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NOMENCLATURE 

area of cross section of the beam 

slowly varying complex functions 

containing the amplitude and the phase 

amplitudes, real 

damping coefficients 

plate rigidity 

differential operators; see equation 

(2.3d) 

Young's modulus 

axial strain in the beam 

in-plane strains in the plate 

force function in the von Karman 

equations 

constants characterizing the 

amplitude of the excitation 

plate thickness 

moment of inertia of the beam cross 

section. 
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Q., Q •• 
1 lJ 
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r 

viii 

amplitudes, real; see Section 2.2.b 

eigenvalue in stability calculations 

bending moment on an element of the 

beam; see Figure 1 

terms which appear in the solvability 

conditions due to external resonances 

axial force in the beam; see Figure 1 

amplitudes of the excitation; constants 

excitation; function of the spatial 

variables and time 

constant coefficients of terms due 

to internal resonance 

shear force on an element of the beam; 

see Figure 1 

terms which appear in the solvability 

conditions due to the internal 

resonance 

coordinate. polar, in the plate problem -

also radius of gyration in the beam 

problem 
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t 

u 

Ur ' ue 
..., 

un' U nj' un 

w, wn 

x 

ix 

Coefficients which are functions of 

the An' Bn, Anm , and Bnm; see 

Appendicies A and C. 

time scales used in the method of 

multiple scales; see equation (2.3a) 

time 

axial displacement of the beam; 

see Figure 1 

in-plane displacements of the plate 

temporal functions to be determined 

transverse deflection of the beam 

and plate 

coordinate, Cartesian, in the beam 

problem 

phases, real 

linear combination of the phases and 

the detuning of the modes involved 

in the internal resonance 

small dimensionless perturbation 

parameter 
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p 

x 

constant coefficients of the nonlinear 

terms 

roots of the characteristic equations 

associated with the linear free-

oscillations of beams and plates. 

coordinate, polar, in the plate pro-

blem - also slope of the deformed 

beam 

normalizing coefficients of the 

linear free-oscillation modes 

frequency combinations; see Appendicies 

A and C 

frequency of the excitation; a 

constant 

linear combination of the phases and 

the detuning of the axcitation; 

associated with an external resonance 

material density of the beam and 

plate 

detuning of the frequencies involved 

in the internal resonance 
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detuning of the frequencies involved 

in an external resonance 

linear free-oscillation modes of the 

beam and plate 

functions which define the radial 

variation of the force function F 

natural frequencies 



1. INTRODUCTION 

Here attention is focused on deterministic systems having many 

degrees of freedom which are governed by a set of second-order nonlinear 

ordinary differential equations having constant coefficients. The non

linear terms involved are usually either quadratic or cubic or both, 

these being the first two nonlinear terms in a Taylor series expansion 

of the nonlinearity about a static equilibrium configuration. The non

linear terms are usually considered small in some sense and the system 

is said to be weakly nonlinear. The interest is in obtaining the re

sponse of the system to harmonic excitations having a single frequency 

(the frequency and the amplitudes of the excitations are constants). 

There are various resonances associated with forced responses. 

Denoting the frequency of excitation by A and the natural frequencies 

by wi' i = 1,2,3, .•• , one can classify these resonances as follows: 

a. external resonances 

(1 ) main or harmonic A ~ wk ; 

(2) superharmonic 

(3) subharmonic 

(4) combination 

(5) rational 

b. internal resonances 

nA :::: wk 

A ~ nWk 

nA ~ m1Wl + m2W2 

A ~ (m/n)wk ; 

•.• + m.w. ;::; 0 ; 
1 1 

+ ••• + m·w· 1 1 

where n, m and mi are integers which depend on the order of the non-
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linearity of the system. In the following, a number of works are cited 

as examples of the extensive literature available on the study of non

linear resonances. All the studies were concerned with periodic solu

!tQ~~ and their s~ability. In many cases analytical, experimental, and 

analogue-computer results were presented. 

1.1 Literature Review 

a. General Dynamical Systems 

Several books such as Hayashi [1] can be found in the field. An 

analysis leading to the classification of a class of dynamical systems 

wi th cubi c non 1 i n"ear; ti es was presented' by Sethna [2]. However, the 

response analysis was restricted to systems having two degrees of free

dom. In a later paper [3], he studied the superharmonic and subharmonic 

resonances in systems having two degrees of freedom and quadratic non

linearities. In both papers, Sethna paid particular attention to in

ternal resonances. A thorough investigation of the different nonlinear 

resonances, including internal resonances, in a system having two degrees 

of freedom can be found in the book on rotor dynamics by Tondl [4]. A 

system having six degrees of freedom was considered by Efstathiades and 

Williams [5] in their study of vibration-isolating system. Plotn"ikova 

[6] obtained the condition for the stability of periodic solutions under 

mai n resonance for rather general sys tems hav"j ng two degrees of freedom. 

Mettler [7J gives an excellent survey of the nonlinear vibration 

problems in mechanical systems including applications to elastic bodies 

subjected to gyroscopic and non~"conservative follower forces. Combina-



3 

tion and subharmonic resonances in systems having both quadratic and 

cubic nonlinearities were studied by Yamamoto and Hayashi [8]. Much 

of their analysis was concerned with systems having two degrees of 

freedom. However, they did present some more general results but did 

not include the effects of internal resonances. Szemplinska-Stupnicka, 

in a number of papers [9,10,11,12], presented analyses of the various 

nonlinear resonances in systems having many degrees of freedom. She 

also made a comparitive study of the different approximate methods used 

in the analysis of nonlinear vibrations. An earlier work on such a 

comparitive study is due to Newland [13J. 

Most of the works cited above are concerned with discrete mechanical 

systems. However, as noted by Mettler, an analysis of the vibrations of 

elastic bodies leads to an infinite set of nonlinear differential equa

tions, the nonlinearities being essentially quadratic and/or cubic. 

Some studies of the nonlinear resonances occuring in the nonlinear 

vibrations of structural elements, such as beams and plates, are discussed 

in the next section. 

b. Structural Elements-Beams and Plates 

The transverse vibrations of linearly elastic beams and plates 

supported in such a way as to restrict movement at the ends and along 

the edges are accompanied by stretching of the midplane. This stretch

ing is taken in account by nonlinear strain-displacement relations, 

which lead to nonlinear governing equations of motion. They are usually 

solved by assuming the spatial variation and then obtaining a set of 
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coupled, nonlinear, ordinary differential equations governing the 

temporal variation, the nonlinearity being essentially cubic. The 

different methods that are used for the solution of this set of non

linear equations are discussed in Section 1.2. 

Main and superharmonic resonances of different modes in straight 

beams were studied by Bennett and Eisley [14] and Bennett [15]. The 

results of their analysis and experiment indicate the inadequacy of a 

single-mode analysis to describe the response fully. Tseng and 

Dugundji [16,17] reported on the superharmonic, subharmonic and rational 

resonances in straight beams and the superharmonic resonances in buckled 

beams. Busby and Weingarten [18] and Nayfeh, Mook and Lobitz [30] used 

finite-element techniques to obtain the nonlinear equations governing 

the temporal variation of the response of straight beams to harmonic 

excitations. They studied the main resonances of different modes. 

The dynamic analogue of the von Karman equations has been used in 

- several attempts to determine the effect of mid-plane stretching in the 

response of plates to harmonic excitation. Examples are the works of 

Chu and Herrmann [19J, who considered rectangular plates, and Yamaki 

[20J, who studied both rectangular and circular plates. Farnsworth and 

Evan-Iwanowski [21J considered small-amplitude oscillations about a 

large-amplitude static deflection. Huang and Sandman [22J and Sandman 

and Huang [23J considered clamped circular plates and annuli having a 

clamped outer edge and a free inner edge, respectively. Bennett [24] 

presented an analysis of the response of rectangular, laminated plates 

having simple supports. 
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1.2 Methods of Analyzing the Nonlinear EquatJons 

Since exact solutions are, in general, not available for the study<, __ 

of nonlinear differential equations, recourse has been made to approxi- ~ 

mate methods in the studies cited above. The approximations that are 

invariably used in the analysis of weakly nonlinear systems can be 

broadly classified as: (1) the method of harmonic balance, (2) a per

turbation method, usually, the method developed by Krylov, Bogoliubov 

and Mitropolsky, which in the first approximation is known as the method 

of averaging and (3) a minimizing method such as the Ritz or the Galerkin 

method. In a noteworthy article, Rosenberg [25J gives a detailed account 

of the so-called geometrical methods which are more concerned with math

ematical aspects of a qualitative nature of solutions of nonlinear systems. 

A significant feature of these methods is that their applicability is 

not restricted to weakly nonlinear systems. Many of the results in [25J 

are taken from previously published papers by Rosenberg. 

r In recent years, another method which has become popular in the I 

I ' 
analysis of weakly nonlinear systems is the method of multiple scales, 1 

a perturbation method. A detailed description of this method and an 

exhaustive bibliography are given by Nayfeh [26]. This method was 

applied to the nonlinear analysis of ship motions by Nayfeh, Mook, and 

Marshall [27J and Mook, Marshall and Nayfeh [28J. Essentially, the 

systems analyzed had two degrees of freedom and quadratic nonlinearities. 

Various nonlinear resonances were considered in detail. Nonlinear 
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vibrations of structural elements were studied, using the method of 

multiple scales, by Nayfeh, Mook, and Sridhar [29J, Nayfeh, Mook and 

Lobitz [30J, Sridhar, Mook and Nayfeh [3,lJ, Morino [32J and Atluri [33J. 

1.3 An Assessment of the Previous Studies and the Contribution by the 

Present Work 

Although a large amount of literature is available on the subject 

of nonlinear resonances in weakly nonlinear systems having many degrees 

of freedom, this body of knowledge suffers from the following defi-

c;encies: 

a. Many of the studies are confined to systems having two degrees 

of freedom, and the results obtained from such analyses are not repre

sentative of those obtainable from a system having more than two de

grees of freedom, especially when the nonlinearity involved is cubic. 

Further, even in studies of systems having more than two degrees of 

freedom, the analyses are invariably restricted to the study of some 

specific resonance. Thus, the available information is in some sense 

disjointed. A unified approach leading to the study of the various 

nonlinear resonances ;s lacking. 

b. The phenomenological behaviour of systems with internal re

sonances has not been explored in any depth. This is especially true 

of studies concerned with the vibrations of structural elements. In 

such studies, internal resonance is usually referred to as 'coupling 

of modes' or 'modal interaction·. The studies in references [2-4, 
'---
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27-30] are some notable efforts in the study of internal resonances. 

i' An interesting feature of the internal resonance is the fact that, it 

is the only nonlinear resonance which is inherent in the system and is 

independent of the external excitation. One might expect that the 

'mechanism' of internal resonance would be the same irrespective of 

which of the other external resonances are occuring in the system. 

This aspect has not been clarified in any of the studies mentioned 

above. 

The present work is an effort to correct the above deficiencies 

in a class of nonlinear,systems by presenting a unified method for the 

analysis of external resonances (main, superharmonic, subharmonic and 

combination) which takes internal resonances into account. The effects 

of internal resonances are explored in depth. 

The system chosen is of intrinsic interest, meriting study in its 

own right. However, the choice of the system was strongly motivated 
, 

by the fact that the pr:,Q.QJem of the non 1 i near transverse vi bra ti ons of 

structural elements can often be reduced to the study of a nonlinear 

system that is exactly or essentially the same as the system considered 

in the present work. 

In Chapter 2, the system is defined and a unified method for the 

analysis of the various nonlinear resonances is developed. 

I n Chapter 3, e.xterna 1 resonances in the abs ence of i nterna 1 re-

sonances are analyzed in detail. 
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In Chapter 4, the effects of an internal resonance are carefully 

evaluated. 

In Chapter 5, the problem of the nonlinear vibrations of 

beams is reduced to a study of the system considered in Chapter 2. 

Also numerical examples involving main, superharmonic, subharmonic, 

combination, and internal resonances in a hinged-clamped beam are 

presented. 

In Chapter 6, the general problem of the nonlinear vibrations 

(including asymmetric vibrations and travelling waves) of circular 

plates is reduced to the study of essentially the same system considered 

in Chapter 2. Main and internal resonances are considered. 

In Chapter 7, the general analysis of Chapter 6 is specialized to 

symmetric responses. Also numerical examples involving main and inter

nal resonances are presented. The internal resonance differs from the 

one considered in Chapter 5. 

In Chapter 8, a summary of the present work is presented. 



I
I 

2. PROBLEM FORMULATION AND METHOD OF SOLUTION 

In this chapter, the nonlinear system that is chosen for study is 

defined and a unified method for the analysis of the various nonlinear 

resonances is developed. 

2.1 Problem Formulation 

The system chosen is governed by a set of equations having the 

form 

::~n + W
2 

U = £ [- 2cn :~n + L r u u u J + P cos At, n n m,p,q nmpq m p q n 

n = 1,2, •.. (2.1) 

where wn are the distinct natural frequencies of the corresponding 

linear problem; E is a dimensionless parameter; cn are the modal vis

cous damping coefficients; fnmpq are constant coefficients of the cubic 

ternls; Pn are the amplitudes of excitation; and A is the frequency of 

excitation. Both Pn and A are constants. 

The system is assumed to have one internal resonance combination 

involving four modes of the form 

(2.2) 

If an attempt is made to obtain straightforward perturbation ex-

pans;ons for un' for small E, then the expansions so generated are not 

uniformly valid for large t due to the appearance of so-called secular 

terms. In the present work a modification of the straightforward 

9 
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procedure, the method of multiple scales, is used to construct the 

first terms in the asymptotic expansions of the un which are uniformly 

va 1 i d for sma 11 E and 1 arge t. The study is concerned wi th e~"~_i odi c 

solutions for large time (i.e. t steady-state responses) and the deter-

mination of their stability. Attention is focused on main, superharmonic, 

subharmonic, combination and internal resonances. 

2.2 Method of Solution 

According to the derivative-expansion version of the method of 

multiple scales, the s'ingle time scale t ;s replaced by a number of 

time scales which are defined by 

T. = ~jt JO - 0 1 2 ~ , -", 
J 

(2.3a) 

Introducing these time scales results in the derivatives with respect 

to t being transformed into expansions in terms of the derivatives with 

respect to the new scales as follows: 

d _ 
dt - Do + EDl + ... (2.3b) 

and 

(2.3c) 

where 

(2.3.d) 

Expansions for the un are assumed to be of the form 

00 • 

u (t ; E ) '" I e;J Un' (T 0 , T 1 ,. • • ) • j = 0, 1 ,2 , •.• 
n j=O J 

(2.4) 
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substituting equations (2.3) and (2.4) into (2.1) and balancing powers 

of £ yields a series of problems governing the unj " 

Two cases arise, depending on the order of magnitude of the Pn" 

The case when Pn = 0(£) is associated with main resonances; that is, A 

is near one of the wn. The case when Pn = 0(1) is associated with 

superharmonic, subharmonic and combination resonances; that is, A is 

away from all wn" 

a. Main Resonance 

A A 

In this case, we let Pn = EPn where Pn = 0(1). The equations 

governing the unj are 

etc. 

D~Uno + w2 u = 0 n no 

+ t r u u u , n = 1, 2, •.• 
m,~,q nmpq mo po qo 

(2.5) 

(2.6) 

The solution of the zeroth-order problem defined by equations (2.5) 

can be written as 

(2.7) 

where cc represents the complex conjugate of the preceding terms. At 

this point, the complex functions "An are unknown. They are deternlined 

from the so-called solvability conditions at the next level of approxi

mation. It is noted that in the first approx'imation the response is 
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of lower order than the excitation. 

substituting equations (2.7) into (2.6) leads to 

D~unl + w~unl = - 2iwn(DIAn + cnAn)exp(iwnTo) + ~ Pn exp{iATo) 

4 
+ 2 rnmpq [.2 S.exp(iA.To)] + cc, n = 1,2,... (2.8) 

m,p,q J=l J J 

where Aj are linear combinations of the natural frequencies and Sj are 

functions of the An; both are listed in Appendix A. 

b~ Superharmonic, Subharmonic and Combination Resonances 

In this case, we let Pn = 0(1). Then the equations governing the 

u . are 
nJ 

etc. 

(2.9) 

n = 1,2, (2.10) 

The solution of equations (2.9) can be written as 

where 

and cc represents the complex conjugate of the preceding terms. At 

this point, the An are unknown. They ~re determined by the solvability 

conditions at the next level of approximation. We note that in the 
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first approximation the response is of the same order as the excitation. 

substituting equations (2.11) into (2.10) leads to 

Da Unl + w~unl = - 2iwn(DIAn + cnAn)exp(iwnTo) - 2icnAKnexp(iATo) 

27 
+ l rnmpq[.l S.exp(iA.To)] + cc, n = 1, 2, •.• (2.12) 

m,p,q J=l J J 

where the A. and S. are listed in Appendix A. 
J J 

Equations (2.8) or {2.l2} are a set of linear nonhomogeneous un

coupled equations which can be solved for the functions unl . However, 

unless certain conditions are imposed on the nonhomogeneous terms in 

the equations, the unl will contain 'secular terms' of the form 

Toexp(±iwnTo). These terms can be eliminated by simply requiring that 

the coefficients of exp(±iwnTo) in equations (2.8) and (2.12) be equal 

to zero. This leads to a set of nonlinear coupled equations, the so

called solvability conditions, which can be solved for the An. 

The solvability conditions involve the first term as well as all 

other terms for which Aj is equal to or nearly equal to wn on the right

hand side of equations (2.8) and (2.12). An investigation of Appendix 

A shows that Al through A7 are linear combinations of the natural fre

quencies only and that it is always possible for A2 through A7 to equal 

For example, As = w when m = n, while A2 = w when m = nand p = q. , n n 

Consequently, S2 through S4' which are cubic in the An' will always 

enter the solvability conditions in the case of main resonance. In 

addition, for the case of superharmonic, subharmonic and combination 
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resonances S5 through S7' which are linear in the An' will always enter 

the solvability conditions_ 

An internal resonance is said to exist if any other combination of 

natural frequencies is approximately equal to w ; that is, if the natural n 
frequencies are commensurable. Because the nonlinearity is cubic, the 

combination of natural frequencies associated with an internal resonance 

have the form 

l m. w· ::: 0 where ,I m. I = 4 • 
1 1 1 1 1 

combinations of natural frequencies associated with internal resonances· 

In the case of main resonance, an external resonance is said to 

exist when A is near wn- In the case of superharmonic, subharmonic and 

combination resonances, an external resonance is said to exist when 

Aj for j ~ 8 is approximately equal to wn- Because the nonlinearity 

is cubic, Aj for j ~ 8 satisfies the relation 

nA : l m.w. where Inl + lim. I = 4 • 
. " . 1 , , 

For external resonances, the comb'j nati ons of natural frequenci es always 

contain A. 

A mode is said to be 'directly excited' if the corresponding natural 

frequency is involved in an external resonant combination with A. For 

example, when A is near wn' the mode corresponding to wn is said to be 

directly excited; and when A is near (wo ± W ± W ), the modes corres-m p q 
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ponding to wm' wp and Wq are said to be directly excited. 

In general, when there are external and internal resonances, the 

solvability conditions have the form 

n = 1, 2, ... 

where Rn is due to internal resonances, if any; Nn is due to external 

resonances, if any; and 

3r n = j nnnn 
Ynj = ( 2. 14a) 

2(rnnjj + rnjnj + rnjjn ), n ~ j 

Hn k = ~ (r k" + r . k' + r .. k) K. K • ( 2. l4b) 
i ,j n lJ n1 J nlJ l J 

and 

(2.l4c) 

i.e., in the case of main resonance. The specific forms of Rn and Nn 
depend on the types of internal and external resonances. It is noted 

, that direct excitation of the nth mode implies that Nn ~ O~ Various 
h 

cases are considered in the following chapters. 

2.3 Summary 

A method is developed for obtaining the first approximation to 

the resonant response of the system chosen for study [i.e., equations 

(2.1)]. The method ;s 'unified' in the sense that the solvability 
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conditions, equations (2.13), can be used as a starting point for the 

analysis of main, superharmonic, subharmonic, combination and internal 

resonances. With the present approach the various nonlinear resonant 

possibilities can be readily ascertained by an inspection of Appendix~ 

A. For any specific case t the terms due to the external and internal 

resonances, in the solvability conditions, can be obtained essentially 

by an investigation of Appendix A. 



3. EXTERNAL RESONANCES IN THE ABSENCE OF INTERNAL RESONANCES 

In this chapter, the various external resonances are analyzed in 

detail, in the absence of internal resonances [i.e., Rn = 0 for all n 

in equations (2.13)J. Steady-state solutions are obtained and a method 

for determining their stability is discussed. 

3.1 The Case of No External Resonances 

For those mod~s which are n~t involved in an external resonance, 

Nn = 0 in equations (2.13). We let 

(3.l ) 

where an' the amplitude, and an~ the phase, are real functions of the 

slow time scale T1 • Because the objective is to obtain only the first 

tenns in the asymptotic expansions for the un' all Tn for n > 1 are 

considered to be constants. Substituting equation (3.1) into (2.13) 

and separating the result into real and ·im~ginary parts yields 

(3.2a) 

and 

a I + 1 a \ a2 + H a = 0 (3 2b) wn nan 8 n 4 Ynj j nn n · 
J 

where primes denote differentiation with respect to T1 • Equation (3.2a) 

shows that an + 0 as Tl + 00, and the steady-state amplitude an = O. 

Thus, the steady-state solution has the form 

(3.3a) 

17 

f 
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i.e., in the case of main resonance, and 

(3.3b) 

; .e., in the case of superharmonic, subharmonic and combination re-

sonances. 
~ \ . 

3.2 The Case of A Near wk 

In this case the only resonance is due to A being near wk {main 

resonance}. A detuning parameter, a, is used to express the nearness 

of A to wk as follows: 

A = wk + e:a (3.4) 

Then 

(3.5) 

Substituting equations (3.5) and (3.1) into (2.13) and separating the 

result into real and imaginary parts, one obtains, for n = k 

(3.6a) 

(3.6b) 

where 

II = aT 1 - Ok ' (3.6c) 

and for n 1 k, the amplitudes and phases are governed by equations 

(3.2). 

The steady-state solution corresponds to a~= 0 and ll' = 0; thus, 
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equations (3.6) can be reduced to 

(3.7a) 

and 

(3.7b) 

It ;s noted that ak = 0 is not a solution of equations (3.7). 

Solving for ak and ~ from equations (3.7) and using equations (3.1), 

(3.4) and (3.6c), one obtains 

(3.8) 

Substituting equation (3.8) into (2.7), and using equations (3.3a) 

and (2.4) yields 

and 

u = o( €) , n;' k 
n 

(3.ga) 

(3.9b) 

for the steady-state response. The solution given by equation (3.9b) 

is essentially the kth mode of the linear free oscillation. The 

difference between the solution and the linear free-oscillation mode 

is a shift in the frequency so that 

W + Ea' = A k k 

We note that equation (3.9b) is the steady-state solution of the 

~ Duffing equation; see reference [35J. Hence, there is a range of fre

quency of the excitation for which two stable solutions and one unstable 
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solution exist. In this frequency range, the initial conditions deter

mine which branch represents the actual response. 

3.3 The Case of 3A Near wk 

In this case, the only resonance is due to 3A being near wk (super

harmonic resonance). The detuning parameter, cr, is used to express 

the nearness as follows: 

Then, 

3A = wk + £CJ • 

Nk = Fk exp(iaTl), Fk = I 
m,p,q 

(3. lOa) 

r KKK • kmpq m p q (3. lOb) 

After separating equation (2.13) into real and imaginary parts, one 

obtains 

(3.l1a) 

(3.11b) 

where 

and for n r k, the amplitudes and phases are governed by equations 

(3.2). 

The steady-state solution corresponds to all a l = 0 and ~. = 0; n 
thus, equations (3.11) can be reduced td 

(3.12a) 
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and 

(3.12b) 

It is noted that ak = 0 is not a solution of equations (3.12); thus, 

solving for ak and ~ and substituting the result into equations (3.1) 

(2.11) and (2.4) can only yield a solution of the form 

(3.13a) 

and 

uk = Pk(wk - A2)-1 cos At + ak COS{3At - ~) + aCE) . (3.13b) 

The last term in equation (3.13b) is essentially the kth mode of 

the linear, homogeneous solution; the difference between this term 

and the actual mode lies in the frequency, which the nonlinearity 

slightly adjusts so that 

Because the frequencies wk and A are commensurable~ this mode interacts 

with the excitation through the nonlinear terms in equation (2.1) and 

hence forms part of the steady-state solution in spite of the presence 

of damping" 

3.4 The Case of 2A Near (wm ± wk) 

In this case, the only resonance for which the details are pre

sented is due tOJ.A being near (wm + wk). The results for 2A near 

(wm - wk) can be obtained from those presented below by simply chang

ing the sign of wk" 
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The detuning parameter, cr, is used to express the nearness of 2A 

to (wm + wk) as follows: 

(3.14a) 

Then, Nn = 0 for n 1 m and k, while 

where Hmk and Hkm are given by equation (2.14b). After separating 

equation (2.13) into real and imaginary parts, one obtains 

- wk(ak + ckak) + } Hkmam sin ~ = 0 , (3.15a) 

- wm(a~ + cmam) + 1 Hmkak sin p = 0 , (3.l5b) 

where 

(3. 15e) 

and for n ~ k, m, the amplitudes and phases are governed by equations 

(3.2). 

The steady-state solution corresponds to all a~ = 0 and pi = O. 

In contrast with the superharmonic resonance, it is noted that am = ak 
= a is a steady-state solution of equations (3.15). For a nontrivial 

solution neither am nor ak is zero, and equations (3.15) can be reduced 

to 
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1 H . 0 - wkckak + 2 kmam Sln ~' = (3.16a) 

- OJ c a + 21 H ka k sin ~ = 0 , m m m m (3.16b) 

(3. l6c) 

Solving equations (3.16) yields ak, am' and ~ which when substituted 

-into equations (3.15c) and (3.l5d), give C1.k and C1.~. Hence, the steady

state solution has the following form: 

(3.17a) 

and 

where Tm and Tk are constants depending on the initial conditions. The 

solution corresponding to am = ak = 0 is given by equation (3.l7a) for 

all n. 

The last terms in equations (3.l7b) and (3.17c) appear as a re

sult of the resonance in spite of the presence of damping. The non

linearity adjusts the frequencies so that 

W + £a' + wk + £C1.k' = w + W + £0 = 2A m m m k 
/ 

If both solutions (am = ak = 0 and am' ak nonzero) are stable, then 

the initial conditions determine which solution represents the response. 
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3.5 The Case of A Near (w ± W ± wk) m p 

The case of A bei ng near (Wm + wp + wk) is cons i dered fi rs t. The 

results for this case are then specialized to yield the results for A 

being near (2wk + wm) and A being near 3wk (subharmonic resonance). 

In this case, the detuning is introduced as follows: 

A = W + W + wk + EO' • m p 
(3.1Ba) 

Then, Nn = 0, n ; m, p and k, while 

(3.l8b) 

(3.1Bc) 

and 

(3.18d) 

where 

Hmpk = E(r kO + r k . +r "k +-F k" + r . k + r Ok )K.. (3.18e) 
J mp J .. m PJ mpJ m J P mJ P mJ P J 

Then, equation (2.13) yields 

- wk(a~ + ckak) + ! H~pamap sin ~ = 0 • 

- W (a l + c a ) + 4' H k akam sin ~ = 0 , p p p ppm (3.19b) 

- W (a' + c a ) + -41 H ka ak sin ~ = 0 ~ m m m m mp p 
(3.l9c) 

(3. 19d) 
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11 \' 2 H lH 0 w a (l + '8 a 4 Y . a. + a + 4 k aka cos 11 = , P P P P J PJ J pp ppm m 
(3.lge) 

w a ~ + 1 a \' Y .a~ + H a + 41 H ka ak cos 11 = 0 , m m--m 8 m 5 mJ J mm m mp p (3.19f) 

where 

11 = aTI - a - a - a , m p k (3. 199) 
I 

and for n ; m, p and k, the amplitudes and phases are governed by equa

tions (3.2). 

The steady-state response corresponds to all a~ = 0 and 111 = O. 

The trivial solution, a = a = ak = 0 is possible. For a nontrivial m p 
solution, equations (3.19) can be reduced to 

(3.20a) 

(3.20b) 

(3.20c) 

(3.20d) 

Solving equations (3.20) yields ak, a ,a and 11 which, when substitutm p 

ed into equations (3.19d) - (3.19f), give elk' a~ and a~. Hence, the 

steady-state solution has the following form: 
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(3.2la) 

and 

where l 'l and lk are constants depending on the initial conditions. m p 

The solution corresponding to am = ap = ak = 0 is given by equation 

(3.2la) for all n. 

The last terms in equations (3.21b) - (3.2ld) appear as a result 

of the resonance in spite of the presence of damping. The nonlinearity 

adjusts the frequencies so that 

If both solutions (a = a = ak = 0 and a , a , ak nonzero) are stable, m p m p 

then the initial conditions determine which solution represents the 

response. 

The cases A ~ (w + W - wk) and A ~ (w - W + wk) can be ob-m p m p 
tained from the above results by simply changing the sign of wk and wp' 

respectively. 

The steady-state response for the case A : (2wk + wm) can be 

obtained by letting Yip = 0 when i ; p, then setting p = k in equations 

(3.20). The result is (for am and ak nonzero) 
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(3.22a) 

(3.22b) 

(3.22c) 

where 

11 = aT 1 - 20, k - am • (3.22d) 

The steady-state solution has the following form: 

(3.23a) 

u = P (w 2 - A2)-1 cos At + a cos[(w + Eo,l)t + Tm] + aCE) (3.23b) m m m m m m 

and 

whose Tm and Tk are constants depending on the initial conditions. 

The solution corresponding to am = ak = a is given by equation (3.23a) 

for all n. 

The nonlinearity adjusts the frequencies so that 

If both solutions (ak = a = 0 and ak, a nonzero) are stable, then 
111 m 

the initial conditions determine which solution represents the response. 
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The cases A ~ (2wk - wm) and A : (wm - 2wk) can be obtained from 

the above results by changing the sign of wm and wk' respectively. 

The steady-state response for the subharmonic resonant case 

A ~ 3wk can be obtained from equations (3.20) by first setting Y;j = 0 

when i ~ j and then letting p = m = k. The result is (for ak nonzero) 

(3.24a) 

and 

3 2 3 F wko + 8 Ykkak + 4 kak cos ~ + 3Hkk = 0 (3.24b) 

where 

(3.24c,d) 

and Hkkk is given by equation (3.l8e). The steady-state solution has 

the fo 11 ow; ng form: 

(3.25a) 

and 

(3.25b) 

The solution corresponding to ak = 0 ;s given by equation (3.25a) for 

all n. 

The nonlinearity adjusts the frequency of the kth mode of the 

linear homogeneous solution so that it is precisely one third of the 

frequency of the excitation. If both solutions (ak = 0 and ak non

zero) are stable then the initial conditions determine which solution 

represents the response. 
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3.6 Stability of the Steady-State Solutions 

Generally, not all the steady-state solutions obtained are stable. 

The stability is studied by determining the response of the system to 

an infinitesimal perturbation away from the steady-state solution. To 

do this we put 

(3.26a) 

and 

(3.26b) 

where tilde indicates the steady-state value. Substituting equations 

(3.26) into (3.6) or (3.11) or (3.l5) or (3.19) and retaining only the 

linear terms in the perturbations leads to a set of linear first-order 

equations with constant coefficients governing the 6a n and 6~. These 

equations have a solution proportional to exp(MT 1 ) where M ;s an 

eigenvalue of the coefficient matrix. If all the eigenvalues have 

negative real parts the solution is considered stable. It is to be 

noted that instability of a solution, as defined here, does not imply 

unbounded motion but merely indicates that the periodic motion corres

ponding to that solution is not physically realizable in the system. 

In the numerical examples in Chapters 5 and 7 the stability of the 

various steady-state solutions will be determined by using the method 

outlined above. 

In many of the previous stability studies, the small disturbances 

were introduced into the governing equations (2.1). This leads to a 

set of coupled equations of the Mathieu type and generally requires 

more effort to determine the stability. 
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3.7 Summary 

The method developed in Chapter 2 is used to analyze various ex

ternal resonances, in the absence of internal resonances. A procedure 

for determining the stability of the steady-state solution is outlined. 

In the absence of internal resonances, the steady-state response, 

in the first approx"imation, exhibits the following features: 

(1) Only the directly excited modes can appear in the steady

state response. 

(2) The directly excited modes always appear in the steady

state response in the cases of main and superharmonic 

resonances. 

(3) The directly excited modes may not appear in the steady

state response in the cases of subharmonic and combination 

resonances. 

(4) The directly excited mode which does appear in the steady

state response is essentially the same as the linear free

oscillation mode but with a slight adjustment of the fre

quency. The nonlinearity adjusts or 'tunes' the fre

quencies involved in the external resonance so that they 

are exactly commensurable or 'perfectly tuned'. 

We note that the linear free-oscillation mode (with its frequency 

adjusted) appears in the steady-state response in spite of the pre

sence of damping. Thi~ is in contrast with linear analyses where the 
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:' linear free-oscillation modes are all damped out in the steady-state 

response in the presence of damping. 

(5) In the case of a main resonance the steady-state response 

;s a single harmonic, the directly excited mode. In the 

case of a superharmonic, subharmonic or combination re

sonance, in addition to the directly excited modes) an 

additional harmonic having its frequency equal to the fre

quency of the excitation appears in the steady-state 

response. 

(6) When more than one directly excited mode appears in the 

steady-state response (i.e. in the case of a combination 

resonance), initial conditions are needed to determine 

the phases in the solution. 

(7) When more than one stable steady-state solution exists, 

for a given damping and excitation, the initial conditions 

determine which solution represents the response. 



4. EFFECTS OF AN INTERNAL RESONANCE 

For a given frequency of excitation, the modal content of the 

steady-state response depends on the internal resonances present in 

the system. In this chapter, .the far-reaching effects of an internal 

resonance involving four modes [i.e., the combination of natural fre

quencies as given by equation (2.2)] are evaluated. Systems having 

internal resonances involving three modes (w b + doc ~ wd) and two modes 

(3wc ~ wd) are treated as special cases. 

In order to express the approximation in equation (2.2) quantita

tively, a detuning parameter, 01, is introduced as follows: 

(4.1) 

An investigation of Appendix A (AI through A~) shows that the con

tribution to equations (2.13) due to the internal resonance is 

Ra = QaAbAcAd exp ( i cr 1 T 1 ) (4.2a) 

Rb = QbAcAd7f.a e xp ( i 0: 1 T 1 ) (4.2b) 

R = Q AdA Ab c c a exp ( i cr.1 T 1 ) (4.2c) 

Rd = QdAaAbAc exp(-icr I T.1) (4.2d) 

where the Q are constants involving the rnmpq. n 

Substituting equations (3.1) and (4.2) into (2.13) and separating 

the result into real and imaginary parts yields the following solvabi

lity conditions: 

32 
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- w (at + c a ) + -81 R sin a + N(l) = 0 t n n n n n n (4.3a) 

(4.3b) 

for n = at b, and c; 

(4.4a) 

(4.4b) 

for n = d; 

- w (at + c a ) + N(l) = 0 
n n n n n ' (4.5a) 

w a a' + 81 a t y .a~ + H a + N(2) = 0 
n n n n j nJ J nn n n (4.5b) 

for n ~ a, b, c and d; 

where 

(4.6) 

and 
A A 

Ra = Qaabacad t Rb = Qbacadaa ' (4.7a,b) 

A A 

Rc = Qcadaaab ' Rd = Qdaaabac . (4.7c,d) 

Because N~1),(2) appear as a result of external resonances, they can be 

functi ons of the an and an (see Chapter 3); hence, ~~e preci s e form of 

the solvability conditions depends on the external resonance involved. 

However, setting a~ = 0 for the steady-state condition in equations 

(4.3a), (4.4a) and (4.5a) ,leads to 

(4.8a) 
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1 . (1 ) 
- wbcbab + 8 Qbacadaa Sln B + Nb = 0 (4.8b) 

- wcccac + ~ Qcadaaab sin B + N~l) = 0 , (4.8c) 

1 sin B + N(l) - wdcdad - 8 Qdaaabac d = o , (4.8d) 

and 

- W c a + N(l) = 0 n n n n (4.9) 

for n r a, b, c and d. 

Several possibilities are considered next. 

4. 1 The Case of No External Resonances 

In this case Nn = 0 for all n. Thus equation (4.9) leads directly 

to 

an = 0, for n ; a,b,c and d. 

Assuming nontrivial solutions for aa' ab, ac and ad' one finds from 

equations (4.8) that 

a 2 wdcdQa 
(-1!) - - wacaQd ad 

(4.l0a) 

ab 2 wdCdQb 
(-) =-

wbcbQd ad 
(4. lOb) 

and 
a 2 wdcdQc 
(~) =-
ad wcccQd 

(4.10c) 

However, for mechanical systems and structural elements, nontrivial 

solutions cannot exist in the absence of external excitations and in 

the presence of linear viscous damping; that is, the systems cannot be 
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self-excited. Consequently, the signs of Qa' Qbt Qc and Qd must be the 

same so that the relationships given by equations (4.l0) are impossible 

and thus aa = ab = ac = ad = o. 

4.2 The Case of An External Resonance 

In the following subsections, various possibilities of directly 

exciting the modes are considered. (We recall from Chapter 2 that the 

nth mode is said to be directly excited when Nn 1- 0.) We will refer to 

the ath , bth and cth modes as the 'lower modes' and the dth mode as the 

I highes t mode I. 

a. No Direct Excitation of the Modes Involved in the Internal Resonance 

If none of the modes involved in the internal resonance are directly 

excited, then 

i t fo 11 ows tha t 

a = a = a = a = 0 abc d 

in the steady-state solution, which is governed by equations (4.5). The 

internal resonance has no influence on the solution, which can be 

obtained as in Chapter 3. 

b. Direct Excitation of One of the Lower Modes Involved in the 

Internal Resonance 

Consider, for example, the ath mode to be the one which is directly 

excited. Then 

Na 1- 0 and Nn = 0 for n 1- a • 
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It follows from equations (4.9) that 

an = 0 for n 1 a,b,c and d 

and from equations (4.8b) - (4.8d), (4.10b) and (4.l0c) that 

Therefore equations (4.7) yield 

A 

Rn = 0 for n = a,b,c and d. 

Thus, the internal resonance has no influence on the solution, which 

can be obtained as in Chapter 3. 

Direct excitation of either the bth mode or the cth mode leads to 

similar results. 

c. Direct Excitation of Two of the Lower Modes Involved in the 

Internal Resonance 

Consider, for example, the ath and the bth modes to be directly 

excited. Then 

Na f 0, Nb f 0, and Nn = 0 for n 1 a and b. 

It follows from equations (4.9) that 

an = 0 for n; a, b, c and d. 

and from equations (4.8c), (4.8d) and (4.10c) that 

ac = ad = O. 
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Therefore, equations (4.7) yield 

A 

Rn = a for n = a, b, c and d. 

Again the internal resonance has no influence on the solution, which 

can be obtained as in Chapter 3. 

Similar results are obtained if either the bth and cth modes or 

the ath and the cth modes are directly excited. 

d. Direct Excitation of All the Lower Modes Involved in the Internal 

Resonance 

When all the lower modes involved in the internal resonance are 

directly excited 

Na # 0, Nb # 0, Nc # 0 and Nn = 0 for n # a, b, and c. 

It follows from equations (4.9) that 

an = 0 for n # a, b, c and d. 

Depending on the type of external resonance, the amplitudes of 

the directly excited modes may be either zero or nonzero. Specifically, 

the directly excited modes must have nonzero amplitudes in the cases 

of main and superharmonic resonances but may have zero amplitudes in 

the cases of combination and subharmonic resonances (see Chapter 3). 

If the amplitudes, aa' ab and ac ' of the directly excited lower 

modes are nonzero, it can be seen from equation (4.8d) that the 

amplitude, ad' of the highest mode cannot be zero, though the dth mode 
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is not directly excited. The solution is governed by equations (4.3) 

and (4.4). 

We note that for internal resonances involving four modes and 

three modes, direct excitation of all the lower modes can be effected 

only through combination resonances and hence, the highest mode mayor 

may not participate in the response. 

For an internal resonance involving two modes, if the lower mode 

is directly excited through either a combination or a subharmonic re

sonance then, the higher mode mayor may not appear in the response. 

However, if the direct excitation of the lower mode is through a main 

or superharmonic resonance then, the higher mode is always drawn into 

the response. 

e. Direct Excitation of the Highest Mode Involved in the Internal 

Resonance 

In this case, the dth mode is the only mode involved in the in

ternal resonance to be directly excited so that 

Nd 1 0 and Nn = 0 for n 1 d • 

It follows from equations (4.9) that 

a = 0 for n 1 a, b, c and d. n 

Depending on the type of external resonance, ad may be either 

zero or nonzero. 
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If the dth mode is directly excited through a main or superharmonic 

resonance then, there are two possibilities: 

(1) ad; 0 and aa = ab = ac = 0; 

(2) ad' aa' ab and ac are nonzero. 

For the first subcase, the solution can be obtained as in Chapter 

3 and for the second subcase, from equations (4.3) and (4.4). 

If the dth mode is directly excited through a combination or sub-

harmonic resonance then, there are three possi'bilities: 

(1 ) a = d a and thus a = a a = b a = c 0; 

(2) ad ; 0 and a = a ab = a = c 0; 

(3) ad' aa' ab and ac are nonzero. 

For the first and second subcases, the solution can be obtained as in 

Chapter 3. For the third subcase, the solution ;5 governed by equations 

(4.3) and (4.4). 

f. Direct Excitation of the Highest Mode and One of the Lower Modes 

Involved in the Internal Resonance 

This case is essentially a combination of the cases discussed in 

Sections 4.2.b and 4.2.e. We note that direct excitation of two modes 

can be effected only through a combination respnance. 

Cons i der, for examp 1 e, the d t'h and the a th modes to be di rect ly 

excited. There are three possibilities 
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(1 ) a = a = 0 and thus ab = a = 0 . d a c , 

(2) ad ~ 0, a ~ ° and a = a = 0· abc ' 
(3) aa' ab, ac and ad are nonzero. 

Similar results are obtained if either the dth and the bth modes 

or the dth and the cth modes are directly excited. 

g. Direct Excitation of the Highest Mode and Two of the Lower Modes 

Involved in the Internal Resonance 

This case is essentially a combination of the cases discussed in 

Sections 4.2.c and 4.2.e. We note that direct excitation of three 

modes can be effected only through a combination resonance. 

Consider, for example, the dth , the ath and the bth modes to be 

directly excited. Here again there are three possibilities 

(1) a = a = ab = 0 and thus a = O· d a c ' 

(2) ad i 0, aa ~ 0, ab ~ 0 and ac = 0 

(3) aa' ab, ac and ad are nonzero~ 

Similar results are obtained if either the dth , bth and cth modes 

or the dth , ath and cth modes are directly excited. 

4.3 Other Possibilities 

There may be mo~_~~hiln one internal resonant combi nat; on in a 

given system. The modes involved in these combinations can be directly 

excited by external resonances in various ways. The analysis of this 



41 

chapter can be extended to the study of such problems in a straight

forward manner. The modal content of the response can be determined 

by essentially a superposition of the various cases analyzed in Sections 

4.1 and 4.2.· 

4.4 Summary 

The effects of an internal resonance involving four modes is 

evaluated for various cases of the direct excitation of the modes in

volved. 

In the presence of the internal resonance, the steady-state re

sponse, in the first approximation, exhibits the following features: 

(1) It is possible for modes other than those that are directly 

excited to appear in the steady-state response. 

(2) If the highest mode involved in the internal resonance 

is directly excited and appears in the steady-state 

response, then all or none of the lower modes are drawn 

into the steady-state response. 

(3) If all the lower modes involved in the internal resonance 

are directly excited and appear in the steady-state re

sponse then, the highest mode is always drawn into the 

steady-state response. 

(4) If not more than two of the lower modes in an internal 

resonance involving four modes (not more than one of the 

lower modes in an internal resonance involving three modes) 
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are (is) directly excited, then none of the other modes 

involved in the internal resonances appears in the steady

sta~~.response. 

It is noted that in the case of an internal resonance involving 

two modes, there is only one lower mode. If this mode is directly 

excited and appears in the steady-state response, then the other higher 

mode is always drawn into the steady-state response; but the converse 

is not true. 7 



S. NONLINEAR VIBRATIONS OF BEAMS 

The transverse vibrations of beams supported in such a way as to 

restrict axial movement at the ends are accompanied by stretching of 

the mid-plane. One accounts for this stretching by using nonlinear 

strain-displacement relations. Consequently, the governing equations 

are nonlinear. In this chapter, the problem of the nonlinear transverse 

vibrations of beams is reduced to the study of the nonlinear system 

considered in Chapter 2. 

5. 1 Problem Formulation 

Referring to Figure 1, we write the pertinent equations of motion 

as follows (vibrations in the XZ plane only): 

a _ a2 u 
ax (n cos e - q sin e) - pA at2 ' 

a aw a2w ax (n sin e + q cos e) + p - c at = pA arz ' 
and 

- am + n[{l + ~)sin e - aw cos eJ ax ax ax 

+ q[(l + ~)cos e + aw sin eJ = pI ~t2~ ax ax {} 

The force-displacement and the strain-displacement relations are 

and 

n = EAe x , m = - El EJ2.. ax 

1 
e = [( 1 + E.!!.) 2 + (aw ) 2 J 2: - 1 • x ax ax 
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(S.la) 

(S.lb) 

(5.1c) 

(S.2a,b) 

(5.2c) 
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w+ ~: dx 

au 
u +ax- dx 

x 

Figure 1 An Element of the Beam 

..r::. 

..r::. 



Here E ;s Young's modulus, A and I are the area and moment of inertia 

of the cross section,p is the density of the beam, and c is the damping 

coefficient. 

It ;s convenient to r~write the equations in terms of non-dimen

sional variables, which are denoted by overbars and defined as follows: 

1 

X = xL, t = t(pL4/Er2)2 , w = w(r2/L) , u = u(r4/Ll) , 

1 

P = pL5/(r4 EA) and c = cL4/[2r3A(pE)~] 

where r is the radius of gyration of the cross-sectional area, and L, 

the characteristic length, may be the actual length of the beam or a 

wavelength of a linear transverse oscillation. 

Substituting the above definitions into equations (5.1) and (5.2), 

combining equations (S.lb) and (S.lc), and dropping overbars in the 

final result, one obtains 

= 0(£) (S.3a) 

and 

(5.3b) 

It is noted that the terms which account for shear deformation 

and rotary inertia have been neglected. These linear terms, if they 

had been retained, would have appeared in equations (5.3) because 

they are formally of the same order [i.e.,O(E)] as the nonlinear term 

which accounts for mid-plane stretching. The nonlinear term can alter 
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the character of the solution drastically whereas the linear terms can 

only affect the solution slightly; and hence they have been neglected. 

Further, we note that, when £ is small, the deflection, w, is much 

smaller than the radius of gyration, r. Had w been the same order as 

r (say, w = rw), then no small parameter would have appeared in the 

equation (5.3b) and the linear and the nonlinear terms would have been 

the same order. Hence, the present approach must be viewed as one which 

provides corrections for the small-deflection theory (for which w is 

much smaller than r) and not as one which provides a solution for the 

:. large-deflection theory (for which w is the same order as r). This 

means that typical nonlinear phenomena, such as jump phenomena, modal 

interactions, etc. can be part of the small deflection theory. 

Integrating equation (5.3a) leads to 

au 1 (aw) 2 ( ) e = - + -2 - = fl t x ax ax 

and thus x 

u = f 2(t) + xf1(t) - ! I (~~)2 dx 
o 

where fl and f2 are 'arbitrary functions to be determined from the in-

plane boundary conditions: 

where ~ is the length of the beam, and k is a constant which depends 

on the type of axial restraint; k is zero for no restraint and infinity 

for a rigid restraint. It follows that 
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where 
A 

k = k/[2(1 + k1)] , 

and 
a~w a2w _ f aw A riJl, ~ 2 l a2W) 
ax" + at2 - e: r 2c at + k l1 (ax) dXJ ai(2 . + p(x,t) · (5.4) 

The linear homogeneous version of equation (5.4), that is, 

'together with the boundary conditions (taken to be homogeneous) on w 

leads to a complete set of orthonormal eigenfunctions (linear free

oscillation modes) and the corresponding eigenvalues (natural frequencies). 

For the nonlinear problem defined by equation (5.4) and homogeneous 

boundary conditions, we assume an expansion of the form 

w(x,t) = L ¢m(x)u (t) 
m m 

(5.5) 

where ¢m(x) are the linear free-oscillation modes. Substituting equa

tion (5.5) into (5.4), multiplying by ¢n(x) and integrating from x = 0 

to 1, we obtain 

d2un [d~n 
df2 + w~un = E: - 2cn dt + L 

m,p,q 

for n = 1,2, •.• , (5.6) 

where 
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A fIt d
2

cp ] "It dcp dcp ] 
rnmpq = k I.~ <Pn ~ dx . ax

m 
if dx (5.7) 

modal damping is assumed and the forcing function is assumed to be 

harmonic; that is 

p(x,t) = p(x) cos At, 

- and 

Pn = Itp(Xl<Pn(XldX · 
o 

Generally, one cannot obtain the lin~ar modes, cpm(x), analytically 

for beams having complicated boundaries and/or composition. However, 

numerical methods can be used to determine the linear modes and hence 

the coefficients, r nmpq ' of the nonlinear terms in equations (5.6); 

see reference [30]. 

We note that equations (5.6) are identical to equations (2.1). 

Therefore, the analyses and results of Chapters 2, 3 and 4 can be 

applied to the problem of the nonlinear vibrations of beams. 

5.2 Numerical Examples 

We begin by considering a beam with one end hinged and the other 
" end clamped. No axial movement can occur so that k = 1/(2t). The 

linear free-oscillation modes are 

(5.8a) 
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where K are the normalizing coefficients chosen such that 
m R-

I<p~dX = 1 (S.8b) 

and nm are the roots of 

tan(n R-) = tanh(n R-). m m (S.8c) 

The non-dimensional length of the beam is chosen to be equal to 

2, and the five lowest natural frequencies for t = 2 are 

Wl = 3.8545, W2 = 12.491, W3 = 26.062, W4 = 44.568, Ws = 68.007, 

where W = n2 • m m 

It is noted that W2 and WI are nearly in the ratio of three to 

one. This relationship is a special case of equation (2.2) with a = 
b = c = 1 and d = 2. Thus, this is t~e_case of an internal resonance 

involving two modes. The nearness of W2 to 3w 1 is expressed quantita

tively by a detuning parameter, at', as follows: 

W2 - 3Wl = 0.9275 = EOl (5.9) 

The equations governing the amplitudes and phases of the response 

are obtained by letting a = b = c = 1 and d = 2 in equations (4.3) -

(4.5). In general, the steady-state equations are nonlinear in nature 

and hence recourse has to be made to numerical methods for their 

solution. In this chapter, all the steady-state equations were solved 

by using a Newton-Raphson procedure. The stability of the various 

steady-state solutions was determined by using the method in Section 3.6. 
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Numerical results are presented for main, superharmonic, subharmonic 

and combination resonances. For convenience, all calculations were 

made with Cl = C2 = c! = c. Values of the constant coefficients appear

ing in the numerical examples are listed in Appendix B. 

a. The Case of A Near wk; k =1, 2(Main Resonances) 

Here the steady-state response is obtained for the main resonances 

of the 1st and the 2nd modes. (We recall that Pn = €Pn and Hnn = 0 

for rna oj n resonances.) 

To express the nearness of A to wk(k = 1 or 2}, we let 

(5. 1 0) 

Thus, 

(5.11) 

where 

II = (J2 Tl - (lk 

and 

Nn = 0 for n ; k . 

The equations governing the steady-state solution are obtained by 

substituting equations (5.11) into (4.3) - (4.5) and letting a~ = 81 = 

ll' = O. 
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(1) A Near w] (k = 1) 

and 

where 

and 

Equations (4.3) - (4.5) can be reduced to 

a = 0 for n > 2 n 

(S.12a) 

(S.12b) 

(S.12c) 

(5.l2e) 

(S.12f) 

We note that neither al nor a2 can be zero. This is in agreement 

with the comments of Section 4.2.d. The steady-state solution can be 

written as 

(S.13a) 

U2 = a2 COS(3At - 3~ + S) + O(e), (S.13b) 

and 

(S.13c) 

It ;s noted that the nonlinearity adjusts the frequencies of the 

second and the first modes such that they are precisely in the ratio 
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of three to one and the frequency of the first mode is equal to the 

frequency of the excitation. 

For some arbitrary values of the amplitude of excitation and the 

damping coefficients, Figures 2a and 2b show the variation of al and 
A 

a2 with (eo2/wI) for several values of eP 1 • In addition, the original 

equations (5.6) were integrated numerically by using a Runga-Kutta 

procedure and the steady-state amplitudes plotted on these figures. 

Although a2 cannot be zero, it is small compared with at and the re

sponse is dominated by the first mode. 

In Figures 3a and 3b, the variation of al with eP I is shown for 

two values of (eo2/wl). The log-log plot in Figure 3b can be qualita

tively compared with the plot of experimental data obtained by Jacobson 

and van der Heyde [34J, though they experimented with honeycomb panels. 

The result for aI' given by Figures 2a, 3a and 3b, is similar to 

the solution of the Duffing equation for a 'hardening type I of non

linearity. These figures illustrate that, when the amplitude of the 

excitation is small, the solution is practically indistinguishable from 

the solution of the linear problem. The phenomena of 'jumps' associat

ed with the variation of the frequency of the excitatien and with the 

variation of the amplitude of the excitation are illustrated in Figures 

2a and 3a, respectively. Both are typical nonlinear effects and are 

discussed by Stoker [35], for example. 
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and 

where 

and 

S7 

Equations (4.3) - (4.5) can be reduced to 

a = 0 for n > 2 n 

(5.14a) 

(5.l4b) 

(S.14c) 

(5.l4d) 

(5.l4e) 

We note that a2 = 0 is not a possible solution. However, a1 = 0 

is a possible solution. Thus, there are two possible solutions; this 

is in agreement with the comments of Section 4.2.e. 

When a1 ;s zero, the steady-state solution ;s given by 

(S.lSa) 

and 

(S.15b) 

When a1 is nonzero, the steady-state solution has the fonn 
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(S.16a) 

(S.16b) 

and the remaining u are given by equation (S.lSa). We note from . n 
\ equations (S.16) that the nonlinearity adjusts the frequencies of the se-

cond and the first modes so thAt they are precisely in the ratio of 

three to one and the frequency of the second mode is equal to the fre

quency of the excitation. 

The variation of al and a2 with Ea2/~2 is shown in Figure 4a for the 

case when al is nonzero and in Figure 4b for the case when al = O. For 

comparison, the stable portions of Figure 4a are replotted in Figure 
A 

4b. The variation of al and a2 with EP2 is shown in Figures Sa for 

the case when a l is nonzero and in Figure 5b for the case when al = o. 
The stable portions of Figure Sa are replotted in Figure 5b. Also 

shown in Figures 4b and 5b are the results of the numerical integration 

of equations (5.6). 

It is interesting to note that when al is nonzero, it can be much 

larger than a2; that is, the response can be dominated by the first 

mode though the frequency of the excitation is near the second natural 

_!~equency. Using equations (5.15), (5.16) and (5.S), one can write 

the deflection as 

(S.17) 

when al = 0 and 

J 
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1 w = ¢laIcos[3(At - ~ - B)] + $2a2 COS(At - ~) + 0(£) (5.18) 

when al ; o. 

For some typical values of the frequency and amplitude of the 

excitation, the two possible mode shapes, as given by equations (5.17) 

and (5.18) are plotted for increasing values of time in Figures 6a and 

6b, respectively. Figure 6b clearly shows the strong resemblence of 

the response to the first mode, thus, illustrating the far-reaching 

effects of the internal resonance. 

b. The Case of 3A Near wl(Superharmonic Resonance) 

Thus, 

and 

In this case, the detuning parameter, 0'2, is defined as follows: 

3A = WI + e:0'2 

Nl = Fl exp(i0'2Tl), Fl = I 
m,p,q 

N = 0 for n > 1 . n 

r KKK Impq m p q , 

Equations (4.3) - (4.5) can be reduced to 

(S.19a) 

(5.l9b) 

WI0'2al + i(Yllai+Y12aIa~) + HIla! + ~lata2coS S + F1cos ~ = 0 , 
(5.19d) 
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and 

where 

and 

a = 0 for n > 2 , n 
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(5.1ge) 

(S.19f) 

Because Fl is independent of al' it follows from equations (S.19) that 

neither a1 nor a2 can be zero. This is in agreement with the comments 

of Section 4.2.d. The steady-state solution has the form 

(S.2Da) 

(S.20b) 

and 

(S.20c) 

It is noted that the nonlinearity adjusts the frequencies of the 

second and the first modes such that they are precisely in the ratio 

of three to one and the frequency of the first mode is precisely three 

times that of the excitation. 

For some arbitrary values of the amplitude of the excitation and 

the damping coefficients, the N.ariation of al and a2 are plotted in 

Figure 7 as functions of. Ecr2~ For the sake of clarity, only the stable 

portions of the complete solution are shown ;n this figure as well as 

in all those that follow in this chapter. It;s noted that a2 is 

always smaller than al-
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c. The Case of A Near 3W2 (Subhatmonic Resonance) 

In this case, the detuning parameter, 02' is defined as follows: 

Thus, 

where H222 ;s given by equation (3.18e) and 

Nn = 0 for n = 1, 3, 4, ••• 

Equations (4.3) - (4.5) can be reduced to 

and 

where 

and 

a = 0 for n > 2 n 

II = 02Tl - 3a.2 

(S.2la) 

(S.2lb) 

o • 

(S.2lc) 

(S.2ld) 

(S.2le) 

(5.21f) 
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Equations (5.21) reveal that there are three possible solutions. 

This is in agreement with the comments of Section 4.2.e. 

When al and a2 are zero, the steady-state solution is given by 

(5.22) 

for all n. 

When al = 0 and a2 1 0, the steady-state solution has the form 

(5.23) 

and the remaining un are given by equation (5.22). It is noted that 

the nonlinearity adjusts the frequency of the second mode such that 

it is precisely one third of that of the excitation. 

form 

When al and a2 differ from zero, the steady-state solution has the 

Ul = P1(c.ut - 1..2)-1 cos At + al cos [~(At - ]..I) -} 8J + O(e). 

(S.24a) 

(S.24b) 

and the remaining un are given by equation (5.22). It is noted that 

the nonlinearity adjusts the frequencies of the second and the first 

modes such that they are precisely in the three to one ratio and the 

frequency of the second mode is precisely one third of that of the 

excitation. 
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The first case [equation (S.22)J is of little interest and no re-

sults are presented. 

For the second subcase [equation (S.23)J, a2 is plotted as a func

tion of e02 in Figure 8a and as a functio~ of the amplitude of the 

excitation, P, in Figure 8b (see Appendix B for the definition of Pl. 

, As one mi ght expect, thi s res u 1 t resembles the sol uti on of the Duffing--l 
equation for subharmonic resonance. 

For the third case [equations (S.24)J, at and a2 are plotted as 

functions of e02 in-Figure 9a and as function of P in Figure 9b. It 

is noted that, when al is not zero, it is greater than a2 over a con-

siderable range of e02 and P. 

d. The Case of 2A Near (002 +'003) (Combination Resonance) 

In this case, the detuning parameter, 02, is defined as follows: 

Thus, 

where H23 and H32 are given by equation (2. 14b) and 

N = 0 n for n = 1, 4, S, ... 
Equations (4.3) - (4.5) can be reduced to 

1 2 -WICtal + 8 Qlala2 sin e = 0 , (S.2Sa) 

- W2c2a2 1 Q 3. 
- 8 2al s1n 1 

f3 + '2 H23as sin 11 = 0 , (S.2Sb) 
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(5.25c) 

and for a nontrivial solution of aI' a2 and aa 

where 

and 

(5.25d) 

0"2 + 1 (h + Yll..)ai + 1 (l.u. + r.u.)a~ + 1 (Yu. + Iu)a~ + H22 
8 002 003 8 002 ooa 8 002 OOa 002 

S = (f 1 T 1 - 3cu + <l2 (5.25f) 

II = (f 2 T 1 - <l2 - aa . (5.25g) 

In this case also, there are three possible solutions. 

When aI, a2 and aa are zero, the steady-state solution is given 

by equation (5.22) for all n. 

When al = 0 and a2 and as differ from zero, the steady-state 

solution is obtained by solving equations (5.25b, c and e) for a2, aa 

and ll, after setting al = 0, and then obtaining ai and al from equa-

tions (4.3b) and (4.4b), which become 

(5.26a) 
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and 

(5.26b) 

Then, the solution ;s given by 

u2. = P 2. (w~ - A 2. ) -1 cos A t + a2. cos [ (W2. + e;a.~) t + L 2.] + 0 (e;) , (5. 27 a) 

and the remaining un are given by equation (5.22). It is noted that 

the nonlinearity adjusts the frequencies of the second and third modes 

such that the resonant frequency combination ;s satisfied exactly; 

that is, 

When aI' a2 and ag are not zero, the steady-state solution ;s ob

tained by solving equations (5.25) for al' a2.' as' 13 and ll' and then 

obtaining a.~, a.~ and a.~ from 

and 

Wlala.~ + i al (Y 11 a1+ Yl2.a~ + YI3a~) + HIla} + ~ Q2. a1a2. cos 8 = 0, 

(5.28a) 

(5.28b) 

Wgaaa.; + ~ a g (Y s1a1 + Y32.a~ + Y33a~) + HS3ag + ~ HS2.a2 cos II = 0 • 

(5.28c) 

Then, the solution is given by 
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Ul = (2 2)-1 PI WI - A cos At + al COS[(Wl + £al)t + Tl] + 0(£) , 

(5.29a) 

u2 = P2(wi - A2)-1 cos At + a2 COS[(W2 + £a~)t + T2] + 0(£), 

(5.29b) 

Us = P3(W~ - A2)-1 cos At + a3 COS[(W3 + £a~)t + T3 J + 0(£) , 

(5.29c) 

and the remaining un are given by equation (5.22). It follows from 

equations (5.25f and g) and (5.29) that the nonlinearity adjusts the 

frequencies such that the frequencies of the first and second modes 

are precisely in the ratio of one to three and the sum of the frequen

cies of the second and third modes is precisely 2A; that is, 

, 

and 

The first subcase [equation (5.22)J, is of little interest, and 

the results are not presented. 

For the second case [equations (5.27)], a2 and as are plotted as 

functions of £cr2 in Figure lOa and as functions of P (see Appendix B) 

in Figure lOb. We note that a2 is always greater than ag. 

For the third case [equations (5.29)], aI, a2 and as are plotted 

as functions of £cr2 in Figure lla and as functions of P in Figure 11b. 

It is noted that al is greater than a2 and as over a wide range of 

Ecr2 and P. 
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5.3 Summary 

The problem of the nonlinear transverse vibrations of beams is 

reduced to the study of the system considered in Chapter 2. Numerical 

examples of the various nonlinear resonances in a hinged-clamped beam 

are presented, which illustrate that stable solutions of the type dis

cussed in Chapters 3 and A do exist. The two lowest natural frequencies 

of such a beam are nearly in the ratio of three to one; i.e., the first 

and the second modes are in an internal resonance. 

The effects of the internal resonance are clearly shown in a 

series of figures. These figures, in addition to exhibiting the typi

cal nonlinear phenomena, illustrate that wh~n more than one mode appears 

in the steady-state response,"t~c,Jowest mode involved is likely to 

dominate'the response. Consequently, the steady-state response can 

strongly resemble the response which occurs when the frequency of the 

excitation is near that of a lower mode, though the frequency of the 

excitation is, in fact, far away from that of the lower mode (see 

Figures 6a and 6b). 

The accuracy of the present method is illustrated by comparing 

the solution with that obtained by a direct numerical integration of 

the original equations governing the temporal variation of the response 

(see Figures 2a, 2b, 4b and 5b). 



6. NONLINEAR VIBRATIONS OF CLAMPED CIRCULAR PLATES-GENERAL PROBLEM 

The dynamic analogue of the von Karman equations has been used in 

several attempts to determine the effect of mid-plane stretching on the 

response of clamped circular plates to harmonic excitations. The govern

ing equations are two nonlinear coupled fourth-order partial differential 

equations. In this chapter, the general problem, including asymmetric 

vibrations and travelling waves is reduced to the study of essentially 

the same system considered in Chapter 2. For the sake of clarity, the 

analysis of this chapter is restricted to main resonances only. The 

steady-state response is obtained in the absence of internal resonances. 

The influence of an internal resonance involving four modes on the 

steady-state response is evaluated. 

6. 1 Problem Formulation 

The equations governing the free, undamped oscillations of non

uniform circular plates were derived by Efstathiades [36]. We simplify 

these equations to fit the special case of uniform plates and add damp

ing and forcing terms. The result is 

(6.1a) 

and 

(6.lb) 

where 

83 
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1 a2w 1 aW 2 
L2 (W) = (r araa - ? ae) 

p is the density, h is the thickness, D = Eh 3 /[12(1-v 2
)], c is the 

damping coefficient, p is the forcing function, E is Young1s modulus, 

v is Poisson's ratio, w is the deflection of the middle surface, F is 

the force function which satisfies the in-plane equilibrium conditions 

(in-plane inertia is neglected) and 

The relationships between F, wand the in-plane displacements~ ur 
and ue' are given by 

and 

where 

and 

_ 1 (1 aF + 1 a2 F . a2 F ) 
er - Eh r ar ?" W -v arx 

aU
r 1 aw 2 

er = ar + 2(a-r) 

ur 1 aUe 1 aw 2 

ea = r + r as + 2r2 (ae) 

(6.2a) 

(6.2b) 

(6.2c) 

(6.3a) 

(6.3b) 

(6.3c) 

It is convenient to rewrite these equations in terms of non-
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dimensional variables, denoted by overbars, which are defined as follows 

_ 24(1-v2 } 
c - 4 a 

where lIa ll is the radius of the plate. We are concerned with generating 

an approximate solution which is valid as h/a approaches zero; each of 

the non-dimensional variables defined above is presumed to be 0(1) in 

this limit. In addition, we define er , ee' and ere' which are also 

presumed to be 0(1) as h/a approaches zero, as follows: 

substituting these definitions into equations (S.l) and (S.2) and 

dropping the overbars in the result, one obtains 

and 

(S.4b) 

where 

(6.5a) 

(6.Sb) 

(S.5c) 
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and the form of equations (6.3) is not changed. 

We develop the boundary conditions for plates which are clamped 

along a circular edge. For all t, and e, 

w=O aw =0 , ar (6.6a) 

and 

(6.6b) 

at r = a. It follows from equations (6.3), (6.5) and (6.6) that, for 

all t and e, 

ee = 0 'ar {reel - er - ~e (ere) = o , 

a2 F (1 aF + 1 a2 F) - 0 
ar2 - v r ar r2 a8"2 - , (6.7a) 

and 

(6.7b) 

at r = a. In addition, it is necessary to require the solution to be 

bounded at r = O. 

We note that, when £ is sma'l, w is much smaller than h. Had w 

been the same order as h (say, w = hw), then no small parameter would 

have appeared in equation (6.4a) and the linear and nonlinear terms 

would have been the same order. Hence, the present approach must be 

viewed as one which provides corrections for the small-deflection 

theory (for which w is much smaller than h) and not as one which pro

vides a solution for the large-deflection theory (for which w is the 

same order as h). This means that some typical nonlinear phenomena, 
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such as jump phenomena, modal interactions, etc., can be part of the 

small-deflection theory (see Chapter 5 for analogous remarks on the 

vibrations of beams). 

Further we note that, w is a function of r, e and t and the solu-

tion may contain travelling waves. Equations (6.4) do not lend them

selves to a straightforward separation of the spatial and temporal 

variables as in Chapter 5. However, by using the method of multiple 

scales, an asymptotic expansion of the solution of equations (6.4) 

can still be constructed. The expansion is to be uniformly valid for 

small £ and large t. 

6.2 Solution 

Following the derivative-expansion version of the method of 

multiple scales, we assume expansions of the form 

00 • 

w(r,e,t;c) - I £Jw.(r,e,To,T1 ,· •• ) 
j=O J 

and 
00 • 

F(r,e,t;e) - I eJF.(r,e,To,T1 , ••• ) 

j=O J 
where 

(6.8a) 

(6.8b) 

Substituting equations (6.8) and (2.3) into equations (6.4) and 

balancing powers of e, we obtain 

(6.9) 
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(6.10) 

(6.11) 

etc. where On = %Tn 

Substituting equations (6.8) into equation (6.6a) and (6.7) and 

balancing powers of £, we obtain (letting a = 1) 

dW. 
-.J.. = 0 
dr ' (6.12a,b) 

d F . a2 F . 
(~+~) - 0 ar aa 2 -

(6.l3a) 

and 

(6.13b) 

for all j, a, and t at r = 1. In addition, it is necessary to require 

w. and F., for all j, to be bounded at r = o. 
J J 

It follows from equations (6.9) and (6.12) that 

Wo = I I ~nm(r) JAnmeXP[i(WnmTo + na)] 
n=O m=l 1 
+ Bnmexp[i(wnmTo - na)] '+ ccl (6.14) 

where the ¢ (r) are the linear, free-oscillation modes given by nm 



the Knm are chosen so that 
1 

J ref> ~m ( r ) d r = 1 

° the nnm are the roots of 
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the Anm and the B are complex functions of all the T for n > 1 nm n -
which are to be determined from the solvability conditions at the 

next level of approximation, and cc represents the complex conjugate 

of the preceding terms. 

We note that the solution given by equation (6.14) conta'ins both 

travelling and standing waves depending on the relative values of the 

A and B • The solution can also be written in the following nm nm 
equivalent form: 

00 00 

Wo = I l $nm(r)unm{To,T1, .•. )exp(ine) 
n=-oo m=l 

(6. 15) 

where 

(6.16) 

and 
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Because Wo is real, 

(6. 17) 

substituting equation (6.15) into equation (6.10) leads to 

00 00 

v~Fo = L L E(nm~pq)UnmUpqexp[i(n+p)eJ 
n,p=-oo m,q=l 

(6. 18) 

where 

E(nm,pq) = -~~ ($~m - $~m) ($~q - $~q ) 

1 (th I th I ) I + 1 (2th" th + 2 II ) 
- 2r "'nm"'pq 2r2 p '¥nm"'pq n <Ppq<Pnm 

and primes denote differentiation with respect to r. 

We assume an expansion for Fo as follows 
00 

Fo = L Hn(r,To,T1, ..• )exp(ine) 
n=-oo 

(6.19) 

substituting equation (6.19) into equation (6.18), multiplying the 

result by exp(-iae), and integrating from e = 0 to e = 2TI, we obtain 

where 

p = a - n 

and 
~2 1 ~ a2 2 

04 - (a + a ) 
va - ar2 r ar - "?'" 

Then we further assume an expansion for H as follows a 

(6.20) 

(6.21) 

(6.22) 
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where the ~an are the eigenfunctions of the following problem: 

(v4 
- ~4)W = 0 in r = [0 1] a an an ' 

where Wan is bounded at r = 0 and, from equations (6.13), 

~ II _ V ($ I - a 2$ ) = 0 an an an 
and 

Will + $11 - $' - a2[(2+v)~' - (3+V)$ ] = 0 an an an an an 

for all e and t at r = 1. It follows that 

(6.23) 

where the Kan are chosen so that 

11 r 1/12 dr = 1 
o an 

[a(a+l)(vt-l)-~~nJJa(~an)-~an(V+l)Ja_l(~an) 
C = ----------~--~----------~--~-----an 

and ~an are the roots of 
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Substituting equation (6.22) into equation (6.20), multiplying 

the result by "Pab' and then integrating from r = 0 to r = 1, we obtain 

00 00 

where 1 

G(nm,pq;ab) = ~;~ I rwabE(nm,pq)dr (6.25) 

and p, a, and n are related according to equation (6.21). It follows 

from equations (6.24), (6.22) and (6.19) that 

+00 00 

Fo = r r $abG(nm,pq; ab)UnmUpqexp(iae) · 
a,n=-oo b,m,q=l 

(6.26) 

where p = a-no 

Substituting equations (6.26) and (6.14) into equation (6.11) 

1 eads to 

00 00 

D~Wl + V4Wl = r r -2iwnm~nm[(DIAnm + cnmAnm)exp(iwnmTo) 
n=-oo m=l 

00 00 A 

+ [ r r Pnm~nmexp(ine)]cos ATo 
n=-oo m=l 

00 00 A 

+ r r G(nm,pq;ab)E(cd,ab)ucdUpqUnmexp[i(a+c)e] 
a,n,c=-oo b,m,d,q=l 

(6.27) 

where we assume modal damping and p has been expanded as 
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00 00 A 

p(r,e,t) = [ l l Pnm~nmexp(ine)Jcos ATO 
n=-oo m=l 

and 
'" ¢I! 2 l/J" 
E(cd ab) = ..£Q. (lhl _!....all ) + ~ (..... c

2
....) , r o/ab ro/ab r o/cd - r-~cd 

+ 2~~ (l/J~b- ~l/Jab)(~~d - ~ ¢cd). 

Because Wl and Wo satisfy the same boundary conditions, we assume 

an expansion for WI in the form 

00 00 

(6.28) 

substituting equation (6.2S) into (6.27), multiplying by r~ki(r)exp 

(-ike), and integrating the result from r = 0 to 1 and e = 0 to 2~, 

we obtain (for main resonances) 

')0 00 

+ exp(-iAT o)] + l l r(ki,cd,nm,pq) 
n,c=-oo d,m,q=l 

[
8", '" 
\ S.exp(iA.To)], k = 1,2, ••. , i = 1,2, .•• 

j~l J J 
(6.29) 

where 
1 

r(kl,cd,nm,pq) = Y G(nm,pq;ab) r rtklf(cd,ab)dr 
b=l ) 

(6.30a) 

o 

a = k - c (6.30b) 

p = k - c - n , (6.30c) 
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'" A are frequency combinations, and S. are functions of A and B • 
. J nm nm 
J '" 

Both A. and S. are listed in Appendix C. 
J J 

It is noted that equations (6.29) are essentially the same (for Bnm = 

Anm , exactly the same) as equations (2.8}. 

The solvability conditions can be obtained by requir"ing the co

efficients of exp(±iwktTo) to vanish from the right-hand sides of equa

tion (6.29). In general the solvability conditions can be written as 

(6.31a) 

and 

(6.31b) 

h RA,B t d t 't 1 'f NA,B w ere k~ are erms ue 0 ln erna resonances 1 any, kt are 

terms due to the external excitation if any, and Yktnm are constants. 

We made use of equations (6.17) and (6.30~) to arrive at the summation 

terms in equations (6.31). 

We note that equations (6.31) are comparable to equations (2.13), 

for the case of main resonances. 



95 

6.3 The Case of No Internal Resonance 

In the absence of internal resonances R~;B = O. Because we are 

dealing with main resonances, the analysis here closely follows that of 

Section 3.2. Thus, when A is near wrs 

A = W + £0 rs (6.32) 

(6.33a,b) 

and 

N~,B = 0, for k~ ; rs (6.33c) 

Next we let 

(6.34a,b) 

where anm , bnm , unm and 8nm are real functions of TI • 

From the results of Section 3.1 (only the directly excited modes 

can appear in the steady-state response) we obtain 

ak~ = bk~ = a , for k~ 1 rs (6.35) 

+ 1 P . a - wrscrsars 2 rs Sln ~rs = a , (6.36a) 

(6.36b) 

(6.36c) 

and 

(6.36d) 



96 

where 

(6.37a,b) 

It follows immediately from equations (6.36) that neither ars nor 

brs can be zero. These equations can be rewritten as 

Wrscrs = (Prs/2ars )s;n ~~s (6.38a) 

wrsa + ~ Yrsrs(a~s + b:s ) = - (Prs/2ars)cos ~~s (6.38b) 

(6.39a) 

and 

(6.39b) 

Squaring and adding equations (6.38) and comparing the result with 

that obtained by squaring and adding equations (6.39), we obtain 

b a 
and ~rs = ~rs (6.40a,b) 

Therefore, using equations (6.37), (6.34) and (6.14), one can 

write the steady-state response as 

(6.41) 

Consequently, in the absence of internal resonances, the steady

state forced response consist of standing waves only_ One can describe 

the response with the single mode having a frequency equal to that of the 

excitation, as several investigators have done previously, the solution 

being essentially that of the Duffing equation. 
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6.4 Effects of An Internal Resonance 

In this section consideration is given to the effects of an in

ternal resonance invloving four modes [i.e., combination of frequencies 

given by equation (2.2)] of the form 

(6.42) 

Further, we assume that these frequencies are such that equation (6.30c) 

is satisfied; that ;s 

K=C+N+P (6.43) 

To Gharacterize the approximation in equation (6.42), we introduce a 

detuning parameter, aI' as follows: 

WCD + wNM + wPQ + Eal = wKL (6.44) 

The terms due to the internal resonance, Rt;B, appearing in the 

solvability conditions (6.31), which can be obtained by considering 

Appendix C and equations (6.17), (6.43) and (6.44) are 

and 

R~L = QKL(ACDANMApQ + BCDBNMBpQ)exp(-iolTl) 

R:Q = QpQ(AKLACDANM + BKL~CDBNM)exp(ialTl) 

R~M = QNM(AKLApQACD + BKL~PQBCD)exp(ialTl) 
A 

ReD = Qco{AKLANMApQ + BKLBNMBpQ)exp(ialTl) 
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A _ 
Rk~ - 0 for k~ 1 KL, PQ, NM, CD , 

where the Q's are constants. The expressions for R~~ can be obtained 
A --from those of Rk~ by replacing Ak~ by Bk~' Bk~ by Ak~ and cr1 by - crle 

Substituting equations (6.34) and the expressions for R~iB and 

N~~B into equations (6.31) and separating the result into real and 

imaginary parts leads to the following solvability conditions: 

wk~(ak~ + ck~ak~) - ~ QkiS~~ - Nk~sin ~~i = 0 , 

wk~(bki + ckibk~) - ~ Qk~S~~ - Nk~sin ~~~ = 0 

a I + 1 + 1 Q S2 a - 0 wki k~ak 8 ak~ski 8 k~ kt + Nktcos ~k~ -

,1 1 2 b 
wk~bk~Bk~ + 8 bk~sk~ + 8 Qk~Sk~ + Nk~cOS ~k~ = 0 

for ki = CD, NM, PQ , 

(b ' b) 1 Q s' N . b 0 wKL KL + cKL KL + 8 KL KL - KLs1n ~KL = , 

r 1 1 2 a 
wKLaKLaKL + 8 aKLs KL+ 8 QKLSKL + NKLcOS ~KL = 0 

I 1 1 2 b _ 
wKLbKLBKL + 8 bKLs KL + 8 QKLSKL + NKLcos ~KL - 0 

for kt = KL and 

wk~(ak~ + ck~akt) - Nk~sin ~~~ = 0 , 

(6.45a) 

(6.45b) 

(6.46a) 

(6.46b) 

(6.47a) 

(6.47b) 

(6.48a) 

(6.48b) 

(6.49a) 

(6.49b) 
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I 1 N a 
wk! ak!Ctk! + 8 ak! sk! + k! cos }.lk! '= 0 , 

b ,+lb S +N b_ O wk! k!Sk! 8 k! k! k!cOS ~k! -

for k~ r CD, NM, PQ and KL, where 

00 00 

S - tty (2 + b2 ) k! - L L kinm anm nm' n=-oo m=l 
1 A • 

Nki = 2 Pki when A lS near wk! ' 

Nk! = 0 when A is away from Wkt • 

the detuning parameter 02 being defined by 

when A ; S near wk! ; 

S~D = aNMapQaKLsin UA + bNMbpQbKL sin UB' 

S~D = aNMapQaKLcos UA + bNMbpQbKLcOS ~B' 
1 

SNM = aPQ aKL aCDcos lJA + bpQ bKL bCDcOS ~B' 

S~M = apQaKLaCDcos lJA + bpQbKLbCOcos ~B, 

S~Q = aKLaCOaNMsin PA + bKLbCObNMsin PB' 

S~Q = aKLaCOaNMcos UA + bKLbCObNMcOS UB' 

(6.50a) 

(6.50b) 

(6.51a) 

(6.51b) 

(6.52a) 

(6.52b) 
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S~L = aCOaNMapQsin VA + bCObNMbpQsin vB • 

S~L = aCOaNMapQcos VA + bCObNMbpQcOS UB • 

For a steady-state solution, all akt , bl<Jl.'l1A'lJB'll·~andll~ are 

constants. This leads to 

WktCktakt - k Qkt5~t - Nkt sin ll~t = 0 

b 1 Q 5' N . b 0 WktCkt kt - 8 kt kt - kt S1n llkt = 

for kt = CD, NM, and PQ, 

WKLcKLaKL + i QKL5~L - NKLsin ll~L = 0 , 

wKLcKLbKL + k QKLS~L - NKL sin ll~L= 0 , 

for k t = KL, and 

for kt ; CD, NM, PQ and KL , 

lJ.A = a 1 - Cleo - aNM - apQ + c;(L = 0 , 

llB = a 1 - BCD - BNM - BpQ + BKL = 0 , 

(6.53a) 

(6.53b) 

(6.54a) 

(6.54b) 

(6.55a) 

(6.55b) 

(6.56a) 

(6.56b) 
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where ak~ and Sk~ are given by equations (6.46) for k~ = CD, NM and PQ 

and by equations (6.48) for k~ = KL, 

a ' - . 
11 rs - a 2 - ex rs = 0 , (6.57a) 

and 
b' 

11 rs = C12 - e ~s = 0 (6.57b) 

when A is near wrs . 

When A is near wrs ' it follows from equations (6.53) - (6.55) and 

(6.51) that 

(6.58a) 

and from equations (6.46), (6.48), (6.50) and (6.51) that 

Ok = 8k ,for k~ ; rs (6.58b) 

It is noted that equations (6.45) - (6.50) are analogous to equa

tions (4.3) - (4.5). Also equations (6.53) - (6.55) are analogous to 

equations (4.8) and (4.9). Recalling that in this chapter the interest 

is in main resonances only, we note that the results of Chapter 4 that 

are applicable to main resonances are relevant here. Different possi

bilities are considered next. 

a. The Case of A Near wk~' k~ ; cn~ NM, PQ, KL 

From equations (6.58) we obtain 

akt = bkt for k~ = CD, NM, PQ and KL • 
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It follows from the results of Section 4.2.a (i.e., internal resonance 

has no influence on the response), the solution is governed by equations 

(6.49) and (6.50). These equations are identical in structure to 

equations (6.36). Hence the steady-state response is a standing wave 

of the form 

(6.59) 

b. The Case of A Near wCD 

From equations (6.58) we obta'in 

ak~ = bk~ for kt = NM, PQ and KL . 

It follows from the results of Sections 4.2b (i.e. the internal re

sonance has no influence on the response) that 

(6.60) 

Substituting equation (6.60) into (6.45) and (6.46), one obtains the 

equations governing the solution. These equations are identical in 

structure to equations (6.36) and hence the steady-state response is a 

standing wave of the form 

(6.61 ) 

Similar results are obtained for the cases of A near wNM and A 

near WPQ . 
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c. The Case of A Near wKL 

From equations (6.58) we obtain 

aki = bki for k = CD, NM and PQ · 

It follows from the results of Section 4.2.e that there are two possibi

lities as follows: 

Therefore, 

(6.62) 

Substituting equation (6.62) into (6.47) and (6.48), we obtain the equa

tions governing the solution. Again these equations are identical in 

structure to equations (6.36); that is, the steady-state response is a 

standing wave of the form 

(6.63) 

(2) aCO ' aNM and aPQ are nonzero 

Here one cannot arrive at the result given by equation (6.62) and 

hence conclude that the only possible steady-state response is a stand

ing wave. The highest mode involved in the internal resonance can appear 

in the response either as a standing wave (i.e., aKL = bKL ) of the form 
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or as a travelling wave (i.e., aKL ~ bKL ) of the form 

~KL[aKL COS(At - ~~L + Ke) + bKL COS(At - ~~L - Ke)] • 

or 

Thus, the steady-state response is described by either 

(1) a superposition of the standing wave components of all the 

modes involved in the internal resonance 

(2) a superposition of the standing wave components of all the 

lower modes and the travelling wave component of the highest 

mode in the internal resonance. 

6.5 Summarl 

The usefulness of the method of analysis developed in Chapters 2, 

3 and 4 is demonstrated by an application to the study of the nonlinear 

vibrations of a clamped circular plate. The general problem, including 

asymmetric vibrations and travelling waves, is a difficult exercise in 

analysis and the present approach is shown to provide a great deal of 

clarity and insight into the nature of the nonlinear forced response. 

The effects of an internal resonance involving four modes are evaluated. 

The steady-state forced response, in the first approximation, for the 

case of main resonances exhibits the following features: 

(1) In the absence of internal resonances or when the frequency 

of excitation is near one of the lower modes involved in the 
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internal resonance, the steady-state response can only have 

the form of a standing wave. 

(2) When the frequency of the excitation is near the highest 

mode involved in the internal resonance, the steady-state 

response is given by one of two forms given below. 

(a) a superposition of the standing wave components of 

all the modes involved in the internal resonance 

(b) a superposition of the standing wave components of 

all the lower modes and the travelling wave component 

of the highest mode involved in the internal resonance. 



7. NONLINEAR VIBRATIONS OF CLAMPED 

CIRCULAR PLATES - SYMMETRIC RESPONSES 

In this chapter, the general analysis of Chapter 6 is specialized 

to the case of symmetric responses. In order to clearly exhibit the 

far-reaching effects of an internal resonance in the system, numerical 

examples involving main resonances are presented. 

7.1 Problem Formulation and Solution 

For the symmetric responses of circular plates, the non-dimensional 

governing equations (6.4) of Chapter 6 reduce to 

and 

a2w + ,,'+W = [l L (aw .£I) _ 2c aw + p] af2 E r ar ar ar at 

1 a [aw)2] '1'+F = - - - (-2r ar ar 

a2 1 a 2 where E = l2{1-v2 )h 2 /a 2 and '1'+- (~ + ---) - ar~ r ar • 

The boundary conditions (6.6a) and (6.7) reduce to 

w = 0 aw = 0 'ar 
o , 

and 

(7.la) 

(7.lb) 

(7.lc) 

(7.ld) 

(7.1e) 

for all t at r = a. In additon the solution must be bounded at r = o. 

Because of the nature of the responses (i.e., symmetric) under con-
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sideration the possibility of travelling-wave solutions is eliminated. 

It is possible to reduce the problem defined by equations (7.1) exactly 

to the system given by equations (2.1) by a straightforward separation 

of the spatial and temporal variables. However, in this chapter, we 

choose to specialize the analysis of Chapter 6. 

Following the procedure in Section (6.2), we obtain the specialized 

versions of equations (6.9) - (6.13) as 

etc.~ 

0" F - _ _1 .L [( aw Q ) 2] 
v 0 - 2r arar 

D20Wl + ,,"WI = - 2DoDlWo - 2cD w + p + 1L (ili aWQ) o 0 r ar ar ar 

aF. 
-~ = 0 at r = 1 . ar 

(7.2) 

(7.3) 

(7.4) 

(7.5a,b) 

(7.6a~b) 

In addition, one must require the solution to be bounded at r = O. 

where 

The solution of equations (7.2) and (7.5) can be written as 

um = Amexp(iwmTo) + cc , 

Jo(nm) 
¢m = Km[Jo(nmr ) - Io{n

m
) Io(nmr)], 

K is chosen so that m 

(7.7) 

(7.Ba) 

(7.8b) 
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(7.8c) 

nm are the roots of 

(7.8d) 

the Am are unknown complex functions of all Tn for n ~ 1 at this point, 

but they are to be determined from the solvability conditions at higher 

levels of approximations; and the cc represents the complex conjugate 

of the preceding terms. The $m are the linear, free-oscillation modes, 

and the ware the natural frequencies. m 

Equations (7.3) - (7.6) suggest that it may be more convenient to 

solve for ~~Q instead of Fo. Such an analysis is indeed possible and 

can be found in reference [31J. However, we again choose to specialize 

the analysis of Chapter 6. 

where 

Equations (6.18) becomes 

00 

V-Fo = I E(m,q)Unmupq m,q=l 

E(m,q) = ___ 1 ($'$')' 2r m q 

We further assume an expansion for F of the form 

00 

Fo = L vn(To,Tl'···)~n(r) 
n=1 

where ~n are the eigenfunctions of the following problem: 

(7.9) 

(7.10) 
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where ~n is bounded at r = 0 and from equations (7.6) 

~II - v~t = 0 n n 

and 

for all t at r = 1. It follows that 

where Kn are chosen so that 
1 

J np~ dr = 1 • 
o -~ Jo(~ ) + (V+l)Jl(~ ) 
t - n n n 
n - ~nlo{~n) - (v+l)Il(~n) 

and ~n are the roots of 

(7.l1a) 

(7.11b) 

(7.11c) 

The first twelve roots of equation (7.11c) are listed in Appendix D. 

Equation (6.26) reduces to 

00 

Fo = 2 _ ~bG(m,q;b)UmUq 
b,m,q-1 

(7.12) 

where 1 

G(m.q;b) = ~b4 I rWb E(m.q)dr • 

Substituting equations (7.12) and (7.7) into (7.4) leads to 
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00 

D~Wl + V~Wl = L - 2iwm$m[(DIAm + CmAm} exp(iwmTo} 
m=l 

00 

- (D1J\n + cmT )exp(-iw To)] + L Pm$mcoSATo I'm m m=l 

Assuming an expansion for Wl of the form 

00 

WI = I U (To,T1,···)$m(r) , 
m=l m 

(7.13) 

(7.14) 

substituting into equation (7.13), multiplying by r$t and integrating 

the result from r = 0 to 1, we obtain 

where 1 

r tdmq = I G(m,q;b) J r$tE(d,b)dr, 
b=l 

o 

(7.15) 

(7.16) 

and S. and A. are listed in Appendix A. (Note that the subscripts 
J J 

have been redefined.) 

We note that equations (7.15) are the specialized forms of equa

tions (6.29) and are precisely of the same form as equations (2.8). 
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7.2 Mymerical Examples 

For a clamped circular plate, the first five natural frequencies 

(see, for example, Leissa [37]) are 

001 = 10.2158, 002 = 39.7710, 003 = 89.1040, 

004 = 158.1830, and 005= 247.0050. 

An internal resonance exists because 

(7.17a) 

To express the nearness of this approximation quantitatively, we intro

duce a detuning parameter, 0'1' defined as follows: 

(7.l7b) 

It is noted that equation (l.lla) is a special case of equation (2.2) 

with a = 1, b = c = 2 and d = 3. Thus, this is the case of an internal 

resonance involving three modes. 

The equations governing the amplitudes and phases of the response 

are obtained either by specializing equations (6.45) - (6.50) to the 

case of symmetric responses or from equations (4.3) - (4.5). They can 

be written as 

00 1 A 

+ a1 I y . a~) + -2 0lNPl cos ~1= 0 ; 
j=4 IJ J 

(7 • lab) 
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for k = 1, 

for k = 2, 

00 1 A 

+ a3 \ Y .a~) + -2 03NPa cos ~3 = 0 ; 
j~4 3J J 

for k = 3, 

for k> 3; where 

11 = 0 Tl - a. t-'n 2 n 

0 .. is the Kronecker delta and 02 is a second detuning parameter 
lJ 

defined as follows: 

A = ~ + £a2 • 

(7.l9a) 

(7.19b) 

(7.20a) 

(7.20b) 

(7.21a) 

(7.21b) 

(7.22a) 

(7.22b) 

(7.22c) 
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For the steady-state solut'lon, all the an' B and the appropriate 

~n are constants. As in Chapter 5, the steady-state equations are in 

general nonlinear and were solved by a Newton-Raphson procedure. The 

stability of the various solutions was determined by the method in 

Section 3.6. Numerical results are presented for the main resonances 

of the different modes involved in the internal resonance. For con

venience, all the calculations were made with Cl = C2 = C3 = c. 

Values of the constant coefficients appearing in equations (7.18) -

(7.20) are listed in Appendix D. 

a. The Case of A Not Near 001 , 002 or 003 (N > 3) 

In this case none of the modes involved in the internal resonance 

are directly excited. It follows from the results of Sections 4.2.a 

and 3.2 that the steady-state response is given by 

(7.23a) 

and 

(7.23b) 

b. The Case of A Near ool(N = 1) 

Here one of the lower modes involved in the internal resonance is 

directly excited. The results of Section 4.2.b and 3.2 are applicable, 

so that the steady-state response is given by 

(7.24a) 

and 
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(7.24b) 

For some arbitrary values of the amplitude of excitation and the damp

ing coefficient, the amplitude, aI, is plotted as a function of the 

detuning of the excitation, £02' in Figure 12. 

c. The Case of A Near w2(N = 2) 

This case is similar to the previous case of A near Wl and the 

steady-state response is given by 

and 

u = 0(£) , n 1 2 
n 

(7.25a) 

(7.25b) 

The amplitude, a2 , is plotted as a function of the detuning of the 

excitation, £02' in Figure 13. 

d. The Case of A Near w3(N = 3) 

Here the highest mode involved in the internal resonance is directly 

excited. The results of Section 4.2.e that are applicable to main re-

sonances are relevant in this case. There are two possiblities as 

follows: 

The steady-state response is given by 

(7.26a) 
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and 

(7.26b) 

The amplitude, a3 , is plotted as a function of the detuning of the excita

tion, E02' in Figure 14a and as a function of the amplitude of the ex-
" citation, EPa' in Figure 14b. 

The results for aI' a2 and a3' as given in Figures 12 - l4b, are 

similar to the solution of the Duffing equation for a 'hardening' type 

of nonlinearity. These figures illustrate the phenomena of 'jumps' 

[see Figures 2a and 3a] as well as the fact that when the amplitude 

of the excitation becomes small the solution approaches the solution 

of the linear problem. 

In this case, the solution has the following form: 

u = n O(E) , n > 3 (7.27a) 

ul = a1 cos[(w1 + ~~)t + L1J + O(E) , (7.27b) 

u2 = a2 COS[(W2 + Ea~}t + L2J + O(E) (7.27c) 

and 
u3 = as cos (At - Va) + O(E} · (7.27d) 

In this case, al , a2 , al , a~, a~, and v~ are obtained as follows. 

One finds from equation (7.22a) that 

(7.28a) 
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and hence, from equation (7.22b), that 

(7.28b) 

Then one can combine equations (7.18) - (7.20) to obtain 

(7.29a) 

(7.29b) 

(7.29c) 

+ ~ COS'I - 0 2003 .... 3 - , (7.29d) 

and 

(7.2ge) 

One can solve these equations numerically for aI, a2, a3, Sand 113. 

After this is done, one can obtain ai and a~ from equations (7.18b) and 

(7.19b); al and a2' and hence the constants tl and t2 appearing in 

equations (7.27), cannot be determined from this analysis. This phasing 

depends on the initial conditions. 

The nonlinearity adjusts the frequencies so that the third mode 

is tuned to the forcing frequency ~xactly and the frequencies of the 

three modes involved in the internal resonance are exactly commensur-

able. To explain this, we recall equations (7.28) and note the following: 
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The amplitudes al' a2, and aa are plotted as functions of the 

detuning of the ~xcitation, £02' in Figure l5a and as functions of 
A 

£P3 in Figure 15b. Generally, when al and a2 are not zero, al is larger 

than a2 and a2 is much larger than a3' Consequently, the solution is 

dominated by the first mode. 

Figure 16 illustrates that decreasing the damping coefficient has 

the effect of extending the range of frequency for which al and a2 can 

be different from zero. Figure 17 illustrates that increasing the am

plitude of the excitation has the same effect as decreasing the damping 

coefficients. In these two figures, only the stable branches of the 

solution are plotted. 

Finally figure 18 is a log-log plot of the amplitude of the exci

tation as a function of the arrlplitude of the response. For this graph, 

A is exactly W3; consequently, it is not possible for al and a2 to 

differ from zero. This graph illustrates that the present results are 

qualitatively in agreement with the experimental data obtained by 

Jacobson and van der Heyde [34J, though they experimented with honey

comb panels. 

7.3 Summary 

By specializing the general results of Chapter 6, one obtains the 

nonlinear resonant symmetric response of a clamped circular plate. 

The lowest three natural frequencies of such a plate are involved in 
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an internal resonance. It is noted that in a hinged-clamped beam only 

two modes are involved in the internal resonance. 

Numerical examples are presented of the main resonances of the 

different modes involved in the internal resonance and the results 

shown in a series of figures. As in the numerical examples involving 

the beam, the results for the plate also exhibit typical nonlinear 

phenomena and illustrate that when more than one mode appears in the 

steady-state response, the lowest mode involved is likely to dominate 

the response. 



8. CONCLUSIONS 

The present work on the nonlinear resonances in systems having 

many degrees of freedom can be summarized as follows: 

(1) A unified method for the analysis of the various nonlinear 

resonances is presented and the influence of an internal resonance is 

explored in depth. 

(2) The success of the present work can largely be attributed 

to the method of multiple scales, a perturbation technique. It is an 

elegant and reliable method for systematicall~ obtaining approximate 

solutions. The first approximation extracts the dominant features of 

the response and expresses them in terms of elementary functions. 

Moreover, the results obtained from the first approximation compare 

favourably with those obtained by a numerical integration of the govern

_ ing nonlinear differential equations. It is noted that the numerical 
\ 

solution of the steady-state equations is far less demanding, in time 

and cost, than the numerical integration of the governing differential 

equations. 

(3) The effectiveness of the approach developed in this work in 

providing clarity and insight into nonlinear phenomena is illustrated 

by an application to the general problem of the nonl-inear vibrations 

(including asymmetric vibrations and travelling waves) of a clamped 

circular plate. 
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(4) In the presence of an internal resonance, it is possible for 

energy to be transferred among the modes involved. The numerical ei

amples involving beams and plates confirm such possibilities and also 

indicate that, there can be significant transfer of energy down from 

the highest mode to the lower modes but not vice versa. 

(5) The governing equations which are used in the problems of 

the nonlinear vibrations of beams and plates are the same as those 

used by several previous investigators, and all the single-mode solu

tions in the present work are essentially the same as the solutions 

obta·ined by them. However, all the earlier studies apparently failed 

to reveal the additional, multi-mode solutions which can exist in the ~:<

presence of an internal resonance. 
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APPENDIX A 

Coefficients S. and Frequency Combinations AJ" in Equations 
J 

(2.8) and (2.12) 

j S. 
J Aj j s. 

J 
A. 

J 

A A A ,//mpq oom+oop+ooq 15 AqKmKp -2>"+00 q 

2 AmApAq oom+oop-ooq 16 AmApKq >..+00 +00 m p 

3 /~mApAq oom-wp+wq 17 AmApKq -).+00 +00 m p 
J 

4 AmApAq -00 +w +w 18 ApAqKm >"+w +w m p q p q 

5 2AmKpKq wm 19 ApAq~ ->..+00 +00 
P q 

.//' 

6 2ApKq~ oop 20 AqAmKp >..+w +00 q m 

7 2Aq~~ ooq 21 AqAmKp ->..+00 +00 q m 

8 3~lKpKq >.. 22 AmApKq >"+00 -w m p 

9 ~KpKq 3>.. 23 AmApKq ->"+w -00 m p 

10 AmKpKq 2A+W m 24 ApAq~ >..+w -00 p q 

11 AmKpKq -2A+W 25 ApAq~ ->..+w -00 m p q 

12 ApKq~ 2>"+00 p 26 AqAmKp >..+w -00 q m 

13 ApKq~ -2>..+w p 27 AqAmKp -).+00 -00 q m 

14 Aq~Kp 2>"+00 q 
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APPENDIX B 

Constant Coefficients in the Numerical Examples in Chapter S 

Equation (5.7) can be reduced to 

fnmpq k[lt~I~1 dx] [ It~I~ldx] n q m p 

where primes denote differentiation with respect to x, 

A 

k = 0.25, for t = 2 and ~n is given by equation (S.8a). 

The first three roots of equation (5.8c), for t = 2 are 

nl = 1.9635, n2 = 3.5345, and n3 = 5.105 • 

The Yij and Qi are combinations of the rnmpq and are obtained 

by numerical quadrature. They are as follows: 

y 11 = 3f 1111 = 6.213 

Y22 = 3f2222 = - 86.26 

y 33 = 3fs333 = - 414.5 

Y 12 = 2(2f1I22 + f1221) = Y2 1 = - 16.58 

YI3 = 2{ 2rl133 + f1 3 S1) = YSI = - 34.73 

Y23 = 2(2r 2233 + r 2332 ) = Y 32 = - 129. 9 

Q1 = 2fl121 + r l 112 = - 2.3108 

Q2 = r2 111 = - 0.77027 
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The spatial variation of the forcing function was taken to be a 

constant; that is 

Pn = tp(X)4>n{X)dx = pf\n{X)dX 

Typical values of the constant coefficients in Sections 5.2.b, 

S.2.c ~nd 5.2.d are as follows: 

Section 5.2.b 

For P = 0.3 x 103 and £02 = 0.1, 

F 1 = - 9459, H 11 = - 1710,- H 22 = - 2264 · 

Section 5.2.c 

3 For P = 10 x 10 and £02 = 2, 

Fl = 41.37, HIl = - 899.2, H22 = - 2713 · 

Section 5.2.d 

For P = 5 x 103 and £02 = 1.5, 

Hll = - 819.1, H22 = - 1914, H33 = - 9921, H23~ H32 = - 1054. 



APPENDIX C 

A A 

Coefficients Sj and Frequency Combinations Aj in Equations (6.29) 

A A 

j S. A. 
J J 

AedAnrnApq + + wed wnrn Wpq 

2 ACdAnmBpq wed + wnrn - Wpq 

3 AedBnmApq wed - wnrn + Wpq 

4 BCdAnrnApq - wed + wnrn + Wpq 

5 BedBnrnBpq - wed - wnrn - Wpq 

6 BedBnrnApq - wed - wnrn + Wpq 

7 BedAnmBpq - wed + wnrn - Wpq 

8 ACdBnmBpq wcd - wnrn - Wpq 
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APPENDIX 0 

Constant Coefficients in the Numerical Examples in Chapter 7 

Equation (7.16) can be reduced to 
1 1 

f tdmq = - ~ bIl ~b4 [ 1 $~$~$b dr] [ I $~$d$b dr] 

where primes denote differentiation with respect to r, <Pm is given by 

equation (7.ab) and tPm is given by equation {7.11a}. 

The first three roots of equation (l.ad) are 

nl = 3.196, n2 = 6.306 and n3= 9.439. 

The first twelve roots of equation (l.11c) are 

~1 = 2.6629, ~2 = 6.0763, ~3 = 9.2912, ~4 = 12.468 

~5 = 15.629 ~6 = 18.784, ~7 = 21.935, ~8 = 25.084 

~9 = 28.231, ~10= 31.377, ~11= 34.522, ~12= 37.667 • 

The Y •. and Q. are combinations of the rad and are obtained by 
lJ 1 ~ mq 

numerical quadrature. They are as follows: 

Coefficient Values 
[Number of terms in equation (7.16): 2 10 11 

Y 11 = 3r l l11 -162.22 -166.22 -166.22 

Y12 = 2(2r1212 + r l122 ) = -873.26 -883.80 -883.80 

Y 13 = 2(2r1313 + r l133 ) = -1460.3 -1644.8 -1644.8 
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Coefficient Values 
[Number of terms in equation (7.16): 2 10 11 ] 

Y22 = 3f2222 -5155.2 -5552. 1 -5552.1 

Y 23 = 2(2r3232 + f 2233 ) = Y 32 - 11181 - 14·220 - 14220 

Y 33 = 3f3333 - 28831 - 34401 - 34401 

Q1 = 2f 1223 + f 1322 = Q3 -414.93 -556.77 -556.77 

Q2 = 2Q 1 -662.08 -1113.5 -1113.5 
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NONLINEAR RESONANCES IN SYSTEMS 

HAVING MANY DEGREES OF FREEDOM 

by 

Seshadri Sridhar 

(ABSTRACT) 

An analysis is presented of the main, superharmonic, subharmonic, 

combination and internal resonances in a weakly nonlinear system having 

many degrees of freedom. The system has cubic nonlinearities, modal 

linear viscous damping and is subject to harmonic excitations. The 

method of multiple scales, a perturbation technique, is used to develop 

a unified method for the study of the various resonances. The effects 

of an internal resonance are explored in depth. 

The first approximation obtained by the method of multiple scales 

extracts the dominant features of the response and expresses them in 

terms of elementary functions. It is shown that in the absence of 

internal resonances, the steady-state response can contain only the 

modes which are resonantly excited. In the presence of an internal 

resonance, modes other than those that are resonantly excited can appear 

in the response. 

The usefulness of the method developed in this work in providing 

clarity ana insight into nonlinear phenomena is illustrated by applica

tions to the nonlinear vibrations of beams and circular plates. Numeri

cal examples show that the results obtained by the first approximation 

compare favorably with the results obtained by a numerical integration 



of the governing differential equations. The numerical examples indicate 

that a significant transfer of energy can take place from the highest 

mode involved in the internal resonance to the lower modes but not vice 

versa. 


