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(ABSTRACT) 

In this study, we consider numerical schemes for a class of singular integrodiffer- 

ential equations with a nonatomic difference operator. Our interest in this particular 

class has been motivated by an application in aeroelasticity. By applying nonconform- 

ing finite element methods, we are able to establish convergence for a semi-discrete 

scheme. We use an ordinary differential equation solver for the semi-discrete scheme 

and then improve the result by using a fully discretized scheme. We report our nu- 

merical findings and comment on the rates of convergence.
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Chapter 1 

Introduction 

1.1 Background 

In recent years the feasibility and advantages of active control surfaces to reduce 

maneuver gust, fatigue loads and damp vibration that contributes to flutter have 

been extensively studied. A systematic procedure for control design requires the de- 

velopment of a “realistic” mathematical model that predicts the dynamic behavior 

of the phvsical system. The development of state space models for aeroelastic sys- 

tems, including unsteady aerodynamics, is potentially important for the design and 

development of highly maneuverable aircraft. 

In [5], a complete dynamic model for the elastic motions of a three-degree-of- 

freedom airfoil section, with flap, in a two dimensional, incompressible flow (‘Theodor- 

sen’s problem) was formulated. An evolution equation for the circulation on the 

airfoil was derived and coupled to the rigid-body dynamics of the airfoil to obtain a 

complete set of functional differential equations that describes the composite system. 

The resulting model for the aeroelastic system including a forcing term f has the 

form 

S{Aa(t) + [ Als)e(t+s)ds] = 
Ba(t) + [. B(s)x(t + s)ds + f(t), (1.1) 

for t > 0, where 

x(t) = (A(t), 0(t), B(t), A(t), A(t), B(t), Q(t), Q(t)”. 

The functions h, 0, G denote the plunge, pitch angle and flap angle, respectively. 

The 8 x 8 matrix A is singular (each entry of the last row is zero) while the 8 x 8 
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matrix function A(s) is weakly singular (Agg(s) = ((Us — 2)/Us)/?, U denotes the 

undisturbed stream velocity). The function 9 denotes the total airfoil circulation and 

has representation 

at) = fr. W(s)ds, t <0, 

| nt fEZ2 Pi rvals,o)dods, t>0, 

for the given initial condition » € L,{(—00,0), 7 € R. Here y(t,z), -l <2 <1, 

represents the circulation per unit distance on the airfoil. The state of the system (1.1) 

includes the past history of 2 which may not be observed for the entire past (—oo, 0]. 

However, one could possibly observe this past history over a finite time interval, say 

[—6, 0]. It is to be noted that the kernel function A(s) in (1.1) is not integrable on 

(—oo,0], therefore it is not possible to address the infinite delay problem as a finite 

delay problem by mapping the interval (—0o, 0] to some finite interval [—T, 0]. 

A “finite delay” version of (1.1), 

“[Aa(t) + Lae \a(t + s)ds} = 

t) + [Be s)z(t + s)ds + f(t), (1.2) 

has been studied extensively. We view the system (1.2) as having a singular integral 

component and concentrate on this particular component. In [15], approximation 

techniques for the finite delay system have been developed. We wish to follow the 

similar techniques for a specific finite delay system (1.2) and devote our attention to 

the scalar equation case. 

1.2 Introduction 

In this study, we consider numerical schemes for the scalar case with a singular kernel 

as mentioned above. It can be extended to a class of singular functional differential 

equations with a nonatomic difference operator D. The operator D is nonatomic 

since we can change the scalar equation into the special form 

d 
ae = = Lr, + f(t), 

with x;(-) = z(t +-) and the difference operator D defined as 

pé= | : Is|-?b(s)ds 

2



where 

b>0, pe(0,1). 

The functional differential equation is singular because D contains a weakly singular 

kernel. |s|7?. 

In the literature, one finds the use of product spaces to analyze retarded functional 

differential equations ({1], [2], [9]) and to prove the well-posedness of atomic neutral 

functional differential equations ([6], [7], [17], [19]). The assumption that the differ- 

ence operator D is nonatomic plays a crucial role in establishing well-posedness for 

the associated abstract Cauchy problems ([8], [15]). However, it has been established 

that the difference operator D being nonatomic is not necessary for the generation of 

a Cp semigroup on product spaces (|6]). Weighted product spaces are recommended 

in [11], [12] and [13]; there it is assumed that the circulation history of the airfoil 

problem belongs to a weighted Lz space. In other words, the weighted product spaces 

are used to establish well-posedness for the model. 

In [8] and [15], the authors show that the finite delay version of the model equation 

of the aeroelastic system generates a Co-semigroup on the weighted space L2,, (g is 

the weight function) and the infinitesimal generator of that semigroup satisfies a dis- 

sipative estimate, which is important for the stability of approximating schemes ([14], 

[15]). We follow this idea and present an approximation scheme with several examples 

to indicate the feasibility of the approach. We discuss the rates of convergence of the 

approximation scheme. 

The study is organized as follows. In the second chapter, we state several important 

results from [8] and [15]. We formulate a scalar singular integrodifferential equation 

as a first order hyperbolic partial differential equation with a nonlocal boundary con- 

dition. Then we characterize the solutions on a weighted L2, space by establishing 

well-posedness of the abstract evolution problem associated with this neutral system. 

One is then able to develop a computational algorithm and establish convergence of 

the numerical scheme (({18]). Chapter three contains exact solutions for a class of 

singular integral equations. The method of steps is introduced. Chapter four con- 

tains a description of the specific numerical scheme. By applying the nonconforming 

finite element methods to the abstract evolution problem, we are able to establish 

convergence for a semi-discrete scheme ([15]). We use an ordinary differential equa- 

tion solver for the semi-discrete scheme and then improve the result by using a fully 

discretized scheme. We report our numerical findings and comment on the rates of 
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convergence. Chapter five contains a summary and list of future work. 

1.3. Notation 

NBV 

absolutely continuous function on [—6,0], 6 fixed, b> 0. 

continuous function on [—),0], 5 fixed, b> 0. 

continuous function on (0,7), T fixed, T > 0. 

6€C(0,T) if and only if ¢e€ C(0,T), ¢6€C(0,T), T>0. 

domain of the operator D. 

weighted [2 space with a weight function g. 

Lo 9. 

Banach space on [—),0], bfixed, 6>0, r>1. 

function of bounded variation on [0,T], T > 0. 

function of normalized bounded variation on [0,7], 7T'>0, i.e., 

F € NBV if and only if F(0) = 0 and F'é€ BV. 

set of real numbers. 

set of positive real numbers. 

spectra of A.



Chapter 2 

A Semigroup on L» , 

2.1 Introduction 

In this chapter, we describe the associated singular integrodifferential equation for 

the finite delay version of the aeroelastic system. We show that a certain weighted 

[2 space can be used as a state space for such system. We transform the system into 

a Cauchy problem in the weighted space and use linear semigroup theory to establish 

the well-posedness of the problem. 

2.2 Problem description 

We consider the well-posedness of the singular integrodifferential equation 

© ff alsie(t+s)ds = Fl) (2.1) 
with initial data 

t(s) = @(s), —b<s <0, (2.2) 

where f(t) is locally integrable on ¢ > 0, the function g belongs to L, and is pos- 

itive, nondecreasing, and weakly singular at s = 0. Specifically, we study the case 

where g(s) = |s|~?, 0 < p < 1, on [—8,0], i-e., Abel’s kernel. In particular, for the 

aeroelasticity model, p = 0.5. 

Note that the initial value problem (2.1)—(2.2) can be written as 

[, g(s)z(t + s)ds = [. g(s)b(s)ds + [ f(r)dr, (2.3) 

provided that the functiont —+ f°, g(s)xz(t+s)ds is absolutely continuous and the 

function g(-)d(-) belongs to Ly.



By defining 

ri(s) = az(t+s), (2.4) 

De = f° a(s)6(shas. (2.5) 
[¢ = 0, (2.6) 

the associated singular functional differential equation with a nonatomic difference 

operator D for (2.1) is 

d 
qpi=lut ft), '29, (2.7) 

with the initial condition 

Lo = 4, (2.8) 

and equation (2.3) can be expressed as 

t 

Dz, = Dot | f(r)dr, t>0. (2.9) 
0 

Since g(-) belongs to Ly, it follows that D : L2,, —+ R is a bounded linear operator 

satisfying 

Dd <if 9(s)ds] tf 16(s)/?o(s)ds]>. 

2.3. Semigroup formulation 

The well-posedness of (2.7) has been studied by several authors. In [7], it was shown 

that under rather general conditions on D and JL, (2.7) is well-posed in the sense that 

the solution exists and depends continuously on the initial data (7, ¢(-)) in R x L, 

and the forcing function f in L,(0,7T) for T > 0. Most of these studies have been 

based on an explicit representation of the solution to Abel’s equation. Moreover, 

when these results were applied to certain aeroelastic control problems it was shown 

that (2.7) is well-posed in R x Ly only if p > 2 (see [6], [7], [12], [16] for details). We 

shall investigate the well-posedness of (2.7) in the weighted Hilbert space [2 ,. 

In order to introduce the basic idea, we indicate how equation (2.1) can be (for- 

mally) written as an evolution equation on the weighted state space L2,. Given 

zr: [—b,co) —> R, we define 

E:[0,00) x [-6,0)  R 

6



by 
E(t, 8) = x(t + 6). 

If x(-) is locally absolutely continuous and the function t —> f°, g(s)z(t + s)ds is 

locally absolutely continuous, then equation (2.1) can be reformulated as an initial- 

boundary value problem for the first order hyperbolic equation 

O O 
aot 0) = 500 9), (2.10) 

with the constraint 

0 O 
J, 9A apElt.0)d0 = (2), (2.11) 

The constraint (2.11) is obtained by interchanging the order of integration and the 

differentiation d/dt in equation (2.1) and then using equation (2.10). We use the 

weighted space L2,, as the function space for the history function € as in [8] and [15]. 

Let Z be the weighted space [2,, and (-,-) be the scalar product defined on Z: 

0 
(uv) = fi u(d)v(Qal(C)dc, uv Z. 5 

Then we can write (2.10)—(2.11) with f =0 as a Cauchy problem for z(t) = &(t,-) € 

Zz: 

Salt) = Az(t), (2.12) 

2(0) = ¢, 

where the linear operator A on Z is defined by 

Au=w= ou, 

with the domain, Dom(A), dense in Z: 

Dom(A) = {wE Z:uE AC, w eZ, Dw =O}. 

We shall use the following definition of solutions to (2.1)—(2.2). This definition is 

analogous to the definition of a generalized solution given in [7]. 

Definition 2.1 A solution to the initial value problem (2.1)—(2.2) is a measurable 

function x: [—b,00) > R satisfying 

1. x(s) = o(s) on [—6, 0],



2.2,€ Lo, fort >0, 

3. x satisfies (2.1)—(2.2) almost everywhere on [0, 00). 

The well-posedness of (2.1)—(2.2) is established by the following result ([8]): 

Theorem 2.1 Let z(t), t > —b, be the solution to (2.1)—(2.2) with f =0 and define 

the solution semigroup S(t), t >0, on Lo, by 

(S(t)d)(s) =a2(t+s) on [—6,0). 

Then, S(t), t > 0, forms a Co semigroup on Lo, whose infinitesimal generator A is 

given by 

Dom(A) = {u € Lag: u is locally absolutely continuous with u' € Lo, and Du' = 0} 

and Au = u’ foru € Dom(A). Moreover,  € p(A) if and only if A(A) # 0, where 

the characteristic function A(A) is given by 

aca) =af , g(s)eds. 

If € p(A)O Rt and wy = A(A)~1e** € Lo,, then the solution x(t+-) € Lo, to 

(2.1)— (2.2) can be represented as 

rt +-) = S(t)}—(A-M) [ "S(t — sa f(s)ds. 

2.4 Summary 

In this chapter, we transformed the finite delay version (2.1)—(2.2) into a neutral func- 

tional differential equation (2.7)—(2.8). Theorem 2.1 established the basic equivalence 

between the solutions to (2.1)—(2.2) and the semigroup generated by A. Moreover, 

the space L2,, can be used in the development of approximating systems. Numerical 

results based on this framework will be introduced in Chapter 4.



Chapter 3 

Exact Solutions 

3.1 Introduction 

In this chapter, we discuss the exact solution to the singular equation 

[ is|"P2(t + s)ds = F(t), t>0, (3.1) 

with the initial condition 

t(s)=¢(s), —b<s<0, (3.2) 

where F(0) = f°, |s|~?¢(s)ds and F(t) satisfies certain properties. Without loss of 

generality, for the rest of this presentation, we assume that 6 = 1. In order to find 

the exact solution to (3.1)—(3.2), we integrate both sides of equation (2.1) from 0 to 

t with g(-) =|-|7? to obtain 

[ |s|-Pa(t + s)ds = [ |s|~-?d(s)ds + [ f(r)dr, (3.3) 

provided that the function t —> [°, |s|~?2(t + s)ds is absolutely continuous and 

| - |~?d(-) belongs to Ly. 

Defining z;(s) = z(t +s) and 

0 
Do= ~PC(s)d ¢= [i Is\*c(s)ds, 

equation (3.3) can be written as 

t 
Dr, = Do + [ f(r)dr = F(t). (3.4) 

0 

Our definition of an exact solution to (3.1)—(3.2) is the following:



Definition 3.1 /f u(t) is an eract solution to (3.1)—(3.2) on an interval J = {t € 

R:0<t<T}, T > 0, then u(t) ts a real valued, measurable function defined on J 

and satisfies (3.1)—(3.2) almost everywhere. 

In this chapter, we consider the case with F(t) € C!(0,1) and solve for the exact 

solution z(t) to (3.1)—(3.2), t € (0, 1], then extend the solution to (1,7;), 7; > 1 by 

the method of steps. Solutions for specific F(t) are discussed. We also discuss the 

solutions for special case p = 1/2. 

3.2 F(t) €C'(0,1) 

We start with the problem in [6] (p.111): 

[ |s|-’r(t+s)ds = n, t>0, (3.5) 

t(s) = 9s), s€[-1,0], pe(0,1), (3.6) 

and using the definition of the operator D, we have 

0 
Dé = [ |s\-"9(s)ds 

-1 

The exact solution to (3.5)—(3.6) for 6 € C, 7 € R is stated below: 

Theorem 3.1 Let d€C,7€ R. Then the unique integrable solution to (3.5)— (3.6) 

is given by 

  

  

_ sin(p7w) | £° (¢—s) z(t) = se) fff 6 (s)ds+ fs ane o(s — 1)ds (3.7) 

+Snlen) l(n — Dé)t-] , OK<t<l. (3.8) 

We introduce an useful result from [10] (p.41): 

Lemma 3.1 Let h € C(0,1) and h(0) =0. Then z(-) satisfies 

i ‘lt — s|-Pa(s)ds = h(t) ae. on (0,1) (3.9) 

if and only if 

[ 2ls)as = Sint Salen) jt — s|’-*h(s)ds on [0,1]. (3.10) 

10



By applying Lemma 3.1, and following the proof in [6], we are able to find the solution 

o (3.1)—(3.2) with F(t) € C’(0, 1). 

Lemma 3.2 Let F € C'(0,1). Then (3.1)—(3.2) has the unique integrable solution 

sin( pT) f 1 ds+ [ Kos (t— 3s)? 
= —1)d 

a(t) 7 Aye °+ (t{—s)+1 o(s— Ids 

003) pone opa) 0<tK<1. 
7 

    

    

Proof The proof is constructed in steps: 

1. We transform equation (3.1) into the form of equation (3.9), 

2. Identify A(t) in equation (3.9), 

3. Show that the right-hand side of equation (3.10) is differentiable where h is as 

defined in step 2. 

First, by changing variables, equation (3.1) becomes 

0 
/ |s|-?x(t + s)ds 
-1 

t 

= [ |s — t|~?2(s)ds 
t-1 

= [ |s —t]"?2(s yas+ |s — t|"?a(s)ds 
t-1 

= [- |s—tr*d(s)ds + ["\s—t\-e(s)ds 

= F(t). 

Therefore, 

t 0 

J \s—tPa(s)ds = F(t) - [ Is — t|-?d(s)ds. (3.11) 
0 t-1 

Comparing (3.11) with (3.9), it follows that 

h(t) = F(t)- f |s—tlP4(s)ds 
t-1 

0 t-1 

= P(t)-f |s-t?o(s)ds+ f |s—#P6(s)ds 

11



Note that the assumption F(0) = D¢ = f°, |s|~?¢(s)ds implies 

0 
h(0) = F(0)— / _|[sl"?9(s)ds 

0 0 

= f |s\-P9(s)ds—  |s\-P6(s)ds 
0 

By changing variables, h(t) can be written as 

h(t) = F(t)— [. Is — t|-Pd(s)ds + [ lu — 1 —t|-Pd(u — 1)du 

- F(t) [ lt sl Pa(s)ds + [e+ 1 —u)-?d(u — du 

= ff [lsr*-le-sl*] ols)ds + [+1 -5)P6(s — 1)ds 
+[F(t)— [ |st%o(s)as| 

- [ [Is-? — |t—s|-?] 6 (sds + (t +1 —s)"6(s — l)ds 

+ [F(t) — Dé]. (3.12) 
Next we show that f> h(s)|t—s|?~'ds is differentiable where h is as defined above. By 

substituting A(t) in (3.12) into equation (3.10), we define 

d ft d st 0 
— _ o|p-l —~ = —p __ _ —p pel 

=f h(s)|t — s/?-'ds = | [. |u|"? — |s — ul-*] 4(u)|t — s|P-"duds 

d sti ps _ 4 
+5 ff / (s+1—u) Po(u — 1)du| |t — s|? ds 

d rt 
—_— _ _— {Pal +5 f [F(s) Dg] |t — s|P'ds 

= +ht+ Is. 

By changing the order of integration and making several changes of variables, one has 

_ - - opr i = of Lf (ul (|u| P—ls—ul ?) |t — s|? ds| o(u)du 

= al, i (uF aw) oa Au)au 
= [ if p(t —v— uP toto] (u)du 

i p [= a - s)7P} stds p(u)du 
-it—u 

  

  

12



  

  

    

and 

I, = <f f(s +1 =u) Pou = tau] jt — s|?-'ds 

= “f [ist 1 = u)*(t = 3)?" d(u — 1)du 

= “f[ [r+ I(t = 7 = wy tar| go(u — 1)du 

d pt| stow 1 1 
= =f if (fuss) ar| o(u — 1)du. 

By the property of convolution, we have 

    
  

[ u 1 1 1 

o (t—u—s)!-? (s+1)P ° 

  

  

t-u 1 

- | ds 
o si? (t—u—s+l1)P 

Toa 1 1 
= 1+t—u)d 

I (l+t—u)!-Pwl-P (f—-u—(1tt—uw tip | +E ujdew 

  

: THi-w 1 1 
— 1+t—u)d 

f (l+t—u)!-Pwl-? (1+t—u)(1—w) (L+t—ujdw 

aa (il 1 
7 [ wi-P (1 we 

Therefore, we have the identity 

bh = <i Era _— Tat $(u —1)du 

= Lea)” (Tere) pec Oe 
- Le\ d(u — L)du. 

Since F € C'(0,1), F’ exists and F'(0) = D¢, we use integration by parts to obtain 

  

    

    

_ _ ¢\pr-l ne giro — Dg (t — s)?~"ds 

=< a F(s)(t — s)P- ‘as — [ (D¢)(t = s)?"ds] 

13



d 
= 5 [Fls) = (t — s)? mee ~ (t~s)'ds + (D8) (ts) 4 

= 7 {Fe yor Pr crests 

= F(o)t" tn + [ F(s\(t—s)P"ds ~ (D8) 

_ [ F"(s)(t — s)?-!ds. 

CO) 

Lemma 3.2 shows the solution z(t) to (3.1)—(3.2) for t € (0,1]. In order to find the 

solution for ¢t € (1,7,), T; > 1, we shall use the method of steps. 

3.3. Method of steps 

The idea behind the method of steps is that once the exact solution to (3.1)—(3.2) 

is known for t € (0,1], we assume this part of solution as a new initial condition, 

then we apply Lemma 3.1 to obtain the solution for t € (1,2]. We repeat the same 

procedure to find the solution on (2, 3], (3, 4], and so forth. 

The following is an example illustrates how the method of steps can be used to 

find the solution on (1, 2]. 

Example 3.1 

Consider the problem 

[. |s|-°’2(t+s)ds = 1, 3.13) 

o(s) 0, sé [-1,0]. (3.14) 

e
m
 

By [16], the exact solution is 

(t) 44-95 for O<t<1, 
r = 

24-05 for 1<t<2. 

Proof The method of steps applied to this example proceeds as follows: 

1. We assume z(t) = t-°°/m for 0 < t < 1 as an initial condition, 

2. Identify the function h(t) in Lemma 3.1, 

3. Apply Lemma 3.1. 

14



Suppose 1 <¢ < 2, equation (3.13) can be written as 

0 

l= / z(t + s)|s|7°°ds 

- [ z(t + s)(—s)~°'ds 

= / t(u)(t — u)~°?du 
—1 

= [ a(u)(t ~ u)-°?du + [ a(u)(t — uj? du. 
—1 

(3.15) 

since 0 <t—1< 1, by applying the “new” initial condition to (3.15), we obtain 

[ r(u)(t—u)°°du = 1- [. t(u)(t — u)~°?du 

1 1 _ | -| y-5(¢ — y)-Sdu 
t-1 7 

+ 1 _- | -| A 47-05,,-0.54-05(] _ 7)-054q, 
1 _-i7 

«+ 1 ios -0.5 = 1 -| <r? (Ll — 1) dr. 
1 1 -i 7 

Using a change of variables, the left-hand side of (3.16) becomes 

t t-1 
| t(u)(t —u)7°? du = | a(t +1)(t — 7 —1)7°° dr. 

1 0 

Defining the right-hand side of (3.16) to be 

L 

v(t) =1— fF 779] _ 7)~°? dr, 

a
j
 

o
f
 

(3.16) 

(3.17) 

(3.18) 

and assuming s = t—1 (then s € (0,1]) and y(r) = z(7 +1), (3.16), (3.17) and (3.18) 

imply 

[ y(t)(s —T) Pdr = v(s+1) 

1 
_ i-f™ 

1—-— 
$s 

  

77°F (1 — 7) dr. 

y
j
 

  
1 + 

Comparing (3.19) with (3.9), we obtain 

1 
sti 

h(s) =1 - | 2770507 — 7) dr, 
1-3, 7 

Note that 

1 

h(0) = 1- | 1 -05(1 _ 7)-05¢7 
Tw 

15 
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_,_ i -0.5 0.5 = | - | TP (Ll — 1) Pdr 

oe 1 1(0.5)0(0.5) 

7 T (1) 
= 1-1 

= 0. 

After identifying h(s), we show that {> |s—r 

(3.10), we have 

sin(0.d7) d 

  

y(s) = PRE Paris = 1) dr 
= ~< if : -[ =u] - wy du (3 ~ 7) Ode 

  

  

    

|~°°h(r)dr is differentiable. By equation 

ry dur 

t 741 
= ! ~ [ (s — 7)7°?dr — h [Ps 1 (1 —u) °?(s — ry 8dude] 

1 d T fs 0.5 T+ r 1 _~ if _ 7-05 ye] — 2 & [ [e Ay 05 -0.5/, 
mds I (s—7) “|=; tT ds | r T ~ ayes 

= Ig + Is. 

The terms, /, and J;, can be simplified to 

ld 

  

    

    

_ 0.5 
I, = ~ |-2(s - T) 3 

_ 2d gs 

— nds 

_ 4-05, 

T 

and 

I; = id ie fu-5(1 — u) °°(s — Tr) °Sdudr 
ads |Jo 0 

ld rT ~0.5 0.5 0.5 olf [oe (1 —u) ul ( T) T 

respectively. By [3] (p.229), we obtain 

_ ld * |. -1 T+i —0.5 I; = == |f sin (—2u + 1) | (s— T)T ‘| 

= Sa lh fe (at -se (Ste = 7a lh sin rait sin” +1 

= id i sin’ (—) — sin! (= “)|(s- ry esar]. 
t*ds LJo r+ 
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Since sin7!(-) is an odd function, it follows that 

_ ld -1{77 , -0.5 7] 

6b = 3G If 2sin (—S we a 
  

  

  

- BE lon (CHa 
= 5+ es 8 4 [2 (s—r)° a 

2d | 
= Spat fe ee 
- ap rsh + lon 

= =|- esos 4 [ (s—T) os ar 

- 242 fs_ pos _ gp,   

vr(7 +1) T mT? Jo 

Our argument is complete if 

u(s) = =(s+1)°° 
Namely, compared to the exact solution x(t) for t € (1, 2], we need to show 

  

2 fs 1 2 4 _ \-0.5 dr == 1)7295 
a2 0 (s T) J/r(t +1) T —(s + ) 

By a change of variables and following [3] (p.236), we have 

2 7 ‘os 1 fo _ 5g 
m? Jo (s—7) J7(7r +1) ’ 

2 vs 2-05 — 2u 
= —_— _ ~ —___—___qd 

m2 Jo (s—u) u(u? + 1) . 

4 v3 2-05 1 
= — — — d 

m? Jo (su) u2 +1 " 

4 1 ,uvstl 
= -— tan   

1? s+l Vs—u? Tea 

I tan! vsvs+1 VS +   

  

= 4A ( — tan7' 0) 
tw? V/s+]1 V/s — 8s 

_ 4 1 T 

7 m2 stl 2 

17 
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We therefore claim that the method of steps is a feasible approach to obtain the 

solution to (3.1)—(3.2) for t € (0,00). 

3.4 Special cases 

We find solutions to two special cases of (3.1)—(3.2) which are of interest to this 

study. 

3.4.1 Initial condition ¢=0 and F(t) =? 

In this section, we compute the solution to (3.1)—(3.2) with 

F(t) = t®, a>Q0O, 

os) = 0, -l<s<0. 

We have the following result: 

Lemma 3.3 Let F(t) =t?, a >0, ¢(s) = 0, -1 <s <0. Then the exact solution to 

(3.1)—(3.2) ts 

['(a + 1) peta-1 

D(1 — p)P(p + a) 
Proof It is simply an application of Lemma 3.2. Since F(t) = t*, we have 

z(t) = , O<t<l. (3.21) 

F'(t) = at?™'. 

Therefore, using the initial condition, applying a change of variables and using the 

definition of gamma functions, the solution is given by 

z(t) = sa a 
T 

  

] 1 = SM gf pty tet — uy Med 
0 

  

_— sin(pT) a: ppta-l . [ uth _ u)?*tdu 

0 

  

_ sin(pr) qe pPtert. ['(a)U(p) 
1 [(p + a) 

pte Mat HEC) 
(1 — p)l(p) [(p +a) 
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[(a+1) 
ppta-1 

T(1 — p)l'(p +a) 

O 

By Lemma 3.3 and the linearity of the equation (3.1), we extend the exact solution 

for the case with F(t) = Yi_, c;t*, a; > 0. Namely, we are able to find the solution 

for t € (0, 1]: 

0 

/ |s|-?z(t + .s)ds = a linear combination of terms like t*, a> 0. 
-1 

with initial function 

o(s)=0, s€[-1,0]. 

Four such examples together with exact solutions are: 

1. F(t) =t + t?/2!, the solution is 

2 — Pet) opie 
w(t) = 2 Fa _phpan’ 

  

  

1=1 

2. For F(t) = sin(t) = ¢ — t?/3! + ¢°/5! —---, the solution x(t) is 

oe _ P(27) . 
t)= _1\yi-l pt+27—2 

u(t) d| I) (22 — 1)'ITQ py F(p+ 2-1). 

3. For F(t) = cos(t) — 1 = —t?/2! + t4/4! — ---, x(t) can be written as 

oe ; [(22 + 1) _ t)= —] 1 : peter te 

) 2. (22)'P(1 — p)P(p + 2%) 

and 

4. For F(t)=e'-1l=t4 t?/2!+t°/3!+---, the solution is 

  

_< D(2 + 1) p+i-1 

“O=LOti-plery 

3.4.2 Initial condition ¢=0 and F(t) € NBV 

Another special case of (3.1)—(3.2) is ¢(s) = 0, -1 < s < 0, and F(t)Ee NBV,t>0. 

We recall the following useful result from [16] (p.342): 
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Theorem 3.2 Assume ¢ = 0 and let F(t) : [0,0c) + R be a normalized function 

of bounded variation on [0,T] for any T > 0 (here normalized means F(0) = 0, @.e., 

FE NBV). Then (3.1)—(3.2) has an unique locally integrable solution given by 

t 

r(t) = / ¥(t—u)dF(u), t>0, 
0 

where Y(t) is the solution of 

0 
/ ls) ?Y¥(t+s)ds = 1, t>0O, (3. 
-1 

Y(t) = 0, t<0. (3. WwW 
Ow 

b
o
 

bo
 

OW 
NO

 
ee

e 
e
e
e
”
 

i.e., Y(t) is the fundamental solution. 

Theorem 3.2 implies that once the fundamental solution is known for t € (0,00), we 

can solve for r(t), t € (0,00), provided F(t) is a normalized function of bounded 

variation. However, by complicated calculations, the fundamental solution is solved 

explicitly on the interval (—1,3]. In [15], we have the following lemma: 

Lemma 3.4 For p = 0.5, the solution to (3.22)—(3.23) for t € (0,3] is 

24-05 for 0<t<1, 

a(t) = 24708 for 1<t<2, 
. 0.5 24-05 f 4 2 arctan (7) | for 2<t<3. 

Application of Theorem 3.2 to the four examples in Section 3.4.1, solutions for t € 

(0. 3] are: 

1. For F(t) = t+ t*/2!, the solution is 

      

f 240.5 at 
at (1+ 4) for O0<t<1l, 

4 4t0.5 2t gti-s 
—37 0 TT ta for l1<t< 2, 

z(t) =< 
4 4to5 2t , sti 

—3n tom 7 rt oe as 
+S[(1 +t) fp s-°° arctan (22) ' ds 

0.5 
| — fy s°> arctan (:52) ds] for 2<t<3. 
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2. For F(t) = sin(t), 

i +5~° cos(t — s)ds for 0<t<1, 

(1) fo 45705 cos(t — s)ds + i 25708 cos(t—s)ds for 1<t<2, 
r = . ; 

Jo 2 45705 

t2 g7o5 L + fo = cos(t —   

  

cos(t — s)ds + f? 2s~° cos(t — s)ds 

s){1 + 2 arctan (= 2) * lds for 2<t <3. 

3. For F(t) = cos(t) — 1, 

( — fo +87 °5 sin(t ~— s)ds for O0<t<1, 

a) _ 0 25708 sin(t _ s)ds _ i 2 3~°° sin(t _— s)ds for 1 <t < 2, 
7 = 

— fj 487° sin(t — s)ds — f? 28° sin(t — s)ds 
0.5 

— fy? 25-9 sin(t — s)[1 + 2 arctan (=?) Jds for 2<t<3. 

4. For F(t)=e'—-1, 

f fi 1,-0.5 ¢t-sdg for O<t< 1, 

9 tse sds + fi 2s-5e'Sds for 1l<t <2, 

z(t) = ¢ 

7?   
3.5 Summary 

ti 6705 et 22 g 705 et- to *ds + fy = ds 

  + fy 2s~°Fet$[1 + 2 arctan (352) * lds for 2<t <3. 

In this chapter, we considered the exact solution for 

Dr; 

Lo 

We showed the exact solution on (0,1] for F(t) € C'( 0,1), 6 € C and discussed the 

special cases such as @ = 0, F(t) is a linear combination of t* and the singularity 

p = 0.5. However, the exact solutions are given only on either (0, 1] or (0,3]. For any 

T > 0, the method of steps is an ideal way to find the solution on (0, T]. 
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Chapter 4 

Numerical Approximation 

4.1 Introduction 

In Chapter 2, we discussed the semigroup formulation for the integrodifferential equa- 

tion (2.1) with initial data (2.2) and the well-posedness of the associated Cauchy 

problem. In Chapter 3, we solved for the exact solution for different initial conditions 

and some special F(t). We claimed that by obtaining a solution for ¢ € (0,1], we can 

use the method of steps to extend the solution to t € (1,00). 

In this chapter, we develop numerical methods to approximate the solution of the 

equation (1.e.. (2.1)—(2.2)) 

d 0 
& [isl Pe(t + s)ds = f(t), £>0, pe (0,1), (4.1) 

with initial data 

t(s)=¢(s), —-l<s<0, (4.2) 

where f(t) is a locally integrable function for t > 0. 

By the definitions of a solution to (2.1)—(2.2) in Chapter 2 and exact solution to 

(3.1)—(3.2) in Chapter 3, we argue that a solution of (4.1)—(4.2) (or (2.1)—(2.2)) is 

also a solution to (3.1)—(3.2), 1e., 

ia ls) P2(t+s)ds = F(t), t>0, pe (0,1), (4.3) 

t(s) = os), -l<s<0, (4.4) 

provided that 

F(t)=Do+ [ f(r)dr, (4.5)



where 
0 

Dé = [ |s\"Pa(s)ds. 
1 

Since f(t) is locally integrable, d/dt(F(t)) exists. Therefore, equation (4.1) can be 

written as 
d 70 
=| |s| Px(t + s)ds = —Fi(t). 
dt J-1 

In this chapter, we assume 
d 

t)= — Fit). s(t) = SPW 

4.2 The numerical approach 

We begin with defining a new variable €: 

E(t,s)=a2(t+s), -l<s<0, ¢t>0. (4.6) 

Equation (4.1) can be reformulated as a first order hyperbolic equation 

0 0 
—E€(t,s) = —€&(t,s), —-l<s<0, 4.7 apo (ts 8) = 5,6(6 8) (4.7) 

with the condition 

o 0 J \sl-P eles s)ds = £0). (4.8) 
- S 

Next, we assume that the solution to (4.7)—(4.8) has the form 

é(t,s) = Yo ai(t)Bi(s), (4.9) 
7=0 

where the basis, B;(s), 2 =0,..., n, are given by 

a (8 — Ti4i1) on [Ti41, Ti], 

B,(s) = 5 (Tit —s) on [7, 7:1], 

0 otherwise. 

Namely, B;(s), 7 = 0, ---, m, are piecewise continuous linear functions or hat functions 

or linear splines. The mesh points, 7, 71, .-., Tm, are defined by —1 = Tt) < T_1 < 

-< 7 <7 = 0 and 6; = 7;-1 —7; > 0, for: = 1, ..., n. Here we choose two 

distributions of the mesh points, 70, ..., Tn: 

1. Uniform mesh points (i.e., 6; = constant)



2. Nonuniform mesh points according to the equal area, i.e., 7; is chosen so that 

Tr—1 1 0 

/ js|-Pds = — | |s| Pds, «@=0, ..., 7. 
T; nm J-1 

The procedure to find nonuniform mesh points, 7, ..., ™, is (note that 7 = 0, 

T, = —1): solve 7, first, then 72, then 73,..., then 7,-,;. As an example, we show how 

to obtain 7: 

By the way we define 7), ..., ™, we have 

TO 1 0 

/ |s|~?ds = — | |s|“?ds 
TY nr —1 

0 1 ;o 
=> / |s|“?ds = — | |s|~?ds 

T nmJ-i1 1 

> [(-syras = ~ [i (—s)Fds 
1 

1 nJ-1 

—1 i-pjo _ 1 ~~ 1~p|0 
=> Top! ) lr, —~ n Top | s) Es 

1 1 1 
> mm -— I-p — _ ___ 

1- (—71) nl—p 

  

  

1 
—- -hy > I 

ni=p 

—| 
> 1 = =o 

ni-p 

then for T2: we have 

Ty 1 0 

| |s|~?ds = - | |s|“Pds. 
TQ nr -1 

From the previous step, we have 7,, so we can find 77. The same routine can find 73, 

T4, ..+; T-1- A general form for nonuniform mesh points 7;, 1 = 0,..., n, is 

a on 
tL \ inp 

t= -|T . 
nr 

We approach the numerical solution of equation (4.8) in two ways: semi-discretization 

and full discretization. 
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4.3. Semi-discretization 

In this section, we substitute the special form of € in equation (4.9) into (4.7)—(4.8), 

then the governing equations for a;(t), 7 = 0, ..., n, are as follows ({15]): 

a t} = La, t (t y=] 4.10 Salt) = Plant) alt), FS 1 ey my (410) 
0 n 

[isr? Leal SBi(syds = F(0). (4.11) 
—1 1=0 ds 

By defining 
Ti-1 . 

Gi =| Js|-?ds, i=l, ..., 2, 
ri 

equations (4.10)—(4.11) can be written as 

Fail) = = (ai-1(t) — aut) t=1, ..., n, (4.12) 

Haale) ade) = flO. (4.13) 

From (4.13), ao(t) can be written in terms of a;(t), ..., an(t): 

    — 1 Gi Gitt 619n by 
t) = —|— — i(t nit — f(t). 4.14 ao(t) = SUG Soult) + VS onl t) + 0 (4.14) 

Combining (4.12) and (4.14), we construct a first order ordinary differential equation: 

d 
a(t) = AX(t)+ G(t), (4.15) 

where 

X(t) = [ai(t) a(t) (t)] 

as gis 7 85) pide ah 
i - 0 0 0 

0 0 0 a Fe 

and r 

t 
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The initial condition for the system (4.15) comes from the initial condition (4.2). By 

combining (4.2). (4.6), (4.9) and fixing ¢t = 0, 

x(s) = > a,(0)B;(s) (4.16) 
1=0 

= ¢(s). (4.17) 

From (4.16). (4.17) and the structure of Bo(s), Bi(s), ..., Br(s), we can find a,(0), 

1=1,.... n. Therefore we use an ordinary differential equation (ode) solver to find 

ay(t), ao(t),..., @n(t). 

In order to solve z(t), 0 < ¢ < 1, we fix t = 1 or s = 0 in (4.9). Since B;(s) = 1 

when s = 7; . we have either 

Case 1: t=1 

r(l+7) = Y- 45(1)B,(n) 

= o,(1), (4.18) 

or Case 2: s=0 

r(l+7,) = Sa, (1 + 71) B)(0) 
j=0 

= ao(l +7). (4.19) 

A similar idea can be applied to solve z(t), 1 < t < oo. 

In Case 1, we use an ode solver to find a;(1), 7 = 1, --+, n, which will be the 

corresponding solution x(1 + 7;). 

In Case 2. we solve for aj(1+7;),7 =1,..., n, then substitute aj;(1+7,), 7 = 1, 

.... 7, into equation (4.14) to obtain ao(1 + 7;), which is the solution z(1 + 7;). 

To demonstrate the idea above, we solve Example 4.1 using the Matlab ode23 

solver: 

Example 4.1 

Consider the equation 

with 

r(s)=0, -l<s<0. 
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By Lemma 3.3, F(t) = t, the solution is 

[(2 5 2 
z(t) = ronnie = a, O0<t<l. 

The approximate solution by using uniform mesh points for ¢ = 1 is given in Tables 

4.1 and 4.2. For the errors, we compute the absolute value of the difference between 

the exact solution and the computed solution. For s = 0, see Tables 4.3 and 4.4. 

The results for using nonuniform mesh points are in Tables 4.5, 4.6 and 4.7. In the 

algorithms, nonuniform mesh points need to be computed first, therefore even for the 

same number of points, the nonuniform cases take more time than the uniform cases 

do. 

Note that the solutions run by ode45 and ode23 are not that much different (Table 

4.8). 

4.4 Full discretization 

The other way to solve (4.1)—(4.2) is to use full discretization, i.e., we discretize space 

and time. (In semi-discretization, we discretized space only.) For space, —1 = T, < 

Tmt < ++: <7 < 7 = 0 are defined as above and 6; = 7;_-; —7;. For time, we 

discretize T°, T',...,T™ asO=T° < Tl <--- < T” =1 with A*® = T**!— T*, 

k=0,...,m—1. Then (4.12)—(4.13) can be written as 

1 

ARS 

5 (a aft} _qttt) = f(T) G=1,..., ny k=0,..., m—1. (4.22) 

gait! ak) = =(at, al), (4.21) 
mr 

i=l 

We apply uniform and nonuniform mesh points defined in Section 4.2 to (4.21)—(4.22). 

4.4.1 Uniform mesh points 

In this section, we assume 

7 = TT; t= 0, » 2, 
n 

and 
k k 

T*=—, k=0, , m 
m 

We assume A* = T*+! — T* and 6; = 7;-, — 7;, therefore A* = 1/m and 6; = 1/n. 

Moreover. if we set m = n, we obtain A* = 6; =1/n,k =0,...,.n-—ljt=l,..., 7 
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Table 4.1: p = 0.5, uniform mesh for space, fix t = 1. 

  

  

          

t+s | n=10 | n=100 | n=1000 | exact sol. 

0.10 | 0.2260 | 0.1860 | 0.1990 0.2013 

0.20 | 0.2841 | 0.2773 | 0.2842 0.2847 

0.30 | 0.3431 | 0.3463 | 0.3485 0.3487 

0.40 | 0.4002 | 0.4019 | 0.4026 0.4026 

0.50 | 0.4540 | 0.4501 0.4502 0.4502 

0.60 | 0.5042 | 0.4934 | 0.4932 0.4931 

0.70 | 0.5518 | 0.5332 ) 0.5327 0.5326 

0.80 | 0.5981 | 0.5705 | 0.5695 0.5694 

0.90 | 0.6444 | 0.6078 | 0.6040 0.6040 

1.00 | 0.6918 | 0.6507 | 0.6408 0.6366 
  

Table 4.2: p = 0.5, uniform mesh for space, fix t = 1. 

  

  

        

t+s | error(n=10) | error(n=100) | exact sol. 

0.10 | 2.4708e-2 1.5309e-2 0.2013 
0.20 | 6.1648e-4 7.3798e-3 0.2847 
0.30 | 5.6315e-3 2.3846e-3 0.3487 
0.40 | 2.4143e-3 7.3682e-4 0.4026 
0.50 | 3.841le-3 4.3308¢e-5 0.4502 
0.60 | 1.1088e-2 2.9751e-4 0.4931 
0.70 | 1.9126e-2 5.8768¢e-4 0.5326 
0.80 | 2.8642e-2 1.0461e-3 0.5694 
0.90 | 4.0480e-2 3.8016e-3 0.6040 
1.00 | 5.5215e-2 1.4097e-2 0.6366 
  

Table 4.3: p = 0.5, uniform mesh for space, fix s = 0. 

  

  

          

t+s | n=10 | n=100 | n=1000 | exact sol. 

0.10 | 0.2408 | 0.2039 | 0.2016 0.2013 

0.20 | 0.3085 | 0.2865 | 0.2849 0.2847 

0.30 | 0.3663 | 0.3502 | 0.3488 0.3487 

0.40 | 0.4172 | 0.4039 | 0.4028 0.4026 

0.50 | 0.4639 | 0.4513 | 0.4503 0.4502 

0.60 | 0.5083 | 0.4942 | 0.4932 0.4931 

0.70 | 0.5524 | 0.5336 | 0.5327 0.5326 

0.80 | 0.5973 | 0.5705 | 0.5695 0.5694 

0.90 | 0.6437 | 0.6074 0.6040 0.6040 

1.00 | 0.6918 | 0.6507 | 0.6408 0.6366 
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Table 4.4: p = 0.5, uniform mesh for space, fix s = 0. 

  

  

        

t+s | error(n=10) | error(n=100) | exact sol. 

0.10] 3.9470e-2 | 2.6130e-3 0.2013 
0.20 | 2.3789e-2 1.8119e-3 0.2847 
0.30 1.7563e-2 1.4703e-3 0.3487 
0.40 1.4615e-2 1.2691e-3 0.4026 
0.50 1.3743e-2 1.1330e-3 0.4502 
0.60 1.521 1e-2 1.0330e-3 0.4931 
0.70 1.9725e-2 9.5516e-4 0.5326 
0.80 | 2.7856e-2 1.0883e-3 0.5694 
0.90 | 3.9774e-2 3.4984e-3 0.6040 
1.00 | 5.5215e-2 |  1.4097e-2 0.6366 
  

  
Table 4.5: p = 0.5,n = 10, nonuniform mesh for space. 

  

  

    

t+s s—0 t=1 exact sol. 

0.19 | 0.2890 | 0.2721 0.2775 

0.36 | 0.3934 | 0.3714 0.3820 

0.51 | 0.4674 | 0.4568 0.4546 

0.64 | 0.5263 | 0.5237 0.5093 

0.75 | 0.5756 | 0.5756 0.5513 

0.84 | 0.6165 | 0.6169 0.5835 

0.91 | 0.6490 | 0.6492 0.6073 

0.96 | 0.6727 | 0.6728 0.6238 

0.99 | 0.6870 | 0.6870 0.6334 

1.00 | 0.6918 | 0.6918 0.6366       
  

Table 4.6: p = 0.5, nonuniform mesh for space, fix s = 0. 

  

  

  

t+s | error(n=10) | error(n=100) | exact sol. 

0.19 1.1476e-2 1.0602e-3 0.2775 

0.36 | 1.141le-2 1.1206e-3 0.3820 
0.51 | 1.2792e-2 1.0629e-3 0.4546 
0.64 | 1.7049e-2 1.0879e-3 0.5093 
0.75 | 2.4234e-2 1.1495e-3 0.5513 
0.84 | 3.3029e-2 2.1309e-3 0.5835 
0.91 | 4.1737e-2 5.1804e-3 0.6073 
0.96 | 4.8935e-2 9.8513e-3 0.6238 
0.99 | 5.3607e-2 1.3860e-2 0.6334 
1.00 | 5.5174e-2 1.5399e-2 0.6366         
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Table 4.7: p = 0.5, nonuniform mesh for space, fix t = 1. 

  

  

        

t+s | error(n=10) | error(n=100) | exact sol. 

0.19 | 5.4170e-3 1.1241e-2 0.2775 

0.36 1.0576e-2 1.7269e-3 0.3820 

0.51 | 2.1698e-3 2.6454e-5 0.4546 

0.64 1.4365e-2 6.1572e-4 0.5093 

0.75 | 2.4284e-2 1.0200e-3 0.5513 

0.84 | 3.3466e-2 2.2077e-3 0.5835 

0.91 | 4.1921e-2 5.328 1le-3 0.6073 

0.96 | 4.9050e-2 9.8910e-3 0.6238 

0.99 | 5.3546e-2 1.3841e-2 0.6334 

1.00 | 5.5174e-2 1.5399e-2 0.6366   
  

Table 4.8: p = 0.5, uniform mesh for space, fix t = 1. 

  

  

  

t+s | ode23(n=10) | ode45(n=10) | ode23(n=100) | ode45(n=100) 
0.10 0.2260 0.2261 0.1860 0.1861 

0.20 0.2841 0.2842 0.2773 0.2773 

0.30 0.3431 0.3432 0.3463 0.3463 

0.40 0.4002 0.4003 0.4019 0.4019 
0.50 0.4540 0.4540 0.4501 0.4501 

0.60 0.5042 0.5042 0.4934 0.4935 

0.70 0.5518 0.5517 0.5332 0.5332 

0.80 0.5981 0.5980 0.5705 0.5705 
0.90 0.6444 0.6444 0.6078 0.6078 

1.00 0.6918 0.6918 0.6507 0.6507         
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Then equations (4.21)—(4.22) yield an extremely simple scheme: 

att = aF,, i=l, .... nj k=0, ..., n—-1, (4.23) 

~ Gi 1 . apt = ayt! — ST (art! — at) + —— f(T"). (4.24) 
i=2 91 ngi 

Note that if we use a second order implicit trapezoidal scheme in time and space 

([15]), (4.12) can be written as 

1 fottitat? af tah) 1 . 
pe (SERS Set) < faltt al taka), (4.25) 

by choosing A* = 6; = 1/n fori = 1,..., n; k = 0, ..., n — 1, we obtain the 

    

same algebraic equations (4.23) and (4.24). In other words, by using equations (4.23) 

and (4.24), we should have first order or second order convergence. This observation 

coincides with the numerical results. 

With algebraic equations (4.23) and (4.24) and initial condition (4.2), the proce- 

dure to find a is 

1. From the initial condition ¢(s), -1 < s < 0, we can find a?, i =1,..., n, then 

we obtain ap by (4.24). Namely, we find af, i =0,..., n, at k = 0 first, 

2. Use (4.23) to find aft! i=1,...,n;k =0, 

3. Substitute aft!, i= 1,..., n, into (4.24) to find aft’, 

4, Setk=k+1,ifk =n+1 then stop, 

5. Apply (4.23) to find aft!, i =1,..., n, go to 3. 

To find x(t), 0 <# <1, by (4.6) and (4.9), we have 

(=) = e144) 

= e,-142) 
= Y ai(1)B(-1 + 2) 

= yore (+4) 
7=0 

  

n 

= » af Bi(T-;) 
i=0 

= Qn; 

Note that a®_, actually is a3, j =1,...,.n, by (4.23). 
J 
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4.4.2 Examples using uniform mesh points 

In this section. we apply the idea of full discretization with uniform mesh points to 

solve (4.1)—(4.2). Especially, we concentrate on how close the approximation is. In 

other words. by increasing the number of mesh points, we should obtain a better 

approximation. The following is a definition of the rate of convergence for uniform 

mesh points: 

Definition 4.1 Suppose x is the exact solution and & is the computed solution at 
a some time tp > 0. We assume the error between x and Z has order (h)*, where h is 

the step size, i.e., 

jz —z| = Ch*. 

Then a is the rate of convergence at to for the numerical scheme. 

Since we choose how many mesh points, say n, in (0,1] first, then A (step size) is 

fixed, we therefore can find a. 

Example 4.2 

Wie begin with the same example as we solved by an ode solver in Example 4.1: 

d 0 
7 (| |s|~Pa(t + s)ds) =1, pé(0.1), t>0 

-1 

t(s)=¢(s)=0, -lL<s <0. 

By Lemma 3.3, the exact solution is 

7(t) = sin( pT) 

pT 

For p = 0.5, 0.25, 0.75, t € (0,1], see Figures A.1, A.2, A.3 for the graphs of the 

exact solution and the approximate solution. Tables A.1, A.2, A.3 show the rates of 

t?, t€ (0,1).   

convergence obtained by changing the number of mesh points. The rate of convergence 

is about 1. 

Example 4.3 

For the case F(t) =t*, O<a< 1, te., we are solving 

d 0 

“(f_|slPa(t+s)ds) = at!, pe(0,1), t>0, 
-1 

z(s) = o&s)=0, -1l<s <0. 
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Note that with (4.5), the problem can be changed to 

0 t 
/ |s| Pr(t+s)ds = De+ | f(r)dr 

-1 0 
= t* 

r(s) = $(s)=0, -l<s<0. 

By Lemma 3.3, the exact solution is 

(a+ 1) 
A gpta-l te (9, 1], 
D(1 — p)I(p + a) (0,1 

z(t) = 

Note that for p+a= 1, 

['(a +1) 

P(1 — p)P(1) 
al(a) 

[(a)P(1) 
= @. 

z(t) = 

For p = 0.5, a = 0.5, 0.25, 0.75, t € (0, 1], see Appendix B for the graph of the exact 

solution, the graph of the approximate solution and the rate of convergence. We 

observe that the rates of convergence basically depend on the power of the right-hand 

side, i.e., the constant a. 

We have some other results: 

p = 0.25, a=0.75, rate of convergence is about 0.75, 

p = 0.75, a=0.25, rate of convergence is about 0.25, 

p = 0.75, a=0.75, rate of convergence is about 0.75. 

Example 4.4 

Let’s consider a higher power of F(t), t.e., 1<a< 2: 

d / 7 
7 (/ |s|-Px(t + s)ds = at*', peé(0,1), t>0, 

~1 
z(s) = (s)=0, -l<s<0. 

By Lemma 3.3, the exact solution is 

Math) tot pe (gi), 
() = Tq rp Fa) 
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From the algebraic equations (4.23) and (4.24), we claim that for p+a = 2, the 

approximate solution is equal to the exact solution: 

Proof Since f(t) = at*~', from equation (4.24), we have 

” 1G 1 k+1 ak _ Saft} Gi — Git +— a ( 

i=1 f nO n 

  

yor" 

where 

Gn41 = 0, 

0 

a = ff |s\Pas 
= I (—s) ?ds 

_ _ e\l-pi0 
— T—p! s) Pra 

_ 1 
= (1 — p)n!-?’ 

and by a simple calculation, 

Gi Fist _ 2it-P — (i — 1)? —( + LI”, 

91 

Therefore, the numerical solutions a®_, (= a%,),i=1,..., n, are 

og = 0, (since d=0) 

  

1 1 
ag = —a(-)* 

ngi nr 

1 l-p -1 — 1- “ya ~n!-? (1—p) a (=) 
1 

= Fister (LP) @ 
1 

= a (l-p) 7 ( since p + a = 2) 

1 2 
as = ay(2 = 207) + a (“yo 

1 1 
= ag (2 — 2°?) + — (1—p) n'~? a 277! Taal 

_ 1 a 
= ag(2 — 2! °) + spread (1 — p) a 2 } 

1 1 
= a (1—p) - (2—2'-?)+(1—p) a 2°” - ( since p+ a = 2) 

2 
= 4a (1 — p) 3 n 
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ag = a (l—p). 

The exact solution for p+ a= 2 is 

z(t) = = 01 

O 

For p = 0.5, a = 1.25, 1.75, by Theorem 3.2, we have the exact solution x(t), 0 < 

t < 3. Therefore, we find the rate of convergence for t € (0,3]. See Appendix C for 

the graphs and rates of convergence. The rate of convergence for p = 0.5, a = 1.25 is 

about 1.25. For p = 0.5, a = 1.75, the rate is approximately 1.5. We are interested 

in other values of p and a, the results are 

3s 
VU 

VD
 

V
B
 

Vv
 

Vd
 

vs 
vs

vi
iv

yv
 

vd
 

vs
 

v
y
v
v
s
 
is
 0.75, a= 1.75, rate of convergence is about 1.25, 

0.25, a= 1.25, rate of convergence is about 1.25, 

1/3, a= 4/3, rate of convergence is about 4/3, 

2/3, a= 5/3, rate of convergence is about 4/3, 

0.25, a= 1.5, rate of convergence is about 1.5, 

0.75, a= 1.5, rate of convergence is about 1.25, 

1/3, a=1.5, rate of convergence is about 1.5, 

0.5, a= 1.49, rate of convergence is about 1.49, 

0.75, a= 1.55, rate of convergence is about 1.25, 

0.5, a= 1.45, rate of convergence is about 1.45, 

0.75, a= 1.6, rate of convergence is about 1.25, 

0.25, a= 1.6, rate of convergence is about 1.6, 

0.65, a = 1.25, rate of convergence is about 1.25, 

0.25, a= 1.55, rate of convergence is about 1.55. 
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We observe that the rate of convergence seems to have the pattern Min(2 — p,a). 

Example 4.5 

We increase the value of a to2 <a <3, and consider the same equation 

d ff? 
of s|"Pa(t + s)ds) = at?—}, p € (0,1), t> 0. 

-1 

d(s)=0, -l<s<0. z(s) 

Bv Lemma 3.3, the exact solution is 

_ T(a+1) 

7) = Eq pt (p +a) 
For p = 0.5, a = 2.5, 2.75, 2.25, t € (0,3], see Appendix D. The rate of convergence 

tte“! te (0,1). 

is 1.5. We have other results 

= 0.25, a= 2.75, rate of convergence is about 1.75, 

0.75, a= 2.25, rate of convergence is about 1.25, 

= 1/3, a=8/3, rate of convergence is about 5/3, 

BS 
BV 
V
s
 

l 

= 2/3. a=7/3, rate of convergence is about 4/3. 

Note that for p = 0.5, we use Theorem 3.2 to find the exact solution z(t), ¢ € (0,3). 

The rate of convergence for 2 < a < 3 follows the pattern: Min(2 — p,a) = 2 —p. 

How about the values of a = 2 and a = 3, or even a = 4? Here we use right-hand 

side f(t) = t, t?/2 and t3/3!, therefore F(t) = Dé + fi f(r)dr equals #?/2, t3/3! 

and t#/4!, respectively. Our conjecture for the rate of convergence for these cases is 

Min(2 — p,a) = 2 — p. 

Example 4.6 

(f° js|"Pe(t + s)ds) = f(t), pe(0,1), t>0, 

t(s)=o(s)=0, -1<s<0. 

a 
dt 

For a = 2, by Lemma 3.3, the exact solution is 

o(t) = OP, te (0.1), 

for a = 3, the solution is 

_ sin( pr ) p+? 

"(O= ey irae | fe Oth 
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and for a = 4, the solution jis 

_ sin(p7 ) 

~ p(p+1)(pt+2)(p+3)m 

For p = 0.5. F(t) = t?/2!, t € (0,3], see Appendix E for the graph of the exact 

solution. the graph of the approximate solution and the rate of convergence. A 

ets, te (0,1).   x(t) 

summary for rates of convergence is 

p=0.5, F(t) =t?/2, rate of convergence are about 1.5,1.5,1.5 for 

t € (0, 1], (1. 2], (2, 3], 

p=0.25, F(t) = t?/2, rate of convergence is about 1.75, 

p=0.75, F(t) =t*/2, rate of convergence is about 1.25, 

p=0.5, F(t) = t°/3!, rate of convergence is about 1.5, 

p=0.25. F(t) =t°/3!, rate of convergence is about 1.75, 

p=0.75, F(t) =t°/3!, rate of convergence is about 1.25, 

p=0.5, F(t) = t*/4!, rate of convergence is about 1.5, 

p= 0.25, F(t) =t*/4!, rate of convergence is about 1.75, 

p=0.75, F(t) =t*/4!, rate of convergence is about 1.25. 

In all cases, the rate of convergence is Min(2 — p,a) = 2 —p. 

After we solve the case of the right-hand side F(t) equal ¢*, with a > 0 and initial 

condition @ = 0, we should find the solution where F(t) is a combination of ¢*, for 

different values of a. We consider the four examples in Chapter 3 with p = 0.5 (we 

use Theorem 3.2 to find the exact solutions for ¢ € (0,3]). 

Example 4.7 

5 (fist (t+ Jas ¢ P(t) € (0,1), t>0 — o Ss _- — . 

dt \JPi er ® dt 7 PSM , 
x(s)=9(s)=0, -l<s<0, 

with 

1. F(t) =t + t?/2!, 

w F(t) =sin(t) =t — ¢°/3!4+ ¢°/5!—---, 

3. F(t) =cos(t) — 1 = —t?/2!4 t*/4!—--., 
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gf. F(t) seb -1L at t?/2'4 8/3! 4+ 

For F(t) =t+t*/2!, by Theorem 3.2, the exact solution is 

  

    

( 240.5 2t “t°(1 + 3) for 

4 4to-5 _ 2t gti. 

35 + 7 T + 3r for 

z(t) = 
nner 

37 rT T 3m 05 
6 _5\0. 

+4 [(1+ so arctan s-2)\ "ds 
s 

| — 5 ae (2 ay" ds] for 

0<t<1, 

l<t< 2, 

2<t<3. 

See Figure F.1 for graphs of the exact solution and the approximate solution when 

€ (0,3]. As we can predict, for F(t) = ¢ + ¢*/2!, the lower power term t will be the 

main factor which dominates the rate of convergence, i.e., the rate of convergence is 

1. We can see the results in Tables F.1 and F.2. 

For F(t) = sin(t), the exact solution can be obtained as 

f 

9 +s °? cos(t — s)ds 

—0.5 s)ds + fi 2s 37° cos(t — fo 787 °° cos(t — 

3 + s~° cos(t — s)ds + {72s 2 5-95 cos(t — s)ds 
1 

| + fo 28° cos(t — s)[1 + 2 arctan (=     

for F(t) = cos(t) — 1, the exact solution is 

  

[ — 9 ~s °° sin(t — s)ds 

~ fy +s~°* sin(t — s)ds — fi 2s~°* sin(t — s)ds 
z(t) = ¢ * | 

— fy +s~°* sin(t — s)ds — f7 2s~°* sin(t — s)ds 
0.5 

— fs 25~°5 sin(t — s)[1 + ? arctan (=?) ]ds 
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for 

s)ds for 

0<t<l, 

l<t<2, 

0.5 
2) jds for 2<t <3, 

for O0O<t<1, 

for 1<t <2, 

for 2<t <3,



and for F(t) = e' — 1, the exact solution is 

(fi bs O5et-sdg for O<t<1l, 

Rp 1s 05et-sq + fi 25-5 e'sds for 1<t< 2, 

Jo +s -0.5 et-Sde + fr2s -0.5 ot-S 

| + fo 28°F et [1 + 2 arctan (=? 2)" lds for 2<t<3.   
The rates of convergence can also be found in Appendix F. They follow our conjecture, 

Min(2 — p,a). In other words, for 

F(t) = sin(t)=t—2t8/3!+--. 

and 

F(t)=e’—-1=t4t?/2!4---, 

the lowest power term ¢t dominates rate of convergence and the rate of convergence is 

Min(2 — p.1) = 1. For 

F(t) = cos(t) — 1 = —t?/2! + ¢t4/4!—---, 

the lowest power is 2, therefore the rate of convergence is Min(2 — p,a) = Min(2 — 

0.5.2) =1.5 

4.4.3. Comments on the rate of convergence 

In this section, we study the rate of convergence for the full discretization scheme 

with uniform mesh points. Our numerical examples for (4.1)—(4.2) with @(s) = 

Q and F(t) = t* have rates of convergence Min(2 — p,a), 1.e., we need to show 

that the error between the exact solution and the approximate solution has order 

Ci(1/n)?-? + C2(1/n)*. We have not been able to establish the convergence rate, 

Min(2 — p,a), that we have observed in all of our numerical examples. However, we 

have made progress in this effort and summarize here our partial results. We believe 

that our results support the conjecture. 

By section 4.4.1, we have 

39



where Z is the approximate solution. By the initial condition ¢(s) = 0, s € [-1,0] 

and f(t) = at*~', equation (4.24) implies 

  

  

ay —_— a I a1 

ng, n 

k+1 “p41 Gj — Git a k+ly aktl — ST gktigia sit (AT ya-1 4.26) 
° 2. ’ 91 ng n ( 

k = 0,1,2,...,n—-1, 

with gn41 = 0 and 

T)~1 

9 = / |s|Pds 
73 

-(j-1)/n 
= / (—s)7Pds 

—3/n 

= ros)" 6-0 
- —p+ 1 —j/n 

= pyr 2p rry 
—p+1 n n 

1 1 _ ; - 
= Sale) G-1)?" 

Combining the initial condition (s 

  

) =0, s € [-1,0], and equation (4.23), we have 

  

  

ai = 0, for 7 >12, 

then (4.26) becomes 

Pt = GF yet = Fe ett ge 
%M = 2,5; 1_(1)-p+1 

j=l —pti\n 

4 (2yant 
ng; n 

gee ; _ , _ Qa ty 
= Dlajlaz-Pe — (9-1)? - (9 +1) m+ TG) 

j=1 

I-jJfoc— . - . _ a 1 a— 

= Soap 7277? — (7-1) PP -— G41) Pt + —(-)* 
j=l ng n 

Therefore 

1 
ah = a2 — 2-7) 4 (=, 

ng, n 

2 
as = ap(2— 2°] + aff2- 2774 — 1 — 3-PH] ¢ (ye ng, n 
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= ad[2—27Pt1]? 4 gh[2.27Pth 1 — 37Pt}) 

+o tp —QrPtl) 4 wala 

= ag ({2 _ g-P+l) pgrpt2 3-P+1) 4 ao, 

ag = af[2—277+4) 4 abf2.g7Ptt — 1 — 37h +] 

[22-1 4.2 — Q-P+h), 

+a8|2 . g-Ptl _ g-Ptl _ 4-Pth) 4 1 (3) 

ngy n 

= ad([2— 27H] 4 [2 Q-PH][g-Pt? | — 3-H 
+2 _ Q-Pthy(g-Pt? —j]-— 3P th + [2 .37pti _ poptl _ 47P+1)) 

a 1 a [22-1 4 2 — g-P+1]/9 — g-Pth] 4 [g-P+? 1 — got) 4 (3yo-1 
n° gy ng, ng, n 

= ap((2— 27°F") 

+2-(2—27Pthfa-Pt? _ 1 — 3-Pt!) 4 2. g-Pth _ g-ptl _ 4-ptl)) 
+ ~ (2 4 2? — Q-P+2 _ ga-p _ g-P+2 4 9-242 4 g~p42 _ 7 _ g3-Ptl 4 32-1] 

= “(2 — Q-Ptl)s 

42+ [2—27-P+1(gQ-P+? _ 1] — g-Pt1) 4 [2 g-Ptl _ g-ptl _ gop tly) 

og [22 — Qa-P _ -Pt2 4 92+? 4 3 g-ptl 4 gant) 

1 

  

  

We need to show 

1 _ 1 2p l., oe 
e(—) = Ol(-) + (~) ], 2~=1,2,...,n. 

Here we have 

(=) = |a(~) ai 
! [(a+1) (Lyte 

ri pera) ‘nr 
—_ : at 7 [(977Pt1 _ | —p+1 _ -4] —pt+l a 2 a-4 

2,00 112s (j — 1) (7 +1) |- TG) | 

T(a+1) t 

P(1 — p)P(p + a) n 
. l—dra ce . _ . _ a 1 a 

~ Sag? (257?! — (5 — 1H (9 + LPH — ith (=) 
j=l 91 n 

jpte-t 

(a +1) (2 

Ta pre p)l(p+a) on 

4]



t 

— Yea’ [art = (GP = FP 
j=l 

~ pet, (dys 

spat (a) Pt n 
T(a + 1) : (Lyptet 

Pl —p)P(p+a) on 

— Sag’ art — Gyr GF yr 
j=l 

—a-(=p+1)-(=)t itt (= 
! [(a+1) (t 

ri —pl(p ta) 
— Soap? [27 — (GG — yet $y] 

j=1 

yptan} 

1 
—a-(—p+1)-i*.(—)Pre™", n 

Note that aj? depends on 

lia ap = (2) 

_— HO ae) (aye 

= a(1~p)-(=)t" 
At this time, we have obtained (1/n)?*?~! as an estimate for the error, but we have 

not been able to obtain (1/n)? and (1/n)?-?, appearing in our conjecture. 

4.4.4 More examples 

In this section, we continue applying the full discretization numerical scheme with 

uniform mesh points to singular integrodifferential equations with initial conditions 

ols) £0. 
Example 4.8 

We consider the problem 

5 (fist? (t + Jas d_1 ), peé(0,1), t>0 — ; s} = —(-——— 
dt \J PWT * ai'T—p” P& Ot), 
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Comparing to (4.1). (4.2) and (4.5), we have 

d 1 
f(t) = di’lap! = 0, 

F(t) = Dé 

= [ |s| ?ds 
-1 

| 
= l—p Shs 

_ ] 
= To 

By a simple calculation, the exact solution is z(t) = 1, t € (0,00). The approximate 

solution is also 1. Namely, the numerical solution is the same as the approximate 

solution. 

Proof From (4.24), 

Tr 

Gi — Gi+1 ant} _ s- aft} 

i=1 G1 

3 

with gna: = 0. By applying initial condition, a? =1,i=1,..., n, then 

n 

oO _ o Gi — Git+1 of = Yay SoS 

  

w=1 91 

_ > Gi — Git 

1=1 91 

_ (91 — 92) + (92 — 93) +-°> + (Gn — Gn41) 

N 

_~ #1 
q 

= 1. 

With the same argument, we find 

aj = 1 

a = 1 

aj = 1 
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Example 4.9 

We consider the problem 

d / 70 
Fi (| js|-Pa(t + s)ds = 0. pé(0,1), t>09, 

-1 

r(s) = @(s)=|s\P, -l<s <0. 

Here Do = f°, |s|~?|s|’ds = 1, f(t) = 0 and F(t) = 1, ie., we are solving 

0 

/ ls|"P2(t+s)ds = 1, 
-1 

r(s) = os) = |s|?. 

The exact solution can be obtained by Lemma 3.2 for ¢t € (0, 1]. The rates of conver- 

gence for p = 0.5, 0.25, 0.75 are in Tables G.1, G.2, G.3. 

Example 4.10 

Consider the problem 

0 
=(/ s|-P2(t + s)ds) = 0, pe(0,1), ¢>0, 

-1 

z(s) = as) = (1-5 )isl?, -1<s<0. 

We have 

0 

De = [ \s\P1—*)\s|Fas 
-1 

= (1- Py [ (-s)-Bas 

  

_ a — Byres) 
7 27 1-8 

p, i 1 
( 2/78 

= |, 

with f(t) = 0 and F(t) = 1. The associated equation is 

0 
/ |s| Pr(t+s)ds = 1, 
-1 

Pp x(s) = o(s)=(1- 2)Isif. 
The exact solution is given by Lemma 3.2 for t € (0,1]. The rates of convergence for 

p = 0.5, 0.25, 0.75 can be found in Tables G.4, G.5, G.6. 
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Example 4.11 

Consider 

olf slPx(t+s)ds) = 0, pe (01), t>0, 
dt 

r(s) = (s)=(2-p)ls, —l<s <0. 
Then 

0 

De = | |s\-*(2-p)lsias 
-1 

with f(t) =0 and F(t) = 1. We change the equation to 

[. |s| Pa(t+s)ds = 1, 

r(s) = o(s) = (2—p)Is|. 

The exact solution can be obtained by Lemma 3.2 for t € (0, 1]. 

0.7 

]. Tables G.7, G.8, and 

"5 G.9 contain the rates of convergence for p = 0.5, 0.25 and 

4.4.5 Nonuniform mesh points 

Another way to solve (4.1)—(4.2) is by applying a full discretization with nonuniform 

mesh points. In particular, we compare the rate of convergence for nonuniform mesh 

points to the rate of convergence for uniform mesh points. For the examples of uniform 

mesh points, we observed that the rate of convergence is 2 — p, especially for the case 

F(t) = t?, a > 2. Our goal is, by choosing nonuniform mesh points, to regain the 

second order convergence. The motivation of this approach is due to the conjecture 

in [4] (p.398) from solving the (linear) first-kind Volterra integral equation: 

Conjecture 4.1 

Assume that g(t) and K(t,s) in 

t 
g(t) + [ (t-s)*K(t,s)y(s)ds=0, te l= (0,7), (4.27) 

0 

satisfyg Ee C™(I), KE C™!(S), with g®(0) = 0 (k =0,1,-+-,m), and K(t,t) F 

0 for allt € I. Let the collocation parameters {c;} be such that0 <c. <+++<em =1. 
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Ifue st} (Zn) and tu € S- (ZN) are the collocation approrimations determined by 

certain collocation equations, and if the underlying mesh sequence is quasi-uniform, 

then 

lly — ull, = O(N) 

and 

        lly (N"™). 

The relevance of this conjecture to our study is seen by changing (4.3) in the form of 

(4.27), 

0 
/ |s| P2(t + s)ds = F(t) 

-1 
t 

=> / ju — t|"?2(u)du = F(t) 
t=1 

0 t 
=> | [ju — t|"Pr(u)du +f lu — t|-Par(ujdu = F(t) 

t-1 
0 

ve (t — u)7Pa(u)du ~ F (y+ ft-w -P(u)du = 0 

> a(t) + t—s) "y(s)ds = 0, 

with 

g(t) = fl (tu) Palu)du — Fe 
A(t,s) = 1. 

0 

F(0) = J (-wyrra(ujdu 
~1 

= [rated 

= D9, 

this result coincides the property of F(t) from equation (4.5). 

We begin with choosing nonuniform mesh points. For space, —1 = T, < T_1 < 

- <7, <7 = 0 are defined according to the equal area. i.e., 7; is chosen so that 

Ti-1 1 0 

| g(sjds = — | g(s)ds =g, t=1,...,n, 
Ty, ~1 n 

and 6; = 7-1 —7Tj;,1 =1,..., n. For time, we discretize T°, T!,---,T™ as0 =T° < 

Tl<---<T™=1 with A’ = T*t!—T* k=0,...,m—1. We assume m = n, and 
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note that by (4.6), d/dt[z(t + s)] = d/ds[x(t + s)], therefore the relation between A* 

and 4; is 

A*® = bn—k k=0.....n—1. 

We use the second order implicit trapezoidal scheme in time and space. Then (4.12) 

and (4.13) can be written as 

1 (25: +al! aby + “) l _ k+1 k+1 k k 
Lk 2 y — C (a;7y — a; + Oy} —a;), 20; 

  
  

D Flatt — af) = f(T**?), 2=1,...,7; k=0,....n—1. 

i=] ~? 

Therefore. we have 

k+1 k+1 A‘ — 0; 4 01 — AF 
    +f, (4.28) 

  

  

  

    

Oe nn SR TO RAR 

and 

att} 29g 4 2g(A* — 61) 

© TAR +6, (AF + 6,)(A* + 52) 

goes 2OAE = 5A" = by) (AE = bua), 
(A® + 6,)(A¥ + bz) +++ (A* + bn) 

_ F(TPH) 4 Ze ¢ Aa A" ky = 5, ay 5, AF a5 

g » 4 —A* ra* — by , d2—A* k 

+ gllet: Sp ae to ARTs, +25, parE T™ 
5, — A* 

— (ay - 5 ae + 20) 

g » dA‘ p At — by , o2—A* , A* — 63 

Gyr BEAR OARS ST 5 FART ARES 
  

      

  

d3 — A* 6, — A* A‘ —6 dy — A* R93 k_((,k, 23 k 2 k <2 
a Ce ee 

+ af)j+ 

+ 5 ELS, + a, bn 4+ Ak + On4 

_ (---tak_, 5 PAF t On-2)] (4.29) 

From equation (4.28), 

2 2g(A71—6 ab = f(T°)-[~9 fo =")   

A-148, | (A+ )(A +m) 
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Lee 2g(A7! — 61) ++ (AT = bn), 
t r (As) 4 o;) (APP Onn)! (4.30)   

The value of A7! turns out to be crucial. We try three different values 

At= min(é;), 1<i<n, 

With equations (4.28), (4.29), (4.30) and the initial condition, we can solve for a*, 

1=0,...,n:k =0....,n. The procedure is 

1. 

5. 

6. 

From the initial condition ¢(s), -1 < s < 0, we can find a9, i= 1, ..., n, then 

we obtain a? from (4.30) by specifying A~!. ie., we find a¥,7 = 0,..., n, at 

k = 0 first, 

. Apply (4.29) to find ak, k = 1, 

Use (4.28) to find af, i =1,..., 2, 

. Apply (4.29) to find ak*?, 

Apply (4.28) to find aft',i=1,..., n, 

Setk =k+4+1. If k=n+1 then stop, otherwise go to 4. 

To find z(t), 0 <# <1. by (4.6) and (4.9), we have 

L(>> on—j4r) = e(L1—-14+ 90 bn-541) 
j=l j=l 

= E(1, —l+ SS bn-j41) 

j=l 

= 3 a,(1)B,(-1 + 3 On—j41) 
k=0 j=l 

= > % Bi(- »— On—j+1) 
k=0 j=itl 

= F ay, Bi (Tri) 

k=0 

= a 
n 

n—wv° 
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4.4.6 Examples using nonuniform mesh points 

One goal for using nonuniform mesh points is to recover the rate of convergence. For 

the uniform case, we recall section 4.4.2 that the “h” is fixed after we decide the 

number of mesh points. For nonuniform mesh points, there is no such fixed “h”. 

Although we do not have fixed “h”, we still know the total number of mesh points. 

There are two ways to evaluate the rate of convergence for nonuniform cases. The 

following is the definition for the rate of convergence of nonuniform mesh points which 

we shal] employ. Our decision to use this definition was made after consultation with 

Dr. Hermann Brunner. 

Definition 4.2 Let x be the eract solution and x be the computed solution at nonuni- 

form mesh points, i.e., x and £ are 1 xn vectors. If 

    

1 lz — Blla0 = max, |2(n) ~ a(n) = C()", 

- leah _ Dalen) = 2070) yds 
n 7 n NA 

Then the rate of convergence for the nonuniform mesh scheme is a. 

For examples. we employ the nonuniform mesh points to (4.1)—(4.2) with @ = 0, 

f(t) = at*—!, therefore F(t) = Dd + fy ar?~'dr = t?. Examples include 0 < a < 1, 

a=1, F(t) = t?/2!, F(t) = t°/3! and F(t) = t*/4!. Singularity p is 0.5 for all cases. 

By Theorem 3.2, we have the exact solution z(t) for t € (0,3). 

Example 4.12 

For the case F(t) =t?,0<a< 1, 

0 
5 (/ |s|~°P x(t + s)ds) = at", t>0, 

-1 
r(s) = @(s)=0, -l<s<0. 

By Lemma 3.3, the exact solution is 

C(a+1) AGT) ppta-t¢ € (9,1). Tl — pp Fa) (001 z(t) = 

See the numerical results for a = 1/2 in Appendix H. For A~! = max(d;), we do not 

have good results. As a matter of fact, they are worse than the uniform mesh case. 

For A7~! = min(6;) and 0, the rate of convergence is about a. 
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Example 4.13 

We trya = 1, A7! = max(6;), min(6;) and 0. 

d / 
— (| |s|-°P a(t + s)ds) = 1, t>9, 
dt \J-1 

r(s) = @(s)=0, -l<s<0. 

See the results in Appendix I. For A~! = min(é,), we recover the rate of convergence 

for t € (1,3]. For A7~! = max(6;) and 0, we do not recover the rate of convergence. g 

Example 4.14 

We try the following erample with A~' = max(é;), min(é;) and 0. 

d (f°, os d_t? 
— x(t d = —(-—), t di UJ, slate s) : ug 17% 

r(s) = o(s)=0, -l<s<0. 

Since f(t) = t, then f(T°) = 0, this implies aj = 0. See the results in Appendix J. 

We recover the rate of convergence. 

Example 4.15 

We have a8 = 0 for the following equation 

d ff? dt? =(f sl-*2(¢ + s)ds] = (5), t>0, 
dt \J-1 

z(s) = (s)=0, -l<s<0. 

See the results in Appendix K. We recover the rate of convergence. 

Example 4.16 

We have af = 0 in the following problem 

d (f°, os d_t* 
— 52(t+s)ds) = —(—), t a (fish t+ s)ds) = FG) 130. 

t(s) = o(s)=0, -l<s<0. 

See the results in Appendix L. We recover the rate of convergence. 

4.5 Summary 

In this chapter, we solved (4.1)—(4.2) by four different numerical schemes: semi- 

discretization with uniform and nonuniform mesh points, full discretization with uni- 

form and nonuniform mesh points. For the semi-discretization method, we changed 
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the equations to a first order differential equation and used an ode solver (Matlab 

ode23). For full discretization with uniform mesh points, we observed the rate of 

convergence was not the same order as the numerical scheme. By using nonuniform 

mesh points. with F(t) smooth enough, we regain the rate of convergence. 

51



Chapter 5 

Conclusions and Future Work 

In this study, we discussed the singular integrodifferential equations 

C
n
 

d eo 
= | Is|-Po(t-+ s)ds = f(t), t>0. (5.1) 

5 
r(s) = os), —b<s <0, (5.2) 

where f(t) is locally integrable on ¢ > 0, initial function @ € Lz, and 6 = 1. We 

introduced the semigroup setting on the state space L.,. For the associated abstract 

Cauchy problem, we characterized the properties of the infinitesimal generator and the 

generated semigroup. We showed that (5.1)—(5.2) is well-posed. Assuming z;(s) = 

r(t+s) and the difference operator D defined as 

0 

D¢ = f \sl*s(s)ds, 
p € (0,1), 

equations (5.1)—(5.2) can be written as 

Dr, = Dot [ f(r)dr (5.3) 
= F(t), t>0, (5.4) 

to = o, (5.5) 

provided Dz, is absolutely continuous. For the equations (5.4)—(5.5), if @ = 0 and 

F(t) = t*, a > 0, we had the exact solution z(t), t € (0,1]. Since D is a linear 

operator, we extended the solution (with @ = 0) to the case where F(t) is a linear 

combination of t?, a > 0. For the special case p = 0.5, we found the exact solution 

r(t) for t € (0,3). For 6€ C, F(t) € C1(0,1), the solution has a closed form. Once 

o2



we solved the solution x(t), t € (0,1], to (5.4)—(5.5), the method of steps could be 

applied to find z(t). t € (1,00). 

In Chapter 4, we introduced numerical methods. By choosing a semi-discretization 

method. we adopted an ode solver. Our full discretization code could approximate 

the solution z(t) of (5.4)—(5.5) to t € (0,00), and by checking several examples using 

uniform mesh points, we determined the numerical rates of convergence using uniform 

mesh points. The rates depend on the singularity of the kernel, p, the smoothness of 

F(t) and the initial condition, ¢. 

When o = 0 and F’(t) is a linear combination of t*, a > 0, the rate of convergence 

is Min(2 — p.a), where a is the smallest power in the linear combination. Therefore, 

if F(t) is smooth enough, the rate of convergence is 2 — p and we have lost second 

order convergence. We were able to recover the optimal rate of convergence by using 

nonuniform mesh points. We emphasized this observation by noting the conjecture 

of [4] using the collocation method. 

In the future, we would like to try more cases with ¢ # 0 and F(t) in more 

general form and complete the proof of the rate of convergence for both uniform and 

nonuniform meshes. 
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Appendix A 

6=0, F(t)=t 

n=10,p=0.5 n=100,p=0.5 
0.7 | 0.8     

0.6} 

0.5} 

0.4; 

0.3}                0.2 
0 

Figure A.1: p= 0.5, solid line: exact solution 

Table A.1: rate of convergence for p = 0.5 

  

  

      

t n=10.100 | n=100,1000 
0.10 0.9920 1.0001 
0.20 0.9992 1.0000 
0.30 1.0001 1.0000 
0.40 1.0002 1.0000 
0.50 1.0002 1.0000 
0.60 1.0001 1.0000 
0.70 1.0001 1.0000 
0.80 1.0001 1.0000 
0.90 1.0001 1.0000 
1.00 | 0.9943 0.9994     
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n=10,p=0.25 
  1.2 

0.8; 

0.6;   

  

  
  0.4 

0.5 

n=100,p=0.25 
  

0.8} 

0.6; 

0.4;     
  0.2 
0 0.5 

Figure A.2: p = 0.25, solid line: exact solution 

Table A.2: rate of convergence for p = 0.25 

  

  

            

t n=10 n=100 exact sol. | r.o.c (n=10,100) 

0.10 0.5560 0.5123 0.5063 0.9175 

0.20 0.6341 0.6057 0.6021 0.9439 

0.30 0.6909 0.6690 0.6663 0.9567 

0.40 0.7362 0.7182 0.7160 0.9644 

0.50 0.7744 0.7589 0.7571 0.9695 

0.60 0.8077 0.7940 0.7924 0.9732 

0.70 0.8373 0.8250 0.8235 0.9760 

0.80 0.8640 0.8528 0.8515 0.9782 

0.90 0.8884 0.8781 0.8769 0.9800 

1.00 | 1.0867 0.9576 0.9003 0.5124 

(sec) | CPU=0.0227 | CPU=0.4171   
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0.4 

0.3; 

0.2; 

0.1 

n=10,p=0.75 
  

    

  

n=100,p=0.75 
  0.4 

0.3 

0.2; 

0.17     
0.5 

Figure A.3: p = 0.75, solid line: exact solution 

Table A.3: rate of convergence for p = 0.75 

  

  

        

t n=10 n=100 exact sol. | r.o.c. (n=10,100) 

0.10 0.0805 0.0559 0.0534 1.0292 
0.20 0.1125 0.0918 0.0898 1.0415 
0.30 0.1420 0.1235 0.1217 1.0440 
0.40 0.1696 0.1523 0.1509 1.0443 
0.50 0.1960 0.1800 0.1784 1.0439 
0.60 0.2212 0.2061 0.2046 1.0433 
0.70 0.2455 0.2311 0.2297 1.0427 
0.80 0.2691 0.2552 0.2539 1.0420 
0.90 0.2920 0.2786 0.2773 1.0414 
1.00 0.3163 0.3015 0.3001 1.0749 

(sec) | CPU=0.0227 | CPU=0.4163       
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Appendix B 

o=0,0<a<l 

0.55 

0.5} 

0.45} 

0.4 

0.35 
0 

n=10,p=0.5,a=0.5 
  

  

      

0.5 

n=100,p=0.5,a=0.5 
  0.55 

  0.5 

0.45}. 

0.4   0.35 
0 0.5 

Figure B.1: p= 0.5, a = 0.5, solid line: exact solution 

Table B.1: rate of convergence for p = 0.5,a4 = 0.5 

  

  

      

t n=10,100 | n=100,1000 
0.10 0.6218 0.5255 
0.20 0.5965 0.5130 
0.30 0.5739 0.5087 
0.40 0.5588 0.5066 
0.50 0.5485 0.5053 
0.60 0.5412 0.5044 
0.70 | 0.5357 0.5038 
0.80 0.5316 0.5033 
0.90 | 0.5282 0.5029 

| 1.00 0.4345 0.4938   
  

a7 

 



n=10,p=0.5,a=0.25 
  0.8 

0.7} 

0.6; 

0.5 

0.4+   
_ 

  
  0.3 

0.5 

n=100,p=0.5,a=0.25 
  

  

  

    

0.5 1 

Figure B.2: p= 0.5, a = 0.25, solid line: exact solution 

Table B.2: rate of convergence for p= 0.5, a = 0.25 

  

  

      

t n=10,100 | n=100,1000 
0.10 | 0.2960 0.2557 
0.20 0.2808 0.2526 
0.30 | 0.2713 0.2516 
0.40 | 0.2659 0.2512 
0.50 0.2625 0.2509 
0.60 0.2602 0.2507 
0.70 0.2586 0.2506 
0.80 0.2574 0.2505 
0.90 0.2564 0.2505 
1.00 0.2626 0.2511   
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0.7 

0.6; 

0.5} 

0.4; 

0.3 
0 

n=10,p=0.5,a=0.75 
  

  

  

    

0.5 

n=100,p=0.5,a=0.75 
  0.6 

0.5 

0.4 

0.3 

0.2 

  0.1 
0 0.5 1 

Figure B.3: p = 0.5, a = 0.75, solid line: exact solution 

Table B.3: rate of convergence for p= 0.5, a = 0.75 

  

  

    

t n=10,100 | n=100,1000 

0.10 0.5125 0.7011 
0.20 0.5743 0.7220 
0.30 0.6186 0.7294 
0.40 | 0.6455 0.7333 
0.50 0.6631 0.7356 
0.60 0.6753 0.7372 
0.70 | 0.6843 0.7383 
0.80 | 0.6912 0.7391 
0.90 0.6967 0.7398 
1.00 | 0.7334 0.7474       
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Appendix C 

o=0,l<a<2 

n=10,p=0.5,a=1.25 n=100,p=0.5,a=1.25 
0.8 0.8 —     

0.6} 

0.4+ 

0.2           
  

  

Figure C.1: p = 0.5, a = 1.25, solid line: exact solution 

Table C.1: rate of convergence for p = 0.5, a = 1.25 

  

t |n=10,100 | t | n=10,100 | t | n=10,100 
0.10 | 1.0862 | 1.10] 1.0677 | 2.10] 1.1301 
0.20 | 1.1513 | 1.20] 1.0928 | 2.20) 1.1161 
0.30 | 1.1730 | 1.30} 1.1114 | 2.30] 1.1119 
0.40} 1.1837 | 1.40} 1.1244 | 2.40] 1.1115 
0.50 | 1.1903 | 1.50] 1.1340 | 2.50 | 1.1128 
0.60 | 1.1948 | 1.60] 1.1414 | 2.60 | 1.1149 
0.70 | 1.1981 | 1.70} 1.1474 | 2.70] 1.1173 
0.80 | 1.2007 | 1.80; 1.1523 | 2.80} 1.1199 
0.90 | 1.2028 | 1.90! 1.1565 | 2.90) 1.1225 
1.00 | 1.2046 | 2.00) 1.1601 | 3.00 | 1.1251 
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Table C.2: rate of convergence for p= 0.5, a = 1.25 

  

  

          

t n=100,1000 t n=100,1000 t n=100,1000 

0.10 1.2046 1.10 1.1626 2.10 1.1817 

0.20 1.2141 1.20 1.1785 2.20 1.1802 

0.30 1.2184 1.30 1.1865 2.30 1.1808 

0.40 1.2211 1.40 1.1917 2.40 1.1819 

0.50 1.2229 1.50 1.1955 2.90 1.1832 

0.60 1.2243 1.60 1.1985 2.60 1.1845 

0.70 1.2254 1.70 1.2009 2.70 1.1859 

0.80 1.2263 1.80 1.2030 2.80 1.1872 

0.90 1.2271 1.90 1.2047 2.90 1.1884 

1.00 1.2277 2.00 1.2062 3.00 1.1896     
  

Table C.3: rate of convergence for p = 0.5, a = 1.25 

  

  

            
  

  

      

  

    

t | n=1000,10000] t | n=1000,10000] t | n=1000,10000 
0.10 1.2277 1.10 1.2065 2.10 1.2141 

0.20 1.2313 1.20 1.2138 2.20 1.2139 
0.30 1.2328 1.30 1.2175 2.30 1.2143 
0.40 1.2336 1.40 1.2200 2.40 1.2150 
0.50 1.2340 1.50 1.2218 2.50 1.2156 

0.60 1.2342 1.60 1.2233 2.60 1.2163 
0.70 1.2343 1.70 1.2244 2.70 1.2170 
0.80 1.2342 1.80 1.2254 2.80 1.2176 
0.90 1.2340 1.90 1.2262 2.90 1.2182 

1.00 1.2338 2.00 1.2270 3.00 1.2188 

n=10,p=0.5,a=1.75 n=100,p=0.5,a=1.75 
1 — 1 

0.8} 0.8} 

0.6} | 0.6} 

0.4 0.4} 

0.2} 0.2} 

0 0 

0 0.5 1 0 0.5 

Figure C.2: p = 0.5, a = 1.75, solid line: exact solution 
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Table C.4: rate of convergence for p = 0.5, a = 1.75 

  

  

          

t |n=10,100] t [n=10,100] +t | n=10,100 
0.10} 1.2720 |] 1.10] 1.3697 | 2.10] 1.4278 
0.20 | 1.3475 | 1.20] 1.3916 | 2.20] 1.4282 
0.30} 1.3768 | 1.30] 1.4047 | 2.30] 1.4302 
0.40 | 1.3928 | 1.40] 1.4133 | 2.40 | 1.4325 
0.50 | 1.4031 | 1.50] 1.4196 | 2.50 | 1.4347 
0.60} 1.4105 | 1.60] 1.4245 | 2.60] 1.4368 
0.70} 1.4161 | 1.70] 1.4283 | 2.70] 1.4387 
0.80 | 1.4205 | 1.80; 1.4315 | 2.80] 1.4404 

' 0.90} 1.4241 | 190 1.4342 | 2.90) 1.4419 
(1.00 | 1.4272 2.00 | 1.4366 | 3.00 | 1.4434   
    

Table C.5: rate of convergence for p = 0.5, a = 1.75 

  

  

  

n=100.1000 | t | n=100,1000| t | n=100,1000 
0.10 1.4272 1.10 1.4519 2.10 1.4701 
0.20 1.4436 1.20 1.4594 2.20 1.4710 
0.30 1.4509 1.30 1.4633 2.30 1.4721 
0.40 1.4553 1.40 1.4659 2.40 1.4730 
0.50 1.4583 1.50 1.4678 2.50 1.4739 
0.60 1.4605 1.60 1.4694 2.60 1.4746 
0.70 1.4622 1.70 1.4706 2.70 1.4753 
0.80; 1.4636 1.80 1.4716 2.80 1.4759 
0.90; 1.4647 1.90 | 1.4725 2.90 1.4765 
1.00: 1.4657 | 2.00 1.4733 3.00 | 1.4770 

  
          
  

Table C.6: rate of convergence for p = 0.5, a = 1.75 

  

  

  
      

t n=1000,10000 t n=1000,10000 t n=1000,10000 

0.10 1.4657 1.10 1.4789 2.10 1.4863 

0.20 1.4697 1.20 1.4815 2.20 1.4867 

0.30 1.4697 1.30 1.4830 2.30 1.4871 

0.40 1.4681 1.40 1.4839 2.40 1.4874 

0.50 1.4656 1.50 1.4846 2.50 1.4877 

0.60 1.4623 1.60 1.4852 2.60 1.4880 

0.70 1.4586 1.70 1.4856 2.70 1.4882 

0.80 1.4544 1.80 1.4859 2.80 1.4884 

' 0.90 1.4499 1.90 | 1.4862 2.90 1.4885 

1.00 1.4450 2.00 | 1.4864 3.00 | 1.4887       
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Appendix D 

o=0,2<a<3 

    

            

n=10,p=0.5,a=2.5 n=100,p=0.5,a=2.5 

0.8} 

0.6} 

0.4 

0.2; 

% 05 1 

  

Figure D.1: p = 0.5, a = 2.5, solid line: exact solution 

Table D.1: rate of convergence for p = 0.5, a = 2.5 

  

t |n=10,100| t |n=10,100/ t | n=10,100 
0.10 | 1.3494 |1.10 | 1.4582 |2.10| 1.4675 
0.20} 1.4019 | 1.20] 1.4574 | 2.20} 1.4675 
0.30 | 1.4243 | 1.30] 1.4583 | 2.30] 1.4677 
0.40} 1.4369 | 1.40] 1.4596 | 2.40} 1.4679 
0.50 | 1.4452 | 1.50] 1.4610 | 2.50 | 1.4682 
0.60] 1.4510 | 1.60] 1.4624 | 2.60] 1.4686 
0.70 | 1.4554 | 1.70] 1.4637 | 2.70 | 1.4690 
0.80 | 1.4589 | 1.80! 1.4649 | 2.80} 1.4694 

‘0.90 1.4617 | 1.90! 1.4660 | 2.90] 1.4698 
1.00 | 1.4640 | 2.00 1.4670 | 3.00 1.4702 
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0.8 

0.6 

0.4 

0.2: 

Table D.2: rate of convergence for p = 0.5, a = 2.5 

  

  

  

t n=100,1000 t n=100,1000 t n=100,1000 

G.10/ 14640 [1107 1.4876 | 2.10] 1.4905 
0.20] 14759 | 1.20} 1.4878 | 2.20] 1.4905 
0.30] 1.4809 | 1.30] 1.4882 | 2.30! 1.4906 
0.40| 1.4837 | 140] 1.4886 | 2.40] 1.4906 
0.50} 1.4855 | 1.50] 1.4890 | 2.50| 1.4907 
0.60! 1.4869 | 1.60] 1.4894 12.60] 1.4908 
0.70} 1.4879 | 1.70) 14897 | 2.70} 1.4910 
0.80 1.4888 | 180; 1.4900 |280] 1.4911 
0.90) 14895 (190; 1.4903 (290 1.4912 

| 1.00) 1.4900 | 2.00) 1.4906 =| 3.00 1.4913 
            
  

Table D.3: rate of convergence for p = 0.5, a = 2.5 

  

  

              
  

  

  
  

  

      

t | n=1000,10000 | t | n=1000.10000| +t | n=1000,10000 
0.10 1.4900 1.10 1.4963 2.10 1.4971 
0.20 1.4931 1.20 1.4963 2.20 1.4971 
0.30 1.4944 1.30 1.4964 2.30 1.4971 
0.40 1.4952 1.40 1.4965 2.40 1.4971 
0.50 1.4957 1.50 1.4966 2.50 1.4972 
0.60 1.4961 1.60 1.4967 2.60 1.4972 
0.70 1.4964 1.70 1.4968 2.70 1.4972 
0.80 1.4966 1.80 1.4968 2.80 1.4972 
0.90 1.4968 1.90 1.4969 2.90 1.4972 
1.00; 1.4970 2.00 1.4969 | 3.00 | 1.4972 

n=10,p=0.5,a=2.75 n=100,p=0.5,a=2.75 
1 

0.8} 

0.6 

0.4 

0.2; 

0 0 

    

Figure D.2: p = 0.5, a = 2.75, solid line: exact solution 
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Table D.4: rate of convergence for p = 0.5, a = 2.75 

  

  

  

t |n=10,100/ t {n=10,100| t | n=10,100 
0.10 | 1.3501 | 1.10 | 1.4586 | 2.10) 1.4661 
0.20 | 1.3974 | 1.20} 1.4580 | 2.20) 1.4665 
0.30 | 1.4190 | 1.30] 1.4585 | 2.30) 1.4668 
0.40 | 1.4316 | 1.40} 1.4593 | 2.40) 1.4671 
0.50 | 1.4401 | 1.50] 1.4603 | 2.50 | 1.4674 
0.60 | 1.4462 | 1.60] 1.4614 | 2.60 | 1.4678 
0.70 | 1.4508 | 1.70} 1.4625 | 2.70) 1.4682 
0.80 1.4545 | 1.80] 1.4635 | 2.80) 1.4685 
0.90) 1.4575 | 1.90 | 1.4645 | 2.90 1.4689 
1.00 | 1.4600 | 2.00] 1.4654 | 3.00 1.4692             
  

Table D.5: rate of convergence for p = 0.5, a = 2.75 

  

  

          

n=100,1000 t n=100,1000 t n=100,1000 

0.10 1.4600 1.10 1.4877 2.10 1.4900 

0.20 1.4729 1.20 1.4877 2.20 1.4901 

0.30 1.4783 1.30 1.4879 2.30 1.4902 

0.40 1.4814 1.40 1.4882 2.40 1.4903 

0.50 1.4835 1.50 1.4885 2.50 1.4904 

0.60 1.4850 1.60 1.4888 2.60 1.4905 

0.70 1.4861 1.70 1.4891 2.70 1.4906 

0.80 1.4870 1.80 1.4894 2.80 1.4907 

0.90 1.4877 1.90 1.4897 2.90 1.4908 

1.00 1.4883 2.00 1.4899 3.00 1.4909     
  

Table D.6: rate of convergence for p = 0.5, a = 2.75 

  

n=1000,10000 t n=1000,10000 t n=1000,10000 
  

  

0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00   

1.4883 

1.4910 

1.4915 

1.4912 

1.4906 

1.4896 

1.4884 

1.4870 

1.4855 

1.4839   

1.10 

1.20 

1.30 

1.40 

1.50 

1.60 

1.70 

1.80 

1.90 

2.00   

1.4963 

1.4963 

1.4963 

1.4964 

1.4965 

1.4966 

1.4966 

1.4967 

1.4968 

1.4968 

2.10 

2.20 

2.30 

2.40 

2.50 

2.60 

2.70 

2.80 

2.90 

3.00   

1.4970 

1.4970 

1.4970 

1.4970 

1.4971 

1.4971 

1.4971 

1.4971 

1.4971 

1.4972   
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0.8 

0.6; 

0.47 

0.2; 

n=10,p=0.5,a=2.25 
  

      

0.5 

n=100,p=0.5,a=2.25 
  

0.8} 

0.6} 

0.44 

0.2;     
0.5 

Figure D.3: p = 0.5, a = 2.25, solid line: exact solution 

Table D.7: rate of convergence for p = 0.5, a = 2.25 

  

  

          

t n=10,100 t n=10,100 t n=10,100 

0.10 1.3400 1.10 1.4501 2.10 1.4662 

0.20 1.4001 1.20 1.4511 2.20 1.4658 

0.30 1.4244 1.30 1.4536 2.30 1.4659 

0.40 1.4377 1.40 1.4562 2.40 1.4662 

0.50 1.4462 1.50 1.4585 2.50 1.4666 

0.60 1.4522 1.60 1.4606 2.60 1.4672 

0.70 1.4567 1.70 1.4624 2.70 1.4677 

0.80 1.4602 1.80 1.4640 2.80 1.4683 

0.90 1.4631 1.90 1.4654 2.90 1.4688 

1.00 1.4654 2.00 1.4666 3.00 1.4694       

Table D.8: rate of convergence for p = 0.5, a = 2.25 

  

  

            

t n=100,1000 t n=100.1000 t n=100,1000 

0.10 1.4654 1.10 1.4858 2.10 1.4903 

0.20 1.4772 1.20 1.4867 2.20 1.4903 

0.30 1.4821 1.30 1.4875 2.30 1.4903 

0.40 1.4849 1.40 1.4882 2.40 1.4905 

0.50 1.4867 1.50 1.4888 2.50 1.4906 

0.60 1.4881 1.60 1.4893 2.60 1.4907 

0.70 1.4892 1.70 1.4898 2.70 1.4909 

0.80 1.4901 1.80 1.4901 2.80 1.4910 

0.90 1.4908 1.90 1.4905 2.90 1.4912 

| 1.00 1.4915 2.00 1.4908 3.00 1.4913   
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Table D.9: rate of convergence for p = 0.5, a = 2.25 

  

  

            

t | n=1000,10000 | t | n=1000,10000] t | n=1000,10000 
0.10 1.4915 1.10 1.4959 2.10 1.4971 
0.20 1.4955 1.20 1.4961 2.20 1.4971 
0.30 1.4983 1.30 1.4962 2.30 1.4971 
0.40 1.5008 1.40 1.4963 2.40 1.4970 
0.50 1.5033 1.50 1.4963 2.50 1.4970 
0.60 1.5060 1.60 1.4963 2.60 1.4969 
0.70 1.5087 1.70 1.4962 2.70 1.4969 
0.80 1.5116 1.80 1.4962 2.80 1.4968 
0.90 1.5147 1.90 1.4960 2.90 1.4967 
1.00, 15179 =| 2.00) 1.4959 | 3.00 1.4966 
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Appendix E 

o=0,a=2 

    

            

n=10,p=0.5 n=100,p=0.5 

3 . 3 — 

2r 2 

1 1} 

0 0 
0 1 2 3 0 1 2 

Figure E.1: p = 0.5, F(t) = t?/2, solid line: exact solution 

Table E.1: rate of convergence for p= 0.5, F(t) = t?/2 

  

t n=10,100 t n=10,100 t n=10,100 

0.10 1.3166 1.10 1.4249 2.10 1.4566 

0.20 1.3854 1.20 1.4321 2.20 1.4560 

0.30 1.4125 1.30 1.4386 2.30 1.4564 

0.40 1.4272 1.40 1.4436 2.40 1.4572 

0.50 1.4366 1.50 1.4476 2.50 1.4581 

0.60 1.4433 1.60 1.4508 2.60 1.4592 

0.70 1.4482 1.70 1.4535 2.70 1.4602 

0.80 1.4521 1.80 1.4558 2.80 1.4611 

0.90 1.4553 1.90 1.4576 2.90 1.4620 

1.00 1.4579 2.00 1.4595 3.00 1.4629 
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Table E.2: rate of convergence for p = 0.5, F(t) = t?/2 

  

  

  

t n=100,1000 t n=100,1000 t n=100,1000 

0.10 1.4579 1.10 1.4777 2.10 1.4867 

0.20 1.4714 1.20 1.4808 2.20 1.4868 

0.30 1.4770 1.30 1.4827 2.30 1.4871 

0.40 1.4802 1.40 1.4841 2.40 1.4874 

0.50 1.4824 1.50 1.4851 2.50 1.4877 

0.60 1.4840 1.60 1.4859 2.60 1.4880 

0.70 1.4853 1.70 1.4866 2.70 1.4882 

0.80 1.4862 1.80 1.4872 2.80 1.4885 

0.90 1.4871 1.90 1.4878 2.90 1.4887 

1.00 1.4877 2.00 1.4882 3.00 1.4889           
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Appendix F 

¢@=0, F(t) = a combination of t* 

    

            

n=10,p=0.5 n=100,p=0.5 
5 — 5 — 

4t 

3 L 

2 L 

1} 

0 + 

0 1 2 3 

  

Figure F.1: p= 0.5, F(t) = t+ t?/2!, solid line: exact solution 

Table F.1: rate of convergence for p = 0.5, F(t) =¢t + t?/2! 

  

t n=10,100 t n=10,100 t n=10,100 

0.10 1.0027 1.10 1.0712 2.10 1.1011 

0.20 1.0191 1.20 1.0727 2.20 1.1011 

0.30 1.0271 1.30 1.0736 2.30 1.1019 

0.40 1.0330 1.40 1.0750 2.40 1.1030 

0.50 1.0380 1.50 1.0767 2.90 1.1043 

0.60 1.0424 1.60 1.0786 2.60 1.1058 

0.70 1.0463 1.70 1.0806 2.70 1.1073 

0.80 1.0499 1.80 1.0827 2.80 1.1089 

0.90 1.0532 1.90 1.0849 2.90 1.1106 

1.00 1.0186 2.00 1.1159 3.00 1.1181 

  

               



Table F.2: rate of convergence for p = 0.5,F(t) =t + t?/2! 

  

  

  

t n=100,1000 t n=100,1000 t n=100,1000 

0.10 1.0064 1.10 1.0360 2.10 1.0440 

0.20 1.0095 1.20 1.0323 2.20 1.0435 

0.30 1.0119 1.30 1.0314 2.30 1.0436 

0.40 1.0139 1.40 1.0314 2.40 1.0438 

0.50 1.0156 1.50 1.0318 2.50 1.0443 

0.60 1.0171 1.60 1.0324 2.60 1.0448 

0.70 1.0185 1.70 1.0331 2.70 1.0455 

0.80 1.0199 1.80 1.0339 2.80 1.0461 

0.90 1.0211 1.90 1.0347 2.90 1.0468 

1.00 1.0083 2.00 1.0490 3.00 1.0484           
  

Table F.3: rate of convergence for p = 0.5, F(t) = sin(¢) 

  

  

          

t n=10,100 t n=10,100 t n=10,100 

0.10 0.9908 1.10 1.0147 2.10 0.9743 

0.20 0.9949 1.20 1.0036 2.20 0.9711 

0.30 0.9913 1.30 0.9925 2.30 0.9673 

0.40 | 0.9858 1.40 | 0.9822 2.40 | 0.9635 

0.50 0.9792 1.50 | 0.9725 2.50 0.9600 

0.60 0.9718 1.60 0.9633 2.60 0.9570 

0.70 0.9636 1.70 0.9545 | 2.70 0.9544 

0.80 0.9753 1.80 0.9461 2.80 0.9524 

0.90 0.9458 1.90 0.9383 2.90 0.9510 

1.00 0.9712 2.00 0.9891 3.00 0.9612     
  

Table F.4: rate of convergence for p = 0.5, F(t) = sin(¢) 

  

  

  

t n=100,1000 t n=100,1000 t n=100,1000 

0.10 0.9994 1.10 1.0113 2.10 0.9931 

0.20 0.9981 1.20 1.0028 2.20 0.9916 

0.30 0.9964 1.30 0.9977 2.30 0.9901 

0.40 0.9944 1.40 0.9938 2.40 0.9888 

0.50 0.9921 1.50 0.9905 2.50 0.9876 

0.60 0.9897 1.60 0.9876 2.60 0.9867 

0.70 0.9871 1.70 0.9849 2.70 0.9859 

0.80 1.2577 1.80 0.9825 2.80 0.9854 

0.90 0.9819 1.90 0.9803 2.90 0.9850 

1.00 0.9916 2.00 0.9957 3.00 0.9859           
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Table F.5: rate of convergence for p = 0.5, F(t} = sin(t) 

  

t n=1000,10000 t | n=1000,10000 
  

  

t n=1000,10000 

0.10 0.9998 

0.20 0.9993 

0.30 0.9987 

0.40 0.9981 

0.50 0.9974 

0.60 0.9866 

0.70 0.9858 

0.80 1.0958 

0.90 0.9942 

1.00 0.9974     

1.10 

1.20 

1.30 

1.40 

1.50 

1.60 

1.70 

1.80 

1.90 

2.00   

1.0037 
1.0008 
0.9991 
0.9979 
0.9969 
0.9960 
0.9951 
0.9944 
0.9938 
0.9985 

2.10 

2.20 

2.30 

2.40 

2.50 

2.60 

2.70 

2.80 

2.90 

3.00   

0.9979 
0.9973 
0.9969 
0.9964 
0.9961 
0.9958 
0.9956 
0.9954 
0.9953 
0.9953   

  

Table F.6: rate of convergence for p = 0.5, F(t) = cos(t) — 1 

  

  

          

t n=10,100 t n=10,100 t n=10,100 

0.10 1.3167 1.10 1.4113 2.10 1.4242 

0.20 1.3860 1.20 1.4208 2.20 1.3906 

0.30 1.4137 1.30 1.4292 2.30 1.3368 

0.40 1.4294 1.40 1.4358 2.40 1.1287 

0.50 1.4399 1.50 1.4410 2.90 2.2682 

0.60 1.4479 1.60 1.4454 2.60 1.6227 

0.70 1.4544 1.70 1.4490 2.70 1.5537 

0.80 1.4602 1.80 1.4523 2.80 1.5272 

0.90 1.4657 1.90 1.4553 2.90 1.5135 

1.00 1.4714 2.00 1.4584 3.00 1.5055     
  

Table F.7: rate of convergence for p = 0.5, F(t) = cos(t) — 1 

  

  

          

t n=100.1000 t n=100,1000 t n=100,1000 

0.10 1.4580 1.10 1.4734 2.10 1.4736 

0.20 1.4716 1.20 1.4778 2.20 1.4666 

0.30 1.4774 1.30 1.4804 2.30 1.4556 

0.40 1.4809 1.40 1.4822 2.40 1.4235 

0.50 1.4834 1.50 1.4835 2.00 1.7169 

0.60 1.4854 1.60 1.4847 2.60 1.5491 

0.70 1.4870 1.70 1.4856 2.70 1.5191 

0.80 1.4885 1.80 1.4864 2.80 1.5092 

0.90 1.4899 1.90 1.4872 2.90 1.5045 

1.00 1.4914 2.00 1.4879 3.00 1.5019     
  

 



Table F.8: rate of convergence for p = 0.5, F(t) = cos(t) — 1 

  

  

            
  

  

  

              
  

  

  

t n=1000,10000 | t | n=1000,10000 | t | n=1000,10000 
0.10 1.4878 1.10 1.4921 2.10 1.4917 
0.20 1.4916 1.20 1.4933 2.20 1.4898 
0.30 1.4931 1.30 1.4940 2.30 1.4866 
0.40 1.4942 1.40 1.4945 2.40 1.4779 

0.50 1.4949 1.50 1.4949 2.50 1.2302 
0.60 1.4955 1.60 1.4952 2.60 1.5174 
0.70 1.4959 1.70 1.4955 2.70 1.5065 

0.80 1.4964 1.80 1.4957 2.80 1.5032 
0.90 1.4968 1.90 1.4959 2.90 1.5016 
1.00 1.4972 2.00 1.4960 3.00 1.5007 

Table F.9: rate of convergence for p = 0.5, F(t) =e’ -—1 

t | n=10,100 | t !n=10,100} t | n=10,100 
0.10 | 1.00389 |) 1.10} 1.1108 | 2.10) 1.2285 
0.20 | 1.0232 | 1.20) 1.1207 | 2.20) 1.2374 
0.30 | 1.0354 | 1.30) 1.1308 | 2.30 | 1.2477 
0.40 | 1.0468 | 1.40 | 1.1420 | 2.40 | 1.2587 
0.60 | 1.0582 | 1.50 | 1.1540 | 2.50} 1.2699 
0.60; 1.0700 {| 1.60) 1.1667 | 2.60; 1.2812 
0.70 | 1.0822 | 1.70 | 1.1800 | 2.70} 1.2924 
0.80 | 1.0949 / 1.80 | 1.19386 | 2.80 | 1.3035 
0.90 | 1.1082 / 1.90 | 1.2074 | 2.90) 1.3143 
1.00 | 1.0529 | 2.00 1.2333 | 3.00 1.3262 

Table F.10: rate of convergence for p = 0.5, F(t) =e’ — 1 

t / n=100,1000 | t | n=100,1000 | t | n=100,1000 

0.10 1.0071 1.10 1.0558 2.10 1.1266 
0.20 1.0116 1.20 1.0569 2.20 1.1335 
0.30 1.0159 1.30 1.0612 2.30 1.1420 
0.40 1.0203 1.40 1.0671 2.40 1.1516 
0.50 1.0250 1.50 1.0739 2.50 1.1620 
0.60 1.0301 1.60 1.0816 2.60 1.1731 
0.70 1.0356 1.70 1.0901 2.70 1.1848 
0.80 1.0416 1.80 1.0993 2.80 1.1969 
0.90 1.0482 1.90 1.1092 2.90 1.2093 
1.00 1.0227 2.00 1.1284 3.00 1.2224               
  

 



Table F.11: rate of convergence for p = 0.5, F(t) =e’ — 1 

  

t , n=1000,10000 t n=1000,10000 t n=1000,10000 
  

  

0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00 

1.0026 

1.0041 

1.0055 

1.0071 

1.0087 

1.0105 

1.0125 

1.0147 

1.0172 

1.0079     

1.10 

1.20 

1.30 

1.40 

1.50 

1.60 

1.70 

1.80 

1.90 

2.00   

1.0202 
1.0205 
1.0222 
1.0246 
1.0274 
1.0306 
1.0343 
1.0383 
1.0428 
1.0520   

2.10 
2.20 
2.30 
2.40 
2.50 
2.60 
2.70 
2.80 
2.90 
3.00   

1.0513 
1.0547 
1.0590 
1.0641 
1.0698 
1.0761 
1.0831 
1.0906 
1.0987 
1.1074 
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Appendix G 

0 #0 

Table G.1: rate of convergence for p = 0.5, $(s) = |s|?, F(t) = 1 

  

  

      

t n=10,100 | n=100,1000 | n=1000,10000 

0.10 0.8255 0.8877 0.9138 

0.20 0.8368 0.8897 0.9142 

0.30 0.8400 0.8905 0.9143 

0.40 0.8412 0.8910 0.9156 

0.50 0.8414 0.8910 0.9156 

0.60 0.8408 0.8908 0.9146 

0.70 0.8392 0.8906 0.9161 

0.80 0.8359 0.8895 0.9151 

0.90 0.8281 0.8870 0.9126 

1.00 | 0.8383 0.8846 0.9089 
      

Table G.2: rate of convergence for p = 0.25, ¢(s) = |s|?, F(t) = 1 

  

  

t n=10,100 | n=100,1000 

0.10 0.7598 0.8652 

0.20 0.7849 0.8712 

0.30 0.7954 0.8733 

0.40 0.8004 0.8742 

0.50 | 0.8023 0.8746 

0.60 0.8016 0.8744 

0.70 0.7974 0.8737 

0.80 0.7858 0.8716 

0.90 0.7462 0.8638 

1.00 0.3603 0.3926           
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Table G.3: rate of convergence for p = 0.75, 6(s) = |s|P, F(t) = 1 

  

  

t n=10.100 | n=100.1000 
0.10 0.8937 0.9322 
0.20 0.9035 0.9293 
0.30 0.9053 0.9277 
0.40 0.9053 0.9265 
0.50 0.9048 0.9257 
0.60 0.9041 0.9249 
0.70 0.9031 0.9242 
0.80 0.9020 0.9235 
0.90 0.9005 0.9226 
1.00 0.9321 0.9329           

Table G.4: rate of convergence for p = 0.5, 6(s) = (1 — p/2)|s|?/*, F(t) =1 

  

  

t n=10,100 | n=100,1000 | n=1000,10000 

0.10 0.6568 0.7134 0.7329 

0.20 0.6690 0.7158 0.7334 

0.30 0.6729 0.7168 0.7335 

0.40 0.6746 0.7172 0.7336 

0.50 0.6752 0.7174 0.7336 

0.60 0.6748 0.7174 0.7336 

0.70 0.6732 0.7171 0.7335 

0.80 0.6695 0.7164 0.7334 

0.90 0.6593 0.7143 0.7330 

1.00 0.6771 0.7154 0.7319             
Table G.5: rate of convergence for p = 0.25, ¢(s) = (1 — p/2)|s|?/?, F(t) =1 

  

  

t n=10,100 | n=100,1000 | n=1000,10000 
0.10 0.6922 0.7925 0.8259 
0.20 | 0.7165 0.7978 0.8253 
0.30 0.7265 0.7995 0.8242 
0.40 0.7312 0.8001 0.8231 
0.50 | 0.7330 0.8003 0.8219 
0.60 0.7321 0.8001 0.8208 
0.70 0.7277 0.7993 0.8198 
0.80 0.7151 0.7972 0.8188 
0.90 0.6693 0.7894 0.8174 
1.00 0.2927 0.3207 0.3371           
 



Table G.6: rate of convergence for p = 0.75, o(s) = (1 — p/2)|s|P/*, F(t) = 1 

  

  

t n=10,100 | n=100.1000 

0.10 0.5905 0.6177 

0.20 0.5980 0.6171 

0.30 0.5997 0.6167 

0.40 0.6001 0.6165 

0.50 0.6000 0.6163 

0.60 0.5996 0.6160 

0.70 0.5989 0.6158 

0.80 0.5978 0.6155 

0.90 0.5956 0.6149 

1.00 0.6205 0.6214           
Table G.7: rate of convergence for p = 0.5, 6(s) = (2 —p)|s|, F(t) = 1 

  

  

t n=10,100 | n=100,1000 

0.10 0.9920 1.0003 

0.20 0.9992 1.0002 

0.30 1.0001 1.0002 

0.40 1.0002 1.0006 

0.50 1.0002 1.0006 

0.60 1.0002 1.0006 

0.70 1.0002 1.0006 

0.80 1.0002 1.0006 

0.90 1.0001 1.0006 

1.00 0.9943 0.9996           
Table G.8: rate of convergence for p = 0.25, (s) = (2 — p)|s|, F(t) = 1 

  

  

t n=10,100 | n=100.1000 

0.10 0.9175 0.9816 

0.20 0.9439 0.9891 

0.30 0.9567 0.9920 

0.40 0.9644 0.9936 

0.50 0.9696 0.9946 

0.60 0.9733 0.9954 

0.70 0.9761 0.9959 

0.80 0.9783 0.9963 

0.90 0.9800 0.9966 

1.00 0.5124 0.5053          



Table G.9: rate of convergence for p = 0.75, $(s) = (2 —p)|s|, F(t) =1 

  

  

  

t n=10,100 | n=100,1000 

0.10 1.0292 1.0408 

0.20 1.0415 1.0363 

0.30 1.0440 1.0336 

0.40 1.0443 1.0317 

0.50 1.0440 1.0310 

0.60 1.0434 1.0298 

0.70 1.0427 1.0289 

0.80 1.0421 1.0281 

0.90 1.0414 1.0274 

1.00 1.0749 1.0402         
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Appendix H 

0<a< 1, nonuniform case 

Table H.1: exact solution for p = 0.5, F(t) =t'/? 

  

t t t 
  

0.19 
0.36 
0.51 
0.64 
0.75 
0.84 
0.91 
0.96 
0.99 
1.00     

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1 

5.0000e-1   

1.19 

1.36 

1.51 

1.64 

1.75 

1.84 

1.91 

1.96 

1.99 

2.00 

6.3084e-1 

6.7202e-1 

6.9740e-1 

7.1478e-1 

7.2719e-1 

7.3612e-1 

7.4250e-1 

7.4675e-1 

7.4920e-1 

7.5000e-1     

2.19 

2.36 

2.51 

2.64 

2.75 

2.84 

2.91 

2.96 

2.99 

3.00 

7.9148e-1 

8.2312e-1 

8.4770e-1 

8.669 1le-1 

8.8189e-1 

8.9337e-1 

9.0186e-1 

9.0771le-1 

9.1113e-1 

9.1226e-1     
  

Table H.2: rate of convergence for || - ||, max(é;), F(t) = ¢}/? 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 2.689le-1 9.6073e-2 4.4700e-1 
1<t<2 | 5.2741le-2 1.7384e-1 -5.1801e-1 
2<t<3 | 4.3084e-2 1.5191e-1 -5.4727e-1 

t n=10 n=100(100 pts) | rate of convergence 
O0<t<1 | 2.689le-1 1.7715e+0 -8.1874e-1 
l<t<2 | 5.274le2 1.8702e-1 -0.4974e-1 
2<t<3  4.3084e-2 1.5191e-1 -5.4727e-1 
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Table H.3: rate of convergence for || - ||, /n, max(d;), F(t) = t/? 

  

  

  

  

  

          

  

      

  

    

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 6.0458e-2 9.4279e-2 -1.9296e-1 

1<t<2 | 4.4510e-2 1.461le-1 -5.1623e-1 

2<t<3 | 4.2088e-2 1.4836e-1 -5.4716e-1 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1  6.0458e-2 1.5013e-1 -3.9503e-1 

1<t<2 | 4.4510e-2 1.4844e-1 -5.2309e-1 

2<t<3 | 4.2088¢e-2 1.4822e-1 -5.4675e-1 

n=10,p=0.5 n=100,p=0.5 
1 — 2.5 , 

0.8 

0.6} 

0.4 
0 

  

Figure H.1: max(6;), F(t) = t'/?, solid line: exact solution 

Table H.4: rate of convergence for || - ||oo, min(é;), F(t) = ¢+/? 
29 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 
0<t<1| 1.3705e-1 6.1015e-2 3.5143e-1 

1<t<2 | 1.2250e-1 3.951 1le-2 4.9143e-1 
2<t<3 | 1.0559e-1 3.4700e-2 4.8330e-1 

t n=10 n=100(100 pts) | rate of convergence 

QO<t<1 | 1.3705e-1 1.4438e-1 -2.2631e-2 
1<t<2 | 1.2250e-1 4.3519e-2 4.4947e-1 
2<t<3 | 1.0559e-1 | — 3.4703e-2 4.8326e-1 
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0.8 

0.6, 

0.4 

0.2 
0 

Table H.5: rate of convergence for || - ||; /n. min(d;), F(t) = ¢1/? 

  

  

  
  

  

  

        
  

t n=10 n=100(10 pts) | rate of convergence 

0<t<1 | 8.4356e-2 3.0344e-2 4.4405e-1 
l<t<2 | 1.0174e-1 3.3246e-2 4.8573e-1 

2<t<3 | 1.0314e-1 3.3866e-2 4.8366e-1 

t n=10 n=100(100 pts) | rate of convergence | 

O<t<1 | 8.4356e-2 3.1542e-2 4,.2723¢-1 
L<t<2) 1.0174e-1 3.37 96e-2 4.7862e-1 
2<t<3 1.03l4e-1 | 3.3853e-2 4.8383e-1 

n=10,p=0.5 n=100,p=0.5 
  

      

N
T
 

  

  0.2 
0 

  

0.4 Ee , 

Figure H.2: min(6;), F(t) = t!/?, solid line: exact solution 

Table H.6: rate of convergence for || - ||.., A7~! = 0, F(t) = t}/? 

  

  

  

  

  

  

t n=10 n=100(10 pts) | rate of convergence 

O0<t<1 | 1.9213e-1 6.6133e-2 4.6319e-1 
1<t<2 | 1.4629e-1 4.7018e-2 4.9294e-1 

2<t<3 | 1.2575e-1 4.1266e-2 4.8392e-1 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1 } 1.9213e-1 1.8287e-1 2.1465e-1 
L<t<2 | 1.4629e-1 5.1631e-2 4.5229e-1 

2<t<3 | 1.2575e-1 4.1268¢e-2 4.8389e-1         
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t n=10 n=100(10 pts) | rate of convergence | 
O<t<1 | 1.0372e-1 3.4729e-2 4.7519e-1 

L<t<2 | 1.2158e-1 3.9557e-2 4.8764e-1 

2<t<3 | 1.2285e-1 4.0278e-2 4.8430e-1 

t n=10 n=100(100 pts) | rate of convergence 
O0<t<1 | 1.0372e-1 3.7934e-2 4.3684e-1 

1<t<2 | 1.2158e-1 4.0208e-2 4.8056e-1 

2<t<3 ! 1.2285e-1 4.0260e-2 4.8450e-1 

n=10,p=0.5 n=100,p=0.5 

1 1 7 

0.8} 0.8 

0.6) 0.6| 

0.4} a4 

0.2 — — 0.2— — . 
0 1 2 3 0 1 2 3 

Table H.7: rate of convergence for || -||,/n, A7! =0, F(t)=t'/? 

  

  

  

  

  

  

          
  

  

  

  

  

    
  

  

    

Figure H.3: A~! = 0, F(t) = t'/?, solid line: exact solution 
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Appendix I 

a=1, nonuniform case 

Table I.1: exact solution for p = 0.5, F(t) =t 

  

t t t 

0.19 | 0.2775 | 1.19 | 0.7523 | 2.19 

0.36 | 0.3820 | 1.36 | 0.8482 | 2.36 

0.51 | 0.4546 | 1.51 | 0.9280 | 2.51 

0.64 | 0.5093 | 1.64 | 0.9939 | 2.64 

0.75 | 0.5513 | 1.75 | 1.0477 | 2.75 

0.84 | 0.5835 | 1.84 | 1.0905 | 2.84 

0.91 | 0.6073 | 1.91 | 1.1230 | 2.91 

0.96 | 0.6238 | 1.96 | 1.1460 | 2.96 

0.99 | 0.6834 1.99 | 1.1595 | 2.99 

1.00 | 0.6366 | 2.00 | 1.1640 | 3.00 

  

1.2580 

1.3450 

1.4217 

1.4878 

1.5432 

1.5882 

1.6229 

1.6475 

1.6623 

1.6672               
  

Table 1.2: rate of convergence for || - ||.., max(d;), F(t) =t 

  

t n=10 n=100(10 pts) | rate of convergence 
  

0<t<l 

l<t<2 
2<t<3 

3.9282e-1 

1.5697e-1 

2.2649e-1 

3.7842e-2 

6.0239e-2 

1.4890e-1 

1.0239e00 

4.1594e-1 

1.8217e-1 
  

  

t n=10 n=100(100 pts) rate of convergence 
  

  
0<t<l 
1<t<2 

2<t<3 

  3.9282e-1 

1.5697e-1 

2.2649e-1   
5.5107e-1 
6.5089e-2 
5.2683e-2 

-1.0239e-1 

3.823 le-1 

6.3338e-1   
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Table I.3: rate of convergence for || - |[1/n, max(d;), F(t) =¢ 

  

  

  

  

  

        
  

  

  

  

  
  

  

    

t n=10 n=100(10 pts) | rate of convergence 
0<t<1 | 1.3056e-1 3.4492e-2 5.7810e-1 

1<t<2 |} 1.3097e-1 5.0639e-2 4.1269e-1 

2<t<3 | 1.956le-1 1.1716e-1 2.2260e-1 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1 | 1.3056e-1 5.1445e-2 4.0447e-1 

1<t<2 |} 1.3097e-1 5.1450e-2 4.0579e-1 

2<t<3 | 1.956le1 5.1401e-2 5.8041e-1 

n=10,p=0.5 n=100,p=0.5 
2 2 — 

1.5} 

1 b 

0.5; 

0 1 

0 1 2 

  

Figure I.1: max(d;), F(t) =, solid line: exact solution 

Table I.4: rate of convergence for || - ||,., min(é;), F{t) =¢ 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 

0<t<1 | 3.8920e-2 3.1997e-3 1.0851e00 

1<t<2 | 4.1957e-3 4.4453e-5 1.9749e00 

2<t<3 | 3.428le-3 3.3724e-5 2.007 1e00 

t n=10 n=100(100 pts) | rate of convergence 
0<t<1 | 3.8920e-2 1.8409e-2 3.2513e-1 

1<t<2 | 4.1957e-3 4.7938e-5 1.9421e00 

2<t<3 | 3.428le-3 3.3724e-5 2.007 1e00 
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Table 1.5: rate of convergence for || - ||1/n, min(d;), F(t) =t 

t n=10 n=100(10 pts) | rate of convergence 
O<t<1 | 8.2919e-3 6.807 8e-4 1.0857e00 

L<t<2 | 3.4760e-3 3.5346e-5 1.992700 
2<t<3 | 3.2853e-3 3.308 le-5 1.9970e00 

t n=10 n=100(100 pts) | rate of convergence 
O0<t<1 | 8.2919e-3 1.2201e-3 8.3226e-1 

l<t<2 | 3.4760e3 3.5521e-5 1.9906e00 
2<t<3 | 3.2853e-3 3.2612e-5 2.0032e00 

n=10,p=0.5 n=100,p=0.5 
2 

1.5} 

1} 

0.5} 

0 L 

0) 1 2 

  

Figure [.2: min(é;), F(t) = t, solid line: exact solution 

Table I.6: rate of convergence for ||- ||, A7' = 0, F(t) =t 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 
O<t<1 | 2.2275e-2 4.6438e-3 6.8093e-1 

1<t<2 |} 1.6536e-2 2.0735e-3 9.0172e-1 

2<t<3 | 1.4183e-2 1.8191e-3 8.9193e-1 

t n=10 n=100(100 pts) | rate of convergence 
O<t<1 | 2.2275e-2 1.1666e-2 2.8090e-1 
1<t<2 | 1.6536e-2 2.2424e-3 8.6771le-1 

2<t<3 | 1.4188e-2 1.8192e-3 8.9189e-1 
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Table I.7: rate of convergence for ||: ||;/n, AT = 0, F(t) =t 

  

  

  

  

  

          

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 

O0<t<1 | 1.0738¢e-2 1.9055e-3 7.5094e-1 
L<t<2 | 1.3825e-2 1.7452e-3 8.9883e-1 
2<t<3 | 1.3895e-2 1.7759e-3 8.9346e-1 

t n=10 n=100(100 pts) | rate of convergence 
O0<t<1 | 1.0738e-2 1.6261e-3 8.1980e-1 

1<t<2 | 1.3825e-2 1.7735e-3 8.9183e-1 
2<t<3 | 1.3895e-2 1.7748e-3 8.937 1le-1 

n=10,p=0.5 n=100,p=0.5 
2 2 

1.51 

4} 

0.5; 

0 1 

0 1 2 3 

  

Figure 1.3: A7~! = 0, F(t) = ¢t, solid line: exact solution 
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Appendix J 

F(t) = t*/2, nonuniform case 

Table J.1: exact solution for p = 0.5, F(t) = t?/2 

  

t t t 

0.19 | 3.5150e-2 | 1.19 | 5.5652e-1 | 2.19 | 1.5698e+0 

0.36 | 9.1673e-2 | 1.36 | 6.9266e-1 | 2.36 | 1.7910e+0 

0.51 | 1.5458e-1 | 1.51 | 8.2592e-1 | 2.51 | 1.9985e+0 

0.64 | 2.1730e-1 | 1.64 | 9.5088e-1 | 2.64 | 2.1877e+0 

0.75 | 2.7566e-1 | 1.75 | 1.0632e+0 | 2.75 | 2.3544e+0 

0.84 | 3.2674e-1 | 1.84 | 1.1594e+0 | 2.84 | 2.4953e+0 

0.91 | 3.6843e-1 | 1.91 | 1.2369e+0 | 2.91 | 2.6077e+0 

0.96 | 3.9920e-1 | 1.96 | 1.2936e+0 | 2.96 | 2.6894e+0 

0.99 | 4.1806e-1 | 1.99 | 1.38282e+0 | 2.99 | 2.7391e+0 

1.00 | 4.2441e-1 | 2.00 | 1.3398e+0 | 3.00 | 2.7557e+0 

  

              
  

Table J.2: rate of convergence for || - ||, f(T°) = 0, F(t) = t?/2 

  

  

  
  

  

        

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 1.6721e-3 6.0072e-6 2.4446e+0 
L<t<2 | 1.3474e-3 1.3452e-5 2.0007e+0 
2<t<3 | 2.2086e-3 2.2067e-5 2.0004e+0 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1} 1.6721e-3 7.0095e-5 1.3776e+0 
1<t<2 | 1.3474e-3 1.3452e-5 2.0007e+0 
2<t<3 | 2.2086e-3 2.2067e-5 2.0004e+0   
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Table J.3: rate of convergence for || - ||; /n, f(T°) = 0, F(t) = t?/2 

  

  

  

  

  

            

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 4.9462e-4 3.7535e-6 2.1198e+0 

1<t<2 | 1.10338e-3 1.1009e-5 2.0009e+0 

2<t<3 | 1.9832e-3 1.9796e-5 2.0008e+0 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1 | 4.9462e-4 5.0275e-6 1.9929e+0 

1<t<2 | 1.1033e-3 1.0651e-5 2.0153e+0 

2<t<3 | 1.9832e-3 1.9446e-5 2.0085e+0 

n=10,p=0.5 n=100,p=0.5 
: 3 : :   

      

  

  

    

  

Figure J.1: F(t) = t?/2, solid line: exact solution 
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Appendix K 

F(t) = t?/3!, nonuniform case 

Table K.1: exact solution for p = 0.5, F(t) = t?/3! 

  

t t t 

0.19 | 2.6714e-3 | 1.19 | 2.626le-1 | 2.19 | 1.2843e+0 

0.36 | 1.3201le-2 | 1.36 | 3.6856e-1 | 2.36 | 1.5698e+0 

0.51 | 3.1534e-2 | 1.51 | 4.8230e-1 | 2.51 | 1.8538e+0 

0.64 | 5.5629e-2 | 1.64 | 5.9770e-1 | 2.64 | 2.1259e+0 

0.75 | 8.2699e-2 | 1.75 | 7.0842e-1 | 2.75 | 2.3756e+0 

0.84 | 1.0979e-1 | 1.84 | 8.084le-1 | 2.84 | 2.5938e+0 

0.91 | 1.341le-1 | 1.91 | 8.9226e-1 | 2.91 | 2.7724e+0 

0.96 | 1.5329e-1 | 1.96 | 9.5552e-1 | 2.96 | 2.9048e+0 

0.99 | 1.6555e-1 | 1.99 | 9.9485e-1 | 2.99  2.9863e+0 

1.00 | 1.6977e-1 | 2.00 | 1.0082e+0 | 3.00 | 3.0137e+0 

  

              
  

Table K.2: rate of convergence for |] - ||o, f(T°) = 0, F(t) = t?/3! 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 
0<t<1 | 1.0593e-3 1.0610e-5 1.9993e+0 
L<t<2 | 2.9057e-3 2.9100e-5 1.9994e+0 
2<t<3 | 5.5506e-3 5.5972e-5 1.9995e+0 

t | n=10 n=100(100 pts) | rate of convergence 

0<t<1 | 1.0598e-3 1.0610e-5 1.9993e+0 
L<t<2 ) 2.9057e-3 2.9100e-5 1.9994e+0 
2<t<3 | 5.5506e-3 5.5572e-5 1.9995e+0   
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Table K.3: rate of convergence for || - ||,/n, f(T°), F(t) = t?/3! 

  

  

  

  

  

          
  

    

        
    

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 8.7972e-4 8.7654e-6 2.0016e+0 

l<t<2 | 2.4584e-3 2.4620e-5 1.9994e+0 

2<t<3 | 4.8542e-3 4.8604e-5 1.9994e+0 

| t n=10 n=100(100 pts) | rate of convergence 

O<t<1 | 8.7972e-4 8.3852e-6 2.0208e+0 

L<t<2 | 2.4584e-3 2.3832e-5 2.0135e+0 

2<t<3 | 4.8542e-3 4.7461le-5 2.0098e+0 

n=10,p=0.5 n=100,p=0.5 
4 ; 

3 L 

2 . 

1} 

0 
0 

    

Figure K.1: F(t) = t?/3!, solid line: exact solution 
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Appendix L 

F(t) =t*/4!, nonuniform case 

Table L.1: exact solution for p = 0.5, F(t) = t*/4! 

  

t t t 
  

0.19 

0.36 

0.51 

0.64 

0.75 

0.84 

0.91 

0.96 

0.99 

1.00     

1.4502e-4 

1.3578e-3 

4.5949e-3 

1.0172e-2 

1.7721e-2 

2.6349e-2 

3.4868e-2 

4.2047e-2 

4.6828e-2 

4.8504e-2   

1.19 

1.36 

1.51 

1.64 

1.75 

1.84 

1.91 

1.96 

1.99 

2.00 

8.9182e-2 

1.4250e-1 

2.0607e-1 

2.7609e-1 

3.4781e-1 

4.1601e-1 

4.7550e-1 

5.2168e-1 

5.5093e-1 

5.6095e-1     

2.19 

2.36 

2.51 

2.64 

2.75 

2.84 

2.91 

2.96 

2.99 

3.00 

7.7804e-1 

1.0201e+0 

1.2765e+0 

1.5349e+0 

1.7823e+0 

2.0058e+0 

2.1936e+0 

2.3359e+0 

2.4239e+0 

2.4539e+0       

Table L.2: rate of convergence for || -||.0, f(T°) = 0, F(t) = t*/4! 

  

  

  

  

  

        

t n=10 n=100(10 pts) | rate of convergence 
O<t<1 | 4.2467e-4 4.24426¢-6 2.0003e+0 
L<t<2 | 2.2216e-3 2.2223e-5 1.9999e+0 
2<t<3 | 6.2430e-3 6.2464e-5 1.9998e+0 

t n=10 n=—100(100 pts) | rate of convergence 

O<t<1 | 4.2467e-4 4.2442e-6 2.0003e+0 
L<t<2 | 2.2216e-3 2.2223e-5 1.9999e+0 
2<t<3 | 6.2430e-3 6.2464e-5 1.9998e+0 
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Table L.3: rate of convergence for || - ||,/n, f(T°) = 0, F(t) = t*/4! 

  

  

  

  

  

        
  

  2.5 

1.57 

    
  

  

t n=10 n=100(10 pts) | rate of convergence 

O<t<1 | 2.996le-4 2.9884e-6 2.001 1e+0 
Ll<t<2 | 1.7589e-3 1.7579e-5 2.0002e+0 

2<t<3 | 5.2052e-3 5.2064e-5 1.9999e+0 

t n=10 n=100(100 pts) | rate of convergence 

O<t<1 | 2.996le-4 2.7991e-6 2.0295e+0 
L<t<2/ 1.7589e-3 1.6808e-5 2.0197e+0 
2<t<3 | 5.2052e-3 | —5.0337e-5 2.0146e+0 

n=100,p=0.5 
  

  
  

  

Figure L.1: F(t) = t*/4!, solid line: exact solution 
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