) exit out of the loop 
t~=74+1 

forever 

[Continued on next page] 
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/* Copy the words in S into the new memory block */ 

for all yeES ra 
ofay My.) = y 

endfor 

A[k].param = i 
end 

Figure 5.3: The delete program for dynamic perfect hashing. 

to 7 +1, the cost is e/+!, 

n n 1\"9 4 41 

te = Et | O-m) ae 
  

Let o =1+(e-—1)/N, so that R, = eo”. In the case of deletion, we assume that any word 

in the dictionary is equally likely to be deleted. For 1 < j < n, let N; denote the number of 

blocks of size j that are allocated. So, if there are n words in the dictionary, and the next 

operation is a deletion, the probability that hy maps z to a bin of size 7 is given by 

  

Pr[Size of bin A(z) = j] = uf 

_ INN; 
n N 

- |" 0-2)" 4 
n j N N3 

_ n—1 (i-<) | 1 

j-1 N N3-1 
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Since the bin size decreases from j to j — 1, the cost is e?~!. 

n n—-1 1\"7 1. 
_ — gol 

> ( x) Ns-1° 
  

  

j=l j-1 

e-1 n-1 

= (1455) 
— ot). 

We summarize the results of this section in Theorem 5.2.1. 

Theorem 5.2.1 Suppose at an instant the size of the table A employed by the DPH algo- 

rithm is N and the number of elements in the dictionary is n. Then the expected cost of 

insertion R,, 1s 

_ n R, = eo”, 

and the expected cost of deletion D,, is 

where 

  

5.3. Dynamic Perfect Hashing with Fixed Array Size 

In this section, we analyze the performance of the DPH algorithm when the size of 

array A is a fixed integer N. We model the dynamic dictionary S$ as a birth and death 

process (27]. We assume that the arrival of words forms a Poisson process. The process 

has states E;, 0 <1 < oo, where F; represents a dictionary containing 7 words. When the 

system is in state E,, the arrival rate is A, and the departure rate is u,. p, denotes the 

steady state probability that the system is in E,. The expected cost of the next insertion 

or deletion is given by 

AnRn + Ln D,. 
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The expected cost over all the n is given by 

C = Yo pr(AnRn + UnDn). (5.1) 
n=0 

We analyze the performance of our algorithm for M/M/1 and M/M/oo queues. 

Classical queuing system: M/M/1 

For a classical M/M/1 queuing system [27], the arrival rate is a constant A, and the 

departure rate is a constant yu for every state other than Eo. The steady state probability p, 

of being in state E,, is (1—p)p”, where p = A/y. Substituting these values in Equation 5.1, 

the expected cost of insertion or deletion is 

C= S— pn(AnRn + Un Dn) 

n=0 

0° oO 

= DS i(1- p)pre0" + DO (1 - p)p™po"?. 
n=0 n=1 

This is the sum of two geometric progressions. C is unbounded if po > 1. If po < 1, then 

  

_ Ae + pp 
C = - 5, 

e+1 
= (1 p)Ar— 

Hence, C’ is a constant. The experimental cost of an insertion or a deletion is thus O(1). 

Queuing system with discouraged arrivals: M/M/oo 

For an M/M/oo queuing system with discouraged arrivals [27], the arrival rate is a 

constant A/(n +1), and the departure rate is a constant yp for every state other than Ep. 

The steady state probability of being in state E,, is e~°p"/n!, where p = A/p. Substituting 

these values in Equation 5.1, the expected cost of insertion or deletion is 

C = So pa(AnRn + UnDn) 
n=0 

126



CHAPTER 5. DYNAMIC PERFECT HASHING 

oO n co n 
_ ~pP A n —pP n—-1 

= ea Tee te 
A CO TN oo nr 

= ae e7 PE gn + # S- en PE gn 

po <= ni o “= n! 

— Me+V 5 (g00 _ 4). 
oO 

We summarize these results in the following theorem. 

Theorem 5.3.1 For an M/M/1 queuing system with po > 1, the DPH algorithm requires 

an expected insertion time of O(1), an expected deletion time of O(1), and a worst case find 

time of O(1). For an M/M/oo queuing system, the DPH algorithm requires an expected 

insertion time of O(1), an expected deletion time of O(1), and a worst case find time of 

O(1). 

5.4 Dynamic Perfect Hashing with Varying Array Size 

In Section 5.3, we analyzed the performance of the DPH algorithm when the stochastic 

behavior of n is known in advance. In this section, we assume that we do not know the 

behavior of n, and we vary N as n varies. However, changing N requires remapping all the 

words in S to a new array A. Since such remapping is expensive, we vary N only when n 

crosses certain boundaries according to the following rules. 

e N can be only one of [(1 + 5)*], where i > 0, and 6 is a given positive constant. 

e If N = [(1+6)*], then [(1+ 6)'-?] <n< [(1+ 6)*}] 

e When n = [(1 + 6)'t], and the next operation is an insertion, N is increased to 

[(1 + 6)'+1], and all the words in S are remapped to A. 

e When n = [(1 + 6)'~!] +1, and the next operation is a deletion, N is decreased to 

[((1 + 6)'-1], and all the words in S are remapped to A. 
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Since N always varies in tandem with n, the following relation always holds true. 

1 emia i+6 Sit =
|
 3 

Recall from Section 5.2 that 

  
e—1\” 

R, = e (14 x) 

ce -e(eln/N 

= elt(e-1)(1+4) 

_ et to(e-1) 

= O(1). 

Similarly, D, < e(¢-VC+5) — O(1). Hence,the expected cost of an individual insertion or 

deletion is constant. However, this ignores the cost of occasional remapping. 

Hence, let us now calculate the expected cost of remapping the words of S into A. The 

expected number of bins of size 7 is given by 

n 1\"7 1 vf" )0-2)7 5 
The expected cost to find a PHF for a bin of size 7 is e?. As we prove in the following 

paragraph, the total cost of finding PHFs for all the bins is linear in N. So let us denote 

the total cost of remapping by NCp. 

vy 
j=0 \ J 

e—1\" w(i4 2)" 
Whenever the words in S are remapped to A, n is either N or N — 1. So we can say 

e-—1\" 
Cr = (1+ x) 

= e&1n/N 

NCR 

  

  

~ e€
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In the worst case, the next remapping could occur after 6N/(1+ 6) deletions. Amortizing 

the cost of this remapping over these deletions, the amortized cost C'4 would be 

NCR 

6N/(1+6) 

( + ;) ec?” (5.2) 

Ca = 

Equation 5.2 means that the amortized cost C4 is O(1) as long as 6 is (1). However, 

if we try to make 6 as o(1), C4 becomes O(1/6). Recall that N is at most n(1+ 6). This 

means that if we try to be very efficient by keeping 6 very low, we drive C’', very high. On 

the other hand, if we make 6 very high to keep C’'4 very low, we waste a lot of space. We 

can summarize this tradeoff between space and time by the following theorem. 

Theorem 5.4.1 If the DPH algorithm guarantees that the size of array A is at most (1+ 

6)n, then the amortized cost per insertion or deletion is at least O(1/6). 
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Chapter 6 

CONCLUSIONS AND FUTURE WORK 

In this chapter, we summarize the results of this dissertation, while identifying some 

interesting open problems. 

The MOS algorithm 

Previously, no analysis existed for the running time of the MOS algorithm. In this 

thesis, we prove that the MOS algorithm requires 2(n'+") time if SPACE(f) is n/(nln 2) 

bits. To find a PHF f for a set of variable length words, the MOS algorithm uses three 

arrays—A, B, and C. The array C contains the characters of the words. The array B 

contains pointers to the words in C.. B is filled by randomly tossing the words repeatedly 

into it until they land in empty cells. For future research, an interesting alternative is to 

increase the size of C’ and toss the words directly into C to see if this results in improved 

performance. 

The MC algorithm 

In this thesis, we develop the MC algorithm, and provide experimental evidence that it 

runs faster than the MOS algorithm in its entire range. In future research, it would be very 

interesting if the time complexity of the MC algorithm could be analyzed, and its behavior 

predicted. 

Lower bound on the size of a PHF 

Most of the previous perfect hashing schemes have modeled a dictionary as a set of 

fixed-length words. It is possible to store all the words of a dictionary as null-terminated 
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strings in an array of characters and use a pointer to the word to provide access to the 

word via indirection. This model is adequate for dealing with the asymptotic values of 

the time and space requirements of an algorithm. However, when we need more precise 

values for the space requirement, we must take the space occupied by pointers into account. 

Otherwise, the results of comparing two perfect hashing algorithms can be misleading. Our 

model is the first to recognize this distinction. Hence, consider two kinds of universes, 

one containing words of fixed-length and another containing words of variable-length. This 

provides a precise framework for comparing two perfect hashing algorithms. 

Mehlhorn [32] proves a bound of n/1In2 bits on SPACE(f), where f is a PHF for a set 

of n fixed-length words. Fox et al. [15, 16, 17] prove a bound of nlog, n — o(n) bits on 

SPACE(f), where f is an OPPHF for a set of n fixed-length words. The following are two 

important open problems on the time and space requirements of perfect hashing functions. 

e Is there a better lower bound than Mehlhorn’s bound on SPACE(f), if f is a PHF for 

variable-length words? 

e Is there a better lower bound than that of Fox et al. on SPACE(f), if f is an OPPHF 

for variable-length words? 

e At present, there is no perfect hashing algorithm for fixed-length words which runs in 

O(n) expected time and which finds a PHF f of size O(n) bits. Is there a nontrivial 

lower bound on the time required to find a PHF of size O(n) bits? If there is one, is 

there a similar nontrivial lower bound on variable-length words? 

Dynamic perfect hashing 

In this thesis, we develop a new perfect hashing algorithm(DPH algorithm) for dynamic 

dictionaries. We analyze its behavior in two cases. In the first case, we keep the size of the 

array A fixed. We model the dictionary as a birth and death process and prove that the 

average case insertion and deletion times are O(1) for M/M/1 and M/M/oo queues. In 

the second case, we vary the size of A as n varies. We prove that the amortized average 
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case time is O(1) for insertion and deletion. The following is a list of some open problems 

related to dynamic perfect hashing. 

e What kind of queueing models describe the dynamic dictionaries encountered in prac- 

tical computer applications? 

e In the DPH algorithm, for each 1, we maintain M; memory blocks of size z. Ifa 

fixed amount of memory is given at the beginning of the algorithm, what fraction 

of it should be allocated to each size to ensure maximum running time before the 

algorithm runs of out of blocks of a particular size? How does the variation of the size 

of the table A affect this allocation? 

e One of the problems in maintaining a dynamic dictionary of variable-length words is 

the maintenance of the character strings of the words itself. This problem is similar 

to the memory management problem in operating systems. However, there is an 

important difference between the two problems. In the operating systems problem, 

the sizes of the memory blocks are quite large. Therefore, the free memory blocks 

contain enough space for storing a pointer to the next block. However, that is not 

the case for maintaining memory for character strings. In future research, it would 

be interesting to explore good strategies for maintaining a dynamic set of character 

strings. 
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