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(ABSTRACT) 

The additive-plus-multiplicative model, Y, = u+o;+ 6; + Y bets has been used to describe 
po 

multiplicative interaction in an unreplicated experiment. Outlier effects often appear as interaction 

in a two-way analysis of variance with one observation per cell. I use this model in the same setting 

to study outliers. In data sets with significant interaction, one may be interested in determining 

whether the cause of the interaction is due to a true interaction, outliers or both. I develop a new 

technique which can show how outliers can be distinguished from interaction when there are simple 

outliers in a two-way table. Several examples illustrating the use of this model to describe outliers 

and interaction are presented. 

I briefly address the topics of leverage and influence. Leverage measures the impact a change in an 

observation has on fitted values, whereas influence evaluates the effect deleting an observation has 

on model estimates. I extend the leverage tables for an additive-plus-multiplicative model of rank 

1 to a rank k model. Several examples studying the influence in a two-way nonreplicated table are 

given.
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CHAPTER 1 - INTRODUCTION 

Nonreplicated experiments may be a statisticians nightmare to analyze. These experiments occur 

for several reasons. Sometimes a design is not replicated by choice because the cost of obtaining 

the experimental units or repeating the experimental set up is expensive. Researchers in the area 

of animal science or veterinary medicine usually pay thousands of dollars for a few large-bodied 

animals (1.e., cows, horses). If several factors are of interest to the scientist, then true replication 

is usually prohibited. In other situations, experimental subjects may be readily available, but the 

cost of an experimental compound may be astronomical to initially produce. Therefore, limited 

quantities of the material exist for experimentation. The scientist may want to evaluate the per- 

formance of the test compound in conjunction with several variables, thus independent repetition 

of a treatment combination may be sacrificed. 

Other times an experiment is not replicated because the investigator does not understand the con- 

cept of replication. The scientist may believe that he or she replicated an experiment by recording 

the same observation over time (repeated measures) or by measuring the same experimental unit 

several times during a single session (subsample measurement). Unfortunately whether by choice 

or confusion, the results are the same. No independent observations exist for estimation of the pure 

error term in the analysis. Therefore, it may not be possible to obtain as complete of an analysis 

for the nonreplicated experiment as for the replicated design. 
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Typically, statisticians are not trained to thoroughly analyze unreplicated experiments. Most stat- 

isticians are familiar with the analysis of a two-way analysis of variance, and using Tukey’s one- 

degree-of-freedom test to test for nonadditivity of the form aif; (where «; and 8, represent row and 

column effects, respectively). However, methods do exist to extract more information out of the 

two-way interaction term. 

Mandel (1969, 1971) generalized the decomposition of the two-way interaction term to test for 

multiplicative interaction of the form t,y, (where t,y, is no longer a scalar multiple of main effects). 

The terms, 7; and y,, are eigenvectors of ZZ’ and Z’Z, respectively, and Z is the residual matrix 

from the additive portion of the model below. This decomposition recovers more degrees of free- 

dom from error than Tukey’s test. Mandel proposed the additive-plus-multiplicative model, 

k 

Vy =u tag + Bit » Art pi pj 
p=l 

where: 

k <min{(r — I,c— 1}. 

This model has been employed to analyze an unreplicated two-way table by many researchers (Snee 

et al. 1979, Gauch 1988, Milliken and Johnson 1989). The model possesses a lot of versatility, and 

it can fit several different forms of multiplicative interaction. However, the use of this model to 

describe outliers has not been reported in the literature. 

The detection of outliers in an unreplicated experiment has been investigated by several researchers. 

Daniel (1960) studied the identification of a single outlier in factorial designs, and later Stefansky 

(1972) did the same for a two-way table. Both developed test statistics, however Stefansky showed 

that they were equivalent. Barnett and Lewis (1984) posed a “contamination” model to describe 

an outlier in a two-way layout as, 
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where: 

A,;=1 for i=i,j=/' and 

A, = 0 otherwise. 

This model is similar to Mandel’s, and suggests that outliers in a two-way table may be modeled 

by multiplicative terms in the additive-plus-multiplicative model. 

Both outliers and interaction are sources of nonadditivity in a two-way layout. When replication 

exists, these effects influence separate terms in a model. An interaction term accounts for the 

interaction, whereas the error term absorbs the outlier effect. However, in the absence of repli- 

cation, both outliers and interaction enter into the single residual term, ,,, from fitting the additive 

effects. 

For a nonreplicated two-way table, one can test for either outliers or interaction, but not both. If 

both do exist in a two-way layout with one observation per cell, then testing for either effect may 

lead to erroneous results. Currently, there does not exist a procedure for detecting both effects at 

the same time. 

I devote a significant portion of this dissertation to studying two-way tables when outliers and 

interaction are present in an unreplicated design. I consider several facets of this situation. The size 

of the outlier effect along with the amount of interaction play an important role in the ability to 

identify both factors. The location of the outlier relative to the interaction in a two-way table can 

make detection of the outlier range from easy to difficult. Table size also affects the limits of de- 

tecting both effects. Lastly, the number of outliers present in the table can complicate the analysis. 

I develop a procedure which can locate one or two outliers in the presence of significant interaction. 

The technique uses Mandel’s additive-plus-multiplicative model to detect significant nonadditive 

effects. If strong nonadditivity is found, then I employ a rotation procedure to uncover the sources 

of nonadditivity. Finally, I evaluate the performance of this procedure under the different aspects 

mentioned in the last paragraph. 
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I complete the study of nonadditivity in a nonreplicated two-way table by briefly considering lev- 

erage and influence measures for the additive-plus-multiplicative model. The concepts of leverage 

and influence are closely related. Leverage determines the impact a change in an observation has 

on fitted values, whereas influence considers the effect deleting an observation has on model esti- 

mates. The current leverage tables are appropriate for the additive-plus-multiplicative model of 

rank 1 (Emerson et a/., 1984). J extend these to a rank k model. I investigate the influence an 

observation has on the model by applying the techniques of influence analysis used in a multivariate 

setting to a two-way table. 

This dissertation is organized in the following manner. First, a review of the pertinent literature is 

presented in Chapter 2. I also include an example illustrating how Mandel’s model fits a data set 

in this chapter. In Chapter 3, I extensively study outliers and interaction in an unreplicated two- 

way table. Included in this chapter is my procedure and an evaluation of its power. The formula 

for the extended leverage tables is presented in Chapter 4, whereas the influence study is discussed 

in Chapter 5. Finally in Chapter 6, I make some concluding remarks and speculate on areas of 

further research. 
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CHAPTER 2 - BACKGROUND 

2.0 THE MODEL 

This research uses the additive-plus-multiplicative or Mandel’s model to fit data in an unreplicated 

two-way design. Model details will now be presented along with research related to several aspects 

of the model. 

Mandel (1961, 1969, 1971) postulated various models for a r x c table when the assumption of 

additivity was questionable. He considered the general nonadditive model, 

Yy=utaj;+ Byt+ny [2.1.1] 

where: 

i=ltor,j=Iltoc 

and the usual constraints hold, 1.e., 

bai = SB = amy = Day = 0. 
t 

He partitioned the interaction term, »,,, into a sum of multiplicative functions of the form, 
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k 

ny = » Appi pj 
p=! 

where: 

k< min{(r— 1,¢— 1}. 

He estimated the parameters of model [2.1.1] in two steps. First, an additive two-way model was 

fit to the data. Second, the residuals from the first step were decomposed using principal compo- 

nents on the matrix Z’Z (or ZZ’) where: 

Z = [zy] 

Zy= Yy— Bb &— B; 
=Y,y—Yi—Yy,+ Y.. 

This produced the estimates i, t, » where: 

2 is the largest pth eigenvalue of Z’Z (or ZZ’) 

t, is the eigenvector corresponding to the pth eigenvalue of ZZ’ 

yp is the eigenvector corresponding to the pth eigenvalue of Z’Z. 

These estimates have the usual constraints, 

and 
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Therefore, model [2.1.1] can be written as 

k 

Yy= mt a+ Bt > Aptyingy [2.1.2] 
p=l 

This model is frequently called an additive-plus-multiplicative or Mandel’s model. Gabriel (1978) 

proved that this two-step process for fitting an additive-plus-multiplicative model produces least- 

squares estimates of all parameters in the model. Mandel (1971) constructed an analysis of variance 

table for this model, Table 1. It resembles the usual ANOVA table for both main effects, but it is 

novel in its decomposition of the interaction term. 

An example to demonstrate how Mandel’s model is used in practice to fit both additive and mul- 

tiplicative effects is given below. The following data came from a nitrogen and phosphorus 

fertilization study on spring wheat (Black, 1970). The response, yield, is measured in kg/ha. The 

data are: 

Phosphorus Applied 

(kg/ha) 

0 22 45 90 180. 
  

Nitrogen 0 1984 2550 2706 2740 2954 

  

Applied 

(kg/ha) 45 1776 2843 3306 3305 3386 
  

90 1797 2761 3240 3227 3332               
To fit the additive-plus-multiplicative model, | first fit the main effects. The ANOVA table from 

this step is displayed below: 
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Table 1. Analysis of variance for Mandel’s model 

  

  

Source df SS MS 

a; (r-1) usual usual 

B; (c-1) usual usual 

yp Ny (r-1)(c-1) usual usual 

A “A 

Asti 4; vy Ay A) 

m4 “2 
Ayt 2472) VD) Ay Ay’ |v 

“2 m2 
Apt pil pj ‘p Ap Ap'l¥p 

Note: 

_ ELA 
  v4 = 

p o 

underlying additive model with independent normally distributed errors. 
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Source df MS F Pr 

N 2 328075.60 164037.80 5.07 .0378 

P 4 3748569.07 937142.27 28.99 .0001 

residual 8 258651.73 32331.47 

total 14 4335296.40 

From this table, one can see that both main effects are significant. The estimates of main effects 

are: 

The residuals from step | are: 

    
  

  

  

            
  

A decomposition of the residuals produces: 

| 941.50 

~207.00 ~75.80 

=2793.80 &=| 129.40 B=| 290.20 

77.60 296.90 

430.20 

338.70 | 39.00 | —171.00 | —143.70 | —63.00 

-205.70 | ~4.40 | 92.60 | 8493 | 32.60 

—132.90 |-34.60 | 78.40 | 58.73 | 30.40 

1, = 507.6624 U, = .9964 ** 
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—.8123 

A 
T= 

—.0825 

—.6622 

7447 

I now rewrite this model in matrix form: 

1984 

2550 

2706 

2740 

2954 

1776 

2843 

3306 

3305 

3386 

1797 

2761 

3240 

3227 

3332       

E
>
 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80 

2793.80     

R
>
 

—207.00 

—207.00 

—207.00 

—207.00 

— 207.00 

129.40 

129.40 

129.40 

129.40 

129.40 

77.60 

77.60 

77.60 

77.60 

77.60     

  

w
>
 

—941.50 

—75.80 

290.20 

296.90 

430.20 

—941.50 

—75.80 

290.20 

296.90 

430.20 

—941.50 

—75.80 

290.20 

296.90 

430.20 

8231 

0894 

4124 

3485 

1515 

  

3050 | 

—.8547 

3662 

—.0214 

2048   

339.43 

36.87 

— 170.06 

— 143.71 

—62.47 

—199.57 

—21.68 

99.99 

84.50 

36.73 

— 139.86 

—15.19 

70.07 

59.22 

—25.74   
Table 2 displays the complete ANOVA table for the spring wheat data. 
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—.77 

2.15 

—.92 

.05 

—.52 

—6.16 

17.27 

—7.40 

43 

—4.14 

6.93 

—19.42 

8.32 

—.49 

4.65   
10



Table 2. Analysis of variance table for spring wheat data. 

  

Source df SS MS F Pr 

N 2 328075.60 164037.80 5.07 .0378 

P 4 3748569.07 973142.27 28.99 .0001 

N*P 8 258651 .73 32331.47 

Lit, 6.34 257721.16 40650.03 

dotry2 —«*1.66 930.57 560.58 
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Johnson and Graybill (1972) tested the significance of 4, with the likelihood ratio test and found 

U, = .9964 significant at « = .01. So they examined only the the first component. They tested all 

hypotheses of the form H,: t= 7; and y;=y, (where: 141i’ and j#j'). Out of the 30 pairs of 

hypotheses tested only Hy: t2= 73 and y3= yq failed to be rejected. Therefore, they concluded 

that significant interaction was attributed to cells (1,1), (1,2) and (1,5). Black (1970) concluded that 

“yield increased dramatically as the level of phosphorus increased up to 45 kg/ha, then yield further 

increased in the presence of phosphorus with applications of nitrogen at rates of 45 or 90 kg/ha.” 

The control, cell (1,1), may be responsible for some of the interaction because it produced a higher 

yield than the two treatment combinations with no phosphorus and 45 or 90 kg/ha of nitrogen, cells 

(2,1) and (3,1), respectively. 

Figure 1 is a graph of the N-P fertilization data. It reveals that an interaction occurs between ni- 

trogen rates 0 verses 45 and 90 kg/ha and phosphorus rates 0 and 22 kg/ha. This could be due to 

a nutrient imbalance (high nitrogen and no phosphorus) which could reduce plant yield. In the 

absence of any nitrogen application, it appears that some phosphorous, 22 kg/ha, may stimulate 

plant yield, cell (1,2), however increasing the phosphorus rate to 180 kg/ha did not account for a 

sizeable increase, cell (1,5). So cell (1,5) may contribute to interaction by not increasing as much 

as expected for the phosphorus rate applied. 

Mandel examined some special cases of the general nonadditive model of rank 1, equation [2.1.2]. 

He standardized the estimates, «; and B i. to produce the following model, 

Yy=utRrj+ Go + Ary; + ei 

where: 

and 
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> 

— 

    
  

{ v I t T T | F Tt v | ¥ { t qT t { C | t { t | f fo Rs qT f t t T f | c T t of 

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 

P 

N 866 0 4-4-4 45 9-9-9 90 

N IS NITROGEN P |S PHOSPHORUS 

Figure 1. Graph of N-P fertilization on yield of spring wheat. 
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G=./) 8} y= a by 

He considered a model in which the nonadditive term was a linear function of either main effect, 

i.€., 

T= 7; “rows linear” 

or 

yw=g “columns linear” 

which generates either, 

Yy= ut Got (R+ dyn t ey “Rows Linear Model” 

or 

¥y= ut Ry + (Gt Arie t+ ey “Columns Linear Model.” 

When the nonadditive term is a linear function of both main effects, 1.e., 7; = 7; and y; = G, then the 

result is called the “Concurrent Model”, 

Y= w+ Rr t+ Go t+ Ane + ey. 

This is also Tukey’s-one-degree-of-freedom test for nonadditivity. 

Gollob (1968) developed that same basic model independently of Mandel but used factor analysis 

instead of principal component analysis to decompose the interaction term. He combined factor 

analysis with analysis of variance technique, and called this model FANOVA. His method was 

similar to Mandel’s except for the way he partitioned the degrees of freedom for each component. 

Researchers have accepted Mandel’s approach to the degrees of freedom problem, and thus adopted 

the use of his model rather that Gollob’s. 
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Other researchers have investigated various aspects of Mandel’s model. Johnson and Graybill 

(1972) developed a likelihood ratio test statistic for the inclusion of the first multiplicative compo- 

nent, 4:71:71, in the two-way additive model. They estimated 4, by hy, the square root of the 

leading eigenvalue of Z’Z (or ZZ’), and tested H,: 4, =0vs. Hi: 4; #0 using the following test 

statistic, U,, where: 

NA A 

A aj 
U,=5 A Ay , ‘ 

eaten ghz (ZZ) 
  

They approximated the critical points for U,; using a Beta approximation. A table of these critical 

values appears in Johnson and Graybill (1972) and Milliken and Johnson (1989). Schuurmann 

et al. (1973) constructed tables of the exact critical values when (t-b-1)/2 is an integer. 

Hegemann and Johnson (1976) developed a likelihood ratio test statistic for incorporating the sec- 

ond multiplicative component into an additive-plus-multiplicative model of rank 1. This statistic 

is an extension of Johnson and Graybill’s test for 4;. The test statistic, L, for the test of 

H,: 22=0 vs. Hi: 42 ¥ 0, is 

A 
2 

pe 2 
B+ tah 

Critical values are also tabulated for this test statistic. 

Once more, Johnson and Graybill’s (1972) test was extended to sequentially test for the inclusion 

of the pth multiplicative component. Yochmowitz and Cornell (1978) developed the A, test sta- 

tistic for testing H,: 4, =0 vs. H;: 4, #0. Its form is: 

A 2 . 2 
A, =>: 

P A4 As 

Mt t+ ah 
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They called this likelihood ratio test the SKC test, since it uses tables in Schuurmann et al. (1973) 

as critical values. 

Once a multiplicative component is found to differ significantly from zero, then the cause of the 

interaction may be investigated. Marasinghe and Johnson (1981) discuss different scenarios which 

can produce interaction: 1.) significant interaction can be due to a certain row and column inter- 

action, 2.) it can be caused by a particular row reacting with the columns differently than the other 

rows, or 3.) it can be the result of certain treatment combinations acting synergistically. Outliers 

would produce the same effect as case three. After the interaction is located, then interaction free 

subtables can be used to obtain a more reliable estimate of o? and for the testing of main effects. 

Like Marasinghe and Johnson, Daniel (1978) recognized that nonadditivity may reside in only a few 

cells in an unreplicated r x c table. He advocated localizing these disturbances instead of using the 

entire (r-1)(c-1) degrees of freedom to report a significant interaction. He proposed a technique to 

estimate the nonaddivity confined to a few cells. However this procedure is based on recognizing 

patterns in the disturbances in the expected residuals. I defer discussing Daniel’s methodology to 

the next section on outliers, so that I can present some earlier work which deals with the patterns 

of the expected residuals in the presence of outliers. 

2.2 OUTLIERS 

Hawkins (1984) defines an outlier to be “an observation which deviates so much from other ob- 

servations as to arouse suspicions that it was generated by a different mechanism.” I like to think 

that an outlier is more extreme than any error attributed to randomness, and therefore appears in- 

consistent with the rest of the data. 
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There are several general problems that arise in the detection of outliers. These are discusssed first, 

then specific issues relevant to a multiway table are addressed. In diagnosing a data set for outliers, 

an analyst tnes to determine the number of outliers present, their location(s) and possibly the 

magnitude of their perturbation(s). If multiple outliers are suspected, then determining the number 

of outliers can be difficult. An extreme observation may ‘mask’ the detection of a more extreme 

observation as an outlier. The effect of masking is to underestimate the true number of outliers. 

The opposite phenomenon can also occur. The number of outliers may be overestimated. This 

is called ‘swamping’ (Barnett and Lewis 1984, Hawkins 1984). 

In a multiway table, the effect of an outlier is spread throughout the table because of the usual 

constraints on the parameters in the model. These constraints show up in the table of residuals, i.e., 

the sum of a row or column of residuals is zero and produce correlations among the residuals. This 

is critical when the number of treatments its small (Gnanadesikan and Kettering, 1972). Outliers 

may bias the estimate of the grand mean, jz, and the main effects, «; and B j, and may mask its effect 

on the residuals (Bross 1961, Gnanadesikan and Kettering 1972). Outliers may cause the main ef- 

fects and interaction terms to be highly significant (Brown, 1975). Bross (1961) called this the ‘star 

burst’ effect because the ANOVA table displays an abundance of stars (* and **) to indicate sta- 

tistical significance. 

Gentleman and Wilk (1975a, 1975b) wrote two papers in sequel which dealt with detecting outliers 

in a two-way additive model. The first paper is critical to the development of this dissertation topic. 

They determined the expected values of the residuals for one and two outliers. When an outlier is 

present in a two-way layout, all residuals are affected by its presence to varying degrees. The extent 

to which the residuals are disturbed depends upon their location with respect to the outlier. The 

residual in the cell in which the outlier occurs is altered the most, whereas residuals residing in dif- 

ferent rows and different columns from the outlier are affected the least. Gentleman and Wilk dis- 

played the expected values of the residuals in which the (1,1) observation has been perturbed by 6 

in the following table: 
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O(r — 1)(c— 1) — O(r—1) Lee — Ar—1) 

— O(c - 1) 0 wee 8 

— O(c— 1) 8 a 8           
  

All cells are divided by re. 

The expected value table for the residuals when two or more outliers are present is simply the sum 

of the appropriate expected residual tables containing one outlier. Gentleman and Wilk (1975b) 

developed a technique to determine the number of outliers, K, in a data set. For a hypothetical 
n 

K, they partitioned a data set ( times. For each partition, they omitted K observations, 
k f — 

fitted an additive model to the remaining n-K observations, and calculated the difference between 

the sum of squares of residuals for the reduced data, n-K, and the full data set, n. They termed the 

maximum deviation, Qi, “the K most likely outlier subset.” 

Gentleman and Wilk point out the drawback of working with residuals to detect multiple outliers. 

Depending upon the configuration of these outliers, they can be arranged in a manner to go unde- 

tected in a table of residuals. For example, two observations in the same row perturbed in the same 

direction will increase the row effect, thereby decreasing the residuals in these two cells. This 

problem is inherit in any diagnostic procedure or outlier test based upon residuals. 

Several statisticians developed procedures to detect outliers in an unreplicated two-way table. 

Daniel (1960) developed the first outlier test for an unreplicated experiment, a factorial design. He 

Omax 
5? where dmax 18 the maximum residual. The standard error, 5),   proposed the test statistic, t= 

was formulated incorrectly when this paper was published (Daniel, 1960), and I have not be able 
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to find a follow-up paper correcting this term. Since I am not sure how accurate these critical 

points are for this test statistic, I will not discuss this test any further. 

Stefansky (1971, 1972) created a test for a single outlier in a nonreplicated two-way table. The test 

is based on the maximum normed residual (MNR). The MNR or |Z|" is defined to be the largest 

absolute normed residual, 

1 if) 
|Z = max (IZ, |,..,1Z,13 

where: 

Z; = ith normed residual 

The exact critical values for this test are calculated from Bonferroni’s upper (or lower) bound under 

certain conditions. They are tabulated forr,c = 3,...,9 at a1% and 5% significance level 

(Stefansky, 1972). Galpin and Hawkins (1981) applied Stefansky’s test to a three-way table r, c, t 

= 3,..., 10 at a=.01, .025, .05, .10. They also extended Stefansky’s tables to include larger tables 

and 2.5% and 10% significance levels. 

Goldsmith and Boddy (1973) criticized Stefansky’s test since it relys on fitting a model which in- 

cluded a suscepted outlier. For a given significance level, this would decrease the test’s ability to 

detect a real outlier. Goldsmith and Boddy’s procedure is to consider each value as missing, esti- 

mate it from the remaining data and calculate the associated mean square residual. The smallest 

mean square residual is tested to determine if it is significantly different from the overall mean 

square residual. They proposed the following test statistic: 

RSS, — RSS,, 
RSS__/(r-1) 
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where: 

RSS, is the residual sum of squares from fitting all the data to an additive model 

ris the degrees of freedom associated with RSS, 

RSS,, is the smallest residual sum of squares. 

The distribution of this test statistic under the null hypothesis of no outler has been approximated 

using simulation. It was observed that the shape of the simulated test statistic conformed to the 

shape of an upper F-distribution with 1 and (r-1) degrees of freedom. The experimentwise error 

rate, P, of the test statistic was approximately 1/4P of the F (1, r-1) distribution. Therefore, they 

adjusted the critical value to .8P/(r-1) of F (1, r-1) distribution. 

Several other researchers devised outlier tests and detection methods for multiple outliers in an 

unreplicated two-way layout. Brown (1975) developed an approach similar to Goldsmith and 

Boddy for the identification of possible outliers. He believed that a few cells could be the major 

source of a significant interaction (this resembles Bross’s ‘star burst’ effect). Like Goldsmith and 

Boddy, he treated the observation from the most extreme residual as missing, and estimated its 

expected value under an additive model. Unlike the previous method, the ANOVA was recom- 

puted and the interaction terms were reexamined. If the interactions were still significant, then the 

process was repeated. This time, however, both cells were simultaneously estimated so that they 

both had zero residuals. This stepwise routine continued until the interaction terms were no longer 

significant. 

As stated earlier, Daniel (1978) also noticed that nonadditivity in a two-way layout may be caused 

by a few observations. He observed recognizable patterns in the expected residuals when the dis- 

turbances in additivity were confined to less that G < R/2 rows and H < C/2 columns. He esti- 

mated these perturbations by reordering the rows and columns which contain the largest residuals 

into a G x H subtable in the upper left corner, then calculating the disturbance and its variance for 

each cell in the subtable by: 

Dy = Vij _ Ty _ Ty] + Tyy 
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and 

o(R-G+ 1)(C-H+ 1) 

(R-G)(C-H) 
  Var(D;) = 

where: 

ty = residual in (i,j) cell 

Tj = average of the residuals in row i, outside of GH 

Ty; = average of the residuals in column j, outside of GH 

Tv = average of the residuals in neither rows or columns of GH. 

An observation would be deleted from the subtable if its estimated disturbance, D,, exceeded 

3s(D,,). No properties of this decision rule were reported. Daniel illustrated his detection technique 

with an example of a 7 x 7 matrix. He isolated the suspected residuals into a 4 x 3 subtable, and 

correctly identified five of the six outliers reported by Bradu. Selecting cells for the subtable in- 

volves some subjectivity. Although cells with large residuals are likely candidates for entry into the 

G x H subtable, other disturbances can be overlooked because their residuals are not outstanding 

in magnitude. I analyzed this same data set using Daniel’s method and missed selecting one row 

for the subtable, because this row did not contain a large residual. Therefore, I identified four of 

the six outliers. 

John and Draper (1978) developed an outlier test to check for the presence of two or fewer outliers. 

Draper and John (1980) extended this test to handle three or less outliers. Both tests are based on 

Gentleman and Wilk’s (1975b) Q; statistic. Recall that Qj is the sum of squares of residuals due 

to K ‘outlier’ observations. Since residuals in a two-way table are correlated, John and Draper re- 

wrote Q; to be the sum of squares of K successive adjusted normalized uncorrelated residuals. 

Because I compare the performance of John and Draper’s two outlier test to my procedure 

(Chapter 3.6..3), I discuss their two outlier test instead of their three outlier test. However, their 

three outlier test is merely an extension of their two outlier test. 

When two outliers are suspected, John and Draper test the following hypothesis in stages: 
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Stage I- H,: no outliers vs. H, : least one outlier 

Stage 2- H,: one outlier vs. H, : at least two outliers 

The procedure is to start at stage 1 and proceed to stage 2 as long as the null hypothesis is rejected. 

At each stage, a different F statistic is calculated. At stage 1, F, is defined as: 

Q,/2 

"= RSS Iw — 2) 

where: 

Q, is the largest residual sum of squares due to the deletion of two residuals, 

r,; andr, 

rc(v(1y? + 127) — 2rr2) 

_ ye | 
  

v=(r—1)(c—1) 

RSS(H)) is the sum of squares of residuals when the observations that generated 

r, and r, are replaced by their expected values. 

Critical points for the F, test statistic were simulated using a Monte Carlo simulation. They are 

tabulated for several table sizes ranging from a 6 x 8 to a 12 x 12 table (John and Draper, 1978). 

If the null hypothesis at stage 1 is rejected, then the test statistic F, is calculated: 

Q: 
P= RSS yi@ —2) 

where: 

Q; = Q, _ rer,?/v 

RSS(H,;) is the same denominator as F,. 

Critical values for F, are tabulated for only an 8 x 12 and a 6 x 8 size table. 

CHAPTER 2 - BACKGROUND 22



2.3 LEVERAGE AND INFLUENCE 

The effect of an observation on fitted values and model estimates will now be addressed. Leverage 

measures the effect a change in an observation has on a fitted value. In a two-way table, all cells 

are affected by a perturbation in the (i,j) cell, because of model constraints. The size of the change 

in a fitted value depends upon its location relative to the perturbed cell (Emerson et a/., 1984). This 

change can be written in terms of a “hat table”, H(i,j), when the data are additive. The “hat table” 

measures the effect a change in the (i,j) cell has on all fitted values in ar xc table. H(i,j) is defined 

as: 

H(i,j) = ee — (e; — Lr(e’ — V’/e) 

where: 

e, denotes ar x 1 vector with a 1 in position 1 and 0 elsewhere 

e; denotes ac x | vector with a | in position j and 0 elsewhere. 

However under an additive-plus-multiplicative model, a change in a predicted value depends upon 

the location and the size of the perturbation. Emerson et a/. measure this change by the generalized 

leverage table and the Jacobian leverage table for a rank 1 additive-plus-multiplicative model. 

Leverage tables for the additive-plus-multiplicative model of rank k (where: k > 2) do not exist. 

These are developed as part of this dissertation. 

Jolliffe (1986), Calder (1986) and Pack et a/. (1988) examined the influence of an observation on 

the estimated eigenvalues and eigenvectors in principal component analysis. They defined an in- 

fluential observation as being an observation whose addition or deletion produced major changes 

in the analysis. An outlier may or may not be an influential observation. They constructed influ- 

ence functions for the eigenvalues and eigenvectors of a covariance and a correlation matrix. Since 

the residuals from an additive model are decomposed using principal component analysis to fit the 
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multiplicative portion of the model, these functions can be adapted to measure the influence of an 

observation in a two-way table. This avenue of research is pursued in this dissertation. 
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CHAPTER 3 - OUTLIERS AND 

INTERACTION 

3.1 INTRODUCTION 

The purpose of this chapter is to study the use of Mandel’s additive-plus-multiplicative model to 

fit outliers in a nonreplicated two-way table. The reason for this investigation is that the current 

outlier tests (Daniel 1978, Stefansky 1972, John and Draper 1978, Bradu and Hawkins 1982) as- 

sume that the data in a two-way table are additive. The performance of these tests when the model 

is misspecified and interaction is present is unknown. 

Mandel’s model is designed to fit both additive and nonadditive effects in an unreplicated two-way 

layout. The beauty of this model lies in the versatility of the nonadditive term to account for several 

different arrangements of multiplicative interaction. Marasinghe and Johnson (1981) discuss vari- 

ous scenarios where Mandel’s model can be used to describe interaction. They are: 1.) when 

interaction is present, but there are no main effect differences in either factor, 2.) when all the 

interaction is due to | cell, or 3.) when the interaction is confined to a row (or a column). In the 
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setting of an unreplicated two-way layout, both interaction and outlier effects are sources of 

nonadditivity. The use of this model to describe outliers has not been reported in the literature. 

This chapter is organized in the following manner. I first show how an outlier can be fit by the 

multiplicative term of Mandel’s model in section 3.2. I extend the use of Mandel’s model to ac- 

commodate two outliers. I then devote a significant portion of this chapter to looking into the use 

of the additive-plus-multiplicative model to distinguish outliers from interaction when both are 

present in a two-way table. I demonstrate how the model can easily account for additional sources 

of nonadditivity in section 3.3. However, using the model in practice to locate outliers when several 

nonadditive effects are present is a different story. Thus, I develop a rotation technique to aid in 

the identification of outliers when interaction exists in the data. The rotation procedure is based 

upon a Givens rotation. In section 3.4, I introduce the Givens rotation, explain where it came from 

and how I use it to uncover an outlier in the presence of interaction. I then incorporate this rota- 

tion technique with the use of Mandel’s model. I develop a stepwise procedure to test for signif- 

icant nonadditive effects, section 3.5, and demonstrate how to use it in two examples. Lastly in 

section 3.6, I evaluate the power of my procedure to distinguish outliers in the presence of inter- 

action. I compare my procedure’s results to the performance of Stefansky’s test and John and 

Draper's test under identical interaction conditions. 

3.2 JUSTIFICATION FOR USING MANDEL’S 

MODEL TO FIT OUTLIERS 

An outlier which disturbs the additive structure of a two-way table can be described by the term 

6A, in Barnett and Lewis’s (1984) “contamination” model: 
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where: 

A,;=1 for i=i’,j=/’ and 

Aj; = 0 otherwise. 

However if these same data are fit with the additive-plus-multiplicative model, then the outlier 

shows up in the multiplicative part of this model. The multiplicative portion is a decomposition 

of nonadditive effects. In this case, it would be a decomposition of an outlier effect, 6A,, and the 

residuals, ¢,;. In more complex data sets, it could also include multiplicative interaction. The ob- 

jective of this section is to show how one or two outliers can be fit by the nonadditive term(s) of 

the additive-plus-multiplicative model. I demonstrate this for several cases of outliers. These are: 

1.) a single outlier, 2.) two outliers in the same row (or column) and 3.) two outliers of the same 

magnitude in different rows and different columns. To justify the use of this model to fit an 

outlier(s), it is necessary in all cases to first examine the residuals after fitting an additive model in 

the presence of an outlier (or outliers). 

3.2.1 One Outlier 

Gentleman and Wilk (1975a, 197S5b) showed that the expected values of residuals from a two-way 

table with one outlier of magnitude @, added to the (i,j) cell in ar x c table are: 
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Ay 8; 8,(c— 1) 0; Oy 

6, 6, 8,(c — 1) 8; 6, 

—6,(r—1) —O,(r—1) | —@,(r— I(e— 1) | -6,(r—- 1) —6,(r— 1) 

ay Oy 8,(¢ — 1) Oy ay 

Oy ay 8,(¢ — 1) 6; 6,   
  

All cells are divided by rc. The table assumes no error. 

In an analysis of variance design, all the residuals in the table are affected by an outlier. This is 

because the usual constraints on the model’s parameters spread the outlier’s effect throughout the 

table. 

Gentleman and Wilk’s expected residual table of rank 1 can be written as a single multiplicative 

a term, rc RiC;! or Aytyy1’, where: 
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R, =} -@-) C;=} -—(c—}) |, 

l j 

] ] 

L a L 4         
and 

r Cc 

YRG= > C= 0. 
j=l i=1 

; 0 ; 
To show the equivalence between = RC,’ and Ainy;’, let t; and y; represent the normalized 

vectors of R; and C,, respectively, then 
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r Cc 
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Gy ,; , 
TC R,C, = At . 

[3.2.1] 

[3.2.2] 

The term, A;t,y:’, 1s the singular value decomposition of the expected residual table. This enables 

an outlier effect to be described using the multiplicative part of the additive-plus-multiplicative 

model. The singular value, 4), is the magnitude of the perturbation scaled by constants which de- 

pend only on the size of the table. The left and right singular vectors, 7; and yj, are scaled versions 

of R,; and C,, and denote the row and column location of the outlier, respectively. Therefore in 

the presence of one outlier and no error, additive data are completely fitted with the following 

additive-plus-multiplicative model of rank 1: 

where: 

Yy=utat+ Bet aytiy 

CHAPTER 3 - OUTLIERS AND INTERACTION 30



¢€ 

B= Sau= Vyy=0 and Sn? = Lyf =. 
i=} j=i i=l j= 1 = je 

M
e
 r 

Sa= 
=] i J 

The following example demonstrates how Mandel’s model fits a single outlier. This example con- 

siders a hypothetical data set with no error. 

EXAMPLE I- 

Let there exist one outlier, 8; = 5, at cell (3,2) ina 5x 4table. The observed response, Y, is: 

  

100.25 | 100.35 | 100.45 | 100.55 
  

100.30 | 100.40 ; 100.50 | 100.60 
  

Y =| 100.35 | 105.45 | 100.55 | 100.65 
  

100.40 | 100.50 | 100.60 | 100.70 
  

100.45 | 100.55 | 100.65 | 100.75             

Let R; and C,; denote the row and column location of the outlier, 1.e., 

    

1 
l 

l 
—3 

R, =| -4 C,= 

l 
1 

l 
1 

where: 

5 4 

Equation [3.2.1] produces the following results: 
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r c 

nlSn Se _ _ 5/20/12 
  a= = =p = 3.8730 

r - 

2236 
.2887 

.2236 
-.8660 

Ty = -.8944 Yq = 

.2887 
2236 

2887 
2236     

The values of 4,,7; and y, were verified using a SAS routine in PROC IML. The singular vectors 

contain important information about the location of the outlier. The left singular vector, 1, 1s a 

contrast between row 3 and the remaining rows indicating that the outlier is in row 3. Likewise, 

the right singular vector, y;, is a contrast between column 2 and the other columns denoting that 

the outlier is in column 2. When the additive-plus-multiplicative model is fit, one looks for con- 

trasts similar to these to indicate the presence of an outlier. 

3.2.2 Two Outliers 

There are two possible configurations for the presence of two outliers in ar x c table: a.) both 

outliers in either the same row (or the same column) or b.) both outliers in different rows and dif- 

ferent columns. In either arrangement, Gentleman and Wilk demonstrated that the expected values 

of residuals from two outliers is the sum of the appropriate expected residual matrices of single 

outliers. 
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a.) Two outliers in the same row (or the same column) 

When two outliers are present in the same row (or column) of a two-way table, then Mandel’s 

model of rank 1 fits these nonadditive effects exactly. To show this, perturb cell (i,j) and (k,j) by 

6, and 82, respectively. The expected values of residuals is a matrix which is formed by: 

8,R,C,’ + 6,R,C,’ 
  

re 

Let R, be R, except that the quantity -(r-1) is in the kth row instead of the ith row (and ones 

elsewhere). Since both outliers are in the jth column, then C,;=C,. This reduces the expected 

residuals (Theorem 1.2.b, Kolman, 1976) to: 

Let 

(6,R, + @,.R,)C,’ 
rc 

R =6,R, + 6,R, 

r 

  

6,48, 

6, +4, 

6; — 8,(r — 1) 

0,+ 6, 
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then 

8,R,C;’+6R,C)’ RC,’ 
  

  

  

  

  

rc rc 

r c 

2 2 
Rj Ci; 

i=] j=l R Cy’ 
~ rc ; C 

2 2 Iya Ja 
i=l j=l 

r c 

2 2 Se /Sa 
i=] j=l 1 

= Tc T1Y1 

Let 

r c 

2 2 ve (Sa 
A= ms | [3.2.3] 

Finally to summarize, 

8, RC,’ + 8,R,C,’ , 

TC = A717] .   

Thus the two outliers in the same row are represented by a rank 1 multiplicative component. 

EXAMPLE 2- 

Let there exist two outliers 6, = 5 and 62 = 8 at (1,1) and (5,1), respectively, ina 5x 4 table. The 

response, Y, 1s: 
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105.25 | 100.35 | 100.45 | 100.55 
  

100.30 | 100.40 | 100.50 | 100.60 
  

Y =| 100.35 | 100.45 | 100.55 | 100.65 
  

100.40 | 100.50 | 100.60 | 100.70 
  

108.45 | 100.55 | 100.65 | 100.75           
  

    

    

        

then 

[4 
—3 

} 
1 

R,=] 1 C,= 
l 

1 
I 

l 

1 
—-3 

l 
1 

R,=| 1 C,= 
1 

1 
l 

4 | 

R = 5R, + 8R, 
- C,= 

5, —4)+8 12 

5$+8 13 

5+8 13 

5 + 8(—4) —27 

where: 
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By equation [3.2.3] 

and 

| 3231 | 

3499 soe" 

t)=| .3499 | 

3499 ae 
nee 2887     

Again, the values of 4;, +; and y; were verified using SAS PROC IML. When two outliers exist in 

the same column (or row), then t; (or y:) is a contrast between the two rows containing the 

outliers verses the remaining rows. If the magnitudes of the outlier effects are different, then the 

weights of the two rows designating the location of outliers are unequal. The stronger outlier has 

the larger weight. Since both outliers are in the same column, then y is a contrast between the 

column containing both outliers verses the other columns. This pattern holds for several outliers 

in a row (or column). 
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b.) Two outliers in different rows and different columns 

Results have been obtained for this configuration of outliers when 0; = 82 or 6; = — 42, but not 

otherwise. I will present these findings when the perturbations are the same magnitude. When the 

disturbances are unequal in size, then the singular values and singular vectors are not easily solved 

in terms of @’s, R’s and C’s. This is due to the complexity of the residual matrix and the SVD 

constraint that 1;'«7.=0 and y,’+y2=0. Also, the above theory does not apply to a symmetric 

matrix when 6, = — 62 Multiple singular values are observed which indicate that the decomposition 

is not unique. 

Mandel’s model of rank 2 fits the effect of two outliers in different rows and columns. To see this 

perturb cell (i,j) and (k,l) by @, and @2, respectively. Once again, the expected residuals are: 

8,R,C,’ + €,R,C,’ 
rc , 
  

When |@;| = | 82], then the residuals can be factored into: 

    

(8,Ry — @pR2)(18,1C, — 1@,1C2) (0, Ry + OpR3)(18,|1C, + 15 1C>) 
+ , 

2|4; | 214; | 

To demonstrate this let 

R7~=06,R,;—-6,R, C ={0,|C,— |@,|C, 

and 

Rt =6,R,+6,R, C*=(6,/C, + |@,/C, 

then 
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Let 

and 

R7C7’ + RtCt 

  

  

    

  

  

  

  

  

  

  

  

  

6,R,C,' + 02R,C,’ 219, | 
rc = TC 

r C 

i=] j=l 

a 218) Ro co 
~ rc r Cc 
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Sait fer 
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Jan [Yer 
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Ser (Yor 
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214; | 21; | 
= rc TY) 

r Cc 

[Sarr (Yer 
i=] j=1 

219; | 210, | 
+ Tc T7Y2 > 

r c 

‘ Ye ) xe ) 

i=] j=1 

2/6; | 2/6; | A, = = [3.2.4] 
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| ey | » ct y" 
i=] j=1 

2|8,| 2| 4, | 
Ay = rc , [3.2.4B] 

  

  

Therefore, 

6,R,Cy’ + O.R,C,’ 
re 
  

= Ait 171" + Ant 772’. 

Thus, two outliers in different rows and columns are fit by two multiplicative components. 

EXAMPLE 3- 

Let there be two outliers, @; = 5 and 6, = —S at (1,1) and (5,4), respectively, in a 5 x 4 table. 

        

        

[4 fy 
-3 1 

l 1 
| 1 

R, = l C,= R,= ] C,= 

1 1 
l 1 

I ~3 
1 —4 

SSSR (MSR2 C7 = 151C, — | -SIC, 
5(—4) + 5 —15 = SC; — 5Cy 

5+5 10 (—3)—5 —20 

=| 545 |=] 10 | 3-5 J] 8 

5+ 5 10 5-3 0 

5 + 5( —4) 15 | 5— 3(—3) 20 
~ 4 

5 

dey _ 750 dc? = 800 

i=] 
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. 

R = 5Ry + (—5)Ry ct = |5|C, + | -5|C, 

| _as = 5C, + 5C, 

0 —10 

_| 9 10 

0 “1 10 

35 —10     
4 

5 

» (Ry? = 1250 yer = 400. 

j= 
i=1 

By equations [3.2.4A] and [3.2.4B]: 

    

    

= /750/2 x 5 ./800/2 x 5 3.8730 and y= 4/ 1250/2 x 5 ./400/2 x 5 3.5359 
(5)(4) (5)(4) 

and 

| 5477 -.7071 
-.7071 -.5000 

3651 0 
0 5000 

tT =] .3651 m= 0 y= y= 
0 5000 

3651 0 
7071 -.5000 

5477 | 7071         
Again, these values of Ai, 7), 71, 42,72 and yz were verified using SAS PROC IML. When two 

outliers of equal magnitude occur in different rows and different columns, then 1, is a contrast be- 

tween the two rows containing the outliers verses the rows without outliers and 12 is a contrast 

between the two rows possessing the outliers. This pattern is the same for y,; and y2, except the 

components switch order. When the outliers are of unequal magnitude, then these contrasts may 

or may not hold. 
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In summary, I have shown that a single outlier or two outliers in the same row (or column) can 

be fit with one multiplicative term of the additive-plus-multiplicative model. Two nonadditive 

terms are necessary to account for two outliers in different rows and different columns. The singular 

vectors associated with the multiplicative component(s) reveal specific contrasts which identify the 

location(s) of the outlier(s) in a two-way table. However, most data sets are more complicated than 

the examples presented, and can include additional outliers and/or interaction. The versatility of 

Mandel’s model allows one to investigate its usage in fitting outliers in the presence of interaction. 

3.3 USE OF MANDEL’S MODEL TO FIT SEVERAL 

SOURCES OF NONADDITIVITY 

We saw in the two outlier case (section 3.2.2) that outlier effects combine simply and become a part 

of the residuals from the additive part of the model. This result can be extended to include other 

nonadditive effects as well as outliers. For example, assume that some rank 1 interaction and an 

outlier are present. The expected residuals from these two effects are: 

1, o1 
A,U,V, + ‘Tc. R,C, 

where: 

A,U,V' represents rank | interaction 

@ . 
x R,C,’ denotes an outlier effect. 

This equation can be expanded to accommodate interaction of rank k and/or p outliers. The ex- 

pected residuals will look like: 
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8, RC,’ +e +6 R C ’ 

AU,Vy! + + AU Vy! + =o, 

This means that under ideal conditions, i.e., no error, up to p+k multiplicative components are 

needed to fit the p+k nonnadditive effects provided that p+k < min {(r,c)}. If all of these effects 

are unique and orthogonal, then exactly p+k terms are necessary in the model. Usually 

orthogonality is not the case, and this is when data analysis becomes difficult. 

The analysis is more complicated when two or more nonadditive factors are present, because the 

effects can combine in a manner which disguise the true sources of nonadditivity. In addition, the 

model uses a least squares criteria to fit the multiplicative components to the nonadditive term. 

The components are fit orthogonally, and there is no guarantee that the effects will always partition 

into separate components. When this happens, examining the singular vectors may not reveal 

enough information to uncover all the sources of nonadditivity in a data set. 

To obtain an idea of how this can complicate the analysis, let us examine an example where there 

are two outliers of unequal magnitude in different rows and columns of a two-way table. I would 

like to keep this example simple, so I will not include any error in the observed data. 

EXAMPLE 4 

Let there exist two outliers, 9; = 5 at (1,1) and 6,=8 at (5,4) in a 5 x 4 table. The observed re- 

sponse, Y, 1s: 

  

105.25 | 100.35 | 100.45 | 100.55 
  

100.30 | 100.40 |; 100.50 | 100.60 
  

Y =| 100.35 | 100.45 | 100.55 | 100.65 
  

100.40 | 100.50 | 100.60 | 100.70 
            100.45 | 100.55 | 100.65 | 108.75 
  

The decomposition of the residuals produces the following results: 
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A, = 6.8731 and A, = 3.1877 

| _4924 .7467 ] 
—.5149 .6969 

—.1179 ~.3456 
—.1566 —.4748 

t=|-—.1179 ~.3456 y= 
—.1566 —.4748 

~—.1179 —.3456 
8282 2533 

8461 .2901 
L J     

The vector t reveals that column | is a contrast between rows 1-4 verses 5, and column 2 is a 

contrast between rows |] and 5 verses 2-4. As expected, these contrasts did not separate clearly. 

Row 5 dominates row | in the first component of t, but this pattern is reversed in the second 

component. Also in the second component, rows 1 and 5 have the same sign. This same ar- 

rangement exists for the night singular vector. This suggests that an outlier’s effect is “spread” be- 

tween both components of t and y with the larger outlier dominating the first component of both 

singular vectors. This same result can occur if an outlier and interaction are present in the table 

instead of two outliers. Therefore, a method is needed to overcome this “spreading” effect. I have 

developed a technique which uses a Givens rotation to handle this situation. The Givens rotation 

is discussed in section 3.4. 

3.4 GIVENS ROTATION 

Givens (1954) developed a 2 x 2 orthogonal rotation which zeros a particular element of a matrix 

(Kenndey and Gentle, 1980). These rotations are used in the numerical computation of the singular 

value decomposition (SVD) of a matrix. This common application motivated me to study their 

use as a rotation technique to uncover the nature of significant nonadditivity in a two-way table. 
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In this section, I first define a Givens rotation and demonstrate how to calculate this 2 x 2 

orthogonal matrix. Second, I show the role that Givens rotations play in the decomposition of a 

matrix. Third, I discuss the use of these rotations to isolate outliers in a two-way layout by zeroing 

selected components of the singular vectors. Fourth, I derive this result for a two-way table with 

two outliers of equal magnitude located in different rows and different columns. However the ro- 

tation’s effectiveness is not limited to outliers of equal magnitude, and I demonstrate this by ap- 

plying Givens rotations to the left singular vector in EXAMPLE 4 (section 3.3). 

A Givens rotation is designed to introduce a zero into a selected cell of a matrix (or vector). With 

the appropriate value of 6, the element b of the vector [a b] is zeroed and a new vector is gen- 

erated, i.e., 

COS @ SIN @ 
[a b] | | = [r 0]. [3.4.1] 

—-SIN @ COS @ 

This rotation produces two equations which can be solved simultaneously to find 

SIN @ and COS @: 

aCOS @ — bSIN @ = r [3.4.2] 

aSIN @ + bCOS @ = QO [3.4.3] 

Therefore, 

Ifb = 0 then 

SIN @=0 and COS @=1 [3.4.4] 

Else 

If |b| > lal then 

b —a 
SIN @=————-_ and COS §@=———— [3.4.5] 

aja +b? fa? +b? 
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Else 

=> and COS 9 =——2—. [3.4.6] 
aja? +b* aja +b? 

However distinguishing between equations [3.4.5] and [3.4.6] is not important when these rotations 

SIN @= 

are applied to singular vectors. These equations merely rotate the singular vector in different di- 

rections which result in a sign change. 

Therefore, substituting the values for SIN @ and COS @ from [3.4.6] into equation [3.4.2] and 

solving for r yields: 

r= /a’ + b’. 

I would like to show how these rotations are used in the computation of the SVD for a matrix X. 

Recall the SVD of X is defined as: 

Xmxn = UrxkDyxkV'kxn 

where: 

mon 

D is a diagonal matrix of 4, > - >A, => 0 

k < min {(m-1],n-1)} 

UU=V'V=L. 

Computing the decomposition of X is a two stage process (Golub and Reinsch, 1971). The first 

phase is to reduce X to an upper bidiagonal matrix, B, by pre- and postmultiplying X with 

Householder transformations, i.e, 

U"...U'X vl Lv"?=B 

where: 
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UP is a Householder transformation that zeros (m-p) cells in the pth column of X 

VP is a Householder transformation that zeros (n-p-1) cells in the pth column of 

X. 

Since an indepth discussion of Householder transformations is not germane to this section, the 

reader is referred to Golub and VanLoan (1989) for more information. 

The second step zeros the superdiagonal elements of B. This is accomplished by introducing a 

nonzero element into the (2,1) position of B, then “chasing” this element down the bidiagonal by 

pre- and postmultiplying B with a series of Givens rotations. These rotations effectively reduce the 

superdiagonal elements below some acceptable tolerance level to produce: 

(U,’ eee U,")B(G,V3 eee Vy) = D 

where: 

G2 is a Givens rotation to insert a nonzero element in (2,1) 

U, 1s a Givens rotation to zero the (p,p-1) cell and generate an entry in cell 

(p-1,p + 1) 

V, is a Givens rotation to zero the (p-2,p) cell and produce an entry in cell (p,p-1). 

Additional steps are sometimes necessary to zero the superdiagonal. These are not presented, since 

they are beyond the scope of this discussion. They may be found in Kennedy and Gentle (1980). 

To summarize the first part, let 

Ug =U!...U" and Vg=V!... Vv" 
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and in the second part, let 

Up = U, vee U, and Vp = G,V3 vee Viv 

then let 

so that 

U'XV =D. 

Therefore the singular vectors, U and V, are a product of several Householeder transformations and 

Givens rotations designed to ultimately generate the diagonal matrix D. 

Although my technique is to multiply U and V with an additional Givens rotation, my purpose is 

to introduce a zero into a particular element of U or V. I do this to isolate nonadditive effects, like 

outliers, into separate columns of a rotated singular vector. This rotation can undo the “spreading” 

effect (due to constraints of SVD) that was seen in EXAMPLE 4 of section 3.3. 

I now derive this result for two outliers of equal magnitude in different rows and columns of a 

two-way table. I have chosen this case because it is the only situation where I can generalize the 

composition of the two multiplicative components. When cells (i,j) and (k,l) (where i 

# k,j # 1) are perturbed by 6, and 42, respectively, then we saw (section 3.2.2) that two mul- 

tiplicative components are necessary to fit these outlier effects, i.e., 

    

(8; Ry — 82R2)(111C, — 1821 C,) and 21% + 82R)(18,1C, + 1821 C,) 
216, | 216, | 

The first factor forms the first multiplicative component, whereas the second forms A,t2y2'. Con- 

sider the case where 9, = 92. If 8; = — @2, then the two multiplicative components switch position. 
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Let R represent the left singular vector, t, which has not been normalized. The vector R is com- 

posed of: 

R=[ R” Rt ]. 

Recall that R- and R* were defined (section 3.2.2) to be: 

R7=6,R,;-6,R, and R*=6,R,+6,Rj. 

In this case, R- and R?* are: 

      

0, - 9, 0 0; + 8, 

—(r— 1)@, — 6, —re, < ith row > —(r- 1)@, + @, 

6,0, 0 0; +0, 
R-= . _ . Rt = . 

0,-9, 0 6,48, 

6; + (r— 1)@, ro, «+ kth row > 6, ~ (r — 1)@, 

0,-8, 0 6, + 8, 

6,—4, 0 0, +8,     
and 

> Ry =2r’9? and > eh = 2r(r — 2)0%. 
i=1 i=] 

Therefore standardizing R produces: 
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20, 

20, 

—(r— 2)0; 

28, 

20, 

—(r—2)6, 

20; 

20, 

48 

 



    

20, 
0 / 2 

20 
0 eee Oe 

vf ar(r— 2)07 

—r6 —(r—2)0, 
——_— ———— < ith row 

a/ 2r704 af arr — 2)04 

20 
0 ee ee 

a/ 2n(r — 2)03 

20, 
t= 0 ———_—————— 

a/ 2r(r — 2907 

——_ —— « kth row 

a/ 2r°6? a/ 2r(r — 2)6? 

20 
0 ——____ 

a/ 2r(r _ 2)0} 

26; 
0 J <— mth row 

a/ ar(r _ 2)64 

26 
0 1 ___ = 

a/ ar(r _ 2)04 
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Since the ith and kth rows of + contain outlier effects, three cases of rotation are considered. They 

are rotations designed for row i (Case 1), row k (Case 2) and neither row i or k, say m, (Case 3). 

Case 1. A rotation for row 1: 

The ith row of t is: 

aj 2r°67 Janr—20? | 

  
    

  

  

  

therefore, 

(7 — 2)0, —r6, 

./ 2rlr ~ 2)6? 2p2 
SIN 6= x 7 Cos 6= af 2r°8; 

r°6; (7 — 2)°8; re? (r— 2)°07 

2p2 + 2 and 2n2 + 2 
2r°8,— ar(r — 2)0} 2r°0; - €an(r — 2)0; 

r—2 —_. /_r_ 
~ \/ 2r—1) ON &r=-1) * 

Now, rotate t by the appropriate Givens rotation: 

COS @ SIN @ 

=T 

— SIN 6 COS @ 
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ti
 

oH
 

ti
 

N
 DB 

2n(r — 2)07 

2r(r — 2)0? 

—(r— 2)0; 

2r(r — 2)0? 

2 2r(r — 203 

a tN
 

|
 

~ | 2)6 

2r(r — 2)0? 

tN SD
 

2 2r(r — 2)? 

2 
ar(r — 2)0; 

20; 

2r(r — 2)07 
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r—2 

2(r— 1) 

~ 4/ Ara 1) 

  

  

S1



  

  

Jrr=1) 

  

—1 

V(r — I(r — 2) 
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<— ith row 

« kth row 

<— mth row 
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So rotating t with a Givens rotation designed to zero the second element in row i, produces ar x 

2 matrix whose first column is a contrast between the ith row and the remaining rows and whose 

second column is a contrast between the kth row and the other rows. The (i,2) element is zero by 

definition, so this element does not provide any useful information about the second column. 

Rotating the right singular vector is similar to rotating + and will not be considered. Case 2 is 

similar to Case 1 with k substituted for i, therefore it is not presented. Case 3 1s in Appendix A. 

I now apply this technique to t in EXAMPLE 4 to demonstrate that this rotation also works in 

cases other than |6,| = |@,|. Recall, @,=5 isinrow 1, 6,=8 is in row 5 and 

[49247467 | 

~1179  ~.3456 

r=|-.1179  ~.3456 |, 

~1179  ~.3456 

84612901     
therefore 

SIN @ =—.8348 and COS @ =-—.5505. 

Rotating t by the appropriate rotation produces: 
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—.4924  .7467 | 

—.1179 —.3456 
~.5505 —.8348 

=|-—.1179 —.3456 
8348 =—.5505 

~.1179 —.3456 

; 8461 = .2901 

- - 

8944 0 

~.2236  .2887 

=|—.2236  .2887 

~—.2236 2887 

—.2236 —.8660 |     
When r= 5, then the above outcome is equal to the general result derived for 0, = 02: 

  

—1 l 

Jr(r— 1) J(r— 1)(r — 2) 

_-! — 
r(ir— 1) (r — 1)(r — 2) 

—1 1 

Vnr— 1) V(r — 1)(r — 2) 

—] r—2 

Iae=1y r= 
      

This result makes sense for the rotated +, since singular vectors denote the location of the outlier 

and do not depend on the magnitude of @ unless they occur in the same row (or column). 
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3.5 RECOMMENDED PROCEDURE 

I recommend that the following procedure be used in conjunction with examining the residuals to 

uncover significant sources of nonadditivity in a nonreplicated two-way analysis of variance. 

1. Fit the additive part of the additive-plus-multiplicative model and obtain the residuals. 

2. Fit the multiplicative part of this model to the residuals and examine the singular vectors for 

information on the nature of the nonadditivity. 

3. Test for significance of the multiplicative parameters, J, using a stepwise procedure. Milliken 

and Johnson (1989) recommend testing for A; until two consecutive test results are nonsignif- 

icant. The appropriate tests are several likelihood ratio tests, U1, U2 and Uj, developed by 

Johnson and Graybill (1972), Hegemann and Johnson (1976) and Yochmowitz and Cornell 

(1978), respectively, where: 

  

A A N 

i i 2? 
U, = A» A4 U, = A4 A4 U; = k 

Arto t Ay Apt" + Ady by. 

12 
J 

yal 

and 

i=3,..,k. 

Critical points for U;, U2, and U; are tabulated in Milliken and Johnson (1989). 

4. If at least two multiplicative parameters are significant, then apply a Givens rotation to the left 

and right singular vectors separately. 
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Of course, Step 3 is not entirely necessary. If the likelihood ratio tests fail to find any significant 

test results, then the rotation technique can be used on an exploratory basis. This is especially true 

if the tables are small, because of the conservative nature of the tests. 

When three or more, say q, components are significant, then I recommend sequentially rotating the 

singular vectors q-1 times. Since the Givens rotation is a 2 x 2 orthogonal rotation, only two 

components of the singular vector can be rotated at one time. I would start by rotating the infor- 

mation from the last component, q, into the q-1 component. This combines information from the 

last two components and changes the composition of the q-1 component. I would proceed to ro- 

tate the new q-1 and the orginal q-2 component, and continue until I rotated the second and first 

components. The last rotation contains information from all the previous rotations and is the one 

that should be examined to gain an interpretation of the nonadditivity. 

Two examples are given to illustrate this procedure. The first example attempts to distinguish an 

outlier from interaction. This capability is useful when testing for outliers under a misspecified 

model. Outlier tests assume an additive model and may not perform well in the presence of inter- 

action. I show this by using Stefansky’s test to detect the same outlier in the following data. This 

example resembles a typical run in the simulation of section 3.6.1. The second example looks at 

using this procedure to identify two outliers and interaction. 

EXAMPLE 5- 

Let there be one outlier, 6, = 25 at (1,4) and linear interaction in a 5 x 4 table of the form: 

A= 50 4,'=[-2-1 0 1 2] y,'=[-3-1 1 3] ey~NO) 

where: 

t, and y, are normalized so that t,’r, = y;'y, = 1. 

The observed response, Y, 1s: 
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121.80 107.90 94.573 105.70 

112.30 104.00 96.451 89.237 

Y=! 99.999 101.20 101.10 99.654 

88.914 97.579 103.70 111.90 

79.066 93.324 107.10 121.50             
Notice that the observation in cell (1,4) does not appear to stand out among the remaining obser- 

vations. The decomposition of the residuals produces the following results: 

hy = 41.6804 U, =.9357 * 

Ry = 10.8955 U, = 9945 * 

dy = 0.8125 U; = 1.000 

4469 .7687 
7232 .2760 

A815 —.4714 
. | 1812 -.2360 
t=| 0735 ~.4032 = 

~.3194 —.6785 
~.3262 —.0438 

—.5850 6385 
~.6757 1497     

The first two multiplicative components are significant at the 1% and 5% level, respectively. The 

third multiplicative component is not tested, since its inclusion would describe the data completely. 

An examination of the significant components of 7 reveals a mild linear interaction effect in the first 

component, but no trend is uncovered in the second component. A similar pattern exists for }, 

however the interaction effect in the first column is slightly stronger. Since the second component 

is significant but does not have a meaningful interpretation, then the first two components of 

t+ and y are rotated. In practice the location of the outlier is unknown, so it is necessary to inde- 

pendently rotate each row of t and each column of y. Rotating the left singular vector five times 

produces: 
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Row 1 Row 2 Row 3 Row 4 Row 5 

          

8892 0, 2184 8619, | 6760 .5776 : 5452 .7024 .2700 8472, 

1655 .6532 .6738 0 5502 3891 4145 —.5313 721 —.3561 

3116  .2662 3346 —.2367 4099 0 0193 —.4094 1590 —.3777 |. 

.2018 —.2600 —.2025 —.2595 —.0155 —.3288 —.329] 0 —.3090 —.1133 

2102 —.6594 —.5876 —.3657 —.2685 —.6379 —.6498 = .2383 —.6921 0           
To interpret these results I look for the largest weight, r, generated by the Givens rotation. The 

weight, r, can be easily recognized since it is in the same row as 0. The largest weight, -.8892, is 

observed when 7 is rotated for Row 1. The first component reveals the presence of an outlier in 

row |. When the first component of a rotated singular vector displays an interpretable source of 

nonadditivity, then the second component of this vector should be examined to uncover the nature 

of the remaining nonadditivity. In this example, the second component displays a strong linear 

interaction. Although the linear interaction could be observed in the unrotated 7, the outlier effect 

was not visible. 

Rotating the right singular vector produces: 

Column 1 Column 2 Column 3 Column 4 

7741 0 2214 = .7417 —.5577 5368 2850 = .7197 

0851 —.2851 2975 0 1364 = .2644 2964 —.0258 

~.5403 —.5201 3438 —.6665 .7499 0 2846 —.6938 | 

—.3189 8051 —.8627 —.0752 —.3286 —.8012 -.8660 0 

Examining the outcome of using a Givens rotation for Column 4 reveals that an outlier is present 

in column 4 of component | and that a linear interaction effect is present in the second component. 

Again, both of these effects were not observed initially in the original data or y. Notice that a large 

value, -.8627, is present in the rotation for Column 2. However, this is not the zeroed row and is 

not to be used to select a rotation. 
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Now, I use Stefansky’s single outlier test on the same two-way table, Y. Since the test statistic is 

based upon the maximum normed residual, I need to locate the largest residual. The observed 

residuals from the additive part of the model, Z, are: 

  

  

  

  

  

15.77 1.42 —11.64 — 5.55 

13.22 4.59 —2.79 —15.02 

Z= 0.93 1.75 1.92 - —4.60 

—10.18 —1.90 4.42 7.65 

—19.74 —5.86 8.09 17.51             

Examining the table of residuals reveals that the largest residual resides in cell (5,1), not in cell (1,4). 

The test does not even identify the correct location of the outlier, therefore I do not calculate the 

test statistic. This is typical of outlier tests when the outlier is buried in the interaction effect. Al- 

though the residual in cell (1,4) appears small relative to the three residuals in the remaining corners 

of the table, there is no procedure to test residuals other that the largest residual. 

The second example uses this procedure to detect two outliers in the presence of significant inter- 

action. The results from the rotations will appear slightly different from the first example, so they 

need to be discussed. This example represents the methodology used in the simulation of section 

3.6.3. 

EXAMPLE 6- 

Let there be two outliers, 9; = 12 at (1,1) and 82 = 12 at (2,2), and linear interaction, 1 = 15, in an 

8 x 12 table with «, ~ N(0,1). 

The decomposition of the residuals produces the following results: 
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2, = 13.4015 U,=.4601 * 

dy = 10.7431 U, = 5476 * 

i= 8.0101 U;, = 6730 * | 

ya 31.1724 
p=4 

5183 .5229 .5038 

0962 —.8085 4449 

3428 = —.0318 —.2987 

2124 —.0069 —.317]1 

a
>
 

H 

0442 -—.0798 —.5794 

—.2128 0643 0448 

—.4254 .2130 1141 

—.5756 1269 0877     
The first three multiplicative components of the model are significant at « = .05. I present only 7 

to show how my procedure can detect three nonadditive effects. The same method would be used 

on y, however it is omitted to conserve space. The first component of 7 is a contrast between rows 

| - 4 verses the remaining rows. Except for the low weight in the second row, .0962, this contrast 

appears linear. An outlier may be present in row 2 of the second component, but I hesitate to make 

this statement since rows 3 - 5 have the same sign as row 2. The third component in 7 almost seems 

quadratic, except for the last weight, .0877, which is low. Since the first three components are sig- 

nificant, i.e., q = 3, t is rotated twice for each of the 8 rows. Rotating the left singular vector 

produces: 
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Row |! Row 2 Row 3 Row 4 

                

— 8921 0 —.1603 5378 0231 —.7600 1397) .7172 

1667 = .2372 9278 . 0 —.1628 —.3318 3014 =.3176 

—.0118  .4127 —.0800  .3530 4558 0 —.4395 1183 

0598 = .3036 —.1240 2265 3681 = .0977 —.3818 0 

3483 .3029 —.2037  .0657 4186 =.4105 —.5074 —.2865 

0607 —.2181 —.0566 —.2081 —.1939 .1016 1568 —.1511 

0579 —.4813 —.1750 —.4095 —.4095  .1781 3353 —.2875 

2105 —.5570 —.1282 —.5654 —.4992 = .3037 3954 —.4280 
L JoL JoL JoL J 

; Row 5 | Row 6 - Row 7 | Row 8 

5298 = .5598 2386 = 8520 1056 = .8636 3151 8263 

3222 =—.1208 2315 —.3503 3319 —.3896 1996 ~—.373]1 

—.3253 3192 3897 —.0664 3815 — .0223 3818 —.1006 

—.3302 .1880 2639 —.1022 .2616 —.0306 2533 —.1247 

—.5865 0 1786 —.3572 2083 —.2772 1450 —.3702| 

0690 —.2082 —.2268 0 —.2235 —.0374 ~.2258  .0206 

1737 —.4135 —.4821  .0782 —.4892 0 —.4730 = .1218 

1473 —.5661 —.5935 —.0541 —.5762 —.1510 —.5959 0                 
The largest weights, .9278 and -.8921, are obtained when 7 is rotated with the appropriate rotation 

for Row 2 and Row 1, respectively. The next largest weight in Row 8, -.5959, is not close to the 

two largest weights, so only rotations for Row 2 and Row | are studied in this example. Examining 

the results of the rotation for Row 2 reveals that an outlier is located in row 2 of the first component 

and linear interaction is observed in the second component. Studying the contrasts when Row 1 

is rotated reveals that a second outlier is present in the first row, the second component appears as 

a linear contrast, except for the low weight, .2372, that seems out of place in row 2. This contrast 

CHAPTER 3 - OUTLIERS AND INTERACTION 61



appears redundant to the information in the second component of Row 2. Since this procedure 

successfully detected all three nonadditive effects, the power of this procedure is evaluated in section 

3.6.3 under similar conditions. 

The two examples in this section illustrate how to use the recommended procedure. I now study 

the power of this method to distinguish single and multiple outliers from interaction in the next 

section. 

3.6 MONTE CARLO SIMULATION RESULTS 

In this section, I illustrate the capability of my procedure to detect different types of nonadditivity 

by several Monte Carlo simulations. Being able to differentiate an outlier from interaction is novel, 

so I have studied the performance of my procedure in detail under various conditions. I have in- 

vestigated my procedure’s ability to distinguish one outlier, as well as two outliers, in the presence 

of interaction. J first study two nonadditive effects: one outlier and interaction (3.6.1) and two 

outliers (3.6.2), then I extend my procedure to three nonadditive factors: two outliers and inter- 

action (3.6.3). In all cases I assume that the interaction is rank 1. Finally, | compare my method 

to the current procedures for detecting a single outlier (Stefansky, 1972) and multiple outliers (John 

and Draper, 1978). These tests assume that the data in a two-way table are additive. The per- 

formance of these tests in the presence of interaction is unknown, so the tests are evaluated under 

the condition of interaction. 
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3.6.1 One Outlier and Linear Interaction of Rank 1 

A Monte Carlo simulation was devised to count the number of times my procedure correctly 

identified the outlier, the interaction or both under various combinations of 8 and 14 ina5x 5 

table. 6 represented an outlier effect, whereas 1 denoted an interaction effect. The outlier effect 

was measured in units of standard deviations. The magnitudes of @ and A ranged from 0 to 50 

o, and the interaction had the following linear form: 

v=({-2-101 2] y=[-2-10 1 2] 

where: 

t+ and y were normalized, so that t’r = y’y = I. 

The data were generated using a N(0,1) distribution and the additive-plus-multiplicative model of 

rank 1. The quantity @ was added to one of three cells designated to be an outlier. This allowed 

me to study the effect of the outlier’s position in respect to the interaction. One location, the (3,3) 

cell, was orthogonal to the interaction, whereas the (1,5) cell was embedded in the interaction and 

the (2,4) cell was intermediate. An outlier was orthogonal to the interaction if the vector repre- 

sentation of the outlier was orthogonal to both t and y. An outlier was hiddened in the inter- 

action if the inner product of these same vectors was not zero. The simulation was run for a total 

of 1,000 times for each combination of 6, 4 and outlier location. Finally, the power of this pro- 

cedure was compared to Stefansky’s test under identical conditions. 

I would like to explain how I simulated these results, then present the findings of this simulation. 

The simulation was designed to test H,: 4;=0 vs. Hi: 4;#0 in a stepwise fashion using the 

likelihood ratio test statistic presented in section 3.5. If 4,40 and j,=0, then the procedure 

studied the first singular vector of t and } to determine the nature of the significance: 6 or A. 

It compared both singular vectors to the appropriate vector representation of each nonadditive ef- 

fect, then selected the effect which generated the minimum sum of squared deviations for both 

t and y. Ifa match did not occur, then the procedure counted a failure. 
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If A, # 0, then the probable cause for significance was @ and 4. The procedure tested this specu- 

lation by independently rotating the first two singular vectors of t and », and locating the maxi- 

mum weight, i. e., r, for both pairs of rotated vectors. If the locations of these two largest weights 

corresponded to the row and column location of @, then the source of significance was identified. 

Occasionally 4. was significant, but 4; was nonsignificant. This occurred when two strong nonad- 

ditive effects were present in the table. Usually, this produced two large singular values, 

hi and hy close in value. When this happened it was difficult for U, to be significant due to the 

presence of }y? in the denominator. However, the procedure recommended by Milliken and 

Johnson (1989) for sequentially testing A; allowed one to continue testing as long as two consecutive 

nonsignificant test results were not obtained. 

Figures 2-4 display the power of my procedure to detect an outlier, interaction or both outlier and 

interaction, respectively, under various degrees of 8 and A when the outlier is orthogonal to the 

interaction effect. When no interaction has been introduced into the two-way table, i.e., 2 = 0, the 

power to correctly identify the source of nonadditivity as a single outlier is high, Figure 2. If 

A=10 and @ > 40oe, then the procedure detects just the outlier in approximately 10% of the runs 

when the outlier is orthogonal to the interaction, 1.e., in the (3,3) cell. Once 1 > 20, the power of 

uncovering only a single source of nonadditivity is zero. When interaction, but no outlier effect, 

exists, then the test detects only interaction about 95% of the time, Figure 3. As the outlier effect 

increases, the procedure is less likely to conclude that the nonadditivity is due to a single effect. 

Once 6 = 200, the test does not have any ability to detect only interaction. This brings me to 

evaluating the test’s power to identify both sources of nonadditivity, Figure 4. When 4 = 10, the 

procedure correctly detects both sources about 85% to 90% of the time. Once A > 20, the power 

of determining the existence of both outlier and interaction effects is even better. The procedure 

can identify both sources of nonadditivity when both effects are strong. It can differentiate an 

outlier from interaction even when the interaction effect, 2, 1s more than twice the value of the 

outlier effect, @. 
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LAMBDA @6-0 0 +++ 10 222 20 

3-3-3 30 44-4 40 5-5-5 50 

OUTLIER AT CELL (3,3) INA 5S X 5 TABLE 

Figure 2. The power of my procedure to detect an outlier, cell (3,3) in the presence of interaction. 
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LAMBDA 6-0-6 0 ++ 10 22-2 20 

3-3-3 30 44-4 4 6-6-5 90 

OUTLIER AT CELL (3,3) IN A 5 X 5 TABLE 

Figure 3. The power of my procedure to detect interaction in the presence of an outlier, cell (3,3). 
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LAMBDA @6-O 0 +44 10 22 10 
33-3 30 44-4 40 5-5-5 50 

QUTLIER AT CELL (3,3) IN A 5 X 5 TABLE 

Figure 4. The power of my procedure to detect both outlier, cell (3,3), and interaction. 
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When interaction is present, the test’s power may depend upon the outlier’s location in a two-way 

table. Since orthogonality between the outlier and interaction is not usually the case because very 

few cell locations are orthogonal to the interaction, I now consider an outlier whose location is 

embedded in the interaction at cell (1,5), Figures 5-7. This outlier may not stand out when the 

observed response or the residuals are examined. In Figure 5, the power curve for detecting just 

the outlier in the presence of interaction is of similar shape as when the outlier is orthogonal to the 

interaction, 1.e., cell (3,3), Figure 2. However, the procedure is more powerful in detecting an 

outlier at the (1,5) location than in the previous case. This same pattern exists when detecting 

interaction in the presence of an outlier at cell (1,5), Figure 6. The power curve is of similar form 

as Figure 3, yet is is more powerful. It appears that the test for a single outlier is stronger when the 

outlier is in the path of the interaction and vice versa. The reason this occurs is that the outlier 

actually contributes to the interaction effect, and increases the number of times U, is significant. 

This leads to more vectors being examined, and consequently more samples being tabulated as ei- 

ther a single outlier or interaction. This could be the same reason that the power of detecting a 

single outlier was higher that expected. For 4 > 20, the test’s power to identify both sources of 

nonadditivity is slightly less when the outlier’s position is at (1,5), Figure 7, instead of at cell (3,3). 

However, the power strongly decreases when / = 10 and the outlier is in cell (1,5). 

The outlier at cell (2,4) is intermediate in location between the orthogonal outlier (3,3) and the 

embedded outlier (1,5). The power curves for detecting a single outlier (Figure 8), interaction 

(Figure 9) and both effects (Figure 10) are very similar in shape and power to the respective power 

curves of the orthogonal outlier. It may be that the test’s power is not strongly affected unless the 

outlier is buried in the interaction. 

How reasonable is it to find effects as large as these in real applications so that this procedure can 

be successfully used? Table size has a lot to do with detecting significant sources of nonadditivity. 

The bigger the table the easier it is to identify weaker effects (this is demonstrated in 3.6.2). Fora 

closely related table of size 5 x 4, Milliken and Johnson (1989) present two examples of fitting the 

additive-plus-multiplicative model. One example (p. 4) deals with the height of sorghum plants and 
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LAMBDA @€6O 0 +H 10 222 20 
33-3 350 44-4 4) 5-5-5 50 

OUTLIER AT CELL (1,5) IN A 5 X 5 TABLE 

Figure 5. The power of my procedure to detect an outlier, cell (1,5), in the presence of interaction. 
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POWER 

      
LAMBDA 660 0 +44 1 

333 30 44-4 4 
0 222 20 
0 5-5-5 50 

QUTLIER AT CELL (1,5) IN A 5 X 5 TABLE 

Figure 6. The power of my procedure to detect interaction in the presence of an outlier, cell (1,5). 
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LAMBDA @60 0 +4+4 10 222 20 
33-3 30 44-4 40 5-8-5 90 

QUTLIER AT CELL (1,5) INA 5 X 5 TABLE 

Figure 7. The power of my procedure to detect both outlier, cell (1,5) and interaction. 
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QUTLIER AT CELL (2,4) IN A 5 X 5 TABLE 

Figure 8. The power of my procedure to detect an outlier, cell (2,4), in the presence of interaction. 
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OUTLIER AT CELL (2,4) INA 5 X 5 TABLE 

Figure 9. The power of my procedure to detect interaction in the presence of an outlier, cell(2,4). 
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Figure 10. The power of my procedure to detect both outlier, cell (2,4) and interaction. 
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the second example (p. 54) is taken from Davies (1954, p. 305). Although the examples do not 

contain outliers, they both have significant multiplicative interaction. The value of A iS approxi- 

mately 19 in both cases. Ifa very strong outlier were to appear, it is reasonable to expect that the 

procedure could identify both sources of nonadditivity. 

Lastly, I compare the power of Stefansky’s test for detecting a single outlier under the same set of 

conditions as my procedure. In Appendix B, I show that Stefansky’s test is equivalent in expecta- 

tion to Johnson and Graybill’s (1972) U; test statistic that used in my procedure. The power curves 

of Stefansky’s test are displayed for an outlier in cell (3,3) (Figure 11), the (1,5) cell (Figure 12) and 

cell (2,4) (Figure 13). When no interaction is present, Stefansky’s test is more powerful in detecting 

a single outlier than my technique. If interaction exists, Stefansky’s test can not identify an outlier 

until @ exceeds 4. And then it reveals only the outlier not the interaction. As expected, the power 

of Stefansky’s test is greater for an orthogonal outlier than an embedded outlier. In conclusion, it 

appears for a 5 x 5 table that Stefansky’s test performs better in cases of no or little interaction, i.e., 

4<20, whereas my procedure is more powerful in the presence of stronger interaction, i.e., 

A > 20. 

As mentioned earlier, table size affects the power of detection. The bigger the table, the easier it is 

to detect an outlier for a given combination of 2 and @. For tables larger than 5 x 5, it is not 

necessary to have A >20 and @ > 20e before my procedure has strong power. To demonstrate 

this effect, I evaluate the power of my procedure and Stefansky’s test for a 8 x 10 table using a 

Monte Carlo simulation. I selected this size of table to ensure that critical values existed for both 

procedures. I study two outlier locations. One position, the (4,6) cell, is nearly orthogonal to the 

interaction, whereas the (1,1) location is once again embedded in the interaction. Both 2 and @ 

ranged from 0 to 14 in increments of 2. The results of these simulations are presented in Tables 

3-6. 

These findings confirm the belief that weaker outlier effects can be detected in a larger table. The 

power of my procedure to locate an outlier in the presence of interaction is quite good when the 
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LAMBDA @€6-O8 0 +4-4 10 222 20 
33-3 30 44-4 40 5-8-5 50 

QUTLIER AT CELL (3,3) IN A 5 X 5 TABLE 

Figure 11. The power of Stefansky’s test to detect an outlier, cell (3,3), orthogonal to the interaction. 
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Figure 12. The power of Stefansky’s test to detect an outlier, cell (1,5), fully embedded in the inter- 
action. 
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LAMBDA 6O8O 0 +++ 10 222 210 

33-3 30 44-4 40 §-§-5 50 

QUTLIER AT CELL (2,4) INA 5 X 5 TABLE 

Figure 13. The power of Stefansky’s test to detect an outlier, cell (2,4), slightly embedded in the inter- 
action. 
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(4,6) cell is perturbed by 6, > 80, Table 3 (highlighted). Interaction can be identified in the presence 

of an outlier when 1 >6 and 6,<4c. The procedure performs well in locating an outlier when 

the (1,1) cell is disturbed by 0,2 10c, Table 4. Interaction can also be detected when 

A>6 and @,;<60. In comparison, the power of Stefansky’s test is high when 6;> 60 and @, is 

close to or exceeds / for both the (4,6) position, Table 5, and the (1,1) cell, Table 6. Stefansky’s 

test does not have the capability to detect interaction. 

These results also support a major difference between the two procedures. The power of my pro- 

cedure for a large table is not as highly dependent upon the value of A as it is fora 5x 5 table. In 

either case, my procedure performs well in the presence of interaction. However for Stefansky’s test 

to be effective, @ must be equal to or exceed A. This same relationship with 1 was observed in the 

case of a5 x 5 table. This outcome suggests that these two procedures can be used to complement 

each other. Since Stefansky’s test is more powerful than my procedure in the presence of little or 

no interaction, it should be used first to test for the presence of an outlier. If Stefansky’s test fails 

to uncover an outlier, then my procedure should be employed when interaction is suspected. 

3.6.2 Two Outliers 

The previous section, 3.6.1, demonstrated the effectiveness of my procedure to distinguish the 

makeup of a nonadditive term which was composed of an outlier and rank | interaction. In this 

section, ] study the power of my procedure to correctly identify a different composition of two 

nonadditive factors: two outliers. Once again, I investigate my test’s effectiveness by means of a 

Monte Carlo simulation. The outliers are placed in cells (1,1) and (2,2) of an 8 x 12 table, and have 

magnitudes that range from 0 to 12. These cell locations and outlier effects were selected so that I 

could compare my results to the published findings of John and Draper’s multiple outlier test 

(1978). 
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Table 3. Power of my procedure detect interaction and an outlier in cell (4,6) when both are present in 

an 8 x 10 table. 

  

  
  

0; 

A 0 2 4 6 8 10 12 14 

0 .023 O11 .001 .000 .000 .000 .000 .000 
017 043 196 .607 .939 .998 1.000 1.000 

2 058 .037 013 .004 .000 .000 .000 .000 
.003 025 150 527 .907 997 1.000 1.000 

4 275 .200 AMS .030 .003 .000 .000 .000 
.000 .O10 .072 395 785 984 1.000 1.000 

6 734 673 483 228 032 000 000 000 
.000 .002 .064 322 .734 959 998 1.000 

8 .961 952 859 527 .140 .020 001 .000 
.000 .005 .064 364 .754 .950 .996 1.000 

10 .983 .976 .907 588 196 027 .000 .000 
.000 .003 .073 393 .793 .966 .999 1.000 

12 .976 .976 891 637 174 026 001 .000 
.000 .004 .083 352 824 972 .999 1.000 

14 .984 972 899 611 .188 022 .001 .000 
.000 .005 .085 381 812 .978 999 1.000 

The top number is the power of the procedure to detect interaction. 

The bottom number is the power to detect either an outlier or both outlier and interaction. 
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Table 4. Power of my procedure detect interaction and an outlier in cell (1,1) when both are present in 
an 8 x 10 table. 

  

    

6, 

A 0 2 4 6 8 10 12 14 

0 025 .014 .000 .001 .000 000 .000 .000 
017 044 .209 985 945 996 1.000 1.000 

2 055 041 .016 .001 .000 .000 .000 .000 
.007 019 114 452 847 990 1.000 1.000 

4 .278 .170 .087 034 .004 .000 .000 .000 
.004 .007 .040 257 692 954 987 999 

6 727 590 385 197 .038 .002 .000 .000 
.003 001 .020 .140 459 862 .987 .999 

8 .960 931 847 583 .222 .038 .002 .000 
.002 .006 025 152 435 772 .963 999 

10 .983 985 .949 813 462 111 012 .002 
.001 .004 .030 152 465 830 .962 993 

12 .976 980 .956 849 537 154 018 .001 
001 .001 .025 135 457 838 .980 996 

14 .984 .980 .967 852 531 .187 034 002 
.000 .003 021 .140 .464 812 966 .998 

The top number is the power of the procedure to detect interaction. 

The bottom number is the power to detect either an outlier or both outlier and interaction. 
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Table 5. Power of Stefansky’s test to detect an outlier in cell (4,6) when linear interaction is present in 
an 8 x 10 table. 

  

  
  

6, 

A 0 2 4 6 8 10 12 14 

0 001 .033 476 940 1.000 1.000 1.000 1.000 

2 000 035 470 930 1.000 1.000 1.000 1.000 

4 .000 O15 319 897 .999 1.000 1.000 1.000 

6 000 .005 174 763 994 1.000 1.000 1.000 

8 000 001 065 586 .969 1.000 1.000 1.000 

10 .000 .000 .024 359 881 .998 1.000 1.000 

12 .000 000 004 131 .730 .978 1.000 1.000 

14 .000 .000 001 .034 452 925 1.000 1.000 
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Table 6. Power of Stefansky’s test to detect an outlier in cell (1,1) when linear interaction is present in 
an 8 x 10 table. 

  

  
  

Oy 

A 0 2 4 6 8 10 12 14 

0 .000 .043 484 950 999 1.000 1.000 1.000 

2 002 .008 244 839 997 1.000 1.000 1.000 

4 005 .000 .049 550 .964 1.000 1.000 1.000 

6 .008 .000 .003 183 790 .989 1.000 1.000 

8 .008 .000 000 .022 376 910 997 1.000 

10 012 .000 000 .000 069 572 .963 999 

12 004 .000 .000 .000 001 165 720 985 

14 .007 .000 .000 000 001 O11 297 861 
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Table 7 displays the power of my procedure for detecting the outliers in an 8 x 12 table. For each 

combination of 9; and 62, the power is presented for correctly locating two outliers (top row) and 

one outlier (bottom row). My procedure performs well in the multiple outlier case when 

8,> 860 and @,> 8c, and in the single outlier case when 8; >7e and 8,>7ce. However, John 

and Draper obtained similar power for detecting two outliers when 0; > 50 and 62> 5e, Table 8, 

and for identifying one outlier when 0; >60 or 62>60. Again, it seems that tests designed to 

detect a single outlier (Stefansky) or multiple outliers (John and Draper) are more powerful than 

my procedure in the absence of interaction. I now compare how John and Draper’s test performs 

in the presence of interaction. 

3.6.3 Two Outliers and Linear Interaction of Rank 1 

The previous sections, 3.6.1 and 3.6.2, demonstrated the capability of my procedure to identify two 

effects in the nonadditive term. In this section, I extend the application of my technique to include 

three nonadditive factors, i.e., two outliers and rank 1 interaction. I have two objectives for this 

section. First, to investigate the performance of John and Draper’s test under the same conditions 

as their published results, but now in the presence of interaction. Since John and Draper’s test for 

two outliers achieved high power when @,> 50 and 6,> 5e, I reexamine its performance for 

6;, 8, and A ranging from 5 to 8. Second, to compare the power of both procedures under a 

wider set of values, i.e., 6; ,@, and A from 6to 15. In both simulations, the interaction has the 

following linear form: 

v=[-7-5-3-11357] y={11 9753 1-1-3-5-7-9-11 ] 

where: 

t and y are normalized, so that t’t = y’y = 1. 
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Table 7. Power of my procedure to detect two outliers in cells (1,1) and (2,2) of an 8 x 12 table. 

  

A 

8, 0 1 2 3 4 5 6 7 8 9 10 11 12 

12 001 000 .004 018 .038 .117 .260 .472 .710 854 958 .985 .997 
035 045 .072 .100 .180 321 .530 .728 .906 .973 .997 .998 1.000 

1] 000 .000 .006 011 042 129 .237 486 .714 874 .962 .985 
051 .040 054 .086 .176 .331 6505 .741) «=.894 6968) =.996 999 

10 001 .001 .000 .015 .043) .115 .257 .445 .714 .855  .953 
040 .045 047 .097 .150 1325) 501) W711) =.906)«=.971 = 994 

9 001 .002 .004 018 .054 .124 .257 .494 .724 884 
050 .047 .046 .090 .169 .324 535 .754 .900  .978 

8 001 .002 .008 014 .052 .140 .270 .492 .698 
046 .039 051 .108 .161 .340 .510 .749 .877 

7 001 .004 .007 .019 049 102 .270 466 
041 054 057.100 = .161 =.320 =©.530 =.728 

6 002 .002 .002 017 054 .114 247 
050 .046 .041 .094 .188 314 .504 

5 +} 002 .000 .003 .016 .037  .115 
/ 053.050) =.059 «=.098) =—.163—.300 

4 001 .002 .005 .016 .038 
037.040 .058 .086 .153 

3 000 .001 .004 .018 
049 045 .062 .098 

2 001 .005 .006 
047.062 = .043 

000 = .000 
044.052 

0 001 
050   

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outlier. 
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Table 8. Power of John and Draper’s test (1978; p.77) to detect two outliers in cells (1,1) and (2,2) of 
an 8 x 12 table. 

  

  

ay 

8, 0 1 2 3 4 5 6 7 8 

8 .000 .005 .037 .209 506 817 .961 .997 .999 
.986 .989 .996 999 998 1.000 1.000 1.000 1.000 

7 001 .003 .039 192 487 .792 947 .990 
925 .938 951 972 990 997 .998 1.000 

6 .001 .003 .040 176 493 177 924 
.740 .770 832 898 .956 987 994 

5 001 .002 .031 .169 369 .646 
448 484 544 715 821 938 

4 .000 .000 022 102 247 
164 .163 291 445 657 

3 .000 .001 .007 038 
037 056 094 215 

2 001 .000 .003 
.005 013 .020 

] .000 .000 
.000 001 

0 .000 
.000 

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outlier. 
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I also investigate the effect of the outliers’ position with respect to the interaction by perturbing 

either two cells orthogonal to the interaction, cells (4,7) and (5,6) or two cells embedded in the 

interaction, (1,1) and (2,2). 

The results of the first simulation of John and Draper’s test are contained in Table 9 for 

@, and @, added to cells (4,7) and (5,6). As expected for both outlier/interaction configurations, 

their test performs best in the least amount of interaction, 2 = 5, and declines in power as / ap- 

proaches 8. When the outliers are orthogonal to the interaction, Table 9, the test can successfully 

detect both outliers as long as the magnitudes of 6, and 8, are close to or greater than the amount 

of interaction. For example, their test does well when 4=6,6,2>70 and @:2=>70. When 

6, and 6, are embedded in the interaction, Table 10, then their test can detect only outliers whose 

magnitudes are much greater than the amount of interaction. For example, their test can success- 

fully locate both outliers when 4 = 6, 6,;>80 and 82> 8c, but it does not perform well when 

4=8, 6,=80 and 6,= 8. 

Before I present the findings of the second simulation, I would like to explain how I simulated the 

results. A Monte Carlo simulation similar to the simulation used in section 3.6.1 was developed 

to study my procedure’s performance when two outliers and interaction were present in a two-way 

table. When the nonadditive effect was composed of three factors, there were seven ways to gen- 

erate significant nonadditivity. Significance could have been the result of: 1.) 4), 2.) @2, 3.) 4, 

4.)6, and 62, 5.) @, and A, 6.) @; and A, or 7.) 6,62 and A. This meant that the following 

pairs of hypotheses, i.e., H,: A;=0 vs. Hy: 4; #0 (where: i=1, ... , 3), were successively tested 

three times using the likelihood ratio test statistic (see section 3.5). 

Based upon the outcome of these statistical tests, the simulation determined the nature of the 

nonadditivity. The following chart related the result of the likelihood tests to probable cause of 

significance: 
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Table 9. Power of John and Draper’s test to detect two outliers in cells (4,7) and (5,6) of an 8 x 12 table. 

    

    
    

    

A=5 0; 

02 5 6 7 8 

8 50 =6.797—S «865 —s«iw780 
881 978 1.000 .999 

7 609 837 .933 848 
873 974 .992 997 

6 32 «772 821 .783 
837 935 971 .980 

5 375 545 = .626 ~— 569 
.699 830 893 877 

A=6 A, 

02 5 6 7 8 

8 458 725 ~~ —.837 759 
853 .966 997 999 

7 504 ~—-.801 908 .853 
830 953 .993 .996 

6 449 .693 780 ~—.733 
-765 913 .960 974 

5 .297 .460 510 .463 
.628 789 845 865         

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A=7 8, 

8, 5 6 7 8 

8 388 .677 828 — .785 
802 962 .993 .999 

7 427 =.704 857824 
798 .934 978 994 

6 340 59] .698 .688 
698 870 920 955 

5 200 = 371 412 = 360 
530 696 .774 ~~ .792 

A=8 A; 

0, 5 6 7 8 

8 293 64 .794 =.749 
758 ~—931 981 995 

7 309 625 7807831 
717 904 .980 985 

6 232 6.442 ~—«.631 618 
606 .789 913 .928 

5 122.281 302 305 
398 .620 .723  .764 
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Table 10. Power of John and Draper’s test to detect two outliers in cells (1,1) and (2,2) of an 8 x 12 

    

    
    

    

table. 

Az5 A; 

6, 5 6 7 8 

8 .176 434 .698 913 
484 -780 .941 .990 

7 .148 385 715 864 
.442 718 914 .970 

6 132 325 501 .645 
.379 .618 811 861 

5 .059 .177 .259 323 
217 431 .550 .663 

A=6 A; 

A, 5 6 7 8 

8 .067 .266 566 808 
.307 .629 846 .969 

7 043 1298 12 727 
.263 .570 814 .907 

6 .048 .186 343 477 
.197 435 .653 -768 

5 017 .072 1S] .186 
101 255 .430 515     
    

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A = 7 A; 

82 5 6 7 8 

8 028 129 372 ~~ .651 
206 437 =.716 ~=—.909 

7 028 .107 .289 ~~ .529 
155 372 645 816 

6 014 058 § .161 .298 
087 242 416 ~~ .618 

5 00S .028 058 .092 
033.135.238.359 

A = 8 a; 

A, 5 6 7 8 

8 008 065 .213 .486 
076 311 559.792 

7 006 043 .163 ~~ .331 
069 .205 432  .659 

6 004 017 086 ~~ «151 
.026 .103 .267 444 

5 000 006 ~~ .021 052 
008 .041 120) .212 
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Test Outcome A, #0 A, #0 A3 #0 

A, = 4, =0 A, =0 

Cause of a, 6, and 6, @,, 6, and A 

Nonadditivity or 6, or 6, and A 

or A or 6, and A 

or 6,, 8, and A             
If only 4, # 0, then the procedure examined the first singular vector of t and y to decide upon the 

cause of significance: @,, 62 or A. Like the earlier simulation of an outlier and interaction (section 

3.6.1), this simulation compared the left and right singular vectors to a vector representation of each 

effect. It then selected the effect with the minimum sum of squared deviations for both t and jy. 

This was the only case where the singular vectors were not rotated. 

However if A. was significant, then the cause of significance may be due to: @; and @., 

@, and 4,or@, and 4. (The case of 6;, @2 and 4d will be considered shortly.) The methodology 

was to independently rotate the first two vectors of t and j, and find the rotation with the largest 

weight, ie.,r. The location of these two weights must have agreed in row and column location of 

one of the outliers before the procedure continued. Because the rotation favored isolating the 

) largest outlier in the first component, the second component was examined for presence of a second 

outlier or interaction using a minimum sum of squares deviation criteria. The effect with the 

minimum sum of squares for both 7 and y was selected. If an effect was not found at this point, 

then the simulation proceeded to locate the second largest weight of the rotated left and right sin- 

gular vectors. If these two weights correctly identified the row and column location of the second 

outlier, 8; or 62, then the cause of significance was found. 

Occasionally all three effects caused the significance of 2,, but not 4;. This was especially true 

when the outliers were embedded in the interaction. Because my procedure rotated data, this case 
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could be detected. First, the procedure must have correctly identified two effects where one effect 

was interaction. Next, the rotation with the second largest weight was identified for both 

z and y. If the location of these weights corresponded to the correct location for the second 

outlier in both row and column, then it was assumed that all three effects were detected. 

Usually, these three nonadditive factors caused the significance of 23. When A; # 0, the procedure 

independently rotated the first three vectors of 7 and y in two steps. (See section 3.5 for a more 

detailed discussion of rotating q vectors.) The simulation found the two largest weights for both 

row and column effect. If these corresponded to the row and column location for 8; and 42, then 

a correct identification was made. 

Up to now, I have recommended using a stepwise procedure for testing H,: 4;=0 vs. Hy: 4;#0 

along with examining consecutive test results for significance (section 3.5). However in this last 

simulation of three effects, there were several parameter combinations in which the likelihood ratio 

test frequently resulted in the following outcome: 4;=0, 42=0 and 4,40. For example when 

6, =6,=4=9 and the outliers were in positions orthogonal to the interaction, U, and U2 were 

not significant 413 times out of the 779 times that U; was significant. According to the recom- 

mended procedure of section 3.5, one would conclude that the data were completely additive if 

U, and U; were nonsignificant. When in reality, the data were anything but additive. 

This occurs for the same reason that /2, but not J), 1s significant in section 3.6.1. In this case, the 

three nonadditive effects are about equally spread among the first three components. This is sup- 

ported by the result that the first three singular values are usually very close in value. When this 

happens, it is difficult for the likelihood ratio test statistic to be significant for U; and U2 when 

A, 2, Ay? and As 2 and Ay? and A3? are in the denominators of U; and Us, respectively. In light 

of this situation, a more appropriate test might be H,: 4; =4.=4;=0 vs. H;: not H,. Al- 

though the test statistic already exists for this hypothesis, critical points are not available (Corsten 

and van Eijnsbergen, 1972). 
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For the purpose of this simulation, sample results in which only U; is significant are included in the 

power calculation, since it is known that three effects were introduced into the data. However, in 

practice deciding how to handle this situation is not simple. One could plot the values of the k 

singular values against the order of the components to establish the relative closeness of the 4; ’s. 

If the first three singular values appear to clump together, then one might want to examine the three 

associated singular vectors to determine if they reveal any information about the nonadditivity. 

The results of the second simulation are presented in Tables 11-14. Tables 11 and 12 contain the 

power of my procedure under the condition that the outliers are orthogonal to the interaction and 

embedded in the interaction, respectively. For each combination of 6,, @, and A studied, there 

are seven numbers which represent the procedure’s ability to detect each of the seven different ways 

to obtain significant nonadditivity (see chart earlier in this section). However, I present only the 

procedure’s power to detect one or two outliers. As expected, the procedure performs better in 

detecting both outliers when they are orthogonal to the interaction instead of being buried in the 

interaction. The test achieves good power for correctly locating both outliers when 

8,29o0 and 9,290, Table 11. The procedure has high power for detecting at least one outlier 

under both outlier/interaction configurations in about almost all combinations of 0, @2 and 2. 

The procedure’s ability to detect 8, and @, increases with an increased interaction effect. When 

the interaction component is strong, e.g., 4 = 15, the procedure still has the capability of detecting 

two outliers even if the outliers are concealed in the interaction and their effects are less than 15. 

This result is also observed in the simulation of two nonadditive factors (section 3.6.1). 

It is necessary to explain why it is easier for the procedure to detect outlier effects as the interaction 

effect increases. When A = 6, 6, = 6; = 9o and the outliers are embedded in the interaction, (Table 

12), the combined nonadditive effect mainly results in the significance of 4,, i.e., U; was found sig- 

nificant 498 times, U2 was significant 227 times and U; was significant 110 times out of 1000 runs. 

There were also 165 nonsignificant outcomes. Therefore, most of the significance is due to a single 

outlier effect, i.e., 8; or @2. This is confirmed by the procedure successfully detecting 8, and 6, 

312 times and either @; or 62 711 times. As the interaction effect increases, the significance of U, 
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Power of my technique to detect two outliers in cells (4,7) and (5,6) of an 8 x 12 table. 

    

    
    

    

Table 11. 

A=6 6, 

6, 6 9 12 15 

15 339 30.774 «985 Ss«w9D. 
982 993 998 ~=1.000 

12 302 ~=—s.741 958 .979 
950 945 988 999 

9 245 671 741 801 
643 .792 951 997 

6 163 .260 314 318 
274 .618 945 979 

A=9 6, 

8, 6 9 12 15 

15 356 8 =—..910 «993s 998 
984 .982 .999 999 

12 354 = =6872)—_( 986s 998 
.954 .963 990 .998 

9 337 ©6797) 878 iC 
.750 859 .964 .987 

6 .199 343 375 361 
351 .134 941 .981         

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A= 12 6; 

0; 6 9 12 15 

15 392 929 999 1.000 
984 996 1.000 1.000 

12 420 .903 .993 1.000 
978 982 995 1.000 

9 350 817.889 ~—-.929 
798 904 989 997 

6 194 347 388 386 
363.792 «972.986 

A= 15 8; 

0; 6 9 12 15 

15 374 =.914 1.000 1.000 
985 996 1.000 1.000 

12 367 914 999 999 
971 984 1.000 1.000 

9 363.836 = 927.927 
816 908 989 997 

6 193 421 401 402 
373. «815 = 973-992 
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Power of my technique to detect two outliers in cells (1,1) and (2,2) of an 8 x 12 table. 

    

    
    

    

Table 12. 

A=6 6, 

02 6 9 12 1S 

15 .109 .507 .901 .990 

858 .988 999 .997 

12 .088 417 -793 .922 

945 .973 .961 .994 

9 .084 312 .486 566 

.712 711 945 .996 

6 051 .120 .152 .149 

218 .610 .960 .983 

A=9 @, 

6, 6 9 12 i) 

15 .074 386 -761 927 

954 952 .982 .983 

12 .092 387 .697 815 

.916 .892 901 977 

9 .206 388 .471 485 

.697 .639 854 .983 

6 .165 215 171 120 
308 583 919 .968     
    

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A=12 6; 

6, 6 9 12 15 

15 .149 .406 809 961 
979 973 .974 .986 

12 24] 554 844 894 
971 931 .930 975 

9 391 .647 689 582 
855 809 .904 .979 

6 .296 456 279 158 
432 781 .948 985 

A= 15 a, 

A, 6 9 12 15 

15 .256 510 875 .984 
.989 .989 995 992 

12 396 .694 928 .954 
.982 977 .970 .984 

9 .492 -762 .836 675 
853 876 959 .988 

6 323 521 .404 235 
.423 778 .956 .988 
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occurs more frequently. When 1 =15 (and 6,=62= 90), U; was significant only 49 times, U2 

was significant 752 times, U; was significant 197 times and 2 outcomes were nonsignificant. This 

increased interaction effect results in more samples being rotated, which in turn gives rise to more 

outliers being identified. In this case, both outliers were correctly distinguished 762 times and either 

outlier was recognized 876 times. 

The results of John and Draper’s test for detecting two outliers are tabulated in Table 13 when the 

outliers are orthogonal to the interaction and Table 14 when they are buried in the interaction. 

Two numbers are presented for each combination of 6, 62 and A. The first number is the power 

of their test to detect two outliers, whereas the second number is the test’s ability to locate at least 

one outlier. In Table 13, their test performs very well in recognizing both outliers once 

6,;>9c0 and 6,290. However if the outliers are concealed in the interaction, then their test 

achieves high power only when both outlier effects are close to or exceed the interaction effect, 

Table 14. When 4 > > @, their test does not do an adequate job of detecting even a single outlier. 

So as the amount of interaction increases, the power of their test decreases. 

I now compare the power of John and Draper’s test to my procedure. When the outliers are 

orthogonal to the interaction, John and Draper’s test performs slightly better than my procedure 

given @;>9o0 and @,>960. If @,;<9o and @)< 9c, then their test procedure is more powerful 

for 1 = 6, whereas my procedure performs better at 1 = 15. When the outliers are hidden in the 

interaction, the procedures perform well in different domains. John and Draper’s test performs 

satisfactorily in the presence of the least amount of interaction, 1 = 6, by contrast my procedure 

produces favorable results in the presence of the most interaction, 4 = 15. This result is similar to 

the performance of Stefansky’s test in the presence of interaction. Recall that Stefansky’s test per- 

formed well only when 6 > 4 (see section 3.6.1). 

I conclude this chapter with the finding that tests devised to detect outliers in an additive two-way 

table perform well in the absence of interaction or the presence of mild interaction. If a strong 

interaction effect exists in the table, then the current outlier tests may not perform adequately. This 
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Power of John and Draper’s test to detect two outliers in cells (4,7) and (5,6) of an 8 x 12 

  
  

    
    

    

Table 13. 
table. 

A = 6 @ 1 

8, 6 9 12 15 

15 821 1.000 1.000 1.000 
970 =©1.000 1.000 1.000 

12 836 861.000 1.000 1.000 
974 1.000 1.000 1.000 

9 841 1.000 1.000 1.000 
970 =6©1.000 §=1.000 1.000 

6 .687 835 826 834 
902 .969 .967 .967 

A=9 6; 

A, 6 9 12 15 

15 988 998 1.000 1.000 
.902 1.000 1.000 1.000 

12 583 994 #1.000 = 1.000 
891 1.000 1.000 1.000 

9 561 .990 .997 .996 
900 = =6.1.000 1.000 1.000 

6 348 585 581 586 
£705 898 .902 916         

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A=12 @; 

42 6 9 12 15 

15 236 8©=6. .965-——s«1.000~—:1.000 
754 999 1.000 1.000 

12 .238 961 1.000 1.000 
757 ~=—.999—s «1.000 =: 11.000 

9 227 .932 954 .970 
731 ©6992 §=6.999 998 

6 072 .234 0 = .245— 247 
297 = .725 ~=—.783'—S «754 

A = 15 A, 

8, 6 9 12 15 

15 052 804 1.000 1.000 
540 =©.990 = 1.000 =—-1.000 

12 .043 791 1.000 1.000 
509 =.988 §=1.000 1.000 

9 .034 .646 7197 804 
385 .958 991 991 

6 004 029 .047 041 
042 .398 523 527 

96



Power of John and Draper’s test to detect two outliers in cells (1,1) and (2,2) of an 8 x 12 

    

        

    

Table 14. 
table. 

A=6 A, 

A, 6 9 12 15 

15 271 .978 1.000 1.000 
.630 999 1.000 1.000 

12 .267 .976 1.000 1.000 
.618 .996 1.000 1.000 

9 282 975 .948 .992 
627 993 1.000 .999 

6 .167 .494 539 568 
417 .828 840 841 

A = 9 A; 

8, 6 9 12 15 

15 017 665 .997 1.000 
.163 934 999 §=1.000 

12 018 .662 996 =: 1.000 
.176 927 998  =1.000 

9 017 651 913 931 
.149 888 983 982 

6 .005 .102 .126 .150 
029 383 498 .500         

The top number is the power to detect two outliers. 

The bottom number is the power to detect either outliers. 
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A=12 Oy 

02 6 9 12 15 

15 001 133 =.905——s:1.000 
008 .557 987 1.000 

12 000 122 8.901 999 
010 525 983 =—-:1.000 

9 000 075 ~~ .538 553 
008 335 847 873 

6 .000 .001 .007 .007 
000 022 8.147 ~~ 144 

A = 15 A; 

iP 6 9 12 15 

1) 000 ~=—-«.001 374 ~— 988 
000 .104 833 =: 1.000 

12 000 ~=-.001 325 ~=—.893 
.000 .090 .770 985 

9 000 ~=—-.001 .047 111 
.000 .010 .285 .552 

6 000 §=.000 ~—-.000 .000 
000 .000 005 ~~ .007 
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is especially true if the outliers are embedded in the interaction effect and are not visible upon ex- 

amination of the residuals. The procedure that I have developed for detecting outliers performs best 

in the presence of strong interaction for a given outlier effect. This procedure can be used in con- 

junction with the appropriate single or multiple outlier tests. If Stefansky’s test or John and 

Draper’s test fails to identify the outlier(s), then my procedure should be used when interaction is 

suspected. Therefore, the analyst now has a technique at his or her disposal for identifying outliers 

in a two-way table when the true underlying model is additive-plus-multiplicative of rank 1. 
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CHAPTER 4 - LEVERAGE TABLES 

The goal of this study is to extend the leverage tables developed by Emerson et a/. (1984) for an 

additive-plus-multiplicative model from from rank | to rank k. Leverage measures the impact a 

change in an observation has on a fitted value. In a two-way table, all cells are influenced by a 

disturbance in the (1,)) cell (Emerson et a/., 1984). When the model is additive, the change in the 

magnitude of a predicted value depends upon its location relative to the perturbed (i,j) cell. This 

change can be written as a “hat table”, H(i,j), 

H(i,j) = ee’ — (e; — Ute’ — 1/e) 

where: 

e,; denotes ar x ] vector with a 1 in position i and 0 elsewhere 

e; denotes ac x | vector with a 1 in position j and 0 elsewhere. 

Under an additive-plus-multiplicative model, a change in a fitted value not only depends upon its 

location with respect to the disturbed cell, but also the magnitude of the perturbation. Emerson 

et al. derive the generalized leverage table and the Jacobian leverage table for a rank 1 additive- 

plus-multiplicative model. The generalized leverage table is defined to be the difference between 

predicted values for the perturbed, Y(0;i,), and the unperturbed, Y, tables under the additive- 

plus-multiplicative model divided by the amount of the perturbation @, 1. e., 
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where: 

Y(0; ij) = Y + @H(Gij) + Athy 

Y = Y + dyes" 

1-1’. 

The Jacobian leverage table, Gy(i,/), is the limit of the generalized leverage table as @ approaches 

zero and does not depend on @, 1.e., 

Gri) = lim Gy, gli). 

They call this latter leverage table Jacobian, because Gy(i,/) is a column of the Jacobian matrix 

which maps Y into Y,ie., 

Vp 

uy 

The computational form of Gy(i,/) is 

Gli) = ee’ — (e; —Ir— t;t)(e' — I /e— 9,9’). 

Leverage tables for an additive-plus-multiplicative model of rank 2 or greater do not exist. These 

are developed as part of this dissertation. 

The easiest way to accomplish this extension is to develop the generalized leverage table for a rank 

k model, then take the limit of @ as it approaches zero to obtain the Jacobian leverage table. 

Throughout this chapter, I assume that the unperturbed table contains nonadditive effects that are 

of rank k. When the (i,j) cell 1s disturbed by 6, the rank of the table becomes k+1. This can be 

written as follows: 
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true model (rank k) > perturbed model (rank k + 1). 

Let the notation, G»(i,/),, represent the generalized leverage for a model that 1s rank k in its un- 

perturbed state, therefore 

Gi), = jim Gy olive 

§- 0 i] 

where: 

Y (0; i) represents the fitted value for the perturbed table of rank k 

Y, represents the fitted value for the unperturbed table of rank k. 

The fitted value for the unperturbed table, Y,, is equal to the sum of the additive and the multi- 

plicative fits: 

whereas the least squares fit to the table perturbed by @ in cell (i,j) 1s: 

— AN A A A “A A A 

Y(6; iv)p = Y + 6H(i,j) + Aptyyye +o AT er pe 

  

where: 

i, # de, Tj # Ty, y # Yes i= 1, sory k. 

Therefore, 

. YO ide- Ye 
Gy oli) x = @Q 

A A A A A A 

(VF OH) ttyl tt Ae tihe) — LAAT tt ATR) 
~ @ 

A A A A 

_ (@H(i,j) + At pye tot aye p') _ (AytP 1" bob Ate) 
  

g 
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As mentioned before, when a table is perturbed by @ the rank of the nonadditive part increases by 

1. In this case, the data can be fit exactly by using a k+ 1 model or by adding an additional k+ 1 

component to the model. Therefore, Y(0; i,), now becomes Y(6; i), 41 OF 

Wra.: “ ty DANNY a A A , 
Y(6; Ly 4. t= Y + 6H (i,j) + Aytyyy toe Ans te + VWyke+1: 

I use the overfit model in the calculation of the generalized leverage for the perturbed model. The 

notation, Gy, o{i/)t.,, is used in this case because of the atypical way the generalized leverage is 

determined, 1.e., 

A A AN A A A 

4 (Y + OH(Gj) + Apt ay! toot Aga te Pea OY EAD Hot Ate’) 
Gy olte+1 = 9   

.. MINK, “ A A “AN NAR, 
_ (@H(1,)) + 4; Ti ye Hebd ety Vea) — (Agtiyy to + Agteye’) 
= 5 .   

This produces a 1 in the perturbed (i,j) cell and 0 elsewhere, ie., 

Gy liege 1 = 
0 (i,j) ¥ (Lm) l=1,..,7 

l (i,j) = (4m) m=1,..,¢. 

Let’s consider the two cases: 

i.) When (i,j) ¥ (i,m), then 

A A A AN 

O= HG) + Apt tt Aa te Pee) — At tt Ate) 
~ 8 
  

or 

‘) A A ’ 

Are yteerVety! 

6 
  

A A A A 

= (Hj) t Apt! tot Ay tehe’) — (Arty! Hot Anak’) 

Thus, the generalized leverage of a rank k table for cells other than the perturbed (i,j) cell is equal 

to the k+ 1 component (overfit term) divided by @, i.e., 
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dete wea . TARA pa irk +il' 

Gy olide= 5 . [4.1]   

ui.) When (1,j) = (l,m) then 

+s 4 ’ 4 ’ 4 ’ 4 As 
1 _ (OH(i,j) + Apt yy tetas tee ear) — At tet Ate p') 

7 g 
  

or 

A A A .. ‘AN AA SAA NAAN 
Ager teg Vee — GHG) + Aptpyy! to + Ate ye') — Ait! +o + Ante’) 

6 — 6 
  1—- 

Therefore, the change in the fitted value for the perturbed cell is 1 minus the change in the other 

cells divided by @: 

0 —Ana entree” . ~4e4UTRE IVR +N 
Gy oli) = 6 . [4.2] 
  

In summary, the generalized leverage of a rank k model for cells other than the perturbed (1,}) cell 

is equal to the additional k+ 1 component (divided by @) used to fit the perturbed table exactly. 

For the (1,j) cell, the generalized leverage is 1 minus the k+ 1 component (divided by @): 

2 A A ’ 

TARE UKE VR +! ; (ig) # (Lm)   

Gy olive = 
O—dpe ee en yl 

k+) an k+1 (ij) = (Lm). 
  

I verified these formulas using a rank 1 model. I calculated Gy, (ij); and it was equivalent to 

Gy, (i). I took the limit of Gy, (i); as @ > 0 and it approximated the Jacobian leverage table 

nicely. Emerson et al. developed a computational form for the Jacobian leverage table which 1s 
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not based on @ for the rank 1 case, but I have not been able to accomplish the same for the rank 

k case. 

In practice, the leverage of an observation in the additive-plus-multiplicative model of rank k is not 

useful, because it requires knowledge of the true magnitude of @ to perform the calculation. 

However, additional research in this area may produce a computational form that is not based on 

6. 
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CHAPTER 5 - STUDY OF INFLUENCE 

To complete the picture on the examination of outliers and interaction in a nonreplicated two-way 

table, it is necessary to look at the influence each observation has on the analysis. Influential ob- 

servations are commmonly equated with outliers, but the two concepts are different. Calder (1986) 

defines an influential observation as “one whose deletion from, or addition to, the data set leads to 

an unusually ‘large’ change in some aspect of the analysis.” An outlier may or may not be influ- 

ential. An influential observation may reveal important information about the system under in- 

vestigation. It can also be used to direct the investigator to points of interest if replication were 

possible at a future date. A major segment of this dissertation has been devoted to outliers, so now 

I want to focus attention on influence analysis. 

Calder (1986) extensively studied influence in a multivariate setting. Her approach was to delete 

an observation and estimate the change in the eigenvalues and eigenvectors. She determined an 

observation’s influence on the eigenvalues by finding the difference between: 

where: 

A,? 1s the pth eigenvalue of the entire data set 
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/,*° is the pth eigenvalue of the data set with the ith observation removed. 

The influence that an observation has on an eigenvector is measured by the angle the eigenvector 

rotates when the observation is omitted. It is calculated by: 

1 sa *\2 COS 6=1 — > (4 - % ) 

where: 

ap is the pth eigenvector corresponding to the pth eigenvalue of the complete data 

set 

Gp’ is the pth eigenvector corresponding to the pth eigenvalue of the data set with 

the observation deleted. 

In a multivariate framework, measuring influence is straightforward. An observation is omitted and 

the corresponding change in the eigenvalues and eigenvectors is assessed. This is repeated for each 

observation in the data set. The observations are then ranked in order from the most influential, 

i.c., the observation that produced the greatest change, to the least influential, i.e., the observation 

that generated the least change. Lastly, observations that are highly influential on the eigenvalues 

are compared to those that are highly influential on the eigenvectors. 

Throughout the development of this dissertation, multivariate techniques have been applied to a 

two-way table, i.e., principal components were used to fit the multiplicative part of the model. It 

is my intention to extend the approach of evaluating influence in a multivariate context to a two- 

way table. 

In a two-way analysis of variance layout, assessing influence is more difficult. The reason is that 

one can not simply delete a row of a matrix to omit an observation like in a multivariate or re- 

gression setting. Nor can one merely delete a value in a particular cell to exclude an observation. 
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The way I omit a cell is to designate the deleted cell as missing and use the additive-plus- 

multiplicative model of rank k (where k is equal to the rank of the complete table) to fit the missing 

cell. This is accomplished in two steps. First, replace the observation to be removed with its pre- 

dicted value under the additive model. This generates a zero in the residual matrix, Z, for this cell. 

Second, fit multiplicative part of the model to the residuals using weighted least squares. The 

weights, w,,;, are all 1 except for the missing cell which receives a 0. Gabriel (1978) has shown that 

fitting a multiplicative model is equivalent to fitting the matrix AB’ where A is r x k and B isc x 

k. Then, minimize the following equation: 

® (A,B) = » »™ jig arp 
i=l j=l 

Gabriel and Zamir (1979) developed several iterative routines to minimize this equation and to fit 

a multiplicative model when a missing cell is present. This technique fits the remaining cells under 

the additive-plus-multiplicative model. Therefore, the missing cell does not contribute any sum of 

squares to ®(A,B) or influence the fit of the multiplicative portion of Mandel’s model. Once de- 

letion is accomplished, then the analysis proceeds in a similar manner as for a multivariate data set. 

The only difference in the study of influence between a two-way layout and a multivariate setup is 

that two singular vectors need to be examined instead of one eigenvector for each component in the 

decomposition of the original data. 

I studied influence in two agricultural data sets. The first example is the spring wheat data that 

was presented in section 2.1. The second example uses data from an experiment which investigated 

the effect of temperature and humidity on sorghum height in a growth chamber. 

Table 15 compares the actual and percent change in the first singular value for several influential 

observations in the spring wheat data. The three most influential cells on A, are (1,1), (2,1) and 

(1,3), whereas the three least influential observations are (2,2), (3,2) and (1,2). The three most in- 
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Table 15. Comparison of the change in the first singular value for the most and the least influential cells 
of the spring wheat data. 

  

  

1, = 507.66 

Actual Percent Cell 
Change Change 

l 307.50 60.57% (1,1) 
Most 

2 93.50 18.40% (2,1) 
Influential 

3 57.50 11.26% (1,3) 

3 2.60 .4973% (1,2) 
Least 

2 1.60 .3070% (3,2) 
Influential 

l .40 .0670% (2,2)   
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fluential cells on the first singular value are also strongly influential on the corresponding singular 

vectors, Table 16. This table displays the most and the least influential observations on the left and 

night singular vectors. The most influential observations for ¢ all occur in column | (ie., no 

phosphorus treatment). This may be due to the result that yield actually decreased in column 1 

as nitrogen rates increased (i.e., the effect of a nitrogen-phosphorus imbalance). The highly influ- 

ential cells for y exist in row | (ie., no nitrogen treatment). The control in the experiment, cell 

(1,1), stands out as extremely influential on A; and it is the only cell that is highly influential on both 

singular vectors. Observation (2,1) is influential on the row vector, t, whereas cell (1,3) is influential 

on the column vector, . Two of the cells that are influential on t and jy, (3,1) and (1,4), respec- 

tively, do not rank among the top 3 influential observations on hi, however both of them rank 

within the top 5 influential cells. 

The spring wheat data has been analyzed by Johnson and Graybill (1972) and Milliken and 

Johnson (1989). Recall that the decomposition of residuals produced: 

hy = 507.6624 

2, = 30.5052 

| 9231 
8123 0894 

t=|—.4776 | and y= |—.4124 

—.3347 —.3485 

—.1515     
They found 4, #0, so they tested all hypotheses of the form H,: t1=7 and y, =; (where: 

ii’ and jj’). Therefore, they concluded that significant interaction was attributed to cells (1,1), 

(1,2) and (1,5). Of the three cells responsible for the interaction, only one cell is influential, ob- 

servation (1,1), the control. Cell (1,2) is among the least influential observation on the first singular 

value. It ranks fourth from the bottom of least influential observations for t. The observation in 
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Table 16. Comparison of the angle that the first singular vectors rotate for the most and the least in- 
fluential cells of the spring wheat. 

  

  

o1 

1 v1 

Angle Cell Angle Cell 

1 29.89 (2,1) 67.36 (1,1) 

Most 
2 19.27 (3,1) 27.29 (1,3) 

Influential 
3 7.17 (1,1) 22.68 (1,4) 

3 1381 (1,5) 1.871 (3,5) 
Least 

2 | .0286 (2,2) .6918 (3,1) 
Influential 

I .0267 (1,4) 3941 (2,2)   
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cell (1,5) is also noninfluential on t. It appears that two of the three cells responsible for significant 

interaction are not influential. The reason for their lack of influence may be related to the weights 

int and y. The three most influential observations on » are ranked as (1,1), (1,3) and (1,4). This 

is the same order as the product of the biggest weight in row 1 of 7, .8123, and the three largest 

weights in ». Columns 2 and 5 of » are not influential because the magnitudes of their weights are 

low. This may also explain why the three most influential cells on 7 all exist in column 1, i-e., .8231 

is the largest weight in 7. 

In closing, I would like to mention that my study of influence on the spring wheat data only in- 

volved an examination of the first multiplicative component. The reason for this is that the data’s 

influence on the second component of 7 are identical to the first component. I believe that this does 

not reveal any information about the influence on 72, but merely reflects a dimension constraint 

on the minimum size of the table, r= 3. This constraint does not affect y. This same pattern was 

observed on the minimum dimension of the next example, c=4. Since three components are 

generated in the decomposition of the residuals, the influence of only 2 components is unique for 

}- 

The second example is a study of the effect of five temperatures and four humidity levels on the 

height of sorghum in a growth chamber (Milliken and Johnson, 1989; p.4). The data are displayed 

below: 
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Humidity, % 

  

  

  

  

            
  

Temperature,°F 20 40 60 80 

50 12.3 19.6 | 25.7 | 30.4 

60 13.7 16.9 | 27.0 | 31.5 

70 17.8 20.0 | 263 | 35.9 

80 12.1 17.4 | 369 | 43.4 

90 6.9 18.8 | 35.0 53.0 

A decomposition of the residual generates: 

A 

A, = 18.9950 

jy = 5.3380 

hy = 3.3382 

- . 
—.3691 .0759 

—.6157 0021 
—.3161 —.2260 

~—.3016  .3813 
t=|-.3461 4612 | and Y= 

.2250 —.8166 
.2788 —.7395 

6923 4333 
.7525 4284 |     

I present the singular vectors now and refer to them during the discussion of influence on the sin- 

gular vectors. The residuals from the additive effects are fit with three multiplicative components. 

However only the influence on the first two components is studied, since the last component con- 

tains redundant information. 
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Table 17 presents the observations that are and are not influential. The four most influential ob- 

servations on the first singular value occur at the four corners of the two-way table, whereas the 

three least influential cells exist in the middle of the table. I have listed four influential observations, 

because a recognizable pattern can be observed that can be seen in the singular vectors as well. 

There does not seem to be any pattern to the three influential observations on dg. The three least 

influential observations once again are in the middle of the table. 

Table 18 illustrates the most and least influential observations on the first and second singular 

vectors. The observation in cell (5,4) is the most influential cell on both singular vectors. It also 

corresponds to the largest weights in 7, row 5, .7525, and },; column 4, .6923. The other two in- 

fluential observations on hi, (1,4) and (5,1), are also influential on 7, and 4), respectively. Exam- 

ining the three most influential observations on y; shows that they all occur in row 5. This is 

probably the result of the weight, .7525, in row 5 of 7. The last corner observation that is influ- 

ential on di, (1,1), is not influential on either t, or 7;. Turning to the second set of singular vec- 

tors, ] would expect that the observation in cell (4,3) is influential, since it follows the pattern of 

having large weights in row 2 of 72, -.7395, and column 3 of j2, -.8166. . However, I am surprised 

that cell (1,1) is influential on both singular vectors, 7; and }2. This observation has the lowest 

weights on the second component for both singular vectors. I have no explanation for this occur- 

rence. I would expect cell (1,1) to be more influential on the singular vectors of the first compo- 

nent, since it is influential on A; and not on 3. 

Although influential observations are frequently associated with large weights on the corresponding 

singular vectors, it is not necessary to have a large weight for an observation to be influential. This 

reflects the complexity of the data’s structure. 
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Table 17. Comparison of the change in the singular values for the most and the least influential cells 
of the sorghum height data. 

  

  

1, = 18.9950 A, = 5.3380 

Actual Percent Cell Actual Percent Cell 
Change Change Change Change 

] 6.0825 32.02% (5,4) -2.4610 -46.10% (5,1) 
Most 

2 4.8633 25.60% (5,1) - 1.4424 -27.02% (3,4) 
Influential 

3 1.5013 7.90% (1,4) 1.3238 24.80% (4,3) 

4 8967 4.72% (1,1) 

3 .1809 95% (1,3) -.1507 -2.82% (2,3) 
Least 

2 .1664 88% (2,2) -.1428 -2.68% (2,4) 
Influential 

1 .0490 26% (2,3) .0197 37% (4,2)     
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Table 18. Comparison of the angle that the singular vectors rotate for the most and the least influential 
cells of the sorghum data. 

  

  

oi o2 

7 y 1) y2 

Angle Cell Angle Cell Angle Cell Angle Cell 

] 23.77 = (5,4) 30.42 (5,4) 82.96 (4,3) 73.88 (5,4) 
Most 

2 16.85 (1,4) 27.20 (5,1) 71.37) (1,1) 72.31 = (1,1) 
Influential 

3 14.44 (3,1) 10.50 (5,2) 57.19 (5,4) 64.56 (4,3) 

3 1.29 (2,2) 1.22 (4,4) 8.27 (4,4) 2.79 = (1,2) 
Least ) 

2 97 (5,3) 57 (2,3) 4.86 (2,3) 1.98 (1,4) 
Influential 

l 38 = (2,3) 24 =—(3,4) 4.05 (5,3) 14) (2,3)     
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CHAPTER 6 - CONCLUSIONS 

In this chapter, 1 summarize the findings of this study on outliers and interaction in an unreplicated 

two-way layout. I critique my procedure, the leverage investigation and the influence study. 

Throughout this chapter, I address some areas of further research. 

The main contribution of this investigation is the development of a procedure to identify both 

outliers and rank 1 interaction in an nonreplicated two-way table. My technique appears to com- 

plement Stefansky’s test and John and Draper’s test for detecting one or two outliers, respectively. 

As long as the interaction effect is strong, my procedure performs well in locating the outlier even 

if the outlier effect is weaker than the interaction effect. The advantage of this procedure is that it 

does not rely on the largest residual like the current outlier tests, so it is able to detect an outlier that 

may be hiddened in the interaction. 

In the presence of no or mild interaction, my technique is not as powerful as either of the above 

mentioned tests. The reason for this is largely do to the power of the likelihood ratio tests for 

testing the significance of 4; in the additive-plus-multiplicative model. If all 2;= 0, then the data 

would not be examined for nonadditivity. However, rotating the singular vectors frequently un- 

covers the outlier effect even if 2, is nonsignificant. This suggests that the procedure can be used 

as a exploratory tool to look for potential outliers. 

CHAPTER 6 - CONCLUSIONS 116



As mentioned in the simulation of two outliers and interaction, section 3.6.3, occasionally the first 

two singular values are not significant whereas the third singular value is significantly different from 

zero. Usually, this occurs because three nonadditive effects of similar magnitude are present in the 

data which in turn produce three singular values close in value. According to Milliken and Johnson 

(1989), these data should not be analyzed for nonadditivity because two consecutive nonsignificant 

test results appeared. The high power of the procedure in these circumstances indicates that many 

samples would have been overlooked had this recommendation been followed for detecting outliers. 

An appropriate way to handle this situation might be to plot the values of the singular values 

against the order of the components to reveal the relative closeness of the J,s. If the first three 

singular values appear to clump together compared to the remaining singular values, then my pro- 

cedure can be implemented to investigate the nonadditivity. 

I study the performance of my procedure to detect an outlier and interaction (3.6.1), two outliers 

(3.6.2) and two outliers and interaction (3.6.3). In all simulations the interaction effect is rank 1. 

I do not present any results for the case where the nonadditive term is composed of two interaction 

effects, ie., rank 2. This is because the procedure does not work well in distinguishing two complex 

interaction factors. The Givens rotation is designed to zero a particular element of a singular vector 

and place all the weight on the opposing element of the same row, [r 0]. This method functions 

well in identifying the row (or column) location of the outlier. It could also be used to separate 

simple interaction, 1.e., interaction that is confined to either a row or column of a two-way table. 

Interaction that has a more complicated form, eg., linear, quadratic, etc., would not benefit from 

this method. Several researchers have tried using factor analysis in this situation, however they have 

been unable to produce any interpretative results (Johnson 1990, personal communication). This 

problem needs further investigation and solving it would make a tremendous contribution to the 

statistical community. 

During this study of outliers and interaction in a two-way setup, I briefly investigate the topics of 

leverage and influence. I extend the leverage tables for an additive-plus-multiplicative model of rank 

1 (Emerson et al., 1984) to a rank k model. However in practice, these tables of rank k are not 
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useful since they depend upon knowing the true value of the outlier effect, 8. A computational 

form for leverage was developed by Emerson et al. for the rank 1 model which did not rely on 6, 

but I could not devise a similar formula for the rank k model. Further research in this area might 

produce a form for the rank k model which does not depend on knowing 6. 

I look into the effect deleting an observation in an unreplicated two-way table has on the estimated 

parameters of the additive-plus-multiplicative model. Influential observations frequently occur in 

cells whose row and column location in the left and right singular vectors have large weights. 

However, sometimes an influential observation does not adhere to this pattern. This reminds me 

of how complex a data structure can be in a two-way table. 

Lastly, my entire examination of outliers and interaction focuses on data in an unreplicated two- 

way table. I did not study any three-way tables or more sophisticated designs. The ability to detect 

both outliers and interaction needs to be investigated for nonreplicated designs in general. 
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Appendix A. Givens Rotation - Case 3 

A rotation when @; (or @2) is not in rowi ork, say row m. 

Recall that the mth row of 7 is: 

| 26 | 
—————— 

J 2r(r = 2)05 

where: 

m #iandm<¢k, 

therefore 

  

  

—20; 

./ 2nr — 2)07 0 
SIN §= rr = 284 COS @= = 

07 + _ ve; and p42 
2n(r — 2)07 ar(r — 2) 

Now rotate t by the appropriate Givens rotation: 
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In general, rotating t with a Givens rotation tailored to zero the second element in row m, generates 

ar x 2 matrix whose first column is a contrast between the two rows, 1 and k, containing outliers 

verses the remaining rows and whose second column is a contrast between row 1 and row k. In this 

case developed above, rotating t merely switched the order of the singular vectors since the neces- 

sary contrast already existed. 

Recall Example 2- 

8,=S5isinrow 1, 6,=8 is in row 5 and 

—.4924 

—.1179 

t=|—-.1179 

—.1179 

  8461 

therefore 

SIN @=.9464 and COS @ = —.3229. 

Now, rotating t by this rotation yields: 
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When r= 5, this result is equal to the general result derived for 8, = 02: 
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Appendix B. The Relationship between Interaction 

and Outlier Tests 

The purpose of this section is to demonstrate the equivalence in expectation between Johnson and 

Graybill’s (1972) statistic for inclusion of the interaction term, 4,1),1,, in an additive model and 

Stefansky’s test statistic for rejection of a single outlier in an unreplicated two-way table. 

Theorem 1. 

The test statistic, A‘ (Johnson and Graybill), is related to the maximum normed residual, |Z| 

(Stefansky), in expectation by the following equation: 

* 

A‘ = (ZI. [B.1] rc 
(r — 1)(c— 1) 

Proof: 
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Now, 

Therefore, 

and 
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Using equation [3.2.2] 
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‘ref 1)? AM =Trayerp (Zi). 
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