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(ABSTRACT) 

In the last few years, estimators of the scale of a univariate distribution have been 

developed that are location-free in the sense that they do not depend on an estimate of the 

center of the underlying distribution. These proposed location-free estimators have 

generally been quite robust in terms of having a high breakdown point and can achieve a 

surprisingly high Gaussian efficiency. This idea has also been extended to the simple 

linear regression model, where typical estimators of the dispersion of the errors depend on 

an estimator of the regression line. The few estimators that have been developed that do 

not depend on a line estimator, called regression-free scale estimators, do achieve a high 

breakdown point but are useful mainly for data sets that have no replication at any 

regressor value. We propose new regression-free scale estimators that achieve a high 

breakdown point, can be quite efficient, and are useful when the data contain replication. 

Also, we propose a robust estimator of the common scale parameter in the k-sample 

model that reduces to an existing location-free estimator in the case of univariate data. 

We derive the breakdown point of this estimator as well as its maximum bias curve. 

Simulation results show that it can be quite efficient with Gaussian data.
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Chapter 1 

Introduction 

Section 1.1 Purpose of Study 

For data in which a linear regression model is appropriate, a thorough analysis of 

the data can yield answers to many different questions the researcher may have. For 

example, given a set of regressor values one may construct intervals to predict either a 

single future response for the given values or a mean response. One can also determine 

which subset of the given regressors is the most useful in modeling the response variable. 

One can even determine if the model is indeed appropriate or reject the linear model in 

favor of some nonlinear model. Of all the possible analyses that can be done, perhaps all 

depend on parameter estimates. 

In a linear model with constant variance the parameters that need to be estimated 

are the regression parameters and a scale parameter -- the scale of the errors. Often one 

assumes that the error terms are from a normal distribution and the scale parameter to be 

estimated is the standard deviation of the errors. Whatever the distributional assumptions 

on the errors, there are dozens of methods that have been proposed to estimate the 

regression parameters. Nearly every method that has been proposed to estimated the error 

scale requires one to first choose some method to estimate the regression line. The 

purpose of our research is to find a scale estimator that does not require an estimate of the 

regression line. Such estimators are referred to as regression-free. 

Three regression-free scale estimators were proposed by Rousseeuw and Hubert 

(1996). These proposals, however, are useful mainly for data that contains no replication 

of any regression value. The estimators that we will propose and study are useful for any 

(simple linear) regression data set and can also be more robust and have a higher variance 

efficiency than the proposals of Rousseeuw and Hubert.



Our research has also led to a scale estimator for the k-sample model which has a 

higher breakdown point than the most commonly used estimator in this setting and, as 

simulation studies show, performs quite well with Gaussian data. 

Section 1.2 Scale Estimation 

When a Statistician is called upon to assist in a research project, his role is defined 

by the goal of the study. Often, that role is simply to summarize and organize the data 

that are obtained. At other times, the data are assumed to represent a sample from some 

population and the statistician is to make inferences about the distribution from which the 

data were generated and the parameters of that distribution. As Lehmann (1983) pointed 

out, if the role is to make inferences, the conclusions of the study are stronger, but at the 

cost of using stronger assumptions about the data which may be difficult to verify. 

In both instances, one aspect of the data that is often of interest is the ‘spread’ of 

the values of a variable that are observed in the data. In the case of data analysis, it is 

interesting to measure how scattered the data are from the center of values or, even more 

simply, the range of the data. In the case of statistical inference, the concern is to 

estimate a scale parameter which in some way describes the spread of the values the 

random variable takes throughout its distribution. 

This concept of measuring scale has been called ‘vague’ even by prominent 

statisticians (Mosteller and Tukey, 1977). Why this is true becomes apparent when the 

idea of measuring scale is compared to other concepts in statistics. For example, let us 

compare measuring the scale of a univariate distribution to measuring the location of the 

same distribution. 

Consider the approach often taken in elementary statistics courses in teaching 

students to find the mean of a univariate distribution. Often, the instructor draws a graph 

of the probability density function and points to the center of that density. This is



especially simple if the density is unimodal and symmetric. Once the student can 

visualize the density, he can easily grasp the ideas of finding the center of mass (mean) or 

the center of probability (median). Teaching students to find the scale of the density is 

much more difficult. While most measures may be obvious measures of how scattered 

the values of the random variable are, e.g. the average of the squared deviations from the 

mean, most choices of scale measures may seem rather arbitrary to the student. Indeed, 

what may be used as a scale measure for one density may not be appropriate for another 

seemingly similar density. 

Now when the role of the statistician is data analyst, probably the most often used 

measure of spread is the sample standard deviation. For data consisting of n observations 

Yi, Yo ---> Ya the sample standard deviation is 

  

. 
S=S(Y1,¥20--¥n) -| Ei -¥)* /(n~) 

i= 

where y is the sample mean. The reason for the popularity of this statistic is that, under 

the classical assumption that the data are from a normal distribution with unknown mean 

and variance, s’ is the uniformly minimum variance unbiased estimator of the population 

variance (see e.g. Bickel and Doksum, 1977, p. 126). 

If the role of the statistician is to make inferences, he often assumes that the 

observations are from some distribution whose density has the form 

f(y;0,T) = (1/ t)fo ((y — 8) / T) 

where 9 is a location parameter, T is a scale parameter, and f, is some standard density. 

Such a density is said to be in a location-scale family. The goals of the statistician 

include estimation of the parameters 6 and t. We note though, as Iglewicz (1983) pointed 

out, that the choice of T as a scale parameter for f is often done only to give f a simple



functional form. Bickel and Lehmann (1976) pointed out that if t is a scale parameter for 

a family, so is tT =kt for any positive constant k. By using 7’ as the scale parameter, one is 

merely changing the units of scale. 

Once estimation of Tt is accomplished using, for example, maximum likelihood 

estimation, it is useful to give an interpretation to the estimated value of the parameter. 

For example, one may want to compare the estimated value of Tt to past estimated values. 

Within a given location-scale family, an ordering of distributions by scale is possible. 

That is to say, it is possible to make precise statements about how ‘spread out’ the 

possible values of the random variable are based on different values of t. There is a 

problem, however, as Lax (1985) pointed out, in comparing a given scale parameter 

across different families. Consider, for example, the standard deviation. In the Gaussian 

family we know that 68% of the random variable’s values are within one standard 

deviation of the population mean pw. This is not the case for most families. Because of 

this, an ordering of the standard deviation across different families is not possible. In 

fact, Lax (1985) noted that “there does not appear to be a single characteristic of a 

distribution that implies a useful and complete ordering of all distributions according to 

their scale.” 

The above example serves to emphasize the problem in estimating a scale 

parameter. For a given family, one may know the scale parameter he is estimating and 

have an estimator that has ideal properties for the family from which the data arise. 

However, in practice one usually does not know the family from which the observations 

came. The scale parameter one is trying to estimate may not even be defined for the 

distribution that actually generated the data. 

Several approaches have been taken to attain good measures of scale in the face of 

this dilemma. For example, Harter, Moore, and Curry (1979) proposed so called adaptive 

estimators. These are two-stage estimators that in the first stage ‘estimate’ the family of 

distributions that generated the data and in the second stage estimate the scale parameter 

for that family. Shoemaker and Hettmansperger (1982) suggested making no



assumptions as to the family from which the data come. Rather they suggested finding a 

measure of scale that is reasonable across many families. A suitable approach that many, 

including Simonoff (1987), took was to obtain a measure of scale that accurately 

estimates the standard deviation if it is believed that the majority of the data come from a 

normal] distribution. 

In Chapter 2 of this paper, we will propose new estimators of scale. At this stage 

of our study, we have taken the same approach as Simonoff (1987), seeking estimators of 

the standard deviation if it can be assumed that the majority of the data are generated 

from a Gaussian distribution. In addition, we want our estimators to achieve other 

desirable criteria, which we will discuss in Chapters 3 and 4. 

We close this section by giving a commonly used definition of a scale estimator, 

for example see Iglewicz (1983). We also discuss some of the properties that all scale 

estimators have as a result of this definition. 

Definition 1.1.1 A scale estimator is a nonnegative valued function S such that, 

for any sample yj, yo, ..-. Y, and constants a and b 

S(a + by,, a+ by, ..., a+ by,) = IbIS(V;, Yo, .--. Ya)- 

Let us point out a couple of properties that any scale estimator has by virtue of this 

definition. First, consider the special case that b=1 and a#0. In this case, a scale 

estimator satisfies 

S(a+ Yi, a+ Yo, ..., A+ Yn) = S(Vi, Vos «+> Vn)- 

So we see that adding a constant to each element in the sample does not change the value 

of S. This is called location invariance. If the data are to be modeled using a linear 

regression, which we discuss in the next section, then we want the property of location



invariance to extend to a regression invariance. We give the definition of regression 

invariance in Section 1.2. 

Next consider the case that a=0 and b40. Here we have 

S(by1, by>, cess by,) = IbIS(y,, y2> oeey Yn). 

Thus, multiplying every element of a sample by a constant multiplies the scale estimator 

by the absolute value of that constant. This property is called scale equivariance. 

According to Definition 1.1.1, then, any nonnegative function that is location 

invariant and scale equivariant is a scale estimator. Obviously, some scale estimators are 

more desirable than others. In Section 1.2 we introduce the regression setting in which 

we will study scale estimators. In Section 1.3 we introduce some of the criteria by which 

scale estimators are judged and discuss these in more detail in Chapters 3 and 4 for some 

proposed scale estimators in the regression setting which will be given in Chapter 2. In 

Chapter 5 we study an area of application of the proposed estimators. In Chapter 6 we 

propose and study properties of a scale estimator in the k-sample model. Finally, in 

Chapter 7 we give areas of future research for the proposed estimators. 

Section 1.3 Regression 

In the last section, we discussed scale parameter estimation where we implicitly 

assumed univariate data. In this section we discuss the setting in which we will propose 

new scale estimators - the simple linear regression model. 

Perhaps the most widely used of all statistical methodologies is regression 

analysis. In broad terms, regression analysis is a set of statistical methods intended to 

help the user explain the relationship among a collection of variables. Often, we have a



single response variable y whose variability can be explained by a set of regressors X,, Xo, 

very Xe 

The model in which we are most interested is the classical linear regression model 

given by 

Yj =Bo + Byx4; +Box9ji+° +B RE XK +€j, i=1,2,...,n (1.2.1) 

where Bo, B,, .... B, are the regression coefficients and €, is a random error term. We 

generally will assume that the x’s are random although we will also consider the situation 

where all x’s are fixed constants measured with negligible error. We further assume that 

the ¢€; are independently and identically distributed according to some probability 

distribution with E(e¢,)=0. 

In this paper, we will focus on the special case of model (1.2.1) in which there is 

only one regressor. This model is known as the simple linear regression model (SLR) and 

can be written as 

yi; =Bo + By x; +&), i=1,2,...,n (1.2.2) 

We note that if all x; are equal, it is impossible to estimate the regression parameters By 

and B,. In this case, we essentially have univariate data and (1.2.2) can be written as 

Yi =V+&j, i=1,2,...,n (1.2.3) 

where Lt is the mean of the distribution that generated the y’s. Model (1.2.3) is called the 

location model. 

In this paper, we will study properties of scale estimators in two special cases of 

model (1.2.2). The first special case is that of no replication. Here, no value of x; appears 

more than once in the data. The other special case is the two-sample model. Here exactly 

two distinct values of x; appear among the n observations.



Some uses of regression analysis are given by Myers (1990). These include (1) 

prediction of a future response for a specified value of x; (2) variable screening, i.e. 

determining how useful each of the regressors is in explaining the variability in y; (3) 

obtaining the appropriate model for describing y, whether that model be linear or perhaps 

some nonlinear model; and (4) parameter estimation. In model (1.2.1) the parameters 

that need to be estimated are Bo, B:, ..., B, and o. 

Although each of the above are uses of regression analysis, parameter estimation 

seems to receive the most attention by users. Indeed, Myers (1990) stated that parameter 

estimation is “often the sole purpose for conducting a regression analysis in certain 

scientific fields.” Arguably, for most users, estimation of the regression parameters Bo, 

B., .... B, is the primary interest while estimation of the error scale o is of only secondary 

concern. An estimate of 0, however, is necessary for construction of confidence 

intervals and hypothesis tests on regression parameters. Additionally, scale estimation 

could be the more important consideration in some settings say, for example, in a quality 

control setting where the variability in the responses needs to be kept at or below a 

specified level. It is estimation of o in the simple linear regression model in which we 

will be most interested. 

In this setting, in addition to having the properties mentioned at the end of Section 

1.1, we also desire a scale estimator to be regression invariant. That is, for bivariate data 

Z={z=(x,y,): £=1,2, ....n}, a scale estimator should have the property 

S((X1, Yita+DX1), (X2, Yrtatbx2), ..., (Xn, Ya tAtDXn)) = S((X1, Yr), (X25 Va) --+9 (Kans Va))- 

In other words, changing the slope or intercept (or both) of the regression line does not 

affect the value of the scale estimator. This property is the natural extension of location 

invariance in the univariate setting to the bivariate setting.



1.4 History of Scale 
1.4.1 Scale Estimation for Univariate Data 

It is unknown to the author precisely when scientists became interested in 

measuring the scale of observations. The developments in the theory and applications of 

statistics that took place during the 18th and 19th centuries were mainly by astronomers 

who were interested in the best ways to combine astronomical observations. Typically 

the astronomers were attempting to estimate constants but had to deal with errors in 

measurement. Among the developments of this period was the derivation of the normal 

curve aS an approximation to the binomial distribution by Abraham DeMoivre in 1733 

(Stigler 1986 p. 76). In the last half of the 18th century, several scientists began to 

specify error curves -probability distributions that measurement errors might follow. It 

was generally accepted that an error curve should be symmetric about zero and decrease 

symmetrically away from zero. It was in 1809 that Carl Friedrich Gauss, assuming that 

the sample mean is the best estimate of the population mean, derived the normal 

distribution, or Gaussian distribution, as an error distribution and in the process 

connected least squares estimators to Gaussian errors. The idea of assuming normal 

errors seems to have been embraced throughout the 19th century. For example, Pearson 

(1967) stated that astronomers had little occasion to go beyond the Gaussian distribution 

and Francis Edgeworth in the latter part of that century referred to the normal distribution 

as the law of error (Stigler 1986 p. 310). 

Although most of the applications were developed under normal error theory, 

according to Pearson (1967) researchers “early became aware of the need to choose 

between alternative ... measures of dispersion.” It should be pointed out that during this 

time the normal distribution was not parameterized as it is today and the scale parameter 

of interest was not the now familiar standard deviation. Rather, scientists were often 

concerned with estimating the ‘probable error’ of the measurement errors which 

corresponds to the distance between the mean and a quartile. Some of the different



proposals to estimate the probable error include one by Gauss, who in 1816 suggested 

using the median of the absolute deviations to the sample mean, although he apparently 

knew that an estimator based on squared deviations would be better (Stigler 1986 p. 230). 

In 1846, Adolphe Quetelet used a multiple of 

n 

23 (x; - x)? /n? 
i=l 

to estimate probable error. 

According to Stigler (1986), during the late 19th century Edgeworth 

parameterized the normal distribution as 

y= (c*n) 4 exp{-x? /c*} 

where c was, as he called it, the modulus of the curve. Karl Pearson, a contemporary of 

Edgeworth’s, began to measure differences in terms of the now familiar standard 

deviation in 1892 where standard deviation is c/./2 (Stigler 1986 p. 328). 

It was about this time that the use of statistics began to spread to many fields. It 

seems that from this time through the mid 1960’s the focus of those studying scale 

estimation was to develop quick and accurate methods of estimating the standard 

deviation of a Gaussian distribution based on sample data. Indeed, before the 

development of modern computing machines, in many applications such as quality 

control on a production line, it was simply too time consuming to calculate the sample 

standard deviation. As a result, a class of estimators that emerged and was heavily 

studied was based on the sample range of a set of observations W = Ya) -Yq), where ya, 

Yo). «> Yn) are the ordered data. Properties of w were derived in order to produce 

consistent estimators for the standard deviation of a Gaussian distribution. 

Those who studied the distribution of the sample range in finite samples include 

Tippett (1925), Pearson (1926, 1932, 1942), McKay and Pearson (1933), McKay (1935), 
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Nair (1936), and Mosteller (1946). The asymptotic distribution of the range was studied 

by Hartley (1942), Gumbel (1944, 1946, 1947), Elfving (1947), Cox (1948), and Patnaik 

(1950). The use of the range in an alternative to Student’s t-test was studied by Daly 

(1946), Lord (1947, 1950), and Walsh (1947). 

The idea of using the range to estimate o was generalized to using so called quasi- 

ranges or subranges. The rf quasi-range iS W, = Yn -Yes). Papers on the use of quasi- 

ranges for estimating the standard deviation include Pearson (1920), Hojo (1931, 1933), 

Mosteller (1946), Godwin (1949), Nair (1950), Caldwell (1953), Chu (1957), Dixon 

(1957) and Harter (1959). 

There were others during this period who studied more complicated linear 

combinations of order statistics. For example, Gini (1912) proposed 

s=/(5)20;-y)- 
1%] 

This estimator is commonly referred to as Gini’s mean difference. Nair (1936) studied 

the behavior of g in several distributions and compared it to several competitors including 

s, w, and the average deviation from the mean. Downton (1966) and Barnett, Mullen, and 

Saw (1967) proposed 

o =n 20 ~n-Dy, /(@-D) 

which David (1968) showed was proportional to g. Healy (1978) adapted this estimator 

to symmetrically censored samples. Jones (1946) proposed as an estimator the difference 

between the r largest and r smallest observations for some r. This was further studied by 

Nair (1950). Another estimator studied during this period by Nair (1947) was the mean 

deviation from the median. 
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Beyond the 1960’s, although there was still a great deal of interest in quickly 

computed scale estimators (see for example Mead (1966) and D’ Agostino and Cureton 

(1973)), with the advance in computing technology, more complicated estimators of scale 

began to appear. The goals of researchers less often included quick estimators and more 

often began to include robust or resistant estimators. Much of the focus was on efficient 

estimators when the sample is from a population with heavier tails than the Gaussian 

distribution and efficient estimators that are not heavily influenced by a small proportion 

of outlying data points. We mention a few proposals now and give a more extensive 

description of other types of estimators in Chapter 2. 

Huber (1964) proposed so called M-estimators for location parameters. For a set 

of univariate data, an M-estimator, T, for the function p is the value t that minimizes 

XPly;;t). 
i=l 

If the derivative of p is known and is denoted by wy, t can be found by solving 

n 

2M ;t)=0. 
I= 

Choosing different functions for p leads to estimators with varying properties. We can 

similarly define an M-estimator of scale. If the scale parameter is the only unknown 

parameter then the M-estimator of scale, W, based on the function y is determined by the 

equation 

Ex; / w) =0. 
i=l 
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One can also define simultaneous estimators of location and scale. Properties of M- 

estimators of scale parameters have been studied by many including Thall (1979), Martin 

and Zamar (1989, 1993), and Croux (1993). 

Another class of proposed scale estimators uses the formula for the square root of 

the asymptotic variance of M-estimators of location. The sample data are used to 

approximate the asymptotic variance. The results of a Monte Carlo study on the 

performance of these so called A-estimators for various choices of wy are reported by 

Iglewicz (1983) and Lax (1985). Shoemaker and Hettmansperger (1982) proposed the so 

called midvariance which is also in this class and its properties were further studied by 

Shoemaker (1984). The efficiencies of some M-estimators of scale and some A- 

estimators were compared to a rejection-plus least squares approach by Simonoff (1987). 

A test for normality based on an estimator from this class is given in Martinez and 

Iglewicz (1981). 

There is quite a large list of classes of scale estimators for univariate data, each 

with its own degree of complexity. We leave the topic of univariate scale estimation now 

but we will return to it in Chapter 2 as we discuss some recently proposed estimators. 

We now give a brief history of scale estimation in the linear regression model. 

1.4.2 Scale Estimation for Linear Regression 

Regression was first developed by Francis Galton in the 1870’s and 1880’s in 

studies about heredity including one study on the relationship between the heights of 

parents and their children. The idea of using least squares to estimate regression 

coefficients and, as a result to also estimate scale was first proposed by George Udny 

Yule in 1897. According to Stigler (1986) the estimators used in Galton’s work, 

including his estimator for scale, were informally derived. Galton used four methods to 

estimate the probable error of the height in a given family where the heights of females 

were appropriately scaled. He took the average of the four estimates as a final estimate of 
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the probable error. Among the four estimators, one was based on the median of 

deviations from the median height within a family and another was based on the median 

of a randomly selected subset of distances between heights within a family. His reason 

for using these was apparently for the ease of calculation. 

In the 1960’s, just as robust estimation of scale parameters in univariate data 

started to receive attention, robust estimation of scale parameters in the linear regression 

model also began to receive attention. This naturally coincided with the development of 

robust estimators of the regression parameters. For example, we mentioned the 

development of M-estimators for location and scale parameters for univariate data by 

Huber (1964). The idea was extended to the linear model by Relles (1968) and Huber 

(1973). In the case of simple linear regression, the M-estimates are defined to be the 

values bo and b, such that 

n 

» P(xj,¥;j; bo, by) 
1=1 

is minimized for appropriate function p. One approach taken to estimate the scale 

parameter in this setting is to apply an explicit robust scale estimator to regression 

residuals. For example Welsh (1986) studied the median deviation and the semi- 

interquartile range. See also Holland and Welsch (1977), Shanno and Rocke (1986), and 

Rocke and Shanno (1986) for further examples. An alternative method discussed by 

Rivest (1988) is to estimate location and scale simultaneously. 

In addition to M-estimators, many other types of robust estimators of regression 

parameters have been proposed as well as scale estimators based on the resulting 

residuals. For example Maronna and Yohai (1991) studied generalized M-estimators of 

regression and scale. Rousseeuw and Hubert (1996) have proposed a different class of 

scale estimators but we save the discussion of these for the next chapter. 
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Section 1.5 Properties of Scale Estimators 

As we have already mentioned in Section 1.1, there are some scale estimators 

which are more desirable than others. In this section we briefly discuss some of the 

criteria on which we will judge scale estimators. More detail will be given later in 

Chapters 3 and 4. 

A first property that we desire the estimator to have is so called Fisher 

consistency. If we consider the asymptotic version of the estimator, that is as a 

functional, S(F), where F is some probability distribution function of interest, then an 

estimator is said to be Fisher consistent if the value of the functional for the distribution is 

the parameter that one is attempting to estimate. In Section 1.1 we mentioned that if t is 

a scale parameter for a probability distribution, so is ct for any constant c. As a result of 

this fact, if a scale estimator S$ is not consistent for t then cS is consistent, where S(F)=t/c. 

So we see that cS(F) is Fisher consistent for t. We will refer to c as the consistency factor 

for S at F. As an example, the asymptotic value of the MAD at the normal distribution is 

©1(0.75) = 0.6745. As a result, (1/0.6745)*MAD=1.4826*MAD is a consistent 

estimator of the standard deviation of a normal distribution. 

An additional desirable property is robustness. By this we mean that the estimator 

is still accurate and efficient if the underlying data are not entirely from the assumed error 

model. In addition, we want an estimator whose value is not drastically affected by 

contamination in the data, i.e. we want the estimator to be resistant to outliers. 

Also, we would like our estimators to be statistically efficient as compared to the 

best estimator when the data are known to come from a particular distribution. In this 

case, we want the estimator to have a variance close to that of the optimal estimator, i.e. 

the estimator with the lowest variance. Since we are often concerned with the normal 

distribution, we will compare our estimators to the optimal estimators under the 

assumption of Gaussian errors. 
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Finally, estimators are often compared based on the computational effort involved 

in their calculations. Typically, if the number of computations required to compute the 

estimators are of the same order then the estimators are judged to be equivalent in terms 

of computational effort. By this we mean that as the sample size increases, the number of 

computations of each increases at the same rate. For example, if the number of 

computations of an estimator increases linearly as a function of the sample size, then, 

computationally, the estimator is said to be of order n. If the number of computations 

increases as a function of the square of the sample size, the estimator is said to be of order 

n*. We note, though, that two estimators of the same order could have a considerable 

difference in the number of calculations involved in their computations. For example, 

one estimator may have 10 computations for n=1 and be of order n* while another may 

2. Thus, the first estimator would take have 5 computations for n=1 and be of order n 

twice as many computations but the estimators are still considered to be of the same 

order. It is generally accepted that if an estimator of a higher order computationally gives 

only a marginal increase in efficiency, then using that estimator might not be worth the 

extra effort. 
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Chapter 2 

Location-Free and Regression-Free Estimation of Scale 

In this chapter we state what it means for an estimator of scale in model (1.2.1) to 

be regression-free. We begin, though, by reviewing some earlier proposed estimators of 

scale in the univariate case that are said to be location-free. We will look at some 

examples of regression-free scale estimators that have been proposed by Rousseeuw and 

Hubert (1996). Finally, we propose alternative regression-free scale estimators. 

2.1 The Location Model and Location-Free Estimation of Scale 

Recall that the regression parameters B, and B, in model (1.2.2) describe the linear 

relationship between the mean value of y and the regressor x as x varies across its range 

of interest. In this section we consider the special case of this model where there is only 

one value of x that is of interest, i.e. the location model given by (1.2.3). We wrote this 

model as 

Yi=U+E 

where it = E(Y) and o is the scale parameter of interest. 

Let us consider some of the usual methods of estimating o for the model (1.2.3). 

The most widely used estimator is the sample standard deviation, s, where 

s=((Sy,-y)2/(n-D)"2_ 
i=] 
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where Y is the sample mean of the y’s. It has been well documented that under the 

assumption that the y’s are from a normal distribution, s’ is the optimal estimator of the 

true population variance in terms of being the estimator with minimum variance. (See, 

for example, Bickel and Doksum, p. 126.) 

Another scale estimator for univariate data is the so called median absolute 

deviation from the median or the MAD. This is given by 

MAD = c[med(y; — med j(y;))] ij =1,2,...,n 

where c is a constant to make the MAD Fisher consistent for the scale parameter of 

interest. The MAD was first studied extensively by Hampel (1974) but he mentions that 

Gauss, in the early 1800’s, had considered it as a natural estimator of probable error in 

the normal distribution but did not use it because of poor efficiency properties. Hampel 

rediscovered the MAD in studying M-estimators and he also mentions that it is in fact the 

maximum likelihood estimator for a certain scale family. The MAD is now often used, 

particularly in connection with M-estimators. It has been extensively studied since 

Hampel’s ‘rediscovery’ , for example by Hall and Welsh (1985), who studied some of its 

asymptotic properties. 

The estimators we examine in this paper are different from s and MAD in the 

following sense. Examining s and MAD we see that, although each estimator is used to 

estimate the error scale, each requires one to first estimate the center of the distribution 

that generated the data. In the case of s, we need first to estimate the average value for y 

with y. In the case of the MAD, we need to estimate the median value for y with 

med(y;), j=1,2, ... .n. Each estimator uses the data to estimate the spread about the 

estimated center of the model distribution. Thus, each implicitly assumes that the model 

distribution is symmetric and therefore may be inappropriate otherwise. Next, we 

describe some estimators of scale for model (1.2.3) that do not assume a symmetric 
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model distribution. These estimators will not require an estimator of the center, or 

location, of the model distribution and thus are called location-free estimators of scale. 

In the univariate case, many location-free measures of scale have been proposed. 

The most simple of these is the range. Given a univariate data set y;, 2, ..., Ya: let Ya, Yo»: 

.«+) Yq) DE the ordered observations. The range is simply W = Yq) - Yq). This statistic was 

heavily studied during the first half of this century and was quite popular before the 

widespread availability of calculators and computers due to its ease of calculation. A 

survey of some of the many papers on the range was given in Section 1.3. Although this 

statistic is easy to calculate, it is not often used due its large variance. 

A generalization of the range has been studied by, among others, Mosteller 

(1946), who attributed the proposal to Pearson (1920). The idea is to use W, = Yous - You 

for some r = 0, 1, ..., [n/2] as a scale estimator. From this class of measures, perhaps the 

most commonly used is the interquartile range (iqr) which measures the range of the 

middle 50% of the data. 

Besides these location-free measures, many others have been proposed in the last 

few years. Rousseeuw and Croux (1992, 1993) have studied several classes of location- 

free scale measures. We briefly discuss some of their proposals. One class is based on 

the generalized L-estimators proposed and studied by. Serfling (1984) and Janssen, 

Serfling, and Veraverbeke (1984). In particular they look at the generalized estimators 

defined by 

() 2 

> a, {ly; ~y jl < jk) (2.1.1) 
k=1 

| pairwise distances ly; - y,l and a, is the where (k) denotes the k" order statistic of the ( , 

weight given to the k" order statistic. We note that if a, = 1/ (5) for all k, then (2.1.1) is 

the measure, first proposed by Gini (1912), called Gini’s mean difference and denoted g. 
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A subclass of measures of type (2.1.1) is obtained by letting a=1 for k=[o oh 

for some 0 <a < 1 and a,=0 otherwise. We write this as 

Qn =ally; —yjlti<j} py - (2.1.2) () 

where [k] is the greatest integer less than or equal to k. Thus, this class uses as an 

estimate of scale an order statistic of all pairwise distances and this order statistic is 

multiplied by a constant q to make the estimator consistent for the scale parameter of 

interest. In later sections of this chapter we will propose an extension of this estimator to 

multiple samples and study its properties in Chapters 3 and 4. 

A second class of location-free estimators of scale are called nested L-estimators. 

We mention one estimator from this class based on nested medians. It is defined by 

S, =¢{med; {med jzjlyj —yjl}} (2.1.3) 

Therefore, to calculate S,, we begin by fixing point y, and finding the median distance 

from the remaining (n-1) points to y;. This is done for each of the n points in the data and 

the estimator is the median of the n median distances. The result is multiplied by a 

constant c for consistency. Nested medians have been used in other statistical 

applications including estimation of the slope parameter B, in model (1.2.2) by Siegel 

(1982) and estimation in two-way tables by Tukey (1977). An extension of (2.1.3) to 

bivariate data will be studied in Chapter 3. 

A final class of location-free scale estimators that we mention is based on 

contiguous subsamples. This class is defined by 
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Ca =C'ly Gttonte) — YG) qn/2}Hon)) (2.1.4) 

where 0 < a < 0.5 and c’ is a constant for consistency. This class of estimators, then, 

looks at the range between pairs of order statistics of a fixed distance from one another. 

An example of an estimator of this class is 

LMS, = c’[min,| Y(i+[n/2]) - yal] . (2.1.5) 

This estimator is called the length of the shorth by Griibel (1988). LMS, is determined by 

the shortest half sample in the data. It was proposed by Griibel after Andrews et. al. 

(1972) investigated the shorth, the average of the shortest half sample, as an estimator of 

location. LMS, also appears as the scale estimator of the least median of squares (LMS) 

regression estimator in the special case of model (1.2.3) ( Rousseeuw and Leroy, 1987). 

2.2 Regression-Free Estimators of Scale: Previous Proposals 

It was mentioned in the previous section that the sample standard deviation, s, is 

the most common measure of scale in univariate data. In the case of the SLR model 

given by (1.2.2), the most common scale estimator, the square root of the mean squared 

error or root MSE, is what amounts to an extension of s to this model. Whereas s is the 

square root of the sum of squared deviations of the data to the sample mean x divided by 

(n-1), the root MSE is the square root of the sum of squared deviations, or residuals, from 

the data to the estimated regression line divided by (n-2). We divide by (n-2) rather than 

(n-1) to make the estimator unbiased for the variance of the error distribution (before 

taking the square root). The root MSE is most often used in conjunction with least 

squares estimators of the regression parameters B, and B;. 
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There are other scale estimators used in model (1.2.2) that are used with other 

estimators of B, and B;. For example, often with M-estimators, the MAD of the residuals 

is used. In this case, as in the case with root MSE, it is necessary to estimate the 

regression line in order to calculate the estimator. In other words, the scale estimator 

depends on some regression parameter estimators. These estimators are referred to as 

regression-based whereas scale estimators in a linear regression model that do not depend 

on any regression line are called regression-free. 

With the attention that location-free measures of scale have received in the case of 

univariate data, one might assume that regression-free measures of scale have also been 

widely studied. We have found, however, that this is not the case. We could find only 

three such proposals in the literature, each given by Rousseeuw and Hubert (1996). We 

now describe their estimators in detail. 

Consider a bivariate data set Z = {z,; = (x, y): / = 1,2, ..., n}. Take three points 

from Z, say Z;, Z;, Z, and consider the triangle formed by the three points. Rousseeuw and 

Hubert define the height of that triangle to be the vertical distance from the middle of the 

three points to the line segment formed by the outer two points. Assuming that x; < x, < 

x,, the formula for this height is given by 

(Yk ~VIOj at (2.2.1)   h(Zj»Zj.Zk) =|¥j-Yi- 
Xq — Xj 

Figure 2.1 illustrates how h(z;, Z;, Z,) is obtained for a triplet of points z;, z,, and z,. These 

heights of triangles form the basic units that Rousseeuw and Hubert use to measure the 

error scale in each of their three proposed estimators. Each of their proposals fits the 

definition of a generalized L-statistic where (2.2.1) is the kernel. 

Two of their proposals involve finding the heights of all possible triangles, of 

which there are [ ; . The first is similar to the estimator (2.1.2) in the case of univariate 
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Figure 2.1 Heights of triangles for estimators of Rousseeuw and Hubert 
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data. It is given by 

Qa = Cr {h(z1,.2Z2.23): lSi<j<k<n} (*) (2.2.2) 
[of 

3 

for some 0 < a < 1. The quantile o is chosen in order for Qa to attain either a 

robustness property, a variance property, or perhaps some tradeoff between the two 

properties. The constant c, is chosen to make the estimator consistent for the scale 

parameter of interest if the distribution that generated the data is assumed to be in a 

known family. 

The second of their proposals is similar to (2.1.3) in the case of univariate data. 

Recall that this measure was based on nested medians. In the SLR setting, the estimator 

is given by 

R= C7 {med; imed j4j imed 44, jh(Z; ’ Zj> Zr y} } } . (2.2.3) 

To calculate R, first fix z; and z; for some j#i. Then find the heights of each of the 

traingles formed by the remaining (n-2) choices for z, and find the median height. Repeat 

this for all (n-1) choices for j#i and find the median of these (n-1) numbers. Do this for 

all n choices for i and the estimator is the median of these n numbers. Again the constant 

c, is chosen to make R consistent for a scale parameter of a given distribution. 

The last of the three proposals of Rousseeuw and Hubert (1996) involves finding 

the heights of adjacent triangles only. By this we mean to first order the x; from smallest 

to largest and then find h(Z;,Z2,2Z3), h(Z2,Z3,Z4), ..-» A(Zn-2,Zn1:2Zn)- Note that there are (n-2) 

such triangles. The formula for this estimator is given by 

Qoaj = C3 {h(2;,2j41-Zi42)) 1=1, 2, -, M-2forn-2y) (2.2.4) 

24



for some 0 <a < 1 and c; is a factor for consistency. 

We note that each of the three proposals (2.2.2) - (2.2.4) is a scale estimator 

according to Definition 1.1.1. There are, however, some drawbacks in the definitions of 

these estimators that led us to investigate other possible regression-free measures of scale. 

Each of these drawbacks involves the kernel h(z,,z;,z,) given by (2.2.1). We also note that 

for given Z;,Z;,Z, where x; < x; < x, the value of h is the vertical distance between z, and the 

line segment formed by z; and z,. Alternatively stated, it is the residual from the point z, 

to the line formed by z; and z,. By definition, the estimators (2.2.2) - (2.2.4) will never 

consider the residual from z; to the line formed by z; and z,, nor will they consider the 

residual from z, to the line formed by z; and z;. We feel that these residuals also provide 

information about the error scale and it is this information that we will use in our 

proposed estimators. 

The second point to be made about the kernel h is that we feel it is not well 

defined in certain situations. For given points 2;,z;,z,, h is well-defined if x; < x; < x, and 

also when x; S x; < X, and x; < x; © x,. However, if x; = x; = x,, h is undefined. Therefore, 

Rousseeuw and Hubert defined the value of h to be zero in this situation. We feel that 

this is incorrect information about the error scale unless y; = y; = y,. After all, if data are 

indeed from a model of type (1.2.2), it can be thought of as many univariate distributions 

whose means can be connected by a straight line. If three points have the same x-value, it 

means that they are from the same distribution. If the three points have differing y- 

values, it is an indication that the distribution that generated the points has a positive 

scale. So, in defining h to be zero if x; = x; = X,, one is essentially ‘estimating’ the scale 

to be zero no matter what the y-values are, even when there is evidence to indicate that 

the scale is positive. 

Perhaps the reason that Rousseeuw and Hubert defined their kernel as they did is 

because they are mainly interested in the situation in which there is no replication of any 

x-value. Obviously, however, situations arise in which there is a great deal of replication 

of regressor values in the data. This leads us to a statement of our goal. 
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We desire a regresion-free estimator of scale. We would like our estimator to 

have a kernel that makes it appropriate for any (simple) linear regression design, i.e. any 

arrangement of x-values in the data. In addition, we would like the estimator to be 

resistant to possible outliers in the data and efficient with respect to optimal estimators 

under the assumption that the errors belong to some family of distributions. We next will 

propose alternative estimators to those given in (2.2.2) - (2.2.4). The properties of these 

estimators will be studied in Chapters 3 and 4. 

2.3 New Regression-Free Estimators of Scale 

Recall that the kernel used in the regression-free scale estimators given by (2.2.2) 

- (2.2.4) involved calculating the height of a triangle formed by three points where the 

height is defined as the distance from the middle point to the line segment formed by the 

outer two points. As was already indicated, we feel that more information can be 

obtained about the error scale from the data. In our proposed estimators, we will use the 

heights of those triangles which can be alternatively viewed as the residual from the point 

zj to the line segment formed by zi and zk. In addition, we will use the residual from the 

point z;, to the line segment formed by z; and z; and also the residual from the point z, to 

the line formed by z; and z,. So for each triplet of points, we will find three residuals. It 

turns out that our idea is equivalent to forming lines with pairs of data points and finding 

all residuals to that line. Figure 2.2 illustrates the idea for the case where there is no 

replication. Here we show the residual from the point labeled z, to the line segment 

formed by z; and z;. We denote this distance as r,(z;,z;) where 

and 
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Figure 2.2 Residual from z, to line formed by 2; and z; 
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Y (25,2; )XKI=Vi + (Yj — YI XK ~ Xj) / Kj —Xi)- (2.3.2) 

We note that in the case that z; and z; are the two extreme points of the three, i.e. have the 

largest and smallest values of x, 1,(z;,z;) is equal to h(z;,z;,z,) given in (2.2.1). 

Suppose now that the points z; and z, are such that x=x;. Obviously, then, a line 

cannot be formed between these two points in order to obtain all residuals. Thus, it is 

necessary to define a value for 1,(z;,z,) in this special case. We propose to let 1,(z;,z,) = 

ly; - yl in this case. As a result, if x; = x; = X;,, 1,(Z;,Z;) = ly; - y,| whereas h(z;,z;,z,) =0. We 

note that , for three points with equal x-values, i.e. three points from the same distribution 

we have 3) = 3 ways to label the points and thus three realizations of r,(z;,z,), namely 

ly; - y;l, ly; - yu, and ly; - yl. These are the same values one would obtain for the scale in 

univariate data given by the generalized L-estimators of (2.1.1) - (2.1.3) with n = 3. We 

are now ready to define our proposed scale estimators. 

The first proposal is based on the idea of (2.2.2) which was denoted Qa: For 

this reason we call this new estimator QSTAR*. Let Z = {z, = (x), y,): £= 1,2, ...,n} bea 

sample of bivariate observations to be modeled by (1.2.2 ). Let 

ly; -yj if Xj =Xj 

I, (Zj,2j)= 

ly, —Y(z;,2;) Ok) if Xj # Xj 

where Y(z; 2) Xk) is given by (2.3.2). In the sample Z, then, there are 

Nea n-2{2] = O=200= De 
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realizations of 1,(z,,z,). We define QSTAR® by 

QSTAR® = q{t, (z;.2;): i < jandk ¥ ijhonsy (2.3.3) 

where q is a factor to make QSTAR* consistent for the scale parameter of interest. A 

SAS PROC IML program for calculating QSTAR" is given in Appendix A. 

For our second estimator we make a slight modification to our definition of 

1,(Z;,Z;). This estimator is based on repeated medians just as (2.2.3) is in the SLR model 

and (2.1.3) is in the case of univariate data. For this estimator we redefine r,(z;,z,) as 

med {medly; —yjl} if xj =xXj =X, 
I =i,j,k f#r 

* 

Ty (Zj52j) = 

Ty (Z;»Z;) otherwise 

We now define a new scale estimator R* as 

R* = rmed{med{med Tk (Z;,Z pi (2.3.4) 
ij ok 

where r is the factor for consistency. Our reason for defining th (Zi 52 j) differently than 

1,(Z;,Z,) is as follows. If x, = x; = X,, then Z;, z;, and z, can be thought of as a sample from a 

univariate distribution. In this case, we desire R* to treat the points as S,, given by 

(2.1.3) for univariate data, since R* can be thought of as an extension of (2.1.3) to 

bivariate data. A SAS PROC IML program for calculating R* is given in Appendix B. 

In Chapter 1 we mentioned that we would study scale estimators in the two 

special cases of the SLR model. One of these was the two-sample model. In this case we 

will propose an alternative estimator to those previously mentioned. We call this 
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estimator QTS* . The letter Q is because the idea for the estimator is similar to 

Q*, Qo, and QSTAR®, and the letters TS are to indicate that it is for the two-sample 

model. 

In the case of the two-sample model we can denote the data as Z={Yy,, Yyo, «+> Yinis 

Yo1> Yo2s +» Yon} Where n, is the number of observations in the first sample, i.e. at x,, and n, 

is the number of observations at x,. Our proposed estimator in this case is 

QTS® = atl yi - Yij' liz 1,2 and j = 1,2, wy Nj tron] (2.3.5) 

where q is the consistency factor and N is the number of pairwise distances ly, - y,l in the 

combined sample. It is easy to see that 

Also in this case, the sample size is n=n, + n.. Now the proportion of points at x, is n,/n. 

We note that as n,/n —> 1, i.e. as more of the total sample of n is at x,, QTS®° > Q®. This 

is desirable since in this situation, if n,/n=1, we have only one sample and the data would 

be modeled using the location model. We note that QTS* looks at the data from each 

sample individually, which is analogous to the pooled estimator of variance in the two- 

sample t-test under the assumption of equal population variances. 

In the chapters that follow we will discuss the properties of QSTAR* and R* in 

the general linear regression setting and compare these to the regression-free estimators of 

Rousseeuw and Hubert (1996). In addition, we will study the properties of these in the 

two-sample model and compare these to QTS’. 
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Section 2.4 Purpose for Studying Regression-Free Scale Estimators 

It is natural to ask why we wish to study regression-free scale estimators. We can 

think of several reasons why such estimators might be interesting, most of which are 

rooted in application. Two reasons are given by Rousseeuw and Hubert (1996) where 

they first propose regression-free estimators. The first is to construct an initial scale 

estimator for rank-based procedures for regression parameters which are being developed 

elsewhere. The second is that such an estimator might be used in a test to determine the 

adequacy of the linear model for bivariate data. One could compare the regression-free 

scale estimator to one that is regression-based in order to assess model validity. 

In addition to these reasons, we give a couple of our own. The first has to do with 

M-estimators for regression parameters. In order to determine how points are weighted 

via the M-estimating equations, M-estimators need an initial auxiliary estimator of scale 

in order to determine which points are possible outliers (Rocke and Shanno, 1986). We 

fee] that an initial scale estimator that is not tied to any parameter estimator might 

improve the performance of M-estimators. This might hold true for other regression 

estimators which require solving equations iteratively including some being developed in 

our own department (David Lawerence, personal communication). 

Because development of regression-free scale estimators might prove useful, we 

certainly would like estimators that fit this description that are as ‘good’ as possible. We 

are attempting to improve upon existing regression-free estimators by adjusting their 

kernel. Additionally, we feel that the estimators we are proposing more easily extend to 

the multiple linear regression setting given by (1.2.1). This is so since the estimators of 

Rousseeuw and Hubert require one to find the point with the ‘middle’ x-value for each 

triplet of points. This does not seem possible in higher dimensions where x is a (k x 1) 

vector. Our estimators in higher dimensions would involve finding residuals to planes 

formed by p =k + 1 points. 
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Chapter 3 

Robustness of Scale Estimators 

3.1 History of Robustness 

When statistical procedures are developed, they are often derived in such a way as 

to deem the procedure optimal with respect to one or more reasonable criteria. For 

example, in estimation we often desire estimators that are unbiased for the parameter we 

wish to estimate and in addition have the lowest possible variance. In deriving optimal 

procedures it is usually necessary to assume very specific underlying parametric 

distributions that generated the data. For example, we may desire estimators that are 

optimal if the data are from a Gaussian distribution. But statisticians have known for a 

long time that estimators that are optimal for a given distribution often are far from 

optimal if there is a small deviation from the assumption under which the optimal 

estimator was derived. 

Many statistical methods were developed by astronomers in the 18" and 19" 

centuries who typically only dealt with measurement errors in the data. When using 

statistical methods on data which exhibit inherent variability, it was soon realized that 

classical methods did not always seem appropriate. Rousseeuw and Leroy (1987) noted 

that Adrien Marie Legendre, in the first publication on the least squares method in 1805 

wrote, “If [there] are some errors which appear too large to be admissible, then these 

observations which produced these errors will be rejected as coming from too faulty 

experiments.” As another example, Huber (1972) mentioned an 1821 paper by an 

anonymous author who stated that the sample mean was not always used to estimate a 

population mean when there was inherent statistical variability. The paper mentioned, as 

an example, that certain provinces in France determined the mean yield of a plot of land 
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by observing its yield for twenty years, removing the largest and smallest observations, 

and taking the mean of the remaining eighteen observations. (We now refer to this as a 

trimmed sample mean.) The author of the paper admitted that removing one data point 

from each end of the ordered sample is somewhat arbitrary -why stop at one from each 

end rather than two or three or more? - but to him it seemed more satisfying than giving 

each of the original twenty observations equal weight. 

Throughout the 19th century, several papers were published on the detection and 

rejection of outliers in data. By outliers we mean observations that are far removed from 

the majority of the observations in the data. The papers that were published on the 

rejection of outliers were often controversial and far from universally accepted. See 

Stigler (1973) for an interesting discussion. Because outliers were prevalent in many data 

sets, Simon Newcomb in 1886 was led to study estimators in heavier tailed distributions 

than the Gaussian distribution. In particular he used densities that were mixtures of 

normals to derive an estimator of location that gave less weight to outlying observations. 

According to Huber (1972), there were not many studies in this area for the next 

sixty years. He stated that “hardly anybody realized how bad classical estimates could be 

in slightly nonnormal situations” until E.S. Pearson (1931) and Box (1953) noted the 

sensitivity of the classical test for equality of variances to deviations from nonnormality. 

It was in the late 1940’s that John Tukey and others began to heavily study 

alternatives to classical estimators in the presence of nonnormality. In the 1960’s, a 

measure was proposed to help quantify the robustness of estimators. This measure, called 

the breakdown point, was first formally defined by Hampel (1968) in an asymptotic sense 

and a finite sample version was given by Donoho and Huber (1983). It is, roughly, the 

smallest proportion of contamination in a sample that can take the value of an estimator 

to the boundary of its parameter space. (A precursor idea to the breakdown point was 

given by Hodges (1967)). Since then, other measures of robustness have been proposed 

including the influence function (or influence curve) by Hampel (1974). This measures 

the effect on a parameter that a small amount of contamination can have at any given 
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point over the underlying distribution of the data. In this chapter, we will study the 

breakdown point for several scale estimators and will discuss the breakdown point in 

more detail in the next section. 

Section 3.2 The Breakdown Point 

Let us return to the notion of breakdown point in the context of scale parameter 

estimation. We have stated that the breakdown point was defined in the finite sample 

case by Donoho and Huber (1983) and is roughly the smallest proportion of 

contamination that can take the estimator to a boundary of its parameter space. The 

boundaries of the parameter space for a scale parameter are 0 and o since for any scale 

parameter Tt, t 2 O (see Definition 1.1.1). The proportion of contamination that can 

change the value of a scale estimator to 0 is called the implosion breakdown point and the 

proportion of contamination that can take its value beyond all upper bounds is called the 

explosion breakdown point. 

In order to state these notions more formally, let us define what we mean by 

contamination. Let Z = (Zi, Z2, ..., Zn) be a sample of size n. Let Z1, Zo, ....Zm, mM <n bea 

subset of m observations from Z and replace these with arbitrary values. Let the 

contaminated sample, denoted by Zn , be the original sample with the arbitrary 

observations replacing the original values Z), Z2, ..., Zm. The proportion of contaminated 

points in the corrupted sample is € = m/n. (There are other ways that we could define 

contamination including adjoining a corrupted sample of size m to Z.) Using this idea of 

contaminated samples we are now ready to formally define the implosion breakdown 

point, the explosion breakdown point, and the breakdown point of a scale estimator. 
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Definition 3.2.1 Let 1(Z) be the value of the estimator t for the sample Z and let 

t (Zen ) be the value of 7 at the sample Zn . The implosion breakdown point of 7, 

€ 7 (t,Z), is defined as 

€,(4,Z) =min{m/n: inf t(Z,,)=0}. 
Zm 

Definition 3.2.2 Let t(Z) be the value of the estimator t for the sample Z and let 

T ( Zan ) be the value of 7 at the sample Zim: The explosion breakdown point, ef (4,Z), 

is defined analogously as 

€5(t,Z) = min{m/n: supt(Z_) =}. 
Zim 

The breakdown point for a scale estimator, €,(t,Z), is defined as the smaller of 

these two quantities. That is 

Definition 3.2.3 The breakdown point of a scale estimator Tt for a sample Z of 

size n is denoted €,(t,Z) and defined by 

€,, (4,Z) = min{e, (7,Z), €2(4,Z)}. 

Note that by definition the breakdown point of a scale estimator depends on the 

original sample. However, generally the breakdown point of an estimator is the same 

for all samples in general position. By general position in the case of univariate data we 

mean that none of the data points in the sample of size n are equal. For bivariate data to 

be in general position then (i) no triplet of points z;, z,, and z, for which no x; are equal lie 

on a line and (i1) no pair of points for which x;=x;, has y;=y;. 

Often we are interested in the asymptotic breakdown point of an estimator. This 

is denoted by €(T,Z) and is given by 
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e(t,Z)= lim €, (4,Z). 
n—eoo 

The asymptotic breakdown point is usually considered to be a good approximation of the 

finite sample breakdown point. 

We will consider the breakdown point further by showing how it can be calculated 

for some common scale estimators. Consider the sample standard deviation s. It is easy 

to show that contaminating only one point in the sample can take the value of the 

estimator beyond all bounds. Thus e7(s,Z)=1/n. In order to take the value of s to 0, 

every point in the sample must be equal. For a data set in general position, this would 

require contamination of (n-1) points. Therefore, €,(s,Z)=(n—1)/n. The breakdown 

point of s then is 

€,(s,Z) = min{l/n, (n—-1)/n}=1/n. 

Asymptotically, then, ¢(s,Z)=0. The very low breakdown point shows that s is not 

resistant to outliers in data. 

Let us now find the breakdown point of root MSE. Consider a data set 

Z={(X;,y):1=1,2, ....n}. If we contaminate the j° point by replacing (x;,y;) with (x;,y,+L), 

then as L — ©, root MSE —0. Thus, e7 (root MSE, Z)=1/n. In order for root MSE to 

take the value 0, all n points must lie on a straight line. For data in general position, this 

would require contamination of (n-2) points since any two points determine a line. 

Therefore, ¢,, (root MSE, Z)=(n-2)/n and 

€, (root MSE, Z)=min{1/n, (n-2)/n}=1/n 
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which becomes 0 asymptotically. Thus we see that root MSE also is not resistant to 

outliers in data. 

There are some scale estimators which are very resistant to outliers. In the 

location model, the MAD has an asymptotic breakdown point of 0.50 which is the highest 

possible for any scale estimator, 1.e. any estimator satisfying (1.1.1). The iqr has an 

asymptotic breakdown point of 0.25. For bivariate data, the estimators of Rousseeuw and 

Hubert (1996) tend to have high breakdown points. The estimators that we proposed in 

Section 2.3, we will show in the remainder of this chapter are at least as robust as these. 

Section 3.3 Breakdown Points of Estimators: No Replication Case 

In this section we give the breakdown points of R* and QSTAR® and compare 

these to the breakdown points of R and Qi. The breakdown points in this section are 

derived under the assumption that the data are in general position and that there is no 

replication of any x-value in the original data. Note that the breakdown of Qa and 

QSTAR“ will depend on the quantile o but not on any constant multiples used in them. 

We state the breakdown point of Qa , as derived by Rousseeuw and Hubert (1996), and 

compare these to QSTAR® and give the maximum breakdown point of each. We then 

state the breakdown point of R as given by Rousseeuw and Hubert (1996) and compare it 

to that of R*. 

Theorem 3.3.1. For each 0 < a < 1, the estimator Qa has asymptotic explosion 

breakdown point 

3 e* (Qh) =1-Va 
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and asymptotic implosion breakdown point 

1/2~(1/2)cos(8q)+(v¥3/2)sin@y)  if0<a<1/2 
€~ (QU) =31/2 ifo=1/2 

1/2 +(1/2)cos(@9)+(V3/2)sin(®y) if 1/2<a<1 

Ja — a) 
7D) ). The maximal breakdown point of Q¢), is obtained 

—o 
where 6, = (1/3) arctan( 

by putting &=0.278 which results in e(Q%),) = 0.347. 

Proof: See Rousseeuw and Hubert (1996). 

Next we derive the asymptotic breakdown point of QSTAR’ in the case of no 

replication. 

Theorem 3.3.2 For each 0 < a < 1 the estimator QSTAR* has asymptotic explosion 

breakdown point 

et (QSTAR“) =1-3/a 

and asymptotic implosion breakdown point 

e (QSTAR“) = 2 2 cos(0) +293 sin(0) 
3 3 3 

where 

8= dcosta _ 270.) 
3 16 

38



The maximal breakdown point of QSTAR* is obtained by using a=0.2361 which results 

in e(QSTAR“®) = 0382. 

Proof: The proof is similar to the proof of Theorem 2 of Rousseeuw and Hubert (1996). 

We first find the explosion breakdown point of QSTAR” as a function of a. 

Let q be the number of contaminated points. Of the (n — 23) total residuals or 

simple estimates (SE’s), we now determine the number of these that are bounded as well 

as the number that can become unbounded by contaminating q points. First, all (n-2) 

SE’s associated with a line formed by two contaminated points can become unbounded 

since the line can be moved anywhere in the plane. There are (3) possible lines formed 

by contaminated points and therefore (n — 23) unbounded SE’s. Next, we note that all 

(n-2) SE’s associated with a line formed by one contaminated point and one 

uncontaminated point can become unbounded. There are q(n-q) such lines and therefore 

(n-2)q(n-q) unbounded SE’s. Finally we note that, of all SE’s associated with a line 

formed by a pair of uncontaminated points, only the ones formed by a contaminated point 

to this line can become unbounded. There are (" 34) lines that can be formed by pairs 

of good points and therefore q (" 3) unbounded SE’s. 

To summarize the preceeding paragraph, we have argued that contamination of q 

points results in 

(n- 23 +(n—2)q(n —q) +a(" 2 4) 

unbounded SE’s. The number of bounded SE’s remaining is 
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(n-q-2) (" ; 4) 

To check this one can show that 

o-a(Q)r0-aa-are(ts8)sn-0-2(038)-0-2(8) 
Now QSTAR’ does not explode if and only if the number of remaining bounded 

SE’s is at least as big as an - 2(3)] where [a] is the greatest integer part of a. If the 

number of bounded SE’s remaining equals cx -2)]-1 QSTAR’® explodes. Of 

course it is also true that if the number of bounded SE’s is less than an — 2(3)] -l, 

QSTAR* explodes. It follows that QSTAR* explodes if and only if 

(n- 23) -~(n-q- 2" 24) >(n- 23] - xn - 2(3)| +1 

an(n-1)(n-2) - (n-q)(n-q-1)(n-q-2) -2 = 0. 

1.€. 

Now letting e=q/n, dividing by n°, and taking the limit as n goes to infinity we obtain 

a-(1-e)>0 

1.€. 

e? - 367 + 36+ (1-a) >0. 

The smallest positive solution to this corresponds to e(QSTAR™) = 1- Ho. 
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We now find the asymptotic implosion breakdown point of QSTAR’ as a function 

of a. Again we let q be the number of contaminated points and we consider placement of 

these q contaminated points in such a way as to create the maximum number of SE’s 

equal to zero, henceforth referred to as zeroes. This is accomplished by setting the q 

points equal to each other and in fact making them equal to an uncontaminated point so 

that we have (q+1) points with the same value. We next determine the number of zeroes 

created by contaminating q points. 

First consider a ‘line’ formed by two of the (q+1) equal points. By the way the 

SE’s are defined, there are (q-1) zeroes for a total of (q —- v(3 5 ' zeroes. Next, consider 

a line formed by one of the (q+1) equal points and an uncontaminated point. Associated 

with this line are q zeroes for a total of q(q+1)(n-(q+1)) zeroes. Finally, since the data are 

assumed to be in general position, there are no zeroes associated with a line formed by 

two uncontaminated points. Therefore, by contaminating q points we can create a total of 

@-0(93") +a +040 

Zeroes. 

Now QSTAR* will implode, i.e. equal zero, if the number of zeroes is greater than 

or equal to an — (3) , 1.e. 

(q- u(3 3 ' +q(q+D(n-q-12 an - 2(3)] 

which implies 

(q +1)q(q —1)+ 2q(q +1)(n—-q—-1)—a(n—-2)(n—1)n 20. 
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Multipling both sides of this by 2, dividing by n°, letting e=q/n, and taking the limit as n 

goes to infinity we obtain 

e+ 2e7(1-£)-a 20. 

We now need to find the smallest € that makes this an inequality, i.e. the roots of the 

equation 

-¢ + 2¢7- a =0. 

Soving for the roots of this cubic equation, using a method similar to that used by 

Rousseeuw and Hubert (1996) we obtain 

¢ (QSTAR®)= ; _ =cos(8) + 8 sin(@) 

where 9 = dos — 270.) . 
3 16 

Finally, we find the value of a that maximizes 

¢(QSTAR“) = max{e~ (QSTAR®), e* (QSTAR® )} 

= max (= - = c0s(8) + 295 sin), 1- fq} 

where 8 is defined as above. To do this, we find the value of 0 that makes ¢ = €": 

1-3/0 = 2-2 os(0) + 28 since, 
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Solving for a we obtain 

a = 0.2361. 

We conclude that e(QSTAR’) reaches its maximal value at a = 0.2361 and for this a 

€(QSTAR’) = 0.382. ° 

In Figure 3.1 we plot the breakdown points of both Q° and QSTAR® as functions of «. 

We see that QSTAR’ can be more robust than Ober in terms of the breakdown point . 

This will hold for @ < 0.278. For a 2 0.278 the two estimators have the same breakdown 

point. We also note that for each of these estimators, if one desires a breakdown point 

equal to a certain value, it is possible to adjust @ to obtain the desired breakdown, say €*. 

For QSTAR‘ this can be done by setting either 1— 3/a =e* or /a =e* and solving for 

a. This is a nice feature since in some situations an estimator with lower breakdown point 

might be desirable because the resulting estimator likely has better efficiency properties. 

Also, it can be shown that by assuming that the x’s are fixed rather than random variables 

so that contamination is restricted to the y’s rather than both the x’s and y’s, both Qn 

and QSTAR* achieve asymptotic breakdown points of 0.50 for some a, the highest 

attainable value. This means that in a designed regression experiment these estimators 

can be extremely robust. 
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We now give the breakdown point of R as determined by Rousseeuw and 

Hubert (1996). 

Theorem 3.3.4. At any sample Z={z,, Z2, ..., Z,} in general position we have 

en (R,Z)=[(n-1)/2]/n and €,(R,Z)=[n/2]/n. 

Thus 

€,(R,Z) =[(n-1)/2]/n. 

Proof: See Rousseeuw and Hubert (1996). 

The estimator R* given by 2.2.9 is equally as robust as we see in the following 

theorem. 

Theorem 3.3.5. At any sample Z={2Z,, Z, ..., Z,} in general position we have 

En (R*,Z) =[(n-1)/2]/n and €,(R*,Z)=[n/2]/n. 

Thus 

€,(R*,Z) =[(n-1)/2]/n. 

Proof: See Appendix C 

We have seen that R, R*, and QSTAR&=0-382 are all very robust to outliers. In 

later sections, we compare these estimators based on other criteria in order to asess 

which, if any, is most desirable. 
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Section 3.4 Breakdown Points of Estimators: Two-Sample Model 

In this section we will give the breakdown points for Qo QSTAR®, QTS®, R, 

and R* in the two sample model. For the three estimators that depend on a, the 

breakdown points are functions of the proportion of observations in each sample, n,/n and 

n/n. We will find the asymptotic breakdown points of these three estimators as a 

function of A where A is the limit as n; and n» go to infinity of the ratio nj/n where n; is 

the sample size from the i” population, i=1,2, and n =n, + n,. The derivations of these 

breakdown points are fairly involved so only those proofs for QSTAR* and QTS?* will be 

given here. The derivations of the breakdown points of Qa and R* are given in 

Appendix E and Appendix F respectively. We do not derive the breakdown point of R for 

the two sample model but we give an example to show that it is not a good estimator in 

this case because it has a finite sample breakdown point of zero when the majority of the 

data are in one sample. At the end of this section we prove a theorem that gives the 

maximum breakdown point of a scale estimator in the two-sample model. 

Before we give breakdown points, we state without proof a lemma that will be 

useful in derivations. The lemma can easily be proved using basic algebra and calculus. 

Lemma 3.4.1. In the two-sample model with n,2>n, , the fastest way to implode the scale 

estimators described in Chapter 2 is to move points at x, until all are equal and then move 

points at x,. The fastest way to cause explosion of these estimators is to move (n, -n,) 

points at x, then alternate moving points at x, and Xp. 

We first derive the breakdown point of QSTAR” as function of both o and A. 
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Theorem 3.4.2 In the two-sample model for which yj#y;,, i=1,2, j#j’, and nj2no, 

  

  

  

= O<asr2 +2202(1-2) 

e (QSTAR*) = 
4 4nd 942 1 NAR 4h? —3A* +2A04+0 2 4220-2) <aK<l 

2A+1 

and 

1-Ja 0<a<4(1—A)* 
e* (QSTAR®) = 

3 442 _ 

y— ja ek thee 411-2)? <a 
21-3 

whereA= lim n,/n. 
n)yz-o 

Proof: We first find the implosion breakdown point of QSTAR“ as a function of a. Let q 

be the number of contaminated points. Recall that the fastest way to cause implosion of 

QSTAR‘ is to first contaminate n,-1 points at x; before contaminating any at x2. Now 

suppose @ < A? + 2A7(1 - A). It is easy to show that to cause implosion in this case, one 

needs only to contaminate points at Xj. The number of zeroes created 

is (3 —2)+qn>(q—1). Thus QSTAR’ will implode if 

(3) ~2)+qno(q-N2> a - 4] 

1.€. 

q(q—1)(n-2)+2q(q—1)ny -a(n-2)(n-1)n20. 
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Dividing this expression by n° and taking the limit as n; and nz go to infinity we obtain 

e” + 2e7(1-A) -a 20. 

The implosion breakdown point is the smallest positive € that makes this an equality. 

Thus, solving for € we obtain 

a _ On 
e (QSTAR®)= J.   

Now if o > A” + 2A7(1 - A), one needs to move ponts both at x; and x» to cause 

implosion. In this case, the number of zeroes created by moving q points is 

("Jo —2)+nyng(n,—-1)+-n,(n, -q +2)(n, -q +1) + (3 ~ D + * a ~2). 

Therefore, QSTAR* will implode if this quantity is greater than aca - (3) , Le. 

n,(n, —1(n—2) + 2nyno (ny —1)+2ny (ny —G+2)(ny -Qt+)+ 

(q—n, +2)(q—n, +1)(n-2)-a(n—-2)(n-1)n 20. 

Dividing by n° and taking the limit as n; and nz go to infinity as before we obtain 

e°(20 + 1) - 2Ae(2A + 1) +407 - a 20. 

Solving the above equality for € we have 
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V4at — 423 322 + 22a +0 
~(QSTAR“) =A 
e(Q ) r 20A+1 
  

We now derive the explosion breakdown point of QSTAR*. Recall that the fastest 

way to explode QSTAR” i.e. create the largest number of unbounded SE’s, is to 

contaminate (n, - nz) points at x; and then alternate contaminating points at x; and x2. Let 

q, be the number of contaminated points at x;, qz the number of contaminated points at 

X2, and q = qi + qo. It is easy to show that if a < 4(1 - A)’, one needs to contaminate 

points both at x; and x2 to cause explosion. For a 2 4(1 - x), one only needs to 

contaminate points at xX), i.e. qi = q, q2 = 0. 

Suppose a < 4(1 - 4)*. Then the fastest way to cause explosion is to let 

seareta) =, —-Not+ qi 1 >| > 

and 

q2 -|S-O1=%
)) 

where [a ]is the smallest integer greater than or equal to a. In this case QSTAR® will 

explode if 

n-29(3 J-(™ 3" )-artnz —q2 (M2 - 42 -1I)—qo(ny — Gy (ny — Gy -—1)- 

(" 2) =o —q1)(n2 -q2)(n-q -22(0-2{3)-|aca-2{ 5) 4. 

Defining A and € as before, one can show that taking the limit of this expression yields 
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~e* 42e+0-120. 

Using the quadratic formula to find e* , we find that the smallest reasonable solution is 

e*(QSTAR“)=1-VJa. 

We finally find the explosion breakdown point for the case that a = 4(1 - r). 

Since one needs only to contaminate points at x; to cause explosion, the number of 

bounded SE’s remaining after contamination is 

("2 Je -2+("5 9m —2)+qn9(ny —1)+(n; —q)no(n—q—2). 

Thus, QSTAR* will explode if (n — 25) minus this quantity is greater than or equal to 

o-a()[oe-} 
Dividing by n°, defining A and ¢€ as before, and taking the limit of this expression yields 

e7(2A—3) + e(4A7 +64) +(a-1) 20. 

Using the quadratic formula to solve for €* we find that 

20? —-302 +1-0 
*(QSTAR“) =A- eters 2n—3 
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This completes the proof. e 

Using the results of Theorem 3.4.2 and algebra one can show that in order to find the a 

for which the breakdown point of QSTAR* is maximized for a given A, Qopt, SOlve the 

equation [2 =1-Ja for « if 0.5 < A < 0.7225 and for 0.7225 < ao < 1, 

] 
—-—._———.. To obtain the maximum breakdown point of QSTAR* for a given 

42? (20-3) 
Qopt = 

A, USE opt in either ¢*(QSTAR®?* ) or £7 (QSTAR** ) since these values are equal at 

Qopt- 

We now derive the breakdown point of QTS’ as a function of both @ and A. 

Theorem 3.4.3 In the two-sample model for which yjj#yj., i=1,2, j#j’, and nj2n2, 

a(n? + (1-A7)) O<a<sa7/(A7 +(1—-A)?) 

€ (QTS™) = 

heya +(1-ay2)-22 =a? 02 41-2)" Ss 
  

  

and 

1—f2a(a? +(1-2)7) O<as2(1-A)7 / (a2 +(1-A)”) 
e*(QTS™) = 

nora? +(1—a)2)-(1-ay2 ad -a)2 002 +(1-2)2) Sas 1 

where A= lim nj,/n. 
ny,ny7°0 

Proof: We first find the implosion breakdown point of QTS” as a function of a. Let q be 

the number of contaminated points. Recall that the fastest way to cause implosion of 
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QTS* is to first move nj-1 points at x; before moving any at x2. Now suppose 

a<r2/ (2 +(1- r)*). It is easy to show that in this case, to cause implosion one only 

needs to move points at x;. The number of zeroes created is (' 5 ') Thus QTS* will 

Os )e[a((2)+(2)]] 

q(q+1) - an;(m - 1) - One(n2 - 1) = 0. 

implode if 

1.€. 

Dividing this expression by n’ and taking lim we obtain 
n,,.g70 

e*- aA” - a(1- A)? >0. 

The implosion breakdown point is the smallest positive ¢ that makes this an equality. 

Thus, solving for € we obtain 

€~(OTS®) = Va(A* +(1—-2)*) . 

Now if o2>A7/ 02 +(1- )*) , one needs to move points at both x; and x, to 

cause implosion. In this case, the number of zeroes created by moving q points is 

ny q—-(n,;-1)+1 

2 
Thus QTS* will implode if 
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1.e. 

n(n, - 1) + (g - ny + 2)(q - ny + 1)-an;(n; - 1) - Ana(n2 - 1) > 0. 

Dividing by n’ and taking the limit as n, and nz go to infinity as before we obtain 

? - 2ed + (247 - (A? + (1 -A)*) 20. 

Solving the above equality for € we have 

  

e~(QTS") =2+Ya(r2 +(1—2)*)- 22. 

We now find the explosion breakdown point of QTS*. Recall that the fastest way 

to explode QTS’, i.e. create the largest number of unbounded SE’s, is to contaminate (nj - 

N2) points at x; and then alternate moving points at x; and X2. Let q; be the number of 

points contaminated at X;, q2 be the number of points contaminated at x2, and q = qi + qp. 

It is easy to show that if a < 2(1- a)? / (a2 +(1- r)7) , one needs to contaminate points 

both at x; and x2 to cause explosion. For o > 2(1-— r)* / (a2 +(1- n)*) , one only needs 

to contaminate points at x, i.e. qi=q, q2=0. 

Suppose a < 2(1— r)? / 2 +(1- r)*) . Then the fastest way to cause explosion 

of QTS* is to let 

2 tate) =Ny-Not+ qj 1 2+| 7 

and 
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_|q-(m,-ny) qq = [Gr] 

where [a] is the smallest integer greater than or equal to a. In this case, QTS” will 

explode if 

Defining A and € as before one can show that taking the limit of this expression yields 

€7/2 -€ +0(1 - A) - OA? + 1/2 20. 

Using the quadratic formula to find e*, we find that the smallest reasonable solution is 

et (QTS®) =1-20(22 +(1-2)2). 

We finally find the explosion breakdown point for the case _ that 

a> 21- rn)? / 2 +(1- n)*) . Since one needs only to contaminate points at x; to cause 

implosion, the number of bounded residuals remaining after contamination is 

a }+(2)} 
Thus QTS* will explode if 
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Defining 4 and € as before, taking the limit of this expression yields 

~e7 + Qe - (A7 + (1 -A)? +047 + (1 - A)? = 0. 

Using the quadratic formula to solve for €+ we find that 

  

et (QTS%) = A+ Jar? +(1—2)2) -(1-A)?. 

This completes the proof. e 

One can use Theorem 3.4.3 to show that for > < 1/2 , the value of a that 

maximizes the asymptotic breakdown point of QTS", Opt, is Oop=(3-2 V2 WA? + (1-A)). 

For A > 1/V2, Oope=((2A-1)?4+407(1-A)°)/(407(A74(1-A)*)). To obtain the maximum 

breakdown point of QTS* for a given A use Opt in either e* (QTS° Ft yore ( QTS* rt ) 

since these values are equal at Oop. To give the reader an idea of how to obtain Qopt for a 

particular A for all of the estimators that depend on a, the derivation of Oo for QTS* is 

given in Appendix D. 

Next, we give the breakdown point of Qa in the two sample model. The proof 

may be found in Appendix E. 

Theorem 3.4.4 In the two-sample model with n,2>n, and y,#y, for i=1,2 and all j#k 
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0 O0<as22+(1-A)? 
  

3(1-A) 

a Nest V34(A-1)2 -14+0 1-3A(A-1)7a<1 

1 O<asar4+(1-A)? 

e*(Q%)) =41-V4/3ya—23 -(1-A)? +U-A)? sas? +(1—-A)? +3012)" 

r-V1/3J1/-A)ya-w--Aay> 2341-2)? 4+301—A)* Sas] 

3 3 

ee ae 41-2)? <a s<1-3M(A-1)7, 

  
and 

Proof: See Appendix E. 

Note that it can be shown that to find Oop for given A, for A<0.75, 

24 12/0 —1)? — 782 +12722 —12023 +4824 

(42 -3)° 
  Qopt = 

1207 -15A+7 
— 

Also note that Qa has a breakdown point of 0, both asymptotic and finite 

and for A > 0.75, opt = 

sample, for 0 < a < A’+(1-A)’. This is due to the definition of the kernel h(z,,z;,z,) in the 

construction of the estimators. Figure 3.2 shows the breakdown points of QTS’, 

QSTAR’*, and Q%j versus a. In Table 3.1 we give the maximum breakdown points for 

these estimators for various choices of i. 
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Table 3.1 Oop, and maximum breakdown point for various choices of A 

  

  

  

  

  

  

  

  

  

    

Estimator rn Qopt E( opt) 

QTS 0.5 0.343 0.414 

QSTAR® 0.5 0.343 0.414 

Qs 0.5 0.507 0.414 

QTS* 0.75 0.278 0.417 

QSTAR® 0.75 0.296 0.444 

Q°, 0.75 0.625 0.5 

QTS i 0.25 0.5 

QSTAR® I 0.25 0.5 

1 - 0 a 
Qall       
  

57 

 



A
Z
-
O
V
U
 

Z
S
0
0
A
P
r
m
M
I
w
W
 

  ; 

0.4 es
 
S
n
 

0.3- 

0.27 

0.1- 

  

QTS 
QSTAR 

QALL 

  0.0° 

0.00 0.25 0.50 0.75 

ALPHA 

Figure 3.2 Breakdown points of estimators vs. a 

58 

1.00 

 



Next, let us discuss the breakdown points of the repeated median estimators R and 

R*. Both have breakdown points of [(n-1)/2]/n if the two samples are of the same size. 

The estimator R* maintains this high breakdown point no matter what the ratio of the two 

samples is as is shown in the following theorem. 

Theorem 3.4.5 Consider a sample Z={Z11,2Z12, ..-, Zint, Z21, Z225 ---» Zana} where nj2n2>0. 

Assuming that y:i#y1; for all i#) and y2;#y2; for all ij then 

e7(R*,Z)=[(n-1)/2]/n and e€7(R*,Z)=[n/2]/n. 

Hence, 

€,(R*,Z)=[(n—-1)/2]/n. 

Proof: See Appendix F. 

As for the estimator R in the two-sample model, consider the situation where n,=7 

and no>=4. One can show that R=O in this situation whatever the data are, i.e. R has a 

finite sample breakdown point of 0. This is because h(Z;,zj,Z,)=0 if xj=xj=Xx. In fact this 

is true whenever n,;>n2+2. This shows that R is not a useful estimator of scale in the two- 

sample model. 

We close this section by showing that R* attains the highest possible breakdown 

point for a scale estimator in the two-sample model. 

Theorem 3.4.6 In the two-sample model with n,2>n, in which all y-values in sample one 

are different and all y-values in sample two are different, the maximum breakdown point 

of a scale equivariant and regression invariant estimator is €,,,, =[(n—-1)/2]/M. 
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Proof: The proof of this theorem is similar to the proof of the maximum exact fit point 

of a regression estimator given in Coakley and Mili (1993). Suppose Gis a scale 

estimator in the two-sample model with €,,,, >[(n—1)/2]/m. Then replacing [(n-1)/2] 

points with arbitrary values will cause neither implosion nor explosion of the estimator. 

Consider a data set Z with 0< 8<6(Z)<M<ce. Perform a regression transformation 

on Z so that the minimum response y at each value x is 0. Call the transformed data Z*. 

By regression invariance, 6(Z*)=6(Z). Multiply [(n-1)/2] of the observations in Z* 

with y#0 by some constant d and call this sample Z**. Since Z** differs from Z* in only 

[(n-1)/2] places, there are constants 6’ and M’ such that 0< 8’ <6(Z**) <M’ <oo. 

Now multiply every observation in Z** by 1/d to create a new sample Z***. By scale 

equivariance, 6(Z***) = (1/d)6(Z**). Furthermore, Z*** differs from Z* by at most 

n-([{(n-1)/2]+2) points. (Note that n-({(n-1)/2]+2)S[(n-1)/2].) Therefore, there exist 

constants 5” and M” such that 0< 6” < G(Z***)M''< ©. We now have the following: 

(1) 0<8<6(Z*)<M<o@ 

(2) 0< 8’ $6(Z**) <M’ <@ 

(3) 0< 8” $< G(Z***) SM” <0 

(4) G(Z***) = (1/d)G(Z**) 

Since d is arbitrary, (3) and (4) produce a contradiction. Thus we conclude 

E max =[(n—1)/2]. ° 
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Chapter 4 

Finite Sample Performance Of Regression- 

Free Scale Estimators 

Section 4.1 Goals of Study 

In Section 1.4 we listed several desirable properties of scale estimators. Among 

these properties was the property of robustness that was studied in the last section. 

Additional properties that we desire are Fisher consistency and standardized variance 

efficiency. By Fisher consistency, we mean that the asymptotic value of the estimator, 

which is the estimator viewed as a functional evaluated at a probability distribution of 

interest, is equal to the scale parameter one is attempting to estimate. By standardized 

variance efficiency we mean that we want an estimator with high efficiency with respect 

to the most efficient estimator for a given error distribution, i.e. the estimator with the 

lowest standardized variance. For location estimators, a direct comparison of the 

asymptotic variances is used to determine efficiency if the estimator is unbiased. If one 

of the estimators is biased, then often the mean squared errors for the estimators are used. 

However, the standardized variance which we will discuss shortly, is used to compute 

efficiencies of scale estimators. In this section we describe a simulation study that we 

conducted in order to compare the performance of regression-free estimators to root MSE 

in the SLR model when the errors are Gaussian. 

It was pointed out in Section 1.1 that if t is a scale parameter then so is t’ = kt for 

any positive constant k. Suppose the scale parameter of interest is t and we have an 

estimator 7, such that E(t,)=kt. Now if 7, is scale equivariant then 

E,(t,,) = TE;(T,). Thus, T,/E,(7,) is unbiased for the scale parameter t. So in order 
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to obtain’ an unbiased estimator for t we can divide the estimator tT, by E,(7,), the 

expected value of 7, when the error has scale parameter 1. 

Now in practice the most commonly applied error distribution is the Gaussian. In 

our simulation study that we will discuss in Sections 4.2 and 4.3, we generated standard 

Gaussian errors in order to estimate the average value of the proposed scale estimators for 

this error distribution and the given sample size. This will allow us to estimate the factor 

that would make the given estimator unbiased for the given sample size and hopefully to 

obtain a good estimate of the consistency factor. 

We already mentioned that a direct comparison of asymptotic variances is not 

used to compute efficiencies of scale estimators. Rather, a measure called the 

standardized asymptotic variance is used. This was first proposed by Bickel and 

Lehmann (1976) and has been used by several authors since. If 7, is an estimator with 

asymptotic variance v’/n and expected value t then the standardized asymptotic variance 

is 

SV(4,) =Ve. 

Note that this is a unitless measure and is scale equivariant, i.e. SV(cT,) = IcISV(T,). 

Also note that 

, t t SV(i,,) = Var(LBtn = n-Var(—"), 
Cc Cc 

Using c = E,(7,), then, the standardized variance is simply the variance of the unbiased 

estimator. In the simulation studies we estimate the standardized variance for the 

estimators described in Section 2.2. 
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Section 4.2 Results for the SLR Model With No Replication 

In the simulation study described in this section, we looked at the regression-free 

scale estimators that were defined in Section 2.2 in the special case of model (1.2.2) with 

no replication of any x-value. Since each of those estimators is regression invariant, the 

data in the study were generated from an SLR model with B, = B, = 0. The errors were 

generated from a standard Gaussian distribution using a random number generator in 

SAS/ IML™ Release 6.03. Since each of the estimators is scale equivariant, the 

comparisons we present here hold for any normal distribution and the standardized 

variances should be similar. In this study, the x-values for the data were also standard 

normal and were generated independently from the y-values. 

In the results we present here, we generated B=1000 samples of bivariate data of 

size n=15. The estimators we calculated for each sample were R, R*, root MSE, 

Quy and QSTAR™ for a=0.05, 0.10, ..., 0.95, 1, and the value of a that maximizes the 

breakdown point for each estimator, O&,,. Of course root MSE is the usual estimator for 

normally distributed errors. Once each of the above estimators was calculated for each of 

the B=1000 samples, the average value of each estimator was obtained as well as the 

standard deviation, minimum and maximum values and standardized variances. 

Table 4.1 shows the results of the simulation forn=15. Note that the column of 

mean values here can be used to estimate the factor to make each of the estimators 

consistent for the standard deviation of a normal distribution. That estimate would be 

equal to 1/ % where 7 is the mean value for the estimator over the B = 1000 samples. 

Table 4.1.A gives the results for Q®,. The row labeled Q contains the results for Qn ; 

QMIN contains the results for the smallest heights of triangles, QMAX the results for the 

largest heights, QO5 the results for Qa 0.05 , and so on. Table 4.1.B contains the results 
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for QSTAR“, R, R*, and root MSE, which is denoted by s. The row labeled QSTAR 

contains the results for QSTAR® Ft . The row labeled QSTARO5 contains the results for 

QSTAR “= and so on. 

Consider the column of standardized variances labeled STDVAR. Not 

suprisingly, since MSE is known to be the optimal estimator of the error variance, root 

MSE achieved the lowest standardized variance among the estimators. Figure 4.1 shows 

graphs of both the breakdown points and standardized variances of Qo and QSTAR® 

for0<a<1. Note Q), and QSTAR™ each achieved approximately the same minimum 

standardized variance in the simulation. Qa achieved its minimum between « = 0.80 

and a = 0.90 while QSTAR® achieved its minimum between a = 0.65 and o = 0.75. 

Thus QSTAR™ has a higher breakdown point at its minimum standardized variance 

which is favorable for QSTAR™. Note that the minimum standardized variance 

achieved for both Q%&, and QSTAR® does not appear to be too far from that of root 

MSE. If we use the ratio of standardized variances of root MSE to another estimator to 

compute a measure of efficiency of that estimator, then Qa-0.85 has an estimated 

efficiency of 88.8% versus root MSE while QSTAR™~””° has an estimated efficiency of 

89.3%. Note that the breakdown point of QSTAR™”? is 0.112 while that of Q&F°® is 

0.053. We also note that the efficiency of QSTAR™?78 where the breakdown point is 

0.382 is about 50% while the estimated efficiency of Q% 0.278 , where the breakdown 

point is 0.347 is 57.7%. Finally we note that the estimated efficiency of the 50% 

breakdown point estimator R* is 60.9% while that of the 50% breakdown estimator R is 

52%. 

We also ran this simulation for a sample of size n=35 and achieved very similar 

results. These results are presented in the Table 4.2 and Figure 4.2. In addition, we ran



simulations using different distributions for the x-values including a bimodal distribution, 

a Cauchy distribution, and an exponential distribution. The results were similar to those 

already presented and are not given here. 

TABLE 4.].A Simulation results for Qo), , n=15 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

ESTIMATOR|_ MIN MAX | MEAN STD |STDVAR 

Q 0.140518] 0.991715} 0.483765] 0.125953} 1.016802 

QMIN 1.17E-06} 0.0297] 0.003963] 0.004149; 16.43863 

Q05 0.019043} 0.21859} 0.087934) 0.031441} 1.917594 

Q10 0.032805} 0.353744] 0.175856] 0.054346] 1.432568 

Qi5 0.05962} 0.520885] 0.262818} 0.075782] 1.247128 

Q20 0.088764] 0.724359] 0.349615] 0.096224] 1.136261 

Q25 0.118321] 0.90473) 0.433815] 0.115309} 1.059761 

Q30 0.155804] 1.057319] 0.522846] 0.133884] 0.983567 

Q35 0.191081} 1.153201] 0.614354] 0.151903] 0.917034 

Q40 0.222718} 1.304321} 0.708795] 0.170026] 0.863136 

Q45 0.259177} 1.449592} 0.802055] 0.187788] 0.822276 

Q50 0.297005} 1.601981} 0.903877} 0.207697] 0.792013 

Q55 0.328269] 1.731184] 1.009565} 0.228342] 0.767352 

Q60 0.373147} 1.871114} 1.121218] 0.25049) 0.748672 

Q65 0.419611} 2.060494 1.2353] 0.271811] 0.72624 

Q70 0.449147) 2.304285} 1.36377} 0.294058) 0.697387 

Q75 0.509342] 2.639312} 1.508142] 0.321616] 0.682155 

Q380 0.590254) 2.864698) 1.671004) 0.353577} 0.67159 

Q85 0.711965} 3.327845} 1.854005] 0.389101] 0.660684 

Q90 0.760744) 3.860197] 2.099638] 0.446347) 0.677871 

Q95 0.896554} 4.64777] 2.441368] 0.524976] 0.693592 

QMAX 1.388563} 6.42522) 3.211647) 0.711205] 0.735572 
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TABLE 4.1.B Simulation results for QSTAR’, R, R*, and root MSE, n=15 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    
  

  

  

  

  

  

  

  

  

                  

  

            

ESTIMATOR| MIN MAX | MEAN STD  |STDVAR 
QSTAR 0.073014] 0.657852] 0.328593] 0.091956] 1.174722 
QSTARMIN 1.17E-06} 0.0297} 0.003963] 0.004149} 16.43863 

QSTAROS5 0.03011 0.3209| 0.135522} 0.045002] 1.653962 
QSTAR10 0.05686} 0.545624) 0.264594} 0.077117} 1.274173 
QSTARI5 0.097724| 0.788217} 0.393018] 0.107041} 1.112668 

QSTAR20 0.147003} 1.07959} 0.524516| 0.136387| 1.014189 

QSTAR25 0.203539] 1.284102] 0.658471] 0.163502] 0.924837 
QSTAR30 0.255913} 1.509831} 0.796065] 0.190677) 0.860574 

QSTAR35 0.307866} 1.709256} 0.939747] 0.218762) 0.812851 
QSTAR40 0.379155} 1.896118] 1.09158] 0.248078) 0.774744 
QSTAR45 0.434323) 2.220867] 1.251358] 0.278346] 0.742159 
QSTARSO 0.496187] 2.480073} 1.423809} 0.310919} 0.715288 

QSTARS55 0.579032] 2.745355] 1.612282] 0.346763] 0.693865 

QSTAR60 0.690093} 2.955196] 1.826969] 0.388257| 0.677436 

QSTAR65 0.769028| 3.390123) 2.071424} 0.435002| 0.661509 
QSTAR70 0.861721} 4.035479] 2.370473) 0.496204) 0.657267 
QSTAR75 1.020728) 4.890261} 2.763911| 0.581336] 0.663585 
QSTAR80 1.266851} 6.469078] 3.353743] 0.726324] 0.703546 

QSTAR85 1.544521} 10.32411} 4.37797) 1.031155} 0.832134 

QSTAR90 2.299296} 16.99953] 6.510659} 1.780618] 1.121975 
QSTARYS5 3.909736] 69.06025| 13.29223| 5.72292} 2.78055 
QSTARMAX | 22.02651; 668992.8} 1786.567} 22100.49} 2295.391 

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 
R 0.225007| 1.54112] 0.773909] 0.212255] 1.128303 

RSTAR 0.384843} 2.705718] 1.19402] 0.302523] 0.962906 

ESTIMATOR MIN MAX) MEAN STD| STDVAR 
S 0.40083] 1.613618] 0.992056] 0.196192) 0.586652     
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TABLE 4.2.A Simulation results for Qi ,n=35 

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 
Q 0.232232] 0.709106] 0.467535} 0.07184] 0.826366 
QMIN 1.71E-08} 0.001807} 0.000249} 0.000252} 35.82606 
Q05 0.033344| 0.139253) 0.083364) 0.01514| 1.154349 

Q10 0.080893} 0.269646} 0.16622} 0.028109) 1.000899 

Q15 0.121795| 0.395487| 0.249572} 0.04057} 0.924873 
Q20 0.164159} 0.522357] 0.333971] 0.053189} 0.887764 

Q25 0.207334] 0.639829] 0.419267} 0.065205} 0.846552 
Q30 0.253982! 0.760024! 0.505612} 0.077315] 0.81838 

Q35 0.304664) 0.894778] 0.59391} 0.089195) 0.789412 

Q40 0.360355] 1.012855] 0.685389] 0.101333] 0.765059 

Q45 0.407625) 1.150234| 0.779914) 0.113773] 0.744821 
Q50 0.459189| 1.294845| 0.87839) 0.126195| 0.722394 

Q55 0.502355| 1.418191] 0.981697} 0.138942] 0.701099 
Q60 0.562089} 1.560614) 1.09263) 0.152659} 0.683228 
Q65 0.620859! 1.715448] 1.211987] 0.167496] 0.668468 

Q70 0.690189] 1.898775] 1.342174] 0.182884] 0.649837 

Q75 0.763694) 2.110416} 1.486606) 0.200122) 0.634257 

Q80 0.870888] 2.376444) 1.668409) 0.221108} 0.61471 
Q85 0.973988; 2.58489] 1.853286] 0.242405| 0.598778 

Q90 1.137159} 2.955837] 2.108449] 0.273194| 0.587605 
Q95 1.417084| 4.217864} 2.494842 0.3281] 0.605333 

QMAX 2.177259} 7.369383) 3.986847] 0.618853] 0.843304               
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TABLE 4.2.B Simulation results for QSTAR’, R, R*, and root MSE, n=35 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                  

  

  

            

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 
QSTAR 0.154071] 0.487375} 0.312239} 0.050202) 0.904776 

QSTARMIN 1.71E-08| 0.001807} 0.000249} 0.000252} 35.82606 

QSTARO5 0.053748) 0.204355} 0.124938] 0.021889) 1.074353 
QSTARIO 0.122758} 0.395991} 0.249584) 0.040925) 0.941053 
QSTARIS5 0.18311} 0.582647} 0.37551, 0.05934] 0.874029 
QSTAR20 0.249797| 0.758512} 0.503093] 0.077463] 0.829781 
QSTAR25 0.32313] 0.946832} 0.633404] 0.095469) 0.795117 

QSTAR30 0.398174 1.1288] 0.76847] 0.113437| 0.762653 
QSTAR35 0.473626] 1.331077} 0.908876] 0.131878} 0.736891 
QSTAR40 0.543255} 1.535278] 1.057223} 0.15127} 0.716538 

QSTAR45 0.623769} 1.748757) 1.216158} 0.171453] 0.695629 
QSTARSO 0.715679} 1.971201} 1.388362} 0.192744) 0.674569 

QSTARS55 0.819942] 2.252308] 1.577582} 0.216453} 0.658888 

QSTAR60 0.948151] 2.563485} 1.791754} 0.24203} 0.638628 
QSTAR65 1.090801} 2.889224) 2.04136] 0.272033} 0.621542 
QSTAR70 1.27457) 3.337867) 2.343611} 0.308734) 0.607386 
QSTAR75 1.537419] 3.890081} 2.73909} 0.358614) 0.599942 

QSTAR80 1.900169] 4.685135) 3.314141} 0.435697) 0.604917 
QSTAR85 2.362191} 6.238002) 4.295482] 0.579652] 0.637351 

QSTAR95 3.552222| 9.587304} 6.338757] 0.920625) 0.738287 
QSTAR9IS 6.776339} 22.84659| 12.64436| 2.230252) 1.088886 

QSTARMAX | 123.2773] 3200526) 11342.65| 111554] 3385.393 

ESTIMATOR; MIN MAX | MEAN STD _ |STDVAR 
R 0.36712} 1.165464) 0.767129} 0.126853} 0.957041 

RSTAR 0.568162} 1.906577| 1.118952} 0.184098) 0.947416 

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 
S 0.577134| 1.358973] 0.995591] 0.121749} 0.523405     
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Section 4.3 Results for the Two-Sample Model 

In this section we present the results of a simulation study of the regression-free 

scale estimators described in Section 2.2 in the special case of model (1.2.2) where there 

are only two values of the regressor x that appear in the data. In this study we generated 

standard normal values for y independently at x,=1 and x,=2. The goal here was to 

estimate the standardized variances for each of the estimators when the errors are from a 

Gaussian distribution. 

In the first study presented, we generated two random samples of size 7 at x, and 

X, for a total sample of size n=14. We generated B=1000 samples and calculated the 

following estimators for each sample: R, R*, root MSE (which is equivalent to the pooled 

sample standard deviation in this setting), Qa QSTAR®, and QTS® for a = 0.05, 

0.10, ..., 0.95, 1, and a, where O,,. is the value of « that maximized the breakdown point 

of each estimator. As before, we calculated the minimum and maximum values, mean, 

standard deviation, and standardized variances. The results are given in Table 4.3.A - 

4.3.C and plots of the breakdown points and standardized variances versus o. for Qa 

QSTAR’, and QTS* are given in Figure 4.3. Note that R and R* gave the same results. 

The reason for this is that the two estimators are equivalent if the two sample sizes are 

equal. Also note that Qa takes the value 0 for a = 0, 0.05, 0.10, and 0.15. This is due 

to the way this estimator is defined. 

Next we wanted to see if increasing the sample sizes would affect the results. To 

this end we repeated the experiment, this time generating two samples of size 17. We 

obtained similar results which are shown in Tables 4.4.A - 4.4.C and Figure 4.4. 

Finally, we looked at several situations where the two samples were of different 

sizes and of various proportions. We found that the performance of the regression 

estimators changed little both with respect to each other and root MSE. For this reason, 

we do not give those results here. 
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Table 4.3.A Two sample simulation results for Qn no} =n=7 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

      

ESTIMATOR|_ MIN MAX | MEAN STD |STDVAR 

Q 0.028968} 0.566813) 0.212245] 0.091024) 2.574935 

QMIN 0 0 0 O}. 

Q05 0 0 0 O}. 

Q10 0 0 0 0}. 

Q15 0 0 0 QO}. 

Q20 5.09E-05| 0.316713} 0.040446] 0.038957) 12.98841 

Q25 0.004894) 0.388064) 0.125255) 0.067928} 4.11756 

Q30 0.033707} 0.660348} 0.257882] 0.101779} 2.180727 

Q35 0.090401} 0.893268] 0.389882; 0.13072) 1.573793 

Q40 0.1066] 0.971426] 0.480622) 0.149107} 1.347468 

Q45 0.14288} 1.168227] 0.620913} 0.170306} 1.053234 

Q50 0.186771] 1.485209} 0.713669} 0.18951} 0.987181 

Q55 0.220068] 1.636926] 0.862399] 0.216888] 0.885485 

Q60 0.292589] 1.933185] 1.013701] 0.245781} 0.823006 

Q65 0.361022) 2.034214} 1.126199| 0.264504) 0.772257 

Q70 0.448798} 2.368166] 1.299415] 0.301602] 0.754224 

Q75 0.512657] 2.467592} 1.427054} 0.32779] 0.738648 

Q30 0.588103] 2.875321] 1.637661} 0.370714) 0.717395 

Q85 0.745147| 3.089111} 1.895092} 0.419419} 0.685748 

Q90 0.941316) 3.424436) 2.120018} 0.461551} 0.663572 

Q95 1.24172} 4.519462} 2.584452} 0.57011] 0.681252 

QMAX 1.299381} 5.949914} 3.18345) 0.755986) 0.789514           
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Table 4.3.B Two sample simulation results for QSTAR’, n; = nz =7 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

ESTIMATOR|_ MIN MAX MEAN STD |STDVAR 

QSTAR 0.165974| 1.444709} 0.666392) 0.179027} 1.010433 

QSTARMIN 5.09E-05} 0.316713} 0.040446) 0.038957) 12.98841 

QSTAROS 0.004894} 0.388064) 0.125255] 0.067928} 4.11756 

QSTAR10 0.028968] 0.566813] 0.212245} 0.091024] 2.574935 

QSTARI5 0.045444] 0.733106} 0.304305; 0.11322] 1.937995 

QSTAR20 0.090401; 0.893268) 0.389882} 0.13072] 1.573793 

QSTAR25 0.1066} 0.971426] 0.480622) 0.149107| 1.347468 

QSTAR30 0.120179} 1.151257| 0.574164) 0.164167] 1.144533 

QSTAR35 0.165974] 1.444709} 0.666392; 0.179027] 1.010433 

QSTAR40 0.210947) 1.497725] 0.761491] 0.19709) 0.937843 

QSTAR45 0.220068] 1.636926] 0.862399) 0.216888] 0.885485 

QSTARSO 0.260169} 1.703836) 0.965055} 0.234424] 0.826091 

QSTAR55 0.361022} 2.034214) 1.126199} 0.264504) 0.772257 

QSTAR60 0.422129} 2.363497| 1.239034| 0.291892! 0.776974 

QSTAR65 0.510731] 2.427145] 1.359535] 0.313194] 0.742974 

QSTAR70 0.514705} 2.557749} 1.493263) 0.339955} 0.725603 

QSTAR75 0.588103] 2.875321] 1.637661] 0.370714! 0.717395 

QSTAR80 0.7308] 3.004448] 1.800667] 0.397367] 0.681781 

QSTAR85 0.774918] 3.258398) 1.99501] 0.438604] 0.67668 

QSTAR9IO 1.009254] 3.749104) 2.246673} 0.48561; 0.65407 

QSTAR9Y5 1.24172| 4.519462) 2.584452| 0.57011} 0.681252 

QSTARMAX | 1.299381} 5.949914} 3.18345) 0.755986} 0.789514       
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Table 4.3.C Two sample simulation results for QTS*, R, R*, and root MSE n, = nz = 7 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR]! MIN MAX | MEAN STD |STDVAR 

QTS 0.14288) 1.168227} 0.620913) 0.170306} 1.053234 

QTSMIN 5.09E-05} 0.316713} 0.040446} 0.038957] 12.98841 

QTS05 0.000835} 0.35112} 0.082895] 0.055228} 6.214288 

QTS10 0.015683] 0.473862| 0.168884] 0.08092] 3.214155 

QTS15 0.033707] 0.660348} 0.257882] 0.101779] 2.180727 

QTS20 0.062676) 0.759936) 0.347073] 0.121843] 1.72539 

QTS25 0.091086] 0.965448) 0.433799} 0.138087} 1.418594 

QTS30 0.107285] 1.007934) 0.526029] 0.155427} 1.222262 

QTS35 0.14288] 1.168227) 0.620913] 0.170306} 1.053234 

QTS40 0.186771] 1.485209} 0.713669} 0.18951] 0.987181 

QTS45 0.218142} 1.603902} 0.812418} 0.208321} 0.920523 

QTS50 0.260169} 1.703836] 0.965055] 0.234424] 0.826091 

QTS55 0.327934| 1.937854] 1.069876] 0.255653} 0.799396 

QTS60 0.372245] 2.184909] 1.181248] 0.278352] 0.777384 

QTS65 0.448798] 2.368166) 1.299415} 0.301602) 0.754224 

QTS70 0.512657! 2.467592} 1.427054} 0.32779} 0.738648 

QTS75 0.525078} 2.865108 1.5657} 0.356052 0.724 

QTS80 0.653611] 2.953042] 1.721869] 0.38586} 0.703051 

QTS85 0.745147] 3.089111} 1.895092} 0.419419) 0.685748 

QTS90 0.941316] 3.424436) 2.120018} 0.461551} 0.663572 

QTS95 1.131313) 4.009342) 2.399291} 0.513907} 0.642291 

QTSMAX 1.299381) 5.949914; 3.18345] 0.755986] 0.789514 

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 

R 0.204317} 1.687665] 0.853543} 0.240791] 1.114188 

RSTAR 0.204317] 1.687665) 0.853543] 0.240791} 1.114188 

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 

S 0.44888) 1.576303} 0.979725] 0.201267] 0.590831             
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Figure 4.3 Breakdown points and estimated variances for two-sample model, nj=n2=7 
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Table 4.4.A Two sample simulation results for Qo), , ni = Nz = 17 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  
  

  

  

  

  

  

  

  

            

ESTIMATOR| MIN | MAX | MEAN | STD |STDVAR 
Q 0.397304] 1.003039] 0.686691] 0.099251] 0.710275 
QMIN 0 0 0 of. 
Q05 0 0 0 ol. 
Q10 0 0 0 of. 
Q15 0 0 0 ol. 
Q20 0 0 0 Oj. 
Q25 0.012065] 0.11699] 0.052956] 0.018057| 3.953157 
Q30 0.061705] 0.318328] 0.173856] 0.036457| 1.495053 
Q35 0.139203] 0.463211] 0.295547| 0.05235] 1.066738 
Q40 0.224075] 0.64998] 0.412433] 0.066668] 0.888391 
Q45 0.310175] 0.809204] 0.539512] 0.082511] 0.795253 
Q50 0.385511] 0.959017] 0.663771| 0.096729] 0.722033 
Q55 0.473309| 1.152774] 0.799693] 0.111496] 0.66092 
Q60 0.553172] 1.347239] 0.939434] 0.127699| 0.628236 
Q65 0.660357| 1.548795] 1.082909] 0.146963] 0.626201 
Q70 0.773087] 1.779924] 1.246659] 0.166944] 0.609712 
Q75 0.876094] 1.985649] 1.412755] 0.184563] 0.580278 
Q80 1.017538] 2.316143] 1.617514] 0.205158] 0.546964 
Q85 1.197228] 2.725555] 1.857998] 0.231583] 0.528203 
Q90 1.342899] 3.138172] 2.147122] 0.263706] 0.512866 
Q95 1.535217] 3.704397| 2.606209] 0.328384] 0.53979 
QMAX 2.2181] 6.781499] 4.007712] 0.663438] 0.931722 
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Table 4.4.B Two sample simulation results for QSTAR’, n; = nz = 17 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

            

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 

QSTAR 0.375752| 0.929597| 0.649089} 0.094724| 0.724085 

QSTARMIN 1.01E-05} 0.038247} 0.006621} 0.006503] 32.80046 

QSTARO5 0.033421] 0.176905} 0.093824} 0.025344} 2.480917 

QSTARI10O 0.070735} 0.332738| 0.187394) 0.037802} 1.383546 

QSTAR15 0.119466} 0.436147| 0.275657| 0.049959} 1.116786 

QSTAR20 0.191396} 0.557955} 0.37082} 0.061218] 0.926654 

QSTAR25 0.258363} 0.735199} 0.461006; 0.072959) 0.851584 

QSTAR30 0.323061] 0.840707} 0.561535} 0.084715| 0.773828 

QSTAR35 0.385511} 0.959017] 0.663771} 0.096729} 0.722033 

QSTAR40 0.445894) 1.085925} 0.762308) 0.107147] 0.671704 

QSTAR45 0.52859) 1.226779} 0.86912) 0.119652) 0.644407 

QSTARSO 0.58197} 1.385322) 0.972504} 0.131921) 0.625643 

QSTARS55 0.66662! 1.55111} 1.091501] 0.148308] 0.627709 

QSTAR60 0.760463} 1.709513] 1.219012] 0.162967| 0.607664 

QSTAR65 0.843142) 1.903255} 1.342688) 0.177131] 0.591721 

QSTAR70 0.915827] 2.112086} 1.487864} 0.192439] 0.568772 

QSTAR75 1.031315] 2.347605} 1.64172} 0.207731] 0.544355 

QSTAR80 1.171127} 2.713404} 1.828359} 0.227342) 0.525674 

QSTAR85 1.316104} 2.917696} 2.05171) 0.252226) 0.513837 

QSTAR90 1.408032} 3.38466} 2.321862] 0.290036] 0.53053 

QSTAR95 1.748933] 3.995387| 2.759804| 0.352166| 0.553626 

QSTARMAX 2.2181] 6.781499} 4.007712; 0.663438] 0.931722       
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Table 4.4.C Two sample simulation results for QTS*, R, R*, and root MSE n, = n2 = 17 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                  

  

  

          

ESTIMATOR| MIN MAX | MEAN STD |STDVAR 

QTS 0.375073] 0.929152} 0.641456] 0.093788] 0.726844 

QTSMIN 1.01E-05] 0.038247] 0.006621] 0.006503] 32.80046 

QTSO5 0.032263] 0.162754) 0.086957| 0.024313] 2.657974 

QTS10 0.067496] 0.331254] 0.180447] 0.036952] 1.425801 

QTS15 0.118871] 0.421372} 0.269281) 0.04883) 1.117973 

QTS20 0.190728} 0.554895] 0.363982] 0.060058] 0.925684 

QTS25 0.258363] 0.735199} 0.461006] 0.072959] 0.851584 

QTS30 0.317634] 0.826574] 0.554248] 0.083698] 0.775351 

QTS35 0.383521} 0.934426} 0.656419] 0.095654! 0.721977 

QTS40 0.440113] 1.070177| 0.754494] 0.106392] 0.676063 

QTS45 0.525258] 1.208243] 0.860788] 0.118555] 0.64495 

QTSS50 0.58197| 1.385322] 0.972504) 0.131921] 0.625643 

QTS55 0.660357] 1.548795] 1.082909] 0.146963] 0.626201 

QTS60 0.754906] 1.704159} 1.209602| 0.162134} 0.610861 

QTS65 0.83468] 1.888458] 1.332945] 0.176357] 0.595169 

QTS70 0.905678} 2.110331] 1.477293} 0.191343] 0.57039 

QTS75 1.031315| 2.347605| 1.64172] 0.207731] 0.544355 

QTS80 1.162443) 2.713292} 1.814129] 0.225099] 0.523467 

QTS85 1.312944; 2.862633} 2.034031! 0.250121; 0.51412 

QTS90 1.398315} 3.364963) 2.297419} 0.28555) 0.525248 

QTS9S 1.682738] 3.990955] 2.718475] 0.344904! 0.547299 

QTSMAX 2.2181] 6.781499] 4.007712} 0.663438} 0.931722 

ESTIMATOR|_ MIN MAX | MEAN STD |STDVAR 

R 0.451339} 1.25007] 0.858684} 0.139731] 0.900318 

RSTAR 0.451339] 1.25007] 0.858684] 0.139731] 0.900318 

ESTIMATOR| MIN MAX | MEAN STD  |STDVAR 

S 0.621185} 1.405328] 0.999632} 0.119861} 0.488822       
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Figure 4.4 Breakdown points and estimated variances for two-sample model, nj=n2=17 
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Chapter 5 

Regression-free Scale Estimators Used in 

Robust Regression 

Section 5.1 Introduction 

In earlier chapters we mentioned the univariate location-free scale estimators Q, 

and S, given by (2.1.2) and (2.1.3) respectively. Rousseeuw and Croux (1993) listed one 

of their potential uses to be starting values for the iterative computation of M-estimators 

of location. In this chapter we discuss one of the potential applications of regression-free 

scale estimators which is as initial scale estimators used for the iterative computation of 

robust regression parameter estimators. Some classes of robust regression estimators 

were briefly mentioned in Section 1.3. In Section 5.2 we discuss some of these in more 

detail, specifically the ones we looked at in a Monte Carlo study. In Section 5.3 we give 

the results of that Monte Carlo study in which we compared several regression estimators 

using various initial scale estimators. 

Section 5.2 Robust Regression Estimators 

Recall the classical linear regression model given by (1.2.1) 

yi = Bo + Bix te +t Bux + €), i= 1, 2, we D. 
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Under classical assumptions, the random error term ¢ follows a Gaussian distribution 

with mean 0 and variance o”. Denoting by b the vector of estimates (bo, bj, ..., by)’ of the 

regression parameters B = (Bo, Bi, ..., Bx)’, the least squares estimators of B are found by 

n 
. 2 min Y(y;—(bg +b) xj +++ + DEX)”. 

bo, by,...,b, j=l 

The least squares estimators are optimal under the classical assumptions in that they are 

unbiased and achieve minimum variance among all estimators when these assumptions 

hold. When classical assumptions are not satisfied, the effect on least squares estimators 

can be disastrous particularly if the data contain outlying observations in the x-space 

(leverage points), the y-space (outliers), or both the x-space and y-space (high influence 

points). This fact is well documented. Because of this, many researchers have been led 

to explore alternative regression estimators to least squares that are not so highly 

influenced by outlying observations. 

One of the earliest such proposals was due to Relles (1968) who extended the M- 

estimators of location of Huber (1964) to the regression setting. Huber noted that the 

least squares estimates minimize the objective function 

n 

X PCT) 
i=] 

where p(t) = t?. His idea was to replace p(1)= 17 with a different function of the 

residuals that does not place such high significance on large residuals. In general, p(t) 

should be a convex function that is symmetric about O and have a unique minimum at 0. 

In addition, if p(t) is differentiable, then finding the b for which the objective function is 

minimized amounts to solving the system of p = k + 1 nonlinear equations 
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n 
x W(t) xi = 0 
i=] 

where w(t) = p(t), xi is the (p x 1) vector containing the k regressor values for the i* 

observation that has been augmented to a 1, i.e. xj= (1 Xj: -- Xix)’, and 0 is a (p x 1) vector 

of zeroes. Now, in general, minimization of this objective function does not yield 

estimators that are equivariant to a change in the scale of the responses. Thus, it is 

necessary to rescale the residuals by an estimate of the scale, G, yielding the so called 

defining equations or estimating equations 

n 
Ww 1G)X; =. 

=I 
t 

This system of equations must be solved numerically using an iterative scheme, often 

iterated reweighted least squares (IRWLS). We refer the reader elsewhere for a 

discussion of IRWLS, for example Myers (1990), but we note that this procedure requires 

one to obtain an initial estimator of the regression line as well an estimate of scale and 

residuals. 

Obviously the properties of any particular M-estimator depend on the chosen w- 

function. Huber proposed the following function based on mini-max asymptotic variance 

arguments: 

—CH ift <-cy 
w(t)=<t if -Cy StScp. 

Cy ift>cy 
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The constant cy is called the tuning constant and using cy = 1.345 yields an estimator that 

has an efficiency of 95% versus least squares under Gaussian errors in the special case 

that p= 1. This same constant is typically used for p 2 2. 

A second y-function that is often used is the so called bisquare y-function 

0 ift<-cp 
w(t)={t(1-(t/cg)’)* if -cg <t<cp. 

0 ift>cp 

Using cg = 4.685 yields an estimator that has an efficiency of 95% versus least squares 

under normal errors in the special case that p = 1 and the same constant is typically used 

for p22. 

We have already mentioned that least squares estimators are highly influenced by 

outlying observations in the data. We can quantify just how sensitive the estimators are 

using the breakdown point. We have given the definition of this term in the context of 

scale estimation in Chapter 3. We now give its definition in the context of regression 

parameter estimation as stated by Donoho and Huber (1983). 

Definition 5.2.1. Let Z be a sample of data points Z = {(X11,....X1K,Yo--) (Xnto--s 

Xnk>» Yn)}. Let T(Z) be a regression estimator so that T(Z) = b. Consider a second sample 

of points Z’ obtained by replacing m of the points in Z by arbitrary values. Denote by 

bias(m,T,Z) the maximum bias that can be caused by replacing m points in Z, i.e. 

bias(m,T,Z)=supllT(Z’)-— T(Z)Il. The finite sample breakdown point of T for a given 
7’ 

sample Z is defined to be 

e_(T,Z) = min{m /n:bias(m,T, Z) = ©}. 
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Thus we see that the breakdown point of a regression estimator T is the smallest fraction 

of contamination that can take the estimator beyond all bounds. 

It is easy to show that the breakdown point of the least squares estimator is 1/n or 

asymptotically 0%. It turns out that, although M-estimators were designed as robust 

alternatives to least squares, they also have a breakdown point of 1/n. M-estimators are 

resistant to outlying y but are vulnerable to leverage points. 

Because of the M-estimators’ vulnerability to leverage points, another class of 

estimators has been proposed that attempt to bound the influence of outlying observations 

in the x-space. As a result, estimators in this class are often called bounded influence 

(BD estimators. Some refer to them as generalized M-estimators (GM) because of their 

similarity to M-estimators except for a more general scheme to weight observations 

according to their distance from the ‘center’ of x-values. One form of the BI-estimator 

estimating equations is the Schweppe form obtained by solving the system of equations 

n 

> w( xi) wy / w(xi) G )x; = 0 
i=l 

where w(x;) assigns a weight based on the distance of x; to the ‘center’ of x; values. Note 

that when w(x;) = 1 for all i, then the BI-estimator is just an M-estimator. The Huber and 

bisquare y-functions are also used with Bl-estimators. When the so called Welsh weights 

are used, w(xi)=./(1—hj,)/ hy . hi=x{(X’X)! x; , the tuning constants typically uses 

are Cy = 1.345* /2np /(n-2p) for the Huber w-function and cg = 4.685*./2np /(n-2p) for 

the bisquare w-function. 

It turns out that Bl-estimators have a breakdown point that is no better than 1/p. 

Obviously this implies that there is a lack of robustness for regression problems of high 

dimension. 
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Because neither M-estimators nor Bl-estimators have a high breakdown point, 

several researchers continued to search for estimators that are very resistant. As a result, 

several estimators with breakdown points of 50%, the highest attainable, have been 

proposed. Among these is a proposal by Rousseeuw (1984) called least median of 

squares estimators (LMS) and obtained by 

min med r. 
bosby be i 

Although the robustness of this estimator makes it appealing to some, it has a very low 

asymptotic efficiency. To improve upon this poor efficiency, Rousseeuw (1984) 

proposed the so called least trimmed squares (LTS) obtained by 

. no» 
mun ¥ Ti) 

bo,by,..,b, 1=1 

where 12) is the i smallest squared residual and h is an appropriately chosen constant. 

Using h = [n/2] + [(p+1)/2] yields an estimator with a breakdown point of 50%. 

Although the efficiency of this estimator is higher than that of LMS, it is still quite low. 

In an attempt to obtain an estimator with both a high breakdown point and 

relatively good efficiency, several proposals have been made that involve taking an 

estimate with a high breakdown point and making a one-step improvement by taking one 

step towards the solution of a Bl-estimator. The idea here is that the final estimate 

maintains the high breakdown property of the initial estimator and the efficiency of the 

Bl-estimator. The first example that we mention is a proposal of Simpson, Ruppert, and 

Carroll (1992) called M1S. They used LTS as the initial estimator, a weighting scheme 

in the BI-estimating equation due to Mallows (hence the ‘M’ in M1S), and Huber’s w- 

function. Another proposal due to Coakley and Hettmansperger (1993) called S1S also 
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uses LTS as the initial estimator and Huber’s y-function but uses a weighting scheme in 

the Bl-estimating equation due to Schweppe (hence the ‘S’ in S1S). This method can 

have a higher efficiency than the M1S method due to the different weight scheme. 

Now as previously mentioned, each of the regression estimators we have 

discussed that involve iteratively solving a system of equations requires an initial estimate 

of both the regression parameters and the error scale. Following the suggestion of 

Rousseeuw and Croux (1993) who indicated a potential use of S, and Q, to be initial 

scale estimators in M-estimators of location, we feel that a potential use of the regression- 

free scale estimators is as initial estimators in regression parameter estimators that require 

initial estimators. In Section 5.3 we discuss a simulation study where our goal was to 

look at various situations to determine if using regression-free scale estimators as initial 

estimators might sometimes result in an improvement of the performance of the 

regression parameter estimator. 

Section 5.3 Results of Simulation 

In the Monte Carlo study we will discuss in this section, we looked at several 

robust regression parameter estimators of the types described in Section 5.2 Specifically, 

there were eight estimators we examined including three M-estimators, three BI 

estimators, M1S, and S1S. We generated samples of regression data of size n=15 and 

calculated estimates of the intercept of the regression line, Bo, and the slope of the 

regression line, B;. Our goal was to determine if the choice of an initial scale estimate 

affects the performance of the regression parameter estimators. To this end, for each 

sample generated, we calculated each regression parameter estimator five times using the 

following five estimators for the initial estimate of scale: the median absolute deviation 

(MAD) of the residuals based on ordinary least squares (OLS) parameter estimates, 

QSTAR™ 3, Q&r0278 | R*, and R. We did this for each of 1,000 samples. Our 
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interest was in the mean squared error (MSE) of the regression parameter estimators. By 

generating samples from a bivariate regression model where Bo=B;=0 and Gaussian 

errors, we were able to obtain estimates of the MSE for each estimator since the 

parameter values were known. 

There were three situations that we looked at. In the first, we generated 15 x- 

values from a uniform distribution on the interval [-4,4] and kept these fixed throughout 

the simulation. The y-values were generated from the model y;=€; where €; was from a 

standard Gaussian distribution. In the second situation, the x-values were again fixed but 

we wanted to study the situation where there were outliers in the data. To accomplish 

this, 13 observations were from yj;=€; where € are standard Gaussian and two 

observations were from a Gaussian distribution with variance o’=100. (This is similar to 

the method used to generated outliers in Andrews, et. al. (1972) who called such 

distributions contemponent). The final situation we looked at was one where there were 

two high influence points. Here the largest two x-values were multiplied by 10 and their 

corresponding y-values were from a standard Gaussian distribution then multiplied by 10 

and the absolute value was taken. We will discuss the results of these three simulations 

in detail but we first will discuss the specific three M-estimators and three Bl-estimators 

that were used in our study. 

The first M-estimator we looked at, denoted M(1), used OLS as initial parameter 

estimates and a bisquare w-function. The scale estimator was iterated until the parameter 

estimates converged meaning the current scale estimate after the first iteration was the 

MAD based on the current regression parameter estimates. 

The second M-estimator, denoted M(2), used OLS to calculate the parameter 

estimates based on Huber’s w-function with the scale estimate iterated. The final 

estimates here were used as initial estimates in the bisquare w-function. The scale 

estimate here was also iterated until convergence of the parameter estimates was reached. 
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The third M-estimator, denoted M(3), used OLS as initial parameter estimates in 

the Huber w-function. The scale estimator was iterated until the parameter estimates 

converged. 

The first bounded influence estimator we looked at, denoted BI(1), used OLS as 

initial estimates to calculate parameter estimates based on Huber’s w-function. The scale 

estimate was iterated. The final estimates here were used as initial estimates in the 

bisquare w-function. In this second stage of the estimating procedure, the scale estimate 

was not updated. 

The second BI estimator, denoted BI(2), used OLS as initial estimates in the 

Huber w-function. The scale estimate was iterated. 

The third BI estimator, denoted BI(3), used OLS as initial estimates in the 

bisquare w-function. Of special note here is that the initial scale estimate was not 

updated and was used as the scale estimate throughout the iterations. 

The final two regression parameter estimators we looked at were S1S and M1S 

which were described in Section 5.2. Table 5.1 summarizes the M- and BI- estimators 

that we looked at in this simulation study. 

Table 5.1 Summary of robust estimators used in simulation study 
  

  

  

  

  

  

  

ITERATED? 

M(1) OLS Bisquare Yes 

M(2) Estimates based on Bisquare Yes 

Huber’s w-function 

where scale iterated 

M(3) OLS Huber Yes 

BI(1) Estimates based on Bisquare No 

Huber’s w-function 

where scale iterated 

BI(2) OLS Huber Yes 

BI(3) OLS Bisquare No             
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Tables 5.2.A-5.2.H, Tables 5.3.A-5.3.H, and Tables 5.4.A-5.4.H give the results 

of the simulations in the cases where y is standard normal (Table 5.2), there are two-wild 

y-values (Table 5.3), and there are two high influence points (Table 5.4). In each table 

the row labeled MADBO summarizes the results for the estimate of Bo for the particular 

regression estimator using the MAD based on OLS as the initial scale estimator. The row 

labeled MADB1 summarizes the results for the estimate of B; when MAD based on OLS 

is used as the initial scale estimate. Similarly, the rows labled QSBO and QSB1 give the 

results for the estimates of Bo and B,; when QSTAR™°*® is used as the initial scale 

estimate and so on. 
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Table 5.2.A Results for BI(1), x fixed, y normal 

  

  

  

  

  

  

  

  

  

  

              
  

  

  

  

  

  

  

  

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR! MIN MAX MEAN STD MSE 

MADBO -0.80186} 0.798827} -0.00428] 0.27193) 0.073964 

MADBI1 -0.28326| 0.315089] -0.00474| 0.10367} 0.01077 

QSBO -0.80229| 0.802866] -0.00432| 0.271891] 0.073944 

QSB1 -0.28326| 0.315123) -0.00469| 0.10363} 0.010761 

QBO -0.80195| 0.80221) -0.00423} 0.271722] 0.073851 

QB1 -0.28326| 0.314701| -0.00476| 0.103619! 0.01076 

RSBO -0.8031} 0.798802} -0.00431) 0.271702] 0.07384 

RSB1 -0.28326| 0.314768| -0.00469| 0.103649) 0.010765 

RBO -0.8017| 0.801091; -0.0042| 0.271799} 0.073893 
RB1 -0.28326| 0.314856) -0.00476| 0.103639} 0.010764 

Table 5.2.B Results for BI(2), x fixed, y normal 

ESTIMATOR| MIN MAX | MEAN STD MSE 
MADBO -0.79839| 0.810277| -0.00429| 0.271699} 0.073839 

MADB1 -0.28372| 0.316462) -0.00484| 0.103702] 0.010778 

QSBO -0.79839| 0.810277| -0.00443} 0.271662| 0.07382 

QSB1 -0.28373| 0.316462] -0.00475} 0.103638} 0.010763 

QBO -0.79839| 0.810277| -0.00421| 0.271455| 0.073706 

QB1 -0.28372| 0.316462} -0.00491| 0.103602) 0.010758 

RSBO -0.79839) 0.810277| -0.00434| 0.271247| 0.073594 

RSB1 -0.28372) 0.316462! -0.00473| 0.103653} 0.010766 

RBO -0.79839| 0.810277| -0.00408 0.2715| 0.073729 

RB1 -0.28373| 0.316462} -0.00487| 0.103653] 0.010768 

Table 5.2.C Results for BI(3), x fixed, y normal 

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -0.80186| 0.798827} -0.00443} 0.271859] 0.073927 

MADB1 -0.28325| 0.315089} -0.00481; 0.103869] 0.010812 

QSBO -0.80229! 0.802866) -0.00417| 0.271544! 0.073754 

QSB1 -0.28481| 0.315123] -0.00474] 0.103987) 0.010836 

QBO -0.80195; 0.80221) -0.00421] 0.271522) 0.073742 

QB1 -0.28494) 0.314701! -0.00473| 0.103854] 0.010808 

RSBO -0.8031| 0.798802; -0.0039| 0.271471| 0.073712 

RSB1 -0.28462] 0.314768} -0.00485| 0.103565} 0.010749 

RBO -0.8017| 0.801091} -0.00398] 0.271603) 0.073784 

RB1 -0.2848| 0.314856] -0.00481] 0.103859} 0.01081             
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Table 5.2.D Results for M(1), x fixed, y normal 

  

  

  

  

  

  

  

  

  

  

                  

  

  

  

  

  

  

  

  

  

  

                  

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR] MIN MAX | MEAN STD MSE 
MADBO0 -0.9539] 0.921852! 0.008906] 0.300482! 0.090369 
MADB1 -0.32208] 0.371826] -0.00569) 0.109368) 0.011994 

QSBO -0.95419| 0.921852] 0.008809) 0.300534! 0.090398 

QSB1 -0.32208) 0.371826} -0.00573| 0.109544! 0.012033 

QBO -0.95482) 0.921852] 0.008827} 0.300552) 0.09041 

QB1 -0.32208] 0.371826] -0.00573] 0.109534} 0.012031 
RSBO -0.95531} 0.921852] 0.008747} 0.300531] 0.090396 

RSB1 -0.32208| 0.371827| -0.00571{ 0.10953} 0.01203 

RBO -0.95495| 0.921852} 0.008584! 0.300153] 0.090166 

RB1 -0.32208| 0.371826| -0.00581! 0.109338] 0.011989 

Table 5.2.E Results for M(2), x fixed, y normal 

ESTIMATOR! MIN MAX | MEAN STD MSE 
MADBO -0.95506} 0.921852! 0.008754] 0.300208; 0.090201 

MADBI1 -0.32208| 0.371826; -0.00573| 0.109258} 0.01197 

QSBO -0.95506| 0.921852] 0.008732] 0.300243) 0.090222 

QSB1 -0.32208| 0.371826) -0.00573} 0.109286) 0.011976 

QBO -0.95506] 0.921852] 0.008733] 0.300245} 0.090223 

QB1 -0.32208} 0.371826} -0.00573| 0.109285] 0.011976 
RSBO -0.95506| 0.921852) 0.008735] 0.300245; 0.090223 

RSB1 -0.32208] 0.371826] -0.00573| 0.109284] 0.011976 

RBO -0.95506| 0.921852] 0.008737| 0.300241] 0.090221 

RB1 -0.32208] 0.371826) -0.00573] 0.109284] 0.011976 

Table 5.2.F Results for M(3), x fixed, y normal 

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -0.89221| 0.929956) 0.006001] 0.290704] 0.084545 

MADB1 -0.32024] 0.367051] -0.00532] 0.105276] 0.011111 

QSBO -0.89221|} 0.929955} 0.00619] 0.290669} 0.084527 

QSB1 -0.32024] 0.365099] -0.00525] 0.105382} 0.011133 

QBO -0.89221| 0.929955! 0.006162 0.2907| 0.084544 

QB1 -0.32024| 0.367051} -0.00528} 0.105347] 0.011126 

RSBO -0.89221| 0.929956} 0.006063] 0.290771] 0.084584 

RSB1 -0.32024) 0.367051} -0.00533) 0.105311] 0.011119 

RBO -0.89221; 0.929955} 0.005974| 0.290646! 0.084511 

RB1 -0.32024| 0.367051) -0.00527! 0.105361! 0.011129                 

91



Table 5.2.G Results for S1S, x fixed, y normal 

  

  

  

  

  

  

  

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR| MIN MAX | MEAN STD MSE 
MADBO -2.49247| 3.523481] 0.003131] 0.346727; 0.12023 

MADBI1 -1.55886| 1.073157}| 0.002111) 0.141591} 0.020053 

QSBO -2.70128| 3.110668} 0.001943} 0.360171) 0.129727 

QSB1 -1.34194| 1.147955} 0.001255} 0.143511] 0.020597 

QBO -2.40858} 2.961325} 0.002886] 0.35602] 0.126759 

QB1 -1.2427| 1.043106} 0.000943] 0.142739] 0.020375 

RSBO -2.38277| 2.504265] 0.003387] 0.349273) 0.122003 
RSB1 -1.07697| 1.033862} 0.000286} 0.140298] 0.019684 

RBO -2.83379| 3.16488} -0.00035| 0.358211] 0.128315 

RB1 -1.32565} 1.195425} 0.001649} 0.144292) 0.020823 

Table 5.2.H Results for M1S, x fixed, y normal 

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -2.49247| 3.523481] 0.003131] 0.346727| 0.12023 

MADB1 -1.55886| 1.073157} 0.002111} 0.141591] 0.020053 

QSBO -2.70128] 3.110668} 0.001943} 0.360171] 0.129727 

QSB1 -1.34194)| 1.147955] 0.001255] 0.143511}! 0.020597 

QBO -2.40858| 2.961325) 0.002886; 0.35602! 0.126759 

QB1 -1.2427| 1.043106) 0.000943] 0.142739] 0.020375 

RSBO -2.38277| 2.504265] 0.003387| 0.349273} 0.122003 

RSB1 -1.07697| 1.033862} 0.000286} 0.140298] 0.019684 

RBO -2.83379| 3.16488) -0.00035} 0.358211] 0.128315 

RB1 -1.32565; 1.195425] 0.001649) 0.144292} 0.020823                 
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Table 5.3.A Results for BI(1), x fixed, two-wild y 

  

  

  

  

  

  

  

  

  

  

    

ESTIMATOR|_ MIN MAX MEAN STD MSE 

MADBO -1.71079] 1.758016} -0.00369) 0.433571} 0.187997 

MADB1 -1.35296| 1.286474] 0.002621] 0.313796} 0.098475 

QSBO -1.70934| 1.756371] -0.00358) 0.430164] 0.185054 

QSB1 -1.34993| 1.286737| 0.002594! 0.309224! 0.095626 

QBO -1.70933} 1.75645} -0.00401| 0.429878} 0.184811 

QB1 -1.34967| 1.286738] 0.002303] 0.309154] 0.095582 

RSBO -1.70934} 1.756375] -0.00308} 0.430127} 0.185019 

RSB1 -1.34978| 1.286026} 0.003021) 0.309553) 0.095832 

RBO -1.70932| 1.75637| -0.00396| 0.430162} 0.185055 

RB1 -1.34968] 1.286744) 0.002303] 0.309088} 0.095541           

Table 5.3.B Results for BI(2), x fixed, two-wild y 

  

  

  

  

  

  

  

  

  

  

          

ESTIMATOR! MIN MAX MEAN STD MSE 

MADBO -1.73542] 1.726866] -0.0041| 0.450943] 0.203366 

MADB1 -1.36812] 1.260906] 0.002476) 0.337454] 0.113882 

QSBO -1.73527| 1.724369] -0.0044] 0.450464! 0.202937 

QSB1 -1.36466| 1.260649] 0.002117] 0.33645] 0.113203 

QBO -1.73527| 1.724427| -0.0044) 0.450624} 0.203082 

QB1 -1.36435| 1.26065) 0.002088) 0.336521) 0.113251 

RSBO -1.73527} 1.724374] -0.00423} 0.450115} 0.202621 

RSB1 -1.36448| 1.260481} 0.002289] 0.336256} 0.113073 

RBO -1.73527| _1.724367| -0.00438] 0.45058} 0.203041 

RB1 -1.36436} 1.260657] 0.002155] 0.33652} 0.11325     
  

Table 5.3.C Results for BI(3), x fixed, two-wild y 

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -1.90616] 1.900885} -0.01084| 0.515031] 0.265374 

MADB1 -1.61399} 1.420022} -0.0064| 0.411477| 0.169354 

QSBO -1.25939| 1.192381} 0.005044] 0.342921] 0.11762 

QSB1 -0.92842} 0.778132} 0.010441] 0.220524] 0.04874 

QBO -1.29247| 1.135921] 0.008154] 0.344173] 0.118522 

QB1 -0.92877| 0.696864| 0.013546] 0.218407] 0.047885 

RSBO -1.3421| 1.180732} 0.00569} 0.347089] 0.120503 

RSB1 -0.83934| 0.712489] 0.011342) 0.227038) 0.051675 

RBO -1.16431| 1.394958} 0.004822] 0.339226) 0.115097 

RB1 -0.72392} 0.680151} 0.010184] 0.211276} 0.044741               
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Table 5.3.D Results for M(1), x fixed, two-wild y 

  

  

  

  

  

  

  

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

            
  

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR} MIN MAX MEAN STD MSE 

MADBO -1.14348] 1.094115] 0.009951] 0.311008] 0.096825 

MADB1 -0.5052| 0.585838] 0.006723] 0.157318] 0.024794 

QSBO -1.14348} 1.094113} 0.008391} 0.310815} 0.096677 

QSB1 -0.47894) 0.58656) 0.006188] 0.155235) 0.024136 

QBO -1.14348; 1.09411] 0.008935] 0.310978] 0.096787 

QB1 -0.47743] 0.586366 0.0065) 0.155515] 0.024227 

RSBO -1.14348} 1.09411] 0.009223) 0.310143} 0.096274 

RSB1 -0.46499| 0.586298! 0.006485) 0.155583} 0.024248 

RBO -1.14348) 1.094116} 0.008722) 0.310771] 0.096655 

RB1 -0.47225| 0.586367| 0.006566] 0.155424 0.0242 

Table 5.3.E Results for M(2), x fixed, two-wild y 

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -1.14348] 1.094163} 0.009217| 0.311278} 0.096979 

MADBI1 -0.49267| 0.586559| 0.006132] 0.155587| 0.024245 
QSBO -1.14348] 1.094163] 0.009722) 0.310958} 0.096789 

QSB1 -0.49301] 0.586563] 0.006649] 0.155194] 0.024129 
QBO -1.14348] 1.094163] 0.009716] 0.310906} 0.096757 
QB1 -0.49301| 0.586562| 0.006675| 0.155408] 0.024196 
RSBO -1.14348] 1.094163] 0.009783] 0.310939] 0.096779 
RSB1 -0.49302! 0.586563] 0.006712} 0.155349] 0.024179 

RBO -1.14348| 1.094163| 0.009579] 0.310939] 0.096775 
RBI -0.49288| 0.586563! 0.006548] 0.155136, 0.02411 

Table 5.3.F Results for M(3), x fixed, two-wild y 

ESTIMATOR| MIN MAX MEAN STD MSE 

MADBO -1.20593] 0.959283} 0.00919} 0.341784) 0.116901 

MADBI -0.63666| 0.68778} 0.006257} 0.199796) 0.039958 

QSBO -1.2056] 0.959275] 0.009258] 0.340816] 0.116241 

QSB1 -0.63666| 0.686507} 0.006367| 0.198218] 0.039331 

QBO -1.20565| 0.959276) 0.009295] 0.340828] 0.11625 

QB1 -0.63666] 0.686559} 0.006549; 0.198083} 0.03928 

RSBO -1.20555| 0.95929} 0.009188} 0.340837) 0.116254 

RSBI1 -0.63666| 0.686606) 0.006378) 0.198297} 0.039362 

RBO -1.20558| 0.959281) 0.009328) 0.340792] 0.116226 

RB1 -0.63666} 0.68662; 0.006559} 0.197839] 0.039183               
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Table 5.3.G Results for S1S, x fixed, two-wild y 

  

  

  

  

  

  

  

  

  

  

                

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR| MIN MAX | MEAN STD MSE 
MADBO -1.15829| 1.75718} -0.00672| 0.357481] 0.127838 
MADB1 -0.84629}| 1.005463] -0.00175| 0.212565] 0.045187 

QSBO -1.10931} 1.762994; -0.00769| 0.361612} 0.130822 

QSB1 -0.7114| 1.096363) -0.00233} 0.22366] 0.050029 

QBO -1.0206] 1.779311] -0.01265| 0.357563) 0.128011 

QB1 -0.74065| 1.069866] -0.0034} 0.220937] 0.048825 
RSBO -1.26599} 1.960098) -0.00956| 0.361543} 0.130805 
RSB1 -1.01108} 1.197785] -0.00385} 0.225597| 0.050909 

RBO -1.26632} 1.843765} -0.00992) 0.359014) 0.128989 

RB1 -0.81788) 1.115471} -0.00417} 0.218198) 0.047628 

Table 5.3.H Results for M1S x fixed, two-wild y 

ESTIMATOR|_ MIN MAX | MEAN STD MSE 
MADBO -1.15829| 1.75718] -0.00672} 0.357481] 0.127838 
MADB1 -0.84629} 1.005463] -0.00175} 0.212565} 0.045187 

QSBO -1.10931] 1.762994] -0.00769} 0.361612] 0.130822 
QSB1 -0.7114| 1.096363} -0.00233| 0.22366] 0.050029 

QBO -1.0206} 1.779311] -0.01265} 0.357563] 0.128011 

QB1 -0.74065| 1.069866} -0.0034; 0.220937] 0.048825 

RSBO -1.26599} 1.960098] -0.00956} 0.361543} 0.130805 
RSB1 -1.01108} 1.197785] -0.00385} 0.225597] 0.050909 

RBO -1.26632| 1.843765} -0.00992} 0.359014} 0.128989 
RB1 -0.81788] 1.115471] -0.00417} 0.218198} 0.047628           
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Table 5.4.A Results for BI(1), x fixed, two high influence points 
  

  

  

  

  

  

  

  

  

  

              

ESTIMATOR|_ MIN MAX | MEAN STD MSE 
MADBO -0.9529} 0.860456} 0.013536} 0.299228] 0.089721 
MADB1 -1.44311} 1.010197] 0.008354] 0.362501] 0.131477 

QSBO -0.9529| 0.860456] 0.013657] 0.29925] 0.089737 
QSB1 -1.44311} 1.010197} 0.00898) 0.363214) 0.132005 

QBO -0.9529] 0.860456} 0.013657] 0.299254) 0.08974 
QB1 -1.44311} 1.010197] 0.008979) 0.363224) 0.132012 

RSBO -0.9529} 0.860456} 0.013636] 0.299261] 0.089743 

RSB1 -1.44311] 1.010197} 0.00886} 0.363176} 0.131976 

RBO -0.9529| 0.860456} 0.013662} 0.299248] 0.089736 
RB1 -1.44311} 1.010197} 0.008956} 0.363225] 0.132012 
  

Table 5.4.B Results for BI(2), x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

    

ESTIMATOR |MIN MAX MEAN _|STD MSE 
MADBO -0.79505| 0.824475] 0.029856] 0.265031] 0.071133 
MADB1 -0.46348} 1.159049] 0.197972] 0.257204] 0.105347 
QSBO -0.79505} 0.824475] 0.029869] 0.265081] 0.07116 

QSB1 -0.46348} 1.159052} 0.197949] 0.257249] 0.105361 

QBO -0.79505| 0.824475} 0.029842) 0.265046} 0.07114 
QB1 -0.46348} 1.159052) 0.197975) 0.257207} 0.10535 
RSBO -0.79505| 0.824475; 0.029903] 0.265047| 0.071144 

RSB1 -0.46348} 1.159053} 0.19791] 0.257256] 0.105349 
RBO -0.79505} 0.824475} 0.029893) 0.265054} 0.071147 

RB1 -0.46348} 1.159052} 0.197919) 0.25726} 0.105355             

Table 5.4.C Results for BI(3), x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR |MIN MAX MEAN _|STD MSE 

MADBO -0.95316} 0.868332} 0.011185] 0.300343] 0.090331 

MADB1 -1.40082| 1.166372} 0.005552] 0.365984] 0.133975 

QSBO -0.94165} 0.860539} 0.016182} 0.296787} 0.088344 

QSB1 -1.47276| 1.165937} 0.008854] 0.368746] 0.136052 

QBO -0.94202| 0.869672} 0.016622} 0.298595) 0.089436 

QB1 -1.45947) 1.165925] 0.010015} 0.368975] 0.136243 

RSBO -0.94281} 1.022441] 0.018086] 0.300484; 0.090618 

RSB1 -1.4776| 1.166194} 0.01164] 0.369917) 0.136974 

RBO -0.94807| 1.022489] 0.017507| 0.299474} 0.089991 

RB1 -1.46109| 1.166264) 0.010451} 0.370429) 0.137327               
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Table 5.4.D Results for M(1), x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR |MIN MAX MEAN __|STD MSE 
MADBO -1.69759| 0.955712) -0.01228}] 0.314568] 0.099104 
MADB1 -0.82016| 1.798798) 0.148605] 0.319468) 0.124143 
QSBO -1.69759} 0.955712} -0.01557| 0.310921} 0.096914 

QSB1 -0.82016| 1.798797; 0.14239) 0.317674} 0.121191 

QBO -1.69759} 0.955712) -0.01567) 0.31232} 0.097789 
QB1 -0.82016] 1.798795} 0.143705] 0.317952} 0.121744 

RSBO -1.69759} 0.955712} -0.01609} 0.311462) 0.097267 
RSB1 -0.82016] 1.798798} 0.14361} 0.317793] 0.121616 
RBO -1.69759| 0.955712) -0.01638| 0.311103} 0.097054 

RBI -0.82016] 1.798798} 0.14176] 0.318208} 0.121352               

Table 5.4.E Results for M(2), x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

    

ESTIMATOR |MIN MAX MEAN _|STD MSE 

MADBO -1.69761| 1.000053] -0.01004} 0.30978) 0.096064 

MADB1 -0.7004| 1.79882] 0.145508} 0.31367] 0.119561 

QSBO -1.69761| 1.000052} -0.01004) 0.30978) 0.096064 

QSB1 -0.7004| 1.79882) 0.145508) 0.31367] 0.119561 

QBO -1.69761| 1.000053) -0.01004} 0.30978] 0.096064 

QB1 -0.7004) 1.798822} 0.145508) 0.31367] 0.119561 

RSBO -1.69761} 1.000052} -0.01004) 0.30978] 0.096064 

RSB1 -0.7004} 1.79882) 0.145508) 0.31367] 0.119561 

RBO -1.69761} 1.000053} -0.01004; 0.30978] 0.096064 

RB1 -0.7004| 1.79882) 0.145508 0.119561             

0.31367 

Table 5.4.F Results for M(1), x fixed, two high influence points 

  

  

  
  

  

  

  

  

  

  

      

ESTIMATOR |MIN MAX MEAN _|STD MSE 

MADBO -1.69759} 0.955712} -0.01228] 0.314568] 0.099104 

MADB1 -0.82016] 1.798798} 0.148605} 0.319468) 0.124143 

QSBO -1.69759| 0.955712} -0.01019} 0.312317| 0.097646 

QSB1 -0.82016| 1.798801} 0.146445] 0.317453] 0.122222 

QBO -1.69759| 0.955712} -0.00985} 0.311132] 0.0969 

QB1 -0.82016] 1.798798) 0.146106] 0.316319} 0.121404 

RSBO -1.69759| 0.955712} -0.00884/ 0.309835] 0.096076 

RSB1 -0.82016} 1.798796) 0.145108} 0.315168} 0.120387 

RBO -1.69759} 0.955712} -0.00869} 0.310021} 0.096189 

RB1 -0.82016 1.7988} 0.145129} 0.315105} 0.120353             

97 

  

  

 



  

Table 5.4.G Results for S1S, x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

      

ESTIMATOR; _MIN MAX | MEAN STD MSE 
MADBO -1.74187| 2.193153] 0.030746] 0.38763] 0.151203 
MADB1 -8.01091} 3.29019} 0.032894) 0.715739) 0.513364 
QSBO -2.19536| 2.154114} 0.028242) 0.40018} 0.160941 
QSB1 -7.95371| 3.198031) 0.026715} 0.716377] 0.51391 
QBO -2.30728| 2.158322] 0.026729] 0.397663] 0.158851 
QBi -7.53692| 3.343263) 0.027954] 0.701686} 0.493145 

RSBO -2.30615| 2.182162} 0.023996} 0.397441} 0.158535 
RSB1 -7.27062} 4.047114] 0.023305; 0.700928] 0.491844 
RBO -2.34555} 2.160829] 0.028559] 0.389686) 0.152671 
RB1 -8.63391} 3.227027) 0.030239) 0.718584) 0.517277         
Table 5.4.H Results for M1S, x fixed, two high influence points 

  

  

  

  

  

  

  

  

  

  

          

ESTIMATOR| MIN MAX | MEAN STD MSE 

MADBO -1.42125] 1.624276} 0.023077| 0.349451] 0.122649 

MADB1 -2.23718] 3.29019} 0.086409} 0.438034] 0.19934 

QSBO -1.39388| 1.639201] 0.024292} 0.34947| 0.122719 

QSB1 -2.19356| 3.198031] 0.082654] 0.433667} 0.194899 

QBO -1.44093| 1.637592} 0.023166] 0.34754} 0.121321 

QB1 -1.94929) 3.343263) 0.082991] 0.434064) 0.195299 

RSBO -1.7019} 1.628478] 0.023701| 0.349731] 0.122874 

RSB1 -1.98418} 4.047114} 0.080756] 0.442999) 0.202769 

RBO -1.39783| 1.636634] 0.024678] 0.346087} 0.120385 

RBI -2.07049) 3.227027) 0.081141] 0.443098] 0.20292       
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In studying the results of these simulations, we learn from Table 5.2 that when the 

responses are normally distriubted, for each of the eight regression estimators considered, 

it does not appear to make much of a difference in the MSE’s which initial scale estimate 

is used. We do see some differences in Table 5.3, however, which shows the simulation 

results for the case where the data contained two outliers. First consider Table 5.3.A, 

Table 5.3.B, and Table 5.3.C which contain the results for the bounded influence 

estimators in the situation where there were two wild y-values. Table 5.3.A seems to 

indicate a slight improvement in MSE’s when the regression-free scale estimators were 

used for both the estimate of Bo and B;, using BI(1), as compared to MAD based on least 

squares. For BI(2), the differences are very slight. In the case of BI(3), the use of 

regression-free estimates as initial estimators seem to represent a significant improvement 

over the use of MAD based on least squares. This is likely the result of the fact that the 

scale estimate is never updated in this regression estimator as it is with BI(1) and BI(2) 

and the two outliers probably greatly affect the initial MAD here. We note that we 

repeated this simulation for BI(3) and updated the scale and found that there were 

essentially no differences in the final parameter estimates. As for the M-estimators in this 

situation, the regression-free based initial scale estimates did tend to result in slightly 

lower MSE’s versus MAD based on least squares although for the best estimator in this 

case, M(2), the choice of an initial scale estimate did not seem to affect the final paramter 

estimates. As for the one step estimator, they performed slightly better using MAD based 

on least squares as the initial scale. 

In Table 5.4, which contains the results of the simulation where there were two 

high influence points, we see that for BI(1), BI(2), and BI(3) there does not appear to be 

much difference in the MSE’s for each of the initial scale estimates. We feel that the 

reason BI(3) did not perform better using regression-free scale estimators in this case was 

that the high influence points were downweighted whereas these points were not 

downweighted in the case where the outlying observation was not a high influence point. 

In Table 5.4.B and Table 5.4.C we see that M(1) and M(3) seemed to perform better when 
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using regression-free initial scale estimates. In these cases, the MAD based on least 

squares is affected by the influence points and is seems to carry through to the regression 

estimates. For M(2), there were no differences. This is due to the robust initial estimate 

of the regression parameters. Finally, we see in Table 5.4.G and Table 5.4.H that the one- 

step estimators performed better when using MAD based on least squares as the initial 

scale estimate. 

To summarize, when the errors are normal, the choice of an initial scale estimate 

for the calculation of robust regression parameter estimates does not appear to affect the 

performance of the regression parameter estimates. In the cases where there are outliers 

or high influence points, a couple of simulations seemed to indicate that a regression-free 

initial scale estimate might improve the performance of the regression estimators. 

However is does not appear that the choice of an initial scale estimate has much of an 

effect of the final parameter estimates if the best robust regression method is used. 
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Chapter 6 

A Location-Free Estimator for the k-sample Model 

Section 6.1 Introduction 

In this chapter we move our discussion from scale estimation in the simple linear 

regression model to another context - the k-sample model. This can be considered an 

extension of the two-sample model. However, in the k-sample model we do not assume 

that there is a linear relationship in the means of the k populations. 

Here, we assume that there are k populations under study and we obtain 

independent samples from each of the populations. Mathematically, the model is written 

as 

Yij = Ui + Eij; (6.1.1) 

where i = 1, 2, ..., k,j = 1, 2, ..., ni, Ui is the mean of the ith population, ¢j is a random 

error term of the j" observation from the i” population, and nj is the number of 

observations obtained from the i* population. We further assume that all ¢; have a 

common scale parameter which we denote as 6. In other words, we assume that all 

populations have identical variability or spread. Our goal is to obtain an estimate of o. 

Indeed, the most common estimator of © in this situation is the square root of the 

pooled estimator of variance, ss . In the two-sample model, this is given as 
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_ (ny — Is? + (ng - Dh 
  

2 

Sp 
Ny +n, —-2 

where nj; is the number of observations in the sample from the i* population, i = 1,2, and 

2 
p 

s? is the sample variance from the i” population. Thus, in the two-sample case, s is 

simply a weighted average of the two sample variances. 

Extending the idea to k samples, 

k 
(nj; _ 1s? 

=] 2 _ i s5 = ? 

k 
nj —k 

i=] 
1 

2 
1.€. Sp is a weighted average of the k sample variances. This is the estimator used for the 

common variance of the k populations used in a one-way analysis of variance. 

Let us now consider the breakdown properties of the square root of 5. It is easy 

to see that contamination of only one point in one sample could cause the estimator to 

explode. Contamination of one point in the i sample could result in s? — oo and since 

o 5 — oo. Therefore, the square root of 6 has a this term enters additively into s 

breakdown point of 1/n which is asymptotically 0. 

In this chapter we propose a scale estimator that can have very good breakdown 

properties and, in addition, appears to have good efficiency properties in the case that the 

k samples are from Gaussian populations with common standard deviation. Also, the 

estimator is location-free in the sense that it does not depend on estimators of the 

locations of the k populations. The estimator, which we denote by QKS", is defined in 

Section 2, its breakdown properties are studied in Section 3, and the results of several 
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Monte Carlo simulations used to estimate its efficiency when errors are normal are given 

in Section 4. 

Section 6.2 Definition of QKS* 

The estimator that we will propose for the k-sample model is, we feel, a natural 

extension of Q? from one sample to k samples. Because of the natural extension, our 

proposed estimator inherits the high breakdown properties of Q? for a judicious choice 

of a, and also, as we shall show, appears to be quite efficient under the assumption of 

normal errors. 

Before giving the formal definition, recall how 5 estimates the common variance 

of k populations. First, estimates of the variance within each of the populations are 

obtained. Thus, one has k estimates of the same parameter. One then combines the 

estimates in such a way as to obtain a more accurate estimate of the variance 6”. The idea 

here is that the estimate based on the highest number of observations is more likely to be 

a more accurate estimate than one based on fewer observations. Therefore, when 

combining the k estimates, the one based on the most observations is given the most 

weight, the one based on the second most observations is given the second most weight, 

and so on. We note that if we have an equal number of observations from each 

population, all estimates are given the same weight, i.e. the overall scale estimate is 

simply an average of the k individual estimates. The point to remember is that with the 

estimator of scale based on st , we first obtain estimates for each sample and then 

combine the estimates to obtain, hopefully, a more accurate estimate of scale. 

We used this same idea in developing the scale estimator that we call QKS*. Let 

us recall the estimator in the case of univariate data Q®. This estimator looks at the 

distance between all pairs of observations. If we call each one of the pairwise distances a 
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| _ n(n-1) 
simple estimate of 6, then within a sample there are 5 =—~S simple estimates 

(SE’s) of 6. Once the SE’s are obtained, they are ranked from smallest to largest. Then a 

certain order statistic is obtained in order to give the estimator a high breakdown 

property, a high efficiency property, or perhaps a tradeoff between the two. Finally, the 

order statistic is multiplied by a consistency factor. Mathematically, this was written as 

o =q{ly; —yili<j - Qn q{ Yj Yj ‘Fal 2) 

nj | sin To obtain a scale estimator in k samples, we first obtain each of the ( 

nj 
k 

the i™ sample, i = 1, 2, ..., k for a total of >( 7 
i=1 

) SE’s. Next, we rank these SE’s from 

smallest to largest. Then, take a certain order statistic of the ranked SE’s in order to 

achieve some desirable property. Finally, multiply this order statistic by a consistency 

factor to estimate some desired parameter. Mathematically, we write this as 

QKS" = q{lyj; — yiglti = 1,2,...k, j=12,...,n), f# i k (*) (6.2.1) 
2 iz 

where q is the factor for consistency. A SAS PROC IML program for calculating QKSa 

is given in Appendix G. 

We point out how QKS* combines the features of 5 and Q®. Simple estimates 

of o are obtained as in Q?,, that is, by finding pairwise distances between observations. 

The SE’s are obtained within each sample before combining them in order to obtain a 

more accurate estimate of 6, similar to the way ss combines estimates within each 
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sample. In Section 3 we derive the asymptotic breakdown point of QKS* which is closer 

to that of Q® rather than ss 

Section 6.3 Breakdown Point of QKS* 

In Section 3.2 we stated the definition of the breakdown point of an estimator as 

given by Donoho and Huber (1983). In later sections of Chapter 3, we derived 

breakdown points of several regression-free scale estimators. Recall the derivation of the 

breakdown point of QTS® given in the proof of Theorem 3.4.2. That proof required the 

use of Lemma 3.4.1 where it was argued that, assuming nj2 no, the fastest way to implode 

QTS* was to contaminate points at x, until all are equal before contaminating any at x3. 

The fastest way to cause explosion is to first contaminate (n; - nz) points at x; and then 

alternate contaminating points at x; and x2. The idea behind this lemma is that we are 

trying to create the largest number of contaminated SE’s by contaminating as few points 

as possible. In the case of implosion, we are trying to create the largest number of zeroes. 

In the case of explosion, we are trying to create the largest number of unbounded SE’s. 

We will use the following lemma, which is an extension of Lemma 3.4.1, in deriving the 

asymptotic breakdown point of QKS*. 

Lemma 6.3.1 In the k-sample model given by (6.1.1) where n; > nz = --- => nx, and within 

each sample no two points are equal, the fastest way to implode QKS* is to first 

; . ._. {n 
contaminate (n;-1) points at xj, resulting in ( | zeroes, then (nz - 1) at x2, then (n3-1) at 

x3 and so on. The fastest way to cause explosion of QKS*" is to first contaminate (nj-n2) 

points at x;, then alternate contaminating (n2-n3) points at each of x; and xX», then (n3-n4) 

points at each of x1, X2, X3, and so on. 
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Proof: Similar to that of Lemma 3.4.1. 

Rather than go through the formal proof of this lemma, we give an informal 

argument on why it is true. First, suppose one is attempting to implode QKS* and 

contaminates (n;-1) points at x;. Then all n; points at x; are equal and one has 

(3) zeroes. Had contamination of these (n,-1) points been done in any other way, this 

many zeroes would not be possible. The idea is that, the more contamination within a 

sample, the more zeroes that are possible and the larger the sample the more zeroes that 

are possible. So when we start to contaminate a sample, we continue until all points are 

equal and the larger the sample is, the more contamination that is possible. 

As for explosion, contamination of one point affects all SE’s in a sample that are 

formed with that point. So contamination of one point in sample one affects (n;-1), more 

than can be achieved if that contamination took place in another smaller sample. One can 

continue arguing in this fashion to show that, indeed, the most contamination is possible 

by contaminating in the fashion given in Lemma 6.3.1. 

We now give the asymptotic explosion and implosion breakdown points of QKS“. 

As we shall see, the asymptotic breakdown point depends on three things: the particular 

value of a, the number of samples k, and the asymptotic proportions of the k sample 

SIZES. 

Theorem 6.4.2: In the k-sample model for which yjij+yi where i=1,2, ....k, j#j’, and 

Nj2MN2= --- 2Nk, 

- a r Kon 842 
€ (QKS”)= DAj_1+,/a DAZ - TAj-y 

i=l i=l i=l 

for 
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r r+l 

DMA D Ay 
1=1] < a < i=] 

$42 n2 DA; LA; 

where r = 1,2, ..., k and 

  

k 

e* (QKS™) = (Ay tAgt +Ap ca) — {cs —s+1)( SA? — Ah gpa AL gk) 
i=] 1= 

for 

2 2 2 2 2 2 
(K=S+2)Agise2 t Mase gt tM stk © yc (Ko 8+ DAK cet tAkaseot tM sek 

k k 

ov Mi 
=] 

    

i=l i= 

for s=1,2, ...,k. Here AG =Akaj =0, j2l. 

Proof: We first find the implosion breakdown point of QKS" as a function of a. Let q be 

the number of contaminated points. Recall that the fastest way to cause implosion is to 

first move ny-1 points at x, then n 2-1 points at X2, and so on. Now suppose 

k 
as A /> az. It is easy to show that in this case, to cause implosion, one only needs to 

i=l 

move points at x;. The number of zeroes created is (3 5 ‘ . Thus QKS* will implode if 

1.e. 

k 

q(q +1)—a Ynj(nj -1) 20. 
1=1 
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Dividing by n’, letting e=q/n, and taking the limit as each n; goes to infinity, i= 1,2, ..., k, 

we obtain 

k 
ge? -a>r3 20 

i=] 

k 
e = /adaz. 

i=1 

aa) k 2 r+] 4 k 2 . 
In general, if SAj_]/ SAU Sas ¥ Aj_)/ DAZ for some r=1,2, ..., k, it is easy to show 

i=] i=l i=l i=] 

which implies 

that to cause implosion asymptotically, we must move points in r samples. In this case 

QKS* will implode if 

ny), (f{my-] q-ny—---n, +2 k nj 

(a }eatpt}e(2ey 7) 2 fod (4) 
i.e. 

r-] k 

Ej (nj -1)+(q— ny ny + 2)(Q — yyy +1) —O Ynj(nj -1) 20. 
i=] i=] 

Dividing by n’ and taking the limit as before we have 

—1 k 

E02 4 (eA Ap)? AEN 20 
i=] i=1 

2 r-1 k 2 2 r—1 4 

or e~ —2€ SA; -O DAZ + (Ay t+ tA,)° + ¥ AZ 20. 
i=] i=] i=l 

Using the quadratic formula we obtain 

108



r—l k —] 

e-(QKS") = FA; + Joo —' 2 
i=] i=] i=] 

Or 

k 

e~(QKS") = SAs_1 + oS 22 ~322, 
i=] i=] i=l 

where Ao=0. 

We now find the explosion breakdown point of QKS* as a function of a. There 

k 
are k cases to consider. The first is the case that O0<a<S kry. /> a . The second is the 

i=1 

k k 

case that kA, / ¥ 23 <a<((k- At 1 +hE)/ yx and in general 
i=1 i=] 

2 2 2 
(kK =S+2)Aks42 + Ako seat tM stk © 9 

k 

>A; | 
i=] i 

2 2 2 
< (k~—s+ Aj sat tAK-stot tA stk 
< k 2 

Mi 
=1 

    

for s=1,2, ...,k. To see this, recall that the fastest way to cause explosion of QKS” is to 

begin by moving nj -n2 points at x; so that n2 uncontaminated points remain at x; and x2. 

Then alternate moving points at x; and x2 until n2-n3 points have been moved at each. 

Now there are n3 uncontaminated points at x), X2, and x3 and so on. 

Now suppose & is very small. Then to cause explosion of QKS” we need many 

unbounded SE’s. Let q be the number of contaminated points. Suppose 

q=(n1-Nz) + 2(n2-n3) + «> +(K-1)(Nx-1- Nk), ie. we have contaminated points at each of the 

Nk 7 ) uncontaminated SE’s remaining. Asymptotically, first k-1 samples and we have K{ 

the proportion of good SE’s remaining is 

kAd / x a2. 
k 

i=1 
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It follows that for any @ smaller that this quantity, one needs to contaminate points at 

every sample to cause explosion. 

Now suppose q=(ni-N2) + 2(mo-n3) + -- +(kK-2)(mg2- mi), Le. we have 

contaminated points at each of the (ffirst k-2 samples and _ have 

(k — n{ "t+ ("J uncontaminated SE’s. Asymptotically, then, the proportion of 

good SE’s remaining is 

k 

((k- DA +A) DAG. 
i=l 

k 
Thus, for any a smaller than this quantity but larger than kA / > , one needs to 

i=] 

contaminate points in the first k-1 samples to cause explosion. 

In general, suppose q=(n}-n2) + 2(n2-n3) + --- +(K-S)(Nx-s- Nk-s+1) for some s=1,2, ..., 

k. Then there are (k ~sn( M514 Poets lana Mecgth uncontaminated SE’s 

remaining. Thus the asymptotic proportion of uncontaminated SE’s is 

k 

(K-S+ Dass + astra stk)/ BA 
i= 

So for any & less than this but greater than 

k 

((kK-S+2)M hcg + Meeseat tM sti) / XM ; 
j= 

one needs to contaminate points in k-s+1 samples to cause explosion of QKS’. 

Let us now find e*(QKS“) for 
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2 2 2 2 2 
(K-~S+ 2) c42 + Mensa 3st tM stk © yo (KTS t DA set + Amst tN ost 

k k 

vA De 
i=] i=] 

  

As was previously argued, one must contaminate points in k-s+1 samples. Let q; be the 

number of contaminated points in the i* sample, i=1,2, ....k. We note that qk-s+2 = qk-s+3 = 

= Qk-stk = 0. Now 

q — (Ny — Ny gg yt tN — NK-5 41) 

k-stl 
Qy = (My ~ 12 t+ +(My_g — Dg 41) + 

(Although it is not necessary for the asymptotic argument, for ease of notation we are 

assuming that the number of points remaining to be moved after contaminting points at 

X1, X2, ---» Xk-s 18 divisible by k-s+1 so that the number of uncontaminted points at each of 

the first k-s+1 samples is equal, i.e. 

(q — (n,+: ANH — (k - S)Np s+] )) = Omod(k —s+1).) 

q- (ny +--+Npog - (k - S)N,— 41) _ Also, 
So q; =(n, -—ny + qi = (Ny — Ny~s41) kosel 

q — (ny +--+ ~g ~ (K ~ S)Ny~s41) = (Nz — Ny-o44) + q2 = (M2 —Nk-s41) kos 

q—(nyt+--t+ny_, —(K—S)nyp_g41) 
_<. = (Myp_. — Ny + , and dk-s = (Nk-s ~ Nk-s+1) k-se]   

  oie cgay 3 AE Bs —(K=) Mg gt) 
k-s+l k—s41 . 
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Now the number of uncontaminated SE’s is 

Ny—-Q1), Jf Bk-s+1 — Wk-s41 Qk—-s+2 |... | Uk—-s+k (Pry Stee Deceet Secor) [Tage? Jaa ee) 

Thus, QKS* will explode if 

My [af Mk |) 1741 J. f Mk-s+2 15/91 1.1 { [k K (nj eas} a) [a BH 

k 

—(ny — 4 (My — Qy — Dy _g42(Ng-g42 —Y +a Lnj(nj-1)-220. (6.4.3) 
i=] 

i.e. 

Now 

k 

lim 1 =), -Ay_cap tE/(K—S+D— YA; /(k—8+1)+(k—s\(ny 41) /(k—-s+1). 

  

_ Ayr ; 
Thus, lim — A = (Ay t-:Ap_g41 —€)/(k-S4+1). Also, it can be shown that 

n—0o n 

_ ny- ._ ng- - Nyiggy —4K~ lim DIOS ~ jig B2792 0. Jig Bkostl 7 Ak-s+1 | 
n—eco n n—co n n—-co n 

Therefore, dividing (6.4.3) by n’ and taking the limit as n goes to infinity we have 

k 
—(k=8 + 1) (Aq + +A gs41 —8)/ (K-84)? —Megg a Misa k FO DAG 20 

1=1 

1.e. 
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e* +e(-2A,—-* 2A, 41) + 

k 

(Ay te Apicg 2 $(K—SH DAL gga te tad gap) —(k-s+ Da AZ 20. 
i=l 

Now we have a quadratic equation in €. Solving using the quadratic formula, we find the 

explosion breakdown point 

  

| k 
(Ay +: +A, 541) - {ci —-St+ Io > a3 —(k-s+ De s42t , +N stk) 

i=l 

and this holds for s=1,2, ..., k. e 

Note that by using k=2 in Theorem 6.4.2 we get the same result as was derived in 

Theorem 3.4.2. This illustrates how nicely the results of Theorem 3.4.2 extend to 

multiple samples. 

Unfortunately, for QKS” it is no longer possible to state a general, explicit formula 

for Oop, the value of a that maximizes the asymptotic breakdown point, as we did in the 

two sample case. The value Op; can easily be found for specific choices of k and Aj, i = 

1, 2, ..., k either by hand calculations or by programming a computer to find it. 

In Table 6.1 we have calculated Op; and 6(QKS* ) for various choices of k 

assuming equal sample sizes, i.e. Ay = A2 = -- = Ag. 
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Table 6.1 Maximum asymptotic breakdown point for QKS* for various choices of k 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

kK Otopt e(QKS™°r* ) 
2 0.343 0.414 

3 0.350 0.408 

4 0.350 0.408 

5 0.375 0.387 

6 0.360 0.400 

7 0.367 0.394 

8 0.376 0.386 

9 0.367 0.394 

10 0.376 0.387 

11 0.372 0.388 

12 0.388 0.376 

13 0.381 0.383 

14 0.372 0.390 

15 0.376 0.387         
  

Note that, although the maximum breakdown point achieved by QKS" is not 0.50 for any 

of these k, the breakdown points are, nevertheless, quite high - much higher than the 

breakdown point of 0 achieved by sv, 

In Tables 6.2, 6.3, and 6.4 we have calculated Op and e(QKS*°" ) for various 

choices of A;, i=1,2, ..., k for k=3, 4, and 5. 
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Table 6.2 Maximum breakdown point for various choice of A, k=3 
  

  

  

  

  

  

  

  

    

iv Ae As Oopt e(QKS°* ) 

1/3 1/3 1/3 0.350 0.408 

0.4 0.3 0.3 0.394 0.366 

0.5 0.3 0.2 0.353 0.366 

0.5 0.4 0.1 0.344 0.381 

0.4 0.49 0.01 0343 0.410 

0.6 0.3 0.1 0.315 0.381 

0.6 0.39 0.01 0.328 0.410 

0.7 0.2 0.1 0.276 0.386             

Table 6.3 Maximum breakdown point for various choice of 2, k=4 
  

  

  

  

  

  

    

Ma do A3 he Qopt €(OKS** ) 

1/4 1/4 1/4 1/4 0.350 0.408 

0.35 0.25 0.25 0.15 0.412 0.334 

0.45 0.25 0.25 0.05 0.371 0.350 

0.35 0.30 0.20 0.15 0.405 0.334 

0.35 0.35 0.15 0.15 0.386 0.334 

0.45 0.40 0.10 0.05 0.360 0.362             
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Table 6.4 Maximum breakdown point for various choice of A, k=5 

  

  

  

  

  

Ma 2 As da As Qopt e(QKS°* ) 

1/5 1/5 1/5 1/5 1/5 0.375 0.387 

0.40 0.30 0.15 0.10 0.05 0.370 0.325 

0.45 0.20 0.20 0.20 0.05 0.410 0.361 

0.50 0.30 0.10 0.08 0.02 0.336 0.346                 
  

We note that for the arrangements of k and Aj, i = 1,2, ..., k examined here, the maximum 

breakdown point ranges from 0.325 to 0.410 which is quite high. 

Before leaving this section, we briefly discuss why we did not consider an 

extension of the repeated median estimator S, given by (2.1.3) as an alternative to root 

2 s,- Ironically, a scale estimator defined by taking the median of the repeated medians 

has a potentially low asymptotic breakdown point. Consider as an example the case 

where k=4 and nj=6, i=1, 2, 3, 4. Rousseeuw and Croux (1993) have shown that for 

univariate data, S, has explosion breakdown point et (S,)=((nt+1)/2]/n. In this 

example, then, one needs to contaminate three points within a sample to cause explosion 

of S, within that sample. By contaminating only six points, one can cause the repeated 

median estimators within two of the four samples to explode. Thus, the estimator which 

is the median of the four repeated medians can explode. Thus, we see that contaminating 

6/24 of the points can cause explosion. Therefore, for this example, the estimator has a 

breakdown point of 25%. 

In general, such an estimator would have an asymptotic breakdown point equal to 
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X Ai Akad yy MOHD /21 
2 2 2 

where A; > Az > --- 2Ay. This implies that if a large portion of the data are contained in a 

relatively small number of samples, the estimator would have a low breakdown point. 

For example, for k=4, 4;=0.45, 4,=0.40, A3=0.10, and Ay=0.05, the estimator has a 

breakdown point equal to 0.075. For k=5, 4;=0.5, A2=0.3, A3=0.1, Ag=0.08, and A5=0.02, 

the estimator has a breakdown point of 0.1. Because of these considerations, we were led 

to concentrate our studies on QKS° as an alternative to $5 to estimate the common scale 

in the k-sample model. 

Section 6.4 Simulation Study of QKS* 

In this section we present the results of a simulation study aimed at comparing 

QKS* to root 5 in the situation where each of the k samples are from a normal 

population with common standard deviation 6. For various values of ® we compared the 

2 
estimated standardized variance of QKS* to that of root Sp in order to estimate the 

relative efficiency of the proposed estimator when the data are from a normal population. 

In the first results we present, we generated k=3 samples of size 10 from a 

standard normal distribution, calculated QKS* for a=0.05, 0.10, ..., 0.95, 1, and root Sp . 

This was replicated B=1000 times. Once each of these estimators was calculated for each 

of the samples, the average value of each was obtained as well as the standard deviation, 

minimum and maximum values, and standardized variance. The results are given in 

Table 6.5 and a graph of the breakdown point of QKS* versus o along with the estimated 

standardized variance versus & is given in Figure 4.1. In Table 6.5, the row labeled QKS 
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gives the results of QKS°Pt and the row labeled s gives the results for root So As we 

saw in Section 6.4, the maximum asymptotic breakdown point of QKS* for k=3, equal 

sample sizes is obtained for a@=0.350 where €(QKS“) =0.408. In Figure 4.1, if we 

compare the graph of the standardized variance versus « of QKS* with the standardized 

variance of root s6 , we see that, for large values of a, the standardized variance of QKS* 

was as good as and even better than root SS. This implies that QKS* can be quite 

efficient versus root ss in the case that k=3 and the data are from a normal population. 

For the o at which QKS" obtained its highest efficiency, a=0.85, e(QKS*= 9°) = 0.078. 

Also, at Opp: = 0.350, where the asymptotic breakdown point is 0.414, the efficiency 

obtained by QKS™°° was 0.67. 
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Table 6.5 Simulation results for k = 3, n; =10, i = 1,2,3 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

ESTIMATOR |MIN MAX MEAN _|STD STDVAR 

QKS 0.317417 |1.131785 {0.646561 |0.113198 |0.919554 

QKSMIN 3.73E-06 |0.104412 |0.013084 [0.013069 |29.92886 

QKS05 0.010671 {0.20819 |0.080224 |0.032 4.773277 

QKS10 0.067658 |0.370879 |0.173927 |0.049081 |2.388933 

QKS15 0.107268 {0.519175 |0.266985 |0.062832 |1.661512 

QKS20 0.166933 |0.618757 |0.362044 |0.077665 |1.38054 

QKS25 0.224849 (0.871389 |0.445275 |0.088275 |1.179076 

QKS30 0.272018 |0.952406 {0.546919 |0.102314 |1.049899 

QKS35 0.317417 |1.131785 |0.646561 |0.113198 {0.919554 

QKS40 0.360009 {1.191802 |0.750063 |0.127614 {0.868409 

QKS45 0.455683 |1.307478 |0.843026 |0.139291 |0.819005 

QKS50 0.517905 [1.450298 |0.955267 |0.152773 |0.767303 

QKS55 0.570361 {1.71082 |1.075394 |0.169018 {0.741061 

QKS60 0.606098 |1.837558 |1.200805 |0.184631 |0.709225 

QKS65 0.687612 {2.070805 |1.316921 |0.200381 0.694568 

QKS70 0.787644 |2.261967 |1.464432 |0.21904 |0.671166 

QKS75 0.874569 |2.491332 |1.626236 |0.238425 |0.644848 

QKS80 1.018235 {2.715986 |1.812433 [0.26105 {0.622363 

QKS85 1.100328 [2.971389 |2.004244 |0.284737 |0.605493 

QKS90 1.22583 |3.405845 [2.282065 |0.328473 |0.621535 

QKS95 1.403605 [4.189838 |2.69058 |0.395484 |0.648169 

QKSMAX 2.145428 [6.923815 |3.764339 |0.647344 |0.887184 

S 0.169699 |1.461447 {0.996214 [0.142857 |0.616906           
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Figure 6.1 Estimated standardized variance and breakdown points for k=3, nj=10 
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We ran similar experiments for k=3, nj = 20, 1 =1,2,3 and k=3, nj = 30, i = 1,2,3 

and obtained very similar results. The results for k=3, nj = 30, i = 1,2,3 are given in Table 

6.6 and Figure 6.2. 

Table 6.6 Simulation results for k=3, n; = 30, i = 1,2,3 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

ESTIMATOR |MIN MAX MEAN _|STD STDVAR 

QKS 0.50205 |0.825846 |0.643919 |0.056114 |0.683475 

QKSMIN 7.35E-07 {0.008791 |0.001337 {0.001359 |92.95389 

QKS05 0.054843 {0.133815 [0.089334 |0.012449 |1.747713 

QKS10 0.11836 |0.244601 {0.178452 |0.020084 |1.140003 

QKS15 0.190067 {0.351154 {0.268535 {0.027288 |0.92939 

QKS20 0.258798 |0.47015 |0.360676 |0.034762 |0.836006 

QKS25 0.339189 {0.596318 {0.453472 {0.041655 |0.7594 

QKS30 0.419095 |0.719116 {0.547198 {0.048856 {0.717451 

QKS35 0.50205 {0.825846 {0.643919 |0.056114 |0.683475 

QKS40 0.569698 |0.929987 |0.745781 |0.063621 |0.654966 

QKS45 0.661962 |1.049941 |0.850114 {0.070809 |0.6244 

QKS50 0.763192 |1.185705 |0.958007 |0.078723 |0.607733 

QKS55 0.855406 {1.324775 |1.071545 |0.086575 |0.587498 

QKS60 0.952522 |1.488629 |1.194913 {0.09526 |0.571998 

QKS65 1.140795 |1.797268 {1.434579 |0.112054 {0.549095 

QKS70 1.182827 {1.835931 |1.469056 |0.114094 {0.542863 

QKS75 1.290356 {2.000525 |1.628334 |0.125753 |0.536775 

QKS80 1.448136 |2.24237 [1.829291 |0.139702 |0.524909 

QKS85 1.596916 |2.520852 {2.033027 |0.154792 |0.521737 

QKS90 1.80327 {2.911509 [2.315611 |0.176199 |0.521094 

QKS95 2.765546 |4.717274 |3.618558 |0.324344 |0.723073 

QKSMAX 3.348323 |6.885547 |4.651248 |0.559494 |1.30225 

Ss 0.762198 |1.233946 |0.9975 {0.07501 (0.508929 
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Figure 6.2 Breakdown points and estimated standardized variances for k=3, nj=30 
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Next we wanted to study the effect that different sample sizes might have on the 

efficiency of QKS* when k=3. First, we ran an experiment similar to the first one we 

presented in that that the total sample size was 30. However, in this experiment, the 

results of which are presented in Table 6.7 and Figure 6.3, we let nj=18, no2=9, and n3=3. 

Therefore, the proportion in the first sample was 0.60, in the second was 0.30, and in the 

third was 0.10. In the last section we saw that for k=3, A,;=0.60, A2=0.30, and A3=0.10, 

a=0.315 where the maximum asymptotic breakdown point is obtained at 

e(QKS° Pt ) = 0.381. 

Table 6.7 Simulation results for k=3, nj=18, no=9, n3=3 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

ESTIMATOR |MIN MAX MEAN _|STD STDVAR 

QKS 0.288098 {0.982008 {0.573789 |0.101792 |0.944159 

QKSMIN 1.65E-05 {0.052758 |0.008757 {0.008403 |27.62004 

QKS05 0.020794 10.197125 |0.083709 [0.027556 |3.250959 

QKS10 0.061075 (0.34618 _|0.176436 |0.044619 |1.918601 

QKS15 0.104576 |0.442319 (0.261789 {0.057715 |1.458131 

QKS20 0.170444 {0.587352 |0.357501 |0.072206 |1.223817 

QKS25 0.231614 |0.824617 |0.453947 |0.083396 |1.012504 

QKS30 0.275874 |0.922414 |0.543756 |0.097784 |0.970163 

QKS35 0.325187 {1.077966 {0.644895 {0.109907 {0.871344 

QKS40 0.398659 {1.170963 {0.739028 {0.12441 {0.850179 

QKS45 0.433105 {1.306141 |0.847791 |0.141389 |0.8344 

QKS50 0.492481 |1.44368 |0.960486 |0.157787 |0.809624 

QKS55 0.566744 |1.673688 /|1.064811 [0.171034 |0.773997 

QKS60 0.634946 {1.986716 {1.188335 |0.188997 |0.758845 

QKS65 0.717239 |2.154803 {1.308575 {0.207451 |0.75397 

QKS70 0.792928 {2.417873 {1.455823 {0.230025 {0.748951 

QKS75 0.88914 {2.673775 1.616898 {0.251056 |0.723266 

QKS80 1.006638 {3.173508 [1.78281 —|0.272873 |0.702801 

QKS85 1.168752 {3.372132 {2.003075 {0.300758 |0.676336 

QKS90 1.257551 |3.621561 {2.254787 {0.34315 —|0.694829 

QKS95 1.47516 |4.264734 |2.662202 |0.41266 |0.720816 

QKSMAX 2.122375 |6.573058 |3.832581 {0.700674 {1.002698 

S 0.575684 }1.489211 |0.98416 |0.137302 |0.583909 
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Figure 6.3 Breakdown points and estimated standardized variances, nj=18, no==9, n3=3 
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We see that the highest efficiency for QKS* was again obtained at o=0.85 where 

the efficiency was 0.863. At Qo, the efficiency obtained was 0.619. We also ran 

experiments where the proportions of sample sizes were the same but with a total sample 

size of 60 and obtained similar results. 

Next, we were interested in how increasing k would affect the efficiency of the 

estimator. We first ran experiments with equal sample sizes of 10, 20, and 30 for each of 

the six samples. We give only the results in Table 6.8 for nj=30 but note that the results 

were quite similar for all three experiments. 

Table 6.8 Simulation results for k=6, nj=30, i=1,2,3,4,5,6 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

              

ESTIMATOR |MIN MAX MEAN _|STD STDVAR 

QKS 0.5251  |0.836924 |0.66123 {0.041071 [0.694432 

QKSMIN 1.26E-07 |0.004226 |0.000707 {0.00069 {171.6903 

QKS05 0.064035 |0.115885 |0.088644 {0.008925 |1.82485 

QKS10 0.136834 0.221602 ]0.177909 {0.014326 |1.167164 

QKS15 0.210051 [0.336697 {0.267502 {0.019784 |0.984605 

QKS20 0.284246 |0.446724 |0.358784 |0.024703 0.853331 

QKS25 0.360364 {0.564624 {0.450913 |0.029844 |0.788498 

QKS30 0.431644 {0.702998 |0.545797 {0.03506 |0.742743 

QKS35 0.51096 (0.81486 |0.64185 {0.040063 |0.701283 

QKS40 0.58996 {0.930794 |0.741488 |0.045416 [0.675287 

QKS45 0.67077 {1.063617 {0.848868 {0.050633 {0.640402 

QKS50 0.754933 1.178562 |0.953482 |0.055902 |0.618741 

QKS55 0.85148 {1.309466 |1.067532 [0.061411 |0.595673 

QKS60 0.949867 {1.44483 [1.189738 {0.067838 |0.585216 

QKS65 1.050374 {1.580367 {1.319927 |0.074783 |0.577808 

QKS70 1.171542 |1.753483 [1.462957 |0.081614 |0.560193 

QKS75 1.289916 |1.943838 |1.62134 {0.089504 |0.548541 

QKS80 1.428646 {2.14754 {1.805561 {0.098807 |0.539048 

QKS85 1.617358 |2.414553 {2.025694 |0.110875 [0.539255 

QKS90 1.847803 |2.770327 |2.313071 {0.125204 {0.527387 

QKS95 2.266415 |3.210546 |2.749261 {0.151973 {0.550015 

QKSMAX 3.72114 |7.407376 4.97556 {0.538292 |2.106803 

S 0.801332 |1.180518 (0.99516 {0.053034 {0.5112 
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For nj=30, the maximum efficiency was obtained at o=0.85 where the efficiency was 

a 

0.977. In Section 3.3 we saw that the maximum asymptotic breakdown points for QKS 

for k=6 and equal sample sizes was at Op =0.360 where e(QKS° Ft )=040. The 

efficiency obtained by the estimator at this @ was 0.745. 

Finally, we looked at the effect that varying sample sizes might have on the 

efficiency of QKS“ for k=6. In the first case, we looked at n}=24, no==12, n3=10, n4=8, 

ns=4, and n6=2. The results are presented Table 6.9 and Figure 6.4. 

Table 6.9 Simulation results for k=6, unequal sample sizes 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                

ESTIMATOR |MIN MAX MEAN _|STD STDVAR 

QKS 0.403453} 1.011991} 0.683919) 0.085467 0.937 

QKSMIN 1.52E-06| 0.031472} 0.004157] 0.004273} 63.39748 

QKS05 0.035562] 0.17505} 0.089504) 0.021313} 3.402142 

QKS 10 0.080097} 0.299495] 0.178924] 0.033822] 2.143946 

QKS15 0.145188] 0.420826) 0.268433] 0.044026) 1.613968 

QKS20 0.203813} 0.598328] 0.358751] 0.053094) 1.314171 

QKS25 0.259816} 0.713464} 0.451085) 0.062871] 1.16556 

QKS30 0.301304] 0.841232; 0.545615) 0.071618] 1.033779 

QKS35 0.371959} 0.965551} 0.641789} 0.081672) 0.971668 

QKS40 0.444406) 1.084983) 0.740663) 0.090805] 0.901842 

QKS45 0.507695} 1.216512) 0.843603} 0.101548) 0.869401 

QKS50 0.589958] 1.363761} 0.957537! 0.112998] 0.835574 

QKS55 0.694965} 1.533688} 1.071399] 0.124823} 0.8144 

QKS60 0.814893) 1.695277| 1.192266} 0.137459} 0.797538 

QKS65 0.901684| 1.913356} 1.322897| 0.149462! 0.765881 

QKS70 0.97402} 2.067656} 1.464932) 0.165199} 0.763014 

QKS75 1.101753} 2.292558] 1.621266) 0.180713] 0.745456 

QKS80 1.248465) 2.528664] 1.802631] 0.197882] 0.723016 

QKS85 1.392609} 2.916721] 2.018614} 0.220989] 0.719093 

QKS90 1.565857| 3.251167| 2.296393) 0.250316] 0.71291 

QKS95 1.794705} 3.982016} 2.706056) 0.300227| 0.738545 

IQKSMAX 2.4405! 7.163268) 4.232196) 0.617356] 1.276708 

S 0.680834 1.345601} 0.991118} 0.096071} 0.563745 
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Figure 6.4 Breakdown points and estimated standardized variances, 
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We note that in this case, the efficiencies were not as good for QKS*. We ran 

another experiment where each of the sample sizes was doubled and the results were very 

similar. This seems to be evidence that QKS" tends to lose efficiency in the case of 

normal data when at least one sample size is small relative to the total sample size. 

In conclusion, we have presented results of a Monte Carlo study that seem to 

indicate that QKS* can be remarkably efficient versus root ss when data are from a 

normal population. In addition, QKS* can attain a high breakdown point. Although we 

have not studied the situation where data are from a contaminated distribution, we are 

confident that QKS* would soon dominate root Sp as the amount of contamination grows 

for most choices of a. 

Section 6.5 Maximal Bias Curve of QKS* 

In this section we discuss another way to assess the robustness of QKS* - through 

its maximal bias curve. Recall that the asymptotic breakdown point of an estimator is the 

smallest proportion of contaminated points that can take the value of the estimator to the 

boundary of its parameter space. The maximal bias curve gives the amount that the 

estimator changes (in the worst case) as a function of the amount of contamination. For 

scale estimators, just as we distinguish between implosion and explosion breakdown 

points, we also distinguish between implosion and explosion maximal bias curves. Now 

as the proportion of contamination, €, gets closer to the breakdown point, the explosion 

maximal bias curve takes values closer to infinity while the implosion maximal bias 

curve takes values closer to zero. The implosion maximal bias curve is, in fact, equal to 

zero at the breakdown point. (Our work follows that of Rousseeuw and Croux (1993) 

who plot the value of the estimator in the ¢-contaminated distribution versus € rather than 
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the bias of the estimator versus €. This is done since for scale estimators there does not 

appear to be a universally accepted way to measure bias.) Maximal bias curves have only 

recently begun to appear in the literature. They were discussed by Donoho and Huber 

(1983) and Hampel et. al. (1986) and have been used by Martin and Zamar (1989, 1993) 

and Rousseeuw and Croux (1993). 

In this section we will only show the maximal bias curve for QTS* but the 

maximal bias curve for any k would be derived similarly. In order to derive the maximal 

bias curve of QTS", we first need to obtain the asymptotic version of the estimator. Since 

QTS*is an extension of Q? from univariate data to multiple samples, let us first give the 

asymptotic version of Q>. Recall that this estimator, given by Rousseeuw and Croux 

n 
| pairwise distances ly; - yjl, i4j. If we let X (1993), uses the o=0.25 quantile of the ( 

and Y be independent random variables with distribution G, the asymptotic version of 

a=0.25 is 

Q(G) = cH@ (1/4) 

where H is the distribution function of the random variable [X - YI and c is the factor for 

consistency. Rousseeuw and Croux (1993) note that one could also write Q(G) as 

Q(G) = cK@ (5/8) 

where K is the distribution function of the random variable X - Y. Note that this means 

that Q(G) is the smallest value such that P(X - Y < c!Q(G)) = 5/8. 

Extending this idea to two samples, we can write QTS“ as the smallest value such 

that 

AP(IX, ~Y,\< c OTS“) + (1-A)PIX - Yal<c OTS”) =a (6.5.1) 
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where A is the probability of a pairwise distance coming from the first population, (1 - A) 

the probability that it comes from the second population, X; and Y, have probability 

distribution function G;, and Xz and Y2 have probability distribution function G3. 

Now if we assume that A = (1 - A) = 1/2 and Xj, Yi, X2, and Y> all follow the 

same distribution then (6.5.1) becomes 

P(IX; - Yyl< c'QTS’) + P(IX2 - Yo $c’ QTS*) = 20 

or 

2P(IX) - Y;<c'QTS*) = 20 

which becomes 

P(IX; - Yl <c!QTS* =a, (6.5.2) 

i.e. the two-sample asymptotic value is the same as the one sample asymptotic value if the 

two populations follow the same distribution. 

Consider the case where A = (1 - A) = 1/2 and X), Yi, Xo, and Y> all follow the 

standard Gaussian distribution. Then we have 

P(-c 'QTS* < X; - Yi; <c!QTS =a (6.5.3) 

Now X, - Y; follows a Gaussian distribution with mean 0 and variance 2 so 

  

-c!oTs® <Xi=¥1 c!oTs® 
| 2 )=a 

which implies 

c!QTs® 

V2 
20( )-l=a 

or 
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OTS = cy2@7 1S) 

where ®(-) is the standard Gaussian distriubtion function. For example, if o=0.343 we 

have 

QTS* = c-¥2 ©1(0.6715) 

or 

QTS* = c-0.628. 

Note that we have just found the consistency factor for QTS* when the data are from a 

standard Gaussian distribution, c= 1//2 ®'((a+1)/2). This can be verified by looking at 

the column of mean values in the two-sample simulations (or any of the k-sample 

simulations since the results extend to k samples). One can show that for each a = 0.05, 

0.10, ..., 0.95 the mean value obtained in the simulation was close to V2 ®!((0+1)/2). 

Let us now derive the maximal bias curves for QTS*. We first give the explosion 

maximal bias curve in the case that ® is the nominal distribution. Recall that the fastest 

way to explode QTS” is to first contaminate n; - nz points in the first sample and then to 

alternate contaminating points in each of the two samples. Asymptotically, if A =(1 - A) 

= 1/2 then since our contamination strategy calls for us to contaminate the same number 

of points from each population, after contamination X;, Y;, X2, and Y> all follow a 

contaminated Gaussian distribution G = (1 - €)® + €H where H is the contaminating 

distribution. Thus, to determine the value of QTS® after contamination, i.e. the explosion 

bias curve, we find the value z=c 'QTS* such that P(IX; - Y,l < z) = a. It follows from 

Rousseeuw and Croux (1993), Theorem 7, that the value of QTS” at the contaminated 

distriubtion, denoted B*(€,®) is 
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a+1l+e7 —2e 
B* (e,®) =c-J207!( ; 

2(1—2&€+€*) 

The explosion maximal bias curves for QTS™°*” and QTS*””” are shown in Figure 6.5. 

Note that the maximal bias curve of QTS™?** has an asymptote at ¢=0.414 while that of 

QTS*°*> has one at e=0.5. In terms of explosion we see that using o=0.25 is better than 

using o&=0.343. However, when we examine the implosion bias curves, we will see why 

we do not use a=0.25. 

In order to find the implosion maximal bias curve of QTS“, we must recall that 

our contamination strategy in this case calls for us to contaminate all points in the first 

sample before contaminating any in the second sample. For A =(1 - A) = 1/2 anda < 1/2, 

this means that after contamination, X; and Y, follow a contaminated standard Gaussian 

distribution G = (1 - €)® + €H and X2 and Y> follow a standard Gaussian distribution. So 

asymptotically, the estimator can be written as 

P(-c !QTS* < X; - Y; $c" QTS") + P(-c'QTS® < X2 - Y2 <c!QTS") = 2a (6.5.4) 

Now since X; - Y; and X2 - Y2 are symmetric random variables, (6.5.4) becomes 

-1 a 

Fy, -Y, (c !QTS*) + oo) =Qa+l (6.5.5) 

where Fx _y, (-) is the distribution function of the random variable X; - Y;. It follows 

from Rousseeuw and Croux (1993), Theorem 7, that if X, and Y, are distributed 

according to G, where G is as given above and where H is a point mass contamination at 

0, then (6.5.5) becomes 
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c loTs® 
Jz [(1-£)* + 0( ) + 2e(1-€)@(QTS™) +e? =a4+1 (6.5.6) 

where € is the proportion of contamination in the first population, 0 <¢< 1. We note that 

as the proportion of contamination in the first population ranges from 0 to 1, the 

proportion of contamination in the two populations, €r, combined ranges from 0 to 1/2. 

For example, if €=1/4 then €7 =1/8. If e=1 then €y =1/2. Thus we see that 2€7 =e. Since 

we wish to know the value of QTS* as a function of €7, we can rewrite (6.5.6) as 

c !QTs™ 

2 
[(1—2ep)? + 1]@( ) +4e7(1-2ep)O(QTS*) + (2e7)? =O4t1. 

Therefore, the implosion maximal bias curve as a function of € is the value of QTS* that 

satisfies the above equality. We have plotted the implosion maximal bias curves of 

QTs*™°343 and QTs*** in Figure 6.6. We see that the estimator using a=0.25 is more 

sensitive to contamination that can cause implosion and indeed has a breakdown point at 

€=0.35. 

These maximal bias curves are useful when comparing competing estimators 

whose breakdown points are the same or almost the same. They show how the estimators 

compare in terms of resistance at fractions of contamination smaller than the fraction at 

which the estimators break down. Also one can obtain another measure of robustness 

from the maximal bias curves -- the gross error sensitivity. This 1s the supremem over all 

values x of the influence function which tells us how a small proportion of contamination 

affects the estimator in large samples. It is also equal to the slope of the maximal bias 

curve at e=0. 
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Chapter 7 
Summary and Future Research 

In the preceding chapters we have studied regression-free scale estimators for the 

simple linear regression model and a location-free scale estimator for the k-sample model. 

In Chapter 3, the breakdown points of some regression-free estimators were derived for 

the situation where there is no replication and in the two-sample model. The breakdown 

points for estimators we have proposed were shown to be at least as high as those of 

previously proposed estimators of Rousseeuw and Hubert (1996). In Chapter 4 we 

presented the results of a simulation study that shows that our regression-free proposals 

appear to be more efficient that previous proposals when the data are from a Gaussian 

distribution. In Chapter 5 we reported on a Monte Carlo study where the objective was to 

determine if the use of a regression-free scale estimator might improve the performance 

of some robust regression parameter estimators whose computation requires an initial 

estimate of the error scale. Although in most of the situations we have looked at thus far 

the choice of an initial scale estimator did not seem to matter, in a couple of situations 

examined, a regression-free scale estimator seemed to result in improved performance of 

the regression parameter estimates. Finally, in Chapter 6 we presented a scale estimator 

in the k-sample model that can be quite robust and seems to have quite good efficiency 

properties. We were able to derive the asymptotic value of this estimator in the case that 

the data are from a Gaussian distribution and also to derive its maximal bias curve. 

Since the idea of using a regression-free scale estimator is relatively new, there are 

many areas where more research can be done. First of all, just as we derived the 

asymptotic value and maximum bias curve for QKS", the same could be done for the 

regression-free estimators. We have in fact initiated a study into these and found some 

difficult issues that need to be resolved. For example, in the case of no replication, we 

can write the asymptotic value of R* as 
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*=cMpR 1 

where Mri = med Mp>, Mero = med Mp3, Mp3 = medrz 3 1(Z;,Z) where r(-) is given 
Zy Z> Z3 

by 2.3.1 and c is the consistency factor. Here Z; = (Xi, Y;) where we assume X; and Y; 

are random variables. If we further assume X; ~ N(0,1), Y; ~ N(a + BX;i, 1), and a=B=0 

then it can be shown that for fixed Z; and Z,, Mp3 can be obtained through 

Yy=mX; __ Mp3 ot Yy—mX,;_ Mp3 

Oa Teter ater Tmo )=1/2 

where m=(Y> - Y;)/(X2 - X1). In other words, for fixed Z; and Z», we can find the median 

residual to the line formed by Z,; and Z). The problem here is understanding the 

dependencies in the random variables Y, - mX, and vm? +1 as Z; and Zp vary. It has 

been hypothesized that the asymptotic value of R* in this situation is approximately 

c-0.95 although preliminary small scale simulations seem to indicate that the value is 

slightly higher. Similar problems exist in determining the asymptotic values of the other 

regression-free estimators. 

One could also derive confidence intervals and hypothesis tests for scale 

parameters based on these regression-free estimators. This would require knowing the 

asymptotic distribution of the estimators. Since each of the proposed estimators are 

generalized L-statistics, by the work of Janssen, Serfling, and Veraverbeke (1984), the 

estimators are asymptotically Gaussian. However, in constructing confidence intervals or 

testing hypotheses based on small samples, a study would need to be done to determine 

the appropriateness of the normality assumption. 

Another research item we mention is a use of QKS*. One could construct a test to 

determine the appropriateness of the assumption of the equality of scale parameters for 

each of the k populations. Such a test might compare the pooled estimate of scale to the 
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individual estimates of scale and perhaps be used as a robust competitor to Bartlett’s test 

and Levene’s test. 

As a final area for further research we mention a possible alternative means of 

comparing scale estimators. Recall that the mean squared error (MSE) of a location 

estimator, 6 , 1S often used to assess its adequacy, where 

MSE(6) = E(0— 6). 

The MSE’s of competing estimators of 8 are compared to determine efficiency. (If 

neither of the estimators are biased, the asymptotic variances of the estimators are 

compared). Although some use this measure to compare scale estimators, we feel that is 

not appropriate. A more suitable measure is the one we used in Chapters 4 and 6, the 

standardized variance that was suggested by Bickel and Lehmann (1976). However, this 

measure never involves the parameter one is trying to estimate. For this reason, one 

might consider the following measure which we call the mean squared log ratio of 

MSLR: 

MSLR(7) = E(ine)”) 

where T is the underlying parameter of interest. It turns out that this measure was 

suggested by Brown (1968) although we could find no instance where it has been studied 

or applied. 
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Appendix A 

Computer program to calculate QSTAR’ 

The following is a SAS PROC IML program to calculate QSTAR”® for the optimal o in 

the special case of no replications and n=15. The user inputs a matrix of x-values (X) and 
a matrix of y-values (Y). 

PROC IML; 

SE=J (1365,1,0); 

Z=X||Y; 

Cil=1; C2=1; 

DO I=1 TO 15; 

DO J=I+1 TO 15; 

DO K=1 TO 15; 

IF (K*=I) & (K*=J) THEN DO; 

SE[C1]=ABS(Z[K,2]-2[1,2]-(Z[3,2]-Z[{1I,2])*(Z2[K,1]- 

Z(I,1])/(2(J9,1]-Z[I,1])); 
C1=C1+1; 

SET=SE; 

SE [RANK (SE) ] =SET; 

OSTAR = SE[170]; 

PRINT QSTAR; 
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Appendix B 
Computer program to calculate R* 

The following is a program written in SAS/PROC IML to calculate and print R* in the 

case of no replications and the special case that n=75. Here one would need to input a 

matrix of x-values (X) and a matrix of y-values (Y). 

PROC IML; 

R1S=J3(75,1,0); R2S=J3(74,1,0); R3S=J7(73,1,0); 

Z=X||Y; 

*CALCULATE RSTAR; 

Cl1l=1; 

DO I=1 TO 75; 

C2=1; 

DO J=1 TO 75; 

IF J*=I THEN DO; 
C3=1; 

DO K=1 TO 75; 

IF *((K=I) | (K=d)) THEN DO; 
R3S[C3]=ABS(Z[K,2]-Z[1,2]-(Z[J,2]-Z[1,2])* 

(Z(K,1]-Z[1I,1])/(2[9,1]-2[1I,1])); 
C3 = C3 + 1; 

END; 

END; 

R32S=R3S; 

R3S[RANK(R3S) , ]=R32S; 

R2S[C2]=R3S[37]; 

C2=C2+1; 

END; 

END; 

R22S=R2S; 

R2S[RANK(R2S) , ]=R22S; 
R1S[C1]=(R2S[37]+R2S[38])/2; 
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R12S=R1S; 

R1S [RANK (R1S) ]=R12S; 
RSTAR=R1S[38] ; 

END; 

PRINT RSTAR; 
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Appendix C 

Proof of Theorem 3.3.5 

Proof: We first show that ¢€,(R ,Z)<[n/2]/n. Let q = [n/2]. We contaminate Z by 

setting Z1 = Z2= + = Zq= Zq+i, hence contaminating q points. Fix z; where 1 <i<q+l1 and 

z; where 1 <j < q+1,j#i. Then, by the way the SE’s are defined, for any choice for zx, 

1(Z;,Z;)=0. Thus, med ry (Z;,Z p> =(Q. Since this holds for q = [n/2] possible choices for j 
k 

for fixed i, med{medr, (z;,2;)} =0. Since this holds for q+1 of the n possible choices 
j k 

for i, med{med{med r, (z;,2;)}}=0 soR*=0. Thus €;(R ,Z)<[n/2]/n.. 
ij ok 

We now show that e5(R ,Z) 2[n/2]/n by showing that contamination of 

[n/2}-1 points will not implode the estimator. Let q= [n/2]-1. Let 8 =} min ry, (2; ,Z p> 
iz jek 

where the minimum is taken over all points in the original sample. Since the 

observations are in general position, 6 > 0. Now contaminate q points by setting 

Z1=""*Zg=Zq+1- Fix zZ; where qti< i <n and z; where q+l<i<n. Of the remaining n-2 

choices for z, [n/2|—1 are from the original sample and [n/2]-1 are contaminated. 

Therefore, [n/2]—1 of the SE’s associated with z; and z; are the same as those in the 

uncontaminated sample and are greater than 86 implying medr, (z;,z;) 245. Since this 
k 

holds for [n/2] of the n-1 choices for z; with z; fixed, med{medr, (z;,zj)} 226. 
jk 

Finally, since this holds for n - q = n - [n/2] + 1 of the n possible choices for 1, 

med {med {medr, (2;,2;)}}25 implying R*26. Therefore, e-(R ,Z)2(n/2]/n. 
ijk 

From these two paragraphs it follows that €, (R »Z) =[n/2]/n. 
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Next, we show that e*(R”,Z)<[(n-1)/2]/n. Let g=[(n-1)/2]. Let us count the 

number of contaminated SE’s that result from contaminating q points. Let z; be an 

original point. Of the remaining n-1 choices for z;, | (n—1)/2] are original points. Let z; 

be an original point, j#i. Then, of the n-2 SE’s associated with z; and z;, [(n-1)/2} are 

contaminated. As the amount of contamination in each point grows to infinity, 

med, (2;,Z;)—>e. Since this is true for [(n—1)/2] of the n-1 choices for j when z; is 
k 

an original point, med{medr, (Zz; ,z p>} — oo, As a result, for n-[(n-1)/2] choices for i, 
jk 

med{med{medr, (Z;,Z;)}}— co 0 R*¥— 00, Therefore, e*(R’,Z)<[(n—-))/2]/n. 
ij ok 

We now show that e*(R ,Z) >[(n-1)/2]/n. Let M= maX Tk (2; >) where the 
1¥j 

maximum is taken over all points in the original sample. Let q=[(n-1)/2]-1 and 

contaminate q points. Now n-1=[n/2]+2 points are uncontaminated. Let z; and z; be 

original points, 1#j. Then of the n-2 choices for z,, [n/2] are original and for each of 

these, I, (Zj.2j;) SM. Therefore, med ry, (Z;,2;) $ M. Since this holds for [n/2]+1 
k 

choices of j for fixed i, med{medr,(z;,z p} <M. Finally, since 
j k 

med{medr, (2;,2;)} SM for [n/2]+2 choices for i, med{med{medr, (2; ,Z;)}} <M so 
j &k i jk 

R*¥<M. Thus,e*(R ,Z)>[(n—1)/ 2]/n. From these two paragraphs it follows that 

e*(R ,Z)=[(n-1)/2]/n. 

Therefore, €, (R*,Z) = min{e* (R*,Z),€, (R*,Z)} =[(n—1)/2]/n. 
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Appendix D 

Derivation of 0): for QTS® 

Theorem B. For 4 <1/-+2, the value of o that maximizes the asymptotic breakdown 

point of QTS", Oopr, is 

3-22 

Pt? +A) 

and at Qopt 

e(QTS°! ) = 0414. 

For 421/42, 

_ (24-1)? . (1-2)? 

Pe 4n202 +(1—-2)2) 2 41-2)? 
  

Oo 

and the asymptotic breakdown point is 

  

  

2 nz a2 (OTS ) = jo 1) ah (1-4)? 
an 

Proof: We first note that ¢€ (QTS®) is an increasing function of a for fixed A while 

e*(QTS™) is a decreasing function o for fixed 4. To obtain the asymptotic breakdown 

point at Oop, E(QTS” °F" ) = min{e~ (QTS” * ),e* (QTS° P )}, we find the a at which 

these two functions intersect, i.e. Opp is the point such that e* (QTS")= €  (QTS®). 

Also note that since e” is strictly decreasing and € is strictly increasing, Qop: is unique for 
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fixed A. It can be shown that for Ae [0.5, 1], €* (QTS™) intersects ¢~(QTS%) in the 

part of €~ (QTS”) defined by €~ (QTS™) = yan(A? +(1-A)7). 

Now at a = 2(1 - A)°/(A? + (1 - A)*), €* (QTS™) =2A - 1. Our strategy is to find 

the value of A for this @ that makes e* (QTS“) = €- (QTS“). For values of 4 smaller 

than this, to determine Opp we set 

1-202? +(1-2)2) = Jar? +(1-)2) 

and solve for a. For values of A larger than this, to identify Oop: we set 

  

n— ar? +(1—2)2)- a)? = Joa? +1 2)2) 

and solve for a. 

At @ = 2(1 - AMA? + (1 - 4) +), E (QTS*) =V/2(1-A). So for this o 

et (QTS")= €-(QTS“), ie. 2A-1=-V2(1-A). Solving for 4 we obtain A =1/12. 

Thus, for 4 < 1/-+2, to determine Oop, obtain the value of o for which 

  

1— Joa? +(1-4A)*) = Jar +(1-A)*) , 

i.e. 

a2 (rn? + (1 - 2)”) - 6002 + (1 - 0)?) +1 =0. 

Note that this is a quadratic equation in & and the quadratic formula can be used to show 

Gop, = (3—2V2)/(A* +(1-A)7). 
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Using this value of & to obtain e(QTS” Pt ) we find that 

e(QTS*? ) = 3-22 =0414. 

Now to determine Oo» for values of A greater than 1/ 2 , we find the value of a 

for which 

  

yoa(r2 +(1-A)2) =¥-Jan2 +(1—-a)? - (1-2)? 

Solving for a we obtain 

(24-1)? . (1-4)? 

42 (92 +(1-2)7) 22 +02)? 
  

Qopt = 

Using this value of & to establish e(OTS” ) we obtain 

  

  

(22 —1)* +442(1—A)2 
e(QTS”? ) -| 2 

4K 

This completes the proof. e 
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Appendix E 

Proof of Theorem 3.4.4 

Proof: We first obtain the implosion breakdwon point of Q’), as a function of a. Let q 

be the number of contaminated points. The fastest way to cause implosion of Qa is to 

first contaminate n;-1 points at x; before contaminating any at xp. 

Now suppose a@ < A? +(1-A)*. One can show that the proportion of zeroes will 

always be A° + (1 - A), even before contamination. Thus, for a < A> + (1 - 4), Q%, is y all 

zero and therefore imploded, meaning € ( Qa = 0. 

Next, suppose 4° + (1 - A) < a < 1 - 347(1 - A). One can show that for o in this 

range, one needs only to contaminate points at x, to cause implosion. The total number 

of zeroes after contaminating q points is (+ (2 (45 ‘no: Thus Qa will 

(3)(F} (22 [o(3)} 
n(n, - 1)(m - 2) + no(n2 - 1)(n2 - 2) + 3n2q7 + 3n2q - On(n-1)(n - 2) = 0. 

implode if 

1.e. 

Dividing this expression by n°, letting € = q/n, and taking the limit as n; and n2 go to 

infinity, we obtain 

©*(3(1—2)) >a—(A2 + (1-A)?). 
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The implosion breakdown point is the smallest positive € that makes this an equality. 

Thus, solving for € we obtain 

~ na, [a-(A>+(1-A)?) 
€ h=y 31) , 

  

  

Now if a >A? +(1- A)? + 3A7(1 - A), one needs to contaminate points both at x, 

and x2 to cause implosion. In this case, the total number of zeroes after contaminating q 

ny no ny q-(n,-D+1 (3) (3) 

The estimator will implode if this quantity is greater than or equal to [af] Using 

points is 

algebra, we find that, after dividing by n° and taking the limit as n, and ng go to infinity, 

Qo, Will implode if 

6* (3A) —€(6A2 + (602 —3A+1-a) 20. 

Solving the above equality for € we obtain 

  

V12A 
—_— 2 — = V3A(1-A)2 +(a—1).   € (Qh) =A+ 

We now derive the explosion breakdown point of Qa: Now the fastest way to 

cause explosion of Qa i.e. create the largest number of unbounded triangles, is to 

contaminate (n; - n2) points at x; before contaminating any at x2. Let q; be the number of 

contaminated points at x;, q2 the number of contaminated at x2, and gq = qi + qo. Since 
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n n . . 
there are always ( e( 2 J zeroes no matter how much contamination there is, if a < 

27 + (1 - A)%, the estimator will equal 0, i.e. it cannot explode. So for a < A? + (1 - A)’, 

€7(Q9,) =1. Also, it is easy to show that if a > A> + (1 - A)’ + 3(1 - A), one need only 

contaminate points at x; to cause explosion, i.e. qi = q, q2=0. ForA°+(1-A)><as< 

W4(1- A)? + 3(1 - A)’, one must contaminate points at x; and x2 to cause explosion. 

Suppose 434+ (1-APsa<sAart(1-A)? 4+ 3(1-A)*. Then the fastest way to cause 

explosion is to let 

—(n —-n ) 

and 

_|q-(n,—-ny) q2 =| Sim) 

where [a] is the smallest integer greater than or equal to a. In this case, QU), will 

explode if 

n}_ {My }_/ M2 |_/ 21-41 _fN2-q2 n)_ n ICS) CB} at pe (2 2) )] 
Defining A and € as before, one can show that taking the limit of this expression yields 

e7(-3/4) + €(3/2) + (a - 1 - 347+ 3A - 3/4) 20. 

Using the quadratic formula to find €* we find that the smallest reasonable solution is 

  

e*(Q4,) = 1 fe- 8 +(1-A)3). 
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We finally find the explosion breakdown point for the case that a >A°>+(1-A)> + 

3(1 - 4)*. Since one needs only to contaminate points at x; to cause explosion, the 

number of bounded triangles remaining after contamination is 

Dividing by n°, defining A and € as before, and taking the limit of this expression yields 

e7(-3(1 - A)) + E(6A(1 - A)) + (@- 1) 20. 

Using the quadratic formula to solve for €+ we find that 

  

  

tna a— (A +(1—A)>) € (Qty -a+ [2 1-2) , 

This completes the proof. e 

157



Appendix F 

Proof of Theorem 3.4.5 

Theorem: Consider a sample Z={Z1,,Zy, ..., Zin, Zoi, Zo2, ++. » Zam} Where n, > n, > 0. 

Assuming that y; # y,; for all 14] and y2#+y,,; for all 14] then 

en (R*,Z) = [(n-1)/2J/m_ ands é, (R*,Z) = [n/2]/n. 

Hence, 

€, (R*,Z) = [(n-1)/2)/n. 

Proof: We first show that ¢, (R*,Z)=[n/2]/n. Let q=[n/2]. Recall that the fastest way 

to implode the estimator is to contaminate n,-1 points at x; before contaminating any at 

X2. If nj=n2=n/2, we contaminate n;-1 points in the first sample and one in the second. 

The remainder of the proof assumes n;>n2 for notational convenience. All results hold if 

Ny=N2. Thus,we contaminate Z by setting 21. = Zi3 = --- = Ziqsi = Zu, hence contaminating 

[n/2] points. 

Let Zy ={Z11,2.12, wy Zig+1 } and Z> ={Z1q42, --» Zinl, Z21, ---» Z2n2}. Note that Zi has 

[n/2]+1 elements and Z> has [n/2]-1 elements. Fix z¢ Z; and z¢ Z}, i#j. Then, by 

the way the 1(z;,z)) are defined, for every remaining choice for z,, ™(Zi,z;)=0. Thus, 

med ry (Z; .Z j )=0. This holds for [n/2] of the n-1 choices for z; given zje Zi. Also, if z; 
k 

is from sample 2, then of the n-2 choices for z,, [n/2] are from Zt and lead to 1(Z;,zj)=0 

which implies medr,(Z;,z;)=0. Therefore, for ze Zi of the n-1 choices for Z;, 
k 

[n/2]+n2 lead to med, (Z; .Z;)=0. Thus for z,€ Zi ; med{medry (Z; »Z;)} =0. Since 
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this holds for [n/2]+1 of the n possible values for i, med{med{medr, (Z; ,2;)}}=0 
ij =k 

which means R*=0. Thus, we conclude that ¢, (R*,Z)=[n/2]/n. 

We now show that €, (R*,Z) 2[n/2]/n by showing that contamination of [n/2]-1 

points will not implode the estimator. Let q=[n/2]-1. Let 6 =3 min I, (Z;,Z;) where the 
it jtk 

minimum is taken over all points in the original sample. Under the assumption that y,;+y,, 

for all i+j and y,#y, for all i#j, 5>0. We contaminate q points by setting 

Z12=Z13=""-Zig+1=Z11. Let Z1 ={Z12,2.12 w+) Zig+i} and Z>={zu1, w+) Zig+2, Zinly Z21, -++5 Z2n2}- 

So Zi contains the [n/2]-1 contaminated points and Z5 contains the n-[n/2]-1 original 

points. Let z, eZ, and z j EZ> , j#i. Of the remaining n-2 choices for Zx, n—[n/2]-1 

are from the original sample and [n/2]-—1 are not. This implies that for i,j¢Z>, i#j, for 

at least half of the choices for Z,, r,(Z;,z;,)286. Thus, med 1, (Z; ,Z,)245>0. Ass result, 

for n-[n/2] of the n-1 choices for j when ieZy, med{med{r, (Z; ,Z pp} 226. Finally, 
j k 

since this holds for n-[n/2]+1 choices for i, med{med{medr, (z; ,z p} }>6 implying that 
ijk 

R* >6. Therefore, ¢€,(R*,Z)2=[n/2]/n. 

We now show that e7 (R*,Z) <[(n-1)/2]/n. Let q=[(n-1)/2]. We will 

contaminate points z=(x;,y,) by replacing them with (x,,y,+L), Lo-~. We will 

contaminate nj —n7 +[(q—(n;—n))/2] points at x, and [(q—(n,—n>))/2] points at 

X,. We first introduce some notation. Let Z3 contain the contaminated points at x, and 

Zi contain the contaminated points at x,, Z>; contain the original points at x,, and Zn 

contain the original points at x,, We have already seen that the number of elements in 
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Zi1» n(Zyy)=ny—N9 +[(q—(ny—ng))/2] and n(Z>9)=[(q—(ny—n2))/2]. Also, 

n(Z91) = 0 —[(q—(ny —nz))/2] andn(Zyp) = ny -[(q~ (ny ~n9))/2]. 
Let z; be an original point. We will show (1) if z; is a contaminated point 

then med ry, (Z; Lj) ; (2) if z; is an original point with x;4x; then medr, (z; »Z;) — oo; 
k 

(3) therefore, for at least half of the choices for z; when z; is an original point, 

med ry, (Z; »Z;) — 09 SO med{medr, (Zz; »Z;)} — oo. Since this holds for more than half of 
k j 

the choices for z,, R¥ 00. 

(1) (a) Assume z, €Z>, and let z j€Zi1- Then for all k, 1,(z;,z,)—00. Let 

Zj« Zj2. Then of the n-2 choices for 2, 

no —l+n, —N» +[(q—-(ny —n»))/2|= ny —1+[(q-(n, —n7))/2] 

lead to ry, (Zj,Z;)— ee. Thus, in this case, medTy (2; .2 5). 

(b) Assume x=X,, 1.€. Z; EZ and let z j EZjp. Then, for all k, 1,(z;,z,)—-° 

which implies medt, (Z;,2j)—e. Now let z; EZ. Then of the n-2 choices for z,, 

n, —1+](q—-—(nj —N2))/2] lead to r,(z,,z;) >< which implies medry (2; 25) >. 

(2) (a) Assume Z; € Z1 _Ifzje Z51 then of the n-2 choices for k, 

My - Nz + [(q-(m - N2))/2} + [(q—(ny —ng))/2] 

= Ny-NMa+tg-aN+Mm = q = [(n-1)/2] 

lead to ry, (Z;,2;) ee. Thus, med (24 52j)—> °°. 
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(b) Assume Z; EZ. If z jeZ then of the n-2 choices, for k, q lead to 

1,(Z;,Z))0°. Thus, medr, (Z; sj) 0 . 
k 

We have shown that, for z; an original point, of the n-2 choices for z;, at least 

q+n2-[(q-(mi-n2))//2] lead to med ry (Z; ,Z pre: So for original 2Z, 

med{medr, (2; Zi)}}e. Since n-[(n-1)/2] of the n Zz are original, 
jk 

med {med {med ry, (Z; Zi )}}e. So R*¥-:c0 = and we conclude _ that 
ijk 

et (R*,Z) S$[(n—-1)/2]/n. 

Finally, we show that €7 (R*,Z) =[(n—1)/2]/ n.. For the original data, let 

max 1 (Z;,Z;)=M<cee. Consider a sample with q-1 contaminated points and therefore 
iv jek 

n-q+1 =n-[(n-1)/2]+1 original points. Let z; be an original point. If z; is an original point 

then of the n-2 choices for z,, n-[(n-1)/2]-1 are original points. So for n-[(n-1)/2]-1 k, 

Ty (Zj ,Zj) <M<co. Thus, medr, (z; Zi )<M. Since this holds for n-[(n-1)/2] of the n- 
k 

1 possible choices for z,, med{med ry (Z; ,z j )<SM<oco. Finally, since n-[(n-1)/2]+1 z, are 
J k 

original, med{med{medr, (Z; ,z pe <M<oo. Therefore, R*¥ is bounded and it follows 
ij ok 

that e7 (R*,Z) >{(n—1)/2]/n. From this we conclude that en (R*,Z) =[{(n-1)/2]/n. 

We have shown that e1 (R*,Z) =[(n—1)/2] and €,(R*,Z)=[n/2]/n. Thus, 

€, (R*,Z) = min{e} (R*,Z),€, (R*.Z)} = [(n-1)/2)n. ° 
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Appendix G 

Computer program to calculate QKS° 

The following is a SAS PROC IML program to calcualte QKS at the optimal value of o 

in the special case that k=3 and the 3 samples are each of size 10. The user must input 3 
matrices of data (Y1, Y2, and Y3). 

options 1ls=72; 

proc iml; 

Q1=7(45,1,0); Q02=3(45,1,0); Q3=3(45,1,0); 

SE=J(135,1,0); SE2=3(135,1,0); 

COUNT=1; 

*CALCULATE QOKS; 

DO I=1 TO 10; 

DO J= I+1 TO 10; 

Q1 [COUNT] =ABS(Y1[I]-Y1[J]); 

Q2 [COUNT] =ABS (Y2[1I]-Y2[J]); 

Q3 [COUNT] =ABS (Y3 [I] -Y3[J]); 

COUNT = COUNT + 1; 

END; 

END; 

SE=Q1//02//Q3; 

SE2=SE; 

SE[RANK (SE) , ] =SE2; 

OKS=SE[47]; QKSO5[{N]=SE[6]; QOKS10[N]=SE[13]; 
OKS15 [(N]=SE[20]; 

PRINT QKS ; 
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