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(ABSTRACT) 

This study deals with the vibration and stability analyses of laminated plates 

and shells, using classical, first-order and third—order equivalent single—layer 

theories and the layer—wise theory of Reddy. Analytical solutions of these theories 

for natural frequencies and critical buckling loads of plates and shells under various 

boundary conditions are developed using an improved analytical procedure. A 

solution for the transient response of viscously damped cross—ply laminated plates, 

subjected to a sonic—boom type loading, is developed using the third—order shear 

deformation plate theory of Reddy and the first-order shear deformation plate 

theory. 

The nonlinear dynamic equations of the first-order shear deformation plate 

theory and the third-order shear deformation plate theory of Reddy are 

reformulated in terms of a pair of equations describing the interior and the 

edge—zone problems of rectangular plates laminated of transversely isotropic layers. 

The pure—shear frequencies of the plate in linear and nonlinear problems are 

identified from the edge—zone equation. For certain boundary conditions the 

original system of equations are reduced to three in number, as in the classical plate 

theory. 

The frequency and buckling equations of symmetric plates laminated of 

transversely isotropic layers are obtained using the Levinson’s third—order shear 

deformation plate theory. Using the interior and the edge—zone equations, the



frequency and buckling equations are also obtained according to the first—order 

shear deformation plate theory. The solution contribution of the edge—zone 

equation is analyzed. By introducing a mixed approach, the bending problem of 

laminated plates with various boundary conditions is studied according to the 

first—order and Reddy’s third-order shear deformation plate theories.
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CHAPTER I 

INTRODUCTION 

1.1 Motivation 

The expanded use of fibrous composite materials in aircraft, automotive, 

shipbuilding, and other industries has stimulated interest in the accurate prediction 

of response characteristics of laminated plates and shells. 

While composite materials offer many desirable structural properties over 

conventional materials, they also present challenging technical problems in the 

understanding of their structural behavior. Most of the advanced composites in use 

to date have a low ratio of the transverse shear modulus to the in—plane modulus, 

and, therefore, the transverse shear deformation plays a much more important role 

in reducing the effective flexural stiffness of laminated plates and shells made of 

these composites than in the corresponding metallic ones. 

One of the important steps to develop accurate analysis of composite 

structures is to select a proper structural theory for the problem. It has long been 

recognized that classical two—dimensional (single-layer) plate and shell theories 

yield accurate results only when these structures are thin, the dynamic excitations 

are within the low-frequency range, and material anisotropy is not severe. 

Laminated plates and shells are modelled according to one of the following 

three classes of theories: 

1. Equivalent single-layer, 2—D shear deformation theories 

2. Layer—wise, 2—D shear deformation theories 

3. Continuum—based, 3—D and 2—D theories 

In the past couple of years, increased interest is seen in the use of single—layer and



layer—wise shear deformation theories for the study of bending, vibration and 

stability problems of laminated plates and shells. 

Although the two-dimensional single-layer and _ layer—wise shear 

deformation theories are adequate for predicting the gross response characteristics of 

laminated plates and shells, only in a relatively few cases analytical results are 

obtained. In most cases, the studies were limited to special boundary conditions 

and the classical theory. Often, approximate procedures such as the Ritz, Galerkin, 

finite difference, and finite element methods are used to develop numerical results. 

These procedures, if properly used, will approach the exact solutions as closely as 

desired when sufficient terms or degrees of freedom are retained in the solution, 

although the roots of very large determinants may be required. The standard 

procedure for determining theoretical values of natural frequency and critical 

buckling load is to solve a mathematical eigenvalue problem, that is, a problem 

governed by differential equations and boundary conditions, all of which are 

homogeneous. The difficulties in finding exact closed—form solutions in vibration 

and stability problems of laminated plates and shells are: i) bending—stretching 

coupling due to material anisotropy, ii) the order and number of governing 

equations involved in the transverse shear deformation theories, and iii) in—plane 

and rotatory intertia terms present in the refined theories. 

In the next section, the existing single-layer and layer—wise shear 

deformation plate and shell theories are reviewed, which will provide a background 

for the present study.



1.2. Various Theories—A Review 

It is well known by now that the classical theory of plates introduced by 

Kirchhoff and extended to composite laminates in [1-8], is inadequate in modelling, 

especially dynamic aspects of, laminated composite plates. The Kirchhoff 

assumptions amount to treating plates to be infinitely rigid in the transverse 

direction by neglecting transverse strains. This theory underestimates deflections 

and overestimates natural frequencies and buckling loads. In addition, the classical 

plate theory is plagued with the inconsistency between the order of the governing 

equation and the number of boundary conditions (see Stoker [9]). Since the 

transverse shear moduli of modern composite materials are usually very low 

compared to the in—plane moduli, the transverse shearing strains must be taken into 

account if an accurate representation of the behaviour of the laminated plate is to 

be achieved. 

Numerous plate theories which include transverse shear deformations are 

documented in the literature. The shear deformation plate theories known in the 

literature can be grouped into two classes; (1) stress—based theories, and (2) 

displacement—based theories. The first stress—based shear deformation plate theory 

is due to Reissner [10-12]. The theory is based on a linear distribution of the 

in—plane normal and shear stresses through the thickness of the plate as 

M, 2 M 2 M,. 2 (1 1) 
c= Z, 0. = — Z, 0. = — Z. - 

x(n? 62? ¥ (m2 yey? XY (276) 8 

Here ( T3Fy) and o,_ are the normal and shear stresses, (M,,M,) and Myy are the 
y 

associated bending moments (which are functions of the in—plane coordinates x and 

y), |z| < h/2, and h is the total thickness of the plate. The transverse stresses O73



Ty) yz 

elasticity theory: 

and a, are then obtained by integrating the equilibrium equations of the 3—D 

Q Q 
Or, = CTS EEA) ye = Ray LEO) 

dQ, aQ 
Oz ~F(g*+ woe -34 2)", (1-2) 

where the shear stress resultants Q, and Q, are related to the bending moments 

M., M., and M__ by the relations 
x y xy 

OM, OM, OM, gM 
Q. = ait th Q, = G+ gt (1-3) 

The governing equations and the associated boundary conditions of the theory are 

then obtained by using the principle of virtual forces. Gol’denveizer [13,14] 

generalized Reissner’s theory by replacing the linear variation of stresses (1—1) 

through thickness by a general function of the thickness coordinate. Recently, 

Voyiadjis and Baluch [15,16] presented a stress—based theory that is a modification 

and extension of Reissner’s theory to dynamics of isotropic plates and bending of 

composite plates. Kromm [17,18] developed a shear deformation theory that is a 

special case of Gol’denveizer’s extension of Reissner’s theory. The displacement 

field in Kromm’s theory is of the form;



ri
 

| < | N Si
rs
 

+ 

bd 

N _
 | 4 2 

z)y 
she Y 

Ug = Ww (1-4) 

where wu, v, W, Yrs and Py are displacement functions which are functions of 

in—plane coordinates x and y. The displacement field (1—4) is determined so that 

the stress-free boundary conditions on the bounding planes of the plate are 

satisfied. A mixed approach is also presented by Reissner [19,20] where both 

assumed—displacement and assumed-—stress expansions are used. ‘The governing 

equations are obtained by means of the mixed or Reissner’s variational principle. 

The origin of displacement—based theories is attributed to Basset [21], who 

proposed that the displacement components be expanded in series of powers of the 

thickness coordinate z. For example, the displacement component Uy along the 

x—direction in the N—th order theory is written in the form 

y hy(2) u, (x,y,z) = u(x,y) + 4 zy, ’(x,y) (1-5) 

where the functions ght) have the meaning 

dnu 
1 1 b)(x,y) =; — Ba OP. (1-6) 

Z—= 

  

Basset’s work has not received as much attention as it deserves. Hildebrand, 

Reissner, and Thomas [22] presented, following the work of Basset [21], a first-order 

shear deformation theory for shells with the following displacement field [a special



case of Eq. (1-5) when N = 1]: 

u, (x,y,z) = u(x,y) + 29, (x,y) 

up(%y.2) = v(x) + 204359) 
Ua(x,y,z) = w(x,y). (1-7) 

The governing equations of the theory are then derived by using the principle of 

minimum total potential energy. This gives five equilibrium equations in the five 

generalized displacement variables u, v, w, Ys and Py: 

The first-order shear deformation plate theory (the phrase was first 

introduced by Reddy [23]) is based on the displacement field (1-7) and is often 

known as the Mindlin Plate Theory. Mindlin [25] extended Hencky’s theory [24] of 

isotropic plates to the dynamic case. Historical evidence (from the review of the 

literature) points out that the basic idea of the displacement—based shear 

deformation theory came from Basset [21] and Hencky [24]. Mindlin should 

however be credited with the extension to the dynamic case. The first—order shear 

deformation theory yields a constant value of transverse shear strain through the 

thickness of the plate, and thus requires shear correction factors. The shear 

correction factors are dimensionless quantities introduced to account for the 

discrepancy between the constant state of shear strains in the first-order theory and 

the quadratic distribution of shear strains in the elasticity theory. For composite 

laminates, the shear correction factors, in general, depend on the constituent ply 

properties, lamination scheme, and type of structure (i.e., geometry and boundary 

conditions) [26—28]. 

Stavsky [29] extended the first-order shear deformation theory of isotropic 

plates to plates laminated of isotropic layers. The work was extended to anisotropic 

laminated plates by Yang, Norris, and Stavsky [30]. Following these works,



higher—order displacement—based theories have also been documented in the 

literature [31-52]. In these theories, the three components of the displacement 

vector are expanded in power series of thickness coordinate and in terms of unknown 

generalized displacement functions: 

u,(x,y,z,t) = u? + not + 2° 4° + 2° g° +... 
1 1 1 1 

1 2 42 33 
Up(x,,y,2,t) =vo+ 20. +2 $5 +2Z Po +... 

Ug(x,y,2,t) =wt 2$3 + 2" $6 +... (1-8) 

where uw’, v°, w, and ot are functions of time and in—plane coordinates x and y. 

Generally, these higher-order theories are cumbersome and computationally 

demanding because with each additional power of the thickness coordinate an 

additional dependent unknown is introduced (per displacement component) into the 

theory. 

In the third—order theories [38-47], the series (1-8) are truncated such that 

the displacement field is: 

O 1 2,2 343 u (%y2t) = uy + 2¢, +2 oy +2 ey 

u,(x,y,2,t) = us (a = 1,2) (1-9) 

By satisfying the transverse stress—free boundary conditions on the bounding planes 

of plate, the number of the unknown functions in (1-9) is then reduced to five, and 

the displacement field becomes [38-47], 

_ ,,0 py 0 u (x y,2,t) =u,t+ f(z), ZU3 gy 

0 
U9(x,y,,2,t) = Us (1-10a)



where 

f(z) = [1-3 "lz. (1-10) 

In the displacement—based theories, two different approaches are generally 

adopted to derive the governing equations of a plate [48]: one is called the 

variational approach, which is based on the principle of virtual displacement (see 

[38,41,44,48]); the other one is referred to as the vectorial approach (or the method 

of moments), which involves integration of 3—D elasticity equations. In principle, 

the two approaches can yield the same governing equations if one has the foresight 

to select the weight functions properly using the vectorial approach. This has been 

demonstrated in [48] for the displacement field (1-10) and a general class of weight 

function, f(z). Equations of motion of the first-order shear deformation theory 

provide an example where the two approaches are known to yield the same result. 

However, the third—order theories developed (based on (1—10)) by Jemielita [39], 

Schmidt [40]. Levinson [42], Murthy [43], and Librescu and Khdeir [46,47] are 

inconsistent in the sense that the equilibrium equations of the first—order shear 

deformation theory are used as the governing equations of a third—order theory. As 

a consequence, the higher—order terms of displacement field in (1-10) are accounted 

for only in the calculation of the strains but not in the governing differential 

equations or in the boundary conditions. 

Recently, Reddy [49] showed that most of the third—order theories [38-47] 

that satisfy vanishing of transverse shear stresses on the bounding planes of a plate 

are not new but duplicates of other theories. More explicitly, it is shown in [49] 

that all third—order theories [38,40-44], which are based on the virtual displacement 

principle, are identical and the ones based on the equations of motion of first—order



shear deformation theory are the same. In addition, the latter ones can be obtained 

as a special case of the former ones. Reddy [38,50,51] is the first one (see (49]) to 

develop the equilibrium equations of a third—order shear deformation theory for 

composite laminates, based on the displacement field similar to (1—10) and using 

the principle of virtual displacements. The displacement field adopted by Reddy in 

[38,50,51] is: 

0 
u, (x,y,2,t) =u + {(z) 9, ~ EL

 

AP
 

3 
a?
 ug(xy.et) = v° + f(z)9, — re z 

oo
 

u,(x,y,2,t) =W (1-11) 

where Th v°, W, Y,, and Py are functions of time and in—plane coordinates x and y. 

The theories presented in [38,50] are for small—deflection and 

large—deflection theories, respectively, while that in [51] accounts for moderately 

large rotations but is limited to orthotropic plates (see also [52]). Vlasov [53] is the 

first one to develop the third—order displacement field (1-11) that satisfies the 

stress—free boundary conditions on the top and bottom planes of a plate. Jemielita 

[39] considered the more general case of satisfying non—zero transverse stress state 

on the bounding planes of the plate [the displacement field (1—10) is a special case of 

that considered by Jemielita (39]]. The technical note of Krishna Murty [54] 

suggested a general, higher—order, displacement field of the type (1-11). In a recent 

paper, Krishna Murty [55] introduced a modification to the displacement field in 

(1-11) by splitting the transverse deflection into two parts: w = Wy + W,, one due 

to bending and another due to shear. Such a representation was suggested by
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Huffington [56] in a 1963 paper on beams. All of the above first-order and 

higher-order shear deformation plate theories are referred to as equivalent 

singlelayer 2—D theories. These theories provide improved global response 

estimates for deflections, vibration frequencies, and buckling loads of moderately 

thick composites when compared to the classical laminate theory. Although the 

three—dimensional theories give more accurate results than the 2—D classical and 

shear—deformation theories, they are intractable. For example, the local theory of 

Pagano [57] results in a mathematical model consisting of 23N partial differential 

equations in the midplane coordinates of the laminate and 7N edge boundary 

conditions, where N is the number of layers in the laminate. Because the refined 

shear—deformation theories give as accurate a global response as _ the 

three—dimensional theory but is computationally less demanding, they are 

considered for problems not involving regions of acute discontinuities. 

Recently, Reddy [58] developed a displacement—based theory in which the 

three—dimensional elasticity theory is reduced to a layer—wise two—dimensional 

laminate theory. In this theory [58,59,60], the displacements (U, Us.) at a point 

(x,y,z) in the laminate are assumed to be of the form 

N 
u, (x,y,2,t) =u(x,y,t)+ ¥ U sCayst) (2) 

j=l 

N 
up(x,y,2z,t) = v(x,y,t) + 2 V joy) 6,(2) 

j=l 

N 
Us(x,y,2,t) = w(x,y,t) + 2 W (9,4) 9;(2) (1-12) 

j=l
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where N is the number of layers in the laminate and 0; and p; are known functions 

of thickness coordinate z. The functions ; and %; are piecewise continuous 

functions, defined only on two adjacent layers, and can be viewed as the global 

Lagrange interpolation functions associated with the Jth interface of the layers 

through the laminate thickness. Because of this local nature of g; and Ris the 

displacements are continuous through the thickness but their derivatives with 

respect to z are not. This implies that all transverse strains will be discontinuous at 

layer interfaces, leaving the possibility that the interlaminar transverse stresses 

computed from constitutive equations can be continuous. The inplane strains will 

be continuous but the inplane stresses will be discontinuous at layer interfaces 

because of the difference in material properties of adjacent layers. In Eqs. (1—12), 

(u,v,w) are the displacements of a point (x,y,0) on the reference plane of the 

laminate, and U, V, and W are functions that vanish on the reference plane: 

U(x,y,0,t) = V(x,y,0,y) = W(x,y,0,t) = 0 (1-13) 

The principle of virtual displacements is used to derive a consistent set of 

differential equations governing the equilibrium of a laminate composed of N 

constant thickness orthotropic laminae; the material axes of each lamina are 

arbitrarily oriented with respect to the laminate coordinates. The theory results in 

(3 + 3N) unknown variables and as many differential equations in two dimensions. 

Surveys of various shell theories can be found in the works of Naghdi [61] and 

Bert [62], and a detailed study of thin ordinary (i.e., not laminated) shells can be 

found in the monographs by Kraus [63], Ambartsumyan [62], and Vlasov [65]. 

Many of the classical shell theories are developed originally for thin elastic shells,
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and are based on the Love~—Kirchhoff assumptions (or the first approximation 

theory): (1) plane sections normal to the undeformed middle surface remain plane 

and normal to the deformed middle surface, (2) the normal stresses perpendicular to 

the middle surface can be neglected in the stress—strain relations, and (3) the 

transverse displacement is independent of the thickness coordinate. The first 

assumption leads to the neglect of the transverse shear strains. These theories, 

known as the Love’s first approximation theories (Love [66]) are expected to yield 

sufficiently accurate results when: (i) the lateral dimension—to—thickness ratio (a/h) 

is large, (ii) the dynamic excitations are within the low-frequency range, and (iii) 

the material anisotropy is not severe. However, application of such theories to 

layered anisotropic composite shells could lead to as much as 30% or more errors in 

deflections, stresses, and frequencies [67]. 

Ambartsumyan [64,68] was considered to be the first to analyze laminates 

that incorporated the bending—stretching coupling due to material anisotropy. The 

laminates that Ambartsumyan analyzed are now known as laminated orthotropic 

shells because the individual orthotropic layers were oriented such that the principal 

axes of material symmetry coincided with the principal coordinates of the shell 

reference surface. In 1962, Dong, Pister, and Taylor [69] formulated a theory of 

thin shells laminated of anisotropic material. Cheng and Ho [70] presented an 

analysis of laminated anisotropic cylindrical shells using Flugge’s shell theory [71]. 

A first approximation theory for the unsymmetric deformation of nonhomogeneous, 

anisotropic, elastic cylindrical shells was derived by Widera and his colleagues 

[72,73] by means of asymptotic integration of the elasticity equation. For a 

homogeneous, isotropic material, the theory reduced to Donnell’s shallow shell 

theory [74]. All of the aforementioned works are based on Love—Kirchhoff’s
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hypotheses in which the transverse shear deformation is neglected. An exposition of 

various shell theories can be found in the articles of Bert [62] and Librescu [75]. 

The effect of transverse shear deformation and transverse isotropy as well as 

thermal expansion through the shell thickness were considered by Gulati and 

Essenberg [76] and Zukas and Vinson [77]. Dong and Tso [78] presented a theory 

applicable to layered, orthotropic cylindrical shells. Whitney and Sun [78] 

developed a higher—order shear deformation theory. This theory is based on a 

displacement field in which the displacements in the surface of the shell are 

expanded as a quadratic function of the thickness coordinate. Reddy [80] presented 

a shear—deformation version of the Sanders shell theory for laminated composite 

shells. Such theories account for constant transverse shear stresses through 

thickness, and therefore require a correction to the transverse shear stiffnesses. 

Third—order shear deformation shell theories are also developed by Reddy 

and Liu [81], Bhimaraddi [82], and Librescu et al. [83] all based on a displacement 

field similar to (1-11). In these works, the stress—free boundary conditions on the 

bounding planes of the shell are satisfied and, therefore, the number of governing 

equations are five in total (the same as in first-order shear deformation shell 

theory). In [83], the equations of motion of first-order shear deformation shell 

theory are used to derive the governing equations of the third—order theory, whereas 

in [81] and [82], the governing equations are developed from the principle of virtual 

displacements. Recently, the layer—wise 2—D plate theory developed in [58-60] is 

extended by Barbero and Reddy [84] to a laminated cylindrical shells. 

Applications of first-order and higher—order shear deformation plate and 

shell theories in solving static, stability, and vibration problems are numerous. 

Salerno and Goldberg [85] reformulated the Reissner Theory [10—12] in terms of a
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fourth-order equation (known as interior equation) governing the transverse 

deflection and a second-order equation (known as edge—zone equation) describing 

the edge effect. They applied the equations to static bending problems of a 

homogeneous isotropic plate with simply—supported edges and a plate having two 

opposite edges simply supported. The bending of homogeneous transversely 

isotropic plate with simply—supported edges are also considered by Ambartsumyan 

[i]. The Levy—type problem (where two opposite edges of a plate are assumed to be 

invariably simply—supported) of the same plate is also considered in [1]. The 

remaining two edges were assumed to be either simply—supported or clamped 

(fixed). The Navier solution where all of the edges are assumed to be 

simply—supported, and Levy—type solutions of thick homogeneous isotropic plates 

were obtained by Levinson and Cooke [86] and Cooke and Levinson [87], 

respectively. In [86,87], the first-order theory and the third—order theory of 

Levinson [42] were used. 

The Navier solutions of the first-order shear deformation plate theory 

applied to laminated plates is due to Whitney and Pagano [88], who presented 

solutions for bending and vibration of symmetric and antisymmetric cross—ply and 

antisymmetric angle—ply rectangular plates. Fortier and Rosettos [89] analyzed the 

free—vibration of thick rectangular plates of unsymmetric cross—ply construction. 

Sinha and Rath [90] considered both vibration and buckling for the same type of 

plates. Following Whitney and Pagano [88], Bert and Chen [91] and Reddy and 

Chao [92] presented closed-form solutions for the free—vibration of 

simply—supported rectangular plates of antisymmetric angle—ply laminates. Reddy 

and Phan [93] developed the Navier solution for buckling and free—vibration 

problems of unsymmetric cross—ply and antisymmetric angle—ply plates for Reddy’s
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third—order theory [38]. Recently, Reddy et al. [94] developed a Levy—type solution 

for symmetric laminated cross—ply plates using the first-order theory. The method 

used is based on the state space concept, allowing one to generate analytical 

solutions for the critical buckling load and natural frequencies of rectangular 

laminated plates with various boundary conditions. This technique is used in a 

series of papers [94—102,46,47,83]. Khdeir, Reddy, and Librescu [95] analyzed the 

state of stress of symmetric cross—ply laminated plates using Reddy’s third—order 

theory [38], while Khdeir and Librescu [47] investigated the free—vibration and 

buckling of symmetric cross—ply laminated plates using a third—order theory 

developed in [46]. Analysis of free—vibration and buckling problems of shallow 

spherical and cylindrical panels with various boundary conditions is considered in 

[83], whereas, in [102], the same problem is considered using the third—order theory 

developed in [81]. The Navier solution is also developed in [84] for the layer—wise 

cylindrical shell theory for eigenfrequency problem and results were compared with 

those of three—dimensional elasticity problems. 

Papers dealing with the damped and undamped response of plates and shells 

are in less evidence. Librescu [103,2] obtained some conclusions concerning the 

influence of rotatory inertia terms of moderately thick rectangular plates built up of 

a transversely isotropic material. Forced—motion of impulsively loaded 

homogeneous isotropic rectangular plate was considered by Reismann and Lee [104] 

using the first-order theory (also known as Mindlin’s theory). Dobyns [105] 

presented an analysis of simply—supported symmetric cross—ply plates subjected to 

static and dynamic loads using the first-order shear deformation theory. Sun and 

Whitney [106,107] analyzed the response of anisotropic plates in cylindrical bending 

using the first-order theory. Birman and Bert [108] considered the response of a
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simply—supported antisymmetrically laminated angle—ply plates to explosive blast 

loading using the first-order theory. In the analysis, the in—plane and rotatory 

inertia terms were omitted. Khdeir and Reddy [109] considered the response of 

symmetric cross—ply plates using the third-order theory of Reddy [38]. By 

assuming the exact form of the spatial variation of the solution, the governing 

equations of the plate were reduced to a system of ordinary differential equations in 

time which were analytically solved by the state space concept utilized in 

[94-102,46,67,83]. The same technique was used by Khdeir and Reddy in [110] to 

analyze the forced—motion of antisymmetric cross—ply laminated plates. Dynamic 

response of a homogeneous orthotropic shell due to line and patch loads is 

considered by Cederbaum and Heller [111] using the first-order shear deformation 

shell theory. There exist numerous other works (e.g. see [112,113]) pertinent to 

undamped transient analysis of plates and shells where shear deformation theories 

are used. 

The review of the literature clearly reveals that the following topics related 

to the stability and vibration problems of laminated plates and shells have not been 

considered or closely examined: 

e The study of damped response of laminated plates and shells using the 

first-order and third—order shear deformation theories with in—plane 

and rotatory inertia terms included 

° Stability and eigenfrequency problems of laminated shells with 

various boundary conditions using the layer—wise theory of Reddy. 

° Uncoupling of linear and nonlinear dynamic equations of variationally 

consistent third—order shear deformation plate and shell theories into
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interior and edge—zone equations and determination of pure—shear 

frequencies 

Analytical solutions of buckling and eigenfrequency equations of 

laminated plates with various boundary conditions using the 

first—order and third—order theories 

Analytical solutions of forced—vibration problems of laminated plates 

with various boundary conditions using the first-order and 

third—order theories 

A general analytical technique for solving stability and eigenfrequency 

problems of laminated shells and plates having Levy—type boundary 

conditions 

Levy—type solutions of bending problems of laminated plates using a 

variationally consistent third-order shear deformation theory 

1.3. Objectives of the Research 

The major objectives of the present study are identified as follows: 

1. Development of an analytical technique for the solution of 

eigenfrequency and buckling problems of thick and thin laminated 

shells and plates with various boundary conditions using single—layer 

and layer—wise shear deformation theories. 

Development of a solution methodology for damped vibration analysis 

of composite laminates using higher—order shear deformation theories. 

The procedure will be applicable to both self—adjoint and 

non—self—adjoint equations, and in—plane inertia terms, rotatory
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inertia terms, and sonic boom and blast type loading will also be 

included in the analysis. 

3. Reformulation and uncoupling of linear and nonlinear dynamic 

equations of shear deformation theories of plates laminated of 

transversely isotropic layers into interior and edge—zone equations. 

The pure—shear frequencies of plates will be identified and the five 

governing equations of the theories will be reduced to three (as in the 

classical theory) for certain boundary conditions. 

4. Determination of frequency and buckling determinants and equations 

of plates laminated of transversely isotropic layers and with various 

boundary conditions. The results will be obtained within the 

third-order and first-order shear deformation theories by using the 

full system of equations and interior and edge—zone equations. 

5. Solution of bending problems of transversely isotropic plates with 

various boundary conditions will be obtained with the help of interior 

and edge—zone equations of a variationally consistent third—order 

shear deformation theory. 

These objectives constituted a topic for this dissertation. The details of this 

study are included in the forthcoming chapters. While analytical solutions are 

presented for a number of cases, actual numerical results are presented only for 

some typical cases.



CHAPTER i 

FORMULATION OF EQUIVALENT SINGLE—LAYER 
PLATE AND SHELL THEORIES 

Throughout this study the following theories are considered: i) the nonlinear 

equations of the third-order shear deformation theories of plates and shells 

developed by Reddy [50] and Reddy and Liu [67], ii) the first-order shear 

deformation theories of plates and shells, iii) the third-order shear deformation 

plate theory of Levinson [42], and iv) the generalized layer—wise shell theory 

developed in [84]. The equations of the first-order theory can be obtained as a 

special case from those of the third—order shell theory of Reddy and Liu [67]. We 

start our study by presenting the geometrically nonlinear third—order theory of 

laminated shells developed in [67]. 

2.1 Kinematics of a Shell 

The displacement field, for a doubly—curved shell with principal radii of 

curvature R, and Ro, in the third-order shear deformation shell theory (TSDST) of 

Reddy and Liu [67] is assumed to be 

By (Xp Xps6t) = (1 + a + 6, + AC, +84, 

U(X .X>,6t) = (1 + th + bby + AE" py + E70, 

Ua (Xj Xo,6,t) = W(X, ,Xp,t) (2-1) 
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where u, v, oy po Y11 Po) 6, and a5 are functions of X11 Xo and time t only; x1 

and Xo are the coordinates lying on the middle surface of shell, € is the coordinate 

normal to the middle surface of the shell, and X is a tracer equal to 1 in TSDST and 

0 in the first-order shear deformation shell theory (FSDST). In TSDST, by 

satisfying the transverse stress—free boundary conditions on the bounding surfaces of 

the shell, the displacement field (2-1) is reduced to 

_ 4 43 Ow w= (1+ Ret fb 95 OG, + Be) 

4 43 Ow 
Uy = (1 + f+ 6b5 —A—x F ($5 + 3,-) 

2 3h 2 

Us = W (2-2) 

where h denotes the total thickness of the shell. 

2.2 Equations of Motion 

Using the principle of virtual displacements and assuming that 

1. the thickness of the shell is small compared to the principal radii of 

the curvature (i.e., h/R, and h/R, << 1), and 

2. the transverse normal stress is negligible, 

the equations of motion of shallow elastic shells developed in [67] can be expressed 

as, 

ON, Og  . 4 =—- 
ox, + ox, = Li + To9, _ 4% x, (2—-3a)
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(2-3b) 

= Tou + T3, _ Tew x (2—3c) 

= Inv + T4¢5 — Taw (2-3d) 

vp, OP, N, Ny 9 N, ! + 2 + J-po-—-p- +P, + N(u,v,w) 
h? ax! OX OXo ax’ R, Ro' 2 

)+1,w-—I.(w +W 1 7 XX} XoXo 
=T,u. +v 

4 Xy Xo x) t T5(P1 x, +4, 

(2—3e) 

where 

ow Ow _ _9 d
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To be more consistent with assumption 1, the mass terms in Eqs. (2—3) are slightly 

modified from those given in [67]. The stress resultants in Eqs. (2-3) and (2-4) are 

expressed in terms of the strain and curvature components as 

N.= A. 5S + B, is + E. 5 

M. = B..e + Disa + By: Ke 
i ij 'j 

2... P. = E. F. H. —12 ~ if t nj t ‘ij (i,j = 1,2,6) (2-5) 

Qo = Agee + D Pa 
4} J 4j*j 

Q, = Agiey + Dg. t 
5j"j 

K, =D, § + Fy ; 

K, = D556) + Fs in (j= 4,5) (2-6) 

where Aiy Bi, etc. are the laminate stiffnesses, 

Ap Bp Pip Pigg 

= ay WLC APae (i= 1.2.4,5,8) (2~7) 
oct
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In Eqs. (2—5) and (2-6) a repeated index indicates summation of terms over all 

values of that index. In the first-order shear deformation shell (and plate) theories 

the rigidity terms Ai for i,j = 4,5 are replaced by KK AG where K. are the shear 

correction factors. Also the strain and curvature components in Eqs. (2—5) and 

(2-6) are 

0g g 2 
o. du Ww 1,dw \2 0 1 2 4 1, OCw 

€, = + + »h, = K =—)}) + —~ 

1 dk, * Ry 7 (Gx,) 1 6x1 ane OX ax? 

Og g 
oo. OW WwW 1,dw \2 0 2 4 2 w 

Eg = + + = » A =—x + 2— tk, + Ry 2 (x, Ky = Fm Mg one (Ox, re 

= by + Fas M4 =~ A Sy (de + Fe) 

_ Ow 1 4 Ow 
65 = Ot xp = Ag (A + ox) 

o_o, bu | Ow ow 0 _ 9 | Fy 
6° Gk, * Ok, * Ixy xy’ “6 ~ Gk, * Tk, 

8b, a6 2 4 2%, 9, 
ana Ay gee git 2 ete) (2-8) 

+ 4. => 4 4 \2 I, =1,-A—sl,, la =lp—-A—w le + A (5) 272743 oe 13348 ane
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= 4 = 4 4 = 4 2 T, =A—51,, Te = Ay (Ie ——4y I), Tp = A (45)"I (2-9) 
a= Agate tgs Aga ls~ ath brs A Gat 

where 

nN &k 
(Ilplglylety) = Ef Me AP)ae (2-10) 

kal O41 

In Eqs. (2-7) and (2-10), N denotes the total number of layers and att ) and ok) 

are the reduced stiffnesses and mass density of kth layer of the shell (see [67]). 

2.3 Boundary Conditions 

The boundary conditions of a shell with rectangular planform involve the 

specification of 

u or Ny (2-11) 

Vv or Ne (2—11b) 

b1 or M, -A\—“5P, (2-11c) 
3h 

bo or Mg -—*5 Ps (2-114)
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or 
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or 

or 

OT 

25 

a, -r8yk, tay (qt e2 gd h she O%4 Xo 

(2—1le) — Tu — Txo, + 1x, 

(2-111) 

  

Ng 

No 

4 M.—-\—x P 6 ABs 

My ~\—“5 Py 
3h 

ap ap 4 4 2 6 Qo -AzK, +A (4a + 25—) 
2 he 2 3h2 OX. OX,
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Wx, or Py (2-12) 

at x5 = 0 and b. 

The equations of motion and boundary conditions of the first-order shear 

deformation shell theory (FSDST) can be obtained from Eqs. (2-3) through (2-12) 

by letting X = 0. The equations of motion of the classical shell theory (CLST) can 

be obtained from those of FSDST by letting ¢, = - 9* and ¢, =-9*. Also in 
1 2 

FSDST only the first five boundary conditions in Eqs. (2-11) and (2-12) are 

imposed. Equations (2-3) can be specialized to spherical shells, cylindrical shells, 

. 1 . 
and plates by setting R, = Rj = R, R, = R and ,— = 0 (the x,—axis is taken along 

1 2 2 Ry 1 

the generator of the cylinder), and zx = = = 0, respectively. In the next chapter 
1 2 

we will formulate the layer—wise and the generalized layer—wise shell theories [84]. 

The third—order shear deformation plate theory of Levinson will be considered in 

Chapter VIII.



CHAPTER Hl 

FORMULATION OF LAYER—WISE AND GENERALIZED 
LAYER—WISE SHELL THEORIES 

In this chapter we present the layer—wise shell theory and the generalized 

layer—wise shell theory developed in [84] with a slight modification in the assumed 

displacement field. The formulation will be developed for circular cylindrical panels 

and shells with radius R. 

3.1 Displacements and Strain—Displacement Relations 

In the layer—wise shell theory (LST) we assume that the displacement 

components in a laminated shell have the form 

N+1 j ; 

U, (x, ,X9,2) =. y u (x, ,X5) (2) 

N+1 j 
Uy(X, .X5,2) = 21 Vv (x, ,X5)¢(2) 

Ua (Xj Xo,2) = W(X, Xo) (3-1) 

where N denotes the number of layers and ¢ are known shape functions defined in 

Fig. 3.1. In LST we assumed that the radial displacement is constant throughout 

the thickness of the shell. In the generalized layer—wise shell theory (GLST) we 

remove this assumption and let 

N+1 j ; 
U, (X} ,Xo,2) = i u (x, ,X5) (2) 

27
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N+1 j ; 

Uy (X} ,Xo,2) = 1 Vv (x1,X_) H(z) 

N+1 

Ug(x,, X52) = oy Ww Joc sx 3) (2) (3-2) 

Assuming that the normal coordinate z << R, the strain components at a generic 

point of the shell are related to U,> Uo and Ug as 

du, Ny Us du. 
€ = € = + € = 
11 Ox,’ 22 OX5 R’? 33 dz 

uy dus Us du, du, Gu, 

= a, + Fe 129 = at Fi R 713 >= +a (3-3) 

The strain—displacement relations in LST and GLST are obtained, respectively, by 

substituting Eqs. (3-1) and (3-2) into Eqs. (3-3): 

LST: 

Nt+l | . NF . 

q,= 2 wy, ee gh TRY 1 2 Mixy? 22 = oo % R 

N+1 . . N-+1 
_ j y15o= Dw se YF vi g¢ = 0 12 j=l ja. ™% 33
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N+1 jd j (3-4) 
Ya=w, + Xu dg 3-4 

13 xy j= Zz 

GLST: 

Nil ig Nv . . N+ ig 
1 

€ ye Eng = vi gt 7 wis 11> ja" 22> 52 » LX iB 

N+1 . . Nyl . N+1l - aaj 
No = » we pt yw ¢°, Egg = yw ag 

jal *%2 j=l ™%4 j=l 

N+1 .,,j N+l . .: Nt d j Yon = & vide yw ge gl 23 jar 9% * jay % ,R 

N+1 .,,j N+l1 . . 
“g= 3 wie, zw gd (3-4) 

j=l jal 1 

Equilibrium Equations and Boundary Conditions 

The principle of minimum total potential energy will be used to derive the 

equilibrium equations of circular cylindrical panels and shells laminated of N 

constant—thickness orthotropic laminae whose principal material directions are 

arbitrarily oriented with respect to the laminate coordinates. With a distributed 

load P, (XX) acting in the outward (positive) direction, the principle can be stated 

as:
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O= J (oy1 11 + %20%€29 + 733%33 

+ 9436743 + F96I9 + F957 9)dV — [ Pyftgld (3-5) 

where O44» %_» FQ F493 Fp and Oyo are the stress components, V is the total 

volume of the laminate, 2 is the reference surface of the laminate (assumed to be 

the middle surface of the shell), and 6 denotes the variational symbol. 

The equilibrium equations in LST and GLST and their corresponding 

boundary conditions for a shell with rectangular planform are obtained by 

substituting the strain—displacement relations (3-3) and (3-4), respectively, into 

Eqs. (3-5), integrating through the thickness, and integrating the derivatives of the 

varied quantities by parts and collecting the coefficients of bu, bv), and 6éw in 

LST and 6u, 6v!, and 6w! in GLST. 

LST 

su: Mi +Mi_ -Qi=o 
1x1 6,X5 1 

\. j j lrji_gi- 

. 1 _ 

with the geometric and force boundary conditions,
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at Xy = constant: 

Geometric (essential) Force (natural) 

Ww M J 

v! m3 

Ww Q) (3-7) 

and 

at Xo = constant: 

Geometric (essential) Force (natural) 

w! Mi 

j v) M3 

w Q» (3-8) 

GLST 

ful: MJ 4M} ~Qi=o 
1,x, 6,X5 1 

j. J J 1 J —_ J — j= &v): Moc, + Mix, + RK Q}=0 (j-1,2,... NL) 

) J J _I1Ini_olagep = _ &w!: Kix, + Kx, FR My -Q3 + & P= 0 (39a) 

with k= N+ 1 and 

_ _ flitj=k 
aeatT j#k (3-9b)
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and the boundary conditions 

at x4 = constant: 

Geometric (essential) Force (natural) 

j J 
7 "1 

J " Me 
wi Ki (3~10) 

and 

at Xo = constant: 

Geometric (essential) Force (natural) 

j j " Mg 

j 
" M3 
wi K3 (3-11) 

3.3 Stress Resultants 

In Eqs. (3-6) through (3—11) the stress resultants are defined as 

h/2 h/2 
MJ =f o gaz, Mi =f 0. gaz 

1 h/2 11 2 h/2 22 

j h/2 ; j h/2 ; 
Mg = J Oo ¢dz Ky = a) o139'dz
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Q 
R
O
W
 

— hf? ag — h/2 agi 
=, caste O= I, 699 te 

h/2 h/2 

SF jy 7197 82 =F 1g P23 

and 

M2 ode, (3-12) 

3.4 Constitutive Law 

Like in the equivalent single-layer theories of Chapter IT, in LST we will use 

the plane—stress constitutive law 

799 

O19 Q16 P26 S66! iN 

a 
"2" _ a s "2" (3-13) 

%%13 Q45 Q55) l%43 

where Q;; are the plane-stress transformed reduced material stiffnesses of the th 

layer. However, in GLST we remove the plane-stress assumption and use the 

three—dimensional constitutive law
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fo)" C1, Spy Gg 0 ea) Ca 

999 Cig Con Cog 9 9 Cog €99 

733| | Cyg Cog Cgg 0 0 Cg 33 

793 0 0 G0 Cyy C45 0 } %3f 

713 0 0 0 Cys C55 0 143 

712 | ig Cag Cag Cee 712) (3-14)             
where Ci are the transformed material stiffnesses of the k'® layer (see [3]). 

3.5 Stress Resultants in Terms of Generalized Displacements 

For simplicity we have defined the shape functions ¢ to be linear functions 

of zin Fig. 3.1. More explicitly, we have 

Q Z4> Zi_y 

, 4 > >. 
p= 4 | jl J (3—15a) 

P5 zi >2 > Ziad 

0 2<cyz 

with 
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= ble= a4) (3-15b) 

where t j is the thickness of the jm layer (see Fig. 3.1). That is, we are assuming 

that uw, w, and w’ are the displacement components at the jth interface in the 

laminate and (ul, Vv are the displacement 

components at the top and bottom surfaces, respectively, of the laminated shell. 

With @ given by Eq. (3-15) we substitute Eqs. (3-4) into (3-13) and the 

subsequent results into Eqs. (3-12) to obtain (in LST): 

1... N+1 
ij,,j ij J 

Ditx, + 2 Pay x, * Bik
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N+1 ii N+l | ; N+l 5 ; 
+ & Bog + ¥ Bos’ x, N.= ¥ B 

27 21 xy Ly XQ j=] 

Nel iio 4 + 3 Bovy te AD (3-16a) 
i=l 

with j = 1,....N + 1 and 

pij=pii- yk OF gigas 
pq PQ gy, pq 

k+1 

. 2, 
pis . dg gaz ¢ DS pa 42 Ot a6 plac # DH 

k+1 

1j_ ji _ d ag? 

Da Dig = ay ay — dz 

. N * , . N “k =k - =k d BJ = YX dz, BJ = 5 d pa ya, Ong » Bog ie, pads @ 
k+1 k+1 

(3—16b) 
Zz N *k , 

= = (1,2,4 
Ang ed - Q ql? ? p,q ( m) 5,6) 

k+1 

By carrying out the integrations in Eqs. (3—16b) the rigidity terms are found to be
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1, pe . Pat Fag HS 
ij _fla~i wp 

0 ifj>i+l 

1 Ai 1 _ 

295g ~ 3%q, fi =| 
1aAi . 

Q ifj=it+l 
sii!” Pq 

pa j-4 git ifj=i—1 
2 pq 

0 ifj>it+ilandj<i-1   

ifj=it+1 

0 ifj>itl 

i lai ol =i-l 
B! =zxt. t. 
pq 2 iXpq +2 i-1%pq 

1 ~Ai-1 _ _ 
pq -Qy and AL = 2 Oy ; (3-17)
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In GLST the stress resultants are expressed in terms of the generalized 

displacement components by substituting Eqs. (3-4) into (3-14) and the subsequent 

results into Eqs. (3-12): 

- N+1 N+1 ... N+1 ts 
Mi= ¥ Diu + 2 Div + E gE Didw 

i=l ~1l i=l , =1 

N+l ... N+l1 ... . 
ij_i ij ij, 1 

+ Digw + 2 Diet a Dis’ x, 

. N+l1 .., N+i ... N+1 
j_ ij Jj ijl 1 Dw! 

Mg = % Piatix, +», Paavx, + 2 RP 22 

N+1_.. N+1 ... . 
+ © Dijw+ Y Dodw + E pijy 

s =] 23 i=] 26" , =] 26" Xy 

. N+] . +1... N+1 ae 
J_ ijl 1j.1 1 yvij_i 

Mz = 2 Piet x, + a Degy + » RP 26Y 

N+1 _ N+l1 ... N+1l ... 
+ Daw + % Deau + Dea 

i= i=l , i=l m1 

. N+1 a N+1_ ... 
J— Al) 1 nijyi = 1 jt 

Ky = 2 @g5—e Page + & Daou 
= 1=1 

N+1 N+1
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N+1 ... N+1 .. 
+ © Dw + § pili 

Xp jay 44 HX 

. +1 _.. ass N+1 _.. . 
Q; = 2 (D,2 — x Bib! +) a Dedu’ 

= j= 

(3—18a) 

where 

.. .. N k . 

Di=D= Ey CK gla | pq = 1,245.6
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ij_ d¢ iy aii _a 
Dat we 1 I ck ad! gdz ¢ Daa ? p,q ,0 

psi ck ag! ag! d = 45 3-18b 

By evaluating the integrals in Eqs. (3—18b), results similar to those in Eqs. (3-17) 

can readily be obtained (in short, Qaq in Eqs. (3-17) are simply replaced by Cog): 

With the help of the expressions in Eqs. (3—16a) and (3—18a), the governing 

equations in LST and GLST can be expressed explicitly in terms of the generalized 

displacement components. This, however, will be done in Chapter V where we 

consider the stability problem of anisotropic shells.
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Figure 3.1 The thickness functions used in the displacement expansions (they 
represent the global linear interpolation functions )



CHAPTER IV 

AN ANALYTICAL PROCEDURE FOR FREE 
VIBRATION AND STABILITY ANALYSES OF 

CROSS—PLY LAMINATED CIRCULAR CYLINDRICAL SHELLS 

Laminated circular cylindrical shells are increasingly used as basic elements 

in lightweight aerospace structures. Therefore, it is of practical importance to have 

an analytical technique for the free—-vibration and stability analyses of such 

elements. It has long been known that the classical Love—Kirchhoff laminated shell 

theories, in which transverse shear deformations are neglected, overpredict natural 

frequencies and critical buckling loads. 

Recently, a general analytical method has been used by Khdeir and Reddy 

[102] for the study of free—vibration and buckling problems of laminated circular 

cylindrical shells with various boundary conditions and using the third—order shear 

deformation shell theory of Reddy and Liu [81]. Numerical results were compared 

with the ones obtained from the first-order shear deformation theory and the 

classical theory. The same technique was previously used by Khdeir et al. [95-101], 

to generate Levy—type solutions of various shear deformation theories. In [95-102], 

the resulting system of ordinary differential equations are replaced by a new system 

of first-order equations by introducing state variables, similar to the approach used 

in the modern control theory. Subsequently, a formal solution is adopted for the 

state variables. The method is general and is particularly useful for the shear 

deformation theories where the number of governing equations is generally greater 

than that of the classical theory. The advantage of the method is that no 

assumption is made concerning the nature of the roots of the auxiliary equation. 

The roots can have complex values and need not be monitored during computation. 

43
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- The major drawback of the method, however, is that the characteristic determinant, 

obtained by imposing the boundary conditions, becomes ill—conditioned when the 

ratio of the characteristic length of the structure to its thickness (¢/h) is near or 

larger than 20. Indeed, no numerical results for natural frequencies and critical 

buckling loads are presented in [95—102] for é/h larger than 20. 

The objective of the present chapter is to present a new analytical procedure 

for the analysis of free—vibration and buckling problems of circular cylindrical shells 

with various boundary conditions. The proposed method will remove the 

aforementioned drawback of the method used in [95-102]. The method has a 

simpler form and is, therefore, computationally more efficient for generating 

Levy—type solutions for frequency and buckling problems of plates and shell panels. 

4.1.1 Equations of Motion 

The linear equations of motion of the first-order shear deformation shell 

theory (FSDST) of a laminated circular cylindrical shell are readily obtained from 

Eqs. (2—3) by letting A = 0, Rs = 0, Ry = R, and dropping the nonlinear term: 

ON, Oe 
ox, + Ox. > Lii + 1,0, 

Ne ON 
Ox, + Ox, = HY + ly. 

OM, oo 
ox, + Ox, —Q, = Li + 134,
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6 2 
3x, * Ix, Qo = LV + Igbo 

Ay me No. ow_ye 

where R is the radius of the cylinder; N is the axial compressive load (positive in 

compression); u, v, and w are the displacement components along the x, — x 9) 

and é~axes (see Fig. 4.1); oy and go are the rotation functions; and a superposed 

dot indicates differentiation with respect to time t. 

laminate (i.e., laminate with stiffnesses Aig = Ang = A,, = 

D 

For a general cross—ply 

Big = Bog = Dig = 
= 0), the stress resultants are obtained from Eqs. (2-6): 26 

Ny = Ayer + Aqgeg + Byy sy + Byotty 

No = Any ep + Aggty + Boy + Booky 

Ng = Age's + Beats 

My = Bye} + Bygty + Dy php + Dy oko 

My = Boye] + Booty + Doty + Doohy 

M, = B 6 = Begeg + Degtg
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Q,= = KisAgses 5 

Qo = Kay aaey (4-2) 

where K4 4 and Ki. are the shear correction factors. In Eqs. (4-1) and (4-2), the 

mass terms and strain and curvature measures are defined as: 

é N >k 

(Iytgty)= 3 5 ol1,4,¢? ae (4-8) 
k= 

k+1 

where N denotes the total number of layers and ok) is the material mass density of 

th layer (see Fig. 4.1) and 

0b 
o> He oat oe, (4-4) 

The equations of motion of the classical shell theory (CLST) are obtained from Eqs. 

(4—1) by setting
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¢,=- ie and ¢. = — Bx (4-5) 

Finally, the equations of motion of FSDST and CLST can be expressed in terms of 

generalized displacement components and presented as 

[L]{A} = {0} (4-6) 

by substituting Eqs. (4-4) and (4-5) into Eqs. (4-2) and the subsequent results 

into Eqs. (4-1). The linear operators Li for FSDST and CLST are displayed in 

Appendix 4.1. Moreover 

{A} = {u,v,44,dq,w} (4-1) 
for FSDST and 

{A} = {u,v,w}* (4-8) 
for CLST. 

4.1.2 Solution of the Governing Equations 

For the circular cylindrical shell with arbitrary boundary conditions at x, = 

+ L/2, we assume the following representations for the generalized displacement 

        

components: 

r “ 

fu] U,(%1)"608 6, X5 

Vv Vin(*1)"8in 6X5 

) or =) X_(%4)7c08 8X» f > T(t) 

$y Ym (*1) "sin 6X5 

[wd Wn (%)* 008 Pra (4—9) 
~
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iw t 
where T, =e ™- in eigenfrequency analysis and Tait) = 1 in stability analysis 

and Wy is the natural frequency corresponding to m*h mode (we keep in mind that 

there are denumerable infinite frequencies for each value of m); Bn = r with m = 

0,1,2,... andi = ¥-1. Substitution of Eqs. (4-9) into Eqs. (4-6) results in five and 

three coupled ordinary differential equations for FSDST and CLST, respectively. 

Since the proposed solution technique of these equations will be general, we only 

present the equations of FSDST and include the numerical results of CLST for the 

sake of comparison: 

UL’ = C,U,, + CoV, + CoX + C,Y, + Cow 

Vin = CgU,, + CrV, + CgXy, + Co¥,, + CigW in 

Ke Un + CpaVan + Sigh + Cra¥in + Ci5Win 

Vin Ogun t Ci7Vin + Sigh + C19%m + CooW im 

Wi = Con t+ CoaVin + Cogkin + Cog¥n + ConWin (4—10) 

where a prime indicates a derivative with respect to X- The coefficients C j (j= 

1,25) in Eqs. (4~10) are given in Appendix 4.2. With some simple algebraic 

operations (addition and subtraction) it is made sure that only one unknown 

variable with highest derivative appears in Eqs. (4-10). This will save the 

computational time required in the method that we will introduce for solving Eqs. 

(4-10).
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There exist a number of ways to solve a system of ordinary differential 

equations. However, when there are more than three governing equations, as in 

Eqs. (4—10), it is more practical to introduce new unknown variables and replace 

the original system of equations by an equivalent system of first-order equations. 

We introduce the following variables: 

Zam) = Ul) > Zomblq) = Une) = 24 my) 

Zgmn(X) = Vig) » 2g 4) = Ving) = 23m) 

Zs mn(X) = XX) > Sgn) = Xe) = 25m (1) 

Zo (Xy) = Yn) > Zgmnl%) = Yn) = 2794) 

Zam) = Wan) > Zyomn08) = Wigl%) = Zen) AH 

for m = 1,2,... Substituting Eqs. (4-11) into Eqs. (4-10), the resulting equations 

along with Eqs. (4—11) can be expressed in the form: 

{Z’} = [A]{Z} (4-12) 
where 

{2} = {Zi Zs ysZigr} a (4-13) 

_ T {2} = {Z, ZoesZrgm) (4-14) 

and the coefficient matrix [A] is
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- 7 
0 1 0 0 0 0 0 0 

Cc, 0 0 CG, Co 0 0 G& 6 

0 0 0 1 0 0 0 0 0 0 

0 Cy Gp 0 0 Cy Cy 0 Cy 0 

0 0 0 60 6 1 6 0 0 

Cy 9 9 Cyy Cog 9 9 Org 9 YS 
[A] = 

0 0 0 0 0 0 0 1 0 0 

0 Cig S77 9 9 Cyg Sig 8 Cag 
0 0 0 0 0 0 0 0 0 1 

A formal solution of Eqs. (4-13) (see {114,115]) is given as 

{Z(x,)} = W(x, )}{D} (4-16) 
where U(x,) is a fundamental matrix whose columns consist of ten linearly 

independent solutions of Eqs. (4—12) and {D} is an unknown constant vector. Some 

or all components of this vector, as will be seen later, are in general complex. The 

nonsingular fundamental matrix V(x,) is not unique. All fundamental matrices, 

however, differ from each other by a multiplicative constant matrix. Since Eqs. 

(4-16) are the solutions of Eqs. (4-12) and (0) is a nonsingular constant matrix, 

from Eqs. (4—16) a special fundamental matrix ¢(x,) (known as the state transition 

matrix) for Eqs. (4—12) can be defined such that 

{Z(x1} = #(x,){Z(0)} (4-17) 
are also the solutions of Eqs. (4-12), with 

§(x,) = ¥(x,)¥™ (0) (4-18a)
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and 

—l {D} = “(0){Z(0)}. (4—18b) 

Since [A] is a constant matrix, the state transition matrix is given by a matrix 

exponential function as 

¢(x,) = As (4-19) 

By imposing the ten boundary conditions at x, = + L/2 on the solution given 

by Eqs. (4-17), a homogeneous system of algebraic equations can be found: 

[M{Z(0)} = {0}. (4-20) 
For nontrivial solution of natural frequency or critical buckling load, the 

determinant of the coefficient matrix [M] must be set to zero: 

|M| =0. (4-21) 

Since the constant vector {Z(0)} is real, the determinant of [M] is also real. Hence, 

in a trial and error procedure, one can easily find the correct value of natural 

frequency (in a free—vibration problem) or of the critical buckling load (in a 

stability problem) which would make |M| = 0. A nonzero compressive (or tensile) 

edge load can also be included in the free—vibration analysis. 

Numerous methods are available (e.g., see [114,115]) for determining the 

[A]x 
matrix exponential e 1 appearing in Eq. (4-19). However, regardless of any 

method used, it is found that |M| becomes ill—conditioned when the ratio of the 

characteristic length of the structure to its thickness is near or larger than 20. This 

is also the case in the Levy—type eigenfrequency and stability problems of laminated 

plates and shell panels when shear deformation theories are used. 

When the eigenvalues of the coefficient matrix [A] are distinct, the 

fundamental matrix W(x, ) is given by: 

¥(x,) = [U][Q(x,)] (4-22)
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where [Q(x, )] is another fundamental matrix defined as 

[Q(x,)] = oe (4-23) 

and (U] is a modal matrix that transforms [A] into a diagonal form (i.e., the jth 

column of [U] constitutes the eigenvectors of [A] corresponding to the j® eigenvalue 

of [A]). In Eq. (4—23), AG = 1,10) are the distinct eigenvalues of [A], which in 

general can be real and complex. We note that the eigenvalues of [A] are the same 

as the roots of the auxiliary equation of Eqs. (4~10). These eigenvalues in most 

eigenfrequency and stability problems of plates and shells are distinct. The 

axisymmetric buckling problem and axisymmetric eigenfrequency problem (when all 

inertia forces, except the radial inertia force, are neglected) of a cylindrical shell are 

two examples where two of the eigenvalues, as will be seen, are identical. When the 

eigenvalues are repeated, Eq. (4—23) is no longer valid and a Jordan canonical form 

(see (114,115]) of [A] must be used. 

Substituting Eqs. (4-22) into Eqs. (4—18a) and (4—18b) yields 

4(x,) = (UI[Q(x,) Ul (4-24) 
and 

{D} = [U]~"{2(0)}. (4-25) 
Equations (4—17) and (4—24) were used in previous works [94—102] related to 

stability and vibration problems of laminated plates and shells. However, due to 

occurrence of an ill—conditioned determinant |M]| in Eq. (4—21), we propose the 

following approach. Instead of imposing the boundary conditions on Eqs. (4—17),



o3 

we can impose the boundary conditions on Eqs. (4-16) which have a simpler form. 

This way we come up with a set of homogeneous algebraic equations of the form 

[K}{D} = {0}. (4-26) 

For a nontrivial solution of Eqs. (4-26) to exist, the determinant of the generally 

complex coefficient matrix [K] must vanish. Since |K| in general can be complex, 

it may be computationally more convenient to substitute Eqs. (4—25) into Eqs. 

(4-26) to get 

(K][U]*{Z(0)} = {0} (4-274) 
and set the coefficient matrix in Eqs. (4—27a) to zero 

\((K][UJ")| = 0 (4-27b) 
This way the determinant in Eq. (4—27b) will always be a real number. However, it 

will have the same computational problem as |M| in Eq. (4-21). This is not a 

surprising result since 

|M| = |({K][UJ~")I. (4-28) 
The key point in overcoming this difficulty is to rewrite Eq. (4—27b) as 

\K] 
—__ = 0 (4—29) 
| 

that is, to evaluate the determinants of [K] and [U] separately, rather than 

evaluating the determinant of ({K][Uy*). It should also be noted that, this way, 

the inverse of [U] is never needed. For very thin shells (or long shells), computer 

overflow and underflow may occur when we evaluate the elements of the coefficient 

matrix [K]. This problem is addressed in detail in Appendix 4.3. It should, 

however, be kept in mind that the determinant of [K] never becomes 

ill—conditioned. In summary, after assuming a trial value for natural frequency (in
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free—vibration analysis) or for buckling load (in stability analysis) for a particular 

m, we will impose the ten boundary conditions at x, = + L/2 on Eqs. (4-16) and 

come up with Eqs. (4~26) and check if Eq. (4—29) is satisfied. It should be 

reminded that |U| appearing in Eq. (4—29) is never zero since the eigenvectors in 

(U] are independent of each other. 

A remark must be made concerning the computation of eigenvalues and 

eigenvectors of the coefficient matrix [A]. Since the diagonal elements of [A] are all 

zero, during the computation of eigenvalues and eigenvectors computer overflow or 

underflow may occur. To resolve this problem, we can subtract a nonzero constant 

number from the diagonal elements of [A] and compute the eigenvalues and 

eigenvectors of the new matrix. The eigenvalues of [A] can then be obtained by 

adding the same number to each eigenvalue of the new matrix. The eigenvectors of 

[A] will be identical to those of the new matrix (see page 52 of [116], for example). 

4.1.3 Boundary Conditions 

In theory, a combination of boundary conditions can be assumed to exist at 

the edges of the shell. We classify these boundary conditions for FSDST according 

to:
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S45 w= M,=¢,=u=v=0 (4—30) 

for simply—supported edges and 

Cl: w=¢,=$¢,=N,=N,=0 6= 

C2: W= $6, =% =u= Ne=0 

C3: w= $6, =%,=N,=v=0 

C45 w= $,=¢,=u=v=0 (4-31) 

for clamped edges. For a free edge we assume 

=-M.=0.-wn2Xe _ = Mg =Q, N oy = (4-32) 

Similar boundary conditions are also classified for CLST and displayed in Appendix 

4.1. The boundary type S3 is referred to as shear diaphragm by Leissa [117]. 

Up to this point, it was assumed that m # 0. Next we will consider the 

axisymmetric mode (i.e., when m = 0). 

4.2.1. Axisymmetric Problem 

When m = 0, Eqs. (4—9) and (4-10) will reduce to
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(u,d),¥) = (U,.X)»W,)-T,(t) 

and 

Us’ = C,U, + CoX, + CaWé 

xX = C,U, + Cex, + CeWé 

iwot 
where T(t) = e 

(4-33b) 

(4-34) 

and 1, respectively, in free—vibration and stability problems, 

and the coefficients C6 = 1,9) are given in Appendix 4.4. The stress resultants 

reduce to 

A ag _, ou 12 1 

B Od _, ou 12 1 
Mi = Bia t RY + Pn oe, 

2 Ow 
Q, = Kes Ass(o, + dx,) 

Ne =M,=Q,=0. 
6 

(4-35a) 

(4-35) 

(4—35c) 

(4-354) 

In stability analysis, the partial derivatives in Eqs. (4-35) should be replaced by the 

total derivatives. Also the boundary conditions for FSDST are reduced to: 

=0 , $82: w= M, =u=0
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Cl: w=9,=N 0, C2: w= ¢, =u=0 17 

, _uM = Ow _ _ F: Ny = My = Q; -N ay = 0, (4-36) 

with S3, S4, C3, and C4 cases being identical to S1, S2, Cl, and C2 cases, 

respectively. The boundary conditions for CLST are given in Appendix 4.1. 

In the eigenfrequency analysis, with all the inertia forces preserved, the 

eigenvalues will again be distinct and, therefore, a solution procedure similar to the 

one suggested for Eqs. (4—10) can be used. For the sake of completeness we will 

present the numerical results for this case. However, in the stability problem and 

eigenfrequency problem (with all the inertia forces, except the radial inertia force, 

neglected) the eigenvalues will no longer be distinct. Here, for such problems, we 

adopt two different approaches which will, of course, yield identical results. 

4.2.2 Approach I 

When only the radial inertia force is retained in Eqs. (4-34), we have (see 

Appendix 4.4) 

C,=C,=0 (4-37) 

as in the stability problem. Here, without altering the form of Eqs. (4—34) and 

assuming 

AX _ 1 
(U,.X,»W,) ~ (A,B,C)e (4-38) 

where A, B, and C are unknown complex constants, Eqs. (4—34) yield
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2 = 

MM 6, GA ] fA] [0 

0 AWG, Gd | {Bt = fol. (4-39) 

rr gr A*-€,] [c} [0 
7 

Expansion of the determinant of the coefficient matrix in Eqs. (4-39) yields a 

sixth—order auxiliary equation of the form 

N47)? + 8,(A) + By] = 0 (4-40) 

whose roots are given by 

dg = 510, - (0-40) 7117, 04 = dg 

Ag = 4 (0, + (02 —40,)/?}'/?, and Ag = — 2 (441) 5° 

The coefficients 0i( j = 1,2) are displayed in Appendix 4.4. Based on Eqs. (4—38) 

and (4-41), a general solution for Eqs. (4-34) can be written with eighteen 

unknown constants. The relationship among the constants is established by 

substituting the general solution back into Eqs. (4~34). The general solution may 

then be presented as: 

6 A * 
U(x) = Ay + Apx, + 23 Ae 1
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6 r Xy 
J (4-42) 

  

  

where 

= aw) 

Use 1 Wi = 29 “63 —_ 2 j —_ _ _ — — ) 

Cy Ca, + (CC, — C,Cz) 

and 

d(A2 — Gy) 
43) — —_ x —d = - - (j= ) (443) 

C35 + (CoC — C3Cs) 

with 

Uo3 = Ugg » Ugg = Ung, 

(444) Ugg = Ug, » Ugs = Uge- 

Equations (4-42) can be presented in a matrix form as:
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7 c 
U, 1 Xx) 1 

Us 1 5 5 
3*1 

Xy e Qd . 
{ °L =[U] 4 (4—45) 
x’ 

Ww 0 
. - AgXy 

Wo) L € L Ag 

where 

10 1 1 1 

01 dA. Xe 

00 u .. U 
[U] = 23 76. (446) 

00 Uogr3 ve Ungr0¢ 

0 Ugo Ugg Ugg 

0 0 Uggrg --- Ug6Ag |     
From Eqs. (4-45) we have
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= [US "{U,(0),U2(0),X,(0),X2(0), W,(0),W7(0)}?. (4-47) 

When the boundary conditions (see Eqs. (4-36)) involve the specification of the 

axial displacement u at least at one end of the shell, a system of six homogeneous 

algebraic equations of the form 

[K]{A} = {0} (448) 

is obtained. Since Ad = 1,6) have, in general, complex values, the determinant of 

[K] may also be complex. However, as we mentioned before, it may be 

computationally more convenient to find the zeros of a real—valued determinant. 

For this reason, we substitute Eqs. (4-47) into Eqs. (4-48) and set the determinant 

of the new coefficient matrix to zero: 

|K| 
—=0 (449) 

|U| 

As in the non—axisymmetric problems, Eq. (4—49) is the condition which must be 

satisfied for nontrivial solution. 

When N, = 0 is imposed at both ends of the shell (this will be the case when 

any combination of $1, Cl, and F boundary conditions are imposed), then a system 

of five homogeneous algebraic equations of the form
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As 

[Ky] - | = {0} (4-50) 

Ag 

are obtained. This happens because both the boundary conditions 

N = 0and N = 0 4-51 1]x,=L/2 an 1]x,=-L/2 (4-51) 

yield the same result 

A, = 0. (4-52) 
2 

This can readily be seen by substituting Eqs. (4—33b), (4-42), (4-43), and the 

expressions of C,(j = 1,9) into Eqs. (4—35a). When this is done, we obtain: 

A2 

Ny = [Ay - xT oA (4-53) 

Equation (4-52) will therefore be the outcome when the boundary conditions in Eq. 

(4-51) are imposed on Kq. (4—53). 

For a nontrivial solution we must set the determinant of the coefficient 

matrix in Eqs. (4-50) to zero. However, from Eqs. (4-45) we first write 

Ay 
clay ’ / T _ = [07 *4u-(0),X,(0),X2(0),W, (0), W4(0)} (4-54)
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where 

    

1 Ag Ag 

0 493 96 
[U] = ]0 —Uggrg --. UngrAg|- (4-55) 

U39 433 "36 
0 Uggrx + Ugedrg 

Again, by substituting Eqs. (4-55) into (4-50) we obtain the condition for 

nontrivial solution 

(4-56) 

a 
[>
 

II © 

It should be noted that |U| = |U|. Indeed, in theory, from Eqs. (442) an infinite 

number of transformation matrices similar to [U] and [U] can be developed whose 

determinants can be used in place of |U| and |U]| in Eqs. (4-49) and (4-56). A 

similar argument can also be made as far as |U| appearing in Eq. (4-29) is 

concerned. 

4.2.3. Approach IT 

Equations (4—29), (449), and (4-56) are known as the analytic frequency 

(or buckling) determinants. It is relatively cumbersome to expand these 

determinants to find the corresponding frequency (or buckling) equations. However,
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in axisymmetric free—vibration and stability problems, it is possible to come up 

with the explicit expressions of frequency and buckling equations by rewriting Eqs. 

(442) as: 

Uo(x x,) = = E, + Ex, + E, coshAgx, + Ey sinh Ajx, + E, coshA,x, + E, sinhA,x, 

X (x,) = Enuyg coshAgx, + E,uo, sinhAgx, + E,uo, coshA,x, + Eguog sinhA,x, 

W(x) = Entgo + Egtgg sinhi,x, + E,u 34 COShA,x, + E,ug, sinh\,x, 

+ Eguge cosha,x, (4.57) 

where E( j = 1,6) are six unknown arbitrary constants. 

When the boundary conditions at both ends of the shell are the same, the 

radial displacement of shell is either symmetric or antisymmetric with respect to the 

cross section of the shell at x, = 0. For antisymmetric and symmetric deformations 

we set Eo = E, = Eg = 0 and E, = E, = E = 0, respectively, and impose the 

boundary conditions only at one end of the shell. In summary, the frequency and 

the buckling equations that are obtained for various boundary conditions are as 

follows: 

(a) Symmetric Mode 

S1-S1: 

f, = [ug4(B,, + Dy 1Yog)A5 —Uge(B,, + Dj, Y94)Ag]-cosha, cosha, = 0 

(4—58a)
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52—S2: 

Ugo(B,, + Dy 1U94)Ag coshag sinha, — uso(By, + Dj ,U9¢)As sinha, cosha, 

L _ 
+ ¥ [Ug4(B 11 + Dyytog)As — Ug6(Byy + Dyyt94)Aglcoshag cosha, = 0 

(4—58b) 

C1-Cl: 

81 = Ugyllog cosha, sinha, — ug_.uo, sinha, cosha, = 0 (4—58c) 

C2—C2: 

Ug4llog cosha, sinha, — Ugello, Sinha, cosha, 

2 . . 
—T Ugo(Uog — Up4) Sinha, sinha, = 0 (4—58d) 

F-F: 

B 12 - . 
(ByyAg + Ao Ugg + Dy yUygAg)IKSgAggtlog + (Ke Ags — N)uggAz|cosha, sinhar 

B 12 - 
— (ByAs + Ro Ugg + Dy yU9¢ As)IK ZR A 55424 + (Ki.A 55 — N)ug,Ag|sinha, 
coshar, = 0 

(4-58e) 

(b) Antisymmetric Mode 

S1—S1 and S2-S2: 

f, = [Ugo(B,, + D1 Uos)Ax — Uge(By, + Dj, U59)Ag}sinha, sinha, = 0 

(4-59a) 

C1—Cl and C2—C2: 

Bo = Uggs Sinha, cosha, — Us,Uo, Cosha, sinha, = 0 (4-59b)
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F—F: 

B Pi + D r [K2.A + (K2 A, — N)u,,A,|sinha, cosha (By yA3 + Ro Ugg + DyyYogrg [Kes Asstos + (Ke5As5 g5A5)sinhag 5 

B 12 2 
~ (ByyA5 + 7 Ugs + Dy Yos As)IKsAgstog + (KgsAss 

—N)ugAq] sinha, cosha, = 0 (4—59c) 

where a, = A» L/2, a, = rx L/2, and the symbol S1—S1, for example, indicates 

that the boundary conditions imposed at x, = + L/2 are both of the type S1. 

In general, Eqs. (4-58) and (4-59) have complex values. However, we can 

introduce, as before, a transformation matrix whose determinant renders a real 

value to these equations. For a symmetric mode (E, = E, = E, = 0) from Eqs. 

(4—57) we can write: 

X/(0) A d Ae]{A 4} |494%3 Yagts| [444 

=[U,] = (4-60) 
47 2 2 

W,’ (9) Ag) Lg4A3 Ugg As} LAg 

with 

|U.] = AgAs (taggers — Ugqtog>g). (4-61) 

Similarly, for an antisymmetric mode (Ey =E,=E,= 0) we have
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X (0) A 3| | Uo3 Uo5 3 

= [U,] = (4-62) 

W (9) As} LUggdg  Ugs As} LAs 

with 

[U,] = Ugglgsrs — Upstggrg. (4-63) 

Finally, for the reason discussed above, we divide Eqs. (4—58a)-(4—58e) and Eqs. 

(4-59a)—(4-59c) by |U,| and |U,|, respectively. Instead of hyperbolic functions in 

AX 
Eqs. (4-57) we could have used trigonometric functions had we replaced e 1 by 

on in Eqs. (4-38). Indeed, this is done by Yamaki [118] who developed buckling 

equations similar to Eqs. (4-58a)-(4-58d) and Eqs. (4—-59a)-(4—58b) for a 

homogeneous isotropic circular cylindrical shell using Donnell’s classical equations of 

shells. However, in [118], only simply supported and clamped boundary conditions 

were considered and it was assumed that both ends of the shell have identical 

boundary conditions. Further, no discussion was presented concerning the 

transformation matrices that are introduced throughout the present paper. Indeed, 

in [118] a different approach is adopted for transforming the complex determinants 

into real ones. 

When the boundary conditions at x, =# L/2 are not identical, it is found 

that the frequency (and buckling) equations for the cases (i) $1-C1, S1-C2, and 

52—C1 are identical and different from S2—C2 (ii) SI-F and S2—F are identical and 

(iii) C1I-F and C2—F are identical. For the sake of brevity we will not present
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these equations. For the remaining cases $1-S2 and C1—C2, it is found that the 

frequency (and buckling) equations are 

{,-f 
—_ 12 (4-64) 

[U.|-|U,| 

for $1—S2 and 

81°8 _ wi ee (4-65) 
10, 1-1U,| 

for Cl—C2. Therefore, the natural frequencies and buckling loads for the boundary 

types S1-S2 and C1—C2 are identical to those of $1—S1 and C1—Cl, respectively. 

All of the results developed in this section are numerically verified by the method 

introduced in Section 4.2.2. 

4.3.1 Numerical Results and Discussions 

Numerical results are developed for an orthotropic material with the 

following properties: 

E,/E5 = 10, Gis = Gio = 0.6E,, Gog = 0.5E5, Vio = 0.25, 

and for an isotropic material with Poisson’s ratio vy = 0.25. It is assumed that Ki 4 

_ 2 
= Ky. 
numerical examples. Further, all layers are assumed to be of equal thickness. 

= 5/6 and the total thickness (=h) of the shell is equal to 1 inch in all the
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The effect of altering the lamination scheme on the fundamental frequency of 

a cross—ply shell with various boundary conditions is demonstrated in Table 4.1 (a 

number in the parentheses denotes the circumferential mode number m). It is 

observed that, except for the S4—F case, the fundamental frequency for a (90/0) 

laminated shell is slightly smaller than that of a (0/90) laminated shell. However, 

an analysis based on the generalized layer—wise shell theory (GLST) indicates that 

this exception for boundary type S4—F does not occur. The (90/0) designation 

refers to the case in which the fibers of the outside layer are in the circumferential 

direction (90°) and those of the inside layer are along the longitudinal axis (0°) of 

the shell. 

The numerical results indicate, unless the shell is extremely short, that the 

minimum axisymmetric frequency is always quite larger than the fundamental 

frequency of cross—ply and isotropic shells. This is particularly true for cross—ply 

shells as can be seen from Table 4.2, where the results are tabulated for cases 

C1-Cl1 through C4-C4. It should be noted that the effect of imposing various 

in—plane boundary conditions is more severe for isotropic shells than cross—ply 

shells. In the two minimum axisymmetric frequencies presented in Table 4.2, the 

second number corresponds to the case when only the radial force is preserved. In 

such a problem it was found that two of the eigenvalues of Eq. (4-40) were equal to 

zero. Hence it was assumed that, for all trial values of frequency Ws Eqs. (4-42) 

were the solution of Eqs. (4-34). However, it can readily be verified that the 

coefficient 6, appearing in Eq. (4-40) will become zero when the trial value of the 

frequency Ww, becomes identical to
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1 9 1/2 
w= Pez (Ags — AT Ay) . (4-66) 

Therefore, Eqs. (4-42) will no longer be valid since two more eigenvalues of Eq. 

(4—40) will become identically zero. Numerical results indicate that the frequency 

in Eq. (4-66) is very close to the actual minimum axisymmetric frequency. This is, 

in fact, demonstrated in Table 4.3 where we tabulated the roots of Eq. (4—40) for 

several trial values of the frequency W: It should be noted that the last two trial 

values of the frequency We in Table 4.3 are actually the minimum axisymmetric 

frequencies of a (0/90) laminated shell with boundary conditions C1—C1 (and 

C3—C3) and C2—C2 (and C4—C4), respectively, as can be seen from Table 4.2. 

The influence of various simply-supported boundary conditions on the 

critical buckling loads of laminated and isotropic shells can be studied with the help 

of Table 4.4. As in the frequency problem, it is seen that various in—plane 

boundary conditions have a more severe influence on the critical buckling load of 

isotropic shells. Also the ratio of the minimum axisymmetric buckling load to the 

critical buckling load is larger in cross—ply shells than in isotropic shells. Indeed, 

the actual computations indicate that only for extremely short cross—ply shells will 

the axisymmetric buckling load be the actual critical load. It should be noted that 

the bending—extension coupling induced by the lamination asymmetry substantially 

decreases the buckling loads. However, for antisymmetrically laminated shells, the 

effect of the coupling dies out rapidly as the number of layers is increased as can be 

seen from the results of Table 4.5. While analytical solutions developed herein are 

valid for unsymmetric cross—ply shells, no numerical results are included here. For



71 

antisymmetric cross—ply shells, we further have Bio = Beg = 0, Boo =— Bip Ano 

=A and Do. = D . 
lV? 11 

4.3.2 Conclusions 

The main objective of this chapter was to introduce a modified procedure in 

solving the eigenfrequency and buckling problems of laminated shells. The new 

procedure will specially be useful when the order and the number of governing 

equations are higher than eight and three, respectively. To demonstrate the new 

technique, a simple shear—deformation shell theory is used, which can be considered 

as a Donnell—type theory. Numerical results are also developed using the Classical 

Donnell Shell theory. The present technique, can also be used in solving other 

related shell and plate problems (e.g., Levy—type problems). 

As far as the accuracy of the theories is concerned, it is commonly accepted 

(from the study of isotropic shells) that Donnell—type theories are fairly accurate for 

shallow shells when the circumferential mode number m is large and the shell is not 

very long. With the advent of high—precision eigenvalue routines in computers, 

however, the simplicity of the governing equations is not a consideration and 

therefore, more general theories can be used. From Table 4.5, it can be seen that for 

most antisymmetrically (90/0/90/...) laminated shells and most boundary 

conditions the critical buckling loads are larger than those of (0/90/0,...) laminated 

shells (i.e., interchange 0° and 90° layers). Some exceptions occurred for the 

boundary types C4—F and S3-S3. However, an analysis (presented in Chapter V) 

based on a more accurate theory indicates that indeed these exceptions do not 

occur.



  

Ist 
Layer 

  

      k—th 
Layer 

  
    

  
Figure 4.1 Laminated shell coordinate system and geometry
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Table 4.2 

Comparison of the dimensionless fundamental frequency with 
dimensionless minimum axisymmetric frequency of a 

2 
_ w 

shell according to FSDST; R/h = 60, L/R = 1, N = 0, and wo = SE f 

  

  

Lamination Ci-Cl C2-C2 C3-C3 C4—C4 

3.0836(6) 3.2007(6) 3.1133(6) 3.2659(6) 
(0/90) 14.1068(0 14.1198(0 14.1068(0 14.1198(0 

14.1140(0 14.1239(0 14.1140(0 14.1239(0 

6.0155(0 6.1657(0 
Isotropic 6.0368(0 6.1685(0 

1.9928(6 2.1882(5 2.0196(6 1.2090(6 
Homogeneous 6.0155(0 6.1657(0 

6.0368(0 6.1685(0



The roots Af j = 1,6) of Eq. (4.40) with various trial 

values for frequencies of a (0/90) laminated 

Table 4.3 

shell according to FSDST; 

  

  

- - _ Oo R_ L_ 
i= land &, =79,- Fp b= R=} 

14.100000 0 10.010378 10.085836 
14.100834 0 0 10.086463 
14.114034 0 0.037514 10.094284 
14.123885 0 0.047372 10.098645 
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Appendix 4.1 

The operators Li; for FSDST appearing in Eqs. (4—6) are: 

by = Ay, Fat beg Fy — 1, Ae y Ly = (Aqy + Aga) r w=Ay 66 2 a > bye = Ayo + Age) a 
Ox, OX, Ot 1°"2 

or or o or 
Lig = By ae + Beg ae 2 ae » Ly4 = (Byo + Beg) aa ' Ox; t 12% 

A _Ale @ a 6° 6" 
Lis = a Lee = Agg a + Ace a — Ly Se bgg = byy, 

1 Ox; OX5 Ot 

e e e Ago _ _ a 
toa = Beg oat Boo 2 a M5 = Ro Oxy? 

1 Oy t 

2 ar a 67 Loo = -K2-A-. + D +D -L,2.1 
33 55°55 11 2 66 a? 3 52 34 

x 
= (Dia + Deg) ae ae, . 

B _ Bio 12 Q _ a a 
Les = (4R°— K55As5) ox, Lyg = — KygAgg + Deg —a 

1 
r,& +D _1, 5 

22 a2 3 at 

2 

B — Boo 12 a 
Lys = (—Rm— KygAgy) OK,’
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A ; a gr a 22 2 2 Lee = 22 + (N—K2,A,,) 25 —K?,A +12 55 BD 55°55 oe 4444 oe ae 

and L.. = L... 
ij= “ji 
The operators Li for CLST appearing in Eqs. (4-6) are: 

  

  

ar eg a" ar 
L,,=Ayy alt Agg ae -h a Lig = (Ayo + Age) OK, OX’ 

1 9 

gr ae Aja g o Lig =—B,, 2_—(Byo + 2Baa) 4 41 13 11 ax 12 66 ix, OC “Ra, 7 2 ax, AD 

a 67 e 
L = A + A —I ? 22 = 466 ax 22 axe 1 a2 

3 A 3 a ae 22 @ a Log = —(Byy + 2Bap) —B + +1 23 12 66) 72, 22 23 TR OKT 2 5 
Ox} OX5 OX5 2 OX5 Ot 

4 4 4. A 
_ 0 0 0 22 

1 12% 2 

B B - 12, 9 22 a 
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and Li = Li. The longitudinal, circumferential, and rotatory inertia terms are not 

neglected in CLST. 

When m = 1,2,..., the boundary conditions for CLST are classified as: 

  

_ _w oe _ we OW _n Lp _ Si. w=M,=N,= N,=0, Cl: w= y= Ny = Ng =0, 

$2: w=M,=u=N,=0 C2: w= =u =N,=0 : 1 g= 9 Wa TUS Ne= 0, 

$3. w=M,=N.=v=0 C3: w= an =v=0 poy v=, WS oD TNL TVS 

S4: w=M, =u=v=0, Ch w= R= uav=0, 

and 

OM OM 1 6 . au Ow =< dw 
F: N, =N,=M, = +2 —I +] —N = 0 

1 6 1 Ox, OXo 2 a2 3 ax, at? Ox, 

where N,, Ng, M,, Mg, and Q, are obtained by substituting Eqs. (4-4) and (4-5) 

into Eqs. (4-2). When m = 0, the above boundary conditions are reduced to: 

_ — _ _ Ow = _ Sl w=M,=N,=9, Cl w= ox Ny =o 

— —n1— . _ Ow _._ 
S2 w=M,=u=0, C2: w= yz - =u =0,
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dM a oP 1 u Ww = OW F ~] +] NW =o, 
Ox, 2442 ° °3 dx, at” Oxy 

with $3, $4, C3, and C4 cases being identical to $1, $2, C1, and C2 cases, 

respectively.
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Appendix 4.2 

In free—vibration analysis, the coefficients Ci j = 1,25) for FSDST appearing 

in Eqs. (4—10) are: 

Cy = (Cy — €7€4.4)/€ ng: Co = (€g — €1€17)/€ng Cg = (4 — &1215)/€ 9g» 

Cy = (€5 — €y€77)/€ ng, C5 = (€g — €11g)/€ng: Cg = (€g — &7&99)/€Q7> 

Co = (03 — €7€91)/€g7 Cg = (€1g — &7&gq)/€g7) Cg = (011 — &7293)/€n7> 

Cig = (yg — &7€94)/€a7> C11 = (14 — &13%)/ 06) 

Cro = (€15 — &13¢3)/eog> 

Cg = (€yg — &y3&4)/ Png) Crq = (17 — &13°5)/e9g: 

Cis = (Cg — &13%)/€og> 

Cig = (C99 — &yg&g)/q7 Cy7 = (€4 — &1929)/€n7: 

Cig = (eq — &yg819)/€n7) 

Cig = (Cag — €y 9211 )/ea7> Cog = (Cag — &9%12)/€07) Coy = &9g/€o3)
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Con = Cgg/€n5, Cog = &gq/€ 95) Cog = &3/€05> Cos, = &go/€g5: 

where 

= B,,/A = (AggBn - ATA &g =~ (Aya + Agg)Bn/ Ary “1 iv ® 

2 2 _ 
€4 = (Begin — mtg) /Aqy: &s = — (Byg + Beg) Bn/Aq 

€g =~ Ayo/(Aq18); 

- 2 2 
@7 = Beg/Agg &g = (Ayo + Agg)Om/Age &g = (Aaobm — “mit)/ Age» 

9 
Wr lo)/Age 

_ _ 2 
C19 = (Byo + Beg)B/Agg &11 = (Boobn — 

@19 = Ago /(AggR), 

_ _ 2 2 | 
€13 = By /Dy 4) &y4 = (Begh an — “mlo)/P iy &y5 = — By + Beg) bn /Piy 

=(K7,A,. + Depf? —w2I,)/D11, ey = — (Dro + Daa) B/D 55455 + Dgghn ~ “m'g)/Diy> &y7 = — (Pye + Deg) Fn/Piy 

_ 2 _ 
€1g = — (Byo/R— K55A55)/D1 1) &y9 = Bog/Deg 

G99 = (Byo + Beg)B,/Deg 

_ 2 
@91 = (Booby ~ & “15)/ Dog a9 = (Dyo + Deg )bn/D ge:
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= (KigAgg + Doo - “15)/Deggs eo4 = (Boo/R — K44Ag4)Ben/ Dog 

K2 A N, €o9g =1-—e = Ke5As5 — = Ajo/R, 1°13? 27 = 1 — &7&1g) &9g 

_ 2 
C9 = AgoBen/R, egg =— KgsAgs + Byo/Rs egy = (—KGyAqag + Bog/R)B 

2 = K2 44482 — w21, + Ago/(R”). 

In the stability analysis we let w 7 0 in e;( j = 1,32).
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Appendix 4.3 

For very thin shells (or long shells) some elements of the coefficient matrix 

[K] appearing in Eq. (4—26) may become extremely large or small. To see this, we 

note that Eq. (4-26) has the form: 

  

__ +f ) f{ —N 

: Abe ; ob? ; oh? ; 
11 12 110 1 

\,L/2 AoL/2 . .L/2 1 2 10 
21° Kooe 210° Dy 0 

\,L/2 AoL/2 dy aL /2 . Ay . 9 - 109 
Kye Ksoe ) Ks10° 

-\,L/2 -d-L/2 -\. .L/2 Le _ Ay _ Ag _~ Aig 
Kee Keoe Kei0° 

tl? Sah? z > 0b? 

71 72 710 

-),L/2 5h /2 Ayo h/2 
| Fro1® Ki goe Ki 910° Prigh [2] 

(a) 
          

That is, each column in [K] involves only one of the eigenvalues of the coefficient 

matrix [A]. Because of exponential functions in [K], computer overflow (or 

underflow) may occur whenever the real part of + A jL/ 2 (j = 1,10) becomes a 

relatively large positive (or negative) number. To resolve this problem we assume, 

for example, that a,L /2 is a large positive number where ay is the real part of 5 =
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a, + ib, (i = v1). Now by introducing the new unknown constant 

_ a, L/2 
D, =e Dy; 

we can write 

2, _z ibl/2 Gem 
jl 17 *j1 1 Wa4 

and 

_ -ib,L/2 
_ -A,L/2 K,e _ _ 
Kye Dy =a 70 dy (j = 6,10 

e 

That is, we can replace the first column in (K] by 

_ ibjL/2 _ ib, L/2 
{K,,e “Kye QO---Q T 

} 

and replace D, by D, in Eqs. (a). Similarly, if a,L/2 is a large negative number 

(with A. = a) + ib.), then the second column in [K] and D, in Eqs. (a) can be 

replaced by 

“ibgh/2 iby /2 
{0---0 Kpoe 102°
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- ay Lb /2 
and Do, respectively, with Do =e 2 Do. Similar arguments can be made 

concerning the remaining columns in [K].
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Appendix 4.4 

The coefficients C i( j = 1,9) appearing in Eqs. (4-34) are: 

Cy = (€y — &186)/€ 13, Co = (€3 — €1€7)/€y 3, Cy = (eg — €y&)/€1 3, 

Cq = (€g — &5€9)/€ 13) Cy = (7 — &5€3)/€y 3, Cg = (Cg — 5 ¢4)/€15p 

Cy = &g/€y9, Cg = 4 g/€y9, and Cg = €14/€ 40, 

where 

© = By /Ayys p= — Tah /Ay ys &g = — Lye Ay ys Oy = — Ayo /(RAqy): 

= B,,/D 21D (kK? _ 9 
es Lv &g = 7 Wy%/D yy &7 = (Kg5As5 —1g4)/Dy1, 

= (Kg5Ags — Byo/R)/Dy 1) &g = Ayo/Ry €y9 = Byo/R—Kgp Ans, 

we 
= Ago/R° 1, Wy e190 = = Ki5Ags — N, and e), = 1 —e,¢,. 

In the stability problem we let Wy Oine i{ j= 1,13). In the vibration problem, 

when only the radial inertia force is preserved, we will have 

os -a - _ we Cy = Cy = €, = 0, ande, = Ky pAee/D,1-
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The coefficients O( j = 1,2) appearing in Eq. (4—40) are 

where Ci j = 1,9) are given in above.



CHAPTER V 

STABILITY OF ANISOTROPIC CIRCULAR CYLINDRICAL 
SHELLS ACCORDING TO VARIOUS THEORIES 

We have studied the free—vibration and stability problems of cross—ply 

laminated circular cylindrical shells using the first-order shear deformation shell 

theory (FSDST) and the classical shell theory (CLST). In the present chapter we 

develop solutions for the stability of generally laminated circular cylindrical shells 

under compressive loads. 

Buckling of anisotropic shells under axial compression has been investigated 

experimentally by Card [119], Tasi et al. [120], and Holston et al. [121]. The 

experimental results lie within 65 to 85% of the theoretically predicted loads for 

perfect shells using linear anisotropic shell theories. Theoretical investigations of 

anisotropic shells has been made by Cheng and Ho [122], Tasi [123], Holston [124], 

Khot [125], and Wu [126]. In their analysis, Cheng and Ho (see also [127]) assumed 

a particular solution to Flugge’s classical differential equations of equilibrium. 

Their solution was originally used by Donnell in 1934 to solve the buckling problem 

of a thin tube under torsion [74]. However, it is argued in [120] that when the 

coupling between stretching and shear is large, the nonhomogeneity of the coupling 

stiffnesses Bij will make the analysis of Cheng and Ho inapplicable. Khot (125] 

investigated the effect of fiber orientation on the buckling and postbuckling behavior 

of anisotropic cylindrical shells under axial compression using the von 

Karman—Donnell large—displacement equations. The investigation also includes 

some data on the effect of initial imperfections on the buckling behavior of the 

anisotropic shells. Anisotropic cylindrical shells having axisymmetric shape 

imperfections are also investigated by Tennyson et al. [128, 129] using the nonlinear 

90
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Donnell—type shell equations. It is concluded in [128] that since the axisymmetric 

shape imperfection has a dominant effect on the buckling of composite cylindrical 

shells under axial compression, there is no significant advantage from a design point 

of view in selecting the optimum fiber orientations that would give maximum 

buckling strength for a perfect shell. Using Cheng and Ho’s solution, Wu [126] 

studied the buckling of anisotropic circular cylindrical shells under the combined 

radial pressure, axial compression, and torsion. In his analysis, Wu utilized Flugge’s 

and Donnell’s equations and developed general solutions for asymmetric 

(non—axisymmetric) and axisymmetric buckling modes. The numerical results are, 

however, presented only for asymmetric modes. 

Here we develop a general solution to the buckling of anisotropic circular 

cylindrical shells under axial compression within the frameworks of FSDST, the 

generalized layer—wise shell theory (GLST), and the layer—wise shell theory (LST). 

Our analysis will include both the asymmetric and axisymmetric modes and it can 

be used for buckling analysis with combined loadings. For completeness, we will 

also compare the results with those obtained according to Donnell’s classical shell 

theory (CLST). 

5.1.1 Stability Analysis According to FSDST 

We start our study of generally laminated shells using the first-order shear 

deformation shell theory (FSDST). For general anisotropic shells, the stiffnesses 

Aig Agog) Ags, Big: Bog: Dig and Dog are no longer equal to zero. The stability 

equations are (see Chapters II and IV): 

A +A 
2 

+ 2A +A 
1*1 

A A 
11" x 16" ,x,x 66" XoXo 16",x)x, + ( 12 T 66)" x, x,
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+A +Biigiyy + 2B, 6% x +B,.¢ XX] 1672,x,x + Beg? 26” .x5x 66° 1, XoXo 4 
2*2 1*2 

+ (B,. + Baa) d + Bod +a, +i, 7 12 66°" 2,x)X 2672,X5Xo ~R- ~R- 

A +(A,o5 +A ju y +A +A + 2A 
16" X4X 12 66 1X1 Xo 26" XoXo 66" Xp Xy 26" »x 

1 1*2 

+A + B,,¢ + (B,, + Baa)¢ + Bond 22" X_X 16 1,X)X, 12 66 1,X)Xo 26 1,X5x 9 
2 

Baad + Baad + Boog + iw, +B, =o 
66 2,x)%) 26 2,X1Xo 22 2,X5X R R 7 

B + 2B + B, pv + (B,5 + B,,)v 
1 16 XX} 12 66 16° x 

+ Begt , 
Xy 66 XnX 11" )X4X 9 1X4 Xo 

+ 2D Kis Ass, + Dy1o4 1X1 + Bogy )XoX 1691,x,x5 * D6691,x,.x 
2X) 2*2 

Kis Ay Pq + Digby xx, 7 (Dio + Deg) eo XX t Dog %q XoXo 

+2 _ a ) + (028 K2.A,.)w. =0 “R755 55 x, RT 45°45!" x, 

B + (B,5 + Bap)u +B +B + 2B 
16" X4X} 12 66 X4Xo 26" XoXo 66" XX 26" XX 

] 2 

2 
~ KasAa5?1 + Pihtx,x, + (D + Boo’ xx 12 + Deg) 1x. x 

22 1°2
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2 
— KygAqqbo + 66 %2,x,x + Dogt x5x it 2D g + Dood 9 26 2,X1 Xo 22 2,XoXo 

B B 26 42 22 1,2 _ +(+=>- Kashas¥ x, + (+ - Kaha)” x, = 0 

Ato Ang Ang Ago C 12 
Rk Sx, +R Ux, TRY x, + ROY x, + 

2 
ro K55455) 91x, 

B B B 26 12 26 12 22 12 
+ Rm Kg sAgs)Oy x + (am KgsAgs) 0.x, + i Kaa Aaa) ?o,x, 

poh 4 (KZA Jw. —2K7.A,w  . —K?,A ww. =0 R2 55° 55 XX} 45°45 1X1 Xo 44°°44 X_Xo 

(5-1) 
where N is the distributed axial compressive (positive) load acting at the ends of the 

shell. 

5.1.2 Boundary Conditions 

Various boundary conditions can be assumed to exist at the edges of a shell. 

We have classified these conditions in Eqs. (4-30), (4-31), and (4-32) of the 

previous chapter. For anisotropic shells the stress resultants appearing in these 

equations are given (see Chapter IT) as 

M, = B,,u +B,.u, +Biov, +B, pv. +0D,,¢ 
1 11 Xy 16 Xo 12 Xo 16 Xy 11 1,x)
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B 12 Died, +Diedo. +Dinbo. + 16°1,x, 7 “16°2,x, 7 ~1272,x, Ww 

Mg = Bigtx, + Beetx, * Bas’ .x, + Bos¥x, + Pis%ix, 

+ Deng, . + Dando. + Doad 4228, 
6671,x 6672,x 26 2,Xo 2 1 R 

Ny = Ayitx, + Arex, + Ara’ x, + Are’ x, + Bir%1,x, 

A 12 
+ B16? 1x5 + B16%2,x, + B12? 2,0 +R Ww 

+A +A Ne = Ajgu +A 

2 
6 x, 7 Aes" x, + A26¥.x, + “66%,x, + Bi6%1x, 

A 26 +B 66P1,x, + Be 6fo,x, +B 26%,x, +E 

K2 
Q, = KgsAss¢, + K 4545 %9 + K5sAs5W + KipAgsw y Xy (5-2) 

5.1.3 Solution Procedure (Asymmetric Case) 

Assuming that the shell buckles in m (with m = 1,2,...) circumferential 

waves, we seek a solution in the form
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if x 

(u,v, $1 ,¢5,¥) = Re{[U (%4)s Ving (% 1): X oy (% 1), Yo (% 1) Wn (%)] 4 

(5-3) 

where Re(-) denotes the real part, i = y—I, and Ba = & Upon introduction of this 

solution and the new variables, 

Zs m(X) = U(X) > Zom(*) = Ue) = 2%) 

Ze (X}) = Vil) ; Z 4%) = Vint) = Ze (X41) 

Zsmn(%}) ~ Xl) , Lem (*1) — Xn (xy) = 25 m(X}) 

Zt (%y) = Yay (Xq) > Sgr) = Yn) = 276%) 

Zorn (%q) = Wily) + 2 qm (1) = Win) = ZG m9) (5-4) 

into Eqs. (5-1), we obtain 

[B]{Z’} = [C]{Z} (5—5a) 

where 

{2°} = (Li Bb -Eh om) 

{2} = {24 ZomZiqm}- (5-5b) 

and the coefficient matrices [B] and [C] are
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(5—6a) 

(5~6b) 

 
 and 

by bg dg yg gy yg OO be 

C1 «612 13 114 C10 

“11 &19 

In Eqs. (5-6) we have
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ay = Ayy ag = by = Ay, ag = By ag = bg = cg = d, = Big 

. ee: 
= BoyAggy 8g = ~21 Aye: Ay = bs = Bin Ange 

_ _ oo: _ _ 2 _ _ _9: 

ag = bg = AB (Ajo + Age): 8g = Cs = Fn Beg A190 = %g = ZF Big 

_ a _ R2 _ 4 __9; 
= fe Aoo, Dy = -218 m267 611 = 47 = Fe Boo: byg = dg = 218 Bog 

As Ags 
bg = WB, AO = ey Dyy = 5 = — AS Cg = Dyys Oy = dy = Dy 

= BaD og + Kegs, C19 = 218 Dig C11 = Ag = BDog + KisAgs 

Cro = d,, =B (Dy + Den), Cra = Cp = 18 (226 _ K*,A,,) 12 ~ [19 = Wm" 12 T 667) 613 = &g = FP mI ORT 8454445 

C14 = ey = Ken 712 4 D = 67D A 14 = &7 = KssAss — po dg = Deg, dy, = BeDoe + KigAag 

dig = —218, Dog: dg = &g = —18 (2 2 Ki Aya)
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Bog Ago _. 2 _w_ 2 _ _a2y2 _ 
dig = @g = KysAgs — Ro &y = N— Keds, C19 = Ky gAaa a 

e,, = 2i0_K7_A (5-7) 11 = 28) KysAgs: 

It should be noted that [B] is a general real matrix and [C] is a general 

complex matrix. Equation (5—5a) can alternatively be written as 

{Z’} = [A]{Z} (58a) 

where 

[A] = [BJ"'[C]. (5-8b) 
A formal solution of Eq. (5—8a) can be shown to be (see [114,115]) 

{Z} = [U][Q(x, )]{D} (59a) 

where 

| Ay 
e 

om f 

[Q(x,)] = “ . (5—9b) 

Q x 2h10%1     
where [U] is a modal matrix that transforms [A] into a diagonal form (i-e., the jth 

column of [U] constitutes the eigenvectors of [A] corresponding to the jth eigenvalue 

of [A]). It is found that for m # 0 the eigenvalues A j (j = 1,10) of [A] are always 

distinct. In Eq. (5—9a) {D} is an unknown constant vector whose components are 

in general complex.
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Equation (5—9a) can alternatively be rewritten as 

10 AX, 
Zz = Yuet °D. i=(TI1 (5-10) 
im j=l 1) J 

Hence, from Eqs. (5-3), (5-4), and (5-10) we have 

fu | cA 

Vv Ua: 
10 | ¥ iB. Xo 

}91 = Rel U5; }(cosh Ay + sinh Ax, )Dj-e | (5-11) 
J= 

%o U7; 
LW Lg}         

Throughout our analysis we will assume that the boundary conditions at x, = + L /2 

are identical. At this point we assume, for the sake of illustration, that both edges 

of the shell are clamped (of the type C4, see Chapter IV). Upon imposing the 

boundary conditions on Eq. (5-11), we obtain 

[K}{D} = {0} (5-12) 
where
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Puy cosh A, L/2 Uy9 cosh AnL/2 vee U4 79 cosh digh/2| 

Ug, cosh A, L/2 Uge cosh Aj»L/2 ves Ug; 9 cosh Aj _L/2 

ug, cosh A, L/2 Ups cosh A,L/2 vee Ug 1g cosh Aj yL/2 

Uy, cosh A, L/2 Ur, cosh AjL/2 vee W719 Cosh Aj _L/2 

Ug, cosh A, L/2 Ug cosh Aj»L/2 vee Ugyq cosh Aj _L/2 

[K] = U,, sinh A, L/2 Uz9 sinh AjL/2 nee Uy 19 sinh Ai9h/2 

Ug, sinh A, L/2 Uge sinh AyL/2 vee Ugig sinh A, 4/2 

uy, sinh 1,L/2 Us, sinh A.L/2 vee Us jo sinh Aj ol /2 

Uy, sinh A, L/2 Uzo sinh AQL/2 vee U7 sinh Ai9h/2 

| Yo sinh A, L/2 Ugo sinh A,L/2 vee Ug1 Sinh Aygh/2 | 

(5-13) 

For a nontrivial solution the determinant of [K] should vanish: 

|K| = 0. (5-14) 

Generally, some of the eigenvalues A j (j = T,10) are complex. However, it is found 

that if one of these eigenvalues is complex and has the form a, + ib,, there always 

exists another eigenvalue of the form a, + ib. That is, the eigenvalues appear as 

+a, + ib,. For this reason, the columns in Eq. (5—13) corresponding to these 

eigenvalues will also be complex numbers whose real parts will be the negative of 

one another but will have identical imaginary parts. Therefore, the determinant 

|K|, when it is complex, can easily be transformed into a real one. Indeed, it turns 

out that |K| is either a real number or a pure imaginary number when it is 

complex. Hence we can simply divide |K]| by |U| to obtain a real number as we 

discussed in the previous chapter.
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During computation of the elements in the coefficient matrix [K] for thin 

shells (or long shells) overflow or underflow may occur in computer calculations. As 

explained in Chapter IV, this problem is primarily due to the fact that the product 

of L/2 and the real part of some of eigenvalues may result in a very large positive 

(or negative) number. To resolve this problem, we assume that a,L/2 is a large 

positive number with ay being the real part of, say, », = a, + ib. With this in 

mind, we note that 

1 faqb/2ibty2 PPM | at/a ib, L/2 
D, cosh A,L/2 = 5D, Ie + “a,L]2 +e Die 

e 

_ ibyL/2 = 
= Die =5, (5—15a) 

and 

1 fazb/eibytj2 St) | ate ib,L/2 
D, sinh 1,L/2 = D,Je e — 45e D,e 

1 1 31 a,L/2 2 1 
e 

_ ib,L/2 - 
= Bye =5, (5-15b) 

a,L/2 1 A4L/2 
where D, = (5 e! )D, and D, = (xe )D,. That is, we can replace D, in 

Eq. (5-12) by a new unknown constant D, and replace cosh \,L/2 and sinh \,L/2 

ib, L/2 
t Alternatively, we can replace D, by D, and replace cosh A,L/2 and bye 

sinh A,L/2 by 1 as can be seen from Eqs. (5-15). Similarly, if Ay = a, + ib, 

(with —a, L/2 being a large negative number), we note that
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1 peibtt/? a, L/2-ib,L/2, , a,L/2_ —ib,L/2 
D. cosh Anh /y =5D, Sor +e e 45e Doe 

e€ 

_ -ibjL/2 = 
= Doe =D, (5—16a) 

and 

ipa? Phi? a L/2-ibsb/2 =, a,L/2_ ib, L/2 
D, sinh AnL/2 = D,| -el'e ]o-$e Doe 2 2 52 are 2 

_ ib, L/2 - 

_ a,L/2 - —\,L/2 
where D, = ( e! )D, and D, = (d e ? )D,. That is, we can replace D, b 2—\3 2 2-3 2° P 2° 

~ib,L/2 —ib,L/2 
Do and replace cosh AL /2 and sinh Ag /2 by e } and -e ; 

respectively. Also, alternatively, we can replace Do, cosh AyL/2, and sinh AL / 2, 

respectively, by Dy, 1, and —1. Similar arguments can be made for the remaining 

columns in [K]. 

5.1.5 Axis etric Buckling (m = 0 

In the special case when the buckling takes place with the axisymmetric 

mode, the generalized displacement components will be functions of Xx} only, and 

Eqs. (5-1) reduce to 

A 
4/4 47 47 47 12 4‘ _ AyUG + AyeVo + By, X) + BygY5 + —- Wh = 0
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A 
4/ 47 47 47 26 4 _ 

Y'' —~K2.A_Y B 16%o ~%45%45%o 
at an ! _ 2 

1146" + BigVo! + DyyX — Ks5Ag5X + D 

B 12 12 , + [a - KE Ags] Wy = 

Y'’-K2.A,.Y B 66%0 ~ Kagaa*o Us’ + BegVi’ X’’-K2.A,.X +D 16 66% + PigXo’ — KasAgs%o 

B 
26 2 , + [Ro - KasAas |W = 

A A B B 12,7, , *26,, , [B12 12 [P26 y2 ) 
Ee Uot+-R- Yo + [ae - KesAg5|X% + ae — KasAas] ¥4 

4 (N-K? Ary )W/’ 4 222 w = 0 (5-17) 55° 55/0 R2 o- 

where a derivative with respect to Xx} is denoted by a prime. By assuming that 

AX _ 1 (U,:V5Xo¥o7W,) = (A,B,C,D,Ee (5-18) 

the general solution of Eqs. (5—17) can be shown to be
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, ry 2 3 
[US Aj [E, + Eox, + Byx; + Bgx) 

2 3 Vy 6 Bi x Eg + Ej 9x, + oe 1 + Byox} 

Ixteogz Jol “4, | 3 Xol a Cj e€ + Cy + Cox, + Co" + Cy o*1 

~ 3 
Yo D; we it Pom + D, 9%} 

3 | 

(5-19) 

where A; (j = 1,6) are the roots of 

0,(A*)8 + 0(A7)? + 09(d7) + 04 = 0. (5~20) 

The expressions of 6; (j = 1,4) are displayed in Appendix 5.1. The relationship 

among the unknown constants appearing in Eq. (5—19) are obtained with the help of 

Eqs. (5—17) and the general solution finally can be presented as 

            

U, uj Ey + E gx, 

Vol gS "2il yy By + Ey 9X} 
Ix |=3 ugi-e “E+ J, 9 (5-21) 0 j=l 3] 

Y5 U4; 0 

Wo 5 LUsgBy + Usigh yo:
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where the expressions of Wij (i = 1,5 and j = 1,6), Usg, and U,j, are given in 

Appendix 5.1. For an axisymmetric problem the stress resultant in Eqs. (5—2) 

reduce to 

B 
—_— / / / / 12 M, =B,,U/, + BygV. + D,,X + Dig¥/ + 4" W, (5-22a) 

M, =B,.U/ + Be.V! + D,-X! + Dee¥’ + 28 w (5~22b) 
6° ~16~0 66 “o 16° 0 660 R O 

Ny AGUS + AGW! 4 BAX 4 BY! 4 12 (5—22c) 
1” “110 16 0 1l°0 160 R 0 

N, = A.aU! + AaaV! + By aX’ +B vi 4 126 w (5-224) 
6° ~ 16~0 660 16° 0 660 R “o 

Q, = K2,A,.X. + K?-A,-Y, + K2,A,.W/ (5~22e) 
1 55° 55° 0 45°°45° 0 55° 55° 0" 

Further, by substituting Eqs. (5-21) and the expressions for u, j into Eqs. (5—22c) 

and (5—22d), we obtain 

N. =A fae: E,+ {A poi E 1— 111 7 “KR” 458] "8 16 * —R "510/10 

Nea [Are + 28 up ]Be + [Ace +28 u,| (5-23) 6 |16* KR 458/78 66" —R “s510/“10 CC 

It is to be noted that the unknown constants Ey and Eg appear only in the 

expressions of U, and Vo) respectively. Also only Eg and Ej appear in the
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expressions of N, and Ng. Therefore when we impose the boundary conditions (see 

Eqs. (4—30)—{4—32)), we will have the following four cases: 

CASE 1 

  

For the boundary types S4—S4 and C4—C4 we obtain a system of ten 

homogeneous algebraic equations of the form 

[K]{E} = {0} (5-24) 

which involve all the ten unknown constants E, through E19: 

CASE 2 

  

For the boundary types S3—-S3 and C3—C3 we obtain a system of nine 

homogeneous algebraic equations of the form 

(k] = £6 } = {0} (5-25) 

    

not involving the unknown constant E,.
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Case 3 

For the boundary types S2-S2 and C2—C2 we obtain a system of nine 

homogeneous algebraic equations of the form 

(K]} | = {0} (5-26) 

    
not involving Eo. 

Case 4 

For the boundary types S1-S1, C1-C1, and F—F we obtain a system of six 

homogeneous algebraic equations of the form 

By 
[K]\: + = {0} (5-27) 

E6 

not involving E; (j = 7,10). In Case 4 we will have E, = E,, = 0. For a nontrivial 

solution, the determinant of the coefficient matrix in Eqs. (5-24)(5—27) must be 

set to zero. Finally, by the procedure that we developed in Section 4.2.2 the 

complex determinant |K| can readily be transformed to a real one.
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It should be recalled that here we assumed the shell is anisotropic. For a 

cross—ply shell, however, V 0 and Y 0 will be equal to zero, as we noted in Chapter 

IV, and, therefore, the general solution of the axisymmetric buckling problem 

developed in Chapter IV should be used. 

5.2.1 Analysis Based on GLST 

The small—displacement equilibrium equations of circular cylindrical shells 

according to the generalized layer—wise shell theory (GLST) were presented in 

Chapter III. Here, without presenting all the details of the generally known 

statements and definitions on which the stability of elastic shells is based (see [119], 

for example), we present the approximate stability equations of circular cylindrical 

shells according to GLST as 

j j _1lyj_oi_tyk .&.=20 (i= bw! Ky, + K3 ye Mg -Q3-Nwe = 0 (J=1..N +1) 

(5—28a) 

where 

0, when j # E(=5N +1) 

J [1 when j = k(=5.N + 1) 

and it is assumed that N is acting at the midsurface of the shell and that there are
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even number of mathematical layers in the shell. However it is possible to remove 

this restriction by distributing the N over the shell thickness. Here, for convenience, 

we have replaced xy and Xo appearing in Eqs. (3—9a) by x and y, respectively. It 

should be recalled that w, vw and w! appearing in Eqs. (5-28) are small increments 

to the equilibrium position. Generally, the coefficient N should be obtained from 

the axisymmetric prebuckling deformation of cylindrical shells entailing both 

bending and stretching. When this is done, this coefficient will be a function of x. 

However, for simplicity, this coefficient is usually determined from the linear 

axisymmetric membrane equations. The major analytical advantage of this 

assumption is that the stability equations will have a constant coefficient rather 

than a variable coefficient. 

In stability analysis, the specification of boundary conditions at x = + L/2 

are slightly different from those given by Eqs. (3-10). Here, at x = + L/2, we 

specify 

j J M i Or u 

j ; 
Me Or v 

KJ — wé or wi (5-29) 
1 x 

5.2.2 Stability Equations in Terms of Generalized Displacements 

Substituting the stress resultants given by Eqs. (3—18a) into Eqs. (5-28) 

results in:
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N+1 ... N+1 ... N+1 — N+1 
Y Diu + Y Did - »¥ Disa + § opty! 

i=] 11 xx i=l 66 yy i=l 55 i=l 16" )Xy 

N+1 ij,i +1 ij, Nit ji 
+ 3 Digy a DogY yy + 2 at De - Dip’ 

N+1.. N+1 .. Le. 
ij 51 j ij _ pHdiyyl 

+ 2 Dip + Dep¥ xy + (35 + O23 Da5)¥ 

+ 2 ED} J 4 Di} - Dex) 0 (5—30a) 

N+1 N+1 
ij ijl _ aij Y Dig" xx + & Dog + 2 2 Ed, ae Dj du! 

i=l i=l 

+B Dusviinl 4 2 Did ob piv! 21) 127 ~ 66", 4 66", 4 22” yy 

N+1 _.: _ _: N+1 Lo 
1Aij_1 yjij_Ai]_ 1 Ay 1] 1 

+ % Pag — pa Pa Pag t Re Pagly + 2 DOGY xy 

N+1__.. 
513 ,1py7ijJ, 1 pnijJ_pjsiy 

+E a3 + Poa + Pag — Pag) y 

N+1 _.. - - - 
513, 1 nil, lpyij_ Ally _ _ 

_ (ag ~Dli-L pul 3 B oH + _Did—Diyu! 
36 R26 13° R 55/ 4x i= = }
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N+1_.. ; 
51) Llpnijilpnij psi 

+E (aa~ BP aa — Pad ~ Paglyy 

N+1 . . 
1j} 1 pyij_l pyjij _pliy 1j.l 

+ 2 (45 — P45 — P26 Pae¥x + % Ps5m, 

N+1_ ; N+1 ij i N+1 ji 
— x Nw doe. +  % Dyyw + u 2D 45W 

i=l i=l =] 

N+1 _ 
1 yi), laijy, lai, Al) _ - 

Following the procedure introduced in Section 5.1.3 we assume 

. . if 
w (x,y) = Re{U, (xe my 

; . ip 

v'(x,y) = Re{V,_ (xe my 

if AY 
wi(xy) = Re{Wi(xle ™} (i= 1,..N41) (5-31) 

where a ® Re indicates the real part, and i = ¥—I. We substitute Eqs. (5-31) 

into Eqs. (5-30) and obtain: 

N+1 .. .,, Ntl .; .,, Netl .. . Nel... ., 
yo alui + y avi = 3 aly} + ¥Y aly! 

i=] 1 ~m i=] 2m i=l 3 °m i=l 4 “m
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Nil ij Nfl ied’ N41 tig’ Ny Lip i 
+ a vi + an V + a + a 

i=l 5 m i=l 6m s=1 7 m +=] 8 ‘“m 

(5—32a) 

N+1 _, N+ _, N+ N+1 
y but + ¥ bavi = J b,U, + zy by U2, 

i=l i=l i=l i= 

N+1 N+ N+1 .. . N+l .. ., 

+ J bv) + ¥ * piv’ + bw, + y bw 
i=l i=l i=l i=l 

(5—-32b) 

N+1 N+1 N+1 . N+1 
y wi” = J cut + ¥ ody’ + ¥ cyt 

i=l i=l i=l i=l 

N+1 , N+l.. . N41 , ijx,i 1jxqy 1 ify 1’ : _ 
+ 2 Sm + 2 emt 2 cy Wo j=l,....,N4+1 

(5—32c) 

where a prime denotes differentiation with respect to x. In Eqs. (5-32) we have 

aid 1j aij 1] Je ij 
ay” = Dy7, ag" = Dig, ag = Br Dée 1+ Ded 

aj) =—2i6, Did, and = p° 2 Dad — (ge Bit -— D}P) 

ij__ pid) aii _—a9 (pid 2 pil _ pli 
ag =~ i8 a(Di2 + Dgg), 7° = — 18 (Dag + Fe Dog — D4s)
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ij sjiy pid — pil ij 
ag — (ge Di} + D2 — Dg5), by = Did, bs) |= Dee 

ij_ g2nij_lLaij_ Rij) vii zp mid ci 
bgr = ByDog — GR Days — Dag), by = — 16,,(D 35 + Degg) 

ij _ ij_ aij 1 ji 

by = A D3d ~ (Bgl — 45 DY - Dad + BY) 

ij > ij ij_ = ij 1 jl 

bg = — 218, Dog, by’ = — 18 n(Do} + Dod + Dad - DL) 

(5-33) 

Equations (5-32) are (3N + 3) coupled ordinary differential equations with a 

total order of (6N + 6). To solve these equations, we first replace them with a new 

system of first—order equations by introducing the following variables:
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_ 1 _ 1 , 1 4a 

Zy a Un ’ “y49 ~ Un ° Un “ni 

_ 2 _ 2 , 2 aa ’ 

Z,=U, Zy43 = Um 7 Un = 2N43 

_ N41 N41’ N41 
2y41 = Um Zonya Un TUR C= Zon 42 

Z =vi Z =vi'avi’ =n. ON+3 = "m gN44 =m 7¥m 3N-+44 

Z =V2 Z ve ave =. on+4 = Ym 3N+45 m 3N+45 

_ N41 N41’ N41" _ 
Z3n+3 = Ym Zyn44=¥m 7 Ym ZaN+4 

Z -wi Z =-wi’.wl’’ =z. 4N+5 = Vm 5N+6 — “m m ~ 45N+6 

_ 2 _ 2 , 2 at _ , 

Z4n+6 = Vn Zen47= Wm PW = 45N47 

_ N41 N41’. N41" 2? 
Zeni5 = Wa Zen+6 = Wm ows = Zen+6° 

(5-34) 

Introducing Eqs. (5—34) into Eqs. (5-32) yields: 

[C]{Z’} = [B]{Z} (5-35) 

where 

/ / / / T {Z'} = {Z4,25,....Zén 4 6} (5-36a)
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and 

T {2} = {2 ,2o,--sZen 46h - (5-36b) 

Equations (5—35) can alternatively be presented as 

{Z’} = [A]{Z} (5—37a) 

where 

[A] = [CJ "[B]. (5-37b) 

The expressions of the elements of the matrices [B] and [C] are given in Appendix 

5.2. A formal solution for Eqs. (5—37a) can be shown (see [114,115]) to be 

4x 
e rox Q 

e . 

{Z} = [U] ey {D} (5-38) 
x 

Q e ON+6 

where Ay Agn 46 ate the distinct eigenvalues of the general complex matrix [A] 

and [U] is the modal matrix. That is, the columns of [U] constitute the eigenvectors 

of [A] corresponding to J...Agy 46° Also {D} is an unknown vector. Substituting 

Eq. (5-38) into Eqs. (5-34) yields: 

U; u. 
* 6N+6| (J 

Vint = 2 ' U4 ij (cosh Ax + sinh A;x)D; (5—39a) 

w! 
m. Yo ¢ ij
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where i = 1,..., N + 1, u;; are the elements of [U], and 

t= 2N +2. (5—39b) 

Based on the boundary types given by Eqs. (4—30)—(4—32) in the first—order 

shear deformation shell theory (FSDST) we classify the following boundary types in 

GLST (at x = + L/2): 

S1: 

wi =M! =0; j=1,...N+1 J =M) =0;j=1.... 

k _ j — vit. M,=0,V7,= Yan ;j=l,...,N 

82: 

W =0;j=1,.,N +1 

Mi = 0;j=1,..., Pandy +2,...N +1 

k _ k j—vjtl.-_ Ux =0,Mg=0,VJ = vith j=1,....N 

$3: 

Jevi ewsen.;e wi =Vi=Mi=0;j=1,..N+1 

S4: 

wizvi =0-j=1,...N+1 
m m ? °°)
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m m 

Jepjeoie We Uy = OI = 1 ON +1 

k _ j —vjtl. 
Mg =0,V,=Vin ;j=1,...,N 

J—vi_o.;- Wat Vp = OIJHhe N41 

mE =0,ud sudth jo1,..N 1°” ~” n_ m iJI= ety 

J~yievien ie Wa UA = VQ HOH h. N41
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I"
 

J -~=<Ni= }-Nwe, = 0, j=1..N+1 (540) 

with K=4N-+1. Assuming that the edges of the shell at x = + L/2 have identical 

boundary conditions, imposing Eqs. (5-40) on Eqs. (5-39a) results in a system of 

(6N + 6) homogeneous algebraic equations of the form 

[K]{D} = {0} (5-41) 

For a nontrivial solution we set |K| = 0. 

5.3 Analysis Based on LST 

The stability analysis of anisotropic circular cylindrical shells based on the 

layer—wise shell theory (LST) is very similar to the one based on GLST. Here, 

again, without going through the linearization of the nonlinear equations, we present 

the approximate stability equations of LST (see Eqs. (3—-6)) as: 

ov): MJ +Mi + _Ki-Ql=0 (i= 1, 2, ...5 N41) 

, 1 N — bw: Qi x + Qoy —ANo- NW xx = 0 (5-42) 

where the stress resultants are defined in Eqs. (3—16a). With the help of Eqs. 

(3—16a), Eqs. (5-42) can be expressed in terms of w, v, and w. As we mentioned 

in Chapter III, in LST we assume that the radial displacement w is constant 

through the thickness of the shell. By assuming
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i, Bm wi(ay) = Re{Ui(xje™} 

, if 
v'(xy) = Re{V_ (x)e m) 

if AY 
w(xy) = Re{W(x)e ~ } (5-43) 

N+1’ 
in Eas. m as q and introducing the new variables Z, = Us up to Z 4N+4 = Vv 

(5-34) and Z AN45 = Wn and Zin 46> W,, the stability equations of LST can 

be presented as a system of first-order equations similar to Eq. (5-35). The 

solution procedure of these equations and the imposition of boundary conditions 

closely follow our developments for FSDST and GLST. For completeness, however, 

here we classify the boundary types at x = + L/2 in LST as: 

$1: 

W,, = 0, Mi =0;j=1,.,.N41 

mE = 0,vi =vith j=1,...N 6 ? mn m J= ney 

S2: 

W,, = 0, MJ =0;j=1,..., fand} +2,.., N41 

k _ k _ j —vJjtl.. Un, = Mg=0, Vi =V2 isl. N
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=M) =0;j=1,..,N+1
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C3: 

_vko9 vi =-o-4- Wy = Mz, =0V, =95=4 N41 

jJ—eonjtlh-_ 0, = Un ;j=l,...,N 

C4: 

—~ylevixao-ja Wat Um = Vat I=L .N+1 

F: 

MJ = Mj =0;j=1,..,N+1 

Q- Nw, = 0 (544) 

where k = 5 N+ 1. At this point it should be pointed out that no separate analysis 

is required for the axisymmetric buckling mode (m = 0) since the eigenvalues will 

not be repeated. This is also the case as far as GLST is concerned. However, in 

axisymmetric buckling analysis the magnitude of some of the eigenvalues will be 

very close to zero and a quadruple precision must be used in the computer 

programming.
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5.4 Numerical Results and Discussions 

For simplicity we assume that the thicknesses and the material properties of 

all laminae are the same. The total thickness of the shells is assumed to be 1 inch 

and the material properties of a lamina are taken to be 

E =10E,=105E Gio = G1, =06E 
1 2 3° “1 2? 

Go = 0.5 Eo, and Vie = "43 = Y93 = 0.25. 

Also the shear correction factor K*(= K 4= Ki. = K?.) in FSDST is assumed to 

be 5/6. 

The dimensionless critical buckling loads of (0/45/—45/90) laminated shells 

having various clamped boundary types are presented in Table 5.1. A number in 

parentheses following the buckling load denotes the circumferential mode number 

m. It is to be recalled that the 0—-degree layer is the outside layer of the shell. In a 

O—degree layer and a 90—degree layer the fibers are oriented, respectively, in the 

longitudinal and circumferential directions of the shell. It is noted from Table 5.1 

that the critical buckling loads of the shell with various clamped boundary types are 

only slightly changed. Further, in some cases the buckling loads obtained within 

GLST and LST are slightly larger than those predicted by FSDST. The results of 

FSDST depend, of course, on the assumed value for the shear correction factors. On 

the other hand, from the assumed displacement fields in GLST and LST it is noted 

that each layer in the shell can be assumed to be composed of many layers in these 

theories. In Table 5.1 we have assumed that a (0/45/—45/90) shell is composed of 

four layers in GLST and LST. However, if more accurate results are sought, each
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layer should be modeled as if it were composed of many layers. This is 

demonstrated in Table 5.2 where a (0/45/—45/90) laminated shell is once modeled 

as a four—layer shell and then as an eight—layer shell. In an eight—layer shell, each 

layer in the (0/45/—45/90) shell is considered as two layers. It is noted that, when 

this is done, the critical buckling loads obtained within GLST and LST are smaller 

than those obtained within FSDST. This is also demonstrated in Table 5.3 where 

the buckling loads of a homogeneous isotropic shell with boundary type S3—S3 are 

determined according to various theories. It is to be recalled that in FSDST and 

CLST a laminated shell is modeled as an equivalent single—layer shell. 

In order to put into evidence the importance of fiber orientation, we have 

plotted in Figs. 5.1 and 5.2, the variation of dimensionless critical buckling load 

according to FSDST vs. @ for the following three—layer shells with S3-S3 boundary 

type: 

Shell 1: (0/—6/ 6) 

Shell 2: (6/—0/0) 

Shell 3: (0/0/—0) 

Shell 4: (6/90/—8) 

The numerical results are generated for values of ranging from 0° to 90° with 5° 

increments. In the (8/—0/0) laminated shell the maximum critical buckling load 

occurs when @ is approximately equal to 41°. Also for 0 < @< 90 the circumferential 

mode number assumes values between 8 and 13. The minimum critical buckling 

load occurs when # = 85°. The ratio of the maximum load to the minimum load is 

equal to 1.34. For the (0/—0/0) shell we have also plotted the minimum 

axisymmetric (m = 0) buckling loads in Fig. 5.1. It is seen that for 55° < 0 < 65° 

the minimum axisymmetric loads are slightly smaller than the minimum
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asymmetric loads. For 0° <¢ @ < 40° and 70° < @<¢ 90° the circumferential mode 

number m is larger than 2 whereas for 40 < @ < 70 m is smaller than 2. For this 

shell the ratio of maximum critical load to minimum critical load is 1.37 (see Fig. 

5.1). For shells 3 and 4 this ratio is equal to 1.29 and 1.33, respectively. The 

critical buckling loads of Shells 1 through 4 are displayed in Table 5.4 for various 

fiber orientation angle #. The values of @ approximately represent the fiber 

orientations at which the minimum and maximum critical buckling loads occur for 

Shells 1 through 4 (see Figs. 5.1 and 5.2). For the (0/90/—@) shell the critical 

buckling loads are predicted by asymmetric buckling modes with m being larger 

than 4 and smaller than 10. For the (0/0/—@) shell the minimum axisymmetric 

buckling loads are slightly smaller than the minimum asymmetric buckling loads for 

36° < 6 < 44° (see Fig. 5.2). 

5.5 Conclusions 

In this chapter we have developed a general solution for the stability analysis 

of generally laminated shells. It is found by Wu [126] that when m = 2 and L/R = 

100 there is a considerable difference between the results obtained from Donnell’s 

classical theory and Flugge’s theory. This is expected since, as we mentioned in 

Chapter V, Donnell—type theories are accurate so long as m is larger than 2 and the 

shell is not very long. 

It is found that changing the lamination scheme and fiber winding angle can 

produce a considerable decrease or increase in the critical axial buckling load of a 

laminated shell. It should be pointed out that the general solution procedure 

presented here can also be used for the free—vibration analysis and the stability 

analysis of anisotropic shells under combined loadings.
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Table 5.1 

The effects of various clamped boundary types on the dimensionless critical buckling 

  

  

TT 2 
load T,, (= _) of a (0/45/—45/90) laminated shell; t = 40 and ¥ = 2. 

100E,h 

Theory C1-Cl C2-—C2 C3—C3 C4—C4 

GLST 2.2401(6) 2.2500(6) 2.2542(6) 2.2586(6) 

LST 2.2413(6) 2.2511(6) 2.2554(6) 2.2597(6) 

FSDST 2.2483(6) 2.2500(6) 2.2573(6) 2.2584(6) 

CLST 2.2915(6) 2.2934(6) 2.3016(6) 2.3029(6) 
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Table 5.2 

Effects of number of layers on the dimensionless critical buckling load 

_ Nw? R L T 11 (= ———>) of a (0/45/-45/90) laminated shell, + = 40, 7 = 2. 
10 OEh 

Number 
Boundary Theory Th of 

Layers 

2.2586(6) 4 
GLST 

2.2548(6) 8 

2.2597(6) 4 
C4—C4 LST 

2.2579(6) 8 

FSDST 2.2558(6) 4 

CLST 2.3029(6) 4 

2.2337(6) 4 
GLST 

2.2295(6) 8 

2.2348(6) 4 
S3-S3 LST 

2.2327(6) 8 

FSDST 2.2339(6) 4 

CLST 2.2755(6) 4 
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Table 5.3 

7 2 
Dimensionless critical buckling load T,, (= NL ) of an isotropic shell according to 11 Eh? 

various theories; boundary type is $3—S3, t = 30, K = 1, and v= 0.25. 

  

Theory T Number of Layers 

  

11 

17.7701(2) 2 

GLST 17.5587(2) 4 

17.5048(2) 6 

17.6677(3) 2 

LST 17.6363(3) 4 

17.6292(3) 6 

FSDST 17.6605(3) 1 

CLST 17.9005(3) 1 
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Table 5.4 

NL? The dimensionless critical buckling load T,, (= ———) of Shells 1 through 4 
10 OEoh 

with various fiber orientations; x = 2, z = 100. 

Lamination TH 

(0/-65/65) 5.850(1) 

(0/45/45) 4.267(1) 

(40/—40/0) 5.806(11) 

(85/-85/0) 4.329(9) 

(60/0/60) 5.491(5) 

(15/0/—15) 4.252(8) 

(40/90/—40) 5.677(7) 

(80/90 /—80) 4.284(8) 
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, a oe oa | NL? Figure 5.1 Variation of dimensionless critical buckling load T,,(= OBL ) 
100E 

2 

vs. @ according to FSDST; ® = 100, L/R = 2, $3-S3 boundary 
type.
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Appendix 5.1 

The coefficients O.( j = 1,4) appearing in Eq. (5-20) are 

6, = ff, 0, =f, +1, + fpfo + if, 

0, = fy + 1, + fpf, + fgfg, 04 = fgfy 

Cy = C4, C4 = Cp, Cy = Cy — Cy a4/a, — Cyb,/b, 

d, = dg —d,a,/a, —dob,/bj, do = dy —dja3/a, — dybs/b,



132 

E, = lg — €4a/a, — enbg/by, Ey = C4 — €18g/a, — gba /d, 

Eg = C5, €4 = €g — €)84/a, — Cpby/dy 

and 

a = Ay Agg — Ale 82 = Bigg — Are2 16 83 = Biggs — AreBeo 

a4 = AggAyo/R— ArgAgg/R, by = Aig — Ay Age 

A,,B B 11Fi¢ by = Aig 11 

bg = AygBig — Ay Beg> bg = AygAyo/R — AyyAgg/R, cy = Byy 

Co = Bigs &g = Dy Cg = Kgs Aces Cy = Dig, Cg = Kye Age 

_ 2 _ _ - ye 
Cy = Byo/R — Kes Ags, dy = Big, do = Beg, dg = Dig, dy = —Ky5Ays 

2 _ _ 2 _ _ 
ds = Deg dg = —KygAggs I7 = Bog/R — KgsAqs, €) = Ayo/R 

_ _ 2 _ _ 
€9 = Agg/R, eg = By>/R— Ks 5 Ass, €4 = Bogrp — Kags 

ae: _ 2 
@5 = N—KyeArs, &g = Ano/R’.
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Expressions of ui = [5 and j = 1,6), Ugg, and U, 4, appearing in Eqs. (5-21): 

    

= Ayr U3; - aU, iA; — a, 1 Poh i3j ~ baug iA, ~ by 

ij ayAj "23 by; 

where 

66 j52j — 53)55; Bg i51j — 3584; 
Ug; = = , w= — ; us, =1 

J 8yj85; ~ 82584; J 84j82a) — 81585; J 

with 

_nj246 _—z\245 _s 
Bij = CA; + Ss , Boj = CoA; + Cy , 83; = CsA; 

ll fu
l 23 32,5 _3
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Appendix 5.2 

Expressions of [C] and [B] appearing in Eq. (5-35): 

    

— 7 
[1] 0 0 0 0 0 

0 [Al] 0 [AJ] 0 0 

0 0 [1] 0 0 0 

[C] = 
0 [Bl 0 {[B,] 0 0 

0 0 0 0 [I] 0 

0 0 0 0 0 [C,] 

_— ~ 
0 [1] 0 0 0 0 

[Ag] [Ag) TAs] [gl [Ay] [Ag] 
0 0 0 [1] 0 0 

[B] = [E] [B,] [B;] [Be] [B-] [Bg] 

0 0 0 0 0 [1] 

(Cp) [3] Cy) (Cs) (gly 

where [I] is an (N + 1) by (N + 1) identity matrix and 

    

ai a’! - alN +1)1 

al? a2? . afN41)2 
1 1 1 

[A] = 
al(N+1) aX(N+1) ' a(N+1)(N+1) i=T8 

| _



[B:] = 

IC]   
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p2(N+1) 

(N41) 

ANH)1 
(N+1)2 

pONH)NH) 

(N+) “| 

o(N41)2 

(N+I)(NH1)  



CHAPTER VI 

DAMPED FORCED—VIBRATION ANALYSIS OF LAMINATES SUBJECTED 
TO SONIC BOOM AND BLAST LOADINGS 

In this chapter we will introduce an analytic procedure for obtaining the 

damped response of laminates with simple supports. Special attention will be given 

to the investigation of the dynamic response to shock waves produced by sonic 

booms. 

In modern warfare, naval ships could be subjected to considerable air blast 

load which is mainly due to the overpressure in a shock wave produced by a 

supersonic aircraft in flight. Typical pressure—time histories of sonic booms (shock 

waves) measured at ground level are seen to have the shape of the capital letter N 

[1]. For this reason sonic booms are referred to as N—waves. The research studies 

devoted to the damped response of structures have been mainly confined to metallic 

type structures [2-5] using the classical plate theory. As we mentioned in Chapter 

I, Birman and Bert [108] considered the response of antisymmetrically laminated 

angle—ply plates subjected to explosive blast loading using the first-order shear 

deformation plate theory (FSDPT). In their analysis the in-plane and rotatory 

inertia forces were omitted. This way, by expanding the loads and the generalized 

displacement functions in double Fourier series, the problem was reduced to a 

second—order ordinary differential equation in time t. 

Here in our analysis we will not neglect the inplane and rotatory inertia 

terms. Also we will add viscous damping terms (proportional to mass terms) to the 

equations of motion for the sake of generality. Our analysis will involve the 

applications of Laplace transformation and double finite Fourier sine and cosine 

transformations of the governing equations of the laminate. As will be seen, the 

136
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analysis will be general in the sense that it is applicable to moving loads and to 

those theories which result in nonself—adjoint governing equations. 

We demonstrate the solution procedure by considering the damped response 

of a symmetric cross—ply plate according to the third—order shear deformation plate 

theory (TSDPT) of Reddy and the first-order shear deformation plate theory 

(FSDPT). For the sake of completeness, the numerical results based on the classical 

plate theory (CLPT) will also be included. 

6.1 Governing Equations of TSDPT and FSDPT 

For symmetric plates in linear theory, the bending and stretching problems 

are no longer coupled. In bending problems, the equations of motion of TSDPT and 

FSDPT can be obtained from Eqs. (2—3c), (2—3d), and (2—3e) by letting A = 1 and 

A = 0, respectively, and 7 = 7 = 0. Further, for a symmetric cross—ply plate we 
1 2 

have 

Aig = Agg = Ags = Dig = Dog = Dyas = 9 

Fig = Fog = Fas = Big = Hog = 9 

By substituting Eqs. (6-1) and (2-5) through (2-8) into Eqs. (2—3c) through 

(2—3e), the equations of motion of TSDPT and FSDPT can be expressed and
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presented in a compact form as 

a1 Pe xx + ao¥ yy + ag, + ay xy + a5W xx + agY xyy 

a7W y= Msp, — mW + dap, — d5W (6—2a) 

b,¥ b 
VY + Dg 

+ doy x + Baty + byt gy + Dgw 
IY 1 XX 

+ bow y = mp, — mW + ds%y ~ d5W y (6—2b) 

+ Cop C1 sexx + CoP xyy + C3 Yy x + C4¥ y,Xxy 
Cc 

y;yyy + 6y,y 

Pp + COW xxx + Cah xy + COW vyyy + C19 xx + C114 yy +P, 

-- y 2. . . . 2. 
=m,W+ ms (Py + Vy y) — m,V"w + dw + ds(VY x + Py y) ~ d/V"w 

(6—2c) 

where 

2 v (6-3) & |
% oP = 5+ 
ax” 

and d,, de, d;, and and d, are the proportional viscous damping coefficients. Also 

the coefficients a,, b, (i = 1,7), and C; (i = LIT) are 

2 
8 4 

a, =D +a F + | ] H 
1 11 she 11 3h2 11



139 

3h 3h 

a, = A\-—4 (Fj. + 2Fo,) + 4 * UH + 2H,,) 6 he ~ 12 66 She 12 66 

3h 3h 

be =a, b,=—A eal8ip,. — [41°F 2 = 8g P3=— Aggy t Ale Daa | o} Fae



140 

2 4 
c4 =~ Dg 105 = Cy» Cg = —by Cy =— AL Hyy 

a{-45)° (on 4H p2) {4a 8 3h 12 66/ > “9 she!) 22 

2 

Crp = Tyy — 8g» Cyy = Top bg, my =1,,m7= (5 ly 

(6-4) 

where Ty and To55 are the tensile edge loads in the x and y directions, respectively. 

In Eqs. (6-4) we let \ = 1 and \ = 0 in TSDPT and FSDPT, respectively. Also in 

FSDPT the rigidity terms A AA and Ag are replaced, respectively, by K4 4h AA and 

KenAgs with K4 4 and Ki. being the shear correction coefficients. For convenience 

we replaced the rotation functions ey and o and (x1 ,X5) appearing in Eqs. 

(2-3c)(2-3e) by p, and y and (x,y), respectively. 

6.2 Initial Conditions 

For the sake of generality we assume the following nonhomogeneous initial 

conditions: 

¥, (29,0) = (69) (49,0) = ¥, 069) 

Vy(%y,0) = Vyay) » Vy(269,0) = Yylay) 

w(x,y,0) = w(x,y) , w(x,y,0) = w(x,y) (=)
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6.3 Boundary Conditions 

From Eqs. (2-11) and (2-12), the boundary conditions in TSDPT for a 

simply—supported plate are given by: 

At x = 0,a; 

w=, =P) =M,=0 (6-6) 

At y = 0,b; 

w=, =P, =M, =0 (6—7) 

where from Eqs. (2—5) and (2-8) and using Eqs. (6—1) and (6—4) we have; 

P= [Fu Pe Hy) Yee Pia Pe Ha) Ys 

4 
~ a bree + Fi o¥ yy| (6-8) 

and
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4 

- Fed P12 ae + Foo yy (5-9) 

Also in FSDPT we have: 

At x = 0,a; 

w= py =M,=0 (6-10) 

At y = 0,b; 

w=, =M,=0 (6-11) 

where 

M,= Di Py x + Diotyy (6-12) 

and 

My = Dios x + Doo? y (6-13) 

It is to be noted that the total order of the governing equations in TSDPT is eight 

and that in FSDPT is six. 

6.4 Solution Procedure 

By taking into account the initial conditions in Eqs. (6-5), the Laplace 

transformation of Eqs. (6—2) yields 

ay Px xx + ao? 
yy + ao Y + a4Yy xy + a5W xxx + agW yy 

_ Qe - - 2 _ - 
+ a7W , = m3s ,. — msp, — M3, — M58 W + M,sw | 

?
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+ maw , + dash, — day, — dW , + dew (6—14a) 

b + Doiy x + bay + bydy py + DSW yyy + bg 
YY J XX 1Yy,yy 

_ - - 2 ~ 
= mgs" Vy ~ msp, - Mop —mys Ww. + m,sw bw 

+ 7w y 
J J 

~ 

+ mW y + ds, _ dot, — dssW + d5w y (6—14b) 

+ Cop C1 xxx + Coy xyy + Cay x + C4 y,XXy VYVY + chy y 

+ CW sca + Caw xy yy + Cow yyyy + C19 xx + C11 vy + Pe 

~” ~” ae 2, _ - - = m)s W—m)sw—myw + ms (p, , + Vy») — mss(Y,. + Vy y) 

~ 

- 202. 27 27 — m5 (Py + Vy y) —m,s Vw + m,sVow + m,V'w 

+ djsw —diw + d5S( Py. x + Vy y) 7 ds (Vy x +4 yy) 

— dysV7w + d,V?w (6-14c) 

where s denotes the Laplace variable and a bar over a variable represents the 

variable in the transformed domain, i.e.,



144 

Z(s) = L{(t)} (6-15) 

with L being the Laplace transformation operator. 

Next, we will use the finite Fourier transformation technique to transform 

the partial differential equations (6—14) into a system of linear algebraic equations. 

To this end we define 

=(cs) b -a _ 

v. (m,n,s) = |, I, Y,,(x,y,8)Cos a,x sin fy dxdy 

= (sc) b pa _ . 

Vy (m,n,s) = \, I, Vy (x,y,s)sin a,x cos fy dxdy 

(ss) b pa 
w??/(m,n,s) = | | w(x,y,s) sin a x sin 6 _y dxdy (6-16) 

040 m n 

and apply the mixed cosine—sine, sine—cosine, and double sine—sine Fourier 

transformations to Eqs. (6—-14a), (6—-14b), and (6—14c), respectively. Because of the 

boundary conditions in Eqs. (6-6) and (6—7) for TSDPT and in Eqs. (6-10) and 

(6-11) for FSDPT, the terms resulted from integration by parts will vanish 

identically and we will have (for now we assume that m # 0 and n # 0): 

: 5 9 : 

(M,,s + C,48+K,,) Ky (M, 48 + C498 + Ky) 

2 2 
Ko, (Myo8 + Co8 + Koo) (My98 + Co98 + Ky) 

    2 2 2 (Mis + Cys + Kg1) (Mgo8° + Caos + Kao) (Maas + Coos + K 33) |
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p{*)(m,n,s) 

(Se)(m,n,s)} = {T WY , Ty 1, + Pls}? (6-17) 

w{88)(m ns) 

In Eqs. (6-16) we have 

_ mr _ un _ 

M,, = mg, Mj3g=— mga), s Moo = Mg, 

M,.=—m,f ,M,,=m +m,(a2 +?) 
23 ben? 330C~C«~“ 1 7\-m n”? 

C11 = 4g Cyg =— da, » Cog = dy, 

Cop =— def , Cog = d, + dr(a2 + f°) 
23 5°n’? ~33 1 7\~m n’”? 

_ 2 _ 
Ky, = 4,0, + an be a3, Kyo = 4404):
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Kg =agae + aga Be ~ a7, 

2 
Koo = b, Be + bya, — bg, 

= bf + bef, a? — bf, 

4 2 2 2 
Ky, =-Cya — cya,” B — cobs + Cy), + C115) (6-19) 

and 

5 (ss) bra _ 
P(S5)(min.s) = I, I, P (x,y,s)sin ox sin Ay dxdy (6-20) 

T.=sC,+S8. (i=1,3 (6-21) 

with 

C, _ may) — mw w(S)q , Cy —m sve) —m w{55) 4 

Cy _ m,w\s) + m,(a” + p2yw($5) —m, (aa) + Bus”), 

$= my") _ maw()q + day(s) _ dew )q 

Sy = my lS) — mew()g + dgyls®) — daw')g.
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spat) +m + Ayal mg aga + 30) 
+ dyw'5) 4 d(a? + B2yw'5) — a(a, gh) + By), 

(6~22) 

where hos), ph)... wl 88) and w(55) are defined similar to ph), als?) and 

w58) in Eqs. (6-16). It is noted that C, and S, (i = 1,3) are not functions of the 

Laplace variable s. 

From Eqs. (6-17), by using Cramer’s rule, we find and present ph), piso) ; 

and qs) as 

  

(cs) = a iG vy Bj Bj (ss) Fig 

3 OC. 3 S. piss lsc) = ys Fo p+ 3 i Fy} + 2 Foo (6—23) 

-_ ($s) a A i w F,. F,, Fy, 

where D is the determinant of the coefficient matrix in Eqs. (6-17) which upon 

expansion can be presented as 

5, 6 5 4 3 2 D= As + Ao8 + X98 + 48° + Ags + Ags + dx (6—24) 

for any nonzero pair of m and n. Also F, jp Eqs. (6-23) can be expressed as
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Fj (mn) = 2 L. +s? (6-25) 
= 1 it 

where A, (k = 1,7) and Ij , are given in Appendix 6.1. 

For light damping, by denoting the six roots of D = 0 as s, (k = 1,3) and 
x 

their complex conjugates s, (k = (1,3), Eq. (6—24) can be presented as 

Ow 

D= Ay (s~s,)(6- 51) (6-26) 

for any nonzero value of m and n. In Eq. (6—26) II denotes the product sign. Also 

by expressing S), as 

Ss. =A, + Ju, (6-27) 

with J =/—I, Eq. (6-26) can be rewritten as 

b=) 0 [(s + B,)* + wu] (6-28) Lyn ky Te 

where B,. is not to be considered the same as f h (= 5) introduced earlier. 

From Eqs. (6—25) and (6—28) we have 

got 
= : Tip’ 

= 7 =1 ; > (6-29) 

»4 an [(s + B,) + wl 

O
h
 

Now we can use the partial fraction expansion technique and express F. j/?
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equivalently as: 

(6-30)   

a
e
 =
 + = + 

a
 

ez _ 

2 2 

where A. ijk and B. ijk are real coefficients which are determined with the help of 

Heaviside—expansion theorem as follows. We multiply Eq. (6—30) by (s — s,) and 
* * 

let s + 8, and then by (s — ) and let s + s, and use Heaviside-expansion theorem 

to obtain 

F. 
Asa (Jay) + Big uy, = uy: = (6—31a) 

ds }|s=s, 

Fi Avi *(—Jw,) + Bi ik’ Wy, = —2J uy, D . (6—31b) 

ds }|s=s, 

where from Eq. (6—24) we have 

dD _ 5 4 3 2 Te = GAYS + 5AQS” + 4AQ8" + BAGS” + 2Azs + Ag. (6-32) 

With the help of Eqs. (6-25) and (6-32), it can readily be shown that
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—4 = conjugate of | 4 = |—J (6-33) 
dD * dD dD 
ds S=5, ds S=5, ds. S=S,. 

By solving Eqs. (6-31) for Ai it and Bia and using Eq. (6—33), we obtain 

F.. 
A, = 2 Re }|— (6—34a) 

"J dD 
das s=8). 

F 1 B, . = —2 Im; |—4 (6—34b) 
J dD 

ds S=S), 

where by Re and Im we mean the real part and imaginary part, respectively. 

Now by direct substitution of s,,(= — 8, + Jw,) into Eqs. (6-25) and (6-32), 

we find
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a   

Finally, substituting Eqs. (6-35) into Eqs. (6-34) will result in 

  

  

F., D, + Fea D 
Ava = ek ijk (6—36a) 

Dp? — p? k~ Ye 

F., D, — Fiz D 
B= ijk kik (6-36b) 

Dy ~ Dy 

for any nonzero pair of m and n. Also File Fe Di and Dy appearing in Eqs. 

(6—35) are 

FEF... = .. 
ijk f=1 Ti ck 

: 5 
Bij = ieee 

- 6 ~- 

De= UAE 
f=1
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D, = Zz ; din (6-37) 

where 

0, = A Oui + 5 Any =~ A + 8B uh 
8 2 - 

dg, = Be Oy =— By, Oy, = 1, 

a1, =- 4G + 416 yy = 3B, - wi 

-~ ad ~ 

~ 

Os, = — 2B uy , Ay = Wy , As, = 0 

8 > hoo oe 
Ty = — 6(R - LOR uk + 56, 4) » Yop = 5044, 

Ig = 44 + Whe = 3%3q > Whe = 2%4_ > WEK = 1 

co 3 hk te 
Nk = 656. - Opt ui +)» Toye = 5%, 

Ig = 4% _ My = 3954 > WE = 2% > WGK =! 
(6-38) 

Now the application of the inverse Laplace transformation to Eq. (6-30) results in
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3 
= x e (Aji cos wt + Bsa sin wt) (6-39) 

With the result in Eq. (6-39), we can write 

Ln
 

—l ij] - L f | tym 

co 

dH.. 
= —z/ +. H; (m,n,0) 6(t) (6-40) 

where the generalized function 6(t) is the so—called Dirac’s delta function. From 

Eq. (6-39) we have 

3 
H; (m,n,0) = 2 Avg: (6-41) 

However, by comparing Eqs. (6—29) and (6-30) we conclude that 

3 
x A 
=1 

OB Abe = 0 (642) 

and therefore
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L; (m,n,t) = H, (m,n,t) (6—43) 

— (6, B. jk + w A; jk)Sin wt] (6-44) 

With the help of Eqs. (6-39), (6-40), and (6-43), application of the inverse Laplace 

transformation to Eqs. (6—23) yields 

p°S)(m,n,t) L, (m,n,t) H, (m,n,t) 

v©innt)}= 3 C.lbe(mnt)}+ 3 s./H, (mn) y yaty j=l j 2j thy j=l j 2j we) 

w'55) (mn nt) L,.(m,n,t) H,(m,n,t) 

H3(m,n,t—7) 

* (ss) +] P‘5)(mn,r) {Hy4(m,n,t—r)} dr (6-45) 

H,,(m,n,t—7) 

where the first two terms are the response due to nonzero initial conditions and the 

last term is the response due to the transverse load P. With zero initial conditions 

we will have C; = Si = 0 in Eqs. (6-45) and substituting Eq. (6-39) into Eqs.
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(6-45) results in: 

—B,,(t—r) 3 rt 
p6°)(m,n,t) = 1 \, P(S)(m,n,r)e [Aj 3, cos w(t — 7) 

+ B, 9, sin w(t — 7)]d7, 

i pC) ma.rje KO 
1/0 7 vlS)(m,n,t) = 

Kr
 Il 

Sa
ec

o 

+ Boo, sin w(t — 7)]d7, 

3 rt —, (t—T) 
w'5)(mn,n,t) = % | P‘55)(m,n,r)e Kk [Aga, cos w(t — 7) 

k=1 70 

+ Baa, sin w(t — r)\dr, (6—46) 

for all nonzero values of m and n. The primary response quantities Yo Py and w 

are related to the transformed quantities hs), yls°), and w658) respectively, as 

¥,(xy,t) = - 3 ok 8)(0,n,t) sin bY 

+ x 5 5 y9)(m,n,t) cos a x sin fy 
m=1 n=1 

@ 

_2 ¥ sc , 
Vy(xy,t) — ab oy uh )(m,0,t)sin an*
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4 fo « (se .; x x yh )(m,n,t)sin a 1 COS bY 
m=1 n=1 

+
 

eH 

(xy,t)=4. © 5 w()(mn,t)sin ox sin B (6-47) W(X, Y, ab 1 n=1 gat) m n? 

where y6)(m,n,t), vl®°)(n,n,t), and w(§5)(m nt) are given by Eqs. (6—45) for all 

nonzero values of m and n. In the next sections we will find p6)(0,n,t) (i.e., when 

m = 0 and n > 1) and vl$°)(n,0,t) (ie., when m > 1 and n = 0) appearing in Eqs. 

(6-47). 

6.5 Determination of y6")(0,n,t) 
  

It is clear from Eqs. (6-16) that when m = n = O we have p°5)(0,0,8) = 

p{5°(0,0,8) = {55/9 0,5) = 0. However, when m = 0 and n > 1 we have 

v5°(0,n,8) = w'55)(9 ns) = 0 (6—48a) 

and 

= (cs) b pa _ . A008) =| | a,(y,8)sin Ayydxdy (6~48b) oJo * n 

i.e., vy = w= 0 and p, = ,(y,t). This case is known as the pure—shear 

deformation mode of a plate. For such a deformation, Eqs. (6—14b) and (6—14c) 

identically vanish and Eq. (6—14a) reduces to
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~ 

+ aeY, = mas, — ms, —m%, + dosp, — dep, (6—49a) 
agYy yy 

Also the boundary conditions at y = 0 and b given by Eqs. (6—7) and (6—11) reduce 

to 

py, = 0. (6—49b) 

Using Eq. (6-49b), the finite Fourier transformation of Eq. (6—49a) 

according to Eq. (6—48b) yields: 

2 = (CS 7 
(M,,8 + C,48+ K, a \(o,n,s) =T, (6—50) 

where 

— — = 2 — 

My, =™z , Cyy=dg , Kyy = a96) — ag, (6—41a) 

and 

T, =sC, +S, (6—51b) 

with 

C, = myyl°)(0,n) 

S, = m,y°S)(0,n) + dgy)(0,n). (6-51c) 

Substituting Eq. (6—51b) into Eq. (6—50) results in
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_ sC, +5 

(¢5)(9,n,s) = 9 , } (6-52) 
M,,5 + C,,;5 + Ky, 

and the application of inverse Laplace transformation to Eq. (6-52) yields: 

wb)(on,t) = LC, +H,8, (n> 1) (6-53) 

where 

1 ut 
Hq, = 1 —_ sin wt (6—54a) 

Mk 

and 

dH —B,,wy,t p 1_ 1 | PR | - ke | L, = = e cos wt — sin mt]. (6—54b) 1~dt ~My, “ik (1 — Bl? 2) Mc 

In Eqs. (6—54), Ww, is the natural pure—shear frequency of the plate 

2_ S11 - 

Also wy, = wy (1 — p2y'/ 2 can be regarded as the natural pure—shear frequency of 

the damped plate with f, being the damping ratio given by
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28 ou (6-56) k*k ~ My 

It should be noted that when p)(0,n) = p°5)(9 n) = 0, from Eq. (6—53) we have 

(cs) _ p)(0,n,t) = 0 (6-87) 

In Eqs. (6-54) we assumed that Be < 1 which amounts to light damping. 

6.6 Determination of vlF)(m,0,t) 
  

When n = 0 and m 2 1, we have #, = w = 0 and Py = Py (x,t) and from Eqs. 

(6—16) we obtain 

p°S)(m,0,8) = w(55)(m 0,8) = 0 (6—58a) 

and 

W°°)(2a,0,5) 
b ra 

I, | 0 ¥y(x,8)sin a,x dxdy (6—58b) 

which correspond to another pure—shear deformation mode of the plate. For this 

case, Eqs. (6—14a) and (6—14c) identically vanish and Eq. (6—14b) reduces to
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~ 

+ dyidy = ms" Py —m,syy — mg, + dys, — dy, (6—59a) 
by Py sxx 

Also the boundary conditions at x = 0 and a given by Eqs. (6-6) and (6-10) reduce 

to 

Py = 0. (6—59b) 

Following the same procedure as in Section 6.5, we find 

vlS°(m,0,t) =L,C)+HS, (m>1) (6-60) 

where for light damping 

—B, wt 
H, = M5 e Pick i sin yt (6—-61la) 

Me 

and 

dH —fy wt B 2001 kM k —_ 
Ly = dt = Moo e cos wt _ a — Ry? sin a,t| . (6—61b) 

In Eqs. (6-60) and (6-61) we have 

Co = mg °°)(m,0), 

S = myp5(m,0) + dgvl*")(m,0),
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Moo = Mg) 

K C 2 *o9 og 2.1/2 

Con = dq » Koy = bya2 —b (6-62) 92 = 43 » Koo = Poy — Dg: 

When the initial conditions are homogeneous i.e., when pls) (m,0) = vlS)(m,0) = 

0, from Eq. (6-60) we will have 

viS°)(m,0,t) = 0. (6-63) 

6.7 Response to Sonic Boom and Blast—Type Loadings 

As we discussed earlier, a sonic boom type loading can be described by an 

N—shaped normal pressure pulse as 

Pol — t/t) for0 <t < ity 
P(x y,t) = P(t) = (6-64) 

0 for t << Oandt > tt, 

where P 9 38 the peak reflected pressure (when r < 2) uniformly distributed over the 

plate, t p denotes the positive phase duration of the pulse (see Fig. 6.1) and ris a 

pulse length parameter. It is to be noted that this pulse (referred to as an N—wave) 

becomes a triangular one, a symmetric N-—shaped pulse, and an asymmetric 

N—shaped pulse when r = 1, r = 2, andr > 1 (r # 2), respectively. Further, a step
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load is also obtained by letting the positive phase time of the pressure to 4o withr 

= 1. 

We have 

(ss) ba ; ; 
Pi (m,n,t) = |, | 4 P(xy,t)sin a,x sin fy dxdy (6-65) 

Substituting Eq. (6-64) into Eq. (6-65) results in 

p(88)(m nt) _ 4ab 
Zz _} 

mn 

P (1—t/t.) ford <t <rt 
0 P P (m,n = 1,3...) (6-66) 

0 for t < Oandt > It 

With zero initial conditions we substitute Eq. (6-66) into Eq. (6—46) and obtain: 

P 3 -f,t (s8)/ _ 4ab “o k ; w*”/(m,n,t) = — Ze (Aga, COS wt + Baa, sin wt) mn 'p k=l 33k COS EF B33) SID Oy 

t B, 7 t p,7 
. ft, | e ~ cos urd — | Te ~ cos urdr| + (Aga, sin wt 

0 O 

t B71 t B,7 
— Byg, cos wt) t, I, e sin w, rdr — I, Tessin urd] } 

(6-67) 

where for 0 < t < rt p we have 

Joe on ayn = pty (8, com yt +o si 8) — e” cos w TdT = e COS sin w, t) — 0 “ie Tw Wb or Wy SIT Wy k
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0. 

B,t 
t Ayr te OS w, TdT = GB, cos ut + uw Si t) \, Te ~ COS wy TdT Bau 1c COS Wt + wy, SIN Wy 

we (Ay - 4) p )+ 3! Aa “0 cos wt + 2 sin wt} + —y>——>—-> a A Se ie 

( Br ’ tek (B, sin wt :) 
Te” «sin w,rdr= sin wt — Ww, COs w ; MOT Te Pr, Sim wet — Wy COS Wy, 

B,t 
2H, wy __e _ 2 in _ _ (+a +e) (Be wy )s wt — 2, w, cos wt] (a wpe am Zp 

(6-68) 

For t > rt, we replace t by rt, in the expressions appearing at the right side of 

equal signs in Eqs. (6-68). Expressions for v5) 2a,n,t) and pl°°)(,n,t) are 

obtained by simply replacing (Agar, Bog,) in Eqs. (6-67) and (6-68) by (Aj), 

Bj9,) and (Avy, Bog,)s respectively. 

6.8 Numerical Results and Discussions 
    

For numerical illustrations a (0/90/90/0) laminated square plate with layers 

of equal thickness will be considered. The material properties of all layers are also
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assumed to be the same and given by 

E, = 10E, , G1, = Gy =0.6 Ey , Gog = 0.5 Eo, 

Vyq = 0.25 , and p = 0.00013 Ib. sec” /in*. 

In order to study the influence of viscous damping 

A. d. 
—=1 j=1,3,5,7 

nT mw 
(6-69) 

on the time history of the transverse displacement, we consider the following cases: 

A. 
Case 1 —/ = 0 (i-e., no damping) 

A. 
Case 2: =" = 0.1 (j= 1,3,5,7) 

A, A. 
Case 3: — = 0.1 and — = 0 with j = 3,5,7. 

In Eq. (6-69) m; and ds are the mass terms and the viscous damping coefficients 

appearing in Eqs. (6-2). Also w is the fundamental undamped frequency of the 

plate according to CLPT. It is to be noted that in Case 3 we are neglecting the 

damping coefficients corresponding to rotatory inertia forces. However, all the 

rotatory inertia forces are preserved in Cases 1 through 3. In Fig. 6.2 we have 

plotted the time history of the dimensionless center deflection of the plate subjected
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to an asymmetric N—wave (r = 1.8) according to TSDPT. It is seen that the 

responses of the plate for Cases 2 and 3 are practically identical. That is, the 

reduction in deflection is mainly due to damping term corresponding to the 

transverse inertia force. This point can further be clarified by comparing the 

frequencies of the plate for Cases 1 through 3. In Table 6.1 we have presented the 

real and imaginary parts of s; (= — A, + Jw,), where the real part (—(,) is 

proportional to the damping while the imaginary part (w,) represents the damped 

frequency. It is noted that for each pair of m and n only the lowest frequency is 

affected by the addition of damping terms. Also for each pair of m and n the real 

part of 8, is much larger than the real parts of So and Sq in Case 3. On the other 

hand, the real part of S. will remain the same for all the frequencies of the plate in 

Case 2. The fact that the transverse displacements in Cases 2 and 3 are practically 

the same is an indication that only the first few vibration modes corresponding to 

the lowest frequencies furnish a significant contribution to the displacement. 

The undamped response of the plate subjected to a symmetric N—wave (r = 

2) is plotted in Fig. 6.3 according to various theories. It is seen that for t > rt p (= 

0.0016 sec) CLPT provides unreliable results in the sense that the deflection is quite 

underpredicted. In fact, depending on the values of ty and r, it is found that in the 

free—vibration region (i.e., when t > rt) CLPT will sometimes overpredict the 

deflection. Also from Fig. 6.3 it is seen that, depending on the assumed value of the 

shear correction factor K*(z Ki = K?.), FSDPT can provide results in good 

agreement with TSDPT. 

Figure 6.4 displays the variation of the dynamic magnification factor (DMF) 

according to TSDPT vs. ut p where w is the fundamental undamped frequency of the 

plate according to CLPT. DMF is defined as the ratio of the largest (in the
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absolute sense) dynamic deflection to static deflection. In determining the static 

deflection, it is assumed that the plate is subjected to a uniformly distributed load 

of magnitude P 0 It is seen that there exists three distinct branches in the 

DMF curve. This is due to the fact that the largest dynamic deflection can occur 

during the positive (0 <t < t) and negative (t, <t<rt p) phases of the N—wave 

and during the free—vibration period (t > tt): The most significant amplitude 

attenuation due to the damping effect occurs during the free—vibration period (i.e., 

when t > rt p) More on this subject and the effect of rotatory inertia forces will be 

said in the next chapter. 

6.9 Conclusions 

In this chapter we have developed a closed—form solution for the damped 

forced—vibration problem of a simply—supported symmetric cross—ply laminated 

plate. The analysis is general and can be applied to vibration problems of, for 

example, unsymmetric cross—ply plates, antisymmetric angle—ply plates, and 

cross—ply shells and shell panels. The equations of motion of many existing shell 

and plate theories in the literature are not self—adjoint (e.g., see [40,42,43,46,83]) 

and therefore it is necessary to use the biorthogonality relations of the modes if 

modal analysis is used. However, as we noted in this chapter, the response 

quantities are more directly obtained by using the Laplace transformation technique 

without the consideration of self—adjointness (or non—self—adjointness) of the 

equations. It should be recalled that the equations of motion of FSDPT and 

Reddy’s TSDPT are self—adjoint (see [49]). Also the combined use of Fourier and 

Laplace transformations makes our analysis more complete since it could also be 

used when the structure is subjected to moving loads.
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Figure 6.1 A typical asymmetric N—shaped normal pressure pulse.
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Appendix 6.1 

The coefficients A, appearing in (6—24) are: 

Ay = M11 (Mg9M33 — MogMgo) — Magi My 3Moo 

Ag = My (Mg9Cgq + CopMgg — CogMgo — MogCgo) + Cy1(MooMgq — MogMgo) 

— Mg, (M1 3Coo + CygMoo) — Cay (My 3Moo) 

Ag = My 1 (Mook 33 + CooC gg + KooMgg — MogK a9 — CogCgo — KogM309) 

+ Cy 1(MyoCg39 + CooMgg — CogMgo — MogC go) + Ky 1(MooM33 

M,.K C,_C --M,.M..) + Ky,M,.M + My,(K,.M 13€22 
23° 32 21°13" 32 23 13°22 

—~K,.M M,oCoq + CyaMoo) —Ka,M,.M 13Mo9) — C33(My3Coq + Cy3Mo9) — Kg3M13Moo 

Ag = My, (Cook a3 + KooCaq — Cogk 39 — KogCao) + C11 (MygkK 33 + CooC oe 

+ KooMgg — Mog 39 — CogCaq — KogMgo) + Ky 1(Mo9Cgq + CooMa, 

— CogMgq — Mo3Caq) + Koi (My3Cgq + CygMgo) + Mgi(Ky9Cog 

— ©y3Ko9 — Ky 3Co9) + Ca (Ky 9Mog — My gKo9 — Cy3Coo — Ky gMo9) 13°22 13°22 
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K31(My3Coo + CygMoq) 

Ax = My (Kook 33 — KogK go) + Cy4(CooK gg + Koo gq — Cogk go — KogCgo) 

+ Ky 1 (MooK 93 + CooCg3 + KooMgg — MogK 39 — CogC ao — KogM30) 

~ Ko1(KyoMgg — My 3K 39 — Cy 3Cg9 — Ky 3Mg9) + Mgi(KyoKog 

—C,.K Ky 3Ko0) + Cg3(Ky Cog — C13K 99 — Ky3Co9) + Kgi(KyoMo3 

— M1 3Ko9 — Cy3Co9q — Ky 3Mo9) 

Ag = Cy (Kook a3 — Kogk a9) + Ki 1(CooK 39 + KooCg3 — CogK 39 

— Ko3C39) — Koy (Ky9Cgq — C1 3K 39 — Ky3Cg0) + Ca 1(Ky 9 Ko, 

— Ky 359) + Kgi(Ky9Cog — Cy gKo9 — Ky 3Co9) 

Aq = Ky) (KooK 33 — Koga) — Koj (KyoK a3 — Ky 3K 39) + Kg)(KyoKo, 

Ki 3K 59) 

The coefficients Vise appearing in (6—25) are:
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Thi = MogM3g — Mo3Mgo 11 22° 33 

M My4C Lay = MyyCaq + ConpMag — C 93039 112 7 22°33 22°33 23°32 

Tig = MgoK33 + Coo©g3 + KogMg3 — Mogk go — CogCg9 — KogMg0 

K KyaC Th14 = Cog gg + KyoCg3 — Cogk go — Ko3Cgo 

Tis = Kook 33 — KogK a5 

Lior =~ MygMgo > Tyo9 = — (MygCgq + CygMgo) 

L193 = KyqMg3 — My3K 39 — C1339 — KigMgo 

Toa = Byo@33 — Cygk 39 — Ky 3030 

Lis = KyoK 33 — Ky 3K 35 

L131 =~ MygMoq > L139 = — (My3Cog + CygMoo) 

1133 = ®y_Mo3 — MygKo9 — Cy3Co9q — Ky3Moo 

1134 = Ky2lo3 — Cy3Ko0 — Ky 3Co0 

Tig5 = KyoKo3 — Ki3Ko9
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Toy, = 7 MgiMog 

lyy9 =— (My3Cg1 + CogM1) 212 23°31 

To13 = KoyM33 — Mo3K31 — CogC31 — Ko3May 

Toi = Koy C33 — Cogks1 — Ko3Ca1 

To5 = Koi K33 — Kogk 3) 

To91 = My1Mg3 — Mj 3M3, 

Togg = My 1033 + ©y7Mgg — My 3031 — ©ygMay 

Too3 = MyyK33 + 11033 + Ky yMgg — Mygkg) 

K,,C Cy3—C 13°31 Ioo4 = ©1)K 33 + Ky 10g K 13°°31 

Too5 = Ky] Ko3 — Ky 3Ko, 

Ing, = MyM ] 1pMos > M,,Cy, + C,,M 23 932 ~ “11723 11°23 

logg = My Kog + C14Co3 + Ky {Mog — Koy Mig 

3031 ~ Big M 31
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log4 = ©yKog + Ky Cog — Cig Koy 

I K K,.K 935 = Ky) Ko3 — Ky3Ko, 

To44 = — MogMgy » Igy9 = — (Mg9C31 + CooMg) 

1343 = (Koj Mgq — Mo9K3) — CoCg1 — Koos) 

T314 = Koi%39 — Co9Ka1 — Ko9% si 

T315 = Koi K39 — Kooks 

Tyo = MyyMgq > Ty90 = Myy©39 + C1 Mg0 

I = M 323 1132 + ©1039 + KyyMgo — KyoMgy 

Tgo4 = Cy Kgq + Ky C39 — KyoC3y 

Igo5 = Ky K39 — Ky oK gi 

Tog7 = MyyMoo » 1930 = MyyCaq + C14 Moo
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3 = My Koo + CyyCog + KyyMoo > 1994 = Cy] Kog + K14C I33 11%2 334 = 11K 11% 22 

Ing, = K,,K K,,K 
33 11°°22°5 * 12°21



CHAPTER VII 

A STUDY OF NONLINEAR DYNAMIC EQUATIONS OF 
HIGHER—ORDER SHEAR DEFORMATION PLATE THEORIES 

In this chapter the nonlinear dynamic equations of the first-order shear 

deformation plate theory (FSDPT) and the third-order shear deformation plate 

theory (HSDPT) of Reddy will be reformulated into equations describing the 

interior and edge—zone problems of rectangular plates. More explicitly, the system 

of five coupled equations of these theories for symmetric plates laminated of 

transversely isotropic layers will be recast into four equations, whose total order will 

be the same as that of the original equations. Three of these equations are nonlinear 

and coupled, and they are expressed in terms of in—plane displacement components 

u and v and transverse displacement w; the fourth one is a linear, second—order 

equation, defining the edge—zone problem of a plate. It will be shown that this 

latter equation will have zero solution contribution for a simply—supported plate 

with arbitrary in—plane boundary conditions and in the absence of rotatory inertia 

terms. Further, by ignoring the in—plane inertia terms, the remaining three 

equations will be reduced to two by introducing a force function. Viscous damping 

terms are also included in the governing equations. Two problems related to static 

large—deflection and dynamic small—deflection problems of rectangular plates are 

then considered. Numerical results will be presented to demonstrate the effects of 

nonlinearity, shear deformation, rotatory inertia, damping, and sonic boom type 

loadings. 
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7.1 Governing Equation 

The nonlinear equations of motion of a symmetric laminated plate, according 

to the third—order shear deformation plate theory (HSDPT) of Reddy [50,52] are 

obtiained as a special case from Eqs. (2—3) by letting x = - = 0: 
1 2 

ON, ON. 
Ox + oy = mM, u + C,u (7—1a) 

ON ON 
64 25 (7-1b) 

My Mg 4 4 P, e 
tay % + A[5 1~zalax + ay] 

= map, + Cap, — A[m sw xt C5W (7—1c) 

MM, OM, 6P, OP 
4 4 6 

ax t ay et [2a Ky ~alax- + ay] 

= m3 ty + Coby — — A[m, Wy + CW Wy] (7—1d) 

Q, 4, 4(7P, #Pe OP, 4 OK, OK 
dx tay tP,t Nal aa" + 2 aay * atl “lax + ay || 

= mW + cw + Alms (Hy + Vy y) + o5(Py x + Yy,y) 

— mow - nV" Ww] — Nu,v,w) (7—1e)
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where a superposed dot on the variables indicates differentiation with respect to 

time, and a comma followed by a variable denotes differentiation, e.g., w x= Ow | Ox, 

and 

2 f  & 
v= + 7-2) att ae ( 

0 Ow Ow, , O Ow Ow 
N= BAN] ax + No ay) + NG Gx + No ay (7-3) 

In Eqs. (1), C1, Cg, Cy, and C, are the viscous damping coefficients which are 

assumed, for simplicity, to be proportional to mass terms m,, My, Mg, and my, 

respectively. Also A is a tracer which takes on the values of 1 and 0 to give theories 

TSDPT and FSDPT, respectively. In Eq. (7—le), P= P(&yst) denotes the 

transverse load. The mass terms M,-My are defined in Appendix 7.1. For 

convenience, we have replaced X11 Xo, Py and do by x, y, Py and Py: respectively 

(see Eqs. (2—-3)). It should be noted that Eqs. (7—la) and (7—1b) remain the same 

for TSDPT, FSDPT, and classical plate theory (CLPT), and Eqs. (7—1c) and 

(7—1d) are linear. Thus, Eqs. (7—1a), (7—1b) and (7—le) are the only nonlinear 

equations. This is due to the fact that the nonlinear terms involving the rotation 

functions y, and by are ignored in the derivation of these equations (see {50]), and 

only nonlinear terms involving the derivatives of the transverse displacement w with 

respect to x and y are retained (like in von Karman’s plate theory). Also the 

nonlinear expression N given by Eq. (7-3) remains the same in all three theories. 

Equations (7—la) and (7—1b) can be expressed in terms of the displacement 

components u, v, and w for a symmetric plate with transversely isotropic layers (the 

plane of isotropy is assumed to be parallel to the mid—plane of the plate) by
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introducing the new rigidity terms M and B (see Appendix 7.1). When this is done, 

Eqs. (2-5) can be expressed as 

B Ne= 5 & (7-4) 

o_ Ou, 1,;Ow\2 
(= ae + 3G) 

o_ OV, 1 /Owy2 
69 = By + 5 (Gy) 

6-H t Rt Fg (7-5) 

Substituting Eqs. (7-5) into Eqs. (7-4) and the result into Eqs. (7—1a) and (7—1b), 

we obtain two nonlinear equations in terms of u, v, and w:
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+ (1 —By(u +wow, )=m vt cv (7-6) 

These equations remain the same for the three theories, as stated earlier. With the 

help of Eqs. (7-4) and (7-5), the nonlinear expression N in Eq. (7—1e) (which is 

defined by Eq. (7—3)) can also be expressed in terms of u, v, and w. 

For a symmetric plate with transversely isotropic layers the remaining stress 

resultants in Eqs. (2-5) and (2-6) can be expressed in terms of the generalized 

displacement components as 

) Yi »XX VY 

M, = Dy, +(D-2C0)%, . - FW yy —(F- 2L)W 

2 _ 
P= Fy + FH 2h) yy — BW soe — = 20h Edw yy 

2 
= P, = an {Fy, , + (F -2L)¢, , Hw 1, —[H-2(L -L)Iw ,,} 

3h2 - 
Pe=z Ly, + Vy ) — 2(L — L)w yy
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Q, = A(}, + wy) ’ Qo = A(Yy + Ww ) 
Y 

ne no 

in HSDPT and 

Me = (yy + Py x) 

Q, =K°A(Y, +) » Q = K*A(y +Ww ,) (7-7b) 

in FSDPT. The new rigidity terms that are introduced here are defined in 

Appendix 7.1. Also K? in Eqs. (7—7b) is a shear correction factor and h in Eqs. 

(7—7a) is the total thickness of the plate. 

With the help of Eqs. (7—7a) and letting \ = 1, the remaining equations of 

motion of TSDPT [i-e., Eqs. (7—1c) through (7—1e)] are expressed in terms of u, v, 

Yo Py» and w and presented as 

DY, xx + OW yy t(D —C)y py — AY, + W xy) 
Pry y
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2 . 
—FV Wy MeY, + Ca¥, — mW. — CW (78a) 

Dy C 
yyy * v yx + (DC) cy — AY, + W y) 

2 “ . ; —FV w= m3 Py + CaP, —m,W | —Cew (7-8b) 
y J J 

FV"(Yy + yy) + AY g + Yy y) - HV-y2w 

2 . . o ee 

+AV'w+P =m,W+c,w+ ms(Py + Vy y) 

+ce(%  +% )—m Vw —c Vw — Nu,yv,w) (7-8c) 5. "X,x yy 7 7 ™ 

Similarly, with the help of Eqs. (7—7b) and setting A = 0 the remaining governing 

equations of FSDPT are obtained from Eqs. (7—1c) through (7—le): 

(D —C)¢ 
8 

yxy ~ K A(y, + wy) 

= M5, + Ca, (7-9a) 

=~ M3y + Cathy (7-9b)
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K*A(Yy x + Vy y) + K*AV?w + P, 

= m,W + c,w — Mu,v,w) (7—9c) 

Next, it is shown that by introducing a potential function 4, Eqs. (7-8) can be 

uncoupled into two equations, one in terms of u, v, and w, and the other one in 

terms of $ only. 

7.2 Uncoupling of Equations 

By differentiating Eqs. (7-8a) and (7-8b) with respect to y and x, 

respectively, and then subtracting one from the other, we obtain the following 

second—order linear equation: 

CVs — At = ma¥ + cad (7-10a) 

where the potential function $ is introduced as 

$=, -¥ (7-10b) 
y "yx 

Differentiating Eqs. (78a) and (7—8b) with respect to x and y, respectively, 

and adding the results, the following relation is found: 

Ly (Uy + Wy y) = Law) (71a)
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where 

2 g ag 
L, = DV ~ AW m3 22 3 

202 2 2 2 by = EVV! + AV’ —me¥"() 4 050() 5: (7—11b) 

Equation (7—8c) can also be presented as: 

La(Y, + Yy y) = L,(w) — P, — Mu,v,w) (7—12a) 

where 

on? 9 3 

2,2 2 
L, = HV’V" — AV" + m,( ) tt + cy( ) 

2 2 ~m,V"( ) et — C7V"( ) (7-12b) 

The equation describing the interior problem of a plate is found by operating L, and 

L, on Kgs. (7-1la) and (7~—12a), respectively, and subtracting the subsequent 

results. Realizing that LoL, = L, La, the result is: 

(Ly —LgLy)(w) = L,(P,) + L,(N) (7-13)
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Substitution of the operators Lj (j = 1,4) into (7-13) results in an equation in terms 

of u, v, and w as 

liq 20202 ant? D2 Ms .. +(DH — 29 ey 29 w —Dvv'w-Z VP + 5° PR, 

2 Cay CE 
—(m, +2m i+z_- 7" vw (2c, + Cg + Cy +2 c, Wi 

m,m, “ C1 C9 

+A Ww +H (jeg + myc) + (my + SWF Ce 

ly = = B\y2p2 
+ x{Hm, + m/D — 2m, FV Vw 

+ +HDey + He, — 2Fc,)V" VW + + L,(Mu,v,w)), (7-14) 

where L, is given by Eq. (7~-11b). Similarly, by following the same procedure as 

above, the governing equations of the first-order shear deformation theory (i.e., 

Eqs. (7—9)) are recast as: 

CVs — K7A8 = mad + cal (7-15) 

= m oe Cc e — By ~2_ vp, +P tok +P 
K7A K°A K°A
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- m,D c,D m m w 
= — (mg + —)V*#— (cg + —)V" + V3 i 

K7A K°A K°A 

1 = “1 °3,.. 
+ —— (m,cy + cjm4)W + (m, + )w 

27 25 
K°A K°A 

+ cw + +L, (Mu,v,w)) (7-16) 
K°A 

where the operator L, is 

L, = Dv? —K°A —c,( ),, —ma( ) (7-17) 1= gh 4 — MB) te: 

In summary, Eqs. (7-6), (7-10a) and (7-14) comprise the four governing equations 

of TSDPT in terms of u, v, w, and 4, and Eqs. (7-6), (7-15), and (7-16) are those 

of FSDPT, in terms of u, v, w, and & Equation (7—-10a), which looks like the 

equation of a freely—vibrating membrane on an elastic foundation, is known as the 

edge—zone or boundary layer equation of the plate. 

Since the boundary conditions in these theories are expressed in terms of u, 

Vv, Ys Py» and w, it is also necessary to express %, and Py in terms of u, v, w, and 

¢. This will be illustrated for TSDPT, and the results will be outlined for FSDPT. 

For the sake of simplicity, the rotatory inertia terms and their corresponding 

damping terms will be ignored, and with such simplification, it will also be shown
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that the contribution of the edge—zone equation (i.e., Eq. (7—10a) will be identically 

zero for a simply supported plate. 

If the rotatory inertia terms and their corresponding damping terms are 

neglected, Eqs. (7—-10a) and (7—14) are reduced to: 

cys — As =0 (7-18) 

and 

3(DH — F?)0?9?02w — By?y2w PVP, + P 
Zz Zz 

=-2m,VH—2eVwt mw tc +H L,(M) (7-19a) 

with 

L, = DV—A. (7-19b) 

Further, with the help of relation (7—10b), Eqs. (7-8a)-(7—8c) can be rewritten as: 

Vy, = ‘ (Py + Vy y) x + ‘ ty 7 5 vow Wx (7—20a) 

D C, F,2 
By = Kt Wy KE WAT Wy My (7-20) 

and 

2 A 
Ma + Wy) =F Mex + Yy.y) + rvrw
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m. c¢ 
~F Vw ~FP, + x w+ r Ww -F N(u,v,W). (7—20c) 

Differentiating Eqs. (7—20a) and (7—20b) with respect to x and y, respectively, and 

adding the results we obtain 

2y2 A 92 P(e + Uy y) = 5 (Ugg t ty yt HVVw+ Rw. (7-21) 

Subtracting Eq. (7—20c) from Eq. (7—21) results in 

! 

—2 DH — F*) ,2,2 2 OD 
(y+ ) — (DH — FY) 9292, y2y —D_p 

XX VY AD AD 4 

1 .. . 
+ ——wW + —cw- AD N(u,v,w) (7-22) 

where D2 F+D=D-F (see Appendix 7.1) is introduced. Substitution of Eq. 

(7-22) into Eqs. (7—20a) and (7—-20b) yields the explicit expressions for py, and ~ y 

in terms of u, v, w, and & as follows: 

_ D pSq pdhp2p2 sD C 
? 

2 D - , 0 
+ ru (mW + CW y Px — a Mu,v,w)) (7—23a)
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_ D aq ate2e2. Do? C 

D2 a + I (m, wy + cw yo Poy — By N(u,v,w)). (7—23b) 

Results similar to Eqs. (7-18), (7-19), and (7-23) can also be developed for 

FSDPT; they are summarized as 

  

Cy74 — K7A8 =0 (7-24a) 

- = Dm 
—By*y4y -—P_ yp +P = -— i +m, w+ cw +—_L,() 

K°A K7A KA 
(7-24b) 

with 

L, = Dv? —K7A (7-24c) 

and 

ty = Pw wy $b +$ (mir, 
K7A K7A (K7A)*
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a 
+ CW y Pox — a N(u,v,w)) (7—25a) 

po =-e vw -w -2 4 49 — (mv 
y 2 ? a 25 x 2=,2 iv 

K“A K“°A (K“ A) 

tow —P  —2 N(u,v,w)) (7-25b) 
ny 9 2y Gyo ene 

7.3 Application to Simply—Supported Plates 

We show that, for a simply—supported plate, the solution contribution of the 

edge—zone equation is identically zero in the absence of rotatory inertia terms and 

their corresponding damping terms. To this end, it will suffice to work with 

TSDPT. It should be noded that the total order of equations in TSDPT is twelve 

and, therefore, six boundary conditions are specified at each edge of a rectangular 

plate with lengths a and b in the x— and y—directions, respectively. At x = 0 and a, 

for example, we can classify four different types of simple-support boundary 

conditions as follows (see Eqs. (2—11)): 

$1; 

w= ¥ =P) =M, =O0and N, = Ng =0 (7—26a) 

52; 

w=, =P, =M,=0andu=Ng =0 (7-26b) 

53; 

w=, =P, =M,=0andN, =v=0 (7—26c)
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94; 

w=, =P, =M,=0andu=v=0 (7—26d) 

It should be noted that the conditions 

w=0 (7—27a) 

vy = 9 (7-27b) 

Py = M, = 0 (7—27c) 

are common in boundary types S1 through S4. The remaining two boundary 

conditions, referred to as the in—plane boundary conditions, involve the specification 

of one element of each part: (u or N,) and (v or N,). The explicit specifications of 

in—plane boundary conditions will not be needed in the remaining discussions. For 

x = 0 or a (see Eq. (7—27a,b), since the derivatives (of any order) of w and by with 

respect to y and time are also zero, the boundary conditions (7—27c) are equivalent 

to (see Eqs. (7—7a)): 

by = 0 (7—28a) 

and 

Wy =0 (7-28b) 

Substitution of Eqs. (7—27a), (7-27b), and (7-28) into (7—20b), on the other hand, 

results in 

$= 0 atx =Oora. (7—29a) 
? 

Also substituting Eqs. (7-27a), (7-27b), and (7—28) into Eq. (7-22) yields 

PE |. -P,- N(u,v,w) = 0 at x = Dora, (7—29b) 

where the nonlinear expression N is evaluated at the edge of the plate with the help 

of Eq. (7-3) and consideration of in—plane boundary conditions. For example, N
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vanishes if the edge is considered to be completely movable and not subjected to any 

in—plane loads. 

In summary, Eqs. (7—-27a), (7-28b), and (7-29) comprise the four boundary 

conditions at x = 0 or a in terms of w and ¢ and, in general, u and v. Similarly, it 

can be verified that the boundary conditions at y = 0 or b are 

Ww=W y= 0 (7—30a) 

$ =0 7-30b y ( ) 

and 

DH — F* a] W yyy — Py — Mu¥sw) = 0. (7-30c) 

The boundary conditions developed above can be classified into two groups; one 

group involving w, u and v, and the other group involving @ only. Further, it can 

easily be verified that the edge—zone equation (7-18), with the boundary conditions 

(7—29a) and (7—30b), admits only the trivial solution ¢ = 0. Hence, when the 

rotatory inertia terms are omitted, the five governing equations of TSDPT are 

reduced to three in number, namely Eqs. (7-6) and (7—19a), with a total order of 

ten. This conclusion is also valid in static—flexural, buckling, and postbuckling 

problems since ¢ = 0 will again be the only solution of the edge—zone equation 

(7-18). Based on similar arguments, the five equations of FSDPT are also reduced 

to three, namely Eqs. (7-6) and (7—24b), with a total order of eight. This result is 

also obtained in [130] in the context of postbuckling analysis of plates. 

The boundary conditions (7—-29a) and (7-30b) will also be obtained if the 

rotatory inertia terms are not omitted in Eqs. (7—20a) through (7—23b). Moreover, 

again the edge—zone equation (7—-10a) with its corresponding boundary conditions
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(7—29a) and (7—30b) can be considered and solved as a separate linear problem. 

Therefore, the vibration mode corresponding to this problem is independent of those 

corresponding to mid—plane displacements u, v, and w. More on this will be said in 

the subsequent chapters. The boundary conditions (7—29a) and (7—30b) are 

identically satisfied by assuming 

@ @ 

a(xy,t)= % 2 cosa, xcos fy T(t) (7-31) 
m=0 n=0 ™ mn 

where a = a By = 5 and Tyn(t) are the generalized coordinates. 

Substitution of - (7-31) into Eq. (7—10a) results in 

an(t) + a an(t) + #2 Tan(t) = 0 (7-32) 

where 

Wan = 5 cla? + 62 | + A| Ne (7-33) 
m3 

are the pure—shear frequencies of the undamped system corresponding to zero 

mid—plane displacement components u, v, and w. The pure—shear frequencies 

corresponding to the damped system, as can be seen from Eq. (7-32), are 

via = [ea } [e5)7] (0-84
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where w, are given by Eq. (7-33). Similar results are readily obtained for 

FSDPT by merely replacing mg, C, and A in Eqs. (7-32) through (7-34) by ma, C, 

and KA, respectively (see Eq. (7-15)). It can readily be shown that FSDPT with 
2 K” = a and TSDPT predict identical pure-shear frequency for a homogeneous 

transversely isotropic (and isotropic) plate. 

7.4 Equations in Terms of w and a Force Function 

In certain problems, it is more convenient to introduce a force function V 

such that: 

N =U, Ny=¥,,, and Ng =—¥ (7-35) 
1 yy’ xy" 

It can readily be verified that this function satisfies the equations of motion 

(7-1a) and (7—1b) identically in the absence of in-plane inertia and their 

corresponding damping terms. Further, with the help of Eqs. (7—la) and (7—1b) 

with zero right—hand side, and Eq. (7-35), Eq. (7-3) is reduced to 

Nw,¥) = y 2 (7-36) yy xx xy xy © xx” yy 

Hence, the interior equations of TSDPT and FSDPT can be expressed in terms of 

the transverse displacement w and the potential function V. These equations are 

given by (7-14) and (7-16), respectively, or by (7—19a) and (7—24b) when the 

rotatory inertia terms are also neglected. 

A second equation, which relates w to W, is derived from the condition of 

compatibility:
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Oo, 0 0 _ 2 _ qj + 6 — 66 = Wy — WH x yy (7-37) 
‘He ; Ay 

which is satisfied by Eqs. (7-5). To this end, the inverse of Eqs. (7-4) is written as 

a M (M —B)|(N, 

= —_1+—_ ; (7-38a) 
o| (2MB — B*)|4mM —B) M lly 

i) 2 

and 

o&=2Nn (7-38b) 6—_ 6 
B 

By making use of (7-35) and (7—38a), the condition of compatibility (7-37) is, 

therefore, expressed in terms of w and W as: 

Si
l 

— (7-39) 
(MB — B?) 

It should be recalled that Eq. (7-39) remains the same for FSDPT and also the 

classical plate theory (CLPT). 

In what follows, two simple problems will be considered in order to study the 

effects of nonlinearity, transverse shear strain, rotatory inertia, and damping on the 

response behavior of a simply—supported plate. The analysis will be shown for
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TSDPT and relevant results will be summarized for FSDPT and the classical plate 

theory. 

7.5 Static Large—Deflection of a Rectangular Plate 

In static problems, Eq. (7-6) and (7-14) are reduced to 

- §B _ 

(Uy THF yy) + (Ma) cy + yh xy) = 
(7—40a) 

-_B 
+ (M — aU yy + W XW xy) = 0 

(7—40b) 

l Fp n2\ 92 2p Ru2y2 D2 1 

(7—40c) 

where 

N(u,v,w) = Naw xx + 2N,w + Now (7-41) 
XY VY 

and L, is given by (7-19b). Expression for N can be recast in terms of u, v, and w 

by simply substituting (7—5) into (7-4) and the result into Eq. (7-41). Equations 

(7-40) will be used to study the nonlinear behavior of a simply—supported 

rectangular plate subjected to a transverse load P (xy). Here we assume the edges 

of the plate are immovable (see [131]):
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u=N,=Oatx=0,a (7—42a) 

and 

v=N,=Oaty=0,b (7—42b) 
6 

The remaining boundary conditions are given by Eqs. (7—27a), (7—28b), (7—29b), 

(7-30a), and (7-30c). The boundary conditions (7-29b) and (7—30c) can be 

simplified with the help of Eqs. (7-41) and (7-42) to: 

DH — ¥ 
[Pa] w -P- NW cx =0,atx=0,a (7—43a) 

and 

DHF), =p mw =o,aty=00 (7-43b) DJ"yyyy 2 2 yyy 7 

The transverse load P_ (x,y) is assumed to be of the form 

P (uy) = P, sin, x sing y. (7-44) 

The Galerkin method (see [131]) is used to obtain an approximate solution. It can 

easily be verified, by direct substitution, that by assuming the expansions 

2 = = 

u(x,y) = 2 [2 2 > — 2sin” 5 y| sin an x 

v(x,y) = Wor — ~2sin? 2 x]sin 2% ) Téb lla | 4 | bY (7-45)
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w(x,y) = W, sin 7x sin 5 y; 

all the boundary conditions and Eqs.(7—40a) and (7—40b) are identically satisfied. 

In Eqs. (7-45), w, denotes the transverse deflection at the center of the plate. The 

Galerkin method requires that Eq. (7-40c) be satisfied in the weighted—integral 

sense: 

ba 
! [ R(a,v,w) sin z X sin 5 y dxdy = 0, (7-46) 

0 0 

where R(u,v,w) is the (residual) expression on the left side of Eq. (7—40c). 

By substituting Eqs. (7-45) into Eq. (7—40c) and the result into Eq. (7-46) 

and evaluating all the integrals, the following relation is obtained: 

  1 (| + % ch = (7-47) 

where the constant coefficients N and Yq are displaced in Appendix 7.2. An 

equation similar to Eq. (7-47) is also obtained for FSDPT and the classical plate 

theory by using the solution representation (7-45). The coefficients 7, and Yq for 

these two theories are also given in Appendix 7.2. If the plate is subjected to a 

uniformly—distributed load, then the right side of Eq. (7-47) will be replaced by 

v P stl (Dh) for a one-term approximation of the load. This way, with 7, and 7, 
Tv
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corresponding to the classical plate theory (see Appendix 7.2), the result (7-47) will 

become identical to that found by Niyogi [132] for a homogeneous isotropic plate. 

The rotation functions y, and Vy can be determined by substituting the 

solution (7-45) into the static counterpart of Eqs. (7-23). It should be remarked 

that the terms involving ¢ in Eqs. (7—23) should be ignored since, as it was argued 

earlier, the solution contribution of the edge—zone equation (Eq. (7—18)) is 

identically zero. 

7.6 Transient Small—Deflection of a Rectangular Plate 

In the linear theory, in the absence of rotatory inertia and _ their 

corresponding damping terms, the interior equation of TSDPT is obtained from Eq. 

(7-14) (or Eq. (7—-19a)) by simply considering N,, N,, and N, as edge—ioads in the 

nonlinear expression N. The resulting equation is 

+ (DH — F*)v79792w — By*y2w Pog +a, 

=-Pm, 0 — Pe Vw + mw + cw (7-48) 

with 

p= PL +N wit N (7-49) 
xx T Sy” yy’ 

Solution of Eq. (7-48) will result in the transverse displacement w, and thereafter 

, and Vy can be found from
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py, = - (bH-Fyv*yw Bw 
A D ’ x x 

D2 

+2 AD (m,¥ + cyw )X — dy, x) (7-50a) 

_ D fF Bd\n2q2 D ,2 

D2 
+ ap (m, Wy + CW yo qy)? (7—50b) 

which are the linear counterparts of Eqs. (7-23). In Eqs. (7-48)-(7—50), the tensile 

edge—loads Ny and Ny are introduced to replace Ny and No, respectively, with Ne 

= 0. Once again, the terms involving ¢ are not included in Eqs. (7-50) because 

they are identically zero in this problem. 

It can readily be seen that the representations 

@ 

w(x,y,t)= y sin a,x sin BLY in nit ) (7-51a) 
m=1 n=1 

and 

@ 

P(xyt)= 2 5 m, sin a,x sin fry Q(t) (7—51b) 
m=1n=1 

satisfy all the boundary conditions of a simply—supported plate. In Eqs. (7-51), 

Nran\t) and Q_,,(t) can be considered as the generalized displacements and forces, 

respectively.
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Upon substituting (7-51) into (7-48), the following equation, which is 

similar to the equation of a simple damped oscillator, is found; 

2 
rant) + 2S nn mn Ima) + “mn mn) = @mnlt) (7—-52a) 

with 

Cy 26 an“ mn = im, (7-52b) 

In Eqs. (7-52), € nn Can be considered as damping ratios and ware the natural 

frequencies of the plate. The explicit expressions of Ww? obtained within TSDPT, 

FSDPT, and the classical plate theory are given in Appendix 7.2. 

For light damping, the solution of Eq. (7-52a) can be shown (with the help 

of the Laplace transformation technique) to be 

—& ow ft € 

Meant) =e™e cos “mnt + 3-175 sin Yama Tenn 0) 
(1 -— Ona) 

1 enn“ mnt . . + i e sinw, t{7,_ (0) 
Wann dmn'| ‘mn 

t —§ ow (t—7) 1 mn . 
4 Wan i Q_ (rie ™ Sin Wa nit — 7)d7 

(7-53) 

where w =w (1-—€ 2 yt 2 can be regarded as the natural frequencies dmn ~ “mn mn 5 q 

associated with the damped system. In Eq. (7-53), 7, (0) and #7, (0) are the 

initial values of the generalized displacements and velocities, respectively. By
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assuming the following initial conditions: 

w(x,y,0) = W(x,y) 

w(x,y,0) = (x,y) (7-54) 

and using Eq. (7—51la) and the orthogonality properties of sine functions (e.g., see 

[131], page 39), 7, (0) and 7, (0) are found as 

ba 
Nean(0) = - ! 4 ! 5 w(x,y)sin a x sin 8 y dxdy (7—-55a) 

. 4 ba x . . 
An) => fi fi w(x,y)sin a,x sin fy dxdy (7—55b) 

Similarly, from Eq. (7—51b), the generalized forces Q(t) are also seen to be 

ba 
Q anit) = ibm, i i P_ (xy,t)sin a,x sin By dxdy (7-56) 

When the initial conditions (7-54) are homogeneous, the solution (7-53) is 

simplified to 

$n “mnt — 7) 
1 t 

I Qann(79 
Wdmn 

  Nnnit) = sin Wa an(t—7)d7. (7-57) 

7.7 Numerical Results and Discussions 

To study the effects of nonlinearity, shear deformation, rotatory inertia, and 

damping, the nondimensionalized center deflection of a single-layer plate (referred 

to as Structure I) and a three-layer symmetric plate (Structure II), with total
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thickness h, is evaluated with the help of Eqs. (7-47), (7-5la), and (7-57). The 

material properties of Structure I are taken to be 

6 E=19.2x 10° psi, vy = 0.24, 

G, = 0.82 x 10° psi, and p = 0.00013 Ib sec”/in®, 

where E, v, ..., and p are defined in Appendix 7.1. The material properties of 

outside layers (whose total thickness is equal to that of the middle layer) of 

Structure II are assumed to be 

E = 20.83 x 10° psi, v = 0.44, 

6 psi, and p = 0.00013 Ib sec/in*, G, = 3.71 x 10 

with the middle layer having the same properties as those of structure I. 

For the transient problem, the loading P_(x,y,t) in Eq. (7-56) is assumed to 

be of sonic boom type described by an N—shaped normal pressure pulse (see Chapter 

VI) as follows: 

P (xy,t) = P(t) = I — t/t,) ford <t< st (1-58) 

0 for t <0 andt > st 

where P 0 is the peak reflected pressure (when s < 2) uniformly distributed over the



206 

plate; t p denotes the positive phase duration of the pulse; s denotes the pulse length 

parameter. 

Substituting Eq. (7-58) into Eq. (7-56) results in 

16P (1—t/t_) forO<t< st 
Quant) = > P P (m,n = 1,3,...) 

mur m, (0 fort <0 and t > st 

(7-59) 

With the help of Eq. (7-59), the generalized displacements 7 mnt) are found from 

Eq. (7-57) by evaluating all the necessary integrals. 

Ww - 
The variation of the dimensionless center deflection 7 vs. P sel (10Dh) of 

Structure II is shown in Fig. 7.1. It is seen that, for this particular structure, the 

2 
results predicted by FSDPT with K? being equal to 1 ip and are almost 

identical. The slight differences in the results cannot be seen in the plot. Moreover, 

FSDPT with K? = ; and TSDPT yield practically identical results. The effect of 

transverse shear strain and geometric nonlinearity on the amplitude of the center 

Ww 

deflection parameter E is also apparent from Fig. 7.1; the effect of transverse shear 

strain is to increase the center deflection, whereas the effect of nonlinearity is to 

decrease the deflection. 

To study the effects of rotatory inertia, transverse shear strain, and damping 

in the linear theory, the dimensionless center deflection of Structures I and 

II subjected to various transverse loadings vs. time are plotted in Figs. 7.2 through 

7.5 with the help of Eqs. (7—5la) and (7-57). In particular, Fig. 7.2 demonstrates 

the negligible effect of rotatory inertia terms on the deflection of Structure II when 

subjected to a step load and a triangular pulse. It should be noted that the analysis 

of full system of equations, which include all the inertia terms, were presented in
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Chapter VI. The time—history of center deflection of Structures I and IT subjected 

to a symmetric N—wave (s=2) is shown in Figs. 7.3 and 7.4. These figures clearly 

demonstrate that the results predicted by CLPT can be completely unreliable 

particularly in the free—vibration region (i.e., when t > st p) where the amplitude of 

deflection is extremely underpredicted. Indeed, depending on the value of t p CLPT 

can yield a higher amplitude that TSDPT and FSDPT in this region (this is not 

shown here). It is also seen from Fig. 7.3 that the response of Structure I predicted 

2 = r| 12, 14/17, and 5/6 is almost identical with that predicted by FSDPT with K 

by TSDPT (the slight difference is not shown in Fig. 7.3). This is due to the fact 

that the fundamental frequency predicted by FSDPT (with such choices for K?) is 

very Close to that predicted by TSDPT as shown in Table 7.1. It is to be noted that 

although FSDPT with K* = 14/17 and TSDPT yield an identical pure—shear 

frequency for Structure I, the numerical value of the fundamental frequency 

obtained within FSDPT with K? = 5/6 is closer to that determined within TSDPT 

(see Table 7.1). Figure 7.4 and Table 7.1 indicate, on the other hand, that the 

response of Structure II is more accurately predicted within FSDPT when K? =2 [3 

is used. 

c 
The effect of viscous damping 4 (= —*) on the response of Structure II 

1 

subjected to a symmetric N—wave (s = 2) is studied with TSDPT and the results 

are included in Figs. 7.5 and 7.6. Here w denotes the fundamental undamped 

frequency of Structure II, as predicted by CLPT. Figure 7.5 shows the role played 

by damping in reducing the deflection amplitudes. It is also seen, from Fig. 7.5, 

that the most significant amplitude attenuation due to the damping effect occurs 

during the free-motion range. This conclusion was also reached in the case of 

metallic type structures [133,134]. Figure 7.6 displays the variation of the dynamic



208 

magnification factor (DMF) vs. ut D where w is the fundamental undamped 

frequency of Structure II (determined with CLPT) and DMF is defined as the ratio 

of the largest (in the absolute sense) dynamic deflection to static deflection. In 

determining the static deflection, it is assumed that the plate is subjected to a 

uniformly distributed load of magnitude P 0° The largest dynamic deflection is seen 

to occur during positive and negative phases of the N—wave and during the 

free—vibration period (i.e., after the negative phase of pressure pulse). This can be 

seen from the three distinct branches appearing in the DMF curves of Fig. 7.6. This 

phenomenon was also observed in [133] where the three branches were shown to 

exist by actually differentiating an equation similar to Eq. (7-57) with respect to 

time to obtain the times at which the maximum and minimum deflections occurred 

in a mass—spring system. It is further to be noted that when damping is included, 

the maximum deflection most often occurs during forced motion when the pressure 

pulse is positive (see Figs. 7.5 and 7.6). 

7.8 Conclusions 

It is demonstrated that the nonlinear dynamic equations of the first—order 

and third—order shear deformation plate theories can be recast into interior and 

edge—zone equations. It is further shown that, for a plate with simply—supported 

boundary types $1 through S4, the contribution of the edge—zone equation is merely 

due to the presence of rotatory inertia terms. In the absence of rotatory inertia 

terms, the number of governing equations of these theories is reduced to three, as in 

the classical plate theory. Moreover, in the absence of in—plane inertia terms, the 

three equations are reduced to two by introducing a force function. Therefore, the 

solution methodologies that are used in the classical plate theory are also applicable
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to the shear deformation plate theories with the aforementioned boundary 

conditions. This is demonstrated by an example where the static large—deflection 

problem of a rectangular plate was considered. 

It is noted that, because of neglecting the nonlinear terms involving the 

rotation functions ¥, and Py: the edge—zone equations of the linear and nonlinear 

theories are the same. Consequently, the pure—shear frequencies predicted by both 

the linear and nonlinear theories are the same.
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(Structure II) vs. Pa*/(10Dh); r= 10; h = Lin.



  

  

  

    

    
    
  

0.3F 

step pulse 

0.2F 

O.IF 

£ 

~ 
> 

0.0 VJ VT av 
\ 

-O.1} triangular pulse \ oy 

—— with rotatory inertia 
---- without rotatory Inertia 

-0.2 } | J l a! | l 

0.0000 0.0004 0.0008 0.00I2 

: TIME (sec) 
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212 

  

   
    

  

    

0.4 

2,77, 14) PO TSDPT & FSDPT (k®=3;, 14.4 

/\\ CLPT 
0.2eP FSDPT(K2=2/3) 

| 
<= 

2 0.0 

-0.2- 

= 

04k 
  

0.0000 0.0005 0.0010 0.0015 

TIME (sec) 
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Table 7.1 

Nondimensional Fundamental Freqnency w = wa” ph/ D of Square 

Plates Predicted by Different Theories (a = 10 in., h = 1 in.). 

  

FSDPT with K2 Equal to 

Structure TSDPT CLPT   

r/12 14/17 ~—«5/6 2/3 
  

1 16.184 16.134 16.137 16.169 15.542 19.739 

2 17.020 17.856 17.858 17.877 17.488 19.739 

 



215 

  

  

        
    

  

0.4 

fe Prnase 

02+ Kr 

£ , \ 

> 0.0 ' 

-O2F 

-U.4 & _1 _L i 

0.000 0.00I 0.002 0.003 0.004 

TIME (sec) 

Figure 7.5 Time—history of dimensionless center deflection of a square plate 
(Structure IT) subjected to a symmetric N—wave (s = 
determined within TSDPT; P, = 500 psi; ty = 0.001 sec; a/h = 20; 

h = Lin. 

= 2),



216 

  

2.5 F 

4 =O forced motion 
free motion (negative phase) 

2.0 x“ S\ A 

PIS 
 wocerrrerrr” 

wer” 
or o@ 

  

-” 

DM
F 

> “ e)
 

> 

l.OF     
  

forced motion 

(positive phase ) 

O.5F-       
0.0 rc i _j Il 

0 5 lO IS 20 

WwW. tp 

Figure 7.6 Variation of Dynamic Magnification Factor (DMF) of a square 

plate (Structure IT) vs. wt p’ determined within TSDPT. The plate 

is subjected to a symmetric N—wave (s = 2); a/h = 20; h = 1 in.



(7-9): 

217 

APPENDIX 7.1 

Definitions of constant coefficients appearing in Eqs. (7-4), (7—7), (7-8), and 

N 2 _ 8 3 3 \,1[4)75 5 
= oak (2, ee) 3g ie Bee) + 5 ] (2, — p+ 1)| 

hoa, 4p, =A.-4D..= } (G ( = Aga — 75 Dag = Ags — 75 D5 = % (Gadel Mega) 

— 5 (a n) 3h + 

_ N 
R= Aggy = Ass = (Gy) — 241) 

2 N 8 4 1f_E ) {i393 C= Dea Fee + [5] Hos = 2 3 | [xeR-2 66 5,2 66 * [3,2} Bos = 2 2 LT a), [Bk et) 

-1(8)Q5_.5 ya1[4 277 
5 Lgyd) 2k kt) +7 [3 ie eps)
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7 (24 — M41) 

In the above expressions h denotes the total thickness of the plate; N is the 

total number of layers; p is the density; E and vy are the Young’s modulus and 

Poisson’s ratio in the plane of isotropy (x—y plane) and G, is the shear modulus in 

the plane normal to the plane of isotropy. The rigidity terms Ais Di, Bip and Hi; 

and the mass terms L, I., I., and I, are also defined in Chapter IT.
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APPENDIX 7.2 

Definitions of 7, and Yo appearing in Eq. (7-47) for different theories 

TSDPT: 

  

  

where 

2 2 
Di [a7 v 

a= al(F] + (5) ] +2 

FSDPT 

4 2 2,2 
_a T 7 

n= (|(F + 8 | 

where 

= 2 

a=—-|[F] +(e] +2 2 = 

k“A 

Classical Plate Theory: 
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In addition, for all of the above theories, Yq is given by 

ty = 2 {act —B)[F] [] + [oct + 8) -E]/[z) + [FT] 

Definitions of we n appearing in Eqs. (7—52a) for different theories: 

TSDPT: 

aoe F*\(a% 2+ By + Dian 24 wy? 

where 

= m,[R (a2 + 62) + 1]. 

  

we = 310 (a2 + #2)? +2 Oyen +N,f)[a2 + 2, KAD] 
2A 

where 

  B=m, er (a + fa) +1], 

a
y
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CHAPTER VIII 

FREQUENCY AND BUCKLING EQUATIONS OF A SYMMETRIC PLATE 
ACCORDING TO LEVINSON’S THIRD—ORDER THEORY 

The third—order shear deformation plate theory of Levinson is developed in 

[42] for homogeneous isotropic plates. As we mentioned in Chapter I, the Navier 

solution and Levy—type solutions for homogeneous isotropic plates in bending 

according to this theory are subsequently devleoped in [86] and [87], respectively. 

Here we extend this theory to symmetric laminated plates and then obtain the 

governing equations of this theory for symmetric plates laminated of transversely 

isotropic layers. Following the procedure developed in Chapter VII, the interior and 

edge—zone equations of this theory will be obtained. The remainder of this chapter 

will be devoted to developing analytic frequency and buckling equations for a plate 

with Levy—type boundary conditions using the original form of the governing 

equations. These analyses will be extended in the next chapter within the 

framework of the first-order shear deformation plate theory using exclusively the 

interior and edge—zone equations of a plate. 

8.1 Governing Equations of a Symmetric Plate 

The equations of motion of a symmetric plate according to the third-order 

shear deformation plate theory (TSDPT) of Levinson [42] can be presented as: 

M, + Mg, — Q) = Mh, — Mew 

J 
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Qix + Qoy + NW ex + NW vy +P, =m,W (8-1) 

where N, and Ny are the tensile edge loads in the x— and y—directions, respectively, 

and 

~ 4 = 4 
m,=I, ,m,=1,-—5l,-,m,. =—5l (8—2) 

1 1° "3 3 3h2 5? 5 sh 5 

with I,, I,, and I, given in Eq. (2-10). In Levinson’s TSDPT the displacement 

field is assumed to be 

4 3 u,(x,y,2,t) = f(z)p, -—52z Wy 

_ 4 3 up(x,y,2,t) = f(z) by “Fe ZW 

Ug(x,y,2,t) = w (8—3a) 

with 

f(z) =z— + 2° (8—3b) 
3h 

and the rotation functions b, and Py and the transverse displacement w being 

functions of x, y, and time t. It is to be noted that the displacement field in Eqs. 

(8-3) satisfies the transverse shear stress—free boundary conditions on the boundary
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planes of a plate. This displacement field is identical to the one used in Reddy’s 

TSDPT (see Chapter II and [38]) and in Librescu’s TSDPT [46]. However, the 

equations of motion in Levinson’s and Librescu’s theories are obtained by the 

method of moments (also known as the vectorial approach) which involves the 

integration of 3—D elasticity equations whereas Reddy’s theory is based on the 

virtual work principle. For this reason, the total order of the equations in 

Levinson’s and Librescu’s theories is six whereas in Reddy’s TSDPT (see Chapters 

II and VII) the total order of the equations is eight. It should be pointed out that, 

in principle, the vectorial approach and variational approach can yield identical 

equations if the former approach is carefully applied. In general, however, the 

vectorial approach does not yield the exact form of the boundary conditions. In 

passing, it should be added that, in contrast to Levinson’s TSDPT, the effect of 

transverse normal stress is also incorporated in Librescu’s TSDPT. That is, when 

the transverse normal stress effect is ignored, the two theories become identical. 

Based on Eqs. (8—3), the strain—displacement relations are 

4 3 6 = Me FF ZW 

_ 4 3 
2 = Fla)by y — Fa? ¥ yy 

egal’ (2)(Hy + wy) 

f= f’ (z)(4,, + W x)
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/ 8 3 ég =i (2) (Hy, y + Dy x) he ow oy (84a) 

where 

f(z) = 1-427. (8—4b) 
h 

In Eqs. (8—1), the stress resultants are defined as 

h/2 
M, = fot (i = 1,2,6) 

h/2 
(Q,,Q.) = a)? (o,,0,)dz, (8-5) 

where the stress components g; in a symmetric plate with orthotropic layers are 

related to strain components according to 

k = ke. ak 
o Q1, Qin 8 Fey 

Ft = |Q19 Qog 9 | 1 f 

hey 75 0 Qs5] Lé5
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By substituting Eqs. (8-4) into (8-6) and the subsequent results into Eqs. (8-5), 

we obtain 

4 4 
M, = (Dy, - ane Pi) + Dg - ane Fig)ty y 

-SFyyw - + Fiow 3h XX 3h WY 

_ 4 4 
My = (Dip - ane Pia) x + Dog - ) Foo) by y 

— 5 FW ee ~ 9 FooW 3h XX ah VY 

Ma = (Deg — 5 Fag)(Yy ¢ + Ye x) on Fag 
6 66 ah2 66/\ "x,y y,x she 66° xy 

Q) = (Ass — 2D 55)( Hy + wy) 

Qp = (Aggy Dag )(Yy + ¥ y) (8-7) 

For a symmetric plate with transversely isotropic layers (the plane of isotropy is 

assumed to be parallel to the x—y plane) it is more convenient to introduce (see 

Chapter VII) 

_ 4 _ 
A= Agg 79 Pad = Ass ——g Des
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F = = Fi.= “2 Foo (8-8) 

Substituting Eqs. (8-8) into Eqs. (8—7), we obtain 

M,=D ox t (D - 2C) dy y _ FW ox —(F- 2L)w vy 

M, = (D—2C)¢, , + Doy y —(F- 2L)W ox _ Fw vy 

M, = Cty y + Vy ) ~ 2LW yy 

Q, =A, + wy) » Q = Alyy + wy) (8-9) 

where L = G — G is introduced for convenience (see Appendix 7.1 in Chapter VII). 

Substitution of Eqs. (8-7) and Eqs. (8-9) into the equations of motion (Eqs. (8—1)) 

yields the governing equations of orthotropic and transversely isotropic plates, 

respectively, in terms of Yo vy and w. However, here we only present the 

governing equations of a symmetric multilayered transversely isotropic plate:



230 

D C A \_ A = 2 a 
DY, xx t Cy yy — AlY, + Wy) + (D-C)P,  — FV w , = Mgt, — Mew 

(8—10a) 

D C A - A 2 4 _. 

Dey yy + Py xx — My + Wy) + (DSM ey — BV wy = Mg dy — Maly 
(8—10b) 

_ ~2 w 
ACs + Py y) + AV*w + Nw +Nw +P ,=m,W  (8-10c) 

where v2 is the Laplace operator. 

8.2 Interior and Edge—Zone Equations 

Following the procedure developed in Chapter VII, by introducing 

P= Vy (8-11) 
the interior and the edge—zone equations of Levinson’s TSDPT can readily be 

obtained from Eqs. (8—10) and presented as: 

  

= 922 D2 mz  Mmym- ip \4ga. . 
—DV'Vow -=Vq +4, +—-G = —w-(m,+—m,)\Vv+m,W 

A q, ZR 2 A 3 A 1 1 

(8—12a) 

cvs — Ai = m3 (8—12b) 

where (see Chapter VII) 

D=D+F (8—12c)
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= P.. + NAY xx + NYY yy (8~12d) 

Equation (8—12a) was obtained for the first time by Levinson [42] for a 

homogeneous isotropic plate in the absence of tensile edge loads N, and Ny. 

Equations (8-10) and (8-12) constitute two different (and equivalent) formulations 

of Levinson’s TSDPT. However, when Eqs. (8-12) are being used, it is necessary to 

express the stress resultants in Eqs. (8-9) in terms of w and $. To this end, we 

introduce Eq. (8—11) into Eqs. (8—10a) and (8—10b) and get 

YY yx 

Also Eq. (8—10c) can be rewritten as 

_ 2 qd, m,w (Ye t Vy y) = Vw ; + i 

Substitution of Eq. (8-14) into Eqs. (8—13) results in 

c F 2 D xT EW tr TY ) +78 
J 

(8—13a) 

(8~13b) 

(8-14)
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m A 5 Mm A 5 35 D ,2 D1 C, _D- _ Mt KW TEN Wet ag Wxtaty Ae Wx (8—15a) 

m = 5 m A 5 3 D 2 D1 D 24 =-w —LYy ~ity Ye — 8—15b Py + by = Wy Vw y FW yor Gy (819d) 

1 D2 Dm. ¢ D | 
= _ —_= = —~+$ — =. —16b 

Py L, | Wy A v Wy + A A Wy A x A? dy (8 ) 

where 

m 3 0° 
Ly =(1+— ). (8—16c) 

A at 

Clearly by substituting Eqs. (8-16) into Eqs. (8-9), the stress—resultants will be 

obtained explicitly in terms of w and 4. This will be done in the next chapter where 

the interior and the edge—zone equations of the first-order shear deformation plate 

theory (FSDPT) will exclusively be used for developing Levy—type frequency and 

buckling equations. In this chapter, however, we will use the original form of the
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governing equations (i.e., Eqs. (8—10)) to study the plate buckling and vibration 

problems. 

8.3 Boun Conditions 

Throughout our study in this chapter we will use the capital letters S, C, and 

F to indicate that an edge of the plate is simply—supported, clamped, and free, 

respectively. Further, we will assume that two opposite edges of the plate at x = 0 

and a are invariably simply supported (i.e., Py =w=M,= 0). At the other two 

edges of the plate (i.e., at y = 0 and b) we can have a combination of the following 

cases: 

S (simply—supported edge): 

%, =w-0 

M. =07D —F = — = 07D - Fw. =0 (8-17) 

C (clamped edge): 

py, =w=0 (8—18a) 
Ay — = — w y Wy 0 (8—18b) 

F (free edge): 

Mo = M, = Q, + NW y = 0 (8-19) 

These boundary conditions are known as the relaxed boundary conditions as 
  

opposed to the exact boundary conditions in 3—D elasticity theory (see [1]). Fora 

clamped edge, instead of 4p, “Wy 0 (see Eq (8—18b)) we can alternatively 

impose vy = 0 which was originally suggested by Levinson in [42]. The matter will 

be further examined later in Section 8.7 and in the next chapter. In the next two
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sections we will develop the frequency and buckling equations of a plate having 

various boundary conditions at y = 0,b. Later in this chapter, for the purpose of 

verifying our results, we will develop an alternative solution to these problems. 

8.4.1 Frequency Equations 

In Chapter VII we have shown that when the plate is completely simply 

supported, the boundary conditions accompanying the edge—zone equation are 

# =Oatx=Oanda, 
? 

iy =0Oaty=0 andb, (8-20) 

in FSDPT and Reddy’s TSDPT. Further, we have shown that the solution of the 

edge—zone equation with the boundary conditions in Eqs. (8—20) resulted in an 

infinite number of pure—shear frequencies. That is, no transversal displacement 

occurs when the plate is vibrating with these frequencies. By following the 

procedure of Chapter VII, it can readily be verified that the same boundary 

conditions as in Eqs. (8-20) and the same results can be obtained in Levinson’s 

TSDPT. Here, however, we choose an alternative approach to obtain the same 

results. 

When the remaining edges of the plate (i.e., at y = 0,b) are also simply 

supported, it can be verified that 

© ® 

,(xy,t) = x ® Ann’ 08 @,x*8in By: T(t) (8—21a) 

oO @ 

Py(x,y,t) = x 3 B nn’ Sif Ox: C08 Ay: T(t) (8—21b)
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oO @ 

w(x,y,t) = 2 Cnn’ Sit OX" sin BAYT ml) 
mn 

iw 

with Tan = 

With nonzero values of m and n and P, = 0, substitution of Eqs. (8—21) into Eqs. 

t 
mn 

e ,»i= I,a, = 

conditions in Eqs. (8-17) and their corresponding counterparts at x = 0 and a. 

m7 
a ? 

and Bb, = 5 satisfy all boundary 

(8-10) results in the following system of homogeneous algebraic equations: 

-0,,8,(0 - C) 

= 2 _ 2 —_ 

Ca, — D6, —A 

- 2 
+ Mgwy 

Ap, 

mn 

mn{ > {0 0 0} 

mn 

F(a? +p?) -A 

—Mrw le 

[F(a 

m 

-— MW! By 

~A(a2 + 6) +m 
1“mn 

2 2 — (Nan + NYA) 

—— 

2  
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For a nontrivial solution, the determinant of the coefficient matrix in Eqs. (8-22) 

must be set equal to zero. It can be verified that the expansion of this determinant 

yields 

where 

D, = myia(w2_,)* —[Aihy + 2 m Nay + f°) +m,A 

+ My(N,o2 +N flu, + [D(N0% + N60 + 62) 

+ A(N,0” + Nye) + AD(a2 + ey 

and 

.~ 2 x my 2 2 
Dp = Mw, - [A + Clar, + Bo) 

(8-23) 

(8—24a) 

(8—24b) 

Equation (8-23) is a cubic polynomial in terms of we From Eq. (2-23) we can 

further write 

Dy = 0 

Dr =0 

(8—25a) 

(8—25b) 

which are quadratic and linear functions of we Hence, we have the explicit 

expressions for the three natural frequencies for all nonzero values of m and n. 

From equation (8—25b) we have
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2 1 rAy.2 2 7 
Wen = [Clan + f) + Al. (8-26) 

m 
3 

To find the relations among Aan B an? and Can for these frequencies, we 

substitute Eq. (8-26) into Eq. (8-22) and obtain 

Cun =0 (8-272) 

and 

A —-B. £6 ma°m ~ ~~ mn’n (8-27b) 

Hence for the frequencies in Eq. (8—26) we have 

w(x,y,t) = 0 (8-28) 

i.e., no transversal displacement occurs when the plate is vibrating with any of the 

frequencies given by Eq. (8-26). For this reason, we refer to these frequencies as 

the pure—shear frequencies. This result was obtained for the first time by Mindlin 

et al. [135] in a different manner for homogeneous isotropic plates using the 

first-order shear deformation plate theory (also known as Mindlin’s plate theory 

[25]). 

When m = 0 and n > 1, we have from Eqs. (8-21) 

@ iw, ,t 

b,(yst) = a Aon Sin Biy-e (8-29) 
n= 

and from the characteristic determinant of Eqs. (8—22) we get
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ut = LA + 66 (8-30) 
m3 

which is also predicted by Eq. (8-26). Similarly, when n = 0 and m > 1 we have 

$, =w-—0 

@ iw _t 
Py (st) = ~ Bio Sit Xe (8-31) 

and 

2 li, aA. 
Wo =— [A + Cail (8-31) 

Mis 

which again is also predicted by Eq. (8-26). At this point, it should be emphasized 

that Eq. (8-25a) can also be obtained from the interior equation by simply 

substituting Eq. (8—21c) into Eq. (8—12a). Also it is readily seen that the solution 

representation 

o o 1W an 

#(x,y,t) = 22 Ean C08 %pX 608 Bye (8—32) 
mn 

satisfies the boundary conditions given in Eqs. (8-20). Further, substitution of Eq. 

(8-32) into the edge—zone equation (i.e., Eq. (8—12b)) results in Eq. (8—25b). That 

is, the pure—shear frequencies of the plate are predicted by the edge—zone equation. 

It is noted that when m = n = 0, the solution will be a trivial one according to Eqs. 

(8—21) and a nonzero constant (with respect to space) according to Eq. (8-32) with
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v = [AL 2 (8-33) 

according to Eq. (8—25b). This frequency is the pure—shear frequency of a 

simply—supported beam of any length with a rectangular cross section. For this 

frequency we have 

iw t 
_ 00 _ a(t) = Ee (8-34) 

from Eq. (8-32). A close examination of Eqs. (8—16) reveals that this solution does 

not affect the states of strain and stress since , and Py are dependent only on the 

derivatives of 4 with respect to y and x, respectively. 

The above solutions are known as Navier’s solutions. In the next section we 

will develop the Levy—type solutions corresponding to the cases where the 

remaining edges of the plate (i.e., at y = 0,b) are not simply—supported. 

8.4.2 Levy—Type Solutions 

The solution representations 

¥,(xy,t) = (AePY)cos dm’ T(t) (8—35a) 

Vy (ey¥it) = (BePY)sin 1 x- T(t) (8—35b)
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w(x,y,t) = (CePY)sin 4 x-T_(t) (8-35c) 

iw t 
with T(t) =e ™ ji = -T, and Amn = — are seen to identically satisfy the 

simply—supported boundary conditions vy =we M, = 0 at x = 0 and a. 

Formally, a subscript m should be added to the unknown parameters A, B, C, and p 

in Eqs. (8-35) since for different values of m these parameters change. For 

convenience, however, this is not done here. With P. = 0, substitution of Eqs. 

(8-35) into the governing equations (Eqs. (8—10)) yields the following system of 

homogeneous algebraic equations: 

  
A 

B} =40 (8—36) 

C 0
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The expansion of the coefficient matrix in Eqs. (8-36) yields the auxiliary equation 

(also known as the characteristic equation) which can be presented as 

  

D, Dp = 0 (8-37) 

where 

4 2 2 2\;_2 2 
Di =p + 6,p + O = (P — Pj) — Po) (8-38a) 

and 

2 2 Dy = (p* — pa) (8—38b) 

with 

0, = [edad + 2 a2n +N Px? M3 u2 41) 
m', mx yiy mq, m 

_ D 2 = D _ p-2N [mg + Fm Jon] /[D-F Ny) 

_f 3,4 D,4 ,2,™3 2,2 = |-bad +N,[-2 a — Ant una 

m,m = - = 
1 4 = D 2,2 2 = D 
i um + (iy +m Joma + mun|/[-b-2y,] (8-39) 

and 

2 4 4 Pe 1/2 
Py =~ + 9 (% — 44) 

2 4 1 (2 1/2 
Py =~ 9-3 (% — 449)
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(8-40) 2,2 A ™ 9 
3 Am tae Ym 

Based on Eqs. (8-35), the general solution of Eqs. (8—10) can be presented as 

Diy —Piy Po¥ Pod Pay 
$= [A,e + Avge +A,e~ + A,e + Age 

—P3y 
+ Age Jcos A_x- T(t) (8—41a) 

PY “P1Y PoY Poy Pay 
y =[B,e + Boe + Bse “ + Bye + Bre 

Psy. 
+Bee ~ jsin \_.x-T,(t) (8—41b) 

P1Y —P1Y Poy Poy 
e+ Coe + Coe “ + Cye Jsin Ax T(t)  (8-41c) w=([C 

The relations among A,, B.(i = 1,6) and Cli = 1,4) can be found by solving any 

two equations in Eqs. (8-36). It should be reminded that we purposefully did not 

include the remaining terms 

Poy Peay 
a Cee 3 (8-42) Cre 

to the expression of w in Eq. (8—-41c). Had we done otherwise, solving Eqs. (8-36) 

for A,, B., and Ci = 1,6) would yield



243 

= 0. (8—43) 

This will always be the case since substitution of Eq. (8—35c) into the interior 

equation (Eq. (8—12a)) will result in 

D, =0 (844) 

which, on the other hand, indicates that the transversal displacement w is 

dependent on Py and Po only. Indeed, substituting 

iw t 
§(x,y,t) = (EePY)cos Am*"e ™ (845) 

into the edge—zone equation (Eq. (8—12b)) will also yield 

Dy = 0. (8-46) 

These results merely reflect the fact that the auxiliary equation of the problem is 

invariant. 

At this point we simplify the problem by neglecting the rotatory inertia 

forces and by assuming that N, = Ny = 0. This way from Eqs. (8-40) we get 

2-2 2 1D 2 Pg, Deny 1/2 
Pi= m= [m2 gmt Jw? + | _ | |, (8—47a) 

D D 2DA 

peeq2 = [am +5 ( 8-47b)
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which are always positive. As far as Ps is concerned, we can have two different 

  

cases: 

CASEI 

If 

imp 2. s™% 2 m Duy 241/2 2 
{p— 2 w +(e +| V }>. ) 

= A m = m =e 

D D oDA 

then 

2 22 2 1715p 2 7M 2 m, Dw 12,1/2 
P22 Fn =~ [mtg Ym t [= Ym | ~ } } (8-48) 

D D 2DA 

with pe being a positive number. 

  

CASE II 

If 

; = 2 21/2 
1™B 2, (M12, (em 22 
2- 4 m - mM __ m’ 

D D 2DA 

then 

a2 fy2 1 2 pM 2 , (mDum 1/2 
p52 A= pagan - [we + | - } | (8-49) 

D D 2DA
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with po being a positive number. The general solution for CASEI can now be 

presented as 

PAxy,t) = [Aa, sinh ay + Bb, cosh a y + Cc, sin fy 

+ Dd, cos fy + Ee, cosh 7, y + Ff, sinh VV |c08 rm** Tht) 

Yy(xy;t) = [Aa, cosh ay + Bb, sinh a y + Cc, COS BAY 

+ Ddo sin fy + Ee, sinh yy + Ff, cosh YJ [sin rm** Tmt) 

w(x,y,t) = [A sinh a,¥ + Beosh ay + C sin BAY 

+ D cos B_y]sin A_x-T_(t) (8-50) 

where A, B,...,F are the new unknown constants replacing A, B. and C, appearing 

in Eqs. (8-41). It is to be noted that Eqs. (8-50) could be obtained more directly 

by substituting Eq. (8-41c) and Eq. (8-45) into Eq. (8—-16a) and Eq. (8—16b), 

keeping in mind that we are neglecting the rotatory inertia forces and Ny = NY = 

P= 0. In Eqs. (8-50) we have
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D 2 2 

_- —C _- _C 
“1 fas Tm > ©9 fo A Am (3-51) 

m, = iD 2 _,2 2 7 
= - Win = By ~ 8 + 2AQ, (8-52) 
D 

which is readily obtained by adding Eq. (8-47a) to Eq. (8-48). 

Next, based on Eqs. (8—50), we will find the frequency equations of the plate 

having various boundary conditions at the remaining edges. Assuming that the 

remaining edges are located at y = b/2 and —b/2, the vibration modes will separate 

into ones which are either symmetric or antisymmetric (with respect to the x—axis) 

when the edges at y = + b/2 are both clamped (CC) or both free (FF). For a 

symmetric mode and antisymmetric mode we assume | 

A=C=F=0 (8—53) 

and 

B=D=E=0 (854) 

in Eqs. (8-50), respectively, and impose the boundary conditions given by Eqs.
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(8-18) for a clamped plate and by Eqs. (8-19) for a free plate (with Ny = 0) at 

(say) y = b/2. This way a system of three homogeneous algebraic equations in 

terms of B, D, and E (for a symmetric mode) or in terms of A, C, and F (for an 

antisymmetric mode) will be obtained. The frequency equation is then developed 

by expanding the determinant of the coefficient matrix. In summary, we have for 

CC: 

1) Symmetric mode 

4D,2 42 4D/2 , \2 Ba|1 - 35 (4m ~ Am] tan 6 b/2 + On| + 5 (Pm + 2) [tanh a ,b/2 

= 2 

— 6 ,° BT (om + 6” )tanh 7,,b/2 = 0 (8-55a) 

and for
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1) Symmetric Mode 

—a op, "=? a2 [28 2 - E +202) [ae — 22] | tanh a, b/2 
D 

CC ,2 2, 22 — 6,74 = Anim Ven %m + Br)tanh a,b/2-tan 6 b/2-coth 7 b/2 = 0 

D 

(8—56a) 

2) Antisymmetric Mode 

0. (a? 26 - D2) 2 
m m _ ml| _ 7 m m = D A 

2c — P.,21feC,2 26 .21f,2 . 2 + B.,| 4 +20 = 2 [28 r2 4 [1 4 2€ a [ + 7) |tant a_b/2 
D 

CC 2 2 2 — 5y°4 — Anni mlm + By) tanh 7,,b/2 = 9 (8—56b) 

DA 

where G = G + Lis introduced (also see Chapter VII). The frequency equations for
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the SC (simply—supported at y = 0, and clamped at y = b) and the SF 

(simply—supported at y = 0 and free at y = b) cases can be obtained simply by 

replacing (a, b/2, 6 ,>/2; Yn b/2) by (a,b, Ba» %m>) in the trigonometric and 

hyperbolic functions appearing in Eq. (8—55b) and Eq. (8—56), respectively. That 

is, the antisymmetric vibration modes (and the corresponding frequencies) of a CC 

plate of width b are the same as those of a SC plate of width b/2. This is due to the 

fact that the conditions along the x—axis of a CC plate are the same as those of a 

simple support. The same arguments apply as far as FF and SF cases are 

concerned. Hence, we have for 

SC: 

Ba 1 — 5 Dia? — 3) [tame a> - 1 + 42 (8° + wn) tan 6b 

= 2 
+ NBT (a7 +7 )tanh a b-tan §_b-coth 7,b=0 (8-57) 

and for 

SF:
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2 2¢ ~D,27/2C ,2 20 21-42 . 2 
+B,{a2 + < 3] PE 2 + [1 + 20 21 (a2 + Az) ]tanh a,b 

D D 

ene) 2 22 — yd ce da Bn ImlOe, + 2)tanh 7,,b = 0 (8-58) 
DA 

The frequency equation for CF (clamped at y = 0 and free at y = b) case can not as 

easily be found as for the cases that we considered so far. This is because the 

frequency equation of CF case must be found by expanding and simplifying the 

determinant of a six by six coefficient matrix. This case will, however, be 

considered along with all of the above cases later in this chapter when we introduce 

a more general method for determining the frequencies and buckling load of a plate. 

In Eqs. (8-55) through (8-58) we have added the tracer 6,(=1) in front of 

the last terms which involve either a trigonometric or a hyperbolic function of + m>? 

  

or mb/2.- These last terms may be viewed as the direct contribution of the 

boundary layer (edge—zone) equation. It will be shown in the next chapter that by 

ignoring this contribution (ie., by setting 6 A = 0) the numerical values of 

frequencies and buckling loads will only change slightly. 

Equations (8-55) through (8-58) are the solutions for CASEI (see Eq. 

(8—48)). The frequency equations for CASE II are easily obtained by replacing pe 

in Eqs. (8-55) through (8-58) by pf (see Eqs. (8-48) and (8—-49)). In summary, 

we have
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cc 

1) Symmetric Mode 

7 4D, 2 \2 > 4D 42 2 2, 1 - 35 (On en) tanh B_b/2 + a, 1 -32 Bn, ee) tanh a_b/2 

1D 4 2 92 — by 5 7 om — By )tanh 7,,b/2 = 0 (8—59a) 

7 4D,.2 4D/42 12 - Boy - 55 (On - AZ) tanh a, b/2 + On| “35 On - 2 )|tanh B.,b/2 

43x 2 ae a — by'e x 7 (Om — B7)tanh a, b/2-tanh B b/2-coth 7,,b/2 = 0 

(8-59b) 

FF 

42 26 —~D,21f20 2 2G .21f.2 42 + o5)BR +72 =P 2) PE 2 [14 222) fa? a2] tanh o,b/2
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2 72 zi 
= Ob Venn 7 Pp) tanh a, 6/2: tanh 6 ,0/2-coth 7b/2 = 0 

A 

(8—60a) 

2) Antisymmetric Mode 

42 ,2¢ —D,21/2C ,2 2G ,2)(.2 - On| Be, + : nl [PS Am + Aaa] (2 — 2] tanh B,b/2 
D D 

2 2C — BD ,27/2G ,2 2G \2)f22 ,2 -Br,| +20 Am [Sam [1+ 25am) [Bn ]]tanh o,,b/2 
D D 

CC 2 2 92 
+ 6y°4 = dn nm Veal Cm ~ Pm) tanh 7.6/2 = 0 (8—60b) 

DA 

SC 

2 4D,2 \2 4D 42,2 2 By, 5 (tm - 1z)| tanh a,b + O,| “BE (A, — 2) ]tanh Bb 

2 d 2 32 x ain — B)tanh a, b-tanh 2 b-coth 7b = 0 (8-61)
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2172D ,2 oC .2)f.2 2 ; gait) gf Aaled aay 
D 

po — 2] |tanh a,b 

C\2. 2 2 
+ 6,4 — dtm Mmm ~ Bm) tanh 7,6 = 0 (8-62) 

A 

8.5.1 Buckling Equations 

The stability equations in Levinson’s TSDPT are obtained from Eqs. (8—10) 

by simply dropping all the inertia forces, letting P, = 0, N, = -N,, and Ny = -N, 

where N.. and Ny are the compressive edge loads. For a completely 

simply—supported plate, substitution of Eqs. (8-21), with Tan = 2 into the 

stability equations and following the same procedure as in Section 8.4.1 yields the 

buckling equation 

  

AD(a? + p7)? | 
2 m n N 6°) = 8-63 

Nx + Nya) D(a + p) + A 843) 

_ m7 — BT 46; where Ona and B. pH asin Section 8.4.1.
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8.5.2 Levy—Type Solutions 

The Levy—type stability analysis is similar to the analysis presented in 

Section 8.4.2. By assuming T, = 1 in Eqs. (8-35), results similar to those in Eqs. 

(8-36) through (8-41) can readily be obtained. However, here we simplify the 

analysis by letting Ny = 0 and obtain 

Np N No 9 2)1/2 
2_.2 f,2 1°xD,2 x ,2 1° xD ,2 

Ptean= m~a— Amt [at Ta | (8—64a) 
D D D 

2.2 (,2.A 

which are the counterparts of Eqs. (8-47). Again, as far as Ps is concerned, we can 

have two different cases: 

  

CASE I] 

If 

N_ a N N= 2,1/2 
1° xD ,2 x ,2 1° xD ,2 2 

(2am t [Amt am }> An 
D D D 

then 

N= N a 2,1/2 2. a2 _ 2,1°xD\2 x,2, fl xD ,2 
Poe B= fata at ant pon) | 

D D D 

2. wa: 
where Bn is a positive number.
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CASE II 

If 

No N No 9241/2 
1°xD,2 x ,2 1°xD,2 2 

(pS t [amt oa | } <p 
D D D 

then 

N= N N= 54241/2 
2_a2 _J],2 1° xD,2 x ,2 1 °xD ,2 

Po = Be = fan pee - [ad + [5 Pal] | (8-66) 
pA D DA 

with po being a positive number. The general solution for CASE lis the same as 

that given by Eqs. (8-50) and (8-51) with T, = 1 and a and po given by Eqs. 

(8-64a) and (8-65). The buckling equations for CASE I and CASE II are also the 

2 my? 2nd po given same as those given by Eq. (8-55) through Eq. (8-62) with a2, 

by Eq. (8—-64a), (8-65), and (8-66). In the stability analysis, it is unikely for the 

solutions of CASE II, except for the FF case, to give the lowest buckling load. This 

is expected merely from the analysis based on the classical plate theory (CLPT). 

Also in free—vibration problems, some of frequency equations corresponding to 

CASE II may not have any roots (specifically those of the CC and SC cases). 

Melkonyan and Khachatryan [136] obtained the buckling equation of a homogeneous 

transversely isotropic plate for the SF case using Ambartsumyan’s 

shear—deformation plate theory [1]. Their result is also presented in [1].
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8.6 An Alternative Solution Procedure 

In the previous sections, in order to find the frequency equations, we made 

the simplifying assumption that the rotatory inertia forces could be neglected. Also 

we obtained the buckling equations of a plate under uniaxial load in the x—direction. 
  

In this section we develop an alternative analysis in which the aforementioend 

assumptions will be removed. 

We have seen in Section 8.4.2 that the general solution of Eqs. (8-10) is 

given by Eqs. (8-41). As we mentioned before, the relationships between the 

unknown constants A,, B (i = 1,6), and C; (i = 1,4) are found by substituting Eqs. 

(8-41) back into Eqs. (8-10). This way Eqs. (8-41) will change to 

6 ry 
Y= Re Age Joos Am*® T(t) 

6 ry 
dy = [2 Ata |sin dx-T a(t) 

4 Ty 
w= | x Aus |sin Am’ T(t) 

j=l 

where 

=P,,1)=—-P,,t. = Po, t, =—Po, tr = tg = *o%, = Tots = 13,16 3 

and P; (j = 1,3) are given in Eqs. (8-40). Also 

  

= 7 2 2 =< 2 , —[D(r4 -— A A 
ty; = u | UM m) + M3 44a | forj= 1,4 
4am? Fy BO! — 4%) A - mew? 

m m j 5 m 

(8-67) 

(8-68) 

(8—69a)
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and 

=~ forj=5,6. (8-69b) 

iw t 
: : m7 m : 

It is to be recalled that, in Eqs. (8-67), »n = and T,, =e and 1 in 

free—vibration and stability problems, respectively. Also in stability problems we 

replace (N, Ny) by (N,N) where N and Ny are the compressive edge loads 

acting in the x— and y—directions, respectively. It should be noted that r j (j = 7,6) 

can be real or complex. With m = 1,2,..., when the boundary conditions in Eqs. 

(17){19) are imposed at y = + b/2 (or alternatively at y = 0 and b) on Eqs. 

(8-67), we obtain a system of homogeneous algebraic equations of the form 

[K]{A} = {0}. (8~70a) 
For a nontrivial solution to exist, the determinant of [K] must be set equal to zero. 

That is 

|K| =0 (8—70b) 

It is to be noted that |K| can in general be complex since the unknown constants 

A; (j = 1,6) are in general complex. However, the determinant of [K] can readily be 

transformed into a real number by the procedure that we introduced in Chapter IV. 

In free—vibration problems, it is possible for m to be equal to 0. With m = 0 

we will have 

vy =w=0 (8—71a) 

and 

ty = Uel(Vst) (-71b) 
Also the governing equations (i.e., Eqs. (8—10)) will reduce to
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CY. vy — Ay, = map, (8—72) 

and from Eqs. (8-9) the stress resultants will become 

M, = Q, =0 (8—73a) 

and 

M, = CH, y: (8—73b) 

With the help of Eqs. (8—71) and Eqs. (8-73) the boundary conditions in Eq. (8—17) 

through Eq. (8—19) will also reduce to 

S: vy = 0 

C: %, = 0 

F: By y = 0 (8—74) 

We will refer to Eq. (8-72) as the shear equation since when m = 0 the transverse 

displacement of the plate is identically zero. Also it is seen from Eqs. (8—74) that 

the pure—shear frequencies of a plate having any combination of S type and C type 

boundary conditions at y = 0 and b will be identical. These frequencies are readily 

seen to be the same as those given by Eq. (7-30). We demonstrate this 

alternatively by assuming 

lwot 

U,(yit) = (A-ePY Je (8-75) 

in Eq. (8—72). This way we find 

pi = [A-mgu7| (8~76)
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and, therefore, the general solution of Eq. (8—72) (when fiw # A) is 

P y —Piy iw t 

v(y,t)=[Ae  +Aye “re ° e (8-77) 

Now by assuming various boundary conditions for the plate at y = 0 and b we 

obtain the following results: 

  

SS, SC, CC, FF 

2 1 4x A w = +-[A + Cf] (8-78) 
m 3 

with Bo = 5 (n = 1,2,3,...) and 

SF, CF 

uw? =+ [A+ CB] (879) 
m3 

with By = 5 (n = 1,3,5,...). It is readily seen that no new results will be obtained 

~ 2 a7: 2 ; 
when mau) = A (i.e., when P; = 0 in Eq. (8-76)). 

8.7 Discussions 

In this chapter we have studied the free—vibration and buckling problems of 

a symmetric plate with transversely isotropic layers using the original form of the 

governing equations (i.e., Eqs. (8—-10)) in Levinson’s TSDPT. Throughout our
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analyses we have adopted two different approaches. With some simplifying 

assumptions concerning the edge loads and the rotatory inertia forces, the first 

approach resulted in analytic frequency and buckling equations. By removing these 

assumptions, however, in the second approach we came up with the analytic 

frequency and buckling determinants. We postpone the development of numerical 

results to the next chapter where we will develop the frequency and buckling 

equations of a plate within the framework of the first-order shear deformation plate 

theory (FSDPT), by using the interior and edge—zone equations exclusively. 

In section 8.3 we have pointed out that for a clamped edge, instead of the 

boundary conditions in Eq. (8-18), we may alternatively impose (see [1]) 

p, =w-—0 (8—80a) 

v. =0. (8-80) 

If this is done, the frequency equations for CC and SC cases can be obtained by 

simply replacing the constant factor 5 by 1 in Eqs. (8-55), (8-57), (8-59), and 

(8-61). This conclusion also holds as far as the buckling equations are concerned. 

It will be seen, in the next chapter, that for a single layer isotropic (and transversely 

isotropic) plate the frequency and buckling equations according to Levinson’s 

TSDPT and FSDPT become identical if the conditions in Eqs. (8-18) are imposed 

at a clamped edge. However, if the conditions given in Eqs. (8-80) are used, the 

results of these theories will be identical only for FF, SF, and SS cases. In the 

free—vibration analysis these conclusions hold only when the rotatory inertia forces 

are neglected.



CHAPTER IX 

FREQUENCY AND BUCKLING EQUATIONS OF A SYMMETRIC PLATE 
ACCORDING TO THE FIRST-ORDER SHEAR DEFORMATION 

PLATE THEORY 

In this chapter we will develop the frequency and buckling equations of a 

symmetric plate with transversely isotropic layers according to the first-order shear 

deformation plate theory (FSDPT). However, for the sake of illustration, we will 

alternatively use the interior and edge—zone equations of the plate throughout our 

analysis. Later in this chapter the frequency and buckling equations of the plate 

according to the classical plate theory (CLPT) will be obtained as a special case 

from the results of FSDPT. 

For the sake of comparison, analytical frequency and buckling determinants 

according to Reddy’s TSDPT will be developed by using the procedure presented in 

Section 8.6. Finally, numerical results will be generated to demonstrate the 

influence of the edge—zone equation and the effects of rotatory inertia forces, 

transverse shear deformation, shear correction factor in FSDPT, and various 

clamped—type boundary conditions in Levinson’s TSDPT on the natural frequencies 

and buckling loads of plates with various edge conditions. 

9.1 Governing Equations 

The nonlinear governing equations of a symmetric plate laminated of 

transversely isotropic layers were developed in Chapter VII and are given by Eqs. 

(7-6) and (7-9). As we mentioned in Chapter VI, in the linear theory the 

stretching and bending equations will be uncoupled for a symmetric plate. The 

bending equations in FSDPT are obtained from Eqs. (7-9) by simply dropping the 

261
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nonlinear term appearing in Eq. (7—9c): 

ry 5 25 = = =. 

DY, xx + DY, yy —K A(y,. + wy) + (D ~ ©) Yy acy = Mf, (9-1a) 

r - 25 = = =. _ _ _ 4 

Dy yy + Oy x KOACdy + wy) + (D— C) I oy = mg¥y (9-1b) 

K?A(p + y+ K7AVw+Nw  +Nwo +P =m (9~1c) 
X,X Vy X ,XX y yy ZL 

with Ny. and Ny being the tensile edge loads in the x— and y—directions. 

9.2 An Alternative Formulation 

In Chapter VII we have also shown how alternatively these equations can be 

reformulated to yield the interior and edge—zone equations of a plate (see Eqs. 

(7-15) and (7-16). In the linear theory these equations are 

- = m _ a 

Dvvw-—> 7g, +9, + a, = + (mm, 
K7A K°A KA 

~ (m, + — m,)V + m,W (9—2a) 

K7A 

= 2 oz = 

Cvs — K7Ad = mi (9-2b) 

where 

= NW ex + NW yy +P, (9—2c)
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and 

t=1,,-0 (9-8) y Yy,x 

Equations (9-2) are also obtained in [137] by using tensorial notations and a 

different approach. We will use these equations in this chapter to develop the 

frequency and buckling equations of a plate having various boundary conditions. 

9.3 Stress Resultants in Terms of § and w 

The stress resultants for a symmetric plate laminated of transversely 

isotropic layers in FSDPT are given by Eqs. (7—7b). For convenience we present 

them here: 

il w
w
 

M, = DY + Vy y) — 20% y 

I S
h
 

My = DY, + Py y) 20% 

M, = (yy + Vy ) 

Q, = K*A(Y, +) » Q = KAY, + w ,) (9-4) 

The next step in our analysis is to express these stress resultants in terms of w and $ 

only, i.e., to eliminate b, and y in Eqs. (9-4). By following the procedure 

developed in Chapter VII, we first rewrite Eqs. (9—1) as
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_ D C 
bP ~ lw + oz (Vy x + Vy y) x + oz ‘| (9-5a) 

K“A K“A 

fig 4B co _ 
hiv, ~ | Wyt oz (Px + Yy,y),y 9 = t (9-5b) 

K“A K“A 

qd m 

(V+ Hy y) = Vw - 2 + it (9-5c) 
; yy 9= 9= 

K°“A K°A 

where 

m Z 3 6 L,= 1 + =| (9—5d) 

K“A 

and q, and # are given by Eqs. (9—2c) and (9-3), respectively. Now substitution of 

Eq. (9—5c) into Eqs. (9-5a) and (9—5b) results in 

    

    

Ye = l-w = _ vw + - Wxt S - ty Ye dx 
1 K°A (KA)? K7A " (K?A)? 

= Dm = = 

ty = tp [wy + : Wyte = “ay 
I K7A (K* A)? K7A " (K?A)?
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which can be used in Eqs. (9-4) to express the stress resultants explicitly in terms 

of w and &. This will, however, be done later in this chapter. 

9.4.1 Vibration Analysis 

In this section we consider the free—vibration problems of the plate with 

various boundary conditions. The stability analysis of the plate will be developed in 

Section 9.5. It should be kept in mind that in free—vibration and stability analyses 

we let P. = 0. 

9.4.2 Simply—Supported Plate 

When a plate is simply supported at x = 0 and a, we impose the boundary 

conditions (see Eqs. (2—11c)(2—11e) in Chapter IT) 

by =w=0 (9-7a) 

and 

M, =0. (9—7b) 

From Eqs. (9-4), the boundary condition (9—7b) can alternatively be stated as 

Py x = 0. (9~7c) 

At this point we need to express the boundary conditions in Eqs. (9—7a) and (9—7c) 

in terms of w and @ only. This is easily done by evaluating Eqs. (9—5c) and (9—5b) - 

at x = 0 and a and using the information given by Eqs. (9—7a) and (9—7c). This 

way the boundary conditions at x = 0 and a will turn out to be 

— 1 — W=W xy + or (P+ NW x) = 0 (98a) 

K°A 

will 

$ =0. (9-8b)
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Similarly we can show that the boundary conditions for a plate simply supported at 

y = O and b are 

1 

WW yy + (Py + Nyw yy) (99a) 
K°A 

and 

¢ =0. 9—9b 
J ( ) 

with P, = 0 in free—vibration and stability problems. For a completely 

simply—supported plate, it is readily seen that the representations 

w=A_ sina, xsin fy T, L(t) (9—-10a) 

$= Bian 08 %nX C08 BY T nit) (9-10b) 

with a = a and B. = 5 satisfy all the boundary conditions given in Eqs. (9-8) 

lw t 
_—, mn wy. oe ; and (9~-9). Here Tan = @ with i = ¥—1 and w__ are the natural frequencies 

of the plate. 

At this point it should be reminded that Eqs. (9-8) and (9-9) indicate that 

since w and ¢ are not coupled through the boundary conditions, the interior and 

edge—zone equations can be solved independently. Physically, on the other hand, 

this is an indication that these equations are predicting two completely different 

motions of the plate, as will soon be seen. 

Substituting Eq. (9—10a) into Eq. (9—2a) results in 

D, =0 (9—11a) 
I
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(uw) — |m, + Ee + —— m,| lar + 6 

KA K7A 

  

Bi
s 

3 2 2 + [Neti + yf] | On 
A x 

+ = [Nam + Ny Pa(ar t 6) + Dag + pry + (Na, + N 6) 
K 

(9-11b) 
Equation (9—1la) is a quadratic polynomial in terms of we which results in two 

natural frequencies for each pair of m and n. The vibration modes of these 

frequencies correspond to ¢ = 0. When é = 0, on the other hand, we have 

Vey = Vy x (9—12) 

which is obtained from Eq. (9-3). Also substitution of Eq. (9—10b) into Eq. (9—2b) 

yields 

Dp = 0 (9—-13a) 

where 

= 2 an ae 2 Dy = mw, —KA-Clal, + 4) (9—13b) 

The frequencies obtained from Eq. (9—13a) are
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vw? = [a2 + 67) + Al. (9~14) 

The vibration modes for these frequencies correspond to w = 0. For this reason, 

these frequencies were referred to as the pure—shear frequencies of the plate in 

previous chapters. 

Next we assume that the edges of the plate at x = 0 and a are invariably 

simply supported and develop the frequency equations of a plate having various 

boundary conditions at y = 0 and b. 

9.4.3 Levy—Type Solutions 

When the edges of the plate at x = 0 and a are simply supported, the 

solution representations 

w = (AePY)sin Am** T m{t) (9—15a) 

and 

— y . _ § = (BePY)cos Am T(t) (9-15b) 

with A, = a are seen to satisfy the boundary conditions in Eqs. (9-8). In Eqs. 

iw t 
(9-15) T,, =e ™m where i = y“I. Substituting Eq. (9—15a) into Eq. (9—2a) 

results in the auxiliary equation 

Dy = 0 (9—16a) 

where 

4 2 2 2y/p2 2 D, = P* + 0,P” + 6, = (P* — P+)(P* — PS) (9-16b)
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and 

_N _foa.2 , ax 12 D \2_ 

K°A K“A K°A 

  

with 

Also substitution of Eq. (9—15b) into Eq. (9—2b) yields 

Dp =0 

where 

D 
2 52 

p = (PY ~Ps) 

(9-16d) 

(9—17a) 

(9-17b)
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and 

92> m 
2,2, KA 3 

Pg amt 
2 

W nn (9-17c) 

C OC 

On the basis of Eqs. (9-15), (9—16d), and (9—17c) the general solutions of Eqs. 

(9—2) can be presented as 

Ply —Piy Poy —Poy 
w= [Aye +Ase b +Aze * + Aye |sin A XTon(t) (9-18a) 

Pay 
i= [B 3 cos A_x-T, (t) (9-18b) 

It is to be noted that at this point Pi; Po, and Pe. can be real or complex. We can 

simplify the problem by assuming N,= Ny = 0 and neglecting the rotatory inertia 

forces. When this is done, we will have 

  

- (9-19b) 
C 

which are always positive. Also as far as PS is concerned we can have the following 

two cases:
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then 

  

  

  

  

2 m m - m 
K7A 2K7A 

(9-20) 

where p> is always positive. 

CASE II; 

If 

1™ 9 pM 2 6 Mm 72 4711/2) 2 
(pm + [mt [SH] a] <A 

K°A D 2K“A 

then 

2-52 f,2 17 2 PY 2, (™ 7? 4721/2 
P2= B= Pm Ir vm [= 4m + | | un 

K*A D 2K“A 

(9-21) 

with po being a positive number. 

Based on Eqs. (9-19) and (9—20), the general solutions of Eqs. (9—2) for 

CASE I will be
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w = [A sinh a,Y + B cosh ay 

+Csin fy + Dcos fylsin Ax: T(t) 

¢ = [E sinh yy + F cosh 7 y]cos A_x- TL (t) 

where A, B,..., and F are six arbitrary constants. 

9.4.4 Boundary Conditions at y = + b/2 (or at y = 0 and b) 

  

As we mentioned earlier, we need to express the stress resultants in terms of 

w and ¢. To this end we keep in mind that we have asumed N, = Ny 

neglected the rotatory inertia forces. With these assumptions, we substitute Eqs. 

(9-6), (9—2b), and (9—5c) into Eqs. (9-4) and obtain 

- D _ =, 2 — 39 MY ak 2C 
M, = — DY Wt TW Ft OW WOE xy 

K“A K“A 

=z m 

~2fD_ | wi — VW | 
= g= xx XX 

K°A K°A 

- - 2 
Mg = —2Cw 7 + C8 -2 —— xx
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== m 

+200 [a - Pw), (9-23b) 
oc 2 ) »Xy 

K“A K°A 

and 

= pmy 9 = 
Q, =5|—Ls —V'w |-¢ . (9~-23c) 

I= ) ry Xx 

K“A 

For the remaining edges of the plate at y = + b/2 we now classify the 

following boundary types: 

S (simply supported): 

We have already shown in Section 9.4.2 that the boundary conditions for a 

simply—supported edge at y = + b/2 or —b/2 are given by Eqs. (9-9) with P, = Ny 

= 0. 

C (clamped): 

When the edge at y = +b/2 or —b/2 is clamped, we impose 

w=0 (9-24a) 

and 

i a (9-24b) 

These boundary conditions can be expressed in terms of w and @ by simply 

substituting Eqs. (9-24) into Eqs. (9-6). This way we get 

w=0
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»XYY J 

= m = 

2 | iy  — Vow |-« © 3 <9. (9~25) 
9=z Q= > iy ni 9= x 

K“A KA K°A 

F (free 

At a free edge we impose 

My = Mg = Q, = 0 (9-26) 

where Mo, Mg, and Qz are given by Eqs. (9-23). 

When the remaining edges of the plate at y = + b/2 are either both clamped 

(denoted by CC) or both free (denoted by FF), w and %, will be either symmetric 

or antisymmetric with respect to the x-axis. For symmetric modes and 

antisymmetric modes we let 

A=C=F=0 (9-27a) 

and 

B=D=E=0 (9—27b) 

in Eqs. (9-22), respectively. By imposing the boundary conditions (9-25) for the 

CC case or (9-26) for the FF case at (say) y = b/2 we obtain a system of three 

homogeneous algebraic equations. These equations will be in terms of B, D, and E 

for symmetric modes and in terms of A, C, and F for antisymmetric modes. The 

frequency equations are readily obtained by setting the determinants of the 

coefficient matrices in these equations equal to zero:
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1) Symmetric Mode 

  B,|1 D (a —A2))tan 6 ,o/2 

D 2. .2 +a, 1 + —— (B+ 2] tank a_b/2 
K°A 

2 
2 2 

K*A ™ 

2) Antisymmetric Mode 

  1 ~D_ (42 _ A) | tanh a, b/2 

— On| +— (87 | tan f_,b/2 

m tanh a, b/2-tan Bb /2-coth nb /2=0 

(9-28b)
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1) Symmetric Mode 

B.,(¢ 426 : ee 25 92 + [+e ag [32 + AZ] ]tan 6.6/2 
D D K7A 

2 2¢ —~D,\27/2C6,2 2G \2)/.2 ,2 - a, [82 — = val [22 an [1+ 2ag][2 —A } tanh o,,b/2 

D D K°A 

52 
—§ 40 Am 

A   

2 2 - - Onin Mmm + By)’ tanh o,,b/2:tan 6 b/2-coth 7, b/2 = 0 

D K°A 

(9-29a) 

2) Antisymmetric Mode 

21/26 ,2 9G ,21f.2 2 
al [2 Am [E+ =a] [2 ~ | ]tan 4,,0/2 

D D K7A 

2c — D,.21/26,2 2c .2 + Byy| az, + : Me] [PE ad + [2+ 7a 
D D 

7] (6g + ag] |tanh o,,b/2 

A 
NO
 

Pl
l 

- 2 

—§ 4 Am 
A = = 

2 2 
On Brn Tenn + B,,)tanh In? /2 =0 

D K“A 

  (9-29b) 

Following our discussions in Chapter VIII, the frequency equations for the SC case
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(simply supported at, say, y = 0 and clamped at y = b) and the SF case (simply 

supported at y = O and free y = b) are easily obtained from Eqs. (9—28b) and 

(9-29b), respectively: 

SC 

  

\2 

+ 64 

No
 

>
.
 

m,.2 2 _ 
i mn (ar + tanh a,b: tan fb: coth py? = 0 (9-30) 

K
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- 2 

er An — 6,4 
= i 

D K“A 

  

2 2 Ono Venn + Fp )tanh 7,6 = 0 (9-31) 

In obtaining Eqs. (9-28) through (9-31) we occasionally used 

m 
1 #2 72 2 
om = Pm Om 

K“A 

2 + 2A" (9-32) 

which is readily obtained from Eqs. (9—19a) and (9-20), to simplify the final results. 

As far as the CF case is concerned, similar arguments can be made as in Chapter 

VIII. In Eqs. (9-28) through (9-31) we have added the tracer 6, (= 1) in front of 

the terms which are the direct contribution of the boundary layer (edge—zone) 

equation. The effect of the boundary layer on the natural frequencies and also the 

critical buckling loads of a plate with various boundary conditions can be studied by 

simply setting 6, = 0. 

The general solutions of interior and edge—zone equations for CASE II are 

obtained by replacing #6, in Eqs. (9-22) by iB (i = ¥-1). Also the frequency 

equations for CASE II are obtained by replacing 6, in Eqs. (9-28) through (9-31) 

by iB,
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1) Symmetric Mode 

  Bn 1 _» (a” — rw tanh B_b/2 
wy

 ww
) 

P
i
 

D /72 2 + a, E — Oe (6.7 2) tanh a b/2 

> 

2 772 
— 6, ——z— (a, — 6, )tanh 7,,b/2 = 0 (9-33a) 

  

+ a|2 2 (Bo — 7) tanh f_b/2 

K“A 

D 2 72 z — ba Ie On — f7, tanh a, b/2-tanh 6 ,o/2-coth Vp b/2 = 0 

K*A ™ 

(9-33b)



280 

1) Symmetric Mode 

  

42  2¢ —~D,21f20,2 2G .21,.2 .2 
+ an | m+ - 7 [2° Am ~ 1 + oz re |(0 ~ r2)| tanh a,,b/2 

D D K“A 

- 2 
a2 A 
C m 

+ 6y4— 0, Brn Yon — B? tanh a,b/2-tanh 6 b/2-coth 7,b/2 = 0 

D K“A 

(9-34a) 

2) Antisymmetric Mode 

  

2 2G \2),.2 ,2 ; 
m 2S an [1+ 2A] Com — Ar) tant 2/2 

D D K“A 

, [2 .20—D.,27/26,2 2C \21,52 ,2 - By | a + = 7 72 02 - 1 + Ba) — rm) tanh a ,b/2 

D D K“A 

_. 2 
a2 A 
C 3 a2 

+ 644 : a2 OP Mn & — fy, )tanh Yb /2 = 0 

D K*A 
(9~34b)
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7 D,2~,2 Be|! == (4m - 2) |tant a,b 
K Pi

l 

D 72_ \2 ; 
+ a, 2 Se (64> r2)| tanh fb 

K°A 

= A 
D “m,,2~ 72 z (a7 — A, )tanh a b-tanh B b-coth 7b = 0 (9-35) 

C —D,21/2¢ 21,.2 42 a ————— I A — [1+ 22) (ad —A2)| tanh Bb 

_ [1 4 20 a (2 - wr tanh a,b 

(9-36) 

  

+ 644 

When the rotatory inertia forces are not neglected, the full system of equations (i.e., 

Eqs. (9-1) or eqs. (9—2)) can alternatively be solved by using the procedure
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developed in Section 8.6. This is in fact done in Section 9.7 for numerical 

comparisons. 

9.5.1 Stability Analysis 

The stability equations in FSDPT are obtained from Eqs. (9-2) by dropping 

the inertia forces and assuming P= 0: 

__D_ 
K7A 

—Dv772w Va, +q,=0 

where 

q_ =-N.w,.-Nw._.. 
Z xX ,xx Y JY 

(9-372) 

(9-37b) 

(9—37c) 

It is to be noted that we have replaced (N,N y) by (-N,,-N y) where N. and Ny are 

the axial compressive edge loads acting in the x— and y—directions, respectively. 

9.5.2 Simply—Supported Plate 

The boundary conditions for a simply—supported plate are given by Eqs. 

(9-8) and (9-9). With T, = 1, substitution of Eq. (9—10a) into Eq. (9-37a) yields 

  

  

(9-38)
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_ mn _nT,.. . , _ ae 
where n= 35 and B, = 5 asin Section 9.4.2. Also with Tn = 1, substitution of 

(9-39) 

Eq. (9—10b) into Eq. (9—37b) results in 

$= 0. 

That is, the solution contribution of the edge—zone equation is identically zero as we 

mentioned in Chapter VII. 

9.5.3 Levy—Type Stability Analysis 

In the stability analysis Eqs. (9—5c) and (9-6) reduce to   

  

  

  

_ 2 Zz (Yr x + Vy y) =—Vow- = (9—40a) 

K“A 

and 

y= [-w - Pew s -_? 4 (9—40b) 
’ Q= ) gz VW 92,9 4x 

K“A K“A (K~ A) 

-D yy, -© 5, -_) , | (9-40c) 
ry 9z * 9=.9 B79 

K“A (K“A) 

Substitution of Eqs. (9-40) into Eqs. (9-4) results in the stress respectively. 

resultants 

M, =—Dv’w-—D_q + 26w 2 , 
2 — 2 = 4, »XX 2 = »Xy 

K“A K°A
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+200 (1, + Vw 
Q= gi 2yXX 

K“A K 

= = Ge 

Mz = —2Cw Ly + Cé—2 et 

K°A 

cD fi 2 
7 — | = Waxy t VW 

K“A KA 

— sf 1 9 = 

Q, =| = day + Pw y| C8 
K“A 

which are the counterparts of Eqs. (9-23). Similar to the frequency analysis we 

assume that the edges of the plate at x = 0 and a are invariably simply supported. 

We have already mentioned that boundary conditions for a simply—supported edge 

at y = b/2 or —b/2 are given by Eqs. (9-9). 

presented in Section 9.4.4 we can show that for a clamped edge at any of the 

remaining edges we must impose 

By a similar procedure to that
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ZY 
-2_|+-, + Vow |-~ _©£ 3 =0 (9-42) 

Q= J J 25 

A K“A Pl
l 

which are the counterparts of Eqs. (9-25). Also at a free edge we impose 

My = Mg = Qo - NyW y = 0 (943) 

where Mo, Mg, and Qo are given by Eqs. (9-41). 

Levy—type solutions of Eqs. (9-37) can be developed by assuming Tha = lin 

Eqs. (9-15). Alternatively, the general solutions of Eqs. (9-37) can be obtained by 

letting we 4+ 0 in Eqs. (9—16a) through (9-17c). This way we will obtain Eqs. 

(9-18) with Tm = 1. However, we simplify the analysis by assuming Ny = 0 and 

  

obtain 

2. 2 0 Ny 9 yg NAR 

K“A D 2K°A 

pez 42 [2 , KA (9-44b) 
3 =m |4m 

which are positive numbers for all values of N,. Also for Ps we can have the 

following two cases:
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CASE I; 

If 

= = 2 
N N N_ AZ ,2 1/2 

1° x 2 x ,2 xm 2 

{2 n+ [Amt |] }> Am 
K“A D 2K°A 

then 

2 22 2 1X 9 Nee. NAR 1/2 
P3=-Pa=-{-) +p t [ant | =| | 

K°A D 2K“A 

(9-45) 

CASE II; 

If 

1 N, 2 N. 2 NAS 2 1/2 2 

pat [atts] par 
K°A D 2K°A 

then 

2_72 2 1 Ny 2 Ny 2 Naz? 1/2 

K“A D 2K“A 

This way, p> and p2 will always be positive for all values of N. The general 

solutions of Eqs. (9—37) for CASE I will be identical to those given by Eqs. (9-22) if 

we set T., = 1 and use a and po given by Eqs. (9-44a) and (9-45). Similarly, to
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obtain the solutions for CASE II, we use a” and po given here by Eqs. (9—44a) and 

(9-46) in Eqs. (9-22). The buckling equations for CASE I and CASE II are also 

identical to those given by Eqs. (9-28) through (9-31) and Eqs. (9-33) through 

(9-36) with a”, 6“, and B* given by Eqs. (9~44a), (9-45), and (9-46). 

9.6.1 The Classical Plate Theory (CLPT) 

The governing equation of a plate according to the classical plate theory 

(CLPT) can be obtained by letting KA 3 0, Y= - ow and Py =— ‘x in Eqs. 

(92a). It is to be noted that this way from Eq. (9-3) we obtain ¢ = 0 in CLPT. 

The frequency and buckling equations of the plate according to the classical 

plate theory can also be obtained from the results of FSDPT by letting KA 4 o. 

For a completely simply—supported plate, the frequency equation and buckling 

equation are obtained from Eqs. (9-11) and (9-38), respectively: 

a7 2 = 2\2 2 2 _ Dla + Ba)” + (Nom + Nt) (otra) 

=, 2 2 
m, + Ma( ar + B.) 

  

(Na? + Ny) = Bla? + 62)" (9-47b) 

with a = and §, = 5 It is to be noted that in Eq. (9-47a) the rotatory 

inertia terms are not neglected.



288 

9.6.2 Levy—Type Frequency Equations 

The Levy—type frequency equations for CASEI according to CLPT are 

obtained by letting K°A + in Eqs. (9-28) through (9-31): 

CC 

1) Symmetric Mode 

b b_ 
fA, tan Bx + a, tanh a5 = 0 (9-48a) 

2) Antisymmetric Mode 

6, tanh a8 ~ a, tan Be = 0 (9—48b) 

FF 

1) Symmetric Mode 

(9—49a)
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2) Antisymmetric Mode 

2 2¢ —~D,21f20,2 2, ,2 b 
a, | Be Oe 7 [28 Am ~ Om + 2 |tan Bnd 

D D 

+ By [ap +72 =P 2) (28 2 4 62 + AZ |tamh oF = 0 
D D 

(9-49b) 

SC 

6, tanha, b—a, tan fb =0 (9-50) 

SF 

2 20 —~D,21f2D,2 2, ,2 On| Be, — 2 P 2] [PP ae a2 + 2 |tan fb 
D D 

+ 6, jaz + 20 =) rz [28 2 + p + 7 tanh a, b= 0 

D D 

(9-51) 

where 

1/2 2 (m1 2 2 
on | ue +A (9—52a) 

D 
and 

1/2 2 (71 92 2 p2 = [— ue ~ 2 (9-52b)
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which are obtained form Eqs. (9—19a) and (9-20). Similarly, the frequency 

equations for CASE II are obtained from Eqs. (9-33) through (9-36): 

CC 

1) Symmetric Mode 

z > D b_ 
bo tanh ba an tanh ans = 9 (9—53a) 

2) Antisymmetric Mode 

Ba tanh ae — a, tanh Ba B= (9-53b) 

FF 

1) Symmetric Mode 

Bal am + 20 = D a |2e 2 — Bp? + 2 | tanh B,b/2 

D D 

42 ,2C —D,21]/2G,2 2, ,2 _ 
- a, [22 + - a e202 + 2 | tanh a, ,b/2 = 0 

D D 

(9-54a) 

2) Antisymmetric Mode 

Oy[Bm +22? 2] [2S 2 — a? + AZ |tanh 6/2 
D D
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, [2 2—D,2172G,2 22, ,2 _ -B,| a2 + - 7 [2° dn — Be + r tanh a ,b/2 =0 

D D 

(9-54b) 
SC 

6, tanha b—a, tanh Bb =0 (9-55) 

SF 

42,26 —~D,21f20,2 2.2 05) Be, + 2 ra [28 2 a2 + 3 | tanh Bb 
D D 

, [2 ,2¢ —~B,27f20,2 92, .2 _ _ Bra| Om + - 2 Ee mn — Bo + | tanh ab =0 

D D 

(9-56) 

where 

m 1/2 
a = 2 4 | uw? (9-57a) 

D 

and 

_ m 1/2 
p2 = 2 - [— v2] (9-57b) 

D 

which are obtained from Eqs. (9—19a) and (9-21). Throughout this chapter we 

have assumed that the symmetric plate is laminated of transversely isotropic layers 

(with the x—y plane being the plane of isotropy). On the other hand, we know that 

transverse shear deformation is neglected in the classical plate theory (CLPT).
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Hence the above results (i.e., Eqs. (9-47)-(9-57)) will remain the same for 

symmetric laminated plates with isotropic layers. Further, for a homogeneous 

isotropic plate we have (see Appendix 7.1 in Chapter VII) 

C= 5 Gh° and D = ————- (9-58) 

where h is the total thickness of the plate and G(= at) and E are the shear 

and Young’s moduli with v being the Poisson ratio. Also the mass terms are given 

by 

= 1 43 m, = ph and m, = Jy ph (9-59) 

where p is the mass density. With the help of Eqs. (9-58) and (9—59), it can readily 

be shown that the frequency equations of CLPT reduce to the well—known 

frequency equations of a homogeneous isotropic plate (e.g., see [138]). 

9.6.3 Levy—Type Buckling Equations 

The Levy—type buckling equations according to CLPT can be obtained from 

Eqs. (9-48) through (9-51) for CASEI by merely replacing a mm and 6, appearing 

in these equations by 

o = ffmea2) 7 4 a2)" (9-60a)
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and 

(9-60b) 

which are obtained from Eqs. (9~44a) and (945) by letting K7A + @. Also for 

CASE II we replace a, and §,, appearing in Eqs. (9-53)—-(9-57) by 

a, = az + (ox rz ) M2 (9-61a) 

and ° 

By = [Aa (Ax a7) ) P (9-616) 
D 

which are obtained from Eqs. (9-44a) and (9-46) by letting K*A 40. Itis expected 

that, except for the FF case, the critical buckling load of a plate will be predicted 

from the buckling equations corresponding to CASE I. This conclusion is merely 

based on the well—known results of the classical plate theory of homogeneous 

isotropic plates (e.g., see [139]). 

9.7 Numerical Results and Discussions 

To study the effects of shear deformation, rotatory inertia forces, and 

boundary layer equation, the natural frequencies and the critical buckling loads of a 

single-layer transversely isotropic plate (referred to as Structure I) and a 

three-layer transversely isotropic plate (Structure II), with total thickness h (= 1 

in.), are determined according to Reddy’s TSDPT, Levinson’s TSDPT, FSDPT, and



294 

CLPT. The material properties of Structure I are assumed to be 

6 
B= 19-2x 10° psi, vy = 0.24 

6 si, p = 0.00013 Ib sec”/in’. G 27 0.82 x 10 

The material properties of the outside layers (whose total thickness is equal to that 

of the middle layer) of Structure II are assumed to be 

E = 20.83 x 10° psi, v = 0.44 

_ 6. 2,4 
G, = 3.71 x 10° psi, p = 0.00013 lb sec” /in”. 

The material properties of the middle layer of Structure II are assumed to be the 

same as those of Structure I. 

It is to be noted that we have not developed the frequency and buckling 

equations of the plate according to Reddy’s TSDPT. The frequencies and buckling 

loads according to Reddy’s TSDPT (see Chapters VI and VII) are, however, 

determined by using a procedure similar to the one developed in Section 8.6. As we 

mentioned in Chapter VIII, compared to Levinson’s TSDPT, Reddy’s TSDPT is 

believed to be more consistent and accurate since it is derived by using the principle 

of virtual displacements. 

For a homogeneous transversely isotropic plate we have (see Appendix 7.1 of 

Chapter VII)
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A=2Gh, A=Gh,C=)Gh',C=],Gh 

5 1. En® 4p) Ebo pli Eb 
“> _ pO Ry oP = 3 

-v l-v 1l-yp 

= 1 m, = ph, te = 7p ph’, My = ty ph’, mi. = 35 ph’. (9-62) 

For a homogeneous isotropic plate we simply replace G, by G in Eq. (9-62). 

Chapter VIII we have considered two different clamped boundary conditions in 

Levinson’s TSDPT. These conditions are defined in Eqs. (8-18) and (8-80). For 

convenience we will refer to the boundary conditions in Eq. (8-18) as Cl—type 

conditions and to those in Eq. (8-80) as C2—type conditions. It is readily seen, with 

the help of Eq. (9-62), that the frequency and buckling equations according to 

Levinson’s TSDPT and FSDPT are identical for a homogeneous transversely 

isotropic (and isotropic) plate with various boundary conditions if Cl—type 

conditions are imposed in Levinson’s theory and K? = 2 is used in FSDPT. 

However, when C2—type conditions are imposed, this conclusion holds only for the 

SF, SS, and FF cases. It should also be reminded that, in the free—vibration 

analysis, these conclusions are valid only when the rotatory inertia forces are 

neglected. The pure-shear frequencies of a completely simply—supported 

homogeneous transversely isotropic (and isotropic) plate according to Levinson’s 

TSDPT and FSDPT are also seen to be identical (see Eqs. (8—26) and (9—14)) when 

K* = 5/6 is used in FSDPT.
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The nondimensional fundamental frequencies of Structures I and II according 

to various theories are displayed in Table 9.1. The results indicate that for the 

single-layer plate (Structure I) Levinson’s TSDPT with Ci—type conditions for a 

clamped edge and FSDPT with K? = 5/6 yield accurate results as compared with 

Reddy’s TSDPT. On the other hand, for the three-layer plate (Structure II) 

Levinson’s TSDPT with C2—type conditions and FSDPT with K? = 2/3 yield more 

accurate results. It is to be noted that the rotatory inertia forces are not neglected 

in Table 9.1. The effects of rotatory inertia forces on the fundamental frequencies of 

Structure II can be studied with the help of the numerical results in Table 9.2. It is 

seen that by ignoring the rotatory inertia forces the frequencies are only slightly 

increased. Also the results of the classical plate theory (CLPT) can be completely 

erroneous by overpredicting the frequencies. In Table 9.2 the shear correction factor 

K? is assumed to be 2 /3 in FSDPT and C2-type conditions are used for a clamped 

edge in Levinson’s TSDPT. 

As we have mentioned earlier (and also in Chapter VIII) the influence of the 

edge—zone (boundary layer) equation on the natural frequency and the critical 

buckling load can be studied by setting the tracer 6 A equal to zero in the frequency 

and buckling equations. The numerical results in Table 9.3 indicate that, when 6 A 

is set to zero, the fundamental frequencies of Structures I and II are slightly 

decreased in the SC and CC cases and decreased in the SF and FF cases. In Fig. 9.1 

we have plotted the dimensionless fundamental frequency of Structure I vs. a/h (= 

b/h) ratio for the CC case. It is observed that the boundary layer contribution 

diminishes as a/h increases. Also by varying the value of G, of Structure I, it is 

seen from Fig. 9.2 that the boundary layer contribution is slightly increased as
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E/ G, ratio is increased (that is, as G, is decreased). Indeed the error introduced, 

by ignoring the boundary layer contribution, is less than 2.2% for E/G, ¢ 50. 

The critical buckling loads of Structures I and I according to various 

theories are displayed in Table 9.4. It is again observed that C2—type conditions 

yield more accurate results in Levinson’s theory as far as Structure II is concerned. 

The numerical results in Table 9.5 indicate that by ignoring the boundary layer 

contribution the critical buckling loads are slightly decreased in the SC and 

CC cases and increased in the FF and SF cases. The edge—zone equation is seen to 

be most influential in the SF case. In Fig. 9.3 we have plotted the dimensionless 

critical buckling load of Structure II vs. the B/G, ratio for the SF case by varying 

the transverse shear modulus G, of the middle layer of Structure II. Here E also is 

the Young modulus of the middle layer. It is seen that the error introduced by 

ignoring the boundary layer effect is less than 4.7% for E/G, ¢€ 60. It should be 

pointed out that the results concerning the boundary layer effects are qualitatively 

similar for Structures I and II. 

9.8 Conclusions 

The frequency and buckling equations of symmetric plates laminated of 

transversely isotropic layers according to Levinson’s third—order shear deformation 

plate theory (TSDPT) are developed in Chapter VIII. Similar equations are 

developed according to the first-order shear deformation plate theory (FSDPT) and 

the classical plate theory (CLPT) in the present chapter. For the sake of 

completeness, numerical results according to these theories are compared with the 

ones obtained within the framework of Reddy’s TSDPT. The governing equations 

of Reddy’s TSDPT were solved by following the procedure developed in Section 8.6.
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The roots of the auxiliary equation in Reddy’s TSDPT are obtained with the help of 

a computer. Since the roots of the auxiliary equation could not be explicitly 

obtained, the frequency and buckling equations according to Reddy’s TSDPT are 

not obtained. This is primarily due to the fact that the auxiliary equation in 

Reddy’s TSDPT is an eighth—order equation. It will, however, be shown in the next 

chapter that the roots of this equation can be explicitly obtained in bending 

problems. 

The numerical results indicate that, compared to FSDPT, Levinson’s 

TSDPT is a more reliable theory. It should, however, be pointed out that the 

choice of a particular set of boundary conditions for a clamped edge may be very 

significant in Levinson’s TSDPT. 

It is demonstrated, for a moderately thick plate, that the boundary layer 

effect only slightly alters the numerical values of the natural frequencies and the 

critical buckling loads. The boundary layer effect is seen to diminish for thin plates 

and also when the transverse shear modulus G, is not very small compared to 

Young’s modulus E.
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Table 9.1 

The effects of different clamped-type boundary conditions in Levinson’s 

TSDPT and shear correction factors in FSDPT on the dimensionless fundamental 

  

  

2 fon 2/2 
frequencies of Structures I and II; ® = ua [24] , a = b = 1Oh., and rotatory 

D 

inertia forces are not neglected. 

Structure Theory SC CC CF 

Reddy’s TSDPT 17.680 19.430 10.810 

Levinson’s (Cl—type 17.558 19.124 10.824 
I 

TSDPT C2-type 17.296 18.529 10.761 

K? = 5/6 17.540 19.107  — 10.818 
FSDPT 9 

K* = 2/3 16.688 17.980 10.484 

Reddy’s TSDPT 18.837 21.007 10.619 

Levinson’s (Cl—type 19.343 21.631 10.842 
i 

TSDPT [C2-type 19.101 21.047 10.798 

K? = 5/6 20.073 22.862 11.064 
FSDPT 9 

K* = 2/3 19.457 21.818 10.880 
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Table 9.2 

The effects of rotatory inertia forces on the dimensionless fundamental frequency of 

1/2 
Structure IT; w = wa? [2] ,a= b= 10Oh. 

D 

Theory Ss SC CC FF SF CF 

Reddy’ 16.943f 18.837 21.007 8.545 10.081 10.619 

TSDPT 17.020f 18.915 21.083 8.573 10.123 10.664 

Levi nson’s 17.338f 19.101 21.047 8.689 10.276 10.798 

TSDPT 17.402 19.164 21.105 8.714 10.315 10.841 

17.400 19.457 21.818 8.709 10.304 10.879 
FSDPT 

17.488} 19.548 21.906 8.739 10.349 10.929 

CLPT 19.739} 23.646 28.951 9.354 11.258 12.157 

  

TRotatory inertia forces are not neglected. 

tRotatory inertia forces are neglected.
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Table 9.3 

Boundary layer effects on the dimensionless fundamental frequencies of Structures I 

1/2 
and I; 7 = wa” [24] “and a= b = 10h. 

D 

  

Structure Theory SC CC FF SF 

  

(Levinson’s(6,=1 17.598f  19.160¢ 8.702 10.334 

TSDPT [6,=0 17447f 18.829 8.751 10.497 

  FSDPT  [6,=1 17.508 19.160 8.702—«10.334 

(K*=5/6) [6,=0 17447 18.829 8751 10.497 

‘(Levins ma 19.164 21.105f 8.714 10.315 

TSDPT 6, =0 19.059} 20.871} 8.825 10.546 

  FSDPT 6,=1 19.548 21.906 8.739 10.349 

(K?=2/3) [6,=0 19450 21.678 + = 8.847_—«10.575 

  

{For a clamped edge Cl—type conditions are assumed. 

fFor a clamped edge C2—type conditions are assumed.
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Figure 9.1 Variation of the nondimensional fundamental frequency @ (= 

wa” ph/D) of Structure I versus a/h for CC case; a = b and h = 1 
in.
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Figure 9.2 Variation of the nondimensional fundamental frequency w (= 

wa ph/D) of Structure I versus E/G, ratio for CC case; a/h = 

b/h = 10.
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Table 9.4 

The effects of different clamped—-type boundary conditions in Levinson’s TSDPT 

and shear correction factors in FSDPT on the dimensionless critical buckling loads 

of Structures I and 1; T,, = Na*/D and a = b = 10h. 

  

  

  

Structure Theory sc cc CF 

‘Reddy’s TSDPT 28.778 29.734 ~—=«:11.921 

Levinson’s{Cl—type 28.353 29.052 11.937 

I } TSDPT C2—type 28.115 28.538  —«:11.798 

K72=5/6 28.353 29.052 —=«:11.937 
FSDPT 9 

K7=2/3 24.823 —«-25.323.-SSs«(11.203 

[TReddy’s TSDPT 34.372 35.706 11.524 

Levinson’s \c 1-type 37.146 38.510 12.005 

  
I } TSDPT C2-type 36.848 37.839 —«‘11.907 

K7=5 /6 41.249 43.326 12.521 
FSDPT} » 

K?=2/3 37.890 39.338 ~=—12.103 

I CLPT 56.652 75.910 —«:16.845 

Il CLPT 56.652 75.910 14.976 
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Table 9.5 

Boundary layer effects on the dimensionless critical buckling load of Structure I]; 

TH = Na?/D, a = b = 10h and C2-type conditions are assumed at a clamped 

edge in Levinson’s TSDPT. 

  

  

Theory SC cc FF SF 

Levinson’s(§,=1 36.848 37.839 7.694 «10.779 

TSDPT |[6,=0 36.645 37.402 7.892 11.269 

FSDPT / zl 37.890 39.338 7.737 10.851 

(K*=2/3)|6,=0 36.647 38.793 7.931 ‘11.331 

CLPT 56.652 75.910 8.865 12.842 

 



306 

  

  

  

      

15 

\ FSDPT (8,=1) 
OF 

WL 

6b 

3- 

O on ln ede al a | 

0 lO 20 30 40 50 60 

Figure 9.3 Variation of the dimesionless critical buckling load T,4(= Na” / D) 

of Structure II versus E/ G, ratio for SF case; r = = 10.



CHAPTER X 

ON THE BENDING PROBLEMS OF LAMINATED PLATES 

We mentioned in Chapters Iand VIII that the Navier and Levy—type 

solutions for bending problems of a homogeneous isotropic plate are developed 

respectively in [86] and [87] using both FSDPT and Levinson’s TSDPT. However, 

since the analysis presented in [87] is incorrect, we will briefly consider here the 

bending problem using FSDPT. It should be noted that a similar analysis can 

readily be developed for Levinson’s TSDPT since, as we noted in Chapters VIII and 

IX, the total order of the governing equations in both theories is six. For the sake 

of generality, we will assume that the plate is laminated of transversely isotropic 

layers. Later in this chapter we will consider the same problem by using a more 

consistent and yet more complicated third—order shear deformation plate theory 

(i.e., Reddy’s TSDPT). 

10.1.1 Analysis Based on FSDPT 

For bending problems the simplest approach may be to solve for w and 4 

using the interior and edge—zone equations 

Dv°V"w = P, -—-_ VP (10-1a) 

Cy7s — K7AG = (10—1b) 

and the corresponding boundary conditions that are explicitly in terms of w and 4. 
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Equations (10—1) are the static counterparts of Eqs. (9-2). It is to be noted that 

we have already expressed the boundary conditions explicitly in terms of w and 4 in 

the previous chapter. Here, however, we use a mixed approach. That is, after 

obtaining the general solutions of Eqs. (10—1) we find %, and Py from the relations 

  

  

Y= WT Wy + i oa Pox (10—2a) 
K“A K“A (K“A) 

and 

yo=—w -—Dyw -& 4 -_P_p (10-2b) 
y nA = J Q9- * 97.2 *% 

K“A K“A (K“ A) 

which also are the static counterparts of Eqs. (9-6). This way, to obtain the final 

solution, we can impose those boundary conditions which are in terms of w, Y-> and 

vy: 

10.1.2 Navier Solution 

The boundary conditions (at x = 0,a and y = 0,b) for a completely 

simply—supported plate are obtained from Eqs. (9-8) and (9—9) by setting N, = Ny 

=. It can be seen that the solution representations 

@ @ 

= x x Amn 510 OX sin BY (10-3a)
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¢#= 2 E nan COS a X COS bY (10-3b) 

with ant mT and B. = e satisfy all the boundary conditions. Substitution of Eq. a 

(10—3a) and 

i x sin P sin @ x8 bY 
mn 

@ 

P =% 
Z 

m B
M
é
B
 

into Eq. (10—1a) results in 

A 

  

= (in + f)| mn = [1+ 

m 

where P an is given by 

b pa 4 ; ; 
Pian ss | | P (xy) sin a, x sin By dxdy 

It is also seen that substitution of Eq. (10—-3b) into Eq. (10—1b) results in Ean 

That is, 

4(x,y) = 0. 

K2 = + 6) 

(10-4) 

(10-5) 

(10-6) 

= 0. 

(10-7) 

The expressions for p, and by are now obtained by substituting Eqs. (10—3a), 

(10-4), (10-5), and (10-7) into Eqs. (10-2):
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oO ow —a__P 

Y= EE —_—_m_ mn cog a,x sin ALY (10-8a) 
mn D(a? + Bry? m n 

oo -—-f P 
y = a mn sin @ aX C08 BY (10—8b) 

Y mn Ro 2 D(a’, + p) 

where P__, is given by Eq. (10-6). 

10.1.3 Levy—Type Solutions 

When the edges of a plate at x = 0 and a are simply supported, we assume 

that the total solution for w consists of a homogeneous solution Wh and a particular 

solution Wp: That is, 

w=wyt Ww) (10-9) 

where Wy is the solution of the biharmonic equation 

DV"V2w, = 0 (10-10) 

It can easily be shown with 4 m= x that 

oO 

Wi » (AL, sinh Ay + BL, coshaA, y+ Cy sinh Ay 

+ Dy cosh mY )sin Am* (10—11a)



311 

and 

$= 
3 

me
a 

(E_, sinh 7,,¥ + F,, cosh VV )C08 AX (10—11b) 

are the solutions of Eqs. (10—10) and (10—1b), respectively. In Eq. (10—11b) we 

have 

= rn + ——. (10-12) 

It should be noted that the solutions in Eqs. (10—11) identically satisfy the 

boundary conditions of the plate at x = 0 and x = a which are given in Eqs. (9-8). 

These boundary conditions are also satisfied if the particular solution Wy is 

expressed as 

@ 

Wy = y W ly) sin Ax: (10-13) 

Also by expanding P. (xy) in terms of a single Fourier series 

oO 

P (xy) = x Pay) sin Ax. (10—14a) 

with
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_2f° PAW) =F I, P (xy) sin A, x dx (10—14b) 

and substituting Eqs. (10-13) and (10—14a) into Eq. (10—1a) we obtain 

ny 444d 2 47 4 Blwy, ~ 22 wi’ + darn = Q_(y). (10-15) 

A prime in Eq. (10-15) denotes differentiation with respect to y. Also Q, (y) in 

Eq. (10-15) is given by 

QW) =-— P + 1 4D ed (10-16) 
K2 

yt
! 

A 
dn

 
i
!
 

Upon determination of the particular solution w_, of Eq. (10-15), we will then have 

the total solution w from Eq. (10-9). At this point we can impose the boundary 

conditions in terms of 4 and w at y = + b/2 to obtain the unknown arbitrary 

constants AW Baw Fin However, as we pointed out earlier, we wish to impose 

the boundary conditions which are in terms of Ys Py. and w. For this reason, we 

first substitute Eqs. (10—9), (10-11), and (10—14a) into Eqs. (10-2) to obtain the 

expressions for v, and Py! 

_s 2 D ; i= | |-Amnn — 2,2 D_ Dal sinh \_y + [rn Brn 
K2 

p
i
l
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2 D ; - 2h, Cra cosh Ay —A,,Ciy sinh Ay —A,,D ny cosh A, py 
K7A 

W 

  

  

+ gy = Bag cosh AmY + Im 57 Pm sinh ny |€08 Am* + Pep 

K“A K“A 

(10-174) 

and 

2 2 D Wy {-[AnAm + [1 + 2.2 = ]Pra}eosh dnd ~ [Am Ban 
K“A 

+ 1422 DJ sinh A_y—A_D_y sinh A. y—A__C_y cosh A m o-j) m mY ~ “mm” mY ~ “m’mY m* 
K“A 

+ Ct sinh +A Cc cosh A |sin x+y mi 5- Mm Tm © Am >= m m? m yp 
K“A K“A 

(10~17b) 

where 

: 2 5 5 Yep = 2 [Lag tA a} hm oe Wan Mn o> - P| os deak 
K“A K“A (K“ A) 

(10-17c) 

and 

© 2 5 D D oy 
Yyp =» [+n am — - - Pia |sim A 

K“A K“A (K*A) 

(10~17d)
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10.1.4 A Plate Under Uniform Loading 

To illustrate our method we assume for now that the boundary conditions at 

the remaining edges at y = + b/2 are identical and the plate is subjected to a 

uniformly distributed load. That is: 

Pi(x,y) =P, (10—-18a) 

and therefore 

4 Po 
m-n;, @= 1,3,... (10—18b) 

which is evaluated with the help of Eq. (10—14b). Because of the symmetry of the 

boundary conditions and the loading the deflection w and the rotation , will be 

Symmetric with respect to the x—axis. Hence we let 

Ay = Dm =F = 29: (10-19) 

The particular solution of Eq. (10-15) is also seen to be 

  

4a ~P = 
w= 0 [1 +23]. m=1,3,... (10-20) 
mB bs 25 ™ 

om D K“A 

Now with the help of Eqs. (10-19) and (10—20), substitution of Eqs. (10-13) and 

(10—11a) into Eq. (10-9) results in 

® 

w(x,y) = ' : (B, cosh Any + C_y sinh A_y)sin Ax 
m=1,3....



4 _ 

1 D ,2). 
7 [1 + “Oe el sin dm* (10-21) 

K°A 

  

Also substituting Eqs. (10—18b), (10-19), and (10-20) into Eqs. (10-17) yields 

  

X= 3 | [rn Bn - 2a C.,| cosh A_y ~A,,C_py sinh Ay 
— 3 gere K A 

é 4a°P, 
+ Vn “oe En cosh ha? | cos rm* — LL mel ; 4 Cos »m* 

KA fp m=13,... 

(10—22a) 

and 

(x,y) 5 2 _D d (x,y) = {-[ B+ [1 +2. lc |sinb y 
y m=13,.. | (mm m 2g) ™ m 

lo
n —d Cray cosh Ay + Ap, —C~ E,, sinh Xray sin AaX  (10-22b) 

2 

i
l
 

K 

10.1.5 A Clamped Plate Under Uniform Loading 

Assuming that the remaining edges at y = + b/2 are clamped, we impose 

w= Y= vy = 0 (10—23) 

at, say, y = b/2. This way we obtain three nonhomogeneous algebraic equations in
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terms of B mm C m’ and En Solving these equations yields 

  

U U U 
_ ml _ ~m2 _ ~m3 _ 

Pm =U? Som =U? ane Em = (10 24a) 

where 

4P = 
Unt = ° {- i [1 + —_ 7] sinh a+ a cosh 0. cosh boy 

mrD am KA 

A 
+2 _D_ bes 1 + — 7 Fe cosh an sinh bn — sinh a cosh 6. 

m 

  

  

  

(10—24b) 
m‘'m m 

4p = = 

U2 = +5 E + — 7] sinh an cosh Ba —— D cosh On sinh B. 

mmD *m- KA mK24 

(10—24c) 

4P 1 
Un3 = 17 (cosh a, sinh a, — a) (10—24d) 

mr m'm 

Un = (sinh a m cosh a +a Cosh Bn +2 oe 2 [sinh an cosh Bn 

K“A



317 

— 7 cosh a m sinh 2 a cosh an (10—24e) 

with 

o =>) andg =2 (10-248) 
m 2°m m~ 2 'm° 

We can obtain similar results within the classical plate theory (CLPT) by simply 

letting K°A + in the above expressions: 

  

  

4P 
1 ; = 

Bat - a (sinh a, + a, cosh an) /U,, 

mzD m 

4P 
o {1 . = Ca = [Ts] sinh a /U,, 

mrD “m 

E,.= 0 (10—25a) 

where 

= _b 
U_, = sinh a, cosha, + a, anda, =5A__- (10—25b) 

10.2.1 Analysis Based on Reddy’s TSDPT 

In Chapter VII we have developed and studied the nonlinear dynamic 

equations of the third—order shear deformation plate theory (TSDPT) of Reddy for 

symmetric plates with transversely isotropic layers. As we mentioned before, the 

governing equations in stretching and bending theories of symmetric plates will be 

uncoupled in the linear theory. For linear bending problems, the governing
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equations in Reddy’s TSDPT are obtained from Eqs. (7-8): 

2 DY sex + OY yy — AY + (D—- C)y xy — Aw , —FV'w , =0 (10—26a) 

2 _ _ ~ _ = —2 DY vy + CW x Ady + (D CY xy Aw , FV W 0 (10—26b) 

FV-(y + J)+A(H +4. )- HV-V2w + AVw +P. =0 (10—26c) 
Xx "yy XxX "YY zZ 

Also the interior and the edge—zone equations corresponding to Eqs. (10-26) are 

+ (DH — F*)y?y"72w — Dy*v2w =-P + 2 VP (10-272) 

and 

cys — At =0 (10-27b) 

which are the static (and linear) counterparts of Eqs. (7-14) and (7—10a). It should 

be recalled that the edge—zone equation was a linear equation also in the nonlinear 

theory (see Chapter VII). Also in all the existing equivalent single-layer plate 

theories this equation is seen to be a second-order equation with respect to both 

space and time. On the other hand, unlike most of the existing theories which have 

a fourth—order interior equation, Reddy’s interior equation is a sixth—order equation 

with respect to spatial coordinates. This is expected since the total order of Eqs. 

(10-26) is eight. 

10.2.2 Navier Solution 

When the edges of the plate are simply supported we have shown in Chapter 

VII that the boundary conditions are those given by Eqs. (7—27a), (7—28b), (7—29),
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and (7-30). In the linear theory, these conditions reduce to 

W=W y= Da W cxcxx 7 P=0 (10-28a) 

$= 0 (10-28b) 

at x = 0 anda and 

DH — F* 
Ws Wy = ay yyy - P= 0 (10—29a) 

t= 0 (10-29b) 

at y = 0 and b. It is seen that, as in all the theories that we have considered so far, 

these boundary conditions are completely uncoupled. This, of course, is the case 

only for a completely simply—supported plate as we have noticed in the previous 

chapters. From the analysis that we have developed in Section 10.1.2, it is readily 

seen that 4 = 0 is the only solution of the edge—zone equation. Therefore, for a 

simply—supported plate, the bending theory is reduced to a sixth—order equation in 

terms of w and the specification of three boundary conditions also in terms of w at 

each edge of the plate. This conclusion also holds in the stability problem and 

vibration problem, with all the rotatory inertia forces neglected, since ¢ = 0 will 

again be the only solution of the edge—zone equation. 

Following the analysis of section 10.1.2, we expand w and P in double 

Fourier series (see Eqs. (10—3a) and (10—4)) and obtain
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P 

Sa = [1+ 5 (m+ 6) = 2, 2 are =, 9 2 + (DH - F*(a* + 6)? + Dat + &) 
  

(10-30) 

where P__ ,, is defined in Eq. (10-6) and 

n= = and 6, = 5 (10-31) 

The expressions for %, and Vy can be determined from 

- = 2 
— D peg g2p2p2, = Dy? _ C _D v, = AD 5 (DH — F“)V*V W xV Wy7Wy + Afy AD Pox 

(10-32a) 

and 

- = 2 
D 7s B2\92y2 D 92 C D 

= —— (DH - F — ~_ -z7i,--=5P 
Yy A 5 | WW V Wy AV Wy Wy A x A“D Z,yY 

(10-32b) 

which are the linear (and static) counterparts of Eqs. (7—23):
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  COS Gx sin BAY 
1 7s = 2 = 2 2\2 + (DH - F(a? + 47)? +D(a2 + 6°) 

(10—33a) 

A (a. + 6*) ~ 1)8 Pian 
  sin @_,X COS BY 

(10-33b) 

In obtaining these results the relations DD — D? = DH-F* and D = D + Fare 

used (see Appendix 7.1 in Chapter VII). 

10.2.3 Levy—Type Solutions 

Assuming that the edges of a plate at x = 0 and x = a are invariably simply 

supported, the homogeneous solution Wy of the interior equation 

+ (DH — F*)y"079"w, — DVV2w, = 0 (10-34) 

is seen to be 

@ 

Wi = » (AL, sinh A jy + B,, cosh Ay + Cy sinh Ay + D_y cosh Ay
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+E, sinh 6 y + F,, cosh 6 y)sin A,X (10-35a) 

where 

dn = BE and 6, = Az +4 DA =| 2 (10-35b) 
DH — F 

Also the general solution of the edge—zone equation, Eq. (10—27b), is 

$= 3 (G_ sinh yy + H,, cosh Yn ¥ )08 dm (10—36a) 

where 

tg = (A + AY? (10-36b) 

As in Eqs. (10-13) and (10—14a), by expressing the particular solution Wy and the 

loading P, in single Fourier series we obtain 

[vu SSUES 27 A Saad 45 25 se Kw — (3A, K + D)wi’’’ + (AK + 2A, D)wy, 

~QSK + a4bw, =P Py - (+ 222), (10-372) 

where
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K ==, — (10-37b) 

and P_, is defined in Eq. (10—14b). After determining the particular solution w,, of 

Kq. (10—-37a), the total deflection w is obtained from Eq. (10-9). The expressions 

for #, and Yy are subsequently determined by substituting Eqs. (10—14a), (10-9), 

and (10—36a) into Eqs. (10-32): 

_* 2D ; 2D W=2 [- heat ~2A2 B Dia| sinh \_y + [Bn -22 2 C.,| cosh Ay 

. F . 
—x mem sinh A nm ~ Ze cosh Ay + rm 5 En sinh bY 

; C +A Fy sinh bY + on K Gay C08 Vn 
m 

or
 

| 

C . 
+ Ym 1 H m sinh tmnY | cos dm* + Yep (10-38a) 

and 

_ 8 2D Wy = {=| AmAm + [1 +22 Z| Dia| cosh Ay — mB 

2D . . 
+ 1 + 2A £|Cn sinh rm — rm mY cosh rm¥ — rm omy sinh rm
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F F . C ; 
+ Om = Fm cosh oy + mn 5 Fm Sink OaY + An X Gm Sinh YY 

C . 
+r, En cosh rm fin Am* + Yap (10-38b) 

where 

_ > DK Stl 3 DK D 4 5 DK bey = 2 Aon Re Win — (hm St Re) ¥in’ + re a 

43 D_) Ww _p? rA_P_ |cos A_x (10—-38c) mA “mj "m DAZ m m m 

and 

_- [DK _,,,,, 2DK , D)_,,, 4 DK 2D / 
typ = 2 [PE Wen [ann Oe + en + [an e+ Rw 

D" P | d (10-384) _ ’ }sin Ax 10-38 
DA‘ ™ 

For a plate subjected to a uniformly distributed load the particular solution 

Wy of Eq. (10-37a) is seen to be
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2 
_ 4P, rm? + A 
  

  

w= (10-39) 
mT OSK + 145) m m 

Substituting Eq. (10-39) into Eqs. (10—38c) and (10—38d) results in 

o 4P, ASF - A 
Yep mele nz cos Ax and Yyp 0 (10—40) 

yous 5a 32 A(ASK + A+ D) 

where F = D — D (see Chapter VII). When the edges of the plate at y = + b/2 are 

clamped we impose, according to Eqs. (2-12) of Chapter II, the boundary conditions 

wew =p =, =0 (10-41) 

A =D =E =H =0 (10-42) 

in Eqs. (10-35), (10—38a), and (10-38b). By imposing the boundary conditions in 

Eq. (10-41) at, say, y = b/2 we will obtain a system of four nonhomogeneous 

algebraic equations in terms of B m’ C m’ Fy and Gin’ With the help of a computer 

these unknown constants can readily be obtained. Perhaps the simplest case in the 

Levy—type problems is when the edges at y = + b/2 are also simply supported. For 

such a plate, with the help of the boundary condition in Eq. (10—29b), we will have 

Ga = Hn = 0. That is
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$=0 (10-43) 

which was also obtained in the development of the Navier solution. By imposing 

the remaining boundary conditions given by Eq. (10—29a), a system of three 

algebraic equations in terms of B m’ C m’ and Fn will then be obtained which can 

readily be solved. It should be reminded that the result in Eq. (10-43) will always 

be obtained for a completely simply—supported plate subjected to any arbitrary 

transverse load P, since the edge—zone equation is a homogeneous equation. 

10.3 Discussions 

In this chapter we have outlined a simple approach for solving plate bending 

problems using FSDPT and Reddy’s TSDPT. It is seen that the transverse 

displacement w is not directly dependent on the fundamental solutions of the 

edge—zone equation. However, since ¢ and w are (except for a simply—supported 

plate) coupled through the boundary conditions, it can be argued that the total 

solution for w is indirectly dependent on the fundamental solutions of the edge—zone 

equation. On the other hand, by noting that the edge—zone equation looks like the 

equation of a membrane on an elastic foundation (with no transverse load), we 

expect that the solution contribution of the edge—zone equation will diminish as we 

move towards the interior region of the plate. We also note that in, for example, 

Reddy’s TSDPT A is the only rigidity term that is dependent on the transverse 

shear modulus G, (see Appendix 7.1 in Chapter VII). Now by rewriting Eq. 

(10—27b) as 

C 12 VS —-8 =0, (10-44)
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it is readily seen that we obtain 4 = 0 when G, 72. Also when the plate is 

extremely thin we will again have ¢ = 0 since Co 0 (see Chapter VII). 

It is to be noted that when G, ~ w (or when the plate is extremely thin) from 

the interior equation, Eq. (10—27a), we obtain 

DV“V"w =P (10-45) 

which is the classical plate equation. Also from Eqs. (10-32) we automatically 

obtain 

%, = —W x (10—46a) 

and 

= — 10—46b 
P= Wy ( ) 

which are the well—known Kirchhoff constraints in the classical plate theory.



CHAPTER XI 

CONCLUDING REMARKS 

In this study analytical solutions for vibration and stability of the classical, 

shear deformation and layer—wise theories of laminated plates and shells are 

presented. An improved analytical technique is presented for the free—vibration and 

buckling problems of cross—ply laminated circular cylindrical shells with various 

boundary conditions. Special attention is also given to the axisymmetric vibration 

and buckling modes. A general solution procedure is also developed for the stability 

analysis of anisotropic circular cylindrical shells, with various boundary conditions, 

within the frameworks of Reddy’s layer—wise and generalized layer—wise shell 

theories, a first-order shear deformation shell theory, and Donnell’s classical shell 

theory. 

A closed—form solution is obtained for the damped forced—vibration problem 

of symmetric cross—ply laminated plates, subjected to sonic—boom type loading, 

using the third-order shear deformation plate theory of Reddy and the first-order 

shear deformation plate theory. The numerical results are compared with those 

obtained with the classical laminate plate theory. 

The nonlinear dynamic equations of the third-order shear deformation plate 

theory of Reddy and the first-order shear deformation plate theory are closely 

examined. The equations are uncoupled into those defining the interior and 

edge—zone problems of the plates. It is shown that the pure—shear frequencies 

according to the linear and nonlinear equations are identical. Further, for certain 

boundary conditions, these equations are reduced to three in number, as in the 

classical plate theory. By introducing a force function, these equations are further 

reduced to two in number. Therefore, the solution methodologies used in the 

328
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classical plate theory for nonlinear oscillation and postbuckling problems can readily 

be extended to the shear deformation plate theories. This has been demonstrated by 

considering a simple large—deflection bending problem. 

Analytic Levy—type solutions for frequency and buckling equations for 

symmetric plates laminated of transversely isotropic layers are developed using 

Levinson’s third—order shear deformation plate theory and the first-order shear 

deformation plate theory. The solutions are developed by using the original form of 

the governing equations as well as the pair of interior and edge—zone (boundary 

layer) equations. The effects of the edge—zone equation on the natural frequencies 

and the critical buckling loads of the plates are thoroughly studied. The numerical 

results are compared with those obtained according to the third—order shear 

deformation plate theory of Reddy and the classical plate theory. Finally, by 

proposing a mixed approach, Levy—type solution for bending problems of laminated 

plates are developed according to the first—order shear deformation plate theory and 

the third—order shear deformation plate theory of Reddy. 

By no means can the present work be considered exhaustive. Each of the 

later chapters is amenable to expansion. Specifically, the developments in Chapters 

VI and VII could readily be extended to the analysis of laminated circular 

cylindrical and spherical shells and shell panels. Other effects, such as thermal 

loads, the effect of stiffeners, etc. can also be readily included. 

The governing equations of several shear deformation plate theories are 

reformulated in the present study into the interior and the edge—zone equations. A 

significant aspect of these equations is that all differential operators in them appear 

in terms of the Laplace operators. Therefore, the stability, vibration, and bending 

problems of circular plates can more directly be analyzed using these equations.
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